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Chapter 1

Introduction

“Ordered Sets”, as a subject, has only been studied for a short time, as
far as Mathematics goes. Indeed, basic results of great importance to the
subject were only proved quite recently; for example, [S=zpilrajn 30] and
[Dilworth 50]. Nonetheless, the subject is very important, with a wide

variety of applications such as sorting and scheduling.

1.1 Definitions and Notation — “Minimals”

A (partially) ordered set, or simply order, P = (X, <), consists of a set X
and a binary relation <, less than, defined on X x X, which is “transitive”
and “asymmetric”. We follow the common practice of referring to P itself
as the set of elements, rather than X: instead of writing (correctly) e € X,
we write @ € P. The other relational symbols, such as £, >, ¥, %, 2, ete.
are used with obvious meanings: a > b if and only if b < 9; 2 £ b if and

only ifa < b or @ =b. Then, for g, bcg P:

e < is transitive: a< band b<cimplya <

13



2 CHAPTER 1. INTRODUCTION
e < is asymmetric: a < b implies b £ a.
Example 1.1

(i) P=({a,b,ed}, {r<e, b<e b< d}), for reasons which will soon be

apparent, this order is usuaily referred to as N.

(@) P=({w.z.ysh {w<zs, w<y, w5 2<2¥< =}.

The symbol “<™, used to denote the relation in the order is the same
symbol that is used for comparing real numbers; this rarely results in any
confusion as the meaning is usually clear from the context. However, if
necessary, “<” may be indexed by the order. For example, suppose that
an order P is defined on the set {1,2,...,n}. Then, 1 <p 2 compares two
clements of the order, while 1 <g 2 compares the real numbers 1 and 2 (as
¢clements of the order R). Indexing may also be necessary when considering
several different orders on the same set of elements.

While an order may be infinite, our interest is finite orders. Accordingly,
unless otherwise stated, all orders are assumed to be finite.

Elements a.b in P are called comparable if @ < b or b < a; otherwise,
they are incomparable, denoted by aj|b. Say that a is covered by &, written
a < b, if 2 < b and there does not exist ¢ € P with a < ¢ < 4. That is, there
is nothing “between” a and b. Equivalently, b covers a, denoted b > a. Call
b an upper cover of a, and a a lower cover of b. The dual of an orcer P,
is the order P, on the same set of elements, but with all comparabilitie
reversed. Thatisa < bin P ifand onlyifa > bin P.

An order may be specified by a list of its comparabilities or covering

relations: however, we usually present orders pictorially, using a graphical
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Diagrams of the orders of Example 1.1.
Figure 1.1: Diagrams

representation called the “diagram”. (See, for example, Figure 1.1.) The
covering graph of an order P, is the (undirected) graph whose vertices
are the clements of the order, with the vertices corresnonding to e, b € P
adjacent precisely if @ < b or @ > b. The diagram of P is a drawing of
its covering graph such that if a < b then a is placed lower than & (a has
a smaller y-coordinate in the plane than b), with the edge joining e and b
rising monotonically from a to b. The diagram is often referred to as the
order itself.

In addition, we may consider the comparability graph of an order, in
which a pair of elements are adjacent simply if they are comparable. See
Figure 1.2, for an example of an order (its diagram), with its covering and
comparability graphs. In general, the comparability graph is more difficult
to read than the diagram (or covering graph) as it contains a much [arger
number of edges.

Call @ € P mazimal if there does not exist b € P with ¢ < b; a has no
upper covers. Similarly, 8 € P is minimal if it has no lower covers. The

sots of minimal and maximal elements of P are denoted by min(P) and
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Figure 1.2: Diagram, covering graph and comparability graph

maz(P), respectively. If P has a unique maximal element, it is called the
top element of P. A unique minimal element is called the bottom element
of P. Both the top and bottom clements (if they exist) are examples of
splitting elements, clements which are comparable to all other elements. In
contrast, an isolated element of an order is one which is comparable to no
other clement of the order. The term “isolzted” results from the fact that
an isolated element is an isolated vertex in the covering and comparability

graphs.

Example 1.2 In the order of Example 1.1 (ii), all pairs of clements are
comparable, except for z and y; all comparabilities are covering relations
except that w £ 3; and w, = are the top and bottom elements of P, respec-

tively.

The order Q(Q = (¥, <)) is a suborder of the order P (P = (X, <)), if
Q C P (Y € X) and < on Q is the restriction of < on P to the elements of
Q. Given a subset Q of P, the induced suborder on Q is the suborder of P

on the set Q. For a subset A C P, let P\ A denote the induced suborder
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on the set P\ A. If z € P then P\ {z} (or simply P\ z) is the order
produced by removing the element z and all comparabilities involving z.

An ordet is a linear order (is linearly ordered), also called a chain, if all
pairs of clements are comparable. A chain is also a linearly ordered subor-
der of an order. An antichain is an order all of whose clements are pairwise
incomparable, as well as such a suborder of an order. The n-clement chain
is denoted by n: the n-clement antichain by n. A chain C. in an order P,
is a mazimal or saturated chain if there does not exist a larger chain in
P, containing C. That is, if @ € P\ C then a is incomparable with some
clement of C: adding a to C yields a suborder of P which is not a chain.
A maximal chain is not to be confused with a mazimum (sized) chain in
P, which is a chain with the greatest possible number of elements. Clearly,
2 maximum sized chain is necessarily maximal; however, a maximal chain
need not have maximum size among all chains. Mezimal and mazimum
antichains are similarly defined. The set of maximal elements of an or-
der is an antichain, as is the set of minimal elements: both are maximal
antichains.

The height of P is defined to be the cardinality of a maximum sized chain
in P. (Some authors define the height to be one less than the cardinality of
a maximum sized chain.) The widtk of P is the cardinality of a maximum

sized antichain in P. For an element z in P, define the Aeight of z by
height(z) = max{|C] : C a chain in P with top element z},
and define the depth of = by

depth(z) = max{|C| : C a chain in P with bottom element z}.
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In general, there is no simple relationship between the height and depth of

an element; however, height(z) in P equals depth(z) in the dual of P.

Theorem 1.1 [Dilwo.rth 50] In a finite order P the minimum number of

disjoint chuins whose set union is P equals the width of P.

"A set of disjoint chains whose (set) union is the order P is called a
chain decomposition of P. In general, a minimum chain decomposition is
not unique. If the chains are not disjoint then P is simply covered by the
sot of chains. Allowing the chains to overlap cannot reduce the number
of chains rcquireﬂ to cover P since no chain may contain more than one
clement from any (maximal) antichain.

A (pertial) extension of an order is an order on the same set of elements
which includes all the same comparabilities, plus, possibly, some extra.
That is, Q is an extension of P, if P and Q are defined on the same set of
elements, and @ < b in P implies a < & in Q. Let a,b € P be incomparable.
Then P(a < b) is the extension o.f P formed by adding the relation @ < b
r.c; P and taking the tranmsitive closure; that is, adding all other relations
required by transitivity. If an extension of the order P is a linear order

then it is called a linesr extension of P,

Example 1.3 The order N (Example 1.1 (if), and Figure 1.1) has five
linear extensions, they are (listing covering relations only)

1. a<b<ge<d,
2. a<hgd<e,
3. bga<gexd,
4, b<cagd<e,
5. b<d<ca<e
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Theorem 1.2 [Szpilrajn 30] Every order has o linear extension.

The set of all linear extensions of P is denoted by L{P); their number by
¢(P). A very important problem in the theory of ordered sets is computing
the number of linear extensions of an order. (Of course, it is trivial that
a finite order has a finite number of lincar extensions.) From a theoretical
point of view, the problem is trivial: the set of all linear extensions of
an order is easily generated, e.g. by “topological sorting”, and counted.
However, from a computational point of view, calculating the number of

linear extensions is very difficult.

Theorem 1.3 [Brightwell/Winkler 91] Computing the number of lin-

ear ertensions of an order is FP-complete.

The class #P (read “number-P"}, defined in [Valiant 79], is the class
of all problems solvable by a nondeterministic polynomial time Turing ma-
chine., which aiso outputs the number of accepting states. A problem in #P
is called #P-complete, if the existence of a polynomial time {deterministic)
solution for that problem implies the existence of such a solution for all
probiems in #P. Problems which are F#P-complete are generally more diffi-
cult than NP-complete problems. The reason for this is that #P-complete
problems typically count the number of solutions of an NP-complete prob-
lem, such as satisfiability. Counting linear extensions is a rare example of
a 2P-complete problem where the decision problem — is a given ordering
of the clements a linear extension of the order? — is in the class P.

There are a very small number of special classes of orders for which the

number of linear extensions may be computed directly, or by a recursive

RN
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formula.

Example 1.4 Some special cases for computing linear extensions:
« the n-element chain: e(n) =1;
o the n-element antichain: e(n) = nl;

e P = P, + P, is a “disjoint sum” (see page 10) of P and Ps:
_ (1Pl .
(P = ({7} )(POeCPe)
e P= Py » Py is a “iinear sum” (see page 10) of P; and Pa:

e{ P) = e(P1)e( P2);

o Zn = ({a1,a2,...,8a}, {@2i-1 < ax,00 > @2i+1}) the n-element zig-

2ag:

L)

L=5]
e(Zn) = 2 (n 2-1 1) e(Z2i)e( Zn-1-2i);

i=0
o Cm = ({ar,az,-..,82n}, {@2i-1 < Q25,2 > G2i41,82n > a1}) the

2n-element cycle or crown: &(Can) = ne(Zan—1)-

If ¢ and b are incomparable in P then there are linear extensions of P
in which a < b and others in which b < a. To compare the numbers of such

extensions we define

¢(P(a < b))

prob(P;a < b) = )

This is the probability that a occurs below b in an randomly chesen linear

extension of P. For brevity, we also write prob(a < b).
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Related to this is the preference relation <, defined by

1
e<'y if prob{z < ¥) > 5.

The relation < is defined by what happens in the majority of extensions of
P. If prob(z < y) = 1/2 then zj|'y. Clearly, £ < y implies = <’ y since, in
this case, prob(z < y) = L. If the relation <’ defines a valid ordering: that
is, one which is transitive, then the resulting order is a partial extension
of P. If <' is not transitive, then therc exists a sequence of clements
Ty < T2 < o< T < 71, If such a sequence exists, it is called a linear
eztension majority cycle or simply a majority cycle. In fact, if an order
contains a majority cycle then it contains one with only three clements, the

minimum possible.

Theorem 1.4 [Fishburn 76] There exist orders which contain linear cz-

tension majority cycles.

The idea of probability is generalized. 1f S is any property which may
hold in a linear extension, define e(P;S) to be the number of linear exten-
sions of P in which S holds. Then

e(P:5)

prob(P; §) = «(P)

is the probability that § holds in a given linear extension of P.

Theorem 1.5 [Stanley 81] For z € P, the sequence

(e( P; height(z) = i)i,

is a untmodal 3cthcncc; (height(z) is the height of x in the linear eztension.)
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A sequence is unimodal if it consists of an increasing (nondecreasing)
segment followed by a decreasing (nonincreasing) segment, either of which

may be empty. That is, (s:)7-, is unimodal if there exists j such that

=1
51 €52 K855 284122 Sn-

Given two orders P and @Q, a function f: P — Q maps the clements of
P to the clements of Q. The function is isotone if it is order preserving;
that is, f(a) < f(b) in Q@ whenever @ < b in P. An isotone map is an
isomorphism if it is one to one and onto, and its inverse is also an isotone
map. An automorphism is an isomorphism from an order to itself. A rigid
order is one whose only automorphism is the identity map. If two orders are
isomorphic, they are, in effect, the same order, possibly with a relabelling
of the elements.

A series- parallel order is one which may be constructed, from singietons,
by means of the operations “disjoint sum” + and “linear sumn” =. (See for
example, Figure 1.3.) The order P = P, U P, is the disjoint sum of P and
P» if the comparabilities in P are precisely those “inherited” from P; and
P;. Thatis,a< bin Pifandonlyifa < bin P, ora < b in P2. The linear
sum P, « Py places P; “above™ P,. It is the partial extension of Py + P; in
which all comparabilities of the form e < b (fora € P) and b € P;), and no
others, have been added.

Theorem 1.6 [Foulis 70] A finite ordered set is series-parallel if and only

if it contains no subset isomorphic to N.

An order P is a linear sum or is (linearly) decomposable if there ex-

" ist orders P, and P. such that P = P, = P;. Otherwise, P is (linearly)
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[Laf(( 141 (14 1))+ (e (1p 1)t} m 1]+ [Le(Lalul el )al o1+ 14 1)w(1+1)]

Figure 1.3: Series-parallel order

indecomposable, A linear decomposition of P is a linear sum of the form
P = Py« Pyx---» P, where P, is indecomposable. Call the P; the inde-

composable components of P.

1.2 Further Results

The diagram considers only covering relations to avoid nonessential edges, '
_edges specifying comparabilities deducible by transitivity. If @ < & but
a £ b, then there is a sequence of elements (¢;)f-, such that @ < ¢; <
€2~ +»- < g < b: there is :L_?r;:onotonic path rising.from a to b. However,

the existence of such a monotonic path implies, by tiansitivity, that a < b,
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3

Figure 1.4: Several diagrams of the cube

“Cherefore, an edge from a to b would be redundant. Such edges are not
drawn. Instea:d. comparabilities are read by following monotonic paths.
Note that if b is “above” a, but there is no monotonic path joining them,
then a ¢ b. In fact, a is incomparable to b, as b < a is clearly not possible.

The diagram is simply a directed version of the covering graph — the
directions decided by the directions of the covering relations — in which
the ciirections are indicated, not by arrows on the edges, but by the relative
vertical placement of the vertices. (With the added restriction that the
edges are monotonic.) Th;a diagram is not unique since there is some free-
dom in the placement of the vertices, and in drawing the edges. Figure 1.4

shows several possible diagrams of the ‘cube. However, different diagrams

- of the same order all “yield” the same directed (covering) graph. In fact,

if the diagr:-uns of any two orders yield the same directed graph, the orders
are isomorphic: sssentially, they are the same order.
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All possible orientations, up to duality, of the covering graph of N

Figure 1.5: Alternate orientations of N

An otder is called a planar order if its covering graph can be drawn
without edge crossings, points other than vertices where edges intersect. A
planar order necessarily has a planar covering graph, the converse is not
true. The cube (cf. Figure 1.2) is non planar, yet has a pianar covering
graph. -

The diagram gives an orientation of the covering graph: a directing of
the edges corresponding to an order. Not all graphs are orientable; that
is, not all graphs are covering graphs. For example, a triangle, a complete
graph on three vertices, is not oricnr.a.ble:.‘ one edge must be redundant.
Frequently, a graph which is a orientabie has more than one orientation.
There are different (nonisomorphic) orders which have the same covering
graph. (See Figure 1.5.) In general, the different orientations of a covering
graph yield very different orders, having very different properties. It is more
interesting to consider which properties such orders may have in common.
Call an order theoretic property a diagram innariant if, whenever it holds

for an order, it holds for all other orders having the same covering graph.
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We show that the “genus” of an ordered set is a diagram invariant, This is,
in fact, the first and only known nentrivial diagram invariant. (The number
of covering relations is an example of a trivial — hence uninteresting —
diagram invariant.)

While the “extra™ edges in the comparability graph make it more dif-
ficult to read (than the diagram), r.hesé edges do serve to more precisely
define the order. In general the comparability graph of an order has very

“few™ orientations, compared to the covering graph.

Theorem 1.7 [Kelly 86] If P and Q have the same comparability graphs
then Q can be obtained from P by a sequence of operations of dualizing

antonomons subsets of P,

Linear decomposition is aspecial case of “lexicographic decomposition”.
A subset A of P is antonomous if each element of P\ A bears the same
relation to all elements of A. That is,ifa, b€ A,z € P\ A thena< zif
and only if b < z, and a > z if and only if b > = (so a]|z if and only if b||z).
Note however, that @ < x says nothing at all about the relation between
a and other elements of P\ A. (In Example 1.1 (i), the set {z,y} is an
autonomous set.) An order is lexicographically decomposable if it contains-
a nontrivial autonomous set, one which is not a siﬁgler.on or the entire or-
der; otherwise the order is lezicographically indecomposable or prime. The
diagrams of lexicographically decomposable orders may be simplified by
grouping together the elements of the autonomous sets, and drawing draw-
ing single arcs to represent comparabilities applying to all elements in the
autonomous set, Call this simplified diagram a block diagram for the order.
See Figure 1.6 for an example of 2 block diagram.
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o
[+]
o

A lexicographically decomposable order and its block diagram.
Figure 1.6: Lexicographic decompaosition

Theorem 1.8 [M3hring 84] Almost all orders are prime, that is,

lim prime n-clement orders 1
1 == 1.
n—  n-element orders

The incomparability graph of an order P, is the (graph) complement of
the comparability graph. This is simply the graph on the clements of P
in which two vertices are adjacent precisely if their corresponding elements
are incomparable in P. If there exists an order @ whose comparability
graph is isomorphic to the incomparability graph of P, then call the arders
P and Q complementary. In the complementary orders P and @, a pair of
clements in P are comparable if and only if the corresponding elements of
Q are incomparable. The order Q is called a complement of P, denoted P.
(In fact the comblemcnt need not be unique since the covering graph may
have more than one orientation.)

A subset B of P is called a cutset if it intersects every maximal chain
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Figure 1.7: An N-free order which is not series parallel

in P. An analogous idea is that of a fiber, a subset which intersects every

maximal antichain in the order.

Theorem 1.9 {Grillet 69] In a finite order P, every mazimal chain in-

tersects every mazimal antichain if and only if P is N-free.

That is, every maximal antichain is a cutset and every maximal chain
is a fiber if and only if P is “N-free”.

Say that P is N-free if P contains no cover-preserving subset isomor-
phic to N. A subset of an order is a cover-preserving subset if all covering
relations in the suborder, induced on this subset, are covering relations in
the original order. Thus, P is N-free if there does not exist a,b,¢,din P
with covering relations a < ¢, b < ¢, b < d, and no other comparabilities
on the set {g,b,c,d}. All series-parallel orders are N-free. The converse
however, is not true — see, for example, Figum 1.7. Given any order which
contains an N, it is possible to produce an N-free order‘b}' “subdividing”
all edges. That is, if @ < 5. add a new clement ab with comparabilities
a < ab < b, plus all other relations required by transitivity. The resulting
order, while N-free, is still not series-parallel.

A down set or ideal in an order P, is a suborder D of P such that, if

ze Dand y < z, then y € D. Similarly, U C Pisanup setifz € I/
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and y > z imply y € D. There is a simple one-to-one correspondence
between the up sets and ideals of an order: U/ is an up sct of P if and only
if D= P\ U is an ideal. Suppose that z€ D=P\U and y < =. Then
ye D, forifnot, yeUVand 2>y imply = € U. In addition, an up set in
P is an idcal in the dual of P.

Given a subset S of P we define the down set of this set by
doun(S)={z € P:z Ly, forsome y € S}.

The zp set of S, up(S), is defined similarly. There is also an obvious
correspondence between the antichains and ideals of an order. Given an
ideal D of P, A = maz(D) is an antichain in P, and down(A) is the ideal
D, itsclf.

A useful related idea is that of “initial” and “final” sets in an order. Let
P be a width & order with chain decomposition Xy, Xz,..., Xx. Let 5 C P
with ]S Xi] < 1 for all i € k: S contains at most one element from each
chain in the decomposition of P. The initial set of P generated by S is

init(S) = U {zeXi:z<y {y} = XinS}
X.nS#

That is, init(S) consists of the “initial segment” of each chain in the de-
fomposition up to, and including, the element in that chain, from S. If
no element of a chain is contained in S, then none of its elements occur in
init(S). The final set of P generated by § is defined similarly. It is clear
from the definition of initial sets that init(S) C down(S); but in general,
the two need not be equal, so init(S) is not an ideal. However, we give a

simple condition which is sufficient for init(S) to be an ideal.
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Figure 1.8: Extremal width two orders for §(P) =%

Lemma 1.1 (Initial Set-Ideal) Let P be o width k order with chain de-
‘composition X1, Xz2,..., Xz and let § C P satisfy |SNX;| =1 (i £ k).
Then, init(S) is an ideal, if for aila,b €S, a < b, ajld or a > b. If width

P = 2 then this condition is also necessary for init(S) to be an ideal

Let 2,y € P. Then, = and y are incomparable if and only if 0 <
prob(z < y) < . (z < y if and only if prod(z < y) = 1: = > y if and only
if prob(z < y) = 0.) In connection with sorting it is of interest to ask: is
there always a pair of elements z,y € P for which prod(z < y) is equal to

1/2, or is at least “close” to 1/27 Define
5(P) = max{prob(z < y) : 7,y € P, prob(z <y) £ %}-

Ther: the question becomes: is there a constant ¢, such that for any otder
P with width(P) > 2 (P is not a chain), §(P) 2 ¢? The order 2 + 1,
of Figure 1.8, shows that ¢ £ % However, it has been conjectured in
[Kislitsyn 68] and [E\'edman 76) that for any order P (width(P) > 2),
8(P) > 1/3. While this general conjecture remains open, some progress has

been made.
Theorem 1.10 [Kahn/Saks 84] For P not a chain, §(P) > 3/11.

Theorem 1.11 [Linial 84] For P ¢ width two order, §(P) > 1/3.
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Theorem 1.12 [Aigner 85] If P is a width two order with §(P) = 1/3,
then P is a linear sum of the orders L and 2 + 1 (of Figure 1.8).

1.3 Linear Extensions

1.3.1 Finding Linear Extensions

One method of finding a lincar extension of an order is topological sorting,
in which elements are deleted from the order one by one, with the order
of selection determining the resulting lincar extension. Given the order P,
let P, = P, and choose z; € min(Py). Now, let Po = P\ {z1} and choose
z2 € min(P:). In general, set P, = P\ {z1,%2,...,%i-1} and choose x;
from min(P;). Continue until all elements have been selected, producing
the linear extension £y < 23 < +++ < Tn, where n = |P].

Two important classes of linear extensions which may be formed in this
way are “greedy” and “level” linear extensions. The resulting extension is
greedy if, when choosing z;, we choose whenever possible, an clement of
min( P) which covers z;-1. A level or depth-first linear extension is formed

by always choosing z; from min(P) such that depth(z;) is maximal.

Example 1.5 Greedy and level lincar extensions for the order of Fig-

ure 1.9:

eb<cd< fea<c<e<g< hisa greedy linear extension which is
not level — both @ and ¢ must precede both d and f in a level linear

extension.

ea<cb<ce<cecd< f<g<hisalevel linear extension which is

not greedy — after e, a greedy linear extension must select g or A.
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Figure 1.9: Greedy and level linear extensions.

ea<hbece<d< f<e<g<hisneither a greedy nor a level linear

extension.

o this order has no linear extensions which are both greedy and level.

Another method of finding a linear extension of an order is successive
partial extensions. Select a pair of elements z,y which are incomparable
in P and assign one of the two possible comparabilities, z < y or y < z.
Taking the transitive closure gives a partial extension of P. If this extension
is not linear, then select another incomparable pair of elements and repeat
the process. Much ofhour work on counting linear extensions is based on
this method of producing extensions.

One of the fundamental problems in computer science is that of sorting.
Indeed, this is one of the first problems considered by any computer science
student. A list of items to be sorted may be viewed as an ordered set,

the clements of the order being the items which are to be sorted. Sorting

84
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this list corresponds to finding the “correct” linear extension of the order.
Initially, the information is incomplete, the order is not linear. As pairs
of the items in the list are compared, new comparabilities are added to
the order, extending it. Eventually a linear extension of the original order
is achieved: the list is sorted. Thus, the problems of sorting and finding
linear extensions of orders are intimately related. In fact, the well known
O(nlogn) time bound for optimal comparison sorting algorithms depends
on the possible number of linear extensions of an order, corresponding to
the number of different possibilities for the sorted list.

Sotting corresponds to finding the “correct™ linear extension of an order.
The elements are linearly ordered, but that ordering is not known. The task
is to determine the'ordering. Many scheduling problems involve finding an
“optimal” linear extension of an order. A set of “jobs™ are to be processed
subject to some “precedence constraints”, an order on the jobs. The order
is not linear, but the problem dictates that the jobs must be totally ordered.
Any linear extension yields a valid schedule, but the object is to find an
extension which is optimal with respect to some measure. The difficulty of

finding an optimal schedule depends on the number of linear extensions.

1.3.2 Linear Extension Count

The problem of determining the number of linear extensions of an orderis a
very important one. We focus our attention on this problem — determining
the number of extensions, either by direct counting, clever calculation or

approximation.

One method of finding and counting linear extensions involves “dynamic
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programming”, based on topological sorting. We enumerate the extensions
by the recursive formula

ePy= Y. e(P\2) (1.1)

zemax(P)
For this method to be computationally practical, the numbers of extensions
of the suborders must be recorded efficiently, to avoid recaleulating them

repeatedly.

Theorem 1.13 [Steiner 90] If width(P) = k, then e(P) can be calculated

in time O(n**!) using O(n*) space, wheren = |P).

The algorithm which does this finds the set of all ideals of the order,
then calculates the number of linear extensions for each ideal. For width

two orders, this may be accomplished more efficiently.

Theorem 1.14 [Atkinson/Chang 87] If width P =2, then e(P) can be
calculated in time O(n?) using O(n) space, where n=|P|.

The greater efficiency in the width two case results from the fact that

the ideals of a width two order are more readily identified.

Theorem 1.15 [Atkinson 90] If the covering graph of P is a tree, then

e(P) may be calculated in time O(n?), where n= |P|.

The problem of approximating the number of linear extensions of an
order has also been considered. One method for doing so considers the “or-
der polﬁope” defined in [Stanley 86}. Let P be an order on {1,2,...,n},
then the order poiytopé O(P) is the convex polytope in R™ defined by,

O(P) = {{£1,22,---.%a) € [0, 1]" : 2; < z; whenever i < j}.
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Theorem 1.16 [Stanley 86]

volume O(P) =

=

Thus, ¢(P) can be calculated by computing the volume of this convex
polytope. Unfortunately, Theorem 1.3 [Brightwell/Winkler 91] implies
that computing this volume is difficult. Howcvér. an cfficient method for
approximating the volume of this polytope would yield an cfficient method
of approximating the number of linear extensions of P. This problem has

been considered by a number of people.

Theorem 1.17 [Dyer/Frieze/Kannan 89] Given an n-element order
P. and rational numbers e, 8 > 0. e( P) can be epprozimated with probability
at least 1 — 3 that the approzimation is within ce(P) of the correct value.

This can be done in time polynomial in n,1/c and log(1/8).

The degree of the polynomial in this approximation is quite large, but
some improvements have been made, for example [Lovdsz/Simonovits
90] and [Karzanov/Khachiyan 91]. However, none of the resulting al-
gorithms are considered practical for approximating e(P).

The number of linear extensions of 2 series-parallel order is easily cal-
culated using the reduction formulas for linear and disjoint sums, given in
Example 1.4. That is, assuming that the series-parallel decomposition of
the order is known. However, in general, it must first be determined if the
order is series-parallel, and a decomposition found, in order to calculate the
number of extensions. This has been done efficiently for “simple fold” or-
ders, a small subset of series-parallel orders. An order is a simple fold order

if it can be produced from 2 chain by repeated applications of replacing the
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interior of a chain by two or more chains; that is, P is a simple fold order

if it is of the form
P= l-(fﬂ-kf5-+"'+'Fh)tl.

where each P, is either a chain or a simple fold order, possibly with the top

or bottom elements removed.

Theorcm 1.18 [Miller/Stockton 90] The number of linear ertensions
of an n-clement simple fold order con be colculated in time O(n3).

If an order is not a simple fold order, the algorithm will approximate
the number of extensions of the order — with the same time complexity —
however, the possible error in this approximation is unknown.

In another direction, numerous people have considered the problem of
bounding the number of linear extensions, or relating the number to some

other value. The following is an extension of equation (1.1),

Theorem 1.19 [Edelman/Hibi/Stanley 89] If A ts an ontichain cutset
in P, then

e(P)=3_ e(P\z).

ZEA

This is further extended by,

Theorem 1.20 [Sidorenko 92] Let A, B be the families of antichains end
cutsets, respectively, in P. Then
e(P)=max 3 e(P\z)=min 3 e(P\z),
€A ZEA

with the minimum end mazimum occurring precisely when A € AN B.
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Another result in the same paper refates the number of linear extensions

of an order to the nuraber of extensions of a complement, if one exists. (It

is known that the number of linear extensions is a comparability graph in-

variant, so all orders complementary to a given order have the same number

of linear extensions.)

Theorem 1.21 [Sidorenko 92] For a pair of complementary n-element

orders P, P,
e(P)e(P) > n!,

with equality if and only if P is series-paraliel.

The following inequality resuits from a study of functions defined on the

comparability graphs of orders.

Theorem 1.22 [Sidorenko 92] Let Py, Ps,..., P: be orders defined on

the same set of elements as P, such that the ir_zﬁcompambility graphs of the
P; cover P. Then, )

e(Pr)e(P) -+ e(Pe) 2 &(P).

oY
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Chapter 2

Méin Results

Our main fo~us is linear extensions of ordered sets — determining their

number and related ideas,

-

2.1 Linear Extensions

2.1.1 Approximation

We approximate the number of [inear extensions of an order by considering
“critical” suborders. The behaviour of these approximations is understood
for series-parallel orders: successive approximations give a sequence of up-
per and lower bounds for the number of linear extensions, and eventually,
the exact number. For other orders, the answer is not so clear. However,
we believe that the approximations behave in a similar manner.

For each critical order there is a corresponding value, its coefficient.
The approximations are made by counting the oécurrencs of the appropri-

ate critical orders and taking the product of the corresponding coefficients

raised to this power.

27
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Theorem 2.1 (Alternating Approximations) Fora series-paraliel or-
der P,
H C‘g" <e(P)< H Cg" Q critical,
[QIE2i+1.QCP QI QP :
with equality on the left-hand side if and only if P is ¢ linear sum of critical
orders with 2i + 1 or fewer elements, and equality on the right-hand side if

and only if P is a linear sum of critical orders with 2§ or fewer elements.

We conjectvre that this result holds for all orders, not just those which
ave series-parallel.
Let Mo and Na denote the numbers of two- and three-clement critical

orders in P, respectively. The following has been proved for all orders,
Theorem 2.2 (Upper and Lower Bound) For an order P,
IS N
22 < (P S 2™,

with equality on the lefi-hand side if and only if P is a linear sum of one-,
two- and three-element critical orders, and equality on.the right-hand side

if and only if P is a linear sum of one- and two-element critical orders.

We also prove several related results about the critical orders and their

coefficients.

Theorem 2.3 (Disconnected Cocfficients) A disconnected n-element

order is critical, with coefficient

n i =1 nerh
Com — P o TG

'ﬁ C,(,:::) k=2

k=2
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Theorem 2.4 (Cocfficient Sequence) The sequence (Cn} of coefficients

of the disconnected critical orders satisfies
(i) Cm>1, C!n-;-l <l
(if) (Ca) converges to I,
(i) ConCona1 > 1, Cons1Cansz < L
(iv) (Can) ts o strictly decreasing sequence,
(v) (Cans) is @ strictly increasing sequence.
2.1.2 Enumeration

One of the fundamental ideas used in proving the first step of the approxi-
mation gives rise to a method for counting the number of linear extensions
of width two orders. Let P be a width two order with chain decomposition
X.Y. On the grid X x Y, we draw a graph, whose vertices correspond
to the incomparable pairs in P, and whase edges correspond to certain
three-clement critical érders in P. The linear extensions of P correspond
to certain labellings of the vertices of this graph. These labellings are easily

enumerated, yielding the number of linear extensions of the order.

Theorem 2.5 (Width Two) The number of linear extensions of an n-

element, width two order ca™ be calculated in time O(»?).

This is of course, not a new result. This is the bound achieved in [Atkin-
son/Chang 87] (Theorem 1.14). In fact, our algorithm for computing the
number of linear extensions is very similar to the Atkinson/Chang algo-

rithm. However, the graphs which we use to represent the order provide

AN
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more insight into properties of the order related to linear extensions. In-
deed, consideration of the development of our algorithm leads to a better
understanding of linear extensions of width two orders. This in turn yields
an extension of our algorithm to width k orders, which is better than ex-

isting algorithms. (c.f. Theorem 1.13)

Theorem 2.6 (Width &) The number of linear extensions of an n-ele-

ment width k order can be calculated in time O(n®).

Qur algorithm for width two orders computes the numbers of linear
extensions of all initial sets in P. There are numerous applications of this
information.

Let X = zy,23,...,%p and Y = 31, ¥2,..., Y be the chain decomposi-
tion of P. (The construction of the graph zmd- enumeration of labellings
effectively add a pair of elements, zo, yo, below all other elements of the or-
der. To avoid changing the number of extensions, zp and yp are necessarily
comparable. However, the exact relation between them is unimportant and
is not specified.) We prove the following result about the numbers of linear

extensions of certain sequences of initial sets.

Theorem 2.7 {Unimodal Sequence) For an indecomposable width two

ordered set P, end 1 < k < |P|, the sequence
e(init(zoye)), e(init(z1ye—1)), e(init(zaye~2)), -- -, e(init(zen)),
is ¢ unimodal sequence which is strictly increasing then strictly decreasing.

If & > p, q then some of the initial of final terms of the sequence are not

well defined and are omitted.
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More information may be gained by repeating the linear extension cal-
culation on the dual of P, yielding the numbers of linear extensions of the
final sets in P. (This, of course, effectively adds another pair of clements
Tp+1s Y1, above everything else in the order.) Knowing the numbers of
linear extensions of the initial and final sets in P allows us to efficiently
caleulate the probabilities that certain comparisons or covering relations
occur in an extension of P. (In fact, the calculations yicld numbers of
linear extensions, but probabilitics are readily caleulated as the number of

linear extensions of the order is known.)
Theorem 2.8 {Probabilities) For z; incomparable to y; in P:

(2) e(zi < ;) 2 elinit(zi, yj-1))e(final(zis yU;)) with equality if and only

if T4t and y5-, are comparable;

(i) e(y; < z:) 2 e(init(zi-y,y;))e( final(zi, yj1)) with equality if and

only if z;—; and y;j4+1 ere comparable;
(##5) ez < yy5) = ely; < =) = e(init(zioy, ys-1))e(final(Lip1, Y1)}
(iv) e(zim) < ¥; < T:) = e(init(zic1, yj—1))e(final(zi, ¥ 41));

(v) e(gj—1 <z < y) = e(init(z;—1, yj—1))e( final(zis1, ¥j))-

Using the results of the previous two theorems and considering some
initial part of the graph of a width two order we give a shorter proof of the
characterization (Theorem 1.12, [Aigner, 85]) of those width two orders

P, for which §(P)=1/3.
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2.2 Majority Cycles

" It has been known for some time that there are orders which contain linear
extension majority cyeles (cf. Theorem 1.4). Many different classes of
orders are known to contain majority cycles. We further this knowledge by

proving the following.

Theorem 2.9 (Majority Cycle) There are height two orders containing

linear extension majority cycles.

2.3 Scheduling

In a “flow shop” problem, a sat of “jobs™ are to be processed by a set
of “machines”, possibly subject to some precedence constraints. Each job
must be processed exactly once by each Ima.chine, passing through the ma-
chines in the order My, Ma,..., M. For each pair of a job = and a machine
M;, t(z,1) is the “processing time” required by the machine to process the
job. The objective is to find a “schedule” which is “optimal” for a given
“measure of performance”. The processing order on any machine is a linear
ordering of the jobs. If all machines process the jobs in the same order the

schedule is called a permutation schedule.

Theorem 2.10 (Optimal Permutation) There is an optimal permute-
tion schedule for the m-machine flow shop with precedence constraints, pro-

mded that

t(z, i) = t(y,d),

fori=1,2,...,m, whenever z and y are incomparable.
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The requirement that incomparable jobs have identical processing times
is quite restrictive. However, the scarcity of general results for such prob-
lems justifies such a restriction. If the measure of performance is “symmet-
He¢” then all permutation schedules are optimal, We also show how this
result can be used to find upper o'r lower bounds on optimal schedules in

flow shop problems not satisfying this condition on the processing times.

2.4 Genus and Diagram Invariance

We relate the genus of an ordered set to the genus of its covering grn;;'oh, by

means of a “lifting” construction, proving,

Theorem 2.11 (Genus) The genus of any ordered set equals the genns of

its covering graph.
An immediate consequence of this theorem is the following.

Theorem 2.12 (Diagram Invariant) The genus of an ordered set is a

diegram invartant,

This is the first, and only, nontrivial example of a diagram invariant.

2.5 Cataloguing Orders

We develop and implement an algorithm to generate 2 list of the n-¢lement
orders having no “irreducible” clements. This algorithm is then applied to
the general problem of counting all n-elements orders. The algorithm is
based, in part, on an idea presented in [Colburn/Read 79]. We present
some computational results and discuss possible applications of such an

algorithm.
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Chapter 3

Approximating Linear
Extension Count

We develop a method for approximating the number of linear extensions
of an order. Approximations are made by counting the occurrences of sub-
otdets belonging to a special class of orders, which we call eritical orders.
The critical orders will be defined as the approximations are developed.
Each critical order has a cotresponding value, called its coefficient. An ap-
proximation is made by counting the occurrences of the appropriate critical
orders, then taking the product of the corresponding coefficients raised to

this power.

One method for finding linear extensions of an order is successive partial
extensions. Start with an order P. If P is a linear order then it has only
one linear extension, namely, itself. Otherwise, there is a pair of clements
z,y, incomparable in P. There are two possible comparisons which may
be assigned to this pair, z < y or y < z. Choose one, say z < ¥, asgign

it, and take the transitive closure, producing the order P = P{(z < y), an

35
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extension of P. If P, is a linear order, then it is a linear extension of P,if
not, then P; contains a pair of incomparable elements 1, 1. Assign one of
the two possible comparisons to this pair of elements, say ) < 3. Taking
the transitive closure yields the order P2 = Pi(m1 < ) =Pz <yn1 <
w1 ). If Py is not a lincar order, then this process continues. Eventu:flly, this
results in a linear order, a linear extension of P.

In this procedure, the lnurnber of incomparable pairs determines, at least
in part, the number of steps required to arrive at a linear extension. Surely,
the number of incomparable pairs in an order must give some measure of
the number of linear extensions of that order. For an n-element order, the
rainimum possible number of extensions is one, occurring when the orderisa
chain, having no incomparable pairs. The maximum number of extensions,

n! is achieved by an antichain, with all pairs of clements incomparable.

3.1 Upper Bound

We try to approximate the number of linear extensions of an order by count-
ing the number of incomparable pairs in the order. Let Nz be the number of
incomparable pairs in P, the number of two-element antichains. Since each
partial extension of the order introduces at least one more comparability,
a linear extension of P is produced in N7 or fewer steps. When assigning
comparisons there are always two choices, so, by a simple combinatorial
argument
e(P) < 2Ms.

We define the two-element antichain to be the two-element critical order,

its coefficient is Ca = 2.

')
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This inequality is seen as a special case of Theorem 1.22, [Sidorenko
92]. Let z and y be incomparable in P and let P,y be an ovder, on the
same set of elements as P. in which z, y is the only incomparable pair. The
incomba.rnbility graph of P is covered by the incomparability graphs of the
Py (x,y ranging over all incomparable pairs of P). The th;:orcm then

states that

e(P) < [T e(Pey)-

zlly
Since e(Pry) = 2 for all incomparable =,y in P, and there are Nz such

orders, it immediately follows that e(P) < 2N,

Our “second” approximation is
e(P) = A:(P) = 2™,

This is called the second approximation both for completeness and for con-
venience. It is useful to define the “first” approximationtobe A;(P)=1. A
singleton is a onc-element critical order, having coefficient C, = 1. While
this was not our initial approximation, it is easily seen as a “logical”, if
somewhat trivial, first step on which to build further approximations. This
first approximation satisfies A;(P) = 1 < e(P), with equality if and only
if P is a linear order; P contains no incomparable pairs, the two-clement
critical orders.

We now consider the problem of determining when the second approx-
imation is exact. For &(P) = 2™ to occur, it must be possible to assign
all possible combinations of comparisons on the incomparable pairs of P.
There are no i:ompa.risons “forced” by transitivity. The incomparable pairs

of P are disjoint and are therefore, independent. This is the case if P is
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Figure 3.1: Three-element critical orders

a linear sum of singletons and two-element antichains, the one- and two-
clement critical orders. Otherwise, P contains two incomparable pairs with
a common clement. In this case, P must contain an indecomposable com-
ponent with at least three elements. Therefore, P contains a three-element
antichain 3, or the order 2 4+ 1 (see Figure 3.1), as a suborder. These are
the three-eiement critical orders.

We examine why the approximation fails for the order 2+ 1. For this
order, the approximated number of extensions is four; the actual number
is only three. Suppose that the order is defined on the set {z,y,c}, with
z < y. Assigning the comparison = < r forces, via transitivity, = < y: it
is no longer possible to assign = > y. Similarly, assigning = > y leaves no
choice but to assign = > z. Thus, it is not possible to assign both of the
comparisons = < z and y < =. However, this is the only assignment which
is not possible. The other (three) assignments are all possible, they yield
the three linear extensions of this order. This is why the actual number of
linear extensions of 2+1 is only 3/4 of the approximated value. Turning
our attention to the three-element antichain, we see that it has six linear
extensions, our approximated value is eight. Again, the actual number
of extensions is only 3/4 of the approximated value. In particular, if P

cantains either of the three-element critical orders, then the approximation
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exceeds the actual number of linear extensions. The preceding discussion

proves the following.
Theorem 3.1 (Upper Bound) For a finite order P,
e(P) £ 2%,

with equality if and only if P is a linear sum of singletons and two-element

antichains, .

3.2 Lower Bound

\We now attempt to “correct” the (second) approximation. The approxi-
mation is refined, by considering the “errot” resulting from the presence
of the three-element critical orders. This yields a third approximation.
The refinement is based on the ratio between the actual number of exten-
sions of these critical orders and the approximated values. For both of

the three-element critical orders, 1/4 of the approximated value represents

assignments of comparisons which cannot be made as they would violate

transitivity. (c¢f. Example 3.1) Due to the (multiplicative) nature of the
approximation, we expect that a similar result holds for any order con-
taining one of the three-element critical orders as a suborder. That is, if
P contains a three-element critical order, then 1/4 of the approximation
for e( P) represents assignments of comparisons which violate transitivicy,
on this three-clement critical order. A similar error is expected for each
occurrence of one of the three-element critical orders in P. Therefore, the
coefficient of the three-element critical orders is defined to be Ca = 3/4.

If N3 is the number of ocenrrences of either of the three-element critical

i
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otders in P, then the third approximation is

e(P) = Ay(P) = 2™ G)m.

Taking the first approximation to be A;1(P) = 1, the second approxi-
mation can be derived from the first one, in the same way that the third
approximation is derived from the second. (This is, of course, working
“backwards™ since the second approximation must necessarily be defined
before the third. However, this development of the second and third ap-
proximations will be followed for all subsequent approximations.) The first
apbroximar.ion is exact only if P is a chain, otherwise P contains a two-
clement antichain. The actual number of linear extensions of this antichain
is two, twice the (first) a.bproximation of one. To “correct” the first approx-
imation we multiply it by 2V3, the “error” in the initial approximation (on
a two-element antichain) raised to the power of the number of two-element

antichains. Thus, the second approximation is
A P) = Ay (P)2Ns = 272,

Similarly, the third approximation is

As(P) = 4x(P) 3) e ) .

The definition of A3 ensures that the third approximation is exact for
cither of the three-element critical orders. If P does not contain either of
the three-element critical orders, then A2(P) = &(P). In this case, the third
approximation, which is'the same as the second one, is exact.

" All critieal orders encountered so far are indecomposable. In fact, we

will show that all critical orders are inderomposable. Thus, all critieal

»
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orders are contained within indecompasable components. Therefore, the
approximations act independently on the indecomposable components of
an order. In effect, a separate approximation is made for each component;
these approximations are then multiplied together. This is exactly the way
that linear extensions behave with respect to the indecomposable compo-
nents: the number of linear extensions of the order is the product of the
numbers of linear extensions of the components. As a result, the third ap-
proximation is exact for any order which is a linear sum of one-, two-, or

three-element critical orders.

To evaluate the third approximation, we find it useful to adopt a dif-
ferent viev of the approximation process. The second approximation may
be viewed in a very concrete way, providing a clearer understanding of
the approximation process. While this is not possible for subsequent ap-
proximations, a ciear understanding of the reasoning involved in the initial

approximations leads to a better understanding of later approximations.

Thus far, the approximation process was viewed as a dynamic process:
a comparison was assigned to an incomparable pair of P; the transitive
closure was found, yielding a partial extension; the process continued, us- .
ing this partial extension. This process is adaptive, changes made to the
order are considered in subsequent operations. We now view the process
as one which is not adaptive. Given the order P, (indcpendently}ggn
comparisons on all the incomparable pairs, without regard to transitivity
constraints. There are 2¥2 passible combinations of assignments: 2Nz pur-
ported linear extensions of . The objective, now, is to decide which of

these assignments are “valid”; that is, which ones produce linear extensions,
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and which ones do not. See Example 3.1 for an application of this process.

Example 3.1 Possible assignments of comparisons for the three-element

critical orders.

3=({z.%:}.0) 2+1={zwn}{z<y})

Te-ey Teer3 YeroT result Z.-.x y---3 result

< < < TCYyY< = < < ry<=s

< < > Ty < > r<zty

< > < invalid > < invalid

< > > <y > > sy

> < < y<x<=z

> < >  invalid

> > < y<x<zx

> > > Ly

Exnmple 3.2 POﬁlblc assignments Of compmsons for the order 24.2=
({:' Y. u, I‘J}, {2 <Yy u < U}).

z-vouw Toeow ye--ruw ye--v  result/intransitive on
r<y<u<y
(v}
zCucy<y
LUy
{z.y,v}, {z,u,v}
{z)u,v}, {y,u,v}
{z,y,v}, {z,u,v}
{z,u,v}

{z.v,u}

{z,y,u}, {u, v}
uLz<y<y
<<y
{z,y,u}, {z,,v}
{z=.wu}, {3u,v}
{z.y v}
ey

VVVVVVVVAAAAANAANA
VVVVAAANAVVVVAANMNA
VVAAVVAAVVAAVVAA
VAVAVAVAVAVAVAVA
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The third approximation is found by repeatedly multiplying the second
one by 3/4. In effect, each time we multiply by 3/4, we are attempting to
remove those assignments which are intransitive on some particular three-

clement critical order,

Tables of assignments of comparisons demonstrate what happens when

there are several occurrences of the three-clement critical orders in an order.

If two critical orders do not share an incomparable pair, then they are
“independent”. This means that the assignments (of comparisons) which
are intransitive on each of these critical orders are independent. This does
not mean that there is no overlap of the invalid assignments — quite to the
contrary, it means that there is overlap, of a very special form. Suppose that
the order P contains the three-element critical orders @ and Qa, which do
not share an incomparable pair. See, for example, {z,y, 2} and {z,y, v}
in Example 3.2. In a table of assignments, the columns corresponding to
the incomparable pairs of Q) and Q2 are disjoint, and therefore indepen-
dent. For each assignment of comparisons on the incomparable pairs of Q.
all assignments on the incomparable pairs of Q2 are possibie. Thus, when
those assignments which are intransitive on Q, are removed from the list,
exactly 1/4 of the remaining assignments are intransitive on Q2. Equiva-
lently, exactly 1/4 of those assignments which are intransitive on Qi-are
also intransitive on Qa. Therefore, the number of assignments which are
transitive on both @, and Q2 is 2¥3(3/4)*. Extending t'his argument shows
that if no pair of three-element critical orders in P share an incomparable
pair, then e(P) = A3(P). If all three-clement critical orders are disjoint,

then they cannct share any incomparable pairs. This demonstrates (again)
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that Aj is exact if P is a linear sum of one-, two- and three-element critical
orders.

If P is not a linear sum of one-, two- and three-element critical orders,
then there is a pair of three-element critical orders which ure not disjoint.
In this case, it is easily secen that there is a pair of three-clement critical
orders which share an incomparable pair. When there are critical orders
sharing incomparable pairs, the situation is much more complicated. The
assignments which are intransitive on the orders are no longer indepen-
dent. Suppose that the critical orders Q) and Q2 share an incomparable
pair. Assignments: which are intransitive on @Q; may be more likely to be
intransitive on Qz, or they may be less likely to be intransitive. Consider
Example 3.2 again. Let @y = {z,y v} and Q2 = {z,u,v}. In this case,
1/2 of the assignments which are intransitive on @Q: are also intransitive on
Q2. As a result, 2¥3(3/4)? is less than the number of assignments which
are transitive on both @, and Q2. This is not cause for concern as we
expect Aa(P) to be a lower bound for e(P). However, if Q: = {z,y,v} and
Q2 = {y.u, v}, then there are no assignments which are transitive on both
r); and Q». Therefore, 2¥2(3/4)? is greater than the number of assignments
which are transitive on both @; and Q2. This inequality is the reverse of
what we are trying to prove. However, a study of tables of assignments
leads us to conjecture that Az(P) is a lower bound for e(P). We prove this

result, by different means.

Theorem 3.2 (Lower Bound) For ¢ finite order P,

("< wn,
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with equality if and only if P is a linear sum of critical orders with three or

fewer clements.

Proof (Lower Bound) The proof is by induction on [P|. The result is
trivial for orders with three or fewer elements. Assume that it is true for
all orders Q with |@Q| < |P|. The argument requires several special cases
which, since they are not disjoint, are treated successively by excluding

from the current case those orders covered by previous cases.

Case (i) P =P, %« Pys---% Py is linearly decomposable.

If P is a linear sum of Pi, P2, ..., Pm, then e(P) = ¢(P)e(P2) ... e(Pun)-
Since each eritical order is contained in some term of the linear sum,
Aa(P) = As(P)Aa(Pa) ... A3(Pm)- If each P; is a linecar sum of small
(three or fewer clements) cri-t.ian orders, then Ag(P) = e(/) for all i,
and Az(P) = e(P). Otherwise, there is an [ such that P is not a linear
sum of small critical orders. Then, Aa(P)) < e(F), which implies that

Az(P) < e(P).

The remaining cases remove an element z from P, and a;;ply the in-
duction hypothesis to P\ z. The change in the approximation when z is
removed must be caleulated; this is done by counting the number of two-
and three-element critical orders containing z. If z is incomparable to &
other elements of P, then 2 is contained in exactly k incomparable pa.i;s of
P. There are at least () three-element critical orders containing z, since
z along with any pair of its incomparables is a critical order. However, not
all threc-element critical orders containing z need have this form, so, for

someJ-ZO.'
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L (3 (3)+
asp)= 4P\ (§) - 3.1
The following numerical results are used:
k
2 (%) <1 - fork2>25; (3.2)
-G . : :
ok (3) is decreasing for k > 3. (3.3)

The second follows from the first, and the fact that
ok+t (;\_)("?') Y (E)J: ‘
2t (3)(3) 4
Since the remaining cases assume that P is indecomposable, we must
show Az(P) < ¢(P). We show that e(P) = aAa(P) for some a > 1.
As P\ z may be decomposable, the induction hypothesis only says that
A(P\2) € AsP\2).

Case (ii) P has an isolated element z.

If |P| = n then ¢(P) =ne(P\z), and

3"
A3(P) = Aa(P\ ) 2"} G) X

- (%) ("1

is decreasing for n > 4, and 23(3/4)° < 4,

Since

)
”= (z) <n for any n > 4.

Thus

o(P)=ne(P\z) 2 nAs(P\z) = | ————=r | A3(P)> As(P).
2t ()



3.2. LOWER BOUND 47

In the remaining cases, e(P) is related to ¢(P \ z) using this form of
Theorem 1.20 [Sidorenko 92]: for any antichain A in P,
SeP\z)ge(P). (3.4)
zea :
For each = € A, we choose ar such that A3(P) < e A3(P\ ). Then, by
(3.4) and the induction hypothesis,

d(P)2 Y e(P\T)2 D AP\2) 2 (XZ ;‘-) As(P).
€A

TEA zEA

It suffices to show that

1
Z:)l.

eA
Case (iit) width(P) = 3.

Let A be an antichain in P with |A] 2 3. If z is any element of A,
then = has & > 2 incomparables. Since z is neither an isolated, nor a
splitting element, there exist y and = comparable and incomparable to z,
respectively. Moreover, there exist such y and = which are incomparable
to each other. For if }loz, every element which is comparable to z is also
comparable to all elements incomparable to z, which implics that P is
linearly decomposable. The set, {z,y, =} is a critical order, not of the form
of = with two of its incomparables. Therefore, z is contained in at least

(¥) - 1 three-element critical orders, and we may choose

(3)+1
er ()

By (3.3), & is decreasing for & > 3. Then, since @, < 3 for £=2,3,

Z:::>z%23(§)=1.

TEA IEA
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Case (iv) width(P) = 2.

Since it is assumed that P is indecomposable and has no isolated ele-
ments, P has a {unique) decomposition into two chains, both having size
two or greater. Let u < = be the top two elements of one chainand v < ¥
the top two elements of the other. Let k and j be the numbers of ele-
ments of P which are incomparable to = and y, respectively. . There are
(af. Jeast) two types of critical orders containing z: those c;':nsisting of
and a pair of its incomparables; and those consisting of » and y and an
element (other than z) which is incomparable to y. Thus, there are at least

*) +j — 1 three-element critical orders containing z. Similarly, there are
at least (§) + & — 1 critical orders containing y. Since P is indecomposable,
r and y are incomparable, and while it is possible that z > vor y > u,
both ecannct occur.

Suppose that there are no comparabilities between z and v, and y and
u. Therefore, £,7 2 2. In a.ddit:ic'-n. u and v are incomparable, so {z,u,v}
and {y,u,v} are also critical orders, containing z and y respectively. We
choose

) R

Clearly, a: is decreasing for all j, and, by (3.3), for all k£ > 3. Similarly, ay
'is decreasing for all k£ and all j > 3. Thus, 1/e: + 1/ay is increasing for
k,j > 3. It is easily verified that az,ay < 2fork=2o0r 3,andj=20r3,
so that, for all 7,k 2> 2,

1 1

—+—>L
ar Oy

Suppese now that one of z > v or ¥ > u holds, say y > u. Then z and
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v must be incomparable. In this case & > 2 and j = 1. Since P contains
no splitting clements, there must be an element which is incomparable to
u. Let = be the maximal such element. (As = is incomparable to u, =
must be contained .in the same cim.in as y. It is possible that z = v.) Let
w be the upper cover of z, from the same chain as z. By definition of =,
w>u Butwp z,s0wu [frand = are comparable then = > =. Now,
w5, w u, > uand T > z, which implies that P is decomposable,
a contradiction. Therefore, £ and = must be incomparable. In this case,

{z, u, =} is another three-clement critical order which includes z. We choose

o § (3)+1 _ § k=1
az =2 (4 and ay =2 ) .

An argument similar to the previous one verifies that, for k>2,

l 1
—_ 1.
ar @y

3.3 Alternating Bounds

If the third approximation is not exact, then a linear decomposition of r
contains a term with at least four clements. Thercfore, P must contain one
_of the four-element orders of Figure 3.2 (plus the dual of the fourth, which
is not self dual). These are the four-element critical orders.

Emulating what was done previously, we compare the actual numbers of
linear extensions of these orders with the approximated values. The four-

clement antichain 4, has 24 linear extensions, but the approximated value
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Figure 3.2: Four-elcment critical orders

is 81/4. Thus, the ratio of the actual value to the approximated value is

e(d) _ g
L@

Calculating this ratio for the remaining orders, shows that the ratio is the
same for all the orders, except the N. The N has five linear extensions while

the approximated value is 9/2. Thus,

e(N) _ l(_l_
Aa(N) ~ 9~

Since the ratio for the N is different, the N must be considered separately.
Reasoning similar to that used before, leads us to expect that the approxi-
mation is off by a factor of 32/27 for each occurrence of one of the first five
critical orders, and a factor of 10/9 for each occurrence of N. Define Ny
to be the number of four-element critical orders, other than N, in P. The
coefficient of these orders is Cq = 32/27. Let Ny, be the number of N’s,

the corresponding coefficient is Ny,1 = 10/9. The fourth approximation,
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which attempts to correct the third, is

wanesin (3 (8" = (3" @ @

As with the previous approximations, it is easily seen that A4 (P) = e( P)
if P is a linear sum of critical orders with four or fewer elements. Otherwise,
we expect that the approximation is strictly greater than the number of

linear extensions of P.

Conjecture 3.1 (Upper Bound) For g finite order P,

Ny 9 Na Nar
s () @

with equality if and only if P is a linear sum of critical orders with four or

fewer elements.

Example 3.3 The approximations are illustrated for the two orders in
Figure 3.3. Since the five- and six-element critical orders have not been
defined yet, only the total number of such critical orders, and the resulting

approximations, are given.

Our idea is to make a series of approximations, each a refinement of
ihe previous one, by considering successively larger suborders of the order.
We recursively define a class ¢f orders we call critical orders, with corre-
sponding coefficients, which are used in the approximations. The number
of linear extensions of P is approximated by taking the product of the co-
officients of the critical orders occurring as suborders of P, counting the

number of occurrences. Then new critical o:I-ders are defined, based on the
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e 48 e =068
.'V-_p = 9 A-_» = 512 2 = 14 Ag - }.5384
Ny = 14 Aa= 91 Na = 36 Ay = 0.5
Ny = 9 Ne = 39
Naa= 6 Ag = 792 Nyy= 16 Aqx 21204
6 As = 45.3 52 As = 12.9

28 Ag= 104.1
Figure 3.3: Approximation example

orders for which this approximation is “incorrect™; that is, for which the
approximation is not exact. The coefficients for these new critical orders
are defined to make the necessary “corrections” in the next xpproximation.
Suppose that the m — Ist approximation, defined as
Amai(P) = [ €& Q critical,
IQIgm=1.QCP
is exact when P is a linear sum of critical orders with m = 1 or fewer
clements, but is strictly less than the number of linear extensions when

P is not such a linear sum. Furthermore, suppose that the critical orders
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(with m=1 or fewer elements) are precisely the indecomposable orders. Let
P be an m-element order. If P is indecomposable then Am-1(P) < ¢(P).
Otherwise, P is a linear sum of orders with m — 1 or fewer clements, and
Am—1(P) = ¢(P). Thercfore, an m-element order is critical, meaning the
approximation Am— is incorrect, if and only if it is indecomposable.

The cocfficients of the m-element critical orders are defined so as to
make the mth approximation exact on these orders. Let Q be an m-clement

critical order and define
¢(Q)
C Tn e———
T Ana1Q)

Let Ng be the number of occurrences of Q in P. The mth approximation
is defined by

An(P) = [ ©g° Q critical.
IQIEm.QCP
Equivalently,
An(PY=Am(P)  TI Co° Q critical,
1Ql=m.QCP

Then, for an m-element critical order P, Am(P) = Am—1(P)Cp = ¢(P). -
Therefore, if P is any linear sum of critical orders with m or fewer elements,
then An(P) = e(P). If P is not such a linear sum, we conjecture that
Am(P) is strictly greater than ¢(P).

For the second and third approximations, when the critical orders were
not disjoint, the “corrections” to the approximation were not independent.
The result was an “overcorrection™. [t is reasonable to &pect the same
behaviour for the mth approximation. Thus, if P is not a linear sum of
critical orders with m or fewer elements, there are m element critical orders

which overlap, and we expect that e{P) < Am(P).
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In this way we expect to form an alternating sequence of upper and

lower bounds for the number of linear extensions.

Conjecture 3.2 (Alternating Approximations) For e finite order P,
I cis< epy £ J[ Co°  Qeritical
1QIL2k+1,QEP 1Q|<2k,QCP
with equality on the left-hand side if and only if P is a linear sum of critical
orders with 2k + 1 or fewer elements, and with equality on the right-hand
side if and only if P is a linear sum of critical orders with 2k or fewer

elements.

We are unable to prove this conjecture. It is easily shown that equality
holds when an order is a linear sum, of the required form. The difficulty
lies in proving that, when the order is not a linear sum, equality fails,
and the inequality is in the correct direction. However, we can prove the
result for the special case of series-parallel orders. Although calculating
the number of lincar extensions is easy for series-parallel orders {using the
reduction formulajs for computing the number of linear extensions of linear

and disjoint sums), the fact that the approximation works on these orders

supports the general conjecture.

Theorem 3.3 (Alternating Approximations) For a series-parallel
order P, -
I[I ¢3°< ep) < C4°  Q eritical,
1Q182k+1,QCP IQI€2k,QCP
with equality on the left-hand side if and only if P is a linear sum of critical

orders with 2k + 1 or fewer elements, and with eﬁdity on the right-hend
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side if and only if P is a linear sum of eritical orders with 2k or fewer

elements.

Proof {Alternating Approximations) The proof is by induction on m.
The proof requires tk> additionai fact that an m-clement serics-parallel
order is critical if and only if it is linearly indecomposable. That is, an m-
_ element series-parallel order is either critical, or is a linear sum of smaller
(series-parallel) critical orders. This fact is easily proved using the induction
hypothesis. An m-element order is critical if and only if the approximation
Am—1 is not exact, which occurs if and only if the order is not a linear sum
of critical orders of size m — 1 or smaller.

The result is true for m = 2, 3. Assuming that m > 3, the resuit for Am
is proved by induction on n = |P|. If P is a linear sum of critical orders
with m or fewer clements, which is certainiy the case if » < m, then itis
tivial that e(P) = Am(P). Suppose that P is not a linear sum of smali
{m br fewer elements) critical orders. Then, in particular, » > m. Suppose
also that we have proved the result for all orders smaller, in size, than P.
We must show that e(P) < Am(P) for even m, and &(P} > Am(P) for odd
m. To simplify the argument we consider the case when m is even; the case

for odd m is simiiar.

Since P is series-parallel, it is a linear or disjoint sum of the series-
parallel orders Py, P,. The induction hypothesis applies to Py and Po.
Therefore, e(P1} € Am{P1) and e(P2) € Am(F2). |

If P = Py x P; then e(P) = e(Py)e(P2) and Am(P) = Am(P1)Am(P2).

Moreover, since P is not a linear sum of small critical orders, it cannot
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happen that both P; and P are linear sums of small critical orders. Thus,
e(Py) < Am(P1) or e(P2) < Am(P2), and s0 e(P) < Am(P).
Otherwise, P = P; + Pa. Let k = |Pi], so |Pz| = n— k. (Without loss

of generality we may assume-that & < »/2.) Then,

e(P)= (Z)c(a)ecpe)-

There are three types of critical orders contained in P: those contained in
P,: those contained in P;; those contained partly in P and partly in P;.
Any suborder of the last type is disconnected. We will show (Theorem 3.4)
that all disconnected orders are critical, and all [-element critical orders
have the same coefficient C;, which depends only upon I. Thercfore, all
suborders contained partly in P, and partly in P; are critical. There are

(%) = (§) = ("7%) such {-clement critical orders. Therefore,

An(P) = An(P)An(P) [T 00T,

=2
Then
T ~0)-()-("7)
C,
Ao P) >£‘E ‘ -
e(P) ~ ()

It is sufficient to show that this is greater than 1, or equivalently

[0)-()- (7 mam (@) >o

For odd m, the inequality is reversed. The two cases may be combined by

multiplying by a factor of (—1)™. Decfine

= E[0)-()- (7 mesiemen )
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It is sufficient to show that f(k) > 0 for 1 € k < n/2. To this end, we show

that f(1) > 0 and that f is increasing for k < n/f2.

Q)= (—1)“?; [(’;) -G) - ("; 1)] G+ (=)' (’I)

= (—1)"‘2 (‘::Il) nCr+ (=)™ 1nn.

=2

This value depends on n. Accordingly, we define g(n) = f(1), and show
that g{n) > 0. for n > m. This is accomplished by defining a (finite)
sequence of functions, starting from g, with the property that, if a function
in the sequence is positive, then the preceding function is increasing, and
therefore positive. Showing that the last function is positive we conclude
that g is positive.

If n < m then An(P) = e(P), which implies that g(n) =0, forn < m.
It suffices to show that g is (strictly) increasing for » > m; for then, 2 > m

implies g(n) > g(m + 1) > g(m) = 0. Define
Ag(n) = g(n + 1) = g(n).

We claim that Ag(n) > 0 when » > m, and therefore, g(n) is increasing
forn>m. Ifn <m-—1then Ag(n)=0-0=0. Thus, to show that
Ag(n) > 0 for n > m — 1, it suffices to show that Ag is increasing for

n > m-— 1. Define
A%g(n) = Ag(n +1) -- Ag(n),

which we show is greater than 0 when n>m-2, proving that Ag(n) is

increasing, hence greater than 0, for n > m. This process continues until
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we arrive at A™g(n), which we will show is greater than 0 for all n > 1.
This will prove the desired result for g.

The function g is the sum of a logarithm term and binomial coefficients,
and is therefore, a C™ function.

Thus,
+l
Ag(n) = g(n +1) = g(n) = f #(z) dan,

n+1l el vl
Ay =a@agn = [ Alg)dn = [ f ¢"(z2) dzadz,

and in general,

o n+l 1 w1+l
Atg(n) =j f f‘ g(‘)(z.)dz .dz).
n T Tyl

The polynomial term in g has degree m—1, since the binomial coefficient
"'_'ll) is a polynomial in n, of degree { — 1, and { £ m. Therefore, the
polyromial term in g becomes 0 with the mth derivative. Thus, AMg(n) =

A™(=1)™* Inn, and

ntl t P ka — 1Vt -
A™g(n) = / f f ("‘ 1) dZpm .. .dz.
n E3 ] Tl

Since n > 1, it follows that z > 1. Then, A™g(n) > 0, since, at cach
step, a positive function is being integrated. Therefore, we conclude that
all A*g(n) are greater than 0 for the specified values of », so f(1) > 0 when
n>m.

We now show that f(£) is increasing for k < n/2. Suppose that 1 £ £ <
n/2. By a straightforward calculation, f(k + 1) — f(k) = g(n — k) — g(k).
Since k < n/2, n—k > k, and as g is increasing, g(n—k) > g(k). Therefore,
F(k + 1) > f(k); that is, f is increasing. o
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3.4 Critical Orders and Coefficients

The m-element critical orders are defined by the orders for which the
approximation Am—, is incotrect. An m-clement order Q is critical if
Am=1(Q) # ¢(Q). The coefficient of Q is defined as ¢(Q)/Am-1(Q). Thus,
the m-element critical orders are precisely the m-clement orders with coef
ficients different from 1.

It is important to know which orders are critical. Suppose that P is an
m-clement order. If P is linearly decomposable, then it is a linear sum of
orders with m— 1 or fower elements. In this case, Amai(P) = ¢(P), whence
P is not critical. Therefore, critical orders are linearly indecomposable. As
stated previously, if the alternating approximation conjecture is true, then
the criticn! orders are precisely the indecomposable orders. In this c:‘\.sc.
almost all orders are critical, since it is known that, asymptotically, almost
all orders are linearly indecomposable, (Theorem 1.8, [Mhring 84]).

We now consider the coefficients of the critical orders. In general, not
all eritical orders (of a given size) have the same cocfficient. However, all
disconnected orders are critical, with coefficients depending only on the size

of the order.

Theorem 3.4 (Disconnected Coefficients) A disconnected n-clement -

order is critical, with cocfficient

oz 2 = T R0,

nai

n=1i

Y k=2
I1c.
k=2

Proof (Disconnected Coefficients) The proof is by induction on n. The

result is true for n = 2. Suppose that the result is true for all orders with
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n — 1 or fewer clements, Let P be an n-element disconnected order. Say

P = P, + P, with m = [P,] and |P;| = n — m. Then

e(P)= (:):(P.)«:(Pz).

and mn—m $ n—1 implies ﬁn_l(P[) = C(Pl) and An_';(Pz) = C(Pz).
There are three types of critical orders in P: those contained in Fy;
those contained in Pao: those contained partly in P and partly in Pp. In

fact, all suborders of the last type are disconnected, and therefore critical,

. by the induction hypothesis. The number of k-element critical orders of

the last type is (3) — (T) = (*2™)- Thercfore

n=1 n my_(n=m
Aacr(P) = Anca (P Anca(P) T €87 (I737),

k=2
The cocfhicient of P is
(P) (2) ’
Cp= i = : (3.5)
AnmiP) T - (-0

k=2
We note that this cocfficient depends only on n and m. That is, the coeffi-
cient of P depends only on the sizes of Py and Pz, not their structure. Any
other n-element order which is a disjoint sum of two orders of the same size
as P; and P, will have the same cocfficient. In fact, we will show that the
value if this coefficient is not dependent upon m, that it is constant, for all
mwithl<m<n—1

Consider the n-element antichain n. Its coefficient is defined in terms of
the number of its linear extensions, and the critical orders that it contains.
Since these cannot \nry the antichain has a single, well defined coefficient

C.. However, the antichain can be written as a disjoint sum of orders of
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size = and n — m, for any m with 1 € m € »n— 1. Therefore, any value of
m (1 € m € n— 1) may be used in equation (3.5). to calculate Cq. Since
all values of m must give the same result, the cocficients do not depend on

m. In particular, for m = 1 we have

(1) n

"= "_‘-l L3 T 1 T =l - n=1 ‘;l )
H C,E') (n) (s H Cgh—'l.)
k=2 =2

Therefore, all disconnected n-clement orders have the same coefficient Ca.

The second formula is proved by considering the exponent of & in Cw.
We show, by induction on n, that it is (F21)(—1)""%. If n = & then the
exponent is 1, which is correct. Suppose now that n > k. For all m, with
k < m < n, the induction hypothesis implics that the exponent of kin

Cm is (T21)(—=1)™*. The exponent of Cm in Ca is ~~%). Applying the

6©=0G)

the exponent of k in G, s,

S (2@ e =L )G

1dentity

m m=k
-EIY T (e = (e

To show that all disconnected n-clement orders are critical we need only
show that C, # 1. Let p be the largest pﬁhe number such that p < =n.
Then, p > n/2, for otherwise there would be a greater prime q, between
pand 2p < n.‘ Since 2p > n, no multiple of p occurs in the product

computing Ca. Therefore, the exponent ofpinCp is (;:l')(—l)""’. Since
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p has nonzero exponent, Cn # 1, and all n-element disconnected orders are

critical. m]

If the general conjecture is correct, then the coefficients of a critical
order must be greater than 1, or less than 1, depending on whether the
size of the critical order is even or odd, respectively. Furthermore, for the
approximations to converge to the correct number of linear extensions, we
expect that the the coefficients converge to 1, as the size of the critical
orders incrense. As the coefficient of each connected critical order must
be calculated scparately, we are unable to prove any results about their
values. However, it is possible to study the sequence of coefficients for the

disconnected critical orders, which behave as expected.

Theorem 3.5 (Cocfficient Sequence) The sequence (Ca) of coefficients

of the disconnected critical orders satisfies
(i) Can> 1, Cone1 < 1,

(1) (Cn) conuerges to 1,

(i#5) CanCanst > 1, Cons1Cans2 < 1,

(iv) (Can) is a strictly decreasing sequence,

(v) (Cans1) is @ strictly increasing sequence.

Proof (Cocfficient Sequence) To study the sequence (Cy,), we consider

the sequence of functions (f,), defined by

falz) = (-1 A%z = z:(-l)‘+l (’:) In(z+1{) forz>0.
=0 '
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Then,
InCp=In (fI k(:::)(‘”“') Z( 1)"—1:( ) Ink
k=2
n=-1
= Z(—l)"—k( ) Ilnk=(-1)" Z( 1)l+! ( ) In(k + 0.
k=1 1=0
That is,

InCo = (=1)" fa=r(D).

In the proof of the Alternating Approximations Theorem, we show that
Fa(z) > 0 for z > 1. In fact the same argument proves this is true for all
z > 0. Thus, for even », InCy > 0,50 Gy > 1. For odd n, InC, < 0, so
Ca<l.

To show that (C.) converges to I, we show that ( fﬂtl)) converges to 0.

By definition of fa,
Fas1(z) = (m1)Aful2) = ful2) — falz + 1)-

Then, falz+1) > 0 implies that fu(z) > fas1(2)- Thus, for any =, { fu(z))
is a positive sequence which is decreasing, hence convergent. Therefore, the
sequence {f,) converges pointwise to some function f. We show that f is
continuous by showing that the convergence is uniform. It 15 sufficient to
show that the functions f, are decreasing, since monotonicity and pointwise

convergence imply uniform convergence. We show that
i) = {—l)“*”A"; <0,

by taking the nth derivative and integrating n times, as was done in the

proof of the Alternating Approximations Theorem. As

nl
dI“f“( ) fH'l ov
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all integrals are negative, and £, is decreasing. Thus (fa) converges uni-
formly to f, which is therefore, continuous.

Now we show that f(z) =0, for all £ > 1, which, by continuity, implies
that f(1) = 0. Therefore, (fa(1)) converges to 0. For z > 0, fu(z + 1} =
Fal) = Fasr(2)- As (Falz)} converges, fa(z) — far1(z) approaches 0, so
(fa(z + 1)) converges to 0. That is, f(z) =0 for z > 1. Therefore, {(InCa)
converges to 0, whence (Cy,) converges to 1.

Since (fa(1)) is decreasing, fan(1)= fan4+1(1) > 0. This may be rewritten

‘as (=1)" fa(1) + (=)™ fagi(1) > 0. Equivalently, ConCony1 > 1. A
similar argument shows that Czn41Con+z < 1. From Fon(1) = fang2(1) >
0 we conclude that Can > Cansz. Thus (Caa) is a strictly decreasing

sequence. Similarly (Canq1) is a strictly increasing sequence. o

Figure 3.4 shows the five-element critical orders, with their coefficients.

Note that all of the coefficients are less than 1.
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Figure 3.4: Five-element critical orders

i
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Chapter 4

Linear Extensions of
Width Two Orders

We devise a novel representation for width two orders, by means of a graph
d-ra.wn on a grid. This representation yields an efficient algorithm to com-
pute the number of linear extensions of a width two order. This in turn
yields an efficient method for calculating probabilities of specific compara-
bilities oceurring in linear extensions of the order. Qur graphical represen-

tation of the order also yields a new result on unimodal sequences.

In the previous chapter, the number of linear extensions of an order
P was approximated by considering the occurrences of critical orders in
P. The second approximation Aa(P), corresponds to the total number of
assignments of comparisons on the incomparable pairs of P, where such
assignments are made without regard to transitivity. We tried to calculate
what fraction of these assignments are valid by considering the occurrences
of the three-element critical orders in P. No attempt was made at de-

ciding which specific assignments were valid, and which were not. Doing

67
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so would yield the exact number of linear extensions of P. However, this
is obviously (computationally) difficult, since we know that determining
the number of linear extensions of an order is #P-complete (Theorem 1.3,
{Brightwell/Winkler 91]). It may be possible that this problem is sim-
pler for some restricted class of orders. In fact, we show that for width two-
orders, it is ensy to decide which assignments of comparisons correspond to
linear extensions of P, and to count their number.

We represent a width two order P by a graph drawn on a rectangu-
lar grid, the vertices of the graph corresponding to the incomparable pairs
of the order. Labellings of the vertices of the graph correspond to assign-
ments of comparisons on the incomparable pairs of the order. The structure
of the graph facilitates identification and enumeration of those labellings
corresponding to linear extensions ;:f the order,

An alternative interpretation of this algorithm yields an algorithm for
computing the number of linear extensions of orders with width greater

than two.

4.1 Graph Construction

Let P be a width two order, with chain decomposition X = z; € 72 <
< 2p, Y 2 <2 <00 < Yy (A width two order has a unique
chain decomposition if and only if it is linearly indecomposable. If P is
decomposablé, any chain decomposition may be used.) The graph G of P,
is drawn in the rectangular grid R = X x Y. The elements of X label
the horizontal axis, with z; in position i. The clements of Y label the

vertical axis, with y; in position j. The rectangle R has corners at (1,1) ‘
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and (p.¢). (The points are identified by Cartesian coordinates, rather than
as the elements of a matrix.) Each point in R corresponds to a pair of
clements of P, one from cach chain. The point corresponding to z:y; is
at position (i, ), and is referred to by either notation. Since the graph is

drawn in a grid, we may to refer to the rows and columns of the geaph.

‘There is a vertex at point zy if and only if 2 and y arc incomparable in 2.
Edges are drawn between all pairs of vertices at adjacent points in the grid.
(See, for example, Figure 4.1.) Two points in the grid m‘adjncent if they
agree in one coordinate and differ by one in the other coordinate. Thus,
(i=£1,7) and (i,j £ 1) are all adjacent to (i,j). If the chains X and Y are
exchanged, then a reficction (across the dingonal) of G is constructed. More
generally, different chain decompositions vicld different graphs, which will
be explained later. However, these graphs are all similar, so we construct
the graph corresponding to the given chain decomposition, and refer to it

as the graph of the order.

To describe the resulting graphs, define the following properties for a
graph G = (V. E) drawn on a grid. Call the graph row increasing {or
equivalently, cofumn increasing) if each row is shifted to the right of the
rows below it (each column is shifted up from the columns to the left of it).
That is, i_f'Tj-"j,j) and (l;,7) are the positions of the first and last vertices
in the jth row, then for all § < j'; f; € fj» and §; < . (I (4, 8;) and (i, ;)
are the positions of the bottom and top vertices in the ith column, then for
all i € #; b; < by and % < tir.) Equivalently, if the upper left and lower
right corners of any rectangle in R are contained in V, then all points in

the rectangle must be contained in V. That is, if (i1, ja), (i3, 1) €V, then
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z, >/ v, o
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Figure 4.1: A width two order and its graph

z, . z, z, z, z,

(fa.ja) €V, foralliy £z Li, i 72 < Ja- A special case of this occurs
when iy = i3 or j1 = ja, in which case the property asserts that there are
no gaps between the vertices in any row or column. We call this property

vertex contiguily.

Call G grid-edge complete if all valid grid edges occur in G. That is, if
(i.5) (i + 1,§) € V then ((i,j),(i+ 1,7)) € E, and i (.5}, i+ 1) €V
then ((i,J), (i, + 1)) € E. The graph is connected if and only if fis1 < 4,
for all i {equivalently ;41 < ¢; for all j).

Theorem 4.1 If P is a width two order, then its graph G is row increasing
and grid-edge complete. Furthermorc, G is connected if and only if P 1s

linearly tndecomposable.
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Proof First we show that G is row increasing and grid-edge complete. Let
wy Swp <wainX,and 2y £ 32 < 33 inY. If wyz3, wany € V, then
w; and 23 are incomparable, as are w3 and 7. If w2 < 22, then wy < 23.
Similarly wa > = implies that wy > ;. Therefore w2 is incomparable to
22, S0 waz2 € V. This proves that G is row increasing. By construction, G

is grid-cdge complete.

Suppose that w3, =2 € V. Then w incomparable to =, and wy
incomparabl¢ to =3, imply that =y, 22 and wy are all in the same indecom-
posable component of P. Similarly, if wy 5, w2y € V., then wy,w» and 7,
are all in the same (indecomposable) component of P. That is, if a pair
of vertices lie in the same row or column of G, then the corresponding ele-
ments of P are all in the same component of 2. Suppose that ry and z'y
are in the same (connected) component of G. There is a p.a.th from xy to
'y, consisting of a series of horizontal and vertical edges. It follows that
z,z',y and y are all contained in the same indecomposable component of

P. Therefore, G being connected implies that P is indecomposable.

Now, suppose that G is disconnected. Let xy and =y be vertices from
two different components of G. Suppose that = < 2’ but y > . Then
ry and z'yf are the upper left and lower right corners, respectively, of
a rectangle in G. By the row increasing property, G has vertices at all
points in this rectangle. This implies that there is a pith connecting the
two vertices, contradicting the fact that these vertices are fromn different
components of G. A similar contradiction obtains if we assume that = > =/
and y < if. Therefore, cither z < ' and y < ¥, orz > ' and y > v.

'That is, each component of G is strictly above and to the right of the
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previous component. The row increasing property also guarantees that
each component has well defined upper right and lower left vertices. Now,
let zy be the upper right vertex of one component of G, and z'y the
lower left vertex of the next component. Let u be the upper cover, from
X, of z, and v be the upper cover, from Y, of y. (Then z < u < z'
“and y < v < ¥. Equality need not hold in either case.) As G is vertex
contiguous, there cannot be any vertices directly above or directly to the
right of zy. Thercfore, z is comparable to all clements above y, and y is
comparable to all elements above z. In particular, T < ¥ and y < . Thus

P is decomposable, with the sum occurring between T,y and u, v. o

In fact, the proof shows not only that there is a correspondence be-
tween indecomposable orders and connected graphs, but that there is a
correspondence between the indecomposable components of an order P,
and the connected compouents of its graph G. If C is a connected compo-
nent of G, then C is contained in the rectangle Rc defined by the upper
right and lower left vertices of C. Let X¢ and Y¢ be the subchains of X
and Y, respectively, whose product is Rc. Then X¢ UYc is the component
of P which corresponds to C. Another Acha.in decomposition of P may be
formed by exchanging X and Ye. That is, if X = Xi x Xc = Xz and
¥ = Y, e+ Ys are the chains in the decomposition, then X; » Yz » Xz and
¥y = Xc * Yz are thc—cha.ins in another chain decomposition of P. It is pos-
sible to swap X¢ and Y¢ since XeUYc isan indecornpbsa.ble component
of P. The graph corresponding to this new decomposition is similar to G,
except that it contains the reflection of C, in place of C. (If | X¢| # [Yel

then the number of rows and columns in the graph will change accordingly.)
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In fact, given any two graphs for an order, one can be obtained from the

other by reflecting components.

1t is useful to know which graphs on a grid correspond to width two
orders. Suppose that we arc searching for a width two order satisfying
some property teadily identified in its graph. It may be easier to construct
a graph with the required property, than to construct such an order. In
fact any row increasing, grid-edge complete graph, G = (V, E), on a grid,
is the graph of some width two order. For simplicity, we assume that G is
connected. If G is disconnected, each connected component corresponds to
a term in a linear decomposition, and may be considered separately.

Let R be the rctangle formed by the. lower left and upper right vertices
of G, and definethe chains X = sy < 22 < -~ < Hrand VY =y <2 <
.++ & yq Such that R = X x Y. The order P is defined by specifying the
comparabilities between X and Y. Letz € X,y €Y. Ifzyg V thenz and
y are incomparable. Otherwise, zy € V and z and y are comparable. We
must decide which way to assign the comparability. Since G is connected,
there is a vertex in each column of R. Thus, there is a vertex either above or
below &y. However, vertex contiguity implies that there cannot be vertices
both above and below zy, since that would require-a vertex at zy. If there
are vertices below zy, define 2 > y. Otherwise, there are vertices above zy;
Jcﬁnc z < y. This defines the relation between any pair of elements of P.

“The relations could also have been defined by considering the rows of
the graph instead of the columns. Similar arguments show that cach row
contains at least one vertex, and if there is no vertex at a point zy in a

- row, then there must be vertices either to the left or right of zy, but not
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both. If there is a vertex at zy, then = and y are incomparable, as before.
If there is no vertex at zy, then we define = < y if there are vertices to the
left of zy, and = > y if there are vertices to the tight of zy. These two
definitions of the relation are equivalent since the row increasing property
implics that if there is no vertex at a point, then there are vertices above
the point if and only if there are vertices to the left of the point, and there
are vertices below the point if and only if there are vertices to the right of

the point,

Proposition 4.1 If G is a row increasing, grid-edge complete graph, then

P is a width two order,

Proof We must show that the relation as defined is transitive. Suppose
that u < v and v < w. We prove that ¥ < w. There are several cases

depending on the distribution of the elemants u, v and w in the two chains.

Case (i) u,v,w are in the same chain.

Trivially ¥ < w, as the chain is linearly ordered.

Case (ii) u,v are in one chain and w is in the other chain.
Suppose that u,v € Y and w € X. Since u < v in Y, the vertices
above vw, in row w of G, are also above uw. There isno v;zrtex at uw,
for otherwise, vertex con-t.iguity would imply that there is a vertex at

vw. Therefore u < w.

Case (#ii) u is in one chain and v,w are in the other chain.

This case is similar to Case (ii).
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Case (iv) u,w are in one chain and v is in the other chain.
Say v,w € Y and v € X. If w < u then the situation is the same
as Case (ii), but for w, u,v, instead of u,v,w. This leads to the
conclusion w < v. a contradiction. Therefore, u < w, as v and w are

comparable.

Thus, P is a valid order. It is clear from the construction of P that
width P i~ no greater than two. However, since there are incomparable

pairs in P, the width is exactly two. c

4.2 Counting Linear Extensions

We now consider the problem of relating 0,1 labellings of the graph of an
order to linear extensions of the order, and counting the number of such
labellings. A 0,1 labelling of the graph is a labelling of the vertices of the
graph as either 0 or 1. The labelling of a vertex specifies the comparison
to be assigned to the corresponding incomparable pair. A valid labelling is
one which corresponds to some linear extension. Not all labellings of the
graph correspond to linear extensions of the order. However, the structure
of the graph makes it particularly casy to identify and enumerate the valid
labellings.

Let P be a width two order with chain decomposition X,Y, and let G .
be its graph. Suppose that z € X and y € Y are incomparable. Then, there
is a vertex zy in the graph G. If the vertex zy is labelled 0, then we assign
r < y: otherwise, the vertex is labelled 1, and we assign y < z. Given any

linear extension of the order, there is a labelling which corresponds to this
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extension. The labelling which corresponds to the linear extension L is the
one in which, zy is labelled 0 if and only if z < y in L. The labellings
corresponding to different linear extensions are distinet, since any pair of
distinct extensions differ in their ordering of at least one incomparable pair
of elements. Starting with a valid labelling of the graph, the corresponding

linear extension is easily constructed.

Suppose that xy, =’y € G, with = < 2. Then, Ty and 'y are adjacent
vertices in G, and there is a horizontal edge from zy to 2'y. There are four
possible labellings of this edge, namely, 0—0,0—1,1-0and 1 —1. (The
labelling of an edge refers to the labelling of the endpoints of the edge,
from left to right for horizontal edges, and from bottom to top for vertical
edges.) Three of the labellings of this edge are valid, the remaining one,
1 — 0, is not. The labelling 1 — 0 implies that ¥y < = and 2’ < y in a linear
extension, which is not possible, as = < z’. Therefore, no horizontal edge
may be labelled 1 —0. A similar argument shows that no vertical edge may
be labelled 0 — 1. In fact, these are the only restrictions on a labelling. We
show that a labelling of G with no horizontal edges labelled 1 — 0, and no

vertical edges labelled 0 — 1, corresponds to a linear extension of P.

The preceding discussion is very reminiscent of the previous chapter.
The vertices of the graph are the incomparable pairs of the order. Labelling
the vertices of the graph assigns comparisons to the incomparable pairs of
the order. An edge of the graph, along with its endpoints, corresponds to a
three-element suborder of the order. That subotder is 241, one of the three-
clement critical orders. The main differences are: only those three-clement

critical orders which are cover-preserving subsets of the order are being



4.2, COUNTING LINEAR EXTENSIONS )

considered; for width two orders it is possible to efficiently decide which

labellings are valid, and to compute the exact number of linear extensions.

Proposition 4.2 Let G be the graph of the order P. Any 0,1 labelling of
the vertices of the graph such that no horizontal edge is ladelled 1 =0, and

no vertical edge is labelled 0 — 1, corresponds to a linear exiension of P.

Proof Suppose that a labelling of the graph satisfies the given condi-
tions. This labelling defines the relation between any pair of incomparable
clements. It must be shown that this relation is transitive. Let y € Y.
Since there are no horizontal edges labelled 1 — 0, the vertices in row Y
form a sequence of 0’s followed by a sequence of 1’s, either of which may be
empty. (If there are no vertices in row y, then y is a splitting clement. In
this case, y is already comparable to all other elements of the order. Since
there are no vertices involving y, the labelling does not assign any compar-
isons involving y.) By the definition of the labeiling, y is placed above all
z, with zy labelled 0, and below all z with zy labelled 1. Therefore, there
exists k, such that y > z; for alli € k, and y < = for all § > k. The
labelling places y between zi and Ti41. (Above 2, or below zp4, ifk=p
or k = 0 respectively.) Therefore, this labelling merges the element y with
the chain X in a valid way. This is true for each y €Y.

These mergings are shown to be consistent with each other. That is,
they do not attempt to rearrange the elements of Y. For example, if the
labelling places y; above z, then it cannot place y;41 below z,. Forz € X,
an argument similar to the previous one, but applied to column z, shows

that each  is merged with Y in a valid way. Therefore, when the clements
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of Y are merged with X, they are not rearranged. Thus, the labelling
represents a valid merging of X and Y, and hence corresponds to a linear

extension of P. o

Thus, a valid 0,1 labelling of G is one in which each row in the graph
is a sequence of I’s followed by a sequence of 1’s, such that the leading 1
in each row is above, ot to the right of, the leading 1 in the previous row.
It is possible for either of these sequences to be empty. A simnilar condition
applies to the columns of the graph.

The number of lincar extensions of the order is determined by enumer-
ating the valid labellings. The calculation considers the position of the last
0 in each row of the graph. A value c(i, 7), is assigned to each vertex. The
value of vertex zy is the number of labellings of the rows, up to and in-
cluding row y, for which the last 0 in row y occurs at or to the left of zy.
It is simpler to label, and assign values to, all points in the grid, not just
those at which there are vertices. However, two labellings are distinct if
and only if they differ at some point at which there is a vertex. (Given a
valid labelling, there is an equivalent labelling in which the labels of points
at which there is no vertex agrees with the ordering of the elements in G.)

To simplify development of the caleulation, a new first row and column
are added to the graph. In the order, this corrtspondsl to adding a pair of
elements zp and yo, bcloﬁ- all other clements. The clements zp and yp are
necessarily compnral.ble; otherwise the number of linear extensions would
change. However, the actual comparison between zp and yo is unimpor-
tant, and is never specified. Algorithmically, adding this pair of elements

cotresponds to initialization. Since zg is less than everything else (except,
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possibly yo), all points in the first column are labelled 0. This forees each
row to contain at least one 0. Similar reasoning shows that all points in
the fitst row are labetled 1. This allows all valid labellings of the graph, for
if a point in the first row is labelled 0, then no vertex in that column can
be labelled 1. {The label of the point oyo is not specified.) Therefore, the
value of each point in the first row and column is 1.

There are three possible cases when caleulating the value at a point in
the graph. Suppose that zy is the current point, at (i, j), with u < = inX

andv=<yinY.

Case (i) = is incomparable to y.
Thete is a vertex at zy. The number of ways that the last 0 in row
y oceurs at or before zy is the number of ways that it occurs before
zy, the va.ltie at uy, plus the number of ways that it occurs at zy, the

value at zv. Therefore, c(i,j) = ¢(i— 1, 7) +c(i,j—1).

Case (i1) z< y.
There is no vertex at y. Additionally, there are no vertices above
and to the left of zy. Therefore, ail points above and to the left
of zy which are labelled 1 can be relabelled 0, yielding an equivalent
labelling. Thus, any labelling with the last 0 in row y occurring before
zy is equivalent to one with the last 0 at zy. However, there may be
vertices below zy. If such a vertex is labelled 0, then xy cannot be
labelled 1. Therefore, there are labellings in which the last 0 may be
at zy but not before it. Thus, the value at zy is the number of ways
that the last 0 in row y can occur at zy, which is the value at zv.

That is, ¢(i, j) = (i, j — 1).
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Case (iii) > .
There is no vertex at zy. Additionally, there are no vertices below
and to the right of zy. Reasoning similar to that for Case (i) shows
that the value at zy is the number of ways in which the last 0 in row

y occurs before zy. This is the value at uy, so c(i, j) = ¢(i-1,j).

The previous discussion proves the following,

Theorem 4.2 (Width Two) ¢(P) = c(p, 9)-

In fact, constructing the graph is unnecessary, as the required informa-~
tion, namely, the relations between pairs of elements, is contained in the
order. The calculation was developed by considering the rows of the graph:
however, it is easily seen that the calculation is symmetric with respect to
the rows and columns of the graph. To calculate the value at a vertex zy,
it is sufficient to know the values of the vertex immediately below zy, and
the vertex immediately to the left of zy.

The calculation immediately yields the following simple algorithm for

calculating the number of linear extensions of a width two order.

for allide ¢(i,0)=0

for all j do ¢(0,7) =0

for y; =y To Yy do
while z; < y; do ¢(i,j) = c(i—1,])
vhile zi|ly; do c(i,j) = c(i—1,7) +¢(i,j=~ 1)
while x; > y; do c{i,j) =¢(i, 7 — 1)
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It is immediate that this aigorithm requires O(pg) time and space to
run. Since p + ¢ = n, the complexity of this algorithm is O(n?). The
algorithm, as presented, assumes that a chain decomposition is suppiied.
This is not a problem as a chain decomposition can be found in O(n?) time
as well. The space required by the algorithm can be reduced to O(n), but
with the loss of intermediate results.

OQur algorithm is similar to that of [Atkinson/Chang 87] (cf. The-
orem 1.14). The main difference is that their algorithm, in effect, counts
the number of labellings in which the last 0 in a row occurs at the vertex
zy. Our algorithm counts the labellings with the last 0 cither at or before
the vertex zy. Doing the calculation our way furnishes extra information
about the order, by way of the intermediate resuits. The Atkinson/Chang
algorithm is derived by considering mergings of the chains of the order.
Ours considers this indirectly, through the graph. The graph gives us more

insight into the properties of the order, as is shown in the next chapter.

Rotating the graph G of P. by 180 degrees yields the graph of the dual
of P. Since P and its dval have the same number of linear extensions,
the caleulation performed on the graph of the dual yields the same result.
However, the intermediate results are different, and having both sets of
intermediate results provides more detailed information about the order.
The ealculation for the dual may be performed directly on the graph G.
Instead of starting in the lower left corner of the graph, we start in the
upper right one, and modify the rules for calculating the value at a vertex
accordingly. (See Figure 4.2) Let (i, j) denote the value at point (i,7) in

the dual caiculation.
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Figure 4.2: Linear extension calculation
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Recall that, forzr € X and y€ Y,
init(zy) = {ue XN :u<zjuf{reY vy}

finalizy) = {ueX:u2z}U{veY:iv2y}

both with the induced ordering.

Proposition 4.3 Let ¢ and ¢/ be the calculation matrices for P and its

dual, respectively. Then

e(init(z;y;)) = (i, ),

e(final(ziy;)) = ¢'(i. J)-
Proof Consider the subgraph of G on the set of all points (a,b) such
that @ < i and b < j. This is the graph for the order init(z:y;). Since
c(i,j) depends only upon those c(a,b) for which a £ i and b < j, clearly
e(init(z;y;)) = c(i,J). Since the final set final(z:y;) in P, is the initial set

init(2;,3;) in the dual of P, the second result follows from the first. a

It is interesting to consider how the algorithm works when P is decom-
posable. Suppose that z;y; is the lower left vertex of a component of G,
other than the first component, i.c. {i,7) # (1,1). Let e be the value of the
upper left vertex in the previous component. This is the number of linear
extensions of init(z;—¥;-1). Consider the subgraph consisting of the points
zey, for k > i—1,0 > j—1. This is the graph of final(z;y;), with row y—;
as the added first row, and column zi—y as the added first column. It is
casily verified that, for k> i=tland[>j—Lie(i- L) =clkj—1)=e.
I'hat is, all points in the first row and column of the graph have value ¢,

instead of 1. (See Figure 4.3.) The effect of this is to multiply the number
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Figure 4.3: Extension caleulation for a decomposable order

of linear extensions of final(z;y;) by ¢, which is how the number of linear

extensions of a decomposable order is ealeulated.

4.3 Width k£ Orders

The algorithm for calculating the number of lincar extensions of width two
orders may be reinterpreted in terms of initial sets. Instead of counting
labellings of the graph of the order — we don’t even consider graph ~— we
compute the number of linear extensions of the initial sets of the order.
This vields an immediate generalization of the algorithm to greater width
orders. If P is a width & order with chain dccomposition' Xi, X2y ooon Xy
then the algorithm computes the number of linear extensions of P ;xsing

O([T%, 1.X:]) time and space. Thus,
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Theorem 4.3 (Width k) Tae number of linear extensions of an n-ele-

ment width k order can be calculated in time O(n*).

It is not clear how our graphical representation of width two orders
could be extended to orders with width greater than two. For a width &
order, we would attempt to construct the graph on the “grid” formed by
the product of k chains. Points in such a grid represent k-element sets,
rather than two-clement sets. In the graph of a width two order, there is
a vertex at a point if and only if the corresponding pair of elements are
incomparable. However, for width k orders, it is not simply a question of
whether a pair of clements are incomparable, but which pairs of elements in

a k-clement set are incomparable. Representing all pairs of elements in this

"% <'sment set would require (%) different types of vertices. Fortunately, the

(R

interbmta.r.ion of the algorithm for width 2 orders, in terms of initial sets,
does not require the graph, and may be extended to greater width orders.

The algerithm for width two orders may be viewed as a dynamic pro-
gramming approach, applying the formula

«(P)= 3, eP\2),
zemax{P)

to compute the number of linear extensions of the initial sets of the order.
In the sum, the term (P \ z) is the number of lincar extensions of P
in which z is the top clement of the linear extension. Summing over all
maximals counts the total number of linear extensions. The key point, when
considering the initial sets, is that deleting a maximal element of an intial
set yields another initial set. Deleting z; or y; from the initial set init(z:y;)

vields cither the initial set init(Tio1y;) or init(zivj-1), respectively. To
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decide if z; is & maximal cleraent of this initial set, we need only test if it
is less than y;. Similarly for y;. Thus, the number of linear extensions af

the initial set init(z;y;) is calculated by:
o if z; < y; then e(init(ziy;)) = e(init{zy5-1))
e if yj < z; then e(init(z;y;)) = e(init(zi—1y;)) -
o if z;||y; then e(init(zy;)) = e(init(ziyj—1)) + e(init(ziyj=1)).
The algorithm simply compu'tm the number of linear extensions of
init(z;y;), by computing the number of extensions in which each of z;

and y; is the top element. This is more apparent when the algorithm is

restated as follows. Initially (i, 7) =0,

o ifz; £ y; then cli,j) = c(i,j) + e(i — 1,§) — this counts the linear

extensions of init(z;y; ) in which z; is the top clement;

o if y; £ z: then e(t, j) = (3, J) + e(i,7 = 1) — this counts the linear

extensions of init(z;y;) in which y; is the top element.

This is trivially generalizable to orders with width greater than two.
Let P be a width k order with chain decomposition Xi, Xz,.. .y Xk, where
X: = ziy < Ti2 < r+- < Zin,. The generalization of the calculation is
as follows. Let [ = init{Zy j,,T2,jys-+++ Tk gy} be an initial set in P. If
1, £ Zij;, for any i, then there are linear extensions of this initial set in

which zy;, is the top element. The number of such extensions is

e(f\zi;)= c(iuit{zu,, T2 as- - -+ Tl=1,jerr Thir=t» =g+|J,+,,...,ng.}).

Summing this value over alt [ such that z1;, £ Zij., for any i, gives the

number of linear extensions of [. For convenience, the set of clements

1
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{10,220, - .»Zro} is added below everything clse in the order. Asin the
width two case, these elements are linearly ordered, but the ordering is
unimportant. The calculation is done using a k-dimensional array ¢, with
the ith index ranging from 0 to hq.

The algorithm for width & orders is,

£OF j1uJteeeevdineserde =0 to ki do e(fi j2, .. fa) =0
20T j1oJas - erdiserroje =0 to by do
forl=1to kdo
if 215, £ =i, (for all i) then

c(jl-j?v“-vjk) = c(jlvj:’v--~ojl‘) +c(jl‘j2v---vj, - 1‘---‘jk)

The complexity of this algorithm is clearly O([Tiz, |Xil) = O(=*). This
is an improvement of the O(n*+!) algorithm in {Steiner 90}, The improve-
ment in performance results from the simplicity of initial sets as opposed
to ideals.

The statement of the algorithm assumes that a chain decomposition is
given. This does not change the complexity, since a chain decomposition -

may be found in time O(n?).

The calculation for a width three arder is demonstrated in Figure 4.4.
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Chapter 5

Unimodality and
Probability

In the previous chapter the number of linear extensions of a width two
order was ca.lcula.:eci by enumerati;ig labellings of a graph drawn on 2 grid.
The algorithm which performs this calculation is similar to the algorithm of
[Atkinson/Chang 87]. While the implementation of the two algorithms
is sgmcwh:n similar, the development is quite different. The benefit of our
method is twofold. The graph provides information about the order, which
is- used o prove theoretical results about width two orders. In addition,
the intermediate results of the calculation give structural information about

. the linear extensions of the order.

The graph is used to show that sequences of the number of linear ex-
tensions of certain suborders of a width two order are unimodal. Once
the number of linear extensions of a width two order and its dual have

been cn.lcul:.ntcd. the probabilitics of certain comparabilities or covering re-

Iations occurring in a linear extension are efficiently calenlated. This is

89
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very useful for the well-known problem of finding n pair of elements z,y
for which prob(z < y) is close to 1/2. A related problem is that of prov-
ing that §(P) 2 1/3 for any order P; that is, in any order P, there exists
a pair of clements z,y satisfying 1/3 < prod(z < y) £ 2/3. This was
proved, for width two orders, in [Linial 84] (Theorem 1.11), and those
width two orders for which §(P) = 1/3 were characterized in [Aigner 85]
(Theorem 1.12). A shorter proof of this result is possible, by means of our
graphical representation of width two orders.

Recall that ¢ and ¢ are the matrices for the calculations of the number of
linear extensions of P and its dual, respectively, as defined in the preceding

chapter. (See {)a.gcs 78 and 81.)

5.1 Unimodal Sequences

Suppose that P = X + Y is a disjoint sum of the chains X =z, <22 <
< Tpand Y =y < yz < --- < Yy Thoose k(1 < k< p+q)and

consider the sequence
e(init(zoy)), e(init(z1ye=1)), e(Enit(zaye—2)), ..., e(init{zryp)).

(If & > p or & > q, then some of the initial or final torms of this sequence
are not defined and are not included.) The orders in this sequence are the
k-element initial sets of P, ordered by the size of the subchain from X.
Each successive order in the sequence is found by removing the top element
from the subchain of Y, and adding one more clement to the top of the

subchain of X. Since

e(init(zipuns)) = (")
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Unimodal sequences for k= 7,8, for the width two order of Figure 4.1

Figure 5.1: Unimodal sequences

the sequence is 2 unimodal sequence. Moreover, this sequence is strictly in-
creasing, then strictly decreasing, although, the final term of the increasing

subsequence may equal the initial term of the decreasing one.

In fact, a similar unimodality property holds for any width two ordered
set. For the special case of indecomposable orders, the result is exactly the

same as for a disjoint sum of chains. (See Figure 5.1.)

Theorem 5.1 (I:Inimodnl Sequence) For an indecomposable width two
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ordered set P, and 1 < k < |P|, the sequence

e(init(zoye)), e(init(z1 ye-1)), e(init(zape-2)), ... einit(zew)),

is o unimodal sequence which is strictly increasing, then strictly decreasing.

Proof (Unimodal Sequence) If both the incrensing and decreasing se-
quences have strict inequalities, then the maximum value of the sequence
may occur (at most) twice. In fact, while the maximum value may oceur
twice, this cannot happen for consecutive values of k. In addition, the sub-
orders at which the maximum values occur have a pair of maximal elements,
not a top element.

The sequence in question is a diagonal in the matrix ¢, running down
to the right, so that the sum of the indices is k. The result is proved
by induction on k. Since P is indecomposable, it has a pair of minimal
elements. Therefore, if £ = 2 the sequence is 1,2,1. This sequence satisfies
all the conditions of the theorem.

The rasult is proved for & > 2, assuming that it has been proved for
all smaller values. Consider the kth diagonal of c. We show that: the
maximum value occurs at a vertex; it can occur at most twice; it accurs
only once if the maximum value in the previous diagonal was repeated. It is
then shown that traversing the diagonal, away from the maximum, in either
direction, yields a strictly decreasing sequencé. This proves the theorem.

By the row increasing property, there arc no gaps between the vertices
in any diagonal. The values at the vertices are sums of pairs of consecutive
terms of the unimodal sequence in the previous diagonal. We will show

that such a sequence must itself be unimodal. Furtharmore, the maximal
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value in such a unimodal sequence must result from a sum which includes
the maximal value from the previous sequence.

Suppose that the unique maximum m, in the previous diagonal, oc-
eurred at the vertex (i,j). Since G is row increasing and connected, there
must be a vertex at one, or both, of the points (i, + 1) or (i1, 7), in the
current diagonal. The value at such a vertex is a sum which includes m.
Such a value is clearly maximal, since no other sum includes m. If there are
vertices at both of these points, and (i = 1,7+ 1) = ¢(i + 1,5~ 1) (in the
previous diagonal), then the maximum oceurs twice. If there is a vertex at
only one point, then its value is the unique maximum.

Now, suppose that the maximum m, in the previous diagonal, occurred
twice, at the vertices (i,5) and (i + 1,7 — 1). As G is connected, there
is a vertex at (i + 1, ), whose value is 2m. This is the unique maximum
in the current diagonal. Since the maxima always occur at vertices, the
corresponding suborders have a pair of maximals, not a top element.

Now, we show that, moving outward from the maximum in cither direc-
tion, yields a strictly decreasing sequence. This proves that the diagonal
is a unimodal sequence. By symmetry, this need only be shown for one
direction, say for the subsequence going down to the right. Suppose that
the maximum in the current diagonal is at (i, j), with the second maximum
(if present) at (i— 1,7 + i). Thus, ¢(i,j) > ¢(i+ 1, = 1), since they cannot

be equal. We now show r.hh.t. fori>1
ci+lj=>e(i+i+1l,j—10-1)

Lot ey = cli+I—1, j—=1), c2 = e(i+1, j—I—1) and e3 = c(i+{+1,j—1-2),

from the previous diagonal. Since the maximum in the previous diagonal
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occurred at (i—1, j) or (i, j—1), these three values form astrictly decreasing
sequence. Now, ¢(i+ 1 j={)=¢c; orcy +¢z, and citl+lj=l=1)=e2
or ¢2+ca. However, e(i+{+1,j=1—1) isasum only if c(i+{, j=1) is also
a2 sum. Therefore, we conclude that e(i +4,j = > e(i+l+ 1, j=1-1). O

If P is decomposabie, the sequence is still unimodal, although it may

not be strictly increasing or strictly decreasing.

5.2 Calculating Probabilities

The calculation algorithm yields the number of linear extensions of an or-
dered set. To calculate the probability that a certain property holds in an
arbitrary linear extension, it is only necessary to caleulate the number of

linear extensions satisfying that property.

Theorem 5.2 (Probabilities) Let ¢,¢ be the calculation matrices of P

and its dual. Then, for z; and y;, incomparable in P:

(i) e(z: < y5) 2 eli,j = 1)+ 1,7) with equality if and only if Tiyy and

¥j—1 are comparnble;

(i) e(y; < i) Zc(i— 1,7)¢(i, 7 + 1) with equality if and only if z;—, and

y,-.,.; are comparable;
(i) e(zi < 35) =elyy < =) =cli—Lj— D+ L5+ 1)
(iv) e(zim <yj < z)=cli=1,7- 1), 5+ 1)
(v) e{yj—1 < zi < y)=cli—1,7— 1)+ 1,7)-

Cases (i) and (ii) assume that the extra (splitting) elements Zg, Yo, Zp4+1

and y,41 hove been added to the order.
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Proof (Probabilities) The proofs are all based on finding the numbers of
linear extensions of an initial set below the given clements, and a final set
above the elements. Then, linear extensions of P are found by merging the
linear extensions of these initial and final sets. The key point is the fact
that the number of lincar extensions of all initial and final scts are contained
in the matrices ¢ and ¢, respectively. Indeed, e(init(z;y;)) = (3, j) and
elfinal(zay;)) = /(8. 3). )

Let L; and L2 be linear extensions of init(ziy;—1) and final{2ziys ),
respectively. Then, Ly « L2 s 2 lincar extension of P in which z; < y.
Therefore, c(i,j = )i + 1,J) < e(zi < y;). However, equality occurs if
and only if there are no mergings of Ly and La, with z; < y;. Insuch a
merging, iyt < Yj-1 Must occur, Therefore, equality holds if and only if
Zigt > Yp-1. (Since zifly; implies that zi41 £ ¥j-1,in P.) This proves (i);
the proof of (ii) is similar, '

Suppose that L is an extension of P in which z: < yj or y; < Zi- In L,
below z; and y;. is » linear extension Ly, of init(zi-1yj-1); above them is
a linear extension Ly of final(zi41¥5+1)- These extensions are separated by
z; and y;. Thus, L is of the form Ly « {=;, y;} = L2 (with the appropriate
comparison between z; and y;). Thercfore, e(zi < ¥;) = e(y; < =) =
eli = 1,5 = )i + 1,j + 1), proving (iii).

Let L; be an extension of init(zi—1yj—1), and Lz be an extension of
final(z:gje1). Them, Ly « {y;} » Lz is a linear extension of P in which
zimt < Yy < zi. Moreover, every linear extension of Pwithziu <y <=
is of this form. Therefore, e(zic) < ¥ < &) =c(i— 1,7 = 1), 7 + 1).

The proof of {v) is similar. a
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Consider the problem of calculating probabilities when equality does not
hold in ¢cases (i) and (ii) of Theorem 5.2. Since e( P) = e{z < y)+e(y < 7).
the only case when e(z; < y;) cannot be caleulated exactly, is when there
are vertices at both (i + 1,j = 1) and (i = 1,j + 1). In this case, the row
increasing property implies that z.y; is in the ¢enter of a 2 x 3 square of
vertices. This means that £ contains two pairwise incomparable three-
element chains, with z; and y; being the contral clements of the chains,
When calculating e(z; < y;), only those extensions with 24 < yj—1 are

not counted. Therefore,

e(zi < ¥;) c(ivj = DI+ 1,5) + e(zisr < ¥i-1)

> dig= DEG+ L) +elit Lj-e+2i=1).

If e{zs41 < yj=1) cannot be catenlated exactly, it must be because there
is a vertex at (i +2,j = 2). Similarly, if e(y; < ) = (i = L) § +
1) + e(yj+1 < Ziw1) cannot be caleulated exactly, then there is a vertex at
(i—2,j+2). Thus, if it is not possible to caleulate e(z; < y;) in this way,
then z;¥; is in the center of 2 5 x 5 square of vertices. That is, P contains
two mutually incomparabie five-clement chains, with = and y as the central
clements. '}‘his is already a very particular requirement on the structure
of P. In any case, it is always possible to calculate e(z; < yj ) exactly by

taking 2 sum of terms of the form e(y—1 <z < pm)ore(z—y <y < z).

Theorem 5.2 states that, if z; and y; are incomparable in P, then e(z; < '
y;) = elyj < z) = e(i = 1,j = 1)(i +1,j +1). The same argument shows
that, if z; < y; in P, thene(z: < y5) = efi=1,j—1)d(i+1, j+1). (Note that’
even though z; < y; in P, that need not be the case in all linear extensions.)

When z; < y;, it is possible to delete the comparability between z; and
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y,, without affecting any other comparisons. Let Q= P\ (zi < y;) be the
“order in which this comparability has been deleted. Thus, P is a partial
extension of Q. If y; < z; in a linear extension of Q, then y; < = in that
linear extension. The reason for this is that the only elements which could
possibly separate z; and y; are Z;; and y;41, if they exist. However, ifzi—1
exists, then z;—; < yj;, since no other relations were changed. Similarly,
if y;41 exists, then y;41 > Ti. Therefore, e(Q) = e(P) + e(Qiy < i) =
e(P) + c{i = 1,j = 1)¢(i + 1,j + 1). That is, when z; < y; in P, the
aumber of linear extensions of the order which results from making z; and

y; incomparable, is easiiy calculated.

The results of the theorem are also uscful for the problem of balancing
the linear extensions of an order. The objective is to find & pair of elements
z.y, for which prob(z < y) is close to 1/2. Ideally, we would like to find 2
pair of elements which realizes §(P) = max{prob(z < y) : prod(z < y) £
1/2}. Linial (Theorem 1.11) proved that, for width two orders there is
always a pair z,y for which 1/3 < prob(z < y) < 2/3. In fact, his proof
shows more than what his theorem states. Essentially, he proves that, if
prob{z; < m) < 1/3, then there exists y with 1/3 < prob(z: < y) < 2/3.
Therefote, if prob(z; < 1) % 1/3,2/3, then §(P) > 1/3. Also, there is
always a pair z,y with 1/3 < prob(z,y) < 2/3, in which one element is
minimal. Morcover, prob(z; < 1) determines if such a pair includes z; or
n.

The main outstanding problem is that of efficiently finding a pair z,y,
for which 1/3 < prob{z < y) < 2/3, or finding a pair which realizes 8(P).

Linial describes an algorithm similar to the following nalve algorithm. Use
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our algorithm to calculate e(P). Now, for each pair 7,y add the compara-
bility = < y to P (and take the transitive rlosure); then use the algorithm
to calculate e(z < y). This is inefficient since each query of the probability
for a pair of clements takes time pq, the running time of the algorithm for
counting linear extensions. This can be improved significantly by taking
advantage of the extra information our algerithm provides.

After an initial O(pq) calculation to determine the number of linear
extensions of the order, many queries can be answered in constant time. In
patticular, the queries can always be answered in constant time when one of
z; ot y; is maximal or minimal. Thercfore, it is always possible to find a pair
of elements for which the probability is between 1/3 and 2/3, in time O(pq)-
If prob(z; < y;) cannot be calculated in constant time, it can be calculated
in time 1/2min{p, ¢} by taking an appropriate sum of terms of the form
prob{y-1 < Ti < yt) or prob(zi—1 < yj < z). Therefore, an optimal pair,
one which realizes §(P), can always be found in time O(pg min{p, ¢})-

When prob(z; < y;) cannot be calculated ir constant time, it can be
apptoximated. Let m and M be the maximum and minimum respectively
of e(i, j = 1)¢/li + 1,7) and (i — 1, §)¢(i, j + 1). Since both m and M must
increase, the worst case is when m increases by only 1 and M increases to
e(P)—m—1. Therefore, m+1 < e(z; < y;) € e(P)—m~—1, or equivalently

m+1 m+1
—_— b(z; N ] —
C(P) _pm (z <yJ)_I C(P)

5.3 Extremal Width Two Orders

[Linial 84] proved that, for any ordered set of width two, there is always
a pair z,y for which 1/3 < prob{z < y) < 2/3.
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Figure 5.2: Extremal width two orders for §(P) = 1

It is casily scen that, if a width two order P is a linear sum of orders
each isomarphic either to 1 or 2 + 1 (see Figure 5.2), then §(P) = 1/3.
[Aigner 85] characterizes those width two orders P for which §(P) =
1/3, by proving that the converse is also true (Theorem 1.12). Using our
theorems (5.2, 5.1) and the stronger statement of Linial’s result, we give a

short clear proof of Aigner’s result (Theorem 1.12).

Theorem 5.3 (Extremal Width Two Orders) If P is an ordered set
of width two with §(P) = 1/3, then P must be a linear sum of ordered sets

each isomorphic to ¢ singleton or 2+ 1.

Proof (Extremal Width Two Orders) Let P be a width two order with
5(P) = 1/3. We may assume that P is indecomposable, since probabilities
are unaffected by linear sums. Therefore, the graph of P is connected. We
prove that P =2+ 1.

The proof considers only some initial part of the graph G of P. This is
used to calculate the probabilities of certain comparabilities berween pairs
of clements of P. All necessary values of the matrix ¢ are readily calculated.
For the matrix ¢, variables are assigned to represent some values, then the
remaining values are expressed in terms of these variables. The notation

is simplified by assuming that all values in ¢ have been divided by e(P).
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The result of this is that the calculations yield probabilitics, not numbers
of linear extensions. The proof considers a number of special cases.

Since P is indecomposable, it has a pair of minimal clements zp and
y1. It is not possible to have 1/3 < prob(z < n) < 2/3, as this would
immediately imply that §(P) > 1/3. If prob{z1 < 1) < 1/3 or prob(z <
1) > 2/3, then the stronger statement of Linial’s theotem gives 8(P) > 1/3.
Therefore, prob(zy < 1) = 1/3 or 2/3. If the vertex at (1,1) is the only
vertex in G, then P = {1, } and §(P) = 1/2. Therefore, there is another
vertex in G. As G is connected, ‘this vertex must be at (1,2) or (2,1).

Suppose that there are vertices at both of these points, and that the

values of ¢ and ¢ are as illustrated in Figure 5.32. Then,
prob(zy <) =s+t and prod(y < zy) =t+u.

Say t +u = 1/3 and s + ¢ = 2/3. Therefore, t < 1/3 and 1/3<s<2/3.
Then prob(zz < y1) = s implies §(P) > 1/3,a contradiction. There cannot
be vertices both at {1,2) and (2,1).

Assume, without loss of generality, that there is a vertex at (2,1), but
no vertex at (1,2). If there are no other vertices in G,then P=241,s50
assume that there is at least one more vertex. As G is connected, there
must be a vertex at (2,2) or (3,1). Suppose that there is a vertex at (2,2).

See Figure 5.3b for the graph and the values of ¢ and ¢’. Then,
prob(zy < p)=s+t+u and prob(in <z} =t+u.

Clearly s+ t+u=2/3and t+u=1/3,s0t <s=1/3. Then ¢(3,1) =
s>t =¢(3,2) implies (3, 1) = ¢/(3,2) + (4, 1), there is a vertex at (3,1}.

By the row increasing property, there is also a vertex at (3.2).
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s} (6}

tourw tvu=y e 1]

4]

Numbers are values of ¢ letters are values of ¢/, The symbol X denotes
that there is no vertex at that point.

Figure 5.3: The cases for the proof of Theorem 5.3
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Figure 5.3 shows the graph with these new vertices. Now,
probzi < ;) =s+2t+u)+v and prod( < ) =t+utv.

Then, s+2(t+u)+v=2/3and t+ut+v=1/3, thuss+t+u= 1/3 and

s = v. In addition:

prob(za < y2) = prob{zs < n1) + prod(y < T3 < w)=s+34

prob(ys < x3) = prodlye < T2) + prod(z2 < w2 < z3) = 2v+ Ju =25+ 3u.

Since s = (4,1} 2 €(4,2) = t, we conclude 25+ 3u > s+t +3u >
s+t +u=1/3. Then §(P) = 1/3 implies 25 + 3u > 2/3, s0 s + 3t <1/l
and 2t < v (as s+t+u = 1/3). Now, v =d(2.3) 2 ¢(3,3) = u. Therefore,
s=v>ud>t, thatis ¢(4,1) > /(4,2): there is a vertex at (4.:{?,:‘50
s =t + w. But z,t and w are terms in a unimodal sequence (which is
strictly increasing and decreasing, by Theorem 5.1),s0 u > timpliest > w.
Then s = t+w < 2t < u < v contradicts s = v. Therefore, the assumption
that there is a vertex at (2,2) is incorrect.

The final case to consider is a vcrt.cJ; at (1,3), but no vertex at (2,2).

Figure 5.3d shows this new situation. In this case, ~
prob(zy < p)=s+ 2 and prob(yy < z1) =1t

Trivially, s + 2t = 2/3 and t = 1/3. This implies that 5 = 0, which is not
possible.

Therefore, there cannat be a third vertex and P =2 + 1. o
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Linelar Extension
Majority Cycles

The height two order of Figure 6.1 contains the linear extension majority
eyele 1 > 2" 3 >’ 1. This is proved by a straightforward calculation of

the number of linear extensions of the order, using Lemma 6.2. This proves,

Theorem 6.1 (Majority Cycle) There are height two orders containing

linear extension majority cycles.

It was not previously known if height two orders could contain majority
cycles.

The first example of a majority cycle, in [Fishburn 74], was a 31-
clement height 28 order. A nine-clement,-height three order with a ma~
jority cycle (Figure 6.2a) was presented in [Fishburn 86] and [Gan-
ter/Hifner/Poguntke 87]. In this ordhr, prob(l > 2) = prob{2 >
3) = preb(3 > 1) = 80/159 = 0.503. Recently, [Gehrlein/Fishburn -
89] showed, via a computer search, that a majority cycles cannot exist in

orders with cight or fewer elements. The search showed that there are ex-
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{a) (b) ()

Figure 6.2: Nine-element orders with majority cycles

actly five, nine-element orders with majority cycles, all with height three

or more. These orders are illustrated in Figure 6.2.

6.1 Backgrouﬁd

Suppose that aset of elements on which there is only a partial ordering must
be totally ordered. While any linear extension of the order is acceptable

from a theoretical viewpoint, it is unarguable that some extensions may

vy
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Figure 6.3: “Natural” linear extension of N

seem more “natural”™ than or.hers; For example, consider the order N, of
Figure 6.3. Of the five possible linear extensions, b < a < d < cis, arguably,
the most natural, for several reasons. While 2 > dis possible in an extension
it scems u.nna.t.urnj to place a minimal clement above a maximal element;
indeed, this occurs in only one linear extension. Sinee b is covered by both
¢ and d, while a is covered only by ¢ we expect that b should be below ¢ in
a linear extension. Similar reasoning applied to ¢ and d says that d should
go below ¢, yiclding the indicated linear extension.

The idea being considered is the preference ordering <’, which places z
below y if and only if = occurs below y in more that half of the linear exten-
sions of the order. The reasoning which gave the comparabilities between

@ and b, and ¢ and d is supported by the following,

Lemma 6.1 (Preference Order) Suppose that z,y € P are incompers-
ble. Define D), = down(z)\ = and UL = up(z)\ 2. Define I}, and Uy
stmilarly. If D, C D), end' Uy C Uz, then z <’ . If O, = Dy and

U = UL, then {z,y} is an autonomous set.
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The proof is based on the idea of swapping z and y in those extensions
in which 2 > y. This is always possible, given the conditions of the lemma.
This shows that, for each extension with z > y, there is“:\ corresponding
extension with £ < y, 50 prob(z < y) > 1/2. However, if = € (D \ D;)U
(UI\Uy) and z < = < y, then z and y cannot be swapped, That is, there
are extensions with £ < y, for which there is no corresponding extension
with = > y. Therefore, prob(z < y) > 1/2,s0 £ <’ y. If the conditions of
the second statement hold, then z and y may be interchanged in any lincar
extension, so cleatly prob(z < y) = 1/2.

The lemma still applics if z and y are comparable: given the other

conditions, the only possibility is £ < ¥, in which case prod(z < y) = 1.

6.2 Linear Extensions of Height two Orders

The result requires an efficient method of counting the number of linecar
extensions of a height two order. One method, which is sufficient for our
purposes, is to compute the number of linear extensions for cach linear
ordering of the maximals {or minimals) of the order. We find a partial
extension of the order by taking a linear extension of the maximals, then
taking the transitive closure. The resulting order consists of a chain, each
element of which covers a (possibly empty) antichain, which is comparable
only with the clements of the chain above its upper cover, as illustrated
in Figure 6.4. The number of linear extensions of such an order is easily
calculated using the following lemma. We pcrforr;x this calculation for all
linear orderings of the maximals to compute the number of linear extensions

of the order.



6.2. LINEAR EXTENSIONS OF HEIGHT TWO ORDERS 107

m T\
k

.+

.
]
[
v

ka

\-.
N

N

ko

Figure 6.4: Linear extension calculation for height two orders

Lemma 6.2 Let P consist of an m-element chain, 1 < 2< - < m, with
i (Ll € i< m) covering a ki-element antichain which is comparable only

with the elements of the chain above i. Let n=|Pj=m+ 3 1, k, then

(n—1)t

e(P)=

m—1 - -
Tk + ko4 +E+3)

=1

Proof (Lemma 6.2) To form a linear extension of P, we find linear ex-
tensions of the antichains, then merge the resulting chains, working from
the bottom up. The total number of linear extensions of all antichains is

(ky)(ka!) -+ - (km!). Below 2 there are £y + 1- and ko-element chains. These
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B+ k1
B +1

different ways. The result is a &y + k2 + 2-clement chain, below 3, which

may be merged in

includes 2. This chain may be merged with the ky-clement chain below 3

in
(k; +k2+k3+2)
ky+hka+2

different ways. Continuing this process till we have a linear extension yields

e(P)

H+bkb4+l k1+L'2+L‘3+2
-y (T (B
___(kl+k=+.--+km+m—1

L‘1+k2+---+km-|+m-l)
{(n=1)!
(kl+I)(k1+k2+2)’--(1‘1+kz+"'+km_1+m—l)'

Proof (Majority Cycle) Applying Lemma 6.2 to the order of Figure 6.1

vields e(P) = 1703 630 880 and
e(l>2)=852626880 = prob(l > 2) = 0.500476,
(2> 3)=851801040 = prob(2 > 3) = 0.500044,
e(3>1)=852163200 = prob(3 > 1) = 0.500204.

Therefore, 1>’ 2> 3> 1. o

6.3 Miscellany

It is not known if there are smaller height two orders containing linear
extension majority cycles. However, our example has minimal size for an

otder with only four maximals.
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There are some restrictions on which height two orders may contain
majority cycles,
For P with height two, define

A={z&€P:z>yforsomey& P},
B={y€p:z>yforsomez € P},
C=X\(AUB).

Thus, AUC is the set of maximal elements, BUC is the set of minimal
clements, and C is the set of isolated clements of P. In Figure 6.1, |A| =4,

|B| =11, and |C]|=0.

Proposition 6.1 If a height two order P conteins ¢ linear extenston ma-
jority cycle, then the cycle is contained in A, or B. That is, the elements

of the cycle are all contained in A, or are all contained in B.

Proof It is sufficient to show that if (i, y) is contained in any of (A x B),
(A x C), (C x B) or {(C x C) then = £’ y. For, suppose that there is a
cycle in P which is not contained in A or B. We may assume, without
loss of generality, that there is such a cycle of the form zy >/ 22 > --->f
Zm D' 2y, where tm € A and z; € A. There exists i such that z; € A
and z;4; € A. Then z; <’ ;4. 2 contradiction. Thus, the cycle must be
contained entirely in A or B.

If (z.y) € (C x C) with = # y, then, by symmetry, prob(z > y) = 1/2.
We show that if (z, y) € (Ax B) then = >’ y. The cases for (z,3) € (A% C),
. (€ x B) are similar.
| Suppose that (z,y) € (A x B). If £ is below y in a linear extension of
P, then we may form another linear extension By interchanging z and y.

This is possible as x is o maximal clement of P and so can be “moved up”
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in a linear extension, while minimal y can be “moved down™. Thus, the
. number of linear extensions in which x is above y is at least as large as the
number in which z is below y. However, there are linear extensions with z
above y for which = and y may not be interchanged. As z € A, there exists
= € P with 2 < 2. Since = < y is not possible, there is a iinear extension
of P in which y < & < z. Now, interchanging = and y would force 2 < 3, a

contradiction. Therefore, e{z > y) > e(z < y) and = >’ y. (]

Proposition 6.2 If a height two order contains & linear extension majority

cycle, contained in A, then |A] > 4.

Proof [solated clements in the order do not affect the presence oi: >
cyeles, so we assume that C = 0. Suppose that A = {1,2,3}. Let 5 be
the numbet of clements of B which are below i € A, and §;; the number
of elernents of B below ecither i or j in A. Define e(i > j > k) to be the
number of linear extensions of P in which i > j > k. Then, by Lemma 6.2,

(in=-1)!

@>3>8 = NG v 2

For convenience, et by = (n — 1)1/(Be + 1) and bjr = 1/(B5e + 2), s0
e(i> j > k) = bebje.

Suppose that A contains the > cycle 1 >’ 2 >’ 3 >’ L. Then, from
e(1>2)=e(1>2>3) +e(l > 3> 2)+e(3> 2> 1) (and similar results
for ¢(2 > 3) and (3 > 1)), we have,

15’2 = 53623 + boboy + babya > babia + bibia +b1by2,  (6.1)
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253 = byd23+ bybra + debiy > babos +babia+ dibia,  (6.2)

3>'1 = 5413 +b:b1:+5161: > bybog + b2bea + babra.  (6.3)

Adding inequalitics (6.1) and (6.2), then (6.1) and (6.3), and finally
(6.2) and (6.3) gives

bybas > bib12 > 0,
babyz > bab1a > 0,
hda > baban > 0.

Then vertical multiplicmion glVCS 515253512613533 > blbgb:;blgblabn, a

contradiction. A similar contradiction results if we assume that A contains

“the > eycle 1 >’ 3 >' 2> 1. Thercfore, A cannot contain any > cycle. O

It is casily verified that if |4} = 2, then there cannot be a >’ cycle in
B. If J4] = 3, it is not knc!wn whether B may contain a >’ cycle. The
computations for this case are feasible, but exceedingly delicate in regard
to the construction of a possible >’ cycle in B.

That no smaller example vields a >’ cycle within A = {1,2,3,4} was
proved by an exhaustive computer search. For distinct i,j and kin Az let
z; be the number of clements of B covered only by i; let ;5 be the number
of elements of B covered by both i and 7, and nothing else; let z;;x be the
number of elements of B covered just by i,j and &; and let 23234 be the
number of clements of B covered by all the elements of A. (In Figure 6.1.
I = Ty3 = Zag = Zyaa = 1, Z1g = 2,Toy = 5, the remaining z’s equal 0,
and ¥z = 11.) Complete enumeration, up to permutations on A, showed
that no >’ cycle occurs when ¥ = < 10. Moreover, the 15-clement order of

Figure 6.1 is the unique smallest case that yields a > cycle within A.
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Chapter 7

Scheduling

One application of linear extensions is scheduling theory. Suppose that a
set of “jobs” are to be processed by a set of “machines”, subject to some
sprecedence constraints”™. The object is to produce a “schedule” which
optimizes a given “measure of performance™. The processing order of the
jobs on any particular machine is a linear extension of the precedence con-
straints. If the same linear extension of the precedence constraints is used
on all machines, then the schedule is 2 “permutation schedule”.

We show that there is an optimal permutation schedule for the “m-
machine flow shop™ with precedence constraints, provided that incompa-~
rable jobs have identical “processing times”.- In tflis case, the problem is
one of finding an “optimal™ linear extension of the order. If the measure of

performance is symmetric, then all permutation schedules are optimal.

7.1 Introduction

A general job shop problem consists of a set of n jobs J, which must be

processed by a set of m machines M, ..., Mm. Each job must be processed

113
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exactly once by each machine, and in turn, each machine must process each
job exactly once. Furthermore, a machine may process only one job at a
time, and a job may be processed by only one machine at a time. For
cach pair of a.job z and a machine M;, the processing time t(z,1), is the
length of time required by machine M; to process job z. All processing
times are known, and are assumed to include any sct-up time involved
to prepare a machine for a job. Each job has a technological constraint,
a linear ordering of the machines, which specifies the order in which the
machines must process that job. In general, different jobs have different
technological constraints. A special case of the general job shop problem is
the flow shop problem, in which the technological constraints are the same
for all jobs. In a flow shop the machines are numbered such that each job
must be processed by the machines in the numerical order My, M2, ..., M.
A scheduling problem may also include precedence constraints, a (partial)
ordering of the jobs which any schedule must follow. That is, if z and y are
two jobs with T < y, then on cach machine, job z must be processed before
job y. An unconstrained problem is one in which the order on the jobs is
an antichain. Uniess otherwise specified, problems are unconstrained: there

are no restrictions on the order in which the jobs are processed.

Example 7.1 A woodworkingshop produces three different toys: a puzzle;
a car; and a duck. These are the jobs. The production involves four different
processes: cut.r.iﬁg the picces; sanding; assembly; and painting. These are
the machines. There may not be any actual “machines” involved; in this
example the machines are person-tool combinations, i.e., a person with

a saw, 2 hammer and glue, or a paintbrush. The order of processing is
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different for the different jobs: the car is cut, sanded, assembled, then
painted; the puzzle must be painted before it is assembled; the duck needs
to be sanded after assembly, but before painting. We list the order of

processing and processing times in a table.

job | processing order/time
puzzle | cutting, 8 sanding, T  painting,5 assembly, 2
car cutting, 4 sanding, 4  assembly, 3 painting, 3

duck cutting, 6 assembly, 2 sanding, 10 painting, 6

This is a four-machine unconstrained job shop problem with three jobs.

Example 7.2 A four-machine unconstrained fiow shop problem with two

Jjobs.
job] processing order/time
1 | My,1 Mz, 4 My d Ml
2 | M,4 M1l M3l M4

A schedule is a specification of how the jobs are to be processed by the
machines, subject to the above restrictions. That is, a schedule specifies
not only the order of processing of the jobs on each machine, but also the’
starting times of the jobs. (For a “regular” measure of performance it is
sufficient to specify the processing order, as it may be assumed that all jobs
are started as soon as possible.) A permutation schedule is a schedule in
which the processing order of the jobs is the same on all of the machines.
A schedule may be presented simply as a table listing the starting times of
each job on each machine. We prefer to use a pictorial representation called

a Gantt Diagram. (See Example 7.3.) The diagram consists of a horizontal
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time axis and a row for each machine. In the row for any given machine,
the time intervals when the jobs are being processed on that machine are
blocked off and labelled. The advantage of the Gantt Diagram is that it is
much easier to observe idle time, times when a machine is not processing

any jobs; and the waiting time for each job, time when the job is not being

processed by any machines.

Example 7.3 Three possible schedules for the flow shop problem of Ex-

ample 7.2. The first two schedules are pcrmutntion. schedules, the last is

CHAPTER 7. SCHEDULING

not.
tme| 1] 2]3]4[516] (89 10j11f12]13]14
M, 1 2
M, I 2|
M, 1
M. 1 2
tme] 1] 2] 341516 ]7[8]9 10]11f1213]14
M 2 1
M2 2 1
My 2 I
M, 2 | 1
tme| 1] 2345167 [8[9]10]t[12
M |1 2
M. 1 2
Ma 2 1
M, 2 1

The objective in all scheduling problems is to find an optimal schedule,

one which minimizes a given measure of performance. The completion time
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C. of a job z is the (actual) time when the last machine M, finishes pro-
cessing job z, assuming that the processing starts at time zero. A megsure
of performance is a real-valued function of the completion times of the jobs.
A regular measure of performance is one which is nondecreasing in all com-
pletion times. Most measures of performance, including all measures which
we consider, are regular. Indeed, it is a strange measure of performance
which “penalizes™ a schedule for finishing some jobs earlier (than another
schedule), without ﬁni'shing any jobs later. Call 2 measure of performance

M, symmetric if
M(C:‘ » Cga' ey Cx.) = M(CS.“)r Cx,ﬂp . 'C:-(n))

for any permutation = of {1,2,...,n}. Most frequently used measures
of performance are of the form Frax = max{Fz(C;)|z € J} or T F=
¥ zes F(Cx), for some real valued functions F-. If the functions Fy. are all
nondecreasing, then the measure of performance is regular. Two common
measures of performance are C = l/n Y zes C=y the avernge completion
time and Crax = Mmax{Cs|z € J}, the mazimum completion time. Average
and maximum completion times are both regular, symmetric measures of
performance. The jobs may have due dates: for each job, a time D: is
specified, by which the last machine should have finished processing that
job. A tardy job is one who;;e completion time exceeds its due date. The
tardiness of the job is T = Cz — Dr. If a job is completed before its due

date, the tardiness is (.

[Johnson 54] shows that there are optimal permutation schedules for

the two-machine flow shop with a regular measure of performance; and
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for the three-machine flow shop, for maximum completion time of a job.
However, with more machines, or a measure of performance which is not
regular, there need not be any optimal permutation schedules. Indeed, the
schedules of Example 7.3 show that even a four-machine fiow shop with only
two jobs need not have an optimal permutation schedule for maximum (or
avernge) completion time.

Even whgn an optimal permutation schedule exists, it may be difficult to
find. Johnson found an optimal (permutation) schedule for the two-machine
flow shop with respect t0 Crax. However, the same problem is NP-complete
on three (or more) machines, [Lenstra/Rinnooy Kan/Briicker 77); ot
with precedence constraints, [Monma 80]. [Monma/Sidney 79] found
an optimal solution for the two-machine flow shop with series-parallel prece-
dence constraints with respect to the same measure Crmay. The two-machine
fiow shop problem with measure 3 C: was shown to be NP-complete in

[Garey/ Johnson/Sethi 76]. Little more is known about exact solutions.

7.2 Main Results

Theorem 7.1 (Optimal Permutation) There is an optimal permuto-
tion schedule for the m-machine flow shop with precedence constraints, pro-

vided that

t(z, i) =ty 1),

fori=1,2,...,m; whenever z and y are incomparable. _

The last condition in the theorem is referred to as the identical pro-

cessing time, ot IPT, assumption. Call jobs z and y cquivalent if there is
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2 SEQUENCE T = 21,32,-- 58 = 0 such that z; is incomparable to =41,
(1< j < k=1). This defines an equivalence relation on the jobs, partition-
ing them into blocks By, Ba,-. ., By. The precedence order is a linear sum
of these blocks. As a result, the processing orders of the jobs on different
machines can differ only in the order of processing jobs within a block. Let
z,2' € By, y € B, with r # 5. Jobs contained in different blocks must be
comparable. Thus, both z and z’ are comparable to y. Assume, without
loss of generality, that z < y. Now, suppose that y < 2’. Since z,2’ € By,
there exist % € B, such that £ = 3;,22,...,% = =’ and &; and =j4p are
incomparable. Since all z; are comparable to y, there exists i sxfch that

3 <y, but 5541 > y. Then 35 < 341, 2 contradiction. Therefore, 2’ < 3.

Proof (Optimal Permqtation) Woe show that, for any schedule S, there
is a permutation schedule S7 which gives the same value of the measure of
performance as S. Therefore, an optimal permutation schedule exists. The
processing order of the jobs under the schedule 5 is the processing order
of the jobs on the last machine Mem, under S.

Let S be a schedule. Label the jobs in the single block B such that the
order of processing on the last machine is 2y, z2,. ' ., Tr. Let T;; denote
the jth job (from B,) processed by the ith machine. Thus, zjm = %;-
A new schedule is formed by scheduling =; on M; during the time when

S had M; processing the job z;;. It is possible to process z; during this

time as z; and ;¢ have identical processing times. This new or dering
of the jobs on M; observes the precedence constraints, as the ordering of
the jobs on the last machine is valid. We need only verify that machine

M;_, finishes processing the job z; before machine M; starts. Under S,
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machine M;_, finishes processing the j jobs Ty, T3.4..--. T, before M;
starts processing T;;. Therefore, M) has time to process the j jobs
z1,22,...,T;, before M; is to start processing ;. This new schedule is a
permutation schedule within the block Br. As the processing on the final
machine was not changed, this new schedule is equivalent, in terms of the
measure of petformance, to S. “The jobs in the other blocks are reordered

in a similar manner, producing the permutation schedule S'. m]

In the proof of the theorem, it is possible that rearranging the jobs may
make it possible to complete some jobs sooner. When the jobs are reordered
on the machines M| — Mm—1, there may be nnnecessary idle time. It may
occur that machine M; is to process job = next, and that both the job and
the machine are available, but processing does not start because, under the
schedule §, processing started at a later time. -For example, consider a two-
machine flow shop with two jobs z,y, without precedence conétmints. and
with unit processing times. Suppose that the schedule § has M, processing
y first, but M, processing z first. Then machine M2 cannot begin job =
until M; has processed both jobs: Mz cannot begin job r before timet =2
However, when the jobs are rcordered on M, the machine M) need only
process job z before M can begin processing job z. Therefore, machine My
could begin processing job z at time t = 1. Removing such unnecessary idle
time may result in some jobs finishing sooner. Ifthe measure of performance
is regular, this produces a schedule which is certainly as good as, or possibly
even better than, S. However, for a measure which is not regular, this need
not be the case, decreasing some completion times may produce a scheduie

which is not even as good as 5.
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Lel:' S be a permutation schedule for an m-machine flow show which
satisfies the IPT assumption. Since the jobs within a block have identical
processing times, the jobs within a block may be permuted (respecting the
precedence constraints) without changing the set of completion times for
the jobs. Certainly, the completion times of individual jobs may change,
but the set of completion times on that block remains the same. However,

“as the blocks are linearly ordered, jobs from different blocks cannot be
permuted without viclating the precedence constraints. Therefore, any two
schedules can differ only in the processing order of the jobs within individual
blocks. As a result, any two permutation schedules result in the same set of
completion times for the jobs: they differ only in their assignment of these
times to the jobs. This immediately yiclds the following corollary to the

theorem.

Corollary 7.1 All permutation schedules are optimal for the m-machine
flow shop with precedence constraints end a symmetric measure of perfor-

mance, when the [PT assumption holds.

The _wcll known lincar (mazimum) assignment problem requires finding
the permutation of n items which minimizes the sum (maximum) of the
costs of the assignments, where the cost of assigning the kth item to the
jth position in the pgmpta.tion is given for each k and j. Call such an
assignment problem on?cred if the permutation has to be consistent with
an ordering of the items. That is, z < y implies that =z is assigned to an

carlier position than .
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Theorem 7.2 (Linear Assignment) The m-machine flow shop problem
with precedence constraints, megsure of performance 3 F {Fmax) and the
IPT assumption, reduces to b ordered linear (mazimum) assignment prob-

lems defined on the blocks By,..., By.

Proof (Linear Assignment) Theorem 7.1 implics that there is an optimal
permutation schedule. Since any two permutation schedules differ only in
their assignment of the (fixed) set of compietion times to the jobs, the
problem reduces to a linear assignment problem.

' Gonsider a block B, with & jobs. Let the fixed completion times for the
block be ) < C2 < ... < Ck. Let ¢z; = Fi(GC;) be the cost of completing
job x at time Cj, for 1 € j < k and = € B.. Then, finding the best order of
processing the jobs in B., for a regular measure of performance of the form

T F =¥ Fx(Cz), clearly reduces to solving the ordered linear assignment

problem,
k
minimize Z 2 €5 Yejs
, 2€8B, j=1
subject to:
YN V=l j=h2k (7.1)
zEB,
R
SY=1 z€Bs (7.2)
j=1
Yu<S ¥y forzgziz=l2.k (7.3)

i=1
Yz =00rl z€ B, j=1,2,...,k (7.4)
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Constraint (7.3) ensures that the ordering of B, by the optimal as-
signmcﬁt. is compatible with the precedence constraints. For performance
measures of the form Fax = max Fz(C;), the formulation of the assign-
ment problem is the same, except that the objective function is changed to
minmax{cy; Yej |2 € B, j = 1,2,...,k}.

Solving one assignment problem for each block determines the optimal
processing order for the jobs within each block. Since the blocks are totally
ordered, this induces an optimal permutation schedule for the original flow

shop problem. o

Johnson’s algorithm finds an optimal permutation schedule for the two-
machine unconstrained flow shop with the measure of performance, maxi-
mum completion time, in O(nlogn) time. Monma and Sidney are able to
find an optimal permutation schedule for the two-machine flow shop' with
series-parallel precedence constraints in O(nlogn) time too. For the m-
machine flow shop with a symmettic measure of performance, we need only
find a total ordering of the jobs compatible with the precedence constraints

to find an optimal schedule. ‘This can be done in O(n?) time.

Corollary 7.2 The least-cost-last algorithm finds en optimal permutation
schedule for the m-machine flow sﬁop with precedence constraints, with pro-
cessing times that satisfy the [PT assumption, and with ¢ regular measure

of performance of the form max{F-(C:)|z € J}.

Proof (Corvollary 7.2) Any two permutation schedules have the same
ser of completion times. Let C1 < C2 < ... < Cq be the completion

times. The least-cost-last algorithm, which bears a resemblance to a well
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known single-machine scheduling algorithm (cf. [Lawler 73]) constructs
an optimal permutation schedule as follows. The schedule is constructed
in the reverse order. At each step we consider the set V, of jobs that are
not yet scheduled, and determine which one to process last. Let U be the
set of those jobs from V which, with respect to the precedence constraints,
may be scheduled last. If & = |V} then the completion time of the job that
is processed last is Cy. Choose a job = from U, such that Fx(Ct) < Fy(Ci)
for all jobs y € U. Job z is processed only after all other jobs in V' are
processed. Remove job z from the set V and repeat this procedure.

The proof that such a schedule is optimal is straightforward. It follows
much the same argument as used to verify the ;:ﬁginal least-cost-last algo-
rithm for single-machine scheduling (cf. [French 82], where it is commonly

called “Lawler’s algorithm™). |

Corollary 7.3 The precedence constrained m-machine flow shop problem,
even with the IPT assumption satisfied, is NP-complete for the following

reqular measures of performance:
o the total {average) weighted completion time (3 w:C:);
o the total (average) tardiness (3" T:);

o the total number of tardy jobs (3_ U).

Proof (Corollary 7.3) Any single-machine scheduling problem with pre-
cedence constraints and identical processing times is a special one-machine
flow shop problem in which the IPT assumption holds. Thus, the NP-

completeness of the precedence constrained m-machine flow shop prob-
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lem with IPT assumption, follows from the NP-completeness of the cor-
responding single-macﬁine problem with precedence constraints and iden-
tieal processing times. This was shown for: Y weC: in [Lenstra 77,
[Lawler 78] and [Lenstra/Rinnooy Kan 78); for 3 T; in [Lenstra 77)]
and [Lenstra/Rinnooy Kan 78); for 3 Us in [Garey/Johnson 76),
[Lenstra"!’?] and [Lenstra/Rinnooy Kan 78].

We note that Theorem 7.1 and Corollary 7.3 also imply that the par-
tially ordered linear assignment problem is NP-complete. Contrasting this,
Lawler’s original argument could also be used to show thn.t. the least-cost-
last algorithm solves the partially ordered maximum assignment problem
as long as the assignment costs are monotone nondecreasing, i.e., j < &

implies ¢ry < ¢ for every z. o

Corollary 7.4 The m-machine flow shop problem with a reqular measure
of performance of the form 3 F:(C:) and the I[PT assumption sﬁt:‘sﬁed can
be solved in polynomial time, if jobs within the same block are incomparable

for every block,

Proof (Corollary 7.4) If the jobs within a block are incomparable, con-
straint (T.3), in the linear assignment formulation in the proof of Theo-
rem 7.2, is empty. That is, the flow shop problem reduces to 2 series of
linear assignment problems. These problems.are known to be solvable in

polynomial (O(n®)) time. o
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7.3 General Flow Shop Problems

In this section, applications of previous results for flow shop problems which
do not satisfy the IPT assumption are considered.

In view of the difficulty of finding an optimal schedule, we may be willing
to accept a schedule which is “almost” optimal. quc.vcr, without knowing
an optimal schedule, it is difficult to decide if a given schedule is close to
begin optimal or not. One possibility is to define a stmilar problem, which
is more readily solved, such that an optimal schedule for the new problem is
no worse than an optimal schedule for the old problem. Given a scheduling
problem not satisfying the IPT assumption, we modify the processing times

of the jobs so that the IPT assumption is satisfied.

Corollary 7.5 Given an m-machine flow shop problem with precedence
constraints, processing times t(z,i), and a reguiar measure of performance,

define @ new problem using the processing times
t'(z,3) = min{t(y, )|y € B} for 2 € B..

The cost of an optimal schedule for the original problem is not less than the

cost of the optimal permutation schedule for the new problem.

Proof Let S be any schedule for the original problem; that is, using the
original processing times. A schedule for the new problem can be formed
from S by starting the processing of job z on machine M; at the same time
processing starts under the schedule S. This is possible as no processing
times have been increased. Since no completion times have been increased,

and the measure of performance is regular, this schedule is at least as
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good as S. Therefore, an optimal schedule for the flow shop with the new
processing times gives a lower bound for an optimal schedule for the flow
shop with the original processing times. However, the new processing times

were defined so that the new problem satisfies the IPT assumption. a

Corollary 7.2 provides an effective procedure to compute the lower
bound of Corollary 7.5, as long as the measure of performance has the
form max{F:(C:)|z € J}. For other regular measures of performance we

present a somewhat weaker but also easily computable lower bound.

Corollary 7.6 Given en m-machine flow shop problem with precedence
constraints, processing times t(z, i), and a regular measure of performance

of the form 3 Fe(C:), define & new problem with processing times
t'(z,i) = min{t(y.i)ly € B.} forz€B:,

and with precedence constraints derived from the original ones by deleting
all comparabilities between jobs within the same block. Then, the cost of an
optimal schedule for the original ow shop is not less than the cost of the

optimal permutation schedule for the new problem.

Proof Consider the intermediate problem with the new processing times
t/(z.i), and the original precedence constraints. By Corollary 7.5, the op-
timal value for the measure of performance for this intermediate problem
represents a lower bound for the unknown optimal value for the original
problem. Dropping some comparability relations represents a relaxation

of this intermediate problem. Thus, the optimal objective value for the
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relaxed problem of Corollary 7.6 represents a lower bound on the optimal

value for the original flow shop problem. a

Corollary 7.4 provides an cffective procedure to compute the lower

bound of Corollary 7.6.

7.4 Concluding Remarks

We have shown that if the IPT assumption is satisfied, then the set of
completion times is fixed for the blocks. This property means that the
precedence constrained m-machine flow shop with the IPT assumption sat-
isfied is very closely related to single-machine scheduling problems. It may
be that the completion times Cy < Ca < -+~ < Cy are such that the last ma-
chine M., will have to be idle between some consecutive jobs from the same
block. However, when this is not the ¢ase; that is, the completion times
are such that M., is never idle between jobs from the same block, then it
is casily seen that the m-machine flow shop problem is equivalent to a col-
lection of b, one-machine schgduling préblcms. The ith problem is defined
on the block B:, with the same performance measure, and the precedence
constraints induced by B;. This means that the NP-completeness results
of Corollary 7.4 also apply when this special no-wait condition is satis-
fied. Furthermore, polynomial time algorithms available for single-machine
scheduling problems with specially structured precedence constraints are
directly applicable to the flow shop in this case. For example, the poly-
nomial time solvability of the one-machine total weighted completion time
(3 w.C:) problem with series-parallel precedence constraints ([Lawler 78]

and [Monma/Sidney 79]) means that, if the [PT assumption and the
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no-wait condition are satisfied, the total weighted completion time prob-
lem with series-parallel precedence constraints becomes effectively solvable

in the m-machine flow shop too.
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Chapter 8

Genus and Diagram
Invariance

We investigate the problem of avoiding edge crossings when drawing the di-
agrams of ordered sets. A simple “lifting” construction is developed which,
starting from a drawing, without edge crossings, of the covering graph of
an order, produces a diagram, in which no edges cross. The construction
shows that the “genus” of the diagram is equal to the “genus” of the order.
This gives an example, indeed, the first nontrivial example, of a diagram

invanant.

8.1 Planarity and Genus

When drawing a graph, it is preferable to avoid, where possible, edge cross-
ings. The edge crossings make the graph difficult to read, and obscure its
structure. A planar graph is one which may be drawn in the plane, without
any edges crossing. Not all graphs are planar. For example, the graphs

Kja and K3 are nonplanar. These are the minimal nonplanar graphs, in

131
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the sense that any nonplanar graph “contains™ one of these graphs. How-
ever, any (nonplanar) graph can be drawn without edge crossings, on some

appropriate “surface”.

Start with the sphere § = {(z.v.2) € R¥z% + ¢ +3% = 1}. ltis
well known that drawing a graph without edge crossings on the sphere
is equivalent to drawing the graph without edge crossings in the planc.
Suppose that the graph cannot be drawnm without edge crossings on the
sphere. Edge crossings can be eliminated by “building bridges” on the
sphere for edges to pass over other edges, avoiding intersection. These
bridges are commonly referred to as handles, and differ from the commeon
notion of a bridge in that edges are not restricted to traversing the “top™ of
the bridge only. In fact, it is possible for two edges to “cross” on a handle
without any edge crossings, in the usual sense, by drawing the edges on
opposite sides of the handle. Handles may also be drawn between the

sphere and other handles, or between pairs of handles.

Every orientable surface is topologically equivalent to a sphere with
handles. The number of handles is the genus of the surface. The sphere
has genus zero. A torus, equivalent to a sphere with a single handle, has
genus one. The genus of a graph is the minimal genus of a surface on which
the graph can be drawn without edge crossings. In fact, if a graph can be
drawn on a surface without edge crossings, then it can be drawn without

edge crossings on any topologically equivalent surface.

Edge crossings are also undesirable when drawing the diagrams of or-
dered sets. We consider the problem of avoiding edge crossings in diagrams.

A planar order is one whose diagram can be drawn (in the plane) without
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edge crossings. The genus of an order is the minimal genus of a surface
on which the order can be drawn without edge crossings. (When drawing
diagrams on surfaces, in three dimensions, we compare the relative heights
of the clements by comparing :—coordinats.) Drawing diagrams is some-
what more complicated than drawing graphs. This is due to the special
requirements of the dingeam: relative vertical placement of vertices, and ‘

monotonicity of cdges.

8.2 Genus Zero Orders

The dingram of an order is a graph, the covering graph of the order. Triv-
ially, a planar order has a planar c()vcfing graph. However, there are nonpla-
nar orders having planar covering graphs. The cube, shown in Figure 8.1,
is a nonplanar order which has a planar covering graph. In contrast to
graphs, it is possible that the diagram of a nonplanar order may be drawn
on the surface of the sphere without edge crossings. Indeed, the cube may -
be drawn on the surface of the sphere, without edge crossings, as shown in
Figure 8.2,

This fact gives rise to the question - can every order with a planar cov-
ering graph be drawn without edge crossings on the surface of the sphere?

Unfortunately, the answer is no.

Proposition 8.1 The “double cube™ (of Figure 8.3) cannot be drein on

the surface of the sphere, without edge crossings.

Proof We describe why the diagram of the double cube cannot be drawn,

without edge crossings, on the surface of the sphere. In view of the mono-

4’)
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Figure 8.1: A nonplanar order with a planar covering graph

Figure 8.2: The cube on the sphere without edge crossings
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The double eube has a planar covering graph but is not embeddable on
the sphere

Figure 8.3: Double cube
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tonicity of diagram edges, the only vertex that may be put at the north
pole is one representing a maximal element. In particular, j cannot be
put at the north pole. Dually, e, while having a smaller z-coordinate than
j. cannot be put at the south pole. Let us suppose then that j and ¢ are
placed on the surface, both away from the poles, and joined by a monotonic
arc rising from e to j.

Observe that j has two upper covers m, n, while ¢ has two lower covers
a. b. There are edge disjoint chains m > i> e, n> j> ¢, j>d > a,
i>F>b Toa\roidcrosingedgcs.theclosedmmj<m>=‘>ca.nd
j < n>j> e must be drawn so that one encloses the other in the sense
that, either no monotonic path can be drawn from the south pole to n or
j without crossing an edge, or no monotonic path can be drawn from the
south pole to m or i without crossing an edge. If j < n > j > ¢ is enclosed
by j < m >i>e, then no monotonic path can be drawn from b to either n
or j without crossing an edgerif j < m>i> eisenclosed by j<n>j> ¢

then no monotonic path can be drawn from a to either mor i, a

However, the double cube can be drawn without edge crossings on a
surface which is topologically equivalent to the sphere, as shown in Fig-
ure 8.4. This leads us to ask, if every order with a planar covering graph
can be drawn without edge crossings on some surface of genus zero? The

answer is yes.

Theorem 8.1 (Genus Zero) Any ordered set which has a planar cover-
ing graph may be embedded, without edge crossings, on a surface of genus

JeTo.
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Figure 8..i: Embedding of double cube on a genus zero surface

Proof {Genus Zero) Suppose that the covering graph G of an ordered
set P is planar. To produce a diagram, we start with a plane drawing of
G and “lift” its vertices zelative to their heights in P. Deforming the plane

in the process of lifting produces a surface on which the diagram is drawn.

Suppose that G is drawn in the = = 0 plane of R3, with straight edges
which no not cross. Each vertex of G is lifted by one less than its height.
That is, the vertex a with coordinates (z,y,0), is replaced by the vertex in
R with coordinates (z, y, h(e)), where h(a) = height(a) — 1. For each pair
of vertices joined by a covering edge, draw a straight edge in R3 joining the
corresponding lifted vertices. This new edge is simply a lifted version of the
old edge. This produces a drawing of the diagram of P on a surface, much
like . topographic drawing of it, topologically equivalent to a hemisphere,

which has genns zero. o
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Figure 8.5: Lifting of the double cube

The lifting is illustrated for the double cube in Figure 8.5.

8.3 Higher Genus

Theorem 8.1 may be restated as: if the genus of the covering graph of an
order is zero, then the genus of the order is zero. Using the polygon model

of surfaces we are able to generalize this result to arbitrary genus.

Theorem 8.2 (Genus g) The genus of any ordered set equals the genus

of its covering graph.

Proof (Genus g) The lifting construction of Theorem 8.1 may be gener-
alized to a surface of any genus. Any surface has a polygon representation, .
according to which certain pairs of edges are identified. This polygon may
be drawn in the = = 0 plane of R® and, subsequently, lifted. This pro-

duces an embedding of the diagram of the order on a surface. This surface
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an equivalent surface, which is realisable in R?, it may not be possible to
embed the order on such a surface.
We recall the definition of a surface (¢f. [Henle 79]). First, a triengle

T with vertices v; = (i, % &), £ = 1,2,3, in R® consists of all points
v = (A1 + daT2 + Asza, Ayt + Azye + Asys, A+ a2+ Ass)

where A 2 0, and X + 22 + A3 = 1. A (compact) trisngulated sur-
face is a topological space constructed from a finite number of triangles
Ti.Ta, ..., Tu, by identifying some of their common edges, such that any
edge of a triangle is identified with at most one edge of a.n§ther triangle.
Tlms: for a triangulated surface, we start with a set of disjoint triangles
and then do the identifications. If two triangles have a common point, then
this identification must be a result of a sequence of edge identifications of
triangles between them. If triangles T; and T share 2 common point of
R3 which does not result from a pair of identified common edges of T; and
T,, then this point is regarded as two distinct points, one belonging to T;
and the other to T;. If this common point is 2 result of a pair of identified
common edges, then it is considered to be a single point. A (compact)
surface is a topological space homeomorphic to a (compact) triangulated
surface. A surface may not have any realization at all in R3. Any surface
is homeomorphic to a polygon with identified edges. For example, a torus
may be represented by a rectangle with parailel edges identified.

Given an ordered set P whose covering graph G has genus g, embed
it (without edge crossings) on a surface with genus g. We consider this
embedding on a polygon model (of this surface) wiT.h identified edga. As-

sume that this polygon is located in the = = 0 plane of R®. In this polygon
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model, vertices of G may be repeated, and its edges may be “cut” by a
pair of identified edges on the boundary of the polygon. The boundary
edges of the polygon as well as the (possibly) cut (covering) edges of G
may all be taken as straight line segments, and all of these together form
a plane graph. Actually, by adding “isolated™ vertices to P, corresponding
to the vertices of the polygon, and subdividing some covering edges of P by
adding vertices, we may assume that the vertices of thc‘ polygon, together
with the points at which an edge of G mects the polygon’s boundary, are all
included in the vertex set of P, hence G. (The addition of isolated vertices
and subdivision vertices has no effect on the genus of P, or of G.) See, for

example, Figure 8.6.

Subdivide the inner faces of this plane graph into triangles. Lift every
vertex a with coordinates (z, 7, 0) of this plane graph to the vertex o’ with
coordinates (z.y, h(e) — 1) and join pairs of these lifted vertices, with a
straight line, provided the corresponding vertices in the = = 0 plane were
endpoints of an edge. The inner part of the triangle T = abe in the z =
plane corresponds to the lifted triangle T" = a'b'¢ in R3 accordingly, a
triangular facet. We must show that this is a triangulated surface which,
with appropriate identifications, is a surface of genus g on which a diag;:;m

of P is drawn.

Let a;b; and agbz be a pair of boundary edges of the polygon in the
= = 0 plane for which a, is to be identified with a2 and by with bs. Now,
o) b, and ajby are “broken lines” in R®. According to the construction,
corresponding pairs of vertices on these two “broimn lines” have the same

:-coordinate. To identify a}b} with abb% we consider every triangular facet
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Figure 8.6: Polygon model of surface for genus one order
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T" in the lifted graph with one side a4} or one vertex aj or 3. Identify each
point on the edge ahb} with its corresponding point on the edge aj b} having
the same =-coordinate. In this way, each point on a4b) is moved horizontally
to its corresponding point on a}b} with the same z-coordinate. Each other
edge of 7" ending in a} or b} is associated with the edge in R? joining the
unmoved vertex and a} or b, respectively. Any edge crossings that appear
with the identifications can be avoided with a little “movement”. Since.
there are only a finite number of edges and vertices, any such undesired
edge crossings may be removed by moving a vertex slightly. We repeat this
process for every pair of boundary edges of the polygon in the » = 0 plane
which are to be identified. In this way we produce a surface with genus g

and an embedding of P on it. This completes the proof. o]

The previous theorem shows that the genus of an ordered set depends

only on the genus of its covering graph. An immediate consequence of this

is the following theoren.

Theorem 8.3 (Diagram Invariant) The genus of an ordered set is a

dicgrem invariant.
Another interesting consequence is,

Theorem 8.4 (Decision) For o fized integer g, the problem of deciding

if the genus of ordered set is at most g, can be settled in polynomial time.

Proof {Decision) The key point is the result in [Filotti/Miller/Reif
79). They describe an O(n%9)) algorithm which given'a graph G and a



8.3. HIGHER GENUS 143

positive integer g, finds an embedding of G, without edge crossings, on a

surface of genus g, if such an embedding exists. u]
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Chapter 9

Cataloguing Ordered Sets

There are numerous reasons why having a list of all orders with n or fewer
elements would be very desirable. We may seek an order satisfving some
specific property, possibly to prove or disprove some conjecture. When
secking such an order, it might be casier to search a list of orders, rather
than trying to construct an order of the desired form. A list may also be
used to prove that no such orders exist, at least not with less than n4-1
clements, If orders with the given property exist, a list would allow us
to determined the prevalence of such orders among all orders. It is also
possible that a study of such a list would suggest new properties, ones not
hefore apparent.

Our interest in this subject resuited from a question about the preva-
lence of orders having no irreducible elements. The interest in this question
stems from a result in [Rutkowski 89), which shows that there are ex-
actly cleven orders, with ten or fewer elements, which have no irreducible
elements, but have the fixed point property. An element is called irre-

ductble if it has a single upper cover, or a single lower cover. An order is
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— g1 emm——f)

Figure 9.1: Orders without irreducible elements

dismantlable if it can be reduced to a singleton by successively removing
irreducible elements. An order is said to have the fixed point property if
every isotone mapping of the order to itself maps some clement to itself. In
[Rival 76}, it was proved that dismantlability implies the fixed point prop-
erty, but that the converse is not true. It is therefore interesting to know
how common it is for nondismantlable orders to have the fixed point prop-
erty. Since the absence of irreducible clements in a order implies that the
order is nondismantlable, it is also natural to ask how many orders without
irreducible elements have the fixed point property. Figure 9.1 shows two

orders without irreducible clements. Both of these orders have the fixed

point property.

While we originally considered finding only orders without irreducibles,
our methods extend easily to the problem of finding all orders of a given
size. This problem has been considered by many people. Most recently,
[Chaunier/Lygerds 92] computes that the number of thirteen-element

orders is 33823827452,

We consider the general problem first.



9.1. GENERATING LISTS OF ORDERS 147

9.1 Generating Lists of Orders

It is important to understand the difference between labelled and unlabelled
orders. In alabelled order, the elements are identified individually by means
of lnbels. Whereas, in an unlabelled order, the individual elements are
treated anonymously: only the general structure of the order is considered.
In an unlabelled order it is not possible to ask questions about specific

clements, such as
eisa<b?
« how many upper covers does a have?
e is 2 minimal?

However, any other order theoretic property not concerned with a specific
clement can be considered. This includes such things as: number of linear
cxtensions; height and width; dimension; planarity and genus; presence
of irreducible clements. The great advantage of unlabelled orders is that
their number is much smaller than the number of labelled orders. The
reason for this is simple, for an n-element unlabelled order, there are n!
different labellings. (Figure 9.2 shows three of the 24 = 4! possible labellings
of the unlabelled, 4-clement order 2 « 2.) These labellings can yield up
to n! “different” labeiled orders. However, these n! different orders are
all essentially the same: none of the basic properties of the order vary
“under the different labellings. It is possible that different labellings do
not produce different orders. If two labellings are isomorphic they yield

the same order. For example, in Figure 9.2, labellings (a) and (b) are
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(a) (b) (e}

Figure 9.2: Several possible labellings of an uniabelled order

isomorphic, all comparabilities are the same, the labelled orders are, in
fact, the same order. However, (¢) is a different order since it includes the
relation e < b which does not occur in (a) and (b). In gencral, the number
of automorphisms of an order is small. In fact, many orders have only
the trivial automorphism. Thus, the number of different labelled orders is

usually quite large.

Qur objective is to generate the list of all n-element orders. For reasons
raade clear by the previous paragraph, we would like to consider unlabelled
orders only. Unfortunately, our methods of storing and presenting orders in-
herently label the elements of the order. The solution is to consider labelled
orders, but to define two labelled orders to be equivalent if their correspond-
ing unlabelled orders are the same. This defines an equivalence relation on
the labelled orders. To choose a representative from cach equivalence class

we use the idea of canonical orders, presented in [Colbourn/Read 79).

The orders are formed on the set {I,...,n}. To limit the number of
orders generated, only those orders for which the natural ordering is a lincar

extension are considered. The orders are stored as an nxn upper triangular
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matrix of Os and ls, representing the covering relations of the order. The
entry at (a,d) is 1 if and only if a is covered by b. The comparabilities
of the order are recorded similarly. These matrices are referred to as the
covering and comparability matrices, respectively.

The clements of these (upper triangular) matrices are ordered lexico-

graphically; that is, in the order
(L), {lin)sees, (kb 1)yen sy (Bum)y oy (n= 2,0}, (0= 1, m),

forming a n(n — 1)/2-clement vector of Os and 1s. This vector may be
viewed as an n(n — 1)/2-digit binary number. The orders are generated in
order of increasing value of this binary number: in the order,

antichain,

n—=1l<n,

n=2<mn,
n=2=<nn—-1l=xn,
n—2~<n-1,
n-2<n—1lrn—-1<n,
n—2<xn—-1,n—-2<<n,
n=3=<n,
1<2,1=<3,1=<4,...,1<n.

Initially the vector is 0, the antichain. The last (rightmost) 0 in the
vector is found, and tested to see if it ¢can be set to 1. If it is possible to
do so, then this element is set to 1 and the remainder of the vector (to the
right) is cleared; otherwise, the next 0 is found and tested.

If the 0 is at position (a,b), it is necessary to decide if the covering
relation a < b can be added. There are two possible problems to consider.

Firstly, if @ < b already occurs in the order, then a < b is not a valid

covering edge. Secondly, adding @ < b might destroy some previously ex-
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jsting covering edge. In fact, the first problem cannot occur. Suppose that
a =< b is to be added, but the relations a < ¢ < b are alrendy present. We
may assume, without loss of generality, that ¢ < b. As natural numbers,
a < ¢ < b. Therefore, {a,b) is to the left of (¢,b) and so, when the relation
a < bisadded, the rclntioﬁ ¢ =< bis removed. Thus, a < b is a valid covering
relation. The second problem is possible. That is, adding a new covering
relation may destroy a previously cxisting one. Suppose that there exists ¢,
with ¢ < b, and ¢ < a. Adding the covering relation a < b givese < a < b,
s0 ¢ < b is no longer a covering relation. Thus, the covering relation a < &
may be added if and only if there is no ¢ with ¢ < @ and ¢ < b.

Each time a new covering edge is added, a new order is produced. This
order must either be added to the list, or rejected because it is equivalent
to some order already in the list. Comparing an order with all orders in
the list, to see if it is a relabelling of an order previously found, is very
time consuming. This problem is solved by Cnlburn and Read through the
use of “canonical orders”. Linearly order the above-diagenal elements of
the covering matrix. For reasons explained later, we order the clements
lexicographically, considering the second component first; that is, in the

order
(1.2),(1,3),(2,3),(1.4),(2,4), (3,4),....(n=3,n),(n=2,n),(n—1,n).

This forms an n(n — 2)/2-digit binary number, the value of the order.
Among alt orders in an equivalence class there is one with minimum value.
Call this order canonical, and let it be the representative of its equivalence
class. To determine if an order should be added to the list, it is only nec-

essary to test if the order is canonical. To test the order’s canonicity, other
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labellings of the order are tested, to see if there is a labelling with a lower
value. If a labelling giving a lower value is found, the order is noncanonical
and is discarded; otherwise, if all other labellings are tested and none gives

a lower value, then the order is added to the list.

lTo test alternate labellings of the order, we consider permutations of
the elements of the order. Initially, only permutations which swap a pair
of clements are considered. (The elements swapped are necessarily incom-
parable.) The number of such permutations is small, relative to the total
number of permutations, and these permutations are easily manipulated.
Yet, these permutations are very efficient in eliminating noncanonical or-
ders. In practice, these permutations eliminate between 70% and 90% of

the noneanonical orders.

If the canonicity of the order is still undetermined, the remaining permu-
tations of the order must be tested. Permutations are formed by selecting
an clement to replace 1, then selecting an element to replace 2, etc. When
forming permutations we need only continue as long as the value of the new
labelling is less than or equal to the value of the original labelling. Our or-
dering of the clements of the covering matrix yields the most significant
digits of the binary number first, 50 we may decide if the new value exceeds
the current one. As soon as this becomes apparent, we stop: no permuta-
tion completing the current initial sequence will prove that the order is not
canonical. Qur ordering of the covering matrix is very efficient: when the
kth element of the permutation is chosen, the next k — 1 elements in the
binary vectar are determined. This fills in the binary vector very quickly,

allowing us to abandon useless permutations sooner.
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There is no point in testing permutations which correspond to automor-
phisms of the order: they yicld the same order, with the same value. Most
such permutations are avoided by the use of “identical™ elements. Call a
pair of eclements of the order identical if they have the same upper and
lower covers. A sct of clements are identical if and only if they form an
antichain which is an autonomous set. Any permutation which permutes
only identical elements is an automorphism. To avoid such antomorphisms,
we order the clements of each identical sct, and require all permutations to
conform to this ordering.

This procedure is still very time consuming and can only be used for
small values of n. Here are our humble results. (computations performed

on a 80486 PC compatibie running at 66 MHz.)

orders  time required
16
63 0.1 sec.
318 0.7 sec.

2045 14.9 sec.
16999 8.0 min.
183231 5.1 hrs.

W~ D

9.2 Orders Without Irreducibles

We now describe the algorithm used to find all orders without irreducible
elements. The algorithm is 2 modified version of the general algorithm. It
would be very inefficient to produce all orders then decide which ones are
irreducible. Therefore, the algorithm is modified so that only orders with-
out irreducible elements are constructed. This is done by adding covering
telations in such a way that no element is allowed to have a single upper,

or a single lower cover. There are two instances where we must consider if
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a covering edge can, or must be added. The first is when we must decide
if the rightmost 0 (at position (a,b) in the vector) ¢an be changed to a 1.
In addition to deciding if the covering edge a < b renders any other cover-
ing edges nonessential, we must avoid introducing irreducible elements. If
b = a + 1 has no lower covers, then b cannot cover ¢. Among 1...a—1,
b has no lower covers. since there are no other possible lower covers for b,
and b cannot have only one lower cover, it must not have any lower covers,
to avoid an irreducible element.

The covering edge @ < b is added, if possible. Otherwise. the next
rightmost 0 is found anq tested. The second instance occurs after the
covering edge @ < b has been added. Previously, in the general algorithm,
the rest of the vector was cleared. It may not be possible to do that now,
without introducing irreducible clements. After (e,5) has been set, it is
necessary to test each element (c, d), which is to the right of (e, b} in the
vector. The following test are used, (in addition to the usual considerations

of nonessenti | edges):

e if d = ¢ + 1 has a single lower cover then d must cover ¢ — among
1...¢— 1, d has only one lower cover, the only possible second lower

cover 1S o

e if d = ¢ + | has no lower covers then d cannot cover ¢ — there is no

possible second lower cover for d;

e if d = n and ¢ has no upper covers then d cannot cover ¢ — there is

no possible second upper cover for c;

e if d = " and c has only one upper cover then d must cover ¢ — dis
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the only possible second upper cover for c.

If (¢.d) may be cleared then it is done, If (c.d) cannot be cleared, then
it is set, if possible. Otherwise, the order being constructed cannot be
completed to an order without irreducibles, and is abandoned. Continuing
on, the rightmost 0, to the left of (¢, d) is found and tested to see if it moy
be set,

The fact that the number of orders without irreducibles is much smaller
than the total number of orders allows a more efficient method for avoiding
multiple labellings of an order. As observed before, if the elements of the
covering matrix are ordered lexicographically, then the orders are produced
in increasing order of value. Thus, the canonical order from any equivalence
¢lass, having lowest value, is found before all other orders in its class. This
fact can be used to avoid alternate labellings of the order, by employing
a method similar to a well known prime number sieve, commonly called
the Sieve of Eratosthenes. When a canonical order is produced, all other
labellings, and their associated values, are fonnd. Thq values are stored in
an ordered list, by means of a binary tree. When a new order is produced,
to test its canonicity, it is sufficient to search for its value in the list. The
order is canonical if and only if its value is not contained in the list. The
advantage of this method is that permutations are formed only for canonical
orders, rather than all orders. As the equivalence classes are very large, this
represents a significant improvement in performance. The drawback with
this method is the large amount of memory required to store the list of
values. The size of this list makes it unsuitable for use when producing a

list of all orders on n elements,
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We are only interested in connected orders, but producing only con-
nected orders is very difficult. However, many disconnected orders are
casily avoided by producing orders which have no isolated elements. This
is accomplished by requiring each clement to have at least two upper, o
two lower covers. The following tests are applied when considering if the

covering relation @ < b must be added:
o if @ lins no lower covers and b = n — 1, then b must cover a;

e if b= a2 > n—1 has no lower covers, then b must cover a — since
b cannot have two upper covers, it must have two lower covers, the

only remaining possibilities are ¢ and e + 1.

It is easily seen that this will, in fact, ensure that the order does not have
any components with less than four elements. However, disconnected orders
may still be produced, so the connectivity of the orders must be tested.

Qur results are as follows,

n orders time required
4 1
5 2
6 7
T 25 0.1 sec.
8 123 1.1  sec.
-8 792 200 sece.
10 6965 13.1 min.
11 34124 10.5 hrs.

An interesting addendum, contrnsiing our resuits, is a subsequent re-
sult in [Schréder 92}, which proves that the number of n-element orders
withont irreducible clements, but which have the fixed point property, is

very large.
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