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Abstract

Autonomous robots are employed in several important tasks, for example, from
health care to military and defense applications involving operations in hazardous
and inaccessible environments. Legged autonomous robots can be advantageous
due to high adaptability and stability over any terrain, superior obstacle avoidance
capability, and advantages through redundancy by utilizing multiple legs. Com-
pared to rigid-legged robots, flexible-legged robots are highly compliant, suitable
for non-destructive inspection applications, and possess enhanced gait control with
improved energy efficiency. An approach to designing flexible-legged robots is
to mimic desirable features evolved via natural selection in biological organisms.
Conceptualizing new biologically inspired flexible-legged robots can expand the
usability and improve the efficiency of robots in different applications.

In this project, the inspiration for locomotion design is the mobility principle
utilized by small-scale organisms in the form of beating protrusions referred to as
cilia or flagella. Notably, the collective beating dynamics of ciliary arrays reveal
essential characteristics such as synchronization, phase locking, and metachronal
coordination suitable for terrestrial and aquatic robot locomotion.

This thesis presents the formulation, simulation, and analysis of a planar bio-
inspired flexible-legged robot for terrestrial locomotion. Each leg of the robot is
modeled as a bundle of flexible filaments using constrained Euler elastica that is
suitable to describe some of the characteristics of cilia or flagella. The legs/protru-
sions are mechanically coupled through the base, representing the robot’s payload,
via linear springs or elastic lumped elements, to produce certain desired collective
beating patterns upon individual moment actuations. The locomotion mechanism
is illustrated in simulation, wherein the results pave the ground for future work

with refined modeling to account for hardware implementation constraints.
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Chapter 1
Introduction

Robot locomotion generally refers to the set of features of a robotic device that en-
able navigation through the deployed workspace or environment. Movement of a
robot in unstructured or unknown environments is highly advantageous and opens
the possibility of many applications, including non-destructive environmental in-
spection [1-3], commercial implementations [4, 5], military and defense applications
[6-8], and operation in hazardous and generally not accessible environments [9-11].

Based on a robot’s environment, locomotion strategies can be classified as ter-
restrial, aquatic, and aerial. Further, a locomotion strategy that enables the robot
to traverse two or more environments is defined as multi-modal locomotion [12].
Apart from the classifications listed above, some literature also classifies robots de-
signed for climbing into a separate category known as scansorial [13]. No matter the
environment, the fundamental problem statement for designing a robot locomotion
mechanism remains the same. The locomotion mechanism must enable the robotic
device to move anywhere within the defined environment and let the robot per-
form its tasks, if any, without interruptions. The problem statement can be further
broadened to let the locomotion mechanism improve robot performance factors
such as versatility, robustness, compliance, energy consumption, environmental
disturbance rejection, and unknown environment exploration.

This thesis focuses on modeling a multi-legged locomotion strategy for terrestrial
locomotion of robotic devices. The proposed mechanism utilizes flexible filaments
as legs to allow movement of the robotic device over a flat and even terrain. This
work is the first step towards interactions with different types of terrain. The goal
is to gain some insight into the possibility of leveraging the dynamics of coupled
flexible filaments for terrestrial locomotion, extending a feature typically used for

aquatic locomotion.



CHAPTER 1. INTRODUCTION

1.1 Motivation and Inspiration

Over the past few years, much research has been conducted on multi-legged robots
for terrestrial locomotion. Walker-type robots designed using flexible elements
improve dynamic performance by providing compliance and offering significant
advantages compared to their rigid-body counterparts. The benefits include better
gait control, energy optimization, shock absorption, improved tractability over
rough and uneven terrains, and better speed with simplified control of locomotion
dynamics in some situations [14].

While many available robot locomotion design solutions offer the benefits listed
above, the degree to which each benefit offers an advantage to the robot varies with
each design. Quantitative comparisons between significant performance charac-
teristics of different locomotion mechanisms designed for the same purpose can
vary significantly. The variations in the characteristics can be attributed to a range
of factors, such as using a simplified dynamics model due to assumptions, under-
performance due to real-world mechanical constraints on the system dynamics,
and unavailability or limitations of technology to realize locomotion mechanism
concepts to their fullest potential.

For the reasons stated above, it is essential to conceptualize new locomotion
mechanics for robotic device motion. Designing new locomotion mechanisms offers
more options to users that can be tailored to solve problems with many detailed
requirements. Further, newly created locomotion technologies can be refined in the
future to be put to use in more complex situations.

For this thesis, the inspiration for the locomotion mechanism comes from the
mobility principle used by small-scale biological entities to travel in fluid envi-
ronments. These microorganisms possess hair-like protrusions on the surface of
their bodies, termed cilia or flagella, based on the biological purpose of these pro-
trusions. The fundamental structure of these protrusions is called an axoneme, a
cylindrical arrangement of pairs of elastic rod-like filaments connected by links.
The elastic nature of these filaments gives the axonemal structure flexibility. Also,
the axoneme consists of dynein motor proteins that allow it to oscillate. While
lacking a centralized control over the protrusions, the microorganisms can move
through aquatic environments by actuating individual surface protrusions that syn-
chronize among themselves and generate beating patterns to push the surrounding
fluid efficiently [15, 16]. The generated beating patterns include synchronization,
phase locking, and metachronal coordination, among others [17]. Metachronal
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g X A SIS

(b) Magnified view of the cilia [19]

(a) Microscopic view of the Paramecium [18] (c) Three-dimensional axoneme model [20]

Figure 1.1: Scanning electron micro graph of a freeze-dried Paramecium fixed
during forward swimming, magnified view of the metachronal waves of the cilia,
and three-dimensional model of an axonemal structure

coordination among an axonemal array consists of synchronous oscillation of all the
axonemes with a constant phase shift between contiguous axonemes, resulting in a
traveling wave propagating through the array. Figure 1.1 shows a microscopical
appearance of a Paramecium during swimming, where the cilia on the surface are
beating metachronously. Figure 1.1 also shows a three-dimensional representation
of an axonemal structure.

Recent literature [21] has shown that the emergent synchronous behavior in
surface protrusions is aided by a combination of two phenomena known as hydro-
dynamic and basal coupling. Hydrodynamic coupling results from the interaction
forces between the generated flow field of an oscillating protrusion and surrounding
beating protrusions. Basal coupling is due to the presence of a direct mechanical
linkage between the bases of the protrusions through flexible intracellular con-
nections. Synchronization between two beating protrusions aided through basal

coupling essentially represents a microscopic version of Huygens synchronization,
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CHAPTER 1. INTRODUCTION

wherein the pendula of two neighboring clocks suspended from a beam are ob-
served to gradually synchronize due to weak mechanical coupling between the
bases of clocks [22]. Overall, microorganisms can minimally actuate individual pro-
trusions on the surface of their bodies and generate beating patterns with the help
of hydrodynamic and basal coupling. Hence, it should also be possible to achieve
beating patterns, such as metachronal coordination, in axonemal arrays through
pure basal mechanical coupling when there are no hydrodynamic interaction forces.

Coincidentally, metachronal coordination is essential for the terrestrial locomo-
tion of many arthropods such as crabs and millipedes [23]. Also, the gait utilized
by many multi-legged robots involves metachronal coordination [24]. Therefore,
terrestrial locomotion can be achieved by using an array of basal coupled axonemes
as the legs of a robot that coordinate metachronously. Here, basal coupling rep-
resents the linkage between the bases of the legs through a flexible mechanical
component. As observed in arrays of biological axonemes, basal mechanical cou-
pling can transfer forces between one oscillating leg to another, ultimately leading
to synchrony. This terrestrial locomotion mechanism could help overcome some
challenges that multi-legged robots face. Since the axonemal structure is flexible,
they are a robust solution for the legs of a robot, as they can adapt and morph to dif-
ferent terrains. Also, instead of forcing each leg to coordinate metachronously, the
actuation inputs to each leg can be reduced, and basal coupling can be exploited to
achieve metachronal coordination. Once the dynamics of this system are predicted,
important optimizations for terrestrial robotic locomotion can be considered, such

as maximizing autonomy and minimizing energy consumption.

1.2 Thesis Objectives and Contributions

The main goal of this work is to introduce and test the viability of a multi-legged
robot locomotion strategy inspired by the aquatic mobility features of microorgan-
isms. The research work presented in this thesis contributes towards the overall

objective in the following ways:

* Mathematical modeling: present the locomotion mechanism concept, which
utilizes the flexible axonemal structure as the legs of the robot, metachronal
coordination between the legs to move the robot, and basal mechanical cou-
pling in the form of elastic lumped elements that link the bases of the legs to
possibly aid in metachronal coordination. Since this is the first iteration of the
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CHAPTER 1. INTRODUCTION

proposed concept, the locomotion mechanism is implemented and modeled

for a planar robot with a rigid payload.

¢ Simulation: test the viability of the terrestrial locomotion mechanism by
simulating the motion of the proposed planar robot over a flat and even
terrain. The contact mechanics between the robot and the terrain are modeled
suitably.

* Analysis: study the simulation results and illustrate the desired features of

the locomotion mechanism while examining possible pitfalls.

Ultimately, the analysis presented in this thesis serves as a step toward lever-
aging the desirable features of these fluid-based microorganisms for terrestrial
robot locomotion and future work on the realistic implementation of the proposed

locomotion mechanism.

1.3 Thesis Outline

The thesis is outlined as follows:

¢ Chapter 2: literature review on the fundamental concepts of terrestrial robots
and their types, multi-legged robot locomotion mechanics and gaits, and
contact mechanics of leg-terrain interactions. Also, concepts related to struc-
tural configuration and biomechanics of cilia or flagella and models related
to synchronous beating patterns in ciliary arrays in fluid environments are
explored.

* Chapter 3: mathematical modeling of the proposed terrestrial robot consisting
of an array of axonemes acting as legs of the robot that are coupled at the base
via linear springs. The springs also connect the axonemes with the rigid body
of the robot. Each axoneme is modeled as a nonlinear rod with internal forces
by using constrained Euler elastica, resulting in nonlinear partial differential
equations. The equations are solved through the finite element method by
considering their weak formulation. The robot body dynamics are derived
through Euler-Lagrange equations. Also, the interaction forces between the
terrain and robot are modeled suitably. Supplementary material related to the

mathematical modeling is presented in Appendix A.
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CHAPTER 1. INTRODUCTION

¢ Chapter 4: discussion of the results obtained through the simulation of the
locomotion of the proposed robot model over a flat terrain. The analysis of
the accuracy of the mathematical modeling of the robot is presented. The code

used for the simulation of the robot is shown in Appendix B.

* Chapter 5: brief summary of the work presented in this thesis, conclusions
determined from the results, viability and drawbacks of the proposed robot

locomotion solution, and future possible improvements to the robot.

MASTER OF APPLIED SCIENCE THESIS 6



Chapter 2

Literature Review and Background

Theory

2.1 Terrestrial Robots

Terrestrial robots utilize contact forces generated by the interaction between the
actuating mechanism and the terrain to create thrust and move on the ground. The
number of robots that fall under this category is vast and varies significantly from
each other in terms of design complexity, control strategy, actuating mechanisms,
performance capabilities, and application space. Hence, off-the-shelf robots typi-
cally do not exist for most terrestrial applications. Instead, based on the problem
statement, optimal robots are designed and developed using a combination of vari-
ous available technologies. Ongoing research involves developing algorithms to
find an optimal robot design and assembly from a given set of primary building ele-
ments. The primary building elements may include actuators, linking mechanical
objects, and different types of joints. For instance, [25] demonstrates an algorithm
to develop a set of equally optimal robot design solutions from a few primary robot

elements to achieve multiple objectives.

2.1.1 Types of Terrestrial Robots

Though a strict classification template does not exist, based on the propulsion
mechanism utilized, terrestrial robots may be primarily classified as follows [26-28]



CHAPTER 2. LITERATURE REVIEW AND BACKGROUND THEORY

2.1.1.1 Wheeled/Tracked Robots

Most terrestrial robots utilize wheels to move on the ground due to simplicity
in design and control, cost efficiency, and inherent stability because of consistent
contact with the surface during motion over even terrains [29]. Though highly
advantageous for solving most common problems, wheeled robots do not function
effectively over uneven and rocky terrains due to a decreased availability of contact
points with the ground for the wheels. Also, low friction makes wheeled robots
operate poorly over smooth and slippery surfaces. However, some of the problems
caused explicitly by the terrain can be alleviated by increasing the number of wheels
and using a better suspension system to maintain contact between wheels and the
ground during travel. However, adding more wheels also adds more weight to
the robot due to actuators, brakes, and steering mechanisms, which might lead to
limitations in robot functions [30].

Tracked robots are utilized to overcome the contact problem with wheeled robots
over uneven and smooth terrains to gain better traction and locomotion stability.
However, the motion control of tracked robots is complex. The most common way
to move tracked robots is through skid-steering. Skid-steering requires actuating
tracks on each side of the robot at different speeds to generate lateral slippage
and initiate a turn. During skid-steering, the slippage and the nonlinear track-
terrain interaction dynamics are challenging to calculate and predict, due to which
trajectory tracking control is required to maintain a tracked vehicle in the desired
trajectory [31]. Further, skid-steering may also cause loss of contact points between
tracks and terrain, leading to inaccurate measurements by the odometry sensors.
Also, since each wheel of the tracks on the robot is independently driven, straight-
line travel over uneven, complex, and smooth terrains can be difficult as each part
of the track might have frictional differences with other parts of the track, requiring
different individual wheel velocities to propel the vehicle ahead. Due to different
wheel velocities, the overall velocity of a track on one side of the robot may be
higher than the other, causing the robot to deviate from the straight-line path.

2.1.1.2 Sliding Robots

Another approach to overcome the contact and mobility problems with wheeled and
tracked robots over rough, uneven terrains and smooth, low-friction viscous terrains
such as dunes is to use robots that slide on the terrain. Sliding robots utilize various
gait patterns on the contact area between the body and the terrain to push against

MASTER OF APPLIED SCIENCE THESIS 8



CHAPTER 2. LITERATURE REVIEW AND BACKGROUND THEORY

the terrain, generating reaction forces that propel the robot towards the desired
direction [32, 33]. Sliding robots primarily initiate the movement by undulating
laterally (snake-like gait) [34, 35] or pushing longitudinally (worm-like gait) [36].
Some robots utilize a combination of the two gaits to improve the overall terra-
dynamic capabilities of the robot and gain an advantage over terrains where one
type of locomotor function is a better performer than the other. For instance, a worm-
like robot that utilizes a longitudinal peristaltic wave to propel itself toward the
desired direction can benefit from lateral undulation by possessing more anchoring
points for better propulsion and modification of the robot’s orientation in the lateral
direction to avoid obstacles much more quickly [37]. A typical sliding robot design
links many compartmentalized units through joints that allow the structure to sway
upon actuation. Also, due to the many actuatable individual units, the robotic
system inherently possesses more degrees of freedom than necessary to move on
the ground, making it a highly redundant system and, hence, more reliable for
navigating challenging terrains. Though complex controllers allow sliding robots
to navigate over terrains complicated for wheeled /tracked robots with reasonable
tracking control, the overall locomotion efficiency of sliding robots is low over
smooth and viscous terrains. Furthermore, the large number of degrees of freedom
poses a complex problem in controlling and reducing the cost of actuating them.
Also, the small size of sliding robots translates to lower payload capacity and speeds
than other types of robots [38]. Some robots utilize articulated passive wheeled
modules that replicate a snake-like gait instead of sliding on the terrain for better
locomotion speed. However, passive wheeled snake-like robot designs assume a no-
slip condition on the terrain when, in reality, it is difficult to control the joint torques
such that the wheels do not slip [39]. Due to the body shape, typical applications of
snake-like and worm-like robots include surveillance, inspection, and sampling in

highly constrained and humanly inaccessible environments [40].

2.1.1.3 Legged Robots

The disadvantages of sliding robots in terms of lower payload capacity, higher
energy consumption in actuation, and lower travel speed can be offset using multi-
legged robots. Since this thesis sets forth the design of a biologically-inspired flexible
multi-legged robotic system, the concepts involved in the types, design, locomotion
mechanics, and control of legged robots are discussed in detail in Section 2.2.

MASTER OF APPLIED SCIENCE THESIS 9



CHAPTER 2. LITERATURE REVIEW AND BACKGROUND THEORY

2.1.1.4 Hybrid/Other Robots

Terrestrial robots that utilize either a combination of the actuation mechanisms
used by the three primarily classified robots or travel through other mediums along
with terrestrial locomotion are classified as hybrid/other robots. For example, the
survey presented in [41] exhibits many available hybrid mobile robots that change

the travel medium or locomotion mechanism to optimize operational efficiency.

2.2 Multi-Legged Robots: An Overview

Unlike sliding robots, where the contact area moves with respect to the surround-
ings, or wheeled robots, where the contact points maintain continuous contact
with the terrain, legged robots always maintain discrete contact points with the
terrain such that the contact points do not move with respect to the surroundings
during the motion of the robot. For sliding and wheeled robots, a continuous path
is required for traversal, possibly finite over rugged terrains with various obsta-
cles. In contrast, the typical path trajectory of a legged robot consists of a series of
discrete footholds along the terrain, and robot motion is induced by moving the
leg about the foothold. Due to the discrete contact points feature, legged robots
can choose from many options the best area on the terrain for foot placement and
are well-suited to navigate complex terrains compared to other terrestrial robots.
Though wheeled robots have higher payload capacities, move extremely fast and
efficiently over suitable surfaces, and can move over small obstacles by employing
mechanisms used by all-terrain vehicles [42, 43], users prefer legged robots due to
superior mobility in natural terrain. Apart from stepping over obstacles or ditches,
legged robots can also climb over obstacles, walk on debris, and ascend stairs,
ladders, and uneven terrains [44, 45].

Legged robots can utilize telescopic legs to adjust their leg lengths to change
their body orientation or to modify the position of their body’s center of gravity
during travel, making the robot less prone to tip and over and more reliable. Further,
telescopic legs allow the robot to adjust its step length and place its extended feet in
slightly deep ditches to secure a strong foothold and to move ahead on the terrain
[46]. Even without telescopic legs, legged robots can vary their leg configuration to
accommodate surface irregularities and establish contacts at desired points along
the terrain. When traveling on soft surfaces, legged robots have a better advantage
over wheeled /tracked robots because discrete footholds deform the terrain less, and
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lower energy is required to get the legs out of depressions. Furthermore, suitable
control strategies can be applied to initiate a soft landing of the legs on the terrain
by utilizing terrain parameters obtained either through previous knowledge of
the terrain [47], through sensors attached to the legs [48], or through sensing both
physical properties and terrain profile via compliant leg elements [49].

Any legged robot comprises two primary units: the body and the legs. Typically,
the body of a legged robot houses the power supply, control system, most of the
actuators, instruments necessary for the robot to execute tasks, and additional
payload if required to be carried as part of a task. The design of the robot’s body is
crucial for improving the locomotion efficiency of the robot. Adjusting the position
of the center of gravity of the robot body through altering dimensions and changing
weight distributions allows for better stability of the robot. Also, reducing the
overall weight of the robot improves the locomotion speed. Furthermore, suppose
the robot’s body is slender with an adaptive body shape, and the legs of the robot
are compliant. In that case, the compliancy can implement shape tracking and
material parameter deduction of the terrain [49]. By recognizing the shape of the
terrain, the adaptive body of the robot can be morphed into the shape of the terrain,
allowing for better contact points for the legs of the robot over unstructured terrains.
Also, the legs of a legged robot act as an active suspension to the robot’s body;,
unlike wheeled /tracked robots requiring a dedicated suspension system to manage
the vibrations induced from the terrain onto the robot. Due to the active suspension
feature, the path of the trunk of the robot is decoupled from the paths of the feet,
making it travel smoothly and freely over uneven terrains. The robot can use
decoupling to increase its speed and efficiency on rough terrains. Moreover, legged
robots have control over the force distribution through the foothold points, which

can be optimized to improve robot-ground interaction.

2.2.1 Advantages and Disadvantages of Multiple Legs

An obvious advantage posed by multiple legs is improved static stability over
unstructured terrains, a higher number of isolated footholds that optimize support
and traction of the robot during motion, and increased precision in the degree
of body orientation adjustments. Adding more legs also increases the degrees of
freedom, giving the legged robot redundant legs, greater mobility, and flexibility.
Furthermore, adding more than the required number of legs can improve robustness.

For instance, in the case of failure of one or more legs, the robot might still be
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able to perform its tasks at reduced efficiency by utilizing the remaining legs
through a suitable control strategy. Additionally, with more legs, the robot is less
susceptible to deadlock situations wherein the robot cannot move in the desired
direction. Typically, legged robots avoid deadlock situations by utilizing adaptive
gait planning algorithms [50].

Legged robots possess a few disadvantages that can be addressed by incor-
porating optimized robot designs and complex control systems. The locomotion
kinematics and dynamics of legged robots are complex, and achieving synchro-
nized motion with coordination between legs over any terrain or obstacles requires
complicated control strategies. Though redundancy is an effective method to move
the robot over uneven terrains, improve robustness, and move the robot in case
of unpredictable situations, adding more than the required number of legs adds a
significant amount of weight. Depending on the design of each leg, the number
of actuators required to drive the legs can vary. For instance, if a leg is designed
as three links connected via revolute joints, three actuators would be required to
drive each joint. Besides the weight of the legs, trunk, devices housed inside the
trunk, and other payloads that the robot carries, the actuators also contribute sig-
nificantly to the robot’s weight. If the robot is required to move faster, the power
output from the actuators must increase, which means bigger, heavier, and more
power-consuming actuators. Hence, when compared to wheeled and tracked robots,
legged robots have higher energy consumption and lower payload-to-weight ratio.
Also, compared to wheeled and tracked robots, the speed of legged robots is con-
siderably lower on plain and regular surfaces. However, legged robots outmatch
wheeled and tracked robots over irregular terrains in speed and efficiency.

2.2.2 Gait Patterns of Multi-Legged Robots

For a legged robot to move in the desired direction, the legs must coordinate and
move or rotate in a pre-defined sequence following the body’s movement and the
shape of the terrain. The pre-defined sequence that the legs follow is termed gait.
For any given gait, to generate motion toward the desired direction, each leg of
the robot must accomplish two phases of a gait cycle. When the leg is in stance
position, the leg is in contact with the ground and pushes against the ground to
generate forces that propel the robot in the desired direction. During flight, the leg
recirculates through the air and is not in contact with the ground. A leg in flight
always returns to the stance configuration, completing the gait cycle. The periods at
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v
Position2 ~  «——  Position 1

(a) Biped robot gait cycle over an unstructured terrain [51]. The robot walks from right
(position 1 depicted in the color orange) to left (position 2 depicted in the color blue).
The tips of the legs move through curves S} and S}

Yo=Y =Yl
(b) Gait cycle of a crab-inspired multi-legged robot over a flat terrain [52]. The robot
walks from right to left in five stages from (i) through (v)

Figure 2.1: Illustration of gait cycles of a biped robot and a crab-inspired multi-
legged robot

which each leg changes from one configuration to another and the time to complete
a gait cycle are variable and significant factors in differentiating gaits. For instance,
Figure 2.1 illustrates the gait cycle of a biped robot and crab-inspired multi-legged
robot. Legged robots often use a combination of different gait patterns to locomote
over various surfaces. There are many possible factors to use to classify legged
robot gaits, such as change of orientation of the robot’s body during travel, the
direction of travel, type of walking, and periodicity between the movement of legs.
Figure 2.2 shows various types of gaits utilized by legged robots over different
terrains while indicating their periodic properties.

Generally, gaits can be classified according to gait function or motion periodicity
[53]. Based on gait function, gaits are classified as level-walking or obstacle-crossing
gaits. Gaits that do not require the robot to change the height or orientation of
the body are called level-walking gaits. Whereas gaits that require the robot to
change the body height and orientation, typically over highly irregular terrains, are
termed obstacle-crossing gaits. Based on the motion periodicity, gaits are classified
as periodic or aperiodic. While most applications involving traversal over flat and
fair terrains require the robot to follow periodic gaits to operate efficiently and
execute desired tasks, rough terrains require the robot to follow aperiodic gaits due
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Figure 2.2: Possible gait patterns of a legged robot over various types of terrains
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to the unevenness of the terrain.

Many types of level-walking gaits are used for different kinds of terrains
[54]. Over a perfectly smooth terrain, level-walking gaits are of three types: for-
ward /backward, crab, and turning gaits. All three types of gaits are related since
forward /backward gait is a particular case of crab gait, and crab gait is a particu-
lar case of turning gait. Forward /backward gait enables a legged robot to move
forward or backward, while the angle between the global vertical axis and the
robot body’s longitudinal axis does not change. Typically, multi-legged robots use
either wave or equal phase gait to move. Through a wave gait, a multi-legged robot
periodically moves its legs, resembling a wave propagating through the stepping
actions irrespective of the status of its leg’s placement over the terrain. Whereas,
through equal phase gait, a multi-legged robot equally distributes the lifting and
placing events of the legs over a locomotion cycle. Further, literature [55] also shows
that wave gait is the most stable of the regular gaits where the stability margin is
optimum under certain conditions. In both wave gait and equal phase gait, the feet
of the robot can only be adjusted to a small degree to avoid small forbidden areas,
hence making them unsuitable for use on terrains with many irregularities. Crab
gait, as the word "crab" implies, lets the robot move in a crab-like fashion where the
direction of travel is diagonal and at an angle from the global vertical axis. Typically,
the angle between the robot body’s longitudinal and global vertical axis remains
unchanged during crab gait. Further, turning gaits enable the robot to turn in the
desired direction. Typically, turning is achieved by differential motion of the legs
on either side of the robot, wherein the legs on one side move faster than the other.

Legged robots can still utilize periodic gaits over a reasonably smooth terrain
with irregularities to ensure smooth operation. However, the terrain geometry
must be known before the robot travels. The terrain parameters can be calculated
manually, through a terrain scanner, tactile sensors, or sensing via compliant legs.
Once the terrain irregularities are known, the legged robot can traverse a path
free of terrain irregularities by knowing the locations of all the secure footholds.
Through follow the leader gait, robot operators select secure foothold positions
for the front two legs of the robot along the path of travel. The remaining legs
are placed at the previous positions of the legs ahead of them. Through this gait
mode, the foothold identification and selection process is minimized while the robot
maintains a high speed of motion through periodicity. Further, a wave gait is a
specific case of continuous follow the leader gait. Hence, to traverse a path with
many irregularities, a wave gait can be modified [56] to adjust the foothold positions
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of the remaining legs based on the secure foothold locations given for the first two
legs to ensure smooth travel of the robot. Another class of gait algorithms, free gaits,
do not follow the periodic flow of leg movements or placing/lifting events while
ensuring positive stability at all times. Free gaits also require prior knowledge of
terrain geometry.

Most level-walking gaits cannot be used for rough terrains with many irregu-
larities. However, a discontinuous follow the leader gait can be used to negotiate
travel on such terrains. Discontinuous follow the leader gait ensures good stability
at all times, and no more than one leg is lifted at a time. The principle of travel
remains the same as that of the continuous one. The footholds for the first two legs
of the robot are selected on the path. Another approach to allow a robot to travel
safely while maintaining level is to manually declare the foothold position trajec-
tory for all the legs of the robot and guide the legs through them. However, this
approach, termed precision footing gait, is cumbersome since the possible options
are many, and the process gets complicated as the path length increases. Hence,
using obstacle-crossing gaits [57] is the best option for travel on rough terrains
while optimizing stability and speed. Obstacle-crossing gaits can also cross over

obstacles more prominent than the robot’s size.

2.2.3 Metachronal Wave Gait

Metachronal wave gait is a type of wave gait that can be realized in legged robots
by actuating each leg of the robot sequentially with a constant desired phase shift
between contiguous legs [58, 59]. Metachronal rhythm as a means of locomotion
for organisms in both fluid and terrestrial environments can be observed over a
vast spectrum of species ranging from the swimming of plankton to the walking of
millipedes. There are also terrestrial robots that make use of metachronal coordina-
tion for locomotion. For instance, research in [60] presents a soft robotic system that
utilizes metachronal waves generated over a magnetically actuated artificial ciliary
carpet to perform a crawling motion similar to a millipede. Forward locomotion of a
legged robot through metachronal wave gait can be achieved through two methods
based on the initial conditions of the legs of the robot. If all the legs of the robot are
initially touching the terrain, the robot lifts its rear-most leg and only starts lifting
the leg in front of the actuated leg when a desired phase difference between them
is achieved. This lifting process that achieves the desired phase shift between the

contiguous legs of the robot begins from the posterior and proceeds towards the
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anterior as each leg of the robot, in turn, is lifted. Once the forward-most leg of the
robot has been lifted, all contiguous legs have a constant phase shift between them,
resulting in a metachronal rhythm. The constant phase shift between contiguous
legs also results in a traveling sinusoidal wave propagating through the legs of
the robot. Since all the legs of the robot are touching the terrain initially, the robot
achieves the highest possible initial static stability because all the legs of the robot
support the weight of the robot’s body. However, the initial forward movement of
the robot would be slow because the metachronal coordination between all the legs
of the robot would only begin when the forward-most leg of the robot is lifted off
the ground. Until the forward-most leg is lifted off the terrain, at least one leg of the
robot would be in continuous contact with the terrain, slowing down the forward
locomotion process [61].

Another way to achieve forward locomotion through metachronal wave gait
is to assume all the contiguous legs of the robot to be initially out of phase by the
desired constant phase difference and actuate all the legs simultaneously instead of
actuating the legs sequentially. This would result in a metachronal wave from the
instant all the legs are actuated since all the contiguous legs are already at a fixed
phase lag from one another. This gait in insects is referred to as a diagonal tripod
gait which is a form of metachronal wave gait [62-64]. From a control perspective,
this method is much easier to implement since it involves simultaneously actuating
each leg of the robot, as opposed to the other method, which involves sequentially
actuating each leg of the robot. The only drawback of this method is that it initially
has a lowered static stability due to a decreased number of legs in contact with
the terrain. However, in both methods, the actuation inputs to each leg must
be controlled and ensure that contiguous legs are moving with a constant phase
difference.

There are many ways to implement the lifting cycle of the legs of a robot utilizing
metachronal wave gait. One way is to rotate all the legs such that the tips of the
legs of the robot trace a circular trajectory, with each leg tracing a different point
on the circle. By enabling the tip of each leg to trace a different point on the circle,
a phase difference between the legs can be established, and a metachronal wave
propagating through the legs of the robot can be observed. Each leg movement
comprises two kinematic stages during the forward movement: dense phase and
sparse phase. During the dense phase, the leg is in contact with the ground and
rotates backward to generate a thrust that propels the robot forward. The thrust is
generated due to the friction between the legs and the terrain. During the sparse
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Figure 2.3: Metachronal wave propagation in Millipede locomotion (replicated from
[65])

phase, the leg is not in contact with the ground and rotates forward to recover to a
position where it would be in contact with the terrain for the dense phase. During
the backward motion of the robot, the legs would rotate in the opposite direction
for each of the phases. To move left/right, the legs on one side of the robot act as
a pivot while the legs on the other side rotate. Further, robots with a body that
undulate laterally aid in sharper and quicker turns.

Metachronal coordination among the legs of a multi-legged robot provides
increased stability and decreased energy expenditure. Further, the phase difference
between each leg can be reduced to increase the robot’s speed, but the robot’s overall
stability is reduced. The traveling wave phenomenon is also observed in myriapods
such as millipedes and centipedes that utilize numerous legs to locomote. Since
myriapods possess hundreds of legs, they can have enough legs in the dense space
to support their body weight at any given instant. The remaining legs are in a
sparse phase with a constant phase difference between contiguous legs. The typical
locomotion pattern followed by an n-legged millipede is shown in Figure 2.3 [65].

The tips of the legs of a millipede can be approximated to lie on a propagating
sinusoidal wave. The position of a millipede’s leg can be predicted by assuming
that the leg trajectory traces a circular path if suspended freely in the air [66]. By that
assumption, when a millipede walks, the ground disrupts the circular path, leading
to forward propulsion. Though realistically, millipedes do not rotate their legs along
a circular path due to joint constraints. Instead, they move their legs to and fro
periodically. However, the circular reference model is a reasonable simplification
and allows for easy calculation of the leg’s position at any given time when specific
parameters, such as the angular velocity w of the leg, are known. Further, the
profile of the millipede legs” extremities can be described by a metachronal wave
propagating along the axis x that is aligned with the axis of the body when it is

MASTER OF APPLIED SCIENCE THESIS 18



CHAPTER 2. LITERATURE REVIEW AND BACKGROUND THEORY

rectilinear using [65]

sin (277[(3( — ct)) (2.1)

where k and ¢ are the wavelength and the frequency of the propagating wave, re-
spectively. Additionally, the phase difference between contiguous legs is expressed
as [65]
27
o= (2.2)
where 7 is the number of legs comprised in one wave.

In this thesis, the proposed multi-legged robot will use metachronal wave gait to
traverse over a flat and even terrain. The robot’s movement is enabled by applying
a moment at the base of each leg to rotate the leg. Further, the contiguous legs of the
robot are initially assumed to be out of phase by a desired phase difference. Hence,
actuating all the legs of the robot simultaneously while ensuring constant rotational
frequency would result in metachronal coordination between the legs of the robot,
enabling the locomotion of the robot.

2.24 Multi-legged Robots with Flexible Elements

Robot modeling is generally based on theoretical solid mechanics, with different
degrees of complexity and sophistication of the models based on the device to
be described. For example, cases for which lumped parameter modeling can be
sufficient are treated as particle masses; on the other hand, articulated systems of
rigid bodies are used to model robotic manipulators with fixed and mobile bases,
and flexible continua models are involved for soft mechanisms with a large number
of degrees of freedom, which can be appropriately described as distributed param-
eter systems. Once the framework is determined, a suitable theory from classical
mechanics, such as Hamilton’s principle, can be applied to obtain a linear/non-
linear system described by partial differential equations if continuous elements
are involved. Exact solutions for the partial differential equations cannot be often
determined. Instead, numerical methods must be used in such cases. One such
numerical method is the finite element method, which involves discretizing the
solution domain and eliminating the spatial dependence of the partial differential
equations to obtain a system of linear/nonlinear ordinary differential equations

with only time-dependent parameters. Hence, modeling a robot assuming that each
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component has a degree of flexibility is demanding and requires high computa-
tional effort. In addition, stability analysis and designing reliable control techniques
might be required for the flexible robot to execute desired tasks.

Though the process is complex, there are added benefits when utilizing flexible
elements for multi-legged robots. Flexible elements of the robot designed using soft
mechanical structures that provide a high degree of flexibility can make the robot
highly compliant, resulting in better locomotion performance over unstructured ter-
rains, improved energy efficiency, enhanced gait control, natural shock absorption
capabilities, higher speed of locomotion, and better obstacle avoidance capabilities
[14]. For instance, [67] proposes a realized semi-autonomous multi-legged robot
with a flexible body and legs along with experimental results. The results indicate
improved robot mobility over debris and through narrow spaces compared to con-
ventional robots. The improvement was attributed to the flexibility of the robotic
system.

Often, flexible robots are referred to as hyper-redundant robots due to the large
or infinite degrees of freedom. A source of inspiration for designing flexible legs
comes from nature. Since most organisms have evolved over many generations, the
locomotion principles used by these organisms in their respective environments are
often highly energy efficient and optimized for locomotion speed. Recent literature
[14] has shown that biologically inspired compliant-legged robots designed using
elastic elements offer improved dynamic performances compared to rigid-legged
counterparts. Notable advantages include improved energy efficiency, enhanced
gait control, natural shock absorption capabilities, higher speed of locomotion, and
better obstacle avoidance capabilities.

In this thesis, we model the legs of the robot as flexible structures to capitalize on
the compliancy and likely improve traversal over complex terrains. The inspiration
for the design comes from the flexible axonemal structure of protrusions present on
the surface of many fluid-based microorganisms. Overall, the axoneme behaves as
an elastic rod-like structure with a high degree of flexibility and possesses an internal
set of shear stresses that allow it to move and bend. In biological protrusions, these
stresses result from the concurrent effect of dynein motor proteins and passive
elastic connections within the structure. Distributed motors and passive mechanical
links can generate the same effect in a realistic implementation. In this work,
moments are applied at the bases of the legs to drive the robot. The internal
system of shear forces acts as a secondary means of actuation and is included in
the modeling of the system presented here. However, the internal forces are set to
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Figure 2.4: Morphing capabilities of an adaptive robot designed using thermal
shape memory alloys [68]

zero during the simulation to demonstrate metachronal coordination by applying
moments at the bases.

The axonemal structure is specifically chosen due to its extreme flexibility and
morphing characteristics. The ability to transform into different complex shapes
while being compliant and adaptive on unstructured terrains is highly desirable
to tackle environmental constraints. For instance, [68] proposes a flexible robot
framework that utilizes thermally activated shape memory polymers to enable the
morphing capabilities of the robot. Figure 2.4 depicts an experimental result pre-
sented in [68] where the robot performs multimodal terrestrial locomotion due to its
extreme flexibility. Similarly, biologically active axonemes of small-scale biological
entities have demonstrated these desired flexible structure qualities [69, 70]. The
highly flexible nature of the axonemal structure, the internal actuation mechanism,
and the potential induction of metachronal waves through basal mechanical cou-
pling make it an extremely desirable candidate for the flexible framework of the
robot legs modeled in this thesis. The modeling and results presented in this work
show the viability of the proposed locomotion mechanisms and pave the way to
address hardware implementation constraints.

2.2.5 Terrain Contact Mechanics

An important aspect to consider while formulating the dynamics of any terrestrial
robot is to conceptualize and mathematically model how the robot interacts with
the terrain. Contact mechanics are important because the robot can only move
on the terrain due to the contact forces that are generated when the robot comes
into contact with the terrain. The moment when contact occurs between the robot

and the terrain is also called an impact event [71]. From a geometrical perspective,
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contact between the leg of the robot and the stationary terrain can be considered
as a restriction on the motion of the leg in specific directions when the conditions
for an impact event are met. Significantly, the kinematic constraints in the direction
of movement of a rotating leg occur both in the normal and tangential directions,
which require both normal and frictional forces that act to prevent the motion of
the leg along the respective directions. Here, the normal force prevents the leg from
penetrating the terrain, while the frictional force prevents the leg from slipping.
Therefore, appropriate functions are required to model the impact event based
on the geometry of the terrain and the resultant contact forces. Apart from the
restriction of movement, the contact forces and impact events also affect mechanical
elements such as vibrations, wave propagation, fatigue, wear, and the appearance
of cracks [72]. These phenomena are complex to model and occur due to impulsive
changes in the direction of motion of the system, resulting in the appearance of high-
magnitude reactive forces. Since this work only focuses on checking the viability
of the proposed locomotion mechanism and does not involve analyzing the robot
from a design perspective, the contact mechanics is limited to modeling the contact
forces and conditions for the impact event.

The contact formulations can be obtained using standard methods such as the La-
grange multipliers method and the Penalty method [71]. The Lagrange multipliers
method involves using additional unknown variables called Lagrange multipliers
to enforce constraints on a system. Therefore, the system states and unknown
Lagrange multipliers must be determined to solve the system’s dynamics. Though
it is an additional complication to solve for Lagrange multipliers, the method allows
for exact enforcement of the constraints on the system (i.e., the Lagrange multipliers
ensure that a constraint is always fully satisfied). The penalty method does not
require the use of additional unknowns. Instead, a penalty function is formulated
using the system constraints and penalty parameters that ensure that the imposed
constraints are approximately satisfied. Theoretically, the penalty function can
be interpreted as a spring-damper system that restricts the motion between two
deformable bodies in contact [71, 72]. The spring restricts the motion of one body
into the other by applying a reactive force, and the elasticity of the spring models
the deformation of the bodies that could occur during the impact event. The damper
models the energy dissipation when the bodies come into contact. Here, energy
dissipation represents the energy lost by both bodies during the contact process.
The energy loss could be visualized in a bouncing ball problem, where the ball loses
energy with every bounce in the form of heat, sound, and air friction, which leads
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Figure 2.5: Visual depiction of a spring-damper system that models the contact
mechanics between a foot and the ground [72]

to a lower bounce height. For instance, Figure 2.5 represents the contact mechanics
between a foot and the ground in the form of penalty functions. The normal force
fn is a penalty function with spring stiffness K and damping ratio C that prevents
the penetration of the foot into the terrain and represents the energy loss during
the impact event. Similarly, the frictional force f; is modeled with stiffness .. and
damping coefficient y; that prevents slipping of the foot and depicts the energy
dissipation during the contact event.

In simulations, the penalty method is preferred due to its simplicity and com-
putational efficiency [72]. Typically, large values are used for penalty parameters
that lead to acceptable satisfaction of the system constraints. However, there are
drawbacks in the form of identifying penalty parameters for different types of
terrains and inclusion of high frequencies in the system due to large penalty pa-
rameters for the spring stiffness[72]. There are works present in the literature that
specifically address the problems arising due to the penalty methods in different
situations [72]. Though the constraint is not precisely satisfied using the penalty
method, the advantage is that it does not require solving for additional variables as
in the case of the Lagrange multipliers method. This can reduce the computational
time needed to solve the differential equations describing the motion of a complex
system [73-75].

For this thesis, the proposed multi-legged robot is simulated over a flat and even
terrain. The contact mechanics between the robot and the terrain are derived using
the penalty method. The penalty functions are formulated using a linear Hooke
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contact model where the elastic contact of the robot’s payload and tips of the legs
with the terrain are represented by linear spring elements acting in normal and
tangential directions [71, 76]. At the time of the impact event, the linear springs
apply reactive forces in the normal and tangential directions at the tips of the legs,
preventing them from penetrating through the terrain while ensuring no slippage.
However, there is a modeling simplification considered for the contact mechanics
between the robot’s body and the terrain. At the time of the impact event between
the body and terrain, the penalty model only applies a normal contact force to
meet the non-penetration condition. The frictional force between the body and
terrain during contact is assumed to be non-existent. Penalty methods such as the
Kelvin-Voigt contact model that use an energy dissipator and advanced penalty
contact models [72] are not considered in this work since the objective is to portray
the qualitative results and show the viability of the locomotion mechanism. Since
the robot is simulated over a flat terrain, using advanced penalty contact models
seems unessential. Also, the energy dissipation phenomena during impact events
are disregarded because the results are not analyzed from an energy consumption

perspective.

2.3 Biomechanics of Cilia and Flagella

Many cells and microorganisms possess slender hair-like protrusions called cilia or
flagella on the surface of their bodies. The protrusions present on microorganisms
do not have a standard size or sparsity. Each organism has a different number of pro-
trusions of different lengths and spacing suited to serve a biological purpose. These
protrusions can either act as motile organelles that enable the motion of the organ-
ism in fluid environments or as non-motile sensory organelles that detect chemical
and mechanical gradients [77]. In most present-day organisms, these protrusions
can sense and actuate, regulating their beat cycles in response to chemical cues or
mechanical and hydrodynamical stimuli [78]. In general, the normal functions of
motile protrusions involve moving fluid relative to the position they are attached to
the organism’s body. Hence, these protrusions can serve as an aquatic locomotion
mechanism for various microorganisms. Arrays of cilia or flagella are also often
found as linings in the tracts of digestive, respiratory, excretory, reproductive, and
coelomic circulatory systems where they are attached to the tract surface, and they
pump the fluid carrying essential materials over the tract by oscillating in specific

beat cycles. For instance, ciliary arrays present on the linings of human lungs allow
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Figure 2.6: Visualization of characteristic movement of a cilium and a flagellum.
The solid blue arrow indicates the direction of fluid propulsion, and the dotted lines
show the movement of the organelles (reproduced from [77])

movement of mucus [79]. Cilia and flagella interchangeably refer to protrusions
because there is no structural distinction. However, the movement and the direction
in which a protrusion pushes a fluid serve as a differentiating factor that results in
using two different biological terms. Flagella drive the fluid continuously in parallel
to the flagellar axis. In contrast, cilia push the fluid orthogonally or tangentially to
the ciliary axis in a pulsatile manner during the power strokes [77]. The difference
in fluid movement is diagrammatically represented in Figure 2.6. Also, flagella
typically refer to sparse or isolated protrusions used by unicellular organisms for
locomotion, as opposed to cilia, which refers to a close collective group or a carpet
of protrusions that can both stationarily propagate fluid over the surface or enable

locomotion of an organism.

2.3.1 Structure of Cilia and Flagella

Despite the biological function differences, a cilium and flagellum have an identical
fundamental ultrastructure called the axoneme. They can oscillate due to an internal
system of shear stresses generated within this structure. The axoneme is an elastic

rod-like structure typically composed of doublets of hollow elastic protein cylinders
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Figure 2.7: Cross-sectional and three-dimensional view of an axoneme with "9+2’
arrangement of microtubule doublets (replicated from [20, 81])

called microtubules or filaments arranged cylindrically and mechanically coupled
via flexible links. The elastic nature of these filaments gives bending capabilities to
the axonemal structure. However, the filaments are inextensible. The microtubule
assembly can also be found in the cytoplasm of many cells and allows the cells
to maintain their shape and internal arrangements. The number of microtubule
doublets within an axoneme can vary between cilia and flagella of different organ-
isms [80]. However, the canonical structure that is most researched consists of nine
microtubule doublets that surround a central pair of microtubules, also known as a
942" arrangement. This axoneme structure is illustrated in Figure 2.7.

The elastic links that bundle outer cylindrical pairs into a uniform rod-like
structure are called nexin links. All the outer pairs are connected to the central pair
of microtubules via radial spokes. Furthermore, the point at which the axoneme
is attached to the cell is called the basal end, while the free end of the axoneme
is termed the distal end. The central pair of microtubules define the bending axis
of the axoneme. The beating of the axoneme is powered by a large motor protein
called dynein that is anchored at regular intervals along the length of the outer
doublets. The dyneins convert the chemical energy of Adenosine Triphosphate
through hydrolysis, which results in the movement of dynein arms towards the
basal end of the doublets, thereby generating a sliding force that can drive the
doublets apart if the crosslinks between them are removed [82, 83]. The bending of
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Figure 2.8: Cross-section of an axoneme from a spermatozoon tail. Microtubule
doublets are shown as overlapping circles. Active dyneins are represented with the
color red, and inactive dyneins are represented with the color yellow (replicated
from [84])

the axoneme through dynein motors can also be visualized as a system of internal
shear forces that cause the bending of an elastic tube at any point along its neutral
axis [70]. If the sliding is permitted globally, the filaments separate without bending.
However, the elastic crosslinks themselves are not enough to restrict the sliding.
By rigidly connecting one of the two ends of the axoneme, the filaments undergo a
bending deformation under the application of a sliding force, and sliding occurs at
the other free end. The bending process of the axoneme is depicted in Figure 2.8,
where the cross-section of an axoneme from spermatozoa is considered.

In Figure 2.8, the bending of the axoneme is achieved when active dyneins on
one side move towards the basal end of the axoneme, while the inactive dyneins on
the other side move passively towards the distal end. Since the basal end is rigidly
connected, the bending of the system occurs due to the sliding force that results
in a sliding displacement between the filaments at the tail. To propagate a beat
through the axoneme, activity states of the dyneins on the two sides must switch in
a spatially and temporally controlled manner. This aspect of regulating the sliding
of the dynein along the microtubule doublets to generate bending of the axoneme
is still an active field of research.

There are several hypothesized mechanisms for how the sliding of dynein is
regulated to produce axonemal beating. One hypothesis is the "tug-of-war” model,
in which dyneins antagonistically slide on opposite ends of the axoneme, causing
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longitudinal forces to continuously build up until dyneins on one side are forced
to detach, breaking symmetry and causing the axoneme to bend [69]. Another
hypothesis termed the "geometric clutch” model revolves around the assumption
that the axoneme naturally bends due to its shape and external forces. Under that
assumption, the axoneme can bend in any desired direction by engaging and disen-
gaging dynein motors based on the amount of alteration of inter-doublet spacing
[85]. However, the hypothesis that has gained more traction and experimental
support involves a direct coupling between the local curvature of the axoneme and
the attachment of the dynein molecules. In this model, the continuous transverse
motion of dynein motors along filaments gradually increases the elastic stress in the
system, which eventually stalls the motors and leads to a reversal in their walking
direction [69, 86].

2.3.2 Axonemal Biomechanics

Before approaching the mathematical modeling of axonemes, there needs to be an
overall generalization of the axonemal structure. The structure involves a cylindri-
cal arrangement of elastic filament pairs crosslinked via flexible links and motor
proteins. The filaments are highly resistant to stretching and compression but of-
fer no resistance to bending. Hence, the axonemal structure is inextensible and
can undergo high bending deformations. The concurrent action of dynein arms
generates an internal system of shear stresses that results in the filaments tending
to slide with respect to each other. Since the filaments are rigidly connected at
the base, the sliding forces cause the axonemal structure to bend instead of the
filaments separating away from each other. Also, because the distal end of the
structure is free, the sliding forces cause a relative sliding displacement at the tip of
the axonemes. Further, the elastic properties of the crosslinks between the filament
pairs characterize the resistance to bending of the axonemal structure.

In this thesis, two-dimensional modeling of the axonemal structure is considered
for implementing it as the legs of a planar robot’s locomotion mechanism. Since
the axonemal system can undergo large elastic bending deformations and shear
displacements at the tip, the Euler-Bernoulli model cannot explain the dynamics.
In [87], the authors show that classical theories like the Timoshenko model and
Cosserat rod theories cannot explain certain phenomena and features observed in
biological axonemes because of the inconsistency between the traditional shearing
mechanics and shearing effects observed in crosslinked filament bundles. In the
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context of hydrodynamics, the mechanics of a beating axoneme has been studied
by several works in the literature [20, 69, 81, 84, 87-92]. The common theme among
these works is that the axoneme itself is not modeled as an inextensible, unshearable,
elastic beam or as a general shearable rod. Instead, each filament doublet is modeled
as constrained Euler elastica. The filaments are inextensible and inseparable from
the bundle of filaments. Also, the bundle of filaments is rigidly coupled at the
base, and the internal stresses drive the bending of the axonemal structure with
relative sliding displacements at the tip. To capture the complex dynamics of
axonemal bending, each model presented in the literature conceptualizes different
mechanisms to generate oscillatory deformation patterns of the axoneme.

This thesis only focuses on capturing the desirable high-bending capabilities and
the internal actuation mechanism of the axonemal structure for use in future work
related to the hardware implementation of the proposed locomotion mechanism.
Further, the lightweight and compliant feature of the filaments, as described by
constrained Euler elastica, is a highly beneficial feature for legged robots. In contrast,
using bulky deformable beam or rod structures as the legs of the robot modeled
using existing Timoshenko or Cosserat theories would only add to the inertia of
the robotic system. Therefore, instead of looking for specific models that delve into
the complex behavior of biological axonemes, this work takes inspiration from [69],
where a general class of systems called internally driven filaments characterizes
the behavior of biological axonemes. The planar version of this class of systems is
shown in Figure 2.9 where two elastic filaments arranged in parallel with a constant
separation, effectively describing a flexible rod, are rigidly attached on one end (the
basal end of the axoneme) where they are not permitted to slide with respect to
each other. Everywhere else, sliding is possible, and deformation of this rod-like
structure leads to local sliding displacements between the filaments. The system
of filaments is internally driven by a system of shear forces that corresponds to
an internal force density that tends to slide the two filaments apart. Also, the
elastic filaments are inextensible. In Figure 2.9, the constant distance between the
filaments is represented by the quantity 4, the neutral axis represented by the vector
r is parameterized by the arclength s, internal distributed system of shear forces
dependent on the arclength are represented by f(s), the shapes of the filaments
parameterized by the arclength are represented by the quantities r; and r,, and the
sliding displacement at the distal end is represented by the quantity A(s).

The planar hydrodynamic equations for a beating axoneme derived in [69]

can be solved to determine the shapes of bending waves, swimming velocity, and
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Figure 2.9: Planar model of the axoneme (replicated from [69]). The solid lines
represent the elastic filaments. The dotted line represents the neutral axis of the
axoneme

tension profile of the axoneme. Recent studies also involve three-dimensional
modeling and simulation of a cilium in an oscillating flow to better understand the
hydrodynamics of axonemal beating [89]. Other studies also involve the effect of
surrounding fluid properties on axonemal beating [93], role of nonlinearity in stable
beating [94], and beat cycle stabilization through nonlinearity of dynein recruitment
and detachment [95].

2.3.3 Beating Patterns of Axonemal Arrays

The aspect of cilia and flagella that is more interesting is their collective behavior
and ability to synchronize and display various beating patterns despite external
forces and disturbances arising in the surrounding fluid. These beating patterns
emerge over multiple scales ranging from synchronization of flagellar beats of two
swimming sperms [96] to metachronal wave formation in ciliary carpets [97]. By
assuming that each axoneme executes a circular motion around an axis perpen-
dicular to the surface from which it protrudes, a simple phase oscillator model
can describe the motion of an axoneme and the synchronization phenomenon in
axonemal arrays. Several forms of synchronization or beat patterns emerge in
axonemal arrays. They include in-phase and antiphase synchronization (where
all the oscillators have identical phases or antiphases), phase locking (where all

the oscillators have identical phase velocities), entrainment (where all the oscil-
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lators have identical mean phase velocities), and metachronal wave formation
(where all the oscillators are phase-locked with a constant phase difference between
each other) [17]. The feature that makes the synchronous behavior of coupled
axonemal arrays more interesting is that the beating patterns are not neuronally
controlled. All the organisms that possess these axonemes lack a nervous system
and can execute beating patterns to produce a range of complex behaviors such
as gait switching during micro-swimming and run-and-tumble foraging strategy
[98]. Hence, the synchronization dynamics are independently managed within the
axonemes through feedback-dependent modulation of the motion of dynein motors
along the axonemal axis. The feedback mechanism relies on external cues generated
through variations in the hydrodynamic, chemical, and mechanical properties of
the surrounding fluid.

Several studies were conducted to understand the origin of synchronization
better, and in the process, many theoretical models were derived to formulate the
beating dynamics of flagellated microorganisms. Through these theoretical models,
the research studies intended to find the reasoning behind synchronization among
beating axonemes despite external disturbances in the surrounding fluid. Initially,
these studies pointed towards hydrodynamic coupling as the reason behind syn-
chronization phenomena. Through hydrodynamic coupling, the hydrodynamic
flow generated by one oscillating axoneme exerts a force on the neighboring oscil-
lating axoneme, which couples them together. One particularly influential study
[99] that proved this hypothesis involved modeling hydrodynamic fields generated
by two cilia modeled as a pair of spheres undergoing elliptical orbits near a bound-
ary. The resultant synchronization phenomena due to hydrodynamic coupling
depended on the distance between cilia and characteristic parameters of effective
and recovery strokes of ciliary beat. Further, models of ciliary chains also sup-
ported the hypothesis that phase locking and metachronal coordination arise due
to hydrodynamic interactions when specific parameters such as beat wavelength,
axoneme rigidity, and interciliary distance were within an acceptable threshold [17].
However, the whole dynamics of ciliary coupling are more complex than phase
synchronization alone. Numerical simulations of beating axonemes show that other
higher-order effects, such as mechanical bistability and load-dependent decoupling,
can also occur [100, 101].

More recent studies have shown that in organisms with sparsely spaced ax-
onemes, such as flagella of Chlamydomonas, the hydrodynamic forces alone do not
explain the coupling. Since the axonemes are sparse, the far-field hydrodynamic
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forces are an order of magnitude lower than those required for hydrodynamic
coupling in physiological conditions. Instead, the synchronization can be due to
a feature called basal coupling. Here, basal coupling refers to mechanical sub-
structures that couple the bases of the axonemes. These basal substructures or
internal fibers act as a direct mechanical linkage between the bases of the axonemes
which allows the transfer of forces from one oscillating axoneme to another. This
hypothesis was experimentally proven by comparing the flagellar beat cycles of
wild Chlamydomonas and mutant Chlamydomonas that are deficient in filamen-
tary connections between basal bodies of the flagella [21, 102]. Even in arrays of
mammalian cilia where the axonemal arrays are dense, ciliary roots and basal feet

structures continue to provide additional resistance to fluid stresses [103].

2.3.4 Arrays of Beating Axonemes for Terrestrial Locomotion

To a large extent, the biomechanics of axonemal beating and beating patterns of
axonemal arrays have been widely explored in the context of fluid environments
since they are the fundamental mechanisms involved in micro-swimming and
micro-pumping of fluids by organisms. The recent work in [21] proposed that
the synchronization of beat patterns and the emergence of metachronal waves
in axonemal arrays is primarily due to the basal coupling between axonemes in
addition to lower order effects of hydrodynamic coupling. This also suggests
that if the surrounding fluid is removed, beating patterns in axonemal arrays
can be achieved by pure basal coupling. Pairs of oscillating axonemes in a low-
viscosity environment (such as air) that beat synchronously through basal coupling
is similar to Huygens clocks [104]. In the Huygens clock experiment, two oscillating
pendula tend towards synchrony or anti-synchrony if attached to a common support
whose flexibility provides the necessary coupling. The flexible support enables the
transfer of mechanical vibrational forces by traveling waves from one pendulum to
another. The traveling waves couple the oscillator and enable synchronization. This
also hints toward using pure basal coupling in axonemal arrays for metachronal
coordination.

In this thesis, we intend to utilize the research on axonemal structures and
beating patterns of axonemal arrays in fluid environments for terrestrial robot
locomotion. Specifically, each axoneme can act as an individual leg of a multi-legged
robot. The flexible yet stiff structure of the axoneme makes it an excellent candidate
for the legs of the robot. Further, the axonemes can also improve the compliance
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Figure 2.10: Demonstration of terrestrial locomotion using metachronal coordina-
tion in a magnetic ciliary carpet

and robustness of the terrestrial robot, as its flexibility allows the axonemes to
adapt and morph to unstructured terrains, making it easier for the legged robot
to navigate a variety of terrains. Also, the internal forces can act as an alternate
source of the actuation mechanism for the robot, as opposed to applying moments
at the joints of the legs of the robot. From a mechanical design point of view, an
engineered version of the axoneme-inspired legs would have a flexible structure
within which a system of internal shear forces is generated through passive and
active links reproduced via distributed motors and viscoelastic links.

The basal coupling between the axonemes can aid metachronal coordination, an
extremely optimal gait for multi-legged robot locomotion. Also, instead of actuating
and controlling each axoneme to follow a specific oscillation cycle for metachronal
coordination, the basal coupling can reduce the actuation inputs to each axoneme,
thereby minimizing energy consumption. Basal coupling can be realized using
mechanical coupling elements such as linear/nonlinear springs, dampers, or a
combination of those elements.

In [105], planar dynamics of a basally coupled array of axonemes have been
derived. The work also includes exploring different feedback mechanism schemes
for basal coupling, such as rotation, curvature, and tension of the axonemes. The
mathematical modeling of the robot presented in this thesis is inspired by the mod-
eling approach used in [69, 105]. Another notable research work using metachronal
coordination in ciliary carpets for various soft robotic applications, including terres-
trial locomotion, is [60]. An experimental result of [60] is shown in Figure 2.10 where
an artificially fabricated magnetic ciliary carpet is actuated through an externally
generated magnetic field. The controlled actuation generated metachronal wave
patterns, resulting in the forward movement of the robot.
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Chapter 3

Robot Locomotion Mechanism
Modeling

3.1 Proposed Robot Model

The model of the locomotion mechanism is inspired by the mobility principles
utilized by microorganisms as discussed in Chapter 2. Specifically, the interest is
in using surface protrusions to possibly generate beating patterns through basal
coupling. Here basal coupling of protrusions refers to a mechanical linkage that
connects the bases of these protrusions. Further, these protrusions have the structure
of an axoneme, which is cylindrical, flexible, and may have internal forces. The
objective of the thesis is to lay the foundation for using an array of basally coupled
flexible elements for the terrestrial locomotion of mobile robots, leveraging on
emergent coordinated patterns that are suitable for the purpose. The possibility of
sustaining coordinated patterns via basal coupling is explored, suggesting that this
is a possible actuation strategy complementary to distributed actuation along the
tilaments. Future work includes studying the connection between actuation and
emergent coordination patterns for control design.

Hence, the axonemal structure of cilia or flagella is used to model the individual
legs. Further, to sustain metachronal coordination, each leg of the robot is coupled
at the base using linear springs. Also, to simplify the dynamics, the body is assumed
to be rigid. The generalized robot model is schematized in Figure 3.1. The basis
vectors i and j form the global coordinate frame for the environment and the
robot. The robot model is presented for N legs. In total, there are 2N + 1 springs
connecting the bases of the legs and the robot’s body. For simplicity, the linear
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Figure 3.1: Schematic of the robot model
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Figure 3.2: Location of the basis vectors based on the number of legs

springs Su,, ..., Sa;s - - -, Suy., have the same spring constants « and the same initial
lengths L,. Similarly, the linear springs S Bire-rSBise--rSBy have the same spring
constants B and the same initial lengths Lﬁ. The springs S, Slgl, 552, cel, Srgi, e,
Spn_1s Spyr Sayy, are attached to N + 2 points By, By, B3, ..., Bit1, ..., BN, BN+1,
Bn 2 on the body and all the springs are initially undeformed and present in the
configuration represented in Figure 3.1.

In order to simplify calculations of the coordinates, the global coordinate frame
is positioned such that the robot’s body is symmetrical about the basis vector 1
and the bases of all the legs are along the basis vector j. As depicted in Figure 3.2,
the global coordinate frame is initially placed at the base of the (X;1)!" leg if N is
odd, or midway between the bases of the (%)th and (% + 1) leg if N is even. The
robot’s payload has a U-shape with uniform thickness as schematized in Figure 3.1.
The dimensional labels of body length, breadth, and thickness describe the body’s
shape. The dimensional label clearance describes the distance between the point
By and the edge of the body nearest to By facing the terrain. Since the body is
symmetric, the clearance is the same for the distance between the point By, and
the edge of the body nearest to By, facing the terrain.

The robot’s movement is simulated on a flat and even terrain. The body’s
orientation is initially considered to be parallel to the terrain. Since the terrain is a
straight line parallel to the basis vector j, the equation describing the shape of the
terrain is x = Xy¢r, Wwhere Xy, is the parallel distance between the basis vector i
and the terrain. The normal and frictional forces arising due to the contact between
the tip of the legs and the terrain are modeled through penalty functions. The
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robot’s movement is enabled by applying time-varying moments at the base of each
leg. The moments rotate the leg to execute a circular motion at the desired frequency.
Also, the applied moments are controlled to provide a desired phase shift among
contiguous legs. Due to the generated contact forces between the rotating leg and
the terrain, the robot moves in the desired direction. Since this thesis is the first
iteration of this robot locomotion model, we do not explore the extent to which the
basal mechanical coupling due to springs aids in metachronal coordination. Instead,
this thesis shows that the proposed robot model is a viable terrestrial locomotion
solution by applying suitable moments at the base of the legs to ensure the desired
phase shift in rotation cycles of the legs, thereby enabling metachronal coordination.
The fundamental blocks of the model are:

* Dynamics of individual flexible legs
* Dynamics of the robot’s rigid body

* Contact mechanics between the terrain and the legs

3.2 Generalized Coordinates of the Robot’s Body

Before the dynamics of the legs can be derived, we require the generalized coordi-
nates and properties of the robot’s body in order to calculate the coordinates of the
points By, ..., BN42 and determine the reactive spring forces acting on the base of
each leg. Let the mass of the robot’s body be m. The body has three degrees of free-
dom since it is a planar rigid body in a two-dimensional space. The generalized coor-
dinates of the body are represented by the vector qyz, (t) = (Xpoay (), Yooay(t), 0(t))
where, Xy, and Yjq, are the Cartesian coordinates of the body’s center of mass,
and 6 is the orientation of the body about the center of mass, positive in the anti-
clockwise direction with respect to the vertical basis vector j. The robot’s body is
depicted in Figure 3.3 along with the generalized coordinates and the dimensional
labels. The length (1) and breadth (75) of the robot’s body are determined from the
body’s thickness (1), body’s clearance (1¢), and the initial lengths of the springs
Ly and Lg. The length, breadth, and area (I14) of the robot’s body are

T, = 211 + (N + 1)La (3.1a)

g = Tr + Lﬁ + T¢ (3.1b)
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Figure 3.3: Schematic of the robot’s body. The body is divided into three regions to
determine the coordinates of the center of mass

a4 = 177 +2(78 — 77) (1) (3.1c)

The body is divided into three regions as represented in Figure 3.3 to calculate the
initial coordinates of the center of mass. Since the springs are undeformed initially,
the coordinates are

L
(<= ) () +2 (—55 ) (= m)(en)

Xioay (0) = T (3.22)

Yioay(0) = 0 (3.20)

Let the coordinates of the points By, ..., By42 at time t be collected in the vector
rp(t). Since the body can rotate by 6 radians in the anticlockwise direction about
the center of mass (Xpeay(t), Yeoay(t)), the coordinates of point B;, i.e., rp,(t) is
determined using the following

rp,(t) = rc(t) + R(0())r,c(0)

Xbody(t)] [COSQ t) —sin6(t)

( (3.3)
Yyody (t) sinf(t) cosO(t) IB,C(0)

where rc(t) = (Xpoay(t), Ypoay(t)) is the coordinates of the center of mass of the
body at time ¢, R(6(f)) is a rotation matrix, and rp.c(0) is the coordinates of point
B; with respect to the center of mass of the body at time t = 0. The process of
determining the coordinates of point B; is illustrated in Figure 3.4.
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Figure 3.4: Illustration of the calculation of coordinates of point B;

The contents of the vector rp.c(0) are

(—Xbody(()), —NHp fori=1
I'Bic(O) == <_Xb0d}/(0) — ng, —(T+1 — (Z — 1))L0¢> fOI‘ 2 S i S N+ 1 (34:)
(—Xbody(O),%L,x) fori = N +2

3.3 Leg Dynamics

The planar structure and mathematical modeling of the legs presented in this thesis
are inspired by [69, 105]. The axoneme is approximately a cylindrical surface
with a constant radius that is flexible and can be actuated by internal forces. As
explained in Section 2.3.2, a suitable simplification of the axonemal structure in
a two-dimensional space would involve two flexible yet inextensible filaments
separated by a constant distance that possess internal forces that can bend the
structure. The simplified two-dimensional model of the axoneme is illustrated in
Figure 3.5 [69, 105].

The two filaments are separated by approximately a constant distance a. The
arclength s spans the neutral axis of the axoneme, and the position vector r(s) =
(X(s),Y(s)) parameterized by the arclength describes the position of all points on
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Filaments

—_—

Figure 3.5: Schematic of the simplified two-dimensional axonemal structure (repro-
duced from [105])

the neutral axis with respect to the global coordinate system. Here X and Y are the
i and j components of the position vector r(s) respectively. The elastic filaments are

described using the position vector of the neutral axis as

ra(s) =r(s) + En(s) (3.5a)
rg(s) = x(s) — gn(s) (3.5b)

where n(s) is the unit normal vector and t(s) is the unit tangent vector to the neutral
axis at the arclength s. The local tangent angle to the neutral axis, with respect to the
global coordinate frame, is given by ¢ (s). The bending of the system is driven by
an internal system of shear forces f(s), which is equivalent to an internal couple or
bending moment of magnitude af. The magnitude of f(s), which equals f(s), can be
interpreted as a force per unit length acting at position s in opposing directions on
the two microtubules [69]. This internal force density corresponds to a shear stress
within the system of filaments that induces a local strain in the form of relative
sliding displacement A(s) between the filaments. Since the arclength s defines the
neutral axis, the local geometry can be characterized by the Frenet-Serret frame
relations [106]

Y =t (3.6a)
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t' = xn (3.6b)

/

n = —«t (3.6¢)

where « is the curvature of the neutral axis. Throughout this thesis, the prime
symbol denotes derivatives with respect to the arclength s, i.e., ' = dr/0s. Since,
both the normal and tangent vectors are unit vectors, t' = kn — ||r”’|| = x. Hence,
k = ||t”"|| = VX2 4 Y2, Since (s) represents the angle between the tangent vector
and the basis vector i, the value of the local tangent angle is ¢ = atan2(X',Y’). Here,
atan?2 is the two-argument arctangent, which returns the angle in the range (—r, 77].
The relative sliding displacement A of the filaments is related to the curvature of
the neutral axis by [69]

A(s) = a /O "k (0)do (3.7)

The equations of motion can be derived using the extended Hamilton’s princi-
ple. Letr;(s;, t) = (Xi(s;, t), Yi(s;, t)) be the generalized coordinates describing the
neutral axis of the i leg with s; € [0, /] and ¢ being the length.

3.3.1 Kinetic Energy and Potential Energy

The kinetic energy of the ith leg is given by

1 ¢
ICI' = E/O pl"l' . I"l'dSl' (38)

where p represents the linear mass density. Throughout this thesis, the superim-
posed dot means the time derivative, i.e., f = Jr/dt. The leg is modeled as a
nonlinear rod, governed by curvature with a distributed system of internal shear
forces f;(s, t) and external forces and moments. Since the internal system of shear
stresses causes the relative sliding displacement of the filaments, and the curvature
governs the bending of the system, the strain energy of the i** filament is [69, 107]

trK
gstraini = /0 (TMKZZ +flA1> ds; (39)

where K denotes the total bending rigidity of the filaments and f; = ||f;|| is the
magnitude of f;. Note that the curvature «;(s) denotes the local strain caused by
the bending of the filament. Therefore, for an infinitesimal section ds;, the elastic
potential energy due to the bending of the filaments is %K MKZ-ZdSi. Hence, the line
integral of that expression gives the elastic energy of one filament due to bending
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[107]. Also, the internal force density or force per until length f; corresponding
to the shear stress is the dual of the sliding displacement A;, contributing by the
term f fiAids; towards the strain energy of the system [69]. The flexible filaments
representing the legs are inextensible. The local inextensibility condition is given by
1 -1, = 1[69, 107] which ensures that s; is the arclength. Typically, the constraint
is enforced by introducing a Lagrange multiplier. Specifically, there would be N
additional Lagrange multiplier variables to enforce the inextensibility constraints.
In this thesis, we use a penalty-based approach [108]. The penalty-based method is
chosen over the Lagrange multiplier method to avoid the introduction of additional
variables to the equations and thereby reduce the computational complexity. A
drawback of the penalty-based method is that it brings forth the problem of tuning
the penalty parameters. Large penalty numbers can ensure convergence of the
constraint at the cost of poor numerical conditioning and very large round-off
errors [108]. In this thesis, the penalty numbers were tuned through trial and error,
and the convergence of the constraint will be illustrated by plotting the solutions of
the equations. The constraint equation of the i*" filament is

l
/0 (-1, — 1) ds; (3.10)

The gravitational potential energy of the i filament is

14
ggravi = /0 (Pg(Xterr - Xz)) ds;

P (3.11)
= /O (Pg(Xterr - I i)) ds;
Therefore the total potential energy of the i filament is
¢ Km 2 2
Using Equation (3.7), after partial integration of Equation (3.12) we obtain
4 KM 2 0
E = /0 (TKZ- — aFix; + pg (Xterr — 1; - 1)) ds; (3.13)

where F(s) = — |, f fi(o)do [69]. Note that the strain energy due to the deformation
of the springs has not been included in the potential energy equation. Instead, the
reactive forces generated due to the deformed springs acting on the bases of the
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legs will be introduced through the principle of virtual work for ease of calculation.

3.3.2 Damping Forces

The Rayleigh dissipation function is used to model the damping of each filament

and can be written as [109]

4 L
Ri == —/ I"Z' : fidSi (314)
2 Jo

where ( is a constant dissipation constitutive parameter. The damping force, which
is non-conservative, is given by the negative velocity gradient of the dissipation
function [109]. Hence, the damping force on the i’ filament is given by

. Y4
Fp = 2R _ g / .ds; (3.15)
! ari 0

Then, the virtual work done by the damping forces on the it" filament is

— 4
§WD1- = FD,- -51‘1' = —g/ I - (Sridsi (316)
0

3.3.3 External Forces and Moments

For each leg, there is a reactive spring force acting at the base, a time-varying
moment applied at the base, a normal force due to the terrain normal contact at the
tip, and a frictional force due to the terrain tangential contact acting at the tip. The
reactive spring forces acting on different legs of the robot is illustrated in Figure 3.6.

Let the change in the length of the spring S,, be Ax,, = Ly — 7, where

[r1(0, ) —xp, (1) fori=1
Yoy = ||5;(0,£) —1;_1(0,1)|| for2 <i< N (3.17)
|tn(0,t) — 1y, (t)]| fori= N-+1

with L, being the initial length of the springs Sy, ..., S Let the change in the

7 PN

length of the spring Sg, be Axg, = Lg — v, where

|lr1(0,¢) — g, (t)]| fori =1
g = § Iri(0,t) —rp,, (t)|| for2<i<N-1 (3.18)
|tn (0, t) — 1By, ()| fori=N
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Figure 3.6: Depiction of reactive spring forces acting at the base of the legs

with Lg being the initial length of the springs Sg,, ..., Sg,- Note that there are
N +1 S, and N Sg springs. The reactive spring forces acting at the base of the ith
leg is given by

Fgal + FS/51 + Fgaz fori =1
Fs, = Fs, + Fs, +Fs, for2<i<N-1 (3.19)

1

FSaN + FSﬂN + FS”‘N-H fori=N

Substituting the related reactive spring force terms gives

([ aAx
“L(r1(0,) —rp, (t))
&1
Ax
+ i P (r1(0,¢) —rp,(t)) fori=1
761
aAx
22 (r1(0,£) —12(0,1))
,)/IXZ
aAXy.
“(1;(0,t) —1;-1(0, 1))
&
Axg.
Fs, = + ﬁ,y B (xi(0, ) 5., (1)) for2<i<N-1 (3.20)
Bi
aAX .
— (1(0,£) — 1141(0, 1))
7lxi+1
aAx
AN (I‘N(O, t) — rN_l(O, i‘))
&N
Ax
+ 5—/3N(1‘N(0, t) —1py,,(t)) fori=N
N
aAx
ﬂ(rN(O’ t) — rBN+2(t))
\ 7“N+1
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) —NNANANNHENANN—
lA S‘Xi S‘Xi+l
1 Leg i

Figure 3.7: Depiction of external forces and moments acting on the i leg

Let a time-varying moment applied at the base of the i*" leg be My, (t). As outlined
in Section 2.2.3, to execute a metachronal gait, each contiguous leg of the robot is
initially assumed to be phase-shifted by a constant phase difference. Therefore,
metachronal coordination and forward movement of the robot is enforced by ap-
plying moments simultaneously to the bases of all the legs and rotating them at
a constant frequency in the clockwise direction. By rotating the legs at a constant
desired frequency through controlled moments, the initial phase difference between
contiguous legs would remain approximately the same throughout the locomotion
process. Let the desired frequency of rotation be w. Hence, the moment to be
applied at the base of the i leg to rotate it at the desired frequency is

Mo, (t) = Kp (—w — (0, t))

d(atan2(X!(0,1),Y/(0,1))) (3.21)
=Ky (_w - ot )

where K}, is the proportional gain and ;(0, t) represents the rate of change of the
local tangent angle at the base of the i leg. 1;(0, t) is also referred to as the basal
angle of the i*" leg. The negative sign before w indicates a negative rate of change
of basal angle, thereby rotating the leg in the desired clockwise direction.

During the rotation, when the tip of an individual leg touches the terrain, it expe-
riences contact forces in the form of frictional force and normal force as illustrated in
Figure 3.7. Here, the direction of the normal force is opposite to the direction of the
basis vector i and since the leg rotates clockwise, the direction of the frictional force
is along the direction of the basis vector j. The normal force and the frictional force
acting on the i*" leg are represented by the quantities F, (t) and Fy, (t) respectively.
They are modeled via penalty functions that act on the tip of a leg whenever there
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is contact [71]. Since the terrain is flat, the tip of the ith leg touches the terrain if

X;(¢,t) = Xierr. The penalty functions for the normal and frictional forces are [71]

€ (Xterr - Xz'(f/ t)) if Xi(gr t) > Xterr

F, (f) = . (3.22a)
' 0 otherwise
—Y;(¢, 1)) ifX:((,t)>X
Fy, (1) = v(N6n) EX(GD 2 Xier (3.22b)
' 0 otherwise

where € and v are penalty constants. Here, the penalty functions act as springs with
very high stiffness that prevent the movement of the tip of the legs when in contact
with the terrain [71]. For the normal force, whenever the 7" leg touches the terrain,
a force € (Xierr — X (£, 1)) is applied at the tip to prevent the leg from penetrating
the terrain. Similarly, the frictional force prevents slipping of the tip of the ith leg,
ie., Y;({,t) = constant = Y;({,t) = 0 when the leg is in contact with the terrain.
Therefore, a frictional force of v (—Y;(¢, t)) is applied at the tip of the i leg when it
makes contact with the terrain. Note that the negative sign for the frictional force
indicates that it is applied opposite to the velocity of the tip of the i filament. Let
F, = (ngi, ngi) denote the contact forces acting at the tip of the i leg. Then, the
virtual work done by the moment and the reactive spring forces at the base, along
with the virtual work done by the contact forces on the tip of the i*’ leg, is given by

W, = Mo,0;(0,t) + Fs, - 61;(0, 1) + F, - o1;(4, t) (3.23)

Note that, the variation of the curvature is éx; = 6(n; - t/') = n; - 6r/, since from
Equation (3.6), it can be derived that r/ - én; = «;n; - én; = 0 [105]. Using, dx; =
n; - or}, the variation of the local tangent angle is derived as
P, = /KidS - (Slpi = /(SKidS = /I‘li : ((5r§)'ds
:ni-érg—/nf-érgds:ni-5r§+/Kt,--(5tids:n,--érf

(3.24)
(Since tt-t,=1 =t -0t = O)
r!
Then, 6; = n; - 6r; = Hri,H - ot
i

Since t; = (X!, Y/), n; = (=Y/, X!) [106], we have dip; = —Y/5X] + X]5Y]. Therefore,
the virtual work done by external forces and moments is
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1/ (0,t)

Wre, = My, — "7
Bt = 010, 1)

-0ti(0, 1) + Fs, - 01;(0, ) + Fy, - 0r;(£,t)  (3.25)

3.3.4 Extended Hamilton’s Principle

The Lagrangian of the i leg is denoted by
Li=K;—¢& (3.26)

By using the extended Hamilton’s principle, the variation of the action from the
Lagrangian between two arbitrary time instants ¢; and f,, along with the virtual
work done by the damping forces, external forces and moments gives

t _ —
/ ’ (5/Ci —0& + OWp, + (5W€xti> dt =20 (3.27)
t

Integrating the variation of the kinetic energy between the time instants gives

ty th ¢
/ SKCidt = — / ( / pf’i-(Sridsi> dt (3.28)
t t 0

The variation of the potential energy gives

¢ af; ,\" .
5&; :/ Kyt — (Hr,,’Hr;’) — pgi | - Orids;
0 i
. ¢ : ! 4
+ ( Km — ak; /- orl| — | Kyr! — “fl ) |- o
: 7 :

/!
I
Details of calculations for the variations of the kinetic energy and potential energy

(3.29)

are presented in Appendix A.1. Substituting the variations of kinetic energy and
potential energy along with the virtual work done by the damping forces (3.16),
external forces and moments (3.25) in Equation (3.27), we get the equations of

motion of the i*" leg as

aF; " 2
pt; + (i + KMI%V — ( HI‘/-/IH 1‘2/) —pgi=20 (3.30)
1
with ,
| —1)ds =0 (3:31)
0
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as the inextensibility constraint of the filament. The boundary conditions are

aF; !
F) = —KMI‘HI l,t) + (—ll‘{/>
s—p: T PO ) e (3:322)
0 = Kumlrf(4,1)]]
Fs. = KMI‘I-H(O t) — <a_Fir/./)/
s=0:4 " : 7] ) ls=0 (3.32b)

My, = —Kpm||r/(0,t)| + aF;(0,¢)

where F,, Fs, and My, are the vector of contact forces, vector of spring forces, and
external moment applied on the i leg. The boundary conditions are all dynamic or
von Neumann, accounting for the actions of the restoring springs and the actuating
moment at the base. Also, the free-end or contact-with-terrain condition at the tip,
assuming that the moment is zero also when in contact, contributes to the dynamic
boundary conditions. Note that the initial conditions of the partial differential
equations shown in Equation (3.30) cannot be stated yet since it is a generalized
equation for N legs and would require defining geometric parameters of the legs in
their initial state. Further, the ad hoc choice of starting the robot from a metachronal
state where each contiguous leg is phase-shifted by a certain desired amount makes
generalizing the initial condition for an N-legged robot difficult. Therefore, the
initial conditions will be introduced in Chapter 4 where certain parameters are

defined for the robotic system to be simulated.

3.3.5 Weak Form

The numerical solution of the boundary value problem posed in Equation (3.30)
and Equation (3.32) can be found via the weak formulation of the problem, then
applying the finite element method to determine an approximate solution. The
weak formulation turns the differential equation into an integral equation through
which a solution with less stringent requirements (for instance, the solution can
satisfy lower-order derivative conditions) can be found. To obtain the weak form,
we multiply the partial differential equation by the virtual displacement ér; and
integrate it over the spatial domain [0, /]. Then, we apply integration by parts to
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different terms and substitute the boundary conditions to obtain

14 . aF;
1

r/ (0, 1)
[x' (0, )|

(3.33)
— ng . 51‘1'(5, t) —Fg, - (51‘1'(0, t) — My, . 51‘;(0, t) =0

Details regarding the calculations to obtain the weak form can be found in Ap-
pendix A.2. From Equation (3.24), we have

1/ (0,1)

IFAODIR 5ri(0,t) = 6y;(0,¢) = —Y;(0,4)6X/(0,t) + X/(0,£)6Y/(0,¢)  (3.34)

Substituting r; = (X;, Y;) and Equation (3.34) in Equation (3.33), we get
é .o .o . .
/0 0 (Xi6X; + VoY) + ¢ (Xi0X; + VidY;) — pgoX;

aF;
+ | Ky — v (X1{/5X1{/ + Yi/,éyi//) ds; (3.35)
XZ(IZ + YiIIZ

— ngi (1)oX; (4, t) — ngi ()oYi(l,t) — sti (t)6X;(0,t) — Fsyi (4)6Y;(0,t)
— Moy, (t) (=Y;(0,£)6X;(0,t) + X;(0,£)8Y{(0,£)) =0

where Fg and Fs, are the x and y components of the reactive spring force vector
Fs .

Therefore, in the context of numerical approximation methods, there are in total
2N trial solution fields (X;, Y;) to which we associate the 2N test function fields
(0X;,0Y;), or in the context of mechanical systems, the test functions are virtual

displacements [110].

3.3.6 Finite Element Discretization

To obtain a numerical solution of Equation (3.35), the set of trial solutions X; and
Y; and the related test functions JX; and JY; are projected on finite element basis
functions. The domain of each i*" leg [0, /] is discretized by n nodes with coordinates
8i; € [0,¢],fori=1,...,Nand j = 1,...,n. Trial functions and test functions are
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approximated by the expansions [110, 111]

n

Xl ) = 15 (00 (50,0) + 05,53 1) (3.362)
6X,(si,1) = kzl (g (55)0a5, (1) + 95, (51)63, (1)) (3.36b)
Y(sit) = k_zl (e (500 (8) + 93 (5, (1) (5.360)
8Yi(si ) = 2::1 (s (50)03, (1) + 9, (5:)0d, (1)) (3.36d)

where ¢y, ..., Pu, and ¢p,, ..., Pg, are the interpolating polynomials and the coef-
ficient sets a; ,...,a;,b;,...,b;,ci,...,c;,,and d;,..., d; arethe unknown time
varying amplitudes. Note that the approximations shown in Equation (3.36) are
formulated to meet continuity requirements. Since the weak form shown in Equa-
tion (3.35) consists of integrals involving terms X!" and Y/, the second derivative
of the interpolating polynomials must be square-integrable, i.e., fog( l’x’j)zds < o
and fof(cpgj)zds < oo forallj=1,...,n. Interpolating polynomials satisfying such
requirements are often termed Lagrange polynomials in H? [110]. Note that the set
of Lagrange polynomials used for both the trial solutions X; and Y; are the same
since they have to satisfy the same continuity requirements. To choose a suitable
interpolating polynomial, an approach that is used to tackle a similar problem in
the application of the Galerkin weighted-residual method for weak formulation
of the Euler-Bernoulli method is applied in this thesis. To satisfy the compatibility
and continuity requirements, a third-order interpolating polynomial is required,
which consists of four unknown constants[110, 111]. The following properties of
the Lagrange polynomials are used to determine the unknown constants of each

interpolating polynomial [110]

1 k=j ,
Pu;(si) = {0 ) 7&]" cp&j(sik) =0, jk=1,...,n (3.37a)
B =1 T g =0 k=1 (3.37b)
A5 ) = , S, )=V, ,Kk=1,...,n .
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In other words, evaluating the trial solutions at the node locations gives X;(s; ,t) =
a; (t), Xi(si,, t) = b (t), Yi(si,t) = ¢; (), and Y](s;,t) = d; (t). Example plots
of the finite element basis functions are shown in Appendix A.3. The Lagrange
polynomials are collected into vectors ¢y = [¢pu,, ..., Pu,], ¢ = [Pp,,-- -, Pp,], and
¢ = [@a, ¢p]. Similarly, the unknown time-varying coefficients are collected into
vectors a; = [ﬂil,. . .,Elin], bi = [bil,. . '/bin]/ ¢ = [Ci1/‘ . -/Cin]/ di = [dil,. . 'rdin]r
qx, = [a;, bi], qv, = [¢;, d;], and q; = [qx,, qv,]. Therefore, the trial functions and test

functions can be rewritten in a simpler form as

Xi(si,t) = ¢pqx, (3.38a)
6Xi(si,t) = 6qx. T (3.38b)
Yi(si, t) = pqy, (3.38¢)
0Yi(si,t) = qv,p" (3.38d)

Substituting the projections (3.38) in the weak form (3.35), we obtain the finite

element discrete form, which has to hold for all virtual displacements dq; as
pM;q; + M;q; + Niq; —U; =0 (3.39)

where q; is a list of length 47 consisting of all unknown coefficients, M; is the mass
matrix of dimensions 471 x 4n, N; is a 4n X 4n nonlinear matrix that accounts for the
nonlinear dynamics of the leg, and U; is the input vector of length 4n that depends
on the external forces and moments acting on the leg. The details of the elements of
the matrices can be found in Appendix A 4.

To enforce the inextensibility constraint on the filaments, we consider the penalty
system formulated in [108], where a fictitious mass-spring-damper system based on
the constraints is added to the system’s Lagrangian. We first introduce the projected
constraint along the finite element basis functions by substituting (3.38) in (3.10).
For the i" filament, we obtain

Y4
V= / (t.x) — 1) ds;
0

L
_ 2 2 _ .
- /O (XP+y2—1)ds (3.40)
_ [l ¢Tenas o ] oy
q’[ 0 (eTe s
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In [108], the Lagrangian is augmented by the following term

A (dVi\? dv; i
> <<E) —4nu (E) Vi—1 Vi) (3.41)

where A, 17, and u are penalty parameters, with A being a large constant, and 7 and
u representing the natural frequency and damping ratio of the fictitious penalty
oscillator. In Equation (3.41), the first term is analogous to kinetic energy, the second
term is a dissipator, and the last one is a fictitious storage term. Since the constraint
Vi(q;) is holonomic in the finite element nodal coordinates q;, the penalty system

adds the following term to the discretized system’s dynamics [108]

(Y v, 5.\ T

Substituting Equation (3.42) into Equation (3.39), the finite element discrete form of
the i leg becomes

pM;q; + CM;q; + Niq; +L; —U; =0 (3.43)

In total, there are 4n x N equations describing the dynamics of N legs.

3.4 Robot’s Body Dynamics

3.4.1 Kinetic Energy and Potential Energy

The kinetic energy of the body is given by

1. . 1
Krody = 51 (Xoty + Yooty ) + 5 %0000 (3.44)

where 1
Tyoiy = 75m (2 +78) = (1 —270)* + (5 — 77)?)) (3.45)

is the moment of inertia of the robot’s body about its center of mass, with 77, 75, and
Tr being the length, breadth, and thickness of the body, respectively. The potential
energy is given by

gbody =mg (Xterr - Xbody) (3.46)
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Figure 3.8: Depiction of reactive spring forces acting on the body of the robot

Note that the strain energy due to the deformation of the springs has not been
included in the potential energy. Instead, similar to the approach in modeling the

legs, we consider the virtual work done by the reactive spring forces.

3.4.2 Damping Forces

The Rayleigh dissipation function is used to model the damping of the robot’s body

and can be written as

7—\)fbody = % (qbody ’ qbody)
= 2 (Xlgody + Yl?ody + 62)

(3.47)

where  is the constant dissipation constitutive parameter. The damping force,
which is non-conservative, is given by the negative velocity gradient of the dissipa-

tion function. Hence, the generalized damping force vector acting on the body is

given by
aRbody
_— 3.48
Drody aqbody ( )
3.4.3 Reactive Spring Forces
The reactive forces due to the springs S,,, SB1r Spar -1 Spyrs and Sy, ,, act on the

points By, By, B3, ..., BN+1, and By + 2 respectively, as shown in Figure 3.8. Let
the reactive spring forces be collected in the list Fg, dy (t). The reactive spring force
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Py

i

Figure 3.9: Illustration of the calculation of coordinates of points P; and P,

acting on the point B; is given by

7A
(X,Yxal (rp,(t) —11(0,1)) fori=1
a1
Axg.
FSbody, - %(r&‘(t) - ri—l(O, t)) for 2 S i S N —+ 1 (349)
! Bi-1
A
m(f&m(ﬂ —1n(0,t)) fori=N+2
\ Yania

The generalized reactive spring force vector is

N+2 org.
stody = 1221 Fsbodyi'aqbody (350)

3.4.4 Normal Force

When the robot’s body touches the terrain, it experiences a normal force. Note that,
for simplicity, the frictional force is neglected when the body makes contact with
the terrain. The shape of the payload is chosen such that points P; and P,, as shown
in Figure 3.9, can describe the contact boundary. Firstly, the coordinates of points P

and P, are calculated as

| Xboay (0)| + clc

3.51a
Nzrl L, + tns ( )

I'p (t) =

Xbody(t)] N [COSQ(t) —sin6(t)
Ypody (1) sinf(f) cos6(t)
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| Xbody (0)| + cle

3.51b
—%L,X — tns ( )

Ip, (t) =

Xbody(t)] . [cos@(t) —sinf(t)
Yooy (t) sinf(t) cos6(t)

The action of contact normal forces acting on points P; and P, are simulated using

penalty functions that are formulated as follows [71]

(

€(Xiprr — tp, (t ifrp (t) > X
( terr Plx( )) Plx( ) - Iterr if@(t) S 0
FNplx (t) = 0 otherwise (3.52a)
\O otherwise
( e(Xierr — tp, (t ifrp, (t) > X
( terr sz( )) sz( ) = Aterr ifQ(t) Z 0
FNPZY (t) = 0 otherwise (3.52b)
0 otherwise

where rp, () and rp, (t) are the X-components of the vectors rp,(t) and rp,(t)
respectively. Note that when 6(t) = 0 and the body makes contact with the terrain,
the points P; and P, touch the terrain. However, when 6(t) < 0 and Ip (t) = Xterr,
the body can only make contact with the terrain through point P;. Similarly, when
6(t) > 0 and Ip, (t) = Xierr, the body can only make contact with the terrain
through point P,. This describes the choice of the shape of the robot’s body to
ease the process of deriving contact mechanics. The penalty function FNPlx (t) is
the X-component of the normal force vector Fnp = (FNPlx ,0) acting on point P;.
Similarly, the penalty function PNsz (t) is the x-component of the normal force

vector FNP2 = (1—"NP2 ,0) acting on point P,. The generalized normal force vector is

al‘p arp
N,y = Fnp, : Np, ° ? (3.53)
oty n aqbody 72 aqbody
In total, the vector of generalized forces for the robot’s body is given by
Qbody = QDbody + stod}/ + QNbody (354)

where Qp, &y and Qs, 4y Are defined in Equation (3.48) and Equation (3.50) respec-
tively.
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3.4.5 Euler-Lagrange Equations

The Lagrangian for the robot’s body is given by
Lbody = K:body - gbody (3.55)

The Euler-Lagrange equations describing the dynamics of the robot’s body are

d aﬁbody aEbody
2= — =Q 3.56)

given by

which results in three coupled ordinary differential equations describing the time
evolution of the quantities Xpqy(t), Ypoay (t), and 0(t).

3.5 Robot Dynamics

The equations of motion of the robot are described using

eMiq; + (M;q; + Nijq; + L —U; =0 (3.57a)
d a'cbody aﬁbody
T : - =Q 3.57b
dt (aqbody aqbody body ( )

In total, 4nN + 3 ordinary differential equations are required to describe the dy-
namics of the robot.
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Chapter 4
Simulation Results and Discussion

To demonstrate the features of the robot locomotion model presented above, a sim-
ulation of a nine-legged robot is conducted, with the equations of motion generated
and solved using a code written in Mathematica 13. Each leg’s finite element is
discretized by five uniformly spaced nodes in the range [0, ¢]. The resulting system
of differential equations, along with the equations of motion for the robot’s body, is
solved using the Mathematica built-in solver NDSolve, which utilizes multi-step
methods with local convergence control and adaptive time steps to solve a wide
range of ordinary and partial differential equations. The "AccuracyGoal" and "Pre-
cisionGoal" options of NDSolve are used to control the absolute and relative local
errors in the solution, with the solution being automatically halted if it does not con-
verge to the specified tolerances. By adjusting these control parameters, solutions
with varying levels of error and simulation run-time can be obtained while ensuring
convergence. In this thesis, both parameters are set to 3 digits to significantly reduce
the time required to solve the equations while maintaining satisfactory solution
errors. Using these parameters, it took Mathematica approximately 11 hours to
solve the system of 183 coupled ordinary differential equations that describe the
nine-legged robot’s dynamics over a 50-second simulation. The long computational
time could be attributed to the symbolic computational feature of Mathematica. The
simulation is executed without any simplification of the differential equations pre-
sented here. Instead, the symbolic computation of Mathematica is used to evaluate
most expressions, which are long and complex to evaluate by hand.

The initial condition of the robotic system is depicted in Figure 4.1, where
contiguous legs are set to be phase-shifted by 90 degrees. The initial velocity equals
zero, and in the given configuration, three legs are in contact with the terrain.
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Figure 4.1: Schematic of the initial conditions. The legs are depicted in green
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The initial configurations of the filaments in terms of the arclength are given by

r1(s,0) = si — 4j (4.1a)
12(s,0) = (=3 —5s)j (4.1b)
13(s,0) = —si — 2j (4.1¢)
14(s,0) = (s — 1)j (4.1d)
15(s,0) = si (4.1e)
16(s,0) = (1—5)j (4.1f)
17(s,0) = —si +2j (4.1g)
13(s,0) = (s +3)j (4.1h)
19(s,0) = si+4j (4.1i)

To sustain metachronal coordination and enable robot movement, all of its legs
are driven simultaneously at the same angular velocity. The internal forces of the
filaments are set to zero in the simulation to demonstrate metachronal coordination
through the application of moments at the bases. The robot’s parameters were
tuned to obtain stable results and are provided in Table 4.1. Using these parameters,
the initial coordinates of the center of mass of the robot’s body are (Xbodyr Ybody) =
(—0.9112,0) which can be calculated using Equation (3.2).

The filaments are set to have high bending rigidity to provide support for the
body and to facilitate propulsion by enabling the legs to push against the terrain.
Additionally, the springs that connect the legs to the robot’s body are set to be
stiff to ensure steady movement of the bases of the legs and the maintenance of a
consistent gait cycle. If the springs were more flexible, the base of the legs oscillate
more frequently with high displacements from their initial positions, disrupting
the robot’s gait cycle. However, highly flexible springs can enhance the transfer of
forces between oscillating legs through reactive spring forces. This can improve
the energy efficiency of locomotion by reducing the moment required to oscillate
the legs. Future research will focus on the design of the basal coupling mechanics
to achieve and sustain desired coordination patterns with respect to walking-type

locomotion.
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Parameter | Symbol | Value | Units |
Length of each leg 14 1 m
Distance between filaments a 0.05 m
Linear mass density of each leg 1Y 1 kgm !
Bending rigidity of each leg Km 50 | kgm’s~?
Mass of the robot’s body m 0.01 kg
Acceleration due to gravity g 9.81 ms =2
Damping coefficient 4 5.0 Nsm™1
Integration time tf 50 s
Number of legs N 9 —
Number of nodes n 5 -
Spring constants of Sy, ..., Say, o 500 Nm 1
Initial lengths of springs S, ..., Say, L 1 m
Spring constants of Sg , . . ., Sg, B 500 Nm~1
Initial lengths of springs Sg , . .., Sg, Lg 0.5 m
Thickness of the robot’s body TT 1 m
Clearance of the robot’s body TC 0.2 m
Parallel distance between
Xterr 1

the basis vector ] and the terrain
Frequency of rotation of the legs w 0.5 s !
Proportional gain for the moment

applied at the base of the legs Ky >0 B
Penalty constant of the . 1000 B
penalty function on the normal force
Penalty constant of the y 200 B
penalty function on the frictional force
Penalty constant of the penalty system enforcing A 10000 B
the inextensibility constraint on the filaments
Natural frequency of the penalty system enforcing 175 B

the inextensibility constraint on the filaments T
Damping ratio of the penalty system enforcing 50 B
the inextensibility constraint on the filaments H

Table 4.1: Parameters for the simulation of the proposed robot model

Appendix B presents the Mathematica code utilized for simulating the robot,
while Figure 4.2 displays snapshots of the robot’s configuration at different time
instants during the simulation. The simulation results demonstrate the feature of
moving across a flat terrain, made possible by the coordinated motion of the legs,
which maintain a 90° phase shift to propel the robot forward, with three contact
points with the terrain.
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Figure 4.2: Snapshots of the animation of the robot at different time instants
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In Figure 4.2, eleven snapshots are presented, each taken at five-second intervals,
depicting the position on the path, the configuration, and the envelope of the tips
of the legs. The envelope is represented by joining their tips with straight lines. The
forward motion of the robot on the terrain can be inferred by plotting the X and Y
coordinates of the body’s center of mass, shown in Figure 4.3. The Y coordinate of
the center of mass steadily increases, indicating the forward motion. In contrast, the
X coordinate remains almost constant with small oscillations during the simulation,
suggesting that the body is bobbing during the forward motion while maintaining
a close vicinity to the terrain. The reactive spring forces generate the oscillations
during traversal. Also, the forward motion indicates that the penalty functions in
the form of normal forces, and frictional forces act as expected on the tips of the

legs.

w———————————————————————
15| 8

10 ] —— X-Coordinate of the Body

Y-Coordinate of the Body

Coordinate

0 10 20 30 40 50

Time (in Seconds)

Figure 4.3: Evolution of the coordinates of the center of mass of the robot’s body

In order to visualize the metachronal coordination, the basal angles of each leg
are plotted in Figure 4.4. The results show that the applied moments at the bases
of the legs ensure the phase difference between contiguous legs to be 90°. Another
visualization of metachronal coordination is the envelope of the tips of the legs. As
shown in Figure 4.2, the envelope follows a forward propagating sinusoidal wave.
The resolution of this sinusoidal wave can be enhanced by utilizing more legs for
robot locomotion and increasing the distance between the base of the legs beyond
the length of the legs.

MASTER OF APPLIED SCIENCE THESIS 63



CHAPTER 4. SIMULATION RESULTS AND DISCUSSION

=\ NN NN =i
\\ \\\\\s\\ii e

/

] — Legb

Angle (in Degrees)
o

Leg 6
1 — Leg7

AN
-

10 20 30 40

1 — Leg 8

o

o — Leg?9

Time (in Seconds)

Figure 4.4: Evolution of the basal angles of the legs

The evolution of the coordinates of the tips of the filaments X;(¢,t) and Y;(/, ) is
shown in Figure 4.5, which exhibit an oscillatory behavior induced by the rotation
of the filaments. Furthermore, the periodic nature of this oscillatory behavior can
be attributed to the metachronal coordination between filaments.
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(a) X-coordinate of the tips (b) Y-coordinate of the tips

Figure 4.5: Evolution of the tip displacements of the legs

It can also be observed from Figure 4.2 that the legs bend when pushing against
the terrain during the locomotion process due to their flexibility. The penalty
function enforces the inextensibility constraint, forcing the legs to bend instead
of changing their length when an external force is applied. The inextensibility
condition V; = fog(rg.rg —1)ds; = f(f(Xl{2 + Y!? — 1)ds; is plotted for all the filaments
during the robot locomotion in Figure 4.6.
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Figure 4.6: Evolution of the inextensibility error of the filaments

In the simulation, the error is less than 107 for all the legs during the locomotion.
Compared to the length of the stiff filaments, which is one, the error is small,
indicating the effectiveness of the penalty function in enforcing the inextensibility
constraint on the legs. The Lagrange multiplier approach might be better than the
penalty function method at enforcing the inextensibility constraint since it does
not require additional parameter tuning. However, for the simulations presented
here, the approximated penalty method is sufficient to illustrate the dynamics of
the model.

In this thesis, mesh sensitivity analysis is not conducted for the modeled robotic
system, since the primary focus is to provide results that describe the performance,
prove the viability of the proposed locomotion mechanism, and generating a stable
solution with respect to locomotion. Though highly resource-costly, mesh refine-
ment could be necessary in future work to obtain grid-converged solutions and
study certain bending deformation factors of individual legs. However, for this
work, it is expected that the solutions will be within certain acceptable bounds, and

the qualitative aspects of the provided results will not vary with mesh refinement.
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Chapter 5
Conclusions and Future Work

Terrestrial robots have a wide spectrum of applications, ranging from non-destructive
environmental inspection to military and defense applications. New locomotion

mechanisms are required to be researched in order to improve performance of

terrestrial robots and to use them in more complex environments. Improved robot

performance can accommodate for navigation in unknown environments, locomo-
tion over rough and uneven terrains and optimization of power consumption. This

thesis contributes towards the development of a multi-legged locomotion strategy

with potential benefits in the form of terrain adaptive motion and lower power

consumption when compared to rigid multi-legged robots.

The biological inspiration for the locomotion mechanism comes from the mo-
bility principle used by microorganisms to travel in fluid environments. These
small-scale entities utilize flexible protrusions called axonemes present on their
body to push the surrounding fluid via internal electrochemical motors and move
in a desirable direction. While the protrusions are actuated, coordinated beating
patterns emerge due to a combination of mechanical coupling through the bases
of the axonemes, and hydrodynamic interaction between the flowing fluid and
the axonemes. The mechanical linkage between the bases of the protrusions via
flexible inter-cellular connections is also referred to as basal coupling. One beat-
ing pattern of interest is metachronal coordination which requires synchronous
oscillation of all the filaments with a constant phase shift between contiguous ones.
This suggests the hypothesis that metachronal coordination can be achieved by
pure basal coupling, as it can also be observed in terrestrial animals. For instance,
millipedes possess hundreds of legs and utilize metachronal coordination to move.
Hence, the fluid based locomotion principle utilized by microorganisms could also

be utilized for terrestrial locomotion of robots by assuming the legs to be an array
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of flexible filaments coupled at the base. From a design perspective, an array of
tlexible protrusions is a robust solution as they can adapt and morph to a variety
of terrains enabling locomotion of a multi-legged robot over unstructured terrains.
Furthermore, metachronal coordination via basal coupling could minimize the
actuation input to each leg and maximize the energy efficiency of the robot.

To illustrate the proposed locomotion solution, this thesis presents the mathe-
matical modeling and simulation of a two-dimensional model of a robot, which
utilizes flexible filaments as its legs, that are coupled at the base using linear springs.
The robot’s body has a U-shape with uniform thickness that encloses the bases of
the legs of the robot. Each leg is modeled as a two-dimensional non-linear rod
with internal forces by using constrained Euler elastica. The constraint prevents
the axial elongation while allowing to bend. The constraint is enforced using a
penalty based approach. The modeling results in a system of nonlinear partial
differential equations which are solved using the finite element method. The robot’s
body is assumed to be rigid to simplify the dynamics, and focus on the impact of
utilizing flexible filaments as legs. The dynamics of the body is derived through
Euler-Lagrange equations. The robot’s movement is induced by actuating each leg
with a moment at the base. The moments applied at the bases of the legs ensure a
desirable phase shift between contiguous legs and sustain metachronal coordina-
tion. The robot is simulated over a flat and even terrain to illustrate locomotion. The
contact forces between the terrain and the legs in the form of normal and frictional
forces are also included in the model. The internal forces on the legs are set to zero
for the purpose of the simulation. Furthermore, each is initially assumed to be
out of phase by a desired phase difference, to start from metachronal coordination.
The finite element space of each filament is discretized by five uniformly spaced
nodes. Simulation results illustrate the motion across a flat terrain through the use
of metachronal coordination. The contact forces in the form of normal and frictional
forces generated by the interaction between the robot and the terrain enable the
forward movement of the robot.

In this thesis, metachronal coordination is not an emerging pattern from basal
coupling. The understanding of the connection between legs” elastic coupling and
eventual emergence of coordinated stable states is the object of ongoing work,
with implications for robot design. The topology of the coupling basal elements
could play an important role in inducing coordinated patterns. Current research
directions are exploring ideas from pinning controllability of networked systems,
to obtain existence and stability conditions of coordinated states, and eventual
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minimal requirements in terms of actuation.
The results presented indicate that the proposed model is capable of describ-
ing legged terrestrial locomotion on a flat terrain, with sustained metachronal

coordination of the system of legs. This thesis is the first step. Future work includes

¢ Minimizing actuation inputs to the legs to improve overall energy efficiency
of the robot: In this thesis, stiff linear springs were used as basal coupling
elements to ensure smooth operation of the robot. The actuation inputs can be
minimized by using better mechanical coupling elements such as nonlinear
springs, or a combination of springs and dampers that induce metachronal
wave patterns. These mechanical coupling elements must enable transfer of
forces among legs to induce metachronal coordination.

¢ Utilizing internal forces of the filaments for actuation: In this thesis, the inter-
nal forces of the filaments were set to zero to depict how the robot moves when
only moments are applied at the bases of the legs. The internal forces could

be used as actuation, consistently with the mechanics of several organisms.

* Testing the robot on unstructured terrains: This thesis only demonstrates
the capabilities and potential over a flat terrain. Since the legs are flexible,
the legs of the robot can adapt and morph to a variety of terrain. Hence, the
proposed robot model is an attractive solution to deploy over unstructured

environments.

* Flexibility of the robot’s body: In this thesis, the robot’s body is considered
to be rigid to simplify the mathematical modeling process. By considering
a highly flexible body, the locomotion could be aided [112]. Further, the
flexibility of the body could be a requirement for specific missions.

MASTER OF APPLIED SCIENCE THESIS 68



Appendix A

Calculations, Simplifications and
Important Plots

A.1 Variation of Kinetic Energy and Potential Energy

The variation of the kinetic energy of the i*" axoneme yields

1 /7
5/Cl' =9 (5/0 pl"z' . iridsi)
4
= / ‘DI"Z' . 5if‘idSi (Al)
0
¢ d
= /0 pti - 7 (01;) ds;
Integrating the variation of the kinetic energy between the time instants t; and f»,

applying integration by parts, and using the condition dr;(t) = dr;(t2) = 0 from
Hamilton’s principle, we get

tr l tp 1) 14
ICidt = / pt; - or;| ds; — / (/ of; - 51‘,‘6151') dt
t1 0 t ty 0
ty l
= —/ (/ pF; - (Sridsi) dt
t \Jo

Since dx; = n; - 6r/, the variation of the potential energy of the i axoneme yields

(A.2)
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¢ /K A
0 =106 /o (TMKZZ — aFix; + pg(Xterr — 1; - 1)) dsi>

‘6 ~
:/0 ((Kmk; — aF;) 6x; — pgi - 0r;) dis;
¢ " o , X (A.3)
:/0 ((KM”ri | —aF;) Hrﬁ_,H -0 — pgi - (5ri> ds;
L !’ Z A
= 0 ((KMr;/_uFiHri.’H '5r;/_pgi'5ri) dSi
1
Applying integration by parts twice yields
E 0\ .
0&; = <KMr}V - (Hi{/lHr;/) - Pgi> - Or;ds;
l (A4)

L

t aF; !
I11
0 — (KMri — (Hl‘;’lHr;/) > -51‘1' 0

A.2 Calculations for the Weak Form

Multiplying the partial differential equation 3.30 with the virtual displacement Jr;

and integrating it over the spatial domain [0, /] gives

Y ) 1 R
/ ((pi‘i + iy + Kyl — ( Hifln rg’) — pgi) . 51‘1~> ds; =0 (A.5)
0 i
Applying integration by parts twice, we get
¢ . . A aF; "nos
/0 pt; + (t; — pgi | - 0r; + KM—M r; - or; |ds;
1
14

aF‘ E HI aF‘ !
- (o ) o] ¢ (KM” ~{pere) ),

Substituting the boundary conditions 3.32, we get

(A.6)
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Y4 R aFE;
/0 ( (pfi + (it — pgl) 01 + <KM — m) rgl . (51‘?) ds;
i

(¢ . rf’(O,t) / _
— in . (51‘1( ,t) — FSi . (51‘1(0, t) - Moim . (Sl‘i(O, t) =0
1 4

(A7)

A.3 Sample Plots of Finite Element Basis Functions

For a mesh of five uniformly spaced nodes in the domain [0, ], the finite element
basis functions ¢, and ¢g and their derivatives are constructed using the conditions

shown in Equation (3.37). The following are the plots

Pa
1.0

0.8
0.6
04r

0.2

€

0.2 0.4 0.6 0.8 1.0
(a) Plot of ¢, (b) Plot of ¢

Figure A.1: Plots of finite element basis functions ¢, and ¢g whenn =5
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Figure A.2: Plots of the derivatives of the finite element basis functions ¢, and qbk
whenn =5
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A.4 Structures of Matrices Appearing in the Finite Ele-

ment Discrete Form

The following are the elements of different matrices appearing in the finite element
discrete form:

¢ Mass matrix M;:

[y (979) dsi 0 ]
M; = A8
[ 0o fl(pTe)ds, A9

¢ Nonlinear matrix N;:

14 T g1 )
N; = [fo (Qip"" ¢") ds; . ST ) ] (A9)
0 Jo (Qig"" ") ds;
where
Qi = Kyt — — e = Ky - il (A.10)
X;/Z +Yi”2 \/(4)//(1”32)2 + (fl)”qﬂ)z

- Mo,(#) [_""T(O)"’"(O) 0 ”‘1"‘] (A11)
¢
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Appendix B

Robot Simulation Code in

Mathematica

The code below is a script written in Wolfram Language and implemented in
Mathematica 13. The code simulates the proposed robot model and demonstrates
its locomotion capability over a flat terrain. The following source code can also be
downloaded at the link to the Mathematica notebook.

Common Material, Geometric, and Time
Integration Parameters

(xLength of each leg«)L =1;

(xDistance between filamentsx)a =1L/ 20.;
(xDensity of each leg«)p =1;

+Bending rigidity of each legx)kM = 50;
*Number of legsx)nf =9;

*Mass of the robot's body«)m=0.01;
xAcceleration due to gravityx)g=9.81;
xDamping coefficientx)Z =5.0;

»Integration Timex)tf = 50;

Finite Element Basis Functions

Finite Element Mesh Properties

(«Number of nodes+)Nn =5;

(«Number of elementss)Ne = Nn-1;

(«Number of nodes for each elementx)Nm = 2;

(«Global nodes«)n = Table[i, {i, @0, L, L/ (Nn-1)}] // N;
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Coefficients of the Interpolating Polynomials

(«Direct mapx)x[s_, 1_]1 t= (n[i] + n[i1+ 1] + (n[i + 1] - n[i]) s) / 2;
(«Inverse maps)s[x_] = Table[s /. First[Solve[x[s, 1] ==X, s]], {i, Nn-1}];

(+Polynomials«)NN[i_, x_] i= ap+Sum[ay (x - n[il)7, {3, 3}];
(xCalculate coefficients of the interpolating polynomialSx)

cond10 = {NN[1, x[-1, 1]] ==1, NN[1, x[1, 1]] == O,

(ONN[1, X[S, 1]] /. S > -1) =0, (8sNN[1, X[S, 1]] /. s » 1) =0} // Chop;
s0l10 = Solve[cond1l0, Table[a;, {i, @, 3}]1] // Flatten;
cond20 = {NN[1, x[-1, 1]] == @, NN[1, x[1, 1]] =1,

(OsNN[1, x[s, 1]] /. s> -1) =0, (OsNN[1, x[s, 1]] /. s> 1) =0};
s0l120 = Solve[cond20, Table[a;, {i, @, 3}]] // Flatten;
cond11 = {NN[1, x[-1, 1]] =0, NN[1, x[1, 1]] == O,

(8sNN[1, X[S, 1]] /. s> -1) =1, (8sNN[1, X[S, 1]] /. s > 1) = 0};
solll = Solve[condll, Table[a;, {i, @, 3}]] // Flatten;
cond21 = {NN[1, x[-1, 1]] =0, NN[1, x[1, 1]] == O,

(ONN[1, X[S, 1]] /. S > -1) =0, (OsNN[1, X[S, 1]] /. s » 1) =1};
sol21 = Solve[cond21, Table[a;, {i, @, 3}]] // Flatten;
sol = {{s0l1@, s0l20}, {solll, sol21}};

(xPolynomials with coefficients in the master elementx)
polycoeff[a , s_] := Flatten[Table[NN[1, x[s, 1]] /. sol[i+1, 31, {j, 2}, {i, 0, 1}]11[al;

Basis Functions

(xPolynomials in the global domainx)
olx ] = Module[{¢a, #b},
¢a = Join[ {Which[n[1] < x < n[2], Evaluate[polycoeff[1, s[x][1]]], True, 0]},
Table[Which[n[i - 1] < x < n[i]], Evaluate[polycoeff[3, s[x][1i-1]]], Evaluate[
n[i]] < x < n[i +1]], Evaluate[polycoeff[1, s[x][il]], True, @], {i, 2, Nn-1}],
{Which[n[-2] < x < n[-1], Evaluate [Expand[polycoeff[3, s[x][Nn-1]]]], True, ©1}1;

nf2] - n[1]

¢b = Join[{Which [n[[l]] <x<nf2], Evaluate[ polycoeff[2, s[x] [[1]]]],

True, 0]}, Table [which[n[[i -1] < x < n[i],

[n[[i]] -n[i-1]

Evaluate polycoeff[4, s[x][i- 1]]]], Evaluate[n[i]] < x < n[i+1]],

[n[[i+1]] -n[i]

Evaluate polycoeff[2, s[x] [[i]]]], True, 0], {i, 2, Nn - 1}] ) {Which[

polycoeff[4, s[x] [Nn - 1]]]], True, 0] }],

n[-1] - n[-2]
n[-2] < x < n[-1], Evaluate[—

Join[¢a, ¢b]] // Chop;

(xDerivativesx)

Dp[x_1 =D[é[x], X];

DDy [x_1 =D[d[x], {X, 2}];
DDD[x_]1 =D[o[x], {x, 3}];

(xPlot of ¢,*)
figphialpha = Show[ {Graphics[{PointSize[.04], Point[ ({n, Table[@, Nn]} // Transpose)]}],
Plot[Table[¢[x][il, {i, 1, Nn}] // Evaluate, {x, 0, L},
PlotStyle - Thickness[0.01], PlotRange - All]}, Axes - True, ImageSize -» Small,
AxesLabel » {"\!\ (\xStyleBox[\"s\",FontSlant->\"Italic\"1\)", "¢."},
AspectRatio » 1/1.5]; («Plot of ¢py+)
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figphibeta = Show[ {Graphics[{PointSize[.04], Point[ ({n, Table[@, Nn]} // Transpose)]}],
Plot[Table[¢[x] [i], {i, Nn+1, 2Nn}] // Evaluate, {x, 0, L},

PlotStyle -» Thickness[0.01], PlotRange » All]}, Axes - True, ImageSize -» Small,
AxesLabel » {"\!\ (\xStyleBox[\"s\",FontSlant->\"Italic\"]\)", "¢5"},
AspectRatio - 1/1.5];

(xPlot of ¢,'x)
figphialphaprime =
Show[ {Graphics[{PointSize[.04], Point[ ({n, Table[@, Nn]} // Transpose)]}],
Plot[Table[D¢[x] [i]l, {i, 1, Nn}] // Evaluate, {x, @, L},

PlotStyle - Thickness[0.01], PlotRange - All]}, Axes - True, ImageSize -» Small,
AxesLabel -» {"\!\ (\xStyleBox[\"s\",FontSlant->\"Italic\"1\)", "¢'."},
AspectRatio -» 1/1.5];

(xPlot of ¢g'«)
figphibetaprime =
Show[ {Graphics[{PointSize[.04], Point[ ({n, Table[®, Nn]} // Transpose)]}],
Plot[Table[D¢[x] [i], {i, Nn+1, 2Nn}] // Evaluate, {x, O, L},

PlotStyle -» Thickness[0.01], PlotRange —» All]}, Axes -» True, ImageSize - Small,
AxesLabel » {"\!\ (\xStyleBox[\"s\",FontSlant->\"Italic\"]1\)", "¢'s"},
AspectRatio-» 1/1.5];

Robot Geometry and System Variables

Filament Parameters

Filament State Vectors

(«Collection of coefficients of vector a for all legs«)
qa[t_] =
Table [ToExpression[StringJoin["a", ToString[i], ToString[j], "[t]1"]1]1, {i, nf}, {j, Nn}];
(«Collection of coefficients of vector b for all legsx)
gb[t ] =
Table[ToExpression[Stringloin["b", ToString[i], ToString[j], "[t1"]1], {i, nf}, {j, Nn}];
(xCollection of coefficients of vector c for all legsx)
qclt_] =
Table[ToExpression[Stringloin["c", ToString[i], ToString[j], "[t1"]1], {i, nf}, {j, Nn}];
(xCollection of coefficients of vector d for all legs«)
qd[t_] =
Table[ToExpression[StringJloin["d", ToString[i], ToString[j], "[t1"]1], {i, nf}, {j, Nn}];
(xCollection of all unknown coefficientsx)
qlt_]1 = Join[qa[t], gb[t], qc[t], qd[t], 2];
(«Collection of all unknown coefficients of X(s,t)«)
gx[t_] = Join[qa[t], gb[t], 2];
(«Collection of all unknown coefficients of Y (s,t)x)
qy[t_]1 = Join[qc[t], qd[t], 2];

Filament Initial Conditions

(» r(s,0) i.e. the initial shape of each leg described using arclength parameter 's'«x)
initialr[s_] = {{s, -4.0}, {0, -3.0-5s}, {-s, -2.0},

{0, s-1.0}, {s, 0}, {0, 1.0-5s}, {-s, 2.0}, {0, s+3.0}, {s, 4.0}};
(» t(s,0) i.e. the unit tangent vector of
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each leg described using arclength parameter 's'x)
initialt[s_] = D[initialr[s], s];

Connecting Springs Parameters

(#Spring constants of S, springs+)a = 500.0;
(xUndeformed Length of each S, spring+)La =1.9;
(#Spring constants of S; springs«)B = 500.0;
(xUndeformed Length of each springx)LB =0.5;

Robot Body Parameters

Generalized Coordinates and Dimensional Parameters

(«Generalized Coordinates of the robot's body«)qbody[t_ ] = {xbody[t], ybody[t], 6[t]};
(*Thickness of the robot's bodyx)tns = 1.0;
(xClearance of the robot's body«x)clc = 0.2;

Center of Mass Calculation

(«Length of the robot's bodyx)len = 2xtns + (nf+1) »La;

(#Breadth of the robot's bodyx)brd = tns + LB +clc;

(#Area of the robot's body«)area = (len) (tns) +2 (brd-tns) (tns);
(xInitial X-coordinate of the center of mass of the robot's bodyx)

xcom = ((-LB-tns/2) (len) (tns) +2 ((-LB +clc) /2) (brd-tns) (tns)) / area;
(xInitial Y-coordinate of the center of mass of the robot's bodyx)

ycom = O;

Other Parameters

(xRotation transformation function on the coordinates B, B,,
By,2 for rotation by ©[t] about the point (xbody[t],ybody[t])*)
rtran = RotationTransform[gbody[t][3], {gbody[t][1], gbody[t][2]}];
(xCoordinates of points B;, By, ..., By,2%)
fpt[t_]1 = Join[{{qbody[t] [1] - xcom, gbody[t] [2] - ((nf+1) /2) La}},
Table[ {gbody[t] [1] - xcom - L3, gbody[t][2] - (((nf+1) /2) -1i) La}, {i, 1, (nf+1) /2}],
Table[ {gbody[t] [1] - xcom - LB, gbody[t] [2] + (i) La}, {i, 1, ((nf+1) /2) -1}],
{{gbody[t] [1] - xcom, gbody [t] [2] + ((nf+1) /2) La}}];
(xcoordinates of fixed points after applying the transformation functionx)
mfpt[t_] = rtran/efpt[t] // FullSimplify;

xPenalization parameters for penalty function on in-extesibility constraintx)
10000;

= 175;

= 50;

+Penalization Parameter for penalty function on normal forcex)e = 1000;
xPenalization Parameter for penalty function on friction forcex)v = 200;

xParallel distance between basis vector i and the terrains)Xterr = 1;
xProportional gain for the moment applied at the base of the axonemes«)Kp = 500;
xFrequency of rotation of the legs+)w = 0.5;

e

MASTER OF APPLIED SCIENCE THESIS 76



APPENDIX B. ROBOT SIMULATION CODE IN MATHEMATICA

Projected Solutions and Evaluations

(«Approximate solutions for X(s,t),X'(s,t),X""(s,t)«)
Xa[x_, t_] = Map[¢[x].# &, qx[t]];

DXa[x_, t_] = Map[Do[x].# &, qx[t]];

DDXa[x_, t ] =Map[DD¢[x].# &, qx[t]];

(«Approximate solutions for Y(s,t),Y'(s,t),Y"'(s,t)«)
Ya[x_, t_] =Map[¢[x].# &, qy[t]];

DYa[x_, t_] = Map[Do[x].# &, qy[t]];

DDYa[x_, t ] =Map[DD¢[x].# &, qy[t]];

Robot Initial Conditions

(«» Initial conditions for unknown coefficients aij )

icl = Table[Xa[n[i], @] [jl, {j, nf}, {i, Length[n]}] -
Table[initialr[n[i]][ ;; , 2103j0, {j, nf}, {i, Nn}] // Chop // Flatten;

(«» Initial conditions for unknown coefficients bij )

ic2 = Table[DXa[n[i], @]1[jl, {j, nf}, {i, Length[n]}] -
Table[initialt[n[i]][ ;; , 2103j0, {j, nf}, {i, Nn}] // Chop // Flatten;

(« Initial conditions for unknown coefficients cij )

ic3 = Table[Ya[n[il, @] [jl, {j, nf}, {i, Length[n]}] -
Table[initialr [n[il ] ;; , 20030, {j, nf}, {i, Nn}] // Chop // Flatten;

(» Initial conditions for unknown coefficients dij «)

ic4 = Table[DYa[n[i], ©]1[jl, {j, nf}, {i, Length[n]}] -
Table[initialt[n[i]][ ;5 , 210j1, {j, nf}, {i, Nn}] // Chop // Flatten;

ic5 = q'[0] // Flatten;

(«#Initial conditions for C.0.M of robot's bodyx)

ic6 = qbody[@] // Flatten;

ic7 = gbody'[@] // Flatten;

(xList of all initial conditions for the systemx)
icvalues = Join[Thread[Join[icl1, ic2, ic3, ic4, ic5] =0],
Thread[ic6 == {xcom, ycom, ©}], Thread[ic7 == ©]] // Chop;

(xThreaded 1list of all initial conditions for the systemx)
icthread =
Join[Chop[Thread[Flatten[q[@]] -» Flatten[Join[Table[initialr[n[i] ][ 5; , 11031,
{j> nf}, {i, Nn}], Table[initialt[n[ill][ 55 , 10030, {j, nf}, {i, Nn}],
Table[initialr[n[i] 10 ;; , 21 0j0, {j, nf}, {i, Nn}],
Table[initialt[n[ill]10 ;5 , 21030, {j, nf}, {i, Nn}1, 21111,
Chop[Thread[Flatten[q'[@]] -» Flatten[ConstantArray[0, {nf, 4Nn}]]]11],
Thread[gbody[@] -» {xcom, ycom, 0}],
Thread[gbody ' [0] -» 0]1];

Robot Graphics Functions

(xSpring graphics functionx)

(*n = number of coils, h = aspect ratio = width w.r.t unit lengthx)

unitSpringPoints[n_, h_] := Block[{dl, xlist, ylist}, dl =1/ (2n+1);
xlist = Flatten[{0, 1.5d1, d1 Table[k, {k, 2, 2n-1}], 1-1.5d1, 1}];
ylist = Flatten[{0, @, h /2 Table[(-1)~(k+1), {k, 2, 2n-1}], @, ©}];
Transpose[ {xlist, ylist}]]
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(xTransformation matrixx)
coordinateTrasformMatrix[{x@ , y0 }, {x1_, y1 }] :=
Block [ {theta}, theta = ArcTan[x1 - x@, y1 -y0];

{{Cos[theta], -Sin[theta]}, {Sin[theta], Cos[theta]l}}]
(xFunction to transform list of coordinatesx)
coordinateTransform[coords_List, {{x0_, y0 }, {x1_, y1_}}] :=
Block[{scale, mat}, scale = Sqrt[ (x1-x0) 2+ (y1-y0)"2];

mat = coordinateTrasformMatrix[{x@, yo}, {x1, y1}1;

({x0, yo} +mat. ({scale, 1} * #)) & /@ coords]

(«Spring function that take the end coordinates of
spring as input along with no. of coils and aspect ratiox)
spring[{{x6_, y0_ }, {x1_, y1_}}, n_:10, h_:0.05] :=

Line[coordinateTransform[unitSpringPoints[n, h], {{x0, y@}, {x1, y1}}11;

(xLeg base graphics functionx)
base[{x ,y }, L :L/2.5,ang_:0] :=
Line[{{x - (L /2) Sin[ang Degree], y + (L / 2) Cos [ang Degree]},
{x+ (L/2)Sin[ang Degree], y - (L /2) Cos[ang Degree]}}]

(xCoordinate basis vectorsx)

basis[{x_, y_, thick_:0.015, Len_:0.5}] := {Thickness[thick],
Arrowheads [Small], Arrow[{{{x, v}, {x, v+ len}}, {{x, ¥y}, {x+len, y}}}1,
Text[Style["x", Medium], {x + Len, y}, {-1, 0}, {1, 0}],
Text[Style["y", Medium], {x, y + Len}, {0, -1}, {1, ©}]1};

(«Robot body graphics functionx)
body[{x_, y_, ang_}] := Rotate[ {Rectangle|[

{x-xcom-LB-tns, y- ((nf+1) /2) La-tns}, {x-xcom-LB, y+ ((nf+1) /2) La+tns}],
Rectangle[{x - xcom-LB, y- ((nf+1) /2) La-tns}, {x-xcom+clc, y- ((nf+1) /2) La}],
Rectangle[{x - xcom-LB, y+ ((nf+1) /2) La},

{x-xcom+clc, y+ ((nf+1) /2) La+tns}]}, ang, {x, y}1;

Equations of Motion of the Filaments

Internal Driving Force of the Filaments

(«The internal forces f of each filament«)f[x_ ] = Table[@., {k, nf}];
(xThe function F(s):—é'f(o)do*)F[x_] := -Integrate[f[&], {&, x, L}];

Mass Matrix

(xThe expression ‘J/é'n(d:Td:')dsi*)

MX = Table[Integrate[¢[x][ill #[x][jl, {x, @, L}1, {i, 2Nn}, {j, 2Nn}];

(xConstruction of the mass matrixsx)

MM = Join[Join[MX, ConstantArray[@, {2Nn, 2Nn}], 2],
Join[ConstantArray [0, {2Nn, 2Nn}], MX, 2]];

Nonlinear Matrix

(«Function for evaluating the function Q;»)QQ[x_, t_] :=
Table[kM - (aF[x][i] / Sqrt[ (DDXa[x, t][i]) ~2+ (DDYa[x, t]1[il) ~2]1), {i, 1, nf}];
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(«xThe expression }'0( (Qip"'To" ") ds;*)

NX = Table[Integrate[QQ[x, t][k] ~DD¢[x][i] ~DD¢[x][jI, {x, @, L}1,
{k, nf}, {i, 2Nn}, {j, 2Nn}];

(xConstruction of the nonlinear matrixs)

NM = Table[Join[Join[NX[i], ConstantArray[@, {2Nn, 2Nn}], 2],
Join[ConstantArray [0, {2Nn, 2Nn}], NX[i], 211, {i, nf}];

Penalty Vector

(xThe expression [’ (¢"Te" ) ds;x)
VX = Table[Integrate[D¢[x][i] ~ Dé[x]Lil, {X, @, L}], {i, 2Nn}, {j, 2Nn}];
(xConstraint Equation=«)
W = Table[q[t][i].Join[Join[VX, ConstantArray[@, {2Nn, 2Nn}], 2],
Join[ConstantArray[@, {2Nn, 2Nn}], VX, 2]].q[t][i] - L, {i, nf}] // FullSimplify;
(xConstruction of the penalty vectorsx)
LL = Table[x (D[VV[]jl, {t, 2}] +2nuD[VW[]l, t] + (n) ~2VV[JII)
Table[D[VWV[jl, q[t1[JIIil], {i, Length[q[t1[jN1}1, {3, nf}];

Input Vector

External Forces and Moments

(xPenalty function for the normal forcex)

fLx[t_ ] = Table[Piecewise[{{e (Xterr -q[t][i, Nn]), q[t][i, Nn] = Xterr}}, 0], {i, nf}];
(xPenalty function for the frictional forcex)

fLy[t ] = Table[Piecewise[{{v (-q'[t][i, 3Nn]), q[t][i, Nn] > Xterr}}, 0], {i, nf}];
(xMoments applied at the base of the legs=x)

MO[t ] = Table[Kp ( -w-D[ArcTan[q[t][i, Nn+1], q[t][i, 3Nn+1]], t]1), {i, nf}];
(xNote that, X;(/,t) = & () .0y (t) = @i, Yi(4,t) = ¢(4).q, (t) = Cin,

Xi'(0,t) = ¢'(0).ax(t) = bia, Yi'(0,t) = ¢'(0).qy(t) = dizx)

(«Computataion of the vector of external forcesx)

fext = Table[Join[fLx[t][i] ¢[L], fLy[t][il ¢[L]], {i, nf}];

(«Computation of the vector of external momentsx)

mext = Table[ (MO[t] [i]) Join[-Table[D¢[@] [i] ~ D¢ [@0] [JI, {i, 2Nn}, {j, 2Nn}].qy[t] [i],
Table[D¢[@] [i] D¢ [@]1[j1, {i, 2Nn}, {j, 2Nn}].gx[t]1[il], {i, nf}];

Reactive Spring Forces

(xEuclidean distance between two ends of an Saj springsx)
ya =
Join[{Sqrt[ (Xa[@, t][1] -mfpt[t][1, 1]) "2+ (Ya[O, t][1] -mfpt[t][1, 2]) ~2]}, Table[
sqrt[(Xa[@, t][i] - Xa[@, t]1[i-1])~2+ (Ya[@, t][i] - Ya[0, t]1[i-1])~2], {i, 2, nf}],
{Sqrt[ (Xa[@, t][[nf] - mfpt[t] Inf+2, 1]) *2 + (Ya[@, t][nf] - mfpt[t] Inf +2, 2]]) ~2]1}];
(xChange in length of an Saj springsx)
Axa = Table[La - ya[i], {i, nf+1}];

(«Euclidean distance between two ends of an SB; springx)
¥B = Table[
Sqrt[ (Xa[@, t][i]] -mfpt[t][i+1, 1]) "2+ (Ya[O, t][i] -mfpt[t]l i+ 1, 2])~2], {i, nf}];
(«Change in length of an SB3; springx)
AxB = Table[LB - ¥B[il, {i, nf}];
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(#x-component of the reactive spring force vectorsx)
Fsx = Join[{ (a Axa[1] / ya[l1l]) (Xa[0, t][1] - mfpt[t][1, 1]) + (B AxB[1] / ¥RI1l)
(Xa[o, t][1] - mfpt[t][2, 1]) + (a Axa[2] / ya[[2]) (Xa[O, t1[1] - Xa[@, t][2])},
Table[ (a Axa[i] / ya[ill) (Xa[@, t][i] - Xa[@, t][i-1]) +
(BAXBLi] / ¥BIill) (Xa[@, t]1[il -mfpt[t][i+1, 1]) +
(a Axa[i+ 1] / ya[i+1]) (Xa[@, t][i] - Xa[o@, t][i+1]), {i, 2, nf-1}],
{ (a Axa[[nf] / ya[nf]) (Xa[@, t][nf] - Xa[0, t][nf-1]) +
(B AXB[nf] / yBInfl) (Xa[O@, t][Inf] - mfpt[t][nf+1, 1]) +
(a Axa[[nf + 1] / ya[[nf +1]) (Xa[0, t][nf] -mfpt[t][nf+2, 1])}];
(»y-component of the reactive spring force vectorsx)
Fsy = Join[{ (aAxa[1] / ya[1l]) (Ya[O@, t][1] - mfpt[t][1, 2]) + (B AxB[1] / ¥AI1l)
(Ya[e, t][1] - mfpt[t][2, 2]) + (aAxa[2] / ya[2]) (Ya[@, t]1[1] -Ya[e, t][2])},
Table[ (a Axa[i] / ya[i]) (Ya[@, t][i] - Ya[@, t][i-1]) +
(B oxBIil / ¥BIil) (Ya[®, t]1[il -mfpt[t][i+1, 2]) +
(a Axa[i+1] / ya[i+1]) (Ya[@, t][i] - Ya[®@, t]1[i+1]), {i, 2, nf-1}],
{ (a Axa[[nf] / ya[[nf]) (Ya[@, t]1[nf] -Ya[0, t][nf-1]) +
(B AXBInf] / ¥BInfl) (Ya[@, t][Inf] - mfpt[t][nf+1, 2]) +
(a Axa[[nf + 1] / ya[[nf +1]) (Ya[0@, t][nf] -mfpt[t][Inf+2, 2])}];

(xComputation of the vector of reactive spring forcesx)
fspring = Table[Join[Fsx[i] ¢[@], Fsy[i] ¢[01], {i, nf}]1;

Total Input Vector

(xTotal input vector consisting of reactive spring forces,
external forces and momentsx)
UU = fext + fspring + mext +
Table[p g Join[Integrate[¢[Xx], {X, @, L}], ConstantArray[@, 2Nn]], {i, nf}];

Finite Element Discrete Form

(xEquation of motion for all the legs in finite element discrete formsx)
eqnleg = Flatten[Table[
Thread [MM. (oq "' [t][J1 +&q ' [t1[J]) - LLIJ] +NMIjD.q[t] @3] - VU] == @], {j, nf}11;

Equations of Motion of the Robot’s Body

Kinetic Energy

(xMoment of inertia of the robot's body about its center of massx)

Ibody = (1/12) (m) ((len~2+brd”~2) - ((len-2tns)~2+ (brd-tns)~2));

(xKinetic energy of the robot's bodyx)

Kbody = (1/2) (m) (Take[D[gbody[t], t], 2].Take[D[gbody[t], t], 2]) +
(1/2) (Ibody) (Take[D[gbody[t], t], -1].Take[D[gbody[t], t], -1]);

Potential Energy

(«Potential energy due to gravityx)Ebody = mg (Xterr - gbody[t][1]);
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Lagrangian

(«Computation of the Lagrangian for the robot bodyx)Lbody = Kbody - Ebody;

Non-Conservative Forces

Damping Forces

(#Rayleigh dissipation functionx)Rbody = (& / 2) qbody'[t].qbody'[t];
(«»Generalized damping force vectorx)
QDbody = Table[-D[Rbody, gqbody ' [t][i]], {i, Length[gbody[t]]}];

Reactive Spring Forces

(xList of reactive spring forces acting on the body of the robotx)
FSbody = Join[{{ (a Axa[1] / ya[1]) (mfpt[t][1, 1] - Xa[0, t]1[1]),
(aaxa[1] / ya[1]) (mfpt[t][1, 2] -Ya[e, t][1])}},
Table[{ (B AxB[il / ¥BIil) (mfpt[t][i+1, 1] -Xa[e, t]1[i]),
(BAXBLi] / ¥BIil) (mfpt[t][i+1, 2] -Ya[®, t][il)}, {i, nf}],
{{(aaxa[nf + 1] / ya[[nf + 1]) (mfpt[t][nf +2, 1] - Xa[0, t] [nf]),
(a axa[[nf + 1] / ya[nf +1]) (mfpt[t][nf+2, 2] -Ya[0, t][nf])}}]1;

(«»Generalized reactive spring force vectors)
QSbody = Table[Sum[FSbody[i] .D[mfpt[t] [i], gbody[t][jI], {i, nf+2}],
{j, Length[gbody[t]]1}]; // FullSimplify

Normal Force

(xCoordinates for points P1 and P2x)
P1 = rtran/e {{fpt[t][nf +2, 1] + clc, fpt[t][nf+2, 2] + tns}} // Flatten;
P2 = rtran/e {{fpt[t][1, 1] + clc, fpt[t][1, 2] - tns}} // Flatten;
(xNormal force vectors acting on points P1 and P2x)
FNP1 = {Piecewise[
{{Piecewise[{{-€ » (P1[1] - Xterr), P1[1] > Xterr}}, 0], qbody[t][3] < ©}}, 0], 0O};
FNP2 = {Piecewise][
{{Piecewise[{{-€ * (P2[1] - Xterr), P2[1] > Xterr}}, 0], qbody[t][3] > ©}}, 0], ©};

(xGeneralized normal force vectorsx)
QNbody = Table[FNP1.D[P1, gbody[t][jI]1, {j, Length[gbody[t]]}] +
Table[FNP2.D[P2, gbody[t][j1]1, {j, Length[gbody[t]]}];

Vector of Generalized Forces

(«Generalized non-conservative force vector acting on the body of the robotx)
Qbody = QDbody + QSbody + QNbody ;

Euler-Lagrange Equations

(xEquations of motion for the body of the robotx)
eqnbody = Table[D[D[Lbody, gqbody ' [t] [ill], t] - D[Lbody, gbody[t] [i]] == Qbody[i],
{i, Length[gbody[t]]}];
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System Solver and Solutions

System of Equations

(xComplete system of equations describing the motion of the robotx)
diffeqn = Chop[Join[eqnleg, eqnbody]];

Solver

(xEvent condition is used to stop executing NDSolvex)
eventcond = {WhenEvent[stop, {tf =t;
"StopIntegration"}, "LocationMethod" -» "LinearInterpolation"]};

(»In case NDSolve takes more time than expected to solve the differential equations,
the stop button below can be clicked to obtain the
solution evaluated until the time when stop button was clickedx)
Button["Stop", stop = True]
(«The following command shows the progress of NDSolve at the bottom left
corner of the screen. It shows the amount of elapsed integration timex)
showStatus [status ] := LinkWrite [$ParentLink,
SetNotebookStatusLine [FrontEnd™ EvaluationNotebook[], ToString[status]]];
clearStatus[] := showStatus[""];
clearStatus[]

(«NDSolve function to find the solution for the differential equationsx)

stop = False;

soleqn = First@NDSolve[Join[diffeqn, icvalues, eventcond],
Join[(q[t] // Flatten), gbody[t]], {t, @, tf}, AccuracyGoal - 3,
PrecisionGoal - 3, EvaluationMonitor :» showStatus["t = " <> ToString[CForm[t]]],
Method » {"EquationSimplification" - Residual}];

Solutions

(#Intervals at which the solutions are collected«)
interval = 1/ 100;

(«Solutions for all the time-varying variables of the legsx)
gDet[t] = q[t] /. soleqgn;

(«Function that gives the value of X(s,t) for all the legsx)
XDet[x_, t_] = Table[¢[x].Take[gDet[t] [jl, 2Nn], {j, nf}];
(xFunction that gives the value of Y(s,t) for all the legs«)
YDet[x , t ] = Table[¢[x].Drop[qDet[t][jI, 2Nn], {j, nf}];
(xFunction that gives the value of X' (s,t) for all the legsx)
DXDet[x_, t ] = Table[D¢[x].Take[qDet[t] [jI, 2Nn], {j, nf}];
(xFunction that gives the value of Y'(s,t) for all the legsx)
DYDet[x_, t ] = Table[D¢[x].Drop[qDet[t] [jl, 2Nn], {j, nf}];
(«Function that gives the value of X''(s,t) for all the legs«)
DDXDet[x , t ] = Table[DD¢[x].Take[qgDet[t][jI, 2Nn], {j, nf}];
(«Function that gives the value of Y''(s,t) for all the legsx)
DDYDet[x , t ] = Table[DD¢[x].Drop[qDet[t][jI, 2Nn], {j, nf}];
(«Function that gives the value of X'''(s,t) for all the legsx)
DDDXDet[x _, t_] = Table[DDD¢[x].Take[qDet[t][jl, 2Nn], {j, nf}];
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(xFunction that gives the value of Y'''(s,t) for all the legsx)
DDDYDet[x _, t ] = Table[DDD¢[x].Drop[qDet[t][j], 2Nn], {j, nf}];

(xFunction to evaluate position vector of the

neutral axis at arclength x and time t of the jth legx)
rDet[x_, t , j ] := {XDet[x, t][jl, YDet[x, t1[J1};

(xFunction to evaluate curvature of the

neutral axis at arclength x and time t of the jth legx)
xDet[x_, t , j 1 :=Sqrt[ (DDXDet[x, t]1[J1)~2 + (DDYDet [x, t][jT) ~2]1;
(xFunctions to evaluate local tangent angle of the

neutral axis at arclength x and time t of the jth legx)
yDet[x , t , j ] :=ArcTan[DXDet[x, t][Jjl, DYDet[x, t1[J11;
(«Solution for the generalized coordinates of the robot's bodyx)
gbodydet[t_] = gbody[t] /. soleqn;

(«Solution for the points at which the springs are fixed to the robot's bodyx)
fixptdata[t_] = mfpt[t] /. soleqgn;

(xData generation for animationx)
Module[{},
(xLeg animation datax)
anidata = Table[rDet[n[i], t, j1, {t, @, tf, interval}, {j, nf}, {i, Nn}];
(%S, springs animation datax)
Sadata = Table[{{XDet[@, t][jl, YDet[O, t]1[j]}, {XDet[®, t][j + 1], YDet[O, t]1[j+1T}},
{j, nf -1}, {t, @, tf, interval}];
(«Sp springs animation datax)
SBdata =
Join[{Table[ {fixptdata[t][1], {XDet[O@, t][1], YDet[O, t][1]}}, {t, O, tf, interval}]},
Table[{fixptdata[t][j+1], {XDet[@, t][jl, YDet[O, t1[jI}},
{j, nf}, {t, 0, tf, interval}], {Table[
{fixptdata[t][-1], {XDet[O@, t][[-1], YDet[O, t][-1]}}, {t, @, tf, interval}]}];
(xRobot's body animation datax)
bodydata = Table[body[gbodydet[t]], {t, @, tf, interval}];
(xTerrain animation datax)
terrdata = Table[Xterr, {t, 0, tf, interval}];
15
(xRandom color generating function to encode individual legx)

colordata = RandomColor[nf +1];

(xPlot range for the animation. Ensure that the X-range and Y-
range of the plot range is equal. If not equal, the animation will be skewedx)
pltrng = {{-16.5, 16.5}, {-6.5, 26.5}};
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(xRobot animation«)
pltl =
Manipulate[Legended [Rotate [Show[ListPlot [anidata[j], Joined -» True, PlotRange - pltrng,
Axes - False, PlotStyle -» Thread[{Thickness[0.005], colordata}]],
Graphics[{Table[{Pink, spring[Sadata[i] [j1]}, {i, Length[Sadata]}],

Table[ {Pink, spring[SBRdata[i] [jI]}, {i, Length[SBdata]}],

{bodydata[[j]}, {{InfiniteLine[{Xterr, Xterr}, {0, Xterr}]}},

{{Rotate[Text [Style["Robot's Position on the Terrain",

FontWeight -» Bold, FontSize -» 15], {-2.5, 10}], 90 Degree]}},
{{Rotate[Text [Style["Robot's Configuration", FontWeight - Bold,
FontSize -» 15], {-15.9, 10}], 90 Degree]}},

{{Rotate[Text [Style["Envelope of Tips of Legs", FontWeight - Bold, FontSize - 15],

{10.5, 10}]1, 90 Degree] }}}, PlotRange - pltrng], Epilog -
{Inset[Show[Graphics[{Table[{Pink, spring[Sadata[i] [j11}, {i, Length[Sadata]}],
Table[ {Pink, spring[SAdata[i] [jI]1}, {i, Length[SBdata]l}],
{bodydata[jl}, {{InfiniteLine[ {Xterr, Xterr}, {0, Xterr}13}}}1,
ListPlot[anidata[j], Joined -» True, PlotRange -» Full, Axes - False,
PlotStyle - Thread[{Thickness[0.03], colordata}]]], {-12.5, Center}],
Inset[Show[ListPlot [Table[anidata[j, k, -1], {k, Dimensions[anidata] [2]}],
Joined - True, Axes - False, PlotRange - pltrng, PlotStyle - colordata[nf +1]1]1],
{12.5, Center}, Automatic, 32]}], -90 Degree],
Join[Table[LineLegend[ {colordata[i]}, {StringJoin["Leg ", ToString[i]]}], {i, nf}],
{LineLegend[ {colordata[nf + 1]}, {"Envelope"}1}11,
{j, 1, Length[anidata], 1},
ControlPlacement -
Top];

(xPlot of X-coordinate of the tips of the legsx)

plt2 = Plot[ (XDet[L, t] // Evaluate), {t, @, tf}, PlotRange » All, PlotStyle - colordata,
PlotLegends -» Table[StringJoin["Leg ", ToString[i]], {i, nf}], Axes - False,
Frame -» True, FrameLabel - {"Time (in Seconds)", "X-Coordinate"}];

(xPlot of X-coordinate of the tips of the legsx)

plt3 = Plot[ (YDet[L, t] // Evaluate), {t, @, tf}, PlotRange -» All, PlotStyle -» colordata,
PlotLegends -» Table[StringJoin["Leg ", ToString[i]], {i, nf}], Axes - False,
Frame -» True, FrameLabel - {"Time (in Seconds)", "Y-Coordinate"}];

(xPlot of the basal angles of the legsx)

plt4 = Plot[Table[yDet[O, t, j1, {j, nf}] / Degree // Evaluate, {t, 0, tf}, PlotRange -» All,
PlotStyle -» colordata, PlotLegends -» Table[StringJoin["Leg ", ToString[i]], {i, nf}],
Axes - False, Frame - True, FrameLabel » {"Time (in Seconds)", "Angle (in Degrees)"}];

(xPlot of the inextensibility condition of the legsx)

plt5 = Plot[(VV /. soleqn) // Evaluate, {t, 0, tf}, PlotRange -» All,
PlotStyle - colordata, PlotLegends -» Table[StringJoin["Leg ", ToString[i]], {i, nf}],
Axes - False, Frame - True, FrameLabel » {"Time (in Seconds)", "Error"}];

(xPlot of the center of mass coordinates of the robot's bodyx)

plté = Plot[Take[qgbodydet[t], 2] // Evaluate, {t, 0, tf}, PlotRange » All,
PlotLegends -» {"X-Coordinate of the Body", "Y-Coordinate of the Body"},
Axes - False, Frame -» True, FrameLabel -» {"Time (in Seconds)", "Coordinate"}];
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