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ABSTRACT

An asynchronous unit delay is an n-input n-output sequential
circuit in which the present value of the output n-tuple is equal to the
value of the input n-tuple prior to the last input change. This thesis
considers the problem of realization of the asynchronous unit delay
and its use in the design of asynchronous circuits. Asynchronous funda-
mental mode flow tables have been classified as ''asynchronous definite"!
and '"'asynchronous indefinite'', where asynchronous definite and asyn-
chronous indefinite properties are modifications of the definite and
indefinite properties of synchronous sequential machiﬁes respectively.

It is shown that a fundamental mode table is realizable as a feedback-
free connection of asynchronous unit delays if and only if the table is
asynchronous definite. Straight-forward methods of realizing asyn-
chronous definite and asynchronous indefinite flow tables without criti-
cal races by circuits of asynchronous unit delays and combinational
gates are developed. The use of asynchronous unit delays avoids com-
plicated secondary assignment problems, results in circuits with very
simple structure and brings closer the theories of synchronous and asyn-

chronous sequential machines.
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Chapter 1

. INTRODUCTION

Switching machines are commonly classified as combinational
or sequential depending upon whether the value of the output is com-
pletely determined by the present values of inputs or it depends upon
the past values of inputs as well. A physical realization of a switch-
ing machine by means of interconnection of various switching devices
is called a switching circuit. Sequential circuits have been classified
as synchronous or asynchronous depending upon whether the circuit is
operating under the control of a clock signal or not. It is well known
that any sequential machine can be realized by a nu11;1ber of different

types of sequential circuits,

Due to the recent advancement in the technology of microelec-
tronic circuit components (which may be small switching circuits them-
selves), the accompanying decline in the circuit element costs, and
with ever increasing demand for faster operating circuits, the hard-
ware considerations and synchronous circuits may be less important
than maintenance considerations and asynchronous circuits respectively.
Two primary concerns of circuit design are (i) the facility of detecting
and correcting faults which may occur during the operation and (ii)
the maximum possible speed of operation of the circuit. Both of the
above demands could be met by devising constructional methods for

asynchronous circuits which could lead to overall simpler structure.

The research presented in this thesis is restricted to asynchron-
ous sequential circuits with level inputs, level outputs and operating in

fundamental mode [22:] . An attempt is made to realize any asynchronous




sequential machine by building blocks which leads to simpler overall
circuit structures. Since the approach followed is analogous to one
generally taken in the study of synchronous sequential circuits, this
thesis also attempts to bring closer the asynchronous and synchronous

circuit theories.

We will be using an asynchronous circuit element called asyn-
chronous unit delay (AUD), which corresponds to a synchronous unit-
delay. It is shown that the role of asynchronous unit delay can be ser-
ved by an n-input, n-output asynchronous sequential circuit in which
the present value of the output n-tuple is equal to the value of the input

n-tuple prior to the last input change.

Chapter 1 consists of a brief review of the basic material

that is common to all the chapters in this thesis.

In Chapter 2 we present a brief survey of the important re-
sults related to the subject discussed in this thesis. We have also in-
terpreted some of the already existing results on feedback [12]in asyn-

chronous circuits according to different concepts available elsewhere C17l.

Chapter 3 presents a brief discussion on single error correct-
ing codes and a code in which every pair of words wi,wj have distance =
= 1 or = 3. This code has been used to obtain a reduced table of an
nxn AUD with single input changes only. Also, AUD's with single and
multiple input changes are described. Different approaches which lead
to different circuit realizations of the AUD are discussed and a short
comparison of relative merits and demerits of different circuit models

is also presented.

In Chapter 4 we consider a class of asynchronous circuits
called '"'asynchronous definite'', in which the internal state is a func-

tion of only a finite number of past input values. It is shown that




every asynchronous definite table can be realized by a feedback-
free connection of AUD's and combinational networks and every
feedback-free circuit of AUD's and gates has a definite table. It
is also shown that asynchronous definite tables can be realized by
circuits which do not need inertial1 delay elements in any of their
feedback loops but some inertial delays in the output leads of each

AUD are required,

Chapter 5 considers the use of AUD as a basic element
in the construction of any asynchronous sequential circuit. In gen-
eral circuit design, we first show that a circuit constructed with
AUD's also needs inertial delay elements to ensure proper oper-
ation. Then it is shown that any fundamental mode flow table F
can be realized by a circuit of one AUD, m inertial delays and
combinational networks. The circuit has feedback index m, where
m 1is the smallest integer = [Zlog2 max (Si)] ’ Si being the num-
ber of stable states in any input column of F. Such a circuit reali-
zation may be a good compromise between reliable circuit operation,
speed of operation and maintenance cost, Lastly, we also show that
every indefinite asynchronous fundamental mode table can be realized
by a circuit consisting of AUD's, one inertial delay and combinational
gates and with feedback index 1. This means that if AUD's are con-
structed with S-R flip-flops and gates and if the internal feedback in
the flip-flops is not taken into consideration, then the above asyn-
chronous indefinite circuit of AUD's has actually a feedback index of
one, because an AUD can be realized by a feedback-free connection

of S-R flip-flops and combinational logic.

1 - An inertial delay element of magnitude A acts like a pure delay
to pulses of width =2 A, but does not respond to pulses of width
< A.




In the last section of Chapter 5 we consider ''pulse con-
trolled asynchronous fundamental mode circuits'', Each such
circuit has to have an input-change detector circuit, which gen-
erates a'pulse whenever any input change occurs. This pulse
controls the circuit operation. We have shown that such a reali-
zation of any fundamental mode table needs only one delay element,
This delay element with many S-R flip-flops can act as many in-

ertial delay elements.

1.1 Fundamentals : [10, 18,22,33]

Definition 1,1 : A fundamental mode asynchronous sequential

machine (FMA machine) A is a quintuple :

A=(X,Y,Z,M,N),

where X = {XI’XZ’"" Xn}’ Y = {Yi’YZ""’ Ys}

and Z = {Zi’ZZ" ey Zm} are finite, non-empty sets of

input states, internal states and output states, M is the next

state function :

M:YxX—>(YU{-1),
where '' - ''" represents a '"'don't care'' situation and N is the

output function :

N: YxX=—>»(z U {-1)

Furthermore, Rules (i) - (v) below apply to the operation of the

machine,

Before the rules of operation are given, a few definitions are
necessary. A total state of an FMA machine is a pair (Yi , X))
J

where Y, € Y and Xj € X, A total state (Yi’xj) is stable iff
i Stanie




M (Yi’xj) =Yi ; otherwise it is unstable. A total state is a

"don't care'' state iff M(Yi’xj) = o

Rules of Operation :

(i)

(ii)

(iii)

(a)

(b)

(c)

(d)

A must be started in a stable state
The input (state) cannot change unless the present total
state is stable ; otherwise the input can change any time :

Let ( Yi , Xi ) be the starting state, and let the input
o] o

change from Xi to Xj . Then
o

If M(Y, ,X)= Y., the total state is again stable and
i) i
the input can change again.

If M(Yio,xj) =Y, # Yio and if the total state (YL,Xj)

is stable, the input can change again as soon as the internal
state has become YL .
If M(Y., ,X.) = Y‘L and if the total state (YL’ X)) is

i J J

o

unstable, then the input cannot change and the internal

state of the machine becomes M(Y, , Xj) = Y-k. . This
operation continues with input constant until either a stable
total state has been reached in a finite time and after a finite

number of changes in the internal state or until a don't care

state has been reached.

If M(YL R Xj) = ' - ' further action of the machine ceases
to be of interest. This is a ''don't care'! or ''unspecified"’

condition.
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(iv) After the initial input change any stable state can be
considered as a new starting state and the above rules

apply.
(v) The output value is of interest only when the total state

is stable,

Sequential machines will be represented as usual by flow tables
with n columns corresponding to inputs and s rows corresponding
to internal states, The entry in the ith row and the jth column con-
sists of the pair (M(Yi’xj)’ N(Yi,Xj) ) . A flow table having at most
one stable state per row is called primitive [11] . When each unstable
entry in a flow table leads directly to a stable entry, the table is called
normal [12] . Note that every normal primitive flow table defines an
FMA machine, but the converse is not generally true. However, each
FMA machine can be represented by a normal flow table, when multi-
step transitions are replaced by one-step transitions. This is allowed
since we are only interested in transitions -among stable states. Also
a flow table that is not primitive can be expanded to an equivalent primi-

tive form.

Definition 1.2 : An input sequence (a sequence of values from X) is

applicable [25] to an internal state Y. of an FMA machine iff, when
the machine is placed in state Yi and the input sequence is applied, all
the internal states resulting from this sequence are specified except

possibly the last,

Definition 1.3 : Let F1 and F2 be flow tables of FMA machines,

An internal state Yi of F1 is said to cover [25:] an internal state
Yj of Is"2 (written Yi =) Yj) iff when any input sequence applicable

to Yj is applied to F1 and ]-3‘2 started in Yi and Yj respectively,

the outputs of F1 and F2 are identical, whenever the output of F

2
is specified,
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Definition 1.4 : A flow table F1 covers [25_] a flow table F2 (Fia FZ)

iff for each internal state Yj of F_ there is an internal state Y.
i

) 2
in F, such that Yi?_ Yj'

1

If F1 2 F2 and if F1 has fewer internal states than FZ'

then at least one state of F1 must cover more than one state of FZ'
Whenever two states Yi and Yj of a flow table can be covered by
a single state of another flow table, then Yi and Yj must be ''com-

patible'' as defined below,

Definition 1.5 : Two internal states Yi and Y, of a flow table F
are compatible [253 iff for any input sequence applicable to both Yi
and Yj’ the output sequence which results when F is initially in Yi
is the same as the output sequence which results when F is initially
in Yj s Whenever both outputs are specified. It is understood that the
output sequence consists only of outputs associated with stable total

states,

Definition 1.6 : The flow table of an FMA machine is reduced, if

no two internal states of F are compatible.
It must be noted that a given table can be covered by more than
one reduced table, If there are no don't care entries the reduced

table is unique.

Definition 1.7 : An asynchronous sequential circuit is a structure

with p binary inputs xi’XZ’ cees xp, q binary outputs zi, zz, cres zq,
and r binary memory elements (such as delays, feedback loops

or flip-flops) with outputs YysVpreees Vos such that ;

VEHA) = £y (0 y,(0s s v (05 % (0,000, x (8)

2 (1) 8741001 ¥, (0, s v 8 5 % (0,000, ., x (0))
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where fi and gj are Boolean functions realized by combinational
networks, yi(t+A) is the next value of Yi(t) and A is the response

time of the - ith memory device.

Since various specific realizations of asynchronous sequential
circuits are adequately described in the literature [:11, 18,22, 33_] , the
above general definition will suffice here, and the reader is referred
to the literature for more details. Every sequential circuit defines a
unique sequential machine, if one defines X to be the sét of values of the

p-tuple (x,,x_,. ..,xp) and Y and Z are similarly defined by

1772

(V,5V52¢ee5y.) and (z,,2_,...,2 ), and if the M and N functions
1° 72 T 17 2 q

are computed from the sets of Boolean functions (fi’fZ’ ces ,fr) and

(gi, Byreees gq) respectively, Note that the sequential machine de-

fined by a circuit does not have don't care entries, i.e., is fully

specified. We shall say that a circuit is a fundamental mode circuit

if the corresponding machine, which the circuit represents, is the
FMA machine. A circuit C is said to realize an FMA machine A
iff the flow table of the machine defined by C covers the flow table
of A,

If an asynchronous circuit is in a total state in which the next
values of two or more internal state variables yi differ from the
present values, the circuit is said to have a race. If the final stable
state reached as a result of the race depends on the order of change

of the variables the race is called critical.,

Another problem which can cause incorrect circuit operation
is the presence of hazards. The following are the different types of

hazards generally found in switching networks,

Static hazard : A combinational network is said to contain static

hazard if and only if there exists a single input variable change for

which the output before the change is equal to the output after the




change, and during the change a momentary false output pulse may

occur. Sometimes it is also referred to as a combinational hazard.

Methods of eliminating such hazards have been developed by Cald-
well [11] , Huffman (19 and McCluskey [27] .

Essential hazard : A flow table is said to contain an essential haz-~

ard, if there exists a total stable state (Yi’xi) and a second input
state X2 which can follow X1 such that, starting in (Yi’xi) the
input sequence X2X1X2 leads to a different state than the sequence
x .

2

Steady state hazard : A hazard in a sequential circuit which may

cause a transition to an improper stable state.

Transient hazard : These are momentary false output pulses which

appear at the output terminals of the circuits.

We close this chapter with a brief discussion of partition

theory Eiﬂ which will be required later,

Definition 1,8 : A partition w over a set S, is a collection of dis-~

joint subsets of S, called blocks, such that their set union is S,

If w over S has two blocks then it is called a binary partition.

Two states which appear in the same block of a partition
are said to be identified by w. We denote the trivial partition where
each block contains a single state (no states are identified) by zero,
and trivial partition having a single block (all states are identified)
by S. We designate the block of m which contains 4 € S by B“_ (#).
We also write # = t (w) iff 4 and t are contained in the same block

of w, i.e. ” = t(w) if B (4) = B (t).
T ™

Definition 1.9 : A partition w on the set of internal states of an FMA

machine is said to have the substitution property (S.P.) iff
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Y, = Y,

1 J
f 11 X € X
or all Xk

(w)—>M (Y:'_L’Xk) M (Yj?Ck) T

Definition 1.10 : The product of two partitions

ity ={b1;b

{ { . bii} and w

12 ;" 2={b21;b'22;.0-; sz}
is a partition given by

1r1,1r2={b }

The following definitions and theorems have been stated and proved [17]

11721 % PyiPaz icred PyPo;

for synchronous sequential machines. We notice that they hold true

for FMA machines also.

Definitions {.11 : Given the state machines (machines without outputs)

Al

{y,x',M'} and A" = {Y'", X", M }

With X' = Y'x X', an cutput set Z and output fuﬁction
N:Y'xY¥"xX—>(zZU {-1)

then the serial connection of A' and A'! with the output functidn N

is the machine

A = A-S=AV={Y'x YY", X', Z,M,N}

h M Y.l ‘I‘l'l ‘_ :\{ Y= 'Ml 1 e . Nf" 1! 1
winere (( i: j /s 1{/ \ (Yi }‘k)a L (YJ’ (Yi 3 Xk)))

and N:YieY =X'—3~Z U {-3

Definition .. .. : Tiac parallel connecilcn ¢l two machines

A' = (Y, X Z' M, N'} and

Avt = {yv Xn, zZue MU, N'Y is the machine
A AVf] AV = (¥ x YV, X' x XY, Z'x Z%, M,N}
't M YY L 1 ‘@A = 1 1 71 " 11 1

and N ((Y], Y0, (X)L XN =00, X

) NHYLX)
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Definition 1.13 : The machine ALgP»A'' is a serial decomposition

of A iff A'-@>»A'' realizes A. Similarly the machine A' // A"

is a parallel decomposition of A iff A' // A" realizes A,

We say that state behavior decomposition of A is non-trivial

iff A' and A'' have fewer states than A,

Theorem 1.1 : A sequential machine has a non-trivial serial de-

composition of its state behavior iff there exists a non-trivial S.P,

partition on the set of states Y of A.

Theorem 1.2 : A sequential machine has a non-~trivial parallel

decomposition of its state behavior iff there exists two non-trivial
o
S.P. partitions L and L onAA such that Tye Ty T 0.

1.2 Notations :

AND OR
——t —
—_—— ——

NAND . NOR

ma)oe =D

PURE DELAY

EXCLUSIVE OR

::@—»- INERTIAL DELAY

S-R FLIP-FLOP > A >

—>s EE A

—>— R -
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Chapter 2

A SURVEY OF CURRENT RESULTS

Introduction:

Since the state assignment, the amount of feedback and the num-
ber of delay elements in an asynchronous switching circuit are import-
ant to the circuit structure, we present a brief survey of the results
available in this connection. The results obtained in this thesis are

also related to the structural properties of asynchronous circuits.

2.1 State assignment

In asynchronous circuits the assignment of state variables must
not only provide a minimal circuit structure (in some sense), but also
guarantee that each internal state transition will always lead to the cor-
rect stable state regardless of relative speeds of various circuit ele-
ments. Thus an assignment free of critical races is required and com--
monly, the least possible number of secondary variables is used. Itis
well known that such an assignment of minimum number of state vari-
ables may not always provide a structure with the minimum possible
combinational logic. For example, any delayed input circuit ‘-_12]
realization of an FMA machine with more than one input needs a greater
number of state variables compared to its equivalent conventional circuit
realization, but the delayed input circuit is often more economical in

terms of hardware.

The state assignment problem for asynchronous circuits has
been discussed in the literature [11, 18, 19,20, 32‘;] quite extensively.
Most of the methods already available are based on the following two ap-

proaches.
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The first approach towards the solution of the problem is to assign

state variables so that each inter-row transition is represented by adjac-
' ent states. Two states are said to be adjacent if they differ in only a single
variable. In a circuit of this type only one state variable is excited at any
time during the transition. If we define a unit time as the time required
for one state variable to change, this time being assumed ‘uniform, then
an internal state transition from one stable state to another stable state
i in such a circuit will take 4 units of time, 4 being the number of state
% variables required to change, Obviously such a circuit will not be able
| to give the full advantage of the basic speed of circuit elements, though it
will operate properly. This approach has been used to obtain one-to-one
as well as many-to-one state assignments and is applicable both to com-
pletely and incompletely specified flow tables. The speed of the circuit ;
can be improved by assigning more than one binary code per state, yet
keeping the number of binary variables to its minimum in particular cases.

For details, the reader is referred to Caldwell Di:] and Huffman [_19] .

The second approach is to allow changes in more than one variable
at the same time. In this case we must be certain that every race condi-
tion is non-critical. The internal transition speed of this type of state
variable assignment may be the same as that of a circuit in which each
internal state requires a change of only a single variable, because non-

critical races can take place.

Liu [_2(_)] developed a method, based on the concurrent operation
of state variables, so as to increase the speed of the circuit. His prin-
cipal results can be summarized as follows:

In a fundamental mode flow table F , if we consider each column

separately and assign a sufficient number of state variables for each col-
umn, then the combined state variable assignment (the assignment obtain-
ed by putting together all the individual assignment for various columns)

has no critical races. This is the starting point in his procedure.

i
i
i
i
4
1
|
['d
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Obviously, the combined assignment will have many more state variables
than any method based upon the direct attack on the entire problem. First

a table, called the assignment table F, is prepared, in which each row

A

corresponds to the combined assignment. The table F , is an array of

A
O's, 1's and -'s if F is not completely specified, A column of FA
contains one entry from each row of FA . An assignment with a reduced
number of variables is obtained, (i) by discarding those columns in FA

which are coveredz by some other columns in F, and (ii) by replacing

columns in FA by their intersection column’. “
The reduced assignment obtained in the above fashion often leads
to a simpler final circuit, but the method does not guarantee that the re-
duction in the number of variables will yield a minimal solution. However,
Liu also presents an upper bound assignment method ‘in which he shows
that any 2™ row flow table can always be coded with 2™_{ variables to
yield a minimum transition time assignment, This result is the same as
that of Huffman [19] obtained in his general assignment method. The
knowledge of such an upper bound on the number of state variables helps

in evaluating how good a particular solution is in particular cases,

2, Given two columns P, and pj € FA, P, is said to include pj iff

pj agrees with P, wherever the latter is 1 or 0. Column P, is said
to cover column pj iff either P, includes pj or p, includes the comple-
ment of pj, where complement cf any column P, is obtained by changing

all 0's to 1's andall 1i's to 0's and leaving the don't care's unchanged.

3. Given two columns P; and p, €F there exists an intersection
J — —

A’
column of P, and pj iff p, and pj agree whenever both P, and pj
_— i

are 1 or 0. This intersection column agrees with both P; and pj
where P; and pj agree with each other, but agrees with either p, or

pj when the other has don't care entries.
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In a recent paper Tracy r_32] further extends this class of assign-
ments and develops three algorithms which lead to minimal state variable
assignments having f:he property that all state transitions are completed
in minimum time.  He uses the theory of partitions to determine such a
state assignment. His first method is based on the following result :

A row assignment allotting one state variable per row can be used for
direct transition realization of normal flow tables without critical races
iff, for every state transition 'Yi, Yj|

(a) if lYm, Ynl is another transition in the same column, then at least
one state variable partitions the pairs| Yi’ le and | Ym, Yn | into sep-
arate blocks,

(b) if Yk is a stable state in the same column then at least one state
variable partitions the pair lYi’ Yj | and state Yk into separate blocks
and

(c) for i # j, Yi and Yj are in separate blocks of a-t least one state
variable partition. Then from the list of all such binary partitions which
satisfy (a),(b) and (c) we find partitions such that each partition from

4
the list is < Il for some T - partition [I, and an effort is made to obtain

a minimum possible number of such T - partitions.

The second method of Tracy is shorter. First he defines a k-set
in a single column of a flow table, which consists of all k - { unstable
entries leading to the same stable state Yi and stable state itself { the
k-set is denoted by kYi)' He proves that a direct transition in a k-set
kYi does not race critically with a direct transition in k-set ij if an
assignment has been made such that at least one state variable partitions
the element of kYi and elements of ij into separate blocks. Hence

method 2 consists of constructing a partition list from the k-sets of the

4 - The binary partitions Ti’ TZ cen ’l‘p induced by the state variables

yl, Yoreee yp in 2 minimum transit time assignment are called the

set of T- partitions of that assignment.
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flow table instead of from the transition pairs prescribed in the first
method. From the partition list of k-sets again we find the minimum
possible number of T -partitions which cover all the partitions in the

list,

His third method is similar to that of Liu, As pointed out
earlier this method is very efficient only in some cases. For most of
the flow tables, method 3 is easier to apply than method 2 and method
2 1is easier than method 1., The upper bound methods of Liu and Huff-
man give an upper bound on the number of variables for method 3, method
3 gives an upper bound for method 2 and method 2 given an upper bcound

for method 1.

2.2 Feedback

Recently Eichelberger [12] , Huffman5 and Friedman [1 3] have
studied the problem of realizing a given fundamental mode flow table by
an asynchronous sequential circuit with minimum feedi)ack index. The
feedback index of the circuit is the minimum number of wires which must
be cut to eliminate all the feedback loops. Eichelberger has treat.ed the
problem by using a design technique called ''"delayed input circuit'' which
is inherently free of critical races. Therefore one can make an unrestrict-
ed state assignment so as to minimize the feedback index. His main re-
sults can be summarized as follows : Any normal fundamental flow table
containing a maximum number S of stable states in any column can be
realized with feedback index m, where m is the smallest integer
2 [logZS ] . The advantage of delayed input circuits over conventioaal
asynchronous circuits is that they are more economical in terms of logi-
cal hardware, if the delaying of the inputs can be done inexpensively.
Delayed input circuits have the disadvantages of requiring delays of differ-

ent magnitudes, restricting input changes so that changes in the input sig-

5 - Huffman, D.A., Unpublished paper, Lecture delivered at Princeton

University Symposium on Switching Theory, January, 1962.
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nals can only occur one at a time and finally they can only be used to real-

ize normal fundamental mode flow tables.

Figure 2.1 represents the model of a delayed input circuit and

this works properly under the following assumptions.

1) Di(min) 2 2d (max) - d{min) , where d represents the delay

through the combinational network.
2) DZ(min) 2 Di(max) + d{max) - 2d(min) .

3) The portion of the combinational network generating y'6 sig-

nals is free of hazards for all allowable network input changes.
4) y', is independent of ?j for i # j.

5) There exists no set of values for 2n + m variables x, x

and y for which v, = ;;i .

Eichelberger develops this model on the concept of using con-
trolled hazards (static hazards and delays) for designing fundamental
mode asynchronous sequential circuits. The delay in the input lead per-
forms two functions. First, it changes static hazards into controlled
hazards, thus generating pulses for input level changes. Second, it pro-
vides input memory so that during a transition caused by an input change,
the previous input before the change can be used to determine the next

internal state.

Considering the same basic assumptions as made by Eichelberger
about the different magnitudes of the delays in the circuit, we develop the
delayed input model on the concept of partition theory. We proceed as

follows :

Lemma 2.1 : Any n-input reduced normal primitive flow table of an

FMA machine has a 2" -block S, P. partition e

6 - y'i represents the next value of the state variable V-
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Proof : We know that in any normal primitive flow table F with n-inputs
the set of stable states in any input column Xi and the set of stable states
in any other input column Xj are disjoint, Therefore if we consider
each such set of stable states as a block of some partition HF on the

set of states, HF will be a 2" block partition. It is quite obvious that
for any Yi Yj (HF) we shall have M(Yi’ Xk) M(Yj’xk) HF for all

Xk of F. Therefore HF has S.P.

1]
m

Lemma 2.2 : Any n-input normal primitive flow table of FMA machine has

n binary S.P. partiticns and the product of these n partitions is equal

to S.P. partition HF .

Prcof : Since there are n-input variables, one can always form n two-
block-partitions by choosing all the stable states in those columns of F

for which a particular variable x, is 1 for one block and 0 for the other.
It is again quite obvious that all such n binary partitions will have S.P.

and their product will be equal to HF'

As a result of Lemma 2.1 and Theorem 1.1, it is clear that any
FMA machine A described by a normal primitive flow table must be

realizable by a serial connection A1—9—>A2 of two smaller machines
A1 and AZ' At the same time, due to Lemma 2.2 and Theorem 1.2,
A1 is again decomposible into n 2-state machines A11’A12’ cee A1n

connected in parallel. In the case of a normal primitive flow table of any

FMA machine, A 1,A .o A always turn out to be trivial delays in

1 12°° in

the input lines,

Example : i x
\ 01 11 10
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Figure 2.2




First we describe the flow table of Figure 2.2 by its reduced

normal primitive flow table as shown in Figure 2.3

00 01 11" 10

L, N
o1, 3 -
2, 2, - 4
2b Za 4a. B

Figure 2.3 - Normal primitive fiow table of
Figure 2.2 '

From Figure 2.3 it can be easily veurified that

3,4, 4 } has S.P. Thus we know from

Theorem 1.1 that the table of Figure 2.3 can be realized by a serial

connection of 4-state and 2~state machines A1 and AZ' The flow table

F1 for A1 can be constructed directly from the normal primitive flow

table of Figure 2.3. To construct flow table FZ for A2 we have to chocse
N\
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Figure 2.4 - Flow table F

1
a 2-block partition TF on the states of normal primitive flow table such
that
HF - Tp = 0
Let
o= UL 1,34, 2,24 1 = (a,D).

We construct FZ by rewriting the primitive flow table of Figure 2.3 by
replacing its states by the corresponding blocks of TF and rearranging

the information to obtain FZ as :nown in Figure 2.5.

It is obvious that F1 can again be decomposed into two parallel

machines which are trivial delays. Hence the next state equations which

realize the flow table of Figure 2.2 are

"
w

y'1 . for machine A 11

' .
v', x, for machine A12'

And if we assign binary code 0 and 1 to a and b respectively, we

in y'. = x,y,y. + +x,y,y, + +y
obtain y3 x1y1y2 X1Y2Y3 X1Y1Y3 X1XZY3 Y1Y2Y3

for machine AZ.
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Therefore it seems that delayed input circuit realization of
machines described by normal primitive flow tables is a very natural
choice for more economical circuits in terms of logical hardware. Of
course the proper operation of such circuits depends upon the relative
magnitudes of different delays to be used in the input lines and feedback
loops, and the delays must be bounded according to basic assumptions

made by Eichelberger,

It must be noted that our approach clearly indicates that it is

impossible to find an m block partition T such that for any normal

primitive flow table description the conditifns m < log‘2 S and

HF . TF = 0 are simultaneously satisfied. Hence this also illustrates
the statement that any normal primitive flow table F cannot be realized
by a delayed input circuit C with feedback index m < [logzmax(S.i")]

where Si is the number of stable states on any column of F [12, 13] .

Huffman treats the problem of realizing fundamental mode flow
tables with minimum feedback index by restricting the state assignment,
so that no state transitions involve critical races. He again sho&s that
a feedback index m = [logzmax (Si)] is required. He then shows that
any normal fundamental mode flow table having 4 states can be realized
with a feedback index < m0 + 1, where mo o= [logz/s] . Any non-
normal flow table can be realized with a feedback index < m, + 2.

Huffman's design technique needs inertial delays. The schematic
circuit diagram due to Huffman's procedure is shown in Figure 2.6. In-
nertial delays are necessary in the circuits designed by his approach for
the following reason : It is evident from the circuit of Figure 2. 6 that
the next state variables y'z are functions of the input and the feedback
variables q;- As shown in the Figure 2. 6 a feedback variable Qi is

the input to an amplifier and appears as output 9, of the amplifier, It
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is assumed that there is no delay associated within the amplifier; hence

Qi =q;. Since Qi is again a function of the present state variables and
inputs, a change in the value of inputs can affect y', through two different
paths, one through L1 and the other more directly{ Such a situation is the
basic condition for a static hazard. Thus transient erroneous pulses may
appear at the inputs of any state device, and therefore these must be avoided

from appearing at the A terminals of L, so as to ensure the proper oper-

i
ation of the asynchronous circuit. This is possible only if there are inertial

delays present in all state branches.

Friedman's approach to this problem also yields circuits that are
similar to those of Huffman., For any given fundamental mode flow table,
Friedman first finds a non-critical race-free state assignment by using a
method very similar to Liu's [20] and then he shows that if the present in-
put of F is Xi’ then the knowledge of the values of all the state variables
yi, assigned for non-critical race-free assignment of states in input column

X. of F, is sufficient to determine the next stable state of F according to

its flow table description. In other words the next value of any state vari-

/
able (y‘]) can be expressed as a function of those variables with super-
script i when the input is Xi and hence (yi_') can be expressed as a sum
of different functions for all inputs of F, i,e.
s/
. n
yp) = = X
=1

1

i(. i i)
gk Yi:st cee Ya ’

i .
i

where n is the number of input columns of F.

His principal results can be summarized as follows:

(i) Any fundamental mode flow table can be realized as a funda-
mental mode circuit with feedback index Irlog2 max (Si)] , where Si
is the number of stable states in column Xi of the table. Unlike

Eichelberger's results a flow table does not have to be normal.
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(ii) Since he uses double rail inputs and concentrates on the
diode -transistor logic, the circuit realization requires no inverters,

and hence his method gives minimal transistor solution.

(iii) Simple R-C integrating circuits can be used as inertial

delay elements for state variables.

(iv) Any fundamental mode flow table can also be realized as a
nonfundamental mode ¢ircuit with feedback index one, assuming ideal
inertial delays as state devices. He has also suggested a scheme, us-
ing R -C networks, diodes and a single threshold device with a feedback

loop, which acts as an ideal inertial delay.

We shall return to the feedback in Chapters 4 and 5.

2.3 Delay Elements in Asynchronous Circuits

It is well known that by inserting delays in feedback loops (pure
delays for circuits, without combinational hazards, inertial delays for
circuits with combinational hazards), the correct operation in asyn-
chronous circuits can be obtained despite the presence of different stray
delays in the circuits. Unger [33] has shown that the state behavior of
any FMA machine can be realized by a properly operating asynchronous
circuit which either does not need any delay elements or needs one delay

element only.

In a recent report [1] Armstrong, Friedman and Menon have fur-
ther extended Unger's work by taking alternative approaches. Since some
of the results obtained in Chapter 4 and 5 are also somewhat related
to these results, it will be worthwhile to discuss briefly the works of the

above mentioned authors,
Unger's principal results are as follows :

(a) If the table F does not have any essential hazards, then it can

always be realized by a circuit without delay elements and this circuit
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will be free of steady state hazards. Transient hazards may occur in

some cases.

(b) If F contains an essential hazard, then any proper circuit reali-
zation of F must contain at least one delay element. If more than one
input variables are permitted to change, then transient hazards may
occur in these circuits. The proof is by construction.

It is shown that any flow table with essential hazards can be con-
structed by a circuit called a 'delay box' and the combinational network
of Figure 2.7. This delay box for any number of inputs can always be
realized by a circuit of one delay element only. As an illustration, his
method of realization of a delay box for three variables is shown in

Figure 2.8.

The delay box provides the same behavior as having a delay
element in each feedback line as long as only one state variable changes
at a time and there is sufficient time between changes for the delay box
to become stable. Since many asynchronous circuits are designed in
which only one state variable is allowed to change at any time, these

restrictions on the operation of the delay box are not serious.

Although the delay box is somewhat complex and would prob-
ably be not used as a replacement for feedback delay elements, it does
prove the point that one delay element is sufficient for realizing an
asynchronous machine that contains essential hazards. However, in
Chapter 4 we shall show that there are some FMA machines which
have essential hazards, but can be realized by circuits without delay
elements in their feedback lines, although such delay elements will be

necessary elsewhere,

Unger's results 63] imply the possibility that the line delays
(inherent delay due to stray capacitances of feedback line plus the delay

due to delay element if it has been inserted in the line) may exceed the
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gate delays to ensure the proper operation of a circuit. Muller 23]
and recently [1] Armstrong, Friedman and Menon show that if this
possibility can be forbidden then any FMA machine can be realized
without using any delay element, provided only single input variable

changes are allowed in any transition.

For example, a lower bound on a loop delay may be N&, where
N is the number of gates in the loop and & is the minimum delay in any
gate. The approach taken by Armstrong, Friedman and Menon is as

follows :

If one wants to realize a circuit without inserting delay elements
one must guarantee that (a) all gates should sense the change in the in-
put variable x before a change in the state variable y, (b) there
should be no transients caused by combinational hazards in y-variables

which should remain fixed during any transition.

In general, the Boolean equations of a sequential circuit require
both negated and unnegated input variables. Therefore, if inverter s
are used on the inputs, a change in x will not result in a change in x
until some time & associated with the inverter. Hence to ensure that
the change in x is seen before the subsequent change in y the use of
inverters must be avoided. This has been achieved by replacing first-
level AND gates in the sum of products form of equations by NOR-AND
pairs where necessary, thus eliminating all the appearances of x. In
doing so, efféctively, we are taking those x-variables which must be
complemented and y-variables with which x-variables are racing and
passing through the same NOR gate. Because some non-zero value of
line delay (due to stray capacitances) is assumed, this fixes the race
so that first level gates see the x changes before a change in y.
The authors of the above mentioned report suggest a systematic pro-

cedure by partitioning the literals into two sets, one containing all
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complemented input variables and other uncomplemented input vari-
ables., The first set is realized as a complement of its complement,
which is just the NOR of the complements of the literals in the set.

To resolve the second difficulty they have suggested two procedures.
(1) A realization using a special factoring

(2) A realization with flip-flops.

A realization using special factoring

If the races on the first level gates are fixed as discussed above
and a single state transition assignment [20, 33] for coding the states of the
circuit is° used, no transient can occur in the inputs to the second level
OR gate. The transients at the output of the OR gate occur when some
y' map has the configuration shown below and the 1's in the transition

7 . . . .
subcube cannot be covered by a single implicant. In such a situation

" y' should remain fixed at 1. This is resolved by covering the 1's in

the transition sub-cube by the 1-term Lkz Kk’

tion subcube and Zk is the sum of all terms covering all 0 points of

Ly

where Lk is the transi-

7 - The transition subcube of the transition (Yixk)-)(YjX&) is the
smallest subcube in the cube of the total states containing (Yi,Xk)

and (Yj,X&) .
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An Lk_z_‘k term must be used for each transition during which a y-vari-
able is required to remain fixed at 1. Thus the state variable logic may

be realized in the following special form :

'
¢
¢
¢
i
¢
}
{
.

n _ m
B vy = Z + T, .
Y; = Ly 2y : i

=1 i=1

where T, represent simple terms which cover those 1 vertices of y{
1

not covered by L Since Ti can be realized by NOR-AND pairs,

K
hence there are no incorrect transients in y; .

The second method using S-R flip-flops makes use of the fact
that S-R flip-flops may temporarily produce O0's on both outputs during
transitions but never transient 1's. For details, the reader is referred

to the report [1] .

Armstrong, Friedman and Menon in the same report also present
a method for single-delay circuit realization of any normal fundamental
mode flow table F. Such a circuit consists of two component circuits, a
source box (or encoder) and sequential circuit C' as shown in Figure 2.9,
C' does not require any delay element in its feedback loops. The source
box receives the input signals and codes them as proper inputs to C'!', The
input signals to the source box are assumed to be levels and the time be-
tween the changes is assumed to be sufficient for all transitions in the
source box and the transition of states of C' to be completed. All input
changes are allowed, provided the changes are completed within a certain
specified time after the first change. On detection of an input change, the
source box generates a spacer at its output terminals for a period of time

A, after which the coded output is produced. The spacer is the all-zero-

tuple which appears between any two successive inputs of F., It is proved
that this source box is always realizable by a circuit of one delay as shown

in the Figure 2. 10,

R TP et A o b3 T 8

LEo




- 32 -

!

|
| A N

|
|L __[I e
| : - FF |1 Outputs
: Inputs — > Y > ,_,_>| '

) : Combinational FF

! Logic

]

|

Source Box

_ Realization of F!

Figure 2.9.

fi(xl’XZ"'xn)

1
e

FF

1

> _/

FF

To Realization
of F'

J Koo X

172 n

Gl T 1

Figure 2.10.




- 33 -

Since for any change of input to F the source box first produces
an all zero signal for time A, and then automatically produces a coded
input corresponding to the changed value of input of F, the augmented
flow table F' realized by C' is of the nature as shown in Figure 2. 11,
It is obvious that an augmented table F' of any F will never have any
essential hazards., Therefore C' does not need any delay elements in

its feedback loops.

\x1 *1*2
0 1 00 01 11 10.
1 (D00 2,00 g 00 2,10 - (1,00
2 | 3,11 (2), 10 2 10 L1000 - 3,11
3 11 3,01 3 11 4,01 - @,11
4 1,00 @,01 4 ,01 ,01 - 1,00
F !
Figure 2.11

This type of one-delay circuit has some advantages over Unger's

one-delay circuit, such as :
(i} It works well for all input changes.
(i) 1Its speed cf switching is comparable to that of Unger's circuit,

(iii) Though the complexity of the source box increases with the
number of inputs, it is more economical for the realization of tables

with a large number of states compared to Unger's circuit.
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Chapter 3

ASYNCHRONOUS UNIT DELAYS

Introduction :

The technological details of a circuit which realizes the behavior
of an nxn AUD may vary according to the nature of logical components to
be used and at the same time be too numerous to mention. Therefore, in
this chapté; we concentrate on the logical aspect of the circuit design,
such as decomposition of the table describing an nxn AUD, possible
ways of extending the circuit for higher values of n and the number of
delay elements to be inserted in the circuit to ensure proper behavior of
the AUD, etc. . Both the cases when the AUD constructed under (i) all
input changes allowed (ii) single input changes only are considered. AUD
with single input changes is studied in detail. Using single error correct-
ing codes, we develop a systematic method of obtaining a reduced table of
an nxn AUD with single input changes only. A brief account of pulse -
controlled design applicable to both single input and multiple input changes

is also discussed.

3.1 Single-error-correcting codes

As single-error-correcting (SEC) codes [16] form the basis for
the development of a special class of codes later, we shall first review
briefly certain relevant features of these SEC codes. A code Bn of
word length n is SEC iff, for all x,y € Bn , the {(Hamming) distance
d(x,y) = 3. We now proceed to present certain known results for the sake

of comgpleteness,
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Lemma 3.1 : For every n = 29 a positive integer, there exists a SEC
i-q

code Bn -1 with the number N(Bn ) 1) of words equal to 2"

Proof : - See Reference (29].

Lemma 3.2 : Let n=2% andlet r bea positive integer such that

i sr < Zq-1+ . Then there exists a SEC code Bn-i oy with
N(Bn-i-r)
2'n -1 -r 2n -1 -r

Zflogz (n—r)] = 21°g2 n » Where [log2 (n-r)] is the smallest

integer > logz(n-r) .

Proof : From Lemma 3.1 we have

=2n_1_q _ 2n-i _ Zn-i

N(Bn - 1) ! n

which incidentally is the Hamming bound.

Thus
2‘n-i
N(B;i-i) = = . (1)

where * indicates a code with maximum possible number of words.

Now Plotkin [30] has shown that

N(BY ;) =

.!'_ sl
> N(Bn—i) .

Applying this rule successively we get

1
£ 2 - *
N(Bn-i-r) 5T N(B;-l)'
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Using (1) we further have

n-1 n-1-r

N (B;}: i _2_. 2
21‘ n n

2
n-i-r)

Zn-i-r

Tog.n
5 2

2n-i-r

Uog, (n -r)]
2 2

Theorem 3.1 : For every n-1 there is a SEC code with

2n-i

N(Bn-i) =_E£2_n] )
2

Proof : - Follows directly from Lemmas 3.1 and 3.2.

3.1.1 Construction of SEC Codes for any Length.

When n-1 is such that n=2c1 then a SEC code B=!1=1_1 can

easily be constructed using parity check equations [30]. The codeso

formed will have

n-1
2 o words and thus meets the Hamming bound.
From this code we can easily detrive codes for shorter lengths
n-{-r, 1sr < 24" t . » in two ways which are really equivalent,

The first method is as follows : In the parity check equations for n -1,

delete any one variable x, wherever it occurs., The resulting equations
are parity checks for length n -2. If in these equations, a further vari-
able xj is deleted, we have now parity checks for length n -3. Clearly

we can go on repeating the process till we reach the required length.

The second method is as follows : Suppose we simply take out

of a B=i]=:1 only those words which, in some one column, have all

1 ?




- 37 -

1's (0's) . These words form a Bn -2 code after we delete the column

containing all 1's(0's) . The process can be repeated till we reach the

desired length n -1 -r.

The above mentioned methods always give

n-1{-r
) = 2 . This number is the same as the Hamming

N fog,

n-1{-r
2

bound for r = 0. For other lengths it is the best one can do by way of
linear codes ; Table 1 [34] gives the sizes of the best known codes as
against best linear codes for certain lengths. In Table | subscript b

indicates the best known.

N(B ) 2 2 4 8 16 16 32 64
m

Table 1

3.2 A Special Class of Codes

Definition 3.1 : Any two words are said to satisfy d1 > 3 property
?

iff, their Hamming distance is either { or = 3.

Definition 3.2 : Any code with word length n, which satisfies the

di, >3 property, will be designated by Cn.

First let us consider the case when |vvi @ le = { for all

i # j. This case is trivial in that a céde satisfying this property has

| exactly two words.

Second, when a code is such"wi ©) le z 3 for all i # j, the
! situation is one of SEC codes which have been dealt with extensively in

literature (7,8,16,27].
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Therefore, hereafter we shall assume that in every Cn we have

some pairs of words satisfying |wi @ Wj\ = 1 and others ,Wi @wj'
‘ 2 3,

Theorem 3.2 : Let p be the number of pairs of words in a code Cn

) such that the words in each pair have mutual distance of 1. Let

r =N(Cn) - 2p, where N(Cn) is the number of words in Cn. Then

2™ . r
N(C ) ¥ ——— -
n n
Proof :- The p pairs of words ''use up'' 2 pn words. The remain-
ing r words ''use up'"' r(n+1) words., But

N({(C ) -r
2pn + r(n+1) = 2n ——g— + r(a+1) = r+nN(C) should
be # 2". This also means that

Zn-r

N(C) #

This completes the proof.

n
Let B (r) = n-r . Clearly as r decreases, or equivalently

P increases, the bound B (r) increases, We shall show next that when

r=0 and n-1 is a maximal length the bond B(0) can indeed be reached.

Definition 3.3 : Cn(P) is a code in which r =0, or equivalently
C
(%)
P 2

(p) such that

Theorem 3.3 : For any n there exists a code Cn

N Py (B ) is the number of
n max

), where N (B
max

: n-1 n-1
words in the largest SEC code of length n -1,
[ Proof : Let us suppose that we have a B SEC cocde with the maxi~

n-1
mum number of words. Without losing generality we can assume that
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Bn 1 has the zero word since any code can be converted to have zero

word by adding an appropriate word to all the words of the code. Now

suppose we append a 0 to every word of B that has an even weight

) n-1
and a 1 to every word that has odd weight. The resulting code Dn has
a word length of n, a minimum distance 4 and minimum non-zero

weéight of 4, Also, N(Dn) is the same as N(Bn

/D\n by adding modulo 2 a word of weight 1 to

AN
each of the words of Dn. Clearly N(Dn) = N(Dn) . Also,

)
Next let us get

N(D U/D\) = 2N(D) = 2N(B ). Also, in the code D U/D\
n n n n-1 n n

the Hamming distance is 1 or = 3, Thus D_ U/D\n = cn(P). Thus

Nn(c Py - an (B ,) if B is the largest SEC code.
n max n-1 n-1

This completes the proof.

Corollary 3.1 : For any n there exists a code Cn(P) such that
N(cn(P)) =2, kA [1og, nl.

Proof : The proof follows directly from Theorem 3.3 since we can

always form a linear {group) code Bn with N(Bn )

-1 -1

From Corollary 3.1 it is obvious that, when n =2q, we have
(p), _2"
N (Cn P ) == which is the bound referred to earlier.

Lemma 3.3 : If Bn 1 is a group, then Dn is a group and Q\ is

a coset of D
n
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3.3 Asynchronous Unit Delays :

Definition 3.4 : An nxn asynchronous unit delay (nxn AUD) is

an asynchronous sequential circuit with n-binary inputs x_,x s X

A n

X ZZ’ .oy Zri' At any time t the value of the

output n-tuple is equal to the value of the input n-tuple prior to time (t - §),

and n binary outputs =z

where (t-8) is the instant of time when the input n-tuple was last changed. -

In symbols :

Z(t) = X(t -8) = D(X(t)),
where Z(t) = (zi(t), zz(t),‘---. zn(t) )s
X(t) = (xl(t), xz(t),.-., xn(t) ),

and D denotes the delay operator. Define DO(X(t)) = X(t) and
D(D (X(t) ) = DZ(X(t) )y = (X(t - 61 - 62)) where the input changed at time
(t - 61‘ - 6_2) and (t - 61) etc.

Note that the instant of time t can be chosen anytime after the
inputs have attained steady state value following:{;1put change.

In the general case all input changes are allowed in.an AUD,
However, the case where only single input changes are allowed will be

of special interest. We shall next describe the flow tables of the two

types of AUD's.

Case 1, All Input Changes Allowed :

Assume that the AUD is stable in some input column. The pre-
vious input can be any one of the 2" 1 possible inputs ; hence there
must be at least 2" -1 states in each column, each state having the
output corresponding to the previous input. In its normal primitive flow
table there must be at least Zn(Zn- 1) stable states or rows. This

number of states is also sufficient, for suppose the present total state

then M(Y ,X )
1

is the stable state (Yi’xj)' If the input changes to X K

k

is a stable state Y, in column X, whose output is Xj. Thus in the

k
normal primitive flow table all transitions have the form shown in Fig-

ure 3.1, where stable states are denoted by circled entries. WNotice
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that there are no unspecified next state entries,
that this table is reduced for n 2 2 .
the general 2x2 AUD,

As an example,

‘It is also easy to verify

Figure 3.2 shows

Xix2
00 01 11 10

1 @,01 4,,- ,7,-% 10,-

2 @,11 4,- 7,- 10,-

3 @,10 4,- 1,- 10,-

< . < 4 1,- ,00 8 ,- 11,-

Y ] k 511,- @ 8,- 11,-

6| 1,- @,10 8,- t,-

71 2,- 5, - @,oo 12, -

Y, @ i 8|2,- 5,- (80 12,-

i 91 2,- 5, - @,10 12 , -

_ { 10 | 3,- 6,- 9,- (0),00

2 . @XJ\ 11 | 3,- 6,- 9, ,01
MUY X) | Z 12 |3,- 6,- 9,- s11
Fiigure 3.1 Figure 3,2 - General 2x2 AUD,

Case 2, Single Input Changes Only :

A simpler flow table for an n x n AUD is obtained, if it is

assumed that only one input can change at a time. Each column

must have now n stable states corresponding to n allowed previous
inputs. The normal primitive flow table has n. 2" rows as is illus-
trated in Figure 3.3 for n = 2.
next state entries, it is possible to obtain a reduced flow table for an

nxn AUD. For the case n =2 we obtain a table of Figure 3.4.

Because of the presence of unspecified
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upon the inputs prior to Xi' Therefore A 7 B.

(b) If d(Xi,Xj)
specified, If M(B,Xi)

1, then M(A,XJ.) and M(B,Xi) must be

A1 # A, then obviously the output associ-

ated with A1 is X, which must be different from the output associ-

ated with A, Hence A # B. This implies that we must have
M(B,Xi) = A, By the same arguments M(A,Xj) = B, Now A = B
because any input Xk adjacent to Xi cannot be adjacent to Xj and
hence for any such Xk’ if M(A,Xk) = C then M(B,Xk) = 't .1 oor
vice versa. Hence there is no column in F where there are conflict-

ing entries.

(c) if d(Xi’Xj) = 2, then for some X& adjacent to both Xi
and xj, M(A,X,) = C and M(B,X,) = D2 C because C and D
are supposed to remember Xi and Xj respectively. So there are

conflicting entries in XL . Hence A £ B.

(d) Let C be any state reachable from A by changing input
Xi to Xk and let D be another state reachable from B by changing
Xj to X,. Since d(Xi’Xj) 2 3, d(Xi,Xk) = 1, d(xj’XL) =1,
therefore d (Xk, XL) 2 1. Hence again there are no conflicting entries
in any input columns of F, and A = B. This completes the proof of

the Lemma.

Corollary 3.2 : Let Xi,Xj,}S(,XL be four distinct columns of F of an

nxn AUD and let A,B,C,D be distinct states stable in these columns

respectiv..e!ly. If d(Xi’Xj) = 1, d(Xk’XL) = 1, d(Xi,Xk) 2 3, d(Xi’X4E)23

d(Xj,X'k) =3, d(Xj,XL.) z 3, and M(Ai,'Xj) ='B, M(Bj’xi) = A,
M(C,XL) = D and M(D,Xk) = C, then A,B,C,D are compatible.
Because of Corollary 3.1 of Theorem 3.3 and Lemma 3.4,

the size of the largest maximal set of compatible states Sc in the primi-

tive table F of an AUD is bounded by

s
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-rz—l . Hence the number of states in the reduced table FR of the AUD
n Zn 2
cannot be < —r_x_n_ = n . We shall show that this bound is achievable
2
for n =23, For other values of n, we shall prove that bound
[logzn]
n.2 = n, 2 1is achievable.

Before going into the general discussion about the use of the code

C (p) 4
n

s consider a primitive flow table F ofa 4x4 AUD. F has 2
columns, 4:x24 states and each input column has 4 stable states. To

obtain FR’ step by step let us proceed as follows :

1. -Construct parity check equations for a SEC Code B3.
x, @ x, = 0
X, @ X, = 0.

From these it is obvious that B3 = (000,111) .

2. According to Theorem 3.3 D = (0000, 1111)

4
3. Now choose an input Xi such that it is adjacent to any one of the

inputs in D4. Since there are 4 such choices, we can form 4 distinct

/13\4'5 by adding X, 'modi2 each time to all the words in D,. Thus

/34 , = (0001, 1110), /D\4 , = (0010, 1101), /154 5 = (0100, 1011) and
’ 3 3
/1}4 4 = (1000, 0111). Obviously C, fp) = (D, U /D\4 ;) = (0000, 1111,
0001, 1110), c4(§) = (0000, 1111,0010, 1101), c P, (0000, 1111,
3

4,3
0100, 1011) and C4 flp) = (0000,1111,1000,0111) respectively., From

Lemma 3.4 and Corollary 3.2 it is known that states of F stable in
columns of C4 gp) for i =1 to 4 form sets of 4 compatible states Sc

S S S N n = i
€2’ 7¢,3% c,4 such that Sc,i Sc,Z Sc,3 n Sc,4 ¢, @ being

an empty set. In doing so we ''use up'' all the states stable in the col-

umns of D4 and one state stable from the columns of /D\4 i

s 1
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4, From part (c) of Lemma 3.4 itis also clear that no two states
stable in Xi’xj are compatible if . d(Xi,Xj) = 2, 'We choose an Xj

such that it is at an exact distance of 2 from any one inputs € D4.
For example Xj could be 0011 or 1100 Construct coset E4 by

adding. Xj. mod. 2. to all columns of D4, Now again choose another

4 adjacent columns to any one column in E, and add one adjacent input

4 [

mod. 2 to the inputs of E4 each time to construct E4 L= (0010, 1101),
o N . A JON .
E4, 5 = (0001, 1110), E’4,3‘-. .(0100, 1011) and E4’4 = (1000,0111) "and

(p) _ 2\ _ " P _ jhed1
hence C4’5 = (E4 U E4’ 1) = (0011,1100,0010,1101), C4,6 = (001‘1,
1100, 0001, 1110), C4 gp) = (0011,1100,0400,1011) and G4 gp) = (0011,
1100, 1000,0111) . Again, it is clear that the states stable in C4 (jP)
for j=4 tlo 8 form sets of 4 compatible states Sc, S'Sc, 6’Sc, 7 and

n n,...n = ¢, i

Sc, 8 such that SC, { Sc,‘2 1eew Sc, 8 ¢ . In doing so we have

again ''used up'' all the 4 states stable in columns of E, and one stable

4
state from the columns of E

4,5
5. Construct cosets by adding 1001 and 0101 Mod. 2 to all the
VI . (p) (p) (p)
columns of D4 and repeat step 4 to obtain C4’ 9 C4, 10 ' - C4’ 16 -

it is clear that all the 16 sets of compatible states Sc's thus obtained

are mutually disjoint and we have ''used up!' all the states of F.

The reduced table FR of 4x4 AUD thus obtained is shown in

Figure 3.5,

From this example it is clear that if Bn { is constructed with

parity check equations, it will be a linear code and such a code will have

2% words. Therefore the number of compatible states in each set will be
2% * '1. All these sets of 2% 1 states will be mutually disjoint., WNatur-

ally FR thus. obtained, will also have ZCH.1 stable states in each row.

Lemma 3,5 : Let Dn be the largest group code in the set of input col-

umns of a primitive table F of an nxn AUD. Let Sc be a set of
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compatible states constructed from the states of F which are stable

€ Cn(p), Then the reduced table F_ has n.2k rows, k being [logzn] .

R

Proof : Since D_ is the largest group code, therefore the number of

input columns in C (p) is N(D UD) = 2N(D ) = 2" (from
n n n n

Corollary 3.1 of Theorem 3,3). Thus a set of compatible states Sc

will have 2" -k states, From the previous example, it is clear that

one can construct N (Sc) mutually disjoint sets of 2" -k compatible

states., Therefore the number of rows in

F - n, 2 - n.Zk.

This proves the Lemma.

General Remarks : Consider the case when Bn i is not a group

code, but is the best code with maximum possible number of words.

Therefore N(Bn 1) # Zq, but has a number of words > Zq. Hence
N Py = N(D UD) = 2N(B_ ,) will not divide the total num-
n n n n-1

ber of states n.2" in the primitive table F, Also, the reader must
note that, all the sets Sc's with ZN(Bn ) 1) states will not be mut-
ually disjoint. However, by proceeding in a systematic way accord-
ing to the construction suggested in Lemma 3.5, we can always choose
at least [ 31 (a)] n+nin-1) = n2 sets Sc's with ZN(Bn_ 1) states
which will be mutually disjoint. This is because Dn is a minimum-
distance-four code, so we can have n distinct /ﬁn by adding mod. 2
the n words of weight 1. Thus we can construct n Sc's correspond~
ing to n, Cn(p) 's, Also, by choosing (n-1) wor;li of weight 2 with
exact mutual distance 2, we can construct (n -1) En‘s and hence

n{n-1) Sc's (see steps 4 and 5, in the example of 4x4 AUD), Of

course, there is a chance that we may obtain a few more sets by actually
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trying all the possibilities for particular values of n. Thus the num-

2
ber n~ is only a lower bound. Therefore from the remaining states

n.2" - n2 .?.N(Bn 1) we may have to form many Sc's with significantly

lesser number of states compared to ZN(BI1 ). Thus we may or may

-1
not be able to obtain an FR with lesser number of states compared to
FR when Bn q is a group. Lastly, the most important factor is that

there are no systematic methods known to obtain best non-group SEC

codes,

For example, consider the flow table of 9x9 AUD, The best

non-group code B_ known [34] has 20 words. Thus N(Cg(p)) = 40,

8
Hence the largest set of compatible states has 40 states. In this case

we can guarantee to have 81 mutually disjoint sets of 40 compatible

states only, Therefore, we may be left with 9. 29 -81.40 = 1368

states in F. Out of 1368 states we shall have to construct many com-
patible sets with much lesser number of states compared to ZN(BB) .

Thus the table FR obtained with 81 + a rows obtained in this fashion

may or may not have lesser number of rows from FR with 144 rows

obtained by group code B_ with N(BS) = 16, The reader must note

8
that for larger values of n the group code approach leads to a far sim-
pler systematic method of reducing the flow table of an AUD compared

with any other method available.

k R

are said to be distinct iff, for at least one state Yi in FR, M( Yi’xj) = YL

and M(Y.,X ) = Y and 4 # m. Otherwise X, and X, are identical.
i7"k m j k

Definition 3.5 : Any two input columns Xj’X in F_ of an AUD

Theorem 3.4 : A reduced table F with =n. Zk rows, k = [logzn] , of

R
an AUD has the following characteristics ,

(i) F_ has n stable states per column.,

R

(ii) FR has 2" -k stable state entries in each row,
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(iii) The sets of next state entries in Xi'Xj are disjount
if 4a(X,,X,)) = 2.
]
(iv) Let X, be some input column in FR in which a set of states
: i

vy = {v,,Y Y } is stable.
1 n

AL
Let Xi’XZ' . .Xn be the columns adjacent to Xi. Then there is one
and only one adjacent Xj in which a unique Yi € Y is also stable.

(v) Input column X ,X., and X in F_ are identical if
it ] m R

X = X, X = 4 X,X = 4

d( i,XJ.) 4q d(X,X ) q and d{ i = q

where q = 0, 1, 2 ...

(vi) ¥_ has 2k+1 distinct input columns.
R P

Proof :
(i) Obvious from Lemma 3.4, Part (a).
(ii) Obvious from Lemma 3.5.
(iii) Obvious from Lemma 3.4, Part (c).
(iv) Obvious from Lemma 3.4, Part (b).
(v) From parts (iii) and (iv) of this theorem it is clear that

X X with d(X_,X) = 1,and d(X,X) = 2 are distinct,
i i i

If d(Xi,X,) = 3, then every state stable in Xi €EF
can be compaiible to every state stable in XJ,. But FR
is constructed by forming sets of compatible states accord-
ing to Corollary 2 o Lemma 3.4. Under such conditions
_a state compatible with a state stable in Xk with d(Xi’Xk) =1

cannot be mutually compatible with any state stable in X_.

Therefore Xi’xj are distinct in FR.

If d(Xi’Xj) = 4qthen every state stable in Xi is com-
patible with every state stable in Xj of F. This does not

violate the condition of compatibility of other states stable
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in Xk and X& with d(Xi’Xk) = 1 and d(Xj’X&) = 1,

because d(X_,X&) 2 3 and d(X.,X ) = 3. Hence
i ik

‘Xi'xj € Fp are identical..Similarly it can be proved that

X,X and X, X are identical. Therefore Xi’Xj’ Xm are identical.

1 m(i)

(vi) Let S_ be the set of input columns of F_ such that any

x (1) R
two Xi’xj € Sx have d(Xi’Xj) = 2, We know that each

column of F has n stable states and the set of stable states

R
in Xi,X are mutually disjoint, Now if 'p1 is the number of

x(i), then n.p1 = n.Zk , therefore -p1 = zk,

J
such columns € S

adjacent to X, € S (1)

(2)
X

Similarly, if we choose some Xk

and construct another set of input columns S such that any

two colummns X ,X, €S (2) have d(X, ,X,) = 2. Nowif
4 bYe k 4

(2), then np, = . Zk,

k’
p, is the number of such columns € Sx

hence P, = Zk.

Therefore the number of distinct input columns in
+
25T

R - Py TPy

This comgpletes the proof of the theorem.

3.4 Circuit Realizations of AUD's

Thebrem 3.5: A reduced table FR of n, 2k rows of an AUD has 2zk

binary S.P. partitions whose product MyeTpeaees Ty = 0.

x( 1) and Sx(z) be the sets of inputs of FR as defined

earlier in the proof of the part (vi) of Theorem 3.4. We know that each

(1)
X

column € S has a set of n stable states, all these sets being mut-

ually disjoint and their set union equal to the set of states of FR' it is
clear that one can construct many non-trivial S.P. partitions on the

states of FR such that each block of any such partition has n states
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(1)

which are stable in some Zk -1 columns of S . In order that their

(1)

. k iy
product is a 2" block S.P, partition one must choose at least

k binary S.P. partitions.
(2)

Similarly with the help of states stable in the columns of Sx
one can again choose minimally k binary S.P. partitions such that
(2)

their product is again a Zk block partition w ° ., But since columns

of Sx(i) and Sx(z) have only one common stable state, the product

1T(1). 11'(2) = 0,

This completes the proof of the theorem.

Theorem 3.6 : The flow table of an n xn AUD with single input

changes has no essential hazards.

Proof : Let F be the primitive flow table of an nxn AUD, and
assume an essential hazard is present. Note that both 'MS( Yi’xk)

and MS(Yi’X Xij) are stable in the same column X, and the

k k
output associated with both these states must be X, because both
J
states must remember that the previous input was Xj. Also all
transitions from these two states under any XL must go to the same

state stable in Xj with output X Hence we have a contradiction,

K

M X i ti i
for the two states S (Yi’ Xk) and MS(Yi’X X, k) are identical in

kj
the primitive table.

As was shown by Unger [ 33] the absence of essential hazards
means that the flow table can be realized by a circuit without any in-

ertial delays in any of its feedback loops.

However, there may be transient hazards in the outputs of the
AUD, In order to avoid these it may be necessary to introduce inertial
delays in some output leads. Clearly, transient incorrect outputs must

not be allowed if the AUD outputs are to feed another circuit,
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Illustrative Example : Consider the reduced flow table FR of a

4 x4 AUD of Figure 3.5. It has 8 distinct input columns. With the

help of these 8 columns one can form a number of birary S.P. par-

titions on the set of states of FR' For example the partitions given

below are binary S.P. partitions whose product is equal to 0.

{(1,2,3,4,5,8,9,10 ; 6,7,11,12,13,14,15,16}

Tl'1 =

™, = {1,2,3,4,7,11,13,14; 5,6,8,9,10,12,15,16}
m, = {1,2,5,6,7,8,11,12; 3,4,9,10,13,14,15, 16}
T, = {1,4,5,6,7,9,13,15 3 2,3,8,10,11,12,14,16}

The reader can easily verify by mere inspection that 4 is the minimum
possible number of binary partitions whose product can be equal to zero.
Therefore the state behavior of 4 x 4 AUD can be realized by a parallel
connection of four 2-state submachines M-n'i, M1r2, M1r3 and MT\‘4 cor -
responding to binary partitions Tys Moys Ty and T, are shown in Figure
3.6. Since these are 2-state machines, hence each of these is realizable
by a single feedback loop circuit. The feedback loop need not contain
any extra delay element [ Theorem 3.6 1 . The proper outputs are ob-
tained by additional combinational logic as shown in Figure 3.7. In the
worst case, the outputs may have transient hazards. In such a situation
inertial delays must be inserted in the output leads before tapping the
outputs. It is obvious that such a realization is automatically critical
race free. These four 2-state machines are also realizable by a feed-

back free connection of some combinational logicand 4 S-R flip-flops as

shown in Figure 3.8,

Theorem 3.5 implies that any n xn AUD with single input
changes only can be realized by a parallel connection of 2k n-input

2-state machines followed by combinational logic for outputs, where
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k =[ logzn] . Obviously this realization is critical race free and no
delay elements are necessary in the individual feedback loops of dif-
ferent smaller machines., It is interesting to note that each of these

2 -state machines is also realizable by a feedback free connection of
combinational logic followed by an S-R flip-flop. This is because the
next state variable y'i for any machine assumes a value 1 independ-
ently of present variable y, or y'i = 1 onlyif v, = 1. Hence the

S and R functions can be chosen as functions of inputs only,.

There are many other well known asynchronous circuit design
techniques available in the relevant literature [11, 12,13,21 ] for the
realization of any asynchronous fundamental mode flow tables. Since
all such techniques can be easily used to realize any n xn AUD with

single input changes, we shall not pursue the subject any further,

Some remarks about Circuit Realization of AUD's with all input

changes allowed :

Though the table of an n xn AUD, with all input changes allowed,
also does not have any essential hazards, still its state behavior reali-
zation by a circuit without delay elements is not possible. This is be-
cause any input change, involving several input variables, will produce
transient hazards at the next state variable y'i‘ terminals and these
must be filtered out before they appear as present state variables yi's
and cause steady state hazards. Hence the presence of inertial delay
elements in feedback loops is essential to remove these transients.
Recent results due to Armstrong, Friedman and Menon L1] imply that
a flow table with all input changes can be realized by a circuit having only
one delay element. Hence cne way to realize an AUD, with all input
changes allowed, can be by using a source box [1]and a switching net-
work without delay elements in its feedback loops. The source box is a

circuit having only one delay element. Since the circuit design of the
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source box varies with the number of input variables and gets quite cum-
bersome for higher values of n, it is not worthwhile to recommend this
approach for the design of an n xn AUD, with all input changes from =z
practical point of view, specially when n is large,.

Now we shall briefly discuss a new technique [2] to design an
nxn AUD which is applicable to both single-input and multiple -input

changes.

3.5 Pulse Controlled AUD Circuit :

The principle of operation of such a circuit is extremely simple.
Since the present value of the output n-tuple of the circuit must be equal
to the input n-tuple prior to the last input change, one can imagine a
circuit where any change in the values of input shifts the original values
of inputs from the input terminals to the output terminals. Therefore

the circuit must be capable of performing the following operations :

(i) The circuit must detect a change in the inputs.

(i1) The circuit must retain the previous values for time D after
the input has changed.

(iii) During this time D the stored values must shift from input to

output terminals of the circuit.

These three operations can be easily performed by a circuit of
Figure 3.9. First a change in the input values is detected by a change
detector circuit and a pulse of duration tp is produced, tp being the
minimum duration which can trigger the shift-circuit. There may be
a time difference between the instant of input change and the time when
the pulse appears, because of delays due to stray capacitances in the
detector circuit, Let this delay be GC. In order that any two success-
ive input changes can be identified by the detector as two distinct changes,
these must be separated by a time interval > 6C +t. Otherwise, changes

separated by time interval = 6C + tp will be recognized as a double
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change in the values of input occuring at the instant of the first input
change. The delays D in the input leads act as memory devices and
retain the previous values of the input. For proper operation D must

be 2 Gc + tp . The shift circuit consists of n S-R flip-flops.

It is clear that this circuit has many advantages over others :

(i) The same circuit realizes n xn AUD's with single input

changes and all input changes allowed.
(11) The circuit can be extended for larger values of n.
(iii) For larger values of n this circuit is most economical.
(iv) The outputs are free of transient hazards.

(v) The propagation delay is uniformly the same for any input

change.

Batra has designed and tested many circuits of AUD's for

specific values of n. For details the reader is referred to his work [21.
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Chapter 4

DEFINITE ASYNCHRONOUS SEQUENTIAL CIRCUITS

Introduction :

In a certain class of deterministic synchronous sequential mach-
ines the internal state depends only on a finite number of past inputs,
Such machines are called definite. Methods of identifying definite mach-
ines have been studied by many authors [3, 26], and it is well known
that every definite machine can be realized by a feedback-free circuit
of unit delays and combinational gates. In this chapter we study a simi-
lar class of asynchroncus machines in which the internal state is also a
function of only a finite number of past input values. It will be shown that
every asynchronocus definite flow table is realizable by a feedback free
connection of AUD's and combinational gates and every feedback-free
circuit of AUD's and gates has a defirite table, Thus a relation of defi-
nite tables to feedback-free circuits in‘ synchronous theory has a very close

analogy in the asynchronous case, if proper interpretation is used.
gy ’

Aside from the fact that synchronous and asynchronous theories
are brought closer together by this point of view, there are cther advant-
ages of considering asynchronous definite machines and their realizations

using AUD's,

1. AUD is the only memory device required for the realization

of the state behavior of any definite table. Although, for n 2 2, the

nxn AUD is'a larger building block than a flip-flop and its use leads "

to simple overall structures of identical elements.

2. The secordary assignment problem for asynchronous definite

tables is almost trivial,
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3. With suitably designed unit delays and combinational circuits,

the realization of a definite table is free from hazards and critical races,

4.1 Asynchronous Definite Tables

Definition 4.1 : Let F be the flow table of an FMA machine, A with

input restriction R. An input sequence X is valid for F iff (a) no
two successive symbols in X are identical, and (b) X obeys the re-

striction R.

For example if A is a two input machine and R restricts the
input changes to single variable changes only, then (00) (01)(11) is
valid, but (01)(10) and (00) (00) are not valid for F.

Definition 4.2 : A flow table F of an FMA machine A is asynchronous

definite iff there exists a k 2 0 such that for all valid input sequences

X with length 4(X) = k and for all Y, Y, € v,

M

s (¥, X) = Mg (Y, %),

where Ms (Yi,}—() is the usual extension of the next state function M

of A to sequences of arbitrary finite length except that it specifies the

stable state reached when A is started in Yi and X is applied.

The test of a given flow table F for the definite property is
carried out in a manner very similar to the synchronous case. We de-

fine the input successor tree as follows {4,5,15, 21] :

th .
1. The zero level of the tree contains one node corresponding

to YS , the set of all internal states which are stable in some column.

2. Under input Xi there is a transition from the node Ys
to the first level node which contains all the stable states MS(Yj’Xi) s

Yj € YS . There is one such rode for each Xi'
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3. The second level contains nodes corresponding to the success-
ors of the first level states, reached by inputs which form valid input

th
sequences considered from the zero level node.

The graph is terminated by one of the two rules :

(a) A level is reached in which each node corresponds to a single
state or,

(b) The tree conté,ins a path along which a node with more than
one state appears twice,

It is clear that the graph is always finite. Furthermore if the
graph is terminated by Rule (a), F is definite - if by Rule (b) it is not.
It should be noted that this griaph contains one more level than a similar
graph drawn for the test of the definite property in synchronous case.
However the number of input changes along any path on such a graph for
asynchronous case is equal to number of levels in the graph for the syn-

chronous case.

For example the table F of Figure 4.1 in which only single input
changes are allowed yields a graph of Figure.4.2. Since the graph termi-

nates by Rule (a); F is definite,

&2 00 01 11 10
1@’0®31 "’"4'9"

2 |1,-®@,0 -,- 3,-
3 43; 2:" ’5'@:1

4 |@,1 t,- -,- 3,-

Figure 4.1, Figure 4.2

A
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4,2 Feedback-Free Circuits

Definition 4.3 : An asynchronous circuit constructed with AUD's and

combinational networks is feedback-free if starting at any point and

passing through any number of AUD's and combinational networks it is
not possible to return to the same point.
Note that we are not concerned with the feedback internal to the

AUD, since the AUD is considered to be a basic building block.

Theorem 4.1 : Every asynchronous feedback-free circuit has a definite

flow table,

Proof : Assume that any path from input to output has no more than

k AUD's, If a valid sequence X of length = k+1 is applied, all the
AUD outputs in the circuit are determined solely by X, the initial condi-
tions having been lost, Thus after X has been applied, the inputs and
the outputs of each AUD in the circuit are determained, ' Now for a fixed
input n-tuple, there is a unique internal state in the normal primitive
flow table of an AUD with the given output. Thus the internal state of
each AUD, and hence the internal state of the entire circuit are uniquely
determined by X. Therefore the state table of the circuit is asynchro-

nous definite.

Theorem 4.2 : Let F be the flow table of a feedback-free asynchronous

circuit, If F covers another flow table F', then F' is asynchronous

definite.

Proof : Itis clear that any sub-table of a definite table is definite,

Now if F is definite its input successor graph terminates by Rule (a).
Now if a number of states of F form a compatible and are merged to
a single state for F', this can only lead to a possible faster terminra-

tion of the graph of F'! by Rule(a), but can never lead to Rule (b).

It follows therefore that a reducedtable must be definite if it is

realizable by a feedback-free circuit. We shall show now that every
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definite table is realizable by a feedback-free circuit.

Definition 4.4 : An FMA machine is strongly connected if for every

pair of (Yi’ Yj) of states (stable in some columns) there exists a valid

sequence X such that MS(Yi,}_() = YJ,.

Theorem 4.3 : Every definite strongly connected flow table F is reali-

zable by a shift register of AUD's and combinational logic for outputs.

Proof : Since F is definite, its input successor tree terminates by
Rule (a) at some level k. Since F is strongly connected, each internal
state that is stable in some column must appear at least once in level k
of the graph. Assign to each appearance of Yi in level k the input !
sequence that takes the successor graph from zeroth level to that appear- 5
ance of Yi (Yi may be represented by more than one state of the AUD
register). Then a shift register of (k - 1) AUD's realizes the state be-
havior of F. The output can then be obtained by combinational circuits.

For example consider the table of Figure 4.3 with single input
changes, and its tree in Figure 4.4. The resulting assignment is shown
in Figure 4.5 and the circuit in Figure 4. 6.

X, X

Example 12 00 04 11 10
1 (0, 00 (o0 9, - 11, -
2 (@), 00 6, - 10, - (2), 10
3 |Gttt - -, - , -
4 11 6, - -, - 2, -
5 C?,- (), o1 (&), 01 12, -
6)1,- (010 9,- - ,-
713,- (D11 s, -

8 4, 7, - ,11‘ 01
91-,- 5,- (9 1112, -
0 |-,- 7,- (0,008

1t {2,- -,- 10,- @11
12 la,- -,- 8, - @,10

Figure 4. 3.
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AUD - 2 AUD b=,

Figure 4.6

We shall now consider the general case, in which the given flow
table need not be strongly connected. It is then possible that some states
do not appear in the firal level of the input successor tree. For example,
if Yi is stable in some column, but there are no unstable Yi entries,
then Yi can be used as a starting state. However, once the input changes,
Yi cannot be re-entered. We shall take care of such situations by em-

bedding every definite table in a strongly connected definite table,

Definition 4.5 : A state Yi (stable in some input column) is a transient

state if
(a) Y1 does not appear as an unstable entry of F, in which case
Yi is called a primary transient state, or
(b) All appearances of Yi as unstable entries are next state

entries of transient states of F.

Lemma 4.1 : Let F be a definite table and let Yi be a state of F stable

in someé column. If Yi does not appear in the firal level of the input
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successor tree, then it is a transient state.

Proof : Suppose the final level is the nth., Since Yi appears in the
Oth level, there must exista k, 0 < k < n such that Yi appears in
the kth level, but does not appear in the (k + 1) level. Thus Yi must
have a predecessor Yj in the (k - 1) st level and Yj cannot appear in
any greater level, Therefore all such Yj are transient, The argument

is then repeated for Yj and its predecessors a finite number of times.

o N d W N -
HOOENES
-
o

Figure 4.7 (a).

It is not true, however, that if Yi is transient then it does not
appear in the final level. This is illustrated in Figure 4.7, where
states 1,2,3,4 are transient, but 3 and 4 appear in the final level
(the 3rd level). This has happened because there are don't care entries
present. For example, Figure 4.7(b) indicates that applying (00)(10)
to state 2 results in state 3. DBut this means that the don't care entry
for state 5 column (10) will be state 3, Thus in fact, 3 ceases to be
a transient state after the assignment is made,provided the input (10)
can be applied to state 5. If this input is rnot allowed, then we must

consider state 3 as transient.

If the don't care entries are interpreted to mean that the input is

allowed, but the next state is of no consequence, then any table F in
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which all states appear in the final level of the input successor graph
will be strongly connected, and some don't care entries may be re-

placed by specific next states. We shall make this assumpgticn in the

following work.

Theorem 4.4 : Every definite table F is a subtable of a strongly con-

nected definite table, This theorem was proved for synchroncus mach-

ines in [5].

Proof :: Case 1. 11 input changes allowed.

Suppose Yi is a primary transient state stable in column X,
of F, For each such state Yi add a column X'J. s in which all entries
are Yi' Now Yi can be reached from every stable state by applying
X'j , and Yi will appear in the firal level of the input successor graph.
Of course, F', the extended table, remains defirite since F was de-
finite and all the added columns have precisely one next-state entry.
Since any other trans;ient state must be a successor of a primary statév,
all transient states will appear in the firal level. Thus F' is strongly

connected and definite,

The added input columns still have to be encoded. Let [x]
denote the least integer = x. Suppose F has n columns and there
are p primary transient states. Then F' has m+p = m' columns.
The minimum total number of binary inputs is n' = [:log2 m'].; thus
k=n'-n new inputs must be added. The new input n' - tuple' in a
column of F can consist of the original n-tuple with 0's added. In
the added columns assign arbitrarily .n' -tuples that have not been used

for F.

Case 2. : Single input changes cnly :

First consider a transient state Yi stable in column X. which

reaches a final level state Yk stable in X& in one step i.e.
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M(Yi’XL) = Yk’ Xj being adjacent to XL . Clearly if F has any
transient states at all it must have at least one transient state with

the above property. Add one new variable X 41 for Yi ¢ In the

columns of F let X 4= 0. Let (XJ., 1) be the (n+1) -tuple which

is adjacent to (Xj, 0) and differs only in x Similarly let (XL 1)

be adjacent to (X»L 0). Now (Xj’ 1) and (Xn,.{;)1 are adjacent. Make
all the entries in (Xj’ 1) equal to Yi and those in (X& » 1) equal to
Yk' Then we have the situation shown in Figure 4.8 where X, and
XL are adjacent. Therefore a transition from final level state Y'k
to transient state Yi can be made using only single input changes.
Also it is clear that the augmented table F'! is definite and Yi is

now a final level state of F'!,

inputs
states Xj’ 0 XL 0 Xj’ 1 XL’ L
Y1 Yk

Figure 4.8

This procedure is repeated for the remaining states which
reach a final state in one step. When this is done, a transient state
which in F required a minimum of two steps to reach a final level
state, in the augmented table requires only one step. Hence all the
transient states can be treated in this fashion and a strongly connected
definite table can be constructed for any definite F. This completes

the proof for Case 2.




-72 -

Case 1 above is straight forward. However in Case 2 one
can often use fewer input variables than indicated in the above gen-
eral construction. This is illustrated in the following examples.

Figure 4.9 illustrates the various steps for obtaining a strongly con-

nected definite table covering the original table,

The procedure suggests three extra input variables. However,
it is possible to obtain a strongly connected definite table for the same
example of Figure 4.9 with only one extra binary input instead of three.
This is shown in Figure 4.10. The example in Figure 4, 11 illustrates
the fact that often it may be possible to add more than one state in the

added input columns and yet the table can remain definite.

*1%2
00 01 11 10

1 - O 4
2| 1 (@ 1t -
3| 4 - 1 (:)
a|(® 1 ® ®
sl 1 (5 4 -

(a) Given table F, single input changes.
*1%2%3

000 010 110 100 011 001
1@ - O « 2 ©
2| 1 (:) 1 - (:) 1
3| 4 -1 (3 1
AOEENONO NETE
51 1 4 - 2 1

(b) Making state 2 a final level state,
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*4¥%3%y

0000 0100 1100 1000 0110 00410 1001 1101
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=

1
i
1

(c) Handling of state 3,

*1%2%3%4%s5

00000 01000 11000 10000 01100 00100 10010 11011 01001 11001

O - O <« 2 @O 3 @ s 4

1 (:) 1 - 1

3
4 - 1 (:) 1 (:) 1

3

3

[\S]
—

1 4 () 2
o i ¢

(d) Handling of state 5.

N
(=Y

Figure 4.9 - The steps of the construction

X X X

17273
000 010 110 100 101 001 011 141

O -+« 3@ 2 s
@ t @

i () (é) 1 2 :
(:) @ 2
301 2 (:)

[y

N d W N -
[y

Lol S -8

4 -

Figure 4.10 - Embedding a definite machine into
a strongly connected definite machine
with fewer inputs,
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Figure 4.11 - Adding more than one state
per column

Corollary 4.1 : Every definite FMA machine is realizable by a

shift register constructed with AUD's,

Theorem 4.5 : Every definite FMA machine with single input

changes only can be realized by a series parallel connection of

n-input 2-state definite FMA machines,

Proof : Since the nxn AUD with single input changes is realizable

by a parallel connection of 2 state definite FMA machine, hence the

proof is obvious,

Remarks : (1) Itis evident from the previous discussion

that there does not exist a non-trivial single input, strongly connected
definite FMA machine. This can easily be proved by contradiction.
Suppose such a machine A exists and has s states, s being 2 2.
Then in the final level of the input successor graph of A each of its

states must appear and the graph must terminate according to Rule (a).
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It is clear that the graph does not have more than two nodes at any
level. Therefore, if the machine is définite, there are only two
states in the final level, the others being transient. But these two
states can always be merged into a single state if only stable-state
outputs are of interest, because they are stable in different columns.
Hence the machine is either not strongly connected or it has only one

state.

(2) Any asynchronous circuit obtained by introducing combin-
ational networks in between AUD's remains definite, provided the
outputs of the combinational networks do not violate the conditions set
by the input restriction R for any AUD in the circuit. If the intro-
duction of combinational logic violates R for some AUD, then the

circuit operation is no longer proper,

(3) The method of realization of definite asynchronous mach-
ines suggested in this paper is not economical in all the cases: for
example, a 4 state machine with single input changes only in Fig-
ure 4. 12 is realizable by a shift register of length three as compared
to the 12 state machine in Figure 4.3 realizable by a register of length
two. If we follow the conventional techniques, the 4 state machine can

be realized with two S-R flip-flops compared to 6 S-R flip-flops in the

| three AUD's.

Example

xi:dz 01 1t 10
t {®d,00 @®,11 2, - 3, -
2 {3, - ©,10 @,01 3, -
3 |®,10 1, - 4, - O®,11
4 11, - -, - @,00 &,01

Figure 4. 12 - Machine realizable by shift register of length 3.
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duced in feedback loops [33) in order to avoid improper behavior,
if an essential hazard exists, The table to Figure 4.3 has an
essential hazard and does require inertial delays, but the inertial

delays are not in a feedback loop.

There is another type of timing problems arising in cascade
connections of AUD's,» Consider an asynchronous circuit C of k
nxn AUD's connected in cascade. Let the propagation delay for a
change of value at the input terminal x, which causes a change in
the value of output at the output terminal D(xj) of the AUD be ﬁij
forany {1 S i=n and 1 =j < n, Ifthe AUD's in the circuit are
constructed with similar logic components, one would expect the Gij's

to be approximately the same for each AUD.

In general in any AUD aij may vary for different values of
i and j depending upon the number of gates the binary signals have
to go through to affect the value of the output. It is also understood
that each AUD has been constructed to be free from races and haz-

ards.

Therefore, it is clear that, as long as the time interval be-
tween any two successive input changes is max(&ij), all output
changes in the AUD will have been completed before the next input
change is made. Since circuit C has k AUD's, if no two success-
ive input changes are made in the time interval At < k max(&ij) ’
we can be assured of the correct transitions between states of the
circuit. The circuit outputs will also be correct provided the com-

binational output circuits are free from ha=zards,

Figure 4. 13 illustrates a situation which could possibly occur
if the inputs violate the above condition and the circuit may not operate
properly. In the figure, the time intervals a and b are so small
that some of the changes in Dx1 s sz may be interpreted as double
changes by the next AUD,
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Chapter 5

ASYNCHRONOUS SEQUENTIAL CIRCUITS WITH FEEDBACK

Introduction :

In Chapter 4 an nxn AUD was used as a basic circuit
element in the construction of definite asynchronous circuits. Here
we shall show than an n xn AUD can also be used as a circuit ele-
ment in the design of any asynchronous circuit. It will be shown that
circuits constructed with AUD's also need inertial delay elements
and any asynchronous fundamental mode flow table F 1is realizable
by a circuit of feedback index m with one (n +m) x (n + m) AUD,
m inertial delays and a combinational network, where m is the
smallest integer 2 [logzmax(Si) ] and Si is the number of stable

states in any column Xi € F. We will also show that every funda-

mental mode indefinite“ table can be realized by a circuit of feed-
back index 1, with k (n + 1) x(n + 1) AUD's, one inertial delay ele-
ment and a combinational network. Since the circuit with feedback
index | may require many (n + 1) x (n + {) AUD's, therefore, from
the point of view of cost, reliable operaticn, speed and maintenance
considerations, a circuit realization with lesser number of AUD's

may be a good compromise.

In the last section we will consider pulse controlled FMA cir-
cuits very briefly. Their merits over general FMA circuits will also

be discussed.

11 - FMA machines which are not definite are called indefinite.
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5.1 Finite Memory Asynchronous Circuits

The following definitions have been stated for synchronous

machines in [ 6, 14,15 1.

Definition 5.1 : Given an asynchronous sequential circuit C con-

structed with basic building blocks such as gates, flip-flop's, AUD's
and delay elements (pure or inertial), the value of a binary signal on
any wire w. of C at any given time is a function of the state and the
input at that time. A set of wires which, when cut, remove all the

closed loops of C is called a feedback set. The logical value of the

binary signals of the wires of feedback set defines a function of the

state and the input of C. This function will be called a feedback func -

tion of C and will be denoted as (Y, X).

Definition 5.2 : For any flow table F of an FMA machine a func-

tion of the present state and the input is a feedback function f(Y,X)

of F if there exists a circuit C which realizes F and has f(Y,X)

as a feedback function.

Definition 5.3 : A Finite memory FMA machine A is a machine

whose output is a function of only the present value of the input and a

finite number k of past inputs and output values, i.e,

Z(®) = N[ X, DX®), z(1), DX®, Z2(1) , .

DX, Z(8))] .
where X(t), = (x(t), ... x (t)), (X(t), Z(t)) is the combined input-
output tuple = (x,(t),%,(t),... x (1) ; z,(t), 2,(t), ..., z_(t}) and
D denotes the delay operator. Define DY(X(t), Z(t)) = (X(t),Z(t))
and D(D(X(t), Z(t)) = DZ(X(t) . Z(t))=(X(t-61-62), Z(t-61_-62)),

where the input-output tuple was changed at time (t-6§, - 62) and (t -6 1)

1
etc.. . The symbol k represents the memory of A,
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Definition 5.4 : Let F be the flow table of an FMA machine with in-

put restriction R. A combined input-ocutput sequence X,Z is valid
for E iff (a) no two successive symbols in X,Z are identical and
(b) X,Z obeys the restriction R and (c) when X is applied Z is-

the resulting output sequence,

For the moment if we assume (i) that the output of each AUD
and the output of the combinational network appear instantaneously
whenever the input is changed (that is, assuming zero propagation
delay for signals passing through different AUD's and combinational
network:'), and (ii) that the combinational network for outputs is haz-
ard-free, then Definition 5.3 suggests the circuit realization as shown
in Figure 5.1. The AUD's in the register consist of n + m input and
n + m output terminals, n terminals to remember past k values of
n inputs and m for the past k values of m outputs: The m input
terminals of the first AUD are different because its inputs cannot be
used as inputs to the combinational networks for the FMA machine.
Since there are m binary outputs, therefore the circuit has € m bin-

ary feedback loops.

The decision procedure for testing whether a given flow table F

of an FMA machine has finite memory is quite similar to the synchronous

case [4,6,15]. We define the input/output successor tree GO(F).
1. The zeroth level of the GO(F) contains one node correspond-

ing to Y_ the set of all internal states which are stable in some input

S
column of F,

2. Under a distinct input/output pair X, /Z there is a transition from

the node to the first level node wh1ch contains all the stable

states M(YJ Xl) YJ € YD such that N(YJ Xi) = Zj' There is one
node for each Xi/zj' Note that since the output value is of interest only

when the total state is stable, therefore input/output pairs are formed
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for the outputs associated with stable states only.

3. The second level contains nodes corresponding to the successor of

the first level states reached by valid input/output sequences considered

from .GO(F) is terminated according to one of the following rules :

(a) A level is reached in which all the stable states of the machine have
been resolved, i.e, in the level each node corresponds to a single state,

or

(b) Go (F) contains a path along which a node with more than one state

appears twice,

It is obvious that the graph is always finite., Therefore, if it is
terminated by Rule (a) ', then FMA machine is a finite memory mach-

ine, and if by Rule (b), then it is not.

For example, the FMA machine of Figure 5. 2" yields a graph of
Figure 5.3, Since the graph terminates according ito Rule (a), it is a

finite memory machine,

X 0 1
1 ,0 2, -
2| 3,- @,o
3 1 4,-
4| -,- 5, -
51 1.- (OOt
6 , 1 5, -

Figure 5.2
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It is obvious that all FMA machines do not have finite memory
property. For example, the machine of Figure 5.4(a) is not a finite
mefno'ary machine. However, to realize its state behavior as a finite
memory machine, we can always introduce an auxillary output Z0
equal to a feedback function f(Y,X) of F shown in the table of Figure
5.4(b). There could be many choices for selecting a suitable f(Y,X)

for a given table. For example, one obvious choice for any given F

could be that f(X,Y) = M(Y,X).

*1%2 *1*2
00 01 11 10 00 0f 11 10
1 @,0@,1 3,- 4,- 111 111
2 @,o®,1 4,- 3,- 20 o o o
3| 1,- z,-@,o@,i 311 1 1
4l 1,- 2,-@,1@,0 slo o o o
Figure 5.4(a) Figure 5.4(b)

Unlike the synchronous case an input/output successor graph
GO(F) cannot provide the state assignment for a given finite memocry
FMA machine. Since in actual practice in the circuit of Figure 5.1
the output of each AUD and the output of combinational logic will not
change instantaneously with the change of input due to non-zero prop-
agation delay in the gates used in AUD's and combinational logic,
hence assumption (i) stated before cannot hold true. Also, since the
output Zj is a function of Xi’ D(Xi) secs Dk(Xi) » a change in Xi
can affect Zj through many different - paths, one through different
AUD's and the other more directly. This is the basic condition for
a combinational hazard. Thus transient erroneous pulses may appear
at the output lines. Such a situation can only be avoided if the binary

cutputs {z NEPYRRE zm} = Zj are passed through inertial delay ele-
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ments A's before they are allowed to appear at the m input terminals
of the first AUD, Therefore for any finite memory FMA machine realized
by circuits as shown in Figure 5.1, inertial delays in the feedback lines
will be necessary. Hence a change in X at time t will cause a change
in Z appearing at the input of the first AUD will be further delayed by

A units of time, Thus in practice an input/output successor graph of any
properly operating circuit will be different from GO(F) already defined.

We shall denote this modified input/output successor graph as Gm(F).

Definition 5.5 : Let Gm(F) be a graph of a finite memory FMA flow
table F defined as follows.: Let there be a transition under Xi/Z‘

J
from node to some first level node and a transition under Xk/ZL

from @ to some second level node in GO(F).
(i) If Zj = Z& , then transition from‘ to‘ is directin G (F)

(ii) If Z # Z then the transition from is through an
1ntermed1ate node al . corresponding to a set of unstable states in

2j
G _(F).

Since every finite memory FMA table can be realized by a cir-
cuit of Figure 5,1, therefore after the initial conditions in the register
are cleared, each internal state of F must b‘e uniquely represented by
the last k wvalues of input/output-tuples stored in the register. Let
Ym be some state stable in column Xi of F and be represented uni-

quely by values (Xi’ ZJ,) ’ D(Xi’ Zj) seee Dk( Xi’ Zj) in the register,

(i) Let Xi be changed to X, such that M(Ym,Xk) = Yn’ M(Yn,Xk)

k
= Y _ for both n=m and nFm, N(Ym,xi) =zj and N(Yn,Xk) =Z,

for j=4. Correspondingly state Yn will be represented uniquely by
k . . :
values (Xk’zj)’ D(Xij) sees D (Xij) in the register. Hence this

transition from Ym to Yn on Gm(F) will be represented directly
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from a node @ of stable states to another node of stable state,
because the output Z, is same for Y and Y .,
j m n
s L X X =
(ii) Let X be changed to K such that M(Ym, Xk) Yn ,

M(Y X ) = Y forboth n=m and n#m, and N(Y ,X = Z
m k n n

k) 4
for j #4. Since output Zj cannot be changed to ZL instantaneously
with the change of input, initially the circuit of Figure 5.1 will cor-
respond to some intermediate state Yp represented by the values

- k -
i >
(Xk’ Zj) D(Xk’ Zj) sees D (Xij) for some time A 0 and then

eventually Z‘L will appear and circuit will take another sets of values
k .
(Xk’ ZL ), D(X K’ ZL)’ ess D (Xk ZL) corresponding to stable state Yn

in X . Such a transition from Y to Y on G (F) will naturally
k m n m

be represented through an intermediate node a/Zj

unstable state Yp to the node of stable states corresponding to

Yn in the second level,

corresponding to some

This implies that in GO(F) obtained for testing the finite mem-
ory machines we must insert nodes representing sets of unstable states

whenever an input change is causing a change in the output.

We shall see later that Gm(F) is directly useful in obtaining
state assignment for the circuit realization of finite memory FMA
machines. The reader must note that all the AUD's in the register of
such a circuit are constructed for all input changes allowed. The AUD
with single input changes can be used only when input and output separ-

ately follow the restriction of single changes only.

If a finite memory FMA machine is to be realized by AUD's
with single input changes only then it is clear that the modified graph
Gm(F) may have more than one node of unstable states between any

two levels of stable states in Gm(F) after the first level.




For example the modified input/output successor graph Gm(F)
of finite memory machine of Figure

with extra unstable states are shown in Figure 5.5(b) and 5.5(c) re-

spectively.
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-87 -

5.5(a) and its augmented flow table

2
00 ot 11 10
(. 00 (0,00 5 6
(2,01 (2,01 5 6
@,11@,01 5 6
,10 (4),10 5 6
Oi Oj @,01 @,01
1 3 @,10 (6). 10

Figure 5.5 (a)

5.2 Single AUD Asynchronous Circuits

Theorem 5.1 :

be realized by a circuit of feedback index m with one (n + m)x (n + m)

AUD and combinational network, where n and m are the number of

binary inputs and state variables respectively.

Proof :

back function f(Y,X) = M(Y,X) . Considering f(Y,X) as an.auxiliary
output of F if we draw GO(F) of F, then itis clear that in the first
level each node will have only one stable state, because each state of
F has a unique unique binary code. As GO(F) terminates at level |
according to Rule (a),
mate the contribution of the AUD in any single AUD circuit we must

extend the graph to second level of stable states, GO(F) is further

Any FMA machine with a given state assignment can

Let F be the flow table of an FMA machine A, Let the feed-

A is a finite memory machine.

Since to esti-
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xixz

00 01 11 10
t (@00 (@,00 5,00 6_,00
1, {t,00 -,- -, - -, -
2 , 01 ,00 5,01 6,01
3 @ttt @11 5,1t 6,11
3, |-s- 3,11 -,- -, -
4  |®,10 , 10 /5C, 10 6.5 11
4a 4Eb900 I B R
4 (4,10 -y - .- - -
5 4,01 2,01 ,00.  (®,01
5 |-.- - - 5,01 - Y-
5 |-.- - - \5),01 - -
5. |-~ -, - 5,5 11 -y-
6 t .10 3,10 (®,10 /\@,10
6 |-.- -, - -y 6,10
6b -, - -y - -, - 6a’00
6, | -s- -y~ - ,- 6,10

Figure 5,5(c) - Augmented table of the table of
Figure 5.5(a) showing multiple
changes of secondary states.
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’ b
> »
—>
D(fi)
D(£,)
2
D(f ) N
- ——» ©
C [§)
2 E T
P
rD(xl) U
—(n+m)x(n+m) S C T
D(xz) 1
AUD -
- Dix
£4 All input D(f,) (=)
> changes .
i 11 d )
fz allowe D(fz)
e |
¢ m
m
Fm
A -
*
A -
A
Fi

Figure 5.6 - Single AUD circuit .
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extended to the second level of stable states. According to Definition
5.5, for each GO(F) one can always obtain a unique modified input/
output successor graph Gm(F) in which second level will have stable
as well as unstable states. Assign to each appearance of Yi stable or
unstable in the second level of Gm(F) the reverse of input/output se-
quence of length 2 required to map Yi on the tree, because a single
AUD can only remember the input-output tuple prior to the last change
in its value. (Yi may be represented by more than one state of the AUD),
Therefore the state behavior of F can be realized by a circuit of one
AUD and combinational network C1 with feedback index m as shown
in Figure 5.,6. The actual output can then be obtained by additional

combinational circuit CZ. This completes the proof of the theorem.

In future, for the sake of convenience we shall represent the
present and next values of feedback function f(Y,X) by f and ﬁ re-

spectively.

For example, consider the table of Figure 5.7 with single in-
put changes and its modified tree Gm(F) in Figure 5.8. The result-
ing augmented flow table of Figure 5.7, state assignment and the cir-

cuit are shown in Figures 5.9, 5.10 and 5.11 respectively.

172
Yy Y, 00 01 11 10

o o 1) @ 2 4
o 1t 2/t 3 (@ (»
t 1 316G () ¢ 2

OO

Figure 5.7
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172
00 01 11 10
,00 ,00 2_,00 4_,00
1,00 1,00 -, - -, -
1,01 3,01 , 01 , 01
-y = =g 2,01 2,01
, 11 , 11 4,11 2_, 11
3,11 3,11 -, - -y -
3,10 1,10 , 10 , 10

a | -, - -, - 4,10 4,10

Figure 5.9 - Augmented flow table of

the table in Figure 5,7
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Present f.b. Next f.b.

function

function

D(X, 1)

D(Xl) D(xz) D(fi) D(fz)

DO(X) =X

£y

*2

*

Internal
State

Figure 5.10.
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4x4 AUD —-————-)—D(xi)
All input ___+D(x2

Combination -

al Network

= xixzy1 +x,x

= x x +—
xixzy1 X,X

Changes JF
Allowed P~
2,
1
N
N
=1
X,Xx D(fi) +§1x2 D(fz) +x1x2D(f1) + x,%, D(fz)
X, X D(fi) -i-xix2 D(fz) +x1x2 D(fi) + X%, D(fz)
Figure 5.11
> Combinational
Network
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Yy
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Figure 5.12
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Remarks

Comparing the Boolean expressions for c?; and g of the
circuit of Figure 5.11 with the next state Boolean expressions for
y'1 and y'z for the conventional circuit realization of Figure 5,12,
we find that the two sets of expressions are identical, Since the use
of inertial delay elements is inevitable in AUD circuits and at the same

time their presence in the circuit also fulfills the role of state devices,

the role of AUD as a memory device becomes trivial,

Now we shall show generally that the role of (n+m) x (n+m)
AUD in a single AUD circuit realizing an FMA flow table F with a
given state assignment is trivial if its auxillary output function

N, (LX) = £(Y,X) =M(Y,X) .

We already know that the presence of inertial delay elements
in feedback lines connecting m auxiliary outputs to m input
terminals of the first AUD is essential for the proper dperation of any
single ~-AUD circuit, Let the circuit be in some stable state and let X,

i
and Z _. be the present input and output respectively. Since NO (Y,X) =

0j
M(Y,X) and each internal state is given a unique code, the present in-
put and present output values are sufficient to determine the total stable

state M(Y ,X )= Y . Let X, be changedto X, If
m’i m i j

(i) M(Y_,X) = Y_, then D(xk,zoj) = (Xi’ZOj)

X3 M -
(ii) M (Ym, Xk) Yn and (Yn, Xk) Yn’ then

. - . <
first D(Xk,Z (Xi’ ZOj) for time t A,

Oj)

= i 2
followed by D(Xk’ (Xk,ZOj) for time t A,

Zoe)

A being the value of inertial delay element, Since to determine Y
n
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we need not know the previous input D(Xk) and since D(ZOL) = ZOj

is unique for each such input change, one can always replace the present
state variables in the Boolean expressions for the next state variables

in the conventional circuit realization by the corresponding delayed vari-
able in the single AUD circuit. Basically, the role of a memory device

has already been fulfilled by the inertial delays.

In order to obtain a non-trivial single AUD circuit, we must re-
move the redundancy in the memory role of the AUD and the inertial de-
lays by reducing the number of delay elements to a minimum possible

value,

Theorem 5.2 : Any flow table F of an FMA machine can be realized

by a circuit of feedback index m with one (n+tm) x(n+m) AUD and a
combinational network, where n is the number of binary inputs and m
is the smallest positive integer =2 [logz max (Si) 1, Si being the num-

ber of stable states in any column Xi of F,

Proof : Let Si be the maximum number of stable states in some Xi

of F. In order to distinguish each stable state in Xi we must have at
least m variables = [logZ(Si) 1. In other columns Xj # Xi ,» where

the number of stable states are < in Xi’ m variables are automatic-
ally enough to distinguish one stable state from another. Therefore with
the help of present input Xi and m binary variable code assigned to each
total stable state we can distinguish each state of F., Now if this code is
considered as auxiliary output of F and an input/output successor graph
GO(F) is constructed, then such a graph will have only one total stable
state in each node of the first level. The rest follows as given in Theorem

5.1. This completes the proof.
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Once again, considering the previous example of Figure 5.7
with its auxiliary output equal to f(Y,X) of Figure 5.12, the re-
sulting ‘assignment-and the ¢ircuit are as shown'in Figures 5,13 and

5,14 respectively.

Z1%2
\oo 01 11 10

Figure 5.12 - f(Y,X) of the table

of Figure 5.7.
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2x2
AUD

D(XZ)

D(f)

Combinational

Logic

Figure 5.14 .
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Because of the presence of many don't care situations, the
feedback function and output functions can be expressed in a number
of ways in this type of circuit realization, The presence of don't
care entries also helps in obtaining minimum expressions for feed-
back and output functions. Since the use of inertial delay elements
is inevitable one could make use of their intrinsic memory property
by connecting their outputs to the combinational network in addition
to the inputs of the AUD, It is obvious that this does not change the
value of feedback index. This could result in even a wider choice
of different minimal Boolean functions for feedback and output of a
circuit, since now 5{ and Zj could be chosen as functions of
X,f,D(X), D(f) . In practice this may be of some help in avoiding
fan out due to excessive loading on some delayed variable terminals
D(Xi) or D(fj) » by fixing some terms in the Boolean expressions for

outputs in variables f and f, instead of D(Xi) of D(fj) .

k L

Remarks

The circuits realized as a result of Theorem 5.2 are non-
trivial and have many useful characteristics, The value of the feed-
back index is the sa.me12 as that obtained by Huffmans, Eichelberger
{12] and Friedman [13]. Inertigl delay elements are necessary as
in the case of circuits realized by Huffman's and Friedman's techniques,
but in our realization the number of inertial delay elements required
is minimum12 2 [logzmax (Si) ] . The flow tables to be realized
need not be normal., From the point of view of machine decomposition
single AUD circuits consist of two smaller circuits, A1 an AUD

b

which is sequential and A_ which is purely combinational. In general,

2

12 - This is when internal circuit structure of an AUD is not taken

into consideration. That is, AUD is a basic circuit element.
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since A1 is a standard predetermined circuit the designer needs to

construct A2 only. The method suggested for the design of A2 is

always easy to apply.

5.3 Single Loop Realization of FMA Machines :

In Chapter 4, the problem of deciding whether a given FMA
machine required no feedback (asynchronous definite) was solved.
Here we shall discuss another anologous case in FMA machines of
a recent result due to Friedman [14] in synchronous sequential
machines, The result is as follows : Every synchronous sequential
machine can be realized by a circuit with a single binary feedback
loop. In view of our discussion of single AUD circuit realization in
this chapter, this means that instead of storing m binary signals,
m = ‘:log2 max(Si)] along with n binary inputs prior to last input/
output change, it is possible to store one binary output signal along
with n binary inputs for the last k input/output changes. There-
fore, if for every FMA table F there exist an equivalent FMA table
Fe which can be realized by a circuit of k AUD's and combinational
logic with feedback index 1, an analogous result for FMA machines

is also true.

The existence of suchan FMA table Fe equivalent to any FMA
table F can be proven as follows : Any FMA flow table belongs to
a special class of tables where similar successive inputs can never
occur. Cadden [10] classifies them as level input - level output (LL)
tables and suggests a method of transformation of LL table to its
equivalent pulse input-pulse output (PP) table. Friedman shows that
for every synchronous table F' (which according to Cadden is a PP
table) there exists an equivalent synchronous table F'' such that it
is realizable by a synchronous circuit with feedback index 1. There-

fore by following Friedman's method of deriving F'' from transformed




- 103 -

PP table F', one can find a binary feedback function f(Y,X) on F'",
Using this f(Y,X) one can determine the present state of F'' by the

last 'k values of input and f(Y,X) for some finite k.

In order to realize the original FMA flow table with feedback
index 1, one can transform the PP table F!'' with its feedback func-
tion as output again to its equivalent LI. table by following Cadden's
method PP to LL transformation. This LL table is the required
equivalent FMA table Fe realizable by a single loop asynchronous cir-
cuit of k(n+1) x(n+1) AUD's, Since such a transformation from LL
to PP and back to LL equivalent table is always possible, we can state

the following theorem without furnishing the necessary formal proof.

Theorem 5,3 : Any FMA indefinite flow table ¥ can be realized by

an asynchronous circuit of feedback index 1, with k(n+1) x(n+1) AUD's

and combinational gates.

Since certain details in the actual construction of asynchronous
circuit do vary from its analogous synchronous case, we shall demon-

strate these details with the help of the following illustrative examples,

Example . %

0 1 0o 1
11D 2 1 1o e
2|3 (@ 2o o
3|(3) 4 3 | 1 1
4| s a |1 1
5 [(5) @ 5 |1 1
6| 7 (6 6o o
O 7o o
8| 1 8 | 1 {

£(Y,X)

Figure 5.15
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Consider a table and its feedback function of Figure 5. 15,
Assuming the feedback function as an auxiliary output function, we
construct its modified input/output successor graph Gm(F) as shown
in Figure 5.16. In the second level of stable states of Gm(F) each
node contains one and only state. In the synchronous case, such a
graph does provide a unique code for the internal states of any finite
memory machine, but here it does not. This is because a second level
of stable state Gm(F) implies the presence of a single 2 x 2 AUD
with single input changes only in the circuit and such an AUD has only
4 internal states, therefore it is impossible to obtain a unique code for
12 states. For example, stable state 2 and unstable state 8a will

have the same code, if such a code is derived from the 2nd level Gm(F).

Hence Gm(F) is further extended to 3rd level of stable states.
Now we assign to each appearance of Yi (stable or unstable) in the
3rd level of Gm(F) the reverse of input/output sequence of length 3
required to map on Gm(F) s, because a 3 level Gm( F) implies two
2 x 2 AUD connected in cascade and such a register stores the input/
output values prior to last two changes, The assignment thus obtained
is unique and is shown in the table of Figure 5,17. The corresponding

circuit is in Figure 5,18,

In general, to obtain a unique state assignment from Gm(F)
it may be necessary to extend Gm(F) to many levels of stable states
beyond the level, where each node has one and only one state. This is

where FMA case differs from the analogous synchronous case.

To demonstrate that there are cases when indefinite FMA tables
cannot be realized by a circuit of feedback index 1 directly as was the
case in the previous example consider the flow table F of Figure 5.19.

4
It is clear that at least one of the states out of 1,2,3,8,5 must be split.




- 105 -

*9]°g eandig

QOO0 0O O O
/1 o/t 0/0 1/0
\
& O R IRV O @
H o1 0/ 170N |
o/1 78 1/0 0/0
1/0 |
0/0 0/1 :
0/0 1/0 Ifv o/
0/0 1/0 L7 0/
T/
» . / ¥/0 0/0

BE fil b S e LA D et 2

P ———-"



- 106 -

BT ety B S Sy

Figure 5.17

2 Present WNext f.b, .
Internal| X D(X, f) DXX,f) f.b. fn.  fn.
State x D(x) D(f) DXx) DXf) ¢ S~
3 o o0 o 1 0 1 t
3 o 1 0 0 0 0 1
a
{ o o 1 { 1 0 0
{ o 1 1 1 0 1 0
a
5 o 1 i 0 1 1 {
7 o 1 0 1 1 0 0
6 1 1 1 0 1 0 0
2 i 0 0 0 1 0 0
6 1 1 { 0 1 0 0
6 10 { 1 1 1 0
a
4 10 y 0 0 1 1
8 1 10 0 0 1 t
8 1 0o 0 1 0 0 1
a
F 5T sa . s 2 Z
=D D@® + x DXx) + x DX
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D%(x)
pé(s)

D(x)

2

be
AUD

Figure 5.18




- 108 -

Here state 5 of F is being split to Sa,S and Sd to obtain an

b’sc
equivalent flow table F', Now F' can be realized by a single binary

loop circuit.

Example x1x2

00 0f 11 10
¢ @00 D01 7, - 6, -
2 |0t (D11 8, - 6, -
3 (3, 10(3,00 9, - 6, -
s @11 @t 7, 6, -
5 ,00 (8,11 6, - 10, -
6 O:,- 2, - (©),0 ,0
7 |-, - 3,-(,0t 10, -
g | -,- 4,-(,11 10, -
9 | -.-1,-(9. 1t t10,-
o |1,- -,- 6 , 10

Figure 5.19

5.4 Advantages of Reducing Feedback :

From the point of view of maintenance of synchronous or asyn-
chronous sequential circuits it would be desirable to be able to block
all the feedback loops by the use of interrupt circuitry (14) . This
will enable us to insert external test signals to monitor the outputs of
the feedback lines and circuit outputs to detect if the circuit is operating
properly. This will be advantageous only if the test circuitry is least
complex and constructed with a minimum number of circuit components,
Therefore, it is desirable that the number of feedback loops in the main

circuit should be minimum.
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if we construct asynchronous circuits with AUD's arnd combina-
tionzal network with feedback index 0 or at most 1, then it is clear
that such circuits will be ezsiest to maintain, But such a circuit in
general, may need many AUD's, therefore the cost of the circuit be-
comes very high. Also, the length of the asynchronous shift register
may reduce the overall speed of the circuit., Therefore from the point
of view of a compromise among mainterance, cost and speed we must
alsc make a compromise between number of feedback lcops and number
of AUD's ir the circuit. One of the many possible choices could be a

single AUD circuit with feedback index equal to [log max (S, ) 1.

5.5 Pulse Conirolled FMA Circuits

(l.

One common techrique for designing digital systems makes use

of master -clock circuit, which produces 2 pericdic train of pulses.

The cperation of each circuit constituting the system is synchronized

with these clock puises, In the literature, irf one of the input is a

cleck palse, while ail other inpuis are levels and change ssynchronous-

-

. . . - . . . r 1
ly, such circuits are sa2id to be {urndamental mode ciccred circuits L1221

Tn this section we shall siow that the pulse input need not be periodic,
and can be derived with the help of level signals which are zllowed to
charnge in asynchronous fashion.

The principle of operation of this type of FMA clircuils is as
follows :

Wrenever a level input signal is changed, it iz detected by 2
change detector circuit and one pulse per input change is generated,
The generzted prlise is delayed by a length of time A, depending upon
the delay involved in the combinational logic ir computing the witpul
and the next state functicns. Once the next stofe ~"arizbles rezch the

steady stare values, they zre zllowed to 2prear at the Input terminale
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of combinational logic as present state variables with the help of shift
circuits operating under the control of a delayed pulse, The circuit

schematic of this class of FMA circuits is shown in Figure 5.22.

. . Realization of an Ideal Inertial Delay

The reader must note that in doing so, we have realized an ideal
inertial delay of magnitude A, which controls the operation of the cir-
cuit, This can also be interpreted as providing some kind of synchroni-
zation13 to the circuit, though none of the input signals are changing in

any periodic fashion.

Generally the role of the inertial delay in the asynchronous cir-
cuits is performed by a simple R-C integrating circuit, though this
device is far from an ideal one. If the shape of the binary signal in the
circuit is an important consideration, then a simple R-C circuit cannot
be used, because an ideal inertial delay is not simply a smoothing de-
vice. If the input to an ideal inertial delay of magnitude A consists of
a series of 1 and O pulses of width A -&¢ for &€ > 0 as shown in
Figure 5,23, then the output of the ideal delay must remain in its initial
state unless a pulse of magnitude 2 A occurs., Such an operation is de-
rivable from a circuit of Figure 5.24. The shift circuit of S-R f{lip~
flop is the same as that of an ideal synchronous unit delay operating with
external clock pulses. Here instead of periodic pulses, a single pulse
generated from the input change detector circuit, which is further de-
layed by some arbitrary length of time A , is being used to control the

operation of the circuit,

13 - For example, see Miller, ''Switching Theory, Vol. 2, Sequential
Circuits and Machines'', Chapter 9, p. 141, John Wiley and
Sons, Inc., N.Y. 1965,
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i Remarks :

‘r ‘ Basically there is no difference between clocked flundamental

* mode circuits and the circuits with a change detector. Therefore

; asynchronous circuits with a change detector will have all the advant-
ages of synchronous circuits with regard to (i) minimal state assign-
ment problems, as the question of critical races does not enter in these
types of circuits, (ii) transient hazards which could cause steady
state. hazards automatically disappear {see Figure 5.25) and (iii)

circuits with all input changes can be easily designed, etc. .
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Chapter 6

CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY

In this dissertation we have presented an approach to the design
of asynchronous circuits operating under fundamental mode, in an
attempt to bring closer the synchronous and asynchronous switching
theories. In doing so, first we have described the AUD device analo-
gous to synchronous unit delay and then prescribed methods to construct
it, Then as in synchronous case, we have classified asynchronous funda-
mental mode flow tables as (i) definite and (ii) indefinite. It has been
shown that all definite tables are realizable by feedback-free circuits of
AUD's and combinational network, while circuits with AUD's realizing

indefinite tables do require feedback.

It has also been shown that an AUD can be used as a basic cir-
cuit element in the general asynchronous circuit design. Any FMA
table can be realized by a circuit of feedback index m with one AUD,
m inertial delay elements and a combinational network, where
m =2 [10g2 max(Si) 1 ; Si being the number of stable states in any col-
umn of the table. As a special case, for a given state assignment of
any FMA machine, if we choose the feedback function equal to its next
state function, then the presénce of an AUD in the circuit does not con-
tribute anything towards its operation. We have also shown that any in-
definite FMA machine is also realizable by a circuit of feedback index
one with k AUD's, one inertial delay element and a combinational net-
work,

In an attempt to obtain a reduced flow table of nxn AUD with

(p)
n

single input changes only, we have developed a code C , where
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every pair of words W, wj € Cn(p) has either the Hamming distance

d(wi,wj) = {1 or =2 3,

Lastly, we have shown that if a change detector circuit is pro-
vided, then one delay element with many shift circuits is sufficient to
realize any properly operating circuit and such a circuit has all the

advantages of synchronous circuits.
The following problems may be worthy of further investigation:

(1) Development of methods to make the single loop circuit realization
more economical in terms of logical hardware, where instead of lump-
ing the whole combinational logic, it could be interspersed between
AUD's. This could be quite an interesting problem, because the input
restriction to the different AUD's (if AUD's to be used are designed for
single input changes only) is also to be simultaneously satisfied by the

interspersed logic.

(2) Extension of the present approach to non-fundamental mode asyn-

chronous flow tables.
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