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In this thcsis.we‘brove five thcorems on. the ’

. . S i _ . ‘ .
hsymptotic Qistribution-of Cogrimer— coordinate lattice
,points in certain plane régioﬂs. The regions considcred"

. p _
.Consist_of‘two specific triangles and a reftangic in the

' first quadrant, the circular disk u2 +v? oo x ahd-thc

’ ?
etliptic disk au® + bv® = x.
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" CHAPTER 1 .

Iy v
- - INTRODUCTION T
- . 7. ' o - - - L | ) T" L . . /
R , o I . ‘ S , 7.
. . : : . . . ' ' . ] ‘ - .
d . - Apoint (xy,x,,::v,x,) ¥ the n-dimensional Cartesian

‘space is .called a Zwmwéeyant if its coofdinates'are integers.
CIf its coord1nates are coprlme, we called it a 'copmMm—cmmﬂiL-
V.
nate £a££&ce po¢nt (or €0-co £a££4qa polit or co2 fattice . po&nz for

rev1ty) In thlS thesis, we shal(/restrlct ourselves to two

1men51ons, so a lattice p01nt can ‘bhe 1dent1f1ed w1th a

Gaussian 1nteg¢r

We-shall study lattice poin @and co lattice points

inﬂépedific.regions.f Such a study an be justified as follows:
' ' 1. Several lattice point problems have a number-theoretic .

) . ! _
interpretation. For example;f\ o : ’///
e (a) The number of ~lattice points in the disk uZ-sz s X 1is

,also equal to, J r(n), where the function ‘r{n).
e nex | | A

zis the number of solfiTions in integers of the equa-.
. . . [y N 2 . K ' ’

;tlon uzva =n O

A $imilar interpretation holds in the case of the
elliptic disk auZthv%-+cuv s;x‘,'where a,b,c are
integers. !
(b) Dirichlet's divisor problem:

Lt

The number of 1attice points in the open first quad- -

rant between the éxes and the hyperbola uv = x 1is -



'Hi‘ : féqual to “Z'd(n) , where the'fdnction .d(n) is the-
+ . - ’ i nsx { .- . .

'R . number of divisors of, the 1nteger n

iR : .

' The number ”N(x)- of _c:o2 lattlce points .in the same

- region has a éiﬁilaf interpretatlon. - Let G(n) be-

‘the number of square-Jfree'divisors of thé-integer- n;

e = .
1

then .
o N(x) = ] &(n) .
nsx N

. . ‘ ' : l' .
. (€) ,Thernhmber of co’ lattice peints in the shaded

1. co _ triangié of Figure 1.1‘i§'equa1'to ) ¢ (n) where
-t ’ ' ‘ n<x

6(n) is Euler's function.

-

FIGURE 1.1

o -_2. In the case of twoldimensions,_a lattice point * (u,v)
.can be identifiedﬁnith'the'Géussian‘integef m = u+iv’,
 ,A lattice point'is cozr if and:only if m has the prop- -

erty that the addltlve ‘group 2[1] /(m) 'is cyclic (or

equlvalently, the rlngs ZElJ /(m) and Z/Iml are

rlsomorphlc)




[

It.is kndvnlthat in a $uffi¢iently "fat" region A
ST . o LT . RSP
enclosed by a smooth curve Ca curve defined by functions with

o " sufficient derivatives), the numher‘ofllatticé ﬁoinfs is
. ?’f/mapproximately equal to the area of A . As it is known that
-the probability of a.random lattice point being.a’ co? is

2

'abproximately S N folldﬁs that the numberioft-coz lat-
. . . i ' . . ' : .

tice pginfs in " A i§'gphroximé£eﬁy_equal to — 'times the

.qrea'bf A ° o "

The aim of thié-thpsi§ is‘tb-bbtain a éood estimation’

, of the error term fdr the éifference betﬁéen'tﬁe actual and
Ehé apprbxima;e ﬁUmber.off 'co-2 lattice innts iﬁ vaf?ous

regions through different methods.
-~ ' ‘ :

NI P -
. ' ‘ .L‘x ot

; '.’ . . /.-"': o // s s )
/ ) ///, /,//’;4 ) ///r / /',"’.'

| / e
SIS S L/ Fardran|

et ) //,‘,/ /‘/{,.'/,1// /%// s A

L B

FIGURE 1.2 .
) S

Let f(t) be an arbitrary continuous function defined

.Assuming the functién f(t)
i 2

. on [0,x] such that £(t) 2 0
. i . . # .o
is sufficiently smboth, the number of lattice .points and co

lattice points in the shaded region of(Figure 1.2 can be esti-

A




‘"'mated by a gy;;@ble ch01ce of analytlc methods (Bessel func-‘

trog? Fourier series, tr1gonometr1ca1 sums), elementary

' methods (trlv1al and nonﬁxr1v1a1 methggg) Abel s method of
'summat1bn or'the. Tuler MacLaurin sum formulal ‘The écdufacy-of
the results depends essentlally on the properties of the func-
;tlon £(t) . L i f‘ ' .
yYr-o-oT ot T M . ' Y b7
\\\\ : , “ 2 o !
TN \\\ : < /,
0 COX ' ot X - -0
3
FIGURE 1.3 FIGURE 1.4 ~ FIGURE_.-l.‘S'

Apaft f?om the general treatments, a different methédbased
on the AMSbius inversion formula is considered for the estlmatlon of. co2
latélce p01nts in the shaded trlangles and rectangle of Figures’
1.3, 1.4 and ‘1.5: ~ Due to the technical dlfflcu1t1es in hand—
ling the squa?e'terms,.this method fails in the cases of the
quarter éiréle and the quarter ellipse._iA mod}fied method is

]

applied to the_&iqéular disk and thelelliptic disk.

Before proceeding into the details of the thesis, let us
define the notations used.

1.




-.' | l . ..‘ . . ‘- g" .‘.-
1. The symbols [t] and ({t} denoté‘the:integralland

ffractipnal parts of ‘a ‘real number t E‘Q-.

2.'_The-lettérs m,n,d,% stand for inpfgers.throughout the
thesis. -

3. The Order Ndfationsﬁ

- o e L
Let f(x) and g(x) be functions defined on all positive
k , then - _ : |
o Ne—m L -
h;ﬁ_ (i) 1If there is a jpumber - M such -that '
PECL] s M [g(x)]

.
for sufficiently large x, then we write - kﬁ;>
. _ : , _ .

<) = 0g(x)) ot £(x) << g(x)
'.Cii)_.If'thgfe exisfs'an e (x) sdcﬁ thit .
f(x) = E(x) g (x}
and e(x) ~ 0 és X ;'é‘;“‘EEn we write "
S o )
£(x) = o (g(x})
(iii) If there exists an €(x) such that
£ = g(xX) (1 +e(x)) .
gﬁd ‘ e (x) C.O. as x + ® ,. then we write

~ o f(x) ~ g(x)




o i7'1ﬂ o ," ‘:‘ ,j:?“' -,:L - “ - . ;, ‘~.; :4_:
N o 'and'say'ahét{”f(xj ‘is astbtdti&aIly éqgal.to:
. . ?‘;A.._~- "'" ‘ . ‘. - -' -.. ’\\

fﬁ - Let 7n be*any-positive\Snteger We deflne d{n) to. be

the number of d1v1sors(9ﬁ nii u(m) “to bé the number»

of dlstlnct prlme factéca of : and 3¢(n} " to. be the

number of 1ntegers-not.exceed1ng n which,are relatlvely‘
. prime to n (Eulgr‘s‘function)h.' C 1 S ”
' ) ) : [« I .
i

5. The Mdbius function™ u(n) is an - grlthmetlcal function
) defiugd‘oﬁ natgrélfnumbers n and hav1ng the folloW1ng

: propertig%: . . B

(1) w(D)

1]
C
T

®(ii)  u(n)

0 if p°in for some prime"p H
' o~

‘(-1)r if n = P1Po. e Pr- ii;i_giiﬁuCt . i
'\ . e PN ’

—  of r dlstlnct prlmes \

'Il

(111) . w(n)

S-
'~In1phe folfowing we give three well-known lemmas which’

- - [}

SR we §hall later need. L ‘ ‘. S ,
.'LE}&U\ 1.1° ([7], p.103) Llet n be a posditive integen; then \*i -

’ l . - -

L]
—
o~
o .
=3
n
o

@ 1@ =

!
o
&~

S
=]

v
H
<]

(v) ] u(@

- A




peoWt N

o~ IEMMA 1.2 ([2], p.235)

m\ P g

'n.. . dln(

-

"* LEMMA 1.3 (Msbius inversion formila) ([7], p.104)

tet f(t) and F(t) be'ﬁahc/t‘éangs of the neal varniablfe t a_lé- Ié-;hme_

LY

o 6un;c,%£om‘¢atb56y the meﬂa_—téon

(1-1) Fie) = FOEE) .,
- . e . lsnst
: then they Aa,t-u;ﬁy the "inverse" nelation V
12y e = T wm) B |
’ : lemst
' Conumeﬁg, . (1-1) 6o££om -5fw-m (1- ‘2). v
—
‘.
. i3
. &
3
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- CHAPTER 'IT °,

- STATEMENT OF RESULTS AND OUTLINE OF METHODS
LI . .. . . ” : .‘-.

" In'thig thesis we prove five theorems concerning the
vy .

- distfihution of co lattice points..\The‘proofs shall be
given, in Chapter four. = (
. y
r N d
> U
\. . '
e FIGURE 2.1
THEOREM 2.1 let 1 sx syl{. The total number of co® Lat-
tice points in'the'@ight;angﬂed_tniaug e Al of Figure 2.1 44 given by
- ‘ '%.xy J_;'O(y) +’0(x log x) . v

‘iT

v
a
¢
IS A
) L4
S
-
,
. Az
@' 0 x > u
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THEOREM 2. 2 let 1sx sy . 'Tmeﬂw;mMmﬂdg_wz_&uQ"

. tdee points in the aght-a__}nghd L&,&ﬁ‘g{’_e A, 0§ Figure 2._2}&-'g,£ucn_ by’

= xy + 0(y(log x)S (log(ing x)**€)
o -_ : : _
- fon any e >0, ., ¥
1 o, Y .
y
Ay . ,
-0 . X ' >‘u
FIGURE 2.3
THEOREM 2.3  Llet 1 s'x £y . The total number of co® fat-

ti.ae‘ points in the ncctanQﬁe ‘ASJ of Figure 2.3 is given by

2 :
—-6; xy + 0(y(log x)3; (log logx)HE)
. :
fon any l'E_‘> o .- L

Let . M(x.) = ) () where x °'is any real number, x =1
dsx : ' ' ' '

and the summation is extended over all positive integers dsx .




. ~.' FIGURE 2.4, | I

 THEOREM 2.4 - In view of xha;ﬁuaﬂt.ﬂﬁﬁz'M(x) - o(xe c"T0B Xy

. . . . ot
. . [see Chapter 3, relation (3. - 3) 1 e total number Q(x) of c02

Lattice points in the disk u” +v® < x  of'Figure 2.4 {4 gdven by .

i

~

Q(x) 'EC-,+'O(/§ e KVioe Xy

LS !
whexe .

' ¢ = C(1-28)

. 2/Z2(1 - 8)
yd - ‘

¢ beding the (dﬁaoﬁu,te)-commnt-oﬁ relation (3 -3) , and 9 being \
the  constant Mi;ig in Dirdchlet's divdson pnoﬁﬂcm (see Chapter 3,

Lemma 3.12).. v




' . o -.11 - . . : I
. ) L . ) & . ...' . ’
o ¢
;i
4 - - : . L
o o , FIGURE 2.5

N R

THEOREM 2.5 - In view of the result that M(x) = 0 (xe CYTOBX y

)
P - [see Chapter‘S, relation (3 - 3)]; the total number Q(x) of

‘. : co2 Lattice points in the. elliptic dish r'au2 +b\.r-2 s x  of Figure 2.5

{5 gdven by
.6}( . ’ "T-Km
Q(x) = +0(¥x e )
v/ a S

whete a,b | are -fixed positive integens, a > b, C L3 the .
i (abaoﬂuie).conaiani oﬂ.ne£aiicn (3-3) *and k = SllifQZl— Y
: o . . - 2YZ(1-8)
_ . . : s
In the course of proving these theorems we shall need.some
lemmas” and well-known formulae as stated- in Chapter 3. One of
the important lemmas leading to Theorem 2.2 states:
& ."
-l
f By
" s :




TN,

Fon any_'ne'cu’.-numbe)w. X,y (x> 64, y 2.1) ,n'l' Wwe have
T Tou@ 5D <o)
¢ = . - . dsx a 5 : -
where d huns Ihﬁough all the'pOéitlve integehé not exeecdénge'
: . . ) A s
! s s : R ' . . . ’ .
X 3 r(%,' 5—) heing equal to 7o én Yo, .

' ;  nsX . ' ‘
. d

- The proof of this. result is given as Lemma 3,19,

Before arriving at the proofs of ‘the lemmas. and theorems,
] let us con51der the dlfferent methods used in the development

First of all, we ‘consider the methods used 1in genera! cases.

L

2.1 GENERAL METHODS

'f £(n)

v

FIGURE 2.6

Let f(t) be an arbitrary continuous functlon deflned
oh {O,xj,- x 2 1 and,_f(t)_z O . Let V(x) be the total

“number of lattice points in the area S of Figure 2.6, not

L]

%

\ A




(o i e ¢ ¥ e

et e e et S e i b 1 i

L PV

v 13 -

‘ .
tounfing‘the axes, ‘Then | '[/
SV = @

nsx -

N
T~

: CF() =T (Em))
\ .- onEx nsx -

where’ 'n runs through all_pqsitive integers not exceeding x

If thé function ' f(t}* is sufficiently Shooth'(f(t} has

]

7'suféiciénﬁ.dgrivatives); I f(n) can be evaluated by'apﬁlyiﬁg

nsx

the EulerkmagLaurin sum formula (¢f. Lemma.3.1). For éxample,

e

k|

the function f(t) = % has deriva;ifeé of any order. Letting

N= [x], it fdllows that’

N - ¢, €, C. - C .
1 1 Y b5 Yq -q-1
J == logN +y + ==+ =+ —+...+ —+ 0 (N )
n=1 " - PN TN ST e T .
where y = 0.5772157 .«+... is Euler's constant, C;,Cy,...,C

q .

are numerical constants, and q can be any integer greater than

.or equal to 1 .- The notation - Oq for the error term signifies -

that'the‘implicit éonstant involved in the O-estimation depends

”.bn o

The methods of-évéldating, .7 {f(n)} may be analytic or
o . nsx. :
elementary. .

. 1




- where D(xj

ERUES

(1) - The analytlc methods consist of the systematlc use of
Bessel functlons, Fourler saries or: the. methods of tr1g~
onometrlcgl sums as developed by Landau ([4]), Hardy ([3]),
L]ttlewood ([3]), Walfisz (ﬁz]), Vlnogradov ([11]), etc.

(2) The'elementarf methods may be'éither trivial‘methodg
(stralghtforward methods whlch do not requ1re SOphlStl‘
cation) or non- tr1v1a1 methods (see Vlnogradov 5 elemen—

tary method,des;rlbed‘ln. [1]).

The applicﬁtion of these methods allow the. lattice poihfs

to be enumeratgduﬂ For the enumeration of coz- lattice points,

let F(f(n),n) be the number of integers not’ exceeding f(n)
which are‘rélatively primﬁ'to n', andblef;_Q(x)' be ;ﬁe total
number .of ‘coz -lattice poinfs in the area S of Figuré 2.6,
Then

Q(x) = [ F(f(n),n) . | <

nsx

From Lemma 3.14, we obtain

e 4l 1oy JHpEn

Qx) =
: nsx _ - din .
o= ofm Bl p T e (B
. nsx o - ngx din
- L
= D(x). -, Efx) , S
= £ '¢(n-) ' |
7S N




- 15- -
L . - ' . “ . ot ] . .' ]
S o ey e
. and . E(x) = .} . 3] u(d) L—%rl} o
Now wé‘have to evaluate D(x)' and, Etk)
ESTIMATION OF D{x) i
Let v(x) = §- e - |
‘ nex M ) L . .
i ' X
;By AbglJS summation method,; ‘ o I A
D(x) = ] fm) oL
4 nex n

il

) ¥(n) .(E(n) - £(n £1))
ns[x]-1 . L

S ”_. + ¥({x1) £([x])

So the term = ) :‘W(n) (f(n) —.f(n-Fl)j' and ﬁence D(x) -
- n<lx]-1 - | L N

~can be estimated if one hés_a good knowledge of the function

'E(n) ‘and the partial sums J|f(n) - f(n+1)] . Sometimes
: ) . ''n ) ST i

“integration by parts of a Stieltjes:intggral ctan be used to

obtain the results.

-~

For example, if £f(n) = n® (o >‘0), thén:by pfoceeding’

with integration by parts of a Stieltjes integral,
o i -‘n' Lo )

D) = f ot 4R

nsx n




o x |
. J ¢ dy(e) "
1 ' &\ ,
. . . x . ' : ‘
= x¥ ¥(x) -'a J £271 y(e) at
L oL
- It-follows.from'Lémma 3.11 that.
' o | \ X
D(x). = -6— 'xlw, + xp(x) - S a J t% dt
m? : S . w? 1
X
- o f £%71 by dt
T -
1+a X : :
L L0 _ o-1 Ay
2 TI+ay + x p(x) Cl‘.J1 t p(t) dt.
+ constant
Assume that’ | ‘
. - ' B.
p(t) = 0 ((logt) ™).
‘where ' B = % +.e. © for some € >.0
: o ' -‘% + o + € )
~ Then \ X p (x) << X .
. . B ) \ 2
' X . X . - . o+ 4w te
and . 'J 'tu.lp(t)dt << [ £ 1B gt ce x® By 3
The above two‘estimates'imply-that
: l1+a | &-+£-+e
6 x

-D(x) =
: ' m

e IAACIRE




CESTIMATION OF E(x) - . 7
(£{) For an ,arbitrarf Tunction'.f(t)- and -any real-nﬁmbér

x = ¥, we always have . S . j

E(x) = O(x 19g-x)'

 An elementary method gives

CEwl = | w (E@y
. né;' d%n- B o /;/2);§_/
=] 1 ow p o ERy oo
- dsx n<X _ S
L S
..“. X
< .
déx‘_a o o .
By Corollary 3.2.&, we have - ‘ . o //\ j

B xlogx 4+ yxt 4 0(1)

(The result obtained in this way is crude as we aré losing

all information on u(dj except for the fact that . |u(d)| =1.)

In Lemmas 3.15 and 3.16, the bettedyesults

|E(x)t s_(jl + 0(1)) x logx . |
- 2 .

and . | : .

- |E(x) | 5'(i%f:r\°(1)) x log x
. T .

are obtained provided "x is suffi&iently large.

- .




{44} Dépending onrthe‘Sﬁeciailpropertiés qf"f(t), different

. me;hods may. be apﬁfop{iatel. Let us.write E(x) -as

17

(a) -Heuristically, if £ is smooth, the distribution’

of the fractional part {% £(de)} .is close to the

uniform ‘distribution. As {% f(d2)}. varies uni-

formly bétween 0 and 1, its expectéd value is %.

and hence the sum over a long intgrval is expected

to be %,times the length of the iﬁtérval;wthat is,i

—~ 1 .. X
) {g'f(@ﬁ)}'= . BEARY
JRE. ' o '

o4

Conseqﬁently, one would expect to have

BGO = ] (@G 4 et

d=x
The'right—haﬁd side can be'évéluated edsily. 
(b} If f: is.é Iinear function, then the.fact that
f:"(dsl) = d-f(l)
redﬁces"'E(x) to

B = [ @) ]

| u(d)
£sx 3 ’

I




,'.".3/

=19 -
. 19 -

For ‘example, if E(R) = Aoy A fcongtant,'then  '

B =L 00 w@

ex - .ods

B

H
=~

‘where -

R MOPT =
Applying Lemma 3.19, we conclﬁde that

)
Sty

CUE(x) = 0(x)

i

/‘. - ; L . B i : ' ... S
//({/ ‘2 2 A SPECIAL METHOD ~ - - P

In this section, an origjnél method based on the Mdbius

inversion formula is considere. for the purpose of enumerating
. ! \ >3 S

-

co’ lattice points.
* ) . ) V,' - .
. e,
0 >u'| ]

e A



S- 20 5 |
o -

vy

Let "v' = f(u') be a . "continuous curve' in th?l ﬁ{v"
pJane,Suéh-that ‘f(UY)_iio for u' =2 0 .f'Let g be'a

transformation from the wu'v' plane to the iuv plane with +
. l_‘ . . . v h . . .

1
il

. -u g(uﬂ) xu'

vEg(v!) =yvt .

Here x and.y'.are‘suitabie_positive real. numbers. The new -

curve 6btained after the transformatidn:has the*equation
.- ‘ '
- . ' u
v o= yi()
- ) xX ' ‘_ ‘ .
k] : 6 . .. -‘
* v ‘ l b

Let KX be the région,under thé curve -V ='yf(§) (with o
0 <u s x) as éhown-in'Figure 247. Let G(x,y) " and .Q(x,y) :
"be‘respettively-the.total number of lattice points~and .cbz

lattice points in the region A .Puttiqg Y1 = max yf(%) ,

m<x
we have - - - ‘ - - | Ve .
Q)= L1 ST
o (m,n)=1 B : )
, L : ' ! ‘
and G(x,y)-§<'z 7 1
- - MEX sy £(R)
dSmln(x,yI) - omsx
. A ' - nsyf(Q)
' . " (m,n)=d
= 1 -
dsmin(x,yl)' m'sg_‘ o ' -
' n'sgf(%%a)
(m',n")=1




€

Bhad

L =21 -

démln(x,yl)

yariables, we have .-

1]

Q(x,y)
B ‘ .
Note -that.

Al

' G(X:Y) =
« .

. - Substituting this

dSmin(x,yl)
(2 - 1)+
= y ? ) .
dsmln(x,yl)
A
- i l\ ’ \
.

ﬁQ(x;Y) =.

‘dSmin(i,yi)

N

LYy

. mSX

R (yf(g) -

msx

-

msXx

.iné_o Q(x,y)

ok

 By. the Mdbius inversion formula for functions of two real

N

y I e - [ @)

? : ‘(:..

w@ 6 P o
{_yf('%m

msXx

we getf
: md
u(d) (& I

- ms,a-‘ ‘.

S e®yn

msy

uld) zxf(“;—d)
. msy
-1 @ ) ey

' dSmin(x,yl)- ms%
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| Théfapﬁlfcétioﬁ of Equation7 (2 -1) fo the regions‘.All

| Ay Ag' of Figpfes 2.1, 2.2, 2. 3 respectlvely,leads ‘to Theorems

2.1, 2.2 and 2.3. For the C1rcu1ar disk ‘and the elliptic dlSk

in’the first qu?gfant, this application fails;because the term )

‘Z f(mi‘ in Equation (2-1) gives;Tise'fo an error term whi;h;

is as big as the main term. Instead a similar“metﬁod is applied

I

dinectly to the c1rcular dl%k and the elllptlc disk from which we:
derive Theorems 2.4 and 2. S - The detalls of thlS method and the

proofs are given in Chapter 4.




CHAPTER IIT e

© TOOLS AND " LEMMAS .
In this chapter lcmmas are 1ntroduced for the prepa~"'

ratlon of Chapter IV as well as a suppiement to Chapter IT.

LEMMA 311 (Euler MacLaurln Sum Formula) ([8], . 14‘)
. L&t f(x) bc a neaﬂ valfued ﬁunct&on deﬁ&ned on an Lntenvat thh con-

£inuous demua,auu up 2o ornden  q . Ié a and b are positive Ln/tegcm _

(a < b) .at ,wh{';h £ 4 defined, then .« _
b b PR
5 £(n) = f £ dx + ? °r At l)(b) ey
n=a+l - ‘a . = ‘ , L
N
+ R,
!

whene the nemainder tewm 48

qu%‘q—l Jbis.(lx--[fxn ‘f(‘”(';c-).éx - l,
B | bung zﬁe Be)lmow&u..munbm g

o s Lo Lot
lgnd Bé(i) being the Beiﬁoutﬂi‘ﬁﬁngi@on.

= A L + B -
B 0 = a 1 ALy cJH) . .

jz0 ' " .
A
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+

b«@_ Aq_ll;j =-mi0 (-1)"‘."(:3;1) G -_'m)q.“l' | ',.-: v

'REMARK.‘ '.',  If'is knowh %ha§' B4 =7--%land Bék;llé Q

for k> 1 . 'Theififsf,eight Bernoulli numbérs: of evép-indéx

are | . o S - L B | ,{f

By = 5 By - "3 Bg T 12'  Bg ="'§U' Bio = 85"
RELRTER , | ,°

S I e 3617
Y12 2730’ 14 7. 16 510 -

LEMMA 3.2 ([7], p-98.)

‘14 g(t) {4 a non-increasing function,
g(t) > 0 gon a&&l t > 0,‘ rhen‘ |

]

X N ‘ '
L. g(t)dt + C + O(E(X)).i"

I

1 g(n)
1gn<x ‘
[}
™

where " x 48 neal, x 2 1; and C {4 a constant depending only on " the

function g(t) . Lo o ' ‘ v T

COROLLARY 3.2.1 ({71, p.99.) - e
%-% logx + vy + 0(%} v

. lsnsx -~ o

where vy = 0.5772157‘;§._1A Eulen's constant. v/

In Chapters III and IV, we shall use . the following
I ﬁébbreviatioﬁs.f

Prime Number Thed;em : PNT
_ .
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= 1 (critical,line)
S L S
(log t)°(log - |
. . 0-=1
G = ’ 1. - c log log ® ng
Y R JTog ¢t s
o ) - -zero=free reﬁion'
_ _ Cc L . - . ’
o = 1 - TBE_? ———f\\ | ~. . ;n shaded aréa
- LI o // .
‘ T
. Ll > ‘
oy A * 1 | o
. FIGURE 3.1.. o ;
Zero-free rpgionsyof c(£) in ‘O-estimates of M(x) = ] u(d)
“the critical strip ' S

dsx

R

TABLE 3.1

z(s) has no zero = 1 T M(x) = o (X)
(s = o HAt) o
t(s) has mno zé?o'in M: - “-c'TézﬁE
L M(x) = O(xe )
o > 1 - TE%"?'!(tBtO) | '
 §(53 has ng‘zefo_in | M(%) =.g(xe~q/102 x‘]?g loé 3
s) has no zero in .
g(.)' . _qqz . _ _J . S % 7%
o > 1-c(log t) g(?og Jop t) O] - M(x) = 0(x exn{-c log'x log
I (t3tg) | '
C(g) has no zero-in ¢ 3 % 1, 1 - 1.,
R k S M{x) = O(x2 TEE—TBET;) 5-0(x2
) ;

log xj%



Seyera1 results are known for the value of  M(x)

1)

(ed)

(iid)

Rieménn Hypofhésis i RH
" De la Vallée -Poussin's i
et

form of the PNT - . VP .
Richert-Walfisz' form

of the PNT : o RW 

A

(3-1) r~i(x)="°.(x).-

is equivalent to PNT ~ (equivalent to the cxisteﬁce of

two zero-free lines o=0 and o'=1 of Riemann’s func-

_tion Z(s)y s=o + it; [4], pp. 588 -590).

) : %4—3
(3 - 21 M(x) = 0(x" )}

]
for any ¢ > 0 ,_is equivaleht to the RHj(equivalent
to the étatemenﬂgfhat 311 the zeros of _C(g) lie Jn,thé

line o = %; [10], pp. 315 - 316).

(3- 31 | M(x)“=‘0(xe_CJ1°g Xy

c being an (absolute) constant, is due to DVP (equi-
valent to the existence of some zero-free regions of

t(s) ; see F)gure 3.1; (121, p. 147, Relation 11),

ﬂl‘hml



_ {4v)  The best known rgsultlis théf L
, . - . e 13 TR
T 5.4 L M) = 0(xe€(logx)T (Toglogx) Ty
S ¢ being an (aﬁsélute) constant. This is due to RW
‘(équiValent to the existence of‘somelﬁeroffree;fegidns

of r(s); see Figure 3.1; [121, p. 191),

We now derive the following'lemmas from (i), (ii) and

(iii).
. . * . b . . 'Y
LEMMA 3.3 .~ tex d be a positive {nteger, then
Eﬁ + 0(#)-‘ o ~trivial
e o : -
- 6 ‘ ‘ .
2t PNT
Stk BN | o
lsdszx d , 6 '~%+~E o .
= + 0 (x ) (for any e>0) - RH
m? €
\ N + 0(l e CYIOE XYy, . - DVP
p2 X .
¢  being the.labsofute) constant of relation (3 -3) . - v
. ) . . o i _ o
PROOF. .~ To prove the.equalities, we rewrite : '
) culd) g
lsdsx -d” ' - - (@)
g pu(d) _ (d oy
I S I v ol
1<d=<x d d=

1 d° d=[x1+1
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B o u(d) 1 . :
since. ) -TZ* = . .
. d= dz g ‘ /

By épp1yiﬁg Lemmé 3.2,  A

oA U(d) < oo" 1 <<, Iw 1d 1 ;‘-.

A -7 o ‘ L=y dt <<= 57

d=[3)-:;]+1 P S I (Y "SR T

'hence‘fhe first result follows immediétely;

Next, integration by parts of a Stieltjes integral gives '

pould) J"" dM(t) .

CdSx d? x t° . y

(3-5) : L e
. _ M(;f) . 2 I M(t) T

X", x e :
Substituting (3-1), (3-2), (3-3) into (3 -5) we obtain the
required results. I | |

"Q.E.D.

LEMMA 3.4 . SRR |
| k) lu(n)| —5-2- x + R(x).
l<n<t : '
where _ | A
c o 0(/X) ' - trivial
RGO = 2 SEER T
OE(x ) (for any ¢ > 0) . RH
. -cyv/log X IR o
L0 (Vxe ) .+ DVP .
and <y ='-{%§ , C beihg thea(&bsoiuié} constant of relation (3-3). ¥

' ) : ’ . I'».
) . .
' . ' . B,
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PROOF.  Let Q(x) %“ ) ]ﬁ(n)]. . For ény real-nUmBer..k,
. lsnsx _ . ' .
: Co[x)= Y 1.0 .
Isnsx

Since anylinteger ‘n =z 1- can be expressed uniquely as the
R : , o | .
prodict of a square term d° and a square-free term q , that

: 2 o
is, n = d"q, we can Write
. l . . ’

.3 ‘ : :
By .the Mﬁbius,inVersi%f$formula, we obtain

Qx) = u(d) [F]
e/ ds.
B 2
N
. d) ) (55}
R CO NP B
S | <V/X ¢

By ‘the trivial result in Lemma 3.3 and the estimate .

I w(@(Fr << X .,
dsvX d o

* we have proved that




+
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To achieve,better resulté'for' R(x) , rewrite

Qx) = I w@rXl= Y w@ 1= I u@
. d ’ 'md“;xi

Then :
Q) =] w@d%] + o |
'X dgg EZ Z >:</£—u
A
(3;5) = ol (d) 1 x}“
A ok e e
L B ¥ /%5 i-M(Ej[f%]

\

" Next, we have to choose £ suitably according to _the assumptions

"(3-2) and (3-3) .

"~ Under ‘the assumptionl(s -2}, i.e., M(x). = 0 (x )

=
LY

we have from (3 -6) that

‘ A ;Er%;ke .
— x + %ty Y + 0{&)
,nz - ‘

Q(x)

1,8
| +_D(xI, ‘ o *f__lE“)
me = Tt
72 om-
.
6 -t

il

‘ . 7 E
- x + 0(xE Y + 0(E)
ki .




P .
| P
To determine § , let
“3ae S
xg ~ & L
| 2 a\\;
This gives g~ x7T5F .
Hence . S
§' 6L T, g
6 - | o Trey
T = S0 ) = Exvo® Ny
l<nsx .ot o 2

where él,S 0 goes to 0 as ¢ .goes to O

In the case of assump?ﬁon (3-3),.1i.e.,

]

/108Xy e obtain from (3 -6) that'

M(x) = O(ﬁéhc
Q(x) = % x + 0(?‘55 e',"‘:"I‘_’SE) + 0(E)
kil L : ,

. SoTegE y )
4 0(VX ¢ ©TIO8S 7
AR .msﬁil'ﬁﬁ,
Rl
= L ox+ o%e“‘?"Ioggy + 0(E)

m

To determine' £, let ,

x _=cvTogk -

e
That is, ' x =~ g2 CYi08

e'c'.I"gg' (1+o0 (1)'-)‘ .

or, equivalently,: x =¢?




3 - S

Takingllogarithmsfon both sideé;l  A ' e

1)

210gE (1 +.%' “og 4 b(nggq)";

o
since - - 1eg(l + °(1)) = (1)
This‘gives"

1.°

P! Lo SR S
log £-= 5(log x) (1 + + oo (=)
| T z Ylagg ..1og£ o

By the‘binomial-expahsion and stuccessive substitution for logé,

we have
i - 1 ¢ 1

4+ o (=)t ) -
'__10g€ IOgE T‘Io‘.gg

log & ﬁ_%(log x)fi-%

-1

1 T e S
= »(log x}(1.-§ (1 - + 0(5=7))
[ 7 JTogx . 4v/Ioge  'OES

2 ' - ' " :

c 2 c 1 1 431, oopel.oay
P 1ogv,;"(l "7 ’/l—o-g—g * 0(10g5)) ' + _(logﬁ),) o
C_ 1 : w o o1 c /I 1 1
= »x(log x) (1 - = (1- . +0(——))
4 VI /Togx ¥ Togx (#0(——))  LOBX

s o1+ 0 (—==)) * Q(——L—a)
2 logx X rlogx
. 1 “
1 C 1 C (1 +0CIogx))

1+ : —
YT /Togx . 2vZ vTogx(1l +0 (= 1 —1})

ogx




Hence,

This gives

1}

o)

On ‘the other ‘hand

I

/log &

and

I

0 .
-

Q -
e} .
Jr ’ .
B




and i o : B | | i

I
i
-
+
L}
2
(¢}

I u)]

l<ns=x . T

where

~For the proof that’ R(x)} = O(X);.gée (4], pp. 6@6—609f

- LEMMA 3.5
] - tegx + 600
nsx B n: .

1s o+

" whene f _ : o -




Ty
' 1 :
. - O(7§) e T - .trivial L
R . , o‘(%)' C PNT @
o U T I T
. . . ) .._5_+E ' ' . . '
‘ Qe[g Y (for any € > 0) RH
: L eeTeER, oy
x 'L"U(—L,e 1 ).‘ : DVP‘
Here Cy L4 the constant descnibed in Lemma 3.4 v
¢
2 - PROOF . From Lemma 3.4,'wé have ,
| N L. 6 ‘
Qtx) = } |lu(m)| = —x+ R(x)
~ lsnsx m? :
By the integration by parts of a Stieitjeg'integral;‘
& : y qum) o J“X aQ(ty . oo
g ' n P . ‘
“ls<nsx ' 1
X
- X(X)ﬁ-k[ (t) dt
Y1t
' |
X
=8 + ﬁiil + llglogx'+ J B-—(-Ey)—dt
- om? X 72 1t~
e T 6 [T OR(E) 4.y ROXO 'r’ R(t)
= — logx+ — #+ J _Tdt+ - —-az—dt
R S A 1t - X x oo

5,

Iy

. : T _ : (- o
' “ . '
(the last two terms giving the error).
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".By substltutlng 1n the different estlmatlons of R(x)’ as givén

o rh Lemma 3 4, we. obta1n the requ1red results for G(x)

A

‘ ' . e : S o
LEMMA 3.6 Poow@ 3l =1 . S 9
- - lsdsx .~ - : . ‘ o
PROOF. By, the Mgbius inversion formula, the proof.follows
from the fact that. [x] = -, Z: 1 | N |
- o ‘ dix
| Q.E.D
LEMMA 3.7 (E. Landau's thesis)

ne—t8

d=1
_This is. equivalent to PNT . S
: : . ' 1
REMARK . | It is 1nterest1ng to- note Ekat from the fact that
E%gl' converges, it fOlthS that necessarlly )} (d)'-O ([4]

gz ¢ | T an

pp. 583-584).




‘.__3?'_

LEMMA 3.8

0(1)

A
ko

¢ being the‘(abaoxuze) coh&iant of reLation (3 - 3) R

0 (3 ) (for ény e > 0)

trivial

PNT.

RH

ZLO;te-(c-a)niog Xy (for any E_>.0).DVP'

-V

. PROOF., By replacing [%j = % - {%} fin'Lemma'S.b‘ and -

applying the trivial result (the first one), we obtain

;o S0y

l' 1sdsx

For the proéf that’ ! ) H%§A-= (1) , see [4] (pp.

1<dsx ‘

591 - 593).

To obtain the .other two results, integration by parts

of 1 Stieltjes intégral is used. Thus
j u(d) . [x dM(£) |
Jedsx O 1t
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o 1,
F S l +E.' ’ [ .
Assuming M(x) = Q(XI ) e havg

‘ 1 )
cu(d) :-0( _2-+€)'
lsgsx d T a

since ‘f ‘Mﬁ%l dt  converges for e < % in this caset<‘Neﬁt,b

1ottt

i assuming M(x) = 0(xe ?gx),.WT get
- _ : ‘
|

| Cop(d) —c/Tog Xy . 'r’ M(t)
| 7 = 0(e”. ) + ¢ - L dt
l=sdsx h#af- X fzj_' ,
- = M( L
- where . "k = J- —L%l'dt'
1 ™ '
"As we note that ecvIog T 0( } y , it is clear that
' : log™t ' ‘
] e : I ‘ :
k converges absolutely since J , dt does. Thus «k 1is
N, ) . L ) Co . 2 tlog  t :

a finite constant.

Now we will evaluate [ Mi%l dt by a change of variable. We"
X : : :

know that *

. Letting u=logt, we'get .. o f_




R

[ . o . -
it - ~cYu

- To evaluate ) dg‘, we'intégrate by pérts;
| | ~ ‘ S t

1

® - S 0 ' w o
[ e du - [[ = ey - L) du
log x L Jlogx  2/u ' S
_‘ ' . T .: o0 o
B Ty
. : : +dlog x Yu
- . 1-: %,\/iogx e ¢ logx, O(-—-]-i_——) f : efc}/ﬁdu' .
- - : yIogx ‘logx
Thus,_‘ "
(1 + 0(—===)) [ SUCRTREY, = S atih
vlog x log x ' :
|- |
‘That is, . e
f =S gy = (1 o+ 0(—2—)) '%/Io_g‘f emCvlogx
log x- ' og X ‘ : .
Hence, L
b E%gl‘- 0(e © Iog..J + 0(e " Tog x /Tog x ) ;
Isdsx : : ‘ '
. + K
= K l-i-'(]‘(e_c“» 9'3"_‘ og X )

Here k.= 0 because the rest of the terms go to zero as X

. goes to infinity.
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Let _e‘_be‘any positive gqnstanth"Then'
logvTog x s e/Tog x-
for  x sufficiently large. Thus, we have proved
that
M) L g (e T
Z- u(d) = 0(e (c-¢) ng).

lsdsx ¢

Q.E.D..

An imporfant and very difficult lemma'is the following:

LEMMA 3.9 g (see [ 91.) - let

¢ u(n) o x
) (S

y(x) =
‘ lsnsx n
, 2 ,
 Then v(x) = 0((log x)gklog 1ogx)l E) R
6on-dny,- 'é.> 0 . . . | .Y
REMARK. . It is obvious from Lemma 3.5 that -

y(x)-= 0(log x)
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LY

LEMMA 3.10 T em) = = x% 4 g(x)
T dsmsx o Lom?
. - ' _ r 0(x log x}
" where _ L oalx) = { .2 :
' ' 0(x(log x)° (log log x) 7€)
jor any e > 0 1 e : D .': v
LEMMA 3.11 . vy = 7 el o O 4 s
o 1<ngx O \J”(jéi>
72\.",. - .
| _ A 0(log x)
whene . p(x) = { o . o
Logarog 137 (log 1og x) 1)
Cfonany e >0 _b . ' o j o . ¥

The above two stdtements follow from Lemmds 1;2,‘3.3,

3.6 and 3.9.
LEMMA 3.12  (Cf. (5], Ch.8.) et A(N) be the total number \
o4 Lattice points £n and on the cincle of nadius VN ;. then . e
A(N) ?.WN fo®y . ' B
‘ ‘ -1 1 ' ‘ _ - ,
where L ?'< 8 < T . _ N v
. ' ' ‘ C = | - . ’

" . REMARK. Through the work of ‘Hardy and Landaa’([S], Satz 542), we
know that 8 # %

| S | A
r ! .
f.



CLEMMA 3,13 (CE. [ 6 1) et A be the fotal number of

£axxxce poinib in and o the Qﬂiipée auz + bv2 = x where . a, b ae v
. poé&i&u@ integens, a > b . Then |
AG) = ax 4 0%

] where - ox cquals the area of the ellipse and ”-%'ﬁ G -<-%- ' 9

.'.l

LEMMA 3.14 = Let n be any pouaue integer and  x 20 . 1§
F(x n) s tha numbcn 05 &niegena nor exceed&ng X iUhLCh ane relatively

prime to n , ﬂmn

o ] e Loy oX . ‘ B
CF(x,n) = x2= - 7w {F) : v
_ Son - din d . S o
PROOF. From the definitidn of F(x,n), we have
» F(x,n) = Yool g
‘ l<k=sx

Réarranging the sum and applying Lemma 1.1, we

TON

F(x,n) = E -
1skex d](k,n)
) 7@ |
1<ksx dlk
' d{u _____
SR T N 1
. d = o 1lsks=x :
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' That is, = :' - _ . . . g
(3-7 - . E(x,n) = § uw(d) [3]
' L : C dln :
lsdsx -
CASE T1.. : If x 2 n,; we can drop thj dondition d's X

in (3-7). Thus,
R

F(x,n) = J u(d) (3]

din

e x g ‘%'(d? PR IRNCIRE S

d!n d!n.
It follows from Lemma 1.2 thdf
' -F(x,n) = x(b(n) - Z U(d) {K} LI g
. -n din - d .
or “F(x,n) = xié?l + O(ZU(H))
CASE 2. - . If x sn, we write

"F(x,n) = F(xp+n;nj - ¢(n)

‘Now x+n =z n . Applying the result of case 1, we obtain °

I
—
b
+
joe
~—
-
~—
o]
et

Fom) G - 1 @O e
. n _. '

b
-
CamnY
s
p—
+
<
—
.
e
—
=
—
~—




because -din . Therefore,'in generil, for any .x 2 0‘;-"

Feom) = L T ) 0F)

‘Moo dln
"Q.E.D.
. \J .
REMARK."‘ The Behaviour of " o
CRGLX) = - §ow(d) ()
- dln

\m’f may be difficult to study. howevér, we can compute the mean-

value of R(n,x) 1imn the interval [0,n] . First note that

-

. n - . . L. . I ’
. , [ R(n,x)dx = - Z p{d) J _{g-} dx
Co din 0 :

Now'{ﬁ-}:a if -0 s x <d

i Y

d i .
and J l{%}dx=%{f xdx‘-—_—%—

<0 0

=3

| | n -
Therefore J {%} dx = % 5,1~ = 5
o T 0 - -

Cdnsequently,'

“the mean va{gg;ﬁﬁz/ﬁ(n,x] = - % Jou(d)
. : : . din :




CLEMMA 3.15

whene

and

PROOF.

‘Distribhgion of {%}T

‘ .

-t

Applying Lemma 3.5, we ohtain'

|E(x) | g (le+'°(l)) x log x
Sr2

» -

for,sufficiently 1argé--x

> X
FIGURE 3.2
For X sufficiently tange, ;
|E(x) | 5-(1% + o(1)) xlogx ,
n° o .
LS | '
| ‘ R f(n)
E() = ] u(d) (=g}
nsx d%n 4
., .'f(n) = 0 v
_ . !
‘Let n = md Then i -
el =1 T w@ 3 @yl T @ lf
o 1sd<x x . <d<x ".

Q.E.D.

—_
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. o ‘ = L N
LEMMA 3.16 For x sufficiently Lange, ‘
|E(x) | s (Ji + 5(1))_xlog.¥. v
PROdF. ;Rearrange-thersummat{ons in 'E(X),iénd_let
‘no=md- ‘Then |
el = [ f wea) - f o (HEA T
- l=sdsx ’ X -
S R L
I . - . . _. ) - .
_ ., f f (md :
) poEmd)y - ] (Endly|
1sds=x X ‘ Isdsx nsX -
Cp(d)=1 ™7 u(d)=-1, "3
e max( § o pfady oy Hady
- ledsx <X ' ledsx meX
;ou@)=1™d w(d)=-1 5T
| ' 1 1
: , < max(x , X ) )
o oo 1s§sx 4 l«d<x d
| \ SR u(d)=1 u(d)=-1
. ;TREE_—+Q\;_B] < max (A,B) *if A =2 0 _énd B =20 .
et Py = T L 1
: : l1<d=<sx
~u(d)=1
" and N(x) = ) é :
) ' ) 1<d=zx ) _
u(d)=-1
then by Lemmas 3.5 and S,S;
. . B ] .. d) _
Px) - N = 0 B - o
: © o ledsx '




P S SR IR TP YE By

jedsx - 9 o /X
By qddiﬁg and subtracting; we obtain that . ‘ | -'g
I NI ER (R S N
. P(x) = == logx + 0(==) = = logx t o(logx)
I S S S . : e
‘ N PIR T
and N(x) = = log x- + 0(—=) = —;-log x + ¢o(log x)
. .“ 'Ir ! - . .-.' . L.

YX oo

Hence for sufficiently. large x.

'(L%.‘+ 0(1)j.x 1og‘xf

JEM) | = . |
. . T . ) ~ [ . :
' ) ' ' ' 7 Q.E.D.
LEMMA 3,17 7 Forn constants o and B such that o« 5.0 ,
Cand x <y, 3 o Ny
 x(log yf' (log log y)® << y(log )% (log log ) ‘
fon sufdiciently Large x . o S v
R BT BN ’
PROOF. ~ Let  o(x) = (log xf‘ (log log x)
For rxlzvxo ,. p(x) is a cbncave increasing fudttion and
p(x) /7 =

Let 't =‘§ ; then -t 2 1 ... Note that .t here is not a

constant but depends on x and y




J l" o .'
. %48 -
E .
! o ~_ Assume that Xx 2 X, . We want to show that
e - . S ‘ T A S L
' (tx) £< 1P (x)

‘Let us consider two cases:

Ll

CASE-1. . I xe st gix

, ‘then

u, » p(tx) (log X. +1og tf (log(logx +log t))B

H

< (.21)5'8-X)°‘( og (21og x))° -
<< (1og x)'g' (l'olg_'Z + log log x)B. |
' ~
.
B log 2 v
(10g xP (log logx) (1 + ng_ﬁﬁff)
(log‘() (10g&ngx)
~Therefore, p(tx) << p(x) ' .
| ( This 1mp11es that
| ' e
: p(tx) << tp(x) L :
| _ "-CASE'Z./ T Tf T x o2 x; ,  thén
» S et a7 -
é R S e = (7 1ogt) (log 2 +log 1ogt)B
B << (log‘t) (log log t) .
st o L -
" Thus we have proved the.lemma. - o
TR , o | Q.E.D.
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LEMMA 3.18
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LY

14 € s an inereasing function and the condition '

-

x ~y == £(x) ~E(Y)

Tone says'that £ is a

- PROOF,
-thenwf':i sys2x
Hence . b

Now

Thié‘implies that = .

EXAMPLES. .

(1)

(2) * «x ~

\

X.- ~
L4

Next,

- gé%ggl'—r I a#- X +» @ {4 aﬁwadb thue for A =21, A ‘conérantJ-then

Uslowly varying" ;Eunction:] ’ v

x,y large enough; suppose that XxsYy j

" For

F(x) ¢ E(y) € F(2x)
£(x) ~,ir-(zx)

)~ E)

y ==> X

.

o4

A~

¥y

*

Y > log x ~ logy -

.er-any'real'—a

oF

let us ccnsider. the expression

Foopu(d) E'-'{ém}‘

. d=x

X
. <
msF

Q.E.D.




e AR ———

It is obvious fl;t ;«“;”
- obvious ty f
) w(d), Z.{ém}=0(xlogx)‘ .
dsx . msx . ' o
H . . ~
UnfoFtunately,this.giﬁes an estimation which islhbtgsuitablé"-
£dr our purposes in dealing,wifh the error term in Theorem 2.2, .

Instead of this, the sharper result

Clw@ I e i}g}n{r
dzx S e X : .
- m__El_ .

is given in the following lemma.

" LEMMA 3.19. . - For any-neaﬂ-numbema x,y (x > 64, y = 1) , we
. have | o
€ . .,
Iowdyirg P =00 .,
led=sx -
whenre , .
r& P o= 1 tEny v
. . ISné% '
o _ , - ' s | . TNy
PROOF, CLet T(x,y) = ) w@ v, P o
. lsd=x. o
Rearrangé the sum and note. that ~*
M(%) = 0 , or,

e Bt

S o X _
75\\\\A1thouéh M(%) = “"_—E—ffl‘ is weaker than
B | _ |eg 2 | -

-c/log,§ o _ o
H(%) = O(H e . ) , it suffices for our present purpose..

i
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. " ' X . .
(3-8 lM[%)I < C'——E;—4—§ ,. ¢ being a constant.’
| (log' g} | - |

Then‘ T T(xy) = D nld) %-n}
: . o n,d . : ~
’ ndsx

i

nsx

: y «

) {x;n} M(H;

The dssumption x> 64 ensures that VX < % . Thus we can
split the sum in ‘Tﬁk,y) into three parts as follows:

T(x,y) = A+ B+ D

-where o A

1]
=~

ar '_x '
| %n} M
S nEdx ' ‘

—. . t . X'
b= ] Gy M@ o,
/§<n£%

.2
fl

. . v ’ x
) I In} M

o
gensx .

' Next, we evaluate A, B and D seﬁarately,"

To evaluate D :
We split the sum in such a way that the value of M(%)

be estimated.

can

%



B R BT R f§hibﬂ%)
h%<hsx o - "§<ns§ o
o Z (%n}M(ni) - ) :{én} M(%-)‘
X( (X o _x( X E
S i 4 -3 nsy
7 a4 B ;{En}IM(§)~_ g

SR ) {ﬁﬁ}M(ﬁ)

Fenst
= I ny - cf . tInr - ] (¥n)
%—(I‘IS_}( .:-1_<n5§‘ - }éﬂlS—-
K - 2} -{§n} - ] {3%“}. - 57 {In} :
X '
B‘(HS'S- -7-<n56- ,g_<ns_7_
u .
= 0x) . R
U TR
.Hence, D = 0(x) 1
Te P-J'qflua,ta A
| | X
A= ] {¥n} M)
n=vx

From % < vx , it follows that

2

logx .

t-f

log

Db s
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So'that by (3 -8) ,

| . M@) s 4c —r X ' o
o | n | 'n(log x) : ‘
nsVR n(log x)°

- . 4C\ Z
= =
~ (log x) nvx

S|

By Corollary 3.2.1, we obtain

: dcx . el
Al £ —==— (log/x + v + 0(=)) .
14| (log x)" - . VX
. 2ex o dex (Y”*O(;l;)) I o
.log X Clog X)z | ES . o - -
@ . o
Thgsl A =

X .
- 0(10gx) )

- this implies A= 0(x)

To evafuate B.:

o= ] Zad oMy
/X<nsy

and : IB| s cx  { L e—




For fixed X',,differentiating the functibn‘.  1
- respect to. t , we have by a simple“computdtion ;ha@
I
d, 1 - (2-logg) '-f » X
w2 " 3 < if v«
Ct{logd).  t"(logy) 5
To‘ensure that % > {f i we must have -x‘?.ﬁq . .Since‘ % <
" the fuﬁc;ion 4~—£—-7 is strictly decreasing on (/E;'gj
t(Iog%)

fixed x > 64 . Therefore, by applying Corollary 3.2.1,

X
: 1 18 dt 1
/§<ns§ n(lpg%) VX t(log%) | X
_ : ) ‘ R | :
Putting u = %}, the sum becomes | | 7/fﬂ “
. z - .-——.—l = = o ; ...-———.,-ldu )‘_ +. 0(-/1—_-)
L X X ogu X
/§<n§g n{logs) UE & . x
o1 2, oacl.
' " Tog® " Togx ?(j;) h
hY '. ‘ ‘
. Therefore B = 0(x) . -Coﬁséquently,'we havé provgd that

T(x,y) - 0 (x)

with

X
z 4
e

for



CHAPTER IV

- “ o
~PROOFS OF THEOREMS

. (

We now pfoceed to the proofs of Theorems 2.1, 2.2, 2.3,

2.4 and 2.5.

-
=1'.-U' -
- gl
R
0 Bl u'
FIGURE 4.1

PROOF OF THEOREM 2.1
.- . _gl‘:U‘)_: u = xiq!

Let g1 :{ : : S

: _ gl(V”) = v = yv'

be a transformation which maps the line v' = 1-u’ into the

‘

liﬁe v = y(l-—%) . Let Q(x,y) be the total number of  co?

. lattice points in. the trianglé Al of Figure 4.1. Applying

Formula (2 - 1), we obtain




56 -

_La_ Z t1 i%§) L |

Qx,Y) =
C . msa
- . (d) . 1 .__md . .. ’
. déx ¥ Ex {5( ‘: )‘w} K
_ mET o
- gy u(d)
= {51 - 1
Y- déx ( a’] ';r-' [a-] ( + [a‘]))
. 8 vk,
| déx u(_? i é)
=y 3 ek % PRI
ds_xl o dsx
. X 2 »l oy X o
-4k L ovag - ov@nG o
where ; rl(g? g)'= - {%(1 - Eﬂ

m H

Substituting '[ﬁl' 'g ﬁ_{g}', we find that

. ]

e = F 1 ”—sg_‘l %; IO S
x . ' d=x

g Iow) {§}“ - I wd) r (g D

d<x dsex




Now, -
.Z‘_ﬁ(d) t§}2 << ¥

dsx dsx

from'Coroliar? 3.2.1,

‘Together wimh'Lemhas 3;3 and 3

3

‘?Tz'

Q(x,y) = = xy + 0(y)

Vl
A
S NS g,
L ! —_
» 1
~ i
|
0 1 u'

“

) :
. << x logx
Jdsx d -

.6, we conclude that

+ 0(x logx)

—_
>

FIGURE 4.2 -

PROOF OF THEOREM 2.2

' _ 'gz(u'j u
Let o g, ¢ { )
2

\F

be a transformation which maps

= xu'

= yv' ’

the line v' = u'  into the

‘line v = %11 . Let Q(x,y) be the Eopél number of co2

a

v
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lattice pbinf§ in the triangle'fAz " of Figure 4.2. Applying

- Formula (2 -1), we obtaiﬁ

Qx,y) =y § o pom e p ey [
dsx 7. X dsx <X
m—_a"l . | . m—'-a'

- L1 CICO R Sy PN SRR @) L)

X . - - ods=x

X
<
L

Letting ”?%]‘= I _f{H} “and applying Iemma '3.17, we have

e

QUx,y) = L I u(d) 5] 4 u(d)
: déx d jF Z d
. . U(d'] X: ‘ ’ x 2
-y I OB R ,_,}’; dz u(d) {3} + 0(x)
. <X . ' <X . . )

From Lemmas -3. 3.6, 3.9 and the estimate

3
(2
-

2
Iou@d {3 << x

dsx-

~ we obtdin the required result:

‘ _ ‘ 2 : .
Q,y) = oxy + v 000 + 000 +.y 0 ((Logx)” (log log x) 1 F
| 2
= % xy + 0(v(log x)gtlog log x)1+€)
kL - : -

)




b1

v!
A
: -

l_ Y. T ’

‘ ) I ‘ .
: gz
' ! EEm—
. ‘
1

N .

0 T >u’

FIGURE 4.3

PROOF "OF THEOREM 2.3

Let

be a transformation which maps

v =y .. Let

il
s
1

v o= yv!

. ' 83(Ur) xu'

g (v")

Q(x,y) be the total -

3

T.
v =y
S YT
N R
T A
. A . /:.}." ,/",' \
7 . 3/ "‘,')(,|
)//‘ f, t
_ G
- il
L -
‘ ¥ > 1
D. X .
e
.‘.‘,‘l: -~
: : oo £y
the line v' = 1 1into the line -
number of co2 lattice =~

points in the rectangle A of Flgure q. 3 Then applylng Formula
(2-1), we have |

1

Y‘Z-—J—‘ I 1-1
' b . . m<x dex

g I e
| ]TISH

y ! Ttaj - 1w 0§

dsx

xy ] 'EL%l -y 1 ou@ oy

dsx d ' dsx

L

d<x: : _x

w(d) O g




. 60 - T

(#3511 g8

i

0((1og y)* (log logy) T *%) + 0D +0(3)

due to LemmaHS.Q and the estimat@,

x<35y . ‘5 _ x<dsy'a j dﬁy,a d=x d
" = i 1_ |
= log c+ O(X)

Yy ok
<< £-+ O(E)

Next, -z ﬁ(d) {E} {g]]<< X -

d<x

With the above estimates'and Lemmas 3.3, 3.9 and 3.17,

S

we obtain
»

-

" Qlxy) = S xy + 00y (log x)” (log logx)'T%) -

3% ]

T +
+ 0{x(log y)s(log 10g-)’)1 EJ

2 SR
= —%-xy'*" 0(y(log x)” (log logx)™ ) .
. i - -
a SRR - o Q.E.D.
kS




 PROOF OF- THEOREM 2.4

3
. ‘Let A({x) and Q(x) .be the total'number_of lattice
poiﬁts énd .cozl lattice.points in .the circular disk " u2+v2
Theﬁ.' )

Q(X).=. z 1 .I 3

, . U,V )

" 1zul+evisx
(u{v)=1

‘and -
(4-1 - A -1= § 1

) Lt . . u,v

: 2,20 : '
lsuT+vTsx . -

Therdrigin has been removed from - A(x) because the g{c.d. qf

(0,0) is not defined. Rewriting (4 -1)°, we. have

Ay -1 (o =1 I 1

‘ ledsvX U,V

15u2+vzsx

© (u,v)=d
: o ' : S u

{4 -2) 9 = oL 1 here
: 1<dsvx g ’Vq x oy
1SL1' +V"-'S—Z
d
(u',v'y=1
- =  Q(—T)

X .

"

n

e e




o ' | . -;62 ) ‘ ;;_' l.
« ;  .'f-- . \3 |

i

Applying ‘the M6bips‘inve:sion%fofmula to (4'-2);'wé get

1sds/;

" Q(x1‘= 1 -'u(d)(A(j%) - 1)

“and

* Now, 'let

o= 1w Xy,
ol<dsvx d

Mop - 1

=
~
"
. A ’
I

i}
t~
(a1l
~—
o}
(-

£ = E£(x) be some parameter, to be chosen later,

such that 1 < g < v¥x -and  £+« , .Note that & = o(vX)

Then’

‘., 00x)

3

it
PN

E<dsvX

@) B I ofm)

It
L1

<E d”™ e

g2 . -

. X ‘.- . o
< < am— P 2 = >
since 1 gen > _#x /i | £

w5y v [ fm)

w(d) B(f%) o0 u@ I fm)

lsnsi%-'
ry
¥ ou(d) &
& fi
E<dsyx




- Let us write

]

“From the different estimhtes"(SjQZj; (3 -Sj‘and (3 -4)

' M(x)‘= 0(29-6(103 x) y . ”_ :‘- - o .

mentioned for the vaiue.qf M(x)‘, it is clear that & (log x)

can be' assumed to be an increasing function tending to . +=

ana §{log x). z‘cwlog‘x .

[}
-

.

ApplyinépLemma 3,l2 to (4 -3), weﬁgét

* .

where

Now

™ )
d>¢§

o) = L
. d

..(d)'( X+ 0S5
s Me “d—: i

[

v o( ] fm) /2 ~8(log /),
n<-
CE?
6x u(d) L gl T '1" |
= 2= - 1x- . +0()( . ) + 0(P} ,
i dgi d- déﬁ a?® :
o~ 1ea /XY '
P.= | f(n) % e.“‘s(log/;)' .
g | K

pu(d) _
—




19 .

64 - e

‘ = 0(2&5 e '6‘(1085))_4“7 ot-xe"‘sclo'gg) J _c_l_l:z)

£ g4

i

0k 0280080y |

so ‘it.‘.follows' from Corollary 3.2.1 that

0x® I a3 = o g1 7Y
dzg . d” :
“Thus ) . el , . '
Q) = v 0Pt T2 4 0k e 0108y 4 oy

Next, we shall estimate P . In the expression of P , we have
'n < X

- 5. this implies /,%':- £ . Therefore,
: _ ; .

. . . “ 4 “ . . . \— .
e 6(1053‘/?1"—) < e - 6 (logk) since = §(t can be assumed to be an

increasing function. . Hence,

bl s o -80ogE) g Ty TE() EE
. [ ln<-3<-.— /o
S x -
_ .- 8(logE) o [fz-dBtt)
= o T 0UoRE) iz (Eop(Xy
' /X E?
. ‘ ' _i‘; 3
+%. J‘i t jf}(t) at) s

o
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'phis_can be ;omputed accurately, .USing thelweakér éstimate[
. B(t) =.0(t) , we obtaih”that
Ip' < e -6(10g5)/§ . 0(%) ‘

= 0(% 07.6(;dgE1)
' ‘Thef§erc, B e o ) (.

Qlx) = 6Tx soxd el Ty O(E‘E e ~ 6(logg),

Now we have to compare el and %'e-é(logi) in order
to minimize gHe-error term. -
.
: » .8 1- 28 X .- 6(10g£) |
Let X . ~ =€
T . , £ . 3 .

This implies that

B 5 (logf)
x ~ £ e 1-9 '

or, equivalently,~ .

-Taking l?garithms'on‘both sides, we;gef
I . B

(4 - 4) logx = 2log& + 5(10_ g) + o(1)
Tor sﬁmplicity,llet p= logx and n = log g

.
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" Then (4-4) becomes

o
it
£
=
+

It follows that

. _”E%"Z'G({h-_)ef*".b(l)-z
S 4 s) -

1]

-3 1,1—9 3¢ ‘2—%1(“—)@-7 +'!°(1')) + (1)

In the case of results-(i -3) and (3 -4) we have’ §(t).=o(t)
Thus, n. = % img}ies.that‘ §(n) = 6(%) = O(Q) .. Substituting

this into (4 -5) , ‘we get

n =‘% +o(e)

CHence - on= - ogr 5B o)) v e (D).

Since “§(t) is a_slowiy varying:function as defined in Lemma
3.18, we have that
S+ o) ~ 5

 this implies that

“+

o(p)) ~8(5)

@

8. (PZ

that is,

11

.6(%-!-.0(9)')- (1 +..0‘(1)) 5(%‘)

fl

(%) + o (8(5))




Therefore, °

n=g s JORBIGCO)

5

From this we obtain

log £ =

j
C
o)

P
e

g 2.(11- 5) -6{(16% ) 4o (6(2FX))

0T, equivalently,

A £ - & . - ey () ¢ e (s

In the case of. &(logx) = c#Iogx, one notes that

1 -28) S T
- ylog x + o (vYlog.x)

- o
x? El S0l & e : '
. (1 - 20) '_E_'T____- _
T~ /X e 2(T-%) /2 ° o8 % .
. o .
| ;. _
and ' o
s o -eCogs) | g, TOIREy 77 OEX ¢ oUTER) L yrope
wa,
ol [EEG . e 1 ;
. ' log x c 1 o ‘
0 = (1 - - v - + 0( ))
: . VE(1:0)L/Tog x /Tog %
e e - |
logx . _c 1 #:0 (5= + of 1))
2.‘ 2/-2.(1-_9)° v Iogx 0gX . /m

= ‘_O%l‘"a—(h}—'.{‘ 0(1), f




Do 68l-" ' : . -a'.

-
Thus,
Mot e . - , . -C- . . c 2
e TBE“E l e. /7 viog x . HTj:RTT \
R . (1-28) E:..fl...._.__ ’ CZ
- ISR 0g X.  I7s
and % e :6(10gﬁ? ~ VX e M e\,/? e 4(1-0
Consequently, ﬁhen ;6(10§ x) .= ¢/Togx [which is cquivalenf
to fhe'assumption'that' M(x) = O(X:e—'q|log X)] , wc-havé

- . - - 0g X
e = L iopxe T T
Thus we have proved Theorem‘2.4.
\ Q.E.D
- : - _ . %4-5‘
REMARK. Under the assumption that M{x) = 0(x~ ) , we haVQ

6(logx) = (%-v'é) log x

Substituting this into (4-5), we get

o, (% - e)n
'n =3 - m + o(1}) ,
' . : ___'D' 7':" ]. ‘
that 15, _ n= = T + o(1)
: ) ) (-2-—[-:) ‘
1 +§TTfT§T

4 . v S
. . - - .




2_(1 —‘“B) .p‘+ 0(1) .
It follows that :
. logE = %Flgﬁjt lag'x + o(1)
_ . o
or, equivalently, ’
; _ .. 2(1‘-0)
| , £~ Y - 8- l¢
Hence, : -
‘ 2-8 -2¢8
. - 2 - -
0(x%el T = 0”7 T

and

0% e~ 811088y~ g ER

= O(X - 87.-..8)
Ty
Finally, we obtain
29 - 26e0
Qx) = %? +0(x] '[8_'283'
v ] 2 __e'u.+
. - . €
- Sroat T
‘ i
undd? the assumption that M(x) = 0(x° )
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~ PROOF_OF THEOREM 2.5

Let A(x) and  Q(x) .be the total number of lattice

. 7 ) . , , : ) 7 * . : ,
points and co? latticeé points in the elliptic. disk ,auszv“ X .

By a procedure aﬁalogous to the mcthpds of the proof of Theorem

2.4, one can obtain - ‘ ' ' 7 -

W o

Q0 = [ u@ E I

C1lsds/2
: d
wh¢re' :
B = A(fz)'- 1= [ £
X .
' ns
| Y
and £E) = § 1
: “u,v

4

Let . £ = £(x} be some paramcter, to be chosen later, such that

1< £ < /g- and £ - = ,. £ = o(¥x) . Assuming that
CM(x) = O{xe € Tog ) and applyinglLemﬁa 3.13 to .B(j%} , we
obtain -
. Z ‘ _ x@)j
CQx) = u(d) +0 (=g
' l<ds<g 2 /ab




. L .
= o 0 (% éfﬁflbg&)} 
Tvab ot '
poo® 128y L
. where | | R = ) ’;E(nl) J Cu(d)
: X X
“‘5—2 o df’/%. |
- < /X I
i /5
= ] f(n) I Cow@ o
X ) : ‘
“‘; gcdsmin-(/;, /;‘-) | .
= o) BE) ¢+ I fm) mmin( /% /X
‘-NO’H‘, .

1)

.min(/g/r—)fl-_).

. [The condition n < _xz_ can be ignored here because -2 > oo ]
:"." .‘ . g . . ‘ E -
Thus taking B(x) = 0(x) ", one sees that
. | S
R=o0Fe" $(log®)y 4+ 7 ¢(n) M(/%T)
. R ) ” L. nsa . .
R 1 emwe/y b
‘ o AR asne>. , .
£? ‘




- 72 -

' .=_0(%_‘ -5(10g£)) ; 0( G(IOgJ/—3
t +0(/R e 5(10g53 ) f(n),
| ’ asn<i, /n

&2

Thefefore,

Qe = X ocg ‘”1"9“)
i ' wvab

8 .1 '5({gé//§)$

c+ o g9y w0 e

When 5(1ogk)

= cv/16gE , we obtain
- .1‘./ -_.E'- C l 3
© -cvlog /o o/ /7./10g x - loga
/X e T = /X e | S
‘ ¢ /. _ loga
= Vx.e :
R o ( 1. JS'
: v Iog Xx (1 + 0+ -
= /X e Yz | Tog x
- SVTeR R - S0 ()
=_/3€e‘/7 ‘ e log x
o ‘C ‘
VY Ylog x




Hence,

'Equéting the-ordefs‘of-magnitude of

we obtain (for the

%E_ e - §(logk)

Since min (=,

= ‘

-

we conclude that

Qlx) =

Hence we have proved.Theofem 2.5

REMARK. For the

a,b and ¢ are integers with a,b positive, the enumeration

of _co2

: -6 (logk)
Xe ) and .xesl
g : .
corresponding £).
. - - E.(_.l._-..z_e._)..‘/rlogx
-2 - 2 -
ne(lo28) (1= 28) - . say,
2vI(1 -8) 2y7T(1 - 6) ’
-k /Tog x
6x + 0(& o )
m/ab
©Q.E.D.
elliptic disk -auz-kbv2g+cuv <x , where

. the proof is quite tedious. -

- 28

lattice points can be done in a similar way, altlough '
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