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ABSTRACT

The problem considered in this work is to develop a programmable
algorithm which will produce the set of internal non-linear logics
for feedback shift registers, which generate maximal (de Bruijn)
sequences. Three cases are considered: ‘a) generation of one de Bruijn

sequence (and its reciprocal), (b) generation of a few (< 2n-1

)
sequences, and (c) generation of all sequences. For each case,
a computer program has been written to generate the sequences and

the corresponding feedback shift register logics. A further contribution

is the development of a translation scheme which converts the inclusive-or ‘
sum of products form of a Boolean function to the exclusive-or sum of
products and vice-versa.
Shift registers and their sequences are introduced with a survey
of the basic linear theory leading up to the non-linear case. The
solution to the problem presented is divided into two parts: the
first part deals with some methods which will generate the actual
maximal sequences desired; the second part is the realization of
the circuit which will generate the desired sequence. The computer

programs are briefly discussed as to their manner of approach and

methods of use; they are block diagrammed and the source programs

are listed.




(iv)

ACKNOWL.EDGMENTS

It was Dr. Janusz Brzozowski, formerly of the Department
of Electrical Engineering (now at the University of Waterloo) who
accepted the role of guidance throughout this dissertation. For
this invaluable contribution, implemented throughout innumerable
sessions of discussion and criticism, the author gratefully

recognizes his patient stimulation which made this work possible.

Dr. Wayne A. Davis of the Defense Research Telecommunications .
Establishment, was responsible for introducing the author to re-
lated problems which led to the choice of this thesis topic. The

author wishes to convey his sincere thanks for this, as for his

continual encouragement.

The financial support of the Northern Electric Research and
.Development Laboratories of Ottawa, Canada, is gratefully ack-

nowledged.




d

(v)

TABLE OF CONTENTS

ABSTRACT
ACKNOWL EDGMENTS

1. INTRODUCTION

2. SURVEY
2.1 Shift Register Circuits
2.2 Sequences
2,3 Historical Background
2.4 Linear Theory

2.5 Non-linear Developments

3. GENERATION OF MAXIMAL SEQUENCES BY NON-LINEAR FSR'S
3.1 Introduction
3.2 FSR's with Output Logic
3.3 SS Method
3.4 Overlap Method
3.5 Complete Method
3.6 FSR Realization
3.7 EXOR Realization

3.8 Translation Matrix and its Algorithm

.

4, DIGITAL COMPUTER PROGRAM DISCUSSION
4.1 Introduction
4.2 Programming the S.S. Method
4.3 Programming the Overlap Method
4.4 Programming the Complete Method

4.5 Required Subroutines

11
13
15

23

24
24
25
28
30
33

37

8

49
49
53
54
55

58



(vi)

5. CONCLUSION 61
REFERENCES | 62

APPENDIX I: Block Diagrams 65
APPENDIX.II: Programs' Method of Use, Input Cards 70
APPENDIX III: Program Listings 73

VITA . 89

k-
“ !
B
3 ‘.

i
ko
ey
i3
5

B
:
4

i
g X
5=
'.‘:%
fi 1
i



1. INTRODUCTION

Binary sequential circuits have, within recent years, been studied
in great detail. In particular, the constant input or autonomous case
has been widely used in sequence generation with many and diverse ap-
plications: in communication systems, in digital ranging and tracking
systems, and in digital computer and control systems.

The feedback shift register (FSR) is a simple structure of the
class of autonomous sequential circuits and provides economical and
efficient advantages as a standard design. These circuits, because of
their ability to generate maximal sequences, enjoy various applications
in efficient and reliable communications, when used for code generation
and sequence recognition or decoding and as error -correcting circuits.
Due to the auto-correlation properties of the generated sequences, they

can be employed in high background noise situations, in such cases as

secure communications or in radar ranging systems. Other re-
lated applications include unconventional radar, range measurement
systems and correlation guidance systens.

Distinct advantages in circuit economies over conventional counter
designs emphasize the FSR's importance in an extensive variety of
situations arising in electronic and digital computer and control work
as for sequencing and timing schemes.

Furthermore, the pseudo-random properties of the maximal sequences
make them ideal for application in deterministic simulation of random
processes as in Monte Carlo statistical techniques or as a model for the
study of Markov processes or of finite state machines.

The design of shift registers using linear feedback functions is a

well established technique and has been used for the generation of
maximal sequences, However, removal of the restriction that the feed-

i back logic be linear, greatly increases the number of maximal length
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n-1 »
sequences available, from less than 2"/n to exactly 22 /Zn, where an
n-stage FSR, is an FSR of degree n when it generates the maximal period
sequence of degree n. This is an astronomical increase and motivates
the quest for methods of design of non-linear FSR's.

A further advantage of the non-linear sequenées generated by such
FSR's is evident ih cryptography: a linear feedback function can be
readily determined with the knowledge of only 2n consecutive bits of
the sequence as such sequences are equivalent to delay-and-add sequences;
in contrast, the non-linear feedback function requires Zn-l consecutive
bits to be determined.

While there has been a substantial number of studies made on the
design of linear FSR's, no algorithm has ever been presented which would
yield all or mostof the non-linear feedback logics required to generate
maximal sequences. The present work was undertaken with this goal, in
order to program the methods on a digital computer thereby also acquiring
standard (since there is determinacy) pseudo-~-random sequences.

It was decided not to approach the problem from a polynomial be-
haviour standpoint which had proved quite successful with the linear
case. This was settled after realizing that, after extensive studies,
Golomblz was able to conclude that: !Sufficient data were obtained to

establish conclusively the absence of a simple algebraic theory

governing the sequences obtained from the various non-linear logics',

-



2. SURVEY

2.1 Shift Register Circuits

Definition 2,1.1: A sequential circuit3 is a structure consisting

of s inputs (xl, Xpr eee xs), r outputs (zl, Zor eeo Zr)' n un%t
delays with outputs (y,, Yor eeo yn), and (n + r) combinational
circuits (fl, fZ' cee fn, 917 9y coo gr) such that: the next state

variables are

yi = fi (yl, yz' eee yn, xl’ le eo0o xs)
for i =1, 2, oo n (2.1.1)
and the present output is
zj = gj (yll Yor oo Yur X10 Xor eso xs)
for =1, 2, voo ¥ (2.1.2)

The combinational functions are Boolean, and for binary sequential

circuits, the inputs, outputs, and delay signals are binary. ﬂll!

A constant input (CI) circuit is one in which the input s-tuple

is a fixed s-tuple of O's and 1's,
If the next state is fully determined by equation 2,1.1, the

. . ce: 4 2 . .
machine is fully-specified and there is a unique successor state for

"each state.
The set of output values of the unit delays, at one particular

moment of time is a binary vector, and is the internal state Y of the

f binary circuit at that time. The binary vectors representing the

1
next state Y and the present output Z can be similarly and respectively

defined as the subsequent set of output values of the unit delays and
the present set of circuit outputs.

The behaviour of a sequential circuit can be characterized by
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the state table. This is the straightforward listing of the next
state (and present output) for each present state as shown in fig.

2.1.2 for the case of a CI circuit.

Present State Next State Present Output

1

b hs1 2
1

Y2 Y2 )
'

Yt Yt Zt

Fig. 2,1,.2 State Table

Each R Yﬁ, and Z, from fig. 2.1.2 represents the vectors

(yl, Yor eee yn), (y]'_, yé, coe yrlx)’ and (zl, Zor eeo zr) respectively ‘
and at one particular moment of time as k =1, 2, +c.. t. Thus, in
the case of a complete state table, every state vector appearing in
the next state column will also appear in the present state column;
in this manner every state transition will be defined.
If each state has a unique previous state, the machine is
called nonsingulax, and each state will appear only once in the
next state column of the state table.

The state graph is a convenient way of representing the state

transitions pictorially as shown in fig. 2.1.3. If the machine is
cyclic, all its states occur in closed cycles, hence, the state

graph will appear as a set of closed cycles as in fig. 2.1.3.
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Fig. 2.1.3. State Graph (two cycles)

Definition 2,1.2: A feedback shift register (FSR) is a sequential

circuit with combinational logic only in its single feedback loop.

We shall consider only CI FSR's which will be fully-specified

and nonsingular,

Thus the FSR is a structure with the following state equations: |

Y1 = £ (990 Ygr eee V) (2.1.3)

1
Y; =¥

im1 for i =2, 3, «eon (2.1.4)

An FSR with n delay units is an n-stage FSR as shown in fig.

2.1.40

e

; |
£ |
e

Z e o n n-l femeo - 2 1
Yn Yn-1 Y2 yi
;.‘, Figo 291.4 n"stage FSRO

e

The function f in equation 2.,1.3 is a logical Boolean function

ORI | Ery PR

determined by the combinational networks in the feedback path, and is

it

called the feedback function. 1In this work, the FSR output, =z, is

chosen to coincide with the feedback function as shown in fig. 2.1.4,




Some authors have defined their output as the output of the last delay,
V! which defines the same output z, shifted through n units of time.

A linear (non-linear) FSR is one in which the feedback function

is linear (non-linear).

In the algebra of linear functions, only two operations are
defined : scalar multiplication (.), and 'exclusive - or'' addition
(®) (the latter is also recognized as addition moduloe 2).

Thus linear feedback functions are of the type:
= ol =
: ‘f =y 59" (-Dczy2 ® ... @ .Yy @b (2.1.5)

The internal state of an FSR with such a feedback function can

be expressed in matrix form:

) €y €2 €3 e n 41 b

Y, 1 0 0 ...000 v, 0

: = [0 1 0 ... 000 | ® Jo

!

y 0 0 0O ... 010 y 0

" n| - ] 0| N (2.1.6)
j.e. Y = TY + B (2.1.7)

where T is called the Transition Matrix,

In the non-linear case, all feedback functions can be represented

by the general sum of primary productsl:
V1 = ay (Fq¥p oo Vo) @y (777, 00 V) *
+a, (§1y2§3 coe 'y-n) + eoo U(2R-1) (Y179 o+e ¥p) (2.1.8)
where a, € {0, 1} ,i=0,1, ... 2%

and _y-j is the complement of Ve

This form is called the first canonical form (FCAN).




'This same feedback function may be represented as an exclusive -
or sum of all the possible non-complemented products of the secondary
variables:

!
ceo @b(zn_l) (Y1Y5 oe ¥,) (2.1.9)

where b, € {0, 1} , 820,11, «. 271

This form will be called the exclusive - or canonical form (EXOR) .

These forms are made up by the summing of a set of products,
of the secondary variables, whose presence or absence is indicated
by the binaryparameters a; or bi preceding these products (see

equations 2,1.8-9). As the set of products is general , individual

feedback functions could be represented by the set of binary variables
only, as long as the order of the products is standardized. The
order, as given by equations 2.1.8-9, has been chosen as it ailows a
bijective mapping of the ordered position of the binary variable as
given by its subscript, onto the particular product functions of the
secondary variables. (Furthermore, this critical oxdering is a
definite prerequisite for section 3.7)

The ordering method that incorporates the bijective mapping
is a binary ordering, considering only the non-complemented secondary
variables: the method considers the presence of yj to be the presence
of a 1 bit in the jth position of the binary number representing the
binary variable subscript; and conversely, each 1 bit in the binary
variable subscript(in the i of a; or bi)' when such subscript is
interpreted in binary form, represents the presence of the corresponding
non-complemented secondary variable, As the EXOR consists only of non-

complemented variables, this result is complete; in the FCAN case, as



each product consists of all secondary variables, the missing ones
(if any) are to be included in complemented form. This method is
carried out to include the O subscript with no binary bits in the
subscript, hence it represents no non-complemented variables: in
the FCAN case it represents the all complemented variable case

(;i;é oo ;;), and in the EXOR case, it represents the function 1

to be summed with the products.

Example 2.1.1

Consider the binary parameter with subscripts 0, 4, 5, and 7;

i.e, a, or bo’ a, or b4, ag or ?5, and a, or b7, The corresponding

secondary variable product function is developed as follows:

Subscript | Position for Secondary variables if
: Y3 Y2 N3 Py %
o = ( o 0, 1 V3 Y, ¥y
5. = (1 0 1), | y3y Y3 ¥, ¥y
7 0= Q1 1 1), lyzy,n Y3 Yo ¥

Thus the correspondence, if n = 3, is:

Qo yly2y3

b, 1 .
4 ¥1Y,¥3

by Y3

%5 Y1Y2¥3

by ¥iY3

az Y1¥o¥3

b, Y1Y2¥3




Because of the availability of this bijective mapping which
standardizes the order of the products as defined in equations 2,1.8-9,
it is now possible to express these equations as simple 2" tuples of

the binary variables (ai and bi)' Thus the FCAN can be expressed as

(aoal voe uzn_l) (2.1.10)
and the EXOR form as
(bobl ves bzn_l) (2.1.11)

Example 2,1,2

Consider the 23- tuple 10001101. It consists of four 1 bits:

th ,th _th

one each in the 077, 4™, 5™, and Zth position when enumerating from

left to right as indicated in equations 2.1.10-11.
Interpreting these four 1 bits yields the four secondary

variable products either as ao, Aur Qg and a, or as bo' b4, b5'
and b7 as was shown in example 2.1.1l.

If the 2"- tuple is an FCAN, the feedback function would be:

Yi = ¥1Y,¥3 * Y1Y,Y3 t ViY,Ys t VY,V (2.1.12)
And if the 2"- tuple is an EXOR:

vi =10y, ®yy;, Oy,y,v, (2.1.13)
(NOTE: Equations 2.1.12 and 2.1.13 do not represent the
same function. This indicates that the 2"- tuple
representations may differ for the two canonical forms.
A method for converting these canonical forms is
presented in section 3.7.)
The truth table of an FSR is the listing of the new or output

bit generated for each internal state as shown in figure 2.1.5.
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Internal State : Output
1
Yn Yn-1 Y2 41 ¥
0 o o 0 b
0 0 (o} 1l b G)ci
1 1l 1l 1l b@J_:l c;

Pig. 2.1.5 Truth table of linear FSR

Figure 2.1.5 shows the cutput of the linear case, compare
to equation 2.1.6; for the more general case, the output column
would contain fhe binary bits as found from the feedback function
equation 2.1.3. The truth table represents the FSR!'s state
behaviour as the feedback function affects only the first delay
element. In this way it is actually a more simplified state
table due to the FSR's more simple state equations (equations
2.1.3-4).

Thus, the next state vector is now given from the previous

one by replacing only one bit:

Y, = (Yll Yor Yar e o4 Yn) (2.1.14)
} D
Y; = (Yyr Yo Ypr oeo 1 Y) (2.1.15)

where i=1,2, ..., 2"
Every FSR determines a unique output column in its truth table
format, If the interﬁal state column is ordered in the critical
2" tuple canonical form (as in equation 2.,1.8), the output column
is actually the FCAN-tuple. If the internal state column is ordered

as the states appear in the FSR cycle, the output column will list
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each output in proper sequence; this will constitute the FSR's
output sequence. As each FSR determines a unique output column,
it determines a unique output sequence which will be considered in

the next section.,

2.2 Sequences

The set of output bits of the FSR as the machine cycles through
its internal states, constitutes the output sequence of the FSR. As
the logic of the FSR is binary, the generated sequence is a binary
sequence.

Obviously, if the FSR is cyclic, its sequence is periodic with
periodicity equal to the number of states in the state cycle. . !

A sequence isl2 recursive of degree n, if each set of n

consecutive bits, (n-bit word) occurs at most once in one period. ‘

At one unit of time, the past n output bits define the state vector;
hence each n-bit word is a state of the cyclic FSR's state graph.
As all states in one state cycle are unique for a nonsingular FSR,
the n-bit word states, in the state cycle, are unique; furthermore,
the length of these n-bit woxrds is equal to the number of stages of
the FSR; hence, the output sequence will be recursive of degree equal
to the number of stages of the FSR and with period equal to the length
of the cycle.

Random sequences have certain properties: the balance property,
the run property and the auto-correlation property. If a deterministic

sequence also has these propertiesll, it is termed a pseudo-random

sequence, For binary sequences of 0O's and 1's, a sequence with an

equal number of O's and l's in any period is balanced, Having the




run property means that in every period, half the runs have length one,

one fourth have length two, one eighth have length three, which is to
say that 1/(Zn) have length n; also, these runs are all balanced.

In other words, there are for both the O and the 1 case, two zuns of
length k for each run of length (k + 1).

A maximal period sequence of degree n has these pseudo-random

characteristics, and is recursive of degree n with period 2",  This

is the non-linear case, known as a de Bruijn sequence; in the

special linear case, the longest run of O's has n-1 O's instead of

n O's, hence has period (Zn-l) and is termed an m-sequence.

Example 2.2.1

Consider the following sequences, S, and their respective

properties:
5, = 00000001 00000001
S, = 111010 111010
83 = 110100 110100
Sy = 00111001 00111001
Sg = 11101000 11101000
Sl has period 8 but is not recursive of any degree €7 and has

no run properties.

S. is recursive of degree 3 yet does not have period 23, it has

2

period 6; also it is not balanced as there are twice as many 1's as
there are O's,

S. is balanced and does have run properties, yet while it is

3

recursive of degree n = 3, it does not havea period of Zn, its period
is 6.

S, is balanced and has a period of 23 = 8, yet it is not

4

recursive of degree 3 as the n-bit word 00l occurs twice in one period.




This sequence also does not have run properties.
S5 is recursive of degree n = 3 and has period 2" = 8; it also

has run properties and is thus a maximal period sequence.

2.3 Historical Background
The theory governing sequences was originally spurred on by

dealings with reoccurring decimals. This led to a more general
approach to sequences and then to sequence generators, of which the
FSR's are an important group. Some of these earlier findings are
of historical interest as well as of theoretical significance.

Good15

inspired by Borel's proof that almost all decimals are
periodic, proved the existence of a binary sequence of periodicity 2"
and which was recursive of degree n, for any n., His proof was based
on Buler'!s unicursal theorem, and used a topological approach to a
set of diagrams (now known as Good's Diagrams) consisting of a node
for each different n-digit word. He thus proved the existen;e of
a path through all nodes, thereby proving the existence of maximal
sequences.

f{ees25 was able to prove a similar case using the theory of
finite fields instead of Good's combinatorial construction; but in
Rees' case, his sequence, while containing every word of n digits,
lacks the one of n zeroes; this, as was seen in section 2.2 and
will be explained subsequently, is the distinction between the linear
and the non-linear case.

But it was de Bruijn7 who, using a diagram similar to Good,
and who apparently discovered it independentlylz, was able to find

the number of such maximal sequences. His proof, using these

diagrams he called "T-nets', considered ''complete walks'' for each n,




then a 'doubling" process to consider the case for (n + 1);
considering N as the number of 'walks! (maximal sequences) for

degree n, he found and proved the number of walks of degree n + 1 (N*®).

-1
N%* = z(zn

1) N (2.3.1)
In this way he was able to calculate the number of maximal sequences
of degree n, (N.) that exist,

N (2.3.2)

In his memory, these maximal sequences are referred to as

de Bruijn sequences.

As implied earlier, a maximal sequence with periodicity 2" is
termed non-linear; this is a direct consequence to the FSR which
will generate such a sequence, This consequence is based on the

recursive properties of the sequence. As the FSR shifts one bit

at a time, generxating one new bit per shift, it retains n bits at
any one time, which is the state of the FSR; this is the reason
for the importance of considering the n-bit word in the sequence.
Further, the uniqueness of this appearance of an n-bit word is
simply the uniqueness of the state in its appearance in one cycle,

In a linear FSR, the zero state must be succeeded by the
zero state, as the state equation (2.1.6) must be zero as all the
yi's (1 =0, eou, Zn-l) are zexro. This zero state cycling to
itself is considered a trivial cycle and therefore the maximum
number of states possible that this FSR can cycle through is (Zn-l)
states. Thus, the maximum sequence generated by such an FSR is of
length (Zn-l), and is called an m-sequence.

Elspasg, using parts of GalOisField theoryl of cyclotomic

polynomials, calculated the number of m-sequences of degree n (Mh).




M= Q@2 -1)/n g (2.3.3)
where <P (k) is the Euler phi (or Totient) function defined as the
number of integers less than k which are relatively prime to k.

Thus, it is now evident that there exists a much gredter number
of non-linear maximal sequences than linear ones, which exposes one of
the motives for an attempt to characterize them. Fig. 2.3.1

demonstrates this greater number.

Sequences of degree n
Degree m-sequences de Bruijn sequences
n M (equation 2.3.3) N (equation 2.3.2)
2 1 1l
3 2 2
4 2 16
5 6 2048
6 6 226
7 18 257
8 16 2120
9 48 2247
10 60 | 2502

Fig. 2.3.1 Comparing de Bruijn's to
Elspas! number,

2.4 Linear Theory

Much work has been done to characterize the linear sequential
machine, and the linear feedback shift register, including the ones

which generate m-sequences,




The main im.pulse9 for the gxhaustive work accomplished in the
linear field is due to the fact that linear sequential machines consist
entirely of three kinds of elements: unit-delay elements, modulo-p
adders, and modulo-p scalar multipliers; these operations constitute
linear operations over the modular field of integers. Thus linearity
made such networks amenable to mathematical analysis.

In the case of p = 2 (which is of interest to us) multiplication
by 0 mud 1 corresponds to open and short circuits, respectively.

The network considered here consists of an FSR with no input and
with a linear feedback function. Such a circuit is a linear FSR.

Thus it is completely defined by its Boolean feedback function and the
number of stages (n). The output of the circuit is chosen to be equal !
to the feedback function. If the output of a linedr FSR consists of a

sequence with period (Zn-l), the linear FSR will be called maximal as

its output is a maximal period linear sequence (m-sequence). I‘

11 that linear maximal

As indicated earlier, it has been shown
FSR's exist for any n, and the number of such maximal FSR's is M (see
equation 2.3.3) for a given n.

The problem of analysis is: given a linzar FSR, does it genexate
an m-sequence? The brute force solution to this problem would be to
construct the machine's state diagram and thus test whether the states
cycle through 2".1 states. This approach, while effective, is tedious
and does not give any indication of the general properties of the
circuit.

The analysis of linear FSR's can be accomplished quite readily
using certain characterizations of the FSR's state behaviour: the

transition matrix, and its characteristic polynomial.

The transition matrix, as shown in equations 2.1.6 and 2.1.7,




-17 -

represents the state equations, since linear FSR's have no input,
. (ioeo X = O)o

More particularly, given an n-stage linear FSR as shown in

Fig. 2.4.1, with feedback function
f = €1v7 ) ¥, @D oo 0o @ . Vn (2.4.1)
the transition matrix is
€) ©Cp €3 e € 4 <
l1 O O eoe O o
0O 1 o ese O 0
T = (2.4.2)
0O o0 1 eeo O 0
: : : % 00 o 0
0O o0 o coe 1 0
e
¢
{
[43] l
|
]
-z et Nl 2 la B R S S
Yn Y2 1
Fig., 2.4.1 n-stage linear FSR
Let Y denote the column state vector
Fyl
Y = Y2 (2.4.3)
yn
then the circuit is uniquely char&ctérized by the equation:
Y = Ty | (2.4.4)

. . 1 ... .
Using matrix theory™, it is straightforward to test whether a




square matrix is nonsingular, i.e. it is if its determinant is different
from zexro:
] = o (2.4.5)

If so, the matrix has a unique inverse (T-l) which corresponds

to the machine having a unique predecessor (previous state) for each
of its states. Such a machine is termed a nonsingular machine, and
its state behaviour is cyclic. Thus for m-sequences we need only
consider nonsingular matrices.

FPor any matrix M, there exists a unique characteristic

polynomiulldefined by 'M-xI : Where I is the Identity matrix. Hence,
the characteristic polynomial of the transition matrix is given by
F(x) = |1 - 1| (2.4.6)
One verifies that
P(x) = xn_clxn-l_czxn~2_ ces = (2.4.7)
Because of the special form of the transition matrix (equation
2.4.2), the matrix can be uniquely constructed from its characteristic
polynomiail,

Much information is available °311+22

about the linear FSR, and
hence the generated m-sequence, from the algebraic properties of the
polynomial, The largest period of the generated sequence, or the
exponent of the characteristic polynomial of the transition matrix,

is givenll by p, when p is the smallest positive integer for which

the polynomial, F(x), divides 1-xP,

This periodicity test can be accomplished directly using the

transition matrix:; since the Cayley-Hamilton theorem; states that
every square matrix satisfies its own characteristic polynomial
equation, then

F(T) = 0 (2.4.8)

|
3
i
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Now if P(x) divides l-xP, then T is a root of I—TP}v thus, simply find
the smallest p such that
™ =1 . : (2.4.9)

If the polynomial is irreducibleg, all non-trivial periods of
the linear FSR are of equal length. This implies that one linear
FSR has many cycles; the FSR will be in a particular cycle depending
on its starting state, and will continue in the cycle containing this
starting state.

A linear FSR in which all states except the all zero one form
a single cycle, is a maxiﬁal period linear FSR; this machine generates
an m-sequence. The properties of its corresponding polynomial are
well known: Pe-t:e:rson‘?'2 organises the pertinent Galois field theory
necessary for this study. Thus the synthesis of maximal period linear
FSR or of m—sequence.generators can be approached from the algebraic
point of view,

Zie'-.:ler:",'0 and Golombll showed that a necessary condition for ‘

maximal length is that the polynomial be irreducible.
Sufficiency is established9 if the polynomial is also
primitive: i.e. it is not a divisor of xk-l for any integer k<2™-1.
All k such that F(x) divides xk-l, for k<2"-1, must be??
divisors of 2"-1. If 27-1 is a prime (then called a Mersenne prime)
for some n, then the only possible k is k = 2”-1. Hence, every
irreducible polynomial of degree n such that 2™.1 is a Mersemne prime,
characterizes a maximal FSR.
21,22
The synthesis of m-sequences for any n is available from tables
of irreducible primitive polynomials for n£19 and of Mersenne primes;

for polynomials of greater degree, Petersonzz outlines a search method

which'is applicable to computer programming.
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In summary, the transition matrix:

l) Is a unique characterization of the linear FSR.

2) Can be used for testing the singularity of the
linear FSR.

3) Can be used for testing the periodicity of the
linear FSR.

4) Defines the characteristic polynomial,

The characteristic polynomial:

1) Is a unique characterization of the linear FSR.

2) Can be used for testing the periodicity of the
linear FSR.

3) If irreducible, implies cycles of equal length.

4) If irreducible and primitive, implies a maximal

period linear FSR.

Another polynomial approach for the analysis of the linear FSR,
using the network directly, was introduced by Golombll, who called it

the characteristic polynomial of ths shift register, h(x).
L i
h(x) = 1 + ié c % (2.4.10)

This polynomial is closely related to the polynomial H(x) which

is the time inverse of F(x) (equations 2.4.6-7).
H(x) = E(x)

X
_ -1 -2 -n
=1+ Cix T cx T+ .. X (2.4.11)
The only difference between H(x) and h(x) is the negative sign
of the exponents of H(x) which can be interpreted26 as having signi-
ficance in the time domain only: mnegative exponents merely refer to

preceding time intervals. Hence one polynomial can be considered

the inverse or the reciprocal of the other,
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As the reciprocal of an irreducible polynomial is an irreducible
polynomial, and the reciprocal of a primitive polynomial is a primitive
polynomialzz, the investigation of either the polynomial of the matrix,

or of the polynomial from the FSR yields similar results.

Example 2.4;1

Z - lc— 3 je—o- 2 = 1l |je——

Fig. 2.4.2 3-stage linear FSR.

1) The internal state equations in matrix form are:

— ey — et I

]
41
1
bp)
[ 1

-— b

101 ¥y

n

100y,

which is the matrix equation:
Yi =TY
where f is the transition matrix.
2) The transition matrix is nonsingular as:
101

100| = 1#0

010
3) The period is p = 7 since
101 7 100
100 =010 = I
0lo0 001
= ] L _
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4) The characteristic polynomial is:
l-x 0 1
F(x) = | 1 =x 0] = (L-x) (x?) +1 = x> +x° +1
0 1 -x |

5) Alternatively, p =7 becauses:
3 2

F(x) = x" + x° + 1 divides 1-x7
(x7+1%x3+x2+1) = x4+x3~+x2+1
6) PF(x) is irreducible, as it has no factors, hence all
non-trivial cycles are of length 7.
7) F(x) is primitive as the minimum k which allows F(x)
to divide l-x® is k = 7 = 2°-1.
8) The characteristic polynomial of the FSR !

3 3

h(x) = l-x~x" = l+x+x

9) The time inverse of F(x) is

3.2
~ P(x) - X XL -1, =3
H(x) /xn —3 1+x “Hx
which is the same as h(x), except for the negative

exponents.,

Y’oung29 lists several additional theorems for periods which
are simply realizable with a single 2-input mod-2 adder (exclusive-or
gate) feedback circuit,

Huffman'516 methods of analysis are slightly different; his

technique uses operator polynomials. He also discussed in considerable
detail the realization of a network structure possessing the required
characteristic polynomial.

92,11

The binary situation has been generalized™? to that of

multivalued p-nary logic, where p is any prime as suggested by anfmanls.

NIRRTV 1T Rk T ron ] Wfﬁm R a1 g S A R e R

His work was restricted to the bina case,
ry
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Further work was carried out by Scholefield27 who was able to
cut down the amount of feedback logic by using more than one FSR in
series; and by Srinivusanza, who extended the theoxry to include

inputs.,

2.5 Non-linear Developments:
12

Golomb™ ™ made a comprehensive study of the non-linear case which
concludes with many useful results. By detailing a method of incor-
porating the all-zero state into the linear cycle, for any n, as
suggested by Reeszs, Golomb proves the existence of a non-linear
maximal cycle for any n. His study thus develops a method of fusing
two non-maximal cycles together,

M’nglebyz

cycles into the one maximal cycle. \
One disadvantagelz of realizing non-linear maximal FSR's is the

necessity of using all tap positions of the register, as all variables

0 did further work in cycle fusion, in order to merge all

are included in the feedback function. This has important practical
consequences. In contrdst, a linear maximal FSR can be obtained with
as few as two tapszg.

There were some attempts to modify the existing linear theory to
include the non-linear case: Kautz, Elspas and S't:one18 increased the
degree of the Characteristic Polynomial into their Associated Polynomial;
Bryant and Killick2 increased the degree of the Transition Matrix, The
results did not prove very satisfactory.

0 tried a more direct approach, by extending Edeo.rds8

M’agleby2
theoretical methods and defining a new polynomial: the Describing
Polynomial which yields the cycle lengths. This lack of success in

. 2 .
algebraic approaches was prophesied by Golombl who, after an exhaustive
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study of certain low order polynomials, concluded: '"sufficient data
was obtained to establish conclusively the absence of a simple
algebraic theory governing the sequence obtained from the various
non-linear logics'. Yet he did indicate that the feedback function
of a cyclic FSR can be simplified by decomposition:12
yi = f(yl, Yor seee s yh) (2.5.1)
= Yi = g(Yll Yor seec o yn-l)@yn (2.5.2)
Kautzl7 introduced certain design aids, while Kiyasu and Todalg,
implementing a search for all the non-linear maximal FSR's, were able
to impose bounds on the weight of the feedback polynomial; this
narrowed their search, yet still necessitated a test for acceptance
or rejection. !
The random properties of de Bruijn sequences was shown conclusively

by Golombl>

in his study using a statistical model to investigate the
periodicity of FSR's. He was able to show that the output of an FSR \
follows the expected randomness of probability theory.

A more detailed discussion of some aspects of non-linear shift

registers is given in the next section,

3. GENERATION OF MAXIMAL SEQUENCES BY NON-LINEAR FSR'S

3.1 Introduction

It is now evident that the linear case has been thoroughly studied
and that there exist algorithms to realize the hardware necessary to

generate m-sequences. It has been shown that methods are available

to find the proper feedback connections of an FSR which will realize
an m-sequence for any n, and how all such m-sequences can be realized
for a given n.

Because of the advantages of de Bruijn sequences, it would be of
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great use if similar algorithms were equally available for the non=
linear case. This section proposes several such algorithms: two
which yield some FSR realizations which generate de Bruijn sequences
of any degree n, and one fox the generations of all the de Bruijn
sequences of'any degree n.

Tt should be noted that hardware realizations of circuits
generating de Bruijn sequences need not necessarily be FSR's. Actually,
the more general sequential circuit can realize similar output sequences;

27 did show that, in some cases, multiple-register

furthermore, Scholefield
realizations can reduce the number of logic gates required. However,
the scope of this work will be limited to FSR realizations due to the

development .trends towards modular hardware and thus the increasing

reliability and efficiency in using such components.

3.2 PSR'!'s with Output Logic . ‘

If a circuit generating a de Bruijn sequencé of degree n is
available, it can be shown that this circuit can generate all other
de Bruijn sequences of the same degree through the use of output logic
on the circuit configuration. In this light, the problem of generating
all de Bruijn sequences is simplified to finding a single one of the
proper degree. This basic machine is shown to be available by
algorithms to be developed in section 3.3.

As the generator must cycle through 2" states, the particular
output logic to generate the particular bit of the de Bruijn sequence
desired is directly avqilable from the n bits of the state. Further-
more, as there are 2" different cycling states and 2™ bits in the
desired sequence, the output logic's complexity will depend on the
starting state chosen. Thus, to find the most efficient realization

would require a methodical check of all 2" starting states prior to
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making the choice.

Example 3.2.1:

Consider the de Bruijn sequence 01011100 with period 23. Assume

that the following de Bruijn generator of the same degree is available:

de Bruijn generator

Present State Next State Assigned Output

Y3 Y2 N vy ¥ V1 a b

0 0 O o 0 1 0 1

0O 0 1 o 1 1 1 0

0 l 1 1 1 1 0 0

1 1 1 1 1 0 1 0 ]

1 1 O i1 o0 1 1 1 |

1 0o 1 o 1 0 1 o0 -
o 1 o0 1 0 0 o 1 ‘
1 o O o o0 O 0 1

The realization of the generator outputting the required de Bruijn
sequence is accomplished by assigning the proper output logic as indi-
cated above in assigned output a. The required output logic would then
be;

Ly = V1¥2¥3 * V1Y2Y3 * V1¥2¥3
* ¥1¥5Y3

This output logic can be of reduced complexity if the most efficient
starting state was found and used. In this case starting with state 111
would be advantageous as indicated in the example as the assigned output
b. In this case the required output logic would be:

Ly = 1l G)yl

The drawba & of requiring the use of extra logic coupled to the
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necessity of testing for minimum component realization further indicated
the desirability of developing a direct method which would be output
logic free.

There exists12

a set of sequences which share with de Bruijn
sequences the same periodicity property and the same run properties,
but because these sequences do not have the recursive properties, they
cannot be generated by FSR's (without output logic) with a minimum
number of delays. These run distribution sequences (RDS) are more
numerous than de Bruijn sequences. The combined number of de Bruijn

sequences and RDS's is given by]'z

' -3)(n-2
1 (2°"2y, 2 zzn'(_‘%i'—n - (3.2.1)

2%2 | 4t 2® i) 16¢ (2TT)>
i=3

where ez< C<Ke 2.33

\
In order to generate RDS's using minimum delay FSR!'s, the output

logic approach is quite practical. ‘

Example 3,2.2:

Consider the RDS 1111000010101100, which is not recursive, as the
‘words 0101 and 1100 both cccur twice, yet which has all the run dis-
tribution properties.

To implement this sequence, use the de Bruijn generatoxr assumed

to be available:
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de Bruijn generator

Present State Next State Assigned Output -
Yy ¥3 Yo V3 Y4 Yy Y3 V3

o 0 o o 0 0 0 1 1
0 0 o0 1 o 0 1 1 1
0o 0 1 1 o 1 1 1 1
o 1 1 1 1 1 1 1 1
1 1 1 1 l1 1 1 O 0
1 1 1 O l1 1 o0 1 0
1 1 o 1 l1 0 1 O 0
1 0 1 O 0 1 o0 O 0
6 1 o O 1 0 0 1 1
1 0 o0 1 0o 0 1 O 0
o 0o 1 0 o 1 o0 1 1
0 1 o0 1 l1 0 1 1 0
l 0 1 1 o 1 1 0 1
0 1 1 O 1 1 0 O 1
1 1 o oO 1 0 o0 O 0
1 0 o0 O c 0 o0 O 0

The required output logic function L would then be:
L = -3;'13’-2‘373;4 + Yl§1§2§;4 + Yly2§3;4 + YlYZY3§4

+ leZY3Y4 + ylyZY3Y4 + le2Y3Y4 + leZY3Y4

N
9
v
%
3
=

This function L may be more efficiently realized using the

method to be derived in sections 3.7-8.

3.3 SS Method:

R

A

The problem of determining minimum delay FSR realizations without



output logic for one, many, or all de Bruijn sequehces of any degree n,
is one of algebraically generating the de Bruijn sequence, then of
realizing the hardware which will generate that pgrticﬁlar sequence,
Having a deterministic method of achieving both these steps will yield
an algorithm suitable for a digital computer.

The single sequence (SS) method is included in the case studied in
section 3.4, but deserves special attention as it is the most straight-
forward approach to generating a de Bruijn sequence. This method does
not require a study of the sequences of degree n-l; it is a simple
means of direct generation of a de Bruijn sequence of any degree n.

This is accomplished by generating the sequence of period 2" considering
the words of length n, i.e. considering the recursive property.

The method considers words of length n-l, which by definition must
occur twice in one period. Then starting with n 0's, follow each word
of length n-1 by the 1 bit the first time, and the Q_bit the next time.
Or conversely, start with n 1's and follow with O's then l's; this ‘
latter case yields the reciprocal sequence.

Example 3.3.1:

Consider the following sequences generated from n O's:
for n = ¢ 00011101;

3
4 : 0000111101100101

for n

Or, more explicitly, using a column notation whereby each n-bit

word can be examined separately:




- 30 -

forn =3 .: 000
001
0l1
111
110
101
010
100
It is shown that the 1 bit is added until the word 110 in which
the 0 bit had been added. This is so as the 111l word had already
occurred,

Example 3.3.2: |

Consider the following sequencﬁ generated from n l's:

forn =3 : 11100010

3.4 Overlap Method:

This methodlo of generating some de Bruijn sequences of degree n,
is based on an arbitrary initial word and a function to be defined on
all possible (n-1) bit words.

The method considers the sequence as being made up of a set of
(n-1) bit words, Due to the recursive property, each (n-1) bit word
will appear twice, once followed by the 0 bit and once followed by the
1 bit, The method is implemented using a !preference function? (P),
which indicates which bit follows the (n-l) bit woxd the second time;
and, since it deals with binary sequences, the sequence is completely
determined. This function P is determined by the r-overlap of each
(n-1) bit word with the initial woxd, where r-overlap is defined as the

maximum number of bits (r) of the end of the n-1) bit woxd, which overlaps

with the beginning of the initial woxd.
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Example 3.4.1l:

Consider the following r-overlaps:

(n-1) bit word Initial word r-overlap
010 0000 1
110 ' 1111 0
101 1010 3
101 0100 2

As the r-overlap is defined from the (n-1) bit woxd onto the
initial woxd, only the first (n-l1) bits of the initial word are used.
As there are only (Zn-l) different possible (n-l1) length initial words, i
there are only as many possible_gffference functions. As each of

these functions does not necessarily yield distinct sequences, the

number of possible de Bruijn sequences, k, that can be generated is:

n-l

The algorithm develops as follows: .

1. Choose an arbitrary initial word (Il,Iz, veo In)'
2. Find the r-overlap (r) for all possible (n-l) bit words.
Suppose the (n-1) bit word (xl,xz, eoe xn-l) has an r-overlap

with (Il,I coe In); then the last r symbols of the (n-1)

ZI

bit word, (i.e. X

T AT xn-l) are the symbols

(Il,Iz’ L ¥ 4 Ir).
3. Define the function P on the set of (n-l) bit words as
follows:
P(X),%ps eeo 4 xn-l) = I, (3.4,2)
thereby gaining a preference function for all possible (n-1)
bit words. But since the sequence Z will be recursive, each

(n-1) bit word will, by definition, occur twice. Thus the
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preference function will be applied as P the first time, i.e.
the bit to be added to the sequence will be the binary comple-
ment of the bit defined by P. . The subsequent time the (n-l)
bit word appears the P function is used directly.

4, Generate the de Bruijn sequence (zl,zz, oo ¢ zzn), as follows:
the initial word (Il,Iz, oo g In) defines (zl,zz, cee ¢ zn).
Each new bit zp, to be added to the sequence is defined by the
preference function operating on the last (n-1) bit of the
sequence generated at that moment:

zP = (P)! (zp-n+l’ 2l t0t zp-l) (3.4.3)
where (P)' = P the first time and
(P)' = P the second time the

N~—

(n-1) bit woxd _(zp-n+l' cee 4 zp-l)

appears.

Example 3.4.2: ‘

Consider generating the de Bruijn sequence of degree 4, starting

with the initial word:

1010 = 11121314.

Initially set up the (n-1) = 3 bit table to generate the r-overlap

and the preference function:

(n-1) bit woxrd r-overlap Preference function
*1 *2 *3 * P=ln
0 0 O 0 1
0 01 1 0
010 2 1
o 11 1 0
1 00 0 1
1 0 1 3 0
1 10 2 1
111 1 0




- 33 -

Now generate the de Bruijn sequence Z, considering the (n-1) bit

word is made more obvious in tabular form:

=
ur
wx
o

1273 7

]
N

n
N

n n
N N

il
N

= O O = = Lol o o A O
1
N

1}
N

O | O O K K M B O O O O = O +

o [ d | o
1
N
'—l
(o))

©O + H Ol O O P K M M.O O O O K O
ot
H]
N

O H FH|lO K 0 O K K W H O O O O W

The tabular form is a means of moking the last (n-1) bits more
obvious but is not required. The 16-bit sequence is more simply:

1010000111100101

3.5 Complete Method:

This methodlz will generate all the de Bruijn sequences. Using
¢ similar method to the r-overlap case, the sequence is defined from an

initial word and a preference function (P%*) defined on the (n-l) bit

Pl cnscs foidiics foarmrited | aamh b dch SRt St susk g idemae [ ool ormoati omecidnd ddcly oo n s e s e Do



word.

This method is more complex as this function P* is defined from
a preference function P 2t used in the generation of a de Bruijn
sequence of degree (n-1), Spo17 and from its corresponding feedback
function Fo1e Thus to develop an algorithm, it will be necessary
to build sequences through every n, in oxder to have available the
preference function and the feedback function of the previous case,

as indicated in figure 3.5.1.

P -—————>-P -——a—P --=-~--P > Pn_lc:P*

//1 i
4, ‘n-l n

Fn--l

Fig. 3.5.1 Preference Function Buildup.
where P, is the preference function defined on words of length i.
S; is the sequence defined by P; 1 and is of length Zi.
Fi is the feedback function which generates Si'
The algorithm is as follows:
1. Choose an arbitrary initial word (I ¢ oo , I ).
2. Let P(xl, cees 4 X z) be a preference function for the
n-l case, with the condition that:
P(Il, cee 4 In—z) =1 eI, mod. 2; (3.5.1)
and let F be its corresponding feedback function.
(This preference function indicates which bit follows

the (n-1) bit word the first time, which differs from

the case in 3.4.)

Define function P* on the set of (n-1) bit words following

) e G R S R S o S T e A R T T AL N N
L]

the condition:

&
3!
&
7
33
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[P*(xypeens %)) @1 OF] x [B(x,,..., x_ 1) @FJ= 0

(where the x is the cross-product ) (3.5.2)

This condition will be met for a num.bef of different (P;f_f)
functions, each one defining a de Bruijn sequence.
As the initial word is defined, the following condition
is determined:

P*(Il,Iz, eoe 4 In-l) =1 @In (3.5.3)

4, P¥*, as developed from equation 3.5.2, may not be fully

determined for all (n-1) bit words; it may contain some
"don't cares''. Each possible combination of ''don't
cares' produces an individual de Bruijn sequence, hence,

if there are d ''don't cares' for a particular P and

n-1

Pn-l' the number of sequences k the corresponding P* will

produce will be:

x = 24 (3.5.4)
Therefore, individually, tHe sequences will be generated ‘
from the initial word and from Pf, P‘«2'<, ooy P]*c. The

other de Bruijn sequences can be generated from the other
set of P* determined from the other P and F's.

5. Generate the de Bruijn sequence (zl,zz, cees Z n)’ as
follows: the initial worxd (Il’ Ior eees In) defines
(zl, Zor eees zn). Each new bit ép' to be added to the
sequence, is defined by the particular preference function
P? (i=1, 2, ..., k for each P, F case) operating on the

last (n-1) bits of the sequence generated at the moment:

e




- 36 =

Zp.= (Pg)l (zp-n+l’ zp-n+2’ °oceo ¢ zp-l) (3'5'5)
where (Pg)' = Pi the first time and
(Pi)' =1® P} the second time .

the (n-1) bit woxd
(zp-n+l’ eve o zp-l) appears.

Example 3.5.1:

Consider generating the de Bruijn sequence of degree 4, starting
with the initial word 111l (11121314) and having the preference function

P for the (n-1) case, defined on the (n-2) length words, as follows:

(n-2) bit word

X % P

o O 0
o 1 0
l1 O 1
o 1 1 0

This preference function meets the condition of equation 3.5.1 as
P(IlIZ) =1® I3

l1®1 =0

S P (1)

The corresponding feedback function F, for the sequence defined by

the above P and the initial word (Il, Ior ooy In—l) iss
P=1l@ xleb X, @ X,X3

This function F is available to this algorithm. However, it
will be shown that it can be derived from the P function (see fig.
3.5.1), using the methods to be described in sections 3.5 through 3.7.

The P* function is found by working with equation 3.5.2 on the
(n-1) bit word, feedback function F and preference function P as shown

in the following table:
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x, %, %3 F P (FOP) (1®F) (P*r® 1®F) P* Pf P}
o000 10 1 0 0 o 0 o
001 10 1 ) 0 o 0 0
o010 01 1 1 0 1 1 1
o011 10 1 0 0 o 0 o0
100 00 O 1 - - 0 1
101 00 O 1 - - 0 o0
110 11 O 0 - - 0 o0
111 00 O 1 - 0o 0o O

The above table demonstrates that the particular P and F
functions used, yield P* with three dashes (don't cares) which
allow for eight (23) cases, hence generating eight de Bruidn
sequences, (after cofnsider{ng equation 3.5.3).

The sequence generated by

P¥ ié : 1111000010100110 and by

1

PE is : 1111001010000110, the other sequences

described by P§ to Pg can be similarly generated.

3.6 FSR Realization:

To realize the FSR which generates a desired de Bruijn sequence
is to formulate its feedback function. This can be accomplished
directly by building the FSR's assigned state table from the output
sequence required; this table will then be the feedback function's
table of combinations.

As the FSR required to generate the maximal sequence is cyclic
with all states occurring in a single cycle, *he state table, for a

given degree n (i.e. with period 2n), is constant for every case.
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Example 3.6.1:

Consider the state behaviour of an FSR of degree 2, i.e. with

22 = 4 states:
Present State . Next. State
bS] ¥,
¥, ¥3
Y4 | Yl

Fig. 3.6.1 State Table (degree 2)

Because the FSR's output z has been chosen to coincide with the
feedback function (see.fig. 2.1.4), and because this is also the next
state bit for the first stage (see equation 2.1.3), this makes

immediately accessible one of the state table's assignment columns, yi.

Thus, this next state column is the exact replica of the FSR output,
or of the de Bruijn sequence required.

The inherent bit shifting of the FSR allows the full assignment
of the state table to be directly available, as each subsequent column
is the previous column shifted through one bit.

'Example 3.6.2:

Consider constructing the state table for the n = 3 case using

the de Bruijn sequence: 11101000.
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Present State Next State Present Output
Y3 Y2 N1 y3 vz v 2
o 0o O O o0 1 1
c o 1 o 1 1 1
o 1 1 l1 1 1 1
1 1 1 1 1 O 0
1 1 O l1 0 1 1
1 0 1 o 1 O 0
o 1 O 1 0 O 0]
1 o0 O o o O 0

The
follows:

1.

3.

Fig. 3.6.2 Assigned State Table

steps required to build this assigned state table are as

The de Bruijn sequence is displayed in the output column,
z, and also in the last next-stutevcolumn, yi.

Each subsequent next-state column is similar to the previous
one except that it has been delayed one unit of time. This
defines all other next-state columns, yi for i > 1.

The constant state table property (as in fig. 3.6.1)
dictates the assignment for all the present state columns.
In this way, considering the internal states (see fig.
2.1.5) of the FSR, each next internal state is the present
internal state delayed through one unit of time,

In this manner the assigned state table is completely
defined, thereby realizing the FSR circuit. The feedback
function, thus defined by the yi column, is available

considering this state table to be its table of combinations.




In this form the feedback function can be represented by
the general sum of primary products (as shown in equation
2.1.8) and is thus in the first canonical form (FCAN).

Example 3.6.3:

Consider the assigned state toble of example 3.6.2, the feedback

function F in FCAN is thus,

F = ¥,7,73 + ¥1Y,¥3 + V19,53 + ¥1Y,V3

3.7 EXOR Realizationg

A method of designing a de Bruijn sequence generator has been
presented. This can be accomplished by combining one of the intro-
duced methods of algebraically generating a de Bruijn sequence

(sec. 3.3-5), with the FSR realization method (sec. 3.6). The

hardware realization of the generator will then be the actual
implementation of the feedback function to the FSR.

The FSR realization method unses the FCAN forxrm of the feedback
function which can be unwieldy unless it is reduced whenever possible.
Otherwise this form necessitates each term to consist of all n variables,
including some in their complemented forms, which would require a great
.numbexr of gates. A more convenient method than attempting to minimize
such circuits, is to use the exclusive-or (EXOR) form (see equation 2.1.9),
which requires only the non-complemented variables; furthermore, this
form requires few variables per term, and, in this work (due to equation
2.5.2), would never require all variables occurring at once.

Thus, the EXOR case is considered as a more efficient means of
economical realization, and a means of simply converting FCAN to EXOR
would be of great use.

The Translation Matrix is such a means of converting the FCAN to the

EXOR or vice~versa, This matrix uses the standardized 2% tuples of
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the canonical forms as described in section 2.1.

The matrix is an analysis of the secondary variable (yi's) bit's
distribution in the two canonical forms used. In the matrix, each row
represents one binary variable of the EXOR-tuple, and each column one
binary variable of the FCAN-tuple, as shown in figure 3.7.1l. Thus,

a unit entry at the intersection indicates that every secondary

variable of the row is present in that particular column.

Secondary |
Variables
AND-OR Yy o 1 o0 1 o0 1 o0 1
Feedback Yo o o0 1 1 o O 1 1
Function Y3 o o o o 1 1 1 1
1 11 1 1 1 1 1 1|b
EXCLUSIVE- v1 0 1 0 1 0 1 0 1|hb
OR Yoy o 0o 1 1 0 0 1 1 }b,
Feedback ¥y Yo o o0 o 1 o0 o o 1 b3
Function Y3 o o o0 o0 1 1 1 1 b4
yy¥3 [0 0 0 0 0 1 0 1|by
Yo V3 0 0 0 0 0 0 1 1}]bg
Yy ¥y V3 0 0 0 0 0 0 0 1|hb,
%% % %2.% % % % %Y

Fig. 3.7.1 Translation Matrix for n = 3.

The construction of this matrix, ¢, can be completed simply by
considering each row, as one element of the EXOR-tuple, and filling in

the bits according to the presence of the EXOR secondary variable in

the respective columns, which are interpreted as the individual element
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of the FCAN-tuple. Entry at cij will represent whether each secondary
variable of b, is present (in its uncomplemented form) in e

Example 3.7.1:

Consider the entries at c,., Ca, and Cg3° These represent the
intersections of b4a5' b3a3 and b6a3 respectively. For the case of
n = 3, a matrix of order 8 as shown in figure 3.7.1, the entries are
as follows:

a) 45 has a unit entry as b4 controls the single secondary

variable entry of Y3 which occurs in the secondary variable
entry of ag which is Y1Yo¥3e It is noted that ag also

controls Yyr but in this matrix entry, Cy5r it is irrelevant,

b) C33 has a unit entry as b3 controls the double secondary

variable entry of Y1Yor which both occur in the secondary

variable entry of Az, which is ylyé§é. | |
c) 63 has a zeroc entry as b6 controls the double binary ‘

secondary variable entry of Yo¥ar of which only the Y,
variable occurs in the secondary variable entry of age
(The Y3 variable is not occurring in the necessary non-
complimented form, and the Y1 need not be considered.)
Considering the simple construction principle, the method of
conversion usage is quite systematic. To convert from the EXOR to
the FCAN, or vice-versa, the method is as follows:
Consider the aj—tuple (FCAN-tuple) as the row matrix
A, the bi-tuple (EXOR-tuple) as the row matrix B, and the
translation matrix is the square matxix C.
Then the matrix equation, considering the sum to be

the exclusive-oxr sum, is:

A=B-C (3.7.1)



i.e. ai = bOCO'i ®blcﬁ @ XX

cos Gabzn-lczn-li (3.7.2)

for i =0, 1, oo , 2°-1,
This converts the FCAN-tuple to the EXOR-tuple;
the reverse conversion, the aj-tuple to the bi-tuple is
similar as the matrix is its' own inverse.
A further simplification of the feedback function convexsion can

be made by using Golomb'slz

function decomposition as described in
section 2.5 and equations 2.5.1-2. Golomb has shown that for a cyclic
FSR, the feedback function f can be simplified to a g-function as
follows:

£(YyeVqr ooe 1 V) = G(Fe¥gr ooe 0 V1) @Yy (3.7.3)

This decomposition means thai the Translation Matrix can be
reduced by a factor of two as there is no need to consider the Zn-l
factors of Yo This is accomplished by using the matrix to find the
EXOR g-function which is then translated to the required f-function by

equation 3.7.3, i.e. by introducing the 1 bit in position (Zn'l

+1),
which represents A

Example 3.7.2:

Consider the FCAN-tuple for the de Bruijn FSR of degree n = 4:
1111000100001110., Using the Translation Matrix, one can obtain the
equivalent feedback function as the EXOR-tuple 1000100110000000 which

includes no bit in any position above (2n~l

+ 1) as predicted by
equation 3.7.3.

Thus the g-function simplification can be adopted by using the
translation matrix to convert only the first half of the FCAN-tuple,
namely 11110001 to the EXOR form, yielding the g-function which can

be converted to the required f-function.




Using the Translation Matrix on the Zn—l-tuple 11110001 yields

the tuple 10001001, Then adding the (2°™* + 1) bit gives the EXOR-
tuple 1000100110000000 as required.

Thus, it is now possible to mechanically generate the EXOR
realization of the FSR for all possible de Bruijn sequences using the
method developed in sections 3.5-7 consecutively. 1In this manner the
method is programmable on a digital computer as will be shown in part

4.

3.8 Translation Matrix and its Algoxithm:

The Translation Matrix, previously defined and used for canonical
form conversions (section 3.7) can be of further usebecause it con-
tains the truth table of the FSR. (see fig. 2.1.5), when it is coupled
to the FCAN-tuple. With this method, it is thus feasible to generate
in a mechanical monner, the output sequence of the FSR. The method
used to generate the sequence is based on the following equations:

a) The FSR state equation, no. 2.l1.3:
yi = f(yl,yz, eoe 4 yn) (2.1.3)
b) The FSR feedback function, equation 2.,1.8:

yi = ag(yp eer V) * ¥y eee V) ¥
+ a2(§1y2y3 csee yn) T eee
fa (Y1¥gy vo V) (2.1.8)

n
(2"-1)
c) The FSR's present state vector, equation 2.1.14:

Yi = (yl,yz, vee yn) (2.1.14)
d) The FSR's next state vector, equation 2.1.15:

Y! = (Y1rYyeYpr coe s Y1) (2.1.15)

Because the feedback function yi depends only on the state of the

secondary state variables (equation 2.1.3) at one instant of time, at



- 45 -

that instant, only one product term of the feedback function equation
2.1.8, is considered, as all others are zero; the one to'be considered
is the one which reflects the present state of the FSR, considering the
secondary variable to be one in its non-complemented form and 0 in its
complemented form. The mapping method introduced in section 2.1, to
order the feedback function equation (2.1.8) product terms to the
binary vaxiables (aj), can now be more simply interpreted from the
present state vector. The numberiné system for the binary variable
subscripts is the state vector considered as a binary number when
ordered from right to left.

Example 3.8.1:

Consider the following present states and the corresponding non=
zero feedback function equation (2.1.8) term. Notice that the
numbering scheme dictates that the present state, interpreted as a

binary number, is the binary variable'!s subscript.

Present State
Interpreted
As Vectoxr As a Binary Non-zero Binary
Y4 Y3 Y9 ¥ Numbexr Equation term Variabie
0O 0 0 O 0 a, (y4y3yzyl) a,
0 1 01 5 ag (Y4Y3YZY1) ag
o1 1 1 7 a, (y@ysyzyl) a,

In this way, it is now possible to rewrite the next state vector
equation (2.1.15) as follows:
Y:li = (Clj, Yl' y2' AL yn—l) (3'8‘1)
where j is found from the binary interpretation of the present state

vector, i.e. (J)jo = (Vg1 Yn-z °°° yl)z
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From this equation it is possible to generate each subsequent
state in the cycle, thus to generate the FSR truth table, and thereby
generate the output sequence.

It is also apparent that, with the Translation Matrix and only
the EXOR-tuple, it is also possible to generate the FSR output sequence.
Equotion 3.8.1 indicates that the generation of the state cycle is
distinctly the generation of the aj; furthermore, this binary variable
is directly available from the jth T;anslution Matrix column when

multiplied with the EXOR-tuple vector.

Equation (3.7.2) is manifest and can be stated as:

n
21 [
a, = b, c.. 3.8.2
J g 1 cl] ( ) !
considering the sumuing to be exclusive-or.

Using the above simple equation it is explicit to program a

method to generate the output sequence of an FSR from its EXOR-tuple.
To be successful in programming a digital computer to solve

either the conversion routine of section 3.7, or the EXOR-tuple output
sequence generation as explained above, requires the storage of the
(Zn)'th order Translation Matrix. Obviously the size of this matrix
expands inordinately as n increases and hence would require too great
a storage memory for the solution of an n-stage FSR. In oxder to
avoid this computer storage problem, an algorithm was developed which
yields immediately the binary bit in any position of the matrix., The
information required from the Translation Matrix foxr either of its above-
mentioned uses, can be reduced to finding the matrix bit at the inter-

section of the EXOR-~variable row (bi) with the FCAN-variable or state

column (aj).
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The algorithm is developed due to certain characteristics of the

Translation Matrix. Initially apparent is the definite recursive
properties of the Matrix. The basic matrix, for n =1, is shown in

fig. 3.8.1.

1 1
o 1

Fig. 3.8.1 The Basic Matrix,

This basic matrix is the re-occurring structure throughout matrices
of all order (see fig. 3.7.1). The introduction of an extra stage in an
FSR is the introduction of an extra secondary variable which has the
effect of doubling the possible number of terms in the feedback function,i
and hence increases the Matrix by the order of two. The building of the.
Translation Matrix is accomplished using the Basic Matrix replacing each
unit by the complete matrix used in the previous (n-1) case. Thus, the
n = 2 case matrix is constructed froﬁ the Basic Matrix whereby each unit
is replaced by the Basic Matrix and the zero by a similar order all-zero “"
matrix, Projecting this principle, by induction, the (Zn)th order matrix
is again the Basic Matrix in which each unit replaced by the complete
(Zn-l)th order matrix, and the zero by an (Zn_l)th order matrix of zeros.

The properties that allow the generation of the matrix to be a
simple extension of the lower order matrix are the inherent property due
to the peculiar tuple-ordering method. The algorithm which yields the
individual bits of the matxix is founded on this projection principle coupled
to two other properties: the main diagonal contains all ones, and all
entries below the main diagonal are zeros. Thus to find the bit at the
intersection of the row (R) and the column (C) the rules are: if the row
nunber is greater than the column number, their intersection must be zero;

if they are equal, it is one; if the row is less than the column, then
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map this position on to its comparative position on the subsequent (Zn"l)
matrix and re-apply the rules; if upon continuous remapping the order of
the matrix becomes one, then obviously the bit is:one.

The rules are:

a) ifR>C—>0

b) ifR=C—>1

c) ifC>» R—> project to map of next smaller degree
and re-apply rulese.
When map degree is 1, then C > R —> 1.

This algorithm lends jtself conspicuously to binary representation g
as the matrix orders are of the power of two. Hence, mapping of the
R and C representations onto one of degree lowered by a power of two is
essentially an upper binary bit stripe. This expresses the power
of the algorithm when used with the binary digital computer.

Example 3.8.2:

Consider the following row and column designations, and the :
subsequent intersection bit: “
1. R=7
c=7 . R=C—>1 1.€ c7)7"1
2., R=28
c=5

oo R>C"—’o 1o€o C8,5=0
Consider the following cases which require an upper bit strip
after ths binary interpretation:

3. R=10 = 1010, — 010 —= 10

2
c=13 = 11012-—-’- 101 — O1
now R>C.—¢'O ice- Clql3 = 0
4, R=28 = 10002———!'- 000 — 00 —> O
c=1l = llllz'—‘—"' 111 — 11 — 1
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now as map is of degree 1

and C> R —>1 i.eo c8,15=l

1
w
1}

5. R 01012————-101

1101, —> 101 | R

now R = C —>1 i.e. c§13 =1

13

Q
1

It is now possible, with the algorithm described above, to program
the converSLOn method developed in section 3,7 while requiring very little

computer memory. It is with this procedure that the computer programs of

part 4 were developed. _ :

4. DIGITAL COMPUTER PROGRAM DISCUSSION ’

4.1 Introduction

It would be highly desirable to implement the algorithms of part ‘

3 into useful digital computer programs. This has been done and these
are block diagrammed and listed in the appendices. However, it was felt
that certain descriptions of the programming approaches and details would
probably facilitate any attempts of understanding or modifying the
progranms. It is in this view that the following discussion sections

are presented.

The discussion initially deals with the general programming
problem; then the individual programs are discussed in the subsequent
sections.

The leading problem was the choice of the computer language to be
used. Normally this choice is dictated by the nature of the problem
to be solved.

The methods of presentation and of solution of the algorithms,
are in the form of binary data and in its manipulation., To withdraw

the most efficient program to solve binary data problems, one should
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resort to the assembly level of language, as most high-level languages g?
are designed to deal with decimal (base 10) number s. |
The dilemma is heightened as such assembly-level languages are
compatible only %o one model-type of computer or to one systen-type
of computer within a single manufacturer's realm. And, as it was
the intention of the author to allow a more universal degree of
compatability without restriction to a system or any one manufacturer,
the proéram was adapted to the high-level language, Fortran, with
certain compensating additions.
In order to process the individual bits of binary data in Fortran, k
a set of five simple assembly sub-routines was set up in order to allow
the right or left shifting of binary bits within a memoxry word. In
this way, the programs are fully compatible to any computer system with

a Fortran compiler, with the exception of the sub-routines which can

simply be written into the system to be used, as will be explained in ‘

section 4.5.

The writing of a computer program always entails a certain degree
of compromise, The main concession is the choice between processing
speed and memory requirements; in most complex programs there exists

_this inverted relationship, where one can increase the speed by using
more memory or do the reverse. As the cost of computer operating time
is high and as the available memory is finite and does limit the size
of the problem to be solved, a compromise must take place.

The necessity of such a compromise is exemplified in the methods
chosen which would allow access to the individual binary bits of the
word., As the IBM 360/40 computer used consisted of 32 bits or 8 byte
words, it was decided that using individual words or bytes for the

storing of single bits was ludicrous; this thought was furthexr
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substantiated in the light of the requirement of 2™ bits and the desire

to process problems of laxge n. The solution was to use computer woxds

to store the complete binary woxd.

The next problem was access to binary bits. - The idea of setting

up a system of masks was discarded in favour of shifting routines., As
the high-order bit of the 32 bit worxds is used as the sign-bit, herein
lay a simple means of checking the upper bit by testing the arithmetic
sign of-the computer word., Thus one could check each bit of a word by
subsequent left shifting it into the sign-bit position. The shifting
method does have an alternative: either the hardware shift instruction {
(available only in assembly-level) can be used, ox the arithmetic
multiplication by two would have similar effect. However, the

arithmetic instruction could adversely affect the word in certain

systems: in the case of attempting to move a bit into the sign

position, it could cause an overflow situation, or defeat the anti-

cipated use of the upper-bit position, and, in certain cases, give an ‘

erroneous bit reading by giving the proper sign. Such problems are
avoided by using the assembly-level shift routines when upper-bit
shifts are required, and using the arithmetic multiplicative shift
for low-oxrder (subscript generation) situations. (Both systems are
used concurrently in the ''generate new woxd!" section of the ''"Complete
Method!" program. )

Thus, binary words are stored in computer words for purposes of
manipulation and storage efficiency. A different system is used for
output purposes, as binary outputs would prove unwieldy and lengthy.

The output required on demand can consist of the de Bruijn sequence, the
FCAN or the EXOR realization function or any combination of these three.
Different output methods are available for either the sequence output or

the function output.



In the case of the sequence output, a direct hexadecimal output

ijs available as used in the program A; the alternative method, used

in the other two programs, consists of grouping the similar bit strings
and using the digit representing the length of each such string. Thus,
the sequence will be represented by a string of digits.

Example 4,1

Binary Sequence 011l 0010 1100 0101

is in hexadecimal form : 72C5
is in digit string form : 1 3 21 123111
The realized functions can be represented as a truth table vector
which would be more compact, but the method used in the programs is moxe
readily interpreted and therefore was judged more desirable. In these
programs the function forms were presented as a set of hexadecimal worxds
each representing binarily one of the products of the internal states.

Thus, the FCAN function is the inclusive-or summation of the hexadecimal

word products while the EXOR function is the exclusive-or summation.
These outputs are so titled. The hexadecimal words differ slightly in
each case as they are right-adjusted in the EXOR case and left-adjusted
in the FCAN case while neglecting the high-oxder bit. This is shown
in the following general forms: the FCAN function binarily represents

(0, Yot Ypo1r ooo Yis 0, ooo 0), while the EXOR function represents

(Of ceoe # 0y Yor Yy g7 oo yl).
Example 4.2:
In the case of n = 5:
FCAN product : 5C000000 and
EXOR product : 000000CD would represent
binarily 0101, 1100, O, cceec, 0 and 0, cecs, 0, 1101

respectively, which is interpreted as

Y5?4Y3Y2Yl and YpY3¥y
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For ease of interpretation the outputs of the last two programs

are titled with this general form.
The methods of programming each of the three algorithms will be

explained in the following sections.

4,2 Programming the S.S. Method: (Program A)

The program using the SS method was approached in three sections
which became the guide for the subsequent two programs. The sections
are: the internal generation of the de Bruijn sequence, the FCAN FSR
realization, and the translation to the EXOR FSR realization.

The first section is simplified by dividing the de Brﬁijn sequence
into individual left adjusted n- bit words which are stored in the
vector MI'. The program begins with the all O-bit word and produces
the next word by shifting out the high-order bit and introducing a new

low-oxrder bit. The method is to temporarily assume the new bit to be

1 then to scan the MI'-vector for this temporary word. If such a worxd \
is present, the new bit is changed to a zero and the word is inserted

in the MT-vector. Otherwise the word is directly included and the

‘procedure is repeated till the all O-bit word is regenerated. At

 this point the algorithm is completed and the de Bruijn sequence is

available in the output (MO) vector.

The MT-vector is now interpreted as the present state vector of
the assigned state table., The next-state vector is directly available
as the MT-vector shifted through one position, due to the inherent
cyclic characteristic of the FSR. Furthermore, because the feedback
function (yi, also the present output z) is present in the next state
vector, it is available through shifting; hence, a different MT-~vector
is built up by selecting the words which precede (i.e. which are from

the present state) each feedback function bit in the next state vector,



This new vector constitutes the FCAN function table.

The third section is an implementation of the Translation Matrix
Algorithm using the maximal FSR's g~function. The MI'-vector is now
used to simplify the PCAN function into the g-function by discarding
all terms which are a function of Ynr represented by a 1 in the high-
order bit position., This g-function table is then used by the algorithm
to generate the MX-vector. This vector is the EXOR-function vector
which will then, in turn, be used to generate the EXOR-function terms,

available in the new MT table.

4.3 Programming the Overlap Method:

Programming the r-overlap method is accomplished in 3 main new
steps.

The first step consists of choosing the arbitrary initial woxd

(IWD). This is accomplished for each of the NA sequences requested.
The program starts at the IWD, consisting of all zeros and sequentially
incrementing it as more are required. Each of the IWD bits is made
available by its individual storage into the 'MR-vector' toble, made
possible by left shifting (SHFT1) IWD into the upper left or sign bit.
Thus the r'} bit is available as the (r + l)th term of the vector;

the vector is shifted 1 unit as Fortran storage procedure disallows

a 0th term in a vector.

As the algorithm will define the second preference function, this
method is mutated by actually storing the binary inverses of the IWD
bits into the 'MR-vectox's.

The next step is the definition of the 'preference function'' (P)
in the 'MX table! by the r-overlap method. This is accomplished by
choosing one of the (NMT = Zn-l) (n-1) bit woxrds and comparing it to

the IWD in a series of !strip compare! steps. After each unsuccessful



compare, IWD is put through a right bit strip (SHFT4) and the (n-1)
bit word through a left bit strip (SHFT2), both strips leaving the
woxrds left-adjusted, till they are equal (i.e. compare successfully),
then the equivalent rth bit is stored in the 'MX table!, subscripted
in accordance with the (n-1) bit word interpreted as a number. This
process is repeated for each of the (n-l) bit words, till the 'MX
table! is éomplete.

The final step is the generation of the new word (NWD) from the
last word (LWD). This is accomplished by left shifting and upper bit
stripping of the LWD (in the exact parallel manner that the shift
register will operate), then right shifting the remaining (n-1) bit
word to the low oxder, to be used as the adjusted subscript to locate

the new bit from the 'MX table!. At this time, after insertion of the

it

Horilit

S R A S S et S

new bit (thus forming NWD) this new bit is . .. inverted and stored, ‘

in order to have available the second P-function.
The FCAN functions are also defined in this loop and stored in
the 'MT table', as the presence of a low order unit (actually the

feedback function) in NWD indicates that LWD is one of the functions.

4,4 Programming the Complete Method:

The '"complete method' program consists of a preference function
approach, as in the previous method.

This method'!s preference function is defined from the previous
(n-1) level function and feedback function, therefore another algorithm
must now be incorporated, in order to define the required preference
function.

Once this function is available, the program follows similar

steps tc the circuit realization as did the previous case,

The other addition is due to a ''register system”‘required to allow
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the generation of all the de Bruijn sequence circuits.
Diagram 4.1 indicates the preference function algorithm showing
the progressive chain-type build-up using the previous preference

function Pi of degree i and the necessary feedback function Pi defined

from the sequence Si'

Fig. 4.1 Preference Function Algorithm

Thus, from a defined Py and F,, wWe can derive P, which allows the
generation of S3 from which we can extract F3. Then the process is
algorithmically repeated till the desired P .1 is derived.

As each preference function is a binary table and includes a set
of "don't cares', each preference function is in actuality a set of
preference functions, each generating a different sequence. This
problem is dealt with using @ 'IRegister System! in oxder to avoid what
would be a prohibitive storage problem if one were to attempt to store
the preference functions in the computer.

The "'Register System'' is a set of vectors of the 'don't cares'
from the preference function tables. This system requixes only one
such vector (or register set) for each level required (e.g. for
generation of level n = 10, only 10 vectors are needed). The
registers contain only the ''don't cares', and hence allow much mere
compact storage , greatly simplifying the method of keeping track of

which "'don't cares!' cases were used, This latter problem is solved

using the ''register increment system''. This increment system dictates
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that the "don't care' vector begins in its all-zero case, then
increments the vector through all possible cases to the all-one case.
The method defined to keep track of the different lengths of these
‘3on't care! vectors is called the set of increment registers. Bach of
these registers consists of a properly placed binary bit such that the
left-adjusted "don't care' corresponding register is of the exact vectoxr
length as.determined by the number of 'don't cares'' in that particular
case.
The computer program uses the preference function algorithm as
follows:
1. The next level preference function is built up in vector
MXT using (-1) to store 'don't cares!, MXT is derived
from the previous preference function stored in vector
MX and the feedback function in vector MF. To overcome
the problem of vector MX being only half the length of
vector MF, a marker IMP allows for the proper double use
of the MX variables.
2. Vector MX is then defined from vector MXT using the
corresponding preference function register MR. After
usage of the MR, it is incremented using register KRN
which had been defined from the 'don't care'' countexr
KSE.
3. The marker MMK indicates when the preference function
has reached the (n-1) level, Pn-l' and that the preference
function algorithm is completed. This will freeze Fo.a
in order to be able to generate all the Sn's possible at
this point without having to regenerate all the preference

functions for each sequence.,
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4. After all sequences possible have been generated for the

Pn-l

by re-deriving it from the preference function algorithm

defined, a new one is defined. This is accomplished

using the incremented registers, thus producing a different

set of sequences. |

This method is continued, generating all sequences for each %f
.set of P17 and deriving all possible Pn_l's using the

register increment system. When all possible combinations

of P .3 have been used, all possible sequences have been

found.

4,5 Required Sub-routines:

As explained earlier, as a means of using memory space efficiently,

whole binary words are stored in computer words. Thus, in order to
have access to the individual binary bits, shifting sub-routines were
incorporated to the Fortran program. Shifting is used for two bit
manipulations: it is used to single out one bit in the high~order or
sign position in order to test it and thereby identify it; it is used
to remove a definite number of bits by shifting out the controlled
nurber of bits off either end.

The sub-routines used are such that the thirty second or upper
bit is the sign bit and tﬁat bits are lost if shifted off either end,
i.e. through right or left shifting. Tf the Fortran program is to be
used with any other computer system, sub-routines must be added and be
written in such a way as to resolve the same effects; for example, the
CDC 3200 system allows bits to be shifted off one end only, while
shifting off the other end xesults in wrap-around effect, thereby
not losing the bifs.

The sub-routines written and used in this IBM 360/40 application
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are basically a variable left shift SHFTL and a variacble right shift
SHETR with the variable in the brackets following the word to be
shifted,
Example 4,3

CALL SHFTL (MSR, N) will cause the word MSR to be left shifted

through N bits.

Essentially these are the only sub-routines required but, in
order to save processing time, other sub-routines were added, which
would accomplish a certain combination of shifts required at that
particular time, but which could be accomplished by the proper ¢
combination of SHFTR and SHFTL.
These specialized shifts originate due to the left-adjusted
words which are such as to keep the upper or sign bit empty. Thus,

SHFT2 is a left bit strip which returns the new word to the proper

left adjustment; this requires a left shift through two bits,

followed by a right shift through one bit. SHPT4 is its complement.

It is a right bit stxip which returns the new word to the proper left
adjustment but, in this case, @ variable is needed to determine how far
to the right the word should be shifted before it is to be brought back.
This instruction allows the variable right shift followed by a left
shift through the same variable. The other sub-routine, SHFTl, is
simply a left shift through one bit requiring no variable.

Example 4.4:

Consider the following binury words defined in the upper 8 bit

positions, positions 25 through 32:



Bit Position: t'ff:,
Computer .
-Word
32 31 30 29 28 27 26 25 ... 1l "
{
A 0 1l 0 1l 1l o} 0 0 X 0 )
B 0 0 1 1 o 0 0 0O ... ©O
c : 0 1 0 1 0 0 0 0 ... ©O
D : 0 0 o 1 0 1 1 0 ... O
E 0 1l 0 1 1 0 0 0 ... ©O
F : 1 0 1 1l 0 0 0o 0 ... O
B would be the result of CALL SHFT2 (A)
C would be the result of CALL SHFT4 (A, K)
if XK = 29
D would be the result of CALL SHFTR (A, L)
if L = 2

E would be the result of CALL SHFIL (D, L)

F would be the result of CALL SHFTI (a)
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5. CONCLUSION

Digital computer programs are presented which are now the tool
that makes available, for any n, the set of FSR internal feedback
logics which will generate, upon demand, one, some, or all of the
de Bruijn or the non-linear maximal sequences. Furthermore, these
logics are given, upon command, either as products of inclusive or

exclusive or~gates.

This further choice is possible as a translation method was
developed (in both matrix and algorithmic form) which directly

transforms the inclusive-or canonical form to the exclusive-or

canonical form, or applied backwards, will accomplish the reverse

conversion; this method was then incorporated in all the programs.

A background section was included to define the fundamentals
and outline the evolutionary developments of the theory and contains

a brief survey of the linear theory.

Certain alternative methods which yield the required sequences

are presented, including the scheme using output logic.

As the final result is the set of three digital computer programs,
a section describing the approaches used and explaining their methods,

is also contained in this work.
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APPENDIX I:  BLOCK DIAGRAMS

1. S.Se Method:

[[20]z/p N, N, N2, N3 |

Initialize all N functions

- ' '
=] 15| Generate new woxd MI' (IT)
by assuming 1 bit

Is O/P register full? (IB?)

NO YES
2 | new 0/P woxd
MO (IO)

1 | seaxrch MT table. |

Was new word included?

NO ' ‘ YES
11| Put 1 in O/P 12 | Remove 1 bit

register Put O in O/P register

‘
rIs new word all o's_l ‘*

. No YES

6 | Requixre Sequence O/P?J‘

o] — s

__]_-_§_l Select FCAN |9 Print O/P sequence
Reducing MI' table j= —

[121T o/ Feaw |

|

EXOR FSR realizationJ

29

W




2. Translation Matrix Algoxithm:

EXOR FSR realization

29] G-fn. reduction

removing alllf(.xn)

Generate-EXOR fn.
\

= Set up loop (40) per column (ICM & Jm)’|

L

s Set up loop (41) per xow (ICT & JC)

[ Row vs. Col. (JC vs. JM)|

R=C R<C R>C

A

[35 TEXOR row fn. = 17 |

!

YES

~___§{37 lPrepare Bit, StriRJ

1

[Row vs. Col. (JCM vs. JCT) |

RYC R=C R{C
[Last Bit?]
NO

YES {——

. : M)
N 47T xc @1 |

\ ¥

| 45 | Increment new Row Jreem—

NO

\

5]

Scan FCAN for
fno MT (L)

56]

Define new Col,
MX (JM)

I 57| Tncrement new Col.|

[Last Colwm? |e

NO

YES\

\

| Generate EMOR fn. tuples & 0/P |

LT YNG

5 VAR

|
i

i!

i




3.

r-overlap Method:

10| 1/P N, NA, N1, N2, N3|

4

Initialize first word (IWD)
and all N functions

o/P N, IWD

i

Bit break-up of IWD into MR (loop 11)

Generate P-fn (loop 14)

using Strip

compare (loop 18)

Require Seq. O/P§]

NO

{

~YES

lOZI

Initialize O/P analysis
Print title

!

125}

Generate new word NWD

Converting to subscript for MR-table

After use Invert MR term

22

Check NWD for low order

bit

NO

v

NWD = IWD? |=

YES

MT~table as FCAN fn,

Include last woxrd (LWD) in »

0/P Seq?

YES

\

YES

131

0/P Seq?

135

New bit (NO) change?

NO

¥

YES

YES

[wo

116] Increment

| T17] Line Ready (10 full)?|

[L32] o/P last line

Counter KO

NO

YES

119

f

Print line MO

| lll’ O/P FCAN if required
(x2)

. after change

118| Initialize counters IO, KO, LO

H29‘ EXOR FSR
realization

|
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4. Complete Method:

- 0] I/P NS, NA, N1, N2, N3 |

- " [“Set MR register to 0 |

~| 300 | Def. initial P (in MX)

and FF (in MF) £fn.

\

—=>} 100 ] Loop per n variable (NV)
def. IWD

Generate P fn. in MT table
'Don't cares' (-1's) stored in MXT;
counted in KSE for KRN registers

\

" Transfer MT to MX
Set up KRN increm,

MMK = 1 MMK = 2 -
‘ 15 ‘
f 101 [ Gen. NWD nising MX ‘
o= 125 ; Store FCAN into MI | X
F.F, in MF (MMK = 1) - §
1
rllSJ Cycle cmp.? IWD = NWDJ
NO YES
{
127 | Finallevel | 128 l Final level
MMK = 2? . MMK = 272
NO YES NO YES
G ! (1) ‘. |
133 | 0/P seq.? i 131 | 0/P seq.? (NL = 2) |
Nl = 2
NO |YES NO (1) YES
(1) :
135] inc. KO 132 ] 0/P last line
B 0/P line when full ¥OP = 2

o
xIJ



300
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A~s—(15 lAll req'd (NA) FSR's generatedzj

-

EXOR generator

YES NO
129] Increm. JA
0/P Case
O/P Seg.? N1 = ?
NO, =1 YES, = 2
102| setup 10, K0, LO
o/P title .
i
[Tii]o/p Fcanz N2 =2 |
NO ’ YES
=1 =2
! 25| 0/P FCAN|
v
[27] Exor £n.? N3=2 |
NO YES
=1 =2
\
29| G. fn. reduction

o/P

\

MR using KRN

260 |Increment Register System

rﬁV'seq. level completed?!

NO

YES

using MR vector

400] Transfer MXT to MT [

261‘ Zero MRI

{ 265 Increm. using KRN

!

|

\

Search for a non-full
Find

YES NO




APPENDIX II: PROGRAMS' METHOD OF USE, INPUT CARDS

Input to the programs is accomplished using the card reader and
the output uses the line printer. Bach program requires a single
input card which must yield the degree of the machine to be generated
and three output indicators depending on what output is desired.

The Fortran Format requirements dictate that these input numbers
must be stringently placed in the proper card columns (cc) as will be
indicated. |

Furthermore, all numbers must be right adjusted (as these are
fixed-point numbers). The format for each input card is given as
follows:

1, S.S. Method Program:

ccland 2 : N, the degree of the de Bruijn sequence
or of the machine required.

cc 3 : N1, the binary indicator (0 or 1) which
dictates whether or not the user wishes
to include the actual de Bruijn sequence

in the program output.

cc 4 . N2, the binary indicator which controls
the output or not of the FCAN realization.
cc 5 : N3, the binary indicator which controls

the output or not of the EXOR realization.
NOTE: These indicators (N1, N2, N3) can be used singly, or
in pairs, oxr all three, but obviously at least one

is required for some output.
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2. Overlap Method Program:

cc 1 and 2 N, the degree of the de Bruijn sequence or

of the machine required.

cc 3 and 4 NA, the number of such sequences or machines

demanded; this number is limited by equation
3.4.1 (p.31).

cc S

N1, the binary indicator (0 or 1) which
dictates whether the user wishes to
include the actual de Bruijn sequence in
the program output.

cc 6 N2, the binary indicator which controls the

output or not of the FCAN realization.

cc 7 N3, the binary indicator which controls the

output or not of the EXOR realization.

3. Complete Method Program:

cc 1l and 2 : NS, the degree of the de Bruijn sequence or
of the machine required.

cc 3 and 4 : NA, the number of such sequences oxr machines
desired; this number is limited by equation
2.3.2 (p.14).

cc S5 : N1, the binary indicator (0 or 1) which

dictates whether or not the user wishes to
include the actual de Bruiijn sequence in the

program output.
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cc 6 : N2, the binary indicator which controls
the output or not of the FCAN realization.
cc 7 ¢ N3, the binary indicator which controls the

output or not of the EXOR realization.

P T T T E a




APPENDIX III: PROGRAM LISTINGS
1. SS lMethod: This yields one de Bruljn seqguence and )
corresponding FSR loglc , for any n. %
(In the following program listing SHFT3 1s :
another label used for the subroutine SHFTL.) 5
FCRTRAN IV G LEVFL Oy MOD O MATIN ' DATE = 67348 4
nool DIMENS INAN MT (2048), 40(64)1“X(102&) 3
0002 EQULyALFurF {(MT(1025),MX(1)) \
ore3 LOGICAL €% 3
L1004 10 QFAD (1,5) NysN1,M2,N3 ;
6005 5°  EQREAT {12,311} i
_Q_Q_{‘_‘_, E__,(N) bolsT 1
0007 NI=N1+1 3
00nNsg N2=N2+1
o009 N3=MN3+]
0010 WRITE (3,3) N
0011 3 EORMAT (/4HON= ,12)
0012 NM=N-1
i3 feFeiyatt
INTTTALT 76 STORAGE AREAS
0015 1T=1
Q016 MT(1)=0
nnlt IN=1 -
3k ity
c NFW WORD ASSUME 1% BIT
n020 15 1TM=17
0021 IT=1TT+1
0022 MSR=MT(ITM)
oc22 CALL SHFT2(MSR)
C024 MT (1T)=MSP4NB
0025 IF(TR=32)1,2,2
0026 2 JR=0
nn27 10=10+1
0n28 MO(IN)=0 _ o
- — C T T SERRCH TARLE
0029 1 DN 11 I=1,1TY
0030 CH=MT(I).FO.MTIIT)
no31 1IF (CH) G TN 12
0022 17T CONTINUE
n033 CALL SHFTI(MO(IN))
0034 IR=IR+1
%o%‘s gg(%g);:gm 10)+1 o
38 A
° C €1 BIT ASSUMPTIAN FALSF REMDVE T7
ne37 12 MT(TT)=MT{IT)-NB
0038 CALL SHEFTIL(MO(IN))
ne29 TR=TR¥]
0040 IF (KTLIT)) 1556415
C DE RRUTJN SEAQUENCE  NOW AVATLASLE
negl 6 GO TO (13,9),N1
PRGp - e g TR T ET A R Y OM T Ty 10 e
0043 8 FORMAT (16H NDE RRUIJIN SEQUEMCE/Z{LIH 42X 416728))
C0AL GO TO (144133),%2 'y
o045 _ 14 GO JO (10,13),83 e
FCAN FUNCTIC SCLECT Pl
nQ46 13 IP= Py
no47 NN 20 1=2, 1T P
0048 ... MSR=MT(L)_. ; . R
nc49 CALL SHFETR(WSR,NY i
0050 IF (MSP) 21,20,20 ;
n051 IM=1-1 .
L0s2 L Ip=1p+]
0053 23 MT(TP)=MT{TH) ;
0054 20 CONTINUFE :
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0055 G0 TO (29,253 4N2 ) _
NCs6._. 25"_#HRLIE”L1LZQlw1ﬂIij ,1=1,1P) :
0057 26 1F0§§§{0§¥4H FCAN FUNCTIDN,IOX,’OHINCLUSIVE QR SUMS 0OF PRDDH’TS/(lF,
y LZL 3
0058 GO TO (10429)4N3
B 'GY FUNCTION REDUCT INON
0059 29 1IRP=0
Q060 ISBR=2%%30 -
nn6l DO 30 1=1,1P
0C6e2 «“,JE_(MI}I)-YQB) 31,431,330 _
noe3 3| [FP=TRO+]
0064 34 MT{IRP)=MT(T)
no6S 30 CONTINUF
EXOR FUNMCTIDON GENERATE .
TCh6 CM=0
0067 DN 40 JM=1 ,NMT
0NEB IXC=0
069 _ICT=NB .
ooT7H JCT=ICT
0071 D0 41 JC=2.NMT
nn7? IF (JC-JM) 35,47,50
€073 35 IF (MX{JC)) 45,45, 37 _
C RTT STRIP |
0074 37 JCM=ICM
0075 nn 42 JS=1,N
0074 43 IF (JCM=-JCTI” 45,47,46
D077 46 CAUL SHFET?27(JC™)
Q078 CALL SHFT? (JCT)
Qn79 42 CONT ITMNUF
C IXC EXC-0OR COUNTER
08047 IT (TXT) 487 43,49
nnel 48 I¥XC=1
neg? GO TO 45
0083 49 IXC=0
ONRG TS T TICTETT THNR
eCoes JCT=1CT
COR6 4 CONTINUE
N C. o FFA&_EQMCTIDN CHECK
CCR7T 50 00 51 L=1, IRP
GORR IF (TCM=—MT(L)) 51,53,51
N0RQ 51 CONTINIE
npon  _ Gh_TN_56 _
Neol €37 TTIF (IXC) 544 54,55
nra 54 I¥C=1
ne93 GO 1O 56
onoe4 /5 IXC=0
cros 56 MX(J”)‘IXF
0066 57 TCM=ICM+NE
nne7 JCM=TCH
nnogg L0 nA JUIE N —
T -Q*JIJ"W*~"—”"”'”“‘—EXQO TTERMSTGENCEPATF
npo9g 1FX=1
n1on DN A0 L=1,J4
0101 TF (MXAL)) AN, 60,67
niny 62 Y (TEXY=L=T
0103 IFX=1FX+]
0104 60 CONTINUE
0rs MY(TFX)=L . . _ -
0106 YR ITE L, 6Y) (MTUIY, 121, 15X
c1n7 61 FORMAT (1aH EXNR EUNCTTON,10Y, 20HEYCLUSIVE-CR SUMS OF PRAONDUCTS/{IH
1 ,127100)
. 010R GC T 190 -
PICHTTTATTTTSTOP -
Bl FND
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Sample Output:

= 3
DE BRUTJN SEQUENCE
DCOCONESR
FCAN FUNCTTON INCLUSIVE-0OR SUMS OF PRODUCTS
. A0000000 10000000 30000000 60000000 R
EXOR FUNCTTION EXCCUSTVE-NR SUMS F PRADUCTS
00000000 00N0N002 COGCOCN03 0000N0NS

N
D

=%

E PPUTJN SEQUENCE

NONOFA50

FCAN FUNCTION

B 15101101310 KOs -0 [0 RO ]4)
60000000

INCLUSIVE-OR SUMS NF PRONUCTS
O YR00H GO0 3RO0N0ONG 70000000 68000000
10000090

EXAR FUNCTION EXCLUSIVE-OR SUMS OF PRONUCTS
00000000 00000004 00000007 00000008

N= 5

DE PRUTJN SEQUEMCE
FRGAC520 )

“FCAN - FUNCTTON INCLUSTVESDRSUR S NF PRNDULTS
ANCNANEN  N4&3000H0  OCOHONAN 1€00A0NG  3CNNNDDH  T8N000ND
74000030 5CO0IN00  T7AOD0D0  A4NCDONN 18000000 68000000
54600000 6000000C CB80OONCHO 50090000

_EXOR_FUKRCTTINN FXCLUSTVE=NR SUMS OF PRODUGTS
S SnENONGDOTD00TNE 00000006 000TNT0B T D000
—QONO0NDF NNUODOTe T

CONCONI0OU00E

= 6
“DETRRUTINTSEOQUENCE

FLET75(AN32C2A240
FCAN FUMCTION INCL USTVE-NR SUMS NF _2RNNULTS
ONNCHNAD 02200000 QANCOCHL  NFOINNAL 1EQnn0on0 35000000
”“‘K%COHOUO—“TCOOOQﬁO“‘TﬁOﬂOtnﬂ—“FKUOUOOU SENOONGTYT TN CTN0NDT
LADCONND  &D0NOND0  04N00C00 14000000___500200000 08OONNAC
7CHNN0EI0  TADNSNNN  TAOONNCC  AFNDOOCH 78000000 72000000
"*6?000000““@ronﬁnnﬂ—*fmnﬂnnﬂn~—ﬁcnﬁnnwn"—ﬁaononnﬁ—~ﬁzonncwv
18000000 64000000
EXOR FURCTYINN EXCLUSIVE-NR SUMS OF PRONUCTS
0N0NOARD  00NOGONS  CA0Q0COT7  0Q0N00LS  00D0QNOA ¢c0nNe000s
~~00000012~*on00001ﬂ—“nnonnnls-”noooo01c-000ﬁ00r0“~000000r9~
0O0NNCOC  QOGANGAD  0O0000NE  0000NNL0  0NOCCN1S 00000017
—THOANGATF NN 0IIN2N
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N= 7 . ;
“OEPRUTINSEQUEN . L
FEFQEHF?ﬁEQC%Bb CD5A3262C157284880 &
FCAN FUNCTION INCLUSIVE-OR SUMS 0OF PRODUCTS ;
000N0N0N 01000000 03000C00 07000000 OFQONCQOD  1FO000N00
7C000000 79000000 73270000 67020000 1ENDGNNN 75000009
3F000000 TECQODO0N0 70040000  TRODNOCA  T7T7000HCL  6FNCNANC
75000000  £8CHONANG  STNNOONE  T8NCN00D 71000000 £3000000 i
74000080 690920200 53000000  1CN0N00O 72000000  AS5000000 g
Mg \ 0 ( 3 AQ-Q-G-QQF (‘_Anhf\nnﬂ :cnnnnnr\ CA{\'\{\’}’\{\ >
£2NANNANN  450ANANAN ANNOONNL NPNONOGH NACCANNG 54000000 :
NDEQOQORNO 1DD0C000 76000000 "0"0000 S8000CNN  AEOCD020 &
—4RNGQNA0  TLANANRN—ALARCOR—0AND00 aletatels -An0png-. ;
6ROOOG”" 51000000 ﬂCOOOOOO 64000000 49700000 13260000 K
2000000 S0000000 04000000 48000000 ’
FXGR FUNCTINN EX(LUQIVE OR Su4sS OF PRNDUCTS
NONNONNN 000NNNNS  ONANNROT an0NNg  NonacNnA NNNQGONA -
__00000Nn)9 __0000n01A ! 00000018 00““001( Q0N00N F ooonqnyq B
onnoonvn Y O0000N02E 0A0C0030 00000035 0NONNN37 (00205039
00NNeONC  0ACNAGAD  DONNOONE  ABDGNOLI0  0NC0T01S 00200017
00000025  ~NCANND2T  ANDADNNDPAR  AONNNN2A  0NNNANDR nnnnnnoc
0000003 A O0CNDD3R NHDCNN3C O0000LN02E 0o0r003F 00N0nNan
= 8
NE FRUTJIN SCQUENCE
FFTETINTCTIBTATOTRTT6 7574737271 706D 6C6AR6366564626150551494121100
FCAN FUNCT ION INCLUSIVE=-NR SUMS DF pRODPUCTS .
NO00POOND___00SQNNA0__N1800N0Q0  038ANNNO __NT78000AN  OFION0DTN X
77800000 6F80CONG  7EQCOCDH  7C8I0HN0 TIGAAONA  TARFALATN &
57800000 T7CNHO0000C  TRSOCCCO 71800000 63300020 QFOCO0D00O £}
TACO0000  T48GONON  69RLOCHN 53810000 1FENONN0N 79000000 3
_-DJQOOOQQ"_OESDQDQQ*wJDﬂpﬂﬁﬁﬁ*_ZJQOQDQQ__6C80ﬂ0"ﬂ 7A00N0ND B
55800000 57000000 TT40CO000 68820000 51300008 ¢gEONONNND 4
64800000 49800000 1CA000ND 71000000 62300000 45200000 E
5A800000 6P0H20000 56900000 6(0“0000 58RNNCND  £20000N0H i
52F00000  4BOCOONO_ 6800000 5CROANQGN  NANNNRNN  [CACONNND I
49g00000 0CO0C0000 6700”?00 K4Q§UDGU"—18°0“004 E10CONOTY :
51000000 OANDOONN 52000000 45000000 500002000 c2000000
_)YERaNONQn__ 2FRNDN0N TEONONNG TERONNONG  TNANNNNN TRANANANL
6T78NANNA - FONNGOD  7D000000 TTTTARCONGO 1580000 6RO -
1£8075090 72000000 TARQD00QC 40309000 sRRANANN 6FOONNONDN
72800000 65007000 48800000 72000000 703000200 612000920
_ALPANNNA  §QEANNAN  LTANANADR 1DNArAO0N  T5000000  6ARDONHND .
AN IO 0NTON T AARGDONN T T4ANRTACND LENODNOCTT I 2NN -
70A00000  6NENICNAN N3N0NNAC CAROCNHNN 18022005 &DOMDN)N
dahalaYelels) IS Yalalslaa1al R4LRNNANNAN a3A0NNNN 1AnnNNnNneC £9NNNONN
660NNNAN  190NI0NN0_ ASONONN0N__ 4ARCNNGCAH EANCONNG_ A4LNONIND
ALY BT ANl U TAYOONNNN TS IO ON YT TRATATIONT 54000000 -
4ROND0O00ON 04002000
EXOR FUNCTION EXCLUSIVE-NR SMS NF PRCPUCTS
0000000 20000005 00000007 Qo0aR0Ne 00NINNR= DANGLCL 0
DONODNI D ONONOATET "CANANOTF ~0NN20N2¢ 0D 0RC2S5  00Nnn0n2 7
0NNNNA3 G 0NNONNAN38  0ANONN2A  QCNNCN2C  ONINNL3N DANNRC R4 D
0nNnONsS6 0”000059 cO0NNES9  NRNONDSB  NNICHANSC  OO0NNIONAD
. N0000NAA__00IN00A8  0NNNGNGT 00000071 NID00CT4  COIL00T6 -
N0YN0C1L4 00DNANTA  0NICN0LE ﬂﬂPvﬁﬂjﬂ nNeCencIR G0N0NNLC
NONNN020  OAGNNNA  QANKNNIR TTAQRADNN2 E7aNCNN"3T TN oYANATY 4
QOANNC4ES5 CAGNNND4LT  DANODNAQ NOARCOLE  NAGENDNSE ANNONNSY
DONONORE  DNAQRHDINSE  NNQGNQAN  QONONNES  NNCONNELT 00NN NAQ
00ANANATS  QOGANCTA  POANAAATC  AGARANTD  ANRNNATE  O02ANNRRA
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5. Overlap Method: This ylelds any number of de Bruljn

sequences and corresponding FSR logics ;

up to a defined 1limit ($2n—l), for any n.

FCPTRAN TV 6 LEVEL 0, MOD 0 MAIY NATE = 67248 1674774}
. MENS TON MT(B192) (MO(64) 4 MX(60S6) ,MRI13)

..__g? 8‘7—._-_—-_—-32-2;1’ -VALENC E_{MT{40 9]—)—0)"—-\(4—1—’-)-—9“—-“‘50-(-1—)—9-3"-9—! 1)) ‘
¢co3 10 READ (145N, NA,NL,N2, N3 ;
0ncL 5 FORMAT (272,311) o
nNOCS IF (N) be4,

A6 T M}=M1El
6007 N2 =N 241
0008 =03+ -
lek! NM =N =1

_"AEOJO_M__ﬁ,_NMI:%ﬁﬁLN:Jd
cort . Np =2 (31N AVATL WD RITS TINTH *MR® TAFLE
0Cy12 Ib’ﬁ:—’\lp A ' o

B01E A= T T | N
0614 1% IF (NA=JA) 10,110,129
0016 120 JA=JA+1 )
Ne16 .Igoilwn;NQJ_M run |
_._%%%Z.___%..”__.EC’_‘.;U%:“J-('/-,—'H—R?\;;—v;i'?*ﬁ-;‘x" AHINTTIAL WORD=428412X,1 aH(0 Y(N) Y{N-1) ..g’
1.)) i
0019 JoM=14D _
A020 DO 11 T=1.Mo ____“§
re21 FALL SHFTI(JCM) |
co22 ir (JCcM112,13,13 :
0023 17 MR (1) =0 H
 A024 60 _T0_ 11 _
peoS 13 MRIT) =
qo?6c11 CONTINUE SET UP *P' FUNCTION IN ™X TARLE

o7 MTY=TWD e o
neo'g L CM=32-N
nr29 NM 2=H=? -
0AT0 CALL SHET4(MT1,LCM) :

o021 ..hC 4 T=1MMT —e
pN37 LC9=37-N
0N273 icT=1-1 . -
0024 CALL SHETLLICT,LCY)
oe25 CIE (MT1-TCT) 164917916 I
CEnE YT T MY YENRI(N)
nn27 GO TN 14 .
0028 14 JCE=ICT
2 M=t o
onae L IEASETL e (O HO AR
0040 PN 18 J=1,N%2
04l CALL SHET2(JCT)
nAG2 R S U T .
CapAS T TTTEALL SHET4LJCNGLEY)
nN GG 1F (JCT-—JCM)]Rqu,lg
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0045 19 MY (T )=MR{N=J)
fosh 60 _TO_14
0047 1R CONTINUE »
0048 MY (T)=VR(1) 4
0n49 14 CONTINUE :
0050 ——_.-LCM=32=N. .
0051 NKD=TWD
a/P INTTTALIZED .

0052 Gn TR (101,102),N1
0053 102 MSR=IyD
0N%4 KnP=1 :
0055 10=0 . B
n056 CALL SHFETL{MSR,MN) '
Q057 JF _(MSB)L.1 05:106.,106 —
¢os8 105 LO=1
059 én TN 107 n
fO060 106 LO=D :
0061 107 _KO=1.
0062 WRITF (3,1M8)
00&3 108  EQRMAT (19H DE RRUTJN SEQUENCE) -
c064 101 IT=D
N S . __GENERATE NFW WORD (NWD)
5065 125  LWD=NUD : )
ANEL CALL SHET2(NUWD) o
Q067 CALL SHF TP (NWD,LCM)
foes 1 FX=NWD+Y1
C069 MSR=MX (TFX) h
nn7n IF (MSR) 21,20,21 "
A0TY 20 MX(TFX)=1 |
on72 . CALL SHETL(MWR,LCMY E
0073 AN TA 22 y
ACT4 21 MY (TFX)=0 '
nO75 CALL SHFTL (NWD,LCHM)
00T7h  ____ NWD=NUD+NPR o

C _NWOSNED#NR ek (WD FOR FCAN(STORED IN 47 TABLEZ
0N77 22 MSR=NWP I
no78 CALL SHFTL (MSR,N) 1
0079 [F (MSR)?23424524 — i
arRen 22 7 IT=1T+1 i
o8l MT(1T)=LWD i
0082 N =1
nre3 6C TP 116 o
Dﬁgﬁ'7L'WNGEN”“””““‘““"“ —
?‘?";Z '1[']2,6 IF\ _(rhl"-'?-iglfn}%})??&‘!!}f%l 1132 -
O TN 1,132) 4N

¢ e ! ! O/P SFQUENCE e
nneT 133 A0 TR (125,135 g NI
00923 125 [FlLo-mn)il7,116,117 g
0reg9 116 KN=XK0+]
0090. — ... 50.T0 125 ———
coal 117 IF _(In=64) 112,119,119
0092 132 KnP=2 -
0093 MO (TN =KN
0094 ]19..HRITE,(3,120)(MDL!&,L;l,JBL“»w, _ R
An9s 120 FORMAT{IH ,6412)
CNGA RO TO (1264111),K0P .
goe7 124 I0=0
rocs. 118 .. 10=T0+1.__ - .
0099 MO 10) =K0N
0100 KO =1 .
c101 L0 =N0 5
0102 .. 60 TO.125 e
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i
i
-
o _ i Ll
- = uJ f { =C
~N O [ “ s b —
o < w “ | o~
- O w ‘ uy e
& = < _ , _ - o -
T C Wi ; <ti >
- W Ly ! _ cr' u. T
- o w i L T
a~/ ! | 3 C—
N = i ! ﬂ i &~
o Z c i m ! } G -
1 .« - s o i | 1 (%l P
o m ¢« m u ’ — . * _ M = X o=
<Y = ! < o W >
[ d 'll\L z = = i ’ L ‘ _ | u!t — ®
o}~ D o = T | i | - W e
! ot ol < c | S i | .
= « o | G o L = T
Ll & o - [ el el < . ! i O -
o e & - = ~ < o e _ _ < | )
= © w (ad o) - o @ — i t ul o ~TZ
-I.F_ . - [T & ™~ c | _ - i *® w i w L -~
~-_ - o & 1 04 [ by A i ! - - >
N 2= [\ [ ——— o = Nr) W ; , c. o
T\ & < o T va > " . : Ne =C e~
"~ .N - -~ Lo ,T ol by oW wo w —~ 3% ' w - —X
- Ll c — = _H.-..—H..A‘S_ J.IJ ! p“) r: ! ~ C >pP!\
e~ {>o [V 'z = s ! Zon - - . - —~ >
eI N o S - o~b= e I8y} V- < Bl ! e T —T
e\ HHem & - “T - O\, = = ome — 0NN Yrb‘_. [« 1] W v_” Uy [S1% M - | NS aa
QvUNS IOt S, ‘o s eal 1oFF - = L& i >z | e o e
[N el (2l e SRR Y = T vy W + W 1t uo—~ < —_ i ot i+ N o
((LY( r*](R)U - LaOER - TAD G P2 LNHRL AU (A Rl X e, e
I FocZ ' co uX 'L wwnwwa L [ S e =X —~UCZ il ZX =<
Fowgacc O?OMLRI COCZ=—mTx —e | e —— St ll‘nU]ﬂOhIII"lOMFTIFFA(O
o Sier et e Mo i TR T N L R g R e v Al
W =T oo al—z = CTT_ - o b e Z v eI ET X Cxoema< CO
aceoclec e Gueimo UoxuwL o U couLa<o Wy XU DFDﬂFXGXXCCD“FﬂFTFDTQD7OTN
O WNG —meTmEC e A e T L —-—C e D]rGlIGlNIJCWIHIMICMHrvGSF
—t H H 1 i f H i [ —
| p _ — 1 | { | 3
\ ! i i
- B w F | . . , - . A
- " [o N o] i o~ o0} N ~o cuy ~ CI o~ K o~ O o O —
N N el o AR e T e ALY ey 3 e < & %
© ._ _ < Y © _ < ! b H : '
o ! AT 6789&1?3&567“890123456 ~c o
C

Z
g .lL?JA» G,._éﬁlR.Qi —o\ O~ O.Jﬁl

mmllll lllllmzz OGN ONEN 2332533 333344644444WQQ9555555 [t e
—{ ettt g e ot et 0 e gk gt el R L o et e vk A ot et g el e ot et ot i et it ——r
coccacc cccocococ WUQAUCWA\ wcoc odcce h..nuﬁﬂbﬂ..n.,ﬂﬂ cccc Wn..00~ﬂJFJOn\,0rnn CHL O

YT T



- 80 -

Sample Output:

N=_ 3 ~_INITIAL WORD=10000000 (0 YIN) Y(N-1)..)
’Ug‘gﬁngN"sthENCE
FCAN FURCTTON INCLUSIVE-OR SUMS OF PRODUCTS
10000060 30000000 60000000 00000000
“EXOR _FUNCTTON EX L USTVE=OR SUMS OF PRODUCTS
80000000 00000002 00C00003 00000004
N= 4 INTTIAL WORD=08000000 (0 Y(N) Y(N-1).oo)]’
NE BRUTJN SEQUENCE ,
4 1221 11 _
FCAN_FUNCTTON ™~ NCERSTVF=DR SUMS TIF PRODUCTS
(08000060, 18000000 380000C0 70090000 53000000 60000000
10000000 _0CCINN00 ,
EXOR FUNCTION EXCLUSIVE-OR SUMS OF PRODUCTS
ann00000  00N00NN4G COCOEO0T 00090008
N= 5 INITTAL WO®D=00000000

DE BRUIJN SEQUENCE

(0 Y(N’ Y(N—l)cﬁo) .

_FG*TE”TY*T1WFY“T1“r1f?1 (3 _ T
FCAN FUNCTION INCLUSIVE-OR SUMS OF PRODUCTS

(0 Y(N) Y(N—‘?...Y(l) Oia:n)

74000000 6CNIDNQN 770900000 64000000 12000000 68000000

coeconnn 04900000 ncoenQcoe 1CNNNON0 3C0NN0NG  T78000N0N

54000000 60000000 08000600C 50000000
TYOR-FUNCTTON _\,tUSTVE?ﬂR—SﬁMS‘OF‘?RﬂDﬂCﬂ5 "

lU...U”YTNﬁ‘YTN—lﬁ...Y(1)1‘
000000NF ©ONNCO10
00000000 00000004 c000C006 00090008 0000000C 0O000O0QO0E

N= 5 _ INTTIAL WORD=04000000
DE RRUIJN SEOUENCE
—1-2—3

{0 Y(N) Y(N-l)...);

—5—1—23—2-2—1 33—} —1—2—1—5—
FCAN FUNCTION INCLUS IVE-0OR SU4S nF PRODUCTS
(0 Y(N) Y(\!_l)o.ov‘l) 0...0)
6C0O00NDN  TACNN000 54000000 18000000 68000000 54000000
04000000  0CH0NC00 1coenona 3CNN007N0 78000000 74002000
60000000 08000000 £A00000C 00000000
EXOR FUNCTINN EXCLUSIVE-OR SUMS 0OF PRODUCTS
_0ennn0onE _ 0oenCele
__QDDDDQQD,.QDQQQQﬂi__ﬂﬂQﬂﬁﬁﬁﬁﬂ_ﬂﬂﬁDﬂﬂﬂﬁ__DﬂﬂQDOGC 00N00NOE

4CNO0CN0
“3¢000000 78000000

(D Y(M) Y(N-1)eeo)

N= 5 INTIT 1AL WORN=080N00NO
DE_PRULJN.SEQUENCE ey S
1512111123 s 2?2 31
FCAN FUNCTION INCLUSTVE-0OR SUMS AF PRONYCTS
74000000 53000000 68000000 50000000 2400000C
ngceneng 147000900 2¢00000C 5C00N0N0
_.nlﬂﬁoﬂﬁﬁ”,_OPQQQQQQ_,QQQCQQQQ__éDEDDﬁQme*_ﬂwﬂ_w,
EXOR FUNCTTON T EXCLUSTVE-OR SUASOF PRODUCTS
0000000P  00CNDADC 060DNNAF  00C0N01N
00000000 nooONN0N3 00200004 00070005  20N0N008

00N000009




N=T 6 “INTTTAL WORD=00000000 (oY TR VRT3 |
DE RRULJIN SEQUENCE . ( '\
1631 4221113 3212112221124 1111131215 b
FCAN_FUNCTION . , INCLUSIVE-OR _SUMS_OF PRONUCTS ]
10V (N) YIN-TTee oY (1) Cconl) T - |
7Ca00000 7Aoonnnﬁ”’ﬁbooqnﬁﬁ"ﬁfﬁﬁﬁﬁb5“7?ﬁﬁﬁoﬁﬁ“‘7?ﬁ66“ﬁﬁ“ .
62000000 20000000 1A000000  6COCHC0O0 6800000C 52500950 ]
50000000 cannIann S : i
00000006“0?dbGUUﬁ“‘ﬁEUﬁb600“6EU§6U50"TFUOﬁooo"'36000000 !
66000000 1C000000 74000000 AAQOCONO 56000009 70000900 :
18000000 64000000 4ADN000D 60000000 ngnannnn 14000000
EXOR FUNCTION EXCLUSTVE-DR SUMS 0OF PRONUCTS
(0...0 Y(N) Y(N—w)__c__c__o_Y__l_l_)) . _ _ —
0000AN0C  NG00NJ0AD 00 ,000E“”OOﬁﬁﬁUTﬁ“nDGDOGTF"UUOOUﬁT7“ ;
000NO0LF NNCNNN20 ‘
—Q 0000000 00000005 cHonOn07 oonao00s  A0000N0A 00NCON0R
00000018 0CO0NO01A 00060018 0C02001C 00000010 O00NCOOLE j
N=" 6 TNTTTAC wUWU?UZGDUUGU—"——'— (0 Y(N) Y(N=1)sas:
DE PRUIJN SFQUENCE i
61423111373 21211222112 41111131216 T
ECAN FUNCTTON INCLUSIVE-0OR SUXS OF PRODULCTS
(0 Y(N) Y(N-l)oo-Y(‘.’ 70._..0, . . _ _ : ) . _
7A000000  TACND000 ’bsnoonnn"7gnﬁnnv0*'72ﬁGUﬁnﬁ—”56GDUUUG—
oconenAne  1A00n100 6CNAN0NE  6ENDNOND0 52000000 1800CC00
Q8000000 NNCNYNID .
‘"’nzonOOUn”*UEUOOOOD‘“ﬁGUUUUUU””TE030030*‘3?000093 7¢000000
16000000 74000000 (A000C00 560300700 70n 00700 62006000
64000000  4ADD0DNE 6n0NN0CE 04000000 14000000 50000000
EXOR FUNCTICN EXCLUSIVE-GR SUMS OF PRODULCTS .
10-..0 Y(N) Y(N_l)oc IY(I))
00n0000C  C2G0N00D ‘ﬂUOUUDUE‘—ﬁUFﬁTUTﬁ‘—ﬁfﬁﬁﬂﬁTS OO0
000H001F ©00NNC20 ;
—‘nnnonnoo~—nonn0005'-vnnvnnn7‘“nonnnnn8——ncvnnooA 00200008
00000018 CON0OOOLA 00ococ1Bs  NCNoo0l1C 0oNNQC1R 0NNOCOYE
NETTE '————*—~*1N11th“wmaofuuonﬁono—_—““ (0 YIN) Y(N-1)eoo !
DE BRUTJN SFQUENCE :
1613111212 24211111272 11233312162 4 1
FCAN FUNCTION INCLUSIVE-OR SUMS OF PRODUCTS
{0 Y(M) Y{N-1).oaY(1) Neeol) !
’TCGO0000“‘7%C”OPG?‘“?K?”ﬁﬁ??”?C?ﬁﬂﬁff”*7Gﬂﬂoﬂﬁr“‘ﬁﬁﬂﬂﬁﬂﬁﬁ‘
76000000 64090000 1400000C  28CD0ON0 52n000NCe  4C000000
07 6002gCg?-’1rncnnnn ~ﬁ?ﬂwoo~n—~5:ﬂrﬂr0ﬂ-ﬂfﬂn¢0wo—
— 04000000 TOANQGON T 500N 2E00000T STAR010101050 MR SAL LA RO
768338%9 5ANCCCAC 58102000 32000000 661N0CND  &ENDNDOD
50000000 22000000 26000000 T00OOGON0 ARNONCLNS 00000000
EXNR FUNCTION EXCLIISIVE-OR SUMS agF PRONUCTS
(Neo.0 Y(N) Y(N-1)...Y(1)) ] B
“OOOOOOOB“"COPQGOOF‘“OOOOOﬂTO“”OOOO@Q11“”0?0000TA”-000000T6
DeNAANIFE  CNCAND20
”“OOOOOOOO“’OOOOO003”‘00000006’“00000007“MOOGOOQOGﬁ”OOOOOUUK“
00000017 00000018 0000N01A  0COD001P AOANHNIE  NNNNGCTD
'Nf—*"““”’“""“"1NITTAt‘VO?ﬂfOﬁOCCOWU*' oY CNYTYTNETI T
DE PRUTJN SEQUENCE ¢
514 2311133 >1211222117256 11111312141
FCAN FUNCTION INCLUSIVF-0P  SUMS OF PRPONUCTS
”76000000”“6EOOOOOO”‘7Q°GOOﬂﬁ“‘7709ﬁ000“‘66000000“"16000000“
1A000000  6£C0NN020 £2000000 52002000 12000000 A4000090
50000000 42002000
-~ 0600000 OFOOOOOC““XEOOOOOO“”3F000000““7C300090W”7A000090“ :
74000000 6A00000C SHN0NC00 70000000 62000000 0Can0n0o0 ¥
LaCCORNn  NONOSCNC ALONADOC 140100010 §0006AND 080N 0N0 e
EXCLUISTIVE-0R SuUHS OF pPROMUCTS

FXOR FUNCTINN e

-

ee V(1))
NNSNNNE QCC 0N ? A DA AT T T N e AN GIALA LA AN R
#(‘Of)ﬂf‘Cﬁ’%"“'ﬂOﬂf)OO’)R‘”"f){)f‘nﬁf}("‘,ﬂ""n NONOONAT
cooonnln nonNeoln aANONNLE  0ADEONN20

£

(Ne..0 YN} Y
—00a0000 T CNCNNDD
—ANCOOOOTORN0N0N
0600AN1 6 0000001

N

—
1
7
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.3, Complete Method: This ylelds any number of de Bruiljn
sequences and corresponding FSR logics
up to the maximum (22~1/2n), for any n.
FPETRAN TV G LEVEL 1, MDD O MATN DATE = 67356 n1/10/"
noeol 12§MENSIDN NT(4006),MX(4096).MF(4”96),Mﬂléh).MR(lz),KQN112)1WXT(4Q<
coc2 158=2%*30
aon3 10 RFAﬁ(I,S)Nﬁ,MA.Nl,N?.NB
neco4 S FARMAT (212,311)
oeﬁ%—m~~mw4F—1N§44;avv~ﬂ~-ﬂ— —
oece T N1=M1+1)
aQet N2=N2+1
08 N3=N3+1
Qo0 JA=0
DFFINF REGISTERS

0010 NSM=NS—1
nr1l nh 72 1=1,NSM
0py 27 2—— MR =0T = —_— —

C INTTIAL 'P' & FF FUNCTIONS I
ac13 300 DO 30Y T=142 !
n014 MY(1)=0
ARY)5-—30F—H e
0016 ME(3) =0
0017 ME(&) =0 3
18 NV =) i
001 G- MBI =} - T T T ——me -1

C SET u°e 'P? FUNCTINN IN MT TABLE K
np20 100 NY=NVE] :
on21 N=NV+1
NDNEP2- e NM =N e T -
00?23 NN T=2%#% (N=1]
nCc24 NN =2%% (31-N)
0e25 TwD=0
QP26 e _pno 281 L=l N T e -
0627 251 fEn=1wn+ 25 (21-1)
ne?s IF (MV=-R5+Y) 263,252,257

C Gamyw o wkmuE (WK=2) sk g e :
nozq"-zgaaﬂmmmzzw-_,*_M__ﬂ_ﬁ~,—““___ﬁ_w*- - §
0030 2563 LCM"=37-N k
nn2y NwD=TUN
N3y MR F=N2 (NV)
NOAR s e R e T
Q024 1P=0
no2s KSFE=0
ne3e KSET=1
T T NEEINE D)oy e-e 1-)=D —
nQ27 MT (NMT)=0
ne38 MY T(N¥T)=0
onzo MM TH=NMT-]

311
312

315

NM2T= 25 (N=-2) ~~“f—'~—'~-w~ﬂ-~"v~"w~——~—-m~~-w"-~f~~5

Do 320 1=1,NMTH
IP=1P+1

IAL=MF(I) T T —
co TC (311,313),IH :

IF (I-NK2T)313,313,31%2

TiP=?2

1p=1

KAL=KAL+MK(IP)

1F (KAL-1)315,310,515
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CHONSE USING PEGISTFR (NV)

ons9 315 CALL SHFET1 (MRF)
0osn MXT{1)=-1
ﬁﬁﬁi“——-*-KﬁE=wﬁr41
0052 1F (KSF) 234,333,334
0053 233 KSFT=2
0054 K<E=0 .
6055*~%?#—~TF(MPFﬁ_%leSGT%SV—*
nes6 330 MT(I)=0

57 o 10 320
ARS8 321 MT{1)1=1

€ CR—Fa—320
0060 216 IF(%F(I))3!7,318,317
0061 317 MT(1)=C
0Ne&? MYT(I)=0
0963"-*_~GP~TH—%?O*V -
0064 318 MT{T)=1
0065 MXT(I)=1
0066 320 CONTIMUE

G TRANSFER—MT- T MX
noe7 no 327 I=1,NMT
ones8 327 MY (1)=MT(D)
. KRN INFREMENT

—9069~-—-~—-GG«IF!-—H~13.-H-Z#-TK--S —
0070 113 IF (KsC-31) 114,112,112
nN71 114 KRN (MV) ox%{ 31-KSE)

0072 ce TO 322
DET-F—1 ) 2——KENL NV-)-=]
n674 322 CONTINUEG

C
0075 o TN (101,015),¥
e 16 TR (NA=JA 1Ol 0412l
C Lhsnie 4 wmstt (129,10) FFEx
on77 129 JA=SJA+]
{ NSy JA

VT 3,3) N
.legngp_—‘£CRﬁAJw4<4HDN:—qizq5X1—QHGLSE—NszqL4¥—~————
0080 103 6O _TO (1015102),N

g/P INITIALIZED

nogR? KCP=1

D0RA =0 Y —
NOg4 CAL SHETL (MSRyN)

0085 IF (MSR) 105,106,106

nors 105 L0=]

AfpT-———GRTATI 0T

noeg 106 LO=0

angq 107 Kb=1

2090 WR TTF _(3,108)

-000{~ﬂr0%~~FﬂR¥AT—LIQH—QF*RPHIﬂN'RFGHFMFFﬁ*—“—-ﬂ——"~~"——~
C

GENEQATE NEW pORN [ NHD)

’ﬂOQ%“““”“W“—NTﬁ°° -

0hC 4 TE X=2%%N-1

onas 125 Lwn=MYN

ANOE | EX=T1FX
-00G7w~ﬂwuwﬁcﬁtt»SHF$?4Nw9)~»--—-w~«~-w~-~m—-~———_~"—-—
QNGR CATY. SHETR (NUWD,LCM)

0099 TFX=NVD+]

0100 veR=MX(TFX)
JH£L‘~~~~”—4F“+MSP)~?lw?01?4~ -
n102 20 MX(1FX)=1

0103 CALL SHFTLINWD,LCY)

0104 1FX=16¥-1

0] DG e T EX =T FXE D e o i e
N106 Gn TN 2?2

10T 21 MXLTEX)=0

n108 CALL SUETL MWD, CM)
-0]GQ»«—-~—NNQ=NND+MQ~~-w—_-~~~ﬁw~ﬂ—-
0110 1EX=1F¥-1

0111 IFEX=TF X2+ )
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C CHECK lND FOR FCAN, STNRF TN MY TARLE
NnY)2---22— - MER =AW o e
n1l3 caLl SHFTI(“SQ M)
Nnila 1F (MSR) 23,724,224
n11s 23 IT= IT+1
0116 MTLIT)=1-WD
0117 NO =
0118 GO TQ {180,115),MMK
n119 180 MF(LFX+1) 1
0120 - Bl N--115—-
0121 24 N0=0
n122 60 T (181, lﬁ).M“
0123 181 MF(lFX+1)=
-0).24—115—1F - (NWYD-TD )1 2741224127
C e I (175,100,101 1) &&ekX
n12s 128 GO ™ (100,131} ,¥MK
o126 131 GO T0 (111,132} 4N1
- SO n/p _SEQUENCE
n127 127 O Tﬂ (125,1?3).V“K
n128 133 GC TN (125,135),4N1
n179 135 [IF(LND- NOY1174116,117
0120 16— K=KO+T
n121 G TO 125
nM272 117 1IF (IP—ﬁa) 118,117,119
n132 132 KOP=
0124 “““—M"(Iﬂ)_VP"“
01325 KMT=KNT+KN
N136 119 Q“TT' {3, 120)(%0(1);I=1,In)
n127 120 FﬁRMAT(l G H4T17)
A28 ———60— T~ (126711 FKAP—
n12g 126 IC=0
0140 118 10= 1N+1
N4l MO(10)=KN
0&4?’~~"*—VNT*KVT+K0—~—— - S—
nN1473 KO=1
N144 1.0=N0
n145 ¢0 70O 125
G —/P—FC
ntse 111 TP=1T7
0147 WRITF (2,2R) KNT
0148 28 FARMAT (16H0<FOJFNF[ LENARTH,IT)
ﬂ149»—_~—~—GPan—#?Vy?ﬁ¥ym?~——m—"~w-———
o150 2?27 G0 TN (260,729),N3
np1s1 2?25 VO ITE {2,26) (T (1) ,1=1,1P) ]
nigR? 26 FORMAT (14H FC AN FUNCTI1N.1”Y.?9HINC.U%IVE—?Q SuUMs NF prANULTS s EX
e} 2R (D Y(M%~¥%N-+ﬁrfv¥+4+«@:7vﬂ)/(1H 122100
n1s3 Gn T {2A0429) M3
C 1ot FUNCTTON REDUCT TON
n154 29 1P0=0
A1BR - PP A0 =) g TP e o T —
nN1s6 TF (BT ()= 1SR) 31,31439
0157 21 T?D—!°D+1
0158 24 MT(IPP)=’T(])
H158-— 20 ——LONT-INUA -
EYNR FUNCTTNN GENFRATE
N140 1CM=
N6 ne 40 JM= I,MMT
A16D e o I X G O (R
0163 I(T—NQ
0164 JeT=10T
N165 e 41 J0C=2, “”T
ol W SIS | T I Y T oty B0 R + 47-450 S
0167 3% 1F (“X(JF)) 4“ 4“ 27
C 01T § Q[D
n1&es 37 Jeu=1rM
N)E6G e~ DL D |Q 1.q N T T P
0]70 ,!q ]'F' (J -‘JrT) 4),/{,7,[;6
0171 i CALL QUCT? (Jc)
n172 CALL SHET? (Jem) :
017%~—42~~»cﬁﬂ*7N1w~ﬂw~~—~--~~—--—~——--’w-~—-—'~f- -
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Sample Cutput:

N=—3 GAS-E-NGs=—1~
Df QR?I{N2§EOUFNCF
FCAN FUNCTIO 1NCLUSIVE-NR SUMS 0OF DPODUCTS
A N ohanaD- 226000000 — —£0000000- 30000600~~~
EX02 FUNCTION EXC! USTVE=NR SUMS NF PRODUrTS
00000000 00000001 00”00ﬂ03 00000004
N= 3 CASE ND .= 2 i
Q% ?P?I%N?SEQUFNCE
FCAN-FUNCTION -~ INCI USTVE=0R SRS - OF--PRODUET S J
60000000  Q0O00CNO 100CcN0O0 3000000
EXOR FUNCTION EXCLUSIVF-0R SUMQ nF PRODUCTS
0NNNONAN  00NNC002  CADDRLNT  00NNNONA
N= 4 CASE N} ,= 1
-DE- BRqIJM—SiOqF}"g
FCAN FUNCTION INCLUgYVF-ﬂR suMs NF PRANUCTS
RSpOOO“O 3900)00
QNo00NN0 20000090 4 8N0NNNY  30NH00DAO conHnNNny 22090000
_EXOR_EUNCTION AFX(LU§IVE~0R_$UW§_QF “RQQUCIS-———~—w#—
L LAY INY_YIN=Y) vl
Oﬁﬂq““07 onn~nnNg o
nNoEENONo  0NCON00T  092NC0002 nconNONN3  N020000S nNoaNIeNe W
N=— b _CASE_ND,=. 2 . — P
NE pRU{JN SEQUENCE H
11 2241173
FCAN FUNFTIOV INCLUSIVE=-0QR SUMS DOF PRODUCTS
(j Y(N) (M_‘l)cch(l) 00.00) ‘i
MSEQDQD“H ARCOANNIAN !
72000000 -ZﬁﬂﬂﬂﬂoO-hﬂ&09ﬂ0ﬂ*ﬁﬂoqqﬁonn Y 1L0A00LAN__ 23003020 i
EXNR FUNCTION EXCLUSIVF-0R SUMS 0F PRANYCTS
(Oll.q Y(r“) Y(““’l).oov(l))
00000000 CCO00ND1] cNNEO005  C00NC00A Q0NOOCHT 00010008
N= 4 CAST ND .= 2
NFE_ “QUJ!N qfﬂﬂ““fc -
2 141123
FCAN FUA(TIHN INCLUSIVE—QP SUMS 0OF PRONUCTS

(6 Y(M) Y(N=1)...YI1) Neael)
cenNQnN0N0n 38077100
60C00NND 48900070 20NN0NS0N  NONQOINH 107200070 229703030
FXNR FUNCTINN FXCLUSTVE-OR Su¥sS aF ”Q“PU’TQ
(DeeoD YIM)Y Y(N- NeeaY1))
nACOOCON  0NN00001 cANONNNG  DCONDNNA annnnnn7  00NG5008

USRS e e

N= 5 CASF MNN,.= 1

NE RPYTIN SEQUENTE

=Gy 327201 2T e Tt R it Al R

ECAN FUNCTTINN TNCLUSIVE-DR SUMS aF °RO”WFTQ
(q Y(N) Y(M—]‘oonY(]) f).‘.(_\’
DN ANAAN  ACAAAAAN 3OAARARR  ABNADANN BANNNANC 5ER0RIL
NAOCO0NNN 20000000 LACCONNN  ANANNON(C sgnnnNran 50NNNNG N
34000000 60NN SCONDEAN 20000000

CEXAREUNCT TN = e EX U S TV E - 0P QUM G = PRODMICT § o T
— (““““““Y(N)“N(“~4)717Y(1)1
ANNAAFAA  CACANNANT  NANNNNG0 e YaTatalatataln mnnpnnnc kalab atatala}
4000NNNA  NEICHNNT  OANNARD2  NORINECA3 0NINCRN4G  RINADINS
AALADNNE  O0NCR0L0 S
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AR
N= 5 CASE NO.= 2
DE RRUTJN SEQUENMCE
1122111335122 111
“FCAN—FUNCFION {NCLHQ‘VF-ﬂR-%UHQ—OF*PQBDHCTP
"'*"_-Y"{'A'—"}coc‘l’{,l} '.’}-o.. I
aconeano  00000aNe 10000000 24000000 18000000 68000000
78000NN0  T4N000NN 3NNNODCAN 48““”"”” 20700000 44000000
54000000 2COCO0N0 5C00NNCA%  3C0NY
EXOR FUNCTION EXCILUSIVE-OR 9UM§ OF PRONDUCTS

(Deea YINY Y(N=-1)0o
NEONNNAD  0ONNNDNE  0ONC
09

——09000030—00000091—00¢

OJ><
:v%wv

DO -—ﬂﬁnﬁeﬂﬂﬁ-“00000069— noandINN B

N= 5 CASF MO,= 2
DEBPUT: NS FQUENGE-

2 11331251221 1
FCQN FUNFTIHN INFLHQIVF pQ SuUMsS NF PRODBUCTS

(') Y(N) Y(.'_ ,QOCY(I, 0.-.0)
7400QC00 OOrn“OﬂG 100000AN 24007000  18CCONOC 680NNNNN
7”000000 000000 ?OOOOOPQ 44N30000  NCHOONRDO 38007000
—3C000000
EXOR FUNrTIﬂN FYFIUQIVF Z0R SUMS NF PRODUCTS

(Oono’) V‘N) v(“"l)uonY\“)
oeoNNNNC COCNINDFE NNDNNINF nononN1n

00C000ND  00N0DNNYL  0NOC0002  000200NH onnnNnenNg 09103008

N= CASF MD.= 1
DE RRUIJK S FOUENC CE

1614221113321 21122211241111:1 312
—FCAN FUNGTTON- INCLUS IVE~-DP—SUASOR-DRADUCT S

(f) Y(N’ Y(”"l)ccov(], r)-u-'- -

22000000 44020000 28000000Q 48000000 240200000 44000000

LEAAONNANA  2C0NNONN  TACODN0C 54007000 2A000N00C 560730030
00

SENAARNNN  IECHNCAN
NaGNOOND 20000000 - 420CHN 20000000 44000000 SOOOﬂOOO
rqcnonnn 320000N0  4CONNCNDN  63NN0NND s200n0nAN 26007000
5C00N00 AQ0NDNC  ECONORNO SAONH00D 34900000 AFEN000NDD
-TXOR~FUNFTIQM—--~——f~mnF¥FLUSJVF~PP—SUVQ—QF~3P«ﬂU(I§
—~~——~—4 NI, WV 6 V8 WULVZ ST T B A Oy B B
Oﬂﬁﬁﬂﬁﬁ nACANNNT  0DNNN0NE  OCNOGN09 ANCONNCA OCNDNGAPR
ARNNG013  0AGHANNLAE  ODADNOLS NOOANNIO  aarcNnlE  CanAeN20
0NCNOANN  ANINNENT  CNNONDN2 nAANANNY  ANANNND4  DONNNNDOS
0000000C  ¢0O0N00D  0020000% 000OCINE  00N00ONLY 000003012

)= 6 rnﬁt NO L= 2
NE RRUTJIN SEOUFNCE
1 122113221144 1 21 2211111 2311121S-5
FCAN-FUNGT TON e o TN Uca IVE-CR. -SU‘A SN _PRANYCLSmi—
1Q—¥(NJJX( AJS U6 UOUUUDR. ' 46 T B DUBRPS 0 B
383N0NYN 7200070 AC(“”“”r JrecAnncn 42000000 0600000
ALANNONN  140NICHT 23000000 52000000 26NHN00C 16000000

SEONON0N 2E00N00N
7C0000N0  TAQINDNND 20000000 L4ANNNDNN _ 16! !
nEOONONY  ONNCCONG cRANNOCN 10020070 22000000 18902000
74000000  6HAONO00O0 20000060  SANNCNO0N 3A0ONCNN  ATNACDOON
LXNR- FUNCTION . L EXFLUSTVE-0R SUMS-NE. PRANUCTS e
e Qe YN YiN=1 e Y L)) -
NOONNGNR noennnon [aXalakelakel I ﬂﬁﬂﬁﬁOl? PPCﬂﬂﬁlﬁ oQnnnny 9
NOCNONNN nennnen CONONNNDY  NANNANDAR NATQNCRT OCGNNCDA
HAC0001A  00D00CLE QNNCOCIF  0RNNGD20 o

NANNNNNAN
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4, Required Subroutines: This includes the listing of both
the IBM 360/40 assembly language
source statements and the actual
machine language object code.
__LLL_.DBJ_E_{',T_,_CQDE_ ANDRI_ANNDR2 STML CAlIRCE STATE UENT
Q00000 1 SHFT START
000000 2 SHFT1 CSECT
000000_4TEFE _DOOA 000.0A 3 il 15,10 (15)
nooons 0% 4 ne Xt5¢
o0onens E2CRCAE3FL 5 ne CLSYSHFT 1!
Qa00NA 9nEC conrc 0NCor, 6 STM 14412,12(13)
000N0E_5310 1000 00000 7 i _1.,.0.00,1)
o00Nn1?2 9323 1020 _ 00000 8 LM 2:3,0(1) ]
nNnooole 8920 0091 aneCl Q SLL 241
0CANIA SG21 NIND [alalslain) 10 ST 2,0(1)
DOOQJE_QSZC_DQLC_, 0001C 11 LM 2,12,28(13) .
conn?2? O7FE 12 PCR 15,14
nonn28 13 SHFT2 CSECT
NQNN28 &4TFE 0NOA 00N 0A 14 RC 15,10(15)
nonne2¢c_0s 15 ne X151 :
oon0?e t2CPCEERE? 16 ne CL5YSHFT 2!
00032 9NEC DCO oocoC 17 STM 14,12,121(13)
000036 5210 19970 nocOon 18 L 1,0(0,1)
_D_O.\')_.'L‘:.’B!3\___(2.9._23,.AlD_')__OA.,h,__,._.__,.~ (2l ToXala N 52 SES—— 1M 24340(1);
00003F 8920 0002 00002 20 SLL 242 l
000047 2820 0021 onenl 21 SR L 291 :
00N0N&6 5021 ONON 00000 27 ST 2,011)
DﬂﬂQéAaB&ZQ,ﬁnlc 0QQI1C 23 LM 2412,28013)
CON04FE CTFF 24 3CR 15,14
noonNso 25 SHFT4 CSECT
NONNGOD 4{TFF NONA N0N0CA 26 218 15,1N(15)
0noars4 05 e 21 — nc Xe o
00NO55 FPCRCHEBF4 28 ne CL5Y SHFT 4
c0ongA SNEC DONC onnof] 29 STM 14'12,12(13)
N00OGE S820 1000 0nNnoe 30 L 2,0(0,1)
neone2 SR30 1004 nonns 31 L 3,4(041)
H00066 &R 37 200D nhcen 32 L 2.000:3)
00006A 984S 2000 nooon 33 (I 44,5,0(2?)
NNAINGE Q84D 3INNN onnon 34 SRL 4,01(3)
00NAT72 _PO4N 2000 _*_#gwﬂwnquQ~”#35”_““.wﬂ SLL 4,0(3)
'000076“?74?"0ﬁ06”_" (sTalalal)) 36 ST 4,0(2)
00N0TA 982C pelc 0no1c 37 M ?'12,29(13)
Q00NTE DTFE 38 ACR 15,14
0010830 IR 39_SHFEIR CSECT S
VOﬁWPG“Z7FF”UﬁWWM”" i 0COCA 40 a0 Y5, I (VS
00N CREG 05 4] nc X151
hoa0RS FPCRCAHEANT 42 oo CL5 ' SHFTR!
ooNgeA 90EC nnacr i 00n0c . D ___,_wSIﬂ~_ l1[121L2LL})
'ODO“GE”FF?O—YOGWM“' [« IS 44 L “2,000,1)
nONNg2 5830 10N4A aANCOoG 45 L 3,4(0,1)
000006 5930 3000 01000 44 L 2,0(0,3)
NONNSA 9845 20100 KalaloXely) 47 L™ 4,5,0(2)
‘COﬁh@F‘eFﬂﬂ“zdﬂb"’“’““"‘””‘nnhnﬂ“"‘ 49 P Ay0 Y
GONNA2 5042 NCOQ 0006G0 49 ST 4,0{2)
AGANAGL 9821 DPRLIC 0N01C 60 1M 2,12 423(12)
00)YCAA O7TFF e 25 ey _M_TBCR 'J5114
'(\0()OR‘(}"""""""“"“'""""”'"~ - 52 "SHFTL CSECT
0000RD 47FF O00OA NONOA 53 RC. 15,10(015)
00NCR4 05 54 nr Xt R
NANARS FICRCOHEINS B I T\ ¢ CL5 SHFTL!
'0000%%”CWFC~“UOCW““"—' TN er 56 T '“STQ*_"TKTT77T7TT1T_
OONNRE 5220 1N0Q0 (alenely) 57 L 2,0(0,1)
nONNC? 5830 1004 ARalanet! 58 I 3,4{N,y1)
o00N0CEk ESBOHBOOO,N,M“w.,,N“WOOOOO ,HSQWWVﬂWWﬂV_L,MWMWB,O(O,BL
COACCHA 9245 2090 o Xalalaks) AN LM 4,5,0(2)
AeNrCE PO4AN 30NC nncnn 61 SLt 44N (3)
0nnoN2 5NG2 N0O0 nOOON A2 ST 4y,0(2)
_000096ﬂ992ﬂ,DOlC,w"”m_w_mM“WDODLQ__ 63-”_‘_,-MMMLM_m”wzylZ,Zilli)_
NONNDA OTFEE 64 aC R 15,14
65 FAD
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