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Introduction 

Anti-Jordan pairs were introduced by Faulkner and Ferrar in [3]. We recall the 

definition: Let A; be a commutative, associative and unital ring and let V = (V+, V~) 

be a pair of ^-modules with Ai-trilinear maps {...}e : Ve x V~e x Ve —> V€, (x, y, z) —• 

{x,y,z}£ =: De(x,y)z, for e = ±. Then V is called an anti-Jordan pair if for all 

x, u e Ve, y, v e V~€ and e = ± 

{x, y, x}€ = 0, and 

[Lfe(x,y),D£(u,v)] = D£({x,y,uY,v) + De(u,{y,x,v}~e)-

We note that V is an anti-Jordan pair if and only if V is a Jordan superpair in the sense 

of [13] with even part VQ — 0. Faulkner and Ferrar [3] classified the finite dimensional 

simple anti-Jordan pairs over an algebraically closed field F of characteristic zero, 

using methods from Lie superalgebra theory. Up to isomorphism, they found the 

following complete list of simple finite dimensional anti-Jordan pairs: 

(I) The rectangular matrix pair DJlmn(F) = (V+,V~) = (Mmn(F),Mnm(F)), with 

product: {x, y, z} — xyz — zyx, where x, z 6 Ve and y 6 V~£, and Mmn(F) is the 

space of all m x n matrices. 

(II) The symmetric-skew pair ssn(F) — {N+,N~), a subpair of the anti-Jordan pair 

mnn{F): defined by 

N+ = {x e Mnn(F) : x* = x} and N~ = {x e Mnn(F) : x* = -x}. 

(III) The symplectic anti-Jordan pair, defined as follows: Let T be a vector space 

with an alternating non-degenerate bilinear form B : T x T —> F. Then (T,T)g 
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is an anti-Jordan pair with product {x, y, z} = B(x, y)z + B(y, z)x + B(x, z)y for 

x,y,z G T. 

The first purpose of the thesis is to determine the automorphism group of the 

anti-Jordan pairs in Examples (I), (II) and (III), see section 1.2 for the definition of 

an isomorphism. It is easy to see that the examples (I) and (II) can be defined over 

any C, where C is an associative, unital and commutative algebra over a ring k, i.e. 

we replace F by C and our goal is to determine the fc-linear automorphisms of the 

anti-Jordan pairs Wlmn(C) and ss„(C). A first reduction (Lemma 2.1.13 and Lemma 

3.1.3) shows that the crucial point is to determine the C-linear automorphisms of 

9Rmn(C) and ssn(C). This is done in Theorem 2.3.1 and Theorem 2.3.5. For the 

purpose of this introduction, we mention our results over fields only. 

Theorem 1 (= Corollary 2.3.2 , 2.3.6). Let F be a field of characteristic zero or 

characteristic p > 3 and such that p\m and p\n. 

(i) Ifm = n, then Aut(Wlmm(F)) = {((jCjb'^a^ivt^VZb) • a,b e GLm(F)}, where 

v£b(x) = axb~^ rh,b(y} = ^ a ~ X and ^tb(x) = o^b-1, fi~b(y) = -by*a'1 for all 

x e Mmm(F) and y e Mmm(F). 

(ii) Ifm ? n, then Aut(VJtmn(F)) - M,b,V~b) • a E GLm(F), b € GLn(F)}, with 

(Va,h,Va,b) as defined in (i). 

Theorem 2 (= Corollary 3.2.4). Let F be a field of characteristic zero or p > 3 

such that p does not divide n if'p G {5,7,11}. Then for n > 2, 

Aut(S5„)(F) = {(xtaVx;a,a)) • a G GLn(F),a e F x } , 

where xla.a)(x) = aaxat and X[a,a)(v) ~ (a_1)*2/(aa)_1 for all x e N+ and y G N~. 

Theorem 3 (= Corollary 4.1.3). Let F be a field of characteristic -fi 2 and let T 

be a F-vector space with a non-degenerate alternating bilinear form B : T x T —• F. 

Then Aut(T,T)B ^ GSP(T,B), where GSP(T,B) denotes the group of invertible 

endomorphisms a ofT, for which there exist a e F such that aB(a(x), a(y)) = B(x, y) 

for all x, y G T. 
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To prove Theorem 1, we first show that the Tits-Kantor-Koecher algebra of 

9Rmn(F) is isomorphic to the Lie superalgebra 

psl(m\n)(F) := sl(m\n)(F)/Z(sl(m\n){F)), 

(see Lemma 2.2.5). Also we can extend any automorphism of the anti-Jordan pair 

9nmn(F) to an automorphism of the 3-graded Lie superalgebra psl(m\n)(F). We then 

get information on Aut(9tt,Tm(F)) by considering the induced automorphism of the 

even part of psl(m\n)(F), making use of a theorem of Seligman which determines the 

automorphism group of slm(F). To prove Theorem 2, we use similar techniques as in 

Theorem 1. 

The second purpose of this thesis is to find the anti-Jordan triple systems asso­

ciated with the simple anti-Jordan pairs in Examples (I), (II) and (III). We recall 

the definition: Let T be a ^-module with a &-trilinear map (...): T x T x T —» T, 

(x,y,z) —* (x,y,z) =: L(x,y)z. Then the pair (T, (...)) is called a triple system, and 

it is called an anti-Jordan triple system, if for all x, y, u, v € T 

(x,y,x) = 0, and 

[L(x,y),L(u,v)] = L((x,y,u),v) + L(u,(y,x,v)). 

The following lemma explains the relationship between anti-Jordan triple systems 

and anti-Jordan pairs with involutions, see section 1.2 for the definition of an involu­

tion. 

Lemma 1 (= Lemma 1.2.1). (a) IfT is an anti-Jordan triple system then V(T) = 

(T, T) with triple product {...}+ = {•••}" = (...) is an anti-Jordan pair with involution 

17 = (Id, Id). 

(b) Conversely, if V = (V+, V~) is an anti-Jordan pair with involution r\ — 

(f?+i^~)) then T — V+ together with the trilinear map (...) defined by (x,y,z) = 

{x, r}+(y),z}+ is an anti-Jordan triple system whose anti-Jordan pair V(T) = (T,T) 

is isomorphic to V via (ld,rj+) : (T,T) —> V. 

Therefore to know anti-Jordan triple systems, it is enough to know the involutions 

of anti-Jordan pairs. Note that if we compose two anti-automorphisms of an anti-

Jordan pair we get an automorphism of the anti-Jordan pair. Thus the involutions 
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of an anti-Jordan pair can be determined from the knowledge of one involution and 

all automorphisms. Note that in Example (II), we do not have involutions, since the 

dimensions of N+ and N~ are different. Therefore we do not have anti-Jordan triple 

systems arising from involutions in Example (II). The following results determine the 

simple anti-Jordan triple systems arising from involutions in Examples (I) and (III). 

Theorem 4 (=Theorem 2.4.3). (a) Let F be a field. The. following are simple 

finite dimensional anti-Jordan triple systems over F: 

(i) T\ = Mmn(F), together with the trilinear maps (...)i defined by 

(x, y,z)i — xylaz — zy'ax, where a~[ ) , and 2r = m. 

(ii) T2 = Mmn(F), together with the trilinear maps (...)2 defined by 

(x, y, z)% = xbyf'z — zbylx, where b — I I , and 2r = n. 

(iii) T;i = Mnn(F), together with the trilinear maps (,..}s defined by 

(u, v, w)s = uvw — wvu. 

(b) Conversely, let F be an algebraically closed field of characteristic zero or of 

characteristic p > 0, p ^ 2, 3 and such that p\m and p \ n. If T is a simple finite 

dimensional anti-Jordan triple system over F such that (T,T) = 9Jtm„(F), then T is 

isomorphic to one of the examples in (a). 

Theorem 5 (= Theorem 4.2.2). (a) Let T be an F-vector space with an alternat­

ing, non-degenerate bilinear form B : T x T —• F and let a 6 GSP(T, B) such that 

a2 = aid for some a e Fx. Then T is a simple anti-Jordan triple system with triple 

product (x, y, z)a — {x, a(y), z} = B(x, a(y))z + B(a(y), z)x + B(x, z)a(y). 

(b) / / T is a simple finite dimensional anti-Jordan triple system over F such that 

(T, T) £ (T, T)B, then there exist b e GSP(T, B) such that b2 = 0U for some f3 £ Fx 

and T is the simple anti-Jordan triple system with triple product: 

(x, y, z)B = {x, b(y), z) = B(x, b(y))z + B(b(y), z)x + B(x, z)b{y). 
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The Theorems 4 and 5 together with Lemma 1.2.6 allow us to obtain the classi­

fication of finite dimensional simple anti-Jordan triple systems over an algebraically 

closed field F of characteristic zero. For the definition of a polarized triple system 

see section 1.2. 

Theorem 6. T is a finite dimensional simple anti-Jordan triple system over an 

algebraically closed field F of characteristic zero if and only ifT is isomorphic to one 

one of the following: 

(a) The polarized triple system associated to one of the three simple anti-Jordan pairs 

9Kmn(F), ssn(F) and the symplectic anti-Jordan pair (T,T)B-

(b) The anti-Jordan triple systems of Theorem 4 and Theorem 5. 
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Chapter 1 

General facts on anti-Jordan pairs 

and anti-Jordan triple systems 

In this chapter k will be a commutative associative unital ring. All algebraic struc­

tures will be over k, unless specified otherwise. We denote by A;x the set of invertible 

elements of A;. Throughout this thesis we denote by Mmn(R) the fc-module o f m x n 

matrices over R, where R is an associative and unital fc-algebra. 

1.1 Anti-Jordan triple systems 

Let T be a A;-module with a fc-trilinear map (...) : T x T x T —• T, (x,y,z) —* 

(x,y,z) =: L(x,y)z. Then the pair (T, (...)) is called a triple system and it is called 

an anti-Jordan triple system if for all x, y, u, v G T 

(x,y,x) = 0, and (1) 

[L(x,y),L(u,v)] = L({x,y,u),v) + L(u,(y,x,v)). (2) 

Most often we call T rather than (T, {...}) the anti-Jordan triple system. 

Let (Ti, (...)i) and (T2, (•••)2) be anti-Jordan triple systems over k. A linear map 

ip :Ti—> T2 is called a homomorphism, if 

<p(x,y,z)i = (ip(x),<p(y),(p(z))2 
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for all x,y,z € Ti. Isomorphisms and automorphisms are defined in the obvious way. 

A submodule / of an anti-Jordan triple system T is called a subsystem (resp. an 

ideal) if (I, 1,1) C I (resp. (I, T, T) + (T, I, T) C I). Any subsystem of an anti-Jordan 

triple system is again an anti-Jordan triple system. An anti-Jordan triple system T 

is simple, if (T, T, T) =£ 0 and if it contains no ideals other than 0 and T. 

The following lemma will be used to show that some of our examples are indeed 

anti-Jordan triple systems. 

Lemma 1.1.1. Let R be an associative k-algebra. Let (T, (...)') be a triple system 

over i? such that 

(A) (a,b,(c,d,eyy = {{a,b,cy,d,e)'. 

Then T together with the triple product 

{a, b, c) = (a, b, c)' - (c, b, a)' 

is an anti-Jordan triple system if and only if 

(B) (u, v, (x, y, z)')' + ((z, y, x)', v, u)' + (u, (y, x, v)', z)' + (z, (v, x, y}', u)' 

= {{u,y,x)',v,z}' + (z,v,{x,y,u)'y+ (u,{v,x,y)'\z)' + (z,(y,x,v}'',u}''. 

In particular, (A) and (B) hold in any one of the following cases : 

(i) (T, {...)') is an associative triple system of first kind, i.e., 

(x, y, (u, v, w)')' = ((x, y, u)', v, w}' = (x, (y, % v)', w)' 

for all x, y, u, v, w e T. 

(ii) (T, (...)') is a triple system satisfying (A) and 

(C) (u,{y,x,v)',z)' = -((u,v,x)',y,zy. 

for all x,y,u,v,z G T. 
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Proof. Let (T, (...)') be a triple system such that (A) holds. Now consider the left 

hand side of (2) in the definition of an anti-Jordan triple system: 

[L(x, y), L{u, v)]z = (x, y, (u, v, z)) - (u, v, (x, y, z)) 

= (x, y, (u, v, z)')' - ({u, v, z)', y,x)' - (x, y, (z, v,«)')' 

+((z, v, u}', y, x)' - (u, v, (x, y, z)')' + ((x, y, z}', v, u)' 

+(u, v, (z, y, x)')' ~ ((z, y, x)', v, u)' 

= (x, y, (u, v, z)')' ~ (u, v, {z, y, a:)')' - {{x, y, z)', v, u)' 

+((z, v, u)', y, x)' - (u, v, (x, y,«)')' + ({x, y, z)', v, u)' 

+(u, v, {z, y, xYY ~ ({z, y, x)', v, u)' 

= (x, y, {% v, z)')' + ((z, v, u)', y, x)' - (u, v, (x, y, 2)')' 

-((z,y,xY,v,u)'. 

The right hand side of (2): 

L((x,y,u),v)z + L(u, (y,x,v))z 

= ((x, y, u),v, z) + (u, (y,x, v),z) 

= {(x,y,u)',v,z)' - {{u,y,x)',v,z)' - (z,v,(x,y,uYY 

+(z, v, (u, y, xYY + {u, (y, x, v)', z)1 - (u, (v, x, y)', z)' 

-(z, (y,x, v)', u)' + (z, (v, x, y)', u)'. 

Hence [L(x, y), L(u,v)] = L({x, y, u),v) + L(u, {y, x, v)) 

44> (u, v, (x, y, zYY + ((z, V, x)', v, u)' + (u, (y, x, v)1, z)1 + (z, (v, x, y)', u)' 

= ((u, y, x)\ v, z)' + (z, v, (x, y, u)')' + (u, {v, x, y)'', z)' + {z, {y, x, v)', u)', 

which is (B). 

Note that (1) is obvious, since 

(x, y, x) = (a, b, a)' — (a, b, a)' = 0 for all x, y G T. 

Therefore (T, (...)) is an anti-Jordan triple system if and only if (B) holds. 
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(i) Note that the left hand side of (B) 

= (u, v, (x, y, z)')' + ((z, y, x)', v, u)' + (u, (y, x, v)', z)' + (z, {v, x, y}', u)' 

= (ti, {v, x, y)', z)' + (z, (y, x, v)', u)' + ((u, y, x)', v, z)' + (z, v, (x, y,«)')' 

= the right hand side of (B) 

Hence any associative triple system of first kind is an anti-Jordan triple 

system. 

(ii) After applying (A) and (C), the left hand side of (B) = 

(u, v, (x, y, z)')' - {z, (v, x, y)', u)' - (u, v, (x, y, z)')' + (z, (v, x, y)', u}' - 0 

Similarly after applying (A) and (C), the right hand side of (B) = 0. Therefore (B) 

holds. • 

We can now give examples of anti-Jordan triple systems. 

Example 1.1.2. Any associative algebra A is an associative triple system of first 

kind with triple product (a, b,c)' — abc, hence also an anti-Jordan triple system with 

triple product (a, b, c) = abc - cba. 

Example 1.1.3. Let C be a commutative associative and unital A;-algebra. Let 

« € Mnn(C) and b € Mmm(C) such that a* — ea and b* = —eb for e = ±. Then 

(Mmn(C), {...)a,i>) is an anti-Jordan triple system, where 

(.T, y, z)a,b — xaylbz - zay^x. 

We will denote the anti-Jordan triple system (Mmn(C), {—)a,b) by Mmn(C;a, b). 

Proof. Put {x, y, z)' — xaytbz. Note that: 

(x, y, (u, v, z)')' — xaytbuavtbz = {(x, y, u)1', v, z)' and 

(u, {'(/, x, v)', z)' = ua(yaxtbv)tbz = —uavtbxaytbz = —(u, v, {x, y, z)')'. 

i.e. (Mmn(C;a,b), (...)') satisfies conditions (A) and (C) in part (ii) of Lemma 1.1.1. 

Hence Mmn(C; a, b) is an anti-Jordan triple system. • 
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Let F be a field. Recall that two matrices a, b G M„(F) are called cogredient if 

there exists a matrix p G GLre(F) such that pfap — b. The following is shown in [6, 

Sections 6.2,6.3]. 

Theorem 1.1.4. / / the characteristic of F is not 2, then any two skew symmetric 

matrices in Mn(F) are cogredient if and only if they have the same rank. 

Theorem 1.1.5. If F is an algebraically closed field of characteristic not 2, then two 

symmetric matrices in Mn(F) are cogredient if and only if they have the same rank. 

Lemma 1.1.6. Let C, b, a be as in Example 1.1.3, and let u G GL„(C) and v G 

GLm(C). The map f : Mmn(C;utau,vtbv) —> Mnm(C;b,a), x —* uxtvt is an isomor­

phism of anti-Jordan triple systems. In particular : 

(a) Mmn(C;a, b) andMnm{C;b,a) are isomorphic. 

(b) If C = F is an algebraically closed field of characteristic different from 2, and 

a,d € GL„(F), b, c G GLm(F) are such that at = ea, d* = ed, bl — —eb, c' = 

—ec for e = ±1, then Mm„(F; a, b) and Mnm(F\ c, d) are isomorphic. 

Proof. The map is obviously an isomorphism of the underlying C-modules. For 

x,y,z G Mmn(C;utau,vtbv)) we have, using (xy)1 — ytxt which holds because of 

commutativity of C, 

f{x,y,z)utaUzVtbv — uxtvtbvyutauztvt — uztvtbvyutauxtvt 

and 

{f(x)J(y)J(z))b,a = {uxWtUy'v^uzW) 

= uxtvtbvyutauztvt - uztvtbvyutauxtvt 

Hence f{x,y,z)vtauybv = {f(x),f(y),f(z))bA. 

(a) If we put u — In and v = Im, then we see that Mmn(C; a, b) and Mnm(C; b, a) 

are isomorphic. 
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(b) From Theorem 1.1.4 and Theorem 1.1.5 we know there exist matrices u G 

GLn(F) and v G GLm(F) such that 

uldu — a and vfcu — b. 

Hence Mm„(F; a, b) and Mnm(F; c, d) are isomorphic. • 

Lemma 1.1.7. Let (T, (...)) be an anti-Jordan triple system and let f G Endfc(T) 

such that f(x, f(y), z) = (f(x), y, f(z)) for all x, y, z £ T. Then T together with the 

triple product 

(x, y, z)' = (x, f(y), z) 

is another anti-Jordan triple system. 

Proof. It is easy to see that (x, y, x)' = 0. We will show 

[L'(x, y), L'(u, v)] z = L'((x, y, u)', v)z + L'{u, (y, x, v)')z 

for all x, y, z, u, v e T. 

[L'(x, y), L'(u, v)] z — L'(x, y)L'(u, v)z — L'(u, v)L'(x, y)z 

= (x, y, (u, v, z)')' - (u, v, (x, y, z)')' 

= {x, /('(/), (u, f(v), z)) - {u, f(v), (x, f(y), z)) 

= {(x, f{y), u), f(v), z) + (u, f(y, f{x),v),z) 

= L'((x, y,u)', v)z + L'(u, (y,x, v)')z. 

D 

Example 1.1.8. Let C be a commutative associative and unital A;-algebra. Let T be 

a C-module with an alternating bilinear form B :T xT —> C. Put 

(x, y, z)B = B(x, y)z + B(y, z)x + B(x, z)y for all x, y,z G T. 

Then (T, (...)B) is anti-Jordan triple system, called the symplectic anti-Jordan triple 

system, (with respect to B). 
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Proof. Note that B(x,y) = —B(y,x), B(x,y)B(u,v) — B(u,v)B(x,y) and 

B(x,x) = 0 for all x,y,u,v e T. Therefore {x,y,x} — 0. 

We will check that [L(x, y), L(u, v)} = L({x, y, u},v) + L(u, {y, x, v}). 

[L(x, y), L(u, v)]z = {x, y, {u, v, z}} - {u, v{x, y, z) 

= B(u, v){x, y, z} + B(u, z){x, y, v} + B(v, z){x, y, u} 

—B(x, y){u, v, z} — B(x, z){u, v, y} — B(y, z){u, v, x} 

= B(u, v)B(x, y)z + B(u, v)B(x, z)y + B(u, v)B(y, z)x 

+B(u, z)B(x, y)v + B(u, z)B(x, v)y + B(u, z)B(y, v)x 

+B(y, z)B(x, y)u + B(v, z)B(x, u)y + B(v, z)B(y, u)x 

—B(x, y)B(u, v)z - B(x, y)B{u, z)v — B(x, y)B(v, z)u 

—B(x, z)B(u, v)y — B(x, z)B(u, y)v — B(x, z)B(v, y)u 

—B(y, z)B(u, v)x — B(y, z)B(u, x)v — B(y, z)B(v, x)u 

= B(u, z)B(x, v)y + B(u, z)B(y, v)x + B(v, z)B(x, u)y 

+B(v, z)B(y, u)x + B(x, z)B(y, u)v + B(y, v)B(x, z)u 

+B(x, u)B(y, z)v + B(x, v)B(y, z)u. 

L({x, y, u},v)z + L(u, {y, x, v})z 

= {B(x, y)u + B(x, u)y + B(y, u)x, v, z] 

+{% B(y, x)v + B(y, v)x + B(x, v)y, z} 

= B(x, y){u, v, z) + B(x, u){y, v, z} + B(y, u){x, v, z} 

+B(y, x){u, v, z) + B(y, v){u, x, z} + B(x, v){u, y, z} 

= B(x, u)B(y, v)z + B(x, u)B(y, z)v + B(x, u)B{v, z)y 

+B(y,u)B(x, v)z + B(y, u)B(x, z)v 4- B(y, u)B(v, z)x 

+B(y, v)B(u, x)z + B(y, v)B(u, z)x + B(y, v)B{x, z)u 

+B(x, v)B(u, y)z + B(x, v)B(u, z)y + B(x, v)B(y, z)u 
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L({x, y, u},v)z + L[u, {y, x, v})z 

= B(x, u)B(y, z)v + B(x, u)B(v, z)y + B(y, u)B(x, z)v 

+B(y, u)B(v, z)x + B(y, v)B(u, z)x + B(y, v)B(x, z)u 

+B(x, v)B(u, z)y + B(x, v)B(y, z)u. 

Hence [L(x, y), L(u, v)] — L({x, y, u}, v) + L(u, {y, x, v}) for all x, y, u, v e T. 

D 

Example 1.1.9. Let (T, (...)B) be a symplectic anti-Jordan triple system, see Exam­

ple 1.1.8. Let / e End(T) such that B(x,y) = aB(f{x)J(y)) and f - a^ Id for 

some a e C x . Then T together with the triple product 

(x,y,z)'B = (x,f(y),z)B 

is an anti-Jordan triple system. 

Proof. Note that 

f(x,f(y),z) = B(x,f(y))f(z) + B(x,z)f2(y) + B(f(y),z)f(x) 

= aB(f(x), f\y))f{z) + a-1aB(f{x)J{z))y 

+aB(f(y)J(z))f(x) 

= B(f{x),y)(f(z) + B(f(x), f(z))y + 2%, /(«))/(ar) 

= (f(x),y,f(z)). 

Therefore (T, {...}'B) is an anti-Jordan triple system by Lemma 1.1.7. 

• 
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1.2 Anti-Jordan pairs 

Let V = (V+, V") be a pair of fc-modules with fc-trilinear maps {...}£ : V£ x V~E x 

Ve —» Ve, (£,?/, 2) —> {̂ , y, z}e =: De(x,y)z, for e = ±. Then V is called an antt-

Jordan pair if for all x, u e Ve, y, v € V - 6 and e = ± 

{x, y,x}e = 0, and (3) 

[D<(x,y),D*(u,v)] = D*({x,y,uY,v) + De(u,{y,x,v}-e)- (4) 

We will usually drop the superscript e and simply write {...} and D(.,.) for {...}£ 

and De(.,.). We note that V is an anti-Jordan pair if and only if V is a Jordan su-

perpair in the sense of [13] with even part VQ = 0. 

A homomorphism of anti-Jordan pairs V = (V+, V") and W = (W+,W~) over 

k, is a pair (r}+,r]~) with fc-linear maps rf : Ve —*• W£, e = ± such that 

r/e{:r, y, z} = {r/£(x), ?T%), ?7£(^)} (5) 

holds for all x,z e Ve , y e V~e. Isomorphisms and automorphisms are defined in 

the obvious way. We denote by Autfc(V) the group of all ^-linear automorphisms of V. 

A pair / = (I+, I~) of submodules of an anti-Jordan pair is called a subpair 

(vesp.mideat)ii{r,I-f\P} c P (resp. {P,V-e,Ve}+{VeJ-€,V€} C P). An anti-

Jordan pair V is simple if it contains no ideals other than 0 and V and {Ve, V~e, Ve} ^ 

0, for e = — or e = +. 

The opposite of an anti-Jordan pair V = (V+, V~) is the anti-Jordan pair Vop — 

(V~, V+) with maps ({...}", {•••}+)- An involution of an anti-Jordan pair V is a ho­

momorphism r]: V —> F o p such that (if o ?7+, r/+ o r]~) — Id v. 

Lemma 1.2.1. (a) / / T is an anti-Jordan triple system, then V(T) = (T,T) with 

triple product {...}+ = {•••}" = (...) is an anti-Jordan pair with involution n = 

(Id, Id). 
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(b) Conversely, if V = (V+, V~) is an anti-Jordan pair with involution rj = 

('rj+,T]~), then T = V+ together with the trilinear map (...) defined by (x,y,z) = 

{X,TJ+ (;(/), z} is an anti-Jordan triple system whose anti-Jordan pair V(T) — (T,T) 

is isomorphic to V via (Id, r;+) : (T,T) —> V. 

Proof, (a) is obvious. 

(b) Conversely, let V = (V+,V~) be an anti-Jordan pair with involution 77 = 

(r]+, r)~). Then we will show that T = V+ together with the trilinear map (...) defined 

by (x,y,z) = {x,r)+(y),x} is an anti-Jordan triple system. 

Let x, y, u, v e T. Then {x, y, x) = {x, r)+(y), x} = 0 by (3) and 

[L(x,y),L(u,v)} = [D(x,V
+(y)),D(u,v+{v))] 

= D({x,V
+(y),u},V

+(v)) + D(u, {V
+(y),x,r;+(t>)}) ( by (4)). 

Also 

L((x,y,u),v) + L(u, (y,x,v)) 

= D({x, v+(y), u}, r)+(v)) + D(u, r)+{y, V
+(x), v}) 

- D({x, v+(y), u}, v+(v)) + D(u, {ri+(y), x, r?+(u)}). 

Hence [L(x,y),L(u,v)] = L((x,y,u),v) + L(u,(y,x,v)). To show that (T,T) is 

isomorphic to V, consider the mapping (Id, r;+) : (T, T) —»• V, given by (Id, r]+)(x, y) — 

(x,7]+(y)) for all (x, y) € (T,T). We will check that (Id, r/+) is a homomorphism: 

Id{a:, y, z] = U(x, y, z) = {x, r]+(y), z) 

r)+{x,y,z} = r]+{x,y,z)=r)+{x,ri+(y),z} 

= {rj+(x), y, r]+(z)} (since r/ is an involution of V) 

for all x,y, z e T. It is obvious that (Id, r)+) is bijective. Hence (Id,??+) is an isomor­

phism. 

Lemma 1.2.2. Let V = (V+,V~) and W — (W+,W~) be anti-Jordan pairs with 

involutions r\ = (r]+,r)~) : V —> Vop anrf p = (p+,p~) : W —> Wop. We denote by T 
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and T' the anti-Jordan triple systems defined by r; and p respectively. Thus, T — V+ 

with triple product (x,y,z) = {x,r]+(y),z} for all x,y,z € T and V — W+ with 

triple product {u,v,w}' = {u,p+(v),iv}' for all u,v,w € V. Then the following are 

equivalent: 

(i) f :T —>T' is an isomorphism of anti-Jordan triple systems. 

(ii) (f+> f~) = (f,P+ ° f °V~) '• V ~^ W is an isomorphism, of anti-Jordan pairs. 

Hence T = V if and only if p+ o <p+ — ir o i]+ for some isomorphism 4> '• V —• W. 

Proof, (i) => (ii): Let x, z G V+. and y,v € V~. Then 

f+{x, v, z) — f{x, 7]+(rj~v),z} = f(x, r)~v, z) 

= {fx, fri'v, fz)' = {fx, p+frfv, z}' 

= {f+x,ryJ+z}' and 

f~{y,x,v} = P+fv~{VixM = P+f{v~(y),V+(z),ri~(v)} 

= p+f(v~(y),x,r}~(v)) =p+(fv~(y),fx,fv"(v)Y 
= P+{frf(y),P+fx,fr]'{v)}' = {p+fv~(y),P'P+fx,p+fv~(v)}' 

= {f-(y)J+(x)J-(v)}'. 

(ii) => (i): Let x,y,z G V+. Then 

f{x, y, z) = f{x, ri+(y), z} = {fx, p+fv"~V+(y), fz}' 

= {fx,p+f(y)Jz}' = (fx,f(y),fzy. 

Therefore, if / + : T —> T' is an isomorphism of anti-Jordan triple systems, then 

p+ o /+ = p+ o f+ o rf o r)+ = f~ o rj+. 

Conversely: let <f> — ((p+, (j>~) : V —> W be an isomorphism of anti-Jordan pairs 

and p+ o (f)+ — <f)~ o rj+. Then <f)+ : V+ —> W+ is an isomorphism of anti-Jordan triple 

systems, since 

(p+(x, y, z) = 0+{x, rj+(y), z} = {<p+x, <p~7]+(y), 0+z} 

= {^x, p+4>+{y), ^z} = (4>+x, cf>+(y), <P+z)'. 

D 
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Let T be a triple system. Then T is called polarized if T = T+ © T and the 

triple product satisfies {T%T\T) = 0 = (T,Te,Te) and (T€,T-e,Te) cTe,e = ±. 

Therefore, if ' and similarly for y,z e T, then 

( ^ © r j + e f ^ + e O = (,'r+
)2/-,2;+)©(ar,|/+,^~). 

Thus we can associate to T the pair V = (T+, T~) with triple product {xe, y~£, ze) = 

{xc,y~~e,ze} e T€. One can easily check for a polarized triple system T = T+ © T~, 

that T is an anti-Jordan triple system if and only if (T+, T~) is an anti-Jordan pair. 

Conversely, if V = (V+, V -) is an anti-Jordan pair, we can define a polarized triple 

system T(V) = V+® V~ by the formula above. Thus V = (V+, V~) is an anti-Jordan 

pair if and only if T(V) — V+ © V" is an polarized anti-Jordan triple system. 

Example 1.2.3. The rectangular matrix pair 93tmn(i?) = (Mmn(R),Mnm(R)) = 

(V+, V~) is an anti-Jordan pair with product: {x, y, z} = xyz — zyx, where x, z e Ve, 

y G V~e and e — ±. 

Proof. Let A = Mm+n(i?), which we view as an anti-Jordan triple system with 

triple product: (x, y, z) = xyz — zyx, (see Lemma 1.1.1). Put T = T+ © T~, where 

r + = I ( o o ) : x e M"OT(JR) I 

Then T is the polarized anti-Jordan triple system. Therefore Wtmn(R) is an anti-

Jordan pair with product {x, y, z} = (x, y, z). 

Lemma 1.2.4. Let C be a commutative, associative and unital k-algebra. Then 

<mmn(c) <* mnm(C) = (<mmn(C))°v. 

Proof. Define a mapping (/+, / - ) : Wlmn(C) -+ Ttnm(C) by 

f+(x) = x\ r(y) = -yt 
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for all x G Mmn(C) and y G Mnm(C). Then it is clear that the map (/+ , /~) is linear 

and bijective. We will check that (/+ , /"") is a homomorphism of anti-Jordan pairs. 

Let x, z G Mmn(C) and y,w G Mnm(C), then 

f+{x, y,z} = {x, y, zy = {x\ -y\ z*} = {f+(x), f-(y), f+(z)}. 

Similarly we can check that f~{y,x,w} = {f~(y), f+(x), f~(w)}. D 

Lemma 1.2.5. Let V = (V+,V~) be an anti-Jordan pair. Then the anti-Jordan 

triple system T(V) — V+ © V~ is simple if and only ifV = (V+, V~) is simple. 

Proof. If (W+, W~) is an ideal of V, then W+ © W~ is an ideal of T(V), hence 

if T(V) is simple then V simple. Assume now that V is simple and I is an ideal of 

T(V). The multiplication rule of T(V) shows 

{/ n v\ v~\ ve} + {ve, I n v~e, ve} c / n v\ 

i.e., (/ n V+,I n V") is an ideal of V. If it equals V, we have I = V. So let us 

assume (If]V+, ICIV") = 0. Then, for x = x+ + x~ El one concludes (x, V~e, Ve) = 

{af,V-£,V£} C i n Ve = 0 and (V£,x,Ve) = {Ve,x~e,Ve} c I D Ve = 0. Hence 

(x+,x~) eZ = (Z+,Z-) with 

Ze = {ze T(V) : (z, V-\ Ve) = 0 = (Ve, z, Ve)} 

But Z is obviously an ideal of V, which vanishes by simplicity of V. Hence (x+, x~) = 0 

and 1 = 0. D 

Lemma 1.2.6. An anti-Jordan triple system T is simple if and only ifV(T) = (T, T) 

is simple or a direct sum of two simple ideals, V(T) = (W+,W~) © (W~,W+) = 

W © Wop. In the second case. T — T(W) is the polarized anti-Jordan triple system 

associated to W. 

Proof. Obviously, if V(T') is simple then T is simple, since if / is an ideal of T, 

then {I, I) is an ideal of V(T). If V(T) = W © Wop and W is a simple ideal, then 

T - T(W) is simple by Lemma 1.2.5. 
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Let T be a simple anti-Jordan triple system and let W — (W+, W ) be an ideal 

of V(T) with 0 ^ W £ V(T). Then W+ + W~ and W+ n W~ are ideals of T. Since 

T is simple and 0 ^ W ^ V(T), we have W+ n W~ = 0 and T = VF+ © W". 

Therefore from Lemma 1.2.5, we get W is simple, so Wop is simple too. Hence 

V(T) = (T,T) ^ W®Wop. It then follows that T = W+@W~ is the polarized triple 

system. Indeed, (W£,W /"e,r) C {WnWop) - {0} and {We,W~e,W+) C VK£, since 

IF and Wop are subpairs. D 

Theorem 1.2.7. Let 9Jlmn(R) = (V+, V~) be the rectangular anti-Jordan pair, where 

R is an associative k-algebra and mn > 1. 

(a) Let I be an ideal of R. Then (Mmn(I),Mnm(I)) is an ideal of2Jlmn(R,). 

(b) Conversely, if I is an ideal of DJtmn(R), then there exists an ideal I of R such 

that / = (Mmn(7),Mnm(7)). 

(c) In particular, VJlmn(R) is simple if and only if R is simple-

Proof. We will use the basic multiplication rule for matrix units Eif. 

Since (m,n) ^ (1,1), after replacing 9Jtm„(i?) by %R°%n(R) if n — 1> we may assume 

n>2. 

(a) It is clear that (Mrnn(/),Mnm(/)) = (I+,I~) is a fc-module. So we only need 

to check that 

{r, v^, ve} + {v+, r\ ve} c r, e = ±. 
Let &tjEij G I€, bpgEpg G V~e and cuvEuv G V€, where aij G / , bpq,CuV G R. Then 

\Ojij-tLiij, OpgH/pq, CuyJl/uvj = QiijOpqCuyOjpOquJiiiy GxivOpqaijOvpOqiM'uj 

Since I is an ideal of R, a.ijbpqcuv, cuvbpqa.ij € I, and this gives 

By linearity of {...}, we get {F, V~e, V*} C F. 
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Similarly, {V(, I~\ V£} C P. Therefore {F, V~e, Ve} + {V+, I~e, Ve} C F. Hence 

(Mmn(7), Mnm(/)) is an ideal of 9Jtmn. 

(b) Step (1). Let x — Yj^j^ij e ^• We will prove a^jEy £ /e and that we 

can move every entry in a matrix in F to any position in another matrix in F. 

Let YlaijEij e ^~! ^gp e ^+> Eu^Epu € V~ and choose p ^ u ( recall n > 1). 
Then 

= —apgEuv £ 7~ ( since / is an ideal). 

Therefore apqEuv £ I~, since / " is an abelian group. Let Evu £ V+, Erv £ K~ 

and choose r ^ u( recall n > 1). Then {apqEuv, Evu, Erv} — -apqErv £ /""". This 

implies apqErv £ J - . Similarly , we can prove that if Ylaij^v e ^+> then fly-EV? £ ^+ 

and we can move every entry in a matrix in I+ to any position in another matrix in I+. 

Step (2). Let ay£y G /+. Choose r ^ j . Then 

{i£r», QijEij, Ejk} = a,ijErk £ I 

Let bijEij £ I~. Choose k ^ i. Then 

{Eri, bijE^, Ejk} = bijErk £ I 

Hence every entry of a matrix in F is also an entry in a matrix in I~e. 

Step (3). Let I = {r £ R; rEn e I+}. From step (1) and step (2) it is clear that 

/ = (Mmn(I), Mnm(I)). So we are done if we can show that I is an ideal of R. It is 

clear that / is a fc-module. We will check that RI C I and IR C / . 

Since I is an ideal, {rEn, En,aEu} — raEu £ I+ for all r £ R, a £ I. By step 

(2) we get raEu S P*~, which yields ra £ I. Similarly, ar £ I. Hence / is an ideal of 

R. 

(c) is obvious. • 
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Example 1.2.8. Let n G N, n > 2 and let C be a commutative unital and associative 

/c-algebra with \ e k. Put 

N+(C) = N+ = { i e Mnn(C) :xt = x} and 

N~(C) = N~ = {x e Mnn(C) : a;* = -x}. 

Then it is easy to check that the symmetric-skew pair $sn(C) = (N+, N~) is a subpair 

of anti-Jordan pair VJlnn(C), hence an anti-Jordan pair with operation 

{x, y, z} = x(yz) + {yzfx. 

Theorem 1.2.9. Let ssn(C) = (N+,N~) be as in Example 1.2.8. 

(a) Let I be an ideal ofC. Then (N+(I),N~(I)) is an ideal ofssn(C). 

(b) Conversely, if n > 2 and I — (I+,I~) is an ideal of ssn(C), then there exists 

an ideal I of C such that I = (N+(I),N-{I)). 

(c) In particular, ssn(C) is simple if and only if C = F is a field. 

Proof. Let Eij denote the matrix units. Put 

" p g PQ ' IV "*^Q PQ P<t <1P 

for all p, q with 1 < p ^ q < n. 

(a) Note that N+(I) = N+ n M„„(7) and N~{I) = N~ n Mnn(7). By Theorem 

1.2.7 we know that (Mnn(/),Mnn(7)) is an ideal of Wlnn(C). Hence (Ar+(I), N~(I)) = 

(Mnn(I),Mnn(I)) n (iV+, N~) is an ideal of ssn(C), since the intersection of an ideal 

and a subpair is an ideal of the subpair. 

(b) Step (1). Let x = ^ (kjFij € /"". We will prove a^Fy G I~ and that we 

can move every entry in a matrix in I~ to any position in another matrix in I~. 
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Let Hqp G N+, Fvq G V where l<p^v^q^p<n. Then for any u with 

1 < it / g < n we have 

{ ^ / _, ^ij-fijy tlqp-i "pv f ) -"ijp) * qU / = < y ^ ftjq-T.jt, ~r y ^ ^qj^vj) ^qp> -̂ <?u f 

U<»<.7<« J J l«<9 9<j J 
= / j O'iqOipruv + / j dgjOpj-Tyu-

i<q q<j 

Therefore 

J / V „ F H F\ H F \_fa*F™eI~ i f P < ( ? ' 
I U<*<i<n J J [agpF^ € I _ if Q < p. 

Put u = p, then {(ipqF^,, Evv, Fvq} = (ipqFVq el for p < q. Hence fty-F^ G J and 

we can move every entry in a matrix in I~ to any position in another matrix in I~ 

for all 1 < i < j < n. 

Now let x = ^ Sjifiii + Y^ xivHir G I+, Fpq, Fug G I~ and £pp, Euu £ J+ 
l < i < n l < / < r < n 

with l<p^v^q^p<n and 1 < u ^ q < n. Then 

/ _, £ii-&ii "T / j %\rtl\ri " pqi &pp f > ^IM/I •C'uu f = = XqqiJpu fc •» 

> « «r J J 
Therefore {XggHpu, Fpg, Ew} = a^flgu e J+, we get 

1 
\Xqqliqu, —-tuq, &qqj = XqqtLtqq £ •' • 

AifeO < \ > XiiJlm -p y %irIllr, fpvi &vv ( > "qui -E'tro f = = Xpqtluv ^ •» 

Hi fe J J 
This implies {£p,j.ff„„, f FTO, £„„} = xpqEuu £ I+. Take u = p, we get £pg#pt, € / + . 

Therefore {xPqHpv, FVq,Eqq} = xpqHpq G i"+. Hence x,nEn,XpqE.Pq £ I + and we can 

move every entry in a matrix in I+ to any position in another matrix in I+ for all 

1 < i < n and 1 < p < q < n. 

Step (2). Let xpqFpq e I" where 1 < p < q < n and xpq G C. Then 

1. PP> Xpq-Tpq, J-'qqJ — Xpqdlpq fc i 
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Let bpjjEpp, bpciHm e I+ and Fpq, Fqp e I~ for all p, q, v with l<p^q^v<n. 

Then 

\"pqi OppHippi £pvj = Oppfyq t : 1 i 

\ P9' Vpqflpqj "pvf — Opq-Tpv t •* 

Hence every entry of a matrix in Je is also an entry in a matrix in I~€. 

Step (3). Let I = {o G C; a^n 6 J + } . From step (1) and step (2) it is clear that 

/ = (Ar+(7), N~(I)). So we are done if we can show that I is an ideal of C. 

It is clear that J is a C-module. We will check that CI C I and IC C /. Since 

/ is an ideal, {cEn, F\2, aE^} = euH\2 € / + for all c € C, a e / . By step (2) we get 

coEn G J+, which yields ca e J. Since C is commutative, we get ac € / . Hence I is 

an ideal of C. 

(c) is obvious. • 

Example 1.2.10. For n = 2 the symmetric-skew pair ssn(C) = (N+,N~) is not 

simple. 

Proof. Note that for n = 2, iV~ = span{Fi2 = £12 - E21}. Therefore for any 

a,/3 e C we have {aF12,x,PF21} = a0(F12xF12 - F12xFu) = 0 for all x € iV+. 

Put 1+ = N+ and J" = {0}. Then {I+,N~,N+} C /+, and {N+,r,N+} = 0 = 

{/-, N+, N~} = {N-, I+, N~}. This implies {J£, iV'6, N€} + {iVe, /-«, JVe} C /£, for 

e = ±. Hence (I+, I~) is an ideal of the symmetric-skew pair ssn(C). 

Example 1.2.11. Let C be a commutative associative and unital fc-algebra. Let T 

be a C-module with an alternating bilinear form B :T xT —> C. Then T is an anti-

Jordan triple system with triple product (x, y, z) = B(x, y)z + B(y, z)x + B(x, z)y 

(see Example 1.1.8). Hence by Lemma 1.2.1 we have V(T) = (T,T)B with triple 

product {...}# = {•••}B = {—)B is an anti-Jordan pair with involution (Id, Id), called 

the symplectic anti-Jordan pair (with respect to B). 

Lemma 1.2.12. Let C be a commutative associative and unital k-algebra with \zk. 

Let T be a C-module with alternating bilinear form B :T xT —> C which is strongly 
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non-degenerate in the sense that ifOj^xeT, then 1 G B(x, T). Then the symplectic 

anti-Jordan pair V(T) = (T, T)B is simple. 

For example if C is a field of characteristic not 2 and B is a non-degenerate form 

in the usual sense, then the symplectic anti-Jordan pair is simple. 

Proof. Let (0,0) ^ (I+, I~) be an ideal of the symplectic anti-Jordan pair V(T) = 

(T,T)B. Let 0 ^ x e I+, choose y eT such that B(x,y) — 1. Therefore {x,y,y} = 

B(x,y)y+B(y,y)x+B(x,y)y = 2y G I+. This implies y G I+, since \ G C. Let z G T, 

then {x,y,z} = B(x,y)z + B(y, z)x + B(x,z)y G I+. We get B(x,y)z = z € I+, since 

B(y, 2)3;, B(x, z)y G J+. Hence T = I+. Similarly we can prove that I~ =T. D 
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1.3 Associative Pairs 

Let A = (A+, A ) be a pair of k-modules with fc-trilinear maps (...) : Ae xA exAe-^ 

Ae, (x,y,z) —> (x,y,z) for e — ±. Then A is called an associative pair of first kind 

(see [12, Sec. 4.1]), if 

{(x, y, z),u, v) = (x, (y, z, u),v) = (x, y, (z, u, v)) 

for x, z, v € Ae, y, u G A~e and e e {+, - } . 

We denote the left and right multiplication in A by L(x, y)z = (x,y,z) = R(y, z)x. 

Let RA be the fc-subalgebra of Endfc(A+) xEndfc(v4~)op spanned by (Id, Id) and all ele­

ments xy -.= (L(x, y), R(x, y)) where (x, y) G (A+, A~). Let SA be the /c-subalgebra of 

Endk(A~) x Endk(A+)op, spanned by (Id, Id) and all elements yx := (L(y, x), R(y, x)) 

where (x, y) 6 (A+, A~). Then A+ is a RA — SU-bimodule for the actions (ai, a^x = 

oti(x) and x(P\,02) = p2(x). Similarly A~ is a SA — iiU-bimodule for the actions 

(Pi, P-2)y = Pi(y) and y(ai, Q'a) = az(y). The set 

f RA A+\ 
"A={A- SA) 

is an associative fc-algebra with respect to the usual matrix product, called the stan­

dard embedding of A. It is defined in [11], see also [2]. 

Example 1.3.1. Let A = VJlmn(R) = (Mmn(R), Mnm(R)) = (A+, A"), where R is an 

associative unital fc-algebra. Then Wlmn(R) is an associative pair of first kind with 

triple product 

(...) : Ae x A~e x A6 —> Ae, (x, y, z) —> (x, y, z) = xyz 

for e = ±. 

Lemma 1.3.2. Let v G Mmm(i2) such that vx = 0 for all x G Mmn(R) or yv = 0 for 

all y <E Mnm(R), then v = 0. 

Proof. Put v = y^ vijEij, then I V^ VijEij \ Est = 0 for all 1 < s < m. 

Therefore T^ ViSEn = 0 for all 1 < 5 < m. Hence v = 0. 
l<i<m 
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Also Eis y^ vijEij — 0 f°r a u 1 ^ .s < m. Therefore V^ WS/JSIJ = 0 for all 

1 ^ 6 ' ^ m. Hence v = 0. D 

Lemma 1.3.3. Let (r]+,T) be an automorphism of an associative pair of first kind 

A = (A+,A~). Then (r;+,r?~) can be extended to an automorphism of the standard 

embedding ^A of A. 

I \rJr r~) x~^~ \ 
Proof. Define rj: f.iA -»• /M by rj \ ' 

V y- ( s - , s + ) / 

( (r)+r+(r)+)~1,r)~r~(ri~)~1) rj+x+ \ 

for (r+,r~) G J^, (s~,s+) G SA, x+ G ^ + andy~ G A". 

It is clear that 77 is linear and bijective. We will check that rj is a homomorphism 

of algebras: 

^ / 7 ( r i V r ) -4 W ( r 2
+ , r a - ) 4 \ \ 

Vv r̂ ( 5 r > 4 ) / \ Vi ( * 2 . 4 ) / / 
~ / (4> r D ( 4 , r2~) + x ^ (r^, r f ) ^ + xtfa, 4 ) \ 

\ yi(r2' r2~) + (Si, Sf)tjz ft~X+ + ($]", 4)(*2 > 4 ) 7 

Putr = (r/+rf(r?+)-1,7?-rr(7?-)-1),r/ = (rj+r^fa+J^.TrrJfa-)""1), s = (v~-h(v~)~\ 

V+st(V
+)-1) and 5' = (TT^fa - ) - 1 . fa+4fa+)_1)> then 

77 
v vx (*r,4) / \ & (*2»4) / / 

rr ' + V+(xt)v~(V2) ?7+(4-4) + 77+(4^'i") 

v~(r2Vi) + ?r(^r^) ?r<j/r>/+(-4) + s s ' 
r rj+xf \ I r' v+xt \ 

v~vT s J \ v'Vi J ) 
/ > i V f ) xt \J{rtrf) xt ^ 

V vi far. 4 ) / V fa (*2»4) J 

n 
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Lemma 1.3.4. Let R be an associative and unital k-algebra. Let VJlmn — (Mmn(R), 

Mnm(R)) = (V+,V~). Then the associative algebra 

w <m-(v+-v~ V+ \ 
Mm+n,m+n\n) ~ I + I 

is isomorphic to [i<m„m • 

Proof. Define ib : Mm+n>m+n(R) - • /j,Umn by 

Eixt-Vi x + 

V y- J2jUj-vtj 

= (?2i(L{xt,yr),R(xt,yr)) x+ 

The following shows that V; is well-defined and injective. 

Y^iLfrt, yt ) , R(xf, %h )) = ^2(L(ut,vr ) , R{ut,vr )) 

i r 

i r 

\^xt-yr)z+=\J2ur'vr)z+ > z~\^xi'vr)=z~\Ylut'vr) 
<& 

•£> Y2 x? • & = YLu'+ • vr ( b ^ L e m m a i-3-2)-

It is easily verified that 0 is an algebra homomorphism. Hence it is an isomorphism. 

• 
Lemma 1.3.5. Let a e Mmn(F) and 0 ^ b e Mmm(F) such that ayb = 0 for all 

y € Mnm(F), where F is a field. Then a — 0. 

Proof. Let a — ^ a ^ - E ^ and b = y2brsErs. Since b ̂  0, there exist 6M ^ 0. 

Then ( ̂ a ^ E y 1 fe",1^ I ̂ 6 „ £ ' r s I = 0 for 1 < I < n. This implies 
\ i,j / \ r,s / 

•i j 
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Therefore y~]aubpgbpsEiS = 0. Hence aubpgbps = 0 for all i, s. In particular for s = q 
i,s 

we get an = 0 and then a — 0. • 

Theorem 1.3.6. Let F be a field and let n = (r]+,7]~) be an automorphism of the 

associative pair9Jtnm(F) = (Mmn(F),Mnm(F)). Then there exist invertible matrices 

a e GLn(F) and b e GLm(F) such that r]+(x) = axb'1, T]~(y) = bya~x for all 

x 6 Mmn(F) and y e Mnm(F). 

Proof. Let r? = (?7+,?7~) be an automorphism of the associative pair 9Jtmn(F). 

Then by Lemma 1.3.3 and Lemma 1.3.4, we can extend r\ to an automorphism fj of 

an associative algebra Mm+n,m+n(.F). 

Since F is a field, Mm+n)TO+n(F) is central simple. Hence all automorphisms are 

inner. Therefore there exists u e Mm+?vm+n(F) such that 

fj{x) = uxu~l for all a; e Mf„+n>m+n(F). 

Put u = I I and u~l = v = I J , then 
V M21 U22 ) \ f2i V22 / 

_ / Mil «12 \ / 0 X \ / Un V12 \ _ / 'U11OT2I UUXV22 \ 

V "21 "22 / \ 0 0 / V V21 t'22 / V U21XV2I U21XV22 ] 

- / 
V 

\ 

and 

~( 
v{ \ 

f 0 

v° 

' 0 

, y 

X 

0 

0 

0 

_ / «11 «12 \ ( 0 0 \ / Wn U12 \ _ / M12J/UH «12j/Vl2 \ 

V "21 U22 J \y 0 J \ V2i t'22 / V "22^11 U22J/V12 / 

Since 77 leaves Mmn(F) and Mnm(F) invariant, 

W11XU21 = 0 = U2\xv22 = M2iâ 2i for all x € Mmn(F) (7) 

and 

Also 

tti2?/'t'ii = 0 = Ui2yvi2 = U22XV12 for al l y e Mnm(F). (8) 

( _ / Mllt ' l l + Mi2t'21 UuVu + U12V-22 \ _ I Im 0 \ 

\ M21V11 + «22«21 U21V12 + W22U22 / \ 0 In J 
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and 

_ / U11M11 + Ui2«21 Vn«i2 + Vl2«22 \ _ ( hi 0 \ 

\ Vaittn + t'22«21 U21«12 + '̂22«22 / \ 0 /„ / 

Case (i) Suppose v^ = 0: 

Prom (9) and (10) we get, v^iUw = 0, V21U12 = In, 2̂1̂ 12 = 4 - From (7) we have 

'Unxt'21 = 0, this implies uuxv2iUn = 0, i.e. Una; = 0 for all x G Mmn(F). Hence by 

Lemma 1.3.2 we get u\\ — 0. 

From (8) we have uxzyvn = 0, this implies 2̂1̂ 122/̂ 11 = 0. Therefore yv\\ = 0 for 

all j / G Mnm(F). Hence t>n = 0 by Lemma 1.3.2. Now from (10) we have U12W22 = 0, 

this implies 2̂1̂ 12̂ 22 = 0. Since 1*21̂12 = h we get U22 = 0. Hence 

A "I ( ° '6'12 "\ 
and u = u = 

V V21 0 J 

Also C/12 : Fn —* Fm, x H-> U\ix and V21 : F m —> F n , y 1—> W21J/ are linear maps. Since 

U12V21 = l&Fm and V2i^i2 = Id/?", we get F m = Fn, which yields m = n. Then 

_ / 0 uV2yvn \ 

\ U21XV21 0 j 

But this is not possible, because this switches Mm„ <-> M„m. 

Case (ii) t'22 7̂  0: 

We know from (7) that U21XV22 = 0 for all x G Mm„(F). Therefore M21 = 0 by 

Lemma 1.3.5. Then (10) yields t'2i^n = 0 and ih\un — Im- This implies u2i = 0. 

Therefore «22^22 = In-

From (8) we know 'Unyvu = 0 and '̂ 222/̂ 12 = 0. This implies unyvnUn = 0 and 

V22U22yvu = 0. Therefore u^y = 0 and yvu = 0. From Lemma (1.3.2) we get 1*12 = 0 

and v12 = 0. Hence 

( M " ° ^ A -1 / " i i 0 \ 
u = and w — t; = 

V 0 U22 J \ 0 U22 J 
Therefore r]+(x) = unxvm and f]~(y) = umyvn- D 

29 



Chapter 2 

Automorphisms of the anti-Jordan 

pair VJlmn 

Unless specified otherwise, & is a commutative associative and unital ring, R is an 

associative and unital ft-algebra and C is a commutative associative and unital k-

algebra. We denote by kx the set of invertible elements of k and by GLr(R) the 

group of all invertible matrices in Mrr(i2). 

2.1 Preliminary results 

Lemma 2.1.1. (a) Let x G Mnn(C) and z € Mmm(C). Then xyz = y for all y € 

M„m(C) if and only if x = aln and z = a~lIm for some a e Cx. 

(b) Let x e Mnn(R) and z e Mmm(R). Then xyz = y for all y € Mnm(.R) and 

zux = u for all u 6 Mmn(R) if and only ifx = aln and z = a"1^ for some a 6 Rx. 

Proof, (a) Suppose that xyz = y for all y e Mnm(C). Write x — V ] XijEij 

and z = ^2 zkiEki- Then 
l<k,l<m 

y ^ XijEijEpgZkiEki = SP9 for all 1 < p < n, 1 < g < m. 
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This implies ^2xipzqiEu = Epq. Hence xipzqi — 0 for (i,l) ^ (p,q) and xppzqq = 1. 
i,l 

So ZqqXpp = 1. Therefore xpp, zqq ECX. 

If n > 1, there exist p,i such that p ^ i. Therefore (i,q) ^ (p,q) for all g and 

XiPzqq — 0. Hence xip — 0, thus a; is diagonal. 

If m > 1, then there exist q, I such that q ^ I. This implies (i, I) ^ (p, q) for all p, i. 

So in particular xppzqi = 0, yields 2g; = 0, i.e., z is diagonal. 

The equation 1 = xppzqq for all p, q immediately implies that x = aln, z = oClIn 

for some a E C x . The converse is clear. 

(b) Suppose that xyz = y for all y E M„m(i?) and zux = w for all u E Mmn(i?). 

Put a; = V^ XijEij, z = Y^ ZMEM, y = -Spg and w = JE^. Then a similar 
l<i,j<n l<k,l<m 

calculation as we did in part (a) shows that xw, zqq E Rx and Zkqxpj = 0 for (k,j) ^ 

(q,p). Therefore, as above we get that x = aln and z — a~lIm for some a e Rx. The 

converse is again obvious. • 

Lemma 2.1.2. Let ran > 1, and suppose for all u,w E M„m(R) and some v E 

Mnm(R.) we have uvw = wvu. Then v = 0. 

Proof. Let v — Y^ I^-JE^ and uvw — wvu for all ti, w € Mmn. Then 

£p<7 ( 22VijEij ) Est = Est I ^VijEij 1 Ep -'pg 

where 1 < p,s < m and 1 < q,t < n. This implies ^2vqjEpjEst = "y^vtjESjEpq. 
3 3 

Hence vqsEpt = vtpEsq. 

Suppose rn > 2. So there exist p, s such that p ^ s. Therefore u,s = 0 = 

Vtp for all q, t. This implies v = 0. 

Suppose n > 2. Then there exist t, q such that t ^ q. This implies t ^ = 0 = 

Vtp for all s,p, hence v = 0. • 

Lemma 2.1.3. £e£ x e Mmm(i?) and y E Mnn(R) such that xz = zy for all z E 

Mmn(R), then x — alm and y = aln, for some a E R. 
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Proof. Suppose xz - zy - 0 for all z e Mmn(R). Put x = ^ X y . E ^ and 

V = *^2yrsErs. Then I ^ a ^ - E ^ Eu = Eu ^2yr,,Ers J 1 < t < n. This implies 
r,s \ i,j / V r,s / 

y^XiiEit = "S^ytsEu- Therefore 
i s 

xn = ytu 1 <t <n and yrs = 0, 1 < r ^ s < n. 

Also I ^XijEij I £ui = £?„i I Y^VrsEra I , 1 < u < m. Then Y2Xi«Eil = 

y^yisJKas. Therefore xuu = (/n, 1 < u < m ando^- = 0, I < i ^ j < m. Hence 

x = a/m and y = aln for some a e £ D 

Lemma 2.1.4. Let m > 2. Then there does not exist a,b G Mmm(C), m > 2 s«,c/?, 

£/ia£ ax*6 = x /or all x e Mmm(C). 

Proof. Suppose there exist a = (a^),6 = Ylhs G Mmm(C) such that axfb = x for 

all x G Afmm(C). Then, evaluating the condition for x = En, we get 

En = I 2 _ , aijEijEn I I 2 ^ ^ r s ^ r s I = 2s anhsEis-
\l<i,j<m / \ l<r , s<m / l<i,s<m 

Therefore auhi = 1 and a^fris = 0 for i,s > 2. This implies an, hi G Cx-

Also for x' = £12 we get 

•£-12 — I £s aij^ij^l I I 2s hsETS j = 2 s atthsEis. 
\ l<j j '<rn / \l<r,s<m / l<i>*<m 

Hence 012611 = 0 and 012612 = 1- Since &n e C x , it follows that 012 = 0 and an € Cx, 

which is not possible. • 

Lemma 2.1.5. Let mn > 1, a, d G GLm(R) and 6,c€ GLre(i?). Let rj^h : Mmn(Pi) —• 

Mmn(R) and rij: Mnm(R) —> Mnm(R) be linear maps, given by 

vlb(x) = axb~\ Vldv) = cyd'1. 
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(a) Then the pair of maps r}a,b = (r?^6,77Jc) is an automorphism of the anti-Jordan 

pair 9Jlmn(R) = (Mmn(R), Mnm(R)) iff there exist a £ Rx such that c = ab and 

d = aa. Hence 

A :== {«6. ^6) : 0. e GLm(R), b e GLn(R)} C Aut(dJlmn(R)) 

is a subgroup of A\it(Wlmn(R)) such that (a,b) —* (rjab,r}~b) induces an isomor­

phism 

GLm(R) x GLn(i?)/{(a/m,a/„) : a 6 i ? x } ^ / \ . 

(b) Lei m = n, then the pair of linear maps r}aj = (r)+b, r?~6) is an involution of the 

anti-Jordan pair 9Jlnn(R) = (Mnn(R),Mnn(R)) if and only if there exist a € Rx 

such that b — aa-1. 

Proof, (a) Let the pair of maps (Vab>Vdc) be an automorphism of the anti-Jordan 

pair mmn(R) = (Mmn(R),Mnm(R)). Then 

vZb{x>V>z} = to(a0>»£c(!/)to(2)}-

This implies a{x,y,z}b~l = {axb'1, cyd~l, azb"1}. Therefore 

x(y — b~1eyd~1a)z = z(y — b"lcyd~1a)x 

for all x,z E Mmn(R). Then from Lemma 2.1.2 we get y — b~1cyd~1a for all y e 

Mnm(R). Also 

iid,c{v,x,w} = {v7,c(v)>vZb(x)>yd,cM}-
By a similar calculation as above we get x — d~laxb~lc for all x € Mmn(R). Hence 

c = ab and d — aa (by Lemma 2.1.1). The converse is clear. 

(b) The pair of maps (T?+6, rj~b) is an involution if and only if r/+6 o rj~b = IdMnn(R) 

and V~b ° Vtb = ldMnn{R) & T]+b o v-b(x) = x and r]~b o v+h(y) = y for all x, y € 

Mnn(R) o ^ ( fora - 1 ) = x and ri~b(ayyb~x) = t/ <̂> a6xa_16_1 = x and bayb~la~x <=> 

there exist a £ i J x such that 6 = aa" 1 (by Lemma 2.1.1). • 

Lemma 2.1.6. Let a,c G GL„(C) a n d M ^ GLm(C), mn > 1. Let /i+6 : MTO„(C) —> 

Mnm(C) and jj,~d : Mnm(C) —> Mm„(C) 6e /inear maps, given by 
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for all x G Mmn(C) and y G Mm„,(C). TTien 

(a) (HabiVcid) ?'5 a n anti-automorphism of the anti-Jordan pair DJlmn(C) iff there 

exist a G Cx suc/i £/ia£ d = ab and c = aa. We wW abbreviate \xa,b = (vt,b> /C,&)-

(b) /ia>6 is an involution of the anti-Jordan pair 93Tmn(C) if anrf on/y if there exist 

p eCx such that -Pa* - a and ptf = b and p2 = 1. 

Proof, (a): Since a, c G GL„(C) and b, d G GLm(C), it is easy to see that the pair 

of linear maps (vt^^d) *s bijective. Let x, z € Mmn(C) and y € Mnm(C), then 

^{aM/,*} = {*£&(&), 4^(3/). <&(a0} 

<^ a{#, y, 2:}i6_1 = {axtb~1,-dytc~1,aztb~1} 

& aztytxtb~1 - axtytztb~l = -axtb~1dytc~1aztb~1 

+aztb~1dytc"1axtb~1 

<5 zt(yt - b~ldytc~la)xt = x^y1 - b~1dytc~1a)zt 

<=> y1 - b~1dytc~1a (by Lemma 2.1.2) 

<(=> d = ab,c = aa (by Lemma 2.1.1). 

Similarly we can prove that fi~d{y,x, w} = {(.i~d(y), fj,+b(x), /Ji~d(w)} iff there exist 

a G Cx such that c = aa and d = ab for all y G M„m(C) and x G Mmn(C). 

(b): Since the map (Ha,b^a,b) *s a n anti-isomorphism, fia>b is an involution of the 

anti-Jordan pair 9Jlmn(C) if and only if /£)6o ji~6 = IdM„m(C) and n~bofi+b = IdMm„(c) 

^ AC ° /4a,6(2/) = V for a11 2/ € M„m(C) and jj~6 o f.i+b(x) = x for all x G Mmn(C) 

<=> ji^b(-byta''1) — y for all y G Mnm(C) and /i~6(ax*6_1) = x for all a; G Mmn(C) 

<=> -a(at)~1y6*6~1 = ;(/ for all y G Mnm(C) and -6(6t)_1.Ta*a~1 = x for all x G Mmn(C) 

•£*> there exist p G Cx such that a = —/5o* and b = fib1 (by Lemma 2.1.1). Now 

a = -pa1 and a* = -/?a yields a = /?2a. So P2 — I. D 

Proposition 2.1.7. (a) Let C = (C+i C—) be a C-linear automorphism of the anti-

Jordan pair (Wlin(C)), n > 1. Then there exist a G GL„(C) ,SWC/J that ( + = jyĵ ,̂  and 

C~ = Vic,a- Hence (+(x) = xb and (~(y) = by and 

Mc,b^hc,b) • b G GLn(C)} = Aut(3Jl1„(c7)) * GLn(C). 
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(b) Let £ = (£+,£~) be an C-linear anti-automorphism of the anti-Jordan pair 

9ttin(C), n > 1. Then there exist a G GLn(C) such that £+ = fif>a and (~ = \i\^a. 

(c) Let v = (u+,u~) be an C-linear involution of the anti-Jordan pair £Dti„(C), 

n > 1. Then there exist a G GLn(C) such that u+ = ^ a , ^~ = /i~! and a1 — —a. 

Proof, (a) Let C = (C+>C~) € Aut(£Dli„(C)), then there exist 0,6 G GLn(C) such 

that C+(^) = xa — rj^ a-i(x) and C~"(2/) = ^1/ = Vic,b(v)- Then by Lemma 2.1.5 we 

get 6 = a"1. But {«;,6,??rc,&) : 6 € GLn(C)} C Aut(9Jtln(C)). Therefore 

Mc,b,Vlc,b) • b G GLn(C)} = Aut(OMC)). 

(b) Let £ = (£+,£~) be an anti-automorphism of the anti-Jordan pair SDTlfl(C). 

By Lemma 2.1.6 we know that fi+ : Mi„ —*• M„i, ju+(x) = xl and /i~ : M„i —> Min, 

/x+(y) = —y* is an anti-automorphism. Hence £ o // = (£~ o / i + , ^ + o /z~) is an 

automorphism of the anti-Jordan pair Ti\n(C). Therefore by part (a), there exist 

a G GL„(C) such that 

£~ o /.t+(x) = xa - 1 and £+ o /i~(x) = ay, 

for all X G Mi„(C) and y G Mni(C). This implies £~(x*) = xa"1 and £+(—y*) = ay, 

i.e. £+(x) = (i+i(x) = ax* and £~(y) = //~i(y) = -y*o_1. 

(c) Let i/ = (i/+, i/"~) is an anti-automorphism of the anti-Jordan pair 3Jti„(C). 

Therefore by part (6), we get there exist a G GL„(C) such that 

Hence by Lemma 2.1.6 we get at = —a. • 

Remark: In the rest of this section we will determine Aut(SDtmn(C)) and the 

involutions of 9DTmn(C) where m, n > 2, i.e. m > 2 and n > 2. 

It is easy to check that the map £ : GLm(C) x GLm(C) —* GLm(C) x GLm(C) 

defined by 

«o,6) = ((^)-1
>(o*)-1) 
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for all a,b e GLm(C) is an automorphism. Now define an action of H — Z2 on 

K = GLm(C) x GLm(C) by 

0 • (a, b) = (a, b), I • (a, b) = £(a, 6) = ((6*)"1, (a')"1)-

Then this is an action of the group Z2 because T • (1 • (a, b)) = (1 + T) • (a, b) — 

()• (a, b) = (a, b) for all a,b e GLm(C). Let G be the set of all ordered pairs (k, h) with 

h G H = Z2 and A; G if = GLm(C) x GLm(C) and define the following multiplication 

on G: 

(fa, th)(k2, h2) = (fa(hi • fat), ht 4- h2). 

This multiplication makes G = (GLm(C) x GLm(C)) x Z2 into a group. 

Lemma 2.1.8. Let C be a commutative, associative and unital k-algebra. For a, b e 

GLm(C), m > 2, define r]a,b as in Lemma 2.1.5 and jiafi as in Lemma 2.1.6. Then 

r)a!b and fj,a>b are automorphisms of the anti- Jordan pair Wlmm(C). Moreover, the map 

T : (GLm(C) x GLm(C)) x Z2 -> Aut(9JtmTO(C)) de/med % 

^(a, &, 0) = (??+6, ??a"6) and r(a, b, T) = (/zj6, /*"6) 

/or a// a, 6 € GLm(C) x GLm(C), zs a group homomorphism, with 

ker (T) = {(alm,aim, 0) : a eCx} 

and r(GLm(C) x GLm(C) x Z2) = {/V6, r/a,<, : a, 6 € GLm(C)} = A. 

Proof. Since m = n, every anti-automorphism of 97tmm(C) is an automorphism. 

Hence from Lemma 2.1.6 and Lemma 2.1.5 we get that /ia)() and rja}b are automorphisms 

of Wlmm(C). Let a,b,c,d e GLm(C) and x,y e Mmm(C). We will check that r is a 

group homomorphism: 

T((a,b,0)(c,d,0)) = r(ac,bd,0) = r)ac,bd and 

T(a,b,0)r(c,d,0)(x,y) = r]a,bVc,d(x^y) = (acx(bd)~\bdy(ac)~1) 

- Vacjbd(x,y), 

r((a, b, 0)(c, d, 1)) = r(oc, bd, T) = ^ ^ and 

T(a,b,0)T(c,d,l)(x,y) = r)a}bnc4(x,y) = (acx*(bd)~l,-bdy1 (ac)~l) 
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r((a,6,T)(c,d,0)) = r(a(di)"~1,6(ct)_1,T) = ti^jt)-^^)-1 a n d 

r(a, 6, l)r(c, d,0)(x,y) = Va,bVcAx>v) = ( aCdTWZr 1 , -6(ct)-1i/*dto-1) 

= V<a(#)-l,b(cP)->-{%,y), 

r((o,6,T)(c,d,I)) = r(o(d*)~1,6(ct)~1,0)=?7a(rft)-ii6(ct)-i and 

T(a,6,T)r(c,d,T)(a;,y) = ( ^ . ^ ( ^ . ^ ( ^ J / ) 

= (a(£0~1^&~\&(ct)~V*tO =r/a((,l)-1,Kcl)-.(3;)i/). 

Hence r is a group homomorphism. Note that 

r(a,6,0)(x,2/) = (3,2/) o ( ^ ^ X ^ ) = (x^v) 

•& (axb~l, fa/a-1) = (x,it/) <̂> aa:6_1 = x, bya~l = |/. 

Therefore by Lemma 2.1.1 there exist a e C x such that .T = alm = y. Now 

r{a,b,l)(x,y) = (x,j/) «» (/C,/<~b)(^2/) = fa.2/) 

<!=> (ax*6_1, -fa/a - 1) = (x,y) 4^ ax*6_1 = x, - fa /a - 1 = t/. 

From Lemma 2.1.4 we get that there does not exist a, 6 6 GLm(C) such that 

axtb~1 = .T and — fa/a-1 = y 

for all .T, y 6 Mmm(C). Hence ker (r) = {(a/m, a/m, 0) : a G C x } . D 

Lemma 2.1.9. LetWlmn(C) = (Mm„(C), Mnm(C)) = (V+,V-). Then 

{/ e Endfc(V
+) : [/, D(x, y)} = 0, /or otf (x, y) e (V+, V~)} = Cldv+. 

Proof. Suppose that / lies in the left hand side. Note that for all z € V+, 

lf,D(x,y)} = 0 ** f{x,y,z} = {x,y,f(z)}. 

This implies f{Eij, Epq, Ers} = {Ey, Em, f(Ers)} for all i,j,p, q, r, s. Then for 

1 < g + i < m, we get {Eis, Esq, Eqs} = 8ssSqqEis - 8ssSqiEqs = Eis. This implies 

f{Eis) = f{Eis, Esq, Eqs} = {Eis, Esq, f(Eqs)}. 
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We know f{Eqs) = Y,a<bcahEab, therefore 

f(Eis) = {Eis,Esq, y ̂ CgbEgb} 
a,b 

= 2_j Cab{^is>Esq,Eab} 
a,b 

— 2_J Cab(^qaEib ~ 8bs8qiEas) 
a,b 

= ^2cqbEib (since q±i). 
b 

Since Eis = -{Eqs, Esq, Eis}, we get 

f(EiS) = —{Egg, Eaq, f (Eis)} 

— ~{Eqs, Esq, 2_^ CgbEib} 
b 

— cqsEi8 1 < i 7̂  q < m, 1 < s < n. (i) 

It now follows 

f(Eqs) = {EqS, Esi, f(Eis)} = {Egs, Esi, CqsEis} = Cq8Eqs. (H) 

f(Eip) — —{Eqp, Esg, f(Eis)} = —{Egp, Esq, cqsEis} = cqsEip. (iii) 

From Equation (i), (ii) and (iii) we get f(Els) = c2sEu, f(Eu) = cuEls and f(Elp) = 

c2iEip for all p, s with 1 < p, s < n. Therefore C21 = c<is = C\s f°r all s. Prom Equation 

(i) we have f(Eis) = c^-E^ = Cai-Ê , for all i, s with 2 < i < m and 1 < 5 < n. 

Hence f(Eis) = aEis for all 1 < i < m and 1 < s < n with some a e C. 

Now for arbitrary c G C we have oE^ = {cE^, Esg, Egs} for any i ^ q. Therefore 

f(cEis) = {cEis,Esq,f(Eqs)} = {cEis,Esq,aEqS} = caEis. Hence / = aldv+. The 

inclusion from right to left is clear. • 

Corollary 2.1.10. Let Mmn(C) = (Mmn(C),Mnm(C)) = (V+,V~). Let (f+,f~) be 

an C-linear anti-automorphism, of the anti-Jordan pair 9Jlmn(C). 

(a) If f+{x, y, z} = {f+(z),yt, xf} for all x, z € V+ and y G V~, then there exists 

a € Cx such that f+(x) = ax* for all x eV+. 

(b) If f~{y,x,w} = {f~(w),xt,yt} for all y,w G V~ and x G V+, then there 

exists 8 eCx such that f~(y) = fiy* for all y G V~. 
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Proof, (a): Define g e End c(F+) by g = (/+(.x))*. Then 

g{x,y,z} = {f+{x,y,z}Y = {f+{z),y\^Y = {x,y,g(z)}. 

Therefore by Lemma 2.1.9 we get there exists a e C such that g = aldy, i.e., 

f+(x) = axf for all x € V+. Since / + is invertible, a € Cx. 

(b) follows similarly . • 

Lemma 2.1.11. (a) Let 6 e Autfc(C). Define 4)+ : Mmn(C) -> Mmn(C) and 4>~ : 

M„m(C) -> Mnm(C) by 

4>+(x) := (^(ary)), 0-(2/) := (<£(|/.y)), 

/or all x € Mmn(C) and (/ 6 Mnm(C). ITien (0+,0~) e Autfc(9HTn,n(C)) and £/ie map 

Autfe(C) —> Autfc(0Hm„(C)), (j>\-^ <j) is a groxip monomorphism. 

(b) T/ie </rio«p Autc(9Hmn(C)) of all C-linear automorphisms ofWlmn(C) is a normal 

subgroup o/Autfc(3Jtmn(C)) and 

Autk(Ttmn(C)) = Autc(0«m„(C)) x (Autfc(C))~. 

Proof, (a) is immediate. 

(b) Let C = (C+, C") e Autfc(«mmn(C)) and let / e Endfc(C) such that / = eld for 

some c € C. Then ( C + o d d o ^ ) - 1 ) ^ , j , , z} = C+ocld{(C^(x), (C")"1^). (C+)-1(2)} 

= C+{(C+)-1W, (C~)-1(2/)) eld o (C+)-1(^)}- This implies 

(C+ o eld o (C+)-1){x, 2/, 2} = {*, y, (C+ o dd o (C+)-1)(^)} 

for all x, z e Mmn(C) and y G Mnm(C). Hence ( + o eld o (C+)_1 = </?(c)Id by Lemma 

2.1.9 for some map <p : C -• C. This implies ^(c)IdC+(a;) = C+ ° eld o (C+)_1C+(aO = 

(+(cx) for all .T G Mmn(C) and c e C. It is obvious that <p is fc-linear. 

The same argument applied to (C+)"~x ° dd ° £+ proves the existence of a k-

linear map ij) : C -^ C such that ^(c)Id = (C+)_1 ° eld o (+ for all c € C Then 

(p(ip(c))ld = C+ o (ip(c)ld) o (C+)-1 = C+ o (C+)_1 o eld o C+ o ((+)-1 = Idc. Similarly 

t/j o ip = Idc- So </? is bijective. Also <p{c\c<z) = (+ ° (ciC2)Id o (C+)_1 = C+ ° cild o 

( 0 " 1 ° C+ ° c2Id o (C+)-1 = (p(ci)¥P(c2) for all Cl, c2 e C. Therefore p e Aut*(C). 
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Similarly we can prove that C ° del o (£ ) x — <pi(c)Id, where y>i G Aut*(C). 

Then v?i(c)IdC_(y) = C~ ° dd o (C~)_1C"(y) = <~(cy) for all j / G Mnm(C). Note that 

C+(c{x, y, z}) = C+{•'£> C2/i }̂> s i n c e c{3;> 2/> -2} = {x> CV, %}• Therefore 

^(c){c+(x),c(y),C(z)} = {e(x),(Pi(c)C(y)i(+(x)}. 

This implies (tp(c) - ip1(c)){C+(x),C{y)X+(z)} = 0 for all x,z G Mmn(C) and y G 

Mnm(C). Hence p(c) = pi(c). Therefore C~(cy) = v(c)IdC~(j/). 

Let (cr+,0-) € Autc(9ttm„(C)). Let c G C and x G Mmn(C), then 

C+ o a+ o (C+)-1(cc) = C+ o a+^-HcJCC)- 1 ^)) = O ^ C c ) ^ ) ' ^ ) ) 

= riv-Hc))?- o a+ o (C)-\x) = c(+ o <r+ o (C+)-1(^). 

Similarly (~ o a~ o (C~)-1(c&) = < " o a" o (C~)_1(^)- H e nce Aiitc(9?lm„(C)) is a 

normal subgroup of Autfc(9Dtm„(C)). 

Now consider C = (C+.C~) £ Autfc(9Dtmn(C)). Define y G Autfc(C) as in the first 

part of the proof and note that (p G Autfc(9Jtm„(C)). Therefore 

fa+,ir) = (c+ o c^-)-1, r o ((p-r1) G Aut,(ojim„(c)). 

We check that (r]+,r]~) is C-linear. Indeed, 

Similarly we can check that C,~ o (^~)_1(ar) = c£~ o (^~)_1(a;). Therefore (r/+,??~) G 

Autfc(9Jtm„(C)) and C+ = V+ ° ^ and C"~ = T ° ^- Hence 

Autfc(9nmn(C)) = Autc(9Jtm„(C)) x (Aut*(C))~. 

D 

In the rest of the chapter we will consider only C-linear maps. 

Lemma 2.1.12. Let (f+,f~) be an automorphism of the. anti-Jordan pair 9Jlmn(C) = 

(Mm„(C),Mram(C)). Then there does not exist a G C such that 

(a) xtyt+f~(y)f+(x) = aln andf+(x)f~(y)-xy = alm holds for allx G Mmn(C) 

andy G M„m(C), or 
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(b) ytxt+f+(x)f~(y) = alm and f~(y)f+(x)-yx = aln holds for all x e Mmn(C) 

and y € Mnm(C), or 

(c) xhf + f~(y)f+(x) = aln and f+(x)f~(y) + ylxl = a/m Ziolds /or alZ x € 

Mmn(C) and 2/ 6 Mnm(C). 

Proof, (a) : Evaluating the condition for x = 0 shows a = 0. Thus 

xtyt + f-{y)f+{x) = 0 (11) 

and 

f+(x)f-(y)-xy = 0 (12) 

To distinguish .E^ e Mmn(C) and Epq e Mnm(C) we will (sometimes) write E™ 

and -E1 ™̂. Let x = E™ and y = E™1 such that j ^ r. We have 

f+{EihEri, Eir} = f+(Ei:j)f-(Eri)f
+(Eir) - /+(£W)/-(E,,)/+(£*i). 

But {£ y , J5U, £«•} = 0 - EirEHEij = -E%n, while using (12) and (11) to get 

/+(E i i) /-(E, ,) /+(E i ? . ) = E%nE™f+{Eir) = 0 and 

- / + (£« r ) / - ( £ -0 / + (3y ) = f+(Eir)E™E™ = f+(Eir)E™. 

Hence -f+{Eij) = f+(Eir)E™. Multiply both sides by / " (£,•<) € Mnm(F), to get 

- / - ( K ; , ; ) / + ( ^ ) = f-{Eji)f+(Eir)EjT and apply (11) to obtain 

Tpnm rpmn rpnm rpnin rpnn 
ji ij ' ' ri ij jr ' 

whence EJJ1 = —£y"\ a contradiction. 

(b) follows from (a) by exchanging m and n, and +/-. 

(c) Evaluating the condition for x = 0 shows a = 0. Thus 

w+rwrw = 0 (13) 
and 

/+wr(y)+?/V = o (u) 
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holds for all x G Mmn(C) and y G Mnm(C). Note that 

f+(x)f-(y)f+(x) = f+(x)f-(y)f+(x). 

Therefore f+(x)xtyt = ytxtf+(x) (by equation (13) and (14)). This implies 

(f+(x)xt)yt=yt(xtr(x)) 

for all y € Mnm(C). Hence from Lemma 2.1.3, we get 

f+(x)xt=plm and xtf+(x)=pln. 

We have xt{ytzt) = -xtf+(x)f~(y) = Pf~(y), so xyx G C(f~{y)f for all 

x € Mmn(C). Now 

Eu = Eii(E11 + E22)EU G C(f-(En + E22)f 

for i = 1,2 is a contradiction. • 

Lemma 2.1.13. Let (/+, / " ) be an anti-isomorphism of the anti-Jordan pairfJJtmn(C) 

= (Mmn(C),Mnm(C)). Then there does not exist a E C such that 

(a) f~{y)f+{x)-xy = alm and f+(x)f~{y)-yx = aln holds for all x G Mmn(C) 

andy G Mnm(C), or 

(b) xtyt+f+(x)f~(y) = aln and f'(y)f+(x)-xy = alm holds for allx e Mmn(C) 

and ?/ G Mnm(C), or 

(c) ytxt+f-(y)f+(x) = a/m andf+(x)f~(y)-yx = a/„ holds for allx G Mm„(C) 

and y G Mnm(C). 

Proo/. Note that for / e as in the lemma, the maps ge(x) — efe(x)1 defines an 

automorphism of Wlmn(C). Applying the map z —> —z* to the equations above shows 

that the claims follow from Lemma 2.1.12. More precisely, (a), (b) and (c) reduce to 

(c), (b) and (a) of Lemma 2.1.12 respectively. • 
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2.2 Super algebras 

Let V be a fc-module and let F be an abelian group. A F-gradation of the k-m,odxde 

V is a family (V7)7<=r of fc-submodules of V such that 

v = ©v7. 

The module V is said to be F-graded if it is equipped with a T-gradation. An element 

of V is called homogeneous of degree 7, 7 e T, if it is an element of Ky. In case 

F = Z2 the elements of VQ (resp. Vi) are also called even (resp. odd). 

Let A be an algebra over k, i.e., A is a A;-module together with a bilinear multipli­

cation A x A —> A, (a, 6) —» a&. The algebra A is said to be F-graded if the underlying 

vector space of A is T-graded and Ay As C A1+$ for 5,7 e F. A Z2-graded algebra 

is called a superalgebra. A superalgebra S is said to be Z-graded if we are given a 

family (Sj)jez of Z2-graded subspaces of S such that 

5 = 05,- and 
j€Z 

SiSj C Si+j for all i, jf e Z. 

A Z-gradation (Sj)jeZ is said to be consistent with the Z2-gradation of a superalgebra 

S if 

•So = ^ p 52j , 5j = ^ 52j+i. 

Let L = LQ © Lj be a superalgebra whose multiplication is denoted by a square 

bracket [, ]. This implies in particular that 

[La, Lp] C La+(i for all a, 0eZ2. 

We call L a Lie superalgebra if the multiplication satisfies the following identities: 

[A,B] = -(-l)°f>[B,A] (15) 

(-ira[A,[B,C}} + (-irnB,[C,A)} + (-l)^[C,[A,B}} = 0 (16) 
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for all Ae La, B eLf3,C € L7; a, 0, 7 € Z2. 

A 3-grading of Lie superalgebra L is a (not necessarily consistent) Z-grading 

L = 0 i 6 Z Lj of L such that L, = 0 for i <£ {±1,0} and L» = (L{ n LQ) © (£* n ^T) f o r 

ze{o,±i}. 

A Lie superalgebra is called 3-graded if it has a 3-grading. A 3-graded Lie super-

algebra L = Li © L0 © L_i will be called Jordan 3-graded if 

(i) [Li,L_i] = Lo, and 

(ii) there exist a Jordan superpair ( see [13] for the definition of a Jordan superpair) 

on (Li,L_i) whose Jordan triple product is related to the Lie product by 

{x, y, z} = [[x,y], z] for all x, z 6 L±1, y e LTl. 

In this case, V = (Li, L_i) will be called the associated Jordan superpair. 

Example 2.2.1. Let A = AQ © A[ be an associative superalgebra over k. Then A~ 

is a Lie superalgebra with the supercommutator [a,b] = ab — (-l)laH6lba, where \x\ 

denotes the degree of x. For example, let A = AQ © A\ =: Mp|g(i?), where i? is an 

associative fc-algebra and 

A-o = J ( Ql J : 01 e Mpp(i?),a4 e M„(i2) I 

^i = J ( ° a" J :fl26MM(i?),fl3€Mw(i?) 

Then .A = AQ © >li is an associative superalgebra, with respect to matrix multiplica­

tion and hence A~ is a Lie superalgebra. 

Proof. Note that 

[A, B] = AB-(-l)a/3BA 

= -{-l)a0{BA - {-l)a0AB) = -(-l)m3[B, A] 
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for all A e Aa, Be Ap ; a,(3 e Z2. It remains to check (16). Let A,C € A$ and 

5 e 4 Then 

[A, [B, C}} = ABC - BCA - ACB + CBA, 

[B, [C, A}} = BCA - CAB - BAG + ACB, 

[C, [A, B}} = CAB - ABC - CBA + BAC. 

Hence [A, [B, C}} + [B, [C, A}] + [C, [A, B] = 0. Similarly, for Ae Aa , B e Ap,C e A,, 

a, 0,7 e Z2, we can prove that [A, [B, C}} + [B, [C, A]} + [C, [A, B] = 0. Hence (16) 

holds. 

Example 2.2.2. Let R be an associative fc-algebra. We define sl(m\n)(R) or sl(m\n) 

for short by sl(m\n) = < I j : a € Mmm(i?), b € Mmn(R), c E Mnm(R), 

d e Mrm{R), (tr(o) - tr(d)) e [R, R]\ 

where [R, R] is the space of the supercommutators of R. 

Put 

Ll = H o b
0)

:beM™(Rn 

L° = \ [ a °d)''ae Mmm^de Mnn(R)Ma)- tr(d) e [R,R] \ 

L-x = | I ° ° ) : c G Mnm{R) 1. 

Thus Lo = L0, Li = Li © L_i and st(m|n) = L§ © Lj = Lj © L0 © L_i, is a 3-graded 

Lie superalgebra, with the usual supercommutator product. In fact, it is a subalgebra 

ofMm |„(#)". 

Proof. To show that sl(m\n) is a Lie superalgebra, it is enough to check that 

sl(m\n) is closed under [ , ], since any graded subspace of Mm\n(R)~ which is closed 

under [, ] is a Lie superalgebra. It is obvious that $l(m\n) is closed, since [Le, Le] — 0, 

[Le, L_e] C Lo, [Le, LQ] C Le and [LQ, L0] C L0 ; e = ±1. 
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Lemma 2.2.3. Let R be a associative and unital k-algebra. Let u G GLm(R) and 

v G GLn(R). Then the, map 

eUtV:sl(m\n)(R)^sl(m,\n)(R), 
a b 

c d 

u lau u lbv 

v~xcu v~ldv 

is an automorphism of the Lie superalgebra sl(m\n)(R). Hence 

0 = {9UtV : u G GLm(R), v G GLn(R)} C Aut(sl(m\n)(R)). 

Moreover, fi is a subgroup of A\it(sl(m\n)(R)) such that (u,v) —> (6u,v) induces an 

•isomorphism GLm(R) x GLn(R)/{(aIm, aln) : a G Rx} = O. 

Proof. It is easy to see that 6U>V is linear and bijective. Therefore we will check 

that 9UtV is a homomorphism of Lie superalgebras: 

"u.v 
02 b2 

c2 d2 

~ "u.v 
[ai, a2] + bxc2 + b2cx axb2 - M i + bxd2- a2bx 

dic2 - c2ax + cxa2 - d2cx [dx, d2] + cxb2 + c2bx 

u 1([ax,a2] + bxc2 + b2cx)u u 1(axb2-b2dx + bxd2-a2bx)v 

irl(dxc2 - c2ax + cxa2 - d2cx)u v-1([dt,d2] + cxb2 + c2bx)v 

u laxu u lbxv \ J u 1a2u u lb2v 

v~~xcxu v~ldxv I ' I vrxc2u t;_1d2v 

°x bl 1 0 I a'2 b'2 

cx dx J ' u'v \ c2 d2 / 

Let (u, v) be in the kernel of the map (M, V) —> 9U>V, then 

a b \ i a b \ 
"u,v 

c d c d 
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u 1au u Abv \ lab 
This implies = • Therefore u = alm and v = aln by 

Y t>_1cu v~xdv J \ c d J 
Lemma 2.1.3. D 

Lemma 2.2.4. (a) Let 1/2 e k and let L = LQ © L\ be a 3-graded Lie superalgebra 

over k , where LQ = L0 and L\ = Lx® L_i. Then the pair of spaces (Li, L_i) with 

the trilinear map 

{x,y, z} = [[x, y], z], x,z e Le, y e L_e, e = ±1, 

is an anti-Jordan pair. 

(b) Conversely, we can associate to every anti-Jordan pair V = (V+,V~) a 3-

graded Lie superalgebra. Namely, let IDerV = span{5(^, y) = (D+(x, y), D~(y, x)) € 

End(y+) x End(y-), for all x,y E V}. We define 

M(V) = V+ © IDerV © V~ 

with product 

[x+ ®c®x~,y+ ®d®y-] = (c+y+ - d+x+) © ([c,d] +8(x+,y~) 

-5(y+,x+))(B(c-y--d-x-) 

where xe, ye e Ve, e = ± and c = (c+, c~), d = (d+, d~) e IDerV. 

Then R(V) is a 3-graded Lie superalgebra with LQ — LQ and Lj = L\ ©L_i, whose 

associated anti-Jordan pair is V. 

Proof. To verify (3) we apply the Jacobi identity : 

{x, y, x} = [[x, y], x] = [x, [y, x}} + [y, [x, x}}. 

By using the property of super anticommutativity and [x, x] = 0, we have \[x, y],x] = 

-[[x,y],x]. This yields [[x,y],x] = 0, since 1/2 e k. Hence (3) holds. 
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To verify (4) we also apply the Jacobi identity and super anticommutativity : 

[D(x,y),D(u,v)]z = {x,y,{u,v,z}} - {u,v,{x,y,z}} 

= [[x, y]. [[«. *>], 2]] - [[«, u], [[x, y],z]] 

-[«,[[a;,y],[M,v]]] 

= [[&, y], [[w, t>], z}} - [[x, y], \[u, v],z}} 

-[z,[[x,y],[u,v]}} 

= -[z,[[x>y]>[uiv\l\ 
for all x,u,zE Le, y, v € L_£, e — ± 1 

D({x, y, u}, v)z + D(u, {y, x, v})z = {[[x, y],u], v, z} + {u, [[y, x},v]],z} 

= [[[[x,y],u},v],z] + [[u,[[y,x},v]},z] 

= [[[x, y], [u, v]], z] + [[u, [v, [x, y]]}, z) 

+[[u,[[y,x],v],z] 

= -[z, [[x, y], [u, v}}} - [[u, [[y, x], v}}, z] 

+[[u,[[y,x},v],z] 

= -[z,[[x,y],[u,v]]] 

for all x, u, z G Le, y, v G L_e, e = ± 1 

(b) It is known that £(V) is a Lie superalgebra [13]. Hence (4) holds. • 

One calls £(V) the Tits-Kantor-Koecher superalgebra associated to V. 

L e m m a 2.2.5. sl(m\n)(R) = Z/i©Lo©£-i is a Jordan 3-graded Lie superalgebra with 

associated Jordan superpair 9Jlmn(jR). Hence the Tits-Kantor-Koecher superalgebra 

&(€Eflmn(R)) is isomorphic to 

psl(m\n)(R) := sl(m\n)(R)/Z(sl(m\n)(R)). 

Proof. We know that sl(m\n) = L\ © L0 © £-1 is a 3-graded Lie superalgebra (see 

Example 2.2.2). Also for all x, z e L\ and y G L_i, we have [[x, y], z] = [xy + yx, z] = 
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xyz — zyx = {x,y, z} (since LeL€ = 0, e = ±1). We will check that [Lx, L_i] = L0. 

Let Ey denote the matrix units. Then 

Li = span {Eij : 1 < i < m, m + 1 < j < m + n} 

L_i = span {Eji : 1 < i < m, m + 1 < j < m + n} 

L0 = span {En + Ejj : 1 < i < m, m + 1 < j < n + in} 

U span {Etj : 1 < i^ j < m} U span {E^ : m + 1 < i ^ j < m + n}. 

Note that 

[E^ , Eji] = En + E'j-j 1 < i < in, rn + 1 < j < m + n 

[Eij, Ejk] = Eik l<i^k< in, j = m + 1 

[£y , Eri] = £Vj i = 1, m + 1 < j T̂  r < rn + n 

Therefore the spaning set for L0 is contained in [L\,L'-\], so L0 C [L\,L-\]. But 

[Li, L_i] C L0,, which yields [Li, L_i] = Lo- Hence sl(m\n)(R.) is a Jordan 3-graded 

Lie superalgebra with associated Jordan superpair 9Jlmn(i?). Therefore £(9Jt,mn) = 

psl(m,\n)(R) by [4, Lemma 2.4]. • 

Lemma 2.2.6. Let R be a unital and associative k-algebra. Then 

Z(glm(R)) = {x e glm(R) : M U # ) ] = 0} = Z{R)Im. 

Proof. I t iseasytoseethatZ(^m(E)) D Z(R)Im. We will check that Z(glm(R)) C 

Z(R)Im. We may assume m > 1, let a' = (xra) € Z(glm(R)) and a € i2. In 

particular for all z,j with i ^ j we have (]T) xrsErs)aEij = aEij(J2xrsErs), i.e. 

5^r xriaErj = J2S aXjSEis. This implies .Tri = 0 for r ^ % and Xua = aa;̂ - for i ^ j . 

Therefore x = alm, a G £(i?). • 

Lemma 2.2.7. Let L = sl(m|n)(C) &e as m Example 2.2.2, suppose in > 1 and 

n > 1. T/ien 

Z(L0) = | ( a / " ' ° \:am = 0n,ay0ec\. 
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Proof. Let I J G Z(L0), where x G Mmm(C) and y G Mnn(C) such that 

V ° V J 
tv(x) = tr(y). In particular for a € Mmm(C) and d = tr(a)Eu we get [ J € Lo, 

so [x, a] = 0 for all x G Mmm(C). Hence a = alm for some a G C by Lemma 2.2.6. 

Similarly, one proves d = /i/TO for some ,/? G C. Since tr(o) = tr(d), we obtained 

am = fin. Thus 

Z(LQ) C J [ aIm ° | : am = fin, a,p G C \ . 

The converse is clear. D 

Lemma 2.2.8. Let L = sl(m\n)(C), then 

Z(L) = {zeL: [z,L] = 0} 

is contained in LQ and has the following description: 

Z(L) = {alm+n : a G C, and am = an} C Z(LQ), 

i.e. Z(L) = {alm+n : a G A}, w/iere A = {a G C : a(ra - n) = 0}. 

Hence Z(L) ̂  0 if and only if (m — n)lc is a zero divisor in C or zero. Moreover: 

(i) Ifmlc,,nlc G Cx, then 

L° = I ( ° ) •aeMmm(C),deMnn(C),tiia)^tr(d)\ 

= l(a
Q °d,)

:a'e Mrom(F), cT G Mnft(C), tr(o') = 0 = tr(cT) 1 

V 0 lnln) 

= slm(C) ©s[n(C) e Z(L0), where Z(L0) = C ( ™Im ® J . 
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Hence L0/Z(L) = sL(C) ©*(„(£) e c 

Z(Lo/Z(L)) = 

-Im 0 
TO " l 

0 l/„ 

c(iim o 
M o i/„ 

and 

(ii) Le£ m l c = nlc € C x . T/ien Z(L) - Z(L0) and /»ence 

L0/Z(L) = L0/Z(L0) = slm(C) ©sU(C). 

Proo/. Since L = Lx © L0 © L_i is a finite Z-graded algebra, the center of L 

is graded too. i.e., Z(L) = (Z(L) n L_i) © (Z(L) n L0) © (Z(L) n Li). Suppose 

/ 0 6 

0 0 
eZ(L)nLi.Then 

0 = 
0 b 

0 0 

0 0 

c 0 

be 0 

0 c& 

whence be = 0 for all c G Mnm(C), which implies b — 0. Hence Z(L) D Li 

Similarly Z(L) D L_i = {0}. 

' o 0 ' 

= {0}. 

Let 
0 d 

E Z($l(m\n)) n L0. Then 

0 = 
a 0 

0 d 

0 0 

c 0 

which implies dc — ca for all c G M„m(C). Therefore by Lemma 2.1.3, we get a = alm 

and d = aln for some a £ C. Since tr(a) = tr(d) we get an = am, or a(m — n) = 0. 

Hence 

Z(L) = {ai,„+n : a e C , and am = an} c Z(LQ). 

(i) Let a G glm(C). Then tr(a — (^tr(a))Jm) = 0 and so 

1 1 
a = (a - (—tr(a))Jm) H tr(a)Im. 

m m 

This implies a G sU(C)+sTO(C), where slm(C) is the Lie algebra of trace zero matrices 

and sm(C) denotes the scalar matrices. Let x G slm(C) D sm(C). Then x = alm for 
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some a e C. Therefore tr(ar) = am = 0. Since mlc € Cx we get x — 0. Hence 

glm{C) = sU(C) © sTO(C). Similarly we can prove that gln{C) = sln(C) © sn(C). 

Let I J e sl(ra|n). Then by what we just showed, we have 

1 1 
a — s(—)Im © a' and d = t—In © <f 

m n 

where d! € sln(C), °' e $U(C) and s,teC. Since tr(a) = tr(d) we get s = t. Hence 

£o = *L(C) + *ln(C) + ^(Lo), where Z(Lo) = C 
0 

Let 0 = ( a' ° | + | C" , / m ° I where c e C. Then 
\ 0 d' \ 0 chin 

1 1 
0 = a' + c—Jm and 0 = d! + c—1„. 

m n 

This implies 0 = tr(c^JTO) and 0 = tr(c£/n). Hence c = 0. Therefore the sum is 

direct. It is clear that 

L0/Z(L)=slm(C)esln{C)® 

For the last claim it is easy to see that Z(Lo/Z(L)) 2 ^ m 

To prove the other inclusion, we can assume that 

' hlm 0 
o y n 

a' 0 

0 b 
, e Z(L0/Z(L)) n (slm(C) © sln(C)). 

Then 
a' 0 

0 U 

a 0 

0 6 

[of, 6] 0 

0 [6', b) 
= 0 

for all a e slm(C) and 6 e s[n(C), i.e. a' € Z(sU(C)) and b' e Z(st„(C)). Hence 

a' = 0 and 6' = 0. Therefore 

Z(L0/Z(L)) = £( ^ ^ \ . 
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(ii) Let m l c e C x . Then 

Since mlc = nlc, we get 

• 
Let ( = (C+)C~) be an automorphism of an anti-Jordan pair V. For T — 

(T+,T-) e EndV+ x EndV~ we define 

C.r = c.(T+,r-) = (c+T+tc+rSc^CT1). 

If T = 6(x,y) = (D+(x,y),D~(y,x)), then 

C.r = (C+D+(x,y)(C+r\CD~(y,x)(cr1) = S(C+x,Cy). (17) 

Lemma 2.2.9. (a) Let ( = ((+ , (~) be an automorphism of an anti-Jordan pair 

V = (V+, V~) over k. Then 

C: A(v) -• £(v), x+ © d e x~ •-> (+(x+) © C-d © COO 

is on automorphism of &(V), where (.5(x,y) = S((+(x),(~{y))-

If Z(&(V)o) C {(aid, /?Id) : a,f3 G &;} £/ieri £/je extended automorphism ( fixes 

the center of &(V)Q. 

(b) Let C = (C+
; C ) ^e a automorphism of the anti-Jordan pair 9Jtmn(C) = 

(Mmn(C),Mnm(C)). / /Z(£(F) 0 ) C {(cild,c2ld) : C!,c2 e C} then the extended 

automorphism £ fixes the center of &(V)0. 

Proof, (a) It is clear that £ is well defined, i.e., (.d € IDerV. We will check ( is a 

Lie superalgebra homomorphism: 

C[ .T + ©c©ar ,2 / + edey- ] = (((c+y+ -d+x+)®([c,d] + S(x+,y-) 

+S(y+,x+)) © (c~?/~ - d^x")) 

= (+(c+y+ - d+x+) © C.[c, d] + (.S(x+, y~) 

+{Av+,x+)®C(c-y- -d~x-) 
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and 

{((x+®c(Bx-),((y+®d(By-)} 

= {(+(x+)(B(.c®c(x-),(+(y+)®Cd(BC(y-)} 
= (t-c)+(+(y+) - (v.d)+v+(x+) © [C.c, C4 

+ 8((+x+,(-y-) + 8(ri+y+,(-x-) 

®(ccrc(y-)-(cdr(-(x-) 
= C+c+(r/+)-1r;+(y+) - r1

+d+(C)-1C+(x+) © 
[ ( c + c + ( C + ) _ 1 ) C _ c . ( r ) _ 1 ) > ( c + r f f ( c + ) _ 1 ) C _ d _ ( c _ ) _ 1 ) ] 

+v.S(v+, x-) + CAx\ y~) © Cc(cr\- (y~) 

= (+c+(y+) - (+d+(x+) © ([C+c+(C+)-\ CW"fo-T1], 

K-C-(C-)-1, r d- ( r )-1])+c-%+, x-)+<.*(*+ ?n 
©C"c-(y-)-C"rf"(a;") 

= C+c+(|/+) - (+d+(x+) © C.[c, d] + (.5(y+, x-) 

+C-S(x+,y-)®Ccr{y-) - C~d-(x~) 

Therefore (([x+ © c © x~, y+ © d © ?/1) = [C(ai+ © c © a:-), C(y+ © d © j/~)] 

Hence £ is a Lie superalgebra homomorphism. Let x+ © c © ar e Ker £. Then 

C(a;+ © c © ar) = 0 => (+(x+) © (.c © C"(»") = 0 

since the sum is direct. So x+ = 0, c = 0, and £~ = 0 shows that £ is injective. 

Let x+ © c © x- € J!(V). Then C((C+)_10O © C_1-c © (C~)_1(z+)) = *:+ © 

c©£~, since ( = (C+,C~~) 1S a n automorphism. Therefore £ is bijective. Hence 

C e A u t ( J W ) . 

Let T = (ald,/31d) e Z(£(V)0) , where a, /? € k. Then 

C.r = (c+CaidXO^C^MXcr1) = r. 

Similarly we can prove (b). • 
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Lemma 2.2.10. Let ^ G C and suppose I is an ideal of the Lie algebra sln(C). Then 

there exists an ideal I of C such that I = sln(I). Conversely, s[„.(/) is an ideal of 

stn(C) for any ideal 1 of C. Moreover, every ideal of sin(C) is perfect in the sense 

that I = [1,1]. 

Proof. It is clear that sln(I) is an ideal of sln(C) for any ideal / of C. Note that 

sln(C) = span({£« - Ei+U+1 : 1 < i < n - 1} | J {3y : 1 < i ^ j < n}). 

Case 1. (ra = 2): 

Step 1: Let a; = (cn(En - E22) + £ 

cn(En — E22) G / and that we can move every entry in a matrix in I to any position 

in another matrix in I. Then for 1 < u ^ v < 2, we get [[x, Euv], ^E^] = cvuEuv 6 /. 

Therefore [fwJ5u„, Evu] = cuu{Euu - Evv) e I. This implies 

- 1 

Since x G I and (cr2E12+c2iE21) G /, we get x-J2i<i^j<2 ^i^J = cn(En -E22) G /. 

Step 2: Let 7 = {a G C : aE12 G / } . Then for any c G C we get 

[ca(En - E22), -£12] = caE12 G I. 

This implies ca G /. Therefore 7 is an ideal of C. Note that every element of J is a 

sum of commutators, i.e. [\{EUU — Evv), aEuv) = aEuv and [£12, aE21] = a(En — E22) 

for all ae I. Therefore every ideal of sl2(C) is perfect. 

Case 2. (71 > 2): 

Step 1: Let x = (j2"=i cdEu ~ Ei+i,i+i) + £i<i,«y<n Cy^i) e J- W e wi l1 P r o v e 

CijEij,c.ii(En — Ei+i<i+i) G / and that we can move every entry in a matrix in / to 

any position in another matrix in / . Then for 1 < p =4 u ^ v ^ p < n, we get 

[[[X, iZ/ujiJ, Jl/Up\, •C-'puj • [ CvuJ-JUp (^pu-'-'uvi l-'pvi CyU£/uv fc i . 

Therefore [cvuEuv, Evu] = cvu(Euu - Evv) G / . This implies [cvu(Euu - Evv), -Evp] = 

Cvu*-/vp ^ -* aiiG \Cvu\^-juu ^vv/i J-'upl ~ cvuii/up c; i. ineieiore \cvujzjVp, x̂ p̂ j — CVUJ~JVU t 

/. Therefore 

[Eru, CvuEup) — cvuErp el for 1 < r ^ u ^ p ^ r < n and 
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[Esv, cvuEvp] = c^mEsp el for 1 < 5 ^ v ^ p ^ s < n. 

Hence [cvuErp, Epi] = cvu(Err - Epp) G I for 1 < r ^ u ^ p ^ r < n and 

[cra£sp, £pS] = c„u(£;ss - £pP) e I for I < s ^ v y£ p ^ s < n. This implies 

['--•Duv-t-'rr t-tppji ^pu\ = Cvu-'-'pu t •* a n d [Cj,.u^xiss hipp), -E/pi,j = CvuJl<pV c: i . 

Since a; G / and ]Ci<i#<n C»J ; J^J
 e - ^ > w e S e t 

7 1 - 1 

This implies [X^j/ c«(£« - Ei+1M1), Eln] = (cn + cn„i,n_i)£i„ G /, and 

2_j CiiiEii ~ •E'i+l.i+l 
t = l 

= (cn - c„,„ + c„_liU_i)Ei,u G /, 2 < M < n - 1. 

Therefore [(cn - c„,„ + cu_i,„_i)Ei,u, £„,„] = (cn - c„,„ 4- c«-i,u-i)Ehn € I. (*) 

Then l(J^Zl(cn - cu,u + c„_i,u_i) + cn + Cn-i,n-i)Ein = Cn2?i„ G /. This implies 

(Cn + Cfi.-l^j-l — Cn)£?l , n = Cn-\,n-\E\tn G / . 

Hence from (*) we get CaE\n € /, for 2 < i < n — 1. 

Step 2: Let 7 = {a G C : aE1^ G / } . Then [caE'is, £32] = caEn G J for any 

ce C. This implies ca G J. Therefore / is an ideal of C. Hence I = s [„(/). 

Note that [Evv — £tttl, o£?„p] = aEvp and [£?„„, a£U] = a(Euu — Evv) for all a G /. 

Therefore every ideal of sin(C) is perfect. • 

Lemma 2.2,11. Let £, ^ G C and te£ Ji, 72 6e «deate o/C. Then slTO(A) ©sUC^) 

is a perfect ideal of L = s[,n(C) © s£n(C)- Conversely, any perfect ideal of L has this 

form. 

Proof. Let Ij, J2 ideals of C. Then slm(Ii) and fil„(/2) a r e perfect ideals of s l ^C) 

and s[„(C) respectively by Lemma 2.2.10. Hence sl^Ix) ffi s [„( / 2 ) is a perfect ideal 

of L. 

Conversely, let / be an perfect ideal of L. Let TTI : sL(C) © sln(C) -» sU^C1) and 

similarly -IT? : slm(C) ©st„(C) —> stn(C) be the canonical projections. Then m and 

TT'2 are algebra epimorphisms, hence 7Ti(7) is an ideal of sUCC) and 7r2(J) is an ideal 
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of sln(C). By Lemma 2.2.10 there exist ideals Ix, 72 of C, such that 7Ti(7) = s1m(h) 

and TTI(J) = $ln(h)- We know that 7Tj(7) is a perfect ideal of L. Therefore 

7n(7) = MILL}) = [^(I),7r,(L)) = [irx(I), slm(C)} 

and 7r2(J) = [7r2(/),sl„(C)]. Also / = [/,/] = [I,slm(C) © sln(C)} = [I,slm(C)} © 

[7,s[n(C)] = M / ) , s L ( C ) ] © [7r2(/),fi[„(C)] = [slm(h),sUC)} © [sI„(/2),Bln(C)] -

s(m(/1)©s[n(/2). • 

Proposition 2.2.12. Let ^ e C and let ip € Autc(L) where L = Lx@ L2 and 

Li = $lm(C) and L2 = sln(C). Suppose C is connected ifm = n. Then either <p(Li) = 

Li for £ = 1,2 or p(Lx) — L2, p{L2) = L\ and m = n. 

Recall C is connected if and only if C is not a proper direct sum of two ideals. 

Proof. Since p e Autc(i) and Lx, L2 are perfect ideals, we have L = p(Lx) © 

<p(L2), where ip(Li) are perfect ideals of L. By Lemma 2.2.11 we therefore have 

p[Lx) = slm(Ii) ®sln(Jx) and p(L2) = slm(I2) ®sln(J2) where 7l5 72, Ji, J2 are ideals 

of C. Also 

L = ^(LO © p>{L2) = (stm(/i) ©st„(,7i)) © (slm(/2)©s[n(J2)). 

Hence slm(C) = slm(Ix) ©sU(/2) and similarly for sln(C). By considering the (12)-

position of this decomposition, one sees that 

C = h®I2 = Ji® J2- (a) 

We also know slm(C) and slnC) are free C-modules of rank m2 — 1 and n2 — 1 

respectively. Therefore ip(Lx) = I is a free C-module of rank ra2 — 1. Hence, for 

every maximal ideal M of C, 7/M7 is a F-vector space of dimension m2 — 1 where 

F = C/M. 

Now F = C/MC = hi Mix ® h/MI2 shows that h/MIi = 0 or F. Moreover, if 

h/Mh = 0, then h = MIX C M, while if h/MIx = F, then I2/MI2 = 0, 72 C M, 

and Ji <£ M, since M ^ C. Similarly, JX/MJX = 0 or F. 

Let m 7̂  n and suppose 7i 7̂  C, equivalently 72 7̂  0. Let M2 be a maximal ideal 

of C. Then M = Ix © Af2 is a maximal ideal of C, and 

7/M7 = slm(h/MIx)esln(Jx/MJx) = {0}esln(Jx/MJx). 
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with Ji/MJi — 0 or F. Thus, I/IM has dimension 0 or n2 — 1, a contradiction. 

Therefore h = C follows, so / = <p(slm(C)) = &lm{C). Similarly J\ ^ {0}, yields a 

contradiction , so C = J2 and ip($ln(C)) — sl„(C). 

Suppose m = n. Then C is connected, i.e. in (a) we have h = {0} or I2 = {0}. 

Case (i): If I\ — {0}, then ip(Li) — L2. Again by connectedness J\ = {0} or Ji = {0}. 

If Ji = {0}, then (p(L,2) = 0©sln(C)) = L2 = y{L\), which is a contradiction. Hence 

C = J\ and J2 = {0} follows,i.e. ^(-^2) = £i-

Case (ii): If /2 = {0}, then ip(L\) — L\. Again by connectedness J\ — {0}. Then 

<p(L2) = L2. D 

Remark: If m = n and C = h © J2 is a nontrivial decomposition, then 

L = sim(C) © s\m{C) = slm(h) © s\m{h) © aUUi) © slm(I2), 

and there exists an automorphism of L, exchanging the first and third, and fixing the 

second and fourth summands. So the proposition is not true in this case. 

For easier reference we recall: 

Theorem 2.2.13. ([14, Theorem 1]) Let L be the Lie algebra of n x n matrices of 

trace zero over F, where F is a field of characteristic zero or p > 3 such that p does 

not divide n ifp E {5,7,11}. Then every automorphism of L is of the form x —* a~xxa 

or of the form x —»• —a~1xta, for some invertible matrix a. 

Theorem 2.2.14. ([10, Theorem 5.19]) Let C be a unital, commutative and associa­

tive algebra over a field k of characteristic 0. Assume that C is a unique factorization 

domain. Then every automorphism of L = sln(C), n > 1 is of the form x -» a~xxa 

or of the form x —> —a~lxta, for some invertible matrix a. 
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2.3 Automorphisms and involutions of the anti-

Jordan pair dJlmn 

Theorem 2.3.1. Suppose that every C-linear automorphism of s[q(C) is of the form 

a (->• uau~l ora^ —uo^u"1 for somen € GLg(C), where q = n orm. Letmlc ^ nlc, 

m,n > 2 and suppose mlc,nlc € Cx. 

(a') TTien Aut(QJlm„)(C)) = A = GLm(C) x GL„(C)/{(7Im ,74) : 7 € C x } , see 

Lemma 2.1.5 /or £/ie definition of f\ . 

(b') Zei £ = (£+,£~) &e an anti-automorphism of the anti-Jordan pair fJJlmn(C) — 

(Mmn(C),Mnm(C)). Then there exist matrices a e GLn(C) and 6 e GLTO(C) such 

that £+ — l^b{x) = axtb~1, £~ = /x~6(j/) = -byta"1 for all x e Mmn(C) and 

;</ € M n m ( C Y ) . 

(c') Le£ f = (u+, v~) be an involution of the anti-Jordan pair 9Jlmn(C). Then there 

exist matrices a G GLn(C), b <E GLm(C) and ft £ Cx such that (v+, u~) = (/z+6, /x~b), 

a = —/3a* and 6 = 0tf and ft2 = 1. 

Proof, (a') Let ( = (C+, C~) be an automorphism of the anti-Jordan pair Tlmn(C) = 

(Mmn(C),Mnm(C)). Then by Lemma 2.2.9 we can extend ( to an automorphism ( 

of £(V) which by Lemma 2.2.5 is isomorphic to p$l(m\n)(C) '.= sl(m\n)/Z(sl(m\n)). 

We will identify sl(m\n)/Z(sl(m\n)) with £(V). By Lemma 2.2.8 we have 

mvh) = j( ™0
/m 

Note that ( ™im " ) acts on (V+, V~) by (-i- - ±)(Id, - Id) . Hence by part (b) 

of Lemma 2.2.9, the extended automorphism £ fixes the center pointwise. Also, since 

slm(C) and sln(C) are perfect, [.8(V)o, £(V)o] = slm(C) @sln(C) and is stabilized by 

C- Hence by Proposition 2.2.12 we have ((slm(C)) = slm(C) and ((sln(C)) = sln(C). 

Therefore ( : psl(m\n)(C) :—* psl(m\n)(C) is given by 

~fa x \ = /((a') + (7 + A)i/ro _ C+(x) \ 

\V d) V C"(») ad') + {l + A)Hn) 
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where a = a' + (^ + A)^Im and d = d! + {^+A)^In such that a! G slm(C), d! G sln(C) 

and 7 G C. 

By assumption there exist u G GLm(C) and u € GLn(C) such that for all a' G 

slm(C) and <f G sln(C) one of the following four cases holds: 

case (i): £(a') = wa'u - 1 , C(d') = vd'v'1 

case (ii): £(a') = ua'vT1, ((<f) = —vd^'v'1 

case (iii): ((a ') = -ua'^C1, ((d') = vd'ir1 

case (iv): C(a') - - W V \ C(d') = - v d ' V 1 

We know from Lemma 2.2.3 that #„,„ is an automorphism of sl(m\n) for any 

u G GLm,(C) and i> G GL„(C). Since 0U)t, leaves the center of sl(ra|ra) invariant, it 

induces an automorphism of psl(m\m). Hence 4> — 8u,v ° C ls a l s o a n automorphism 

of sl(m\n)/Z(sl(m\n)). Let x,z G Mmn(C) and y G Mnm(C). 

In case (i) we have <p I 

/ 0 {x,y,2} 

a x 

= 0 

Since <j> 
xy 0 

0 yx 

xy 0 

0 yx 
, this implies 

4>+{x, y, z} = {x,y,cl)+{z)}. 

Therefore from Lemma 2.1.9, we get that 0 + = aid, a G C. Since </>+ is bijective, 

we get aeCx. Similarly <fr = /ild, 0 G C x . Then 0+{a;, y, z} = {(j>+(x), <f>~ (y), (f>+{z)} 

= a2P{x, y, z}, which implies a.0 = 1. Hence 0 + (x) = M_1C+(2;)f = otx and 0~(y) = 
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py = v *£ (y)u, which implies (+(x) = (au)xv 1 and ( (y) = vy(au) *. Therefore 

Aut(fmmn(C)) = /\. 

In case (ii) we have 4> a x 

V d 

a u 1C+(x)v 
v~lC+{y)u -dl 

_J.tyt 
we get with a similar calculation as in case 

( 0 {x,y,z}\ 

H o o J -
{cb+(x),cj)-(y),<i>+(z)} = xy(j)

+(z) + ^(z)xtyt 

(<})
+(x)4>-(y)-xy)(l>

+(z) = 4>
+(z)(cj)-(y)4>+(x)+xtyt). 

From Lemma 2.1.3, we get $+(x)<p~ (y) — xy — alm and (f)~(y)(p+(x) +xtyt = aln for 

some a G C. Then from Lemma 2.1.12 we know there does not exist a € C which 

satisfies these conditions. 
' xy 0 \ ( -tfx1 0 \ . ., 

= , we get with a similar calcu-
0 yx J \ 0 yx J 

lation as in case (ii) that 4>+(x)<f>~ (y) + ytxt = alm and <j)~ {y)(j)+(x) - xy = aln for 
some a G C. With a similar reasoning as in case (ii) we get that this is not possible. 

xy 0 \ / —ytxt 0 

In case (iii), since 

In case (iv), since d> [ "~'y " I = I "' " I . We get with a similar 
s \ o yx) \ o - 2 , - y ; 

calculation as in case (ii) that <f)+(x)4>~(y) + ytxt = alm and ^~(y)(j)+(x)+xt"yt = aln, 

for some a E C. But by Lemma 2.1.12 there does not exist such an a G C. 

(b;) Let £ = (£+, £~) be an anti-automorphism of the anti-Jordan pair DJlmn(C) = 

(Mmn(C),Mnm(C)). By Lemma 2.1.6 we know that /i+ : Mmn —» M„m, /i+(:r) = ir' 

and /i" : Mnm —* Mmn, /x+(j/) = —y' is an anti-automorphism. Hence £ o /z = 

(£~ o /z+, £+ o/z~) is an automorphism of the anti-Jordan pair 9Jtmn(C). Therefore by 

part (a'), there exist a G GL„(C) and b G GLm(C) such that 

£ o //+(:K) = azfe * and £+ o /.i (x) = bya \ 
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for all x G Mmn(C) and y G Mnm(C). This implies £"(£*) = axb and £+(-2/') = bya \ 

i.e. £+(x) = fi+b{x) = axlb~x and £-(y) = //~6(y) = -6j/*a_1-

(c') Since ^ = (i/+, u~) is an anti-automorphism of the anti-Jordan pair dJlmn(C) — 

(Mmn(C),Mnm(C)). Therefore by part (6'), we get there exist a G GLn(C) and 6 G 

GLm(C) such that 

Hence by Lemma 2.1.6 there exist 0 G Cx such that -da* = o, /%f = b and 

£2 = 1. D 

Corollary 2.3.2. Letm^n>2 and suppose one of the following: 

(i) C is a unital, commutative and associative algebra over a field k of characteristic 

0 and C is a unique factorization domain, or 

(ii) C is a field of characteristic zero or characteristic p > 3 and such that p\m and 

p\n. 

Then Aut(9)tm„(C)) = A-

Proof. In case (i) by Theorem 2.2.14 and in case (ii) by Theorem 2.2.13, there 

exist u € GLq(C) such that every automorphism of slq(C) is of the form a i—>• uau~l 

o r f l H —uafvT1, where q = n or m. Therefore it follows from Theorem 2.3.1 that 

Aut(9rtmn)(C) = A. D 

Corollary 2.3.3. Let m,n and C be as in Corollary 2.3.2. Suppose £ = (£+>£~) 

is an anti-automorphism of the anti-Jordan pair 9Jlm„,(C) = (Mmn(C),M„m(C)). 

Then there exist matrices a G GLn(C) and b G GL.m(C) suc/i £/ta£ £+ = nt,b(x) = 

aa^""1, £~" = fi~ib(y) = -by^'1 for all x G Mmn(C) and y G Mnm(C). 

Conversely, let a G GL„(C) and 6 G GLm(C) and /v;, = (/i+6, //~6) defined by 

^tb(x) = a^b'1, Va,b(y) - ~byta~x for a^ x € Mmn(C) and y G Mnm(C). Then 
jj, = (/i+, (j,~) is an anti-automorphism of the anti-Jordan pair 9Jtmn(C). 

Corollary 2.3.4. Let m,n and C be as in Corollary 2.3.2. Let v = (v+,v~) be an 

involution of the anti-Jordan pair 97lmn(C) = (Mmn(C), Mnm(C)). Then there exist 

matrices a G GL„(C), b G GLm(C) and {3 G Cx
 SMC/I t/iai 
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Case (i): (u+, v ) = (jWa&'̂ o.ft)' Q = —<^a* and ^ = &$ and 01 = 1. 

Case (ii): (u+, u~) = (/̂ f»/•*„,&), a = —ea* an^ & ~ ^ and e = ±-

The proofs of Corollary 2.3.3 and Corollary 2.3.4 are analogous to the proof of 

Corollary 2.3.2. 

Theorem 2.3.5. Suppose that every att,tom,orphism of slm(C) is of the form, a i-» 

uair1 or a i-+ —uctvr1 for some u G GLm(C). Let rnlc G Cx. 

(a) Recall the subgroup f\ of Aut(9Jt,„m(C)) defined in Lemma 2.1.8. T/jen /\ co­

incides with the subgroup of the automorphism group of 9Jtmm(C) whose extended 

automorphism to &{V) leaves the two factors slm(C) of &(V)Q invariant or exchanges 

them. 

(b) Let v — (u+, v~) £ f\ be an involution of the anti-Jordan pair 9Jlmm(C). Then 

there exist matrices a, b G GLTO(C) and a, (5 G Cx such that for all x, y G Mmm(C), 

(i') i/+(x) = r)+aa = ax(aa)-1, v~ = r}-aa(y) = aaya"1 or, 

(ii') (u+, v~) = (/<£&'K^)' where a = — Pat and b = ,/36* and 132 — 1. 

Proof, (a) Let £ = (C+, (~) be an automorphism of the anti-Jordan pair 9Jtmm(C) 

= (Mmm(C), Mmm(C)). Then by Lemma 2.2.9 we can extend ( to an automorphism ( 

of £(V), which by Lemma 2.2.5 is isomorphic to psl(m\m). We will identify psl(m\m) 

with &(V), which implies R(V)Q = sim(C) © slm(C) by Lemma 2.2.8. Suppose ( 

leaves the factors invariant. 

Thus, ( : psl(m\m) —> psl(m\m) is given by 

~f a x \ ( ((a) (+(x)\ 

\y d) \(~(y) ((d) J 

where a,d e slm(C). Therefore, by Theorem 2.2.13, there exist u,v G GL„(C) such 

that for all a,d G sln(C) one of the following four cases holds: 

case (i): ((a) = uau'1, ((d) — vdv~x, 

case (ii): ((a) = umr1, ((d) = -vcP'ir1, 

case (iii): ((a) = —udu-1, ((d) = vdv"1, 

case (iv): ((a) — -uahc1, ((d) — -vdl-v"1. 
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We know from Lemma 2.2.3 that 9UfV is an automorphism of sl(m\m) for any 

u,v G GLm(C). Since 6UjV leaves the center of s\(m\m) invariant, it induces an auto­

morphism of ps\(m\m). Hence <f> = 9UjV o £ is also an automorphism of psl(m\m). 

In case (i) a similar calculation as in case (i) of Theorem 2.3.1, yields C+(x) — 

axb~l and (~(y) = bya'1 for all x,y e Mmm(C), i.e., {(+,(~) e A-

In case (ii), (iii) and (iv) similar calculations as in case (i) together with Lemma 

2.1.12 yield a contradiction. 

Before we consider the case where £ exchanges the two factors, we look at the map 

V;: (x,y) —• (x*, —yf). The map I/J is an automorphism of Wlmm(C), see Lemma 1.2.4. 

We claim that the automorphism ip \^v)0 exchanges the two factors s(m(C). Indeed, 

for x eV+ and y e V~ we have 

Let x — E\2 and y 

implies 
E22- Then xy 

, hence 

0 and ylxf = E2v This 

So it follows that ip \M(V)Q exchanges the two ideals of R(V)o. Thus it follows /\ 

coincides with the subgroup of the automorphism group of 9Jlmm(C) whose extended 

automorphism to &(V) leaves the two factors slm{C) of £(V)o invariant or exchanges 

them. 

(b) Let v — (u+,u~) e /\ be an involution of the anti-Jordan pair 03tmm(C) — 

(Mmm(C), Mrom(C)) - (V+,V~). Since V+ = V~, therefore u = {v+,v~) is an 

automorphism of Tlmm(C). Hence by part (a) we get there exist matrices a, b £ 

GLTO(C) such that 
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(i') v+{x) = r/+fe(x) = axb x,v (y) = riaJb(y) = by a x for all x, y e Mmm(C), or 

(ii') u+(x) = fJ,+b(x) = arfb-1, u~(y) = ^b{y) - -bjfar1 for all x,y G Mmm(C). 

In case (i') by Lemma 2.1.5 we get v = (u+,u~) is an involution of the anti-

Jordan pair 9HTOm(C) = (Mmm(C),Mmm(C)) if and only if b = aa. In case (ii') by 

using Lemma 2.1.6 we obtained v = {v+, u~) is an involution of the anti-Jordan pair 

9ttm.m(C) if and only if there exist (3 G Cx such that a — —f3o} and b = 0 and 

/32 = 1. • 

Corollary 2.3.6. Let m>2 and suppose one of the following: 

(i) C is a unital, commutative and associative algebra over a field k of characteristic 

0 which is a unique factorization domain, or 

(ii) C a field of characteristic zero or characteristic p > 3 and stich that p does not 

divide m. 

Then Aut(Mmm(C)) = A-

Proof. In case (i) by Theorem 2.2.14 and in case (ii) by Theorem 2.2.13, there 

exists u G GLt(C) such that every automorphism of sim(C) is of the form a i-» 

uau~l o r a w — uafu'1. Any automorphism of the anti-Jordan pair V = 9Kmm(C) 

extended to &(V(F)) is an automorphism of R(V)0 = slm(F) © slm(C). Since C 

is connected, by Proposition 2.2.12, there are two cases, either the automorphism 

leaves the factors invariant or exchanges the factor. Therefore Aut(SD?mm(C)) = /\ 

by Theorem 2.3.5. • 

Corollary 2.3.7. Let m and C be as in Corollary 2.3.6. Let v — {u+,v~) be an 

involution of the anti-Jordan pair 2Kmm(C) = (Mmm(C),Mmm(C)). m > 2, Then 

there exist matrices a,b G GLm(C) and a, (3 G Cx swc/i i/iai for all x,y G Mmm(C), 

(i) i/+(ar) = ?7+ao = ax(aa)'1, u~ = rj-aa{y) = am/a"1 or, 

(ii) (;y+, i/~) = (//+b, /i~fc), a = -0at and b — 0 and 02 = 1. or, 

(hi) (y+, v~) = (/x+6, //~6), w/iere o — —ea*, & = e6* and e = ±. 

Conversely, the maps in (i), (ii) and (hi) a&cwe are involutions. 

Remark: If an involution of type (iii) exists then we get at = — a G GLm(C) or 

&* = -b G GLm(C), so TO is even. 
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2.4 Anti-Jordan triple systems 

Lemma 2.4.1. Let F be an algebraically closed field of characteristic different from, 

2. Let Ti = (Mn„(F),(...)i) and T2 = (Mnn(F),(...)2) be two anti-Jordan triple 

systems, defined by {x,y,z)i = {x, y,z} and {x,y,z)% = a{x,aya,z} respectively, 

where a e GLn(F) and aeFx. Then Tx s T2. 

Proof. We know from [1, Theorem 8.32] that there exist a matrix p e GL„(F) 

and 0 G F such that a = p2 and ,82 = a. Define / : Mnn(F) -> Mnn(F) by 

f(x) — fi~xp~xxp~x 

Then obviously / is bijective. Also 

f(x,y,z)i = P~1p~1{x,y,z}p-1 

and 

(f(x),f(y),f(z))2 = (B-Y'xp-'^d-Y'yp-^p-'p-'zp-'h 

= aP~3{p~1xp~1, ap~xyp~la,p~lzp~1} 

= P'1p~1xp~1ap'~1yp~1ap~1 zp~x 

—f3~xp~lzp~1ap~1yp~1ap~1xp~1 

= [i~lp~xxyzp~x — P~lp"lzyxp~1 

= (3~lp~l{x,y,z}p~l. 

Therefore 

f{x,y,z)i = (m,f(y),f(z))a. 

Hence Ti and T2 are isomorphic. D 

Lemma 2.4.2. Let rji and r?2 be two involutions of the anti-Jordan pair 9Jlmn(F) = 

(M„jn(_P), Mnm(F)), where F is an algebraically closed field of characteristic dif­

ferent from two, given by invertible symmetric matrices ai,a2 and skew symmetric 

matrices ci, c2 or skew symmetric matrices ai,a2 and symmetric matrices ci,c2, 

as in Lemma 2.1.6. Then the anti-Jordan triple systems T\ and T2, defined by 

(x,y,z)i = {x, ai2/*ci,2} and (x,y,z)-2 = {x, a2?/*c2,z} respectively, are isomorphic. 
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Proof. From Theorem 1.1.4 and Theorem 1.1.5 we know there exist matrices 

p E GLn(F) and q e GLm(F) such that pta\p = a2 and qtc\q = c^. Define 

/ : Mmn(F) - Mm„(F) by f(x) = ^ ( P - 1 ) ' -

Then obviously / is bijective. Also 

f(x,y,z)1 = f{x,a1y
tc1,z} = q^^a^cuz}^'1)* 

and 

</(*),/GO,/(*)>a = rtl'fVl'I'fMP"1^ 
= {^"^ (P - 1 )* , 02P" V(g_1)*P2, g - 1 ^ - 1 ) 4 } 

= q~1x(p-l)ta2p~1yt{q~1)tC2q~1z{p-l)t 

-q'^-zip'1) a2P~1yt{q~1)tc2q~1x(p~1) 

— q~1xciiytcxz{p~1) — q~l zaiy* Cixlp'1) 

= q^ix^aitfcuz}^1)*. 

Therefore 

f(x,y,z)1 = (f(x)J(y)J(z)h. 

Hence Ti and Ti are isomorphic. 

We summarize the results so far obtained in the following theorem. 

Theorem 2.4.3. (a) Let F be a field. The following are sijnple finite dimensional 

anti-Jordan triple systems over F: 

(i) Ti = Mmn(F), together with the trilinear maps (...}i defined by 

(x, y, z)i = xylaz — zytax. where a = \ 1 , and 1r = m. 

V -/,. o J 

(ii) T2 = M„m(F), together with the trilinear maps {...)2 defined by 

(x, y,z)2 = xbytz — zbytx, where b = I I , and 2r = n. 

\ -Ir U J 
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(iii) T'j, = Mnn(F), together with the trilinear maps (...)$ defined by 

(u, v, w)s = uvw — wvu. 

(b) Conversely, let F be an algebraically closed field of characteristic zero or of char­

acteristic p > 0, p ^ 2,3 and such that p \ m and p \ n. If T is a simple finite 

dimensional anti- Jordan triple system over F such that (T,T) = 9Jlmn(F), then T is 

isomorphic to one of the examples in (a). 

Proof. We know from Lemma 2.1.6 that {lija,fi>Ta)> {t-ltiillbi) an<^ (vti^Vli) a r e 

involutions of the anti-Jordan pair fflmn(F). Therefore by Lemma 1.2.1 we get that 

Ti, T2 and T3 are anti-Jordan triple systems with triple product: 

(x, y, z)i = (x, /z£„(y), z) = xylaz - zylax, 

{x, y, z)2 = (x, i4j(y), z) = xby*z - zbtfx, 

(u, v, to)3 = (x, rjfj(y), z) = uvw — wvu. 

Also (Ti ,^) * Mmn(F), (T2,T2) * Ttmn(F) and (T3,T3) ^ Mnn(F) by part (b) of 

Lemma 1.2.1. Prom Theorem 1.2.7 we know Wlmn(F) is simple. Hence Ti, T2 and T3 

are simple anti-Jordan triple system by Lemma 1.2.6. 

Conversely, let T be a simple anti-Jordan triple system over F such that (T, T) = 

9Rmn{F). Then T — Mmn(F) as a vector space and T has triple product: 

(x,y,s) = {x,i/+(y),z} 

for some involution (u+, v~) by Lemma 1.2.1. If m ^ n, then by Corollary 2.3.4 there 

exist matrices a* = a € GLn(F) and hf = —b G GLm(F) or a1 = —a G GLn(F) and 

6* = b E GLm(F) such that u+ — i^b{x) = ax^"1, v~ = ^a(y) = -bjfa*1 for all 

x E Mmn(F) and y e Mnm(F). Hence from Lemma 2.4.2, we get T £ T\ or T ^ T2. 

If m = n, then by Corollary 2.3.7 there exist a,b £ GLm(F) and a € F x such 

that for all x, y e Mmm(F), 
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(i) u+(x) = r]+aa = ax(aa) \ v = r?a>aa( 

(ii) u+ = ^tb(x) = 0**6" 1> i/- = /x~6(y) 

a* = - a and 6* = b. 

In case(i) by Lemma 2.4.1 we get T 

— aaya 1 or, 

—by* a'1, where af — a and 6* = — b or 

T3 and in case (ii) Lemma 2.4.2 yields 

• 
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Chapter 3 

Automorphisms of the ant i -Jordan 

pair B$n 

In this chapter all algebraic structures are defined over a commutative associative 

and unital ring k with ^ G k. We denote by C a commutative associative and unital 

^-algebra and we use the abbreviation N+ — N+(C) = {x G Mnn(C) : xt — x} and 

N~ = N-(C) = {y e Mnn(C) : yl = -y), n>2. 

3.1 Preliminary results 

Lemma 3.1.1. (a) Let x € N+ such that xy = 0 for all y G N~. Then x = 0. 

(b) Let a e Mnn(C). If ax = -xo! for all xeN+. Then a = 0. 

(c) Xei w,z G Mnn(C). Tfteri wrr^ = a; /or a// x G iV+ i/ and onty if w = aln and 

z — a~lIn for some a G C x . 

Proof, (a) Put x = 'S^XuEa + V ^ a ^ E y + Ejt). Then, for all p,q with 1 < p < 

q<n, I ^XuEii + Y2,xii(Ed + Eji) ) (Epq ~ Eqp) = °- T h i s implies 

V i Kj J 
Xpp t-'pq 3>qq&qp T J j XiptLilq } ^ Xiqh/lp + J ^ XpjU/jq J ^ Xqjh/jp — U. 

1<P l<q P<j q<j 
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Therefore xu = 0 and xtj = 0 for 1 < i < n and 1 < I < j < n. Hence x = 0. 

(b) Suppose ax = —xaf for all x G N+. Write a = ^ a ^ - E y + ^^onEa. Then, 

for all i, j with 1 < i ^ j < n we have 

I 2_^ dijEij + 2_^ a»i-Eij I Epp = —Epp I 2_^ dijEji + ^ aw^M I • 

This implies Y^ a^E^ + appEPp = — V^ a»p£pi — apPEpp. Therefore 
i-^-p i^p 

2app = 0 for 1 < p < n and aip = 0 for 1 < i ^ p < n. 

Since | 6 C , aw = 0 for 1 < p < ri. Hence a = 0. 

(c) Suppose that wxz = x for all x 6 iV+. Put w = (wij)1<i;j<n and z = 

iZkl)\<k.l<n- T n e I 1 f°r &U P W i t n ! ^ V < ") 

iipp = \wii)i<iij<nEpp\Zki)l^ki^n = / , / .WjpZpiEu. 

i I 

This implies '(%,%> = 1 for 1 < p < n and u>jP = 0 = ^ for 1 < i ^ p < n and 

1 < ^ P < w- Hence «; and z are diagonal matrices. Therefore for 1 < p ^ q < n we 

have 

P9 ' 9P = / j "•'ii*-Jvi\EJpq i •t-'qp) / J Zkk&kk — Wpp&qqUipq "T 'XqqZppJ-Jqp. 

i k 

This implies WppZqq = 1 and WqqZpp = 1 for 1 < p ^ q < n. But lUppZpp = 1. Hence 

u; = a/„ and 2 = a - 1 / „ for some a G C x . The converse is easy to see. • 

Lemma 3.1.2. Let ssn(C) = (iV+, iV"). T/ien 

(i) {/ G Endfc(iV
+) : [/, D(x, y)) = 0, for all (x, y) G (N+, N~)} = C l d ^ . 

(ii){peEndfc(JV-):[p,£>(y,ar)] = 0, for all (x,y) £ (N+,N~)} = CMN-, 

forn > 2. 
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Proof, (i) Note that 

[f,D(x,y)} = 0 o f{x,y,z} = {x,y,f(z)}. 

Let Ep? denote the matrix units. Put Hpq = Epq + Eqp and Fpg = Epq — Eqp for all 

p,q with 1 < q ± p < n, then {£pp, |(FOT),iJgp} = Epp and {Epp, Fpq, Eqq} = Hqp. 

Therefore f(Hqp) = {Epp,Fpq, f(Eqq)}. Put 

f(Eqq) = YJZuEii + ^2z^Hir). 
i l<r 

Then 

f(Hqp) ~ {Epp, Fpq, 2_^ ZiiEu + 2_^ Zlr(Hlr)}. 
i l<r 

This implies f(Hqp) = YTr=\zir{Hpr). Hence 

/(Epp) = {Epp, -{Fpq), f (Hqp)}, 

1 " 

Zqq-t-'pp-

Therefore f(Epp) = z\\Ew — aEpp, 2 < p < n. This implies 

f(Hqp) = -{Eqq,Fpq,f(Epp)} 

— \Eqq, rpq,a.tipp)\ 

= a(Hqp). 

Also 

f(En) = {En,FlpJ(Hpl)} 

— {Eii,Fip,a(i?pi)} 

= aEn. 

This proves f(Hpq) = ai?pg for 1 < p / g < n and f(Epp) = aEpp for 1 < p < n with 

a € C. For arbitrary c € C we have {cEpp, Fpq, Eqq} = cHqp. Therefore g(cHpq) = 
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{cEpp,Fpq,g{Eqq)} = {Epp,Fpq,aEqq} = acHqp. Similarly gicEpp) = acEw. Hence 

/ = aid, a € C. 

(ii) Let n > 2. Then for all p, q, v with l<p^v^q<n, we have 

; p F F > = F 

This implies g(F„) = {Fpq, Hqv,g(Fvq)}. Put 

Kr 

Then 

p(FM) = {FwH^J^zUFir)} 
Kr 

~ Z-J Zlr ( ^ P " ( ^ ) + (-fir)^up) 
Kr 

= ^ ZyriFpr) + ] T «j„(F,p). 
v<r Kv 

Hence 

g(Fpq) = -{F ; < ? , ^„p (F M } 

== l-^fgi tlqvi / ^ Zvr\Vpr)J \"vqi H-qvi / y Zlv\" lp)} 
v<r Kv 

— / ^ Zvr(\hjvv hiqq)\rpr) K^pr/K^qq ^vvj) 
v<r 

— 2_^Zlv^Evv — Eqq){Flp) — (Flp)(Eqq — Evv)) 
Kv 

= Zvq(Fpq) l<P^v<q<n. (a) 

Since F ^ = {F„9, Eqq, Fpq} and Fw, = {Fvp, Epp, Fpq}. We get 

9{FPv) = {i^,, £<,<,, ^(^Pq)} and </(Ft,g) = {Fp„, Fpp, g{Fpq)}. 

Therefore 
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and 

for 1 < p ^ v < q < n. 

From Equations (a), (b) and (c) we have g(Fiq) = Z2qFiq, g(Fi2) = ^^12 and 

g(Fiq) = z\q{Fiq) respectively for all q with 3 < q < n. This implies Z23 = Zn — Z\q = 

z2q for all q with 4 < q < n. Therefore g(Fiq) = ZnFiq, for 2 < q < n. Hence equation 

(a) yields, 

g(Fn) = zlqFpq = z13Fpq for 2 < p < q < n. 

Therefore g(Fpq) = [3Fpq for 1 < p < q < n with some /? € C. For arbitrary c e C 

we have {cFpq,Hvq,Fvq} = cFpg for any t> with p, g, u distinct. Hence g{cFpq) — 

{cFpq, HV(p g(Fvq)} = {cFpq, Hvq, (3Fvq} = c(3Fpq. This proves g = /?Idjv-. The converse 

is clear. • 

Lemma 3.1.3. (a) Let <f> G Autfc(C). Define $+ : Ar+(C) -»• N+(C) and 4>~ : 

JV-(C) -» iV-(C) % 

/or aW x e A+(C) and j / € N~(C). Then Q>+,4>~) e Autk(ssn(C)) and the map 

Autjt(C) —>• Autfc(ssn(C)),^> 1-+ (f> is a group jnonomorphism. 

(b) Autc'(ss„(C)) is 0 normal subgroup of Autk($sn(C)) and 

Autfc(ssn(C)) = Autc(ss„(C)) x (Autfc(C))~. 

Proof, (a) is immediate, 

(b) can be proved as we proved (b) in Lemma 2.1.11 by using Lemma 3.1.2. 

Example 3.1.4. We define ssl(n\n)(C) or ssl(n\n) for short by 

ssl(n\n) = J ( a X
t J : a e sZn(C), (ar,y) e (Ar+, AT) I . 
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Put 

L0 = 

L_! = 

0 x \ 

0 0 / 

a 0 

0 -a* 

0 0 \ 

y o ) 

:xt = xe Mnn(C) \ 

I : a G sln(C) \ , 

: yl = - y G Mnn(C) 

Then ssl(n|n) = LQ © L\ = Lj © L0 © L-i, is a 3-graded Lie superalgebra, with 

respect to the usual super commutator product. In fact, it is easy to verify that it is 

a subalgebra of the Lie superalgebra of M.„in(C)~: 

a X\ b x<i 

2/2 - 6 * 

[a, b] + xi|/2 + x2yi ax2 + x2a
t - Xitf - bx\ 

Vib + bhjx - c*i/2 - y2a -([a, b] + xxy2 + x2yi)* 

• 
Lemma 3.1.5. ssl(n\n)(C) = L\ © L$ © L_i zs a Jordan 3-graded Lie superalgebra 

with associated Jordan superpair ssn(C). 

Proof. We know that ssl(n\ri) = L\ © L0 © L_i is a 3-graded Lie superalgebra (see 

Example 3.1.4). Also for all x, z e L\ and j / € L_i, we have [[x, y)z) = [xy + yx, z] — 

xyz — zyx = {x, y, z} (since [Le, Le] = 0, e = ±). We will check that [L\, L_i] = L0. 

Since we already know [Li, L_i] C L0, we need to show that L0 C [Li, L_i], i.e., every 

'a 0 s 

matrix 
0 

£ 

is of the form 

' 0 Xi \ ( 0 0 

, 0 0 r \yi 0 = E £#< 0 

o -{xiViY 
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Therefore it is enough to show that every a e sln is of the form a = 2jxy(/i for 
i 

Xi € N+ and yt E N~. Let a 6 sln(C). Then 
n - 1 

u = l 

re—1 

— ^^fl«u(-£'«,u+i + •E'U+I,«)(-E'M+I,'U
 — -El«,«+i) + ^ ^ OijEu(Eij — Eji). 

u=i l<*?̂ i<« 
Hence L0 C [Lj,L_i]. 

Lemma 3.1.6. £e£ u G GL„(C). T/ten t/ie map 9U : ss[(n|n)(C) —> ss[(n|n)(C), 

-l 

a 

a x UXW* / uau 

\ y — a* y y ( M - 1 ) * ^ - 1 —(waM-1)* y 

is an automorphism of the Lie superalgebra ssl(n\ri)(C). 

Proof. It is easy to see that 6U is linear and bijective with (8u)~
l = 8u~i. Therefore 

it remains to check that 9U is a homomorphism of Lie superalgebras: 

a X\ \ I b x<2 

2/i -a* / ' V V2 -V 

= On 
[a, b] + xiy2 + x2yi ax2 + x2a* - xi&* - bx\ 

Vib + 6*2/1 - o*i/2 - 2/20 -([a, 6] + X12/2 + x22/i)* 

•u([a, b] + x\y2 4- x2y\)u 1 1/(0x2 + X2a* — x\bl — bxi)ul 

(u-x)\yxb + 6*2/1 - o}y2 - y2a)u~l -(u - 1) '([a, 6] + Xjy2 + x^yxYu* 

uau ux\U 
{u~xYy\U~x —(uau~1)t 

ubu ux2u
l 

(u l)ty2u
 1 —(ubu 1)* 

^ ( a Xl ) eu I
 b X2 

V 2/i -a* / ' V 2/2 -6* 
D 
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Proposition 3.1.7. Let L = $sl(n\n)(C). Then the center Z(L) — 0. Hence 

fi(**n(C)) = L. 

Proof. As we know that L = Lx ©L0 ©L_i is a finite Z-graded algebra, the center 

of L is graded too, i.e., 

Z(L) = (Z(L) n L_i) © (Z(L) n L0) © (£(£) n Lt). 

/ 0 x\ 
Suppose J e Z(L) n Li. Then 

0 
0 x \ / 0 0 \ _ xy 0 

0 0 / ' \y 0 ) \ ~ \ 0 yx-

whence xy = 0 for all t/ € iV~, which implies x = 0, by part (a) of Lemma 3.1.1. 

Hence Z{L) n Li = {0}. Similarly Z(L) n L_i - {0}. 

Let f | e Z(8sl(n\n))nL0. Then 
0 - a ' 

0 = 
a 0 W 0 x 
0 -af ) ' \ 0 0 , 

This implies aa; = —xa* for all x € JV+. Therefore by part (b) of Lemma 3.1.1, we get 

a = 0. Hence Z(L) = 0. 

Since L is a 3-graded Lie superalgebra with associated Jordan superpair ssn(C), 

we get £(ssn(C)) £* L by [4, Lemma 2.4]. • 

3.2 Automorphisms 

Lemma 3.2.1. For a E GLn(C) and aeCx, the map X(<*,a) = (X(!B.a)'X(a,a))> where 

is an automorphism of the anti-Jordan pair ssn(C) = (N+,N~), see Example 1.2.8. 

Moreover, the map (a, a) i-> X(o,a) induces an isomorphism from 

C* x GLniC)/^2^-1^) : [1 E C*} 

onto the subgroup T := {(x£)0)»Xfa,a))
 : a e GL„(C),a< e a x } o/Aut(ssn(C)). 
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Proof. It is easy to see that the pair of linear maps {xtaavX7aa\) is bijec-

tive, since a G GLn(C) and a G C x . We will check that (xta,a)^X7a,a)) 1S a n au~ 

tomorphism of the anti-Jordan pair ssn(C). Let x, z G N+ and y G N~, then 

Xta,a){x>y>z} = aa{x,y,z}a* = {aaxa^ia^fyiaay^aaza1}, i.e. X^){x,y,z} = 

{xta,a)(x)^X7a,a)(v)'Xta,a)(z)}- Similarly we can prove that 

X7a,a){y,x,w} = { X M ^ J M ^ J M ^ ) } 

for all x G N+ and y, w G iV~. 

Next we will check that x '• Cx x GL„(C) —» Aut(ss„.(C)) is a homomorphism: 

Xta,a) ° Xtp,b)(z) = aaflbxtfa* = apabx(abf = xU,ahy 

Similarly /Y^,a)°X^,6)(^) = X7apiaby Therefore x(a, a)oX(0, b) = x(a0, ab). Finally we 

determine Ker(^). Thus, let x(a, o) = Id. Therefore aaxa* = x for all x G iV+. Then 

by part (c) of Lemma 3.1.1, there exists 0 G Cx such that aa = (3In and a* = (3~xIn. 

Therefore a~l[32a = a. This implies a = 01. Hence (a, a) = (02j3~1In). Conversely, 

for (a, a) = (,52,/?_14) with /? G C x we get 

4* ,<#) = /PP-1^-1 = x and X7a,a)(y) = &V0lrX = V-

• 
Lemma 3.2.2. T/iere does not exist {f+,f~) G Aut(ss„(C)) such that 

f+(x)f~(y) = yx 

for all (x, y) G (iV+, N~), for n>2. 

Proof. Suppose there exist (f+,f~) G Aut (ssn(C)) such that 

f+(x)f~(y) = 3/z 

for all (a:, j/) G (N+ , iV"). Put ifp<? = Epq+Eqp and Fpf/ = Epq-Eqp, for 1 < p ± g < n. 

Then for all p. g, r with 1 < p ^ q ^ r < n, we have 

/ + ( # „ ) = { / + ( i j p g ) , / - (F 9 r ) , r (^ / r )} 

= r(Hpq)r(Fqr)r(Hqr) - r(Hqr)r(Fqr)f
+(Hpq) 

= (Fgr)(Jypg)/ (i7gr) - (Fg,.)(iJ(7r)/ (f/p,) 

= —Erpf (Hqr) — (Eqq — Err)f (Hpg). 
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Multiplying both sides by / {Fpq), we get 

f+(Hpq)f~(Fpq) = -Erpf
+(Hqr)f~(Fpq) - (Eqq - Err)f

+(Hpq)f~{Fpq). 

This implies (Fpq)(Hpq) = -Erp(Fpq)(Hqr)-(Eqq-Epp)(Fpq)(Hpq). Hence Epp-2Eqq = 

-Err, which is a contradiction, since p^ q^r. • 

Theorem 3.2.3. Suppose that every automorphism of stn(C) is of the form a *-+ 

uau~l or a i-> —uatu~1 for some u e GL„(C). Then Aut (ss„)(C) = T as introduced 

in Lemma 3.2.1. 

Proof. Let C = (C+>C~) be an automorphism of the anti-Jordan pair ssn(C) = 

(N+,N~). Then by Lemma 2.2.9 we can extend ( to an automorphism ( of &(ssn) 

which by Proposition 3.1.7 is isomorphic to ssl(n\n)(C). We will identify ssl(n\n)(C) 

with &(ssn). Hence ( : ssl(n\n)(C) —> ss[(n|n)(C) is given by 

?(a x ) = ( ^{a) C+Sx) ) 
[y -a*) \C(y) -(C(a)y)' 

In particular CU[(»l«)o *s a n automorphism of ssl(n\n)Q = s\n(C). Hence there 

exists u 6 GL„(C) such that for all a e sln(C) one of the following two cases holds: 

case(i): ((a) = MOM-1, 

case(ii): ((a) = —uatu~1. 

We know from Lemma 3.1.6 that 8u-i is an automorphism of ssl(n\ri)(C) for 

any u € GL„(C). Hence 0 = 6U~\ o £ is also an automorphism of ss\(n\n){C). Let 

j , z £ N+(C) and y 6 N~(C). In case (i) we have 

fa * \ _ ( a M-1C+(X)(M-1)* \ 

U - « ' / V uX'(y)u -a* / 

79 



Therefore 

'{x,y,z} = 0 

= (P 

Since 4> 
xy 0 

0 ya; 

</>+{a;, y, z} = 

xy 0 

0 j/a; 

0 i \ 

a;y 0 N 

0 yx ) 

xy 0 ^ 

0 yx j 

I , we get 

0 0 ' 

y o y 

( 0 z 

K o o 
( 0 0+(«) 

i 0 0 

0 z 

0 0 

xy 0 

0 ya: 

0 <f)+(z) 

0 0 
{a7,y,e/>+(2)}. 

Prom Lemma 3.1.2, we get that 4>+ - aid, a e Cx. Similarly <j>~ = /?Id, 0 e Cx. 

Then 0+{a;, y, z} = {(f)+(x), 4>~{y), <j>+(z)} = a20{x, y, z}, which implies a = a20 and 

so a/3 = 1. Therefore 

(j)+(x) = u~1(+(x)(u~1)t = ax and 4>~(y) = 0y = u*C~(2/)u, 

i.e. C+(a:) = X^,„)(^) = CKMXM* and £-(j/) = X(«,u)(y) = ( u - 1 ) ' ! / ^ ) - 1 - Hence 
Aut(«n)(C) c T. But Aut(ssn)(C) D T by Lemma 3.2.1. 

In case (ii) we have <p a x 

y —a 

l\t u^C+ixXu-1) 

4>+{x,y,z} = <f> 

4 

,-rt/ 0 

0 yx 

xy 0 

0 yx 

u% (y)u 

) • ( : : 

. Note that 
a 

' 0 z 

0 0 

0 <j>+{z) 

0 0 
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Since 
(xyY 0 
0 xy 

, this implies 

cf)+{x,y,z} yx<f>+(z) — 4>+{z)xy. 

Therefore (c/>+-(x)<f>-(y) - yx)<f>+{z) = -^{z){^+{x)(j)-{y) - yxf for all z G N+. By 

part (b) of Lemma 3.1.1 we get (f)+(x)4>~'(y) — yx — 0 for all (x, y) G (N+, N~). Hence 

by Lemma 3.2.2 we know there does not exist such a (cj)+, <j>~) for n > 2. D 

Corollary 3.2.4. Let F be a field of characteristic zero or p > 3 such that p does not 

divide nifpe {5,7,11}. Then for n > 2, Aut(s$n)(F) = F, as introduced in Lemma 

3.2.1. 

Proof. By Theorem 2.2.13, there exists u G GLn(F) such that every automorphism 

of sln(F) is of the form a i-> uau"1 o r a n —ua^W1. Hence by Theorem 3.2.3 we get 

Aut(ss„)(F) = T. • 
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Chapter 4 

Anti-Jordan triple systems 

obtained from the symplectic 

anti-Jordan pair 

In this chapter, let F be a field with | € F. 

4.1 Isomorphisms and involutions of the symplec­

tic anti-Jordan pair 

Lemma 4.1.1. Let C be a commutative, associative and unital k-algebra. Let T be 

a C-module with alternating bilinear forms B : T x T —•> C and B' : T x T —» C. 

Let a € GLC(T) and a e Cx such that B(x,y) — aB'(a(x),a(y)) for all x,y e T. 

Define f+(x) = a(x) and f~(y) = aa(y). Then ( /+ , / - ) : (T,T)B -> {T,T)B> is an 

isomorphism of symplectic anti-Jordan pairs, see Example 1.2.11. 

Proof. It is obvious that the pair of linear maps (/+ , /"") is bijective. Also 

f+{x,y,z} = B(x,y)a(z) + B(x,z)a(y) + B(y,z)a(x) 

— aB'(a(x), a(y))a(z) + aB'(a(y), a{z))a(x) + aB'(a(x), a(z))a(y), 
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since B(x, y) = aB'(a(x), a(y)). Hence f+{x, y, z} = {f+(x), f (y), f+(z)}. Similarly 

r{x,y,z} = {f-(x),r(y),f-(z)}. 

Theorem 4.1.2. Let T be an F-vector space with non-degenerate alternating bilinear 

forms B : T x T —> F and B' : T xT —> F. Then f = (f+, f~) is an isomorphism 

of symplectic anti-Jordan pairs (T, T)B and (T, T)B' if and only if there exist a € 

G L F ( T ) and a e Fx such that 

(i) B(x,y) = aB'(a(x),a(y))for allx,y G T and 

(ii) f+(x) = a(x), f~(y) = aa(y). 

Proof. Let / be an isomorphism of symplectic anti-Jordan pairs. Since / + and 

/"" are invertible, there exist a, b € GLF(T) such that 

/+ : T -* r , x -> a(x) and f-:T-+T,y-* b(y). 

Since / is an automorphism of symplectic anti-Jordan pairs, 

f+{x,y,z} = {f+(x)J-(y)J+(z)}, i.e. a({x,y,z}) = {a{x)Mvl<z)}. 

This implies 

(*) B(x, y)a(z) + B(x, z)a(y) + B(y, z)a(x) 

= B'(a(x), b(y))a(z) + B'(a(x), a(z))b(y) + B'(b(y), a(z))a(x). 

Put x = y in (*). Then 

B'(a(x), b(x))a(z) + B'(a(x), a(z))b(x) + B'{b(x), a{z))a{x) = 2B(x, z)a(x). 

Evaluating this equation for B'(—,a(z)), yields 

2B'(b(x),a(z))B'(a(x),a(z)) = 2B(x,z)B'(a(x),a(z)). 

This implies B'(b(x), a(z)) = B(x, z) for all x, z with B'(a(x), a(z)) ^ 0 € F. After a 

base field extension we can assume that F is an infinite field. Hence the set 

{(x,z)eTxT:B(a{x),a{z))^0} 
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is Zariski-dense. Thus we can assume B'(b(x), a{z)) = B(x, z) for all (x, z) £T xT. 

Then from (*) we get B(x,z)a(y) = B'(a(x),a(z))b(y). Since B is non-degenerate, 

there exist (x,z) such that B(x,z) = 1, then f3~1b~1a(y) = y for all y £ T, where 

P — B'{a(x),a(z)). Hence /3~16~1a = Id, yields b = aa, where a = /3 - 1 . The converse 

is clear (see Lemma 4.1.1). • 

We denote by GSP(T, B) the group of invertible endomorphisms a of T, for which 

there exists a £ F such that aB(a(x),a(y)) — B(x,y) for all x,y £ T, where B is 

a non-degenerate alternating bilinear form T x T —> F. Since I? is non-degenerate, 

a £ F is uniquely determined and called the multiplier of a. 

Corollary 4.1.3. Let T be a F-vector space with a non-degenerate alternating bilinear 

form B:TxT^ F. Then 

Aut(T,r)B = GSP(r,B). 

Corollary 4.1.4. .4 pair (u+, u~) of F-linear m,aps is an involution of the symplectic 

anti-Jordan pair (T, T)B if and only if there exists a £ GSP(T, B) with multiplier 

a £ Fx such that u+{x) = a(x), v~{y) = ota(y) and a2 = Q'_1Id. 

Proof. Let u = (u+, v~) be an involution of the symplectic anti-Jordan pair 

(T,T)B. Then by Theorem 4.1.2, we have that there exists a £ GSP(T,5) such 

that u+(x) — a(x), v~(y) = aa(y). Since x — u+ o u~(x) = aa2(x), it follows that 

a2 = a_1Id, for some a £ Fx. The converse is trivial. • 

4.2 Anti-Jordan triple system 

Proposition 4.2.1. Let v\ and v-i be two involutions of symplectic anti-Jordan pairs 

(T,T)B and (T,T)B' respectively, where B and B' are as in Theorem 4.1.2, given 

by two invertible endomorphisms a e GSP(T, B), and b £ GSP(T, B'), as in Corol­

lary 4.1.4. Then the anti-Jordan triple systems T and T", defined by {x,y,z)B — 

{x,a(y),z}B and (x,y,z)B> = {x,b(y),z}Bi respectively, are isomorphic if and only 

if there exist c £ GLF(T) and a £ Fx such that b = acac~l and B(x,y) = 

aB'(c(x), c(y)) for all x,y £T. 
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Proof. From Theorem 4.1.2 we know that ( /+ , /~) : (T,T)B -> (T,T)B> is an 

isomorphism of anti-Jordan pairs if and only if there exist c E GLp(T) and a E Fx 

such that B(x, y) = aB'(c(x), c(y)) for all x,y ET and f+{x) = c(x), f~(y) = otc{y). 

Therefore from Lemma 1.2.2 we get T = T" if and only if v$ o /+ = /~ o uf if and 

only if b = acac -1. • 

Theorem 4.2.2. (a) Lei T be an F-vector space with an alternating non-degenerate 

bilinear form B : T x T -> F and let a E GSP(T, B) such that a2 = aid for 

some a E Fx. Then T is a simple anti-Jordan triple system with triple product 

{x, y, z)B = {x, a(y), z) = B(x, a(y))z + B(a(y), z)x + B(x, z)a(y). 

(b) If T is a simple finite dimensional anti-Jordan triple system over F such that 

(T,r) ^ (T,T)B, then there exists b E GSP(T,£) such that b2 = ,8Id for some 

(3 € F*, and T is the simple anti-Jordan triple system with triple product: 

(x, y, z)B = {x, b(y), z} - B(x, b(y))z + B(b(y), z)x + B(x, z)b(y). 

Proof, (a): From Lemma 1.2.12 we know that the symplectic anti-Jordan pair 

(T, T) is simple. Hence it follows from Lemma 1.2.6 that T is simple. 

(b): Let T be a simple anti-Jordan triple system over F such that (T, T) = (T, T)B. 

Then T has triple product: 

(x,y,z) = {x,u+(y),z} 

for some involution (u+, u~) by Lemma 1.2.1. Then by Corollary 4.1.4, there exists 

b E GSP(T, B) with multiplier (3 E Fx such that u+(x) = b(x), v~{y) = P~lb{y) and 

b2 = 6ld. a 
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