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Abstract

We describe the automorphism groups and involutions of certain anti-Jordan pairs.
We use this to classify finite dimensional simple anti-Jordan triple systems over an

algebraically closed field of characteristic zero.
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Introduction

Anti-Jordan pairs were introduced by Faulkner and Ferrar in [3]. We recall the
definition: Let k be a commutative, associative and unital ring and let V = (V+,V )
be a pair of k-modules with k-trilinear maps {...}*: VEx V= x Ve — V¢, (z,y,2) —
{z,y,2}¢ = D(x,y)z, for ¢ = £. Then V is called an anti-Jordan pair if for all
c,ueVe,yveV=—<and e ==+

{z,y,x}* = 0, and
[D*(z,y), D(u,v)] = D*({x,y,u},v) + D*(u, {y, z,v} ™).

We note that V is an anti-Jordan pair if and only if V' is a Jordan superpair in the sense
of [13] with even part V5 = 0. Faulkner and Ferrar [3] classified the finite dimensional
simple anti-Jordan pairs over an algebraically closed field F' of characteristic zero,
using methods from Lie superalgebra theory. Up to isomorphism, they found the
following complete list of simple finite dimensional anti-Jordan pairs:

(I) The rectangular matriz pair My, (F) = (VL V™) = (Myn(F), Mpm(F)), with
product: {z,y,z2} = xyz — zyx, where z,z € V¢ and y € V¢, and M,,,,,(F) is the

space of all m x n matrices.

(I) The symmetric-skew pair ss,(F) = (N*, N™), a subpair of the anti-Jordan pair
M, (F), defined by

Nt ={ze M. (F):2* =2} and N~ = {z € M,,,,(F) : 2 = —z}.

(IIT) The symplectic anti-Jordan pair, defined as follows: Let T be a vector space

with an alternating non-degenerate bilinear form B : T'x T' — F. Then (1,T)p



is an anti-Jordan pair with product {x,y,2} = B(z,y)z + B(y, 2)x + B(z, z)y for
z,y,2 €T.

The first purpose of the thesis is to determine the automorphism group of the
anti-Jordan pairs in Examples (I), (II) and (III), see section 1.2 for the definition of
an isomorphism. It is easy to see that the examples (I) and (II) can be defined over
any C, where C is an associative, unital and commutative algebra over a ring &, i.e.
we replace F' by C and our goal is to determine the k-linear automorphisms of the
anti-Jordan pairs M,,,,(C) and ss,(C). A first reduction (Lemma 2.1.13 and Lemma
3.1.3) shows that the crucial point is to determine the C-linear automorphisms of
M...(C) and ss,(C). This is done in Theorem 2.3.1 and Theorem 2.3.5. For the
purpose of this introduction, we mention our results over fields only.

Theorem 1 (= Corollary 2.3.2 , 2.3.6). Let F' be a field of characteristic zero or

characteristic p > 3 and such that ptm and ptn.

(i) If m = n, then Aut(Mum(F)) = {(tdy, tny), (07 M5s) @b € GLn(F)}, where
Tap(T) = azb™, n7,(y) = bya™ and pl,(x) = az'db™", pz,(y) = —by'a™" for all
Z € My (F) and y € My (F).

(i) If m # n, then Aut(Mmn(F)) = {(nf,,17,) : @ € GL(F), b € GL,(F)}, with
(772:1,, M) @S defined in (i).

Theorem 2 (= Corollary 3.2.4). Let F be a field of characteristic zero or p > 3
such that p does not divide n if p € {5,7,11}. Then for n > 2,

Aut(ss,)(F) = {(Xzzw), X(aa) 1 @ € GLa(F),a € F*},

where X, ,(®) = caza® and xg, ,(y) = (a™)'y(aa)™" for allz € N* andy € N~

Theorem 3 (= Corollary 4.1.3). Let F' be a field of characteristic # 2 and let T
be a F-vector space with a non-degenerate alternating bilinear form B :T x T — F.
Then Aut(T,T)p = GSP(T, B), where GSP(T, B) denotes the group of invertible
endomorphisms a of T, for which there exist o € F' such that aB(a(x), a(y)) = B(z,y)
forallx,y eT.



To prove Theorem 1, we first show that the Tits-Kantor-Koecher algebra of
Mmn(F) is isomorphic to the Lie superalgebra

psl(min)(F) = sl(m|n)(F)/Z(sl(m|n)(F)),

(see Lemma 2.2.5). Also we can extend any automorphism of the anti-Jordan pair
M (F) to an automorphism of the 3-graded Lie superalgebra psl(m|n)(F'). We then
get information on Aut(9M,,,(F)) by considering the induced automorphism of the
even part of psl(m|n)(F'), making use of a theorem of Seligman which determines the
automorphism group of s, (F). To prove Theorem 2, we use similar techniques as in
Theorem 1.

The second purpose of this thesis is to find the anti-Jordan triple systems asso-
ciated with the simple anti-Jordan pairs in Examples (I), (II) and (III). We recall
the definition: Let 7" be a k-module with a k-trilinear map (...) : T xT xT — T,
(z,y,2) = (x,y,2) = L(z,y)z. Then the pair (T, (...)) is called a triple system, and

it is called an anti-Jordan triple system if for all z,y,u,v € T

(z,y,2z) = 0, and
[L(z,y), L(u,v)] = L({z,y,u),v)+ L(u, (y,z,v)).

The following lemma explains the relationship between anti-Jordan triple systems
and anti-Jordan pairs with involutions, see section 1.2 for the definition of an involu-
tion.

Lemma 1 (= Lemma 1.2.1). (a) If T is an anti-Jordan triple system then V(T) =
(T, T) with triple product {...}* = {...}~ = (...} is an anti-Jordan pair with involution
n = (Id, Id).

(b) Conversely, if V. = (V*,V~) is an anti-Jordan pair with involution n =
(n*t,n~), then T = V't together with the trilinear map (...) defined by (x,y,z) =
{z,n(y), z}* is an anti-Jordan triple system whose anti-Jordan pair V(T') = (T, T)
is isomorphic to V wvia (Id,n*) : (T, T) - V.

Therefore to know anti-Jordan triple systems, it is enough to know the involutions
of anti-Jordan pairs. Note that if we compose two anti-automorphisms of an anti-

Jordan pair we get an automorphism of the anti-Jordan pair. Thus the involutions

3



of an anti-Jordan pair can be determined from the knowledge of one involution and
all automorphisms. Note that in Example (II), we do not have involutions, since the
dimensions of N* and N~ are different. Therefore we do not have anti-Jordan triple
systems arising from involutions in Example (II). The following results determine the

simple anti-Jordan triple systems arising from involutions in Examples (I) and (III).

Theorem 4 (=Theorem 2.4.3). (a) Let F' be a field. The following are simple
finite dimensional anti-Jordan triple systems over F':
(1) Th = Mmn(F), together with the trilinear maps (...)1 defined by

T

I,
<£C, Y, Z)l = :Eytaz - zyta.’v, where a = ( o ) , and 2r = m.

(1) To = Mun(F), together with the trilinear maps {...)2 defined by

0

I,
(z,y,2)2 = xby'z — 2by'z, where b = ( 0 ) , and 2r = n.

T

(i) T3 = Mpn(F), together with the trilinear maps {...)s defined by
(u, v, )3 = wvw — Wou.

(b) Conversely, let F be an algebraically closed field of characteristic zero or of
characteristic p > 0, p # 2, 3 and such that ptm and ptn. If T is a simple finite
dimensional anti-Jordan triple system over F such that (T, T) & M, (F), then T is

isomorphic to one of the examples in (a).

Theorem 5 (= Theorem 4.2.2). (a) Let T be an F-vector space with an alternat-
ing, non-degenerate bilinear form B : T x T — F and let a € GSP(T, B) such that
a? = ald for some o € FX. Then T is a simple anti-Jordan triple system with triple
product (z,y, 2)o = {z,a(y), 2} = B(x,a(y))z + Bla(y), z)x + B(z, z)a(y).

(b) If T is a simple finite dimensional anti-Jordan triple system over F such that
(T,T) = (T, T)g, then there exist b € GSP(T, B) such that b* = BId for some 8 € F*
and T is the simple anti-Jordan triple system with triple product:

(x,y,2)p = {x,0(y), 2} = B(x,b(y))z + B(b(y), 2)x + B(x, z)b(y).

4



The Theorems 4 and 5 together with Lemma, 1.2.6 allow us to obtain the classi-
fication of finite dimensional simple anti-Jordan triple systems over an algebraically
closed field F' of characteristic zero. For the definition of a polarized triple system

see section 1.2.

Theorem 6. T is a finite dimensional simple anti-Jordan triple system over an
algebraically closed field F' of characteristic zero if and only if T’ is isomorphic to one
one of the following:

(a) The polarized triple system associated to one of the three simple anti-Jordan pairs
Mun(F), s5,(F) and the symplectic anti-Jordan pair (T,T)p.
(b) The anti-Jordan triple systems of Theorem 4 and Theorem 5.



Chapter 1

General facts on anti-Jordan pairs

and anti-Jordan triple systems

In this chapter k& will be a commutative associative unital ring. All algebraic struc-
tures will be over &, unless specified otherwise. We denote by k* the set of invertible
elements of k. Throughout this thesis we denote by M,,,(R) the k-module of m x n

matrices over R, where R is an associative and unital k-algebra.

1.1 Anti-Jordan triple systems

Let T be a k-module with a k-trilinear map (...) : T x T x T — T, (z,y,2) —
(x,y,2) =: L(x,y)z. Then the pair (7} {...)) is called a t¢riple system and it is called
an anti-Jordan triple system if for all x,y,u,v € T
(z,y,2) = 0, and (1)
[L("‘U’ y)’ L(’U" IU)] - L((‘Z" y7 1L>’ ,U) + L(u3 <y? :l;’ U))' (2)
Most often we call T rather than (T, (...)) the anti-Jordan triple system.
Let (T1,(...)1) and (T3, (...)2) be anti-Jordan triple systems over k. A linear map

@ : Ty — Ty is called a homomorphism, if
o(r, Y, 2)1 = (0(x), p(y), (2))2

6



for all x,y, 2 € T}. Isomorphisms and automorphisms are defined in the obvious way.

A submodule I of an anti-Jordan triple system 7" is called a subsystem (resp. an
ideal) if (I,1,I) C I (vesp. {I,T,T)+(T,1,T) C I). Any subsystem of an anti-Jordan
triple system is again an anti-Jordan triple system. An anti-Jordan triple system T
is simple, if (T, T,T) # 0 and if it contains no ideals other than 0 and 7.

The following lemma will be used to show that some of our examples are indeed

anti-Jordan triple systems.

Lemma 1.1.1. Let R be an associative k-algebra. Let (T, {...)") be a triple system
over R such that

(A) (a,b,{c,d,e)) = ({a,b,c)',d,e).

Then T together with the triple product

{a,b,¢) = {a,b,c)' — {c,b,a)

is an anti-Jordan triple system if and only if
(B)  (wv,{(z,y,2)) + {z,9,2),v,u)" + (u, {y,z,v),2)' + (2, (v,z,9)', w)’

= <<u’ Y, Z)I,’U, z>l + <Z> v, (SE, Y u>l>/ + <ua <’Uv Z, y)', Z>I + (z’ (ya s U>Iv u>/'

In particular, (A) and (B) hold in any one of the following cases :

(i) (T,{...)") is an associative triple system of first kind, i.e.,
(z,y, (w,v,0)") = ((z,9,9), v,w) = (2, (Y, u,v)", W)’

forallz,y,u,v,weT.

(ii) (T, (...)") is a triple system satisfying (A) and
(©) (u, (y,z,v),2) = ={{u,0,2)",y,2)'.
for all x,y,u,v,z € T.



Proof. Let (T, (...)") be a triple system such that (A) holds. Now consider the left

hand side of (2) in the definition of an anti-Jordan triple system:

[L(z,y), L(u, v)]z = (z,y, (u,v,2)) — (w,v, (T, ¥, 2))
= (z,y, (w,v,2))" = ((w,v,2)" y,2) = (2,9, (z,0,4))
+{(z v, uw) g, 2) = (u, v, (2,9, 2)") + (2,4, 2) , v, u)
+(u,v, (2,5,2)) = ((2,9,2)', v, 0)
z, Y, (u,v,2)") — (u,v, (2,y,2)) — ((z,y, 2)",v,u)’
+{{z,v,u), y, ) — (u,v, (x,y,2)"Y + {{z,y, 2)’, v, u)’
+Hu,v, (2,9,2)) = ((z,5,2), v, u)
={z,y, (v,v,2)") + {(z,v,u),y,2) — {(u,v, (x,y,2)")
—((zp,2), v, 0).
The right hand side of (2):
L{{z,y,w),v)z + L(u, (y,z,v))z
= ((z,9,u),v,2) + (u, (y, 7, v), 2)
= (z,y,u),v,2) — ((u,y,z),v,2) — (2,0, {x,y,u)")
+z,v, (u,y, )" + {u, {y, z,v), 2) — (u, {v,2,9), 2)’
—(z, {(y,z,v),u) + (2, (v, z,y), u) .

(
(

Hence [L(z,y), L(u,v)] = L{{z, y,u),v) + L(u, (y,z,v))
& (uv, (7,9,2)) + ((z,9,2), 0,0 + (v (y,2,0), 2) + (2, (v,2,9),w)’

= ((u,y,z),v,2)" + (2,0, (, 5, u)) + (u, (v, z,y), 2) + (2, (y,z,0), u),
which is (B).

Note that (1) is obvious, since
(z,y,2) = (a,b,0) — {a,b,a) =0 forallz,yeT.

Therefore (T, (...)) is an anti-Jordan triple system if and only if (B) holds.



(i) Note that the left hand side of (B)
= (u,v, (¥, 2)) + {2, y, ), v, u) + (u, (y,z,v), 2) + (2, (v, 2,9), u)’
= (u, (v,z,y), 2) + (2, (y, z,v)", u) + {{u,y,2),v, 2)' + (2,0, (x,y,1)")’
= the right hand side of (B)
Hence any associative triple system of first kind is an anti-Jordan triple
System.
(ii) After applying (A) and (C), the left hand side of (B) =

<U, v, <.’L', Y, z>l)l - <Z, <U: x, y)ls u>l - <U, v, <‘/L.7 Y, z>/>l + <Z, <Ua z, y>/;u>/ =0
Similarly after applying (A) and (C), the right hand side of (B) = 0. Therefore (B)
holds. a
We can now give examples of anti-Jordan triple systems.

Example 1.1.2. Any associative algebra A is an associative triple system of first
kind with triple product (a, b, c)’ = abc, hence also an anti-Jordan triple system with

triple product (a, b, ¢) = abc — cha.

Example 1.1.3. Let C' be a commutative associative and unital k-algebra. Let
a € My,(C) and b € M, (C) such that o' = ea and b* = —eb for ¢ = £. Then

(Mimn(C), {-.-)ap) is an anti-Jordan triple system, where
(Z,y, 2)ap = Tay'bz — zay'bz.
We will denote the anti-Jordan triple system (M;,(C), (...)ap) by Mmn(C;a,b).
Proof. Put {z,y, 2)’ = zay'bz. Note that:
(z,y, (u,v, 2)") = zaybuav'bz = ((z,y,u)’,v,2)" and

(u, {y,z,v), 2) = ua(yaz'bv)'bz = —uav'bzay'dz = —{u,v, {z,y,2)").

i.e. (Mmn(C;a,b),(...)") satisfies conditions (A) and (C) in part (ii) of Lemma 1.1.1.
Hence M,,,,(C;a,b) is an anti-Jordan triple system. O



Let F be a field. Recall that two matrices a,b € M, (F) are called cogredient if
there exists a matrix p € GL,(F) such that p‘ap = b. The following is shown in [6,
Sections 6.2, 6.3].

Theorem 1.1.4. If the characteristic of F' is not 2, then any two skew symmetric

matrices in M,,(F') are cogredient if and only if they have the same rank.

Theorem 1.1.5. If F is an algebraically closed field of characteristic not 2, then two

symmetric matrices in M,(F) are cogredient if and only if they have the same rank.

Lemma 1.1.6. Let C, b, a be as in Example 1.1.3, and let u € GL,(C) and v €
GL,.(C). The map f : My (C; vtau, vibv) — M (Csb,a),  — uztv? is an isomor-
phism of anti-Jordan triple systems. In particular :

(a) Mpmn(Csa,b) and M,,,(C; b, a) are isomorphic.

(b) If C = F is an algebraically closed field of characteristic different from 2, and
a,d € GL,(F), b,c € GL,(F) are such that a® = ea, d' = ed, ' = —eb, & =
—ec for e = %1, then M,,,,,(F;a,b) and M,,,,(F;¢,d) are isomorphic.

Proof. The map is obviously an isomorphism of the underlying C-modules. For
z,Y,2 € Mp(C;ultau, v'bv)) we have, using (zy)t = y'a? which holds because of
commutativity of C,

Flx, ¥, tanwtoe = uzv'bvyu’au’v’ — uz'vboyu’auszte’
and

(@), f ), f(2)oa = (ua'v’,uy'v", uz'v’)

= urv'bvyulauzvt — wtvtbuyutauztt

Hence f(CL' Y, Z)u_ta_u,utbv - <f(l)v f(y)a f(z»b,a'
(a) If we put u = I,, and v = I,,,, then we see that M,,,(C;a,b) and M,,,,(C;b,a)

are isomorphic.

10



(b) From Theorem 1.1.4 and Theorem 1.1.5 we know there exist matrices u €
GL.(F) and v € GL,(F) such that

wtdu = ¢ and vicw = b.

Hence M, (F'; a,b) and M,,,,(F'; ¢,d) are isomorphic. O

Lemma 1.1.7. Let (T,{(...)) be an anti-Jordan triple system and let f € End(T)
such that f{x, f(y),z) = (f(x),y, f(2)) for all z, y, z € T. Then T together with the
triple product

<.’13, Y, Z>/ = <.’13,f(l/),2>

s another anti-Jordan triple system.
Proof. 1t is easy to see that (z,y,z) = 0. We will show
[L'(z,y), L' (u,v)] 2 = L'({z,y,uw),v)z + L' (u, {y, z,v)")z
for all z,y, z,u,v e T.
[L'(z,y), L' (u,v)] 2 = L'(x,y)L'(u,v)z — L'(u,v)L'(z,y)z
= (2,5, (u,v,2)) = (¥, (@,9,2)")
= (@, f(Y), (w, f(v),2) = (u, f(v), (=, f(¥),2))

= (@, f(y),u), F).2) + (u, £y, £(2),0),2)
= L({z,y.w),v)z + L(u, (y,2,0))2.

O

Example 1.1.8. Let C be a commmutative associative and unital k-algebra. Let T be
a C-module with an alternating bilinear form B:T x T — C. Put

(r,y,2)B = B(z,y)2 + B(y,z)x+ B(z,2)y forall z,y,z¢€T.

Then (T,(...)p) is anti-Jordan triple system, called the symplectic anti-Jordan triple
system (with respect to B).

11



Proof. Note that B(z,y) = —B(y,z), B(z,y)B(u,v) = B(u,v)B(z,y) and
B(z,z) = 0 for all z,y,u,v € T. Theretore {z,y,z} =0.

We will check that [L(x,y), L(u,v)] = L({z,y,u},v) + L(u,{y, z,v}).

[L(z,y), L(u,v)]z = {z,y, {u, v, 2}} — {w, v{z. y, 2}
= B(u,v){z,y, 2z} + B(u,2){z,y,v} + B(v, 2){z,y, u}
—B(x,y}{u,v, 2z} — Bz, 2){u,v,y} — B(y, 2){u,v,z}
= B(u,v)B(z,y)z + B(u,v)B(z, 2)y + B(u,v)B(y, 2)z
+B(u, z) B(x,y)v + B(u, 2) B(x,v)y + B(u, 2) B(y, v)x
+B(v, 2) B(x, y)u + B(v, 2) B(z, u)y + B(v, 2) B(y, u)z
—B(x,y)B(u,v)z — B(z,y)B(u, 2)v — B(x,y)B(v, 2)u
—B(z, 2)B(u,v)y — B(z, 2) B(u,y)v — B(x, 2) B(v, y)u
z) z)

—B(y, 2)B(u,v)x — B(y, 2) B(u, x)v — By, 2) B(v, z)u
= B(u, z)B(z,v)y + B(u, 2) B(y,v)x + B(v, 2) B(z,u)y
+B(v, 2)B(y, v)x + B(z, 2) B(y,u)v + B(y,v)B(z, 2)u
+B(z, u)B(y, 2)v + B(z,v)B(y, 2)u.

L({z,y,u},v)z + L(u,{y,z,v})z

= {B(z,y)u + B(z,u)y + By, u)x,v, 2}

+{u, B(y, z)v + B(y,v)x + B(z,v)y, 2}

= B(z,y){u,v, 2} + B(z,u){y,v, 2} + By, u){z,v, 2}
+B(y, z){u, v, 2} + B(y,v){u,z, 2} + B(z,v){u,y, 2}
= B(z,u)B(y,v)z + Bz, u)B(y, 2)v + B(x,u)B(v, 2)y
+B(y,u)B(z,v)z + B(y,u)B(z, 2)v + B(y,u)B(v, z)x
+B(y,v)B(u,z)z + B(y,v)B(u, 2)x + By, v)B(z, 2)u
+B(z,v)B(u,y)2z + B(x,v)B(u, 2)y + B(z,v)B(y, 2)u
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L{{z,y,u},v)z + L{u, {y,z,v})z
— B(a,w)B(y, 2)v + Bz, u) B(v, 2)y + Bly, u) B(a, 2)v
+B(y,u)B(v, 2) + B(y,0)Blu, 2)o + B(y,v) B(a, 2)u
+B(z,v)B(u, 2)y + B(z,v)B(y, 2)u.
Hence [L(z,y), L{u,v)] = L{{z,y, u},v) + L(u, {y, z,v}) for all z,y,u,v € T.
O

Example 1.1.9. Let (7, (...) g) be a symplectic anti-Jordan triple system, see Exam-
ple 1.1.8. Let f € End(T) such that B(x,y) = aB(f(z), f(y)) and f? = o~'1d for
some a € C*. Then T together with the triple product

(2,9, 2)p = (&, f(y), 2)5

is an anti-Jordan triple system.
Proof. Note that

il

B(z, f(y))f(2) + B(z,2)f*(y) + B(f(y), 2)f(z)
= aB(f(z), /) f(z) + o aB(f(x), f(2)y
+aB(f*(y), f(2))f(x)
B(f(x),y)(f(2) + B(f(x), f(2))y + By, £ (2)) f (z)
(f(@),y, f(2)).

fz, f(y), 2)

i

Therefore (7', (...)’s) is an anti-Jordan triple system by Lemma 1.1.7.
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1.2 Anti-Jordan pairs

Let V = (V*,V ™) be a pair of k-modules with k-trilinear maps {...}¢: V¢ x V¢ x
Ve — Ve, (z,y,2) — {z,y,2}¢ = D(x,y)z, for ¢ = +. Then V is called an anti-
Jordan pairif forall z,u e Ve, y,v e V¢ ande ==+

{z,y,z}* = 0, and (3)
[D(z,y), D*(u,v)] = D({z,y,u},v) + D(u, {y, z,v} ). (4)

We will usually drop the superscript € and simply write {...} and D(.,.) for {...}¢
and D<(.,.). We note that V is an anti-Jordan pair if and only if V is a Jordan su-

perpair in the sense of {13] with even part V5 = 0.

A homomorphism of anti-Jordan pairs V = (V*, V™) and W = (W, W~) over
k, is a pair (9*,n~) with k-linear maps 7€ : V¢ — W€, ¢ = & such that

n{z,y, 2} = {n°(x),n “(v),n"(2)} (5)

holds for all z,z € V¢, y € V¢ Isomorphisms and automorphisms are defined in
the obvious way. We denote by Autg (V') the group of all k-linear automorphisms of V.

A pair I = (I*,I7) of submodules of an anti-Jordan pair is called a subpair
(resp. an ideal) if {I¢, 7%, I¢} C I¢ (resp. {I¢, V¢, Ve}4+{V<, ¢, V¢} C I€). An anti-
Jordan pair V is simple if it contains no ideals other than 0 and V and {V¢, V=, V¢} #
0,fore=—ore=+.

The opposite of an anti-Jordan pair V = (V*+,V~) is the anti-Jordan pair VP =
(V=,V*) with maps ({...}7,{...}7). An involution of an anti-Jordan pair V is a ho-

momorphism 7 : V — V°P such that (n~ on™,n+ on™) = Idy.

Lemma 1.2.1. (a) If T is an anti-Jordan triple system, then V(T) = (T,T) with
triple product {..}* = {.}7 = (..) is an anti-Jordan pair with involution n =
(Id, Id).
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(b) Conversely, if V = (V*,V~) is an anti-Jordan pair with involution n =
(nt,n™), then T = V% together with the trilinear map {...) defined by (x,y,2) =
{z,n%(y), 2} is an anti-Jordan triple system whose anti-Jordan pair V(T') = (T, T)
is isomorphic to V wia (Id,n*) : (T, T) - V.

Proof. (a) is obvious.

(b) Conversely, let V = (V*,V~) be an anti-Jordan pair with involution n =

+

(nt,n™). Then we will show that 7" = V' together with the trilinear map (...) defined

by (z,y,2) = {z,n*(y),z} is an anti-Jordan triple system.
Let z,y,u,v € T. Then (z,y,x) = {z,n"(y),z} = 0 by (3) and

[L(z, y), L(w,v)] = [D(z, 7" (y)), D(u, 7" (v))]

— D({z,7* (), ub, ¥ (4) + D(w, {* (1), 2,7 ()} (by (@),
Also

L{{z,y,uw),v) + L(u, (y, z,v))

= D({z,n* (), u},n* (v)) + D(w,n*{y,n" (x),v})

= D({z, 7" (y), u},n*(v)) + D(u, {n*(y), z, 7" (v)}).

Hence [L(z,y),L(u,v)] = L({z,y,u),v) + L(u, (y,z,v)). To show that (T,T) is
isomorphic to V, consider the mapping (Id, n*) : (T,T) — V, given by (Id, n*)(x,y) =
(z,nt(y)) for all (z,y) € (T,T). We will check that (Id,n*) is a homomorphism:

Id{z,y, 2} = Id{z,y,2) ={z,n"(y), 2}
n+{:1:,y,z} = n*(w,y,2)=n+{w,n+('y),z}

= {n*(z),y,n*(2)} (since n is an involution of V)

for all z,y, 2 € T It is obvious that (Id,n™*) is bijective. Hence (Id, #y*) is an isomor-
phism.

Lemma 1.2.2. Let V = (V*, V™) and W = (W*, W) be anti-Jordan pairs with
involutions n = (nt,n~): V > VP and p = (p*,p™) : W — W°P. We denote by T
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and T" the anti-Jordan triple systems defined by 1 and p respectively. Thus, T =V+
with triple product (x,y,2) = {x,n"(y),2} for all x,y,2 € T and T' = W with
triple product (u,v,w) = {u, p*(v),w} for all u,v,w € T". Then the following are
equivalent:

(i) f:T — T is an isomorphism of anti-Jordan triple systems.

) (ff,f)=(f,ptofon):V =W is an isomorphism of anti-Jordan pairs.

Hence T =T’ if and only if pt o ¢t = ¢~ o™ for some isomorphism ¢ : V — W.

Proof. (i) = (ii): Let 2,2 € V*, and y,v € V™. Then

fHAzv 2} = fla,nt(n7v), 2} = flz,n7v,2)
= (fz, fn7v, f2) = {fx, 0" fn v, 2}
= {f*z,fy,f"2z}) and
fHywv} = p"fo{y, =0} =p" f{n~(y),n*(x),n (v)}
= p fn () x,n(v) = p* {0 (), fz, fn~(v))
= pH{fn W) p* fz, fn= ()} = {p" fn~ (), o~ 0" fz, 0" f~(v)}'
= {f~ (. f @), WY}

(ii) = (i): Let ,y,2 € V*. Then

fl,y2) = fant(y),2} = {fz, 0" fon*(y), f2}
= {f’Eap+f(y)7 fz}l = <f’l7, f(y)1 fZ>’.

Therefore, if f*: T — T’ is an isomorphism of anti-Jordan triple systems, then
proff=pToffon ont=fon"

Conversely: let ¢ = (¢7,¢~) : V — W be an isomorphism of anti-Jordan pairs
and pto ¢t = ¢~ on*. Then ¢t : Vt — W is an isomorphism of anti-Jordan triple

systems, since

o (z,y,.2) = ¢H{z.nt(y), 2} ={¢72, o7 (y), 972}
= {¢7z. 079" (y), ¢72} = (7,67 (), 7 2)".
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Let T be a triple system. Then T is called polarized if T = T+ @ T~ and the
triple product satisfies (T, T¢,T) = 0 = (T, T¢,T¢) and (T, T, T¢) C T, e = +.
Therefore, if £ = 2 @ x~ and similarly for y, 2 € T, then

(Tter,yT @y, 2T ®27) = (gt Y, 2N @ (a7, yt, 27,

Thus we can associate to 7" the pair V = (T'+,T~) with triple product (z¢,y~¢, 2¢) =
{xf,y~¢, 2¢} € T¢. One can easily check for a polarized triple system 7' =T+ & T,
that T is an anti-Jordan triple system if and only if (7', T) is an anti-Jordan pair.
Conversely, if V = (V*, V™) is an anti-Jordan pair, we can define a polarized triple
system T(V) = V+ @V~ by the formula above. Thus V = (V*, V) is an anti-Jordan
pair if and only if (V) = V* & V™ is an polarized anti-Jordan triple system.

Example 1.2.3. The rectangular matriz pair Mmn(R) = (Mmn(R), Mun(R)) =
(V*,V~)is an anti-Jordan pair with product : {z,y, 2} = xyz—zyz, where x, z € V¢,
ye V™ and e = +.

Proof. Let A = M,,.n(R), which we view as an anti-Jordan triple system with

triple product: (z,y, 2) = xyz — zyz, (see Lemma 1.1.1). Put T =T+ & T, where

+ O Zz . 2
e {(2 ) o)
- = {(0 0):;,61\/1%(}3)}.
y O

Then T is the polarized anti-Jordan triple system. Therefore 9M,,,(R) is an anti-
Jordan pair with product {z,y, 2} = (z,y, 2).

Lemma 1.2.4. Let C be a commutative, associative and unital k-algebra. Then
SD’tmn(cV) = mtnm(c) —_ (mtmn(c))()p-

Proof. Define a mapping (f+, f7) : Mpn(C) — M, (C) by



for all x € M,,,,(C) and y € M,,,,(C). Then it is clear that the map (f*, f7) is linear

and bijective. We will check that (f*, f~) is a homomorphism of anti-Jordan pairs.
Let z, 2 € My, (C) and y, w € M,,,(C), then

fHa,y, 2} = {z,y,2} = {2', —¢", 2"} = { (), [~ (), FH(2)}.
Similarly we can check that f~{y,z,w} = {f~(v), fT(x), f~(w)}. O

Lemma 1.2.5. Let V = (V*, V™) be an anti-Jordan pair. Then the anti-Jordan
triple system T(V) = V* @ V= is simple if and only if V = (V*, V™) is simple.

Proof. If (W*,W~) is an ideal of V, then W+ @ W~ is an ideal of T'(V'), hence
if (V') is simple then V simple. Assume now that V is simple and I is an ideal of
T(V). The multiplication rule of T(V) shows

(INVEV- VY +{V,INV= VY cInVe,

ie, (INVTINV™)is an ideal of V. If it equals V, we have I = V. So let us
assume (INV*, INV~) =0. Then, for z = x*+2z~ € I one concludes (x,V~¢,V¢) =
{zc, V5, Ve} c INnVeE =0 and (Ve z,Ve) = {VE,27¢,V} C INVE = 0. Hence
(xt,2~) € Z =(Z*,Z™) with

2= (€ T(V): (V7 V) = 0= (V2,2V}

But Z is obviously an ideal of V, which vanishes by simplicity of V. Hence (z*,27) = 0
and I = 0. O

Lemma 1.2.6. An anti-Jordan triple system T is simple if and only if V(T) = (T, T)
is simple or a direct sum of two simple ideals, V(T) =2 W+, W) (W~ ,WT) =
W @& W°P. In the second case T' = T (W) is the polarized anti-Jordan triple system
associated to W.

Proof. Obviously, if V(T') is simple then T is simple, since if I is an ideal of T,
then (I,7) is an ideal of V(T'). If V(T) = W @ W°P and W is a simple ideal, then
T = T(W) is simple by Lemma 1.2.5.
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Let T be a simple anti-Jordan triple system and let W = (W*, W) be an ideal
of V(T) with 0 # W # V(T). Then W + W~ and W* N W~ are ideals of T. Since
T is simple and 0 # W # V(T), we have WrNW~ =0and T = Wt e W-.
Therefore from Lemma 1.2.5, we get W is simple, so W is simple too. Hence
V(T) = (T,T) = W e WP°P, It then follows that 7= W+ @ W™ is the polarized triple
system. Indeed, (We, W= T) c (W NW®) = {0} and (W, W=, W) C W*, since
W and W*°P are subpairs. O

Theorem 1.2.7. Let M,,,,,(R) = (V*, V™) be the rectangular anti-Jordan pair, where

R is an associative k-algebra and mn > 1.
(a) Let I be an ideal of R. Then (Mpn(I), Mpm(I)) is an ideal of Mun(R).

(b) Conversely, if I is an ideal of M. (R), then there exists an ideal I of R such

that I = (Mpmn(l), Mpm(1)).
(c) In particular, M,,.(R) is simple if and only if R is simple.
Proof. We will use the basic multiplication rule for matrix units E;;:
{Eij, Epgy Buw} = 6p0quBiv — 0up0yi Eu; (6)

Since (m,n) # (1, 1), after replacing 9M,,.,,(R) by ML (R) if n = 1, we may assume
n> 2.
(a) Tt is clear that (M, (1), My (I)) = (It,17) is a k-module. So we only need
to check that
ISV VY (VT V) C I, e=+.

Let ai; Eij € I€, bygEpy € V¢ and ¢y Eyy € V¢, where a5 € I, byy, Cuw € R. Then
{ai; Eij, bpgEpg, CuvBun} = 0ijbpgCun0ipOquEiv — Cuvbpg@ijOupdai Fu;
Since I is an ideal of R, aijbpgCuv, Cuvbpgai; € I, and this gives
{05 E1j, by Evgs CuvEun} € I°.

By linearity of {...}, we get {I¢, V™, V} C I-
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Similarly, {V¢, I7¢,V¢} C I¢. Therefore {I¢, V=€ Ve}+{V*,I~¢, V¢} C I¢. Hence

(Mimn (1), Mpm (1)) is an ideal of 9.,

(b) Step (1). Let z =) a;E; € I°. We will prove a;;E;; € I° and that we
can move every entry in a matrix in /¢ to any position in another matrix in €.

Let Y ayEi; € I7, Egp € V¥, Eyg, Epy € V™ and choose p # u ( recall n > 1).
Then

{{Z aijE‘ijv Eqpa Euq}y Eqpa Epv} - {— E (lijuj, Eqp, Epv}

= —QpgFuy € I” (since I is an ideal ).

Therefore ap Ey, € I7, since I~ is an abelian group. Let E,, € V*, E,, € V™
and choose r # u( recall n > 1). Then {ap,Euy, Evus Ero} = —0pgEr, € 7. This
implies ap E,, € I™. Similarly , we can prove that if > a;; E;; € I't, then ayE; € I

and we can move every entry in a matrix in /™ to any position in another matrix in I+,

Step (2). Let a;;E;; € I". Choose r # j. Then
{Eri,0;E;j, Ejp} = aij B € I
Let b;;E;; € I=. Choose k # i. Then
{E.;,bi;Eij, Ejp} = by B € IT

Hence every entry of a matrix in /¢ is also an entry in a matrix in 77°.

Step (3). Let [ = {r € R;7Ey; € I'*}. From step (1) and step (2) it is clear that
I = (Myn(I), Mo (I)). So we are done if we can show that I is an ideal of R. It is
clear that I is a k-module. We will check that RI c T and IR C 1.

Since I is an ideal, {rFEi;, E11,aE19} =raEps €It forallr € R, a € I. By step
(2) we get raEy; € I't, which yields ra € I. Similarly, ar € I. Hence I is an ideal of
R.

(¢) is obvious. O
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Example 1.2.8. Let n € N, n > 2 and let C' be a commutative unital and associative
k-algebra with % € k. Put

NHC) = Nt= {z e M,,,,(C) : = z} and
N (C) = N ={zeM,,(C): 2" =—x}.

Then it is easy to check that the symmetric-skew pair s5,(C) = (N+, N™) is a subpair
of anti-Jordan pair 9M,,,(C), hence an anti-Jordan pair with operation

{z,y,2} = 2(y2) + (y2)'=.

Theorem 1.2.9. Let s5,(C) = (N*,N~) be as in Example 1.2.8.

(a) Let I be an ideal of C. Then (N+(I), N=(I)) is an ideal of s5,(C).

(b) Conversely, if n > 2 and I = (I't,17) is an ideal of ss,(C), then there exists

an ideal I of C such that I = (N*+(I), N—(I)).
(¢) In particular, ss,(C) is simple if and only if C = F' is a field.
Proof. Let E;; denote the matrix units. Put

Hpy = Epq+ Egp and Fpy = Epy — By

for all p,g with 1 <p # ¢ <n.

(a) Note that N*(I) = N* N M,,(I) and N=(I) = N~ N M,,,.(I). By Theorem
1.2.7 we know that (M, (1), M,,(I)) is an ideal of M,,,(C). Hence (N+(I), N~(I)) =

(Mpn (1), My, (1)) N (N*, N7) is an ideal of ss,(C), since the intersection of an ideal

and a subpair is an ideal of the subpair.

(b) Step (1). Let x = Z a;; Fy; € I™. We will prove a;;F;; € I~ and that we
1<i<j<n
can move every entry in a matrix in I~ to any position in another matrix in 7.
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Let H

qap

€ N*, F,, € V™ where 1 < p # v # g # p < n. Then for any v with
1 <u # g <n we have

{{ Z a‘lﬁjF-‘ijquvapv}qupaF‘qu} = {Z‘LIZQFL’U+zaquvj:qu>Fqu}

1<i<j<n i<q q<j
= E aiq(s'ipEw + E aqj(sijvu'
i<q q<j

Therefore

. Fw €17 ifp<aq,
{{ Z aijFiiﬂquvav}quvaqu}: "

1<i<i<n agpFvu € I7 ifg<p.

Put u = p, then {apeFpu, Evv, Fug} = apeFpq € I™ for p < q. Hence a;;F;; € I and
we can move every entry in a matrix in I~ to any position in another matrix in I~
forall 1 <i< j<n.

Nowlet z = Y @uBu+ Y @uHy € I', Fpy,Fug € I and Epy, By € I

1<i<n 1<l<r<n

withl<p#v#qg#p<nandl<u#qg<n. Then

{{Z LLME“ + Z merlry qu; Epp} ) Fuq; Euu} = wqupu € I+

I<r

Therefore {xy Hpu, Fpgs Egq} = TgqHgu € I, we get
1
{2 gqH qu, §Furn Eqq} = 1gqEqq € '

A]-SO { {Z miiEii + Z Cl?l,-le, va; Evv} 3 Fqu; Euu} = mquuv S I+~

I<r
This implies {ZpHuvs 5Fous Buu} = TpgFuu € IT. Take u = p, we get Zp Hp, € I,
Therefore {2pqHpy, Fug, Egq} = TpgHp, € IT. Hence zyEy, x,,Hyy € I and we can
move every entry in a matrix in I+ to any position in another matrix in I for all
1<i<nandl<p<qg<n.

Step (2). Let x,,F,, € I7 where 1 <p < g <n and z,, € C. Then
{ Epps o Fpgs Eqa} = TpgHpg € 17
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Let by Epp, bpgHpg € IT and Fpy, Fy, € I™ for all pg,v with 1 <p#g#v <n.
Then
{qua bm)Ezma F'pv} = bpvaq el

{qu, bqupqa va} = bquzn’ el

Hence every entry of a matrix in /€ is also an entry in a matrix in 77¢.

Step (3). Let I = {a € C;aFE; € I'*}. From step (1) and step (2) it is clear that
I = (N+(I), N~(I)). So we are done if we can show that I is an ideal of C.

It is clear that I is a C-module. We will check that CI ¢ I and IC c I. Since
I is an ideal, {cE11, F12,aEy} = caHyy € It for all c € C, a € I. By step (2) we get
caEyy € I, which yields ca € I. Since C is commutative, we get ac € I. Hence I is
an ideal of C.

(c) is obvious. O

Example 1.2.10. For n = 2 the symmetric-skew pair s5,(C) = (N*,N7) is not
simple.

Proof. Note that for n = 2, N~ = span{Fs = Fj3 — En}. Therefore for any
a,B8 € C we have {aFis,2,8Fn} = aB(FiaxFiz — FlaxF3) = 0 for all x € N*.
Put I = N* and I~ = {0}. Then {/*,N-,N*} Cc I*, and {N*,[",N*t} =0 =
{I",N*,N~} = {N~,I*t,N~}. This implies {I¢, N~¢, N¢} + {N¢, 1<, N¢} C I¢, for
€ = £. Hence (I*, 1) is an ideal of the symmetric-skew pair ss,(C).

Example 1.2.11. Let C be a commutative associative and unital k-algebra. Let T’
be a C-module with an alternating bilinear form B :T x T — C. Then T is an anti-
Jordan triple system with triple product {(z,y,2) = B(x,v)z + B(y,2)x + B(z, 2)y
(see Example 1.1.8). Hence by Lemma 1.2.1 we have V(T') = (T,T)p with triple
product {...}5 = {...}5 = (...) 5 is an anti-Jordan pair with involution (Id,Id), called
the symplectic anti-Jordan pair (with respect to B).

Lemma 1.2.12. Let C be a commutative associative and unital k-algebra with % ek.

Let T be a C-module with alternating bilinear form B : T x T — C which is strongly
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non-degenerate in the sense that if 0 # x € T, then 1 € B(x,T). Then the symplectic
anti-Jordan pair V(T) = (T,T)g is simple.
For example if C is a field of characteristic not 2 and B is a non-degenerate form

in the usual sense, then the symplectic anti-Jordan pair is simple.

Proof. Let (0,0) # (I'*,I7) be an ideal of the symplectic anti-Jordan pair V(T') =
(I,T)p. Let 0 # x € I, choose y € T such that B(z,y) = 1. Therefore {z,y,y} =
B(z,y)y+B(y,y)x+B(z,y)y = 2y € I*. This implies y € I*, since § € C. Let z € T,
then {x,y, 2} = B(x,y)z+ By, 2)x+ B(x, 2)y € I*. We get B(z,y)z = z € I, since
B(y,2)x, B(z,z)y € I'". Hence T = I'*. Similarly we can prove that I~ =T. O
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1.3 Associative Pairs

Let A = (A*, A7) be a pair of k-modules with k-trilinear maps (...) : A°x A~ x A° —
AS (z,y,2) — (z,y,2) for e = . Then A is called an associative pair of first kind
(see [12, Sec. 4.1]), if

((7/ Y z),u, U> = (7/ (ys Z,’lL>,U> = (CL‘,y, (Z, U,U>>

for z,z,v € A, y,u € A~¢and € € {+,—}.

We denote the left and right multiplication in A by L(x,y)z = (z,y,2) = R(y, 2)x.
Let R4 be the k-subalgebra of End, (A1) x End,(A~)° spanned by (Id, Id) and all ele-
ments zy = (L(z,y), R(z,y)) where (z,y) € (A", A™). Let S4 be the k-subalgebra of
Endi(A~) x Endi(A*), spanned by (Id, Id) and all elements yx := (L(y, z), R(y, z))
where (z,y) € (A%, A™). Then A* is a R4 — Sa-bimodule for the actions (ay, ag)z =
a1(z) and x(B1,B82) = B2(x). Similarly A~ is a S4 — Ra-bimodule for the actions
(61, B2)y = Bi(y) and y(au, ag) = aa(y). The set

. Ry At
HA A S,

is an associative k-algebra with respect to the usual matrix product, called the stan-
dard embedding of A. It is defined in [11], see also [2].

Example 1.3.1. Let A = M,n(R) = (Mypn(R), Mpm(R)) = (A+, A7), where R is an
associative unital k-algebra. Then 9M,,,(R) is an associative pair of first kind with

triple product
() D AT X AT X A = A (3,y, 2) — (2, Y, 2) = TY2
for € = +.
Lemma 1.3.2. Let v € My, (R) such that v = 0 for all z € M, (R) or yv =0 for

all y € M,,,,(R), then v =0.

Proof. Put v = Z v;;E;5, then ( Z v,,'jEij> Eg=0foralll € s <m.

1<i,j<m
Therefore Z v =0 for all 1 € s < m. Hencev = 0.

1<i<m

i<, j<m
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Also Ei, Z vi; B = 0 for all 1 € s < m. Therefore Z Vs Ey; = 0 for all
1<Lz,j8m 1<j<m
1< s <m. Hencev=20. O

Lemma 1.3.3. Let (n*,17) be an automorphism of an associative pair of first kind
A= (A*,A"). Then (n*,n~) can be extended to an automorphism of the standard
embedding 114 of A.

y- o (s7.8%)
_ ( (*r* ()~ (7)) ptat
N7y (=s~(m™) L, mtst(nt)™h)
for (rt,r=) € Ra, (s7,s1) € Sa, 2t € Atandy™ € A~
It is clear that 7 is linear and bijective. We will check that 77 is a homomorphism

ﬁ<<<rr,r;> i )((«r;ir;) xy ))
i (s1,87) vz (s3,53)

_ 77( (rf,rD)(rf r7) + afyy (rfrD)ed +af (57, 8F) )

rt e xt
Proof. Define i : p1g — pa by 77 ( ( ) )

of algebras:

vr (rg,ma) + (sT.81)ya yrs + (s1,87)(s7,89)

Putr = (n*r{ (")~ ri (™)~ = (0 rd () ez (7)), s = (st (n7) 7,
ntst (™)) and & = (n7s5 (™)L, (ntsd (nt)~1), then

T] (< /rl :/rl 7’-1'_ ) < (T;aTZ_) rE‘j ))
51 asi’-) y; (35)8‘3-)

(rr+77 D) ntriad) +nt (s?wf))

(royr) +n7(stwa)  n (yint(e3) + s

nu)( r' n+w;>
nyr S nys &

[ (D) xy | (rf,r7) T3
n - + n — — + :
(1 (s7,87) Yy (s3,53)
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Lemma 1.3.4. Let R be an associative and unital k-algebra. Let M., = Mpn(R),
Mpm(R)) = (VT, V™). Then the associative algebra
V+.v- v+
A’[m n.m+n R) =
tnmin(10) ( V- V_.VJF)

is wsomorphic to an,,, -

Proof. Define v : Mo tnmin(R) — pin,., Dy

A +
’d)( i Li Y z )
- o=t
Yy JU5

_ Skt v, Rt ) z*
Y >;(L(u;,vf), R(uj, o)) )

The following shows that 1 is well-defined and injective.

D (Lt u), Rt y0)) = D (L(wh,v7), Riuf,v7)

) r

& (e u0), Rar ) 2) = SO o), Rt o) (7, 27)

,.
o (Tt )= (S )=
3 T

2~ (Zijf) =z (Zuj-v;)

= Za“jy[ = Zuff-v,? (by Lemma 1.3.2).

It is easily verified that v is an algebra homomorphism. Hence it is an isomorphismi.
O

Lemma 1.3.5. Let a € M,,,,(F) and 0 # b € M (F) such that ayb = 0 for all
Yy € My (F), where F is a field. Then a = 0.

Proof. Let a = ZaijEij and b = meE‘,.s. Since b # 0, there exist by, # 0.
i,7 7,8

Then (Z a.ijE,L-,-> b;qlElp <Z b,.sErs) = 0 for 1 <[ < n. This implies

i,J r,8

Z (lijEij Z b;qlbpsEls ={.
1,7 s
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Therefore Z a.ﬂb;qlbpsEis = (. Hence ailb;qlbps = 0 for all 4, s. In particular for s = ¢

we get a; = 0 and then a = 0. O

Theorem 1.3.6. Let F be a field and let n = (n*,n~) be an automorphism of the
associative pair M, (F) = Mpn(F), Mpn(F)). Then there exist invertible matrices
a € GL,(F) and b € GL,(F) such that n*(z) = axb™, 5 (y) = bya™ for all
T € My (F) and y € M, (F).

Proof. Let n = (n*,n~) be an automorphism of the associative pair M, (F).
Then by Lemma 1.3.3 and Lemma 1.3.4, we can extend 7 to an automorphism 7 of
an associative algebra M, 4n min(F).

Since F is a field, Mptnmen(F) is central simple. Hence all automorphisms are

inner. Therefore there exists 4 € Mypinmin(F) such that

A(z) = uzu™" for allz € Mmsnmn(F).

Uy U2 _ V11 Y12
Put u = and u™!=v = , then
Ug1 U2 Va1 Va2
[0z Ul U2 0z V11 Vr2 U1 2V21  U11TV22
7] = pemmed
00 U1 U0 00 Vo1 U2 U1 TV21 U1 TV
and
{00 Uir U 00 U1 Ui UYV11  U12YV12
U] = - .
y 0 Ul Uy y 0 Ugr U UYV11  UeYUi2
Since 7j leaves My, (F) and My, (F) invariant,
U11ZV91 = 0 = U9 TV29 = U1 Vg for all 2 € M, (F) (7)
and

U12yv11 = 0 = U10YV12 = uexvig for all y € My, (F). (8)

Also
U111 + U121 Un1V12 + Ui2U22 Ip, O
Uy = - (9)

U21V11 + U221 U21V12 + U9 0 I,
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and

V11U + VU1 V11l + V12U2 I, 0
vy = = . (10)

V21U11 + UgoUo1  Ug1U12 + UgUo2 0 I,

Case (i) Suppose vg2 = 0:

From (9) and (10) we get, va uy; = 0, va1tuiz = I, 1012 = I,. From (7) we have
111Zv2; = 0, this implies u1zva1u1e = 0, i.e. upz = 0 for all x € M, (F'). Hence by
Lemma 1.3.2 we get uy; = 0.

From (8) we have ujoyvyy = 0, this implies vo1u12yv11 = 0. Therefore yvy1 = 0 for
all y € M,,,»(F). Hence v1; = 0 by Lemma 1.3.2. Now from (10) we have viquge = 0,

this implies ug1v12uge = 0. Since ug v1e = I,, we get uy = 0. Hence

0 1w 0 w
u= 1 oandul=v= 2.
U9 0 Va1 0

Also Uyg : F™ — F™ x v uppx and Vo1 : F™ — F™ y — gy are linear maps. Since

UisVa1 = Idpm and Ve Upg = Idpn, we get F™ = F™, which yields m = n. Then

’f] 0 =z . 0 U12Y 19
y 0 U1 TV 0

But this is not possible, because this switches M,,.,, <> M,.,.

Case (ii) voy # 0:

We know from (7) that ugizves = 0 for all x € M,,,(F). Therefore uy; = 0 by
Lemma 1.3.5. Then (10) yields vouy; = 0 and vi;uy; = I,,. This implies vy = 0.
Therefore ugpvy = I,,.

From (8) we know uioyvy; = 0 and veoyvip = 0. This implies ui9yvi1u1; = 0 and
VooUeyvy2 = 0. Therefore 4oy = 0 and yvi9 = 0. From Lemma, (1.3.2) we get u12 = 0

and v1p = 0. Hence

U11 0 = 11 0
U = andu™ ! =v= .
0 U2 0 Vo9

Therefore n* () = ui1zvee and 7 (y) = ugayvn. O
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Chapter 2

Automorphisms of the anti-Jordan

pair M.,

Unless specified otherwise, k is a commutative associative and unital ring, R is an
associative and unital k-algebra and C is a commutative associative and unital k-
algebra. We denote by k™ the set of invertible elements of £ and by GL.(R) the

group of all invertible matrices in M,.(R).

2.1 Preliminary results

Lemma 2.1.1. (a) Let x € Mpn(C) and z € Mpn(C). Then zyz =y forall y €
M (C) if and only if x = al, and z = a™1,, for some a € C*.

(b) Let © € Myo(R) and 2 € My (R). Then xyz = y for all y € M,,(R) and
zur = u for all u € M,,,,,(R) if and only if x = al,, and z = ' I, for some o € RX.

Proof. (a) Suppose that zyz = y for all y € M,,,,,(C). Write x = Z 2i; Eij

1<4,7<n

and z = Z 2k Er. Then

1<k, I<m

Z Tij By Epgzi B = Epy foralll1 <p<mn,1<¢g<m.
4,4,k,1
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This implies Z:c,,;pquE,,;l = E,q. Hence 22y = 0 for (i,1) # (p,q) and zppzyq = 1.
il
S0 2gqpp = 1. Therefore x,,, 24 € C*.

If n > 1, there exist p,i such that p # ¢. Therefore (i,q) # (p,q) for all ¢ and
TipZqq = 0. Hence x;, = 0, thus z is diagonal.

If m > 1, then there exist ¢, such that ¢ # [. This implies (4,) # (p,q) for all p,i.
So in particular ,,zg = 0, yields 2y = 0, i.e., z is diagonal.

The equation 1 = x,,24, for all p,q immediately implies that z = al,, z = o™ '1,

for some o € C*. The converse is clear.

(b) Suppose that zyz =y for all y € M,,,(R) and zuz = u for all u € M (R).
Put z = Z zi;By, 2 = Z 2B, y = Epq and u = Eg,. Then a similar

1<i,j<n 1<k I<m
calculation as we did in part (a) shows that x,,, 2. € R* and 2z, = 0 for (k,j) #

(q,p). Therefore, as above we get that x = o, and 2z = a1, for some o € RX. The

converse is again obvious. O

Lemma 2.1.2. Let mn > 1, and suppose for all u,w € M,.,(R) and some v €

M, (R) we have vvw = wvu. Then v = 0.

Proof. Let v = Z'U.UE,-]- and wvw = wvufor allu, w € M,,,,,. Then

b

Epq (Z ’UijEij) Eq=Eq (Z UijEij) Epq
i,7 i,

where 1 < p,s <m and 1 < ¢,t < n. This implies qujEijst = thjEsjqu.
J J
Hence vysEpp = Vip g
Suppose m > 2. So there exist p,s such that p # s. Therefore v, = 0 =
v for all g, ¢. This implies v = 0.
Suppose 1 > 2. Then there exist ¢,q such that ¢ # ¢. This implies vy, = 0 =

vyp for all s, p, hence v = 0. O

Lemma 2.1.3. Let x € Mn(R) and y € My, (R) such that zz = 2y for all z €
Minn(R), then x = al,, and y = al,, for some a € R.

31



Proof. Suppose zz — zy = 0 for all z € My,.(R). Put 2 = ZmijE,;j and
,J
Yy = ZymE’m. Then <Z arijE,-j> Ey = Fy; (Z yr_,Ers) 1 <t < n. This implies

r,8 2, 7,8

Zm.,;l E,; = Z YssF15. Therefore

1=, L<t<nandy,=0, 1<r#s<n.

Also (Z zijEij> Ega = E, (ZymEm), 1 < u < m. Then Z-’Uqun =
i, T8 7
ZylsEus- Therefore 2y, = y11, 1 < u <m andzy; =0, 1 <4 # j < m. Hence

T = al, and y = al, for some a € R. O

Lemma 2.1.4. Let m > 2. Then there does not ezist a,b € M, (C), m > 2 such
that axtb = x for all z € Mpum(C).

Proof. Suppose there exist ¢ = (a;;),b = 3 brs € Mypm(C) such that az'b = x for
all x € My, (C). Then, evaluating the condition for x = Ey1, we get

Ejy = ( E az‘jEijE11> < E br.sErs> = E A1b15 Eis.
1<i,5<m 1<r,s<m 1<i,s<m

Therefore a11b11 = 1 and a;.b1s = 0 for 4, ¢ > 2. This implies aq1, 011 € C*.

Also for x = Ey, we get
Eiy = ( Z aijEijE21) ( Z brsErs> = Z asb1sEis.
1<4,7<m 1<rs<m 1<i,s<m

Hence a19b11 = 0 and ag2010 = 1. Since by, € C*, it follows that a1» = 0 and a2 € C*,

which is not possible. O

Lemma 2.1.5. Let mn > 1, a,d € GL,(R) and b,c € GL,(R). Let 0], : Mpu(R) —
Mpun(R) and ng, : Mam(R) — Man(R) be linear maps, given by

Nay(@) = awb™, 15.(y) = cyd™,
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(a) Then the pair of maps M., = (n;:b,nd"c) is an automorphism of the anti-Jordan
pair My (R) = (Mpmn(R), Mum(R)) iff there exist a € R* such that ¢ = ab and

d = aa. Hence
N =A{(F,17,) : a € GLn(R), b € GLn(R)} C Aut(Mymn(R))

is a subgroup of Aut(M..(R)) such that (a,b) — (n},,7,,) induces an isomor-

phism
GLn(R) x GLa(R)/{(alm,al,) 1 a € R*} = \.

(b) Let m = n, then the pair of linear maps Mg = (77:,1» N.s) 18 an involution of the
anti-Jordan pair Myn(R) = (Mpn(R), Mnn(R)) if and only if there exist o« € R*
such that b = aa™".

Proof. (a) Let the pair of maps (UIMJ,C) be an automorphism of the anti-Jordan
pair Mn(R) = (Mipn(R), Mpm(R)). Then

7]::b{$2 Y, Z} - {ncj:b(x)a n;c(y)* n;:b(z)}'
This implies a{z,y, 2}6! = {azb™!, cyd~, azb~'}. Therefore
z(y — b leyd )z = 2(y — b leyd ta)z

for all z,z € Mu(R). Then from Lemma 2.1.2 we get y = b 'cyd™'a for all y €
M,m(R). Also

Naelys T W} = {07,(9),155(%), 15 (W)}
By a similar calculation as above we get © = d~lazb™1c for all z € M,,,(R). Hence
¢ = ab and d = ca (by Lemma 2.1.1). The converse is clear.

(b) The pair of maps (n;,,7;,) is an involution if and only if 5}, o7, = Idwm,.(r)
and 0, oy, = Idwm,.r) © M5 0M(T) = and n,, 0on,,(y) =y forall z,y€
Mun(R) & 01, (bza™) = x and 07, (ayyb™") =y & abza™'b~! = z and bayb~'a™" &
there exist &« € R* such that b = aa™! (by Lemma 2.1.1). O

Lemma 2.1.6. Let a,c € GL,(C) and b,d € GL,,,(C), mn > 1. Let uj’b : My (C) —
Mum(C) and Pog My (C) — M, (C) be linear maps, given by

() = ax'd™", ps (y) = —dy'c™
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for all x € M,,,,(C) and y € M,,,,(C). Then

(a) (13 p tgq) 18 an anti-automorphism of the anti-Jordan pair Mma(C) iff there

erist @ € C* such that d = ab and ¢ = aa. We will abbreviate piqp = (u,afb, o)

(b) Hap s an involution of the anti-Jordan pair M,..(C) if and only if there exist
B € C* such that —fat = a and Bb' = b and 3% = 1.

Proof. (a): Siuce a,c € GL,(C) and b,d € GL,,,(C), it is easy to see that the pair
of linear maps (17, 15 4) is bijective. Let &, 2 € Myn(C) and y € Mpm(C), then
M;Zb{m: Y, Z} = {H‘Ib(m)5 /L;d(y)’ M::b(m)}
< a{z,y, 2}t = {az'b!, —dy'c?, a2’}
o aZyfath —axty'2ht = —ax'bldyclazth!

+az'bldytc razth !

s 2y —bldyicla)rt = 2'(y - b ldy'c )2t
& y* = b7'dy'c'a (by Lemmsa 2.1.2)
& d = ab, c=aa (byLemma 2.1.1).

Similarly we can prove that u_ {y,z,w} = {1 ,(v), 1, (2), u_4(w)} iff there exist
a € C* such that ¢ = aa and d = ab for all y € M,,,,(C) and x € M,,,,(C).

(b): Since the map (;LZ,,, Ias) 1s an anti-isomorphisim, . is an involution of the
anti-Jordan pair M) if and only if u.;tb o gy = Idm,,.c) and p 0 u;b = IdMpun(c)
&ty o tap(y) = y for all y € Myn(C) and pg, 0 uzb(m) =z for all z € M, (C)
& pty(=byta™) =y for all y € M,m(C) and ;L;b(axtb'l) =z for all z € M, (C)
& —a(a)~lyb'b~! = yforally € My, (C) and —b(b*) 'za'a™! = z for all z € M, (C)
< there exist 3 € C* such that a = —fa® and b = Bb* (by Lemma 2.1.1). Now
a = —pa’ and a' = —Ba yields a = §%a. So 3 = 1. O

Proposition 2.1.7. (a) Let ( = (¢*,¢™) be a C-linear automorphism of the anti-
Jordan pair (MM, (C)), n > 1. Then there exist a € GL,(C) such that {* =nf, , and
(™ =i, . Hence (*(z)=2zb and (~(y) = by and

{0500 M0) + 0 € GLa(C)} = Aut(M1(C)) & GLa(C).
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(b) Let & = (€+,£7) be an C-linear anti-automorphism of the anti-Jordan pair
M1n(C), n > 1. Then there exist a € GL,(C) such that £ = uf, and &~ = p,.

(c) Let v = (v*,v™) be an C-linear involution of the anti-Jordan pair My,(C),
n > 1. Then there exist a € GL,(C) such that v* = pf,, v~ = pg, and o* = —a.

Proof. (a) Let ¢ = (¢*,(™) € Aut(IMy,,(C)), then there exist a,b € GL,(C) such
that (*(z) = za = n{_,..(z) and ¢~ (y) = by = ny_,(y). Then by Lemma 2.1.5 we
get b=a"t. But {(n{, ;7,1 b € GLa(C)} € Aut(9M,(C)). Therefore

{100 M1p) 0 € GLa(C)} = Aut(M1,(C)).

(b) Let £ = (¢1,£7) be an anti-automorphism of the anti-Jordan pair 9t,(C).
By Lemma 2.1.6 we know that gt : My, — My, put(z) = z* and p~ : My — My,
ut(y) = —y* is an anti-automorphism. Hence £ op = (£~ o put, €t o p™) is an
automorphism of the anti-Jordan pair 9,(C). Therefore by part (a), there exist
a € GL,(C) such that

§op(z) =za™! and €T o ™ (2) = ay,

for all z € My,,(C) and y € M,,1(C). This implies £~ (zt) = za™! and £ (—yt) = ay,

ie. £%(z) = pg1(2) = ax’ and £ (y) = pgq(y) = —yba™".
(c) Let v = (v*,v7) is an anti-automorphism of the anti-Jordan pair 91,(C).
Therefore by part (b), we get there exist a € GL,(C) such that

vt =pti(2) =ax’, v = (y) = ~yla”.

Hence by Lemma 2.1.6 we get o' = —a. O

Remark: In the rest of this section we will determine Aut(90,,,(C)) and the

involutions of 9M,,,.(C) where m,n > 2,i.e. m>2and n > 2.

It is easy to check that the map £ : GL,,(C) X GL,(C) — GL,(C) x GL,,(C)
defined by
&(a,b) = (07, (@)
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for all a,b € GL,,(C) is an automorphism. Now define an action of H = Z, on
K = GL,,(C) x GL,(C) by

0-(a,0) = (a,b), T+ (a,b) = &(a,b) = (1), (&)™)
Then this is an action of the group Z; because 1- (1- (a,b)) = (1+ 1) - (a,b) =
0-(a,b) = (a,b) for all a,b € GL,,(C). Let G be the set of all ordered pairs (k, h) with
he H=17Zyand k € K = GL,,,(C) x GL,,,(C) and define the following multiplication
on G:

(k‘l, h])(kz, h2) == (k](h] . kg), hl + hg).

This multiplication makes G = (GL,,(C) x GL,,(C )) x Zy into a group.

Lemma 2.1.8. Let C be a commutative, associative and unital k-algebra. For a, b €
GL.(C), m > 2, define 1,5 as in Lemma 2.1.5 and pap as in Lemma 2.1.6. Then
Nap and f1gy are automorphisms of the anti-Jordan pair M., (C). Moreover, the map
T : (GLm(C) x GLy(C)) % Zg — Aut(M,,,n(C)) defined by
T(a’ b: 6) - (n::b, 77(:1)) and T(a’? br T) - (:u::bv /—L;b)

for all a,b € GL,,(C) x GL,(C), is a group homomorphism with

ker (1) = {(alm, al,,0) : a« € C*}
and 7(CLy,(C) X GLn(C) % Zy) = {ftapr e : 0, b € GLp(C)} = A.

Proof. Since m = n, every anti-automorphism of 9M,,,,(C) is an automorphism.
Hence from Lemma 2.1.6 and Lemma, 2.1.5 we get that p, and 7,5 are automorphisms
of My (C). Let a,b,c,d € GL,(C) and z,y € My (C). We will check that 7 is a
group homomorphism:

7((a,b,0)(¢c,d,0)) = 7(ac,bd,0) = Necpa and
7(a,b,0)7(c,d, 0)(z,Y) = TNaslea(z,v) = (acz(bd)™, bdy(ac)™)
= nac,bd(xy y)7
7((a,b,0)(c,d,1)) = 7(ac,bd,1) = ftacpa and
7(a,0,0)7(c, d, )(@,y) = Naphtea(®,y) = (aca’(bd)™!, —bdy'(ac)™)

- ,U'ac,bd(xs y)':
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7((a,0,1)(¢,d,0)) = 7(a(d)™,b(c")™", 1) = pagay-15e)-1  and
7(a,b, 1)7(c,d,0)(x,y) = papTea(z,y) = (a(d) 'z b7, —b(c") 'ytd'a™)

- /J'a(dt)—l,b(ct)‘l(wv y)v
7((a, b,1)(c, d,T)) = T(a(dt)*l, b(ct)q,ﬁ) = Ta(dt)-1,b(ct)-1 and

T(CL, ba 1-)7—(03 da T) (‘Ta y) = (u:,ba u;b)(ujd* u:’d)(za y)
= (a(d) zdb™,b(c") yd'aT) = Nagary-1 pery-1 (T, Y)-

Hence 7 is a group homomorphism. Note that

7(a,b,0)(z,y) = (z,9) & (074 M2,) (@ Y) = (T, Y)
< (azb™bya™) = (z,y) © azb =1z, bya™! =y.
Therefore by Lemma 2.1.1 there exist « € C* such that z = al,, = y. Now
(0,0, 1)(z,y) = (2,y) & (ty 1t,) (@) = (T,9)

1

& (az'b7h —by'a™) = (z,y) < az'bl =12, —by'

al=y.
From Lemma 2.1.4 we get that there does not exist a, b € GL,,(C) such that

1 t -1

ar'b' =z and —-byfal =y
for all z,y € M,,,,(C). Hence ker (1) = {(al,,, alp,0) : . € C*}.
Lemma 2.1.9. Let M (C) = (Minn(C), Mum(C)) = (VH, V7). Then
{f € Endp(V*) : |f, D(z,y)] =0, for all (x,y) € (V*,V7)} =Cldy+.
Proof. Suppose that f lies in the left hand side. Note that for all z € V',
[f, D(z,y)]l = 0 & flz,y,2} = {=z,y, f(2)}.

This implies f{Ei;, Epq, Ers} = {Eij, Epq, f(Ers)} for all 4, 4,p,¢q,7, 5. Then for
1< g#i<m, we get {E;, Eygy Egs} = 055044 Fis — 05509 Egs = E;s. This implies

f(Eis) - f{Eis; Esq; Eqs} - {Eis,s Esqaf(Eqs)}-
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We know f(E,) = Zmb CapFEap, therefore

f(Eia) = {Ezsy Esq: Z CabEab}
ab

- Z cab{Eisa Esqa Eab}
a,b

- Z Cab(danib - 6b35qiEa.s)
a,b

= Z capFin  (sinceq # i).
b
Since E;y = —{Eqs, Esq, Eis}, we get

f(EiS) = _{Eqsa E»‘?qv f(Ew)}
= ~{Eys: Esq, Z CopEin}
b

= Cplis 1<i#g<m,1<s<n (i)
It now follows
f(Eqs) = {Eqs, Esiv f(Ezs)} = {Eqm Esia cquis} = Cquqs- (11)

f(Eip) = _{qun Eg, f(Ezs)} = _{Eqpv Eqq, Cquz‘s} = Cqs Eoip. (iif)
From Equation (i), (ii) and (iii) we get f(F1s) = cos Es, f(E1s) = c15Frs and f(Ey,) =
cn By, for all p, s with 1 < p, s < n. Therefore ¢y, = c95 = ¢, for all s. From Equation
(i) we have f(E;s) = c1sEis = cn By for all 4, swith2 <i<mand 1 <s <n.
Hence f(E;) = aF;, forall 1 < i < mand 1 < s < n with some a € C.
Now for arbitrary ¢ € C we have cE;; = {¢Eis, Esq, Eys} for any i # ¢. Therefore
f(cEss) = {CEis, Esq, f(Eys)} = {CEis, Esqy @Egs} = caE;s. Hence f = aldy+. The

inclusion from right to left is clear. O

Corollary 2.1.10. Let M,,.(C) = Mpn(C), M (C)) = (VF, V7). Let (f*, f7) be
an C-linear anti-automorphism of the anti-Jordan pair 9M,,.,.(C).

() If ft{z,y, 2} = {f1(2), 4", 2*} for allz,z € V* and y € V~, then there exists
a € C* such that f*(x) = az for allx € V*.

(b) If f~{y,z,w} = {f~(w),2", y*} for all y,w € V™ and x € V*, then there
exists B € C* such that f~(y) = By* forally e V-
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Proof. (a): Define g € Endg (V™) by ¢ = (f*(x))". Then

9{z,y, 2} = (fH{z,y,2})" = {f*(2), ", '} = {x,y,9(2)}.

Therefore by Lemma 2.1.9 we get there exists a € C such that g = old?, i.e.,
fT(z) = ax® for all z € V*. Since f* is invertible, @ € C*.

(b) follows similarly . O

Lemma 2.1.11. (a) Let ¢ € Auty(C). Define ¢+ : Mypn(C) — Mypn(C) and ¢~
Mum(C) = Mpm(C) by

¢t (@) = ($(zy)), ¢ () = (D(ysy)),

for all T € My(C) and y € Mun(C). Then (¢+,67) € Auty(M,n(C)) and the map
Auty(C) — Auty(Mrn(C)), ¢ — é is a group monomorphism.

(b) The group Aute(9M,.n(C)) of all C-linear automorphisms of M, (C) is @ normal
subgroup of Autx(Mmn(C)) and

Aute (M, (C)) = Aute(Mn(C)) x (Autk(C))~.

Proof. (a) is immediate.

(b) Let ¢ = (¢*, (™) € Auty(Mnn(C)) and let f € Endg(C) such that f = cld for
some ¢ € C. Then (C*ocldo(¢*)™){a, y, 2} = Crodd{(¢*) (), (¢7)1(v), (¢ ()}
= (*{(¢*) (=), (¢7)7H(y), cld o (¢*)(2)}. This implies

(C*ocdo (¢*) ™z, y,2} = {2y, (CT o dd o (¢*)7)(2)}

for all z, 2 € M, (C) and y € M, (C). Hence ¢* o cld o ((*)~! = ¢(c)Id by Lemma
2.1.9 for some map @ : C — C. This implies @(c)ld{*(z) = (T ocdd o ((*)"I(H(z) =
¢t(ex) for all z € M,,,,(C) and ¢ € C. It is obvious that ¢ is k-linear.

The same argument applied to ((+¥)~! o cld o (* proves the existence of a k-
linear map ¢ : C — C such that ¥(c)Id = ((*)? ocld o ¢* for all ¢ € C. Then
p(y(e)ld = ¢* o (Y(e)ld) o (¢F) ™ = (F o (¢F) " odd o (* o ((*)! = Ide. Similarly
1o = Ide. So ¢ is bijective. Also p(ciep) = ¢t o (c1e)Ildo ((T) 1 =(¢Focldoe
(() ot ocldo (¢T)™! = (et )p(cp) for all ¢1, ¢y € C. Therefore ¢ € Auty(C).
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Similarly we can prove that (= o cld o ((7)7! = ¢1(c)Id, where ¢, € Auti(C).
Then ¢;(c)Id((y) = ¢ ocld o (¢7)" Y (y) = {(ey) for all y € M, (C). Note that
CHef{x,y,2}) = (T {x, cy, 2}, since c{z,y, 2} = {z, cy, 2}. Therefore

P (@), ¢ W), ¢ (2)} = {CT (@), p1(e)C™ (), T (@)}

This implies (¢(c) — @1(c){¢H(x), (" (v),¢H(2)} =0 for all 2,2 € My, (C) and y €
M, (C). Hence @(c) = ¢1(c). Therefore (~(cy) = w(c)Id¢ (y).
Let (6%,07) € Aute(Mun(C)). Let ¢ € C and € M,,,(C), then
(oot o (¢ er) = ¢ o0t e) = CHp™ @ (¢ a)

= @7 (e))¢T oot o ((N) () = et oot o (¢T) ().
Similarly (- oc™ 0 (")} (cz) = &~ 007 o (") }(x). Hence Autc(IM,,.,(C)) is a
normal subgroup of Auty(Mm.(C)).
Now consider ¢ = (¢*,{™) € Autpg(Mn(C)). Define ¢ € Aut(C) as in the first
part of the proof and note that & € Auty(9M,.,.(C)). Therefore
(*n7) = (CH o () ¢ o (F7)7Y) € Aute(Mnn (C)).
We check that (n*,n7) is C-linear. Indeed,
o (@) Hew) = (M (@)(@") (@) = e~ ()CH@T) @) = (T o () H(2).

Similarly we can check that (= o (™) !(cx) = ¢(~ o (7)~!(x). Therefore (n*,n~) €
Auti (M, (C)) and (t =yt o @ and (~ =7~ o p. Hence

Auty(Mn(C)) = Aute(Mnn(C)) % (Auti(C))™.

In the rest of the chapter we will consider only C-linear maps.

Lemma 2.1.12. Let (f*, f~) be an automorphism of the anti-Jordan pair M,,,(C) =
(Mnn(C), M (C)). Then there does not exist a € C such that

(a) 2'y'+ f~(y) fH(2) = al, and fH(2)f~(y)—zy = al,, holds for all x € My, (C)
and y € Mpm(C), or
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(b) y*zt+f(2)f~(y) = alm and f~(y) fT(x)—yz = al, holds for all x € M;n(C)
and y € Mpn(C), or

(e) 2'yt + f~ W) fH(x) = al, and fH(x)f (y) + y*x* = al, holds for all z €
Mpn(C) and y € Mpm(C).

Proof. (a) : Evaluating the condition for z = 0 shows a = 0. Thus
Y + W f (@) = 0 (11)
and
ff@)f ) —zy =0 (12)

To distinguish E;; € Mo (C) and Epq € M, (C) we will (sometimes) write Ez"

and E;™. Let x = EJ™ and y = E;™ such that j # r. We have

FHAE:;, Briy Bir} = [H(Eij) [ (En) f*(Eip) = fH(Eir) £ (Eri) fT(Ej).
But {Ey, By, E} = 0 — By EyiEyy = —E7™, while using (12) and (11) to get
FH(Ey) f(Bw)ft(Ey) = EZ"ET™f*(E;) = 0 and
~fH(Eu)f~(En) [T (Ey) = fH(Er) EFER™ = fH(Eu) B}

Hence —f*(Ey) = f*(Ei)ERr. Multiply both sides by f~(Ej) € Mum(F), to get
—f7(E)f*(Ey) = f~(Ej)f T (Eir) Ejr and apply (11) to obtain

nm pvmn __ nm rpmn nn
By B = —ELTEGERY

whence E’]'.;” = —E™ 4 contradiction.

(b) follows from (a) by exchanging m and n, and +/-.

(c) Evaluating the condition for x = 0 shows a = 0. Thus
Y+ Wt = 0 (13)
and
fr@)f~ ) +y'a' =0 (14)
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holds for all z € M,,,,,(C) and y € M,,,,(C). Note that

@) f~ @) = @ W) @)

Therefore f+(x)x'y’ = y'a! f*(x) (by equation (13) and (14)). This implies
(fH(@)z")y =y'(a"f" (@)
for all y € M,,;»(C). Hence from Lemma 2.1.3, we get
fH(x)z' = BI,, and z'f*(z) = BI,.

We have 2'(y'2") = —2'f*(2)f~(y) = Bf (), so zyx € C(f(y))" for all
z € Mym(C). Now

Ei = Ey(Ey + Ep)E; € C(f~(En + Eg))
for i = 1, 2 is a contradiction. |

Lemma 2.1.13. Let (f, f~) be an anti-isomorphism of the anti-Jordan pair M,,,,(C)
= (Mnn(C), Mpm(C)). Then there does not exist a € C such that

(@) f~() fH(x)—zy = al, and fH(2)f~(y) —yx = al, holds for all z € My, (C)
and y € My (C), or

(b) 'y + fH(x)f~(y) = al, and f~(y) fH(x)—zy = al,, holds for all x € M,,,(C)
and y € M, (C), or

) v+ f~(y)f T (z) = al,, and fH(x)f~(y)—yz = al, holds for all x € M,,,,,(C)
and y € My (C).

Proof. Note that for f¢ as in the lemma, the maps ¢¢(z) = ef¢(z)" defines an
automorphism of 9M,,,,,(C). Applying the map z — —2* to the equations above shows
that the claims follow from Lemma 2.1.12. More precisely, (a), (b) and (c) reduce to
(c), (b) and (a) of Lemma 2.1.12 respectively. O

42



2.2 Superalgebras

Let V be a k-module and let I be an abelian group. A T'-gradation of the k-module
V is a family (V;),er of k-submodules of V' such that

V=P,

el

The module V is said to be ['-graded if it is equipped with a I’-gradation. An element
of V is called homogeneous of degree v,y € I', if it is an element of V,. In case
' = Z, the elements of Vg (resp. Vi) are also called even (resp. odd).

Let A be an algebra over k, i.e., A is a k-module together with a bilinear multipli-
cation Ax A — A, (a,b) — ab. The algebra A is said to be I'-graded if the underlying
vector space of A is I'-graded and A,A; C A, for 6,7 € I'. A Zy-graded algebra
is called a superalgebra. A superalgebra S is said to be Z-graded if we are given a

family (S;);ez of Ze-graded subspaces of S such that

S:GBSJ- and

JEZ
S,;Sj C SH_]' for all ’L,] € Z.

A Z-gradation (S;);ez is sald to be consistent with the Zy-gradation of a superalgebra

S if
Sp = @52]' , Si= @52]41-

JEZ €z
Let L = L & Li be a superalgebra whose multiplication is denoted by a square
bracket [, ]. This implies in particular that

[Lay Lg) C Layg  forall o, 8 € Zo.
We call L a Lie superalgebra if the multiplication satisfies the following identities:

[A4,B] = —(-=1)"[B, 4] (15)

(—1)7a[*’47 [B’ O” + (_1)043[33 [03 A” + (_l)ﬂ'y[or’ [A’ B” =0 (16)
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forall AeL, BelLs C€L,q B, 7€ L.

A 3-grading of Lie superalgebra L is a (not necessarily consistent) Z-grading
L = @;cy Li of L such that L; =0 for ¢ ¢ {£1,0} and L; = (L; N Lg) & (L; N Ly) for
i€ {0, +1}.

A Lie superalgebra is called 3-graded if it has a 3-grading. A 3-graded Lie super-
algebra L = Ly & Lo & L_; will be called Jordan 3-graded if

(i) [L1,L-1] = Lo, and

(i) there exist a Jordan superpair ( see [13] for the definition of a Jordan superpair)
on (L1, L_1) whose Jordan triple product is related to the Lie product by

{x,y,2} = [[z,y], 2] forall z, 2 € Ly, y € L.
In this case, V = (Ly, L_1) will be called the associated Jordan superpair.

Example 2.2.1. Let A = Ay & Aj be an associative superalgebra over k. Then A~
is a Lie superalgebra with the supercommutator [a,b] = ab — (—1)1%*lba, where |z|
denotes the degree of . For example, let A = A @ Ay =: Mp(R), where R is an

associative k-algebra and

0
Ay = {( N ) a1 € Myp(R),a4 € qu(R)}
0 a4

0 a
Ai = {( (:; ) . (.l2 € Mpq(R)7 a‘3 € NIQP(R)}

as

Then A = Ag @ Az is an associative superalgebra, with respect to matrix multiplica-

tion and hence A~ is a Lie superalgebra.

Proof. Note that

[A, B AB — (-1)**BA

= —(-1)*(BA- (-1)*AB) = —(-1)*[B, 4]
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forall Ae A,, B € Asz; a,8 € Zy. It remains to check (16). Let A,C € A and
B € Aj. Then
[4,[B,C]] = ABC — BCA— ACB + CBA,

[B,[C, Al = BCA — CAB — BAC + ACB,
[C,[A, B]] = CAB — ABC — CBA + BAC.

Hence [A, [B,Cl|+[B, [C, A]]+[C, [A, B] = 0. Similarly, for A€ A, , B € A5, C € A,,
a, 0,7 € Zs, we can prove that [A, [B,C]] + [B,[C, A]] + [C, [A, B] = 0. Hence (16)
holds.

Example 2.2.2. Let R be an associative k-algebra. We define sl(m|n)(R) or sl(m|n)

1 b
for short by sl(m|n) = { ( ¢ J ) :a € Mpm(R), b € Mpa(R), ¢ € Myum(R),
¢

d € Myn(R), (tr(a) — tr(d)) € [R, R]}

where [R, R] is the space of the supercommutators of R.

Put
0
{(O 0).b61\4mn<3)}

Lo = {( 8’ 2 ) : @ € My (R), d € My(R), tr(a) — tr(d) € [R, R]}

e (0 erim).

Thus Ly = Lo, L1 = L1 ® Ly and si(m|n) = Lg® L1 = L1 ® Lo ® L_1, is a 3-graded
Lie superalgebra, with the usual supercommutator product. In fact, it is a subalgebra
of Min(R)™.

L

H

Proof. To show that sl(m|n) is a Lie superalgebra, it is enough to check that
sl(m|n) is closed under [, ], since any graded subspace of M,,,,(R)~ which is closed
under [, ] is a Lie superalgebra. It is obvious that s{(m|n) is closed, since [L, L] = 0,
[Ley L) C Lo, [Le, Lo] C Le and [Lg, Lo) C Lo ; € = £1.
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Lemma 2.2.3. Let R be a associative and unital k-algebra. Let v € GL,,(R) and
v € GL,(R). Then the map

vlew v ldv

B - st{mln) (R) — sl(m|n) (R), (c ;) - ( b)

is an automorphism of the Lie superalgebra sl(m|n)(R). Hence

Q={0,,:ueGL,(R), veGL,(R)} C Aut(sl(m|n)(R)).

Moreover, Q is a subgroup of Aut(sl(m|n)(R)) such that (u,v) — (Bu.) induces an
isomorphism GLy(R) X GL,(R)/{(alpn, oL,) : & € R*} 2 Q0.

Proof. It is easy to see that @L,U is linear and bijective. Therefore we will check

that oiw is a homomorphism of Lie superalgebras:

a— a1 bl (5] b2
u,v o dl ’ Cy dg

~ ( [al,a,g] + bicy + byy a1by — body + bidy — aghy )

=0, .
“ diCo — C2a1 + 109 — docy [dl, d2] + ¢1bg + Ccoby

B u([a1, a9] 4+ bica + becr)u wHarbg — bads + bids — aghi v )

?_)*1((1162 — C20 + C1Q9 — dgcl)u 'U—l([d-l, dQ] + by + Cgbl)‘u
v lau ulhw ulagu ulbyv

= b
vlciu vldyw vleou vldgw

= -5;1.,11 o bl ’ gu,i; 2 b2 .
| C1 dl Co d2

Let (u,v) be in the kernel of the map (u,v) — ., then

5M<a b)z(a b)_
’ c d c d
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vleuw v ldv c
Lemma 2.1.3. O

ulau w by b
This implies woan ) = ( @ J ) . Therefore v = al,, and v = al, by

Lemma 2.2.4. (a) Let 1/2 € k and let L = Ly & Ly be a 3-graded Lie superalgebra
over k , where Ly = Lo and L7 = Ly & L_1. Then the pair of spaces (Ly, L_1) with
the trilinear map

{z,y,2} =[[z,9],2], z,2€L,y€ L e==%1,

s an anti-Jordan pair.

(b) Conversely, we can associate to every anti-Jordan pair V = (V+¥, V=) a 3-
graded Lie superalgebra. Namely, let IDerV = span{d(z,y) = (D*(z,v), D™ (y,z)) €
End(V*) x End(V™), for all x,y € V}. We define

AV)=V*@IDerVa V"
with product

recor .,y ddoy] = (ctyt —dtz") @ ([e,d] + d(at,y7)
by, @ (Y — da)

where 26,y € Ve, e = £ and ¢ = (¢t,¢7), d = (d*,d”) € IDerV.
Then R(V) is a 3-graded Lie superalgebra with Ly = Ly and Ly = L1 & L_,, whose
associated anti-Jordan pair is V.

Proof. To verify (3) we apply the Jacobi identity :
{.’E, ’_lj,:L‘} = {[m,y],x] = [‘T: [y’ 1‘]] + [',lj, [37’]]

By using the property of super anticommutativity and [z, z] = 0, we have [[z,y],z] =
—[[z, y], z]. This yields [[z,y], 2] = 0, since 1/2 € k. Hence (3) holds.
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To verify (4) we also apply the Jacobi identity and super anticommutativity :

[D(z,y), D(u,v)]z = {z,y,{u,v,2}} — {u,v,{z,y,2}}
= [z 9] [[w,v], 2]} = [[u, v], [[2, 9], 2]
= Iz, 9l [[w, 9], 2]] + [z, 9], [2, [u, V]
—[2, [l ], [u, v]]]
= [[=.y}[[u,v], 2]] = [[z,y], ([, v], 2]]
—[z, [z, y], [u, v]]]
= —[z[[z,y], [u v]]]
for all z,u,z € L, y,v € L, e = £1

D({z,y,u},v)z+ D(u, {y,z,v}z = {{lz, 9], u],v, 2} + {u, [ly, z},v]], 2}
= [lllz,y],ul,v], 2] + [[w, [y, z], v]], 2]
= ({lz, 9l [w, ], 2] + ([w, [v, [z, y]]], ]
+lw, [y, 2], v], 2]
= =z [z yl; [wol]] = [[w, [y, 2], v]}, 2]
H[w, [y, x], v], 2]
= —[z(zy], [w, v]l]
for all x,u,z € L, y,v € L_, ¢ = %1

(b) It is known that £(V) is a Lie superalgebra [13]. Hence (4) holds. O
One calls R(V) the Tits-Kantor-Koecher superalgebra associated to V.

Lemma 2.2.5. sl(m|n)(R) = Li®Lo®L_, is a Jordan 3-graded Lie superalgebra with
associated Jordan superpair M,.(R). Hence the Tits-Kantor-Koecher superalgebra
KON, (R)) is isomorphic to

psl(m|n)(R) := sl(m|n)(R)/Z(sl(m|n)(R)).

Proof. We know that sl{m|n) = L1 ® Lo® L_; is a 3-graded Lie superalgebra (see
Example 2.2.2). Also for all z,z € Ly and y € L_y, we have [[z,y], 2] = [zy +yz, 2] =
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xyz — zyxr = {a,y,2} (since L.L, = 0, ¢ = £1). We will check that [L;, L_4] = Ly.

Let E;; denote the matrix units. Then

Li = span{E;:1<i<m,m+1<j<m+n}
L, = span{E;:1<i<m,m+1<j<m+n}
Ly = span{E;+E;;:1<i<m,m+1<j<n+m}

Uspan {F;;: 1 <i#j<m}U span {E,; :m+1<i#j<m+n}
Note that

[Eijani} = Eiq’.'f'Ejj 1Si§m=m+1ﬁjﬁm+n
[Eij:Ejk] = By 1<i#k<m,j=m+1
[Eij, Ei] = Ey i=lm+1<j#r<m+n

Therefore the spaning set for Lo is contained in [L1,L_4], so Ly € [L1,L-1]. But
[L1, L_1] € Ly, , which yields [L;, L_{] = Lo. Hence sl(m|n)(R) is a Jordan 3-graded
Lie superalgebra with associated Jordan superpair 9,,,.(R). Therefore £(9M, ) =
psl(m|n)(R) by [4, Lemma 2.4]. a

[a¥}

Lemma 2.2.6. Let R be a unital and associative k-algebra. Then
Z(glm(R)) = {x € gln(R) : [z, gln(R)] = 0} = Z(R) ..

Proof. 1t is easy to see that Z(gl,(R)) 2 Z(R)I». We will check that Z(gl,(R)) C
Z(R)I,. We may assume m > 1, let z = (2,5) € Z(gln(R)) and ¢ € R. In
particular for all 4,7 with ¢ # 7 we have (3 z,Ers)aby; = aFy(d) xrsErs), i€
Yo traEy; = > ar;sE;s. This implies z,; = 0 for r # i and zsa = ax;; for ¢ # j.

Therefore = al,, a € Z(R). O

Lemma 2.2.7. Let L = sli(m|n)(C) be as in Example 2.2.2, suppose m > 1 and

n>1. Then
al, 0
Z(Lo) = cam=0n,a,BeC ;.
(ko {< 0 /ﬂn) s }
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. 0
Proof. Let ( ‘3 ) € Z(Lo), where & € Myum(C) and y € Mun(C) such that

Y
0
tr(z) = tr(y). In particular for ¢ € My, (C) and d = tr(a)Ey; we get ( (C)L 4 ) € Ly,

80 [z,a] = 0 for all ¥ € M,,,,(C). Hence a = al,, for some o € C by Lemrma 2.2.6.
Similarly, one proves d = SI,, for some 3 € C. Since tr(a) = tr(d), we obtained
am = n. Thus

Z(Lo) C {( Olém [3(1)' ) :am = fn, a,ﬁeC}.

The converse is clear. O

Lemma 2.2.8. Let L = sl(m|n)(C), then
Z(Ly={z€L:[z, L] =0}
is contained in Lo and has the following description:
Z(L) ={admyn : @ € C, and am = an} C Z(Ly),

i.e. Z(L) ={almyn :a € A}, where A={a € C:a(m—n)=0}

Hence Z(L) # 0 if and only if (m — n)lc is a zero divisor in C' or zero. Moreover:
(i) If mle,,nlg € C*, then

Ly = { ( g S ) 10 € My (C),d € My, (C), tr(a) = tr(d)}

0 d

1
@ C mn Im, O
0 ir,
1

= 51(C) B 51,(C) ® Z(Lo), where Z(Lo) = C( Eém 13 ) |

n 3

= { ( a 0 > cd e I\/Im'm(F): d e NI’"l(C),tr(a’) —0= tI‘(d’)}



i‘[n'l O
Hence Lo/Z(L) = s1,,(C) @ s1,(C) & § ( " I ) and
¢
A

Z(Lo/Z(L)) =

(i) Let mlc =nle € C*. Then Z(L) = Z(Lo) and hence
Lo/Z(L) = Lo/Z(Lo) = sl (C) & s, (C).

Proof. Since L = L1 & Lo & L_; is a finite Z-graded algebra, the center of L
is graded too, ie., Z(L) = (Z(L) N L_1) & (Z(L) N Lo) @ (Z(L) N Ly). Suppose

0 b
( ) € Z(L)N L. Then

. -((o)- ()] (5 )

whence bc = 0 for all ¢ € Mpn,(C), which implies b = 0. Hence Z(L) N L, = {0}.
Similarly Z(L) N L_; = {0}.

0
Let ( 3 q ) € Z(sl(m|n)) N Lo. Then

o-[(50)(20)

which implies dc = ca for all ¢ € M,,,,,(C). Therefore by Lemma 2.1.3, we get a = alp,
and d = al, for some «a € C. Since tr(a) = tr(d) we get an = am, or a(m —n) = 0.
Hence

Z(L) =A{alpn: a € C,and am = an} C Z(Lo).

(i) Let @ € glm(C). Then tr(a — (Xtr(a))I») = 0 and so
1 1
=\ —\— Im —LT\Q ) im.
a=(a (mtr(a)) )+ mfr(a)]

This implies a € s6,,(C)+sm(C), where sl,,,(C) is the Lie algebra of trace zero matrices
and $,,(C) denotes the scalar matrices. Let x € s(,,(C) N $,,(C). Then z = «l,, for
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some « € C. Therefore tr(z) = am = 0. Since mle € C* we get £ = 0. Hence
9l (C) = 81,(C) ® $,(C). Similarly we can prove that ¢l,,(C) = sb,(C) @ s,(C).

0
Let g J € sl(m|n). Then by what we just showed, we have
1 , 1 ,
a=8(=),®d andd=t-1,®d
m n
where d' € s[,(C), o’ € sl,,(C) and s,t € C. Since tr(a) = tr(d) we get s = t. Hence

LI, O
Ly = sl,,(C) + s1,(C) + Z(Ly), where Z(Lg) =C ( m ) .

0 i
' tl]m
Let 0 = @ 0 + “m 0 where ¢ € C. Then
0 o 0 i,

1 1
O=d +c—1I, and0=d +c—1I,
m n

This implies 0 = tr(ctl,) and 0 = tr(cil,). Hence ¢ = 0. Therefore the sum is

direct. It is clear that

wln 0
LO/Z(L) = S[m-(C) @5[n(0) P % ( m . > .

0 =1,
o of =Im O
For the last claim it is easy to see that Z(Lo/Z(L)) 2 % TR

To prove the other inclusion, we can assume that

(z S)GZ@MﬂMNW%M@@ﬂMQ)

(5 0)- G- (5 )0

for all @ € s0,(C) and b € sl,(C), i.e. o' € Z(sL,(C)) and ¥ € Z(sl,(C)). Hence
a' =0 and ¥’ = 0. Therefore

mmmm»=%(ﬁ?lg>.

Then
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(ii) Let m1lg € C*. Then

3 2l, 0
Z(LO)Z{([}’B 8l ):ﬁec}'

Since mle = nlg, we get
I, 0
Z(Lg)=C = Z(L).
(Zo) ( o I ) (L)
O
Let ( = (¢*,{”) be an automorphism of an anti-Jordan pair V. For T =
(T't,77) € EndV* x EndV~ we define
(T =¢(T*T7) = (T ™ ¢T () ™).
UT =6zy)= (D% z,y), D" (y,z)), then

(T = (C*DH(zy)(CH) L ¢ D (y,2)(¢) ™) = 8(¢Ha,¢y). (17)
Lemma 2.2.9. (a) Let { = ({*,{7) be an automorphism of an anti-Jordan pair
V = (V*, V™) over k. Then
(:R(V) = AV), st @d@da — HaH) @ dd (" (a7)

is an automorphism of R(V'), where {.8(x,y) = §({* (), (y)).

If Z(R&(V)e) C {(ald,B1d) : a, 8 € k} then the extended automorphism ( fizes
the center of AV )o.

(b) Let { = (¢*,(7) be a automorphism of the anti-Jordan pair M,,.(C) =
(M (C), My (C)). If Z(R(V)o) € {(c1Id,cold) : ¢y,¢c0 € C} then the extended
automorphism C fizes the center of AV ).

Proof. (a) It is clear that ¢ is well defined, i.e., ¢.d € IDerV. We will check ¢ is a
Lie superalgebra homomorphism:
(rtocoz,y adoy] = ((ctyt—dah) @ (ed+ 5zt y7)
+6(yT,zt)) @ (cTy” —dz7))
= ("(cy" —d ) @ e d + ozt yT)
+Ca(hrh) @ (T(cTyT —d7a7)
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and

o~ o~

(et @cda),((yrdddy)

= [("z")@lcd((z7), "y @ da ¢ (y7)]

= ()¢ = (nd)nt (@) @ [, (.d]
+3(Cta, CTyT) + Ty, ()
®(¢.0) ¢ (y7) — ((d) ¢ (27)

= (Fetmt) It (yT) - ntdt ()T (e @
[(CHet (€M) ™H¢Te (€)™, (CrdH(¢T) ™ ¢md™ (<))
+n.8(yt 27) + ot yT) @ ¢ e ()T (W)

—¢d™(¢7) ¢ (2)

= (Fer(yh) = ¢ttt @ ([Cret(¢h) T ¢t ()Y,
(€7 (¢7) ¢ d ()T + Ca(yt 2T 4+ (et yT)
SC e (y7) —¢"d ()

= (Yet(y*) = ¢t @) @ (e d] + oyt @)
+(O(atyT) @ ¢Te(yT) ~¢Td(z7)

Therefore ((zt ®cdz™,y* ddDdy~]) =[{(zTDcda™),{(y*DdD Yy )]
Hence ( is a Lie superalgebra homomorphism. Let + @& c® ™~ € Ker ¢. Then

~

(@ @cor)=0=> ()@ Ccd( (z7)=0

since the sum is direct. So z* =0, ¢ =0, and £~ = 0 shows that E is injective.
Let 2t @ c®x~ € R(V). Then C((¢H)1(z™) @ ¢ led (¢C)(zh)) = 2t @
c® z~, since ( = (¢*,¢7) is an automorphism. Therefore Z is bijective. Hence
¢ € Aut(R(V)).
Let T = (ald,BId) € Z(R(V)), where a, 8 € k. Then

(T = (¢H(ald)(¢H) ¢ BI)E) ™) =T

Similarly we can prove (b). O



Lemma 2.2.10. Let L € C and suppose I is an ideal of the Lie algebra sl,(C). Then
there exists an ideal T of C such that I = sl,(I). Conversely, sl,(I) is an ideal of
sl,(C) for any ideal I of C. Moreover, every ideal of sl,(C) is perfect in the sense
that I = [I,1].

Proof. Tt is clear that sl,(T) is an ideal of si,(C) for any ideal I of C. Note that
sl,(C) = span({Ey; — Eiy1441: 1 <i<n-—1} U{Eu 11 <i#j<n})

Case 1. (n =2):

Step 1: Letx = <C11(E11 — E9) + X icisico C'i.’iEi:i) € I. We will prove ci9 E13, a1 Ea1,
c11(E11 — Eg) € I and that we can move every entry in a matrix in / to any position
in another matrix in I. Then for 1 < u # v < 2, we get [[z, Ey.), "TIEW] = CpuFEuw € I.
Therefore [Cpy Euvy Bvu] = Cou(Euu — Eyy) € I. This implies

[Cvu(Euu - Evv)a %].Evu] - CUuEvu € I

Since x € I and (¢c19F19+co1E91) € I, we get 5’3_215#1‘52 cijEiyy = cri(Bii—Eg) € 1.
Step 2: Let I = {a € C: aFEyz € I'}. Then for any ¢ € C we get

1
[C(L(Eu - EQQ), —2-E12] =caFp € 1.

This implies ca € I. Therefore T is an ideal of C. Note that every element of I is a
sum of commutators, i.e. [%(Euu — Ew),aEy,| = aBy, and [Ehg, aEs ) = a( By — Ex)
for all a € I. Therefore every ideal of sly(C) is perfect.

Case 2. (n > 2):

Step 1: Let 2 = (Z;:ll Ci(Ei — Eiy1401) + lei#jsn c,'jE,-j> € I. We will prove
cii By, ci( By — Eir1441) € I and that we can move every entry in a matrix in I to

any position in another matrix in /. Then for 1 < p# u # v # p < n, we get
[HCL', Euv]s Eup]: _Ep-v] = [_cquup - CpuEu'u«, _Epv] = Coulrun € I.

Therefore [cyuFuv, Evu] = Cou(Buy — Evy) € I. This implies [¢yu(Euy — Evw), —Ewp) =

couBup € I and [cou( Eyu— Evy), Eup] = couEup € 1. Therefore [couEuvp, Epy] = CouEy €
I. Therefore

By, Coubup) = couBrp € I for 1 <r#u#p#r<n and

=4
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[Esy, Coubovp) = CouEp €1 for 1 <s#v#p#s<n.
Hence [cpuErp, Ep] = Cou(Ery — Epy) € Tfor 1 < r # u # p #r < n and

P
[CouBoops Eps] = Cou(Ess — Epp) € I for 1 < s # v # p # s < n. This implies
[cou(Err — Epp)y —Epu] = Coulopy € I and [cyy(Ess — Epp), —Epp] = CouFpy € 1.

Since z € I and ), ;1< Cij Eij € I, we get

n-—1
r— E czg E C'n En Ez+1 z+1) I
1<i#j<n i==]1

This implies {Z:::ll Cii( By — E1:+1,1:+1), Eln] = (en + Cn«l,n—l)Eln € I, and

n-—1

Z C'n(En - Ei+1,i+1): El,u = (cll - Cu,u + cu—l,u—l)El,u € ]a 2 S u S n— ]-
i=1
Therefore [(¢11 — Cup + Cumt1,u-1)Eru, Bun] = (€11 = Cupe + Cumtu—1)E1n € 1. ()
'I‘hen %(Zz;;(cll — Cuu + Cu—l,u—l) +c11 + C“n-—l,n——l)El-n = cllEln € I ThlS iInplies

(€11 + Coetne1 — C11)E1n = Cpetn-1E1n € 1.

Hence from (x) we get ¢;;E, € I, for 2<i<n-—1.

Step 2: Let I = {a € C : aE\; € I}. Then [caEys, Eso] = caEiy € I for any
¢ € C. This implies ca € 1. Therefore T is an ideal of C. Hence I = sl,,(I).

Note that [Ey, — Eyu, ¢Eyp] = aEyp and [Eyy, 0By = a(Eyw — E,,) for all a € 1.

Therefore every ideal of sl,(C) is perfect. O

Lemma 2.2.11. Let L, £ € C and let I, I, be ideals of C. Then sl (1) @ sl,(I)

is a perfect ideal of L = s0,,(C) & sl,(C). Conversely, any perfect ideal of L has this

form.

Proof. Let Iy, Iy ideals of C. Then sl,,(I;) and sl,(I;) are perfect ideals of sL,(C)
and sl,,(C) respectively by Lemma 2.2.10. Hence sl,,.(I;) @ sl,(I5) is a perfect ideal
of L.

Conversely, let I be an perfect ideal of L. Let m; : sL,(C) & s0,(C) — sL,(C) and
similarly m, : s0,,(C) @ s0,(C) — sl,(C) be the canonical projections. Then 7; and
7y are algebra epimorphisms, hence 71(I) is an ideal of s, (C) and mp([I) is an ideal
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of s[,(C). By Lemma 2.2.10 there exist ideals I, I; of C, such that m(I) = sk, (1)
and m((I) = sl,(I2). We know that m;(I) is a perfect ideal of L. Therefore

mi(I) = m([l, L]) = [m1 (1), m1(L)] = [mi(I), 51 (C)]
and ma(I) = [me(1),sl,(C)]. Also I = [I,I] = [1,80,(C) & sL,,(C)] = [I,sl,(C)] &
[, 51,(C)] = [m1(1),56a(C)] @ [m2(1). 81, (C)] = [8Ln(11), 86a(C)] @ [s1n(12), 50 (C))]
Slm(Il) D 5[71(12).
Proposition 2.2.12. Let 1, L € C and let p € Autc(L) where L = Ly @ Ly and
Ly = s0,,(C) and Ly = s1,(C). Suppose C is connected if m = n. Then either p(L;) =
L; fori=1,2 or o(L1) = Lo, ¢(Lg) = Ly and m = n.
Recall C is connected if and only if C is not a proper direct sum of two ideals.

O

Proof. Since ¢ € Aute(L) and Ly, Ly are perfect ideals, we have L = (L) @
©w(Lg), where @(L;) are perfect ideals of L. By Lemma 2.2.11 we therefore have
W(L1) = sl (I1) @ s, (J1) and @(La) = sl (I2) & sl,,(J2) where Iy, Iy, Ji, J» are ideals
of C. Also

L = ¢(L1) @ (L) = (sln(1) ® 51a( 1)) @ (sl (12) @ s1n(J2)).

Hence sl,,(C) = sl,(I1) & sl,,(I2) and similarly for sl,,(C). By considering the (12)-

position of this decomposition, one sees that
031169]2"—:]1@]2. (a)

We also know sl,,(C) and sl,C) are free C-modules of rank m? — 1 and n? — 1
respectively. Therefore (L) = I is a free C-module of rank m? — 1. Hence, for
every maximal ideal M of C, I/MI is a F-vector space of dimension m? — 1 where
F=C/M.

Now F = C/MC = L/MI, ® I,/ MI, shows that I;/MI; = 0 or F. Moreover, if
IL/MI =0, then Iy = MI; C M, while if I, /MI; = F, then I,/MI, =0, I, C M,
and I € M, since M # C. Similarly, J;/MJ; =0 or F.

Let m # n and suppose I; # C, equivalently I # 0. Let M5 be a maximal ideal
of C. Then M = I, & M, is a maximal ideal of C, and

I/A{[I = 5[771(11/11{[]'1) 695[n(J1/MJ1) = {0} @5[7,(‘]1/]\/.'[‘]1)
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with J;/MJ, = 0 or F. Thus, I/IM has dimension 0 or n? — 1, a contradiction.
Therefore I; = C follows, so I = ¢(sl,(C)) = sl,(C). Similarly J; # {0}, yields a
contradiction , so C' = Jp and ¢(s0,(C)) = s, (C).

Suppose m = n. Then C is connected, i.e. in (a) we have I = {0} or I, = {0}.
Case (i): If I} = {0}, then ¢(L1) = L. Again by connectedness J; = {0} or J, = {0}.
If J; = {0}, then ¢(Ly) = 09 sl,,(C)) = Ly = p(L4), which is a contradiction. Hence
C = J; and Jy = {0} follows,i.e. o(Ly) = L.

Case (ii): If I, = {0}, then ©(L;) = L;. Again by connectedness J; = {0}. Then
@(Lg) = Ls. O

Remark: If m =n and C' = I; & I, is a nontrivial decomposition, then
L = §0,,(C) & 81, (C) = sl (1) @ s1,,(12) & 80 (11) @ 50 (12),

and there exists an automorphism of L, exchanging the first and third, and fixing the
second and fourth summands. So the proposition is not true in this case.

For easier reference we recall:

Theorem 2.2.13. ([14, Theorem 1]) Let L be the Lie algebra of n x n matrices of
trace zero over F, where F is a field of characteristic zero or p > 3 such that p does
not divide n if p € {5,7,11}. Then every automorphism of L is of the form z — a *za

or of the form x — —a~'xta, for some invertible matriz a.

Theorem 2.2.14. ([10, Theorem 5.19]) Let C be a unital, commutative and associa-
tive algebra over a field k of characteristic 0. Assume that C is a unique factorization
domain. Then every automorphism of L = sl,(C), n > 1 is of the form z — a~'za

or of the form x — —a~'zta, for some invertible matriz a.



2.3 Automorphisms and involutions of the anti-

Jordan pair M.,

Theorem 2.3.1. Suppose that every C-linear automorphism of sl,(C) is of the form

a+— uau~!

ora — —ua'u~! for some u € GLy(C), where ¢ = n orm. Let mlc # nlc,
m,n > 2 and suppose mlg,nlc € C*.
(@) Then Aut(M,,)(C)) = A = GL,(C) x GL(C)/{(¥Im, Y1) : v € C*}, see

Lemma 2.1.5 for the definition of \ .

(b) Let £ = (€%,€7) be an anti-automorphism of the anti-Jordan pair M, (C) =
(Mmn(C), My (C)). Then there exist matrices a € GL,(C) and b € GL,,(C) such
that &+ = pfy(z) = az’b™l & = to(y) = ~byta=l for all z € Mpn(C) and
Yy € Mpm(C).

(¢) Let v = (v, v™) be an involution of the anti-Jordan pair M,,,,(C). Then there
exist matrices a € GL,(C), b € GL(C) and 8 € C* such that (v*,v™) = (g, 17 p),
a= —pPa’ and b= Bb* and 5% = 1.

Proof. (') Let ¢ = (¢*, (™) be an automorphism of the anti-Jordan pair M,,,(C) =
(M,,n(C), M,,,,(C)). Then by Lemma 2.2.9 we can extend ¢ to an automorphism ¢
of R(V') which by Lemma 2.2.5 is isomorphic to psl(m|n)(C) := sl(m|n)/Z(sl(m|n)).
We will identify sl(m|n)/Z(sl(mm|n)) with £(V'). By Lemma 2.2.8 we have

c({ i1, 0
Z(ﬁ(V)@:Z(mO 1 )

e
Note that ( "‘0 y acts on (V*,V~) by (£ — 1)(Id, —Id). Hence by part (b)

of Lemma 2.2.9, the extended automorphism Zﬁxes the center pointwise. Also, since
sl (C) and sl,,(C) are perfect, [R(V )o, R(V )o] = sin(C) B sl,(C) and is stabilized by
¢. Hence by Proposition 2.2.12 we have ((s[,,(C)) = sl,(C) and {(s,(C)) = sL,(C).
Therefore ¢ : psl(m|n)(C) :— psi(m|n)(C) is given by

Z(“ x):<2(a')+(v+A)—:,;Im ) )
y d ) (@) + (v + A)z 1
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where @ = o'+ (y+ A) L1, and d = d'+ (y+ A)1 1, such that o’ € 6l,,(C), d' € sl,(C)
and v € C.
By assumption there exist u € GL,,(C) and v € GL,(C) such that for all o’ €
I(C) and d' € sl,(C) one of the following four cases holds:
case (i): C(a') = ua'u=?, {(d') = vd'v!
case (il): ¢(¢') = ua'v™t, {(d') = —vd w1
case (iii): C(a') = —ua'w=!, C(d) = vdv?
(i

v): {(a) = —uau"t, {(d) = —vd" v
We know from Lemma 2.2.3 that 6,, is an automorphism of sl(m|n) for any

case

u € GL,(C) and v € GL,(C). Since gu,v leaves the center of si(m|m) invariant, it
induces an automorphism of psi(m|m). Hence ¢ = gu,,,. o E is also an automorphism
of sl(m|n)/Z(sl(m|n)). Let x, 2 € My, (C) and y € M, (C).

—10+
In case (i) we have ¢ “© T - ¢ INCL and
y d v () d

() - ) G2 6

0 T
Since ¢ i e 0 , this implies
0 yx 0 yx

d{z,y, 2} = K m(;y u(jr ) , ( 8 ¢+O(z) )} = {z,y,¢"(2)}.

Therefore from Lemma 2.1.9, we get that ¢* = ald, o € C. Since ¢* is bijective,
we get @ € C*. Similarly ¢~ = BId, 8 € C*. Then ¢+{z,y, 2} = {¢1(x), ¢ (v), o7 (2)}
= a?B{z,y, 2}, which implies a8 = 1. Hence ¢*(z) = u~'¢*(z)v = az and ¢~ (y) =
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By = v~ (y)u, which implies (*(z) = (cu)zv~! and {~(y) = vy(cau)~!. Therefore

Aut(M,,,(C ))—/\

iy -1+ y
In case (ii) we have ¢ LR “ umiCt () .
v (y)u —dt

Since ¢ ( ) ( ) , we get with a similar calculation as in case

0 {xyz} B ry 0 0 ¢*(2)
0 N 0 -zt ) \0 0

{6"(@).¢" W), ¢+ ()} = ayo™(2) + 9" (2)z'y’
(6" (@4~ () —ay)d*(2) = ¢ (2)(¢~(W)¢" (2) +2'y").

(i) that

I

From Lemma 2.1.3, we get ¢+ (x)¢~(y) — zy = al, and ¢~ (y)¢* () + 2*y* = al, for
some ¢ € C. Then from Lemma 2.1.12 we know there does not exist &« € C which

satisfies these conditions.

: 0 -yt 0
In case (iii), since ¢ y = ve , we get with a similar calcu-
0 yx 0 yzr

lation as in case (ii) that ¢+ (z)¢~(y) + y'z* = al, and ¢~ (y)¢*(x) — zy = al, for
some o € C. With a similar reasoning as in case (ii) we get that this is not possible.

In case (iv), since ¢ zy 0 = ( Ee 0 . We get with a similar

0 yzx 0 —xtyt
calculation as in case (ii) that ¢ (z)¢~(y) +y'a® = al,, and ¢~ (y)o™ (z) +2ty* = al,,
for some @ € C. But by Lemma 2.1.12 there does not exist such an o € C.

(b') Let & = (€%,£7) be an anti-automorphism of the anti-Jordan pair 9M,,,(C) =
(Minn(C), M, (C)). By Lemma 2.1.6 we know that g% : My, — My, pt(z) = 2°
and p” @ Mpm — My, ut(y) = —y' is an anti-automorphism. Hence { o y =
(€~ op™t, €% op™) is an automorphism of the anti-Jordan pair 9M,,,,(C). Therefore by
part (a’), there exist a € GL,(C) and b € GL,,(C) such that

£ op™(x) = axb™ and £ o p(z) = bya™",
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for all z € M,,,,(C) and y € M,,,,,(C). This implies £~ (') = axb and £+ (—y?) = bya~1,
ie. £¥(x) = ply(z) = az'd™ and € (y) = p,(y) = —by'a™.

(¢') Since v = (v*, v~} is an anti-automorphism of the anti-Jordan pair 9,,,(C) =
(Mnn(C), M (C)). Therefore by part (b'), we get there exist a € GL,(C) and b €
GL,,(C) such that

vh = ply (@) = adfbt, v =g, (y) = —byfa”
Hence by Lemma 2.1.6 there exist 3 € C* such that —Ga’ = a, 8b* = b and
3 =1. O

Corollary 2.3.2. Let m # n > 2 and suppose one of the following:

(i) C is a unital, commutative and associative algebra over a field k of characteristic
0 and C is a unique factorization domain, or

(i) C is a field of characteristic zero or characteristic p > 3 and such that ptm and

pin.
Then Aut(M,..(C)) = A\.

Proof. In case (i) by Theorem 2.2.14 and in case (ii) by Theorem 2.2.13, there

exist u € GL,(C) such that every automorphism of sl,(C) is of the form a — uau™

or ¢ — —uatu™!, where ¢ = n or m. Therefore it follows from Theorem 2.3.1 that

Aut(M)(C) = A -

Corollary 2.3.3. Let m,n and C be as in Corollary 2.3.2. Suppose & = (£7,&7)
is an anti-automorphism of the anti-Jordan pair My, (C) = (Mpn(C), Mpn(C)).
Then there exist matrices o € GLn(C) and b € GL(C) such that £* = 7, (r) =
az'b™, € = pg(y) = —byta™ for all z € Mma(C) and y € My (C).

Conversely, let a € GLn(C) and b € GLn(C) and pap = (117, k) defined by
pi(@) = az'd™t, po(y) = —byta™t for all £ € Mumy(C) and y € Mpp(C). Then
po={(ut,n) is an aﬁtz‘-automorphz’sm of the anti-Jordan pair M, (C).

Corollary 2.3.4. Let m,n and C be as in Corollary 2.3.2. Let v = (v*,v™) be an
involution of the anti-Jordan pair My, (C) = (Mpn(C), Mum(C)). Then there exist
matrices a € GL,(C), b € GL,,,(C) and 3 € C* such that
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Case (1): (v*,v7) = (174 Hap)s @ = —Pa’ and b= GV and §° = 1.
Case (i): (v, v7) = (Ut Hap), @ = —€a® and b = eb® and e = +.

The proofs of Corollary 2.3.3 and Corollary 2.3.4 are analogous to the proof of
Corollary 2.3.2.

Theorem 2.3.5. Suppose that every automorphism of sl,,(C) is of the form a —
uav~! or a — —uatu~! for some u € GL,(C). Let mlc € C*.

(a) Recall the subgroup /~\ of Aut(IM,...(C)) defined in Lemma 2.1.8. Then /~\ co-
incides with the subgroup of the automorphism group of M, (C) whose extended
automorphism to R(V) leaves the two factors si.,(C) of K(V )¢ invariant or exchanges
them.

(b) Let v = (v*,v™) € 7\ be an involution of the anti-Jordan pair M,,.,(C). Then
there exist matrices a,b € GL,(C) and a, B € C* such that for all &,y € My (C),

(1) v*(x) = nf 40 = ax(aa) ™!, v~ =0, (y) = aaya™ or,

(ii") (v, v7) = (ufy, 1y ,), where a = —Ba* and b= BV and G2 = 1.

Proof. (a) Let ¢ = (¢T, (™) be an automorphism of the anti-Jordan pair 9,,,,(C)
= (Mym(C)s Mimm(C)). Then by Lemma 2.2.9 we can extend ¢ to an automorphism ¢
of &(V'), which by Lemma 2.2.5 is isomorphic to psl(m|m). We will identify psi{(m|m)
with &(V), which implies &(V)o = 8ln(C) & sL,(C) by Lemma 2.2.8. Suppose
leaves the factors invariant.

Thus, ¢ : psi(m|m) — psi(m|m) is given by

5( a ) _ ( (@) ¢H@) )

y d ) (d)

where a,d € sl (C). Therefore, by Theorem 2.2.13, there exist u,v € GL,(C) such

that for all a,d € sl,,(C) one of the following four cases holds:

case (i): C(a) = uau~t, C(d) =vdv!,

case (ii): C(a) = uau!, ((d
1

(i )
case (ifi): ¢(a) = —uatu=l, ¢(d) = vdv~!
(

= —pdivt,

case (iv): C(a) = —uatu~!, {(d) = —vdtv2,
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We know from Lemma 2.2.3 that 5w is an automorphism of si{(m|m) for any
4, v € GL,,(C). Since 5u,v leaves the center of sl(m|m) invariant, it induces an auto-
morphism of psl(m|m). Hence ¢ = gu’v o { is also an automorphism of ps{(mn|m).

In case (i) a similar calculation as in case (i) of Theorem 2.3.1, yields {*(z) =
azb~' and ¢~ (y) = bya~! for all z,y € Mun(C), Le., (¢*,¢7) € A

In case (ii), (iii) and (iv) similar calculations as in case (i) together with Lemma
2.1.12 yield a contradiction.

Before we consider the case where E exchanges the two factors, we look at the map
Y (z,y) — (¢*, —y*). The map 1 is an automorphism of M,,.,,(C), see Lemma 1.2.4.
We claim that the automorphism v |a(v), exchanges the two factors sl,,(C). Indeed,

: 0 ,
for x € V* and y € V~ we have 0 @ , 0 - 0 , hence
0 0 y O 0 yzx
sl o) _ ([0 yt(2) 0 0
‘N0 yz \0 0 J \y(» o0
o a 0 0
N0 o) =y 0
Y (72
0 (zy)' )

Let * = Eyp and y = FEg. Then zy = Eyy, yz = 0, zty! = 0 and y'z* = Ey;. This
Y Y

[ Ee0)_[0 o0
Vo o) \o —-By /)

So it follows that 1 | a(vy, exchanges the two ideals of &(V)o. Thus it follows A

implies

coincides with the subgroup of the automorphisim group of M,,,.(C) whose extended
automorphism to K(V') leaves the two factors sl,,,(C) of &(V') invariant or exchanges
them.

(b) Let v = (v*,v7) € 7\ be an involution of the anti-Jordan pair IM,,.,.(C) =
(Mmm(C), Mpm(C)) = (V*, V7). Since V*+ = V~, therefore v = (v*,v7) is an
automorphism of 9M,,»(C). Hence by part (a) we get there exist matrices a,b €
GL,,(C) such that
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(i) vH(z) =0t (x) = axb™, v~ (y) = 17, (y) = bya™? for all z,y € M,,,,,(C), or
a,b ab
i)y vH(z) = pr () = ax'd™, v (y) = pu_,(y) = —byta~? for all 2,y € M;m(C).
a,b a.b

In case (I') by Lemma 2.1.5 we get v = (v*,v™) is an involution of the anti-
Jordan pair M,,,,(C) = (Mpm(C), Mpnn(C)) if and only if b = aa. In case (ii’) by
using Lemma 2.1.6 we obtained v = (v, v7) is an involution of the anti-Jordan pair
M, (C) if and only if there exist 3 € C* such that a = —f(a® and b = B0° and
5% =1. |

Corollary 2.3.6. Let m > 2 and suppose one of the following:

(i) C is a unital, commutative and associative algebra over a field k of characteristic
0 which is a unique factorization domain, or

(ii) C a field of characteristic zero or characteristic p > 3 and such that p does not
divide m.

Then Aut(Mpmm(C)) = A.

Proof. In case (i) by Theorem 2.2.14 and in case (ii) by Theorem 2.2.13, there
exists u € GL¢(C) such that every automorphism of s{,,(C) is of the form a
uau™t or @ — —uatu~!. Any automorphism of the anti-Jordan pair V = M (C)
extended to R(V(F)) is an automorphism of &(V)o = sln(F) @ sl (C). Since C
is connected, by Proposition 2.2.12, there are two cases, either the automorphism
leaves the factors invariant or exchanges the factor. Therefore Aut(9M,...(C)) = 7\
by Theorem 2.3.5. O

Corollary 2.3.7. Let m and C be as in Corollary 2.3.6. Let v = (v*,v™) be an
involution of the anti-Jordan pair M (C) = (Mypm(C), Mpm(C)). m > 2, Then
there exist matrices a,b € GL,,(C) and a, 3 € C* such that for all x,y € My (C),
(i) ¥ (@) = nfae = az(aa)™, V7 =1 4,(y) = aaye™

(i) (v*,v™) = (uh,, ugy), a = —Bat and b= Bb* and 3 = 1. or,

or,

(ili) (vF,v7) = (s tap), where a = —ea', b= eb® and € = +.

Conversely, the maps in (i), (ii) and (iii) above are involutions.

Remark: If an involution of type (iii) exists then we get o' = —a € GL,,,(C) or
b = —be GL,(C), so m is even.
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2.4 Anti-Jordan triple systems

Lemma 2.4.1. Let F be an algebraically closed field of characteristic different from
2. Let Ty = (Mpo(F),(..01) and Ty = (Mpu(F),{...)2) be two anti-Jordan triple
systems, defined by (x,y,z)1 = {z,y,2} and {x,y,2)s = a{x,aya,z} respectively,
where a € GL,(F) and o € F*. Then Ty = Ts.

Proof. We know from [1, Theorem 8.32] that there exist a matrix p € GL,(F)
and 8 € F such that a = p? and 82 = a. Define f : M,,,(F) — M,,,(F) by

fz)=p""p " ap™
Then obviously f is bijective. Also
flay, 201 =67"p Ha,y, 2hp™
and

(fla), f(y), f(2)e = (B7'p'ap™, 87 p  yp™", 87 p ™ 2p™ )2

= af {p lap~!ap” yp~la,p 2"}

= B7'plapTlap T yp T apT ep™
—B7'p ep  ap T yp~ ap T ap™!

= A7l layep™ ~ B p eyap™

= [ ey, 2}p 7

Therefore
H oy, 2)1 = (f(2), f(y), f(2))2.

Hence 77 and T, are isomorphic. (]

Lemma 2.4.2. Let n; and no be two involutions of the anti-Jordan pair M, (F) =
(M (F), M,.,n(F)), where F is an algebraically closed field of characteristic dif-
ferent from two, given by invertible symmetric matrices aq,ay and skew symmetric
matrices ¢y, co or skew symmetric matrices ai,as and symmetric matrices ci, co,
as in Lemma 2.1.6. Then the anti-Jordan triple systems Ti and T, defined by

(x,y,2)1 = {z, aay*c1, 2z} and {(x,y, 2)2 = {x, asy’cy, 2} respectively, are isomorphic.
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Proof. From Theorem 1.1.4 and Theorem 1.1.5 we know there exist matrices

p € GL,(F) and q € GL,,(F) such that p'a;p = a; and ¢’c,q = ¢;. Define
[ i Mpn(F) = Mun(F) by f(2) = q_l«'E(pwl)t-
Then obviously f is hijective. Also

Fzy, 21 = fla,ata, 2} = ¢ ({z, agber, 2} (™)

and

(@), f), (@) = (=), ¢ ™) ¢ 2002
= {g (™) asp (g7 e, a2 (p7)'}

= ¢ 2™ ap Y (g g (7
—q'lz(p’l)ta2p“1yt(q“1)tCQq‘lfc(p”l)

= q‘lxalytclz(p'l)t - q‘lzalytclw(p‘l)t

t

-] 1\t
= ¢ Mo, ayter, 2} ™)

Therefore
f(-T: Y, Z>1 = <f(x)v f(y), f(Z)>2

Hence T and T; are isomorphic.

We summarize the results so far obtained in the following theorem.
Theorem 2.4.3. (a) Let F be a field. The following are simple finite dimensional
anti-Jordan triple systems over F:
(i) Th = My (F), together with the trilinear maps (...); defined by

-0 I
(z,y,2)1 = vy'az — 2ytax, wherea = ( Lo ) , and 2r = m.

(i) To = M,un(F), together with the trilinear maps (...)o defined by

0

I
, and 2r = n.
e

(z,y,2)s = zby'z — 2by'z, whereb = (
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(ili) T3 = Mun(F'), together with the trilinear maps (...)s defined by

(u, v, w)s = VYW — WU,

(b) Conversely, let F' be an algebraically closed field of characteristic zero or of char-
acteristic p > 0, p # 2,3 and such that p t m and p { n. If T is a simple finite
dimensional anti-Jordan triple system over F such that (T, T) = M, (F'), then T is

isomorphic to one of the examples in (a).

Proof. We know from Lemma 2.1.6 that (u},, tr,), (5, tt5.) and (0, mp ;) are
involutions of the anti-Jordan pair 9,,,(F'). Therefore by Lemma 1.2.1 we get that

Ty, Ty and T3 are anti-Jordan triple systems with triple product:
(@,y,201 = (@, 1] (y), 2) = zy'az — 2y'ax,

(2,5, 22 = (@, 151 (y), 2) = aby'z — zby's,
(u,v,w)s = (&, n] [ (¥), 2) = uvw — wou.
Lemma 1.2.1. From Theorem 1.2.7 we know 9, (F’) is simple. Hence T3, 75 and Tj

are simple anti-Jordan triple system by Lemma 1.2.6.

Conversely, let T' be a simple anti-Jordan triple system over F such that (T,T) =
M (F). Then T = M, (F) as a vector space and T has triple product:

(z,y,8) = {z,v"(y), 2z}

for some involution (v*,v~) by Lemma 1.2.1. If m # n, then by Corollary 2.3.4 there
exist matrices a* = a € GL,(F) and b* = —b € GL,.(F) or a* = —a € GL,(F) and
b = b € GLn(F) such that v* = pf (z) = ax’b™", v~ =, (y) = —by'a™" for all
T € Mppn(F) and y € M (F'). Hence from Lemma 2.4.2, we get T2 Ty or T & Ts.

If m = n, then by Corollary 2.3.7 there exist a,b € GL,,(F) and o € F* such
that for all z,y € My (F),
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(i) v*(x) = n} 0 = ax(aa)™, v~ =05 ,.(y) = aaya™? or,

(il) vt = pg,(x) = ax'd™!, v~ = p; (y) = —by'a™!, where o' = a and b* = —b or
a' = —a and b* = b.

In case(i) by Lemma 2.4.1 we get T = T3 and in case (ii) Lemma 2.4.2 yields
TTiorT =T, O
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Chapter 3

Automorphisms of the anti-Jordan

paiI‘ 55n

In this chapter all algebraic structures are defined over a commutative associative
and unital ring £ with 1 € k. We denote by C a commutative associative and unital
k-algebra and we use the abbreviation N* = N*(C) = {z € M,(C) : 2* = z} and
N-=N-(C)={y e Msn(C) : ¢ = =y}, n > 2.

3.1 Preliminary results

Lemma 3.1.1. (a) Let x € N* such that xy =0 for ally € N~. Then z = 0.
(b) Let a € My, (C). If ax = —za® for all x € N*. Then a = 0.
(¢) Let w,z € Mpn(C). Then wzz = x for all x € N* if and only if w = al, and

z=a™ I, for some a € C*.

Proof. (a) Put x = Z:z:ﬁE,-i + Z:clj(Ezj + Ej;). Then, for all p,q with 1 <p <
i 14

g <n, (Z T By + Z x(E; + Ejl)) (Epq — Egp) = 0. This implies

1<j

TppLipg — TagEgp + Z TipEig — Z TigEip + chm’EJ‘q - Z TgjEjp = 0.

I<p I<q p<j g<j
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Therefore z,; =0 and z;; =0for 1 <i<nand 1 <! <j <n. Hencez=0.

(b) Suppose ax = —za' for all z € N*. Write a = Z(LUEU + ZauE” Then,

i
for all 4, j with 1 <i # j < n we have

(Z a?]ELJ + Z Qi u) pp T pp (Z auEﬂ + Z Qg L’l.) .

i#j g

This implies Z aipEip + appEyp = Z Gip Epi — ppEypp. Therefore
is#p £

2ap =0 forl <p<n anda;, =0 for 1<i#p<n

Since%EC',appz()forISpSn.Hencea::O.

(c) Suppose that wzz = z forall z € N*. Put w = (wy);,;c, and 2 =
(2kt) 1<k 1<n- Then for all p with 1 <p <n,

Eyp = (wij)1gi,jgnE zkl)1<kl<n § : E :'wzpzplEzl

This implies wpp2py = L for 1 < p <nand wy, =0 =2y for 1 <7 # p < n and
1 <1 # p < n.Hence w and z are diagonal matrices. Therefore for 1 <p # ¢ <n we

liave
Ep+Ep =Y wiEu(Ep + Egp) Y 2 Bk = WopZag Bpy + TgqZpp By
i k

This implies wpyzeg = 1 and wye2pp = 1 for 1 < p # ¢ < n. But wppzp, = 1. Hence

w = al, and z = a1, for some o € C*. The converse is easy to see. O
Lemma 3.1.2. Let s5,(C) = (N*,N~). Then
(1) {f € Endp(N7*) : [f, D(z,y)] =0, for all (z,y) € (N*,N7)} = Cldy+.

(ii) {g € Endx(N7) : [9, D(y, )] = 0, for all (z,y) € (N*,N7)} = Cldy-,

forn > 2.
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Proof. (i) Note that

[va(37ay)] =0 f{:l‘:,y,z} = {"an)f(z)}'

Let E,, denote the matrix units. Put Hpy = Ep + Egp and Fpq = Epy — Eyp for all
p,g with 1 < g # p < n, then {E,p, 3(Fpq), Hp} = Epp and {Epp, Frg, Egq} =
Therefore f(Hgp) = { Epp, Fpg, f(Eqq)}- Put

Z 2B + Z zi(Huy).
l<r

Then
f( {Epp, pq> Z ZuEn + Z Zh le

I<r
This implies f(Hgp) = 3", _12¢r(Hpr). Hence

f(Epp) = {Epps;( pq) qp)}

1 n
{Epp, ‘2—(qu), Zrzlzq'r(Hpr)}

E

= ZgqqLpp-

Therefore f(E,,) = 211 Epp = aEpp, 2 < p < n. This implies

f(qu) = _{qu: qua f(Epp)}
= {Eqyq, Fpo, @Epp)}

= &'(qu)-
Also

f(Bu) = {Eu, Fip, f(Hp)}
= {EllaFlpva(le)}

= (!En.

This proves f(Hpq) = aHpy for 1 <p # g < nand f(Ep) = aEy, for 1 < p <n with
a € C. For arbitrary ¢ € C we have {cEp,, Fpq, Egq} = cHg,. Therefore g(cHpy) =
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{¢Epp, Fuqs 9(Egq)} = {Epps Fpgy @Egq} = acHg,. Similarly ¢(cE,,) = acE,,. Hence
f=add, aecC.
(ii) Let n > 2. Then for all p,¢,v with 1 < p # v # q < n, we have

{FPQ’H Fq}

This implies g(Fpq) = {Fpg, Hew, 9(Fuq)}. Put

(Fo) = Y 2el(Fir).

l<r
Then
9(Fyy) = {Fpg Hp, Z 2 (Fir)}
l<r
= Z Zir (Epv(ﬂ1') + (ﬂr)Eup)
I<r
= Zzu +Z~1L E;;
w<r <v
Hence
Q(qu) = —{Fog Hev, 9(Fpe}
= {qu;quazzm } {F‘uquq'u Zzlv ﬂp
v<r I<v
= - Z7v1 ve qq)(Fp7') - (an‘)(qu - Ew))
o<r
- Z zlv uv - qq (F1lp) (Ep)(qu - Efuv))
<y
= 2u(Fp) 1<p#v<g<n. (a)

Since Fpy = {Fyq, Eqq, Foq} and Foy = {Fyp, Epp, Fpq}. We get
9(Fpe) Z{qu: Eqq, 9(Fpq } and g(Fog) = {Fpu, Eppy 9(Fpg)}-
Therefore

9(Fp) = —{Fp Egq zvq(qu)} = zvq(va) (b)
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and

9(Fug) = {Fop, Epps 20q(Fpg) } = 20g(Fog)- (c)

forl<p#v<qg<n.

From Equations (a), (b) and (c) we have g(Fiy) = 20,F1q, g(Fi2) = 294F12 and
9(F1q) = 214(F14) respectively for all ¢ with 3 < g < n. This implies 203 = 213 = 214 =
224 for all ¢ with 4 < ¢ < n. Therefore g(F,) = 213F1,, for 2 < ¢ < n. Hence equation
(a) yields,

9(Fpg) = 21gFpg = 213Fp, for2<p<g<n.
Therefore g(F,,) = BFy, for 1 < p < ¢ < n with some 8 € C. For arbitrary ¢ € C
we have {cFy,, 1,q,F,,q} = cF,, for any v with p,¢,v distinct. Hence g(cF,,) =
{cFpq, Hug, §(Fog)} = {CFpy, H,,q, ﬁR,q} = ¢f3F)q. This proves g = Sldn-. The converse
is clear. O

Lemma 3.1.3. (a) Let ¢ € Auty(C). Define ¢+ : N+(C) — N*H(C) and ¢~ :
N-(C) — N=(C) by

$+(1) = P((245)) = (d(@s5)), <P~'_(y) = ¢((y35)) = (H(y35)),

for all x € N*(C) and y € N~(C). Then (¢+,¢~) € Auty(s5,(C)) and the map
Aut(C) — Autg(s5,(C)), ¢ — ¢ is a group monomorphism.
(b) Aute(ss,(C)) is a normal subgroup of Auty(ss,(C)) and

Autg(s5,(C)) = Aute(ss,(C)) x (Aute(C))"™.

Proof. (a) is immediate.

(b) can be proved as we proved (b) in Lemma 2.1.11 by using Lemma 3.1.2.

Example 3.1.4. We define ssl(n|n)(C) or ssl(n|n) for short by

ssi(nln) = {(“ mt>:a65ln(0), (a;,y)e(Af+,N~)}.
Yy —a
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Put

L = {(0 m):xtszMml(C)},
00
0

Ly = {(g __at>:a65[,,,(0)},

L, = {(0 0):yt:—y€Mm(C)}.
y 0

Then ssl(n|n) = Ly @ Ly = Ly @ Ly & L_,, is a 3-graded Lie superalgebra, with
respect to the usual super commutator product. In fact, it is easy to verify that it is
a subalgebra of the Lie superalgebra of M,,,(C)™:

G2) (3]

B [a,b] + Z1ye + T2y1  axg + 290’ — x1b — by
y1b +b'yy — a'ys — e ~([a, b] + T1y2 + T2pn)*

J

Lemma 3.1.5. ssl(n|n)(C) = Ly ® Lo &® L_y is a Jordan 3-graded Lie superalgebra

with associated Jordan superpair ss,(C).

Proof. We know that ssl(n|n) = L;® Lo® L_; is a 3-graded Lie superalgebra (see
Example 3.1.4). Also for all z,z € L, and y € L_;, we have [[z,y]z] = [zy + yz, 2] =
xyz — zyxr = {x,y, 2} (since [L,, L] = 0, € = £). We will check that [Ly, L_;] = Lo.

Since we already know [Ly, L_;] C Lg, we need to show that Ly C [L1, L], i.e., every

. a 0 . .
matrix is of the form
0 —a
Z 0 XT; 0 0 . Z TiYs 0
i 00/ \w O i 0 —(zwi) .
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Therefore it is enough to show that every a € sl,, is of the form a = Z:L'i’y-i for

z; € N* and y; € N™. Let a € s[,,(C). Then

a= E auu uu " u+1 u+1 E afijEij

u=1 1<i#j<n
n—1
= Zauu(Eu u+1 + Eu+l u)( u+lu T u u+1 Z al] u 1._] E]z)
u=1 1<i#ji<n
Hence Lo [Ll, _1]. d

Lemma 3.1.6. Let u € GL,(C). Then the map 8, : ssl(n|n)(C) — ssi(n|n)(C),
a uau ™! uzy
'__)
y —a (utyu™! —(uau?)t
is an automorphism of the Lie superalgebra ssi(n|n)(C).

Proof. 1t is easy to see that 8, is linear and bijective with (@’u)‘1 = @,-1. Therefore

it remains to check that €, is a homomorphism of Lie superalgebras:

7 e X b xo
: y; —at ’ yy —b

~ [@,b] + 212 + 22p1 a2 + 220" — 11bt — by
= 0, t t t
nb+ by —a'y — e —([a, b + z1y2 + 2o11)
_ u(]a, b) + 21y + Ty )Ju~? u(azs + roat — x1b* — by )u
(u™ D yib + byr — atys — ppa)u™ —(u)([a, b] + ®1ys + Tay1) Ut

_ [ uau? uzut ubu~1 -
(w yu ™t —(uaut)? "\ (w)tygput —(ubumt)t

:-gu a I ,5u bz, -
L \wn —a yg =0
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Proposition 3.1.7. Let L = ssl(n|n)(C). Then the center Z(L) = 0. Hence
R(ss (C)) = L.

Proof. As we know that L = L ® Ly ® L_; is a finite Z-graded algebra, the center

of L is graded too, i.e.,

Z(L) = (Z(L) N L_1) ® (Z(L) N Lo) ® (Z(L) N Ly).

0
Suppose ( 0 g ) € Z(L)N Ly. Then

[ e) (- )

whence zy = 0 for all y € N~, which implies x = 0, by part (a) of Lemma 3.1.1.
Hence Z(L) N Ly = {0}. Similarly Z(L) N L_; = {0}.

0
Let ( ‘(’)’ t ) € Z(ssl(nln)) N Lo. Then

)

This implies ax = —za' for all x € N*. Therefore by part (b) of Lemma 3.1.1, we get
a=0. Hence Z(L) = 0.

Since L is a 3-graded Lie superalgebra with associated Jordan superpair ss, (C),
we get A(ss, (C)) =2 L by [4, Lemma 2.4]. O

3.2 Automorphisms

Lemma 3.2.1. For a € GL,(C) and o € C*, the map X(au) = (X&a), x(‘a,a)), where

X (®) = aazd',  xi, () = (@) 'y(aa)™
is an automorphism of the anti-Jordan pair s5s,(C) = (N*, N™), see Ezample 1.2.8.

Moreover, the map (o, @) = X(a,a) nduces an isomorphism from
C* x GL.(O)/{(B% B7'L,) : B e C*}
onto the subgroup I := {(X(*;’a), Xwa)) © @ € GLn(C), @ € C*} of Aut(ss,(C)).
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Proof. 1t is easy to see that the pair of linear maps (Xz; o X(a a,)) is bijec-
tive, since @ € GL,(C) and a € C*. We will check that (X{, . X(aq) 18 20 au-
tomorphism of the anti-Jordan pair ss,(C). Let 2,2 € N* and y € N, then
Xy (%9, 2} = aa{z,y, 2}a" = {aazd’, (a7)'y(aa)™!, aaza'}, ie. x{, {29, 2} =
{X(0)(T) X(20)(¥) X{a 0 (2)}- Similarly we can prove that

X(aay W B W = {X(0 ) ()5 X (%)s X () (W)}
forall z € N* and y,w € N™.
Next we will check that x : C* x GL,(C) — Aut(ss,(C)) is a homomorphism:
X(J;,a) ° X?;’B,b)(m) = aafbab'a’ = afabz(ab)t = thxﬁ,ab)'

Similarly X(,, o °X(5.5) (%) = X{ag,q¢)- Therefore x(a, a)ox(8,b) = x(af, ab). Finally we
determine Ker(x). Thus, let x(a, a) = Id. Therefore caza® = x for all z € N*. Then
by part (c) of Lemma 3.1.1, there exists 8 € C* such that aa = I, and o° = 371,.
Therefore a~!3%a = a. This implies o = 2. Hence (e, a) = (3%, 5711,). Conversely,
for (o, a) = (682%,87'1,) with 3 € C* we get

Xy (&) = 287 2p™ = 2 and x(, ,»(v) = Byd° B~ = y.

Lemma 3.2.2. There does not exist (f*, f~) € Aut(ss,(C)) such that
fH)f () =y
for all (z,y) € (NT,N~), forn > 2.
Proof. Suppose there exist (f*, f~) € Aut(ss,(C)) such that
fH@)f~(y) =y=x

forall (z,y) € (NT,N7). Put Hyg = Epg+Egy and Fpy = Epy—Egp, for 1 <p# g < n.
Then for all p,q,r with 1 < p # q # r < n, we have

[T (Hpe) = AT (Hyo), f™(Far), fT(Hyr)}
= [T (Hpo)f ™ (Fou)fF (Hor) = [ (Hor) S~ (For) f+ (Hpg)
= (For)(Hpo)f T (Hyr) = (Fie)(Hor) f ¥ (Hpg)
= —Enpf T (Hy) = (Eqq — Ere)f" (Hpy).
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Multiplying both sides by f~(F,,). We get
T (Hpg) [~ (Fpg) = = Erpf T (Hgr) [~ (Fpq) — (Bqq — Ere) [T (Hpg) f ™ (Fpg)-

This implies (Fpq)(Hpq) = —Erp(Fpq) (Hyr) —(Egq— Epp)(Fpq) (Hpq). Hence Eppy—2E,, =

—FE,., which is a contradiction, since p # q # r. (|

Theorem 3.2.3. Suppose that every automorphism of sl,(C) is of the form a —
uau~! or a — —uatu~! for some u € GL,(C). Then Aut(ss,)(C) =T as introduced

in Lemma 3.2.1.

Proof. Let ( = ((*,{~) be an automorphism of the anti-Jordan pair ss,(C) =
(N+,N-). Then by Lemma 2.2.9 we can extend ¢ to an automorphism ¢ of £(ss,)
which by Proposition 3.1.7 is isomorphic to ssl(n|n)(C). We will identify ssl(n|n)(C)
with R(ss,,). Hence { : ssl(n|n)(C) — ssl(n|n)(C) is given by

Z(“ z );( la)  ¢Ha) )
y ) ~Cla)y

In particular E ssl(njn), 18 an automorphism of ssl(n|n), = sl,(C). Hence there

exists u € GL,(C) such that for all a € s[,,(C) one of the following two cases holds:

case(i): (a) = uaut,

case(ii): ((a) = —uatu2.

We know from Lemma 3.1.6 that ,-1 is an automorphism of ssl(n|n)(C) for
any u € GL,(C). Hence ¢ = f,-1 o  is also an automorphism of ssl(njn)(C). Let
z,2 € N*(C) and y € N~(C). In case (i) we have

¢( a ) _ ( a u ¢t (x)(ut) )
y —a u'¢(y)u —a' l
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Therefore

. NIV 00 0 2
cewa = ol[(03) o)) (00))

Sln(ez/)( 0‘/ U(;):<’I;y y(;),weget
N A _|f=xy O 0 ¢7(2) \| _ +
qb {CL‘, y:“} - {( 0 v > ’ ( 0 0 - {IC, Y, (rb (Z)}

From Lemma 3.1.2, we get that ¢* = aold, o € C*. Similarly ¢~ = g8Id, 8 € C*.
Then ¢*{z,y, 2} = {¢*(z), ™ (y), d*(2)} = &*B{z, v, z}, which implies a = a?3 and
so o = 1. Therefore

¢*(x) =T (@) (™) = oz and ¢7(y) = By = ' (y)u,

. CH@) = X (@) = owzv’ and (T(y) = Xw () = (W )*y(au)™". Hence
Aut(ssn)(C’) C I'. But Aut(ss,)(C) DT by Lemma 3.2.1.

_ ot -1+ 213t
In case (ii) we have ¢ ( ¢ :vt ) = ( . ¢ uH @) ) . Note that
y —a u'C(yu a

e G LG




0 —(zy)t 0
Since ¢ i = (2) , this implies
0 yz 0 xy

Sz, ) = [(JO Oy) ( : qﬂf’)} — yed*(2) - ¢ (2ay.

Therefore (¢ ()¢ (y) — ya)¢™(2) = —¢*(2)(¢™(x)¢™(y) — yx)" for all z € N*. By
part (b) of Lemma 3.1.1 we get ¢*(z)éd~(y) —yz = 0 for all (x,y) € (N+, N~). Hence

by Lemma 3.2.2 we know there does not exist such a (¢+,¢~) for n > 2. O

Corollary 3.2.4. Let F be a field of characteristic zero or p > 3 such that p does not
divide n if p € {5,7,11}. Then for n > 2, Aut(ss,)(F) =T, as introduced in Lemma
3.2.1.

Proof. By Theorem 2.2.13, there exists u € GL,(F’) such that every automorphism
of sl,(F) is of the form a — uau~! or a — —ua'u~!. Hence by Theorem 3.2.3 we get

Aut(ss,)(F) =T. O
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Chapter 4

Anti-Jordan triple systems
obtained from the symplectic

anti-Jordan pair

In this chapter, let F be a fleld with § € F.

4.1 Isomorphisms and involutions of the symplec-

tic anti-Jordan pair

Lemma 4.1.1. Let C be a commutative, associative and unital k-algebra. Let T be
a C-module with alternating bilinear forms B: T xT — C and B' : T x T — C.
Let a € GLo(T) and a € C* such that B(z,y) = aB'(a(z),a(y)) for al z,y € T.
Define ft(x) = a(x) and f~(y) = aaly). Then (f*,f): (T, T)g — (T.T)p is an
isomorphism of symplectic anti-Jordan pairs, see Frample 1.2.11.

Proof. It is obvious that the pair of linear maps (f, f~) is bijective. Also

fHzy,2} = Blz,y)alz) + Bz, 2)aly) + B(y, 2)a(x)
= aB'(a(@), a(y))a(z) + aB'(a(y), a(2))a(z) + aB'(a(z), a(2))a(y),
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since B(x,y) = aB'(a(z),a(y)). Hence f+{z,y, 2} = {fT(z), f~(y), f*(2)}. Similarly
fHaey, 2 ={f"(), f*), [~ (2)}

Theorem 4.1.2. Let T be an F-vector space with non-degenerate alternating bilinear
forms B:TxT — F and B : T xT — F. Then f = (f*, f7) is an isomorphism
of symplectic anti-Jordan pairs (T, T)p and (T,T)p if and only if there exist a €
GLr(T) and o € F* such that

(i) B(z,y) = aB'(a(x),a(y)) for allz,y € T and
(i) f*(z) =a(z), f~(y) = aa(y).

Proof. Let f be an isomorphism of symplectic anti-Jordan pairs. Since f* and
f~ are invertible, there exist a,b € GLp(T) such that

1T —-T,z—a(x) and f~: T — T, y — by).
Since f is an automorphism of symplectic anti-Jordan pairs,
fH @y, 2} = {7 (@), (), fH(2)}, Le al{z,y,2}) = {a(z),b(y), a(2)}.

This implies
(%) B(z,y)a(z) + B(z, z)aly) + B(y, 2)a(z)

= B'(a(z), b(y))a(z) + B'(a(z), a(2))b(y) + B'(b(y), a(2))a().
Put z =y in (%). Then
B'(a(2), b(z))a(z) + B'(a(z), a(2))b(z) + B'(b(z), a(2))a(z) = 2B(z, 2)a()-
Evaluating this equation for B'(—,a(2)), yields
2B'(b(z),a(2))B'(a(z), a(2)) = 2B(z, 2) B'(a(%), a(2)).

This implies B'(b(z), a(z)) = B(z, 2) for all z, z with B'(a(z), a(z)) # 0 € F. After a

base field extension we can assume that F' is an infinite field. Hence the set
{(z,2) € T x T: Bla(x), a(2)) # 0}
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is Zariski-dense. Thus we can assume B'(b(z),a(z)) = B(x, z) for all (z,2) €e T x T.
Then from (x) we get B(x,z)a(y) = B'(a(x),a(2))b(y).

there exist (z,z) such that B(z,2) = 1, then 8~ 'b~la(y) = y for all y € T, where
8 = B'(a(r),a(z)). Hence 8~ b~1a = Id, yields b = aa, where @ = 3. The converse

is clear (see Lemma 4.1.1). d

Since B is non-degenerate,

We denote by GSP(T, B) the group of invertible endomorphisms ¢ of T, for which
there exists o € F such that aB(a(z),a(y)) = B(z,y) for all z,y € T, where B is
a non-degenerate alternating bilinear form 7' x 7' — F. Since B is non-degenerate,

o € F is uniquely determined and called the multiplier of a.

Corollary 4.1.3. Let T be a F-vector space with a non-degenerate alternating bilinear
form B:T xT — F. Then

Aut(T, T)p = GSP(T, B).

Corollary 4.1.4. A pair (v*,v™) of F-linear maps is an involution of the symplectic
anti-Jordan pair (T,T)p if and only if there exists a € GSP(T, B) with multiplier
o € F* such that v*(z) = a(z), v~(y) = aaly) and a® = o~ 1d.

Proof. Let v = (v*,v~) be an involution of the symplectic anti-Jordan pair
(I',T)p. Then by Theorem 4.1.2, we have that there exists « € GSP(T, B) such
that v*(z) = a(z), v (y) = aa(y). Since z = v* o v~ (x) = aa*(x), it follows that

a® = o~ d, for some a € F*. The converse is trivial. 0

4.2 Anti-Jordan triple system

Proposition 4.2.1. Let vy and vy be two involutions of symplectic anti-Jordan pairs
(T,T)p and (T,T)p respectively, where B and B’ are as in Theorem 4.1.2, given
by two invertible endomorphisms a € GSP(T, B), and b € GSP(T, B’), as in Corol-
lary 4.1.4. Then the anti-Jordan triple systems T and T', defined by (x,y,2)g =
{z,a(y),z}p and (x,y,2)p = {z,b(y), 2} respectively, are isomorphic if and only
if there exist ¢ € GLp(T) and a € F* such that b = acac™' and B(z,y) =
aB'(c(z),c(y)) for all xz,y € T.
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Proof. From Theorem 4.1.2 we know that (f*,f~) : (T,T)s — (T,T)p is an
isomorphism of anti-Jordan pairs if and only if there exist ¢ € GLp(T') and a € F*
such that B(z,y) = aB'(c(z),c(y)) for all z,y € T and f*(z) = c(x), f~(y) = ac(y).
Therefore from Lemma 1.2.2 we get T' = 7" if and only if v o f* = f~ oy if and

only if b = acac™?. O

Theorem 4.2.2. (a) Let T be an F-vector space with an alternating non-degenerate
bilinear form B : T x T — F and let a € GSP(T,B) such that a*> = old for
some o € F*. Then T is a simple anti-Jordan triple system with triple product
(@, y,2)p = {z,ay), 2} = B(z,aly))z + Bla(y), 2)z + B(z, 2)a(y).

(b) If T is a simple finite dimensional anti-Jordan triple system over F such that
(I,T) = (T,T)p, then there exists b € GSP(T, B) such that b* = BId for some
B e F*, and T is the simple anti-Jordan triple system with triple product:

<"1;’ Y, z)B = {Jl,b(y), Z} = B(.T, b(y))z + B(b(y)a Z)J) + B(Ta z)b(y)

Proof. (a): From Lemma 1.2.12 we know that the symplectic anti-Jordan pair

(T, T) is simple. Hence it follows from Lemma 1.2.6 that T is simple.

(b): Let T be a simple anti-Jordan triple system over F such that (7,7T) = (T, T)g.
Then T has triple product:

(z,y,2) = {z,v"(y), 2}

for some involution (v*,r~) by Lemma 1.2.1. Then by Corollary 4.1.4, there exists
b € GSP(T, B) with multiplier § € F* such that v*(z) = b(z), v~ (y) = 87b(y) and
b? = BId. O
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