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INTRODUCTION

{
Consider an initial problem

y' o= flx,y), y(0) =y, (1)

where the vector-valued function f(x,y) is Lipschitz continuous to ensure a
unique solution. | .

Let yn(h) denote the nymefica] solution at x = x = a+ nh of the
dnitial value problem (1) by any linear muitistep method. Fér consistent
and stable methods, under suitable conditions on the function f(x,y) and
the starting values yn(h), n=20,1,es,k=-1, the numerical solution has an
asymptotic expansion in power of h, valid as h » 0 and n » = in such a way
that x = a + nh remains fixed in (a,b] [Gragg 1963 ]. .

The intent of this work is to consider.consistent and stable methods
whose first characteristic.polynomiai is plz) = 22-1. These are the
simplest cases among the methods whose p(z) has more than one essential ’

zero. The Midpoint method and Simpson's rule belohg to the above

category.

"

Chapter 1 contains definitions and well-known fundamental results. In’

Chépter 2 Gragg's results are simplified for the methods (of order p) under

consideration and it is shown that their numerical solutions have

asymptotié expansions in the form

N
mzp (e,q (%) + (-1)"e o (x))N" + O(h

N+1 )

yn(h) = y(x) + , h »0. (2)
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It is also shown in Chapter 2 that for the test equation

y' = N, y(0) =y, - (3)

the Midpoint method and Simpson's rule have asymptotic expansions in ‘the

form (2) with N = p + 1, and with

= X
x(x) = yge, -
epl(x) = (plx + pz)ekx, ' {
7\2 AX

epz(x) = pge ,

ep+1)1(x) = Py

ep+§:2(x) = pge - -

where p = 2 and A, = -1 for the Midpoint method and p = 4 and A, = -1/3 for
Simpson's rule and the constants p, - pg are 1ndependent.of h. ‘

The main interest of Chapter 3 is to filter out the oscillating terms
(—1)"ep2(x) and (-l)nep+1,2(x) by meanswof a fj1ter énd then to increase
the order of the method by extrapolation. .Fi1£ering is an averaging
procedure 1n$olving the current term together with pﬁevious terms, fofkard
terms or both. |

For the Midpoint method .five filters are jntroduced and in Theorem

3.1.a it 1s‘§hown that the symhetric filter -
. _ -

/éo(E) =1 (g2 v ag7l 4 10 + 48 - E9) (4} '

J 16 )

removes more terms from the oscillating part while keeping more accurate
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the desired solution tham the remaining four filters. Similarly for
Simpson's rule seven filters are introduced and in Theorem 3.1.b the
symmetric filter

Po(E) 21 g3 _ g2 4 q5el 4 a4 + 1SE - 6EZ + E°)
64 :

is obtained with similar properties.

By using Tables (3.2.a), (3.3.a), (3.2.b) and (3.3.b) it is shown that

all the filters reduce the oscillating part by a factor of h2 while only

the symmetric filters leave unchanged the exact solution and the harmless

3 5

part up to h” and h° for the Midpoint method and Simpson's rule

respectively and offer thg possibility of ext:;po1ation.

In Corollaries (3.1.a) and (3.1.b) the numerical value at‘xNa = Nnh is
obtained after filtering at the points nh,2nh, e+« Nnh for'both methods.
Then 1in Lémmas (3.1.a) and (3.1.b) some additioha] nece§§ary conditions are
imposed on the starting values for applying extrapolation.

In Chapter 4 numerical results for both methods are quoted forlboth.
1inpar and non-linear problems. In each case the non-filtered solution,
the filtered soﬁut{on by one of the non-symmetric filters, and the fi1tefed

"solution by the symmetric filter followed by extrapolation are compared.
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| ' PRELIMINARIES

o ' . o

INITIAL VALUE PROBLEMS ‘ - -

. ¥
Let T = [a,b] be a closed finite interval on the x-axis and let ¢t

: \
dengte the complex 2-dimensional space. Let the vector-valued functions
y(x) €% and f = F(x,y) <t* be defined ahd continuous on I'and D = I x ¢*
. respectively. Then the system of 2 differential equations y' = f(x,y)

together witﬁ an initial condition y(a) = q ¢ l]:2 is called an initial value

problem and referred to as the initial value problem (1.1),
éﬁiéﬂxdh' y(al = n. ‘ | (1.1)
Let || « || denote a vector norm on C._ If there exists a constant L
such that thq:iipgchitz condition + - «
][f(x,yl) - f(x,y2)|L < Lily, —.y2]| » C S (1.2)

holds for each (x,yl) ¢ D and (x,yz) e D, then there is a unique function
y e C1(I) satisfying (1.1) for x ¢ I' [see Coddington & Levinson 1955,

p. 19, ch. 1]. Such-a function is called the solution of (1.1). .

Henceforth it is assumed that the initial value problem (1.1)
satisfies the condition (1.2). The intent of this work is to solve the

initial value problem {1.1) numerically,
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LINEAR MOLTISTEP METHODS

Consider_ the sequence'{xn} of grid points Xq =@t nh, n=0,1,2,..0,

wheng h is a positive parameter. Let Yn be an approximation to the exact
soltition ykxn) of the initial value problem (1.1) at X, and let .

- . . . _' . »» ’
= f(xn,yn}- A Tinear relation involving Ynsjr 3 = 0,7 ees,k, for .

recursively determining_{yn} is called a linear multistep method. - b

b

The general linear multistep method may be written&in the form, P
) k o g! ,
Loy T h ) B (1.3)
j:o J n+\] j :0 J n+J fe . - - v
, L . : y

where ay, Bs are fea1 consta?ts with @ # 0 and |ap} + IQOI > 0 [Dahlquist

1966 [. The positive integer k is called the stepnumber of the method and h
g ) - -

is referred to as the stepiength which is assumed to be fixed throughout

. the computation. If B. = 0 thé method is called exETicit and otherwise it
: ™

i

is called implicit.-

For an ekBﬁicit‘method the equation (1.3) can be solved directly for
Yotk howévér, for eh implicit method, in general this is impossib]et For
an initial value problem (1.1) satigkying the condition (1.2), a unique

solution for y ., exists, if h < (L|sk|)'1 and g, # 0 [Lambert 1973, p. 12]

“Therefore hereafter h will be chosen such that

0 <h<hy= (L) L (1.4)

Without loss of generality, by choosing o = 1 which will be assumed
hereafter, the number of unknowns {aj; Bj} may be reduced to 2k+l. It is I
assumed that h divides (x-a) and that Gy = {xn,]xn =a+n, n-=

\

0,1,--+,N}, where a + Nh < b. ‘



The polynomials

j U
«:z°  and aflz) = B.zZ
0 J j=0 J ’ <,J

p(Z) =
o

i} [~ PN

U

are called the generating polynomials of the 1inear multistep method (1.3).-
8 -
<C§ome authors term these the first and‘second characteristic polynomials
~respectively.

3

By introducing the shift operator E defined by
By, = ¥pep Yor Ey(x) = y(x+h),

“the Tinear muttistep method (1.3) may be written (with the'conveﬁtion

2. _ ; ‘
E%y, = E(Eyn) etc,) . .

Yo = ) 1 0,120k, (1.5
p(E)_yn = ha(E)fn, n=20,1,2,+e0,
where n.(h}, n = 0,1,2,+++,k-1, are the starting values.

PROPERTIES OF MULTISTEP METHODS

CONVERGENCE
4
The Tinear multistep method {1.3) is said to be convergent for an

initial value problem (1.1) satisfying the condition (1.2), if

lim  y = y(x) - (1.6)
h-0 .
« nh=x-a,

holds for all x ¢ [a,b], and for all solutions {y,} of the equation (1.3)
'\.

satisfying a starting condition ¥y = nn(hl for which,

Tim nn(h) =71, n=0,1,2,es¢,k-1.
h-0 ‘



LOCAL TRUNCATION ERROR

"Let y(x) be the solution of an initial value problem (1.7}

and Yet the linear operators L on.Cl(I) be defined by
Lly{x);h] = p(Edy(x) - halE)y'(x). . . ‘ (1.7)

Then the quantity aElL[y(xn);h] = L[y(xn);h]_is called the Tocal truncation

error of the linear mu1ti§€ep method (1.3) at the point x It gives the

n+k”
error introduced when y(xn+k) is rep]acéd with Y n+k in the expression

ry(xn+k) -»hﬁkf(xn+k,ytxn+k)) under the assumption that y , ¥ .i,«-s ¥ 1
are exact. It also represéhts a measure of the extent to which the
solution fails to satisfy the Tinear relation which determines

.

the numerical solution. . ‘ ve
Using the definitions of p(E} and of(E), (1.7) may be written as
k | K
Lly(x);h] = ¥ ajy(x+jh) -h ¥ ajy'(x+jh),

J=0 3=0

and if y(x) ¢ Cn+1(1), a Taylor expansion about x gives

n . , .
L{y{x);h] = )10 C, y ™M™+ gnhy, " {1.8)
m:

Where CO IIO + El + ees + lIk, ’

C1=a1+2a2+ "'+kak" (B0,+ Bl+ b +Bk)!

q = 1_ (al + zqaz + ese + kqak) e ) (1_9)
q! (/// \\\\

- o
(B *+ 2q"132 Foeee ¥ kq-lﬁk), g = 2,3, ¢+,N,

o
1

1.
{g-1)!

are constants independent of y(x).
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Let D be the operator of differentiation d/dx; then the formal Taylor
expansion :

Ey(x} =-y{x+h}

U

. 2
y{x) + hy'(x) + QT-y“(x) + eee

2
(1 +hD + ,g_oz # ees)y(x) -

= ehDy(x)

implies that E ehD on polynomials or analytic functions.

Since .

LIy(x);h] = p(E)y(x) - hDo(E)y(x)
hD)

{ole - th(ehD))y(x),

X gives

Jetting y(x)

Lle*;h] = {p(e"®) - nDo(eD)]eX,
\‘1
and since e* is infinitely differentiable, (1.8) can be extended to

ey o m_x
L[e&\,“h]f— mZO C,,(hD)e ™.

These results with z = hD give
ole?) - zole®) = | ¢ 2" - (1.10)

This is the generating function for the coefficients (o

ORDER QF THE METHOD

If

~

CO = Cl = eese = Cp =0 and Cp+1.¢ 0, (1-11)

the linear multistep step method is said to be of order p.

/



- GLOBAL TRUNCATION ERROR

It is not always realistic to assume that the values yn"'°’yn+k-l are

exact. Without that asssumption the error of the linear multistep method

n

is said to be the global truncation error. The global truncation error e

at X is given by
ey = ¥p - ¥ixp).
Ignoring arithmetic - truncation errors, it represents the local truncation

error at x, plus the propagated effects of local truncation errors at all

previous steps, including errors in the starting values.

CONSISTENCY

#

The linear multistep method (1.3) is said to be consistent if it is of

order p = 1. "From (1.9) it is clear that the method (1.3) is consistent if

and only if

p(l} = 0 and p'(1)

1]

all}, T (1.12)

i.e. - e
ao + al + sea + ak = 0,
021 + 2[!2 + eee + kak = BO + sse + Bk

These may be called the a-p conditions.

THEOREM 1.1

The necessary and sufficient conditions for a linear multistep method to be
convergent are that it be consistent, that the modulus of no zero of the

generating polynomial p(z)} exceed 1, and that the zeros of modulus 1 be

simple [Dahlquist 1956]. : :
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STABILITY

The necessary conditions mentioned above (in'a&dition-to consistency)
are called the stability con&itions and the linear mu]%istep methods with
that property are called zero-stable or D-stable [due to Dahlquist] or, for
short, stable.

Later it will be shown that linear multistep methods with the above
stability property may be subject to other types of instability, e.q. weak
instability, which do not affect convergence. From hereon it is assumed
that the Tinear multistep method (1.3) is consistent and stable.

The above analysis shows that the zeros of the generating polynomial
plz) are of fundamental importance in the study of linear multistep
methods. The zeros of pl(z) with modulus 1 are called essential and are
simple by the stability requirement. The other zeros of plz) are of

modulus less than 1 and are called non-essential. By the consistency

requirement, z = 1 is always a zero and is referred to as the Erihciga]
zero. Let 7 = 1, Z;, 1= 2,3,+44,q, denote all the essemtial zeros
(necessarily distinct) and let zi; i= q+1,q+2,-1-,r, denote the non-

essential zeros {counting multiplicities), where r < k.

The pair of associated polynomials pi(2) = plz.2) and ai(zj = dlz;2)

are defined for each’ non-zero zero z;, and, for any vector-valued function

Un, it is true that

n, _ .n
p(E)Z1Un = zipi(E)Un’ §
.
“ now_ .n (1.13)
U(E)Z_iu;; = 2101(E)Un -

{Gragg 1963, p: 61].

-
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For any essential zero Z;,
o.(1) olz;)
\. = i _ i

Pop (L) T zgps ' (zy)

is called the growth parameter [Dahlquist 1959, p. 39]. It follows from

the consistency conditions {1.12) that M F 1 and from the stability
condition that Ay # 0 for each i.

The quantity .

S G

C ;
;;) p' (1) oll) _
——— ..Jis called the error constant of the linear multistep method, where p is the

order.

Let the associated linear operators Li be defined by

LU0 = oy (EU(x) = maZta, (E)U'(x), 1 = 1,2,e,0, (1.14)

where U(x) ¢ C is differentiable. 1If U(x) ¢ Cm+1(1), by using Taylor

series
m . .
Luxsn] = o) T iyl « on™h, (1.15)
j=2
where agi), i"=1,2,¢+2,q, j = 2,3,++, are defined by the generating
functions
z
p.(e ) e . .
A2y == 7 ol g2, 0, (1.16)
Gi(e )y =2 4
and a§1) = A 1 For a method of order p it is clear that

a;l) e el = a'()1) = 0and C = aéig 4 0. ' E (1.17)
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)

CHAPTER -2 ;

ASYMPTOTIC EXPANSIONS

2.1 THEOREMS ON ASYMPTOTIC EXPANSIONS

Under an appropriate starting procedure the global truncation error of
any linear multistep method has an aéymptotic expansion in integral powers
of h [Gragg 1963]. Here it will be shown that, for Tinear multistep
methods whose first characteristic polynomial p(z) has only essential zeros
such that the product of any pair of zeros is again a zero, the global »
truncation error has an asymptotic expanéign in powers of h. A general
version of this theorem may be found in [Gragg 1963, pp. 62-75 ] or [Stetter
1973, pp. 241-244]. |

The proof of the Theorem depends on the following Lemma whicp
estimates the growth of the solution of a difference equation of-the form
(1.5); a proof of this Lemma may be found in [Gragg 1963, pp. 52-56 |.

For h >0, let the vector-valued sequences Fn(y) = Fn(y;h) and
Ay = An(h) be defined for X GN, where n < N, and y ¢ Gl. Assume}there

is a constant K such that,

[Faahd ] < Kky]| Xg o Gys ¥ ct.

Define the scalars Ypr M= 0,1,.+0, by .

! 1 - 3:9 YZm
1+ % _12 + ses 4 aOEK m=0 M

]
LEMMA 2.1

Let &, = §,(h) be a solution of the difference equation
plE) s, = hc(E)Fn(én) Ay, N = 0,1, .., {2.1)

such that
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[16,(n}]| = 8(h), n = 0,1,%%,k-1. (2.2)

Then for h satisfying (1.4) and for Xy ¢ GN

|15, (0| < ce™®KID=a)oaginy + atn) ],

A ¥

where
k ( ) k :
A= 7 (k-i){e;] , B = B:1
120 |a1|. 120 | 1‘
C=(1- |p K-h)'1 y Y T SU6 ,
l k| Y m0 |Ym‘
and

n-1 .
Alh) = max ova (h)]]-
X € G ll m=0 " 1-n'm i
non :
Turning to the theorem on asymptotic expansions, the assumption on
starting values is that they have asymptotic, expansions in powers of h

which are consistent with the order of the method, i.e.

) Nil m N )
n{h) = yl{x ) + h" + 0(h"), n = 0,1,++,k-1, h » 0, (2.3
n L LT .

where T 27 constant vectors.

SYSTEM OF LINEAR DIFFERENTIAL EQUATIONS

First, the system of linear differenfia1 equations
y' = Ax)y + b(x),  y(0) =y, - (2.4)

is congidered, where A{x) is an £ x % square matrix and b{x) ¢ ¢*. By
/ﬂ’ﬂ CN(I), it is meant that every entnynof A qs in CN(I).

THEOREM 2.1

Let Yn denote the numerical solution of the system of differential equations

(2.4) determined by the linear multistep method (1.3)ﬂand let A{x) and bd{x)
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be of class CN{I). Then there exist unique vector-valued functions em1(X)

of c]ass_CN_l'm{I)_sdth that, for h satisfying (1.4), and for x = Xy € Gy

. N-1 &k 0 m N ) )
yn(h) = y(x) + mzp (izl Ziemi(X))h + 0(h"). (2.5)

PROOF

In the present context, the proof of the uniqueness of the_functions eni 18
less important'and may be found in [Gragg 1963, p. 63] or [Stetter 1973,

p. 241]. The re]eyant results describe a constructive procedure for
determiﬁing the functions i *
Let the functioﬁ; emi(X)’ m = p,p+l, «==,N-1, i = 1,2 +se.k, be

solutions of the differential equations,

(2.6)

€ni = AiA(x)emi + hibmi(x), x ¢ [a,b],

where the functions bmi(X) ¢ CN'm(I) and the initial vectors bmiO are to be

determined. Let

K
_ n
Umn = .z Ziemi(X)’ X ¢ GN’
i=1
and Jet ?
' N-1 m
8,(1) = ¥ (h) = y(x) - L Ut

The intent is to choose the arbitrary elements so that én(h) ~ O{hN)
1i?iform]y for h, 0 < h ¢ hO’ and for x = g < GN' This can be done by
showingrtﬁat én(h) is initially small and satisfies a difference equation

of the form (2.1) and then by applying the previous Lemma.
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First it will be shown that 8, (h) satisfies a difference equat1on of
the form (2.1) with sufficiently small perturbation Ao (h).

Consider the linear operator L defined by

L= p(E} - holE)A{X). ° {2.7)
Thus,
Ls, = plE)S, - ho(E)A(x)&n'
\ N-1 0 -
= L(yn - y(x)) - ngpnumnh . {2.8)
And also,
L(yn - y(x)) = {p(E) - ho(E)A(x))(yn - y(x))

p(Ely, - holE)}(A(x)y, + b(x))

- (p(E)y{x) - holEM(A{x)y{x) + b(x)))
- Liy(x);h]
by (1.5), {1.7) and (2.4).

Since A(x), b(x) < cM(I), it follows from (2.4) that y(x) ¢ cV(1)
and from (1.15)} and (1.17) that

Ly, - y(x)) = - ho(E) z a(ﬂy(mﬂ)(x)hm + o(nV*ly. (2.9)
From (1.13),
Nl Nel ko
LTy = 1 1 2] Le (xn™, (2.10)
m=p m=p i=1
where

Using the differential equations (2.6),

Cemit%) = pylEdeni(x) - hog(E)A(X)e : (x)



= Lylen; (x)5h] + ho, (€1 - (x)
Since A(x) < c¥1(1) and bai (x) € CN™(I), it follows that
eni(¥) € VMY Thus, by (1.15)
1 N+1-
epi (x) = hoy (E)[bp; (x) . 7 am I )(x)hJ + o(pN*1=my
Now,
N-1 N-1 & '
Ly y M- 2. e (x)h™
mzp mn mzp izl i itmi
. Nk
= mzp iél zi{hoy (E}[b . (x) +
N=3-m ), éL-m
Looasgen J (x)h + 0(h ) A"}
1
N',l " m N+1
“holE) Y 2005 (x) = b, ()™ o(n**h)
m=p 1i=1
by (1.13) and (2.12), where
° - (3+1)
b {x) = - Z aJ+l 3, 1(x)
Thus, by (2.8)
N-1 K n -
-L 6 = ho(E)mgp {izl 2o (x) - b .(x)) +
() (g o',
Now, if the b_ (x) are chosen accord1ng to
o at1), (mel) -
bmi(X) A+l M2 x), i=1
by () =

b -(X), i= 2,3, 000k,

m

then, clearly, Lén ~ 0(hN+l).

-16-

(2.11)

(2.12)

(2.13)

(2.14)
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Since A(x), b{x)} « CN(I), by induction it is clear that
bmi(X) € CN“m(I); this completes the first part of the proof. It will now
/

be shown how to choose the arbitrary initial vectors b ., so that & (h) ~

mi0
o(hN) for n = 0,1,2, «es k-1.

It has been assumed that the starting values satisfy

: N-1 m Ne ' .
nth) - ylx)) = T nmo h” +0(h7), n=0,1,ee0k-1, h > 0. (2.15)
- m=p

Since emi(x) € CN'l'm(I), using Taylor expansions,

N=1-m _J . . ,
- nd (i) J N-m =
eni{x) = b .+ jzl gjbfmi {a)h? + 0(h™ ), x Xy
N B
Thus,
(" . .
N-1 N-1 Kk ' n-l-m _j ; :
D U= 1) et 1 T eldlamd + ot pn,
m=p m=p i=1 j=1 ji
and by rearranging,
N-1 N-1 k
m _ . o.on - m N
mzp Umnh = mzp 121 Zi(bmiO + bmiO("))h + 0(h"), 2.16)
J

where

m-1

- i )
-y (i) C ke
bmiO(n) jzl ET em—i,j{a)’ O<mnsgk, 1gi ;/}%
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Now by (2.15) and (2.16)

: N-1 m
5n(h) = yn{h) - y{x) - Z Umﬁh
m_p - .
N-1 N-1 k
m _ n T m N AN
Tk, tm e L L ZiPaig ¥ BpignhInT e 0Ty, T N
- . ’ : : & J/‘\
N-1 K n "~ m N
= mzp (”mn - iél 7.1.(bm10 + bmio(")))h + 0{h"). N
Thus, by choosing \

n

k -
~ M '21 23Mbrig * Ppig(n))s M= pyeee,Nol, 0= 0, veek-1, (2.17)
'|=

n

it is clear that 5 (h) ~ 0(h"), for n = 0,1, «esk-1.
Altogether by choosing the arbitrary elements so as to satisfy (2.14)
and (2.17), it is seen that &,(h) satisfies a difference equation of the
form (2.1) with
. - - N
Fo(8,:h) = Alx)s.  and &(h) < 3h

for a suitable constant a. Furthermore the perturbation
¥

[1a,(n)]] < ath) < BaM™

for a suitable constant b.

Thus, by Lemma 2.1
Lo Nl m N
Hy,(h) = y{x) - mzp U h"[} < M

L)

for some M, uniformly for h, 0 < h < h0 and for x = X € G,,, and hence the

N)
theorem s proved. ' 9.E.D.

"Next, the asymptotic expansion of the numerical solution of the test

equation



yh =, y(0) =y,

is ‘examined, where A ¢ ¢ .

2.2 ASYMPTOTIC EXPANSION FOR THE MIDPOINT METHOD
The Midpoint‘method i;hgiven‘by -

yn = ﬂn(h): n = Osls

Yap = ¥p * 2hf 0, 0= 0,1,2,5...

Thus, the generating polynomials are

plz) = 22

-1, G(Z_)-: 2z,
and the zeros of pl(z), ‘
zy = 1 and 12, = -1,

¢
satisfy the requirement for the Theorem 2.1.

) s The growph parameters are Xy =1 and Ay = -1, and according‘to'(-.IG),

the coefficients of.the generating functton are

~ .
S ) ? j even,
i 5T Jodd, J 724~

The order ofﬁthe method is 2, and N is set to 4, i.e. an asymptotic —

expansion of the form

yn(h)

N ~1 P

3
yix) + ]

n m 4
i Ziemi(X))h + O(h.)

i=1

I

yix) + (egl(x) + (-l)nezz(x))h2

. + (e31(x) + (-1)“e32(x))h3 + O(hq), X

will be obtained.

X

n’

(2.20) |
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f

Accorwing to (2.6) the first pair of differential‘equapiﬂns to be

solved are

.l ,Q-&
€21 T My * DX}, ep(0) =y,

and .
€2 = My - bpplx}, epy(0) = by N\
The §tanting values are assumed to have the asymptotic expansion

3

b = ylx )+ T n 0"+ oth), 0= 0,1,
m=2 -
_‘s . s N

By solving (2:17), since Bmib(o) =0,
’ I
R P ~ . . :
om0 = ZlPmigtH) * brpg(1) '+ g+ iy Iom = 2,3,

and

-

S lip - - L
bazo = Z[bmo) - ‘fmg/o(l) * g, nm_l], m= 2,3,

are obtained. j -

.——/_"7-’

(2.21)

(2.22)

(2.23)

The definition of gmio(") shows that 5210(1) = b220(1) = 0 since e

and ey, are assumed to be Q.. Therefore (2.23) gives

[t

I
barg = 2lnpp * Moy 1

1 -
ba20 = 7ingg = Mpp I+

Again the definition of Bmi(x)'shows that le(x) = Bzztx) =0,
and therefore {2.14) gives

v
- o

(2.24)
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.3
aél)y(B)(X) = _%yoexx

i

b21(x)
and _ ‘ (2.25)

bzz(x) =0,

ol

since the exact solution is y(x) = yoekx.
Solving (2.21) by the aid of (2.24) and (2.25) the solutions are

_ A 1 : X b
epr(x) = [= = Yo * glngg * mpy) Je

and

_1 . = AX
epplx) =7 [mgg = mp Je ™
The next pair of differential equation§ to be solved are
! = . ' = ’ ~
e3 = degp * byilx), eqy(0) = byyy .
and (2.26)
e3p = ~hegy - Dyplx),  egpl0) = byyg-

The definitions of Bmi(x) and (2.19) give
b3l(X) = b32(X) = 0,

and then {2.14) implies

b31(x) = b32(x) = 0. (2.27)

The equatjons (2.23) with ezl(x), e22(x) give

13

bayg = 7l 5 Yo" Mo *mg oy )s
(2.28)
3 N

. _ A .
bypy = 7 [- s Yo + Anyg + mgg - Mgy )
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Using (2.27) and (2.28) the solution of (2.26) are

3 .
1S A
ey (x) = ’2[6— Yo ~ Amgg * mgg t gy Je
and

3

21 A - AX
e3p(x) = 5[- Py Yo * Mgg * mgg - ngple

Thus, the required asymptotic expansion is

L X
y,(h) =y.e

3
L Gy s %(“20 * gy M

3
1 .
+ {5[;\_ yO - K'ﬂz’o + T]30 + "']31 ]e?\x (2.29) .

' 3
- N -y L3
(2) [‘6—3’0’“"”20””30‘”31]e Ph

+ 0(h4), X = xn € GN. i

2.3 ASYMPTOTIC EXPANSION FOR SIMPSON'S RULE (MILNE'S CORRECTOR)

Simpson's rule is,

.yn = Tln(h): n = 0:1:

= h ‘ _
yn+2 - .yn + '3-(fn+2 + 4fn+1 + fn), n = O,l,z,--.. ‘ (2.30)

Thus the generating polnomials are

p{z) = 22-1, afz) = l(zz + 4z + 1),
3 .

-and, as in the case of the Midpoint method, the zeros of plz) satisfy the

requirement of Theorem 2.1. The growth parameters are M =1 and Ay = -1/3
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and according to (1.16)} the coefficients of the generating functions are
.

(1) _ (1) . (1) _ (1) 1 (1) _
a =a = a =0, a7 = - —, @ = 0,
2 3 4 5 180 6
(2.31)
(2) _ (2) _ _ (2) _ (2) . 23 _(2) _
a, -0,a3 2,a4 —0,35 —-E,a6 0.
The order of the method is 4 and N is set to 6, i.e. an asymptotic
expansion of the form
| 5 % | n m 6
yoth) = y(x} + § () zge (xNh"+ 0(h7)
. m=4 1i=1
(2.32)

yix) + (eg () + (-1)"eg, (x))n*

+ (eg(x) + (-1)eg,(x)10° + 0(h°), x = x ¢ G

will be obtained.

According to (2.6) the first pair of differential equations to be

solved are

N
\ :
eq) = My ‘:b41("" e (0) = bgyqs
and ‘ J {2.33).
1 _ A 1 _
ep = = 3eqp ~ 3gp(X)s egp(0) = byog.

The starting values are assumed to have the asymptotic expansion

5 m 6 .
nn(h) =-y(xn) + mz4 ”mnh + 0(h’Y, n=20,1, h » 0. (2.34)

The values of byy5 Drog, M = 4,5,'wiy1 be given by (2.23) and
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bgiglt) = bypgll)

by =

210 = 7zl * 149 )s
baoo = $lMag = Mgy ]
420 ~ 7\ M40 T Mg l-

.

Since €pi» M & 3, 1 =1,2, are assumed to be zero,

therefare (2.14) gives

(1) 5
-a y(S)(x) A
180

AX
b41(x) Yo s

b42(x) = 0,

Solving (2.33) with (2.35) and (2.36) gives

J [ 7\5
e, (x) = [—yx +

1
g * mgp) I,

-ax/3

1
egp(x) = lngg - gy le

= 0 by the definition of Bmio(n) and hence {2.23) gives

b d

(2.35)

b41(x) = b42(x) = 0, and

(2.36)

The next pair of differential equations to be solved are

€51 = Aegy * bgy(x), eg {0) = by,
and
el, =-re. - 1 bo,(x), e.,{0) =D
5¢ 3 “h2 T3 "k ? 52 520°

p)

{2.37)
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Clearly b51(x) 52( x) = 0 by the definition of Bmi(X) and {2.31), and

hence
by {2.14). The equation {2.23) with e41{x) and e42(x) gives

5

_1p A 2 1
bgyg = 7l- 1800 " Mg - gy * g * sy b
{2.39)
b = L2 e 2 L ]
520 ‘zgdyo TAyg T Mg T g0 T 51l
Using (2.38) and (2.39), the solutions of (2.37) are
e (x)'=1[-—lfy - 2y - mAmgy * + ] e™
51 S 0~ 3"ap T I3M41 T Msg T Ms) »
2 180
5 ~
TR 2 1. -ax/3
egp(x) = <[ —=yo * ghngy +qghngy * ongy - gyl e .
2 180 .
Thus, the required asymptotic expansion 1is
_ AX
yn(h) = Yoo |
(-
5 n
-1 - /3
o {ygn + glngg + ngy) %+ 4 gy - gy M)
180 2
5
\ 2 1 .
il 0~ 30 T T ms0 * s Je (2.40)
G 2 L e
) _3180 o " T4 T 341 T M50 T Tkl

+0(h6), X = X, € GN.
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> SYSTEM OF NON-LINEAR DIFFERENTIAL EQUATIONS

[n the case f(x,y) is nonlinear in y, the above analysis for a system
of linear differential equations may be generalized to show that wﬁen N <
2p, the situation is the same as if the differential equations were linear,
except that A{x) is now the Jacobian matrix of f(x,y}. If the product of
each pair of essential zeros is again a zero of p{z), theﬁ even if N > 2p
the situation is as in the case of a system linear differential equations

[Gragg 1963, p.77].



-27-

CHAPTER 3

FILTERING AND EXTRAPOLATING

”

In addition to the assumption made at the beginning of Chapter 2, that
all the zeros of the polynomial p{z} are essential and hence distinct,
here it is also assumed that p(z) and ofz) have no common factors, a

condition which is satisfied by the two methods under consideration.

3.1 WEAK INSTABILITY

Consider the app]icatibn of a k-step linear multistep method with the

above properties to the initial value problem g?r
y' =y, y(0) =1, | | (3.1)

where A is a complex constant.

The corresponding difference equation is

p(E)yn = hm(E)yn R - (3.2)

Let Z3ps j =1,2,s+,k, be zeros of the polynomial n(z) = p{z} - haolz).

The theory of complex analysis includes the results that, for each
sufficiently small e >0, there exists 6> 0 such that for 02 h < § the
equation n{z) = 0 ha; exactly as many zeros in each of the disks |z-zj| < g
(j = 1,2,++4,k) as the equation p(z) = O [ARlfors 1966, p. 131]. There-
fore the distinctness of the zeros ZysreaZy of p(z) implies the
distinctness of the zeros zy,,+++,z,, Of alz).

Thus the solution of the equation (3.2) may be written
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Yo = Z AJth,

where the constants Aj, j=1,2,---,k, are complex.

It is also obvious that, for small values of h, the zero zjh of w{z)

approaches one of the zeros ZyseresZy of p{z); therefore
Zin ¥ Zjs h + 0, ' (3.3)
and, in particular,
21 * 2 = 1.‘
It is convenient to wrfte Ap =1+ C1 and Aj = Cj, J = 2,e¢0k, where the
constants Cj, J=1,2,-++,k, depend on the linear mu]tistep methad itse]f

and the starting values nn(h), n=0,1,+++,k-1. Then the solution of thé

equation (3.2) becomes

_ _.n
In 7 % 7 E €52 Jh | (3.4)

It is shown in [Henrici 1962, pp. 235-239] that Zj, Way be written

- 2

Since p(Zj) = 0, and since

i

>

= p{Zj[l +AgAh + O(hz)]}'- mo{zj[l MESTUI 0(h?) 1} =
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Taylor series about zj gives

cr(zj)
hj =_'_;_"—, j = l)...)k'
zj0'(25)

These are the growth parameters introduced in Chaptek 1.

n

The main interest is the asymptotic behaviour of Z

h when h + 0 and
n + « in such a way that nh = x remafns constant.

The approximation
1

[1+ aph + 0(2)]" = exp (xh~an[1 + aph + 0(hD) ]},

exp {xh'l[kjkh + 0(h®) )},

exp (xjkx) + 0(h),

BRLE
with Zy = e J, gives
inds  AiAX ' :
zgh =e Jed  +0(h], h+0.

In particular ZTh = eM 4 0(h), which corresponds to the exact solution.
If Re(Aax) <0 and if some kj is negative, the solution which is close

to the exact so}ution (i.e. zTh) will be dominated by the terms in (3.4)

with negative Aj‘s. This will result in an inaccurate numerical solution

for the initial value problem (3.1), a phenomenon called weak instability.

For the following discussion the term zgh, the terms with negative growth

parameters hj's and the rest of the terms in the equation (3.4) will be

called the "desired solutions", "osciilating part" and the "harmless part"

respectively.
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Both the Midpoint method and Simpson's rule have negative growth
parameterg. In Chapter 2 it was shawn that the numerical solutions
obtained by these methods have asymptoti& expansions in integral powers of
h, whose coefficients contain oscillating terms corresponding to the
negative growth parameters. Now it is clear that these terms cause this
so-called weak instability.

In this chapter this weak instability will be treated by means of a
Filter which will reduce the oscillating part by a factor of a power of h
while keeping the desired solution and the harmless part unchanged up to a
power of h. Then the order of the method will be increased by
extrapoiation.

Filtering is an averaging procedure involving the current term
together with previous terms, forward terms or both. If y”(h) is the

' *
unfiltered solution, then the filtered solution yn(h) may be written as

y:(h) = P{E)y (h),  {3.5)

where P(E) is the filtering operator expressed in terms of the shift

operator E,

PE) = §  a.fd, (3.6)
j=—r‘1

the aj's being real and ry and r, being non-negative integers.

Let s = hx, then elementary calculus gives

P(E)eM

1
1]

P(E)xe™

1]
[1+)

M(xp(eS) + h%g P(e®)], (3.7)

.




P(EY(-1)"e ™ PM = (1)Me PMp (e Sy, “where x = X, ¢ G

N

It may be noted that s and h have the same order of magnitude.

3.2 DESIGN AND CONSTRUCTION OF FILTERS

(a) THE MIDPOINT METHOD

In Chapter 2 it was shown that the Midpoint solution has the

asymptotic expansion,

~
P

AX
yn(h) yge™ .

3 n
A 1 o, (-1) -y, 2
+ {[- P YoXrginggtng 1 Je™ + = [ngg=mpy Je ™ I
: (3.8)
3 n 3
1rA o, (-1) A 2% 1.3
¥ {g[g Yo mpgtnggtngy JeT + » (- P Yo*hngtmgmyple T

e +0(h4),' X =x ¢ Gy »

n
for the test equation (ETTBT with starting values (2.22). Thus, by (3.5)
and (3.7) after application of the filter (367

yr(h) = yeMe(e®)

3 .
b -;_yoeu[xp(es) + 03PN} * lnyg * 1y JeP(E%)
(-1)"

+

> [nog - n21]e')‘xP(—e's)}h2

"
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3
¥ Eéfﬁ‘yo - Mg * Agp* Agy JeMP(e®)
L =D a3 g‘\J “Mpr =Sy 1,.3
» (- s Jo ¥ Mg g - mgy Je TP(-e7) Jh

+ohYy, x = X € Gy

The above equation shows that in order for the solution

(3.9)

to be kept unchanged up'to hN for a positive integer N, it is sufficient

that the operator Pa.satisfies

PleS) = 1 + o(si'*l), (3.10)

and in order for the oscillating part to be reduced by a factor of h! for a

positive integer M it is also sufficient that P satisfies

'J"F'\\
P(-e~5) ="o(sM). : (3.11)
The equation (3.10) gives
3 praS) = gM . | R |
25 P(e7) = 0(s™). (3.12).
C —
Thus, ¢
vy = yge 1+ oty
A N1 N
- gy g€ Ix(140(s™ ) + h O(s )]

¢

+ -

. B ELL
N“l‘l)]_’_"("‘l)
2

+ g lnpgtnyy e [1+0(s (=g Je~P0(sM) pn?
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33

1 41
* fZEE"yO } ano+“3o+“31]elx[1+°‘5N )]

F

; |
(-7 A : ~Wq My 13
SLm S0 ¥ Mg ¥ mgg - myy Je TO(ST D

+ 0(h4), X=X ¢@G

n N : C::::\— (3.13?\//

3 ‘
The term {- ﬁ_yoehx[x{l+0(sN+1})]} in (3.13) shows that this proced%re

is unable to improve the order of the method. | It suggests taking N = 2.
‘Iﬁ order to apply extrapolation it is necessary to reduce the oscillating
part up to 0(h4), which suggests taking M = 2. |

Thus, .

Sy 3
P(e’) =1 + O(S ): (3.14)

P(-e7>) = 0(52). :

Equations (3.14) consist of five linear equations which can be solved
for at most five unknowns (i.e. for any five aj's). This set of unknowns

“is generally not unique and may be written.

{ai%%, aifi, agl), aif}, aifé}, 2= -2,-1, 0,1,2,

where, for example, the case & = -2 is the casewsI;= g, ry = 0, ang‘the::)
iase 2= -1 1is the case ry = 3, ro = 1, and so on. Now elementary linear |
algebra shows that, in all the above cases, the systems of linear equations’
are linearly independent and can be solved uniquely for the fivg Unknowns.

In each case, this result yields a filter involving five terms.

A general filter may be written

.l2 .
- {2} g '
P (E) jz_z ay; B, 272, 1,0,1,2. (3.15)

L]
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THEOREM 3.1.a

-

_Among the above five filters the filter Py is symmetric and for that filter

{PO(eS) - 1} and PO(—e"S) contain only even powers of s {i.e., are both

even functions of s). S /. _ <
PROOF . ]
The five equations (3.14) are, for each g (= —2,‘;1, 0, 1, 2),
‘. . - .‘ .
-,.2 B [
{2)
§oald -,
j=-2 ) S
[}
2 42
7 (4) a(f} =0, z-=1,2,
Jj=-2 z! A
(3.16)
3
2 . .
D oendald o, o
j=-2 -
. . &/‘—‘ lq
) . S
iydns A0y ]
s ) = 0 . o
. (02 . | .
I't is clear that, if {a2+j}j=_21n a solution of (3.16), then so is
(-2),-2 . (2) . (-2} - A0} _ (0}
{a—i—j}j=2 with @yt = a )75, dhen 2 =0, a5 = a;" leads to the
symmetric filter
Py(E) = e waeml 410 4 4E - E2). (347

16
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(1)
2

the theorem is clear from the fact that q§0) = af?) and from (3.15). Q.E.D.

Table 3.1.a contains coefficients a of all five filters. .The rest of

!

A

TABLE 3.1.a | .

Coefficients of five-tenn filters for the Midpoint method

) ] T T L S —
{2 () {2) (4) (2)
FILTER 16a, "5 16a 7y 16a, 16a 1y 16a, 1,
?-2 3 ’ -4 -6 A V] 11
Py -1 0 6 8 3
P0 -1 4 10 4 -1
P1 ,3 8 6 0 -1
P2 1%- 12 -6 . h_,-4 - 3=
R R EUUUNU: R B -
Let | ! \ !
'Pl(es) =1+ a353 + a454 + aSSs + a65,6 + CI7S7 + b(ég)
. and .
sy 2 3 4 5 6 7 8
Pl(-e } = Bys™ * PgS” * ByS  + BgS t BeS t Bys F O(s .).

Tables 3.2.a and 3.3.a give values of the coefficients « and B,

respectively, for all five filters.

-



*
F

 Coefficients AEER
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TABLE 3.2.a

2 7) of Taylor expansion of [Pi(es)-l} about 0.

TABLE 3.3:.a

FILTER 4a3 lGa4 8&5 96a6 480a7
P_é -2 15 -8 75 -216
P_1 1 -3 1 -6 13
PO : 0 -1 o 0 0
Pl" ' -1 =3 -1 -1 -13
P2 2 15 - 8 75 216

|_-\N‘!‘} -

Coefficients ﬁj(Z < J < 7) of Taylor expansion of Pg(-e"S) about 0.

FILTER 232 433 48;34 835 144036 48037
P_2 3 10 123 16 1851 340
Py 0 3 9 1 90 13 .
P0 -1 0 -5 0 -17 0
P1 0 -3 9 -1 80 _-13
P2 3 =10 12%1 -16 1851 =340

Finally, it is seen that these five filters {Table 3.1.a) are the
filters introduced by M. Iri in 1964 [Iri 1964]. But his suggestion is to
use the filter P-2' The above analysis shows the advantage of ,using. the

symmetric filter P0 rather than using any other, necessarily non-symmetric,

filter. Now the ap%}jgg“ of the symmetric filter P0 is- considered. ¢

bR
By Tables 3.2.a%And*3.3.4
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y:(h) = yoekx[l + 0(5411

P

3
+ - L_yoeu[x(l + 0(54)) + h 0(53)]
) 6

. n
+ g+ nyy M (1+0(S?)),+ LD, - n21]e—xx0(52)}h2

3 .
ol AX 4
+ {ZEE_yO - Kﬂzo + N30 + n3l]e (1 + 0(? )

n 3
+ i_%l_[- %.yo t gy g - n31]e'?‘x0(52)}h3 + O(ha)

A\

~

. 3
X + {e?\.X[_ A 2

" Yol Frox + glng Ay I

Y {3.19)
A .3
e A - 3 4
+ - A + + h + 0(h'), x=x_¢ G,
= 5o = Mmgp * myg * myy 1} (h™) n < N
Now it is clear that the symmetric filter reduces the oscillating part
by a fFactor of hZ and keeps unchanged -the harmless part up to 0(h4). Table
3.2.a shows that the other four filters do not have this latter property

since ay # 0.

. \‘\\
COROLLARY 3.1.a

Let yﬁ*(h) denote the numerical value at Xy = Mh by the Midboint methdd

after one filtering at every n steps with the last filtering at Xy
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Then for fixed positive infegers nand m (< n-1), and for any positive

integer N,
N
y;£+)(h) = yoeA(Nx+mh)+ {[- %_yO(Nx+mh) + lnygt nzl)Jeh( x+mh)}h

S/

e

'A(Nx+mh)}h3

1. 4
+ plgyg - Mgt mgp * gy Je +0{h7),

0 € Gy . ' {3.20)
PROOF

The proof of the corollary depends on mathematical induction on N and it is
assumed that (3.20) is true for all positive integers < q.

Thus, by (3.20)

3

n( )(h) = ¥ l{qX+mh) [[— %—yo(qx + mh) +-%(n20 +my) e

Algx+mh} . 2
Yan+m }

3
1 x(qx+mh)
+ {'2'[6 Ty{] - }*nzo + 7130 + T]3l] }h + O(h )
. X = Xg e GN. : (3.21)

and

n( ) _ %(gx+mh+h)
qn+m+1(h) =Ygt

2

+

3 ] A qx+fnh+h) }

A - 1
{[— -G—YO(QX + mh + h) +'2'(T]20 + T]ZI) e h

7 [§9g = Angg + mgg + ”31]‘?7“{‘9“"1““ jh?

+
o
pon- 24
) L)
—
-
>
|
>
[op)

n o N* ' J (3-22)
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Now a new initial value problem

* ok * *
y'=w, y(0)=y,,

can be started at (gx+mh) with the startinﬁ values y

n(*) (h)-

qn#m+1 If the starting values yn(*)

s qn+m

749 expansions in the form.

yn(*l

* . 3
N gn+m+i .=‘y (Th) + Z

j=2

then by (3.21} and (3.22) —

n(*)
qn+m(h) and

(h) and y2U (h) hav

* _o* _ A qx+mh)
yg = ¥ (0) = y,e ,
*o_ [; N (qx+mh) + L(n.. + )] A gx+mh )
20 6—5’0 arrml * 5lngg T oMyt Je ’
* - 1[h3 A 4 ]eh(qx+mh)
g "7 6—5' 0~ Mgz Y M3p * M31 ’
X (- A3 (qxtmhth) + N )]ek(qx+mh
My T LT G_yo 9 7i0 T Mg
%
p * 1 x3 A gx+mh+h)

N3y = ’Z[g‘yo = Mgy * gy gy Je

* 3 4y . _
nj,ih + 0(h™), i 0,1,

+h)

e asymptotic

(3.24)

1t is clear that the first filtered value of the new initial value

problem at the next nth step is the same as the (q+1)St filtered value of

the original initial value problem (i.e.

n{*)
y(q+1)n+m

(h))-
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Therefore, cohsidering the new initial value problem, by (3.19)

3 & 1

AX
Y{q+1)n+m fh

1h % % ax0 3 4
' {E[E_yo = Mg+ mgg * ngp e T+ 0(h)),
(3.25)

By substituting (3.24) into {3.25) and rearranging,

n(*} - A({g+1}x+mh)
y(q+1)n+m(h) - yoe

3 .

+ {[_ ﬁ—yo((q+l)x+mh) + %(nzo + n21)]eh((q+1)x+mh)}h2
3

1 A{g+tl)xtmh) 3
g Lyo - dmgg ¥ myg * mgy Je gy,
4 ~ .
+ 0(h"), x = X, © GN' (3.26)
and the corollary is proved by induction. Q.E.D.

When m = 0 the equation (3.20) becomes

3
) + = 2y +’12(”20“* nyplle
6 .

_ ANX

kNx}h2

3
1,2 X, 3 4
+ {24—Ey0 = Ay ¥ mgg + mgplet T+ 0(h7), (3.27)

and yﬂé*)(h) gives the value at x, = Nnh = Nx after filtering at the

Nn
points  x, 2x, s+« Nx.
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(b) SIMPSON'S RULE

This analysis is similar to the analysis done in (a). In Chapter 2 it
was_ shown that Simpson's solution has the asymptotic expansion,

- AX
yn(h) = ¥ge

) n
A 1 | 1A% -1) -ax/3,.4
t{l=ypx + —lngg +ongy ) Je™ S ngy /2
180 2 2
+ - ‘Afyo - g"‘“40 - gy * gy * gy e
2° 180 ° 3 3
+ (-1)n[ 7\5 + EM] + 'lTl ¥ e = 1 ]e-'?LX/3_}h5
. .Egaﬁo 740 * M1 T M50 T 51 ,

+ O(hﬁ), X = x € GN'

for the test equation (2.18) with the starting values {2.34). Thus, by
(3.5) and (3.7) after application of the filter

. 5
y:(h) = yOerP(es) + Lilyoehx[xP(es)-+t1£LP(eS)]
T 180 2s

. n . )
+~;— [TI40 + ™ ]e,?\-xp(es) + (-1) [7140 - 7)41 ]e 7\)(/3P(_e 5/3)}h4
5
1 A 2 A Aems S
t {" [' —Y¥n - =M1 - =1 + 7 + 7 ]e P(e>)
> ¢ 1g0°0 340 T 3Ma1 T Ts0 T o1

R4

5
(-1)" A 2 A -AX/3g; ~S/3y 1.5
+ { + Zan + 2y + 7 - ]E P(-e )}h
) 35550 37740 T 341 T 50 T M5
+0(n®), x= x_ ¢ 6. ' (3.28)



-42-
A
When the conditions (3.10) - (3.12} are applied to this case the equation

similar to (3.13) becomes
. .
yo(h) = yoehx(l+0(sN+l))

5
+ {%aayoekx[x(l+0(sN+l)) + h O(sN)]

(-1)"

* %[ﬂqo + N41, ]e}\x(l“"O(SN'ﬂ” + 5 [ﬂ40 T M1 ]eﬂu/30(5M)}h4
5

1 A 2 A AX N+l
+ {_[_ —¥n~ - ZA7 - = +.T] + 7 ]e (1‘1‘0(5 )

2" 180 0 3 40 3 4] 50 51
+ (—l)n['—-ﬁls 0 * Ay * gy + gy - gy JeTM0(s™) o’

2 180 3 y 3

6 - -

‘+ O(h ?, X = X € GN. (3.29)

5 :
The term {-—-}f—yoe?‘xx[l+0(sN+l)]}h4 in (3.29} shows that this procedure
180 *

is unable to improve the order of the method.. It suggests taking N = 4.
“In order to apply extrapolation it is necessary to reduce the oscillating
part up to 0(h6). This suggests taking M = 2. Thus, the equations similar
to {3.14) are

PleS) =1+ 0(s%),

(3.30)
p(-e”S/3) = 0(s?).

Equation {3.30} consists of seven linear equations which can be solved

for at most sev%E/unknowns (i.e. for any seven aj‘s). This set of unknowns

is generally not unique and may be written,

L
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()

(2)
ta -2’

A, (2) () {2) .(2)

g=17 %9 %41 Y420 a(l)} L= -3:-2a_1’0:1,2:3)

a 243

d

where, for-.-example, the case £ = -3 is the case ry = 6, ro = 0 and the
case £ = <2 is the case ry = 5, ro = 1 and so on. Now elementary linear
algebra shows that, in all the above cases, the systems of linear equations
are linearly independent and can be solved uniquely for seven unknowns. In
each case, result yields a filter involving seven terms.
A general-filter may be written |
3

jz-s o

P (E) = (el o= 3,-2,-1,0,1,2,3. (3.31)

THEOREM 3.1.b -

Among the above seven filters, the filter P0 is symmetric and for that

filter {PO(QF) - 1} and PO(-e—S/3) contains only even powers of s (i.e.,

are both even functions of s).

PROOF

The proof of the theorem is similar to that of Theorem 3.l.a. The

symmetric filter is ﬁ\\\
\ N |
L PolE) = e - 6e72 4 1567t 4 44+ 15E - 6E° + £3). (3.32)
‘ 64 |

Tables (3.1.b}, contains’ the values of the coefficients for all seven

filters. Q.E.D.
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.1.b

TABLE 3

Coefficients of seven-termn filters of Simpson's rule.

(2) () | o, (2) (2) (2) (0l ., (2)
FILTER | 64a, 3 | 6%a, %) | 642 %) 642 64a 1 | 64a 5| 64a s
Pg 5 -18 15 20 -45 30 57
P, -3 10 -5 -20 35 42 5
P 1 -2 -5 20 39 14 -3
Po 1 -6 15 44 15 -6 1
Py -3 14 39 20 -5 -2 1
P, 5 42 35 -20 -5 10 -3 -
P, 57 30 | -45 20 15 -18 5

Let Pl(es) =1 + a555 + a656 + a7s7 + a858 + 0(59)

and

L

p (—e's/3)

= (3252 + [3353 + [3454 +'[3555 + [3656 + ;3757 + 0(58).

Tables (3.2.b) and (3.3.b) give the values of the coefficients « and 8,
respectively, for all seven filters.

TABLE 3.2.b
Coefficients aj(5'f J < 8) of Taylor expansion of {Pl(es)-l} about 0.
FILTER 16a5 64a6 192a7 256a8
P_3 -3 35 -165 245
P, 2 -15 50 -55
Py -2 3 -7 5
P0 0 1 0 1
P1 2 3 7 5
Py -2 -15 -50 -55
Py 3 35 165 245




Y 1.

s TABLE 3.3.b
.Coefficients Bj(Z < J < 7} of Taylor expansion of Pﬂ(-e“s/3) about 0.
| o
FILTER | 368, | 108, 9728, 3888, |2099520p, |20995208,
P_3 15 35 150 217 34905 8935
P, 5 10 35 42 6035 1210
P, -1 2 313 61
P0 -3 0 -3 0 -141 0
Py -1 -1 2 -3 313 -61
P2 5 -10 35 -42 6035 ~-1210
P3 15 -35 150 -217 34905 -8935

Finally, it is seen that these seven filters (Table 3.1.b) are the

filters introduced by M. Iri in [Iri 1964]. But his suggestion is to use

the filter P_3. The above analysis shows the advantage of using the

symmetric filter P0 rather than any other, necessarily non-symmetric,

-

filter. Now the application of the symmetric filter Py is considered.

By tables {3.2.b) and (3.3.h),

yo(h) = ygeM[1+0(s%) ]
5 .
+ [y M Ix10(sP)en 0(s%) ] + Ling + nyy Je™(100(s%)
180 - 2
n
' (-;) (ngg = gy J™ 0%y’
5
1 A 2
+ =- —y ..._.)\_ - + + (1+0(S ))
El Tag0 ™ M40 3”41 50 T151]

('1)n{[ 5 ¥ ZK + ¥ _' ]
) 155*0 g‘”4o ';”41 M50 = Mgy )¢

“M/30(52) 1
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|
+ 0(h®),
4
= yoeu + {(.L_yox + —(1’]40 + n41))elx}h4
180
5
1 A 2. A M5
=l = —=yy - SAngg - =myy * mgg tongyde’ 7
> 1e00 T3 M0 T 3™aL T Tso T T
6 _
+ 0{h"), x = X, € GN. {3.33)

Now it is clear that the symmetric filter reduces the oscillating part
by a factor of h and keeps unchanged the harmless part up to O(hs}. Table
3.2.b shows that the other six filter® do not have this latter properly
since ag 2 0.

" COROLLARY 3.1.b

* . .
Let yﬂ{ )(h) denotes the numerical value at Xy = Mh by Simpson's rule after

one filtering at every n steps with the last filtering at iM. Then for

fixed positive integers n and m { < n-1)}, and for any positive integer N, ]

n{*

) _ A(Nx+mh)
MpemM) = Yoe

Fl

5

A 1
(o) + Zngg + mgy)

+

]eA(Nx+mh)}h4

5
1 A 2 A A{Nx+mh) ,.5
- =g - g - Sy g gy Je th
? 180 0 3 40 3 41 50 51

+

6 -
0(h~), 5 =X E_GN' (3.34)



-
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© PROCOF ' -

Again mathematical induction on N is used here and it is assumed that

(3.34) is true for all positive integers ¢ q.

Thus, by (3.34)

n(*) - Al gx+mh)
yqn+m(h) Yot
‘? -
5 ' .
+ {[J—yo(qx+mh) + '];(Tl40 + ﬂ4 )]EL(QX+mh) }h4
180 2\\\\\“
5 i
1 A 2 A Algx+mh) .5
+ {=[- =y, - Mgy - Smpg F ey T ongq Je th
5" 1800 3 40 3 41 50 ) 51
£ o(n®y, «x = X, € Gy, o (3.35)
and —
n(*) _ o aMgx+mhth)
yqn+m+1(h) Yo®

5
+ {[—A;yo(qx+mh+h) +.l(n40 + n4l]e?x(qx+mh+h)}h4
180 ' 2 - |
5 I

1 A 2 A \ A gx+mh+h) |, 5
+ {=[- - Sy - =ngy t Neg F Tgq Je , th

oL Ta0 0 T 3MMo T3 T M50 ¥ Tl

—

+ O(hs), X = xn € GN. a " (3.36)

Now a new initial vqﬁue problem

*

) * * *
y ' =w o,y (0) =y,

) . * *
can be started at (q§+mh) with starting values jgéfé(h) and y2£+%+l(h)'
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3

If the starting values yn( )(h) and yn( ) (h) have asymptotic expansions

qn+m qn+in+l
in the form
y") oy = *('t;) + % Yo+ o), 4= 0,1
.y 1 .T]" ] = »4
qn+m+1 j=4 J1
then by {3.35) and (3.36)
* *
vy = yl0) = yoeh(qx+mh)
x 5 algx+mh} - \
(3.37)
A
4
5
* _ 1 A 2 A A gx+mh)
Mgy = —[~ —¥g ~=Agg = =Mgy * Mgg * N gy IE .
.50 ? 180 0 3 4Q 3 41 50 514 . »
5 .
* +mh+
T)41 — [—yo(qx+mh+h) +_(n40 + ﬂ41)] K(CIX mh+h}
180 |
5 .
* 1 A 2. - A A gx+mh+h) - _
51 T 5{‘ Teo® T30 "M T s 7 ngy Je > X=Xy € Gy

It is clear that the first filtered value of the new initial va1ye

problem at the next nth step is the same as the éq*l)St filter& value of

the original initial value problem (i.e. y?é:%)n+m(h))‘ .

Therefore, considering the new initial value problem, by !3,33)

. 5
n{*) _F X AT * 1, * * A b
Yigrnem = e + {[=rgx + 2ngg + ngp) Je™
. {1[ Asy* ZK * A\ K ; * . * ] Kx}hS
== —¥y5 = =Ayp - - 59 * Mg1 .8
2 180 0 40 3 41 50 . 51
6 ) | ) | _
+ 0{h"), X = xn c GN. (3.38)
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<k - . * 4 /

By substituting (3.37) into (3.38) and rearranging,

(%) _ o A((gHL)xemh)
y(q+1)n+m(h) Yot ;
5
+ (=Lyg(ariyemh) + g + + ) Jert{artixtmn) o8
180
5 ,
1 A 2 A alq+l)x+mh} . 5
*E- =g - Sy - Sngy tomgg tomgy B th
> Tgg0 T30 T 3MaL T M0 T sl
. —_
6 e |
+0(h"), x-= X € GN’ '(3.39)
then the corollary follows by induction. Q.E.D.
° ',
When m = 0 the equation (3.34) becomes '
5
*
yad ) = yge™ o (Lyoix + Ly gy et
180 2 (3.40)
5
1 A X .5
+ = =y --—A R L N S T 0“‘)
5 .180 M40 3 41 50 51
and y ( )(h) gives the va]ue at x,, = Nnh = NX after filtering at the

Nn

: | /
points X/ 2x,ses,Nx. (i;/ -7\5
, . - .

3.31}EXTRAPOQATION QT‘

‘—’-\
For any initi31’§a1ue problem, let y(x;h) denote the numerical

e

solution at x = a + nh, computed with steplength h. Suppose that y(x;h)

has an.asymptotic expansion in the form : - e
) {

L

hp+1 + oo|,+ ANL}]N + 0(hN+l), h -+ 0, £3-41)

Y

> .
ny = P
yOh) = y(x) + Agn +’Ap+1

£



o
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where y(x) is the exact solution of the initial value problem at the point

x, and the constants A., A

p’ p+l"'°’An are independent of h.

Let y{0= yogn2l), i = 0,1,2, e

Then
(0)_ p p+tl . ... N+1
Yo = y{x) + Aph + ﬂp+1h + * Ay h + 0(h™ ),
(3.42)
(Y
R N (VI LR N (VLA R WIS
L4
and
(0)_ p ptl | ... N N+l
yp = yix) + Ap(h/4) Aoy (/4P + + Ay(h/8)" + 0(n"77).
By taking the linear combination
y(o)_.y (0} A '
MU 0 . yixy - el ety M (_H- DRt 4 O(hN+1),
. 2P 2(2P-1) (2P-1) 2
P .. . {1y cr . (1) .
the Towest power h" is eliminated in Yi o and it is clear that ¥y ' gives

a better approximation to y(x) than either yo 0) or yio).

Similarly taking the linear combination

FORMU) a0 .
yi1) 70 = y(x)- __E____( D s N

: 2P~1 2(2P-1) ¢ (2P-1) 2

LTT - l)( ) + 0(n
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p . Ry
the lowest power LE) is eliminated in yél); and it is also clear that yél)
2 .
gives a better approximation to y(x) than either yio) or yéo).
Again the linear combination
2p+1y(1)_ y(l)
(2) 2 1 p+2, -
y = = y(x) + 0(h"™ ")

2 2p+1_1 .
. ' ; °
eliminates the Towest power hp+1 in yéZ) and clearly yéz) is a better
approximation to y(x) than either ygl) or yél). . *

This approx%mation procedure, by eliminating successively higher
powers of h can be continued as far as terms involving hN; it can be
summarized by the following algorithpm: ’

y O = o2, 0= 012,45,

{3.43)
mtp-1_{m-1)  {m-1)
‘ 2 Y =y
.y:]m) = ‘ . n-1 , M =1,2,¢c0, N = m,m+1,---,
-l
or by the f011oﬁing diagram
0
e
(0) (1) / '
Y y -
J?, 1. '
0 1 2
A0 0
0 1) 2 3
Yé ) yé ) Yg ) yg ) -
\.
" (0 1 2 3 4
N
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But this algorithm is precisely the-Nevi11é procedure for polynomial
extrapolation of the original data to the value h = 0. It is thus a
process of polynomial "extrapolation to the limit" which is justified by
athe,asymptotic'expanéion (3.41).

3.4 APPLICATION OF EXTRAPOLATION TO THE *FILTERED SOLUTION

’

{a) THE MIDPOINT METHOD
The filtered solutions by the Midpoint method may be extrapolated
twice at the point Nx = Nnh. Thus, with the notation in Corollary 3.1.a,

n(*) by nl*)h n(*) h
Yo (s Yoy C)s and gy

-

) have to be computed wiiq steplengths h,

h/z'and h/4 respectively.

Suppose that the Midpoint method is used with the Fo]]oJ{ng-starting

values, -
i ST C TR IL B
n(h/2') = y(nif72'y + Lo (0/270) 00T, i =0,1,2.  (3.44)
m= .

Clearly i = 0,1,2 are relevant to the steplengths h,\E/Z and h/4 respec-

tively. Since the initial condition is exact

(i) _

Atl =0, =0, m=2,3, i=0,1,2. .//(,(3.45)
Thus, by (3.27)}, (3.44)}, and (3.45)
.3
*
vy = ygeMe s (i Ryghe + 2ogy 10
: (3.46.0)

3 .
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FE

-

33

1
ygén)(h/Z) - 3"0‘:"?\Nx * {[“'gfyONx ¥ l'éi)] kNx}(h/Z)
(3.46.1)
3 .
+ {-é[%-yo + ngj)]e"“"}(h/a)3 + o(h"),
3
Yiaun (0/4) = v+ {[- -;—‘—yoN" + Lo {21 1M jnsa)?
(3.46.2)
3
+ {i[’ﬁ‘—yo + 2™y 0,

where x = nh = 2n{h/2} = 4n{h/4).

With the above notations it is clear that

L

(*)(h) = y(Nx,h} = y(O),

INn

ygr(dn)(h/Z) = y(Nx,h/2) :,y£0);’

ygén)(h/4) = y(Nx,h/4) = YQO)’ < = nh -
LEMMA 3.1.3

A necessary and sufficient condition for applyiﬁg extrapo]jtion to the

filtered solution at Nx = Nnh by the Midpoint method is that

{0y _ (1)_ (2) (0)y_ (1), _(2)
1 nZl‘ Moy » M31 =~ N33 ~ M3p » - (3.47)

in (3.44).

PROOF

The proof is very clear by examining coefficients of (h/21)m,

i =0,1,2, m=2,31in (3.46). * Q.E.D.
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NOTE

It is not always possible to realize the condition (3.47) unless the
exact solution is known. Therefore to obtain appropriate starting values
an one-step method of order 4 is suggested. Otherwise an one-step method

of lower order could be used with appropriate extrapolations. They would

v )< ff = off 0

-

(b) SIMPSON'S RULE
| The filtered solution by Simpson's rule may be extrapolated twice at
the point MNx = Nnh. Thus,_with the notation in Corollary 3.1.b,

* * : * .
yﬂé )(h), ygén)(h/Z), and yzén)(h/4) have to be computed with steplengths
h, h/2, h/4 respectively.

Suppose that Simpson's rule is used with the starting values

. . 5 : .
W20 = vtz v 32 0n®), =0 (aae)

- €learly i = 0,1,2 are relevant to the steplengths h, h/2 and h/4 respec-

tively. Since the initial condition is exact,

(1:]) : 0, n = 0: m =.4:5: i= 0:1’2' (3'49)
AN
Thus, by (3.40}, (3.48) and (3.49)
n{*) ANX AS 1 (0} 1 aNx, 4 ?
Yan (M) = yqe +.{[——ay0Nx gy 0T dh
180 2 '
(3.50.0)
. 5 L A
1 A A {0) (0) 1. ANx,,.5 6 .
A g - Sy +ongy MY+ 0(h®)
P 180 0 3 41 51
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5 .
4
ygén)(hIZ) = yOeRNx + {[ISOyONx + éﬂgi)]e§Nx}(h/2)
&,’l
5
1 A1), (1) 9oMix 5 6
w [A- Ay -2 eMX3(n/2)° + 0(n®),
Gl =0 -y * 61 ]
and
5
9V (hsa) = y e e [y +.§ b2 e /ey
5
1 A A (2) (2) mx 5 .6
+ = —y, - = + {h/8)” + 0{h"},
{2[ 180" 0 3”41 5y ] |
where x = nh = 2n(h/2) = 4n(h/4).
LEMMA 3.1.b

A necessary and sufficient condition for applying extrapojation

filtered solution at Hx = Mnh by Simpson's rule is that

(0) _ (1). (2) (0} _ (1) _ .(2)
a1 T M1 T M4+ Mgl T 51 T Mg

in (3.41).

PROOF

(3.50.1)

{3.50.2)

Q

to the

(3.51)

The proof is very clear by examining the coefficients of (h/21)m,

i =0,1,2, and m = 4,5 in (3.50).

Q.E.D.
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NOTE
E— %

It is not glways possible to realize the condition (3.51) unless the
exact solution is known. Therefore o obtain appropriate starting values,
an one-step method of order 6 is suggested. Otherwise an one-step method

of Tower order could be used Jith appgopriate extrapolations. They would

(0) _ (1) _ (2) _ (0) _ (1) _ (2) _
41

‘give mgy - =gy =gy =0 and ngyt = agyt o= ngy = 0.

fa}



-57-

CHAPTER 4

NUMERICAL RESULTS

In this Chapter the preceding resuits are illustrated by their
application to several initial value problems, specifically, a linear test
equation, a non-linear equation, two systems of linear equations and the
echinodome equation. |

The‘test equation(and the first system of linear equations were solved
by both the Midpoint method and Milne's method. The non-linear sing]e‘\\
equation was solved by the Midpoint method and the echinodome equation was
solved by Milne's meE?od.

In all examp1eé results based on one of the non-symmetric filters are

shown together with results based on the corresponding symmetric filter

followed by extrapolation. The formulae

P,E) == (11 + 12670 - 6e? - ge7 4 37
16
and
p_y(E) = = (57 + 307t - ase? + 2087+ 1567t - 18870 + 5E70)

64
N
define the non-symmetric filters used with the Midpoint method and Milne's
method respectively. 4\4
In every case filters were applied at every 10 steps at steplength
h = 0.1 in the First four cases and h =1 in the Tast ca§e. In Milne's
method- the corrector {Simpson's rule) was iterated three times.

A1l computations were done in double precision on the AMDAHL 470 V8

computer at the University of Ottawa.
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EXAMPLE 1
The test equation is
y' = -y, y(0) = 1.
The exact solution is y(x) = e™®. Results by the Midpoint method and

Milne's method are given in Tables 4.1.a and 4.1.b respectively.

EXAMPLE 2
The an-linear single equation is

y'=1- yz,' y(0) = 0.
The exact solution is y{x) = tanh x. This equation was solved by the
Midpoint method and results are shown in Table 4.2. This example was
taken from [Iri 1964 | and used the non-symmetric filter introduced and
used in that pqpéF forAthe same method. It was inserted here to compare
Iri's filtered solution with the symnetrically filtered and extrapolated

sglution.

—

EXAMPLE 3

The second order differential equation
y'rxy' +y =0, y(0) =0, y'(0) =1

was converted to a system of two linear equations

yl =Yoo . }’1(0) 0,

<
N
'

0 % =Yy~ Wy, ¥o(0) =1, :

by letting y = Y1 y' =.¥p. The exact saiution is

e X 2
y(x) = (- iz-) Oj et /24,
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This system was solved by Milne's method and the ‘integral” | eip(tg/Zldt was
. 3 .

obtained by the IMSL subroutine DCADRE. Results are shown in Table 4.3.
This example was also taken from [Iri 1964 ] and used the non—symmetrié
filter introduced and used in that paper for the same method.

The purpose of this examp]é is to illustrate the well-known weak
instabi]fty of Milne's method and its correction by filtering; moreover the
“error in the nonoscillatory filtered solution is further feduced by

extrapolation.

EXAMPLE 4

The system of 4 linear equations is

y' = Ay, y(0) = (1,0,1,0)7,

where
-4 2 0 2
A= -4 1 1 21
-2 1 -1 2
'-f’ 1 -1 2 “‘
The exact solution is
¥y *® e tcost-3etsint ,
Yp = 3¢t sin t .
yq = e't cos t - 2¢7% sin t, S
Yq = 2¢7 % sin t .

This example was taken from {Milne and Reynolds 1960 ] and results “are shown
in Tables 4.4.a and 4.4.b for the Midpoint method and Milne's method

respectively.
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EXAMPLE 4 . 573

The echinodomé equation

y = ez, £ > 0 small,
X

2

was solved with steplength h = 1 by Milne's method with the symmetric
filter Py and the ;xtrap01ation (SE) and the non-symmetric filter P 3. It
was also solved by the explicit improved/modified Euler method (EIME). The
ipitia] conditions were y(0.001) = 1000 and z({0.001) = 0.000 009 68.
Fina]]y an approximgte solution with errer O.QEQ 001 was obtained for
comparison purposes. This exémpje'was taken from [Sofoluwe et &1., 1981 |.

Near the singularity of the solution, EIME gave a better solution than SE,

while otherwise SE gave & better solution. Results are shown in Table
s

-

4.5\ ! HJ
\‘. -
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In tables 4.1 to 4.5 the following notation is used:

- Y
x - value of -the indepehdent-vdriable' ' (j
TR - exact {true) solution at x )
NU - numerica] solution at x without filtering
ﬁs - solution at x by the numerical method with the non-symmetr;c“filter 'ﬁi
SE ;- solution at X by the numerical method with the symmetric filter ~

followed by extrapolation. -

E%(NS} - percéntage error at x by NS
' %
EL(SE) - pe?centage error at x by SE
. §

APPROX - approximate value to 107° »

<

5

EIME - numerical solution by the explicit improved/modified Euler method

In Tables 4.4.a and 4.4.b the four values indicated with each value of
rl" .
x from top to bottom are the values of the components yy, Yo, ¥3 and Y
respectively. -In Table 4.5 the pair of values are y and z from top to

bottom.
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e | ABSTRACT

The accuracy of a numerical solution of an initial value problem

y' = flx,y) y(0) = y, .

—

obtained by a linear multistep method of order p whose first characteristic
polynomial is p{z) = 22 - 1 may be improved by the combined application of
processes of filtering and extrapolation. These processes are derived and

Justified by means of asymptotic expansions

(h) = ()+N'1( (x) + (-1)" _(x))h™ + o(nM)
yplh) = yix mgp e (% -1) e o (x

of the global analytic truncation error in the numerical solution. The
combined process is illustrated by numerical solutions based upon the

Midpoint and MiTne-Simpson integration formulae applied, among others, to

the Tineapizegd test equation

y' =N, y{0) =y,
The filter used 'is shown to be more effective than one préposed by M. Iri

[A stabilizing device for' unstable numerical solutions of ordinary

differential equations - Design principle and application of a "“filter",

-
P, SR

o
Inf. Proc. Japan 4 (1964), pp. 65-73] and makes possible the application of

two steps of polynomial extrapolation [see W. Gragg, Repeated Extrapalation

Lo

to the Limit in the Numerical Solution of Ordinary Differential Equatibns,

Ph.D. Thesis, UCLA, 1963 ].





