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bstract

This thesis is concerned with the dynamics and bifurcations of spiral waves in excitable

media with spherical or approximately spherical geometry (e.g. cardiac tissue).

First, we study parameter-dependent systems of reaction-diffusion partial differential equa-
tions on a sphere which are equivariant under the group SO(3) of all rigid rotations on a
sphere. Two main types of spatial-temporal patterns that can appear in such systems are
rotating waves (equilibrium in a co-rotating frame) and modulated rotating waves (periodic
solution in a co-rotating frame). The transition from rotating waves to modulated rotating
waves on spherical domains is explained via a supercritical Hopf bifurcation from a rotating
wave and SO(3) symmetry. The Baker-Campbell-Haussdorff formula in the Lie algebra
so(3) is used to get a formula for a primary frequency vector, as well as a formula for the
periodic part associated to any modulated rotating wave obtained by a supercritical Hopf
bifurcation from a rotating wave. In the resonant case, the primary frequency vector of
the modulated rotating wave is generically orthogonal to the frequency vector of the initial

rotating wave.

In the second part of the thesis, we study the effects of forced symmetry-breaking from
SO(3) to SO(2) for a normally hyperbolic relative equilibrium. This is done by intro-
ducing a small SO{2)-equivariant perturbation into the above reaction-diffusion system.
The relative equilibrium persists to a normally hyperbolic SO(2)-invariant manifold that
is SO(2)-equivariant diffeomorphic to SO(3). The perturbed SO(2)-equivariant dynamics
on this manifold are studied by using the projection onto the orbit space SO(3)/50(2).
Depending on the frequency vectors of the rotating waves that form the relative equilib-
rium, these rotating waves (up to SO(2)) will give either SO(2)-orbits of rotating waves

or SO(2)-orbits of modulated rotating waves (if some transversality conditions hold). The

iv



orbital stability of these solutions is established as well.
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hapter 1

Introduction

1.1 Literature Review

The subject of this thesis is the spatio-temporal dynamics of spiral waves in excitable media
with spherical or approximately spherical geometry. The study of dynamics and bifurca-
tions of spiral waves is very important, because, for example, it may provide a clue to the
cause of certain cardiac arrhythmias, which can lead to ventricular fibrillation.

There has been considerable activity in recent years, both mathematical and experimental
(numerical and physical), on spiral waves and scroll waves in excitable media. Spiral waves
and scroll waves are spatio-temporal patterns that have been observed in numerous physi-
cal situations, ranging from Belousov-Zhabotinsky chemical reactions [42], [88], to cardiac
tissue [14], to slime-mold aggregates [25].

In 1946, Wiener and Rosenblueth [80] introduced the concept of excitable media to explain
cardiac arrhythmias caused by spiral waves. They introduced the notions of refractory,
excitable and excited states and described pinned spiral waves geometrically. In 1952,
Turing [76] proposed a mechanism for the formation of patterns in reaction-diffusion sys-
tems. Spatio-temporal pattern formation in chemical systems was first found by Zaikin and
Zhabotinsky [88]. They observed target patterns. Two years later, Winfree [81] found spiral
waves in the Belousov-Zhabotinsky reaction.

There is a well-developed physical theory of rigidly rotating waves, namely the kinematical
theory, which describes the movements of the spiral wave in terms of the local curvature of

the wave front. The basic assumptions of the kinematical theory are a linear dependence



of the normal propagation velocity on the curvature (eikonal equation) and a linear depen-
dence of the tangential velocity at the free end of the curvature.

As we outline below, over the past few years, a mathematical theory for planar spiral waves
has been developed. However, for scroll waves in R® and spiral waves on spherical domains,
there are more numerical results than mathematical results.

The equivariant dynamical systems approach to spiral waves was initiated by Barkley [4]
who performed a numerical linear stability analysis for the basic-time periodic spiral wave
solution in a reaction-diffusion system on the unbounded plane and showed evidence of a
Hopf bifurcation. In particular, a simple pair of eigenvalues was shown to cross the imag-
inary axis while three neutral eigenvalues lie on the imaginary axis and the remainder of
the spectrum is bounded into the left-half plane. Later, using an ad hoc model, Barkley
[5] was the first to realize the key importance of the group SE(2) of all planar translations
and rotations in describing the dynamics and bifurcations of planar spiral waves. The first
rigorous mathematical theory of planar spiral waves was carried out by Wulff [84]. In her
thesis, Wulff studied the external periodic forcing of rotating waves which leads to modu-
lated rotating waves or modulated travelling waves, and also proved a SE(2)-equivariant
Hopf theorem for the bifurcation from rotating waves to modulated (rotating or travelling)
waves in autonomous systems. The external periodic forcing of rotating waves was stud-
ied using a contraction mapping theorem on scales of Banach spaces, and the proof for
the SE(2)-equivariant Hopf theorem for rotating waves was based on Liapunov-Schmidt
reduction on scales of Banach spaces. In both cases, it is shown that modulated travelling
waves emanate if the rotation frequency is a multiple of the external frequency, respectively
the modulus of the eigenvalue leading to Hopf bifurcation. The main difficulty comes from
the fact that the group SE(2) is noncompact and the action of SE(2) on the usual spaces
of functions is not smooth. The proofs in [84] are based on the basic assumption that
the linearization at the rotating wave in the co-rotating frame does not exhibit continuous
spectrum near the imaginary axis.

Later, Sandstede, Scheel and Wulff [70] proved a finite-dimensional center bundle reduction
theorem near a relative equilibrium Gug of an infinite-dimensional vector field on a Banach
space X on which acts a finite-dimensional Lie group (not necessarily compact). This gen-
eralizes Krupa’s results on bifurcation from relative equilibria [46], from compact groups to
noncompact groups and from finite dimensions to infinite dimensions. Using the results of

[70], the Hopf bifurcation from one-armed rotating spiral wave to meandering waves can be

[



studied [26], [70].

In the case of a one-armed rotating spiral wave, the relative equilibrium SE(2)up is diffeo-
morphic to SE(2), which is diffecomorphic to C x St. The reduced differential equations on
the center bundle SE(2) x C are given by

p = eiqbf(qa)‘)y
¢ F*(q,N), (1.1.1)

g = Fq(qv)‘)v

Il

where F?(0,0) = wyot, F9(0,0) = 0, £(0,0) = 0. The rotating wave ug corresponds to g = 0
at A = 0 and to the solution (0,w,qt) for the first two differential equations in (1.1.1).

In case of a supercritical Hopf bifurcation we have d,F(0,0) = iwg, Re (d F}(0,0)) # 0. It
follows that for any small XA > 0 there is a meandering spiral wave which becomes a drifting
linear wave if w1 (X) = kwy(A), for some k € Z, where wy(A) is the frequency that appears
due to the Hopf bifurcation and wi(A\) = “”—22%’\—)1 foﬁfs—(_ﬂAT F?(q(t,\), \) dt, and q(t, A) is the
{w—g&)—( periodic solution of the third differential equation in (1.1.1) that appears due to the
supercritical Hopf bifurcation for ¢ =0 at A = 0.

Center bundle reduction has been used to study other bifurcations of spiral and scroll waves
in spatially extended systems [71].

The idea of a finite-dimensional center manifold reduction and the skew-product form of
the reduced differential equations on this finite-dimensional center manifold are extended
to relative periodic orbits in [47] and [71].

In [85], a G-equivariant semilinear system of parabolic equations (where G is a finite-
dimensional possibly non-compact Lie group) is studied. In particular, the periodic forcing
of relative equilibria and resonant periodic forcing of relative equilibria to relative periodic
orbits, as well as Hopf bifurcation from relative equilibria to relative periodic orbits are
treated using Liapunov-Schmidt reduction. Resonant drift phenomena are also studied.
Then, these results are applied to the planar spiral waves.

For the skew-product finite-dimensional system of differential equations on the center man-
ifold near a relative equilibrium [20], the normal form method which further simplifies the
system is presented in [21]. The normal form for the case G = SE(NV) is obtained. Then,
the known results regarding the meandering and drifting of planar spiral waves are recov-
ered, as well as new results regarding the relative homoclinic and heteroclinic trajectories

to relative equilibria of SE(2)-actions.



In [66], Scheel shows that for a large class of reaction-diffusion systems on the plane, m-
armed spiral waves bifurcate from a homogeneous equilibrium when the latter undergoes a
Hopf bifurcation. This was done using spatial dynamics.

Aswhin and Melbourne [2] have also extended to the non-compact case the results of Field
[22] and Krupa [46] regarding the sharp upper bounds on the drifts associated with rela-
tive equilibria and relative periodic orbits in equivariant dynamical systems with compact
Lie groups G. For the case G compact, it is known that for relative equilibria consisting
of points of trivial isotropy, the drifts correspond to tori in G and generically these are
maximal tori. Analogous results hold when there is a nontrivial isotropy subgroup %, with
G replaced by N(X)/%, where N(X) is the normalizer of ¥. Similar results are valid for
relative periodic orbits, with maximal tori generalized to Cartan subgroups. Thus, if G
is noncompact, the drifts correspond to tori or lines (unbounded copies of R) in & and
generically these are maximal tori or lines. Which of these drifts are preferred, compact
or unbounded depends on G. These results were then used to obtain predictions for the
drifting of the scroll solutions considered by Winfree and Strogatz [82].

In [27], it was argued that not only is Euclidean symmetry sufficient to observe meandering
in physical space, it is also, in some sense, necessary. In fact, Hopf bifurcation from rotating
wave to modulated rotating wave occur in many different physical systems, but the man-
ifestation of this transition in physical space depends on the underlying symmetry group.
In this sense, the translation symmetry is necessary in order to observe meandering.

The Euclidean-equivariant center bundle approach has also been used to try to explain
the so called transition from rigidly rotating waves to linearly translating retracting waves.
Aswhin, Melbourne and Nicol [3] proposed that this transition is a drift bifurcation.

In summary, the Euclidean-equivariant center bundle approach has been remarkably suc-
cessful at explaining many of the experimentally observed dynamics and bifurcations of
spiral waves.

However, the Euclidean symmetry is an approximation, since no physical experiment is
infinite in spatial extent. There are indeed experiments on planar spiral waves which ex-
hibit some phenomena which cannot be explained by Euclidean symmetry alone: boundary
drifting [86], [89], spiral anchoring on localized inhomogeneities [14], [57] and repelling by
localized inhomogeneities [57].

Boundary drifting has been observed in situations where size of the spiral core is comparable

to the size of the spatial domain of the experiment. In this case, the spiral is attracted to



the boundary of the domain and then drifts around the boundary in a meandering motion.
The spiral waves with smaller cores do not drift around the boundary: the spiral tip goes
straight through the boundary without any impediment [50]. When local inhomogeneities
are present, the spiral is attracted to these inhomogeneities, migrate towards them, and
then rotate around them. Some spirals are also repelled by these inhomogeneities [57].

There are also experiments [36] in which two dynamic attractors, called entrainment attirac-
tor and resonance aitractor are seen, which attractor is observed depends on the initial con-
ditions of the experiment. As has been shown in LeBlanc and Wulff [48], these phenomena
are generic consequences of imperfect Euclidean symmetry. Specifically, they have stud-
ied the effects of translation symmetry breaking on normally hyperbolic relative equilibria
and normally hyperbolic relative periodic orbits in general systems of Euclidean-equivariant
differential equations which undergo a small perturbation that breaks the translational sym-
metry, while preserving rotational symmetry. For the case of normally hyperbolic relative
equilibria, LeBlanc and Wulff proved that the relevant perturbed dynamics are described

by a general class of ordinary differential equations on C x S! of the form

p = e+ eGP(pe™i?, B, €],

. ) ) 1.1.2
¢ = Wrot T €G¢(pe—1¢’pel¢’ 6)7 ( )

where v € C is constant and wye is a real constant, G®, GP are sufficiently smooth and

0<egl.
They introduce the following change of coordinates w = pe~*® and the system (1.1.2)

becomes
W = v — it + €]GP(w, T, €) — iwG?(w, W, €], (11.3)
¢ = wrot+ €G?(w,T,¢), h
where it was assumed that v # 0. Let
v v v v v
G,:Gp T s T O—ZGQB B~ 50—, qu y T 07
' W('Lwrot Wrat ’ ) ( Uddrot Wrat ) Wrot w( Whrot Wyt 7 )

h(w, W, €) = GP(w, W, ) — iwG®(w, T, €),
HY(2,%,€) = h(z + —— 7 — ——, ¢),

y -
ot Wrot

and
27
I(p) = Re[/ e TS HY (pe't pe "t 0) dt], where s = —sgn{wre) = *1.
0

If wror # 0, the following theorems are obtained in [48]:



Theorem 1.1.1. There exists a sufficiently smooth branch of equilibrium points w(e) (e > 0)
of the first equation in (1.1.3) such that w(0) = —*

Wrot

Generically, Re(ai) # 0 (that is the equilibrium w(e) of the first equation in (1.1.3) is

generically hyperbolic).
For small € > 0, the eguilibrium w(¢) is locally asymptotically stable (respectively unstable)
if Re(ay) < 0 (respectively Re(a1) > 0).

Theorem 1.1.2. Suppose py > 0 is such that I(po) = 0 and I'(po) = p # 0. Then for
all € > 0 small, the first equation in (1.1.3) has a periodic solution w(t,€) which depends
continuously on ¢, and which is such that w(t,0) = poe~*rett + o

Furthermore, this periodic solution is locally asymptotically stable (respectively unstable) if

pu < 0 (respectively > 0).

In [48], these theorems are then translated to the phase space (p, ¢)—the equilibrium
w(€) corresponds to the SO(2) orbit of a rotating wave that rotates around the origin with
frequency wrot + O(€) and the periodic solution w(t,€) (when it exists) corresponds to the
50(2)-orbit of a modulated rotating wave around the origin with the frequencies O(¢) and
wrot + O(€).

Similar results have been obtained in [48] for the case wyo = 0 (travelling waves) and for
normally hyperbolic relative periodic orbits.

Both numerical and experimental work suggest that anisotropy also can lead to certain dy-
namical states for spiral waves which are inconsistent with Euclidean symmetry. Anisotropy
can lead to phase-locked two-frequency epicycle spiral motions, and to complicated quasi-
periodic meandering patterns which have overall discrete rotational symmetries. LeBlanc
[49] has investigated the effects the forced rotational symmetry breaking on spiral wave
dynamics. Namely, LeBlanc studied the dynamics of normally hyperbolic relative equilibria
and normally hyperbolic relative periodic solutions in systems which are perturbations of
SF(2)-equivariant systems, such that the perturbation is symmetric under translations, but
its rotational symmetries are reduced to the cyclic subgroup Z; C SO(2), where [ > 0 is an
integer.

All of these previously mentioned studies are for planar spiral waves. As mentioned earlier,
spiral waves also occur in the electrical potential of cardiac tissue. The global geometry of
the heart is closer to a sphere than to a plane, therefore, it would be important to study
spiral wave dynamics in a context where the symmetries are that of a sphere instead of a

plane.



Some numerical and physical experiments have been done for spiral waves on spherical do-
mains (see [9], [30], [31], [32], [54], [55], [56], [75], [87], [89]). The rigidly rotating waves on a
sphere have also been studied using the eikonal equation as well. The eikonal equation en-
capsulates the essential geometry of the spiral and simple scroll waves in three dimensions.
Below we present & brief description of the main numerical and physical experiments done
for spiral waves on the sphere.

In [30], numerical integration of an excitable reaction-diffusion system on a sphere is pre-
sented. The evolution of counter-rotating double spiral waves on the sphere is studied and
it is shown that the tips of the spiral can either perform a meandering motion or rigidly
rotate around a fixed center, depending on the system control parameter. It is observed
that the rotation of the spiral wave on spherical surface is similar to that obtain on the
planar surface, except that in the absence of the boundary on a spherical surface some parts
of the wave can undergo self-anihilation in contrast to the spiral wave behavior on bounded
planar surfaces.

In [89], the evolution of spiral waves on a circular domain and on a spherical surface is
studied by numerical integration of a reaction-diffusion system. Two different asymptotic
regimes are observed for both domains. The first regime is a rigid rotation of an excitation
wave around the symmetry axis of the domain. The second one is a compound rotation
including a drift of the rotation center of the spiral wave either along the boundary of the
disk or along the equator of the sphere. In this case the shape of the wave and its rotation
velocity are periodically changing in time. Simplified analytical estimates are presented to
describe the rigid rotation.

In [10], the evolution of scroll waves in excitable media with spherical geometries is studied
as a function of shell thickness and outer radius. There exists a critical size of the thin
spherical shell below which self-sustained spiral waves cannot exist. The minimum size of
the sphere that supports waves and maximum number of spiral waves that can be sustained
on a sphere of a given size are determined for both regular and random initial distributions.
When the inner radius is too small to support spiral waves, the filaments detach from the
inner surface and form a curved filament connecting the two spiral tips in the surface. In
certain parameter domains the filament is an arc of a circle that shrinks with constant shape.
For parameter values close to the meandering border, the filament grows and collisions with
the sphere walls lead to turbulent filament dynamics.

In [13], the authors study the ways in which the topological constraints and inhomogeneity



in the excitability influence the geometry and dynamics of the spiral waves in thin spherical
shells of excitable media. Heterogeneity can lead to the formation of pairs of spirals in
which one spiral acts as a source and a second as a sink. Depending on the degree of inho-
mogeneity and the initial condition, source-sink spiral pairs may be asymptotically stable or
evolve to a symmetric state of the counter-rotating spiral wave sources. Source-sink spiral
wave pairs also arise on punctured spherical shells.

In [87], the dynamics of chemical spiral waves in an excitable reaction-diffusion system on a
sphere is numerically investigated employing a spectral method using spherical harmonics as
basis functions. Different types of spiral waves —symmetric or antisymmetric source-source
or nearly antisymmetric source-nonsource— have been obtained depending on whether the
medium is homogeneous or inhomogeneous, and it has been observed that the tips can ei-
ther rotate steadily or change their shapes.

In (54] and [55], Belousov-Zhabotinsky chemical waves propagating on a sphere are reported.
In [54], an equation describing the shape of the chemical wave is obtained (by the use of
the eikonal equation) which shows agreement with experimental data, although additional
effects due to the meandering of the spiral cores also become evident.

In [31], the geometrical stability of the symmetric counter-rotating spiral waves propagating
on the unit sphere is studied. By the use of the eikonal equations, it is demonstrated that
these solutions are stable under small perturbations normal to the wave front lying on a
unit sphere.

In [9] and [32], the authors showed that stationary rotating solutions on a sphere of the
eikonal equation under some boundary conditions on tips must be symmetric with respect
to the equator with spiral winding out from source tips at polar points.

In [56], using the eikonal approximation to a reaction-diffusion system on a sphere, the au-
thors prove existence of a class of counterrotating double spiral solutions which are highly
asymmetric with respect to the equator. They also derive a power law, linking the angular
rotation of the spiral waves with the velocity of plane waves in medium.

There is also some work on spiral waves on nonuniformly curved surfaces, for example
[16]. The evolution of spiral waves in a two-dimensional excitable media with nonuniform
curvature is considered. Using an analytical approach based on approximate kinematical
relations, it is found that spiral waves drift at a rate proportional to the gradients of the
Caussian curvature of the surface. Also, the motion takes place in the direction which is

orthogonal to the gradient and a necessary condition for drift (similar to that seen in the



planar case) is the nonuniformity of the Gaussian curvature of the surface.

Regarding the mathematical analysis of the rotating waves and modulated rotating waves
for dynamical systems which are equivariant under a general compact Lie group, we give
below some references.

In [63], Renardy considered bifurcations from rotating waves of semilinear equations that
are equivariant under a general compact Lie group and applied his results to the Laser
equations. His results do not cover the resonance case. The theorems were proved using a
generalized implicit function theorem on scales of Banach spaces.

In [62], Rand examined modulated rotating waves in rotating fluids and applied his results
to the Taylor-Couette problem (see [12]) where modulated rotating waves, so called modu-
lated wavy vortices occur.

In [18], a global theory for periodic solutions with symmetry was developed and rotating
waves were studied as one possible phenomenon.

In [69], a model problem for the dynamics of rotating waves was investigated, namely a
scalar periodically forced parabolic equation on the circle. It was proved that every bounded

solution converges to a modulated rotating wave.

1.2 Overview of Thesis

Our goal in this thesis is to study the dynamics and bifurcations of the spiral waves on
spherical or approximately spherical domains using equivariant dynamical systems theory
and bifurcation theory, as well as the theory of Lie groups and Lie algebras. Specifically,
we will study the parameterized reaction-diffusion systems

du

5{(1&, z) = DAu(t, z) + F(u(t, z), A\, p) + €G(u(t, z), z, €, A) on 782, (1.2.1)

where > 0, rS? is the sphere or radius r, 82 is the unit sphere in R3, u = (u, ug, ...,
uy): r8% — RN with N > 1,

d ... §

D= o ,d; >0 ,i=1,2, ..., N are the diffusion coefficients, F' = (Fy, F3,
0 ... dn

.y F), G = (G, Ga, ..., Gy) are sufficiently smooth functions and |A|, |ul, € > 0 are

small parameters.

We consider the group SO(2) as being diffeomorphic to the following subgroup of SO(3):



{eQ96 is in [0,27)}, Q being fixed in so(3) such that |Q] = 1. We will study the reaction-
diffusion system (1.2.1) on the fractional spaces Y* (relative to —DA) associated to the
space

L2(r8%,RY), ifalld; >0,i=1,2,..., N;

H?(r82%,RY), ifthereexistsani=1,2..., N such thatd; =0,

where H2(TS2,RN ) is a Sobolev space. In the presence of the parameter ¢, we consider
only the case d; > 0,1 =1,2, ..., N and study the reaction-diffusion system (1.2.1) on
the fractional spaces Y? (relative to —DA) associated to the space L?(rS2, RY).

The action # of SO(3) on the function space Y is defined and it is a smooth action on the
space Y for any a € (3,1).-

In the case ¢ > 0 we suppose that the superposition operator associated to G, denoted by
G:Y* x [0,00) x R = Y, G(u, e, A)(z) = G(u(z),x,¢,\) is SO(2)-equivariant, but not
S0O(3)-equivariant with respect to the action 8 of SO(3) on Y, for € > 0 and |A| small.
We denote the semiflow on Y for any o € (%, 1) associated to the reaction-diffusion system
(1.2.1) by ®(¢,u, €, A, p1). The reaction-diffusion system (1.2.1) is SO(3)-equivariant in the
case € = 0 and only SO(2)-equivariant in the case € > 0. We fix a € (%, 1).

Let SO(3)uo C Y be a relative equilibrium (that is not an equilibrium) of the reaction-
diffusion system (1.2.1) for (A, u, €) = (0,0,0) and such that the stabilizer of ug is Loy = I3.
Let ®(¢,u0,0,0,0) = eXotyy and L = DA + Dy F(up,0,0) — Xo be the linearization at
®(t,up,0,0,0) = e*otug for A =0, p = 0, € = 0 in the co-rotating frame.

The basic assumption is

Assumption Al :

1. o(L)N{z € C | Re(z) > 0} is a spectral set with spectral projection F,
dim(R(F.)) < o0;

2. the semigroup e’ satisfies IeLtl R(1— pk)] < Ce= Pt for some By > 0 and C > 0.

The use of the equivariant (finite-dimensional) center manifold reduction theorem near
S0(3)up (under the assumption Al) will reduce the study of the system (1.2.1) to the
study of a finite-dimensional system of differential equations whose form will depend on the

case € = 0 or € > 0. Our main results in this thesis are the following:

e Case ¢ = 0 The finite-dimensional system to which the reaction-diffusion system

16



(1.2.1) reduces is given by
A = AXglg, 2 u),
¢ = Xn(gAn),
on SO(3)xV,, where V, is a finite-dimensional space such that R(P,) = T4, (SO(3)uo)®

V., as well as the functions X, Xy are sufficiently smooth.

(1.2.2)

1. Case of one parameter A

— We prove that the transition from rotating waves on a sphere to modulated
rotating waves is explained by a supercritical Hopf bifurcation at ¢ = 0
for A = 0 in the second differential equation in (1.2.2) (Vi ~ C) and by
the SO(3)-equivariance of the reaction-diffusion system (1.2.1). Let wy =
wpif + O(A) be the frequency that appears due to this supercritical Hopf
bifurcation, where iwp, s are the eigenvalues of Dy Xn(0,0).

— Using the Baker-Campbell-Haussdorff formula in so(3), we construct two
branches of primary frequency vectors associated to the branch of modu-
lated rotating waves or periodic solutions with period Til;—I obtained by the

supercritical Hopf bifurcation at ¢ = 0 for A = 0, one of the branch is such
ey

X(O) 27 X, 27
that [X(A)l%;—l] €Dande sl =¢ o] , and the other branch X/())
is such that X7(0) = Xy, where D is the closed ball in R? of radius =, hav-

ing the antipodal points of norm 7 identified. Depending on the value of

| Xo|, we have different degrees of smoothness / continuity for the branches
X (A) and X7(X) for A > 0 small. Some results regarding the periodic parts
B(t,\) (if | Xo| = kwis, for some k € Z) and Bf (¢, A) (if | Xo| # kwpiy, for
all k € 7) are also obtained (where A(t, ) = X’ P BI (¢, )) = eXVEB(2, )
is the solution of the initial value problem given by A = AX¢(g(t, M), A) and
A(0) = I3, where ¢(t, A) is the periodic solution that appears in the equation
G = Xn(g,A) by the supercritical Hopf bifurcation at g = 0 for X = 0).

2. Cuase of two parameters A, p
We suppose that a resonant Hopf bifurcation, that is |Xo| = kwyy for some
ke€Z, k0, occurs at g = 0 for (A, ) = (0,0) in the second equation in (1.2.2)
and iwy; s are the eigenvalues of Dy Xy (0,0,0). This being the case, we prove

that, generically, there exists either a branch of periodic solutions with period
2
l‘“%#'

or a branch of modulated rotating waves having the associated primary

11



—
frequency vectors orthogonal to the frequency of the initial rotating wave, Xy.
The fact that we have a branch of periodic solutions or a branch of modulated

rotating waves depends on the function Xa(g, A, u).

e Case e >0 We omit the parameters X, u.

In this case we suppose that the relative equilibrium SO(3)uo is normally hyperbolic
under the semiflow associated to the reaction-diffusion system (1.2.1) for € = 0.

We study the perturbed dynamics induced by the reaction-diffusion system (1.2.1) on
the SO(2)-invariant normally hyperbolic manifold M (e) which is SO(2)-equivariant
diffeomorphic to SO(3) and persists under the SO(2)- equivariant perturbation G.
We prove that depending on the frequency vectors of the rotating waves that form
SO(3)ug, these rotating waves (up to SO(2)) will give SO(2)-orbits of rotating waves
or SO(2)-orbits of modulated rotating waves (if some transversality conditions hold).

The orbital stability of these solutions is established as well.

The thesis is organized as follows. In Chapter 2, we present the basic theoretical tools used
throughout the thesis, as well as the BCH formula in so(3) and establish its smoothness
property. This proof is based on the properties of the exponential map of SO(3) and
the diffeomorphism between SO(3) and the real projective space RP3. In Chapter 3 we
give the definition of the representation of SO(3) on the function space Y and prove that
this is a smooth unitary representation on Y* for any a € (%, 1). Also, we consider a
SO(3)-equivariant reaction-diffusion system on the sphere rS? and the existence of the
S0O(3)-equivariant semiflow on Y®, where o € (%, 1), associated to this system is proved.
The proof is based on the existence, uniqueness, smoothness, dependence on the initial
conditions of the solutions of semilinear parabolic equations on Banach spaces, as well as
the use of Sobolev embeddings. In Chapter 4 we define the notions of rotating waves and
modulated rotating waves, tip position and orbital stability for solutions of the reaction-
diffusion (1.2.1) and present some results related to them. In Chapter 5 we present the center
manifold reduction theory for the case of a SO(3)-equivariant reaction-diffusion system. In
Chapter 6 we carry out the proof of transition from rotating waves to modulated rotating

waves and construct the branches of primary frequency vectors for modulated rotating

2r
Jwal
rotating wave, studying the smoothness properties of these branches with respect to the

waves or -periodic solutions that appear via a supercritical Hopf bifurcation from a

small parameter A > 0. The resonant case is also studied. The proofs are based on

12



the properties of differential equations on Lie groups, on the use of the BCH formula in
s0(3), as well as on results from Lie groups and Lie algebra theory and on the geometrical
interpretation of the group SO(3). The study of the resonant case is based on the use of the
implicit function theorem and of the BC'H formula in so(3). Chapter 7 is concerned with
the effects of the forced symmetry-breaking from SO(3) to SO(2) for a normally hyperbolic
relative equilibrium SO(3)ug. This is done by studying SO(2)-equivariant reaction-diffusion
systems that are small perturbations of SO(3)-equivariant reaction-diffusion systems. The
relative equilibrium SO(3)ug persists to a normally hyperbolic SO(2)-invariant manifold
that is SO(2)-equivariant diffeomorphic to SO(3). The perturbed dynamics (including the
orbital stability of the solutions that persist) on this manifold are studied by projection onto
the orbit space SO(3)/SO(2), which is diffeomorphic to the unit sphere §2. The proof is
based on the use of the implicit function theorem and of the Poincaré map, as well as on the
use of results from equivariant dynamics related to orbit space reduction. In Chapter 8, we
present some results obtained with the symbolic algebra package, Maple, that visualize the
transition from rotating waves to modulated rotating waves and the resonant phenomena
studied in Chapter 6. In Chapter 9 we present the conclusions and future work. One
appendix is included. It clarifies various computations associated to the BCH formula in

so(3), as well as its smoothness.
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Chapter 2

Preliminaries

2.1 Implicit Function Theorem

The following theorem is a basic tool in our work.

Theorem 2.1.1 ([41],[65]). Let X,Y,Z be Banach spaces, U C X x Y be an open set
and f: U — Z a C" map, 7 > 1. Let z9 = (zo,y0) € U and c = f(20). Suppose that the
partial derivative with respect to the second variable, Dy f(z0): Y — Z, is an isomorphism.
Then there exist open sets V C X containing xo and W C U containing zg such that,
for each © € V, there exists a unique &£(z) € ¥V with (z,&(z)) € W and f(z,8(z)) = c
The map £:'V — Y, defined in this way, is of class C" and its derivative is given by

£(z) = [Dyf(z,8(x))] " o Daf(z,£(2)).

2.2 Lie Group SO(3), Lie Algebra so(3) and Exponential Map
of SO(3)
Definition 2.2.1. Let G be a group. Suppose there is a smooth manifold structure on the

set G for which the maps
(z,y) — 2y and © — (2.2.1)

of G x G into G and of G into G, respectively, are both smooth. Then G, together with this

smooth manifold structure and the maps defined in (2.2.1), is called a Lie group.
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Definition 2.2.2. The group SO(3) is defined as the group of 3 x 3 real orthogonal matrices

whose determinant is 1, that is
S0(3) = {A € Mays(R) | AAT = I3, det(A) = 1},
and it is called the special orthogonal group or the rotation group.
Proposition 2.2.3 ([8], [77]). SO(3) is a Lie group. As a manifold, it has dimension 3.

Definition 2.2.4. Let k be a field of characteristic 0. A wvector space g over k is called a

Lie algebra over k if there is a map
(X, V) — [X,Y]

of g X g into g with the following properties:

1. (X,Y) — [X,Y] is bilinear;

2. [X, Y]+ [Y,X]=0for X,Y €g;

8 [ X, [V, ZN+ Y. [Z,X)|+[Z,[X,)Y]]=0fr X, Y, Z€g.
For X,Y € g, [X,Y] is called the bracket of X with Y.

We will work only with Lie algebras over &k = R.

Definition 2.2.5. The Lie algebra g of a Lie group G is defined as the tangent space to the
identity g = To(G), where e is the identity in G. Let X, Y € g, h1(t) and ha(t) be smooth
functions from R into G such that hi(0) = h2(0) = ¢, By (0) = X, ho(0) = Y. The bracket
on g is defined by
32
[X, Y] = 55 (ma(t), ho(s)) ;

t=s=0

where (h1(t), ha(s)) = ha(Oha(s) (ha(8) 7 (ha(s)) ™

Proposition 2.2.6 ([8], [77]). The Lie algebra so(3) is the 3-dimensional vector space of

3 x 3 real anti-symmetric matrices, that is
s0(3) = {X € Maxs(R) | X = -X"},

and it is denoted by s0(3). The bracket on s0(3) is [X,Y] = XY —Y X for X, Y € s0(3).
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Definition 2.2.7. Consider a Lie group G with Lie algebra g.
Let I(A)B = AB be the left translation by A and r(A)B = BA be the right translation by
A, for A, B € G. Then we define

AX = (dal)(X) and XA = (dar)(X) for A€ G and X € g. (2.2.2)

For any A € G we consider the inner automorphism a(A)B = ABA™! of G. The adjoint
representation of G is the function Ad: G — GL(g) defined by

Ad(A)X = (dea(A))(X) = AXA™ for X e g A€ G,

where the notations are as in (2.2.2), e is the identity element of G and GL(g) is the
space of all linear automorphisms of g. The adjoint representation of g is the function
ad: g — End(g) defined by

ad(Y)X =Y, X] for X,Y € g,
where End(g) is the space of all endomorphisms of g.
Proposition 2.2.8 ([77]). The adjoint representation of SO(3) is given by
Ad(A)X = AXA™! for A€ SO(3),X € so(3).
The adjoint representation of so(3) is given by
ad(X)Y = XY =YX for X,Y € s0(3).

For any matrix X € so(3) one can define a vector denoted X in the following way:

0 a —b c
if X = —a 0 c 5 then :)Z’) = b
b —c O a

Also, we denote | X| = H—X}H =va? + 02 + 2 and | X|| = \/Q_l 35“ for any X € s0(3).

The map X — X is called the hat map and it is an isomorphism of normed spaces.

Theorem 2.2.8. 1. [64] For any X, Y € s0(3),

ad(X)Y = XY and
—_— — (2.2.3)
(@ad(X)Y = X"Y for any integer n > 0.
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2. For any A € SO(3) and any X € so(3), we have

(a)
|AX AT = |X|; (2.2.4)

(6) [64]
AXA™Y = B if and only if AX = B.

3. For any X € so(3), we have:

X* = (=) HXPOTY X2 for any no> 1,

2.2.5
X2+l o (= [X[Q"X for any n > 0. ( )

Definition 2.2.10. A one-parameter group of a Lie group G (with Lie algebra g) is a
homomorphism of Lie groups a: R — G. The correspondence o« — &(0) € g defines a

canonical bijection between the set of one-parameter groups of G and g.

Theorem 2.2.11. Consider a Lie group G with Lie algebra g. Given a vector X € g, there
is only one one-parameter group o : R — G with &*(0) = X. The map exp: g — G,
X — o (1) is called the exponential map of G.

Proposition 2.2.12 ([77]) The exponential of SO(3) is exp: so(3) — SO(3), exp(X) =

eX.

Theorem 2.2.13. 1. [59] The ezponential map exp: so(3) — SO(3) is surjective.

2. [59], [64] The exponential map exp is a smooth function on so(3) and its differential

is given by:

(@eap)x(¥) = X Y- a0y (1) for any X, Y € sof3)
n=0

01
(dezp)x(¥) =S ﬁ(ad(){))n(y)ex Jor any X, Y € so(3)
n=0 )

{ we will use the first formula later ). Moreover, it is a local diffeomorphism near any
X € 50(3) if and only if the operator ad(X) has no eigenvalues of the form 2mwik with
k 0, that is if and only if | X| +# 2kw fork € Z, k # 0.

3. [64] E‘ig (eX®) = X()eX® if and only if X(t) = Xg(t), where X € 50(3) and g: R —

R is a Ct function.
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4. [17], [68] The Rodrigues’ formula holds:

x sin | X | sinQ%q 9 .
et = I3+ X X+2 X X* for any X € so(3),

where we take the limit when X = O3,

5. [64] The exponential map exp maps any X € so(3), X # Oz to the righi-handed
rotation A € SO(3) with angle | X| around X.

6. [64] X = I3 if and only if |X| = 2k for some k € Z.

X oY F o — - Voo W2y
7. [64] €™ = e” if and only if either | X| = 2kr = |Y] or ¥V = X + 757 X for some k € Z.

Remark 2.2.14. 1. IfP(t) = ¢“®), P: R — SO(3) is a continuous T -periodic function,
G: R — 50(3) is a continuous function, then G is not necessarily a periodic function.

For instance, P(t) = eXt, G(t) = Xt.

2. If |G(t)| < 2w and P(t) # I3, for allt € [0,T], then G is T-periodic.

Proof. We have P(t+T) = P(t) = eCt+T) = ¢C®) Since P(t) # I3 for all t € [0, T,
we get by using theorem 2.2.13 (7) that |G(t + T) — G(t)| = 2k(t)m for some k(t) € Z.
Then by using |G(t)| < 2x, for all ¢t € [0, T, we get k(t) = 0 for all t € [0,T], that is
Gt+T)=G() for all t € [0,T). O

8. If P(t,)) = %N PR x R — SO(3) is a continuous T-periodic function in t for
A > 0 small and G: R x R — s0(3) is a continuous function such that G(t,\) =
AH (L, A), then G(t, X) is a T-periodic function in t for X > 0 small.

Proof. We have P(t + T, ) = P(t,\) = eC0+TA) = ¢GlA) — AT = AHO)
and AH(t,\), AH(t + T, ) are in a neighborhood of O3 for A > 0 small. Then, by

using the fact that the exponential map exp is a local diffeomorphism at Os, it follows
that AH(6, Ay = AH(t+T,X) or Gt +T,X) = G(t, A) for A > 0 small. O
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2.3 Baker-Campbell-Hausdorff (BCH) Formula in so(3)

1. Using [68], we have that for any matrix A € SO(3), A? # I, there exists a number
6 € (0,7) and a matrix V € so(3) such that

A=e =&Y and V] =1

By using theorem 2.2.13 (7), it follows that these are the only two possible choices of

a matrix X € so(3) such that |X| < 27 and A = ¢¥. In fact (see [68]), we have
A—AT

2sin (arccos ( ZT_(:_;Q:.I))

Tr(A) -1

. (2.3.1)

8 = arccos ( > and V =

Let a = {A_QAT ' We show that o = sin#. Then we get § = sin™! o, where we denote

arcsin a, if A has eigenvalues with all positive real part;

7 — arcsina, if A has two eigenvalues with negative or zero real parts.

(If A has eigenvalues with all positive real part, then Tr(A) > 1; therefore, § € [0, 7).
If A has two eigenvalues with all negative or zero real part, then Tr(A) < 1; therefore,
€ [5.7)).

Let A = eP. The eigenvalues of B are 0, ¢ |B| and —¢|B| and the eigenvalues of A are
1, €llBl and e8!

Then, using Rodrigues’formula for ef and e~P (theorem 2.2.13, (4)), we get

eB - e'“B

2

A-AT
2

sin | B|
| B|

B% = |sin |B|].

a=|

and since 8 € (0, 7), we have

/ 2
0 < sin(f) = /1 — cos? :\/1—(41—171—(%2:—1> = /1 —cos? |B| = [sin |B|| = a.

2. If A2 = I3, but A+ I3, then A = &V = V) where § = mand (V)2 =V?% = é_g_Lz
By using theorem 2.2.13 (7), it follows that these are the only two possible choices of
a matrix X € so(3) such that |X| < 27 and A = ¥,

3. If A= I3, then 8 = 0 and V = O3, this being the only possibility of a matrix X € so(3)
such that A = e and |X| < 2.
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It is known that SO(3) is diffeomorphic as a manifold to the real projective space RP? (see
[64]). A model for this space is the set

D= {% €R3|||¥|| £, whith the antipodals points of the norm |y| = 7 are identified }.
In fact, D is the quotient set E/ ~, where ~ is the equivalence relation f ~ 2 iff z = —y, |y| =
mand E={y € R | |¥| < n}. The set D is considered with the quotient topology.
Sometimes, we use y € so(3) instead of § € R3, in which case we denote the equivalence
class [y] = [¥]. The projection map p: £ — D , p(y) = [y] is smooth.

We check that there is a smooth function d*: SO(3) — D such that ¢¥'(4) = A. The
function d* is unique with this property (by theorem 2.2.13, (6) and (7)). We know that
the exponential map ezp is a local diffeomorphism at any X € so(3) such that | X| # 2km

for any k € Z, k # 0 (theorem 2.2.13, (2)). Let us consider the following cases:

1. We know that exp is a local diffeomorphism near Xy = O3 and we choose a neighbor-
hood U € so(3) of O3 such that for any X € U, | X| < 7.

Then, the local inverse of exp is a smooth function at I3 given by

Tr(4)-1 AAT o |
d*(A) — 6V = arccos ( 2 > 2sin(arccos(2ﬂﬁ§):_l)) if A 7& I ;

Os, if A= Iy,

where A € ezp(U). It follows that A is near I3 and that Tr(A) is near 3, therefore
Tr(A) # —1,50 A2 £ I3 or A= Is.

2. We know that exp is a local diffeomorphism near Xg such that 0 < |Xo| < 7, so we
choose a neighborhood U of Xy such that for any X € U, we have 0 < |X| < 7.

Then, the local inverse of exp is a smooth function at eX0 given by the function

_ _ AT
d*(A) = 8V = arccos (TT(A) 1) A-4

2 2 sin(arccos(———-———TT(‘g%l))’

where A € exp(U). For any A € ezp(U) we have A2 # I5.

3. We know that exp is local diffeomorphism near Xy such that | Xg| = 7 and we choose
a neighborhood U of Xg such that for any X € U, |[X — Xo| < 3.
Then:

a) z € U implies | X| < 2% and A = X # I3, otherwise we get A = eX = I3 and,
2
since | X| < %—r, we get X = O3. But |03 —~ Xg| =7 > F;
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(b) —Xo ¢ U, otherwise |[-Xg — Xo| = 27 > 7;
¢) We have that X € U = X — 25X ¢ U, otherwise | X — 23— Xl > om &l
X7 [X] X1
|X ~ Xo| > 27— § = 3%.

Since ezp is a local diffeomorphism near Xy, it follows that for any A € exp(U), there
exists a unique X € U such that 4 = eX. Since A # I3, then either X = 6V or
X = (27 — 6)(—=V), with 6 and V defined at the beginning of this section in 1 and 2.
Only one of 8V and (27 — 6)(=V) is in U. So, we choose the one that is in U.

Then, this implies that the local inverse of exp is a smooth function at eX0 given by

the function
di(A) = X =6V or (27 — 0)(—V)( whatever is near Xp),

where A € exp(U). We define for any X € U,

X if | X| < m
o(X) = (~F+ DX if|X]>m (2.3.2)
[X] if | X| = .

The function g is smooth from U into D and has a smooth inverse ¢! defined from
q(U) onto U by

Y if Y| <mandV isnear Xg, Y # Xo;
YD = (- + )Y i [Y]<7andY isnear —Xo, Y #—Xo;  (233)
Xo if [Y] = [Xo].

It follows that the function d*(A) = ¢(dj(A)) defined by

Tr(A)—1 A AT . 9 .
d*(A) _ [QV] _ arCCOS( 2 ) QSin(arCCOs(Zﬂgﬁ.:l)) lf A # 137
[TFV](‘/Q — A;[@) " A2 _ I37 A # Ig

is smooth at e%0.

Therefore, it is clear that the function d* defined by

areeos ( 2 ) 2sm(arccos(2</;>~1)) if A% # I;
d*(A)=[8V]= [xV](V? = i—.é_lz) i A2 =Ty A# I (2.3.4)
105 if A =TIy
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is smooth from SO(3) into D. Also, it is true that |[d*(A)| = 6 = arccos (If—(—gt-l-> is
continuous on SO(3) and |d*(A)}? is smooth on SO(3). Also, e? (4 = A for any A € SO(3).

Theorem 2.3.1. For any matriz XY € s0(3), since the exponential map exp is surjective,
(see theorem 2.2.13, (1)), there ewists a matriz (not unique) U € so(3) such that exp(U) =

6U = €X€Y.

We define for any X,V € so0(3), BCH(X,Y) = d*(eXe¥), where d* is defined in (2.3.4).
Clearly, we have eBCHXY) = oXeY and BCH(X,Y) € D, for any X, Y € so(3). Taking
into account that the function d* and the exponential map exp are smooth, we get that

BCH(X,Y) is a smooth function from so(3) x so(3) into D.

Notation 2.3.2. Sometimes we denote for any A € SO(3),
{eX if 1X| < 7;

eX=e X  if|X|=m.

Notation 2.3.3. We denote
BCH([X],[Y]) = BCH(X,Y) for X, Y € D and this is well-defined since eX e’ = elXlelV];
BCHy(X,[Y]) = BCH(X,Y) for X € 50(3), Y € D and this is well-defined since eXe¥ =
XY,
BCH;3([X],Y) = BCH(X,Y) for X € D, Y € s0(3) and this is well-defined since eXe¥ =

KleY,

el
We recall that p is the projection map from SO(3) onto D. Since BCHy o (p,p) = BCH
and BCH and p are smooth, we get that BCH; is smooth from D x D into D. Since
BCHs o (id,p) = BCH and BCH and p are smooth, we get that BCHy is smooth from
so(3)x D into D. Also, BCH3zo(p,id) = BCH. Similarly, BCHs is smooth from D x s0(3)
into D. We also denote BCH(X,Y,Z) = BCH(BCH(X,Y),Z) for X, Y, Z€ D or X,
Y, Z € s0(3).

We will use the notation BCH for BCHy, BCHy and BCHj.

Theorem 2.3.4. The BCH formula in so(3) has the form
BCH(X,Y) = [aX + BY ++[X,Y]] for X, Y € 50(3), (2.3.5)

where

a=k(X,Y)ha(X,Y), B = k(X,V)ha(X,Y), v = k(X,Y)hy (X, Y),
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and

Xl Y X] . Yl

€ = €08 = C0s - —sin - sin == cos(L(X,Y)),

ai :sinl—{{—‘cos—lz—l a=aie

2 27 ’
.Y X

b1 = sin t—~2—‘cos ’——2—’, b = bie,

cl = Sin]—)—(——!sinm c=cje

2 27 ’

d = \Ja? + B2 + 2a1by cos(£(X, V) + (sin(£(X, V)2,

d= dl |8[ 5

where L(X,?) is the angle between the two vectors X and ?,

a1 ] .
hQ(X, Y) — 1X] ’LfX —fL OS)
COSp—;—l if X = Os,

{,ﬁl— Y # O

cos%i| ifY =03,

|Xc|fy; if X # 03,Y # Og;
v
if X = 03,Y # Os;
hy(X,Y) =4 Pl
X ZfYZOg,X#Og;

1 if Y = 03, X = Os,
\
4 .
sg—r—c%?@ if (eXe¥)2 # I3, eXeY has eigenvalues with positive real parts;
sfw if (eX eY)Q £ I3, eXeY has two eigenvalues with negative

EX,)Y)= or zero real parts;
e if (Xe¥)2 =1, e¥e¥ # Iy,
s if eXel = I3,

Y
1, ife>0;

"'17 Zf e < 0;
or eXe¥ = Iz. The functions o, %, ¥? are smooth on s0(3) x s0(3) and |a|, |8{, |v] are

where s = sgn(e) = { for any (X,Y) € s0(3) x s0(3), such that (eXe¥)? % I

continuous on so(3) X so(3). Also, the function BCH is smooth from so(3) x so(3) into D

(as we have already seen). The proof of this theorem is in appendiz A.
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2.4 Action of a Lie Group on a Manifold and on a Banach

Space

Definition 2.4.1. Let M be a smooth manifold or a Banach space and G be a Lie group.
We call left action of G on M a function 6: G x M — M such that

1. 8(e,p) = p, for all p € M, where e is the identity element in G;
8( A1, 6(As, D)) = 8(ArAs, p) for all Ay, Ay € G, p € M.

We dencte Ap = 8(A, p).
The action 8 is called transitive if for any =, y € M one can find A € G such that y = Azx.

Definition 2.4.2. Let V be a normed space and G be a Lie group. We call representation
of G on'V a functionT: G — GL(V) such that

1. the map A — T(A)p is continuous from G to V for eachp € V;
2. T(e) = 1Id;
3. T(A1Ay) =T(A1)T(Ag) for all Ay, Az € G,

where GL(V') is the space of linear bounded invertible operators on V.

If V is a Hilbert space with scalar inner product (-,-), then we say that the representation
T of G on'V is unitary if (T(A)p, T(A)g) = (p,q) forall A€ G and allp, g€ V.

Theorem 2.4.3 ([29]). To each representation T we can associate an action §: GXV — V,
6(A,p) =T(A)p for A€ G and p € V. This kind of action is called linear.

Definition 2.4.4. Let 8 be the action of M on G as defined in Definition 2.4.1.

The orbit of the action § on p € M is the set Gp = {6(A,p) | A € G}.

A set N C M is called invariantunder G if {8(A,p) | A€ G,pe N} CN.

The isotropy subgroup or stabilizer of p € M is the subgroup T, = {A € G | 8(4,p) = p}.

Definition 2.4.5. Let g be a Lie algebra and V' be a normed space. We coll representation
of g on'V a function m: g — End(V) such that

1. 7 is linear;
m([X,Y]) = n(X)n(Y) = 7(Y)n(X) for any X, Y € g,
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where End(V) is the space of endomorphisms of V. If V is finite-dimensional, then the

above definition is equivalent to saying that w is o homomorphism of g into End(V).

Definition 2.4.6. Let T be the representation of G on'V as defined in (2.4.2) and 1 <r <
0o. A vector p € V is called C™ if the function A — T(A)p from G to V is C". Let V" be
the space of CT vectors. We define

for X € g, pe V.
t=0

T (X)p = (%T(aa:puxnp)

Then, T'(X) € Bnd(V*") and T': X — T (X) is a representation of g on V" (see [78])
and is called the differential of the representation T. Sometimes we denote T (X) = X.

If B is a basis of g, then T'(X), for any X € B is called an infinitesimal generator of g.
The representation T of G on'V is called C” if V' = V.

Definition 2.4.7. Let 6 be the action of G on M as defined in 2.4.1 and 0 <r < co.

The action 8 of G on M is called C™ if 8 is a C™ map.

If 9 is differentiable, then the differential of the action 0 is defined as follows: for any X € g
andpe M, Xp= (%O(emp(Xt),p)) lt=0-

2.5 Dynamical Systems and Poincaré Map

Definition 2.5.1. Let M be a smooth manifold or a normed space and 0 < r < c0. A
vector field X of class C" on M is a C" map X: M — TM which associates a vector
X(p) € T,M to each point p € M (if M is a normed space, then T,M = M ).

Let M be a smooth manifold. A C™ flow on M is a C7 function @: R x M — M such that

1. ®(0,p) = p for any p € M,
2. ®(t+s,p) = P(t,8(s,p)) foranyp € M and any t, s € R,

Let M be a normed space. A C" semiflow on M is a C" function ®: [0,00) x M — M such
that

1. ®0,p) =p foranype M;
2. B+ s,p) = B(t,®(s,p)) for any pe M and any t, s € [0, c0).

We denote ®:(p) = (¢, p).
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Definition 2.5.2. Let M and N be two diffeomorphic smooth manifolds, @ a flow on M
and ¥ o flow on N. We say that U and & are topologically equivalent if there exists a
homeomorphism h: M — N such that ho ®; = Wsoh for alit € R.

In case M and N are normed spaces, we have a similar definition for semiflows but ¢ > 0

only.

Definition 2.5.3. A4 subset N C M is called semifiow invariant if {®(t,z) |z € N,t >
0} C N. We have a similar definition for flows.

Theorem 2.5.4 ([41], [88]). Let M be a compact smooth manifold or a normed space and
0<r<oo. To each C" vector field X on M we can associate a C” flow ® on M, if M is

a manifold, or a C" semifiow @, if M is a normed space.

Definition 2.5.5. 1. Let N be a compact smooth submanifold of a smooth manifold M,
1<r<ocoand f: M — M aC" diffeomorphism such that f(N) = N. We say that
N is normally hyperbolic under f if

(a) for each p € M, there exist closed subspaces N, and Ny, such that TyM =
Ny & Ny & Ny with Ny =T,N;
(b) for each p € M, if we denote py = f(p), Dpf: N — Ny, fora=wu, ¢, s;

(c) there is a Riemannnian metric on TM and ng > 0 such that for all p € M,
k €[0,1] and n > ny,

: AT
inf{|Dpf "] | ¥ € Ny, |z% =1} > —

k
C Dpfn[N;

?

k
Curinf{|D,fma?| | 2° € NE, |29 = 1} > “DpfnlN;;

for some constants p € (0,1), A>1, C>0.

Let ® be a C" flow on M such that N is flow invariant. We say that N is normally
hyperbolic under the flow ® if there is a t > 0 such that N is normally hyperbolic

under @y,

2. Let X be a Banach space (with norm ||-}|), 1 < r < o0 and @ a C" semiflow on X
and M C X a compact semiflow invariant manifold. We say that M is normally

hyperbolic under the flow ® if
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(a) for each m € M there is a decomposition
X=X 08X, o X

of closed subspaces with X, =T, M;
(b) for each m € M and t > 0, if we denote mi = ®(t,m),

Dp®i|xe: X5 — X5, fora=c,u,s

and Dy, ®4|xs is an isomorphism from X3 onto X2 ;

(c) there exists tg > 0 and A < 1 such that for all t > to,

Ainf{| Dy, ®:z"| | z* € X}, |z%| = 1} > max{1, Hqu’thfn

}’

Amin{1, inf{|Dp®,2°% | 2° € X5, |2° =1}} > || Dim®e|xs,

Definition 2.5.6. Let M be a smooth manifold, ® a C" flow on M and ®(.,po) a periodic
solution, where 0 < r < co. Let v = {®(t,po) | t € R}. Through the point pg € v we
consider a section Y. transversal to the vector field X associated to the flow ®. The orbit
through pg returns to intersect X at time 7, where T is the period of . By the continuity of
the flow @, the orbit through a point p € ¥ sufficiently close to py returns to intersect ¥ at
a time close to 7. Thus, if V C X is a sufficiently small neighborhood of py, we can define
a map P: V — ¥ which associates to each point p € V the first point P(p) of the orbit of p
returning to intersect ¥.. This map is called the Poincaré map associated to the orbit v and
section &, This map is a C" diffeomorphism from a neighborhood of p in ¥ onto an open

neighborhood of p in X.

Definition 2.5.7. Let X be a topolagical space, and U C X. U 13 called o residual set if it
is the intersection of a countable number of sets each of which are open and dense in X.

A property of a map (respectively vector field) is said to be C” generic if the set of maps (resp.
vector fields) having that property contains a residual subset in the C” topology (the topology
induced on the space of C" functions by the measure of distance between two elements of

the space of C” functions).

Definition 2.5.8. Let M and N be two smooth manifolds, S C N be o smooth submanifold
and let f: M — N be a C" function with 1 < r < co. We say that f is transversal to S
at a point p € M if either f(p) & § or dpf(Tp,M) + Ty(p)S = Ty N. We say that f is

transversal fo S if f is transversal to § at each point p &€ M.
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Theorem 2.5.9 (Thom, [60]). Suppose that M is a compact smooth manifold, N is a
smooth manifold, S C N is a closed smooth submanifold and 1 < r < co. The set of maps

f € C"(M, N that are transversal to S is open and dense.

Definition 2.5.10. Let M be a smooth manifold, X o vector field on M and @ the flow
associated to X. The w-limit set of a point p € M, denoted w(p), is the set of those points
q € M for which there exists a sequence t, — 0o with ®(t,,p) — ¢. The w-limit set of the
orbit of p is w(p).

Definition 2.5.11. Let M be a smooth manifold, X a vector field on M and ® the flow
associated to X. The o-limit set of a point p € M, denoted a(p), is the set of those points
q € M for which there ezists a sequence t, — —oo with ®(t,,p) — q. The o-limit sel of
the orbit of p is a(p).

The Poincaré-Bendixson theorem on a sphere for w-limit sets is:

Theorem 2.5.12 (Poincaré-Bendixson on S2, [41], [60], [83]). Let X be a smooth
vector field on the unit sphere 8% with a finite number of singularities. Take p € S? and let

w(p) be the w-limit set of p. Then one of the following possibilities holds:
1. w(p) is an equilibrium of the flow associated to X;
2. w(p) is a closed orbit of the flow associated to X;

8. w(p) consists of equilibria py, ..., pp and regular orbits of the flow associated to X,

such that if v C w(p) then a(y) = p; and w{y) = p;.
A similar theorem is valid for a-limit sets.

Definition 2.5.13. Consider a Riemannion manifold M or a normed space X, and @ o
flow on M or a semiflow on X. In the case of a Riemannian manifold M, we denote by d the
Riemann metric on M. In the case of a normed space X, d is defined by d(z,y) = ||z — yl},
where ||-|| is the norm on X. Let xzg € M or X.

1. ®(t,zg) is said to be stable if, for any € > 0, there exists a § = §{e) > 0 such that,
for any yo € M (respectively X ) such that d(zo,yo) < &, then d(B(t,z0), @(t,y0)) < €
for any t > U;
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2. ®(t,xq) is said to be asymptotically stable if it is stable and if there exists a con-
stant b > 0 such that, if d(zo,y0) < b for any yo € M (respectively X ), then
limy oo A(2(F, 20), ®(t,50)) = 0;

3. ®(t,z0) is said to be unstable if it is not stable;

4. Suppose that zo is an equilibrium for @ and let us denote by f the vector field asso-
ciated to ®. Then we call xo hyperbolic if the linearization Dy, f of f at xo has no

eigenvalues with zero real part.
The term ”bifurcation” is extremely general.

Definition 2.5.14. Let ®(i,z,€) be a flow (respectively semiflow) and xqg be an equilibrium
for this flow (respectively semiflow) at € = 0. We say that the flow (respectively semifiow)
undergoes a bifurcation at € = 0 if the flow (respectively semiflow) for € near 0 and x near

xq is not topologically equivalent to the flow (respectively semiflow) at e = 0 near x = xg.

Definition 2.5.15. Let M be a compact smooth manifold of dimension n and let N > 1 be
an integer. When k > 0 is an integer, the Sobolev space HX(M,RY) is defined as follows:

HY(M,RY) = {u: M — RY | v e LM, RY) and Du € L2(M,R") for |a| <k},

where D%u is interpreted a priori as a tempered distribution.
The norm on the Sobolev space HX(M,RY) is lullgx gy = Xjaj<k | D%ul|y,2 g

Theorem 2.5.16 ([73]). Let M be a compact smooth manifold of dimension n and u €
H(M,RY) fors >0, N>1,s, N €Z. Then

1. u€ C(M,RY) provided s > %;
2. uwe CF(M,RN) provided s > % + k.
Also, C°(M,RY) is dense in H3(M,RY) and in L2(M,R"N).

2.6 Eguivariant Dynamical Systems

Definition 2.6.1. Let M be a smooth manifold or a Banach space and G a Lie group acting
on M. If M is a manifold, then the action of G on T'M is defined by
d
(4,%) > A% = (5 (4a))

where g(t) is a differentiable map from R into M satisfying g(0) = p, §(0) = X.

o

for Ae G, X e T,(M) andp € M,
=0
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1. A vector field X on M is called G-equivariant if

X(Ap) = AX(p) for all Ac G,pc M.

2. A semiflow (respectively flow) ® on M is called G-equivariant if

®(t, Ap) = A®(t,p) for all A€ G, pe M and t € [0, 00) (respectivelyt € R).

Definition 2.6.2. Let G be a Lie group acting on a smooth manifold M. A function
f: M — R is called G- invariant if

f(Ap) = f(p) forall Ac G, pe M.

Theorem 2.6.3 ([29]). The flow (respectively semiflow) associated to an G-equivariant

vector field is G-equivariant.

Theorem 2.6.4 ([23], [33], [34], [35]). Let G be a compact Lie group acting on a smooth
manifold M and 1 < r < co. Assume that X: M — TM is a G-equivariant C” smooth
vector field on M. Let N C M be a compact smooth submanifold which is invariant under the
flow @ corresponding to X and G-invariant. Assume that N is normally hyperbolic under
the flow ®. Let H C G be a subgroup and Y: M — TM be a H-equivariant C" vector
field on M with || X =Y ||or < €. Then, if € > 0 is sufficiently small, there ezists a unique
sufficiently smooth manifold N, near N which is invariant under the flow ®. corresponding
to Y and H-invariant. Moreover, there exists a C" diffeomorphism T,: N — N, which is

H -equivariant.

2.7 Hopf Bifurcation

Theorem 2.7.1 (Hopf Bifurcation, [28], [83]). Consider the ordinary differential equa-
tions
i=g<2,ﬂ)72 eR™ peR, (271)

where g € C* (k > 5) on an open set U containing the fized point (0,0) of g, that is
g(0,0) = 0. Suppose that D.g(0,0) has two purely imaginary eigenvalues with the remaining
n—2 eigenvalues having nonzero real parts. After performing center manifold reduction and

normal forms transformation, the vector field (2.7.1) has the following form

i o= a(pz—wpy+ ((pe - by) +v*) + 0l [yl),

2.7.9
v o= wpe+a(py+ 6wz + a(wy) (@ + 12 + 0l ly*), (272)
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where M) = a(p) £ iw(p) are the eigenvalues of D,g(0, 1) satisfying a(0) = 0,w(0) # 0

(we suppose (0, w) = 0 for |p| small). In polar coordinates (r,d) we have,

= a(p)r+a(wr’ + 0(r°),

(2.7.3)
= w(p) +b(p)r? +0(r?).
After expanding in Taylor series the coefficients in (2.7.3), we get
= &/ Our + a(0)r® + O(uPr, pr, 1), o

= w(0) +w'(0)p + b(O)r? + O(u?, ur?, r*).

Suppose that o' (0) # 0 and a(0) # 0. Then, for sufficiently small |u|, one of the following

cases holds:

1. Case 1.(subcritical) &' (0) > 0, a(0) > 0
The origin is an unstable equilibrium for p > 0 and an asymptotically stable equi-

librium for p < 0. Furthermore, there is an unstable periodic solution for u < 0 of

period I—u—?(%—ﬂ + O(u) and amplitude O(+/|1]);

2. Case 2.(supercritical) o (0) > 0, a(0) < 0
The origin is an asymptotically stable equilibrium for p < 0 and an unstable equilib-

rium for p > 0. Furthermore, there is an asymptotically stable periodic solution for

u >0 of period Tu?(_g)—i + O(u) and amplitude O(+/|ul);

3. Case 3.(subcritical) o (0) < 0, a(0) > 0
The origin is an unsteble equilibrium for p < 0 and an asymptotically stable equi-

librium for p > 0. Furthermore, there is an unstable periodic solution for yu > 0 of

period 1712(%)T + O(u) and amplitude O(\/|p|);

4. Case 4. (supercritical) o (0) < 0, a(0) < 0
The origin is an asymptotically stable equilibrium for p > 0 and an unstable equilib-

rium for p < 0. Furthermore, there is an asymptotically stable periodic solution for

p < 0 of period l—u_%ﬂ + O(p) and amplitude O(+/|p]).
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2.8 Proofs of some Theorems of Chapter 2

Proof of Theorem 2.2.9. We first prove (2.2.5).

0 a -b
et X={ —a 0 ¢
b —c¢ O
0 a b 0 a -=b —a? — b? be ac
Then X? = | —a 0 ¢ —-a 0 ¢ = bc —a? -2 ab
b —c O b —c O ac ab —b2 — ¢?
and
—a? — b? be ac 0 a -0
X3=X2X = be —a? -2 ab -a 0 ¢ =
ac ab —p? -2 b —c 0
0 a —b
=—(a?+b+)| —a 0 ¢
b —c O
Thus, X3 = — | X|? X and the general statement is easy to get (it is also stated in [53]).

To prove (2.2.4), we use the relation Ad(A)(X) = AX for Ae SO(3) and X € so(3).
We have |AX A~1|* = “AXA—1“2 - } Ad(A)(X)“2 - HAEZHZ = (AT)T(AX) = XTATAX =
o - e :
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Chapter
Reaction-diffusion Systems on rS2

We consider a reaction-diffusion system of the form

Ou

Y (t,z) = DAu(t, z) + F(u(t, z)) on rS?, (3.0.1)

where r > 0, rS? is the sphere of radius 7, S is the unit sphere in R? u = (u1, ug, ...,
uy): r8% — RN with N > 1,

d ... 0
D= e with d; > 0 forz = 1, 2, ..., N are the diffusion coeflicients
0 ... dn
and F' = (Fy, Fy, ..., Fn): RN — R¥ is a C**2 function with 0 < k < co. We have
dlAul
dous
DAu = ) We study the reaction-diffusion system (3.0.1) on the function
dyAup
space
v L3(r82%,RN) ifd;>0fori=1,2 ..., N;

H2(r82%2,RY) if thereexists i € {1, 2 ..., N} such that d; =0.

Some well-known examples of reaction-diffusion systems on the plane and on R? in the

literature are:
1. The FitzHugh-Nagumo model

2. The Oregonator model
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3. The Ginzburg-Lindau equation

Some of these examples have been studied on a sphere in R? as well (FitzHugh-Nagumo

and Oregonator).

3.1 Existence and Uniqueness of Solutions

Throughout this section the main references are [39], [61].

Definition 3.1.1. An analytic semigroup on a Banach space X is a family of continuous

linear operators on X, {T(t)}+>o0, satisfying
1. TO)=1,T®)T(s)=T(t+s) fort 20, s> 0;
2. T(t)x — x as t — 0+ for each v € X;
3. t — T(t)x is real analytic on (0,00) for each z € X.

The infinitesimal generator L of this semigroup is defined by

.1
Lz = tgr& Z(T(t):c —z),

its domain D(L) consisting of all x € X for which this limit (in X) exists. We usually
write T(t) = et

Definition 3.1.2. We call a linear operator A in a Banach space X @ sectorial operator if
it is a closed densely defined operator such that, for some ¢ € (0,%) and some M > 1 and

a € R, the sector
Sup={A€C| @< larg(r—a)| < m A # a}

is in the resolvent set of A and

M

IO =47 < —al

for all X\ € Sa 4. We recall that the domain of definition of A is denoted by D(A) and the
range of A by R(A).
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Definition 3.1.3. Suppose A is a sectorial operator in a Banach space X such that Reo(A) >
0, where c(A) is the spectrum of A. Then, for any o > 0 we define

1 jon)
A7 = e / o le= 4t gy
a) Jo

and
A% = (A7)
Also AY = I. These are called fractional powers of A .

Definition 3.1.4. Suppose A is a sectorial operator in a Banach space X and suppose that
there exists a real number a such that Ay = A+ al satisfies Rec (A1) > 0.
For each o > 0, we define

X% = D(AY) with graph norm ||z||, = ||ATz|,z € X*.

These spaces are called fractional spaces of X relative to A. Different choices of a give

equivalent norms on X©.

Theorem 3.1.5 ([24], [38], [39]). Let M be a compact smooth manifold of dimension n
and A be a sectorial operator in X = L2(M) such that the fractional spaces of X relative
to A are defined and D(A) C H2(M). Then for o € (3,1), X* C C(M).

Definition 3.1.6. If A is a linear operator in a Banach space X, and o(A) denotes its
spectrum, a set 0 C o(A) U {00} = c@ is a spectral set if both o and 0/(\A)\U are closed
in the extended plane CU {oo}. The spectral projection associated to the bounded spectral
set o is defined by the integral

P, = / (M — A7 d),
%
where v is a closed positively oriented Jordan curve in C and ¢ is in the interior of vy.

Theorem 3.1.7 ([39], [61]). 1. If A is a sectorial operator in a Banach space X, then
— A 1is the infinitesimal generator of an analytic semigroup {e—tA}tZO and the converse

is also true ([24]).

2. Let A be a sectorial operator in a Banach space X such that Reo(A) > 0. Then, for
any a > 0, A™% is a bounded linear operator on X which is one-io-one and salisfies
A2 A8 = A~(o+B) yhenever o > 0, B > 0. Moreover, A% is closed densely defined
and D(A%) C D(AP) fora >3 > 0.
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2. Let A be a sectorial operator in a Banach space X such that Reo(A;) > 0, where
A; = A+ al, a € R. Then, X% is ¢ Banach space with graph norm ||-||, for any
a > 0 and for any o > B > 0, X% is a dense subspace of XP with continuous
inclusion. If A has compact resolvent, then the inclusion X¢ C X B is compact when

a>p320.

Consider the system of semilinear parabolic differential equation

% = —Au+ f(t,u,u), on Y, (3.1.1)

where we assume that A is a sectorial operator in a Banach space Y so that the fractional
powers of A; = A+ al are well defined and the spaces Y® = D(AY) with the graph norm
llzll, = ||ASz|| are defined for o > 0 (that is Reo(A;) > 0), where a € R. We also assume
that f maps some open set U C Rx Y xR™ into Y for some a € [0,1), and f is continuous

in t and p, and locally Lipschitz in v on U, where n > 1.

Example 3.1.8. The reaction-diffusion system (3.0.1) is an example of the abstract dif-

ferential equation (3.1.1), where

L2(r82RN) ifd; >0 forie{1,2,..., N};

Y =
H?(rS%, RY) if there exists ani=1, 2, ..., N such that d; = 0.
—di A
—doA
the linear part A is given by A = ) with d; > 0 fori=1,2, ..., N, and the
—dy A

nonlinearity f in (3.1.1) s the nonlinearity F' from (3.0.1).
Definition 3.1.9. 1. A classical solution of the initial value problem

%% = _Au+f(t7uvﬂ>7t>0:

(3.1.2)
u(0) = wg for (0,uo,p) €U,

is a continuous function u(.,ug,p): [0,f0) — Y such that u(0,ug, ) = ug and on
(0>t0) we have (t,u(t, anM)aM) e U, u(t,ug,p) € D(A): %%(t7u()yu) exists, t —
ft,u(t,ug, 1), i) is continuous, fgo 17 (¢, w(t, uo, p), p)|| dt < oo, and the first dif-

ferential equaiion from (3.1.2) is satisfied on (0, %0).
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2. A classical solution u(.,ug,p) of (3.1.2) is called a C* solution (1 < k < oo0) if
u(t, up, ) is CF in (t,uq, 1) such that (t,0,uo, ) € [0,t0) x U.

Definition 3.1.10. Consider the integral equation
t
u(t) = e Mug —}—/ e~ A9) £ (s, u(s), ) ds for (0,uq, ) € U. (3.1.3)
0

If u(.,ug, 1) is a continuous function from [0,t5) into Y, such that on (0,%y) we have
(t, ult,uo, p), ) € U and [J|f(s,u(s,uo,u), )]l ds < oo for some p > 0, and if the
integral equation (3.1.3) holds for t € [0,tg), then u(., ug, 4) is called a mild solution of the
initial value problem (3.1.2).

Theorem 3.1.11 ([39]). Consider the semilinear parabolic differential equation (3.1.1).
We assume that A is a sectorial operator in a Banach space Y so that the fractional powers
of Al = A+ al are well defined and the spaces Y = D(A$) with the graph norm ||z||, =
|A$z|| are defined for a > 0 (that is Rea(A;) > 0), where a € R. We also assume that f
maps some open set U CR X Y* x R" into Y for some o € [0,1), and f is continuous in
t and p, and locally Lipschitz in u on U, where n > 1.

Then, for any (0,ug, p) € U there exists a unique mald solution u(., ug, i) of the initial value
problem (3.1.2) on [0,t0). If f is C* where 1 < k < oo, then u(.,uo, ) is a C* classical

solution.

Definition 3.1.12 ([73]). The Laplacian on the sphere rS? is the closed densely defined
operator in L2(rS% R) given by

9¢

where u € C®(rS2, R), (z,y,2) € rS? and z = rsingcosd, y = rsingsing, z = rcos¢
with ¢ € [0, 7] and 8 € [0, 27).

Au—@+?-2-3‘;+82“— 1 0 S,n¢au L1 Pu
T 922 ' oy? | 022 rlsing ¢ ! r2sin? ¢ 562’

Definition 3.1.13. A surface spherical harmonic f is o function f: S? - C, f#0, such
that A(f) = X[ for some X € C, and where A is the Laplacian defined in 3.1.12 forr = 1.

Let us define the Legendre polynomials P, by 2"nlP,(z) = %—[(LEQ —1)"forn=20,1, 2,
and the associated Legendre functions P*(z) = (1 — xQ)%fl%’;@— for jm| < n and
n=20,1,2,....
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Theorem 3.1.14 ([72], [74]). 1. The surface spherical harmonics are given by f;7(8, ¢) =
emPPm{cosf) for§ € [0,7], p € [0,27), n=0,1,2, ... and|m|<n, and they form
an orthogonal basis of L2(S%,C).

2. Every C? function f: 8% — C can be ezpanded in an absolutely and uniformly con-
vergent series of surface spherical harmonics. Let {Y": |m| <n,n=0, 1, 2,...} be

an orthonormal basis for L2(S2,C) formed by surface spherical harmonics, then

0.8 =Y 3 Fonm¥z(6,6), where Fonm) = [ 7 sing dods.

>0 m|<n S

3. Let us define forn=0,1,2,... and g€ SO(3) a 2n+1) x (2n+ 1) matriz A,(g)
where the entries are defined by Y™ (g9z) = 3 j<n (An)m kYE(z) for Im| < n. Then,
foranyn=0,1,2, ..., A.(g) defines an irreducible unitary representation of SO(3).
Moreover, any function f € L2(SO(3),C) with respect to Haar measure has a Fourier

series expansion, converging in the L2 norm,

= on + VTr{f(n An{g)l, where f(n) = A, (g) d
)= 3 (n + DI} Anlo) fn) /So(g)f(g) @) dg

and dg is the Haar measure on SO(3).

Theorem 3.1.15 ([39], [73], [84]). The Laplacian A as an operator in L2(rS?%, R) has
the spectrum formed by a countable set {An}n>0 of zero and negative eigenvalues, and finite
dimensional generalized eigenspaces, and D(A) = H2(r8?% R). Also, there ezists an ana-
lytic semigroup {€*®}>0 in L2(r82,R) with the infinitesimal generator A.

Therefore, —A is a sectorial operator in Y, with N = 1 in the definition of the space Y,

and for any o € (%, 1), we have

8 -
Se(I-A)™e L(L%(rs% R)),

(,%(I— A)™* e L(L2(r8%, R)) and

é%(f — A)™® € L(L3(r8% R)),

where L(L2(rS%,R)) is the space of bounded linear operators on L2(rS2,R).
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Theorem 3.1.16. Let F: RY — RY be a C*+2 function such that F(0) = 0, where 0 <
k < oo. Let Y* = D((I — DA)®), where o« € ($,1). The reaction-diffusion system (3.0.1)
defines a sufficiently smooth local semiflow @ on the function space Y*. The flow is Ck+2
FY = L2(rS% RY) and CF if Y = H2(r8% RN). Namely, for any uo € Y?, let u(t, ug) be
the sufficiently smooth solution (C*2 or C* respectively) of the initial value problem given
by the reaction-diffusion system (3.0.1) and by the initial condition u(0) = ug, defined on
the mazimal interval of existence I(up) = [0,t0(uo)). Let W = {(t,up) € [0,00) x Y* |t €
I(ug)}. Then, the local semiflow &: W — Y* is defined by ®(t,u0) = u(t,uo), for any
(t,up) € W.

3.2 Action of SO(3) on Y*

Definition 3.2.1. The action of SO(3) on R? is given by the function 8%: SO(3) x R —
R3, defined by
0% (A, z) = Az where A € SO(3) and z € R, (3.2.1)

Definition 3.2.2. 1. The action of SO(3) on the function space Y is given by the func-
tion 6: SO(3) xY — Y, defined by

0(A, u)(z) = u(Az) where A € SO(8),u €Y and z € rS2. (3.2.2)
We denote 6(A,u) = Au.

2. The representation T of SO(3) on Y is given by the function T: SO(3) — GL(Y),
defined by
T(A)u(z) = u(A™'z) where A€ SOB),ue Y,z € rs? (3.2.3)

Theorem 3.2.3. 1. The function 6% defined in (3.2.1) and restricted to 7S? is a tran-
sitive left action of the group SO(3) on rS2.

2. The function T defined by (3.2.3) is a unitary representation of the group SO(3) on
the function space Y. The function 6 defined by (3.2.2) is a left action of the group
SO(3) on'Y.

Theorem 3.2.4. The Laplacian operator A: Y — Y, where N = 1 in the definition of the
space Y, is SO(3)-equivariant with respect to the action § defined by (3.2.2). The restriction
of the representation T' defined by (3.2.3) to Y = D({(I — DA)*), where a > 0 is a unitary
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representation of SO(3) on Y. The restriction of the action § defined by (3.2.2) to Y,
where o > 0 is also a left action of SO(3) on Y.

The left action of SO(2) C SO(3) on Y is defined as the restriction of the action ¢
defined by (3.2.2) to SO(2). We will use the same notation for this action.

Theorem 3.2.5. Let

0 O -1
Zi=10 0 =1 |,22= 0 O and Z3 =
0

0 -1

O O
oo D
o O D

0
0
The infinitesimal generators of the representation T' defined by (3.2.3) are bounded operators
on Y* = D((I — DA)*) for any o € (%—, 1), and they are given by

1. T(Z1) = 25 ~ ygs;

2. Tl(Zg) = 93562 - Z-a%;

! a 9

Theorem 3.2.6. The restriction of the representation T defined in (3.2.3) to Y = D((I -
DA)®), where o € (3,1), is smooth.
3.3 SO(3)-Equivariance of a Reaction-diffusion System on rS?

Theorem 3.3.1. Let F: RN — RY be a C*+2 function such that F(0) =0 and 1 < k < oo.
Let Y® = D((I — DA)®), where o € (,1). The local semiflow ® given in Theorem 3.1.16
is SO(3)-equivariant with respect to the action 6 defined in (3.2.2) restricted to Y.

3.4 Parameter-dependent Reaction-diffusion Systems on rS?
We consider a parameter-dependent reaction-diffusion system of the form

Su, , 2

—a—t—(t,x) = DAu(t,z) + F(u(t, ), A) on 787, (3.4.1)
where 7 > 0, rS? is the sphere of radius =, §2 is the unit sphere in R?, v = (u1, ug, ...,

UN): rS2 - RY with N > 1,
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D= Lo ,d; > 0,i=1,2 ..., N are the diffusion coefficients and F' =

0 ... dy
(Fy, By, ..., Fy): RY xR — RY a ¢F2 function with 0 < k < co. We study the

reaction-diffusion system (3.4.1) on the function space
L2(r8?RY), ifd;>0fori=1,2..., N;
H2(r82%,RY) if there exists an i € {1, 2, ..., N} such that d; = 0.

Theorem 3.4.1. Let F be a C**2 function such that F(0,)) = 0 for |A| small, and 1 <
k<oo. Let Y = D((I — DA)*), where o € (%, 1). The reaction-diffusion system (3.4.1)
defines a sufficiently smooth (C*+2 if Y = L2(rS%,RY) and C* if Y = H2(r82,RV))
parameter-dependent local semiflow ®: W C [0,00) x Y* X (=Ag, Ag) — Y& for Ag > 0
small. The local semiflow ® is SO(3)-equivariant with respect to the action 6 defined in
(3.2.2) restricted to Y, where W is defined as in Theorem 3.1.16.

Remark 3.4.2. The theorem 3.4.1 is valid for more than one parameter as well.

3.5 Examples

Some examples of reaction-diffusion systems are the following:

Example 3.5.1 ( The FitzHugh-Nagumo model).

ou 1,
rilie E(-—§f+u~v)+DUAu,
%;i = e(u—av+8)+ D,Av,

where u and v are two scalar fields, Dy, D, are the constant diffusion coefficients.

The parameters c and (3 characterize the local dynamics and, hence, the local ezcitability.
There are other variants of the system (3.5.1). The system (3.5.1) or a wvariant of the
system (3.5.1) on a sphere was studied in [30] and [89]. Also, it was studied on a spherical
shell in [10] and [13].

This system is also described in [44].
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Example 3.5.2 ( The Oregonator model).

ou 1 9 L, U—g
E _ DuA’LL+ E(u—u —Jvu+q)7
ov

—_— = 4y -

5 DyAv+u—w,

where u is the 'propagator’ variable, v is the ’recovery’ variable, and D,, D, are diffusion
1

coefficients. The parameters ¢ measures ratio of the ezcitation rate to the recovery rate, f
measures the threshold for excitation relative to the amplitude of uniform excitation.

This model was studied on a sphere with radius R = 30 in [87].

Example 3.5.3 (The Ginzburg-Lindau equation).

0A

o = A+ (1+ib)AA=(1+ic) |A]? 4,
where A = Ay + iAy is a complez function of time t and space (z,y) € R?, the linear
parameters b and ¢ characterize linear and nonlinear dispersion.

If b # ¢, spiral waves are observed [58].

3.6 Proofs of some Theorems of Chapter 3

Proof of Theorem 3.1.16. By theorem 3.1.15, we have that —DA is a sectorial operator on
Y.

That F is a sufficiently smooth operator from Y into Y for any o € (%, 1) is deducted as in
[84], because the Sobolev embedding theorems used in [84] are valid for 782 (see Theorems
2.5.16 and 3.1.5) and rS? is also compact and connected. The superposition operator F is
CH2 if Y = L2(r$2,RY) and C* if Y = H2(rS2,RY) (see [84]).

Then, Theorem 3.1.11 implies that the local semiflow ®(¢,u) on Y is sufficiently smooth
for any o € (%, 1), where the degree of smoothness is as indicated in the statement of the

theorem. O
Proof of Theorem 3.2.3. (1) We prove that 67 is a left action.

1. #8(AB,z) = ABz and 6%(A,6%(B, z)) = 67(A, Bz) = A(Bz) = ABz for any A,B €
50(3),z € R3;

2. 6%(I3,2) = I3z = « for any =z € R3.
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If z € rS2, we clearly have Ax € rS2.

The transitivity of #% on the sphere rS? is proved in [79].

(2) Suppose that ¥ = L#(r82,RV) and u € Y, A € 50(3).

We check that the function T is well-defined.

We have [ g [(T(A)w)(z)® dr = [ g2 Hu(A‘lzc)H2 dz = | g lu()|)® dy < oo, that is
T(AueY.

It is clear that T(A) is linear and invertible for any A € SO(3), the inverse of T(A) being
T(A™h).

Since |T(A)ullpz gn = |lullp2 gn for any u € Y, T(A) is an isometry on Y (see also [73])
for any A € SO(3). Therefore, T'(A4) is bounded on Y for any 4 € SO(3).

Moreover, T is a representation of SO(3) on the function space Y because
1. T(L3)u(z) = uw(l3'z) = u(z) for any z € rS? and u € Y;

2. For A, B € SO3), £ € r8% and u € Y, we have T(AB)u(z) = u((4AB)™'z) =
uw(B~1A™1z) = (T(B)u)(A z) = T(A)N(T(B)u(z)). Then, (T(A)T(B))u(z) = u(B71A ).

Suppose that Y = H2(r$2,RY) and u € Y, 4 € SO(3).

We have that u € C®° = T(A)u € C* and then using the density of C*° in H?(r82,RY)
(see Theorem 2.5.16), it follows that T(A)u € Y. The same result can be obtained if we
take into account the characterization of the Sobolev space H2(rS2,R) by spherical Fourier
transform (see [51], [72], [74]) and Theorem 3.1.14. From this, we also get that T(A) is an
isometry on Y for any A € SO(3).

IfY = L2(rS2,RY) or Y = H3(rS% RY), it follows from the continuity of the action or
the fact that 7'(A) is an isometry on Y and the density of C°(rS%,RY) in Y (see Theorem
2.5.16), that the function A — T(A)u is continuous from SO(3) inte Y for any u € Y.
Since T is a representation of SO(3) on Y, it is clear that # is a left action of SO(3) on Y.

By theorem 2.4.3, 8 is a linear action. O

Proof of Theorem 3.2.4. The SO(3)-equivariance of the operator A: Y — Y (with N =1
in the definition of Y) is proved in [15], [72], [73] or [74].

Therefore, the operator DA: Y — Y is SO(3)-equivariant. From the SO(3)-equivariance
of the operator DA: Y — Y it follows that Y© is invariant under the representation T' and

that 7 is also a unitary representation of SO(3) on Y. Moreover, it follows that & is a left
action of SO(3) on Y. O
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Proof of Theorem 3.2.5. From [72] or [74], we get the form of the infinitesimal generators
T(2,),T (%), T (Za).

Let Y = L2(rS%,RY).

From Theorem 3.1.15, the operators 5%, "a%’ 5@; are bounded from Y into Y for any o €
(3,1). Hence, since (z,y,2) € rS2, it follows that the infinitesimal generators T (Z1),
T'(Zy), T'(Z3) are bounded from Y into Y for any a € (3, 1).

Let Y = H?(rS2,RY).

We know that D(A) = H?(rS%R) C D(-(%),D(%),D(a%). So, the operators 2, a%v aa_z
are bounded on H?(r82 R). As before, it results that the infinitesimal generators T'(Zy),
T'(Zy), T'(Z3) are bounded on Y. O

Proof of Theorem 3.2.6. Since {Z1, Zs, Z3} is a basis of so(3), Theorem 3.2.5 implies that
for any X € s0(3), T (X) is a bounded operator on Y* (with range Y* by [78]) for any
@ € (,1). Thus, it follows that T is a smooth representation of SO(3) on Y. O

Proof of Theorem 3.3.1. The SO(3)-equivariance of the operator DA: Y — Y results from
SO(3)-equivariance of the Laplacian operator (see Theorem 3.2.4). Since Y* is SO(3)-
invariant (see the proof of Theorem 3.2.4), it follows that the operator DA: Y® — Y is
SO(3)-equivariant.

Since (T(A)F(u))(z) = F(u)(A™ z) = F(u(4™'z)) = F(T(A)u(z)) = F(T(A)u)(z) for any
A€ SO(3), z € rS%, u € Y, the superposition operator F: Y* — Y is SO(3)-equivariant.
Thus, the local semiflow @ obtained in theorem 3.1.16 is SO(3)-equivariant. O

Proof of Theorem 3.4.1. Recall that —DA is a sectorial operator on Y (see the proof of
Theorem 3.1.16). That the superposition operator F is a sufficiently smooth operator from
Yo x Rinto Y for any o € (%, 1) is proved as in Theorem 3.1.16. Using Theorem 3.1.11,
we get that the local semiflow @ is sufficiently smooth on Y for any a € (—é—, 1).

We proved in Theorem 3.3.1 that the local semiflow @ is SO(3)-equivariant. O
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Chapter 4

Rotating Waves and Modulated
Rotating Waves on rS2

Let us consider the reaction-diffusion system (3.0.1). Throughout this chapter we fix o €

(3,1). Also, we will make references to chapter 5.

4.1 Rotating Waves

Definition 4.1.1. Let ug € Y be such that the stabilizer of ug is XNy, = I3. The orbit of
ug under the action 8 defined in (3.2.2) is called a relative equilibrium for (3.0.1) if there

exists a matriz Xo € so(3) such that
P(t,up) = e for any t > 0. (4.1.1)

Sometimes, when SO(3)ug is a relative equilibrium, we call ug o relative equilibrium. If
Xo # Oa, then any solution of the reaction-diffusion system (3.0.1) of the form AP(., up),
where A € SO(3) is called a rotating wave for (3.0.1).

There are other definitions of relative equilibria for an equivariant dynamical system,
but in the case of the compact group SO(3) it can be proved that they are equivalent to the
one given above. The dynamics on relative equilibria in G-equivariant dynamical systems,
where G is a compact Lie group, contain either equilibria or periodic solutions (this is the

generic case) since the maximal torus in SO(3) is SO(2) (see [22]).
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Definition 4.1.2. Let ®(., Aug) be a rotating wave as in Definition 4.1.1, where A € SO(3).
i ——
Then, the vector AXgA™! is called the frequency vector of the rotating wave. If the vector
—_——
W%HAXOA‘ZL is in the north hemisphere, then wg = |Xo| is called the frequency of the

rotating wave. Otherwise, —wy is called the frequency of the rotating wave.

Remark 4.1.3. 1. Because the action 6 of SO(3) defined in (3.2.2) restricted to Y
is smooth, then the relative equilibrium defined in Definition 4.1.1 is a sufficiently
smooth manifold in Y® diffeomorphic to SO(3) since Ly, = I3.

2. Let ug € Y be a relative equilibrium which is not an equilibrium for (3.0.1) such
that the stabilizer of ug is Ly, = I3. Then, the rotating waves in SO(3)ug have their
anti-symmetric matrices associated with the frequency vectors on the same adjoint

orbit.

4.2 Modulated Rotating Waves

Definition 4.2.1. Let ug € Y@ be such that the stabilizer of ug is Xy, = I3. The set defined
by {A®(t,u) | A € SO(3),t € Ry} is called a relative periodic orbit for (3.0.1) if it is not

a relative equilibrium and there exist a number T > 0 and a matriz Xo € so(3) such that
®(T,ug) = eXTug and ®(t,up) ¢ SO(3)ug for any t € (0,T). (4.2.1)

If | Xo| T # 2km for any k € Z, then any solution of the reaction-diffusion system (3.0.1) of
the form A®(.,uo), with A € SO(3) is called a modulated rotating wave for (3.0.1).

There are other definitions of relative periodic orbit for an equivariant dynamical system,

but it can be proved that they are equivalent to the one given above.

Remark 4.2.2. 1. Because the action 8 of SO(3) on Y® defined in (3.2.2) is smooth,
then the relative periodic orbil defined in Definition 4.2.1 is a sufficiently smooth
manifold in Y*.

®(T1,u0) = e*Truy if and only if Ty € TZ.

Proof. By the definition of a semiflow and the SO(3)-equivariance of the semifiow
B(t,up) , it follows that B (K7, ug) = eXo*Tye for any k € Z.
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Let 77 € R be such that ®(71,ug) € SO(3)up and let Ty = kT + r, where r € [0,T)
and k € Z.

We have ®(T1, ug) = ®(kT+r,up) = &(r, ®(AT,u0)) = &(r, e ) = eXoFTH (r ug).
Thus, ®(r,ug) € SO(8)ug and r € [0,T). By the definition of T', we get that r = 0.
So, 71 = KT O

| Xol = 2’%71 for some k € Z, then ®(t,ug) is a T-periodic solution of the reaction-
diffusion (3.0.1).

. There are periodic solutions of the reaction-diffusion system (3.0.1) that are modulated
rotating waves in the sense of Definition 4.2.1. We show that their period is an integer

multiple of the corresponding T from Definition 4.2.1 and | Xo|T € 27Q.

Proof. Let T; be the period of ®(t,ug), that is ®(T1,up) = ue. By the proof of
statement 2 above, we get that Ty = kT since ®(T7,ug) = up € SO(3)up. Also,
we have ®(0,ug) = ug = ®(kT,up) = eX*Tug and since T, = I3, it follows that
e~k%oT = ;3 and, by Theorem 2.2.13 (6), we get | Xo| kT = 2lw for some [ € Z, I > 0.
Thus, | Xo|T € 27Q. O

. If ®(.,up) is a periodic solution, then A®(., ug) is a periodic solution for any A €
SO(3). If ®(., ug) is a modulated rotating wave, then A®(.,up) is a modulated rotating
wave for any A € SO(3).

Definition 4.2.3. Let ®(., Aug) be a modulated rotating wave as in Definition 4.2.1, where
——
A € SO(3). Then, the vector AXgA~! is called a primary frequency vector of the modulated

rotating wave and the number T is called the secondary period of the modulated rotating

wave. If the vector ﬁAXoA_1 is in the north hemisphere, then wy = |Xo| is called the

primary frequency of the modulated rotating wave. Otherwise, ~wp is called the primary

frequency of the modulated rotating wave.

Remark 4.2.4. 1. If ®(t, Aug) is o T-periodic solution of the reaction-diffusion system

(3.0.1) such that
®(T, Aug) = Aug and ®(t, Aug) ¢ SO(3)up for alit € (0,T), (4.2.2)

then a primary frequency vector of ®(t, Aug) can be any vector ?{z in R® with | X1| =
Zx for k € L.
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—
2. A primary frequency vector X1 of a modulated rotating wave ®(t, Aug) is unique up

to an integer multiple of D‘%‘TE'

Theorem 4.2.5. Let ug € Y be a relative equilibrium which is not an equilibrium for
the reaction-diffusion system (3.0.1) and such that L., = I3. Suppose that Theorems 5.1.2
and 5.2.1 hold. Let ®(.,u1) be a modulated rotating wave as defined in Definition 4.2.1
with w1 € M and T, = I3, where MZ¥ is defined in Theorem 5.1.2. Let T' > 0 and
X, € s0(3) be as in Definition 4.2.1 for the modulated rotating wave ®(.,u1). Then there
exists a periodic function R: Ry — Y of period T # ]5‘2(—7;1 such that R(0) = u; and

B (t,u1) = eXR(2).
Obuviously, for any Ag € SO(3)
B(t, Aguy) = e X145 T RA (1),
where RA9(t) is a T-periodic function such that R4°(0) = Aou;.

Remark 4.2.6. Let SO(3)®(.,uq) C Y2 be a relative periodic orbit for (3.0.1) such that the
stabilizer of ug is Lo, = I3. Then the modulated rotating waves in SO(3)®(.,uo) have the
anti-symmetric matrices associated with the primary frequency vectors on the same adjoint
orbit (if we consider the primary frequency vectors as unique up to a multiple of 2%71, kel

of the corresponding unit primary frequency vector).

4.3 Tip Position

Definition 4.3.1. For 0 < k < oo, a C* function Tgp: Y& — r8? that is SO(3)-
equivariant is called o tip position function. By the tip of u € Y%, we understand

the point Typ(u) € rS2.

Remark 4.3.2. If the function zyp, is defined only on an open subset of Y, then the

function zp is called a local tip position function.

Theorem 4.3.3. For the reaction-diffusion system (3.0.1), consider the tip motion func-
tion zyp(®(t, uo)), where T4y is o tip position function and B (¢, up) is the solution of the

reaction-diffusion system (3.0.1) with the initial condition u(0) = up.
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1. For a rotating wave ®(t,up), the tip motion xu,(®(t,ug)) is a circle on the sphere
r82 with the center on the line having the direction of the frequency vector of ®(t,ug),

and this is independent of the choice of the tip position function.

2. For a modulated rotating wave (%, up), the tip motion zyp(P(t, ug)) has the property
that Tuip(®(kT, u0)) for k € Z are points of a circle on the sphere rS* with the center
on the line having the direction of the primary frequency vector of ®(t,up); this is

independent of the choice of the tip position function.

Remark 4.3.4. For a modulated rotating wave, the tip motion 4y, (®(t, u0)) may describe
an epicycle-like motion. The existence of well-defined petals, as well as the size of petals

depends on the choice of the tip position funclion.

Let ug € Y be a relative equilibrium that is not an equilibrium for the reaction-diffusion
system (3.0.1) such that X, = Is. Suppose that Theorems 5.1.2 and 5.2.1 hold.

Definition 4.3.5. Let us consider a C* local tip position function Typ on MY, where

1<k <co. Any C* function Ty Vi — rS? is called a tip position function on Vi, where
Vi and Mgy are defined in Theorems 5.1.2 and 5.2.1.

Theorem 4.3.6 ([21]). The connection between a C' local tip position function Typ on

Mgy and a C position tip function xz‘ip on Vi is given by :
Tiip(AV(q)) = Az (), (4.3.1)

where A and q are the coordinates on SO(3) x V... Let u* € Myy. Then the tip motion
z(t) = zp(B(t,u*)) of the solution B(t,u*) of the reaction-diffusion system (3.0.1) with

the initial condition u(0) = u* satisfies the differential equation:
#(2) = A X (a(t), (432)

where X (q) = Xel@)ehi, (@) + Doz (Xn(9)), and A(t) and q(t) are the solutions of the
differential equations (5.2.1) given in Theorem 5.2.1 associated to ®(t, u¥).

Example 4.3.7 (Examples of tip position function). For simplicity, we consider the
local tip position function on Vi defined by zy;,(q) = zo for any q € V,, where zp € r82 is
fized.
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4.4 Stability of Rotating Waves and Modulated Rotating

Waves

Definition 4.4.1. Let ug € Y® such that ®(t,up) is a rotating wave for the reaction-
diffusion system (3.0.1). Then it is linearly orbitally stable if E* = T3,,(SO(3)uo) (see
Theorems 5.1.2 and 5.2.1 for the definition of E*).

Remark 4.4.2. The same concept can be given for a modulated rotating wave.

Definition 4.4.3. 1. A solution ®(., up), with up € Y%, of the reaction-diffusion system
(3.0.1) is orbitally stable if for any € > 0 there is some p = p(e) > 0 such that for
each u € Y* with ||u — uol| < p and for all t > 0,
inf ||A®(t,u) — (¢ <e.
JJnt 1A% (t )~ Bt )] <
2. A solution ®(.,ug), with ug € Y*, of the reaction-diffusion system (3.0.1) is orbitally
asymptotically stable if it is stable and if there is some p > O such that for allu € Y*
with [Ju — upl| < p we have
inf ||A®(t,u) — @(t,up)|| — 0 ast — oo.
AE50(3)

3. A solution ®(.,ug), with up € Y* of the reaction-diffusion system (3.0.1) is orbitally

unstable if it is not orbitally stable.

Let ug be a relative equilibrium that is not an equilibrium for the reaction-diffusion
system (3.0.1) and such that 3,, = /5. Suppose that Theorems 5.1.2 and 5.2.1 hold. Let
®(.,u;) be a modulated rotating wave as defined in Definition 4.2.1 with uy € Mg and
¥, = I3, where MZ! is defined in Theorem 5.1.2. By Theorem 5.2.1, ®(., ug) corresponds to
0 and @(.,u1) corresponds to g1 (¢), where 0 and ¢; (¢) are solutions of the second differential

equation in (5.2.1).

Theorem 4.4.4. 1. ®(.,up) is orbitally stable (respectively unstable) if O is stable (re-
spectively unstable) in the second differential equation of (5.2.1).

2. ®(.,u1) is orbitally stable (respectively unstable) if q1(t) is stable (respectively unstable)
in the second differential equation of (5.2.1).
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4.5 Proofs of some Theorems of Chapter 4

Proof of Theorem 4.2.5. Since ®(t,u;) is 2 modulated rotating wave for the reaction-diffusion
system (3.0.1), there exist a number 7' > 0 and a matrix X € so(3) such that @(T,u1) =
eX1Ty; and ®(t,u1) ¢ SO(3)u for all t € (0, 7).

By Theorem 5.2.1, there exist two functions A(t) and ¢(t) such that the differential equa-
tions (5.2.1) are satisfied and ®(¢,u;) = A(t)¥(g(t)). Let us denote by ¢1(t) = ¥(q(¢)),
where the function ¥ is defined in the proof of Theorem 5.2.1 (see [20] and [70]). Also we
have ®(0,u1) = A(0)¢q1(0) = A(0)¥(¢(0)) = 1.

Therefore, one has A(T)q1(T) = X177 A(0)q; (0) => e X1TA(T)q1(T) = A(0)q1(0) and also
Pt +T,uy) = B(t, B(T,u1)) = ®(t,eX1Tuy) = eX1TP(t,uq), for all t € [0,00). We get
e XD At + Tgy (t +T) = e X1t A(t)g1(t) for all t € [0,00). If we define the function
R(t) = e X1 A(t)q1(?) for ¢ € [0, 00), then this function is T-periodic, R(0) = A(0)q1(0) =

u1 and
®(t,u1) = A)q(t) = A()AR) X1 R(t) = X' R(t) for t € [0, 00).
The other assertion of the theorem is obvious. |

Proof of Theorem 4.3.3. Let ®(t,ug) = eX°*uq be a rotating wave of the reaction-diffusion
system (3.0.1). Using the SO(3)-equivariance of the tip position function, we have
Teip(B(t, u0)) = Tuip(eXPu0) = X0 yip (uo).

Let ®(t,up) be a modulated rotating wave of the reaction-diffusion system (3.0.1), such
that ®(T,up) = e*Tuy and ®(t,up) ¢ SO(3)ug for t € (0,T). For any n integer,
using the SO(3)-equivariance and the definition of the semiflow, we get ®(nT,up) =
eXonTy,  Therefore, using the SO(3)-equivariance of the tip position function, it follows

that z4ip(®(nT,uo)) = :ctz-p(eXO"Tuo) = eXO”T:Etip(uo). O

Proof of Theorem 4.4.4. This is a result of the definition of orbital stability (respectively
orbitally instability) and Theorems 5.1.2 and 5.2.1. g
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Chapter 5

Center Manifold Reduction for
Relative Equilibria (Rotating
Waves on rS?)

Let us consider the reaction-diffusion system (3.0.1). Throughout this chapter we fix o €
(3,1) and and assume that F is of class C**2 with k > 3.

5.1 The Center Manifold Reduction

Theorem 5.1.1 ([85]). Let ug € Y be a relative equilibrium that is not an equilibrium
for (3.0.1) and such that the stabilizer of ug is Ly, = I3. Let L be the linearization of
the right-hand side of (3.0.1) with respect to the rotating wave ®(t,ug) = eXotyq in the

co-rotating frame, that is

L=DA -+ DuF(Ug) — Xo.

Then the operator L has eigenvalues 0, +1i | Xo| due to the SO(3)-equivariance of the reaction-
diffusion system (3.0.1).

Theorem 5.1.2. Let ug € Y be a relative equilibrium that is not an equilibrium for (3.0.1)
and such that the stabilizer of ug is Ly, = Is. Let L be the linearization of the right-hand

Xotyy in the co-rotating frame,

side of (3.0.1) with respect to the rotating wave ®(t,ug) = ¢
that is

L = DA + DyF(ug) — Xo.
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Suppose that:

1. the spectrum o{L) of L is such that o(L)N{z € C| Re(z) > 0} is a spectral set with
spectral projection Py, and dim(R(P,)) < oo,

2. the semigroup e satisfies !ELtiR(l_p*)I < Ce Pt for some o > 0 and C > 0.

Then there exists a SO(3)-invariant sufficiently smooth manifold Mgy in Y that contains
SO(3)ug and is locally invariant under the semiflow ®; for any t > 0. This manifold is
locally ezponentially attracting and contains all the solutions which stay close to the SO(3)ug

for all backward times.

Definition 5.1.3. The manifold Mg¢ in Theorem 5.1.2 is called a center manifold for the

relative equilibrium ug.

5.2 The Differential Equations on the Center Manifold

Theorem 5.2.1. Let ug € Y be a relative equilibrium that is not an equilibrium for (3.0.1)
and such that the stabilizer of ug is Ly, = I3. Let L be the linearization of the right-hand
side of (3.0.1) with respect to the rotating wave ®(t,ug) = eXotyy in the co-rotating frame,
that is

L = DA + D, F(ug) — Xo.

Suppose that:

1. o(L)N{z € C | Re(z) = 0} is a spectral set with spectral projection P, and
dim(R(P,)) < oo;

< CePot for some Bp > 0 and C > 0.

2. the semigroup el satisfies 'eLt]R(l_p*)

Let V, be the orthogonal complement of T,,(SO(3)ug) in B = R(Fy).
Then the center manifold M} given by Theorem 5.1.2 is diffeomorphic to S50(3) x Vi
Furthermore, there ezist sufficiently smooth functions X¢g: Vi — so(3) and

Xy Vi — Vi such that any solution of

A = AXg(g),

5.2.1
G Xn(9), ( :
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on SO(3) x Vi corresponds to a solution of the reaction-diffusion system (3.0.1) on Mgy
under the diffeomorphic identification. Also, Xg(0) = Xo, Xn(0) =0 and

o(DuXn(0)) = o(QsLlv,), where Q. is the projection onto Vi along Tuy(SO(3)uo).
Remark 5.2.2. We say that the vector field (5.2.1) is the pull-back of the vector field on
MZY to SO(3) x Vi. This vector field is in skew-product form.

ForY = L2(rS%2 RY), we have that M isa C**1 manifold and Xy, X are C* functions
(see [20] and [70]).

For Y = H2(rS%,R¥Y), we have that M is a C*1 manifold and Xy, X¢ are CF~2
functions (see [20] and [70]).

5.3 Center Manifold Reduction for Parameter-dependent Reaction-

diffusion Systems on rS?

Let us consider the reaction-diffusion system (3.4.1).

Theorem 5.3.1. Let ug € Y@ be a relative equilibrium that is not an equilibrium for (3.4.1)
at X = 0 and such that the stabilizer of ug s 3y, = I3. Let L be the linearization of the
right-hand side of (3.4.1) with respect to the rotating wave ®(t,ug,0) = eXotyy at A =0 in

the co-rotating frame, that is
L = DA+ D, F(ug,0) — Xg.
Suppose that:
1. o(L)n{z € C | Re(z) > 0} is a spectral set with spectral projection P., and
dim(R(P)) < oo;
2. the semigroup el satisfies leLt!R(l_p*)! < Ce Pt for some Bo > 0 and C > 0.

Then there exists a sufficiently smooth parameter-dependent center manifold Mgy (A) for the

relative equilibrium ug.

Theorem 5.3.2. Let ug € Y be a relative equilibrium that is not an eguilibrium for (3.4.1)
at A = 0 and such that the stabilizer of ug is Ly, = Is. Let L be the linearization of the
right-hand side of (3.4.1) with respect to the rotating wave ®(t,ug,0) = ety at A =0 in

the co-rotating frame, that is

L=DA+ DuF(u0,0) — Xg.
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Suppose that:

1. o(LyN{z € C | Re(z) > 0} is a spectral set with spectral projection P, and
dim(R(P,)) < oc;

2. the semigroup e satisfies [eLtiR(l__P*)t < Ce Pt for some Bg > 0 and C > 0.

Let Vi be the orthogonal complement of T,,,(SO(3)ug) in E** = R(F,).

Then the center manifold MZ4(X) given by Theorem 5.3.1 is diffeomorphic to SO(3) x Vs
for || small. Furthermore, there ezist sufficiently smooth functions X¢: Vi x R — so(3)
and Xpn: Ve x R — V, such that any solution of

A = AXelg,N),
g = XN(Q: )\))
on SO(3) x Vi corresponds to a solution of the reaction-diffusion system (3.4.1) on Mg

under the diffeomorphic identification for |A| small. Also, Xc(0,0) = Xo, Xn(0,0) = 0 and
o (DuXn(0,0)) = o(QxLly,), where Q, is the projection onto Vi along Ty, (SO(3)uo).

(5.3.1)

Remark 5.3.3. Theorems 5.3.1 and 5.3.2 are valid for more than one parameter.

5.4 Proofs of Theorems of Chapter 5

Proof. All the proofs of the theorems in this chapter results from applying the theorems
given in [20] and [70] to the sectorial operator A = —DA, the compact Lie group G = SO(3)
and the function space Y chosen in chapter 3.

We also use that the representation T of SO(3) is unitary and smooth on Y< for any
a € (%, 1) by Theorems 3.2.3 and 3.2.6, and the superposition operator /' is a sufficiently
smooth operator from Y® or Y® x [0, 00) into Y for any a € (3, 1). d
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Chapter 6

Transition from Rotating Waves to
Modulated Rotating Waves on rS2

Throughout this chapter we fix a € (3,1).
Let X3 = f7<10_lX0' There exist X1, X9 € so(3) such that the set {)—()(1),)—()1,)_()2} is an
orthonormal basis in R® satisfying

— — <1

= T - — <2 —
XOXX1:X2,X1><X2=X0 and XQXXO‘—"Xl.

P - =
Since so(3) is isomorphic to R and [X,Y] = X x Y, {X}, X1, Xo} is a basis of the Lie
algebra so(3) such that

(X3, X1] = Xo, [X1, Xo] = X§ and [Xs, X}] = X,.

Definition 6.0.1. Let M be a smooth manifold, X a normed space or the empty set and
VX x[0,h) — M for Ao > 0 small. We say that the function Y is CS on X x [0, Xo) if
the function Z: X x [0,e0) — M defined by

Z(z,€) = Y(z, %),

is smooth on X X [0, eq), where eg = /9.
We say that Y is C*-CS if Z is C*, where k € Z, k > 1. We say that Y is sufficiently CS
if Z is sufficiently smooth.
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6.1 Hopf Bifurcation Theorem to Modulated Rotating Waves

and the Bifurcation Diagram

Let us consider the reaction-diffusion system (3.4.1). Throughout this section we assume
that F is of class C*t2 with k > 3.

Theorem 6.1.1 (Hopf Bifurcation Theorem for Rotating Waves on a Sphere).
Let ug € Y be a relative equilibrium that is not an equilibrium for (3.4.1) at A = 0 and
such that the stabilizer of ug is Xy, = I.

Let L be the linearization of the right-hand side of (3.4.1) with respect to the rotating wave
®(t,ug,0) = eXotyy ot A =0 in the co-rotating frame, that is

L=DA+ DuF(uo,O) - Xo.
Suppose that:

1. o(L)n{z € C | Re(z) > 0} is a spectral set with spectral projection P, and
dim{R(P,)) = 5;

2. the semigroup et satisfies IeLtIR(l_p*) < Ce Pt for some By > 0 and C > 0.

Then Theorems 5.3.1 and 5.3.2 can be applied.
Suppose that a supercritical Hopf bifurcation with eigenvalues tiwy;y takes place in the
second differential equation of (5.3.1) in Vi at g =0 for A = 0. Namely, '

1. Xn(0,0) =0;

2. DyXn(0,0) has eigenvalues iwy;p; without loss of generality, we assume that Xn(0, )
0 for |A] small;

3. DyXn(0,)) has the eigenvalues a(X) £ i(wpiy + B(N)) with o(0) = B(0) = 0 such that
o (0) > 0;

4. a(0) < 0, where a(0) is defined in Theorem 2.7.1.

Let us denote by q(t, ) the stable periodic solution near g = 0 that appears for A > 0 small
due to the supercritical Hopf bifurcation. Let T()\) = |i—7;1 be the period of the function
q(t, \), where wy = wyip + O(A) for A >0 small.

Then, there exists a sufficiently CS branch ®(t,uy,A) such that ®(t,up,0) = eXotyy and
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amplitude

stable MRW

stable RW unstable RW

RW-rotating wave
MRW —modulated rotating wave

Figure 6.1.1: Bifurcation Diagram for Nonresonant Hopf Bifurcation

for A > 0 small, ®(t,uy, \) is either an orbitally stable modulated rotating wave with a pri-
——
mary frequency vector X () and the secondary frequency wy, or an orbitally stable periodic

27

solution with the period = .
o]

The bifurcation diagram is illustrated in Figure (6.1.1).

6.2 The Primary Frequency Formula

Let us consider the reaction-diffusion system (3.4.1).
Throughout this section, we will suppose that ug € Y is a relative equilibrium that is not
an equilibrium for (3.4.1) at A = 0 and such that the stabilizer of ug is Ly, = Is.
Suppose that Theorem 6.1.1 holds.

Let us define

Xealg(t,N),A) if X >0andte€[0,00);

Xo if A=0and ¢ € [0, c0),

XG(t, A) = (6.2.1)

where Xg(g, A) is defined in Theorem 5.3.2 and ¢(t, A) is the periodic solution in Vi which
appears due to the supercritical Hopf bifurcation at ¢ = 0. Let ¢(¢,0) = 0 for all t € R.
Then, it follows that X% (¢, A) = Xg(g(t, ), A) for ¢ € [0,00) and A > 0 small.
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Since g(t, A) = A%T(t7 A) given in Theorem 2.7.1 is sufficiently C'S and X¢(g, A) is sufficiently
smooth, it follows that the function X© is sufficiently CS.
Writing ¢{¢, A) = /\%r(t, A), we have

XC(t, ) = mo(t, NXE + Abzi(t, A X1+ A2za(s, A) X,

| (6.2.2)
ng(t, )\) = ]XQ] + Azzg1 (t) -+ )\ZEQQ(t, A)

for t € [0,00) and A > 0 small. The functions XG0, zo(t, N), z1(t, N), z2(t, A) are Tc%l;T
periodic in ¢ for A > 0 small.

Let A(t,)) for t € [0,00) and A > 0 small be the solution of the initial value problem

A = AXC(t,N),

A0 - 1 (6.2.3)

where XC(t, \) is defined in (6.2.1).

From the proofs of Theorems 62.1.1 and 6.5.1, a primary frequency vector X (A) of ®(t, ux, A)
X(A)=L

is given by A(!—iﬁ, A)=e =y for A > 0 small.

Theorem 6.2.1. Suppose the hypotheses of Theorem 6.1.1 are satisfied. Then, there exists
a sufficiently CS branch X (X\) with X > 0 such that X()) is a primary frequency vector
X(O) 2m
of ®(t,ux, A) for A > 0 small and X (0) is such that @(T—QJT—T,UO,O) =e |l ug. Also,
Whif

ey
there ezists a branch XJ()\) for A > 0 such that X F(N\) is a primary frequency vector of
®(t, up, A) for A > 0 small and X1(0) = Xo. Moreover,

1. if |Xo| # kwpip for all k € Z, then the branch X7 (X\) for X > 0 is sufficiently CS and
X7 = (|Xo| + OA3) XE + O(AB) X, + O(ANT) X, for small A > 0. (6.2.4)

(The branch ®(t,ux, \) contains only modulated rotating waves for A > 0 small).

2. if | Xo| = kwepig for some k € Z, k # 0, then IXf()\)| for X > 0 is continuous and

]Xf (V)] = 1Xol + O(\) for small x> 0. (6.2.5)

Remark 6.2.2. If | Xo| = kwyiy for some k € Z, k # 0, it may be possible that the branch
X (X) be discontinuous at A =0 or/and at any A > 0 such that |[X(N)| = 0.

In the rest of the section we give a way of constructing X (A) and X/ () for A > 0 using
the BCH formula in so(3) given by Theorem 2.3.4.
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Theorem 6.2.3. Suppose that the hypotheses of Theorem 6.1.1 are satisfied.

Let us consider the following initial value problem:

7 = [I + 1Z+( -C-—%——) ZQ] XC(, N
3 2P 2saZhz) ) 7 | ' (6.2.6)
Z(0) = Os.

Then

1. there exists a positive integer n independent of A such that the initial value problem

(6.2.6) has a unique sufficiently C'S solution Z(t,\) ont € [0, ;ﬁ%{] and A > 0 small;

t
Z(t,N) = <1X0| t+ A2 / o1(s) ds + Azoa(t, ,\)) XL+ N2z (8, N) X1+ A za(t, M) Xo
0

(6.2.7)
for any t € [0, 5124411,\_1] and A > 0 small;
3. foranyi=1,2, ..., n—1 the initial value problem
7 = |n+ Z+( -ﬁ?—sg‘LZQXG(t,\)
3 127 2sin 2| 7] v (6.2.8)
Z(zn%:\ ) = O3

has o unigue sufficiently CS solution on [z;%}—’;—l, (i + 1)%] and A > 0 small.
Theorem 6.2.4. Suppose that the hypotheses of Theorem 6.1.1 are satisfied. Then,

1. there exists a function Z(t, \) such that [Z(t, )] is sufficiently CS fort € [0,00) and
A > 0 small, and A(t, \) = 2t fort € [0,00) and A > O small, where A(t,A) is the
solution of the initial value problem (6.2.3).

2. the function Z(t,)) is defined by

(¢)

[2(t, )] = [2°(t, \)] = BCH(Z3(—2 2

I Cm

forallt € [(z—l)%,zm%;—!] and A > 0 small, wherei=1,2, ..., nand Z; is the

), Zilt, ) (6.2.9)

solution of the following initial value problem on the interval [(1— 1) =2, i-27-]:

nlwxl’ “nlwy

L+iz — 22 7% XYt
{BJ" +(t| zsn‘z'm) } &) (6.2.10)

Z((z’—i);ﬁgﬂ) = Os.

i

Z

il
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(b) On the interval [i-% r—, (i+ 1) ] for any integer i > 1 and A > 0 small, we have

iy )‘)a Zi—l(t - 2_7T>
|wal ]

Theorem 6.2.5. Suppose that the hypotheses of Theorem 6.1.1 are satisfied.
The branch X(X) for X > 0 from Theorem 6.2.1 is defined then by:

[Z(t,\)] = [Z(t,\)] = BCH(ZY( ). (6.2.11)

1. if | Xo| # Z%ﬂwbif for any k € Z, then

x(n) = k2l g 2

— A x>0 212
5 2ol ) for small X > 0, (6.2.12)

where Z(t, A\) is given in Theorem 6.2.4;

2. if | Xo| = 2k+1wb,f for some k € Z, then

X = “;’;' -1(2(' ) for small A 2., (6.2.13)

where g~1 is defined in (2.3.3) for Z( 0) = nX§.

2
wpir|’
Then, the branch Xf( ) for A > Q from Theorem 6.2.1 is defined by:

1. if | Xo| # kweig for all k € Z, then X7 (0) = X(0).

Let | Xo|T(0) = ag + 2k, where og € [0,27), k € Z, k > 0, and T(0) = IT“’%JW—T
if

If ag € [0, 7], then we define X (X) = ———[—)l—(ﬂ%‘—”—é—'){( ) for A > 0 small.

If ag € (m,27), then we define X7(\) = ZEAELHI (— X(X)) for A > 0 small.

2. if | Xo| = kwyss for some k € Z, k # 0, then we define:
Xf(U) = XQ,'
if |X(N)] # 0, then we define X () = EQUERA X (0 for A > 0 small;
’ Y ’
if |X(N)] = 0, then we define XX (X) = X(A) + k|wa| Q(A), where Q(X) € so(3),
QM) =1 for A > 0 small.

All the statements given in Theorem 6.2.1 are valid for X () and X7/ (X\) with A > 0 small.

By Theorems 4.2.5, 5.3.2 and 6.5.1, for A > 0 small, we can associate
Al ) = XONB( ) = X Nipf (t, 2) to each modulated rotating wave or periodic
solution of period ﬁj—’;! obtained by Theorem 6.1.1, where B(¢, A}, Bf (¢, A) are 1—l-per10dlc
in t for A > 0 small. Also, let B(t,0) and Bf(#,0) be such that A(t,0) = eX©@!B(¢,0) =
X BF(1,0), that is B/ (,0) = I
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Theorem 6.2.6. Suppose that the hypotheses of Theorem 6.1.1 are satisfied. Then
1. if | Xo| # kwyis for all k € Z, we have
Bl (¢, )) = BCHEXTNLZWN) for ¢ € [0,00) and A > 0 small (6.2.14)

is sufficiently CS, where Z(t, ) is given in Theorem 6.2.4.
If we define [Perf (¢, \)] = BCH (X1 (M\)t, Z(t, \)), then Perf(t,\) is 2% -periodic in

N

t and sufficiently CS function fort € [0,00) and A > 0 small. Moreover, Perf(t,)\) =
)\%Y(t, A) fort € [0,00) and A > 0 small.

2. zf | Xo| = kwyip for some k € Z, k # 0, then
B(t, )) = BCHEXMNLZWN) for ¢ € [0, 00) and A > 0 small (6.2.15)

is sufficiently CS, where Z(t, ) is given in Theorem 6.2.4.
If we define [Per(t,\)] = BCH(=X(A)t, Z(t, X)), then [Per(t,\)] is a sufficiently CS
function fort € [0,00) and A > 0 small.

6.3 Resonant Drift Phenomena for Modulated Rotating Waves

on rS?
Let us consider the reaction-diffusion system:
0
—C;)—;f(t, z) = DAu(t, z) + F(u(t,z), A, i) on rS2, (6.3.1)

where r > 0, 7S? is the sphere of radius r, S? is the unit sphere in R3, u = (u, ug, ...,
uy): r8% — RY with N > 1,

d ... O
D= oo withd; >0 fori =1, 2, ..., N are the diffusion coefficients and

0 ... dy
F=(F,F, .. Fy): RY x R x R — R¥ are sufficiently smooth functions such that

F(0, ) p) =0 for |A], |p| small.
We study the reaction-diffusion system (6.3.1) on the function space
- L?(r8% RY) ifd;>0fori=1,2,..., N;
H2(r82%2,RY) if there exists an i € {1, 2, ..., N} such that d; = 0.
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The superposition operator associated to F', denoted by F': Y x R xR — Y is sufficiently
smooth and SO(3)-equivariant for any A, i (see the proof of Theorem 3.4.1). Let &(t,u, A, p)

be the SO(3)-equivariant sufficiently smooth local semiflow defined as in the Theorem 3.4.1.

Remark 6.3.1. The exponential map ezp: so(3) — SO(3) is not a local diffeomorphism
near X1 € 50(3) such that | X1| = 2km, where k € Z, k > 1. Let X1 € s0(3) with |X1| = 2km
for k fized. Then there exists Xo € so(3) such that the associated vector ”X.>2 is orthogonal
to the vector _X_)l, | X3 4s close to 2km and X2 is close to I3 in SO(3).

Definition 6.3.2. Let M be a smooth manifold, X a normed space or the empty set and
Y: X x [0, X0) X (—po, o) — M for g > 0, po > 0 small. We say that the function Y is
CSy on X x [0, M) X (—po, po) if the function Z: X x [0,€q) X (—po, o) — M defined by

Z(z, e, 1) = Yz, €%, 1), where g = /Ao

is smooth on X X [0,¢e0) x (—po, o).
We say that Y is C*-CSy if Z is C*, where k € Z, k > 1. We say that Y is sufficiently
CS,, if Z is sufficiently smooth.

Theorem 6.3.3 (Resonance Case). Let ug € Y® be a relative equilibrium that is not an
equilibrium for (6.3.1) at (A, p) = (0,0) and such that the stabilizer of ug is Ly, = I3.

Let L be the linearization of the right-hand side of (6.3.1) with respect to the rotating wave
®(t,u9,0,0) = eX0tuy at (A, u) = (0,0) in the co-rotaling frame, that is

L=DA+ DuF(UQ,0,0) - Xg.
Suppose that:

1. o(Lyn{z € C | Re(z) > 0} is a spectral set with spectral projection P, and
dim{R(P)) = 5;

< Ce™%t for some By > 0 and C > 0.

2. the semigroup et satisfies ]eLt

R(1-P,)

Then Theorems 5.3.1 and 5.3.2 with parameters A, p can be applied.
Suppose that a supercritical Hopf bifurcation with eigenvalues %iwy; takes place in the
second differential equation of (5.3.1) in Vi at ¢ =0 for (A, p) = (0,0), that is:

1. Xn(0,0,0) =0;
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2. D, Xn(0,0,0) has eigenvalues tiwyz; without loss of generality, we assume that
XN(07 }"#’) =0 fOT’ i}‘!i l/’“l Sma’u;

3. D Xn(0,\ 1) has the eigenvalues (X, ) £i(wpig +B(A, 1) with 2(0,0) = 5(0,0) = 0)
and «x(0,0) > 0. This implies that a(lg(p),p) = 0 for some sufficiently smooth
curve A = Ag(p) with Ag(0) = 0. This curve represents the Hopf points and without
loss of generality, we suppose that Ag(p) =0 for |u| small;

4. a(0,0) < 0, where a(0,0) is defined Theorem 2.7.1.

Suppose that | Xo| = kwyip for some k € Z, k # 0.

Let us denote by q(t, \, 1) the stable periodic solution near ¢ = 0 that appears for A > 0
small and || small due to the supercritical Hopf bifurcation. Let us define the sufficiently
CS) function

X t A 1), A, if A> 0, small and t € [0, 00);
XC(t ) = cla@t, A p), A ) if 2] [0, 00) (63.2)
Xa(0,A, 1) if A= 0, |p| small and t € [0, 00),
where Xa(q, A, p) is defined in Theorem 5.3.2.
Let
Xa(g, A 1) = wo(g, A 1) Xg + 21(g, A, ) X1 + z2(g, A, 1) X

For A > 0 small and |u| small, let T(\, p) = 2% | be the period of the function q(t, A, 1),

W

where wy ,, = whis + O(p) + As(A, p) for A >0 small and || small.

By Theorem 6.1.1, there exists a sufficiently CS branch ®(t,uy 4, A, 1) for A > 0 small and
|| small such that for |u| small, ®(t,10,,0,1) = X0ty and such that for A > 0
small and || small, (t, ux 4, A, 1) is an orbitally stable modulated rotating wave or periodic
solution of period Tf—f;—l Let m be the sufficiently CS branch such that for |u| small,

X(O,#) 2 Xa (0,0,/l,) 2z —_——
e loul = e IWO#‘I, and for A > 0 small and |u| small, X (X, p) is a primary

frequency vector corresponding to ®(t, Uy ., A, 1)
Then,

1. if (20)u(0,0,0) # k(wo,ﬂ)'m:g, there exists a sufficiently CS curve p = p(X) for
X > 0 small such that 1(0) = 0, and there ezists o sufficiently CS branch of solutions
B(t,ur, A, u(A)) for A > 0 small, such that ®(t,ux, A, p{A)) is either a branch of

. ——————r e —————

orbitally stable modulated rotating waves with a primary frequency vector X (X, (X))

2m )
‘Wk,p,(x)!

—
orthogonal to X g or a branch of orbitally stable periodic solutions with period
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2. the branch X (), u(N)) is sufficiently C'S for A > 0 small and X (A, u(X)) = O(/\%)Xl—}—
O(/\\g)Xg for A > 0 small.

3. B(t, A, p(X)) = eBOH(=Xp(PN6Z(8A)) for ¢ € [0,00) and A > 0 small, where B
and Z have the same meaning as in Theorem 6.2.6. If we define Per™(t, A, u(X)) =
BCH (=X (A, p(W\)t, Z(t, A, p(N)), then B(E, A, u(N)) and [Per™*(t, A, u(X))] are suf-
ficiently CS functions for t € [0,00) and A > 0 small.

4. there exists a branch XJ(\, pu())) with A > 0 that is discontinuous at A = 0, but
le(/\,,u()\))l is continuous for A > 0 small and le()\,u(/\))l = |Xp| + ()(A%) for
A >0 small.

Remark 6.3.4. The branch p = p(X) for A > 0 small can be found by the use of the BCH

formula in so(3).

Theorem 6.3.5. The parameter space in the case of the resonant Hopf bifurcation is illus-
trated in Figure (6.3.1).

The results in Sections 6.1, 6.2 and 6.3 show that a rotating wave on a sphere generically
undergoes a transition to quasi-periodic meandering (modulated rotating wave) at a Hopf
bifurcation. Furthermore, the primary frequency vector of the modulated rotating wave is
determined by both the critical Hopf eigenvalues and the frequency of the rotating wave
undergoing the bifurcation. In particular, resonances between the critical Hopf eigenvalue
and the frequency of the rotating wave undergoing the bifurcation lead to orthogonal drift.
While we have concentrated on the case of Hopf bifurcation, it should be mentioned that
we would obtain similar results for periodic forcing of a rotating wave: equation (6.2.3)
represents the dynamical equations of a periodically forced rotating wave. In a spherical
heart, for example, one could alter the dynamics of a rotating spiral wave simply by applying
a (weak) periodic forcing (e.g. pacing), thereby inducing meandering. By an appropriate
choice of the forcing frequency, one could then control the direction of the primary frequency
vector (i.e. steer the spiral tip to another location). Of course, this assumes perfect spherical
symmetry. As we will see in the next chapter, geometrical imperfections can also influence

the dynamics of rotating waves.

6.4 Examples
Throughout this section, we let € = Vo
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stable MRW

p=p(A)

A (W=0

stable RW

—
p=p(A) represents MRW that are orthogonal to X 0
or periodic solutions

Figure 6.3.1: Parameter Space for Resonant Hopf Bifurcation
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Example 6.4.1 { Hopf bifurcation to modulated rotating waves). Let g(t,)) be a
such that g(0,A) = 0 for A > 0 small.

2

sufficiently smooth periodic function of period
Jwoi g+

For any t € [0,00) and A > 0 small, we define
XC(t,0) = (2eX1+2eXa+eX0)4(t, /\)+e“(2€X1+25X2+5X0)9(t-,k)(XO+€X1)6(26X1+26X2+6Xo)g(t,>\).

It is clear that XC(t, )) is a sufficiently C'S, ——2—%_—/\—[~per"iodic function such that XC(t,0) =

Whi f

Xo. Then, the initial value problem (6.2.3) has the solution

A(t’ )\) — e(XO+6X1)te(2€X1+2€X2+€X0)g(t,)\).

— - —
Clearly, X o+ €X 1 is not orthogonal to Xg.

Example 6.4.2 (Example 1. Resonant drift phenomena for modulated rotating
waves). Let wys = |Xo| and g(t,\) be a sufficiently smooth periodic function of period
leiz;r+)\| such that g(0, A) = 0 for A > 0 small.
For any t € [0,00) and A > 0 small, we define

~(Xo+eXa) (Mt-i-)\g(t,/\))

lweif + A ViXol2+x

VIXol + A

XC(t,N) = (Xo+ eXy) + Ag(t, A) | +ee X1

’“)bif‘{h)‘]
1X012-+2

(Xo+eX2) ( t+>\g(t,>\)>

e (6.4.1)

: G , , o .y : e _
It is clear that X“(t, X) is a sufficiently CS, P periodic function such that X% (t,0) =
Xo. Then, the initial value problem (6.2.3) has the solution

SN
(Xo+eXs) fovis ].t-}—/\g(t,A)
X012+ ]

A(t, ) = eXite (6.4.2)

— —
Clearly, eX 1 is orthogonal to Xo.

Example 6.4.3 (Example 2. Resonant drift phenomena for modulated rotating

waves). Let wyiy = |Xo| and g(t, A) be a sufficiently smooth periodic function of period
2 A

sy such that g{0,X) =0 for A > 0 small.

For any t € [0,00) and X > 0 small, we define

—(Xo+eXz) —lﬂil—tﬁ%g(f,)‘)
V1 Xg|2+x

|wbip + Al

1 Xol? + A

X%, = (Xo + Xo) + 2t N) | +ce

1“"bif+>‘!

(Xo+eXa) ( t+/\g(t,)\))
(Xo + Xi)e VXl 242 . (6.4.3)




It is clear that XC(t,\) is a sufficiently CS, !————T—pemodzc function such that X©(t,0) =
Xo. Then, the initial value problem (6.2.3) has the solution

(Xo+eXs) ("L—i:—f-——\/——[—|t+)\g(t A))
0 -

AL, )) = efFotrXujt, (6.4.4)

— — —
Clearly, (X o+ X 1) is not orthogonal to Xy.

Example 6.4.4 (Example 3. Resonant drift phenomena for modulated rotating
waves). Let wyip = -,% | Xo| for k € Z, k # 0 and g(t, A\, n) be a sufficiently smooth periodic

l——bz—i—/\[ such that g(0,\, u) = 0 for A >0, |u| small.
W if
For any t € [0,00), A > 0 small and |p| small, we define

function of period

klwpir + Al

V1 Xol® + 12

~(Xo+uX1) (—[—“—fi—ttﬂg(t A )

X, 1) = (Xo+ pX1) + Ag(t, A, p)

k PSRN
{(Xo+pX1) (Mt%\g(t,)\,u))

+eke 3/ 1X%012+u? ((e—p) Xo+X1+Xo)e VX2 +p?
(6.4.5)
It is clear that XC(t, \, p) is a sufficiently CS,, |—————~—T -periodic function such that XC(t,0, 1) =

Xo+ pX1. Then, the initial value problem (6.2.3) for two parameters A, p has the solution

klwpg £HX
(Xo+pX1) ‘J—Ei——l-t“w\g(t,)\,#)
/1 Xgl%+p2 )

At A, ) = e (= Xot X4 Xajt, (6.4.6)

— oy —
Clearly, for it = VA, we have orthogonality, that is €*(X1 + X3) is orthogonal to Xg.

6.5 Proofs of some Theorems of Chapter 6

Proof of Theorem 6.1.1. We apply Theorems 5.3.1 and 5.3.2. Then, it is sufficient to study
the differential equations (5.3.1).

The supercritical Hopf bifurcation in V* for the second differential equation in (5.3.1) at
g = 0 for A = 0 implies that there exists a unique sufficiently C'S branch of periodic solutions
g(t, A) for A > 0 near q = 0.

Recall that we have denoted by T(X) = l 1 the period of g(¢, A), where wy = wpyis + O(A)

is a sufficiently smooth function for A > 0 small.
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If we substitute g(¢, A) in the first of the differential equations (5.3.1), we get the differential
equation
A=AXC(, N, (6.5.1)

where we recall that the function X%, A) is sufficiently C'S and {%—;—l-periodic for t € [0, 00)

and A > 0 small (and it is defined by (6.2.2)).

We consider the following initial value problem on SO(3):

A = AXCE(, ),

A0) = I (6.5.2)

because any solution of the differential equation (6.5.1) with A(0) = Ao, where Ag € SO(3)
is given by AgA*(t,\) and A*(t, A) is the solution of the initial value problem (6.5.2).
For X\ > 0 small, by applying Theorem 6.5.1 (whose statement and proof are given below),
we get

A(t,\) = eXNEB(t, \) for t € [0,00) and A > 0 small

where B(t, A) has period T'(A\) and B(0, A) = I3.

Consequently, by using Theorems 5.3.1 and 5.3.2, there exists a solution ®(t, uy, A) of the

reaction-diffusion system (3.4.1) of the form:
B(t,ux, A) = A(t, \)T(g(t,\) = eX VB8, \)T(g(t, \)), where t € [0,00) and A > 0 small

with ¥(g(0, X)) = uy and ¥ appears in the proof of Theorem 5.3.2 (see [20] and [70]). If we
write
a1 (ta )‘) = B(ta /\)\II(Q(tz /\))7

then the function ¢1(¢, A) is T'(A)-periodic in ¢, since B(#, A) and g(¢, A) are T'(X)-periodic

in £. Also, we get
B(t,up, A) = eXMlg (1, A) and B(T(N), up, A) = eXNTRy,

We check that, at least generically, ®(¢t, uy, A) ¢ SO(3)uy for any t € (0,T())) and A > 0
small. '

Suppose that there exists a 73(\) € (0,T(A)) such that &(T71(A), ur, A) € SO(3)uy and for
t € (0,71(A)) we have ®(t,up, A) & SO(B)uy. Let T () = IT1(N) + r, where r € [0,71()\))
and ! € Z.

Let ®(T1(N), un, A) = eV NNy where V(X)) € s0(3).
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Using the definition and SO(3)-equivariance of the semiflow &, we get ®(T(A),up, A) =
B(r, BTN, up, N) = Y AN (r iy, A).

Therefore, ®(r,uy, \) = e YW XNTRN gy, ¢ SOB)uy and r € [0,T(N)). It follows
that r = 0 and so T(A) = ITy()). Thus, ®(T(N),ur, \) = eXNTNy, = ¥ WTNy, and
KNI = Y NTQ) pecause 2y = I3.

Also, we get ®(t, ux, A) = eXVigy(t, \) = ¥ Wle= Y MtXNEB (1 M) T (g(t, N)).

Let Bi(t,A) = e YOeXNEB(1 X). By(t,)\) is T(A)-periodic, because B(t,)) is T())-
periodic and eXVTR) = Y NTN) | Thys,

B(t, up, A) = " VB, )T (g(t, V).

Then &(T1(A), up, A) = e¥ W1y = NN By (T (X), A)T(g(T1(A), A)), and it follows
that U(g(T1(N\), \)) = (B(T1(A), X)) tu,.

We have that u, is close to ug and SO(3)ugN¥(Vy) = {uo}, therefore, generically, SO(3)uxN
T(V*) = {ur}. Since T(g(T1(N), ) = (B(T1(A), ) tux € ¥(V,) N SO(3)uy, it follows
that B(T1()\), Muy = uy and, since By, = I3, B1(T1(A), A) = I3 and W(g(T1(A),\)) = ur =
T(q(0, ). Because ¥ is a local diffeomorphism (see [20] and [70]) and g¢(¢, A) = A%r(t, A),
it results that ¢(T1(X\), ) = ¢q(0,A). We know that ¢(t, A) is a solution of the differential
equation ¢ = Xn(g,A). Therefore, it follows that g(t, A) is T71(A)-periodic. But it has the
period T'(\). That is, T(\) = T1(\) contradicting the fact that T1(A) € (0,T(N)).

If | X (V)| T(X) = 2k for some k € Z, then ®(£, ux, A) is a periodic solution with the period
T(N).

Otherwise, @ (¢, uy, A) is a modulated rotating wave with a primary frequency vector 5(—5\3
By theorem 4.4.4, the orbital stability of the modulated rotating wave or of the periodic
solution obtained above is the same as the stability of the periodic solution g¢(%, A).
Therefore, since the periodic solution ¢(¢,A) for A > 0 is stable, then the corresponding
modulated rotating wave or periodic solution is orbitally stable as well.

Since A(t,A\) and g(t, A) are sufficiently C'S and ¥ is a local diffeomorphism, we get that
®(t,uy, A) is sufficiently C'S. The same result can be inferred if we take into account that
uy = ¥(g(0, A)). O

Theorem 6.5.1. Consider the initial value problem

A = AXC(,N),

A0 - L (6.5.3)
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where XC(t,)) defined by (6.3.2) is sufficiently CS and ]%irq—periodic int for A >0 small.
Then, there exists a sufficiently CS solution A(t, ) = eXNB(t,A) of the initial value
problem (6.5.3), where X(X) € so(3) and B(t,)) is a %’-;—rperiodic function such that
B(0,)) = I.

Proof of Theorem 6.5.1. Let us omit the parameter A.

Since SO(3) is a compact manifold and X G(.,A) is a sufficiently CS function, the initial
value problem (6.5.3) has a unique sufficiently CS solution that is globally defined. Let
A*(t) be this solution. Since the exponential map exp: so(3) — SO(3) is surjective, there
exists a matrix X € so(3) such that A*(T) = eXT.

Let us make the following change of variable B = e X 4.

Then the first equation of (6.5.3) becomes:

B = —e XX A(t) + e X A(2), (6.5.4)
or since A = AXC(t), we get
B=—cMXA@) + e XAXC (1), (6.5.5)
or since A = eX'B it follows that
B=—XB(t)+ B@#t)X(t). (6.5.6)

The initial condition A(0) = I3 becomes B(0) = Is.

Let us consider now the initial value problem

B =-XB+BX%@),

BO) -1 (6.5.7)

The initial value problem (6.5.7) has a unique global solution since SO(3) is a compact
manifold.
Since A*(t) is the solution of the initial value problem (6.5.3), it follows that B*(f) =
e~Xt A*(t) is a solution of (6.5.7) and B*(T) = I.
Let us define

C*t)y=B"(t+1T).

We will check that C* is another solution of (6.5.7). We have C*(0) = B*(T") = I3 and for
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any ¢ € [0, oo),

d d dB*

(W) =2 (B+T) ==

= —XB*(t+T)+ B*(t +T)X(t) = —XC*(t) + C*() X(1),

t+T)=-XB(t+T)+ Bt +T)Xt+T)

(6.5.8)

where we have used the fact that X© is a T-periodic function.

Therefore, B*(t) = C*(t) for t € [0, 00), that is, B* is T-periodic.

So, A*(t) = eXtB*(t) for t € [0, c0).

Taking into account the parameter A > 0, since X G(t,\) is sufficiently CS for ¢ € [0, 00)
and A > 0, we have that A(t, \) is sufficiently CS for ¢t € [0,00) and A > 0 small. If we
work with A > 0, then A(t, A) is sufficiently CS for ¢ € [0, 00) and A > 0 small. O

Proof of Theorem 6.2.1. We recall that T(A) = ﬁ%‘ for A > 0 small.

—

From the proof of Theorems 6.1.1 and 6.5.1, a primary frequency vector X () of ®(t, ux, A)
is given by A(T(A),\) = eXMTX) for X > 0 small, where A(t, A) is the solution of the initial
value problem (6.5.3).

Also, the initial value problem (6.5.3) for A = 0 has the solution A(t,0) = eXo.

From Section 2.3, we get that X (X)) for A > 0 small can be defined as follows:

1. If (A(T(N), \)? # Is, then

T),M)—1, 1 ATN N = (ATN), )T

Tr(A(
X(A) = arccos .
&) ( 2 VTN 3aim(arcoos(CCATAD-1,))

(6.5.9)

Also, [ X(N)| = arccos(w&i)ﬁ.
2. If (A(T(N),A)? = I, but A(T(N), A) # I3, then X()\) € so(3) is such that (X(X))? =

AT N—Is 72
2 (T())*"

Also, | X (V)| = 755 and Tr(A(T(Y), A) = —1.

3. If A(T(X), ) = I, we have X(X) = Os.
Then, | X (A)] = 0 and Tr{A(T(N), A)) = 3.

Let us denote

Tr(A(T(X), ) -1

8(A) = arccos( 5

) = XN T(X) and
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V() = {TX%&T Qi 90 #0;
O3 if (A) =0.

Since A(t, A) is sufficiently CS, T()) is sufficiently smooth and arccos is continuous, it
follows that the function 8(A) is continuous and [V(A)| = 1 if §(A) # 0 for small A > 0.
We have X (A) = %—%V(A) and X (M)T(A) = 8(A)V(A) for small A > 0.
The branch [X (A\)T()\)] € D is the only branch such that A(T(\),A) = eXMTX for A > 0,
where D is defined in Section 2.3.
From Section 2.3, we know that [§(M\)V(A)] = d*(A(T (M), A)), where d* is defined in (2.3.4).
Since d* is smooth and A(T(A), ) is sufficiently CS, then [(A)V(A)] is sufficiently CS.
Therefore, we get that the branch [X(A)T(M\)] for A > 0 is sufficiently CS.
Let [ Xp|T(0) =ap+2kn for k€ Z, k > 0, ap € [0, 27).
We have A(T(0),0) = eX07(0) = X(OT() By the definition of 6(0), we get that

6(0) = arccos(zr(—AgT(zL’O))i) = arccos(cos(|Xo| T(0))) = arccos(cos o), therefore

ag, if ag € [0,7];
g0y =14 o€ 07
2 —ag, if ap € (7, 27).

1. If | Xol| # %T“Llwbif for any k € Z, then ag # , that is 6(0) < w. Therefore, since ()
is continuous, §(A) = | X (A)| T(A) < 7 for A > 0 small. Thus, X (A)T'(}) is sufficiently
CS and, since T'(\) is sufficiently smooth, it follows that X ()) is sufficiently CS.

2. If | Xo| = %gr—lwbif for some k € Z, then ag = 7, that is (0) = 7, and since §(}) is
continuous for A > 0 small, we have § < 8(X) = | X(\)|T(\) < .
We check that (7X3)? = (X (0)T(0))%
It follows by using definition of X(0), the relation A(T(0),0) = ¢*T®) and the
Rodrigues’ formula that
70),0)-Is 7% eXoT©) _ 13 72
2 (T(0))? 2 (T(0))?

) = A

or
2 [XaT(0)]

: 2

: g sin® =l g T T
O = mrrar Y oy ~ T

Thus, (7X$)? = (X(0)T(0))% Since |rX]| = |X(0)T(0)] = m, it follows that [r.Xj] =

[X(0)T(0)]. Since [X(A\)T())] is sufficiently CS, [X (A)T(X)] is close to [r X{] for X > 0

small.

Xo)2.
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Then, for A > 0 small, we define X;(A) = T%X;q‘l([X(A)T(A)]), where ¢! is defined
in (2.3.3) for X} (Section 2.3). It is clear that eX1NTR) = XNTX) for A > 0 small.
Since ¢~ is smooth and [X(A\)T(A)] is sufficiently CS5, T(A) is sufficiently smooth, it
follows that X1(}) is sufficiently C'S. Thus, we relabel X;1(}) to X(A).

Tn both cases, it results that | X (X)[* for A > 0 small is sufficiently CS.

Using Taylor formula for € — }X (62)]2 around € = 0 up to the term of order €, and
then taking e = A3, we get |X(N)]? = |X(0)]2 + O(e) = |X(0)* + O(A?) for A > 0
small. Also, |X())| is continuous for A > 0.

The branch X/()) is constructed below.

1. case | Xo| # kwyiy for k € Z;
Then g > 0, that is 8(0) > 0. Hence, since #(A) is continuous, it follows that 6(A) > 0
for A > 0 small.
If a € [0, 7], then we define X7/ () = L953X () for A > 0 small
If ap € (m,2m), then we define X7/ (\) = g(lc—t%/{—)——e—@(—)(()\)) for A > 0 small.

2. case | Xo| = kweiy, for some k € Z, k # 0;
Then ap = 6(0) = 0.
We define X/(0) = X,.
Tf 6(A) # 0, then we define X/()) = 24X (3) for A > 0 small
If #()) = 0, then we define X7 (\) = X(/\)—}-%%Q(/\), where Q()\) € s0(3), |Q(\)| =1
and A > 0 is small.

We check now the statement regarding continuity versus smoothness of X .

1. Case |Xo| # kwyip for any k € Z.
Since X () is sufficiently C'S,T()) is sufficiently smooth and 6(A) > 0 for A > 0 small,
we get that (2) = | X ()| T(X) is sufficiently CS for A > 0 small.
Since 6(A) > 0 for A > 0 small, #(\) and X(A) are sufficiently CS, it follows that
XT()) is sufficiently CS for A > 0 small.
We check that X7(0) = Xo.

(a) If ap € (0, ), then ag = §(0) and | Xo| T(0) = 6(0) + 2km.
By the definition of X () for X = 0, A(7(0),0) = eXoT(%) and Rodrigues’ for-

mula (Theorem 2.2.13, (4)), we have that X(0) = A(T(O)’gl;%((g)(e),orl%((% -
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XoT(0) _o~XoT(®) 9(0) _ sin(|XolT(0)) 6(0 e
o 2smo0) 1) Snsing‘(O) §XO§T)(0)X0- Thus, X(0) = "T‘“’]XO(T)(G)XO and

9(0) 42k 6(0) _
X0 ==y oy Ko = Xo-

(b) If g = m, then ag = 6(0) = 7 and |Xo|T(0) = (2k + 1), and by the definition
of Xi(A\) for A = 0, we have X1(0) = mq HXoTo) = T%ﬁ—q_l([WXé}) =
T—(lo—)ﬂ'XD Then, since we have relabeled X1 (0 ) to X(0), X(0) = o) 7 X&. Thus,

O —I—kaTr (0 +2k

(c) If ap € (m, 27r), then as for a € (0,7), we get Xf(O) =

T(

Using the Taylor formula for ¢ — X f(€?) around e = 0 up to the term of order €
and then taking ¢ = A7, we get XF()\) = X/ (0) + O(e) X} + O(e)X1 + O(e) X3 =
Xo + OO XL + OAB)X; + O(A2)X, for A > 0 small, thus we get the formula
(6.2.4).

We have only modulated rotating waves because |Xo|T(0) # 2kw for any k € Z
implies | X (\)|T()\) # 2k for any k € Z and for A > 0 small by the continuity of

() = [ XN TA).

. In the case | Xo| = kwyiy for some k € Z, k # 0, we have 6(0) = 0 = | X(0)]. We have
| X1(0)] = | Xo| = kwsi = Zg-

For A > 0 small such that §(X) # 0, we have |X7(\)| = |X(N)| + 2kr 55 =
X (V)] + 255

For A > 0 small such that #(A) = 0, we have |[X(X)] = 0. Then, XS (W] =
221000] = 25,

So, for A > 0 small, we get !Xf()\ ] = |X(N)| + 7%’83

Since |X(W)]? = |X(0)* + O(A%) and |X(0)| — 0, we get |X()\)| = O(A%) and then
| X7( )] = o )+ %k(g— + O\ = ()\4) + | Xo| for A > 0 small, thus we get the
formula (6.2.5).

Also, !X F(\)] is continuous since X (A) and T()) are continuous for A > 0 small.

By using Theorem 2.2.13 ((6) and (7)) and 8(A) = [X(A)|T(}), we have XTT) =
eX T for A > 0 small. |

Proof of Theorem 6.2.3. We will use the following result (see [37]):

Lemma 6.5.2. Let g{t,u) be a continuous function on an open connected set [ay,b1) X

RY c Q ¢ R? and such that the initial value problem for the scalar equation 1 = g(t,u)
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has o unique solution u(t) > 0 on t € a1, b1). If f:[a1,b1) x R® — R™ is continuous
and ||f(t,2))| < glt, lz])) for t € la1,b1) and © € R™, then the solutions of & = [(t,z),
llz(a1)|| < u(a1) ezists on [a1,b1) and ||z(t)|| < u(t) fort € [a1,b1).

There exists a constant M > 0 independent of X > 0 small such that {X G(t, A)[ < M
for t € [0,00) and A > 0 small. For A > 0 small and any |Z| <, we have
1Z]

1 1 cos
Is+ =7+ — 2 Z2 XC(t, A
2 (]Z|2 25111%[2[) } 54)

1 1 cos !Z
sl + 5 121 + (IZIQ o lZl) 12 } (6.5.10)

1 1 COSLZ—'
Is+=Z + 2 72| XC(t, A
{3 2 (|Z|2 2sm|Z|[Z|) } (54

12
cos 9
{ﬁ 22V (’Zl -‘§'2|Zi> A } o84

AN

A

TCOST

or, if we use the fact that the function z — £2%

is decreasing on [0,

[SIE]

12l
13+EZ+ = o 7 72 XG0 <
2 \Z|?  2sin 2l lZl
M {\/§+ %\/5}21 + (2+2.1)} < M(6+)Z)). (6.5.12)
The initial value problem
; = M(6
¢ (6+a), (6.5.13)
a(0) = 0

has solution on an maximal interval [0, b;az], Where bpqy is defined such that a(t) < 7 on
[0, bimaz]; bmaz is independent of A.

Therefore, using Lemma 6.5.2 with a; = 0, it follows that the sufficiently C'S solution
Z(t, ) of the initial value problem (6.2.6) is defined for any ¢ € [0, bmaz] and A > 0 small,
and that |Z(¢,A)| < 7 for any t € [0, bpaz] and A > 0 small.

If we choose a positive integer n > 0 such that n > T()‘)
(6.2.6) has a solution Z(t, \) defined and sufficiently CS ont €| ,T—S‘—)] and A > 0 small.

Since T (A) = T(0) + O(}), then we can choose n independent of A for A > 0 small, where
T(0) =

, then the initial value problem

lwb fl
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This ends the proof of (1) of Theorem 6.2.3.

To prove the formula (6.2.7), we write the Taylor expansion of

Z5(t,¢) B Z(t, €2

Z*(t,e) = zo0(t, E)Xé + 211(t, €) X1 + z92(¢, €) Xa, (6.5.14)
z00(t€) = Zo(t) + Zi(t)e + €2 Za(t, €). (6.5.15)

If we substitute (6.5.14), (6.5.15) and (6.2.2) in the first of the differential equations given
by (6.2.6) with A = €2, identify the orders of € in both sides and then take € = A%, we get
the formula (6.2.7) for Z(¢, A). For the sake of simplicity, we omit e.

The result is

. 1, . 200 Z11 222
200Xg + 211X1 + 200X = [I3 + —é—X(% + —2~*X1 + "é“XQ
2 2 2
1 cos Y Zoo+§11+222
22, + 22 + 22 N Rt
00 T 71T 722 24/ 28y + 211 + 25, sin A2

'(ZQOX& 4z X1 + ZQQ.XQ)Q]CUOX(:)[ + €I1X1 + exp Xo.
(6.5.16)

Since Z* is sufficiently smooth, we get Z*(t,€) = Z*(¢,0) + eH (t,¢) = | Xo| tX} + eH(2,€).

Therefore, z11(t,€) = ez1(t,€) and 2z99(¢,€) = €z9(t,€). In the right-hand side of (6.5.16),
the coefficient of X} is zo(t, €) + €2k(t,€) = | Xo| + ezo1(t) + €2z02(t, €) + €2k(t, €) and thus
200 = | Xo| + exo1(t) + €%k (t, €), where zo, To1, Toz are defined in (6.2.2). Therefore,

t
200(t, A) = | Xo|t + e/ zo1(s) ds + 2zos(t, €).
0

This gives the formula (6.2.7) after we relabel z; (£, A%), z3(t, AZ) and zoa(t, A2) to 2 (¢, A),
z1(t,A) and zo3(t, A). This ends the proof of (2) of Theorem 6.2.3.
We have that the initial value problem

: = M(6 ,
¢ (6+a) (6.5.17)
a(0) = O
has the solution a defined on [0, byae] With a(t) < 7 on [0, bpaz]. Let to = g(ﬁ/‘\l € [0, brnaz]-
Consider the initial value problem
" = MI(6
¢ (6+a), (6.5.18)
a(tg) = 0



The solution to this problem satisfies a(t) < 7 for any t € [to, 2¢g).

We repeat the previous argument for fp = z~(——) fori=2,3, ..., n— 1. From this and
Lemma 6.5.2 with a1 = tg = ZT_E;\) fori=2,3, ..., n—1, we get the last conclusion of
Theorem 6.2.3. N

Proof of Theorem 6.2.4. Recall that T(A\) = }——~ for A > 0 small.

Part 1 On the interval [0, T(A)]:

Consider the initial value problem

A = AXC(@,N),

A0) - 1L (6.5.19)

Let us make the change of variable A = eZ near I3 in the initial value problem

(6.5.19).
Then, using Theorem 2.2.13 (2) we get the following initial value problem in Z:

e? Y0 ) ey (adZ) 2 = eZXC(1, ), (6.5.20)
Z(0) = Os,
e (n+1 ,( dZyZ = XC(@,N), (6.521)
Z0) = Os,
® i (@dZ)"Z = XC(t, A
2 =0 Tryy (042) (&), (6.5.22)
Z(0) = Os,
or, using again Theorem 2.2.9 (1) we get
o LN gmy — XG0
Ln=0 G 1) - A (6.5.23)
Z(0) = Os.
Using Theorem 2.2.9 (3), we have that
o o]
(—=1)n ( cos|Z|—1 |Z] —sin|Z] 9\
2" = I+ Z 4 zZ° . 6.5.24
Lo =\ S e ) (6:5:24
(6.5.24) will proved later.
If we put (6.5.24) into (6.5.23), we get
cos|Z|—1 IZ[~sm(Z| 2 ; a
(1 + 5tz + 127 ) Z = XO@N), (6.5.25)
Z(0) = Os.
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We will prove later that for any |Z} < 2,

4 . -1 2l ,
(e2l2122 izl ) f3+lz+(1 cos 3 )zz. (6.5.20

1Zlg 12‘3 2 \Z  2sin ‘Z| |Z]

Since we are looking for |Z] < w < 2, the system (6.5.25) becomes

3 A
- .____.._.2___

Z(O) = 037

where we are looking for a solution Z such that |Z| < 7 on some interval [0, Zo(A)].

We now prove (6.5.26). It is enough to check that

Lt iz+|— cosl? ol
3T S =43
2 |z ~ 2sin iZI |Z]
(6.5.28)
Using Theorem 2.2.9 (3), that is Z3 = —|Z|> Z and Z* = —|Z|* 22, we have

1 1 cos 12l
L+ =7+ 2 Z?
2 |z 2sin 2 |Zl

cos|Z|—1 |Z| —sin|Z| 2)
I3+ Z+ zZ
( ZI? 2/°

<13+ cos |Z| — 1Z+ |Z] —sm|Z|Z2>

|2)? |2)°
Z
Ltz c0s'5 ) g2, coslZl =1
2 1z QSin%lIZ] 212)?
+cos|Z|~1Z+cos]Z]—1 I cosl—‘g—‘ Zg+[Z\—sin]ZlZ2+i | — sm{Zl
K iz \121" 2sinlfl |z 121" 2|2’

+|Z|-—si]a|Z| 1 cosi—g—1 74
1z Vs QSinL§—||Z|

., l+cos|Z|——1_cos|Z|—1+COS|Z|——1\Z|C051Z 1 sin|7]
2 |z¢ Kk zP eswmlgd 20 212
1 cos'—g—| cos£Z|—1+]Z|—sin1Z!_|Zl—sm|Z! 1 .
ZP  2snyz) 2|z 12 1zl |z

N2l —sinjz]_cos'E ]

|1Z| 2sin@lZ|

It — sin? lg‘ cos @ sin [Z| 74 cos? ‘—g—{ 2 sin lg' cos lzt cos @ 72 ]
|Z] Sm%— 21Z| |Z|? 212 smlg—}

(6.5.29)
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The proof of (6.5.24) follows by using Theorem 2.2.9 (3):

Z (=17 D gy +Z (=1)% Z% i("‘l)' g2kt
< Tn+ D)1 2kt 1)1 2 2k + 2)!

_ 1 2 4
_h+G§+EZ _am4aqz

1 1, .0 4 2
+<§~5Z|+ﬁwi—m>Z

cos|Z|—1 |Z| —sin|Z] g
2 3 Z
17 |12

(6.5.30)

:Ig+ Z+

where we have used the Taylor expansions for sine and cosine.
We apply Theorem 6.2.3 to get A(t,A) = eZ1(tN) | for any t € [0, T_(nﬁ‘l] and A > 0
small, where Z;(t, \) is the sufficiently C'S solution of (6.2.6). We make the change of
variable B = (A(T%, A)~1A. We get that the solution of the initial value problem
(6.5.19) is given by

A, ) = AN B, ),

where B(t, \) is the solution of the initial value problem

B = BXC%(t,\),

BATO)) = I (6.5.31)

By using the above argument and Theorem 6.2.3, we have that B(t,\) = eZ2(tA) for
any t € [=> o) 2T()‘)] and X > 0 small, where Z(t, A) is the sufficiently C'S solution of

(6.2.10) for i = 2.
If we continue this, we get for A > 0 small and any ¢ € [(1 — l)T—?l, iTg\)] ,

At A) = 270N,

where Z°(, \) is given by

2 (tA) = eZl(Z%)’)‘)eZ?(QZ(?&’A) et (6.5.32)
for any t € [(i — 1)%&,12—(77)‘2] and small A >0 fori=1,2, ..., n, where Z; is the

solution of the initial value problem (6.2.10) on the interval [(i — 1)%@2, zT—(ﬁ&]
Then [Z(t, ))] is defined by formula (6.2.9).
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Also, from (6.2.7) in Theorem 6.2.3 we get

| . T A i t i
2t ) = (IXoa G0 e [ o) s et >\>) X}

B2 (4, M) X+ NIz (t, )Xy (6.5.33)

for any t € [(1 — l)z—gﬁ,i%&] and small A >0 fori=1,2, ..., n

Because the BCH formula in so(3) is smooth from so(3) x so(3) into D (see Theorem
2.3.4) and Z;(t,\) for i =1, 2, ..., n are sufficiently CS, then [Z(t, \)] is sufficiently
CS on [0,T())] and A > 0 small.

Part 2 On the interval [iT'(}), (i + 1)T(A)] for any integer i > 0.

Since
A+ T, A) = eXOTO A A) = AT, M)A A) = 2 TN 20N
it is easy to see that we can define for any t € [T(X),2T(\)] and A > 0 small,
[Z1(t,\)] = BCH(Z°(T(N), \), Z°(t — T(A\), \)).

Because the BCH formula in so(3) is smooth from so(3) x so(3) into D, Z°(t, A) is
sufficiently CS and T()) is sufficiently smooth, then [Z(f, V)] is sufficiently CS for
any t € [T(A),27(A)] and for A > 0 small.

‘We then repeat the above argument.

It is clear that the function [Z(¢, A)] is sufficiently CS for t € [0,00) and A > 0 small, and
At 2) = 2N, O

Proof of Theorem 6.2.5. If we define

1

X0 = 7352

(T'(X\), A) for small A > 0, (6.5.34)

then A(T()), A) = eXNTN),

Since [Z(t, A)] is sufficiently C'S for ¢t € [0,00), and A > 0 small and T(A) for A > 0 is
sufficiently smooth , we get that [X(A)T())] is sufficiently C'S for A > 0 small. The branch
X (A) defined by (6.5.34) is such that [X(A\)T(A)] € D for A > 0 and it is the branch whose
existence is proved in Theorem 6.2.1.

Therefore, the branch X/()) for A > 0 is the branch constructed in Theorem 6.2.1. Thus,
all the statements regarding X (\) and X7 ()) given in Theorem 6.2.1 are valid. O
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Proof of Theorem 6.2.6. 1. Suppose that |Xg| # kwps for any k € Z.
We have B(t,A) = e XTNEA(E ) = e XTNtZ(tN) = BCHXTNLZEN) for ¢ ¢
[0,00) and A > 0 small.
Since Xf(X), [Z(t, X)] and A(z, A) are sufficiently CS for ¢t € [0,00) and A > 0 small
and the BCH formula in so(3) is smooth, it follows that [Per/ (¢, A)] and B(z, A) are
sufficiently CS for ¢ € [0,00) and A > 0 small.
Since lPe’r‘f(t, /\)l is continuous for ¢ € [0, 00) and A > 0 small, we get that limy o lPerf (¢, /\)l =
IPerf(t,O)l = IBCH(—Xf(O)t,Z(t,O))I uniformly for ¢ in any compact interval in
[0, 00).
Since e~ X OeZ(t0) = A(t)~LA(t) = I3 = eBCHEX O6200) it follows that Per/(t,0) =
BCH(-XT(0)t, Z(t,0)) = Os. Then, limy_.q |Perf(t, A)| = 0 uniformly with respect
tot € [0, M] for A > 0 smell, where M > supysq(T(X) 4 p) = supx»o(T(0) +O(A) +p)
with p > 0 small, is chosen independent of A for A > 0 small.
It follows that for A > 0 small and any ¢ € [0, M] we have |Per/(t, )| <.
Then, Perf(t, ) is sufficiently C'S for A > 0 small and ¢t € [0,T'(A) + pl.
The periodicity of Perf(., A) results from Remark 2.2.14.
Therefore, Perf(t,)) is sufficiently C'S for A > 0 small and t € [0, c0).
Writing the Taylor formula for € — Perf(t,€?) at € = 0 up to order of € and taking
€= A%, we get Perf/(t,\) = Oz +¢Y1(t,€) = )\%Y(t, A)) for ¢t € [0,00) and A > 0 small.

2. Suppose that | Xo| = kwsis for some k € Z, k # 0.
We have B(t,\) = emXWNiA(t, \) = e XNieZ{tA) = (BOHXNLZEN) for ¢ € [0, 00)
and X > 0 small. Since X(A), A(t,\) and [Z(t, \)] are sufficiently C'S for ¢ € [0, 00)
and A > 0 small, and BCH formula in so(3) is smooth, it is clear that B(t, A),
[Per(t, A)] are sufficiently C'S for ¢ € [0,00) and A > 0 small.

Proof of Theorem 6.3.3. Let us define Y(e, 5) = e X1+8Xs
Let us denote A = €2, X (e, ) = X (€2, 1) and T(e,,u) =T(,u) = =& B Let T(0, 1) =
27

wo,ul”

We have to prove that there exist sufficiently smooth curves

p= u(e), @ = ale) and 3 = B(e) such that u(0) =0, 2(0) =0 and F(0) =0
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satisfying
Yi{e,B8) = X (emTlen) o Yo, 3) "t e Tlen) = o, (6.5.35)

Let us define the function F: R* — SO(3) by

Fa, 8,6, u) = e o—0%2 e X (e Ten)

We will prove the existence of the smooth curves using the implicit function theorem for
the function I at the point (a, 8,¢ 1) = (0,0,0,0).
We now prove that:
1. F(0,0,0,0) =13
and

2. [(DF)©000)x1,x:,x, has rank 3.

_ - XO 2n
We have that F(0,0,0,0) = e=0X1-0X2 KO0T(0.0) = XOOTO0) = ¢ |“vis| = I; since

| Xo| = kwepif-
Recall that we have

Xela, X ) = zo(g, A\ 1) X5 + 1(g, A, 1) X1 + 22(q, A, )Xo
Then Xc(0,0, 1) = a(u) X} + b(p) X1 + (i) Xa, where
a(e) = 20(0,0, i) = | Xo| + O(u), b(p) = £1(0,0, ) = O(p) and c(p) = z9(0,0, p) = O(p).

Since A(t, A, ) = eXAmTE) then A(t,0, 1) = X OWTOm) — XOMTOM  Algo A(t,0,pn) =
eXc (00,704 Using Theorem 2.2.13 (2), we get

9 xowrom) - _éa_exc;(o,o,u)T(o.u) oo

u=0

_ Xe000700 5 {___(7(:);‘ (ad(Xc(0,0)7(0,0)))" ((X6(0,0, w)T(Q, #))IIFG)} :
n=0 ’

(6.5.36)
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We have 7°(0,0) = ! , X5(0,0,0) = X, and

1
(XG(Ou 0, M>T<Ov M)) ‘MZO = (XG'(O7 g, lu))li,u:OT(O: 0) + XG(O= g, 0)(T(09 P"))]iﬂzo
- l"a%l' [(a’ (0)XE + b (0) X, + c’(O)Xg)j
+ | Xo| [=27 - sgnwssf)] L“f@_,:giiQXé

bif

[(@/(0) = b+ (sgm(enig) P (w0,) im0) X3+ 00X +€ (0)a]

(6.5.37)

2
lwpi

where we have used |Xp| = kwp;s. Therefore, (6.5.36) becomes

Tl ™ 52 o (a8 ) (257 [0 M om0+ 0] )

¢ (n+1)! |whif| |wpif|

- {(a'(m ~ o) o) X3 + F(O): + € (0))
lwbv,fi

+ Z (ad(2lk|nX3))" (——?l [(a'(0) = k(o) 1o)X + 1 (0) X + ¢ <0>X2D

|wpi £

!

[(a (0) ~ ko) |u=0) X3 + (6'(0) + 1) X1 + (¢ (0) + )X

T |wbir]
(6.5.38)

27 Xg| 1
0
where we have used e |“%f = I3 and where * denotes other terms. These term appear

only in the coefficients of X1 and X since

(ad(2lk|m X)) (l e [(a (0) = k(wo,) |u=0) X§ + b (0) X1 + cI(O)X2]>
I j;fl (2117 X3, (' (0) = k(wo,) =0 X3 +B'(0) X1 +¢ (0)Xa) (6.5.39)
_ 4lk|m?

(— (0) X, + b (0)Xa2),

|whi|
and for any integer n > 2,

27

|ewif]

(ad(2lk|m X)) ( |(2/(0) = klwo,0) lu=0) X3 + b (0) X + ¢ (0>X2])

om
fewpif|

= (ot a2ty (2 [(00) = Hna) o) X3 6 0)Xs 0] )]

(6.5.40)
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will contain only linear combinations of Xy and Xj.
Then with respect to the basis {X{, X1, Xo},

0 -1 0
DF 0 0 -1
(DF) 0000 = 0 0 0 )
o ! _ 4 2 %
2 (40 — ke lomo) PO 5 () +
where * denotes other terms (Below we show that in fact s !b' (0)+* = 0 and | T |cl (0)+
Whif Woi f

x = 0).
Lot = 520 oty (0250 ) (122 610 - hons) o) 3 +5 O30 + £ 005] ).

|wsi | |wes |
Using theorem 2.2.9 (1), we get

U= Z @(ﬁ‘:‘% (ad(2|k|Xg))" (%T—' [( (0) = k(wo ) u=0) X + 5 (0) X1 + ¢ (O)XQD

if

lwb@flz (- 1)n 2 k| X" [( 0) - k(wo,ﬂ)’lu:o)Yéer'(O)}(')l+c’(0)322}_
(6.5.41)

If we apply the relation (6.5.24) for Z = 2r|k|X{, then taking into account that |Z| = 2r|k|,

we get

Z(( J:)l) (2 lk|X3)" = Is + (Xg)*. (6.5.42)

If we substitute (6.5.42) into (6.5.41), it follows that

T = ol + (X7 [(@(0) ~ ke ool X8+ 50X 1+ (0F)
- |u)2:f} [(a/(()) - k(WO,u),1u=0)}?(1J + b,(O)yl +c (0)5(:}2 (6.5.43)

(0 (0) = hlwo,) Lumo) (X3 TS+ 6 (O (XK1 + ¢ (0)(X3)* K]

Since (X&)2fé =0, (X&)Q—le = —X; and (XS)Q?Q = —}—()2, we get U = -2& (a'(0) —

’ .=z
|kl {wo,u) 1#20)}((1)-
In order to have the rank of (DF)gg0,0) equal to 3, it is necessary and sufficient that

a (O) (“’O,u) =0
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We note that depending on the function X% (¢, A, u) we can establish if a(e) = 0 and/or
B(e) = 0.

Another proof of conclusion (1) of Theorem 6.3.3 We have that A(T(\, p), A, p) = X T
where X (X, p1) is defined as in Theorem 6.2.5.

Let X(\, p) = a1 (X, ) X¢ +b1(0, 1) X1 + (A, p) Xo. Then, since X (A, p) is sufficiently C'S,
we get that ay, by, 1 are sufficiently CS and b1(0, i) = O(u), c1(0, 1) = O(p).

Since eX(00T©0) = 4(T(0,0),0,0) = I3, then X (0,0) = O, that is a1(0,0) = 0.

We want to find a sufficiently C'S branch p = u()) such that 4(0) = 0 and a1 (A, u())) =0,
for A > 0 small. If (a1),(0,0) # 0, then by applying the implicit function theorem we get
the existence of the required sufficiently CS branch.

Now we show that {a1),(0,0) # 0 is equivalent with a'(0) # k(wo ) |u=0-

We have that A(T'(0,4),0,p) = eXOMTO) = Xa(00mTOm) for |u| small, then we get
X0, )T (1,0) = Xc(0,0, 1)T(1,0) + TX%%%)‘(XG(QO,M) for some [{p) € Z for |u| small.
Thus, [a1(0, w)X§ + b1(0, 1) Xy + (0, ) Xa] T(0, 1) = [a(1) X5 + b(p) X1 + () X2] T(0, )+
—\/a_(%(zi%_.————-g@é—) la(u) X3 + b(p) X1 + c(p)X>] for |pu| > 0 small.

This implies that

a(p)
a1(0,p) = alp) + L{p)wo, - sgn{weif), 6.5.44
(0,1 = 1) + sl ()t (et (6.5.44)
which for u = 0 gives [(0) = —|k|, where we have used the fact that |Xo| = kwpiy > 0

implies sgn(k) = sgn(wpif), and thus, k - sgn(wsis) = lk|. Since I(x) € Z is continuous, we
get I(p) = —|k| for |u| > 0 small.
Then by taking into account that sgn(wpip) = sgn(k), (6.5.44) becomes

a1(0, 1) = a(y) — k alp) Wo . (6.5.45)

0"
Ve(p?+0@?) "
By differentiation of (6.5.45), it follows that (a1).(0,0) = a'(0) — k(wo,u) |u=0 # ©.
The other conclusions of Theorem 6.3.3 result in the same way as in the proof of The-

orems 6.2.1, 6.2.5 and 6.2.6, except the scaling of the primary frequencies | X (A, u(A))| that
results from Remark 3.5 in [85]. O
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Chapter 7

Forced Symmetry-breaking for a
Normally Hyperbolic SO(3)-Group
Orbit of a Rotating Wave on rS2

Throughout this chapter, we will suppose that o € (—12- 1) is fixed.

7.1 Forced Symmetry-breaking

In mathematics and physics the phrase ”symmetry-breaking” has distinct meanings. The
first refers to the frequently observed phenomenon that a configuration of a physical system
satisfying a law (a set of equations) which is invariant under a group of transformations,
may itself be invariant under a subgroup of this group. This is referred to as sponta-
neous symmetry-breaking. The second meaning refers to the problem of explicitly adding
symmetry-breaking terms to the equations which describe the system. This we call induced
or forced symmetry-breaking. In another words, forced symmetry-breaking means the sys-
tematic study of an equivariant system of differential equations which is perturbed slightly

so that is loses its symmetry properties partially or completely.

We consider a perturbed reaction-diffusion system of the form
o
—a—%(t,:c) = DAu(t, z) + F(ut, z), \) + €G(u(t, z), z, ¢, A) on rS?, (7.1.1)

where r > 0, 782 is the sphere or radius , S? is the unit sphere in R® and u = (u1, ug,
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oo, un): rS2 — RN for N > 1,
dy ... 0O
D= S with d; >0 fori=1, 2, ..., N are the diffusion coefficients, F' =
0 ... dn
(Fy, Foy ..., FN):RYXR = RY and G = (G, Gy, ..., Gn): R¥ xr82x[0,00) xR — RV
are sufficiently smooth functions for ||, € > 0 small parameters.
We remind that the superposition operator associated to F', denoted by F: Y& x [0,00) —
Y, F(u,\)(z) = F(u(z),A) is SO(3)-equivariant with respect to the action ¢ defined in
(3.2.2), for any A > 0.
We consider the group SO(2) as being diffeomorphic with the subgroup of SO(3) defined
by {9’ | 6isin [0,27)}, Q being fixed in so(3) such that |@| = 1. Thus, we consider
that the Lie algebra so(2) of SO(2) is isomorphic to {Qz | z € R}. We will study the
reaction-diffusion system (7.1.1) on the function space Y = L2(rS2,RV).

Remark 7.1.1. The reaction-diffusion system (7.1.1) can be studied on the function space
Y = H2(rS82%,RY), if there exists ani=1,..., N such that d; = 0.

In the following sections we suppress the parameter A.

Theorem 7.1.2. Let F: RY — RY and G: RY x r82 x [0,00) — R be sufficiently
smooth functions such that F(0) = 0 and G(0,z,¢) = 0 for ¢ > 0 small. Also, sup-
pose that the superposition operator associated to G, denoted by G: Y® x [0,00) = Y,
G(u,€)(z) = G(u(x), z, €) is SO(2)-equivariant with respect to the action 0 defined in (3.2.2)
restricted to SO(2), but not SO(3)-equivariant with respect to the action 9 for any € > 0.
The reaction-diffusion system (7.1.1) defines a sufficiently smooth parameter-dependent lo-
cal semiflow ® on the function space Y*. Namely, for any ug € Y* and € € [0, €0) with
€0 > 0 small, let u(t,ug,€) be the sufficiently smooth solution of the initial value problem
given by the reaction-diffusion system (7.1.1) and by the initial condition u(0) = o, defined
on the mazimal interval of ezistence I'(ug,€) = [0,10(uo, €)). Let W = {(t,up,€) € [0, 00) X
Y% [0,¢0) | t € I(ug,€)}. Then, the local semiflow @: W C [0,00) x Y x [0,60) — ¥« is
defined by ® (¢, uo, €) = ul(t, uo,€) for any (¢, up,€) € W.

Theorem 7.1.3. The local semiflow ® defined by Theorem 7.1.2 is SO(3)-equivariant for
€ = 0, but it is only SO(2)-equivariant for € > 0 small.

The definition of relative equilibrium, relative periodic orbits, rotating waves and mod-

ulated rotating waves for a SO(2)-equivariant reaction-diffusion system is the same as the
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definition of relative equilibrium, relative periodic orbits, rotating waves and modulated

rotating waves for a SO(3)-equivariant reaction-diffusion system.

Example 7.1.4. For any z € rS?, we denote by r(z) = d(x,1)%, where [ is the line contain-
ing the vector Zj and d is the Euclidean distance in R3. Let us define G(u,z) = é(u,T(m)L
where G: RN x R — RY is a sufficiently smooth function. Then the superposition operator

associated to G is SO(2)-equivariant, but is not SO(3)-equivariant in general.

7.2 The Center Manifold Reduction

Throughout this chapter we suppose that for ¢ = 0 we have a normally hyperbolic (see
Definition 2.5.5) relative equilibrium ug € Y* such that X, = f3. Let ®(¢,u0,0) = eXotyg.

Theorem 7.2.1 ([6], [23], [40]). There ezists a sufficiently smooth parameter-dependent
SO(2)-invariant normally hyperbolic manifold M (€) for the reaction-diffusion system (7.1.1)
such that M(0) = SO(3)ug, and, for ¢ > 0 small, M{e) is diffeomorphic to SO(3)ug and
this diffeomorphism is SO(2)-equivariant.

Since £y, = I3, we have that SO(3)uo is diffeomorphic to SO(3), so M(e) is SO(2)-
equivariant diffeomorphic to SO(3).

Theorem 7.2.2. Let L be the linearization of the right-hand side of (7.1.1) with respect to

the rotating wave ®(t,up,0) = eXotyy in the co-rotating frame, that is
L=DA+ DuF(uo) - Xg.
Suppose that:

1. o(Lyn{z € C | Re(z) > 0} is a speciral set with spectral projection Py, and
dim(R(P,)}) < oo

< CePot for some B > 0 and C > 0.

2. the semigroup e™ satisfies || p_
D R(1—Py)

Let V, be the orthogonal complement of T,,,(SO(3)ug) in E = R(P,).

Then there exists o sufficiently smooth parameter-dependent center manifold M (e) of the
normally hyperbolic relative equilibrium SO(3)ug such that M(e) C M (e) and M™(¢) is
diffeomorphic to SO(3) x Vi for € > 0 small. For e = 0, M®(e) is SO(3)-invariant, and

for € > 0 small, M%(¢) is SO(2)-invariant. Furthermore, there ewist sufficiently smooth
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functions fi: Vi — 50(3), fa: Vi — Vi, G2...: SO(3) x V, x [0,00) — Vi and a sufficiently
[

pert

smooth vector field GL..: SO(3) x V, x [0,00) — T(SO(3)) with Gl4(., 9, €) being SO(2)-

per

equivariant, Ggert(., g,€) being SO(2)-invariant such that any solution of
A - Afl (CD + EGglyert(Av q, E)
g = fQ(Q) + EG?;e'rt(A7 q, 6)7
on SO(3) x V, corresponds to a solution of the reaction-diffusion system (7.1.1) on M(c)
under the diffeomorphic identification for € > 0 small. Also, f1(0) = Xo, f2(0) = 0 and

0(Dqf2(0)) = 0(Q+L|v, ), where Qy is the projection onto Vi along Tr,(SO(3)up). Moreover,
0 is a hyperbolic equilibrium in V, for the second differential equation in (7.2.1) for e =0.

(7.2.1)

Remark 7.2.3. Henceforth, we will identify M (e) with SO(3) and M (¢) with SO(3) x V,
for € > 0 small. Therefore, we will talk about the semiflow ® on SO(3) and on SO(3) x Vi
for e > 0 small.

7.3 The General Form of the SO(2)-Equivariant Perturbation
on the Center Manifold

Theorem 7.3.1. The general form of the SO(2)-equivariant perturbation on M (e) given
by Theorem 7.2.2 is

Gl

pert(Av g,€) = Ak(4,q,¢),
G2

pert(A,0,€) = h(4,q,¢),

where A € SO(3), ¢ € Vi, € > 0 is small, and k: SO(3) x V, x [0,eg) — s0(3) and
h: SO(3) x V, x [0,€0) — so(3) are sufficiently smooth SO(2)-invariant functions for € €
[0,€0) and g € Vi with ¢p > 0 small.

(7.3.1)

Generically, M(e) corresponds to a hyperbolic equilibrium ¢. € V, near 0 for ¢ > 0
small. Therefore, we can restrict the study to the SO(2)-equivariant dynamics on SO(3),
by substituting ¢ = ¢ in the differential equations (7.2.1).

Theorem 7.3.2. The perturbed differential equations on M(e) given by Theorem 7.2.2 are
A= AXo+eg(4,¢€) (7.3.2)

where A € SO(3), € > 0 is small and, up to a constant matricz in so(3) that depends
sufficiently smoothly on €, g(A,e) = k(A, ge,€) for k defined in Theorem 7.3.1. Thus g(.,€)
is SO(2)-invariant for € > 0 small.
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The definition of the tip position function for a SO(2)-equivariant reaction-diffusion
system is similar to the definition of the previously defined tip position function for a
S0(3)-equivariant reaction-diffusion system. We define the following tip motion on M(e)

that we use throughout this chapter:
mtip(q)(ta AOQE? 6)) = A(tv €)$07

where € > 0 is small, Ag € SO(3), A(t, ) is the solution of the initial value problem given
by the differential equation (7.3.2) and A(0) = Ao, and zo € rS? is fixed.

7.4 The Analysis of the Projected Dynamics on the Orbit
Space SO(3)/50(2)

—
Let 20 and z be the intersections of the line having as direction the vector X¢ with the
: 2.0 - 1 ¥ o_ _ 1%
unit sphere S%; z7 = WXO and 5 = ——DT.IXO. B
Let :L'f2 and :EQQ be the intersections of the line having as direction the vector @ with the
—
unit sphere S?; m? = () and z5 = -—Zj.

We consider the left action 8: SO(3) x SO(3) — SO(3) given by
9(A,C)=CAL. (7.4.1)

We substitute C :.A“1 in (7.3.2).
Since O3 = Iy = AC = AC + AC, it follows that C = —CAC. Therefore, the differential

equations (7.3.2) are equivalent to the following differential equations
C = —[Xo+e€g(C,e)C, (7.4.2)

where C' € SO(3), € > 0 small and § is a sufficiently smooth function such that, for € > 0
small, §(C,€) = g(C~1,€) is invariant under the restriction of the action 9 to the subgroup
S0O(2) of SO(3), with g defined in Theorem 7.3.2.

Let us denote the flow associated to the differential equations (7.4.2) by ¥. It is clear that
W(t,C,e) = [®(t,C7 1, €))7 . The differential equations (7.4.2) have the following property:

o for e = 0, they are SO(3)-equivariant under the action g;
e for ¢ > 0 small, they are SO(2)-equivariant under the restriction of the action g to

the subgroup SO(2) of SO(3).
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Definition 7.4.1. The quotient of SO(3) under the equivalence relation A ~ B iff A and
B are on the same group orbit under the action 8 defined in (7.4.1) and restricted to SO(2)
is called the orbit space of SO(3) under the action 8 and it is denoted by SO(3)/S0(2). It
is the left coset of SO(3) modulo SO(2) under the action (7.4.1).

Theorem 7.4.2 ([11], [45], [79]). There is a unigue C* manifold structure for SO(3)/50(2)
such that the projection w: SO(3) — SO(3)/S0O(2) defined by w(C) = C - S0O(2) is O
and such that there exist local smooth sections of SO(3)/SO(2) in SO(3); that is, for any
A-50(2) € SO(3)/S0(2) there ezists a local smooth function s from a neighborhood U of
A - SO(2) into SO(3) such that momy =1id on U.

Theorem 7.4.3 ([11], [45], [79]). The orbit space of SO(3) under the action § is dif-
feomorphic as a manifold to the unit sphere S2. The diffeomorphism can be chosen such
that

B: SO(3)/SO(2) — S2, B(A - SO(2)) = Ax? for any A € SO(3). (7.4.3)
Definition 7.4.4. The projected flow on SO(3)/SO(2) associated to the flow ¥ is defined
by

$(t,7(C),€) = n(W(t,C,¢)) for any e >0 small ,C € SO(3) and t > 0. (7.4.4)

Remark 7.4.5. The projected flow on SO(3)/SO(2), U, is well-defined and sufficiently

smooth.

Remark 7.4.6. From [{5] and [67], we know that every sufficiently smooth vector field on
S0(3)/50(2) lifts to a sufficiently smooth SO(2)-equivariant vector field on SO(3), unique
up to vector fields tangent to the SO(2)-orbits.

Definition 7.4.7. Using the diffeomorphism B defined in (7.4.3), we define the following

flow on 82:
‘IZ(?E,C‘:U?, €) = B((t,m(C),€)) for any e > 0 small ,C € SO3) andt >0.  (7.4.5)
The flows ¥ and ‘E are topologically equivalent.

Theorem 7.4.8. The differential equotions given by (7.4.2) projected on the orbit space
50(3)/50(2) have the following form (after taking into account Theorem 7.4.3 and Defi-
nition 7.4.7):

i=—[Xo+ eg”(x, €)] z, (7.4.6)



where z € 82 and € > 0 is small; that is, the vector field given by (7.4.6) is the vector field
associated to the flow @;(t,Cx?, €). The function ¢°(z,€) is given by

g°(z,€) = G(C,¢), where z = CZL‘? € 8% ¢ > 0is small and § is defined in (7.4.2). (7.4.7)

Remark 7.4.9. 1. Fore =0, the differential equations (7.4.6) have reflectional symme-
try with respect to the equatorial plane orthogonal to (the line containing) the vector
—
Xo.

2. Fore > 0, generically, the differential equations (7.4.6) have no reflectional symmetry

with respect to the equatorial plane orthogonal to (the line containing) the vector 350,

Theorem 7.4.10 (¢ =0). 1. Fore =0 the solutions of the differential equations (7.3.2)
are of the form
Alt) = Ape™t where Ag € SO(3). (7.4.8)

2. For e = 0 the solutions of the differential equations (7.4.6) are the equilibrium points

Xo

29 and 23, and the %—periodic solutions of the form x(t,zo) = e *°'xg, whenever

zo # 2§ and 2o # 5.

3. The correspondence between the solutions of the differential equations (7.3.2) and the
differential equations (7.4.6) is as follows:

(a) The solution A(t) of (7.3.2) corresponding to Ao such that :cﬁ2 = Aoz projects

onto the equilibrium z9.

(b) The solution A(t) of (7.3.2) corresponding to Ag such that m? = Aoz projects

onto the equilibrium x3.

(c) The other soluiions of (7.3.2) with the initial condition Ag projects onto the

periodic solutions of (7.4.6) having the initial condition zo such that x? = Aozg.

Remark 7.4.11. For e = 0, the flow given by the differential equations (7.4.2) is the only
SO(3)-equivariant flow that can be obtained when we lift from the differential equations
(7.4.6) on SO(3)/S0(2) to SO(3).

Proof. The differential equations (7.4.6) for ¢ = 0 are © = —Xoz and its flow is given

by T(t,C - 50(2),0) = e Xo'C - SO(2). We get m(¥(t,C,0)) = ¥(t,C - 50(2),0) =
e=XotC . SO(2). Tt follows that ®(t,C,0) = e ¥otCe™ Q. This is SO(3)-equivariant
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under the action 8 if and only if 7(¢,C) = 0 for t > 0 and C € SO(3); that is, ¥(t,C,0) is
the SO(3)-equivariant flow given by differential equations (7.4.2) for € = C. i

Theorem 7.4.12 (e = 0). We will consider two distinct unit spheres S1 and So. Let the

Q

points 7 and CE? be on sphere Sy as they were defined at the beginning of this section. Also,

let the points =9 and :1:8 be on sphere S1 as they were defined at the beginning of this section.

For € = 0, the semiflow ® on SO(3)uy contains only rotating waves. We have:

1.

The rotating waves for the reaction-diffusion system (7.1.1) on SO(3)ug with the unit
frequency wvectors X on a circle around a on the unit sphere Sy project onio the
periodic solution of (7.4.6), that has as an orbit the circle around 550 on the unit

sphere S1 passing through the point xo € Sy such that cos(é()?, @) = cos(L(Xo, Zo)).

The rotating waves for the reaction-diffusion system (7.1.1) on SO(3)ug with the
frequency vector | Xo| Zj project onto 2. The rotating waves for the reaction-diffusion

system (7.1.1) on SO(3)ug with the frequency vector — | Xo| a project onto 3.

Let C1 and Cy be two distinct circles on the unit sphere So with the centers on the
line having the direction vector Zj and such that d(0, Cy) = d(0, Cy). Let us denote by
C; the circle on Si onto which project the rotating waves on SO(3)ug with the unit
frequency vectors on C1. Let us denote by C’é the circle on S1 onto which project the
rotating waves on SO(3)ug with the unit frequency vectors on Cy. Then d(0, Cy) =
(o, Cy) and C| # Cy, where d is the Euclidean distance in R®.

Remark 7.4.13. The following two figures illustrate Theorem 7.4.12: The sphere Sy (Fig-
ure (7.4.1)) and The sphere S1 (Figure (7.4.13)).

Let B € SO(3) such that Bz = (0,0,1)T. Let g%%(s,¢) = Bg¥(B~1s,¢)B™!, where g° is
defined in (7.4.7) and for any s = (x1, 29, 23) € S? and € > 0 small,

7>

Let

0 ~Gi(z1, 22, 73,€)  Galz1,22,73,€)
S, E) = gss(mhm% z3, 5) = Gl(xla Z2,I3, 6) 0 —Gg(ﬂ?l,afg, 56376)
_G2($17$27$376) G3(CE1,.’I$2,$37€> 0

a(¢,8,¢) = Gi(sin g cos b, sin ¢sin b, cos ¢, €),

b(¢,0,¢€) = Go(sin ¢ cosb,sin¢psin b, cos ¢, €),
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the line comaining_a

Figure 7.4.1: The Sphere S

and
c(p,0,¢) = Gs(sin ¢ cos 8, sin ¢ sin §, cos ¢, €),

where 6 € [0,27), ¢ € [0, 7], € > 0small. The analysis of the perturbed differential equations
(7.4.6) on the orbit space SO(3)/S0(2) for € > 0 small gives us :

Theorem 7.4.14 (e > 0). 1. There exist two sufficiently smooth branches of equilibria
for (7.4.6) defined for e > 0 small, one branch z'(¢), near 29 and the other one z2(e),
near 3, such that z1(0) = 29 and £*(0) = z§.

Generically, we have %53(07 0,1,0)— %(0, 0,1,0) # 0. The stability of the generically

hyperbolic equilibria z*(e) is as follows:

(a) if %%(D,O, 1,0) — %%(0, 0,1,0) < 0, then zl(¢) is locally asymptotically stable
for the differential equations (7.4.6);

(b) if %%1(0,0,1,0) — %(0,0,1,0) > 0, then z'(e) is unstable for the differential
equations (7.4.6).
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the line containing X,

Figure 7.4.2: The Sphere Sy
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Generically, we have %%’-(0, 0,-1,0)— %%5(0, 0,—1,0) 5 0. The stability of the gener-

icelly hyperbolic equilibria x*(€) is as follows:

(a) if ‘—98—55(0, 0,-1,0)— %%(O, 0,—1,0) < 0, then z2(¢) is locally asymptotically stable
for the differential equations (7.4.6);

(b) if 922(0,0,-1,0) - §22(0,0,—1,0) > 0, then z*(¢) is unstable for the differential
equations (7.4.6).

2. Let o
I9)= [ blevt,0)cont = e(6,,0)sint]
0
for ¢ € (0,m), and consider

sin ¢g cos by
zg = B7!1| singosindy | with ¢o € (0,m), 6p € [0,27). For small € > 0, the

cos ¢g
periodic solution z(t,xo) = e"*%'zq of the differential equations (7.4.6) obtained for

e = 0 is continuously deformed when € increases to another periodic solution z*(t)

with period T'(e) = ’—)2(—% + O(e) if
I(¢o) =0 and I (¢o) # 0.

Also £°(t) = z(t, z0).
The stability of the periodic solution z°(t) is as follows:

(a) if I' (o) < 0, then x(t) is locally asymptotically stable for the differential equa-
tions (7.4.6);

(b) if I'(¢o) > 0, then x%(t) is unstable for the differential equations (7.4.6).
Using the Poincare-Bendizson theorem on a sphere (see Theorem 2.5.12), we have a com-

plete picture of the phase portrait for the differential equations (7.4.6).

Remark 7.4.15. The matrizc B € SO(3) such that Bz = (0,0,1)T is not unique, but
. Theorem 7.4.14 does not depend on the choice of the matric B. Therefore, in the statement
and proof of Theorem 7.4.14, without loss of generality we may assume that z¥ = (0,0, n7.

Remark 7.4.16. Let ¢ > 0 be fized and ¢o € (0,7) such that it corresponds to the 1—2}%—
periodic solution x(t,z0) = e *%%zq of the differential equations (7.4.6) for ¢ = 0. Then,
the condition I{¢g) = 0 is necessary for the persistence of T%’;—(—per'éodic solution z(t,zg) to

T (¢)-periodic solution z°(t).
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7.5 The Analysis of the SO(2)-Equivariant Dynamics on the
Phase Space S0O(3)

Theorem 7.5.1 (¢ > 0}. For ¢ > 0 small we have:

1. The equilibrium z'(e) of the differential equations (7.4.6) gives the SO(2)-orbit of
a solution of the differential equations (7.3.2) having the form A(t,e) = e (R4
where x? = Axl(e) and a1(e) = |Xo| + Ole). The equilibrium z'(€) is generically
hyperbolic, therefore the corresponding SO(2)-orbit is generically normally hyperbolic

(see [11], [22]);

2. The equilibrium z%(c) of the differential equations (7.4.6) gives the SO(2)-orbit of
a solution of the differential equations (7.3.2) having the form A(t,e) = e®2(©) 4,
where a:i2 = A.z%(e) and aa(e) = — | Xo| + O(¢). The equilibrium z*(e) is generically
hyperbolic, therefore the corresponding SO(2)-orbit is generically normally hyperbolic

(see [11], [22]);

3. If I(¢o) = 0 and I'(¢o) # 0, where I and ¢y are deﬁned in Theorem 7.4.14, then
any T(€)-periodic solution z¢(t) of (7.4.6) gives the SO(2)-orbit of a solution of the
differential equations (7.3.2) having the form A(t,e) = ePlRB(t, €), where B(e) =
O(e) and B(t,€) is aT(e) = 1—)2(7—37+O(e)~periodz'c function such that m? = B(0, €)z*(0).

The orbital stability of the above solutions is the same as the stability of the solutions of
(7.4.6) from which they were obtained (see [11]).
Using the Poincare-Bendizson theorem on a sphere (see Theorem 2.5.12) and [11], we have

a complete picture of the phase portrait for the differential equations (7.3.2).

The definition of the concepts of orbital stability for rotating waves and modulated
rotating waves for a SO(2)-equivariant reaction-diffusion system is the same as those for a

SO(3)-equivariant reaction-diffusion system.

Theorem 7.5.2 (The Effects of Forced Symmetry-Breaking). For small ¢ > 0 we

have:

1. The SO(2)-orbit of the rotating wave ®(t, Agug,0) = eQIXolt 4oug is deformed as €
increases to the SO(2)-orbit of a rotating wave having as the frequency vector (| Xo| +

0(e) @
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2. The SO(2)-orbit of the rotating wave ®(t, Aoug,0) = e~ QXolt Agug is deformed as €

increases to a rotating wave having as the frequency vector (— | Xo| + O(e))@;

3. The SO(2)-orbit of the rotating waves ®(t, Apug,0) = eXt Agug having the frequency
Y -1 5. - = Lo
vectors X = AgXoAgy "' different from | Xo| @ and — |Xo| @, and satisfying I{¢o) =0
and I’ (¢o) # 0, where I and ¢g are defined in Theorem 7.4.14, transform as € increases
into SO(2)-orbits of modulated rotating waves having primary frequency vectors of the
form O(e)—(j and the second period of the form T'(e) = \_%)—I + O(e).

The orbital stability of the above solutions of the reaction-diffusion system (7.1.1) is related
to the orbital stability of the rotating wave ®(¢, ug,0) and to the stability of the solutions of
(7.4.6) from which they were obtained as follows:

o If the rotating wave ®(t,ug,0) is orbitally unstable, then the above solutions of the

reaction-diffusion system (7.1.1) are orbitally unstable;

o If the rotating wave ®(t,up,0) is orbitally stable (that is E® = T,y (SO(3)uo)), then
the above solutions of the reaction-diffusion system (7.1.1) have the same orbital sta-

bility as the stability of the solutions of (7.4.6) from which they were obtained.

The results obtained by forced symmetry-breaking may explain the anchoring of a spiral
wave near a localized inhomogeneity, the repelling of a spiral wave away from the localized
inhomogeneity, as well as the drifting of a spiral wave tip around the equator, the parallel

of a sphere or around the boundary of an abnormal cardiac tissue.

7.6 Examples

We can extend the definition of I{¢1) to ¢1 = 0 and ¢; = 7 as follows:

I{0) = 02“ [6(0,¢,0) cost — ¢(0,,0) sint] df = 0 and

I(m) = 0% [b(m,t,0) cost — ¢(m,t,0)sint] dt = 0. Also, we get that

I'(0) = 27[922(0,0,0,1) — §22(0,0,0,1)] and I'(7) = 2x[522(0,0,0, ~1) - 824(0,0,0, -1)].
In the proof of Theorem 7.4.14, the Poincaré section is § = 0,¢ € (0,7), therefore the
Poincaré map and the function I are constructed independent of the periodic solution of the
differential equations (7.4.6) for € = 0, whose persistence is discussed, that is independent
of 8 € (0, 7). Therefore, the zeros of I in (0, ) that satisfy the transversality condition

will persist to periodic solutions. If the SO(2)-equivariant perturbation is chosen such that
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b($,8,€) = h()cosh, c(¢,0,¢) = —h(¢)sinf, where h(0) = h(m) = 0 and A'(0) # O,
W () # 0, then we get I(¢) = 2wh(¢).

Example 7.6.1 (Anchoring at the inhomogeneity). If we choose h such that R (0) <0,

we have that the rotating wave corresponding to z'(e) is orbitally stable.

Example 7.6.2 (Repelling from the inhomogeneity vs. Boundary drifting). If we
choose h such that k' (0) > 0, and there exists a unique ¢g € (0,) such that h(¢o) = 0 and
B (o) < 0, then there exists an orbitally stable modulated rotating wave, and the rotating

wave corresponding to () is orbitally unstable.

Example 7.6.3 {Anchoring at the inhomogeneity vs. Boundary drifting). If we
choose h such that h'(0) < 0, and there exists only ¢1, ¢po € (0,7) such that ¢1 < ¢o,
W) = R(és) = 0 and K (¢1) > O, W (¢y) < 0, then there exist an orbitally unstable
modulated rotating wave corresponding to ¢1 and an orbitally stable modulated rotating
wave corresponding to ¢3. Moreover, the rotating wave corresponding to z*(e) is orbitally

stable.

Example 7.6.4 (Repelling from the inhomogeneity vs. Anchoring at the opposite
site). If we choose h such that K'(0) > 0, h' () < 0 and h has no other zeros in (0,), we
have that the rotating wave corresponding to x'(e) is orbitally unstable, and rotating wave

corresponding to @*(e) is orbitally stable.

7.7 Proofs of some Theorems of Chapter 7

Proof of Theorem 7.1.2. The proof that the superposition operator G is a sufficiently smooth
operator defined from Y% x [0,00) into Y is done in the same way as the proof that the
superposition operator F' is a sufficiently smooth operator Y x [0, c0) into Y (see proof of

Theorem 3.1.16), because rS? is compact and connected. ]

Proof of Theorem 7.1.3. Since the operator DA (see Theorems 3.2.4 and 3.3.1) and the
superposition operator F' (see Theorem 3.3.1) are SO(3)-equivariant, and the superposition
operator G is SO(2)-equivariant, the fact that Y is SO(3)-invariant, the conclusion of the

theorem is obvious. O

Proof of Theorem 7.2.2. We find an open set U C Y such that there exists a constant
Ma > 0 satisfying |G(u, €)ly < Ma , for any v € U and € > 0 small, where G represents the
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superposition operator associated to G(u(z), z,¢). Then the proof follows from [20], [48] and
[70]. Let U be an open set included in a compact tubular neighborhood of SO(3)ug C Y°.
Then, by the Sobolev embedding Theorem 2.5.16 and 3.1.5, since rS? is compact and
connected, there exists a constant M; > 0 such that for any w € U and any = € rS?, we
have that |u(x)] < M. Since G is sufficiently smooth and rS? is compact, there exists a
constant M > 0 such that |G(u(z),z,€)] < M for any u € U, z € rS? and € > 0 small,
where M is independent of z, € and u. Since rS? is compact, it follows that |G(u, €)|y < M
for any u € U and € > 0 small.

Since SO(3)ug is normally hyperbolic (see [22]), then the equilibrium 0 € V, of the second
differential equation in (7.2.1) is hyperbolic for ¢ = 0 and it is continuously deformed under
the small perturbation er,m(A, g,€) to another hyperbolic equilibrium ¢ = O(e). M(e)

corresponds to g. O

Proof of Theorem 7.3.1. There is nothing to prove for Gﬁert(A, q,€).

Let k(A,q,€) = A‘lGll,ert(A, g,€) for A € SO(3), ¢ € V, and € > 0 small.

Since Gh4(A, q,€) € Ta(SO(3)) = A - 50(3), then k(A, g,¢) € s0(3) for any A € SO(3),q €
V., and € > 0 small.

Using the SO(2)-equivariance of G’},ert(., g, €), we get that the function k(., g, €) is
SO(2)-invariant for € > 0 small and g € V;, that is

k(e A, q,€) = (€90 A)TIGL,, (e90A, q,€) = ATlem@eVC, (A, g €) = AT Gren(A, g,€) =
k(A,q,¢) for any A€ SO(3), g€ Vi, 8 € [0,27m) and € > 0 small. a
Proof of Theorem 7.3.2. For € > 0 small, M (€) corresponds to the hyperbolic equilibrium
ge € V, of the second differential equation of (7.2.1). Therefore, we only counsider the SO(2)-

equivariant dynamics on SO(3) obtained by substituting ¢ = ¢ in the differential equations
(7.2.1). Using theorem 7.3.1, we get

A= Alf1(ge) + k(A g, €)] - (7.7.1)

Since g. = O(¢) and fi is sufficiently smooth, we get fi(g.) = f1(0) + eH{e) = Xo + eH(¢)
with H(e) € so(3). The differential equations (7.7.1) become

A=A[Xo+ eH{e) +ek(A, g, €)] . (7.7.2)

Let g(A,¢) = H(e) + k(A, ge,€). We get the differential equations (7.3.2), where g(.,€) is
SO(2)-invariant, since k(., g, €) is SO(2)-invariant. O
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Proof of Theorem 7.4.8. It is enough to prove that there exists a sufficiently smooth func-

tion g%: 8% x [0,€0) — s0(3) for €y small such that
g(C,e) = gS(Cacé),e) for any C € SO(3) and € > 0 small . (7.7.3)

Since S2 is compact, it is enough to prove (7.7.3) locally on S2. We may then use the
partition of unity to get a sufficiently smooth function g° globally defined on S2.

Let Cy € SO(3) be fixed, but arbitrary. There exists a smooth local section 7, of SO(3)/SO(2)
in SO(3) near Cy - SO(2) (see Theorem 7.4.2).

We have:
ToTs = 1d
= w(ns(C-850(2))) =C - -80(2
(ms( (2))) (2) (774
= 71,(C - S0(2))S0(2) = C - SO(2)
= C = 75(C - S0(2)) - C*(C) for C*(C) € SO(2) near Cy - SO(2).
Let us define the function
g° =GFomso ! near Cozé?. (7.7.5)

Then ¢° is a sufficiently smooth function defined locally near Coa:b on S2.
Also,

g%(Cxg,€) = §(ms(C - SO(2)),€) = §(ms(C - SO(2)) - €*(C), €) = G(C' ) (7.7.6)

for C near Cp and € > 0 small, where for the second equality we use the invariance of g(., €)
under the restriction of the action 8 to SO(2) and for the third equality we use (7.7.4).
The function g% is well-defined since the function § is SO(2)-invariant under the action
g restricted to SO(2); that is, for any 6 € [0,27), C € SO(3) and ¢ > 0 small, we have
gS(Cngscb, €) = g§(Ce? ¢) =§(C,e) = gS(C:r%Q,e).

Also, taking into account that the action 87 is transitive, we can look at the function g° as
being defined on S2.

We check that the vector field given by the differential equations (7.4.6) is associated to the

semiflow .
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We have ¥ (¢, C:c%g,e) = (Bom)(¥(t,C,e)) = ¥(¢,C, e):z:ég Therefore,

o, L .0 L1, 0W .
5t (t7 Ca:Qa E) - E(‘I‘(t Ga 6)17@) - E(t’ C, E)mQ
= - [Xo + §(¥(:,C,€), )] ¥ (2, C, e)zgy (777
= — [X() + egS(‘Il(t, C, e)mé, 6)] T (t, C, e)xé
S {Xo + eg® (W1t Cxg,e), e)] Ty (t, Cz,e)
for any C € SO(3), t € [0,00) and € > 0 small. O

Proof of Theorem 7.4.10. Conclusions (1) and (2) are obvious.
The third conclusion results from the definition of the flows ¥ and \I/;/l, as well as ¥(¢,C¢) =
[@®(t,C L e) L O

Proof of Theorem 7.4.12. Conclusions (1) and (2) result from Theorems 7.2.2 and 7.4.10.
Using Theorem 7.2.2, we get that the rotating waves for the reaction-diffusion system (7.1.1)
for € = 0 are of the form ®(t, Agug,0) = Age*°tuq for Ag € SO(3) and ¢ € [0, 00).
Ly

Therefore, the primary frequency vector of ®(t, Agug,0) is Ao XoAg ! By Theorem 7.4.10,
the rotating wave ®(t, Agug, 0) projects onto =g € S? such that x? = Agzg.

—> —3
Let X = ;T%,AoXvo”l- Using Theorem 2.2.9 (1) and z(l) = TXlo"lXO’ we get Aocc(l) = X,
Also, (¢9)T = zJ A].
Therefore, cos(Z (X, Q) = (a:?)Tf = o} AF Agx§ = 229 = cos(L(xp, Xo)).

The third conclusion results from the first conclusion. |

Proof of Theorem 7.4.14. For € = 0, the differential equation (7.4.6) has two equilibria,
29 and 2. Using the implicit function theorem (see Theorem 2.1.1), we will prove the
persistence of these two equilibria for small € > 0.
We have defined B € SO(3) by Bz? = (0,0,1)7. Then Bz§ = (0,0,—1)T. Let s = Bz.
Then,

§=Bi=—[BXoB ' +eBg°(B's,¢)B™!] s, (7.7.8)

and, if we write Xog = BXpB~! and g%5(s,€) = Bg®(B~'s,¢)B7}, then we get

$ = — [Xoo+ g (s, e)l s, (7.7.9)
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Since BX_O} = | Xo| (0,0,1)T, using Theorem 2.2.9 (2) we have

0 -1 0
Xoo=BXeB'=|Xo]| 1 0
0 0

Let us define the function
F(s,¢) = — [Xoo + ¢g%%(s,€)] s, where F': S% x [0,€0) — TS? for ¢ > 0 small . (7.7.10)

Tt is clear that F((0,0,1),0) = 0. We will compute (DsF)0,0,1),0): T(0,0,)8% — T8? = R2.
Let s = (z1,22,23) € S2 and recall that

0 —Gy(z1, za,z3,€)  Golz1,22,73,€)
g%5(s,€) = 9°%(z1, 20, 73, €) = Gi(z1, 22, T3, €) 0 ~G3(z1, %2, 3, €)
—Go(z1, 79, w3,€)  G3(w1,72,73,€) 0

For (xy, x2,z3) € S near (0,0, 1), one has z3 = V1—22 =23 > 0 for ||(z1, 22)|| = 0 small
enough. If we substitute this expression of z3 into the differential equations (7.7.9), we
have:
z 0 —1|Xol O
% =]l X 0o o
N e 0 0 o
0 ——Gl(asl,:vg,m, €) Gz(ml,mg,m,e)
+e Gl(xl,mg,\/1~m%~m%,e) 0 ——Gg(xl,m27\/1——m%~x%,e)
—Go(m1,22,/1 — 22 — 23,¢)  Galz1, 22, V1—123 —x3¢) 0
x1
z9 (7.7.11)

Vi-al—a3
or
r = |Xo|zg + eGi(x, €)zo — eGa(z, €)/1— 23 — 73,
T2 = —|Xo|z1 — €Gi(z, &)z + eGalz, ) /1 -2 — %, ,  (7.7.12)
%m = eGo(z, €)z1 — eGa(z, €)x2,
where z = (1, 3,+/1 — 2% — %3).

If the first two equations in the system (7.7.12) are satisfied, then the third one is immedi-

ately satisfied.
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Therefore, we get the system

T1 = Hl($17 33276)7

(7.7.13)
@y = Ho(zy, x0,€),
where
Hy(z1,29,¢) = | Xo|za + € {Gl(m,mg, 1~ :1:% - :c%, €)Ta
(7.7.14)
—Go(zy, 29, \/1 — :c% - x%,e)¢1 — m% - x%} ,
and
Hy(z1,29,€¢) = — | Xo|z1 — € {Gl(ml,xg, 1— 22— 23 ¢)zy
(7.7.15)

—G3(z1, x2, \/1 - 9:% - x%, e)\/l - x% — a:%] .
Let H(z1,x9,¢) = (Hi(z1,22,€), Ho(z1,22,€)). We have H(0,0,0) = (0,0) and the lin-
earization of H(z1,z2,€) about (0,0) at e =0 is
0 [Xof
D . H(0,0,0) = ,
(21,02) H ( ) ("‘X0| 0 )
which is an invertible matrix. Using the implicit function theorem there exists a suf-
ficiently smooth branch (z}(e),z}(€)) near (0,0) such that (x1(0),z3(0)) = (0,0), and
Hi(zl(e),zi(€), €) = 0 and Ha(zl(e), z3(e), ) = 0 for € > 0 small.
We have
21 (e) = z11€ + O(?) and z}(€) = xage + O(€?), for small € > 0. (7.7.16)

: By using implicit differentiation we get

OH dey | OHide; _ _0H
—5:;[]& de T de - de 7 (7 7 17)
Oty day | OHjp dry _OH, o
Oz1 de Bxo de - B¢ *
Generically, we have
G9(0,0,1,0) # 0 and G3(0,0,1,0) # 0. (7.7.18)
From (7.7.17) it follows that at € = 0 we have
8H, 9Hy
de Oxg
day e &
—_— (7.7.19)
de OH;  0H,
Az Oxo
OH; 9H, t
Bz 8xg
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and

8H, B8H
0z €
dz 9H, OHy
2 _10n 9 | (7.7.20)
de SHy 8H
Oz o
8H, OHy
oz dxg

Since 941(0,0,0) = %#(0,0,0) = 0, §:(0,0,0) = -4£2(0,0,0) = |Xo|, %2(0,0,0) =

-Gg(o, o, 1,0) and ?gfg(o,o,m = (5(0,0,1,0), it follows that

11 = —-1—1-G3(001 )

(7.7.21)
T2 = X0 ‘GQ(O 07170)

So, for € > 0 small, we get

1 1

1 = e € 62 . .
7}(e) = 75Gs(0,0,1,0)e + O(e 2y, zl(e) = R C2(0,0.1,00¢ +0(€) (7.7.22)

Therefore, there exists a sufficiently smooth branch s'(e) = (z1(¢), z(¢), zi(€)) near (0,0, 1)
of equilibria of the differential equations (7.7.9), such that

s1(0) = (21(0), 23(0), 23(0)) = (0,0,1) and F(s'(e),€) = (0,0,0) for ¢ > 0 small.

For ¢ > 0 small, there is a sufficiently smooth branch z'(e) € S2 of equilibria for the differ-
ential equations (7.4.6) such that z'(0) = z{.

In the same way, for € > 0 small there exists a sufficiently smooth branch z?(¢) of equilibria
for the differential equations (7.4.6) such that z2(0) = z§.

The stability of the equilibrium z' (¢) is the same as the stability of the equilibrium (z}(€), z3(€))
for € > 0 small, and the stability of the equilibrium z2(¢) is the same as the stability of the
equilibrium (z2(¢), z5(¢)) for € > 0 small.

Let us now obtain the stability of the equilibrium (z}(e), z3(€)).

For € > 0 small, the linearization of H(z1, z2,€) around (z1(e), zi(¢)) is given by

Diay 2 H(21(€), 73(€), €) = ( i l)?olll-(:)()(e) ]X(;!;(j((—:) ) , (7.7.23)
where

a11(e) = %%(55%(6)#’3%(6)7 €) = a1i¢ + O(¢?) since a11(0) = 0 (7.7.24)
and

az(e) = (ZH? (z1(e), 23(€), €) = agoe + O(€?) since ag(0) = 0. (7.7.25)
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The eigenvalues of the linearization of H(x1,z,¢) around (21(e), z3(¢)) satisfies

i aji{e) — A |Xo| + O(e) =0. (7.7.26)

—|Xo|l +O(e)  agle) — A
Then, it follows that (a11(e) — A){az(e) — A) — (|Xo| + O(€)){—|Xol + Ofe) =0 or
A2 — (ag1(€) + ag2(e))A + | Xol” + O(e) = 0.
We get the eigenvalues

ay1(€) + ag(€)
2

a11 + a2

Arp(e) = 5

+i(]| Xo| +O(e)) = { e+0(62)] +i(|Xo|+0(e)). (7.7.27)

In the case a11(€) + aga(€) = 0, the following theorem holds:

Theorem 7.7.1 ([83]). The equilibrium (z1(€), z3(€)) is either a center, a center-focus or
a (stable or unstable) focus for the differential equations (7.7.13). In an analytic system a

center-focus cannot occur.

Generically, a11(€) + aga(€) # 0, therefore the stability of (z1(e), z3(€)) is given by the
sign of a1 (€) + aga(e). In fact, (zi(e), z3(¢)) is generically a hyperbolic equilibrium for the
differential equations (7.4.6).

Generically, a1 + ag # 0.

If a1;+age < 0, then (z1(e), z3(€)) is an asymptotically stable equilibrium for the differential
equations (7.4.6), and if ai; + age > 0, then (z1(€), 4 (€)) is an unstable equilibrium for the
differential equations (7.4.6).

We express a1 and ago in terms of G1((0,0,1),0), G2((0,0,1),0) and G3((0,0,1),0) and
their partial derivatives at (0,0, 1).

The Taylor expansion of Hy(z1, T, €) about (0,0,0) up to terms of order 2 (h.o.t. contains

all the terms of order > 3 in z1,29,¢) is:

1, 1 1 1.2 3
Hi(z1, 29, €) = af + alzy + adae + ada? + ajal + ofzizo

(7.7.28)
+ aje + alzie + alzoe + afe® + hoot..
Since af =0, al =0, a} =0, aj = 0 and a} = 0, we get
Hi(zy, w9, €) = abzy + ale + atzie + alrae + afe® + h.ot.. (7.7.29)
The Taylor expansion of Ho(z1, 72, €) about (0,0,0) up to terms of order 2 is:
Hy(zy, 29, €) = a3 + alz1 + adzy + ada? + afal + alzize (7.7.30)

+ ade + a2z + akzge +ade’ + h.ot..
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Since a2 =0, a2 =0, a2 =0, a? = 0 and a2 = 0, we get
0 2 3 Y3 4 5 3 g

Holz1, m9,€) = atz1 + ade + alzie + azoe + ade® + h.ot.. (7.7.31)
We have i
——(21(e), 73(€), ©) = ate + of€?) (7.7.32)
Jz
and ol
=2 z1(e), x3(€), €) = ade + o(€?). (7.7.33)
ouD
We have that o -
1 1 2
=a; = 0,0,0) = ——=—=(0,0,1 7.7.34
at ay 81’186( » Yy ) 8561( ) 30>7 ( )
by the definition of H; and
0%H. oG
2 2 3
=g = ——(0,0,0) = —(0,0 7.7.35
a2 ag 83)286( 707 ) 8(1)2 ( ; 7170)7 ( )

by the definition of Hj.

Generically, we have a} + a2 # 0.

If al + a < 0, then (z1(e), z3(e)) is an asymptotically stable equilibrium for the differential

equations (7.4.6), and if at + a2 > 0, then (z1(e), z3(¢)) is an unstable equilibrium for the

differential equations (7.4.6).

If ol + a2 = 0, then we compute the terms of order €? in ay1(€) + aga(e).

In the same way, we can establish the stability of the equilibrium z?(e).

This ends the proof of the first conclusion of Theorem 7.4.14.

For € = 0 the differential equation (7.4.6) has %—periodic solutions of the form z(t,z0) =

e~Xotyy, where zg # z¥ and zg # 3.

Let us fix a point z¢ on the unit sphere such that zp # :c(f and zg # azg.

We will prove the persistence of the periodic solution x(t, zg) if some conditions are satisfied.

Making the same change of variable as before, we get the system (7.7.9) and the periodic

solution z(t,zo) becomes s(t,sg) = e *0fsy, where s = Bzg and so # (0,0,1), so #

(0,0,-1).

For s # (0,0,1) and s # (0,0, —1) we use the spherical polar coordinates (¢, ) on s2,
sin¢cos &

Let s = | singsing |, where ¢ € (0,7) and 6 € [0,27).

cos @
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sin ¢g cos 8y

Recall that sp = | sin¢gsinfy

coS g
and

a(p,0,¢) = Gy(sin g cosd, sin ¢sin 8, cos ¢, €),

b(¢,8,¢) = Ga(sinpcos b, sin psin b, cos 9, €),

c(¢,8,¢) = Gs(sin g cos b, sin ¢sin §, cos ¢, €)

for 8 € [0,27), ¢ € [0,7], € > 0 small and such that

a(0,8,¢) = G1(0,0,1,¢),a(m, 8,¢) = G1(0,0,—1, ¢)for any 8 € [0, 2n),

b(0,6,¢) = G2(0,0,1,¢),b(m, 0,¢) = G2(0,0, -1, ¢)for any 8 € [0, 27),

¢(0,68,¢) = G3(0,0,1,¢€), ¢(m, 0, ¢) = G13(0,0,—1, ¢)for any 6 € [0, 27).

The system (7.7.9) in (¢, #) coordinates yields:

%(sincﬁcosé’) 0 —1|Xo O
—%(sinqﬁsinG) = - | Xol 0 0
%(cos o) 0 0 0
0 —a(p,0,¢) b, 0,¢) sin ¢ cos 8
+e | a(¢,6,¢) 0 —c(@, 6, ¢) sin ¢ sin #
—b(¢,8,€)  c(o,0,€) 0 cos ¢
=
& cos ¢ cos B — f'sin psin d
qﬁcosqﬁsine + @sin ¢ cos §
—d'mos ¢
0 — | Xo| —ea(@,0,¢) eb(p,8,¢) sin ¢ cos @
= — | |Xo|+ €a{¢, 8, ¢) 0 —ec(¢, 0, €) sin ¢sin 6
—eb(9, 0, ¢) ec(¢,6,¢) 0 cos ¢
N

¢ cos ¢ cos 8 — Bsin $sin f
écosgésin@ + ésingbcosﬁ
—dsing

[[Xo| + ea(@,8,¢)]sinpsind — eb(, 8, ¢) cos @,
— [|Xo| + €a(9, 8, €)] sin ¢ cos 6 + ec(p, 8, €) cos ¢,
eb(, 6, ¢)sindpcos @ — ec(¢, 8, €) sin gsin b,
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We divide the third equation in (7.7.36) by sin ¢ # 0, where ¢ € (0, 7) to get
¢ = —eb(¢,0,¢) cos 8 + ec(¢, 6, €) sin 8. (7.7.37)
We substitute ¢ given by (7.7.37) into the first two equations of (7.7.36) to get

fsingsing = — [|Xo| + ea(, 8, €)]sinfsing + ec(o,0,¢)cosfsindcos
+eb(¢, 8, €) cos ¢ sin? 4,
fsinpcosh = — [| Xo| + ca(¢, 6, €)]cosfsing + ec(¢,0,¢) cosd cos® 8
+eb(, 8, €) sin§ cos 6 cos ¢. (7.7.38)
If sin 8 # 0, we divide the first equation in (7.7.38) by sin¢sind, to get

6 =— [|Xo| + ea(, 6, €)] + eb(e, 8, €) sin b cot ¢ + ec(¢, 9, €) cos § cot @. (7.7.39)

Thus, the second differential equation of (7.7.38) is satisfied.
If sinf = 0, then cos® # 0 and we divide the second equation in (7.7.38) by sin¢cosf to
get

9 = — [| Xo| + ea(e, 8, €)] + eb(¢, 8, €) sin  cot & + ec(d, 8, €) cos § cot . (7.7.40)

Thus, the first of the differential equations (7.7.38) is satisfied.

Therefore, we obtain the system

b = —eb(¢,0,€)cosb + ec(¢,,¢)sinb, (7.7.41)
6 = —|[|Xo|+ ea(s,0,¢)] + eb(9,8,¢)sinb cot ¢ + ec(¢, 8, €) cos § cot ¢. o
or '
¢ = e|-b(¢,0,¢)cosb+ c(p,0,¢)sind], (7.7.42)
§ = —|Xo|+efa(d,8,€) + [b(o, 0, €)sin 0 + (¢, b, €) cos 8] cot B} o
For ¢ € (0,7), 8 € [0,27) and for € > 0 small enough, we can have that
— | Xo| + €{a(o, 8, ¢) + [b(¢, 6, ¢)sin b + c(¢,6,€) cosf] cot ¢} > 0
and we can rescale time, choosing 7 = 7(¢) such that
d
Zl% = —|Xo|+ e{a(4,8,¢) + [b(¢,8,€)sinb + c(¢, 6, €) cos f] cot ¢} . (7.7.43)

116



We get

dé _ dodt _ €|—b{¢,8,¢) cos H+c(¢,8,¢) sin 6]
dr T ddr T T[Xol¥elals,8,6)+ (¢, ,€) sin 0+c(@,0,€) cos Fl cot o} ! (7 7 44)
46 . dodt _ 4 o
dr dt dr —
Since
b(¢,0,¢) = b(,8,0) + chi(, 8, ¢)
and

e(p,0,€) = c(¢,0,0) + eha(0,0,€),
it results that

L = & [b(6,6,0)c0s0 — o6, 0,0) sin 6] + €h(6,, ),

d8
@ - .

(7.7.45)

Let us construct the Poincaré map (that is the time 27 map) for the flow given by the
differential equations (7.7.45).
The Poincaré section associated to the flow given by the differential equations (7.7.45) is
given by § = 0, ¢ € (0,7), with ¢ chosen independent of 6y € (0, 7). The Poincaré map is
given by

P(1,€) = ¢(2m, ¢1,€),

where ¢(t, ¢1,€) is the solution of the following initial problem after we relabel T =1¢

%ﬁ‘ti = T)%()T [b((,b, L, 0) cost — C(¢, L, 0) sin t] + €2h(¢a i 6): (7746)
$(0) = o1
Therefore, we get by using (7.7.46)
2
P(¢1)€) :¢(0)¢176)+/0 %(t7¢176> dt

= ¢ + ./0% {‘X%.‘ [b(o(t, p1,€),t,0) cost — (L, P1,€), 1, 0) sin ]

+62h‘(¢(ts o1, 6)1 2 E) } dt
or .
P(¢1,€) = 1+ / [_){;—' [b(t, b1, 0) cost — c(t, ¢1,0) sint] dt + e*ha(¢1, €).
0 0

‘We have that
€

P(¢1,€) = ¢1 + 5= 1(¢1) + € ha(d1,€),
| Xo|
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where we define

I{h) = /jﬂ [6(1,1,0) cost — c(¢y, t,0) sint] dt.

Then,
P(¢g,0) — ¢o = G,

since x(t, zo) = e *°lxq is a periodic solution of the differential equations (7.4.6) for € = 0,
that is s(t, so) = e %00sq is a periodic solution of the differential equations (7.7.9) for e = 0
sin ¢g cos 8o

and sg = | singgsinfy |. Let us consider the equation

cos ¢g

P(pr,€) — ¢1 = TXJ [I(¢1) + eha(d1, €)] = 0,

that is
I{¢1) + €hi(@1,€) = 0.

If
I(go) =0 and I'(¢o) # O,

then, using the implicit function theorem, we find for € > 0 small a sufficiently smooth
branch ¢(e€) of fixed points of P such that ¢(0) = ¢o.
We have

b(¢1,t,0) = Go(sin ¢y cost, sin ¢ sint, cos ¢1, 0)

and
c(¢1,1,0) = G3(sin ¢y cost, sin ¢ sint, cos ¢y, 0).

Therefore,

ob oG
595_(0'51’ t,0) = -éf—z(sin @1 cost,sin ¢ sint, cos ¢1, 0) cos ¢ cost
1
oG

Ty
+ (93322 (Sin @1 cost,sin ¢1 sint, cos (bl, 0) cos ¢y sint
aG 3 . . .
- m@x; (sin ¢ cost, sin ¢ sint, cos ¢1, 0) sin ¢y
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and
Je

oG
5 (¢1,,0) = —~—3—(sin ¢1 cost,sin ¢y sint, cos ¢y, 0) cos ¢ cost
1

Ox1

I9Gs , . . .

e (sin ¢ cost, sin ¢y sint, cos ¢, 0) cos py sint
2

oG
- ﬁ(sin @1 cost,sin ¢y sint, cos ¢, 0) sin ¢1.
3

+

We have

27
I{¢o) = / [Ga(sin ¢o cost, sin ¢p sin t, cos ¢g, 0) cos t
0 (7.7.47)

—G3(sin ¢g cos t, sin ¢y sin t, cos ¢, 0) sint] dt =0

and

/ T (186G
I'(¢o) = /0 { [—5m—f(sin ¢ cos t, sin ¢p sin ¢, cos ¢o, 0) cos g cost

oG
+————5m22 (sin ¢g cos t, sin ¢ sin ¢, cos ¢p, 0) cos ¢o sint

oG
_.5;—% (sin ¢g cos t, sin ¢o sin ¢, cos ¢, 0) sin (/’0} cost
3

i [acg (7.7.48)

o (sin ¢g cost, sin ¢g sin ¢, cos ¢o, 0) cos g cost
T1

oG
-l————ax:’ (sin ¢ cos t, sin ¢g sin t, cos ¢o, 0) cos o sint

oG

—B_E (sin ¢ cos t, sin ¢1g sin t, cos ¢g, 0) sin gbo} sin t} dt # 0.
x3

For € > 0 small, we get a sufficiently smooth branch s°(¢) of periodic solutions for the
differential equations (7.7.9) such that s%(t) = e~*o0lsg.

Thus, for € > 0 small, we get a sufficiently smooth branch () of periodic solutions for the
differential equations (7.4.6) such that z%(¢) = e 0!z,

If I'(¢o) < 0, the fixed point $(e) is locally asymptotically stable for P, and if | (o) > 0,
the fixed point ¢(e) is unstable for P.

The stability of the periodic solutions z¢(¢) which persist for ¢ > 0 is the same as the
stability of the fixed points ¢(¢) of the Poincaré map P from which the periodic solutions
z¢(t) are obtained.

This ends the proof of the second conclusion of Theorem 7.4.14. O

113



Proof of Theorem 7.5.1, We prove the first conclusion for the equilibria z'(¢). A similar
proof can be done for the equilibria 2(¢). Let A, € SO(3) be such that CL? = Acxl(e).
We can choose a sufficiently smooth branch A, by taking C. = (7s 0 871)(a(€)) and then
A, = C-t. We have C’écz:? = zl{e).

Taking into account that W(t,C,e) = [®(t, 4,¢)]7}, with 4 = C~!, we check that the

differential equations (7.4.2) have a solution of the form
CEW (¢, ) Ef 0 em1(99 with ai{e) = | Xo| + O(e).

By the definitions of the projected flows W, and ¥, we have \i!:(t, Cﬁx?, €) = C'g_:rf2 = z!(e),
then

T(t,C. - S0(2),€) = m(¥(t,Ce, €)) = Cc - SO(2),

which implies
C™W (t,e) = W(t,C,, €) = Cee™ 99 (7.7.49)

where 7(0,€) = 0. Without loss of generality, we assume that 7(Z,¢) sufficiently smooth
with respect to t.

It follows that CEW (¢ ¢) verifies the differential equations (7.4.2).

If we substitute (7.7.49) into the differential equations (7.4.2), we get

or

Ce ot

(t, E)Qer(t,e)Q = — [XO + eg(ceeT(t,e)Q7 6)} CEeT(t’e)Q
or using the SO(2)-invariance of (., €), we get

0 ~
Cer (@ = = [Xo+eG(Cer 9] Ce

= Z(t,0Q = 07 [Xo + G(Ca,0)] Ce

o 6>Q| = |-C [Xo + €§(Ce, )] O

=15

or, using |@] = 1 and Theorem 2.2.9, we get

Q:T:_/
g

: e>i — X0+ 6§(Cey ) -
7.5

a .
= fég(t, €) = constant % a1(€).

Therefore,
7(t,e) = —ai(e)t + 7(0,€) = 7(¢,¢) = —a(€)t.
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Also, we get a1(€)Q = C1 [ X + €g(Cs, €)Ce] and a1 (e) is sufficiently smooth. Then,
a1(e) = [ Xo| + O(e),

since a1(0)@ = C’ngoC'o implies a1(0)5 = | Xp| 6, namely a1(0) = |Xo| because x? =
Cytz'(0), £1(0) = 2§ and Theorem 2.2.9, (2).

The stability issue for C®W (¢, €) is proved in [11].

It is now easy to get the results for the differential equations (7.3.2) using the fact that
W(t, C,e) = [®(t, A, €))7, where A =C1

This proves the first conclusion. Similarly, we can prove second conclusion of Theorem
7.5.1.

We now prove the conclusion (3) of Theorem 7.5.1.

Let D(t,e) € SO(3) be such that D(t,e)mi2 = z°(t).

Let T'(e) = %E—I + O(e) be the period of the function z¢(t). We can choose a sufficiently
smooth branch D(t,¢), by taking D(t,€) = (5 0 871)(z(2)).

Since z¢(t) is T'(¢)-periodic, we have D(t + T'(¢), e)x? = D(t, e)x? Therefore, there exists

a sufficiently smooth function ¢(t, €) such that
D(t+T(e), ) = D(t,€)e? 99, (7.7.51)

Without loss of generality, we assume that g(0,¢) = 0, otherwise we take Di(t,e) =
D(t,e)e= 9099,

Taking into the account that ®(t,C, €) = [®(t, A,¢)] 7}, where A = C~1, we check that the
differential equations (7.4.2) have a solution of the form CMEW (¢, ¢) = B*(¢, €)e B9 with
B(e) = O(e), B*(0,¢) = D(0,¢€) and B*(t,¢€) is T{¢)-periodic.

Let O = D(0,¢). We construct B*(t,¢) and S(¢).

By the definitions of the projected flow ¥; and T, we have \IAle(t, C’elx?,e) = zf(t) =
Dz, e):z:lQ or ¥(t,CL-50(2),¢) = n(¥(t,CL,€)) = D(t,e) - SO(2), which implies

T(t, Cl e) = Dft, €)e~ 499 with 7(0,¢) = 0. (7.7.52)

Without loss of generality, we assume that 7(t,¢) is a sufficiently smooth function with
respect to t.
If we substitute (7.7.52) into the differential equations (7.4.2), we get

D=—[Xo+e3(D, )] D++DQ = +DQ = D™'D + D™ [Xo + €§(D, )] D.
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Therefore, the function 7(¢, ¢) is sufficiently smooth in ¢ and in t. We define

€) & D1, €)e T BIQFERBER where f(e) = 7(Tle) )

MRBRW
t
@ (@)

Let us define B*(t, ) = D(t,¢)e " (E:)LfR,

Then, CMEW (1, ¢) = B*(t, €)e~ PG,

We have that B*(T(e),¢) = D(T(¢),e)e " T(:0QBETEOQ = D(0,€)e9®99 = D(0,¢) =
B*(0,¢) by the definition of 5(¢), relation (7.7.51) and the fact that g(0,¢) = 0.

Since 7 is sufficiently smooth in ¢t and € and T'(e) is sufficiently smooth, it follows from the
definition of B(e) that §(e) is a sufficiently smooth function.

Thus, 8(e) = % + O(e).

We check that B*(t,€) is T'(e)-periodic.
If we substitute C = Be (9@ into the differential equations (7.4.2), we get

Be PO% 1 B(—6(e)Q)e 9% = ~ [Xo + €g(B, €)] Be 9%

ar

B = B(e)BQ — [Xo + €5(B, €)] B. (7.7.53)

Since CMEW (1 ¢) = B*(t,€)e P9 and CMEW (¢ ¢) is a solution of the differential equa-
tions (7.4.2), we get that B*(t,¢) is a solution of the differential equations (7.7.53). Since
B*(T(¢€),e) = B*(0,¢), we get that C*(¢,¢e) = B*(t + T(¢), €) is also a solution of the differ-
ential equations (7.7.53) such that C*(0,¢) = B*(0,¢). Therefore, the function B*(t,¢) is
T'(€)-periodic.

We check that G(e) = O(e) up to k—j?—('”e—), for some k € Z. Therefore, we show that
7(T(0),0) = g:1(T(0)) = 2kn for some k € Z.
By the definition of D we get that D(t, O)x? = 20(t) = w(t, zg)e Xozq or

D(t,0) = e~ %0t (0, 0)e1 (%, (7.7.54)

with g7 sufficiently smooth such that ¢1(0) = 0.

Using (7.7.51), it follows that D(t + T(0),0) = D(t,0)e9®0%. Since ¢(0,0) = 0, we get
D(T(0),0) = D(0,0) = e~ %70 D(0,0)exTO)Q, Taking into account that |X(0)|7(0) =
or, we get e TONC = [ Tt follows that ¢1(T(0)) = 2km for some k € Z. Also,
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B(t, C},0) = D(t,0)e" "0 = ¢=Xot D(0, 0)e91(De—7(L00Q by (7.7.54), thus ¥(t, Cf,0) =
e~ X0t D(0,0). Then, we get 7(t,0) = gi1(¢) + 20(¢t)7 with i(t) € Z. Since g1 and 7 are
sufficiently smooth, we get that [(¢) is sufficiently smooth and, since I(t) € Z, we get
[(¢) =constant. Since 7(0,0) = ¢1(0) =0, we get { = 0.

Thus 7(¢,0) = g1 (t) implies 7(7'(0),0) = g1 (T(0)) = 2k.

_ T(T©),0) _ g1(T(0) __ 2=
Then, 5(0) = "7 = 25 = 2.

Therefore, B(€) = %—%’—) + O(e) = kTQ(% + Bi1(¢), where F1(e) = O(e).

We have CMEW (1 ¢) = B*(t,€)e P99 = B*(t, 6)6”72(%]“@6”&(6)@’5.

Let Bi(t,e) = B*(t,e)e 7 kQ Bi(t,¢) is T(¢)-periodic and Bf(0,¢€) = B*(0,¢).

We may drop the subscript 1 in Bf and £ (e).

The stability issue for CMEW (¢ ¢) is proved in [11].

It is now easy to get the results for the differential equations (7.3.2) using the fact that
T(C,t) = [®(A, )], where A =C™1.

This ends the proof of the third conclusion of Theorem 7.5.1 and its proof. [

Proof of Theorem 7.5.2. 1t is a consequence of Theorems 7.2.2, 7.5.1 and of the SO(2)-

equivariance of the flow ®.

O
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Chapter 8

Numerical Analysis of the Spiral

Waves Dynamics on rS?

8.1 Results of Numerical Analysis for the Transition from
Rotating Waves to Modulated Rotating Waves
00 O 0 0 1 6 -1 0
LetLy=100 -1 |,Ly=| 0 00 |,L.={1 0 0 [,
01 0O -1 0 0 0 0 O
1 0 0 cos® O sinf
Ry (0) =el=® = | 0 cosf® —sinf |, Ry(f) = elv? = 0 1 0 ,
0 sin@ cosé —sin® 0 cosé
cosf# —sinf O
R.(6)=¢e*% =] siné cos@ O
0 0 1

In Chapter 5, we have seen that the study of the reaction-diffusion system (3.4.1) on Y¢
reduces to the study of the finite-dimensional system (5.3.1) on the center manifold MZ¥(})
of the relative equilibrium SO(3)ug, with ®(¢, ug, 0) = e*0lug.

Let us denote Xa(g,A) = F(q, \) Lo+ F¥(q, \) Ly + F*(g, A) L, for any g € V, and |A| small.
If we parameterize SO(3) by Euler angles, that is A = R,(¢) Ry (8)R.(¢), where ¢ € [0, 27),
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¢ € [0,7], ¥ € [0,27), the finite dimensional system (5.3.1) becomes

¢ = F*(q,\)—cotf[F¥{(g,A)cosd+ F=(g, N)sing],

§ = —F¥%4q,\)siné+ F%(g,\)cos 611)
b = Fhp[F¥(g N cosg+ Fo(g, N)sing], -
g = Xn(gN).

We present the proof of (8.1.1):
If we parameterize SO(3) by Euler angles, that is A = R,(¢)R.(0)R.(¢), where ¢ € [0, 27),
6 € [0,7], ¥ € [0,27), and we substitute this into the equation A= AXa(g,N), we get

§ (S20) Ra0)R.(6) + 0R.() (G2 ) Bete) + R0 Re(0) (T2 )
= R, (¢¥)R:(0)R:(¢) [F*(g, ) La + F¥(q, \) Ly + F*(q, N L] (8.1.2)
IR(-ORA-OR() (520 RORORO
iR oR(-0) (B2 0)) R+ R0 (@) GL9)

= F*(g,\)Ly + F¥(¢,\) Ly + F*(q,\)L,.
By computation, it follows that
Rz(“¢) <%(¢)) = Lz;
R.(=4)Ru(—0) (%=(0)) R.(¢) (—sin¢) Ly + cos ¢L,,

Ro(—¢)Ru(—0)Ro(—1p) (%(zp)) RAS)Rs(0)Ro(8) = cosOL, + cosdsinbLy + sin ¢ sin L.
(8.1.4)

il

fl

If we substitute (8.1.4) into (8.1.3), we get
t(cos §L, + cos psinOL, + sin ¢sin §L,) + 6((—sin @)Ly, + cos pL,) + ¢L.
= F*(g, )Ly + F¥(g,\)L, + F*(q,\)L,. (8.1.5)
If we identify the corresponding coefficients of L, L, and L, from both sides of the equation

(8.1.5), we get the system

deosf+¢ = F*(gN),
pcospsind —bGsing = F¥(q,N), (8.1.6)
Ysingsind+fGcosp = F(g, ).
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Then, by multiplying the second equation in (8.1.6) by —sin¢ and the third equation in
(8.1.6) by cos¢ and adding them, we get § = —F¥(q, A)sing + F*(g, A)cos¢. Similarly,
by multiplying the second equation in (8.1.6) by cos ¢ and the third equation in (8.1.6) by
sin ¢ and adding them, we get P = Ei}lﬁ [F¥(g, A)cos ¢ + F*(q, A\)sin¢]. If we substitute
1 given by the above relation into the first equation of the system (8.1.6), we get ¢ =
F*(g,\) — cot 0 [F¥(g, \) cos ¢ + F*(q, A) sin ¢].

We consider the following initial value problem associated with the system (8.1.1):

¢ = F*(g,))—cotf[F¥(q,A)cos ¢+ F=(g,\)sing],

6 = —FY(gN)sing+ F7(q,\)cos,

¢ = g[FY(g,)) cos ¢+ FT(g, N)sind],

o0 =0 (8.1.7)
6(0) # 0,

¥(0) = 0O

q = Xn(g,A).

We choose 6(0) # 0 near 0 in (8.1.7).

We consider Vi ~ C. A supercritical Hopf bifurcation takes place in § = Xn(g,A) at
g = 0 for A = 0 with eigenvalues tiwp;s. Let ¢(t,\) be the periodic solution of the second
differential equation in (5.3.1), that appears by a supercritical Hopf bifurcation for A > 0
small. Let T(X\) = )—i—f—l be its period, where wy = wp;r + O(A) for A > 0 small.

The normal form for ¢ = X (g, A) is ¢ = [a(A) +i(wpif + BN)]g+ [c(A) +id(N)]g g%, where
a(0) = B(0) = 0, (0) < 0, &'(0) > 0. Since q(t, ) = /20 = (VA2 4 O(N))cint
for t € R and A > 0 small, where wy = wpiy + B(A) - ﬁ%———%@‘—). The simplest case is
when a(X) = X, 8(A) = 0, ¢(A) = —1 and d(A) = d € R. Thus, wyx = wyy + Ad and
g(t, \) = /el Az,

Let g(t,0) = 0 for any ¢t € R. If we substitute ¢(¢,A) in Xg(g, A) and in the first three
equations of the system (8.1.7), we get Xg(g(t, A), A) = F*=(q(¢t, X}, ) Lo+ F¥(q(t, A}, \) Ly +
F#(q(t,\), )L, = |Xo| X} + ATH(t, ) for A > 0 small and ¢ € R. The following initial
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value problem is obtained

é = F*(g(t,\), ) — cot 8[FY(q(t, X), ) cos ¢ + F*(g(t, A), \) sin @],

6 = —F¥(g(t,)),\)sing + F=(g(t,X), A) cos ¢,

Y= aalFUa(tA), N cos 6+ Fo(g(t,2), V) sin g, (8.1.8)
$(0) = 0,

6(0) # 0,

¥(0) = 0.

We choose 8(0) # 0 near 0 in (8.1.8).

We recall that X & (¢, 2) = Xg(q(t, A), M) and, if we write F*%(t, \) = F*(q(t, ), A), F¥(t,A) =
FY(q(t, \), X) and F**(t,\) = F*(¢(t, A), }), we get that XC(t,\) = F=(t, \) Ly+F¥ (¢, ) Ly+
F#2(t,\)L, is f—}%—periodic.

We use a Maple program that integrates numerically the system (8.1.8) and finds numeri-
cally a primary frequency vector (if its norm is not 0 or 7) of the modulated rotating wave
that appears by a supercritical Hopf bifurcation, as discussed in Chapter 6. Then, for a

choice of the point zg € rS? near ﬁ?X—)o, we represent the tip motion
Zeip(B(t, ur, N)) = A(0, \) L A(t, \)zp on rS? (8.1.9)

for A > 0 small (see Chapter 4, Section 4.3). Also, we have ®(t, ux, A) = A(0, A)"LA(E, \)¥(q(t, ).

We consider the following cases:

Case 1. X(t,A) is given in Example (6.4.1) from Section 6.4; Xt =L, X1 = Lg, Xo = Ly;
0
wrip = 20, [ Xo| = 2, g(t, A) = sin({weig + A)t), 7 = 3, 6(0) = 0.01, zp = | 0.92
2.85

We get Figures 8.1.1 to 8.1.3 for A = 0.01, 0.05.
Since |Xo| # kwpis for any k € Z, we have the nonresonant case. On Figures 8.1.1
and 8.1.3, it is visualized the tip motion given by (8.1.9) of the modulated rotating
waves ®(t,ux, A) obtained by a supercritical Hopf bifurcation that takes place in
g = Xn(g,A) at ¢ = 0 for A = 0. On Figure 8.1.1 we consider A = 0.01. On Figure
8.1.3 we consider A = 0.05.
On Figure 8.1.2 we plot the points a:tip(@(z‘%—;-, uy, A)) forsome s =0,1,2,... and we
can see that they are points of a circle on the sphere rS? with the center on the line

having the direction of the primary frequency vector of ®(t, uy, A), where A = 0.01.
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Case 2.

Case 3.

The grey line is the line containing the frequency of the rotating wave undergoing
—

the Hopf bifurcation, Xg. The black lines are the lines corresponding to the primary

frequency vector associated to the modulated rotating wave. One of them is computed

numerically and the other is the exact one. We can see that they are very close.

X(t,A) is given in Example (6.4.2) from Section 6.4; X§ = L., X1 = L, Xo = Ly;
0

wpif = | Xo| = 20, g(t, ) = sin{(wpip + A)t), r =3, 6(0) = 0.02, zo = | 0.92

2.85
We get Figures 8.1.4 to 8.1.6 for A = 0.05, 0.1.
Since |Xo| = kwy;s for K = 1 € Z, we have the resonant case. On Figures 8.1.4
and 8.1.6, it is visualized the tip motion given by (8.1.9) of the modulated rotating
waves ®(t,uy, A) obtained by a supercritical Hopf bifurcation that takes place in
¢ = Xn(g,A) at ¢ = 0 for A = 0. On Figure 8.1.4 we consider A = 0.05. On Figure
8.1.6 we consider A = 0.1. We can see that the primary frequency vectors associated
to the modulated rotating waves are orthogonal to 3(—8. We call this phenomenon
resonant drift.
On Figure 8.1.5 we plot the points a:tip(@(z'%f, uy, A)) for some i =0, 1,2,... and we
can see that they are points of a circle on the sphere rS? with the center on the line
having the direction of the primary frequency vector of ®(t,uy, A), where A = 0.05.
The grey line is the line containing the frequency of the rotating wave undergoing
the Hopf bifurcation, )—(_(;. The black line is the line corresponding to the primary

frequency vector associated to the modulated rotating wave.

X(t,\) is given in Example (6.4.3) from Section 6.4; X§ = L,, X1 = L3, Xo = Ly;

0.44
wpir = | Xo| = 20, g(t, A) = sin{(wyip + A)t), 7=3,0(0) =05, zp= | 0.14
2.96
We get Figures 8.1.7 to 8.1.9 for A = 0.05, 0.25.
Since |Xo| = kwy;y for k = 1 € Z, we have the resonant case. On Figures 8.1.7

and 8.1.9, it is visualized the tip motion given by (8.1.9) of the modulated rotating
waves ®(¢, uy, A) obtained by a supercritical Hopf bifurcation that takes place in
g = Xn{g,A) at ¢ = 0 for A = 0. On Figure 8.1.7 we consider A = 0.05. On Figure
8.1.9 we consider A = 0.25. We can see that the primary frequency vectors associated

—_
to the modulated rotating waves are not orthogonal to Xy. This can happen in the
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resonant case if we consider only one parameter A.

On Figure 8.1.8 we plot the points :ntq;p(@(i%, uy, A)) for some 1 =0,1,2,... and we
can see that they are points of a circle on the sphere rS§? with the center on the line
having the direction of the primary frequency vector of ®(¢, uy, A), where A = 0.05.
The grey line is the line containing the frequency of the rotating wave undergoing
the Hopf bifurcation, ?0. The black line is the line corresponding to the primary

frequency vector associated to the modulated rotating wave.
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Figure 8.1.1: Case 1, A = 0.01, z35,(®(2, ug.o1, 0.01))
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Figure 8.1.2: Case 1, A = 0.01, 24;(®(igisr, ti0.01,0.01)), i =1,...,5
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Figure 8.1.3: Case 1, A= 0.05, :Cm'p(@(t, UG.05, 8.05))
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Figure 8.1.4: Case 2, A= 0.05, Z‘m‘p(@(t, UQ.05, 005))
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Figure 8.1.5: Case 2, A = 0.05, 24y, (® (15555, u0.05,0.05)), i = 1,...,10
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Figure 8.1.6: Case 2, A = 0.1, z4p(®(t, u0.1,0.1))
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Figure 8.1.7: Case 3, A = 0.05, z4;,»(® (¢, v0.05,0.05))
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Figure 8.1.8: Case 3, A = 0.05, 4,(®(i535x, u0.05,0.05)), i = 1,. ..
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Figure 8.1.9: Case 3, A = 0.25, &4p(®(¢, uo.25,0.25))
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Conclusions

In this thesis a dynamical systems analysis of the dynamics and bifurcations of spiral waves
in excitable media with spherical or approximately spherical geometry was undertaken.
First we consider a parameter-dependent system of reaction-diffusion partial differential
equations on a sphere that is equivariant under the group SO(3) of all rigid rotations on a
sphere. Two main types of spatial-temporal patterns that can be defined in such systems
are rotating waves (stationary in a co-rotating frame) and modulated rotating waves (peri-
odic in a co-rotating frame). These give us relative equilibria and relative periodic orbits.
We have studied the transition from rotating waves to modulated rotating waves on spher-
ical domains via Hopf bifurcation and studied the case of resonance between the critical
eigenvalue leading to Hopf bifurcation and the primary frequency vector of the rotating
wave undergoing the bifurcation. In the second part of the thesis, in order to character-
ize the effects of localized inhomogeneities (e.g. small blood vessels) inherent in cardiac
tissue and the fact that the shape of the heart is not exactly a sphere, we have studied
the effects of forced symmetry-breaking from SO(3) to SO(2) for a normally hyperbolic
S0(3) group orbit of a rotating wave on a sphere. This was done by introducing & small
SO(2)-equivariant perturbation in the SO(3)-equivariant reaction-diffusion system consid-
ered above and studying the SO(2)-equivariant perturbed dynamics on the SO(2)-invariant
normally hyperbolic manifold that persists under this perturbation. The results of this work
may give a mathematical explanation of some of the phenomena observed in experiments
(numerical or physical) on spiral waves on spherical or approximately spherical domains.

The study of dynamics and bifurcations of spiral waves on spherical or approximately spher-

ical domains is important, because it may provide a clue to the cause of cardiac arrhythmia
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that can lead to ventricular fibrillation (the surface of the heart can be approximated by a
sphere, that is a non-planar surface).

The tools that we have used to investigate these phenomena are highly interdisciplinary,
drawing from dynamical systems theory, bifurcation theory, group theory, functional anal-
ysis, semilinear parabolic differential equations theory to the theory of Lie groups and Lie
algebras, representation theory, equivariant dynamical systems, equivariant bifurcation the-
ory, forced symmetry-breaking, orbit space reduction.

Some further problems related to the subject of this thesis are:

e forced symmetry-breaking from SO(3) to SO(2) for modulated rotating waves on
spherical domains as LeBlanc and Wulff did for the planar modulated rotating waves
(see [48]). The tools to solve this problem will be similar to those used in my doctoral
thesis. In addition, the averaging methods may be necessary. The study of modulated

rotating waves on a sphere will be complicated by the extra frequency that appears.

e the forced symmetry-breaking from SO(3) taking into account two or more localized

inhomogeneities for both rotating and modulated rotating waves on spherical domains.

e it isimportant to try to extend the study done in my doctoral thesis for spiral waves on
a sphere to the case of a "breathing” sphere that has the radius periodically changing
with time. The case of a breathing sphere is important because of the contractible
function of the cardiac muscle. As Abramychev, Davydov and Zykov pointed out in
[1], this leads to the drift of the spiral wave on the sphere, which is similar to the

resonance of a spiral wave on the plane.

e Scroll waves are another type of spatio-temporal patterns which can appear in cardiac
tissue, leading to cardiac arrhythmia and ventricular fibrillation. Because the ventric-
ular muscle of the heart is thick, more realistic anatomical models of the heart are
proposed. Scroll waves are the three-dimensional analog of spiral waves of electrical
activity in thick cardiac muscle. Researchers such as Barkley, Biktashev, Chavez,
Davidsen, Keener, Kapral, Glass, Winfree (see [7], [10], [44], [62], [82]) and many
others have studied scroll waves by the means of numerical simulations, physical ex-
periments and kinematical theory . Winfree introduced the concept of scroll waves
to describe the three-dimensional rotating waves that, in cross-section, appear as a

spiral. Some mathematical studies of scroll waves have been done by Fiedler, Mantel,
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Wulff and al. (see [19], [20], [70]). Therefore, the study of the possible types of scroll
waves, their organization and their dynamics as a function of the geometry of the
excitable medium in which waves propagate, namely in the spherical annulus and in

the three dimensional space, is an important future undertaking.
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Appendix A

Baker-Campbell-Hausdorft

Formula in so(3)

Proof of Theorem 2.3.4. We treat the case where X # O3, YV # Os.

The formulae for the case (eXe¥)? # I3 follow from [17] and the fact that a = aje, b = bye,
c = c1e, d = dje, taking into account that d = dje = I-E—)SEX—"—%_—Y‘Z—{I ## 0.

Here we prove the BCH formula in so(3) in the case (eXe¥)? = I3, eXe¥ # I3.

Let us denote A = eXe¥ = eB. Since A # I3 and A? = Ij, then |B| = (2k + 1)m, for
some k € Z, k > 0. Using the Rodrigues’ formula, we get B? = [(2k + 1)#]2%@’—. Then
BCH(X,Y) = [B] with k = 0. We have to prove that B = aX + Y ++[X,Y] for o, 3, v
given in Theorem 2.3.4 for the case (eXe¥)? = I3, eXe¥ # I3 and show that BCH formula
in so(3) is smooth.

Then A = % (aX + BY +4[X,Y])* + Is, that is

A=T+ -7-?-2- (X2 + 52V + (X, Y] + aB(XY + Y X)

(A.0.10)
+oy(X[X, Y]+ [X,YV]X) +8(Y[X, Y]+ [X, Y]Y)].
We have
XX, Y1+ [X,Y]X = XY -YX? (A.0.11)
VX, Y]+ [X,Y]Y = -Y?X+XY? (A.0.12)

(X, Y])? = XYXY+YXYVX-XY?X-YX%, (A.0.13)
XV?2X+YXYW = XY?X+XYH+Y (XY +YX?
- XY?_viX? (A.0.14)
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Also (see [17]), we have

-,

(XY)? = —(XTY)XY, (A.0.15)
YX)? = —(¥YTXYX, (A.0.16)
X 4+YX? = —|XPY - (XTTX, (A.0.17)
Y2X +XY? = —|YPX-(YTX)Y. (A.0.18)

Therefore, if we substitute (A.O.ll)—(A.O.14) and (A.0.15)-(A.0.18) into (A.0.10), we get
4= 2 [0+ [YP)X? + (6 + XY
+a6(X V+YX)+ay( XY -YX? (A.0.19)

+B(=Y2X + XV + (X2 4+ Y2 XD + L.

XY—X -Y

Also, A = eXe¥ = AT = e~Ye~X and, using the Rodrigues’ formulae for e e e,

we get

sin? 1 sin | X | sin |Y|
—Z Y?+ X +

| X [v? | X Y]
. . Y|
sin | X| sin |Y| sin? l§| sin? ]2 2,9

XY + 44— —5=X°Y (A.0.20)

x| 1Y X2 Y2

. . Y . . X

sin | X | sin® LQ_!XYQ L oS0 |V sin? |—§——| 5

Xl YR vl oxP?

A=13+ Y

and

sin? 1%' , sin % sinlYly_sianl

v P2 xXP Y X

sin |Y| sin [X[YX sin? ‘2| sin? 1)2(! 232 (A.0.21)

Y x| PR jxpP
sin|y]sin® 5l ,s5in | X| sin® Mo,
Yl xp Xy
If we add the relations (A.0.20) and (A.0.21), then we get
sin? X sin? !Y!
A=I3+2 'X!; X242 Y7 2 y?
1sin|X]|sin lYl st 121 sin %/—]

(XY +VX)+
21X IYI 1X12 V2

e | : 2 ’X]
sin | X | sin® 9 9 sin |Y] sin
XYV =-Y*X)+
XE P s )+ Ty x|

A=1I3+ X

(X272 4+ 72X?% (A.0.22)

(X% -YVXY.
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Comparing (A.0.19) and (A.0.22) we get

2 [X] t 2 [¥]
2P = pF 7 s’ z (A.0.23)
m X[y
2, 4 9 o sin‘?%gl
2 (#4X[P) = 5int g A0.25
A8+ XY = 2T (4.025)
2 _ lsin|X]|sin [YI
2 silr1|.X'|s1nQ'—}2,—l
= = .0.27
2 sin|Y|sin? 5]
=0 = TR (A.0.28)
Also, it is true that (see [17])
XTY = YTX =|X||Y]cos(£(X,Y)), (A.0.29)
~V2X24 X2 = —(XTY)[X,Y]. (A.0.30)

If we substract the relation (A.0.21) from the relation (A.0.20), using the relations (A.0.17),
(A.0.18), (A.0.29) and (A.0.30), we also get

sin | X| sin Y] sin | X | sin |V

T T e Y
sin? |Xl 81112 1Y| sle]st ¥ -
42 TV T
sin [V sin? 1)2(} 9 S
—2 - XY - (XTY)X | =0
v DR - (T ]
=
sin | X| 2%/—! ) simz%“r—l S o
[2 X] —2sm]X! X 2sin|Y| X cos(L(X, Y X
o . 2[_2_(_! . 29_‘{1 o
+ {2“&9}/‘ ——‘ZSinlY]SHTYiQ -251n|Xt§£lljﬁ2——cos(é(X,Y)) Y (A.0.32)
; ; 2 (X2 Y]
sin|X|sin|Y|  sin® 5lsin? -
—4 cos(Z(X, V) [X,Y] =
[ T TR s



-

XY X
2(00820082 — sin 5 sin 2COSL(XY)
(P BN 4 LA Y Xl Y -
[m81n 5 2X+§Y! 3 cosf:)f—Yﬂin,XH* Sm—2—sm 5 [X, Y]] =0
(A.0.33)
From this, we get cos J——— cos L— = sin ‘2| sin '}2/‘ cos(£(X,Y)), because we can not have
sin | | = 0, sin &t ‘Y' =0 (that would imply A = Ig) if X, Y are linearly independent or
sin M =0 1f V = as X with ag € R (that would imply A = I3).

We also have that cos p;' oS 2' # sin l’;{l sin |2| cos(£(X,Y)) for any (X,Y) € so(3) x s0(3)

such that (eXe¥)? # I or eXe¥ = I3.

We choose the formulae for a, 3,~ from the relations (A.0.23)-(A.0.28) independent of the
sign of cos‘———‘cos [YI — sin igt sin IY| cos(£(X,Y)) for (X,Y) € s0(3) x so(3) such that
(eXe¥)? £ I; we take o= 7rs1ni—)—2(icos b4 , B =msin |21 cos 5+ 'Xl LY = wsin%(—‘sin %'

The formulae for the case eXe¥ = I3 result by computatlon. Also, in this case we have
d=0,d, =0ande#0.

The formulae when at least one of X or Y is O3 are obtained by taking the limit to O3 in
the formulae for the case X # Os, Y # Os.

Remark A.0.1. There ezist (X1,Y1) € s0(3) x s0(3) such that (e¥X1e¥1)2 # I,
cos'—z(:,z—llcos‘—gl—I < sinl—){zﬂsin@COS(é(Xl,?l)) and (X9,Y2) € s0(3) x so(3) such that
(eX2¢¥2)2 £ I3 and cos %2—1 cos %2—‘ > sin L)_g_z_l sin D/Tﬂ cos(£(Xa, Y3)).

Ezample:

Let Xy =Y; be such that 0 < cos |X;| < % and Xo = Yy be such that 0 > cos|Xa| > ——\}—5—.

Proof of the smoothness of BCH formula in so(3)
We have BCH(X,Y) = [a(X, V)X + B(X, Y)Y + v(X,Y)[X,Y]]. We prove that |o| is
continuous and o is smooth on so(3) x so(3). The same can be done for § and 7.

Let us define the following two smooth functions:

arccos(y) _ arccos(y) — .
fly) = { e /1 ify e (=11)
1 ify=1,
a : .
ga(va): X1 le#Og’

cos? %ﬁ if X =0s.
Recall that
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= | X Y1 oo X gy Y ¢
e = cos 51 cos 5t — sin 5 sin 5 cos(£(X,Y)),
. |
a1 =sin %(—l cos ':"2,—1, a=ae,

i
b1 = sin %/—‘ cos %(—i, b = bie,

3
di = ‘v/;% + b2 + 2a1b; cos(L(X, V) + A(sin(£(X,Y))?,

c1 :sin%{—isiztlj—}—/—| , € = C1€,

d=d; lela
4 if X 5 Os;
ha(X,7) = 4 X1 # 0
cos %ﬁ if X =0s,
sa—r%%l@ if eXe¥)? # I3, eXeY has eigenvalues with positive real parts ;
s”—‘—%%sﬂ@ if (eXe¥)? # I3, eXe¥ has two eigenvalues with
E(X,Y) =4 negative or zero real parts ;
T if (eXe¥)? =I5, eXe¥ # I ;
S if eXe¥ = Is,
where
1 ife>0; X v
s = sgnfe) = for any (X,Y) € so(3) x so(3) such that (e*e*)* # I3 or
1 ife<0,
eXeY - Ig.

We have that
oX,Y) = F(EHELIm1y0 (X, V) on so(3) x so(3N\{(X,Y) € 50(3) x s0(3) | (e¥e¥)? =
I, eXe¥ £ I3}
Also, the set {(X,Y) € s0(3) x s0(3) | (eXe¥)? = I3, eXe¥ # I3} U{(X,Y) € s0(3) x s0(3) |
(eXe¥)? # I3,eXeY has two eigenvalues  with negative real parts} = {(X ,Y) € s0(3) x
so(3) | eXe¥ has two eigenvalues with negative real parts} and on this set we have
a(X,Y) = k(X,Y)h(X,Y), where

[ arcoos xteZ <Dt

I if eXe¥)2 £ I3 eXe¥ has two eigenvalues

with negative real parts;

if (eXe¥)? =13, eXe¥ # I3

Since d; = 1, e = 0 for any (X,Y) € so(3) x so(3) such that (eXe¥)? = I, eXe¥ # I,
we get [k(X,Y)] = Eﬁleziﬂ for any (X,Y) € so(3) x so(3) such that eXe¥ has two
eigenvalues with negative real parts, where d* is the smooth function defined in Section 2.3

e eXeY
by (2.3.4). Also, k(X,Y)? = E,_(,E%_L

2
for any (X,Y") € so(3) x so(3) such that eXeY has
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two eigenvalues with negative real parts.

Since d*, d; # 0 and exp are smooth , it follows that |k| is continuous and &2 is smooth.
Then, since |k| is continuous and &2, ke, ga, f, ezp are smooth, we get that |« is continuous
and o? is smooth.

The fact that BCH is smooth from so(3) x so(3) into D follows from the closed formulae

for a, 8 and ~, as well as the smoothness properties for o, 8 and +. El
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