L
~

‘ I"’I Nationat Library _
_ of Canada du Canada

Canadian Theses Service

—'Ouawa. Canada . . .
K1A ON4 .

NOTICE

The quality of this microformis heavily dependem upon the
quality of the original thesis submilted for microfilming.
- Every effort has been made to ensure the highesl quality of

- .reproduction possible. - .

i{ pages are missing, contact the universily which granted
the degree.

‘Some pages may have- indistinct print especially it the '

origihai pages were lyped with a poor typewriler ribbor or
it the university sent'us an inferior photocopy.

. Reproduction in {ull orin part of this microlorm is governed
by the Canadian Copyright Act, R.S.C. 1870, ¢. C-30, and
subsequent.amendments. :

HNL-339 (1. 8004)¢

Bibliothéque nationale

_Service des théses canadiénnqu,,

AVIS

La qualite de celte microforme dépend grandement de la
qualité de la thése soumise au microfilmage. Nous avons
tout fait pour assurer ung qualilé supérigure de reproduc-
tion., '

Sil manque des pages, veuillez comrauniquer avec

- luniversité qui a conféré le grade.

La qualité d'impressio‘n de'certaine's?pages‘peutrlaisser a
désirer, surlout si les pages criginales ont é1é dactylogra-

phiées 4 I'aide d'un ruban usé ou si l'universilé nous a fait ™

parvenir une photocopie de qualité iniérieure.
La reproduction, méme parielle, de cette microforme est

soumise a la Loi canadienne sur le droit d'auteur, SRC
1970, ¢. C-30, et ses amendements subséquents.

- Canadd

’

—

-~



"

Bibliothaqué nalionale
du Canada

National Library
oI’ Canada

Canadlan Theses Service

Ollawa, Camcfcl -~
K1A ON4

— - —-The author “has granted an irrevocable non-

exclusive licence allowing the National Library
_of Canada to reproduce, loan, distribute or sell
copies of his/her thesis by any means and in

any form or format, making this thesis available -

to interested persons.»

~

The author retains ownership of the copyright
in | his/her thesis. Neither the thesis nor
substantial extracts from it may be printed or
otherwise reproduced without his/her per-
mission. .

(]

JLSBN 0

Canadi

it

Service des théses canadiennes

uﬁ

Fig

L'auteur a accordé une licence irrévocable et
non exclusive permettant a la Bibliotheque

nationale- du.Canada de reproduire, préter,

distribuer ou vendre des copies de-sa thése
de quelque maniére et sous quelque forme
que ce soit pour mettre des exemplaires de
cette thése & la disposition des personnes
intéressées. . ‘

L'auteur conserve la propriété du droit d'auteur

qui protége sa thése. Ni la thése ni des extraits
substantiels de celle-ci ne doivent étre -
imprimés ou autrement reprodmts sans son
autorisatlon

~563bb-4



L)

Dynamic Simuldtion For a Robot ‘With a Closed
Kinematic Chain -

- . . by .

o Tmeddine Behi

‘Thesis submitte’d to the School of Graduate Studies
as partial fulfillment of the requirements
for the degree of M.A.Sc. in

Mechanical Engincering

UNIVERSITY OF OTTAWA
OTTAWA, CANADA, 1089.

<3
. @ Imeddine Behi, Ottawa, Canada, 1989.

g



UNIVERSITE DOTTAWA | -

| UNIVERSITY OF OTTAWA -

\
N



. " © ABSTRACT .
A

N
N o

r . . T

. A computer program was developed in this thesis that simulates the dynamic behavior of
. - .

a robot manipulator with a closed kinematic chain. This simulation embraces tw;) major
parts, the first part covers the rigid body a'nzllyg,js wlu_:rc;s thé second part deals with the
ibration analysis of the mnnipulatér. The algorithms used in the ﬁfst part are aunong
the Tost efficient in their kind. In the second p.art a preliminary vibration analysis was
. conducted, using a gencral Finite Element Method on dynamjcal analysis, to determine the

behavior of the manipulator. This vibration analysis proved to be very timé consuming,-

and some improvements for this analysis are suggested. -

. .
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Chépte‘e'r' 1

INTRODUCTION

The need for incfca.scd‘a‘utonmtion in industry has recently stimulated an 'intcnsé, rcscm'rv;h
effort in the ficld of robotics. Robotic research requires major ihputs fI‘OI'I.l the fields
of computer science and machine tool technology. Numerous fields arc involvedsuch ns
éomputcr programming, artificial intelligence,h\achine design, computer vision, and sensor
technology. Important advances in design anwclopmcrit liave been obtained using

major conccrznu ation is the prediction of the dynamic

is specific topic is addressed in the present thesis.

computer simulation.

‘behavior of the robot.
In dyna.&ﬁc simulation of robots the items ‘of major concern include the location of the
members of the robot in three dimensional space, and the sct of torques that must be

applied by the joints actuators. Also stresses and elastic displacement are of interest.

1.1 Kinematics of Manipulators

. : . . . . . . . . )
The kinematics problem in robotics, as in machinery, is the science of motion which treats

motion without regard to the forces which cause it. This problem can be divided in two



areas; the forward kinematics, which is the calculation of ‘the position and orientation of
the cnd‘eifcctoi' given the joint values and rates, and the inverse kinematics, which is the
éomputatiqn of all possible joint angles which could b‘c used ‘to.attain a givén position and -

orientution.

L2 Dynamics

Dynwmmics is a large. discipline’ devoted to studying forces on bodi'es apd the associated |
mot‘-ion: The stu‘dy of dj.rnamics of robot manipulators is descrjlbed in terms of the time
rate of change of tli\c arm- configuration in relation to. the joint torques exerted by the
actuators. The problem of dyna.m\il‘cs is complicated due to the high nonlinearity of the
manipulator motion., The methods most frequently employed to date in robot dynamics
are Lagrange formul_:iltion, Newton-Euler formulation and most recently Kane’s dynamical

cquations.

’I‘hq inverse dynamic problem, in which torques are found from specific link motion, is of
interest to this study. *The Lagrange method tends to lead to com;gutationa,l algorithims
involving large numbers of unncc.cssary arithmetic operations, the Newton-Euler approach
can foree one to perform unnecessary calculations associated with the elimination of certain -
forces and torqiies of interaction between elements of a rob?tm?articularly when such
elements form closed loops. The Kane’s equations are consid&gg};nore effictent than the
others. In this study they are further improved by computing the kinematic quantities
using the recursive Newton-Euler a.lgoritlim, and producing a separate formulation for the

inverse dynamics.

(%]



1.3 Analysis of lHigh Speed Elastic Robots

The commonly uscd assumnption in the force annlysm of the static or. dynmmc problcm 1s
that the lmks formmg the robot are rigid. The complcuty of the mnthcnmmca.l analysis | |
of mecha.msms, in gencra.l With clastic links has a deterrent nga.mst gwmg up the nglchty‘ :
assumptlon Ormttmg consideration of link deformation under dynamn;: condltlonb may
) contnbute to a machine’s failure to pcrforrn 'Ldequntcly at higher speeds. H(.ncc it is clear -
that an accurate dynamic analysis of robotic mampulators which include the cfft.cts of link
ﬂe\nbxhty is an essential part of-the design of these systems now and will become chnr

more critical in the future in this rap:dly growing mdustry

1.4 Thesis Outline - o

* The purpose of this thesis is to study the kinematics, dynamics and vibration characteristics
of a u'obot with a kinematic closed chain having 6 degrecs of frecdom manipulator such
as thc ASEA IRBY05 /2. An-efficient 11g9r1thm simulating the rigid body motion of such
a robot is developed. A ma,Jor aim in the algorithm 1s.to make use of the most (,fhcxonh

techniques available to date. As well the vibration aspects of the robot are: investigated .

by means of Finite Elemcnt Methods. The resulting computer program d(,vclopc,d herein,

is referred to a5 SIMASEA.

: | \ 7



Pt

qan update of

The text of this thesis is organized into five chapters. Chap

prcvidus work on éimula.tors of mechanisms and robot mé.nipula.tors Chapter 3\{eals with /

- the rigid body dynamics that has becn used in SIMASEA then it gives a Jummary -h/

VAL II language and discusses the struc[:ure of the SIMASEA program and ts features
Chapter 4 prcscnts some rcsults of the prograrn and some d1scusMaIly conclusmns

are presented in Clmptcr C ' C e

4 . e
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Chapter 2

LITERATURE SURVEY

d

" In this chapter a survey of the literature is presented on the development of motion sim-
wlators for the design and analysis of mechanisms and robot manipulators. Emphasis is .

, Placed on the development of dynamic modefs, suited for the simula.tiqn of high speed mo- '

tion,“and the use of these models as tools in computer-aided-design (CAD). This chagter
is divided into three parts. The first part .deals with models for the motion of mechanisms,
. with rigid and ﬂexxble links. The second part deals with models for the motion of conven-
tional open-chain (serial) robots mampula.tors Models permitting rigid and flexible, links

are considered. The final part deals with robot manipulators with closed kinematic chain

mechanisms, 1.e. combinations of ,m\@.anisms and conventional robots. Completed work

for such configurations is discussed and further research needs are indicated.

A

2.1 Intro duction

The continuing pressure for increased productivity in industry is leading to the development '

of machinery with ever higher performance capabilities. A direct result is the use of higher

(’1
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speeds in mechanisms and robot manipulators. Mot%éls for si.mula.ting the motion of such ¥
machinéry must account for the inérea.segl capabiiities. In‘EELrticular models Yriust account
for flexibility f’f the co£npc_men-ts.l | ! ‘

Sunultuncous with the need for mx:reased productivity in mdustry there is a need for in-
creased Lfﬁcu.ncy in de51gn Thls reqmremenﬁ is being met by the introduction of computer-
aided-design (CAD) methods for mechanisms and robots. Models for machinery motion
form important analysis tools in CAD and must be designed to allow easy integration \vxth

other tools,

In this chapter a survey is presented of the literature on models of motion for mechanisms
and robots. Such a parallel study is important due to the many similarities in the two
ficlds and the opportunity to bring together the better parts-of<two specialities. Particular |
cﬁlphasis 18 I;Inccd on models for high speed motion and the integra.tion'of models into the
CAD process. The surv:cy is oriented towards an evolving new form of robot, a robot with

cluscd-cl)\nin mechanisms.

2.2 Mechanisms

A clzmsiﬁcutigi of the various fields of study in mechanism theory was made by Erdman
and Sandor [1] and is reproduced iri Table 1. The four fields significant for the current

study are

1. Kinematics.

o

Dynainic analysis.

3. Elastodynamic (ED]) analysis.

4. Kineto-clastodynamic (KED) analysis.



The various aspects of mechanism motion ;:onsidefeci in these fields are ihdica.tedrin Table
1. The second of these fields is ﬁqderst;ood to representl". Ehe‘forwo;rd dyq'iamiq problem
(input forces specified). ._ The inverse préblem {(input kinematics speciﬁéd) is considered n
-.combina.tion of a kinematic and static analysis when the d’Aigrﬁbe;t Principlgl is applied. .

Kinematic analysis concerns the'exa.rfli.nation of the displalcg:menfs, velocities and accel-
erations of a mechanism with: all its members regarded as rigid. Distinctions in problém
complexity are made according to whethe_r the mechanism is two or threc cliincnsiéndl
[2-4], whether it is single or multi-loép and -Whethef the constraints are holonomic or not.
For two dimensional problems it is expeéiie'nt to use a vector aﬁproaqh 4] while for three-
dimensional problems a transformation matrix approach [2]. A separation of variables into
dependent and indepéndent variables is made. The displacement prol')lem is ‘non-linear
and may be solved numerically using a Newton-Raphson method. Derivatives of the loop
closure equations are required in this process and again later in the solution of the vclf)city

and acceleration problem.

2.2-.1' Dynamics of Mechanisms with Rigid Links (Dynamic Anal-
ysis)

Dynamic analysis concerns the determination of the-displacements, vclocitics', and accel-
erations of a mechanism made up of rigid members for specified input forces. ‘Solutions
are obtained by integrating the non-linear differential equations of motion for time, varying
inputs. Paul [4] has reviewed five major methods of forming the equations of motion in |
the context of two-dimensional mechanisms. These met.hods form the bases of some of the

major dynamic analysis computer packages [5-10].

" Vectorial methods, based on Newton's Laws, are the most direct but possibly the least

efficient. They ‘serve as the basis of the MEDUSA (7] and VECNEC (9] programs. An



approach based on Lpgi’ange's form of the d’Alembert principle serves t6 increase the
cfliciency by reducing the number of independent variables. It is used as the basis of the

DYMAC 8] program. A method based on Lagra.nge s equations is.not as efficient but
| was used in carly versions of the IMP [5] program. An attractive method of enforcmg
constraints is through the use of La.g“rangxa.n multipliers. This method has been employcd :
in the two programs ADAMS and DRAM [6] A miethod based on Hamilton’ § cquatmn i§

not particularly advantageous for mechanigms but was used in another version of IMP [5].

Uicker [11] has presented a solution for the problem of a three-dimensional mechanism
with multiple loops. The solution uses the transformation matrix approach and is based

on the Lagrange equations of motion. This work is incorporated in the three-dimensional
. ' .

vcrsion’ of IMP,

" 2. 2 2 Dynamics of Mechanisms with Flexible Links (];JD and
KED)

Lowen has prescnted two surveys [12-13] of the literature on high speed mechanisms with
clastic components. In the second of these, which covers work up to 1983, he divides the

studies into four categories

1. analytical methods.

b

finitc element methods (FEM). - D
3. optimization.

4. general experimentation.

The second of these groups is of interest for the current study. The finite element method

[14] appears most suited for the solution of general problems, and has been used in a
; At

8



number of studies [15-22]. | | . ._ | T

In the early work a common assufnption was that the small elb.stic motion within liuks
may be uncoupled from the large 'rigid boay motion. Many ixﬁporttmt'studics_ working
within the limitations of thlS a.ssumptlon were carried out. Dubowsky and Gardner [1.:]
con51dcred lmpact a.nd clea.rnnces at the joint as well as ﬁcxxblhty n hnks “This study,
while not clearly FEM work, indigated the complexity of realistic models. Midha, Erdman
and Frolmb [16] used a single l;xn clement to model links: of a fuur bar mcdluniqma
Nine uncoupled dxﬂ'erentm,l equations with time dependent coefficients were dc,vclopul

Bagci [17] determinéd ‘critical natural frequencies’ of spatial mechanisms with clastic links.

Specific mechanisms were treated as a series of instantancous structures. Gamacht, and

. Thompson [18] compared FEM vibration responses of elastic bar linkages as determined by

the Euler-Bernoulli and Timoshenko beam theories. Sunada and Dubowsky .[19.] *used the
NASTRAN FEM package to compute modal frequencies of members. A reduction in'thc
size of the system matrix was achieved by the component mode synthesis (CMSj technique.
Cleghorn, Fenton and Tabarrok [20] achieved some increased cﬂ'ici.c:ncjfi by remo.ving the -

axial degrees of freedom of elastic links.

In more recent work [21-22] coupling of the elastic and the rigid body motion has been
cons1dered In the study of Yoo and Haug [21] vibration and static corrcctlon modes are
used to account for linear elastic deformation. Constramts bctwcen ﬂClelC bodies are
enforced using Lagrangla.n multipliers, and coupled large dlsplaccment -small dcformatlon'
equa.tmns of motion are derived. An application to a spatial four-bar 11nknge is dmcuw .

In the study of Sandor and Zhuang [22] a lincarization of the coupled equations of motion

is considered. The theory is applied to the case of a planaf four-bar linkage.

fa]
Finally it is to be noted that parallel prdblems exist in the study of space-craft dynamics,

In both cases, however, the system problems do not permit the simple but comprehensive

- descriptions that are possible for three-dimensional flexible structures encountered in Civil



' : . . | - _““
Engincering [23)]. “

2.2.3 Soft_ware for Mechanisms

s

N

The computer-aided-design ( CAD) approacﬁ promises to greatly increase the efficiency of
nm'h:miqm design. Interactive environments are provided in which powerful synthesis and
.m.:lysxs tooh are nnnmdmtcly available. Computer graphics f'mhtlcs permit modelling and
.ulllll-lt(‘(l sunulatmn of mechanisms. Solid modelling offers thc possibility for automatic .
determination of mumbcr propertics. A common data base together with plottlng and

drafting facilities minimizes the tmn:afm of-data overhead.

Erdimn [24] has presented a sumnrary of the capabilities of the major computer programs
*for mechanism synthesis and analysis available for the CAD process. He has also indicated

specific areas in CAD requiring furthier study. .

A number of CAD' packages for mechanism design are under .devclopiﬁlcnt including those
of vef. [25-28]. In ref. [25] a I)acl:qge is describcd.which links the IMP analysis progr&m
atd the MECSYN synthesis program with a new program.ANI_MEC that provides for
:mtmunti(: geometrie ‘1110(1011'1113‘, assembly and animation ;)f mechanisms. The package of
ref. [26] links the DRAM analysis program and the LINCAGES synthesis program with the
ICEM de alg.,ll/dhtftulL, program. Both of these packages are restricted to two dimensional
mechanisms, The package of ref.[27-28] arc intended for three-dlmcnslonal work and the

first of these 1s to make use of solid modelling.

10



'2:3 Robot Manipulators
The main fields of study in robot motion thcory were 1dent1ﬁcd by Takano [29] aind are
rcproduced in Tablc 2. The ficlds in M& of kinematics and dynamics are considered
of significance in the-present study. Tt should be noted that simulation through theoret-

" ical models in the case of mcclnmsmb was derCtLd towmdq the objectives of mechanism

synthesis and analysis while in the case of manipulators it is d!ll(,(,t(,(l to robot dL‘Hl[:,ll and

- ¢

task planning [29].

The kinematic problems for robots are mostly three-dimensional [30-32]. Many approaches
are available [33] but those based on vectors and transformation matrices [34 35] are the
most popular. The forwartl kinematic problem (joint kinematics specified) is readily solved
by the latter approach through the formation of A (link) matrices, and their differentin-
tion. The inverse kinematic problem (end-effector kinematics specified) corrcsp('mds to the
synthesis problem of mechamsms, but must be bOIVCd for each path of motion rather than
solely at the design stage. “Furthermore the ob_]cctlvc is to determine IILC(‘bdey joint kine-
‘matics rather than link dimensions. Solutions available for the inverse 1\111(,111’1t1( 8 prnbl('u{
include ones based on geometric [34], matrix equations {30} and contmuahmn [36] mvh]?zyds

Multlplc solutions and singularities cause difficulties [31, p.45} as for mechanisms. Com-
puter graphics [37-38] has played an important role in robot kinematics from the beginhing

and has proved useful in.aniination_and task planning.

-]

2.3.1 Dynamics of Robot Manipulators with Rigid Links

The inverse dynamic problem for robots with rigid links 1s intportant for real-time robot
operation (control) while the forward problem is important for robot simulation (desigu).
In the inverse problem where the cnd effector motion is specified, joint variables are found

through an inverse kinematic solution, link kinematic quantitics are found through forwird

Ry



kinematics relations and forces through a static analysis employing the d’Alembeft prin-
ciple. In the forward dynamic problcm the non-linear equations of motion are, 1ntegratcd
numerically. The quld.tlon complexity 1s severe, lcadmg to the need for scparate progmms
for the cfcrwut,lon of the basic equations [39]. .

Solutions to dynamic problems have been pf_esent‘edl using Kane's equatiohs [39-40]? the
Newton-Euler equations [41-43], and the Lagrzmg;z cquations [44-46]. Efficient solutions
to the inverse problem, which must be solved in real time, were given in ref. [41] and
(44]. Silver {47) has indicated that com-pututionally these are cquivalent. Further efforts
- at increasing the efficiency are still continuing [40), [48]. Solutions to the forward problem

Lave been 1)1’(35(:ntcd in ref. [41],[43] and [40].

Au .Lppronch [49] which assists in the understanding of the robot’ dynamics, as the mm- .
umhgﬁumtmn varies, is that of the bcncrahzcd inertia ellipsoid (GIE). This approach can
serve as the basis for the design of a robot with better dynamic characteristics [50]. Finally
gh approach using vectors rather than tfansformation matrices for the geometry has also

proved useful {51},

2.3.2 Dynamics of Robot Manipulators with Flexible Links

The motivation for the study of robot manipulators with elastic components is given by
Daniel and Davey [52]. The cross-scctional arcas of robot links necessary to support the
dynamic stresses can be considerably less than those required for it to behave as a ‘stift’
structure.  Accounting for the clasticity of components in the dynamics may permit a

reduction in mass with all its’ accompanying benefits.

Two main types of analyses are identified. In the first type, a small elastic motion is
superimposed on the large rigid body motion of the links. Thus rigid body and elastic

degrees-of-freedom are kept separate i1 this ‘vibration® analysis. The driving forces in this

»
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analysis are the inertia effects of the rigid body motion. In the second type of anh.lysis, rigid

" body and elastic degrees- of- frecdom are coupled and tust be determined simultancously.

An analysis of the first type has been carried out by Suméd; and Dubowsl\y [aS},‘fox thc case
“of a robot ‘with links of complex geometry. The basic rxhld body motion is nssum(,d known
from an inverse dyhamics solution (using the rigid link assumptxon) A finite element
package is used to determine the mode shapes of thc individual links. The LOIllpOlant.
mode synthesis (CMS) method is then used to obtain thc vibration cluumtcuatxcs of the
robot as a whole. Results were calculated, and flexibility effects were found to be significant

and to agree well with eprrimqntnl-data.

Analyses of the second type have been ﬁx'csentccl in ref. [54-57], using the Lagranginn
method, and in ref. [58] using the Newton-Euler method. Book [54] used th'.c transforing-
tion matrix approach and estimated that the number of caleulation was 2.67 times that for
a comparable rigid case. Singh and Likins [55) have used the vector dyadic approach but
did not provide data about the number of calculations. Geradin, Robert and Bernardin
[56) have also used a transformation matrix 'Lpproach A description of deflection, where
ecach link was referred to the rigid conﬁguratlon of the whole robot, proved pmf(,m.blc to,
one where cach link was referred to its own rigid configuration. Finally Chedmail and
Michel {57] and Mufti [58] have used the vector approach to consider, respectively, two and

o

three dimensional geometries. -

The distribution of the structural elasticity of a fnanipulator is an important issue. Accord-
ing to the experimental findings of Gmdetsk(i Gulkasyan and Grudev [59) and Chernousko
and Gradetsky [60] J01nt elasticly exceeds link eclasticity for industrial robots. Further

expernncntal work and theory con nmg robot elasticity have been 51\7:1 for the static
case by Dukovski and Leu [61) and Dcrby [62].

£
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2.3.3 Software for Robot Manipulators

The dévclopment of CAD packages for robotics is less advanced thah for mpcﬁanisms,
CAD tools for robotics are used in ‘the areas of robot design and robot applications. The
I](:(‘.C::Sb'ilry ingredients of CAD robotics pdckages a.re an extensive data base, powerful
graphics capability and a good dynamic simulator. A series of i)aclcage;‘, [63-73] have already
been developed, with varying capabilities. Ardayfio [63] has provided a brief summary of

recent developments,

Toyama and Takano [64] have developed a comprehensive package that contains a simulator
which can model Hexible links. The GRASP program developed by Derby [65] permits users
10 design or modify rébots, and then evaluate them in their working environment. Licgeois
et al [66] have developed the MIRE program that facilitates the automatic design of the
geometry, the actuators and tlye control system of robots. Potkonjak and Vukobratovic
[67] have developed a program that permits c:gtimization of geometry of robots on the
basis of velocity and éxwrgy consumption considerations.eThe CATIA packag;; developed
by Dassault Systémes [G8] is directed to robot applications. Wu [69] has developed a
CAD design tool for the correction of kincrlnatic errors of robots. A package developed
by Anderson et al [70] employed ADAMS for analysis, and features a solid modelling
capability. DACM developed by Palmquist and Duffy (71} provides tools for the design
and application of cooperating manipulator systems. Finally the VAST package of Pfeifer
and Neuman [72] and the SIR package of Stepanenko and Sankar [73] are oriented to the

simulation of robot dynamics and control systems.
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2.4 Robot Mahipulatbrs ‘With Closed Chain Mecha-

nisms

In .this section robots with closed kinematic chain mechanisms are considered. Industrial
‘robots with in-parallel-actuated arms as discussed by Hunt [74] may be analyzed using the

theory for serial robots and are not considered here.

Examples of closed chain mechanisms are found in a number ()f e}cctric-drivé"ih.du;s.triul
robots, such as the ASEA IRB905/2 and Cincinatti T3. The use of such mechanisms
permits the motors for the forearm and, possibly, for the ‘pitch’ of the wrist to be mounted
on the first moving link. A beneficial effect is the greatly reduced mass and inertia of the
arm. Unfortunately the motion of such robots can not be detc?mincd directly using the -
recursive dynamic analygis developed ’for serial ‘robots [75]. The dynarriic model must
- combine the tl?ory for serial robots and multi-loop-spatial mechanisms. Models developed

for robot control must be in the cficient recursive form to permit real time caleulations.

The cases for rigid [75-81] and flexible: links [82-85] will be discussed separately. Not
~ considered here are the closed kinematic chain mechanisms uged in the associated ‘finger’

problem [31,p.71]. -

2.4.1 Case of Rigid Links

Luh and Zhe-ng, [75] have presented a detailed analysis of the inverse problem, that combines
methods for closed-chain mechanisms [8], [11] with the recursive Newton-Euler method of
serial rdbots [42]. Essentially the closed-chain mechanism is treated as if it were cut open
at one o. he joints, creating a tree structure. An inverse dynamic s“olution similar to th.ut
for serial rdpots is then performed yielding theoretical actuator forces at all joints. Using

a Laéra.nge multipliep technique, which enforces the closed-chain constraints, transfer of

P
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* the forccs to the actual actuators is effected.

Megahed and Rena.ud [76-77] have set up the equatlons for the forward and 1nvc;rse dynamxc
problcms The Lagmnge equations are used together with Lagranglan multipliers for the
closed-chain constraints. Vukobratovic and Potkonjak [78] consider the case \bhen the
closed-chain involves a kinematic parallelogram. A solution 1§_formu1ated using Appel’s

l' cquations. Based on the work of ‘Witte‘nburg (3], Sol, Veldpaus and Janssen [79] ha.x\
developed kinematic tools for multi-body systems. They give an example for a robot with \ ‘
three closed-chains. Kane and Faessler [85] applied the Kaﬁe’s equations, which do not |
‘need Lagrangian multipliers. Finally Asada [80] has considered the design of a direct drive
arm with a five-bar- lmk parallel drive mechanism. Through a ‘balancing’ procedurc a time-
invariant inertia is obtained for the first several links. By using specially designed motors

an order of magnitude increase was achieved for the top speed and maximum acceleration.

2.4.2 Case of Flexible Links " ¥

!
Relatively little work has been dore in this area so far. Two main types of analysis would

appear appropriate, as for flexible serial robots. In the first, small elastic motions are
superimposed on the large rigid body motion and in the second the elastic and rigid body
motions are coupled. To the authors’ knowledE«_‘ho extensive studies on either type have

so far been carried out.

I\'iud;zyuski and Becquet {82] have det’crr;xined experimentally the stiffness matrix of a
robot link consisting of three joints, such as would appear in a robot with a closed-chain
mechanism. This experimental method of determining the properties of a link with com-
plex geometry is to be contrasted with the finite element method used by Sunada and
Dubowsky [53]. Thompson and Sung (83] ha.t; performed a tentative analysis of the Arst

type mentioned in the preceding paragraph. he main objective was to demonstrate the
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" advantage of composite materials versus 'éteel for robot lini{s._ ICo.mposite material links
were found much stiffer for comparable masses. Leu, Dukovski and Wang [84] used ele-
mentary stat‘ics_f.o determine the for;:cs in a robot. with a closed-chain r_ncclizulism. The
loading considered was a force on the final link. Deflection arising fron 1) ‘joinkt-tors‘iou,
2) structure bending, and 3) bearing deformation were calculated. Results indicating that

joint torsion effects predominate were verified experimentally.

—_— | {
2.5 - Conclusion

An extensive amount of work has been done to make tho simulﬁ.ﬂon of the motion of high
speed. ﬁlachinery more realistic. Some of this work has been incorporated into the CAD
process and is conveniently available to industry. Ample oppor*tunitics, however, still exist
to improve the models and to incorporate the more advanced work into CAD. In this

thesis such a package, SIMASEA, for a robot manipulator with a closed kinematic. chain,

is discussed in detail.
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“Table 1. Fields of Study in Mechanisms Theory [1,p.21]

s

Aspecia of Mechanisms in Motion

18

- ‘ Inertia . Inertia
Q . Stress and  Rigid body forces due- forces Time t ‘
Forces in straing in position to rigid Elastic due to asa Torque
‘members members velocity body deforma-  ° clastic l reference or force )
Type of pcrl’nmmn;:r., nnd'juin‘l.s and joints cct, motion “tions deformation  variable bnlnnciﬁ.g Stability
1. Static analynis - - E -
2. Kinematica analyais - . }
4. Dynamics analysis - - - " -
4. Elastic annlysis . - - - ’ -
5. Elnato-dynmnic . :
annlynis - . - - - -
G, Kinelo-elasto- ,
dynamie analyais “ - “ - - - -
7. Kinematic synthesis - -
4. Kineto-elastontatic ‘L
wynthesis . - - [ -
9, Dynamic aynthesis - - - -
10, Dynamic balancing « - - - -
11.  Kineto-clasto- '
dynamic synthesis - - - - - - L
12, Kincto-clasto-
dynamic balancing - - - - - " - S .
13, Kineto-elastodynnmic
stability of motion - . - - - - L o= - -
A}
.
A\



Table 2.2: Fields of Study in Robot Theory. [29, p.224]

. Kinematics: to obtain displacement, velocity and acceleration from joint motion.

Inverse kinematics (synthesis): to obtain joint displacement from robot position and

. . \
orientation.

Statics: to calculate joint torque (force) due to gravitational force and external foree

and torque.
Dynamics(I): to calculate joint torqué due to dynamic force and moment.

Dynamics(II): to obtain the robot motion from joint torque (force) variation with,

. time.

10.

11.-

Deflection: ‘to obtain the deflection due to static and dynamic force and moment.

Dyna,mics.(III-): to-calculate the vibrations.

. Control system analysis: to calculate the dynamic cHaracteristics of control systfng '

with internal sensor feedback loop.
Path géneration: to obtain the continous path data from discrete points series.

. . ', . . ’ V. .
Compliance analysis: to determine compliance matrices from arm and joint dimen-

sions by FEM. ]

Inertia data: to determine mass, gravity center, inértia matrix of arms and workpicce

from their dimensions.



Chapter 3

KINEMATICS AND DYNAMICS

¥

3.1 Introdtction

The specification of the time history of the end effector is essential to a successful appli-
cation of a robot to many tasks such as arc welding, spray pai'ntihg a.ncl conveyor belt
t,rnc]{ing: Also the transformation between the joint space and the Cartesian space is very
important since robots are controlled in the joint space. The kinematics problem deals
with the analytical study of the relation between these two spaces, whereas the dynamic
problem deals with the relationship between the joint space ‘coordinates and the set of '
the forces and torques needed to drive the merﬁbers of the manipulator in such a way. t'd
achieve the desired end effector motions. To simplify the kinematic solution, manipuld.tors
are usually .dcsigncd so that the neighboring axes are orthogonal or parallel to each other
aml‘ t.l.l(.‘ three last joints form a spherical wrist. The spherical wrist allow the decom-
position of the six-degree-of-freedom kinematic problem into two ﬁhree-degree—of-freedom
kinematic subproblems, Some cfficient algerithms have been developed for these trans-

formations. Featherstone’s algorithm [86G] seems to be the most efficient for the inverse



kmemat:c problem Hollerbach and Sa.har [87] have used the same techmque to cnlculate

inverse acceleration. In this study, these algorithms were used for the i mverse kmemat:c

problem. a . - e

™.

As regards fobot:operatians dynai‘nical equations are frequently used to coﬁlput‘e the forces
and torques to drive the members of the manipulator, a task that must. be pcrfouncd
repeatedly and in most cases rapidly. Consequently, it is important to make usec ‘of the
most efficient possible computatlonal n.lgorithrns The dynamical analysid of thm study is
based on a new approach using Kane’s dynamical equations [40], [85] This new. upp:omh

was developed by ‘the author, and it is more efficient than the classical Kane’s equations.

3.2 Robot Definition

The robot to be considered has nine revolute joints with a clased loop arranged as shown
in Fig.1. The joint axes for the manipulator are derived from the Denavit-Hirtenberg
BSpCClﬁC&thHS [35], even though these specifications are not used dxrcctly The rotation
axis z; corresponds to joint angle i1 between link i and ¢ + 1. The internal coordinate
system;for link 2 is cornpleted by defining x; fron the cross product z;.; X z;, fori = 1,2,4,5
and 6 and x3 = —Z2 % z3 because it 1s desired that the rotation axis zs point at the wrist,
and y; = z; x X;. The reason behind using the Denavit- Hartcnbcrg conw,ntlon for the
set up of the fra.mes is that some of the kinematic paramcters can be expressed casily in
general form. For conveni'énce the closed loop 1s disrcgardcd initially in.the kincmatics
study, sce Fig. 2. Additional steps associated with it are included in the dynamic analysis.

The rotation matrix i-1R, that transforms points expressed in link 7 coordinates to link

7 — 1 coordinates 1s

Ci —384Cq,; 9i3a,
i—1 _—
Ri=1 s8; cica;, —Ci%,
0 9o Ca




. Here s; = sinf;, ¢; = cosb;, s,, = sine; and ¢,; = cos;; and «; is the angle between z;_;

- and z;. Fer con{rcnience, the eight joint transformation matrices are listed below:

Cy ‘0

31‘.

ORI =19 0 ;Cl
01 0

C3 0 — 83

2R3 = | 83 0 Cy
0 -1 0
Cr 0 S5

"Ro= |55 0 —cs
01 0

Cy —S8¢ 0

'Ry = s ¢ 0
0 0 1

The following identity is observed:

as well as identitios of the form:

Cy —82g 0

.132 =|s ¢ 0
O 0 -1

Cy 0 Sy

SR‘LF sq4 0 —c4
g 01 0

g —Sg 0 Al

SRe=| s cs O

I a 0 1 ]

Cg —38g 0

‘Rg=| sg -cg 0
0 0 1

[i_lR;]_l =" R,

. . ) - 1 3 2
‘Ripn = "Riga o Riga T+ Riys

Also a vector TV is specified with a left superscript to denote that the vector V is referred

th

to 1'% coordinate system.

The Iy,)sition of the end cffector can be defined uniquely in either joint space coordinates :

or in cartesian space coordinates :

?
81a921'.-":86 N
RI) Ry: R:.vrc‘n g, Ty
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where R = (R, R,, R.) is the position yeétor of the origin _of the end effector coordinates in
base coordinates; and rg, 79, and ry are the rotations about the z-axis, the new y-axis and
the new z-a.xis that align the base coordinates with the end cffectdr coordinates. These ro- |
tation pgir)nmeters ._were chosen because they ‘c‘orresp(;nd with the n.rmngcmlcpt, of the joints

at the wrist and hence simplify the equations later. The total rotation can be expressed,

(Appendix B.1), as

E = Rot(z, #)Rot(y,8)Rot(z,)
or : , |
" E=°R, 'Ry Rs°Ry " Rs R

Finally the orientation matrix as a function of the orientation paramecters is

CpCoCy —. S48y —'C,;,Cgsd, = S4Cy Cy3g )
E(¢,8,¢) = | sgcocy + CpSy —3¢Co8y 1 Caly 5330 (3.1)

—S3gCy ¢854 (o]

3.3 ‘Position Traiis ation

In applying Featherstone’s methad [86] the inverse kinematic positions are computed first,

then the inverse kincmatic velocities and finally the inverse kinematic accelerations.

3.3.1 Inverse Kinematic Positions

The first three joints of the robot serve to positlion the wrist and the remaining joints

serve to orient the end cffector. The position analysis is considered first. To find the wrist
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position we presume that the orientation matrix E of the grippCf, (Appendix B.l), and
the position of its tip P have been specified. Then the position of the wrist W; in Fig. 3.

is given by

where Py in base coordinates 1s

P = ds(csse, S452, Co) « (3.3)

L

Joint 1 is directly found from W, since joint 2 and 3 act in a plane that docs not alter the

projection of the wrist, and the position of the wrist from joint two is

W2 = Wl = d[kg . i (34)

henee
8, = ATAN2(WV,, Wy,) (3.5)
This equation indicates that a degenceracy oceurs when Wy, = Wi, = 0 that 1s when the
wiist lies on the zg axis. In this case 8 ican take any value, Fig. 3. Application of the

cosine rule to trimigle I, Iy and W, in Fig. 3 and 4, gives:

24 &2 — WP

cos 7y 2hd, (3.6)

s -

O = ATANZ(\/WE + W3, Wa.) + ATANZ(dysiny, l + dycosy 3.8
2r 2y

This completes the position analysis. The analysis for the orientation will now be consid-
¢red. The inverse orientation problem 18 most easily solved by using spherical trigonometry.
Ref. [86] presents the formulas used here to solve the spherical triangle in Fig. 5. The
desired orfentation of the emd effector is given by a rotation of ry about the z-axis, Fig. 5,

which moves the x-z circle from Al to AB, a rotation of ry; about the y-axis, which moves
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_ thc‘z-axis from A to B, and a rotation of ry about th; i-&tis, which'movcg the x-z plane
to BBL. The first three Jomt@\gles have caused a rotation 8, about the z-axis, moving the
X-2 cn‘clc from AAlto AC,and a rotatlon of 8, + 83 about the y-axis, nmvm;D the z-axis
point from A to C, Now 8, and are rotation abqut thc z-axis, and 95 is a rotation uboutw
the y-axis; thus 85, being the only rotation that moves the z- mu:;, mugst move it from C to
B. In order to do this, #; must move the x-z circle from AC to BC, since the z-axis pomt(l
can only travel along this circle. Finally, 8 must move “the y-7 circle from CB to BB1,
completing the transformation. The problem of finding 8, 85 and 8, is thuts one of solving |

the spherical triangle ABC. The applications of the spherical cosine rule to ABC gives

cos B = cos(f; + O3 cosrg + sin(f; + 83) sinrg cos(re — 61) (3.9)

b .
¥

* The sign of §; is arbitrary. A degencracy take pln.cc when cos8; = 1 and 8, and 85 become
linearly dependant. Thus
si\n 8, = sinrgsin{ry —6,}
cosfy = cos(8; + 85)sinrf cos(rs — ) — sin(8, + ) cos‘rﬁ
0, = ATANZ(sinfycosby) - | (3.10)
sinf = sin(fs +8)sin(ry — 01)
cos 3 = cos(8, + 8;) sinrg — cos(ry — 1) sin(8, + ) cos ro)
8 = ATANZ(sinB, cosf) o (3.11)

b = r4—P ‘ SR | (3.12) .

| 3.3.2 Forward Kinematic Position

The general method is to build up the transformation from base coordinates to the end

effector by rotating succcsswcly about the joint and transiatmgj along the links until the

end effector is reached. A fastcr technique is to take advantage of the spherical geometry,
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[86], and apply the arguments of the previous section in reverse.
" cosrg = cos(8;,+ 03) cos 85 — sin(8, + 63) sin G cos 8 (3.13)

A-th_‘gcnerncy oceurs when | cosry |= 1 and camses difﬁculty in the cvaluation of ry and ry.
In the.case of the degencracy one takes: - |
Q :
ry = 8 + ATANZ [sin(6, + 83) sin 8, sin @y cos(f, + 63) + cos 0 sin(@, + 63) cos 8,] (3.14)
Fu = B+ ATANZ [sin(6, -+ 6y) sin 6, sin 65 cos(8, + 8y) + cos 65 sin(8; + 63) cos8,)] (3.15)

The position is caleulated as:

Wopy = lysiny + lycos(0y + 63) (3.16)
) War = I cos 0, + Iy sin(8; + ) (3.17)
Wy = (- sin 8, Wy., cos 6, Was, ly + Waz,) (3.18)
‘ Henee
R=W,+Py ' (3.19)

No ambiguities arise in the equations since there is only one solution.

3.4 Inverse Kinematic Velocities

~

We present in this section the transformation of velocities from cartesian space to the joint
space. It s assumed that thic intermediate,-and final results of the position transformation
N 5

are available. The instantancous angular velocities, (Appendix B.2), of the end effector

coordinate frame about the principal axes of the reference frame are obtained as:

Wy = 'g‘E)z + éy + (j’z (320)
_.‘S¢8' + Cd;b‘g'llb
nwﬁ = C¢é -4 .S,'J_,.Sg‘!r!:' (321)
¢.5+ Czﬂj)
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where 3, 8 and%é\arc Euler angles defined earlier. The problcm is defined as followa given
. the position and orientation of the end effector and its lincar velocity R and the angular
- velocity %wg, find the vector of joint rates, 91, 90 The ﬁrbt step is to calculate the lmcm

velocity of the wrist, from which the values of the {(_ijst three _]omtb can be caleulnted. le

pos1t10n of the wrist is dcﬁncd Fig. 4 by thc following cquntlon

[

W1 = d1Z0 -+ sz'), + d.;Zg . (322)

We differentiate W, , in eqn. (3.22), with respéct to time and evaluate in link 2 coordinates:

]

ZW[ = 2w2 X Ig 2)(-2 + 2L¢J3 X d.; 223 (3.23)

Thercfore
—d.;cs(é-)_ + 93)
Wy = 1292 - d‘l33(92 + 93) (3.24)
1.t
But the wrist’s lincar velocity as a function of the desired end-effector lincar and angular
velocities are obtained by deriving eqn. (3.2), thus:
Wy =R —wsx Pg (3.25)

Solving for the first three joint rates, (Appendix B.3),

: W, _

9. = z 3.26

= e BN CES

b = T (W,y—s—“wh,) " (3.27)
2 €3

b, = M= | (3.28)
d4C3

The first three joint rates have determined the lincar velocity of the wrist. The rcm'aining
rates have to determine the angular velocity of the end-effector. The first three joints
have already imparted an angular velocity to the wrist‘,.,and hence to the end cffcchor; 50
the remaining joint rates have to produce at the wrist the difference between the desired

angular velocity of the end effector and the angular velocity produced by the first three
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" joints. Now. let We/3 be the angular velc;city of the end effector with respect to frame 3,
then weyy is given by |
w6/3 = g — W3 . l (329)

Now wqyy is made up from é.,, 65, and 96 as follows:
A 8,123 + 6524 + Bszs ' (3.30)

Solving for the last three joint rates, (Appendix B.3),

L

s = ‘wesa: } {(3.31)
" .i‘ '

f; = —w;f”~ o (8.32)
é.| = 4w5/3y + Csés (333)

The aceuracy of these equations deteriorates as sin 8s tends to zero.

3.5 Acceleration Transformations

For the computation of acceleration, it is assumed that the previous results from positions
ad veloeities transformations are available as well as the lincar and aﬁgular accelerations
of the ey cffector. Thc instantaneous angular acceleration of the wrist, (Appc_andix B.2),
about the inertial frame are obtained by differentiating the angular velocities, eqn. (3.21);
—s¢,é + c,;,s';;al; - c¢éq'5 + c¢c991,l} - s&mﬁqﬁ .
Uu'«g!' = c¢§ + Sq&)Sg"l; - s¢9d3 + S,:,Cgé’j) + c,ﬁsmj)d‘) (3.34)
é + cop — 5004
The first step is to caleulate the linear acceleration of the wrist, from which the acceleration
of the three joints can be calculated. The linear acceleration of the end effector is obtained

by deriving eqn. (3.25). One gets:
W, =R — &g x Pg — wg % (ws x Pg) (3.35)
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~ The WI can be readlly found since the right hand side is known. Thc lmcm acceleration

of the wrist W1 can also be calcula.ted by dlfferentmtmg the lineor vcloc1ty cqu (3 23)
W1 = u)g X WQ + wq X Wz' - d463X3 - d.;&s'w;', X X3 o (3-36)

T'his equation is fully developed in appendix B.4, and the joint accelerations can be found

Vs,

91 = 1“}’2: o | . | ' 'l (33!) ‘
(32 = Il(zr}-ly 83 2Ulr) (3.38)
2
9 _ _zt}"Jr _9‘ o (339)
T d.|C3. N 2 - . ‘ .

The hand angular velocity relative to the wrist is found by differentiating cqn. (3-.‘29).

Wz = Wp — Wy — Wi X Wepy | (3.40)

On the other hand wg/s can be expressed in terms of the last three angular acecleration by
deriving eqn. (3.30), that is

Li’s/a = é.@a + éﬁi-l + éng + 94Z3 x 9524 + (9413 + 95z.|) X 9‘32'5 . (3.41)

The joint accelerations of fhe last three frames can be found as

s = i( Ye/az — 805 — 059595) (3.42)
S5

fs = Yesas + 358465 : - (3.43)

b, = Ygsay + csfg = 950505 - (3.44)

These equations complete the accelerations analysis.

3.6 Dynamic Analysis

The dynamical equations '(Léjfgloped herein are based on Kane’s equations [40],[85] with

some modifications. The closed loop present in the robot will now be considered. To
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characterize thg configuration (l)i' the system, coordinates f;fori=1,...,8 are introduced,
. where 6; is the angle betwéen 2,y and z;, Fig. 1. Sincc the systefn has only six degrees of
.E; freedorm, it is possible to specify the conﬁg.uration by assigning values of six of 8; provided
%\\thut they are independent, and’cxpress the remaining two in terr"ns of thesc_a‘ six. For the
I\lprcs'cmt robot one must take §; fori = 1,.. ,G as independent, and (;xpr‘cssing 6, and 6y
\:1;15 a function of the independent joints, Fig. 6. Considering f; for i = 1,2,4,5,6 and 7
d.b our generalized speeds. Consideration .of the closed loop, Fig. 1, leads to the following

Jinematical constraint equations:

OIPS o= L-;i'; + Lsig (3.45)

] O\Ps = Liiy— Lik, (3.46)
Vps = (ko +8:ky) X Lyir + (61ko + 85k, + 8sky) X Lyis (3.4Tj
ps = (ikao + 6:k1) X Lyiy — (01ko + 62k, + égk'g).x Lk, (3.48)
Or ' > |
Vs = (fskr x Lyis) + (810 + 67k;) % (Lyir + Lgis) - (349)
Vs = —(f3ks x Lyks) + (fiko + fok1) x (Loiz — Laks) (3.50)

When expressing eqns. (3.47) and (3.48) in frame 1, one needs to express the unit vectors

appearing in these equations in frame 1, then:

g & O 0 {0 .
lkg = IBU Okﬂ : 0 0 1 0 = 1 (3.51) .
sy —¢ O 1 0
0
]kl‘ —_ 0 ’ ‘ (3<52)
1 ‘
¢ —s8g 0 1 ) ,
o o 1]lo 0 "



1k2 = ,IRQ 2k2 = 32 ;!2 0 0 =10 - ‘ ) (354)
0 0 1]1\1 1 R
.. Cq =32 0 -| Cs 0 —33 0
Tk, = 'Ry Ry’ka=|s2 2 O 5 0 o 0
0 0 1 0 -1 0 1
cg3 0 —$z 0 \ —3833
= 895 0 Ca3 0 = Co3 (3 55)
0o -1 0 1 ) ' k 0
cy —387 0 -1 1 [ %4 \ ' N
Y, = 'Refie=|s ¢ O 0 1=1 s7 (3.56)
o 0 1 0 0
c; —s7 0 0 0 \ _
Jk? IRT TkT =187 C7 0 0 = 0 (357)
' 0 0 1 1 1 ' S
ey —3ar 0 cg —38 0 1
is = 'Ry Rglis=|sr ¢ 0 sg ¢cg O 0
' 0 0 1 0 0 1 0
crs —sm 0 0 c78
= s7g €3 0 0 |=1] sm . . (3.58)
"
0 0 1 1 Y0

Hence eqn. (3.49) can be evaluated:

0. Lgcr 0 LTCT " Lycrs
1-VPB = {0 X Lasts A + 91 X Lzse + Lasts
B4 0 8, 0 0
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v T

0 . LHC','S 0 ' . L7C7 + L3C78 ‘
0 | X | Lesrs [+ ] 6 | X | Losr + Laszs - (3.59)
és , 0 : é? "0

I

"~ Now we mtlg:l,\*i(.c .thc process that is ‘central to the method a.t hand, namely the process
of delIll[lb qunntltlcs Zy, which saves, much writing and assures the efficiency of the final
computer code. The rule for introducing these quantities is that each time we encounter a
mithematical expression involving previously dcfineél quaitities later not needed explicitly

in this expression. For example eqn. (3.59) can be rewritten as

0 Z 0} (2
Wes=| 0 | x| 2 |+]| & | x| 2 ' (3.60)
8.8 O 8.7 O

where Zy, ..., 2, are equal to the quahtitics that they replace. The Appendix C, we listed

all Z, developed in this dynamical analysis. Thus

—Zgés —249-7

: IVFB = Zlég + Zgé'{ ' (361)
0 —Z30,
Similarily for eqn. (3.50):
0 : —L3323\ 0 \ L2C2 _L3323 -
lv}"s = - 0 X Lacay -+ él x < LgSg - Lacyy
93 \ 0 \ ég | 0 ‘ 0
( 0 ) ( —Lasy \ 0 \ ( Loca + L3sas
= = 0 | X| Lscas |+ é1 X | Lasy — Lacas (3.62)
) \.0o ) \&) \ 0
N 0 Zs 0} Z7
y Ve = = 0 | x| 2 {+] & | x| Z
\"‘} 05 0 8, 0



r o .
*—Zség —-'Zgég

= ~| Zbs |+ | Z:b o (3.63)

0 | -Z?'él
Equating the x and y components in eqn. (3.60) and (3.63);

—.Zgés. - Z.;é-; =‘ 2693 - Zggg

2198 + 230 = —Zsbs + Zy/g-z

QOur goal is to express 8; and g as a function of 8, and 6.

2393 + deg = 2362 - Z.[87 ) (3.66)
Z56s + Z\bs = Zib2— Zs6; . (3.67)
let .
Zy = ZgZy — 2225 . (3.68)
Then &
b = (mz‘*z‘ — ZQZT) B, + (——————-—-——-Zzz“ - Z‘Z“) 6 - (8.69)
Zg _ ‘ 'Zg ' .
‘6"8 = (M) 8, + (M) i o (3.70)
. Zy Zy -
i
or-
0 = Z1062 + 21, 6r - (3.71)
b = Zyby + 21397 o (3.72)

Next the dependant angular acceleration is to be evaluated, for that purpose we need to
.derive Vpg in both eqns. (3.49) and (3.50).

Taking the time derivative of eqn. (3.49) onc obtains:
Vs = (élko + 6k, + 9.11{0‘ x é7k1) X (Laiz 4 Lglg) + (énko + 971(1) x Vpg+ (3.73)

/

[§3k7 + (élkg + 971{1) x 931(7] x Lagis + Gk x [(élko + b7k, + ésm) x Lgig]
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. N,()tc that '&41' (L'ri-,' + Lgis) =__VP3. Thcn,

| (.0\7(0\ (o) {o0})] Z ) (o) . { Ve,
lvi’ﬂl = 9‘1 + 0 + | él X 0 X Z4 4+ él X I'Vng +
o) \E) o) A 0 ) \& )7 Ve
J/U\'fow (0 ) z\ 0\ ({ o z,
o |+] 6 ['x|oftx|zl+]0o|xq] 6 x| 2,
. k 85 \ 87 } \ 05_ ) 0 98 L 9',' + 93 0
(6,6, Z, 0 Wpg, 8,65 Z,
= 91 x Z| + 91 X IVPSV + 0 X Zg +
\ o 0 6 'Vps, by 0/ -
0 —Zg (97+ 93)
0 | x VA (97 + és)
\ 6s ~ 216,
{ ~ 246 §, 'Vps, — 07 ' Vps, AN -2 (97 + 93) 8}?‘3
= 7 Zgé',' + é:r IVPS_’ + Z[ég 4 —'22 (97 + 83) 98
( —Z487 + 8, *Vps, — 67 Vpe, — 2405 — 2, (97 + éa) 0s
= Zab7 + 6, 'Wes, + Z\8y — 2, (97 + és) 8s (3.74)
\ 2,607 — 2,6, — 8, Vs, + NN
Deriving eqn. (3.50) onc gets:
Vps = (fiko + ik, + 6iko x 6k, ) x (Lo ~ Loks) + (b1ko + oy ) X Vipg — (3.75)
[égkg + (élkg + égkl) x 931{2] X L3k3 — é3k2 X [(911{0 + 921(1 + é3k2) = L3k3]
0 0 0 0 Zq 0} | 'Vrs,
lvl’s = él + 0 + 91 X 0 X Zg + " él .x. 1VP89 -
0 6, 0 8 0 0, W,



1{o 0o}y (o Zs 0
< 0 +1 6 | X 0 X Zg|—1 0 X
| 63 8, s 0 63
[ 6,6, Z; 0 'Wps, 8,8,
= g | x| zs [+ 6 [ x| Ve, | -] O |x
\ 6, 0 8, 'Vps, A\ 6,
0 ~Zs (B2 + 63)
0 x Zs (92 + és) '
\'ég ~Z:6,
—Zgb, _ 6; WVps, — 6, Vps, —Ze8s |
= ‘ Zréz + éz 1VP8, - .ngs
\ Z5616, - Z+0, ~8, 'Wps, Z68,65

fzaéz + 6, "Vps, — 4 IVPBu + Zoly + Zs (92 + 93) 8
= Z18,+ 6, Wps, — ngs + Zg (92 + 93) by
Zs6,62 — Z61 — 61 Vs, — Zeb16s

\Equating eqns. (3.74) and (3.76) arid arranging terms one obtains:
—Z46: = 2285 = C
Zaby + 2,83 = Cq
where C; and C; are defined as follows:
C, =
C, =
Let | \
A=7,25— 2,24

Hence

b = (CiZ,+ C1Z,) /A
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Z':éz - Zsés + Vpsz (92 - '93)“'3' Zg (92 + 93) 93 + Z, (97 + és) 93 (3.80)

0 [ 2s
..é] X Zﬁ
6y + 6, 0
Zs
ZG -
0
2

~Zy (82 +. 93) 93
- | —Zu (91 + é:s) 0
0

(3.76)

(3.77)

(3.78)

—Zséz 4 Zséa + IVPSy (97 - 92) + Zs (92 -+ 93) 93 + 7, (97 + 93) éa (3.79)

(3.81)

(3.82)



by =

(3.83)

The next task to be undertaken is that of expressing the angular velocity of each link in

its frame in two forms, one involving the generalized speeds 8,,...,06 implicitly, the other

explicitly. Hence |

[4] 3 0

Yoy 8, 'Roho=|0 0 1

0
l‘-’-’l = él
0
e 83 0
oy = zﬁx(lwl'i'éz]kx): -s3 ¢ 0
0 01
8291 25')2:
wy = ef | = 2}"’21;
ég -9'2
3 sz 0
Yy = Rfutbhla)=| 0 0 -1
—383 C3 0 V
3w3: 32391
gy = :’QJay = Zisby—Zubs | =
3:.:.:3: Czqél
Cy Sy 01
"u.‘.; = ‘lR3(BW3‘*I‘9..|3k3): 0 0 1
) S4 | —Cy 0

3 —C 0

36 .

0 0

6, |+ 0

0 6,
2&.’23_- 0

QLUQy' _;‘_.- 0

¢3 2way + 83 éw'.Zy \
—(82 + 65)

2 2
—83 “wyr + €3 “way

. 3&)3_, ‘ 0 \
awgy + 0
Swaz é-i )

(3.84)

(3.85).

(3.86).



g

Wg

Ywe - Z1561 + Zgba + 21767 )

cq w84 Swsy _
= 'iw_ly = ngél + 94 = . ‘30.4"3: + 8'4 ‘ (387)
. 4[.:.)4. Zlgél + Zlgég + Zgoéq- } 84 3w3, - C, 3(.\'”. \
. cs 85 0 ( Yoag 0
= SRy(wi+8'k)=]0 0 1|¢| wy [+].0 (3.89)
85 —Cs 0 4W.|= | 95 '
Swss Znbi + Zzzéz + 35,4 + Z907 es fwaz + 35 twyy
= Swsy | = Zyeb: + Zwéé + 85 + Z_zoér = Ywie + b
Swss 2240y + Zashy — css + Zaaby 85 YWz — s Tway
. cc 3¢ 0 Swsr 0. ‘
= ORe(®ws+85°ks)=| ~s5 c; O fw, |+ 0 (3.89)
0 0 1 Swse b5
Swes Z2761 + Zagbs + Zagb + 3685 + Zaobr cs Swss + 36 wsy
bwey | = 33191 + Zgby + Zasé-a + Csés + Zsibr 1 =] —% Swre + cg fwsy
Swis ‘ ZQ-lgl + Zzséz - ng-l + éc +'Zzeé-r Swe: + 9(;
(84 87 0 0 0
TRI(IW1+é7lk1)= —37 ‘C7 0 9.1 + O
0 01 0 07
7W7x 37é1
TLU',ry-' C';él (3‘90)
97 97
Cg 3g 0 Tz 0
BR‘F(T‘-‘-’T + 98 Tk—;) = —s5 cg O 'ru“i u. +1-0
0 01 g A
37




] 7, 7
Swag 37861 Cs ‘Wiz + 88 Wiy
8 _ — 3 Dy, T, 7 ‘
wy = Bugy | = - craby = | —88 Wiy g wry o (3.91)
Bwg: |\ Db+ 2Zasbr | .\ B + 0

As has been noted the angular velocity of cach link is expresséd in the frame attached to
it. This leads automatically to the expressions of partial angular velocities in their frames,
‘and facilitates later work,: where it shall be assumed that the central princi%al axes of

inertin of each link are parallel to the frame vectors attached to it.

When it comes to dealing with linear velocities of the center of mass of each link, which
will be done next, it is not nccessarily advantageous to express thesé velocities in their
proper frame. Instead, it is best to use whatever vector basis permits one to write the’
- simplest ‘expression.  However, it is necessary once again to construct for each velocity
only an explicit cxprcISsion as regards 91,92, 6-?4, 95, 9g-and 97, which is not the case 1n the
classical Kane's equation. The velocity of the mass center of link ¢ is defined as V] and

the velocity of the point of intersection of link 7 and link ¢ + 1 is defined as V44, hence

the velocities of mass conters are:

- 0 T S
Vi = |0 - c . (892).
X .
. 526, T2 0
Wi o= tpxmta=1 o | x| 0 [ =] b (3.93)
‘ éz J 0/ Zagh
526, Iy 0
Wy, = exbiy=| of x| 0 =] &b (3.94)
8, 0 ‘?3791
Wi = PR Va4 dwy x 1k |
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(Z3s + r3Zu4)f2 — 7'3_21197 Zqoéz + 2167
3V5 = 7 —(ZST + T:j.Sga)él ._.__., = Z'IQ(I;I : . (395)
Zub A zebs

in expressing V7 it is casier to express in frame 3, thercfore it is just YV} where ry is

replaced by ry

¢ | Zugbs + Zaabs _
Vi o= Zasby ~ (3.90)
Za962

The same for the point of intersect of link 4 and 5,

Z.sba + Zzb-
SV“'(, = qué1 (397)
Zaggz . | '
SV; = SR_l 4R3 3V"-5 + 5w5 X 15 5k5 ; .
CsCy C5dg Sg
SV;: = 84 —Cy "0 3V,|‘5 + 5(4)5 X 15 51(5
L 35C4‘ 8584 —Cs | )
- L] .
Z‘:g VARIRE :
Wi o= sy —cg 0O Was+ Sws X 15 ks

LZm Zsy —Cs

(Z50Z4s + 75213)91 + (ZIDZIG + 85430 + T’aZw)Bz + T"Qr (ZagZa7 - F‘rzzu)g'r
%V; = (—ciZus — rsZu )01 + (81216 — 7'5222)92 — 357504 + (ﬁr:zrr — 1524367
5224881 + (251246 — Cs 239)31 + Z.,lzwé'r

(Zss -+ 7‘5213)91 + (Zsq + 7‘5219)92 + 585 + (Zss 3 75220)97

SV; = (Zsﬁ - 7‘5221)31 + (Zs7 — Tszzz)92 - Sff‘sga + (Zsg — VAT . (3.08)
25991 + Zsuaz + Z167 )

397



. ' 20291 + Zméz + Tsés +'Zs-i97 , i _
Vi = | Zgsby + Zosha + Zarby + angv, . - (8.99)

: ' Zsoby + Zgby + Zaiby . | . '
o Expressing V§ in frame 5, this can be accor;xplishcd by replacing rs with ¢ in eqn. (3.98)

) Zsoby + Zroz + 665 + 37197: :

Vi o= Z7201 + Z136a + Zr4bs + Zrsby (3",100)
Z5ob1 + Zoob + Zerbr

/

o 0 ' ol
Vi = Twrxriir= | by ‘ (3.101) -
' Zs6y |
0 ‘ {
Vi = Twrx iz =| L4 o (3.102)
) \ Z7760 o
BVs = SRy Vit Swg X gl
. o . Zogr ‘
Vi = | Zuoba+ Zuobr ‘ o (3.103)

Zg16,
In addition to. partial angular velocities and partial linear velocities, we shall need the an-

gulir and linear aceelerations of each link. To obtain the necessary expressions, (Appendix

D.1), oue can differentiate the available angular and lincar velocities witl respect to time,

referring to eqns. (3.84)-(3.91);

' 0

o= 4 _ " (3.104)
0

andd for 2 :'1, ...,Gand 8

Wl = PR (e By ke Cwp x i k) (3.105)

' s
40 =



and ' | o

_ | TGr = TRy ("o + b7 ky +' w x b7 Ykyq) | . (3.106)
and for the lincar acdelerations, (Appex;dix D.2), we diffcrehtiutc cqns. (3..92)-(3.103): |
e = | o | | - (3107)
N ;
Za; = . %y x rgfg + 2wy x (Pwe x 72 i) (3.108)
Yy = Koy x b s+ Fwr x (Twr x %) (3.109) .
daps = °Rp’ags S @)
Sa; = Cagg+ ws x 73 ks + Ywa x (Pwa x 13 °ks) (3.111)
ay = Jagg -+ Yws X ;‘4 ks + Jws x (Pws x 74 °ks) (3.112)
Sais = ags+ w3 % di ks + Swa X (Pwy x dy ky) (3.113)
Sas = °Ry'Rylay, _ ' - (3.114)
5ag = Sags +. s % 15 "ks + Sws % (Pws X 15 "kc,)' | (3.115)
Sag = Says+ ws X 7g ks + Sy x (Pws X g 5‘Ic,r,) ‘ (3.116) |
‘a3 = /TL;J-; X 1= Tir + Twy X (Twy X 7y fiT) | (3.117) .
Tazg = wr Xl + Twr X ( Twe x 17 ig) (3.i18)
Sans = °ftsTarg | (3.119)
fa; = Pars+ 8y X 1:g Ol + Bwy X (s x 14 %iy) (3.120)

The kincmatiéa.l analysis performed so far provides the ingrcdicnts needed for the con-
struction of expressions for the generalized inertia forces, which are:
o, . (1))
% = (g—‘;‘:) T+ my (%‘—;’j-) .aj N (3.121)
fori=1,...,8and j =1,2,4,5,6 and 7
where .

T: = ‘“Ot".],‘ — Wy X J;. Wy (3122)

4]



and - | ' ' -
Jiz ‘ ‘ .
), = Tiy (3.123)
Ji: ‘
is the ;non‘xcut‘of inertia along the principle axis that are parallel to\thc directions of frame

, (Appendix E). Eqn. (3.121) represents the contribution of link 7 to the generalized

inertia 2K (Appendix F.1). Thercfore

ad, !
oK B oK; _ & (aw‘) (av ) | N
—_— = - I+ .al 3.124
In addition to generalized inertia forces, we require the generahzed active forces, that is
. . V.
0K _ (Q-“-’-) T; + (_a__) R; (3:125)-
96, 08; 08; /]
andd tha generalized active forces of the whole system, (Appendix F.2), 1s ° '
IK &K & ( ) 8 (BV,-) |
adialal = T+ Y == R; 3.126
09- 09 ,Z: 09 ; 08, ( )

where T; and Ry are the sybtem of couple of torque and force equivalent to the set of
contact and/or body forces acting on the it link of the manipulator applied at the mass
center. In the case of the ASEA Robot arm there are two kind of forces that contribute to
the buxuahzcd active forces i, K3, K4, Ks, K¢ and K7, namely, contact forces applied in
order to drive the links, and the gravitational forces exerted on them by earth. Considering,
first the contact forces, we replace the set of such forces transmitted from link z — 1 to
link i with a couple of torque .Ti_l/ " together with a force R~/ applied at the mass
center of link i, Similarly, the set of contact forces transmitted from link 7 + 1 to link ¢ s
replaced with a couple of torque TH1/ together with a force R/ applied to 7 at a point
fixed on /und coineides with the mass center-of link 7 + 1. The law of reaction requires
from link i to apply a couple of torque TV/™! or '.—T"“/" together with the force R¥/*! or

~R'*Vi applied to link 7 + 1 at its mass center. As for gravitational forces exerted on link
- . p' |
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ifor i =1,...,8 by the earth, these are denoted G; and are expressed in the same frame

as the linear velocities V}", the rcason for that is it fncilitatc_:é the -calculation of the dot

muitiplication with the partial velocitics. Also g is the gravitational field. The starting

value is

where g is equal to 9.81m/s?, hence

. IG]
2G2

Referring to Fig. 7, one can cxpress 2K the contribution to the generalized active force 2K

Il

ml 18 — m}g(o, "‘1,0) .
m2.2R1 ‘lg = m2g(_3l2) —C2, 0)
m3 3Rg 2g = mag(—ﬂas, 0, —Cza)

my SRz 2g = m-lg(_3231 0, "623)‘

ms "Ry 'Ry Pg = msﬁ‘(‘;ZQI, —Z18,—Z24)

Mg SRA: 4R3 38 = mﬂg(_ZZh —Z18, —224)
msq 7R1 lg = m'rg(—sh "07,0)

mg 8 R; 'g = mag(—37s, —¢7s,0)

84, ?

(3.127)

'(3.125)

(3.129)

(3.130).
(3.131)
(3@32)
(3.133)
(3.134)

(3.135)

a0,

of all forces acting on particles of link i for ¢ = 1,...,8. One must noted that T%? = T** =

- T87 =0 and %—g—i =0 for j =1,2,4,5,6 and 7, also knowing the following quantities: )
AP 2 . ‘

W, —wz = __'éZkl

wy —wr = bk

Wy — W3 = ;éskz .

Wy — Wy = —-é4k3

Wy — Ws = —951(4
43
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(3.136)

(3.137)
(3.138)
(3.139)

(3.140)



ws — wg = —Beks C(3.141)

One can set up the generalized active forces, {Appendix E.3), The results are:
. s . .' . na

g—;f - 4T o | (3.142)
g%f = —nt 2 o (3w)

'\. g_;f = it 2 | (3.144)
g;C_S = —T5+2Zsgs . (3.145)
g_;i I | (3.146)
%;ET = et o | (3.147)

Then equating the generalized active forces to the generalized inertia forces, the sct of

torques can be casily found.

3.7 SIMASEA ‘Prdﬁram. Structure

The first problem in dcvclopitng a simulator is the t;:ajectory planning. For practical reasons
the user of the robot systcm-sh‘oulc'l not be concerned with solving complicated functions of
space and time to specify the task. Instead he should specify the desirea motion through
single commands, with the system determining the details ‘of the task. As a means of
conﬁnuuication with the system, the user, should specify the task by programming the

motion in a commercially available robot textual programming language.

Tnn the same way, the user specifies the task to the SIMASEA program usitlg a subset of the
well known robot programming language VAL II [91], as if he or she were programnﬁng
the task on a real robot. The main features of the VAL IT are explained below followed by

a brief description of the structure of the SIMASEA program. The chapter concludes with
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o
a discussion of the scheme used to interpolate between essential points of the trajectory.

|

3.7.1 VAL II Language and Features of SIMASEA

The commands from the VAL II language which are relévant to this simulation are sum-

marized bElow;

1. PAUSE

SPEED

b

3. MOVE

4. MOVES

. OPENI

(w1}

6. CLOSEI

-1

. START

8. STOP

The basic instructions are the mofion commands, .namely MOVE and MOVES commands.
They require the input of a deétination point and the orientation of the gripper at that
point. The former causes the robot to move by a joint-}ntcrpolutedtrnotidn whercas the
latter causes the end effector to move along a straight linc. Both commands have an
optional 'subc.ommand, namely VIA, which requests the specification of any VIA point
before endilng at the destination point. The speed setting can be changcdlany“.fherc within
the program by the SPEED command. The command applies to a'll subsequent motions
until the speed is again altered. This command also requires an argument (a real number

between 0.0 and 100.0) that represents a percentage of the maximum speed at which the
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‘ a,sk can be complctcd The default value of the specd is 100. 0. The PAUSE command'
causes the robot to stay mot:onless for a certa.;n amount of tune equal to the a.rgun;ent
‘ __'of the comman’d, The two commands OPENI and .CLOSEI are u_sed for gnppe} control.

‘ These commanﬂs cause the gripper to open or close immediately while the manil':)ulator'is '
motionless. These two commands are similar to the PAUSE commaﬁd except that each has
a time argument cqual to the time required to of)en or to close the gripper. rI“he_ START
command defines the point in space v;fhcrc,the grippér is initially located, and this must be
the first ezecutable statement, It can be issued only once during the editing. The STOP

command is used to terminate the program. ‘

At the beginning of cditing of the VAL II program, fl}e following commands can not be
sclected MOVE, MOVES and STOP commands. They can be uscd‘only after the START

commnand has been issued.

Once the VAL II program is entirely typed in, 'SIMASEA displays the entire VAL II
program, nnd)éthcn it computes the time history of position, velocity and acceleration,
‘of all members of the robot. It brmiches to the corresponding subprogram according to
whether the command is a time delaying E)r'a motion cbmr,nand. see Appendix A.2. In the
- motion commands, thé joints kinematic quantities are'provided. by the trajectory planning
subprogram for the MOV'E command; whereas some further computations are needed in
the case of MOVES command to evaluate the corresponding joints kinematic quantities.
The execution then is transferred to the dynamiés subprogram to compute the torques
required to achieve the necessary task. Finally the vibration analysis is performed.

A sample VAL II program is given in Appendix-A.1.
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3.7.2 Motion Trajectory

1t is desirable for the motion of the mﬁmipﬂlat'or to be sméoth, for that purpose continuity
" of position, velocitiy and ac-clelera.tion are required. An approach developed by Paul [30]
empleying a quartic poljnornial interpolation-of motion achieves this objective. This ap- ’
proach of Paul is adopted in the present study. For a transition between different path
‘segments a time of 2 #,.. is allowed to deccleratc‘gu.gd accelerate from maximum negative
velocity to maximum positive velocity. For continuity of motion a polynomial function
of the fifth degree ‘is réquired. There are six boundary conditions (position, velocity and
acceleration at both ends of the frzll.nsition)... Duc to symmetry a quartic polynomial is
requir‘ed_;l

g = agt* + a3t + axt® + a1t + ao (3.148)

where ¢ is the generalized joint position; linear, or aﬁgular. Deriving and applying the
boundary conditions, one is able to obtain the functions specifying position g, velocity ¢,

and acceleration § for the transition.
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Chapter 4

!

RESULTS AND DISCUSSION

4.1 Result Validation

This analysis has required a good deal of very complex mathematical equé,tions, that in the
other hand wéuld increase the probability of introducing faulty equations and some errors
to SIMASEA. For that matter, an approach to assure an error free computer program
would be very vital to this study. |
For that conscqucnce., three subprograms in the SIMASEA are mainly concerned, namely,
these are the forward, the inverse kinematies and the dynamics subroutines. A$ a reminder,
the dynamics study includes the forward velocity and acceleration kinematics, which gives
.an opportunity to cross cxaminc.thcsé quantities with those computed earlier in the kine-
matics part. For the position stu’dy,' the forward analysis has been conducted on a set of
results computed by the inverse analysis on a given set of input data, has came back to
that initial data sct, as expectéd. The kinematic quantities of the closed loop were verified
by considering point P8, Fig. 1, as a point on link 3, in one hand; and a point on link

8, in the other. The computation of dynamic quantities, present about one quarter of
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_the whole dynamic analysis, offer no method to validate the result cwccept probably some

- expenmental pmcedures or the use of an existing simulator pacl\age

For the vibration a.nalysxs the program ‘was 1mtm.11y verified against some results given by
the ADINA package and were m good agreement. Then the v1brnt10n analysis program

was added to the exxstmg rigid bod;,r analysis part of the SIMASEA w1thout any alteration.
{

4.2 Kinematic and 'Dynami'g;s Results

The sample VAL II program in Appendix A.1 was used as a model input to the SI'MASEA,"
program since it contains a wide variety of VAL II commands.:The relevant parameters to"/.
this study are listed in Appendix A.3. The results that are relevant to this section are t__hc
‘time history of the cight joint angles, the po-sition and the orientation of the end e ccft"dr,
‘as well as their derivatives, and the forques that must applied to the joints to pcf‘fo m the

desired trajectory.

-

The results were divided into two parts. The first part examines the study ‘f.forn the
beginning of the VAL II program until the OPENI statement, which runs foy/27 sceonds.
The second part runs from the OPENI statement until the end of the pg gr:blm, that is,

from time 27 seconds until time 51.5 seconds:

As can be noticed, that the first part is made up of MOVE command as the only rnoti%n '
command, 1.\}he;eas in the second bart, MOVES command is the sole motig’h command. It ?s
expected that the joint angles 8,, 8,,." ., 65 are interpolated using the algorithm developed
by Paul {30], then .‘tl}e joint angles 8; and 3 are computed as dependent of the first six
joint angles. Graph 1 represénts the time history for the first three angles for the global
task, graph 2 represents the position of the gripper for the whole task. Graphs 3 and &

are identical to graphs 1 and 2 respectively, except that the curves are plotted for just
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the first part. ‘G‘.ra'ph 4 is the plét of the second three joint angle.s for the first part. The
shape of the trajectory in graphs 3 aﬁd 4'; is as expected by the algoﬁthm used. The via
points are not on the trajectory, they are located a.t'; the intersection of the lines of constant
velocities of the previous and the preccdmg portxons to the point under con51derat10n The
pomhon and the orientation are plotted in graphs 5 and 6 respectwcly Graph 7 shows
the variations of 9;, 61 and 91 ‘which are in good agreement with the algonhhm for the
“trajectory plmnunb Graph 8 demonstrates the same principle of graph 7 for 8,. Graphs
g and 17 show the torque for both parts. It should be remarked that the torques at the -
PAUSE or the OPENI modes are the static forces to hold the members of the robot at
the 51)(‘(:15(,(1 positions. Graphs 10 and 11 represent the position and the orientation of the
grippe r Graphs 12 and 13 show the shape of the first and, the second three joint angles
respe ctively. Graph 14 and 15 dcmonstrate the second angle of the orientation and the
z-component of the position vector respectively escorted by their derivatives. Graph 16

shows the variation of 8, and its derivatives when the motion 1s cartesian type.

¢

4.3 Formulation of The Vibration Problem

The equation of equilibrium governing the linear dynamic responsc of a system of finite
clements is:

, MU+CU+KU=R (4.1)

where M, C, and K are the mass, damping, and stiffness matrices; R is t'he external
load vector; and U, U and 17 are the displacement, the velocity, and the acceleration
vectors of the finite element nodes. The coefﬁcmnt matrices M, K and C of eqn. (4.1)
e functions of the structure geometry and vary as the posﬂnons of the nodes are varied.
VT_his s consistent with the comngonly made assumption in numenca.l rnethods [30] that the
time dependent system parameters are held constant over each discretized time interval.

The load vector is —~MU, where U, is the vector containing the rigid body accelerations
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at the nodes. The time step for the vibration a.naiysis 1s very critica.l' nce this is directly
rela,ted to the samplmg time of the rigid body analyms and to the natyral frequencies of
the system. The robot considered has been discretized into beam elemerts, Fig. 8. Node

1is restricted to be motxonlcss All connections are assumed rigid at the instant of the

analy51s This assumption is not very realisti¢ since the threc joints t.hut are located at
the closed loop except joint 1 are not rigid. If this fact has to be taken intd account that

would increase the global matnccs and eventunlly would- extend the computation time.

4.4 Vibration Results | - \

In this simulation analysis, the vibration analiysis is optional to the user, because this part
of the :‘ana.lysis consumes lots of computation time even though that the number of steps
is 2 for the integration. The reason for this is that for each time step before the vibration
analysis, the accelerations of the nodal points have to be transformed to the inertial frame,
that are 83 accelerations to be transformed. There are 14 nodal points in thc system,
which is a bit too high for « faster computation. The major problcm is most probo.bly due
to the subroutine to solve the set of the equations, since this one 1s a very general that

- does not take advantage of the zero elements of the global matrices.

4.5 Recommendations

This study can accommodate the computation of the stresses and the strains and the nodes
easily, but again that would magnify the computation time. A future improvement would
consider a better matrix solution subprogram: to the FEM analysis that would examine a
specific manipulator system with a fixed and fewer number of elements. Probably some

experimental work would provide some information on the sensitivity of the result as some
AV,
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pargmeters are varied, such as the number of iterations in the vibration analysis, the way

the mgnipulator is distretized into a number of elementsg, reduction of some degrees of =

-

freedom for some nodes.

)
o
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Chapter 5 . I N
CONCLUSION

Manipulator djnamic simulation has long been one arda of act.ivc development, more i)l’,()-
nounced in the field of robotics. Considering the flexibility of the links is another complex
. and obscure problem that barely these two problems are cxmﬁinccl in the same study.
Morcover, much effort has been devoted to developing cffective procedure to compute the
inverse dy.nmniés in real time. . )

In order to model the required simulation, for a robot with a closed loop, a computer pro-
gram was developed to comply with the VAL II subset language and cal;ublc of compiling
any VAL II program. In this; study, almost all the areas in robgt mechanics ‘.s..'urclstudi(:d in
full depth, and were use;izl .6ne single computer I;rog-ram. The use of efficient algorithmns
in- the rigid body analysis makes it unique in its kind, with less thari.700 statements for

rigid body analysis and about 1100 statements for the whole analysis.
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Vibration analysis to predict the behavior of the links of the robot was conducted, but
criormous computation was involved that deterred the purpose of the dynamical deflection
analysis, but some improvernent can be brought to the analysis, as recommended in the

previous chapter. b : -
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APPENDIX A

A.1 VAL II Sample Program

1. SPEED 100

2. START Pl

3. MOVE P2 VIA P3 P4
4. MOVE PG

5. OPENI

6. MOVES P7

7. PAUSE 15

§. MOVES P8 VIA P9 PIO
9. STOP

The cssential points

Position Orientalion

PI |0.320 0150 0880 | 200 45.0 75.0
P2 | 0.270 0.280 0.820 | 37.0 150 23.0
P3| 0.120 0250 0.880 | 280 450 75.0
P4 |0.190 0.220 0040 | 68.0 180 420
P5 |0.170 0.180 0.840 | 140 560 75.0
P6 |0.260 0.180 0.740 | 350 70.0 43.0,
P7 | 0.310 0300 0.800 | 71.0 550 43.0
P |0.170 0.240 0880 | 140 560 75.0
P9 |0.210 0200 0710|330 850 610
P10 | 0.204 0.185 0720 | 23.0 190 33.0
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A2, 'TPfogram‘S tructure

Input Robot

‘ .Cllaracteristi_cs

Input VAL II

Program

‘Processing VAL II

© Time Commands

FAUSE

OPENI

Progam
Motion C@mnmnds ‘
MOVES MOVE \\ -
P
INVKIN| .| FORKIN
DYNAMICS -
\
VIBRATION
- STOP
/ o [ £ 66 -

CL_OSEI'_. -—ﬁ



A.3° Required

nput’ Data
Parameter Value %scription
tine’ 0.25 S_a.}\plli'ng time
tacs 1.50 ‘Time\ko accclerate 7
topen 5 1.00 | Time to n gripper
tietose 1.00 | Time to close é;rippcr .
Ty Ym s Zm 0.03 | Maximun linear - '
“1 . velocities of gripper
éﬁm ,ér:n ,?/;n; 50.0 | Maximum rate of
E‘uler’s angle

9,-,,1 50.0 { Maximum rate of joint

| anglefori=1,...,6
D, 0.55 Distance from .t‘he basc to joint 2
L, 0.60 | Distance fronﬁ joint 2 to joiﬁt 3
L, 0.24 | Distance from jdint 2 to joint §
Dy 0.54 | Distance ffo_m. joint 3 to joint 4
L (3;30 Distance from joint § to hand tip
L= 0.25 | Distance f{'om joint 2 to joint 7
Lg 0.60 | Distance from joint 7 to joint 8
E, 2.0 x 10" | Elastic modulus of element x
Az 9.0 x 10~ Cross sectional area®
Pz 7850.0 Density-of element x .‘%
‘{,]'- 9.81‘| Gi"avit;tioi‘lal field
s 0.3 | Poisson’s ratio




s

68 -

; Range of ch-'missible angles ]
Link | = 1] 2] 3] ¢4 5 6 a
fiin | 180 |90 {270 | 180 | 180 | 180
8100 | -180| 0| 0-180]-180 |-180
Distance from joint i to center of mass
Link| 1| 2{ 3| 4| S| 6 7| 8
. |0.400.30|0.20{0.30 | 0.10 | 0.20 | 0.12.| 0.30
Mass of links
Link 1 2 3 4 51 6 7 8
;| 0.40 | 0.90 | .20 | 0:30 | 0.10 | 0.20 | 0.40 | 0.80
Moment of inertia of links
pink| 1] 2| 3| 4| s 6| 7| 8
J. |0.10]0.10| 0221016012} 0.11}0.10 | 0.12 [
Ji, 10.10[0.24 | 0.25°| 0.14 | 0.10 | 0.09 | 0.18 0.20 |
177 [020 | 0.2s | 0.12 [ 005 | 0.04 | 0.03 | 0.1680 021
' Moment of inertia of elements
omet 11 21 3| 4] 5] 6| 7| s| o wlir] 12| 13
7. |o020]010l010]010{012] 0.1{0.12]0.12|012 012|014 |0.04}0.03
7, |0.04]007]0.07|0.08 0.08 | 0.08 | 0.08 | 0.07 | 0.07 | 0.07 | 0.05 | 0.03 | 0.04
“J. | 0.0370.06|0.06|0.09]0.09|0.09 | 0.09 | 0.08 0.08 | 0.08 | 0.05 | 0.02 | 0.05
Element connectivity . |
Element |1|2{3|4|5|6]|7]8]9]10}11{12|13 |14
Leftnode | 1|4 (3|4|2]6(5]8|8] 9[10}11 (1213
1Right node |4 [3|2|6|518|7|7]9|10}11]12]13 | U




APPENDIX B
B.1 Orientafi’on Matrix

E = °R,'R.‘Ry

= Rot(z, ¢)Rot(y,0)Rot(z, %)

co —su O | cg .0 sg Cy 8y

= s5 ¢p -0 0 1 0 Sy . Cy

L(} 0 1 —-s9 0 ¢ 0 0
CaCoCyy — S84 '—C,,J,Cg.‘:‘.,l. —.SaCy  Cadp
E = Sa06Cy + CaSy  —84CeSy +é¢c¢, 5450
‘L T S8pCy SgSe . Cy

' B.2 Rates of the Orientations

~ B.2.1 Angular velocity

- 0
“wy = 0|,
¢ .
69 ) L .
L] T W

0
0
1

———

LAY



- Cwp t Tweps

) “wb -+ aR_b f’wcﬁ,

“wy + I 8y, z
: e
0 cp —3y 0 0 0 —s48
0+ |ss cs 0|1 8=]0]+]| csb-
é o 0 1[0 é 0
—s0
c,f
P
“We “wuye
et "Ry R e
= “we+ Ry Rz
—-.s‘;.ﬁ"‘ -c,,a, —.9@ 0- - o 0 s
= 1 b [+]ss ¢ 0|l 0 10
b 0 0 1| =ss 0
Fs¢,9 Chp =8¢ .59-1,«’:)
= |, i |+]|ss cs O 0
“\" é (0 0 1] coth
’ 4—'.s¢.9\ c(;,.‘.srmj')
flog :;"“ ) cd,(;‘ + s,ﬁsaq’;
4 i —58 4 caspd)
;"-_— ‘ cfg,fj -4 ;9*:,39'r,!’:v "
: bt e

(B.2)

(B3



- B.2.2 Angﬁlaf Atceleration

. °
0
fwy- = |0
;
‘ a‘-bc = a‘-:)b"i" a(-:’c/b‘ L _ o . é;
-0 —sq;,é 1 0 -—s;f,(:)
= 0|+ e [0 x| b
¢ 0 4 0
—S,;sé - C¢,é¢-5 .
= Cqsé - S,ﬁgé . . : ‘ (B4)
\ooe |
The same result would have'been found if one derives “we In cqn. (B.?)
fwy = “w.+ awd/c + %we X a‘-‘-"d/c }’.
[ —Sd,é’ — C¢9.(,{5 0 -“.Sqt,é - C,ﬁ.‘.-lg'lj)
= ] ngé - Sééﬁz‘ + “Ry bRc 0 + Cd_,gl X 3¢,301/.)
o i) L col
—5¢,§ - c¢6}i;!'5 + ¢¢5912:' + c,ﬁcaélf! - Sd,SgQ;)’lj;‘
= sl —~ s¢éq-5 + s¢30‘1,5 + 85504 + cocodr E (B.5)
\ B + corb — sobip o - |
This also could have been found by deriving eqn. (B.3) with respect to time.
B.3 Inverse Kinematic Velocity
W, = R—P, . (B.6)



= diko + li; + diks

deriving these cq“ns.‘('B.G). and (B.7), one obtains:

Wl = 1;{.*" wg X OPG

= ‘f‘.ﬁg X Igig + wq X d.lka
i

Considering that; ="~

w, =

ci s; O 0 0

6 'Ro’ko=|0 0 1 0o | =16

sp ~=¢ O 6, 0
e =32 0 0
Rwi+ k)= s e 0[3] 6
o o 1] |{o0
2@‘2: | S'J.él \
Fugy | = cafy
4, 6,
. 526
(Pwy + A ’k,) = “coly
b+ 65

31.22 ?wa
Swaz cz s3. 0 wae
3w, 1= 0 0 -1 2w,

s, " —sa ;7 cg 0O g,

Twy x Iy *xp + 2wa % dy ®Rs°z3 7
3291 1 Szél 3
by [ x| 0 | + czél ‘X 83

6, 0 bo+6s ) |0
72

0

+ | 0

6,

0 —ss
0 €3
-1 0

" (B.7)

(B.8)
(B.9)

(B.10)

(B.13)

(B.14)

dy



éz + éa
0
8

8

==

-'d.1,63'(9-2 + BJ) s
1,82 — dass (92 + 93) .
lycyfy + dy (s2¢3 + s3¢2) by

21:".VI:
—lyea + dysy ..
Wi
""d.;C3
2I’V1y + d.;Sg (92 -+ é3)
12 )
"Wy - (2) Wi.
Iy
'2‘/:"'1 :
. xr _ 9 {
—‘d.1C3 :

The angular veloc'ity of the hand 15 wg/3, therefore:

In the other hand the augula

73

we/d = We—Wsa
4 4 T -
Wgfa = Wwe— W3 _
4. _ 4ap. 3 2p 1. 0 2
Wepz = Ra Rz( Ry "Ry we — wa) .
Ca 82 0 C1 3 0
g, . -1R 3R ’ .
wejz = 3 Al —89 € 0 0o o0 1-
1Y
0 1 sy —¢ O
cqy 84 " C3 33% cyCy
1
Wef3 = 0 0 1 0 )0 -1 —385Cy
| S —cq 0 —33 C3 0 .83
€4C3 €483 S84 G201 c281 82,
Ca
. Wgpz = —83 C3 0 —89C1 —8281 C2
843 38483 —C4 81 - -0
L .

0

Wz

0
Wey

OLUG.

281

—3838]

b}

€2

‘ k 2w3:

r velocity of the hand is expressed as a function of the

2
Way

2
wgu

2‘-‘)13:

4]
Weay

\ Cwe: )
‘ 2‘-.0'3::‘ \

2 .
Way

P ( Ow(s;_- \

(B.15)

(B.16)

(B.17)

(B.13)

(3.19)

(B.20)
9B.21)



hand joint variables;

woa = G423 + 6524 + Q025

| 1“”6/3 = 6,'Ryzy + 85 ‘2, + 8 ' Rts °25

-c., si. 0 0 - 0 ) | e 0 s5 0
wos = |0 0 1|] o f+] 0 [+]s 0 = || 0
| 50 e 0|\ s 6] |o0o-1 0 s
s
fwep = "94—0596
05

Therefore equating these equations, one gets:

85 .= “Weoyas
6, — Moja

91 = ‘1.?";(‘,/3!, + Cﬁéﬁ

L §

B.4 Inverse Kinematic Accelerations’

~7 ' | v

Fin_d.i.'hc wrist lincar ac.cclemtion by deriving eqn. 8
Wl.:.R.r"_LDG x Pg —wg % (ws X Pg)
Diflerentinte cqn. 9 |
W, = x Wa 4 g x Wi = difiy o — dafla s x o
Noting that ‘W, = W, then we ljmve
_ W, = Yy x PWo + fwy x W, - d..,('% %, — dyf3 2wy x g

T4

(B.23)

(B.24)

(B.26)

(B.27).

(B.28)

(B.30)

(B.31)



wa

wy

wy

wy

Starting by evaluating the angular acceleration:

o | o | (B.32)

b, - | (B.33)

0 0 0 0
g, |+ o | +] & [x]| o
o0 i, 0 6,
Gy ) [ e )
i =1 4 | (B.34)
& ) T\ b %
¢ Sy Ol-l | 1,
Rt = | —so. e O | 6
0 0 ‘11*,1 6,
Cp Sz + 520,
N o, 1 + oy (B.35)

b .

205 + 85 2ky + *wy x 83 2k2

=1
(a1}



1 2. ' o
{ War O Whar
2. . ' .
wy = | oy, | F| 0 || Fwgy
\ 62 93» 92
2 442 2.
wez + O3 “way Waz
2, — . A — .2 .
Wy = gwgy —B03%w,, | = wWay
6 + 65 2dys
Cy 33 0
3 33 2- '
wy = "I wy= 0 0 -1
—83 C3 - 0
1 2
C3 “Wyz + 3 “Way
3 ‘ .
Wy = — 20.)3_-: =
T .
' : —sg g + 3 2y
Also we know that; .
W
1‘V'V'Z.z:
1 _ -
WQ - Im/zy
0
Then one can evaluate the following;:
-8, 1”/'2&,
l(.:?g X IVVQ = 7| - 92 11’1’—'_);-
’61{92 II’V-_gy - 91 1“”2,:
[ 8o 0
T QW _ 2 1 lvv — 1.
why X 2 = “Rj{ wpx 2) = |"—83 ¢; O
0 0 1

lég (-—Cg l["ngv—i- &9 IPVQI)
9.-2 (.‘32_ II’ng + Ca II’VQJ;)
8'19.2‘ 1 I’ng - 9.1 1 "ng

76

0
x| 0
6
(B.36)
2‘-':*’3.1:
2"':"331
25)3:
(""'"3:1
2 (B371)
) tr-‘}3:
(B.38)
(B.39)

—6: MV,
by "Wy |

0,6, ' W, — 6, W,

(B.40)



This expression can be reduced further, noting:

™

ey Wiy + 500 Way = —dicy o (B.41)
5‘2 l_‘[’V'_)y + €2 1"’VQI = Ig - d.gSa . . (B.‘L?‘) ,
Therefore, _
) '—égd.qc::; 3 -
2oy x TWy = by (b — dysa) . "(B.43)

élég II"V"gy -—_ gl lT’Vgx

The last term is:

3&)33; 1

3 3. ‘
g X Tl = 3w3y X 0
3(4)3: 0

or

: 2(.03 >‘<‘ 2X3 = 2R3 (3(-'-)3 X 333) = 8
' 0
= 51.3 Sway
= —C3 3w3y
- Sy,
. b
The term
Ca
d,lég 2X3 £ d.;é;;\'zR;; :jx;; = 53
0
Cy /
= d“ég 87

0
= 3(.&'3: _ , (B‘l‘i)
- Jw3.’1
0 ".'S;j 0
0 c3 JUJJ:
-1 (/\ - Way
J) o (B.45)
IF
j o
(,,
I . -
0 —s3 1 ST



.Thcﬁ eqn. (B.31) would be as follows:

—ézd.lc;g . . . | _ d_.;C:;és . 83 3w3y- .
. QWI = | ég ([2 = d.ls;;) ’ + .2‘-‘)2 bt 2Wl - d.|$3§3 - daléﬂ —C3 3&)3!‘,
éléz II’VQU - él II’I"Z;E ) -0 . - 3&)3;

Arranging terins,

. —d ey (92 -+ GJ) ) d‘n:saés g,
ég?fg — dysz) — cl.153§3 = 2W1_ — 2w x ?'Wl + '--d-lcsés Sy
-—él YV ' ] —'9192 1“”2;; - d.téa Ywiz /-

-

Defining the right side as *U,, therefore we have:

—dycs (92 + 93) ‘ 2 _
Baly — dyss (82 + 9.3) = | 20,, . . (BA4T)
{/*. _51 II'V'.’..L' B 2U;; - o
Now the joint accelerations can be found: ‘ al
- Qe
- : Ud: . )
6, = “_II’I;'Z;; oy (.B.4S)
1 . i \
: (Hg '+' 83) = - \\
(1‘.4C3 "
9} = (2 iy T :g' 2 dr ] T ~ -~
3 Ui_,l ¢s Ul ) 12 (B '19)
by = -, ‘ (B.50)
» dics 0 _

The hand angular acceleration relative to the forearm is foud by differenciating eqn.
L] .. .

(B.20) with respect to thme, then one obtains:

"L:Jﬁla = 4R3 3R2 (2R1 IR{) 0,(.;.’5 — 2(;‘3 2 wa X 2(.:-’5/3)_ (B51)

The last three joint accelerations in terms of the last three angular acceleration, by

deriving cqn. (B.24)
f-""G/IS - é-lzlj + 9-52,1 + éﬁzs + é-[zzj x 9.5Z.| + (é.|23 + 9‘52;) X 9525 .(B52)
78

a3



=

i
. e
«

or
40‘-’5/3 =" 9; 4Ra 323"1" és 424 + éﬁ 'iRs 5254— '
é-x 1Ry %2y x és 'l_z-:‘+
(é.l"iRg 323 +95 "Z.i) X éﬁ l.Rf, 525 ’
Hence

359 0405 csfs8s ¢

.l“'-’G/S =| 6, — c5é(-] +. 0 +1 358585
(‘}5 ' -0 “SSé.;éﬁ

The joint acceleration can be found:

o = o ("Wopps — Bibs g eiil)
b = .“;I'y(i/(]: + 556465 -
¢

l&j-t = 1 T’i’},/;;y -+ Csé(s.— 55959‘;

L2



APPENDIX C
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lgcrs

1557;

lrer + Zy

-7 4 Z4

—lya

Iycan

loey — Zs

lysy — Z¢

AV YA
(2128 — 2227)[ 2o
(2423 — Z1Z4)] 2y
(2528 — Z627)] 2y
(Z6Zs — Z425)/ 2
-1-2w

é4s2”

CRVAY
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—r3Zy
“‘Z_:)? — Tasag
Zag+ 14214

"'"T'.;Z“

Y

| —Zar — Ta83

Zag + di 2y,

Zs0Zas
ZaaZys + 85230
VATYAT
—Ca4Zys
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—S,lz‘ﬁ'

252248

Zs1Zag — €52y
Zs1Zq

Zss + 15218
Zsa + ;'SZIQ

Zss + 15290
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ZGS

Zgo

ZHI!
Zﬂvl
ZHG

ZBH

ZHT

Zss — 1520

Zyy —1rsZy - . .

7535
Zyy — Tyl .

Zra + 16218

Zsy + 7’(sZ|9

Zas + 1620

Zgs —1¢Ln
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.

sgls

YA
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 ZonZos
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23839

ZGU Z?.'l

—glmarses + my(923 a0 + Zsa) + (52243 + Zaa) +
~ . ‘

”’S(Zﬁ::ézl + ZesZrs + Zss) + mo( Zr0Za + ZrsZis + Zas) + mgcss Zro)

—gZ(msZir + mesy)
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APPENDIX D

D.1 Angular Accelerations:




o

Wy

ws

wy

i

0

. t
. ) .
Co 82 0 '\‘wg,
273 1- ,
Ri‘wy=| -3, ¢ 0 \91
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P.2 Einear Acceleration:s:
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APPENDIX E

E.1 Inertia Torques
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E.2 _Generalizred Inertia Forces
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Ty, + (.323T4'y + Z1g Ty, + maZas ayy +
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ZnTg + Zon Ty, + Z24Tg, + me(Zee *age + Zra Pagy + Zsg *ag:) +
5715, + T3, + maZag " ar. + sesTy, + crsTy, + msZs; Bag: (E.58)
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23Ty, + mgZyg Ba,;y F (E.59) "

- N - - 5
Ti, + $sTg, — esTy, + msZgr “asy +

ZQQT(-:',__ + ngTgy - CsT(;: -+ TTLGZ-;,; sﬂgy . (EﬁO)
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Tg.

—Z1T5, + maZi Paze + Z17T;, + 2907y, + M2y Yagr +
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Tr, + myrs Tag, + ZasTy, + mg(Zas Page + Zgo Pagy) (E.62)
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" The generalized active forces of the entire system is:
. i . 8 . I 8 ll, . . 8 Vl’
08, (= 06; im\og; =1 \ 99;

Then summing up the contribution of all the links, gives:

%% = (%;f) : ('I‘D/l.-i- T”‘ +Top) + (%) (RO . Gi) +
(5) 7m0 (5) (s () s
| (%‘;ij) : (TQ/'“; + T 4 Tyys) + (%z—:) (R¥ 4 38)3 + Ga)-.-l—
(%) RS 4
(5) w0+ (5) v (3 e
(gi;]i) (Ti/a +Tb/ﬁ) + (8_’;%) _ (R'/f' +G ) + ( 9;’) RO/® 4
(a57) 7+ (55)- e+ )+ |
(%;J—) (T + 797 + (%‘;j) (RY" 4+ G7) + (aa\é“) R 4
(%‘9"—}") (1778 +T%%) + (%:;:8) (R + Gs) + (%‘;) R/
g% , (g%) o 4 (g: - g‘;) o (-gig_ _ g%) PN
(a—z’ - %) T 4 (%‘é—‘f - %“;—:) T84 4 (Z—Zﬁ - Z—L;j) TO/5 4
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Thergfore the link contribution is: | o ‘ ’
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APPENDIX F ¢ = - -

-’/’//

F.1 The Mass Element Matrix
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F.3 The Damping Element Matrix
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Figure 2: The corresponding robot without the loop
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Figure 5: The spherical coordinate representation
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Figure §: The finite element Mesh
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KINEMATICS OF THE PITCH
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KINEMATICS OF JOINT 1

GRAPH 16
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