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ABSTRACT

The QR decomﬁposition realizable in sy.stolic array form is studied and
comparedlo the LMS algorithm. The systolic array that performs the QR
decomposition is based on the Givens rotations and the operation of this

| array has been linked to the conventional RLS algorithm. The differences
that have been discovered between the algorithms are explained in
detail. '

‘Several hardware structures for the systolic array are presgntad. With
some 50d'rfiéatiohs introduced to the array, the Sequential Décorrelation
aigorithr (SD) was shown to be equal at convergence to that of the QR
dectmiposition. Finite precision simulations for the SD and the LMS were
pcrfc;rmed |

In conr‘lusxon a systolic architecture for the LMS algorithm was also

cdeveicped to make the comparison with the QR algerithm more complete.
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Chapter 1

A

Adaptive Noise Cancelling

1.1 General Introduction

The beginning of filtering lies in Wicner’s ploncering work that can be
found in his book 'Extrapolation, Interpolation and Smoothing of Station-
ary Time Series’ [Wiener 49]. This theory was developed for continuous
time scries. Shortly after Wiener’s work, Levinson considered the discrete
time version of Wiener's filtering problem which can be found in the same
book. However, Wicner’s and as well Levinson’s results depend upon knowl-
edge of the statistics for the time series. In the case of Levinsor’s algorithp
the covariance matrix and the cross correlation vector must be known a pii-
ori. In practice the siztistics of the time series may be unknown or even
nonstationary in this case the ensemble average is replaced with time aver-
aged sum involving the actual reccived data and the covariance matrix is

replaced by the sample data covariance matrix. This approach 1s referred

3



to as aﬂaptivc filtering and will be the main subject of this thesis.

In 1960 Widrow and Hoff [Widrow 60] introduced the Least Mean
Square LMS'algorithm which since then has been the most popular and
widely used in many signal prodessing applications. Modern communica-
tion and radar systems need to operate at high data rates in real time,
and as a result signal processors with high throuéhiaut ratc arc extremely
important. By throughput rate, we mean the rate at which a signal pro-
cessor can accept input data for processing. A high throughput rate signal
protessor can be realized by high speed hardware and by cfficient design
of the sigﬁa.l processing algorithm. One way to achieve high throughput
rate is by designing Tast-as well as time recursive algorithms. The frst such
algorithm was discovered by Morf, Kailath and Liung [Morf at al 76] and is
referred to as the fast Kalman algorithm. (The original Kalman algerithm
was discovered in [Nalman 1960]) The fast Kalman has the order of N
computations per time update where N is the flter length, however, some
researchers have reported that the fast Kalman can be numerically unsta-
ble [Haykin 86]. Another fast algorithm for adaptive filtering is the Least
Squares Lattice Algorithm. The LSLA has the same numerical complexity
as the fast Kalman, however, it has better numerical ;tabilit}‘. The inter-
esting feature of the LSLA is that it is both order and time recursive. The
LSLA gives the filtered output directly without computing the correspond-
ing weights, it preforms the filtering by calculating the partial coefficients
associated with the autocorrelation matrix of the input. Another method
for obtaining high throughput rate is by developing algorithms that can

take advantage of concurrent processing. This is the idea behind systolic

2



arrays as will be discussed in Chapter 2. Briefly however, the constraints of
local communication, simplicity of processing cells and simple data paths
allow systolic arrays to be realized in hardware with Very Large Scale In-
" tegration technology. Not only that the LSLA is a fast algorithm but due
to its modular structure it can be mapped into a systolic array. By tak-
ing advantage of parallel processing the LSLA can achieve a throughput
rate independent of its order. Another excellent candidate for fast flter-
ing using the concurrent processing is the QR dccomposition using Givens
plane rotations for solving the least squares problem [Gcnt\lllcma.n 81]. This
approach is particularly well designed for the systolic architecture and is
the main topic of this thesis. The QR decomposition using Givens plane
rotations differes from LSLA in the sense that it is not order recursive.
This thesis is concerned with the comparison of the LMS algorithm to
 the QR decomposition realized in systolic array form. Also the QR decom-
position is cvaluated in terms of hardware complexity, misadjustment and
specd‘of com’crgcnce: Finally a systolic structure is proposed for realization
of the LMS: In spite of the development of the new algorithms the LMS
still remains the most widely used due to simplicity of its implementation,
efficiency ‘and numerical stability. On the other hand tne QR decompo-
sition using s_v§t01ic arrays is a new method developed previously only.in
theory with essentially no actual results (simulations) and with no remarks

.-

on its efficiency. Thus the comparison is between a avell proven method

and a new candidate for adaptive filtering in terms of speed, quality (mis-:

adjustment) and complexity. The application used for the comparison is

Adaptive Noise Cancelling (A.N.C.) which is a branch of adaptive ﬁltcring.

vy
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Thc aim of this work, however, 1s to refer to the general case 6f;daptive
filtering thr-ough the use of noise cancelling. This assumption is legitimate
since the principles involved in noise cancelling are essentially the 'same as
in echo cancelling or channel equalization thus the conclusions drown from

the comparison arc valid for any other application of adaptive ﬁlte;'ing. The

— .

terms noisc cancelling and adaptive filtering are synonymous throughout

this thesis. In the remaining part of this chapter the principles of the LMS

“and the Least Squares method are developed and explained. It is particu-

larly important for the understanding of the systolic array (QR algorithm)
described later as we will make the connection between the systolic array
(QR algorithm) and the Recursive Least Squares (RLS) algorithm. The
open loop method is described as it is the basis for the systolic array oper-
ation contrary to the LMS which operates in a closed loop system. In the
second chapter the operation of the systolic array is examined in detail and

original simulations are presented. Also the need for rescaling the error is

shown along with a updated expression for the self noise (misadjustment).

in the systolic array. The third chapter deals with the practical realization
of the array giving a possible hardware implementation. Through mod-
ifications to the original array two other possible struciures (McWhirter

86] ,that require less hardware, are presented. One of these structures is

the Sequential Decorrelation algorithm (SD) [McWhirter 86], which W{

showt to beeqial in terms of self noise (misa.djustment) to the original QR

decomposition with systolic arrays. Simulations of the SD array and the

LMS in fixed point arithmetic are presented. Thefourth chapter deals with

possible implementation of the LMS algorithm itself in systolic structure

4
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based on distributed arithmetic convolution [Walicki §5]. In chapter five
the final conclusion on the comparison between the algorithms under their

systolie array realization is presented.

~

The oﬁéinal fcatures of the Thesis are;

o Application of the QR systolic array to noise cancelling and compar-
ison to the LMS algorithm in terms ofj
w
1. Self Noise (Misadjustment)

%]

. Speed

3. Finite Precision

e The need to rescale the a posteriori error in the QR decomposition

with systolic array for the case when A < 1

¢ Systolic update structure for the LMS algorithm

1.2 A.N.C. based on Wiener Theory

Before we start the discussion we must note that Wiener Theory provides
a unique solution to the filtering problem and not a method of arriving
to this solution. Or in other words the solution is unique regardless of
the method used. However, in this section for simplicity reasons we will
arrive at Wiener solution 5}' using a specific method, namely the closed
loop approach.

A closed loop adaptive ﬁlt'cring system is shown in Figure 1.1. It ton-

sists of a transversal filter with N variable tap weights, an adaptive al-

5
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gorithm which adjusts these weights in some consistent manner and two
inputs which must be correlated. The actual (desired) response d is one of
the inputs to the system and is comﬁosed of a signal s and an undesired
interference ng thus d = s + no. Tge second input consists of undc_:sired in-
terference n; which is correlated to the interference in the desired response
but is uncorrelated with the signa.l. When the undesired interference is
noise the system is a noise canceller. Although ng andfn, are correlated
they are not identical, since they are being sensed at two different locations.

For example consider a mobile telephone located in a vehicle where the
e‘ngine noise is causing the interference, the desired response (speech and
noise) comes from inside the vehicle but the reference signal in form of
engine noise must come from outside the vehicle since we do not waat-to
capture any speech in the reference input. Cic_e-arly the noise ng is somewhat
different from n; as it travelled through different I'nedia, still some correla-
tion must exist because of the common origin. So our objective is, femoving
the interference imposed on the signal by using the statistical information

located in the refereace input. (The following analysis is based on [Widrow

- 75))

The input vector of length IV to the tapped delay line is the delayed

version of the reference noise n; and can be defined at time m as:
XT(m_) = (ny(m),ni(m —1),...,n1(m — N)) v (1.1)
and the tap weight vector can be described by:

Wr(m) = (wi(m), w2(m), ..., wn(m)) ’ (1.2)
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The output of the filter is the inner product of these two vectors and is
referred to as the linear combiner, in general at any time;
fio=XTW =WTX . (1.3)
L -ad

where 7ip is the estimate of the noise ng in the actual {degired) input. Using

the definition d = s + ng the output of the system becomes:
,—H_./"‘\'\

c=s+ng\+@_ (1.4)

Squaring this term and taking the expected value witill the assumption that

s, ng, and Rg are zero mean leads us to the expressiqh: ) ’
| )".
E{e’} = E{s*} + E{(n0 — %0)’} (1.5)
N s

The signal power will be unaffected if we try to minimize the mean square
error signal, therefore the minimum mean square error signal occurs when
E{(ng — 70)*} is minimum,
minE{e*} = E{s*} + minE{(no — fi0)’} (1.6)
When the expression E{(ng — 7o)’} is zero, a case which in practice does
not occur exactly, the error signal e is at its minimum and is cquivalent to
the signal itself e = s. This is perfect noise cancellation.
Going back to (1.4) we can express the error ¢ in terms of the weight

vector;_

e=d-X™W (1.7)
squaring this expression and taking the- expected value we obtain;
E{e*} = E{d*} - 2E{dXT}W + vy\f E{XX"yw (1.8)

g



now we can define R as the .V x IV autocorrelation matrix of the tap input
vector X and P as the 1 x ¥V crosscorrelation vector between the tap input

vector and the desired response d, such that:

.R = E{XXT} (1.9)

P = E{dXT) (1.10)

\With' these new definitions we can rewrite (1.8) as:

E{c*} = E{d®*} - 2PTW + WTRW ©(111)

From this expression we can see that the mean square crror is a ‘quadratic
function of the weights with a bowl shaped surface. The filter is to adjust
its weights so that the bottom of the bowl is reached where the mean square
crror is at its minimum value. Noting that the gradient at the bottom is
z¢ro, we can derive an optimum solution for the weights dcnotcid by W,
first by finding the gradient of (1.11) and sccond by sctting this gradient
to zero.

IE{c*}

Fuws
65‘552 }

Suwn

7 = 0= -2P + 2RW,,, (1.13)
. W, =R"'P (1.14)

Expression 1.14 is the matrix form of the Wiener Hopf equation [Widrow
73] also referred to as the normal equation. The rcason for this name

(normal) lies in the principle of orthogonality, as the output error must be
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1
normal to the output of the filter (linear comnbiner) when W, is reached.
There are numerous other algorithms based on different methods that can
be used in adaptive filtering. For each case W, is the solution to which

all algorithms should converge. In the next section of this chapter we will
describe two families of these adaptive algorithms.

1.3 Steepest Descent Method and the LMS

One mrethod of finding the 6ptimum‘3veight vector W, is through the
method of steepest descent which is a well kno.wn optimization method
{Murray 72]. In this method we first assume an initial value fow'W,,, (zero
usually), second we compute the gradient vector of the mean square error
with respect to the old tap weight vector and third we compute the new
tap weight vector by making a change in the previous weight vector in a
direction opposite to the gradient. After that we go back to step two until
W, is reached. This procedure can be expressed by a simple recursive
N

relation;
1 .
W(n+1)=W(n)+ S#(=7) (1.13)

where p is the step size parameter or the gain that controls the size of
incremental correction applied to the tap weight vector. If the autocorrela-
tion R and the crosscorrelation P were known at each step then the exact
gradient could be obtained and the algorithm would converge to W, after
N iterations. Howevér, under real conditions, the exact gradient can not

be lound and it must be estimated directly from the data. We can rewrite

10



{1.12) for the gradient estimate as;

33
dun

T=| ! |=-2P, +2R., W (1.16)

.

Swy

where the instantancous estimates P.,; and R,,, replace the exact values

—

in (1.10) and (1.9} thus we can rewrite;
Re.. = X7(n)X(n) )
Pey = X(n)d(n) (L1

pl
now replacing the gradient in (1.13) by its estinjﬁbé will yvield a new expres-
sion known as the LMS algorithm;

W(n +1) = W(n) + pX(n)e(n)
e(n) = d(n) = WT(n)X(n) (1.19)

In order to measure and compare the quality of adaptive algorithms we must
define criteria of pcrforman-ce known as misadjustment. The misadjustment
M is defined as the dimensionless ra.icio of the average cxecss mean squared
crror (self noise of the filter) to minimum mecan sqtra:t.’a error (power of the
signal s). The misadjustment is a measure of the cost of adaptivity. For
example a2 misadjustment of 10 percent means that the adaptive algorithm )
proiiuces mean square error 10 percent greater then the o%timm mean’
square error.

The estimates for R and P are very noisy and it may scem as if the

algorithun will have poor pérforma.nce, however, the LMS is an iterative

"1l



(:lgorithm‘and it will tend to average those estimates during the adaptation
' » process. A typical learning curve for the LMS algorithm is shown in Figure
1.2 for 16 taps and the step size set to 0.005. The great advantage of
the LMS algorithm lays in its simple implementaﬁion as the entire filtering
' process can ge described by (1.19). The disadvantages of the LMS on the
other hand are: ’ g
» Dependance on the step size: large step size yvields fast convergence

- with large misadjustment as only 2 small amount of data was consid-

Vo

ered for the solution, while snll step size will give slow convergence
with small misadjustnfent since a large amount of data was consid-
ered. We can view the step size as the memory length of the LMS
algorithm: large step size corresponds to a short memory and small

step size results in 2 long memory.

e The eigenvalue spread of the correlation matrix R. When the cigen-
values are widely spread the LMS 'algorithm will require a large num-

-ber of iterations to converge [Haykin 86].
N

¢ The misadjustmcﬁt M and is given by: 7 /

M = uN(Signal Power) ' [ (1.20)
. [
which is seen proportional to the number of taps [‘_Nidf&w 85). How-

ever, since u is also dependent on N the misadjustment can be equiv-

alent for different order filters.

Other simulations of the closed\'loop filtering system with the LMS algo-
rithm will be shown in the following chapters.

12 e
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1.4 Least-Squares and the RLS

In scction 1.2 we considered the Wiener filter which was derived from en-
semble averages and resulted in one optimum solution. With the least-
squares method on the other hand we try to give a solution for every new
data input. The least squares method will try to minimize a detcrministic
error criterion with an exact solution at every point in time whereas the
- Wiener method has an statistical error criterion which is minimized only
at convergence. In the method of least squares we choose the tap weights
to minimize the error criterion that consists of the sum of error squares;

n

()} = Z;I e() |* (1.21)

= .

as opposed to the Wiener solution where the criterion was the mean square

T{W} = E{e(n)} (1.22)

The index of performance defined by (1.21) should include a weighting or

forgetting factor and the modified index of performance becomes:

E(n) = ij/\"-ﬂ e(3) |? (1.23)

) 0<Argl

-

Expression (1.23) defines the exponentially weighted least squares method.
The importance of A will become evident later. The optimum value of W
for which £(n) attains its minimum value is defined by the norrnal equa-
tion similar to (1.14) but with different definitions for the autocorrelation

matrix (R(n)) and the crosscorrelation vector (P(n)). Assuming that the

3

14
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prewindowing method is used where the data prior to i = 1 1s assumed to
be zero and no assumption is made about the data after i = n (n is variable

length of the obscrvable data). The data matrix X(n) takes the form of;

[ 2(1) z(2) -+ z(N) - L z(n) |
%(n) = :1:(.1) . :z(.'\".-— 1) - z(n — 1) (1.24)
. 0 o - z(1) -+ z(n-—-N) |

The columns of the data matrix are the sct of vectors X(n) and the desired

response vector d consists of set of observations d, now (1.14) becomes;
X(n)XT(n)W = X(n)d (1.25)

The autocorrclation can be written as;

R{n) = ;'{‘;,\“"i'xT(f)X(i) (1.26)
or in a recursive form, - _
R(n) = AR(n — 1) + X" (n)X(n) (1.27)
similarly,
 P(a)= SSAIKE)GE) (1.28)
gP'(J: AP(n —£=11) + X(n)d(n) (1.29)

Now the function of the exponential weighting factor becomes evident since
R(n) and P(n)} in 1.27 and 1.29 are numerically growing functions and for

large n the solution W will not be affected by changes in the environment

\ 15
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since the current input XT-(n)X(n) or X(n)d(n) will be very small com-
pared to the large accumulated values of R{n — 1} and P(n — 1). So the
function of the weighting factor is to -limit number growth and by that pre-
venting overfiow as well as giving the weight solution a dynamic response
to changes ‘in the environment. The weighting factor A can also be viewed
as a forgetting factor where the data in the distant past are forgoiten, the

length of the memory ML can be approximated by the expression;

1
ML= — .
L= 1= (1.30)

for the case when A = 1 the memory is infinite and we consider all data from
time 1 up to n. Thke curve L)f the forgetting factor is shown in Figure 1.3.
When the index n — -1 is zcro ‘it corresponds to the most recent observation

(n =1) which is scalcd by 1 and all other past observation from that point

will be scaled exponextially, thus the fiftieth data point from the current

data will be scaled by A*. Using the previous definition and the matrix
inversion lemma it is possible to derive the exponentially weighted recursive
least squares algorithm RLS which can be summarized as follows. (Based
on [Haykin 86])

The gain vector k(n) has the same function as the step size g in the
LMS algorithm and is expressed as;

k() = AR (n - 1)X(n)
(n) = 1+ A XT(n)R-1(n - 1)X(n)

(1.31)

or equivalently,

Kn) = R (m)X(a)" - (1.32)

16
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the inverse autocorrelation matrix is written as;
R7(n) = AR (n ~ 1) = A (m) XT(n)R"2(n ~ 1) (1.33)

° and the time update for the weight vector is given by,

\// W(n)=W(n-1)+ k(n)a(n). (1.34)

where
a(n) =d(n) - WT(n — 1)X(n) (1.35)

The variable a(n) represents the output of the filter at time n with tap
weights computed at (n — 1). We refer to a(n) as the ¢ priori estimation
error. This error is different from the general error considered in previous

sections where the tap weights were computed at time n, as shown below;
e(n) = d(n) - WT(n)X(n) _ (1,36)

We refer to the error in 1.36 as the a posterior: estimation error. It is
" reasonable to assume that after convergence botl errors will be equal since
W(n —1)~ W(n). Now the RLS algorithm has been fully described xsith
gain vector 1.31, filtering operation 1. 39, update of the tap v-e:ghts 1.34
and update of the inverse correla.t:on matrnx 1.33.
1t'is advantageous to examine the a priori error a{n) rather then the a
posteriori error ¢(n) since a(n) has a large value at n =1 and then decays
with time which makes the shape of the learning curve (mean square error)
stmilar to the LMS algorithm. Whereas the 2 posteriori error attains smal]

value at 7 = 1 and then increases with time. When A = 1 (infinite memory)

18



the convergence of the a priori error is given approximately by [Haykin 86];

E{a(n)}} = o* + \’T" (1.37)

where N is the number of taps and ¢? is the variance of the. minimum

mecan square error or the signal power of the desired signal. From this

© expression we can sec that the RLS algorithm converges approximately in

2.V iterations and when n is large the algorithm produces zero excess mean
squared error or in other words zero misadjustment. The RLS algorithm
is also insensitive to cigenvalue spread unlike the LMS. For the case when

A < 1 expression 1.37 is no longer true since the tap weights are not at

their optimum setting because of the limited memory. That causes noise to

appear in the solution which will result in misadjustment or excess mean
square error J.. given by 1.38 [Ling §4],

1= A o (1.38)

E{Jez(oc)} = T

expression 1.?8 is restricted for values of A very close to 1.
It is possible to relate the a priori error to the a posteriori error by

introducing another variable y(n) and referred to as the conversion factor,
1(n) =1 -k (n)X(n) | (1.39)

where k(n) is\%: gain vector defined by (1.31), ¥(n) can also be written

as;

1
1) = T X (R X () (1.40)
v(n) = A%ﬁ (1.41)
19
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The amazing feature of the conversion factor is shown below where the a

priori error multiplied by the conversion factor yields the current error.

e
v

e(n) =v(n)a(n) (142)

Thus through the use of the conversion factor we can obtain the current
estimate even before updating the tap weights. It should be noted that
the a posteriori error derived in this manner is the scaled version of the
a posteriori error defined in"(1.35) for the case when A < 1. This can
be verified by examining (1.41) for large n. In that case det[R(n — 1)] &
det[R(n)] and 7(n) = A, then the a posteriori error becomes scaled through
A,

e(n) = Ad(n) = \WT ()X (n) (1.43)

So to obtain the same value as in (1.35) we must rescale with A. Now that
the RLS and the LMS algorithms have been fully described we can turn to

a different structure of adaptive filter realization.

1.5 Open Loop Filtering

So far we have considered only the closed loop system (Figure 1.1) where
the error in both algorithms LMS and RLS updates the tap weights. For the.
LMS algorithm we mentioned that the loop performance and stability are
dependent upon the internal gain and the power level of the reference input
as well as on the eigenvalue spread of the autocorrelation matrix which gov-

crns the speed of convergence. Although the RLS algorithm is not affected
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by the same problems, the least squares problem can be solved in a dif-
ferent way using tl’;e direct solution approach with an open loop system as
shown in Figure 1.4. The direct approach, also known as the sample matrix
inversion, is based on the direct solution of the normal equation where the
autocorrelation matrix is inverted and multiplied by the crosscorrelation to
produce tap weight values. Sirce R and P are exact with 2li the data being
considered (accumulated samples and N new samples), thé tap weight val-
ucs are the exact solution to the normal équa.tion at cvery step and there
is no need to update them with an iterative system (closed loop). The
advantage of this method is that it requires small amount of data in order
to give a good description of the external environment and that the speed
of convergence is fast. - Also since the cost of computation is continually
decreasing relative to the cost of aperture in space or time, it is desirable
to avoid statistical iterations, and rather to provide at each time the best
least squares solution possible with the available data [Speiser 86]. The dis-
advantage of this method on the other hand lies in the fact that the matrix
inversio; procedure requires high precision arithmetic since the squaring
procedure in éstimating the autocorrelation matrix can cause the matrix
to be poor conditioned (unequal eigenvalues). If high precision arithmetic
1s not used, solving the poor conditioned equations can result in numerical
instability and poor system performance. As well, the open loop system
‘described in/Figure 1.4 requires complicated architecture, particularly the
matrix invervs\?cm block is hard to realize. One part of the system must form
and store the autocorrelation matrix, another must compute the weight

vector and yet another must apply the weight vector to the data. The high

' 22



)

requirement for storage during the computation of the weight.vector and
the need for large number of high speed data communication buses along
with a sophisticated control unit necessary for the delivery of the instruc-
tions to the various parts make this architecture very complicated, hard to

design and not suitable for large scale integration.

Conclusion of the Chapter

In this“chapter we have examined two approaches to adaptive filtering.
The first, the closed loop approach, was implcmcntcd with two methods
the gradient micthod (LMS algorithm) and the least squares method (RLS
algorithm). The sccond approach (open loop) was implemented with the
matrix inversion method (direct solution) whick was shown to be not very
cficient. However, the open loop approach itself is superior to the closed
loop approach in terms of speed and the dependance on signal character-
istics, thus it would be only natural to try to find an cfficient method of
implementing the open loop approach. This will be done in the next chap-
ter where the QR decomposition will be used for open loop filtering and

will be proven to be a better method then matrix inversion.



. Chapter 2

A.N.C. with Systolic Arrays

2.1 Systolic Arrays Overview

"The increasing demands of high speed real time Digital Signal Proccssingr
(DSP) coupled with low cost, high density VLSI based architectures are 2
viable approach to achieve a tremendous con:&puta.tion capability in a cost
effective way’ [H.T. Kung 84]. In order to achieve equivalent performance of
systolic arrays using conventional architectures and methodologies, compli-
cated systems (or programming) have to be designed with penalty in cost,
size and power consumption. Parallel processing and custom design are
major factors to building high performance signal processors with reason-
able hardware complexity. In designing special purpose processors we must
take into account the limitations and difficulties involved in VLSI archi-
tecture. For large scale computational system requiring high throughput,

locality of data flow and the controller becomes an important factor in VLSI



design. This locality property simplifies the hardware design of the chip.
Another important consideration is modularity of the processors. Modu-
larity will reduce the design difficulty and the architecture could be easily
expended to fit larger computational processing size if necessary. Finally
faster throughput rate can be achieved by pipclinability of the architecture.

H.T Kung and C.E Lcisérson [H.T Kung 78] introduced a new class of
array processors called systolic arrays that allow implementing algorithms
" previously thought to be inefficient and also a wa}“' to implement currently
used signal processing and matrix algorithms in a regular and modular
manner. Systolic arrays are a network of several interconnected (ideally)
id:mtical cells laid out to the guidelines of VLSI design; locality, modularity
and pipelinability. -In systolic arrays each cell performs some basic opera-
- tion (add, muliply) and transfers the intermediate results rhythmically to
the neighboring cell. Each cell communicates with only its nearest neigh-
bors, except for boundary cells which also communicate with the external
environment, thus local communication is required only. All the cells are
under the control of a master clock. The data and the intermediate results
flow through the array under the ’beat” of the master clock a..nd that is
the reason for the name systolic. The great advantage of this array is that
data can be pumped regulazlg-through the system, thus providing régular
synchronous fast throughput rate. Systolic arrays are being extensively
studied as high speed processors of signals and images. ,

The disadvantage of the systolic a.rfayé lies in the global ‘control of the
data movement in different cells. In order to allow proper timing and

synchronization in systolic arrays, extra delays are needed to assure that all
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the cells have the same processing time. This slows down the computation
and therefore decreases the throughput rate. Furthermore, for large number

of processing cells the synchronization can become difficult. This problem

of the dataf This idea was developed and applied to systolic arcays by
S.Y Kung [S.Y. Kung 82] and is referred to as a wavefront array. The
major difference between the two architectures is that the wavefront array
transfers the data to the next cell asyncb:onousl_\,.' depending only on the
availability of data, whereas the systolic arrays require global timing and

control of data flow. -

2.2, Least Squares Method with Systolic Ar-

least squares problem by using the matrix inversion metﬁod, 1n this section
an alternative way of solving essentially the same problem is shown. The
least squares problem can be solved at every clock period with a tn'a.ngtﬁar
systolic array which performs orthogonal triangularization using Givens ro-
tations. The array which has been proposed first by Kung and Gentleman
[Gentleman 81] is shown in figure 2.1. It uses the QR decomposition, which
first brings the data to an upper triangular matrix form and second solves

the normal equation (1.25) by back substitution. This method 1s superior

\
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to the matrix inversion method (describec’i in section 1.5) as the formation
of covariance matrix (autocorrelation) is not required. Any numerical algo-
rithm which avoids forming the covariance matrix explicitly and operates
directly on the data is likely to be much better conditioned’ [Christopher .
R. Ward et all 1986]. Also the rounding error caused by the finite word
length effect will not grow. Since we do not need to perform the squaring

operation in the left hand side of (2.1). The normal equation T given by:

using the decomposition: -
X =QR" (2.2)

where Q is a orthogonal matrix such that

Q'Q =1
Q7 = Q- (2.3)
and R is upper {riangular matrix, we can rewrite the normal equation as:
XTXW =R7TQTQRW = RTRW =R7Q"d (2.4)

or

RW =QTd (2.5)
Il conditioning occurs if the matrix R has a very small determinant in
whick case the solution deviation from the true solution (weight vector
W) can be quite large and still satisfy (2.1) accurately. The numerical

quality of system of linear equations is measured by the condition num-

” -~
ber Cn of the coefficient matrix (R in our case), which is defined as the

2
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Figure 2.1: Triangular systolic drray with back substitution
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ratio of the largest and the smallest eigenvalues of a matrix, Cn = §;/8,.
In the case of the direct solution the condit}on number is proportional
to Cn[XT(n)}_C?n)] = Cn*[X(n)] where in the case of QR dccomposition
the condition number becomes Cn[R(n)] = Cn(Q(n)X(n)] = Cn[X(n)].
Clearly the QR decomposition is better conditioned since its cond:tion
number corresponds to the condition number of the data matrix and not
as in the direct solution (section 1.5) where the condition number is much
greater then the corresponding Cn of the data matrix.

Due to the decomposition process as was done in 2.4 the upper trian-
gular matrix R and Q7d no longer represent the autocorrelation matrix R
and the crosscorrelation vector P. The solution W, however, is still the
same as in (2.1). The matrix R can be seen as the product of Cholesky
factorization process, or in other words as the Cholesky factor.

The QR decomposition or the triangularization process can be carried
out by several methods for example by the Gram Schmidt orthogonaliza-
tion or the Householder transformation [Strang 80]. The Givens rotation
method [Givens 58] is more practical since it can process the data X one
row at a time and can be used in a continuous manner as new data is gen-
crated and entered in the array, whereas with the other methods all the
ddta must be a.valtilable prior to the triangularization process.

The Givens transformations, used on two row vectors at a time, elimi-

nate the leading element of the lower vector, as shown in an example below;

v c S 8 Tigr -+ Tk T FH—I cen Th ’

- (2.6)

-5 ¢ Ty Tit1 ... Tk 0 Tigr ... Tk

For this operation to be true, the rotating clements ¢ and s, which can be

29
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ya
scen as cosine and sine, must satisfy,.
—sriter; =0 (2.7)
S+f=1 ' (2.8)
from 2.7 and 2.8 it follows that,
z; .
o s= _,,"'“'7 (2.9)
V&
T

- c=——== (2.10)
yai+ri :

The elements z; are the data as it enters-the systolic arréy (Figure 2.1)
and r; are the ¢lements of the up.pcr trangular matrix R. In cach row the
leading element of X is climinated and the remaining data vector is rotated
through s and ¢, and passed down to the next rov;' where the next leading
clement is eliminated. This is a iterative operation where the result of one
row rotation is passed down to be rotated again by the next leading element

of the input vector, as illustrated below:

Generate Ty T2 ... Zg
Givens 11 T2 --- Tik - _

. - - 11 T2 T1k

Rotations 0 Tk
. = 0 Fg'g P Fz'k (2'11)

for 0 72 T2,k

. 0 0 The i
each 0 0 Ty
| row 0 0 Tk k

The sequence of rotations required to eliminate NV data clements is given by

the matrix Q(n) and is the product of the individual rotations preformed

-
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on cach row: (Qy eliminates one element of the data vector X(n) and Q{n)

is the matrix that climinated the vector X(n))

Q) = Qs 01 (2.12)
where &* rotation is;
(10 0 0 0]
-~
' 0 - 0 0 0
R 0 0 1 ¢ 0 )
Qi = (2.13)
e 0 0 0 Cp -~ Sk .
kY
/
(0 0 0 —sk - |

If the ’accumulating’ matrix R is ‘hlitiah;zed to zcro, the process described
above can be used in a continuous mode to triangularize all the data as it
enters tlic array and at any time the matrix R represents the exact QR
decomposition of all the data passed up to that time.

The triangular array shown in Figure 2.1 is composed of two partsf
one which has two different PE structures and functions (Part 1) and 2
sccond that contains only one type (Part 2). All the cells communicate
via nearest neighbor connectioﬁé and the array meets the requirements
. for VLSI implementation, which are local communications and regularity.
The first part with reference signal input accumulates the élements of the
factored autocorrelation matrix R. The boundary cells (round) generate

the parameters s and ¢ and climinate the entering data. The rotating

clements s, and ¢, which were computed in the boundary cell on one clock
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cycle will propagate horizontally to the next cell on the next clock cycle
and so on, the propagation coptinues on successive clock cycles (without
changing s; and c). Becauserof the delay of one clock cycle per cell in
propagation of the rotating parameters, it is necessary to impose a time
ﬁ& on the input data to allow the data to be rotated by the corresponding
sx and cx. The data flow and the cell computations are controlled by a
globz}l clock. The internal cells (square) rotate the remaining elements
of{hc input vector X with the same parameters t@orccd the leading

elem&nt of the vector to zero. The rotated vector X which now has IV — 1
3

elemeilts is passed down to the next row where another clement of the

vector is eliminated and the remaining elements @re rotated throug‘h new s
and c. This procedure continues until all the vector X has been eliminated
and ’accumulated’ on the matrix R. This structure is 100% efficient since
for any rotated vector that moves down, a new data vector enters the
now empty PE and interact with the previously stored clements of R and
perform the same computation as described before. The second part of
the triangular array with the desired input consists only of internal cells
~which ’accumulate’ the 'crosscorrela.tion factor (Shown as vector U). As
the input d which has been delayed IV clock cvcles in order to allow the
nght timing, moves down, it is being rotated by the same parameters s
and ¢ that eliminated the corresponding vector X and tilc;se rotations are

accumulated on the vector U. The operatién of the boundary cells can be

described in three steps: ) C#‘ {/
S
N’ . \\_____-__‘

e

v



1. Compute ¢ :
ez =1 . (2.14)
YAir(n = 1) + 257
2. Compute s -
) s= = Tin (2.15)
VAT (= 1) + 202
- 3. Update r{n)
r(n) = Xr(n = 1)? +z:a? (2.16)

The operation of the internal r Part 1 and Part 2, thus r(n) replaces

u(n) for Part 2) can be summarized witRytwo steps:

1. Rotate the incoming data (z or d) by s and ¢

Tout = CTin — sAr(n — 1) (2.17)
2. Update r(n) or u{n) . .
- r{n) = chr(n — 1) + sz;n (2.18)

After 2N clock cycles the reference input vector X and the desired input
" d have been rotated th'faf{éh the same para.mcters-: and their accumulated
factors in form of R and U can be seen as the solution to normat equation.
(For example when N = 3)

-

™11 T12 T3 w 431
0 rop 723 wy | = | usg (2.19)
0 0. T33 W3 Uz

Since the matrix in (2.19) is in a upper triangular form it does not need to
be inverted 1n order to solve the normal equation as in section 1.4. Instead

*
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“the above system can be solved by performing back substitution with a

systolic array proposed by Kung {Gentleman §1] and illustrated in figure
2.1. The weight values then can be assigned to a filter which will preform

the actual filtering process.

2.3 Direct Filtering with the Systolic Array

In previous section we have seen that the triangular array in conjunction
with the bac.k substitute array and a ﬁlter can be used in adaptive noise
cancelhng In many applications, however, mcludmg AN.C. we are not
interested in the weight solution itself but in the error w }uch 1s the filtered
signal. McWhirter [McWhirter 83] proposed an array that produces the
error directly without the need for the baclk substitution array and the
filter, this development simplifies significantly the cxrcuztry needed for the
filtering process. The array proposed by McWhirter is similar to Kung and
Gentlemen’s array as can be seen in Figure 2.2 with the exception of the
bottom cell which is a simple multiplier and some delay elements denoted

by dots. Considering also the welghting factor A that now takes the form

" of the matrix A

[t g g o'
0 a2 0Ng :
A= (2.20)
0 0 . g
L 0 0 0 1]

it can be shown how the error is derived directly from the array [Based

on McWhirter 83]. This derivation is carried out in appen@l A. From the
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proof in appendix A it follows that the Jast element or the current error
e(n) on thc crror vector E(n) is given by;
(n) = &(n)i(n) (2.21)

s
~

7(n) is the product of the rotating cosine components, ¥(n) = crea...cn
and &(n) is the rotated desired input that emecrges at the bottom of the
array, or in other wdrds &(n) is the last clement on V(n) which is the com-
poneht that emerges from the right hand side of the array. As mentioned
in appendix A some of the parameters that led to this result dofnot exist
in the array, never the less, the final result 2.21 can be casily computed as
shown in Figure 2.2.
Using the expression 2.21 we were able to test the systolic array for
N.C.. The model used for the simulation is shown j in Figure 2.3. The
systolic array had 16 reference inputs thus a corresponding LMS filter with
16 taps was used for comparison. The desired Input was composed of sine
wave and white noise (Figures 2 -4, 2.5), and the reference input was white
noise (with variance=1). Whenever averaging was involved, it was dogne by
running the algorithm for 500 times. Each time with new random sequence
and different initial phase of the sine wave. The error squared defined
by 2.21 is shown in (Figure 2.6). It is interesting to see the shape of the
systolic array error compared to that of the LMS. It is low at r, — 1 and then
it increases with time. The reason for this lies in the initial conditions of
the array that are set to zero, as the de51red input reaches the bottom of the
array after 2V clock cycles, it i 15 multiplied through ¥(n) that also increases
with time as shown in Fi 1gure 2.7. Although the processed desired input
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&(n) may have a large value the product &(n)¥(n) will have the general
shape of 4. It is also interesting to see th:a curves of the error for different
values of A (Figure 2.10). From these plots it scems that the misadjustment
is very large for A < 1, however, as it will be shown in the next -section,
this misadjustment is not only due to noise in the weight solution but also
duc tp scaling that occurs in the array. The filtered output (sine wave) is

presented in Figures 2.8, 2.9.

2.4 Rescaled Filtering with Systolic Arrays

In Figuré 2.10 we saw the effect of A on the performance of the array. These
curves look quite awkward due to two reasons; {1}.The sclf noisc generated
by the array.‘appca.rs to be very large (much larger than for RLS or LMS)
for A < 1, {2}. The self noise seems to affect the signal power itself, thus
the signal power in the ﬁltqrcd output is smaller then the signal power in
the desired input. Or in other words we have some signal cancellation along
with noise cancellation. This result has to be explained and as we will see
at the end of this section it is due to scaling that occurs in the array. The
expression 2.21 was derived by 'close examination’ of the matrix Q(n) which
was partitioned to its building components. However, since e(n) is the last
element on the error vector E(n) it must correspond to the a posteriori
error as in (136). To prove this we must reexamine (A.18) which, after

carrying out the multiplication can be written as;

S
[SV]
[3%)
o

AG(n)R(n — 1) + g(n)XT(n) = R(n) (2.
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Figure 2.9: Segment of the Filtered Output for LMS and Systolic Array
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MI(R)R(n—1) +4XT(n) =0 - (2.23)

now combining with (A.21) gives;
&(n) = 4(n) [d(n) - XT(n)W(n - 1) (2.24)

Clearly from this expression we can make the connection to the theory de-
veloped in section 1.3 where th&ltcrrg in the squarc brackets in 2.24 was
defined as the a priori error. To obtain the a priori error from the trian-
| gular array we must divide thc out-put &(n) that emerges at the bottom of
the erray by 4(n) a(n) = %%)l As discussed before the a priori error has
the general shape of the LMS lcarning curve which can be seen at Figure
2.11. It also converges faster than the LMS algorithm with smaller raisad-
Justment but, as will be discussed in the next section the misadjustment

1snot consistent with the misadjustment equations developed for the RLS

F(n)?
imply that 7 *(n) is the comversion factor just as in (1.40) 7. One answer

algorithm. We have identified the 2 priori error in 2.21 as & does that

could be supplied just by examining the error in terms of 2 priori error that

can be expressed as:

() = 3(n) [d(n) = XT(m)W(n = 1) (2:25

>

n this expression we have related the a priori crror to the a posteriori
error through 4°(n) which impties that *(n) is cqual to 'y(n) defined by
(1.41). This answer can be proven to b&ncomplete by looking closely at
the building components of 4(n) which are the cosine clements of Q(n).

Each cosine element is generated in the boundary cell by computing the
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ratio between the stored ff(n. - 1) to the newly computed R(n).

-

c= ﬁ(f";l) - kz.zs)
. R(n) ‘

The stored components R in the boundary cells are also the cigenvalues of
‘the matrix R since the matrix is in upper triangular form. Denoting the

eigenvalues by 3 and using the fact that,
detimatriz] = 515 .. B, (2.27)

we can rewrite 4(n) as;

.= Abh(n=1)AB(n—1)... A8, (n=1)" (
B1(n)B2(n) ... Baln) ;

Hn)=cica...cn

or;
Sy = ANdet[R(n — 1)]
= k)]

Plots of averaged %(n) are shown in Figure 2.12 and it can be scen that

when the process converges (n) converges to AV (where N is the number
of boundary cells or the nux;ber' of taps in an equivalent transversa:I filter)
as expected. Since R(n) = RT(n)R(n) the eigenvalues squared of R(n)
must be equal to the eigenvalues of R(n).

o = 0

Plots of 4°(n) are shown in Figure 2.13. Except for the scaling factor A*V
#*(n) has the same structure as the conversion factor defined by (1.40),
thus we can draw the conclusion that the error defined bw 2.21 is the same

error as in (1.42). The need for rescaling was first mentioned in section 1.3
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where in order to achieve the correct output we had to rescale with A. In the
systolic array case the scaling is due t&® A*V as shown beforc in Figure 2.10.
Thus in order to achieve the right output we have to rescale by the same
amount. The rescaled a posteriori error is shown in Figure 2.14. The mecan
sqQuare Crror éonvcrgcs in this figure to a value greater then 0.5 for A < 1.
This is in full agreement with‘qtﬁ theory since the sine wave representing
the minimum mcz?nl square value has the encrgy of 0.5 and any value above
0.5 will represent the sclf noise {excess mean square crror) generated by the
filter with finite memory length. The misadjustment in these curves is only
due to noise and is not quite consistent with the theoretical values dictated
by expressians (1.37) and (1.38) developed for the RLS algorithm. It must
be notcci that the QR algorithm realized in systolic array form produces
the same parameters as the RLS algorithm (a posteriori error, a priori.error

and conversion factor). d

2.5 The Misadjustment in the Array

As pointed out in previous scction and shown by simulations, the misadjust-
ment in the systolic array is nc;t consistent with the theorctical \Elucs. The
misadjustment in the simulations is twice as large as the theoretical one.
The reason for that lies in the decomposition itsclf as the weighted normal -
equation for the RLS algorithm is AXT(n)X (n)W = AXd by using the QR
decomposition with the same weighting matrix in the form Q(n)AE(n) =
Q(n)Ad—Q(nr)AX (n)W(n) we can rewrite the normal cqua;ions in terms of
the dezomposed components as, A’RT(n)R(n)W = A*R(n)Q7(n)d. Kecp-
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ing in mind that except for the weighting matrix (assume for a moment that
A =1 then A becomes an identity matrix) both normal equationgarc equiv-
"aleg.t to each other and th;ls we can replace one expression with another,
the normal equation dcve@cd through the use of QR decomposition can
be written as A*XT(n)X(n)W = A2X(n)d. Fron'l here we can see that by
the use of the QR decomposition our weighting matrix became A%, That
implies larger misadjustment as we are using smaller A then originally in-
tended but also faster convépgence. Using the same analysis as in Ling
and Proakis [Ling 84] it i3 po!ssiblc to develop a new expression (similar to

(1.38)) for the misadjustment of the systolic array which now becomes:
M, (0)=1—2N (2.31)

or assuming that A is very close to 1 this expression simplifies to;
Myys(oe) = (1= AN (2.32)

It follows under the assumption 1+ A & 2 that the misadjustment of the
QR decomposition with systolic array is twice as large as the misadjust-
ment of a RLS algorithm (1.38). It also follows that for equal cigenvalue
spread when thé.s‘tep size in LMS algorithm is equivalent to 1 — A of a sys- -
tolic array both algorithms will produce the same misadjustment. These
theoretical results are confirmed through simulation shown in Figures 2.16
and 2.17 for the step size corresponding to 1 — \, and also the true speed
of convergence is shown in Figure 2.18 when both algor‘ithms produce the
same misadjustment. It is possible to achieve the same speed of conver-

gence for both algorithms by adjusting the step size or in an equivalent form
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increasing the signal power input without modifying the step size,‘howevcr,
then the misadjustment in the LMS algorithm is larger then the systolic
array as shown in Figure 2.19.  The parameter A has a tremendous cf-
fect on the performance of the systolic array .or the RLS algorithm. For
small values of A the convergence rate is faster with larger misadjustment
whereas when A approaches 1.0 the algorithm slows down but gives better
performance. The curve in Figure 2.15 shows it quite clearly. This can
be explained by the short memory in the algorithm dictated by A, in that
casc the system forgets quickly the first estimates and assigns more weight
to the newly com_puted ones which are more accurate. This approach also
produces more ﬂuctuati6ﬁ$ in the weight solution since it will be affected
by even small changes in”thc environtnent and as a result larger misaajust-
ment will be achieved. So far we have evaluated the QR decomposition
versus the RLS algorithm and we discovered that some differences do exist
i’ performance. One main difference is that the QR decomposition with
systolic array will produce twice as much self noise as the RLS algorithm in
systolic structure for the same value of A. Another difference is also in the
speed of ‘convc-rgence. From the theory we know that the RLS algorithm
should converge in 2N iterations, in the QR decomposition (convergence
securs when 50 percent of the noise power has been cancelled, can be also
be estimated from (1.37)) with systolic arrays, however, this is not true
since the initialization procedure requires 2N iteration and only after that
the convergence could start which takes also 2N iterations. Thus we can say
with support of the simulations that the systolic array initially converges

in 4N nerations. This result is somewhat disappointing, and although the

ot
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3

systolic array is still fastér then the LMS algorithm, the advantage in the,
spc;:d is not big. It must be clear, however, that the 4N CORVETECNCE OCCUrs
only in the initial period, during tracking the system will converge in 2N
to any changes in the environment. Also for white noise input the LMS
algorithm can achieve the same rate of convergence at the expensé of SNR

(larger self noise).
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Chapter 3

Hardware Structure

.

LY

3.1 Realization of the QR decomposition ar-

ray

In attempting to implement the QR decomposition ox;1c must first choose
. to realize in hardware or software. One attempt has been madeby D.S.
Broomhead [Broomhead at all 85 to implement the triangular systolic array
(Figure 2.2) in software (programming) by using the INMOS transputer
i chip. Each ccll in the array was rcprcscnt;:d by onc transputer chip-a.nd‘thc
array was programmed in OCCAM a language developed by INMOS LTD.
This type of implementation resulted in quit.c complex architecture since

the equivalent of an Nth order filter will require 1[N® + 3N] processing

-

cells or in this case transputer chips thus for a 16 tap filter it is necessary
v
to use 152 chips. This array functions as a wavefront array and not as

a systclic array. Thus 1 eliminates the synchronization problem but at
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r=r(n-1) Input data x

1. Multlply

...........................

..........................

..........................

Internal
__Cell

......................

Figure 3.1:-Order of operation within the cells

the same time it requires local control which mcans global connections, a
factor which we iry to overcome. Furthermore the transputer chip array
is using the square root free Givens rotations, a modification introduced
which ehrmnatcs the need for the square root operation. This modification
can result in an unstable version of the algorzthm and it also requires more
complicated control structure for the array. The complexity is due to extra
barameters that need to be introduced to the boundary cells.

Since the triangular array was developed for the purpose of VLSI tech-
nology, direct hardware realization as in [Ciminjera 86] realizes the fuﬁ

advantage of the algorithms regularity and modularity. This hardware re-
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Company | size-bits | Delay (ns) | Technology | Operation

TI 16 %16 | 14 CMOS Addition

TRW | 16*16 |40 CMOS Fixed Point Multip.

TI | 16*16 | 100 CMOS Fixed Point Multip.

Harris 12 %12 | 120 CMOS squarc-root look-up with ROM
Signetics | 16 * 16 | 200 CMOS square-root look-lip with ROM

Table 3.1: Arithmetic speed summary

:';a.lization will alse require %[N"’ + 3N] processing elements, where N is the
number of taps for an equitalent transversal filter. Qut of the total there
are N boundary cells and 1{N* + NJ internal cells. The achievable speed
of operation of the array is limited by thé slowest processing cell which, as
can be seen in Figure 3.1, is the boundary cell.

In Figure 3.1 the data X(n) is loaded into the boundary cell where
it is added to the previous r"’(n-. — 1). After performing the square root
operation (compute 2.16), which is the slowest operation in the array, the
newly computed r(n) replaces r{n — 1) at ’the top of the boundary cell.
The rotating clements ¢ and s are computed using (2.14), (2.13), and are
passed to the internal cell on the next clock cycle along with the next data
component. The internal cells perform the add and multiply arithmetic
and pass their result to the next row. Based on the table above (Table
3.1}, it 1s possible to estimate the speed of operation of cach cell. The
boundary cell requires 2 multiplications that are done in parallcl, 1 one

additicn, one square root operation with the help of a look up table and -
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input x

Divide

Figure 3.2: Internal stfuct_ure of the boundary cell

two divisions in parallel (assume division as 5 mﬁtipiications), with possible
processing time of 375 ns (f = 2.67Mhz) (TRW-MPYO16 multiplier, TI-
SN54AS1814 adder and Harris-HM6646 ROM) The internal cell requires 4
multiplications in parallel and two additions in parallel with processing time
of 54 ns'(f = 18.5Mhz). In Figure 3.2 the internal diagram of the boundary
ccll in the array is presented. The computation of r*(n) (computing 2.16)
is performcd recursively since the value r*(n — 1} is equal to the value of
r*(n) computed in the previous step. Thus the value of r*(n) (r*(n) =

r*(n—1) +z*(n)) is the sum of the square values of the number previously

stored in the cell and the input z. The entering data is stored in A and B

registers and the value of previously calculated r?(n) (which-now becomes
r3(n — 1)) is accumulated in the C register. Then the result produced by
the multiplication addition bleck is passed to the square root look up table

(executing 2.16). The output obtained (r(n)) is used for computing ¢ and -

s, furthermore it is stored in the E register as the current value of r(n) is’

the value of r(n — 1) in the next step. The registers D and F are used to
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Add-Multip.

Add-Multip.

Add-Multip.

[’

Figure 3.3: Internal structure of the internal cell

feed the division blocks with the parallel inputs z and r(n = 1).

The internal structure of the internal cell is shown in Figure 3.3. The
new data enters the P register and the Q register holds the result of the
previous step computations, that is the value of r(n - 1). After cach step of
computation r(n}is stored in the Q register for one cycle delay as it becomes
r(n-— 1) in the next step. The output component z,., is stored in the S
register and is ready to be transmitted to the corresponding npighboring
cell. The T register is necessery as to delay the loading of the P register so
that the operation begins wbuen the digits s and ¢ have been transmitted
by the boundary cell. The achievable clock speed is 2.67 MHz (dictated by
the boundary cells) regardless of the system order. Consequently we can
sample the input signals at the same frequency. Thus it is possible for the
array to\ process signals in the range of 1.3 Mhz. The order of the system

can be determined from the requirements in the quality of interference
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cancellation (smoothness of the filtered signal). The number of cells needed

for realization is proportional, as before, to 3N+ 3N]

3.2 Modified structure

The hardware realization described in previous section realizes the array
presented in chapter two (Figure 2.2) and it sets a large ROM requirement
on the square root look up table. Also the complex boundary cell slows
down the throughput rate of the array. Rearranging the arithmetic of
the algorithm as in [McWhirter 86] to reduce the hardware required for
realization and to speed up the performance is a nccessary step towards
practical realization. We can start by reexamining the operation done by
the boundary cell (based on [McWhirter §6)), let ry(n) denote the element
stored in the boundary cell and z; as the input data to that cell, simila}rl_v
ri(n) is the accumulated component stofed in the internal cell and z; is
'E.hc input to that cell. Now we can rewrite the operation in the boundary

(operation 2.16) cell as;
re*(n) = rp3(n = 1) + z,2 (3.1)

and in the internal cell the accumulated component (operation 2.18) can

be expressed as;

Lp

rb(n)

) = 2B =),

e (n=1)+ z; (3.2)

or;

ri(n)re(n) = rin - 1)’“6(” — 1)+ zizy (3.3)
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and the component emerging at the bottom of the internal (operation 2.17)

cell can be expressed as;

] _nlr=1) B o
=T o Y

or,
_ m;rbz(n - 1) -_ I,g,r;(n - 1)‘!‘5(11 - 1)

Tout =

, ro(n)re(n — 1)

;75 (n — 1) — zy[ri(n)ry(n) — TyT;]

Tous =

re(niry(n —1)
using (3.1) the above expression can be written as;

S z;r%(n) — zpri(n)ry(n)
out ro(n)re(n — 1) B

and finally recalling that ¢ = o=l

ro{n) *

ri(n)ry(n),1
b T2 ] c

| gpu:=[:t;—

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

This is a very important result since now the function of the boundary cell

and the internal cell can be simplified. For the modified boundary cells

these operations arc now necessary;’

1.
Ry = Rj(n — 1) + Xp®
2.
n 1
_ {Rg(n - 1)]2
Ri(n)
3.
Yout = Tin €

similarly for the internal cell, these steps are now required;
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R{n)Re(n) = Ri(n = D) Ro(n — 1) + X: Xy (3.12)
) .
KXour = [Xj = Xbﬂgﬁ—b(‘n—)]i (3.13)
5 [+

We note that there is no need to square the terms in (3.9) and Im;ltiply
the terms in (3.12) every time since these are simple accumulations. This
can be verified by defining {y(n) = Ri(n) and K;(n) = Ri(n)Rs(n) and the

operation of the cells can be written in a simple manner as;

CRy(n) =Ky(n—1)+ XX, (3.14)
K,(TL) = K,-(n — 1) + XX . ‘ (3.15)
- . . Ki(n),1
_X t = A = Ap——|— .
oul [X Xbl.{b(n) c (3 16)

The proposed operations within the cells change the accumulated compo-
nent and by that the accumulated element no longer represents the factored
autocorrelation matrix or the factored cross correlation vector, };cnce we can
not compute the weight vector W, according to (2.3) (Kung’s array Fig-
ure 2.1) from this array. However, for the purpose of derivin.g the filtered
signal (error) directly, the case which we are intercsted in, there is abso-
lutely no change in performance. Exactly the same component emerges at
the bottom of the array as with the array described in sections 3.1, and the
end result has to be multiplied by + to produce the a posterori error. In
terms of mathematical operations the proposed array has a big advantage
over the previous structure. Even though the operations in the internal

cells cannot be performed in parallel as before and the throughput rate
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Figure 3.4: The sequence of operation of the modified cells
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of the internal cells has increased to 300 ns, the throughput of the array
has increased since the speed of opcratioh of the boundary cells decrcased
to 300 ns as-well (assuming 8 bits accuracy of ROM). The boundary cells
perform the same operations as before, however not in the same order, thus
the number of operations is equivalent. The big adv:intagc of this struc-
ture cqmcévinto cffect in the square root computations [McWhirter 86]. In
the previous structure the square root operation would determine the r(n)
component in the boundary cell which is also one of the eigenvalues of the
autocorrelation matrix, this value depends on the input signal and can take
axi_v pdsitivc numerical value. This makes the look up cablc«%ry large, since
it is nccessary to assign large number of bits in order to achieve the nec-
essary range and accuracy. In the new structure the square root operation
calculates the cosine component of the Givens rotation, thus the square
root operation can take only the value between 0 and 1, starting with 0 the
cosine is being updated up to the point when the process converges and
then it takes the value of 1. Clearly the fact that the lookup table has to
store only the values between 0 and 1 regardless of the input signal and with
- improvement in processing time, which now is 300 ns (f =‘3_3_1,[ hz), m?.kcs
this structure more attractive then the previous one. The disadvantage of
tnis structure as said before is that it is not suitable for derivation of the
weight vector explicitly.

It is necessary now to come back Ato the comparison with the LMS
algorithm and introduce a chip which already has been designed to work
as an adaptive filter. The DSP56200 by Motorola is a tascadable adaptive

finite impuise responsc digital filter swhich can work in a fixed or adaptive
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mode. For the case of § cascaded chips giving 256 taps the filter can achicve
a clock rate of 115Khz, and for the case of a single chip with 32 taps the

throughput rate can be as fast as 123Khz. Such a fast chip exists and

can be used for noise cancellation. The modified structure of previous

section in comparison to this chip still seems to be a bit complicated thus
further simplifications are necessary in order to make the systélic a.fray
more com?atible with the LMS. This will be considered further in the next
section. |

3.3 The Sequéntial Decorrelation Algorithm

‘The modification in the mathematical opérati_ons resulted in a simpler hard-

ware realization, however it did not reduce the number of operations in the

- boundary cqﬂs leaving the throughput rate of the array only slightly im-

proved. In Srdcr to make the array suitable for higher speed operation and
making it more compatible with the LMS algorithm, simpler and fewer op-

: » . .
cratf‘on'&a.re necessary in the cells. Orthogonalization of matrix could be

" done with différent methods tl"_len the Givens rotations. Another method is

the Gram Schmidt orthogonalization [GSO] which has .very good numegical
properties, and due to its regularity, it is suitable for systolic implemen-
tation as was done by Yuen [Yuen 85]. This structure is not as efficient
and suitable for VLSI as a structure using Givens rotations since it re-
quires some global connections. The procedure s carried out column by

column and the entirg; data matrix must be known a priori. This results in

- large amount of memory and control circuitry. The entire procedure must

72

Fw

L



reference input x R desired input d

R Sy S

Figure 3.6 T‘he SD array.

also be répcatcd for SVCTY mew data Eciint that enters. This properties are
making the GSO suitable for sequential block operation where a solution
is given for cach block. An algorithm which operates row by row as the
Givens method is much more suitable for continued opcration and for that
* reason the G5O is often approximated by the sequential decorrelation [SD]
- algorithm [McWhirter 86). The operation of the sequential decorrelation
. algorithm is shown in 'E;igurc 3.6. o - hd
The SD algorithm docs“/not. have the good propertics of the GSO algo-
rithm since it orthogolises ;che output of each cell before the entire input
data has been received and as a result the .out‘put is not truly ﬁrthogoﬁsed,
however, .the very simple ma.thema.ti.cal operations and the clear connection ’
to the Givens method as it will be seen later makes this algorithm extremely

attractive. The operation of the cells are shown in Figure 3.7, the bound-

. ary cell needs only to square the input and add it to the previously stored
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Ki(n) = Ki(n - 1) + zz;

Fy(n) = Ky(n — 1) + 7,7 o e o Eiln)
out = 4y ng,(n)

Figure 3.7: Operations of the SD array within the cells

-

one. The internal cells, which are now more complicated than the boux'l;dé.ry
cells, need to mulriply the input and ‘accumulate the result. Followed by
additic;na.l operation of division multiply and add, which cannot be done in
parallel with the multiply accumulate. Based on Table 3.1 in sccti.on 3.1
the speed of operation of this array can be as low as 230ns. |

- There is a very close resemblance between the SD array and the modi-
fled Givens array proposed in the previous section, ecquations (3.14) (3.15)
and (3.16) are almost identical to the operation of the SD algorithm‘. The
only difference between the two is the cosine component in the Givens
structure and the final multiplication through v at the bottom of the ar-
ray. From simulations in previous chapter (Figure 2.7) and from theory we
know that the cosine component in Givens rotations approaches 1 as the
process converges and in the same manner so does v, thus we can say that
- for slow varying environment and for large n the performance of the SD
algorithm and the Givens rotation method should yield the same misad-

justment. The difference between the two comes in the adaptation period



3.,

where in the Givens case we can expect the signal with some noise that
diminishes wifh the increasing number of iterations and in the SD case the
goise and the signal could be initially cancelled and only after the process
converges the signal could be completely recovered. zAlso since the algo-"
rithm only a.pproximla.tcs the solution at the beginning, it will require much
more data in order to give the correct weight values, thus slower conver-
gence. The forgetting factor A should be very close to one inorder to give
the algorithm sufficient amount of data. We must note that the convergence
period will not become unstable (diverge), due to the approximation, we
refer to this period as unexpected since the signal can be affected in some
way. Ignoring this short transition period in which we are not interested in
practice (ca,fx be seen as zero output) the SD algorithm which can be scen
also as modified Givens offers a very attractive structure with simple oper-
ations compatible to the LMS and faster processing time then the original
Givens structure. The convergence curves of the SD algorithm are shown
in Figurcs 3.8, 3.9. Hence the SD array may have slower convergence rate
then the oriéfnql Givens, but faster processing time can result in a faster
performance overall.

In general for all the Givens arrays special care should be given when
assigning the value of . If the value is to-low additional self noise (misad-
Justment) caused by the fourth order statistics of the input signal will be
present [Elefthex:lou 84] aloﬁg\h\i'h-h- the misadjustment formula developed
in Chapter 2, this is already noticeable when giying A the value of 0.9.

On the other hand assigning A a value very close to 1 will slow down the

convergence and will set high requirements on the word length, thus some
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compromise must be achieved between the two. A good value of A, for
fixed point arithmetic, can be obtaired from the expression below ‘where

o

LR}

= 15 27°% and B is the number of bits used in the process, o2 is the

12 <
variance of the input signal and o7 is the variance of the noise in the desired

input.
G0

’\Opt =1- (3.17)

Tn
Finite precision simulations (fixed point), were performed for the SD .
array and the LMS algorithm (Figures 3.11, 3.12). The systolic array docs

not perform well for precision under 14 bits, this was cxpected since the

- array is iterative accumulating errors can result in poor performance. This

result agrees with the RLS algorithm which also requires high precision.
The long word length requirements of 16 bits (fixed point), are typical to
all the Givens structures. The LMS, as expected, was found to be reliable
even for 8 bits word length.

To summarize and compare the possible hardware realizations of the

QR systolic array of this chapter, array we can say:

e The square root free Givens rotation is the fastest version of the
algorithm, however, it requires the largest amount of circuitry . Due
to some instability reported [Speiser 86] and the complex hardware

structure it was not considered in this thesis.

¢ The conventional Givens rotations are a slower version of the algo-
rithm because of the square root operation in the boundary cells. On

the other hand it requires less hardware. The operation of this array

is fully described by (2.14), (2.15), (2.16) for the boundary cells, and
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(2.17), (2.18) for the internal cells. As a result of complex boundary
cells and simple internal cells, there is a significant difference in pro-
cessing time between them. The speed of operation is dictated by the

boundary cells.

By rearranging the operations in the conventional Givens structure,
the modified .C‘-':i‘vcns was obtain¢d offering simpler boundary cells.
The modified Givens operations are described in Figure 3.5. In this
case the squarc root operation is bounded tc the values between 0
and 1, making the look up table simpler. This development comes at
the expense of more complex internal cells wh-:;p‘h now have processing
time identical to the boundary cells. Thus there is no difference in
processing time between the cells. The speed of operation of this

array is slightly better (75 ns improvement) to the previous one.

The sequential decorrelation algorithm, derived from Gram Schmidt
orthogonalization, has a very similar structure to the modified Givens
array. The SD algorithm is described by Figures 3.6, 3.7. The SD
produces the same level of self noise as the Givens structure after
convergence. Thus these algorithms are equivalent in terms of mis-
adjustment. In terms of specd of convergence the SD is slower then
the Givens array, since it only approximates the solution during the
learning period. Conscquently it will require more data in order to
converge. On the other hé.t_ld, due to simpler cells, the throughput of
this array is faster then for the Givens rotation algorithm making it

* suitable for high speed operation. The boundary cells become very



%

simple and could be realized by a simple multiply accumulate.
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Chapter 4

'\Systolic LMS Realization
NN ,
N

i .
‘4.1 Conventional iinplementation of the LMS

One possible implementation of the LMS algorithm using the Motorola
56200 chip was mentioned in chapter 3, however, this method of implemen-
tation is not widely used. A more conventional method using one delay
line is shown ir Figure 4.1. In this realization one tap delay line of length
N (N is the filter order) will update the_coefficients and as well will per-
form the convolution (filtering process). For the convolution part of the
filter N multipliers will be necessary and one ad.'der. For the update part
N multiply-accumulate will be needed, one multiplier and one adder. Thus
lfor every iteration thE'I}\QS\ir/x‘_this form will perform 2N+1 multiplications
and N+2 additions.
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w(1) w(2)

X x@ty@) [ v ey ¢ T
A N « <X
. - > 1 Cyey e winixln
. Xout) = )
v h LJ
s e
._ I S
— Figure 4.2: Systolic convolution array (1lst structure)

4.2 Systolic convolution with LMS update

‘The systolilc architecture has the great advantage of regularity and modu-
la.rit}:'. over conventional architectures and is realizable in VLS. So far our
comp:':.'rison has been between systolic arrays and a transversal adaptive
filter realizing the LMS algorithm. One of the conclusions arising from this
comparison is that the LMS algorithm is powerful even in comparison to
QR dc_:composition, in terms of wérc{lcngtﬁ required, hardware ‘and speed.
Implementing the LMS algorithm in a systolic array structure is possible,
to obtain both the excellent numerical propertics and a structure for VLSI =,
implementation. A systolic realization of the LMS algorithm, the lincar
combiner (1.3) and the update (1.19), is discussed in the following two
sections. .

There are several structures of systolic arrays suitable to perform convo-
lution some of these can be found in [Kﬁng 82].. In Figure 4.2 a structure is
shown where the data X; and the weights W; move systolically in opposite
directions, and are multiplied in the cells. The product y is accumulated
within the cells. In order for each data point to meet the appropriate weight
point, the data points X; are separated by two clock cycles as well as the

weight points W. The outputs from the cells ar collected sequentially

which eliminates the need for a bus or any other network.
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In another structure (Figu:."e 4.3) both the data and the weights systoli-
cally move from left to right, however, the A vector moves twice as fast
as the W vector, so the W vector takes twice as long to move through the
array than the data vector. Com%)a.red to the previous strt;cturc this strue-
ture 1s more efficient since all the cells work all the time, while performing
the Gonvolition.

Both structures are suitable for adaptive filtering since the weights can
be updated every clock cycle and fed into the array in a continuous manner.

A fast systolic FIR filter chip (20 Mhz) already .exists on the market
(TMC2243 by TRW) an‘d making this filter adaptive, would allow high
speed operation. However, the problem arises in the update cquation, _
Wapp =W, + QchT(n). In the systolic structure of Figures 4.2, 4.3 the
output error ¢ can only be obtained after ¥ clock cycles, it is dependent on
the ampunt of time required to complete the convolution y. The weights in
the LMS algorithm are usually updated in parallel and as well are loaded
into the filter in parallel. Thus all the weights in the FIR filter arc chang?'if
at the same time. Savov and Steenaart [Savov 87] have shown that the
weight values can be loaded serially i;1to the filter while maintaining the
same speed as parallel access. To accomplish this, the weight values are
being updated using a multiplier accumulator outside the filter every clock
cycle and are loaded to the filter every NV clock eycles (iV is the filter order).
Although the speed of operation remains equivalent to parallel access this
type of structure will require more hardware.

Another stliucture, which will require less hardware, is~possible by up-

dating One coefficient every clock cycle and loading this coefficiént into the
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Figure 4.3: Systolic convolution array (2nd structure)
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filter. In this case one multiplier accumulator will be necessary and each
coefficient will be updated every N clock cycles. The rcducti?n in hardware
requirement comes at the expense of speed. In both realizations mentioned
above, at every clock cycle thel error e, is computed by using a weight vee-
tor which is composed of N — 1 old coefficients and one new coefficient. In
order to compute the error ¢ due to all new vector TV it is necessary to
update the weight \'a.iues all atshe same time every N\ clock cycles (time
required for the convolution to be complete). Thus all the cocfficients are
updated in parallel every NV clock cycles, the update equation is given in
(4.1). This type of architecture is practical when there is a nced to share
the adaptive part among few filters. It -im‘also the slowest case of coefficient
update. .

Wos1 = Waon + 2ue(n) X7 (n) (4.1)

Simulations for this expression (4.1) (worst case) were performed and the
results show that the systolic array with this update can be used in adaptive
filtering (other structures mentioned will give better results). Still, how-
ever, only the convolution part of this structure is implemented as a systolic
structure, leaving the update equation to be evaluated with other conven-
tional method. The aim now will be to implement the-update cqﬁation in

a systolic structure also, and this is discussed in the next section.
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4.3 Convolution and update in systolic struc-

ture

The output of a transversal filter is given by;
. N
y(k) = 3 x(t —n)ha(t) . - (42
n=1 ’ :

where z(k—n) is the input signal at time k —n, A, is the n® sample of the
filter impulse response, and N is the total number of sample values. When
the signal z(k — n) is coded it has the form of a digital word with % bits
which take on the logical velues of 0 or 1. However, if the word b;(k — n)
is coded in offset binary, logical 0 takes the value -1, the signal sample can
be expressed as;

k—n)= ib;(k - n)2-i (4.3)

i=1

~ b1(k —n) is the most significant bit and bm(i' — n) is the least significant
bit. Substitution of (4.3) into (4.2} produces the filter output signal;
. N m .
y(k) = 3 ka3 bi(k — n)27) (4.4)
n=1 i=1
“ With the distributed arithmetic approach the summations in (4.4) are re-

versed so that;
N

y(k) = 323 bk — n)h] (4.5)

=1 n=1

By reversing the summations the bits bi(k=n) from different signal samples
are first multiplied by thé weights 2, and the result is presented as a scaled

accumulations. We define the following vector as; _
FT = (F(1), £, S) &)
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F(k) is the k** partial product used in the output accumulation of dis-
tributed arithmetic filter. Writing the scaling factor. S as a vector;

\
f ST =2, 2 )
B i{I the N x K array of bit values (binary offset) or B is X dccomp;ascd
into component bits. Using these definitions (4.6), (4.7) we can rewrite
" (4.3) the input signal, as;

X =BS \ . (4.8)

With the column H representing the set of iV filter W the output
of the filter is given by the convolution; ‘

y=XTH (4.9)
Qr .
y=(BSYTH (4.10)
- y=S"B"H (4.11)
now express the vector F as;
F=BTH ’ (4.12)

(F is the product in brackets in 4.3)

y=STF (4.13)

-

The vector F is the set of partial products used in the output accumulations.
Thus in order to cozﬁpute y the filter coefficient vector H goes through two

operations. First it is multiplied by each row vector of BT to produce k
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Figure 4.5: Distributed arithmetic filter in a systolic structure

components of partial 'prociucr. vector F (4.12) and second 1t is multiplied
by the scaling (weighting). facter § (4.2_(3).

This type of distributed a.t:'i_thmetic filter can be implemented with a
systolic array as shown in Figure 4.5 [\V'alicki 83]. Thc w_‘; are bits of
a digital representation of, the weight coefficient W which are stored in
the RAM locations of the individual processing elements. Partial products
appear on the bottomléd-g'e of the array. Every processing element performs

the following basic gperations;
i
\
!
it
\

%ﬁt\fm//‘l Pup F TrightWatored (415)

If the least significant bitsof z and W interact first, then the partial prod-

Tleft +~ Tright ) (4.14:)

ucts bits of equal significance emerge at the bottom of the array at the
same time. These partial products can be accumulated using a systolic

output path to produce the filter output y. Now that the convolution part
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has been implemented irn distributed arthmetic we can tumn to the update
equation and rewrite it in terms of the partial products. The LMS algo-
rithm is given as, W(n+1) = W(n) +2ueX(n). We can rewrite the partial
product update in_terms of weight update such that;
F(n+1)=BI(n)W(n +1) (4.16)
also multiply the LMS expression by BT to give;.
BTW(n +1) = BT[W(n) + 2ueX(n)] (4.17)
Substituting 4.16 with the left hand side of 4.17 yields;
F(n +1) = BT[W(n) + 2ueX(n))] (4.18)

this can be simplified to;
F(n+1) = BT[W(n) + 2;teBS] (4.19)

F(n+1)= F(n) +2ueBTBS (4.20)

However, the matrix product BT B is a symmetric matrix with diagonal
elements equal to N. This is because of the offset binary signal coding
which implies that the square of any element of B is unity’ﬁt:c square
products are on the diagonal). If we assume that the input signal is zero
mean and that successive samples are uncorrelated, then the expectation
of any nondiagonal element of BT B is zero, and the matrix reduces in the

mean to the scalar N (E{BTB} = N). And the LMS algorithm in terms

of pariial products becomes;
- F(n+1)=F(n)+2uNeS (4.21)
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The tefm 2ulN is. constant and the scaling vector S is just a constant shift
of k bits, thus the update is simply the shifteci error. If the gain constant
u is chosen pro‘perly the linear error e could be replaced by the sign of the
error such that; ) -

+1 e>0
e= © (4.22)
-1 e<0

and'the correction'in the update equation becomes either a positive or a

. > . . .
pegative constant. Hence now we have an adaptive algorithm in terms of

Ve

the partial products, however since the convolution part uses the explicit
velues of weights, it is necessary to transform the partial products (after
they have been updated)n back into weight values. This could be done
using the relation developed in [Cowan 83] £, 5, f = 1,271 and another
systolic array similar to the one that performs the convolution. Thc\ weights

relate to the partial products as given below;

B(n)F(n+1)=NW(n+1) (4.23)
(this was obtained by multiplying (4.16) by B(n)) and an array similar
to the one shown in Figure 4.5 could compute the weight values. This
array works almost in an identical way as the convolution array with onc
difference, the stored values in the array are the partial products and not
the weight values. The results emerging at the bottom of the array are the
explicit weight values (after proper scaling) which again are to be assigned
to the convolution array and the system could work in a continuous manner.
The entire system is shown in Figure 4.6 and could be divided into three
parts: 1.Convolution array 2.Computing the error and updating the partial
products 3. Transforming the partial products into updated weight values.
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T Figure 4.6: Systolic LMS algorithm
It must be noted that the update equation within this system takes the
same form as a conventional LMS algorithm. Thus the update and the
loading of the coefficients occurs in parallel. Also therc is a imitial delay
between the convolution and the corresponding update. If we assume that
the time required for the convolution period is (t) then the time required
for the weight computations by the second array will also be (t) since both
arrays are identical. Furthermore we can assume that the error computation
and the coefficient-partial products loading also each require (t) sec. Then
' the initial delay in the system will be 3(t). While loading the arrays withqz

coefficients the data input should be zero in order to initialize the arrays,

A
-

j+ EPE

thus every third sampling pertod we should insert a sample of zeros.
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Chapter 5 .
b:

Conclusion —

5.1 Conclusion of the Thesis

It has been scen in this thesis that systolic arrays could be used very cf-
fectively in noise cancelling or in general in adaptive filtering. In Chapter
one the fundamentals of adaptive filtering have been discussed which later
turned qut to be essential in understanding and linking QR decomposition -
with systolig arrays to adaptive theory. .Chapter 'two presented the concept
of sys\Jtolic /a:)rays as a simple means for implementing signal proce;sing al-

: into VLI technology. The advantages of QR decomposition over
the matrix inversion method have been discussed and existing triangular
array based on Givens rotations have been studied. Different parts of the
array have been identified and explained, and it was shown that this ar-
ray in conjunction 1;vith a systolic back substitute array and an FIR filter

could be used in adaptive noise cancelling. Further development into the



r =
(
- \_

triangular structure which élirrﬁnated the need for the back substitute ar-
ra;._v and the FIR filter has been studied [McWlirter 83]. This derivation
was quite complex ifx nature and was based on the ability to partition the
rotating matrix Q into its building components. These c;)mponents have
been fdentiﬁed and explained on: how they relate to the current inputs and
previously stored products. Finally this structure has been linked to the

RLS algorithm in terms of its outputs (i.e. showing that the output at the

bottom of the array is the a posteriori error which is the product of the

conversion factor and the a priori error). Original simulations for all the
oug}p;xts of tke systolic array and the LMS algorith;n have been presented.

Y .‘T‘he first conclusion arising from this chapter is that the exponential
weighting has a drastic effect on the performance of the array in terms

of sclf noise and the speed of convergence. Also when using exponential

weighting there is a need tohrescale the output error in proportion to A*Y, -

this fact has been proven and discussed in the thesis. We folnd that the
self noise (misadjustmeﬁt) in the array is proportional to A* and a closed
foﬁ expression for the misadjus;tment in the systolic array avas presented.
It is interesting to sce that although the systolic array has been linked to

the RLS algorithm , its performance is different from a conventional RLS

algorithm. For the same value of the forgetting factor (thus cqual speed of

convergence in theory) the systolic array will produce twice as much seif
noise as the conventional RLS algorithm, and vice versa for equal amount
of misadjustment for both methods the systolic array will have slower con-
vergence. Furthermore since the systolic array ha$ a 2N clock cycles;dclay

time, typical to the systolic structures, its initial convergence time is pro-

3,4"’
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portional to 4N, unlike the RLS which converges in 2N clock cycles. We
can conclude that the systolic QR decomposition can enjoy some of the
advantages typical to the RLS algorithm, however, not all of them at the
same time, lcaving its performance inferior to the conventional RLS. The
second conclusion comes from the comparison to the LMS algorithm. Based .
on Figure 2.18 when both algorithms produce the same misadjustment, we
can say that there is no significant advantage of the systolic array structure
over the conventional LMS algorithm and again this is duc to the 2V delay
typical in the systolic structure. It is possible (as can be scen in Figure
2.19) for the LMS algorithm to achieve the same speed as the systolic array
with the pena.lt‘y of increased self noise,.sa.mc case as the RLS in systolic
structure compared to conventional RLS. Also we have found that there
is a close connection between the ga.in constant in the LMS.algorithm and
the forgetting factor in the systolic array. When p = 1 — ) both algorithms
will produce the same misadjustment. We must remember ho:wevér, that
the above conclusions were made under the assumption of equal cigenval-
ues of the cow.a.ria.ncé matrix, under this conditions the LMS will have its
best performance. Thus if this condition is not met the advantage of the
systolic arrays will become more significant. The final conclusion of this
chapter is that the QR decomposition with systolic arrays lics somewhere
n between the RLS algorithm and the LMS algorithm in terms of spced
and misadjustment.

Chapter three deals with possible implementation of the systolic arrays
in hardware. We started by presenting the order of operations within the

array with the conclusion that most of the operations could be done in
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parallel, the internal structure of the cells has also been proposed. A modi-
fication to this structure makes the use of the look up table.very atiractive
since the values in t}‘m‘ ROM can be bounded between 0 and 1 regardless
of the input signal. The square root operation was a very limiting factor
in the previous structure since the values of the _quare root operation were
dependent upon the input signal characteristics. Another very simple ar-
ray derived from the Gram Schmidt orthogonalization has been presented,
this array does not require the square root operation [McWhirter §6]. The
_ array was compared to the QR decomposition with Givens rotations with
the conclusion that the G5O array has the same performance as the Givens
array after convérgcnce. Some simulations supporting this conclusion were
presented. The final conclusion of this chapter is that the GSO has the
simplest structure with equal performance to Givens rotations and is the
best candidate for hardware implementation.

Due to the conclusion (irawn from the comparison in chapter two, the
idea of implementing the LMS in systolic structure was initiated. The
LMS is a very efficient algorithm (even compared to RLS) with quite a
simple structure, and in the first part of Chapter four it was successfully
implemehted with the systolic con;'olutigp array. We hay » presented three

possible arrangements for the LMS algorithm.

1. Parallel update with: serial access.

[

. Serial update with scrial access.

[+]

. Parallel update every N* clock cycle with serial access.
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In the second part of this chapter the.update part namely the LMS itself
was implemented in a systolic structure. This was done with the help of bit
le‘vel systd.ic arrays and the distributed arithmetic method. This array is a _
Very new .mc_thod for adaptive filtering developed by the author and further
studies are necessary in order to evaluate the efficiency of this structure.
Particularly the ne:id of simulation and synchronization of this structure

g
open the door for a new study. '
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Appendix A

&

Direct extraction of the error

signal from triangular array in

Figure 2.1

This derivation is tedious in nature (matrix form) [Mewhirter 83] and few
of the variables used in the analysis are not explicitly accessible. Thesce
can be referred to as dummy variables (all elements of the matrix Q) The
reason for this is that we do not store the rotating matrix Q since we are
only interested in the factored autocorrelation matrix and crosscorrelation
vector. The components that build the matrix Q thus consecutive s and

¢ are lost after they have been passed through the array. Using (2.2) we
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can write;
R(n) |
Qn)AX =] - - __ (A.1)

0
\~

where R{n) is an upper triangular matrix and Q(n) is the rotating matrix
of all the data X composed of individual vectors X. In a similar way;
: - U(n)
| Qm)Ad="| — = —— (A.2)
V(n)
U(n) is‘the accumnulated crosscorrelation factor in the right hand side of
the array as shown in Figure 2.2. V(n) is the rotated d that emerges at the
bottom of the right hand side of the array. Thus V(n) is a growing vector,
as the new output that emerges at the bottom of the array becomes the
last element on the vector V(n). For example after § clock cycles V(n) will
bave 8 elements. In future development, however, we will only be interested
in the last element on this vector. We can say that the vectors U(n) and
V(n) describe completely the desired input as it passes through the array.
The matrix Q(n) is partitioned as well, since some of its components rotate

the stored vector U, and some are applied to V;

Qn)= | —— - | (4.3)
S(n)

Now we can rewrite the elements in A.2 as; l
U(n) = P(n)Ad (A.4)
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V{(n) = S(n)Ad (A.3)

The error vector E(n) is composed of consecutive errors due to input.vector
X and desired response d, thus e, (e, = e(n)) is the most recent error and

e; is the error produced at the first clock cycle.

] »

E(n) = e - (A.6)

L en ]

or in terms of the index of performance defined by (1.23) in scction 1.4 an

the rotating matrix of all the data X(n);

U(n) R(n)
E=QMAE@) =] === | = | = === | W(n) | (A.7)
V(n) 0
from the expression above we deduct that for the index of performance to
be at its minimum U(n) = R(n)W{(n) = 0 must be true, that is cquivalent
to the factored normal equation in (2.5): It is possible to show, using the
above definitions, how the error e,, which is the last element of the vector

E(n), can be derived directly without the need to solve this equation. To

derive the error start with;

AE(n) = Ad - AJ‘(W(n) (A.8)
with the definitions;
R(n)
AX =QT(n) | — — — | =PT(n)R(n) (A.9)
o
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and;
U(n)
Ad = Q'(n)
; ’ V(n)

=PT(n)U(n) + ST(n)V(n)

(A.10)

Substituting the above expressions for X and d in A.8 yiclds the following

P \

result;
AE(n) = 8T(n)V(n)

_ \fﬂ
The rotating matrix Q(n) of all the input data X (X is composed of consce-

\

1
utive input vectors X) can be related to the rotating matrix of the current /ﬁ

input vector X by; : /
(P(-1) | o |x
Q) =Q(n)| S(n-1) | 0 (A.12)
o | 0o

where the matrix Q(n) was defined as in (2.12) and takes the form;

G(n) | 0 ] g(n)
Q(n) = o | I | 0 (A.13)
| dT(n) | 0 | ¥

The matrix G(n) and the vectors g(n) and d¥(n) are composed from the

sequence of Givens rotations s; and ¢ that eliminated the vector X. For
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example for the <:‘as\e:\when N =4 (Equivalent to a 4 tap FIR ﬁl_terj:

G(n) =

. AT —
d (n) = [ —381C4C3C2 —S$a2C4C3 =—383C4 —34 }

(] 0
=312 C2
—&5153C2 —353382
*
—38481C3C2 —S8482C3
i‘.\ 81
SaCy
g(n) =
83CaCy
| S4C3c2Cy

¥(n) = eqc3¢204

o 0|
0 0
C3 0
—S483 Cy ]

C (ALY

(A.15)

(A.16)

(A.17)

The current input vector X is related “to the previously stored f{(n —1) by

the matrix Q(n)

DR(r=-1)| |
0 =
S
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0

0

(A.18)



1
in the same manner the current input d relates to the previously stored

vector U(n — 1} by,

[ \U(n—-1) | .
N e R0
Q) | AV(r=-1) | =] ———— (4.19)
- V(n)
- d .

Carrying out the multiplication in A.19 will yield,

AV(n—-1) "
™~ . Vin)=| ———— o (4.20)

&=2dT(n)U(n - 1)+ 4d (A.21)

Now the error in A.11 can be written in terms of the product ST(n)Vi(n);

ST(n-1)V(n—1) PT(n - 1)d(n)
ST(a)V(r)=A| = e~ - —— F ) . (A.22)
0 F(n) 4

It follows that the last element or the current error ¢, on the error vector

E(n) is given by;

o(n) = &(n)3(n) (A.23)
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