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ABSTRACT

Methods are known for the computation of the

inverses of elementary functions such as 2X, cos X,
tan x, etc. These methods are not readily applicable

to the computation of direct functions such as cos X,

tan x, 2X, ete., which are at least as interesting as
the inverse functions. In this thesils, we propose an

algorithm for computlng these functions.
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CHAPTER I
INTRODUCTION

The word 'Bit' means a binary digit, 0 or 1, and we
call an iterative method a 'Bit by Bit method' if, after
each iteration, we obtain a Bit, elther 0 or 1. Though
some authors have called such methods 'Diglt by Digit
methods' in the literature, the name 'Bit by Bit method' in
our opinion, 1s more justified.

There are various methods for calculating the ‘elementary
functions [1, p. 51 - 205]. Among these there is an important
class known as iterative methods. Within this class there is
a subclass in which the magnitude of the correction to be

applied does not depend upon the previous steps but only on
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the number 6f iterations which have been performed. 'Bit by
Bit methods' belong to this subclass.

In 1956 D.R. Morrison [7] first published a paper called
"p Method for Computing Certain Inverse Functions." In his
paper he showed how to calculate log2x, énd arc tas”x using 'Bit
by Bit methods}. In 1957, V.S. Liniskii [3] published a paper
called "The Calculation of Elementary Functions on’Automatic
Digital Computers". He computed the functions p/q, VX,

arc sin x, log,X, and are tan X. In 1958, L.Aw Lyusternik [4]

pubiishéd—a-paper "On the Computation of Values of a Function



of a Single Variable". He calculated log,x, arc cos X

by 'Bit by Bit methods'. In 1959, J.H. Wensley [10]
published a generalised paper on 'Bit by Bit methods'
called "A Class of Non-Analytical Iterative Processes”.
According to him, it is possible to solve a functional
equation f£(x) = p where p is known and x is unknown if
(1) f(x) is non decreasing in the interval in which

2 solution is known to lie i.e. if t > s then f(t) > £(s).

(ii) The function f(x) possesses an addition theorem
of the form

£(s + t) = GL£(s), tl.

He treated p/q, log,X, Yx, arc cos x, arc tan x cube root,
b/a 2

fourth root and an inverse Jacobi elliptic function.
A1l of these are the inverses of functlons such as 2x,

x2, cos x which admit an addition formula, as required by

condition (ii) above.

Unfortunately, the direct functions such as cos X, tan X,

2% are of as much, or more, interest than the inverse func-
tions, but cannot be computed by Wensley's method as arc cos X,

arc tan X, 1og2x do not possess suitable addition formulae.

In this thesis we propose an algorithm for evaluating such

direct elementary functions by solving the equation

f_l(p) = x where p is unknown, x is known and f(x) obeys -

the two sufficient conditions of Wensley.




In Chapter II we describe Bit by Bit methods for
the computation of inverse functions with the help of
some suitable examples adapted from the work of Wensley.

In Chapter III we describe our proposed algorithm

and work out a few numerical examples.




CHAPTER II
COMPUTATION OF INVERSE FUNCTIONS

A comparative study of the procedures given in
references [4], [8] and [10] for the bit by bit evalua-
tion of various inverse functions shows that the algorithms
proposed by these authors for a particular function are
essentially identical; the only exceptions to this general
rule being the pairs of algorithms given by Liniskii [3]1 -
for the arc sine etc., which employ different test functions.
In every case however Wensley's two conditions are satisfied.
These methods may be illustrated by the following examples
adapted from Wensley.

2.1 Computation of Arc Cosine.

Let us consider the equation
cos TX =D >(2.l.l)
where x (0, < x < 1) is unknown and p (-1 < p < 1) is known.

The solution of the equation will be

X = (EEEEEQE_R) (2.1.2)
Let
_ (0
X = .00y cov Oy where oy = {l
X = ala2 L. a,n<t

]
=]
H
N



a, = cos Ty, (2.1.3)
therefore aq = COS Ty, = €OS TX = D
Now y>l ) =1l a <0
n22e %+ ¢ n -
and y <30 =0 a >0
n 2 nt+l % %
If =
Ips1 = %y
an'*'l:o 2
B4y = 28 - 1 :
.'Q'(2.l.u)
Ini1 © 2yn =1
¢4 T 1 )
241 = 1723

Suppose we know 2,5 then from its sign we can tell whether

a-

o+l 1S 0 or 1. When o ., is known, from equation (2.1.4)

we can find 3410 and so on. So if a, is known, Yy is un-
known, then by knowing the sign of a,, we can find the first
digit of Ve We call this function a the 'test functien'.

We explain the working principle of this method with the

help of the following diagram:



a<€p
x< 0

d+.]:.

L.

\ a>0

[oV]
Al A
o
<~\ ,
<

xex+d xeX

a+l-2a a+2a2—1

... (where n is the number

A

of bits required in

the value of X)

yes

Print X

arc cos
5 (BLC208 D)




2.2 Computation of vX.

Let X =p (2.2.1)
where p (0 < p < 1) is known and x is unknown. The solution

of the equation will be

x=/p (2.2.2)
Let
X = .0.0 @, where a. = {0
. 1 2 L t j l
X, = GGy e o, n<¢t
= L
41 =5 %
x2
e = —P— - < n
n dn+l ntl
e 2%, = dp4
Let Xy = 0, do =1
therefore ch = 20, @y = 2P - L
0 > 70 2
Now

a2 06 oy = le ey = 20y - 2%, - dps1)

{1
N
[e]

2, <0 & 0y =0& Cpyy

So by knowing the sign of a, we can tell whether G4l

is 0 or 1. When ) is known, we can find Ch+l and thus

a and so on. We explain the working principle of this

n+l
method with the help of the following diagram:



c+2p
x«0
d « 1
1
d+§d
pec=2X-4
a<0 aao.
XX xex+d
c+2¢ p+2(e~2x-d)

no .. .(where n is the number

7~

of bits required in

the value of %)

Print x

x/p



Remark. Since the procedure of computing the other inverse

functions namely logzx, arc tan x, etc. is similar to that

of computing the function arc cosine, this 1s not described
in detail here. However, the test functions used to compute
these functions are derived in the next chapter, where the

direct functions are computed.



CHAPTER III

COMPUTATION OF DIRECT FUNCTIONS

3.1 The Proposed Algorithm.

Let f(x) =y (3.1.1)

where x is known and y is unknown. Let & be the test

function of the equation f(x) = y when x is unknown, and
y is known and f(x) satisfles the two sufficient conditions

of Wensley. Since x is known in (3.1.1) let x =Ky Ky oeee Xy
where xj = {g and let for a particular value of ¥, f_l(y)

_ _ (0

Ze0g Oy eee Oy where oy = {l° Then to find the exact value

of y for which each o = X, we may use one of the following

algorithms:

Algorithm 1. (The given function is monotonically increasing)

yeinitial value
ddel
J
‘V
agty
kel

v

R _ 7 —
if ak—O . 4{<§5> zf Oy 1
0y =Xy
' xk>ak|”. calculation of & 41 in o B <0
terms of a \
dn+I€1/27dh 1 dn+I«1/21dn
S yeytd g kek+l yy-d i1

A

\
[ Print y i e <§§i;> o

v
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Algorithm 2. (The given function is monotonically decreasing)

yeinitial value
d0+1
| —

7,

a0+y
kel

b

\

— 1 caleulation of 241 L ; (
4415 |in terms of a, 9+172% ;
RACAL EH! ¥ y<7-dn41 |

KekF I @
L2 | l'
> fj . "‘1
g i
no k yes X
3.2 Examples. = N >—| Print y
Example 1.  f(x) = cos mx =y (3.2.1)

where x (0 < x < 1) is known and y is unknown. The test

function a, has already been determined in (2.1.4). Let us

now considef’equatibn"(3.2.1) and let x ='%) X5 ... X where

%= {g. For a particular value of y let
arc cos y _.
- O Gy eee O

Then to find the exact value of y for which each & = X, We

use algorithm 2.
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———

4.rvr‘

- Print y

.Remark. If we use n correct bits of y in the arc cos pro-

gramme we are able to find n corresponding correct bits of
X in the angle 8. This can be easily explained from the
following example:
cos (.28506728 ...)r = .625
or cos (.0100100011 ...)m = .101
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3 Bit Fixed Point Arithmetlec.

a>0 X a2
.101 w0 .011(001
2 - -
228 - 1=.,11-1=-,01
a<
-.01 01 .00011
1-2a°=1
a>90 .
1 010 1
2% - 1=1
therefore x = .010
I Bit Fixed Point Arithmetic.
a>0 X 2°
.1010 .0 .0110|01
222 = 1= -.01
a<0 X a2
—o1 .01 .0001
2 =
1~-235=1-.001=,111
a >0 X a2
L111 .010 .11001]01
2a2 -1=1.1-1
=ll
a>0 X _gE
.1 .0100 .01
x = .0100 and so on.

But some time it may happen.[11] [12] that due to losing
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some significant digits we are not able to find the

correct answer. For example,

-- -~ Example 1.
cos (.230000520340 ...)m = .75

cos (.0011101 ...)m = .11
3 Bit Fixed Point Arithmetic.
a>_0 X 2
11 .0 .10011
222 -1=0
a<@ x 52
0 .01 0.00

‘So-instability starts from 2nd binary place of X. This
instability can be avoided by using 4 Bit arithmetic.

L Bit Arithmetic.

a >0 X a2
11 .0 .1001
2a% - 1 = .001
a >0 X a2
.001 .00 .0000!01
222 - 1= -1
a <o X .2?
— .0
=) 01 1
1 - 2a2 = -1
g <0 X §2
I L0011 1

Answer x = .0011
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Example 2.
cos (.244629 ...)w = .71875
or cos (.0011111 ...)w = .10111
5 Bit Arithmetic.

a>0 X 8.2
.10111 .0 .10000]10001
222 -1=1-1=0
a<?o
= x 2’
.0 0

So here again instability starts when we use 5 Bit arithmetic.
But if we use 6 Bit arithmetic this difficulty can be avoided.
Since we get maximum precision of 56 binary bits in Apl, it

is enough to represent the correct answer up to 10 decimal
places. Thus the difficulty mentioned by Van Wijngaarden [11],

Wilkes and Wheeler [12], does not arise at all in our case.
Example 2.

£(x) =2 =y (3.2.2)
where x is known (0 < x < 1) and y is unknown.

Determination of Test Function a,. Let us consider equation

(3.2.2) where y is known (1 <y < 2) and x is unknown. Let

1]

- . 0
X = .dl 0.2 L dt, XJ- {t

X, S 0 Gy e G n<t
= e _ =
= 2" (x xn) WBoag oeee g
2y
and a =2 n




1 -
Now Vp235 & %41 lea, > 2
y.. < i o =0 &a <2
n' 2 @ *ntl n
Intl = 2yn
If a4 =0 N
2.2y
a =2 B2 42
n+l n
(3.2.4)
Yps1 = Wy~ 1
a =1 .
+ - -
e a = 22"<2Yn l) = 2f+yn'2 = 18.2
n+1 = T%n )
My ox _ .2
So, as soon as a4 = 2 = 2°% = y~ 1s known, we can find

out each Bit of the corresponding unknewn x from the formula

(3.2.4).

Now let us consider (3.2.2) and let

P T

_ _ 40
X =eX) Xy eee Xy where Xj = {l

X, we

Then to find the exact value of y for which each o

use the aigorithm 1 in the following way:




=TT

p—

=
e ' ;
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Example -3+ _We-will now show how the methed-ef computaticn
of 2% by 'Bit by Bit methods' cam be adapted to compute %,

It 1s possible to veduce-the value of x of e* in the

interval (0, 1n 2) [2] and reduction can be done in the follow-

ing way:

P4
v
o
[ ]

§

= {log 2}’ v = [log 2]

X
X<0 u={Ta§e_§}+l, V—[logzj-l

where the symbol [x] represents the integral part of x (for

x <0, [x] <0) and {x} is the fractional part of x. Now,

. log.? {E=befmd
logeQ €e ;pgé'Q} {E 86‘2]
ex = e = 2 )
= g%V
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where 2% can be calculated by 'Bit by Bit methods'
developed earlier.
Example 4.
f(x) =tanmx =y (3.2.5)
where x is known, and mx lies in (- m/L, n/4) and y is
unknown. The range of (wx) can be redﬁced to the interval

(- m/4, w/4) in the followlng way [23:

u={x- %}
velul -3
as vl - 3= lx-P -3 -7
tan 7wz uv > 0
tan X =
1
tan 7z uv < 0

where {x} represents the fractional part of x, so that
{x} < 0-for x < 0.

Determination of the Value of Test Function an. Let us con-

sider equation (3.2.5) where x 1s unknown, y is known and y

1ies in the interval [0, 1). Let

- 0
X =ely On ees Of where aJ = {1

X =00y Gy e o, B< t
= My _ =.
¥, = 2 (x xn) Op oo O
and a, = tan Ty,
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1
Now Vo <5 & Oy T 0 & a > 0
1
yn>§¢> an+1=1 (:;an<0
Intl = 2yn
If 04y =0 28,
a4l T 2
n
(3.2.7)
Ype1 = %Wp -1
23
_ _ “n
Cne1 T 1) 8y © l—a2
n

Here also as soon as ap = tan mx = y 1s known, by using

(3.2.7) we can find ‘€ach unknown digit of x.

Now let us consider equation (3.2.5). Let

_ _ ;0
X =eX] Xy eee X where Xj = {1

By giving a particular value of Vi of y we can find

arc tan Vi
= Sh0g Oy e &

_ 40
where oy = {1

To find the exact value of y where o = X, we use the algo-

rithm 1 in the followlng way:
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y+y+d

y+0
gel
]
1
avy
kel
<0
0‘n+l=l"
Xy
xk<ak e :
d+«=d
2 1-2
y<y-d
, k+k+1
y
3
k>t no
yes

Print y




Listings for programs:

1. Program for fan Xx.

VFES PAT

~(420)/51
+(2071=1)/12
D=Dx.5
Yei=D
L1:>(P[Z]=0)/L2
D«D%x,5
JX+D
-3
L2:7+E+1
A<(2x2)5(1-(4%2))
+(7>30)/1.3
+5

L3:2«¥

- 21 -
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2. Program for 2x,
YFI§ POVER
v Z<PQI’'ZR P
4] 7«2
[2] D«1
[3] <1
h] Ae¥#2
051 +({4-2)20)/02
[61 +(2C71=0)/52
[7] D«Dx.5

[51 <7D

[121 +(7>30)/L5

[133 »

(&3}

[147 L2:+(PLE]=1)/It

[15] D+Dx,5

[18] X<«X-D

(171 =3

[18] Lu:f+«.25x(4%2)
- [19] XX+l

[201 »(%>30)/L5




3. Program for cos X.

1g]
[20]
[21]
[22]

+(420)/L2
+(PLX]=0)/7%3
Dedx .5

Yei~D

+3

L3:Zel+1

A(2x{Ax2))-1
+(X>25)/L5

+3
L2:+(P[X]=1)/L4
D«Dx 3

Y74

+3

L 4<1-2x(4%2)
Zel+l
+(¥>25)/L5

+5

LS:Z+7
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