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SYNOPSIS

Stiffened and unstiffened skew plates with varying skew angles and
aspect ratios and with the {following boundary conditions have been

analysed using the finite element method:

(i) Clamped on all sides.

(ii)  Simply supported on all sides.

(iii) Clamped on one side and free on the other three (cantilevered
skew plates)

(iv) Two sides simply supported and two sides {ree.

(v) Two sides simply supported and two sides stiffened with edge

becams.

A refined conforming triangular finite element basced on a
quintic polynomial is used. Results are compared wherever possible

with existing analytical solutions obtained by other rescarchers.

It is found that in contrast to conventional analytical
methods of analysis, the finite element method of solution gives con-
sistent and converging results even for high angles of skew. In
addition, the precise finite element adopted in this work yields accu-
rate results even for coarse meshes as compared to other available

finite elements.
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CHAPTER 1

INTRODUCTION

1.1 General:

Skew plates are a class of structures which occur commonly
as swept wings of aircraftsand as building and bridge slabs. The
need for a rational analysis of skew bridge decks is particularly felt
in Canada where nearly 36% of bridge decks are on skew alignments
and 7 1/2 % are on heavy skews (16) . Also, from the analyst's point of
view, skewed plates offer a much morec challenging problem than the
rectangular oncs due to the presence of unbounded stresses in corners.
Even the experimental results are not considered very reliable. No
explicit analytical solutions are available as yet. Several simplifying
assumplions have been made in material properties, geometry and
boundary conditions and the results obtained by different methods differ
very much especially for higher skew angles. So it is desirable to
have a mcthod of analysis which involves fewer simplifying assumptions
and giving consistent results. This work is concerned with the geome-

tric idealisation of the actual structure using the finite element method.

1.2 Object and Scope:

The main objective of the thesis is to make a comprehen-
sive study of skew plates with different boundary conditions and aspect
ratios with or without edge beams and to develop a utility computer
program. The scope of this work is limited to linear elastic structures
subjected to uniformly distributed loads although point loads could be
handled with very little modification of the program. It is not aimed
at here to develop a general program which could handle arbitrary

boundary conditions. However the changes to be incorporated in the



program to handle different boundary conditions are explained in a

note on computer program.

1.3 OQutline of the Thesis:

In Chapter 2 the development of the {inite element method
and the analysis of skew plates by different methods are reviewed.
In Chapter 3 the {inite element used in this work is derived from plate
theory and energy principles. Also the stiffness matrix of 2 beam
element is derived. Two different methods of handling the boundary
conditions are outlined. Chapler 4 is devoted to the discussion of

results while comparison is made with existing analytical solutions.

In the final chapter the conclusions drawn are summarized

and suggestions for fulure rescarch are indicated.

A note on the computer program is included.



CHAPTER 2

REVIEW OF LITERATURE

2.1 THE FINITE ELEMENT METHOD OF ANALYSIS:

In problems of continuum mechanics, the actual prototype
structures can be transformed into a mathematical model which is
then reduced to a numerical procedure best suited {o the computer.
The finite element method falls under this class of problems. Two
and three dimensional bodies such as .p]ates, shells and dams can be
considered as structures with infinite degrees of frecdom. In using
the finite clement method, the structurcs having infinite degrces of
freedom arc approximated to oncs having finite degrees of freedom.
The stress and displacements ficlds can sometimes be assumed for
certain classical problems and solutions could then be obtained from
the governing differential equations. But for most of the problems
encountered in practice, it is not easy to find a closed form solution
due to complexity of geometry, loading, material properties and
boundary conditions. The conventional method is to establish a sim-
plified and idealizcd model of the real structure for which a closed
form solution is available and apply the solution with proper interpre-
tation or to resort to the method of finite difference. It is well known
that in the method of finite differences the exact differential equation
is solved at discrete points. However, the stress resultants at any

point in between the grid points can only be approximated.

The concepts of stiffness and flexibility which are derived
from load-displacement characteristics of structures using matrix
formulation form the basis of the finite element method. The analysis
of any structure by this method involves (i) Structural idealisation

(ii) Element analysis (iii) Structural analysis. By structural idealisation
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it is meant to divide thc actlual structure conveniently by 1'ectangul.ar;
triangular, quadrilateral or tetrahedral elements. The element
analysis is the essence of the finite element method in which tﬁe forcec-
displacement relationship within an element is cstablished. Finally,

as in conventional structural analysis, the usual requirements of
equilibrium and compatability are met. There are two distinctly
different approaches. One is based on an assumed stress distribulion
within an element and is known as the flexibility method and the other

is based on an assumed displacement function and is called the stiffness

method.

The stiffness method is more popular because of its easincss
to matrix formulation. Besides, it gives a physical understanding of
the problem. 1If the problem is formulated on the basis of variational
principles the finite clement method is equivalent to the Rayleigh-

Ritz procedure in which the domain of a set of trial functions is res-
tricted to the volume of an clement and the same trial functions are
used in the domain of each element. In other words, in the Rayleigh-
Ritz procedure a displacement function is assumed for the whole struc-
ture satis{ying the boundary conditions while in the displacement method
the displacement function is chosen for an element in its own coordinate
system and all such elements of which the structure is made of, are
assembled in their common coordinate system and the boundary con-
ditions arc prescribed for those. points lying on the boundary. The
matrix manipulations involved in realising these are dealt with in

greater detail in a later chapter.

Advantages of the Finite Element Method:

(i) Any irrcgular boundary can be approximated by choosing suitable
sizes and shapes of elements. Triangular elements are the most
favoured ones because of their adaptability to boundaries of most two

or three dimensional structures.
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(ii) Any type of loading can be considered.
(iii) Anisotropy and inhomogenity do not pose any problems.
(iv) By the method of incremental loads, problems in the non-lincar
range can be tackled.
(v) If the solution is based on variational principles, statements on

the bounds of strain energy can be made.

Hence the finite element method finds its application in
problems’of structural mechanics, heat transfer, flow through porous

media, flow of electric potential ctc.

In order to understand and appreciate the use of the triangular
element considered in this work it is necessary to trace the development
of the finite element method to the present stage. The finite element
method in its present form originated from a paper by Turner,

Clough et. al. (24). Since then, a number of papers have been published
on the suitability of different shapes and displacement functions for
both plane stress and plate bending problems. The most satisfactory
of the rectangular elements is by Bogner, Fox and Schmit (3). As
pointed out carlier triangular eclements have a greater adaptability to
boundaries and hence only a review on plate bending triangular

elements will be summarized here.

The first step in the formulation of any finite element is the
choice of a displacement function which will nearly represent the de-
flected shape of the element under load. The various types of elements
available differ only in the types of polynomial assumed. Here again
it should be pointed out that polynomial functions have been assumed
invariably as against trigonometric functions because of their simpli-
city for automatic computation and it is easier to show the convergence
criteria based on calculus of variations. The accuracy of a particular
finite clement approximation depends on how closely the assumed

displacement function can represent the actual displacements. The
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factors which affect the theoretical accuracy can be classified as.
follows:

(i)  Element stiffness (the assumed displacement function and chosen
nodal displacements).

(ii) Load representation.

(1ii) Element mesh.

(iv) Boundary conditions.

Besides these discretization errors, there may be round
off errors due {o numerical calculations. These discretization Crrors
occur as a conscquence of approximating a continuum which has an in-
finite degrees of freedom with a model having finite degrees of frcedom.
But considerable progress has been made during the last decade to
establish the minimum requirements for a sct of functions for displa-
cement model which will converge to the true solution as the sub
division is refined. They are listed as follows:

(i)  All rigid body states must be included.

(ii) Uniform strains states must be included.

(iii) Displacement function must depend on nodal displacements.

(iv) Internal and interface compatability 1. e. displacement and slope
must be continuous not only at the nodal points but across the inter-

face also.

(v) A comp]ete.polynomial is required as it represents isotrophy.

The most obvious choice of terminal degrees of freedom is
w and its first derivatives. Since for a triangle at least 9 independent
displacement functions are required, the first attempts were made
using a cubic function. Adini ct. al. (1) suggested for a triangular plate

bending element:
(x,y) = +a-'+a +a \:2+a r2+ x3+ XZ + \;2+ 3
whx,y) =a ta, x 3V 4° 5Y 2, a Xy tagxy agy

where w is the transverse deflection of the plate
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It is evident that in the polynomial xy term is omitted from a full cubic
function in order to maintain symmetry. This function although includes
constant curvature condition yet the omission of the =y term makes
it too stiff. Clough and Tocher (5) improved it by coupling the eighth
and ninth term of the complete cubic polynomial and including the xy
term. But this suffcred from the disadvantage that for certain orien-
tations the transformation matrix relating the nodal displacements to
the undetermined constants was singular. Zicenkiewicsz, Cheung (28)
obviated this trouble by resorting to arca coordinates since they are
intrinsically rclated to element geomctfy and free from external refe-
rence. However, this clement did not possess the continuity requi-
rements i. e. the displacementsare continuous at the nodes but not the
normal slopes. Clough and Tocher (5) introduced a triangular element
which was made up of 3 triangles. !\;]though conformity was achieved
by this yet normal slope varied only linearly between nodal points which
made the clement stiff (Note: A conforming element is one which
salisfies all continuity requirements and hence leads to monotonic
convergence of strain energy). Morcover, it was not good for automatic
computation and it was also noted that some non-conforming clements
having the same mesh size yielded better results. So it was found
that in order to obtain a more flexible element it is necessary to in-
troduce higher derivatives as degreces of frcedom. A twist in arbitrary
dircction can be obtained only by sccond derivatives in x and y.
So besides W W and w_, the second order derivatives namely
w , w , andw were introduced as degrceces of freedom and hence

XX Xy .

higher degrees of polynomials (like quintic) were thought of. These
higher derivatives have a further advantage in that moments could be
obtained directly. In cascs where only displacement and its first
derivatives were considered as degrees of {rcedom, moments could
be obtained only by differentiation, and hence some accuracy is lost.
Also, the moments at the same point were not the same for two

elements meeting at that point. Hence only average moment could be

obtained.
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Although it could be rigorously proved that conforming
elements lead to monotonic convergence yect the problem of convergence
in non conforming clements is still to be resolved. The element which
has been considered for the present analysis of skew plates is based
on a quintic polynomial and it will be discussed in greater detail in

rclation to convergence and conformitly at a later chapter.

2.2 Review on the Analysis of Skew Plates:

The various approaches attempted for the analysis of skew
plates can be broadly classified under the following:
(1) By differential equation approach using scries solutions.,
(2) By energy principles. '
(3) By mapping functions.

(4) By namecrical approach:
(i) TFinite difference methods, (ii) The finite element method.
(1) DBy differential equation approach:

Based on the usual assumptions of the small deflection of
clastic thin plates the differential equation governing the lateral

deflection w for an orthotropic plate can be written as'(22)

D w +2H w +D w = q(x,y)
X ORNAX XXYY y XXXy
where
.3 )
E h E 113 pYEx h3
x . }V
D= —/mm— D = H=|7——+2G|—
12(1 - ! ro12(1- 1- 12
X ( uxuy) 3 ( uxuy) TRy

where Ex and E are the Young's Moduli of the material in x and
y directions; b and uy are the Poisson's ratios of the material
in x and y directions; G is the shear modulus; h is the thickness
of the plate and w 1is the transverse deformation of the plate. The

suffixes represent the order of differentiation in x and y.
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For an isotropic plate this reduces to,

qlxy) Eh’
w S ~I-2w” + w = _CBB\L where Dz__l_z_
KAH3 Xxyy YYY) 12(1- 4%

In the case of skew plates the governing differential equation is usually
transformed into skew coordinates. Then the equation above could
be written in skew coordinates as:

4 2.2
P ow___+2(l4+2s )p w
D

Vanmn o=z £en

4
- 45(1)3 w?i" T]+ pwg,” Tm) = KI%CD)— q(M,7) where for this
equation, £ and T are the dimensionless oblique coordinates; p the
aspect ratio of the plate (b/a); s = Sine 8: ¢ = Cosince B, where B is
the skew angle. Then the analysis of skew plates is reduced to solving
the above differential equation and a rigorous solution would involve
adjusting certain constants to take care of the boundary conditions.
Due to the absence of orthogonal rclationship the analysis becomes

more involved than the elegant Navier or Levy solution for rectangular

plates.

Several attempts have been made to solve skew problems
using serics solutions. Both polynomial and trigonometric series were
tried. It is reported (16) that Eharz solved the simply supported and

clamped plates assuming a deflection function in polar coordinates as:

4
qr Zn Zn +2
= — + o - 5
YT %D n=0%1,20mT tCh., ) Cos zn@
where r and 6 are polar co-ordinates:
The arbitrary constants a and C were determined by

2n 2n +2
satisfying the boundary conditions at 4 discrete points along one side,

He also found solutions to the same problem using a polynomial power
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scries representation of deflection function of the form:

— 37 N 3
w = %(y+ﬁ+|é‘)‘)(y- Eg-F;_‘-))(er (= - ~—2l))

m n

v - [ *‘P‘;‘J) > D c_(FH

m=0,2,4... n=0,24,,, ™0 D

T

where b is the oblique dimension of the plate.

Herc also he could satisfy the deflection boundary condition along the
simply supported edge. The other boundary condition and the governing
differential equation were satisficd at discrecle points along the
boundary and in the plate region leading to enough equations to solve

for the constants C .
mn

Lardy as reported by Kennedy & Tamberg (16) successfully
solved the differcential cquation in obligue coordinates using a double
infinite Fourier series. The solution of the governing cquation in
homogeneous form was obtained in terms of a combination of hyperbolic
and trigonometric series. The residual deflection for the approximate
solution for a simply supported plate did not excced 2% of central
deflection for two terms of the series. Results for moments werc not

given nor the convergence tested.

Quinlan (20) employed a double infinite series to represent
the deflection of skew plates. Single plates with arbitrary boundary
conditions can be analysed using his method. However, he could not

establish convergence when the angle of skew exceeded 45°.

Kennedy and Huggins (14) obtained a solution in oblique
dimensionless coordinates using a trigonometric series for the deflection i

function . The arbitrary constants were adjusted for various
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harmonics until they werc convergent. Iyengar et. al. (12) obtained

quite good results using a double Fourier series for clamped plates.

(2) By energy principles:

Rayleigh-Ritz procedure was used by Dorman (16) to obtain
an approximate solution to uniformly loaded clamped plates. He

assumed a deflection function of the form:

o] w
q 2 wu mv - nmu mmn
wv = = Cos —— ——- z A Cos 05 —
D b L mn b L 7
m=0 n=0 ’
where u and v are displacements parallel to x and y respec-

tively and 2¢ and b are the oblique dimensions of the plate;)and
minimized the total potential energy of the system to determine the
unknown constanfs Alnn' As Kennedy observed the results presented
by him are unreliable as the Iunct‘i.on satisfied not only polar sym-
metry but also quadrant symmetry which is non existent in parallello-
grammic plates. Kennedy and Ng (15) used a simple polynomial of the
{form:

2 2

2
W= [(%) -UZ:I [(Lr_f,/?.)z-vz:] (AO—A uv) where

1

£¢, u, vandb are the same as those defined in the deflection function

that Dorman as sumed.

The undetermined constants AO and Al were found by minimizing
the potential encrgy. Recently Kennedy (16) used the following poly -

nomial series for clamped plates:
2
2 22 3.3
w=(l-17) (1-g7)(1-Ng-KN €”) ¢ T Amnn
0,2,4 0,2,4

m _n

where, for this equation, 1 and g. are the oblique dimensionless

coordinates.
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The constant K was adjusted and the undetermined constants Amn
was found using Galerkin's variational principles. He compared his
results with experimental models made of aluminium for skew angles
30°, 50° and 55° and found that the maximum‘central deflection

and ceniral stresses were within 4% and 129, respectively.

(3) By mapping functions:

Aggarwala (2) analysed a simply supported rhombic plate
using a mapping function. He transformed the parallellogram to a
unit circle by a mapping function in complex form. Convergence was
also studied. The results agreed within 1% of Morley's for skew

angles less than 30°,

Tungl (16) analysed a simply supported skew plate with an
arbitrary concentrated load. The particular solution was obtained by
Green's function within the domain. Here again the solution to the
homogencous ecquation was obtained as a combination of hyperbolic

and trigonometric functions.

(4) By numerical approach:

From the foregoing review on the analysis of skew plates 3
by classical methods it is evident that the choice of the displacement
function satisfying the skew boundary conditions is difficult and thosc

applied are at best approximate. So finite difference methods were

tricd as an alternative.
(i} TFinite difference methods:

It is well known that in the finite difference methods the
actual structure is divided into a grid work and the governing diffe-
rential equation is solved at discrete points of the grid using finite

diﬂerencc operators which relate the deflections, slopes, curvatures



etc. of any point 1o its neighbouring points. This results in a sct of
linear equations which when solved simultaneously give an approximate
solution to the problem. This technique has been applied for various
combinations of boundary conditions. The most notable among them .

is that due to Jensen (13) who used a network as shown,

/ \\
;_9:

Morley (18) has presented results for boundary conditions considered

in this thesis but the results were not found satisfactory for high skew
angles. In using the finite difference method, since the moments and
shears arc bascd on the difference between adjacent points it is

necessary that the deflections are estimated to a high degree of accu-
racy. Experiments have demonstrated that results obtained from the

finite difference method usually have the following shortcomings: |

1) A network which is not fine enough to represent steep changes in

deflection will produce results which arc far from actual valucs.

2) Application of boundary conditions are not satisfactory particularly

for free cdges.

3) Convergence deteriorates with increase in skew angles.
These shortcomings made researchers look for other nu-
merical methods.
(ii) The finite element method:

Since the introduction of the finite element method into the
area of continuum mechanics in 1956, many of the problems in

structural enginecering have been tried including skew plates. Several
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shapes of clements like triangular, rectangular and parallellogrammic
were tried. Dawe (7) used a noﬁ—conforming parallellogrammic element
for the .solution of a skew cantilever plate. He used a fine grid for
60° skew angle to find stress singularities in the corners. The
ele‘ment used was a non-conforming one and h.ence convergence could
not be established. Results varied by 20 to 30% of experimental
valucs. The {finite element method could not be attemped with confi-
dence until conforming elements which have the inherent properties
of convergence were introduced. Recently Monforton (17) used a
rectangular element based on Hermitian polynomials and analysed
clamped and cantilever skew plates. Cowper, Kosko, Lindberg and
Olsen of the National Rescarch Council of Canada (6) developed a fully
conforming triangular element and suggested a method good for auto-
matic computation. It was tried for rectangular plates with great
success. For the same number of degrees of freedom it yielded better
results compared to other finite elements available. So this element
was chosen for the analysis of skew plates in this work to achieve the
dual objectives of finding better solution to skew plate problems and

to evaluate the element itself.

Stiffened Skew Plates:

Skew plates stiffened with edge beams or integral stiffeners
occur very commonly in bridges. Comparatively less amount of
literature is aQailable on them. Basically three. different approaches
were tried. In one method the whole bridge slab with stiffeners is
transformed into a frame work of intersecting beams whose stiffnesses
are adjusted to conform to stiffnesses of slab and girders. This was

the approach used by Hendry and Jaeger (2)) .



- 15 -

In the second approach the slab and girder is converted to
an orthotropic plate of equivalent.stiffness The problem in this
method is to separate plate moment from girder moment and {o find
the torsional rigidity of an equivalent orthotropic plate. This is the
method used by Chu and Krishnamoorthy (4). The third approach con-
siders a plate supported on girders with interface shears and the
flexural rigidity of girders is adjusted to compensate for the monolithic
actions of slab and beam. This is found in the work of Newmark and

Seiss (19). The above methods were tried for rectangular cases only.

Jensen (13) used {finite difference method for solving skew
plates stiffencd with edge beams on two sides and simply supported on
the other two. Quinlan (20) solved a similar problem using a doublec
infinite serics and established convergence for skew angles up to 45°
only. Kennedy and Huggins (14) obtained the solution for such a problem
using oblique dimensionless coordinates expressing deflection in a
single I'ourier scries. ‘The constants involved in the expression for
w were adjusted to satisfy the boundary conditions. They observed
that the percentage difference between solutions of 9 and 10 harmonics
for skew angles up to 30° was less than 1%. However no convergence A
was established beyond 45° . Gustafson (8) used a rectangular finite
element for such a problem. He used the non conforming clement
developed by Zicnkiewickz and compared his results with those of
Huggins and Kennedy. Gustafson's results for deflection differed from
those obtained by Kennedy & Huggins by over 10% for skew angles
over 45° . So this problem was also tried using the conforming trian-

gular finite element.



CHAPTER 3

METHOD OF ANALYSIS

3.1 General:

In this chapter the refined triangular {inite element used
in this analysis is derived from plate thebry. The required stiffness
and consistent load matrices are derived from encrgy principles instead
of the conventional method of arriving al stiffness matrices through the
displacement-strain-stress procedure. A computational procedure
very much suited for automatic computation was used in the derivation

of stiffness matrices.

3.2 Assumplions:

In figurc 3 is given a cross section of the plate element
which is stiffened with a beam. The plate and the beams are assumed
to be made up of elastic homogeneous and isotropic material. The
stiffcners are assumed to be cast monolithically with the plate thus
precluding any relative movement of the plate and beam at the time of
~ deformation. In acidition the usual assumptions of classical plate theory
for small deflections hold good, namely (i) The deflections are small
compared to the thickness of the plate (ii) Middle surface of the

plate remains unstretched.

Finally the stiffeners are assumed {o resist bending in

vertical planes only and do not resisi torsion.

The coordinate systems arc shown in figure 4. The figure

illustrates the positive directions of internal forces. The middle



- 17 -

surfacc is taken as the reference surface and the arrows indicate the
directions of positive displacements and loads. Since Z is considered

positive downwards negative curvatures lead to positive moments.

3.3 Criteria for a conforming clement:

The criteria required for a conforming element which leads
to monotonic convergence of strain energy have been outlined in an
earlier chapter. Here it is demonstrated that the clement chosen for
this analysis meets those requirements.” The displacement function

chosen is a quintic polynomial of the form (6)

2 2 2 2
(7 = + T4 a - g 4a.=MN+ € a g £
w(z, M) a.1 aZ“’ 3TH a4., -lds_,"ﬂ a6'ﬂ -i‘a_/b +18,ﬂ1a9§'ﬂ
+ Srastia elnaa st “va enta, 'ty A =392
2ot Fay s tas ta e 1as eyl ta grdba e
2 3 4 5
: ’{r = LI 3 L A 3.
+a18 i 'll()’)n fazo'ﬂ (3.1)

For the triangular plate bending clement chosen, 6 degrees
of {[reedom per node are allowed,namely the deflection and its first
and second derivatives. This results in 18 degrees of freedom per
element. A complete quintic polynomial has 21 constants. So it is
required to furnish three additional equations. These conditions are
easily furnished by making the normal slopes vary as a cubic between
terminal vertices. One of the conditions is satisfié:d by the omission

4
of the term € 1 from the polynomial to make the normal slope 9w

0
along T =0 a cubicin £ . The other two conditions are met by {inding
expressions for normal slopes to the other two sides and equating
the expressions having terms higher than cubic to zero. (These will

be derived later). It is casily scen that the clement includes all rigid
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body displacements (due to the inclusionofa. , a_ €, a ) and uniform

1 2 3
states of strain by the inclusion of £ 17 terms which proxh'nide for.
uniform twists. Continuity of boi:h. displacement and siope is main-
tained both at the nodal points and across the interface. Besides
these essential conditions for conformity the variation of strain
between adjacent points being cubic makes the element very {lexible.
It has been shown (6) that such an element leads to monotonic conver-
gence of strain energy and the rate of convergence is of the order of
the sixth power of the linear dimension of the clement. An additional
feature of the element is that the moments could be obtained directly
by the inclusion of curvature as a degrec of freedom and thus any loss

of accuracy is avoided.

3.4 Stiffness matrix for triangular plate bending clement:

3.4.1 Stiffness matrix in the local coordinate system:

The two refercnce systems uscd in this analysis are given
in figurc 4. The stiffness matrix is first derived in the local coordinate
system and then transformed to the global coordinate system to facili-
tate assembly. The stiffness matrix in the local coordinate system will
henceforth be referred to as the Element Stiffness Matrix and that
in the global system as the Structure Stiffness Matrix. The cighteen

generalized displacements are w_, w_ , W , W , W

Ve Y Yezr Ve Tmyt Yns
at the three vertices. The subscripts 1,2 and 3 denote the vertices

p] , P, and 133 respectively of the element shown in figure 1. They

t %
can be put in a column vector designated by { Wl} .

* superscript t denotes transpose
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Differentiating the expression w [Eg. (3. 1)Twith respect to £, 1 and

substituting the clement dimensions, the 18 generalized coordinates

can be related to the undetermined constants ajeean, by a trans-~
formation matrix [ Tl'] 18 % 20
Thus, {wl} = [TlJ {A}ZOXl e (3. 2)

The element dimensions a, b, c as shown in {figure 4 can be found

by simple geometry and they are:

a = {(x,- x ), -x ) Hy, -y My, -y Y/ (3.3)
b= g3 )0y m 3 )y -y Py y 3 /) (3.4)
¢ = {(x,m 3 yg= ¥ ) = Geg=x )y ,- v}/ (3. 5)
where r = J(xz-xl)z + (yz- yl)2 (3. 6)

(For dctailed derivation see appendix)

The transformation matrix [T could be a augmented by the

1118 x 20
two constraint CQL'IEIHOTIS for normal slopes and a sct of 20 equations
can be obtained for the undetermined constants ai, i=11to 20, The
constiraint equations are obtained by forcing the normal slopes for

the sides b, and p of the triangular element to vary as a cubic.
Pll 3 1 2P3 g y

The normal slope for OlP3 referring to figure 6 is given by

w_ =w_ Sin a-w Cos a. assuming it makes an angle a with
n

v

the € axis. It is necessary to consider only the terms having powers

higher than four as the others automatically satis{y the condition.
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Further, by making use of Eq. (3.1)

_ _4 b2 2 3 4 .
Wn = 5a16§, +.)al7\., n - 2a18§”n l-alg‘ﬂ ) Sin a
3 2.2 .3 4
—(2a17§ 'n+3a]8§ | +4a195'n +5a20ﬂ ) Cos a
+ terms of third or lower degree in £ and T (3.7)
g = 5 Cosa, M= SSina _ (3.8)

where S is the distance along the line P,Ps3

Substituting Eqgs. (3.8) in (3. 7) gives,

w = 84{ 5a

Cos4 a Sina +a__(3 Cos2 a Sin3a -2 Cos4a Sin a)
n 16 17

3 2
+ aw(Z Cos a Sin4a - 3 Cos a Sin a)

5 2 3 4
+a, (Sin"a -4 Cos aSin a) - 5a__ Cosa Sin al+..... (3.9)

19 20

The condition that the normal slope varies as a cubic is realized
only when the expressions inside the parentheses vanish. To apply
this condition to.edge P Ps of the triangular element in figure 4
appropriate values of Cosa and Sina must be inserted in Eq. (3. 8)

namely,

] b/ . R
Cosa = bZ+ CZ and Sina = |b2+ CZ (3. 10)

The condition for cubic variation of normal slope along PP is then:
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3 .4 4 2
-2b'c)a. _+ (2bc -3b3c ) a

5 2 3
+(c”-
17 (c”-4b"c )a

2
5b4c a_,+(3b ¢

16 18 19

4 . .
- 5be a,y = 0 (3.11)

Similarly the condition for cubic variation of the normal slope along

the edge P,P, of the triangular clement gives:
2

2 3 4 3 5
5a4ca +(3a ¢ - 2a ¢c)a (—Zac4+ 3a cz)a18+(c - 4a2c3)a

16 17t 19

+5ac4a = 0 {

20 . 12)

w

When the eighteen equations of Eqgn. (3. 2) are augmented by the

conditions posed by Eqns. (3.11) and (3. 12) 2 set of twenty equations

for the coefficients al, aZ. . aZO can be written as
\!
JJ
0 = [ T] {A) (3. 13)
0 20 20 20x1

where [ T] is the transformation matrix listed on page 78 . This
transformation matrix is non-singular as its determinant is zero

only when the arca of the triangle vanishes.

From Egn. (3.13)

-1 W
{a} = [71] (3. 14)
20x 1 20x 20 0
0 :
20x1
or ‘
{aj= [7,] {w)] (3. 15)
20x 18 18x 1

where the 20x 18 maltrix [T2] consists of the first eighteen

columns of [T] -l
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The stiffness matrix of the element in the local coordinate system
could be obtained by a calculation of strain energy. The strain energy

in bending for an isotropic plate element is

1 2 2 2
U= =D w_otw_ o t2puw_ _w +2(l-p)w de d (3. 16)
2 ”[@g nn €5 1M 571] = A
where D is the flexural rigidity of the plate; p is Poisson's ratio
and the integration is carried out over the entire arca of the clement.
By substituting I£q. (3. 1) into Eq. (3.16) and carrying out the neces -
sary integrations, the strain energy could also be expressed in terms

of the undetermined constants as:
| 1t -
U=5D (A} [x] {A) (3.17)

Substituting Eqn. (3. 15) in Eqn. (3. 17),

U=3D {wlit EOSREN TS B K (w3 (3. 18)
18x1 18x20 20x20 20x18 18x 1
or
U = %D{Wl}t [Kl_] {wl} (3.19)
18x 1 18 18 18x 1

where [Kl] = [:le _]t [k] [TZ] is the stiffness matrix in the local
18x 18

coordinate system

The [k] matrix in Egn. (3. 18) can be found by numerical
integration. The following expressions are developed to facilitate
automatic computation. By using an abbreviated notation, Eq. (3. 1)
may be written as,

20 m., n,
W= v a, £ i (3. 20)
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where m, and n, are the powers of £ and n‘ respectively of the

ith term of the polynomial.

‘ m, -2 n,
WEE = ;E ai mi (mi~ 1) e b 1 t (3.21)
5 m,+*m-4 pn +4n,
w_ o =ELZa a m m (m-1)(m,- 1)¢ o 7t (3.22)
EE i3 10 1 ] 1 J ’
So that
> 20 20 m, +m. -4 n +n,
If\v_di dn= % z a_a,m,rn_(m,—])(m_—l)fr&—j vl T;l Jd"—: dn (3.23)
g€z - i=13=1 1] 1 3 1 j J = E

To proceed further it is necessary to find a general formula for the

m _n
ingeral r(‘ £ T dg dB. Referring to figure 4 , the integral

”gm T]n dg d7 over the entire area of the triangle P,p,P, can be

considered as that due to the triangles P, Q P, and Q P,P,- Substi-

tuting u=€g/a, v =17/c theintegral over the triangle szp3
becomes

ac(l-g/a)

1

-1 + I-

J.J.Emnn an dz = anﬂ R lj. ‘I. uw m.n du dv
oo

o o
m+l n+tl ]

. +1 .

S M [ ™0™ au (3. 24)
n +1 o
. ''m n+l . .
The last intregal J‘ u  (l-u) du is the Euler's beta function and
o

m! (n+1)!

when integrated between these limits give where

(mi4n+2) !

m, n > 0.
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Similarly the integral over the areca QPIPZ can be found
and is given by,
m! n! (~b) mt 1 cn+ !
(m+n+2)1
Thus

ffﬁln T]n dg dn = G (m,n)

on integrating over the entire area of the triangle Q PIP‘Z ;
where
n+l, m+l m+1‘ m!in!
G(m,n) = C {a - (-b) ]( e for m,n= 0 (3.25)
Thus
2
‘”‘W?ﬁ =¥y aiaj {mimj(lni-l )(Inj—l) G(mi+ mj—4 . n, + nj) (3. 26)
Similarly,
2
‘”'\ XD aa nan (M, Yn, ) Gm. 4 m., n4n-4) (3.27)
T 1) ij i-1" j-1 i J iy
r -
JI \vﬁg\v,{m~ DY aiaj {mi(mi . )nj (n, 1) +nlj (mj 1 )n1 (nl_ l)
G(m,+m_ -2, n +n, -2)} (3. 28)
1 J 1)
Jlf w = a m, n Elni-] ’I]ni-l (3. 29)
£ i '
‘ IJ‘ w2 dgdN=aammmnn G(m +m.-2, n+n. -2 ) (3.30)
g 1j 1 31 LI LN

Having obtained expressions for the numerical integration in a closed
form for automatic computation the strain encrgy of the element can

be written in the form,
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_ D
U =735

{ T

{a} [x].. {A)

1)
From this form and the rcquiremcn.t of symmetry the elements of
the matrix [k_] are given by,

ij
k,.=m m(m-1)m-1) Gm+m-4,n+n.) tnn. (n-1)n-1) G(m +m., n.+n.-4)
i) i j i i . ij i ] PO R S
+{2(1-p) m m.nn, tpm (m-1)n.(n.-1 m m;n. (m.-1)(n, -1 )}G(m.-ﬁn. -2,nm -2)(3.31)
1 ) 1] 11 ) 1] 1 LN 1

I j

Substituting Eq. (3.31)in Eq. (3.18) the stiffncss matrix [Kl] as

given by Eq. (3.19) can be obtained.

3.4.2 Stiffeness matrix in the global coordinate system;:

In order to assemble the stiffnesses of individual elements
to get the stiffness of the whole structure it is necessary to transform
the element into the global coordinate system. This is easily done
by a rotation matrix [R_] relating vectors of generalized displacements
in the local coordinate system to that of the global coordinate system.
Let W be the vector of generalized displacements in the global

coordinate system, its transpose being

{W}t = .(wl, Wx , wy, ....... .

It can be related to the vector {Wl} in the local coordinate system as
{follows: | .
{wl} = [R] {W} (3.32)
18x1 18x 1

where R is the rotation matrix ( sec page 79)
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Substituting in Eq. (3. 19)

v g wt Ry kg [RD (W)
= —1; {w}t [R]t [szt[k]['rz_][R] (w3} (3.33)
U = "];j) fwit [XK] {w} (3. 34)

where K is the stiffness matrix in the global coordinate system.

3.5 Consistent load vector:

The consistent load vector for an element can be established
by a calculation of the virtual work of the applicd loads. If q is the

intensity of the applicd load then this work is,

Vo= [[qw az an

]'I'li ni
= Ta [ ag *n azgan (3. 34)

The above can be put in matrix form as,

v o= (4} (p) (3. 35)

where the elements in column vector {p} arec given by,
m, n,
i
= 3.36
p, = JJag "1 dg an (3.36)
Substituting Eqns. (3.15) and (3. 32) into Eq. (3.35)
t
vV = (W} {p} (3.37)

where {P} is the required load vector for the clement given by

(R)* [1,)" 1),
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If the load is uniformly distributed and of intensity q, the enirics
of {p} are given by,

m. n,
1

3
p: = q If&' I_T] dedn= q G (m, n,) (3.37)

1 1 1

a form suitable for automatic computation.

3.6 Stiffeners:
3.6.1 General:

The advantage of the finite elcﬁucnt method lies in its
simplicity in the assembly of different elements like beams, plates,
columns and cven foundations at their common nodes. The only requi-
rement is that the elements meeting at their common node must have the
same number of degrees of freedom. In this analysis, a commonly |
occurring case of a bridge slab stiffened with cdge beams on its {ree
sides with the other two simply supporied is considered. The beam
is assumed to have no torsional rigidity and the slab and beam are

assumed to be monolithic.

3.6.2 Stiffness of a beam element;:

We have assumced a quintic polynomial for the deflection
of the plate and complete monolithic action of slab and beam. So it
becomes imperative that the deflection function for the beam lying

parallel to the x-axis must be a quintic polynomial in x.

The assumed polynomial is of the form,

2 3 4 5
) =b +b x +b x"+b x 3 S .
w {x) b1 bzk D% Fb4x +b5x +b6x (3.38)
The generalized coordinates are w and its ] — 2
W W
{irst and second derivatives in x. A similar WX | > WX,

W XX \WXX 2

procedure as used for plate is used here to derive 1
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. the stiffness of the beam clement. ‘The generalized displacements

w.,W ., W Yy W_o, W _, W can be relatcd to the undetermined
1 xl Txxl 2 x2 xx2
constants by a transformation matrix as shown.
o
r M ~ ]
W) R 1 0 0 0 0 0 b,
le 0 1 0 0 0 0 b2
wxx1> 0 0 2 0 0 0_ ﬁ b3 g
2 3 -4 5
iwz 1 L L 4 L L b4
w 0 1 27 3&2 4&3 5{,4 b
x2 5
2
w 0 0 2 62 122 202, b
Lxe_, T S L6
(wl = [r] (a) (3. 39)
b b

The strain energy of a beam element considering bending alone is

given by,

2
1 dzw
U =EI] (=—%) dx (3. 40)
b 2
o dx

where £ is the length of the beam element

-Eqn. (3.38) can be written in an abbreviated form as

6 m, :

w = bi'xi ! (3.41)
i=1 | )

= =1, = 2, =3, = =

where m1 0, m2 m3 2 m4 3 m5 4 and n16 5
-1
d 6 ™y .
(§w) = £ b om ox ! (3.42)
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d w 6 mi-Z
( Z) = Z b, m {m -1) x (3.43)
i i
dx i=1 :
2 .
2 6 6 m_+m, -4
d w 1 J
( 2) =T T b.b.m m (m -1)(m. -1)x (3.44)
dx i=1j=1 1) P Jon
Substituting Eq. (3. 44) into Eq.  (3.40)
i L6 6 m,+tm, ~4
Ub= '%‘I“ j‘ = PN b.b m m, (m, -1)m -1)x ! J
oi=1 j=1 *J * J 1 J
rr 6 6 n‘li+1n_—3
= = = N b.b.m m(m, -1)m. -1) ¢ (3.45)
A . i i —
i=1 j=1 m,+ m_ -3
1 J
or
Tl -
U = — b b
bT 2 ZZ b ; [k]
b
El t
= 5 A} [x] (&) (3. 46).
b b b
From Eq, (3.39)
-1
{a} = [T]  {w) (3. 47)
b b b
Substituting Eq.  (3.47) into Eq. (3.46)
El t t
U= 5wl [TZJ [k] [TZJ {w} (3. 48)
b b b b b

- -1
where [T2] = [1]
b b
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t

- _2_ { W) [K] (W) (3.49)
b b b

where [K] is the stiffness matrix of the beam element in the local
. b . . . . . .

coordinate system. Since in the problem considered in this thesis

the local coordinate system for the beam elements coincides with that

of the global coordinate system there is no nced for a rotation matrix.

3.6.3 Consistent load vector for a beam clement:

As in the case of a plate element the consistent load vector
for a beam element can be established {rom a calculation of the virtual

work of applied loads. If o is the intensity of the applied load, this
Pl (lb y Pl

work is
Vb = j'qb w odx
m,
=2 b [q x ' dx (3.50)
i b
In matrix from,
t
v, = {a) [5p) (3.51)
b b

where the entries in the column vector {p} are given by,

b
‘ m.
- X i .52
pbi f qbk dx (3.52)
t t
From Eq. (3.39) v ={w} [T.] {p)
b b o2
¢ b b
or Vb = {w} (P} (3. 53)
b b

where { P} is the required consistent load vector for a beam
b
clement given by,

t
(P} = [1,] {p} (3. 54)
b b b
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-1
where [ TZ_] = [T]
b b

If qaQ, is the intensity of uniformly distributed load, the terms in

p,; are given by,

m, +1
{ 1
= ———— 2
Poi T %% Tmrl (3.55)

3.6.4 Assembly of plate and beam clements:

As mentioned earlicr the condition for assembly of beam
and plate elements is that they must have equal number of degrees of
freedom at their common nodes. However, the beam element deve-
loped has only threec degrees of freedom per node. So in order to make
it compatible for usécmbly the 6x 6 stiffness matrix for the beam
clement is expanded to a 12x 12 stiffness matrix by including zeros
in the corresponding rows and columns of the degrees of frecdom not
considered in the beam element. The assembly of thesc clements
to plate can be considered in two different ways, Ilither the beam
elements can be considered as part of the triangular plate clements
to which they are attached so that their contribution can be considered
in the stiffness of plate elements. In the other method which is con-

-sidered here, the contributions of the beam elements are included in

the structure stiffness matrix directly.

3.7 Boundary conditions:

The application of boundary conditions for skew plate con-
sidering it as a displacement model is slightly different from those
derived for classical plate theory. Only natural or kinematic boundary
conditions should be applied. This is by virtue of the principle of

minimum potential energy. To cite an instance where in addition to
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natural boundary conditions, forced boundary conditions are applied,

a reference is here made to the casc of a simply supported edge. From
classical plate theory since moment all along a simply supported

edge is zero the corresponding displacement namely the curvature
would have been considered as zero which would have added constraints.

to the system and result in a stiffer structure.

From variational principles Fx 6w = 0 where F is
the genel'ali:z;cd force and & w is the corresponding displacement.
Hence if at a particular point the force is known to be zero as in the
case of a simply supported cdge the corresponding displacement must

be left as unknown as the product would any way result in zcro.

This has been the guiding principlc in the derivation of
boundary conditions in this work. The boundary conditions could be

applied in two different ways.

3.7.1 Rotation of coordinates:

In this case for those points lying on a skew boundary the
stiffness matrix in global system is further transformed into an ortho-
gonal system so that the generalized displacements become normal and
tangential components to the skew boundary. The boundary conditions
‘can  then be applicd directly by eliminating thosc displacements

from the equations of the problem.

Mathematically this is done by prcmultipl.ying and post
multiplying the structure stiffness matrix by the orthogonal transfor-
mation matrix. Incidentally this property of orthogonality has been
Judiciously made use of in storing it in an auxilliary storage which is
explained in the section on the solution of equations. (Note: For the

orthogonal matrix the transpose itself is the inverse).



The following is the derivation of orthogonal transformation.

(F} = [K] (x}

where {F} is the vector of gencralized forces, [K]is the stiffness
matrix and {X} is the vector of generalized displacements all in

rectangular coordinate system.

But F = [T] {E} (3.57)

and X = [T] {?{} ' (3. 58)

~

~~
where F and X are the gencralized forces and displacements

respectively in an orthogonal coordinate system.
Substituting,

[T] {F} = [K] [T] {X)

1 ~
(] k][] {x]

~

or {r}

1

[K] (X} (3. 59)

where [ K] is the stiffness matrix in the orthogonal system

.3.7.2 Use of Lagrangian multipliers:

An alternate procedurc is to express the boundary conditions
in terms of derivatives of the global coordinate system. To consider
in more detail let us consider the case of a simple supported edge.

The boundary conditions can be expressed as,

w =0 ‘ (3. 60)

w =0 = w Cosa+w Sina (3.61)
x y
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W T 0 = W Cos2 a+2 wxy Sina Cosa + Wyy Sin2 a (3.62)
where the subscripts represent derivatives taken tangential to the

plate boundary. One way is to express the one in terms of the other

and eliminate the former {rom the equations of the problem. But

the easier procedure would be to provide additional equations and to

find the unknowns. This is done by the use of Lagrangian Multiplier,
which are unknowns attached to the additional equations. The constraint

equations for all points lying on the simply supported boundary are

grouped together, given by C = 0 and the process is to minimize the
_ 1 t t
potential energy A = 5 (x ]1(g [x]-[x] [ F] subject to the

constraints. The coefficients of constraint equations are multiplicd

by the Lagrangian multipliers X A ....and added to the original

) 1" 72

set of equations. The additional equations [C] { X} = 0 together
with the above provide enough equations to solve for the unknowns
{X} and (x 1 )\2. .. ). They could be put in matrix from as,

: | { ~
K i C X I
|

Y (3. 63)

i
C- io Y 0

‘ It is casy to set up the above equation. It should be noted
- t

that - [K] {X} + [c] [a] = {1‘} takes up stationary value when no

constraints are present and the Lagrangian multipliers automatically

vanish.

3.8 Solution of equations:

One of the important aspects of the {inite element method
is the choice of a suitable method for solving the large number of

equations resulting from it. Usually the number of equations are too
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large for an average size computer. The accuracy of the solution
generally incrcases with the fineness of the grid system for which the
number of equations proportionally increases. Also, while testing

the convergence of a particular element the number of equations to .
handle is usually very large. This necessitates the economic usc of
available computer memory. Fortunately the matrices encountercd

in structural enginering problems have some special characteristics

like bandedncss and symmetry which would allow programming to

effect an efficient and economic usage of storage.

What follows is a brief description of different methods

in practice. The relative merits of them are discussed. The methods

used in this analysis are in particular dealt with in detail. The most
general method is to strike off the rows and columns corresponding
to the known displacements and to move up and shift to the left the
resulting matrix. This matrix is then inverted to find the unknowns.

This way no saving of core is achieved.

In the second method (27) when a particular displacement is
known the corresponding row and column is zeroed and unity is placed
in the leading diagonal. The load vector is suitably modified to account for
known displacements. Herc also there is no saving of core and the

time taken is perhaps more in the inversion. However, this has the

advantage that the prescribed displacement need not necessarily be
zero but can be any arbitrary value whereas in the previous one it is
mandatory. This method has been used in the solution of equations for

smaller sized matrices.

Apart from these mathematical manipulations there are

yet other ways of saving computer memory. This is done by physically
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partitioning the structure and building up the skeletal matrices in
auxilliary storages like disks or tapes. There are at least two ways
of assembly of structure stiffness matrix from element stiffness. In
the first method which is used in this work assembly is done by con-
sidering clement by element. The element stiffness matrix in this
casc 18x 18 issplit up into 9, 6x 6 submatrices as shown by the

schemaltic diagram,

1,1 1,2 1,3
2,1 2,2 2,3
3,1 3,2 3,3

Element Stiffness matrix (18x 18) is split up into submatrices (6x6)

Appropriate submatrix is added to the stiffness of the nodal point
connected to an element and the process is repeated for all clements.

This method is computationally simpler.

In the other method the assembly is done by considering
nodes (27). This is a searching process in which at each node corres-
ponding to each degree of freedom the contributions to that node from
connected elements ia added up. This method has the advantage that
equations could be gencrated one by one as in finite difference method
and transferred to an auxilliary storage. These equations could be

called in blocks at the time of solution.

In the ana]ysié 6f clamped skew plates the boundary con-
ditions have been applied after transforming the structure stiffness
matrix in global system into an orthogonal system using rotation of
coordinates. Herc the structure stiffness matrix is premultiplied and

post multiplied by the orthogonal transformation matrix. But no
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additional corc space was required for storing the transformation
matrix. In fact the transformation matrix is generated in the location
for stiffness matrix and transferred to a disc. In its place later on
the stiffness maltrix is gencrated. The transformation matrix is
called in onc row or one column at a time for multiplication. Since

it happens to be an orthogonal matrix (and hence ils transposc itself
is its inverse) it is called in a row at a time for premultiplication
and a column at a time for post multiplication. The product of these
three matrices are stored in one. Besides advaniage could be taken

of the banded nature of the stiffness matrix.

In the case of the cantilever plate the boundary conditions
could be applied directly without resort to Lagrangian multipliers.
So in this casc the stiffness matrix is banded and symmetric. In this
case only half the banded elements are generated and stored in a

rectangular array as shown,

|

v _ .
Band matrix ' . Storage of upper band as rectangular
array

Here the application of boundary condition deserves some consideration.
Since the rows have been shifted laterally the first column represents
all diagonal elements and hence all column element have been shifted.

This fact musti be borne while zeroing the rows and columns, and it

is shown in the schematic diagram.
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The equations stored in this form could be solved by elimination, or
by Cholesky's mecthod of decomposition (25). This method has been
used in solving large number of equations and is briefly described

here.

Let us assume that we have to solve a set of equations

given by,

(Al {x} = {F] (3. 64)
in which {X} is the column vector of unknowns and {F} that of load.
The matrix [AJ which is symmetric can be decomposcd.

Thus [A] = [UJt [U] ‘ (3. 65)

It can be scen that the elements of the matrix A consists of inncr

. ) ‘
products of the rows of [ U] and the columns [U]. Equivalently,
the elements of [A] may be calculated as inner products among the

columns of [U]. Thus

2 2 2 2
Aii = Uli + UZi + U3i S t Uii
i > '
or A, = I U =) (3. 606)
ii .
k=1 ki
A. = U, U  + 8) R R + U
ij 1i 1 UZi 2j Un ij
i
or A, =z U ..U . (i=<j) (3.67)
ij k=1 ki “kj

The elements of [U-| may be determined by rearranging Eqns. (3. 66)

and 3. 67 as {ollows:



2
U..= A, - z U (1 <i=j) (3.68)
1i ii .
k=1 ki
i-1
Uu. = A.- £ U, U. (1<ic<j) 3. 69
1) -1 k=1 ki T kj ( J ( )
Uij =0 (i>3j) ' (3.70)

Substituting Eq. (3.65) into Eq. (3. 064)

[UJt [U] x)=1(F) (3.71)

Defining the vector X to be: UX = X (3.72)

Substituting Eq. (3. 72) into Eq. (3. 71) yields:
. .
(U] (%)= (F) (3. 73)
The vector of unknowns {X} may now be obtained in two steps using
Eqgs. (3.73)and (3. 72). In the first step Eq. (3.73) is solved for
vector {;{} by a series of forward substitutions and the recurrence
formula for elements {X} is given by:

- i-1 _ :
X, = B - % U . X (l1<i) (3.74)
1 i ki 'k
k=1
Uij
The second step consists of solving for the vector {X} by a series of

backward substitutions and the recurrence formula for this is given by:

™8

X.= X, -

; ; . U, Xk (i <n) (3. 75)

g1k
Uij
This step completes the solution of original set of equations (3. 64) for

It
e

the unknowns.
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This method was found to be very fast and accurate.

Unfortunately the matrices resulting from the analysis of
skew plates with the exception of cantilever plate is only symmetric
and not banded. This is due to the addition of equations to the struc-
ture stiffness matrix by way of boundary constraints. However,
symmetric nature of it could be madec use of in effecting some saving
of core. The symmetric matrix could be split up into as many parts

as deemed necessary as shown:

w I T v B 2
N

During the assembly when the number of rows of structurc stiffness
matrix cxceeds the size of one of the blocks it is automatically stored
in. the following one. Elements beyond the leading diagonal arc not
generated at all. The solution of these equations could be done by

Cholesky's method.



CHAPTER 4

COMPARISON AND DISCUSSION OF RESULTS

4.1 Skew stiffened plate:

In order to assess the accuracy of this method, first
results were obtained for rectangular plates with edge beams.
. Timoshenko has prescnted results for central deflection and moments
for various ratios of flexural rigidity of bcam and slab. Results given
in Table 1 shows an excellent agreement between the two methods.
As onewould expect, results for EI/LD =.0 should concur with the
results for two sides simply supported and two sides frce case and
those for higher 1'igidit')" ratios the structure should behave like one

with all sides simply supported.

For skew plates comparison is made to that of Kennedy and
Huggins (14) whosec analysis is based on a single infinite Fourier scries
for the deflection of the plate and to that of Gustafson (8) who used a

non-conforming rectangular element (Table 2).

The deflections and moments of Kennedy and Huggins show
good agrecment with thé present method for skew angles 15 and 30°
Whilé they seem to differ by 15 to 20% for higher Skew angles. Kennedy
and Huggins have stated that convergence was difficult o obtain and
they did not consider convergence beyond 45° . In the finite element
method considered here resulls for a 4x 4 grid do not deviate
appreciably from that of a 2x 2 grid even for high angles of skew.
Hence it is believed that the results presented herein are more reliable

than thosc obtained by Kennedy and Huggins. Besides they compare
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. reasonably with those presented by Gustafson (8) for all skew angles.

Effect of Rigidity Ratio on High Skew Stiffened Plate:

In order to determine the effect of rigidity ratios, different
ratios ranging from 0. 5 to 50 were tried for a skew stiffened plate
of skew angle 60°. The results for deflection and moments are pre-
sented in Table (3). It is observed that the maximum values for de-
flections shifted from the free edges towards. centre. Both moments

and deflections decreased considerably as the rigidity ratios are increased.

Effect of Poisson's Ratio:

Sawko and Cope (21) studied the effect of poisson's ratio
on the stress distribution of a skew deck (two sides simply supported
and the other two sides free). They found that the change of poisson's
ratio from 0 to 0.3 for 45° skew lead to an increase of 13 and 32

percent respectively for longitudinal and transverse moments at the centre-

The easiness with which such changes could be made was
utilised to study this aspect. In Table (4) are given results for a 60°
skew case for poisson's ratios from 0 to 0. 3. It is observed that there
is an increase of over 70% in longitudinal moments and 23 percent in
the transverse moments. It must be concluded that the effect of Poisson's

ratio on the plate moments is very significant.

Effect of Aspect Ratio.:

The results of central deflections, moments and strain
eénergy are presented for aspect ratios 1, 1.5 and 2.0 in Tables 5,6
and 7. It is found thatthey increase with increase in aspect ratio.
The longitudinal moments seem to increase more rapidly than the

transverse moments with increase in skew angle,
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4.2 Skew cantilever plate:

The prescnce of infinite strésses local to the junctibn
between fixed and trailing edges has been the subject of discussion
since Williams (26) had shown that it was possible that unbounded
stresses might occur at the obtuse corner of a cantilever plate when
the angle exceeds 95°. This singularity according to him increcases
with increcase in skew angle. So in this work an attempt was made to
analyse a skew cantilever plate keeping this in view. A very {ine
mesh (figure 2) was used to find out the quantitative estimate of these

stresses.

In Table (8) comparison is made to the works of Monforion (17)
and Dawe (7) and the Experirhental values of Williams (26) Monforton
used a conforming rectangular element, and Dawe uscd a non-confor -
ming parallclogrammic elemient. For skew angles of 20%°and 40°
there is excellent agreement between all the threc analytical results.
However all of the finite elements resulis arc below that of the experi-
mental values. The error however could be attributed to the experi-
mental values in as far as skew angles of 20°%nd 40° are concerned.
Williams himseclf has stated that deflection of clamped plates was
found to be strongly affected by clamping pressures and it was difficult
to match the theorctical boundary conditions that arec imposed on the
mid-planc of the plates with the experimental boundary conditions that
are imposed on the surface. Dawe's values for deflection for 60°skew
lay 20% below that of experimental value. However, there is excellent
agreement between Monforton's and the present method. So it can be
concluded that the actual values are somewhere between these analytical

values and experimental values.
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From the results obtained using a {ine grid as shown in
figure 2 it is observed that both the longitudinal moment My and the
transverse moment My increase and the latter more rapidly near the
obtuse corner. This, however should be verified by experiment.
Monotonic convergence which is the inherent property of the element is
established as shown in Table 9. The deflections and the moments also
converge. The free corner deflections and the clamped end moments
decreasc with iﬁcrcasc in aspect ratio. (Tables 9,10 and 11). The
rate of decrease for moments is about 50% for aspect ratios between

I'and 1.5 but it is only 15% for aspect ratios between 1. 5 and 2.0,

4.3  Skew clamped plate:

A number of authors have aﬁalyscd the bending of clamped
skew plates under uniform load. Different variational methods like the
Ritz and Galerkin variational techniques have been applied. Morley (18)
uscd the finite difference meothod and conformal mapping was tried by
Komatsu (16). But these methods gave adequate results only for rela-
tively small skew angles. By far the best and dependable solution is
that due to Iyengar et.al. ,(12) who used a double in finite series which
satisficd the boundary conditions and coefficients were found so as to

satisfy the governing differcntial cquation.

Monforton (17) has compared his resulis with that of Iyengar
et. 2l. and found good agreement except for the skew angle 75° and
aspect ratio 1. It couid be observed from the Table (12) that this
method shows good agreement with that of Ref. (17) even for such a
high skew angle as 75°. It is observed from Tables (13, 14 and 15)
that the maximum deflection decreases with increase in aspect ratio.
The maximum longitudinal moment decreases while the maximum

transversec moment increases with increasc in aspect ratio. This could
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" be expected as the moments are transferred through the shorter sides.

4.4 Skew simply supported plate:

Results obtained for a skew simply supported plate have
been compared to those of Morley (18) who used finite difference
method. (Table 16) The variation between the results for the angle
B = 60° is worth noting. For the same angle Jensen (13) using the
finite differences technique but using a different grid obtained a maxi-
mum deflection of . 000497 3L7/14p against . 000384 qI"/léD .

For the same angle Favre (18) is reported to have obtained a value of

. 000309 aL. / 16D which is closer to the present. So no definite
conclusion could be drawn for this case especially for high skew angles.
Referring to Tables 17,18 and 19 it is observed that the maximum
deflection increases with increasc in aspect ratio but decreases with
increase in skew angle. Maximum longitudinal moment decreases while
the maximum transverse moment increases with increase in aspect

ratio.

4.5 Skew plate simply supported on two sides and free on the other two:

Results for this case have been compared to those of Jensen
as shown in Table 20.They show fairly good agreement for small skew angles.
Jensenapplied finite difference technique using only nine internal nodal points
which in the writers opinion is not enough to obtain a reasonably accu-
rate solution. It is oBserved that the maximum deflection shifts from
centre of the free edges towards the centre of the plate as the angle ¢

decreases.

From the foregoing discussion on skew plates it may be
observed that this finite element yields reasonably good results for all

the cases considered. A 4x4 grid is enough to obtain reasonably
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accurate results. The numerical evidence of convergence of strain
energy deflections and moments gives added confidence for the use

of this element.



CHAPTER 5
CONCIL.USIONS AND SUGGESTIONS FOR FUTURE WORK

5.1 Conclusions:

The following conclusions may be drawn from this study on

the behaviour of stiffened and unstiffened skew plates.

(1) The finite element method is a useful topi in solving problems of
this nature and this refined finite element in particular gives good

results even for coarse meshes for moderate skew angles.

(2) In the case of skew platc and rectangular plate stiffencd with
edge beams, the maximum deflections shift from centre of the edge
beams to the centre of the plate as the stiffness of the beam to plate

increases.

(3) When the ratio EI/LD is very large the plate tends to behave like
one simply supported on all sides and when EI/LD is small, the plate
acts like one which is simply supported on two sides and free on the other

two.

(4) The effect of Poisson's ratio influences the moments to a great
extent especially for high skew angles and hence some of the methods
which do not take the Poisson's ratio into account will understimate the

moments.

(5) In clamped skew plates the central deflection decreases as the
skew angle increases which is due to the increased rigidity of the plate

at obtuse corners.

(6) In the case of the plate simply supported on two sides and frec on
the other two the deflection shifts from centre of the free edge to the

centre of plate with increase in skew angle.
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(7) For cantilever plates with a relatively high angle of skew analy-
tical methods generally give results lower than experimental ones.
However the results obtained herein seem to be closcr to experimental

values than previous analytical techniques.

(8) From the fine grid pattern used for the cantilever plate it is ob-
served that there is a definite tendency for the moments to increase

rapidly necar the obtuse corners.

(9) In general, the skewed plates behave like one way slabs when the

aspect ratio is over 1.5.

5.2 Recommendations for further study:

This investigation on the stiffened skew plate can be extended
for a grid work of longitudinal and transverse girders. These days
different cross sections (16) have been used in longer girders. The
most suitable section from the point of view of the stiffness may be found
for a particular span. By repeated trials the optimum spacing of longi-
tudinal and cross girders may also be found which will result in a most
economic structure. The influence lines for track and wheel loads
could be drawn for various boundary conditions which will be a useful
contribution to the design enginecers. Because of its great flexibility
this mcthod can be used to analyse continuous beams and non-linear

problems in skew plates.
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A NOTI ON THE COMPUTER PROGRAM

A computer program coded in Fortran IV and writien for
an IBM—3CO//65 model for the analysis of skew stiffened plate is given
in the appendix. This program can handle skcew stiffencd plates with
two sides simply supported and stiffened with edge beams on the other
two, with any aspect ratio, skew angle and rigidity ratio. A sample
ouiput is also given. The same program can be used for analysing the
unstiffened skew plates with any boundary condition by deleting that
part of the program in which the stiffnesses of the beam clements are
added to the stiffnesses of plate elements. As far as the boundary con-
ditions arc concerncd 1hut"part of the program in which the constraint
cquations arc added must be replaced by the corresponding oncs for
the appropriate boundary condition considerced. In the casc of the canti-
lever plate wirere no constiaint cquations are required two special
routines have been written to make use of the banded naturce of the
stiffness matrix in storing and solving. They are also given in the
appendix. It is only a matter of changing the load vector to take into

account point loads.
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FIG.3 SKEW PLATE STIFFENED WITH EDGE BEAMS
45 . 49

>
(Y 1a
Y A\ Q % /\ Ll
4 \ / Q(z,/.a‘s
\ )

;o

\ .

L
</

¢

> X

FIG.4 GLOBAL AND LOCAL COORDINATE SYSTEMS



- 57 -

Uk

FIG.5 SIGN CONVENTION

3

ﬁ\

r{: p~ &

)

FIG.6 OBLIGUE BOUNDARY



- 58 -

82609L%0 " 95%0 ° 8¢8098¥%0 ° 98¥0 " ¥0LSTF00° 60¥00 * 0¢

PF6STLYO " 00S0° - S¥PZI050° 0050 ° 250¥€700 " PEFO0 ° ot
0050¢9%0° Ly$0° €€81¢€50° 8250 ° 80L2L%00° 2.%00° 14
61£66¥%0 " 61%0 ° 1£250850° 1L50° L900¢€s00° 62600 ° 4
1€5982%0 " 9L€0 " 81028590 ° €¥90 ° 8¢€0¥2900 ° ¥2900° I
£600€L2C 1L20° Fe1eveet ” geer 0L£60€10° 60€10° 0
juesarg oyuoysowl], juasalg oyuaysowl], Juasoidg oyuaysow1J,
b % _ b . 1D a’l
[4 / N JUSWON [eIjudd Z /TN JUBWON TeIiudd ¥ /uoidaiyed (eliusd - 13
a .
€0 : o13ey S,uosstod 1 : onyey 3d0adsy

(oxenbg) TLVTI4d JdINITILIILS NO OILVY ALIAIDIY TVINXHTL A0 LDOHFAAH

1 dTdVL



6950 ° 0990 " | 160€0° 8960 ° 00L0 " | 2€LTT° 7910 - 890%0 "| $20F0 ) 89%I0° ¥8ST10° | 6L210° 09
85260 ° 8960 | 81920 0221 ¢ POTIT | ggeer - 2LET 4330 80¢1 *| 25i%0° 2¢8%0° | €81%0° oS¥
¥¥60 ° 0960 " | 92680 " 09er1 - 8p2I " | OT€11 " 26¢€2 2¢v2 i 829€2°| ¥8160° 8%260° | 92680 " 0¢
2650 ° $9650 " | ST€90 " 2121~ 2121 ° | 22660° voze - §8¢2¢ "y 9veee” 80€T * 02I€T ~ | €62€T " | oS
oooo.o ’ 20000 FBIT * 8L1T1° zrLee 609¢ - 6€9¥1 ° 2L9%T ° o0
SUi3sny] su13sngy sul3dngy sur3gny e
) : o18ue
3 3 3 3 MmaNg
judsaid |uosyeisny| Apauudy] | jussaidluosyeysns) {{pouusyy | jussaid |uosyeisny [Apouuay] | Jussaig | uosyeisnn Apoauuayy i
4 £x ¥ A . s x Tb
- BIJUDD 1 —% /(1e1jusd) ‘| — /(1enuad) ¥ jid /uoldalreg 1eIjUL)
T
z'0o=" 920 = mm 0°1 = onyey jdadsy

¢ d1dV.L

dLVId AIANTAATLLS MEXMS HHL Y04 SINIWOW UNV SNOILDHATAAJ TVIINAD A0 NOSTYVdWOD



jutod ay3 jo uorjedoo] ayj I0¥ (

z ) 8y rropy

1BIjUdD Se owWes 18259820 ° TeIjudd se dWeS 9¢F 66800 ° TeIjuad se awes 0L8%%100 0s
(11 jutod )
[er3uad se awes 22¥%90¢€0 [e13udd se dwes 6,802%10 " £8856€00 ° 06L68£00 01
(21 utod ) (11 3utod )
[eIjudd Se dwes 6512¢0 2LL6610° 9606%610 1€2.0L00 " 859%£900 S
(6 3utod ) (21 yurod ) (11 utod )
26£686£0 " 8112L€50 " 11620£€0 " 069%80¢€0 ° YE26HE10 208SETT0 " Z
(6 utod ) (21 utod ) (11 3urod )
€812L5%0 10091€€0 " 001229%0 189L62+0 " €GL16610" 86660910 I
]
3 (6 3utod « ) (z1 3utod ) (11 tutod )
L 1$0208%0 ¥L120€0 " 1902€090 ° €9812250 " §0£5€520" 69898020 S0
16 . b b,y Tb b 1B
| Nw /(xew) Z . /(1e13ua) 2 / (xew) Z ) /(1e3uad) | ] / (xew) wm\ (Texiuss) ot
» W JUDWIOTN N JusuwIoN ./H\A JUDIWOIN ) W JUL2WION a uo13lda3jiad COM“«UQ,—.HOQ \H”m”
2°0=" ‘pXp=pHD ‘09=8 ‘0-Z=oney padsy

HLVTId AQINFAALLS MHMS NO OILVY ALIAIDIY TVIAXATI 40 ILDHAIA

¢ dTdVL



- 61 -

88%69220 ° : €0080¢10 £€°0

S$S8L120 " 12596210 2°0
€1216020 6£¥98010 ° 1°0
12690020 9%2.,.800 " 00
(1TeI13U2D) (1eI13ud0)
b £ b % ~ oney
2 / N v AR, s,uossiog
0°'r:oney dadsy ¢ p9 = g

SHLVTd dIANITJAJILS MENMS NO OILVYH S,NOSSIOd 40 LoAA4q

¥ ATdVL



°T *814 ur umoys se plald pxF

2Y3 Ut suonredo] 119y djoudp sidirosiadns oyj pue sonfea WnWIXeW 2Yy3 MOYs S}9¥de.IqQ 9Yj 9pISULl sanjea ayf7,

25L16€00°  6IBEIFIO"  22190%20° 91069€20" SOFE6FIO0 " 00000° ¥X¥% qu\?E
2L82¢¥00°  00I86EI0" 67926120 918€9220 9S€6FFIO0 00000 72
ol EZLETETO ") (86€22720°) (L6EFS0E0°)  (€F92STE0°)  (FS0E£0€0°) (81209620 °)
80LBOETO "  86€Z2FZ0°  L6EFS0E0 ™ €792S1€0 " FS0€€0€0 81209620 ¥Xx¥ qu\{
T61L8€10°  ¥ZS€20%0° (2129070 PL¥20820 " 99.L55620 " 65885620  ZX7
Gl E6¥8LF00 ) ;(ST229ST0 ') H(FO06FFEO ")  (68€£2090°)  (6502180°)  (61£0£680 )
8I166000°  #0126210°  €62IEFE0" 68€€2090 ° 6S0¥2180 " 61€0€680° ¥X¥ qu\xz
0T0L6200°  22€29110°  Z6VEEFeD ™ 00108650 ° €8221080 " SLEEIBBO ™ 2XY
(9982+200 ) b
2L810000°  99S8T1000° . 10¥02000" §¥995100 9982%200 " €L56L200° ¥x¥% 9  4AJasugm
[8¥10000 "  889L1000°  €6969000 " 92¥95100 $082%200 " 8566L200° ZxZz g /utelig
. {9%€€¥000 °) (((2FL09100 °) [{209€5€00°)  (SEL¥2500°)  (0L6L1800°)  (L86¥1600°) a
~ 98060000  6E€FF6000°  ££626200 SELFLS00 " 06,1800 " L86FT600°  ¥X¥ 1P
e 21€L0000 "  098T6000°  9£526200° F6¥FLS00 06921800 " 968%1600° zxz  /uonoaiyeQg
H

oSl <09 ST o0€ eS1T o0 P1Id

o13ue MdNgG

92 °0 = PMIM. Z°0 : ouyey s,uossiod I : ouyey joadsy

SHLVTd AANTAJILS MAMS THL JOJ ADYIANA NIVILS

ANV SLNAWOW WANWIXVIN ‘SNOILDITAAA WNNIXVIN SINAWOW TVILNAD "'SNOILDATAIA TVILNID

¢ dTdVL



‘1 81 utr umoys se plId X P

ay3 ﬂﬂ.mcoﬂ.maoﬂ Itoy} 9joudp sidirdsiodns dyj pue san]=a WNWINXBW dY} MOYS S}9YDBIq 99U} OPISUl Sanfes syl

PSPZEE0 "  FBLLPISO"  9016€090° 098L2¥50 L2€S12€0° 00000000°0 ¥X¥ qu \?2
P$L06Z00°  2520€250°  ¥0986190° 269£0550 " €985%2€0 00000000°0 Zx2
2i(£2589%20°) (16892,6%0°) (928¢S5¥¥0°)  (£25€58F0°)  (L2¥L¥8P0°)  (TLFESLFO )
29€¥L910°  191782€0°  9Z8ESTHO” €LSESBFO LZPLY8¥O ILYPEBLYO " ¥XF SL .
T6TL8EI0"  £0S928F0°  S6F60250° 252€6610 " £9€126%0 FEOETOSO "  2X7 ¢ /N
21065689600 °) ({T6FFLLEO ") (€£862L180°)  (689852€1°) (06061241 °) (01561281 )
€8%2L100°  6£S€L820° - 0212Z6L0° 689852¢T ° 060612LT * 0IS6IL8T " ¥ X¥ Nq@\xE
€EBT8000°  €1704T€0°  I¥58%S80° $0L00€€T - €1989691 88L60S81 ©  Zx?
' 9€12000°  08SELI00°  §80¥8S00°  12122210° S99¥€810 " £€016020 " ¥ X% oqw\%posm
R4 I8710000°  2S¢F9100°  SES¥LG00° 676L1210° L26£€810° 5.806020° ZxZ7 g utens
1
1{T0TEF200 ) (((21L66800°) [((S€L92610°) (FSTIS0€0°)  (8£0F96£0°)  (£L26LE%0 ") %ﬂ
05L22100°  #SSP€900°  T6IL¥910° 9L220620° 8€0¥96€0 " €LZOLEVO " ¥X¥ g
21€L0000°  9¥L€0900°  Z6662910° 86%10620 9€6296£0 " 8268L¢¥0° ZxZ  /uondayyeQg
oSL 009 oSF o0€ oST 0 pP1ID
215ue maNg
. aT Qo o
92°0 = 3 2°0 ¢ onyey s,uossiod S °'1 ¢ onyey j2adsy

SHLVTd QIANFAJILS MIMS IHL Y04 ADYIANI NIVELS

ANV SINIWNOW WANWIXVIN ‘SNOILDATIAIA WANWIXVIN ‘SINIAWOW TVIINIAD ‘SNOILDOIATIHEA TVILNID

9 dTYIVL



‘T *B1q Ul UMOYsS se Pl1id »X§

24} Ul suUoL3ed0] I19Y) 9jousp sjdiidsrtadns oY) pue SON[BA WNWIXBW dY} MOYS S}9YDvIq 92U} OPISUL SoNn[eA Oy

8¥952590°  LOCIOIOI *~  0I92Z1I1° 9LTTILS60 LL269550" 000000000 ¥X¥ b Ax
02990290 "  62L.9L01°  1092SLIT" 6¥8L1001 ° 0588€L50 " 000000000 2X2 2T/ W
g(6¥768920 ) {€025622 ) (95585+92 °) 19924950 °)  (¥27168850°) ($82119850°) b &
GLSSBLIO"  91¥09520°  ¥08SELFO" 19922950 ° ¥2168850 ° ¥8219850° ¥X¥ 27 /W
2€5¥8920°  821990%¥0°  0S¥E0ISO - $202.950 " £9091650 $GL90190° ZX7?
orl6€092610 ) (0€¥22€L0°) (€98FFSST ) (698296£2°)  (8F02520€°)  (929¥¥92¢ )
ISTOE8T0 "  0€FZZEL0°  €98FFGSI ” 698L96¢€2 8%02520¢€ ° 929¥%¥92¢"  ¥X¥ qu e
€OTISI2IO0"  LLLOEELO™  8LYCHHSI $9£079¢2 S19€1862 " 29760%2¢ " ZXx?
€89L0100°  9€00€800°  26552920° 0L0£6250 ° PPSE6LLO " 02682880 ¥X¥ oqw \ﬁrocm
4., PPEF6000°  $8568L00°  29L8L520° 82612250 ° €€106L20 " £9582880° 2zxz -z—'ureng
® (65688L00°) [((#928620°) (¥2998950°) [[(21€¥L660°) [[(S2€25821°) [(F658F6ET °) a
€5290900 "  €9661%20°  ¥$.998950° 29909%60 " 69L6€52T LSF9ELET " ¥XF 510
09700500 "  1956¥€20°  96£88550 " L8612¥60 " 02¥€€S2L FerseLeEl " 72Xz [uoldayyeq
oS 009 0S¥ o0€ ST o0 PuD

o13ue maNg

92 °0 = Qm 2°0 : onyey s,uossiog Z : o13ey 0adsvy

SALVTd AANIAJILS MIMS THL YOI XADYANI NIVILS
ANV SINIWOW WANWIXVIN ‘SNOILDATIEA WANIXVIN ‘SINAWOW TVILNID ‘SNOILOATAAA TVILNDD

L ATIVL



(2 "81g 19391 $1 pue ¢ jutod Jo suUOBOO] I07:: )

L9€T * ZETT” G680 " 660 ° 6250 ° 6510 Swel[{IM(97) Jo4d
2621 S¢01 " 7,90 " . 2660 96%0 ° €10 OMB( (L) 32V
C00€T -~ 1.01 " 9¥L0 " 0560 " 96%0 0F10° UOIIOJUON (L) 7o
68780L21 © 68F%800ET ° 2€91L0T° 9%¥0L8%L0° 68%80.21° 666960 " PI9%6F0 ° Y6P6€10 " 9xg9
16921 ° 00€T ° L9071 ° S0€L0 " 16921 ° 860 rAd 34N 8L€10 " Xy jJuasaidg
2971 ° L1621 ° LEPOT * £€990 - 2921 SEFH0 * €650 " 80€T10 " r ¥
206 J0L 505 J0€ 206 0L .0¢ o0€ g o13ue mayg
#1b Tb
a / wm M wI.IQ / %m?

HIVTd dHFATTILINVYD DIAIWOHY J0 SNOILOWJTATT YANYOD HIYA 40 NOSIIVANOD

8 dTEVL



- 66 -

000¢€cs?20 0€L820¢€5 "~ 2980651 - 68SF800¢€T * 68¥8022T1 * 9%9

9F06+520 " 16226825 °- €9L98ST “- LEFZ00€CT ° LEZ16921 Xy o0
6L9%£520 " €1.96228 - 196696¢T - 16212621 Fev1e9et %2
8516L0¢0° $88¢5208 "~ G91922¥%2 °- 68780L2T1 " 066¢£6¥60 ° 9%x9
$509L020° LZ266G¢E6L "~ 8L6L08€2 "~ 07216921 ° 622¢8¥60° PXT 00¢
2§1990¢0° FO0TLOTL - 6TET6SIT "~ 9¢t929¢et OFLLEVEO - rARY4
PZSP6S10° 60%660610 "1~ £€286650€ - 809L6021 ° 0265€2L0 " 9%9
22276510 PLYYSLPO - Zt692¥82 "~ Z¢s¥Z80¢e1 SPEI€eLO” yxp o0€
698€8510 ° 02119164 "~ 9¢¢8FLET T~ 660L661T1 " 269%12L0° AR Y4
02006810 LIGELISI T~ SRR OFASE 4 R Ny 02¢91L0T - 00¥196¥%0 * 9%9
59658010 ° L96598%0 "1~ 0L6EGTT¢E "~ 090€L90T * 8062F6F0 ° yxy 07
LOFL9010 " 8L86LF%18 "~ F9LZVVC - 620LEF0T ° €LL626%0° %7
¥942¢900° P1268%L2 "1~ $9L9928¢ - 0870160 €1152620° 9%x9
66951900 - 70L2C80 "1~ 2118¢862¢ °- 0€556680 ° 02551620 XYy 08
) 9¢941900° LL56868L - €L89L6¢€2 "~ 10129580 " €1014820" 2%
068L€€00 " €€816192 "1~ 6FSgLSRLE *- 9t0L8%L0 " 0P676€10 ° 9X9
6¥682€00 ° 90L990¢0 "1~ 2100260¢ °- 06%50€L0 " 9098L¢€10° PXP 009
€1¢L6200° 825¢0669 - 8501L6027 "~ L¢0%¥5990° - 18280¢10° Z2x7
@q NU . v
a e red b LAPW Em a18ue
JT K Tbh % 7
S1oumy ureiis A, A T / suondaiyea pran moxg
€0 : o3y s,uossiod I @ onyey 3joadsy

JALVId YAATTIINVD MINMS ¥V JO ADYANI NIVYLS ANV SINIWOW WNANWIXVIN ‘SNOILDATAITA YANYOD AFYAL

6 ITdVL



- 67 -

99

626L6L€0 " STIEF8IS = 0ETTLSST - 26€£0521 " 26€€£0S2T X ¥ o0
$£2282€0 8F8IRSIG "~ PSGPLEST - S9TT19%2T S9T19%21 ° 2x%2
9x9
966£00£0 981190GL - 95€81622 - 61£25621 " 006£5280 " FX¥ o072
6.9.8620 " 65¥6L299 - 8€8££002 - $02.8821° 20120280 " 2%2
9%9
12¥L1220° SCT66168 - 17265652 - YOFZHOTT * 15925290 " Pxp o0€
82056120 " 6+222669 - SLIE6602 - L96SLIT * L0LL1290 " 2x7
9%x9
€€L02910 " 8%990688 - 661,992 °- 6.568€0T ° 60F5SG8€0 Pxp 0%
162L8€T0 " 6GL62189 - 08268%027 '~ 86£2000T1 ° GS08€8€0 " r
9%9
LL00" 91085€¥8 - S0FLOEST "~ 65676580 02+87610 " vxp 00§
€FC0£L00 " 98F0LF09 - 9FITHISI - FOPTE620 16902610 " r
9x9
£€¥05€00 1020669 "~ $0902602 - 0L5€2890 " 8801L00 ° rx¥p 009
81€F0€£00 0L£9655¥ - 116829€1 *- 1091#850 ° 96866900 2x2
owH.INIG Xeuwl Xeuw 1 ¢ .
a b £ b x .1b o m ol5ue
A3 1ouy ureng 2 /W 2 /NN r / suotipdoalyeg pPLIn MOYNG

a

€°0 : ol3ey s,uossiod G 'T : oryey 3oadsy

dLVId dHdAFETIINVD MEXMS V 40 ADYUINT NIVYLS ANV SINIWOW WANIXVIN ‘SNOILDITAIA YANIOD AAIA

0 dIdVL



9%9

85¥050 " PI8ISHIS "~ PPSGEFST *- 890%21 ° 190%21 " Pxp o0
L62050 " 989€5016 - 9019T1¢ST *- ¥8L¢21 " ¥8L€21 " 2x?
9x9
L226€0" 0E66TBIL *- 6265%512 - +09621 ° 661580 ° vx§ 002
S006€£0 ° 6£L69L€9 °- 2260€161 - €0682T " 625€80 %2
9%9
882820 €vE01Z6L - €0T€9LET " SOT6IT * 619850 ° FXP o0€
996L20 89421259 - 0FLEYSHT - G8L9TT * 9¥6L50 ° 2x2
9%9
18%210 " 06F€1£08 "~ 2€0F60¥27 - €68L01 " 0%0S€0 ° PXH o0%
910L10 " 8STI6E19 - 8FECLIFST - LE2L60" FLSTEO r
9x9
_ 0€0600 050€85¢€L "~ S16¥L022 '~ GLI¥S0 " FPOLTO Px¥ Nl
3 19%800 " 1£¢5¥026 - 665€195T "~ 9615L0 " €08910 " Zx7
1
9*x9
86L€00 " 1799€966 "~ 266068LT - 068590 ° 851900 " yxp 0 09
252£00 £0G28LLE - 1GLFEETT - 220%50 " $90900 ° 2x%2
T .6 . ‘
97" . xXewl xXewu 71 € 218u
a b £ b x w.dv M M pone
AS1ouy urens rAR A O\ 2 /N —5 [/ suoneenRa prIn Mg
€0 : o13ey s,uossiod Z :oney idadsy

JLVId GIATTIINYD MUMNMS V 0 ADYINY NIVYLS ANV SINIWOW WANWIXVIN ‘SNOILDITATA YIANIJOD TJUA

IT dT1dVL



A1oarpoadsas spraS $X§ pue 7 X7 I0J SINSdY

- 69 -

0¥92100 "
2192100 o0
I1¢rioo -
£21100° €21100° ETITTTI00 oS 1
€89L.000°
L89L000 €89.000° 689L000° o0¢
29.€000°
194€000° : . £€5L€000° 60L€000 " oS¥
. €.01000°
1901000 ° €L01000° 960000 ° 009
80600000 *
20600000 - L%800000 " 0L00000 ° oSL
Tb b Tb >
v a /2 . ¥ a_ /°am i aq /™ o215ue
‘1e "30 TeSuad] UO3IOJUON . juasaig MG
cg =" [ = onyey 3d0adsvy

dLVTId dIddWVTO MIMS THI YOI SNOILOATAAA TVILNAD A0 NOSIYVAWOD

<1 dTdVL



- 70 -

T *81f ur umoys se prad ¥xX§

2Y3 Ul sUOled0] 110y} 9j0udp sjdirdosrodns oyl pue sonjea WNWIXBW DY) MOYS SIONDBIq 2Y3} 9p1sul sanjea 9y,

ST6LT000°  SIISL000°  8LPESIO00" L2E16100° 9822€100 00000000." ¥x¥ b Ax
82901000  9£96£000°  T186£2000°-  S00ZSI00°-  FIEE9I00°~ 000000000 ZX7 27 /W
g{ TPF8FE00 "~)gp(S2F6EFT0 ) o 64FLE8E0 "=) ¢(S60LESTFO *=) (20281150 *-)
L9L09200°  92€£0800°  90528€10° SI12€810°  120990120° 0L581220° ¥X¥ ;TP \AE
EPPLETOO " 89681S00°  9€895010° 0082910 L0S9L€20 " $588£820°  ZX?
HlE6T9EE00 *~) (EZFOEFI0 "~)3(L052€820 =) (61726850 =) ((S60L£550 *-) (20281150 *~)
665042100  ¥ETEPS00" 15952010 ° €6111910° 21L5€020° 0,.681220° ¥X¥ , TP e
STI8S000°  ¥9FISE00°  66LFOTI0" 1£288870 L20¥9¥%20 " $588£820°  Zx? .
92000000 °  €.900000°  8.9€£0000" 08160000 * PL¥IT000 9E€¥61000°  ¥xp oT,b A3zoug
€2000000 "  $2900000°  82S£0000 " $0€60000 * L€191000° FPZe1000°  7XZ7 ——— /utens
(60600000°) (6£201000°) (¥29L£000°)  (€8492000°)  (¥1121100°)  (2€¥92100°) g
60600000 "  6£401000°  $29L£000 " €8292000 PI121100° 2EP92100° XY $ TP
76900000 °  §5960000°  T160L£000 " L¥892.000 " 82111100 0€192100° 2Xz  /uondaypQg
052 509 oS ¥ o0€ ST 0 P1ID

a1due maNg

€ 0 : ol3ey S,uossiog [ ¢ oyey 1dadsy

SHIVId AAdNVTD MIMNS dHL ¥OJ XDIANT NIVILS

ANV SINIWOW WANWIXVIN ‘SNOILDHTIAA WAWIXVIN ‘SINIAWOW TVILNID ‘SNOILDETAIAT TVIILNED

€T dTdVL



‘T *814 ul umoys se prid X%

2Yj ul suol1ed0] 119y} d30udp sijdirdstodns 9y} pur sanjeA WNWIXBW 2} MOYS S393DeIq 8Y] SPISUT sanjea ayJ,

S90£0000 "  €65¥2000°  2Z¥L62000° 09%9€100 ° 00000000° ¥X% b Ax
022%2000°  1S5.6000 " $285000 ° 10801106 ° F9SF++100 ° 00000000 Z2x2 2/ W
91 16525500 "=)o{ 70122020 "~)g(2€8FL6€0 "~) (22098550 =) { ¥7029890 =) ¢{{GH€855L0 *-)
L9S¥FE00 "  STTI9PIT10” €26€1120° €0¥62620 " S0£92F€0 ° €L129¢€0° ¥x¥ qu \>2
89G6FF00 " 92592FI0°  LLFELF20 " 980€T1SE0 ° S0196%%0 ° 6296%050° 2x2
042229100 =) 61692210 "~)p(TTL2€220 =) $(569800%0 =) (FF60FLF0 =) (SLHTEEG0 -)
G9691T00"  S¥2.2700° 5108800 " . S21€SEI0” 8€€02210° 8F9LI6I0 ¥X¥ ch \xz
[C6IST00"  800S€900°  6LF9LEIO0” €9FH9610 ° 81615120 L¥0%5220° 2X72
' $9000000°  0IL10000 " $2960000 ° 11192000 " 0FFFF000 - 8625000 PX¥ oqmw \bﬁosm
~ 67000000  60¥10000°  ¥0FS0000° 826£2000 " €652+000 ° 62915000 ZxZ —g ' uteng
! (29210000 °) (99091000 °) (¥9909000 ) (86%62100 ) (682€6100 ) a
29210000 99091000°  $9909000° 86¥62100° 682€6100 ° 62€61200° ¥X¥ 3P
06010000 89251000 £€0965000 ° 269L2100° 00216100 ° 2€P61200° 7%2 /uo13da (38
oSL .09 oS . S0€ oS T 00 prin

olSue moNg

€0 ou3ey s,uossiod

G 1 : oney adsy

SALVITd YTATTILNVYD MIMS HZHL YOJ ADVIAINI NIVILS

ANV SINIWOW WNWIXVIN ‘SNOILDIATIAA WNWIXVIN ‘SINIWNOW TVIINID ‘SNOILDATAAA TVIILNIAD

Y1 dTdVL



9y} ul suoijedo] I19yj ojouap sijdirdosiodns ayj pue sanjea

*1 *81f ul umoys se ptad8 FX§H

UIMWIKZW 9Y] MmOySsS s3oMOe.1q 9yj aplsul sanjea ayl]

25¥¥0000 610000 ° 620000 ° 00000000 ° PXP Ib Ax
#0000 ° 12000 ° 10000 - ¥21000 " 90L€£5000 ° 00000000 ° 7%z 2/ W
gi{ 09915500 *) (06529020 *=) g(529€ST#0 ") (175249280 ")
$S8LFE00 SLEIGITO™  0¥£02220° G2€S0IF0 " R 4 b &
L9€8¢¥00 " 0€¥8€910 " 219¥1€0 " 98L€F9%0 9,625850 " 28L¥1¥90 " Zx2 2 /W
$(00€22200°-) (122+0110-) (99029¢€20 :-) ¢(68580L%0 "-)
122€0100 " SGELFEND " 21908900 ° 96SL6YI0 " PXP qu I
1587100 " 29F22900°  6SSIEEI0” 20892810 " €2¥8S610 ° F€2+060 ° rR
£0100000 ° G¥L20000 "  2LSS1000° 0€£1L8000 " px¥ 9l,b AJrougy
18000000 ° €6220000°  L12€1000° 956L£000 " ¥¥¥89000 L6E£€800 " Zxz Tq@ /uleas
(€1210000°) (02591000 °) (55€59000°) (€51€5200°) L
€1210000 " 02591000  SS€59000° €61€5200° yXy 51D
06210000 " SGLL1000°  €1689000° 0026¥100 " ¥0052200 9%5L5200 " Z2x2 [uolpdayeg
oSG2 509 oSV o0¢ oS 1 : -0 PLID

o18ue mag

€0 ! o13ey S,U0SsS1og

7 : oljey 3o0odsvy

SHLVITd AQIAWVTD MIMNS HFHL ¥O0d ADYIEINI NIVILS ANV

SLNEWOW WANWIXVIW ‘SNOILDITIAIT WNWIXVIN ‘SINIWNOW TVILNAD ‘SNOILDIATIIAA TVIAILNIAD

ST ITdVL



90%00 * 190%00 " o0

26%200°
$9200° $¥200° o0¢
665100
L9100 " ZST100° 0¥
6818000 °
216000 19,000 008
1
o
o~ ¥0£000°
! ¥8€£000 " 8L2000° 009
b b
p_10 1
a /°m T /°m o18ue
AotaoN (81) ‘¥oy . juasoaayg MG

€0 = T [=oney joedsy

ALVId AALY0ddNS ATAWIS MHEMS THIL Y04 SNOILODHTAHA TVILNAD 0O NOSITIVAWOD

91 A'TdVL



91+L€200° £€9299¢00° LEO6PZF00 ° Z228%0¥%00 " 10€EPTE00° 00000000 "0 PX¥ b Ax

96155200°  009Z¥¥00°  €1568500 ° 969££900 ° 65£5€500 00000000°0 zx2 ¢ /N
2€827FST0°  19220¥20°  SELESTE0 " 99F1H3€0 * €1205€¥0 56528LF0 PXy b g
01258810°  §.206620°  9FZIF6E0 " SZ68ESHD - S00FSLED " 60920L%0 * %7 /N
$29€€200°  96¥8¥SI10°  $02S8F20 SFSESEE0 - 998F21%0 * S6529LF0 - PXT
98TI00TT0° SEESE6I0  §2615620°  96TLOSE0 " OTEFIEHO " 609Z0L¥0 ° exg ¢ IR
9,220000°  F6860000°  6I18£2000 " 97%€¥000 * 986£9000 ° $2158000 PXV b gscoug

. S6%20000°  €£160000° 02922000 ° 0L22%000°  SITE€9000° 00158000 waonmml / urens

o~

. 9EH0E000°  F6818000°  26F6STO0 $026¥200 ° $9L0££00 ° $€290%00 ° FX |m4m
€6122000° 0019L000°  §9225100° 9FLEFZ00 - 89£82€00 $6090+00 * 7x7 Juonooleq

09 .06 .0F . o0€ oS1 0 prIn

g o18ue maxg

¢'p : olnyey s,uossiod 1 : oney joedsy

HIVId AdLE0dd NS ATdWIS MEMS THL YOI ADYINIT NIVILS ANV SINAWOW ‘SNOILDITIHAd TVILNIAD

L1 HIYVL



12528000 "

027686000 °

251¢8000° 2€605000 "

00000000 *

vxy

£5829000 ° b Ax

10650000  2Z06£S000°  T6LEZT00°  I¥S£99100° PFI0O0°  00000000°0 zXZ ° /N

PITELEZ0 " ¥29€6L€0°  6GTHLISO"  9S108€90°  ¥#910€€L0° €7S09180°  PXE

£9989610°  €5920S€0° 8011250 £8098L90°  S2r266L0°  o00%8L680°  zxz © /W

98TLSTT0 "  1€ZP9810°  2I¥PEY20°  LI909PE0" €760£2¥0 ° 6SLIE6YO"  ¥XV  ap o

Zr168800°  T166IFLI0°  918€6920° . LESLSSE0” 0£%252%0 ° 65596850  ZX7 /N
_ 0T8L0000°  ST06¥000°  L5.L9000°  L19€2100° €L7€8100 89SSYZ00°  PXV g oo
i 070L0000 " 29952000  2SHE9000 08681100 ° 69262100 1L6¥200 Nxmoqm /urensg
!

$9€85000°  ZE6IST00 "  §925620C ° I£759700°  889€2900°  00£2..00°  ©X¥ s

) v
91015000°  29T0¥100°  S2T118200° 8PEZSFO0 T 991S1900° €P8ILLO0°  ZXZ [ uomdaryeq
209 005 O F 0 € 002 o0 PHID

g olSue Mg

€0 : o13eYy S,U0SSI0g

G 1 : oyey 3o0adsy

ALVId AALY0ddN0S ATdWIS M3MS THL ¥O0Jd ADYINH NIVYLS ANV SINHWOW ‘SNOILDATAHAA TVILNIAD

8l HTdVL



- 76 -

0¥829000° 09000 299e¥000° §906£000 ° 991¢€+000 00000000 Py b Ax

| W
11266000 " 0+€05200 9vF0EF00 ° L91LEC00° 69426%00 ° 00000000~ 2xZ ¢ /
L08L5820 " 9c6H<to 082¢290 - 2rLe08L0 958€9060 ° €6£0€20T1 ° 74 b . &

"
¥P1L8920° GLTTGSTO L¥006590 " FOSSES680 " I€18¢CT10T° L8006S1T -~ %7 ¢ /
8918¢010° €6€6¥910° 2998¥ <20 0£9601¢€0 08F+13¢0 ° €S069L6%0 " A 4 b x

J
28¢€ZV010 - 06972810 22¢152L20° 968L mmo. CTELLIFO 96FPLLYO " X7 ¢ /N
0Z6€£1000° 1€167000° GTI98T100° 02L81200° 886G2¢00 LYIE0%F00° PXy 9 NU A3 zousg
99621000 " 8529+%0C0 ° 8592L100° 82101200~ 60981¢€00 " 2.58¢700 " X T \Em.Sm
8S¥¥L000° 6£0€6100° 60652€00 " €2€L050C " 65280800 ° £€98¢21010° ¥xv m\.mm
. 4
§5¢0.000° 66¥88100° S160L£00° P2L896500 " LI¥2080G L0911010° ZXZ [ uompalsd
009 0¢ LF 0¢ 0¢ <0 PIID
g o1due M0Ng
‘g ¢ ol3ey s, u0ssiod 0°z :omney idadsy

"ALVId AILY0ddNS ATAWIS MISS AHL OJ XDYEANG NIVYLS SNV SINAWOW ‘SNOILDWATIAEA TVILNED



- 77 -

9pls 29411 92U} JO 9I3U3D JYj B UOIIDIIOPp - M

Uol13d91Jap (eliuad - W
60610 ° 60€10° OoxUuaysowl]
I¥80° €6€0 " L0L0° §810° ussuaf
10<¢10° 09€60 " £e¥o” 60€10 " 62L0° 61810 ° Vxy
20610 6,280 ° 16€0° 60€10 " 6990 ° €0910° Z2X¢ jussald
006 oSY o0¢ 006 oSY c0¢
.1b b
,VMI \mu\w./ ¢q| \Ub?
a = uo130213o( a =
Z2°'0 ¢ o131y S,u0sstog . I ¢ o13eyd uUOnmmaoﬂ

OMLI ¥YIHIO JHL NO HHYA ANV SHUIS

OML NO dHLYOddNS ATAdNIS JLVId MHNS V ¥OA SNOILDATAAT A0 NOSIIVAWOD

02 JIdvL



]

- 78 -

TRANSFORMATION MATRIX {T

™ T
<« %)
© © 0 © © © © o © o o o wnw o w o o 8 Y% a
© 0 & W
™ ™
(SIS
. - [ )
ooooooooooooo*’ooouo“—ﬂ
: - T 09
W wn
(S 3}
o N
v L
™. m
s .0
) )
© © © o © © © © © © © o © ©o © Y o o .+
A gl
o O
a 0
olxm
O v
<t
3 .0
ma . NC\II
ocoooa,ooooocoooooom'm
t ™~ U
Lok IR o]
c .0
n ™
~m
[Y oY L hts m('d '70'70
L 80 0o O o o v d o &5 O 0 o o o o o o T T
o “I‘ \n IS N
™ (o]
© 0o o o 0o o 0o © o o ©o ot o U o o Y o o
P = o —
(¥ )
ooooooooooooo"“ooo(g’ooo
cl ol (g
o O o O o A2 o o O o o 8 o o O u o o o o
N (o] o
) ] P ]
© © & o o o o © s o 8 O 0o o O o o o o o
oo " “h
. hed
s F O § © o T g o { o o o o o o o o o ©
1 — -l
[} Ly Q
oooooooooooouogoo\ooo
-0 o o~ [3}
© © o & o § o o o o o § o o o & o o o
!
oo”ocrooo“ﬂo(ﬂooooé’.oooo
L T o) 0 P o
.?.oxrfoomgo\ooooooooooo
ooooomooooom”uogoomoo
© o § o ~ 0o 0o ©o ® o - © O LV o o -~ o °o o
~ D2 o
,Do':oc\loo N O N o 0 0o o o N O o o o
O ©o -+ 0 0 © 0 © 2 o o © U o - o o o o o
"?ﬂOOOO,@"‘OOOOO"*OOOOOO
- 0O O 0 O 0o =~ o O o 0 o - 0o o 0o o o o o




- 79 -

[

§ sod
Z

gs0258uUls

g uis
(4

gsooguisz- 8 uts 0 0 0
§ UIS -8 SOD HSOD guIs- 0 0 0
Z Z
gsooguisy mmmoo 0 0 0 Hm
= .m.m“#
O 0 §6Ss02 mﬁmml 0 O
0 0 guis gsod o.N 0
0 0 0 0 T

[¥] XIYLVIN NOILVIOY

[¥]



- 80 -

Derivation of clement dimensions
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