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Abstract

In surveys, one may face the problem of influential units at the estimation stage.
A unit is said to be influential if its inclusion or exclusion from the sample has a
drastic impact on the estimates. This is a common situation in business surveys
as the distribution of economic variables tends to be highly skewed. We study and
examine some commonly used estimators and predictors of a population total and
propose a robust estimator and predictor based on an adaptive tuning constant. The
proposed tuning constant is based on the concept of conditional bias of a unit, which
is a measure of influence. We present the results of a simulation study that compares
the performance of several estimators and predictors in terms of bias and efficiency.

Keywords: Robustness; Influential units; Conditional bias; Adaptive tuning con-
stant.
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Résumé

Dans les enquétes, on peut étre confronté au probléme des unités influentes a I’étape
de T'estimation. Une unité est considérée comme influente si son inclusion ou exclu-
sion de I’échantillon a un impact important sur les estimations. C’est une situation
courante dans les enquétes auprées des entreprises car la distribution des variables
économiques tend & étre trés asymétrique. Nous étudions et examinons certains es-
timateurs et prédicteurs couramment utilisés pour un total de la population et pro-
posons un estimateur et un prédicteur robustes basés sur une constante d’ajustement
adaptative. La constante d’ajustement proposée est basée sur le concept de biais con-
ditionnel d’une unité, qui est une mesure de 'influence. Nous présentons les résultats
d’une étude par simulation qui compare les performances de plusieurs estimateurs et
prédicteurs en termes de biais et d’efficacité.

Mots-clés : Robustesse ; Unités influentes ; Biais conditionnel ; Constante d’ajustement
adaptative.

il



Dedications

I dedicate this work to Guangxin.

v



Acknowledgement

I am grateful to Professor David Haziza for his invaluable guidance throughout this
journey. My heartfelt thanks also go to my parents for their endless support and
encouragement. Additionally, I appreciate the help provided by my friend Ziming An
and many other friends during my study.



Contents

[List of Figures|

[List of Tables|
Introductionl

(1 Inferential approaches in survey sampling|

(1.1 Finite Population and Finite Population Parameter|. . . . . . .
(1.2 Sampling Design| . . . . . . ... o000
(1.2.1  Simple random sampling without replacement| . . . . . . .
[1.2.2  Poisson sampling| . . . ... ... ... ... ........
[1.2.3  Stratiied samplng| . . . . . . . . ... .00
(1.3 Design-Based Approach| . . . . . . . ... ... ... ... ...
[1.3.1 The Horvitz-Thompson estimator| . . . . . ... ... ...
[1.3.2  The Horvitz-Thompson estimator in stratified sampling| . . .
(1.4 Model-Assisted Approach| . . . . . . . . . ... ... ... ...

(1.4.2  Generalized Regression (GREG) Estimator|. . . . . . . ..
(1.5 Model-based Approach| . . . . . .. ... ... ... ...
(L.5.1 Best Linear Unbiased Predictor (BLUP)| . . . . . ... ..
[1.5.2  Special Cases of the BLUP|. . . . .. ... ... ... ...

2 Tofl EVETT I itional bias
2.1 Influential unitsl . . . .. ..o oo

[2.2.1 Design-based approach| . . . . . . . .. ... ... ... ..
[2.2.2  Model-assisted approachl . . . . ... ... ... ... ...
[2.2.3  Model-based approachl . . . .. .. ... ...

vi

viii

xi

0 O UL UL W WwhhNN -

— = =
(G200 VI N

17
17
18
18
22
23



CONTENTS vii

[3 Robust estimation and prediction| 31
(3.1 Model-based approach|. . . . . . ... ... ... ... ... .. 31
[3.1.1 The predictor of Chambers|. . . . . . . . .. ... ... ... 34

[3.1.2  Approach based on the conditional bias|. . . . . . . ... .. 34

[3.2 Design-based approach| . . . . . .. ... ... ... 36
[3.2.1 Robust Horvitz-Thompson estimator| . . . . . . . ... ... 36

[3.3  Model-assisted approach|. . . . . .. ... ... ... 0L, 37
8.3.1 Robust version of the GREG estimator . . . . . . . ... .. 37

[3.4 A robust predictor/estimator based on an adaptive tuning constant| 38

[4  Simulation study| 40
[4.1 Model-based approach|. . . . . . . ... ... ... ... .. 40

[4.2 Model-assisted approach|. . . . . . . ... ... 48
[4.2.1 Stratified simple random sampling|. . . . . . .. . ... ... 48

[4.2.2  Poisson sampling| . . . . ... ... ... ... 55
5__Conclusion| 61
[A Graphical illustration| 62

(Bibliography| 68




List of Figures

(3.1 Huber function with c=1.345[ . . . . . . . .. ... ... ... ... 32
(3.2 Example of simple linear regression (green) and robust regression |
| (red) in presence of influential units| . . . . . .. ... ... 33
[A.1 Example of population generated from the normal distribution| . . . 62
[A.2 Example of population generated from the Gamma distribution|. . . 63
[A.3 Example of population generated from the lognormal distribution|. . 63
[A.4 Example of population generated from the Pareto distribution| ) 64
[A.5 Example ot population generated from the ¢-distribution|. . . . . . . 64
[A.6 Example of population generated from the Weibull distribution| . . . 65
[A.7 Example of population generated from the Laplace distribution| . . . 65
|A.8 Example of population generated from the mixture distribution (§ = |
| 0.995) . . . . 66
[A.9 Example of population generated from the mixture distribution (§ = |
| 0.99) . . . 66
|A.10Example of population generated from the mixture distribution (§ = |
| 0.98)] . . . 67

viii



List of Tables

Il

Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the BLUP and robust predictors for the normal distribution]

43

2

Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the BLUP and robust predictors for the Gamma distribution|

43

3

Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the BLUP and robust predictors for the lognormal distri-

butionl . . . ...

44

iz

Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the BLUP and robust predictors for the Pareto distribution)

44

E5

Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the BLUP and robust predictors for the ¢-distribution| . .

45

%G

Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the BLUP and robust predictors for the Weibull distribution)

45

m7

Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the BLUP and robust predictors for the Laplace distribution|

46

IS

Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the BLUP and robust predictors for the mixture distribu-

tlon with 0 = 0995 . . . . . ..o

46

19

Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the BLUP and robust predictors for the mixture distribu-

tlon with 0 =0.99 . . . . . . . ...

47

.10 Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the BLUP and robust predictors for the mixture distribu-

tion with 0 =098 . . . . . . ..

47

.11 Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the GREG estimator and robust estimators for the normal

distribution|. . . . . .. L.

51

.12 Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the GREG estimator and robust estimators for the Gamma

distribution|. . . . . . . ...

X

o1



LIST OF TABLES

14.13 Monte Carlo percent relative bias and relative efficiency (in paren-

| theses) of the GREG estimator and robust estimators for the log-

| normal distribution| . . . . . . ... oL oo

52

.14 Monte Carlo percent relative bias and relative efficiency (in paren-

| theses) of the GREG estimator and robust estimators for the Pareto

[ distribution|. . . . . .. .

52

14.15 Monte Carlo percent relative bias and relative efficiency (in paren-

| theses) of the GREG estimator and robust estimators for the ¢-

[ distribution|. . . . . . . ...

23

.16 Monte Carlo percent relative bias and relative efficiency (in paren-

| theses) of the GREG estimator and robust estimators for the Weibull

[ distribution|. . . . . . . ..

53

.17 Monte Carlo percent relative bias and relative efficiency (in paren-

| theses) of the GREG estimator and robust estimators for the Laplace

[ distributionl. . . . . . L

54

.18 Monte Carlo percent relative bias and relative efficiency (in paren-

| theses) of the GREG estimator and robust estimators for the mix-

[ ture distribution with 0 =0.995[ . . . . . . .. ... ...

54

4.19 Monte Carlo percent relative bias and relative efficiency (in paren-

| theses) of the GREG estimator and robust estimators for the mix-

[ ture distribution with 0 =099 . . . . . . . . . .. ... .. ... ..

55

14.20 Monte Carlo percent relative bias and relative efficiency (in paren-

| theses) of the GREG estimator and robust estimators for the mix-

[ ture distribution with 0 =098 . . . . . . . . . ... ... ...

95

.21 Monte Carlo percent relative bias and relative efficiency (in paren-

| theses) of the GREG estimator and robust estimators for the normal

[ distribution|. . . . . . . ..

56

14.22 Monte Carlo percent relative bias and relative efficiency (in paren-

| theses) of the GREG estimator and robust estimators for the Gamma

[ distribution|. . . . . . . ...

26

.23 Monte Carlo percent relative bias and relative efficiency (in paren-

| theses) of the GREG estimator and robust estimators for the log-
[ mnormal distributionl . . . . .. ... ... ... ... .00

57

14.24 Monte Carlo percent relative bias and relative efficiency (in paren-

| theses) of the GREG estimator and robust estimators for the Pareto

[ distributionl. . . . . . L

57

.25 Monte Carlo percent relative bias and relative efficiency (in paren-

| theses) of the GREG estimator and robust estimators for the ¢-

[ distribution|. . . . . . . ...

o8



LIST OF TABLES

xi

14.26 Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the GREG estimator and robust estimators for the Weibull

distribution|. . . . . . . ...

o8

.27 Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the GREG estimator and robust estimators for the Laplace

distribution|. . . . . .. .

59

14.28 Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the GREG estimator and robust estimators for the mix-

ture distribution with 0 =0.993 . . . . . . . . .. ... .. ... ..

29

14.29 Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the GREG estimator and robust estimators for the mix-

ture distribution with 0 =099 . . . . . . . . ... ... ...

60

14.30 Monte Carlo percent relative bias and relative efficiency (in paren-

theses) of the GREG estimator and robust estimators for the mix-

ture distribution with 0 =098 . . . . . . . . . .. ... .. ... ..

60



Introduction

Surveys are widely-used for collecting information about a finite population. Typi-
cally, surveys gather data on variables of interest, also known as survey variables or
characteristics of interest, with the goal of estimating finite population parameters.
These surveys are often referred to as multipurpose surveys, as they aim to serve
various research purposes and provide a comprehensive overview of the population
under investigation.

At the estimation stage of a survey, the issue of influential units may arise. A
unit is influential if its inclusion or exclusion from the sample has a significant impact
on the estimates. Influential units are commonly encountered in business surveys due
to the highly skewed distribution of economic variables, such as revenues, sales and
profits. A small proportion of businesses earn a large proportion of the total revenue,
resulting in a highly skewed distribution.

The objective of this work is to examine the properties of estimators/predictors
in the presence of influential units. In Chapter 1, we provide an overview of in-
ferential approaches in survey sampling, including the design-based approach, the
model-assisted approach, and the model-based approach. We also describe several
commonly used estimators and predictors, such as the Horvitz-Thompson estimator,
the ratio estimator, the generalized regression (GREG) estimator, and the best unbi-
ased linear predictor (BLUP). In Chapter 2, we introduce a measure of the influence
called conditional bias, under all three frameworks. In Chapter 3, we present several
robust estimators and predictors such as the naive estimator /predictor, the predictor
of Chambers (1986), the robust estimator/predictor based on the concept of condi-
tional bias (2013). We also propose a new robust estimator/predictor based on an
adaptive tuning constant. In Chapter 4, we conduct several simulation studies to
evaluate the performance of estimators/predictors in the presence of influential units
under the model-assisted framework and the model-based framework. We make some
final remarks in Chapter 5.

In this thesis, we first provide a literature review on robust estimation methods
in survey sampling. We also propose a novel robust method based on an adaptive
tuning constant.



Chapter 1

Inferential approaches in survey
sampling

1.1 Finite Population and Finite Population Param-
eter

We consider a finite population of N units, which is denoted by U = {1,2,..., N}. Let
y be a survey variable, i.e., a variable collected on the field. Let y = (y1, v, ..., yN)T
be the vector of population y-values, where y; is the y-value for the ith unit, i =
1,2,...,N. A finite population parameter is defined as 6y = h(y), where h(-) is a
given function. Examples of finite population parameters include, a population total,
ty = > ;cu ¥i» and a population mean, Y = t,/N. To estimate 0y, we select a sample
S, of size n, from U.

1.2 Sampling Design

We assume that a ¢-vector of design variables, x, is available for all the population
units prior to sampling. Let X be a IV x ¢ matrix, whose N rows are the ¢ dimensional
vectors Xi, ..., Xy.

The sample S is selected according to a given sampling design p(S|X), which
gives the probability of the sample S being drawn from the population, conditional
on X. We define the support of a sampling design as @ = {s|p(s|X) > 0}, where
s denotes a possible sample. A sampling design is a probability distribution, which
implies that > o p(s|X) = 1.

We use the vector of sample selection indicators I = (I, I, ..., Ix)" to indicate
which units are selected in the sample and which units are not selected, such that
I; =1,if i € S, and I, = 0, otherwise.
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The first-order inclusion probability of unit ¢ is defined as the probability of
I; = 1 conditional on X, which is given by m; = p(I; = 1/X). The design weight of
unit ¢ is defined as the inverse of its inclusion probability, i.e., d; = 1/m;. The weight
d; is usually interpreted as the number of units in the population represented by unit
i.

When the first-order inclusion probabilities m; are equal for all i, the design is
called an equal probability sampling design. Examples of equal probability sampling
designs include simple random sampling without replacement, Bernoulli sampling,
systematic sampling and stratified sampling with proportional allocation.

The second-order inclusion probability of units ¢ and j is defined as the proba-
bility of both I; = 1 and I; = 1 conditional on X, i.e., m;; = p(f; = 1, I; = 1|X). Note
that m; = m; when ¢ = j.

We now present three sampling designs commonly encountered in practice.

1.2.1 Simple random sampling without replacement

Simple random sampling without replacement is a fixed-size sampling design, such
that any subset of n units has the same probability of being drawn than any other

. . N . . )
subset of n units. Since we have (n) possible samples, the probability of selecting

a sample S, of size n, is p(5) =1/ (]7\17) . The first-order inclusion probability of unit

1 is given by

p(I; =11X) =) " p(s) (n_ll)/(];[):n/]\f, i=1,2,...,N,

sEQ
1€S

: N -1 . .. o :
since there are (n _ 1) samples of size n containing unit i. The second-order inclu-

sion probability of units ¢ and j is given by

=p(L;=1,1; =1|X) = Y _p(s) ( 5)/(%):% i,j=1,2,..

SEQ
©,JES

. N —2 . . : .
since there are (n _ 2) samples of size n containing both ¢ and j.

1.2.2 Poisson sampling

Poisson sampling consists of performing N independent Bernoulli trials with proba-
bilities 7; € (0,1),7=1,2,..., N. If a trial is a success, unit 7 is selected in the sample
(i.e., I; = 1), otherwise, it is not selected (i.e., I; = 0).
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The probability of selecting a sample S' is given by

p(S)=]]m [] @-m).

€S  ieU-S

The sample size ng is a random variable whose value is between 0 and N.
The expected sample size is E(n,) = >, 7, and the variance of n, is V(n,) =
ZiEU 7TZ(1 - 7Ti)'

The first-order inclusion probability of unit ¢ under Poisson sampling is m; and
the second-order inclusion probability of units ¢ and j is m;; = m;7;, ¢ # j, since I; and
I; are independent random variables. When 7; = 7, for all < € U, Poisson sampling
is called Bernoulli sampling.

1.2.3 Stratified sampling

The finite population is partitioned into L strata, Uy, ...,Ur, of size Ny,...,Np, re-
spectively. Note that UZ_,U, = U and Z,le N, = N. From stratum h, we select
a random sample Sy, of size ny, according to a given sampling design p(Sy,|X). The
selection in one stratum is independent of the selection in any other stratum. The
resulting total sample S is given by S = UE_, Sy, of size n = Z}lel np.

The probability of selecting a sample S is given by

p(S1X) = [ [ p(ShX).

For example, in stratified simple random sampling without replacement, the sample
Sy, is selected from Uj, with probability

N,
p(Skh) =1/ ( h) :
It follows that

L (N,
_ h
wsix) =TT/ (00).
h=1
In the case of stratified simple random sampling without replacement, the first-order
inclusion probability of ¢ € U, is given by

T = nh/Nh.
The second-order inclusion probability of units ¢ and j is given by
np My . .
— eUy,jelU,h#I
N, N, t hyJ Lh#
ﬂ-ij - nh(nh — 1)

—_— €Uy, €U



1. INFERENTIAL APPROACHES IN SURVEY SAMPLING 5

1.3 Design-Based Approach

In the design-based approach, a random sample S is selected from the finite popu-
lation U of size N according to a known probability sampling design p(S|X). When
evaluating the properties of estimators (e.g., bias and variance), all the quantities but
the vector of selection indicators I are treated as fixed. Thus, the finite population
parameter Oy = h(y) is a fixed quantity that we wish to estimate. The design-based
approach is nonparametric since we do not need to postulate a model for the survey
variable y.

Properties of estimators in the design-based approach are evaluated with respect
to the sampling design. Let 6 denote an estimator of 8y. We define Ep(é) as the

design-expectation of the estimator 0:

o(0) =D 0(s)p(s)

sEQ
The design bias of  is defined as
By(6) = E,(6) — 0.

The estimator 6 is design-unbiased for 0y if Bp(é) — 0. The design variance of 0 is
defined as

V,(0) =E, {é - E,,(é)}Q .

The design variance measures the variability of an estimator across all possible sam-
ples from the population.

1.3.1 The Horvitz-Thompson estimator

Horvitz and Thompson (1952) introduced the Horvitz-Thompson estimator of a pop-
ulation total t, = )., ¥;, which is given by

£, omr = Z Yi (1.3.1)
zES

Provided that 7; > 0, for all ¢ € U, the Horvitz-Thompson estimator is design-
unbiased for ¢,:

Bp(fy,HT) = Ep(gy,HT) —t, =0.

The design variance of f% g 1S given by

(i) = > > A i ff (1.3.2)
i Ty
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where A;; = m;;—m;m;. The variance given by (1.3.2) is unknown since we only observe
y;, for i € S. An estimator of V,(t, ur), called the Horvitz-Thompson variance
estimator, is given by

Vier(fypr) = 305 2SS

ies jes "W "I

For a fixed-size sampling design, an alternative estimator of V, (¢, ur), called the
Sen-Yates-Grundy (SYG) variance estimator (1953), is given by

A 2 1 Ny (i y\°
i) -4 T ()
ij i

€S jes J

Both the Horvitz- Thompson variance estimator and the SYG variance estimator
are design-unbiased for V, (¢, gr), provided 7;; > 0 for all pairs (i, j) € U x U. That
is,

Ep {VHT(fy,HT)} =E, {Vsyc(fy,m)} = Vy(tyur)-

1.3.2 The Horvitz-Thompson estimator in stratified sampling

In the context of a stratified population, the population total ¢, can be expressed as

L L
ty:Zyzzzzyz:Ztm
h=1

ieU h=1 iUy,

where t;, = ZieUh y; denotes the total in stratum h, h = 1,.., L. In stratum h, we
estimate t;, by its Horvitz-Thompson estimator:

thur = Z Ui
zESh

Thus, the Horvitz-Thompson estimator of ¢, is given by

L
y,stra Zf h,HT — Z Z Ui Z 7yrl
he1 i

h=1 zeSh i€S

The design variance of ¢, g, is given by

L L
V, (fyﬁtm) =V, <Z fh,HT) = ZVp (fh,HT) )
h=1

h=1

and

Vo () = 30 3 Ay

€Uy, jeUy
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An estimator of V,, (fy7stm) is given by

L
ystra E V th HT
h=

1

where f/(fh, mr) is an estimator of V,, (fh, HT). For instance, we may use the Horvitz-
Thompson variance estimator given by

V(tnnr) = > > : s

€Sy jESK

1.4 Model-Assisted Approach

In the model-assisted approach, we make use of auxiliary information at the esti-
mation stage. That is, auxiliary information is incorporated in the construction of
an estimator according to a working model describing the relationship between the
survey variable y and a vector of auxiliary variables x:

m:y; = f(x;)+e, €U, (1.4.1)

where f(-) is an unknown function and the errors ¢; are independent random variables
such that E,,(¢|x;) = 0 and V,,(&|x;) = 0? = o°v(x;), where o is an unknown
parameter and v(-) is a known function.

The unknown function f(-) is estimated by f(-) from the sample. A model-
assisted estimator of t, = )., y; is given by

£yma = Zsz-i-ZyZ z

ieU €S

where f(x) denotes the prediction at x under the working model .

The estimator fy,ma is generally design-biased. However, for a wide class of
working models, it can be shown that ¢, ,, is a design-consistent estimator of ¢,,.

If the sample data is well described by the working model, the population fit resid-
uals y; — f (x;) will be small and we expect fy,ma to be more efficient than the Horvitz-
Thompson estimator. In the model-assisted approach, the properties of fy,ma are still
evaluated with respect to the sampling design (as in the design-based approach). A
nice feature of model-assisted estimator is that they remain design-consistent even if
the working model is misspecified. We now present several model-assisted estimators:
the ratio estimator and the Generalized REGression (GREG) estimator.
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1.4.1 The ratio estimator

We assume that a single auxiliary quantitative variable x is available for all the
sample units, and that its population total ¢, = >, #; is known. We assume that
the relationship between y and x can be described by

m:y; = pr; + €,

where § is an unknown parameter. We assume that E,,(¢;|z;) = 0, E, (€;€;|z;, ;) =0
if i # 7, and V,,(¢|z;) = o?x;. The population total ¢, can be written as

The ratio estimator of ¢, is given by

~

~ t
y,ra — Ay,HT e, (1.4.2)
te. T

where fx HT = Zle ¢ ;/m; is the Horvitz Thompson estimator of ¢,. The ratio esti-

mator can also be expressed as

y,ra E W;ilYi,

€S

where w; = d; X (tx / t}, HT). The ratio estimator is design-biased since

. E, (tynr)
E. (¢ ra %
P ( Y, ) ;é Ep (tm,HT)

However, it can be shown that the ratio estimator is asymptotically design-unbiased
in the sense that its square bias is negligible in front of its variance for sufficiently
large values of n. The design-variance of Eyma is untractable. Therefore, we apply the
first-order Taylor expansion to approximate its design—variance. It is given by

.=ty

where E; = y; — Rx; with R =t,/t,. An estimator of AV, (fwa) is given by

Aw € ej
y’m Tii T 5
ies jes T J
where e; = y; — Rx; with R = t, yr/t, pr. Under some regularity conditions, it can

be shown that V( yra) 18 a design-consistent estimator of AV, ( v, m) See Sarndal et
al. (1992, Section 5.6).
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1.4.2 Generalized Regression (GREG) Estimator

We assume that a vector of auxiliary variables x; = (21, ..,xy;)" is available for
all the sample units, and that the vector of population totals, tx = (tz,,...,ts,)", is
known. We assume that the relationship between y and x can be described by

m:y =%, B+ e, (1.4.3)
where B3 = (B1,...,0;)" is a J-vector of unknown parameters. We assume that
E,. (&%) = 0, En(e€|xi,x;) = 0if i # j and V,,(e|x;) = o?¢;, where ¢; is a

known quantity:.
The population total ¢, may be decomposed as

DI MCLIRIES S D ot
iU iU iU iU
The GREG estimator is obtained by estimating each total separately, which leads to
tyarEG = ZXZTB + Z diei, (1.4.4)
iU ies

where B is the weighted least squares estimator of 3, given by

-1
B = (Z diXiCZ-_IXlT> ZdiXinlyz‘,

€S €S

and e; = y; — XZTB denotes the sample residual for unit . The GREG estimator can
also be written as

~

ly.GREG = W;iYi,
icS
where
w; = dl X {1 + C;l (tx — EX’HT>T T_IX,L‘}
with
Ex,HT = Z dix;,
icS

and

T = Z dixici*lxj.

i€s
The GREG estimator can also be viewed as the sum of the Horvitz-Thompson esti-
mator and an adjustment term:

~

2 2 . T
tyarec = tynr + (tx — txr) B. (1.4.5)
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We can rewrite (|1.4.5) as

N ~ ~ T ~ ~
tyarec = tynr + (tx — txur) B+ (tx — tonr)' (B — B), (1.4.6)

where .
B = (Z Xici_lxiT> Z Xici_lyi.
€U iU
is the weighted least squares estimator of 3 if the model was fitted at the population
level. The third term on the right hand-side of (1.4.6|) is negligible in front of the first

two when the sample size n is sufficiently large. It follows that

f%GREG ~ fy,HT + (tx — ’EXVHT)T B

=> x/B+) dE,

ieU ies (1.4.7)
T
=D dii + (Z xi= ) din’) B
ies icU ies

where E; = y; —x, B. The second term of the right hand-side of is, on average,
equal to 0. This suggests that tAyVGREG is asymptotically design-unbiased for t,. The
design-variance of the GREG estimator is intractable, so we use first-order Taylor
expansion to approximate its design-variance. This leads to

If the working model is misspecified, some of the residuals E; may be large, which
may lead to a large variance. An estimator of AV, (t, ¢rrc) is given by

Viyanpe) =303 2494

ies jes W "tTJ

Proposition 1.4.1. If there exists a J-vector of constants X such that, for all i €
U, ¢; = )\Txi, then Zies die; = 0 and the GREG estimator (1.4.4)) reduces to its
projection form:
t,crEG = ijB. (1.4.8)
iU
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Proof: Given that ¢; = /\Txi, we have )\Txici_l = 1. It follows that
icS icS
-1
= Z di)\TXici_l Yi — XZT (Z dixici_lxiT> Z dixici_lyi
ieS i€S ieS
-1
= Z di)\Txici_lyi — Z di)\TXici_lxiT (Z dixicz-_lxj> Z dixici_lyi
i€S ieS ieS i€S
~1
=T Z dixic; ty; — Z dixic; %, (Z dixicilxiT> Z dixic; 'y
€S €S €S €S
= )\T (Z diXZ'C;lyl' — Z diXiCilyi)
€S €S
=0.
(1.4.9)

Using (1.4.9) in (1.4.4), leads to

~ T
ty,GREG’ = E X, B.
€U

The condition ¢; = A'x; is satisfied, for instance, when the model contains the
intercept, i.e., the first component of x; is equal to 1 and V,,(¢]x;) = o2 ( ie.,
ci = 1). In this case, we have A = (1,0, ...,0)". Also, if ¢; = xj; for j = 1,...,J, then

we set A= (0,...,1,...,0)T, where the component 1 is in the j-th position.

1.5 Model-based Approach

In the model-based approach, we assume that the random variables Y; are generated
from a certain model conditional on the vector of auxiliary variables x. We assume
that a noninformative sample s, of size n, is selected from U according to a prob-
ability or a non-probability sampling procedure. Sampling is called noninformative
if the model that holds in the population also holds in the sample. In the model-
based approach, when evaluating the properties of predictors, all quantities but Y
are treated as fixed. The population total ¢, = .., Y; is a random quantity, which

can be expressed as
W=V Y

€S i€eU—s
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and ). ,_,Y; is the part we wish to predict.

Properties of predictors in the model-based approach are evaluated with respect
to the selected model conditional on the realized sample. Let 6 denote a predictor
of Oy. Let E (9) be the expectation of the predictor 0. The prediction bias of 0 is
defined as E,,(0 — Ox|s), and its prediction variance is defined as V,, (6 — Oy|s).

1.5.1 Best Linear Unbiased Predictor (BLUP)

Royall (1976) proposed the Best Linear Unbiased Predictor (BLUP) of t, = >". ., V],
which is given by

fy,BLUP = Zwﬂ/@, (151)

ics
where the weights w;’s have to be determined. We seek a weighting system {w;;i € s}
that satisfies model-unbiasedness, i.e.,

E (ty BLUP — | ) =0 (152)

and such that the prediction variance V,,(f, gLup — t,|s) is minimized.

Proposition 1.5.1. The weights w; that minimize V,, (yBLUp — t,|s) subject to
(1.5.2) are given by

w; =14 ¢ 'a) (Z :Bicz-la:iT) <Z T — Z :L',) ) (1.5.3)

i€s €U 1€s
Proof: =~ We consider the predictor of the form

f :ZinQ

€S

AT YIE

1€ES 1€ES

= ty,s + Z ui)/ia

€S

where u; = w; — 1, and ¢, = >, Y;. The prediction bias of fy can be expressed as

Ep(t, — t,5) (Zu@ - > ms)

€S keU—s

= Zul Y|Xz Z Em(}ﬂxl)

1€S iceU—s
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= Zuixjﬁ — Z xiTB

i€ES i€eU—s
T T
:<§ uxX; — E xz>,3
1€ES i€U—s

We want E,, (¢, —t,|s) = 0 for every 3, which implies that

<Zuixj— > xj) =0.

€S iceU—s

The prediction variance of ¢, can be expressed as

Vm(fy —tyls) =V, (Z uﬂﬂs) +V, ( Z Yils) —2Cov,, (ZuiYi, Z K\s)

1€ES i€lU—s €S i€eU—s

=V (Vi) + Y Va(Yikx)

€S i€U—s

zg O'QCZ'U?—F E 0201»

€S i€eU—s

_ (Zciu% 3 )

1€ES i€elU—s

(1.5.4)

noting that Cov,, (ZiES WY5, Y s Y;) = 0. We use Lagrange L for the minimiza-
tion problem. Let

L(ug, ooy Uy X) = % (Zciu?nL Z Ci> - <Zuzxj - Z Xj) A,

1€s i€U—s 1€8 i€U—s
where A is a vector of Lagrange multipliers.
Taking the first-order partial derivative of L with respect to u;, we have
8L(u1, cery Upyy )\)
8ui

= cu; — XZTA.

= 0, we have
u; = c; 'x; A (1.5.5)

Taking the first-order partial derivative of L with respect to A, we have

OL(Ui, ..y Un, A) _ Suxi— Y i (1.5.6)

oA
€S i€eU—s
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Let L) — g and plug-in (]1.5.5[) in (]1.5.6[). It leads to

ox
A= (Z XiCZ-IX?;T)_ ( Z Xi> : (1.5.7)

€S icU—s

Using (|1.5.7)) in ((1.5.5)), leads to

-1
-1 T § —-1,T § :
Uy = ¢; "X, ( X;C; Xi) ( Xi)
k s

1€5 cU—
—1
= ci_lxiT (Z Xici_lxiT> (Z X; — ZXZ> .
1€s €U 1€s
Thus, the optimal weights are given by
—1
=1+ cl.—leT <Z xicl-_lx:) (Z X; — Z Xi)
IS €U 1€8
The BLUP of ¢, is thus given by
fy,BLUP = Zin;,
€S8
where w; is given by (|1.5.3)).
i
The predictor f% BLup can also be written as
tAy7BLUp = ZY; + Z XIBWLS? (158)

1€S 1€U—s
where BW g 1s the weighted least squares estimator of 3:
-1
Byis = (Z xici_lx:) (Z xici_lyi> : (1.5.9)
1€S 1€5
From (|1.5.4)), the prediction variance of the BLUP is given by

Vm(fy,BLUP — ty|8) = g2 (Z(wz — 1)2ci + Z Ci) . (1510)

€S ieU—s
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The prediction variance of fy,BLUp is small if 02 = o?%¢; is small for all 4, then the

model is considered to be highly predictive. However, the prediction variance (|1.5.10)

is unknown as o2 is unknown. A model-unbiased estimator of o2 under the model

(T43) is given by

1 R
o = 7 Zci_l(yz‘ —%; Bwis)®

n— ”
i€s

It follows that a model-unbiased estimator of the prediction variance (1.5.10)) is given

by
Von(ty.arup — ty|s) = 6° (ZW — 1%+ Y ci) .

1€ES i€eU—s

1.5.2 Special Cases of the BLUP
In this section, we consider three special cases of ((1.5.1)).

(i) The common mean model:
}/; - 6 + €,

with E,,.(¢;) = 0, E,,(e:¢;) = 0 and V,,,(¢;) = 0. Under the common mean model,
the weights (1.5.3)) reduce to

w; = —
n

for all 7. As a result, the BLUP (|1.5.1) reduces to

~

ty.srup = N,

where 1
g=-) Y.
n <
€8
This is the Horvitz-Thompson estimator in the case of simple random sampling with-
out replacement.

(ii) The ratio model:
Y;l - 6377, + €,
with E,, (€;]x;) = 0, E,,(6:¢5|@i, ;) = 0 and V,,,(¢;|z;) = o*x;. Under the ratio model,

the weights (1.5.3) reduce to B
N X

wy =
n I
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for all i, where X = %ZZEU x;, and T = %ZZES ;. As a result, the BLUP (1.5.1)

reduces to

~

Yy
tyBrup = =ts.
z

This is the ratio estimator in the case of simple random sampling without replacement.

(iii) The simple linear regression model:
Y = o+ bz + €,

with E,,(&]z;) = 0, (€652, ;) = 0 and V,,,(¢;|x;) = 0. Under the simple linear
regression model, the weights (|1.5.3)) reduce to

AR G s

for all . Thus, the BLUP ([1.5.1)) reduces to

~

tysrup = N [?J + 51()_( - f)] ;

where - -
b, = 2ics(®i — T)y: —§)
Dics(@i — T)?
This is the simple linear regression estimator in the case of simple random sampling
without replacement.




Chapter 2

Influential units and conditional bias

2.1 Influential units

A measurement error occurs when a unit is selected and observed but the recorded
value is incorrect. An influential unit is not a measurement error but a legitimate
sample unit that may be representing other similar units in the nonsample part of
the finite population. An influential unit may have a drastic impact on the estimate
if it was to be excluded from the sample.

In classical statistics, where the observations are assumed to be independent and
identically distributed (i.i.d), a sample s can be viewed as a sequence of n indepen-
dent observations which are generated according to a given distribution with mean p
and variance o2. A simple estimator of j is the sample mean § = n™! Y ics Yi» which
is unbiased regardless of the underlying distribution but may be highly unstable in
the presence of influential units. A parametric alternative is the maximum likelihood
estimator (MLE) of p, which is asymptotically unbiased and optimal if the underly-
ing distribution is known. However, in practice, the underlying true distribution is
unknown and it may be hard to postulate an appropriate model unless the sample
size is large since the influential units are usually found in the tails.

In survey sampling, both sample and nonsample units can be influential. In the
design-based approach, the Horvitz-Thompson estimator is design-unbiased but vul-
nerable to the presence of influential units, i.e., it becomes highly unstable (resulting
in large variance). In the model-based approach, the BLUP is optimal in the class of
linear unbiased estimators even when the errors are not normally distributed. How-
ever, the BLUP tends to be unstable (i.e., large variance) when the distribution of
errors is highly skewed; see Chambers (1986).

Classical estimators and predictors can be highly impacted by influential units.
We would like to measure the influence of each unit so that we can reduce the esti-
mation and prediction errors by downweighting those units with a large influence. In
the next section, we present the conditional bias as a measure of influence of a unit.

17
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2.2 Measure of the influence: conditional bias

In the classical i.i.d. setup, Munioz-Pichardo et al. (1995) proposed to use the condi-
tional bias as a measure of the influence of a unit. Let # be a parameter and 0 be an
estimator of #. In the context of classical statistics, the conditional bias of the unit ¢
is given by

Bi(yi;0) = Er (9IY; = yi) -0,

where Er(-) denotes the expectation evaluated with respect to the distribution F.
Beaumont et al. (2013) showed that the conditional bias of unit i can be viewed as
its contribution to the error, 8 — 6. That is,

i=1

Therefore, the conditional bias of a unit can be viewed as a measure of its contribution
to the error # — 6. Next, we present the concept of conditional bias in the context of
survey sampling.

2.2.1 Design-based approach

Let fy be an estimator of the population total ¢, = >, ;. In the design-based
approach, the conditional bias attached to the ith sample unit (i.e., /; = 1) with
respect to t, is defined as

By =E, (t,|/; = 1) —E,({,). (2.2.1)
For a nonsample unit, the conditional bias is defined as
By =E, (t,|I; = 0) — E,(t,); (2.2.2)

see Moreno-Rebollo et al. (1999, 2002). Since E,(t,) = E (E,(t,)|L;) = mE,(£,|L;
1) + (1 — m)E,(t,|I; = 0), we can rewrite (2.2.2) as

It follows that
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Proposition 2.2.1. When fy 1s the Horvitz- Thompson estimator fy,HT, the condi-
tional bias of a sample unit is given by

T4
BT =%" (W; - 1> Yj. (2.2.3)

jeu ta

Proof:
BT

pur|li = 1) = E, (ty.ur)
warlli =1) —t,

5, (i
B, (
—E, (Z%Ui:l) —Zyj

jes Y jeu
yil;
-z, (T W-1) - 3
jeu Y jeu
y.
= #Ep (LIL=1)=> "y
jeu " jeu
"
=Y PP =1L=1) -y
jeu I jeu

([;=1,1;=1)
Zyj P(I,=1) =2
jeU
oy,

jeu T jeu

Z T4
- T4
jeUu

At the estimation stage, nothing can be done about the nonsample units and,
only the influence of sample units can be reduced. Now, the conditional bias
is generally unknown. Therefore, it must be estimated. Provided that m;; > 0 for all
j € U, a conditionally design-unbiased estimator of B? is given by

BT =3 (%) " (22.4)
jes Y

Proposition 2.2.2. The estimator EﬁT mn 1) 1s conditionally design-unbiased
in the sense that

E, <BHT\I - 1) — BHT.
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Proof:

~ T — T,
E,(Bii'|I; =1) =E, {Z (%) yill; = 1}

jes iTij

T4 — T;T05
= (Q) yiBp (L] L = 1)

jeu N TTi

-y (R
- J
7Tj7rz'j U

jeu

- (2 -1)n
- T4
jeu

_ pHT
=By

For stratified simple random sampling without replacement, the conditional bias
(2.2.3]) reduces to
N ( Ny > .
Biit=—"—(—=-1) (Y eU 2.2.5
1 () . et (2:25)
where Y, = Nyt 3. i From (2.2.5), a unit in stratum h has a large influence
when it is far from the stratum mean Y}, or if the sampling fraction n, /N, in stratum
h is small. It follows from ([2.2.4)) that

A N,
BET - o (_h - 1> (yz - gh)u (NS Uh7
np — 1 np

where 1), = n;l Y ic s, Yi- For Poisson sampling, the conditional bias 1) reduces
to

where d; = 1/m;. Here, the conditional bias is known for all the sample units, so it
does not need to be estimated. Unit ¢ has a large influence if its design weight, d; is
large and/or if its y-value, y;, is large.

Proposition 2.2.3. For Poisson sampling, the sampling error offy’HT can be written
as
fy,HT —ty= Z BgT + Z B£T>
i€S icU—S
For simple random sampling without replacement, we have
; ~ HT HT
tynr — by = ZBM + Z By,
ieS ieU—S

provided that N is large.
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Proof: For Poisson sampling, we have
DB+ Y BT =) (di— Dyt Y (—(di— 1) (di— Ly
ics ieU-5 ies ieU—5
= Zdiyi - Z?Ji - Z Yi
ics ics ieU—S
= Z diyi — Z Yi
i€s iU
=ty ur —t,

For simple random sampling without replacement, we have

> BT+ Y BgT:Z%(gq) (g — V)

ics icU-8 ics
N N _
di— D) - (2 1) (-
T (o (o)
€eU-S
N _ N _
:ngii_l)(yi_y)_A ~v (WY
i€S i€eU-S
N _ N _
= m(dz—l)(%—y)—l m(yl—Y)
€8 €U
N _
+ Z ~v _{W—Y)
€S
N _ N _
= ﬁdz(yz Y)— Z m(y —Y)
€S €U
N N _
=2 b ZﬁdiY—Z—szrZ—Y
€S €S €U
N
= N 1 <Z iYi — Z%)
i€S €U

Provided that the population size N is large enough, we have N/(N — 1) ~ 1 and the
result follows. |

The design variance of fy7 nT can be expressed as a function of the conditional bias:
Vp (Ey,HT) = Z Bff-Tyi-
iU
Therefore, the design variance of fy, gt is large if the conditional bias BAT is large

and /or the value of y; is large. The design variance of fy, gt is equal to 0 if and only
if BIT =0 foralli e U.
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2.2.2 Model-assisted approach

Let t,ma be a model-assisted estimator of t,. The conditional bias of a sample unit
with respect to £, . is defined as

By = Ep (fywa - tyui = 1) :

Proposition 2.2.4. For the GREG estimator, the conditional bias of a sample unit
can be approximated by

BERFG N < Ty 1) E;, (2.2.6)
jeu

T4

where

with .
B = (Z xici_lxiT> inci_lyi.
icU icU

Proof: The conditional bias of GREG estimator attached to sample unit 7 is
Bi"Y =K, (tyeree — |l = 1),

which is intractable because f%GREG is a complex function of estimated totals. We
use a first-order Taylor expansion to obtain

R E. 1
byeroe =ty =) =) E+0, (ﬁ) .
jes Y jelu

Ignoring the higher-order terms, the conditional bias of unit ¢+ can be approximated
by

BEGREG — |, (Z% Y Ej|I = 1) ~y (:;] - 1) Ej.

JEs J jeu j

Therefore, a unit may have a large influence if it is associated with a large
residual. An estimator of BGRPY is given by

BERFG =y "o (2.2.7)
jes il
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where
6]' = yj — X;B
with
~1
B = (Z diXiC;IXz—-r> Z diXZ‘CZ-_IyZ‘.
ies ieS
For stratified simple random sampling without replacement, the conditional bias
(2.2.6) reduces to

N, N, =
BGREG h (Zh V(B —-E,) icU 2.2.8
14 N, — 1 \ny, ( h) t € Up, ( )

where Ej, = N, 'S icv, Bi- An estimator of 1' is given by
. N,
BGREG = M (Zh 1) (e, e
13 n, —1 \n, (6 eh)v

where e, = n,;l Y ic s, €i- For Poisson sampling, the conditional bias 1) reduces
to
BEGREC ~ (d; — 1)E;. (2.2.9)

An estimator of (2.2.9)) is given by

BﬁREG = (dl - 1)61

2.2.3 Model-based approach

Let fy be a predictor of the population total ¢, = >, ¥;. The conditional bias of a
sample unit ¢ with respect to fy is defined as

Bz‘(%‘%ﬂ) = IEm(gy - ty‘57 Y, = yz) (2.2.10)

Proposition 2.2.5. Consider the BLUP of the form

tyBLUP = E w; Y,

€S

where w; is given by (1.5.3). The conditional bias (2.2.10) of unit i is given by

{w—U@—%W)iGS

Bl B =1 ey (2211)
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Proof:  Using (|1.5.3)), we have

-1
Zwixi = Z 1+ ¢ %) (Z xicilxj> (Z X; — le) X;

i1€s €S €S €U €S
-1
:E X; + X;c; x (E X;C; x) (E xl-)
i€s €S i€eU—s
-1 (2.2.12)
—-1,T —-1,T
= E X; + g X;C; "X, E X;C; "X, E X;
1€ES €S €S 1€U—s
:E X + E X;
1€ES i€eU—s
= E X
€U

For a sample unit 7,

Bi(yi; B) = Em(tysrup — tyls, Y = i)

ijyj +wiyi — Zyj + yils, Y = y;
jEs jeu
J#i i

:< _1yz+E ijyj Zy]‘SY—yz

JjEs jeU
J#i J#i
Dy; + Z w;B (y51%;) Z B (y5lx;)
JjEs jeU
J#i J#i
Dyi+ Y wix/ B x]
JjEs jeU
J#i JF#
SRS SO o
JEs jeU—s
J#i
= (wi = Dyit D _(w; = 1)x; 8= x/B+> x]B.
J€Es jelu jEs

J#
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Using ([2.2.12)), we have
Bi(yi; B) = (wi — Dyi + Y (w; = )x]B=> wx/B+> x/3

JjeEs jEs jEs
J#

yz + Z - 1 T/B Z - 1 X /8
Jjes jEs
J#

= (wi — Dy; — (w; — 1)XJ-TB
= (w; = 1)y — %/ B).

For a nonsample unit,

Bi(yi; B) = Em(fy,BLUP —ty]s,Yi =)

> wiyi = >y — v

i€s jeu
J#i
=Y win(uilx) = ) Enlyslx;) — v
1€S jeu
J#i
=Y wx/B-> x/B-vy
1€S jeu
JF#i

Using , we have
(v B) =Y x/B=) xB-y

eU jeu
J#i
= (4 —x/B)

Thus, we have,
U)Z—l yZ—X;r,B 1€ S
Bi(yi; B) = ( >(T ) . :
—(yi —x; B) 1elU—s

A sample unit may have a large influence if the weight w; is large and /or the residual
y; — x, B3 is large.

Proposition 2.2.6. The prediction error of f%BLUp can be written as

tysrup —ty = Z B;(Yi; B).

ieU
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Proof:
E;Bim;m =Y BB+ EUI Bi(Y;; B)
N _ g(wi ), iex};) + Z (—(Y; —x/B))
=§<wi— (Y -/ B) —%U " )+ 2 (Y~ x{B)
_ g:wm - 8) - 2{;0/i x; B)
=S wyi -3 vi- (ZwiXJB—ZxJB) .
ics i€l i€s =

Using m we have Y. w;x/ B — >, ., x/B =0, so that

D Bi(YiB) =) wYi - Y

icU 1€s icU

=ty BLup — ty

|
Proposition 2.2.7. The prediction variance of f:%BLUp can be written as
V (tyBLUP_t ’ {ZBQ K)/B }
€U
Proof:
Em{ZBfm;ﬁns} {232 YiB)+ > BHY: B }
€U 1ES i€eU—s
=En {Z(wi — DAY =% B+ Y (Yi— x?m?ls}
€S ieU—s
wi = 1B {(Y; = x]B)[s} + > En {(Yi —x/ B)’|s}

:Z(
€S i€eU—s
= (wi = 1Ep (%) + Y B (€]x:)
1ES i€U—s
=3

w; — 1)* { V(&%) + Enle]xi))*}
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+ 3 (Vi) + (B (eifx:))?}

1€U—s
= Z:(wZ —1)%0%c; + Z o’c;
€8 i€U—s
= 0'2 (Z(U}Z — 1)262‘ —+ Z Ci) s
1€s 1€U—s

where ¢; = Y; — x] B with V,,(¢|x;) = 0%c; and E,,(¢x;) = 0. From (1.5.10), the
result follows.

The conditional bias B;(y;; 8) in (2.2.11]) is unknown since 3 is unknown. There-
fore, we must estimate it. Note that it is not possible to estimate the conditional bias
of a nonsampled unit as its y-value is not observed. An estimator of (2.2.11)) for a
sample unit ¢ is given by

Bi(y;; B) = (wi — 1)(yi —x/ B) i€ s, (2.2.13)
where B is an estimator of 3.

Proposition 2.2.8. If,B’ = BWLS, then B,(yz,[é) is unbiased for B;(y;;3) in the
sense that

Eo(Bi(ys; B)|s) = Biy:; B)
Proof:

En(Bi(y B)ls) = B { (105 = 1)(5s = x] Bursls |

= (w; — 1) (y@- —x;E,, {BWLS‘S}>
= (w; — 1) (y; — XzTﬁ)
= Bi(y:; 8).

Proposition 2.2.9. ]fB = B%/;?s: then Bl(yl, B) is conditionally unbiased for B;(y;; B)
in the sense that

Eo(Bi(yi; B)|s, Vi = yi) = Bi(ys; B),

where BI(/;Z)S 18 the least squares estimator calculated without unit 1.
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Proof: =~ Without loss of generality, we assume ¢; = 1 for all j € U.
—1
3(=1) T
Wis = ijxj ijyj
JEs jEs
J# J#
—1
= Z xjij - xz-xiT> (Z x;Y; — Xiyi> :
JjEs JjEs

By Sherman-Morrison formula (1949), we have

—1
-1 T T T
) n <Zj€s Xij XiX; (Ejes ijj >

1- XZT (ZiES Xixz—‘r)_l X

-1
E T T _ E T

JEs JEs

= (Z X;%;

JEs

T
1

—1 -1
! (Z X'XT> XX, (Z X~XT>
N, jES Iy 1% JjES Iy
it (o) o (S -]

1 — I
JEs v JjEs

where h;; = x| (Zies X;X )71 x;. Using ([2.2.14]), we have

-1 .
—1
<Zj65 ij;) XiXiTﬂWLS (Zjes XijT> X;hiyi
XY + —

1 — hy 1 — hi

= Bwrs — (Z XX
JEs
- ~ -1

(Zjes ij;) xiX; By s (Zj.gs XijT> XiYi

1 = hii - 1= hy
1 R
. (Ejes XJ'XjT> xi(yi — X{ Bwrs)
= BwLs — 1= 7 .

= Bwrs +

Hence,
o
T (=i Yi —X; Bwis
When B = ﬁ(m;z)s, we have

e
Y- yi —x; B
Bi(yi: 8) = (w; — 1)?,?”5
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Then,
o
S ~ Yi — X, B
Enm (Bi(yz-;ﬁ)ls,Yi = yz-> = (w; — 1)=———5

1 — hi
Ww; — 1 ~
1 h (yi — Ep, {X;6WLS|53Y; = yz})

-1
- ( T (Tm) S

JEs JEs
-1
w; — 1 T T

— 1 h Yi — Xi ZXJX] XY

" JjEs

—1
B, < x; (ijx;) ZX]YHS,Y; =y
JEs JEs
J#i
~1
w; — 1

S e (S ) o

w JEs JjEs

J#i
-1

=T |\ Y hay =X (ZXJ‘XJT> > xpx]

w j€Es JjEs

—1

+x; (Z xjx;) x;x; 3

JEs
=1 -7, (i — hayi — x; B+ hiiXiTﬁ)
1 (vi =%/ B) (1 — hyy)

= (w; — 1) (?/z - XZ'TB)
= Bi(yi; B).

For the simple linear regression model, the conditional bias of unit ¢ is given by

(z; — 2)(X — )
ZiES("Ei —I)?

Bi(yi; Bo, 1) = <% {1 +n } — 1) (yi—Po—Pix;), 1€ s, (2.2.15)
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An estimator of (2.2.15)) is given by

(z; — 7)(X - 7)
Zieg(l‘i - j)Q

where BO =7y — Bz A sample unit is influential if its residual y; — Bo — lei is large

and /or its z-value is far from the sample mean z, which may indicate a high leverage
point.

Bz’(yz';BO,Bl) = <% {1 +n } - 1) (yi — Bo - Bﬁz‘), 1€ s,



Chapter 3

Robust estimation and prediction

In this chapter, we describe some robust estimators and predictors of a population
total in the presence of influential units. The goal is to construct a robust estima-
tor/predictor with smaller mean square error than that of the classical (non-robust)
estimator/predictor. This is achieved at the expense of introducing a bias.

3.1 Model-based approach

In the model-based approach, it would be tempting to replace the weighted least
squares estimator, ﬁWLS in by a robust estimator (e.g. an M-estimator) to
predict t,. As we argue below, this approach should generally be avoided. A naive
predictor of ¢, is defined as

ty rPrED(C) ZY + Z x; Br(c), (3.1.1)

1€S i€U—s

where B(c) is a robust estimator of 8 and ¢ is a tuning constant. For instance, we
can use an M-estimator of 3, which is defined as the solution of

> W ( X8, ) x; = 0,
€S

where ¢(-;¢) is a function whose role is to reduce the influence of units with a
large residual, and &; is a robust estimator of o;. The function ¥(+;¢) is the first
derivative of a function p(+; c), called the objective function, whose properties include
non-negativity, monotonicity, symmetry and passing through the origin; see, e.g.,
Maronna, Martin, and Yohai (2019). A common objective function is the so-called
Huber function defined as

p(t;c) = {%tQ (=) (3.1.2)

cft] =3¢ ([t|>¢)

31
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Therefore, the first derivative of (3.1.2)) is given by

c  (t>c¢)
b(te) =3t (t<c)
—c (t<—c)

Figure shows the Huber function and the associated ¢ (¢;¢) function with ¢ =
1.345.

-4 2 0 2 4

— p-function — wy-function

Figure 3.1: Huber function with ¢ = 1.345

The naive predictor is expected to perform very well in terms of mean squared
error if the sample only contains influential units which are believed to be unique
in the population, or if the distribution of the errors is symmetric even if it has a
heavy tail (e.g., a t-distribution). However, if the influential units are representative,
i.e., there are other similar units in the non-sampled part of the population, or if the
distribution of the errors is skewed, the naive predictor may be substantially biased.

As an illustration, we performed the following experiment: We generated a popu-
lation of size N = 100 consisting of a single auxiliary variable x and a survey variable
y. We first generated 90 observations, whose z-values were generated from a Gamma
distribution with mean equal to 50 and variance equal to 500. The y-values were then
generated according to the simple linear regression model, Y; = 100 + 2x; + ¢;, where
the random errors ¢; were generated from a normal distribution with mean equal to
0 and variance equal to 25. Then, we generated 10 influential units whose z-values
were generated continuously and uniformly between 0 and 25, whereas the y-values
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were generated from a uniform distribution with mean equal to 379.8 and variance
equal to 31.6. We selected a sample of size n = 25 from the population according to
simple random sampling without replacement. We estimated [, and ; using both
the least squares method and a robust method (M -estimation based on the Huber
function with ¢ = 1.345).

In Figure [3.2] the green line corresponds to the customary least squares fit. It
is clear that the line is highly impacted by the influential units (represented by the
red crosses). Predictions based on the least squares line were poor for most of the
observations. The red line corresponds to the fit obtained by a robust method (M-
estimation using the Huber function with ¢ = 1.345). Here, the predictions based
on the robust line were good for most observations but for the influential units in
the top-left corner, the predictions were too small. If these influential units are
representative, we expect the naive predictor fy,RPRED(C) to be biased negatively
because the predictions will be too small.

400 o
X o
gogt © 2 .
300+
>
200+
100+— : : r
0 50 100 150
X
—— simple linear regression —— robust regression O non-sample X sample

Figure 3.2: Example of simple linear regression (green) and robust regression
(red) in presence of influential units
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3.1.1 The predictor of Chambers

To cope with the potential bias of the naive predictor, Chambers (1986) proposed the
following robust predictor:

: = x/ (k)
tycmam(k,c) =1, rprep(k +Z i — 1)1 - e, (3.1.3)

O'.
i€s v

where 15 (; ¢) is a ¢-function with tuning constant ¢, and Bz(k) denotes any robust
estimator of B based on a -function, denoted by ¢ (-; k), with tuning constant k.
The first term on the right hand-side of is the naive robust predictor based
on ¢ (+; k) with tuning constant k, whereas the second term can be viewed as a bias
correction term. When the tuning constant c is equal to 0, the predictor tAyvc wan(k,0)
reduces to tAvapRED(k), which is stable but biased; When both ¢ = oo and k£ = c©
the predictor fyycH anm (00, 00) reduces to tAy7 BLup, which is unbiased but unstable. To
achieve a trade-off between bias and variance, Chambers (1986) suggested to use
k = 1.345, whereas ¢ should be large enough, e.g., 4 < ¢ < 6.

3.1.2 Approach based on the conditional bias

Beaumont, Haziza and Ruiz-Gazen (2013) used the concept of the conditional bias
to construct a robust predictor of ¢,. It is defined as

tyen(e) = typvr = Y Bilyi B) + ) ¢ ( (i B); ) , (3.1.4)

€S €S

where B;(y;; 3) is an estimator of the conditional bias defined in (2.2.13) and (-; ¢)
is usually the Huber function with tuning constant c. It follows from ([2.2.13)) that an
alternative expression of (3.1.4) is given by

tycn(c (ZY + Z XIE) +Z¢{(wi — D(wi —XZE);C}' (3.1.5)

When the tuning constant is set to ¢ = 0, t, op(c) reduces to

yCB ZY+ ZXZTIB7

€S i€U—s
which depends on the choice of ,é If B =3 r(k), then

tyc(0) =ty rprED(K),
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which is stable but biased. When ¢ = oo, if B = BWLS, then
fy,CB(OO) = fy,BLUPa

which is unbiased but unstable.
To derive the robust predictor of Beaumont et al. (2013), we need to evaluate
the conditional bias attached to unit ¢ with respect to fyycB(c). It is given by

B¢ =R, (fygB(c) —tyls,Y; = yi) : (3.1.6)

(2

We rewrite (3.1.4]) as
tycn(c) =ty pLup — Alc), (3.1.7)

where
Ac) = ZBZ(%,B) - Z@/J (Ei(yi;,@);0> .

1€8 €S
Proposition 3.1.1. The conditional bias (3.1.6) can be expressed as

BfY = Bi(yi; B) — En (A(0)]s,Y; = i),

(2

where B;(y;; B) is defined in (2.2.11]).
Proof:

Il
&=

BB m (tyon — tyls,Yi = y;)

m (fy,BLUP — Ae) - ty‘Sv Y, = yl)

m (fy,BLUP - ty|3, Y, = yi) —E.. (A(c)]s, Yi = yi)
i(yi; B) — Em (Alc)]s, Y = wi) -

I T
W EH =

Therefore, a conditionally unbiased estimator of BYE(c) is given by

BEP = Bi(y: B) — A0).

(]

To choose the tuning constant ¢, Beaumont et al. (2013) suggest to determine the
value of A(c) that minimizes

max{|BiCB]}

€S

or, equivalently, that minimizes

maz {|Bi(yi B) — )|}

€S
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The resulting value of A(c) is

(Emzn + Bmax) )

1
A(copt) = 5

where

A

Binin = min (Bi(yi; B);i € 8)

and

A

Bipox = max (él(yz,ﬁ),z € 5> )

This leads to the robust predictor based on the conditional bias:
. « 1 /- A
ty,CB(Copt) - ty,BLUP - 5 (Bmin + Bmaw) . (318)

Note that fyyc B(copt) can be obtained without actually computing the value ¢,,:. The
value of ¢, is adaptive in the sense that the tuning constant c is a function of the

sample size n so that lim ¢, = oo, which is a desirable property. Indeed, when the
n—oo

sample size is large enough, the variance of the predictor is already very small, so
there is no need to robustify the predictor.

3.2 Design-based approach

3.2.1 Robust Horvitz-Thompson estimator

Beaumont et al. (2013) proposed a robust alternative to the Horvitz-Thompson
estimator based on the concept of conditional bias. It is defined as

ty.rur(c) = tyar — > BT+ (B 0) (3.2.1)
€S €S

where BAT is defined in (2.2.4). The conditional bias attached to unit i with respect
to ty rur is given by

~

B (¢) = B, (tyrur(c)|li = 1) — t,,. (3.2.2)

We rewrite (3.2.1]) as

tyrir(c) = ty,mr — Ale),
Ae) =) Bii" =Y w(Bf"e)
i€s ics
Proposition 3.2.1. The conditional bias | can be expressed as
BE(c) = BT — E, (A(O|L, = 1).

where
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Proof:

= Ep (tAy,HT — (C)|Iz = 1) - ty
=E, (fyur|li=1) —t, = E, (A(0)|[; = 1)
= Bli" —E,(A(¢)|; =1).

Therefore, a conditionally unbiased estimator of BIf7T(c) is given by
Bf"(¢) = Bfi" = A(e).

To choose the tuning constant ¢ for #, prr, Beaumont et al. (2013) suggest to deter-
mine the value of A(c) that minimizes

max {]BRHT(C)]} = mag {]BET — A(c)]} :

€S

The solution is

min max

Alcop) = ;(BHT BHT)7

where BHT — min (BET,Z € S) and BHT = max <§5T,z € S) . This leads to the

min max

robust Horvitz-Thompson estimator based on conditional bias:

. . 1
ty,RHT<Copt> = ty,HT - 5 (Bgzj;z + Bﬁtﬂ) :

Note that fy, ruT(Copt) can be obtained without actually computing the value cop.

3.3 Model-assisted approach

3.3.1 Robust version of the GREG estimator

Similar derivations as those presented in Section 3.2.1, lead to a robust version of the
GREG estimator based on the concept of conditional bias:

tAy,RG(C) = fy,GREG - A(C)a

Z BGREG Zw BGREG

€S 1€S

where
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where BEREG is defined in 1D As before, the choice of the tuning constant can
be obtained by minimizing the maximum estimated conditional bias of the robust
GREG estimator. The resulting robust estimator is

. . 1 /- A~
tyra = tyarec — 5 (BGREG + BGREG) : (3.3.1)

9 min max

where BGREG — min (BEREG;Z' € S) and BEREC — pay (BEREG;Z' € S) .

min max

3.4 A robust predictor/estimator based on an adap-
tive tuning constant

For robust prediction/estimation, the choice of tuning constant ¢ plays an important
role in the trade-off between bias and variance. In the context of Huber method,
Huber (1981) suggested a range of 1 to 2 for the tuning constant ¢. However, when
dealing with a normal distribution, the optimal choice for ¢ is co. In the presence of
influential units, generally, a small ¢ is more suitable for symmetric error distributions,
while a larger c is preferable for skewed error distributions. We propose an adaptive
tuning constant that can adjust the level of robustness automatically to the specific
characteristics of the data in robust estimation and prediction. By using an adaptive
tuning constant, we can avoid the need for manual selection of a fixed value, which
may not be appropriate for all data sets.
In the model-based approach, the adaptive tuning constant, ¢, is defined as

. Bz, + Bl n
=1.345¢1 e et — 3.4.1
¢ { + 5 + N ( )
where « is a specified constant and f?z* (yi: B) is the standardized version of Bl(yz, B).
More specifically, it is given by

By ) = DB =B
5p
where B = LS ies Bi(y;; B) and 55 = 1 Zies(éz-(yi; B)— B)2. The rationale behind
this choice of ¢ can be explained as follow: If the sample fraction n/N is small (which
is often the case in practice), we can ignore the second term on the right hand-side of
(3-4.1). In this case, (i) If the distribution of the conditional bias is symmetric (which
would occur if the distribution of the errors is symmetric and the first-order inclusion
probabilities are equal), we can expect |B%, + B%..|/2, the average between B,
and B;‘mm, to be close to 0 and, as a result, ¢ ~ 1.345. (ii) If the distribution of the

conditional bias is skewed (which will occur if the distribution of the errors is skewed),
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we expect to have |Efnm + Bfmm|/2 > 0 and ¢ > 1.345. If the second term fa on
the right hand-side of is not negligible, we note that the value of ¢ increases
as n/N increases. This ensures that the robust predictor approaches the non-robust
predictor as the sample size increases, which is a desirable feature. A new robust

predictor of ¢, based on an adaptive tuning constant in the projection form is

~

bymew(@) =Y x{ B(0), (3.4.2)

€U

where B r(¢) is obtained by an M-estimation procedure using Huber function with
tuning constant equal to ¢.
In the model-assisted approach, the new tuning constant is defined as

min max

i n
—
9 )

N

B*GREG E*GREG
¢=1.345 {1 + | i }

where B*@RPG is the standardized version of BE#F¢_ Thus, a robust version of GREG
estimator based on an adaptive tuning constant in the projection form is

i nse = > %, Br(e), (3.4.3)
€U

where B r(¢) is obtained by M-estimation using Huber function with tuning constant
equal to ¢.



Chapter 4

Simulation study

In this chapter, we present the results from several simulation studies: the first,
in the model-based framework, compares several predictors presented in Chapter 3
in the presence of influential units, in terms of relative bias and relative efficiency.
The second, in a model-assisted framework, assesses the performance of the GREG
estimator and some robust versions in the case of stratified simple random sampling
and Poisson sampling. The simulation study was conducted using the R Language.
The MASS package was used for the call to rlm() function; The VGAM package was
used for the call to rpareto() function and rlaplace() function; The Rlab package
was used for the call to rbern() function.

4.1 Model-based approach

We generated ten populations of size N = 5000, each consisting of a single auxil-
iary variable x and a survey variable y. In each population, the x-values were first
generated from a Gamma distribution with mean equal to 50 and variance equal to
500.

For the first seven populations, the y-values were generated according to the

conditional distribution
Yi’%’ ~ D(Mz'> Vi)>

where y; = By + Bix; and v; = o2x;. Here, we set 8y = 100, 3; = 2 and o = 30. We
used seven different distributions D: normal, Gamma, lognormal, Pareto, Student,
Laplace and Weibull. That is, for these seven distributions, the first two moments
were identical.

For the last three populations, the y-values were generated according to the
mixture model

Y = N (pr, v1) + (1 = 7)N (2, 12),

40
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where p; = By + fixi, v1 = o2z, pp = 10p; and v, = 10v;. Here, we set 3y = 100,
B = 2 and 0? = 2000. The 7;’s were independently generated from a Bernoulli
distribution with probability 6 = 0.995, 0.99 and 0.98, respectively. This corresponds
to populations that contained approximately 0.5%, 1% and 2% of outliers. Examples
of these ten populations can be found in Appendix A; see Figures [A.IfAT0] We
repeated 10, 000 iterations of the following process:

(a) A finite population of size N = 5,000 was generated.

(b) A sample of size n was selected according to simple random sampling without
replacement. We used n = 25; 50; 100.

(c) In each sample, we computed the following predictors of t,: (i) the BLUP,
t, BLup, given by ; (i) the naive predictor, £, pprep(k), given by , where
Br(k) was a Huber M-estimator with k& = 0.1,0.8,1.345 and 2; (iii) the predictor of
Chambers, t, cran (k, ), given by (3.1.3) Wlth k=0.1,0.8,1.345,2, c = 2,4,6,8 and
¢; = 0 = med(|y; — med(y;)|), the median of absolute dev1at10ns, i € s. Recall that
ty cuam(k,0) = ty rprep(k); (iv) the robust predictor based on the concept of the
conditional bias, ty cB(Copt), given by (3.1.8); (v) the new robust predictor, ty new(€),
based on an adaptive tuning constant given by 13 4.2)) with @ =3, 6 and /n.

As a measure of bias of a predictor, we computed the Monte Carlo percent relative
bias:

]EMC(fy — ty)
we(ty)
where Eyo(f,) = R ty ) with £{/ denoting the predictor t, in the rth simulated

sample, r = 1,. R We also computed the Monte Carlo relatlve efficiency, using the
BLUP, t%BLUP, as the reference:

RBc(t,) = 100 x

MSEyc(t,)

REyc(t,) = 100 x . :
Y MSEyc(tysrup)

where MSEMO< ) 1ZT 1 (ty —t )

Tables [/ 0 show the Monte Carlo relative bias and relative efficiency for all
the predictors. As expected, nyBLUp showed a negligible bias in all the scenarios.
For the normal distribution (i.e., in the absence of influential units), both #, op and
tymew(¢) showed negligible bias and a slight loss of efficiency (between 1% and 3%)
with respect to fy, prup; see Table This is a desirable property. On the other
hand, the predictor tAy,CH anm (K, ¢) showed some appreciable loss of efficiency for small
values of k and ¢, but had similar performances of those of fy7 prup for large values of
c.

For the symmetric distributions (¢-distribution and Laplace distribution), all the
robust predictors showed neghglble bias in all the scenarios; see Table [4.5] and [4.7]
The naive robust predictor, tycH am (K, 0) was especially efficient. For instance, for
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the t-distribution (Table , the values of relative efficiency ranged between 51%
and 59% for n = 50. The new predictor, fy,new (¢), was more efficient than fy@B with
a value of relative efficiency of 62%. We note that the choice of o did not seem to
affect the behavior of fy,new(é).

For the skewed distribution (Gamma, Pareto, lognormal and Weibull), we start
by noting that the naive predictor, nyCH am (K, 0), and the predictor of Chambers did
not behave well for some combinations of (k,c), especially for small value of k& and
c. For instance, for the lognormal distribution (Table and n = 50, the Monte
Carlo relative bias of fypHAM(k,O) ranged from —40.1% to —11.6% while that of
fy,CHAM(k;,Q), ranged from —19.2% to —15.4%. The value of relative efficiency of
ty.cmam(k,0) ranged from 117% to 419%, and that of f, cran(k,2), ranged from
141% to 174%. In other words, the naive predictor and the predictor of Chambers
with small value of £ and ¢ were much worse than tAy7 prLup in many scenarios. Both
the naive predictor and the predictor of Chambers showed a similar behavior for
the other skewed distributions. The best performances in terms of relative efficiency
of fy’CHAM(k,c) were obtained for ¢ = 4 and ¢ = 6, which is consistent with the
suggestion of Chambers (1986).

The predictor tAypB(copt) was generally biased, as expected. The bias was mod-
erate in most cases with a maximum absolute relative bias smaller than 5%. We note
that the relative bias decreased as the sample size n increased. In terms of relative
efficiency, it was better than fy, prLup In most scenarios. For instance for the Pareto
distribution, with n = 50, the value of relative efficiency was equal to 64%; see Table
[4.4] For the lognormal distribution with n = 50, the value of relative efficiency was
equal to 90%; see Table We note that the value of relative efficiency approached
100% as the sample size increased. This suggests that the predictor f%cB(ccom) is
consistent for ¢,,.

The new predictor fy,new(é) performed well in all the scenarios with values of
relative efficiency never larger than 100%. In general, fymw(é) showed larger absolute
relative bias than £, cp(c,p:) but was generally more efficient than #, cp(copr). For
example, for the Pareto distribution with n = 50, the relative bias for fyyc B(copt) and
tynew(€) (With a = \/n), was respectively equal to —3.4% and —5.5%, but the relative
efficiency for £, c5(Copt) and £, ,ew (¢) was respectively equal to 64% and 50%. We note
that the relative bias of fy,new(é) decreased as the sample size n increased and that
its relative efficiency increased as n increased. For a given value of n, the choice of «
did not seem to affect the behavior of fymew(é).

Finally, we turn to the mixture distributions. Again, both tAy,C B(Copt) and fy,new(é)
were more efficient than fy, prup with values of relative efficiency smaller than 100%.
Again, fy,CB(Copt) exhibited smaller values of absolute relative bias than fymew(é) but
the latter was more efficient in all the scenarios. For instance, in the case of a 2%
contamination with n = 50 (see Table , the relative bias of tAy,C B(copt) Was equal
to —4.7%, whereas it was equal to —10.9% for £, e, (¢) (With a = \/n) but the relative



4. SIMULATION STUDY 43
efficiency of the latter was equal to 46% compared to 68% for tAy’CB(copt).
Normal n =25 n =50 n = 100
N -0.2 0.0 -0.1
ty.rLup (100) (100) (100)
- -0.2 0.0 -0.1
ty.cn(copt) (101) (100) (100)
K Huber Huber v Huber ¢
tycmam(k,c) c c c
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
0.1 -0.3 -0.5 -0.3 -0.3 -0.2|0.1 -0.1 0.0 0.0 0.07]00 -0.2 -0.1 -0.1 -0.1
1 1(149) (104) (101) (101) (101)|(148) (104) (101) (101) (101)|(146) (103) (100) (100) (100)
0.8 -0.3 -04 -03 -0.3 -0.2] 00 -0.1 00 00 0.0/|-0.1 -0.2 -0.1 -0.1 -0.1
Huber ¢ ® |(117) (103) (101) (101) (101)|(116) (103) (101) (101) (101)|(115) (103) (100) (100) (100)
1.345 -0.3 -04 -03 -0.2 -0.2{0.1 00 00 00 00]-0.1 -0.2 -0.1 -0.1 -0.1
S491(106) (102) (101) (101) (101)[(106) (103) (101) (101) (101)|(105) (102) (100) (100) (100)
9 -0.2 -04 -03 -0.2 -0.2|00 00 00 00 00]-01 -0.2 -0.1 -0.1 -0.1
(102) (102) (101) (101) (101)|(101) (102) (101) (101) (101)|(101) (102) (100) (100) (100)
-0.3 0.1 -0.1
3 (102) (102) (102)
fpnen(@) 20.3 0.1 20.1
a (102) (102) (102)
-0.3 0.1 -0.1
v (102) (102) (101)

Table 4.1: Monte Carlo percent relative bias and relative efficiency (in paren-
theses) of the BLUP and robust predictors for the normal distribution

Gamma, n =25 n =50 n = 100
- 0.1 0.0 0.0
ty.prLup (100) (100) (100)
b on (o) 37 2.6 1.7
v.CB Copt (97) (98) (100)
R Huber ¢ Huber ¢ Huber ¢
ty,CHAM(kaC) c c c
o 2 4 6 8,0 2 4 6 8|0 2 4 6 8
01 |398-163 53 21 -0.9 [-135-165 -49 -1.7 -0.6 |-44.7-163 -1.6 -1.6 -0.6
" |(273) (138) (104) (100) (99) |(499) (182) (107) (100) (100)[(951) (272) (116) (101) (100)
08 |-30:5-15.0 -4.9 -1.9 -0.9 |-32.7-153 -45 -1.6 -0.6 |-33.4-15.2 -43 -15 -0.5
Huber ¢ ~'° |(200) (131) (103) (99) (100)|(349) (171) (106) (100) (100)|(643) (250) (114) (101) (100)
ko g45-16.0-13.0 -43 -1.7 0.81-16.7-13.4 -4.0 -1.4 -0.5|-16.6-13.3 -3.9 -1.3 -0.5
O%91(131) (122) (102) (99) (100)|(179) (154) (104) (100) (100)|(272) (218) (111) (101) (100)
o |-74-115 -39 -15 -0.7|-7.6 -12.0 -3.6 -1.2 -0.5|-7.6 -122 -3.6 -12 -0.4
(106) (116) (101) (99) (100)|(117) (143) (103) (98) (98) [(140) (199) (109) (101) (100)
5 4.0 2.6 1.6
(98) (99) (100)
fymew(@) -3.9 2.5 -1.5
o (98) (99) (100)
-3.9 2.5 1.4
v (98) (99) (100)

Table 4.2: Monte Carlo percent relative bias and relative efficiency (in paren-
theses) of the BLUP and robust predictors for the Gamma distribution
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Lognormal n =25 n = 50 n = 100
- 0.0 -0.1 -0.3
ty.BLUP (100) (100) (100)
- -4.2 -3.3 -24
ty,CB (Copt) (87) (90) (94)
Huber Huber Huber v

ty.cmam(k,c)

c
0 2 4 6 8

c
0 2 4 6 8

c
0 2 4 6 8

372 -185 82 4.4 2.6
(209) (111) (82) (81) (84)
-30.1 -17.5 -7.9 -4.2 -2.5
(163) (107) (82) (81) (84)
-19.2 -15.9 -7.3 -3.9 -2.4
(114) (101) (82) (82) (85)
110 -14.4 -6.8 -3.7 -2.2

-40.1 -19.2 -8.3 -4.4 -2.6
(419) (174) (95) (84) (34)
-32.2 -18.2 -8.0 -4.2 -2.5
(313) (165) (94) (84) (84)
-20.2 -16.7 -7.5 -4.0 -2.4
(185) (152) (92) (84) (85)
-11.6 -154 -7.0 -3.8 -2.3

11 -19.3 -8.3 -44 2.6
(821) (296) (122) (92) (88)
-32.9 -18.4 -8.0 -4.3 -2.5
(604) (278) (119) (92) (88)
20.6 -16.9 -7.5 -4.0 -2.4
(323) (250) (115) (91) (88)
-11.9 -158 -7.1 -3.9 -2.4

21 (90) (96) (841) (82) (85)|(117) (141) (981) (84) (85)|(171) (229) (111) (91) (88)
) 3 (85) (90) (95)
Bynew(®) 6.3 4.7 3.4
o (85) (90) (94)
-6.3 -4.7 -3.3
vn (85) (90) (94)

Table 4.3: Monte Carlo percent relative bias and relative efficiency (in paren-
theses) of the BLUP and robust predictors for the lognormal distribution

Pareto n =25 n = 50 n = 100
; 0.0 -0.1 0.1
v.BLUP (100) (100) (100)
i -3.8 -3.2 -2.3
0 (Copt) (56) (64) (72)
Huber v Huber ¢ Huber v

tycmam(k,c)

c
0 2 4 6 8

c
0 2 4 6 8

c
0 2 4 6 8

0.1

Huber 0.8

1.345

-25.6 -14.3 -8.6 -6.0 -4.6
(94) (44) (31) (28) (29)
-22.2 -13.8 -8.4 -5.9 -4.5
(77) (43) (30) (28) (29)
-16.0 -13.0 -8.1 -5.7 -4.4
(52) (41) (30) (28) (29)
-11.3 -12.2 -7.7 -5.5 -4.3

268 -145 8.6 59 45
(257) (104) (58) (46) (44)
231 -14.0 -8.4 5.8 -4.4
(205) (100) (57) (46) (44)
-16.5 -13.2 -8.1 -5.7 -4.3
(127) (93) (55) (46) (44)
116 -12.5 -7.8 -5.5 -4.2

971 144 85 58 4.3
(450) (168) (80) (55) (47)
232 -14.0 -8.3 -5.7 -4.3
(353) (160) (78) (55) (47)
-16.4 -13.2 -8.0 -5.5 -4.2
(208) (147) (75) (54) (46)
115 -12.6 -7.7 5.4 -4.1

21 (39) (39) (30) (28) (20)| (83) (37) (54) (45) (44)|(125) (138) (72) (53) (46)
71 5. 4.
5 (28) (50) (65)
tymew(®) g -6.9 -5.5 4.3
o (28) (50) (65)
-6.9 5.5 -4.2
v (28) (50) (64)

Table 4.4: Monte Carlo percent relative bias and relative efficiency (in paren-
theses) of the BLUP and robust predictors for the Pareto distribution
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t-distribution n =25 n = 50 n = 100
; 0.0 0.0 0.0
y.BLUP (100) (100) (100)
i 0.0 0.0 0.0
y,cB(Copt) (76) (80) (84)
A Huber v Huber v Huber v
ty.cram(k,c) c c c
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8

0.0 0.0 0.0 00 0.0
(56) (65) (74) (78) (80)
0.0 00 0.0 00 0.0

0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0

(59) (71) (82) (86) (88)

0.0 0.0 0.0 00 0.0
(61) (74) (84) (89) (91)
0.0 00 0.0 00 0.0

Huber ¢ 0% | (48) (65) (74) (78) (80)|(51) (71) (82) (86) (88)|(52) (74) (85) (89) (91)
E g 00 00 00 00 0000 00 00 0.0 00|00 0.0 00 00 00
: (50) (65) (75) (78) (80)|(53) (71) (82) (86) (88)|(54) (74) (85) (89) (91)
, |00 00 00 00 0000 00 00 00 0.0[00 0.0 00 0.0 00
(55) (66) (75) (78) (80)|(58) (72) (82) (86) (88)|(59) (74) (85) (89) (91)
Z 0.0 0.0 0.0
(57) (62) (65)
fy,new(c) 6 0.0 0.0 0.0
o (58) (62) (66)
0.0 0.0 0.0
v (58) (62) (66)

Table 4.5: Monte Carlo percent relative bias and relative efficiency (in paren-
theses) of the BLUP and robust predictors for the ¢-distribution

Weibull n =25 n = 50 n =100
; 0.0 0.2 0.0
v.BLUP (100) (100) (100)
i -3.8 -2.4 -1.7
yon (o) (96) (98) (99)
Huber Huber Huber
tAy,CHAM(k,c) c c c
0 2 4 6 81| 0 2 4 6 8 0 2 4 6 8

0.1

40.7 -16.9 5.6 2.3-1.0
(270) (135) (102) (98) (99)

434 -164 48 15 05
(484) (178) (107) (100) (99)

452166 4.8 -1.6 06
(954) (275) (117) (101) (100)

2313 -15.6 -5.3 -2.1 -1.0|-32.7-15.2 4.5 -1.4 -0.4 |-33.7 -15.4 -4.5 -1.5 -0.6
Huber ¢ O |(200) (129) (101) (98) (99)|(338) (167) (105) (99) (99) |(645) (253) (115) (101) (100)
B gl 1677136 47 -19-09/167-134 -40 -13 -03|-169-13.6 40 -14 05
3450131 (120) (100) (98) (99)|(176) (151) (104) (99) (100)|(276) (221) (112) (101) (100)
, |-T8 -12.0 <42 -L7-0.8) -6 -120 -3.6 -11 -0.3 | -7.7 -12.4 -37 -L3 -0.5
(105) (114) (99) (98) (99)|(116) (141) (103) (99) (100)|(142) (201) (110) (100) (100)
i1 25 17
3 (97) (98) (100)
ty new(€) 6 -4.0 -2.4 -1.6
o (97) (98) (100)
4.0 2.4 14
v (97) (98) (100)

Table 4.6: Monte Carlo percent relative bias and relative efficiency (in paren-
theses) of the BLUP and robust predictors for the Weibull distribution
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Laplace n =25 n = 50 n = 100
- 0.2 0.2 0.1
ty.prLup (100) (100) (100)
£ 0.1 0.2 0.1
y,cB(Copt) (93) (95) (97)
Huber v Huber v Huber v

ty.cmam(k,c)

c
0 2 4 6 8

c
0 2 4 6 8

c
0 2 4 6 8

00 01 01 01 01
(71) (78) (92) (98) (100)
0.0 -01 0.1 01 0.1

01 01 01 02 02
(64) (75) (92) (98) (100)
02 0.1 01 02 0.2

01 01 00 00 01
(59) (75) (92) (98) (100)
00 -0.I 0.0 00 0.1

Huber ¢ 0 [(69) (79) (93) (98) (100)|(66) (78) (93) (98) (100)|(66) (78) (93) (98) (100)
k 1.345 0.0 0.0 0.1 0.1 0.1 0.2 0.1 0.1 0.2 021100 00 0.0 00 0.1
SA91076) (81) (94) (98) (100)|(74) (80) (94) (98) (100)|(74) (80) (93) (98) (100)
9 0.1 00 01 01 01 |01 01 0.1 0.2 02100 00 00 00 01
(84) (83) (94) (99) (100)|(82) (81) (94) (99) (100)|(82) (81) (94) (98) (100)
3 0.2 0.1 0.0
(85) (83) (83)
fymew(@) g 0.1 0.1 0.0
a (85) (84) (84)
0.1 0.1 0.0
vn (85) (84) (84)

Table 4.7: Monte Carlo percent relative bias and relative efficiency (in paren-
theses) of the BLUP and robust predictors for the Laplace distribution

0 =0.995 n =25 n = 50 n =100
i 0.3 0.1 0.1
y,BLUP (100) (100) (100)
; -1.6 -1.6 -1.4
y,CB(Copt) (78) (78) (79)
Huber Huber Huber

ty.cmam(k,c)

C

0 2 4 6 8

1 -39 42 -3.3 -2.7 -221-4.0 -39 -3.2 -26 -2.1]/-3.8 -3.8 -3.1 -2.5 -2.0
0-1 1g8) (62) (63) (67) (72)|(89) (65) (66) (69) (73)|(94) (68) (67) (70) (73)
0.8 40 -4.1 -3.3 -2.7 -221-4.0 -39 -3.2 -26 -2.1|-39 -3.8 -3.1 -2.5 -2.0
Huber v °° [(69) (62) (63) (67) (72)|(71) (65) (66) (69) (73)|(75) (67) (67) (70) (73)
k 1.345 4.1 -4.0 -3.3 -2.7 -221-39 -3.8 -3.2 -26 -2.1]-3.9 -3.8 -3.1 -2.5 -2.0
’ (63) (62) (64) (67) (72) (66) (65) (66) (69) (73) (69) (67) (67) (70) (73)
-39 40 -3.3 -2.7 -221-3.8 -3.8 -3.2 -26 -2.1|-3.7 -3.8 -3.1 -2.5 -2.0
2 1(62) (62) (64) (68) (72)|(64) (65) (66) (69) (73)|(66) (67) (67) (70) (73)
3.4 2.7 -2.5
3 (63) (67) (69)
fy,new(é) 6 -34 _27 _25
o (63) (67) (69)
-3.4 2.7 -2.5
vn (63) (67) (69)

Table 4.8: Monte Carlo percent relative bias and relative efficiency (in paren-
theses) of the BLUP and robust predictors for the mixture distribution with

0 =0.995
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5=10.99 n =25 n =50 n = 100
X 0.1 01 0.1
typrup (100) (100) (100)
; 26 26 25
y,cB(Copt) (71) (71) (74)
A Huber Huber v Huber
ty,caam(k,c) c c B
0O 2 4 6 8|0 2 4 6 8|0 2 4 6 8
01 |77 T3 58 46 -36[-82 1.7 -62 5.0 -40|-T.6 -7.2 -59 -48 -338
O 1(65) (48) (51) (56) (62)|(70) (51) (52) (56) (61)|(77) (56) (56) (59) (64)
7.6 -7.3 5.8 -4.6 -3.6|-82 -7.6 -6.2 -50 -4.0|-7.6 -7.2 5.9 -4.8 -3.8
Huber v 08 |(52) (48) (51) (56) (62)|(56) (51) (52) (56) (61)(62) (56) (56) (59) (64)
ko 5|72 -T2 -57 45 -35(-7.9 7.6 6.2 5.0 -4.0|-74 -7.1 -59 -48 -38
TT(49) (48) (51) (56) (63)](52) (51) (52) (56) (61)|(57) (56) (56) (59) (64)
6.9 -7.1 -5.7 4.5 -35|-74 -75 6.2 -50 -4.0|-7.1 -7.1 -5.9 -4.8 -3.8
2 1(48) (48) (51) (57) (63)](50) (51) (52) (56) (61)](55) (56) (56) (59) (64)
5.8 5.6 51
’ (52) (55) (59)
ty new(€) 6 -5.8 -5.6 -5.1
a (52) (55) (59)
5.8 5.6 5.1
vn (52) (55) (59)

Table 4.9: Monte Carlo percent relative bias and relative efficiency (in paren-
theses) of the BLUP and robust predictors for the mixture distribution with

6 =0.99
5§ =008 n =25 n =50 n =100
; 0.4 0.2 0.2
ty.rLup (100) (100) (100)
: 715 17 1.0
y7CB(Copt) (65) (68) (74)
. Huber Huber Huber
ty,CHAI\/I(k7C) C C C
0O 2 4 6 8|0 2 4 6 8|0 2 4 6 8
01 |55 -I4L1-113 88 -6.7[-15.5 -143 -11.5 -0.1 -7.1|-15.3 -142 -11.6 -9.2 -7.2
1 (47) (37) (40) (46) (53)|(57) (44) (45) (49) (56)| (71) (56) (53) (54) (58)
08 |15:2-14.3 -11.3 8.8 -6.7|-15.3 -14.2 -11.5 -0.1 -7.1|-15.2 -14.2 -11.6 -9.2 -7.2
Huber ¢ ™7 1 (39) (37) (40) (46) (53)| (48) (44) (45) (49) (56)|(62) (56) (53) (54) (58)
koo gy5|-147 -14.1-11.2 -8.7 -6.7|-14.8 -14.2 -11.5 9.1 -7.1|-14.8 -14.2 -11.6 -9.2 -7.2
' (37) (37) ( ) (46) (54)| (45) (44) (45) (50) (56)|(58) (56) (53) (54) (58)
o |-13.7-139 -11.1 -8.7 -6.6|-14.0 -14.1 -114 -9.1 -7.11-14.1 -14.1 -11.6 -9.2 -7.2
(37) (37) ( ) (47) (54)| (44) (44) (45) (50) (56)| (55) (55) (53) (54) (58)
113 -11.0 101
’ (41) (46) (54)
ty new(€) 6 -11.3 -10.9 -10.0
a (40) (46) (54)
-11.3 -10.9 9.9
v (40) (46) (54)

Table 4.10: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the BLUP and robust predictors for the mixture distribu-
tion with 6 = 0.98
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4.2 Model-assisted approach

We generated ten populations of size N = 5000 consisting of two auxiliary variables
x and z, and a survey variable y. In each population, the z-values were generated
from a Gamma distribution with mean equal to 50 and variance equal to 500. A size
variable z, which was correlated with x, was generated according to the conditional
distribution

zilwy ~ T, vi)

where I" denotes the Gamma distribution with mean equal to u; = x; + 500 and vari-
ance equal to v; = 25x;, such that the correlation between x and z was approximately
equal to 0.5. We used the same models as in Section 4.1 for generating the y-values.

4.2.1 Stratified simple random sampling

From each population, we selected R = 10,000 samples of sizes n = 25,50, 100, 500,
according to stratified simple random sampling. We sorted the population by the z-
values from the smallest to the largest. We then stratified the population into L =5
strata of equal size, N, = 1000, where the first strata included the smallest z-values,
while the last stratum included the largest z-values. We used Neyman allocation,
which is defined as
NpSun

nL—7

Yoy NiSan

where S, is the standard deviation of the z-values in stratum A and n = 25:1 np,.
Within each stratum, we selected a sample of size n; according to simple random
sampling without replacement. In each sample, we computed: (i) the standard GREG

estimator, Lty7GRE(;, given by {) (ii) the naive robust GREG estimator in the
projection form:

np =

naive T 7
v, GREG — in Br(c),
icU
where Bp(c) was a Huber M-estimator with ¢ = 1.345; (iii) the robust version of
the GREG estimator based on the concept of conditional bias, t, ra(Copt), given by
(3.3.1)); (iv) the new robust GREG estimator based on an adaptive tuning constant

given by (3.4.3) with o = 3,6 and /n.
As a measure of bias of an estimator, we computed the Monte Carlo percent
relative bias:

. Enc(t,) —t
RBye(t,) = 100 x % (4.2.1)
Yy

We also computed the Monte Carlo relative efficiency, using the GREG estimator,
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~

ty.crEG, as the reference:

MSEync(t,)
MSEyc(tycrec)

Tables show the Monte Carlo relative bias and relative efficiency for
several estimators in the case of stratified simple random sampling. The standard
GREG estimator, tAy,G rEG, showed a negligible bias in all the scenarios. For the normal
distribution (i.e., in the absence of the influential units), fyGREG and fy, ra showed
almost identical performances in terms of both relative bias and relative efficiency.
Both 744 and "%, 5(¢) showed negligible bias and a slight loss of efficiency

REyc(t,) = 100 x

(4.2.2)

(between 1% and 2% for "'% ¢ (¢), between 3% and 5% for 2%44%,;) with respect to
fy,GREG; see Table

For the symmetric distribution (t-distribution and Laplace distribution), all the
robust GREG estimators showed negligible bias in all the scenarios; see Table
and The naive robust GREG estimator, AZ%%?EG was especially efficient. For
instance, for the t-distribution (Table , the value of relative efficiency was 57%
with n = 50. The new GREG estimator, % y(¢), was more cfficient than f, pe
with a value of relative efficiency of 67%, compared to 86% for fy7 ra- We note that
the value of relative efficiency increased as the value of o increased when the sample
size was large. For example, for the ¢t-distribution with n = 500, the value of relative
efficiency was 73% when o = 3 and increased to 83% when a = /n.

For the skewed distributions (Gamma, Pareto, lognormal and Weibull), we start
by noting that the naive robust GREG estimator, AZ}?EEG did not behave well, in
general. For instance, for the lognormal distribution (Table and n = 50, the

~ .
nale

Monte Carlo relative bias of t)%%5; was —19.8% and the value of relative efficiency

of AZ%%EG was 196%. In other words, the naive robust GREG estimator was much

worse than nyBLUp in many scenarios. This was also noted for the other skewed
distributions.

The robust GREG estimator fy, rc was generally biased as expected. The bias
was moderate in most cases with a maximum absolute relative bias smaller than
6%. We note that the relative bias decreased as the sample size n increased. In
terms of relative efficiency, it was better than tAy, prup In most scenarios. For instance
for the Pareto distribution, with n = 50, the value of relative efficiency was equal
to 78%; see Table For the lognormal distribution with n = 50, the value
of relative efficiency was equal to 93%; see Table We note that the value of
relative efficiency approached 100% as the sample size increased. This suggests that
the robust GREG estimator fy, re 1s consistent for ¢,,.

The new robust GREG estimator foé”REG performed well in all the scenarios
when the sample size was small (e.g. n = 25 and 50) with values of relative efficiency
never larger than 100%. When the sample size was large (e.g.,n = 500), the new
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robust GREG estimator fy%”REG was slightly less efficient than t, crre (between 1%
and 4%). In general, fz%”REG showed larger absolute relative bias than f, pg. In some
cases, fZ%UREG was slightly less efficient than #, pg. For example, for the lognormal
distribution with n = 50, the relative bias for , re and t, new(¢) (With a = /n),
was respectively equal to —3.3% and —4.2%, and the relative efficiency for f% rc and
f;%“REG was respectively equal to 93% and 95%. In the case of Pareto distribution,
f;%”REG was slightly more efficient than %, pe with a value of relative efficiency of
73%, compare to 78% for tAyv rc. We note that the relative bias of fymw(é) decreased
as the sample size n increased and that its value of relative efficiency increased as n
increased. For a small value of n, the choice of o did not seem to affect the behavior
of AZ%”REG. However, when n = 500, the value of relative efficiency decreased as «
increased. For example, for the Pareto distribution, the value of relative efficiency
was 104% with o = 3 and 91% with a = \/n.

Finally, we turn to the mixture distribution. When the percentage of contami-
nation was small (e.g., 0.5% and 1%) both t, rg and f;;ng e were more efficient than

ty.crec with values of relative efficiency smaller than 100. However, when the per-

~
new

centage of contamination increased to 2%, with a large sample size n = 500, ¥z pq

became less efficient than f%GREg. For example, when a = y/n, the value of relative
efficiency of ¢ %rpe Was 116%; see Table . Except the scenario when n = 500

and ¢ = 0.98, t, re exhibited smaller values of absolute relative bias than foé”REG but

the latter was more efficient. For instance, in the case of a 2% contamination with
n = 50 (see Table , the relative bias of tAy7 ra was equal to —7.6%), whereas it was
equal to —17% for ¢} % rpe (With a = y/n) but the relative efficiency of the latter was
equal to 45% compared to 65% for tAy7 ra- Again, for a small value of n, the choice of «
did not affect the behavior of fZ%”REG. However, when n = 500, the value of relative
efficiency decreased as « increased. For instance, in the case of a 2% contamination,
the value of relative efficiency was 145% with o = 3 and 116% with a = y/n.
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Normal n=25 n=>50 n=100 n=>500
; 0.3 0.2 0.0 0.0
v.GREG (100)  (100) (100) (100)
tnaive 0.1 0.1 0.1 0.1
v,.GREG (105)  (104) (104) (103)
; 0.2 0.1 0.1 0.0
v.RG (100)  (100) (100) (100)
5 0.2 0.1 0.1 0.2
A (102)  (102) (102) (102)
fnew pe 6 0.2 -0.1 0.2 0.1
o (102)  (102) (102) (101)
/i 0.2 -0.1 0.2 0.0
(102)  (102) (102) (100)

Table 4.11: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the normal

distribution
Gamma, n=25 n=>50 n=100 n=500
; 0.1 0.1 0.0 0.0
v.GREC (100)  (100) (100) (100)
fnaive 15.6  -16.5 16.5 165
v.GREC (132)  (177) (275) (1130)
; 43 2.9 1.7 0.5
v.RG (96) (97) (99) (100)
3 3.4 2.4 14 0.3
(98) (100) (101) (101)
foffﬁEG 6 -3.3 -2.3 -1.3 -0.2
o (98) (100) (101) (101)
3.3 2.3 1.1 0.0
v (98) (100) (101) (100)

Table 4.12: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the Gamma
distribution
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Lognormal n=25 n=>50 n=100 n=>500
; 0.3 0.1 0.1 0.0
v.GREC (100)  (100) (100) (100)
fnaiue 189  -19.8 -20.0 20.2
v,GREG (130) (196) (344) (1619)
; 5.2 33 2.0 0.6
v RG (90) (93) (96) (99)
3 5.8 4.3 2.8 1.0
(93) (96) (98) (101)
foffﬁEG 6 -5.7 -4.2 -2.7 -0.9
o (93) (95) (97) (99)
5.7 4.2 2.5 0.3
Vil @3 s om) (o)

Table 4.13: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the lognormal

distribution
Pareto n—25 n=>50 n=100 n=500
; 0.0 0.1 0.1 0.0
Yy GREG (100)  (100)  (100) (100)
tnaiue 148  -15.3 15.4 15.7
v.GREG (103) (185) (352) (1856)
; 41 2.8 1.8 0.7
v RG (73) (78) (83) (93)
3 5.8 4.7 3.4 18
(66) (73) (81) (104)
fidmee g -5.8 4.6 3.4 1T
o (66) (73) (81) (100)
5.8 4.6 3.3 1.2
Vil e (1) (s0) (o)

Table 4.14: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the Pareto

distribution
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t n=295 n=>0 n=100 n=>500
; 0.0 0.1 0.0 0.0
v.GREG (100)  (100) (100) (100)
fnaive 0.2 0.2 0.2 0.2
Yy GREG (59) (57) (57) (59)
; 0.1 0.0 0.0 0.0
v (79) (83) (87) (93)
3 0.1 0.1 0.1 0.0
(67) (66) (68) (73)
e e 6 0.1 0.1 0.1 0.0
o (68) (67) (69) (75)
0.1 0.1 0.1 0.0
Vw8 6 (69)  (33)

Table 4.15: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the ¢-

distribution
Weibull n—25 n=>50 n=100 n=500
: 0.1 0.1 0.3 0.0
v.GREC (100)  (100) (100) (100)
fnaiue 157 -16.2 16.1 16.6
v,GREG (135) (185) (276) (1157)
; 4.3 2.6 1.2 0.4
v RG (99) (100) (100) (101)
3 3.6 2.3 1.2 0.6
A (101)  (101) (100) (101)
tyGrECG 6 -3.5 -2.2 -1.1 -0.4
o (101)  (101) (100) (100)
3.5 2.2 -1.0 0.1
VRl oy o) (100)  (100)

Table 4.16: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the Weibull
distribution
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Laplace n=25 n=>50 n=100 n=>500
; 0.1 0.1 0.3 0.0
v.GREG (100)  (100) (100) (100)
fnaive 0.1 0.2 04 0.1
».GREG (78) (77) (74) (73)
; -0.1 0.0 0.4 0.0
v (93) (96) (97) (99)
5 0.1 0.0 04 0.1
(86) (84) (83) (86)
e e 6 0.1 0.0 0.4 -0.1
o (86) (85) (84) (89)
-0.1 0.0 0.4 0.0
Vil s ®) 5 (91

Table 4.17: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the Laplace
distribution

5 =0.995 n=25 n=50 n—100 n—=500
; 0.1 0.1 0.5 0.1
v.GREG (100)  (100) (100) (100)
fnaive 4.6 45 5.0 4.7
Yy GREG (60) (61) (66) (84)
; 24 2.3 27 14
v (71) (74) (77) (89)
3 4.2 -3.8 41 -3.0
(61) (63) (67) (82)
e e 6 -4.2 -3.8 -4.1 2.9
o (61) (63) (67) (81)
4.2 -3.8 4.1 2.4
VRl ey ) e ()

Table 4.18: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the mixture
distribution with ¢ = 0.995
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5 =0.99 n—25 n=50 n—100 n—500
: 0.4 0.2 04 0.0
v.GREG (100)  (100) (100) (100)
tnaive 100 -10.0 105 10.2
v,GREG (45) (49) (59) (129)
: 4.6 43 43 1.9
— (61) (65) (73) (92)
3 85 8.0 8.0 5.9
(46) (50) (57) (89)
e e 6 8.5 8.0 -8.0 5.7
a (46) (50) (58) (88)
8.5 8.0 7.9 A7
VI e o) (%) (83)

Table 4.19: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the mixture
distribution with 6 = 0.99

5=0.98 n=25 n-=50 n=100  n—500
; 0.4 0.2 0.3 0.1
v.GREG (100)  (100) (100) (100)
fnaive 222 222 229 225
v.GREG (36) (47) (73) (288)
; 9.0 7.6 6.5 1.9
v (57) (65) (76) (96)
3 2181 -17.0 -16.3 12.8
(37) (45) (60) (145)
e e 6 -180  -17.0 -16.2 -12.4
o (37) (45) (60) (140)
Ji | 180 7o -16.1 -10.0
(37) (45) (60) (116)

Table 4.20: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the mixture
distribution with 6 = 0.98

4.2.2 Poisson sampling

From each population, we selected R = 10000 samples according to Poisson sam-
pling with inclusion probabilities, m;, proportional to the size variable, z; i.e., m; =
nzi/ Y ey %> where n denotes the expected sample sizes, 25, 50, 100 and 500.

In each sample, we computed the standard GREG estimator and robust GREG
estimators described in §4.2.1.

We compared each estimator in terms of Monte Carlo percent relative bias given

by (4.2.1)) and the Monte Carlo relative efficiency given by (4.2.2)).
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Tables [4.21}{4.30]show the relative bias and relative efficiency of several estimators
in the case of Poisson sampling. The results for all the scenarios were quite similar to
that obtained in the case of stratified simple random sampling. For this reason, we
do not discuss the results further.

Normal n=25 n=>50 n=100 n=>500
; 0.2 0.1 0.0 0.0
v.GREG (100)  (100) (100) (100)
tnaiue 0.3 0.0 0.1 0.1
v.GREG (105)  (105) (104) (104)
; 0.3 0.1 0.0 0.0
v RG (100) (100) (100) (100)
5 0.3 0.0 0.0 0.1
) (101)  (102) (102) (102)
frew rG 6 0.3 0.0 0.0 0.1
o (101)  (102) (102) (101)
0.3 0.0 0.0 0.1
vn (101)  (102) (102) (101)

Table 4.21: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the normal

distribution

Gamma n=25 n=>50 n=100 n=>500

; 0.0 0.1 0.0 0.0

Yy EREG (100)  (100)  (100) (100)
fratue 161 -16.6 -17.0 -17.3
v.GREC (132)  (182) (289) (1191)

; 35 24 15 05

v RO (98) (98) (99) (100)

3 38 2.4 15 0.4

A (100)  (100)  (101) (101)

ty GrEG 6 -3.7 2.3 1.4 0.3
a (100)  (100)  (100) (100)

vi | 3T 2.3 1.4 0.3

(100)  (100)  (100) (100)

Table 4.22: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the Gamma
distribution
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Lognormal n=25 n=>50 n=100 n=>500
; 0.3 0.0 0.0 0.0
yGREG (100) ~ (100)  (100) (100)
jnaive 183 -19.7 -20.1 -20.2
v.GREC (116)  (194) (347) (1672)
; 3.7 -2.9 -1.9 -0.6
g (90) (94) (97) (99)
5 -5.6 4.3 -3.0 1.1
(88) (95) (99) (103)
foffﬁEG 6 -9.5 -4.2 -2.9 -0.9
o (88) (95) (98) (101)
-5.5 4.2 2.9 0.8
vn (88) (95) (98) (100)

Table 4.23: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the lognormal

distribution

Pareto n—25 n=>50 n=100 n=500

; 0.0 0.1 0.0 0.0
v.GREG (100)  (100) (100) (100)
fnaive 152 -15.7 ~16.0 16.1
v.GREG (98) (177) (350) (1822)

; 35 2.7 2.0 0.7

v RG (77) (79) (83) (93)

3 6.1 4.8 3.7 1.7

(64) (71) (80) (99)

e e 6 6.0 4.7 3.6 1.6

o (64) (70) (80) (96)

6.0 4.7 3.6 1.5

VI e o) (s0) (9

Table 4.24: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the Pareto
distribution
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t n=295 n=>0 n=100 n=>500
; 0.1 0.0 0.0 0.0
v.GREG (100)  (100) (100) (100)
fnaive 0.1 0.1 0.1 0.1
Yy GREG (58) (58) (57) (60)
; 0.1 0.1 0.0 0.0
v (82) (84) (86) (92)
5 0.1 0.1 0.1 0.0
(66) (67) (67) (74)
e e 6 0.1 0.1 0.1 0.0
a (66) (67) (68) (75)
/i 0.1 0.1 0.1 0.0
(66) (67) (68) (75)

Table 4.25: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the ¢-

distribution

Weibull n—25 n=>50 n=100 n=500
: 0.1 0.1 0.0 0.0
v.GREC (100)  (100) (100) (100)
tnaiue 165 -16.9 17.1 17.3
v,GREG (131) (182) (290) (1208)
; 3.7 2.4 16 0.4
v RG (98) (99) (100) (100)
3 38 2.3 15 0.4
(99) (100) (101) (100)
e e 6 -3.8 -2.2 -1.4 -0.3
o (99) (100) (101) (100)
3.8 2.2 1.4 0.3
v (99) (100) (101) (100)

Table 4.26: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the Weibull

distribution
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Laplace n=25 n=>50 n=100 n=>500
; 0.1 0.1 0.0 0.0
v.GREG (100)  (100) (100) (100)
fnaive 0.2 0.1 0.2 0.2
Yy GREG (77) (74) (74) (74)
; 0.1 0.0 0.0 0.0
v (94) (96) (97) (99)
5 0.1 0.0 0.1 0.1
(85) (83) (83) (85)
e e 6 0.1 0.0 0.1 0.0
o (85) (83) (84) (88)
0.1 0.0 0.1 0.0
VP ss) 3 s (s9)

Table 4.27: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the Laplace
distribution

5 =0.995 n=25 n=50 n—100 n—=500
; 0.2 0.2 0.1 0.0
v.GREG (100)  (100) (100) (100)
fnaive 25 2.9 2.8 2.8
Yy GREG (67) (68) (69) (76)
; 0.8 14 1.3 0.9
v (82) (80) (80) (86)
3 2.2 25 2.2 -1.8
(68) (69) (71) (81)
e e 6 2.2 2.5 2.2 -1.8
o (68) (69) (71) (81)
2.2 2.5 2.2 -1.8
Pl es) ) () s

Table 4.28: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the mixture
distribution with ¢ = 0.995
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§=10.99 n=25 n=50 n—100 n—=500
; 0.6 0.2 0.2 0.0
v.GREG (100)  (100) (100) (100)
fnaive 8.3 8.9 87 87
y.GREG (44) (48) (53) (110)
; 27 35 -3.0 1.8
v (70) (69) (71) (89)
3 7.0 72 6.5 5.3
(47) (50) (54) (86)
e e 6 -7.0 ) -6.5 -5.1
o (47) (50) (54) (86)
-7.0 7.2 6.5 5.1
Vi a0 h) (36)

Table 4.29: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the mixture
distribution with 6 = 0.99

5=0.98 n=25 n-=50 n=100  n—500
; 0.2 0.4 0.0 0.0
v.GREG (100)  (100) (100) (100)
tnaive -16.0  -16.6 -16.5 -16.4
Y. GREG (36) (44) (58) (193)
; 5.3 -5.8 4.5 1.7
v (67) (68) (74) (92)
3 129 -12.8 11,7 9.7
(39) (45) (55) (117)
e e 6 -129  -12.8 -11.7 9.3
a (39) (45) (55) (114)
/i 129 -12.8 -11.7 9.3
(39) (45) (55) (114)

Table 4.30: Monte Carlo percent relative bias and relative efficiency (in
parentheses) of the GREG estimator and robust estimators for the mixture
distribution with 6 = 0.98



Chapter 5

Conclusion

In this thesis, we studied the problem of influential units in a finite population setting.
We considered the model-based framework as well as the design-based framework and
its associated model-assisted framework. We proposed a robust estimator and a robust
predictor based on an adaptive tuning constant.

In the simulation studies, we showed that the naive estimators/predictors based
on a non-adaptive tuning constant (e.g., ¢ = 1.345) do not generally perform well
in terms of bias and efficiency. In many cases, their mean square error is larger
than that of the customary (non-robust) estimator/predictor. One notable exception
occurs when the distribution is symmetric (e.g., the ¢-distribution). The proposed
estimator /predictor based on an adaptive tuning constant performed well in term
of efficiency in virtually all the scenarios. In comparison with the robust estima-
tor /predictor of Beaumont et al. (2013) based on the concept of conditional bias, we
found that the proposed method led generally to a lower mean square error.

In practice, we may be interested in estimating the mean square error of the
proposed robust predictor/estimator. This is a challenging problem that is a topic
of future investigation. For instance, suppose that we wish to estimate the de-
sign mean square error of the robust GREG estimator given by (3.4.3), denoted
by MSEP@Z%UREG)'

An estimator of MSE,(t1% ) is given by

MSE =V (fz:l,eéUREG)) + max {0’ (%%”mc —ty,crEG)? — v (fngUJREG) - 7€y,C¥REG) } :
The terms V ( Z%”REG) and V ( W GREG — ty.crEG) may be obtained using a boostrap

procedure; see Mashreghi et al. (2016) for a review of bootstrap procedures in finite
population sampling.
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Appendix A

Graphical illustration

1000+

Figure A.1: Example of population generated from the normal distribution
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A. GRAPHICAL ILLUSTRATION

20004
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Figure A.2: Example of population generated from the Gamma distribution
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Figure A.3: Example of population generated from the lognormal distribution



A. GRAPHICAL ILLUSTRATION

40001
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10004

Figure A.4: Example of population generated from the Pareto distribution

1000+

Figure A.5: Example of population generated from the ¢-distribution
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A. GRAPHICAL ILLUSTRATION

10004

Figure A.6: Example of population generated from the Weibull distribution

1000 4

Figure A.7: Example of population generated from the Laplace distribution
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Figure A.8: Example of population generated from the mixture distribution

(6 = 0.995)
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Figure A.9: Example of population generated from the mixture distribution
(6 =0.99)
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Figure A.10: Example of population generated from the mixture distribution

(6 = 0.98)
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