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Abstract

The electrical activity of the heart is a well studied process. Mathematical modeling and

computer simulations are used to study the cardiac electrical activity: several mathe-

matical models exist, among them the microscopic model, which is based on the explicit

representation of individual cells. The cardiac tissue is viewed as two separate domains:

the intra-cellular and extra-cellular domains, Ωi and Ωe, respectively, separated by cel-

lular membranes Γ. The microscopic model consists of a set of Poisson equations, one

for each sub-domain, Ωi and Ωe, coupled on interfaces Γ with nonlinear transmission

conditions involving a system of ODEs. The unusual transmission conditions on Γ make

the model challenging to solve numerically.

In this thesis, we first focus on the dimensional analysis of the microscopic model. We

then reformulate the problem on the interface Γ using a Steklov-Poincaré operator. We

discretize the model in space using finite element methods. We prove the existence of

a semi-discrete solution using a reformulation of the model as an ODE system on the

interface Γ. We derive stability and error estimates for the finite element method. Af-

terwards, we consider five numerical schemes including the Godunov splitting method,

two implicit methods, (Backward Euler (BE) and second order Backward Differentiation

Formula (BDF2)), and two semi-implicit methods (Forward Backward Euler (FBE),

and second order Semi-implicit Backward Differentiation Formula (SBDF2)). A conver-

gence analysis of the implicit and semi-implicit methods is performed and the results are

compared with manufactured solutions that we have proposed. Numerical results are

presented to compare the stability, accuracy and efficiency of the methods. CPU times

needed to solve the problem over a single cell using FBE, SBDF2 and Godunov split-

ting methods are reported. The results show that FBE and Godunov splitting methods

achieve better numerical accuracy and efficiency than implicit and SBDF2 schemes, for

a given computational time.

Finally, we solve the model using FBE and Domain Decomposition Method (DDM) for

two cells connected to each other by a gap junction. We investigate the influence of

the space discretization and we explore the differences between a conforming and non-

conforming mesh on Γ. We compare the solutions obtained with both FBE and DDM

methods. The results show that both methods give the same solution. Therefore, the

DDM is capable of providing an accurate solution with a minimal number of sub-domain

iterations.
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Résumé

L’activité électrique du coeur fait l’objet de beaucoup de recherche. La modélisation

mathématique et les simulations numériques sont utilisées pour étudier l’activité électrique

cardiaque. Pour cette étude, plusieurs modèles mathématiques existent parmi lesquels le

modèle microscopique. Ce dernier est basé sur la représentation explicite des cellules indi-

viduelles. Le tissu cardiaque est considéré comme deux domaines distincts : les domaines

intra-cellulaire et extra-cellulaire, notés respectivement Ωi et Ωe, séparés par une mem-

brane cellulaire notée Γ. Le modèle microscopique consiste en un ensemble d’équations

de Poisson, une pour chaque sous-domaine Ωi et Ωe, couplées sur l’interface Γ par des

conditions de transmission non linéaires impliquant un systme d’équations différentielles

ordinaires (EDO). Les conditions de transmission non standards sur Γ rendent le modèle

difficile à résoudre numériquement.

Dans cette thèse, nous faisons d’abord une analyse dimensionnelle du modèle. Ensuite,

nous reformulons le problème sur Γ à l’aide d’un opérateur de Steklov-Poincaré. Nous

discrétisons le modèle en espace en utilisant une méthode d’éléments finis. Nous prou-

vons l’existence d’une solution semi-discrète en utilisant une reformulation du modèle

en un système d’EDO sur Γ. Nous dérivons des estimations d’erreur et de stabilité

pour la méthode des éléments finis. Ensuite, nous considérons cinq discrétisations en

temps, dont la méthode de Godunov, deux méthodes implicites (Euler implicite (BE)

et Différentiation rétrograde (BDF2) du second ordre) et deux méthodes semi-implicites

(Euler semi-implicite (FBE) et Différentiation rétrograde semi-implicite (SBDF2) du

second ordre). Des estimés d’erreur sont obtenus pour les méthodes implicites et semi-

implicites. Les résultats sont comparés aux solutions manufacturées que nous avons pro-

posées. Des résultats numériques sont présentés pour comparer la stabilité, la précision

et l’efficacité des méthodes. Les temps de calculs nécessaires pour résoudre le problème

sur une cellule en utilisant les méthodes FBE, SBDF2 et le schéma de Godunov sont

présentés. Les tests numériques montrent que la méthode de Godunov et le shéma FBE

atteignent une meilleure précision et efficacité numériques que les schémas implicites et

SBDF2, pour un temps de calcul donné.

Enfin, nous résolvons le modèle pour deux cellules interconnectées par une jonction de

connection. Nous utilisons le shéma FBE et une méthode de décomposition de domaine

(DDM). Nous étudions l’influence de la résolution du maillage et les différences entre un

maillage conforme et non conforme sur Γ. Nous comparons les solutions obtenues avec

les méthodes FBE et DDM. Les résultats numériques montrent que les deux méthodes

donnent la même solution. Par conséquent, la méthode DDM est capable de fournir une

solution précise avec un nombre minimal d’itérations de sous-domaines.
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Chapter 1

Basic Details of Cardiac

Electrophysiology

Introduction

The heart is a muscular organ that propels the blood into the circulatory system through

contractions of its muscle wall called myocardium. These contractions of the cardiac

muscle result from numerous complex biochemical reactions and from some mechanical

phenomena taking place in the muscle cells. These phenomena are initiated and are

maintained by the electrical signals propagating through cells. Although the heart is one

of the most important organs in the human body, the cardiac system is unfortunately

vulnerable to breakdown and assault from various sources. The cardiovascular (heart)

diseases, such as cardiac ischemia (restriction in blood supply to cardiac tissues) and

heart arrhythmia (abnormal heart rhythm), can lead to heart failure and other heart-

related complications. As reported by public-heath Canada, heart diseases are the second

leading cause of death in Canada, claiming more than 51, 500 lives in 2015. About 2.4

million Canadians aged 20 years and older live with ischemic heart disease. According

to the Cardiac Arrhythmia Network of Canada (CANet), heart arrhythmias kills about

40, 000 Canadians a year and are projected to be the leading cause of death in Canada

by 2020. Many of those heart problems result from disturbances of the electrical activity.

Therefore, a good-understanding of the electrical activity of the heart may help to treat

those diseases and also to improve the precision of the tests that measure and record

this activity, e.g. electrocardiogram(ECG). For more details about the link between the

electrical activity and heart problems, see [33] and [23].

1



Basic Details of Cardiac Electrophysiology 2

1.1 Cardiac Cells and Cardiac Action Potential

The heart has two types of cells: the cardiac muscle cells and the cardiac pacemaker cells.

The latter cells have the ability to spontaneously generate and send out electrical sig-

nals. Furthermore, each cardiac cell is surrounded by a cellular membrane, that separates

the intracellular space (the interior of a cell) from the extracellular space (the outside

environment of a cell). The cell membrane consists of a lipid bilayer in which are em-

bedded proteins. It contains ionic channels, which allow the flow of specific ions, mainly

Na+, Ca2+, K+, and Cl−. Moreover, the cellular membrane serves as a gatekeeper and

also as a barrier to the free flow of ions and maintains concentration differences of these

ions. A potential difference, called resting transmembrane potential, exists across all

cells membranes. In addition, the potential inside the cells is called intracellular poten-

tial and the one outside extracellular potential. At rest, the intracellular potential of

cells is negative compared to the extracellular potential. Furthermore, the myocytes are

excitable cells that are interconnected by regions called intercalated disks. These disks

contain gap junctions, which are channels between cells that permit inter-cellular com-

munications and that electrically couple adjacent cells. Thus, gap junctions allow solutes

to pass from one cell to the next without having to pass through the cell membranes of

the cells, see e.g. Figure 1.1(b). Further, excitable cells are capable of generating and

transmitting electrochemical impulses, so they have the ability to respond actively to an

electrical stimulus. However, stimulating an excitable cell leads to a change in trans-

membrane potential. If the change is small, the conductive properties of the membrane

remain the same and the potential quickly returns to its resting value after the stimulus

ends. On the other hand, if the stimulus is strong enough to raise the transmembrane

potential above a certain threshold value, then the cell membrane depolarizes, that is,

the transmembrane potential increases from its negative resting value to a value around,

or above zero, then repolarizes, that is, the potential returs to its negative resting state.

This phenomenum is called action potential (AP). In the following, we describe the five

main phases of ventricular cell action potential, see Figure 1.1(a) for an illustration.

Phase 0: A rapid upstroke of the AP or fast depolarization

During this phase, some fast voltage-gated Na+ channels are activated and open,

allowing a large influx of Na+ ions to enter the cell. This inward Na+ flow causes the

transmembrane potential to become less negative, and this results in a depolarization

of the membrane. The membrane potential then increases further to about +40 mV

from its resting value of about −85 mV.
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Phase 1: Short repolarization

This is a brief initial repolarization caused by a decrease in inward Na+ current due

to closure of Na+ channels. At the same time K+ channels open, allowing a brief flow

of K+ ions out of the cell.

Phase 2: Plateau phase

During this phase, there is an increased Ca2+ conductance, causing inward Ca2+

flow. This creates an approximate balance between inward Ca2+ flow and outward

K+ flow.This phase is responsible for the long duration of cardiac action potentials.

Phase 3: Repolarization

This rapid repolarization results from the fact that Ca2+ channels close while K+

channels are still open. The outward K+ flow then exceeds the inward Ca2+ flow,

causing a rapid decrease in the membrane potential.

Phase 4: Resting phase

The cell returns to its resting membrane potential characterized by an equilibrium

between outward and inward ionic currents. Shortly after the repolarization, the

cell is still in a refractory period, that is, a period of time during which the cell

cannot be excited again till the ion concentrations and gating variables return to

their equilibrium value.

For more details about cardiac action potential, see e.g.[34, 72, 64].

(a) Transmembrane potential as a func-

tion of time.

(b) Gap junction channels

Figure 1.1: Ventricular action potential and gap junction channels.
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1.2 Membrane Ion Channel Gating

As mentioned above, the cell membrane contains ionic channels as well as pumps and

transporters which allow the flow of specific ions accross the membrane. The movement

of ions across the membrane is governed by the opening and closing of the ion channels

in response to a change in transmembrane potential. The opening and closing of ion

channels are the basis of electrical excitability. We introduce the formalism for modeling

ion channel gating as described in [24] and [71]. The ionic current through a population

of ionic channels is given per unit area of membrane surface by

Iion = G(v, t)φ(v),

where G(v, t) is the density of open channels per unit area of the membrane surface,

which can be written as

G(v, t) =
N

S
=

Ntotal

S

N

Ntotal

=
Ntotal

S
w,

where w = N
Ntotal

is the gating variable that represents the percentage of open channels,

N is the number of open channels on the membrane surface, Ntotal is the total number

of membrane channels and S is the membrane surface area; φ(v) is the current-voltage

relation of a single open channel, which can be written as φ(v) = g(v−vI0) where v is the

transmembrane potential, g is the channel conductance and vI0 is the Nernst equilibrium

potential for a given ion, I0,

vI0 =
RT

zF
ln

(
[I0]e
[I0]i

)
, (1.1)

where R is Boltzmann’s constant, T is the temperature, z is the charge of an electron,

F is Faraday’s constant, [I0]e and [I0]i denote the extra- and intracellular concentrations

of the ion, I0, respectively. Moreover, the models for the ion channels assume that the

channels are composed of several sub-units. Each sub-unit may be either open or closed.

We focus on ionic channels that consist of only one sub-unit with two states: the open

state, O, and the close state, C. The change between the open and closed states may be

written as

O
α(v)

�
β(v)

C,

where α and β are the rate of opening and closing, respectively. The rate of change of w

reads as follows

dw

dt
= α(v)(1− w)− β(v)w. (1.2)
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It is not possible to find a general solution of (1.2), since α and β depend on v. The

equation (1.2) can be written as

dw

dt
=

(w∞ − w)

τw
, (1.3)

where w∞ = α
α+β

is the asymptotic equilibrium state and τw = 1
α+β

is the time constant.

In general, the ionic channels are composed of several sub-units, which may be either

open or closed, and which may depend on the state of the other sub-units, see e.g. [24].

1.3 Models for Ionic Activity in Cardiomyocytes

The ionic models are systems of ordinary differential equations (ODEs), that are used to

describe from the basic to more complex levels, physiological processes occuring during

the action potential. Several of these models exist and are grouped into three cate-

gories: the phenomenological models; the so-called first and second generation models,

see e.g.[11, 23, 71] and the references therein. First of all, the cell membrane can be

viewed as a capacitor, that separates ionic charges between the intra- and extracellular

spaces. Moreover, the cell membrane contains ionic channels that act as resistors leading

to ionic currents. The transmembrane current, Im, is then the sum of the capacitive and

the ionic current, Iion, and must be equal to the applied current, Istim, which reads as:

Im := Cm
dv

dt
+ Iion = Istim, (1.4)

where Cm is the capacitance of the membrane.

In the next sub-sections, we present the situation of a single myocyte, some models for

ionic currents that could be useful in this work.

1.3.1 The Mitchell-Schaeffer Model

The model, proposed by Mitchell and Schaeffer [45], is a two-current model for a car-

diac action potential that incorporates only an inward current (primarily carried by Na+

and Ca2+) and an outward current (primarily carried by K+). Therefore, it requires a

minimal set of currents to describe the process of excitation and recovery. The origi-

nal Mitchell-Shaeffer (MS) model consists of two ordinary differential equations for the
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transmembrane potential v and one gating variable w:

∂v

∂t
= f(v, w) + Istim(t), with f(v, w) =

1

τin
wv2(1− v)− 1

τout
v,

∂w

∂t
= g(v, w), with g(v, w) =

 1
τopen

(1− w) if v < vgate,

− 1
τclose

w if v ≥ vgate,

where Istim(t) is an externally applied electrical stimulus, vgate is the activation threshold

potential and τin, τout, τopen and τclose are the four time constants that characterize the

four main phases of the transmembrane action potential. The term −f(v, w) represents

the ionic current, Iion, in (1.4) after rescaling this equation. The MS model is used in

general to produce non-pacemaker cardiac AP. Several variations of the MS model have

been proposed to address various purposes. In order to reproduce pacemaker cardiac

action potential, Djabella et al. [18] proposed a modified model by introducing a tuning

parameter in the MS model. They used a C2 class function to describe the dynamics of

the gating variable. Their modified MS model reads as

∂v

∂t
= f(v, w) + Istim(t), with f(v, w) =

1

τin
w(v + a)(v + a− λ)(1− v)− 1

τout
v,

∂w

∂t
= g(v, w), with g(v, w) = τ(v, w)(w∞(v)− w),

τ(v, w) =
1

τclose
+
τclose − τopen
τcloseτopen

w∞(v)

w∞(v) =

1
2
(1− tanh(v−vgate

ηgate
)) if ηgate 6= 0,

1
2
(1− sgn(v − vgate)) if ηgate = 0,

where a, λ and ηgate are newly introduced parameters, that are used to control the ex-

citability and pacemaker activity. In contrast, Corrado and Niederer [13] point out the

fact that the transmembrane potential in the MS model, may cyclically depolarise and

repolarise for certain values of the parameter τ , in the absence of any applied external

stimulus. This unwanted behaviour, that they named “pacemaker cell behaviour” could

be a problem in some clinical situation, see e.g. [13] and the references therein. To

overcome this limitation, they introduce another modified version of the MS model that

reads as
∂v

∂t
= f(v, w) + Istim(t), with f(v, w) =

1

τin
wv(v − vgate)(1− v)− 1

τout
(1− w)v,

∂w

∂t
= g(v, w), with g(v, w) =

 1
τopen

(1− w) if v < vgate,

− 1
τclose

w if v ≥ vgate.
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Note that this model is obtained from the previous model by replacing a = 0, λ = vgate,

and introducing the factor (1− w) in the first equation.

Remark 1.3.2. The potential v and the gating variable w are dimensionless and vary

between 0 and 1. However, the voltage v can be scaled back to the original physiological

values according to,

v̄ = v(vmax − vrest) + vrest, (1.5)

where vrest and vmax are the resting and maximum potentials, respectively. For example,

we can choose vrest = −85mV and vmax = +40mV as explained in the Phase 0 of the

action potential, Figure 1.1.

1.3.3 The FitzHugh-Nagumo Model

The FitzHugh-Nagumo (FHN) model is a two-variable model, introduced by FitzHugh

and Nagumo [22, 47], that is used to describe excitation and recovery during an action

potential. The FHN model in its original formulatin consists of two ODEs for the trans-

membrane potential v and a second variable, w, called recovery variable. The model

equations are given by

∂v

∂t
= f(v, w), with f(v, w) = kv(v − α)(1− v)− w,

∂w

∂t
= g(v, w), with g(v, w) = ε(v − γw),

where ε is chosen small, 0 < α < 1
2
, and γ is chosen so that the equation

k(v−α)(1− v)− 1
γ

= 0 has no real roots, that is, there is only one steady state solution,

see e.g. [35].

1.3.4 The Hodgkin-Huxley Model

The Hodgkin-Huxley (HH) model, proposed by Hodgkin and Huxley [27], describes three

ionic currents; a sodium current, a potassium current, and another one called leakage

current made up by chloride and other ions. They are denoted by INa, IK and IL, respec-

tively, and are defined by

INa = ḠNam
3h(v − vNa) (1.6)

IK = ḠKn
3h(v − vK) (1.7)

IL = ḠL(v − vL) (1.8)
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where ḠNa, ḠK , ḠL are the maximum conductances for each current, that is, the currents

one would obtain if all channels were open; vNa, vK , and vL are the Nernst equilibrium

potentials of the form (1.1), ; m, h, and n are three gating variables satisfying equation

of the form (1.3). The total ionic current is then the sum of the three currents (1.6)-(1.8).

The HH model reads as follows,

Cm
dv

dt
+ ḠNam

3h(v − vNa) + ḠKn
3h(v − vK) + ḠL(v − vL) = Istim,

dm

dt
=

m∞(v)−m
τm(v)

,

dh

dt
=

h∞(v)− h
τh(v)

,

dn

dt
=

n∞(v)− n
τn(v)

,

where the coefficients of the gating variables are given by equations of the form

w∞ =
αw

αw + βw
,

τw =
1

αw + βw
,

for w = m,h, n, with

αm =
0.1(25− v)

exp (0.1(25− v))− 1
, βm = 4 exp

(
−v
18

)
αn =

0.01(10− v)

exp (0.1(10− v))− 1
, βn = 0.125 exp

(
−v
80

)
αh = 0.07 exp

(
−v
20

)
, βh =

1

exp
(

30−v
10

)
+ 1

.

The remaining parameters are

Cm = 1, ḠNa = 120, ḠK = 36, ḠL = 0.3, vNa = 115, vK = −12, vL = 10.6 .

The HH model describes the AP of a squid giant axon, which is a large nerve cell found

in squids.

In 1977, Beeler and Reuter [6] proposed the first model of a mammalian ventricular

cells. The model relies on the HH formalism and describes four ionic currents and the

intracellular calcium concentration. The currents are controlled by six gating variables.

Similarly, Luo and Rudy [44] introduced the so-called Luo Rudy 1 (LR1) model, which
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is a new mammalian ventricular model based on the Beeler-Reuter model. The model

included six ionic currents, which are controlled by seven gate variables in addition to

a model for the intracellular calcium concentration. It is important to point out that

HH, Beeler-Reuter and LR1 models are part of the first-generation models while MS and

FHN models fall into the category of phenomenological models. The above models have a

number of limitations. They aim to reproduce the AP, but uses a simplified formulation

of the underlying physiological details. However, the so-called second-generation models

fill the above-mentioned gaps by addressing a more detailed description of membrane cur-

rents as well as intracellular ionic concentrations. The second-generation models include

more gating variables for ion channels, pumps and exchangers. In 1985, Difrancesco and

Noble [16] proposed the first second-generation model of Purkinje fibers, which are large

cardiac fibers specialized for rapid conduction along the endocardium of the ventricles.

Other early second-generation models are the Luo Rudy dynamic (LRd) model [43] for

guinea pig ventricular cells and the ten Tusscher-Noble-Noble-Panfilov (TNNP) model

[73] for human ventricular tissue. As detailed as the second-generation models may be,

they are computationally demanding. The following URL, http://www.cellml.org/,

summarizes several other existing ionic models. In this work, we only focus on simple

ionic models of ventricular cells, that capture the basic features of the cardiac AP.

1.4 Mathematical Models of Cardiac Tissue

The electrical activity of the heart is a well-studied process. Mathematical modelling and

computer simulations are used for the study of the cardiac electrical activity. For this

study, several mathematical models exist, among which the microscopic and macroscopic

bidomain models.

The macroscopic model makes assumptions about the continuity of the cardiac tissue.

The tissue is divided into two separate domains joined by the cell membrane: the in-

tracellular and the extracellular domains. Since the muscle cells are connected via gap

junctions, both domains are assumed to be continuous and fill the complete volume of

the heart. The electrical potential in each of the two domains is then viewed as a quan-

tity averaged over a small control volume. Therefore, every point in the heart muscle

is assumed to be in both the intracellular and extracellular domains. Furthermore, the

cardiac tissue has anisotropic conductive properties, since cardiac cells consist of fibers,

and the conduction is higher in the direction of the fibers. In case the intracellular and

extracellular domains have the same anisotropy ratio, the bidomain model can be re-

http://www.cellml.org/
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duced to the so-called monodomain model, see e.g.[71] and [23].

Although the bidomain model is widely used with many successful applications, it has

some limitations. In fact, being an organ level model, the bidomain model does not

provide details regarding the dynamics surrounding a single cell. Thus, the macroscopic

bidomain model may fail to describe finer details of cardiac conduction, for example,

it cannot address the ephaptic coupling of cardiac cells. Indeed, in the past some

reasearchers believed that gap junctions are responsible for electrical impulse trans-

mission between cardiomyocytes [60, 81]. However, recent experimental results have

shown that AP conduction may still be possible in the absence of gap junctions channels

[12, 36, 40, 65]. Ephaptic coupling is the expression used to describe AP conduction in

the absence of gap junction channels.

On the other hand, at the microscopic level the cardiac tissue has a discrete structure.

The cardiac structure consists of a collection of elongated cardiac cells, connected end-to-

end or side-to-side by junctions, surrounded by the extracellular matrix. The microscopic

model deals with an explicit representation of individual cells; the extracellular, the cell

membrane and the intracellular domains are represented as separate geometrical spaces

[76, 24, 67, 59, 79]. It is important to note, however, that some authors represent car-

diomyocytes as a circuit diagram [12, 36, 40]. The microscopic model is of increasing

significance, since it provides a more explicit and detailed framework for modeling cardiac

tissue. For this reason, it is well suited to picture out the ephaptic coupling of cardiac cells

and to simulate cell monoloyers. In fact, simulating cell monolayers is important in the

development of human induced pluripotent stem cell-derived cardiomyocytes, which offer

a powerful in vitro tool to investigate disease mechanisms and to perform patient-specific

drug screening [38]. This model then fills the gaps of the macroscopic bidomain model,

but does not claim to replace it. In the following, we mainly focus on the microscopic

model, and we briefly present the macroscopic bidomain model.

1.4.1 Macroscopic Bidomain Model

At the macroscopic scale, the intracellular and the extracellular domains, Ωi and Ωe,

respectively, are assumed to be continuous and fill the complete volume of the heart.

Therefore, both domains are indistinguishable so that the domain, Ω, occupied by the

heart is assimilated to Ω = Ωi = Ωe ⊆ Rn, d = 2, 3. Assuming that the heart is

electrically insulated from its surroundings, the standard formulation of the bidomain
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model consists in finding (v, ue) such that

∇ · (σi∇v) +∇ · (σi∇ue) = χCm
∂v

∂t
+ χIion in Ω,

∇ · (σi∇v) +∇ · ((σi + σe)∇ue) = 0 in Ω,

with the boundary conditions

n · (σi∇v + σi∇ue) = 0 on Γ,

n · (σe∇ue) = 0 on Γ.

In these equations, ui is the intracellular potential, ue is the extracellular potential; v =

ui−ue denotes the transmembrane potential, σi and σe are intracellular and extracellular

conductivity 2-tensors, respectively; n is the unit exterior normal to the boundary of the

heart Γ; Cm is the electrical capacitance of the membrane per unit area; χ represents the

cell membrane area per unit volume; Iion is the ionic current through the cell membrane

per unit area. In case of equal anisotropy ratio, that is σe = λσi for some scalar λ, the

bidomain can be reduced to the so-called monodomain model:

λ

1 + λ
∇ · (σi∇v) = χCm

∂v

∂t
+ χIion, in Ω

with the boundary condition

n · (σi∇v) = 0 on Γ.

For rigorous details about the derivation of the bidomain model, see e.g. [48, 23, 71, 75].

1.4.2 Microscopic Model Based on Electrical Circuit

In the literature, several authors consider the flow of current through cardiomyocytes

according to electrical circuits. Sperelakis et al. [51, 65] investigate the mechanism for

transmission of excitation from one cell to the next within cardiac tissue by considering

a circuit diagram of current along a strand of 10 cells, see Figure 1.2. They showed

that successful transmission of excitation is possible without gap junctions, but is highly

parameter dependent. More recently, Keener et al. [12, 36, 39, 40] followed the same

framework as Sperelakis et al. [51, 65] to study the electrical coupling of cardiac cells in

the absence of gap junctions. They consider the flow of current through cells according
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Figure 1.2: Electric circuit representing a strand of 2 cells separated by a narrow

junctional cleft. Each cell is composed of six units: 4 surface membrane units, a pre-

junctional and a post-junctional membrane units (reprinted from [51]).

Figure 1.3: Circuit diagram of two cells coupled through a common junctional cleft space.

The extracellular potential is set to be Vext = 0 (reprinted from [12]).

to a circuit diagram. In the following, we only present the paper of Keener and Copene

[12]. In this paper, they consider the flow of current through 2 cells, see Figure 1.3.

They assume that the two cells with intracellular potentials V1 and V2, are isopotential.

The extracellular potential, Vext, is assumed to be constant in space and time. The

potential Vext is scaled to be Vext = 0 so that V1 and V2 represent the nonjunctional

transmembrane potentials. There is a difference in voltage between the junctional cleft

space and extracellular space. The current which is driven between the two regions reads

Ij =
1

rj
Vj, (1.9)

where rj is the resistance to current between the two spaces, and Vj is the junctional

cleft potential which varies from the extracellular potential Vext. The currents I1 and I2

(see Figure 1.3), accross the nonjunctional membranes of the two cells are the sum of
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capacitive and ionic currents and are given by

I1 = A

(
Cm

dV1

dt
+ Iion(V1)

)
, (1.10)

I2 = A

(
Cm

dV2

dt
+ Iion(V2)

)
. (1.11)

Similarly, the currents, Ĩ1 and Ĩ2 (see, Figure 1.3), accross the junctional membrane of

the two cells are obtained by

Ĩ1 = Ã

(
Cm

d(V1 − Vj)
dt

+ Ĩion(V1 − Vj)
)
, (1.12)

Ĩ2 = Ã

(
Cm

d(V2 − Vj)
dt

+ Ĩion(V2 − Vj)
)
, (1.13)

where Ã and A are the surface areas of the junctional and nonjunctional membranes, re-

spectively; Ĩion and Iion are the sum of the junctional and nonjunctional ionic membrane

currents, respectively. The potential differences V1 − Vj and V2 − Vj denote the trans-

membrane potentials of the junctional membranes. Applying Kirchhoff’s circuit laws at

each of the three nodes in the circuit diagram of Figure 1.3, we obtain

I1 = −Ĩ1 (1.14)

Ij = Ĩ1 + Ĩ2 (1.15)

I2 = −Ĩ2. (1.16)

For nondimensionlization purpose, they set

V1 = u1V
∗ + Vrest, (1.17)

V2 = u2V
∗ + Vrest, (1.18)

Vj = ujV
∗, (1.19)

where V ∗ = Vpeak − Vrest. Note that Vrest and Vpeak are the resting and maximum

potentials, respectively. The resulting non-dimensional system of equations is then given

by

d

dτ
u1 + α

d

dτ
(u1 − uj) = f(u1) + αf̃ (u1 − uj) , (1.20)

α
d

dτ
(u1 − uj) + α

d

dτ
(u2 − uj) = αf̃ (u1 − uj) + αf̃ (u2 − uj) + σuj, (1.21)

d

dτ
u2 + α

d

dτ
(u2 − uj) = f(u2) + αf̃ (u2 − uj) ; (1.22)
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where u1 and u2 are the nondimensional potentials of the two cells, and uj is the nondi-

mensional potential in the junctional cleft space between the two cells, α = Ã
A

is the

ration of the junctional membrane surface area to the nonjunctional membrane surface

area, and σ = t∗

rjACm
is a nondimensional parameter with the rescaled time t = t∗τ . The

nonjunctional and junctional nondimensional ionic membrane currents are denoted by

f(u) and f̃(u), respectively.

1.4.3 Microscopic Model Based on Electrodiffusion Equations

The electrodiffusion is a passive process by which charged particles are transported

through a medium under the influence of both simultaneously a concentration gradient

and an electric potential [25]. The Nernst-Planck equations describes the electrodiffusion

process. Mori and Peskin [46] presented a model for cellular electrophysiology based on

Nernst-Planck equations together with some boundary conditions. In the model, the tis-

sue is partitioned into several non-overlapping intracellular compartments and multiple

extracellular spaces. Intracellular and extracellular spaces are labeled by Ω
(k)
i and Ω

(l)
e ,

respectively. The membrane separating the domains Ω
(k)
i and Ω

(l)
e is denoted by Γ(kl),

see Figure 1.4. Let N be the total number of ion species; cj and φ denote the j-th ion

Figure 1.4: The membrane Γ(kl), the intra and extracellular domains Ω
(k)
i and Ω

(l)
e ,

respectively, in which the variables cj and φ are defined (reprinted from [46]).

concentration and electrostatic potential, respectively. In Ω
(k)
i and Ω

(l)
e , the equations
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satisfied by cj and φ read as follows

∂cj
∂t

= −∇ · Jj, (ion conservation) (1.23)

Jj = −Dj

(
∇cj +

qzjcj
kBT

∇φ
)
, (drift-diffusion flux) (1.24)

0 = ρ0 +
N∑
j=1

qzjcj, (electroneutrality condition) (1.25)

where Jj is the flux of the j-th species of ion; Dj is the diffusion coefficient of the j-th ion; q

is the elementary charge; qzj is the amount of charge on the j-th ion; kB is the Boltzmann

constant; T is the absolute temperature and ρ0 is the fixed background charge density

(if any). The flux Jj is expressed as a sum of two components: the diffusion component

caused by the gradient of the ion concentration and the drift component which is driven

by the electric field. Equations (1.23)-(1.25) are coupled with some boundary conditions

on membranes Γ(kl), see [17, 52, 53] for more details. Poisson Nernst-Planck equations

can be used in several biophysical models, including cardiac electrophysiology models.

For instance, Mori et al. [46] used the electrodiffusion model to study the effect of gap

junctions on the propagation of cardiac action potential.

1.4.4 Microscopic Model Based on Potential Equations

For the derivation of basic equations that govern the microscopic model, we follow the

ideas of Veneroni [79]. We adopt the following notations, see Figure 1.5. We consider that

Ωi and Ωe denote the intracellular and extracellular space, respectively, whose boundaries

are ∂Ωi and ∂Ωe, respectively. The set Γ = ∂Ωi ∩ ∂Ωe is the surfacic cellular membrane

that separates the two spaces, Γi = ∂Ωi \ Γ, and Γe = ∂Ωe \ Γ stand for the remaining

part of the boundary of Ωi and Ωe, respectively. The vectors ni, ne represent the unit

exterior normals to the boundary of Ωi and Ωe, respectively. They satisfy n = ni = −ne
on Γ. We set Ω = Ωi ∪Ωe ∪Γ ⊂ Rm, m = 2, 3, to be the physical region occupied by the

heart.

Assuming that Ii,stim and Ie,stim are the given stimulation currents applied to Ωi and Ωe,

respectively, the potentials inside Ωi and Ωe could be obtained by solving the following

Poisson’s equations:

−∇ · (σi∇ui) = Ii,stim in Ωi,

−∇ · (σe∇ue) = Ie,stim in Ωe,
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Figure 1.5: Sketch of a simplified computational domain; the intracellular space Ωi, the

cell membrane Γ, and the extracellular space Ωe.

where ui is the intracellular potential; ue is the extracellular potential; σi and σe are in-

tracellular and extracellular conductivities, respectively. In addition, the normal current

flux though the membrane is continuous, due to the current conservation law. Then we

have

σi∇ui · ni + σe∇ue · ne = 0 on Γ.

The cell membrane can be viewed as a capacitor in parallel with a resistor leading to

ionic currents, see e.g. [24, 37, 23, 79]. As stated above, the membrane current per unit

area, Im, is then the sum of the capacitive and ionic currents, and reads as follows

Im = Cm
∂v

∂t
+ f(v, w),

where Cm is the electrical capacitance of the membrane per unit area, v = ui − ue

denotes the transmembrane potential, f represents the ionic current through the cellular

membrane Γ and w is the gating variable. It is worth recalling that f is one of the three

functions given in Section 1.3.

The following Neumann boundary conditions (BCs) hold on the membrane Γ:

σe∇ue · ne = −σi∇ui · ni := Im on Γ.

These Neumann BCs are complemented by

σi∇ui · ni = gi on Γi and σe∇ue · ne = ge on Γe,

or

ui = 0 on Γi and ue = 0 on Γe,
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for some given functions gi and ge. Summarizing all these equations, the microscopic

model equations read

−∇ · (σi∇ui) = Ii,stim in Ωi, (1.26)

−∇ · (σe∇ue) = Ie,stim in Ωe, (1.27)

Im := Cm
∂v

∂t
+ f(v, w) on Γ, (1.28)

σe∇ue · ne = −σi∇ui · ni = Im on Γ, (1.29)

v = ui − ue on Γ, (1.30)

σe∇ue · ne = ge on Γe, (1.31)

σi∇ui · ni = gi on Γi. (1.32)

To ensure wellposedness of the problem (1.26)-(1.32), a supplementary condition on ue

is needed. This will be discussed below. The model is coupled with the following system

of ordinary differential equations

∂w

∂t
= g(v, w) on Γ. (1.33)

where g models the dynamics of the gating variable, w.

Veneroni [79] proved the existence of a solution for the microscopic model with two choices

for the ionic current, that are the classical Hodgkin-Huxley model [27] and the Phase-I

Luo-Rudy model [44]. In the same vein, Franzone and Savaré [24] derive, adapting the

tools of abstract evolution equations in Hilbert spaces, existence, uniqueness and some

regularity results for the model. They consider only the FitzHugh-Nagumo model as a

membrane model for ionic currents. In the literature, several other authors have used

the microscopic model for different purposes. For example, to assess the computational

challenges of the microscopic modeling framework, Tveito et al. [76] solved, using a

finite difference method (FDM) and two types of mixed finite element methods (FEM),

a variant of the microscopic model (1.26)-(1.32). They first present the method in the

case of two coupled cells, Ωi,1 and Ωi,2, that are connected by gap junctions Γ1,2 and are

surrounded by a connected extracellular space Ωe, see Figure 1.6. The model assumes

that there are no stimulation currents applied to Ωi,j and Ωe, the potentials ui,j and ue

inside Ωi,j and Ωe, respectively, are then obtained by solving the equation (1.26) in Ωi,j

and the equation (1.27) in Ωe with Ii,j = 0 and Ie = 0 for j = 1, 2. On the membranes Γ1

and Γ2, the equations of the form (1.28) and (1.29) are solved, together with a Dirichlet

boundary condition

ue = 0 on ∂Ωe \ (Γ1 ∪ Γ2). (1.34)
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Figure 1.6: Sketch of an idealized computational domain: two idealized cells Ωi,1 and Ωi,2,

connected by a gap junction Γ1,2 and the surounding extracellular space Ωe (reprinted

from [76]).

Similarly, on the gap junction Γ1,2 the following equations are considered

ni,2 · σi∇ui,2 = −ni,1 · σi∇ui,1 ≡ I1,2 on Γ1,2,

w = ui,1 − ui,2 on Γ1,2,

∂w

∂t
=

1

C1,2

(I1,2 − Igap) on Γ1,2,

where ni,j is the normal pointing out from Ωi,j for j = 1, 2, and Igap is the gap junction

current density, which can be represented by a passive membrane

Igap(w) =
1

Rgap

w,

where Rgap represents the resistance of the passive membrane. For the computation,

they introduced a two-step operator splitting method in order to handle the case of a

nonlinear ionic current, Iion. In the first (ODE) substep of the operator splitting scheme,

they solved a system of ODEs of the form (1.28) on the membrane, with the membrane

current, Im, set equal to zero. In the second (PDE) substep, they solved the linear system

arising from an implicit discretization in time and space of (1.26)-(1.29) with ue = 0 on

∂Ωe \ Γ and the term Iion set to zero. For the discretization in time of (1.28), they

used an implicit Euler scheme. They considered both a passive and an active model for

the dynamics on the cell membrane between the intra and extracellular spaces. In the

passive model, the ionic current is given by

Iion(v) =
1

Rm

(v − vrest), (1.35)



Basic Details of Cardiac Electrophysiology 19

where Rm is the resistance of the passive membrane and vrest is the resting potential

of the membrane. In the active model, Iion is represented by the model of Grandi et

al. [26]. Tveito et al. [76] proposed and compared three different approaches for the spa-

tial discretization of PDEs arising from the second (PDE) substep, which are the finite

difference method, the mortar finite element method [7] and Raviart-Thomas finite ele-

ment method [55]. They first assess the accuracy of these numerical methods. In the case

of the nonlinear ionic current, they explored convergence under mesh refirements: they

compared, for two connected cells, the solutions obtained from the numerical methods

using different spatial resolution. For the linear ionic current (1.35), they considered a

simple model problem with known analytical solution. They consider then a 2D domain

consisting of an extracellular domain and a single cell, see Figure 1.7. With linear ionic

currents, all the discretizations provide converging numerical solutions. The convergence

of the finite difference discretization is linear and this method is the least accurate. Com-

pared to the FDM, the mortar FEM provides solutions with considerably smaller error,

whereas the Raviart-Thomas FEM is the most accurate with errors much smaller than

those of the mortar FEM. Furthermore, for the CPU requirements, Tveito et al. [76]

were interested in the CPU time needed to solve the numerical problems, particularly

the CPU time per physical cell.

Figure 1.7: Sketch of a 2D version of a domain in the case of a single cell. Here Ωi =

Ωo ∪ ΩW ∪ ΩE ∪ ΩS ∪ ΩN (reprinted from [76]).

To study at the microscopic level the relationship between tissue morphology and the

propagation of the depolarization wave, Henriquez et al. [67] introduced a 3D model of

cardiac tissue. Figure 1.8 summarizes all the equations and boundary conditions used in

the model.
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In this figure, ϕi, ϕe and Imem are equivalent to ui, ue and Iion, respectively, Istim is an

Figure 1.8: Summary of all the model equations and boundary conditions (reprinted

from [67])

externally applied stimulus current, and q1, · · · , qn are the variables denoting the state

of the membrane as a function of time. The term Iicd stands for the conductance of

the intercalated disk. They consider a geometrical model that consists of an explicit

description of the shape and stacking of all the myocytes that are located in a small

piece of tissue to be stimulated. The intracellular and extracellular spaces are continu-

ous spatially separated volumes that are defined inside the same cartesian space. The

model assumes that myocytes are stacked inside an extracellular matrix so that at some

locations, the myocytes touch neighboring myocytes, whereas at other locations small

sheets of extracellular space separate the myocytes. Therefore, the tissue is subdivided

into multiple non-overlapping compartments: a single compartment for the extracellular

space and separated compartments for each myocyte. For their model, they constrain

the shape of the cells to look like those captured in histology, see Figures 1.9 and 1.10. In

Figure 1.9, each subdomain is represented with a different color to represent the different

myocytes and the extracellular space left uncolored. Because a myocyte is surrounded
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Figure 1.9: A 3D stack of myocytes (reprinted from [67])

(a) Cell shapes in the computer generated model. (b) Microscopic images of rat myocytes.

(c) Distribution of extracellular space around myocytes in

the computer generated model.

(d) Microscopic images of rat myocytes.

Figure 1.10: A comparaison between the computer generated tissue geometry and actual

illustrations from histology (reprinted from [67]).

by extracellular space and neighboring myocytes, some interfaces are designated as in-

tercalated disks, whereas other are designated as membranes. For interfaces separating

two myocytes Ωi,1 and Ωi,2, the model assumes a surface resistance and capacitance that

mimick a membrane infused with gap junctions, that is, a low resistive barrier between

the two myocytes. Electrical potentials at the interface between Ωi,1 and Ωi,2 are denoted
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by ϕi1 and ϕi2, respectively, and conductivities by σi1 and σi2, respectively. For the com-

putation, they discretized their model in space using a mesh consisting of tetrahedral

elements, and to solve for potentials, they use the finite element method with linear

interpolation inside each element. Moreover, they use a semi-implicit Crank-Nicolson

scheme to discretize in time and solved the linear set of equations resulting from the fi-

nite element method for each time step using the Minimal Residual Method (MINRES).

As results, Henriquez et al. made a qualitative comparaison between shape and stacking

of the myocytes as generated by their computational model and actual images of myocytes

from histology. They also qualitatively compared the distributions of gap junctions and

extracellular space with histological results, see Figure 1.10.

1.5 Existence of the Solution of Microscopic Prob-

lem

This section is devoted to reaction-diffusion systems associated with the microscopic

model. We follow [79] and give a functional framework and a mathematical setting,

where the wellposedness of the model can be established. We state the existence theorem

for a solution. Let ]0,T[ be the evolution time interval. Let

Qi,e := Ωi,e×]0,T[, Σ := Γ×]0,T[, Σi,e := Γi,e×]0,T[.

Given

Ii,e : Qi,e → R, gi : Σi → R, σi,e : Ωi,e →M3×3,

v0 : Γ→ R, w0 : Γ → (0,+∞)k, z0 : Γ→ (0,+∞)m,

we seek

ui,e : Qi,e → R, w = (w1, · · · , wk) : Σ→ Rk

v := ui − ue : Σ → R, z = (z1, · · · , zm) : Σ→ (0,+∞)m,

satisfying the equations

−∇ · (σi,e∇ui,e) = Ii,e in Qi,e, (1.36)

σi∇ui · ni = gi on Σi, (1.37)

ue = 0 on Σe, (1.38)
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Im = Cm
∂v

∂t
+ Iion(v,w, z) on Σ, (1.39)

σe∇ue · ne = −σi∇ui · ni = Im on Σ, (1.40)

∂w

∂t
= F(v,w) on Σ, (1.41)

∂z

∂t
= G(v,w, z) on Σ, (1.42)

with initial data

v(x, 0) = v0(x) on Γ, (1.43)

w(x, 0) = w0(x) on Γ, (1.44)

z(x, 0) = z0(x) on Γ, (1.45)

where M is a 3× 3− matrix, w is the vector of gating variables, F = (F1, · · · , Fk) is the

dynamics of the gating variable, z is the vector of intracellular ionic concentrations, and

G = (G1, · · · , Gm) is the dynamics of the ionic concentrations.

Theorem 1.5.1. Let be given

Ii,e ∈ H1(0,T; L2(Ωi,e)), gi ∈ H1(0,T; H−
1
2 (Γi)), v0 ∈ H

1
2 (Γ),

z0 ∈ (L2(Γ))m, with logz0 ∈ (L2(Γ))m, w0 : Γ→ [0, 1]k measurable ,

σi,e : Ωi,e → M3×3, are symmetric, positive definite, continuous tensors, and satisfy the

uniform ellipticity condition

∃σ, σ > 0 : σ|ξ|2 ≤ σi,e(x)ξ · ξ ≤ σ|ξ|2 ∀ξ ∈ R3, ∀x ∈ Ωi,e,

Fj : R2 → R, is locally Lipschitz continuous for j = 1, · · · , k , and Gi, i = 1, · · · ,m, are

properly chosen, see [79] for more details.

There exist k +m+ 2 functions w1, · · · , wk, z1, · · · , zm, ui, ue such that

ui ∈ L2(0,T; H1(Ωi)), ue ∈ L2(0,T; H1
Γ0
e
(Ωe)),

v := (ui − ue)|Γ ∈ H1(0,T; L2(Γ)) ∩ L2(0,T; H
1
2 (Γ)),

w : Σ→ [0, 1]k and z : Σ→ (0,+∞)m measurable,

wj(x, ·) ∈ C1(0,T) ∩ C0[0,T] for a.e x ∈ Γ, j = 1, · · · , k,

zi(x, ·) ∈ C1(0,T) ∩ C0[0,T] for a.e x ∈ Γ, i = 1, · · · ,m,

w ∈ L2(Γ; C0[0,T])k, z ∈ H1(0,T; L2(Γ))m, log(z) ∈ L2(Γ; C0[0,T])m,

which solve the problem (1.36)-(1.45).
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The proof of the theorem can be found in[79]. A more detailed description of parabolic

problems is presented in [54, 20, 56].

In this thesis, we deal with the Mitchell-Schaeffer model [45] for the ionic current model.

As such, the vector of intracellular ionic concentrations z is not considered in our model.

Moreover, the boundary conditions (1.38) are not Neuman boundary conditions (1.31)

as in our model. Nevertheless, given the similarities between the two models, we assume

on the basis of Theorem 1.5.1 that the model (1.26)-(1.33) admits a unique solution. We

will clarify the functional setting for our model in Chapter 2.

1.6 Dimensional Analysis of the Model

We start with a dimensional analysis of the microscopic model (1.26)-(1.32). Dimensional

analysis helps to derive the relationship between the different physical quantities involved

in the model, which makes the system more analytically tractable. The non-dimensional

variables and parameters will be denoted with a bar on the top.

The non-dimensional intracellular, extracellular, and transmembrane potentials, ui, ue

and v are rescaled as follows, respectively,

ui = vmui + vrest, (1.46)

ue = vmue + vrest, (1.47)

v = vmv, (1.48)

where vm = vmax − vrest is the characteristic transmembrane potential amplitude, vmax

is the maximum membrane potential reached once the cell is depolarized, and vrest is the

resting membrane potential. We set the dimensionless variables, t and x as

t =
t

T
, x =

x

L
,

where T and L represent the characteristic time and length, respectively. From the

equation (1.28) we have

Im = Cm
∂v

∂t
+ f(v, w),

= Cmvm
∂v̄

∂t
+ f(vmv̄, w̄), from (1.48)

=
Cmvm

T

∂v̄

∂t̄
+ f(vmv̄, w̄)·
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It follows that
T

Cmvm
Im =

∂v

∂t
+

T

Cmvm
f(vmv, w),

since w = w. It follows from equation (1.29) that

T

CmL
σe∇̄ūe · ne = − T

CmL
σi∇̄ui · ni =

T

Cmvm
Im.

From now on, we assume that the interface Γi is empty. The nondimensional microscopic

model reads

−∇̄ · (σ̄i∇̄ūi) = Īi,stim in Ωi, (1.49)

−∇̄ · (σ̄e∇ūe) = Īe,stim in Ωe, (1.50)

Īm :=
∂v̄

∂t̄
+ f̄(v̄, w) on Γ, (1.51)

σ̄e∇̄ūe · ne = −σ̄i∇̄ui · ni = Im on Γ, (1.52)

v̄ = ūi − ūe on Γ, (1.53)

σ̄e∇̄ūe · ne = ḡe on Γe, (1.54)

where Γe = ∂Ωe \ Γ. The relations between the scaled and the physical parameters are

given by

σ̄i,e =
T

CmL
σi,e, Īi,e,stim =

T

Cmvm
Ii,e,stim, Īm =

T

Cmvm
Im,

f̄(v̄, w) =
T

Cmvm
f(vmv̄, w), ḡe =

T

Cmvm
ge·

Note that the equation (1.51) can be rewritten

1

T
Īm(v̄, w) =

1

T

∂v̄

∂t̄
+

1

T
f̄(v̄, w),

where 1
T
f̄(v̄, w) represent the source term f(v, w) in the MS model defined in section

1.3, see [57]. Therefore, the nondimensional microscopic model can be coupled with any

nondimensional ionic model. From now on, we write the nondimensional variables and

parameters without bars.

1.7 Objectives of the Thesis

In all the reviewed literature, few numerical methods are proposed for the microscopic

model of cardiac electrophysiology. Simple test cases to verify numerical methods and



Basic Details of Cardiac Electrophysiology 26

check their accuracy are also lacking. To our knowledge, the numerical analysis (e.g.,

stability, error estimates) is not yet available for any discretization method applied to the

microscopic model. The purpose of this thesis is to explore various numerical methods for

solving the microscopic model. A convergence analysis of the methods is performed and

the results are compared to a manufactured solution that we have proposed. Numerical

results are presented to compare the stability, accuracy and efficiency of the methods.

The rest of the thesis is organized as follows. In Chapter 2, we reformulate the prob-

lem on the interface using a Steklov-Poincaré oper- ator. We discretize the model in

space using the finite element method (FEM). Afterwards, we prove the existence of a

semi-discrete solution using a reformulation as an ODE system on the interface Γ. We

derive stability and error estimates for the FEM. We propose a manufactured solution

and we use it to perform numerical tests to verify that the order of convergence of the

numerical method agrees with what is expected on the basis of the theoretical analysis

of the convergence.

Note that Chapter 2 is presented in a draft paper format (in preparation for journal sub-

mission), while the subsequent chapters more closely follow the traditional thesis format.

In Chapter 3, we consider a variety of time-stepping methods applied to the microscopic

model. A first class of methods directly addresses the fully coupled discrete problem

through implicit and semi-implicit methods. Fully implicit methods studied are the Back-

ward Euler (BE) method and second order Backward Differentiation Formula (BDF2).

We use the Forward Backward Euler (FBE) method and the second order Semi-Implicit

Backward Differentiation Formula (SBDF2) as representatives of the semi-implicit meth-

ods. The second class of methods is based on the Godunov splitting method. At each

time step, we need to solve two separate problems, namely the nonlinear ODE models

representing the ionic activity on Γ and coupled linear space propagation problems on

the domains Ωi and Ωe. Under some assumptions on the nonlinear terms involved in the

time-stepping methods, we prove the well-posedness of semi-discrete problems. We ob-

tain theoretical convergence and error estimates in space and time, respectively. We first

perform numerical tests using a manufactured solution that we have proposed to verify

that the order of convergence of the methods agrees with the latter theoretical analysis.

We then test the methods using a reference solution computed with the SBDF2 scheme.

Numerical results are presented to compare the stability, accuracy and efficiency of the

methods.

In Chapter 4, we provide an exploratory study aiming at extending the methods used in

Chapter 3 in the case of the multi-cell model. We focus on the model consisting of two
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cells connected to each other by a gap junction. We first consider a fixed, unstructured

fine mesh that is conformal on the interfaces. We apply the FBE method to the model

and we visualize the propagation of the action potential in both cells. We then investi-

gate the influence of the space discretization, the conformity and the non-conformity of

the mesh on the solution to determine if the results are mesh dependent or not. This

will allow us to use meshes with as few nodes and elements as possible without altering

the results. In addition to the FBE method, we solve the two-cell model using a non-

overlapping time-splitting domain decomposition method (DDM). We estimate the error

between two successive iterates of the DDM. Finally, we compare the solutions obtained

with both FBE and DDM methods.

In Chapter 5, we present our conclusions and perspectives on the results obtained in the

thesis.



Chapter 2

Numerical Methods for Microscopic

Model

The electrical activity of the heart is a well-studied process. Several mathematical models

are available for the simulation of the cardiac electrical activity at various scales. For

instance, the bidomain model that is based on a homogenization process represents the

cardiac action potential at the organ level, see e.g. [23, 48, 49, 71, 75]. For studying

propagation between a smaller group of myocytes, the microscopic model is based on

an explicit representation of individual cells. The cardiac tissue can be viewed as two

separate domains: the intracellular and extracellular domains, Ωi and Ωe, respectively,

the cellular membranes Γ are represented as separate geometrical spaces [24, 59, 67, 76,

78, 79]. The microscopic model is of increasing importance, since it is well suited to study

the impact of some types of intercellular couplings and connections on the cardiac action

potential (AP). In the literature, several authors have studied and used the microscopic

model. Some of them consider the flow of current through cardiomyocytes using an

analogy with electrical circuits. Sperelakis et al. [51, 65, 66] used this approach to

investigate the mechanism for transmission of excitation from one cell to the next within

cardiac tissue by considering a circuit diagram along a strand of cells. More recently,

Keener et al. [12, 36, 39, 40] followed the same framework to study the electrical coupling

of cardiac cells in the absence of gap junctions. In contrast, several other authors consider

a microscopic model based on potential equations [5, 24, 31, 28, 59, 67, 76, 77, 79]. Tveito

et al. [31] derived the bidomain model from the cell-based model and highlighted both

similarities and differences between the models. To study at the microscopic level the

relationship between tissue morphology and the propagation of the depolarization wave,

28
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and to investigate the role of the distributions of the extracellular space around cells on

the conduction velocity, Stinstra et al. [67, 68, 69] introduced a 3D model of cardiac

tissue. Spiteri et al. [19] used the cell-based model to simulate the effects of a cardiac

condition called long QT syndrome (LQTS). They compared simulations from data from

healthy cells, cells that exhibit the syndrome, and cells that have been treated with a

drug to restore healthy heart function. Veneroni [79] proved the existence of a solution

for the microscopic model with two choices for the ionic current, that are the classical

Hodgkin-Huxley model [27] and the Phase-I Luo-Rudy model [44]. In the same vein,

Franzone and Savaré [24] derive, adapting the tools of abstract evolution equations in

Hilbert spaces, existence, uniqueness and some regularity results for the model. They

consider the FitzHugh-Nagumo model as a membrane model for ionic currents. Mori et

al.[46] used the electrodiffusion model [25] to study the effect of gap junctions on the

propagation of cardiac action potential.

From the mathematical standpoint, the microscopic model consists in a set of Poisson

equations in two adjacent domains, coupled on interfaces with nonlinear transmission

conditions involving a system of ODEs. The unusual coupling of PDEs and ODEs on the

boundary makes the microscopic models challenging to solve numerically. Few numerical

methods have been proposed in the litterature for the microscopic model [2, 5, 19, 28,

29, 31, 30, 76, 77]. Agudelo-Toro and Neef [2] presented numerical methods allowing

detailed simulations of the electric activity of excitable cells and their interaction with

extracellular potentials. They introduced an implicit time iteration scheme based on the

Crank-Nicolson method and studied the numerical stability of the method. To assess the

computational challenges of the microscopic modeling framework, Tveito et al. [76] solved

the model using a finite difference method (FDM) and two types of mixed finite element

methods (FEM) [7, 55]. In addition, they assess the accuracy of these numerical methods.

Bécue [5] studied in his PhD thesis the impact of the presence and absence of different

gap junctions models on the propagation of the AP. He developed a computational model

of AP propagation through hand-crafted two- and three-dimensional networks of cells.

He discretized the model in time using the Forward Backward Euler scheme. Tveito

et al. [30] described the spatial operator splitting algorithm for splitting the model

into separate equations. They outlined a finite difference discretization for the splitting

approach and investigated the accuracy of the spatial splitting method.

In all the reviewed literature, few numerical methods are proposed and tested with simple

test cases. The numerical analysis (e.g., stability, error estimates) is not yet available for

any discretization method applied to the microscopic model. The goal of our paper is
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to perform the numerical analysis of a finite element method for the microscopic model.

We reformulate the problem on the interface Γ using Steklov-Poincaré operator. We

discretize the model in space using the finite element method (FEM). Afterwards, we

prove the existence of semi-discrete solutions using a formulation as an ODE system

on the interface Γ. We derive stability and error estimates for the FEM. We perform

numerical tests with a manufactured solution to verify that the order of convergence

of the numerical method agrees with what is expected on the basis of the theoretical

analysis of the convergence.

2.1 Formulations of the Microscopic Model

We consider the microscopic model [24, 79]

−∇ · (σi∇ui) = Ii,stim in Ωi, (2.1)

−∇ · (σe∇ue) = Ie,stim in Ωe, (2.2)

Im := Cm
∂v

∂t
+ f(v, w) on Γ, (2.3)

σe∇ue · ne = −σi∇ui · ni = Im on Γ, (2.4)

[u] = ui − ue = v on Γ, (2.5)

σe∇ue · ne = ge on Γe, (2.6)

where Ω = Ωi∪Ωe∪Γ ⊂ Rm,m = 2, 3, Ii,stim and Ie,stim are the given stimulation currents

applied on Ωi and Ωe, respectively, f represents the ionic current through the cellular

membrane Γ and ge is a given function on Γe = ∂Ωe \ Γ. The model is coupled with the

following system of ordinary differential equations describing the electrochemical process

behind the opening/closing of the ionic channels through the membrane of the cell

∂w

∂t
= g(v, w) on Γ, (2.7)

where g models the dynamics of the gating variable, w. The following initial conditions

are needed to close the system:

v(0) = v0, w(0) = w0 on Γ. (2.8)

For the sake of simplicity, we assume below that f = f(v) and g = g(w) are independent

from the gating variable w and membrane potential v, respectively. There are no essential

difficulties in taking f = f(v, w) and g = g(v, w), only appropriate assumptions must be

made about the dependence of f and g on the variables w and v, respectively, see [5].

We take Cm = 1.
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2.1.1 Variational Formulation

We define a functional framework within which we derive the variational formulation of

the problem (2.1)-(2.6). We set

u(x) =

ui(x), x ∈ Ωi,

ue(x), x ∈ Ωe,
σ(x) =

σi(x), x ∈ Ωi,

σe(x), x ∈ Ωe,
Istim(x) =

Ii,stim(x), x ∈ Ωi,

Ie,stim(x), x ∈ Ωe.

We define

W =

{
u ∈ L2(Ω) : u|Ωi ∈ H1 (Ωi) , u|Ωe ∈ H1 (Ωe) ,

∫
Ωe

uedx = 0

}
, (2.9)

equipped with the norm:

‖u‖W =
(
‖u‖2

H1(Ωi)
+ ‖u‖2

H1(Ωe)

) 1
2
.

Then, W is a Hilbert space. Following Theorem 1.5.1, we assume that (2.1)-(2.6) admits

a unique solution with

u ∈ L2(0,T; W), v = [u] ∈ H1(0,T; L2(Γ)) ∩ L2(0,T; H
1
2 (Γ)), Istim ∈ L2(0,T; L2(Ω)),

σ ∈ L∞(Ω), v0 ∈ L2(Γ), w0 ∈ L2(Γ).

Multiplying the PDEs (2.1)-(2.2) by a test function ϕ ∈W, integrating over Ω, and using

the Green formula yield∫
Ωi

σi∇ui · ∇ϕi +

∫
Ωe

σe∇ue · ∇ϕe +

∫
Γ

∂ [u]

∂t
[ϕ] +

∫
Γ

f ([u]) [ϕ] =

∫
Ω

Istimϕ

+

∫
Γe

geϕ, (2.10)

where [u] = u|Ωi − u|Ωe = ui − ue and [ϕ] = ϕ|Ωi − ϕ|Ωe = ϕi − ϕe and
∂ [u]

∂t
is the weak

derivative of [u] in D′(0,T). We will reformulate the problem (2.10) into a variational

formulation defined only on Γ. To do this, we will use the Steklov-Poincaré operator

which links the potentials ui and ue with the transmembrane potential v. As such, we
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split (2.1)-(2.6) into two coupled problems:

−∇ · (σi∇ui) = Ii,stim in D′(Ωi), (2.11)

−∇ · (σe∇ue) = Ie,stim in D′(Ωe), (2.12)

σe∇ue · ne = −σi∇ui · ni in H−
1
2 (Γ), (2.13)

σe∇ue · ne = ge in H−
1
2 (Γe), (2.14)

[u] = ui − ue = v, in H
1
2 (Γ) (2.15)∫

Ωe

ue dx = 0, (2.16)

and

∂v

∂t
+ f(v) = −σi∇Si(v) · ni on Γ, (2.17)

where S is an operator defined as follows:

S : H
1
2 (Γ) −→ W (2.18)

v 7−→ S(v) := (Si(v), Se(v)) = u,

where Si(v) = ui, Se(v) = ue and u is the solution of the problem (2.11)-(2.16).

There exists a linear lifting operator, see e.g. [54, 20]

Ri : H
1
2 (Γ) −→ H1 (Ωi) , (2.19)

ϕ 7−→ Ri(ϕ),

such that Ri(ϕ)|Γ = ϕ for all ϕ ∈ H
1
2 (Γ) and

‖Ri(ϕ)‖H1(Ωi) ≤ C‖ϕ‖
H

1
2 (Γ)

. (2.20)

Fix v ∈ H
1
2 (Γ), Ri(v) a lifting of v in H1(Ωi), and define uv a lifting of v in W as follows

:

uv =


Ri(v) in Ωi,

0 in Ωe,

v on Γ.

(2.21)

Define

W(v) =

{
u ∈ L2(Ω) : u|Ωi ∈ H1 (Ωi) , u|Ωe ∈ H1 (Ωe) , [u]|Γ = v,

∫
Ωe

uedx = 0

}
,
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where [u]|Γ = ui − ue on Γ. Then W(v) 6= ∅ since uv ∈ W(v). The space W(v) can be

written

W(v) = uv + W(0).

Therefore, W(v) is an affine space with vector space W(0) ⊂ H1 (Ω). The proposed

variational formulation for (2.11)-(2.16) is:
Seek u ∈W(v) such that∫

Ωi
σi∇ui · ∇ϕi +

∫
Ωe
σe∇ue · ∇ϕe =

∫
Ω

Istimϕ+
∫

Γe
geϕe,

for all ϕ ∈W(0).

(2.22)

To show existence and uniqueness of the solution, we must first reformulate (2.22) on a

vector subspace of H1(Ω) since it is defined on an affine subspace. We set ũ = u− uv ∈
W(0). The problem (2.22) becomesSeek ũ ∈W(0) such that∫

Ω
σ∇ũ · ∇ϕ =

∫
Ω

Istimϕ+
∫

Γe
geϕe −

∫
Ωi
σ∇uv · ∇ϕi, for all ϕ ∈W(0).

(2.23)

Proposition 2.1.1. Under the hypothesis that Istim ∈ L2(Ω), and ge ∈ L2(Γe), the

problem (2.23) has a unique solution.

Proof. Seta (ũ, ϕ) =
∫

Ω
σ∇ũ · ∇ϕ.

l(ϕ) =
∫

Ω
Istimϕ+

∫
Γe
geϕe −

∫
Ωi
σ∇uv · ∇ϕi, for all ϕ ∈W(0).

(2.24)

We want to show that a(·, ·) and l(·) satisfy the conditions of the Lax- Milgram theorem.

Obviously, a(·, ·) is a continuous bilinear form on W(0)×W(0) and l(·) is a linear form

on W(0). We show:

i) The bilinear form a(·, ·) is coercive on W(0). The set Ωe ⊂ Ω is of non-zero measure.

Define

E =

{
u ∈ H1 (Ω) :

1

meas(Ωe)

∫
Ωe

uedx = 0

}
.

Then E is a closed subspace of H1 (Ω) and there exists a constant C such that

C‖u‖1,Ω 6 ‖∇u‖L2(Ω), ∀u ∈ E, (2.25)
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thanks to the Poincaré-Friedrichs inequality, see [20, Lemma B.66]. For all u ∈
W(0),

a (u, u) =

∫
Ω

σ |∇u|2 ≥ ess inf
x∈Ω

σ‖∇u‖2
L2(Ω)

≥ ν‖u‖2
H1(Ω), from (2.25)

= ν‖u‖2
W,

for some constants ν > 0. It follows that the bilinear form a(·, ·) is coercive on

W(0).

ii) The linear form l(·) is continuous on W(0). Using the continuity of 8the trace

operators,

|l(ϕ)| ≤ ‖Istim‖L2(Ω)‖ϕ‖L2(Ω) + ‖ge‖L2(Ω)e‖ϕe‖L2(Ωe + C‖∇uv‖L2(Ωi)‖∇ϕ‖L2(Ωi)

≤ C(‖Istim‖2
L2(Ω) + ‖ge‖2

L2(Γe)
+ ‖∇uv‖2

L2(Ωi)
)

1
2

(‖ϕ‖2
L2(Ω) + ‖ϕe‖2

L2(Γe)
+ ‖∇ϕi‖2

L2(Ωi)
)

1
2

≤ C(‖Istim‖2
L2(Ω) + ‖ge‖2

L2(Γe)
+ ‖uv‖2

H1(Ωi)
)

1
2‖ϕ‖H1(Ω)

= C
(
‖Istim‖2

L2(Ω) + ‖ge‖2
L2(Γe)

+ ‖Ri(v)‖2
H1(Ωi)

) 1
2 ‖ϕ‖H1(Ω), from (2.21)

≤ C
(
‖Istim‖2

L2(Ω) + ‖ge‖2
L2(Γe)

+ ‖v‖2

H
1
2 (Γ)

) 1
2 ‖ϕ‖H1(Ω). from (2.20).

For the sake of simplicity, C > 0 represents some constant that may change from one line

to the next. Therefore, the variational formulation problem (2.23) has a unique solution

ũ thanks to the Lax-Milgram theorem. Moreover, the solution ũ satisfies:

‖ũ‖W 6 C
(
‖Istim‖2

L2(Ω) + ‖ge‖2
L2(Γe)

+ ‖v‖2

H
1
2 (Γ)

) 1
2
. (2.26)

Proposition 2.1.2. Under the hypothesis that Istim ∈ L2(Ω) and ge ∈ L2(Γe), the prob-

lem (2.22) has a unique solution. Moreover, the solution u satisfies:

‖u‖W 6 C
(
‖Istim‖2

L2(Ω) + ‖ge‖2
L2(Γe)

+ ‖v‖2

H
1
2 (Γ)

) 1
2
. (2.27)

Proof. From Proposition 2.1.1, there exists at least one solution u = ũ+ uv ∈W(v). We

show that the solution u is unique and independent from the lifting function uv. Take
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u1, u2 ∈ W(v) two solutions of (2.22). Then u1 − u2 ∈ W(0) since [u1 − u2] = 0 and is

the solution of the problem∫
Ω

σ∇(u1 − u2) · ∇ϕ = 0, ∀ϕ ∈W(0).

It follows from (2.26) that

‖u1 − u2‖W 6 C‖v − v‖
H

1
2 (Γ)

= 0.

Thus

‖u1 − u2‖W = 0 =⇒ u1 = u2.

Therefore the problem (2.22) has a unique solution. We have that∣∣‖u‖W − ‖uv‖H1(Ωi)

∣∣ 6 ‖u− uv‖W = ‖ũ‖W.

It follows that

‖u‖W 6 ‖ũ‖W + ‖uv‖H1(Ωi)

6 C
(
‖Istim‖2

L2(Ω) + ‖ge‖2
L2(Γe)

+ ‖v‖2

H
1
2 (Γ)

) 1
2
, from (2.20) and (2.26).

We deduce that the problem (2.22) is well-posed.

The next step consists of verifying that the solution of (2.22) is also a solution of

(2.11)-(2.16) in the weak sense.

Proposition 2.1.3. If u solves (2.22), then u solves the problem (2.11)-(2.16).

Proof. Let ϕ ∈ D(Ω), ϕ = 0 in Ωe. Let u be a solution of the problem (2.22). Hence,

〈−∇ · (σ∇u), ϕ〉D′(Ωi),D(Ωi)
= 〈σ∇u,∇ϕ〉L2(Ωi),L2(Ωi)

=

∫
Ωi

σi∇ui · ∇ϕ

=

∫
Ωi

Ii,stimϕ.

We deduce that −∇ · (σi∇ui) = Ii,stim in D′(Ωi) and (2.11) follows. Similarly, taking

ϕ ∈ D(Ω), ϕ = 0 in Ωi we deduce (2.12). Let ϕ ∈ D(Ω), ϕ 6= 0 on Γe, ϕ = 0 on Γ and

ϕ = 0 in Ωi. Green’s formula and problem (2.22) give,

−
∫

Ωe

∇ · (σe∇ue)ϕ+ 〈σe∇ue · ne, ϕ〉H− 1
2 (Γe),H

1
2 (Γe)

=

∫
Ωe

σe∇ue · ∇ϕ

=

∫
Ωe

Ie,stimϕ+

∫
Γe

geϕ.
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It follows that

〈σe∇ue · ne, ϕ〉H− 1
2 (Γe),H

1
2 (Γe)

=

∫
Γe

geϕ,

thanks to (2.12). Thus σe∇ue · ne = ge on H−
1
2 (Γe) which implies (2.14). We have

u ∈W(v)⇒ ui − ue = v on Γ and

∫
Ωe

ue = 0⇔ (2.15) and (2.16).

Let us take ϕ ∈ D(Ω), ϕ = 0 on ∂Ω \ Γ and ϕ 6= 0 on Γ. From Green’s formula and

problem (2.22) we have,

−
∫

Ωi

∇ · (σi∇ui)ϕ −
∫

Ωe

∇ · (σe∇ue)ϕ+ 〈σe∇ue · ne + σi∇ui · ni, ϕ〉H− 1
2 (Γ),H

1
2 (Γ)

=

∫
Ωi

σi∇ui · ∇ϕ+

∫
Ωe

σe∇ue · ∇ϕ

=

∫
Ω

Istimϕ.

This implies that for ϕ ∈W, with ϕ = 0 on Γe,

〈σe∇ue · ne + σi∇ui · ni, ϕ〉H− 1
2 (Γ),H

1
2 (Γ)

= 0.

Thus

σe∇ue · ne = −σi∇ui · ni, on H−
1
2 (Γ)⇐⇒ (2.13).

Therefore the problem (2.22) is equivalent to the transmission problem (2.11)-(2.16).

We are now interested in the problem (2.17). Let u ∈ W(v) be a solution of the

problem (2.22). The variational formulation for (2.17) reads∫
Γ

∂v

∂t
ϕ+

∫
Γ

f(v)ϕ+ 〈σi∇Si(v) · ni, ϕ〉H− 1
2 (Γ),H

1
2 (Γ)

= 0, ∀ϕ ∈ H
1
2 (Γ), (2.28)

v(0) = v0, v0 ∈ H
1
2 (Γ), (2.29)

where from the definition of the duality product 〈·, ·〉
H−

1
2 (Γ),H

1
2 (Γ)

〈σi∇Si(v) · ni, ϕ〉H− 1
2 (Γ),H

1
2 (Γ)

=

∫
Ωi

σi∇Si(v) · ∇Ri(ϕ)−
∫

Ωi

Ii,stimRi(ϕ), ∀ϕ ∈ H
1
2 (Γ), (2.30)

where S and R are defined as in (2.18) and (2.19), respectively. We want to show

under some regularity properties that v ∈ H
1
2 (Γ) and u ∈W(v) solve (2.28) and (2.22),

respectively, if and only if u solves (2.10).
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Proposition 2.1.4. The problem (2.10) is equivalent to problems (2.22) and (2.28).

Proof. Let u be a solution of (2.10). Let us take ϕ ∈ W, ϕ|Ωe = 0 and ϕ|Ωi = ϕ. We

have ∫
Ωi

σi∇ui · ∇ϕ+

∫
Γ

∂ [u]

∂t
ϕ+

∫
Γ

f ([u])ϕ =

∫
Ω

Ii,stimϕ.

By considering (2.30), we deduce that∫
Γ

∂ [u]

∂t
ϕ+

∫
Γ

f ([u])ϕ+ 〈σi∇Si([u]) · ni, ϕ〉H− 1
2 (Γ),H

1
2 (Γ)

= 0,

where [u] = ui − ue = v. Then the problem (2.28) follows. Let ϕ ∈ W, ϕ|Ωe = ϕe and

ϕ|Ωi = ϕi such that [ϕ] = ϕi − ϕe = 0 on Γ. Then, [u] = v which implies u ∈W(v). We

have ∫
Ωi

σi∇ui · ∇ϕi +

∫
Ωe

σe∇ue · ∇ϕe =

∫
Ω

Istimϕ+

∫
Γe

geϕe.

Therefore, we obtain the problem (2.22).

Conversely, let v ∈ H
1
2 (Γ) and u ∈ W(v) be the solutions of (2.28) and (2.22), respec-

tively. Let ϕ ∈ W, ϕ|Ωe = ϕe and ϕ|Ωi = ϕi. There exists an extension ϕ̃ ∈ H1(Ω)

such that ϕ̃|Ωe = ϕe and [ϕ̃] = 0 on Γ, see e.g. [8]. Then ϕ̃ = ϕe on Γ. Let us define

ϕ̃i = ϕi − ϕ̃ in Ωi. The problems (2.22) and (2.28) give, respectively,∫
Ωi

σi∇ui · ∇ϕ̃+

∫
Ωe

σe∇ue · ∇ϕ̃ =

∫
Ω

Istimϕ̃+

∫
Γe

geϕ̃. (2.31)

∫
Ωi

σi∇ui · ∇ϕ̃i +

∫
Γ

∂ [u]

∂t
ϕ̃i +

∫
Γ

f ([u]) ϕ̃i =

∫
Ω

Ii,stimϕ̃i. (2.32)

By adding up equations (2.31) and (2.32) we obtain∫
Ωi

σi∇ui · ∇ϕi +

∫
Ωe

σe∇ue · ∇ϕe +

∫
Γ

∂ [u]

∂t
[ϕ] +

∫
Γ

f ([u]) [ϕ] =

∫
Ω

Istimϕ+

∫
Γe

geϕ,

since ϕ̃i = ϕi − ϕ̃ = ϕi − ϕe on Γ. Then the problem (2.10) follows.

We will need the following results later.

Proposition 2.1.5. The operator S defined in (2.18) is Lipschitzian, that is, there exists

L > 0 such that

‖S(v1)− S(v2)‖W 6 L‖v1 − v2‖H1/2(Γ), ∀v1, v2 ∈ H
1
2 (Γ). (2.33)
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Proof. Fix v1, v2 ∈ H
1
2 (Γ) and consider u1 ∈ W(v1) and u2 ∈ W(v2) solution of the

problem (2.22) both with the same Istim and ge. Hence, [u1 − u2] = v1 − v2. We have

that u1 − u2 ∈W(v1 − v2) solves the problem∫
Ωi

σi∇(u1
i − u2

i ) · ∇ϕi +

∫
Ωe

σe∇(u1
e − u2

e) · ∇ϕe = 0, ∀ϕ ∈W(0).

It follows from (2.27) that

S(v1)− S(v2)‖W = ‖u1 − u2‖W 6 C‖v1 − v2‖H1/2(Γ),

since ‖Istim‖0,Ω = 0 and ‖ge‖0,Γe = 0.

Let S be defined as in (2.18). Let us define the following map

γ1 : H
1
2 (Γ) −→ H−

1
2 (Γ) (2.34)

v 7−→ σi∇Si(v) · ni,

where Si(v) = u|Ωi = ui for u solution of the problem (2.22).

Proposition 2.1.6. The map γ1 given in (2.34) is Lipschitzian, that is, there exists

L̃ > 0 such that

‖γ1(v1)− γ1(v2)‖
H−

1
2 (Γ)
6 L̃‖v1 − v2‖H

1
2 (Γ)

, ∀v1, v2 ∈ H
1
2 (Γ).

Proof. Fix v1, v2 ∈ H
1
2 (Γ) and ϕ ∈ H

1
2 (Γ). From (2.30) we have∣∣∣〈σi∇Si(v1) · ni − σi∇Si(v2) · ni, ϕ〉H− 1
2 (Γ),H

1
2 (Γ)

∣∣∣ =

∣∣∣∣∫
Ωi

σi∇ (Si(v1)− Si(v2)) · ∇Ri(ϕ)

∣∣∣∣ .
Then∣∣∣∣∫

Ωi

σi∇ (Si(v1)− Si(v2)) · ∇Ri(ϕ)

∣∣∣∣ ≤ ‖σi‖L∞(Ωi)‖Si(v1)− Si(v2)‖H1(Ωi)‖Ri(ϕ)‖H1(Ωi),

≤ C‖S(v1)− S(v2)‖W‖ϕ‖H
1
2 (Γ)

, from (2.20)

≤ C‖v1 − v2‖H
1
2 (Γ)
‖ϕ‖

H
1
2 (Γ)

, from (2.33).

It follows that

‖σi∇Si(v1) · ni − σi∇Si(v2) · ni‖H−
1
2 (Γ)

= sup
ϕ 6=0

∣∣∣〈σi∇ (Si(v1)− Si(v2)) · ni, ϕ〉H− 1
2 (Γ),H

1
2 (Γ)

∣∣∣
‖ϕ‖H1/2(Γ)

,

6 C‖v1 − v2‖H
1
2 (Γ)

.

Thus the map (2.34) is Lipschitzian.
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Proposition 2.1.7. Assume that f in (2.28) is in C1(R) and satisfies a global Lipschitz

condition on R, then f : H
1
2 (Γ) −→ H−

1
2 (Γ) is Lipschitzian.

Proof. Let v ∈ H
1
2 (Γ) ⊂ L2(Γ) be arbitrary. We claim that f(v) ∈ L2(Γ). Indeed, the

function f satisfies a global Lipschitz condition on R which implies for a.e. x ∈ Γ

|f(v(x))− f(0)| 6 L1|v(x)| =⇒ |f(v(x))| 6 L1|v(x)|+ |f(0)| ,

=⇒
∫

Γ

|f(v(x))|2 6 L2

(
‖v‖2

L2(Γ) +

∫
Γ

|f(0)|2
)
<∞.

Therefore f(v) ∈ L2(Γ). Furthermore, f is Lipschitzian in L2(Γ), that is,

‖f(v1)− f(v2)‖L2(Γ) 6 L3‖v1 − v2‖L2(Γ), ∀v1, v2 ∈ L2(Γ), (2.35)

for some constant L3 > 0.

Let v1, v2 ∈ H
1
2 (Γ) and ϕ ∈ H

1
2 (Γ) be arbitrary. Since f(v1), f(v2) ∈ L2(Γ) we have∣∣∣〈f(v1)− f(v2), ϕ〉

H−
1
2 (Γ),H

1
2 (Γ)

∣∣∣ =

∣∣∣∣∫
Γ

[f(v1)− f(v2)]ϕ

∣∣∣∣ ,
6 ‖f(v1)− f(v2)‖L2(Γ)‖ϕ‖L2(Γ),

6 L3‖v1 − v2‖L2(Γ)‖ϕ‖L2(Γ), from (2.35)

6 L4‖v1 − v2‖H
1
2 (Γ)
‖ϕ‖

H
1
2 (Γ)

, since H
1
2 (Γ) ↪→ L2(Γ).

It follows that

‖f(v1)− f(v2)‖
H−

1
2 (Γ)

= sup
ϕ 6=0

∣∣∣〈f(v1)− f(v2), ϕ〉
H−

1
2 (Γ),H

1
2 (Γ)

∣∣∣
‖ϕ‖H1/2(Γ)

,

6 L4‖v1 − v2‖H
1
2 (Γ)

,

for some constant L4 > 0. Therefore f is Lipschitzian.

2.1.2 Space-Discretization of the Microscopic Model

We will present the methods in detail in the 2D case. However, the theory can be

applied in 3D. We consider a spatial discretization of the problems (2.22) and (2.28)

through finite element methods. Let Th be a partition of the domain Ω = Ωi ∪ Ωe into

triangular elements. The parameter h corresponds to the maximal size of the elements

in the triangulation Th. Let us assume that the partition Th = Tih ∪ Teh, where Tih and
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Figure 2.1: Sketch of a conformal mesh on the membrane Γ between the cell and the

extracellular domain.

Teh are triangular element meshes of Ωi and Ωe, respectively, and Tih ∩ Teh = ∅. The

meshes Tih and Teh can be conformal or nonconformal on the interface Γ, which means

that the edges of adjacent triangles may or may not match on Γ, see Figures 2.1 and 2.2.

Figure 2.2: Sketch of a nonconformal mesh on the membrane Γ between the cell and

the extracellular domain.

The Pd finite element spaces associated with the meshes Tih and Teh are defined as follows

Vi
h =

{
uih ∈ C(Ωi) : uih|K ∈ Pd(K), ∀K ∈ Tih

}
, (2.36)

Ve
h =

{
ueh ∈ C(Ωe) : ueh|K ∈ Pd(K), ∀K ∈ Teh

}
, (2.37)

where Pd(K) is the set of polynomials with real coefficients and of degree less than or

equal to d on K. The corresponding Pd Lagrange interpolation operators are denoted by

Π i
h and Πe

h, respectively. Let ui ∈ Hl+1(Ωi) and ue ∈ Hl+1(Ωe) for 1 6 l 6 d. We have

the following interpolation error estimates:

‖ue −Πe
hue‖H1(Ωe) ≤ Chl|ue|Hl+1(Ωe), (2.38)

‖ui −Π i
hui‖H1(Ωi) ≤ Chl|ui|Hl+1(Ωi), (2.39)
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for some constant C > 0, where | · |Hl+1(Ω) stands for the Hl+1(Ω)− seminorm:

|v|Hl(Ω) =

∑
|α|=l

‖Dαv‖2
L2(Ω)

1/2

. (2.40)

The proof of these error estimates can be found in [10, 20, 56].

We define the following trace operators :

γi0 : H1(Ωi) −→ L2(Γ)

ui 7−→ ui|Γ,

γe0 : H1(Ωe) −→ L2(Γ)

ue 7−→ ue|Γ·

The linear operators γi0 and γe0 are continuous, that is,

‖γi0(ui)‖L2(Γ) ≤ C‖ui‖H1(Ωi) (2.41)

‖γe0(ue)‖L2(Γ) ≤ C‖ue‖H1(Ωe), (2.42)

for some constant C > 0.

Now we construct a mesh, TΓh, on the interface Γ for both conformal and non-conformal

cases. Let S iΓ and SeΓ be the collection of vertices on the inner and outer sides of Γ,

respectively. Let us set

S iΓ = {xij, j = 1, · · · ,NΓ
i },

SeΓ = {xej , j = 1, · · · ,NΓ
e },

where NΓ
i and NΓ

e denote the total number of nodes on the inner and outer sides of Γ,

respectively. For simplicity, let SΓ be the union of S iΓ and SeΓ. The vertices in SΓ are

rearranged as follows:

SΓ = S iΓ ∪ SeΓ = {xj, j = 1, · · · ,NΓ}, (2.43)

where NΓ is the total number of nodes on Γ. To avoid curved boundaries, we assume

that Γ is a polygonal simple curve, that is, it is the union of edges. We define the curve

γ : [0, 1] −→ Γ

s 7−→ γ(s), γ(0) = γ(1),
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and a partition 0 = s0 < s1 < · · · < sNΓ = 1 such that γ(sj) = xj, j = 1, · · · ,NΓ.

Using this ordering of the nodes on Γ, the mesh TΓh is composed of the elements K =

[xj, xj+1] ⊂ R2, edges of the polygonal curve Γ, that is,

TΓh =
{

K : K = [xj, xj+1] , xj ∈ SΓ, j = 1, · · · ,NΓ
}
·

For a conformal interface Γ, SΓ = S iΓ = SeΓ = {xj, j = 1, · · · ,NΓ} and the finite element

space associated to TΓh reads:

VΓ
h = γi0

(
Vi
h

)
= γe0 (Ve

h) , (2.44)

where γi0 and γe0 are the trace operators defined in (2.41) and (2.42).

For the nonconformal interface Γ, we define

VΓ
h =

{
vh = uih − ueh ∈ C (Γ) : uih ∈ Vi

h|Γ , ueh ∈ Ve
h|Γ , vh|K ∈ Pd(K), K ∈ TΓh

}
. (2.45)

For both cases, we have vh = uih|Γ − ueh|Γ ∈ VΓ
h for uih ∈ Vi

h and ueh ∈ Ve
h.

We are now in position to define the discrete version of the spaces W and W(v). Define

Wh =

{
uh ∈ L2(Ω) : uh|Ωi

∈ Vi
h, uh|Ωe

∈ Ve
h,

∫
Ωe

ueh dx = 0

}
,

Wh(vh) =

{
uh ∈ L2(Ω) : uh|Ωi

∈ Vi
h, uh|Ωe

∈ Ve
h, [uh] = vh,

∫
Ωe

ueh dx = 0

}
,

where [uh] = uih|Γ − ueh|Γ ∈ VΓ
h , uh|Ωi

= uih and uh|Ωe
= ueh.

The discrete version of the problem (2.10) reads∫
Ωi

σi∇uih · ∇ϕih +

∫
Ωe

σe∇ueh · ∇ϕeh +

∫
Γ

∂ [uh]

∂t
[ϕh] +

∫
Γ

f ([uh]) [ϕh]

=

∫
Ω

Istimϕh +

∫
Γe

geϕh, (2.46)

where ϕh ∈Wh, [ϕh] = ϕih|Γ − ϕeh|Γ ∈ VΓ
h , ϕh|Ωi

= ϕih and ϕh|Ωe
= ϕeh.

The numerical method (2.46) can be used for both conformal and nonconformal cases,

but we will restrict our analysis to the conformal case. In the following, we thus assume

that we are in the conformal case for the analysis and the numerical tests. As before, we

want to split the problem (2.46) into two problems. For this purpose, we introduce the

following linear Scott-Zhang interpolation operator, see [20, Lemma 1.130]

SZh : H1(Ωi) −→ Vi
h ⊂ H1(Ωi) (2.47)

ϕ 7−→ SZh(ϕ).
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The operator SZh possesses two key features. It preserves boundary values on Γ, that

is, ϕ|Γ = g implies SZh(ϕ)|Γ = g for g ∈ γi0 (Vi
h). It satisfies SZh(ϕ) = ϕ for all ϕ ∈ Vi

h.

Furthermore, the operator SZh is continuous, that is,

‖SZh(ϕ)‖H1(Ωi) ≤ C‖ϕ‖H1(Ωi), (2.48)

for some constant C > 0, independent from the mesh size h.

Further, we define the following lifting operator

Rih : VΓ
h ⊂ H

1
2 (Γ) −→ Vi

h ⊂ H1 (Ωi) , (2.49)

vh 7−→ Rih(vh) = SZh(R(vh)),

where R is defined as in (2.19). We claim that Rih is continuous, that is, there exists a

constant C > 0 independent from the mesh size h such that

‖Rih(vh)‖H1(Ωi) ≤ C‖vh‖H
1
2 (Γ)

. (2.50)

In fact, we have

‖Rih(vh)‖H1(Ωi) = ‖SZh(Ri(vh))‖H1(Ωi)

6 C1‖Ri(vh)‖H1(Ωi), from (2.48)

6 C2‖vh‖H
1
2 (Γ)

, from (2.20)

for some constants C1,C2 > 0.

Fix vh ∈ VΓ
h and define uvh ∈Wh(vh) as follows:

uvh =


Rih(vh) = SZh(Ri(vh)) in Ωi,

0 in Ωe,

vh on Γ.

(2.51)

Then we have γi0 (uvh) = vh since SZh(Ri(vh)) = Ri(vh) = vh on Γ.

The space Wh(vh) can be written as

Wh(vh) = uvh + Wh(0).

The discrete version of (2.22) is
Seek uh ∈Wh(vh) such that∫

Ωi
σi∇uih · ∇ϕih +

∫
Ωe
σe∇ueh · ∇ϕeh =

∫
Ω

Istimϕh +
∫

Γe
geϕeh,

for all ϕh ∈Wh(0).

(2.52)
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Under the hypothesis of Proposition 2.1.2, one can show that the solution, uh = ũh +uvh
of (2.52) is unique and independent from the lifting function uvh . Moreover, uh satisfies

‖uh‖W 6 C
(
‖Istim‖2

0,Ω + ‖ge‖2
0,Γe + ‖vh‖2

H
1
2 (Γ)

) 1
2
. (2.53)

The discrete version of the operator S is

Sh : VΓ
h −→ Wh (2.54)

vh 7−→ Sh(vh) := (Sih(vh), Seh(vh)) = uh,

where Sih(vh) = uih, Seh(v) = ueh and uh is the solution of the problem (2.52). Proceeding

as in Proposition 2.1.5 and using (2.53) one can show that the operator Sh is Lipschitzian.

We are now in position to write the discrete version of the problem (2.28). Let uh be the

the solution of the problem (2.52). The discrete version of the problem (2.28) consists

in finding vh(t) = uih|Γ − ueh|Γ ∈ VΓ
h such that∫

Γ

∂vh
∂t

ϕh +

∫
Γ

f(vh)ϕh + 〈σi∇Sih(vh) · ni, ϕh〉H− 1
2 (Γ),H

1
2 (Γ)

= 0, ∀ϕh ∈ VΓ
h , (2.55)

where

〈σi∇Sih(vh) · ni, ϕh〉H− 1
2 (Γ),H

1
2 (Γ)

=

∫
Ωi

σi∇Sih(vh) · ∇Rih(ϕh)−
∫

Ωi

Ii,stimRih(ϕh), (2.56)

where Rih and Sh are defined as in (2.50) and (2.54), respectively.

Proposition 2.1.8. The problem (2.46) is equivalent to problems (2.52) and (2.55).

The proof of this proposition uses the same arguments as those of the Proposi-

tion 2.1.4.

2.2 Analysis of the Semi-Discrete Formulation

Let {Φi,l, l = 1, · · · ,NΓ,NΓ + 1, · · · ,Nih} and {Φe,k, k = 1, · · · ,NΓ,NΓ + 1, · · · ,Neh} be

the usual basis of Pd hat functions associated with the vertices {xl, 1 6 l 6 Nih} and

{xk, 1 6 k 6 Neh}, respectively. Take VΓ
h as in (2.44). Let ΦΓ

l = Φi,l|Γ , be the

restriction of the basis function Φi,l on Γ, for 1 6 l 6 NΓ. Then {ΦΓ
l , 1 6 l 6 NΓ} is a

basis for VΓ
h . Write

vh(t) =

NΓ∑
k=1

vk(t)Φ
Γ
k . (2.57)
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Taking ϕ = ΦΓ
l in (2.55) for t > 0 and 1 6 l 6 NΓ gives

NΓ∑
k=1

dvk(t)

dt

∫
Γ

ΦΓ
kΦΓ

l = −

〈
σi∇Sih

(
NΓ∑
k=1

vk(t)Φ
Γ
k

)
· ni + f

(
NΓ∑
k=1

vk(t)Φ
Γ
k

)
,ΦΓ

l

〉
H−

1
2 (Γ),H

1
2 (Γ)

.

The previous equation can be written under matrix form:

MΓ
dV

dt
= F(V), (2.58)

V(0) = V0h, V0h ∈ VΓ
h , (2.59)

where

(MΓ)lj =

∫
Γ

ΦΓ
j ΦΓ

l , 1 6 j, l 6 NΓ

V(t) =
(
v1(t), v2(t), · · · , v

NΓ
(t)
)T

,

(F(V))l = −

〈
σi∇Sih

(
NΓ∑
k=1

vk(t)Φ
Γ
k

)
· ni + f

(
NΓ∑
k=1

vk(t)Φ
Γ
k

)
,ΦΓ

l

〉
H−

1
2 (Γ),H

1
2 (Γ)

.

Proceeding as in Proposition 2.1.6 and Proposition 2.1.7 one can show that the map

vh 7−→ σi∇Sih(vh) · ni from VΓ
h to H−

1
2 (Γ) and the function f : VΓ

h −→ H−
1
2 (Γ) are

Lipschitzian, respectively. In addition, the mass matrix MΓ is invertible. Therefore, there

exists T > 0 such that V ∈ C1
(
[0,T]; VΓ

h

)
is a unique solution of the problen (2.58)-(2.59)

thanks to the Cauchy-Lipschitz Theorem, see e.g. [14, 50]. The 3D conformal case can

be handled as above. However, the 2D and 3D nonconformal cases are challenging to

deal with. A special analysis is needed in the spirit of what is done for the mortar finite

element method.

2.2.1 Stability Estimates

We set E = H
1
2 (Γ), H = L2(Γ) endowed with their usual norms. Identifying H with its

dual space H′, we have the following continuous injections,

E ↪−→ H ' H′ ↪−→ E′,

where E′ = H−
1
2 (Γ) denotes the dual space of E, see e.g. [1, 41, 42]. It follows that the

duality product 〈·, ·〉E′,E and the scalar product (·, ·) defined in H coincide, that is,

〈f, g〉E′,E = (f, g) =

∫
Ω

f(x)g(x) dx, ∀f ∈ H, ∀g ∈ E. (2.60)

We derive some stability estimates uniform in h. Let us first state the following lemma:
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Lemma 2.2.1 (Gronwall Lemma). Let T > 0. Let f ∈ L1(0,T) be a non-negative

function, g and ϕ be continuous functions on [0,T]. Assume that g is non-decreasing. If

ϕ satisfies

ϕ(t) 6 g(t) +

∫ t

0

f(τ)ϕ(τ) ∀t ∈ [0,T], (2.61)

then

ϕ(t) 6 g(t) exp

(∫ t

0

f(τ)

)
∀t ∈ [0,T]. (2.62)

The proof of this lemma can be found in [54]. The following stability estimates hold

on vh, uih and ueh.

Proposition 2.2.2 (Stability Estimates). Let T > 0.There exist positive constants

C1,C2,C3, independent from h and depending only on T, v(0), f(0), Istim, ge, the Lip-

schitz constant Lf , and the conductances σi, σe, such that

‖vh(t)‖2
L2(Γ) 6 C1 ∀t ∈ [0,T] , (2.63)

‖uih‖L2(0,T;H1(Ωi)) + ‖ueh‖L2(0,T;H1(Ωe)) 6 C2, (2.64)

‖vh‖L2(0,T;H
1
2 (Γ))

6 C3, (2.65)

where vh(t) is the solution of the Cauchy problem (2.58)-(2.59), uh|Ωi
(t) = uih(t), and

uh|Ωe
(t) = ueh(t) are the solution of the problem (2.52).

Proof. Let us prove the inequality (2.63). Taking ϕh = uh in (2.46) we have∫
Ωi

σi∇uih · ∇uih +

∫
Ωe

σe∇ueh · ∇ueh +

∫
Γ

∂vh
∂t

vh +

∫
Γ

f (vh) vh =

∫
Ωi

Ii,stimuih

+

∫
Ωe

Ie,stimueh +

∫
Γe

geueh. (2.66)

where [uh] = uih|Γ − ueh|Γ = vh. Considering the identification (2.60), we have∫
Γ

∂vh
∂t

vh =
1

2

d

dt
‖vh‖2

L2(Γ). (2.67)

Thanks to the Cauchy-Schwarz inequality, we have∣∣∣∣∫
Ωi

Ii,stimuih

∣∣∣∣ 6 ‖Ii,stim‖L2(Ωi)‖uih‖L2(Ωi) 6 ‖Ii,stim‖L2(Ωi)‖uih‖H1(Ωi), (2.68)∣∣∣∣∫
Ωe

Ie,stimueh

∣∣∣∣ 6 ‖Ie,stim‖L2(Ωe)‖ueh‖L2(Ωe) 6 ‖Ie,stim‖L2(Ωe)‖ueh‖H1(Ωe), (2.69)∣∣∣∣∫
Γe

geueh dx

∣∣∣∣ 6 ‖ge‖L2(Γe)‖ueh‖L2(Γe) 6 α2‖ge‖L2(Γe)‖ueh‖H1(Ωe), (2.70)
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where α2 > 0 is a constant. The last inequality in (2.70) comes from the continuity of

the trace operator γΓe : H1(Ωe) −→ L2(Γe). Furthermore,

β
(
‖∇uih‖2

L2(Ωi)
+ ‖∇ueh‖2

L2(Ωe)

)
6

∫
Ωi

σi∇uih · ∇uih +

∫
Ωe

σe∇ueh · ∇ueh, (2.71)

where β = min

(
ess inf
x∈Ωi

σi, ess inf
x∈Ωe

σe

)
. Subtituting (2.67)-(2.71) in the equation (2.66)

and using the Poincaré-Friedrichs inequality (2.25) and Young inequality, we obtain

Cβ

2

(
‖uih‖2

H1(Ωi)
+ ‖ueh‖2

H1(Ωe)

)
+

1

2

d

dt
‖vh‖2

L2(Γ) 6 ‖f(vh)‖L2(Γ)‖vh‖L2(Γ) (2.72)

+
1

2Cβ
‖Ii,stim‖2

L2(Ωi)
+

1

Cβ
‖Ie,stim‖2

L2(Ωe)
+
α2

2

Cβ
‖ge‖2

L2(Γe)
,

for some constant C > 0. Since f is Lipschitzian, the term ‖f(vh)‖L2(Γ)‖vh‖L2(Γ) is

handled as follows

‖f(vh)‖L2(Γ) 6 ‖f(vh)− f(0)‖L2(Γ) + ‖f(0)‖L2(Γ)

6 Lf‖vh‖L2(Γ) + ‖f(0)‖L2(Γ). (2.73)

It follows that

‖f(vh)‖L2(Γ)‖vh‖L2(Γ) 6 Lf‖vh‖2
L2(Γ) + ‖f(0)‖L2(Γ)‖vh‖L2(Γ),

6

(
Lf +

1

2

)
‖vh‖2

L2(Γ) +
1

2
‖f(0)‖2

L2(Γ). (2.74)

The last inequality comes from the Young inequality.

Plugging in (2.74) into (2.72), we deduce that

d

dt
‖vh‖2

L2(Γ) 6 (2Lf + 1) ‖vh‖2
L2(Γ) + ‖f(0)‖2

L2(Γ) + C‖Ii,stim‖2
L2(Ωi)

+ C‖Ie,stim‖2
L2(Ωe)

+ C‖ge‖2
L2(Γe)

. (2.75)

By integrating in time, we obtain

‖vh(t)‖2
L2(Γ) 6 ‖vh(0)‖2

L2(Γ) +

∫ t

0

(
‖f(0)‖2

L2(Γ) + C‖Ii,stim‖2
L2(Ωi)

)
dτ

+ C

∫ t

0

(
‖Ie,stim‖2

L2(Ωe)
+ ‖ge‖2

L2(Γe)

)
dτ +

∫ t

0

(2Lf + 1) ‖vh‖2
L2(Γ) dτ.

From Lemma 2.2.1, we obtain

‖vh(t)‖2
L2(Γ) 6 Ce(2Lf+1)T

[
‖vh(0)‖2

L2(Γ) + T‖f(0)‖2
L2(Γ) + ‖Ii,stim‖2

L2(0,T;L2(Ωi))

]
+ Ce(2Lf+1)T

[
‖Ie,stim‖2

L2(0,T;L2(Ωe))
+ ‖ge‖2

L2(0,T;L2(Γe))

]
,
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a.e. on [0,T]. It is worth noticing that the previous inequality implies

‖vh‖L∞(0,T;L2(Γ)) 6 C1, (2.76)

for some constant C1 > 0.

We now prove the inequality (2.64). Substituting (2.74) into (2.72) and integrating from

0 to T yields

C2

∫ T

0

(
‖uih‖2

H1(Ωi)
+ ‖ueh‖2

H1(Ωe)

)
dt 6 ‖vh(0)‖2

L2(Γ) + C

∫ T

0

‖vh(t)‖2
L2(Γ) dt

+ C
(

T‖f(0)‖2
L2(Γ) + ‖Ii,stim‖2

L2(0,T;L2(Ωi))

)
+

(
‖Ie,stim‖2

L2(0,T;L2(Ωe))
+ ‖ge‖2

L2(0,T;L2(Γe))

)
.

Hence, there exists a constant C > 0 such that

‖uih‖2
L2(0,T;H1(Ωi))

+ ‖ueh‖2
L2(0,T;H1(Ωe))

6 C,

since ∫ T

0

‖vh(t)‖2
L2(Γ) dt 6 T‖vh‖2

L∞(0,T;L2(Γ)) < ∞, from (2.76),

which gives (2.64). Lastly, we prove the inequality (2.65). Write

‖vh‖H
1
2 (Γ)

= ‖uih − ueh‖H
1
2 (Γ)

6 ‖uih‖H
1
2 (Γ)

+ ‖ueh‖H
1
2 (Γ)

6 C
(
‖uih‖H1(Ωi) + ‖ueh‖H1(Ωe)

)
, (2.77)

thanks to the continuity of trace operators defined in (2.41) and (2.42), respectively. We

then deduce the following bound in L2(0,T; H
1
2 (Γ)) for vh:

‖vh‖L2(0,T;H
1
2 (Γ))

6 C4, (2.78)

for some constant C4 > 0.

2.3 Error Estimates in Space

In this section, we estimate the error between the solutions of the semidiscrete and

continuous problems (2.46) and (2.10), respectively. Proceeding as in [74], we write the

error as a sum of two terms which are then bounded separately:

uh − u = (uh − Phu) + (Phu− u) = θ + ρ, (2.79)
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where Ph denotes a projection of W onto Vi
h × Ve

h defined by∫
Ωi

σi∇Phui · ∇χih +

∫
Ωe

σe∇Phue · ∇χeh +

∫
Γ

(Phui − Phue) (χih − χeh) =∫
Ωi

σi∇ui · ∇χih +

∫
Ωe

σe∇ue · χeh +

∫
Γ

(ui − ue) (χih − χeh) , ∀χh ∈Wh.

Due to the jump on the interface Γ, Ph is not a standard projection operator.

The space W defined in Section 2.1 is equipped with the norm

|||u|||W =
(
‖ui‖2

H1(Ωi)
+ ‖ue‖2

H1(Ωe)
+ ‖ui − ue‖2

L2(Γ)

) 1
2
. (2.80)

Before stating the main result of this section, we shall prove that the projection operator

Ph is well defined. For a given u ∈W, let us set

a (wh, χh) =

∫
Ωi

σi∇wih · ∇χih +

∫
Ωe

σe∇weh · ∇χeh +

∫
Γ

(wih − weh) (χih − χeh)

l(χh) = a (u, χh) =

∫
Ωi

σi∇ui · ∇χih +

∫
Ωe

σe∇ue · χeh +

∫
Γ

v (χih − χeh) ,

where wh, χh ∈ Wh and v = ui − ue. For a given u ∈ W, let us consider the following

problem: find Phu ∈Wh such that

a (Phu, χh) = l(χh) for all χh ∈Wh.
(2.81)

The following lemma will be useful to prove the existence and uniqueness of the solution

of (2.81).

Lemma 2.3.1 (Petree-Tartar). Let X,Y,Z be three Banach spaces. Let A ∈ L (X,Y)

be an injective operator and T ∈ L (X,Z) be a compact operator. If there exists C > 0

such that:

C‖x‖X ≤ ‖Ax‖Y + ‖Tx‖Z.

Then, Im(A) is closed. Equivalently, there exists α > 0 such that:

∀x ∈ X, α‖x‖X ≤ ‖Ax‖Y. (2.82)

For the proof of this lemma, see e.g.[20, Lemma A.38 pp.469].

To prove the coercivity of a(·, ·), we establish (2.82). We use the following lemma:
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Lemma 2.3.2. Let w ∈W be arbitrary. There exists a constant α > 0 sucht that

α|||w|||2W 6 ‖∇we‖2
L2(Ωe)

+ ‖∇wi‖2
L2(Ωi)

+ ‖wi − we‖2
L2(Γ). (2.83)

Proof. We consider the following three Banach spaces:
X = W

Y = L2 (Ωi)× L2 (Ωe)× L2 (Γ) ,

Z = L2 (Ωi)× L2 (Ωe) .

(2.84)

Further, we consider the following operator:

A: X −→ Y

w 7→
(
∇wi,∇we, wi|Γ − we|Γ

)
.

Clearly, A is a continuous linear operator. We claim that A is injective. In fact, assume

that 
∇wi = 0 a.e in Ωi,

∇we = 0 a.e in Ωe,

wi = we a.e on Γ.

Then, 
wi|Ωi

= Ci a.e in Ωi,

we|Ωe
= Ce a.e in Ωe,

Ci = Ce a.e on Γ.

where Ci and Ce are constants. Since
∫

Ωe
we dx = 0, we|Ωe = Ce a.e, andµ(Ωe) 6= 0, it

follows that ue = 0 in Ωe a.e. Therefore, Ce = 0 = Ci and ui = 0 in Ωi a.e.

On the other hand, we consider the operator below:

T: X −→ Z

w 7→ (wi, we) .

Clearly, T is a compact operator, see e.g.[1, 8]. It remains to prove that there exists

C > 0 such that

|||w|||W ≤ ‖Aw‖Y + ‖Tw‖Z.
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We have

|||w|||2W = ‖wi‖2
H1(Ωi)

+ ‖we‖2
H1(Ωe)

+ ‖wi − we‖2
L2(Γ)

= ‖wi‖2
L2(Ωi)

+ ‖∇wi‖2
L2(Ωi)

+ ‖we‖2
L2(Ωe)

+ ‖∇we‖2
L2(Ωe)

+ ‖wi − we‖2
L2(Γ)

= ‖Aw‖2
Y + ‖Tw‖2

Z

≤ (‖Aw‖Y + ‖Tw‖Z)2 .

Consequently,

|||w|||X ≤ ‖Aw‖Y + ‖Tw‖Z,

with C = 1. Thanks to Lemma 2.3.1, there exists α > 0, such that

α|||w|||X ≤ ‖Aw‖Y,

that is,

α
(
‖wi‖2

H2(Ωi)
+ ‖we‖2

H1(Ωe)
+ ‖wi − we‖2

L2(Γ)

)
6

‖∇we‖2
L2(Ωe)

+ ‖∇wi‖2
L2(Ωi)

+ ‖wi − we‖2
L2(Γ).

Theorem 2.3.3. The problem (2.81) has a unique solution.

Proof. Let us show that:

i) The bilinear form a(·, ·) in (2.81) is continuous on W ×W and coercive on W.

ii) The linear form l(·) in (2.81) is continuous on W.

i) Let w,ϕ ∈W be arbitrary, we have

|a (w,ϕ)| 6 C‖∇we‖L2(Ωe)‖∇ϕe‖L2(Ωe) + C‖∇wi‖L2(Ωi)‖∇ϕi‖L2(Ωi)

+ ‖wi − we‖L2(Γ)‖ϕi − ϕe‖L2(Γ),

≤ C
(
‖∇we‖2

L2(Ωe)
+ ‖∇wi‖2

L2(Ωi)
+ ‖wi − we‖2

L2(Γ)

)1/2

(
‖∇ϕe‖2

L2(Ωe)
+ ‖∇ϕi‖2

L2(Ωi)
+ ‖ϕi − ϕe‖2

L2(Γ)

)1/2

≤ C|||w|||W|||ϕ|||W,
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where C is a given constant depending on ess sup
x∈Ωe

σe(x) and ess sup
x∈Ωi

σi(x). It follows that

the bilinear form a(·, ·) is continuous on W ×W. In particular, a(·, ·) is continuous on

Wh ×Wh.

Let us prove the coercivity of a(·, ·). Let w ∈W. We have

a (w,w) =

∫
Ωi

σi |∇wi|2 +

∫
Ωe

σe |∇we|2 +

∫
Γ

(wi − we)2

> min (1, β)
(
‖∇we‖2

L2(Ωe)
+ ‖∇wi‖2

L2(Ωi)
+ ‖wi − we‖2

L2(Γ)

)
> ν|||w|||2W, from (2.83),

where ν = αmin (1, β) > 0 and β = min

(
ess inf
x∈Ωi

σi, ess inf
x∈Ωe

σe

)
> 0· It follows that the

bilinear form a(·, ·) is coercive on W, consequently on Wh as well.

ii) Let ϕ = (ϕi, ϕe) ∈W be arbitrary and fix u = (ui, ue) ∈W. Using the continuity of

the bilinear form a(·, ·), we have

|l(ϕ)| 6 C|||w|||W|||ϕ|||W.

Therefore, the variational formulation problem (2.81) has a unique solution thanks to

the Lax-Milgram theorem.

The following lemma due to Céa will be useful in the sequel.

Lemma 2.3.4. Let u ∈ W. Let ν > 0 and M > 0 be the coercivity and continuity

constants of the bilinear form a(·, ·) defined above (2.81), respectively. Then

|||u− Phu|||W 6
√
M

ν
inf

χh∈Wh

|||u− χh|||W· (2.85)

Proof. From (2.81), we subtract the bilinear form a (Phu, χh) from the linear form l(χh) =

a (u, χh). Then,

a(u− Phu, χh) = 0, ∀χh ∈Wh· (2.86)

Let χh ∈Wh be arbitrary, then

a(u− χh, u− χh) = a(u− Phu+ Phu− χh, u− Phu+ Phu− χh)
= a(u− Phu, u− Phu) + a(Phu− χh,Phu− χh),

taking into account (2.86) and the symmetry of a(·, ·). It follows that

a(u− Phu, u− Phu) = inf
χh∈Wh

{a(u− χh, u− χh)} ·
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The continuity and coercivity of the bilinear form a(·, ·) yield

ν|||u− Phu|||2W ≤M inf
χh∈Wh

{
|||u− χh|||2W

}
=⇒ |||u− Phu|||W ≤

√
M

ν
inf

χh∈Wh

{|||u− χh|||W}·

Let us write the error as in (2.79), that is,

uh − u = (uh − Phu) + (Phu− u) = θ + ρ.

Let us set

θ =

θi = uih − Phui, in Ωi,

θe = ueh − Phue, in Ωe,
(2.87)

ρ =

ρi = Phui − ui, in Ωi,

ρe = Phue − ue, in Ωe,
(2.88)

θΓ = θi − θe = vh − (Phui − Phue), on Γ,

ρΓ = Phui − Phue − v, on Γ,
(2.89)

where vh = uih − ueh and v = ui − ue. The following error estimates hold:

Proposition 2.3.5. Let u ∈ W. We assume that ui ∈ Hl+1(Ωi) and ue ∈ Hl+1(Ωe) for

1 6 l 6 d. Then,

‖ρe‖H1(Ωe) ≤ Chl
(
|ue|Hl+1(Ωe) + |ui|Hl+1(Ωi)

)
, (2.90)

‖ρi‖H1(Ωi) ≤ Chl
(
|ue|Hl+1(Ωe) + |ui|Hl+1(Ωi)

)
, (2.91)

‖ρΓ‖L2(Γ) ≤ Chl
(
|ue|Hl+1(Ωe) + |ui|Hl+1(Ωi)

)
, (2.92)

where | · |Hl(Ω) is the Hl(Ω) seminorm defined in (2.40) and C > 0 is some constant

independent of the meshsize.

Proof. Let χh = (χih, χeh) ∈Wh be arbitrary. We have

|||u− χh|||2W = ‖ue − χeh‖2
H1(Ωe)

+ ‖ui − χih‖2
H1(Ωi)

+ ‖(ui − ue)− (χih − χeh)‖2
L2(Γ)·
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Taking χih = Π i
hui and χeh = Πe

hue, where Πe
h and Π i

h are the Lagrange interpolation

operators mentioned above (2.38) and (2.39), respectively. It follows that

inf
χh∈Wh

{
|||u− χh|||2W

}
6 ‖ue −Πe

hue‖2
H1(Ωe)

+ ‖ui −Π i
hui‖2

H1(Ωi)

+ ‖(ui − ue)− (Π i
hui −Πe

hue)‖2
L2(Γ),

6 ‖ue −Πe
hue‖2

H1(Ωe)
+ ‖ui −Π i

hui‖2
H1(Ωi)

+ 2‖ui −Π i
hui‖2

L2(Γ) + 2‖ue −Πe
hue‖2

L2(Γ)

6 C
(
‖ue −Πe

hue‖2
H1(Ωe)

+ ‖ui −Π i
hui‖2

H1(Ωi)

)
for some constant C > 0, thanks to the inequalities (2.41) and (2.42). It follows that

inf
χh∈Wh

{|||u− χh|||W} ≤ C
(
‖ue −Πe

hue‖H1(Ωe) + ‖ui −Π i
hui‖H1(Ωi)

)
≤ Chl

(
|ue|Hl+1(Ωe) + |ui|Hl+1(Ωi)

)
,

for some constant C > 0, thanks to the inequalities (2.38) and (2.39). On account of the

inequality (2.85), the following error estimate holds

|||ρ|||W ≤ Chl
(
|ue|Hl+1(Ωe) + |ui|Hl+1(Ωi)

)
, (2.93)

for some constant C > 0. From (2.93), we deduce the error estimates (2.90)-(2.92).

Let us recall the following space-time domains defined above

Qi = Ωi×]0,T[,

Qe = Ωe×]0,T[,

Σ = Γ×]0,T[.

It is worth remembering that there are isometric isomorphisms from L2
(
0,T; L2(Ωi)

)
and L2

(
0,T; L2(Ωe)

)
to L2 (Qi) and L2 (Qe), respectively.

Theorem 2.3.6. Let u and uh be the solutions of (2.10) and (2.46). Let us assume that

ui,e ∈ H1(0,T; Hl+1(Ωi,e)) for 1 ≤ l ≤ d. There exists a positive constant C depending

only on T, and Lf the Lipschitz constant of f , such that

‖∇(ui − uih)‖2
L2(Qi)

+ ‖∇(ue − ueh)‖2
L2(Qe)

6 Ch2l

∫ T

0

(
|ue|2Hl+1(Ωe)

+ |ui|2Hl+1(Ωi)

)
dt

+ Ch2l

∫ T

0

(∣∣∣∣∂ue∂t
∣∣∣∣2
Hl+1(Ωe)

+

∣∣∣∣∂ui∂t
∣∣∣∣2
Hl+1(Ωi)

)
dt. (2.94)



Basic Details of Cardiac Electrophysiology 55

‖v − vh‖2
L2(Γ) 6 Ch2l

∫ T

0

(
|ue|2Hl+1(Ωe)

+ |ui|2Hl+1(Ωi)
+

∣∣∣∣∂ue∂t
∣∣∣∣2
Hl+1(Ωe)

+

∣∣∣∣∂ui∂t
∣∣∣∣2
Hl+1(Ωi)

)
.(2.95)

Proof. With the error written as in (2.79) it suffices, in view of Proposition 2.3.5, to

bound θ = uh − Phu.

Let χh ∈Wh.

(∂t (θi − θe) , χih − χeh)Γ + a(θ, χh) =

∫
Γ

∂t (θi − θe) (χih − χeh) +

∫
Ωi

σi∇θi · ∇χih

+

∫
Ωe

σe∇θe · ∇χeh +

∫
Γ

(θi − θe) (χih − χeh)

=

∫
Γ

∂tvh (χih − χeh) +

∫
Ωi

σi∇uih · ∇χih

+

∫
Ωe

σe∇ueh · ∇χeh +

∫
Γ

vh (χih − χeh)

−
∫

Γ

∂t (Phui − Phue) (χih − χeh)−
∫

Ωi

σi∇Phui · ∇χih

−
∫

Ωe

σe∇Phue · ∇χeh −
∫

Γ

(Phui − Phue) (χih − χeh)

= −
∫

Γ

f (vh) (χih − χeh) +

∫
Ωi

Ii,stimχih +

∫
Ωe

Ieχeh +

∫
Γe

geχeh

+

∫
Γ

vh (χih − χeh)−
∫

Γ

∂t (Phui − Phue) (χih − χeh)

−
∫

Ωi

σi∇ui · ∇χih −
∫

Ωe

σe∇ue · ∇χeh −
∫

Γ

v (χih − χeh)

=

∫
Γ

∂tv (χih − χeh) +

∫
Γ

(f(v)− f (vh)) (χih − χeh)

+

∫
Γ

(vh − v) (χih − χeh)−
∫

Γ

∂t (Phui − Phue) (χih − χeh) .

We have for all χh ∈Wh,

(∂t (θi − θe) , χih − χeh)Γ + a(θ, χh) = −
(
∂tρ

Γ, χih − χeh
)

Γ
+ (vh − v, χih − χeh)Γ

+ (f(v)− f (vh) , χih − χeh)Γ , (2.96)
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where ρΓ = Phui − Phue − v. Setting χh = θ in (2.96) yields

1

2

d

dt
‖θΓ‖2

L2(Γ) + β
(
‖∇θi‖2

L2(Ωi)
+ ‖∇θe‖2

L2(Ωe)

)
+ ‖θΓ‖2

L2(Γ) ≤ ‖∂tρΓ‖L2(Γ)‖θΓ‖L2(Γ)

+ Lf‖vh − v‖L2(Γ)‖θΓ‖L2(Γ) + ‖vh − v‖L2(Γ)‖θΓ‖L2(Γ)

≤ ‖∂tρΓ‖L2(Γ)‖θΓ‖L2(Γ) + (1 + Lf ) ‖θΓ‖2
L2(Γ) + (1 + Lf ) ‖ρΓ‖L2(Γ)‖θΓ‖L2(Γ)

≤ 5

4
(1 + Lf ) ‖θΓ‖2

L2(Γ) + 2 (1 + Lf ) ‖ρΓ‖2
L2(Γ) +

2

(1 + Lf )
‖∂tρΓ‖2

L2(Γ),

using Young inequality. Then,

1

2

d

dt
‖θΓ‖2

L2(Γ) + β
(
‖∇θi‖2

L2(Ωi)
+ ‖∇θe‖2

L2(Ωe)

)
6

1

4
(1 + 5Lf ) ‖θΓ‖2

L2(Γ)

+ C1‖∂tρΓ‖2
L2(Γ) + C2‖ρΓ‖2

L2(Γ), (2.97)

for some constants C1,C2 > 0. It follows from the previous inequality that

d

dt
‖θΓ‖2

L2(Γ) 6
(1 + 5Lf )

2
‖θΓ‖2

L2(Γ) + C1‖∂tρΓ‖2
L2(Γ) + C2‖ρΓ‖2

L2(Γ). (2.98)

From (2.98), we deduce that

d

dt

(
e−0.5(1+5Lf)t‖θΓ‖2

L2(Γ)

)
6 Ce−0.5(1+5Lf)t

[
‖∂tρΓ‖2

L2(Γ) + ‖ρΓ‖2
L2(Γ)

]
. (2.99)

By integrating (2.99) with respect to time, we obtain that

‖θΓ(t)‖2
L2(Γ) 6 C

[
‖θΓ(0)‖2

L2(Γ) + ‖∂tρΓ‖2
L2(0,T;L2(Γ)) + ‖ρΓ‖2

L2(0,T;L2(Γ))

]
, (2.100)

for a.e.t ∈ (0,T) and for some constant C > 0 depending on Lf and T. From (2.97) , we

have

2β

∫ T

0

(
‖∇θi‖2

L2(Ωi)
+ ‖∇θe‖2

L2(Ωe)

)
dt 6 ‖θΓ(0)‖2

L2(Γ) +
(1 + Lf )

2

∫ T

0

‖θΓ‖2
L2(Γ) dt

+ C1

∫ T

0

‖∂tρΓ‖2
L2(Γ) dt+ C2

∫ T

0

‖ρΓ‖2
L2(Γ) dt.

Thus,∫ T

0

(
‖∇θi‖2

L2(Ωi)
+ ‖∇θe‖2

L2(Ωe)

)
dt 6 C

[
‖θΓ(0)‖2

L2(Γ) + ‖∂tρΓ‖2
L2(0,T;L2(Γ))

]
+ C‖ρΓ‖2

L2(0,T;L2(Γ)), (2.101)
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where C > 0 is a constant that depends on T, β and Lf . In addition,

‖θΓ(0)‖L2(Γ) = ‖vh(0)− (Phui(0)− Phue(0)) ‖L2(Γ)

6 ‖vh(0)− v(0)‖L2(Γ) + ‖v(0)− (Phui(0)− Phue(0)) ‖L2(Γ)

= ‖vh(0)− v(0)‖L2(Γ) + ‖ρΓ(0)‖L2(Γ)

≤ Chl
(
|ue(0)|Hl+1(Ωe) + |ui(0)|Hl+1(Ωi)

)
, (2.102)

using (2.92) together with the continuity of the trace operator and the interpolation error

estimates (2.38) and (2.39). From (2.92), we deduce that

‖∂tρΓ‖2
L2(Γ) 6 Ch2l

(∣∣∣∣∂ue∂t
∣∣∣∣2
Hl+1(Ωe)

+

∣∣∣∣∂ui∂t
∣∣∣∣2
Hl+1(Ωi)

)
(2.103)

Plugging (2.92), (2.102) and (2.103) in (2.100) and (2.101) yield, respectively,

‖θΓ(t)‖2
L2(Γ) 6 Ch2l

∫ T

0

(
|ue|2Hl+1(Ωe)

+ |ui|2Hl+1(Ωi)
+

∣∣∣∣∂ue∂t
∣∣∣∣2
Hl+1(Ωe)

+

∣∣∣∣∂ui∂t
∣∣∣∣2
Hl+1(Ωi)

)
dt(2.104)

∫ T

0

(
‖∇θi‖2

L2(Ωi)
+ ‖∇θe‖2

L2(Ωe)

)
dt 6 Ch2l

∫ T

0

(
|ue|2Hl+1(Ωe)

+ |ui|2Hl+1(Ωi)

)
dt (2.105)

+ Ch2l

∫ T

0

(∣∣∣∣∂ue∂t
∣∣∣∣2
Hl+1(Ωe)

+

∣∣∣∣∂ui∂t
∣∣∣∣2
Hl+1(Ωi)

)
dt.

Further, we have

‖v − vh‖2
L2(Γ) 6 C

(
‖θΓ(t)‖2

L2(Γ) + ‖ρΓ(t)‖2
L2(Γ)

)
. (2.106)

The error estimate (2.95) is obtained by plugging (2.104) and (2.92) in (2.106).

We are now in position to prove the error estimate (2.94). We have

‖∇(ui − uih)‖2
L2(Qi)

+ ‖∇(ue − ueh)‖2
L2(Qe)

6
∫ T

0

(
‖∇θi‖L2(Ωi) + ‖∇ρi‖L2(Ωi)

)2

+

∫ T

0

(
‖∇θe‖L2(Ωe) + ‖∇ρe‖L2(Ωe)

)2

6 C

∫ T

0

(
‖∇θi‖2

L2(Ωi)
+ ‖∇ρi‖2

L2(Ωi)
+ ‖∇θe‖2

L2(Ωe)
+ ‖∇ρe‖2

L2(Ωe)

)
The error estimate (2.94) is derived by substituting (2.90),(2.91) and (2.105) in the

previous inequality.



Basic Details of Cardiac Electrophysiology 58

2.3.1 Numerical Tests with a Manufactured Solution

To evaluate the convergence of the spatial semi-discretization applied to the problem

(2.1)-(2.6), we use the method of manufactured solutions, see e.g [58]. We apply the P1

finite element method. We investigate the accuracy of the numerical method using mesh

refinement. We consider a 2D domain consisting of the single cell Ωi surrounded by the

extracellular domain Ωe, see (2.3):

Ωi = (10, 110)× (10, 30) ,

Ωe = [(0, 120)× (0, 40)] \ Ωi·

We assume that the conductivities σi and σe are scalar and we let σi = σe = 1. We

Figure 2.3: Sketch of Ω = Ωi ∪ Ωe ∪ Γ, Γ = Ωi ∩ Ωe.

implement our methods using the software Freefem++ and UMFPACK for solving linear

systems.

Our choice for the ionic model falls on a variant of the MS model described in Section 1.3

and initially introduced by Djabella et al. [18].

∂v

∂t
= f(v, w) + Istim(t), with f(v, w) =

1

τin
wv2(1− v)− 1

τout
v, (2.107)

∂w

∂t
= g(v, w), with g(v, w) =

1

τk
[(1− wk) (1− w)− wkw] , (2.108)

τk(v, vgate) = τopen + (τclose − τopen)wk(v, vgate)

wk(v, vgate) =
1

2
(1 + tanh(k(v − vgate))),

where k is a given parameter. In our calculation, we choose k = 5, τopen = 120ms, τclose =

150ms, τin = 0.3ms, τout = 6ms and vgate = 0.13. This value provides a solution that is
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close to the solution of the standard MS model [45]. We consider the following activation

function

δ(t) =
1

1 + e−at
,

for some real number a, and we let

ui,ex(x, y, t) = 2δ(t) + ε [(x− x0)p + (y − y0)p] , (2.109)

ue,ex(x, y, t) = δ(t) + ε [(x− x0)p + (y − y0)p] , (2.110)

vex(x, y, t) = δ(t), (2.111)

wex(x, y, t) = 2δ(−t), (2.112)

where p > 2 is a given interger, (x0, y0) are the coordinates of the center of Ωi, ε is a

given parameter that controls the magnitude of z = (x − x0)p + (y − y0)p. Figure 2.4

shows contour and 3D plots of the manufactured solution for p = 2. The stimulation

currents Ii,stim and Ie,stim becomes:

Ii,ex = εp(p− 1)
[
(x− x0)p−2 + (y − y0)p−2

]
(2.113)

Ie,ex = εp(p− 1)
[
(x− x0)p−2 + (y − y0)p−2

]
. (2.114)

The problem (2.1)-(2.6) is then modified with source terms

−∇ · (σi∇ui) = Ii,ex in Ωi, (2.115)

−∇ · (σe∇ue) = Ie,ex in Ωe, (2.116)

σe∇ue · ne = −σi∇ui · ni = Im on Γ, (2.117)

s(x, y, t) =
∂v

∂t
+ f(v, w)− Im on Γ, (2.118)

v = ui − ue on Γ, (2.119)

σe∇ue · ne = ge,ex on Γe, (2.120)

where p > 2. It follows that

s(x, y, t) = aδ(t)(1− δ(t)) + f(vex, wex)− σe∇ue,ex · ne,
ge,ex(x, y, t) = σe∇ue,ex · ne,

where the function f(v, w) is defined in (2.107). The variational formulations (2.115)-

(2.120) reads∫
Ωe

σe∇ue(t) · ∇ϕe −
∫

Γ

(
∂v(t)

∂t
+ f(v(t), w(t))

)
ϕe =

∫
Ωe

Ie,exϕe +

∫
Γe

ge,exϕe

−
∫

Γ

s(x, y, t)ϕe, (2.121)
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∫
Ωi

σi∇ui(t) · ∇ϕi +

∫
Γ

(
∂v(t)

∂t
+ f(v(t), w(t))

)
ϕi =

∫
Ωi

Ii,exϕi +

∫
Γ

s(x, y, t)ϕi, (2.122)

∫
Γ

∂w(t)

∂t
ϕ−

∫
Γ

g(v(t), w(t))ϕ =

∫
Γ

∂wex(t)

∂t
ϕ−

∫
Γ

g(vex(t), wex(t))ϕ, (2.123)

for a.e. t ∈ [0,T]· We approximate the time derivatives, ∂v
∂t

and ∂w
∂t

, using the second

order backward finite difference formula, that is,

∂v

∂t
≈ 3vn − 4vn−1 + vn−2

2∆t
, (2.124)

∂w

∂t
≈ 3wn − 4wn−1 + wn−2

2∆t
(2.125)

The nonlinear terms f , g, Ii,ex and Ii,ex are extrapolated at t = tn as follows

f(vn, wn) ≈ 2f(vn−1, wn−1)− f(vn−2, wn−2)

g(vn, wn) ≈ 2g(vn−1, wn−1)− g(vn−2, wn−2)

Ini,ex ≈ 2In−1
i,ex − In−2

i,ex ,

Ine,ex ≈ 2In−1
e,ex − In−2

e,ex ,

where vn ≈ v(tn), wn ≈ w(tn), Ine,ex = Ie,ex(tn), Ini,ex = Ii,ex(tn), tn = n∆t, and ∆t = T
N

is the time step. This method is known as the second order semi-implicit backward

differentiation formula (SBDF2) [3, 4, 63] and will be discussed later.

Figure 2.4: Contour plot and 3D graph of the manufactured solution for p = 2.

We estimate the errors between the fully discretized solutions uNi,h, u
N
e,h, v

N
h , and wNh and

the exact solution ui,ex, ue,ex, vex, and wex, respectively. We compute the L2 − norms,

‖uNi,h − ui,ex‖L2(Ωi), ‖uNe,h − ue,ex‖L2(Ωe), ‖vNh − vex‖L2(Γ) and ‖wNh − wex‖L2(Γ), as well

as the H1 − norms ‖∇uNe,h − ∇ue,ex‖L2(Ωe) and ‖∇uNi,h − ∇ui,ex‖L2(Ωi), at the final time
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T = N×∆t = 0.8ms. In our computation, we take ε = 0.0001 and we let a = 8 to achieve

a faster transient. The domains Ωe and Ωi consist of (16n)× (4n) and (8n)× (2n) nodes

on the sides of the subdomains, respectively, where n is a given integer. The mesh is

fixed, unstructured and conformal on the interface Γ, see Figure 2.5. The computation

Figure 2.5: A 2D mesh of the domains Ωe and Ωi for n = 10.is performed for different spatial resolutions and time steps. Since we are interested

in semidiscretization error in space, we shall determine a time step ∆t for which the

time error is significantly smaller than the space error. We fix n = 10. Starting with

∆t = 0.001, we decrease the time-step ∆t till the error in time is negligeable compared

to the error in space. Table 2.1 shows that ∆t should be selected smaller than 0.0001 for

the variables ui, ue and v. To study the convergence in space, we increase n. To ensure

that the error in space remains dominant, we decrease ∆t simultaneously. We assume

that the error in space is proportional to hq, where q is the convergence rate that can be

estimated thanks to the formula

q ≈ log (|E2h/Eh|)
log(2)

, (2.126)

where Eh is the error associated to the mesh size h. Table 2.2 reports the results of the

convergence tests on the variables ue, ue, v and w. We observe that the convergence rate

is two for the error in the L2-norm for both ue,h and ui,h, while it is between 1 and 2 on

the variables v and w. Therefore, the rate of convergence obtained from our numerical

test is better than what is shown in the theoretical estimate (2.95) for the L2-norm of

the error on v. From Table 2.3, we observe that a first order convergence is achieved in

the H1-norm for the variables ue,h and ui,h, which is in agreement with the theoretical

estimates (2.94).
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Table 2.1: L2 norm errors with fixed n = 10, at the final time T = N ×∆t = 0.8ms.

n ∆t ‖uNe,h − ue,ex‖0,Ωe ‖uNi,h − ui,ex‖0,Ωi ‖vNh − vex‖0,Γ ‖wNh − wex‖0,Γ

10 1.0e-03 5.25545e-04 6.47831e-04 2.25664e-04 1.91362e-06

10 5.0e-04 5.25544e-04 6.24351e-04 2.25007e-04 4.78142e-07

10 2.5e-04 5.25545e-04 6.18681e-04 2.24936e-04 1.19556e-07

10 1.25e-04 5.25543e-04 6.17272e-04 2.24917e-04 3.01018e-08

Table 2.2: L2 norm errors with convergence rates in parentheses, at T = N×∆t = 0.8ms.

n ∆t ‖uNe,h − ue,ex‖0,Ωe ‖uNi,h − ui,ex‖0,Ωi ‖vNh − vex‖0,Γ ‖wNh − wex‖0,Γ

10 1.0e-04 5.25543e-04 6.17104e-04 2.24914e-04 1.94744e-08

20 5.0e-5 1.30516e-04(2.00) 1.49744e-04 (2.04) 6.04427e-05(1.89) 4.93266e-09(1.89)

40 2.5e-05 3.16817e-05(2.04) 4.01872e-05 (1.89) 2.35998e-05(1.36) 1.32895e-09(1.89)

80 1.25e-05 7.15588e-06(2.15) 8.87071e-06 (2.18) 8.41393e-06(1.48) 3.81054e-10(1.80)

Table 2.3: H1 semi-norm errors with convergence rates in parentheses.

n ∆t ‖∇uNe,h −∇ue,ex‖0,Ωe ‖∇uNi,h −∇ui,ex‖0,Ωi

10 1.0e-04 3.80101e-03 3.84055e-03

20 5.0e-5 1.901220e-03 (0.99) 1.93780e-03 (0.99)

40 2.5e-05 9.433090e-04 (1.01) 9.66920e-04 (1.00)

80 1.25e-05 4.74793 e-04 (0.99) 4.88733e-04 (0.98)

The unusual coupling of PDEs and ODEs on the boundary makes the microscopic

model challenging to solve numerically. To get around this difficulty, we reformulated

the model on the interface using a Steklov-Poincaré operator. We discretized the model

in space using FEM. We proved the existence of semi-discrete solution and we derived

stability and error estimates for FEM. From the numerical tests, the convergence rate is

two for the error in the L2-norm for the potentials ui,h and ue,h, while it is between one

and two on the potential v and gating variable w. The theoretical estimates guarantee a

convergence rate of at least one for the error in the L2-norm on the membrane potential

v. The theoretical analysis of the L2-norm errors on the variables ui,h and ue,h was

not investigated. However, a first order convergence is achieved in the H1-norm for the

variables ue,h and ui,h, which is in agreement with the theoretical estimates.



Chapter 3

Time-Stepping Methods for the

Cardiac Microscopic Problem

In this chapter, we introduce different time-stepping methods applied to the microscopic

model. We obtain theoretical error estimates in space and time, respectively, and we

check if these are achieved in numerical computations. In Section 3.1, we present the

microscopic model. In Section 3.2, we derive a variational formulation of the model.

In Section 3.3, we present a variety of time-discretization schemes used in this thesis.

In Section 3.4, we prove the well-posedness of semi-discrete problems. In Sections 3.5

and 3.6, we show convergence and error estimates in space and time, respectively. In

Section 3.7, we discuss the resolution of the linear and nonlinear algebraic systems re-

sulting from the fully discretized problem. Finally in Section 3.8, we present numerical

results.

3.1 Microscopic Model

We recall the following nondimensional microscopic model

−∇ · (σi∇ui) = Ii,stim in Ωi, (3.1)

−∇ · (σe∇ue) = Ie,stim in Ωe, (3.2)

Im :=
∂v

∂t
+ f(v, w) on Γ, (3.3)

σe∇ue · ne = −σi∇ui · ni = Im on Γ, (3.4)

v = ui − ue on Γ, (3.5)

σe∇ue · ne = ge on Γe, (3.6)

63
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where Ii,stim and Ie,stim are the stimulation currents applied on Ωi and Ωe, respectively,

w is the gating variable, f represents the ionic current through the cellular membrane

Γ, and ge is a given function on Γe = ∂Ωe \ Γ. The model is coupled with the following

system of ordinary differential equations

∂w

∂t
= g(v, w) on Γ, (3.7)

where g models the dynamics of the gating variables, w. For a rigorous mathematical

analysis regarding the well-posedness of the model, see e.g. [24, 79].

3.2 Variational Formulation

In this subsection, we define a functional framework within which we derive the varia-

tional formulation of the nondimensional problem (3.1)-(3.6). It is worth recalling that

the solution of the problem is defined up to the addition of constants. More specifically,

if (ui, ue) is a solution of the problem, then (ui + c, ue + c) is also a solution. To fix

additive constants, we assume that the mean of the extracellular potential ue is zero,

that is, ∫
Ωe

uedx = 0. (3.8)

Next we consider the following spaces
ui(t) ∈ H1 (Ωi) ,

ue(t) ∈ H1 (Ωe) /R,

v(t) = ui(t)− ue(t) ∈ H 1
2 (Γ) ,

for a.e t ∈]0, T [.

Multiplying the equation (3.1) by the test function ϕe, then integrating by parts on Ωe,

we have for a.e. t ∈ [0,T],∫
Ωe

σe∇ue(t) · ∇ϕe −
∫

Γe

σe∇ue(t) · neϕe =

∫
Ωe

Ie,stim(t)ϕe +

∫
Γe

geϕe. (3.9)

On account of the boundary conditions (3.4) and (3.6), the equation (3.9) becomes∫
Ωe

σe∇ue(t) · ∇ϕe −
∫

Γ

(
∂v(t)

∂t
+ f(v(t), w(t))

)
ϕe =

∫
Ωe

Ie,stim(t)ϕe +

∫
Γe

geϕe.(3.10)
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Similarly,∫
Ωi

σi∇ui(t) · ∇ϕi +

∫
Γ

(
∂v(t)

∂t
+ f(v(t), w(t))

)
ϕi =

∫
Ωi

Ii,stim(t)ϕi. (3.11)

∫
Γ

∂w(t)

∂t
ψ =

∫
Γ

g(v(t), w(t))ψ, (3.12)

for a.e t ∈ [0,T], where
∂v

∂t
is the weak derivative of v and Γe = ∂Ωe \ Γ· We assume

for a.e. t ∈ [0,T] that f(v(t), w(t)) ∈ L2(Γ) provided v(t), w(t) ∈ L2(Γ), Ie,stim(t) and

Ii,stim(t) belong to L2(Ωe) and L2(Ωi), respectively. In addition, the intracellular and

extracellular conductivities σi and σe satisfy the condition

β = min

(
ess inf
x∈Ωi

σi, ess inf
x∈Ωe

σe

)
> 0, (3.13)

where the notation ess inf stands for the essential infimum.

For the convergence analysis of the model, we assume that the functions f and g satisfy

a global Lipschitz condition with constants Lf and Lg, respectively, that is, for all v1, v2,

w1 and w2 in R

|f(v1, w1)− f(v2, w2)| ≤ Lf{|v1 − v2|+ |w1 − w2|}, (3.14)

|g(v1, w1)− g(v2, w2)| ≤ Lg{|v1 − v2|+ |w1 − w2|}. (3.15)

In addition, we assume that the stimulation currents Ii,stim and Ie,stim are Lipschitz in t,

uniformly in Ωi and Ωe, respectively. Thus, there exist Lipschitz constants Li > 0 and

Le > 0 such that

|Ie,stim(x, t1)− Ie,stim(x, t2)| ≤ Le|t1 − t2|, ∀t1, t2 ∈ R, ∀x ∈ Ωe (3.16)

|Ii,stim(x, t1)− Ii,stim(x, t2)| ≤ Li|t1 − t2|, ∀t1, t2 ∈ R, ∀x ∈ Ωi· (3.17)

From now on, we set

L0 = max (Lf ,Lg) ; L1 = max (Li,Le) · (3.18)

These assumptions on the functions f, g, Ie,stim and Ii,stim ensure the existence of a weak

solution to the miscroscopic problem (3.10)-(3.12), see e.g. [5]. From now on, we consider

the following Neumann boundary conditions on Γe:

σe∇ue · ne = 0 on Γe·
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3.3 Time-Discretization Schemes

In this section, we consider a variety of time-stepping methods. These include implicit,

semi-implicit and Godunov splitting methods. The semi-implicit methods are also known

as semi-explicit or implicit-explicit (IMEX) methods. For a given problem involving a

linear and non-linear terms, IMEX methods solve the linear and non-linear parts im-

plicitly and explicitly, respectively. A detailed discussion about IMEX methods can be

found in [3, 4, 63]. We use the Forward Backward Euler (FBE) method and the second

order Semi-Implicit Backward Differentiation Formula (SBDF2) as representatives of the

IMEX methods. Fully implicit methods studied are the Backward Euler (BE) method

and second order Backward Differentiation Formula (BDF2). The presentation here is

motivated by the formulation in [21, 61].

From now on, the following notations will be used

vn ≈ v(tn), wn ≈ w(tn), uni ≈ uni (tn), une ≈ une (tn), Ini,e,stim = Ii,e,stim(tn), tn = n∆t,

where ∆t = T
N

is the time step.

3.3.1 Backward Euler Method

From equations (3.10) - (3.12), we have∫
Ωe

σe∇une · ∇ϕe −
∫

Γ

vn − vn−1

∆t
ϕe −

∫
Γ

f(vn, wn)ϕe =

∫
Ωe

Ine,stimϕe, (3.19)∫
Ωi

σi∇uni · ∇ϕi +

∫
Γ

vn − vn−1

∆t
ϕi +

∫
Γ

f(vn, wn)ϕi =

∫
Ωi

Ini,stimϕi, (3.20)∫
Γ

wn − wn−1

∆t
ϕ =

∫
Γ

g(vn, wn)ϕ, (3.21)

for n ∈ {1, 2, · · · , N}. Throughout this section, vn = uni − une so that the resulting

problems are consistent.
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3.3.2 Forward Backward Euler Method

Starting from (3.19) - (3.21), we take the nonlinear terms f and g at the previous time

step t = tn−1 to make the global system linear, which gives∫
Ωe

σe∇une · ∇ϕe −
∫

Γ

vn − vn−1

∆t
ϕe =

∫
Ωe

In−1
e,stimϕe +

∫
Γ

f(vn−1, wn−1)ϕe, (3.22)∫
Ωi

σi∇uni · ∇ϕi +

∫
Γ

vn − vn−1

∆t
ϕi =

∫
Ωi

In−1
i,stimϕi −

∫
Γ

f(vn−1, wn−1)ϕi, (3.23)∫
Γ

wn − wn−1

∆t
ϕ =

∫
Γ

g(vn−1, wn−1)ϕ, (3.24)

for n ∈ {1, 2, · · · , N}.

3.3.3 Godunov Time-Splitting Method

The operator splitting (or fractional step) method consists in decomposing complex cou-

pled systems of PDEs into simpler sub-problems, see e.g. [54, 70]. These sub-problems

are then treated individually. To introduce the Godunov splitting method, we consider

an initial value problem {
du
dt

= Lu,

u(0) = u0,
(3.25)

where u0 is a given initial condition and L is a differential operator that can be split into

a sum of two or more components. We consider the simple case

L = L1 + L2·

Let ∆t be a small time step. An approximate solution at time t = ∆t may be computed

by first solving the problem {
dv
dt

= L1(v)

v(0) = u0,
(3.26)

for t ∈ [0,∆t]. Thereafter, we solve the problem{
dw
dt

= L2(w)

w(0) = v(∆t),
(3.27)

for t ∈ [0,∆t], using as initial condition the solution of the system (3.26). The solution

w(∆t) is a consistent approximation of the solution u(∆t), see e.g.[71]. The method
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is known as Godunov splitting and is first order accurate in time step ∆t. The Go-

dunov splitting method applied to (3.1)-(3.6) and (3.7), consists of the following two

sub-problems: In the first substep of the method, we update the solutions for the mem-

brane potential, v, and gating variable, w, by solving the following system of ODEs∫
Γ

v∗ − vn−1

∆t
ϕ = −

∫
Γ

f(vn−1, wn−1)ϕ, (3.28)∫
Γ

wn − wn−1

∆t
ϕ =

∫
Γ

g(vn−1, wn−1)ϕ· (3.29)

In the next substep, we solve the following variational formulation∫
Ωe

σe∇une · ∇ϕe −
∫

Γ

vn − v∗

∆t
ϕe =

∫
Ωe

In−1
e,stimϕe, (3.30)∫

Ωi

σi∇uni · ∇ϕi +

∫
Γ

vn − v∗

∆t
ϕi =

∫
Ωi

In−1
i,stimϕi (3.31)

where vn = uni − une for n ∈ {1, 2, · · · , N}, assuming for each time step that the solution

vn−1 = un−1
i − un−1

e is known for t = tn−1 on Γ.

Remark 3.3.4. In this thesis, we solve the first step of the Godunov splitting method

using the forward Euler method. Therefore, the Godunov method is equivalent to the

FBE method. It should be mentioned that any other appropriate ODE solver, such as the

Runge-Kutta method, could be used, in which case the Godunov method and FBE would

no longer be equivalent.

3.3.5 Second Order Backward Differentiation Formula

Backward differentiation formulas are popular multistep methods to solve stiff ODE

problems. From the BE scheme (3.19)-(3.21), we approximate the time derivative, ∂v
∂t

,

using the current value vn and two previously computed approximations, vn−1 and vn−2,

that is,
∂v

∂t
≈ 3vn − 4vn−1 + vn−2

2∆t
,

which yields∫
Ωe

σe∇une · ∇ϕe −
∫

Γ

3vn − 4vn−1 + vn−2

2∆t
ϕe −

∫
Γ

f(vn, wn)ϕe =

∫
Ωe

Ine,stimϕe, (3.32)∫
Ωi

σi∇uni · ∇ϕi +

∫
Γ

3vn − 4vn−1 + vn−2

2∆t
ϕi +

∫
Γ

f(vn, wn)ϕi =

∫
Ωi

Ini,stimϕi, (3.33)∫
Γ

3wn − 4wn−1 + wn−2

2∆t
ϕ =

∫
Γ

g(vn, wn)ϕ· (3.34)
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for n ∈ {2, · · · , N}. The backward Euler scheme is used in the first time step.

3.3.6 Second Order Semi-implicit Backward Differentiation For-

mula

If in the BDF2 scheme (3.32)-(3.34), the nonlinear terms f , g, and Ini,e,stim are extrapo-

lated at t = tn as follows

f(vn, wn) ≈ 2f(vn−1, wn−1)− f(vn−2, wn−2)

g(vn, wn) ≈ 2g(vn−1, wn−1)− g(vn−2, wn−2)

Ini,e,stim ≈ 2In−1
i,e,stim − In−2

i,e,stim,

we get the following SBDF2 scheme, see e.g. [3, 4, 63]∫
Ωe

σe∇une · ∇ϕe −
∫

Γ

3vn − 4vn−1 + vn−2

2∆t
ϕe −

∫
Γ

2f(vn−1, wn−1)ϕe

+

∫
Γ

f(vn−2, wn−2)ϕe =

∫
Ωe

(2In−1
e,stim − In−2

e,stim)ϕe, (3.35)∫
Ωi

σi∇uni · ∇ϕi +

∫
Γ

3vn − 4vn−1 + vn−2

2∆t
ϕi +

∫
Γ

2f(vn−1, wn−1)ϕi

−
∫

Γ

f(vn−2, wn−2)ϕi =

∫
Ωi

(2In−1
i,stim − In−2

i,stim)ϕi, (3.36)∫
Γ

3wn − 4wn−1 + wn−2

2∆t
ϕ =

∫
Γ

2g(vn−1, wn−1)ϕ −
∫

Γ

g(vn−2, wn−2)ϕ· (3.37)

for n ∈ {2, · · · , N}. The forward backward Euler scheme is used in the first time step.

3.4 Well-Posedness of the Time Semi-Discrete Prob-

lems

In the following, we are concerned with the well-posedness of the above semi-discrete

problems. We only focus on the FBE method We define a convenient functional frame-

work to prove the existence and uniqueness of the solution through classical results. The

space W is equipped with the norm defined in (2.80):

|||u|||W =
(
‖ui‖2

H1(Ωi)
+ ‖ue‖2

H1(Ωe)
+ ‖ui − ue‖2

L2(Γ)

) 1
2
,
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for all u = (ui, ue) ∈W.

By adding up equations (3.22) and (3.23) , we obtain

∆t

∫
Ωe

σe∇une · ∇ϕe + ∆t

∫
Ωi

σi∇uni · ∇ϕi +

∫
Γ

(uni − une ) (ϕi − ϕe)

=

∫
Γ

vn−1 (ϕi − ϕe) + ∆t

∫
Ωi

In−1
i,stimϕi + ∆t

∫
Ωe

In−1
e,stimϕe

− ∆t

∫
Γ

f(vn−1, wn−1) (ϕi − ϕe) , (3.38)

for all u = (ui, ue), ϕ = (ϕi, ϕe) ∈ W, where vn = uni − une , and vn−1 is the previous

known value which can be obtained by recurrence from the initial value v0.

The variational problem reads:find un = (uni , u
n
e ) ∈W such that

a (un, ϕ) = l(ϕ) for all ϕ ∈W,
(3.39)

where 

a (un, ϕ) = ∆t

(∫
Ωe

σe∇une · ∇ϕe +

∫
Ωi

σi∇uni · ∇ϕi
)

+

∫
Γ

(uni − une ) (ϕi − ϕe) ,

l(ϕ) =

∫
Γ

vn−1 (ϕi − ϕe) + ∆t

∫
Ωi

In−1
i,stimϕi + ∆t

∫
Ωe

In−1
e,stimϕe

−∆t

∫
Γ

f(vn−1, wn−1) (ϕi − ϕe) ,

(3.40)

for all un = (uni , u
n
e ) ∈W and ϕ = (ϕi, ϕe) ∈W.

Theorem 3.4.1. Under the hypothesis that In−1
i,stim ∈ L2(Ωi), In−1

e,stim ∈ L2(Ωe), and

f(vn−1, wn−1) ∈ L2(Γ) provided vn−1 and wn−1 are in L2(Γ), the problem (3.39) has

a unique solution.

Proof. By reasoning as in Theorem 2.3.3, we show that the bilinear form a(·, ·) in (3.40)

is continuous on W ×W and coercive on W.

Let us show that the linear form l(·) in (3.40) is continuous on W. Let ϕ = (ϕi, ϕe) ∈W.

Using assumptions on the stimulation currents In−1
i,stim and In−1

e,stim and the Cauchy-Schwarz
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inequality, we have

|l(ϕ)| ≤
∫

Γ

|vn−1||ϕi − ϕe| dx+ ∆t

∫
Ωi

|In−1
i,stim||ϕi| dx+ ∆t

∫
Ωe

|In−1
e,stim||ϕe| dx

+ ∆t

∫
Γ

|f(vn−1, wn−1)||ϕi − ϕe| dx

≤ ‖vn−1‖0,Γ‖ϕi − ϕe‖0,Γ + ∆t‖In−1
i,stim‖0,Ωi‖ϕi‖0,Ωi + ∆t‖In−1

e,stim‖0,Ωe‖ϕe‖0,Ωe

+ ∆t‖fn−1‖0,Γ‖ϕi − ϕe‖0,Γ

≤ C‖ϕ‖W,

where fn−1 = f(vn−1, wn−1) and C > 0 is a constant. Therefore, the variational formu-

lation problem (3.39) has a unique solution thanks to the Lax-Milgram theorem.

3.5 Convergence and Error Estimate in Space

We assume that the domain Ω is covered by a regular mesh Th of triangles of maximum

diameter h, conformal on the interface Γ, see Section 2.1.2 and Figure 2.1. We focus on

the FBE method. We replace the Hilbert space W used in the formulation (3.39) by a

subspace Wh of finite dimension. The problem posed over Wh readsFind uh = (uih, ueh) ∈Wh such that

a (uh, ϕh) = l(ϕh), for all ϕh ∈Wh,
(3.41)

where a(·, ·) and l(·) are defined as in (3.40). The existence and uniqueness of the solution

of (3.41) follow from the Lax-Milgram theorem applied to Wh. We now estimate the

error |||u− uh|||W, where u is the solution of (3.39) and uh is the solution of (3.41). Let

us denote by ν > 0 the coercivity constant and M > 0 the continuity constant of the

bilinear form a(·, ·), that is,

|a (u, ϕ)| ≤ M |||u|||W |||ϕ|||W
a (u, u) ≥ ν|||u|||2W,

for all u, ϕ ∈W. The following lemma due to Céa shows that the error |||u− uh|||W can

be bounded uniformly with respect to the subspace Wh by the distance between u and

Wh.

Lemma 3.5.1. Let u and uh be the solution of (3.39) and (3.41), respectively. Then

|||u− uh|||W ≤
√
M

ν
inf

vh∈Wh

|||u− vh|||W· (3.42)
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The proof of this lemma can be found in [8, 20].

Proposition 3.5.2. Let u = (ui, ue) ∈ W and uh = (uih, ueh) ∈ Wh be the solutions

of the problems (3.39) and (3.41), respectively. We assume that ui ∈ Hl+1(Ωi) and

ue ∈ Hl+1(Ωe) for 1 6 l 6 d. The following error estimates hold:

‖ue − ueh‖H1(Ωe) ≤ Chl
(
|ue|Hl+1(Ωe) + |ui|Hl+1(Ωi)

)
, (3.43)

‖ui − uih‖H1(Ωi) ≤ Chl
(
|ue|Hl+1(Ωe) + |ui|Hl+1(Ωi)

)
, (3.44)

‖(ui − ue)− (uih − ueh)‖L2(Γ) ≤ Chl
(
|ue|Hl+1(Ωe) + |ui|Hl+1(Ωi)

)
, (3.45)

for some constant C > 0.

Proof. Let χh = (χih, χeh) ∈Wh be arbitrary. We then have

|||u− χh|||2W = ‖ue − χeh‖2
H1(Ωe)

+ ‖ui − χih‖2
H1(Ωi)

+ ‖(ui − ue)− (χih − χeh)‖2
L2(Γ)·

Then

inf
χh∈Wh

{
|||u− χh|||2W

}
≤ ‖ue −Πe

hue‖2
H1(Ωe)

+ ‖ui −Π i
hui‖2

H1(Ωi)

+ ‖(ui − ue)− (Π i
hui −Πe

hue)‖2
L2(Γ),

≤ ‖ue −Πe
hue‖2

H1(Ωe)
+ ‖ui −Π i

hui‖2
H1(Ωi)

+ 2‖ui −Π i
hui‖2

L2(Γ) + 2‖ue −Πe
hue‖2

L2(Γ)

≤ C
(
‖ue −Πe

hue‖2
H1(Ωe)

+ ‖ui −Π i
hui‖2

H1(Ωi)

)
·

for some constant C > 0, thanks to the inequalities (2.41) and (2.42). It follows that

inf
χh∈Wh

{|||u− χh|||W} ≤ C
(
‖ue −Πe

hue‖H1(Ωe) + ‖ui −Π i
hui‖H1(Ωi)

)
≤ Chl

(
|ue|Hl+1(Ωe) + |ui|Hl+1(Ωi)

)
,

for some constant C > 0, thanks to the inequalities (2.38) and (2.39). On account of the

inequality (3.42), the following error estimate holds

|||u− uh|||W ≤ Chl
(
|ue|Hl+1(Ωe) + |ui|Hl+1(Ωi)

)
, (3.46)

for some constant C > 0. From (3.46), we deduce the error estimates (3.43)-(3.45) on ui,

ue and ui − ue, respectively.
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3.6 Convergence and Error Estimate in Time

In this section, we obtain error estimates for the semi-discrete in time formulations

presented above. These estimates also hold for the fully discretized problem since the

space H1(Ωi) × H1(Ωe) can be replaced by any finite dimensional subspace Vi
h × Ve

h.

All error estimates then hold with the same upper bounds and constants. We will

focus on BE, FBE, and BDF2 methods, respectively. The error estimation for the semi-

discretized problems through the SBDF2 method can also be investigated by combining

the techniques used for FBE and BDF2 schemes. For the analysis below, we assume that

ge = 0 on Γe and v, w ∈ H1(0,T; L2(Γ)).

3.6.1 Convergence Analysis of the Backward Euler Method

We first obtain an error estimate for the semi-discretization in time through the BE

method given in (3.19)-(3.21). The main difficulties lie in the need for handling boundary

and volumic terms, and the fact that the finite difference in time appears only on the

interface Γ. Care is also required for the nonlinear terms in f and g.

By subtracting equation (3.19) from equation (3.10) and setting

en = vn − v(tn); eni = uni − ui(tn); ene = une − ue(tn), (3.47)

we have,∫
Ωe

σe∇ene · ∇ϕe −
∫

Γ

[
vn − vn−1

∆t
− vt(tn)

]
ϕe −

∫
Γ

[f(vn, wn)− f(v(tn), w(tn))]ϕe

= 0. (3.48)

Using Taylor’s series, we have

vt(tn) =
v(tn)− v(tn−1)

∆t
+

∆t

2
vtt(ξ

n), (3.49)

where ξn is some point between tn−1 and tn. Substituting (3.49) in (3.48) and considering

(3.47), we write∫
Ωe

σe∇ene · ∇ϕe −
∫

Γ

[
en − en−1

∆t

]
ϕe −

∫
Γ

[f(vn, wn)− f(v(tn), w(tn))]ϕe

= −∆t

2

∫
Γ

vtt(ξ
n)ϕe· (3.50)
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Similarly, we have on Ωi∫
Ωi

σi∇eni · ∇ϕi +

∫
Γ

[
en − en−1

∆t

]
ϕi +

∫
Γ

[f(vn, wn)− f(v(tn), w(tn))]ϕi

=
∆t

2

∫
Γ

vtt(ξ
n)ϕi· (3.51)

Adding up the equations (3.50) and (3.51) and we write∫
Ωe

σe∇ene · ∇ϕe +

∫
Ωi

σi∇eni · ∇ϕi +

∫
Γ

[
en − en−1

∆t

]
(ϕi − ϕe)

+

∫
Γ

[f(vn, wn)− f(v(tn), w(tn))](ϕi − ϕe) =
∆t

2

∫
Γ

vtt(ξ
n)(ϕi − ϕe)· (3.52)

Subtracting equation (3.21) from equation (3.12) and setting

enw = wn − w(tn), (3.53)

give ∫
Γ

(enw − en−1
w )ψ = ∆t

∫
Γ

(g(vn, wn)− g(v(tn), w(tn)))ψ +
∆t2

2

∫
Γ

wtt(ξ
n
1 )ψ, (3.54)

considering (3.49) and (3.53).

3.6.2 A Priori Error Estimates

In this section, we derive some a priori estimates on en, eni , ene and enw. The a priori

estimates will be proved thanks to the following lemma.

Lemma 3.6.1 (Discrete Gronwall Lemma). Assume that kn is a non-negative sequence,

and that the sequence ϕn satisfies

ϕ0 ≤ g0, ϕn ≤ g0 +
n−1∑
m=0

Pm +
n−1∑
m=0

kmϕm, n ≥ 1.

If g0 ≥ 0 and Pm ≥ 0 for m ≥ 0, then

ϕn ≤

[
g0 +

n−1∑
m=0

Pm

]
exp

(
n−1∑
m=0

km

)
, n ≥ 1.

The proof of this lemma can be found in [54].

The following a priori estimates hold.
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Proposition 3.6.2. Let n ∈ {1, 2, · · · , N}. Assume that v, w ∈ C2([0,T]; L2(Γ)),

‖e0‖L2(Γ) = 0, and ‖e0
w‖L2(Γ) = 0, and that there exists a constant 0 < α2 < 1 such that

∆t <
1− α2

L0

. Then

‖en‖L2(Γ) + ‖enw‖L2(Γ) ≤
T

1
2 ∆tC4

α2

(
‖vtt‖L2(0,T,L2(Γ)) + ‖wtt‖L2(0,T,L2(Γ))

)
exp

(
TL0

α2

)
,(3.55)

N∑
n=1

∆t

(∫
Ωe

|∇ene |2 +

∫
Ωi

|∇eni |2
)
≤ C6∆t2

(
‖vtt‖L2(0,T,L2(Γ)) + ‖wtt‖L2(0,T,L2(Γ))

)2

,(3.56)

for some constants C4 > 0, C6 > 0, T = N∆t, and L0 = max(Lf ,Lg).

Proof. Let us prove the inequality (3.55). Setting ϕi = eni and ϕe = ene in (3.52), we have

∆t

∫
Ωe

σe|∇ene |2 + ∆t

∫
Ωi

σi|∇eni |2 +

∫
Γ

|en|2 −
∫

Γ

en−1en

+ ∆t

∫
Γ

[f(vn, wn)− f(v(tn), w(tn))]en =
∆t2

2

∫
Γ

vtt(ξ
n)en.

Then

∆t

∫
Ωe

σe|∇ene |2 + ∆t

∫
Ωi

σi|∇eni |2 +

∫
Γ

|en|2 ≤
∫

Γ

|en−1en|+ ∆t2

2

∫
Γ

|vtt(ξn)en|

+ ∆t

∫
Γ

|f(vn, wn)− f(v(tn), w(tn))||en|.

Considering (3.14), we have

∆t

∫
Ωe

σe|∇ene |2 + ∆t

∫
Ωi

σi|∇eni |2 +

∫
Γ

|en|2 ≤
∫

Γ

|en−1en|+ ∆t2

2

∫
Γ

|vtt(ξn)en|

+ ∆t

∫
Γ

Lf |vn − v(tn)||en| + ∆t

∫
Γ

Lf |wn − w(tn)||en|,

that is,

∆t

∫
Ωe

σe|∇ene |2 + ∆t

∫
Ωi

σi|∇eni |2 +

∫
Γ

|en|2 ≤
∫

Γ

|en−1en|+ ∆t2

2

∫
Γ

|vtt(ξn)en|

+ ∆t

∫
Γ

Lf |en|2 + ∆t

∫
Γ

Lf |enwen|. (3.57)

From (3.57), we obtain∫
Γ

|en|2 ≤
∫

Γ

|en−1en|+ ∆t2

2

∫
Γ

|vtt(ξn)en|+ ∆tLf

∫
Γ

|en|2 + ∆tLf

∫
Γ

|enwen|.
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Thanks to Cauchy-Schwarz inequality, we obtain

‖en‖2
L2(Γ) ≤ ‖en−1‖L2(Γ)‖en‖L2(Γ) +

∆t2

2
‖vtt(ξn)‖L2(Γ)‖en‖L2(Γ) + ∆tLf‖en‖2

L2(Γ)

+ ∆tLf‖en‖L2(Γ)‖enw‖L2(Γ)·

Then,

‖en‖L2(Γ) ≤ ‖en−1‖L2(Γ) +
∆t2

2
‖vtt(ξn)‖L2(Γ) + ∆tLf‖en‖L2(Γ) + ∆tLf‖enw‖L2(Γ) · (3.58)

Setting ϕ = enw in (3.54) and considering (3.15) we have∫
Γ

|enw|2 ≤
∫

Γ

|en−1
w enw|+

∆t2

2

∫
Γ

|wtt(ξn1 )enw|+ ∆tLg

∫
Γ

|enw|2 + ∆tLg

∫
Γ

|enwen| · (3.59)

Applying the Cauchy-Schwarz inequality, (3.59) becomes,

‖enw‖2
L2(Γ) ≤ ‖en−1

w ‖L2(Γ)‖enw‖L2(Γ) +
∆t2

2
‖wtt(ξn1 )‖L2(Γ)‖enw‖L2(Γ) + ∆tLg‖enw‖2

L2(Γ)

+ ∆tLg‖enw‖L2(Γ)‖en‖L2(Γ) · (3.60)

Hence,

‖enw‖L2(Γ) ≤ ‖en−1
w ‖L2(Γ) +

∆t2

2
‖wtt(ξn)‖L2(Γ) + ∆tLg‖enw‖L2(Γ) + ∆tLg‖en‖L2(Γ) · (3.61)

Adding the inequalities (3.58) and (3.61), we have

‖en‖L2(Γ) + ‖enw‖L2(Γ) ≤ ‖en−1‖L2(Γ) + ‖en−1
w ‖L2(Γ) +

∆t2

2
‖vtt(ξn)‖L2(Γ)

+
∆t2

2
‖wtt(ξn1 )‖L2(Γ) + ∆tL0

(
‖en‖L2(Γ) + ‖enw‖L2(Γ)

)
. (3.62)

From the latter inequality, we have

n∑
k=1

(
‖ek‖L2(Γ) + ‖ekw‖L2(Γ)

)
≤

n∑
k=1

(
‖ek−1‖L2(Γ) + ‖ek−1

w ‖L2(Γ)

)
+

∆t2

2

N∑
k=1

‖vtt(ξn)‖L2(Γ)

+
∆t2

2

N∑
k=1

‖wtt(ξn1 )‖L2(Γ) + ∆tL0

n∑
k=1

(
‖ek‖L2(Γ) + ‖ekw‖L2(Γ)

)
·

Then,

‖en‖L2(Γ) + ‖enw‖L2(Γ) ≤ ‖e0‖L2(Γ) + ‖e0
w‖L2(Γ) +

1

2

N∑
k=1

(
∆t

1
2‖vtt(ξk)‖L2(Γ)

)(
∆t

3
2

)
+

1

2

N∑
k=1

(
∆t

1
2‖wtt(ξk1 )‖L2(Γ)

)(
∆t

3
2

)
+ ∆tL0

n∑
k=1

(
‖ek‖L2(Γ) + ‖ekw‖L2(Γ)

)
·
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Applying the discrete Cauchy-Schwarz inequality and using that ‖e0‖L2(Γ) = 0 and ‖e0
w‖L2(Γ) =

0, give

‖en‖L2(Γ) + ‖enw‖L2(Γ) ≤
1

2

(
N∑
k=1

∆t‖vtt(ξk)‖2
L2(Γ)

) 1
2
(

N∑
k=1

∆t3

) 1
2

+
1

2

(
N∑
k=1

∆t‖wtt(ξk1 )‖2
L2(Γ)

) 1
2
(

N∑
k=1

∆t3

) 1
2

+ ∆tL0

n∑
k=1

(
‖ek‖L2(Γ) + ‖ekw‖L2(Γ)

)
·

Then,

(1−∆tL0)
(
‖en‖L2(Γ) + ‖enw‖L2(Γ)

)
≤ T

1
2 ∆tC4

(
‖vtt‖L2(0,T,L2(Γ)) + ‖wtt‖L2(0,T,L2(Γ))

)
+ ∆tL0

n−1∑
k=1

(
‖ek‖L2(Γ) + ‖ekw‖L2(Γ)

)
, (3.63)

for some constant C4 > 0.

Using the constant α2 from the hypothesis, we get

‖en‖L2(Γ) + ‖enw‖L2(Γ) ≤
T

1
2 ∆tC4

α2

(
‖vtt‖L2(0,T,L2(Γ)) + ‖wtt‖L2(0,T,L2(Γ))

)
+

∆tL0

α2

n−1∑
k=1

(
‖ek‖L2(Γ) + ‖ekw‖L2(Γ)

)
·

Finally, applying Lemma 3.6.1, we obtain

‖en‖L2(Γ) + ‖enw‖L2(Γ) ≤
T

1
2 ∆tC4

α2

(
‖vtt‖L2(0,T,L2(Γ)) + ‖wtt‖L2(0,T,L2(Γ))

)
exp

(
n−1∑
k=1

∆tL0

α2

)

≤ T
1
2 ∆tC4

α2

(
‖vtt‖L2(0,T,L2(Γ)) + ‖wtt‖L2(0,T,L2(Γ))

)
exp

(
TL0

α2

)
·

Let us prove the inequality (3.56). From (3.57), we have

∆t

∫
Ωe

σe|∇ene |2 + ∆t

∫
Ωi

σi|∇eni |2 + ‖en‖2
L2(Γ) ≤ ‖en‖L2(Γ)‖en−1‖L2(Γ)

+
∆t2

2
‖vtt(ξn)‖L2(Γ)‖en‖L2(Γ) + ∆tLf‖en‖2

L2(Γ)

+ ∆tLf‖en‖L2(Γ)‖enw‖L2(Γ)· (3.64)
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Adding up the inequalities (3.60) and (3.64), we write

β∆t

∫
Ωe

|∇ene |2 + β∆t

∫
Ωi

|∇eni |2 + ‖en‖2
L2(Γ) + ‖enw‖2

L2(Γ) ≤ ‖en‖L2(Γ)‖en−1‖L2(Γ)

+ ∆tL0‖enw‖2
L2(Γ) + ∆tL0‖en‖2

L2(Γ) + ‖en−1
w ‖L2(Γ)‖enw‖L2(Γ)

+ 2∆tL0‖en‖L2(Γ)‖enw‖L2(Γ) +
1

2

(
∆t

3
2‖vtt(ξn)‖L2(Γ)

)(
∆t

1
2‖en‖L2(Γ)

)
+

1

2

(
∆t

3
2‖wtt(ξn1 )‖L2(Γ)

)(
∆t

1
2‖enw‖L2(Γ)

)
,

where β is defined as in (3.13). Using Young’s inequality,

β∆t

∫
Ωe

|∇ene |2 + β∆t

∫
Ωi

|∇eni |2 ≤
1

2
‖en−1‖2

L2(Γ) +
1

2
‖en−1

w ‖2
L2(Γ) −

1

2
‖en‖2

L2(Γ)

− 1

2
‖enw‖2

L2(Γ) +

(
1

4
+ 2L0

)
∆t‖en‖2

L2(Γ)

+

(
1

4
+ 2L0

)
∆t‖enw‖2

L2(Γ) +
∆t3

4
‖vtt(ξn)‖2

L2(Γ)

+
∆t3

4
‖wtt(ξn1 )‖2

L2(Γ)·

Then,

β
N∑
n=1

∆t

∫
Ωe

|∇ene |2 + β
N∑
n=1

∆t

∫
Ωi

|∇eni |2 ≤
1

2

N∑
n=1

(
‖en−1‖2

L2(Γ) + ‖en−1
w ‖2

L2(Γ)

)
− 1

2

N∑
n=1

(
‖en‖2

L2(Γ) + ‖enw‖2
L2(Γ)

)
+

(
1

4
+ 2L0

)
∆t

N∑
n=1

‖en‖2
L2(Γ)

+

(
1

4
+ 2L0

)
∆t

N∑
n=1

‖enw‖2
L2(Γ) +

∆t2

4

N∑
n=1

∆t‖vtt(ξn)‖2
L2(Γ)

+
∆t2

4

N∑
n=1

∆t‖wtt(ξn1 )‖2
L2(Γ)·

We obtain
N∑
n=1

β∆t

∫
Ωe

|∇ene |2 +
N∑
n=1

β∆t

∫
Ωi

|∇eni |2 ≤
1

2

(
‖e0‖2

L2(Γ) + ‖e0
w‖2

L2(Γ)

)
− 1

2

(
‖eN‖2

L2(Γ) + ‖eNw ‖2
L2(Γ)

)
+

(
1

4
+ 2L0

)
∆t

N∑
n=1

‖en‖2
L2(Γ)

+

(
1

4
+ 2L0

)
∆t

N∑
n=1

‖enw‖2
L2(Γ) + C5∆t2 ‖vtt‖2

L2(0,T,L2(Γ))

+ C5∆t2 ‖wtt‖2
L2(0,T,L2(Γ)) ,
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for some constants C5 > 0.

Using ‖e0‖L2(Γ) = 0 and ‖e0
w‖L2(Γ) = 0 and considering the a priori error estimate (3.55),

it follows that

N∑
n=1

∆t

∫
Ωe

|∇ene |2 +
N∑
n=1

∆t

∫
Ωi

|∇eni |2 ≤
∆t2C5

β

(
‖vtt‖2

L2(0,T,L2(Γ)) + ‖wtt‖2
L2(0,T,L2(Γ))

)
+

∆t2T2C2
4

βα2
2

(
1

4
+ 2L0

)(
‖vtt‖L2(0,T,L2(Γ)) + ‖wtt‖L2(0,T,L2(Γ))

)2

exp

(
2TL0

α2

)
·

Finally,

N∑
n=1

∆t

∫
Ωe

|∇ene |2 +
N∑
n=1

∆t

∫
Ωi

|∇eni |2 ≤ C6∆t2
(
‖vtt‖L2(0,T,L2(Γ)) + ‖wtt‖L2(0,T,L2(Γ))

)2

,

where C6 = max

(
C5

β
,

T2C2
4

βα2
2

(
1

4
+ 2L0

)
exp

(
2TL0

α2

))
.

3.6.3 Convergence Analysis of FBE Method

We next obtain an error estimate for the FBE method given in (3.22)-(3.24). The

nonlinear terms in f and g are now handled explicitely, which requires some changes in

the derivation. The stability condition is slightly modified compared to the BE scheme.

Further, the error estimate possesses an extra term in ∆t2−ε for any ε > 0.

By subtracting equation (3.22) from equation (3.10), we have on account of (3.47),∫
Ωe

σe∇ene · ∇ϕe −
∫

Γ

[
vn − vn−1

∆t
− vt(tn)

]
ϕe −

∫
Γ

[f(vn−1, wn−1)− f(v(tn), w(tn))]ϕe

=

∫
Ωe

(In−1
e,stim − Ie,stim(tn))ϕe · (3.65)

Using Taylor’s series, we have

vt(tn) =
v(tn)− v(tn−1)

∆t
+

∆t

2
vtt(ξ

n)· (3.66)

where ξn, is some point between tn−1 and tn. Combining (3.65) and (3.66), and taking

into consideration (3.47), we write∫
Ωe

σe∇ene · ∇ϕe −
∫

Γ

[
en − en−1

∆t

]
ϕe =

∫
Γ

[f(vn−1, wn−1)− f(v(tn−1), w(tn−1))]ϕe

+

∫
Γ

[f(v(tn−1), w(tn−1))− f(v(tn), w(tn))]ϕe −
∆t

2

∫
Γ

vtt(ξ
n)ϕe

+

∫
Ωe

[In−1
e,stim − Ie,stim(tn−1)]ϕe + [Ie,stim(tn−1)− Ie,stim(tn)]ϕe· (3.67)
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Similarly, we have on Ωi∫
Ωi

σi∇eni · ∇ϕi +

∫
Γ

[
en − en−1

∆t

]
ϕi = −

∫
Γ

[f(vn−1, wn−1)− f(v(tn−1), w(tn−1))]ϕi

−
∫

Γ

[f(v(tn−1), w(tn−1))− f(v(tn), w(tn))]ϕi +
∆t

2

∫
Γ

vtt(ξ
n)ϕi

+

∫
Ωi

[In−1
i,stim − Ii,stim(tn−1)]ϕi +

∫
Ωi

[Ii,stim(tn−1)− Ii,stim(tn)]ϕi·(3.68)

Adding up the equations (3.67) and (3.68) we have∫
Ωe

σe∇ene · ∇ϕe +

∫
Ωi

σi∇eni · ∇ϕi +

∫
Γ

[
en − en−1

∆t

]
(ϕi − ϕe)

= −
∫

Γ

[f(vn−1, wn−1)− f(v(tn−1), w(tn−1))](ϕi − ϕe)

−
∫

Γ

[f(v(tn−1), w(tn−1))− f(v(tn), w(tn))](ϕi − ϕe)

+
∆t

2

∫
Γ

vtt(ξ
n)(ϕi − ϕe) +

∫
Ωi

[Ii,stim(tn−1)− Ii,stim(tn)]ϕi

+

∫
Ωe

[Ie,stim(tn−1)− Ie,stim(tn)]ϕe· (3.69)

Further, by subtracting equation (3.21) from equation (3.12), we have on account of

(3.53) and (3.66),∫
Γ

(enw − en−1
w )ψ = ∆t

∫
Γ

(g(vn−1, wn−1)− g(v(tn), w(tn)))ψ +
∆t2

2

∫
Γ

wtt(ξ
n
1 )ψ,

then∫
Γ

(enw − en−1
w )ψ = ∆t

∫
Γ

(g(vn−1, wn−1)− g(v(tn−1), w(tn−1)))ψ +
∆t2

2

∫
Γ

wtt(ξ
n
1 )ψ

+ ∆t

∫
Γ

(g(v(tn−1), w(tn−1))− g(v(tn), w(tn)))ψ· (3.70)

3.6.4 A Priori Error Estimates

The following a priori estimates hold for en, eni , ene and enw,

Proposition 3.6.3. Let ε > 0 be fixed. Assume that v, w ∈ C2([0,T]; L2(Γ)), ‖e0‖L2(Γ) =

0, and ‖e0
w‖L2(Γ) = 0, and that there exist constants 0 < α3 < 1 and 0 < α4 < β such
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that ∆t < min

(
1,

1− α3

1
α

+ 4L0 + 1
2

)
and ∆tε < 2α(β − α4). Then

‖en‖L2(Γ) + ‖enw‖L2(Γ) ≤ ∆tC15

(
‖vtt‖2

L2(0,T,L2(Γ)) + ‖wtt‖2
L2(0,T,L2(Γ))

) 1
2

exp

(
TC9

2α3

)
+ ∆tC16

(
‖vt‖2

L2(0,T,L2(Γ)) + ‖wt‖2
L2(0,T,L2(Γ))

) 1
2

exp

(
TC9

2α3

)
+ ∆t1−

ε
2C17 exp

(
TC9

2α3

)
, (3.71)

N∑
n=1

∆t

∫
Ωe

|∇ene |2 +
N∑
n=1

∆t

∫
Ωi

|∇eni |2 ≤ C23∆t2
(
‖vtt‖2

L2(0,T,L2(Γ)) + ‖wtt‖2
L2(0,T,L2(Γ))

)
+ C24∆t2

(
‖vt‖2

L2(0,T,L2(Γ)) + ‖wt‖2
L2(0,T,L2(Γ))

)
+ C25∆t2−ε, (3.72)

for some constants Ci > 0, i ∈ {9, 15, 16, 17, 23, 24, 25}, provided T = N∆t,

L0 = max(Lf ,Lg) and α is as in (2.82).

Proof. Let us start with the inequality (3.71). Setting ϕi = eni and ϕe = ene in (3.69), we

have

∆t

∫
Ωe

β|∇ene |2 + ∆t

∫
Ωi

β|∇eni |2 +

∫
Γ

|en|2 −
∫

Γ

en−1en

≤ − ∆t

∫
Γ

[f(vn−1, wn−1)− f(v(tn−1), w(tn−1))]en

− ∆t

∫
Γ

[f(v(tn−1), w(tn−1))− f(v(tn), w(tn))]en

+
∆t2

2

∫
Γ

vtt(ξ
n)en + ∆t

∫
Ωi

[Ii,stim(tn−1)− Ii,stim(tn)]eni

+ ∆t

∫
Ωe

[Ie,stim(tn−1)− Ie,stim(tn)]ene ·

Considering (3.14), (3.16) and (3.17), it follows that

∆t

∫
Ωe

β|∇ene |2 + ∆t

∫
Ωi

β|∇eni |2 +

∫
Γ

|en|2 ≤
∫

Γ

|en−1en|+ ∆t

∫
Γ

Lf |vn−1 − v(tn−1)||en|

+ ∆t

∫
Γ

Lf |wn−1 − w(tn−1)||en|+ ∆t

∫
Γ

Lf |v(tn−1)− v(tn)||en|

+ ∆t

∫
Γ

Lf |w(tn−1)− w(tn)||en|+ ∆t2

2

∫
Γ

|vtt(ξn)en|+ ∆t2
∫

Ωi

Li|eni |

+ ∆t2
∫

Ωe

Le|ene |· (3.73)
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Considering (3.49) and applying Young’s inequality to the last two terms of (3.73), yield,

∆t

∫
Ωe

β|∇ene |2 + ∆t

∫
Ωi

β|∇eni |2 +

∫
Γ

|en|2 ≤
∫

Γ

|en−1en|+ ∆t

∫
Γ

L0|en−1en|

+ ∆t

∫
Γ

L0|en−1
w en|+ ∆t2

∫
Γ

L0|vt(δn1 )en|+ ∆t2
∫

Γ

L0|wt(δn2 )en|

+
∆t2

2

∫
Γ

|vtt(ξn)en|+ ∆t3−εL2
1|Ωi|

2
+

∆t3−εL2
1|Ωe|

2

+
∆t1+ε

2

(∫
Ωi

|eni |2 +

∫
Ωe

|ene |2
)
, (3.74)

for any fixed ε > 0, where δni = δni (x), i = 1, 2, x ∈ Γ, are some points between

tn−1 and tn. The notations |Ωi| and |Ωe| stand for the Lebesgue measure of Ωi and Ωe,

respectively. Considering the inequality (2.83) resulting from Petree-Tartar Lemma 2.3.1,

(3.74) becomes

∆t

∫
Ωe

β|∇ene |2 + ∆t

∫
Ωi

β|∇eni |2 +

∫
Γ

|en|2 ≤
∫

Γ

|en−1en|+ ∆t

∫
Γ

L0|en−1en|

+ ∆t

∫
Γ

L0|en−1
w en|+ ∆t2

∫
Γ

L0|vt(δn1 )en|+ ∆t2
∫

Γ

L0|wt(δn2 )en|

+
∆t2

2

∫
Γ

|vtt(ξn)en|+ ∆t3−εL2
1|Ωe|

2
+

∆t3−εL2
1|Ωi|

2

+ C7∆t1+ε

∫
Ωe

|∇ene |2 + C7∆t1+ε

∫
Ωi

|∇eni |2 + C7∆t1+ε

∫
Γ

|en|2, (3.75)

for C7 =
1

2α
> 0. Applying Cauchy-Schwarz inequality to (3.75), it follows that

(β − C7∆tε)

(
∆t

∫
Ωe

|∇ene |2 + ∆t

∫
Ωi

|∇eni |2
)

+

∫
Γ

|en|2 ≤ ‖en−1‖L2(Γ)‖en‖L2(Γ)

+ ∆tL0‖en−1‖L2(Γ)‖en‖L2(Γ) + ∆tL0‖en−1
w ‖L2(Γ)‖en‖L2(Γ)

+ ∆t2L0‖vt(δn1 )‖L2(Γ)‖en‖L2(Γ) + ∆t2L0‖wt(δn2 )‖L2(Γ)‖en‖L2(Γ)

+
∆t2

2
‖vtt(ξn)‖L2(Γ)‖en‖L2(Γ) +

∆t3−εL2
1|Ωe|

2
+

∆t3−εL2
1|Ωi|

2
+ C7∆t‖en‖2

Γ.
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provided ∆t < 1. Using the constant α4 from the hypothesis, we write

α4∆t

∫
Ωe

|∇ene |2 + α4∆t

∫
Ωi

|∇eni |2 +

∫
Γ

|en|2 ≤ ‖en−1‖L2(Γ)‖en‖L2(Γ)

+ ∆tL0‖en−1‖L2(Γ)‖en‖L2(Γ) + ∆tL0‖en−1
w ‖L2(Γ)‖en‖L2(Γ)

+ ∆t2L0‖vt(δn1 )‖L2(Γ)‖en‖L2(Γ) + ∆t2L0‖wt(δn2 )‖L2(Γ)‖en‖L2(Γ)

+
∆t2

2
‖vtt(ξn)‖L2(Γ)‖en‖L2(Γ) +

∆t3−εL2
1|Ωe|

2
+

∆t3−εL2
1|Ωi|

2
+ C7∆t‖en‖2

Γ·

It follows that

‖en‖2
L2(Γ) ≤ ‖en−1‖L2(Γ)‖en‖L2(Γ) + ∆tL0‖en−1‖L2(Γ)‖en‖L2(Γ) + ∆tL0‖en−1

w ‖L2(Γ)‖en‖L2(Γ)

+ ∆t2L0‖vt(δn1 )‖L2(Γ)‖en‖L2(Γ) + ∆t2L0‖wt(δn2 )‖L2(Γ)‖en‖L2(Γ)

+
∆t2

2
‖vtt(ξn)‖L2(Γ)‖en‖L2(Γ) +

∆t3−εL2
1|Ωe|

2
+

∆t3−εL2
1|Ωi|

2
+ C7∆t‖en‖2

Γ.

(3.76)

Further, setting ϕ = enw in (3.70), using (3.15) and Cauchy-Schwarz inequality, we have

‖enw‖2
L2(Γ) ≤ ‖en−1

w ‖L2(Γ)‖enw‖L2(Γ) + ∆tL0‖en−1‖L2(Γ)‖enw‖L2(Γ) + ∆tL0‖en−1
w ‖L2(Γ)‖enw‖L2(Γ)

+
∆t2

2
‖wtt(ξn1 )‖L2(Γ)‖enw‖L2(Γ) + ∆t2L0‖vt(δn3 )‖L2(Γ)‖enw‖L2(Γ)

+ ∆t2L0‖wt(δn4 )‖L2(Γ)‖enw‖L2(Γ)· (3.77)

Adding up the inequalities (3.76) and (3.77) and using the Young’s inequality, we have

‖en‖2
L2(Γ) + ‖enw‖2

L2(Γ) ≤ ‖en−1‖2
L2(Γ) + ‖en−1

w ‖2
L2(Γ) + 2∆tL0

(
‖en−1‖2

L2(Γ) + ‖en−1
w ‖2

L2(Γ)

)
+ C8∆t

(
‖en‖2

L2(Γ) + ‖enw‖2
L2(Γ)

)
+

∆t3

2
‖vtt(ξn)‖2

L2(Γ)

+
∆t3

2
‖wtt(ξn1 )‖2

L2(Γ) + ∆t3L0

(
‖vt(δn1 )‖2

L2(Γ) + ‖vt(δn3 )‖2
L2(Γ)

)
+ ∆t3L0

(
‖wt(δn2 )‖2

L2(Γ) + ‖wt(δn4 )‖2
L2(Γ)

)
+ ∆t3−εL2

1|Ωe|+ ∆t3−εL2
1|Ωi|, (3.78)

for some constant C8 =
(

1
α

+ 4L0 + 1
2

)
> 0. Assuming ‖e0‖L2(Γ) = 0 and ‖e0

w‖L2(Γ) = 0,
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and summing from 1 to n we write

(1− C8∆t)
(
‖en‖2

L2(Γ) + ‖enw‖2
L2(Γ)

)
≤ C9∆t

n−1∑
k=1

(
‖ek‖2

L2(Γ) + ‖ekw‖2
L2(Γ)

)
+ C10∆t2

(
‖vtt‖2

L2(0,T,L2(Γ)) + ‖wtt‖2
L2(0,T,L2(Γ))

)
+ C11∆t2

(
‖vt‖2

L2(0,T,L2(Γ)) + ‖wt‖2
L2(0,T,L2(Γ))

)
+ ∆t2−εL2

1T|Ωe|+ ∆t2−εL2
1T|Ωi|,

for some constants C9, C10, C11 > 0. Using the constant α3 from the hypothesis, we

have

‖en‖2
L2(Γ) + ‖enw‖2

L2(Γ) ≤
C9∆t

α3

n−1∑
k=1

(
‖ek‖2

L2(Γ) + ‖ekw‖2
L2(Γ)

)
+ C12∆t2

(
‖vtt‖2

L2(0,T,L2(Γ)) + ‖wtt‖2
L2(0,T,L2(Γ))

)
+ C13∆t2

(
‖vt‖2

L2(0,T,L2(Γ)) + ‖wt‖2
L2(0,T,L2(Γ))

)
+ C14∆t2−ε, (3.79)

for some constants C12, C13 > 0, and C14 =
L2

1T

α3

(|Ωi|+ |Ωe|) > 0. Applying Lemma 3.6.1,

we obtain

‖en‖2
L2(Γ) + ‖enw‖2

L2(Γ) ≤ ∆t2C12

(
‖vtt‖2

L2(0,T,L2(Γ)) + ‖wtt‖2
L2(0,T,L2(Γ))

)
exp

(
TC9

α3

)
+ ∆t2C13

(
‖vt‖2

L2(0,T,L2(Γ)) + ‖wt‖2
L2(0,T,L2(Γ))

)
exp

(
TC9

α3

)
+ C14∆t2−ε exp

(
TC9

α3

)
· (3.80)

Finally,

‖en‖L2(Γ) + ‖enw‖L2(Γ) ≤ ∆tC15

(
‖vtt‖2

L2(0,T,L2(Γ)) + ‖wtt‖2
L2(0,T,L2(Γ))

) 1
2

exp

(
TC9

2α3

)
+ ∆tC16

(
‖vt‖2

L2(0,T,L2(Γ)) + ‖wt‖2
L2(0,T,L2(Γ))

) 1
2

exp

(
TC9

2α3

)
+ ∆t1−

ε
2C17 exp

(
TC9

2α3

)
,

for some constants Ci > 0, i ∈ {15, 16, 17}.
Let us prove the inequality (3.72). Adding up the inequalities (3.76) and (3.77) and using
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Young’s inequality, we have

α4∆t

∫
Ωe

|∇ene |2 + α4∆t

∫
Ωi

|∇eni |2 ≤
1

2
‖en−1‖2

L2(Γ) +
1

2
‖en−1

w ‖2
L2(Γ) −

1

2
‖en‖2

L2(Γ)

− 1

2
‖enw‖2

L2(Γ) + C18∆t
(
‖en‖2

L2(Γ) + ‖enw‖2
L2(Γ)

)
+ ∆tL0

(
‖en−1‖2

L2(Γ) + ‖en−1
w ‖2

L2(Γ)

)
+

∆t3

4

(
‖vtt(ξn)‖2

L2(Γ) + ‖wtt(ξn1 )‖2
L2(Γ)

)
+

∆t3L0

2

(
‖vt(δn1 )‖2

L2(Γ) + ‖vt(δn3 )‖2
L2(Γ)

)
+

∆t3L0

2

(
‖wt(δn2 )‖2

L2(Γ) + ‖wt(δn4 )‖2
L2(Γ)

)
+

∆t3−εL2
1|Ωe|

2
+

∆t3−εL2
1|Ωi|

2
, (3.81)

for some constant C18 > 0. Assuming that ‖e0‖L2(Γ) = 0 and ‖e0
w‖L2(Γ) = 0 and summing

(3.81) from 1 to N yield

N∑
n=1

∆t

∫
Ωe

|∇ene |2 +
N∑
n=1

∆t

∫
Ωi

|∇eni |2 ≤ C19∆t
N∑
n=1

(
‖en‖2

L2(Γ) + ‖enw‖2
L2(Γ)

)
+ C20∆t2

(
‖vtt‖2

L2(0,T,L2(Γ)) + ‖wtt‖2
L2(0,T,L2(Γ))

)
+ C21∆t2

(
‖vt‖2

L2(0,T,L2(Γ)) + ‖wt‖2
L2(0,T,L2(Γ))

)
+ C22∆t2−ε,

for some constants C19, C20, C21 > 0 and C22 =
L2

1T

2α4

(|Ωi|+ |Ωe|) > 0. Considering

the a priori estimate (3.71), we obtain

N∑
n=1

∆t

∫
Ωe

|∇ene |2 +
N∑
n=1

∆t

∫
Ωi

|∇eni |2 ≤ C23∆t2
(
‖vtt‖2

L2(0,T,L2(Γ)) + ‖wtt‖2
L2(0,T,L2(Γ))

)
+ C23∆t2

(
‖vt‖2

L2(0,T,L2(Γ)) + ‖wt‖2
L2(0,T,L2(Γ))

)
+ C23∆t2−ε, (3.82)

for some constant C23 > 0.

Remark 3.6.5. The choice of the stimulation currents, In−1
i,stim and In−1

e,stim at time tn−1 in
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the FBE scheme, yields only the convergence rate

‖en‖L2(Γ) + ‖enw‖L2(Γ) = O(∆t1−
ε
2 ),

(
N∑
n=1

∆t

∫
Ωe

|∇ene |2 +
N∑
n=1

∆t

∫
Ωi

|∇eni |2
) 1

2

= O(∆t1−
ε
2 ),

for a fixed ε > 0. One can avoid this order reduction by considering in the discretization,

the stimulation currents Ini,stim and Ine,stim at time tn instead of In−1
i,stim and In−1

e,stim at time

tn−1.

3.6.6 Convergence Analysis of BDF2 Scheme

Finally, we derive an error estimate for the BDF2 method (3.32)-(3.34). The approxima-

tion of the time derivative, ∂v
∂t

, using the current value vn and two previously computed

approximations vn−1 and vn−2 in the BDF2 scheme, requires the analysis of a three-term

recurrence compared to the two-term recurrence needed for the BE method. The finite

difference in time appearing on the interface Γ needs to be treated with care. The stabil-

ity condition is of the same type as that of the BE method. However, the error estimates

exhibit third order derivative with respect to time of the variables v and w.

By subtracting equation (3.32) from equation (3.10), we have on account of (3.47),∫
Ωe

σe∇ene · ∇ϕe −
∫

Γ

[
3vn − 4vn−1 + vn−2

2∆t
− vt(tn)

]
ϕe

−
∫

Γ

[f(vn, wn)− f(v(tn), w(tn)]ϕe =

∫
Ωe

(Ine,stim − Ie,stim(tn))ϕe ·

(3.83)

Using Taylor’s series, we have

vt(tn) =
3v(tn)− 4v(tn−1) + v(tn−2)

2∆t
+

∆t2

3
vttt(ξ

n), (3.84)

where ξn is some point between tn−2 and tn.

Replacing (3.84) in (3.83), we write∫
Ωe

σe∇ene · ∇ϕe −
∫

Γ

[
3en − 4en−1 + en−2

2∆t

]
ϕe −

∫
Γ

[f(vn, wn)− f(v(tn), w(tn))]ϕe

= −
∫

Γ

∆t2

3
vttt(ξ

n)ϕe. (3.85)
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Similarly,∫
Ωi

σi∇eni · ∇ϕi +

∫
Γ

[
3en − 4en−1 + en−2

2∆t

]
ϕi +

∫
Γ

[f(vn, wn)− f(v(tn), w(tn))]ϕi

=

∫
Γ

∆t2

3
vttt(ξ

n
3 )ϕi. (3.86)

Adding equations (3.85) and (3.86), we write∫
Ωe

σe∇ene · ∇ϕe +

∫
Ωi

σi∇eni · ∇ϕi +

∫
Γ

[
3en − 4en−1 + en−2

2∆t

]
(ϕi − ϕe)

+

∫
Γ

[f(vn, wn)− f(v(tn), w(tn))] (ϕi − ϕe)

=

∫
Γ

∆t2

3
vttt(ξ

n
3 )(ϕi − ϕe) · (3.87)

Similarly, by subtracting equation (3.34) from equation (3.12), we have on account of

(3.53) and (3.84),∫
Γ

(3enw − 4en−1
w + en−2

w )ϕ = 2∆t

∫
Γ

(g(vn, wn)− g(v(tn), w(tn))ϕ+
2∆t3

3

∫
Γ

wttt(ξ
n
4 )ϕ.

(3.88)

3.6.7 A priori estimates

The following a priori estimates hold on en, eni ,ene and enw.

Proposition 3.6.4. Let n ∈ {1, 2, · · · , N}. Assume that v, w ∈ C3([0,T]; L2(Γ)),

‖e0‖L2(Γ) = 0, and ‖e0
w‖L2(Γ) = 0, and that there exists a constant 0 < α5 < 1 such

that ∆t <
1− α5

2
3

+ 8L0

· Then, the following a priori estimates hold

‖en‖L2(Γ) + ‖enw‖L2(Γ) ≤ C28∆t2
(
‖vtt(ξ1

1)‖L2(Γ) + ‖wtt(ξ1
2)‖L2(Γ)

)
exp

(
TC25

2α5

)
+ C29∆t2

(
‖vttt‖L2(0,T,L2(Γ)) + ‖wttt‖L2(0,T,L2(Γ))

)
exp

(
TC25

2α5

)
·

(3.89)

N∑
n=2

∆t

(∫
Ωe

|∇ene |2 +

∫
Ωi

|∇eni |2
)
≤ C30∆t4

(
‖vttt‖L2(0,T,L2(Γ)) + ‖wttt‖L2(0,T,L2(Γ))

)2

+

C31∆t4
(
‖vtt(ξ1

1)‖L2(Γ) + ‖wtt(ξ1
2)‖L2(Γ)

)2
, (3.90)
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for some constants C28, C29, C30, C31 > 0, and ξ1
i = ξ1

i (x), x ∈ Γ, i = 1, 2, are some

points between t0 and t1.

Proof. Let us start with the inequality (3.89). Setting ϕi = eni and ϕe = ene in (3.87), we

have

4∆t

∫
Ωe

σe|∇ene |2 + 4∆t

∫
Ωi

σi|∇eni |2 +

∫
Γ

(
6en − 8en−1 + 2en−2

)
en

+ 4∆t

∫
Γ

[f(vn, wn)− f(v(tn), w(tn))]en =
4∆t3

3

∫
Γ

vttt(ξ
n
3 )en·

Using the identity,(
6en − 8en−1 + 2en−2

)
en = (en)2 − (en−1)2 + (2en − en−1)2 − (2en−1 − en−2)2

+ (en − 2en−1 + en−2)2, (3.91)

it follows that

4β∆t

∫
Ωe

|∇ene |2 + 4β∆t

∫
Ωi

|∇eni |2 + ‖en‖2
L2(Γ) − ‖en−1‖2

L2(Γ) + ‖2en − en−1‖2
L2(Γ)

− ‖2en−1 − en−2‖2
L2(Γ) + ‖en − 2en−1 + en−2‖2

L2(Γ)

≤ 4∆tLf‖en‖2
L2(Γ) + 4∆tLf‖en‖L2(Γ)‖enw‖L2(Γ)

+
4∆t3

3
‖vttt(ξn3 )‖L2(Γ)‖en‖L2(Γ)· (3.92)

We deduce from the previous inequality that,

‖en‖2
L2(Γ) − ‖en−1‖2

L2(Γ) + ‖2en − en−1‖2
L2(Γ) − ‖2en−1 − en−2‖2

L2(Γ)

≤ 4∆tLf‖en‖2
L2(Γ) + 4∆tLf‖en‖L2(Γ)‖enw‖L2(Γ)

+
4∆t3

3
‖vttt(ξn3 )‖L2(Γ)‖en‖L2(Γ)· (3.93)

Setting ϕ = enw in (3.88), considering (3.15) and the identity (3.91), we write

‖enw‖2
L2(Γ) − ‖en−1

w ‖2
L2(Γ) + ‖2enw − en−1

w ‖2
L2(Γ) − ‖2en−1

w − en−2
w ‖2

L2(Γ)

+ ‖enw − 2en−1
w + en−2

w ‖2
L2(Γ)

≤ 4∆tLg‖enw‖2
L2(Γ) + 4∆tLg‖en‖L2(Γ)‖enw‖L2(Γ)

+
4∆t3

3
‖wttt(ξn4 )‖L2(Γ)‖enw‖L2(Γ)· (3.94)
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Then,

‖enw‖2
L2(Γ) − ‖en−1

w ‖2
L2(Γ) + ‖2enw − en−1

w ‖2
L2(Γ) − ‖2en−1

w − en−2
w ‖2

L2(Γ)

≤ 4∆tLg‖enw‖2
L2(Γ) + 4∆tLg‖en‖L2(Γ)‖enw‖L2(Γ)

+
4∆t3

3
‖wttt(ξn4 )‖L2(Γ)‖enw‖L2(Γ)· (3.95)

Adding up the inequalities (3.93) and (3.95) and using Young’s inequality, give

‖en‖2
L2(Γ) + ‖enw‖2

L2(Γ) − ‖en−1‖2
L2(Γ) − ‖en−1

w ‖2
L2(Γ) + ‖2en − en−1‖2

L2(Γ)

+ ‖2enw − en−1
w ‖2

L2(Γ) − ‖2en−1 − en−2‖2
L2(Γ) − ‖2en−1

w − en−2
w ‖2

L2(Γ)

≤ C25∆t
(
‖en‖2

L2(Γ) + ‖enw‖2
L2(Γ)

)
+

2∆t5

3

(
‖vttt(ξn3 )‖2

L2(Γ) + ‖wttt(ξn4 )‖2
L2(Γ)

)
, (3.96)

where C25 =
(

2
3

+ 8L0

)
> 0.

Summing up the previous inequality for 2 ≤ k ≤ n ≤ N, we have

‖en‖2
L2(Γ) + ‖enw‖2

L2(Γ) + ‖2en − en−1‖2
L2(Γ) + ‖2enw − en−1

w ‖2
L2(Γ)

≤ ‖e1‖2
L2(Γ) + ‖e1

w‖2
L2(Γ) + ‖2e1 − e0‖2

L2(Γ) + ‖2e1
w − e0

w‖2
L2(Γ)

+
n∑
k=2

C25∆t
(
‖ek‖2

L2(Γ) + ‖ekw‖2
L2(Γ)

)
+

2∆t5

3

n∑
k=2

(
‖vttt(ξn3 )‖2

L2(Γ) + ‖wttt(ξn4 )‖2
L2(Γ)

)
·

Using ‖e0‖L2(Γ) = 0 and ‖e0
w‖L2(Γ) = 0, we obtain

(1− C25∆t)
(
‖en‖2

L2(Γ) + ‖enw‖2
L2(Γ)

)
≤ 3

(
‖e1‖2

L2(Γ) + ‖e1
w‖2

L2(Γ)

)
+

n−1∑
k=1

C25∆t
(
‖ek‖2

L2(Γ) + ‖ekw‖2
L2(Γ)

)
+

2∆t4

3

(
‖vttt‖2

L2(0,T,L2(Γ)) + ‖wttt‖2
L2(0,T,L2(Γ))

)
· (3.97)

Second order BDF scheme is reduced to BE scheme in the first time step. Therefore, the

term ‖e1‖2
L2(Γ) + ‖e1

w‖2
L2(Γ) in (3.97) can be bounded using the inequality (3.62), that is,

(1−∆tL0)
(
‖e1‖L2(Γ) + ‖e1

w‖L2(Γ)

)
≤ ∆t2

2

(
‖vtt(ξ1

1)‖L2(Γ) + ‖wtt(ξ1
2)‖L2(Γ)

)
,
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where ξ1
i = ξ1

i (x), x ∈ Γ, i = 1, 2, are some points between t0 and t1. Using the constant

α2 from Proposition 3.6.2, we write

‖e1‖L2(Γ) + ‖e1
w‖L2(Γ) ≤

∆t2

2α2

(
‖vtt(ξ1

1)‖L2(Γ) + ‖wtt(ξ1
2)‖L2(Γ)

)
· (3.98)

Replacing (3.98) in the inequality (3.97) yields,

(1− C25∆t)
(
‖en‖2

L2(Γ) + ‖enw‖2
L2(Γ)

)
≤ 3∆t4

4α2
2

(
‖vtt(ξ1

1)‖L2(Γ) + ‖wtt(ξ1
2)‖L2(Γ)

)2

+
n−1∑
k=1

C25∆t
(
‖ek‖2

L2(Γ) + ‖ekw‖2
L2(Γ)

)
+

2∆t4

3

(
‖vttt‖2

L2(0,T,L2(Γ))

)
+

2∆t4

3

(
‖wttt‖2

L2(0,T,L2(Γ))

)
·

Using the constant α5 from the hypothesis, it follows that

‖en‖2
L2(Γ) + ‖enw‖2

L2(Γ) ≤
3∆t4

4α2
2α5

(
‖vtt(ξ1

1)‖L2(Γ) + ‖wtt(ξ1
2)‖L2(Γ)

)2

+
n−1∑
k=1

C25∆t

α5

(
‖ek‖2

L2(Γ) + ‖ekw‖2
L2(Γ)

)
+

2∆t4

3α5

(
‖vttt‖2

L2(0,T,L2(Γ)) + ‖wttt‖2
L2(0,T,L2(Γ))

)
·

Applying Lemma 3.6.1, we obtain

‖en‖2
L2(Γ) + ‖enw‖2

L2(Γ) ≤ C26∆t4
(
‖vtt(ξ1

1)‖L2(Γ) + ‖wtt(ξ1
2)‖L2(Γ)

)2
exp

(
TC25

α5

)
+ C27∆t4

(
‖vttt‖L2(0,T,L2(Γ)) + ‖wttt‖L2(0,T,L2(Γ))

)2

exp

(
TC25

α5

)
, (3.99)

for some constants Ci > 0, i = 26, 27. Finally,

‖en‖L2(Γ) + ‖enw‖L2(Γ) ≤ C28∆t2
(
‖vtt(ξ1

1)‖L2(Γ) + ‖wtt(ξ1
2)‖L2(Γ)

)
exp

(
TC25

2α5

)
+ C29∆t2

(
‖vttt‖L2(0,T,L2(Γ)) + ‖wttt‖L2(0,T,L2(Γ))

)
exp

(
TC25

2α5

)
,

for some constants Ci > 0, i = 28, 29.

Now, we are in position of proving the inequality (3.90). Applying Young’s inequality

to the sum of (3.92) and (3.94) and summing up from 2 to N , the resulting inequality
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yield,

4β
N∑
n=2

∆t

∫
Ωe

|∇ene |2 + 4β
N∑
n=2

∆t

∫
Ωi

|∇eni |2 + ‖eN‖2
L2(Γ) + ‖eNw ‖2

L2(Γ) + ‖2eN − eN−1‖2
L2(Γ)

+ ‖2eNw − eN−1
w ‖2

L2(Γ) − 3‖e1‖2
L2(Γ) − 3‖e1

w‖2
L2(Γ)

≤ 2∆t5

3

N∑
n=2

(
‖vttt(ξn3 )‖2

L2(Γ) + ‖wttt(ξn4 )‖2
L2(Γ)

)
+ C25∆t

N∑
n=2

(
‖en‖2

L2(Γ) + ‖enw‖2
L2(Γ)

)
,

using ‖e0‖L2(Γ) = 0 and ‖e0
w‖L2(Γ) = 0.

Condidering (3.98) and (3.99) yield

N∑
n=2

∆t

∫
Ωe

|∇ene |2 +
N∑
n=2

∆t

∫
Ωi

|∇eni |2 ≤ C30∆t4
(
‖vttt‖L2(0,T,L2(Γ)) + ‖wttt‖L2(0,T,L2(Γ))

)2

+ C31∆t4
(
‖vtt(ξ1

1)‖L2(Γ) + ‖wtt(ξ1
2)‖L2(Γ)

)2
,

for some constants C30, C31 > 0 and ξ1
i = ξ1

i (x), i = 1, 2, x ∈ Γ, are some point between

t0 and t1.

3.7 Resolution of the Linear and Nonlinear Alge-

braic Systems

In this section, we consider a spatial discretization of the model through finite element

methods. Our choice falls on the standard Pd Lagrange finite element method [20]. Let

Th be a partition of the domain Ω into triangular elements. In this context the parameter

h corresponds to the maximal size of the elements in the triangulation Th. Let us assume

that the partition Th = Tih ∪ Teh, where Tih and Teh are triangular element meshes of Ωi

and Ωe, respectively, and Tih ∩ Teh = ∅. The meshes Tih and Teh can be conformal or

nonconformal on the interface Γ.

Let us define the following space of continuous piecewise linear functions:

Wh =
{

(ui, ue) ∈ C(Ωi)× C(Ωe) : ui|K ∈ Pd(K), ∀K ∈ Tih; ue|K ∈ Pd(K), ∀K ∈ Teh
}
,

where Pd(K) is the set of polynomials in two variables, with real coefficients and of degree

at most d on K. Let us assume that {xk}16k6Nh is the set of all geometrical nodes of
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the mesh. Let {(Φi,l,Φe,k), 1 6 l 6 Nih, 1 6 k 6 Neh} be a basis of the space Wh, where

Neh and Nih are the total number of vertices of the elements in Teh and Tih, respectively,

Nh = Neh + Nih. The basis function (Φi,l,Φe,k) is associated with the vertices xl and xk,

for 1 6 l 6 Nih and 1 6 k 6 Neh, respectively. It satifies the following conditions:

Φi,l(xj) = δlj, 1 6 l, j 6 Nih,

Φe,k(xj) = δkj, 1 6 k, j 6 Neh·

Let {Φj, 1 6 j 6 NΓ
h} be the basis function associated with the vertices {xj}16j6NΓ

h
,

where NΓ
h is the total number of vertices of the elements on Γ. We are now in position to

address the fully discretized problem based on the variational formulation of the previous

section. We focus on the BE and FBE methods, for which we transform the system into

matrix forms. Discrete problems using the BDF2 and SBDF2 methods can also be

presented in matrix forms with similar structures.

3.7.1 Backward Euler Method

Recall that for any element K ∈ Th = Tih ∪ Teh, if xl is not a vertex of K, then we have

Φi,l(x) = 0 = Φe,l(x) for all x ∈ K. By setting for n ∈ {0, 1, · · · , N},

uni =

Nih∑
j=1

uni,jΦi,j, une =

Neh∑
j=1

une,jΦe,j, wn =

NΓ
h∑

j=1

wnj Φj,

vn = (uni − une )|Γ, ϕi = Φi,l, ϕe = Φe,l ϕ = Φl,

we can rewrite the equations (3.19)- (3.20) under the following matrix form:

AUn = Fn,

A =

(
Ai Mie

Mei Ae

)
, Un =

(
Un
i

Un
e

)
, Fn =

(
Fni
Fne

)
,

where

(Ai)lj =

∫
Ωi

σi∇Φi,j · ∇Φi,l +
1

∆t

∫
Γ

Φi,jΦi,l, 1 6 j, l 6 Nih,

(Mie)lj = − 1

∆t

∫
Γ

Φe,jΦi,l, 1 6 j 6 Neh, 1 6 l 6 Nih,

Un
i =

(
uni,1, · · · , uni,Nih

)T
, Un

e =
(
une,1, · · · , une,Neh

)T
,

(Fni )l =

∫
Ωi

Ini,stimΦi,l −
∫

Γ

f(vnh , w
n
h)Φi,l +

1

∆t

∫
Γ

vn−1
h Φi,l, 1 6 l 6 Nih·
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Simirlarly, (Ae)lj, (Mei)lj and Fne are obtained by replacing Φi,j, Φi,l, Φe,j and Ωi by Φe,j,

Φe,l,Φi,j and Ωe, respectively.

Given an initial guess Un,0, we use Picard’s iterative method to solve the system

AUn,k = Fn,k−1, 1 6 k 6 m,

where Fn,k−1 is obtained from Fn by replacing vn and wn by vn,k−1 and wn,k−1, respec-

tively. The variable wn,k is updated by solving the system

MΓw
n,k = Gn,k−1, 1 6 k 6 m, (3.100)

where

(MΓ)lj =
1

∆t

∫
Γ

ΦjΦl, 1 6 j, l 6 NΓ
h(

Gn,k−1
)
l

=

∫
Γ

g(vn,k−1
h , wn,k−1

h )Φl +
1

∆t

∫
Γ

wn−1
h Φl, 1 6 l 6 NΓ

h,

wn,k =
(
wn,k1 , · · · , wn,k

NΓ
h

)T

·

We compute the L2-norm of the error between two successive iterates Un,k and Un,k−1.

We stop the iteration when it is less than the tolerance TOL = 10−10. It is worth recalling

that the convergence of Picard’s method is not guaranteed.

3.7.2 Forward Backward Euler Method

The finite element approximation of (3.22)- (3.23) reduces to solving the linear system

AUn = Fn−1, (3.101)

Fn−1 =

(
Fn−1
i

Fn−1
e

)
where the matrix A and the vector Un are defined as in the previous section. The

components of the vector Fn−1 are written as follows:

Fn−1
i =

(∫
Ωi

In−1
i,stimΦi,l −

∫
Γ

f(vn−1, wn−1)Φi,l +
1

∆t

∫
Γ

vn−1Φi,l

)
16l6Nih

,

Fn−1
e =

(∫
Ωe

In−1
e,stimΦe,l +

∫
Γ

f(vn−1, wn−1)Φe,l −
1

∆t

∫
Γ

vn−1Φe,l

)
16l6Neh

.

The variable wn is updated by solving the system of ODEs (3.24), which in matrix form

reads:

MΓW
n = Gn−1,

where MΓ is the same as in (3.100) and Gn,k−1 is replacing by Gn−1.
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3.8 Numerical Results

In this section, we perform numerical tests to verify that the order of convergence of the

numerical methods agrees with what is expected based on the above a priori analysis. We

use the method of manufactured solutions [58] to obtain a closed-form solution for the

problem (3.1)-(3.6). We compute the L2- norm errors between the manufactured solution

and the approximate solution at a fixed final time and for a given sequence of decreasing

time steps. Next, we carry out the same work for a test case with all parameters and

model data properly scaled to mimic a single cardiac cell. Numerical solutions with

larger ∆t are compared to a numerical reference solution computed with the second

order SBDF2 method using a small time step. Finally, we compare the computational

time needed both while varying the time step and to reach a certain level of error.

We consider a 2D domain consisting of an extracellular domain Ωe and a single cell Ωi.

The domains Ωi and Ωe are defined as follows, see Figure 3.1,

Ωi = (10, 110)× (10, 30) ,

Ωe = [(0, 120)× (0, 40)] \ Ωi·

The parameter values used in the simulations are given in Table 3.1. We implement our

Figure 3.1: Sketch of Ω = Ωi ∪Ωe ∪ Γ, Γ = Ωi ∩Ωe, with points A&B, C&D, and E&F.

methods using the software Freefem++ and UMFPACK for solving linear systems.
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Table 3.1: Parameter values used in the simulations.

Description Parameters Values Units References

Maximum potential vmax 40 mV [67, 71]

Resting potential vrest −85 mV [76, 32, 71]

Characteristic potential vm 125 mV

Transmembrane capacitance Cm 1 µF/cm2 [76, 67, 80]

Intracellular conductivity σi 3 mS/cm [9, 67]

Extracellular conductivity σe 20 mS/cm [67, 68]

Characteristic time T 1 ms -

Characteristic length L 10−4 cm -

3.8.1 Ionic Current Model

Our choice for the ionic model is based on a variant of the MS model described in

Section 1.3 and initially introduced by Djabella et al. [18].

∂v

∂t
= f(v, w) + Istim(t), with f(v, w) =

1

τin
wv2(1− v)− 1

τout
v, (3.102)

∂w

∂t
= g(v, w), with g(v, w) =

1

τk
[(1− wk) (1− w)− wkw] , (3.103)

τk(v, vgate) = τopen + (τclose − τopen)wk(v, vgate)

wk(v, vgate) =
1

2
(1 + tanh(k(v − vgate))),

where k is a given parameter. The regularized MS model above shares the same char-

acteristics as the standard MS model [45]. The main difference between both models

is the introduction of the parameter k. The latter will be used to control the slope

of the smooth function wk(v, vgate) seen as a regularized Heaviside function centered at

v = vgate. Throughout this chapter, we used the parameter values suggested by MS [45],

see Table 3.2. The action potentials of the standard and regularized MS models with

this set of parameters are illustrated in Figure 3.2. A value of k = 5 provides a solution

that is close to the solution of the standard MS model.

Remark 3.8.2. The function f fails to satisfy f(v, w) ∈ L2(Γ) when v and w are only

in L2(Γ), because of the quadratic and cubic terms in v. For the latter reason, f does
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not satisfy the Lipschitz condition (3.14) globally but only locally. This is good enough

for the relevance of the theoretical error estimate because the solution remains bounded.

Table 3.2: Parameter values in the MS model.

Parameters τin τout τopen τclose vgate

Values 0.3 ms 6 ms 120 ms 150 ms 0.13

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  100  200  300  400  500

v
, 
w

 t (ms)

v = ui-ue
w

(a) AP of the original MS model.
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(b) AP of the modified MS model with k = 5.

Figure 3.2: Action potential of both standard and regularized MS models.

3.8.3 Manufactured Solution

We assume that the conductivities σi and σe in the nondimensional problem (3.1)-(3.6)

are scalar. We let σi = σe = Cm = 1, and set the stimulation currents Ii,stim and Ie,stim

to zero, respectively. Considering the following activation function

δ(t) =
1

1 + e−at
,

for some real number a, a manufactured solution of (3.1)-(3.6) is given by

ui,ex(x, y, t) = 2δ(t) + ε [(x− x0) + (y − y0)] , (3.104)

ue,ex(x, y, t) = δ(t) + ε [(x− x0) + (y − y0)] , (3.105)

vex(x, y, t) = δ(t), (3.106)

wex(x, y, t) = 2δ(−t), (3.107)
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where (x0, y0) are the coordinates of the center of the cell Ωi, ε = ε(t) is a given function

that controls the magnitude of the linear pertubation z = (x−x0)+(y−y0). In our com-

putation we assume ε = 0.005, and let a = 8 to achieve a faster transient. Considering

the above manufactured solution, the problem (3.1)-(3.6) is modified with source terms

−∇ · (σi∇ui) = 0 in Ωi, (3.108)

−∇ · (σe∇ue) = 0 in Ωe, (3.109)

s(x, y, t) :=
∂v

∂t
+ f(v, w)− Im on Γ, (3.110)

σe∇ue · ne = −σi∇ui · ni = Im on Γ, (3.111)

v = ui − ue on Γ, (3.112)

σe∇ue · ne = ge on Γe · (3.113)

It follows that

s(x, y, t) = aδ(t)(1− δ(t)) + f(vex, wex)− σe∇ueex · ne,
ge(x, y, t) = σe∇ue,ex · ne,

where the function f(v, w) is defined in (3.102). The variational formulations (3.10),

(3.11) and (3.12) become, respectively,∫
Ωe

σe∇ue(t) · ∇ϕe −
∫

Γ

(
∂v(t)

∂t
+ f(v(t), w(t))

)
ϕe

=

∫
∂Ωe\Γ

geϕe −
∫

Γ

s(x, y, t)ϕe, (3.114)

∫
Ωi

σi∇ui(t) · ∇ϕi +

∫
Γ

(
∂v(t)

∂t
+ f(v(t), w(t))

)
ϕi =

∫
Γ

s(x, y, t)ϕi, (3.115)

∫
Γ

∂w(t)

∂t
ϕ−

∫
Γ

g(v(t), w(t))ϕ =

∫
Γ

∂wex(t)

∂t
ϕ−

∫
Γ

g(vex(t), wex(t))ϕ, (3.116)

for a.e. t ∈ [0,T]. To handle the condition (3.8), we substract the average value of ue at

each time step during the computation. In the following, we denote by uhi,∆t, u
h
e,∆t, v

h
∆t,

and wh∆t the totally discrete variables associated to ui, ue, v, and w, respectively.
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3.8.4 Convergence Tests with the Manufactured Solution

The convergence of the different numerical methods presented in Section 3.3 is now inves-

tigated. We choose a small final time T = 0.8ms, since the sharp rise of the manufactured

solution occurs over a short time interval to mimick the cell depolarization. We compute

the errors between the discretized solutions uhi,∆t, u
h
e,∆t, v

h
∆t, and wh∆t and the exact solu-

tion ui,ex, ue,ex, vex, and wex, respectively. We compute the L2−norms, ‖uhi,∆t−ui,ex‖0,Ωi ,

‖uhe,∆t − ue,ex‖0,Ωe , ‖vh∆t − vex‖0,Γ and ‖wh∆t −wex‖0,Γ at the time t = 0.8ms. The domain

Ω = Ωi ∪ Ωe is discretized in space with 9088 triangles and 4745 vertices, on a fixed

mesh, which corresponds to (16n)× (4n) and (8n)× (2n) nodes on the boundaries of the

domains Ωe and Ωi, respectively, where n = 10. The mesh is unstructured and conformal

on the interface Γ. The computation is performed for different choices of the time step

∆t· Since the exact solution is P1 in space and is computed on P1 finite elements, the

spatial discretization error is zero. We focus on the temporal discretization error. We

assume that this error is proportional to ∆tq, where q is the convergence rate that can

be estimated thanks to the formula

q ≈ log (|E∆t1/E∆t2|)
log (∆t1/∆t2)

, (3.117)

where ∆t1 and ∆t2 are consecutive time-steps in a given sequence of decreasing time

steps, and E∆t1 and E∆t2 are the corresponding errors. The results of the convergence

tests are shown in Figure 3.3. These graphs illustrate how the errors on the variables,

ui, w and v, vary as the size of the time step decreases. In our computations, the error

‖uhe,∆t − ue,ex‖0,Ωe approches zero very quickly, therefore we do not plot the graph of the

L2-error on the variable ue. Figures 3.3(a), 3.3(b) and 3.3(c) indicate that all numerical

methods exhibit the expected order of convergence, when the time step ∆t gets smaller.

For first order methods, we observe that BE is twice as accurate as FBE and Godunov

splitting on the variables ui and v, for larger time steps. For smaller time steps and on

the variable w, the three methods show the same level of accuracy. For second-order

methods, we notice that BDF2 is two to three time more accurate on the variable ui and

v than SBDF2 for smaller time steps. On the variable w, SBDF2 is more than 10 times

more accurate than BDF2 for larger ∆t . For smaller ∆t, we observe a superconvergence

for the BDF2 method on the variable w. Globally, the BDF2 method is the most accurate

of the two second order methods.
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Figure 3.3: Graphs of the error as a function of the time step using the manufactured

solution· In the upper panel, the graphs for the FBE and Godunov splitting methods are

superposed. In the lower panel the graphs for the FBE, BE and Godunov splitting are

superposed·

3.8.5 Convergence Tests with a Reference Solution

Using a manufactured solution, all methods studied showed their expected convergence

order except on w where BDF2 shows a higher convergence order of 2.8. This time

around, we would like to carry the same work as in the previous section using the solution

of the physical problem (3.1)-(3.6) instead of a manufactured solution. Unfortunately,

the exact solution for the physical problem is not available. We have to compute a

reference solution using a very small time step, on a fixed mesh.

We first illustrate the evolution of the membrane potential over time. We use the second
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order SBDF2 method and the time step ∆t = 0.001ms. We visualize the propagation of

an action potential in the cell Ωi. In our study, the nondimensional potentials ui, ue,

v = ui−ue and the gating variable w vary from 0 to 1. We assume that the system starts

in the stable equilibrium state, (v, w) = (0, 1), as described by Mitchell and Schaeffer

in [45]. We need an artificial external stimulus current, Istim, to increase the voltage, v.

We initiate an action potential by injecting a stimulus current of amplitude A = 20µA

near the membrane of the cell, see Figure 3.4. It is worth recalling that the stimulus

current should be strong enough to raise the transmembrane potential above a certain

value known as the threshold of excitation, so that the cell membrane can depolarize.

The applied stimulation currents on Ωe and Ωi read as follows, respectively,

Ie,stim(x, y, t) =


−20 exp

(
−1

R2−|t−t0|2

)
exp

(
1
R2

)
, |t− t0| < R, |x− 8.5| < 1, and

|y − 20| < 10,

0 otherwise,

Ii,stim(x, y, t) =


20 exp

(
−1

R2−|t−t0|2

)
exp

(
1
R2

)
, |t− t0| < R, |x− 11.5| < 1, and

|y − 20| < 10,

0 otherwise,

where t0 is the midpoint of the time interval [−R + t0, R + t0], during which the stimulus

is maintained, R is half the length of the interval. In our study, we set t0 = 10.5ms and

Figure 3.4: Stimulation currents on Ωe and Ωi.

R = 0.3ms. The potential v is initialized at 0. Figures 3.5 and 3.6 depict the evolution of

the potentials ui and ue over the first 360ms out of 500ms for the whole simulation, in the

domains Ωe and Ωi, respectively. Figure 3.6 shows in more details the spatial variation of

the potential ue at time t = 10.55ms during the stimulation phase. The time t = 10.22ms

marks the beginning of the stimulations, both potentials ui and ue are around 0. The

time interval t = 10.4ms to t = 10.8ms corresponds to the polarized state of the cell.
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t=10.22ms t=10.4ms

t=10.55ms t=10.6ms

t=10.8ms t=60ms

t=260ms t=290ms

t=360ms. Color legend

Figure 3.5: Evolution of the potentials ui and ue using SBDF2 method with ∆t = 0.001ms

The potentials ui and ue have increased and are around 1 and 0.003, respectively. At

t = 60 ms the depolarization of the cell is complete. The transmembrane potential is

around 1. The cell slowly undergoes repolarization. From t = 260 ms to t = 290 ms,

the transmembrane potential has decreased and is around 0.3. At time t = 360ms, the

cell has returned to its resting state, except for the gating variable w that more slowly
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Figure 3.6: Potential ue at time t = 10.55ms, using SBDF2 method with ∆t = 0.001ms.

The distance between any two consecutive contours is ∆ue = 10−4.
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Figure 3.7: Graphs of the transmembrane potential at points A&B, C&D, and E&F in

the domain Ω, as a function of time.
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returns to its equilibrium value (not shown).

Although Figures 3.5 and 3.6 help to illustrate the propagation of an action potential

in the cell, they give little information regarding the evolution of the transmembrane

potential over time. To address this limitation, we compute the potential difference over

time between each pair of points A&B, C&D, and E&F, respectively. These points are

chosen close enough to the membrane Γ, see Figure 3.1. Figures 3.7(a), 3.7(b) and 3.7(c)

show the plot of the potential difference between A&B, C&D, and E&F, over time,

respectively.

We notice that the stimulus produces an action potential with a profile similar to what

is usually obtained with the MS model. The duration of the action potential is about

320ms. Figure 3.7(d) is obtained by zooming in on Figures 3.7(a) to 3.7(c), during the

stimulation. We observe that the graphs of the transmembrane potential at points A&B,

C&D, and E&F slightly differ. That means the cell does not depolarize simultaneously.

The difference between the solutions obtained with points A&B and E&F shows a lag of

about 0.02ms on the depolarization time along a single cardiac cell.

Convergence tests

Based on the results obtained using a manufactured solution, we opted for computing

a reference solution using a second order method. Figure 3.3 shows that the difference

between the solutions obtained with SBDF2 and BDF2 methods is not significant for

smaller time steps. Since the implicit BDF2 method requires a large computational

time, we compute a reference solution using SBDF2 and a small time step ∆t = 10−5ms.

The domains Ωe and Ωi, consist of (16n)×(4n) and (8n)×(2n) nodes on the sides of each

subdomain, respectively, where n = 40. We compute the L2−errors, ‖uhi,∆t − ui,ref‖0,Ωi ,

‖uhe,∆t − ue,ref‖0,Ωe , ‖vh∆t − vref‖0,Γ and ‖wh∆t − wref‖0,Γ, between the approximate so-

lution uhi,∆t, u
h
e,∆t, v

h
∆t, and wh∆t and the reference solution ui,ref , ue,ref , vref , and wref at

time t = 0.8ms. To estimate the level of accuracy of the reference solution, we compute

the solutions with the time steps ∆t = 10−5ms, and ∆t = 10−4ms. Next, we measure

the distance in the L2-norm between the two solutions for the variables ui, v and w,

respectively. The obtained values are drawn as horizontal dashed lines on the graphs

in Figure 3.8. Below these lines, we cannot guarantee that the error between a given

numerical solution and the reference solution is accurate or reliable. The threshold of

accuracy for the variables ui, v, and w is reached at 0.00045, 0.00016, and 1.09 × 10−5,

respectively.
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(c) L2 − norm error on the gating variable, w·

Figure 3.8: Convergence tests using the reference solution·

The results of the convergence tests are shown in Figure 3.8. We observe that on the

variables ui and v, the FBE and Godunov splitting methods show higher convergence

orders for larger time steps. For smaller time steps, the convergence rate is between

0.7 and 0.8 except for the time steps 0.0125 and 0.00625 where the convergence order is

0.4, on the variables ui and v. On the variable w, a first order convergence is achieved

for both methods for smaller time steps. The BE scheme provides a convergence order

of 1 on all variables. For the first order methods, we can see that the FBE method is

surprisingly 10 to 20 times more accurate than the BE on the variables ui, v and w.

For the second order methods, the convergence order of the BDF2 and SBDF2 methods

is about 2 on ui and v, for larger time steps. For smaller time steps, the convergence

orders of both methods go down to 1 on both variables. For the variable w, the BDF2
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and SBDF2 methods only provide first order convergence for smaller time steps. Con-

sidering the size of the absolute error, the FBE method performs better than the BE,

BDF2 and SBDF2 methods. Moreover, the BDF2 and SBDF2 methods perform better

than the BE method. However, the BDF2 and SBDF2 methods fail to achieve second

order convergence. Globally, the FBE is the most accurate, followed by second order

methods, then by BE which is the least accurate. The implicit BDF2 method and the

semi-implicit SBDF2 method have the same level of accuracy on ui and v. On w BDF2

is slightly more accurate than SBDF2 for large time steps.

To illustrate the convergence of Picard method, we compute the L2− norm of the error

between two successive iterates. We stop the iteration when this error is less than the

tolerance TOL = 10−10· The graphs in Figure 3.9 are plots of the error with respect

to the L2-norm against the cumulative number of iterations. We show results for the

BE method. We limit the number of iterations to 200. Figure 3.9(a) shows the plot

using the manufactured solution. The peaks in the plot indicate changes in time steps.

The maximum number of Picard iterations needed to reach the given tolerance is about

7. When using the reference solution, the convergence of the Picard method with the

required accuracy is not obtained in 200 iterations at each time step, during the stim-

ulation period. However, the difference between two successive iterates reduces about

4 magnitude order. The method converges after 6 iterations at the end of the stimula-

tion, after about 1800 cumulative iterations, see Figure 3.9(b). In practice, one would

be happy with a tolerance of 10−4 between successive iterates (an accuracy below the

error with the reference solution, as shown on Figure 3.8) to limit the number of Picard

iterations and reduce the computing time.

3.8.6 CPU requirements

The microscopic model is well suited to represent each individual cell in a more explicit

and detailed framework. However, it can be computationally demanding as the number of

cardiomyocytes in the simulation increases. To begin with, we compare the performance

of the four aforementioned methods in terms of their computational efficiency during the

stimulation of a portion of the cell up to T = 0.8ms. This time slot corresponds to the

cell depolarization phase. Next, for each numerical method, we choose a target value of

the L2−error on the numerical solution and we track the time-step needed to achieve this

level of accuracy as well as the computational time required for the simulation. Finally,

we compute the total CPU efforts necessary for solving the problem (3.1)-(3.6) over a
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Figure 3.9: Convergence of the Picard iterations using the manufactured solution(left)

and the reference solution(right)·

whole action potential up to time T = 500ms.

Figure 3.10 reports the overall CPU time and CPU effort per time step of size ∆t =

0.0125ms needed during the stimulation, to reach the final time T = 0.8ms, respectively.

We observe that the total CPU times for the fully-implicit BE and BDF2 schemes are

10
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Schemes TCPU/∆t(s)

FBE 0.37

BE 14.42

BDF2 18.34

SBDF2 0.45

Figure 3.10: The left panel shows the graphs of the total CPU time needed to reach the

final time T = 0.8ms, as a function of the time step. The right panel exhibits the CPU

time per time step of size ∆t = 0.0125ms for the same time slot.

about 10 to 50 times larger than those for the semi-implicit FBE and SBDF2 methods,

durant the stimulation. Similarly, the CPU times per time step of size ∆t = 0.0125ms

for the BE and BDF2 methods are about 30 to 50 times greater than those for the
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FBE and SBDF2 methods. Therefore, the FBE and SBDF2 methods are attractive as

they take considerably less computing time than the BE and BDF2 methods. Further,

FBE is more efficient than SBDF2 in terms of CPU time needed per time step. Using

the Picard iterative method to solve the BE and BDF2 methods numerically requires

large computational time. Solving the BE and BDF2 schemes using the Picard iterative

method is computationally demanding. However, the efficiency of these methods can be

improved by replacing Picard’s method with a better iterative method, see [62].

Now, we choose the target values of L2−errors on the variables ui and v to be 0.1 and 0.04,

respectively, for 0.4% relative L2-error. They can be reached with any of the methods by

properly choosing the time step. It should be mentioned that L2−norms of the reference

solutions ui,ref , and vref are 27 and 9.3, respectively. Results are given in Table 3.3.

Table 3.3: Target values of L2−errors on the variables ui and v and CPU times.

Schemes ‖uh
i,∆t − ui,ref‖0,Ωi

‖vh
∆t − vref‖0,Γ ∆t(ms) TCPU(s) TCPU/∆t(s)

FBE 0.1325 0.046 0.1 6.00 0.75

BE 0.1073 0.0372 0.003125 2857.73 11.16

BDF2 0.1017 0.0352 0.00625 1940.18 15.16

SBDF2 0.1043 0.0361 0.00625 58.46 0.46

The second and third columns in Table 3.3 are L2−errors on the variables ui and v,

respectively, chosen close enough to the target value of the L2−errors. The following

columns give the corresponding time step ∆t, the total CPU time of the simulation

and the CPU time per time step of size ∆t, respectively. The percent error on ui,
‖uh

i,∆t−ui,ref‖0,Ωi

‖ui,ref‖0,Ωi
× 100, is around 0.5% for FBE and 0.4% for BE, BDF2 and SBDF2. The

percent error on v,
‖vh

∆t−vref‖0,Γ
‖vref‖0,Γ

× 100, is around 0.5% for FBE and 0.4% for BE, BDF2

and SBDF2 methods. We see that the most efficient method is FBE, followed by the

SBDF2 method. We observe that the total CPU time for the SBDF2 method is almost 10

times greater than that of the FBE method. This results from the fact that the SBDF2

method requires a smaller time step for the chosen error target values. However, the

CPU time per time step is slightly lower than for FBE method. On average, the total

CPU times for the fully-implicit BE and BDF2 schemes are 260 and 178 times greater

than those for the FBE and SBDF2 methods, respectively. Similarly, on average the

CPU times per time step for BE and BDF2 methods are 19 and 27 times greater than

those for FBE and SBDF2 methods, respectively. In addition, both methods require a
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smaller time step for the chosen L2−error target values.

Figure 3.11 shows the plot of the total CPU costs needed to solve the problem over a

single cell from time t = 0ms to time t = 500ms, against the time step ∆t. We use the

semi-implicit FBE and SBDF2 methods, as the implicit BE and BDF2 methods require

large computational time. We see that FBE is more efficient than SBDF2.
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Figure 3.11: The left panel displays the graphs of the total CPU time needed to solve

the problem over the single cell from time t = 0ms to time t = 500ms as a function of the

time step ∆t. The right panel shows the CPU time per time step of size ∆t = 0.0125ms

for the same time slot.



Chapter 4

Microscopic Model for Two Cells

Connected by a Gap Junction

In this chapter, we provide an exploratory study aiming at extending the methods used in

Chapter 3 in the case of the multicellular model. We focus on the model consisting of two

cells connected to each other by a gap junction. We first consider a fixed, unstructured

fine mesh that is conformal on the interfaces. We apply the FBE method to the model

and we visualize the propagation of the action potential in both cells. We then investigate

the influence of the space discretization, the conformity and the non-conformity of the

mesh on the solution to determine if the results are strongly mesh dependent or not. This

will allow us to use meshes with as few nodes and elements as possible without altering

the results. In addition to the FBE method, we solve the two-cell model using a time-

splitting non-overlapping domain decomposition method (DDM). Finally, we compare

the solutions obtained with both FBE and DDM methods. Section 4.1 introduces the

model with gap junctions. Section 4.2 discusses the FBE method applied to model with

a gap junction. Section 4.3 presents the DDM and test cases illustrating the convergence

of the method.

4.1 Model with Gap Junctions

The model presented in this section is motivated by the work of [29, 67, 76]. We focus

on the case of two cells, Ωi,k for k = 1, 2, see Figure 4.1. We assume that both cells

are coupled through a common gap junction, Γ1,2, and are surrounded by a connected

extracellular domain Ωe. On the interface between Ωe and Ωi,k, we define a cell membrane

109
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Γk for k = 1, 2, respectively. The nondimensional model reads

−∇ · σe∇ue = Ie,stim in Ωe, (4.1)

−∇ · σi∇ui,k = Iik,stim in Ωi,k, (4.2)

Im,k =
∂vk
∂t

+ fk(vk, wk) on Γk, (4.3)

ne · σe∇ue = −ni,k · σi∇ui,k = Im,k on Γk, (4.4)

vk = ui,k − ue on Γk, (4.5)

I1,2 =
∂v1,2

∂t
+ Igap on Γ1,2, (4.6)

ni,2 · σi∇ui,2 = −ni,1 · σi∇ui,1 = I1,2 on Γ1,2, (4.7)

v1,2 = ui,1 − ui,2 on Γ1,2, (4.8)

ne · σe∇ue = ge on ∂Ωe \ (Γ1 ∪ Γ2), (4.9)

where k = 1, 2, ui,k are the intracellular potentials, vk are the membrane potentials, v1,2

is the potential accross the gap junction Γ1,2, Igap reperesents the current through the

gap junction, wk is the gating variable. We assume that the current through gap junction

is a linear function of v1,2

Igap(v1,2) = Ggapv1,2, (4.10)

where Ggap is the conductance of the gap junction. The conductance Ggap can be chosen

time and voltage dependent, see [5, 15]. In our computations, we assume that Ggap is

constant. To ensure wellposedness of the problem (4.1)-(4.9), we assume the condition

(3.8). As in previous chapters, the model is coupled with the following system of ordinary

differential equations

∂wk
∂t

= gk(vk, wk) on Γk, (4.11)

where gk models the dynamics of the gating variables, wk for k = 1, 2.

In the following, we assume that ge = 0 on ∂Ωe \ (Γ1 ∪ Γ2).

Figure 4.1: Sketch of a computational domain with two idealized cells, Ωi,1 and Ωi,2,

connected by a gap junction Γ1,2 and the surounding extracellular domain Ωe.
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4.2 Forward Backward Euler Method Applied to Model

with a Gap Junction

As in Subsection 3.3.2, the nonlinear terms fk and gk as well as the linear function Igap

are taken at the previous time step t = tn−1. It follows that∫
Ωe

σe∇une · ∇ϕe −
2∑

k=1

∫
Γk

vnk − vn−1
k

∆t
ϕe =

∫
Ωe

In−1
e,stimϕe +

2∑
k=1

∫
Γk

fk(v
n−1
k , wn−1

k )ϕe,

(4.12)∫
Ωi,1

σi∇uni,1 · ∇ϕ1 +

∫
Γ1

vn1 − vn−1
1

∆t
ϕ1 +

∫
Γ1,2

vn1,2 − vn−1
1,2

∆t
ϕ1 =

∫
Ωi,1

In−1
i1,stimϕ1

−
∫

Γ1

f1(vn−1
1 , wn−1

1 )ϕ1 −
∫

Γ1,2

Igap(vn−1
1,2 )ϕ1, (4.13)

∫
Ωi,2

σi∇uni,2 · ∇ϕ2 +

∫
Γ2

vn2 − vn−1
2

∆t
ϕ2 −

∫
Γ1,2

vn1,2 − vn−1
1,2

∆t
ϕ2 =

∫
Ωi,2

In−1
i2,stimϕ2

−
∫

Γ2

f2(vn−1
2 , wn−1

2 )ϕ2 +

∫
Γ1,2

Igap(vn−1
1,2 )ϕ2, (4.14)∫

Γk

wnk − wn−1
k

∆t
ϕ =

∫
Γk

gk(v
n−1
k , wn−1

k )ϕ, (4.15)

for n ∈ {1, 2, · · · , N}, where vnk = uni,k − une and vn1,2 = uni,1 − uni,2 for k = 1, 2.

4.2.1 Numerical Results

In this section, we attempt to extend the results of Section 3.8 to the two-cell case. We

focus on visualizing the propagation of the action potential in both cells. We consider a

2D domain consisting of an extracellular domain Ωe and two cells Ωi,k, k = 1, 2, connected

by a gap junction Γ1,2. The domains Ωi,k and Ωe are defined as follows, see Figure 4.1,

Ωi,1 = (10, 110)× (10, 30) ,

Ωi,2 = (110, 210)× (10, 30) ,

Ωe = [(0, 220)× (0, 40)] \ Ωi,1 ∪ Ωi,2.

We use the first order FBE method (4.12)-(4.15), with linear finite elements (d=1). We

set the final time T = 500ms. The domains Ωe and Ωi,k, k = 1, 2, consist of (20n) ×
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(4n) and (10n) × (2n) nodes on the sides of each subdomain, respectively, where n is

a given integer. In our computations, we consider a fixed, unstructured fine mesh that

is conformal on the interfaces Γ1 and Γ2, see Figures 4.2 and 4.3. The coarse and fine

meshes correspond to n = 1 and n = 10, respectively. The conductance of the gap

junction is Ggap =
1

0.0015
as in [76]. The stimulation currents and the ionic current

model are the same as those used in Section 3.8.

Figure 4.2: Sketch of a coarse conformal mesh on the interfaces Γ1 and Γ2, with n = 1.

Figure 4.3: Sketch of a fine conformal mesh on the interfaces Γ1 and Γ2, with n = 10.

We visualize the propagation of an action potential in the cells Ωi,1 and Ωi,2. We use ∆t =

0.001ms as in Subsection 3.8.5. We initiate an action potential by injecting a stimulus

current of amplitude A = 20µA near the membrane of the cell, Ωi,1, see Figure 3.4. The

simulation is triggered at t = 10.30ms and lasts 0.5ms. Figures 4.4 and 4.5 show the

evolution of the potentials ui,k and ue over the first 360ms, in the domains Ωe and Ωi,k

for k = 1, 2, respectively. Figure 4.5 shows in more details the potential ue at time

t = 10.5ms during the stimulation phase. The time t = 10.30ms marks the beginning

of the stimulation. The cells Ωi,1 and Ωi,2 are in a resting state. The potentials ui,k

and ue are around 0. At time t = 10.4ms the first cell Ωi,1 initiates the depolarization

process. In time interval t = 10.6ms to t = 10.8ms, cell Ωi,1 is already depolarized while

cell Ωi,2 starts depolarizing. The potentials ui,1 and ui,2 have increased and are around

0.6 and 0.3, respectively. At t = 60 ms the depolarization of the cells Ωi,1 and Ωi,2 is

complete. The transmembrane potentials v1 = ui,1 − ue and v2 = ui,2 − ue are around 1.
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The cells Ωi,1 and Ωi,2 slowly undergo repolarization. From t = 160 ms to t = 290 ms,

the transmembrane potentials v1 and v2 have decreased and are around 0.3. At time

t = 360ms, both cells have returned to their resting states.

t=10.30ms t=10.4ms

t=10.6ms t=10.8ms

t=60ms t=160ms

t=260ms t=290ms

t=360ms. Color legend

Figure 4.4: Time evolution of the potentials ui,1 and ui,2 using FBE method with ∆t =

0.001ms, n = 10 and d = 1.

As in Section 3.8.5, we plot the potential difference over time between each pair of points

A&B, C&D, E&F, and G&H, respectively. These points are chosen close enough to

the membranes Γ1 and Γ2, see Figure 4.1. Figures 4.6(a) and 4.6(c) show the potential

difference plots using coarse and fine meshes conformal on the interfaces Γ1 and Γ2,

respectively. We notice that the stimulus produces an action potential with a profile

similar to what is usually obtained with the MS model. We observe that the duration of

the action potential is about 330ms, which is consitent with the previous visualization.



Microscopic Model for Two Cells connected by a Gap Junction 114

Figure 4.5: Potential ue at time t = 10.5ms using FBE method with ∆t = 0.001ms, n =

10 and d = 1. The distance between any two consecutive contours is ∆ue = 10−4.

Figures 4.6(b) and 4.6(d) are obtained by zooming in on Figures 4.6(a) and 4.6(c) during

the stimulation, respectively. Using a coarse mesh, we observe a spike in the plots of the

potential difference at points A&B and C&D for the first cell Ωi,1, see Figure 4.6(b).



Microscopic Model for Two Cells connected by a Gap Junction 115

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  100  200  300  400  500

v
 =

 u
i-
u

e

t (ms)

potential at A and B
potential at C and D
potential at E and F 
potential at G and H

(a) Coarse and conformal mesh on Γ1 and Γ2.
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(b) Zoom in of Figure 4.6(a)
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(c) Fine and conformal mesh on Γ1 and Γ2.
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(d) Zoom in of Figure 4.6(c)

Figure 4.6: Graphs of the membrane potential at points A&B, C&D, E&F and G&H, as

a function of time, using a conformal mesh on Γ1 and Γ2, with ∆t = 0.01ms.

By using a finer mesh, the height of the spike is reduced. This leads to a longer depolar-

ization phase in the case of the coarse mesh. The graphs of potential difference between

the points E&F and G&H are identical for the second cell Ωi,2, while they slightly differ

for the points A&B and C&D for the first cell Ωi,1, see Figures 4.6(b) and 4.6(d). We

notice that the two cells do not depolarize simultaneously, which is in agreement with

the previous visualization, see Figure 4.4 at time t = 10.8ms. There is a lag of about

1.2ms betweeen both cardiac cells during the depolarization phase. This lag can be due

to the resistive gap junction Γ1,2 that delays the depolarizing current flowing from the

cell Ωi,1 to the cell Ωi,2.

Similarly, we consider coarse and fine meshes that are non-conformal on the interfaces

Γ1 and Γ2. We plot the potential difference between the points A&B, C&D, E&F, and
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(a) Coarse and non conformal meshes on Γ1 and Γ2.
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(c) Fine and non conformal meshes on Γ1 and Γ2.
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(d) Zoom in of Figure 4.7(c)

Figure 4.7: Graphs of the membrane potential at points A&B, C&D, E&F and G&H, as

a function of time, using a non-conformal mesh on Γ1 and Γ2, with ∆t = 0.01ms.

G&H, see Figures 4.7(a) and 4.7(c). Figures 4.7(b) and 4.7(d) are obtained by zooming

in on Figures 4.7(a) and 4.7(c) during the stimulation, respectively. In the first cell Ωi,1,

we see that transmembrane potentials experience an overshoot during the depolarization

phase, when considering a coarse mesh, see Figure 4.7(b). Using a fine mesh, we see that

the overshoot in the transmembrane potentials is eliminated, see Figure 4.7(d). During

the stimulation phase, the difference between the solutions using fine and coarse meshes

is 15% to 20% for about 1ms. Finally, we can conclude that the mesh resolution has a

relatively important impact on simulation results, at least during the stimulation phase.

We need to use a finer mesh, whether we consider a conformal or non-conformal mesh

on interfaces Γ1 and Γ2.
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4.3 Domain Decomposition Method

Domain decomposition methods (DDM) are iterative methods, which are based on the

partition of the computational domain Ω, where the boundary value problem is set on

two or more sub-domains which may or may not overlap. Then, discretized problems of

smaller dimension are to be solved on each sub-domain, with iterations between these

subproblems till convergence.

In this section, we present the DDM for a collection of isolated cells, that is, the cells

are not connected by gap junctions. Afterwards, we choose model problems with known

analytical solution to investigate the convergence of the method. Finally, we applied the

DDM to two cells that are connected to each other by a gap junction.

4.3.1 DDM Applied to Isolated Cells

We assume that the computational domain Ω = Ωi ∪ Ωe ∪ Γ consists of p cells, where

Ωi = ∪pj=1Ωi,j and Ωi,j, j = 1, . . . , p are non-overlapping intracellular domains satisfying

Ωi,j∩Ωi,k = ∅ for j 6= k . The domain Ωe is a connected extracellular space surrounding

the cells. The cell membrane is denoted by Γj and is defined by Γj = Ωi,j ∩ Ωe for

j = 1, . . . , p. We set Γ = ∪pj=1Γj and Γe = ∂Ωe \Γ. The illustration of a two-dimensional

version of this setup is given in the Figure 4.8.

Figure 4.8: Sketch of the computational domain Ω with p intracellular spaces Ωi,j,

j = 1, . . . , p, that are surrounded by a connected extracellular space Ωe.

We apply the DDM in the second substep of the Godunov time-splitting problem (3.28)-
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(3.31). The algorithm for the time-splitting DDM reads as follows:

• In the first step, we update the solutions for the membrane potential, v, and gating

variable, w, by solving the following system of ODEs on Γ∫
Γ

v∗ − vn−1

∆t
ϕ = −

∫
Γ

f(vn−1, wn−1)ϕ, (4.16)∫
Γ

wn − wn−1

∆t
ϕ =

∫
Γ

g(vn−1, wn−1)ϕ· (4.17)

• For a given un,k−1
i , v∗ and wn, we solve for un,ke in the domain Ωe the problem:∫

Ωe

σe∇un,ke · ∇ϕe −
∫

Γ

un,k−1
i − un,ke

∆t
ϕe =

∫
Ωe

In−1
e,stimϕe −

∫
Γ

v∗

∆t
ϕe (4.18)

• Then we solve for un,ki in the domain Ωi the problem∫
Ωi

σi∇un,ki · ∇ϕi +

∫
Γ

un,ki − un,ke
∆t

ϕi =

∫
Ωi

In−1
i,stimϕi +

∫
Γ

v∗

∆t
ϕi, (4.19)

• We repeat the two last steps with k ←− k + 1, till ‖un,ki − u
n,k−1
i ‖0,Ωi < TOL,

and un,ke − un,k−1
e ‖0,Ωe < TOL,

for a given tolerance, TOL, where k > 1 is an integer denoting the DDM iteration count

and vn−1 = un−1
i − un−1

e and wn−1 are known for t = tn−1 on Γ. The functions In−1
e,stim,

In−1
i,stim and ge are in L2(Ωe), L2(Ωi) and L2(Γe), respectively. We only need to initialize

un,0i and we set u0,0
i = 0, un,0i = un−1

i .

4.3.2 DDM Applied to the Model with Gap Junctions

The problem (4.1)-(4.9) is first decomposed into two sub-problems thanks to the operator

splitting method introduced in Subsection 3.3.3. The algorithm for the time-splitting

DDM reads as follows:

• We first solve for the membrane potential, v∗k, and gating variable, wk, the following

system of ODEs on Γk∫
Γk

v∗k − vn−1
k

∆t
ϕk = −

∫
Γk

fk(v
n−1
k , wn−1

k )ϕk, (4.20)∫
Γk

wnk − wn−1
k

∆t
ϕk =

∫
Γk

gk(v
n−1
k , wn−1

k )ϕk· (4.21)
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• For given un,j−1
i,k , v∗k and wnk , we solve for un,je in the domain Ωe the problem:

∫
Ωe

σe∇un,je · ∇ϕe −
2∑

k=1

∫
Γk

un,j−1
i,k − un,je

∆t
ϕe =

∫
Ωe

In−1
e ϕe −

2∑
k=1

∫
Γk

v∗k
∆t
ϕe (4.22)

• We solve for un,ji,1 in the domain Ωi,1 the problem∫
Ωi,1

σi∇un,ji,1 · ∇ϕ1 +

∫
Γ1

un,ji,1 − un,je
∆t

ϕ1 +

∫
Γ1,2

vn,j1,2

∆t
ϕ1 +

∫
Γ1,2

Igap(vn,j1,2 )ϕ1

=

∫
Ωi,1

In−1
i1,stimϕ1 +

∫
Γ1

v∗1
∆t
ϕ1 +

∫
Γ1,2

vn−1
1,2

∆t
ϕ1, (4.23)

• We solve for un,ji,2 in the domain Ωi,2 the problem∫
Ωi,2

σi∇un,ji,2 · ∇ϕ2 +

∫
Γ2

un,ji,2 − un,je
∆t

ϕ2 −
∫

Γ1,2

vn,j1,2

∆t
ϕ2 −

∫
Γ1,2

Igap(vn,j1,2 )ϕ2

=

∫
Ωi,2

In−1
i2,stimϕ2 +

∫
Γ1

v∗2
∆t
ϕ2 −

∫
Γ1,2

vn−1
1,2

∆t
ϕ2, (4.24)

• We repeat the three last steps with j ←− j + 1, till ‖un,ji,k − u
n,j−1
i,k ‖0,Ωi,k < TOL

and ‖un,je − un,j−1
e ‖0,Ωe < TOL for k = 1, 2, where TOL is a given tolerance, j > 1

is an integer denoted the DDM iteration count, vn−1
k = un−1

i,k − un−1
e , wn−1

k and

vn−1
1,2 = un−1

i,1 − un−1
i,2 are known for t = tn−1 on Γk and Γ1,2, respectively.

4.3.3 Numerical Results

We are interested in the convergence of the domain decomposition method (4.20)-(4.24).

We estimate the error between two successive iterates of the DDM. We calculate the

L2-norm of the errors, ‖un,ke − un,k−1
e ‖0,Ωe and ‖un,ki,j − u

n,k−1
i,j ‖0,Ωi,j , j = 1, 2, between two

successive iterates un,ke and un,k−1
e , and un,ki,j and un,k−1

i,j , where k ≥ 1 is the DDM iteration

count. We limit the number of iterations to 50 and we stop the iteration when it is less

than the tolerance TOL = 10−10. We applied the method to the test case of Subsection

4.2.1. The graphs in Figures 4.9(a), 4.9(b) and 4.9(c) are the plot the L2-norms of the

errors ‖un,ke −un,k−1
e ‖0,Ωe , ‖u

n,k
i,1 −u

n,k−1
i,1 ‖0,Ωi,1 and ‖un,ki,2 −u

n,k−1
i,2 ‖0,Ωi,2 , respectively, against

the cummulative number of iterations during the stimulation.

The peaks in the plot indicate changes in time steps. The maximum number of iterations



Microscopic Model for Two Cells connected by a Gap Junction 120

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

 1100  1105  1110  1115  1120

||
 u

e
n
,k

−
u

e
n
,k

−
1
||

0
, 

Ω
e

Iteration Number

(a) Error ‖un,k
e − un,k−1

e ‖0,Ωe

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

 1100  1105  1110  1115  1120

||
u

i,
1
n
,k

−
u

i,
1
n
,k

−
1
||

0
, 

Ω
i,
1

Iteration Number

(b) Error ‖un,k
i,1 − un,k−1

i,1 ‖0,Ωi,1

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

 1100  1105  1110  1115  1120

||
u

i,
2
n
,k

−
u

i,
2
n
,k

−
1
||

0
, 

Ω
i,
2

Iteration Number

(c) Error ‖un,k
i,2 − un,k−1

i,2 ‖0,Ωi,2

Figure 4.9: Convergence of the DDM, with ∆t = 0.01ms.

needed to reach the given tolerance is about 6 per time step. After the stimulation phase,

the DDM converges within 3 iterations. We want to understand the impact of doing only

3 iterations of DDM on the solution. Better yet, we want to see if the convergence of

the DDM method is impacted by the number of iterations required. We will compare

the solution obtained with three iterations of the DDM with the solution obtained with

the FBE method involving no domain decomposition (as if we had let the DDM fully

converges). We consider a fine mesh that is fixed, unstructured and conformal on the

interfaces Γ1 and Γ2, see Figure 4.3. As before, we plot the potential difference over time

between the points A&B (cell Ωi,1) and G&H (cell Ωi,2), using the FBE method and

the DDM, see Figure 4.10(a). We see that the duration of the action potential is about
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(a) Plots of the membrane potential against time using

DDM and FBE.

 0

 0.2

 0.4

 0.6

 0.8

 1

 8  9  10  11  12  13  14  15

v
 =

 u
i−

u
e

t (ms)

potential at A&B−DDM
potential at A&B−FBE

potential at G&H−DDM
potential at G&H−FBE

(b) Zoom in of Figure 4.10(a)

Figure 4.10: Plots of the membrane potential at points A&B, C&D, E&F, and G&H

against time, using the DDM on a fine and conformal mesh on Γ1 and Γ2, ∆t = 0.01ms.

330ms as in Figure 4.6(c). Figure 4.10(b) is obtained by zooming in on Figure 4.10(a)

during the stimulation. Figure 4.10(b) shows that the graphs of potential difference

between the points A&B are almost identical for FBE and DDM methods. However, the

plots of the transmembrane potential at the points G&H slightly differ. To understand

this difference, we repeat the computations with a smaller time step ∆t = 0.001ms, see

Figure 4.11. Using the time step ∆t = 0.001ms the DDM provides the same solution as

the Godunov splitting method which is equivalent to the FBE method. This confirms the

fact that the DDM is capable of providing an accurate solution with a minimal number

of sub-domain iterations, if any at all past the stimulation phase.
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Figure 4.11: Plots of the membrane potential at points A&B, C&D, E&F, and G&H

against time, using the DDM on a fine and conformal mesh on Γ1 and Γ2, ∆t = 0.001ms.



Chapter 5

Conclusions and Perspectives

In this thesis, we have studied various numerical methods for solving the microscopic

cardiac electrophysiology model. In Chapter 1, we performed a dimensional analysis of

the model. The resulting nondimensional microscopic model can be coupled with any

nondimensional ionic model. The nondimensionalization is essential for properly adjust-

ing all the model parameters and obtaining physiologically relevant simulation results.

In Chapter 2, a key step in solving the microscopic model consisted in breaking it down

into two problems using the Steklov-Poincaré operator. The first problem, made of cou-

pled linear propagation problems in the domains Ωi and Ωe, was solved on an affine

space that we properly defined. The second problem based on a nonlinear ODE system

was solved on the interface Γ. This reformulation is crucial to solve the microscopic

model numerically. In fact, the microscopic model is not a classical reaction-diffusion

system as the time derivative only appears in a nonlinear ODE system defined on the

cellular membrane, coupling the potential inside and outside the cell. We applied the

finite element method for the spatial discretization of the microscopic model. We proved

stability and error estimates for the finite element method. In theory, we expected a first

order spatial convergence in the H1- norm for the potentials ue,h and ui,h, when using

linear finite elements. The 2D numerical tests using a manufactured solution confirmed

these theoretical predictions. The theoretical estimate of the L2-norm of the error on

the potential v predicts a convergence order of one. However, in practice we obtained an

order of convergence between 1 and 2.

In Chapter 3, we introduced five time-stepping numerical methods for solving the micro-

scopic model. These include FBE, BE, Godunov splitting, BDF2 and SBDF2. We used

the Picard iterative method to solve the nonlinear algebraic system for the fully implicit

123
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BE and BDF2 methods. Theoretically, we expected a first order convergence in time

for the FBE, BE and Godunov splitting methods and a second order convergence for

the BDF2 and SBDF2 methods. Numerical tests performed in 2D using a manufactured

solution indicated that all numerical methods exhibit the expected order of convergence.

However, when testing the methods using a reference solution computed with the SBDF2

scheme for a physiologically realistic problem, the BDF2 and SBDF2 only provide first

order convergence. This inability to obtain the correct convergence orders using a ref-

erence solution is likely due to the stiffness of the system when using external stimulus

current to depolarize the cell. In fact, the depolarization phase of the cell is the only

time when the solution exhibits spatial variation. Consequently, for studying the order

of accuracy of the method, it is sufficient to calculate the error right at the end of the

depolarization phase. This phase is quite short and lasts only about 0.4 ms as shown

in Figure 3.5. Therefore, second order methods have difficulty exhibiting their expected

order of convergence over such a short time interval. Numerical results show that the

FBE method is the best choice for solving the microscopic model, in terms of accuracy

and computational cost.

In Chapter 4, we solved the model for two cells coupled through a common gap junction

using FBE and a non-overlapping time-splitting domain decomposition method (DDM).

We studied the influence of the spatial discretization (mesh size, conformal vs noncon-

formal mesh) on the propagation of the action potential. We found that the spatial

discretization has a relatively important impact on simulation results, at least during

the stimulation phase. Numerical experiments showed that the iteration of the DDM

may not be needed at each time-step of the time-splitting method, yet DDM is able to

provide an accurate solution with a minimal number of sub-domain iterations.

Further Research Directions

Real cardiac cells have much more complex tissue geometries including cylindrical shapes

and transverse tubules (t-tubules) of the cardiomyocites. However in this thesis, we used

rectangles to represent the cardiac cells. For further research, it would be interesting to

extend our study to these types of geometries, and in particular to 3D geometries.

Ephaptic coupling is the mechanism by which action potential occurs in the absence of

gap junction channels. As such, it is an important component of cardiac propagation

in a healthy or diseased heart. Extending our work to the multi-cell model, which can

take into account the ephaptic mechanism would be an interesting research question to
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investigate.

The test cases considered here included only one or two cells. It would be interesting

to increase the number of cells in the model and play with the geometrical structure.

Since realistic simulations using the multi-cell model can be computationally demanding,

incorporating more sophisticated techniques to solve the model using parallel computing

can be an interesting future research direction.

The ionic current model that we used is based on a variant of the Mitchell-Shaeffer

model. The latter model aims at reproducing the action potential, but uses a simplified

formulation of the underlying physiological details. We could perform a similar study

with more realistic ionic models, and investigate their impact on the evolution of the

solution and the numerical efficiency of our methods.
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