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Abstract

Brouwer’s principle/theorem states that all total functions R — R are continuous.
Obviously not classically true this result was a theorem of Brouwer in his intuitionistic
setting. The formalization(s) of intuitionistic logic provides us with systems of logic
in which to ask is this principle provable? In a higher order setting (e.g. higher
order type theory) one has two ways of expressing this principle. First is simply the

statement
FVi(f : R — R = “f is continuous”)

Second is as a meta theorem

Ff:R—R
F “f is continuous”

In this work we present a categorical proof that the second formulation holds
in higher order Heyting arithmetic (HAH). Our proof is general enough however to
obtain the same continuity principle with R replaced by a “sufficiently nice” space S,

a notion which is made precise.
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Chapter 1
Introduction

This work is inspired by [5], some unpublished notes written by Fourman, and a
personal communication with André Joyal.

Although we make some attempt at being self-contained, in that we discuss locale
theory, higher order intuitionistic type theory, elementary toposes and their internal
language, the reader is assumed to have a basic working knowledge of category theory.

Our goal is to give a categorical proof that Brouwer’s principle, which states
that all total functions from R — R are continuous, holds in higher order Heyting
arithmetic (HAH, also called pure type theory Ly below). Our proof is based on
sketched notes by M. P. Fourman of some joint work with A. Joyal , in [3]. To the
best of our knowledge, this work was never published. Part of the goal of this thesis
is to expand on the ideas contained in Fourman’s sketched proof.

In fact our proof is general enough to prove multiple continuity principles of the
form
Ff:§5— S

F “f is continuous”

for spaces S which have a sufficiently nice definition in HAH (which is made precise
below). This proceeds via a theory of formal spaces considered as locales, and sheaves
thereon, which is developed in detail in the thesis.

Along the way we discuss other intuitionistic principles. Especially important is

the principle of bar induction, which holds in HAH and which expands our notion
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of “sufficiently nice definition” to include Baire space NN and Cantor space 2N. We
believe our theory provides a method to prove that bar induction holds in HAH (3],

however due to time limitations a detailed analysis will be left for future work.

1.1 Contributions

This work contains brief introductions to locale theory, higher order intuitionistic
type theories, and elementary toposes. We develop some basic intuitionistic theory
of Sheaves on a Grothendieck topology on a poset internal to a category. This allows
us to internalize the notion of formal space for a geometric propositional theory to
a base topos. We exploit this to give a categorical proof that Brouwer’s principle
holds in higher order Heyting arithmetic (HAH). Our proof is general enough to
simultaneously provide similar continuity principles for a class of topological spaces.
In addition these methods allow one to prove induction principles and choice principles
in HAH, although this is not developed here [3]. For a general reference to formal

versions of all these principles, see Troelstra’s volume [13].



Chapter 2

Locales and frames

2.1 Basics

The idea of a locale can be reached by examining the opens of a topological space.
The “localic” viewpoint discussed below was developed in detail in an influential
monograph of Joyal and Tierney [2] and the book of Johnstone [7]. If X is a space,
then its opens, denoted by O(X), form a complete lattice with the distributive law
UnU; Vi = U;(UNYV;). We call this the A, \/-Law. In addition, a continuous map
f : X — Y of spaces yields a lattice map f~! : O(Y) — O(X) that preserves
arbitrary unions. We will call the lattice O(X) the frame corresponding to X make

the following generalization:

Definition 2.1.1. The category of Frames, denoted by Frm, is the subcategory of
complete A, \/-lattices and lattice homomorphisms that preserve infinite joins (but

not necessarily infinite meets).

Frm is, however, the wrong category if we wish to properly generalize spaces.
Since continuous maps X — Y correspond to frame maps O(Y) — O(X) in the
opposite direction we define the category of locales: Loc := Frm®. Given a locale
X we will write O(X) to denote the underlying frame of X and f* : O(Y) — O(X)
for the frame map corresponding to the locale map f: X — Y.

There is the important notion of a Heyting Algebra, which is a lattice H with
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an operation —, called implication, satisfying zAy < zifand only if z <y — 2.
Regarding H as a category, meets are products, and so this simply says that H is
cartesian closed. The above property of — actually is equivalent to saying y — = =
V{z :z Ay < 2}, and it is a simple exercise to show that a complete lattice satisfies
the A, \/-Law if and only if it is a Heyting algebra. It is important to note that frame
maps need not preserve this implication.

Regarding a frame map f* : Y — X as a map of posets, we can always construct
a right adjunction f, : X — Y to f* in the following way: We need f*(z) <y <
z < f.(y), so define f,(y) = \V{z : f*(z) < y}. It is routine to check that f, is order
preserving and right adjoint (as a poset map) to f*. Since f, is a right adjoint, it
preserves all products, that is all meets. But in general f, will not be frame map, it
will not preserve joins.

So we may identify a locale map as actually an adjunction of poset maps f* 4 f,
with f* additionally preserving products. f* is commonly called the inverse image
part of the morphism.

The terminal object in Loc is given by the locale 2 := P(1). The unique locale
map X 2% Q is given by ¢%(U) = \V/{X : * € U}. We denote this locale by 1 so
that O(1) = Q.

2.2 Relationship between Locales and Spaces

We denote by Space the category of topological spaces and continuous maps. There
is an obvious functor O : Space” — Frm mapping a space to its frame of opens.

We denote £ = O : Space — Loc. In this section we will describe the right

adjoint of L.

2.2.1 Sober Spaces

In Space, and in any other category, a point of X is given by a continuous map
from the terminal space 1 to X. The continuous map 1 — X sending * — z € X
corresponds to the frame map z* : O(X) — Q with 2*(U) = V{1 : z € U} and
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hence a locale map x : 1 — £(X). This gives a map X 2 Loc(£2, O(X)). However
this map need not be a bijection. Classically injectivity of nx is equivalent to the

separation property Tp, though we will not be assuming classical logic in this work.
Definition 2.2.1. A space X is said to be Sober if nx is bijective.

An equivalent formulation of sobriety is given as follows: An order-preserving map
p: O(X) — Q is equivalent to an upper set F;, of O(P) given by F,, = {U : p(U) =
1}. Now p preserving meets is equivalent to F}, being a prime filter, and p preserving
arbitrary joins is equivalent to F}, being complete filter (i.e. closed under arbitrary
joins). So a sober space is a space X in which the complete prime filters of O(X) are
in bijection with the points of X via z — {U € O(X) : z € U}. These ideas come
from [11].

2.2.2 Points of a Locale

A point of a locale X will be a locale map 1 — X. As above this is equivalent to a
completely prime filter in X. The set of points of X will be denoted by pt(X), and
comes equipped with a canonical topology with opens given by pt(U) = {p € pt(X) :
p*(U) = 1}. We will call this the canonical or induced topology on pt(X). In fact pt
determines a locale map ex : L(pt(X)) — X with €% (U) = pt(U). To see this take
UV € X ; then

pt(UAV) = {pept(X):p"(UAV)=1}
= {pept(X):p’U)Ap*(V)=1}
= {pept(X):p'(U)=1and p*(V) =1}
= {pept(X):p"(U)=1}N{p e pt(X): p*(V) =1}
= pt(U) Npt(V)

Andfor U; € X fori € I:
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pt(\/Ui) = {pept(X):p(\/U:) =1}

iel iel

= {pept(X): \/p(U) =1}
icl

= {pept(X):Jielp(U;)=1}
= {pept(X):3Jelpept(U)}
= Urt(Ws)

i€l

A locale X is said to be spatial if ex is an isomorphism. Note that it is always
mono (since pt is always surjective). To be epi we require that pt be injective, which
is to say given U,V € X there is exists a point p : 1 — X for which p*(U) = 1 and
p*(V) < 1 or vice versa. In this situation we say that the points of X separate the
opens of X.

The pt construction extends to a functor, if f : X — Y is a locale map, then
pt(f) : pt(X) — pt(Y) is defined by composition: p € pt(X) — fp. We must check
that this is indeed continuous: a typical open of pt(Y') is of the form pt(U) for U € Y.

Now calculate

pt(f)"'t(U)) = {pept(X): fpept(U)}

= {pept(X): (fp)"(U) =1}
{pept(X):p’(f1(U) =1}
= pt(f~1(V))

which is open in pt(X).

Proposition 2.2.2. pt : Loc — Space is right adjoint to L : Space — Loc. The
unit s ex and the countt is nx. In addition this adjunction restricts to an equivalence

between the full subcategories of Sober Spaces and Spatial Locales.

This is a standard theorem, for example see [10] or [11].
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2.3 Sublocales

This sections follows the treatment of sublocales in {11]. A sublocale is given by a
monomorphism in Loc, that is an epimorphism (surjection) in Frm. Yet this does
not help us to “see” what the sublocale is.

For example, in Space, an open subset u of a space X gives rise to an embedding
u — X via the inclusion. We can mimic this in locales: O(u) is all the opens
contained in u, i.e. O(u) =|lu in O(X). So for a locale X we define the open
sublocale generated by u € X to be |u, which is a locale and comes with a canonical
locale monomorphism | ¥ —— X given by i*(v) = v A u. Additionally i, is the
inclusion of | u into X.

An important aspect of the above example is that we can view the sublocale as a
subposet and the inclusion of posets is the direct image part of the locale monomor-
phism. This happens in general as pointed out in the following theorem, from Mac
Lane and Moerdijk ([11])

Theorem 2.3.1. Let f : X — Y be a map of locales. Then the following are

equivalent:

(a) f is a epimorphism of locales (i.e. f* is injective)

() fuf* =1y

(c) f. is an epimorphism of posets

Also the following are equivalent:

(a’) f is a monomorphism of locales (i.e. f* is surjective)
(b’) f*fi=1x

(c’) f. is an monomorphism of posets

The proof is just the application of the triangle equalities for the adjunction f* -
fu- It can be found in [11] (p.484).

There is another (equivalent) way of describing a sublocale, via closure operators:
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Definition 2.3.2. A nucleus on a locale X is a map j : O(X) — O(X) satisfying

(i) u<ju

(if) ju = j*u

(iii) jlu Av) = ju A ju
Theorem 2.3.3. Let j : X — X be a nucleus. Then the set of fized points of j,
denoted by X; is a sublocale of X where X; — X is given by i* = j and i, is the
poset inclusion of X; into X. Moreover every sublocale Y X of X is obtained

this way by letting j = f. f*.

This is also proved in [11] (p. 458).

2.4 Gluing Locales

Given a continuous map f : X — Y of spaces, one may form the “gluing” of X and
Y along f. There is an analogous construction for locales which we will use later.

Given a locale map X -2 Y, we can think of p as a functor between categories
O(Y) £ O(X) and form the comma category p* | O(X) = {(U,V): U € O(Y),V €
O(X),p*(U) < V} which, under the order inherited from O(X) and O(Y'), will also
be a locale. This is the Gluing of X and Y along p. In general X is an open sublocale
of p* |O(X) and Y is a closed sublocale and retract of p* | O(X). The inclusions are
given by:

i X —p | XU V)=U

j:Y —pt | X O V)=V
The retraction is p : p* | O(X) — O(Y) : p*(U) = (U,p*(U)) and further more
p = pi.
Remark 2.4.1. For those already familiar with topos theory: this is a special case of
a more general construction, that of gluing toposes along geometric morphisms. See
[6] or [8] p.82 Vol I, for details. This construction also satisfies a universal mapping

property, which we omit here (see the above references).
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Toposes

3.1 Algebraic View

One may define a topos as a cartesian closed category with a subobject classifier and
a natural numbers object, or by using power objects. We do not wish our logical
functors to necessarily preserve all exponentials on the nose so we choose the latter.
This approach is taken from Lambek and Scott [10]. To be precise a topos will be a
category with finite products, a subobject classifier {2, a natural numbers object, and
all exponentials of the form Q4 := P(A). We let §4 denote the characteristic map of
the diagonal A <i414> A x A and ask that strict logical functors will preserve this
structure on the nose (including d4). A consequence of this definition will be that
strict logical functors will preserve all exponentials and kernels up to isomorphism
and characteristic morphisms on the nose.

This weakens our choice of morphism from the “obvious” notion of logical func-
tor. Following the treatment in [10] we also require our toposes to come equipped
with a choice of canonical subobjects. That is a choice of representatives from the
isomorphism classes of subobjects of all objets in the topos satisfying four conditions
for all objects A, B, C:

C1) 14: A — A is a canonical subobject of A.

C2)If f: B— Aand g: C — B are canonical subobjects then so is fg.

C3)If f: B— Aand g: D — C are canonical subobjects then so is f x g :
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BxD-— AxC.

C4) If f : B — A is a canonical subobject then Qf : QF — Q4 is a canonical
subobject.

For example Set has canonical subobjects (subsets) and likewise any presheaf (or
sheaf) category will have canonical subobjects (subfunctors). Most importantly any
topos is equivalent to one with canonical subobjects (see [10] for details). We now
take Top, to be the category of toposes with canonical subobjects and strict logical
morphisms in the sense above.

The canonical subobjects are required to ensure we arrive at an adjunction; if we
are willing to sacrifice the strictness of our logical functors in Top, then we could

avoid this.

3.1.1 Free Cartesian Closed Categories, Polynomial Arrows

and Functional Completeness

In this section we assume familiarity with cartesian closed categories. For an intro-
duction see [10].

Given a graph G we can always construct the free category on G by taking its
vertices as objects and edges as morphisms, then adding in morphisms for identities
and compositions, and finally identifying morphisms according to the theory of cat-
egories (i.e. making composition associative and unitial). This process extends to a
functor which is left adjoint to the forgetful functor from categories to graphs.

Likewise we can construct the free cartesian closed category on a graph by further
adding in new objects for products and exponentials and new morphisms for projec-
tions and evaluations, then proceeding to identify morphisms accordingly. This is
formalized very nicely in [10] where cartesian closed categories are defined equation-
ally.

Suppose that C is a cartesian closed category. Given an object A we will wish to
freely adjoin a new arrow 1 — A. This can be done by adding anedgez : 1 — A in
the underlying graph of C and then taking the free cartesian closed category generated
by that graph subject to the equations which hold in C. We denote this new category
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by C|[z] (actually we should denote it by Clz : 1 — A], or at least C[z“], to include
the codomain of z. But this will always be clear from the context). We refer to the
arrows of Clz] as polynomial arrows of C in z. This process may be generalized in
the obvious way to define categories C[z,...,2,], and we write a polynomial arrow
o(z1,...,Zy) to mean that we are viewing it as a arrow in Clzy, ..., z,].

This construction comes with substitution functors Clzi,...,z,] — C which
when given g; : 1 — A, in C (assuming z; : 1 — A;) and p(z1,...,2,):1 — Bin
C[z1, ..., zs) yields an arrow ¢(ay, ...,an) : 1 — B. Such a polynomial determines a
unique arrow Ay : A; X+ - - X A, — B such that substitution is given by composition:
Aplay, ... a,) = @(ay,...,0,). A

These facts are discussed in detail and formally proven in [10].

3.1.2 Internal Heyting Algebras Q4

In any category we can define the notion of subobject as an equivalence class of monos.
To be precise we let Mono(A) denote the set of monomorphisms with codomain A and
define a preorder < on Mono(A) by x—L.a < Y%A when f factors through g

via some (necessarily unique) map X — Y:

X———Y (1)
N A
A

The equivalence relation on Mono(A) induced by this preorder is that the two monos
f, g are equivalent if there is an isomorphism X — Y making (1) commute. We call
the equivalence class containing f the subobject determined by f, which will also be
denoted by f. The context shall make it clear if we are referring to the map or the
subobject. The collection of subobjects will be denoted by Sub(A), which is a partial

order with top element (given by 14).
If our category has pullbacks then Sub(A) will become a meet-semi lattice with
top element. The meet of two subobjects is given by their pullback. In Set, Sub(A)

is a complete boolean algebra, under union intersection and complement.
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In a topos however Sub(A) will always be a Heyting algebra. Moreover, for each
arrow f : A — B, pullback along f yields a map f* : Sub(B) — Sub(A), and
this map will have left and right adjoints 3y + f* 4 V;. This construction is also
functorial in that 3,3 = 3,5 and similarly for V.

This structure is also reflected “internally” in that each object 24 is an internal
complete Heyting algebra object, i.e. has maps Q4 x Q4 -2 Q4 and Q% Y, o4
satisfying the appropriate diagrams. Also there are arrows 2 1 QA for each map
f : A — B which are internal adjoints to the internal pullback functor f* : Qf —
04

These facts, and more, are discussed in detail throughout the literature, see for
example [1].

Additionally as a (non-trivial) consequence of the definition of topos, all toposes

have all finite colimits (see [1],(8]).

3.1.3 Cartesian Functors and Comparison Maps

Given a topos £ and an object A in £, the evaluation ev, : Q4 x A — Q gives rise

to a subobject € 4 which we call the Element Relation on A

Ea—1
|
Ax A—">Q

Suppose that F' : £ — & is a cartesian functor (i.e. preserves finite limits) between

Q

toposes. Following (8] (p.69) for each object A of £ we define a map p4 : F(Q4) —
QF(A) a5 follows; Apply F to the subobject €4 to obtain a new subobject F(€4):

F(Eﬂ) —_— F(lj —= 1
I IF(T) T
F(Q4) x F(A) —4, po) —2=— 0

We define ¢4 to be the transpose of (aF(eva)). The functor F is logical if and only

if each comparison map 4 is an isomorphism.
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3.2 Logical View: Higher-Order Logic

The category Lang consists of Intuitionistic type theories and translations between
them. Following [10] we present two equivalent formulations of type theory, one based

on equality and one based on logic.

3.2.1 Type Theory based on Logic.

A type theory £ has types generated from a given list of basic types (which will
always include 1, N, 2) and given type-forming operations (which will always include
a binary operation x and a unary operation P(—) (power set)). In general there may
be other types, basic types or type-forming operations and non-trivial identifications

between them.
The terms of £ are formed from basic terms and term forming operations where

the following are basic terms:

0:N *:1 T:Q 1:Q 2:4

for each i € N and A any type, along with the term forming operations summarized
by:

n: N a:A b:B

Sn: N (a,b): Ax B

p:Q q:Q a:A a:P(A)
pAG PV p=>q 0 aca:N
p(z) : © p(z) : Q

{z € Alp(z)} : P(A)  Veeap(z), Freap(z) : Q

We define the usual short hands p=p= 1,p < g=p=>qAqg= pand
equality is defined following Leibniz a = o’ = Vyepgy(a € u <> o € u).

Free variables of terms are defined in the usual way, and formulae are defined to
be terms of type 2. For each context (a set of variables) X, £ is equipped with an
entailment relation +x between formulas with free variables included in X. For short
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hand we write | for Fg, and Fx p for T Fx p. This relation must satisfy three groups

of axioms:

Structural Rules:

pkExp

pFxq qbxr
pkxr

pFxgq
P Fxuyy 4

80(1'8) '_XU{a:B} '/J(-'EB)
@(b) Fx (b)

Where b : B has its free variables contained in X and no free variable of b becomes
bound in ¢(b) or in ¥(b).

Logical Rules:
pkx T

_Lf-xp

rtxpAq ifandonlyif rxpandrbyxgq

pVqgbxr ifandonlyif prkxrandpltxgq

pFxqg=r ifandonlyif pAgkxr

pbx Vyep®(y) if and only if pFxypy ¥(y)

Jyes¥(y) Fx p if and only if ¢(y) Fxug P
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Extralogical Axioms:

Comprehension
Fx Vaea(r € {7 € AlY(z)} = ¥(2))
Eaxtensionality

F Vuep(a)Voepa)(T €U <= T€V) S u=1

‘_ VSGQVtEQ(S = t) =>s=t

Products
F \V’zel‘z = *

F VieaxBIzeaIyez = (z,y)

F VzEAVm'eAVyGBVy’EB«mv y) = <.'L", yl> = (.’E =a'A y= yl))

Peano Axioms

F Veen—(Sz = 0)

I_ VxeNVyeN(Sx = Sy => T = y)

FYuerv)(0 € U A Voen(z € u = Sz € u) = Vyeny € u)

Classical type theory would also include one of the two equivalent axioms: K
Viea(t V —t) or F Vieq(——t = t), but we do not impose these here.

Pure Type theory Lo is the type theory obtained adding no types, identifications
between types, or terms other than what is required above, and taking Fx to be the

least such relation satisfying the above axioms.
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3.2.2 Type Theory based on Equality.

A type theory £ based on equality has types and terms subject to the same conditions
as a type theory based on logic except that we no longer require the basic terms

T, L :Q and change the term forming operations to include:

b: B p(z) : O
:Ax B {z € A|lp(z)}: P(A)

n:N a:A
Sn: N (a,b)

a:A d:A a:A o:P(A)
a=d:Q ac€a:f)

The difference is that equality of formulae is now a basic concept with which we

must define the logical symbols, which we do as follows:

T = *x=x
pAg = (p,g)=(T,T)
p=q = (pg)=p
Veeap(z) = {z€A:ipx)}={recA: T}
1L = Vet
pVe = Vea(((p=t)A(g=1) =1)
Tocap(z) = Viea(Vzealp(z) = 1) =1t)

For convenience we describe the entailment relation here as a sequent between a

finite set of formulae and a formula I" Fx ¢ subject to the following axioms:

Structural Rules
pkxp

F'txp TU{pttxgq
F}_xq
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F}“xq
Fru{p}txq

F l—x q
I'Fxugy ¢

I'(y) Fxupy ©(y)
I'(b) Fx ¢(b)
where it is assumed that b is substitutable for y in ¢(y) and in each element of
I'(y) ={4(): ¢ €T}
Pure Equality Rules

Fxa=a

{a=b,0(a)} Fx ¢(b)

where a and b are substitutable for z in ¢(z).

Fu{p}trxq TU{g}txp
'kxp=gq

Products and Terminal Axioms

(a,b)y ={c,dyFx a=c

(a,b) =(c,d) Fx b=d

Fz.x:*

where z is of type 1.

TU{z=(2,9)} Fxu{epz ¥(2)
FXU{m}(p(x)
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where z and y are not free in I" or ¢(2).

Comprehension Axioms

Fx p(a) = (z € {z € A: p(z)})

where z € X.

I'Fxuge) (z) = (2 € 0)
I'Fxa={zeA:p(x)}

where z is not free in I.

Peano Axioms

Sz=0 l_XU{w} P

Sz=Syrpyr=y

CEx ¢0) TU{p()}Fxuge »(ST)

r I—XU{I} QO(IL')

where z is not free in I".

Discussed in [10] is the fact that it does not matter whether we base a type theory

18

on logic or on equality, since each one proves the necessary theorems and derived rules

of inference to qualify being a member of both formulations. For example Leibniz’s

rule for equality is a theorem in any type theory based on equality, and the definitions

of the logical connectives in a type theory based on equality become theorems in a

type theory based on logic.

3.2.3 Translations

A translation from one language £, to another £, is a function F' mapping the types
of L£; to L, and the terms of £; to £, that respects the special types 1, N, {2 and terms
0:N,T:Q,x*:1, the type and term forming operations, any identifications between
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types or terms, and of course terms of type A are mapped to terms of type F(A)
and z! is mapped to :vF(A) Two translations F,G are said to be equal if they are
provably equal, that is F(A) = G(A) for all types A and Fp(x) F(t(X)) = G(t(X))
for all terms ¢(X).

A consequence of this definition is that translations preserve theorems. Indeed p
is a theorem if and only if - p = T which is preserved by translations.

Type theories and translations between then form a category which we will denote
by Lang. Pure type theory Ly is the initial object of Lang with the obvious canonical

translation of Ly into any other language.

3.3 Internal Language of a Topos

To each topos £ we associate a type theory (based on equality) denoted by L(£)
which will have as types the objets of £ with the obvious identification that the
object 1 is the type 1 and similar identifications for NV and 2. The terms of type A

are polynomial arrows ¢(z3,...,%,) : 1 — A where we interpret:

* 1—1
0 0:1— N
Sn 15NN

(a, b) 1% 4x B

a=d |19 axatsq

a€a 19904 x 4 24

{z € Alp()} | () :1— Q4

where a, d’, b, a are all of the appropriate type.

To be clear we will reserve “=" for the formal symbol in the internal language of
a topos and use - = - for equality of arrows.

For X = {z,...,z2=} we put {¢1(X),...,0a(X)} Fx @nt1(X) to mean that
forall h: C — Ay x---x Ay iffori=1,...,n Ai(X))h- = -TOc then also
Mpn+1(X))h- = -TO¢, where Oc¢ is the unique map C — 1.



CHAPTER 3. TOPOSES 20

Since each Ap;(X) : Ay X -++ x A, — € we can rephrase this in terms
of subobjects: Each ¢(X) determines a subobject of A; x -+ x A,. To say
{o1(X)y ..y 0n(X)} Fx @nt1(X) is equivalent that the subobject determined by
©Yn+1 is greater than (in the subobject lattice Sub(A; X --+ X A,)) the meet of the
subobjects determined by ¢;, i =1,...,n.

It is routine calculation to show that L£(£) satisfies all the axioms except for
Peano’s. The proof that £(£) satisfies Peano’s axioms can be found in [10].

To each logical functor F' : £ — & arises a translation £(F) : L(E) — L(S) in

a natural way, which makes £ into a functor T'opg — Lang.

3.3.1 Some Applications of the Internal Language
In [10] the following useful facts (and more) are proved:
Theorem 3.3.1. Let € be a topos.
(i) For arrows f,g: A — B in € one has f- =9 <= F Vyes.fr = gz.

(it) If h: Ax B — Q and h* : A — PB is the transpose then h*z- = -{y € B :
hiz,y)}.

(i11) Provably functional relations in L(E) determine arrows in €. That is if
F Veealyenp(z, y) then there is a unigque arrow g : A — B (with y = gz- =
p(z,y)) such that & Vyeap(z, gx).

() f: A— B is a mono if and only if - VeeaVyea(fr = fy =z =1).
(v) f: A— B isepiif and only if - VyepIeca-fr = y.
(vi) f: A — B isaniso if and only if F VyepIlpea.fz = y.

Number (iii) will particularly useful later on, where we will rely heavily on the

internal language to define arrows in a topos.
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3.4 Topos Generated by Type Theory

The construction of a topos T'(L) from a type theory L is a formalization of the proof
that the category of sets and functions forms a topos with a few minor adjustments.
T(L) will have as objects closed terms of type P(A) for some type A, modulo provable
equality, and a map f : « — [ where a and 3 are closed terms of type P(A)
and P(B) respectively will be a “provably functional relation” from a to  (modulo
provable equality); that is a closed term f : P(A x B) satisfying - f : @« — 3 where
for notational convenience we define f : o — B = (f C a X 8) AVzeu(r € a =
lyep{z,y) € f) (with the usual definitions for C, a x 3, and ).

To each type A there is the closed term A := {z € A : T}. Identities, composition,
products, and pullbacks are defined in the obvious way as in set theory. The natural
numbers object is given by IN with the obvious maps for zero and successor. Peano’s
axioms guarantee that this gives a natural numbers object.

The subobject classifier is given by {(x,T)} : 1 — Q andif f: @ — Bisa

mono then f has the characteristic map given by

{{y,t) e BxQye BAt=Tpculz,y) € f}: B — Q

A note of caution, we can define function spaces * = {f € Plax 3) : + f :
a — (3}, but when it comes to power objects we have two candidates: 2% and
Po := {w € PA:w C a}. Although these are not equal, they are isomorphic.

The cartesian closed structure is given as follows: the evaluation ev, : Pa x a —
Q (for a: A) is the term

{{u,z),t) e (PAXx A)xQ:z€aAuCalt=(z€u)}
For h: 8 xa— Q (i.e. h: A x B x Q) we define the transpose h* : 3 — Pa by
{{y,u) e Bx PA:u={r € A: ({y,z), T) € h}}

Each translation F : £; — L, preserves closed terms and theorems, hence also

preserves provably functional relations between closed terms. Thus we associate a
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logical functor T(F) : LT(L,) — T(L) in the obvious way, applying F. From this
arises a functor T : Lang — Topy

In [10] it is proved that for any type theory £, LT (L) is a conservative extension
of L, for any topos £, TL(E) is equivalent to £, and T - L. In particular T preserves
the initial object so we have an initial topos called the free topos F := T'(Ly). These
results are used in [10] to reduce proof theoretic properties of £ to algebraic properties

of F in order to establish intuitionistic principles in L.

3.5 Topos Semantics

Thinking of an arrow C — A as a “generalized element of A at stage C” , and given
a term (z) of type A, we write C I p(a) for p(a):- = -T0¢ (read “C forces ¢(a)” or
“©(a) is true at stage C”). This says a factors through the subobject of A determined
by ¢ via C 2}

Some simple facts follow this definition:

C Ik ¢(a) and h : D — C implies D I+ p(ah) (2)
L(E) Fua p(z?) < forallC ——= A C I+ ¢(a) (3)
C I+ p(a) <=+ V.ecp(az) (4)

D - C epi and D I+ o(ah) implies C IF ©(a) (5)

The big theorem is that this notion of satisfiability can be inductively defined.

Theorem 3.5.1 (Beth-Kripke-Joyal Semantics). Given C — A and two formulae
P, -

0) fA=Q thenClFa <> a = T0c.

1)For b(z*) a term of type B and B(z*) a term of type P(B), C I+ bla) €
Bla) <= evp(B(a),b(a))- = -TOc.

2) Ci+ T always.

3) ClFL < C=0.

4) Cl-p(a) Ad(a) <= C I+ (a) and C I 9(a).
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5) C ik p(a)Vip(a) < there ezists an epi (k,l] : D+FE — C where D I+ p(ak)
and E I+ ¢(al).

6) ClIF p(a) = ¢Y(a) <= forall D LN C, DI+ p(ah) implies C IF ¢(ah).

7) C Ik Vyept(y,a) < forall D 25 C and D > B, D I- (b, ah).

8) C IF J,ep¥(y,a) <= there exists an epi D ", ¢ and D %5 B where
D Ik 9(n, ah).

9) For terms b(z?) and V/(z4) of type B, C Ik b(a) = ¥/(a) <> b(a)- = b'(a).

A discussion of these ideas and a detailed proof can be found in [11] (p. 302).
In light of (3) we may reduce the provability internal statements to meta-

statements about arrows in the topos.



Chapter 4
Intuitionistic Principles

A key idea of constructive mathematics is that a proof should be a construction (or
a method to do a construction, e.g. an algorithm). In the study of constructive
mathematics this leads to several metamathematical principles that have become
basic to the subject. Although these principles may not be universally acknowledged
as required for a constructive foundation, they serve as basic notions in intuitionistic
mathematics.

For example, for an intuitionist to prove an existential statement, the proof should
actually construct an explicit witness. Or a proof of a disjunction should be a con-
struction of a proof of one of the disjuncts. ‘

Although Brouwer himself was not interested in formalizing the logic of intuition-
ism, his student Heyting (in the 1930’s) and numerous logicians since then, have spent
considerable time formalizing large parts of constructive mathematics and the logi-
cal principles underlying the many different versions of constructivism. We should
mention in particular the work of Heyting, Kleene, Vesley, Markov, Troelstra, van
Dalen, E. Bishop, D. Bridges, Brouwer. For a brief introduction to the history of
constructivism see [14].

More recently, with the advent of categorical logic and topos theory, the formal
connections of intuitionist logics to categorical constructions has opened up new ap-
proaches to the formalization and the semantics of constructive mathematics.

In what follows, we present a few familiar intuitionistic proof principles, along the

24
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lines of {10], with some of their categorical meanings.

4.1 Proof Theoretic Principles

Let us consider some proof-theoretic principles that hold in pure type theory and

their translations into algebraic statements in the free topos F (for proofs see [10]).
Disjunction Property (DP): if FpVgthent port gq.

DP may be formulated as saying the terminal object 1 in the free topos F is
indecomposable. That is, whenever [k,l] : A+ B — 1 is an epimorphism then one

of k or | is an epimorphism.

Existence Property (EP): if b 3,c4p(z) then there is a (closed) term a : A for
which F ¢(a).

The existence property EP essentially says that 1 is projective, but not exactly.
It is in general a little weaker. The premise of EP says there is a surjection {z €
A | p(z)} — 1. The conclusion of projectivity of 1 is that there is an arrow 1 —
{z € A | ¢(z)}. By definition of the free topos, this arrow is a term of type P(A x 1)
satisfying a unique existence condition (since it is a provably functional relation).
Hence, the projectivity of 1 witnesses existential statements by points which are
provably functional relations. The EP wants something stronger: it needs closed
terms as witnesses, not points. Hence the projectivity of 1 reduces the existence

property to the Unique Existence Property ([10], Lemma 20.3, p. 229), namely

Unique Existence Property (E!P): if - 3l,c4%(x) then there is a (closed) term
a : A for which F v¢(a).

This latter is proved by structural induction on the syntax of pure intuitionistic
type theory. So we indeed can conclude (EP) by showing the projectivity of 1 in F,
together with (E!P).

A consequence of this is that numerals are standard, that is, the only arrows

1 — N in F are standard numerals S™0, for n € N.

Troelstra’s Uniformity Rule (UR): if - V,cpc3yenp(z, y) thent JyenVecpcp(, y).
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Equivalently, by (EP), the conclusion of (UR) says: b Vyepop(z,n), for some
numeral 7. Intuitively this, this says the only arrows into N from a (pure) powerset
are constant. In F, this means that any arrow P(C') — N factors through a standard

numeral.
Markov’s Rule: if - V,ca(p(z) V () and F —~Vzea—@(z) then F 3c 40().

This says: for decidable predicates, classical reasoning is valid. More specifically,
if p(z) is decidable and if F ~—3,c4¢(x), then there is some closed term of type A

which must provably witness .

Independence of premisses (IP): if F ¢ = 3,c40(x) then F 3,c4(—q = p(z)),

where z is not in the free variables of q.

Another interpretation would be: if ~¢ F Jycap(z) then —¢ F (a), for some
closed term of type A, which we might call Existence Property mod —q . This
can be interpreted in the free topos as saying —¢ (more precisely, ng = {z € 1 : —q})

is a projective subobject of 1.

4.2 Bar Induction

Bar induction is a principle for reasoning about predicates (subsets) on certain types
of trees. We consider the concrete case of sequences of natural numbers. We start
with stating the principle for the tree N* = N<N = all finite sequences with values in
N (where a < b, for finite sequences a and b, if b is an initial segment of a).

Before we give the principle of Bar Induction we need some notation. Given
a € NY and n € N we define @(n) to be the sequence {(a(0),...,a(n —1)). Finite
sequences will be written with lower case letters a, b, c... and concatenation will be
denoted by a * b. For n € N we write a *x n as shorthand for a * (n).

Given R C N* define R = {a € N* : V w3zen.R(a * @(z))} ie. those sequences
for which every extension to an infinite sequence must “pass though” R. For a € R
we say “a is bared by R”, or “R is a bar for a”

It is easy to see that R possesses two properties:

(i) RCR
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(ii) (Vaen.a*n€R)=>a€R

Any subset of N* having property (ii) is called inductive. Bar induction says
that if R is decidable then R is the smallest inductive set containing R, i.e. the
smallest subset of N* satisfying (i) and (ii). This statement is known as Decidable
Bar Induction and is formalized as follows: for R, A C N* and b € N* we have

(RV=R)ANR C A sernvToen b43(7) € R)A(Vaen-(Voen-a*n € A) > a € A) = be A

Classically this statement is true but intuitionistically it is a nontrivial statement,
known as the Brouwer Bar Theorem [9]. The methods we employ in this paper allow
one to prove that Bar Induction holds for N* internal to the free topos, however due
to time restrictions this will be done in a sequel.

There are equivalent alternate forms of Bar induction that we shall not discuss
here (see [9] p. 54-56). There is, however a stronger version called Monotonic Bar
Induction where the requirement that R be decidable is replaced with R being “mono-
tonic”, i.e. a down set in the tree N*.

Both Monotonic and Decidable Bar Induction have, what appears to be, a weak-
ening by taking A = R, but it turns out that this weaker version is equivalent to
the full bar induction [14]. For clarity we state the “weak” version of Monotonic Bar
Induction, where R C N* and b € N*:

Monotonic Bar Induction
(Vaen+(a € R <= VYpenaxn € R)) A (VoennTzenbxa(z) € R) > b€ R

The first conjunct says that R is “monotonic inductive” (i.e. down-closed and induc-
tive). This is the form we are interested in formalizing in the internal logic of the free
topos.

Below we will give an equivalent formalization of Monotonic Bar Induction as the
statement that a certain locale is spatial and isomorphic to the locale of opens of NV
(with the usual product topology).

We state a general bar induction principle for sub-trees of N*. Given a sub-tree

P of N* we define the following notation:
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1. 1p is the top element of P
2. Given p € P we denote by V, the set of infinite paths in P beginning at p.

3. For a monotonic R C P and a € V, we say that “a goes through R” if there

exists some node of o in R.

4. We say that “R bars p € P” if every path in V}, goes through R.

Monotonic Bar Induction for P can now be stated as follows: A monotonic inductive

subset of P contains p if and only if it bars p.

4.3 Continuity Principles

The continuity principle for a space S is the statement that all functions § — S are

continuous. In a type theory we regard this as derived rule of inference:

Ff.: 88— S

F “f is continuous”

The goal of this work is to demonstrate that the continuity principle holds in the
free topos for the spaces R, 2", NV, and any space which can be suitably constructed
from N (the meaning of which will be made precise below). In addition the principle
for R and NV has been demonstrated in other toposes (see [11] p. 324).



Chapter 5
Topologies and Formal Spaces

For this chapter (and the next) we take special care to restrict ourselves to the logic
of toposes. In particular the powerset of 1 will be denoted as 2 and be thought of
as a frame (not a boolean algebra). We will be arguing informally in this chapter,
but all the results may be restated formally within the internal logic of a topos

(relativization). In the next chapter we will make this transition into the internal

logic of a topos more explicit.

5.1 Topologies on a Poset

Let P be a poset and D(P) be the object of all down subsets of P. The poset D(P)
is closed under arbitrary intersections and so forms a complete lattice. In fact it is

also a Heyting algebra, and hence we may think of it as a locale.

Remark 5.1.1. For those familiar with the terminology: D(P) is in bijection with
order-preserving maps PP — (Q; these maps P? — () are the same as subterminal

presheaves on P (definition below). This gives an alternate description D(P) =
Subp,p)(1).

We have a canonical order-preserving map P — D(P) sending z to its principal

down set | z. For notational convenience we use the following shorthand notation:
e D(z) for the set of down sets of |z

29
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ez|y=lzNly
e For Re D(P) put R[,= RN |z

Definition 5.1.2. A Topology on a poset P is given by a function J assigning to each
z € P a subset J(z) C D(z) satisfying the following;:

1. lz € J(z).
2. f R€ J(z) and y < z then R[,€ J(y).
We call J a Grothendieck topology when J also satisfies
(L) If Re J(z), S € D(z), and for each y € R, S[,€ J(y) then S € J(z).
A category equipped with a Grothendieck topology is called a site.

Remark 5.1.3. This is a special case of the more general notion of site on an

arbitrary category (for e.g. see [8] chapter C2).

For us the term “topology” will always mean one that is not necessarily
Grothendieck. When we wish to assume a topology is Grothendieck or stress that a

particular topology is Grothendieck then we will use the term “Grothendieck topol-

')

ogy”.

Property (L) is called the locale character condition. Note that 1. 2. and (L) are
all preserved under intersections of topologies. In particular, given a topology J one
may form the Grothendieck completion J, which is the intersection of all Grothendieck
topologies containing J. J is the smallest Grothendieck topology containing J.

Alternatively one may try to form J by inductively adding all covers which are
required by (L). In general there is no guarantee this process may stop after even a
transfinite induction ([8] p. 541, when P is a “large” category). However the posets
and topologies we consider will be small (in fact countable) and so this method will
always work for us.

An immediate consequence of (L) is that the set of covers of p € P is closed

upwards and under intersections, that is the covers of p form a filter in D(p).
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Given a join semi-lattice (complete or otherwise) L, we may form the canonical
Grothendieck topology J(z) = {A C |z : \/ A exists and equals z} and the coherent
Grothendieck topology J(z) = {A C |z : A is finite and \/ A = z}.

Given a topology J we may ask for down sets which are suitably closed under
covers, meaning down sets A such that if A[,€ J(z) then z € A. Such down sets will
be called J-ideals, and the collection of them will be denoted by Ideal(P, J), which
is ordered by inclusion. J-ideals are closed under arbitrary intersection and so form

a complete sub-lattice of D(P) (and hence also form a locale).

Remark 5.1.4. In terms of presheaves, if J is Grothendieck then J-ideals correspond
to J-sheaves (definition below), and so Ideal(P, J) = Subgu(ps)(1) is also a locale,

under inclusion.

Note that J-ideals are not ordinary poset ideals in that they need not be directed
upwards. But if P is a join-semi-lattice, and J is the coherent topology, then J-ideals
correspond to ordinary ideals. Moreover if P is a complete join-semilattice and J is
the canonical topology then J-ideals correspond exactly to the principal ideals of P.

Given a down-set A we may form the closure of A with respect to J: clj(A) =
{z € P: Al,€ J(z)}, which will be written as A when the topology J is understood

(one can also define cl;(A) to be the intersection of all J-ideals containing A).

Theorem 5.1.5. The operator cl; regarded as a map D(P) — D(P) is a nucleus
of locales. The sublocale corresponding to cly is precisely Ideal( P, J) and there is a

canonical order map P — Ideal(P, J)) sending x to | .

Proof. The fact that cl; is a nucleus is clear. By (2.3.3) the corresponding sublocale
of D(P) is given by the fixed points of cl;, i.e. the J Ideals of P. The canonical
order-preserving map is just the composite P — D(P) L, Ideal(P, J). 0

This allows us to think of topologies on a poset as a kind of presentation of a
locale. Conversely, each locale X can be presented as a Grothendieck topology in a
canonical way, as the canonical topology on its underlying poset. This works since
the J Ideals will then be principle ideals of X (and every lattice is isomorphic to its

lattice of principle ideals).
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5.2 Filters and J-Prime maps

The following discussion is inspired from [5]. A filter in a poset is an up-set which
is directed downwards, meaning that any two elements with an upper bound have a
lower bound. In the case of a meet-semilattice with a top element this reduces to the
usual definition of filter. Since our posets will always have a top element a filter for
us will be an up-set in which any two elements have a lower bound.

In this section we give a generalization of the notion of filter in a poset (which is
essentially a model of a geometric theory in a frame, and is rephrasing of the notion
of model in {5]). The generalization is a natural abstraction of the properties of a

filter in a meet-semilattice.

Definition 5.2.1. Given a locale H, an H-valued filter (or H-filter) of P is an order-
preserving map P -+ H satisfying ¢(z) A p(y) < V{p(2) : z € z | y}. In addition
if J is a topology on P then ¢ is said to be J-prime if ¢ maps covers into joins,
ie. if R € J(z) then p(z) = V{¢(y) : y € R}. The collection of J-prime maps
(P,J) — H will be denoted by Prime(P, J; H).

Remark 5.2.2. Definition 5.2.1 is related to the notion of a continuous flat mor-

phisms functors and the general notion of morphisms of sites (see [8] for details).

The reason for calling the above an H-filter is because ()-filters are the character-
istic maps of the standard filters in a poset.

A J-prime map ¢ is automatically a filter (see below), and is named as prime
because if P taken to be a join semi-lattice and J to be the coherent topology,
then J-prime Q-valued maps correspond exactly to prime filters of P (and if J is
the canonical topology then J-Prime 2-valued maps correspond to complectly prime
filters). Also when discussing the actual subset of P characterized by a J-prime map,

we will use the term J-prime filter.

Proposition 5.2.3. A map P — H is an H-filter if and only if it is J-prime for
J the minimal topology on P. Also J and J' are topologies on P with J C J' then

J'-prime maps are automatically J-prime. Consequently all J-prime maps are filters.



CHAPTER 5. TOPOLOGIES AND FORMAL SPACES 33

Proof. If ¢ : P — H is an H-filter then ¢(z) = ¢(z) A p(z) <
V{p(z) : z € z | z =|z} which shows that ¢ is J-prime for the minimal topology J.

For the converse, given any topology J and ¢ a J-prime map:

@) Aoly) = \{p() 2 <2} A\ {olw) w < )

= Vipe) A\ o) w <y} iz < 2)
V{Vie) Apw):w <y} z <z}
V{ga(z) Np(w):z <z and w < y}
\/{cp(z) ANp(2):z<zand z <y}
Vie(z) :z€z |y}

([

IA

Lemma 1. Given a J-prime map ¢ : (P,J) — H and A € D(P) we have

Viv@) o € A} = \/{e(@) : 3 € &) Q

Proof. Since A C A we clearly have the “<” direction. For the converse, if z € 4
then Af,€ J(z). In which case p(z) = V{p(y) : y € Al.} < V{p(y) : y € A}. O

The next theorem is fundamental.

Theorem 5.2.4 (Formal Space). The canonical map m : P — Ideal(P,J) is J-
prime and any J-prime map P 2 H uniquely factors through the canomnical one via
the frame morphism Ideal(P, J) £ H with f,(K) = \/{¢(z) : z € K}.

P —" Ideal(P, J)
: fe
v

H
This gives an isomorphism Prime(P, J; H) = Frame(Ideal(P, J), H) = Loc(H, Ideal(P, J)).

")
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Proof. The canonical map m : P — Ideal(P, J) is p+— [p . First we check that m
is a J-prime map. To this end take R € J(z) and note that then R = [z (RC |z

gives one direction, and x € R gives the other).

m(z) = lz
= R
= Jlly:yeR}
= V{ly:yeR}
= \/{m@):y<cR}

So m is a J-Prime map. Next we must check that f, is indeed a frame morphism:

Vie(@) : 2 € Ri} A \{e®) : y € Ry}

= V{e(@) Ap(y) : z € Ry and y € Ry}

= V{\/{go(z):zéxly}::reRl and y € Ry}
= \/{(p(z) :2 € Ry and 2z € Ry}

= fo(RiNRy)

fo(R1) A fo(Rz)

LoV K) = VH{ele):v e\ K}

= Vo) :ze @—i}

= \{olz):ze OK,-} by Lemma 1
= V{v(@):ze K}

= \:/fw(Ki)
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Finally we check that ¢ = f,m (this also shows uniqueness):

folm(@)) = \/{o() :y € Iz}
= V{o) :yelz}
= ¢(z)

The only thing left is to note that the composition of a J-prime map with a frame
map is again J-prime (since frame maps preserve all joins and hence all covers), this

establishes the bijection. 0

The Grothendieck topology J naturally induces a classical topology 7; on the set
Prime(P, J; H) given by the basic opens U, = {¢ € Prime(P,J;H) : p(z) = T},
where z € P.

Remark 5.2.5. In light of 5.2.4, when H = Q J-prime maps are the points of the
locale Ideal(P, J) and the spaces pt(Ideal(P, J)) and Prime(P, J; ) coincide.
We call the locale Ideal(P, J) the Formal Space of the topology (P, J).

5.3 Examples of Topologies

Example 5.3.1 (Monotonic Inductive Topology). Consider the case that P is
sub-tree of N*. We describe the Monotonic Inductive topology on P: for p € P let
pt denote the set of immediate successors of p. The only covers of p € P are | p and
1p*. We will denote this topology by MIp.

Now a MIp-ideal is a down set of P (i.e. is monotonic), say R, which satisfies the
following: p* C R = p € R (i.e. R is inductive). Thus MIp-ideals are monotonic
inductive subsets of P (in the sense of section 4.2).

A MIp-Prime (Q-valued) filter is first and foremost a filter in P, i.e. a path
starting at the top of P (since P is a tree a filter must be a path) which satisfies p €
R = F,ep+.q € R. Thus MIp-prime filters are infinite paths through P (beginning
at the top of P).
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Example 5.3.2 (Bar-Closed (Grothendieck) Topology). The Bar-Closed Topol-
ogy, denoted by Barp on a sub-tree P of N* has as covers of p € P the down-sets of P
which bar p. These trivially include the covers in the monotonic inductive topology,
and so MIp C Barp.

A Barp-ideal is now an monotonic subset, R, of P for which R bars p = p € R.
We will call these subsets “bar closed”. Note that the principle of monotonic bar
induction for P can now be restated as saying that a MIp-ideal is also a Barp ideal.

The Barp-filters are also infinite paths in P. |

We consider two specific cases of the monotonic inductive topology which we find

interesting:

Example 5.3.3. Take P = 2* the tree of finite binary sequences. A monotonic
inductive prime filter is an infinite binary sequence (i.e. element of 2V). And so we
view the locale Ideal(2*, M I,.) as the “formal Cantor space”.

Example 5.3.4. Similarly if we take P = N* then a M Iy.-prime filter is an infinite
sequence (element of NN). And so we view the locale Ideal(N*, MIy.) as the “formal

Baire space”.

Since the locales Ideal(N*, M Iy.) and Ideal(N*, Bary.) have the same points it is
natural to ask why we choose the former as the “formal space” rather than the latter.
The answer is that it is the former for which one can prove intuitionistic versions
of certain classical results (Such as every compact, stably locally compact separable

locale X is the image (under a locale map) of the formal cantor space [5]).

Theorem 5.3.5. Given a sub-tree P of N* the locale Ideal( P, Barp) is spatial. If the
order relation on P is decidable and every p € P has at least two distinct successors
then Ideal( P, Barp) has a basis given by {| p : p € P}. In particular the space
pt(Ideal( P, Barp) has basis consisting of the sets V, = pt(|p).

Moreover Ideal(P, M Ip) is spatial if and only if bar induction for P holds (i.e.
Ideal( P, MIp) = Ideal(P, Barp).
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Proof. To see that Ideal(P, Barp) is spatial, it suffices to show that the frame
map pt* : Ideal(P, Barp) — pt(P, Barp) is injective. So suppose that R,S €
Ideal(P, Barp) are such that pt(R) = pt(S).

Note that a prime map « in P (infinite path in P starting at 1p) is a point of R
if and only if a goes through R. Now suppose that p € R. Then every o € V, is a
point of R, hence a point of S an so goes through S. This means that S bars p and so
p € S. Therefore R C S. By symmetry R and S must be equal and so Ideal(P, Barp)
is spatial.

Since every R € Ideal(P, Barp) can be written as R = UpG pClBarp(l p) =
Vpe p ClBarp(l p), to show that the | p’s form a basis it suffices to show that each
L p is in fact a Barp-ideal (i.e. bar closed). This follows from the decidability of the
order on P: Suppose that | p bars g, then in particular p and ¢ have a lower bound
and we conclude that ¢ < pV p < q. Suppose that —(¢ < p), then we have p < q.
Since q has at least two distinct successors, one of these successors, say ¢’ will not be
above p (otherwise they couldn’t both be successors of q). Now pick some a € V.
This « is in V; as well and cannot go through | p, contradicting the assumption that
| p bars q. Therefore we have =—(¢ < p) which implies ¢ < p. It follows that | p is
bar closed.

Now clearly if bar induction for P holds then Ideal(P, MIp) is spatial. For the
converse, suppose that Ideal(P, MIp) is spatial, and that R is a monotone inductive
subset of P. Recall that R is the set of all elements of P for which R is a bar. Since
pt(R) is the set of sequences which go through R we have pt(R) = pt(R), and hence
the assumption of spatiality implies that R = R. This proves monotone bar induction
holds in P. O

In the case that P is N* (or 2*) the opens V,, for some finite sequence p, are
just the usual basis elements of all sequences with p as an initial segment. Therefore

Ideal(P, Barp) is the usual topological Baire Space NN (or Cantor space 2V).

Corollary 5.3.6. Monotonic Bar Induction for N* is equivalent to the formal Baire
Space being spatial and isomorphic to the locale of opens of NN (with the product

topology), and similarly for Cantor space.



CHAPTER 5. TOPOLOGIES AND FORMAL SPACES 38

Example 5.3.7. Take P = the poset of (non-trivial) open intervals in Q (including
infinite intervals) ordered by inclusion (so that (—oo, 00) is the top of P). Given an
interval (p,q) define the down-set of proper subintervals of (a,b) to be SI(p,q) =
{(a,b)e P:p<a<b<g}

The Dedekind topology denoted by Jp will be as follows: each interval (p,q)
(possibly infinite) will have covers of the form: SI(p,b)USI(a,q), wherep < a < b <
q- Note that this includes as a special case SI(p, q).

Next we show Jp-prime filters correspond to Dedekind cuts in the following sense

(see [5]):

Definition 5.3.8. A Dedekind Cut is a pair (L, U) of disjoint subsets of Q satisfying
(i) L and U are “close together”: p<qg=>pe LVqeU
(ii) L and U are open and inhabited

To this end let F' be a Jp-filter and define L,U C Qbyre L < (r,o0) € L
and r € U <= (—o0,r) € F. We show (L, U) is a Dedekind cut.

First suppose that p < ¢. Since (—oo,00) € F and (—o00,00) is covered by
SI(—~o0,q) U SI(p,o0) there exists (a,b) € SI(—o0,q) U SI(p,o00) with (a,b) € F.
But since F' is closed upwards this implies (—o0,q) € F'V (p,00) € F, in which case
p € LV q € U. This establishes (i).

L and U are disjoint since if p € LNU then we’d have (—oo, p), (p, o0) € F, which
would contradict the fact that F is a filter (since these intervals are disjoint and
hence have no lower bound). Note that this automatically implies that L is closed
downwards and U is closed upwards, for if p < g € L thenp € LV q € U. But
—~(q € U) and so we conclude p € L, hence L is closed downwards (similarly U is
closed upwards).

Since L is closed downwards, to show openness it suffices to show that if p € L
then there exists some ¢ € Q with ¢ > p and ¢ € L. So suppose that p € L, then
(p, 00) € F and since (p, 0o) is covered by SI(p, co) there exists some (a, b) € SI(p, o)
in F. Again this implies (a,00) € F, i.e. a € L. Further a > p and so L is open.

Similarly one shows that U is open as well.
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To see that L and U are inhabited note that since (—oo0,00) is covered by
SI(—o00,00) there exists (p,q) € SI(—o0,00) with (p,q) € F, in which case both
(~00,q), (p,00) € F;ie. pe Land g€ U.

This shows us that every Jp-prime filter corresponds to some Dedekind cut. For
the converse (that all cuts are realized) let (L, U) be a Dedekind cut and define FF C P

as follows:
e ForgeQ, (—o0,9) €F < qgeU
e ForpeQ, (p,o)eF <= pel
e ForpqeQ,p<q, (g €F < pecLAqeU

It is clear that if F' is indeed a Jp-prime filter then it corresponds to the Dedekind
cut (L,U). It is straightforward to show that F is a filter in P, we show here that it is
J-prime. To this end suppose that (p,q) € F and that p < a < b < ¢ so that (p, g) is
covered by SI(p,b)USI(a,q) In particulara < bandsoa € LVbe U. If a € L then
(a,q) € F, but this is not enough since (a, q) &€ SI(a,q). But since L and U are open,
we can find @’ > a and ¢’ < ¢ with o’ € L and ¢’ € U, in which case (o, ¢') € SI(a,q)
and (a’,q') € F. Similarly if b € U one can find (p/,¥) € SI(p,b) N F.

This establishes the fact that the Jp-prime filters are exactly the Dedekind cuts.
Regarding the Jp-prime filters as the points of the locale Ideal( P, Jp) we’ve not only
constructed the reals, but also endowed them with a topology. This topology arising
on the reals is the usual topology. To see why this is so, the locale of Jp ideals has a
basis consisting of principle ideals |(p, ¢). The points of such a locale consist of the
Dedekind cuts representing a real between p and q (i.e. the interval (p, q) of reals).

These opens of reals form a basis for the usual topology on R.

5.4 Formalization

As stated at the beginning of this chapter, the above definitions and results may be

formalized in a topos. Here we sketch a few highlights on how this is done.
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A poset P is taken to be an internal poset object. The "down sets” of P are a
class of subobjects of P and the collection of all down sets in P, denoted by D¢ (P),

is an actual subobject of QF.
To formalize a topology on P, we may take J not to be a function as above, but

instead the graph of a function, i.e. a span:

J—tup

lc
QP
which satisfies appropriate diagrams corresponding to the definition of a topology
(see [8] C 2.4 p.578 for details). Also one may define internal Grothendieck topologies
by asking that the appropriate diagram corresponding to the condition (L) commute.
There is one extra condition we ask of internal topologies which is that the maps b
and ¢ be jointly monic. This is just to say that J contains no extra elements other
than what would be in the graph of an (external) topology.
The J-ideals form a subobject of Dg(P), denoted by Idealg(P, J), are definable
from the internal logic of £. J-prime maps are easy to define, an H valued J-prime
map ¢ : P — H (for H an internal locale), is simply a order-preserving map for

which figure 1 commutes.

J——p—-2.qg

|, A

0P —0H

Figure 1: Condition for ¢ to be J-prime

The “collection” of H-valued J-prime maps forms a subobject Primeg(P, J; H) of
HP.



Chapter 6

Presheaf and Sheaf Toposes on

Preorders

6.1 Using the Internal Language

From here on, until otherwise specified we will be assuming some base topos € in
which we work using the internal logic (or direct categorical construction). Often we
will argue or define notions informally and when it is unclear we will describe how
our methods can be formalized.

We will use the internal logic to describe objects of £. For example, given an
internal poset P in &€, we can define a formula ¢(z) (of L(£)), that says “z is a down
set of P”, and thus the “set of down sets of P” is an actual object in £ given by the
term {z € QF : p(z)} (i.e. a subobject of QF). We may at times just refer to the
“object of down sets of P”.

Equally important for reasoning about any topos £ is the use of the internal logic
to describe arrows of £ (see 3.3.1 (iii)). An arrow between objects A L, B can be
given via the internal language as a provably functional relation (term) f : A — B.
At times we will describe this term using set-theoretic notation, such as f(z) = t(z)

or z — t(z) (where t(x) is some term depending on z), to mean we are considering

f={{z,y) e AxB:y=t(z)}.

41
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6.2 Internally indexed Coproducts in a topos.

Not all toposes are cocomplete, but all are so-called “internally cocomplete”. We will
only have need to discuss here internal coproducts. Given objects X; as ¢ varies over
another object I in a topos £, how shall we define the “internally indexed coproduct”
;e Xi? The X;’s should be uniformly defined in terms of I, in that we have map
v I — QX for some object X in which each X; embeds, satisfying ¢(i) = X;. In
this case we can take the transpose, ¢!, of ¢ and consider the kernel, ker(¢!) = {(i,z) €
IxX:ui)(z) =T} ={{§,z) € I x X :z € X;}. This is exactly what the coproduct
“should” be and we define

Definition 6.2.1. For ¢ as above, the internal coproduct [, X; := ker(¢*).

The injections &; : X; — [[,; Xi are defined just as in set theory: «;(z) = (i, z).
Note that this serves only as a shorthand notation to facilitate the use of “set-

theoretic like arguments”.

6.3 Presheaves on P
Definition 6.3.1. A Presheaf on P is a pair of arrows f : FF — P and|: Qy — F
where Q is defined by the pull back:

Qf_l——> <p

PxFE4ipyp

Note: @y is the object given by the closed term of the internal language of &£ :
{{p,z) € Px F : p < f(z)}. Alternatively we can describe @Q; as the coproduct
[ep f*(1p), where f*: QF — QF and | p is the obvious subobject of P.

We write z 1, as shorthand for [(p,z) (when we write z [, it will be implicitly

assumed that p < f(z)) and require f and | satisfy the equations

L f(zl,)=p

2. z=1zf)
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3. For q < p, (zlp)lq= zl4

For each p € P put F(p) := {z € F: f(z) = p} (a subobject of F'). A morphism
of presheaves F — G is given by a map F — G in &£/P which satisfies a(z|,) =

a(z)l,.

For example P 2, Pisa presheaf with p[,= ¢. This is called the terminal
presheaf on P. More generally given an object A the constant presheaf on P with
value A is given by the projection A x P — P with (a, p)[,= (a, q).

Given any presheaf F' <L, P and p € P we define the presheaf F [pﬁl p by
putting F'[,= {z € F : f(z) < p} and taking f[, to be the restriction of f to this
subobject of F, i.e. fl, is the pullback

Flp—— F

frpf lf

lp—— P

The collection of presheaves on P and their morphisms forms a category which
we will denote by Prg(P). In this category monos, epi’s, and iso’s are all given by
underlying monos, epi’s and iso’s (respectively) in €.

Subpresheaves are given by monics, and conversely any monic from an object G

“to a presheaf F', say [N F, induces a presheaf structure on G via G “,r L p
The ﬁfé;ﬁeéves/ F[;, are alWéys subpresheaves of F. The “collection” of subpresheaves
of a presheaf F' forms a subobject of QF denoted by Subpr.p)(F). More generally
the “collection” of presheaf maps G — F forms a subobject of F& denoted by
Prg(P)(G, F). One can construct this subobject using the internal langauge as the
term {z € F¢:g= fz}.

The following theorem can be found in [1] (with general sites) for the case £ = Set,

but the logic used is intuitionistically valid and hence formalizes to any topos.

Theorem 6.3.2. The category Pre(P) is a topos with canonical subobjects, and the

topos structure is gien as:

1. The terminal presheaf is given by P 1r p
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2. The product of F L.PandG -5 P is given by the pullback:
F x P_J G—F

L, b

where (z, y) = (zlp, Ylp)-
3. The pullback of F = H and G Lo is given by the pullback in &€:

FXIiJG__)F

L, N

G——H
h
\\;P
where (z,y)lp= (Zlp, Ylp)-

4. The subobject classifier Q (We use the underline to distinguish Q from the sub-
object classifier ) in ) is given by

Upep De(p) (p, K)

| |

P P -

with (p, K)[,= (g, K,) and 1 —-I—->Q is given by | (): P — Q.

Note: to define this coproduct we use v : P — QF with «(p) = Dg(p). Also
De(p) is the object of down subsets of | p.

5. The power presheaf, P(F), of a presheaf F is given by

HpGP SubPrg(P)(Frp) (P, G>

| |

P p
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with (p,G) = (q,G [;) and evaluation map evp : P(F) xp F — Q is
evr((p, G),z) = (p, {g < p: zo€ Gl,}).
Note: to define this coproduct we use ¢ : P — Q% where
u(p) = Subpr.(p)(Flp) C QF.
6. The Exponent GF of is given by

Upep Pre(Flp, G) (P, )

| |

P p
with (ps §0> rq= (qa (P[q>

Note: to define this coproduct we use v : P — QF*C where

p)={z € FxG:z:F [, — G} (i.e. L sends p to the object of graphs of
maps F [, to G, which is isomorphic to Prg(F1,, G)).

7. If a : F — Q) then the canonical kernel of a is given by
ker(a) = {z € F: o(z) = (L f(z), f(z))}
8. If G—=- F then char(a): F — Q is given by
char(a)(z) = (f(z),{p €l f(z) : zlp€ Glp}).
9. The canonical subobjects are given by the canonical kernels above.

The examples of constant presheaves above gives rise to a functor A : £ —
Pre(P) where A(A) = Ax P "% P and for f : A — B we put A(f) = f x 1p.
This functor has a right adjoint called the Global Sections functor I', defined by
['(F) = Prg(P)(1, F) (note that in £, these are maps @ : P — F). Given a
presheaf morphism 8 : F — G put I'(8)(a) = Ba. If P has a top element, 1p,
we can identify the global sections of F' with F(l1p) = {z € F : f(z) = 1p} via
- an isomorphism F(1p) — I'(F) which is defined using the internal logic as follows:
z € F(1p) corresponds to the presheaf map P — F with ¢ — z[,. Since any posets

P we will consider will have a top element, we will assume from now on, that P has

a top element 1p.
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Theorem 6.3.3. With A and I' as above, we have an adjointness A 4 T" with unit
na: A — TA(A) = 14 and counit €p : ATF — F mapping (p, z) — zlp.

The standard way of defining presheaves are as functors F' : P? — Set, however
since we insist on working internal to a topos £ this definition does not work!. However

we can still describe a presheaf using the data one would use to define such a functor
F:

e Objects F'(p) for each p € P.
e For each ¢ < p € P, restriction maps [: F(p) — F(q).
e If r < q < pthen [fo [F=]P.

We require that indexing the F(p) for p € P must be internal to £. For our
purposes it will suffice that we have a map P — Q4, for some object A, sending p
to F(P) as a subobject of A and another map {(g,p) € P x P : ¢ < p} — Q4*4
sending a pair (g, p) to the subobject of A x A which is the graph of 2. In this case

we can construct our presheaf as the coproduct

HpEP F(p) <p’ iE)

L]

P p
with restrictions (p, z) [;= (g, z[}). Similarly one may describe presheaf morphisms

in this manner, although we will not have such need.

6.4 Sheaves on P

In this section we assume we have a site (P, J) internal to £. Note this means we

assume that J is Grothendieck.

!This is not accurate. There is a theory of internal diagram categories in a fibration which
generalizes the functor definition of a presheaf to internal categories. See the conclusion for ideas
for further research utilizing this theory.
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Definition 6.4.1. Given a presheaf F on P a Compatible Family in F is a triple
{p, R, a) (or more formally a pair ((p, R),a)) where (R,p) € Janda: R — FJ, is
a presheaf morphism (when R is regarded as a subpresheaf of | p).

" The requirement that a be a presheaf morphism implies that the following com-

mutes:

o

R—lp
This is all done internally: for each (R,p) € J there is an object Compat(R,p) =
{a € (FI,)® : Veer-f(a(z)) = z}. This itself defines a map? J — Q&7
which allows us to define the object of all compatible families in F: Compat(F') :=

H<R,p)eJ Compat(R, p).
If there exists a presheaf morphism & :|p — F[, making

e
R——|p

Then we say that & is an Amalgamation of a. Just as with global sections above, the

amalgamation is determined by its value at p €] p.

Definition 6.4.2. A presheaf F' is said to be J-Separated if every compatible family
in F' has at most one amalgamation. F is said to be a J-Sheaf if every compatible

family has a unique amalgamation.
The collections of J-separated presheaves and of J-sheaves form full subcategories

of Prg(P) denoted by Sepg(P, J) and Shg(P, J) respectively.

In the case that F is a sheaf, the condition that Compat(F') have unique amalga-

mations can be written in the internal language as a formula

VeeCompat(F)yer-“y is the amalgamation of z”

2Here one must use the correspondence of maps R — F|, and their graphs as subobjects of
RxF.
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This is a provably functional relation and so determines a unique map Amalg :
Compat(F) — F.

It is convenient to write a compatible family as (p, R; (z,)rcr), Where (Z,)rer :
R — F|, with r — 2z,. The condition that this be a presheaf morphism is equivalent
to f(z,) = r and z,.],= zs. An amalgamation of (p, R, (z,)rcr) can be identified as
some z € F(p) with the property that z[,= z, for all r € R.

Note that Compat(F) has a canonical map Compat(F) — P sending a compati-
ble family (p, R; (z,)rer) to p. Define restrictions on Compat(F) by (p, R; (zr)rer) =
(¢, R Ig; (r)rery,). This makes Compat(F) into a presheaf on P and Amalg :
Compat(F) — F a presheaf morphism.

In She(P, J) monos and epi’s are given by underlying monos and epi’s in £. Just
as with presheaves we can define the object of subsheaves Subgy.(ps)(F) and the
object of sheaf maps She(P, J)(G, F) (these are objects in £).

Our main example is the sheaf of sections of a locale map; Let Y L, X bealocale
map internal to £. We regard X as an internal site with the canonical Grothendieck
topology. The sheaf of sections of f will be denoted by £(f) — X and is given as
follows: For each map u : 1 — X we can internally construct the open sublocale |u
of X in the usual way. Then we consider the object X(f),, of internal locale maps

s :Ju — Y making the following commute

lu—s X

These are called the local sections of f with support u. Taking the coproduct® of

all these local sections gives us X(f):

Huex E(f)uX (s,u)
| |
X U

3The map used to define this coproduct is given from the internal lan)guage of £ using the
termconvenient y = X(f); to define a provably functional relation X — 0% .
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The following theorem is also in {1] for the case £ = Set with an intuitionistically

valid proof.
Theorem 6.4.3. The category She(P, J) is a topos with the following data:
1. The terminal presheaf is given by P -2 P

2. The product of F J.PandG - Pis given by the pullback:

FX}::JG——*F

I, b

G—P
where (z,y)[p= (z[p, Ylp)-

3. The pullback of F — H and G L H s giwen by the pullback in &€:

FXHG—')F

L, N

G—H
h
\\;p
where (z, y)[p= (z]p, Ylp)-

4. The subobject classifier Q (we use the same underline notation as for presheaves

to distinguish  in &€ from Q) is given by

]_IpGP Idealg(lp, J) (pr K)

| |

P D

with (p, K)[,= (g, K[,) and 1 ——I—+Q isgiwenby [(): P— .
Note: to define this coproduct we use v : P — QF with «(p) = Idealé(i D, J).
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5. The power sheaf, P(F), of a sheaf F is given by

[Lcp Subshe(pay (Flp) (p,G)

| |

P p
with (p,G) [,= ({(¢,G [q) and evaluation map evp : P(F) xp F — Q is
evr((p,G),z) = (p,{g < p: z,€ Gl }).
Note: to define this coproduct we use

L2 P — Q% where «(p) = Subprspy(Flp) C OF.

6. The exponent GF of sheaves is given by:
HpeP ShS(P’ J)(Frpa G) (p, QO)

| |

P p
with (p, ) .= (g, lq) and evaluation map evgr : GF x F — G is
evG,F((.p’ Q0>,$> = (p,tp(l‘))

Note: to define this coproduct we use v : P — QC*F where
p)={z:GxF:2:G [, — F}.

7. If o : F — £ then the canonical kernel of a is given by
ker(a) = {z € F : a(zx) = (| f(z), f(2))}

8. If G—— F then char(a): F — Q is given by
char(a)(z) = (f(z), {p €L f () : zlp€ GIp}).

9. The canonical subobjects are given by the canonical kernels above.
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6.5 The Plus Construction and the Associated
Sheaf Functor

Next we describe an endofunctor called the plus construction ( )* : Prg(P) —
Prg(P) which will allow us to construct a left adjoint to the forgetful functor
She(P,J) — Pre(P).

First define an (internal) equivalence relation on compatible families of F:
(p, R, (Zq)ger) ~ (', S, (Yqg)qes) if and only if p = p’ and for some cover T C RN S of
p we have, for all ¢ € T, x, = y,. This is exactly the condition for two compatible
families to have the same amalgamation if F' were a sheaf. The equivalence class
containing (p, R, (Z,)4er) Will be denoted [p, R, (z4)4cr)- *

Now given F we define (F)* as the object of equivalence classes of elements in F'.
For r < p we define the restriction maps{?: (F)*(p) — (F)*(r) by [p, R, (Z4)qcr] —
[r, Rlr, (q)qerr]- Routine calculation shows that this is indeed well defined.

Since the amalgamation of any two equivalent compatible families are equal, in
the case that F' is a sheaf, Amalg : Compat(F) — F factors through F'*. By abuse
of notation we write Amalg : F* — F for the resulting map.

Given a morphism of presheaves § : FF — G define (0)"[p, R, (z4)qecr] =

[0, R, (0(z4))qer]-
We have a canonical presheaf morphism ng : F — (F)* given by (np)(z) = [|

f(z), f(2), (T)ass(x)]-

The following lemmas are all standard and have intuitionistically valid proofs

which may be found in [12].

Lemma 6.5.1. o F' is separated if and only if ng is mono.
e F is a sheaf if and only if ng is an isomorphism.

Lemma 6.5.2. For all presheaves F', (F)* s separated.

4The equivalence relation ~»>——Compat(F) x Compat(F) is defined using the internal logic
via the obvious formula described above. The object of equivalence classes is formed as the coequal-

m
izer of the two composites ~——— Compat(F) x Compat(F) —— Compat(F)
T2
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Lemma 6.5.3. If F is separated then (F)* is a sheaf.

In light of these lemmas we define the Associated Sheaf functor a : Prg(P) —
She(P,J) as a(F) = F**. The elements of a(F) are compatible families of compatible
families, we will denote them as [p, R, (Sy)rer; (Zr,s)ses,). Compatibility requires that

S, € Cov(r) and so there is no ambiguity.
Theorem 6.5.4. Let U : She(P,J) — Prg(P) denote the forgetful functor. Then
a - U with unit np : F — a(F) given by

x - [f(z), | f(z), (1 Da<s(x) (lr)r<q]

and counit ep : a(F) — F given by

[P R, ( )reR, (171' s)sGSr] = Amalg[p R; (Amalg[r Sr; (.’II,- s)sGSr])reR]

Proof. Tt is clear that nr and er are presheaf morphisms and form natural transfor-
mations. We check that they satisfy the triangle equalities. Suppressing the forgetful

functor U we must show that for presheaves F' and sheaves G

aaF =E5oF aG =@
lmk‘ 1@7117 MX‘ lna
aaF aGG

First suppose that [p, R, (Sy)rer; (Zrs)ses,] € aG.

Nceg [P, R, (Sr)r€R§ (zT,S)SESr] = nGAmalg[pa R; (Ama*lg[ra Sr; (xr,s)sesr])reR]
= [P, lpa (lQ)qu, (?/fr)qu]
= [P, R’ (Sr)reR; (yfs)ses,] (7)

where y = Amalg[p, R; (Amalg[r, S;; (%, s)ses,|)rer)- For r € R and s € S, we have

yrs = (yfr)fs
= Amalg[r, S;; (Zrs)ses,|1s

= Trs
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Thus (7) is equal to h’a R, (Sr)reﬂ; (xr,s)sesr] as desired.
Now for the other equality suppose that we have an element of aaF' say

[P, R, (Sr)reR’ (Tr,s)seSra (Ur,s,t)teTr,a; (mr,s,t,u)ueUr,s,:] (8)
We apply €,r to get:

Amalg(p, R; (Amalg[r, (S;)rer; (Tr5)ses0 (Ur,s,t)teTr,s; (xr,s,t,u)ueUr,s.t])reR] =
= Amalg{P, R7 ( U Tr,s)rER, (Ur,s,t)teusesr Trs1 (fzr,s,t,u)ueUr,a,t]

s€Sy

= [P, U T;',sa (U"vs’t)tGUreR,ses,- Trs) (xr,s,t,u)ueUr,s,t] (9)

reR,s€S,
For simplicity let R’ = UTGR,SE& T.s for v’ € T,, C R let S, = U,s and for
s € 8 let z, y = Ty g . Note that R C R and Sy C S. Now (9) is equal to
[p, B, (S )rerr; (T o )sest,]
Now we apply ang to get:

[P, R’, (S;")T'ER" (ls’)s’GS;,a (lt,)t'Ss'; (m;',s' ru’)u'St’] (10)

Since R’ C R and S}, C S,» and further |s' C T,/ and [t' C U, ¢ » and even further
Tys glw= Ty ¢, We have that (10) is equal to (8).
O

We can now define the notion of constant sheaf. The Constant Sheaf Functor
Agsp : € — Shg(P, J) is given as aAp, : € 