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ABSTRACT

In this thesis we study direct factors A and B

of normed arithmetical semi-groups. Essentially, we pro-

ve that such direct factors have asymptotic densities. The
generality of this result is restricted to unique factoriza-
tion semi-groups whose counting functions satisfy some regu-
larity conditions. The treatment is broad.enough, however,
to include, in addition to the semi-group N* of positive
integers, analogous "normalized" semi-groups of Gaussian in-

tegers and other algebraic integers.
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I. INTRODUCTION

Let N* denote the set of all positive integers. Two subsets
A and B of N are said to be supplementary if every integer
n 21 can be written uniquely in the form n = ab , where a ¢ A
and b e B. It is easy to verify that if one of A and B is
given then the otﬁer is determined uniquely. Such sets A and B
are called direct factons of N* and they occur in some divisor
problems.

It may be of interest to ask whether such direct.factors always

have asymptotic densities, that is,whether or not the limits

(1.1) a(A) = lim A}({X) and d(B) = 1lim B}(CX)

X X0

exist, where A(x) (respectively B(x)) is the number of elements of
A (respectively B) not exceeding x . It is easy to prove (see §V)

that A and B always have Loganithmic densities

(1.2) 8(a) = Um =L Y &l mna 6(8) = 1im b Y p-]
ln x 1o %
e asx X300 b<x
ach beB

and that

beB ach 2

(1.3) §(a) = (2 %]‘—1 and  8(B) = (2 l]_l :

The existence of a logarithmic density for a set is weaker than
that of an asymptotic density, in that it is known (see §V) that if

%
a set E SN has an asymptotic density, a(E) = lim E&El , then it
X0




also has a logarithmic density, §(E) = lim L L ,» and indeed
In x n
X->00 nsx

nek
§(E) = a(E) . :

Therefore in view of (I.3), if the direct factors A and B

have asymptotic densities, one necessarily has

(I.%) a(a) =[z %]—1 and  a(B) = (2 %]_1 :

beB ach

One will observe that at least one of d(A) and d(B) must be equal

to zero -- it being immediate that max[ Z a1, Z b"l] = 4o,
ach beB

In case mln(z a1, 2 b—l] < +» , then exactly one of d(A) and
a€l beB :
d4(B) is positive (if it exists).

Under this last assumption, B. Saffari [L4] has proved the existence

of the asymptotic densities d(A) and d(B) . More precisely we have

' the following:

THEOREM A. 14 min(z al, ) b"l] < 4o . then the asymptotic
ach beB
densities a(A) and a(B) exist and (I.4) 4is satisfied.

Recently Saffari, ErdSs and Vaughan [5] have been able to settle the

case for which min{z a~l, Z b"l] +® _  They have proven
a€h beB

THEOREM B. 1§ min['z a”l, ¥ b"1]
ach be B
densities da(A) and a(B) exist and da(A) = a(B) = 0 .

+o  then the asymptotic

The aim of this thesis is to extend Theorem A to a class of

"normed arithmetical semi-groups" which contain, in addition to the
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semi-group N* of positive intégers, analogous "normalized" semi-
groups of gaussian integers and other algebraic integers. Since the
methods used in the proof of Theorem B are entirely different from
those used in Theorem A we will not attempt a generalization of
Theorem B here.

To prepare for the statement of the theorem which generalizes
Theorem A, the next section will be used to introduce some necessary
definitions.

The proof of the Theorem of this thesis is the work

of the author with outlines supplied by B. Saffari, who

proved the special case of the Theorem in N*.




II. DEFINITIONS

DEFINITION II.1 A commutative semi-group S , is called an
arithmetical semi-ghoup (abbreviation: ASG) if the following

conditions are satisfied:

(i) S has more than one element,
(ii) +the identity is the only invertible element in S ,

(iii) cancellation is valid in S » 1.2., the relation

ab = ac implies b

c 2
(iv) any element a in S has only finitely many divisors,

i.e., the equation a = bc is satisfied by only finitely

meny b and ¢ in S .

DEFINITION II.2 An arithmetical semi-group S , is called a

nommed arithmetical semi-ghoup (sbbreviation: NASG) if one has
definéd a (multiplicative) norm on S , that is, a mapping

p S ~»> R+ satisfying the following properties:

(1) p(ab) = p(a)p(b) for all a and b in S
(i1) p(a) >1 if a #1 ,

(iii) for each x in R, the inequality p(a)

i
. s

A
»

satisfied by only finitely many a in S .
In order to simplify our notation we shall write |[a| for p(a) .

We note that in order for the axioms of a (not necessarily
normed) arithmetical semi-group to be consistent, it must a priori

be an infinite set. Moreover, if S is an NASG then it is




denumerable since each of the sets 8, ={aeS: Jaj £n} is

©

finite and S = wu Sn . We also note that the semi-group p(S)
n=1 ‘
of norm~-values is, as a subset of R+ » closed, discrete and unbounded.
Let S be an NASG, let E €S and Xg the characteristic

function of E . For real x 2 1 and positive o set

- (s)
(1I.1) Ly(o,x) = Z tal ™ = Z ol

Ish©
lall<x I shf <x
ack seS
and
(II.2) L(o,E) = Z tal™® .
acE
We also write E(x) = z 1, L (x) = Z Ilall-1 and
llal <x lall <x
ack ack

L(E) = Lim Ly(x) = ¥ tal™
K-y aek

Observe that the convergence abscissa, o, » of the (generalized)

Dirichlet series in the right side of (II.2) is always non-negative.
For technical reasons which will appear later, we confine ourselves

to the case in which the conditions

(I1.3) 0<o <+
and
(IT.4) L(oa,S) = Z Il al =+ o
aeS
are satisfied. (Replacing, if necessary, the norm || | by the modified
o]

norm | | a s these conditions are equivalent to assuming that o, = 1

oo et




and that the "harmonic sum" L(S) = 2: Ilsll-'1 equals + «).
seS

If £, g end h are positive real-valued functions respectively
. * % :
defined on [1,o[ , [1,=[ x R, and [1,0] x R, then by writing

glx,¢) < £(x) << h(x,e)
€

€
we shall mean that given any € > 0 , there exist positive "constants"

ng and B such that whenever x =2 1, then

IN

neg(x,e) < f£(x) ueh(x,a) .

The assumption of the existence of a positive cdnstant, oy s

for which

0 "€ ca+e
(II.5) x < sx) <€ =x

€ €
leads (by Proposition IV.1l) to the conclusion that o, is the con-

vergence abscissa of the "harmonic sum", I(0,S) . On the other hand

an assumption such as

o
(11.6) S(ax) 2 ex ¥s(x) , for A2 A, and x 2 x

where c is an absolute positive constant, is, in view of Corollary
(1v.3.3) to be seen later, sufficient for Condition (IT.4) to hold.

In this work we shali prove our theorem assuming conditions which
we shall presently introduce. We shall show these conditions to be
somewhat stronger than Conditions (II.5) and (II.6) -- assuming any-
thing weaker appears to require the more powerful analytic techniques

of Complex Function Theory.

Let f and w denote positive-valued functions defined for x =1 .




DEFINITION II.3 (i) The function £ is said to be of xegulan

growth if for every _fixéd Azl
(II.7) £(ax) ~ 2% (x) (as x = +®)

for some positive -"constant" o (that is, o independent of A ).
(ii) The function w is called sLowly varying if

for every fixed ‘A 21
(11.8) w(dx) v w(x) (as x> +=)

Observe that if & =1 in Condition (II.T) and - £(x) = xw(x) ,
the function f 1is of regular growth if and only if w is slowly

vaerying.

DEFINITION II.4t We say that the function w is mildly decreasing

if and only if

o w(y)
(11.9) 1lim inf _TXT >0 .
yoxr+o OF
yzx

As above if f(x) = xw(x) then w® is mildly decreasing if and
only if f satisfies the condition
(11.10) 1im inf xg(x) >0 .
Voxr 4o
y2x
The preceding comments are useful, for by employing the change

of function




w(x) = x~1s(x)

when dealing with the counting function S(x) of an NASG we simplify
the notation.

The notion of a mildly decreasing function has some connection
with the (multiplicative) form of the notion of a "slowly decreasing”
function as defiﬁea in Hardy [2], (Chap. VI, p. 124), although it is more
general. To be precise, if 6(x) is "slowly decreasing" in the

sense of Hardy [2], then ee(x)

is mildly decreasing in our sense, but
the converse is false (e.g., w(x) = exp(2 + sin x) is mildly decreasing
but 1n w(x) is not slowly decreasing).

In 8IV we shall examine in more detail the properties of functions

of regular growth and functions which are mildly decreasing.

DEFINITION II.5 Let S be an NASG and ;et w(x) = Six) .

(i) S is called regular if w(Ax) v w(x) for each fixed A 21 ,
i.e., if w 1is slowly varying.

(ii) S is called mild if 1lim inf wly) >0 .
Yox>tw ONF

X
(iii) S 1is called a mild, regular NASG if both (i) and (ii)

hold.

DEFINITION II.6 Let S be an NASG and let E be a subset of S.

The upper and Lower Logarithmic densities of E in S are defined

as the numbers

(x) LE(x)

*
(I1.11) 6 (E) = ijfii?p E;(;y and 684(E) = 1im inf T (=) °




*
respectively. If & (E) = §,(E) , their common value is denoted by
§(E) and is called the Logarithmic density of E . The upper and
Lowern asympfofic densities of E in S are defined as the numbers

* . E(x) . .o B(x)
II.12 d (E) =1 =
( ) (E) 1n.1r c’soup -7;5- and d*(E) l:mi inf m

wn

) *®
respectively. If 4 (E) = d,(E) , the common value is denoted by
d(E) and is called the asymptotic density of E in S .
Also required for the statement of the theorem is the following

definition. T

DEFINITION II.7 Let S %be an NASGC. Two subsets A and B of S

are called supplementarny direct factorns of S if every s e S can

be written uniquely in the form s = ab where a e A and b ¢ B .
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ITI. STATEMENT OF THE MAIN THEOREM

*

As in the classical case of N it is not difficult to show
that direct factors A and B of a regular NASG in which Equation
(II.4) holds always have logarithmic densities given by

(III-l) 6(A) = (Z “b“__]']-l and S(B) = (z 'E'"—l}—l s
YbeB ach

(see §V). The main result is the following theorem:

THEOREM. Let S be a mild, rnegular, nowmed anithmetical semi-
group with unique factornization, and Let A and B be supplementary

direct factons of S . 14 min[z hefi =2, Y. llbll‘l] < 4+ then
ach bes
the asympiotic densities a(A) and d(B) exist, with

(111.2) 4a(a) = [Z ﬂbll"l]-l and  d(B)
beB

z, w)”

ach

(Here we are assuming that oa = 1 , without loss of generality as

observed earlier.)
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IV. FUNCTIONS OF REGULAR GROWTH, FUNCTIONS OF SLOW VARIATION,

AND MILDLY DECREASING FUNCTIONS

In what is to follow f will denote (unless otherwise specified)
a positive-valued, non-decreasing, right-continuous function defined

for x 21, (for x <1 we shall assume f£(x) =0 ).

PROPOSITION IV.1 I§ o 4is a positive constant for which the condition

(Iv.1) L flx) €

€ €

holds, then o 4is the convergence abscissa of the integhal

[--}

(Iv.2) 1 +79 ar(t)

PROOF. For fixed o > 0 , consider the function (of x = 1)

x .
Flo,x) = J 77 ae(t) .
1

Since f is right-continuous, this integral is always defined and

we can integrate it by parts to get

(1v.3) Plo,x) = ZX) 4 g J £ p(e)ae .
X 1
Now let € > el >0 and choose o =a + e . In view of Relation (IV.1)

there exists positive constants He and L such that

1

+
whe ote,

f(x) < X and f(x) s p x

From the second inequality it follows that
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x x. .
o1 ~(a+e +e-g )-1
J t £(t)at = f % 1 L p(t)at
1 I
x —(e-el)-l
<
= u€ J t dat
13
+o
-(e-el)-l
< He J t 4
1 1
— 1 -
W Toe T -

Thus both terms on the right hand side of Relation (Iv.3) are bounded.
Therefore F(o,x) is bounded, and since it increases with x ,

lim F(o,x) < +» ,
xo>-+oo

Now set o = a - € . Again from Relation (IV.1)

X
I s=(o-e)-1 £(t)at 2 n_ 1n x
) .

for some positive constant n, - Therefore, in view of Relation

(IV.3), 1lim F(o,x) = += ., Q.E.D.
X

If f 1is of regular growth with exponent of growth equal to o , then

€

x |¥°¢ < £(x) < ( x ]a+ 1<y <x
by Lemma (4A) of [1]. 1In particular with -y =1
(Iv.h) x*¢ <E§ £(x) <E§ x*T€

€. €

Interpreting the function f as the counting function S(x) of an

NASG,we obtain the following Corollary to Proposition (IV.1):
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COROLLARY IV.1.1 14 8 {4 a négular NASG, the convenrgence abscissa

0f the sum L(o,S) equals 1 .

On the other hand, regular growth is not sufficient to determine-
the behaviour of the integral (IV.2) at ¢ = o, - For example both

of the functions

0, x<1 0 2
fl(x) = and fz(x) =

x, x21 x1In"2x , x2e2

. x 2 e

are of regular growth with abscissa of convergence in both cases equal
to 1 . However, the integral F(o,x) diverges if f = fl » While it

converges if f = f

2

To determine a sufficient condition for the divergence to + o«
of the integral F(o,x) as x -+ +® at g = Oy We will make use of

the following results.

PROPOSITION IV.2 Let f denote a positive-valued, measurable function

degined for x 21 (for x <1 we assume f£(x) =0). Llet o >0 .
Then
+o0
£x) o _ Lo
(1Iv.5) f Try X =+ e,
1 X

unden each of the following assumptions:

(4) there 45 a "constant" x, 21 (x0 possibly depending on f
and o) such that

(Iv.6) " 1im sup| inf £0x) >0 ;
A+ @ S AN f(x)




1k

0
possibly depending on £ and o) such that

(B) there are "comstants" - x =1 and Ag > 1 (x0 and A,

(zv.7) sup inf .iélﬁl_. 21 .
A2X >1| x2x A f(x)
0 0
PROOF. (A) There is a sequence (Ak)k>l tending to +  such that
. f(Akx)
lim inf =T>0 .

g
o >
k->+ x_xo Akf(x)

(We may of course assume a priori that M >1 for all k21.)
Let ‘€ be chosen so that 0 < ¢ < min(1,T) . Then for

k 2k (g) ,
0

f(Akx)
inf —=— 2r-¢,
x2x A f(x)
0 k

that is,

f(Akx)

v

(r - )3le(x)

Setting A = min(1,T) we get

for k 2 ko(e) and x 2 xo

v

£(x) 2 (a - e)kﬁf(x)

for k 2 k0 and x 2 xo . Now with k 2 k0 » use the substitution

X = Aku and the preceding inequality to obtain

AL X

K
du_ 0 £(u)
$r -0 j tu) g

u

u)

Wy £(x) e 20
e ]

b

1+o dx =
x X
k™ 0

A

w Q

X
0

Similarly, for all integers r = 1

>
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AT . M
£(x) 5 T £(u)
J 155 dx 2 (A - ¢) J Ty v .
r X u
ALX x
L 0

Surming from r = 0 (in which case the preceding inequality holds

trivially) to r = R we get

R
AL X ALX
K R K
£(x) s r 0 f£(u)
J l+cdx_(Z(A-e)]J s v
X r=0 u
p < X
0 0
. —- r - -1
Now let R+ + @ . Since ) (A =-¢€)" = (1~ A+ ¢e)l, then
r=0 '
+ oo Akx
£(x) 5 1 0 £(x)
(1v.8) J to & 2 4T € f Tto & -
X X
0 : 0

The integral on the right hand side of (IV.8) is positive (because the function
f is positive valued) and (1 - A + ¢)™% > 1, (because 0 < e < A < 1).

We conclude that

(Iv.9) f £(x) dx = + «
X

for otherwise if we let Ak + + o in Inequality (IV.8) we would obtain
a contradiction in view of the preceding remarks. In turn Equation

(IV.9) implies that

as required,
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(B) There is a A (fixed) > 1 such that for all x 2 X,

£(ax) 2 A%8(x)(1 -~ €) .

Exactly in the same manner as in the proof of (A) (A replacing Ay

and 1 - e replacing A - g) we get

A xo" Axo
- £(x) N AT £u)
J T+g & = (1 -¢) T+0 38
r X u
ATx X
0 0
for all integers r 2 0 . Summing as in (A) from r =0 to r = + o
we obtain
+ AX
£(x) s 1 0 £(u)
(Iv.10) J T X 2 2 J e du .
X u
x x
0 0
Axo
. . . -1-C
Since Inequality (IV.10) holds for every € > 0 (with [ f(u)u
X0
a fixed positive constant independent of € ), letting € - 0 implies
+
J f(x)x-l_c dx = + o ,
x
0
which again leads to Equation (IV.5). Q.E.D.

COROLLARY IV.2.1 Let f be as 4in Proposition (IV.2) and Let

£(x) = x°w(x) , Where o > 0. Then
+ o

(Iv.11) J wlx) _
1

under each of the following assumptions:

du

vy SR
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(A') there is a "constant" X 21 (xo possibly depending on

f and o) such that

r>o0

(1v.12) lim sup( inf 2(Ax) ]
A+ 4o X2X x

(B') there are "constants" X 21 and AG 21 (xo and Ao poss4ibLly

depen_cﬁlng on £ and o) such that

w{ Ax)

21 .
wix

(Iv.13) sup inf
AZA x2x
0 0

COROLLARY IV.2.2 Let f be as 4in Proposition (IV.2) with the added

stipulation that £ be night continuous. Then
: +o
(Iv.1k) J 7% ar(t) = + = ,
1
providing one of the Conditions (IV.6) on (IV.7) hotds.

PROOF. Fix x 2 1 . Since f is right-continuous we can write

(see Verley [7], p. 138)

X X

J 7% ar(t) = x %8(x) + J 79 e(t) at .
1 1
Letting x »+ + = , we obtain
-+ co
-0
J t df(t) = + = . Q.E.D.
1

It is our intention to apply Proposition (IV.2) and its corollaries
to mild normed arithmetical semi-groups in which Oy = 1 . We begin

by examining the elementary properties of mildly decreasing functions

in general.
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PROPOSITION IV.3 Let w be a mildly decreasing function. Then

(1) either w 4s bounded or lim w(x) = + = ;
X4 o

(ii) 1lim inf w(x) > 0 ; 4.e., w 45 bounded away from 0 fon
x>+

sufficiently Lange x .

PROOF. (i) Suppose ® is unbounded and has no limit in the extended
real line ﬁ) as k-+-+w. Then there is a constant ¢ > 0 such that

m(yn) < ¢ for a sequence of numbers (y_)

n'n>1 tending to + « . There

is also a sequence (x )

1 )n>1 tending to + = such that w(xn) >+ ®

as n >+ = ., Now for each x ~we can find some yﬁ with Yy > X,

with the property that

w(ym)

w(xﬁ)

< -> > +
w(xh) 0] as n ©

contradicting our assumption that w is mildly decreasing.

(ii) By assumption 1lim inf %%ﬁ%-= a >0 , so there is an

X+ + o
X 2 1 such that y2x
0
inf QLXl =2, 0 ;
w(ix) T 2 >
X=X
y2x

and so w(x) 2 %-w(x ) >0 for x2x . Therefore, inf w(x) >0 .
0 0 xzxo

In other words, lim inf w(x) > O , which is Condition (ii) of the
X+ +x

proposition. Q.E.D.

REMARK IV.1l Observe that if w is a bounded function then the condition

lim inf w(x) > 0 is also a sufficient condition for w to be mildly
Xr +»

decreasing. Note also that a bounded mildly decreasing function,
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contrary to an unbounded one, does not necessarily have a limit as

X >+ even if it is slowly varying. An example of such a function

is
f(x) =a+sin(lnilnx), a>1 .

On the other hand, a slowly varying function which tends to + «

need not be mildiy decreasing. Consider for example
£f(x) = (L + (1n x)sin?(ln 1n x))ln 1n x .

COROLLARY IV.3.1 Llet S be a mifd NASG {with o, = 1 ). Also, Let

S(x) = xw(x) . Then

(i) o 48 bounded on every compact interval;

(ii) inf w(x) > 0 ;
x21

(ii1) inf T‘Ly“’( L>o.
yexz1 W%

PROOF. (i) This follows from the fact that the counting function

S(x) is a step function.
(ii) o is mildly decreasing. Therefore, by Condition (ii)

of Proposition (IV.3), inf w(x) > 0 for some x >1 . On the
XZXO

other hand we also have

x
"0 0
hence, inf w(x) > 0 .
x2]
(iii) Since w is slowly decreasing, inf E%X%-> 0 for

y2x2x 0
some xoZ 1 . On the other hand




S
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0 < o= sup wx) < +

lsx<x
0

H]

since x7!8(x) = w(x) is bounded on every interval [1,a] where a > O .

Consequently §%§T 2 L, 0 whenever 1 <x < xo . Therefore

o
inf 37(1} > Zinru(y) > o0,
y2x X y=21 -
1<x<x
so Condition (iii) holds. Q.E.D.

COROLLARY IV.3.3 I{ S 44 a mild NASG (oa = 1), then the "hawmonic

Aum"
L(s) = z Hal ~1
aeS
48 divengent.
PROOF. Fix x 2 1 and write
X X
(17.15)  Ty(x) = J +-1 as(s) = w(x)+f =1 w(t)as .

1
By Condition (ii) of Proposition (IV.3), w(x) is either bounded or

lim w(x) = + » . In the latter case the result follows by letting
X +

x -+ o in Equation (IV.15) above. On the other hand, if w is
bounded we apply Corollary (IV.3.1), i.e., the fact that there is a con-
stant ¢ > 0 such that ¢ < w(x) for x =21 . This assures the
divergence of the second term on the right hand side of Equation (IV.15)
to + ® as x>+ » ., Therefore, in either case the result follows.

Q.E.D.
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V. ELEMENTARY RESULTS

LEMMA V.1 Let S be an NASG forn which L(S) = + = (here again we

assume o =1 ). Then for any subset E c S

* *
(v.1) 023d,(E) < 8,(E) <6 (E) <a(E)=<1 .
"PROOF. Clearly the first, third and fifth inequalities in (V.1)

are valid. To show the others let ¢ > O . By Definition (II.T)

there is an xo = xo(e) such that whenever x = x -
. 0

=

(v.2) () > a.®) - .

5

We apply this inequality as follows: first we write

X

L) = [+ an(e)
1 .
then integrate by parts to get
X
(v.3) Lp(x) = E}({x) + J t72E(t) at .
1

Letting x Z*xo in the above expression and rewriting it in the

form
* * 4 '
Lo(x) = ’27(3::'%‘ S}({’C) + I t72E(t) dat + J 72 s(t) ‘}s':‘g%)y at ,
1 Xq

we obtain the following inequality (using (V.2)):
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.4
Ly(x) 2 (4,(E) - €) S—}(;‘Lj -25(t) at
1
X .
+ (a,(E) - €) f t725(t) at
X
0

X

(a,(E) - e)[S;X) + J t725(t) dt}
1

XQ' XO
S +728(t) at - (a,(E) - €) j T 725(t) at .
1

Noting that, as in Equation (V.3),

Ly(x) = 8(x) , I £25(t) at ,
1
we arrive at the inequality

Le(x) 2 (4(B) - £)Lg(x) + cle)

or
L.(x)
E cle)
(V.)-l') "L_Sz';)‘ 2 d*(E) - g + fs-%;)- ’ (X 2 XO) s

where we have set
0
Cle) = (1 - au(E) *¢) I t=28(t) dat
1
Letting x + + » in Inequality (V.l4) we obtain
84(E) 2 4,(E) - ¢,

since C(e) 1is independent of x and Ls(x) ++ o as X >+ o,
Because this inequality is valid for every € > 0 , the second inequality

*
in (V.1), §,(E) 2 6 (E) , is. obtained.




23

Replacing E by EC = S \ E in the inequality 64(E) 2 a,(E)

‘

and applying the identities

§,(E°) =1 - 6 (E) , a ) =1 -4 (E)

. we get

[\

,. 1-6(B) 21 -a ()

% *
from which we obtain the fourth inequality, 6 (E) < a4 () ,

in (V.1). - Q.E.D.

LEMMA V.2 Llet S be a regulan NASG and Let A and B be direct
factons 0§ S . Then A and B have Logarithmic densities diven by

(v.5) §(A) = ﬂl-ﬁy and 6(B) = i’%ﬂ' .

PROOF. Since every s in S can be written uniquely in the form

s = ab where ae€ A and b e B then

(v.6) Lg(x) = Z Isi”t = Z ot

Isli<x lablis<x
aeh,beB
LA(x) N
From this it follows that LA(x)LB(x) > LS(x) , or LS(X) > LB(X)

Taking the 1limit as x = + © on both sides of this inequality gives
(v.7) §,(A) 2 lim —
: * L. (x)

On the other hand, let A > 1 be given. By Equation (V.6),

LA(x)LB_(k) < LS()\x) ; SO




L, (x) L.{Ax)
(v.8) A < = 1
Lsfxs Ls(x) BB()‘) ’

Writing LS(Ax) as a Stieltjes integral and integrating by parts

we have

LS(.)\x) = »(AX) +J t72s5(t) at .
1

Using the substitution t = Au, the preceding reduces to

X
LS( }\x) = % + J M du

> .
1/2 Au

Now let & > 0O be given. Since S(x) is of regular growth there
is an xo = xo(e) > 1 such that for x 2 xO » S(ax) < (A + g)s(x) .

Therefore, for x 2 x  we have
0

X . X.
(v.9) Lgax) < (1+5) S}({X) + ’ S—i\->i;-)-du+ @+3) j S(‘zl) du
1/ u s u
Now if we set
X, X
cle) = J S(le)du -1+ ;-) I S(g) du ,
: 1/2 Au 1 u

we can then write Inequality (V.9) in the form
£
Lg(Ax) < 1+ X-]Ls(x) + C(e) .

Dividing both sides of the preceding inequality by Ls(x) and then

letting x =+ + © gives
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LS(Ax)'
(v.10) lim sup —1—5— 1 +

X->+ ®

>{m

L.(Ax)
. S
Since (V.10) holds for every € > 0 and since 2 1 we have
LSZ}c;

the following:
(v.11) Y Lglax)
. '_x+1fm‘l'_sﬁr_'l.

Now by Equation (V.11) sbove, and Inequality (V.8), we cbserve that
L, (x) )

(v.12) iiniosoup —(—y < —-(—)-

Since the left hand side of Inequality (V.1l) does not depend on A ,

then

(v.13) §°(A) < lim —-(—7

A+

Inequalities (V.13) and (V.T) then imply that
(v.14) n) = v = ')
A O = m = A
as required. Q.E.D.

PROPOSITION V.1 Let S be a mikd NASG and Let E S S with

1
vk VI

<+o ., Then E has an asymptotic density equal to zero.

PROOF. Write E(x) as a Stieltjes integral:

X

Blx) = Jx ¢ d[HE: T X )] f & dlg(t)
1

<
1 vist

Since the functions f(x) = x and LE(x) are continuous and right

continuous respectively we can integrate by parts to obtain
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X

xLE(x) -~I LE(t) at .

1l

(v.15) - B(x)

Now let € >0 be given. By assumption L(E) < + « , so there is

an xo(e) such that for x = xo(e)
L(E) - ¢ < LE(x) .

which in turn implies that
X X X
0
J LE(t) at J LE(t) at + j LE(t) at
1 1 x0
%(L(E) - €) + 0(2) .

v

Therefore, in view of Equation (V.15), for x = xo(e)

H
£

§%;;-LE(X) - 5%57 (Lg(x) - &) + of E%ET)

X 1
e 5 * (s ) -
Since S is mild by assumption, then by Corollary (Iv.3.1) there is
a positive constant © such that S—]({—ﬁ >8>0 for x21 . Thus

taking x > ma.x(x0 ,1) we have

E(x) €

oy < 5+ olgry) -

Letting x =+ + © in the preceding inequality and then letting
g + 0 implies that E has an asymptotic density equal to zero.

Q.E.D.

REMARK V.1 The theorem assumes min(L(A),L(B)) < + = . Hencefonth

we shall suppose that L(B) < + = . This implies that a(s) =0 ,
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(Proposition V.1), and also that .L(A) = + « . Thus the equality
a(B) = 1/L(A) holds true, and the theorem essentially reduces to the

relation
1
(v.16) a(a) = (8 °

to the proof of which the rest of this thesis is devoted.

By Lemmas (V.1) and (V.2),

(v.17) a4 (8) < Ty < a4 (a)

The proof of the theorem is based on the somewhat surprising fact,
which we have adopted from Lemma (2) in [4], that if any of the two

inequalities in (V.17) is an equality, then the other is also an equality:

LEMMA V.3 The equalities

(v.18) a(8) = ET
and
(v.19) (8 = oy

are equivalent.

PROOF. Since A and B are direct factors of S ,

(v.20) s(x) = Z xg(s) = Z X, (a)x5()
Islisx labll<x
- A X
bl =x (for)
beB

We may assume that B is not reduced to the identity 1 , other-

wise A =S and (V.18) and (V.19) both hold trivially. Let b run
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over the set of those elements of ' B whose norm-values are > 1 , i.e.,

those which are # 1 , and let b, denote an element of B of least

norm-value > 1 . By (V.20)

(v.21) s(x) - A(x) = Z A7) -
b I, |

Let € >0 and let x; = x5(e) be such that x 2 x, implies

(8,(8) - e)s(x) = A(x) = (a°(a) + e)s(x) .

Then if T 2 Hb2H and x =2 Tx

0 3
(22) (am) - o) . s(iE) < ). ()
anHSHbHST o, <lbl<T
< (d7(a) +e) )3 s( 1) -
"bZHSHbHST

By (V.21) and the left inequality (V.22), if T 2 ||b2|1 and

X 2 Txo , then

(V.23) (8,(a) - ¢) Z s{ i) = s(x) - A(x) .
I, I<lIbll<T

By assumption S(%) /s(x) > 1/x as x>+ o , for each fixed A > 1 .
Therefore dividing both sides of Inequality (V.23) by S(x) and then

letting x>+ o , T>+ e and e - 0 , in that order, we get
*
(v.24) d,(A)(L(B) -1) =< 1-4a(a).

On the other hand since we are assuming that w(x) =

decreasing then by Corollary (IV.3.1l)

S(ax)

1nf3‘-87-£y=9>0

x21




when 1 < bl £ x . Since A(x) <8(x) for all x =1
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for all A 21 . Replacing x by and A Dby Ibl in the

X
Ibl

preceding inequality so that Ax is replaced by x , we have

(v.25) s(£) = %-S(X)

» then from

Inequality (V.25), .

(V.26) D oa(x) s 8 Y =
i bl >T oy >T

From Equality (V.21), Inequality (V.26) and the right inequality

(v.22), if T 2 b, I and x 2 Tx, , then

(von) st - a5 ) L @Fwee ) s(E) .
Ioll >T i b2|| <|ibil <T

Dividing both sides of Inequality (V.27) by S(x) , then letting

x >+ » and using the fact that S(x) is of regular growth we get

(V.28) 1 - a(a) <= 3 T+ (@) + ) Y el
ol >T o <Ibi <T

On letting T -+ © and € =+ 0 , Inequality (V.28) yields
*
(v.29) 1 -4,(4) < a(aA)(L(B) -1) .

Now, if Equation (V.18) holds, then

(A (L(B) - 1) = 1 - v,

hence by Inequality (V.2k4),

a(a) = E%ET ,




30

which implies Inequality (V.19) in view of the right inequality (V.17).

Similarly, assuming Equation (V.19) holds, then

C(A)(L(B) -1) = 1 - E%ET ,

hence by Inequality (V.29)

d*(A) 2 E%BT s

which implies Equation (V.18) in view of the left inequality (V.17).

This completes the proof of Lemma (V.3). , Q.E.D.




31

VI. DIRICHLET CONVOLUTION

In what follows S will denote an ASG, R a ring with identity

and EF(S, R) the set of functions S + R .

DEFINITION VI.1 Let f, g : S >+ R . The Dinichlet convolution,

denoted by f # g , of f and g 1is the function S >+ R defined

on points s € S by

(f = g)(s) = Z £(x)e(y)

LEMMA VI.1 With addition degined pointwise and Dirnichlet convolutio

taken as the pfabdu.c,t, the set f(s, R) 45 a ning with identity e,

whese eo(s) =1 if§ s=1 and eo(s) =0 Af§ s#1.

n

H]

PROOF. With addition defined pointwise SF(S, R) is clearly a commutative

group. Multiplication is associative since for any f, g and h

in jF(S, R) and s € S we have

((£ % g) = h)(s) Z (£ * g)(x)n(y)

Xy=s

- ) (X swetr]nt = ) (et nty)
Xy=s ‘uy=x UW‘

= ) e - u)LZ s )n(y)]
uvy=s uz—

= ) g * n)(2) = (2% (g % 0))(s)
uz=s

Multiplication is distributive over addition since
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£(x)(gly) + n(y))
Xy=s

Y txely) + ). 2aomy)
Xy=s Xy=s

(£ % (g + h))(s)

It

]

(£ * g)(s) + (£ * n)(s) .

(A similar calculation yields right distributivity.) Clearly the

funetion e, : 8§ + R defined by e

0 (1) =1 ana eo(s) =0 if

0
s #1 is an identity for 3‘(3, R) .

REMARK VI.1 If one of A and B is given, where A and B are

supplementarny direct factons of S +then the other is uniquely determined.

PROOF. 1Indeed, the definition of A and B is equivalent to the
condition that x, * xg = Z , where Z(s) =1 forall seZ. (To

see this note that

(g * xg)(8) = ) x,(0xgly) = IS

Xy=s s=a
achA,beB

Thus (XA * xB)(s) is equal to the number of ways of writing s = ab ,
ae€ A, beB. This by definition is exactly 1 .) Now XA and X
are both invertible. Let uA and My denote their convolution inverses.
Then Xp = Z % g and Xg = 7 % By » SO if A is given, B 1is uniquely
defined and con&ersely.

We shall make use of the following elementary facts, the proofs of
which are adopted from those given for the case 8 = N* found in Shockley
[6]. We also give an alternate proof to part (ii) of Lemma (VI.3) in the

Appendix, which has been adopted from one due to Kuipers [3].




LEMMA VI.2 Let S be an NASG, R a commutative rning with identity 1
and f e _f‘(s, R) . Then f A4 invertible if and only if £(1) is
a it in R .

PROOF. Necessity is evident. Suppose f(1) is a unit in R . Define

the function g inductively by

g(l) = 'i%"i'y
and
g(s) = -g(1) Z g(x)f(y) if st >1 .
Xy=s
x#s

We will prove that g = £ *© (the convolution inverse of f). If

s =1 , then
(g # £)(1) = g(1)e(1) = 1 = eo(l) s

and if sy > 1 , then

(g * £)(s) = Z g(x)e(y) = als)r(1) + Z g(x) £(y)
Xy=s Xy=s
x#s
= 0 = eo(s) .
Thus g # £ = e and so the lemma follows. Q.E.D.

0

If there is an element q in S such that x = qy, we say y divides

7"

X . We denote this fact by writing "yl|x". If yk is the highest

integral power of y that divides x we will denote this fact by

writing yk I x".
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Let S denote an ASG. We shall say that elements x and y
in S are copnime in S and write (x3;y) =1 if their only common
divisor is the identity 1 . Clearly if x and y are coprime in 85

then for any divisor d of x and any divisor h of y , (d;h)

]
[

We shall call a function f : S -+ R multiplicative if £(1) =1

and f(xy) = £(x)f(y) whenever (x;y) = 1 ; and completely multiplica-

tive if flxy) = £f(x)f(y) for all x,y € S .

LEMMA VI.3 Let R be a commutative ning with identity, S an NASG
and £,8 F(s, R) .

(i) 1§ £ and g ane multiplicative, then £ *g A8 multiplica-
tive;

(ii) I§ £ 4s multiplicative then s0 is its convolution inverse.

PROOF. (i) Suppose (x3y) =1 . If d is a divisor of xy , d can

be written as d = uv where ulx and v|y.. Since

(usv) = ( ﬁ-; %-] =1 ,.
then
(rxe)xy) = ) nag(F) - Y eug(EL)

alxy ulx,vly

f(we( £ )e(vig( L)

ulx,vly
- (T sl 2))(T ews( )
ulx vly

((£ # 2)(x))((£ = g)y)) .

[}

Thus f % g is multiplicative.
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(ii) Since f is multiplicative, then £(1) =1 . Thus from
Lemms (VI.2) it follows that the convolution inverse of f , say g ,

exists, that

g(l) = 1

and

g(é).- = —Z g(x)f(y) 4if sl > 1.

Xy=s
x#s

We must prove that if x and y are coprime in S , glxy) = g(x)gly) .
Suppose there is a pair of coprime elements x and y in S such that
glxy) # g{x)g(y) . From the well-ordering principle we know that there
exists at least one pair of coprime elements of S with this property
such that the norm of their product is the smallest in the set of norm-
values of all such products. Let u and v denote such a pair. Then
(uzv) =1 , gluv) # glu)g(v) and if ¢ and 4 are coprime such that
ledl < fluvl , then gl(ecd) = gle)g(d) . It is clear that neither u

nor v is equal to the identity 1 in S . Consider the quantity

glu)g(v) - gluv) . We have

glw)g(v) - gluv) = glu)glv) + E: g(r)e( %1 ) .

r|uv
dri<iuv |}

If rluv , we can write r = mn where mju and n divides v . We

can rewrite the above equation as

gwe(v) - gluv) = glelv) + ) gm)e(T) .

mlu,n|v
lmn < vl
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Because |mnj < juv| , then g(mn) = g(m)g(n) . Using the fact that

£(1) = 1 we obtain

glu)glv) + Z g(mg(n)e( 2 )2( 2.)
m|lu,n|v
| mnj <fuvi

glu)g(v) - gluv)

It

glu)g(1l)g(v)e(1) + Z g(m) £ ( :7 Je(n)£( % )
mlu,nlv
fonll < pavi

Z g(m)f % g{n)f

n
n|u,nlv

[n;l glm)f( %]] (Z gln)e( % ]]

nlv

i

(g # £)(u)(g * £)(v)

]

eo(u)e(v) = 0,

since u and v are not both equal to 1.. Thus g(uv) = glu)g(v)

which contradicts the choice of u and v . Therefore g(xy) =
g(x)g(y) for any pair of coprime elements x and y in S ; that
is, g 1s multiplicative. Q.E.D.

DEFINITION VI.2 Let S be an NASG and let D be a subset of S .

D is said to be divisor closed if the divisors of each element of D

are also in D .

For a commutative ring R with identity we shall denote by

L

¥

I~
(8, R) the set of maps f e f(5, R) satisfying f(u) = 0 for

w d

u D.
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Consider the product defined on elements f and g in

3‘;(8, R) by
(£ %5 g)(x) = Xxp(x)E # g)(x) , =xes.

Since D 1is divisor closed this product is associative. In effect,

if x¢ D,

((¢£ * g) *5 h)(x) = xD(x)((f *5 g) % h)(x)

XD(x)(f * (g * h))(x)

(£ %, (g %, 1)) (x) ,

and if x € D ,

It

((f % g) *_ h)(x)

D ((f * g) % h)(x)

1l

(£ #5 g)(un(v) ;
uv=x

since each divisor of u 1is a divisor of x and therefore in D

the last sum equals

(vI.1) Z (£f(z)g(w))n(v) .

(zw)v=x

Similariy,

(£ %) (g 4y ) () = ) 2(u)(g wy 1)(¥)

uv=x
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Since each divisor of v , being.a divisor of x , is in D +the left
hand sum in the above equation equals

(VI.2) Z f(u)(g(r)n(s)) .

u(rs)=x
Since (VI.1l) and (VI.2) are clearly equivalent

((£ #; &) #; m)(x) = (£ %) (g #, B))(x) .

o~
Thus with addition of elements in J’D(S, R) defined pointwise and
: P
with the product taken as the convolution . , the sgt ,ﬁ’D( S, R)
is a ring with identity e; where ey(x) =0 if x#1 and ey(1l) =1

if x=1.

LEMMA VI.L Let S be an NASG, Let D be a divisorn closed subset
of S and £et R be a commutative ning with identity. 14 f e ‘_;‘;]J)(S, R)

45 w-invertible then its inverse g 4s given by

(VI.3) glx) = x(x) [kzl (-1)k (1) ERECHRER]
2 X=X1X 90 o Xy
lejll>1

when x # 1 and g(l)=K_l=F]('T)-.

REMARK VI.2 Note that the above sum is always finite with the number

of terms depending only on x .
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PROOF. Suppose f is ¥ -invertible with inverse g ; then

(£ *5 g)(x) = eo(x) for all xe€ S . If x¢ D then g(x) =

and the result is clearly valid. Hence assume x € D . Then

(£ 2 g)(x) = (£ # g)(x) = z: f(u)glv) = eo(x) :

X=uv

Setting K = f£(1) -we can then write

1{— =
Kg(x) + xzrx_‘ f(xl)g( xl ) eo(x) .

1%, 1>1

Thus for any x ¢ D we have

(VI.4) g(x) = Kle (x) - K~1 z , T(x g -J-{-] .
0 x, |x 1
hx, I>1

In particular since D is divisor closed’

(5) = ke (2) -kt ) e e(E)

X X
1 1 X%, |x 2 12

1%, T, 0%,0>1

0

for each divisor x of x . Substituting this into Equation (VI.k4),

we obtain
g(x) = Kle (x) - K'ZE , f(x e (x_)
0 " 170" X
1
hx,I>1

+ K3 § , £lx )e(x Jgf xxx )
XX, | 1 2 12

1%, T, 0%, 151
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Continuing this process we obtain after the (k + 1)-th step that

(VI.5) elx) = K'leo(x) - k-2 L £(x Je( )

x, |x 1 1
hx,0>1
+K'3L__‘ (x )£(x )e[——)-...
xllex 12
X0 sl x 0 >1
+ (_l)k'K’k’ls Cf(x )P(x ). f(x Je [ —2—
X1Xp.e. X |X xl 2 x eo( xlxz...xk )
ESUR A PR o |
k+l -k-2 S X
-1 v ¥ - -
+ (-1)7K o .f(xl)f(xz) £(x,, 1 )e( X Ky Ky )

I xlll N xx}f, e oosh xk+l" >1
This procedure cannot continue indefinitely since
1 < lIxx...xl =< IxI .

Therefore for some finite ko,

s i) = e (5xt) = s

1Xge e X 0 x1x2"'xk0

0

‘and so the last sum on the right hand side of Equation (VI.5) is

empty for k = ko . Moreover for any value of k < ko we have

(VI.6) S f(x YE(x )...f(xk)e (__x___)
L. .X X 1 %o ¥
le IF lexIF,...,llxkll >1
= .>- R f(xl)f(xz)‘..f(xl{)

X=X1Xp e
I xlll ol x2|| I | xkll >1

Thus from Equations (VI.5) and (VI.6)
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g0 = ). (e Yy , £0x))E(xy). . 8(x,)
k21 X=X X, e

"
RN EN PN E N1

which yields (VI.3) as required. Q.E.D.

We now consider the problem of finding a necessary and sufficient

condition for the convolution *D to have the following property:

Wiener's Property: Let C denote the set 04§ complex numbess and

Let S be an NASG. 1§ D 4is a divisorn closed subset of S ithen
the convolution ¥y » 48 sald to have Wiener's Propenty if whenever
f e f';(s, C) 45 ®-invertible and satisfies the condition

:§D |£8(x)] <+ =, then its s -dnvese g also satisfies

Y lelx)] <+ =,

xeD

LEMMA VI.5 Let S be an NASG and Let D denote a divisorn closed

~ .
subset of S . The convolution product %, of H(s, C)  has Wienern's
Propenty 44 and only if for each non-unit x e D zthere exists an

integen N(x) such that x ¢ D whenever n > N(x)

PROOF OF "IF". Suppose f ¢ _-%‘(s, C) is sp-invertible and satisfies

the condition Z [£(x)| <+ o . Let g be the #
xes
Then, by Lemma (VI.3), whenever |x| > 1 ,

D-lnverse of £ .

(VI a0 = w0 ), (Y £x))2(x,) ...

k=1 X=X Xpe o
IMIH,HXZH,---sHXkH>1

where K = £(1)

We have to prove that

-
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(v1.8) - Z lg(x)| < 4+ o

XeS

Observing that the *D-inverse of %(x)

K-1l£(x) 4is given by
n, ny n,
g(x) = Kg(x) , and that #£(1) = g(1) =1 , it follows that without

loss of generality we may assume K = 1 . Hence by Equation (vI.7)

to prove Inequality (VI.8) it suffices to show that
(VI.9) . Z F(k) < + =,
k=1

where

k) = 5—' -, lf(xl)f(xz)...f(&)l .

x xz..

I, 0, 1 x‘i,...,uka

Let
(VI.10) 0 < p < min(1, Ify)

let y denote the element of S of minimum norm-value > 1 , and let

T= T(p) = lyl be such that

(VvIi.i1) Z |£(x)] <
Ixl>T

The hypothesis of the lemma implies that given any x e S , there exists

a positive integer Ax so that im ¢ D whenever m > Ax . Let
R= 2: A_ . Then if kX > R , given any k non-unit elements
Iyl < lx)<T

xl,xz,...,xk such that XyXye oo X € D, at most R of them have
norm < T (since, given any x € S such that |yl < Ix§ £ T , at most

A, of them can take the value x). Hence if k > R , then
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. | .
(vi.12) F®(kx) < ij (ﬂ 2 - lf(xl)f(xz)...f(xj)l x

xl,xz,...,xj

y—‘ 1200y )8 (x, 0) e £ ) |

xj+1 . xj+2 asesy xk >T

where (1;] = k!/31(k - j)!. By Inequalities (VI.10), (VI.11) and
(vi.i2),

R . .
Flk) < j§=:0 (}j‘] "f"fJL pk_j < (R+ l)pRllfIII:E pk‘R s

and with Inequality (VI.10) this implies Inequality (VI.9) and there-

fore (VI.8) is satisfied.

PROOF OF "ONLY IF". If for some non-unit x , D- contains an infinity of

powers of x (and therefore every power of x , since D is divisor
closed), let
1 if s =1

f(s) = -1 if s =x

0 otherwise .

Then by Lemma (VI.2) f is invertible with respect to the convolution
# . Using Equation (VI.3) of Lemma (VI.L) we find the *;-inverse
g of f to be given by g(s) =1 if s = 2 for some integer n 2 0 ,

g(s) = 0 otherwise. Thus f ¢ &' and g ¢ 2! , which proves the

"only if". Q.E.D.

LEMMA VI.6 Let D S S be divison closed and Let A and B be dinect .

factons of 8. If A =AnD and By =B nD then

(vI.13) Xp *n X = Xn e
Ay D *Bj D
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PROOF. We have to show that for.all s € S

xD(s) >§ 1| = xD(s) .

s=ab
aeAD,beBD

If s ¢ D this is obvious. If s € D Relation (VI.13) reduces to

showing that

(VI.ik) i E , 1 = 1 .

s=ab
aeAD,beBD

Since D 1is divisor closed and s e D , the conditions a € AD R

b e By reduce to a e A, be B . Therefore Relation (VI.1L) follows

from the definition of A and B . Q.E.D.
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VII. THE GENERALIZATION OF SEVERAL CLASSICAL LEMMAS_TO-MILD REGULAR

NORMED ARITHMETICAL SEMI-GROUPS WITH UNIQUE FACTORIZATION

In what is now to follow S will denote a mild regular NASG
with unique factorization.

An element s € S will be called k-f#ee where k is a positive
integer if s is.not divisible by the k-th power of any prime p e S .
We denote the set of k-free elements of S by Qk . We note that
for k22, *Qk (wvhich we shall henceforth denote simply as *k) is
divisor closed and possesses Wiener's Property. We will apply the

results of Lemmas (VI.5) and (VI.6) to Qk .

REMARK VII.1 If A and B are direct factors of S and if

D = Q_ then, by Lemma (vI.6),

(VIr.1) Xy s

where xAk and XB denote the characteristic functions of
k

Ak =An Qk and Bk =B n Qk , respectively. Letting wu denote

k

the # -inverse of ¥, , Identity (VII.1) yields
k

(viI.2) XAk = W K X -

We wish to prove that Ak has an asymptotic density. One

observes that by Identity (VII.2)

Alx) = 2 x, (a) Z"Xk(a) Z w (u)x, (v)
eRx Mk 18 T=x

asuav

e xk(uv)uk(u)xk(v.) .
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Therefore, because of the relation xk(uv) = xk(uv)xk(v) .

(vir3) o = ) wf Y x| .

wlsx: v "S_J_C__
lajf

In order to evaluate Ak(x) by Equation (VII.3) we will make

use of the following lemmas.

LEMMA VII.1 let f :S~>C bea muwltiplicative funcition satisfying

the condition

(VII.}) ZZ IE(p™)] < + =,
P n=1

where p runs overn the primes in S . Then

(VII.5) z 1£(s)1 =TT + [P + 1£(p2)] + ...) < += .
D

seS

PROOF. Let u.p z: If(pn)l for each prime p € S . By Condition

n=1 :

(VII.4), ) u, <+« ; hence the right hand side of Relation (VII.5),

formally equal to J L(1 + up) , converges to a finite positive number.
b

Equation (VII.5) then follows from the assumption that f is multi-

plicative since we can formally expand the right hand side of Relation

(VII.5). Q.E.D.
We will apply this result in Lemma (VII.2).

REMARK VIT.2 Let 2Z : S > C De the function defined on points

seS by Z(s) =1 and let u : S > C denote the convolution inverse

of Z . C(Clearly u(l) =1 and
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ws) = - (@2( ) = ) wa) .

dls dls
fdi<isl fal<isl

Thus if p is a prime in 8 ,

u(p) = -§ ,@) = —u(1) = -1 .

dlp
Ian<ipl

Because M is multiplicative (it is the convolution inverse of a

multiplicative function), then if pl, pz,...,pk are distinct primes,

u(Plpz---Pk) = “(Pl)“(Pz)“'“(Pk) = (-1)¥ .
It follows that
w(p?) = —(u(1) + ulp)) = o
u(p3) = -(u(1) + ulp) + u(p?)) = o .

If we continue by induction on n , we see that u(Pn) =0 for
n=2. Since p is multiplicative, it follows that if s is divisible
by a square then u(s) = 0 . Because of this analogy with the classical
case we call u the Mobius function for S . We have introduced it

here since it plays a role in what is to follow.

LEMMA VII.2 Llet E S S and suppose Xg 44 multiplicative. Then
E has an asympiotic density. Moreoven,
(VII.6) Zupll‘1 < + o  implies A(E) > 0

PEE

(VII.T) Z"p"-l = + o implies Q(E) = 0 .
PEE
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PROOF. Set g = u % Xg So that 'XE =72 % g . Then

E(x) = Z XE(S) = ; [Z Z(u)g(‘i)]
Il sisx I si<x |s=uv
= ; g(v) Z 1l
Iv s a2
Ivi
50
(VII.8) E(x) = Z g(v)s( T'w};T) .
lvilsx '
Now for fixed v s S( "—ilr 4¥] ?.‘(’}"C) 88 X > + © 'by assmption_ Thus

to each € > 0 there corresponds an x = xo(e,v) such that for

X 2Xx
0
. S(x) S(x)
VII. s( 3= - .
(VII.9) (37 - MY
On the other hand, since we are also assuming that w(x) = Six) is

mildly decreasing then

inf S(Ax)

1 ASin

6 > 0, for all A 21 ;

hence

Ax)
A b

@ |-
n
Coamn )

s(x) < for all x21 , A21 .

Replacing x by T and A by |lvl in the preceding inequality

so that Ax 1is replaced by x , we get

(vir.io) s(-%-) < % s(x)

I et for all x=21,ve$S .
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Now let € > O be given and choose Y (Y 2 1) fixed. Set

z (e, Y) = max x (e, v) and W (e, Y) = mex(Y, z (e, v)) , then
0 v 0 0 0

I viisy

for x2W ,

0
x S(x)
(VII.11) "v;;; g(f)S( ) - "v%;; e(v) 57

< . X S(x) L S(x)
< "V;Y |8(V)|’S( v 2 = v v<iFiex |g(v)lls( IIVII)- T
= ) - 8l ' X
B I1vI<Y lg(v)] 'S( v ) v + Y<II§V:|ISx |$(V) IS( = )
+ S(x) |E(v)|
Y<[Vi<x v

For |vl <Y and x 2 x Relation (VII.9) is valid; so we apply it
to the first sum on the right hand side of Inequality (VII.11). To

the second sum we apply Inequality (VII.1l0). In view of Equation
(VII.8), this yields

(vi1.12) ) g(Z:)i - IIW(f‘H’) l =€ IIIW(TXI?)l ] * (l;e ) IllW(r‘lT)l
vl <x IvisY Y< v i
If we can show that Z lll‘(fvli)] < + « , we will be able to use
v
the preceding inequality to show that 4a(E) = elv) . We start by

-
Z vy

developing an expression for g(v) assuming (VII.6).
The function g = u #% Xg is multiplicative since u and Xg
are. Thus to determine g 1let us compute g(pu) for p prime and

o an integer. If a =1 , then
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glp) = u(l)xE(p) + u(p)xg(1) = Xg(p) - 1

2

and if o 2 2 , then

0,

e®") = 1™ + u(2)xg(x%7h) + EE: u(p%)xg(p*®)
k=2
hence
ex”) = xg(®) = xz(2*™) ,

since u(pk) =0 for k 22 . Therefore, g(v) is given by

1 if v=1

TT xg(e™ - x(2*™)  ie w41
paﬂv

glv) =

Therefore the multiplicative function g(v)/lvl is given by

) 1 if v=1
glv) _ -1
(VIT.13) 45y xg(®") = xg(p*™)
TT — if v #1
2% Ip

We now apply Lemma (VII.1) to the multiplicative function

(v) = g(v)/Ivi . By Equation (VII.13),

n
Br) o g,

o™l

for p a prime and n an integer, n 2 2 . Therefore, summing over

the positive integers = 2 and then over the primes p e S , we get

lg(p™) | o ﬁ—yl
) Zp:nzz:z I ;n§2 el g"p" Ipi-t)
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If s0 is 'an element of § of minimum norm-value > 1l and

L e T -
K= |{] « —_
(- s, )71, we nave SR (ipi-1)  * > since the sum

2: Hvﬂ—c has exponent of convergence o =1 gng
veS

1
VII.1 E < K E -2
(VII.15) = PITIpI-1 i

Ivi>1

From Inequalities (VII.14) ana (VII.15) we conclude that

n
(VII.16) Y leledl .,
T n=2 el
Xp(p) -1
On the other hand we have ELEL = -—E——————— s SO
el Ipl
(VII.1T) E:' (p)| = .—l— < +* (by assumption)
D el peE bl

From Inequalities (VII.16) and (VII.1T), Condition (VII.L) is satisfied;

therefore, by Lemma (VII.1)

i

(VII.18) Yl
v
Recall that for x > W (g, Y) we obtained
0

E(x) _ g(v) lg(v)| . 1t+e lg(v) |
(vir.12) ISZX "v"ZS:x 1vi Ssuvéy v T e qujvu Ivi

By Inequality (VII.18) above, we can choose Y = Y (¢) so that the
0
last term on the right hand side is < £ .

Then, for all x > W (e, Y (g))
0 0

we have

- lg(v) | < E(x) (v) . le(v)l
-[nvél a +1J€ = s(x) T Z W S ( Z glv)l, 1]3

WL i
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' (VII.19) F(x) = o(x}/2*€)
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Letting x + + © and then letting €+~ 0 we get

d(E) = s(V)

Il
-

This completes the proof of Case (&) of Lemma (VII.2). The proof

of Case (b) will require the following Preparatory material.

DEFINITION VII.1 Let p be a prime. An element s € S is called

Aquare-full if p?|s whenever pls and square-free if pls whenever ¢

pls .

LEMMA VII.3 Llet S denote an NASG with unique factorization and Lot
F denote the set of atl square-qull elements of S . Then

for every € >0 if S 48 negular and
(VII.20) F(x) = o(s(¥x))
A§ S 45 mied.

PROOF. Let s be a non-unit in S . Then s can be written uniquely
in the form s = d2q where q 1is square-free. Now s is square-
full if and only if qld . Write 4 = qr for some r . Thus s

is square-full if and only if it can be written in the form s = r2q3

with q square free. Therefore,

/2
(ViI.21) ri(x) = Z 1 = >—‘ y 1| = Z [-"1—3/2-]
s=r<€13 naisx1/3 <1/2 Ialx2/3 hal
fspsx Jris 372

flal
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Now suppose S is regular. By Lemma (4A) of [1], for each

€ > 0 there is a constant D = D(e) such that

/2 y1+2
(VII.22) : s{—’il/—z] < D[ﬁ] e .
1qn3/2 1qu3/2

From the preceding inequality and the fact that }E: Hqﬂ_(3/2+38) <+

1q B1
- - -3/2-3
P) <o/ )] gifene SD"I/M( > v E} :
Ialsxl/3 Q=1

/o+
so F(x) = 0(x!?7%) spop every € > 0

On the other hand, if S is mild, then by comparison with

Inequality (VII.1O0),

8 a positive constant.

s[ x1/2 ] < S(xl/Z)
Y 13/2 8lqp3/2

Applying this inequality to Equation (VII.21) as was done with

(VII.22) ve get F(x) = 0(S(/x )) , since ¥ yar3/2<+ o ana
TLEs!

F(x) = -SL/—’;——)- Z 1qi=3/2 . Q.E.D.
gzl

Although we have shown Relation (VII.20) to hold, Relation (VIr.19)
will be sufficient for our purposes. We apply the latter in the next

lemma where again we assume S to be a mild, regular NASG with unique

factorization.
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LEMMA VII.L Llet Q denote the set 0f square-free elements of S

let E be a subset of S whose characteristic gunction is multipli-

PROOF. Let Fl denote the set of those seE such that s =1 or s

is square-~full; i.e., Fl = EnF. Let El = ENnQ. Then every seE can

be written uniquely as s = u, ueE, ve Fl; consequently, since Xg is

multiplicative

(VII.23) E(x)

Z Xg(s) = Z Xg (u)xFl(V)

| sl £x jluviisx 1

Z Xg_ (V) Z x Xg @] = Z Xp (V)E ("v")

< 1 < <
iv|<x fluf T 1 Ivisx “1

Since El has asymptotic density equal to zero by assumption, then given

. = > L >
€ > 0, there exists an xo xo(E) 2 1 such that for fvl %0

= X ince ; - Sx) .
El(llvu) < eS("Vu). Since we are also assuming that (x) = is

mildly decreasing, there is (as was argued in the proof of Lemma VII.2) a

positive constant 6 such that m) ; iéﬂx) for all x 21, ves.
Therefore, if we take Ivl] < - we have
0

(VIIL.24) Z Xp V) l(llvll) < eS(_X)

Z ?
= x =

X
lulls — 1 [RY]
%0 *0
and if we take xi <fvl £x, we have
0
Xg (V)
X S(x) 1 .
(VII.25) . Z XFl(V)El(uvu) =76 N E X
' x. SIvi=x x <lvisx
0 0

On the other hand from Equation (VII.23) we have

. ‘,_L._‘,‘,-w-»\-—ww‘lﬂ;
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X
E —

o = <Ivlsx

0 0

so that, from Inequalities (VII.24) and (VII.25) we get

), n” ),
E(x) < ¢ 1 + 1 1
S (x) x  fvi 8 x vl °

Ivis<
X X
0

By (VII.19), the sum 'z:uvu—l (and therefore also the sum Z: uvu_l)

veF veF1

converges. Hence, by letting successively x -+ «* and € - «, we obtain

E(x)
S(x)

lim
X+

=0’

as required.

We now prove case (b) of Lemma (VII.2).

LEMMA VII.2, case (b). Let E be a subset of S whose characterisitic

gunction 48 multiplicative. If Y ot =+, then E has

P£E
P prime

an asymptotic density equal to O .

*

PROOF. Recall that Q for ke N , (k 2 2) denotes the divisor

closed set consisting of those elements of S which are k-free, and
= i !

that * = *Qk has Wiener's Property.

By Lemma (VII.s) it suffices to show that d(E n Qz) =0 .
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Let E =EnQ . Since ' lpl=! = + » , then
1 2 peE

'||'(1 - Mpu-l) = 0 . Therefore, for any € > 0 we can find primes
DeE |

pl,pz,...,pr none of which are in E and such that
1-up =) - - ) <o .
@-up =)@ - ). - )

Now none of the primes pl,pz,...,pr can divide any element s ¢ E

1

for, if pj]s for some j (1 < j < r) then s = Pya with (pj;q) =1
(since s is square-free). Since XE is multiplicative this would

imply that xE(s) = xE(pj)xE(q) = 0 , a contradiction. ' Thus, E1 is

a subset of the set E2 consisting of all those elemenfs of S which

are not divisible by any of the primes: pl,pz?...,pr . The characteristic

r

function of E_ is clearly multiplicative and 2: ot = 2: Ip. 1”3t is
2 pdE, =10

< + o , Therefore, by case (a) of Lemms (VII.2), E2 has an asymptotic

-

density given by

© /.n n-1
X () = Xz (P 7)
g(v) E, E,
a(E ) = =— = TT 1+ -
2 ves IVl pesS Tl
P prime n=1

1 1 1
(l—llplll )(1_||p2|| )(1"ﬁp_r") < e, (>0,

i.e., d(EZ) = 0 . Thus El and hence E has an asymptotic density

equal to zero.

This completes the proof of Lemma (VII.2). Q.E.D.
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VIII. DIRICHLET SERIES

Later on we will require some elementary properties concerning
Dirichlet series of the form:

Zf("i‘, s=o+it, fefs, C)

i
veS

We begin with “the following lemma:

LEMMA VIII.1 Let f, g e (S, C) . I the senies

Zf(v) and g(v)
S vy ®

veS veS

are both absolutely convergent forn o > o then 80 .45 the senies

E —fﬂ— , and moreoven,
4 i
se ”
(VIII.1) E rxelv) _ [Ei(_").n sﬂ]
-5 s
i © -t IVl ) | &=l V]l
veS veS
L
gon o > 9
PROOF. Fix o > ¢ . Let F(o) = E le(v) | and G(o) = —&(1)——
s [l IIVII

Then for x 21 ,

Z (£« g)(v)] _ Z Z f(u)g
wi® at C iy ©

vi=x Ivisx  v=uw

\-——J

< Z( Z If(u)g(w)l}
‘ e
IlviEx v=uw

(z Ifu)l]( lg(w)l]
lul 1wy

Fuli=<x Cvysx

F(o)a(o) < + =

IA
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This shows that the series E: (£ * g)(v)

S converges absolutely for
veS vl

o= oy Equation (VIII.1) is (for o 2 oo) then obtained by taking the

product on the right hand side of (VIII.1) and rearranging the terms.

Q.E.D.
Although irrelevant to our purpose we have included the following

lemms due to Delange which has an interest of its own.

LEMMA VIII.2 Let f e JsS, C) be inverntible with convolution inverse
g . If the senies ¥ £) oy q finite abscissa of absolute con-
. VeS v
vergénce then o doth the senies ¥, ELYL
veS vl

PROOF. Since the series 2: f(V)

T has a finite abscissa of absolute
veS Ivi®

convergence, then

£(v)
o

lim
g I
veS

= f£(1) .

As was noted in the proof of Lemma (VI.5) we may assume without loss

of generality that £(1)

1l , so that there are values of ¢ for

which
F(o’) = E J&Vg_l_ < 2.
v

veS
Let Vv denote the infinum of these values and take o0 > v, By
Lemma (VI.k),

g(v) = e (v) +-:E: (-1)¥ j;‘ , (v )f(v )...f(vk) ;
0 k31 Ivii>1,3=1,2,. 0k} 2
v =vlv2...vk

therefore,




59

4 l2tvr )] 12(v,)1 le(v) ]

| (Vc)yl < e W)+ Z 5 . . 10 : 20 kc ,
vl 21 1v,1,3e1,8, . Lk I i}vzu 1 I
IIvII—vlvz...vk
and so,

N P e
ey kle veB IV.T 1,5=L,2, . Lk lv i’ hvi®  vy©

veS J b 2 k

V=V V ...V
12 k
1

= TTECD <t (since .F(o) < 2) .

Thus the abscissa of absolute convergence of g 1is finite and less

than orvequal to Vv . Q.E.D.

ZETA FUNCTION OF A NORMED SEMI-GROUP

Consider the Dirichlet sum: L - > S=0+ it , If s is
ved vl
regular then by Corollary (IV.1.1), 2: L has a finite abscissa
veS (v

of absolute convergence equal to 1 . In that case the sum function
80 defined will be denoted by g (s) and will be called the Zeta
Function for S .

Recall that in Remark (VII.2) we denoted by u +the convolution
inverse of the arithmetical function 2% eﬁFZS, C) defined by 2(v) =1
for all v € S , and as in the classical case we called y the Mobius

Function for S . Since lu(v)}.S-1 , the series 2: uv) has an
veS vl

abscissa of:..absolute convergence:less than or:equalto-one: -Since u

and Z are convolution. inverses of.eath other,:-




wiv)

s
vl
vesS I

by Lemma (VIII.1).

s

1

S

60

."

for Re s > 1

2
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IX. PROOF OF THE MAIN THEOREM

Recall that Qk denotes the set of k-free elements of S

Let Ak =An Qk and Bk =B n Qk where A and B gre direct

factors of S . We obtained

(VII.3) A (x) = Zuk(r) Z X (xv) |,

|l =x x
vl soeee
el

where X = ka and e is the convolution inverse of Xg in
k

P
_j%k(s, C) . 1In the next lemma we evaluate A (x) from Equation (VII.3)

by applying Lemma (VII.2) to the set E  , consisting of all those
L]

k-free elements v in S such that rv is also k-free. Since the

 characteristic function XE is easily seen to be multiplicative,

k,r

E  , has an asymptotic density by Lemma (VII.2).
H

LEMMA IX.1 With the preceding notation, A has an asymptotic density.

PROOF. Let o(k,r) = d(E r) and write

B r(x)
(1X.1) . Alx, k, r) = st - ok, 1) .

Let T >0 and use (IX.1) to write Equation (VII.3) as

A (x)
(1x.2) O J1 + J2 + J3 ,
where
(1x.3) Jo= al;)- Z w (r)o(k, r)s(ﬁ—;sl-l-) ,

i xll <T
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(IX.’-‘-) _JZ = m)- < fotiex 'uk(r)Ek,r( T}IET- ):
and
_ 1
(1x.5) J3 = m.ur;T uk(r)A( "%"‘ s K, r)S( ﬁ.{‘"‘) .

, , ! 2
Now the x, -inverse of the function =Y w(r) is T2l XBk » and

since L(Bk) < L(B) < + » , Lemma (VI.S5) implies

1
(1X.6) z : ———-‘u (r)] < +o,
TesS Il k
which in turn implies that the sum
(IX.7) E o (r)olk, r)
) firl "k ?

red

converges absolutely. We will now show that the value of the sum

in (IX.7) is the asymptotic density of A .

Let € >0 be given. Since S(x) is of regular growth there

is an xo(e, r) such that for x 2 x (g, r) ,

1 1 1
e ls(ﬁ)-msml < ST -

Also A("%“,k,r]-*O as x »> = for fixed k and r , so there

is an xl(e, k, r) such that for x = xl(e, k, r)

X
‘A( TR

< € .

Thus for x 2 max( max x (e, r) , max x (e, k, r)) ,
jry<T O Iz I<T
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(1x.8) ‘Jl - Z T}W w(rio(k, r)|
r<T
< ﬁ w (r)folx, r)|s (ﬂ%"- "r" S(x)
lrl<T
1
) uruZT Izl luk(r) ot ¥)

A .

L]

€ Z Tel '“ (r)

and

1
(1xX.9) ‘J -."r%,;rmu( )A( T r)

1 X X 1
T 6y o ‘“k(r) }A(erl » ks 1) ‘S(Hrll] ey 5(x)
ez ) Ll
e 17 T
2 Z L
< e T e (x)

reS

On the other hand since S is mild then (as was argued in the proof

of Lemma (VII.2)) there is a positive constant 6 such that

X 1l 1
S{ — £ = — 8(x for all x21 and r e S .
( b ) o lry (=),
Therefore,

IA

(Ix.10) 7] T‘y Z l“k( )‘S( Tl

T<jrisx

Z -"%”- ’uk(r)

T=iry

A
o+
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Now we let x > + ® and then T »+ o . Noting that (IX.9) reduces to

1 :
(Ix.11) lg.] < €2 Z — I (r)
3 b S ET TN b

E

and that |J2| 2> 0 , we then obtain from the preceding results combined
that

(I1X.12) (e + eZ)Z

reS

S=orn ’uk(r) < a.(a) - ;s o Mok, x)
< 4 (Ak) - ;S T ljlk(r)c(k’ r)
s (e en) L]

Finally letting € + 0 in (IX.12) we conclude that

(1X.13) a(a, ) = Z 72T Pe(r)olls, v) .

Q.E.D.

In the next lemma we obtain a useful * lower bound for d(Ak)

Equation (IX.13) will not be applicable in obtaining that bound since

we have little information on the value of uk(r)

LEMMA IX.2 With the above notation, for k = 2

(IX.1k) ala,) ﬁlﬂ fl(ﬂ .
S
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PROOF. We know from Lemma (V.1l) that d(Ak) is also the logarithmic

density of Ak . Therefore it suffices to show that

(%)

};mw—(—r 7‘7 5T

By Lemma (VI.6), for any v € S

(M = (g 2x )@ = g [2 1

k v=ab
aeAk,beBk
.Y
aeAk,beB
Therefore
1 1 1
Y I, s 1 ) - Y 1
s 1V ivizx 1V |v=ap | e
aeAk,beBk aeAk,beBk
( 3
s () X 30
tag=x 12| |yppr=xc 10!
| aedy J PeBy

A
™
2|~
E
C)

lajsx

L aeAk )

hence LAk(x) p LQk(x) E%ET . Therefore,
L, (x) L (x)

(1x.15) d(Ak) = lim —f%_y— > [1lim sup __T_T—'_T_T

X>+ X>+

Applying what was seen in the proof of Lemma (VII.2) to the set Qk
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and the expression for u , one capn see that Qk has an asymptotic

density given by

W = Tl -25] - oy,

pes ipl® 5

where the product runs over all primes p € S . Thus by Lemma (VI.1)

L. (x)

lim sup =
o 4w Lglx) Zg(k)

and therefore by (IX.15) we obtain

1l 1
W) > Ty e -
Q.E.D.

We now prove the main theorem (stated in §III).

PROOF OF THE THEOREM. For k 22 , A S A ; therefore

d*(A) > d*(Ak) = d(Ak) (by Lemma IX.1). However, by Lemma (IX.2),

. 1 1 1 1

>
assuming L(B) <+ =, a(a) ® T (B * %° a,(8) * 7 (8) L(B)
Since the latter inequality is valid for k = 2 » We have on letting

1
k + o that d*(A) 2 I(gy ¢ Therefore, by Lemma (v.3), A has an

asymptotic density given by a(a) = T8y -
The fact that B has an asymptotic density equal to zero is a

special case of Propositionn(V.l).
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X. APPENDIX

1. An Alternate Proof of Part (ii) of Lemma (VI.3).

Let R be a commutative ring with identity, S an NASG and
P ond
.6 ¢ s, R).

LEMMA VI.3 (ii) If £ .48 multiplicative, then s0 is its convolution

invesse.

The proof presented here is adopted from an original one for

*
the case S =N due to Kuipers [3].

PROOF. Let g denote the convolution inverse of f . In order to

~ show that g is multiplicative, or that g(xy) = g(x)g(y) if (x;y) =1 ,
we apply induction with respect to the total number of divisors of x

and y . If x=y=1 then clearly g(xy).= g(x)gly) . Now assume

that fxll >1 or Iyl >1 . To simplify notation let 4 be a divisor

of x , let e be a divisor of y and r a divisor of Xy . Since

(x;y) =1 we have (dje) = ( £, X.) =1, and so

da’e
glxy) = - Z glr)e( )
rl|xy
Az i< ixy |
= - Z glae)r( T L)
dlx,ely
Il dell < lixyll

- Z gldgle)e( X )e( L) .
dlx,ely
lde i< Jxy
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The last summgtion is extended overlall pairs d,e described above,
excluding d = x , e =y . The induction hypothesis, g(de) = g(d)gle) ,
applies here since the total number of divisors of an& pair d,e

(ldel < lIxyl) is less than the number of divisors of the pair x and

Y - By adding one term to the preceding sum we obtain

glxy) =- - glagle)e( 3 )e( L) + alx)aly)

dlx,ely

= -[Z gla)e( % )] (Z gle)r( %— )] + g(x)gly)
dlx ely '

= -((g* £)(x))((g » £)(y)) + g(x)gly)

= -e (x)e (y) + g(x)e(y)
0 0

= glx)gly) ,

proving the lemma. ' Q.E.D.

2. A Modified Proof of the Theorem

In the proof of Theorem (A) for the classical case of N*, H. Daboussi
has observed in [4] that one can deduce the existance of d(A) from that
of d(Ak) without having to appeal to Lemma (2) of that paper. Am exactly
analogous argument applies here, namely that one can deduce the existance
of d(A) from that of d(Ak) without having to appeal to Lemma (V.3). In effect,

let Ck denote the complement of Qk in S . Since Ak =An Qk and

DERE NS

then

Ak(x) < Alx) < Ak(x) + Ck(x)
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or

Ak(x) < A(x) < Ak(x) + S(x) - Q,k(x) .

Thus since A, and Q. have asymptotic densities with d(Q'k) =1/ Z;S(k) e

we get
. * -

(x.1) a(a ) = d.(a) = a(a) < a(a) +1-1/¢ (k) .
This implies

*

d'(8) - ax(a) = 1-1/¢(x),

* .

whence d (A) = d,(A) on letting k » + «,. Alternatively, we can directly

observe that lim d(Ak) exists, since d(Ak) is a bounded non-
k> 4+

decreasing function of k , Then (X.1l) implies that

*
a.(a) = q,(a) = litim+°° d({\k) .

]

i
i
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XI. MISSING DIGITS

NOTATION

Let k and q be integers with q 2 2 and 0<k<q - 1. For any
subset D, consisting of k elements of the set of gq-adic digits
{0,1,...,q—1}, let A denote the set of non—negative integers whose
q-adic representations do not involve any of the digits of D. Let XA
denote the characteristié function of A, that is, XA(n) =1if ne A and
XA(n) = 0 otherwise. For x a non-negative real number, let A(x) be

defined as follows:

(XI.1) Ax) = }: XA(n)-

osn<x

AN EXPRESSION FOR"A(x)

First we observe that for each n the number of q-adic representations,

n l+ »
a lq an q + ...+ alq + a

= ’aj € {0,1,--., q—l}\ Ds

0
is (q—k)n since there are exactly g-k choices for each aj in each of the

above n terms. Thus
(XI.2) A(Q™ = (=), n=0,1,2,... .

Next observe that for 0 < d < q~1, d an integer,

d
(XI.3) A(dq") = X (m) .
j};l (d-3)q" s§< (d-j+1)¢" A

If for each m where (d—j)qn <m < (d—j+l)qn, we write

m = (d—j)qn + n, then 0 < n < qn and XA(m) XA(d'j) XA(n). Substituting

for each inner sum on the R.H.S. of Equation (XI.3) we obtain,
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q .
(XI.4) A(d¢™) = Z; XA(d-j5 Z a Xy
Jj=

oS n< q

n
or, since each inner sum on the R.H.S. of (XI.4) is, by (XI.2), equal to (q-k)

we have
n * n
(XI.5) A(dg") = d (q¢k)
* d :
where we have set d =" 5: xAﬁd—j) = d- |D n {0,1,...,d—1}| .
§=1

Now let x be a non-negative integer with the following q-adic

representation:

_ n n-1
X = dnq + dn_lq + ... + dlq + d0 ’

and let A = max {j: dj € D} . Noting that XA(m) = 0 for those integers

m such that d qn + dn 1qn_l+...+ dk qx < m< X, we can write
n

(XI.6) Ax) = Z

X, (m)
osm<d q A
n

n

+ Z >\)(A(m)

n m-1 A+l m n-1 A+1
dnq +dn4ﬂ -+.”fdk+lq Sm<qu +dm_lq + "'+dk+lq +qu

Since dj €D for j > XA, each inner sum on the R.H.S. of (XI1.6) equals

XA(m), and so the R.H.S. of (XI.6) turn equals
0<m<d q"
n
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. X, (m) + z . Xy @+, + Z X, (@ .
oSm<dnq osm<d _q

oSm<d>\q

Therefore, in view of (XI.5) we arrive at the following expression:

b

_ q* n, * n-1 * A

(XI.7) A(x) = dn (q~k) +dn_l(q k) +...fd)\(q k)
*

where for A<j <n, dj = dj -] n{O,l,...,dj -1} ] .

THE CASE OF THE LAST DIGIT MISSING BASE q.

For each positive integer n consider

-1 .
x = (-2)q" + (@-2)q" ...+ (q-2) and v, = Q"
Because of the dominant gaps in the sequence of positive integers that

occur from X to yn for each n, when all the integers containing the digit

q-1 are removed, one expects that

Ay )

lim inf A(;‘—) = lm - =1,

Xt ® X 4o yn
and

Alx,) 1y

lim sup AO(LX) = lim —— = {g-1) 1)01. s

X >+o x o>+ X (q-2)
where o = iz(q-l) . In attempting to obtain these results we will

make use of the following inequality.

Llet 0, u, v and M be positive numbers with 0< ¢ < 1

and u > v. Then

(XI.8) —‘HM—Q z = .
(u + M) u
PROOF Since u> v>0 and M>0 |,
M M
(XI.9) 1+ ¢ =2 1 + S
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Now since 0 2 ¢ < 1, and 1 +-1:—11 >1, we get from (XI.9) that ,
z .
; 1+ 2 (1 4+ ¥y, | |
I v u :
which is just another form of (XI.8). Q.E.D.
: i
]

LOWER ESTIMATES FOR A(x) / x°

We assume that D consists of the last digit base q. Suppose
i n

X = Z dj q? and A = max {j:dj €D} . If A =n then by (XI.7), with
j=o
o = 2n(q-1)/ %nq,
* +1
AG) = 4 (-D7 = (=D |
i s0
+ +
A | (D™ ™

o n .o
X Lzl dj qJ] (qn+l)0t

Thus we may assume that 0 < A < n. Again by (XI.7),

Tl
3 A
A(x) = Z: d -1 + dy (q-1)
=z
Tl
i A
= Z d,(-1)?  + (g-1) i ;
i=x+1 J
sO n . )\+
4,7 + (-1
A(x) _  J=A+1
<% N n AR
L 4. q
j=o

A
}\ .
Using the fact that q +1 > Z d, q:l we then find that
j=o

i dj(q—l)j r (g1t

AGR) 5 j=AFl

n A o
xOl. ; d. qJ + q +1
j=A+1 J
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(M) _

A .
Next we observe that factoring q (g-1) +1 from the numerator

and denominator on the right hand side of the preceding inequality gives
n
d (-3 M1 4y
A(x) o =M1 ’
iC n d.qjek—l +1¢ )
j=AHL )

To this last inequality we apply (XI.8) with

n n

v = E: d_(q—l):l»—}\—l s, u = .
jeod1 3 j=x1 3

i
[= N
K=l
.
-
=
|
=

and o = %n(q-1) / #n q and we conclude that

j=A+1
Repeating this process of factoring a power of 'qa and then erasing the

residual digit, we see that ultimately we will arive at the inequality

(10) min A(x) =1,
X>0 x
xa+ 1
Since the function f(x) = — s X>1,
(x+1)

has a negative first derivative, then the terms of the sequence

n
A(q.+l) qna +1

n 7 o o ~ s, m =20,
(q +1) (@ + D

are pairwise
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distinct. Moreover, since y + 1 .as n*+ © |, then in view of (X1.10),
n

y = 1 is the smallest accumulation point of the set {A(x)/xq x>0} ; i.e.,

(XI.11) lim inf A(x) =1, (x an integer) .
X>+ > xa

Now let x be any positive real number. Because of the relations

A(x)
'—;a— - A([Xi) » 1 — A([x&) ’
[X] (1+ {X} ) [X]
- [x]

where {x} and [x] denote the fractional and integral part of x

respectively, Equation (XI.1l) is still valid.

UPPER ESTIMATES FOR A(x) /3®

As in the preceding we take D = {q-1} and o = &n (g-1) / &n q.

Combining the results of theorems (1) and (4) of [ 8], we obtain the

formula
]
A - -
sup (x) Aé ) . (ﬂ:%) .
osy<x  (x - y) q
Since
s A® o, A A
x>0 X o<y<x x -y

we have the following inequality:

(XI.17) sup Ax) ( 9-1 )
a gq-2
0<xX x

Since the function g(x) = (xa -1 / (x—l)a has a positive first

derivative, then each term of the sequence
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n H
ACY @-2) )

. . o no+1l
= J=0 = ( q-1 ) 9q -1
Ya n . O q-2 ¢ n+1_1)oc
(¥ a2 o)) 'q

j=o

-1 .0
is distinct. Moreover since v, -+ ( % ) as n*+ ® then (q-l)a/ (q-2)a

is in view of (XI.12) ‘the largest accumulation point, i.e.,

>

lim sup
X >+ o

(x) g-1 %
o - ( 2 )
X Q"'

Remark :

More generally, if D is of the form '{0,1,..., kl-l, q—kz, q-k2+l,

«e+s q-1} where the integers k, and k2 satisfy OSkl + k2$ q,

methods similar to those developed by Wegmann in [8 ] have been

used to obtain the following result, which we state without proof :

)
lim sup Ax) = (1- —=— )

X + o xoc q-1

JODNURUISR _
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