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Abstract

TCP (Transmission Control Protocol) and IP (Internet Protocol) are the most im-
portant protocols used for most of the data transmission across the Internet. Modern
implementations of TCP mostly involve the concepts of Window Size and Round Trip

Time (RTT) in controlling network congestion .

We model simulated time series of Window Size and RTT to evaluate the character-
istics and the relationship of the data over time using autoregressive moving average

methods. These methods help us to forecast network performance and detect server

congestion.
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Chapter 1

Introduction on TCP/IP

1.1 Definition of TCP/IP

A network is a system for resource sharing and message transmission, using the com-
munication medium and network software to connect many computer systems that
have different locations and independent functions. The Internet is a network of net-
works, in which the two most important protocols, Transmission Control Protocol
(TCP) and Internet Protocol (IP), are used for most of the data transmission across
the Internet. TCP/IP networks use four layers to map network interaction. The four
layers from the top are Application Layer, Transport Layer, Network Layer and Data
Link Layer (see Table 1). TCP/IP is based on the data link layer and interacts with

the user application at the application layer. (see [4])

TCP provides a reliable data transfer service between two systems or devices con-
nected on the internet at the transport layer. Sometimes error transmission disturbs
the data. Sometimes the fundamental network has a problem. Sometimes the net-
work is overloaded and causes the problem that the inter-media network transmission
system did not work as normal. We need a protocol to provide a destination node
with delivery information about transmitted packets such as sequence numbers and
acknowledgement messages. This protocol can not only detect and discard duplicate

messages, but can also detect errors or lost data and retransmit them until timeout
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Application Layer (End-user applications)

Data Link Layer (Hardware and device drivers)

Table 1: TCP/IP networks use four layers to map network interaction

or the delivery is correctly completed. TCP is this kind of protocol that ensures the
reliability of the transmission. When data has been lost, TCP can retransmit the
data until either a timeout condition is reached or until successful delivery has been
achieved. If the sending computer is transmitting too fast for the receiving computer,
TCP can employ flow control mechanisms to slow data transfer. Furthermore, TCP
can communicate delivery information to the upper-layer protocols and applications

it supports.

IP is the most important protocol at the network layer. All other protocols in the
TCP/IP suite depend on IP to move packets across the internet. It forwards each
packet of the data around the network independently of network medium, based on
the destination address i.e. the IP number. The internet authorities assign ranges
of numbers to different organizations. The organizations assign groups of their num-
bers to departments. IP operators on gateway machines move data from department
to organization and then around the world. In addition, it provides error report-
ing, fragmentation and the reassembly of the information units for the transmis-
sion over the networks. Full details of TCP/IP can be found in many engineer-
ing texts, here we mention only those features of interest to us here. Reference to

http://www.samspublishing.com/articles/article.asp?p=28782&seqNum=3.

TCP depends on IP to move packets around the network. IP is inherently unreliable,
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protection to the transport protocol. TCP has mechanisms that guarantee that the
data it delivers to an application are correct. These mechanisms protect against data
loss, data corruption, packet reordering and data duplication by adding 16 bit check-
sums and 32 bit sequence numbers to transmitted data and, on the receiving side,
sending back tickets that acknowledge the receipt of data. Before sending data across
the network, TCP establishes a connection between the source and the destination.
The connection is destroyed, when the application that was using TCP indicates that
no more data will be transferred.

Reference to http://www.smarthomeforum.com/start/faq.asp?ID=21.

1.2 TCP Error Correction

TCP has mechanisms that guarantee the data is correctly delivered to an application.
Before sending data across the network, TCP establishes a connection between the
source and the destination. If the receiver gets a packet from the sender, it sends
back Acknowledgement of the receipt of data. If the timer expires before the ac-
knowledgement is sent back, TCP assures that the packet is lost or corrupted and the
source will retransmit the packet. In order to improve the network performance by
avoiding both congestion and packet losses in the network, TCP continuously adjusts

the transmission rate of the data at the source computer(see [16])

Because of crucial importance of TCP error correction, TCP includes several mecha-
nisms such as ‘Slow Start’, ‘Congestion Avoidance’, ‘Fast Retransmission’ and ‘Fast
Recovery’ algorithms that attempt to sustain good data transfer rates while avoiding
placing excessive load on the network. Meanwhile, a lot of research and development

have also been put into the improvement of the network performance.

1.3 Goals of This Thesis

The two concepts of Window Size and Round Trip Time (RTT) are frequently in-

volved in modern implementations of TCP. We will study the statistical properties of
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Window Size and RTT as stochastic processes in the following chapters in this thesis

to help forecast Window Size and RTT so as to improve TCP performance.

Chapter 2 provides additional background and information on the Window Size and
RTT variables. The basic tools for fitting autoregressive moving average univariate
models are given in Chapter 3, and for bivariate time series in Chapter 4. We will
fit an ARMA model to Window Size and RTT), singly and jointly, in Chapter 5. In
summary, we simulate Win and RT'T data using a commercial package and record

Win and RTT at a single node, and apply the methods of Chapters 3 and 4.

The novelty of this thesis is to fit a bivariate ARMA model to the bivariate time

series of Window Size and RT'T to evaluate the relationship between them.



Chapter 2

Introduction on Window Size and

RTT

2.1 The Concepts of Window Size and RTT

2.1.1 Round Trip Time-out(RTO)

One of the most important and complex ideas in TCP is embedded in the way it han-
dles timeout and retransmission. The value of the retransmission time-out is critical,
Since it is difficult to know the delay characteristics of networks in advance, and they
can vary during the life of a connection, depending on route and loading, this makes
it almost impossible to decide on one time-out value for this retransmit timer. If the
time-out is set too low, it will expire before the acknowledge returns, causing the seg-
ment to be sent again unnecessarily, and increasing the traffic. If the value is set too
high, it causes long delays waiting for the time-out to mature before a retransmission

can be sent, so the loss of one segment will significantly decrease throughput(see [16]).

Modern implementations of TCP are now supposed to use a mechanism that works
out the average delay of a connection and adds a threshold above that delay to deal
with the variations. This dynamic timer depends on the Round Trip Time(RTT) on

the path in use, which is a measure of delay between two hosts.
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2.1.2 Round Trip Time (RTT)

At the time when the source sends a packet, it starts a timer and waits for an acknowl-
edgement from the destination. The RTT is the total time taken for a packet to be
sent from the source computer to the destination computer and an acknowledgement
sent back to the source. If the timer expires before the acknowledgement is received,

TCP assumes that the packet was lost or corrupted and retransmits it.

2.1.3 Window Size

The TCP window size is the amount of packets to be sent at the start of the time
of RTT. For example, in a sliding window protocol with window size 8, the sender is
permitted to transmit 8 packets before it receives an acknowledgement. This is the
most important parameter for controlling congestion and to achieve maximum TCP

bandwidth across the network.

2.2 The Measurement of Window Size and RTT

2.2.1 Window Size

According to the description by Von Welch (see [30]), the amount of data that can
be in the network between two endpoints of the connection is the bandwidth delay

product:

bandwrdth delay product = bottleneck bandwidth x round trip time

To use the full bandwidth, the TCP window size should be at least as large as the
bandwidth delay product so as to ensure the sender is continuously sending packets
to fill the receiver’s window. That means the sender can never send more than the
maximum TCP window size of the receiver per RTT. The window size is equal to
the amount of data that the sender can send in time RTT. If the sender has sent the
entire window, it has to wait for an acknowledgement (ACK) of the oldest outstanding

packets.
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2.2.2 RTT

TCP uses the history of the measurements of Mean RTT to estimate the current value
of Mean RTT and weights recent measurements more heavily than older ones. The
individual measurements of RTT vary over time based on the congestion occurrence
and may have high standard deviation. TCP performance depends on its ability to
estimate the mean RTT on a connection. Whenever it obtains a new elapsed current
RTT from two times, it adjusts the estimate mean RTT for the connection by the

following formula:
EstimateMeanRTT(n) = a- EstimateMeanRTT(n—1)+ (1 —a) - CurrentRTT(n)

This is an exponential weighted moving average, with the typical value of o as % by
current researchers (see [4]). We will further analyze RT'T, as well as Window Size,

in the following chapters of this thesis and obtain alternate estimators.

2.3 The Importance of Estimating Window Size
and RTT

Part of the TCP specification declares audition for a round-trip timeout(RTO) which
means the decision to detect and then retransmit lost segments. It is based on the
estimates of the round-trip time and is critical to maximizing TCP’s performance.
When a packet is sent and an acknowledgement never arrives, at some point the
sender must declare a time-out, that is the sent packet is delayed and an acknowl-
edgement will never arrive. The formula: RTO = RTT - 3 suggests that constant 3
is usually 2, reference to http://cs.baylor.edu/ donahoo/NIUNet /tcptour/javis/tcp-
rttvar.html. If the timeouts are too small, it is not safe to retransmit packets since
they have actually not been dropped, instead, they are just taking too long to arrive.
Large timeout makes inefficient use of the bandwidth and increases congestion in the
network. Therefore, the better the timeouts are adjusted, the better the protocol will

perform. By accurately modelling and estimating the round-trip time, we can more
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efficiently measure network performance, such as the identification of congestion un-

responsive traffic.

Many congestion avoidance control schemes stated in the following section such as
TCP Reno(see [5]) and TCP Vegas (see [19]) are based on an analytic derivation of an
optimum window size for a deterministic network. Every connection in the network
controls the window size by the relative algorithms that limit the number of packets
from this connection allowed into the network during one RTT. Meanwhile, the RTT
in the connection varies due to queueing delay variations or routing changes. The more
accurately we expect to evaluate the window size and RT'T, the more complicated the
algorithm will be. By accurately modelling and estimating the window size and RT'T,

we can more efficiently measure network performance including the identification of

congestion traffic.

2.4 Relationship between Window Size and RTT

Recent research exploits the relationship between Window Size and RTT to control

network congestion.

TCP Reno(see [5]) is a congestion avoidance control schemes based on reducing the
window size when congestion causes packet losses. An analytic derivation of the
evolution of the window size in the network is given in [5]. Since the source writes its
current window size and the current RTT in each packet it will send, we define W, (¢)
and R, (t) be the window size and RTT written in a packet from connection n arriving
at the router at time t. When no loss occurs, the window size increases linearly with
time at rate 7{:1—(5. When a source sees that a packet was lost at time t — R,(t),
the source cuts the current window W, (t™) by half, the slow-start threshold is set to
Y—Vﬂzt—_z and the lost packet is retransmitted. Then the source enters a fast recovery
phase which lasts one RTT. During the rest of the RTT, these ~WL§:} packets are

transmitted and there is no linear increase in this RT'T. McDonald (see [5]) describes
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the above evolution of the window size by the stochastic differential equation

1 W, (t~
de(t) T e . (1 —_ XSn(t))dt — é )

Ra(t)
where s, (f) denotes the event that in the RT'T before time t the window for connec-

tion n entered fast retransmit due to losses in the preceding RTT. N,(A,(¢)) is the

dNp(An(t))

time changed Possion process, indicating the occurrence of the losses of connection n.

TCP Vegas (see [25]), another kind of congestion scheme, adjusts the window size
once every two round-trip times based on the product of (WindowSizecrrent —
WindowSizeyq) X (RTTourrent — BT Tyq). If the result is positive, decrease the win-

dow size by one-eighth, or else increase the window size by one maximum segment size.

The adjust scheme for Vegas is not a loss based algorithm but rather is based on

reducing the window size when congestion causes the estimate RT'T to increase.

The relationship between window size and RT'T is also described by Baccelli et al in
the research of the active queue management modules in particular Random Early
Detection (RED) schemes (see [17]). According to the nature of the window flow
control mechanism of TCP, the transmission rate of each source can be defined by
the following formula(in [17]):

WindowSize
RTT

TransmissionRate =

2.5 Approaches to Modelling and Analysis of Win-
dow Size and RTT

In our simulated network system, RTT affects Window Size a great deal, while Win-
dow Size also has an effect on RTT although less directly. Some approaches can be

proposed to model this behavior and this relationship.
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- System Analysis

According to the method of system analysis (see [25]), the network can be treated as
a black-box, a SISO (single-input and single-output) system. However, many system
identification techniques assume an independence between the input and the output,
where the independence assumption cannot be satisfied with TCP since a lot of fac-
tors we can use in the system are dependent on the past round-trip times. We will

not use this approach here,

Since the window flow control mechanisms of T'CP protocol adjust the values of win-
dow size and RTT over time hased on their historical characteristics, we will choose

a time series approach instead of system analysis to model their dynamic behaviors.

- Spectral Time Series Method

With the spectral(Fourier) analysis, we can exploit the cyclical patterns of the source
data, by separating a complex time series with cyclical components into some sine
and cosine functions. We can tell the existence of a strong periodicity of the relative
period in the data if a large correlation between sine or cosine coefficient is identified.

We will not pursue this approach in the thesis here.

- Box-Jenkins Methods

The Box-Jenkins method requires the assumption of a stationary time series. The
most general Box-Jenkins model includes (seasonal) difference operators, autoregres-
sive terms and moving average terms. These methods have been programmed. The
ARIMA procedure in SAS (see [26]) provides the detailed analysis of one series at a
time and outputs the detailed series including original series, forecast series, residual
series and confidence limit series. It is simple and convenient for us to fit the ARMA

model to the series of Window Size and RT'T, respectively using this program.
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Just as the ARIMA procedure, the VARMAX procedure in SAS is also based on
Box-Jenkins methodology, giving us detailed tools for bivariate time series analysis
and modelling. We will use the ARIMA and VARMAX procedures for our univari-

ate time series modelling and bivariate time series modelling based on Box-Jenkins

methodologies.

We will use all the criterion to select which ARMA(p,q) among computing models
is preferred. We also wish to consider transforms of the original series and, for the
purpose of selecting the transform, we use least prediction error as a selection criterion.
(see Section 5.2 and Section 5.3). Finally, we get ARMA and VARMA models for
window size and RT'T to evaluate the behavior of the system as well as the input-

output relationship.



Chapter 3

ARMA Methods

A univariate time series is a set of observations {X.}, each one being recorded at
a specific time t. An important part of the analysis of a time series is the selec-
tion of a suitable probability model for the data. In this paper, we use a Box and
Jenkins approach that includes the examination of empirical correlations and partial
correlations. General model selection criteria such as AIC, the Akaike information
criterion and SBC, Schwartz’s asymptotic Bayesian modification of the AIC, have
also been used in model selection. We will employ AIC. Most of this chapter is based

on materials found in [6].

3.1 Data Preparation

Box-Jenkins Approach is only meaningful if the time series is covariance-stationary
and any trend should be removed before calculating the correlations. The definition
on stationarity is given in Section 3.2.1B. We use a common paradigm for preparing
time series data for model fitting, which is called the Box-Cox transformation. If
there are gaps in the Box-Cox transformed series, we fill them by interpolation to
produce equally spaced observations. The key idea is that after fitting the model,
the residuals should be like independent normal variables, and we want the transform

that produces the most normal residuals.

12
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The Box-Cox transformation f, converts the original observations to the transformed

data by the following formula:

Y=l N0
— A
Aly) ={ log(y), A=0

We dump the simulated time series into SAS data sets. Then we choose the different

values of X for Box-Cox transformation to get the data set for modelling.

3.2 Single Model

3.2.1 ARMA(p,q) Model
A. The Definition of ARMA(p,q) Model

The Univariate Auto Regressive Moving Average Model ARMA(p,q) is defined as
Xi=1 Xe 1+ 0Xe o+ + X p+ay— 101 — - — Oya14 (3.1)

ie.
1-¢pB—--—¢,BXy=(1-6B—---—0,BYa,

where a; ~ NID(0,0%)(Normal Independent Distribution). Here p is the order of

autoregressive part and q is the order of moving average part in the model, which is

usually less than p (see [28]). Also, ¢, -, ¢, are the autoregressive parameters and

6y, -, 8, are the moving average parameters. B represents the backward operator.

For fixed p and g, we can choose a suitable model by estimating 95% C.I.’s for
#.s and ;'s and checking if they include zero. For example, in an ARMA(2,1) model
Xy = 1 Xy 1+ X;_g—b1a,-1-+as. If 6 is small, AR(2) fits; if ¢ is small, ARMA(1,1)
fits; if both ¢; and ¢ are small, MA(1) fits. Therefore, the main question that remains
in estimation is how to obtain the best guess values of the parameters ¢.s and 8,’s
when q is nonzero. The Box-Jenkins approach is a general method for obtaining
estimates of the parameters of ARMA(p,q)(as equation (3.1)), which is based on
covariance analysis(see [15],[24]),[7],[20]).
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B. Auto-Correlation p and Auto-Covariance

The mean function and variance function for the process X; are defined separately as
following:
u(t) = B(X,) o*(t) =Var(X,) forallt

In general, u(t), as well as 02(t), can be different at each time t.

The stationary property is of importance for the time series we are studying. A time
series is said to be strictly stationary if the joint distribution of Xy, -, X, is the

same as the joint distribution of X; 7, -, Xy, 4r forall £, .- g, 7.

If k=2, the joint distribution of Xy .,,---, X; 4+ depends only on the time differ-
ence (to — t; = 7, which is called the lag. Series satisfying E(X;) = u, v =
E[Xion — p][X: — p] is referred to as weakly stationary or just as stationary, for
short.(see[24],P20-21)

The auto-correlation function(acf) at lag k is defined as: p(k) = 77—%. Here p(k)

measures the correlation between X; and X;.4.

C. Sample Auto-Covariance Coefficient and Sample Auto-Correlation Co-

efficient

Suppose we have N observations on a stationary process, say zi,Zs, - ,zy. The

sample auto-covariance coefficient at lag k (see {3], P.23) is:

. S - D) (2 — D)
Ve =

N

The sample ACF (auto-correlation coefficient) at lag k is:

s Yk
P = 7
Yo

Generally, the plot of sample auto-correlation function(ACF), called correlogram, is

helpful for us to identify the possible models for a given time series and to choose the
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appropriate orders of AR or MA model. Since the sample ACF (Auto-Correlation
Function)is only meaningful for data from a stationary time series model, we should
check the stationary and seasonal trends by the correlogram. For a stationary series,
the plot of ACF cuts off or dies down fairly quickly. For a seasonal series, the plot of
ACF oscillates at the same frequency. Removing the trend in a series will be described

in Section 3.6.

3.2.2 Estimation of ARMA(p,q) Parameters

For a given ARMA model, there is a unique covariance structure while the converse
is not true. Box-Jenkins provided the method of parameter estimation, which is
firstly obtaining initial estimates by the use of the estimated auto-covariance, and
then getting the only one ARMA model exclusively in terms of previous history and
in stationary invertible form. See [[6] P.187-203] for the detailed procedure.

A. Initial Parameter Estimation
For ARMA(p,q),
Xi =0 Xeo1+ o Xpa+ o+ OpXyp +ar — Oray_1 — - — g4y
multiplying by X; , and taking the expectation at the both sides, we have:
Yo = P1Ve—1 + - + OpVhep + Vaa(B) = O1Yza(k — 1) — - — 0720 (k — q)

= =0 N-1+ Ve kK> gH+1
~0 k>0

where Vg (k) = E{X,_ra
Yea (k) [tkt]{yéo,kgo

1. Calculate ¢§1, qu, e ¢§p_ The estimates of ¢y, ¢, -+, ¢, of AR(p) are from the

estimated auto-covariances §g_pi1,- ", Yg+1,Yg+2," ** » Yg+p Dy the equations:
Yo+1 = 1Yq + $2Yg—1 + -+ + GpFg—ps1
Yotz = P1¥gr1 + G2Yg + - + PpFg-pr2

’A)/q+p - ¢1'7q+P—1 + §b2'7q+p—2 + -+ Cbpfs/q
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2. Calculate the first ¢ + 1 auto-covariance %y, - - - ,‘y; of the derived series z =
Ty — Ty — o — qﬁAp:l:t-p = ¢(B)z; by using ¢y, -- , ¢, obtained at step 1.
P P o
¥ = Z $i%; + Z(¢O¢i T d10ir1 + A Gpmidp) (Vji + Yi—i)
=0 g==1

where j:O,l,"',q, (;50:__1
3. Get 6y,0,,- - ,éq, &, by using 44,4, - - - + ¥, Obtained in step 2.
By o =¢(B)z,=0(B)a

We have v = (1 + 67 + -+ + ég)&g by linearly convergent process.

Ho = (=0 + 01041 + - + Oy-kby)82  for k=1

ot

6_3 - “27 2
= TaTe i=1,9 =0
0; = —(5F — 010;41 — 02040 — -~ — 05_04)

B. Confidence Intervals for the Parameters

For the ARMA models, we denote § as the set of unknown parametersji.e.S =
(1, D1, s dpy 01, -+, 0,) and Q(B) is the sum of squares, 1.e.Q(8) = Le?, where
o= X — (h1Xe1 + o+ pXimp + ar — Olagg — -+ ~ Ogas_y).

Let 8 be the maximum likelihood estimate of 5. Based on the white noise ¢, a
(100 — )% confidence interval for 8 can be derived from(see [20],P.369):

QB) < Q{1+ —X%”—)}

3.2.3 Model Diagnostics

Model diagnostics are used to check the fit of a specific ARMA(p,q) model to the

source data.
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A. Residuals

When regression is performed on time series data, the errors may not be independent.
Often errors are autocorrelated i.e. each error is correlated with the error immediately

before it. However, the residual series for an ARMA model is defined by
Residual = OriginalObservationData — Fitted ForecastData

The residual series must be a white noise, which is defined to be a sequence of in-
dependent and identically distributed(i.i.d.) random variables. If the residuals are
white noises, then the estimation is correct. If a pattern of significant spikes persists
in the residuals, alternative identification and estimation may be in order. When
the characteristic patterns of spikes have been properly identified and estimated in
the model, the residuals of the estimation process will resemble random insignificant

white noise and that stage of the modelling will be completed.

B. Prediction Error

In order to get source series stationary, we run specific ARMA(10,10) on different

transformed series and calculate the prediction error by the following formula:

5™ (Original Data — ForecastData)?
Total Number
The transformation with the smallest value of the prediction error will be judged to

be the best.

Prediction Error =

C. ACF and PACF

As stated above, the autocorrelation function (ACF) of X, is a graph of autocorre-
lation coefficients. We use r; to denote the sample autocorrelation coeficient of a

stationary series, where k denotes the difference between two times. (see [32])

The partial autocorrelation (PACF) is the plot of ¢ for different values of k, against
k. & is the correlation between z; and z:., after removing their mutual lin-

ear dependence on the intervening variables z,.1, 19, + , Ziip-1. Pr = g =
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Corr(Zy, Ziwk|Zis1, -+ 5 Zipe1) = %, where A is the determinant of
1 P1 P2 Pr-2 P1
P1 1 Pt Pe-3 P2
Pk—-1 Prk-2 Pk-3 " P11 Pk ]
B is the determinant of
1 pr ot Pr-1
Pk=1 Pk-2 " 1

The standard way to check the model is to plot the time series, residual series, the
sample ACF and sample PACF, visually examine the graphs of the series over time to

see if they match. If the data are from a white noise, then the approximate standard

error of the ACF and PACF is 71—5

Model ACF PACF

W hite Clean Clean

AR(p) Tail — of f Cut—of f at lag p
MA(q) Cut —of f at lag q Tail — of f

For ARMA model, looking for a cutoff in either the ACF or PACF will be very hard
and neither the function of ACF nor the function of PACF is especially dramatic.
Therefore, considerable experience and skills are needed to specify a mixed model. In
our paper and our current research, we use the predicted error of the relative models,

combined with some criteria, to find fits to ARMA model for the source data.

3.3 Choosing the Value of A

To get a Box-Cox transformation, we need to find A. Fixing an ARMA model with
a pair of pg and ¢y, we test all ARMA models with different A\. For different A

under the Box-Cox transformed series, we compute Prediction Error according to the
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respective minimum AICs for each A. Among a list of results generated from different
transformations, we choose A according to the minimum prediction error instead of
minimum AIC. This is because AICs could be used in the comparison among different
pair of p and q for one data set, not to be used in the comparison among different
pair of p and q across different data sets. After inspecting the graphs generated from
a group of As, we can choose a specific Ay and then transform our series to that used

for subsequent modelling. (see [3])

3.4 Choosing the Orders of p and g

We decide ARMA (p,q) among competing models by using the most popular informa-

tion criteria.

The approach to model selection consists in evaluating the ‘distance’ between the se-
lected model and the true (unknown) model. f(z) and fo(z) are the density functions
associated with these respective models, where z = (21,9, -+ ,z7)" and T is sample
size. One kind of distance, Kullback-Leibler distance, is as following:

16.40) = [ fataria

= nmz n|folz)] — nl{f(z
’"Efol f(CL“) Efol [fO( )] Efo(l [f( )]

Minimizing I(f, fo) with respect to f is equivalent to minimizing —Ey in{f(z)]. We
obtain an information criterion by selecting an ‘estimator’ of —FEy In(f). These dif-
ferent criteria take the following general form: IC* = —&in(f) + o(T)(p + q), where
a(T) is a decreasing function of T. Since f is a normal density, /C* is equivalent to
IC =n(6}) + (T)(p +q).

Different criteria are obtained by selecting different functions «(T")(see [20]). The

most useful are as following:
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- AIC (Akaike’s Information Criterion) [Akaike, 1969]

2(p+ q)
T

= AIC(p,q) = In(67) +

For T observation, AIC = TIn(6%) + 2(p + q).

- BIC (Schwarz’s Information Criterion) [Schwarz, 1978]

a(T) = ZO?T(T) [Schwarz, 1978]

log(T)
T

= BIC(p,q) = log(67) + (p+q)

For T observation, BIC = Tin(6%) + (p + q)inT.

By using the minimum information criteria such as AIC and BIC, we can specify the
best model for AR, MA and ARMA time series. Here we will use the AIC because of
large data. By fixing A as a chosen value Ag, among all ARMA models with different

pairs of p and q, we select py and ¢p to minimize AIC.

3.5 Summary of Fitting the ARMA Model to The
Data

3.5.1 General Procedure

Figure 1 shows the general procedure of ARMA modelling. Since the ACF and PACF
can not help for the mixed ARMA series modelling, we use various transformations
with specific A on the data, together with AIC and Predicted Error, for our analysis

and modelling. See details in Section 5.2.2.

At model selection step, we try different values of p, q and A to fit the ARMA(p,q)

models to the data. After comparing the values of predicted error under different
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I
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Figure 1: General Procedure of Fitting a Time Series Model to the Source Data.
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chosen transform, we compare the values of AIC to select a pair of p and g to mini-

mize AIC.

At model checking step, we check the overall prediction error and the residual series.
If the residuals are independent from forecast time series, and if the residuals are

random normal distributed, the chosen model is considered to be well fitted to the

data.

3.5.2 Computing Tools
A. OPNET Tools

Online document of OPNET software tells us that OPNET software embeds expert
knowledge about how network devices, network protocols, applications, and servers
operate. OPNET Modeler is the leading network modelling and simulation environ-
ment, allowing us to design and study communication networks, devices, protocols,
and applications with unmatched flexibility. We will use it to generate the raw data

to be modelled here.

B. SAS Tools

SAS/ETS software is a data analysis component of the SAS System that focuses on
processes that take place over time. ‘ETS’ stands for Econometrics and Time Series.
SAS/ETS offers the ARIMA procedure, which analyzes and forecasts equally spaced
univariate time series data, transfer function data, and intervention data using the
ARIMA or ARMA model. Three statements are useful in the ARIMA procedure(see

[26]).

- The IDENTIFY statement that specifies the time series to be modelled, differences

the series if desired, and computes statistics to help identify models to fit.

- The ESTIMATE statement that specifies an ARMA model or transfer function
model for the response variable specified in the previous IDENTIFY statement, and
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produces estimates of its parameters. The ESTIMATE statement also prints diag-

nostic information by which to check the model.

- The FORECAST statement that generates forecast values for a time series using

the parameter estimates produced by the previous ESTIMATE statement.
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VARMA Methods for Bi-Variate

Series

From our original intention, we wish to study the relationship between the window size
and RTT. Since a completely different situation arises when the ‘outputs’ affect the
‘inputs’, there is a closed-loop system here. Rather, a model, called a multivariate
time-series model or Vector ARMA model, with more than one dimension will be
needed to satisfactorily model the system: X, = él)zt_l 4 c;gpf(t_p +a; — él (g1 —
-+ — 0,8, (see [28] and [2] ). The overall model-building process is more difficult

for multivariate time series than for univariate time series.

4.1 VARMA(p,q) Model

A. The Definition of Bi-Variate ARMA (p,q) Model

Suppose we have N observations on two variables at unit time intervals over the same
period and denote W, as an input stochastic process or time series for Window Size,
Y, as the relative output time series for RT'T, where W; not only depends on its past

Gy = [ “I ) Where a ~ NID(0,Z,).

£5%)

Wy
Y;
We say that {Z,} is stationary if {W;} and {Y;} are each stationary and COV{W,, ¥,}
is a function of s-t only.(see [20],P655)

values but also on Yi’s. Letting Zt =

24
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The model is:
(z)(B)Zt == H(B)&t 1e Zt = (51275..1 4+ Qngt—p + dt - éldt~1 A4 4 Hpglt__q

[ Zi _ 111 P Zi11 R P11p P12 Zipa
| Zio Pa11 P21 21 P21p  P22p Zt-p2
[ 011, 6 _ 611, 0 -
i g1 _ 111 Vi1 at-1,1 o 11g Y124 At—q,1 (4.2)
| Cr2 Oa11 G221 ai—1,2 921q 922q Qtg2
The model is stationary if the eigenvalues of ¢, - - - ,ggp are found inside the unit
circle. It is invertible if the eigenvalues of 6y, - - - ,0;, lie inside the unit circle. By

stationarity, Z; = [@,(B)]"'0,(B)d;. By invertibility, d; = [0,(B)] '¢p(B)Z:. (see
[31], p.339)

r¢’111 ®a11
. » 121 Po
1 212
G112 a2
) - 221 292 ~
Letting 7 = [Z,, Zs) = ¢=| d122 o
Znl  An2 ' .
¢11p ¢21p
N ¢12p ¢22pj
(9111 11
0121 0221 [ g
11 12
O112 6212
~ - a1 422
0= 0o oy a=
Gn1  On2
Hllq 921q " -
N 912q ‘9224 i
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l- 201 202 211 Z-120 0t Zepll Zpd12
211 212 201 202 Tt Zepe2l Z—pt22
X =
Zn—11 <“n-12 An-21 Zn—22 " Z—ptn,1 Z—p+n2
a11 a2 Qo1 apg .11 Q-12 - G_gr11 G—g412
A Q21 022 45 h1 5D) Qo1 ) o Oeeg21 Gg422
Qn1 Gn2 Qp—-11 Qp-12 Gp-21 Qn-22 - G_pinl GQ-piyn?

= Z=Xo+ A0

(see [23], [31])

B. Cross-Covariance and Cross-Correlation Matrix Functions

A key additional tool in modelling multivariate time series data is the cross-correlation
function. The moments up to second order now consist of the mean and auto covari-
ance functions for each of the two components plus a new function, called the cross-
covariance function. Based on the assumption of stationary moments, the relative

notations are defined as following. (see [20],p.655,p.656)

Means:
E(W:) = pw; E(Y:) = py
Auto-covariances:
Yw (k) = Cov(Wy, Wyik) = E[(Wy — p) (Werr — )]
Ay (k) = Cov(Ys, Yiuw) = BI(Y: — 1) (Yier — )]
Yw(0) = EW, W] v (0) = E[Y;Y)]

These are estimated by: Y (k), v (k).
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17—

1 k

Jw (k) = o Z("Ut — Un) (Yo — “y)
1 nik

Jy (k) = n Z(yt — Uy ) (Yerh — Uy)

t=1

The Cross-covariance:
iy (B) = Cov (Wi, Yis) = EI(W, = ) (Yo — )]
ywy (0) = E[W,Y}]

These are estimated by: ywy (k) = 2 P (i ) (tran—y), Awy (0) = L (w—

U ) (Yt — Uy)

The covariance matrices of lag k can be written as:

n() = ol ¢ || T )= [ wk) (k) }
Y, || Ve wwy(k) v (k)
The auto-correlation: ®
_w
pw(k) = ~wr(0)
_ (k)
py(k) = pow)

The Cross-correlation:
ywy(k) _ awy (k)
w(0)yy(0)  owoy

pwy (k) = pwy (k) =

where ow = /7w (0) denotes the standard deviation of the W-process, and similarly

for oy.
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n—k

R ) (e — i)
Y e Y s

(see [3], p.244)

The correlation matrices can be defined as:

Yw(0) 0 }

R(k) =D 'I'(k)D™!, D=
(k) (k) [ 0 v (0)

(see [31], p.333)

4.1.1 VARMA Model Estimation
A. Parameter Estimation

We provide the approach to VARMA (p,q), which is an extension of the univariate
ARMA(p,q) modelling. We use the following two methods to obtain the initial guess

values of the parameters for the input and output series models.

The extensive Box-Jenkins approach is to obtain the parameter matrices, given co-

variance matrix function I'(k) (see [10]).

For bi-variate ARMA(p,q) model ¢(B)Z, = 6(B)a, , multiplying by Z,_, on Z/, we

have:

P(k) = E[Zt—k ' Ztl] = E[Zt—k : (¢12t-—1 R ¢pZt——p + at - gldt—l ot T gqa’t——q)l}
= E[Zih(Zidh + -+ ZL @y + 8, — @ 10) — - — Gy 0,)]
_ ) TENa +T(=2)gy + -+ T(=p)g, + 3, k=0
I'(k—1)¢) + -+ I'(k — p)¢l, — 0, k>1

E[Z, - Z]) =T(0)
E[Zt : &;] = E[(QSth—l e ¢pZt~p +ay—01Gi — - — aq&t—q)&;] = E[dt ) d;] =X

E[Z; @) = BEl(1Zsy 1+ +0p 2t tr =018y p1— - —Oq_gp)-Gy] = 0 (for k > 1)
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E[Z;- dy_y] = Bl(¢1Z4-1 4+ ¢pZt—p 8y = 01841 — - = Ogla—g) - Gy_1] = (b1 —01)%
Lettmg Xt = Qlét_l I o eth_q,
we have equations: E[Zt_k(&t — Xt)} = E[Zt_k(Zt SN AR - qprt_p)’]
[ PO T8 =T k=0 "
D(k) ~ T(k — )6, — -~ T(k —p)6) £>1
E[Z;- X)) = E[Z:(01ar1 + - + Ogr—g)| = $:1560, + - + ¢, 20, — 0,56, — - - - — 6,50,
(4.4)
where « = min(p, q).
By equations (4.3) and (4.4), we have following equations:
When k=0:
ElZy (s — X)) = E[Zy - (181 + -+ + 048-9)'] = T(0) = T(=1)¢ = --- = T(-p)y,
E[Z - X]) = $:126] + - + $,Z0, — 6,50, — - -+ — 6,50,
= E[Z;-&)] = T(0) — - - = D(=p)@, + $1 50, + - - -+ ¢y 50, — 6, 56; — - - - — 9,56, (4.5)
When k=1:
ElZi (i — X)) = 0= E[Zi 1 X)) = = ElZpa (@10 + - + 3 o0;)] = 26,
E[Z,- X}) = 2(¢: — 0:)26;
E[Zyy - X} = E[Zy1 - (810, + -+ + Giyq - 0))] = 504
= T(1) = T(0)¢, — - - = T(1 = )@, + 26, = 0 (4.6)
When k& > 2:
BlZi1(a — X,)] =T(k) = T(k — )¢ —--- = T(k — p)¢,
E[Z, X! = 38,
= (k) = D(k = 1)}, — - — D(k - p)g}, = 56 (4.7

The extensive Box-Jenkins approach obtains estimates of the parameters of

VARMA (p,q), which based on the auto-covariance function. i.e. Given the covariance
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we can calculate X, ¢ and § through Equation [4.5], [4.6] and [4.7).

We can also use a general least square method to approach the VARMA model.

211
Z - [Zl, ZQJ = s
Znl
[ Zot 202 Z2-11
X _ 2'11 2'12 2‘01
L Zn—-11 2n-12 Zp-21

For this system Z = X3+ & e Zgy =

<12
222 -
£ = [81, 52] =
Zn2
-t
Z-1,2 Zp+1,2
202 Zpr22
2n—-2,2 Zptn,2
h1n1 @211
P121 $on
¢112 Pa12
$122 $a22
¢1lp ¢21p
= blp Doz
8=
~bi1 —0a11
=021 —b01
—fha —0a2
—0122 0o
=011y —0a1q
L _012q —322q

€11

&21

ap1

a1

Ap-1,1

J

X By + €w
B=(X'X)'X'Z ,ie Buy=(X'X)"'X'Zy, i=1,2

€12

£€22

Eng

g2

a12

Up—1,2

~ N(0, )
Ggt1,l  Qeg+1,2
Ag+2,1 O—gt22
Gegtn,l  A—gin,2

By least square method,
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B. Confidence Intervals

- By Least Square Approach

We may separately put this basic result, derived by Box-Jenkins(1970) from Linear
Hypothesis Theory(see [20],P.364), into the use of VARMA model checking.

H: Z=X3+% &~ N(0,0),

5 is a vector of 4(p+q) unknown parameters in parameter space ) = Rr+9),

We have the null hypothesis Hp : Bew. Let w be that single point in © which corre-

sponds to the ”true” value of £.

B =mingq > [(zn — Bla])’ + (22 — Elz))?] = |2 ~ XB|? ~ SeXl—atpra)

=1
which involves 4(p-+q) unknown parameters.

Bo = ming,, ¥ [(za — E[21))* + (22 — El])?] = ||1Z — XB|I?

i=1

which involves 0 unknown parameters.

Under Hp, $; and [y — 5y are independent,

Bo—B1
= ~P Flaprg)n-ap+a)
n—4(p+q)
For each £,
_ n 2p+2q 2p+2q _ _
Q) = [z — Y 2iBn)*+ (22 — D z482)% = IZ — XBI%,
i=1 Jj=1 g=1

which is the sum of squares of the derivation of the Z; from their theoretical mean.

o o o o QB -QB)  4p+g)
= Q1 =Q(f), Qo=Q(), = Q(é) n—4(p+q)

Flagprq)n—a(p+a))
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Let Fy(piq)m—a(p+q (@) denote the upper a% point of the Fypq)n-a(psq)(e) distribu-
tion, = (100 — a)% C.I. for {3 can be obtained from inequality:

Q) < Q(ﬁ:){l + Up 1) )F4(p+q),n~—4(p+q)} (4.8)

n—4(p+q)
The alternative expression for C.I. of 3 is:
(- BYX'X(B ~ ) < 4(p+9) - e - Fagprapnmsipra)
since Q(B) - Q(8) = (B8 — BYX'X (5 - ).

Box-Jenkins suggest this method since all one has to do is to plot the contours of
Q(8), which satisfies the equation (4.5), and this immediately gives the region of
points 3, which constitutes the 100(1 — )% C.L(see [20],p.367).

- By Likelihood Approach

This method can be used in general models, both linear and non-linear. For all

standard Gaussian time series model, the log likelihood function:
. 1 .
L(B) = const ~ 555 Q(f) (4.9)

3 and Q(B) are the same forms as those in Page 29 and Page 30.

Let 3 denote the least square estimate of 3.

.2 2t (ﬁ) 12 2(p+q) 2(p+q) 21 é)
+k}:1 ;‘ (Bik—Bir) 52— 35 521 )3 (B —Bue) (B —Bie) mkaﬂ]k*“'
Assuming L(B) be locally quadratic,
oLd) . . _PL(B)
2By 0,j=1,2 Ly= 36:05,
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= L(3) = L(3) + % > Z (B — Bi) (B3 — Bje) Ly

Since Zk . Z (pta) 22<p+q (Bix — @/«:)(/@z B ) Lij ~ Xi<p+q)’ by Equation 4.6, we
have:
Q(B) — Q( ) ~ QIE ! X4(p+q 125)Xi(z)+q}

If the model is linear, (n —4(p + q))ZE = 2|~ X'%L—~4(p+q) independent of Q(B) —Q(P)
where the unknown X, can be estimated by ¥, = mQ(B).

A

QA — QW) _ _4p+a)
Q(f) n—4(p+q)

(4(p+q)n—4{p+q))

= A 100(1 — @)% C.I for § is:

~
-~

QB -QB) _ _4r+a)
W -t

(4(p+q),n~4(p+q))

4.1.2 Model Diagnostics

The parameter estimation above is on the assumption that the order is a priori known.

In practice, the orders are almost invariably unknown. One of the methods of iden-

tification is testing ACF.

For bi-variate ARMA (p,q) model, the auto-covariance matrix is:

[ 0 To(l) o Tup-1) BlZa))  ElZa,,) - Bzl
Ty(~1) I'.(0) e Ta{p—2) 0 [Zt 18y_q] - E[Zf“la‘;—tﬁl]
LO=| r(cp+1) Ta(-p+2) -  T:(0) 0 0 o BlZiepirf_gys]
. . . . Ta 0 0
1] Ta 0
0 o} Ya

Under the requirement of p;q, we have I';(h) = ¢:1 I, (R — 1)+ - - + ¢,I',(h —p). The
auto-correlations are: R,(h) = D™IT",(h)D™!, where D is a diagonal matrix with the

square roots of the diagonal elements of I',(0) on the diagonal(see [10],P.226-227).
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4.2 Choosing the Orders of p and g

4.2.1 Akaike’s AIC Criterion

AIC is a very general criterion, viewed as a ”multiple decision procedure” rather than
as a "hypothesis testing” and used in wide range of applications.

AIC=-2In[maximized likelihood L]+2[number of parameters in the model].

For bi-variate ARMA(p,q) model defined as equation(4.2), a 2-dimensional (k=2)

normal density for the innovation vector @ = [ay, asp] has the form:

= 1 —(@—a) o (d-a)/2 '
f@) = We (@) )/

where @; = [an,ap) ¥ = cov(d,d,)

The likelihood function for n observations is:

_ 1 Sy s

INCLVSIE
The maximum likelihood estimate of log likelihood function is:
L= —;—ln}il — constant
Ignoring the constant, we have:
= AIC(p,q) = nin|S| + 2(p + q)k?

Reference to [20],p.373).

4.2.2 Bayesian Information Criterion BIC

BIC was derived from a Bayesian modification of the AIC criterion for a model involv-
ing q parameters fitted to n observations. BIC=-2In[maximized likelihood]+(Inn)(number
of parameters in the model) which is better than AIC in identifying the uni-variate
ARMA models. It still needs to be discussed for VARMA model. e.g. (see [31] and
26) A

BIC(p,q) = nin|Z| + E*(p + q)In(n)

Here we will use AIC as our selection criterion.
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Obtain Source Data from Excel File

Data
Preparation

Time Interpolation

Fix Lambda's of WIN and RTT from Univariate

Analysis
1
Loop Over p Fit VARMA(p)
|
Compute AIC
|

l

Select p to minimize AIC

|

Normal Probability Time Series Plot for
Plot for Residuals Residuals

Model
Selection

Predict vs Actual for | | Predict vs Actual for
lambda0 of Box-Cox Inverse Transform

Modet
Checking

Residuals vs
Predicted Values

/{ Retain lambda,p,q if Model Checking PAssed

Figure 2: General Procedure of Fitting a Time Series Model to the Bivariate Data.

4.3 Summary of Fitting the Data the VARMA
Model to the Bivariate Data

4.3.1 General Procedure

Figure 2 shows the procedure of VARMA modelling we use in the thesis. Since
the ACF and PACF could not help for the VARMA modelling, we use Box-Cox

transformations and AIC for our analysis and modelling. See the details at Section

0.4.

We begin with choosing the transformations obtained by univariate modelling. Then
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we use VARMAX procedure to get a list of AIC with relative pairs of p and q.
Comparing among the values of AIC, we make a decision of the best model with
the pair of p and q, according to the minimum AIC. Then we test the properties of
Residuals. If there is less cross-correlation between the residuals of two series, and if

the both residuals are random normally distributed, the chosen model is fitted to the

data.

4.3.2 Computing Tools

SAS/ETS also provides us the VARMAX procedure that can estimate the model pa-
rameters and generate forecasts associated with Vector Auto Regressive and Moving-
Average process with eXogenous regressors (VARMAX) models. The VARMAX pro-
cedure enables us to model both the dynamic relationship between the dependent

variables and between the dependent and independent variables.

When we use the VARMAX procedure, the orders of the autoregressive or moving-
average process or both can be specified by options by the aids of partial cross-
correlations, Yule-Walker estimates, partial autoregressive coefficients and partial
canonical correlations. Those orders can also be automatically determined. Crite-
ria for automatically determining these orders include AIC, Corrected AIC(AICC),
Hannan-Quinn(HQ) Criterion, Final Prediction Error(FPE) and Schwarz Bayesian
Criterion(SBC). The difference among these criterion was shown at [[3]],p.256-257,

and suggests that we choose AIC because of the large sample size of our data.

VARMAX procedure only clearly offers a way to identify VAR or VMA models. We
have found that there is a relation between the selected VARMA((p,q) and minimum
AIC. Therefore, we use this way to identify a VARMA model for our simulated time

series of window size and RT'T.

Using the MODEL statement within VARMAX procedure, we can use the following
methods to identify a VARMA model.
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- METHOD options: requires the type of estimates to be computed. The possible
values are: LS specifying least-squares estimates and ML, which specifies maximum

likelihood estimates.
- Tentative Order Selection Options

MINIC=(TYPE=ValueOfInformationCriteria p=number qg=number PERROR=number)
prints the information criterion for the appropriate AR and MA tentative order se-
lection and for the diagnostic checks of the fitted model. Here TYPE indicates the
criteria of AIC, AICC, FPE, HQC and SBC.

We can also try to compute a VARMA prediction error for each choice of the pair of

As for the two series and choosing the best one as our VARMA model.



Chapter 5

Fitting Models to Univariate and

Bivariate Data

Our target is to look into the behavior of the network through finding the best model
for the simulated data sets of Window Size and Round Trip Time. In this chapter we
will apply the methods of Chapter 3 and 4 to data modelling.

5.1 Preparation for Modelling

OPNET, which is the Optimized Network Engineering Tool, is a commercially avail-
able network simulation package. Under OPNET, we focus on the specific source,
#21 in the source-subnet 0, see Figure 3, catching its window sizes {w(t)}’s and its
RTTs {y(t)}’s to obtain the simulated data, see Figure 4. The Window Size data, for
example, as dumped into the SAS system through a spreadsheet is shown in Figure 5.
We discretize time to a constant increment of 0.5 seconds (see Figure 6), average the
records within a single increment period and remove both burn-in phase and ex-
tremely explosive tail (see Figure 8). These still may be gaps in the data stream. We
use "piecewise constant” interpolation for this missing data (see Figure 9) to get the
final data set for ARMA and VARMA Modelling, where equally time-spaced data are

required by time series modelling.

38
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SPC_%21 mmmmm dest_#21

et

E sre_subnet 2

sre_subn

re_SuU 4 dest gubnet 4

Figure 3: The network simulated under Opnet. The WIN and RT'T data are recorded
for source #21, indicated by the arrow above.

Figure 4: The Output of Simulated Window Size(top graph) and RTT(bottom graph)
generated by Opnet Program, which lasts 17 minutes.
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Win_Raw:

win
150
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190 ]
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Figure 5: The original raw Window Size Data input from spreadsheet, covering 0 to
9 minutes (548 seconds).

There are approximately 64,000 records, with a burn-in phase and an extremely
explosive right tail that needs to be improved. The figure resemble that of Figure 5,
indicating that the time discretization and averaging have not qualitatively changed

the data.

Win: Rew(0.5 interval):

40 | 5
307 . Bl 1 I i
IR TR T
L | : B BBk 8 AL L g Fogi ey 4
iod M e R W e AR Yl ! i
—‘I T T . > T

T T
0 tao 200 ao0g 400 500 §09;

time

Figure 6: The original raw Window Size Data input from spreadsheet, covering 0 to
9 minutes (548 seconds) with the time interval of 0.5 seconds.
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Through our network knowledge, we know that RT'T affects window size a lot but
the window size of a single source has only a very small effect on the RTT. This
relationship will be verified by our final modelling and analysis(see Section 5.6). The
correlation between window size and RT'T is also hard to see in the raw data since
these two series are sampled at different times. The window size is updated every
time the source sends a packet, but the RTT is updated whenever a packet arrives
to the router, so there is a slight difference in the times. The process of discretizing
time to 0.5s intervals, averaging observations over intervals, and interpolating over
gaps puts these series on a comparable footing. Now, we will model the behaviors of
Win data and RTT data, and capture the relationship between them by the use of
ARMA and VARMA methods.

5.2 Fitting ARMA Model to The Data of Window
Size

5.2.1 General Procedures
A. Data Preparation

We run an Opnet simulation program to get these two simulation data sets(see Fig-
ure 4). In order to find out the complicate relationships between window size and
RTT, we dump the graphs into a spreadsheet and then we transform the simulated
data into SAS data sets. More than 64k records were generated during simulation.
We discard the first three minutes and pick up the data between the fourth minute
and the ninth minute. This is because the network is not in stationary operation and
we must discard that initial period where it is not stabilizing. We choose the unit
of time as 0.5 seconds. After averaging the multiple data records and filling gaps
in the series by ‘piecewise constant’ interpolation, we get the data sets win_raw and

rtt_raw, which are the source data sets for the coming analysis under the SAS system.

We have already dropped the burn-in segment (first four minutes) of the data, and a
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visual inspection of the observation plotted against time shows stationary behaviors

over the remainder of the period, see Figure 9.

B. Find the Best Transformed Data for Modelling

The Box-Cox transform formula we will use is:

A1
= A#0

log(y), A=0

By the use of this transformation, we get the best transformed data set with sample

tran(y) = {

size of 613 for win_sas and rtt_sas for our further SAS modelling.

For every different Box_Cox transformation with the different A on win_sas or rtt_sas,
we set the same values for p and q, called p0 and q0, of an ARMA model. After
running ARIMA procedure in a loop with A from 0.3 to 1.8 step 0.25, we obtained
information of the average prediction errors with relative As. The formula of the
average prediction error is: PrdErr(\) = Z—*NE&I,%——%QE, where y; is original data, y;,
is inverse data (see the formula at page 45) of the forecast value under the model.
Through the plot of Average PredErr versus A, we determine the A with the PrdErr
as low as possible. The transformation of Ay with the minimum average prediction

error is our preferred.

C. Model Selection

Fixing the transform data (see Figure 10) with above chosen Ag, we run ARIMA
procedure in a loop with p from 1 to 10 and ¢ from 1 to 10 and get information of
orders of p and q, and AICs. We are interested in the model with the minimum AIC.

Therefore, we make the decision with the relative py and gy achieving the least AIC

value for that Ag.
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D. Model Checking and Decision

In order to check the obtained model, we rerun the procedure of ARIMA with obtained
po and gp under the chosen Ag, we get the data sets of testest, testmod, teststat and
predict. We make the decision that the model is the best fitting to the data, if the
plot of standardized residual is a white noise and the plot of residuals versus the

forecasted series is scattered without any pattern.

5.2.2 Algorithms Implemented

In this subsection, we apply the general methods of the previous subsection to the
Window Size data.

A. Data preparation

1. Run Opnet program to get the simulation data. Figure 4 shows the output of

Window Size and RTT, which lasts 17 minutes and includes burn-in phase.

2. Dump the output figure into a spreadsheet, remove burn-in phase and import
the Excel data into SAS data set: win_raw. The win data, shown in Figure 7,
corresponds to the period from 4 minutes to 9 minutes and provides 52675

records.

Win_Rew:

Figure 7: The dumped raw Window Size Data has been imported into SAS data set,
and the burn-in phase and tail are removed.
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3. Get the improved data set by discretizing time and averaging data. Since the
data set win_raw contains 52675 records at unequally time points, we now dis-
cretize time to a constant increment of 0.5 seconds and average the multiple
observations in each time bin. The increment of 0.5 seconds generates the least
gaps based on the source series. Then we obtain 613 records in data set of
win_impr. There are gaps in this series corresponding to longer stretches where

no WIN data were recorded. The data are shown in above Figure 8.

Win_Improved:

win
70 %

€03

50 )

T T T
290 300 490 500 508

tine

Figure 8: Improved Win data with averaging multiple data of same time.

4. Fill the gaps to get the data set of win_interp. The win_impr data set con-
tains time series data at equally-spaced times but with gaps. We piecewise-
constantly interpolate this data to produce a time series with equally-spaced
observations. There are 613 observations with interval of 0.5 seconds in the

data set of win_interp, see below Figure 9.
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Win_interpdletedt:

807

403

207

Figure 9: The Win data after linear-interpolation, with size of 613

After time interpolation, we can see that there is still a large variance in the
data set. The values vary from zero to more than 40. So we will use the Box-Cox

transformation to remove this feature at the next step.

B. Model Selection

1. Get transformed data set, win_interp, by transforming data set of win_interp into
data set of win_sas by the Box-Cox Transformation. We provide an example when
Win series is transformed using A=0.75, see Figure 10.

Win_SAS:

awin
0]

50'7]

407}

30 |

T T T T T
200 00 400 s00 690

Figure 10: Transformed Data of Window Size for A=0.75.
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We can see that the wild variation has been removed and the appearance of the
graph is more symmetric about its mean. The values of data are between zero and

fifty-two. It looks stationary and is ready for further ARMA modelling.

The method we use is fitting an ARMA(10,10) model for different A and plot the

PredErr against A\. Loop: A from 0.3 to 1.8 step 0.25
(a) Run PROC ARIMA(10,10) on different transformed data set:win_sas.

(b) Get inverse value of y, by

(1+ MForecastY )%, A#0
eForecastY A=10

3

y~! = InverseY = {

(14 A\Win)x, A#£0

i.e.InverseWin_ win = {
6WIn, A=0

(c) Add predict error under each p,q and transformation. The result is in Table 2.

prediction error = 2 (ime”i\?mgiml)g
Obs Lambda PrdErr
13 0.600 36.8330
14 0.625 36.8105
15 0.650 36.7925
16 0.675 36.7787
17 0.700 36.7688
18 0.725 36.7625
19 0.750 36.7596
20 0.775 36.7598
21 0.800 36.7630
22 0.825 36.7689
23 0.850 36.7775
24 0.875 36.7886
25 0.900 36.8020

Table 2: Part of The Table of A and PrdErr for Transformed Window Size, sorted by
PrdErr and including minimum PrdErr. We will choose A=0.75 since its PrdErr is
minimum.
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AvePredErmr vs. Lambda for Window Size
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Figure 11: The Plot of Average Predicted Error against A for ARMA(10,10). The
bottom of the curve is approximately found at A = 0.75, which we will choose.

2. For Ay = 0.75, we now try to find a proper model by AIC and rank of p+q.

Autocorrelation Plot of Residuals
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Table 3: ACF shows the stationarity of win_sas with lambda=0.75 that Box_Jenkins
approach can be used.
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Partial Autocorrelations
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Table 4: PACF shows the stationarity of win_sas with lambda=0.75 and the model
will be AR(1) model, according Section 3.2.3 C.

loop: i from 0 to max. N

loop: j from 0 to max_N

(a) Run ARIMA (p=i,q=j) and get its AIC

(b) For Ao, we obtain a list of pairs of p, q and AIC. This is shown in table 9.

AIC
3087 .46
3088.54
3089.09
3089.30
3089.32
3090.32
3090.37

Obs

~N O O D W N
WWeE NS N e
= O = O W O.0

Table 5: Part of The Table of p, q and AIC sorted by AIC, for A = 0.75. Here we
choose p=1 and g=0.
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3. Rerun ARIMA(1, 0) for A = 0.75 with the smallest AIC and obtain the data sets
testest, testmod, teststat and predict. We now can examine whether the diagnostic

tests are fulfilled for this choice of model.

C. Model Selection for WIN data

With the above analysis, we choose the model ARMA(1,0) for the transformed WIN
data under A=0.75.

D. Model Checking

1. plot the residuals vs the forecast window size, see Figure 12.

Residual: Actual-F
20

Figure 12: Residuals of Window Size for A=0.75, p=1, g=0. Here the model is not
acceptable since the residuals are not very independent from the forecast series of
window size, with some pattern.
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2. plot the residuals vs time, see Figure 13.

residuels for window size:

rosiduals
20

200 200 400 500 600

Figure 13: Residual time series of Window Size for A=0.75, p=1, q=0. Here the
residuals are not quite randomly distributed in time.

3. Histogram Plot of the Residuals

A of Hategram -ior Radiaual of WIN,

Parcent

7§ -% -2F ~¥ =725 5 —.2,5 0 25 5 75 0
Residuals Actudl —Foracast

Figure 14: The Normal Probability Plot of Residuals for Window Size. This figure
shows the histogram of the residuals are not fairly symmetrically distributed.
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4. Normal Probability Plot of the Residuals

Piot of Nomnal Brcoatity ®r Residudl of WIN:

Residual Actual-Forcast

Figure 15: The Normal Probability Plot of Residuals for Window Size. It shows
heavier tails than expected in a normal distribution.

E. Modelling Decision

After overall evaluation of the normality of residuals, the independence between resid-
uals and forecasted window size, the rank of the orders of p and q, we choose the
ARMA model with X as 0.75, pg as 1, and ¢q as 0 for fitting the data of window size.
The coeflicients are shown in Table 6 and the corresponding model equation given

below:
(1 - 07B)Wt =8+ (27

Chosen model for window size

po q0 AIC lambda PrdErr avepe sym
1 0 3087 .46 0.75 36.7596 36.7596 1
Parameter Estimate Pr > |[t] Lag Variable
MU 8.07364 <.0001 0 swin
AR1,1 0.67365 <.0001 1 swin

Table 6: Chosen model for window size data
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Correlation:

ct
507

40

Figure 16: The Scatter Plot of Window Size and Predicted Window Size shows the
rough linear correlation. This is because there are peaks between 272 and 273 second,
456.8 second and 457.3 second, 546.7 and 546.88 second. Actually it is a poor fit and
more complex models needed.

Although Figure 16 shows some success at predicting Window Size based on an
ARMA(1,0) model, that figure and other plots of residuals clearly show two-phase
behaviors, which will be a part of our future works. Using higher orders of p and g
did not change this observation. More complex non-linear models (e.g. Threshold
autoregressive models) may be able to improve the model considerably but are not
pursued here. To sum up, this is not a complete model, but appears to be the most

appropriate choice within the class of ARMA(p,q) models.

5.3 Fitting ARMA to The Data of RTT

5.3.1 General Procedures

The procedure of fitting ARMA to RTT data is similar to that of fitting ARMA to
Window Size data. Moreover, the effect of fitting RTT is much better than fitting

WIN data.
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5.3.2 Algorithm Implementation
A. Data preparation

1. Run Opnet program to get the simulation data;
Figure 4 shows the output of Window Size and RTT, which lasts 17 minutes

and includes burn-in phase.

2. Dump the output figure into a spreadsheet, remove burn-in phase and import
the excel data into SAS data set: rtt_raw, see Figure 17. Figure 18 shows RT'T
data corresponding to the period from 4 minutes to 9 minutes in Figure 17 and

provides 24371 records.

RTT_Raw_original:

IS
EIE 3

2L
Y
g

| -3 3

FRIA IR

Figure 17: The original raw RTT data input from spreadsheet, covering 0 to 17
minutes.

ATT Raw!

tine

Figure 18: The dumped raw RT'T Data has been imported into SAS data set, covering
4 to 9 minutes (546 seconds). There are approximately 24371 records without burn-in
phase and explosive right tail.
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3. Get the improved data set by discretizing time and averaging data. Since the
data set rtt_raw contains 24371 records at unequally time points, we now dis-
cretize time to a constant increment of 0.5 seconds and average the multiple ob-
servations in each time bin. Then we obtain 613 records in data set of rtt_impr.
There are gaps in this series corresponding to longer stretches where no RT'T

data were recorded. The data are shown in above Figure 19.

RTT_Improved:
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Figure 19: Improved RTT data with replacing multiple data of same time with the
average.

4. Fill the gaps to get the data set of rtt_interp. The rtt_impr data set con-
tains time series data at equally-spaced times but with gaps. We piecewise-
constantly interpolate this data to produce a time series with equally-spaced
observations. There are 613 observations with interval of 0.5 seconds in the

data set of rtt_interp, see Figure 20.
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RTT_Interpolated:
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Figure 20: The RTT data after piecewise constant interpolation, with size of 613.
After interpolation, we will use the Box-Cox transformation to remove the feature of
any non-stationarity at the next step.

B. Model Selection

1. Get transformed data set, rtt_interp, by transforming data set of rtt_interp into
data set of rtt_sas by the Box-Cox Transformation. We provide an example

when RT'T series is transformed using A=0.6, see Figure 21.

rit SAS:
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Figure 21: Transformed Data of RT'T with A=0.6.

The method we use is fitting an ARMA(10,10) model for different A and plot
the PredErr against A. Loop: A from 0.2 to 0.9 step 0.025
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(a) Run PROC ARIMA (p=10,q=10) on different transformed data: rtt_sas.

(b) get inverse value of y, by

(1+ AForecastY)x, A#0

8Fm"ecastY 7 A=20

y~ ! = InverseY = {

(1+ARTT)x, A#0
eWin A=0

’

i.e.InverseRTT_RTT = {

(¢c) add predict error under each p,q and transformation. The result is in

inverse—original)®

Table 7. prediction error = 2

Obs lambda PrdErr

6 1.500 .000044447
7 0.850 .000044838
8 0.575 .000045067
9 0.550 .000045068
10 0.600 .000045070
11 0.525 .000045071
12 0.625 .000045074
13 0.500 .000045080
14 0.650 .000045081
15 0.675 .000045091
16 0.475 .000045092

Table 7: Part of The Table of A and PrdErr for Transformed RT'T, sorted by PrdErr.
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AvePredErr vs. Lambda for ritdow Size
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Figure 22: The Plot of Average Predicted Error against A for ARMA(10,10). We
choose A=0.6 as the best value in the stable region. For A > 0.8, there are many
regions of instability.

From the plot in Figure 22 and Table 7, we choose Ay = 0.6, which is close
to the bottom of the graph.

2. For Ag = 0.6, we now try to find a proper model by AIC and rank of p+q.

loop: i from 0 to max N

loop: j from 0 to max.N

(a) run ARIMA (p=i,q=j) and get its AIC.
(b) For Ay, we obtain a list of pairs of p, g and AIC. This is shown in table 9.
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Autocorrelation Plot of Residuals
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Table 8: ACF and PACF show the stationarity of rtt_sas with lambda=0.6 and the
model will be a mixed ARMA ,according to Section 3.2.3 C.

Obs pO q0 AIC order (p+q)
1 3 3 -3383.83 6

2 6 2 -3383.13 8

3 7 6 ~-3382.36 13

4 8 2 -3382.32 10

5 4 3 -3382.25 7

Table 9: Part of The Table of p, q and AIC sorted by AIC, for A = 0.6. We choose
p=3 and g=3 for ARMA model because both AIC and order are small.
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3. rerun ARIMA(3, 3) for A = 0.6 with the smallest AIC and obtain the data sets
testest, testmod, teststat and predict. We will examine whether the diagnostic

tests are fulfilled for this choice of model.

C. Model Checking

1. plot the residuals vs the forecast RTT

Residua vs forecast:
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Figure 23: Residuals for Modelling RTT for A=0.6, p=3, q=3. The model is accept-
able since the residuals are independent from the forecast RTT without any pattern.

2. plot the residuals vs time
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Figure 24: Residuals for RTT for A=0.6, p=3, q=3. The model is acceptable since
the residuals are randomly and normally distributed.
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3. Normal Probability Plot of Residuals

Normal Protablity Fiot of Paeldusls for ATT:

oS
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Figure 25: The Normal Probability Plot of Residuals for transformed RTT. The
residuals form an alomost straight line in normal probability plot. Then we can be
confident that they have a normal distribution.

4. Plot the Histogram of Residuals
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Figure 26: The Normal Probability Plot of Residuals for transformed RTT shows
that histogram of the residuals is normally distributed. Again, the shapes of these
graphs do not contradict the desired normality of residuals.
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D.Modelling Decision

Carrelation:
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Figure 27: The Scatter Plot of RTT and Predicted RTT shows the strong linear
correlation, which indicates the appropriate model ARMA(3,3) fit for RTT.

pO q0 lambda AIC AVEPrdErr

3 3 0.6 ~-3383.83 .000045070

Parameters Estimates Pr>|T|
MU -1.16525 <,0001
MALl,1 1.24671 <.0001
MA1,2 -0.13219 0.0781
MA1,3 -0.25893 <.0001
AR1,1 2.51878 <.0001
AR1,2 ~-2.32278 <.0001
AR1,3 0.75912 <.0001

Table 10: Chosen Model for RT'T data

After overall evaluation of the normality of residuals, the independence between resid-
uals and forecasted RTT, the rank of the orders of p and g, we choose ARMA model
with A as 0.6, pg as 3, and ¢g as 3 for fitting RT'T data. The coefficients are shown in

Table 10 and the corresponding model equation given below:

(1-25B"423B% - 0.8B*)R; = —~1.2+ (1 -~ 1.2B' + 0.1B* + 0.3B%)a,
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5.4 Fitting VARMA Model to The Bivariate Data
of Window Size and RTT

The step of Data Preparation to process the source data is the same as before and
the figures listed before. Figure 2 shows the procedure we will use. After merging the
original data sets of window size and RT'T, deleting the redundant data of the same
time, we use time-interpolation and Box-Cox transformation on the bivariate data.
We would like to use VARMA with the same A ’s obtained as in the previous section,
but the optimization process of VARMA procedure in the SAS did not converge in
those cases. Here we use Ay = 0.65, and Agpr = 0.5 to illustrate the method since
we did obtain convergence in this case. By running VARMAX procedure to get a
list of AIC with different values of p and q and comparing among the values of AIC,
we make a decision of the best model with the value of p and g, according to the

minimum AIC.

5.4.1 VARMAX fails for mixed models

Our original intention was to fit VARMA models to the bivariate (WIN, RTT) series.
Our experience with PROC VARMAX in SAS was disappointing; only a restricted
collection of models were feasible as the procedures failed to converge for choices other

than those in table 11.

Obs AIC P q
1 -4.843 1 0
2 -4.918 1 1
3 -5.363 2 1

Table 11: Information of AIC with different orders of p and q indicates that AIC
is a criterion to modelling the simulation series. This method used on a simulated
bivariate series is introduced at Appendix 7.2.2. The orders of p=2 and q=1 is the
highest that we can successfully run PROC VARMAX . So we will further test the
fit of VARMA(2,1).
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5.4.2 Model Checking
1. Plot Normal Probability of Residual for transformed WIN of (WIN,RTT).
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Figure 28: Test Normal Distribution of Residual Series for Transformed Window Size
of the bivariate series shows its slight normal distribution. Here Window Size data is
under Box-Cox transformation with lambda=0.65.

2. Plot Normal Probability of Residual for transformed RTT of (WIN,RTT).
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Figure 29: Test Normal Distribution of Residual Series for Transformed RTT of the
bivariate series shows that it is not normally distributed. Here RTT data is under

Box-Cox transformation with lambda=0.5.
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3. Plot the Correlation between WIN and Predicted WIN of (WIN,RTT).
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Figure 30: The Correlation between Original Window Size and Predicted Window
Size which indicates it does not fit.

4. Plot the Correlation between RTT and Predicted RTT of (WIN,RTT).
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Figure 31: The Correlation between Original RTT and Predicted RTT which indicates
it does not fit.

5.4.3 Model Decision

We find that it is hard to get mixed VARMA model for the bivariate here because of
failures of the VARMAX procedure under SAS 8.2. Consequently we cannot pursue
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VARMAX models further for p > 0 and ¢ > 0. However, VARMA(p,0) (i.e. VAR(p))

were consistently attainable in SAS 8.2 and we look at these now for Bivariate Win

data and RTT data.

5.5 Fitting VAR Models to Window Size and RTT

Figure 2 shows the procedure we will use. After merging the original data sets of
window size and RTT, deleting the redundant data of the same time, we use time-
interpolation and Box-Cox transformation on the bivariate data with the relative A’s
obtained in the previous section(Aw;n= 0.75 ,Agrr = 0.6). By running VARMAX
procedure to get a list of AIC with different values of p and comparing among the

values of AIC, we make a decision of the best model with the value of p, according

to the minimum AIC.

5.5.1 Model Selection

Run VARMAX procedure with specifying different p to obtain AICs for VAR. The

result is listed below.

Obs AIC VAR (p) AvePredErr
Win RTT

1 -5.24273 1 36.3722 .000119665
2 -6.07788 2 36.2502 .000050487
3 -6.11185 3 36.1667 .000048518
4 -6.17074 4 36.1759 .000045167
5 -6.16494 5 36.0073 .000045000
6 -6.15408 6 36.0687 .000044798
7 -6.14091 7 36.0886 .000044763
8 -6.12838 8 36.0922 .000044726
9 -6.12442 9 36.1124 .000044343
10 -6.11772 10 35.9726 .000044180

Table 12: Information of AIC with different orders of p. The orders of p=4 generate
the minimum AIC. So we will further test the effectiveness of VARMA(4,0).
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5.5.2 Model Checking
1. plot the residuals vs the predicted Win and RT'T.

Resicual vs predict win;

Boslduats for swin
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Figure 32: Residuals for transformed Win vs. forecast Win under VAR Modelling
with p=4, q=0. The model to predict Win data is not satisfactory since the residuals
are not very independent from the forecast WIN.
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Figure 33: Residuals for transformed RTT vs forecast RT'T under VAR Modelling
with p=4, q=0. The model to predict RT'T data is acceptable since the residuals are
independent from the forecast RTT without any pattern.
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2. plot the residuals vs time

resichual series of Win:
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Figure 34: Residuals for Win under VAR modelling with p=4, q=0. The model is
not satisfactory since the residuals are not randomly and normally distributed.

resiciual series of RTT
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Figure 35: Residuals for RTT under VAR modelling with p=4, g=0. The model is
acceptable since the residuals are randomly and normally distributed.
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3. Normal Probability Plot of Residuals

PFesidugls for swin

Figure 36: The Normal Probability Plot of Residuals for Transformed Win. It shows
heavier tails than expected in a normal distribution.
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Figure 37: The Normal Probability Plot of Residuals for RTT: Since the residuals
from the fitted model from a straight line in normal probability plot, we are confident

that they have a normal distribution.
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4. Plot the Histogram of Residuals

The Hstogram Flot of Redduals fer Transiomed Win:

Figure 38: The Histogram of Residuals for Transformed Win shows that histogram
of the residuals are not normally distributed.

5. Plot the Histogram of Residuals
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Figure 39: The Histogram of Residuals for Transformed RTT shows that histogram
of the residuals are normally distributed.

From all the above figures, we can tell the appropriate behaviors of the residuals.
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5.5.3 Model Decision

We pick VARMA(4,0) among models, based on the least AIC. The estimated param-
eters for the model we have got from the program are very close to the originals of

the simulation series.

Correlation betwesn Win and Predlicted Win:
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Figure 40: The Correlation between Original Window Size and Predicted Window
Size which indicates VAR(4) the data does not fit well. Actually it is a poor fit and

more complex models needed.
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Figure 41: The Correlation between Original RTT and Predicted RT'T which indicates
VAR(4) fits well
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Chosen Model Parameter Estimates

Equation Parameter Estimate Prob>|T| Variable
TransWin(t) CONST1 9.20950 0.0669 1

AR1_1_1 0.67104 0.0001 swin(t-1)

AR1_1_2 16.64850 0.0331 srtt(t-1)

AR2_1_1 0.02220 0.6555 swin(t-2)

AR2_1_2 -20.08785 0.1221 srtt(t-2)

AR3_1_1 -0.01619 0.7450 swin(t-3)

AR3_1_2 6.32306 0.6254 srtt(t-3)

AR4_1_1 ~-0.03146 0.4443 swin(t-4)

AR4_1_2 2.30637 0.7671 srtt(t-4)
TranRtt (t) CONST2 -0.46440 0.0001 1

AR1_2_1 -0.00016 0.4357 swin(t-1)

AR1_2_2 1.30320  0.0001 sret(t-1)

AR2_2_1 -0.00002 0.9254 swin(t-2)

0.0001 srtt(t-2)

0.4663 swin(t-3)

0.0145 srtt (t-3)

0.1028 swin(t-4)

0.0001 srtt(t-4)

2 -0.60321
1 -0.00018
2 0.16192
1 0.00034
2 -0.26069

Table 13: Chosen VAR(4) Model for Transformed Bivariate Series

That is:

-wint} { 9.2095 }_{ 0.67104 16.6485J [wint_l JJ{ 0.0222 ——20.08785}

71t —0.4644 —0.00016 1.3032 Ttls1 —0.00002 —0.60321

—-0.00018 0.16192 Ttti3 0.00034 —0.26069 Tils_4

[ win,_, }J{ —0.01619 6.32306J [wmt_g J_{ —0.03146 2.30637 J {wmt,ﬂ

| Tttt__g

The whole modelling process in the application would be as following: Transform two
series: Window Size data by A=0.75 and RTT data by A=0.6; use the above method
to get VAR model; retrieve both of the series then we can get the predicted series for
Window Size and RTT. Based on the p,alues above, we could say that RT'T is more
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likely a series of itself, while WIN is more likely a bi-variate series of the latest WIN
and latest RTT.

5.6 Comparison of ARMA and VAR Model Fit-
ting

Now we have three models for Win data and RTT data: ARMA(1,0) for Win data
with A=0.75, ARMA(3,3) for RTT data with A=0.6, and VARMA(4,0) for bivari-
ate transformed Win and RTT under the above transformations. Since modelling
Window Size and RTT is our interest. We compare the average predicted error for
Window Size and RT'T in Table 14 and Table 15.

ARMA(1,0) _Win  ARMA(3,3) _RTT VAR(4) _Win&RTT

No.parameters 2 7 18

WIN RTT
AvePredError 36.7596 .00004507 36.1759 .00004517
lambda 0.75 0.6 0.75 0.6

Table 14: General Comparison of ARMA and VAR Model Fitting.
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Univariate Model Bivariate Model
Window Size 36.7596 36.1759
Round Trip Time .00004507 .00004517

Table 15: Comparison of Average Predicted Error for Window Size and RTT under
both models.

We can also observe the same phenomenon by comparing Figure 16 to Figure 40,
and Figure 27 to Figure 41. It is very slightly better to fit RT'T by the univariate
ARMA(3,3) model than by VAR(4) model, while it is better to fit Window Size by the
VAR(4) than by AR(1). This suggests that when we model Window Size, modelling
is more successful if we take RTT into account, although neither successfully explains
the two-phase nature of the WIN data. On the other hand, when we evaluate RTT,
Window Size does not help in predicting RTT. We can draw a conclusion that there
exists a relationship between Window Size and RT'T, but this may be strengthened if
we can truly fit VARMA instead of just VAR models, or if we can truly fit the WIN
data with a suitable model. Although the VAR(4) model for RT'T did slightly worse
than the ARMA(3,3) model, it does only use 4 parameters instead of 6.

5.7 Further Discussion about WIN Data

Figure 42 and Figure 43 shows a very brief section (0.5 minutes) of the WIN data. It
shows how the Window Size follows a two or three-phase behavior. From a low value,
the Window Size increases at least linearly (sometimes geometrically) until it hits a
plateau (that may change over time, and then fluctuates about this plateau until cut
in half or set back almost to zero. This reflects the fast start, increase and halving
algorithms built into TCP congestion control. Since the series exhibits two or three
distinctly different time series behaviors in sequence, it will probably be necessary

to model the WIN data by a 3-phase threshold ARMA model in order to achieve
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adequate predictive ability.

Win_Comip:

Figure 42: The WIN behaves cut-half which contradicts properties of time series.

rit Comip:

ooooo

e

Figure 43: The RTT graph has characteristics which upholds the properties of time
series



Chapter 6
Conclusions and Future Directions

In order to help TCP control the packet process such as window size for the source
according to the congestion status of the network, especially RTT, we give a newly
statistical measure to improve the congestion algorithm. Using both univariate and
bivariate time series methodologies , we found that WIN prediction helped a little by
VAR(4) model. RTT prediction was affected a little by VAR(4).

Although it is not suitable for WIN to be modelled as time series, it is still helpful
to predict WIN data by taking RTT into account. For TCP/IP, RTT is more impor-
tant than WIN data. We found that WIN data will affect the accurateness of RTT.
Through modelling and analysis, we justified that the model of ARMA(1,0) with
transformation parameter of A=0.75 does not well fit Window Size data, the model of
ARMA(3,3) with transformation parameter of A=0.6 fits RT'T data very well, and the
model of VARMA (4,0) with the above transformation parameters improves Window

Size prediction instead of RTT.

In the future, we will evaluate the degree of the efficiencies of the above modelling
methods to improve TCP RTT calculation introduced at section 2.2.2 and to forecast
TCP congestion. We will put the modelling method into use in the different circum-
stances, such as different nodes in same network, different loads in same network even

different network. Our goal would be that how big should p plus q be to work in a
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broad class of cases.
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Chapter 7

Appendix

7.1 Modelling Method for the Simulation Series

7.1.1 ARMA Method for the Simulation Series

In order to test both the ARIMA procedure and the information criteria, we generate

a simulation time series with data size of 1000, ARMA(3,2) for example:
Up = 4d*x U1+ .1 kU_g— OxU_3+a-+.3ka;_1+.5%a_9

Running Proc ARIMA under different pairs of p and q. We get ACF and PACF.
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Figure 44: Simulated Data
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Autocorrelations
Lag -198765432101234567891
0 | | s sk sk s ook ke s ok sk ook 3 ook sk koK |
1 ! L | okskoskskokkok sk sk ok I
2 [ | sheskok ok |
3 | Sorok Kk Kok |
4 I ok koK Kok kK | I
5 | ook koK Kk | |
6 | | I
7 | | okok |
8 | EXEL s |
9 I | okok |
10 I I |
11 I * | I
12 I * | |
13 | x| |
14 I | *. |
15 | RES |
Partial Autocorrelations
Lag -1987654321012345678691
1 | . | kokskokok ook ok ok !
2 | xx | | |
3 I kKoK Kok ok Rk ok Ok K | | |
4 | NETT |
5 | BETITS |
6 | sokk | | |
7 | . |
8 I LS |
9 | * | |
10 I *| . I
11 | R |
12 | R I
13 I . |
14 | A I
15 | . I

Table 16: ACF and PACF of Simulation Series. The model will be not an AR model
since ACF is not tail-off(see Section 3.2.3C). Here it could not tell us the information
about the orders of p=3 and q=2 for Simulated ARMA(3,2). We will look into AIC
to find the model.
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After running PROC ARIMA, we get information including p, q, order and AIC.

Obs AIC P q order AIC Rank
1 2867.31 5 4. 9 2867.31 3
2 2869.08 6 4 10 2869.08 3
3 2870.94 6 5 11 2870.94 3
4 2870.95 7 4 11 2870.95 3
5 2871.07 10 9 19 2871.07 5
6 2871.72 8 7 15 2871.72 4
7 2872.61 10 2 12 2872.61 4
8 2872.74 7 5 12 2872.74 4
9 2873.22 4 2 6 2873.22 2

10 2873.71 9 2 11 2873.71 3

11 2873.90 3 2 5 2873.90 2

12 2874 .25 9 3 12 2874.25 4

13 2874.25 9 4 13 2874.25 4

14 2874.25 9 5 14 2874.25 4

15 2874.25 9 6 15 2874.25 4

Table 17: Part of The Table of p, q, order and AIC sorted by AIC. We choose p=3
and q=2 because of smaller order, smaller AIC here and better estimators in Table 18.

The residual series is apparently independent from the forecast series indicating that

the model fitted to the observation series.
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Fologram fo Smuslatect Dats:

Figure 45: The Histogram of Residual Series for Simulated Series

Normal: Probability Boi for Siowdated Dasi

Figure 46: The Plot of the Residual Series for Simulated Series
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By using the ARIMA procedure and its relative statements with different parameters
of p and ¢, we find that the plots of ACF and PACF do not give us a clear vision for

determining the orders of the model.

resicluals vs. forecasted u:
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Figure 47: Residual vs forecast simulation Data

correlation between simulated-u and-forecast u:

Foracast: for; it
26

Figure 48: The Correlation between Simulated Data and Forecast Data indicates the
model fits well.

To sum up, we say the ARIMA procedure, the order of p and q, AIC and ACF/PACF

are useful for us to fit the model to the source series:

(1 —0.34714B — 0.14213B? + 0.508 B*)U; = (1 + 0.291245 + 0.430638%)a,
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Parameter Estimate Pr > |t}
MU -0.0019328 0.9716
MAl,1 -0.29124 <.0001
MA1,2 -0.43063 <.0001
AR1,1 0.34714 <.0001
AR1,2 0.14213 0.0004
AR1,3 -0.50800 <,0001

Table 18: The Parameters of ARMA Model Fitting the Simulation Series

7.1.2 VARMA Method for the Simulation Series

A. Obtain Simulation Bivariate Series

In order to explore the performance of both the VARMAX procedure and the relative
information criteria, we generated a simulated time series with data size of 1000,

VARMA(1,1), and applied these methods to this ideal case.

Y1 _ 1.2 -0.5 Yi-1,1 Ay . -0.1 0.3 Ae—-1,1

Y2 0.6 0.3 Yi—1,2 (053] 0.2 0.4 ay—1,2
B. Run VARMAX procedure with different pairs of p and q to obtain
AICs

+

Obs AIC P q PrdError
1 2.070351 0 1 6.82291
2 1.26063 0 2 3.76088
3 1.26063 0 3 3.76088
4 0.206484 1 0 2.20688
5 0.017037 1 1 2.00194
6 0.023692 1 2 2.00056
7 0.059505 2 0 2.04145
8 0.023698 2 1 2.00119

Table 19: AIC and Predicted Error with different orders of p and q indicates that
AIC is a useful criteria in modelling the simulation series.
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C. Model Checking

Restduals for y1

Normal Percenties

Figure 49: Normal Probability Plot of Residual Series of Simulated Series Y1

Redictuals 16t y2

Figure 50: Normal Probability Plot of Residual Series of Simulated Series Y2
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The SAS System

Forecasts for iyt

Figure 51: The Scatter Plot of Y1 and Predicted Y1 indicates it fits very well.

The BAS System

¥2;
207

Foracyets for y2

Figure 52: The Scatter Plot of Y2 and Predicted Y2 indicates it fits very well.
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D. Model Decision

85

Comparing the values of AIC and prediction error among a group of VARMA models,

we choose VARMA(1,1) as our model.

Model Parameter Estimates
Equation Parameter Estimate Prob>|T| Variable

y1(t) CONST1  0.02257

AR1_1_1  1.20999
AR1_1_2 -0.51823
MA1 11 -0.08733
MA1_1_2 0.31220
y2(t) CONST2  -0.01530
AR1_ 2.1 0.59816
AR1_2_2 0.30271
MA1_2_1 0.21016
MA1_2_ 2 0.36721

0.
.0001
.0001
.0028
.0001
.5074
.0001
.0001
.0001
.0001

O OO O OO OO OO

3283

yi(t-1)
y2(t-1)
el(t-1)
e2(t-1)

y1(t-1)
y2(t-1)

“el(t-1)

e2(t-1)

Table 20: Chosen Model for Estimated Simulation Series VARMA(1,1)

The estimated parameters for the model we have got from the program are very close

to the originals of the simulation series. i.e.

2 || 1.20099 —0.51823 | | 214
0.59816 0.30271 Z1

22

+

g1
A2

which is the same as the original simulation series.

—0.08733 0.31220
0.21016 0.36721

I

ag—-1,1

At—12

|
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