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' The objective of this study was a) to" carry out extensive

.

o J‘ investigation concerning the relation between deterministic and

“l"stochaStic‘modelling of the runoff component of the hydrologic cycle,
;;lwg”ffnfand b) to esteblish a multivariate waterahed hydrologic syetem model
i | ‘involving meteorologtcal data“ as the input and river flow as the out-

.put of the system. Honthly‘hyq;olog;c ‘time series of rumoff, tempera--

ture. and precipitatien we;e eelecteo’for‘anaiysis.

: B . . .

AnalyticEi reiefionships between the linear stochastic

2

differential equations (S.D.E.) and the difference equations of auto-
regressivé-moving average (ARMA) type models were established.\ It was

found that a first-order S.D.E.. or its equivalent first-order auto-

hregreséive, ARHA(l,O),.process was aeequate to model the monthiy runoff:

generating process. Through the regional multiple. \regrlession analysis, ‘
the constant coefficlent in the first-order 5.D.E. was gaynd to oear_ - |

v.. . .
the storage effect of the watershed system.

Multiwariate system analysis of the monthly runoff, temperature

.t

and precipitation time series indicated that coord;nated use of the - g
meteorological and;hydrometriC‘data would enchance the accuracy of /////T
estimation of runoff characteristics. A first-order ARMA transfer

function model was found adequate to describe the multieeriate watershed

h&drologic system for the monthly runoff and meteofological time series.

-«
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CHAPTER 1 °

INTRODUCTION

Background

‘ -

The hydrologic cycle due to its tremendous complexity can

not, at present, be described exactly. Therefofe, sclentists and

. o : .
engineers have developed many simplified approaches, i.e., models, «

mainly for the analysis of practical prohleﬁs.

One approach; which is adopted in this study, is to con-
sider the hydrologic cycle as a system with inputs and outputs in the

form of time 'se.ries. When considering surface water hydrology, a ‘
watershéd can be'assu@ed as an open.system in which'ieedback action .
either does not exist or does not exert significéntly any cqhérql of

the system (Chow, 1569): A natural ﬁatershed‘recei§es meteorological.
inputs from the—atmo;phere and generates outp;£s in the form of evapo-
transpiration and runoff. Problems arising with systems usually

: coﬁsisg of ideptification, prediction, detection and synthesis. Among
'Athe above, identification of the sysﬁem is ;lmost_the pre—requifement

to all the other system problems. This study is then confined to the

identification, or modelling of the watershed hydrologic system.

In mathematical modelling of a watershed hydrblogic system,
the underlying hydrologic process is represented by a more or less
simplified mathematical formation, mainly in the form of differential

equations, with derivatives both in time and in'space, which are
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solved not by calculus integration‘ﬁut by increments both in time

and space, mainly using digital computers. - v

There are, in general,vtwa.ﬁangZapproaches in mathematical
modelling: the first is to design a deterministic (or parametric).
model whose response'is‘equivaleﬁt tana‘physical system., This may be
done by either through a black-box model (O'Donnell, 1960;.;morocho,
1967) or through a series of equations which are equivalent to the *
actual internal physical physics of the.system {Crawford a?d Linsley,
1964; Lichty, Dawdy and Bergman, 1968; Hsu, 1970). The second major
approach is to determine the statistical parameters describing the ‘ ‘

response of the system, and use these statistics to generate"a record
which is statistically indistinguiéhable from the measured record.

This is Cf}led stochastic simulation. (Thomas and Flering, 1962;

0'Connell, 1971; Adamowski and Hsu, 1974).

:

Over centuries; however, there seemed to be a lack of com;
munication between‘the two schools‘of tho;ghts, namely, determinism
and probabilism. In hydrology this fact was also reflected by the
dichotomy between deterministic and stochastic approaches to modelling.
Although it is usually accepted among researchers in hydrology
that best results would be obtained in research when hydrologic pro-
cesses are simultaneously investigated by both deterministic and
stochastic methods of analysis, traditiomal thinking of treating them
separately has kept this most promising approach, namely, combined

deterministic - stochastic approach, far from being shaped let alone
I

well tested.
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It would be difficult to find a pure deterministic hydro-

logic process in nature. Pure deterministic prdcess can be realized.
»

only undex strictly controlled conditions. When physical, chemical or

_—
-

bioclogical deterministic process work under hydroiogic natural condi-
tions, tﬁey are'nearly always supe#posed:by various sources of
stochastic vériations! In continuously.changiﬁg either the space 6r
the time scale or both, ;ransitions take place in describing an observed
hydnoloéic phenomenon from a deterministic to a stochastic approach and
_the'cﬁnverse. The best illustrativ; example would be c&nsidering water
movement from.the determini;tic laminar flow analysis in classic fluid
mechanics to the stochastic annual flow anélysis of a watershed. A
comprehensive and thorough discussion on '"Determinism and Stochasticity
in Hydrology" was given in a recent paper by Yevjevich (1974).
Some attempts in establishing the structural relationship between
deterministic and stochastic approaches to watershed modelling were i
given by Kisiel (1967), Adamowski (1969), Quimpo (1871, 1974), Dooge
(1972), Solomon {1972a), and Spolia and Chander (1974). These attempts,
. however, are either preliminary investigations or of only theoretical
consideration restricted to a'particular type of conceptual model, i.e.

Nash's (1960) linear reservoir catchment model,

Furthermore, in'the past two decades, 'Joint Mapping'
(Soi;mon, 1972b) or coordinated use of the meteorological and hydro- -
metric data, from the simplest coordinated tracing of ﬁrecipitation
and runoff isolines (Coulson, 1967) to the most sophisticated deter-

ministic watershed model (Crawford and Linsley, 1964) have been proved
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to greatly enhance the accuracy of estimation of river flow characteris—

tics. This branch of determinfistic (or parametric) response hydrology
ig in full prog?eﬁs at present. Its counterpart - stochastic system
model%ﬁﬁg, however, sgill remains in the state of investigating iso- ‘
) lated hydrélogic phenomenon, in most cases, precipitation or river
r'flow series. Therefbte; it is felt that i; order to explore the
physical implication of a stochastic system model and to improve its
efficiency in describing river flow characteristics, it would be -
desirable to apply the same prineciple of joint mapping, i.é., coordinated
use of meteorological”and hydrometric data to stochastic modelling of-

»

a watershed hydrologic system.

Objectives

e o
. . Therefore, the objective of this study is two-fold:
" Firstly, to carry out an extensive investigation concerning.
the mathematical formation and its underlying physical interpretation of

0

commonly used stochastic models so that more definite conclusions may be

drawn with respect to the relation between deterministic and stochastic

modelling of watershed hydrology:

Secondly, to establish a multivariate stochastic hydrologic
system model involving meteorological data as the input.and river flow
as the output of the system so that understanding of the multivariate
hydrologic system behaviour may be obtained and accuracy in estimating

river flow characteristics may be improved.
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Scope

Bearing in mind.the above o?jectiveé: monthly‘timg aé¥ies

of river flow, Precipiﬁétion aﬁd‘femberature are éonsidéreq‘in this

tﬁdy. Annual river flow series were found (Yevievich, 1964),'in
most cases except river basins with large storage,'t6 be ngarlx
purel& random proeess which can not be described by any determiﬁistic
;%roach. VOn the other hand, daily flow series may well be described
by a deterministic model (Watt and Hsu, 1971), a coﬁbiﬁed‘determinis—
tic—stocﬁagéih model (Solom;ﬁ, 1972a) or a.stoéhastic;moéél_(Quimpo,
1967). VIn daily flow modelling, however, system formation is more

complicated. Behaviour of various subsystems must be properly modelled

-

in order to reach more precise description of’river.fiow characterdistics.

“As the time‘intervél increases, temporal and spacial variafions, or trans-

ients, in watershed résponses due to various subsystems are smoothed,

a lumped linear time-invariant system may be assumed without losing its
physical generality. Monthly floé model- taking advantage of the abodve
s;stem property; therefore, 1s considered here as a simple yet heuristic
tool for the demonstration of the relatiEn between deterministic and
stochastic system modelling. Operationally, they could also be used

for flood control, irrigation and other water management purposes.

Since this study is confined to thé analysis of monthly
hydrologic time series, some basic assumptions in carrying out the
time series analysis may‘be made, namely, stationary time series and
linear time-invariant system, which are briefly outlined in Chapter 2.

It also covers the literature review on the applications of time series
~



-

analysis in hydrology. In Chaéter 3, the relation between aeter--
ministic and stochastic modelling 1s studied through the examination
of the structure of gfochastic differehtial equations. EstablisH;:nt
- of analytical :elationshipé between stochasgic differential and

]

difference equations is attempted in terms of their system impulse

resPOhse functioens, The relationéhips are applied_to a number of
selected watersheds for‘the identification of a mont?ly runoff generating
process. Physical implication of the ﬁroposed stochastic model is
éought through the multiple régression analysis between ﬁodel para-

" meters and watershed physiographic characteristics. Chapter 4 is then '
devoted-Zq the‘identification of a multivariate watershed hydrologic
system wﬁich receives meteorological inputs of temperature and pre-
cipigition and generates output in the form of runoff. G;neral theory
iq multiYariate linear systems, multiple cross spectral anélysis and
transfer function system modelszare discussed. The application of

the multivariate system approach is then carried out for some water—
shied where both metecrological and hydrometric observations are avall-
able. The procedures o? tipe_series analysis in both Chapters 3 and i

-~

are presented in the flowchart of Figure 1.1. Since this thests was ;

intended to be a comprehensive study on hydrologic time series analysis, K

tremengous computationél and programming efforts were inolved which

- resulted in a vast amount of computed iﬁformation. It was impossible
to tabulate and plot’ail the results in the text. On1§ pertinent
results were listed. However; a typical example in graphical form was
always given to iliustrate the appréaches lised in the study. Finally,

major findings of the study and recommendations for future research

are presented in Chapter 5.
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CHAPTER 2 _ )

LITERATURE REVIEW v

~

Introduction.

Observations of any hydrologic time series are finite.
Therefore, it is extremely diffiéult to infer from these finite
observations the nature of the hydrologic process from which tpe
.observed time serieg is regarded as being generated. Some simplifi-
cations have to be made in order to make the analysis of observed

time series tractable and yet fruitful,

. The most important assumptioné made about a time series
are that the corresponding generating process 1s stationary and that
a stationary process may be adequately described by the lower moments
of the time serieé, i.e., the mean, varlance, covériance‘ function
in the time domain and the variance spectrum in the frequency domain.
Ano’ther important asstiption in studying the underlying generating
pfocess'is to assﬁme a time-invariant linear system.: In this case,
system characteristics such as impulse response functions and fre-
quency response functionscan also be det@rmined from the lower moments
of the involved time series. These simplifying assumptions are

briefly described in the following sections,
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Time Series Analysis

' | \

Stationary time geries

A‘general way of defining a stochastic process X(t) is by

means of a joint distribution function F(x) for any finite number of

observations xl, Xy e xn made at_time intervals tlﬂ t2’ ey tn; .
thatlis
: F(xl, Xpy weny X3 tl, FZ, ...,,tn) -
= . <
P(X(tl) $ x5 X(tz) S Xpy eees X(tn) < xn) (2.1)

g

where P(.} is the joint probability that X(ti) £x

L i= 1,2,...;n. .

The stochastic process 1s said to be stationary in the

strict sense if the distribution functions .are uneffected by a shift i :
'u' in the time origin, i.e.,
i
F(xl, Xgs +nes X3 tl’ s ety tn)
= F(xl, Xpy vevs X3 tl+u, tohu, ..., tn+u).' . (2.2)

In other words, for a stationary process the joint distribution

function does not depend upoh tl, t2’ ey tn’ but upon the differences
tj_tj+i = ugs j= 1,2,...?(n—l), so that

F(xl, Kgs euts x&; tl, t2, cees tn)

= F(xl, Kos snes X3 Uy Ups eens un—l)' . (2.3)

A special case, which is of particular interest in theqry

and practice, is when the stationarity is confined to the lower
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moments of the time,series and is called weakly stationéry process
(Matalas, 1966). The lower moments include the mean, variance, co-
variance function in the gime domain and the variance spectrum in

the frqupncy domain.

Autocorrelation and variance spectrum

‘The mean and covariance function of a stationary process X(t)

- ]

are defined’ respectively as follo&s: . .
ux = E(X(t}) .= S x(t)dF(xt), . _ ' (2.4)
Vi (W) = ECCR(E)-IRCera) -y D= . Ge(e)-b) Ge(edu)=u YAF (x %, 58),  (2.5)

where E(.) denotes the é%pectation-of a randoﬁ varilable or function

of random variable(s).

Fr?m eq. (2.5), the variance Ui is obtained when u = 0, i.e., ‘

o, =v_(0). . (2.6)

Sample estimates for the mean and covariance in the best

mse (mean square error) sense (Jenkins and Watts, 1968) are given by

a = §'=.§ . (2.7

<
Fl

- 1 N-k
Yo (@) = () = I

z (k2 (5%, (2.8)

where N is the nymber of observations'xn at interval At and u = kAt .

In practice, At is usually taken as one time unit, i.e., At = 1.
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'The autocorrelation function is defined as

Y, (W)
XX .
EMOREN0 (2.9)
| v
and its sample estimate is }
.cxk(kfm . N
rxx(k.) = W . , (2-.10)

The covarlance yxx(u)‘is non-negative defini#e and can be

represented in the form

V) =/ eiz“f“sxx(f)df . (2.11)
and v @ = ci =/ s_ (f)df (2.12)

where the function Sxx(f) is non—negative'and is called variance
spectrum (or simply autospectrum) since it shows how the variance

of the X(t) process is distributed over the total frequency range.

If the X(t) process is real which is true for hydrologic time

series, then Yxx(u) may be rewritten as

-} 3

Yxx(u) = 2 fo cos2Tfu Sxx(f)df . ; (2.13)

which can be Inversely transformed to gilve

s e—iZﬂquxx(u)du 2.16)

-0 -

Skx(f)

2 f. cos2mfuy_ (u)du. ’ (2.15)
0 - -
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-

The sample estimate of Sxx(f) for a finite discrete time

gseries can be obtained from

N-1 :
a 1 1
Sxx(f) | cxx(o) + 2 kzl cxx(k)c052ﬁfk, - E-s f <5 (2.16)

where the frequency fN =_% 1s called Nyquist frequency and is the
highest frequency which can be detected with data sampled at unit

intervals. ~

Further details on spectral representations can be found

in Bartlett (1966), Yaglom (1962) and Blackman and Tukey (1358).

et
In the euﬁé;;:;jf sections sample estimate representation

-

of variocus statistics will not be included until the discussion of
g
computational grocedures. Only continuous time series will be covered

in most of the theoretical discussions.

.

Cross correlation and cross spectrum

The cross covarilance between two stationarf time series X(t)

and Y(t) is defined as

. 00 (=]
= . - - . 2.
ny(u) {m {m Ge(e)=p ) (y(thu) uy)dF(xt,ytﬂ,u) (2.17)
where F(xt,yt+u;u) is the joint distribution function of the wvarilates
Xt and Yetu
The cross correlation is thus obtained by
Y, (u)
Xy
u) = . (2.18)
pxy(

Y Yxx(O)Yyy(O)
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1

For real processes, Yx§(u has the spectral representation

%

o @

. ,
'ny(u) = Zfd cosZﬂfquy(f f - 2f0 sin2nquxy(f)df o (2.19)

' * fonf ‘
= [ e™™Y (fyas 2.20
7. e xy( yaf | ( )

where Sxy(f) = ny(f)-iQxy(f). The‘function Sxy(f) is called the cross
spectrum; ny(f) is the cogpectrum which measures the contribution of
different frequencies to the total covarilance with zero ;ag of the

two time seriles; Qxy(f) 1s the quadrature .spectrum which measureg,the
contribution when the waves of cne time series are delayed by a

quarter period. Now Sxy(f) can be expressed in the form

} 1y, (£) o |
Sxy(f) Axy(f)e Xy st . (2.21)
where the amplitude Axy(f) = v Ciy(f) + Qiy(f), ' g ‘(2.22) i
‘ _1—Q
and the phase angle ¢ (f) = tan—é——ix. ‘ (2.23)
Xy . Cy -

In order to ﬁea?ure the linear relationship in the fre-

quency domain between two time series, the squared coherency 1is defined

as

2 2
ny(f) + Qxy(f) ,
S x(f)syy(f)

2
= 2.24
Koy (6) (2.24)

- where Sxx(f) and Syy(f) are the spectrums of X(t) and ¥Y(t) series res-

pectively as defined in the previous section.
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The residual spectrum then takes the analogy to the

residual variance in the time doméin,'i.e.,

Rey(8) = 8, (B (6)), O @.2s)

a

-

where ny(ﬁ).is the residual spectrum.

The'invergion formulae for € (f) énd Q_ (f) are
- Xy . Xy

o

_—i2TFu_ - '
Sxy(f) = {m e ny(u)du, = (2.26)
ny(f)'= fb cosZﬂfu(Y%y(u) + ny(—u))du . (2.27)
.Qxy(f) = IO ginZWf?(ny(u) - ny(fu?)dg:, . (2.28)

Detailed deétriptionsof cross spectral analysis?can be

found in Grangér and Hatanaka (1964)'aﬁd Jenkins and Watts (1968),

%

Linear time-invariant systems i

Amagrocho (1967) generalized the relationship between the

input and the output of a time-vardable non-linear system with lumped

parameters’as follows:
@ ® o .
y(t) = {m hl(t%u)x(u)du + {m {m h2<tni’22)x(ul)x(u2)guldu2

L= =B - - I v - ]

—+.f ) hﬁ(t;ul,uz,u3)x(u1)x(uz)x(g3)duldu2du3 + ...

—00 —o0 =0

-] =] - .
= il {w hn(t;ul,uz,...,un) IjI x(pi)dulduz...dun4 _ (2.29)
{n)’ , 3 : '

where x(t) and y(t) are input ‘and output respectively of the system;

hi is iFh order weighting function or kernel function of the system

R
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n +
and | | x(u,) = x(u.)x(u,)...x(u ). Equation (2.29) is also the well-
i=1 i 1 2 133 ‘ . 4
known Volterra functional.

Each one of the terms in eq. (2.29) is a functional; it may

be viewed as representing the operation of a separate component of

-

the total system, and ité nonlinearity is defined by the order pf the
integration. Thus the first term represents a linear or first order
system, the second term:rgpresents a quadratic or second order system,
and so on. fhese component systems are said to be pure nth order *
systems operating on the input function and its product combinations.
The sum of the outputs of these systems is equél to the output of the

total, fully‘pon—linear system.

In practice, a linear time-invariant system is usually

. . - ¢
— .

assumed, i.e.,
o

y(t) = J h(uwx(t-u)du, (2:30)

*n,

-where the weighting function h{t) 1s also called the impulse response
function and satiéfiés,the condition h(t) = 0 for t < 0 in order to

ensure the physical reality.

-

In the discrete-time case, the above input-output relation-

ship can be written as

y,= .t hx o (2.31)

=0

where hr's are constants independent of time "t'. ;
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Linedar processes

It can be shown that a linear. system in the form of eq. (2.30)

or eq. (2.3lf 1s in general a solution to a linear differential equation

. (amDm + ...+ ulD + aD)y(g) = x(t) for continuous time (2.32)

m . ‘
m © ’
where D" = — , ., 0,, ..., @ are constants and the roots of the
dtm 0 1 m

characteristic equation amDF + ...+ ulD +an = 0 have negative real

*
parts for a stable system ; or a solution to a linear difference

v

equation
(1 - alB - hee - amBﬁ)yn =x for discrete time - (2.33)

. m ' :
where B Y, =Y » @)y 85y w0e, A are constants and the roots of

n-m
the characteristic equation luaiB - ey = amBm = 0 must lie outsilde
ﬂ‘the unit circle for a stable system, . i

Equaéions (2.32) and (2.33) are called 2 stbchéstiéJdifferéntial
equation and a.stochastiq difference equation respectively if the input
X(t) or Xn and/or the coefficients a's or a's are stochastic in nature.
Consequently the output.Y(t) or Yn is also a stochastic process. In
this séudy,‘the coefficients a's and a's are assumed constant and the
input and output are considered the only stochastic part of the system.

Furthermore, if the input process X(t) or Xn is a purely random process

* .
A system is said to be stable if a bounded input produces a bounded
output, or in terms of the systed expression (2.30)

[==]

S In(u)fdu < K
i

. -

where K is a finité constant. (Jenkins and Watts, 1968).

/
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or white noise, ive., p_ (0) 2 1’and p_ (u) = 0 when |u| > 0, tﬁe-but-
A . CTxx XX
put process Y(t) or Yn is called a linear process.

4 ' )

The' linear processes Y(t) or Yn from equations (2.30%&End
{2.31) and theilr corresponding stochastic differential or’difference

equations (2.32) and (2.33) are called moving average processes and

.3

autoregressive processes respectively. The equivalence between equations
(2.30) and (2.31) and equationsr(2.32) and (2.32) also show that an
infinite movifig average process may be represented by a finite auto-
regressive process. Sometimes it may be beﬁeficial to write down a

mixed autoregressive-moving average (ARMA) process {Box and Jenkins, 1970).
) G
The autocorrelation funct%gn for a moving average process,

i.e., equations (2.30) and (2.31}, is

J  h{v)h(vtu)dv
0

o (u) for continuous time . (2.34)

S hz(v)dv

,

. 0 hjhj+k
or p (k) for discrete time; (2.35)
¥y = 2
Z h
=0 3

k]
whereas for an autoregressive process of order 'm', i.e., equations

(2.32) and (2.33),

m -
(amD P alD + ao)pyy(u) 0, {u>0)

for cbntinuous time (2.36)

. = - —_ >
or p. (k) alp -1 + ... +ap (km), (k21),
for discrete time (2.37a)
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2 L

B 0' toa
N X
1l ‘.= alpyy(l) + ...+ ampyy(m) + W. (k=0) (2.3.7b)

Detalled discussions on linear procésses can be found in

Jenkins and Watts (1968).

System response functiong :

A linear system can be described in the time domain by the
: ]
impulse response function and in the frequency domain by the frequency

response function.

As indicated in the previous section, the impulse response
function is defined as the weighting function h(u) or hr in the

convolution integral (2.30) or the weighted sum (2.31):

y{t) = f h(u)x(t-u)du, (2.30)
0
and o )
y = L hx (2.31)

It measures the output at time't'of a system subject to a unit Impulse

at t = 0.

4

The frequency response function, on the other hand,
i2wft
measures the response of a system to a periocdic signzl e at a

specified frequency 'f' in the following way,

iZﬂf(t—u)du

y(t) IO h(u)e

—-121fu

e121Tft IO h(u)e du

n(e)e 2L (2.38)

It

“i
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where H(E) = f(ih(u)e-iZNEudu (2.39)

is called the frequency response function. Hence the frequency
response function is the Fourier transform of the impulse response
function. For discrete time, the frequency response 1s obtained from

H(E) = & hre—iZﬁfr

. , -%gfg%. ' (2.40)
= .

It camr also be shown that

Y(£) = H(EIX(E), ' (2.41)

‘where Y(f) and X(f) are Fourier transforms of Y(t) and X(t) respectively;

and
Sxy(f) = H(f)sxx(f)' (2.42)

The frequency response function can be rewritten in the

form

nee) = o(e)el®® (2.43)

-

where G(f) and ¢(f) are called gain and phase respectively of the

frequéncy responge function. From équations (2.21) and (2.42), it

can be seen that

Axy(f) G(f)sxx(f)’ (2.44a)

I

and ¢xy(f) ‘¢(£) . (2.44b)

The impulse response function can be obtained through

inverse Fourler transformation of the frequency response function:
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N oo
h{u) =/f H(f)eiznfudf for continuous time (2.45)
. o
’ 1/2
and hr =f ;H(f)eiznfrdf for discrete time (2.46)
- _1/2 ® .

Thordhgh theoretical discussions on linear systems and system

response functions are given by Wiemer (1949) and Jenkins and Watts

(1968).

Some gtatistical considerations in estimation

Bartlett (l94€§)gave approximate variances and covariances of

the estimated autocorrelations of a stationarity Normal process,

(=]
1 2
Var(rk) A 3 z 0, for large k, (2.47)
Y=o
15 :
Cov(rk’rk+s) %'ﬁ PP rts for 1a;ge k . (2.48)
V:._m

! ’
From eq. (2.48), it can be seen that there,yill be strong
correlation between the autocorrelations if the correlation in the

original series is moderately strong.

Anderson (1942) showed that for an independent Normal pro-
cess and k << N, the distribution of the estimated autocorrelations is

approximately Normal with the variance

. ' Var(z,) % % . ‘ (2.49)

which is t?e speclal case of eq. (2.47) when the original series is

a purely random process.

Q
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For the sample spectral estimate, it can be shown (Jenkins

@ 1968) that .

-

EG,_ () ¥ s_ (D), | s
' Cov(S_(£,), 5 (£,)) % migg,_ (2.51)
and var(s_ () ¥ s2 (£). | (2.52)

J

Hence to a good degree of approximation, spectral estimatez/pt spaciné

. —

greater than %:may be regarded as uncorrelated. However, ghe varianée (:
of the estimate does not decrease with, the sample size. \J/f/

+ Furthermore, Sxx(f) has the property that ZSxx(f)/Sxx(f) is

approximately distributed as ng i.e. a chi-gquared statis £§ _
: Il".
two degrees of freedom. Whereas at zero frequency and at the folding _
_1 s (/8 et |
frequancy, fN =3 for discrete time; Sxx(f)/sxx(f) is approximata%p

N
.S

distributed as a Xi.

.

In order to reduce the variance 6f Sxx(f), some smeothing

procedures are introduced. In the time domasn, a lag window is defined

ag follows (Jenkins and Watts, 1968): ®
w(0) = 1, : (2.53a)
w(u) = w(-u) >0, for |u|] <M (2.53b)

l w(u) =0, for [u| > M, M <N. (2.53¢)

Then the smoothed spectral estimate for discrete time is obtained as

M 2
Sxx(f) = cxx(O) + 2 kil w(k)cxx(k)GOBZ'lek. (2.54)
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Using the convolution property, §¥x(f) may be rewritten

’

-

1/2
F —
s (£) = W(E'-£)S  (f')df"', (2.55)
xx -1/2 oOx
. Mo omek :
where W(f) = I e w(k) is called the spectral window in the
k=—M

frequency domain.

The variance for the smoothed spectral estimates then be-

comes ) .

- six(f) 2
Var(Sxx(f)) %-——ﬁ——— IM’ w (u)du. ' (2.56)

[}

For example, by introducing the Bartlett lag window

' wm)=1$—%%, for |ul <M (2.57a)
w(u) = 0. for |u| 2 M ' (2.57b) ‘
it can be shown that v
- " Sﬁa¢2 -
Var(S_ (£)) X 0.67(p)s,_(£). - (2.58)

Thus the varilance is signifiq&gtly reduced to at least 677% of the
-variance of the sample spectrum, The bias of the smoothed estimate
is approximately proportional to a certain order to the equivalent

bandwidth of the spectral window, which is defined as

f _ 1 i 1
b= ; =73 . (2.59)
o f w(u)du S Wg(f)df
-M -1/2

It can be seen that the variance of the spectral estimate is inversely

proportional to the bandwith of the spectral window:



.
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Variance x Bandwildth = Constant

Hence conflict exists between the variance and the blas of the spectral
estimate, a compromise must be made in choosing the proper bandwidth,

in other words the proper spectral window and the truncation peint M.

The statistic V§¥x( /Sxx(f) is approximatgiy distributed as

a xi with degrees of freedom 'v{ given by'

v = M_ZN ) | (2.60)
2
S w (u)du
-M

-

The same smoothing techniques'can'be applied to the cross

k]

spectral analysis. The smoothed estimates for discrete time are'as
L 4

follows:
. M e
= _ —iZ'ka .
Sxy(f) = kE_M e w(k)cxy(k), / {2.61)
_ M
N ny(f) = cxy(o) + kil w(k)(cxy(k) + cyx(k))c032ﬂfk, (%.62)
_ M
Qxy(f) = kil w(k)(cxy(k) - ny(k))sinZka . (2.63)
i -q_(£)
Hence o (£) = fan L & (2.64)
*y C_ (f)
Xy
= 2 -2
C_(f) +Q_ (D)
Eiy(f) S AR , (2.65)
Sxx(f) S (f)
_ s_(f)
H(E) = — (2.66)
Sx (£)
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—=2 -2
_ Y C__(f) +Q_(f)
and  G(f) = —— Xy . (2.67)
< S (6
XX

As suggested by Jenkins and Watts (1968), by applying

Fisher's z-transformation

— B 1 1+|E |
~ ny(f) = tanh (|ny[) = Ein'I:T%ExT , (2.68)
Xy

an approximate 100(l-a)% confidence interval for xy(f) is.
M

T () £ 2a-Y % (vwhere T = {sz(u)du) . (2.69)

For smoothed estimates E;y(f) and E(f), the approximate 100(1-a)7

confidence intervals are

_ 0 s 12 (£) : ‘
o (£) +sin ¥V —=F (1-a) —2—), (2.70)
xy v-2 "2,v-2 =2
K= (f)
: Xy
K
o ) 1-K2(£)
and G(f) * G(f) ¥ == F l-a) (—2—), (2.71)
v-2 "2,v-2 2 :
: K. (D)
L y
- [y
where F is an F-statistic whth degrees of freedom (2, v-2).

2,v-2

Applications of Time Series Anallysis in Hydrology

Stme detailed and heuristic reZiews on hydrologlc time series

analysis hafre been given by Matalas (1966), Cavadias (1366) and Kisiel

(1969).
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Roesner and'Yevjevich (1966) detected the periodic components
in monthly precipitétion series and monthly runoff series by performing
the varlance spectrum analysis. They found that thé periodic component
in both time series may be described by Fourier series, with the 12-
month bycle.gnd its subharmonics. By removfﬁgﬁthe periodic component
and examining the remaining portion of the tiée series, they concluded
that the monthly precipitation series was compq;ed of a deterministic
component of periodic movement. and a nearly independent stochastic com-
ponent ; ﬁhe;Eas tbe monthly runoff serles was composed of a determinis-
tic component of perlodic movement and a highly time dependent stochastic
component.l The time dependence of the stochastic component could be
described in most cases by a first—order Markov process, i.e., a first-
order autoregressive process.

Using the same approach as above, Quimpo and Yevjevich (1967)”
analyzed daily streamflow series. First, periodic components were i
detected, in the daily means. and in standard deviations, and isolated
by using spectral analysis. Then, autoregressive schemes were fitted
to stqtion#ry stochastic series after the periodic components had been
removed. Finally, stochastic components of these series were found to

be well fitted by the second-order Markov linear model.

Adamowski (1969) applied the periodogram appro;ch, which is .
equivaleﬁt to the spectral estimate using Bartlett's window given by
eq. (2.57), to estimate the spectral density af the stochastic com-
ponent of the daily river flow time series. By adopting Bartlett's
test of homogeneity of variances, he found that sample spectral density
estimates from fifteen to forty~five years of data did not differ

sigpificantly and suggested, for practical purposes, to use about
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fifteen years of daily.records to obtain an estimation of the spectral
dengity. Also, he found that the estimated spectra did not differ
significantly from the spectrum of the second—order.autoregressive
representation. This.confirms the applicability of the.broposed second-
order Markov model for the stochastic component of dail§ streamflow
series, A second-order stochastic differential equation was oStained
through the theoretical connection with the spectrum. Finally, a

method of predicting the underlying time series was given based on the
cld#8sical Wiener-Kolmogoroff theory. The computed prehiction variance

indicated that the stochastic compbﬁent may be predicted only two days

in advance at any reasonable level of prediction variance for the three

rivers studied.

Rodriguez-Iturbe (1967) gave a detailed description on
.analysing a bivariate hydrologic process. He suggested that cross
spectrum should be used for the construction of frequeﬁcy Tesponse i
function whereas in prediction problems, it was natural to work in the
time domain with auto- and cross correlation since prediction was done
in time. No significant coherence were observed in the annual series
of precipitation and runoff except in very close statisns. Through partial
cross spectral analysis was found that in the Pacific Coast of the
United States the amnual cycle in temperature was highly correlated
with the annual c&cle in precipitation, but the annual cycle in aﬁmo—
spheric pressure seemed to be related to the cycle in precipitation

only through the-cycle in temperature. Also the amplitude of the annual

cycle in precipitation appeared to decrease when advancing in the
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~

northerly direction. ~On the other hanA, no similar trend was observed
in the';unoff stations. A highly significant éohefence between the
annual cycle of hydrologlc time series suggested the possibility to
predict the annual osecillation in one station on the basis of the
annual oscillation at another statipn. An examplé was given on a bi-
variate process involving two river stations with daily runoff data.
Coherence analzsis was found to be'a powerful tcool to determine the
underlying process. The same concept of cross spectral ana;ysis wgs
applied to water and sediment d;scharge data in a later paper

(Rodriguez-Iturbe and Nordin, 1968).

Chow and Ramaseshan (1965) modelled the hourly annual storm
rainfalls by a first-order non-stationary Markov-chain model. From |
the historical data, 1,000 annual storms were.generated sequentially
by the Monte Carlo methods and then routed through a simulated basin
system which was composed of a series of equal linear reservoirs to
produce 1,000 generated floods for use in water resources plamning and
deéign. In a later study by Ghow and Kareliotis (1970), a watershed
was treated as the stochastic hydreoclogic system whosé components of
precipitation, runoff, storage and evapotranspiration were simulated
as stochastic processes by time series models to be determined by
corre}ogram and spectral analysis. The hydrologi? gystem was then
formulated on the basis of the simple water balance equation, and com-
posed of deterministic periodic components which were detected from
variance spectra and stochastic components which were merely assumed

as mutuélly indepéndenf white noises. The above two investigations
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" were further dejeloPed by Chow and Prasad (1972) by introducing the

concept of a%@iage reservoir, theory to model the basin storage system.

In a pilot hydrologic forecasting study .fbr southern-Ontario, é{f;
- + " v M t '

Solomon (1972a) demonstrated the relationship between the physical
discharge recession equation'and a lag-one serial corr%lation model,

or first-order Markov-chain m?del. The recession characteriatic was’
related to the }ag-one serial correlation of the fiow and the Inflow
was ldentified by a purely random process. Spatial transfef of the
recession characteristic and‘the inflow was Abtaiﬁed through the
correlation with basin physiographic characteristics. Therefore the
serial correlation of fléw was maintained due to the intrinsic serial
correlation propérties of the yarkov model and the cross correlation of

)
flows was also preserved by the way in which the inflow was synthesized.

An interesting study was carried out by Eriksson (1970a, 1970b)

who investigated groundwater time ée;ries at 10-day intervals as well as ‘
streamflow, precipitation and temperature using spéctral analysis. He ‘ :
found that the stochastig.éomponent of the groundwater level deries
might be well fitted byla’second—order Markov process. The spectral
density fluctuations of observation wells agreed fairly well ét low
frequencies but for higher frequencies there was.hardlyﬁany similardity.-
He concluded that the representativity of'groundwat;r fluctuations in
a hydrplogic region may be picked up at iow frequencies while higﬁer

ncies are more "local”. The ?treamflow serles was found to be

fitted by a second-order Markov process as also found by many others.

. ) o
The precipitation series was fitted by a weak first-order Markov model
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(pxx(l) = 0:123. The spectrum for the temperature was rathei con-
founded aue to some inherent property of the atmosphere. A simple
stochastic model of groundwatér reservoifs was developed baged on a
physical balance equatlon and an average infiltratiéﬁ rate was
derived from the proposed generating ;rocess. A further study was
made on records of precipitation, river water stage and groundwater
levels using cross spectral analyéis. The coherence between precipi-
tation and the other variables was found extremely weak or absent.
The river water level and groundwater levels showed appreciable co-
herence relatively independent of frequéncy, suggesting that variati;n
in groundwater levels runs parallel to variations in river staga. The
coherence betwéén groundwater levels, however, was such that inter-
action was suggested. The phase shift between river water level and
groundwater level was approximately 10-30 days with the groundwater

levels lagging. The magnitude of phase shift seemed to depend on the

distance between ground surface and groundwater level.

More rigorous mathematiéal treatment on the relation between
the stochastic and the deterministic hydrologic system modell%ng was
given 1in the studies by Quimpo (1971,-1973) and Spolia and Chander (1974).
In the first study, the background of the mathematiéal fogmation of a
linear hydgoiogi; system was reviewed wﬁich disclosed the linkage be-
tween the solution of a iinear diffgrential equation and the discrete
syétem representation of an ;nfinite moving average process which in

turn may be represented by a finite auto-regressive process. The

effort was then concentrated in demonstrating the relation between

-



Nash's linear reservoir model and the ;tochastic streamflow model by'
examining the kernmel functions, or impulse response functions in the
two models and the resulting autocorrelation functions. Some field
Aa;a in Nash's study (1960) were used to construct the correlograms
for the purpose of validation. Along the sameé line, the second study
dealt with a more general case, i.e.,‘a mixed autoregressive-moving

average type model in the form of differential equation for continuous

time and difference equatidn‘(ARﬁA) for discrete time. The structural

relationship between the parameters of the ARMA model and Nash's linear - '

reservoir model was established. A second-order autoregressive model,
or ARMA(2,0) was then 'proposed to model the surface runoff. It was
shown that the proposed formulation corresponded to a conceptual model
of two equal linear reéeévoir in series. The model waé also investi-

gated for its stability, nature of response function and range of

parameter values. .jJ/”‘

The above reported studies dealt mostly with stationary time
series and linear system models. For non-stationary time series, in-
vestigations have been carried out through time-variant resérvoir theory
(Chiu and.Bittler, 1969; Mandeville and G'Donnell, 1973), or linear
functional of derivatives of an exponentially smoothed,funétion (C;vadias
and HBrisebois, 1971). Identification of non-iinear system has been
attempted by orthogonal functions (Amorocho and Brandstetter, 1971;

Zand and Harder, 1973}, modifiéd stepwise regression analysis (Bidwell,

1971) or a constrained optimization scheme {Diskin and Boneh, 1973).

~
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One characteristic common to most of the above mentioned studiles is
that the time serles under study are either storm runoff or daily river
flow which are generally recognized to be of more signifizant time-
wvarlant and non-linear in nature.. For monthly hydrologic time series,

however, 1t is thought that the effort of introducing. the concept of

non-stationarity and non-linearity would not be fully justified.

It can be observed from the above literature review that
not many works have been accomplished in studying the ﬁossible relation
between the deterministic (or parametric) and stochastic modelling of
hydrologic time series, except for the studies by Quimpo (1971,‘1973)
and Spolia and Chander (1974} both of which are confined to the ’
theoretical discussion of a special case of Nash's linear reservoir
model (1960). Although the above topic was also slightly touched upon
by some other authors (Adamowski, 1969; Eriksson, 1970a; Solomon, -
1972a), their Investigations in Ehis respect generally lack sound
theoretical development and the results can be considered only as pre-
liminary. Therefore, it is intended in this study to devote more com-
prehensive theoretical discussion on the relation betwéen the deter—

ministic and stochastic modelling and to carry out more extensive data

analysis to validate such relation.

Another observation-frum the literature review is that there
is hardly anything dome in the area of stochastic medelling of multi-
variate hydrologic system. In the work by Chow and Kareliotis (1970),
a set of stochastic formulations of individual hydrologic time serles

was merely superimposed to a simple water balance equatioen. Multiple

.
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CYoss speétral analysis was in;roduced by Rodriguez-Iturbe (1967),

but no further effort was made to model. the watershed system. There-
fore, it 1s also decided in this study to attempt a multivariate
hy;rologic system analysis making use of the available basic hydrolegic
time series, namely, funoff, temperature‘and ﬁrec}pitation. It is
beliefed‘that this coordinated use of'meteorqlpgibal and hydrometric
data should improve the accuracyﬁin estimating runoff characteristics

and shed more light upon the physical mechanism of the watershed

system,

~
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CHAPTER 3
STOCHASTIC DIFFERENTTAL EQUATION

- vs. g

. STOCHASTIC DIFFERENCE EQUATION

Introduction

In deterministic hydrology, it is the presumption that the
physics of each phenomenon in the hydrolégic cycle are well-enough knﬁwn to
permit derivati?pxpf realistic dynamic equations in thﬁ form of dif-
fere;tial equationé in both time and space. Each dérivative.
term in the dynamic equations bears its own physical significance and
explanation to the conservation of mass, momentum and energy whichever
suitable.” To study the relation betweep deterministic and stochastic
modelling, therefore, instead of merely investigating the stochastic i

difference equation of the autoregressive—ﬁoving average (ARMA) type,

it 1s also necessary to. loock at its continuous equivalent - the stochastic

differential equatioen.

The structural relationship between the stochastic differential
equation-and the stochastic difference equation can be established
through ‘examining the solutions of the impulse response functions ig
both cases. The attempt was first made by Bartlett (1946} to study the
relation between a second—order stochastic differential equation model

and a second-order stochastic difference equation model forced by a
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random impulse function. The theory was further extended b§ Box and

Jenkins (1970) for models subject to a random step function input.

In this study, a generalized approach is attémpted to esta-
blish the relationship between the stochastic differential equation
model and the ARMA process. These relationships for some selected
stochastlc models are used to identify th; underlying generating‘pro-
cess of the observed monthly runoff series. The physical interpretation
of the proposed stochastic model is then obtained through the correla-

tion between the model parameters and the watershed physiographic

characteristics.

Theoretical Developments

—

Relhtiénship between stochastic differential and difference formulations

The relationship between the stochastic differential equation
model and the stochastic difference equation, or ARMA type model can be
obtained through proper mathematical treatment of their  respective

‘solutions in terms of impulse response functions.
For a linear stochastic differentlal equation &odel,

(DM+31DM_1+ ces +aM_1D+aM)y(t) = x(t), (3.1 °

the impulse response function h{u) can be obtained as the solution

to the linear differential equation
M M-1
(D +a1D + ... +aH_lD+aM)h(u) 0 (3.2a)

or (D;ui) (DHL,) ... (muM)h(ﬁ-) =0 : (3.2b)



- 35 -

This leads to the following solution if all roots are distinct,

[

-Hju —Hou - '
h(u) = c.e 1 4 c e 2% 4L+ e Uﬁﬂ’ u 2 0. (3.3
¢

where -j's must have negative real parts for a stable system.

On the other hand, for a linear stochastic difference equation
3 ‘

of ARMA type

-

2 m _ _ 2 8
(l-dlB-dzB < el - de )yn = ﬁh “P—WZB - M. - wSB )xn, (3.4)

the impulse response function hr satisfies the.following relationship:
(1-d.B-d, 8% - ... - ¢ BR_= 0 r>s (3.5a)

1" "2 Tt m T ! ! )
or . (ljsiB)(l—SzB) .o (l-SmB)hr = 0, r > s. (3.5b)

The solution to the above difference equation becomes

h_ = c]S] + cySh + ... +elst, (3.6)

for 'm' distinct roots which must lie outside the unit circle for a

stable system.

Taking into consideration the analogy between differential
and difference equations and comparing equatioms (3.3) and (3.6), it

is natural to assume that
M=m and 8 =e ™, 1=1,2,...,m , (3.7)
Then the transformation of a linear stochastic differentia%

equation model into its equivalent discrete form can be accomplished

in the following manner.

N
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From the.relatioﬁship (3.7) and the linear system formula-

»

tion for continucus time

. .
y(t), = [~ h(t-u)x{u)du, (3.8)
- )
the discrete time equivalent is obtained by the follEE:ng linear operation

, d(B)y(t) = d(B) S% h(t-wx(u)du, | . ~ (3.9)
m . m ) t'
or || (1-8.B)y(t) = TT (1-8.B) /© h(t-u)x(w)du, (3.9b)
1=1 i=1 = T e ,
: m
where d(B) = (1-d,B-d,B° - ... - d B") and 111' (1-5,8) = (1-5,B) (1-S,B)
(1-SmB); or equivalently
m _ m _ . . '
TT a-e™MByy(e) = TT (- MB) /& h(t-u)x(d)du. (3.9¢)
i=1 1=1 -

By expanding the right-hand side of eq. (3.9a), it becomes

d(B) IE h{t-u)x(u)du

[==]

2

(1~ B-d,8° = ... - d 3" /° h(c-wx@)du | ——
75 h(emdx(e)du-d; S R(e-lmw)x(u)du=d, 57 h(e-2-u)x(u)du .

-0 - —oQ

ol

- ""_.dm st h(t-m-u)x{u)du

)

ft hit-u)x(u)du + ft_m h{t-u)x(u)du -
t-m —® .
t-1

-d S

1 h(t—l—u)x(u)du-d1 ft-m h(t-1-u)x(u)du

t-m _ =0
= el - dm ft_m h(t-m-u)x(u)du
-0

ft h(f-u)x(ﬁ)du-dl ft_l h(t=l-u)x(u)du - ...
t-m t-m

+ S5 4(B)h (t—u)x (u)du

t
S - h(t—u)x(u)du—dl f;:; h{t-1-u)x{u)du

t



- 37 - : -

- - d f;7m+1 h{t-mtl-u)x{u)du . .
LN m—l - -
. t~m
t t-1
= f Ho(h,t—u)x(u)du + [ Hl(h,t-u)x(u)du + ...+
) t-1 Toe-2
+ seml Hm_l(h,t—u)x(u)du .. (3.10)
t-m

where'HO,Hl,...,Hﬁ;l are functions of h ;nd t-u, to be determined by
grouping the convolution integrals at time increments {t-m,t-m+1),
(t-m+l, t-mt2),...,(t-1,t).

-Thus.itucan be seen that the equivalent discrete form of a
mth order linear differential equation model is indeed a mixed auto-
regressive-moving average (ARMA) type model of the order (m,m-1):
m—l)

4 2 m . 2 '
(l-dlB—dzB —...—de )yn = (wo w,B-w,B f"'—wm—lB X - (3.11)

It can also be observed, however, fro@/equations (3.10) and

(3.11) that the exact‘equivélence between fE:;_l Hr(h,t—u)x(u)du and
Wrxn—r depends on the nature of the input function X(u), which may be

a random impulse function, step function or any other known processes.

Given an output time series and assuming the input process
to be a random impulse function, the model parameters, or the co-
efficients of the linear stochastic differential equation may be

determined from the autocorrelation functions of the given time series:

o]

. 4 o R(Mh(v-u)dy

o)

{(3.12)
IO hz(v)dv

1]

f(Ul,Uz,---,Um; u)

Analytical solution to the above equation is difficult to
obtain. It can be solved,hhowever, by the method of iterative inter-

polation.
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First and second-order stochastic differential equations

General formulation of the analytical relationship betwéen ///
the stochastic aifferential equation model and its equivalent difference
equation model is very attractive. .For most practical purposes of
hydrologic time series analysis, however, it is sufficient to consider

only some special cases, namely, first and second-order stochastic °

differéntial equations.
a} For a first-order stochastic differential equation, it is given by

(1+KD) y(r) = x(t) : (3.13)

which takes the form resembling Nash's conceptual linear reservolr
model (Nash, 1960) subject to a random impulse function, or excess

rainfall in Nash's case.

The impulse response function can be shown to be

h(u) = %e_u”{‘, K> 0 (3.14) ‘

The linear system representation by this first-order pro-

cess then becomes ' ) .

-

t “
e EWK (Y, ' (3.15)

(==} -

1
y(t) = K{
By applying the linear operation (3.9), eq. (3.15) becomes

t
-V Byy(e) = 2 7 e~ (WK Gy, (3.16)
t-1
1

Assuming zero means for both input and output processes, the
relationship between Ui and Ui in eq. (3.13) can be shown to be obtained

by 3



A : (3.17)
“~ 7

The autocorrelation function of Y(t) is

p,(w) = e_““f. L ©(3.18)

if eq.'(3.16) is rewritten in the form of

”»

i V) S .
(1 dlB)yn = WoX vhere dl = e and |dl| < 1; (3.19)

t-1
X , where
n

. t —(t= )
it can be shown that-% [ e (£ u)/Kx(u)du may be approximated in the

discrete form by LA

2/

wy = ¥ (1-e” Ky /2, (3.20)

1

and Xn is an independent random process with zero mean and variance

equal to oi. This approximation preserves the mean and variance of
‘ t -(t—
the increment-% S 1 e (t ?)/Kx(u)du. The proof of eq. (3.20) is given
t_
" in Appendix B.

Alternatively, W may be computed from

&
2
GZ
v =V 5, (3.21)
S ‘ .
X

where z T V¥, is the random component for the ARMA(1,0) model, or

first-order autoregressive model (3.19).

b) For a second-order stochastic differential equation, it is defined by

(D2+alD+a2)y(t) = x(t), < (3.22)
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where X(t) 1s assumed to be a ran;::\{mpulse function.

The impulse response function becomes

h(u) =1-1 1

S (T e,
2 "1

(3T23)

where —ul and —uz are the distinct roots of the characteristic equation
D2+alD+a2 ='0 and must have negativelreal parts for a stable sttem.

When the roots a;; real, the system response is a double éxponeng}al
decay function and is the familiar ‘overdamped' motion in the terminclogy

of mechanical or electrical circuits; whereas for the complex roots, a

damped sine wave called ‘underdamped’ motion results,

Equation (3.23) leads to the following system representationm, J

y(t) = x({u)du. (3.24)

The discrete time equivalent of eq. (3.22) is then obtained :

through the linear operation (3.9)

' . (t-u)  -u, (t—u)
TR - (H,) £ M1 T :
(1-(e l+e 2)B+e 172 Bz)y(t) = f £ 7 _ue x(u)du
-1 M

4 -y (t=2-u) -p,(t-2-u)
—(u1+p2) Jrt—l e 1 e 2

=2 HomHy

x(u)du. (3.25)

- Assuming zero means for both inbut and output pfocagges, the

relationship between 03 and Oi can be shown to be

2 o2
ot = —= (3.26)
y 2a,a

172
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The autocorrelation function of Y(t) 1s

. H,e -l e . ‘
N 2 l .-
py(u) TR — . (3.27)

Rewriting eq. (3.25) in the form of

2
(l-dlB-dzB )yn = (wo—wlB)xn . (3.28)

. "Ul _u2 _(ul+]"!2) *
where d1 =e “He °, d2 = —g ~ and [d2| <1, d2+dl <1, d2—d1 < 1;

it gan bé shown that the random increments at the right-hand side of eq.

(3.25) may be approximated in the discrete form by w.x cand w.x

0n 1"n-1?
where
-2 ) =(H, ) : -2y

Yo © el Z “(-e H- -2+ (e 1 s %(1"9 4y, (3.298)

HomHy  cHy M1y )
=, +,) ' =
172 2y MU 2u ‘
and ¥ 7 = - v 21 (e l“l)" +u(e L 2—l)+-—2111 (e 2—l); (3.29b) ;
S HHy a1 A M TH, 2 :

and Xn is an -independent random process with zero mean and varianks\-_///,——h\

_equal to ci. Derivation of eq. (3.29) is presented in Appendix B,

.

Alternatively, w, and w, may be obtained by

0 1
%
v =t =, (3.30a)
0 L}
X
o r Z . 3.30b
and wl Cl/cz * ( )
X

from the fitted ARMA(2,1) process
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5 - ‘ - .
‘ (lndlB-qu }yn = (l—clB)zn, (3.28a)

x and c,z

where 2, = Vo, 1%0-1 = ¥1%p-1"

[

¢) For a second-order stochastic differential equation with equal foots,r
it can be writzén as '

. 2 2
(D +2uD+Hu )y (e) =.x(t) ~ {3.31)

»

which, is a specilal case of model (3.24) and is analogous to Nash's -

conceptual double linear reservoilr model; X(t) is assumed to be a
'r r

random impulse function. . '

The impulse response function in this case is

. h(u) = we MY, (3.32)

. where - is the double root of the characteristic equation D2+2uD+u2=0

and must.be a negative real number for a stable system. This results’

-in a 'critically damped' motion. ' -

The system is then represented by

' - “u(e-in)
y(t) = f (t-u)e Hit-u x(u)du. ’ (3.33) - -

A3
Through the linear operation (3.9), the discrete time

equivalent of eq. (3.31) then becomes

(1-2¢ PR+ M52y y (1) : f
t —u(t=u) _2 t-1

= [ (t-u)e H x(u)du-e uf {t-2-u)e
t-1 t-2

_u(t_z_u)x(u)du.

' (3.347
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The variance 0; can be  shown to be

T o , (3.35)

where Y(t) 1s assumed to have zero mean.
The autocorrelation function of Y(t) can be obtained as

. & follows, -

OB é"““(1+uu); _ ' (3.36)

For the alternative form of eq. ‘(3.34)71'

. 2 \
:(l-dlB—dzB )yn = (WO__WIB)XH’ . (3.37)
where d. = 2e ", d ‘= —e_2"1 and [d,]| < 1, d, +d, <1, d-d, < 1; it can ’
1 * 72 2 * 2 1 S A § ? ,
be shown that the discrete time equivalent of the random increment at i

the right-hand side of eq. (3.34) may be estimated in the weak statis-

cal sense by VoX, and WX g where
: - ’/
e AT, g S (3.382)
0 2u 2 . 3 3 .
2y 4u 4u ‘ .
and v = e’zu.afaﬁezu- 1232p_ Lo+ 13=2”; (3.38b)
’ . 2u Al 4y

-

and Xn '1s an independent random process with zero mean and variance

equal to Ui. The proof of eq. (3.4) can be found in Appendix B.

Aéain, Yy an.gl W, may be alternatively estimated by
f

0'2 '

w, =V —;, o o (3.39%9a)
a " . on
x



| o
| and : w) o=y v — 5 . {3.39b)
ag
x
from the fitted ARMA (2,1) process
(1-d,B-d,B%)y = ill B)z | 9
124,83y, c,B)z_, (3.39b)
where zn = w,Xx_ and ¢

0™n 1%n-1 7 ¥1%0-1" ' (3.372)

Computational Procedures

Data

Monthly runoff* records were obtained frém the so-called
"hydrological data bank' resulting from the hydrometric network_planning
study for western and northern Canada by the Department of the Environ-
ment {(Shawinigan, 1970). Forty-two sﬁations were selected from the
data bank's monthly runoff data file for the period 1952-1966 which
was also the study perled for the above study. Tﬁese stations were
among those classified as 'natural regime' stations where man-made
influences‘fo the fiow regime were kept to the minimum. The Jocations '

of these stations are shown in Table 3.1 and Figure 3.1. They are

fRunoff is defined here as the depth of the total flow volume uniformly
distributed over the entire drainage area. This definition is used
to reduce the noise variance introduced by the wide variation of the
‘drainage area measurements, which accounts for a large portion of the
flow variation and sometimes undermines the iIntrinsic statistigal
properties of the flow.
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evenly distributed in British Columbia and across the Prairie Provinces,
below the 60°N latitude. The drainage areas of these stations are
ranging from 76 sq. nl. to 82,000 sq. mi. The average watershed
physiographic characteristics were also obtained from the data bank's
basin file and are.given in Table 3.2, definition of which is given

in Appendix A.

Approximation of second-order stdgzg;arity
-

Considering the entire length of the geophysical history,
fifteen-yeamsis a rather short time span within which no significant
trend, geological, meteorological or hydrological, would pe realized.
Most of such geophysical time series could be assumed to be stationary
or pseudo-stationary Eontaining periodic components. Adamowski (1969)
has shown that fifteen years of data are adequate for dally streamflow
time series analysis and no significant trend was found in any of the
time series under study.- This same length of perilod was also adopted
as the minimum acc%ptable record length for stationary monthly hydro-
logic biﬁe series analysis in various hydroﬁetric network planning
studies ;n Canada (Shawinigan, 1969, 1970). Therefore, trend analysis

was not attempted for the monthly runcff series.

Several studles (Yevjevich, 1964; Rodriguez-Iturbe and
Yevjevich, 1967) have shown that there is no st;tistical evidence that
any cyclic (or deterministic) movement exists in river flow or pre-
cipitation time seriles except the astrondmic cycle of the year. There-
fore the following additivé process was assumed for the monthly runoff

geries:
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B :
q(t) = m(t) + q'(5), o o (3.40)

where q(t) is the observed runoff, m(t) is' the long term monthly mean

A

of the runoff and q'(t) is the stochastic component of the runoff,

Sometimes, however, seasonal variation might still be found among

monthly variances. In order to achieve the aecond;order stationarity

for the runoff series, the transformation suggested by Roesner -and

. ’

Yevievich (1966) was then applied:

_2'(t) _ g -m(t)
RAL, =ty 5 C0) _ (3.41)

wherg s(t) is the long term monthly standard deviation; y(t) is the

" . transformed stationary runoff component to the second order and -is to

be meodelled by an autoreéressive—moving'ave}age process.

Estimation of autocorrelations and autospectrums

+

-
-

The autotovariance and autocorrelation functions were esti-

[

mated respectivel§\from eqs. (2.8)'and (2.10),

. q Nk - : .
X . cyy(k) ¥ % YoVane (2.8)
- n§=1 - .
: c (k)
afd : r (k) = . - (2.10) .
, P 4 e,y (0) :

~

For k << N\ghe distribution of rw(k) can be taken as

Normal with mean zero and its variance is given by eq. (2.49)

-

'Varérk) %-%, : (2;49)

assuming that Y(t) is %n independent Normal series (Anderson, 1942).

'
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¥

The sample estimate of autospectrum‘was then obtained from

eq. (2.54), | - ' .
_ ) [ , M . ' -.l~ L L
Syy(f) = cy&{O)-+ 2 kfl w(k)cyy(k)cos2nfk, . -3sfxFe (2.54)
~here w(k) is the Parzen lag window defined as' follows:
w(D) = 1, C ' (3.42a)
W = 167+ edEL3, g ¥ (3.42b)
t] B i
wik) = 2(1 - J%L)B‘, - ‘ -‘%-: k] <@ I(3.42c)
‘ R
w(k) = 0, k| > M, M.<N. (3.42d)
Iéican be shoﬁn that the Parzen window leads.to smaller variance-
of’spéctral estimate (Jenkins and Watéé; 1968), i.e., )
var(s_ (£)) ¥ 6.539¢9 82 (£). ' (3.43) |
Yy Nyy

o The statistic. €§§y(ﬁllsy§(f) is approximately distributed
i“ - i

8 a Xi with degree of freedom 'v' given by
— - .

£

“ v = —-—-—-—- X3, 71(%)_, for Parzen's lagggindow - (3.44)
. - {Jenkins and Watts, 1968).

Hence‘the iUO(l—a)Z confidence interval for Syy(f) is

1
e

- vS_ (£) vS  (f) (3.45)
ey SO sxem @

where x&kl—(a/Z)) and xv(a/Z) arelxi values at the 100(1-{a/2))7 and

100(a/2)% levels respectively.
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4

It has been suggested (Jenkins and Watts, 1968) that M = N
is sufficient for reliable estimates of spectrums. Therefore in this

study, it 1s decided that .-

_ M= %giao = 45 % 48(months).

Identification of monthly runoff generating process -

- Identification of a system involves selecting a proper model,
estimating parameters of the seletted model and evaluating the efficiency
of the fitted model. If the fitted model is found inadequate to des-

cribe the behavior of the system, zlternative models must-be cogpidered.

Since it 1s generally recognized that the solution to any
hyarologic problem is not unique, the identification of the transformed

stationary monthly runoff series was carried out by fitting the time

[

4“0 series with some preselected models. These models were selected based i

on the observation that the coérelogram'as well as the spectrum of :E;;
time series indicated an autoregressive—ﬁoving average scheme and oﬂ“
the 1ifera;ure review that most ﬁydrologic time series may'be fitted
by a first-order autoregressive pro ss‘(Boesner and Yevjevich, 1966;

Solomon, 1972a), a second-order au} egresaive process (Quimpo and
Yevjevich, 1967; Adamowski, 1969) and an ARMA(1,l) process (0'Connell,
1971). The final consideration would then be given to the one with

the simplest possible formation yet statistically adequate to represent

the given time series.
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a) First-order stochastic differential equation (S.D.E.) and its
equivalent first-order autoregressive or ARMA(1,0) process
]

-

The mathematical forms of the first-order S.D.E. and the

ARMA(1,0) process are glven by equations (3.13) and, (3.19):

(I+KD)y(t) = x(t), K>0 '=(3.13)
: (l_diB)yn - Vg%, ja | <1 (3.19)
. %p‘can be shown that d1 may be estimated from
i d; - ;wcl) , (3.46)
‘and K was obtalned from ‘eq. é3.16), C . / lﬁ
- - .‘ K = -1/1n(d,). o (3.47)

The approximate variance of the estimate K is giyeh

3

Var (K) % 2% , : (3.48)

where N is the number of observations (Bartlett, 1946).

. ‘ ~—
The variance of disturbance or noise to the model (3.13)

&
was estimated using eq. (3.17)

2 2.

o° = 2Ko“, a : '(3.17a)
x y : .
The coefficient v, was then obtained from eq. (3.21)
) 2z
- — ' = - . 3.21).
Vg = ¥ 02, vhere 'z woxn" ( )
. . -



The theoretical auéocorrelation function can be shown to \\

<

be f:. :
ryy(u) = e_u/K ' 'for continuous time; (3.49a)
ryy(k) = d? - for discrete time, . (3.49b)

S

The theoretical variance spectrums for the above process are

2
. g -
5 (f) = —"—-2- , =» S f < for continuous time (3.50a)
Yo r 14(2mER)
A
S (f) = 5 X — - %—S £ s-% for ‘discrete
7y 1+d;-2d, cos2TE, X time. (3.50b)

The portion of the varilance of the transformed runcff series

or rather the oﬁeJStep prediction varilance, which could not be explained

by the proposed model, was computed by taking the expectation-of the

equared deviation: - , . .

2
E(yn-dlyn_l) , n=12,_._,N.

b) Second-order 5.D.E. and its equivalent ARMA(2,1) process

The second-order S.D.E. and the ARMA(2,1) process are given

'reépect}vely by equations (3.22) and (3.28):

(0%+a DHa,)y(t) = x(t) (3.22)

1

-

with the toots of the characteristic ‘equation havipg negative real
partst

‘ 2 .
-d_ B~ = _ . .98
and (1 dlB dZB )yn (w0 wlB)xn, (3.28)
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with the condition that |d2| <1, dyHd; <1 and dy-d; < L.

Coefficients 41’ d2 were estimated by
r_ (Dr_ (D-r (3
yy()w()_w()

d. = ’ (3-51)
1 7
Ty (DT (2)

2
iw(l) rH(B)-ryy(?-)

d, = . (3.52)
¥y ¥y
The relationship between the.roots —ul, —u2 of the
characteristic equation D2+alD+a2 = 0 and coefficients'dl, d2 is
given by eq. (3.25), |
PR T I e%(-al-'- ’ ai'l‘az) ﬂ%(-al_ v ai“z‘az)’ (3.5%

d, = - = 1. . (3.54) .

The determination of al; a, and computation of theoretical

autocorrelations and variance spectrums were then carried out depending

on the nature of the roots of the characteristic equation 11dlB-d2B2_= 0,
or alternatively oﬁ the value of di + 4d2.
i) Complex roots.

Lf the goéts of the characteristic equation l-dlB--dzB2 =0
are complex, i.e., di + 4d2 < 0, 1t indicates implicitly cbmplex roots
for the qharactetisti; equaﬁion D2+al]}+a2 = 0. Subsequently

eq. (3.51) may be rewrittem as . ,



1 2
dl = e cos 7 v 432_51' (3.53a)

From equations (3.54) and (3.53a), a, and a, can be computéd
which in turn determine the real and imaginary paits of the complex '
foots ~Hy and ~H, of the equation D2+31D+az'= 0.

In order to reproduce the computed autocorrelations of the
first two lags, which are considered reliable sample estimétes of
their parent values, the above computed values of 2 and a, were used -
as the initial estimates to solve the following non-linear implicit

equations derived from eq. (3.27):

bcosd )
£y, (1) = :Ege'bsir‘e)’ (3.55a)
2bcost . ;
r () = = :iﬁée"%si“e) : (3.55b)

) _ _ -1 2
where b=2 v ay and O6=tan (- ¥ 4az—al/al).

It is difficult to solve eq. (3.35) analytically, a modified
N . .
Newton's method for non-linear systems was developed. This is an
iterative method of interpolation and extrapolation, which takes into

consideration the variatilcon of the geometry of the solution plane to

locate the roots and improve the rate of convergence.

The final values of a, and 2, from the above interpolation
method were then used to determine dl and d2 using equations (3.51)

and (3.52) respectively. The approximate varlances of the estimated

1
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al.and a, are glven respectively by

2a1
Var(al) %-—E— . (3.56)
n za'1&'2.
and . Vai(az) - (Bartlett, 1946), {(3.57)

The noise variance was estimated using eq. (3.26)

2 2 Ly
o =_281820y . {3.26a)

‘The discrete time model was then fitted by

(l—dlB—dzB)yn = (l-clB)zn

(3.28a)
and coefficients LA and W, were computed using eq. (3.30):
2
. Gz
%5 =y 5 (3.30a)
g
x
o> _
wo= e/ 5. . : (3.30b)
o i
< .
The theoretical autocorrelation for contirduous time 1is
ubcosf )
_e 8in(@-ubsinb)}
;yy(u) = o1ab (3.58a)

For discrete, time, theoretical autocorrelations may also be

expressed in terms of the roots of the characteristic equation

1-d_ B-d Bz = (0, It is, however, easier to compute the autocorrelations

17 "2
through the recursive relationsﬁip A

ryy(k)=d1ryy(k-1)+d2ryy(k-2), k=2 _ (3.58b)
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! . 2
oy  {dyw - ) (wa-wod Y bww. d
with ryy(l) = - L g % 0 11 012 . {3.58¢)
: (w0+wl)(1—d2)-2w0wldl . _
- _ \
. <

The theoretical variance spectrums become

£ U’z‘ |
| Syy( ) (az-4n2f2)2+(2wfal)2-’ TeEsT
. for continuous time; (3.59a)
v . .
;yy(f) _ : ;wgfwi-ZwowlCOSZWf)di o %-5 ¢ < %
_l+dl+d2—2d1(l-d1)cosZﬂf—2d2c034ﬁf
. for discrete time. (3.59b)

11) Equal roots. ' . . ‘

If the roots of the characteristic equation l—dlB—d232 =0

are equal, i.e., d1+4d2 = 0, it also implies equal roots for the

characteristic equation D2+alD+a2 =0, i.e., -ul = -uz = =U.

Simple relationships exist among parameters dl, d2, al and a,t -
d
_ o 12 .2 ]

d2 = (2 )" = d7; ‘ %(3.60)

a
1,2 2
az (2 ) =a; (3'61) *
d=¢e"=e2, : (3.62)

Initial value of 'a' was obtained from eq. (3.62) and then

adjusted to fit the sample estimate of lag-one autocorrelation
. .,
r (1) = e "(1+u) (3.63)
—ey (1+1),

where 4 = a.
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"
Equation {3.63) was solvé! numerically and the final value’
of 'a' was used to determine 'd' using eq. (3.62). The approximate

variance of the estimates 8, and a, were computed using equations (3.56)

and (3.57).

The procedures to determine the parameters vy and L auto-
correlations and variance spectrums are the same as for the case of
complex roots except that the theoretical autocorrelation function

for continuous time is expressed by‘l

T, = e ). - ' (3.64)

iii) Real roots.

2
lB-dZB =0

are real and distinct, i.e., di+4d2>0, real roots are expected for

If the roots of the characteristic’equation 1-4

the characteristic equation D2+aiD+32 = Q.

fl

Equation (3.53) may be rewritten as
_a
2

1 2
dl = Ze coshi v al—4a2. (3.53b)

From equationg (3- 54) and (3-531)), initial values of al.and a

were obtained. The following non-linear'implicit~equgtions were then

2

-

solved numerically to arrive at the final values of a, and a,:

1 2
o TH .
Ha® TH®
r (1) = — — (3.65a)
nis T .
l'—l_ze 'Ule
r (2) = . (3.65b)

Y
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The approximate varlances of the estimates were again
obtained from equations (3.56) and (3.57) .Apjusied values of dl
and d2 were obtained using equations (3.58) and (3.54) respectively. .

In the same manner, vy and W, were computed using eq. (3.30).
Theoretical autocorrelations and spectrums warg.computed using equations
(3.58) and (3.59), with the exception that the theoretical auto-

_correlation function for cbntinuous time may be ‘directly computed

from eq. (3.27)

. (3.27)

The portion of the unexplained variance due to the proposed .
gsecond-order S.D.E., or the equivalent ARMA(2,1) model was then com~

puted by taking the expectation of the squared deviation:

2
B(y_-dyy, o -dyy ohix )7, n=1,2,...,N. i

c¢) ARMA(1l,l) process

The ARMA(1,1) process is represented by

(l—dlB)Yn_n (l-wlB)xn, (3.66)
with the condition that Idll <1.

It can be shown that

d1 = rﬁy(Z)/rnyl), (3.67)

L
and w, may be cbtained by solving the implicit equation

q



(1-d,w;) (4w, )

The approximate variances of the estimates d1 and w, are

glven respectively by

(1 dl)(l -d,w )

(3.68)

LY

Var(dl) . (3.69)
N(dl—wl)
. R -
and ‘ .
n (1-w )(l d ) : o
Var(wl) A 7 (Box and Jenkins,1970). (3.70)
N( l—wl) : o
The theoretical autocorrelations and spectrums for the
ARMA(1,1) process are given by
(k) = 4T (k-1), k22 (3.71)

with ryy(l) ad defined by eq. (3.68); and

2 2
B (1+wl-2wlc032ﬂf)cx 1 1
Yy l+d1—2dlc052ﬂf

The uﬁekplained variance due to the proposed model was

then defined by taking the expectation

‘ 2
E(yn dlyn 111 % - l) , n=1,2,...,N

“

d)} Second-order autoregressive or ARMA(2,0) process
The ARMA(2,0) process is defined by

(l—dlB—dzB)yn =%,

(3.73)



with the condition that |d2| <1,.dyHd, <1 and d,-d; < 1. .

It can be shown that

r_ (D-r_ (r_(2)
4y = T - (3.74)
J 1-r~ (1)
vy
2
r. (2)-r (1)
d, = 4 5 Yy (3.75)
1-r" (1)
-7 lyy

The approximate variances of the estimates dl and d2 are

given respectively by

Var(dl) -q, —N_ ,‘ . . (3.76)
1-d§
and : Var(dz).%:—if—— (Box and Jenkins, 1970). ' (3.77)

The theoretical autocorrelations and speétrums of an ARMA(Z;l)

process are

-

N = - - _ ; ' .78
£ (0 = dr (e-Didyr (k-2), k2l; - (3.78)
2
)
’ 1 1
SyyB) = —75 N » "3 ffEsys
1+dl+d2—2dl(l—dl)c082ﬂf—2d2cos4ﬂf

The unexplained ﬁariance due to the proposed model was

cbtained by taking the expectation

2 - .
E(yn-dlyn_l-dzyn_z) R n=1,2,...,N.

(3.79)

Q
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Evaluation of proposed models

- L4
. Vdlidation.of the above proposed models was not carried out -

because of time and budgetary limitations. The efficiency of the

models, however, was evaluated by following procedures:

1) Comparison between estimated and thébreticai autocorrelation
functions and vaiiance spectrums of the transformed runoff series.
Although the variance of sample autocorrelation at various lags might

be estimated ﬂﬁmerically through equation; (2.47) or (2.4B8), this was

not done because of the unstable nature of the sample estimate of auto- )
coz:'relation function. Only ‘smoothec'i varliance spectrums were subject to

further statistical analysis. Confidence limits of the variance'

spectrum were 'computed using equations (3.44) and (3.45).

r

i1) Examination of autocorrelatiggs and variance spectrums of the

noise or the residual terms of the proposed models. One basic assumption
-,
concerning the noilse term of all the above models is that it is of the i
nature of a purely random process, or white noises.
1i4) Examination of the unexpiained portion of the variance or the

. one-step prediction variance due to the proposed models.

Correlation between model parameters and watershed physiographic
characteristics

The next.step was to seek the physical interpretation of the
proposed stochastic model. This was attempted through the correlation
regression between model parameters (criterion #ariables or the so—called
dependent variables) and watershed physiographic charactefistigs (pre-

dictor variables or the so-called independent variables).
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Both-line%;'anﬂ'non-lingar relationships were attempted. 1In
. ‘ . ) e L ) ’ . -
both cases only simple forms of rslatiopships were asSumed.¢ -

For the linear cdse, it was assumed that T ' u

Lo Yi = ad+alxr+a2x2+ .es +akxk - {3.80)

.,

. -

‘e t . LT
where Yi,ia the i'h model parameter; xl,xz,.u.,xk are the wétershed

physiographic characteristics' ao is the intercept constant and 81585,
...,ak are regggﬁsion coefficients.

' For the non-linear case, a'simpie product relationship was

assumed ' 7 ' . _
"‘l"' .- .a, a,
N P T} " ~
<. : Yi = aoxl Xz ~ee 'X3 » v N (3.81&)
o " . ) 1ogY’L_L = logé0+allogxl+aélogX£T . +aklogxk,__ (3.81b?

: . h- . . ; .
where in the case of (3.81§Zﬂﬁhity was added before logarithmic trans-

‘ 9 ' .
formation to any variable which had equally likely, chance to bear zerg

values. T ) .
Conventional multiple regression analysis was carried out
. SR '

ekcept the following pre-screening prpcedure.gbf possible reduction of
- 5 . v -

the numéer of predictor variables: ‘ ' i‘_ ‘.

r

-

i), Coefficients-bf'correiation between dritetioﬁ variables and

predictor variables weré,first:compuﬁbd.f Thode predintor varlables

qrion variables were
Y

?$the statistic

_with less significant correlation with the ct:

then eliminated'usiné-?iéher“s critet}on, i.e.

: ‘ e il wn/ . - ‘
v . B ‘. Y om = 1+r : T e : -
s S z =3 in 1;; | X . (3.8?)
a‘.. . L L B .

iy
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’ . @ . .‘.ta
0 ) .

is approxi_mately‘ normally distributed.with veriance ﬁ']-;i .

11) :emg{ning predictor variables were thén subject to the
' Varimax factor analysis (Kaiser, 1958; Harman, 1960) to identify the
i_factor’patterns or dominant predictor variabies which were to be used for
f’the final multiple regression analysis. This exercise would .achiene the
concept of 'simple sttucture or parsimony& for the multiple regression
model yet without introducing significa:t reduction or rather glving more
meaningful indication of its ability in prediction of the behaviour of

criterion variables. A brief description.of the Varimax method of factor

@&

analysis isg given in Appendix C. Apnlication of Varimax factor analysis '

) .
-.in hydrology cén be found in Eiselstein (1967), Overton (1968), Wallis

(1968), etc.

T~ Alnng with the presentation and discussion of the results in

the, following section, the above procedures are illustrated in graphical

forms by a typical example at OSAB002 —~ Willow Creek near Nolan, Alberta,

Results and Discussion

- Seasonal and stochastic components of monthly ruuoﬁk series

Before,exémining'the seasonal variation in the monthly runoff

series, the total.gman and variance.of the raw time series were first
. - L. Fa ) . '

computed for each station and are listed in Table 3.3. ‘It can be seen
that runoffs in the mountainous areas generally have higher values with
larger nariance than: fflose in the Prairies.
- Harmonic’;;alysie af the Fourier transformagion of the runoﬁf
» series ie:;resented in ,Table 3.3 and it indicates -that the annual cycle
and i'ta sub-harnonios, i.e.,‘12, 6, 4, 3, 2.4 and 2 (months) haveah

accounted for approximately 24.5% to 93.9% of the total variance.

- )

. E F—b}.

-

-

[
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Seasonal influence also appears to be more profound in the mountainous

areas. e .

' Annual andﬂsegaonal components were removed by subtracting
the long-term monthly means (Figure 3.2a) from the raw déta using
eq. (3.40)._ The remaining stochastic component then has varilance

varying from 6.1% to 75.5% of the total variance (Table 3.3). However,

" it is obvious from Figure 3.2b and the result of BartletE‘ésthE\?f
homogeneity of variances (Bartlett, 1937) also showed that there was
significant difference among long-term monthly variances. In order to

achieve the second-order stationarity, the effect of seasonal variation

in monthly variances had to be removed using eq. (3.41):

.y(t) - g(;%;?(t) A (3.41)

.

The resulting stochastic component y(t) would then yield zeroc mean

and unit wvariance 5proughout the whole study period and between months.

The statistical analyses presented in the subsequent sub-

'

sections are confined to this transformed stationary time series of y(t).

Autocorrelation function and variance spectrum

Sample estimates of the autocorrelation were computed using
equations (2.8) and (2.10). It can be observed (Figure 3.3) that they
follow generally the pattern of damped oscillation which is the
characteristic belonging to the category of an autoregressive-moving
average scheme (Jenkins and Watts, 1968). Autocorrelations of the first

two lagé are also-listed in Table‘3.3, It can be seen that large first-

-
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+ Flgure 3.2b Monthly Variances of Runoff - 05AB002 Willow Creek
near Nolan
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.. order autocorrelations are usually associated with large storage areas

(Table 3.2 and 3.3). Smoothed aﬁEBspectrums‘were-computed using eq. (2.54),

‘whose pattern (Figure 3.4) further confirms that the underlying runoff

——

generating process 1s of an autoregressive-moving average scheme .

L4

(Jenkins ﬁnd Watts, 1968).

-
-

Augoregressive-moving average representation of the stochastic process

The transformed series were fitted by the following autow
regressive-moving average schemes, namely: first-order stochastic dif- .
‘sgrentiéi eqyations (5.D.E.) and its equivalent discrete éRMA(l,O) pro;
cess, second-order S.D.E. gnd its equivalent ARMA(2,l) process, ARMA(1,1)
process'and ARMA-(2,0) p;ocess. The regults are gilven in Tahle 3.4*,-which

lists the computed‘model parameters and their standard deviations. 1In

Table 3.4, two additional parameters were also computed, namely, 'unit
¢

noise variance' afd 'gross nolse variance'. The unit noise variance for
_ ! it .

the first-order S.D.E. is defined by eq. (3.17a), whereas that for the

2

second-order §.D.E. is the value of eq. (3.26a) multiplied‘by a factor a
to assure the continuity condition of the runoff. The gross noise variance

is then the product of the unit noise variance and the runoff residual

-~

variance which 1s defined as the variance of the stochasgiq component

from eq. (3.40). The significance of these parameters would be-discussed

in the next sub-section.

it_can be seen that ‘most of the series could be represented by

¢
a first-order S.D.E. and its equivalent ARMA(1,0) process, and ARMA(1,1)

*In Table 3.4, 'Model Validity at 95% Level' was based on the various
statistical tests at 95% confidence level on compdrison of observed and
theoretical autospectrums of the transformed runoff serles, on random-
ness of the noise series to the proposed models. Question mark '?’
indicates failure in any of the above tests to validate the proposed
model. Standard deviations of estimates of coefficients in ARMA(1,0)
and ARMA(2,1) processes are not computed because they were derived
from the fitted first- and second-order S5.D.E. models regpectively.

' ' 3
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Figure 3 4 Variance Spectrums of Stochastic Component of Runoff -

05AB002 Willow. Creek near Nolan



<t 7€ 9¢ y aouwtam) [ENPESIY pourerdxy
T 894 g2k EY 12497 %56 3° AITPTIEA T3POK
£0°0 60°0 10'0 €00 £0°0 20'0 P ST D S 4
L0°0 25°0 L0°0 05'0 L0°0 97'0 Ip ze L (-2"P-9 P-T)
HE v <z Y aoueyIEp [ENPISey PIuUFeRIdXT
Hys 554 89K TeA9T 266 18 KIPFIBA TOPOR
- H
£T°0 “LT'0 %1°0 3 90°'0Q 91’0 #0°0 a 2 T 1.1
60°0 89°0 Zio - 95°0 P1°0 0s'g_'p ‘ z(g'n-1)="£(g"P-1)
1€ " 0E 3 Y SoUETiEp [enpyssy peureldxd
L 524 i ToA8T %66 3 KITPTTBA TOPOH
-1 e’ 9.0 ut 90UBTIEA ISTON 8S019
- MM»M MM.M L YA A w . aoueTIEA @STON ITUf]
~ 60°0- 50°0- £0°0- 'n .
' £EC°0 0z°0 8T°0 0, ;
. g0°0- %00~ €00~ ‘p "x(a'a-On) = mnwmw?mﬁ?d
L%°0 6£°0 HE*D Hv )
92°0 A4 T€°0 89°¢ GE'0 9T°¢ Ce z 1
81°0 - 26°C 610 (z's  0z°0 ¢s'g s () RD Ao B, Q)
L (4} . CZ ¥ PUURTIERA [ENPTSay poupeldiy
824 834 sak 194971266 3® AIPPTTEA T2POR
T Y80 £T°0 L8O uf aouetaep 98TON S50313
8G°E 66°C g9°z ¢ aoueTIEA SSTON ITUN
. E7°0 05°0 50 On
£5°0 15°0 /o Tp O£ (atp-1)
sZ°0 6L°1 61°0 08T 910 ze'1 | Te : (3)x=(3)&(a o4 T)
*A3(Q°PIS  93TWF3ISY eAS(°PI§  9IBWFISY  ‘AIQ'PIS  OIBWLISH . .
= UOTIEOTITIUIPT UOTIEIG
2009VS0 €T0VVve0 -

TZOHVSO

.

L

WOTIBITIFIUAPI 600014 mnﬂuwchmw Igouny o Azeummng

y°g TAVL

)



- 85 -

by

33 (43 . ¥ souwpanp TENPTSay PouTwTUXd
ook ¢ ToA9T 256 3¢ AITPTTEA T9POH
£0°0 . 9TI'0  £0°0 €1°0 £0°0 10 p a i
£0°0 ws'0 L0°0 17°0 £0°0 . 15'0_'p z="£(74°p-€ P-T)
57 te €h ¥ aoUBTliEp [eNnpEssd poureTdxy
834 B i Toa9 %56 3 LIPTIEA T3POK
..H .
iT°'0 cZ'0 €1°0 %20 AN 9z'0 A# 1.1 1T
L0°0 6L°0 60°0 1L°0 80°0 9,°0 'p z(g a-T)= 4(d P-T)
8t 1z cE ¥ SouBTiep [enpisay poureldxd
& ¢ : 7oA %56 38 LITPFTEA TPPOK
%9°0 . 4870 6%°0 uy aDouRTIB) ISJON B8SCIH
IYALS 09°¢ 16°¢ [ @ouURTIBA 38TON ITUN
. .H.
90°0- ®0°0~ - co'o- 4
0
LZ°0 zZ'0 %20 . @0 . . 1
80°0- 50" 0~ 90°0~ °P x(ala-On) = 8¢ g%-gtp-T)
- T .
12°0 95°1 82°0 LE"T %Z°0 06°T °® -
L1°0 0s°2 810 80°€ 8T°0 9,'7 e @)= A" e H0)
b : i3 ok ] SOURYI®A [ENPFSdY PBUTETAXT
B l L 19497 %66 3% AITPFIRA TOPOH
16°0 ‘gLt 0 990 ut 20UBTIEA IBFON 88019
55°h 6C°¢ 16°€ ¢ SdouUBLIB) D8TON ITUN
0
9e°0 9%°0 o%°0 a a0 3., T
99°0 95°0 09'0 P xOn=4(aTp>1)
; T
9€°0 82°2 2270 §9°T 62°0 6'T '® (3)x=(2)&(QTB+T)
‘A8(° Pas ojemplsy  tA°Q°PI§  93IPWISA  ASQTPIS  2IBWIISH : .
. UOT3EOTITIUSPI UOTIVIS
20049ds0 T009as0 co0rdso

UOTIBDTITIULP] S69001d Juljeisuasn jFouny uc AIlvumng

(ponurjuod) #'¢ ATIAVI



- 86 -

8 | Ty %E g asouBTanp TENpPEEDY poureldxy
8« a4k i 19437 266 I® A3ITPTI®A T°POKW
L0'0 . 8T'0- L0°0 z0°0 £0°0 Z1°0 °p /. 11, 7. T
L0°0 0T'1 L0°0 79°0 L0°0 6v°0 P za £(,2°p- P-T)
"8 Y YE Z S0UBTAEA TBNpFsoy PoureTdxd
gak 894 i Tea?T %66 ' KIPTIBA TPPOH
. . . T
80°0 0Z°0- gr'o €0°0 [A 0] _ 22’0 A . 1 * I 4 1
%00 88°0 60°0 .~ 99°0 60°0 120 Tp z(g #-T)="4(g P-T)
) 18 Bt 8¢ ¥ SoUETABp 1BNpTSoy Paureidxy
Tl sak 3 . v T9A9T %66 28 AITPTTBA T2POH
. L0°0 . “E0T0 75°0 uf ] 9duBTIB) B9TON 8801D
66°L : £T°¢ 89°¢ [4 soueTIR) I9TON ITUN
v €1'0- : 900~ t 50°0- &
05°0 ©9z°'0 8 220 Om v g T
© g0 80°0- c c0'0- Cp x (g u-On) = £(a%p-a"p-1)
eT'T . . 960 9’0 Hu
S0°0 %2°0 IZ°0 £9°T - Le*o ogee e
Tounl
01°0 86°0 . LT'0 55°2 810 g6'z ‘e (1)x=(3)4 "o+ 2+, Q)
. ) 78 Y we 2 SoUBTIB) [ENPIEaY POUTRTAXY
g3k - . 834 : sak TeA®T %66 3¢ KITPTIEA T2POH
oz'0 - w~”70°0 99°Q uT IDUBRTABA SSTON S8501D
™~ | A4 15°% JA: ¢ ooueBTIEp ISTON ATUN
- 3
60°0 L£°0 #%°0 a 0 2.1
160 79°0 9s'0 P Ot
\ : . T,y
8°¢ . T'IT - 7€°0 12°2 ¥Z0 €T e (3)x=(3)4(a"3+7)

- +ABQ°p3S ©IBWFIEY  °A2Q°PIS 9IEWFIST  "A°Q°PIS  S3IBUWISH

2009350 T009DS0 1002450

UOTIEOTITIUSPI UOFILIS

UOTIBOTIFIUSPI §83n01g Supiviosuas jJoury uo Ailruung

{ponurjuod) 4'g ATAVL



- 87 -

o~ H ; @OUBTAEA TEnpEsey poureTdxm

50, 9¢ Z
& B« i : : ToA37 %56 ¥ AITPTIEA TOPOK
0°0  ° 8I'0 « [0'0 91" 0 £0*0 910 P
. 1 uuuuhn [4 ...m._”?..D
£0°0 9°0 . 100 ¥9°0 £0°0 69°0 P : 79°P
<9 19 LE 4 POUBTAB) TENPTSIY PRUTETAXT
sak 83k - l : Te427 256 3 £IPTTEA T2POH
. T :
60°0 £€2°0 0T'0 12°0.. 210 tz'o B . a1 _—
%0'0 88°0 S0'0 cg8°0 go'o 9L'0 Tp z(g #-T)= &(d P-T)
137 TS 62 i SoUET1EA [EenpIsoy PoUTEBLOXd
é _— & i . 19497 ¥G6 3B AITPTTEA TOPOH
%€°0 £T°0 . £8°¢ uy aouUBTIBRp P9TON S5019
I 0Ly : 78°7 [4 aouBTIBA 2STON ITUN
1 .
v 60°0- 80°0- : 00—
, : 0
LE°0 ¥E*0 : VAT a1 D 3er 7o T
. . PR [4 "M mY = A - -
61°'0- ST*0- 90°0- Hv x(g n-"n) ANm p-g 'P=T)
98°0 8L°0 gy'o _P
ZT°0 12°0 - €10 - 88°0 §z'0 z0°7 e
‘ : A §
y¥T°0 89°1 PT'0 88'T  ° 8T'0 vg'z e ()x=()£("e4a 8 +,0)
v9 . 09 e % SOUETAE) TENPESoY pouTsldXd
CEXS i _ i TeA®1 ¥G6 I® LITPTTEA T2POH
19°0 z27'0 - - e 0T°¢ ut aouejaep 98TON §5019
98 02°L ZL'¢e [£ aoueTavp ISTON 2TUN
12°0 %270 . , 20 On 1
’ 3
64'0 9£°0 850 P . xOn=£ (g p-1)
$6°0 ey ZL°0 09°¢ L2°0 9g°T ‘e L (3)x=(2) A (a"e+T)

A2Q*P1§ 9IBWFIST  AIQ°PIS  OIBWEISH  *ASQ'PIS  9IBWFISR :
- WOTIBOTITIUSPT UOTILIAS

100QLS0 .20041.50 ZEOWOSO

UOTIBOTITIURP] S820014 Jurieisusy) yjouny uo LIBUKING

(ponutluod) #'¢ ATAVL



“

noﬂumUﬂWHucwvH 8882014 Supjeaauag Jjo

(penuT3u02) 4'¢ ATIVL

.

= .mwh : Z¢ LYy b4 DOUBTIVH Hqsuwmmm pauteTdxy
i 594 TaA37 766 v LITPTTBA TOPOK
£o*0 80°0- L0°0 L1°0 L0*0 yo'0- P A 51
£0°0 96°0 £0°0 8S°0 £0°0 0z'0 'p z="£(;2%p-8 "P-T)
18 7%= 9% % JOUETiBA [ENPTSaY PIUTETAXT
gak i 504 Toa97 %66 38 AIPTTBA T3POH
; . T
60°0 600~ 0T°0 9Z°0 11°0 900~ A . 1 .
%0°0 870 90°0 €8°0  + 80°0 99°0 Tp z(g_A-T)="4(4 P-T)
18 19 oY o aouwRTaAR) [ENPTSIY PAureTdxy
¢ é L 12437 %56 ' AITPTTEA TIPOH
A M £Z°0 %E°Q uf 20uUBTaBA 9STON 58019
891 ' SL°¢ (A A% [ IOUBTIEA FSTON ITU]
T
T0°0~- LGy - gp o~ &
. . + . 03
S N ) 0£°0 . 82°'0 : . . 1
' T00°0~ Zr 0~ or70- Cp x(g'm-Om) = 4 gp-a"p-1)
. L8°0 - 89°0 29°0 ‘p
92°0 26°0 (10 ST°T 61°0 11 Ce |
(2'0° . 08"9 ST°0 SIT  ° 9T'0 pe'z e Auvxuﬁuvhﬁmm#nﬂm+mav
.ﬁw . 1S 4 LY ¥ DOUPTIBA TBNPTEY pauTeTdxy
L é L1 TPA9T %56 3B AITPTTBA T2POH
20°'0 : "GETD . *05°0 Vﬂ BOUBTIBA 2STON 88019
- TUT 08,6 . 50°S (48 aoueTaIRp @STON ITUn
| Fo ’ be o | ceo e 3,0, ool
68°0 _— "TL*0 90 Tp X m="£(4 P-T)
- ) il B .H
€9'C - €58 5o 06°C zy0 g5'7 e (M)x=(3)4(a"+7)
- - N
*AD(Q*PIS  9ITWFISZ. ‘AS(Q°PIS  QITWFISH  ASQTPIS  VIBWIISF i
A - =z - TWOFIBOTIFIUSPT UOTILIS
009290 T004V90 T00DLS0 .
: , )

uny uo Aleumms



N

(4 62 g8 % 0UBTATA TUNpFEoy pRureTIXd
i i s34 ToAe7 %56 32 LITPITPA T9POK
£0°0 170 £0°0 010 £0°0 wero- P . s g m
£0*0 670 £0°0 L%°0 £0°0 T p 2="A(79°P~€ 'P~T)
e ez ‘ : ve Y Souetie) [enprsey poureidxd
d 1 gak 19A97 %56 38 AIPTTBA T9POH
£T'0 0Z'0 10 0Z'0 Loto . ¥%°0- Tn : . .
3
0T°0 69°0 010 99°0 200 8’0 b z (g n-1)="£(g"P=T)
B89k gz cg . o 3OUETAEA [ENpI6eyd peufeldxy
) gok s34 TeA®T 256 3® LITPTTBA T2POR
0 L5°0 - 80°0 ut 30UBTIB) S9ETON .S5019
%97 .9tz T'Tl ¢ 9oueTaep ISTON ITUN
%0'0- %0°0- 800~ Tn
z72°0 , 12°0 9c'g  On . oo
c0'0- #0*0- g1'0- P ) xﬁmﬂ -n} = mﬁmm P-g-P-1)
¥%°0 0%°0 10°T P
8Z'0 A4 TE°0 29°2 80°0 gc'o Cw _
8T°0 S0°¢ 6T°0 ¥Z'€ ¥1°0 bg T IE (Nx=()L("e+a 2+, Q)
ct LT £8 ] SOUBTLEj TENPTEoY PSUTETAXT
& & ¢ Tea°T %66 38 AITPTIeA TPPOH
£5°0 0L°0 #1°0 uT aoupiaep ©8TON 85019
YE't C0't 6°6T [£ aouBTIBA OSTON ITUN
0p )
9%°0 6%'0 01°0 1.0, 2,1 .
55*0 25°0 o060 P xon="A(27P-T)
1 T
£2°0 £9°T 0Z'0 761 1€°€ 96°6 e ()x=(3)4(a =+T)
*ABQpag @93eWFISY  “ARQ'PIS  PIPMTISH  'AIQ°PIS  OIBWEINE ,
TOTIEDTITIULP] UOTIABIAS
TO09VLO 200dVL0 900v4d90 - -

UOFIBOTITIUAPI 889901g Jupjeasduv) Jrouny uo AIeumng

(pend}iuod) #°¢ ATAVL



BouUBTLE) TUNPFEaY paupeldxy

~6¢ . ]
ook ; A9 - TeA91 %66 3 LITPITBA TI3POKH
. L0'0 ' 010 L0°0 9T°0 L0°0 Tz'0  CP .
L0°0 Ly LL0°0 . ¥S°0 £0°0 T16°0 P _ z="A(z8°P-9 P
6T : 77 _ 47 2 SOUETAE), [ENPFSoN POUTBTOXE
894 ' gk i T2a9T %66 3® A3PTTBA T°POH
¥1'0 ©  61°0: 11°0 92'0 0T°0 R . o
: it
11°0 - 9970 £0°0 6270 90'0 £8'0 _ p z(g 'a-T) = A(2"P=1)
ez - % he y4 SOUPT1EA TBNpIsay paufe1dxd
i B i A Tead] %66 3® AITPTIRA TOPOH
” 2070 01" 0 zT 0. ut aouBTaAEp SETON E601H
‘ 9%° ¢ 0"t . 91°e [4 - ~ @oueTaep @STON ITUN
90'0- 90* 0~ 90'0- A
0
! -T§°'0 LZ°0 920 # e _
90°0- 80°0- 800~ °P "x(gtn-On) = “A(E P2 P-T)
0%7°0 . 850 95’0 P .
1£°0 "79'2 16°0 6S'T 12°0 To'T ‘e . 1
¥, ) 61°0 ¥2°¢€ $2*0 69'C LT°0 gs'z e (Nx=(N L4 e+, D)
. 5z : ‘ iz L) Il SoUETivA [enpysed PaupBldXy
| sak ¢ ¢ ToA37 %56 3® LITPYTBA T9POH
. 20°0 %10 T€'0 ug POUBTIEp SETON 858019
S0°t 65°Y 9y [4 asueTliep ISTON IFU
: : ~ -
Vo 6%°0 9¢'0 9¢°0 A o 1,1
. . 7500 €90 por0 P xOn=4(aTe-1)
N 3
N 0e0 €5°1 L£°0 62°2 se'0’ €T e (1)x=(3)&(a"e+T)
. o .>ma.@umm 23emley = *A2(Q°PIS ? 23pwrlsy *AB(Q*P3S ajewrled
: . UOTIBOFITIUSPI UOFILIS
100ArL0 TOOVALO T00RLLO

T UOTIBRTITIUOPT §890014 JuFiRlauay FFouny U0 AIBUNNG

. ) '
. ' . . .

(penupiucd) 4°¢ ATEAVE



- 97 -

"
e

91 0oy . oy Y4 POUUTIEA TUNPIEYY PouToTdxy
so4 534 e 12497 %56 I® KITPEIFA TPPOR
£0°0 oT*0- £0°0 12°0 £0°0 000 %o L. i
£0°0  0%°0 £0°0 9%°0 £0°0 08°0 'p 2=2£(,a%p-g'p-T)
91 oY Gl A SoUBTiE} [ENpISay poupeIdXy
. sak sak / i T2A37 %56 I® AIPTTPA T°POH
A T
6T°0 ___LT°0- 11°0 - 8E°0 60°0 80°0 n
c1'0 . . T : JIOU SR P ¢
61°0 ET°0 L0°0 28°0 %0'0 88°0 p z(g #-T) = £(g P-T)
S = Tt : 89 % SOUEBTAEA [ENPIBIY pPoufeTdxXy
, - -l S ToAST %66 .38 LITPTTRA T2POH
= £0 0 93°0 ug aouBfICA 28TON 88019
= LL*T 66°G [ - aougpaep SsIoN ATUN
——— .H B /
: - 50°0- . o~ &
- £2°0 - €Y 0 O
. R * U
- '90°0- LT 0~ p P (gtun-On) = hﬁumnv|mﬂulav
I |
P LYo - €0°'T Nv
. - 92°0 802 §2°0 990 8 -
- 8T°0 . 88°C T1°0 - AN Te ()x=(NL(BHB+,Q
6T 9¢ 6L y PougTae) [ENpFE0Y POUTBIOXE
. B24 é ¢ 19A97 266 18 LITPFIBA TPPOR
7L°0 20°0 LT'0 uy POUBTIEA IFFON 8801D
. 96°1T %9°¢ 0'€ET ‘ 35UBTIBA OSTON ITUl
A , 0
K 99°0 €770 . yi'o 4 a0 3.1
. 9E°0 8GO 98°0 Tp x M="4(d" P-T)
: . _ : T s T
0T'0 86°0 92'0 z8'1 SL'T 76°9 ® (A)x=()L(a =+T)
*A3(J*P3IS . muwaﬁumm *AS(Q P38 23ewWilsy *A9({"PIS -931BWTISY .
TOFIBDTITIUSPT UOFILAS
$002480 100900 T004'1L0 :

L

UOF3IBDFIFIUIPI ggav01gd Jujzeasusy jjouny Jo Alsummg

’

(penugjuod) 4°g AIAVL



- g2 -

[A S . (44 n % 20UTTABA TUNpEesY pouteTdxy
¢ l 824 19497 %66 38 AITPTTBA TPPOH
Z '
) 90 60°0 L0°0 1z°0- P . 2 .
o £0°0 0£°0 L0'0 €0'T 'p z="4(>q"pP-2 P-T)
. £T (44 72 % ZoueTiB) IBNpISad paufeldxy
i 8ok ? - sak ToAST %66 3® AIPTTRA ToPOH
. - . : T, -
020 8z'0 60°0 | 91°0~ 80°0 9z'0- A . 1.1
© LT LT £S°0 €00 ° 6L°0 S0'0 8L'0 Tp z(g'n-T)="4(g"P-T)
~ 69 WL g POUBTAEA [BNPIBaY PIuferdxy
. & CEES TeA®T %66 3B LITPTTBA TePOH
. = ze’0 09°0 uf oURTIBA 9SFON 88019
; - 09°% ?3°8"° ¢ SOURT.IB, OSTON ITUN
- H -
. = 0T°0- c0t0- 4~
. . . 0
) oo 9e°0 . £ I S 3 Tt
- vz 0- ¢o'0- °P x(g u-On) = “4(,2°p-a"P-1)
= - | 66°0 8'0 P
\ - 600 . 0§'0 ST°0 L9'0 e
. : T. .
- Z1°0 9'T -+ 8T°0 16'z e ; (3)x=()4(Ceta 240)
rA zl P 7L Y SOUBTAE (ENp[SaY PAUTRTdXT .
2 . gak b ToA97 %66 32 LITPTIRA TOPOH
T0°1 0L°0 . 88°0 - _uf 9ouUBRTIR) 9STON 68019
08°1 L°TE . 1RAY [4 IouwrflIe) 98TON ITUfl
0L°0 9T'0. . €170 On ] a .
€€°0 ¥8°0 8’0 P xOn=*£(a"p-1)
- K H
60°0 06°0 67°T ¥8°¢ $9°'1 sz'9 'm . (3)x=(3)4(a 1)
‘AR PIS o38mWTISE  ‘AI(-PIS -eIPWIIST  *AIQ'P3S a3vwWTIey
- : : S UOTIBOTITIUIPI UOTIEIS
CO0V80 ' £004r80 : ~ Z00HL80

WOTIEOTITIUIPI mwmoonm gurjeaouag jjouny Jo Axeming

(panugiucd) y°¢ ATAVL



. ! 97 0z 9T - P aDuBTIBp [ENPTESY pouTeTdxy
- 834 8ok gak TaA®] ¥66 3I® AITPTITBA TPOK
: : z
L0°0 T00°0- £0'0 z0°0- £0°0 z0'o0 P
h | . o T 2=4(7a%p-g"p-T)
b - £0°0 0s°0 LG°0 £vo L0°0 LE°0 P (zg”p
; a9z 07 9T I3 20UVTLE) [ENPISOY pouleTdxy
=TT 4 8ok 894 | TeA] %66 1B AIPTIBA T3POW
. T ! .
o _ST'0 Z00°0- LT°'0 . %0'0- 020 no.&u b a1 a1
€1°0 05°0 910 07°0 ' 8T°0 2y 0 -Tp z(g'#-T) =A(9 P-T)
. Y ol . - o souetiep [ENpIseay pouTeTdxy
\ g9k 8ok - T9A97T 266 I8 AITPTTBA ToPOR
A 4 €2°1T - ug IouBTIB) SIFON 8801DH
. Y6E°2 A -, & asuvTaep 2STON ITUn
. L %0°0~- €0°0- - Ta
© 02°0 LT°0 ~ O . I
90°0~ 20°0- - % *x(gta-On) = Y4 glp-a'p-1)
* T
Be'0 62°0 - Nu
A1) 0g'c %0 TL'E - F 2 1
b 1
| 61°0 SE'g 12°0 c8°¢ - Ty (3)x=(D)A(“o+a e+, Q)
o . ¢ 0z 91 ¥ ouBTABA [BNPFSo¥ PoUTERTAXd
_ Bk sak 894 Toa97] ¥S6 I8 AITPFIPA T2POW
= T19°¢ 6E°T ) 8T ut aoueBTaIE) 95TON 88015
N\ . - 06Ter ] 14 : 50°2 (4 aouUBTIBA 9STON ITUl
. . - :
150 65°0 g9*0 M o 1. T
: , .
~ - . - 0s*0 €40 gE'0 P - HOa=£(g p-1)
o 8T1°0 . Sy°T €T°0 AR I1°0 €0°T le (2)x=(3)£(a e+T)

~ARQ p3Is. 93IEWEIsd

*AR(Q*PAg  °3vwWilsy

‘Ad(q*p3g  @IEWEISY

.

£QOmIB0

T00DI80

£00VABO

moﬂumoﬁMHunmvH uoT3Iel§

o

UOT3IBITITIUSP] £83001g 3urjeasus) Jjouny

(penurluod) ¢ FIEVL

uo Areumng



-

4 T 9OUBTIBA TUNPTESY PRUTRTAXY

‘ S5 894 354 1oA9T %56 3% AITPTTBA TPPOR
- .
0'0 - L0'0- £0'0  ° €0°0 ¢  £0°0 c00°0- %P e o1
L0°0 . §9°0 £0°0 $9°0 £0°0 09'0 Tp 2= K(,2°P-2 " P-T)
ot (47 of ] . JOUEBTAEA [ENPISoY PSUTeTdXd
CETS . sk gok ToA®T %56 32 KIPTIEA TPPOH
. . : A . T
- : ¢Tro . L TITC0- 11°0 %0'0 - €1°0 . 100~ A T a1
0T'0 ¥5'0 80°0 69°0 0T°0 65°0 Tp z(g n-T)= £(4 P-T)
. gt oy £ Ty . @DUBTAEBA [UNpISey PeUFeRTdXd
54 ¢ L . T2a97 %56 3® LITPTIBA TSPOR
. a 0 uf JDUBTIR) IITON 88019
Mm.m Mm.m MM.N [4 aoueTaEA ISTON 1TUn
b $0'0- 900~ co'0- B
- ST°0 . 8z°0 o O . Oun 3, Zu ol
£0*0- 60°0- 90°0- P *x(aTn-Ony = T4( g%p-atP-1)
. Ay 19°0 6°0 P
z
£2°0 81°T 6T°0 (AN 5Z°0 S6'T - ¥
. /t ) 4 T
_ LT°0 Lz'1 9T°0 8 810 6Lz e . ()x=(NL"eH T D)
& 4% 47 9¢ Z SOUBTAE) [ENPFSoY PIUTRTAXR
O . 594 EYS gak +  ToA9T ¥66 3¢ AITPTIRA T°POH
’ 63°0 79°0 €Z2'1 uy PouRTIEp 29TON S60ID
J 90"y . « 16°% £8°¢ ¢ sbueliep 98FON ITun
: 0
" 6£°0 . ¥€°0 90 & b 1T
A 19°0 £9°0 650 P - TxXTa=A(gTP-T)
. . T
0£°0 - £0°'C L1700 9%°¢ 82°0 6T e (Dx=(3)4(q e+T)

‘ARQ°PIS  SIPUFISH

*A2Q°PI§  PABWFASY  "ARQ'PIS  2IBWIIER

1604780

BOOVIBO

900HA80

TWOTIBOTIFIUSP] UOTIBAS

-

uoTIedIITIuspT 8690014 Sufiexsusy Jjoumy uc Alewmmng

(penuizuod) 4°'¢ ATAVI

L.
o

-



- 95 -

R P Y

aouUBTIBA [BNPTEaY poureTdxy

6¢ _ z
A 834 . Sy A 49 12497 %66 3¥ AITPTIPA TePOH
£0'0 £0°0 > _70%0 €0°0 00 ,  orto- P . s .
00 - 95°0 £0°0 8€°0 L0°0 0s'0 Tp z=*£(,g°p-2"P~T)
6t 8T - Zz ¥ soueTiep [enprsay patteldxd
894 gak sok ToAe7 266 3¢ AIPTIBA TSPOH
— . . T
210 Z1°'0 61°0 60°'0. . ST'0 z2'0- ® SR 1
6070 89°0 L1°0 Ly'0  ST'0 62°0_  p Z(g #-T) = 4(9 P-T)
: RE 9T . 72 3 BoueTdep [ENPTSaY PoUTETdXd
P ) 834 LTS T2A97 66 I LIJPTTRA TSPOH
. (480" T2°T ST°0 uy IDUBTIERA O8TON BEB0OIH
€6'C 96T 0277 . ¢ IDuUEBTIBA @STON IFU
500~ . €0°0- £0°0- Tn ’
) 5Z°0 ©9T°0 gT'0 On . 7T
) £0°0- z0°0- €0v0- P x(a"a-Om) = £ a"p-2"P-T)
(A 9z'0 760 P
€2°0 €8'T  %7'0 BT'Y (g0 T Tgge e .
LT°0 oLz - 12°0 60°7 020 99°c e Auuxnhuvhﬁmm+aﬂa+~nv
. 13 " i1 ‘ A ] SoUBTIB [ENPESed Poujeldxd
gd . sk . B3k . 12497 %56 3© KITPTTRA T2POH
€G°'T £€°T - 8T1°0 uf §OUBTIB) SSTON 58019
20y ST ¢ £ 557 4 sousTIvp ISTON ITUN
ov'o  g9%0 9¢'0  a o T
19°0 6£°0 9%'0 P , x0n=4 (g p-1)
‘ T
0E°0 10°¢ - ZT°0 L0°T €T°0 (21 e (A)x=(3)4(q B+T)

A3Q°pP3g - 9IPWFIBY  "ARQ°PIS  °IBWLISF  "AS(Q°PIS . @3IBWISY

SO00ONBO TTOUNSO TO0VHBO

. UOTIBOTIFIUSPI UOTILIAS

UOTIROTITIUSpPI SSav0ag 3uriwisusy jyouny

(penuriuod) #'¢ ATIEVL

uo Atpumng



- 96 -

——

8¢ 6¢ 6c - Y souwtaep TUnprsay poutpeTdxy
. L o g9k 19A97 ¥S6 I¥ AITPTTIBA T°POH
£0°0 80°0 £0'0 90°0 £0°0 s 1. 7. T
£0°0 96°0 L0°0 850 L0°0- z= A(»8°P-2 P~T)
T . 6% [} Souefae) [ENpPIsSay pauleTdXd
L i 8ok Tea®1 ¥56 3¢ AIPTTEA T2POR
ZT'0 ET°0 Z1°0 0T'0 %170 ja I | 1.1
a
. 60°0 69°0 60°0 89°0 6970 P z(g'n-1) = 4(2"P-T)
vt Gt Se I3 SoueTliep [enpysay paureldxy
¢ L L oA 66 38 AITPTTRA T9POR
A 69°T - . €0°1 ut : aouRtaIERp 9STON §8019H
6°¢ %0°€ €6°C [4 QoueTIRA P6JON ITU
: T
500~ 90°0- co'o- &
) i | o
¥Z*0 §2°0 sz'o A T 0 e, T T
90°0- . £0°0- 10°0- %P x(g m-Om)= "K( 8 P-E P-T)
. TI§°0 €9'0 16°0 Tp
_ . . .
¥Z'e . [8°'T €2°0 - owLT %2°0 e T @ e 1
A S0 IR YA 110 92 L1°0 2z e (3)x=(3) £(Ce+a o4, Q)
Lt . Bt 8¢ 3 souv[dEp LENpISay PaufpeRlcxXd
. & & gak eA97 %66 38 LITPTIBA T°POH
99°T 02 ‘ oh°T uy aJouURTiBA SETON 880319
96°€ 8Ty 00'Y 4 aouepawp 3STON ITUn
0
0%'0 , 8€°0 oy'o A o 1T
09°0 29°0 19°0 Tp X n="£(4 P-T)
. . 2 T
62°0 86°T €0 60°7 0£°0 00'7 ‘e (3)x=(3)4(Qq B+T)

eABQepPIS  23FWISF

A9Q°PIS  93PWI3Isd  "AQ°PIS  OIBWIIS

VEQHNSO

900HNS0 . 7409N80

wOﬂuuUﬁMﬁucmvH Uot3IeIg

™~

UOF3IBOTITIURPI Ssaonoad 3urivisusy jjouny uo Alsummg

(ponufjuod) %°g IATAVL

T.lﬂ\

&



-

- = un

- 97 -

€5 . Y4 oY ¥y SOUBTABA TUNPTSSY poureTdxy
sak gok 524 | ToAeT %56 3¢ KITPET®A TOPOHR
. - 7
L0°0 .  T0'0w £0°0 €0°0 L0°0 100°0- P
£0°0 2,70 £0°0 1%°0 00 z9'0 'p 24 (,9%p-2"P-T)
€S o ¥ Souefdep [ENPISIY PAUTETOXY
gak 784 s34 ToADT %66 I AIPTIBA T°POH
T : .
070 T0°0-  LT°0 90°0 ¢T0 . | zooto- A . s 1A
L0°0 TL'0 £1°0 75°0 60°0 z9'0 Tp - “z({g n-T)="&(9 P-T)
. - 06 ‘ te 8¢ : ¥ 20UBTIBA TENPTSY mmlamﬂmxm
2 . 7y 1ea9 %€6 18 AITPTIBA 19POK
1970 Te ¢ 9T"'1 uf aouRTIE) 2ITON BS0I9H
© g8°¢ 0€°2 90"€. 2 sOUBRTAEA 9STON ITUR
T,
. A . Y0°0-.. : 90°0-. 0
1e70 61'0 9z'0 M oo 1 7T
' zro- €0°0- L0*0- % (g a-m)y= AGETP-2P-T)
T
0L°'0 SE'0 G0 P
&@H..o 60°1 ¥E°0 £0'€ AR 11 Ce = . 1
S1°0 S.Yt 0zZ'0 gy'€ | LT°0 _ 19°z e (D=L (“rra =H0)
LS . . e . oy ] R 2oUBTIBA TENPTSAA pouteTdxy
- a4 ﬂ g0k 894 1Ao7 266 18 KITPTTEA T3POW
L6°0 £6°¢€ 19°T ' - _ug 20oUBTIBA 9STON S50I9
i {0°9 £€L°C LA ¢ souRyavp 9STON IFUN
. 0
8270 £S°'0 g8t °0 n 3.0, Teit
eLeo 8v°0 29°0 Tp : a="A(27P-T)
, . T - -1
95°0 £0°€E L1'0 9¢ T €E°0, 'z, ® s (3)x=(3)4(qe+T)
- - - - L ﬂ.
. . ? B *A3(Q'P3 23vuTlsyg *A3("P3S 93lRWTISY
@um JEWTIsE a‘pis - : . ' . UOTAEOTFTIUSPI UOTIBIS
T00dV60 TO0dN80 qooqzmo. .

@

(PonUTIN0D) yrf TAVL . . [

UoT3edIFFIUIPI mmmuopm Bupiraauag jjouny uQ Aispwmng

L bl



UBRTON 182U 491D #OTTTH 2004VS0 - MNPOW (0°T)VIMV 03 28FON JO SUOF3IBTRII0d03NY ¢'¢ 2andTd

2* 'Y i

- . 0050

(SHLNOW} 9V . - {ooro-
, Joot0-
3SION SLIHM HOL LIWIT 3DNIAIINCD %56 43aMOT , . ’ Jo0z 0

-— - - — - - -— - -

- 98 -

) N Joot0-
08 _~ \/ ¢ A PR \/ 5 / Y o - A S/~ /) 000'0

AR VA VA%

4001°0

00z'0
’ - 100€°0
Tl q00¢¥°0D

4009°0
40020
008’0

006'0

NOILY13HHOD0LNY




~ _
100.0
. .-
/- UPPER 95% CONFIDENCE LIMIT
10.0 —~
n 7 f“sﬁ
AN i 7N N VAN
. \“ 1/\ / \ 4 N\ z S
\___‘,/"\ 4 \\‘ // ‘\ N
A . \ ~J 1\
WHITE NOISE /— OBSEF!VED
\/\/ \/ /
\\/\/\/ /
= 13.\\ \N \\ // \\‘
A . Py
14 . - [ ] AWA] >
- — d L W
Q v <7
a \ N~
wn
w : \
£ \
z :
S \ -
<
> 041 \_
. LOWER 95% CONFIDENCE LIMIT
0.01
s
0.001
1 L - | ]
0 5 10 15 24

20

FREQUENCY (CYCLES PER 48 l/ONTHS) .

Figure 3.6 Varlance Spectrums of Noise to ARMA(1,0) Model - 05AB002
Willow Creek near Nolan



.
- 100 -
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" process and an ARMA(2,0) process (Table 3.4 and Fiéures 3.3, 3.4, 3.5
and 3.6).

-

-In the case of Lhe ARMA (1,1) moded, it is observed that the
value of coefficient dl 1s of the same order of magnitude as that 6f the
ARMA(1,0) model. By examining the standard error of estimate computed
from eq. (3.70), it can be seen that the coefficient vy 1s of relatively
small magnitude hardly to be statistically significant.

Similar observation could be made for the ARMA(2,0) or second-
order autoregressive process model. The value of the coefficient d1 is
almost the same as that of the ARMA(l,U) model. The second coefficieqt
d2 is small with respecE to the standard error of eszimate computed from
.eq. (3.77) and caﬁ be consid;red not significant.

The second-order S.D.E. and the equivalent ARMA(2,1) frocess did
not succeed to represent the transformed runoff series (Table 3.4) and
wefe found in most cases being the special case, i.e., the solutions to
the characteristic equation are of equal roots. It was also found that
the percentage explained residual variances in all cases were lower than
those from the first-order S.D.E. model. A possible explanation of this
is when a fit of a second-order S.D.E. model is attempted to a time

series which is in reality a first-order continuous autoregressive pro-

cess described by a first-order S.D.E., it implies the following operation
(1+K'D) (1+KD)y (£} = (I+K'D)x(t). (3.83)

The above equation contains a common factor (I+K'D) on boeth sides of the
equation. k{is is the case of model overfitting, which leads to the
instability of the model and explains the reduc;ibn in the percentage

explained residual variance (Box aﬂglﬂenkins, 1970).

A
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Therefore it appears that the stochastic component of a monthly
runoff series may well be represented by a first-order S.D.E. and iﬁP

equivalent ARMA(1,0) or first-order autoregressive process as follows:

kY

(L+HKD)y () = x(t), (3.13)

and (l—dlB)yn = woxn. (3.19)

Any attempt to fit a monthly runoff series by a higher order S.D.E. or
its equivaleg;MARMA process may lead to unstable model structure. On
the other hand, éhe ARMA(L,1) and second-order autoregressive models
can produce tﬁe same resultsut may be reduced to the gi%ple ARMA(1,0) .
structure. . .

After identifyiﬁg the transformed monthly runcff series by a
first-order S.D.E. model, the next step is then to seek the physical
implication of this proposed model f3.13). This was done indirectly

through the estahlishment of the relationship between the model para-

meters and the watershed physiographic characteristics.

Physical implication of the proposed stochastic model

The. proposed medel (3.13) may be viewed as the.result of
linearization of some complicated ﬁime-variant non-linear wmonthly runoff
generaéing system, by introducing the perturbation term y(t) defined
by eq. (3.41). Therefore the seclution obtained from this linearized
equation should provide g certain degree of physical understanding of the
original system provided ;he perturbation, or the deviation from the
mean is not large. In other words, the proposed linear -model can be
considered as physically valid in the average sense.

To reconstruct the runoff series, the tramsformation (3.41)

may be incorporated into the system (3.15) to yield the following



. - 102 -

' system representation

a(ey = m(e) + S fE ~E Ry, (3.84)

From eq, (3.84), it can be seen that the model parametersl
to be determined from the‘daﬁa are m(t), s(t) and K. The input x(t)
is generated by a pure;y random process with zero mean ana variance
defined by eq. (3.17a). Monthly means and staﬂﬂard deviations, il.e.,
m(t) and s(t) are computed either by the non-parametric method, i.e.,
computing the long-tbrm monthly means and standard deviations, or by

the parametric method, i.e., determining the significant harmonics in

monthly means and variances respectively (Yevjevich,-1972).

An attempt has beem made to correlate monthly means and standard-~ i

deviations with watershed physiographic characteristics (Shawinigan,
1970). Iheréfore emphasis here would be to establish the relationship
between the éoefficient K and the watershed physiographic chafécteristics.
By taking analogy to Nash's linear reservoir model (Nash, 1960), the
coefficient K is presumed to bear the effect of watershed storage. It
woulq also be of interest to see what are the significant physiographic
parameters governing the behaviour of the input and the ocutput of the
system. This was done by investigating the.effect of phygiographic
characteristics on the 'runoff residual variance' defined by the
varlance of the stochastic component from eq. (3.40) and the.'gross
noise variancé' defined as the product of the runoff residual variance
and thé unit noise variance given by eq. (3:17a). It is thought that
the grosés nolse varilance should be of the same order of magnitude as

the variance of the precipitation (Matalas, 1966).
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.The correlation between model parameters and watershed physio-~
graphie chara;teristics was carried out through the Varimax factor analysis'
and the multiple regression analysis (which ésé described in - -
detall in Appendix C). 1In a first attempt, all thé stations were included
in a single sép of the above analyses and the results are given in Table
3.5, 1t was found; however, that the residuals from the various regression
equations indicated obvious geographic pattern in their distributioﬁs. This
is especially‘true for the estimation of the coefficient K. Overestimation
(negative residuals) was found common ?n most of the prairie stations;
whereas underestimation (positive residuals) in most mountalnous areas
(Figure 3.7). It was then decided to carry out the correlation regression
analysis separately for two reglons, namely, Pacific region (mountainous
region) and Prairie region (Figure 3.8). The results are listed for the
two regions in Tables 3.6 and 3.7 respectively. By comparing Table 3.5b
with Tables 3:€b and 3.7b, it can be seen that the results of the estimation
of K were improved to a significant extent* in the Pacific region but with
no obvious improvement in the Prairie repion. For the other two parameters,
runoff residual variance (Tables 3.5¢, 3.6c and 3.7¢) and gross noise

variance (Tables 3.5d, 3.6d and 3.7d), there is no sipnificant improvement

for both regions. However, there is no obvious geogtraphic pattern in the

- -

distribution of the residuals from various regression equations (Figure 3.8).
This preliminary delineation of model Homogenou?s regions agrees with the
statistical replons reported in the hydrometric Petwork planning study fq€
western and northern Canada (Shaﬁinigan, 1970).

All the regréssion results are significant at the 95% con-

ke
fidence lewvel. There 1s no sipnificant difference between the results

*
Based on Fisher's griterion of z-transformation.

*% )
Based on Fisher's F-test of difference in varilances.
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*
from linear and non-linear analyses for all the cases. In the Pacific
‘ reglon non-linear regression gives slightly better results in most cases
(Table 3.6) whereas in the Prairie region linear regression seems to be

. more desirable except for the estimation of the coefficient K (Table 3.N.

In carrying out Vatimnx factor analysis, céution must be
exercised in selecting predictor variables for the analysis. Taking all
possible predictor variables for the analysis may still introduce spurious
correlation and thF resulting multiple regression relationship may be |
misleading. .Physical congideration must be given to the predictor
variables to be included for the analysis with respgcg ég their possible
influence to the criterion variable. Therefore in the case of the co-
efficient K; it is thoug?t that this para?eter is an intrinsic characteris-

tic of the system and should -be related only to the local watershed

physlographic characteristics such as average elevation, average slope,

-

storage, eté. On the other hand, the gross noise variance pertains
to the external disturbance which is governed dominantly by the regional
physiographic characteristics such as distance to sea, barrier height and
shield effect, etc. The runcff residual variance which results from the
interaction between the system characteristic and the external disturbance‘
will then be subject to the influences from both local and regional
physiographic characteristics. For the purpose of comparison, however,
analyses were carried out with all physiographic factors, with local

*%k
factors including watershed aspect indices (slope azimuth indices) and

with loc%} factors excluding watershed aspect indices.

Baged én Fisher's criterion of z-transformation.
*
*These watershed aspect indlces were later found not significant in all

cages.
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Results from the regression analyses (Tables 3.6b and 3.7b)
for the coeffdcient K ind}cate that there is no significant difference
between the analyses involving all physiographic characteristics and
the analysesﬂinvolving only lécal physiographic characteristics, Forl
the Pacific region, results-are quite c;nsistent (Table 3.6b). Signi-
ficant physiographic factors govefning the estimation of K are found to
be average slope, area of lakes and swamps anq area of forgsts. For
the Prairie region, resulﬁs are not as good and consistent (Table 3.7bh).
The significant physiographic parameters are average slope and drainage
area. In general, all the above:physiographic parameters are the
dominant factors which govern the watershed stérage effect. In other

-

words, the coefficlent K is a characteristic reflecting the storage
effect of the watershed system. The-difference between the regression
models for tye two reglons lies in that a) the Prairie equation seems
to be less accurate with respect to the percentagé explained variance,
i.e., R2 and b) drainage area becoﬁes a dominant factor in the Prairie
region (Table 3.7b) instead of area of lakes and swamps and area of
forests which are found significant for the Pacific region (Table 3.6b)}.
This is generally true for the mountainous areas in the Pacific region
that surface runoff and interflow are dominant components of total runoff
and forest is the major land-use in the area which affects the runoff
generating\process (Ingledow, 1969). On the other hand, groundwater
plays an important role in the Prairie hydrology (Meyboom, 1962) and

agricultural activities are significant in the area (Shawinigan, 1972).

None of the present available physiograﬁhic characteristics gives good
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inéication concerning soil type. geology and vegetative cover, etc. This,
of course, leads to the less desirable- regional equation for the storage
coefficient and also explains the drainage area being a dominant factor .
in the relationship because it is the only available factor which

assoclates with the gqbsg efﬁect of surface storage (lakes and swamps) ,

Y
vegetation, soils and geology.

. : h
For the rumoff residual variance, it is also observed that in
both regions it is influenced more by the local watenshed physiographic
factors, i.e., area of lakes and swamps for the Pacific region (Table 3.6¢)
and average slope and drainage area for Prairie region (Table 3.7¢c)}. This
confirms the common hydrologicai assumption of viewing any natural water-
shed a; a 'damped' system that the high frequency variations of inpué
disturbances are filtered out through its storage effect (Eagleson and ‘
Shack, 1965; Matalas, 1966). The inclusion of the drainage area as a

dominant factor once more indicates the inadequacy of the regression

model for the Prairie region. -

Contrary to the above observations, it is found that in the
case of the gross noise variance the regression equation based on_all
physiographic factors gives better results than those based on only
local factors (Tables 3.6d and 3.7d). For the Pacific region the dif-
ference.is ;ignificant. The dominant factors are reglonal physiographic
parameters in all directions, i.e., N, NW, W and SW gTable 3.6d). It
has been reported that this reglon is under the influence of various

air masses of Arctic, Cool Pacific and Mild Pacific (Bryson, 1966).

For the Prairie region; the difference 18 not significant but the general
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weather pattern influences are still picked up by the regression

equation (Table 3.7d). Along with the significant reglonal parameters,
drainage area again appears as a dominant factor in all equations for

the Prairie region. This may be attributed to the high evapotranspiration
in the Prairie reglon (McKay and Stickliné, 1961; Meyboom, 1962) and

also gives indication of the need for additional physiograpﬂic para-

meters in the area.

In conclusion, the first-order S.D.E. model which adequately

" describes the transformed.monthly runoff series is physically equivalent
to Nash's linear reservoir model. The coefficient K bears the effect

of watershed stdrage. The input disturbances are controlled by the
meteorological and physiographic éactors. The output 1s then a damped

reéponse from the watershed, which is the result of the interaction be-—

' 7’
tween the watershed storage and the external disturbances from the i
atmosphere. ’
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CHAPTER 4

MULTIVARIATE HYDROLOGIC TIME SERIES ANALYSIS P

e

Introduction

In modelling the stochastic behaviour of a multivariate
watershed hydrologic system, meteorological and runoff series are

conftdered as the input and the output, respectively, of the system

under study. Temperature and precipitation are the only meteorclogical

series under consideration in this thesis because they are the most

. commonly available meteorological data in Canada. It is reasonable

to assume that the effect of other hydrologic variables such as soil

moisture content and evaporation are also taken care of by the™
dynamic nature of the system, i.e., they depend on the current and

previous states of temperature and precipitation conditionms.

A linear system can be described in the tiﬁe domain by
the impulse response function and in the frequency domain the fre-
quency response function. Thesé system response funcﬂﬂgns for a
multivariate system can be determined through multiple :?Eas cor—

’

relation and multiple cross spectral analyses. Multiple cross

‘spectral analysis bears analogy to the conventional multiple

regression analysis except that for the former regression goes on
separately at each frequency and that regression coefficlents take
complex values rather than real values, which enables one to learn

more about the underlying relationship among various time serles,

-
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The other advdhtqge'of the analysis in the frequency domain is that the

smoothing in the computagion of spectrums reduces excessive sampling
"variations. Finally, thé system is represehted in the form of transfer
function models., System transfer functions are.conStructed from the
impulse résponse functions,

The theory and approach to be presented in the subsequent

sections are mainly based on the works by Jenkins and Watts (1968) and

Box and Jenkins (1970).

Theoretical Developments

Multivariate linear systems

A time-invariant multivariate linear system may be written

in the matrix form e

CXq+i(t)) = f; (h ‘ (u)) (x, (t=u))du + (zq+i(t)),

Q“l‘i,j h|
(1 =1,2,...,r; 3 =1,2,...,q) (4.-1) i

()

where (xq+i(t)) is the column vector or 'r' output wvariables, (x

3

‘1s a column vector of 'q' input variables, (zq+i(t)) is a column

vector of 'r' résidual variables and (h (w)) is an r % q impulse

q+i, ]

response matrix.

Thus for the (q+i)th output

xq+i(t) =/ n ()%, (t-u)du + ...

0 "q+i,1

+ 15 h (W (e-wdu + 2, (£). .2)

0 gt+i,q q+i
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Furthermore, all the above variables 'are assumed to have means equal

to zero, _ 7 -

For simplici€y, only a two-input and two-output system is
considered, which is frequently met in practical applications (Jenkins

and Watts, 1968). Thus in eq. (4.1), q = 2 and r = 2 and the

[}

equation becomes

-] [~}

x3(t) = IO hBl(u)#l(t—u)du + f h32(u)x2(t-u)du + za(t),l

0
and .
x4(t) = IO h4l(u)xl(t—u)du + IO haz(u)xz(t—u)du + za(t). (4.3)

Multiple cross spectral analysis

In the time domain, the minimum mse (mean square error) i
estimates of the impulse respéﬁse functions hi (u) are obtained by

3

separately minimizing the mean square errors

[==]

Ef zi(é)dt. (1=3,4)

-
This procedure leads to a set of Wiener-Hopf equations in the form

[==]

(in(u)) = ID (ij(u-v))(hik(v))'dv, ‘(%=3,4; j,k=1,2) (4.4)

where v, (u) is the lagged cross covariance between the output Xi(t)

ji
and the input Xj(t—u), ij(u) is the lagged covariance between the

inputs Xj

(t-u) and Xk(t) and (.)' 1s the transpose of a matrix..

By the Pourier transformations of eq. (4.4), the estimation

equation for the frequency response functions may be written
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(5,4(0) = Gy NGy (M), (W3, §,ke1,2) C )

where Sjitf)_is the cross spectrum between the output Xj(t) and the ‘ Q:::
input-xi(t), Sjk(f) is the cross spectrum between the inputs Xj(t)
and Xkﬁfsi and Hik(f) is the freﬁuency response function correspOndiﬁg

to tH¥ impulse response function hik(u)'

-

In adﬂition'to estimating the freqﬁency résponse matrix, {t
is necessary to characterize the properties of .the residual variable
Zi(E). This is done by determining the residual spectral matriX'C§:l)
whose elements are thé cross spectrums.betwéég the procgsses Zi(t)

and Zl(t). The residual cross covariance matrix is

oo

SHICHEICFICIER (ryy () (b () 'dv,  (£,153,45 3=1,2)  (4.6)

13

where Yil(u) is t&e lagged covariance between the outputs Xi(t-u) and

Xl(t) ¢+ On transforming eq. (4.6), the cross spectrum matrix is g%ven i
by - ' ‘ ) ' - ' J
N . zZ _ o ' = P .
. (Silff)) = (Sil(f)) (Sil(f))(Hlj(f)) ’ (1’1.3’4’ h 1,2)\\ 4.7

where Sil(f) 1g the cross s?éctrum between the oputputs Xi(t) and Xl(t).

The residual spectrum Szi(f) may be written

[}

z 2 _ '
ST,(D) = S (D - K ,(0), (1=3,4) . (4.8)
where ]
2 .
K1.12(f) = (Hil(?)sil(f) + Hiz(f)siz(f))jsii(f) .. (4.9)

' th
is called the squared multiple coherency spectrum of the 1~ output
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-

process and the two input processes. The multiple coherency spectrum

\

measures the proportion of the output spectrum which can be predicted

from Fhe inputs, Hence eq. (4.9) is the frequency domain analogue of

the multiple correlation coefficilent in the time domain. ”
As in multiple regression analysis, it is useful to be able
to measure the cross spectrum between the output aﬂﬂ one of the input
procegses after allowance is .made for the effect of the other input
processes. This leads to the partial cross spectrum, which is given by
S, (£)S,, ()
S13.2(8) = Sy3(y 23 12 7 (4.10)
S,, ()
22
and ' i
1 Q C +C Q.,.,-Q . :
' ¢13 z(f) = tan 1( 12Q 12023+013522) (4.11)
' '12 23 12 23 713722
It can also be shown that the squared partial coherency
spectrum can be obtained from the relatiomship
2
1K (£)
1- k5, (5 = —322 (4.12) '
13.2 1- 2 (£)
K3
Multivarliate system response functions and transfer functions
From eq. (4.4), the frequency response function may be
explicitly rewritten as
-1
= 5., (N - €4.13)

where (.)_1 18 the inverse of a matrix.
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The impulse response function is then obtained by

27 2 ‘
hiy(w =7 e My (e, (1=3,4; 1=1,2) . (4,14)

-
'

for continuopus time

1/2

i2nfr .
or hij,r = {1/2 e Hij(f)df, (1=3,4;: 3=1,2) (4.15)

for discrete time.
This, in turn leads to the constitution of the following
time-invariant linear system

2
= ; — = . =
xi(t) = jgl {m hij(t u)xj(u)du, (i=3,4; j=1,2) (4.16)
. l for continuous time )
2 © )
= I I h 1=3,4; =1,2 : 4,17
or xi’n ‘j =l r=0 ij ,rxj ,n-'[" ( j ) . ( )

for discrete time. ‘

In practice for.discrete—time model Building, it is usually
desirable to design an adequate but 'parsimonious’ model, i.e., to
employ the smallest possible number of parameters yet adequately
still representing the real system. This could be ac;omplished

through an ARMA type transfer function model

2
. = = .18
di(B)xi’n jil VijFB-)xj . i=3,4 (4.18a)
or more explicitly
- g4 ) : r 4.18b)
cl_di,lB""'—di;qB )xi,n_= 151 (Wij,O_wij,lB_"'wij,rB )xj,n’ (4.
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where d's and w's are constants; 'q' and 'r' are the orders the ARMA

transfer function and are usually relatively small compared to the

~

terms required for the lmpulse response functions.

With given impulse response functions, the transfer functions
may be obtained from the relatiomship

w1 (B) ‘ ' ' .
hij(B) = di(B) s (1=3,4; 3=1,2) (4.19)

N

and vice versa.

For systems with superimposed noise, eq. (4,17) may be

modified as

2 o
X = I I h X + i=3,4 4.17
i,n =1 =0 1jsr j,m-T yi,n’ } ( a)

and the transfer function model, eq. (4.18) then becomes

i=3,4 (4.18¢c)

ne1 e

di(B)gi,n = 5 wij(B)xj,n + zi,n’

where Yi n and Zi 0 are residuals in the form of elther white noises
] ]

or some other known processes.

Computational Procedures

Data

Because of time and budgetary limitations, only eight out
of the 42 natural regime watersheds used for univariate runoff analysis

in Chapter 3 were arbitrarily selected for the multivariate hydrologlc
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time series analysig. Four stationslare in the Pacific region: three

in the Fraser River Basin (08KAQO7, 0BRAOOS and 08KBOOL) and one lake
outlet station (OBLAOOE). The other four are from Prairie stations:

two in the mountainous Prairies (05AB021 and 05AB002) and two in the
central and eastern Prairies (05GG0O01l and 05TD001). Both monthly run-
’off data and monthly meteorological data, i.e., temperature and pre-
cipitation, for the period 1952—1996 werefpbtained from ;he hydrological
data bank resulting from the hydrome;rid ﬁetwork planning study for
western and northern Canada by the bepartﬁent of the Envirenment

(Shawinigan, 1970).

"

Estimation of cross correlations, cross spectrums and coherencies

Approximation to second-order stationarity (eq. 3.46},

estimation of autocorrelations (eq. 2.10) and variance spectrums (eq.

2.54) for temperature and precipitation series were carried out in ‘-—_

the same manner as for runoff series in Chapter 3.

Cross covariance functions were estimated by

1 N-k
- = =]1,2 4.20
¢y3() = § e 17 (4.20)
where xl,n’ Xz’n and X3,n are transformed temperature, precipitation

and runoff series respectively.

Cross correlation functions were then obtained by

c, ., (k)
(k) = —3

r ]
i3
Y cjj(O)c33(0)

§51,2 (4.21)
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where °11(0)’ c22(0) and c33(0) are sample variances for transformed

temperature, precipitation and runoff series respectively. A

It has been shown (Jenkins and Watts, 1968) that the variance

of the sample cross correlation may also be approximated by

-

Var(r (k)) & '—,

5 : 4.22
v O

for two uncorrelated discrete processes with either or both being

white noises.

The smoothed cross spectrum may be expressed by

§j3(f) = st(f) 16j3(f), 3=1,2 (-1/2 < £ 2 1/2) (4.23)
—_ | M : ’ .

where les(f) = ¢y5(0) + kzl w(k) (e 5 (k) + o (k))cos2nfk; (4.24)
_ M
Q4(8) = kil (k) (ey 5 (k) = cq,(k))sin2utk; (4.25)

and w(k) is the Parzen lag window defined by eq. (3.47).

i
The phase spectrum was then obtained by

_Q . )
8y5(5) = tan et R (4.26)
Cj3(f)

The squared coherency was computed by

(£) + 02.(6)
6 = j3 3 4.27)

jj(f)333(f)

j3
J

where Eil(f)’ Eéz(f) and<§33(f) aré autospectrums for transformed

temperature, precipitation and runoff series respectively.
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By taking analogy to the multiple correlation coeffiéient, a
z-transformation was carried out for the cross coherency spectrum

oo

(Jenkins and Watts, 1968),

Z(6) = 31wtk (4.28)

and the approximate 100(1-a)X confidence interval for Z(f) is

Z(6) 21 - B ’/;15'5 i (4.29)

where v is defined by eq. (3.49) and g¢=1.

In order to reduce the bias in estimating the cross spectral
characteristics, the two time series under consideration sometimes

have to be aligned so that the peak of the cross correlation Function

”~

always occurs at the zero lag. This is called 'alignment' (Jénkins i

and Watts, 1968),

The above statistics were also computed between input series,

i.e., temperature and precipitation, denoted by subscripts '12°',

Estimation of system responsé functions, partial and multiple coherencies

.
1 B

The frequency response function of the system, eq. (4.3a)

*

were obtained by s6lving eq. (4.13)

S, {£)S,. (£)-S..(£)s, . (f) : -
sll(f)szz(f)—Jslztf)!
S, (£)S,,(£)-5. . (£)S,, (£)

Ty, (0 - 23711 13- 77217 (4.30b)

e — = 2
511 (£)8,,(£)-[5 (£} |
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To o?u expresslions for the gains and ‘phases, it is

necessary to take the modulus and argument of eq. (4.30). Then

—_ —2 -2 .
G31(f)=/ A31(f) + B3l(f), ” (4.31a)
-1 “ﬁél
and ¢3l(f) = tan = —— , {4.31b)
A3q '

-

€138337Q5Q57C55C5

where Kal(f) = s 3 ..]_s' [2 , ’ (4.323)
1152271512
) .~
_ Qy25,,-0,Cy~Coy Q.
5,,(6) = 137227 %235 53 12 (4. 32b)
5115257153,

The gain and phase for ﬁBz(f) may also be obtained from equations (4.31)

1 2

Approximate confidence limits for gain and phase spec%ms ‘

are given by

and (4.325 by exchanging '." and ','.

) + o) ¥/ 2Ly @ii (4n5
- v-2q " 2q,v-2q -IEZ ’ :

d : FE +ein T/ 2Ly Gl:EED (4.34)
an = sin v-2q " 2q,v-2q EZ ? ‘

where F ls anF-statistic with degrees of freedom (2q, v-2q)
2q,v-2q .

and q=2 (Jenkins and Watts, 1968).

The impulse response functiens in the time domain were then
obtained by taking the Fouriler transformation of the corfesponding

frequency response functions. Therefore
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1/2 1/2

h =2 f Ksj(f)GOSanrdf+2 I Esj(f)sinZﬁfrdf, 3=1,2. (4.35)

3, 0 0

The multiple squared coherency between the runoff and . the

meteorological éeries wasg obtaine%{from eq. (4.9)

o = 2= = 42 . e — —
=2 - 5y, l55, 17451, [55, ~2Re(S),5,454;) '
Ky 1, () = — 32 , (4.36)
* 8330811855751,
where
Re(5)15523531) = 1505301 3+C150 501 370 )0y 501 57y g0y 3Cpg +  (4.37)

The residual spectrum was computed using eq. (4.8)
=z = _ 72 '
$33(E) = S33(H Q= Ky 1, (). (4.38)

The partial squared coherency between the output series and
an input series after allowing for the other input series was obtained

from eq. (4.12)

=2
. 1-X (£)
R, (0 =1 - — 2127 (4.39a)
1- K23(f)
=2
_ 1-K (£)
Ry () =1~ —3:12 © (4.39b)
1 - KlB(f)
The approximate variance for system impulse response
functions has been shown (Hannan, 1970) to be
| | g M2 83
Var(h,, ) =g/ = ——>3——af, 3=1,2. - (4.40)
1x -1/2 s (1K

i3 12)
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The approximate confidence limits fBr multiple and partial -

coherency spectrums were obtained in the same manner using equations

(4.28) and (4.29) except that in this case q=2 in eq. (4.29).

Identification of system transfer functions

It has already been shown in Chapter 3 that most monthly run-

" off series may be successfully modelled by a first-order autoregresgive

process. or ARMA(1,0) process. Therefore only two ARMA type transfer
funcéion schemes of first-order and second-order respectively were
attempted for the identification of the underlying multivariate hydro-
logic system between monthly runoff and monthly meteorological time

series, i.e., temperature and precipiﬁigion.

a) First-order ARMA transfer function

The first-order ARMA transfer function is defined by

2
(1_dlB)x3,n = j:l (wj,O_wj,lB)xj,n—bj+zn’ (4.41)
where bj is an integer denoting lag time in months, and Zn is a
residual term to be represented by an ARMA(1,0) process
(}-SlB)zn =a. (4.41a)

The transfer function parameters dl, bj’ wj,o.and wj,l
were obtained from the impulse response function system representation
in the following manner:

The discrete-time representation of the system (4.3) can be

written as
2 K
X = L I h X
3,n 3=1 rn‘bj 3, J,n-r , (4.42)

) :

el
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where h3j r X0 based on the criterion (4.40) when r < b, and K is
?

h|
the number of significant terms. s ‘ /
After applying the linear operator (1—d13) to eq. (4.42),

it becomes

2 K
1-4.8 = (1-d.B I I h
) ( 1 )x3’n ‘( 1 ) jnl r=b 3j,rxj T
. h|
. 2
5 = % (h X +(h -d.h Ix
31,b,74,m-b," “'34,b +17°1"39,b,? % ,n-b, -1
g=1 by damby L, 3oby 7 omby
+ (th ,bj+2-d1h3j ,bj+1)xj ,n—bj—2+' ced (4.43)
Comparing equations (4.41) and (4.43), rthe following relation- ‘
ships are obtained,
= = A
wj,O h3j,b . i=1,2 (4.443)
i
vy,1 = TRy ,bj+l_d1h3j ,bj)’ (4.44b)
- = - 4. 44c)
3y, "4 sy, = O by (4.44c)
' -
Applying least squaresfitting to eq. (4.44c), <:11 was
obtained
2 K-l
z X h h
je1 r‘b1+1 3,rl 33,r .
dl = T " (4.45)
I L h3j r
§=1 r=b +1 ~I>

- h|
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r ,{A

which was inserted in eq. (4.44b) to estimate the values for Wj 0
- ¥

and w}‘l. The value of el was estimated by fitting the ARMA(1,0)
1]

process to the residual series Zn.

10 bj' wj,O’ wj,l and 81 were those

The final values of d
which minimized the variance of the noise A, L.,

4 ‘ . 2
* & o * 2
- - - *—
B 079153, 01 351 ®y,075,18% by 81%p-p)" > Min.

The above function minimization was carried out using‘
Rosenbrpck's algorithm of rotating coordinates (Roéenbréck, 1960;
Wilde, 1964), which allows the principal axis of optimum seeking
always in the line of the steepest descendent and hence expedites

the rate of convergence to some required accuracy.

Denoting by‘(pl, Pos seesy pK) all the parameters d's, b's,
w's and 68's defined in eq. (4.44), standard deviations of estimates
of model parameters are obtained from the approximate covariance )

matrix of estimates (Box and Jenkins, 1970):

&

V= (X'X)_lci (4. 46)

where ai is the variance of white noises (al, Aps eees aN) defined
in eq. (4.41a);

vV = (cov(pi, pj)) with i, I=1,2,...,K iE the covariance
matrix of estimates;
da:
and X= () = (5539 with k=1,2,...,K and n=1,2,...,N.
k
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b) Second-order ARMA t:::éier function

-

The second-order ARMA transfer function is defined by

2

2 2 :
(l—dlB—dzB )x?,,n = jil (wj,O-wj,lﬂ-wj,ZB )xj,n-bj+zn’ (4.&7)

where Zn is a residual term to be modelled by an ABMA(2,0) process

(1-313-9232)zn -a. C4.48)

1* 920 Byr ¥y 00 Wy g

and Wj o Were again obtained from the impulse response function
b H

The transfer function parameters d

~ system representation (4.42)

2 K
= £ L h x (4.,42)
x3 ,1 =1 Fbj 3i,r'j,n-x?*

where h3j . % 0 based on the éritérion (4.40) when r < bj and K is
] .

the number of sipnificant terms.

2
After applying the linear operator (l—dlB—dzB ) to eq.

(4.42), 1t becomes

) , 2 X : y
(1-d,B~d,B )"3,:1 ~ (1-d,B-d,B") jil ribj h3j,rxj -
: )
I (h x, . +(h ~d X oo b -1
jo1 3350, nob, 3j,bj+1 }y%j,bj jon-b,
* gy b 4279y b 42792085, 0% nop -2
R h| j ]
+ (h3j,bj+3‘d1h33,bj+2‘dzh3j,bj+1)xj,n-bj-i+'")'

(4.49)
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Comparing equations (4.47) and (4.49), the following relation-
ships are established, l

. L]

¥i0 “Bagps 3712 | (4.50a)

h|
¥3,1 =’-(h3j,bj+l—dlh3j,bj)’ (4.50b)
Y352 T -(h3j sbj+2_dlh3j ,bj+1"d2h3j 'bj) , (4.50¢)
= 0. ' ' (4.504)

B33, 002791 sy, pr1m 923y

Applying least squares. fitting to eq. (4.504), d; and d,

~

were obtained by

~

d, = (L L h h b T 2
1l j=1 1'=bj+l 3j,r+2 3j 'P*‘lj=l r=bj+lh3j',r

2 K-2 2 K-2

- L I h h £ I h h.. )

j=]_ r=bj+1 Bj sl 3j ,rj':l 1‘=bj+l 3j , T2 3j s T
2 K-2 5 2 k=2 )
Az T h I ¢ n

2 K-2 2

BRI TR R L P (4.51a)

i=1 r=bj+l

oo



<139 -
. i )..
: . S ya

+* 2 ‘-AK_z 2 ' 2 KTZ
d, = (I z h I . h.
2 =1 r=bj+1 33, r+lj 1 bj+1 3,1014'2 3j.:_r ‘
) 2 K2 '2 K-2

- £ I h ) )

371 b +1 33,4273, “'lj =1 r=b,+1 ETRILE

-

2 K2 ) 2 K-2

2 .2 . |
/(I I h L. _ .
j=1 r=bj+1 3, r-i-lj=1 Fbj'ﬂ 3, ‘ g _
T 2 Kz : 2, ._
. —(jzl r=§j+1h3j:r+1h31,r’ ) (4.51b)

which were then inserted.in eqdhtibps (4.50b) and (4.50¢) to bbtsin

the estimates of s.0° Wy a0 i " The values of 6, and 8, were ‘

estimated by fitting the ARMA(Z,0) process to the residual series Z .

The final valuesrof d d

12 g B ¥y g0 Wy 1wy gy 0 and 8
were those which minimized.the variance of the noise Ah’ i.e.,

2 * ) 2

* *
*3,0791%3,0-17%%3 02" i E ®y,07,1575,28 )xj,n_b;‘ (0,-6,8)z, )% * Min.

E(x

Approximate standard deviations of estimates of model’

parameters were obtained in the same manner using eq. (4.46).

-

Evaluation of proposed models

Validation of the above proposed models was not carried out
because of time and Budgetary limitations, The efflciency of the
models was then evaluated by the following srpcedures:
1) domﬁafison between the estimated impulse response function : .

from eq. (4.35) and the theoretical impulse response function using

S
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- eq. (4.19). Approximate standard deviations of the respective esti-
mated system impulse response functions were computed by taking square

Jroot of the variances defined by eq. (4.40). 5 €

11) , Comparison between estimated and theoretical frequency res-

ponse .fiunctions, i.e., estimated and theoretical gain and phase spectrums.
1 ‘

Confidence limits of gain and phase spectrums weré computed usiné equationg

-

(4.33) and (4.34) respectively.

-

-

1i1) ) “Examination of autocorrelations of noise geries An,and its

45; cross correlations with input series Xl a and Xz 0t One basié'assumption
- * ’ ’
concerning the noise term of the abbve schemes is that it is of the

. : ..
- mnature of a purely random process, or white noilses and it is uncorrelatid

with the input éeries.

[ oo

iv) Examination of the unexplained portion of the variance or the

variance of noise series;urlﬁue to the proposed models. ‘ ‘ .‘

-

Along with the présentation.and discussion of the results in
the following section, the above procedures are illustrated in graphical

forms by a typical example at 05AB002 - Willow Creek near Nolan, Alberta.

Results and Discussion

Seasonal and stochﬁstic components of monthly runoff, temperature and
precipitation series

-

I ‘Means and variances of the raw time series were computed for

runoff, temperature and precipitation respectively for each watershed and

-~ -
Y
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are listed in Table 4.1, It can be observed that the temperature is
warmer in the Pacific regidn and tends to gradually.decrease towards
north or east. On the other hand, it is observed that the Prairie region
has larger variation In temperature than the Pacific reglon. Runoff and

precipitation are generally higher in the mountainous area and also

exhibit larger variation.

"Harmonic analyéis was carried out for runoff, temperature and
precipitation series and is also presented in Table 4.1. It can be
observed that ?he annual cféle and its sub-harmoniés, i.e., 12, 6; 4, 3,
2.4 and 2 (months) ha;e accounted for 92.0% to 97.3% of the total
variance of the temperatﬁre; whereas only 25.7% to 66.2% for the pre-
clpitation series'and iﬁ this case 33.5% to 93.2% for th;rrunoff gseries.
Furthermore, the seasonal influence on the precipitatioﬁ is more dominant

in the Prairie region.

Annual seasonal comporients for runoff, temperature and pre-

. clpitation were removed by subtracting the- long-term monthly means

(Figure 4.1a) from the raw data using eq. (3.40). The remaining stochastic
components then have varlances varying from 2.7% to 8.0% of the total
variance for the température and 33.8% to %4.3% for the precipitation,

and in this case 6.8% to 66.5% for the runoff (Table 4.1). It can be

seéﬁ from Figure 4.1b that there are significant differences amang long-
term monthly variances, which was also confirmed by the Bartlett test

of homogeneity of variances (Bartlett, 1937). It was then necessary

to remove the seasonal variation in monthly variances to achieve the

second~order stationarity by dividing the individual value of the

s

»
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Figure 4.,1b Monthly Variances of Hydrologic Time Series - 05A8002

Willow Creek near Nolan
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Figure 4.la Monthly Means of Hydrologlc Time Series - OSABOOZ
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seasonal mean removed time series by th% corresponding monthly standard
' -
deviation. The resulting stochastic component would yield zero mean

and unit variance throughout the whole stud&‘period.and between months,,

: /

The following statistical analyses are confined to these

transformed stationary runoff, temperature and precipitation time series.
: _ A

l," ’
-

Autocorrelation functions and autospectrums

Sample estimates of the autocorrelations for the trénsformed
tunoff,ltempérature and precipitation series were computed using
equations (2.8) and (2.10) and are illustrated in Figure 4.2. Auto-
gorrelétions up to the first two lags are listed in Table 4.1. It is
observed that all tﬁe runoff serles fall into the autoregressive-moving
average schemé. However, temperature and precipitatfon showed no obvious
deviation from a purely random process except for temperatures in the
Pacific mountainous reglon iqdicating persistence in the time series.
This latter observation along with the previous finding that temperatures
in this same reglon showed less variation all indicate that the Pacific
Tegion is under'the Influence of marine climate and should be treated
as a separate statistical or ﬁydrologicai entity from the Pralries which
is under the influence of continental climate. This supports the con-
clusion from Chapter 3 that the whole study area should be divided into

two repions, namely, Pacific reglon and Prairie region.

Smoothed‘autospectrums_for the transformed runoff and meteoro-
logical series were computed using eq. (2.54) and are illustrated in

Figure 4.3, whose pétterns further confirm the above observation.
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Cross correlations, cross spectrums and coherencies

Cross correlations among the transformed runoff, temperature
and precipitation series were estimated using Equatiqns (4.20) and (4.21)
and are illuétrated in Filgure 4.4. Cross cor;elations-up to the first
two “lags are\given in Table 4.1. It is observed that-the crogs correla-
tions between the runoff and the meteorolégical series are not stable
except at the three stations bSABOOZ, 05AB021 and 05GGOO1L. These are
the three watersheds with denser meteorological network (Table'd.l),
which provides more representative plctures of'Ehe meteorological con-
dition in the watershed. It ié also observed from Table 4.1 and Figure

4.4, however, that the meteorological series generally lead the runoff

serles, i.e., peaks occur at positive lags. Cross correlations between ‘

the temperature and precipitation series are stable. This is expected
because both temperature énd precipitation are measured at the same '
station. All the meteorologicél time series have high cross correlations
at the zero lag., There are no very dis%inct peaks observed in the com-
puted cross correlation functioms (Figﬁ;e 4.4), Therefore 'alignment'

of the time series was not considered necessary in performing the cross

spectral analysis and the subsequent multiple cross spectral analysis.

Cogpectrums, quadrature gpectrums, phase functions and co-
herencies were computed using equations (4.24), (4.25), (4.26) and
(4.27) respectively and are illustrated in Figures 4.5 and-4.6., They
generally support the findings from the above discussion on cross cor-
¥elation functions, i.e., meteorologlcal series generally lead the

runoff series (negative phase spectrum over most frequencies),
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! . ’ ..
significant coherencies exist at low frequencies between runoff and

meteorological series and among meteorological series.

.l

Frequency response functione, partial and mﬁltiple'coherencies.

- -

;.As in multiple repression analysis,,frequency :espohee functions

. Barve ae,thg regression coefficients in the frequency doﬁain. They

measure the relative contributiog#of variance to the output process from

cesses at varlous frequencies.-

one of ﬁhe input processes allowing for the effect of other input pro-

~

Gain..and phase for the‘frequency regponse functions were

Y

estimated from equations (4.31) and (4;32) and the results are illustrated

in Figures 4.7 and 4.8. Most of the gain functions revealed a system of

P .
exponential decay or damped sine wave, which is the characteristic of an

any of the known systems, let alone to detect absolute delay in physical

- time. This was also confirmed by Dowling (1968) and a time domain system

response function is therefore required for the determination of physical

time lags and for the constroction of a time domain transfer function

model which is to be dfwcussed in the followipg sub-section.

4

~Partial coherency spectrums were computed using eq. (4.39)

. and are 11lustrated in Figure 4.9.

As expected, they were lower than the

ARMA transfer function. Phase functions, however, were hardly resembling i

corresponding cross coherency spectrums {Figure 4.6) but not significantly

different. Multiple coherency spectrums between ‘the runoff and the

#

méteorological series were obtained from equations (4.36) and‘(4.37) and

_are also illustrated in Figure 4.9.

It can be seen from Figure 4.9 that
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the coherency was generally improved through the multiple correlation

regression of ‘i the runoff’ on' the meteorblogical time series, i,e.,
. © .
temperature. and preceipitation.

It can also be obsérved that gain gpectrums of the frequency
response functions and multiple coherencies all indicate Aigh values at
low frequencies around the annual cycle (Figures 4.7, 4.8 and 4.9).
Recalling the fact that monthiy‘runoff gseries fall into a first-order
autoregressive scheme which has rich variaﬁce at low frequencies
(Figure 3.4), the above observation further cbnfirms the finding in
Chapter 3 that a natural watershed is a 'damped' system which dampens
out the high frequency variations of the metedrological inputs through

its storage effect,

Time domain impulse rééponse functions and identification of system
transfer functions

Impulse response functions were obtained by taking the Fourier
transformation of the corresponding frequency response functions using
eq. (4.35) and ‘the resultslare illus§rated in Figure 4.10. Theif
patterns did follow the form of exponential decay or damped sine wave.

This-justifies the postulation of an ARMA type transfer function model.

Physicalrtime lags were determined based on the criterion
t4.40). Two types of ARMA transfer functions were attempted, namely,
first~order and second~order. Initial values of the transfer function
parameters were estimated ﬁsing equations (4.44), (4.45) and (4.50),

(4.51) respectively for the two models. The wvalues for the noiag model

'i
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parameters were obtained by fitting ARMA(1,0) and ARMA(2,0) p ocessés

f
respectively to the two noise series. These initial model pgrameters

x )
are listed in Table 4.2 . -

The final values of the model parameters were. then obtained
through mode} parameter optimization based on Rosenbrock's hill-climbing
techniques. The final model parametefs.and their approximate standard
deviations are also given in Table 4.2. It can be seen that most of
the watershed systems could be répresented by both first=o;der'aﬁd
Second-order ARMA transfer'function models (Table 4.2 and Figures 4.7,

4.8, 4.10 and 4.11).

-

Furthermore, from the results in Table 4.2 it can be observed
that for the Prairie region the initial parameters generally agree
"remarkably well with the final parameters after parameter optimization.
The estimates of time lags are also consistent in both cases. There—
fore system impulse response function seems to be an efficient estimator
for the estimation of transfer function model parameters. The estimation
of médel parameters was also attempted using leagﬁ square fitting
directly on the data, which equivalently is to solvé the simultaneous
Wié;er—Hopf equations using éuto and cross cérrelationa of the involved
time series. The results, howevér,-were not as good and consistent and

therefore are not pregented here.

*In Table 4.2, 'Model Validity at 95% Level' was based on various
statistical tests at 95% confidence level on comparison between observed
and theoretical impulse response functions and frequency response
functions, on cross correlations between the noise and input series and
on randomness of the noise series. Question mark '?' indicates failure
An any of the above tests to validate the proposed model. Standard
deviations of estimates of time lags 'b' are not computed because
they can take only integer values.
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It is also observed from Table 4.2 that the improvement from

.

fitting a second-order ARMA transfer function model instead of a first-

order model to the watershed system of monthly runoff, temperature and
precipitation series is not significant. By examining standard devia-
tions of estimates obtained from eq:. (4.46), higher order weights in

the sécond—ordqr model are relatively small and hardly to be of any

"

statistical significancé.

However, for the Pacific mountain stations, the initial and
-~ \ ‘i

final estimates of transfer function parameters as well as the two sets

L )

of model parameters are not consistent. This may be attributed to the

scarcity of the available meteorologiéal data in these mountainous

basins, with the meteorological network density from 445 to 897 (sq. mi.
~

per station) and most of meteorological data saﬁpled at lower to medium

Band of the elevation (1,565 ft. to 4,180 ft.).

-
It is further observed'yhat the weight for theuprevious state
of runoff (Table 4.2) 'is of ;he same order of magnitude as the auto-
regressive coefficien;‘fér the unlvariate runoff model (Table 3.4). This
leads to the postulation that the disturbance term in tbe<univar;ate model
maylbe modelled by the terms at -the right—hand qide of the ARMA transfer
function model. By compariﬁg the explained variances in Tables 3.4 and
4,2, the improvement from coordinated uée.of the meteorological and
hydrometric data is obvious. For watershed with large sto;ége, i.e.,
- 05TDO01, however, the‘improvément.is not pronounced. In this case, the -
large storage effect plays a dominant role in Ehe generating process of
system response and the contribution from external disturbances wi1l be

v

damped out before it becomes significant. .
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. . Under the assumption that the multivariate ARMA tranafer function

o ) N i . ‘
model is just the extension of a univariate ARMA process by introducing the

contribution from meteorological inputs, sormtinteresting fihdings can be

~ £

made. Considering the case of ARMA(1,0) process fitted directly from the

I'.:

) transformed runoff series, standard deviationEﬁ of é%timates of auto-

'regressive coefficients for the eight stations. included in the .multi-

"R

- ' -

vartate system analyaia were found respectirely to be 0.6@5‘0.06, 0.06,

0.04, 0.07, 0.07, 0.07 Eﬁd,p.OGJ Comparing these values with the.cor;

Fl -

reéponding values given in Table 4.2 for.the first-érder ARMA transfer

-

lfunc'l‘lion model, it can be observed that for Prairie stations the auto-

.regréggﬁﬁe coefficients obtained from the multivariate system analfsis

have smaller standard errors than’ those obtained from tHe univariate run-

'

-

off analysis except fot the large storage watershed, i/e., OSTDOOI where the ﬁa

v w
.imprm‘nt is not significant. In contrast, the Pacific mountain stations

all ihdicate higher standard errors in the multivariate case due to the

_.noise introduced by insufficient sampling of meteorological data in these

. # : .
basins,” Thus, with reasonable coverage of meteorological network in the
. [ 8 . .

- ) - .
area, the coordinafed use of meteorological and hydrometric data also
p* ™

W

improves the estimation of parameterez?n.the univariate runoffwmodel.
In conclusion, a first-order ARMA trahsfer function model is ¥

considered adquate to model a watershed system of monthly runoff, tempera-

' r : B .
ture and precipitation tifle series. _This coordinated: use of the meteoro—

.-,'.

“logical and hydrometric data has been shown to enhance the accuracy of N

Y

-

estimation of runoff characteristics. Lo

The approximate variance ofaestimate of the- coefficient of ARHA(l 0)
process is given by

+

i
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. order‘autoregressivp,.or ARMA(&,O), models can produce the same
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'CHAPTER 5 ’ - " -

‘ < .
RECOMMENDATIONS -

* CONCLUSIONS AND

)
' RN

VConciusions . : : . '
. - ~ ) . ’ ‘
A generalized approach was demonstrated.to establish the relation- g

ships between the lineap'sppchasﬁic differential equations (S.D.E.)

in the contimuous time and the autoregressive-moving average

(ARMA) models in the disgrﬁfé Sme. In general, for a mth order

S.D.E. model there exists an equivalent ARMA(m,m-1) discrete

process.

" For monthly runoff, temperature and precipitaion time series, i
cﬁﬁlic.(or deterministic) components are effectively removed by I{,—q\ o

subtracting the monthly means and variances from the raw time

‘ geries.

- ®

~ For the transformed stationary runoff time series given by eq.

. .
(3.41), a first-order S5.D.E. model or its equivalent first-order .

LY

hutoregressive or ARMA(1,0) model is. adequate té model the under—
4

lying generating process.

Any attempt to fit a monthly runoff series by a higher order $.D.E.
model or its equivalent ARMA process may lead to unstable model .F

sgtructire. On the other hand, "the discrete ARMA(1l,1) and Second- "

- >

result but may be reduced to the simpleiARMA(l,O) structure.
W ; .
L

,
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The results of the regionaf ﬁultiple regression analysis indicate

" that the coefficlent K of the first-order S.D.E, bears the effect

of watershed storage, which in turn 1% related to the local water—

shed physiographic factors. Residual %unoff varlance was found

being also related to the watershed storage effect, whereas the
gross nolse variance of extéfnal d;éturbances'was found being more
inflggn;ed by thelregional physibééﬁghic factors. Therefore, a
wate;shed can be consiﬁered as‘a 'damped’ s}stem-whereby the high

frequency variations of input disturbances are filtered out

through its storage effect. - E

The results of the regional multiple regression analxg}% also
indicates the ﬂecessity to divide the whole study area into two

statistical or model homogeneous reglons, namely, Pacific region

.and Prairie region. The regression models were found not adequate

in the' Prairie regio% indicating the need for some additional
physiographic factors concerning geology, soll type and vegetative
‘ )

cover, etc.

J

Varimax factor analysils i1s useful in reducing the number of pre-

ﬂibtor variables, detécting the dominant common factors and

. achieving the 'simple structure' for the subsequent multiple

regression anaﬁysis. However, caution must be exerciged in
selecting the predictor variables to be included for the analysis
on the basis of their possible physical influence to the criterion

variable.
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. _ L
The transformed stationary temperature and precipitation time

series showed no sipnificant difference from a purely random pro-
cess except for temperatures in the Pacific mountainous region

indicating persistence in the time geries.

Significant cross corrélation exists between temperature and pre-
cipitation’ at the zero lag, Cross céfrelatiops;between.the Tundoff
and the meteorological time series are in soﬁe cases hot gtable
because of the scarcity of the available meteorological data. 1In

general, meteorological series were found to lead the runoff series.

" -

Most of the gain functions revealed a system of exponential deécay’

or damped sine wave, which 1s the cﬁaéaéteristic of an ARMA trans-
fer fﬁncti;n. Phaselfunctions,.however, did not resemble any of
the known systems. Thus, a time domain system response function
ié required for the determination of physical time lags and fér

N
the construction of a time domain transfer Ffunction model.

Most of the significant coherencies and gains of the frequency
response functions occur at low frequencies around the annual-

. < .
cycle. This suggests a 'damped' watershed system which transforms

the meteorological inputs into the rumoff with rich variancé at

low frequencies.

Impulse response function was found to bé an éfficient estimator
for the. éstimation of transfer- funttion paraméters and for the- -

determination of physical time lags. ’ »

-
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®

The multivariate watershed system of monthly runoff, temperature

and precipitation time series may be ddequatelyirépresented by a
first-order ARMA transfer function model, However, model insta-
bility may be introduced due to the insufficient spaéial aaﬁbiing

]
of meteorological data.,

The weight for the previous state of runoff in the multivariate
system tfansfer function is of the same order of magnitude as
thejautofegressive coefficient in the univariate runoff médel.
This leads to the postulation that the disturbance term in the
univariate model may be modelled by the terms at the right-hand

. .
side of the ARMA transfer function model.

Cﬁordinated usg of the meteorological and hydrometric data would
enhance the accuracy of estimation of runoff characteristics.

For watershe& with large‘stérage, the improvement was not pTo-
nounced.: In this céae, the large storape effect plays a dominant
rolé in the gene}ating process of system response and the con-
tribution from external disturbances will be demped out before it

becomes significant.

Recommendations W

The approach for the identification of monthly runoff process may
well be applied to the.- daily runoff time serles which might reveal

more the nature of the underlying runoff generating process.

Validation of the model was not carried out in this study because

of time and budgetary limitations. It is always advisable to
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perform the model validation by split sampling in both temperal

and spatial sense.

The results of the regional multiple regression analysis indicate
that additional physiographic factors concerning geology, soil
type and vegetative cover, etc., need to be sampled especially

in the Prairie region, ‘

More rigorous statigtical analysis and good-quality stations are
-

required for more refined statisticalqtegionalization.

For multivariate watershed hydrologlc system ﬂsdelling, a-comhined
deterministic—sﬁatistical'apprpach gould be developed. For example,

instead of considering temperaEure and precipitation as separate

input variables, a trﬁnsformed variable of net precipitation |

obtained by'subtracti;g from the precipitation the amount of
evapofranspiration computed from some known physical or empirical )
equations such as Pénm'an's equation (Penman, 1940), Turc's formula <
(Turc, 1954), etc., be used as the input varlable to the

watershed systém é:gzzf- This will establish more meaning®ul link

between the univariate and the multivariate system models and

- .
provide more insight in the physical significance of the proposed

stochastic system model,

The identification of the w%fershed hydrologic system should not ;b(

R ¢ .
be considered as the ultimate goal of the hydrologic system analysis.
The practical applidation of the proposed models is at least two- .

\ .
fold: to estimate the runoff characteristics or synthesize the run-
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off time series at the ungaged site throﬁgh the correlétion'ﬂ
£egression bétween model parameters and watershed pﬁysiographic
characteristics (Pentland.and Cuthberd, 1971), and to make éhort—
term runoff forecast fr;m the proposed system models following

the procedures demonstrated by Box and Jenkins.(1970).

4
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' WATERSHED PHYSIOGRAPHIC CHARACTERISTICS B
FOR REGIONAL REGRESSION ANALYSIS

~

The watershed physiographic characteristics were computed as

the area weighted average of the physiographic characteristics of all

10x10 km squares enclosed in a watershed drainage boundary. These -

square-grid physiographic factors were derived from the information
contained on the 1:250,000 Universal Transverse Mercator map sheets.

The factors included in the presented study were:
. pub : | We

1. Latitude index defined as the cbordingtg;of,the square Iin the
south-nortﬁ direction s;artiﬁg framlﬁh; mést southern i%ﬁé&bf
squares (stored as the number of squares). The origin of the
array is located at the grid square with .a military grid

reference of 7UPDO0, -

2. Average elevation of each square estimated as the average of

the elevations of its four corners and stored as feet.
. °

3. Local slope estimated as the average slope of two plans: one
L4

defined by the elevatibns of the two southern cog;ers and the

Qé left-hand northern corner and the other defined by the eleva-

[

tions of tﬁé‘two southern corners and the right-hand northern

corner; stored as the tangent of the angle:of inclination in

L

‘parcentage. _
P . . : hY
4. Slope azimuth inde£ in the north direction defined’aq'an index

‘relafed to, the angle (in the clockwise-sénse) between the north

v

-

' ’ -
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direction and the horizontal projection of the iine bf in-

.

clination of the 16cal slope plan and expressed in integers

from 1 to 5 as follows:

= 1 for 337°30'<a<360°00',  0900'<a< 22°30';

= 2 for 22°30'<a< 67°30', 292°30'<a<337°30';

]

3 for 67°30'<a<112°30',, 247°30'<a<292°30';
= 4 for 112°30'<a<157°30", 202°30'<a<247°30",

= 5 for 157°30'<a<202°30° .

* . ’
.

g: 6 and 7. Slope azimuth indices in NW, W and Sﬁ directions
defined similarly as the.azimuth index in the north direction.

8. Distance to sea inlthg-north direction defined as the distance
from the ocean in the north‘to the éiven square, was computed
as a weipghted average of the digtances to the sea of the

&

'given square and of two palrs of adjacent squares on each side

—Tﬁ=§=&£sg££%g§’perpendicular to that for which the value of

the distance is sought (stored -as kilometers).

9, 10 and 11. Distances to.sea in NW, W and SW directions defined

in a similar manner as the distance Yo sea in the nbrty
direction.

12. Lake and swamp area index defined As the perceﬁtage area of
lakes and swamps inla given square.

13} Forest area index defined as the percentage,a;ea of forests

“ in a givem square. '

14.} Barrier height in the north direction defined as the difference

between the average elevation of the square and the highest

[l

5
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elevation égcgunéered_in the north direction from the giwven
square until the ocean is r%ached, was determined fér each
squége as the welghted average of the barrier heighta.for
the given square and of the two pairs of adjacént ;quares on
each side in a direction perpendicular to thgt'fdr which the
value of the barrier heighf'is soﬁght (stored as feet)'
15, 16 and 17. Barrier heilghts in NW, W and SW dir;ctions defined
similarly as theubarrier hedlght in the north direction.
18. Shieldweffectr to the noéth defined as the sum of the elevation
differential of all ascending streléhes of terrain—encouﬁtered’
" when travelling from the ocean shore at tpe north to the given
square, was computed as a weighted average of shield effects °
of the giv;n square and two pairs of'adjacent squares on each
side in a direction perpendicular to that for which the value
of the shileld effect is sought {stored as “feet).
19, 20 and' 21, Shield effects': to NW,- W and SW directions defined ‘
in the same mamner as the shield effect to the north. :
22, Reglonal slope in the SE—ﬁW direction de%iﬁed as a slope which
takes into account the general configuration of the terrain by
computing the slope in the piven direction for the total reach
for which the elevation is increasing, or decreasing, con-
tinuously in vertical increments of 1000 feet. When going in
the SE-NW direction, slopes were con‘sidered positive for in-
creases in elevation and nepative for decreases in elevation

(stored as feet/lm). d
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23 and 24, Reglonal slopes in E-W and NE-SW directions defined
sinilarly as the regipnal slopes in SE—N-W direction.

25, Ir; éddition to the above square-grid based physiographlic
characte.ris:tics; drainage area of a watershed was obtained
direc'tl‘y from the Water Survey of Canada publication (stored

as sq. mi,). ’

-
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““APPENDIX B . '

[

VARIANCE OF DISCRETTZED SYSTEM INTEGRAL .

First-Order S.D.E.

For a first-order S.D.E. (3.13), namely,

(I4KD) y(t) = x(t), _’ (B.1)

where x(t) is a random impulse function, it has the system representa-

[ o

tion Cﬁ.lS),

.,

t ' )
y(t) = -;— I e'(t““)/Kx(uqdp. , (B:2)

—c

3 '
The relationship between 03 and di and the autocorrelation

function of Y(t) are glven by equations (3.17) and (3.18) respectively,

02
ci - X ' (3.3)
and p (u) = e—ﬁ/K . (3-4)

y

The discretized form of eq. (B.2) is given by eq. (3.16),

t

(l—e_l/KB)y(t) = %’f eh(t—u)/Kx(u)du. . | fB.5)

t-1
For the discretized equation (B.5), the variance of the

term at the right-hand side of the equal sign can be shown to be

-
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ot t- .
By S f e EW/REEVIR k(o) duaw)
L, K° -1 t-1
t t . Lo
=2y r & R x(v) ) dudv
JKTot-1 e-1 7 .
1Y 2wk 2
= -5 J e u o du
K t-1 x
2
o
X . =2/K, - . .
2K (1-e .). ‘ (B'G)
If eq. (B.5) is rewritten in the form of 9

1/

Pl -1/
(l—dlB)yn = WoX o where dl =e and |dl| < 1; (B.7)

it can..bé shown and from eq. (B.3) that the following relationship

exists: -
22 2 2
. Yo% Gy(l_dl).
L)
. 0‘2
x -2/K
T (l-e Y. , (B.8) .
- 1.5 (e-w)/K
Therefore, from equations(B.6) and {B.8), T 7 e x(u)du may
t-1 -
be approximated in the discrete form by WX, where
vy = v (l—e-le)/ZK, (B.9)

and Xn 18 an independent process with zero mean and variance equal to
. Gi. This approximation preserves the mean and variance of the incre-
4 ¢ ,
ment = f e~ (t-w) /Kx(u)dii.
K 1
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1 .

\

Second-Order S.D.E. with Distinct Roots -

For a second-order S.D.E. (3.22) _ﬁi’th distinct roots,
9 . '
(D +81D+a2)y(t) = x(t) . Lo ~ -(B.10)

where X(t) is assumed to be a random impulse function, it has thé

system representation given by eq. (3.24)

() =ity (£-)

t .
y(ry =5 2 = x(u)du, (8.11).
- Hy™Hy :
“Hy and —Hy being the distinct roots of the characteristic equation
‘D%+a Dta, = 0. ;

17 72

The relationship between 03 and ci and the autocorrelation

function py(u) are given by equations (3.26) and (}.27) respectively,

42
o2 = 5o (B.12)
M
]
5 e-ulu'll e'“z“
and : o (u) = 2—1 . - (B.13)
y . Uz Ul

The discrete time equivalent of eq. (B.11) is given by_

eq. (3.25)

-y, -u ~(u,tu,)
{(1-(e 1--}-e 2)B+e 2 Bz)y(t)

e —e

-1 ¥aHy

x{u)du
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. ) L ep fem2-u) -y, (£-2-u) .
i . (P1+u2) bl 1 e 2 RN
Too—e S - x(u)du. (B.14)
‘ : t-2 HaTHy ]

-

The variance of the term at the right-hand side of_fhe‘dfs—
cretized equation (B.1l4) can be gshown to be

NGOG
e -

S S B |

x(u)@p

) -(-111+U2) t-1 _Ul(t"'lz"u) -e'—pz"(.t"z'"u) .

-e / e 2
. £=2 x(u)du)

T o MpTHy
£t -pg(teu)  —p,(t-w) . -p (t=v)  —m, (E-v)
-—L ¢ s et e P e b e P
(M=) -1 el '

E@x(u)}(v))dudv

“uu) £ tl - (teu) - (t-uw) |
26 172 f r (e 1 —e 2 )
t-1 "t-2

(e_ul(t—z—v)_e-uz(t-z-v))E(x(u)x(v))audv

-2(u1+u2) t-1  t-1 -ul(t—Z—u) -uz(t—Z—u)

+e S ! (e e )
t-2 t-2 ‘ )
“py (£-2-v) 2(:-2-va'
(e ' e o YE(x(u)x(v))dudv)
ol .t —H, (t-u) -uz(t-u) 2
=—>= U (e -e )“du



- (ul+u2)(e -e )}

Rewriting eqa.

. (1-4

(B.14) in the form of

2 .
1B—diB )yn = (wo—wlB)xn ,

-—u (t~2-ul

2 13
¢ ~2u s = (uge,) .
E (e - (e 1Y) 4 5—(-
P T Rl | HyTH 2
Al - j ‘-‘
. 2(u +uy), 20, 2e 2(uqtu,) upt,
+ (e 1)~ {e &= -
2u T !
et} 17 2
-2(u1+u2) 2 N
2
+ (e “~1))
My ‘
2
% ., THp THa 9
= (u,-u )2\_ U, (e )
) Y. )2 2 M1 1H2
: '”1 LBy g ~2luptu,) 2
eGP )\:f (up—ny)
-u, -u -y U, "
1 2.2 1 2.2
+ uluz(e -e ) + (ul ~H,e )7
2
- +
-5 - +x e Cuz—ul-e 2(“1 HZ)(uz—pl)
o LAl ML e ]
“2uy =2u,

)du)

(B.15)

(B.16)
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S twp=Quphuy) e |
where d 7e Tte, T, d2--e -7 and ld2[<I 'd2+d1<1ﬂ d2 d1<1 it qan

be shown from equations (B.16), (B 12) and (B.13) thaL

9 a3 2
qu f-gl)ax = (l+d 2 2d‘p1)0
* -]-'l, ‘112 2

= (I+(e_ +e ") -e

r . ‘:. ‘
o =2 (uyH+u,) ‘ o
-y - 1™ “&1 : ' :
Wyl (p=Hy-e (ug=thy) : r
=2u -2y
- Gipude =8 H)
o2 =2 (uy+u,)
- X (-1, —e 2 (1)
- 2uguy (uptig) (ug=py) 72 71 _ 271

=2n ——Zuz
- (uhuy)e e ). (8.17)

" From equations (B.15) and (B.1l7), the random increments at
the right-hand side of eq. (B.14) may be approximated in the discrete

form by VoXy and W X 1 where

e ATH .= (ugtn,) -2y
E / 21 {1-8 1) - i (1-2 172 ) + _zl_(l_-e 2) ’ (B.lBa)

WO=
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and w, = —= (e - =1)- ——(e -1+ —(e “-1); (B.18b)
S ety 2up Mty 2u, R

. and‘Xn is an independefit random process with zero mean and vafiance
’ . -y ’

2
equal _ to g

Second-Order S.D.E. with Equal Roots

For a.second-order S.D.E. (3.31) with equal roots,
2 2
(O74+2uDu vy (L) = x(t) ) (B.19)

where X(t) 1s assumed to be a random impulse function, its system

representation is given by eq. (3.33),

) |
y(t) = f (t-uw)e H(EW)

-

x(u)du. (B.20)

The relationship between 65 and ci and the autocorrelatton

function py(u) are glven respectively by equatiens (3.35) and (3,36)

as follows:

TN
'
ol = —% (B.21) -
Y 4y .
and p (w) = e U (1pu) ' (B.22)

»

The discretized form of eq. (B.20) is given by eq. (3.34),

. t _ _ . t-1 _ _n_
(1—2e-uB+e_2uB2)y(t)=f (t-u)e u(t u)x(u)du-e Zuf- (t-2-u)e u(e-2 u):':(u)du. (B.23
t-1 t-2
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~

- The variance of the random increments at the right-hand aide

of the discretized equation (B. 23) is

t b t-l l E '
B¢ (t-w)e MWy uydu-e Yy ez e H{E-2- “)x( Ydu) 2

1 . -

. .
.
) .
! . . .

= f T (t-u) (e=v)e HCETW (e g oy (v)) dudy
t-1 t-1 . : J

t | t-1° : i '
rF (t-u)(t—2—v)e—u(t-u)e_P(t_z_v)E(x(u)x(v))dudv
"=l -2 .

-—Ze_zu

t-1 t-1
+eT4uf K (t-Z-u)(t—2—v)e_u(t-2—u)e-u(t-z-v)E(x(“.)x(v))dUdv
t-2 t-2

—_

t-1
= ci(f (t- )2 =2u{t- u) uf. (t-2- )2 ~2u(t- 2-u)
t-2

du)

221 —op 1 —2u 1 2w, 1, e R gy oM gy g R gy
= Ux(-z—' e - 2!: - 3|= 3 + 21] e - 2 e - 3 + 3 a )
" 2y by 4n 21 RO

(1 A —e_éu). _ (8.24)

\v%lxqm

For the alternative form of eq. (B.23)

’ -

(1-«:1113-(12132)3r1[1 = (wgw;B)x_, | (B.25)

where dy=2e™", d,=e”¥ and |dy|<1, dyHd, <1, d,~d;<1; it can be shown

from equations (B.25), (B.21) and (B.22) that

2 2, 2 _ 2 2 2
( )U (1+dl 2 2d1p1)oy
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= Qe Poe ot (1
02 ' ’ - - " . T
. R 4—"3 (1-4ne™2Hoe ™y, - (B.26)
‘ u .

From equations (B.24) and*(B.26), the discrete time

~equivalent of the random increments at the right hand side of eq. (B.23)

may be estimated in the weak statistical sense by Yo% and WX 1
. . ) .n n—
"where
Vg = / :Zi e—z-u_—li ‘e-gu- —1—3- e-z,_u + —1'-5 , A ) (B.27a)
H 2y 4y 4y -
A +
and w e_zu/ g . ‘ézu- 1. "+ L ezu; . {(B.27b)
1 2u 2 3 3
2u 4y 1]

- and Xn is an independent random process with zero mean and variance

equal to 02.
. x




VARIMAX ROTATION FACTOR ANALYSIS

4
.

.

Introduction

In operational hydrology, probléms often arise in predicting
the effect on runoff characteristics froé changes in watershed physio-
graphic charac%eristics, in constrﬁcting a rainfgll-runoff model to
synthesize a unit hydrograpﬁ féf an ungaged watershed, etc. Suitable

statistical techniques would be needed to correlate the rumoff

characteristics or the model parameters with many physiographic

o

characteristics 6f watersheds. In this connection, multivariate

statisticai'methods which describe the statistical behaviour of a

number; of individuals or objects based on multiple measnremenfs have
been used by hydrologists té achieve the above purposes. 'General.des-
cription of mult{v;riape methods and their possible applications were
glven by Wallis (1965), Stammers (l96§) and Rice (1967). HIn.the

following se;tions, some commonly, used multivarliate methods for hydro-

logic analysis, namely, multiple regréssion analysis, principal com .

ponent analysis and factor analysis.are briefly discussed.

\

Multiple Regression Analysis :

Multiple regression ahalysis has been most widely used by
hydrologists for many years (Nash, 1960; Sharp, Gibbs, 'Owen and Harris,

1960; Stoddart and Watt, 1970). However, this statistical technique is
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often unsuitable for application in surface water hydrologic research
. N T : L
because of assumptions inherent in the mathematical developmgnt of
multiple regression analysis (Sharp, Gibbs, Owen and Harris, 1960;
Flering, 1964). In the mathematical development of multiple regression

theory for hydrolopic ‘data analysis,'if 1s assumed that fhéjso—called.

'indépendent' varliables are truély indeﬁendent. This is seldpom the
case 'In surface water hydrologic research, In a multiple regre sion-

equation, the regression coefficient of each independent.varfable 5.

the weight givén to each in order to minimize the sum of the squares of
the residual errors. If these res%ﬁpal errotrs are small, the multiple

correlation.is high and a good prediction equation results. If multi-

4

collinearity exists among independent variables, these regression co-
efficients cannot be given any physical interpretation, and the result

is a poor prediction equation. To illustrate this effect, a simple

example is given as follows:

If a multiplé linear regression model is assumed,

Y

“Xq = lel + 82x2 + e, (C.ll’ /r

i ~

lthen';
X, = B.x, + B.x . (C.2)

where Xq» ;0 are the true value and the estimated value of the

" h
dependent variable respespiﬁély, X400 2T€ measurable independent
variables,‘Bi,

Iai are poiulation parameter and I1ts estimate re5pectively,'
S ‘
e 1s the error term,/ahd all x's and ¢ are standardized varisble, i.e.,

—— .

with zero mean and unit variance.
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M ) . . N

It can be found from any statistical textbook (Hald, 1952) thaﬁ

Yo1 " Yao¥
L - 0
. 8‘-1, = —l—gz_l_z., . (c.3)
1-y '
12

 Yae=YaqY
.32 = _Q._z.._‘-..g}..ﬂ‘ (C.4)

2
vy

1f X1 Xy are ‘statistically indepehdent, then¥12 =¥y = g apd‘_
Bl = Ypl’ B, = 702} If_xl, x, are of perfect collinearity, Y12 T Yoq = 1,

a0 = :
Yo1 150 B = %u This Indeterminate solutich implies that

there are infinite linear combinations of §1xl + szz which give the

same maximum multiplq‘cqrrélation, sometimes ridiculous value or sign

of éi- may be obta{nﬁ.ﬂ | “

Eq. (C.2) chn be rewritten as

Axo = Blel + BZAxZ. {C.5)
It cai be seen that Bi are suppoéed to measure the relative'change R

of 1:::0 with respect to individ g changes of x This is the only pro-

. ixQ”
A "‘a. » "
perty which -gives Bi their physical meaning. This is true for truly
independent wvariables, whereas these coefficients are meaningless at

all for prediction problems in terms of individual effect of changes of

independent variables highly correlated among themselves.

From the above argument one can observe that multiple measure-
ments may duplicate the same information and may cause trouble in pre-
diction problem if they are treated as independent predictors. Hence

hydrologist wants to condense the number of, variables by expressing
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them in terms of a relatively small. number of iinearly independent
factors, in other words to détermine a minimum set of factors confaininﬁ)
most of the original information. : , LR *

-

Principal Component Analysis

‘An alternative to multiple regression analysis is prinecipal
component regression analysis. Excellent discussions of priqfipal
component regression analysis and its application in hydrology can be |
found in Wong (1963), Cavadias (1964), Fiering (1964), Eiselstein (1967)
and Overton (1968). The principal component analysis breaks down a
correlation matrix into a seé of uncorrelated (orthogonal) components .
eqﬁﬁl or less in number to the original set of variates. The method of
ﬁrincipal components extracts the roots of the characteristic equation
in descending order of magnitude so that only a few components will
summarize the data. However, problem arises in assipgning physical
meaning to each component. Hence the rotating faétor analysis is

receiving a good deal of attention by hydrologist in the context that it

seeks to explain the correlation matrix with a minimum of variables.

The components are scaled to correlation coefficilents “nd factor matrix

v

is rotated to detect redundant variables, if indicated (Eiselstein,

1967; Overton, 1968). i

Factor Analysis |

Factor analysis starts generally with a correlation matrix of

'n' variables. The object of a factor analysis is to account for the

ot
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.
-

observed intercorrelations (off-diagonal element of the correlation
matrix) among the 'n' variables with a lessetr number of 'm' of common

. -
factors. These factors are mathematically derived variables which e

-

linear combinétions of the original variables.

In addition t&.the common factors there aremaiso\'n' ﬁﬁiqug
factors which do not help to accotunt for the intercorreigtions but wﬁich
do explain the ‘fact that the ir_n:ercor.l'relations are less than unity. The
uniqug factor is assoclated with the independent portion of the variahle;
Each unique factor consists of two parts: an error factor and a specific

L 2
factor. The error factor results from errors of measurement, whereas
the specific factor is the non-error portion of the unique factor. A
factor patterh is a set of equations relating the wvariables and the
factors. Each vardable 1s expressed as a weighted sum (linear combina-
tion) of the 'm' common factors and one unique factor. The weights are
called factor loadings and are unknowns to be determined.

The general factor pattern of the linear model is

X =

" a,,F, +u U, , 1=1,2,...,n (C.6)
* j -

e S e At

(13 o =]

where X, are the standardized variables, F

1 are the common factors,

3

U, are the unique factors, a,, are factor loadings for common factors

i 1]

and u, are the weights for the unique factors.

»

Each uiUi can be written as sisi+eiEi if reliability co-

efficients can be established. This is usually done by repetition "of

measurements to assess the error of measurement. As implied by the
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model, the 'n' unique factors are not correlated with one another nor

with the 'm' common factors. Th}s is necessarily true; for 1f they were

@
correlated with one another, then the factor would not be unique. The

L ]

Tt

common factors are usually assumed to be uncorrelated, i.e., 1

orthogonal,

A common factor which has 'n' non-zero loadings is termed a
general factor. One which has two or more but less than 'n' mon-zero

loadings is termed a group factor.

The communality (hi) of a variable is its common facter

variance, i.e., that portion of the total variance of a variable that can

-

v—“

be explained by the 'm' common factors. “The ﬁniqueness (ui) of a variable
then is that portion of its total varilance that is not shared with any
other vériables in the set., Because the variables are first standardized i
before a factor analysis, the total variance of each variable is unity.

Therefore, ui+hi=1 or the unique variance plus the common factor vgriance

equals the total variance. If only the common factor variance is to be
factor-analyzed, the 1's on the principal diagonal of the correlation

matrix should be reduced to the éommunalities of the variables. If the

total variance is to be facdtor-analyzed, the 1's are used unless

reliabllity estimates are available,

Estimation of Factor Loadings

The flrst approximation of factor loadings was carried out

using principal component technique as follows:
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The sum of squares of factor loadings across'a variable (aij),'
gives the explained variance of a particular variable, while any parti-
cular (aip) indicates the contribution of the factor Fp' to the variance

of that variable (Xk). The principal component method chooses initially

the iqadings:a "that make the sum of the contributions of that factor

il

_to’the total variance a maximum, i.e.,

-2 2 2 : :
Vl = all+321+...+anl . (c.?)

subject to the conditions .

.

. ik = 1,2,...,n
Tik = T814%y ’ R (C.8)
d=1,2,...,m

where Yix = 1 (or the communalities, if used).

T Year Yid

an ~

DR
The maximlization of eq. (C.7) subject to the conditions of

eq. (C.8) results in the following 'n' equations:-

(I-Mayyhypap Feetya, = 0 ' -

0 | (c.9)

AT L

y21311+(1—k)a

Ynlall+7n2a2i+...+(l—A)anl =0
In matrix form the system of 'n' equations can be written as

(R-AI)A = 0. ’(C.lO)_

If this system of equations has a non-trivial solution

(Ax0), then the determinant, |R-AI|, must be zero, l.e.,
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|R-A1] = 0. | (c.11)

[N

Equation (C.11) is known as the characteristic equation and

A 1s the-characteristic root of the equation. This will lead to' 'n' or

leds different roots Ap and therefore 'n' or less corresponding combina-

. ' ‘ b
tions of (alp’ 82p""’anp) which again corre?pond to 'n' or less dif-

ferent factors Fp. LIt can be shown that

i=1,2,...,n; _
= 0| (C.12)

P,y = 1,2,...,m;p*].

La = } and Ea, a
ip P ipTij
/

~ This implies_that the resulting components or factors are uncorrelated
or orthogonal. Usually the first factor accounts for the largest portion

of the total variance and the second factor for the second largest

portion and so on.

There are aio other techniﬁue.s available to estimate the

factor loadings such centroid wethod (Thurnston, 1947}, maximum like-

—-1ihood—estimation (Lawley and Maxwell, 1963)._

,’
Varimax Method of Factor Rotatipﬂx

The factor pattern resulting from the frincipal component
, solution or other techniqueé 1s such that all 'm' factors are usually
general,ki.e.} non-zero loadings for all variaﬂles._ In this solution
the complexity of a variable is said to be 'm' since 'm' factors are
'neqessary'to desc&ibé the variable., This txpe of solution is not

amenable to physical interpretation.

Thurnston's principle of "simple structure" was an attempt to
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define fﬁe multiple-factor type'ofAsolution that could be interpreted. -

ﬁis criteria sf simple structure are (ihurnston, 1947): | L

1. Each rcw-of the factqr maﬁr;x should have at least one ;ero;

2. If there are 'm' common factors, each columm of the factor matrix
should have at least 'm' zeros;l

3. For every pair of coluﬁns of the factor matrix there éhould be.
several variablés whose entries vanish in one column but not in

‘the other; _ ’ . , | -

4, Tor every pair of columns of sthe factor matrix,-allarge proportion
of the variables should have vaniéhing entries in both columns where
there are four or more factors}

5. For ;;ery pair of columns of the factor matrix theére should be only
a small number of variables with non-vanishing entries in both

colums,

In general, the rotation of axes (factors) to a simple

structure is an’ attempt to reduce the complexity of the variables. The
ultimate objective would be a uni-factor solution, in which each variable

is of complexity one. The uni-factor solution is an ideal but it is

practically impossible with empirical data.

If the multiple-factor solution satisfies Thurnston's simple
Btructure criteria, the graphical plot in the plane of each palr of
factors will exhibit the following: (1) many points near the two final
two-factor axes; (2) a large number of points near the origin; and (3)
-

only a small number of points removed from the origin and between the

two axes. These three characteristi¢s.are the ‘basis for several graphical
. . ' ]

-
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i

rotation methods. However, any graphical method is'subjective and_

hence the solution can vary from individual to individual.

In order to reduce subjectivity in rotation to simple structure,
Carroll (1953) .-proposed an unique solution by minimizing the sums of

- cross-products (across factors) of squares of factor loadings, i.e.,

* minimizing o
f= % L P»q = 1,2,...,m (C.13)
p<q . -
where
) n m  m 2
w_= (I a AL a. )., (C.14)
Pq j=1 k=1 jkkp k=1 jk'kq
m
and kil ajklkp is the element vjp of the matrix
V = FA . (c.15)

where F is the init&al factor matrix and_A is the required directional
cosine matrix such that V minimizes 'f'. The equations involved appear
to be capable only of iterative solution. This analytic solution is

especially good for oblique factor analysis which, however, is not yet

commonly used in hydrologic data research.

An alternative and more stable solution, called the normal

varimax rotation, suggested by Kaiser (1958) is given as follows:

The Varimax method aims at simplifying the columns, or'factors,

of the factor matrix while at the same time the simplicity of each

variable may be attained concurrent with a large loading on a factor.
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The simplicity of a factor 'p' is defined as the variance of

its squared loadings, i.e.,
b

- £=1,2,...,0; .
2 1.,2.2 1,.2.2 ) :
p nz(bip) - ?(Ebip) s (C.16)

p=1,2,.,..,m;

[of

When the variance is maximum, the factor has the greatest interpret-
ability or simplicity since factor loadings (the b's) tend toward.unit and
zero. Therefore, the complete factor matrix possess maximum simpliecity

_ when the sum of fhe simplicities of the individual factor is a maximum:

02 = Ec§ =
P

I bi -1 E(Ebi )2, (Cc.17)
pi Py pi P '

2=

The maximizégion of eq. (C.175, called the 'zmaw' varimax
criterion, leads to biased solutions because the cnmﬁunalities impliciﬁly
influence the welght given to each variable in the rotations. Kaiser
modified the '"raw'-varimax criterion to the so called 'normal' varimax
criterion such that the final factor Joadings after rotation should be
determined so as to maximize the fuﬁction: .

i

/hi)4 - 5@ b? /hi)z. : (c.18)

v=nitI (b 1p

pil’ ip . pi

In matrix equation form, the rotation of the factors subject
to the normal varimax criterion, eq. (C.18) is equivalent to finding a

transformation matrix T such that
B = AT (€.19)

and B maximizes 'v', where B is the transformed factor matrix and A is the

initial factor matrix. The factors are rotated two at a time and the
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complete cycle of m(m-1)/2 pairings of factors is repeated until the
value of 'v' to the specified number ofldécimal places no longer

increases.

Kalser developéd an equation for the required angle of rota-
tion. Let the 'normalized' factor loadings of a variable xi for =a

particular pair of factors 'p' and 'q' be designated by

vy = aip/.hi’ oz, = aiq/-h‘i (c.z-o)

~
[

and the rotated 1oadings.by Y Zi. The transformation matrix can

i)
then be put in the form:
cosg -sing

¥, 2,) = (v,,2,) ( ) ~ (e
it i sing¢ cos¢

where ¢ 1s the angle of rotation in the plane of the factors 'p' and

'q'. Then if
_ 2_22
Y T YT
) vy =‘2yizi (c.22)

and - A= Xui -

B = Zvi

2 2 -
- -
D= 22u1vi

where all sums are on i' from 1 to 'n', the required angle of rotation is'

nD-2AB

. | (c.23)
ne-(A2-B2)

tanké =



-

- 205 -

The normal varimax method not only providés Sn analytical
solution for simple sfructure, but the aolutio# is according to Kaiser,
"invariant under changes in the composition of thé test battery" (set of
variables), i.e., the angle of rotation does not depend on the number
of tests in such factor cluster. The ob#ious advantage of this in-

“ariance property is thét it permits inferences to be drawn from the N’

- '

factors derived from a sample to the universe varimax factors. (Note:

The above normal varimax criterion (C.18) is applicable only to the
orthogonal faster analysis. For the oblique case, either Carroll's

criterion or the following alternative normal varimax criterion can be

used, minimizing

2 2 .2 2,2 2
(/) B /)

C= % {[nE(a2 /hz

2
s<t 4§ I8 j)('ajt/h

v

where's, t = 1,2,...,m, ] =1,2,...,n.)

Some Statidstical Considerations

gy

The model development in factor analysis does not require a
knowledge of the variate disﬁributions, but the development of the samplé
theory rin almost ' all cases, r;quires that the wvariates be Normally dis-
. As pointed out by Kendall (1961), in multivariate_aﬁhiysis,
especia 1& in those branchés which deal with components, factofs and
canonicdl correlations, exact Inferences from sample to parent offer,

&
everything that is known about exact distributions in the multivariate

some exceedingly difficult problemsg, in distribution theory. Practically

case depends on the assumption that the parent distribution is multivariate
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Normal. 1In fact, this first place reqpirement imposed on original
variables ismusuaiiy not met in most hydrologic measurements, Some-

times proper transformation; such as logarithm has to be taken on

original variates in order to get approximately normal distributions.

—
4

: ¢
Approximatgaziiﬁiﬁzigal tests of significafice to determine
the number of principal factors based on the examination of residual
correlation matrix have been developed by several authprs (Bartlett,
1950; Lawley and Maxweéll, 1963). However,  for the sake of simplicity,

it wad decided to chose the firat few principal components which con-

tribute to a highrpercentage of explained variance, say, 952 (Wallis,
1965).

The final factor pattern after the Varimax rotation was
obtained by deterﬁining the predictor wvariasbles which give highest
factor loadings in each'coluﬁn of the factor matrix. The selection of
the dominant predictor vatiables was also based on the fdllowingdg?

criterion of minimm acceptable factor loading (Harman, 1960):

[

where 5, is the standard error of a factor loading 'a'; R is the
average value in the correlation matrix and ¥ is the number of

observations.

-

g = % / (% —2-5R+4RZ) /N, (C.24)
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