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o } ’ . CHAPTER 1. - '
INT_RODUCTION.

P
N

Recurrlng segquences, also called feedback Shlft

reglster sequences, have been used widelw ln communication

r

)
systems, digital systems, eleptronlg instrumentation,
ett. - Sequences possessing pseudo—noise properties have
numerousoapnlications such-as unconventional.radar [13, . -

43] radar ranglng [4 127 and Monte Carlo statistical -

technlques rasj, among ‘others.

. . : kY .
Linear recurring sequences have been studied exten-

sively by Ward [46T}IZierler [49] Peterson [39] Kantz

[291( Gill [ISJ and Golomb [ 237, Néhilnea recurring

sequences have béen-studied by,éolomb‘[23], Magelby [35]_
and Brassch,[7j. The contributions,of“ﬁard and‘Zierler'
established_many-fundamental properties of.linear recurring‘g

.sequences. Gilbert { 17 ] and Golomb [23j established the

pseudo~norse propertres of llnear shift register generators.

2 pseldo- norij (PN) sequence satiirres the following pro-

~~.
2 in each, period of the sequence the number of

. ONE = dlffers from the nehber-of—ZERO s by at mostl;
among the runs of ONE S and of ZERO's in each pérlod one- o

. c [ -
half the runs of each klnd are of length twd, one- ergth—are~

-

.of length,three, and so on-as long as these fractlons glve
meanlngful numbers. of runs, if a_perlod of he sequence is
compared,‘term by term, Wlth any cyclié shift of,ltself,

-y




-2 - i ‘ < N

the number of agreenents dlffers from the‘number of dis-

agreements by at most l, All the maxlmum length llnear
l"
feedback shift reglster sequences are PN sequences whlch

can be generated by linear— eedback Shlft reglsters

(LSFR s) with verv- srmple feedback loglc. Other length .
PN segquences can be obtained from nonlinearlfeedback.'?"
shift registers.’ Use a PN seouence and all 1ts cvcllc

;;ﬁ{ - shift together with elther ZERQ or ONE secuence; we can
_{?E ' construct. a Fadamard matrf% Zlerler [48],-Golomb [2

| .and Elspas [14] dlscussed determination of cycle lengths
of the-reg;ster“ln terms of’ thefbropertles of its recur—

ring polynomial, also called characterlstlc polvnomlal

Z;ﬁ:' : =-Elspas f14] andfFltzoatrlck [15] also developed synthesis

orocedures in terms of the recurrlng oolvnomlal. Massey
r -

[35] develoced a LFSR syntheszs method for sequences of

e
b
P
%
:
-
)
1
?

| mesegearw Wipa
, o

finite lengths.- rr'he problem of constructlng linear Shlft .
‘registers with a mlnlmum number o adders has provoked

fﬁi\ Idnterestlng research on the theory of trinomials over . the.;

fléld GFCZ) LPSR's- correscondlng to’ trlnomlals ‘have

oFly one adder. Many authors, among whom are Albert [ 2]

The recurrzng nolvnomla of thls klnd is a trinomial. Roth

[42] has made a studv of 11 ear blnaqf shift reglster

. L "‘-\
el CUltS u51ng a mlnlmum numbeg £ modulo. 2 adders. The Lo
~ \ ' -
—
crrrlng polynom;al is rearrapged in a certainaform so .
\ . . N . -

(‘ 'l.\l.' o (. ‘-

— AN ' . (ORI e
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that 51moler conflguratlon can be obtalned. Alltop

Pratt and. Burton [3] suggested a class of sequence’ generators_

u51ng J-K £flip- floos whlch require- no adders of addltonal‘
gating., |

To fac1lltate the study of maxlmal length nonllnear
recurrlng sequences, also called nonllnear m~seguences, _
Good [24] introduced an important statd - diagram which has’

been named Good s d;agram, also called de Bruijn grauh

>

Good showed the ewlstence of shift reglster sequence of

length 21 . de Bruijn [ll] who discovered Good's diagram

independently, made a significant application of it. de

‘Bruijn proved that the exact number of‘sequences cf length

.én\dhtainable‘from n-stage shift registers is 22n—ln.

Lempel [307] developed a desrgn method using the

' homomorvhlsm_‘f the de Bruljn graoh. Lemnel dlscussed a

homomorphism of the de Bruljn graph that maps a graph of
order-nddnto one of order n-1 and-applied it to the design
of ﬁ%nsingular feedback -shift registers. Cohn and Evenlg:ﬂ'
[-10] gafe a design method toiconstruct the shortest feedy
back shift register which generates a giﬁen_finite sequence
in the cases$ of linear and noﬁlihear feedback logic;
Introduction of nonlinear logie into a linear strucfire

has been noted by Bryant [87], in which he generalized pre-

vious wbrk by Heath [27]. Baunnut [5] wsed dlrect loglc

and 1nd1rect loglc FSR to generate specified secuences.-,-

'~ Reed and - Turn [41] introduced a generalized  (m,n)-FSR,

-
-

- -t

e 2]

"]

|
s
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>

assoc1at1ng m feedback loglcs w1th the class1cal n-stage

FSR. The . (m,n)-FSR . has bugn shown to Be capable of b R

. _— ;
oroducrng*seouences of maxim

i~ " LI

and n by cyclic- appllcatlon of properly chosen feedback
L

perlod m2 For any ' m s oo

functlons. ) ' ﬁ' . o - N e .

1

L1 .

Hsreh [28] used comblnatorlal graph to analvze the

{

sequences and to decompose blnary secuences lnto a\modulo

2 sum or\logic AND of several component sequences.. ' . g

F

. Ma%melbaum [34] ‘made a comparlson of linear sequentlal
c;rcult secuences and arlthNEth secuences. The concept .
> b

<
of state was def ined as equlvalent to the remalnder or

residue in an arlthmetlc lelSOn process. The propertles

-

)?;

of 1nf1n1te1v recurrlng sequences and termlnatlng{.seouen—‘ . 5

XTI YY)

}
L
. ces generated bv arlthmetlc lelsoniand the oropertles of . - é.
. t - "R
e , : )
linear FSR seguences were compared - .. . R

. - -
> L

r1"ana]-::a, Kasahara, Tezuka and Kasahara [44] developed

Taiwm £ 010 g

1l

a procedure for ea511y determlnlng Shlft reglsters S ’

capable of performlng multlpllcatlon or’taklng powers over ..
- -
a flnlte field. The Shlft reglsters are useful in perfor-

.

ming computatlons lnvolved the decodlng of cvcllc codes.

Grodzki [25, 26] made a formal study of the FSR. “Fe

defined a k—machlne and the computation 0of the k-machine, ) p}uf .

and obtained some principal properties of the set of all‘

‘ computationS‘defined in some nonempty set kfinite or |
'inﬁinrte)._ Tne main differences_ot the k—machineland the
conventionaI;ﬁSR are-two-fold; First,[the sequence'

oy




T _' ‘ ’ ‘-‘..\ : )
N N }« . y . . . . '.\‘_‘4'
generated- by a conventlonal FSR are over a finite set,.

« L.
L. .

ovéf\elther a ’
finite or an 1nf1n1te set. Second the ;

eedhack function
of a conventlonal FSR is a to tal functlon deflned on a

s whiTe<the secuenceSNfrom a’k—machlne are

~

~

.
r
e

flnlte set, Whlle the feedback functlon of a k—machlne

is a partlal function deflned on elther a F:.n:Lte or an
1nF1n1te set.

-

Hence, the khmaghlne actuallv is .a gene-
\ . \ ~
ralization of-the'conventlonal‘FSR N DARE

e

.

dlScuSSlonSr we . ' '

In the context of the preceding - Z o
ve ln -this thes;s«several asPects of recurrlng secuences,

‘giv

=

bl
namelv, generatlon methods, decomp051tlons and some nro—“ )
pert;es'of nonsingular recurrin sequences.

: ’ -4 - LY
Boﬁh lirear - '
8,and nonlinear\sequences are cohsi e

There are two
major classes of. recurrlnc seouences, namelvv nonsmngular

T A Yy

L TSVIT IV R B

y

\ v
seouentes whlch are pure oerlodlc Sequences, and 51ngular

X CYVE T

sequences whlch are not. pure periodic sequences. In this
thesis, only &4

we non51ngular seouences will be studled
In Cha‘ter 2,

¢

some algebralc prellmlnarles, the
/

general aspectS‘of recurrlng secuences ‘and the terms -
7

-\

—

‘ N
- I )
X . s N ;
are dlscussed. 5 // :
\ \ .

|
/

requlred for the 'dev opment of’ the fOllOWlng chapters '

-
1
.,

: B |
n Chaoter 3, “the generaE/orfmeEhods fOr both llnear |
and~n nllnear recurrlngésééaences are studled '

—_—

Massev s o \ .. ,
m(s A ::
svnthe51s meﬁhod for & :linear- recurrlng‘Bequence lS

- . |

,': “ :q}_...“ j‘\ ’ G
dlscussed

Conventional PSR reallze/lons for the generatlon

1
- - “'
v -

* Do
o -

e

) g - ‘.I""
of. nonllnear recurring sequences usznq both the direct

: e LT




~. . . N
~
N . -

loglc WSR and lndirect log c FQS are dlscussed A syn« -

.
f " . .
- - ' N\ . v

thesis method based.'on a fe dback stht reglster with: lnput

-

.sequence is glven - Reed and\Turn [dl] has develooed a .. DR

sYnthe51s method to flnd a: maxlmum lengt

sequence of"

period m2™ u51ng the generallzed . un n)- _‘R. We give

'aasynthe51s method teo find an FSR with 1nput sequence

for generatlng a spec;fled _sequence of flnlte reriod. : : N

~

Instead of u51nc a mnltlple feedback functlon, a Slngiém_.;Mﬂ i

feedback functlon ls‘used It is also shown’ that any
attemnt to shorten the’ length of the,PSR for secuence*

- -
-
3

generatlonﬁgggv glves -a, comp051te FSR and thetotalnumber

-

of memory elements used is not reduced wh%n the appro- . - - ;

priate 1nput seguence LS not available.

L mUYHEIT

In Chanter 4, thod70f decomposing a-finite

periodic blnarv llnear,sequence 1nto a module 2 sum of

. -

several finite perlodlc blnary llnear sequences is

presented A LFSR realization for the qeneration of
glven finite perlodlc llnear sequence will give us the

mlnlmum Dolvnomlal o¢ the secuence. A fractlonal Dolv--

T~ nomlaI representatlon of the sequence ‘can be obtaine

and

the decomnosmtlon of the seouence can be easmlv mani-.

“l

pulated ln the polvnom;al re%resentatlon. A necessary _ B
i? and sgif;c;ent.condltlon for the;modu;o—z-sum decomposi~ : ' ¢

bilit& of a linear sequence is obtained. A moddIOrz-sum-

~
e

sequence—decompos1tlon-orocedure 1s.glven. Some oo i

-’

lnterestlng propertles of the minimum Dolvnpmlal of a : ‘.

sequernce are- obtalned.




In Cﬂépter 5, a method .of decomp031ng a finite
oerlodlc binary sequence 1nto a loglc functlon of

..several,flnlte veriodic blnarv seauences is presente ed. -

-

A necessary and sufficient. ccndltlon Loz/tﬁgfgécomp051— o

blllté\bt_a blnarv secuence of’ xnlte period is obtalned.

A partltlon procedu;g/yhlch ls\?ssentlal for testlng the .

e

Fa
decomp031b111tV/of a sequence is glven.. A 1og1chfunction-

sequence-decompo51t10n-procedure*for both prlme decompo- ,
N ~ i | |
sitions and condltlonal non—prlme aecomn051tlons is-4

< 1

glven. A logicﬁfunctlon—secuence decomposxtlon*machlne o

-~ )

is 1ntroduced for both prime deco sitions and conditional

-non—prlme decqmpos;txons. Co S,

T

The thesis is concluded i btetr 6 with certain ~
. P / : )
remarks. j. : ’
4 ' '; | s
o “‘-..__ B -y » /—'
. - \ .
= ) \ \\\
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. CHAPTER 2

’ALGFBRAIC‘ PRFLIMINAF&L_‘E_S AND

_ GENERAL ASPECTS OF. RECURRING SEQUENCES ' $ . ' .
Y ‘ | -
2-1.° Algebraic Preliminaries . ) ; '
.h . . - . \\

. In thie'section,'the'definftions of groups, hame-

morohisme, rxngs and flelds are duoted . These algebraic :
- \ / . ‘ . . ‘ -
svstems will be def;ned-w;thlmncreasmae complexltv from

' = -

-

a Slaqﬂe algebraic system called semlgrouo. A more"

i
detalled d1§cu551on of thesealgebralc systems can be

R

obtalned from [l,‘31]- : . \\

.{ﬁﬂ 2-1-1. Semlgrouos, monoids, groups and homomorohlsms

\
A SEMIGROUﬁ S is a nonemoty set of elements w1th

313 rrty

WAV e A

by
MUWMEIE Wae,

T an assoc1at1ve bipary operatlo *, l1.e., *: S x S 39 S

nsuch that * (s 1 s )-— sl * Sy and (s1 * ez)

-sl * (s2 * 'S, ) for all %{ s, £ S

3. .
The blnarv operatlon * 1s COMMUTATIVE, if * (s

- = x/{s,, s;) or s; *'s-2 Tjsz * sy for all s1 s, €
= A finite semlgrouo can be corvenlentlv descrlbed by '\\
3;1 a Cavlevktable. " _ _; \

A MONOID M is a semlcrouo w1th an element e € M whlch

. . L)

is a unrt for *, i.,e., e * ;= n;* e = M for all m.£ M.

3%5’,‘ ' A GROUP G\ls a monid with the follow1ng property, for

l
every elément a € G, there QXIStS an inverse element a
o > ] o
S : -1 -1 o
e € Gsucit that a *x 2 " = a 7 x a = e. . o

—J




- ™
. 4 . :
-

_ 1£f the binary operatlons * of a group is commutatlve,

then the group is called ABELIAN GROUb

Let Sl and 82 be two semlgroups ‘with blnarv operations

_— and -, respectlvelv : The mapplng LK Sl - is a

‘ HOMOMORPHISM if {)(S *s ) = §(5 ) (52) for all 51> 52 £ Sl.
.”Let. 3 (S ) - {v [ Y € 82‘ and y = 3 (s) for some s ¢ S]_..} ) o
‘ I.f 5 (S ) _" 2, then 6 3_5 an- ONTO HOMOMORPHISM. If S 74"5""‘-"' ,-“

-~ implies 6(5 Yy 5(5 ) for all, Syr S, € Sy then 5 is a

-

Sl

N DNE—Tb—ONE HOMOMORPHISM.

-A one-to-one and onto-homomorphism is celled an

i . ISOMORPHISM. Lov S S X

1f the mapping & : Sq —+JSZ is an isomorphism, we - . '&":

- osay than Sl is isemorphic to 'S

=%

27 ) , L.
M N - = / . . N - . ‘ ‘
Group homomorphisms and isomorphisms are defined

VRIS g A
P TIE BLRLE

amvincd

-

similarly. ;o ) - *

2-1-2, Rlngs and flelds l.g

. A RING R is a nonemptv set w1th two assocmatlve

binary gperations *—and *, addltlon and multiplication, - oy

respectively, such that

A . (1) R is an abelian group under addition;

At ™

o (i1) R is a monoid under multiplication;’

¢ (1i1) multlpllcatlon is dlstrlbutlge {(on both sides) _

. = ~;

- Oover addltlon.

- r

A FIELD F is a commutative’ ring in which every nonhzero_
element aeF has a multlpllcatlve inverse a <L e F In\other\\

™

words,.a field T is an abelian - group under addéition anq\” hs \\



~ 70} is an abelian groeé\ender multiplication. ; i -
A field of finite orxder lS called a GALOIS FIFLD.

A gaIOis field of order c 15 denoted by GE{q), where

4

g is a power of a prime number. \An important characteristic
N
of the‘Gelois field 1s.deseribedvin the following well-

known

Theorena-Z-L;

\ 7
\

Anv two GalOis fields of the same. order are isomorph’c

to each. other. 1\ | . s ‘ | <
. \‘ . . ‘
. . °, B ._\\ ‘ ) . . : A
2=-2. - Shift Register Feedback Mechanism !
. A recurring sequence is also called a feedback shift.

,register sequence, it can be obtained from an FSR. An .n-

stage shift :egister is a deVice conSisting of n consecu-
tive memery elements. The contents of each-memo:y ‘element
shift to the next memory element down the line in time to

the regular beat of a clock ox to other timing devxce. .

h _

feedback te;m is comnuted as a logical fﬁhction of the ‘
contents’ of n memery elementswand fed back into the first

. memory element of the Bhift register. A block diaéram of
tﬁzﬂsﬁift'reéistef with the feedback mechanism is shown ipv e

-
~1

2-1, where M's are memory.elements.

‘ﬁ?

a3 -
3
o -
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) ‘ \
| “ L
- 3 N [ o . ‘
b———— FEEDBACK FUNCTION S BN

o

. Fie. 2-1. shift pedister feedback mechanism.

+ 2=3. ° Linear Recurring gequences

Suppose an initial k-tuple .. (f'ao 2 'a_k_l) is

given', a2 sequence a = | ai} i : o over ,‘-‘GRcf) satisfving .
‘the £0llowing recurring relation
. . *‘. . ol : ' - - ' . —‘ . . _ .
o2y ©125.] .....L)‘.\.'*ck?.i_k 0 (i-k, k*1, -ee) (27D
is callea'{:'é_x linear recurring sequence.

. .

. In the binary cése, g*= 2 and .GF(q) = l.GF(Z)- {o, 11,
the operations ©-and - of GH2) have the folloé;' truth -

tables,

A trat_ns‘foz_fmail:—ion‘tt’: v —>v ;:an be defineawby Eq.
(2-1) as follows, | | " ‘
T (8,, Al,9, «nes @ s (@i, Biyny eee, a.lE
Bk i+l % 1+kjl i*lh Ti+2 Titk
“’he‘r_e 3 = g (ciéi*kf-l *CpRipag et oa),
‘_-co = 0, and v is a }c«dimér;.s;ioﬁa;‘vec':‘t.:of space over GF(q).
'i‘he troénsfor..-.mation. T has a matrix repre.sen"cation-:'{r' .

s

-

I




B - B be
- e =12 - - -
S TN _
) - ' ) ' .
SR 1 0. s el e co ) T ’
.0 oo Coao T e o | .
T = ;\‘\n . - . \\\ T - . h . ’ .
-1 o o CI T R
"C‘Tlc -c"l ';, . CaeTte: T T o
LT T 0 “k-2 - .. ‘0% o
Associx ith"Eq. (2-1) there is a 'oolynomz.al , '
o k K . ‘
- + + . :
£(X) co’- E 1X +°'k X call¢ed recurrlng pe.Z.Lvnomlal . /

or characteristic polynomial. In\the blnery case,
. Z T C

e

correspondlng to " £(X) there ﬁ.s a linear feedback function

£ - @... W : ' 11 fol ':..-' N
£f~qx 1 © 02‘2 eckxk where ¢ € {0,121} for i=1,2, X
ceer X and (3 is a modulo—z sum or e:\.clus:.ve-OR log:.c o f
operatlon. A LFSR. w:.th f as a’ feedbaclf funct:Lon has a -~ . jf;i" in
c1rcu1t block d:.agra.m shown 1n E’:Lg. 2-2, where c; = 0 and - :
‘ci'— l represent respectlvelv dlscamected anc'i -connected
c:.rcu:.t. A linear.recurring sequence can be pbtaln_ed from. . :
a.LFSR, ° < . 4
. . ' , ) ) ;

. ¢ > ! ; -

\.,"‘ ! i “ .‘-.'.'J‘ .":: — . ’

« BT
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\,:, " N . . % L .
T L - - '
"“\_“‘1‘3;:%- : . ‘/‘-
N R ’ : @ . ; o )
24, . Nonllnear Recurrlng SequenceS‘ N :
. . el : & ".
The t:ansformatlon T.studled in Section 2-3:icanbe - . .
rewrltten as follows? : S oA T
T ' .t.”‘ e o . .t
T (& 5.7 AR aPi*k—l) T @ ;-'.‘--'_.,"‘."i+2"'\-_’"'-'f Plage e
: 557r o< St 1” T ’ :
» . e ;_____ .. o .

e, . ’ ‘ —l ‘ .':- b .- . ' " © ) C ’ .
wheré £ (a;, al+l, “ooy ai*krl) "§ce,-(ciai*k—l S | | >

Cn@, s "ol ms wE, AT - : - “ -
2 l:"k-?‘-i" ..‘. + ck l')’i . * “ . . - ~
. ‘,\_\. - = BN .

vis a linear function of &-,.a: . 37,- .. and . - '
| . o B M- S S Fifpars > -

T?4§E§ESf?'f (a., a'*l";"’“a'+k'l} igignon-linear function 0_'

—___.__' ,-
of a., r5.q7 .ry&and a.+k 1 a sequenge can be smm;larlv _ 3

obta?ned 1f an lnltlal k- tuple (a LRy e akﬁl) 1s_g;Y9n..

L L a nonlinear recurrln se e ce & =f{a,},; e .
TS - g g n '{ 1}1 - 0 with a. - 3
_ glven 1nt1al k- tuple (a l . ak l) is a sequence satls~ - 52
- * - :f
o //tvkylng the Follow:.ng nonllnear recurrlng reldtlon, .
P . e e———
o \ . v - . e . T -
= a. - £ (a., a,. ey @ig ) L= G : RIRSYES R
- . 'al-‘\}g - ( lf al.;.lf . r a:!(.'.k_l) 0' l, o ‘ - ’ -
o ~ - Do - ’
where £ (a2, 4 ..., a. 71s a nonlinear fu ction of T e
(@ iyl 7 Bggx-1y If @ mo or rUnesom o L
Q. AL 4,0 nd i I e- blnarv case, £ is a- ’
3." 1+1’ a k- f n th S5 ' A -
Boolean functlon. Aﬁnonllnear FSR circuit block dlagram o
. f -
3 -
2 thh f as a feedback fgnc-lon is shown ln qu~ 2 -3. A.- Qim < : .
AT - P t . .
i : nonllnear recurrlng secuence can be obtalred\From a non- . , , .
8 L < . I - o :
T llnear FSR. \\\ T, S N . . - = g
: | : L. ' L »
-9 . _—ﬂ‘; T !
P c P ;
e . K‘ ' \ K ¢
o .\: r e '
v b G - -
P R v
: . - i
» I3 b4 ¥




27

- 14 - - o =T
p ] - - <
'1-. .
~ . . .
-——- = | rr———
R .

E T . | BOOLEAN FUNCTION \ T e
. | 1—,._‘ ‘ | NS ) | ]

- , -
Eig. 2-3.. A nonlinear ESR circuit block &iagram.

]

g 2-5. . Direct and Indirect Logic FSR i
’";7 _ -All the'FSR's studied in Sections- 2-3 and 2?4 are

- DIRECT LOGIC 1=‘S‘Q‘s, in a. sense that the output sequences

[
.~

Fﬁh~ are obtalned dlrectlv from a stage of the FSR's. The output f/-
: sequences can be obtalned from an; stage of tge WéRﬁs‘pto—

S .v1ded the 1n1t1al stateshave been prouerlv chosen. ' Usually

:ﬁ; . the output sequences are obtalned -from the last\stage of

the Fsﬁ's. If the output sequences are obtalned from an .

»

output functlon rather than from a. stage of the FSR's, the .

ha

FSR's are called INDIRECT LOGIC FSR' s. A c1rcu1t-block S
3'dlagram of an lndlrect logic FSR. is showni}n Plg. 2= 4

where £ and g are rescectlvelv feedback and outnut functlon. 'Y

| i N : - .
< A " K‘\\ ' . -
—- - > T
. /7 o S '
v ' -
e 3 ‘ 2 i
| ' \\(-”' ‘
. 5 Fig. 2-4. BAn indirect logic FSR. R
- ./, ‘!
i
ol K
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2-6. . State Transition Diagrams and Good's Diagrams T . \{ 

- a

The transformation T: V — V studigdﬁiﬁ“séctions

2-3 and 2-4 defines.a state' transition diagram. Each
- . vector-v.e V defines a ‘state angd aisﬁate transition from

I 4 . .

Vi to v, is defined_if'and only }?Qﬂ:(vl)'é ;2_ .;{//;_Jw.

The well-kgqﬁp Good's diagrém'is defined‘asjﬁplloﬁgj

= o . . . ’ L _.’_—“" ‘/-'.
Consider-the set of binary k—tgples—BET’formed‘by the’

kth cartesian.power of B = {0, 1}-. In B¢ a transition ’

X - (xl!-le > e p xk) —+ ‘C — (X-!, xzf - " e p :(k) e‘{lStS lf

and .only if (xl, Xy, “.,uii) - (xz, 3f e Xy o) or

(xi,,xé,lf;,; xﬁ) _ﬁxxz, Rys oo oo l}. TFor a given X

k- . . : -
¢ B, there are exactly two successors of X, namely,

2

(xz, Xyr wecr Xpo 0) and sz, Xyr _ooer Xyr ;). Similarlf,

LAUydEsl

¥
I
o
5
'
-
L.

there are exactly two'prédecessors of x, namely, -

et
IR LI TR A TY

o (0, x l' ceay xk l) and (1 Xyr =oer xk l The kth A
S order Good s diagram is a dlrected granh Wlth Zk vertices.

\\The vertices x and xf are jOlned by a directed arc defined

._“

* by the transition x —e -x'". The Good s diagram of%order 1,

2 and 3_1s shown in Elg. 2-5.

A gt



se e
.

.'4.
1 .

'FSR is called SINGULAR SEQUENCE.

. {,'
A
- |\I
\
- A k = 1 k - 2 k =-3 _ “

Tig. 2-5. The Good's diagram of order k = 1, 2 and 3.

2-7. ‘Singalar and Nonsingylar Sequences

An FSR is called a NOQ?INGULAR FSR, if the state

transmtlon dlagram of the FSR has onlv cvcles wzthout

branches, 1 e., each state of the state tran51tlon dlagram

-

| /

has only one successor and/cne predecesSor. A sequence
b N

- generated by a‘nonsin@giaf FSR is called 'a NONS;NGULAR o

SEQUENCE. An FSR.which is not nonsingular is a SINGULAR
B / . . N

FSR. . The 'state transition diagram of a singular PSR has
. i 2 e

at least one branch. A sequence.generated by a singular

>

The characteristic of the feedback function of a

nonsinéular FSR has been obtalned by Zierler [49] in the

linear case and by Yoeli [47] and Golomb [23] in the non-

linear case as descrlbed in the followmng theorems.

L .

.
"

-

v

»
v
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[
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heorem 2-2 : (Zierler)

e . St

PR

A linear recurring sequence is,nonsingular, if and

. only if the coefficient <4 and ck'Of the recurring poly-

. ‘l

nomial ¥ (X) = g + cl {,:.-Fckxlc

sequence\\ére not ejfal to 7ero.
\ ~

;.which generates tﬁe

Theoren1 2~3 ‘_. (Yoell, Golomb)

A nonlinear recurring sequence is nons;rgular, if . f‘ v
ané only if the Teedback function of the generating FSR’
;s of.the form f(xl; Xor ==ers xk) - Xy + jo(x,, X3,

veet xk), where O(XZ" 3 "'T_xk) - fFQ, Xor ener xk)

—""1% an arbitrarv Booie¢an function in the k-1 variables X5

x%, ... and X e s

-

=
A

In this thesis, only nonsingular sequences will be" §~§
v . . 3 e 4
: con51dered A sequence a — a2y ...y an_l .o 1s.sa1§ to i
: . 7
: be of perlod n, if and only if a; = 314 for all . Qi “ g
f i>0 and k > 0 and no integer m < n exists such' that
G -— £ 1S ; > ’ ' . . | 3
; ey +km for all i > 0 and k 2 0. _ _ -
:' ° 3



<. C‘{APTER 3 R R
FEEDBACK SEIFT REGISTER REALIZATION |
FOR BINARY SEQUENCES S

="

““”FINITE PERIODS -

In this chaptet, the feedback shift register reallza— ‘ oo
tlon for the’ generatlon of -specified binaryv sequences of ‘
_fanlte periods is studled A LFSR synthe515 method glven A
by Massey [35] will be dlscussed which will appear to be
useful -in the development of the flext chapter._ @nsvnthe51s

method based on.VSR's with lnput ‘Sequences will be given.

While Reed and Turn [dl] has given a svnthesms method to -

find maximum length sequences of oerlod nﬁ using the

a2kl

r -

Seneralized (m, n) - FSR's, we glve 2 svnthesls method to - i
iy o

find FSR! 7 with input.sequences to generate some specxfled

ViUFLLr

segquences
i

feedback functlons whlch have been devmsed by ‘Reed and

of finite periods. Instead of u51ng multlple

‘Turn, a single feedback Funct:.on w11l be® used. ‘Conﬁenti 'ai
FSR- svrthe51s methods using both dlrect loglc FSR s and

1nd1rect logic FSR s also. w1ll be discussed. - ' T ;.;'L

3-1. Minimum Length LFSR Realization for Generation of,
‘ /7

Specified Sequences of Finite Periods

An algorlthm to flnd 2 minimum length LFSR realization
for 2 seguence of flnlte length has been achleved by Massey

[35] Massey s method can also be apolled to the mlnlmum : - !

,

length LFSR reallzatlon-for seguences of flnlte perlods bv
: J




“\,f”/’“f&\“md//

§%§the folléying; we will discuss Massev's method.
P8 .method starts, with finite length sequences

Por a glven flnlte length. sequence aO a5 aﬂ;l’ it

follows from Ec (2~ l) that the L stage LFSR generates

.the sequence,‘lf and cnlv if

. L

i’fé °325-5 7 O 3 T I L 471, NSl R

Let cqg ™ 1, the recurrmng polynomlal of’ the LFSR is

L

LB =Ll L X X . (32

By way of conventlon, we take £ (X) = 1 €6r the LFSR of

length L =.0. S .

_ Now, let &3 = 0 1 . e an_L s be an lnflnlte sequence
_whose flrst N dlgzts are- a ay .- aN -1~ Let LN be the
mlnlmum length of "the LFSR's that generate ay aN_

An FSR lS said to generate a flnlte secuence-a 2y - aN~l’

if this seguence coincides with the first N 'output dlglsts

of the . FSK when the memorv elements of the FSR are

" loaded. with approprlate initial ccntents., For L » N, an

FSR can alwavs genegate a glven sequence by loading the

glven secuence intp the FSR lnltlally. Mcreover LV must

be monotonlcallv nondecrea51ng with lncreaSLng N. By wavi'
!

of conventlcn, we shall say that: the all- zero sequence “is

¢
generated«bv the LFSR w1th L = 0. : -

-V--

For a glven'flnlte length sequence a

a

0%1 "°° %N-1 of &,

STy

vk
il

eIy

AANecE

el

B



let o SO T | -

LN - - :
N)-(x) - l.+\c‘N)(x)+ e N)XFN .- ,
curring P01{50m1a1 £ the LFSR w1th the minimal

length LN which generates\the sequence. From Eg. (3}10, (,

C i
3= Lygs eee, WEL

§mN B Cot

dlfference between aN and tne\(N 1y th digit generated

-by tbe mlnlmal ~length LESR ob ained for generating the

"

" finite length sequence aoal ..

aN -1° If d =0, then

thlS LFSR also generates the flnite length seauence

s A1

513‘.';—\
80y ees By 2y of\a so that LN+l Ly and we have R
L : T e
f(N 1)(X) f(N)( X)-. If dN 7’0 a new‘LFSR must be i
found to generate" “the. flrst N + l.dlgggs of d&.  In the
latter case, let M be the seguence length-beﬁore the last
' _ length change in the minimal-length régisterss, i.e., .
< L. ‘ .
' . - %
r Lyyy = %N - . S
It has been proved by Massey that the new recurring poly-
nomial f‘N+;)(X) to generete the finite length sequence
: . . . ‘:: ) ” - . It ~
agay .- aleaN and‘lts length"LN+1 can be found by the
following equations: - I
- ".LN"'l = Max {E.N, N :’P'l - LN'} (3-3) \ t
. . - | = | } :

N

N,
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f(N Y - f“‘” G0 - agay T x N M Mgy ®3-4)
b '
Now, the problem of\flndr?g - mlnlnalrlength LFSR "’ .

0 generate a flnlte length sequence a0 1 - an -1 is-

'equlvalent to flndlng the recurrlng polynomldl f(n)( X). : ' ?

- i
-~ [ - -

Use E¢ 's (3-3) and (3~4) lteratlvely, we can flnd a

mznlmal“length LFSR to generate:a flnlte length sequence

For a seguence a, l cee @ -1 ++.0f period n, the same . -
_method can be applied by cOnsiBerlng two periods of the
sequence, the flnlte length seouence aoal- ,‘n—l 031 .- - \
n -1- However, if a LFSR of length L generates‘theefinite

length sequence a al e @ -1 Odi e 1 'then i¥

'automatlcallv gene es the whol

et h

Hence, Massey's LFSR synthes;s algorl\pm to flnd da minimal

sequence of perlod n. ~ .

—t

\ T——
Alength LFSR for genepatlng a secuence of £i nlte period can
“-..__ \‘-\.__‘
be descrlbed as follows. /ﬁl’ o .
T . > S ' - - E%i
l)_ 1 — f (X), ~ k=Yg (X, . il - v, j ‘ . e ‘g@
0—-"L,-\ : 1-—-§~b' o 0—>N S \ - "
! ’ -
=~ 2) IfEN=n + , stop, otherw1se compute e
'\ T T T T e _
o \ a‘N i =1 :LaN, e - . . .
A : T -
3y If d \0 then y-+~ 1 - y, and goﬁ;d 6) - - : b
4 If d,Ao \and 2L > N, theri - a
L -1 .. . i ; .o o
B (X)) = db X gX) — KF), : LA e
' \_\‘(;), _\//_, _9'(5) > ( | N o
. . . .\"‘\, \ i ‘ . ‘ T /”/ -
S oyt 1 —é\yemand go to 6}. - \. ‘ ; -
\‘ \ - ~- “-. , Y . ‘ " .
= ‘ ! L _,,/!
= - _/
< : \ \ \ T
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“.‘ -\\ ‘ . ‘_ . ) L;\

-'-" Y" - 5) If d :é 0 and L . < N then oo \\\ N

£ X)) =2k x) (temnorarv storage of £ (X)) o ””"\

O L E ) - aplxyg mﬁf(mw 1 i N

- ' L R - ) “

‘ ) N"‘l—L-—)L . R
i . ’ . ™~ .\‘\
o . . . A \ _
LR g, - f
,-. - - . '.‘ ] " ) *
T . d -_} b, . N v

| 1Sy L | -

) 6) N +1 3N and return to.?)- f

Ay
Fd

\ ¢

‘In the above algorithm, the of)eration —> replaces the

_ e contents
of right &ané 51de by the contents.of thefleft ha.nd side, and {{ (X, g{X),
N
yandb represent f( )(X), f(M)Q{}, N-M and d"vI of Eq/7(3~4), -
LA b ’ . B
‘respectwely. _ ’ - i ~ T
| = ) E
: . ) ' T S
“_ L ExampTe" 3- IR o ) : - ' "
‘ Consider the following sequence of perlod 7, ‘ ﬁ' . *“f
3= 1110100 L f\\i\‘ * - " , L oA
E , Applg the algo:ithm given above; we can‘dbtain a ‘ \\R.
" table shown in Table 3- 1,from which we can obtain the:
-; | recurring polvnomlal f (X)) =1+ x+ X3 which generates

the sequence. Thencorrespondlng m;nlmal-length LFSR . ¢

a whlch generares the sequence has- a czrcult block dlagram

' / - ~ et ,

. 'show. in Fig. 3-1.° . _ - . )
../ '

o o
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.App%lcatgbn of the LFSR Synthesis

N

Table 3-1. °

R algorithm to the sequence 6f Example 3-1.

l<.

5 (%)

N\
SR
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10 3 [73ex o+ ox 1 vex 0 0
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/J . N\
N r_-_ﬁ‘ ) ;___'._ﬁ ,
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Fig. 3-1. ¥he ‘minimal-length LFSR which generates
ot \ .

. : \
the sequence of Example 3-1.
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* FSR has been studied by Baumert [5]. A mdﬁtlple feedback

has been lntroduced by Reed and Turn T4l]

h

—

/;'_

Definition 3-1-:

. 24 -

' Nonlinear“FSR Realization for Generatlon of

n,
5

vSoec1f1ed Secuences of Finite Periods

The nOnllnear FSR synthesms problem has been studled

among othersL_g_ Magleby [33], Cohn and Even [10], Baumert

[5] and Reed and Turn [41]. Generation Of - specified

L
sequences by usxng either direct logic

or 1nd1rect logic

;unctlon FSR with 1nput sequence Lor seouence generatlon

In thls sectlon, tbe-conventlonal

. o,
method will be.dlscussed.' A SvnthESLS method based on‘, |
A RS
_FSR’s” with input sequences w1ll be glven..» ' o

-

FSR svnthe51s

3=2-1. Convent*onal FSR svnﬁhes;s methocs

In the followzng, we will discuss

the conventional

FSR reallzatlon for generatlon of specified sequences of

- finite periods. Both direct loglc FSR

and 1nd1rect loglc
\u

FSR reallzatlon will. .be discussed. JFlISt “we need the

f&ilow1ng h ' o :‘5;>

- [
. I
" The Hk-NUMBER,is defined as follow
393y see B p of.lenqth n+k - '1 of
... an—l of period n, a function Hk ls_
of the set of distinct subsequences of

2pay ... ap+k_2 Fo the positive- integers

s. .Jor a subsecuence

a gJ.ven seguence aoal

defined by a mapping

length k of the. sequence

such that Hk(a l""

k-1 )=l H(aga, ... ak) =2, if - i S Foaja, s 2
othervn.se, Hk(a e a) BRI ’Hk(ap-laf:“' p+k-2_)-p’ /

f ce 7 - F e xR
' aoal e 7 242, R b

3

P ‘-.- ap+k-2 g

A"

rl
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’ othchisé: H. (a . - ey '_ '
wise, H.( p-l bt ap-i*’k ,) = 1 for some b 1<i<p-1;

R ‘where p ¢ p - 1 is a positive lnteger. e
. e . . :

o -

. b N a

Definition 3-2°: - . - ' -

-

A sequence i of perlod nis called an INCOMPLETE ‘ 2

B SEQUENCE, 1f in a subseauence aoal\..- rak-2 °F

length n + kX - 1 of 3, there ex1st twoﬂd;stincg integers .«
Co - o - ) ¢ . -
i and j such that L \\

\\ Hk'(;iai+l .o ai+k—lx - Hk'(ajaj+1 ..;\aj*k_l) : . —

~ . -~

\ Definition. 3-3 : : _ \ _/ :

\\\- . A secuence a of nerlod n is -called an, EXACT Hk_ N

AN

SEQUENCE 1f. zt 1s nof‘an 1ncomplete Hk—secuence. N \R\:

L o Erom the above deflnltlons, we have the following . ///2>

- S

. . ra
4

Th orem 3=l : ° - ~. S ’ N - /

T _
The follow1ng statements held for.a blnarv sequence.- \ : N
. py ~ .
of pe:tod Nn. % - I

@

. . ; # . . ——
k4 ’

(i)fﬁrhe,la:gest Hk—nuﬁbe: is less than or equal to n.
. . T
- (ii) . If the secuence lS an exact’ h?—sequence,\then\\\

any subseauence w1th the same consecutlve\:§mt 1\\\€{~—~\_/ -éi
. . \\', Sk

has length < k. o BN R .\\ . o
: ) -, B .-' . \\__ \PI., .
[(iii)_'If“the sequence is an exactpﬁk—sequence, then k
PR - I . ) . .
is greater than or equal to I— log2 n '[ , where ‘ -
’ - [— 7 is the least 1nteger greater than‘or equal
5 1 . i . : N T
::-.,.a . - B tO x - = ‘\. - Lt %
R ' . . 2 - &
| - E o 7 B Sy
1 -~ ‘\ Y
; . | . .
- - Al \\ Fd



Sy

. e l-- -
— ; T - - - L
_ N : nd (11) can be seen easxlvs_'ge prove (iii)-
— '__'—_'—_‘—.—_.—-F‘ . — .
as follows. " o

- . - . - ) -
A R

- Since the sequence is an .exact Hi—sed@%nce, there '
- ) Wy P .‘ b . ' b

‘are n distihcthkﬂtuoles.‘ But: there are at most 2% binary

k-tuples, which impiies 2% > n, i.e.,.ﬁ > I 10§2 n] . S

- . -

X - . ' .." - - Q- E- Do

S, \

s A necessarv and suff 1c1ent condltlon for the dlrect
; -

n " -

/ logic FSR reallzatlon of a sequence is glven by the " T

follow1ng e B

Theorem 322" : ~ | : -fE; S e

A binary secueﬁce-of period n can be ge erated by

- ~ka dlrect‘//glc FSR of length k if and- onlv if lu\lS an

b
- AR 1 ¥

exact H Hk—secuence. ' v

o~ .
’.u - J. . |
L

-—.J‘ N

- Proof:

. _ , ) ’ e
- fdé;;\suffLCLencv part w1ll ke proved by showing - . - |

the exlste ce of a dlrect logic k-PSR whlch geperates-

an arbitrarly exact Hk-secaences

.- “

M -1

... be an arbitrary exact

N

mLet a a

0 l

hk—secuence of perlod n. We can build a state transition -

n-1

M

. - dlagram from the secuence as shown in Flg. 3-2, where-‘\
each- state is reoresented by tHKe k- consecutlve digits of
. the secuenco/w,The state transzglon diagram of Fig. 3-2
— !

is sllgthlv dlfferent frOm the c0nventlonal state transi-

tlon dlagram, onlv those states related to the sequence ' g

v,

'
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BN 2 . .
. . J ‘.‘. -
are specified. - _
N . . . . - o =~
o _ . initial state ) :
; “la vee @ ‘ aa ... a . -
i n-1%0 K-2 *f‘ffﬁﬂ 0™ k-1 172 T Ay
. - e
L “ C ‘ r
"' + . » N ’ [“
| - I-
) )
) A ) ; )
. ' \‘\‘ ‘
R a.a ce. @l = T
i 1+1 14k -1 (
i Pig. 3-=2. A sté&e_trénsitionndiagfam built 'J.“
'/‘aﬁé frem a se uence‘é a, ... a . of period N
. * Sequence. 0°1 *7° “n-l 7t T2 .ni J :

2

.We can find a feedback -function f by settlng um a.

S MFaes

ﬁ
€1nce the sequence

e

‘“‘*———:s.an exact Hk-sequence, all the rows ln Table 3-2. are

txuth table as shown 1n Eable 3-

, 23 4k-1
25451 and a.+k(% a1+k for d}stlnct

dlstlnct, no contrad*ctlon such as. .Ea.la:L l.g..

-—
'™

ajaj+l cen

-lntegers i and j will occur. Hence the feedbac? unctlon

. ! :
f exists. A direct loglc k-FSR wzth c1rcu1t ‘block dia- -

- - . [
‘grqg shown in' Fig. 3-3ww1ll generate the sequence.
i B . Lo - T
~ v - A;» - -1‘_ , .
. . ) o s
' - ” "
Sl ) o
. ’ . 5a .
- a ]
-]
. . / . A _ B
‘ ‘ - 25,
s : S
. —ﬂw;‘;-‘:,’”
N ' . EEAN
L e - .< P J .
. F - T
\ ~ ~

]
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) Table 3-2. v
. . N - - d.
s . Truth table of the : ~—
L - ﬁegaback function f of Theorem 3-2. .
Yo Y1 . - SR (W} £ s\
' . : ~
% 2y . . fx-1 %%
21 2y . ] % sl -
- . u"- - f - - - |
Py
- ' - — - - - - ,
.an—l a : i
- 0 e * ak—2 ak4l
. ‘\‘&.. )

.

Pig.' 3-3.

r

A direct logic k-FSR of Theorem 3—2;;?-

The necessity part is proved as follows. If a

sequence a,ay s a_y --- 0f ?eriod‘n is generated by

aAQire;t logiclg-Fsg, all-the n k-tuples g3y eee g

2125 ... 2r -..;and a

-

_ a-1%0 " %k-2 |
states' 8f the state transition diagram of the FSR are

which represent the .

ia




=297 .

i'

distinct:.. If any two k -tuples dE)the above n k= tuples
are equal , then the successors of the two k- tuples must

ke equal also,-and the successors of these two equal “ '
_successors must be egual again and sozoh. Then the - ‘ _l . h

by

sequeﬁce.geﬁerated will no longer be of pericd.n and a iy
{ - *

N

ATy

contradiciton is obtained. Hence the sequence is an exact

Hk-siquence}/ o - '
o T ‘ Q.. E. D.

s From Theorem'3—2, we have the following

Corollary 3-2-1 : . . .

A binary sequence of finite nerlod whlch can be jr
generated by a dlrect'loglc k- FSR can also be generated
bv a2 direct loglc k'~FSR for k' > k.

Proof.

A
-

" We.show that if a sequence is an exact Hp -

- . ! - ' 1
- sequence, then it is also an exact hk:-sequence for k

> k. .7

Pick'up.ahy two subsequences of length'k' from
any subsequence of length‘ptk -1 of the given sequence of -

period n. say - a.a .o

, SAY 23354 2wty 208 R L LR A B )

for i ﬁ j,-we have to show that‘ . . - o
S A e R R T ’LH}: (258541 =+ 35" 1)
Assume contrary, i.e., _ . -

- . - ! . - _ f -

Hk -(a. 12547 "'_a}+kt—l). Hy! (a a. *l"‘ aj+k\~1),
then Hy (338541 - 3u) L T K '(?gaj«*l ST Biae1y, -

4

J
¢ Al
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-

which contradicts the hvpothesis that the\eequence is an’

exact Hk-sequence.' . o ' S St

| | Q. E. D.
Golomb- [23] and Baumert [5] hfve shown that £ﬁere "
exists a direct logic k-FSRiwhichfean generate at least
" one seguence of eeriod n, lsn-< 2k I\ other words,

there exists an ekact Hk~secuen e of pe/Aod n for every

‘n < 2K, We quote the result without proof in the

l7g

' following T a S | #

a

Theorem 3-3 (Golomb,-Beumert)‘
All period of 1 to 2kfcan be obtained from a direct

loglc k-FSR.

-

From Theorem 3-3, we can prove the Follow:.ng

’

.Theor'em 3-4

Any. binary sequence of period n can be generated by
an’ indirect logic FSR of length'f'logz‘n 1

Proof: .o ' . o RN ff

We rove the theorem by showing the exsitence

of an 1nd1recr logic FSR of -length r log2 n | which . o~
generates an arbltrary eecuence of period mn. - o ‘ *h\

From Theorem 3-3, let k - r-logz nl, there exists . ‘
. of Derzod k. Le£ R f ’

an eract Hk-rsequence_bobl «ee bp—l
aoel..;. aq c-- be an arbltrery sequence oﬂ period ni .

Thgn the indirect logic k—FS% with circuit block diagram -«
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( |
shown in Fig. 3-4 will generate the sequénce'aoal . e
a1 ..., where £ and g'are respectively the feedback -

and output function with truth tables shown in Table 3-3.

Table 3-3.
' Truth’ tables of functions £ and g

of Theorem 3-4.

Yo 1 ot Yr-1 £ S
T T ¥ B
b1 by - - - By Prr1] 1
B T T TR I e | |
|
-/ l
Fig. 3-4. BAn indirect logic X-FSR . . .
i - of Theorem 3-4. — P
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‘The proofs of both Theorem 3-2 and Theorem 3~-4 are
constructlve, thev alsc suggest a synthesis methogd to

find an FSR for generating a glven speczfled secuerce.

An exact Hk-sequence of perlod n can also be: obtalned-

from the - Good S dlagram of order k studied in Section

2-6 by trac1ng the vertices of the.dla'ram to flnd a

cvcle wlth exact n vertlces, and olcklng up the 1th n

digit from each vertlx through the cvcle found.

Example 3-2 : .

| Consider a PN sequence 11011100010 ...:of periocd ll
Since k = r'é:gz 117 = 4, we have to find an

exact H4jsequence of period ll.‘ Note that the PN sequence

is not an exact Héfsequence. Now, the sequerice

11110011010 ... of period 111 s an exact H4-sequence.

The indirect logic 4-FSR with schematic ¢circuit diagram

shown in Fig. 3-5 will generate the PN seqguence. The
feedback and output functlon £ o= voyl + yogl + Y5¥3
and g = Yo¥iY, +'yly2y3 + yly3 can be obtained trom the

truth tables shown ‘in Table 3-4.

g

3
4

CLnvT T
VMY g

h

R
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i B

=7 Table 3-4. R '
.- Truth tables of functions £ and g ’

of Example 3-2. | : , —

T N A
[ I
o
|
o
o
1

o
o

o

o

p
Lo
o
H

[ §

H M o
S
o
g
(o]
o
&t

O
[
o
=
}-JI—-'l—‘
o
~

- ‘
.
et 0 1 W1 1 1 0 -
o -
, -
—_ !
Ty
4 -
o :
i ~z S . -
T . f——-‘
- A
_:"-, ' v o ’
3
4
. - -
N - . 7y =
N td
S . )
~
- ” :
lge 1
i -
A
-— R * E
- 1 -
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"*’C
{
T\

. : B Y
Fig. 3-5. An,indirect.loéic 4-FSR§5cﬁematfc circui%&
" diagram of Example 3~2. . S .

. . Q . )

3-2-2. A synthesis method baeed on the FSR with input

-
o

sequence.

Té{generate sequences‘with a shorter FSR. A multipiﬁj

feedback functlon FSR has been dev;sed by Reed and Turn

o

[41]-as sbown in Flg. 3~ 6, where fl £54 ... and'fm are - ' EEJ-

multlple feeﬁback_functlons-and an additional inbué'%eQuence _ ?if

I3

is requifed:to;control the operation of the multiple

feedback functions. . Synthesis.method to fiﬁd'e maximumn | o

length sequence of period m2"  has been obtained by
Reed and Turn, whlle synthesis method to flnd ‘an ?SR

Y

wlth _nput seguernce to generate a spec1f1ed sequence of



fiﬁiﬁe'period 1s still lacking. T o

»

' ; .15, oo 1 . < \ i:nput sequeance

- . , ‘ -

Pig. 3-6. A multlple feedback functlon FSR

w1th lnput,sequence of Reed and Turn.

nstead cf using multiple feedback functlons, -we L

—{ modlfv the model by using a s;ngle feedback functlon

-

L A synthesis method based on the modified model will be

L _ . ; 4 ' -
given. Sgéé;fically, we will prove Theorem 3-5 to be://////f

giveh latex. Before we prove the theorem, we need the-

‘following preliminary discussion. . .//;/; ' T
N '-'/
Let aja, ... a,._1 --- be an arbitrary secuenceA
of period n and let k' - ”logz/ and k < k'. We
can build a state tran51tlon dlagran from ~ the seqguence

\,
hv plcklng up k consecutlve sﬁﬁbols each tlme as a state

and g01ng throﬁ_H\one period of the sequence as shown

'5n :lg. 3=-7. " Ass(gn mz> 2 iqput svmbols io, l; “ne end ’

iﬁ-l to the state transitions of the states in the state

i

5

transition diagram as al'so shown in Fig. 3-7, where
. N . . . p I3

.y for i -.‘.0' l-' " swp n-lo . .:

] "\i—l }

Ry

Ii E { iop
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"The input symbgl assigﬂhent‘obeys the following rules.

he states a a e . = ~ .
If ¢ #1700 Fiak-1 T 298541 00t Rguxar :

and Asap T j+k' then thelsame input §§mbol Fay be : a

assigned to the state'transitions of states

hiai*l ‘ee 1+k 1 and a; a-t& ‘e aj+k—1‘ On the other

1

hand, 1£f a.a. w1 o ai¥k4lk_ 25 j+l juse-1 and . . .
44 7 3j.pr different input sﬁﬁbcls should be: a551gnedd - - .
,/// to the state tranSLtlons-of states a;a; ;\f.. gl o g
and ajaj+l 'f’;aj+kfl' h | _ ‘ E -

a
r ~

. . a initial state . B :
— ' I - — '
‘ RLICRE a.k_“2 __n;l_,{aoal. .2 Q - 2,3, .:’;lk o
. I_ T ‘ ‘ 7 ‘ .
' a.a a :
~ - [———————-{ P4 Tkl —

- Flg 3=7. A state transition diagran : e . -

with assigned lnput svmbols.

, L0 T .
The state transition diagram shown in Fig. 3-7 .is -
. : . - . ya . -
sligthly different from the conventional one. The same
o : : < )

7 o7 . i

state can appear more than once in the cycle and the -
%;ate transitions are labelledlby'ﬁhe input svmbols.
From the stateé transition diagram, a truth;tablé 8¢

thé feedback function f can be set up easily as shown in ‘ \\i
__— T r~ ~
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Table 3-5. Let r = T log, m |
symbols i

» and code the m input
0 l’ 4'j and 1

the feedback functlon f
"Taﬂes 5.

can ea311y be dbtalned from..
IDI

A dlrect loclc k-FSR with 1nput seauence

T

17 e In 1 .o of perlod n can certalnlv'be reallzed
The ‘realized circuit block Ciagram is shown in Fig. 3-8.

Tabie 3-5.

feedback function f.

¥o b T - T
Ip 20 i R T " T

[
T

Fig.

1 by m blnarv-r—tﬁpies, then

Truth table of the

R

U_&"’
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4

However, such a realization is trivial, in a sense” that

the compTéxity of-the output sequence is passed on to the -

input sequence w1thout simplification at all. Furthermore,

T e il

-

the -input sequence may not_be‘a.blnary sequence, aléhough' L

-

it can be coded into binary sequences.

If n.= mp, where m andmp ere'integers, then it may N
‘ e

S R .
be spOssible to use an input sequence of period, p instead . T

-

of n. To test whether an lnput sequence of perlod P w1ll

work 'or not, we can form an array w1th (p. * k) rows and - . .

m columns as follows:

~ 20 % . o Am-1)p™
a ' . .
L fe-be
o | . . .- . 3
- . j
kT %px JAMK fm-l)p | 9
/ .
S+l p+k+1 ./ - - % (m-1)p+k#l ~
.’\ . ' . . ) .
~3p-1  F2p-1 - Smp-1
Iy - ’ i L]
5% “2p o R R
Lo . S . . . L b
"p-1 - .
F ~., p i
ptk-1 F2p+k-1 A Sx-1
.- - =
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- Denote .the set of consecutive x + 1 rows “of the a ay .

o

bvﬂxos'blacks Tor 1,‘;,.'and‘f§hl as shown ln the array.

-

In. each row block ri 0Sisps- l, the first k symbols

"of any column represent a state of the state transmtlon

- n

dlagram. If an lnput secuence, which has been. assmgned“

to the state tran51tlons of tﬁ state tran51tlon dlagram,

- has a nerlod p, all the state tran51tlons of the states

in a row block”™ rl will be assigned the same -1nput svmbol.

- D
Hencé“ga obev the assmgnment rules, w1th1n a row‘block rl

e

any two columns whlch have the same”flrst<k symbols must

have.th 'same_(k * 1) th symbol. Slmllarly, in any two

o p ) : -
row blocks ri and rj, 0 g\iveg € p = 1, which have‘been : v

assigned the same inbut symbol, any two olumns, one in

‘the row block ri and the other in the row block rj' whlch

have the same first k symbols’ must have the same (k + l)

th symbol. Thls,condltlon‘ican be stated,as the follpw;ngj

"o
P

Theorerr 3-5

-

[}

A seguence apap +.. @, -4 of petlodzn mp can be . -

generatéd by &“direct logic k~FSR with inpuEﬁsegpence’
ibIl ""Ip-l ... of period 9} if and only if in any .row ~

block, ':of the . .above arrav, 0 £1 <p-1, anv'two-

-

columns ‘which coincide in the first k ‘symbols also
coincide ln the last symbol.

* ' From Theorem 3-5, we'have_thehféllowing :

Pt |

. -
7
-




Corollary 3~5~i-

In the array of Theorem 3- 5 any two dlstlnct r0w

blocks rl and r .0 0% i, € p -1,

K \;i .

. can be aSSLgned
the same’ input 'symbol if and only if any two columns,

onefiﬂ the row block ri and *the other in the roﬁ block

rj' which c01nc1de.;n the first X symbols also coincide

‘ - ~
in the last svmbol., S e . 3

*
-

-

An exhaustive search‘can‘be maée'for all Ti;ays —

with respect to dlfferent comblnatrons othhe factorization

of. n into two posxtlve 1ntegers. - o7

- . 3 o e

Example 3-3 27 . - SR / \. ‘ \.--h
Cons;der the sequence lOOllOllllO onio .o of perlod 16.

Plcklng up 3 consecutlve svmbols at each time and going

through one perlod of the sequence« we_can build a~state

transrtlonrdragram as shown in Prg. 3=9.

JERN i i. S. T

l 17——>|110l—>}101l——>+ oml——>{ 100!

. ' 1 .
- 1 v
: I 1001! LI
i T e
: T -l,u| k
i =" ’ . l:i
! .  [mg
i, - : AN =
B [LL0 }e—11T le—J 11T fe— 01 fe—101
. L i, - 10 1. \

- ' . A
o - - Ct .&

:19.-3~9. State transition diagram with

a551gned input svmbols of Examplé\3 -3. -

LA ‘.'

”
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b S } - AT~ T .

v . - \ -
: o ] N 4
I 1 T i - AL b e
. ' . - . . ‘.. . . 't\
From the gijven sequence, we ﬁan,fdrm an arrav as o \\\ EER
. P ~ ] . - F ~ 'A A _‘;‘: - ‘- . . .
follows: _ e , . E N
- - I‘,’:: . ; . - .
o ] ; q
i ] 1 - 1 N °
- J:
ro 0 0 1 . 1— _
_0 1 » .
[ i : ) 0 . 1 rl -
al 1 0 0—
r2 + l‘{" l . l l—J ; 4 o
—0 1 . - . -
: . -1, 0 Ty
1 0 1, P e
[t

Since the row blocks T, 0 §1¢ 3, of the arrav'satlsfv

the c0nd1tlons :f r1"heorem "3-5 ‘and the row blocks rl and

3 satisfy Corol‘arv 3-5- l “We can assmgn lnnut svmbols

' 0, il_and 12_t3-the state tranSLtlons-of the state

L]

transition diagfam as shown‘in Fig. 3-9, and obtain an

s ; - A . -
1nput sequence 10111211 .en of-pegldd 4.~

Assign binprv 2-tuples 00,;01 and 10 to the input

-~ -

. £ _‘ Y . ‘~. ) . . o o
svmbols io,-il and i2, respectivély. Set up the truth o cETn
.tab;e of the fepdback function as shown in Table 3-6, -

”

-

A simplified fuhction

£ o=kgy) (YT * Xo¥o¥p ¥ Fp¥p¥, )Yy,
can be obtained E:om_Taﬁle ﬁfé._ The direct logic.3~FSR -
with schematic :ircuit,diagram:shown in Fig. 31}0,ﬁ%11 :
_generate the sezué’fé\*where xo and xl.are-input'te:min§l "
yarlables w1th lnpqt-sequences of periods 4 and 2, * ' - o
-

L

<t
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Table 3-6.

 Truth table of the

feedback function of Eﬁample 3-6.

~

Xq xi g 1 ¥ £
0 0 1 0 - 0 1
0 0 1 0 1 1
0 o1 1 0" 0
o 0 " 1 1 1 0
0o 1 1 0 0 B
0 1 1 1 'o o1t
0 1 1 v 1 1

0 I 0 0 1 1
o 1 0 1 1 1
0 1 o 1 0 0
1 o 1 0 1 0
1 0 1 1 1 1
1 0 0 0o .. 1 ¢ 1
1 0 S 11 0

(o]

¢
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™

Fa
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A

Fig. 3-10. A direct lo
with input sequence schema
- TN :

diagram oﬁ\Example

~

gic 3-FSR

T

tic circuit .

3-3.
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-4
respectively,

~

Next, we give a synthesis method-based on an indirect.

logic FSR with input sequence fed into the ocutput function.

The method is similar to the previous oné in concept.

Before the method is discuésed, we need the following

terms and lemma.

L . _ -
Consider two sequences S = { N Yi2o and

of period m and p, respectively. Assume

L=~ 013150

‘that s, 4 sj'for all'i £3,0<4i, 3m=-1, and i

:,""lk'

for all £ £ K ;y O0s2., k =p-1. _\Wé ca® construct a sequence of

order pairs as follows,

| | | = - . o
. ______g I .) ﬁ' { ( ) ]j =0 -

L))

j

The following lemma which characterizeé the sequence °
(?)'éan be proved easily. -
Lemma 3-1: . —

Let S,..I and (i) be the-sequences defined above.

Then the'period of (?)-is'e@ual to LCM ~{m, p }, and

(3 4 (j‘l}g) for 'all j#k, 0 € j, k € LCM {m, p }. - 1.
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Now we can prove the fdllé&ing

s

Theorem 3-6 :

Ifm aﬂd p are relatlvely Prime 1ntegers, then any

blnarv ‘sequence of period n - mp ¢an be generated by an

indirect logic k-ESR with lnput sequence of period p

fed into the output function, where k! = r log, m| .

- -

Proof: ;
X |

Let aoal ««- @ _1i... be an arbitrary sequence
of period n\= mp, ‘we are going to show ‘that there exists

an indirect logic k-FSR with input sequence of period

p which generates the sequence. Let bObl "};bm-l ‘e
be_an exact Hﬁ—sequénce of period m, and let IOIl .o
TN

-1 *°° be a segquence of period p ‘such that afl the °

“digits within one™period of the sequence are distinct,

i.e., I, # Ij for all i # 3, 0 < i,j< p ~ 1. Then the

»

indirect loglc k-FSR w1th lnput sequence I T

0f1 ct Ipean
. of Derlod p fed 1n'Eo the output function shown in Fig.
. will generate the sequence a0 g e Bpq s wbere

and g are resnectlvelv the feedback and output funct%on
- with truth tables shown,ln Table-3—7 and Table 3-8,

resnectivelv.. The existence of the output function g

is guaranteed bv Lemma 3-1.

3-11

A

;

//_

o
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1011.
Fig. 3-11. BAn indirect logic k-FSR
with input seguence fed into the output‘functioﬁ.
Table 3-7.
. . .. Truth table of the feedback function £
of Theorem 3-6.
Yo S £
by by - - - b1 b,
_ 3 '
&) By Toe - By Pre1
b1 Pg -+ o Brop | Py
N
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Table 3-8.

Truth tablg of the output function g

of Theorem 3-6. ~ _
~ - ~
I y Ve o . e . ‘v
0 . 1 k-1 ¢ /
7 A
Iy Py o2 T 3 :
)
II bl b2 e e . bk( a;
. . .A .. :
b - - L . 5
To-1 (-1 “(p) , b (psk-2) 351
. .- . A " .
~ 5
v -
. . A . - . . .
\iP// RS
I o-r” Pri-z Bg R @n-1
S |
wheére x = x mod m) -

If-m.and P are not relatively prime, it is still

possiblé that we ean find an input sé&uence of périéd o]
for the model studied in THeorem 3—6, where p is a factgr ‘

of the period of the givén seglence. To test whether - -
there exists aﬁ-input sequence of perigd p . for the model

of Theorem 3-6 or not, we may use Theorém 3-7 to be given

later. The proof of Theorem 3-7 is along the same line as that | |

S
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of Theo'rem 3-5. .

Theorem 3-7.: - : ’ ‘ ) - o . y

rl

)X sequence 252y cv. a a of perlod D= tPp = mg
can. be generated byeanrlndlrect loglc k-FSR w1th input
sequence IOIl e IP 1 e of perlod p fed 1nto the out-
put functlon, if and only 1f there eYlStS an exact Hk-

sequence bobl “ee bm—l"" of perlod m such that in any -

row block r. of the é}ray shown in Table 39, 0'si sp-l, _ )

any two colimns which coincide in the first k symbols
. also coincide 1n the last symbol

Corollarv 3 -7= l-

In the array of Theorem 3-7, anv two distinct row

blocks r, and ra, 0 «i, J ¢ -.1, can be assigned the

same input symbol, if and only if anv two columns, one
: L N

in the row block r, and the other in the row block 25,

which coincide in .the first k symbols aleo coincide'in

the last symbol.

T

. L o
e 3-2-3. . ﬁ}ni@ﬁm;numﬁerf;;/;emory elements used by the’
. ‘.--,—«-——‘——"'"d_— ’ _ . ; ,
4 FSR without' input sequence.

In this section, we will show that if a composite’

FSR."B ~generates all.the sequences generated bv an FSE

A, then the number of memory elements used by B is

Yo

greater thh or equal. to that used by A . Before we

proceed the‘discussion,.we need ‘the following terms.

- . "

A
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- Table 3-9,
An array of Theorem 3-7.
b b .. b
(0 P’ - C((4 -1)p)*
b o -0 '
1 (p41)! S((2-1)pHL)!
| . TR .
i
L - - - - -
i,
¥ [
r o
P k-l (p+k-1) ((2-1)p+k-1)"
\a_o a.p 5. . a({_l)p
b * b, . .
H1) . b
[ &) (4~1)p+1)7
| _
b, ®(p 42" T ®((L-1)p+2);
| N ' S b
by Sy (2 1Bk
~ a.l a.p+1 - . - ; (!_,-‘l)p'*'l o
. . - - . - ‘\-._‘\
- | - - . \\\\
(b(p-l)' ®(2p-1) "l (£p-1)"
J -
Py ®(2p)" o \bmﬁ'\
|
: - - oc._. -
3 b -‘ . . b’ Hea2)!
T (ptk-2)T - (2p+k-2)! ' {4p+k-2)
La : . 2 ’ T e e &
p-l- . - 2p-l T—— 2p-1

- -

’ (x*=x modm } "

e \3
., ) ) .
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.FSRB

. . .. R .-50- ’ ’ s ‘l

Consider two FSR's A and B .as: shown in Flg.

3-12 4a) and (b), respectlvely, where FSRB is a comp051te

FSR which consists of sub-FSR's ESRBﬁxESRBZ, ...'and ” e
FSRB L FSRA is sald to be realized by Fégﬁ}\gé\For every

N -

state s of ESRA there exists at least one state (s P SZ’ ceiy S\ ). of FSRB

correspcmding to s, where Sl= 52,..:/&111(1 Sm are states of

1 FSRB 2, ... and FSRB R resPectlvelv, and FPSRB
generates all the seauences generated by 1:'SRA

. -

7
3 I \ x
\\ - . : .- '
I L COMBINA'I‘IOVAL LDGIC [ :
\“\ - . e
Q ' J‘i\ ' _ T (a. ) FSRA- -
JUTEAN ' . - O ‘
\ y
N\ : - )
o  FSRB, 4 FSRB °
‘\‘ - . - " ‘ .
N - .
\\ . > 7. R - p - - - —%‘l - - ‘i"’
N BN 1
\ M .« & =
- \-\ .. ;
jl '~if 3 j{ . Y

| COW Locic © . . = ©
- (), FSRB IR o

Fig..3-12. Two FSR's A and - B.

™
Y
sl




Theorenn '3-8.

Let Ry and ngy denoté the total number of memory

éémments used by FSRA and BSRB, respectlvelv, where“FSRA

P
lS a single FSR and FSRB is a site FSR dlscussed
above. If FSRB Eealizes FSRA,.zgggx;% > ng.

Proof:

Let FSRB consist of m sub-FSR's. ‘?o: every
state s. of FASA , there exists Etjleast one state
(si, Sor eeer S) of FSRB corresponds to S. Let n be
the number of states in FSRA, and Dyr Dopees and no
be the number of states in FSRB, , ESRBZ,-.;.'and FSRBm,
.respectively. Then nin, ... n > n, r'lggz DN, ... on 1
> r log, n 1, ‘but'“]—,log2 n T+ [‘logz'h T+ ...

. ] . .. c . -
+ [ log2 n, 7 > rlog2 gy ees D 1 and | log2 n ]

is the minimum number of memorv elements needed to

‘assign the states of FSRA and rlog2 n'T ["log2 n T

... and T log2 . —T are:the minimum number of memorv

elements needed to assign the states of FSRBl, FSRBZ,

-.. and FSRB_, respectively, hence ng > M,.

-

Q. E..D.

3-2-4. Discussion.' - o

Besides the synthesis methods studied in section
3-2-2, the other combination, e.g., both feedbatk and
output function are fed with input sequence, can be

similarly studied.
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.
pe - . . -

oy There 1s a structure s;mllarltv E?tween'the nodlfled

nodel and the generalwzed (m n) - FSR of Reed -and Turn., T a

The reallzatlon_method studled is based on the assumptlon L

A

tﬁat the approorlate input sequences are. avallabks. *If . I

the approprlate lnput sequence is not avallab;e,,we need

adaitional FSR's»to genetate.it, then we'obtain a compo-. ° _ I
site.FSR. Aﬁy attemgt to shorten the length of the FSE

in the FSR realization only gives a eomposite'FSR when

the appropriate-input sequence is.not available, ané the

-

total number of memory elements used is not reduced-as

seen from Theoxremn 3-8. Therefore, in the FSR realization
_ | ; :

without available input sequences, first, we find the

integer k - r'Iogz n T, where n is the period of the

. given sequence. If the sequence is an exact Hk-sequence,f

weruse’ a direct logic k-FSR; otherwise, an indirect

113

logic k-FSR, both studied in Section 3-2-1, for realiza-

tion.

- La, >

O
k

However, in the modern LSI technicue, it is useful . - o :}&

to have achip which can be used for different purposes. . - /"

.. . -
) LI -

Thenprevious studied model FSR with input sequence,'can :

|..

-be used for several purposes. Without input. seguence,

the feedback Functlon is restrlcted to: -the state varia-

. -

Bles of the shift register, it can be used as a conven-

tlonal FSR seduence generatsr. A Boolean. function is

¥

said to be. *estrlcted to certaln number of varlables ig : .



PN

o >
-~CHAPTER 4 t

L o oy ) . ) .
MODPULO-TWO-SUM DECOMPOSITION . N Co

OF BINARY LINEAR SEQUENCES -

—— . - X

( ~ OF FINITE PERIOD - -

In this chapter, a method of decomposing a finite- - .
periodic-binaryrlinear-sequence into a modulo-2-sum of

°

several finite-ﬁerio@ic-binary-linear—secuences ig

. t

presented. ' ' - ~ i
. , . - ) ' &
[ 3 . ° I
Let 2 = AgRy v By vee be a binarv sequence of :

. . .

- - — - 3 ° ' \'
pericd n. The seguence & is said to be a modulo-2-sum . ~

v . . . o : Cos

of its compénent sequences B, &, ... and &,'i.é;, g -
Beco6 ... 03a if and only'if there exist a set of
inary sequencel B = b b. ... cee, B= :
binary %gquenceb ,,‘_bobl bnl-l r 8T 0y e
ce. pnd d = dydy +.. @

Chp-1

ny. A}v'...‘anﬁ nm, resPeqtlvely, ;uch that a; = bi (]

... 0f period
nm—l ._ Pug S

cy e -2 B8 di-for all.i > 0, where ® is a modulo—z-suh i

operation. ,

The compnent segquences will give us a new way of
b 2 - ! - .

sequence representation. When the sum ¢f periods of the

corponent sequences isyiéss_ﬁhan thepeﬁiodof ;he ori%%nai
";equence, we' need léss'ﬁtorage-spaée, although a special ﬁ
procedure is :eqﬁired:either to. decompose or go_recovér 3 >
- the seguence. _ ey S Q 0

to. ] X
Sequence decdmpbﬁfgz;n_problemtbas been studied ﬁ .

- ' X : '_ =T .
. originally by Hsieh [28]. He has used combinatorial

. : . . . . . |

L



craoh to analvze a secuence and to ecompose a sequénce

inta 2 nodulo -2-sum or a loglc—AND of several comooaent
secuences. The main fact for Secuence dEComD051tlon o

obtalned bv him i’ﬁa‘gcrlbed as follows. - Let ( ) be »-

¢

a given seguence of perlod n: and let (B) - (“) e D (a) ' '“;
and (B) # (e&:’where D" (8) denotes the r th cyclic shift'
of the sequence (é).,‘iﬁ pe?(§)<per(é)/2 and either
per (5) and r are rela;ivel& prime or ﬁa(B) > f'and r
does not leldeﬁDer(B), then we_ can alwavs £ind two _ ;s

oerlodlc sequences 2 and a such that a=2a e d and -the

periods of both & and & are_less xhanE@r(a}g In the DR

composition procedure; r st he chosen properlfr

Fortunatelv, r is related to the factors of the periodVOf'

3 .- ’ . — * - ‘-'"—/ -
the ‘given sequerce. The._sequence decomposition procedure

Y

_factors -of

the period of fhe given‘seguence g to find a r such that

involves a lot of computations in checking the

per((é}@}Dr(axf Q“perfa).and,so;viﬁg a set of linear

'simulteneous equations fe} the epmponent seqﬁenceé after a ' A g;.
factor r which eatisfies the'pgeéious condition is obtained. A

Each time only £wo eompdﬁent seguences cah'be'obeeineé from

kY . Ty -

the decomp051t10n procedure.

In thls chamter, a dlfferent anproach will-te glVen.

‘E‘be metbod w111 lnvolve glndlnq ‘a minimum 1 ngtb LESR o : -

reallzatlon of the given sequence. Fortu telv, this _ : !
ﬁ .. b . " v
problem has, been solved bv Massev [35] The LFSR,reall- .,

zation for the geneartlon oﬁ 2, soec1f1ed secuence a-of



finite_pe:iod stﬁdied in Section73-i will give us the
minimum polynomial'of.the given sequence: say £(X).
Thé sequence & h é a fractional polynomial repré;entation '\ré:'
T(X)/f(X), wher i(x) is'a polynomial uniguely determined )
bf the initial —tu?leqpf the sequeﬁcg_a and the coef- |
ficients of_f X), k is the'deéreecof f(X);: The sequence. ‘
decompogi;iqg broblem can‘bé handled algebraicalif'éfﬁér *ﬁ .

a fractional polynomial representation of the sequence

vy

is obtained. A necessary and sufficient condition for ) g -

the nontr1v1al deconposmbllltv o; a sequence wmll be

obtalned A-modulo—2—sum—secuence—decomposltlon—proce—

durc will be given. - Hsmeh S method will be‘demonstrated S

by an example. Some lnterestlng properties of the

-

-

rminimum polynomial of a sequence will be obtained.

In the context of this chapter, the modulo-2-sum

Speration © and the addition 't are considered to'be

© the samé.. o L L

- . '\\-{/—-\
. . . A N-I_?‘- By
* " * o - 3 T ° = . v :
{ - . -7 -
4-1. Fractlonal Polvnomial Revresentatlon of a Sequence - ]
- (3) = .o .. be a s uence of eriod n. - -
Let (a) = aO%l .. an-l e seq £p |

From Section 3=l of the prevzous chapter, we can f£ind = .
the mln;mum Dolvronmal of the sequence 3, say £(X) & _ 2 B
1+ ch-+...-+ckxy A polvnomial £{X) 1is called a
hIWIMbmﬁ,OLVNOMIAL of a secuence a, if f(X) generates a

and' no polvnomial with d ree less than the degree of

". Z(X) can generate &. -Now, the seguence & can be .



srs

;ation I(X)/f(x) of the seQuence a.

—_rT—
T e

‘WI - 5? bl - < .
g ‘ . - g;‘.
represented by a polynomial S(X) (1 +.§§}+_x2n . ....3;'

/
4

where- S(X) = a0.+ alX-F...-+a -1 Xn—l. Use Eg. rf2-l) for

51mp11f1catlon, we«can compute f(X) S(X) as follows

Cx-1%0 S . | (4=

From BEg. (4-1), we have
3 | _ ; Lo D, 2n

I(X} /£ (x) - SO /ey L - S (I xT X ;/ ),

hence, we finally obtain a fractional polynomial-represen-

kY ' -

4-2. Modulo-2-Sum Seguence Decomposition

.

4

In the following, three theorems will be proved.

The flrsb theorem, Theorem 4 l, will prov1de us a- general

__-..

background for secuence decom0051tlon. The second theorem,'

Theorem 4-2, w1lh qxve us a necessarv and sufF1c1ent-

condltlon for the nontr1v1al decOmDOSlbllltV of a secuence.
For a élven secuence, 1f ;t is decombosable -—the solutlon
is in_generel not;unlque. - The third theoren, gpeoremle—B,

will provide us all the solutions-of sequence decomposi-

2 - o -

tion, once a solution is: obtalned. ‘Following the theorems,

-

a modulo—2 sum sequence deCOmDDSlulon procedure w1ll ‘be

given. Hsieh' s method also w111 be briefly dlscussed by

[~4

rd

an examplef_ -
Let us denote the set of secuences generated by £(X)

b‘_:r s{f) —{ I(}I)/f'(x): cfieg, i(X) < ,de\._g.f(ﬁ{)‘} and a pertfal

‘ £(X)- S(X) - (1 - X" ) I(X)," C(4-1)
"wt*ere bl (X) - ao\r + _(al ‘+ Cl 0) X.+ e e * (ak—l + cla-k—z + ...
) \{k l_ Co ..‘ kN

4 .




f

e S = 58 -
: : R P

¢
\
| = ST
set of sequences generated by (f(x)) | e . ' (\\
.ot (g = o I(x)/(f(x)) m:© deg I(X) < deg £(X) 1},
where £(X) and m must be clearly specified, It is
clear that S"kfm) = S{fM. |

-Now, let £(X) ™= (ﬁr(x))nl (f2(X))n2 .- (fm(xi)nm,

where f.(X) are irreducible polynomials and n; are

-

lntegers for all i, 1. i s m. By partial fraction
expansion.theorem, I(X)/;(Y) has a partial fraction

exapnasien ?

=

T gy T TLLOO ey ¢ T2 /e gy 2o Trm /g cop ™
- e N 2 ]
LTI ey T2 000" Ll T2 T T2

- -’

P

‘ . | + 'Iml (X) /frn(x) o ImZ/‘(-,_Eﬁ(X))'z R Im-nﬂg?{)/(fm(}f:);)nmc
T o A

where deg- I (X} < deg f (X) for all 0 = i'S mand 1 £ j = n..
The‘righthand side of Eq. (4-3) belong to ~ 5
. * { . -~
t + 1 2 +' " + - ' nl ] '}_‘\ .
S(F] =5 (f ) S (fi) ees 08 (f-\l ) o+

§' (£5) "+ S' (£5)

P

‘ _
e *ﬁ'h(fgzl $ .. . s
’ ‘.s'(f)+s'(fH+...+s'(fnﬁ)
Hence, for everv I(X)/E(X) e S(£), I(XB/f(XS £ S(F) and ' : —

vice versa. Tbls result can be statedgn;the follow;ng

]

Theorem 4-1

Let £() = (£, ()7 (£, ... (£ NP, 0 0 T

where fi(X) are irreducible polynomialsﬂand.n. are integers -
L3 _‘ . - . 1

o
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—

Cfor-all i, 1. i < m. ¢hénf
S(£) = S'(f;) + S (£]) =+ + 8 (£51)
1 r.‘2 : 4
- ST(£,) + S (£5) + ..+ s*(f§2).

-

+
+

' 2 _ n
£ STE) + SU(ER) + L.+ sr(elmy
It is clear that S'(£) = S(f). From Theorem 4-1, we -~
have the following : ' ‘

Corollary 4-1-1:

i

S(E™) = 5t (£) « se(2) + ..o o+ ST

j

... _ Corollary 4-1-~2:

Let £(X) = £, (%) £,00 ... f/ (m, where £ () are f
J.rreduc:Lble polvnom:.als for all i, 1 £ 1 < m. Then ‘ . -

f)"-‘S(f)+SIf2K+___+‘s(f) ' ) o S

Before we orove \Theorem 4- 2 we need to defmc the

z{ollowing terms angd 'le,r\:?as.

. Definition 4-1 :

- Aﬁéequence‘ decompoéition is said..to be NONTRIVIAL
\ if

N

f the sum of the periods of the component segquences is

less than the period of the original sécuence, and -all . Ca
the periods of the component sequences are not divisible ' .7
to one another. , _-ﬁ.:.-"’ ‘
- ' "‘he fol lowi'n'd l-émma can be m:oyed d}.rectlv From the. /\
r f. a e
def J.nlt:.ons, we s\ltate it without -proo P \”“




' . L s

Lem_ma 4-1 : . : - ' . L . -

A IE Il(x)/f (X) and I2(X)/f (X) represent the sequences o zﬁl‘
\ ) o
~ & and B, respectlvelv, then Ilih)/f (%) f 2 (X) /¢ (Y) 3 ok

renresents ‘Ee sequence i e B.

' J . -, k
c L - : } [ , -

-Lemma 4-2

Let I(X)/f(x) represent a sequence d, then £(X) is
] o . ) . . N ':‘ .
the mFnimum polvnomlal of a, if and only |if g ) s \\

| RN
?roof: ] R e

We prove first that lf £(X) "is{ the minimum
oolvnomlal of &, then (I(X), £{X)) = 1l..| Assume c%ntraf&,,e;'-/

fee., (Z(X), £00 )-.‘- R(X). Tet £(X) = g(X) K(X) and

TR0 = I'(X) B(X), then X /gy ™ 1-(x>/g(x_), ie., . )
it A

the DOanleal g (X) also generates a. Bug deg g(X) < .
| _ _

~

deg £(X) which contradlcts the’ hvpothesms -that F(X) is. 7 .

R

therﬁlnlmum polvn?mlal oF‘a\\

T——

'
ﬂext,weﬁghown that if (I(X), f(})) = 1, then -.

< °

f(X)VlS the;mlnlqum polynom;al of d. Let £'(X) be the : : ‘fjlﬂf
§ﬁomiil:8£’§,andgie; IW(X)/f,(k):also.

minimum pol
“~

represent &, (I'}X), £r(X)) = i% Since both-I(X)/f(X3

and I (X)/F,(k) renresent i, I(k)/f(x) - !(XI/f (X)'or ’ ; ' .

I(X) £'(X) = I'(X) £(X). wowf (\Im, £(x)) = 1 implies e

e | (X)), and (T (X) , £ c‘-)) ~ 1 implies £ () LEX

-’

Ea_ence £(X) = £ (¥).
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mhe ‘following lemma has been proved by Zierler [49]

_.we gquote it w1thout Prooi as follows. }."

Lemma 4-3 : (Zie'rlerl)

O

-~

Let n be}lheiexéene £ of £(X). °
,'(i)“If £(X) is i edﬁcible, then per(3) - n for : .
evefy nonzeg%}sequence da e S(f). . . ;\
(il) lfkf(x) is the-minigum polynomial ofia eeéﬁgﬁue
a, then per(d) '- n and pex(B) { n for every ' S o0

B e S(£).

Now, f&om Theorem 4-1, if £(X) = (£, (X)) ML(£, ()72
... {f 0 X))nm then any sequence 5 e S(f) can be ' -

rebresented by
8=8yy 811 ®01p %12 F -

® &1n18m

o

@851 3p1 O8 55 Fyp © ¢ v OO gngpfonyte —

8 . .« . } e

[ ! 1

es 1 amy @ w2 4my 8/).. - % mny émng o

where aij g S' (f ) and 8. i3 e {0, 1 }.for i =1, 2, ..., ™

a‘ndj_l' 2’ ""ni'- . . =
Conéider the following cases. First, let £(X) be _ §:
) —
an 1rreduc1ble polvnomlel with exPOnent n, ani/lgt/I(X)/F(x) i

Y ::D s
represent a sequence a. Then I(x)/f(x) has a partial sum

-

~ expansion

T fg gy = T /g +-12{3){ftx) + £ In (0 4




. ‘62'5 ,/,//ie”/”#/ - ‘ | i -

>

where I() = T QT @)+ ... L (0. et I, m/f(x)

reprgsgnt/ﬁi for 21l i, 1 < i s m, then d”has a trivial
,f/'deé;%pgsiﬁion a _lal‘é 32 e :.._e-ag,.where per(ai) =
Vpeﬂ323‘= -+~ =per(d ) =per(d) = n. Ih this trivial
aecéﬁposition, the total sum of periods of the coﬁponent
secuences is a multiple of the period of the original
sequence. \ - | . . -
NQXt:'létJ%(X) _-69(X5jm be the ;;;imﬁm polvnomial o o
of a seguence 3 represented by I(X)/f(h),'where g{X) is
an irreducible polynomial. Then ,\
) |

I(X}/._ﬁ(x) 11X /gy " T /g2 T T IR (g ™
wheze deg I, (X) < deg g(X) for all i, 1'€.i Sm. Zet !

Im(x}/(g(k)ima?epfesent'ég. Since (Iﬁ(x), (é(x))m) = lf - ) N

m

; -

(q(X))m-isltheiminimum'polynomial.of_am and so peri{d;) =

-

per(d).-In this case, the sum of the periods of the
component sequences is greater than the period of the
original,sequenéé. Again, we obtain a trivial decomposi- .

tion. ~ .. . L . . ) Lo W
. ' . .

Finally, io :general if £(X) = (£ )M E, P2 L
(£ (F%{nm is the mlnlmum Dolvnomlal of a secuence a

rebresented by I(X)/f(x)' to ay01d trivial decomDOSLtlon, //
we do the na;$1al fractlon-eyganSLOn of I(X)/f(X) as. X \\.

ﬁollows, , - :
- . * o

o

20 /ey =T /02 o™ TR g2 T T IR g oy,

LY
et T

Y



T ' S =83

. ‘Q‘ \\ "

where deg Iy (Yll< deg (f (x)) 7 for all 1, 1 < i <m. ‘\Q:

here exists an i such that’ the exponent o‘ (F (X)) 1\\

A

equals to the exponent of £(X), we still obtain a’triwial. \
. decomposition. Only wher all the @kpdnents of (fi(xrjnl
_are less tnan-the ex§0nent of £(X) for all i,:there is a
%nnontrivial decomposltion;; Now, ‘if the exponent of (f;(ﬁ)Jéi
"jc1v1des the etponent of (fj(x))nj for 1 £ 3, then tbe ;." b
oerlod of the sequence reoresented by Ij(x)/(F (Y))nj

is equal to the perlod oF the sequence represented by

X)/(f x))ﬁi + I (X)/(f (\))nj Hence, we must merge
all the terms Ij (X)/(f (X})nl' wlnh etoonents of (£j (x))n

c1v1de the;exponent of (fj(X)) o to I X)/(fJ(X))n |
?inallﬁ,'aftér mErginb, we can obtain a partial fraction

-

"’ expansion of I(K)/f(x) as follows, b

I(X) /f(X) =X1 (X) /g‘1 x) + Ko (3_() /9_) (X) . T Kp(g)/gp(x) .

Let K 1 (X) reoresent'él'foreell i, 1 <1<« Pr then

g;(X)
we can obtain a nontr1v1al decomposition of the sequence

< -
]

Sas 3d=23, €38, ....®@8&8. . - ' -
‘ .l 2. TP - -
From the pre\zio-us,' discussions , © a necessary- and
: ' cic . e
‘sufficient condition flor the nontrivial decomposibility

of a sequence.can be stated in the following

-

] _ ! _ SRR
Theorenu 4-2": - l

A secuence a has a‘nontr1v1al decom0081tlon, if and

¥

onty if the minimam pol%nomlal £(X) of & 'is reduc1ble suoh’f’ffﬂ'

‘that all the factors:ofithe power dg}irreducible factors '

¢l

v

\ -

-~
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e Lo | - y ' | ' ’
‘\‘ _ \ _ i
\ \oF :(y) have exponents less. than the exponent. of f(k) '

The nontr1v1al solutlon 0'F the deCOmDOSltlon of

=

bin$¥y secuence'lnto modulo—2-sum of several component-

sequences: lSanot unigue in generak The - fOllOWlng theorem = g8
will show thgt nce a solutlon is obtalned the Other ; > i
_solutions can be easilyxobtained. First, we.need the i
follqyin§~ < - . T )
Lenuna 4-4 7 _— : i Co L
For any two binarv- secuences b and €, the ecuation
5O & = 5 e_c holds.,. where B anc E'are the c0nplenent
| - a N
. sequences of B and &, respectively.,. . 2
Proof: i: 2N
i fFor every b,c. e { 0,931}.,'it is easy to see 3 3N
. . . Tt . . - R
- . that the eguation b, @ c; = b, ‘9 c; holds as shown in~ . / R
- Table 4—ljhtherefore'5 e‘a=—§fe 2. ‘ 'i;
- , Q.E.D. " | U
. - : ' : sy E e
. . ——— ‘ ) ‘ ‘Q S
rable a-1. - [ w7
) '3 v “_ T e - - . ' \ } i
- ‘ ¢ P d - . S N
o : Truth tables of b.[gic.'and b. . ® ¢c,. ,-\\\5t - ) L
¢ . S TR | A SR | - _ \\\< N
. . - - ) '5 )/J - ,/// " \ N
b.\e; B ¢y Hbl ® c, ;78 ey ] - - U
; . = oy .‘\\ . - :\
.. . .
0 0 1. 1 0 0 . .
‘ - “\ +
0 l l 0 l A\ l - ._:\
- TN
- ) : ’ . . PN
1 0 0 .1 1 -1 - - - ‘\
* - . A N\ :
l l 0 = 0 “ﬂ O - . \\.‘ J‘k
» - ': ' - N . . ) //I.
4 f : ////
AN -8 T //



Theorem 4 3

if a binary sequence a bas a modulo-2-sum decomp051tlon
3-Bbe.ége .f. e d, then any even number of *he component
seguences comolemented lS also a decomposmtlon of &.
Proof:
’ . . -'\ * '_ ) ,
From Lemma 4-4, it follows that for an even
Nnumber(of compenent seéuences, ene nodnlq-z-sum of these ~
seguences is equal to the modulo-?—sum of the‘eomplement
"of these sequences. | |
. . | . - . Q.E.D.
From the previous aiscussion, we summerize a modulo-

2-sum sequenge*&ecomposition procedure as follows:

1. Find the minimum length LFSR realization for

the given seguence 3 and get the minimum polv-
nomial £(X) of &. i o _ - - ' N .ﬁ
2. If £(X) is irreducible,. there is no nontrivial
solution. : k _ : o 0 o

3. If £(X) is reducible, say/£(X) = (£, (x)"1 -~ -

k no. CtE sy D
(£, (NP2 L (£, 0 A,

- where. (X) are 1rredu-v
'cible and n\\are“4nt vers for all i, 1 ¢ 1< m,
) L T
we test -the exporents of (f (X)) i for all i. .
If: there ex1sts an i sugh that tne exponent ] - X

of | (£ (X)) i 4s ecual to\the exponent of f(x},;_, \,

then there is no nontr1v1al soLntlon. Merge all
£

the facters (fi(xl)nl, whose exponents d%wﬁae the |-



exponent (fj(X))nj, o (fﬁ(X))nj, ‘then £(X)

can be written"as £(X) = g (ngz(X) N (Xi, . St e ~
where the exponents of 95 (X) are not dlv-slble f -
to one anothexJ. - S

' &

4. Find T(X) from Eq. t4-2).

5. F nd the nartlal fractlon e\nan51on of I(X)/f(X;
as follows B i
(X . =1 (X . : - " v-)
T £g (x) 7R ygl(x)'+z2(¥)/q2(X) et (\)/ LX) .
) -.-:.‘,A . . . . ‘
where deg I (X) < deg g;(X) for all i, 1 ¢ i< p.
€.~'Find the seguences Teprésented by Ij(X), :}_for- .

all i, say 8., then 8 — 3, 8 4. ® ... ® &_ is a
1 1 T2 s D .

solution. Use Théorem 4-3 to obtain all the other

D o~

~solutions.. PR -

-
-

Example 4-1

Conside%”%he'follgwing’sequence'qf,pefidd 84,
(&) = 01101000111111001111101100100110011000011100
ooo1010100101000106000010610111101011100. | K | | “ir

From the minimumn length LFSR realization given Jn

-

Section 3-1. of the prev10us chapter, we: can- flnd the mini-

mum Dolvnomlal f(h) = l + X4 * Fs + X6 * XlO - Xll'o* a.

. 5.3 K
- he exponents of the factors (l + 02, (L+X + X7)7. ' LT

and (L + X * x ) of f(X) are less. than the expoﬁenthgf £(X).
The exponent of (1 4,Y) is a factor of the exponent Pf

¢! *'X_i_kiiy_thefefore,



wl("')"-(l+}{)(;_+x...x) "'l+X4-"{2+"'{6+\{7+‘X8
and gZ(X) =1 + X + ka From Eq. (4 2), we can rlnd

2 4 5 & 1
I(¥) =X + X7+ X7 + X7« XS. Hence ad can be represented 'Qﬁb

”Az' NI IR ‘

~ which has a oartlai fractlon expanS1on , .
. 4 6 - . z
) ‘-)/f('{} (LrX+Xovx +x)/(J.+>f:+x2 6+x7 x®)
Lo 4 6 -
B 14'k%/(l . X4 X ). Now, (l-#X-*Y + X -+X )/ SN
6, 7 L :
.(1.Lx4ux -5x + %7 v %8 ) and(l-+? )/(l s X b X ) renresent

the secuences (BY = lGlllOllOlOl and (c} = 1101001

- -~

Ty

respectlvelv.' Hence a i B,@-c.- ‘The other solution can be:

Y 'f -

obtalned from Theorem 4-3 as Follows, (E) = 010001001010,
(c) - 0010110 and i=5 %) c.

»

. We now use H51eh s ‘method to decompose the same .

sequence glven in Examnle 4-1, mhe basic” concept of bls

method is éescrlbed as follows. Let D (&) &enote the ith gl

P
cvclic Shlft of seouence a.: Assume the sequence a can’be

’__,_-—'_'—._-—-—_—_-—‘_-\
cecomoose¢~rﬁto two sequences E“EQF c, i e., %/9/5 e e,

— " and oer(B) “xn, Tber(c). ;hen? P ff
’ SR S
-(a) @D (a) - (B e g eD .6 e & LT

= (5) e.0(®) @@ @D ™), .
‘but (B) @ D (B) = @, since per (B) -}n, Hence (8 o
Dm(a) = (&), ) Dn'tc) " The- onerat:.on (2) e D"X2) eliminates
the secuence B. ‘Let (&) = {e) @D ™y and per(d) = p.
| From (8) = (;5-Qj§rn(§).weé;an obtain a EEE‘af simultaneous

linear equations.}

'3 . : E
- ) . .
- o -

T — | |
By (’“/f(}c) e Xv X - x Mt e o x 0t

.....



‘has

e -
no solution.

the following set

also has no solution. Similarly, the other cases

a) e D28

us

(d) and
any solution..

follﬁ%}ng;set

- - 69 - T
21

Next, consider (&) & D“(3) - 011000,
of ‘simultarecus linear equations

v

N ~
.
ity

Czl mod 6 7 CO + c3 ~ 0
-+ c4 .

+ &

x

14

(3) @ D™ (&) -also will not gi&e

Consider (&) © D;zfés-ﬂ,iOOLIIO,

A

of simultaneous. linear. equations

- _
/
.
. -~
T
.
.
.
: )
H 1
[
.
hl
. B
. -
s
i s
N ,
! >
% .

5 - . ‘ ..‘

)
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¥ do T %6mod3 dO * d0 =.C
dl +’ dl L Y i - - . ‘ ‘
"dz + dz = 1 .o /{/ﬁ\-

has-no solution. Next, try (B) © D (5) = 000011, the

following set of -simultaneous llnear equatlons

g, +d, =0 - C - -

has no soTutionI Next, trv’ (B) e D (B). = 111000001110

it also has- no solu 1on. -”he:eFore 5 is rot decomoosable.

—~

Hence a'ﬂ S\E g, where {B) = lOlllOllOlOl and ' . -

IE)'“ llOlOOl.' Slmllarlv, ‘we <an obtain E e B e c, uhere

-~ 7 -

B) = 010001001010 and (c) = 0010110

T"rom the preceduq; -dlscuSSlOnS,lt -is easy‘to See

o

na* hsleb S nethod lnvolves a lot oFr comoutatlons in’

1

T .

# .and F1r,1<1*ng the, modulo 2-sum of the secuence aqd 1ts r. th
CVCllC Shlft, and solvxng a set of smmultaneous llnea*
equatlons for the comoonenb secuences after a factor r.

vnlch sat*s“les the condltlon Deﬁ((a) + D Ti(z)) < oer(a)

checkﬁng the Factors r of the oerlod of . tbe clven sequence

/
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is obtained. " EHsieh's mechod is a stralght forward aooroach

¥

it has less comolex1tv Ln compare wi h our-method, but

a_;ot of somputatlons lnvolved ;n checking the_redundancy

.can not be avoided. Our method involves f£inding the
fminimum length. LFSR realizatioh of;the given sequehce.

To do'thismﬁe’can'use Massey's method. The metbod also
invelves ;lndlng all the 1rreduc\b*e factors of the m;nlmum
polynomial of the given sequence. To do this we can use

éerlekamp algorithm r61. Again, the method-requires to'
find the exponents of the facté?s of the minimum polv—

=]
nomlal. UnFortunatelv there is no<2nOwn method that we -

‘can use although oﬁ‘y those factors of the perlod of the

glven sequence shoutd be tested. - ° B

.

' - L _ L )
4-3. - Some Properties of the Minimum Polvnomial of a

© Sequence “

In the follow1ng, some lnteresilng oropercles of the

mlnlmum oolvnomlal of “ °a sequence Wlll ‘be obtalned

X3

Iheorenu 4.4

Let f (X), f (X) and F(}’) be the mlnlmum polvnomlals

-
of the sequences a,~n and a4 e b, resoectlvelv apo—let

g0 = LCR{£,(0), £,(0 1, thea £(X) | qéX)--‘T ~
TProoﬁ: ) '7 'h5 “ : - oL

Let I {Y)/F (X)’ -I (X)/f (X) ané I(x)/F(XY“
represent. the seouenoes 2, B and 3 8 5, *espectlvelv.

FEA
i
i

e )
o

T




. . ’ . > '_':_‘-_‘_,__.___:-—__;_-:..'E‘_'d

( ) o= ccn{ f (Y), £, (x) 1, then _ N
IFX)'/f{g.;) N I:L(X)/_fl(x)-'-*‘i?(x)/fz(x) -

MOV B g T T

or o | | v“ ' .- .. . - o ;

(X)§(X) = £00 (1, 0k, () + T, (0K, (Xhg. ) | : | g
But (I(X),'f(g)) “li: hence £(X) | g(X). /’/J' . 'E? : . .

' ‘ . . ‘

From Theorem 4-4, we have the folloéwing-

Corollary 4-4-1 : . = - / | - ~

Let *£, (X), £,(X),; ..., £ (X) af& £(X) be the minimum
polynomials .of &, Bp,;..;-& and @ae@be ... 8¢, respecti—
.vely, andllet é(x) = LCM-{fl(X), fé(x), l.f, fm{X)} ' Fhen--“

Ig(X o | R ~

From the proof of IenéL,ﬁﬁz, it is easy - to_see that -

a seguence has an unlque mlnlmum nolvnomlal and hence ‘an
o+ - . .

i

". unigque fracthnal pclynomlel representatlon. .- . ,,‘jﬁ' ;;'.f
. ’ '. o ! ) ' . * '.: ’ -—’ ,
“ . Delinition £4-2 T , . i l' ; o
. - . . i ‘.‘ -h.‘ . o . ) \ B
Let. (&) agay s-- 25 be a sequence of perlod.n.A‘ A i
-'mhe REVERSE SEQUENCE of (&) ls a secuence obtairned from IR l
N ’________fﬁ.- - . ! ‘-
() in reverse order. Denote the reverse secuence of (&r .
K . . .“- L . - _- a
i 5) - ‘ LG . ‘ - -
by rev(3d) a_ l n— ? Che | 5 _ o -
- =™ ) ] k . e, o {‘
Let I(X)/‘(Y) represent a, sequence {(8) =5 aoal .o ap_l, . |

-

T80 T yg iy (2g+ .1X*ff:=";+a-j- N/a- M o



S T S | o .~ (n-1}
T I(X T = {a, *ta.X + L+ e, 3 -
- Then _( /£ (x-1) ( o 1 ! .qj‘.‘ﬁ*n-_l‘,{ /=TT —
- c e . nsl, . :
. Xzénrl.ﬁanhzx ..i:*aox ! )/(l_xn). f-‘\
: - S 6 - -
Let. the degree of £(X) be k, then
k=10 -1, - TSN " “n-1. o
B R 1 S T = e S L R A Ve B S
Hence we'havé the following ..
- ‘ . o E i L T & -
Theorem 4£-5 : ° . : N ‘
Let £(X) beithe minimum polynomial of a secquence ‘3, - ,
then katxil) ishﬁhe mipimum.polyhomial of rev(d), SN %‘ | -
- where k = deg £(X). . - N . ¢
i . - .
. . B - _g\ - s N .. ) 0 ) . . \
Defiqitig_zgi;"'ﬁ-i—'-.':‘, :' ' o . T . v : ‘
— y—— . . L. -

- ! .. - . .
The COMPLEMENT .SEQUENCE of a sequence
. L L.

(&) = aja, ...'an_h:is fisequencé.obtained‘from'fér"by”“
\ 170 ‘ e s

complementing.all tﬁeadlgiés of &. Denoté the.compiement

sequenceaof ¢3) by (E) = aca. ... @

. | Fo 0Lt Famit T 2
R Note that (8) & (&) = (I), where (I) =1lidsa ONE =~ -7 o [+ .-
sequence. . The one sequence (i)“gan~ﬁe.reprgsente§ by. : , E BRI

a - X)o - - S o
' ‘Let I(x)/ftx) andef(X)/f!(xl represent the sequences = - 1 AN

(&) ana.(g),,iespegtively; Then I(X)/fLX) ;‘I'QX)/f'(k)ﬂ - “/,,.'}( |
Y- " /(1 xy, where' =1 = 1 in GF{2). Two cases | ‘|
driser-T 0 — H:_: e S - S - .

- | ' .~. -
" Case 1:- (L. +X) | £(X) - [/ :
) 4 . . . . o _— o
R 1‘ . R B ' ‘ . ) i
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o -‘r—Léfc'l*.f(x) - (1 "'.X)g(X;'a.hd‘ I(x) - 1. | v o ] "
| - Za ‘/‘(x) /(1 » e ‘ .
. Ah(X)/g'(;x), then I' (X)/f{-(x) h(X)/ gy : : N
Casé 2: (1 fiX) f‘f(x)

P ®/g™™ Yo« xn t T /e
= EX I 0T e -

We summarize thé’ggg;é«rESult in theffollbwing . . h -

Theoren1 A~ 6 : ,~9;‘ ' S .
N Let f(Y) be the .minimum polynomial of a ‘sequence &, - ‘.. . 3; %

(i)' i€ (1 0+ k){f(x), then the minimum palynomlal of .

N

r

(a) lS f(x)/(l + X)r
(ii): (1f (1 + Y) f(X), then the minimum polvnonlal

L of (3) is (1 + W EX).

.h

In the following, we will prove some useful lemmas for

]

" the:debelopmenf*ofﬁtheﬂtheoféms followed.

- - -~ . ' ' . ' o

Lemma 4-5

.

. . R ‘ B / '. .
The segquences.of S${f) form a ring.-
H ‘. ) T

v

Proof: o P
-’ Let & and B be two arbitra:y §équences of S(£)

'then'é = a8 ® B is also a ‘seguence d"S(F)- et I {X)/ffX)u

N
3 -and I (X)/f(x)'reoresent a ' and B, resoectlvelv, then -

(I (X) +°T (Xn/f(xi‘rebresents ¢. Defirne multlollcatﬂon-

as follows., Let I{X)-=11(X)EZ(X) mod f(X) and let I(X)/‘(X)

rep;:es'ent a, _.then d =3 . B. Note that & 60—6 ® a=&, @ - — 2

1



A
¥

..

< ; A , : /

- ' ' r .
. ~

Iy - 1 =1 - I(X) = I(X) and the multlpllcatlon 7fi§ ey

diStributiﬁeiover.the addition e. mherefore, the f'

/

sequences of S(£) form a ring. - - ] -

. " "’: -
. - T : i '.‘. : ) ;‘;Q\E-D.
Let a, be a-root'df f(X) =1 + cl +...-+ckxk

I l

%'0 Let R be the set of all re51due polvnonlals 1n

a modulo f(a) wlth coeFf1c1entsroveL GF(Z), then

: 3
R o= {\r i x c.::{l-i-.... +r k-l | . s
by - 0 "1 I k.,,l Q. ‘ H ri E GF(Z), O 1 < k-l } 18
" a.ring. L R N ' ’
We identify S(£) and.R as follows.
Lemma 4-6 1 . | // L S
s .. : . : _ . (A

‘S(f)fis %somorphie to R. '

Proof:-
I(a) is an isomorphism.

N i . .
Defmztzon— d-4 . . — . o . -

[

0%1 *° ®n- -1

A CYCLIC SHIFT of a sequence (a) = a

] v _|

is -

deelned by D(a) —iaO .en ?p—2° An lth cvcllc stht
\ N T :
Y3 : = % . .
of (a) is D (a) anllan—1+l e n—i—l

-~

Let ‘(X) be the ﬂlnlmum Dolvnomlal oF a secuence

(@) ~ aoal AESL RS

7 state transition-diagram is uniguel¥ determined-by £(X)

Let the degree;pf f(X) be k, a

as shown'in Fig. 4-1, wﬁere‘only those s;etese:elated_to

The mappingrfg;'s(f}.;+ R defined By\éﬁxl(xj/gtx;)




AL
3

_\\ ' - B : . ) ’.' .
‘the seéuence-(a)-ar spec1f1ed 1-“rcm the state transrtlpn

-dlagran, start fro the lnltlal state (aoa .en k l)’
; ,
olck up the left most digit-'of each- ‘state and go through

the cvcle, we- can: obtaln tbe secuence (a) Slmllarlv,
e |

start from the /initial sta‘.:el(,an_.l 0 "t & 2), ue can

4

obtain the seguence D(&).

/' ‘ -, initial state - /

'[a _la/é...ak_zj'--)_aa -1} 31 ...aj}

~/" - o j
¢ // A4kl <7
/ ‘ - _ -
! . AN ’ ' L
// . # . Fig. 4-1:- A state transrtlon diagram
, o R deflned by f(X) g" -

Hence} f(X) also generates D(ab. Furthermore, ne DOlV-

- nomial g(x) of degree less than the degree o€ f(x) can

generate D(a) Slnce the oolvnomlal g(X} whlcb generates
/ |
D(8) will generate (a) also -wh;ch will contradlct the
I ¢ - .
_hvnothe51s that f(x)'gs tbe minimum polvnOmlal of (a)

Tbls result can be stated as the followzng

N




Lmnma 48

. If ITa) corresponds to a sequence (8) then QI(Q) u‘f“e~$ -

'_ corresponds to D(a). | S o ) 5

Proof: {,: - o :

! et IKX)/fix) and I'(X)/fix)';epresene ;he. .
sequence (&) = ale bt B an—I‘ana D(&), respectively.” o
" Then ' - \\

. ’ - . ' T - n“l . - — . _:‘ . .
I (}\‘) /f (X) | (ao + alX‘_ -+ an_lX )/ (l_xn)' o ‘ 'f‘ B ""'H“‘T.——"-—-
I“me)“(%r1+aﬁ*'“*aﬂ2 )M1x3 N

* Hence, f‘?x (1 -3 - x ook - ¥ - 2 1(1" Dy £ \\g) | .
.Or I'(X) = X I(X) = a1 -(X) : But £ (a) mFﬁ} hence - ' ‘
LI (a) =aIla).

. -#Q.g.D. .
-.Tﬁeorenn 4~ 7 > ~- . .

- ’ " r

Let I(X)/f(x) represeﬂt a sequence (a) w1th nlnlﬁum'f-- E

'Dolvnon1al £(X). Let (B) = (a) & D (3) and 2)-# @, . o ;: . ':__ s
: Ehere r<n and n is the'exppnent of-f(X). CIf per (B) <-
per(2), then : - oy y
~ . T T ) K .
RO ((1+x> f\m)'f-l' L | .' - |
o ; L. | o , R -
(i1) f(X)gis-reduCLble,
Proos: | ) f;' :
. . K : . % i
,Xi)-“The'sequence'CB)‘can be reépresented-by N4 " !
. .
T g ¢ x* I(X)/f(x) 1)1+ X" ),f(X) =L ;
(I(X)(l + ¥y, (Xﬁ) en l t+hen ‘(x} 1s the mlnlmum nolv- ;
’ | ~



o

‘ nomial of {B) and pex (B) =4n, which eon;radicts

 wHHl+X},dm)%l mm(um,fmn=1
'~({i+h), ‘(X)) # 1. '

' (B) f (0) and DerTB) < per (éi, I BN

.

i
q{

- -?9'-

D

T oA

. _ o . ~
-thesis that per{B) < per (&). Therefore,

I EEY! Assume contrarv 1 e., f(X) is 1rreduc1ble,

then per (B) = n. Agaln we obtaln a contrad1c1t0n. Hence,

4

PR

£(X) is reducible. . ' I '
S - 7// N © pEao.
Theorem. 4-8

-

Let £(x) be +he minimum nolvnomlal of a secuence
(3). Tf £(X} is redu01ble such that all the factors of

F(ﬁ) have exponents less than the etno?ent of]f(X%,_

/
then there exists an lnteger r such tbat (B) = (a) e D a, .

I

P

: '. . a
N L] . .

Let I(X)/f(x) represent (a) Let h(x) be a

_ﬁactor of/f(h), say. f(X) = h(X)g(X), w1th the exponent of

g(X) less than the exponent of’f(x) There exlsts an
1nteger r such that h (X)- |{l + x5y, say (l + Xr)
x)k(x), thren I(X)/f(x) + x5 z(x)/f(x) =100 (b - XS/f(Y,

I(h)k(x)/q(x) . Now let (B)-—"(a}»e D (8) , then per (5)

.per (&) .- . o SR ' .

. " Q.E.D.
.o Itis interesting:td.compare‘Theofem 4-7 -and Theoremn

4-8 with the FoITowine

ult obtained by Hsieh [287.

-




Theorémi4-9 : I = (Hsieh). N PRI 5
L oter ) - @] e D@ anc B) 7 (). 1% per(s) <

;;er(_él/2 and either (per(B), x). '-r.l or per(B) > ¥ and .

1wt e
3=

r ;per(ﬁ) ' then we can alwayvs flnd two perlodlc sequences
S oo

(8) ane (&) such that (a\ c) '® (@), per(d) < per(d) ' .-

N -

and per (&) < per 5) o

J

1’" .
~

\

1

b

[N e P

4-4. /. Discuss;on-' T ) o n FE
© In. this chapter, a different approach to finéd a modulod-=’
to. - ST . - . Ay

2-sum decomdosition of binary seguences of finite periods has

been obtained. -Thefgenefalization over GR(qf:followsf S R

‘parallel lines. s ‘ ' L
~ -

The method studied in .this chanter is passed on to.

,tbe LFSR reallzatlon of the glven secuence whlch glvesx

t

, Lractlonal oolvnomlal representatlon of the secuencer» The

partlal fractlonfexpap51on of_the fractional polynomlelkr
I : e LTl T ' . B ' ,' R
-is equivalent to Ehe decomposition.of the LFSR which T P

"h - . - et . o -

;cenerates the sequence. Hence, actuallv-we,have‘transfor— N : D

- med the’ sequence decomposztlon nroblem 1nto machlne . \\\\ ‘ C : '

N .
. - R
' » . ., > D

- £ . ] R o R A

decom0051t10p Droblem. _ ) ] Lo \\\¥i; A
- . "y 5 L ; / ; L.
. . * P S0

2 more. ceneral secuence decomposztlon proulem, decome |

posxng a blnary sequence bf £1 n*te perlod into a number of

component sequehees of flnlte per;ods such that the\
‘original sequence is a logic functidn of ltS componeng,' o :@“

- .. . . . . ) . ;__,.) A . .h--

e

v

;% The condltlon that either (oer(B), r) 1 or per(?):> r ;
‘and’ rf’oer(ﬁ) 1s added by the author. The necessity of °

this additional’,cor@ition is clearlv lndlcated by the D ' 5
Previous examnie. . . . . S 7 ' '
. . e e T ’

r
——a
Ay

" ' ’ : s T 3
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he next
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led
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ll}be stud

‘component sequences, v

Y

o

1 LI . -
ik . - . - -
Q . A
- . -
. - \
F) T hom K -
b T . . ) N
. . —
.= ] Y -
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. . . >
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’ /f- - ‘cmapTER 5 o~ - SRS N

. ! : o .
[ LOGIC FUNCTION DECOMPOSITION S

/ - © ' . OF BINARY SEQUENCES S

OF FINITE ‘PERIODS. - o o

" In this chapter, a methoﬁ\of decomposiné a finite .

‘““-Derlodlc blnarv sequence/}nto a loglc functlon of several
T e e, : N

. finite berlodlcdblnarvksequences is. nresented.
' ‘-"'—‘—»

————

-

= ee. & ... be bina F'T“mﬁ‘Qi-__s » .
Let 2 aoal _ a-1 ° a rv secuence 0 i

‘period n. The sequence & is said to be a logic.function - ;

! El

. T . i . . 4 > ~ - = : |
of its component sequences B &, ... and & i.e.,

- T T~ i

-

"a ~ £(B, €, ...,xa), AE and only ‘if there ‘exists a set
!

N

£ Binary es B "T"“ “ye. b ..
of ?lnari sequenc 5 bo 1 ~J"nl‘l .

.

R rif . ) o h- N e ’ £
&t egCy -e- cnjal\:"' Tt and'a d06~\:1:5§nm_1 °

Dyr oo afid;gm, resoectlvelv, and éC»“Boolezm-_

function f(ki, 2.'..:,‘xm) Sud@gth?e a; = f(biq Cir wner 'jnﬁ“;«es_ T

periods Ny

d. ) for all i = 0. . \\M .0 _ _ . ~i,

The sequenceydecompOSLtlon problem has been studled

\ \ . - o

C orlglnallv by ‘Bsieh r28] A solution to decomnose 2

blnarv sequence of flnlte Derlod lnto a logxcaﬂND 0'F o]

— - ‘\_\
obtalned by Hsizh. , . ' ' S = .

.

several bl?ary sequences of flnlte perlods has been . ™~

.

Inéths chanter, a more- general sequence decomoo— " - . s

sktion pr lem will be studied, namelv, to decompose a ' |

.-. . - - ] \
/ - .

binary*swgs nce of flnlte perlod 1nto a log;c functlon oF

A sO utlbn‘




S .

. will be proéideé’for bSth prime decompesitions:ahd condi= -
_tional non—p%ime decempositionsi IE a eecuence decompo- o .
N - i ~TL ’
iSltlon, if the Derlods of . ali the compoﬁent secuences a S

“are elthe%_ prime or. power-o; prlme-numberglthen

it is caﬁ}ed‘a bfime decomnosition;?,A hecessarv and : );
ghfflClent condltlon fbr the decomnos1blllty of a sequenc%/

’ 8 .

»

will.be obtalned for the .general case. A necessary.and

su&f101ent c0nd1tlon for the decomposmbllltv of a\

- ~

T -sequence _for hoth prlme decomp051tlons and condltlonéi .

'-non-prime aecomnositiéns aLgo will SE""Obta-ined,_,:A'logic-~
functlon—sequence decom&osxtlon—nrocedureforboth prime
decomposztlons and conditional non—nrlme decomp051tlons
will be'glven; A loglc-functlon—sequence—decomposztlon—A
machlne wlll be lntroduced for both the prlﬁe decomp051—

tlons and the condltlonal non-prlme decomnos;tlons

f . . .

i 5-l.j ) Spec;al Loglc Functlon.Secuence Decomnos;tlons
‘-

_ T~ In the followmng, we will consméer the decomposthOn
' . } - — J - _
of a sequence_ I tQ a special logic functlon of several

T
T —

component.séquences:“fk£3f~g\;‘C

M o v t“‘-_ + N
- — w —
: A bindry sequence (3) r/aoal .::fah of period . .

n = m'p~tan be decomposed fato an exclusxve OR;‘loglc—AND ; <

/ -.\‘-.' \

e —

™ : ) )
or: loglc»OR functlon of two blnary sequences . - e ] .

' l = ‘ ‘ . - - . 1 d .,_ \‘"-‘\"‘-\
.y (B) = bgby ... by _; and (c) CgCy -7 ®p-1. O“F"Derl_o sm. 1. )

\\\and D, resnectlvelv, if and only if the followzng

corresPOndlng set of sxmultaneous equatlons has a solutlon -

2 . - - o -
-~ . \ . , R | T .
] ‘ b




. . R . ' \
- - 84 Al -"
N . T, i - ' ’ Y
®; mod . < _c_i."mod o Bir . . : L QS‘})
B. - c. La., - ) Lo ' . o,
imodm . i mod p ir. - ' (5-2) , : v
; o S o ' S
7 ,bi mod ' m . ’+ ©1 .mod 1= N T AV (5-3) e
for L1 ™0, 1, 0., m = l where @, - and # are exclusive-OR-
T loglc-AND -and _ log:.c-—OR operat:.’ons, resoectlvelv. 'I‘he' ‘ : P _.

~ —

L.ruth of this- assertn.on is obv s:.nce lf the . set of
. “equatz.ons 1.n Eq.'s (S—l) , (5-2) and (5 3) bas a SOlLtﬂ.On
then. (é_i)‘” (B) @ (8), (é) = (B) - (&) and (a) = (B) + (&), -
.. res_pectively, and vice ver"s”a;.';For exampl‘e, let :

(3) = 100101101001000 be a sequence of period 15.

. S : - Do / - . N
following,.set of simultaneous equations,

T AR AF P P
' e =0, b; Ty =1, Q;HTKEI“
' .-132.-__ lc2 -0, ] %31: . c2-:= 0, by - ¢,
5_"b0 . 'cqal_ﬂl, b, -‘cg =1, by » ¢y =0,
by ‘j°4fd 0, P t ¢4 =0, 1By G T O ’
has a selutlon - i - T -
B, =0 L,  '<:'2-=_¢4==0'  ] ‘

1
|

Therefore,'(a) = (8) - (&), where (Bj= 101 and (§) = 11010.
Reoeab the preceding decomnosz_t:.on, we can ;J.nd a '_

snec:.al functz.on sequence decompos:.t:.on of a\%n




PP

_seguence into several component sequences.’ Bach time we

factorize'the period, of ,the ‘sequence considered into two

- - - -

-facdtors- and try t? solve a set 05 simultaneous eugations

Eor the component sequences. We can also obtain a logic

sitions.'rFor'éxample, suppose we first aggly tpe binary . .

¢

operation + to a, sequence & and obtain a logic-OR

N

function seguence decomposition by applving some'cbmbina-

~tions of the“previous special fuhction sequence decompo-

‘ .

decomposition of & as & =~ B + €, and we next apply the

binary operation

AND deéomposition of.?:as c =8 - i,'then we finally

- to the sequence € and obtain a logic-

-~ -~ -

(i

; N . . .7
obtain a logic’function dec0mnosi€;;; of a as & b + & - T

-In the prevzous decom9051t10n, we “have factorized the

Derlodfof the sequence consmdered " into two factors. In

. \ .

general the"essertlonils also truth-tor any two lntegers‘

‘whose LCM equals to the period of the sequence considered.

-

5-2.. A NecesSary-ahd Sﬁ%ficient Condition for “the 7

-

e

\\.

N Decomp051b111ty of a Sequence o Co .

From a glven ‘sequence (a) - a5y ... 2. 5 of period n,

we' can easzlv construct ‘an antonomous: sequentlal machzne

(AS&% M with state transition and output ‘table sbown in

Table’ 5 -1,

-
- c
-

In some cases, the ASM can be decombosed lnto a number

" of sub—ASMfs,

A set of secuences generated by these sub- ASNP

o

M

-




P

“ -

‘ / ' !
can be. con51dered as a'resuIE of decomposxtlon.of the

<

B IR
glven.sequence. Awnecessary and sufflclent condltlon i
for, tbe decomposmbllzty of a secuence is given in the
: ‘ 5 €
fol}ow;ng Theorem. . v R . .
i Low Table 5 1. N . .
\ ¢ - N
State tranSLtlon and outpu?> s
L o - table of'an ASM M, f _ )
; - ’$§'state transitiOn,_ . output
o EIDAT
. i < . . -
. ) , N
. - . - , . ) . -.:
Sh-2 Sn-1 . / .an-‘_2 ' -
- . Sn—l ‘So ' ap—l - )
e i T Ve . r-—‘ .“' K oy
* First | we need the following SRR B A .
1 ' - F “ " ' ‘\‘.
'Deﬁnrtmn 5-1 . ' ' ",\
A\ . Ad ) .
A Boblean functlon £ is said to be K*DIVISIBLE{/;f & . -
l;HEEBHryxf there exist k functlons fi-for i=1, 2, .- k N
. . W {" . ‘ N
such that . - .
— = e I L .
(x *117 *127 v Fny o 'XZl':xzz‘KZBZ seer X1 Fraf ,
vewy ka'ﬂ ) ' . \ ) " . |
S :
: \ -,
Lo . | \ ) .
. . : \
' \\Q-" , NS .
. C o . - : .



. ‘;@ of finite periods, if and only.if there_exiéog an ASM

) - ’ = 8\\?\- g )
-t ) C N "- \\_ "
/ '\ a .-,. A :
J - - . . - y b °"‘":"T‘ i
‘-.' f (fl (xll r xlzr LU ’ xlnl_): f (le, x22 cens 'xzn ) , | , - -
- . . . u N ° ' ) - 2 ) Y
- 3 ("kl ’1<2' Ry xknk
Theorem 5-1 = - o - A o : RS
-A.blnary sequence of flnlte oerlod can be P

'décomposed_lnto a loglc‘functlon of k component sequences

-

. decomp051t1on of the correspondmg "ASM ’ Which'generates the - 4 B o

e

sequenceye;nto k sub~ASM s with a state a551gnment such

.
.,

that the output functlon is k- lelSlble.

——

Proof.

!

The sufficiency part of the theorem is proved'

as follows. Let M be. an ASM ﬁhich generates a given

arbitrerY'sequence‘a. Let M Be decomoosed 1nto k sub- -

12’ ".’~ ‘}:ini }be S .. N 'f

.sets of binary variables assmgned to the states of sub- 'Ej if4

"ASM's My, Mz' ... and M. Let{x 117 X

ASM's M, foé\i =1, 2, ... and k such that the output =~ .

Ak

function iﬁ)k—divisible; where n; =1 are integers, then o .
\\ - g ' . o ' o B _ . . -
_ f(xll; le . xlnl, le, x22 ceer X g oeiey xklf Ko - )
: c 2 . _
I-r' an ) -— f(f (x l’ xizr "'I x n[) r fz(lel xzz
k .
2
For every outout

«ely }:zn),' .eowp f (xkl.r xkzr -y :{kﬂq,k C ’ ‘ . (.,

f(all’ 12' ety fine _32_1_7 a_zz" e a-2n_2". L

kl’ aks'."" aknk L o o : . )



o A | )
‘ . - .. ’.'
L. . - . - : ‘.- . : " - - .
of ASM M, there are h\cutguts b, fi(all’ a;zf"“t alﬁl)'
mi o f (a l, 322,}.., \azn)r .--~and d.-""l f (akll' a f F

. . «wny

2 z | ; "
t%k‘ ) of sub- -ASM’ s Ml’ M, ... and Mk respectlvelv, such
th%?'ai _‘fﬁbi",i'f"f” ai)i Hence 3 = £(B, ‘---: @ .

The necessity part of tﬁe theoren.is‘clear, since the

2
k comDernt sequences can be generated bv k sub-ASM' s, the

[

)
outout function of the comp051te ASM 1is ce;talnly k-

'le;S;Q&e. I
: L . ,Q.E.D.
Thecrem'Swl i$ an existence theorem. A loglc—functh?

—seauence deCOmp051tlon~procedure~for both prime. ceebmoo—
- !

s;tlons and conditional non-pr;me decomposxtlons will be
given in the foliowiﬁg seetions;

r T )

L) W

5-3. " Prime Decompositigns : RS

' - Beforg we dlscuss the prlme decomp051tlon of a -

.sequence,<48t us first examine the perlod1c1tv between a
-3 . ' . 4
sequence and tts component-sequences. .
’ _—-‘.\"“"--\ . R . R P

- ¢ . [

Theorem 5-2 =

o . . _ N . .
L¥t n'be the period of a sequence & anc Ny, N,y ---,

and oy be the periods of its compchent sequences B, &, ...

-

L, o _ ,

‘and @&, resnectlvelv, .such &hat & = £(B, &, ..., d),. then
‘ - 2 SR -

- ¢ ‘ _—

n LCMn[n r Dy Soer nm]-. . e -

- a ——

I



P_roof;

‘ It is clear that per(B) = per(B), per(B . E)

=LCM'{per(B), perfg) }and per(B - c) = LCM»{per(B) _ N
DeE(C) } for any . sequences B and &. The theorem follows‘/

by a lvmng repeatedly the above facts to the terms of

-
N

£(B, &, w.., G . | ‘.
IO L 2 - Q.E.D.
From theorem: 5-2, it is clear that if the per:.od
ofra sequence ﬁs elther a §§1me or & power of a.prime
'npmber,wthen there ls no nontr1v1a{.decomposmtlon. Hence

we"have'the following . -~

Definition 5-2 : o

_ A seguence decOmposition is-called PRIME QECOMEOSITIdﬁ,

if and only lf all the .periods of the comoonent secuences‘

‘-..,__

are, elther prlme numbers or. powerswof ‘prime numbers.

.

In he follow1ng7ma parflflon procedure whlch is

SR 4

unknown seduence wzﬁhln‘a perlod lnto tw0\groups, called ' --

% 5 .
¥ e .
partition palr, SO that assmgnment-can be ‘made’on the
. \\ . . i B 7_-— = ‘."'_,,- ; .
ga;u:t;@ﬂ palr e g ODtdLn“uhe-CQmDOHEDt sequences-- N . S
. "":—-—-_‘._ ; . . .
a.a L a V \ Lo . . L -
} Let . (a)‘" aoal oo an-l be a sequence of. perlo&h,. ey n“\\\
TR KT Tkm wnere 1 e s
o P1 p,2 .. p M, where p; are prime numbers ‘an TR
Ve . m . W . @ "._ k - v__'_‘.—,-~--‘\('
kf\; 1 are integers for all i, 1« ism Tet n- T rig»fﬂl’ :
S~y . | o S §
~. = i = }_‘ . . - . '
-\ ) ) /‘ )
s _\\>“‘,fﬂ’f#’#,ffﬂf“fpfi—
. NG



s

-~

e

[

. o . 5
- . - . ~ ‘(
Cfor all i, 1l « i(g_ m, and (D) w bD'bl esas b
i

) . CaCq --* cnz;l' .ne i:m_d (a‘) -‘&

_ 001 or e
a set of unknown sequences of periods Ny hz, f,: and

D

o

be ,.:

n respectively.' If the function f(x;; #2, ;.., ﬁ } of
: _ ‘ _ m

Table 5-2 exists; then the seguence & has g‘prime decom~
' ! . » A

.

~
In Table 5-2, we“have,asshmed n; < né <1.:: éﬁhm

pos:titiori ”é‘___é:_g_(ﬁ" Eriveey @) .

-

-

-

o o . e R .
. for presentation convenlenece. If the function - - .
("

CoE(xy RETTTfﬁTPEQYi;MXl ®x, & .:.78 x , we obt¥in a -

g

' It

moddioﬂz—spmTdecoﬁPOSition'3-m E:@ké 6 ... B 4. 'Siﬁiiarly,
if f(xl,‘Fz, ...,‘xm) = XqX, e X ?r_icgl, Xor. sewr xm)
= Xy o+ X, +'..{*¥-xm, then we obtain.a logic-AND decompo-

-~

sition 8 =B + & ... & or a logic-0OR decdmposition - \L/// -
. . 4 > . ) '

gdw=-B s+ & +... + 8. )
. . - *

-Noy, the problem is how to find an assignment of the -

unknown sequences (B)waibobl‘... bnl_l,'}c) — co?l"" c

o : . - o

-7. and (q) “_dodl see dnm_legch that the functlon .

£(Xyr Xgr ovey %) exists, when the only information given ’
‘ " : \ ) ° B ' - i +

is the values in the range of £(x;7 Xpr «ovr x ) which i,

nz-l r

r

. N & .
giver by the original sequence-(3) = agdy --- - ..
et - ' -

» Fiom Table 5-2, let us first fix the values of_xl, _ | o

Xor -+- and #m-lu say bi’-cj"“'j and e, , r?f?ECFlVFQY-

I




L3204

[

Table 5-2.
2.

Truth table of function :

f(xly,h‘%\r‘-'--r‘:xm) .\

.
.
" -
v
¢ -
TJ

J

- . e = .
i

. - . = » -

- ( - - - - -




Then - o — 2 -
T .\e W
u G e, T :
-
L. —.c. —
g, 73 . . o
3, . .o o . .
‘ a _,—>a.. S
o T S alnm-l -t
where —> means that when the function £ takes & value

‘from its domain at the left hand side, it gets a value

-

from its range at the right hand side. For a 96n§istent

assignment, the values of do, dl;ju.. and dn _l.mnst be

consistent w1th that of a; - a, , ... and a, Hénce- E i~
) ig” “ip’ _ lnm‘l P <. AN
__the set {dO' dl, ceny dnm 11 ertherremarnsunchanged or

4

. P, -
is partitioned into tWwo sets, The former corresponds to’ .
: ' —— - ) - 4 . B . " ~ "

-

the case when all the values Ef a. 0; ail}‘:.. .and - o '
a 1 are the same; the latter corresponds mo the case
4when there are twc dlfferent values among alo, ail
-1- Next, we change the values of Xqr xz, .o

. J -
_1r Say b, gg .:. and e, respéctively. Then -

r .« a8’ . '. ‘.,
and ain

and x

&g — > dig -

b t— —



essume that both { alO’ all’ ceny al l} and

~

{alO’ all’-"" aln 1} have two dlfferent .values among
_;henselves, then we can obtaln two sets of partltlon of

{d dl' Ny dn _1 }. _If these two sets of part tlon

':do not coznc1de w1th each other then the functlon .

f(x XKor eeer X ) fails to exlst. In thls case, the /;f

sequence has ho pname decomp051ton. Check the Dartltlons

— /

J-'c;r all nossible values of xl, *2"" and X i. -Ifwall

the partltlons comnczde, we obtaln a partltlon of

'

{d , a ,lﬂ.l, dn_-11} 1nto a Dartltlon palr, say D and D.’ o ' .
1 np—1 0 1 .

Nett, we carn . permute the varlables xl X1 ... -and xﬁ.
For example, we can fix the values ginI*ﬁﬁar ... and xﬁ,
say b;, f;, ..; and 4, respectlvely. Then

c, ——— 2

3 - . :._' | '.;‘q .cnz_l———é-e;nz_l. 2 i ;
RBV »he’same procedure,.we cah partltlon{ CO’ <, "'.';\lyﬂ . | »
sav Cy and C]_- Slhllarlv, we can obt;I;'a peft}tlon pair of- . ;

{ b, 'bl,'..., bn, -1 }, say By and By and $O On.. ?lnallv,
,we can get a set.of partltlon pairs s S i
- Cl ) te ] ; .
- _//%-;: - — ( ,
. T v . '@
. : ;; .




B :
o D2 ®

Now, 0. and l can be asszgned to eacb partltlon pair.. ~

Since there are totally m partltron parrs, there are

totallv 2 DOSSlble aSSLgnemenESn.,Each aSSLgnement hlll

f

glve us & solutron. The functron £ T 2, cees X ) S ,
. : oo L.
can be obtalned from‘the—aSStgrewent grven to the set of o ' |

v

-Dartltlon palrs. e oE RV

) \ - - [ ) N '. - ..-

- . The partltlon nrocedure d scussed above can be des-

;cribed in a more svstematlc wav. To obtarn a partltlon

' P

‘palr we have to check only. the values in the rlght ‘hdnd -

_iSlde of ———é of the prevmous procedure. We,can construct ot

_an array from the crven secuence by countlng down the A
¥ .c ’

'_sequence and picking up the-digits from the_séquence

arﬁ\;"’svstematicaliv in certain“crég£:; Before'we-groceed the . _ i

: dlscu551on=further, we need‘\he follow g

¥

LemmaS-'-l":’c,".'-‘/\_"‘ , :-_‘-“.;

& .
M . P - ® ‘..’ - o » d
3 ] Let bobl .. rﬁ- e sy O l cnz l ‘an

o dddl dnm—l“" be a set of sequences of perrods‘
l' 2, --ﬁ and n_r respectlvely, where nq . Ny» cea and

n,.are relatlvelv prlme to one another.- Let .
. k=" LCM{n?_, 3, Do } = n2 3 . nm and let the

’E§QEEnces be arranged in the followlng array
fe.,

a

oo : ) - o . ‘
AR 2 - . ‘




L 1 § -‘.95 _ - 4 ; ) .
| S o
. el K
s b - o T 4 : / .
. . 0 .0 N 0 § \_)
' 1., % s dy e :
. F . . IR AU .
w - :..". .
hY ) - - = * -t .o,
; Bnpal - Sl \ :
~— . . e e . . . ‘
lf, . . - ‘
| . T Sn,-1 R .
/ . . .o .
\ = ) e o |
. - T e . a -
; N
- \ . ol - . . .
- * - - - - - Ve . S
~—
- - g - 1".’. .'- n - . . ) -(;‘
Then the flrst row of the m—tuple dby cyr - -- ,'rie); _
‘ will appear ln the posrtn.on of the {,kth J‘:c:mr,1 uhere L :Ls" Lo~ i v
: T |
-\ - ‘the least :.nt,eger such’ that {,k - Jmy el - ‘ S
lgroof - . | ‘ RS
- Since the (mé i)-tuple (co, / ad ) w:.ll ) /
anoear in a perlod of k and 'bI .u's J.n t‘?/e second pos:.tlon | '
of the sequencﬁe bobl I:an1 -l ..., to. match bl to . L _ : ‘,
(c - -3 J, we must have £k = jnl + 1 for _some :.nte- ) .
- gers 'y an&’ 3. i Sz.nce k" an'& nl are relat:.velv prlme to each
. - ..7 "
Other, there aiways exist two integers z, and j such that -
Lk - jnl = L. Therefore, the f:Lrst row of the m-tuole . ’ R _ s
. . e /Vg , N _ o
J o .
4 - s .




. " ’ . - N . ) | -
{b 0;_,.., a ) w1ll appear-ln\the position of the

1kth row, where 2 lS the least lnteger such €hat LL - jnl

.".“‘. C o “.: O B_ D*

' " i -
NJ:, let & = aga; --. a3 _, d.. be e[seqﬁence pf.

: U | *n-1 7 , i
period/n ; D?lquji...pkm - nlnzf... nmjend let '{. /;9';
zlf- (n/nl), where 2 1sS§he least 1ntePer such that ;H

'E{Q/n L T'Jnl . l.. We can bulld an array of n eews ahd'
| n; . columns;from the gzven sequence as éellows, § o
‘ T o . ‘ .
. . \ .

P o T, L -2 . 8 _
0 Lo .}1 T ,%1‘,» T (m, =10,

a A + J’ . E\ :.' -..-‘ ‘_ —: .‘l-‘ :,‘ j ,'\.. . . ,': v
(my=1de *L 0oy foARLEl e a(nl‘z’ifk

. . ;‘: } ; ’ . ) -
a . , ' & a, | . ; . a. i .
hﬁf2H1+;£(...Lj}n 1)4142 2; . /_:‘ R (nI 3)§l+2

. 5':_5 . ) / . / - - .
‘:, ‘ . fﬂ / . - .
. ‘1 / .- \ . '. . .
) g . / ) j /§R
- . / s PR A . [ . : ‘ . .
Ta R - P a7 A YR IR 2. -
| gy my7l 2£l+n1 ? ,(a321+;1fl:: n,y l.
.\ . . i R . o | | : .

i, I ’ - 2.1*-1'1 . : =3 H . .
: 1 R 1 2Llfel, SRR Y

a . an . - a 'f .. .o _
Ly+n-l , 2£l+n—l 3@l+n 1 . - n-1

/ * .

) ‘. ) ; o .
where the flrst dlgmt of the flrse row ls.obtalned from the

Llrst dlélé of thefgiven sequence, the other -digits ei the

l - : .

nl-l)£1+nl‘."

_ﬁlrs row’ ara obtalned from the k&l th digits of the glven

1

secuence for dcv= 1, 2, .--,'( "l)' the second dlglt of the

o

-



-

. - - ..
.- . s v S .
! . . - - - AR - .
" 3 N - ° . ’ s -

.second row 1is obtalned from the second dlglt of the glven

sequence,’ the. otehr dlglts of the second row are obtalped
_Lrom the (k{,l + 1l)th .Gdigits of the _given sequence for,

K =1, 2, euul (nl - l),‘and so on. FrOm Lemma 5—11 it

can be seen easily that each row in the above array cdr-

responds to a set of valiies in the right hand side of

-—9 of the previous partltlon procedure with respect to

o

oartltlonnlng {by bl,'..., ng -l } . Hence the above

array canhm‘usedforchecklng whether a partltlon pair of

'{.be, bl' .oy bn- -1 } exists’ or not. If in the .above ' -

‘array, all the rows, excebt those rows of the same symbol,
are either the same o:‘complementar' to one another, then
the partition pair exists and-can be obtained easily

by grouping those bi corresponding to 0 in one group and

those bi_corresponding to’l in the other group. Further- /

more, due to the periodicit§~of the sequence, the first

-
)

n/n1 rows of the array form a snbarrav the array consists L
£ ny subarravs w1th the subarrav of the first n/n YOWS
" rdpeated ny times. Hence, we have to consider Onlv the S

subéfray ofﬁthe first n/hl rows of the array as follows

=1 . - . . & . -
-0 o S ﬂ.ql | (nl 1?21 ) |
(rp=1y2p 1’ - FL 0t el .
- . - a . )
S R .

3
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_ where an/nl -1 éppears in the p031tlon of the (n/n )th

row and the (n/n mod ny ) th column The subarray shown

i \

above has tota.lly n elements, it contains all ‘the dlglts in one

period of the ‘sequence,

SLmllarly, let 1oy = L(F/né); where ¢t is the least
"integer such that L(n/nz) -;jné =1, wercan buildlan-array

of n/n2 rows, and ﬁ2 columns.as follows

%
20 e~ Feyg
a( _1)2 +l al N - - -
B '
S e T I

which will check the existence of the partition pair of
{ Cqr cl, “s vy an—l} » and so on. ‘Finally, letlzm =
E(n/nm), where z'is_the least.integer’Such that R(F/nm)'j

- rows and - lumns
jn, = 1, we can build an arxay of “/n_ _ nd n_ co

as follows . - | ,.:',1 ' )
e T S - 2 S L,
i ' ' o . .
‘ . a a. ) - - - - '
ERE T WS E IS | (n_-2)2 +1
T . " @n/p - < s
: /nm‘l o
‘. L

whlch will cehck the exlstence of the Dartltlon palr[?f

' 1t artltlon alrs
{ do"dlr --'., dnm_l }‘o &f al he p - p




oL L B
e N ) s

/ e ' . d e
-~ . ' . R N

exist, we can assign -0 and 1l to each partltlon pamr and

obtain a prlme decom9051tlon. we summarlze the precedlng

discussions in ‘the followrng

’g};eorem 5-3, .

-

/

A sequence & abal ced en_i -+» Of period 7T
o kl kz, K . -h.' Lo e
n = PyTP, e pm nyn, L. n. has a prime decomp051tlon :

+

if and only if the m arrays of /nl,

o
r\

rovs “and n

3 -

n/nzr .-_- . and /I)Tn

1 2,'... and nm“columns, respectlvelf bullt

above satisfy the condltlon that for evexy- arrav Al - T

the rows, except those rows of the same svmbol ;. are’
either the same or complementary to one aitother.

From the previous discussion, a logic-function—

seouence-decomposrtron—procedure for Drlme decomposrtlons

can be outllned as follows..'.

1. Find all the powers of prime facté¥s of'm, say .
- ‘ ‘ ’ R _- k. . P
n p?lp:;z..'. pim‘ = DqNy ... Doy Whe_re._n-.r--- 1 i -

2

for all i, 1 = i< m, and n is the period of the
given sequence. Let i —*1 ) '
2. Find Ly = L /n ),,where L is the least 1nteger(such-
' tﬁat L(n/n.) - 5ni = l, and bulld the arrav of /n
rows and n:L columns as shown in Theoren 5-3. If the
_array doesn't satlsfy the condltlon of Theorem 5-3,
there 1slno solution for orlme Jeconiposition; other-
S .., .

wlse; get a partltlon palr.

<

T S 8 LR U S AT LSS !
L . !
.
k3

U



\\\\\\\;\N;' oL = =100 -
™~ " | S

rs

. jExa.mble 5_-1." :

j
s

=

4. P551cr 0 and l to all the partition palrs, find the
component seq’énces and the funqtlon, and get a.
solutlon. .Other sojutions can be obtalned from’

\\ dlfferent assmgnments ass;gned to the partrtlon >

~

palrs. -

.t

-

—

_ Consider the:follqwiﬁggeeqﬁence-é of pericd 180
(Ei lOlllillllOllllOlllO 00110111100110111010
. lllllllllllllllOlOll 011L0011101110001111
llllOlllll%}lOllllll, 00%}101110011l011110,

10111011110111001110, 11110011111110011011.
Here, we-have h = 180_= 221- 32f-“5'= 4 -9 « 5,

.- = 4: n, =9 and n. = 5.
1 2 o 3

.. For i = 1, to fl%ﬁ L. suchlthat 45£ -4 =1, we

have t= 1 and i = 11, hence ¢ = 451 = 45 and we can

bulld an. array of 45 rows and 4. columns as follows

1 -1 1 1
o a
1 0 1 1
1 0 1 1
10 11




-101 - ~

&

H

Since the ar;ay satisfies the cond;tion of Theorem 5-3,
'we'oQtain a—fértition pair inO, b b3} énd‘[bl} .

For 1 = 2, to fiﬁd L suchftﬂéi?ZOxwf‘Sj = 1, we
" have 4 =5 - and j = llfhéﬁqeiiz = 20%‘= 100 énd we

can build an array of 20 rows and 9 columns as follows

X 1 0 0 0.1 1 o 1 1
1 o o o041 1.0 1 1
o 1 111 1 1-1 1 I
! 11 1 1 1 1,10 1 1 :
10 o0 o 1 1 0.1 1
S e e e
. . & . _f' . .
. 1 0o o 0 1.1 0 1.1
Since,the arr@y.éatis%ies thelcondi;ipﬁ'of Théorem 5-3, |
we obéa;n a partition pair fco, Cyr 95,.c7,‘E8} é?d o
gcl, 92"c3’.?63 . N , - ; | p
For i'E'B,.tQ find ¢ sucyt +hat 364 - 5j~= lf we have
‘4 = 1 and j =7, hencénL3 = 364 = 36 and we can build an i
array'of;BS rows and 5 co}uﬁns as follows ' .
1 1.1 "1 1 .
o o 0 0 0 \
o 1 1 1 0 Lo - ]
o 1.1.°1 0 Lo ;
11 101 2 "‘-\-o Y

.
Vi
'
5
LA
P
i
)
i

i
!




- . - v , Y
102 - T ‘
™, . . -
o R . .
I 1 .1 "-1_\{1 : . )
Since the array satlsfles the cond:t:.on of Theorem -5—3,‘ ' -
\ .
we obtain a part‘tlon pair {do, d } and { dl' d2,- d3-.} .

Ass:.gn 0. to {b } ’ {clr Cyr c3, cs} and {d d2, d3}‘ -
and 1 to {bo, b o tfr3},{ ;c4, CS' c.7 }and {do, d 1., )
three component_‘sequences (B}, = 1011 (c) - 100011911 a.nd
@) = 10001 can' be obtaine‘d. 1='rom the ass:.gnment, we can

~ .
set :,aa"é truth table’ of . the funct:Lon f as shown if Table
5-3. '.E‘rom ‘Table 5-3 ?;e can obta:.n\the funct:.cﬁ =
" £ F'xz l 3+ There_fore, the sequence & has a prime .
deéomposmt_lon a=&+p -8 ‘ v - R
| “Table 5-3.
Truth table of function f
of Example 5-1. N
! . I
Xy - :-:3 Xy | £
4 - =
o : 1 1 1|1 | .
o 0. 0 . 0 o < .
- 1 0o 0 1
g _ o/ 1. 1 ;1
' 1 1 .0 1 .
¢ 1 1.1 1 )
1 G 1 O
Q0 o, 1 1 .
: 0 ' ‘;’; 1‘ “'

PR o1 S £ Thrs i 24



e

"Prlme, and so there always exlst some lntegerSrz and 3

!

The- other solutions can be oﬁteined by assigning .

-

different aSSignméntsrtqtthe_partitiénufairs obteined

;j:hs ih L. R R '- -

5-£T\‘\\gond1tlonal Non—Prlme Decompos;tlons

—

NG A little ma@\flcatlon of e prev1ous prime decom— e | -y

p051tlonproge@ure/giiﬁié:ghi:eus to flnd‘a condltlonal _ -

. . ) / N
non-prime decom9051tlon of a quence.- Let n be the
/

-~
oerlc&'of a glven sequence, first we\have to find a set -\
cf 1ntegers nl, 2, ... and n.. such that n - LCM
{ nl,-nz,-..., n } and anv n = 1 lntegers of the m

integeérs N n2,‘J.; and nm have a least common multlnle

(LCM) - less tZgn'n. - Furthe , in order/to find a non- -
trivial decomposition, th egers iy, N, ... and nm
should be chosen sucl t¥at ny * Dy *+ .. * D <'nl One - S

way of choesing those n..is to factorize n into a product

e kb L

of factors n: o eech féctof doesn't have .fo be a prime or
power of a-prime'numheé. In this geetion, we are”go;ng"
to solve the folloying problem. -Assume that‘we;haVe~
obtained a combination satisfviné the.above—mehtiOned
condltlon, we. want to know whether there exlsts a decom;
DOSltlon W1th respec& to- the comblnatlon obtalned or not,

o b
and if it exists, find the solutions. o ; T ’

In the prime-decomposition of Section 5?3,'91! ﬁz,"‘

‘... and n afe relatlvelv prlme to one another.‘ Eence,

e

in Lemma 5-1, nl and X - LCM{ n2, ceer T } are relatlvelv.

N
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: such they’ {,k - jnl = 1. This c0nd1t:.on when appl:.ed to-

'/’

.‘Table 5~2 means that for evgarv m—tuple (b C'j’ .....‘, dk) ,

‘we can alwavs F:Lnd the next m—-tuple (b 141" cj ;;., d,) P
Henqe, when Ryr Doy enn apd n, are relat:uzely prime to ‘
one _another, all the m—tuples (bi, cj, veey dk) for
Qsi-_:ni-]-.,‘O'sj‘ﬁnz-—l, .-..,andOsk'snm—l ‘ s . ,"4
~ - will appear in Tablé 5-2. The situation is not so in :
. . x . .- ' ' . -
. . the conditional non-prime case! First, we 'xzeed the following ’
o .
Lemma 5-2 :
Let bobl * e b l-l ...,'cocl « Cn _l :’.-’ e and :' ;
T é d .- d”m‘ ... be a set of sequences of peribds : " /
n ‘e and n res ect:.velv. Let k .=-LCM {n eees D}
. nlf» 27 * m’ TESP SN 2’ * m
~and X' < LCM {n;, ny, s.ny nm ]9'. Let the sequences be, ;
arranged -in the followifg array. : : -
: ’ l, . . . a ‘\.' i 2
g 7 o 0 . :
. ) . - . ‘\ B 1
T By 1 ST R }
- ‘ . : .I‘\ o ~
//; . . ; - - - - - /‘1 ] ~
i - - - r ‘» - - » ' ; A
\‘. . -
. , N - .
Pni-1 :\ I -
- an-—'l - - . -
Ed \\ » ! 9 kY
7 < : - A .. - * *
; N o Py |
\\ ' N -~ _h L‘
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 If GCD {k,‘nl»}éreL, then the row of the m-tuple .

'(hl, o --;r—d ) will'not a@ﬁear in~the,arrab, and the ° i

'least i such that the‘:pw of the m—tuple (b ¢ Cor o -eey

w;ll appear in’ the array is r, and the_first row of the m-

4y o

tuple (b ;’ Cor ==ns d 0! will appear in the posmtlon of - -

the ak th row, where & is the least 1nteger such that
. E f" :
Lk - ]nl“— r. - f‘ . \\\\

_Proof: g

As "shown in Lemma 5-1, the- first row of the m-
tuple (b, qh,'fﬁ., doinigxit_exists;yill appear im thef
position of tie-.ek th row, where % is the least integer’
1" 1. Now, since GCD { k, n, } - r, SRR

. . i
-T nl, then 2k --ynl'— r (zkt'—-jn') -1

euchrthat gk = 3jn
let k =rk! ana 1‘1:-L
has no solutlon for any lntegers 2 - and g Hence, the row

of the_mrtuple (b ¢ eewyr @ ) w1ll not appear in the

1’ o’
arraya Similarly, 1k ;.jnl = v has no solution tor any
integers 1 and j{‘if*i <v <r But 2k - jnl = ;.(2k‘;7~
ﬁni) - r.implies %k'— jni = 1, where k! and gi are |
s:elatively ﬁrime, and there\aiWays exist eemefintegers L and -
j such that gk'- jni iHl”brtih- Jnl :; Thereeore, the.n

least i such that the row of the m—tuple (b ; co,‘..., d ) »:f

Wlll appear in the array is z, and the flrst row" of the .
r.n—tuple (b Y ...; a,) w111u§@9ear in the pOSlthn of

the 2k th row of the array, where 2 is the least integer

-such that 2k - jnl el o
| Q.E.D.
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;Let us consider the partition procedure studied in .
. 2 .- o

Section 5-3 again. If n= _L(EM-{nl_, n, ,"‘.,J..., nl‘? }o

’ . :.‘ . . E -3 g '.V ’
k= LCM {ny, .oy n } < nandny =nir, wh‘ere-
r = GCD {k, n;}:, from Bemma 5-2, we have '.
> a, D
o ¥ %k .
/
Cpn — aae =
0 - .
. o
T fi-Dak
bl > 2y
Pre1 T kel ,
4
l
Pr '
. . R
- - ’ ~ , a I+
r-1 - ' r-1
- / 2z-1 T Paker-l
r_l - - . & —' . ’ - -
' byig-y T 2(n}-1) gker-l




-107 - - T N 0
* S . . ~ I. . 5
--Bv the same reasonlng of the prev1ous pertltlon proce— ’

dure, we can partltlon the set {bo, b
e

© But, thlS tife, lnstead of partltlon ng the set

17 -o-r _l}.

)

{ bov-b1} ...,’b l 1} ; We Partltlon the set of subsets . b _ -
. - ) \ .‘ ‘/‘/ . ) o
{Bgr Dpr weep (n l)r}'{bl' R (ni"l).r+_1}".

f.. and {b e

r-17 “2r=y’ "”’
of the set {b b

bnlr-l }. A partition -pair

1€ <err.by -1 }can be obtalned From the . ~ = -
l : ' :

set of oartltlon P 1rs of the subsets bv choosmng One LT

”

- " I3

' group’from each partltlon pair of the subsets and groupingg
these groups tocether to forn a group of the oartltlon o

‘pair of the et'[bo, b,,. -..; b; J R There are. totally iy

1’ Ny~ -1
2 (90551b1e assignments to obtaln a partltlon pair of the

set { bO’ bl' ey bnl 1 '\ Among the 2F p0551b1e assmgn— ! BT
ments, an ass;gnment should be chosen such that the resul- -
ting sequence has a period n,- ;'f~- (// . I T

/
The . partltlon procedure can alsoc be descrlbed by

analys;s as we did -in’ the preV1ous-sectlon. & o
With the coﬁaltlon stated above, an arrav obtalned wzll be

s llt 1nto r sub—arravs. Corresponding to the subset

L . . is- following sub-array,
 Bys ’_"’r’_""_-b(n'l-l)r}ls.the ollowing sub-arral
ao . - agk T l:l T N \ a\(ni"‘l)ﬁ'k
. . | o ) | A L
_(n'l“l)gﬂk"‘r ar . -;‘ v - (1" _2) tk+r
.. (m/n,-1)r o ‘ N
) -
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corresnondlng to the subset-[ bl ‘br+l’i"" b( —l)r*l}
"is the follow1ng sub—array : - -~
- S L
il‘ - - rk+l - N a(ni’_-l)lk*-l '
SR N , o
(3 ni-lyaker+l - Bpel 0 T s T e AT oy k.
A S - o : g o T 2k r+l-.

. e . e ‘ fa(n/nl‘“l)r"‘l.- e . . .
correspcndlng to the subset br—lf‘berl' “ens bn,lr_l ///
is_the following sub-array, .
qr-1 Feksx-1 .0 0t (1) aker-l
<- . - \ . - V .

D%(m-l)eke2r-1 %2l - Tt Fny-2)eke2r-l

e e L. . a n : S .
~ _ L Ae/mpbeel \

Each subarray has /n rows an l/r columns, and hen

3 Lrea o n/ T \elements of the r b ays -
has anjgrea of he total o subarrays
is n agaln, and the r subarrays contain all the dlglts in
one period of the glven sequence. )
| Slmllarly, we can bulld other arrays, each of the

-arrays built will be split into several subarraysif the

number.ﬁi and k= TCH {nj} ,1<3 <mand j #i, are not

3 . ) . e -~ N
© . Telatively prime.
_, From Theorem 5-3, we'have the following .
'\ - : b "~ . ..
e . .
g
S |
y :
.: ‘ ,,:\ -




Corollary. 5-3:1 T L . L : o ' o

o i

A seqtfence(a)--a0 1 tf; o1 of period h has a non- .

) tr1v1a1 non—prlme decomposmtlon with component secuences'

TP O e R T ST

.of perlods.ni,_ 2 .e'e and n such\that n _‘LCM[ nl, n%‘ - ;‘
<eer D ] and any - l 1ntegers of - the m 1ntegers nl. n2 '
T ees aﬁa n have a LCM 1ess than n,_lf and énly if the m

s ' .
arravs of /nl' k/nz, — and / rows-and Rys Doy wee 0 =5

" b}

"and n columns, repsectlvelv, built above satmsfv the

~.

condition that for every arrav or fori tevyery subarrav of

an array if it SDlltS, all tglFrows,.except those rows of

£ R,

,thefgame szpbol, are erther\the same orcomplementarv to oney
[ o * . N >

another. . N . . e

. [ o
’ L d -

From the prev1ous discussions, a condltlonal nontrrvral i:)‘““r

~

~

\

non—prlme secuence decomPOSLtlon procedure can be Outllned &

as follows. S &

- .

) . ” 5 .
1. - Plnd a set of: m lntegers nl, n2 .o and.nn ‘such that .
[

Q . ‘. . , *
’ e +n
2!’ @ wl’ n }F l . 2

n-=s LCM {n te.otn o <on and - ..
any m-- l 1ntegefs of the m 1ntggers have'a LeM //:kw

1

less than n, “h%?e n is the perlod of the gaven ’

-

-la

. j o . ‘ - -
sequence.' Let 1 =~1. - . . :

- .
“

Ty s b At e

2. mndk.—LCM{n},l<3<manri37"l-Fln@-r = . .
GCD'fk r nr} and L 2k ' wherera is the least ) ) a L
'lnteQSf such that ik QT jn - ri. Bulld an array ‘ B g
of /n rows and nl columns as shown in Corollarv 5-3- -1.

If r > l the array bulﬁz wrlljge splﬁt lnto ri sub— ‘_

L z '\,, “.'

MY AN T RN L PRI LMW sSSP Ers Kt o vl

APy L AL RIA RS
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4. 'issign 0 and 1 to all the partitidﬁ pairs, find

. all the conditions we want. ' ‘ | , : -

&7

-110 - -

- - - . . -

'arravs. - If the array doesn t satisfy the condltlon
- . \ - c v

of. Cbrollary 5-3-1, then there is no solutlon w1th

respect to the comblnatlon (n

Step 1;
[~

r, > 1, _find the partition palrs corresponding to ' . o

17 Pgr we-nchy) of

otherw1se, get a partltlon palr. In case

all the.éubarrays, then get a“pértition pair by

choosing a suitable ‘assignment such that the

resu;ting sequence will have a.périod n, . -
3. Increasemi by 1. ;f.%,s m, go to- Step 2. {#

the component sequences and the functlon, and get

a solutlon. Other solutlons can be bbtalned by .

ass1gn1ng different assignments to the partition

.. wpairs. - -

Example 5-2 . B . E s

Consider the follow1ng sequean a of perlod 60, \
(a) - 101011100011001111111010101001 ‘ -

110011101111101010001101111011{

6).

Flnd a. comblnatlon (nl, Ry n ) = (4, 5,. Since
cMi{4, 5, 6 } = 60, 4+ 5 + 6 = 15 < 60, '
-~ & . E Co. o
LCM{4, 5} =20 < 60, TLCM{5, 6} =~ 30 < 60 and "-
" . R .

LCM{ 4, 6 ﬁ:iz < 600 the comblnatlon (4, 57 6) satisfies

For i = 1, find k -LCM{S 63} .= 30 and

1

= 2, To find 2 such-that 302;4ﬁ = 2, ' -

ry - GCD{ 30, 4}




Gaa’
\

S - ; - s

- . . -
r O ‘ * e

e have 2 = lwand j = 7, hence 4 ™ 302 = 30 and we

. , J _
E;' can build an arxay of 15 rows and 4 columns as follows.

) : Szgcg r, ° i,:tbe arragﬂspligs inté 2 suSarraYS. e
Bo By By by '
1 1 0 1 4
? 1 .0 0
1 1 1 1 . -
2 : .

L#

Since the array satisfles the condition of Corollary
5-3-1, we obtain 2 nartitioﬂ pairs corresponding to the

- 2 subétravs as follows {b } and { b } "{ b, } and’

1
} to the same §;oup, flnallv

¥

3

we obtaln a pé;tltlon pair, {b b3 } and ¢ bl’ b

= LCM { 4, 6}-—i2 and

,{ b 1. A831gn {bﬁQ and { b.

2

Fov’i -2, find-k2

r, = GCD {12, 5} = 1. To find & Sucht that 12¢. - 5j

L l, we héve 2 =3 and 3 =~ 7, hence zz"m ;21'— 36 and we

can build an érfay'of 12 rows and 5 columns as follows

0 1 2 -©3 4 -
1 1 00 1 . .
N 0 0 0 0 0 :
/L1 1 1 1 1 ’




% - . -‘o - - -
_ < |
1 1 0o 0 1 : |

Since the array satisfies the condition of Corollary

5-3-1, we obtain a paﬁtition‘pgir, - Cyr cl} 64 } and N

{ c2, c3 } .

For i = 3,,find‘k3 = LCM ({ 4} 51} ='--"20'.and o ' T N )
ry = GCD { 20, 6 } = 2. To find.  such that 20% - 63 ~2, .
- we have g = 1 and j = 37hence L4 = 20g = 20 and we can
build an array of 10 rows and 6 columns as follows. Since -
. T, - 2, the array splits into 2 subarrays.
: : - | . |
i . o~
d, d;. &3 - dg §
1 0 0 1 "
1 o- "0 0.
1 0 0 1
. . .. . . -
e . . . . . .
< |
1 171 1.1 1° -
sinCe the arra& satisﬁies‘the condition of Coreollary . - 3
5-3-1, Qe‘oﬁtain 2 partition pairs corresponding to the 2
subarrays as follows, { dg, dyr 44} and &, { d;, €3} - L. - ;g
and { dg } . Assign { do,'dz, d, } and { dq } to the same L . EXN
Y



6

ggopp,-tine?ly, we obtain a partition pair, //;
{d‘dz,a4,d}and{dl,d3}- .

| Ass;gn 1 to { b 3 }o,oq Sor Cqv b } and | .
{ de' d2, 54, d Y7 and 0 to { bl' b2 | PR Cyr C3 ) aﬁ
{ dl’ d }, then three component sequences (B) - 1001
(¢) = 11001 and (&) = 101021 can be dbtained. From the
assignment, we can set,up a truth table of the fuﬂction
f as shown égb;able-5-4.‘ From Table 5-4, we can ea511v

obtain the functlon £ = Yl - xl 3 Therefore, the

seguence a has a non—prlme decompos;tldﬁra - 5 « & +

5 - @&.
. Table 5-4.
- Truth table of functlon £ gh
. . of Example’ 5-2. ' ” Qé
x; X, 33 £ %'
’ 1 1.p 1 Q
A \ : S .
5 1 0" o
\ . o |
oy 0 1 1
\ ‘\\ =

" 1 ;
. 1 ﬁé\ 1 0 \
9 ST
0. 0. O o -
1 1" o1 \
;o \l
X \

o it Bh R YR AT e e L iR
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Flnd all. the comblnatlons (nl, n2, seer TN ) qf Ste 1
of the prev1ous procedure we can find, all the possrble

-condltlonal non-prlme decomposmtlons of‘a sequence.

A
However, the following combinational problems remain
‘ to be answered.

I N x
-Given an 1nteger n, how many’ comblnatlons

\ "
‘qnl, Tor oo n ) whlch satlstuthe condltrons of Step 1
/ of\ the previous procedure are there°

\ ‘\\ -
' | ‘.\\.
. \“ . ' "3
Is there anv algo— \ o
LY ) ) . \‘
S rlthq which canzbe used for flrdlng all the comblnatlons o \( R
mentloned above? -In the Step - l of the\preVLOus\procedure, : :\
| ‘ N
when the 1nteger n is not véry\large,‘we can easgi ' , ) N
find-a combination (ny, Ny, ...,,n ) by cut and t

{ . h
Once a comblnatlon lS obtained, the procedure will: éeét
whether a decomp051t10n with respect to the conblnatlon

v
AN
3
7 \
obtained exists or not, and if lt exlsts, flnd the \
<J

solutlons.

N
v

5-5.

Logic Function Seguence- Decomposition Machilnes

=

In this sectlon, we would like“to iftroduce_a | :
machine for both’ prime sequence decomposztlons and condl-’
tional non-prime sequencerdecomposztlons. The machlne \\

‘will consist of“a number of shift reglsters and some
oontrol blocks. Actually the machine built! is an lrple—

mentation of the previous decomposition procedures.
5-5-1. i

Prime decomposition’machines

A logic-function-sequence-decomposition-machine for

prime-decompositions has a structure block diagram shown
»



A B |

..\\-'\ : . ~ : "
in Fig. S-I. The operation mechanisms Op this machlne are

y descrlbed as follows-xh . ) : : . |
Find the prime factors of n, ,~'\\ \
.. pﬁ? = £1n2 e n
o
If I < m, do the,follow1ng, otherw;se, go to Step 1 . 5 ¥
SRA with a perlod of the glven - 3.\f
'.sequence. \Q; < \ d \<
- a Transfe;:tﬁg'dohte]ts =) Shlft regxster SRA to- Shlft\ R ﬁ\.
. 'E register‘SRﬁ, i.é.} (l) —~——> SRB(l) for all\l, \
i. 0sisn~ l.- o0 'I. ) - ‘\\ | ﬁ\ N
- ElCalculate kI \ /n and flnd sﬁch:tﬁatl ':L '.. \
3. | ﬁransfer the contents of the first memory element' - \\
h gf shift reglster SRB to. the first memorv element
| ofkthe Shlft rgngﬁer SRC ©0f length nI, i.e., )
\\ S SRB(O) — sﬁC(o) \Q _ f,\!:_ )
N Set J 1, 4 =0, Nz 1 dnd switch A OFF.. o %%f
\:4. If N - f /nI' do the‘follow1ng. otherw1se, go to E }' .

Step 10

Cyelit shift left the€ contents of SRB 1 k. times,

.-
L .
Y v -
- y
Y
ci.e., N > .
- it X
Co \
N -
LY
A
R
Y - <
K h .
- M - .
\
Vo - .
. - ol
\ LT s -,
——
pn %
. -




..1]_-6 -

. - )
1. Load the shift register SRA of length n with the .

L

! .
| .given sequence of period - . ! N )
| ! k - k - , : . \
i n = lil 2 ... i = . !
Pl PZ ?mm 51125 . nm IR /
- . 2. Caleulate ky ==n/n and find't_ such that i ;
Ak -im =L | ‘ )
.“ - » - . \
Y Y Y )
TS Y
n - SRA ol1]z2] ~ - . n-1]
l A A \'S
n- SRB 0 1 2 - : - n-1/

v
- P ! -
no-SRC (o 2f - rcc
)l . - . ' ‘- ‘ ..
1. . Switch A OFF : Tr_anéfer the contents of SRC l
- . ' to SRD. o
2. Switch A ON : Add modulo 2 digit by digit [
- . - * ‘ ] - 1 .
| ' the comtents of SRDto SRC. | - 7
-y N |
— R /'\ !
3 - SRD ol 2 = - -4zt y

-

Fig. 5-1. A loaic function sequence decomposition i
machine for prime decompo_sitéon. ‘ . -

&

' .
~

‘d< | ' e | .- h-\"\,:/




,Test the contents of SRC._ Rl

“u7 2

SRB(gk,~1) ————  SRB(p -'1) b

- - - 1
- . \ . v

. | -
. -t ! ' - B v ‘-: - Y
Cyclic shift‘left.thenconténts‘ t\$RC once, i.ed,

\ :‘ A . - ."\ : . \ b H
\ - A E \ C
RG (L) ——————>. - SRC(Q) -
SRC(B) .+~ " SRc(l\}' |
’ ~ .\ ..]\ .\\ ’ |)'
. \ * LS * ~ \ ~
A - S ‘ ‘\
\ l )
. e -
SRE(0) | > N SRC‘(n‘l A1)

*Transfer the Ontents of the flrst Qemory élement
} \

-of SRB:to the firs memorv element oF SRC, . e.,

CSRE(0) ———>  src(@ . =\
. T T e \\ — s e — 3 2 . . . . \

.Increase J by 1, \1 e., J * l ——— J .

‘If J < nI, go to Step 4. - _

If the contents of SRC are elther 000 ... .0 or -

o111 ... 1, go to Step 8.

Calculate P = M mod'nI and CVClLC shift rlght the

d

contents of SRCeP times. Test‘the condltlon of

fsvﬁtch.&. I

‘ LN
| SRB(27k *1) ———> . SRB(1) .
: T .
s - ) ) ) 4

o
.

’

A

3 e
\ .

A

. \
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/. N

switch A Is OFF, transfer the contents of SRC to N

. _ \ shift register SRD of length Dy

R \ SRD(i) for all i, 0 < i < nI41,-set switch A ON,

o - : . - o
.. ' .and go to next step; otherwise, go to Step 9. : -

i.e., SRC(l) —_— : \

© 7 g.."'Increase N °b.y_\}, i.e., N+ 1 —> N.

-~

; o SetJ':l. I =

oo 'Cvcllc shift left the contents of SRA once, i.e.,
A \ :
: | : 3

SRA(l)  ~——————> sm(oy-

o SRA(2) —-—--F_-—,_::-?::SRH{—.L}——_"*

SP;A{\O) ———> SRA(n-- 1) -

”

{
H

Transfer the contents of SRA toO SRB, i. e., SRA(1) —>

f

/

~ SRB(l).for all i, 0=<isn- l.' mransfer the
///// | contents of the first méﬁo;y element of SRB to the

r/ . - first memory elémené;of SRC, i.e.,-SRB(0) — )

sre(@. LT | | o
Increase M by 1, i.e., M +1 ——% M, and go_¢o o » - ~ .j
Step 4. P . '7 | o A
_é.'J Add modulo 2 dlglt bv dlglt thecfontents of SRD tq g
LR . SRC , i.e., | Q
YW srD(i) @SRC(i) - L > SRC(i)

-’ . | . o\ . B ‘\ <
- . . R ) . L om .




=

for pl1l i, 0 <i < n_ - 1. e
I i
“I% the“results in SRC are either 000 ... 0 of

111 ;..'l; increase both M and N By 1, i.e.,
"#1 —>Nand M+ 1 —> M, and.go to Step. 4;

: T
otherwise, no solution. .

\ED. Get a component sequence from SRD. Increase I b§'1,
i.es, I +1 —=> I, and go to Step 2. . . . ' : ~
11. Find the function. From the component sequences .

.l

_obtained, a . truth table of the function can easily’ - -
be set up and the function can be obtained from the
truth table.

Get "a solution.
In the precedlng operatlon mechanlsms, J takes care

of the number of dlglts examined in a roﬁ&of the previous
r . [

array, N’ keeps tracklng the ni&ber of rows exam;ned\ I

~

takes care of the number of artavs7examined{ and M keeps
\ .

tracking the number of times.a row should be shift
cvcllcallv such "that everv rowwalfbe matched with the
row of the previous arrayﬂ From the. sequences obtained

in SRD, we can easily obtain the partitiOn pairs. But,

we can also keep the aSSLgnement matched with the.

segquence obtalned hence the component sequences are,
obtained directly from SR§7w1thout anyv further asszgn-
ment. A flow'chart of the opet@tion mechanisms is given \“\\\\ .
in Fig. 5-2. o o ’ , o S

-




T~ h s 3
. \ . - ‘
—y . o |. ‘
T— - k) ,
¢ s — -120 - \ R
\; — . -
e - - : " ) ) ! . . . -
S _ e - \ LTy ' s
I F s N
) oo . Find the prime fa.ctors of( S STt
. — £ \penod of the gwen sequmce,‘ - A
— - _—_ I IQI : X o s L -~ o
A S [ n= p pz v p mT T
T— ! It S afq .
Lo \"-\ -~ .
' . : .
'fl\‘ - ) -
N ' ©
o Fi’ri‘d‘ 'the function L i

and get a solutlon. -

~- - of the given sequence.

- .o . A Load SRA w1th a peno \ T \\"

COTN . . .'I'ra»nsfer thh‘\contents

#° | of SRA to SRB. .
\\ 7 > - \ ‘
- kB N ] . 0
.K;\ 2 AN _ ,, S~

Calculate }&\-"'\nfnl“and - . b

finti - such that B s
.-‘{’ Ikl - JI% A: 1.\ | . ] /—\/_ ~1
_ A . s

*

‘)\.

‘Fig. 5+2. A flow'\_?;hart of the operation mechanisms

Y - R - \
: o~ L. . e
o L .. of a prime _ge;pgmpOSLtlon mach:s.ne“,.' | o i ’;5



. - -121 - '
o _ ™
. : "
& - | |
. e
| - * .V . ' { . i . 7
: S ISRB(0) ——> SRE(0).
T+l —1 ‘ SlT=1, M=0, N=1 )
- ' and switch A OFF .
% . “
N
Get 2 component
me sequence from
SRD. —
- 0
v _ _ .
- Cyclic shift left the contents

' S ' R "of“SRB';,IkI times,
L | Cyclic shift 1eft the contents

. . o Y .
/\ o ' of SRC once.

sRB(o‘) ——3 SRC(0)..

DU SO -
1

~

4”1

[Za\




1
A
v e
. T
.‘_
= ;
¢

:'- | ' T s ’ \"}:
~ -122 -
..a:, .
) Yes . @
«~ Contents of
SRC equal to either
000...0 or =« )
Hl...l. 2 - "
; T . P ' . .. ! ‘b.
- Caleulate P =M mod n .

| Cyclic shift right the contents

of SRC Ptimes .

-

ey

Y 4

o

|
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Transfer'the. contents
of SRC.to SRD .
Set switch A ON .

1

Y S
- N+ — N.
4T =1. o
| Cyclic shift 1ett

the cortents of
SRA once -. PAN o
_,Tfangfer the -
contents of
SRA to SRB .
SRB(0) - SRC(0).
M+l ——3 M.

-

. - c Fig. 5=-2v (continued) .

A.d.d-modulo 2 |
digit by digit

. 1
the contents of

SRD to SRC-.

- Contents N ‘
of SRC equal to
either 000...0
or 1ll... l- 2

)

- e

T
-

B "-\‘}

£
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, _5,5—2. Number of operations involvedﬂin‘decomposing;a

sequence using a prime decomposition machine.

In the following, we would like to count the nimber
. ! b
X ‘

of operations involved in decomposing a sequence.using -
the prime decomposition machine of Section 5-5-1. “Frdn

which we can estimate the.times involved in decomposing a.
sequence using that machine.

.
Suppose we have a sequence of period

ki k k. . . o o
= Plkpzz .. Pmm = nlnz:..._nmt Since each time-we

~obtain a component'sequenée we must reload [the SRA again,

.Ehe total number of times loading the'SRA'hitﬁaLperioé of

the q;ven seouence-will be m. The number of times to

transfér the contents of SRA to SRB is n for..getting a

"component seguence, hence the total number of tlmes to .

transFer the contents of. SRA to SRB in decomposing a
sequence is mn. The number of times to transfer the

contents of the first memorv element of SRB to the first
memory element of SRC is n for getting a- component

Seéuence, hence . the total number of times to transfer SRB(O)
to'SRCfbgjis mn. The number of times to transfer the

4
contents of SRC to SRD is one for getting a component

. seguence, hence the total numHer of\tlmes to transfer the

contents of SRC to SRD is m . The number of tlmes ©f

CVCllC shift of SRA for gettlng a component secuence is

n, hence the total number of—t:.:{les of cyclic shift
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of SPA is mn. Slm;larlv, the total number of times of

. cvcllc shift of SRB is mn. The number of times. of cyclic

Shlft of SRC for gettlng a component sequence is /n “

o
~hence the total number o imes of cyclic Shift of SRC

o

n n - ' )
is /nl + /n2_+ cee + /nm. The . total numbeffof‘times

testing the condition of switch A is. /n + /n + s

n -
/nm'. The total number of tlgﬁs testang the contents of

SRC  to see whther thev are egﬁal to 000 ... 0 or

111 ... l or not ls/a( /n + /n + .. n/n ). The

total number of times addlng modulo 2 the contents of -

' SRD*to SRC degends on the sequence given. Taking average,

' it will be edual to é(f%/n $0/n, 5 el "/n_). The total .

numbe.g of /tlmes teshng whether the contents -of SRC are equal to or

complementary to the contents of SRD is 2° 1/2(n/n1+n/n S +n/n )

in average.
ow, let T, denote,ghe.ﬁnit loading time, T, denote

the unit time 4o transfer the contents of one shift re-

gister,to the other;ehift register, T, denote the unit

—~

time shiﬁFing cycllcallv the conténts of a shlht reglster,
,T denote the unit’ tlne addlng modulo 2 the contents of
one Shlft regzster to 'the contents of the other shlft -
_reglster T denote .the -unit- tlme testing the condition

of Switch A, T. denote the unlt‘txme testlng_the contents

k
of a shift reglster, let N - /n /n MR n/n

then the average time needed to decompose & sequence of

period n = n -s-n_ is t, (m) + T, (mn + mn *m) *

172, _ ,
' + 7 g "4 7 (AN)_* ‘ .
T, (mn ™o +.N) J’..-Ts () + T (dN) # T (2N + N) =

mT, + (2z'+1)mT, + (2mn * ?:) T, *+ NTg + INT_ + 3NT,.

—

N

I AR O et T
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.5—;;3: Conditional non-prime decomposition machinesJ

~

A llttle modmflcatlon of the prev;ous orlme decom—
“_p051t10n machlne will give us a’ condltlonal non—prlme ' e_ d
‘decomp051tlon machine. The oneratlons of the c0nd1tlonal
non-prime decom9051tlon machlne spart with a comblnatlon '

(nl, Roe eevs n ) whlch satlsfles the followxng condltlons,

-
-..I

n = LCM { nl,-nzv-..;, nm } where n is the period of a
glven sequence; my +n, o+ cee * n, <n and anv m - 1
1ntegers of the m, lnteger@'nl,'nz, ... and nmheve a LCM
less than n. In the following discuss, we will assume
that we can finé'such a_combiration. A structure block
diagram of the medified conditional non—primeldecomposi—

tion machine is shown in Fig. 5-3. The‘operation mecha-

-

: . w
nisms of this machine are described as follows.

1. Find a'eombinatibn (ny, Dys --r D) such that

+n. +.... ¥ n Y
1 - 72 : hut}

nand any m - 1 1ntegers of the m lntegers Nyr Ryy

n = LCM { nl, Rpr sees n, } ,-n
---.and ng have a ECM less Fhan n. ' - o
Set T —= 1. .

2. If£f I < m, do the followzng, otherw15e, go to Step 13. .

Load the Shlft reglster SRA with a perlod of the given -

sequence. Transfér the contents of SRA to SRB.

Calculete'k = LCM { n, '} for all i, 1 = i < m and

ip I R

FlpdeED { kI’ ny }o=rgy kI - kifI aﬁd nI’- niri.

“

¢
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1. Find binatior co :
1? a com 1na.-jf>lx_;_,(,n;, o, B ) .- . )
i 2. Load SRA'with the given sequence. g \ S ‘
' “
P 3. Ca.lcula.te k = LCM {n } foralli, 1s1i < \m a.nd o ;
\ i # I\ FdeCD{k,n } = kI-kIrI nd
|\ ' _ ; !
A o, = nIrI'.\. Fl‘.gd {,I{:Lch thatf{lkl , -1 D Froe .- l
- ‘.‘ ~ - 0 ,J,‘ ‘
4 y Wy ¥ N \_ L \ \k !
\ . s . ‘ “
n-SRA | 1\.\] 2 AT B B . 'T,IR-IJ‘ N
\ o _ _ R
v Y T el /. l \\ .
i '-.‘ ] ) R . v ‘ .
nsRBLO [ 112 - - o a-1\ %
v/ ,
R A 5 i
n'l-SRco il2b---"in; -1
1. Swmtch A QFF : Transfe‘ the coatents of SRC to SRD. ;‘
2. ‘Switck A ON : Add modulo 2 digit by digit the ‘
¢ . contents of SRD to SRC.
' VRS A | ~ | R
n'-SRJ oj1lz2]--=1% - . .
I - J =T T ! N s -\
1 . Y’ ] ) b . S ‘ »
_ j - 1. .. 1
n:, -SRE 0} 1 | -- - " r|[T---.t2r{ ™" (»' 7)1 ot .
- - o i f .
‘ : : o & } N
Fig- -3. A cond:.tmnal non-prime logic function
sequence decompos1t10n rria.clnne. N ' . |
. - ) )
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Find T such that {IkI 3Ik1 =T -
Set Q = 1.

3. . SRB(O) -—%-SRC(O).

Set J =_l, ‘M= 0, § =1 and switch A OFF.

B n,:. - . .
4., If N = /nI, do.the following; otherwise“go to Step

A

10, - N
Cyclic sh;ft left the contents of SRB 2 'IkI times .
Cyclic” Shlft left the/contents of SRC once. ’
SRBtO) —-:‘»- SRc,ccn \. ' .
5. J.- +.l/——* J. \\ \\ ' Zp‘ -

If J = n go to Step h Con o o /

‘\"-

2y
-l"j

- \ : . IF; .
6. mest‘the c0ntents of SR 3 _ i 5y

_ | N \R 3 . / -

If the\contepts of SRC are_either 000 ... 0 or ;

11'1 ...\1, go'to Step‘8. y |
- 7. Calculate\ = M mod nI and CVCllC shift rlcht the f .

contents of SRC P times. _ : . fj .

! -

'Test‘the condition of switch A. -
If switch A is OFF transFer the contents of SRC jto

' SRD, et the switch A ON and go -to next step; other-

- «‘

wise, " go to Step 9.

8. "N +1 ——& N, set J =—Z— \‘.} . '. ‘ T ‘ =

B

Transfer the contents of SREA 'to SRB.

\

' ‘SRB(O) ———> SRC(O)

M + 1 — M and go to Step 4.

- had

L2




N

10.

Al

Add mpdupo 2 digit[by digit the contents of SRD to

SRC. ° | -

If the results in SRC are eithér 000 ... 0 or

)11{.. l,N+l—-——9‘NandM+l-—2-M and go

- to Step 4 OthEIWlse no solutlon,

P

Transrermthe contents of SRD to SRE bvu;nterleav;ng

..-“"

r membry element space'apart, 1.9., S 3
SRD(0) —— s éRB(o)
SED (1) S > SRE(r)
- .. _;‘ - !‘
. . . j ‘ -
. ' ) v ©
. _SRD(n} -1) - ‘ : N sgg_((ni - lir) -

If_Q.gﬁtI, do ‘the tollowing{ othérﬁise,:?éjko next |
step. | ) ) ) .

Cyclic shift left the contents of SRE once.

Load SRAﬂwith the given sequente.

Cyclic éhift left the c0nteqts.of SRA d times.
Transfer the contents of SRE to SRB. . o

Go to Step 3.

If the contents of SRE have a period less than ﬁi,

3
-

complement the contents of

ww?
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T . ) -.\' | \‘ \_/
SRE(0), SRE(r)}.:.. and SRE({nal - 1)1);
: . \ .
or/and SRE(l), SRE(r+1), ... and -§RET(('n5:— Lir+1);

- - - -
. - . -
~

.or/and SRE(r - 1), SRE{2r - 1), :.. ana'Sngn}r.kaL
until the contents of SRE‘have no period -less than

\
N

nI-is found. . T
.Get a component segquence from SRE. '
I+ lE——é I and go to Sﬁep 2.

13. Find the function from the component seéuences

obtaired and get a solution. S

.2

In the preceding operatLOn mechanlsms, J, N, M and I.

j/dé the same functions as.- they didiin the previous oneratlon

mechanisms. Q keeps tracking the number ofefubarrays

exami\\a In Step 12, c0mplement the contents of certain
-sets of memory elements of SRE 1s equlvalent to reassxgn--
_ment the partition palrs obtalned from the subarravs of

the preVLOusrproccdure. Wlth respect to a combination

(nl, Ny, ...:'ﬁ y, the number ef 0perations'Eﬁd the
-benutatlon time lnvolved in decomposzng a seguence u51ng

-

a;conditional non—nrlme decomposztlon machlne can be “

o

similarlv obtained by u51ng the same analvs;s oF Sectlon

55)?3‘ \A B s

Dlscusslons s e e 0 i
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5;6—1,._Logic\function'sequence decomposition parallel co e

f i - -
- - '™

~ .‘machines

The previously studied decomposition procedures e

nainly check a set of arrays of the same area which have

‘ ’ 1

been constructed by a'soecial algorithm _ Tpe orocedures . /

J

check the arravs one by one. ’From a statlstlcal pomnt

of view, there is no dlfference whlch array should be . ) N

» N
) : " \

"'cheéked flrst because all the arravshavethe same area.

The arrays can also be checked srmultaneouslv so-that

.##fdeggmposrtion“tzmeﬂca;—be_saved._ In -the decomposrtlon
using the loglc functlon-sequence—decomoosltlon—machlne,.
thlS means we need a prallel machlne. A parallel machine

.- ¢an bexbullt bv comblnlng several prevrouslv studied

\/ .
machlnes together, which we call the component machlnes.

In the\decomoosrtlon procedure, all the c0mponent\machlnes R f
\

_ /

‘will operate srmultaneouslv so that the component secuences ‘

. can be obtalned srmultaneously,

- ~ . . . o o _ Y ‘
. 5-6-2. The ratio of prime decomposable sequences T ' / '
. . &

In the'following, we try +to find the ratio'of the ' q'
3 | .
number of blnarv seouences of finite oerlods whlch . are

prlme decomposable for the general 1nterest1ng.

e

The total number ‘of o0551ble blnarv sequences of
T S g : g
period n = p K where p is'a prlme number and k is an )

i

k-]
integer, .is 2° - 2p 1w k71 21 S 1), 7 The total




number of blngky sequences of perlod n = nllpz -

pmm = nln2 e ?m wh}ch are’ prime dgcomposable.is
_ o .

o z
m . o
- 2nl ='2} 1

o~ .
ki-1 ks -1 .
T 2Pt (ngif%?Pi R T

s

n. .
i .

l k2 . - . "f - j‘ \ -
n pl p2 LY Pm — 'plnz L3R I 3 I‘.m lS . ‘\‘ -
v .m ¥, 'k'"l . ’ '_ '_ \'\_‘
: . A : \ o
2n‘_ s oPi oB/ni ~ 20, . ~O
i = ] } N\ ’ .
Hence, the ratio of the number of binary sequences of | ’
period no=mn, ... nm-wﬁich are prime decomposable is’
approximately g" ‘ m
ST - T
2(__1 » - Zin)

-
-

\\\kS—S—B.J*A‘way of sequence storing— - ' . .

Let A be the set of sequences which are ndt prime’

,' ‘décomposable and B be the set of sequences which are prime

decomposable. Then the seguences can be stored in.t
following way. If a sequence belongs to A, étqre'thé
whole seque ce of 1ength n in storage SA;. on the other-
hand, if a sequence belongs to B, store the component
sequences in siZéégF SB. To obtain‘a sequencéﬁfif it is ;n
stor:;e SA, we can gbtain it directly from the storage;
if it is’in storage 9B, we should pass the component
sequéncgb\;hfahgh a-recqﬁering procedure to recover the o
secuence. A recovering machine shown in Fig. 5-4 cah'be-

‘—f -
used for seauence recoverlng Duroose.




S .
n SR l \ - - - l R
1. | ri, ‘
S :
- . - "! .
- . I ‘ﬁ;‘
- e =
. : ! output, _
- . 1 f :_.._....._+
3 - | L
bl . . i
-~ - i -
|

- .+ Figq. Sf&.;-A'fécoyering machife.
. o . -
| "

o ) )
The operatlons of ‘the recoverlnq mach ne of Fig. 5-4

P N

can be descrlbe&fas follows. The comnonent sequences of
. r .
_ length nl, nz, “ee ahd N are loaded 1n/the Shlft regis-
- .

ters nl—SR, n2 SR, and n -SR, resPecmvely ® the original

e%can‘be recovered from the output of t%i)loglcl

functiom wh: is-the logic function obtained froﬁ;the 
decompps:'_.tion’p‘i?béédur by shifting all the SR's eyclically.

Pt

_— 5-6-4. General non—prime,decomPQSL . -
N =

" The cond;tLOnal non-prime d?comp051tﬂon wrocedure

studied in Sectlon 5 4 is constralnedtbv the follow1ng
":\‘:‘J < >
¢ condition. ‘For a comblnatlon (nl, Ny» tes, N ),7we ‘must

havg n, +n, e %-nm <n and n = LCM [nl, Dyr vees

R } ’ andiany,g-—‘l integers: Sf the m integers nq. nz,}"

&
-.. and n_ must have LCM less than n. If the LCM of some

b2
J
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subarrays:and the partltlonml‘l\—nm,be able to o
‘ § L . | \

AN
L

o
-

m - 1 integers of the “m z.ntegers equals to n, :Lt is st:.ll ‘ )
r; ' \ .

poss:l.ble to have a non—nrlme seo'uence “decomposn::.on .

.exlsted. 7 But the previous decombos1tn.on procedure w:.ll

fail to flnd such a decomposmt:.on.- In th:.s case, the . e N

correspondlng arra%mtructed will have n, -one column

find a partition pair of the corresponding component
sequence. For example, the fo'llowimj sequence of period
60, 3 =

() = 100110011111100100011001100000

0111111001'1 lllOf‘.LOOOEﬁOOllOOl o s h .
“have a n non—pr:.me decompmltloLa - Bc * ca where i l‘ |
‘_‘—'—"‘“-—-..___ Q .

(8) — 1001, (c) =~ 111001 and (a) = IOOlIOOOIlIIOGG but
LCM { 4 ‘15 } =60, the prevmous decomuosz.tlon proce-'

dure wz.ll not be able to flnd a oaz:t:.t::.on pair correspond:.ng
. ¢ . .
to segquence &. A general sequence decomooat;on procedure

® L=

to find .2 decomposition of this kind remains to be :answered. ;

~13¢ - . -

—t ——
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. . % CHAPTER 6

CONCLUDING REMARKS

i ' . I
Y o et

e

Thls the51s has’ malnlv dealt Wlth the structure -
S theoryméf nonsingular recurrlng .sequences. Several aspegts
of nonsrﬁgular recurrlng seguences have been studied,
'namely, éeneration methods, decomposiéions and some
&

propertles of nonsrngular recqrrlng sequences. ,In

Chapter 3, the reallzatlon problem of flndlng FSR s w1th

1nput sequences for generation ‘of SpGleled sequences of
flnlte perlods has been exiglned~and a soluﬁ\on ‘has been

obtalned. In Chapter 4, the Droblem to flnd a modulo-2-sum '

it TR

.decomposition of linear binarv seauences of finite perxods
has been examlned and a solutlon has been obtarned The

generallzatlon over GF(q) follows the- parallel -lines.

-~ . In, Chapter 5 a more general sequence decomp051tlon

_;,r_ef»~&nt0‘1091c functlons oﬁ-severai'blnary sequences of finite . \
, - .- periods,'has been eramin d and a solution has been'pro— o “:
" vided for.prine deconposj¥ions and‘conditional'non—priﬁe'
decomDOSLt*ons. -3 loglc— ction-secnence-decomnosition—.s
machlne has also been lntroﬁuced for both prime decomnosx—
_tlons and condltlonal nondor%me\fecom9051tlons. ' -y

The orevrouslv studied dondltlonal non-prime decommo-
sition has to satlsfy the folkfwlng condltlon.- For a

‘combination (nl, Doy ooor nmk,\any m.- 1 integers of the
- - ) .

2!
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.Theorem 5-1, we have_to find an'ASM decom9051tlon'of the

_,
&

. = ‘ . o : ‘ -.. 4' :. 13.6.\ -

o : R
N . \\
m integers nl,.n2 .ee and nm must.have a LCM Iess tnan

Lo
R

n. Wlthout thls c0nd1tlon, a nontrrvmal decompd%ltlon

- - " .

is still 90551ble. The general non—prlme sequence

a——

'decomp051t10n problem remalns to be answered In Chanterﬂﬁl
Y the method to find a modulo—z—sum decomoosxtlon of

_blnarv sequences of flnlte perlods lS passed on to the

L:SR realizatlon of the given sequences whlch glves
‘ractlonaI“polvnomlal representatlon of the sequences.
The Dartlal fractlon exnanSLOn of the fractlonal polv—'

nomlals is’ equIValent to the decomp051tlon of the LFSR'

- il -

hwhlch generate the sequences. Similarlv,‘the_logic

function sequence decomp051t10n Droblem can be. passed on

to the ASM reallzatlcn of the glven seqyences. " By

corresponding ASM, which generates .the s“eque‘nce,-" into k

' \‘. . +
sub-ASM's withna-state assignment such that -the output
. . .o . . ' . N

! B . - - . \A - |
function is~k-divisible.. This may solve the general . e )
non—nrime sequence decomposition nroblem. However, how

- A /

to find a state agsrgnment such that the output function

-

is k -divisible. ls a new created Droblem whlch Stlll remalns

AN B -

'to be%answered.‘- ) :. - L . -
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