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Abstract

This thesis by articles addresses the role played by Chapman-Jouguet (CJ) deflagrations in de-
flagration to detonation transition (DDT) events. By definition, CJ deflagrations are flames propa-
gating with a sonic flow in the burned gases, and are theoretically the fastest subsonic combustion
waves able to propagate steadily, predicted using conservation of mass, momentum and energy.
DDT is difficult to describe, as many complex phenomena and their interaction take place, includ-
ing flame instabilities, turbulent combustion, and combustion in compressible medium, among
others. Recent experiments and numerical simulations however showed that, prior to transition to
detonations, deflagrations plateau at the CJ regime before rapid acceleration.

In the present thesis, multiple aspects of the last stages of DDT are studied, and are each pre-
sented in published articles or articles in preparation. The two articles presented in Chapter 2 focus
on experiments performed on the transition of a shock-flame complex to a detonation downstream
of a single obstacle, in a stoichiometric propane-oxygen mixture at low pressure, mimicking the
common configuration found at the last stages of DDT in experiments and numerical simulations
performed in a channel filled with obstacles. The relative large size of the obstacle and the low
gas initial pressure permitted to visualize the details of the initiation of the detonation around the
obstacle. Transition to detonation was found to occur in a similar fashion for variously shaped
obstacles, after flame acceleration due to the interaction with reflected shocks. This acceleration
process was found to occur rapidly in the case where the incident flame propagated with a burning
rate close to the Chapman-Jouguet value.

The third article presented in Chapter 3 describes a model aimed to predict the properties of
shocks followed by a CJ deflagration, in experimental configurations where the burned gases can
be vented. The formulation is similar to the double discontinuity problem adapted from the work
of Chue (1993), extended to cases where the burned gases are not confined by a rear wall anymore,
but can be vented through an opening of known dimensions. The properties of the shock / CJ-
deflagration complex could then be predicted and compared to flame measurements done prior
the initiation of detonations, obtained on a selection of large scale DDT experiments. The good
agreement suggests that DDT occurs when deflagrations reach the CJ regime, corroborating with
observations done in shock tubes.

The article presented in Chapter 4 is aimed to present a consistent method for calculating the
structure of flames propagating at arbitrary burning velocities, from the low-Mach case (isobaric)
up to the CJ deflagration regime. The method uses a dynamical system approach to calculate the
steady wave structure, described by ordinary differential equations. A stability analysis near the
burned and unburned gases permitted to develop a numerical shooting technique, which was used
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to obtain the flame structure and burning rate eigenvalue.
Chapter 5 is a numerical study of the deflagration to detonation transition problem in one-

dimension. By linearly increasing the burning rate eigenvalue to increase the flame burning ve-
locity, the flame first reached the CJ condition. Subsequent increase in the burning rate leads to
the self-organization of the flame into a CJ deflagration - shock complex. This self-organization
triggers a pulsating gasdynamic instability leading to the transition of the flame to detonation.
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Résumé

Cette thèse par articles traite du rôle des déflagrations Chapman-Jouguet (CJ) dans les prob-
lèmes de transition déflagration-détonation (TDD). Par définition, ces déflagrations se propagent
avec un écoulement sonique dans les gaz brûlés, et sont théoriquement les flammes subsoniques
les plus rapides pouvant se propager de façon stationnaire, prédites par les lois de conservation
de masse, quantité de mouvement et énergie. La TDD est difficile à décrire car elle implique des
mécanismes complexes et leurs interactions, telles que les instabilités de combustion, et combus-
tion turbulente en milieu compressible, entre autres. De récentes expériences et simulations ont
cependant montré que, précédant leur transition vers des détonations, les déflagrations stagnent au
régime CJ avant une rapide accélération.

Dans cette thèse, différents aspects des dernières étapes de la TDD sont étudiés, chacun étant
présentés dans un articles publiés ou en préparation. Les deux articles présentés au Chapitre 2
portent sur des expériences de transition de complexes chocs-flammes vers des détonations en aval
d’un obstacle, dans des mélanges propane-oxygène stœchiométriques à basse pression, imitant la
configuration d’écoulement ayant lieu aux dernières étapes de la TDD, dans des expériences et sim-
ulations numériques réalisées dans des canaux à obstacles. La relative grande taille de l’obstacle et
la faible pression initiale a permis de visualiser les détails de l’initiation de la détonation autour de
l’obstacle. Il a été trouvé que la transition vers une détonation a lieu de manière similaire pour une
variété de formes d’obstacles, causée par l’accélération de la flamme après interaction avec des
chocs réfléchis. De plus, le processus d’accélération de flamme a lieu plus rapidement dans les cas
où la flamme incidente se propageait à un taux de combustion proche de celui Chapman-Jouguet.

Le troisième article présenté au Chapitre 3 décrit un modèle destiné à prédire les propriétés
de chocs suivis de déflagrations CJ, dans des expériences où les gaz brûlés peuvent être évacués.
Cette formulation est similaire au problème de la double discontinité adaptée du travail de Chue
(1993), étendue au cas où les gaz brulés ne sont pas confinés, mais peuvent être évacués à travers
une ouverture aux dimensions connues. Les propriétés des complexes chocs / déflagrations CJ
peuvent alors être prédites puis comparées aux mesures faites sur des flammes, juste avant leur
transition vers des détonations, obtenues dans des expériences de TDD à grande échelle. Leur bon
accord suggère que la TDD a lieu quand les déflagrations ont atteignent le régime CJ, corroborant
les observations faites dans des tubes à chocs.

L’article présenté au Chapitre 4 a pour but de présenter une méthode capable de calculer la
structure de flammes se propageant à des vitesses de combustion arbitraires, du cas bas nombre
de Mach (isobare) jusqu’au régime de déflagration CJ. Cette méthode traite les flammes station-
naires, dont la structure est décrite par des équations différentielles ordinaires, comme un système
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dynamique. Une analyse de la stabilité linéaire aux gaz frais et brûlés a permis de développer une
shooting method dédiée, utilisée pour obtenir la structure des flammes ainsi que leur valeur propre
de combustion.

Le Chapitre 5 est une étude numérique du problème de TDD en une dimension. En augmentant
linéairement la valeur propre de combustion de la flamme pour augmenter son taux de combustion,
la flamme atteint dans un premier temps les conditions CJ. Une augmentation supplémentaire du
taux de combustion mène à la formation d’un complexe choc - déflagration CJ. Cette organisation
déclenche une instabilité de combustion, se manifestant par une pulsation du taux de combustion,
menant à la transition de la déflagration vers une détonation.
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Chapter 1

Introduction

1.1 Deflagration to detonation transtion

Deflagration to detonation transition (DDT) is one of the major topics in the field of combustion,
owing to its relevance in application to safety in the process industry [1], the design of detonation
base power generation and propulsion devices, or the formation of supernovae when applied to
thermonuclear reaction systems [2]. It relates to the sudden change of the propagation mechanism
of combustion waves in premixed reactive mixtures. Deflagrations are expansion waves, for which
the propagation mechanism relies on the diffusion of heat and chemical species through the reac-
tion zone. They propagate at subsonic burning velocities of the order of 10 cm/s when they are
laminar, and up to 200 m/s when they are highly turbulent. On the other hand, detonations are su-
personic compression waves in which reactions are self-initiated. This occurs due to the presence
of a precursor shock, downstream of which conditions of pressure and temperature are favorable
to the gas thermal ignition on short time scales. Both the reaction zone and the precursor shock
are coupled, as the expansion of the burned gases provides the thrust required to drive the shock.
Hence, the detonation wave is self-sustained, and propagates at the so-called Chapman-Jouguet
(CJ) detonation speed, typically of the order 2000 m/s for stoichiometric fuel-air mixtures.

Owing to their differences in their respective propagation mechanism, deflagration to detona-
tion transition requires the description of many individual phenomena, occurring over a wide range
of space and time scales, as well as their interactions. This statement is what makes DDT a complex
event to study. Nevertheless, detailed description of the mechanisms of flame acceleration from
low speed laminar flames to transition to detonation, based on extensive experimental and numeri-
cal investigation, can be found in the review papers [3–5], from which a typical sequence of events
can be summarized as follow. A laminar deflagration is initiated from a mild ignition source. Its
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front being intrinsically unstable, hydrodynamic and thermal-diffusive instabilities quickly cause it
to wrinkle and increase its surface area. This latter effect is further amplified in non-smooth chan-
nels, caused by the stretching of the laminar flame front as it is convected through constrictions
provided by inner walls or obstacles [4, 6], resulting in an even stronger increase of its front sur-
face area. This provides the main mechanism of flame acceleration at early stages. The substantial
flame acceleration results in the formation of acoustic waves, eventually coalescing to form shocks,
downstream of which the flame burning rate is increased owing to the higher temperature of the
compressed fresh gases. Moreover, these shocks can reflect to interact back with the flame front,
and further destabilize it. The turbulence generated by such events, together with the interaction
of the flame front with turbulent wakes, pressure gradients and boundary layers [7, 8], contribute
to further increase the flame burning rate. At the late stages of its acceleration, the deflagration
drives a shock in the fresh gases ahead of it, in a so-called shock-flame complex, representative of
the propagation regime preceding transition to detonation [9, 10].

The subsequent acceleration of the shock-flame complex and its possible transition to detona-
tion is not as easily described from first principles. The prime difficulty lies in the fact that the
flame, at its last stages of acceleration, is no longer laminar but turbulent, and its burning rate is
strongly coupled with the compressible features of the flow field, like shocks and strong pressure
waves. It is nonetheless commonly found and accepted that detonations are ignited from local ex-
plosions at hot spots [5,11], via the so-called shock wave amplification by coherent energy release

(SWACER), or the Zel’dovich-Lee gradient mechanism [3]. Based on the work of Zel’dovich [12],
it relies on the presence of a favorable gradient of induction time in the flow field, that permits the
formation of a spontaneous reaction front that, under certain circumstances, can cause shock waves
to strengthen enough to support the formation of a self-sustained detonation. The SWACER mech-
anism succeeds to describe, at least qualitatively, the formation of detonations in a large amount
of experimental and numerical configurations, such as knocking in internal combustion engines,
and flame propagation in obstructed tubes. In the latter case, flame acceleration and the onset of a
detonation is commonly promoted by inner walls, offering support for turbulence generation and
shock reflection, leading to the formation of hot-spots and rapid transition to detonation [13–17].

1.2 Chapman-Jouguet deflagrations

A large set of DDT experiments in closed tubes report that, prior to the initiation of the detonation,
the flame reaches a terminal apparent velocity, i.e. relatively to the tube walls, comparable to the
speed of sound in the burned gases [7]. This feature, together with the fact that the burned gases
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Figure 1.1: Pressure - specific volume (p− v) diagram of deflagrations and detonations. State (0)
corresponds to the fresh state in which the flame propagates.

are at rest owing to the closed end of the tubes in which they are observed, states that, in a frame
attached to the flame, the velocity of the burned gases is equal to their speed of sound. This property
of a sonic flow in the burned gases is what characterizes Chapman-Jouguet (CJ) deflagrations.
The definition of such flames arises naturally from first principles of thermodynamics and their
properties (burning velocity, jump relations) can easily be computed using the Rankine-Hugoniot
relations, derived from the conservation relations across a fully reacted discontinuity, if the initial
state, gas properties and equation of state are provided. They are formally identified in a pressure
- specific volume diagram (Figure 1.1), lying at the single intersection between the fully reacted
Hugoniot and the single Rayleigh curve, the latter being evaluated at the wave speed that causes it
to be tangent to the Hugoniot curve, on the deflagration side. Defined this way, CJ deflagrations
thus correspond to flames propagating at the maximum speed admissible for subsonic flames, as
faster flames cannot satisfy the conservation relations between the fresh and reacted states unless
they are detonations, i.e. supersonic combustion waves.
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The study of CJ deflagrations and other fast flames differs from the study of more common,
low-speed deflagrations, generally associated to planar laminar flames, in that they propagate at
relatively high burning Mach numbers Mf , the ratio of the flame burning velocity to the speed of
sound in the fresh gases just ahead of the flame. For comparison, while the burning Mach num-
ber of laminar flames is of order 10−3, CJ deflagrations propagate at burning Mach numbers of
about 0.1 - 0.2. While the isobaric assumption applies well to the former, the latter involves sig-
nificant pressure drops within the reaction zone, down to about 50% of the initial pressure. This
adds complexity to the study of high-speed deflagrations, as compressible effects should now be
accounted for when studying their behavior and fate in a flow. This topic regarding compressibil-
ity effects in the propagation of high speed flames was discussed in the work of Travnikov and
co-authors [18, 19], in which linear and non-linear stability of flame fronts burning at high Mach
numbers were investigated. The evolution of a sinusoidal disturbance applied to a planar, two-
dimensional flame front was tracked over time, for different initial flame burning Mach numbers.
It was found that the resulting growth of the initial disturbance strongly depends on its wavelength
and on the flame burning rate, caused by hydrodynamic effects through the Landau-Darrieus in-
stability. Notably, the maximum growth rate of the instability was found to increase with the
flame Mach number, suggesting that high-speed flames may be subject to higher disturbances am-
plification. Nevertheless, some conflicting findings were reported by He [20] and confirmed by
Bychkov et al. [21], who found that the growth rate of hydrodynamic instabilities is completely
suppressed once the flame reaches the CJ condition. The analysis did not allow for shock genera-
tion and applied constant fluxes. Shocks were nevertheless observed in the non-linear calculations
of Travnikov and Fecteau [22,23]. These shocks were found sufficient for DDT in their numerical
experiments. Stability analysis of CJ deflagrations would thus require to incorporate acoustic wave
effects.

High speed deflagrations can also affect the overall features of the medium in which they prop-
agate. For example, accelerating flames can cause the formation of shock waves which strength is
influenced by the growth of the flame burning rate. The formation of more or less strong shocks
can also be caused by the nature of the confinement downstream of the flame. In most shock-tube
experiments for example, the presence of solid walls prevents the burned gases to exhaust to the
atmosphere. Their expansion pushes the flame forwards, that acts as a porous piston driving a flow
ahead of it, thus forming shocks and compression waves. As a result, realistic states reached by
a fluid element experiencing a shock then a CJ deflagration are more likely to be represented by
the pressure-volume diagram plotted in Figure 1.2. In it, an unperturbed gas at state (1) is com-
pressed by a shock to reach state (2), then expanded through a deflagration (here a CJ deflagration),
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yet reaching a higher-than-state-(1) pressure at state (3). Consequently, the post shock region is
one that requires appropriate description for proper investigation of the DDT process [24], as it
is a region in which the growth of instabilities and the eventual transition to detonation would be
affected, especially for near-CJ deflagrations [22].

Further details of the interaction of turbulent combustion with highly compressible flows in-
volving high-speed deflagrations were recently published by Poludnenko and colleagues [25]. In
their work, direct numerical simulations were performed of three-dimensional, turbulent, high-
speed deflagrations and their transition to detonation. A main conclusion was that fast, turbulent
deflagrations reaching the CJ-deflagration regime are intrinsically unstable, in a way that rapid
acceleration and transition to detonation is facilitated. The described instability was found to act
similarly as the Richtmyer-Meshkov instability, that causes interfaces, in that case the flame front,
to fold when interacting with pressure gradients by production of baroclinic vorticity. It however
differs in that, pressure gradients originate from the turbulent flame brush itself and not from ex-
ternal sources, as the flame front is alternatively being disrupted by turbulence, then restored by
flame collision [26]. The resulting pressure pulses are generally of small amplitude in the case of
low-speed flames, but are significant for turbulent flame fronts propagating at nearly the CJ defla-
gration burning velocity. An argument was made on the ability of such flames to generate these
high pressure pulses within the thickness of the flame brush, based on the fact that chemical energy
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release (translated by the flame burning velocity) occurs on a time scale comparable to the acous-
tic waves flame crossing time, primarily permitted by the sonic flow at the burned gases for CJ
deflagrations [27]. This coupling between the flame generated turbulence and pressure pulses was
found to be a strong mechanism of flame destabilization, causing large fluctuations of its burning
velocity, contributing to an overall flame acceleration and eventual transition to detonation. De-
spite the fact that this process remains to be verified experimentally, it was argued to be the main
cause of rapid flame acceleration at its latest stages, in configurations where hot-spots are unlikely
to occur, in smooth tubes or unconfined geometries (vapor clouds, type Ia supernovae explosions),
or in insensitive premixed gases, characterized by long induction times, for which further flame
acceleration and strong shocks are required to allow for the reactive mixture to self-ignite.

The intrinsic flame instabilities occurring at high burning Mach numbers leading to DDT are
in apparent contradiction with some experimental and numerical studies of flame acceleration and
DDT. The flame acceleration was observed to decrease as the flame reached the CJ deflagration
speed. It then propagated quasi-steadily before rapid transition to detonation. Valiev and col-
leagues, in their numerical work on flames accelerating from realistic laminar burning velocities
up to their transition to detonation [24], identified three consecutive regimes of deflagration accel-
eration prior the initiation of a detonation. The latest one corresponds to a saturating state in which
the flame speed reaches a plateau, that may be associated to the CJ deflagration regime. The reason
why such behavior occurs was found to be due to purely gasdynamic effects upstream and down-
stream of the flame front, caused by the gas compression induced by a strong shock propagating
ahead of the flame, originating from the early stages of the flame acceleration. This highlights the
importance of considering DDT as a whole process from mild flame ignition, consideration that is
lacking in other studies in which the flame is generally initially set to propagate at definite stages
of its acceleration.

Beyond these numerical and theoretical observations, CJ deflagrations were also observed ex-
perimentally as propagating quasi-steadily in congested channels. They were denoted as choked

flames by Lee and colleagues [28] in their work on the classification of quasi-steady flames propa-
gation regimes in obstructed channels. They were found to correspond to the fastest flames before
quasi-detonations can be achieved, in more sensitive mixtures or in obstructed tubes with larger
obstacle scaling [29]. Visual inspection using high speed schlieren photography later permitted to
observe the structure of such flames, always propagating downstream of a precursor shock. They
were argued to be comparable to the coupled shock-flame complex encountered in the experiments
performed by Chue et al. [30], of accelerated flames propagating as quasi-steady waves in obstacle
filled channels, and of shock-flame complexes resulting from the decoupling of detonations, when
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these are transmitted through a tube section equipped with porous walls. In their analysis, Chue
and co-workers used a model of their own, aimed to characterize the steady flow field involved in
the propagation of a shock followed by a CJ-deflagration. Both waves were modeled as discon-
tinuities propagating at constant speeds in a tube closed far downstream of the deflagration (the
burned gases are thus at rest), across which the appropriate jump relations apply, in a so-called
double discontinuity problem. The good agreement they obtained on the predicted flow properties
with their experimental observations, was used to conclude on the fact that choked flames and
decoupled detonations are CJ deflagrations.

Double discontinuity models were later used in the same manner to model experimental con-
figurations aimed to capture DDT by Radulescu, Saif and co-workers [31, 32]. They proposed
a model aimed to predict the quasi-steady, one-dimensional flow resulting from the decoupling
of a detonation passing through a porous wall to form a shock followed by a CJ-deflagration. It
was compared to a series of experiments designed to study the re-initiation of detonations down-
stream of porous walls of either 75% or 90% blockage ratio, in low-pressure, hydrocarbon-oxygen
mixtures, eventually diluted in argon. The comparison of the resulting deflagration apparent ve-
locity (measured relative to the tube walls) and the one predicted by their model showed that, after
passing through the porous wall, the flame propagates quasi-steadily for some time at about the
predicted CJ-deflagration speed, from which further flame acceleration or deceleration may occur
to allow or not transition to detonation. The authors observed these fast deflagrations to orga-
nize into fewer gasdynamic modes while rapidly amplifying transverse and longitudinal waves via
localized auto-ignition spots.

These experiments were later replicated numericallly by Maxwell [33] and Jaravel [34], in
works which objectives were, among others, to describe the underlying propagation mechanism of
the aforementioned fast flames and their transition to detonations. A main finding was regarding
the major role turbulent burning plays, to maintain such high flame velocities, as the region of
compressed gases ahead of the flame caused by the passage of the precursor shock do not permit
self initiation of the reactive mixture. Instead, local, turbulent fluctuations of the burning rate
in the flame brush were found to be large enough, roughly an order of magnitude above post-
shock, laminar flame burning rate, to generate pressure waves spreading in all directions. Those
eventually coalesce and amplify to form longitudinal and transverse shocks of notable strength,
that can, through shock collision, form hot spots from which local explosions may occur. This
sequence of events occurring repeatedly, could ultimately lead to shock collision strong enough to
support the formation of self-sustained detonations.
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1.3 Research projects

In this thesis, different projects were conducted to further characterize the flow field preceding
the initiation of detonations. These served as a base to discuss the relevance, requirement and/or
sufficiency of CJ deflagrations in the DDT process.

The following sections of this introduction briefly describe the mindset in which these projects
were started, that treat different aspects of the problem of high-speed deflagrations and their tran-
sition to detonations, from experimental and modeling approaches. Because this thesis compiles a
series of articles on this topic, a detailed introduction can be found in the respective article associ-
ated to each given project.

1.3.1 Interaction of a supersonic shock-flame complex with a single obstacle

Obstacles placed on the path of a propagating deflagration are well known to promote flame ac-
celeration and eventually lead to the transition to detonations. They are used in a large majority
of experiments involving the study of detonations, as they permit their rapid initiation, without re-
quiring long detonation tubes. In an industrial context, their presence if flammable gas is released
to the atmosphere can be the source of disastrous effects. A mild flame initiated in the reactive
vapor cloud can rapidly transit to a detonation, as observed in 2005 at the Buncefield Oil Storage
Depot [1]. Understanding the mechanism of transition to detonations is thus of major interest in
our ability to predict and mitigate occurrences of such dramatic events, but remains difficult owing
to the complexity of the events at play, as seen in Section 1.1.

In tubes filled with obstacles, it is common to observe initiation of detonations from auto-
ignition at shock reflection locations in sensitive fuels like hydrogen-oxygen [6, 11]. However in
less sensitive mixtures like those involving hydrocarbons, turbulent mixing was found to play an
important role in the propagation mechanism of chocked flames in congested channels [33, 35],
and extensively in the onset of detonations. We thus proposed here to investigate the details of
the interaction between high speed deflagrations and a single obstacle, with the aim to observe
the mechanism by which the last stages of flame acceleration and the onset of detonations occur
in hydrocarbon-oxygen mixtures. A series of experiments were performed in a thin, rectangular
channel characterized by a high aspect ratio cross section of height 203 mm, aimed to approximate
two-dimensional wave propagation, as shown in Figure 1.3. The mixture investigated was stoi-
chiometric propane-oxygen, one of the hydrocarbon mixtures used in the former experiments done
by Saif et al. on the transition to detonation of CJ-deflagrations [32], to which this project was a
continuation.
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Figure 1.3: Schematic of the shock tube used to perform experiments of DDT over a single
obstacle.

The method used to generate turbulent flames propagating at high burning velocities was iden-
tical to the one used by Saif, done by decoupling a detonation through a high blockage ratio perfo-
rated plate, to form shock-flame complexes, in which the flame is nearly a CJ deflagration [36]. A
single obstacle providing a maximum blockage ratio of 50% was placed on the path of the formed
shock-flame complex. The large height of the tube (relative to what is commonly found in the
literature) and relatively large size of the obstacle, together with our choice to run the experiments
at low initial pressure, permitted to conveniently observe the details of the interaction and eventual
onset of detonations using high-speed schlieren photography.

Efforts were also put into detailed characterization of the flow field, prior to the flame inter-
action with the obstacle. Those were set by adjusting the gas initial pressure, that controlled the
sensitivity of the mixture to flame propagation. Finally, the shape of the obstacle was varied to
investigate the role of the obstruction geometry, hence the nature of the flame interaction with the
obstacle. These elements were then processed to discuss the critical conditions by which detona-
tion initiation was likely to occur in the vicinity of the obstacle.

1.3.2 A model for predicting the properties of shock - CJ deflagration com-
plexes in vented DDT experiments

In a large majority of laboratory scale experiments performed in closed tubes, transition to deto-
nation occurs once the flame reaches an apparent velocity, i.e. measured in a frame attached to
the tube walls, of about the speed of sound in the burned gases. Because those are at rest owing
to the non-moving, closed rear end of the tube, such flames propagate with a sonic downstream
flow, and are thus CJ deflagrations. In larger scale DDT experiments however, it was found that
deflagrations transition to detonations when reaching an apparent velocity smaller than the speed
of sound in the burned gases, raising the question of whether they still are CJ deflagrations or not.
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Figure 1.4: Schematic of the double-discontinuity problem in a vented tube.

Investigating this inconsistency first requires to describe the flow phenomenology. In closed-
ended tubes, the high apparent velocity of the flame front is permitted by the high velocity of the
fresh gases ahead of it. This motion originates from the expansion of the burned gases, that can only
occur in the direction of flame, owing to the tube closed rear end. The flame thus acts as a piston
driving a shock propagating in the fresh gases ahead of it. Predicting the properties of the resulting
shock - flame complex in closed ended tubes was formerly done by Chue et al. [30] using a double
discontinuity formulation, in the particular case where the flame is a CJ deflagration propagating
at its characteristic burning rate. On the other hand, in an industrial context and in large scale DDT
configurations, the flame is generally only partially confined. Part of the burned gases can thus
be vented to the surrounding medium, resulting in a slower flow induced ahead of the flame, and
hence the formation of weaker shocks. This causes the apparent velocity of CJ deflagrations to be
smaller than the speed of sound in the burned gases, as their advected component, carried by the
flow of fresh gases ahead of them, are smaller than in the closed tube case.

In this thesis, Chue’s double discontinuity model was extended to account for the venting of the
burned gases through an opening of known size, at the tube’s rear end, as shown in Figure 1.4. Such
a model was designed to evaluate the apparent velocity of CJ-deflagrations and other properties of
the shock-flame complex, propagating in vented tubes. Work was also put into Chue’s model to
account for gases with realistic thermochemical properties in order to complete his original study,
restricted to perfect gases. Numerical methods were thus developed to perform thermochemical
equilibrium calculations across CJ-deflagrations, in a manner similar to the work done by Shepherd
and co-workers, applied to shocks and detonations [37].

The proposed model was then applied to a selection of non-confined DDT experiments, as
found in the work of Pekalski and Davis [38, 39], as well as other similar experiments. In these,
a flame was ignited in a gaseous reactive medium, loosely confined by a tarp. The flame front
was accelerated as it propagated in an array of obstacles, until it transitioned to a detonation. At
the passage of the flame, the expansion of the burned gases forced the loose confinement to be
released, allowing them to be vented to the atmosphere through the opening given by the array of
obstacles. Unlike experiments in shock tubes, the flame apparent velocity (i.e. measured in a fixed
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frame of reference) at which transition to detonation occurs is smaller than the speed of sound
in the burned gases. As aforementioned, this statement may be caused by the fact that the flow
velocity of the fresh gases just ahead of the flame is smaller than in the case of a closed-ended
tube, as part of the burned gases are vented to the atmosphere. Verifying whether these flames are
still CJ deflagrations prior to rapid transition to detonation was done by comparison of the actual
measurements of flame apparent velocity, shock speed and/or shock pressure (when available),
with the values predicted by the proposed model, in order to comment on the involvement of CJ
deflagrations in vented DDT experiments.

1.3.3 The structure and stability of one-dimensional, high-speed deflagra-
tions

Knowledge of the properties of high-speed deflagrations is key for the understanding their transi-
tion to detonations. Having them characterized is generally done through detailed, multi-dimensional
numerical simulations, providing a lot of details regarding the coupling between turbulence, energy
release and the compressible features of the flow field. Alternatively, an overall one-dimensional
structure can be calculated, if the flame reaction-diffusion parameters are set appropriately to have
them propagating at a prescribed burning velocity, in a manner similar to the thickened flame

model for turbulent flames. Dealing with the one-dimensional structure of high-speed deflagra-
tions has the advantage of being significantly simpler to work with, when willing to investigate
their response to a prescribed flow perturbation, at different propagation regimes. Moreover, their
chemical-diffusion parameters can be set arbitrarily to model changes of behavior, in order to study
their impact on the flow field.

Computation of the one-dimensional structure of flames propagating at finite burning velocities
is however a complicated task, owing to the intrinsic mathematical nature of their equilibrium
states, namely the fresh and the burned states. Resources dealing with the full structure of high-
speed, steady deflagrations are thus limited, and generally focus on characterizing the nature of the
flame equilibrium states [40], on advanced numerical methods aimed to solve their structure [22],
or on the solution to simpler cases, the most common one being the low-Mach number flame. The
latter is characterized by very small burning velocities, resulting in infinitely small pressure drops
across their reaction zone, and negligible gas kinetic energies when compared to its enthalpy.
Under this approximation, a set of ordinary differential equations (ODEs) can be derived then
further simplified from the steady, reactive Navier-Stokes equations. Their structures are well
known and methods to compute them are robust and work over a wide range gas parameters,
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namely heat release, activation energy, ratio of specific heat and Lewis number [41, 42].

When the reaction rate is modeled using a single-step, irreversible Arrhenius type law, com-
putation of the flame structure rely on numerical, iterative shooting methods aimed to solve the
boundary value problem, defined by the flame set of ODEs, with boundary states taken at infinite
distances from the reaction zone, being the known fresh and burned states. These shooting meth-
ods consist in numerically integrating the flame structure for different values of the Arrhenius law
pre-exponential factor, until the unique one that connects the fresh and the burned state is found.
Linear analysis of the nature of the fresh and burned states under the low-Mach approximation
permits to justify that numerical integration should be and was performed from the burned state to
the fresh state, the former being a saddle and the latter a stable node [43]. This statement however
breaks down when considering the more general case of flames propagating at finite burning ve-
locities. For those, both equilibrium points are saddles [40], from which no obvious choice on the
direction of integration can a priori be made. Nevertheless, iterative shooting methods can still be
applied if conditions at the boundaries are treated carefully.

In this thesis, a method capable of computing the steady structure of deflagrations, propagating
at finite burning velocities was proposed. The approach chosen was also an iterative shooting
method aimed to solve the boundary value problem stated by the steady, one-dimensional flame
ODEs, with boundary conditions far from the reaction zone being those at the fresh and burned
states. It differs from usual shooting methods used to solve low-Mach deflagrations, in that further
analysis and treatment of the boundary conditions were performed, in order to overcome their
saddle nature. To do so, elements of dynamical systems analysis were used, with extensive use
of the eigenvalue/eigenvector decomposition of the linearized set of the flame ODEs, and of the
flame ODEs phase space. These results were then used to design strategies for the integration of
the flame structure, as well as providing insights in the flame linear stability.

The steady flame profiles obtained can then be used as initial conditions to one-dimensional
simulations of high-speed, accelerating deflagrations and their transition to detonation. Those are
intended to serve as an alternate model to multi-dimensional simulations. In the latter, flame ac-
celeration is mostly caused by the increase of the flame surface area, or interaction with turbulence
or with the compressible features of the flow. Here in the case of one-dimensional flames, the
consumption rate of the reactants will be modeled using a one-step, irreversible Arrhenius law, in
which the pre-exponential factor can be varied over time to control the flame burning rate. This
simple formulation permits to induce a response of the flow, like the formation of compression
waves and shocks, and cause an eventual coupling between the shock and the reaction zone, rele-
vant to discuss the conditions required for deflagrations to transit to detonations.
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Chapter 2

Shock-flame complexes interaction with a
single obstacle

In the present chapter, the interaction of a shock-flame complex with a single obstacle was inves-
tigated. Two complementary studies were done. One aimed to identify and characterize the flow
field and the sequence of events leading to the transition or not of deflagrations to detonations
(Section 2.1). The other focused on the characterization of a criteria for deflagration to detonation
transition after the flame interaction with a shaped obstacle (Section 2.2)

2.1 Mechanism of flame acceleration and detonation transition
from the interaction of a supersonic turbulent flame with
an obstruction

This study seeks to determine the mechanism of flame acceleration and transition to detonation
when a turbulent flame preceded by a shock interacts with a single obstruction on its path, here
taken as a cylindrical obstacle or a wall. The problem is addressed experimentally in a mixture of
propane-oxygen at sub-atmospheric conditions. The turbulent flame was generated by passing a
detonation wave through a perforated plate, yielding flames with turbulent burning velocities 10 to
20 times larger than the laminar values and incident shock Mach numbers ranging between 2 and
2.5. Time resolved schlieren videos recorded at approximately 70 kHz and numerical reconstruc-
tion of the flow field permitted to determine the mechanism of flame acceleration and transition to
detonation. It was found to be the enhancement of the turbulent burning rate of the flame through
its interaction with the shock reflection on the obstacle by the Richtmyer-Meshkov instability. The
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amplification of the burning rate was found to drive the flame burning velocity close to the speed
of sound with respect to the fresh gases, resulting in the amplification of a shock in front of the
flame. The acceleration through this regime resulted in the strengthening of this shock. Detonation
was observed in regions of non-planarity of this internal shock, inherited by the irregular shape of
the turbulent flame itself. Auto-ignition at early times of this process was found to be negligibly
slow, suggesting that the relevant time scale for detonation formation is primarily associated with
the increase in turbulent burning rate by the interaction with reflected shocks.

This study was published in 2019 in the Proceedings of the Combustion Institute [44], and is
attached to this thesis in the following pages. The author conducted the experiments, analysis and
wrote the paper. The conceptual planning was performed with the Ph.D. supervisor, Prof. M. I.
Radulescu. The second and third authors participated in the discussions during the data reduction
phase.
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Abstract 

The present paper seeks to determine the mechanism of flame acceleration and transition to detona- 
tion when a turbulent flame preceded by a shock interacts with a single obstruction in its path, taken as a 
cylindrical obstacle or a wall in the present study. The problem is addressed experimentally in a mixture of 
propane–oxygen at sub-atmospheric conditions. The turbulent flame was generated by passing a detonation 

wave through a perforated plate, yielding flames with turbulent burning velocities 10 to 20 larger than the 
laminar values and incident shock Mach numbers ranging between 2 and 2.5. Time resolved schlieren videos 
recorded at approximately 100 kHz and numerical reconstruction of the flow field permitted to determine 
the mechanism of flame acceleration and transition to detonation. It was found to be the enhancement of 
the turbulent burning rate of the flame through its interaction with the shock reflection on the obstacle. The 
amplification of the burning rate was found to drive the flame burning velocity close to the speed of sound 

with respect to the fresh gases, resulting in the amplification of a shock in front of the flame. The acceleration 

through this regime resulted in the strengthening of this shock. Detonation was observed in regions of non- 
planarity of this internal shock, inherited by the irregular shape of the turbulent flame itself. Auto-ignition 

at early times of this process was found to be negligibly slow compared with the flow evolution time scale in 

the problem investigated, suggesting that the relevant time scale is primarily associated with the increase in 

turbulent burning rate by the interaction with reflected shocks. 
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1. Introduction 

When a flame propagates through a congested 

area, the flame surface area increases as preferen- 
tially directed flow convecting the flame elongates 
its surface area. This leads to an increase in the 
rate of reactant consumption, which in turn ac- 
celerates more fluid, thereby increasing the global 
burning rate. This feedback mechanism leads to 

the acceleration of the flame front in the pre- 
ferred direction of motion and the generation of 
a shock wave ahead of the flame. These early dy- 
namics are now very well understood through ex- 
tensive experiments, theoretical models and numer- 
ics [1–4] ; accordingly the dynamics are also rela- 
tively well predicted at engineering scales of interest 
via coarse grained models advecting the surface of 
the flame, given a particular obstruction geometry 
(e.g., [5] ). 

The subsequent acceleration of the flame–shock 

complex and its possible transition to a detonation 

are not as well understood, and cannot be easily 
predicted [3,6] . The prime difficulty lies in the fact 
that the flame at this stage is no longer laminar 
[2] . Other than the mechanism described above, the 
turbulent burning rate itself at the flame becomes 
strongly coupled with the flow field generated by 
the flame and gasdynamic interactions [6] . Turbu- 
lent transport and gas dynamic heating may both 

participate. In the presence of obstacles, reflected 

shocks traversing the flame may promote turbu- 
lent mixing at the flame, leading to higher burn- 
ing rates [7] conducive to a more prompt DDT. Ex- 
periments and numerical simulations usually agree 
that the final detonation formation involves the cre- 
ation of hot-spots, where the Zel’dovich–Lee gra- 
dient mechanism [4] can be set up in a variable 
number of ways: shock reflections on obstacles, tur- 
bulent mixing, self-generated shocks wave turbu- 
lence [6,8,9] . These complications make it difficult 
to predict the eventual transition to detonation, 
which is found to depend on many factors: e.g., tur- 
bulence intensity, flame properties, congestion ge- 
ometry, sensitivity to auto-ignition, memory of the 
flow field set-up during the early stage of accelera- 
tion. 

While detailed recent experiments have shown 

that auto-ignition from shock reflections plays a 
fundamental role in sensitive fuels like hydrogen–
oxygen at the limit of transition between choked 

flames and quasi-detonations [2,10] , indirect obser- 
vations for less sensitive hydrocarbons-air quasi- 
detonations at atmospheric conditions suggest that 
turbulent mixing plays a more important role; see 
for example [11] for discussion. It is thus worth- 
while revisiting the problem of turbulent flame 
transition to detonations in less sensitive hydrocar- 
bons. We study the interaction of a well defined 

shock–flame complex in propane–oxygen, as it in- 
teracts with a single cylindrical obstacle or a flat 

wall. Care is exercised to obtain a controllable ini- 
tial turbulent flame of sufficient intensity, such that 
the subsequent transition to a detonation occurs 
rapidly and is reflective of the last stages of the 
DDT process. The shock–turbulent flame complex 
in our study was generated using the technique of 
passing a detonation wave through a perforated 

plate, which gives rise to a system of interacting 
shocks yielding a region of intense wave turbulence. 
This can give rise to an intense turbulent deflagra- 
tion [8,12,13] approaching the Chapman–Jouguet 
deflagration speed [9,14] typically observed in fast 
flame propagation and DDT in tubes with constric- 
tions [3] . This permits to generate flames with high 

levels of turbulence conducive to transition to det- 
onation from the interaction with a single obstruc- 
tion, as we will show in the present study. 

2. Experimental details 

The experiments were conducted in a 3.5-m- 
long thin rectangular channel with a cross-section 

of 203 mm by 19 mm ( Fig. 1 ), described in detail 
elsewhere [15] . The entire tube was filled with the 
desired test mixture. A detonation was initiated by 
a high voltage capacitor discharge. An initial ob- 
stacle section promoted this transition for less sen- 
sitive mixtures. A self-sustained detonation wave 
was then established in the tube, which propagated 

at speeds approximately 5% below the Chapman–
Jouguet value calculated. This was inferred from 

time or arrival measurements using a pair of PCB 

113B24 pressure transducers. The detonation then 

transmitted across a perforated plate as a lead- 
ing shock followed by a turbulent deflagration. 
The intensity of the turbulent deflagration and the 
strength of the leading shock were controlled by 
the perforated plate’s blockage ratio, hole geome- 
try and mixture sensitivity. The configuration of the 
perforated plate investigated is shown in Fig. 1 . The 
resulting high area blockage ratio of approximately 
96% was chosen higher than in our previous studies 
[8,9,14] , such that the strength of the transmitted 

shock was weaker, in order to de-couple the lead- 
ing shock from the trailing flame, and the turbulent 
intensity higher. 

Two series of experiments are presented in 

this communication. The first involves the inter- 
action of the shock flame complex with a 101.6- 
mm-diameter cylinder, which was located 438 mm 

downstream of the perforated plate. In the second 

series of experiments, the obstacle was removed in 

order to monitor the head-on interaction of the tur- 
bulent deflagration wave with the shock wave re- 
flected by the end wall. The reactive mixture stud- 
ied was C 3 H 8 +5O 2 , chosen such that it is sensitive 
enough at the low pressures required for the experi- 
mental facility available in our laboratory. The mix- 
ture sensitivity was changed by the initial pressure 
of the gas in the range of 4–10 kPa. The ambi- 
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Fig. 1. Schematic of experimental set-up. 

ent temperature was 294 K. The experiments were 
monitored with high speed schlieren visualization 

[15] . The images acquired with a Phantom V1210 
camera had a resolution of 384 by 288 pixels, cor- 
responding to a spatial resolution of 0.8 mm per 
pixel. All the experiments shown have an inter- 
frame time of 12.9 μs, typically providing approx- 
imately 100 useful frames per experiment. These 
sequential frames were then analyzed in order to 

reconstruct the flow-field, using additional theoret- 
ical and numerical tools, as described below. 

3. Numerical tools 

Partial reconstruction of the flow field mea- 
sured experimentally relied on the Cantera thermo- 
chemical tools and the Shock and Detonation Tool- 
box developed by Shepherd and his students [16] . 
Given the shock speeds measured in the experi- 
ments, the post shock states can be evaluated us- 
ing the exact thermo-chemical properties of the re- 
actants. Likewise, laminar burning velocities and 

characteristic ignition delays can be reliably calcu- 
lated using these tools at the various thermody- 
namic states of interest. The current calculations 
were performed using the San Diego thermo- 
chemical database relevant for propane combus- 
tion [17] . 

In some instances, partial numerical reconstruc- 
tion of the two-dimensional inert shock reflection 

process ahead of the flame was also performed in 

order to estimate the flow speed in the experiments 
used for extracting the local burning velocity. 
The numerical calculations solved the inert Euler 
equations for a perfect gas with a compressible 
hydrocode developed by Falle and Giddings [18] , 
which uses an exact Godunov Riemann solver and 

adaptive mesh refinement. All physical boundaries 
use a reflective boundary condition, while the back 

boundary used a zero gradient boundary condi- 
tion. The initial conditions correspond to a planar 
shock with uniform state behind it. A contact 
surface was imposed as initial condition at some 
distance behind the shock, with a density change 
corresponding to that of the flame in the exper- 
iments. In these calculations, the incident shock 

Mach number was taken to match that determined 

in the experiment. The specific heat ratio was taken 

as γ = 1.22 evaluated using the method described 

above at the post-shock state in the experiments. 

4. Results 

4.1. Flame acceleration past a circular congestion 

Whether the interaction of a shock–flame com- 
plex with the cylinder resulted in the detonation 

initiation in the experiment was found to depend 

on the initial pressure of the mixture, which con- 
trolled the strength of the turbulent deflagration 

produced. The effect of initial pressure on the fre- 
quency of detonation formation from the interac- 
tion was as follows. At initial pressure of 4.8, 5.5, 
6.2, 6.55 and 6.9 kPa, the frequency of detona- 
tion formation was respectively 0/9, 2/9, 3/4, 7/7 
and 7/8. Table 1 lists the relevant physical proper- 
ties of interest for the conditions bracketing this 
critical regime. At each initial pressure, M I is the 
Mach number of the incident shock prior to its re- 
flection on the cylinder, S u is the calculated lami- 
nar burning velocity with the unburned gases at the 
post shock state, S f is the experimentally measured 

burning velocity of the flame, T R is the calculated 

temperature of the gases behind the normal re- 
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Table 1 
Thermo-chemical parameters for experiments shown. 

p 0 M I S u S f T R τ

(kPa) (m/s) (m/s) (K) ( μs) 

Cyl. 4.8 2.3 5.6 100 ± 24 653 3.9 × 10 5 

Cyl. 6.9 2.5 6.1 140 ± 13 736 9.6 × 10 4 

Wall 4.1 2.0 5.0 56 ± 32 572 9.3 × 10 6 

Wall 4.8 2.1 5.2 46 ± 46 605 1.9 × 10 6 

Wall 6.2 2.2 5.4 210 ± 35 627 6.7 × 10 5 

Fig. 2. The interaction of a turbulent flame–shock com- 
plex with a cylindrical obstacle in C 3 H 8 +5O 2 at 4.8 kPa 
initial pressure, composite images spliced from 3 different 
experiments; video animations as Supplemental material; 
the time between successive frames is 425.7 μs. 

flected shock, while τ is the ignition delay of the 
gases behind the reflected shock. 

Figure 2 shows an example of a typical flow field 

evolution for a sub-critical initiation at 4.8 kPa ini- 
tial pressure. The evolution was obtained by splic- 
ing together three experiments, where the schlieren 

field was displaced progressively downstream of the 
cylinder. Note the very good merging of the differ- 
ent experiments, which show the good reproducibil- 
ity of the experiment. In Fig. 2 (a), the incoming 
shock flame complex is visible: a straight shock fol- 
lowed by a turbulent flame. In Fig. 2 (b), the lead- 
ing shock has diffracted around the obstacle ahead 

of the flame. The flame now has an extended sur- 
face, as the flow convects it around the cylinder. 
In Fig. 2 (c), the flame has acquired a V-shape, ow- 
ing to its preferential convection around the cylin- 
der. Note the series of weak shock waves ahead of 
the flame, which were generated by the increase in 

global burning rate owing to the flame surface area 
increase. In this case, we recover the well-known 

mechanism of flame acceleration and pressure wave 
generation due to the enlargement of flame surface 
area discussed in the introduction. The video an- 
imation containing all consecutive frames is given 

as supplementary material. 

In sharp contrast, experiments above 6.9 kPa 
conclusively showed the prompt detonation initia- 
tion, with the detonation formation point moving 
closer to the point where the first reflected shock 

from the obstacle interacts with the turbulent flame. 
At the critical regime, the detonation initiation was 
sufficiently delayed to clearly reconstruct the dy- 
namics. Figure 3 shows the evolution of the initi- 
ation process at 6.9 kPa, when the detonation for- 
mation is delayed to the back of the cylinder. In the 
same figure, we show the numerical reconstruction 

of the inert shock reflection process used to deter- 
mine the local flow speed ahead of the flame. 

The combination of the experimental and nu- 
merical sequence first permits us to qualitatively 
comment on the flow field evolution. Figure 3 (b) 
shows the reflection of the leading shock on the 
cylinder. In Fig. 3 (c), the reflected shock has 
traversed the flame. Up to this point, the inert 
calculation and the experiment are in qualitative 
agreement, since the local burning rate (initially ap- 
proximately 140 m/s, see below) is relatively small 
compared to the convective fluid velocities (576 m/s 
behind the incident shock). Substantial differences 
arise at later times in Fig. 3 (d)–(f) after the reflected 

shock has interacted with the flame. In the experi- 
ments, the flame accelerates substantially, while the 
contact surface advected with the flow in the inert 
calculation lags behind. The flame acceleration in 

the experiments is seen to drive a shock wave ahead 

of it. Note that a shock is there even in the inert 
calculation, its origin being the reflection of the re- 
flected shock with the wall close to the flame sur- 
face (inert contact surface in the numerics) shown 

in Fig. 3 (d). In the experiments, this internal shock–
flame complex rapidly accelerates and transits to a 
detonation, either directly, or by subsequent shock 

reflections on the symmetry axis. Both types of 
re-initiation were observed in the experiment illus- 
trated in Fig. 3 . The sequential frames of Fig. 3 per- 
mit to reconstruct approximately the flame speed 

relative to the fresh gas moving ahead of the flame. 
Analysis of the sequential frames in the experiment 
permits to determine the speed of the flame in lab- 
oratory coordinates D f along the top wall, shown 

in Fig. 4 . The reconstruction of the flow speed in 

front of the flame used two methods depending 
whether it was to estimate the flow speed ahead of 
the steady flame prior to the reflection or after the 
reflection. Before reflection, the flame propagates 
into gas shocked by the incident shock. Using the 
average shock speed, the gas speed immediately be- 
hind the leading shock was obtained by the jump 

conditions. Since the flow behind the leading shock 

is not constant, owing to a weak deceleration of the 
leading shock in this case, a linear correction can 

be applied if the speed gradient was known. This 
speed gradient behind the shock can be evaluated 

exactly from the shock jump equations and Euler 
equations and expressed in terms of the speed ( D ) 
and decay rate ( ̇  D ) of the leading shock, yielding 
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Fig. 3. The interaction of a turbulent flame–shock complex with a cylindrical obstacle in C 3 H 8 +5O 2 at 6.9 kPa initial 
pressure (top row in each frame) and the numerical reconstruction of an inert flow field (bottom row) showing a composite 
image of density field overlayed with pressure contours (video as Supplemental material). 

Fig. 4. The speed of the flame D f , the flow speed ahead of the flame u f and the resulting flame speed relative to the inert 
flow ahead of it for the experiment of Fig. 3 ; time 0 corresponds to the first interaction between the flame and the reflected 
shock. 

the so-called shock change equation [19] : 

∂u 
∂x 

= 

(
1 + ρ0 D 

(
du 
d p 

)
H 

)
1 
ρ

(
d p 
dD 

)
H 

˙ D 

( D − u ) 2 − c 2 
(1) 

where the pressure p , density ρ and flow speed 

in the absolute frame u are evaluated at the post 

shock state. ρ0 is the density of the undisturbed 

medium ahead of the shock and the subscript H de- 
notes a derivative taken along the shock Hugoniot. 
In applying this relation, the deceleration of the 
leading shock 

˙ D was measured experimentally by 
fitting a trajectory of constant acceleration to the 
experimentally determined x ( t ) data. The deriva- 
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tives along the shock Hugoniot were evaluated nu- 
merically by perturbing the shock jump calcula- 
tions by 1% in shock speed. The resulting burn- 
ing velocity obtained is tabulated in Table 1 . The 
standard error reported for the burning velocity 
is associated with the error of the fitted parame- 
ter ˙ D , obtained using the non-linear Levenberg–
Marquardt least squares algorithm. This error pro- 
vides the largest source of error in our model es- 
timate. For this experiment, we obtain a turbulent 
flame burning velocity prior to the reflection of ap- 
proximately 140 m/s, or approximately 22 times the 
laminar burning velocity calculated for this mixture 
at the post shock thermodynamic state. 

After the shock–flame interaction, the flame 
speed relative to the gases ahead was obtained by 
making use of the numerical calculations, which 

permitted to estimate the flow speed just ahead of 
the flame. Indeed, since the flame develops initially 
a weak shock in the experiments, the region ahead 

of the shock is not affected by the flame, and the in- 
ert calculation provides a good measure for the lo- 
cal speed of the flow. In the experiments, the flame 
speed was measured along the top wall, such that 
the flow speed (away from boundary layers) was al- 
ways directed in the mean direction of motion. The 
spatial and temporal evolution of these two speeds 
are shown in Fig. 4 . While the absolute measured 

flame speed continuously increases, marking the 
transition to detonation at the end of the record, 
the advection of the flame by the flow is responsible 
for a large portion of this speed. Indeed, the flow 

speed increase in the inert simulations is due solely 
to the acceleration of the flow passing through a 
narrower open region (the throat). 

The difference between the absolute flame speed 

and the calculated flow speed, shown in blue, is 
more meaningful. It shows a rapid increase to ap- 
proximately 400 m/s by the time the flame is at the 
throat. Note that this speed corresponds closely to 

the local sound speed in the gas ahead of the flame. 
Past the throat, this effective turbulent burning ve- 
locity is slightly dropping, to only significantly re- 
accelerate once the flame has passed the cylinder. 
The view that emerges from this analysis is that the 
flame burning velocity is augmented by the shock 

flame interaction approximately three-fold. 
It is pertinent at this point to comment on the 

relative importance of auto-ignition at the early 
stages of this flame acceleration process. Following 
the inert shock reflection, the temperature behind 

the reflected shock, before substantial volumetric 
expansion, is calculated from the exact shock jump 

conditions to be 736 K (see Table 1 ). At this state, 
the constant volume ignition delay is approximately 
100 ms. This time scale is 3 orders of magnitude 
longer than the flow evolution and flame acceler- 
ation time scales apparent in Figs. 3 and 4 , thus 
ruling out the mechanism of auto-ignition at a hot 
spot driven by shock reflection. The flame acceler- 
ation is thus due to the increased burning rate by 

the passage of the reflected shock. Note that the 
constant volume ignition delay is a lower bound es- 
timate. Since the leading shock was found to de- 
cay, the resulting expansion of the gases after be- 
ing shocked signifies that their ignition time will 
be longer as compared to this estimate. Likewise, 
the expansion of the gases as they expand over the 
cylinder will also make the ignition delay longer 
than calculated for constant volume. 

4.2. Flame shock head-on interactions 

In order to better determine the mechanism re- 
sponsible for the rapid increase in burning veloc- 
ity after the shock flame interaction, the second se- 
ries of the experiments focused on the problem of 
normal reflected shock interaction with the flame. 
These series of experiments were performed by re- 
moving the cylinder from the shock tube, and al- 
lowing the incident shock to reflect on the end wall 
of the shock tube and interact with the flame fol- 
lowing it. 

Figure 5 shows the evolution of the flame result- 
ing from the interaction with the reflected shock 

at the critical regime, at an initial pressure of 4.1 
and 4.8 kPa, for two cases where a transition to 

detonation was not observed and observed, respec- 
tively. In both cases, the dynamics follow the same 
sequence. The first frames show the structure of 
the wrinkled flame and the bifurcated structure of 
the reflected shock [20] . The interaction between 

the two significantly disturbs the flame structure. 
The flame structure is now broken up into smaller 
individual pockets of non-reacted gas. The mech- 
anism for this break-up is consistent with the 
Richtmyer–Meshkov instability, augmented by the 
3D structure of the reflected bifurcated shock [21] . 
Note also that the compression of turbulent gas 
ahead of the flame by the reflected shock is also ex- 
pected to reduce the length and time scales of the 
turbulence. 

The resulting increase in the surface area be- 
tween burned and unburned gas augments signif- 
icantly the burning velocity of the flame, and the 
flame accelerates forward driving a series of com- 
pression waves, which eventually form a shock. In 

the case of Fig. 5 (2), this acceleration is faster, 
and the acceleration can proceed in the gas avail- 
able ahead of the flame. In this case, the detona- 
tion forms near the sides, where the reflection of 
the non-planar leading shock, inherited by the non- 
planarity of the flame itself, gives rise to local shock 

reflections favoring the transition. 
The acceleration is best seen on the space time 

diagram of Fig. 6 , where the evolution of the ex- 
periment at 4.1 kPa is tracked along a central band 

3-pixels-wide in each of the sequential frames, 
yielding a “streak” photograph. The speed of the 
reaction front in the absolute frame is shown 

in Fig. 7 . Evident from the reconstruction of 
Fig. 6 is the backward acceleration of the gases 
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Fig. 5. The interaction of the reflected shock with a tur- 
bulent flame in C 3 H 8 +5O 2 leads to the flame break-up 
and its subsequent acceleration; (1) at 4.1 kPa initial pres- 
sure, frames shown every 206 μs apart and (2) and 4.8 kPa, 
frames shown 129 μs apart (videos as Supplemental ma- 
terial). 

processed by the flame. The non-reacted pockets 
of Fig. 5 trace out rear facing streaks, the slope 
of these streaks is proportional to the local flow 

speed. Also evident is the forward facing acceler- 
ation of the flame leading edge. The acceleration 

generates forward facing compression waves, seen 

distinctly in this reconstruction. The flame path be- 
comes parallel with the forward facing waves, indi- 
cating that the flame burning velocity is now com- 
parable with the local sound speed, approximately 
410 m/s; this is compatible with the mechanism de- 
duced from the cylinder experiments. This suggests 
that the mechanism at play for the acceleration in 

this case is one for which the burning velocity is 
increased beyond the sonic condition. This implies 

that the local pressure increase can no longer be re- 
laxed gasdynamically sufficiently fast, and an inter- 
nal shock forms ahead of the flame. This internal 
shock is subsequently strengthened by further ac- 
celeration of the burning rate. In the experiment of 
Fig. 5 (2) (see also Fig. 7 ), the shock observed be- 
comes consistent with rapid auto-ignition such that 
the flame motion can be effected by shock motion 

itself, i.e., the transition to detonation. This transi- 
tion mechanism is similar to the conventional reac- 
tivity gradient mechanism. In the present case, the 
acceleration of the flame is first due to the enhance- 
ment of the burning rate by RM instability, which 

makes the flame itself in phase with acoustic waves 
and results in pressure amplification and internal 
shock formation. Experiments at higher pressures 
yielded significantly higher burning velocities (in 

excess of 20 times the laminar burning velocity) in 

the flame following the incident shock, and tran- 
sition to detonation was observed with time scales 
less than 100 μs. An example is shown in Fig. 8 . 
Here, the transition to detonation was found inter- 
nally to the disturbed flame brush by the reflection 

of the internally formed shocks, owing to the initial 
non-planarity of the leading shock. This was again 

consistent with the experiments performed with the 
cylinder. 

Note that the induction delay times behind the 
reflected shock reported in Table 1 are three or- 
ders of magnitude longer than the evolution time 
observed. This again out-rules autoignition as the 
main mechanism for the first flame acceleration. In- 
stead, the flame turbulization is responsible for its 
acceleration. This culminates in the formation of a 
strong shock, as in Fig. 5 (2). The nonhomogeneous 
and extremely rapid transient did not permit us to 

measure the shock strength and estimate the igni- 
tion delay immediately prior to DDT. 

5. Acceleration mechanism and DDT 

The picture that emerges from the experiments 
performed with the interaction of the shock flame 
complex with a cylinder and a flat wall is that the re- 

Fig. 6. A space-time diagram evolution of the interaction of Fig. 5 along the center of the channel illustrating the flame 
acceleration to the sonic condition. 
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Fig. 7. The speed of the turbulent flames corresponding to Fig. 5 after the interaction with the reflected shock; broken 
lines denote the burning velocity measured prior to the interaction; time 0 corresponds to the first interaction between the 
flame and the reflected shock. 

Fig. 8. The interaction of the reflected shock with a turbulent flame at 6.2 kPa illustrating the onset of detonation from 

the confluence of shocks driven by the flame acceleration (video as Supplemental material). 

flected shock, in both cases, significantly enhances 
the burning rate of the flame. The origin of this en- 
hancement is the disruption of the flame structure 
by the passage of the shock, with auto-ignition be- 
ing negligibly slow at early times. The exact mech- 
anism of flame disruption is difficult to assess with 

certainty. While the Richtmyer–Meshkov instabil- 
ity may disrupt the original turbulent flame, the 
reflected shock in all the cases investigated has a 
bifurcated structure, with a re-circulation bubble. 
This structure may also significantly disturb the 
flame. Shock–turbulence interaction may also be 
responsible for the reduction of the smaller scales 
of the turbulence. 

Once the flame burning velocity approaches the 
sonic condition in the fresh gases, the flame motion 

is in phase with pressure waves and a strong shock 

is eventually driven in front of the flame. There 
appears a quasi-steady period at this state. Subse- 

quent increase in burning rate amplifies the lead- 
ing shocks, which can trigger auto-ignition, usually 
through shock reflections. This picture of flame ac- 
celeration in very turbulent flames appears to be 
consistent with the picture borne out from the nu- 
merical calculations of Poludnenko et al. [22] , who 

investigated the fate of flames with arbitrarily high 

turbulent burning velocities. That such high turbu- 
lent burning velocities are possible has been shown 

in the present study, consistent with previous indi- 
rect observations of Khokhlov et al. [21] . 

The acceleration time scales determined in the 
wall experiments at critical conditions correspond 

approximately to the conditions in the cylinder 
experiments, suggesting a possible correlation be- 
tween two time important time scales of the 
phenomenon: the flow time associated with gas 
dynamic cooling as the flame gets convected down- 
stream of the obstacle, and the characteristic time 
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for flame acceleration. When the characteristic time 
for flame acceleration is smaller than the flow time 
of the flame over the obstacle, the flame is expected 

to have a sufficient time to exploit the amplification 

of the burning rate by the passage of the shock. 
When the time scale for flame amplification is much 

longer than the flow passage time over the obstacle, 
the flame does not have sufficient time to acceler- 
ate. This is in accord with the flow fields observed in 

the experiments where a clear demarcation between 

regimes of very fast amplification and regimes with 

negligible amplification was established. 
In conclusion, the mechanism identified as con- 

trolling the transition to detonation when a suf- 
ficiently strong turbulent flame–shock complex 
propagates in a congested area is the enhancement 
of the burning rate by the reflected shocks. Auto- 
ignition from the reflected shocks in the current ex- 
periments has been found negligible until a much 

stronger shock is generated by flame amplification. 
It thus appears that a criterion for DDT in a con- 
gestion giving rise to reflected shocks could likely 
be established in terms of a time scale for the 1D 

problem of flame acceleration following the head- 
on shock–flame interaction. Future study should 

focus on experiments and analysis of this canonical 
problem, to determine if this problem itself admits 
simple scaling laws. 
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2.2 Detonation transition criteria from the interaction of su-
personic shock-flame complexes with different shaped ob-
stacles

The present study is an experimental investigation of the last stages of the deflagration-to-detonation
transition. A fast flame following a lead shock was generated by passing a detonation wave through
a perforated plate. The shock flame complex then interacts with an obstacle of different shape. We
study the influence of the obstacle shape on the transition mechanism to a detonation. The ob-
stacles studied are a single round or square obstacle, a flat plate, a C-shaped and an H-shaped
obstacle. The experiments were performed in a thin transparent channel permitting high speed
schlieren visualization. Stoichiometric propane-oxygen was investigated at sub-atmospheric con-
ditions. For each obstacle configuration, the initial pressure was changed to modify the flame
burning velocity and the Mach number of the leading shock. The burning velocity prior to the in-
teraction was measured experimentally from the displacement velocity of the flame in the videos.
This required estimating the speed of the gas ahead of the flame. A linear correction to the speed
immediately behind the lead shock was applied using the shock change equations and the mea-
sured pressure gradient behind the lead shock in order to account for the non-steadiness of the
lead shock and viscous losses to the walls. Three main findings were that the obstacle shape had a
minimal influence on the critical flame strength required for transition, although obstacles with a
forward facing cavity were able to suppress the transition by isolating the re-initiation event inside
the cavity. The main transition mechanism for all geometries was the enhancement of the flame
burning velocity through the flame interaction with the shock reflected on the obstacle leading to
Richtmyer-Meshkov instability. Finally, it was found that the flame burning velocity of the initial
flame required for transition was closely approximated by the Chapman-Jouguet burning velocity.
Consistent with the visual observations, this supports the view that transition is favored when the
flame is in phase with the acoustic waves, and strong internal pressure waves can be amplified.

This study was published in 2019 in the Journal of Loss Prevention in the Process Industries
[45], and is attached to this thesis in the following pages. The author conducted the experiments,
analysis and wrote the paper. The conceptual planning was performed with the Ph.D. supervisor,
Prof. M. I. Radulescu. Dr. A. Pekalski participated in the discussions during the data reduction
phase.
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A B S T R A C T   

The present study is an experimental investigation of the last stages of the deflagration-to-detonation transition. 
A fast flame following a lead shock was generated by passing a detonation wave through a perforated plate. The 
shock flame complex then interacts with an obstacle of different shape. We study the influence of the obstacle 
shape on the transition mechanism to a detonation. The obstacles studied are a single round or square obstacle, a 
flat plate, a C-shaped and an H-shaped obstacle. The experiments were performed in a thin transparent channel 
permitting high speed schlieren visualization. Stoichiometric propane-oxygen was investigated at sub- 
atmospheric conditions. For each obstacle configuration, the initial pressure was changed to modify the flame 
burning velocity and the Mach number of the leading shock. The burning velocity prior to the interaction was 
measured experimentally from the displacement velocity of the flame in the videos. This required estimating the 
speed of the gas ahead of the flame. A linear correction to the speed immediately behind the lead shock was 
applied using the shock change equations and the measured pressure gradient behind the lead shock in order to 
account for the non-steadiness of the lead shock and viscous losses to the walls. Three main findings were that the 
obstacle shape had a minimal influence on the critical flame strength required for transition, although obstacles 
with a forward facing cavity were able to suppress the transition by isolating the re-initiation event inside the 
cavity. The main transition mechanism for all geometries was the enhancement of the flame burning velocity 
through the flame interaction with the shock reflected on the obstacle leading to Richtmyer-Meshkov instability. 
Finally, it was found that the flame burning velocity of the initial flame required for transition was closely 
approximated by the Chapman-Jouguet burning velocity. Consistent with the visual observations, this supports 
the view that transition is favored when the flame is in phase with the acoustic waves, and strong internal 
pressure waves can be amplified.   

1. Introduction 

Accidental release of combustible gas in the atmosphere presents 
significant explosion risks. In the presence of air, the mixture can be 
ignited to generate a flame. Initially propagating at subsonic velocity in 
the fresh gases, it may accelerate due to interaction with turbulence and 
transit to the supersonic combustion regime of detonation, through the 
commonly named deflagration to detonation transition (DDT) event. In 
the latter case, consequences can be devastating due to the sudden in
crease of pressure across the detonation front and the trailing blast 
wave. It is now well understood that DDT is more likely in the presence 
of obstructions or rough walls, as these promote the turbulization of the 
flow ahead of the flame. 

The early stages of the flame acceleration following the ignition are 
well understood from extensive experimental studies. The type of ob
structions, their size, shape and disposition were found to play a role in 
this process, as they change the nature of the flow with which the flame 
interacts (Hall et al., 2009; Park et al., 2007, 2008; Gubba et al., 2011). 
Early flame acceleration is equally well predicted via numerical and 
theoretical models (Ciccarelli and Dorofeev, 2008). Comprehensive re
views of the DDT process in both confined and unconfined media have 
been published (Ciccarelli and Dorofeev, 2008; Valiev et al., 2009; Lee 
and Moen, 1980; Oran and Gamezo, 2007; Lee, 2008; Breitung et al., 
2007). 

However, instants preceding the transition to the detonation regime 
are not as well understood. These instants are characterized by the 
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formation of a shock-flame complex, due to coalescence of compression 
waves as the flame accelerates. This shock-flame complex propagates at 
supersonic velocities in the frame attached to the unperturbed fresh- 
gases and large turbulent burning velocities approaching the 
Chapman-Jouguet value are observed (Chue et al., 1913; Eder and 
Brehm, 2001; Saif et al., 2017). Recently, we have studied the interac
tion of such a shock-flame complex with a single cylindrical obstacle 
(Rakotoarison et al., 2019) for high intensity turbulent deflagrations 
with typical turbulent burning velocities of approximately 10–20 times 
the local laminar values. The experiments and numerical reconstruction 
of the flow-field permitted to identify the key mechanism of detonation 
transition. It was found that the shock wave reflections from the obstacle 
enhanced the burning velocity of the turbulent flame by the 
Richtmyer-Meshkov instability. This gave rise to burning velocities 
approaching the sound speed in the unburned gas just ahead of the 
flame, which led to the formation and amplification of shocks, eventu
ally igniting a detonation. 

It is thus of interest to determine if this mechanism remains valid for 
other types of obstacles. The present study is thus an extension of our 
previous work (Rakotoarison et al., 2019) to obstacles with different 
shapes. We adopt the same experimental technique as Chao et al. 
(2005), Grondin and Lee (2010) and Saif et al. (2017) to generate a high 
speed turbulent deflagration through the interaction of a detonation 
wave with a perforated plate. This gives rise to a shock-flame complex 
downstream of the perforated plate with controllable turbulent burning 
velocity. The question we would like to address is whether the shape of 
the obstacle plays an important role in the detonation transition crite
rion of a fast flame/shock complex. Indeed, engineering type calcula
tions of DDT cannot resolve the scales of the obstacle, which is usually 
replaced by an empirical model. In the present study we consider cy
lindrical, square, rectangular, C and H-shaped obstacles. 

2. Experimental details 

Experiments were conducted in a 3.4 m long shock tube of a rect
angular 19.05 by 203.2 mm cross-section (Fig. 1), filled with the desired 
reactive mixture at a controlled pressure. A flame was initiated at one 
end of the tube by a high voltage spark plug. It transits to a detonation in 
the first third of the tube (the ignition section) as it passes through a 
series of obstacles, and becomes a self-sustained detonation by the end of 
the second third of the tube (the propagation section), propagating at 
approximately 5% below the Chapman-Jouguet (CJ) detonation speed 
calculated. This was inferred from time of arrival measurements of the 
incident wave, using a pair of pressure transducers placed at the end of 
the propagation section. The detonation was transmitted to the last third 

of the tube (the test section) across a 96% blockage ratio perforated 
plate, to become a shock followed by a turbulent deflagration in the test 
section. This complex propagates at a supersonic velocity in the gases at 
filling initial conditions, and corresponds to the propagation regime just 
prior the onset of a detonation in the DDT process (Chao et al., 2005). In 
our previous studies (Rakotoarison et al., 2019), it was found that the 
strength of the turbulent deflagration can be controlled by the initial 
operating pressure, which controls essentially the strength of the deto
nation wave incident to the perforated plate and its transmission as a 
high-speed deflagration. The test section was obstructed by shaped ob
stacles, chosen cylindrical, square, rectangular, C-shaped and H-shaped, 
placed such that their leading edge is located 387 mm downstream of the 
perforated plate. These obstacles have a height of 101.6 mm, giving a 
blockage ratio of 50%. 

The reactive mixture studied was C3H8þ5O2 at the initial tempera
ture 294 K and in a range of initial pressure from 4 to 9 kPa, for the 
overall set of experiments. The experiments were monitored with a Z- 
type schlieren set-up with a 305 mm field of view. Images were acquired 
using a high-speed camera giving an inter-frame time of 12.9 μs The 
resolution was 384 by 288 pixels, corresponding to a spatial resolution 
of approximately 0.8 mm per pixel. The monitoring was completed with 
a row of 4 pressure sensors P1, P2, P3 and P4 placed on the top wall of 
the tube. They were located at equal 203.2 mm intervals, starting at 
317.5 mm from the perforated plate. Signal output is the overpressure 
given in kPa for a sample rate of 1.538 MHz, filtered in post-process at 
100 kHz using an order 6 Butterworth filter. 

3. Characterization of the incident shock-flame complex 

The shock-flame complex transmitted downstream of the perforated 
plate is characterized by the shock Mach number and the flame burning 
velocity, i.e., its velocity relative to the flow of fresh gases just ahead of 
it. They are controlled by the initial pressure for an experiment, and are 
plotted in Fig. 2. 

The flame burning velocity was estimated by subtracting the flow 
velocity just ahead of the flame, to the absolute flame velocity measured 
on the schlieren videos. This was done first by calculating the flow ve
locity just behind the shock using the velocity jump condition, with the 
shock propagating at velocity D in the initial state at rest. Owing to the 
weak deceleration of the shock, the flow behind it is not uniform and 
expands, as seen on the overpressure signals recorded. A linear correc
tion to the flow velocity calculated just behind the shock was applied 
using the shock-change equations (Fickett and Davis, 2000), by relating 
∂p=∂t measured experimentally behind the shock at a fixed gauge loca
tion to the speed gradient behind the shock ∂u=∂x required to deduce the 

Fig. 1. Schematic of the experimental configuration.  

W. Rakotoarison et al.                                                                                                                                                                                                                         

26



Journal of Loss Prevention in the Process Industries 64 (2020) 103963

3

speed variation. We start with the shock pressure evolution in time 
derived by Fickett and Davis (2000), in the laboratory frame of 
reference: 
�

dp
dt

�

S
¼ � K1

�

_σA þ
η

ρ0D
∂p
∂x

�

K1 ¼
ρc2

1þ ð1 � ηÞ� 1ρ0D
�

du
dp

�

H

(1)  

where the pressure p, density ρ, sound speed c and velocity u are eval
uated at the post-shock state in the laboratory frame of reference, ρ0 is 
the initial density, η ¼ 1 � ðD � uÞ2=c2 is the sonic parameter, and _σA ¼

ðD � uÞ=AðdA =dxÞ a source term to account for geometrical flow diver
gence in the post-shock flow, AðxÞ being the cross section area varying 
with the distance x from and downstream of the shock. Derivative with 
subscript H is taken along the shock Hugoniot, and derivative with 
subscript S is taken at the post-shock state, along the shock trajectory: 
�

dp
dt

�

S
¼

∂p
∂t
þ D

∂p
∂x

(2) 

The combination of energy and mass conservation equations: 

∂p
∂t
þ u

∂p
∂x
þ ρc2∂u

∂x
¼ � ρc2 _σA (3)  

is used to substitute the term ð∂p =∂xÞ in equation (2). Equation (2) is 
then used to replace ðdp=dtÞS in equation (1), to get an expression of the 
velocity gradient behind the shock ð∂u =∂xÞ in terms of the time deriv
ative of pressure ð∂p =∂tÞ at a fixed location: 

∂u ¼ �
1

ρc2 ​
�

∂p
∂t
� uK2

�

K1 _σA þ
∂p
∂t

�

þ ρc2 _σA

�

∂x

K2 ¼

�

Dþ
K1η
ρ0D

�� 1
(4) 

Finally, the flame burning velocity uf is estimated at the distance xf 

downstream of the shock as: 

uf ¼ uþ
∂u
∂x

xf (5) 

The terms in equation (4) were estimated through a series of ex
periments in which the shock-flame complex propagated in the tube 
with no obstruction. The term ð∂p =∂tÞ was estimated from the pressure 
signals provided by sensors P1 and P5, the latter being located 101.6 mm 
before P1 (see video frames below). It was taken as the slope of the 
straight line fitted simultaneously to the pressure signals provided by 
both sensors P1 and P5, using the least square method, in the time in
terval bounded by the passage of the shock and the passage of the flame. 
An example of measured pressure profiles and the fitted line is given in 
Fig. 3. Note the relatively large pressure fluctuations in the unburned gas 
separating the shock and the flame. 

The velocity of the shock D was measured on the schlieren videos. It 
was taken as the average shock speed, deduced by the time it takes for 
the shock to cross the camera field of view from one side to the other, the 
camera looking at the location where the obstacle would be located. The 
shock Mach number could thus be deduced as M ¼ D=c0, where c0 is the 
initial sound speed, that depends on the shock-tube filling conditions. 
The post-shock state was determined numerically in the ideal gas 
approximation using temperature dependent specific heats (Browne 
et al., 2015), with the help of the software Cantera (Goodwin et al., 
2018) for thermochemical calculations. The derivatives along the shock 
Hugoniot were evaluated numerically by perturbing the shock-jump 
calculations by 1% in the shock speed. All the thermodynamic calcula
tions were performed using the San Diego thermochemical database, 
relevant for propane-oxygen mixtures (Williams, 2014). 

Fig. 2. Flame burning velocity and shock Mach number resulting from the 
decoupling of a detonation through a perforated plate, as a function of the 
initial pressure. (a) is using Fay’s model for turbulent boundary layer (Fay, 
1959). (b) is using Mirel’s model for laminar boundary layer (Mirels, 1956). 

Fig. 3. Pressure signals from sensors P1 and P5 for an experiment at initial 
pressure 6.2 kPa. Signals are collapsed and fitted simultaneously to a straight 
line, between the time passage of the shock and the flame. Its slope is the term 
ð∂p =∂tÞ in equation (4) used to estimate the velocity gradient behind the 
shock ð∂u =∂xÞ. 

W. Rakotoarison et al.                                                                                                                                                                                                                         

27



Journal of Loss Prevention in the Process Industries 64 (2020) 103963

4

The term _σA was used to account for the viscous losses due to the 
boundary layers in the tube width. They were modeled as a geometrical 
flow divergence downstream of the shock, with an expansion rate pro
vided by the growth rate of the boundary layer displacement thickness 
δ�ðxÞ, such that the cross section area at the distance x from and 
downstream of the shock is: 

AðxÞ ¼ hwþ 2hδ�ðxÞ (6)  

where h ¼ 203:2 mm and w ¼ 19:05 mm are respectively the height and 
the width of the tube. Approximating the area x-derivative at the flame 
position using: 

dA
dx
’

A
�
xf
�
� hw

xf  

where xf is the distance between the flame and the shock, and taking as 
an approximation for 1=A the constant value provided by the average 
cross section area between the shock and the flame such that: 

A ’
whþ A

�
xf
�

2  

one could finally write: 

_σA ’ ðD � uÞ
2δ�
�
xf
�

wxf
(7) 

The boundary layer displacement thickness downstream of a shock 
could be found in the literature, for turbulent boundary layers using 
Fay’s expression (Fay, 1959): 

δ�ðxÞ¼ 0:22x0:8
�

μ
ρ0D

�

or for laminar boundary layers using Mirels’s expression (Mirels, 1956): 

δ�ðxÞ¼K
ffiffiffiffiffiffiffiffiμx
ρ0D

r

where μ is the dynamic viscosity, constant, estimated at the post-shock 
state, and K is a constant equal to 2, relevant for our mixture (Xiao 
and Radulescu). 

The flame burning velocities obtained by assuming either turbulent 
or laminar boundary layers are reported in Fig. 2. Error bars are 
representative of the deviation of the pressure signals from the linear 
pressure decay fitted after the passage of the shock, using the least 
square method (see Fig. 3). Despite some scatter, Fig. 2 shows a 
monotonically increasing trend of the flame burning velocity and the 
shock Mach number with increasing initial pressure. The flame burning 
velocity measured reaches up to 35 times the laminar flame burning 
velocity calculated with Cantera for initial conditions corresponding to 
the post-shock state, which is approximately equal to 6 � 1 m/s for all 
experimental conditions tested. 

One has to note however that the assumption of a linear flow velocity 
decay downstream of the shock as expressed by equation (5) makes this 
analysis local at the shock relevant in its close vicinity. Therefore, the 
error on the estimation of the flame burning velocity increases as the 
distance between the shock and the flame increases, i.e. when the initial 
pressure decreases. This error is difficult to quantify and is thus not 
included in the error bars of Fig. 2. The results of the present method are 
found in agreement with those obtained by using the lead shock decel
eration directly (Rakotoarison et al., 2019). Future work should measure 
the flow velocity more accurately in order to further validate the method 
suggested here. 

4. Experimental results 

4.1. Cylindrical obstacle 

Previous work (Rakotoarison et al., 2019) investigated in detail the 
mechanisms that promote transition to detonation from a supersonic 
shock-flame complex, interacting with a cylindrical obstacle. An 
example is shown in Fig. 4 for an initial pressure of 6.9 kPa. The frame at 
time 0 μs shows a turbulent deflagration with a shock wave ahead of it 
that starts interacting with the obstacle. For these conditions, the shock 
Mach number was approximately 2.57, measured from the videos, by 
taking the shock averaged velocity between the instant we see the shock 
entering the field of view, and the moment it starts to interact with the 
obstacle. The turbulent burning velocity was approximately 23 times the 
laminar value computed at the state behind the lead shock. The shock 
reflected on the obstacle is seen to interact with the flame at time 116.1 
μs, giving rise to a reflected on flame shocks, denoted by arrows at time 
232.2 μs These secondary shocks were found to be driven by the 
accelerating flame after the shock-flame interaction. The continuous 
amplification of these secondary shocks around the obstacle leads to the 
transition to detonation a few instants after time 348.3 μs, through their 
subsequent reflections behind the obstacle. It was found that at this 
moment, the flame burning velocity reached the speed of sound in the 
fresh gases just ahead of it (Rakotoarison et al., 2019). The forming 
detonation is seen at time 387.0 μs, and develops to become a cellular 
detonation as seen at time 425.7 μs At this initial condition, 8 experi
ments of 9 showed the ignition of the detonation in the wake of the 
obstacle. 

Supplementary video related to this article can be found at htt 
ps://doi.org/10.1016/j.jlp.2019.103963 

For less sensitive mixtures at 4.8 kPa initial pressures (see Fig. 5), the 
overall evolution of the shock reflection and its interaction with a flame 
was similar, although both the turbulent burning velocity (18 times the 
laminar value) and the strength of the lead shock (Mach 2.23) were 
lower than above. The shock-flame interaction did not yield a sufficient 
acceleration of the flame, hence the secondary shocks, to affect DDT. 

Supplementary video related to this article can be found at htt 
ps://doi.org/10.1016/j.jlp.2019.103963 

4.2. Square obstacle 

Experiments were repeated using a square obstacle. Fig. 6 presents a 
set of frames obtained from an experiment performed at initial pressure 
4.8 kPa, where the incident shock Mach number is 2.24. The configu
ration of shock-reflection on this experiment is similar to the case with 
the cylindrical obstacle at the same initial pressure. At later stages, no 
detonation occurred as shown on the pressure signals, where peaks are 
below the CJ detonation overpressure of 154 kPa, and the incident wave 
measured from time of arrival at sensors P3 and P4 is only 863.3 m/s, 
way below the calculated CJ detonation velocity of 2223 m/s. 

Supplementary video related to this article can be found at htt 
ps://doi.org/10.1016/j.jlp.2019.103963 

As the initial pressure was increased, transition to detonation could 
be observed around the obstacle. Fig. 7 presents an experiment at initial 
pressure 7.6 kPa. The shock Mach number was 2.68. DDT was seen to 
occur at 225.8 μs on the top wall of the obstacle and the detonation is 
transmitted downstream of the obstacle, as shown on the overpressure 
signals that are above the CJ overpressure of 245.7 kPa, and by the 
incident wave velocity of 2170 m/s, that is 3.2% below the calculated CJ 
detonation speed, measured between sensors P3 and P4. At sufficiently 
high initial pressure, transition to detonation can be seen to occur on the 
leading edge of the obstacle. Fig. 8 shows an experiment done at initial 
pressure of 8.3 kPa where the incident shock Mach number is 2.74. Here, 
the interaction of the shock reflected on the obstacle with the flame front 
at 129.8 μs triggers the detonation. It is transmitted downstream of the 
obstacle, as can be seen on overpressure signals where peaks are above 
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the CJ overpressure 268.9 kPa, and by the incident wave velocity of 
2350 m/s, that is 4.6% above the calculated CJ detonation speed, 
measured between sensors P3 and P4. 

Supplementary video related to this article can be found at htt 
ps://doi.org/10.1016/j.jlp.2019.103963 

4.3. Rectangular obstacle 

Experiments using a rectangular obstacle are presented in this sec
tion. Fig. 9 shows one at initial pressure of 8.3 kPa, with an incident 
shock Mach number of 2.73. The detonation was ignited on the leading 
edge of the obstacle at the time the flame interacts with the shock 

Fig. 4. Interaction of a C3H8þ5O2 mixture shock-flame complex with a cylindrical obstacle at 6.9 kPa initial pressure. The set of images was obtained by the splicing 
of 2 different experiments (Rakotoarison et al., 2019). Pressure sensors P1, P2, and P3 are localized on the first frame. Sensor P5 is out of the field of view, located 
101.6 mm before P1. Full video is in supplemental material, file circle_6.9_kPa_77481_fps.mp4. 

Fig. 5. Interaction of a C3H8þ5O2 mixture shock-flame complex with a cylindrical obstacle at 4.8 kPa initial pressure. The set of images was obtained by the splicing 
of 2 different experiments (Rakotoarison et al., 2019). Pressure sensors P1, P2 and P3 are localized on the first frame. Sensor P5 is out of the field of view, located 
101.6 mm before P1. Full video is in supplemental material, file circle_4.8_kPa_77481_fps.mp4. 
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reflected on the obstacle. 
Supplementary video related to this article can be found at htt 

ps://doi.org/10.1016/j.jlp.2019.103963 
At lower initial pressure of 6.2 kPa, transmission of detonation after 

the obstacle was observed for 3 experiments out of 6, showing the 
proximity to the critical regime of transition of a detonation. An 
experiment at this initial pressure is shown in Fig. 10. The incident shock 

Mach number measured here is 2.43. Fig. 10 shows the assembly of 2 
experiments. For one of them, a detonation was transmitted but not for 
the other. However, behavior of the shock-flame complex is similar 
before the transition to detonation, as shown on overpressure signals of 
P1, P2 and P3 for both experiments. Sensor P4 suggests that the deto
nation was ignited for one of them late after the passage of the obstacle, 
as the incident wave has an overpressure peak larger than the CJ 

Fig. 6. Interaction of a C3H8þ5O2 mixture shock-flame complex with a square obstacle at 4.8 kPa initial pressure and overpressure signals associated. Pressure 
sensors P1 and P2 are localized on the first frame. Sensor P5 is out of the field of view, located 101.6 mm before P1. Full video is in supplemental material, file 
square_4.8_kPa_77481_fps.mp4. 

W. Rakotoarison et al.                                                                                                                                                                                                                         

30



Journal of Loss Prevention in the Process Industries 64 (2020) 103963

7

overpressure 200 kPa. The formation of an apparently strongly coupled 
shock-flame complex can be seen at 445.1 μs Later, the shock is suffi
ciently amplified to ignite a detonation on the top and bottom walls of 
the channel, at reflection points of the weakly curve shaped shock. 

Supplementary video related to this article can be found at htt 
ps://doi.org/10.1016/j.jlp.2019.103963 

4.4. C-shaped obstacle 

Experiments involving a 180� rotated C-shaped obstacle were per
formed. Fig. 11 presents an experiment at initial pressure 7.6 kPa with 
an incident shock Mach number of 2.70, in which transmission of a 
detonation downstream of the obstacle was not observed. The incident 
shock was reflected on both branches of the obstacle. A part was 

Fig. 7. Interaction of a C3H8þ5O2 mixture shock-flame complex with a square obstacle at 7.6 kPa initial pressure and overpressure signals associated. Pressure 
sensors P1 and P2 are localized on the first frame. Sensor P5 is out of the field of view, located 101.6 mm before P1. Full video is in supplemental material, file 
square_7.6_kPa_77481_fps.mp4. 
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transmitted in the cavity where an explosion is seen to occur at 245.1 μs 
The shock generated travels backward in the burnt gases and is not 
transmitted downstream of the obstacle. No detonation is ignited later in 
the channel, as shown by the overpressure signals associated to the 
experiment that are below the CJ detonation overpressure, and by the 
incident wave velocity of 813.9 m/s, way below the calculated CJ 
detonation velocity of 2242 m/s, measured between sensors P3 and P4. 

As initial pressure was increased, the ignition and transmission of a 
detonation downstream of the obstacle was observed. Fig. 12 shows an 
experiment performed at initial pressure 9.7 kPa with an incident shock 
Mach number of 3.06. Ignition of a detonation could be observed on the 
leading edge of the lower branch of the obstacle at 96.8 μs, right after the 
shock-flame interaction. A second explosion occurred in the cavity due 
as well to the interaction of the reflected shock with the flame at 148.4 

Fig. 8. Interaction of a C3H8þ5O2 mixture shock-flame complex with a square obstacle at 8.3 kPa initial pressure and overpressure signals associated. Pressure 
sensors P1 and P2 are localized on the first frame. Sensor P5 is out of the field of view, located 101.6 mm before P1. Full video is in supplemental material, file 
square_8.3_kPa_77481_fps.mp4. 
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μs On the other side of the lower branch, the detonation propagated, as 
seen at time 135.4 μs It quenched while it was diffracted in the 
expanding section at 174.2 μs A subsequent re-ignition occurred as it 
met the transmitted shock-flame complex originating from the top side 
of the obstacle. A detonation was thus transmitted to the end of the 
channel, as shown by the overpressure signals associated where pressure 
peaks are above the CJ detonation overpressure, and by the incident 
wave corresponding to an overdriven detonation, propagating at a ve
locity of 2170 m/s that is 23.9% above the CJ detonation speed, 
measured between sensors P3 and P4. Experiments were repeated after 
rotating the C-shaped obstacle by an angle of 180�. Results are expressed 
in terms of transmission or not of a detonation downstream of the 
obstacle with the use of overpressure signals and are summarized in 
Fig. 14. 

Supplementary video related to this article can be found at htt 
ps://doi.org/10.1016/j.jlp.2019.103963 

4.5. H-shaped obstacle 

Experiments using an H-shaped obstacle were performed. At high 
enough initial pressure, the transmission of the detonation downstream 
of the obstacle could be observed, as presented in the experiment on 
Fig. 13. Initial pressure was 7.6 kPa and the incident shock Mach 
number was 2.74. The incident shock was reflected and diffracted twice 
on the branches of the obstacle, that are perpendicular to the direction of 
propagation of the incident shock-flame complex. After the first shock- 

flame interaction, the flame is seen at time 180.6 μs to drive a shock 
ahead of it. Shock-shock and shock-wall interactions in the cavity led to 
a first explosion at time 258 μs Similar shock-flame interaction could be 
observed at later times, leading to the ignition and transmission of a 
detonation downstream of the obstacle, at the intersection of flame- 
driven shocks seen at time 309.6 μs At initial pressures investigated 
below the critical regime of transition and transmission of the detona
tion, explosions could occur in the cavity following the same mechanism 
as previously described, but transmission of the detonation downstream 
of the obstacle could however not be observed. 

Supplementary video related to this article can be found at htt 
ps://doi.org/10.1016/j.jlp.2019.103963 

5. Discussion 

A summary of the occurrences of transition to detonation over the 
obstacles for all six geometries studied is shown in Fig. 14. Obstacles 
with no cavity facing the incident shock-flame complex such as the cy
lindrical, the square, the rectangular, the C-shaped and the H-shaped 
obstacles, show no significant differences regarding the critical regime 
of transition, which is approximately 6–7 kPa. This result is quite 
interesting, as it suggests that the shape of such obstacles does not play a 
sensible role in the detonation formation criterion. 

This critical initial pressure corresponds on Fig. 2 to flames propa
gating with burning velocities of approximately the Chapman-Jouguet 
deflagrations burning velocities, ranging between 54 m/s and 73 m/s 

Fig. 9. Interaction of a C3H8þ5O2 mixture shock-flame complex with a rectangular obstacle at 8.3 kPa initial pressure. Pressure sensors P1 and P2 are localized on 
the first frame. Sensor P5 is out of the field of view, located 101.6 mm before P1. Full video is in supplemental material, file rod_8.3_kPa_77481_fps.mp4. 
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for all experiments, calculated numerically from the post-shock state, 
using methods derived from (Browne et al., 2015). Chapman-Jouguet 
(CJ) deflagrations are flames propagating with a flow in the burnt 
gases at sonic conditions in the frame attached to the flame, and their 
burning velocities are the maximum steady possible values a deflagra
tion could propagate at. 

The coincidence of the transition burning velocity with the CJ value 
can be misleading, in that the burning velocity of the flame increases 
when the reflected shock passes over the flame. It serves nevertheless to 

highlight the magnitude of the burning velocity relevant for transition, 
which is comparable with the speed of sound. Indeed, in our recent study 
analyzing the cylinder experiments (Rakotoarison et al., 2019), we 
estimated that the burning velocity after the interaction increases to 
approximately 400 m/s, which is closer to the sound speed ahead of the 
flame. Nevertheless, the flame burning velocity being comparable with 
the sound speed in either the burned gases (CJ deflagrations) or in the 
unburned gas ahead of the flame signifies that the flame is in phase with 
acoustic waves. This signifies the propensity of the flame to amplify 

Fig. 10. Interaction of a C3H8þ5O2 mixture shock-flame complex with a rectangular obstacle at 6.2 kPa initial pressure and overpressure signals associated. The set 
of images was obtained by the splicing of 2 different experiments. Pressure sensors P1, P2 and P3 are localized on the first frame. Sensor P5 is out of the field of view, 
located 101.6 mm before P1. Full video is in supplemental material, file rod_6.2_kPa_77481_fps.mp4. 
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pressure waves (Travnikov et al., 1999; Saif et al., 2017; Poludnenko 
et al., 2011; Poludnenko, 2015; Rakotoarison et al., 2019) and effect 
transition, as also observed in the current study. 

The mechanism of transition apparent for all geometries is the 
amplification of the burning rate by the reflected shock interaction with 
the flame. Since the strength of the reflected shock is expected to be very 
weakly affected by the shape of the obstacle, this explains the weak 

dependence found on the shape of the obstacle. It is to note that in our 
experiments, the reflected shock resulting from the first interaction of 
the incident shock with the obstacle was too weak to directly affect auto- 
ignition, as discussed by Rakotoarison et al. (2019). 

Slight differences between the geometrical configurations were 
nevertheless observed. The experiments with the square showed that the 
detonation can form while the secondary shock flame complexes have 

Fig. 11. Interaction of a C3H8þ5O2 mixture shock-flame complex with a 180� rotated C-shaped obstacle at 7.6 kPa initial pressure and overpressure signals 
associated. Pressure sensors P1 and P2 are localized on the first frame. Sensor P5 is out of the field of view, located 101.6 mm before P1. Full video is in supplemental 
material, file revC_7.6_kPa_77481_fps.mp4. 
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not yet diffracted behind the back side of the obstacle, while the ex
periments with the rectangle showed that the detonation formation can 
be delayed by the sudden expansion. This observation is consistent with 
the previous work (Rakotoarison et al., 2019), who suggested that the 
occurrence of DDT in the vicinity of the obstacle can be analyzed in 
terms of two competing processes: the amplification of the flame and the 
gas dynamic cooling as the flow expands as it passes over the obstacle. 

The geometrical shape of the object may provide some changes in the 
latter, at the back side of the obstacle, where the secondary shock-flame 
complex suddenly diffracts around the obstacle. While this geometric 
expansion is more intense for a square than for a rounded shape, the 
shock reflections following the diffraction is also more conducive to 
initiation. While these competing effects may change the local details of 
the re-initiation event, as was shown experimentally, the net result is to 

Fig. 12. Interaction of a C3H8þ5O2 mixture shock-flame complex with a 180� rotated C-shaped obstacle at 9.7 kPa initial pressure and lowerpressure signals 
associated. Pressure sensors P1 and P2 are localized on the first frame. Sensor P5 is out of the field of view, located 101.6 mm before P1. Full video is in supplemental 
material, file revC_9.7_kPa_77481_fps.mp4. 
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not control sensitively the global condition for the transmission of a 
detonation downstream of the obstacle. 

On the other hand, Fig. 14 shows that the critical regimes for ob
stacles with a cavity facing the incident shock-flame complex is larger 
than the others. It is in the range 8–10 kPa for the C-shaped obstacle. 
This could be explained in terms of the strength of the shocks reflected 
on the obstacle, that is smaller than for the square obstacle due to the 

reduced surface of reflection. Experiments at 7.6 kPa with the square 
obstacle (Fig. 7) showed that the shock reflected on the obstacle recor
ded by sensor P1 at 153 μshas a peak pressure of 125 kPa. At the same 
initial pressure, the same shock originating from the reflection on the 
top branch of the C-shaped obstacle (Fig. 11) recorded by the sensor P1 
at the slightly later time 181 μs, has a peak pressure of 47 kPa. This 
difference of strength led to a weaker shock-flame interaction. The 

Fig. 13. Interaction of a C3H8þ5O2 mixture shock-flame complex with an H-shaped obstacle at 7.6 kPa initial pressure and overpressure signals associated. Pressure 
sensors P1 and P2 are localized on the first frame. Sensor P5 is out of the field of view, located 101.6 mm before P1. Full video is in supplemental material, file 
H_7.6_kPa_77481_fps.mp4. 
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subsequent flame acceleration around the obstacle is thus expected to be 
weaker and transition to detonation to be delayed, as the CJ- 
deflagration regime is less easy to reach. Although the explosion in 
the cavity of the C-shaped obstacle generated a strong shock propagating 
backward in the burnt gases (recorded by sensor P1 at 321 μs), it never 
reaches the flame front located near the trailing edge of the obstacle, and 
do not provide a supplementary mechanism for flame acceleration. 

To summarize, the general result arising from these experiments is 
that the formation of a detonation downstream of the obstacle depends 
on the ability of the incident flame to reach sonic speeds in the vicinity of 
the obstacle, later leading to the formation of a detonation. All incident 
flames propagating with an initial burning velocity larger than the CJ- 
deflagration velocity transited very rapidly to detonations after their 
burning rate was further increased by the reflected shocks. Future tests 
should focus on establishing the scaling laws that control the amplifi
cation of a turbulent deflagration after the passage of a reflected shock 
wave and its run-away to a detonation wave. 

6. Concluding remarks 

Results of this study showed that the shapes of the obstacles inves
tigated have an influence on the critical initial pressure necessary to 
observe the onset of the detonation, depending on the presence of a 
cavity facing the incident shock-flame complex. For obstacles with no 
cavity facing the incident shock, their shape was only found to play 
subtle effects on the locus of ignition of the detonation, occurring after 
the flame accelerated enough to drive shocks ahead of it. These flame- 
driven shocks could later ignite detonations at locations depending on 
the shape of the obstacle. The primary mechanism for flame acceleration 
was their interaction with shocks reflected on the obstacle, through the 
Richtmyer-Meshkov instability, which increases the burning rate of the 
flame. 

A sufficient condition for DDT was found to be the flame reaching a 
burning velocity close the Chapman-Jouguet (CJ) deflagration burning 
velocity prior to its interaction with the obstacle. After the interaction 
with the reflected shocks, the burning velocity was closer to the sound 
speed ahead in the shocked gas ahead of the flame, resulting in efficient 
pressure wave amplification and rapid transition. 

When comparing with other observations of DDT in channels with 
obstacles (e.g. (Oran and Gamezo, 2007),), it is not clear whether the 
flame reaching the sonic condition is also a necessary condition for all 
mixtures. While the global burning velocity is generally not reported, 
the mechanism of transition was found to be through auto-ignition from 
shock reflections on the obstacles. Care must be exercised when 
extrapolating results obtained for very sensitive mixtures with short 
ignition delays (like hydrogen) to mixtures that are much less sensitive 
to auto-ignition like in the present study. 

In the presence of a cavity facing the incident shock, higher initial 
flame burning velocities were found to be required to allow the trans
mission of a detonation downstream of the obstacle. This is due to 

weaker flame acceleration, as the obstacle provided weaker reflected 
shocks owing to the smaller reflection surface, and also to isolation of 
the explosion in its cavity. This latter fact may be of interest in the design 
of detonation arrestors. 

Declaration of competing interest 

The authors ascertain there is no conflict of interest. 

Acknowledgements 

The authors wish to acknowledge financial support from Shell and 
from the Natural Sciences and Engineering Research Council of Canada 
(NSERC) through a Collaborative Research and Development Grant 
entitled “Quantitative assessment and modeling of the propensity for 
fast flames and transition to detonation in methane (CH4), ethane 
(C2H6), ethylene (C2H4) and propane (C3H8)”. 

References 

Breitung, W., Chan, C., Dorofeev, S., Eder, A., Gelfand, B., Heitsch, M., Klein, R., 
Malliakos, A., Shepherd, E., Studer, E., Thibault, P., 2007. Flame Acceleration and 
Deflagration-To-Detonation Transition in Nuclear Safety - State-Of-The-Art Report 
by a Group of Experts, Tech. Rep. NEA/CSNI/R(2000)7. Organisation for Economic 
Co-operation and Development, Nuclear Energy Agency, Committee on the Safety of 
Nuclear Installations. 

Browne, S., Ziegler, J., Shepherd, J., 2015. Numerical Solution Methods for Shock and 
Detonation Jump Conditions. Mar.  

Chao, J., Otsuka, T., Lee, J., 2005. An experimental investigation of the onset of 
detonation. Proc. Combust. Inst. 30 (2), 1889–1897. https://doi.org/10.1016/j. 
proci.2004.08.193. 

Chue, R.S., Clarke, J.F., Lee, J.H., 1913. Chapman-jouguet deflagrations. Proc. Roy. Soc. 
Lond. Math. Phys. Sci. 441 (1993), 607–623. https://doi.org/10.1098/ 
rspa.1993.0082. 

Ciccarelli, G., Dorofeev, S., 2008. Flame acceleration and transition to detonation in 
ducts. Prog. Energy Combust. Sci. 34 (4), 499–550. https://doi.org/10.1016/j. 
pecs.2007.11.002. 

Eder, A., Brehm, N., 2001. Analytical and experimental insights into fast deflagrations, 
detonations, and the deflagration-to-detonation transition process. Heat Mass Tran. 
37 (6), 543–548. https://doi.org/10.1007/s002310100238. 

Fay, J.A., 1959. Two–dimensional gaseous detonations: velocity deficit. Phys. Fluid. 2 
(3), 283–289. https://doi.org/10.1063/1.1705924. 

Fickett, W., Davis, W.C., 2000. Detonation: Theory and Experiment. Dover Publications. 
Goodwin, D.G., Moffat, H.K., Speth, R.L., 2018. Cantera: an Object-Oriented Software 

Toolkit for Chemical Kinetics, Thermodynamics, and Transport Processes. Aug.  
Grondin, J.S., Lee, J.H.S., 2010. Experimental observation of the onset of detonation 

downstream of a perforated plate. Shock Waves 20 (5), 381–386. https://doi.org/ 
10.1007/s00193-010-0267-x. 

Gubba, S.R., Ibrahim, S.S., Malalasekera, W., Masri, A.R., 2011. Measurements and LES 
calculations of turbulent premixed flame propagation past repeated obstacles. 
Combust. Flame 158 (12), 2465–2481. https://doi.org/10.1016/j. 
combustflame.2011.05.008. 

Hall, R., Masri, A.R., Yaroshchyk, P., Ibrahim, S.S., 2009. Effects of position and 
frequency of obstacles on turbulent premixed propagating flames. Combust. Flame 
156 (2), 439–446. https://doi.org/10.1016/j.combustflame.2008.08.002. 

Lee, J.H.S., 2008. Deflagration-to-detonation Transition. Cambridge University Press, 
pp. 250–296. https://doi.org/10.1017/CBO9780511754708.009. 

Lee, J.H.S., Moen, I.O., 1980. The mechanism of transition from deflagration to 
detonation in vapor cloud explosions. Prog. Energy Combust. Sci. 6 (4), 359–389. 

Fig. 14. Summary of occurrences of transmission of a detonation downstream of the obstacle, as a function of the initial pressure for a given obstacle.  

W. Rakotoarison et al.                                                                                                                                                                                                                         

38



Journal of Loss Prevention in the Process Industries 64 (2020) 103963

15

Mirels, H., 1956. Boundary Layer behind Shock or Thin Expansion Wave Moving into 
Stationary Fluid. NACA Technical Note. 

Oran, E.S., Gamezo, V.N., 2007. Origins of the deflagration-to-detonation transition in 
gas-phase combustion. Combust. Flame 148 (1), 4–47. https://doi.org/10.1016/j. 
combustflame.2006.07.010. 

Park, D.J., Green, A.R., Lee, Y.S., Chen, Y.-C., 2007. Experimental studies on interactions 
between a freely propagating flame and single obstacles in a rectangular 
confinement. Combust. Flame 150 (1), 27–39. https://doi.org/10.1016/j. 
combustflame.2007.04.005. 

Park, D.J., Lee, Y.S., Green, A.R., 2008. Experiments on the effects of multiple obstacles 
in vented explosion chambers. J. Hazard Mater. 153 (1), 340–350. https://doi.org/ 
10.1016/j.jhazmat.2007.08.055. 

Poludnenko, A.Y., 2015. Pulsating instability and self-acceleration of fast turbulent 
flames. Phys. Fluids 27 (1), 014106. https://doi.org/10.1063/1.4905298. 

Poludnenko, A.Y., Gardiner, T.A., Oran, E.S., 2011. Spontaneous transition of turbulent 
flames to detonations in unconfined media. Phys. Rev. Lett. 107 (5), 054501 https:// 
doi.org/10.1103/PhysRevLett.107.054501. 

Rakotoarison, W., Maxwell, B., Pekalski, A., Radulescu, M.I., 2019. Mechanism of flame 
acceleration and detonation transition from the interaction of a supersonic turbulent 
flame with an obstruction: experiments in low pressure propane-oxygen mixtures. 
Proc. Combust. Inst. 37 (3), 3713–3721. https://doi.org/10.1016/j. 
proci.2018.08.050. 

Saif, M., Wang, W., Pekalski, A., Levin, M., Radulescu, M.I., 2017. Chapman-Jouguet 
deflagrations and their transition to detonation. Proc. Combust. Inst. 36 (2), 
2771–2779. https://doi.org/10.1016/j.proci.2016.07.122. 

Travnikov, O.Y., Bychkov, V.V., Liberman, M.A., 1999. Influence of compressibility on 
propagation of curved flames. Phys. Fluids 11 (9), 2657–2666. https://doi.org/ 
10.1063/1.870127. 

Valiev, D.M., Bychkov, V., Akkerman, V., Eriksson, L.-E., 2009. Different stages of flame 
acceleration from slow burning to chapman-jouguet deflagration. Phys. Rev. E 80, 
036317. https://doi.org/10.1103/PhysRevE.80.036317. 

Williams, F.M., 2014. San Diego Mechanism, Tech. Rep. University of California San 
Diego. 

Q. Xiao, M. Radulescu, Dynamics of Hydrogen-Hxygen-Argon Cellular Detonation with a 
Constant Mass Divergence, Submitted to Combustion and Flame. 

W. Rakotoarison et al.                                                                                                                                                                                                                         

39



Chapter 3

Model for Chapman-Jouguet deflagrations
in open ended tubes with varying vent ratios

Deflagration to detonation transition (DDT) of flames propagating in tubes were extensively per-
formed in experiments and numerical simulations. It is commonly admitted that DDT occurs when
the flame reaches the speed of sound in the burned gases, as it is what is observed in most of the
laboratory scale experiments. In these, the burned gases are confined by the walls of the tube, and
are as a consequence at rest. A flame that reaches the speed of sound of the burned gases hence
propagates with a sonic downstream flow, and thus is associated to Chapman-Jouguet (CJ) defla-
grations. We propose in this paper a one-dimensional, quasi-steady model to predict the properties
of CJ deflagrations, propagating in tubes where the burned gases can be vented to the atmosphere,
through some opening with known surface area. This configuration aims to model the ones en-
countered in large scale DDT experiments, in which the burned gases are vented to the atmosphere
through the obstacles used to promote flame acceleration. Results show that the properties of a
CJ deflagration are strong functions of the exit section. Comparison with the terminal velocity of
flames prior transition to detonation observed in large scale experiments suggests that, although
they were smaller than the speed of sound in the burned gases, such flames are still CJ deflagra-
tions.

This study is in preparation for publication in the journal Combustion and Flame. The current
state of the article is attached to this thesis in the following pages. The author conducted the writing
of the model, analysis and wrote the paper. The conceptual planning was performed with the Ph.D.
supervisor Prof. M. I. Radulescu. Y. Vilende contributed to write the model during his stay as an
intern. Dr. A. Pekalski participated in the discussions during the data reduction phase.
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Abstract

Deflagration to detonation transition (DDT) of flames propagating in tubes

were extensively performed in experiments and numerical simulations. It is com-

monly accepted that DDT is possible when flames reach the speed of sound in the

burned gases, as observed in most of the laboratory scale experiments. In these,

the burned gases are confined by the walls of the tube, and are as a consequence

at rest. A flame that reaches the speed of sound of the burned gases hence propa-

gates with a sonic downstream flow, and thus is associated to Chapman-Jouguet

(CJ) deflagrations. We propose in this paper a one-dimensional, quasi-steady

model to predict the properties of CJ deflagrations, propagating in tubes where

the burned gases can be vented to the atmosphere, through some opening which

section area is known. This configuration aims to model the ones encountered

in large scale DDT experiments, in which the burned gases are vented to the

atmosphere through the obstacles used to promote flame acceleration. Results

show that the properties of a CJ deflagration are strong functions of the exit

section. Comparison with the terminal velocity of flames prior transition to det-

onation observed in large scale experiments suggests that, although they were

smaller than the speed of sound in the burned gases, such flames are still CJ

deflagrations.
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1. Introduction

The strongest, steady turbulent deflagrations propagating in closed-ended

tubes filled with obstacles are known to propagate at a speed equal to the

sound speed in the burned products, in the so-called choking regime [1]. This is

the limiting regime before a quasi-detonation can be achieved in more sensitive

mixtures or tubes with a larger characteristic porosity length scale [2].

In experimental and numerical studies of deflagration to detonation tran-

sition (DDT) of non-sensitive mixtures, the critical flame speed prior to rapid

runaway to detonation waves was also found to be close to the speed of sound

in the burned gases. In these experiments, flames were initiated in tubes with a

closed rear end, forcing the burned gases to be at rest. A flame propagating at

the speed of sound in the burned gases in such configuration thus has a down-

stream sonic flow in a frame attached to the flame, and is by definition associated

to Chapman-Jouguet (CJ) deflagrations. Such flames propagate with a burning

velocity, i.e. the flame velocity in a frame attached to the fresh gases just ahead

of it, corresponding to the characteristic CJ deflagration burning velocity. The

latter depends on the fresh gases initial conditions and composition and is the

maximal steady burning velocity permissible for a subsonic flame [3, 4, 5, 6].

This statement made it commonly accepted that DDT is possible once flames

reach the speed of sound in the burned gases. They are therefore CJ deflagra-

tions. It however does not seem to hold anymore in DDT experiments at larger

scales, as shown for example in the experiments reported by Pekalski et al. [7]

and by Davis et al. [8], where the flame undergoes transition to detonation as

it propagated in an array of obstacles, before it reached the speed of sound in

the burned gases, that was approximately 900 to 1000 m/s. It is to note that

in these experiments, the burned gases are not confined by walls but are vented

to the atmosphere through the apertures provided by the obstacles, and thus

have a certain velocity to account for when trying to determine a criteria for

2
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DDT based on the apparent flame speed, i.e. its speed in the laboratory frame

of reference. The question of whether in such configurations the flame could

still be considered as a CJ deflagration prior transition to detonation arises.

As a starting point for the answer, some simple models could be developed

to predict the properties of CJ deflagrations in a given configuration, and the

results be compared to experiments. Such work was done by Chue et al. [9],

for CJ deflagrations propagating in tubes with a closed rear end. Their model

considered a quasi-steady, one-dimensional flow induced by the propagation of

the flame following a precursor shock, that satisfies the zero flow velocity in the

burned gases owing to the rear boundary condition. Hence, the CJ deflagration

propagates with an apparent speed equal to the speed of sound in the combustion

products. Different rear boundary conditions would give different absolute flame

speeds and leading shock strengths. For example in the work of Saif et al., a

similar model [10, 4] was used to characterize the quasi-steady, one-dimensional

flow resulting from the decoupling of a detonation through a perforated plate,

that became a shock followed by a CJ deflagration. The latter was supported

by steady over-expanded jets of burned gases through the holes of the plate,

leading to larger absolute flame speeds and stronger leading shocks than for the

closed ended tube solution.

In the present study, we extend Chue’s model to CJ deflagrations propa-

gating in tubes with varying open area vent ratios. Other than finding direct

application to fast flames propagating in tubes with open ends, the model is

also expected to capture the fate of CJ deflagrations in different vented geome-

tries, such as large scale tests of deflagrations propagating through an array of

obstacles, where the sole confinement is provided by the congestion itself.

The present paper provides a gasdynamic model where the lead shock and

the CJ deflagration are taken as discontinuities, where appropriate jump con-

ditions may be applied, either using the perfect gas relations, or calculated

numerically using equilibrium calculations and the ideal gas, i.e. temperature

dependent, thermochemical properties of the mixture.

We formulate the problem of seeking the flame speed and lead shock strength

3
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Figure 1: Schematic of the double discontinuity problem in a tube with rear venting.

of CJ deflagrations propagating in tubes with ends of varying open areas, rang-

ing from the closed end boundary condition [9] to the fully open area, and

extending it to geometries using diverging nozzles accommodating further ex-

pansion of the product gases behind the CJ deflagration.

2. Model

The model configuration is presented in Fig. 1. It consists in a tube of section

area A0, partially open at its back, providing an aperture with a section area

A4. The tube is filled with a gas at initial state (1). A shock propagating with

a velocity Ds brings the flow to state (2), for which thermodynamic properties

and flow velocity are calculated using the shock-jump equations.

The shock is followed by a CJ deflagration propagating at the velocity SCJ

in the laboratory frame of reference, that brings the flow to state (3), for which

thermodynamic properties and flow velocity are calculated using the CJ defla-

gration jump conditions.

Due to the presence of the aperture downstream of the CJ deflagration,

the flow is expanded isentropically to match the exit conditions at state (4),

depending on the post-aperture state (5) where the pressure is fixed to match

the initial pressure, i.e. P5 = P1.

2.1. Jump conditions in a perfect gas

The jump conditions across the shock and the flame could be derived in the

perfect gas approximation with no changes of composition. The temperature

and the speed of sound are thus related to the pressure p and density ρ by :

T = p/(ρRg) ; c =
√
γ(p/ρ) (1)

4
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where the specific heat capacity ratio γ and perfect gas constant Rg are assumed

constant. Taking an arbitrary initial state (0) that moves at velocity u0 in

an absolute frame of reference, the pressure, density and velocity downstream

of a shock propagating in it with an absolute velocity Ds, are given by the

classical shock jump equations expressed in terms of the shock Mach number

Ms = (Ds − u0)/c0:

ps = p0
2γM2

s − γ + 1

γ + 1
(2)

ρs = ρ0
γ + 1

γ − 1 + 2
M2
s

(3)

us = u0 +
2(M2

s − 1)

(γ + 1)Ms
c0 (4)

Identically, the pressure, density and velocity downstream of a CJ deflagration

propagating with an absolute velocity SCJ are given by the CJ deflagration

jump equations [11]:

pCJ = p0
γM2

CJ + 1

γ + 1
(5)

ρCJ = ρ0
M2

CJ(γ + 1)

γM2
CJ + 1

(6)

uCJ = u0 +MCJ

(
1 − ρ0

ρCJ

)
c0 (7)

where MCJ = (SCJ − u0)/c0 is the CJ deflagration Mach number expressed as

:

M2
CJ = 1 +

γ2 − 1

γ

Q

p0v0
−
√(

γ2 − 1

γ

Q

p0v0
+ 1

)2

− 1 (8)

with Q the given gas specific heat of reaction, assumed constant.

The last useful relations are the ones in an isentropic flow in a channel with

varying section. The flow Mach number at an arbitrary state (0) M0 where the

section area is A0 is related to the section area A∗ at the choked state (*), i.e.

where M∗ = 1 by :

A0

A∗ =
1

M0

(
2

γ + 1
+
γ − 1

γ + 1
M2

0

) γ+1
2(γ−1)

(9)
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and their pressure by :

p0
p∗

=

(
1 +

γ − 1

2

) γ
γ−1

(10)

2.2. Jump conditions in ideal gases

Jump conditions across a shock and a CJ deflagration can also be calculated

numerically, for realistic thermochemical properties of mixtures and allowing for

either frozen or equilibrium compositions. Ideal gas properties, i.e. temperature

dependent only, and equilibrium calculations were handled with the help of the

software CANTERA [12]. Jump conditions accross a shock or a CJ deflagration

were calculated using methods adapted from the Shock and Detonation Toolbox

developed by Shepherd and co-workers [13].

Considering a gas at state (0) moving with an absolute velocity u0, in which

a generic discontinuity propagates with an absolute velocity D. Downstream

of this discontinuity, the gas is brought to an equilibrium state (e). Defining

w0 = D−u0 and we = D−ue, respectively the velocities of the gas at state (0)

and (e) in a frame attached to the discontinuity, the equations of conservation

of mass, momentum and energy across it are :

w0

v0
=
we

ve
(11)

p0 +
w2

0

v0
= pe +

w2
e

ve
(12)

h0 +
1

2
w2

0 = he +
1

2
w2

e (13)

where v = 1/ρ is the gas specific volume. Using Eq. (11) to get an expression

for we, Eq. (12) and (13) can be re-written as :

pe(Te, ve) − p0 +
1

v0

(
ve
v0

− 1

)
w2

0 = 0 (14)

he(Te, ve) − h0 +
1

2

(
v2e
v20

− 1

)
w2

0 = 0 (15)
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that constitute a set of two equations with the three unknowns Te, ve and w0,

used to determine the equilibrium state downstream of a discontinuity.

For an inert shock propagating with a given relative velocity w0, its down-

stream equilibrium state is determined by finding the couple (Te, ve) that sat-

isfies Eq. (14) and (15), assuming frozen chemistry. This was done numerically

using a two-variables Newton-Raphson root finder algorithm applied to Te and

ve [13], taking for initial guesses:

vie =
v0
5

; T i
2 = T0

p0v0
piev

i
e

; pie = p0 +
w2

0

v0

(
1 − vie

v1

)

For a CJ deflagration, its burning velocity w0 = wCJ must be determined

first and should correspond to the maximum burning velocity a deflagration

could propagate at, in the given initial state (0). The method used to find it

was adapted from the minimum wave speed algorithm used in [13] to find the

CJ detonation speed associated to state (0). It consists in finding the couple

(w0, Te) that satisfies Eq. (14) and (15) for different values of ve in a range

that contains vCJ , with equilibrium state at chemical equilibrium. The CJ

deflagration state is then chosen as being the one that maximizes w0.

Solving Eq. (14) and (15) for w0 and Te was done using a two-variables

Newton-Raphson root finder algorithm. Initial guesses were chosen based on

calculations in the perfect gas approximation, such that:

wi
0 = 1.5 × wCJ,perfect ; T i

e = 0.8 × TCJ,perfect

The bounds of the range where to seek vCJ were chosen as the specific volume of

burned gases after a constant pressure combustion for the minimum, and twice

the value of the specific volume of a CJ deflagration, calculated in the perfect

gas approximation for the maximum. Such guesses were found appropriate for

the mixtures and initial conditions presented in this paper.

The properties of a complex formed by a shock followed by a CJ deflagra-

tion as presented in Fig. 1 could then be calculated. Using the same notation,

the CJ deflagration burning velocity wCJ varying with the shock strength ex-

pressed in terms of shock overpressure (p2−p1) is plotted in Fig. 2, for different

7
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Figure 2: CJ deflagration burning velocity as a function of the leading shock overpressure

for common fuel-air mixtures in stoichiometric proportions, using the San Diego chemical

mechanism for the ideal gas properties. Initial pressure and temperature are 1 bar and 300

K.

stoichiometric fuel-air mixtures at initial pressure and temperature 1 bar and

300 K. As expected, the burning velocity of a CJ deflagration increases with

the shock strength, owing to the fact that the temperature downstream of a

shock increases with stronger shocks. This trend is easily shown in the perfect

gas approximation using Eq. (8), that could be used with the relations (1) to

show that the CJ deflagration burning velocity increases monotonously with an

increasing upstream temperature, i.e. with an increasing shock strength.

2.3. General procedure to the solution of the double discontinuity problem

Finding the shock - CJ deflagration properties that satisfy the quasi-steady

solution associated to the double discontinuity problem presented in Fig. 1

is done by finding the shock speed that satisfies the boundary condition at the

aperture, using numerical, iterative methods. Three cases have to be considered.

They are calculated in the following order:

1. From state (3), the flow reaches the choked state at the aperture, i.e.

M4 = 1 and is adapted to the atmosphere, i.e. P4 = P5 = P1. In this

8
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case, the gas exits the tube through the aperture as a perfectly expanded

sonic jet (PEJ). This case is solved, first by iterating on the shock speed

to satisfy the condition P4 = P5. It is done by calculating the state (3)

for a given shock speed, then using the relation that links P3 and P4 in an

isentropic flow where M4 = 1 (Eq. (10) for a perfect gas). One could then

deduce the associated aperture area section denoted A∗
4 from the area -

flow Mach number relation (Eq. (9) for a perfect gas), as A0, M3 and

M4 = 1 are known. A detailed algorithm for the perfectly expanded sonic

jet solution using ideal gases properties is given in Appendix A, Fig. A.6.

2. Decreasing the area section of the aperture such that A4 < A∗
4 keeps

the flow choked at state (4), i.e., M4 = 1, but increases the pressure P4

such that P4 > P5. The gas is exiting the tube through the aperture

as a choked, underexpanded jet. The entire flow is thus determined by

iterating on the shock speed, to satisfy the sole condition M4 = 1. It

is done by calculating the state (3) for a given shock speed, then using

the area - flow Mach number relation between state (3) and state (4) to

calculate M4, as A4/A0 and M3 are known. A detailed algorithm for the

choked, underexpanded sonic jet solution using ideal gases properties is

given in Appendix A, Fig. A.7.

3. Increasing the section of the aperture such that A4 > A∗
4 keeps the pres-

sure at state (4) being P4 = P5, but the flow is now subsonic, i.e., M4 < 1.

The gas is exiting the tube through the aperture as a subsonic jet. The

entire flow is thus determined by iterating on the shock speed, to satisfy

the sole condition P4 = P5. It is done by calculating the state (3) for a

given shock speed, then using the area - flow Mach number relation and

the isentropic relations between state (3) and state (4) to calculate M4

and P4, as A4/A0, M3 and P3 are known. A detailed algorithm for the

perfectly expanded subsonic jet solution using ideal gases properties is

given in Appendix A, Fig. A.8.
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3. Results

Results for the shock speed, shock overpressure and flame speed for a stoi-

chiometric ethane - air mixture initially at 1 bar and 300 K are presented in Fig.

3, for both the perfect gas approximation (dashed lines) and using ideal gases

thermochemical properties (solid lines). The various quantities are plotted in

terms of the ratio of open area to tube area A4/A0 denoted as the venting ratio.

From a small to large venting ratio, the trends are as follow. The results for

A4/A0 = 0 correspond to a tube with a closed rear end, and recover those of

Chue et al. [9] for a closed end tube. The deflagration apparent speed, i.e. its

speed in the laboratory frame of reference, is approximately 1000 m/s and drives

the strongest shock with an overpressure of appoximately 9.2 bar calculated in

the perfect gas approximation and 11.9 bar using ideal gases thermochemical

properties.

As the venting ratio is increased, the shock strength decreases monotonously,

as can be seen on the shock speed and overpressure plots. This is due to the fact

that as the burned gases expand, they either drive a flow ahead of the flame, or

in the presence of a rear venting, through the vented section to the atmosphere.

A consequence is that the flow velocity of fresh gases just ahead of the flame

decreases when the venting ratio increases. The shock is thus weaker for large

venting ratios. This statement contributes to the fact that the apparent speed

of the CJ deflagration decreases monotonously when the venting ratio increases,

first because its advected component due to the flow of fresh gases ahead of it

decreases, secondly because its burning velocity decreases as the shock strength

decreases, as shown earlier using Eq. (8).

The particular venting ratio of approximately 0.785 corresponds, for this

mixture at these initial conditions, to the perfectly expanded sonic jet solution.

Below this value, the solution corresponds to the choked, underexpanded jet.

Above, the solution corresponds to the perfectly expanded subsonic jet. In this

latter range of venting ratio, the value A4/A0 = 1 corresponds to a tube open
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Figure 3: Shock speed, shock overpressure and CJ deflagration speed in a fixed frame of

reference as a function of the venting ratio A4/A0, for stoichiometric ethane - air mixture at

initial pressure and temperature 1 bar, 300 K. Dashed lines are results for the perfect gas

approximation, solid lines are results for the ideal gas.
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to the atmosphere with no changes of tube section. For venting ratios larger

than 1, i.e. for tubes with exit sections larger than the tube section, the efficient

venting of the products to the rear leads to CJ deflagrations propagating with

an apparent speed ranging between approximately 200 and 300 m/s, and driving

weak shocks with negligible overpressures.

Results for the shock speed and flame speed for methane - air mixtures

initially at 1 bar and 300 K with equivalence ratio φ ranging between 0.2 and 10

are presented in Fig. 4, calculated using ideal gases thermochemical properties.

The various quantities are plotted in terms of the venting ratio, and show the

same trends as in Fig. 3.

An implication of the present results pertains to the speed of turbulent de-

flagrations that can be attained in vented large scale experiments, such as those

compiled in references [14, 15, 16, 7, 8]. In such tests, deflagrations cannot be

supported by a closed confinement, and their final apparent speed prior to tran-

sition to detonation was found to be lower than the speed of sound in the burned

gases, the cause being that the burned gases are vented to the atmosphere and

their motion is solely impeded by the congestion itself. As a reference, the

apparent speed of CJ deflagrations as well as the shock overpressure predicted

by the current model are plotted on Fig. 5, for a couple of mixtures found in

the aforementioned references. A comparison can be made between these re-

sults and the velocity reached by the flame just prior transition to detonation,

measured in the associated large scale experiments. Those are listed in Table 1.

These results are interesting in that, according to our model, the CJ defla-

gration apparent speeds one would observe in such configuration are comparable

to the experimental speed of the flame observed prior transition to detonation.

This is especially true for experiments involving hydrocarbon mixtures as those

of Pekalski, Davis and Harris, suggesting that they could still be considered as

CJ deflagrations. Other mixtures however, like the hydrogen ones from Sher-

man, and the acetylene ones from Moen show that transition to detonation

occurs when the flame reaches a speed significantly smaller than the calculated

CJ deflagration one. This difference may be anticipated by the high sensitivity
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Perfectly expanded
sonic jet solutions

Perfectly expanded
sonic jet solutions

Figure 4: Shock-Mach number and CJ deflagration speed in a fixed frame of reference as

a function of the venting ratio A4/A0 for methane - air mixtures with equivalence ratio φ

ranging between 0.2 and 10, at initial pressure and temperature 1 bar, 300 K.
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Figure 5: Apparent CJ deflagration speeds (measured in a fixed frame of reference) and shock

overpressures, as a function of the venting ratio A4/A0, for common fuel-air mixtures found

in the literature. Initial pressure and temperature are 1 bar, 300 K.
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Table 1: Comparison of deflagration velocities just prior transition to detonation, with the

CJ deflagration speeds obtained by the present model. Speeds referred here are the ones

measured in the fixed frame of reference (apparent speeds).

Reference Mixture A4/A0

DDT
speed (m/s)

CJ deflag.

speed (m/s)

Moen, 1986 [15]

Exp. 13 2 C2H2 + 5 Air 0.583 435 573

Moen, 1986 [15]

Exp. 19 2 C2H2 + 5 Air 0.633 375 536

Harris, 1989 [16] 2 C6H12 + 9 Air 0.6 500 - 700 567

Harris, 1989 [16] C3H8 + 5 Air 0.6 600 543

Harris, 1989 [16] CH4 + 2 Air 0.6 - 544

Sherman, 1986 [14]

Exp. F-12 0.78 H2 + 0.5 Air 0 374 945

Sherman, 1986 [14]

Exp. F-14 1.02 H2 + 0.5 Air 0 932 1007

Sherman, 1986 [14]

Exp. F-19 0.78 H2 + 0.5 Air 0.13 230 865

Pekalski, 2015 [7] C2H6 + 3.5 Air 0.6 500 543

Davis, 2019 [8] C3H8 + 5 Air 0.95 300 284

of these mixtures to auto-ignition. In such cases, transition to detonation may

be facilitated by the formation of hot spots where shocks reflect and interact,

to cause self ignition of the gases, especially in the presence of obstructions.

For less sensitive mixtures however, further flame acceleration is required to

generate shocks strong enough to bring the gases to the conditions of ignition.

Such conditions are expected to form rapidly when deflagrations reach condi-

tions close to the CJ ones, as the release of chemical energy occurs in phase

with the flow acoustics [17, 18].

A measure of this sensitivity can be inferred by a comparison of the charac-

teristic time scales associated to the flame acceleration, with the one associated

to the relevant conditions of auto-ignition. The latter is taken as the ignition

time τi in the hot, unburned gases behind shock waves reflected over the obsta-

cles. Using the proposed model, their state is calculated from constant volume

ignition calculations behind a reflected shock, taking for incident shock the one
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involved in the shock - CJ deflagration complex (see Fig. 1), which strength de-

pends directly on the propagation medium geometry. On the other hand, a time

scale characterizing the accelerating flame can be given by the rate of change

of its burning velocity, assumed to be proportional to the rate of change of its

front surface area. The latter is indeed expected to change as the flame deforms,

while it propagates in the congested medium of known geometry. Hence, using

the conservation of mass expressed as the production rate of burned gases:

d

dt
(mb) =

d

dt
(ρbAfLf ) = ρuAfSf (16)

where mb is the mass of burned gases, ρb and ρu are respectively the burned

and unburned gases densities, Af the flame surface, Sf a relevant flame burning

velocity and Lf a characteristic length scale of the propagation medium, typi-

cally its height, the growth rate of the flame burning velocity τf is given by the

relation:

τ−1
f =

1

Af

dAf

dt
=
ρu
ρb

Sf

Lf
(17)

Hence, for small values of the ratio τi/τf , ignition times are very short com-

pared to the characteristic time of flame acceleration, such that the gases can

easily ignite without requiring high flame acceleration, thus permitting transi-

tion to detonation at flame speeds below the CJ values. This is typically the

case for hydrogen mixtures. For large values of the ratio τi/τf , ignition times

are long compared to the increase rate of the flame speed, such that transition

to detonation mostly relies on the formation of CJ deflagrations, conditions of

propagation at which rapid flame acceleration and shocks formation occur, as

commonly seen in hydrocarbon mixtures [4, 5]. Values of the ratio τi/τf are

listed in Table 2, in which Lf was taken as the height of the propagation medium

specific to each experiment, and Sf as either the laminar burning velocity, or

the CJ deflagration burning velocity, both calculated in the state downstream

of the shock of strength predicted by the proposed model.

High values of the ratio τi/τf correlate well with most experiments of Table

1, in which transition to detonation occurs when the flame reaches the apparent

speed of CJ deflagrations predicted by our model. Exception is made on the
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Table 2: Values of the ratio τi/τf for the selected set of experiments in Table 1. Burning

velocities Sf were taken as the laminar or CJ ones, both taken in the shocked state predicted

by the proposed model.

Reference Mixture A4/A0

τi/τf
(Sf : laminar)

τi/τf
(Sf : CJ)

Moen, 1986 [15]

Exp. 13 2 C2H2 + 5 Air 0.583 250 2.0 × 104

Moen, 1986 [15]

Exp. 19 2 C2H2 + 5 Air 0.633 1220 9.9 × 104

Harris, 1989 [16] 2 C6H12 + 9 Air 0.6 229 27933

Harris, 1989 [16] C3H8 + 5 Air 0.6 25 6702

Harris, 1989 [16] CH4 + 2 Air 0.6
� 10

(τi � 10 s)
� 104

(τi � 10 s)

Sherman, 1986 [14]

Exp. F-12 0.78 H2 + 0.5 Air 0 5.1 × 10−2 4.6

Sherman, 1986 [14]

Exp. F-14 1.02 H2 + 0.5 Air 0 2.8 × 10−2 1.7

Sherman, 1986 [14]

Exp. F-19 0.78 H2 + 0.5 Air 0.13 4.1 × 10−1 36

Pekalski, 2015 [7] C2H6 + 3.5 Air 0.6 25 6702

Davis, 2019 [8] C3H8 + 5 Air 0.95
� 102

(τi � 10 s)
� 105

(τi � 10 s)
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acetylene experiments of Moen, in which DDT occurs at speeds smaller than

the CJ ones. This inconsistency is yet to be resolved, and may be due to the

intrinsic nature of the fuel. Another cause may be the relative difficulty to set

up the initial conditions in these large scale experiments, as well as collecting

accurate and time resolved data. Hence, future work should be devoted to

testing the predictions of the present model to turbulent flames propagating in

vented mediums, with rear and side relief at the laboratory scale.

Finally, some limitations expected from this model can be commented. They

are related to the assumptions done on the uniformity of state (2), the isentropic

flow occurring between states (3) and (4), and the fact that the jump condi-

tions across the flame is directly determined by the thermodynamics of flames

propagating with burning velocities equal to the CJ deflagration ones, with no

mention on how such velocities are reached. In practice, flames that reach the

CJ deflagration regime are turbulent, and propagate in tubes with series of ob-

structions or rough walls. This would imply supplementary considerations on

the shock propagation, that would be different than in the case of propagation in

unobstructed channels with smooth walls, as well as including non-uniformities

in state (2) and non-isentropic flow between states (3) and (4).

4. Conclusion

The present paper generalized the analysis of Chue et al. [9] for CJ de-

flagrations propagating in tubes, by allowing the tube end to assume different

venting ratios. It was found that while the flame speed was given by the sound

speed in the burned products for a closed end tube (∼ 1000 m/s), this speed

is a strong function of the venting ratio. For an open ended tube, the absolute

flame speed drops to approximately 300 m/s and generates negligible overpres-

sures. At intermediate venting ratios, a continuous range of flame speeds can be

expected. The results obtained indicate that DDT criteria formulated in terms

of a critical flame speed in vented explosions [7] are likely a very strong function

of the amount of venting allowed by the congested geometry or other pressure
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relief devices.

This model was applied to a selected set of large scale explosions experiments.

The CJ deflagration apparent speed calculated was close to the terminal flame

speeds prior DDT observed experimentally, suggesting that these flames could

be associated to CJ deflagrations, especially for hydrocarbon - air mixtures.

Other, more sensitive mixtures like the hydrogen - air ones, were found to allow

transition to detonation at even smaller apparent flame speeds. This statement

was justified by the fact that such mixtures have short ignition times when

compared to the near CJ deflagration characteristic time for flame acceleration,

hence permitting hot spots to rapidly explode and form detonations. Otherwise,

in the case of less sensitive mixtures, rapid flame acceleration occurs when it

reaches the CJ deflagration conditions, a propagation regime prone to the rapid

formation and strengthening of shocks, thus playing in favor of the initiation of

detonations.

Further experimental work shall however be performed to overcome the dif-

ficult comparisons with the model predictions, as seen with the acetylene - air

experiments. Indeed, measurements on this kind of large scale set-up is difficult,

as well as the control of the initial conditions, in a way that further understand-

ing can be gained by performing experiments on turbulent flame propagating in

vented mediums with rear and side relief, at the laboratory scale.
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Appendix A. Detailed algorithms

This section compiles detailed algorithms used for the calculations the per-

fectly expanded jet solution denoted PEJ (Fig. A.6), the choked, underex-

panded jet solution (Fig. A.7) and the subsonic jet solution (Fig. A.8), using

realistic thermochemical properties of mixtures (ideal gases).
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Set initial
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Calculate state (3)
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guess for P4

Set state (4) using
guessed P4 and s4 = s3

Calculate U4 using the
conservation of total enthalpy:

Calculate M4:

;       

Check if M4 = 1

Check if P4 = P1

Calculate using
the conservation of mass: 

Output MS and (A4/A0)PEJ

YES

NO

NO

YES

Adjust P4 Adjust MS

Figure A.6: Algorithm for the calculation of the perfectly expanded jet solution, using ideal

gases properties.
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Set initial
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Calculate state (3)

Set initial
guess for P4

Set state (4) using
guessed P4 and s4 = s3

Calculate U4 using the
conservation of total enthalpy:

Calculate M4:

;       

Check if M4 = 1

Check if A4/A0 = (A4/A0)target

Calculate A4/A0 using
the conservation of mass: 

Output MS

YES

NO

NO

YES

Adjust P4 Adjust MS

Set (A4/A0)target < (A4/A0) PEJ

Figure A.7: Algorithm for the calculation of the choked, underexpanded sonic jet solution,

using ideal gases properties.
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Set initial
guess for MS

Calculate state (3)

Set state (4) using
P4 = P1 and s4 = s3

Calculate U4 using the
conservation of total enthalpy:

Check if A4/A0 = (A4/A0)target

Calculate A4/A0 using
the conservation of mass: 

Output MS
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NO

Adjust MS

Set (A4/A0)target > (A4/A0) PEJ

Figure A.8: Algorithm for the calculation of the subsonic jet solution, using ideal gases prop-

erties.
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Chapter 4

A dynamical system approach for solving
the steady structure of high speed
deflagrations

High-speed deflagrations have burning velocities much higher than laminar ones, and are subject
to significant compressible effects. In the present study, we investigate the structure of such high
speed deflagrations in the thickened flame limit for a one-step Arrhenius rate law, whereby the
transport coefficients are increased to give rise to buring velocities of finite Mach number. We
study their steady structure and compare with the laminar low-Mach classical structure. The sin-
gular nature of both the fresh and burned gases conditions in the compressible regime, i.e. for large
values of the flame propagation Mach number, which are both saddle points, precludes the applica-
tion of simple shooting methods to obtain their structure. The steps leading to the flame structure
borrow techniques used to treat mathematical features commonly found in the study of dynamical
systems (phase portrait of the flame structure equations system, eigenvalue decomposition of its
linearized version), that can also be used to further comment on the nature of high-speed flames.
The method proposed permits to determine the structure of deflagrations propagating up to speeds
of aproximately 0.95 of the CJ-deflagration burning velocity, for a wide range of gas parameters
commonly found in the field of numerical simulation of accelerating flames and their transitions to
detonations. We comment on how the increasing role of compressibility modifies the structure of
the laminar flame.

This study was published in 2022 in the Proceedings of the Combustion Institute [46].The au-
thor conducted the writing of the method described, analysis and wrote the paper. The conceptual
planning was performed with the Ph.D. supervisor Prof. M. I. Radulescu.
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Abstract 

High-speed deflagrations have burning velocities much higher than laminar ones, and compressible effects 
become important. In the present paper, we study the structure of such high speed deflagrations in the thick- 
ened flame limit for a one-step Arrhenius rate law, whereby the transport coefficients are increased to give 
rise to buring velocities of finite Mach number. We study their steady structure and compare with the lam- 
inar low-Mach classical structure. The singular nature of both the fresh and burned gases conditions in the 
compressible regime, i.e., for large values of flame propagation Mach number, which are both saddle points, 
precludes the application of simple shooting methods to obtain their structure. The steps leading to the flame 
structure borrow techniques used to treat mathematical features commonly found in the study of dynamical 
systems (phase portrait of the flame structure equations system, eigenvalue decomposition of its linearized 

version), that can also be used to further comment on the nature of high-speed flames. The method proposed 

per mits to deter mine the structure of deflagrations propagating up to speeds of aproximately 0.95 of the CJ- 
deflagration burning velocity, for a wide range of gas parameters commonly found in the field of numerical 
simulation of accelerating flames and their transitions to detonations. We comment on how the increasing 
role of compressibility modifies the structure of the laminar flame. 
© 2022 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 

Keywords: Flame structure; High-speed flames; Chapman–Jouguet deflagrations; Deflagration to detonation transition 

1. Introduction 

The properties of high speed deflagrations and 

their eventual transition to detonations are of rele- 
vance in the study of events like large scale explo- 
sions, and ignition in detonation based propulsion 

and power generation devices. Such high speed de- 
flagrations appear at the late stages of flame ac- 
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toarison). 

celeration and prior to the onset of detonations. 
They are in most cases turbulent and coupled with 

the gasdynamics of the flow. This makes them dif- 
ficult to describe from experimental and numer- 
ical data. Typically, such turbulent deflagrations 
have turbulent burning velocities much larger than 

the laminar values, approaching the Chapman–
Jouguet deflagration speed. Indeed, the Chapman–
Jouguet burning velocity, associated with the so- 
called “choking regime” of propagation [1] , has 
been used succesfully as a criterion for transition 

to detonation [2–4] . 
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At these high burning velocities, compressible 
effects become important. While the dynamics of 
such high speed flames require detailed compress- 
ible simulations with accurate representation of 
the fluid-chemistry interactions [3] , useful insights 
can be obtained from thickened flame models, 
where the burning velocity can be artificially aug- 
mented through modeling of the transport coeffi- 
cients based on the turbulent intensity and adjuste- 
ment of the reaction rate parameters. 

In the present study, we adopt such a thickened- 
flame approach to study the structure of high- 
speed deflagrations, and how the compressible ef- 
fects modify the classical one-dimensional struc- 
ture of laminar flames. This is to serve as a first step 

for stability studies, both linear [5,6] and non-linear 
[7] , which are currently under study in our labora- 
tory [8] . To do so, we developped a simple numeri- 
cal shooting method to determine the structure of 
high speed deflagrations. It is in that sense a strategy 
different from the commonly adopted finite differ- 
ences or collocation methods used to determine the 
structure of low-speed deflagration [9] and viscous 
detonations [10] , or those relying on non-steady nu- 
merical calculations, introducing start-up acoustic 
disturbances [8] . 

While for low-Mach flames, a shooting proce- 
dure is straightforward [11] and consists in integrat- 
ing numerically the steady flame equations, start- 
ing from the burned gases for different values of 
the burning rate until the cold gas ignition condi- 
tions are met, the situation proved to be much more 
difficult for flames with finite Mach numbers. This 
can be anticipated by the nature of the fresh and 

burned gas points in phase space, which are known 

to both be saddle points [12] . This difficulty pre- 
cludes shooting methods to be easily implemented 

unless special care is taken at the boundaries. 
In the present work, we address the structure 

of compressible deflagrations by exploiting the sin- 
gular structure of both so-called fixed points in 

the fresh and burned gases and investigating their 
eigenvalues and eigenvectors structure. We focus on 

the single step Arrhenius model flame. The method 

detailed in the present paper applies techniques 
commonly used to process singular points in dy- 
namical systems, in order to construct steady flame 
profiles that are continuous from far in the fresh 

gases up to far in the burned gases. For clarity, 
the structure of the singular points under the low- 
Mach approximation will be treated first in a man- 
ner similar to the work of Clavin, Searby and Pow- 
ers [13,14] , from which extension to the case of 
arbitrary-Mach deflagrations will be done. 

2. The flame steady state equations 

One-dimensional deflagrations will be modeled 

using the reactive Navier–Stokes equations, with 

single-step, irreversible, first-order chemical reac- 

tion rate, expressed in the frame attached to the 
traveling wave: 

∂ρ

∂t 
+ 

∂ 

∂x 

(ρu ) = 0 

∂ 

∂t 
(ρu ) + 

∂ 

∂x 

(ρu 2 + p) = Pr 
4 
3 

∂ 2 u 
∂x 

2 

∂E 

∂t 
+ 

∂ 

∂x 

(Eu + pu ) = 

γ

γ − 1 
∂ 2 T 

∂x 

2 

+ Pr 
4 
3 

∂ 

∂x 

(
u 
∂u 
∂x 

)
+ Qω 

∂ 

∂t 
(ρY ) + 

∂ 

∂x 

(ρuY ) = 

1 
Le 

∂ 2 Y 

∂x 

2 

−�ρY exp 

(−θ

T 

)
× H (T − T i ) (1) 

where p = ρT , E = ρT / (γ − 1) + ρu 2 / 2 , H is the 
Heaviside function, and T i an ignition temperature 
below which no chemical reactions occur. System 

(1) was non-dimensionalized using a scaling identi- 
cal to Sharpe [11] , so that: 

ρ = 

ρ

ρ−
u = 

u 
u −

x = 

u −
α−

x 

T = 

R g 

u 2 −
T θ = 

Ea 
u 2 −

Q = 

Q 

u 2 −

Variables ρ, u , T , Y , p, M f = u −/c − and c = √ 

γ p/ρ are respectively the gas density, flow ve- 
locity, temperature, mass fraction of fresh gases, 
pressure, flame burning Mach number and speed 

of sound. Variables denoted with an over bar re- 
late to dimensional quantities, those with index (−) 
to their value taken in the fresh gases located at 
x → −∞ , and later introduced with index (+) to 

their value in the burned state located at x → + ∞ . 
The relevant dimensional gas properties are ν−, 

α−, D −, R g , Q , Ea and k , respectively the gas 
kinematic viscosity, thermal and molecular diffu- 
sivity coefficients, the specific perfect gas constant, 
heat of reaction, activation energy and reaction 

rate pre-exponential factor. They are used to de- 
fine the non-dimensional gas parameters that are 
the Prandtl number Pr = ν−/ α−, the Lewis num- 
ber Le = α−/ D −, the dimensionless heat of reac- 
tion Q , activation temperature θ and reaction rate 
pre-exponential factor �, as well as the other com- 
monly used and later useful non-dimensional ener- 
gies: 

˜ Q = Q / 
(
R g T −

)
and 

˜ Ea = Ea / 
(
R g T −

)

The steady deflagration equations can be ob- 
tained from (1) in a manner identical to the work of 
Gasser [15] , after dropping the unsteady terms and 

integrating once along the space coordinate x : 
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du 
dx 

= 

3 u −
4 Pr 

[
(u − u 0 ) + 

(
T 

u 
− T 0 

u 0 

)]

dT 

dx 

= 

γ − 1 
γ

u − ×
[ 

γ

γ − 1 
(T − T 0 ) 

−u 
(

T 

u 
− T 0 

u 0 

)
+ Q (Z − Z 0 ) 

−1 
2 

(u − u 0 ) 2 
] 

d Y 

dx 

= Le u −(Y − Z) 

dZ 

dx 

= −�
Y 

u 
exp 

(
− θ

T 

)
× H (T − T i ) 

with Z = Y − D −
u −

d Y 

d ̄x 

(2) 

where quantities with index (0) are to be evaluated 

at a known state of the flow. The set of Eq. (5) is 
completed with the boundary conditions at the 
fresh and burned states: 

x → −∞ : (u, T, Y , Z) = ( u −, T −, Y −, Z −) 
x → + ∞ : (u, T, Y , Z) = ( u + , T + , Y + , Z + ) (3) 

Both fresh and burned states are related by the 
Rankine–Hugoniot jump relations for a deflagra- 
tion propagating at a known burning Mach num- 
ber M f [16] . Hence, the complete knowledge of one 
entirely defines the other. Finally, the extra condi- 
tion T − < T i is applied here, to ensure chemical re- 
actions are not taking place far in the fresh gases, 
thus avoiding the cold boundary difficulty [12] . 

Getting the structure of deflagrations propagat- 
ing at arbitrary speeds is thus done by solving the 
boundary value problem, defined by the relations 
(5) and boundary conditions (3) . In this study, the 
state in the fresh gases, the flame parameters γ , Le, 
Pr, Q , θ , and the deflagration burning Mach num- 
ber M f are prescribed. In that respect, its structure 
is entirely determined once the remaining param- 
eter �, also referred as the burning rate eigenvalue 
[12] , is found. The following sections are meant to 

develop an original shooting method to determine 
the value of �, singular for a given, arbitrary value 
of M f , as well as the associated flame profiles. 

3. The flame structure 

3.1. Low-Mach case with Le = 1 and Pr = 3 / 4 

The simpler set of equations derived in this 
section for the low-Mach flame case, with Le = 

1 and Pr = 3 / 4 , permits to illustrate with conve- 
nience the mathematical features relevant for the 
later treatment of deflagrations propagating at ar- 
bitrary burning velocities. 

In the case Le = 1 and Pr = 3 / 4 , the progress 
variable is linearly related to the scaled gas stagna- 
tion enthalpy τ by Williams [12] : 

τ = 

γ

γ − 1 
T − T −

Q 

+ 

u 2 − u 2 −
2 Q 

= 

Y − Y −
Y + − Y −

(4) 

Moreover under the low-Mach flame approxima- 
tion, variations of pressure across the flame, repre- 
sented by the term ( T /u − T 0 /u 0 ) in system (2) can 

be neglected. The same applies to the gas ki- 
netic energy, represented by the terms in (u 2 / 2) in 

Eqs. (2) and (4) , when compared to its enthalpy 
γ T / (γ − 1) . These statements permit to re-write 
the system of Eq. (2) where integration constants 
were taken at x → −∞ , as a single, second order 
ODE solving for T , that can be split to form a 
system of two first order ODEs solving for T and 

w = d T /d x : 

dT 

dx 

= w 

dw 

dx 

= w − �Q 

γ − 1 
γ

×
[

1 − γ

Q (γ − 1) 
(T − T −) 

]

× T −
T 

exp 

(
− θ

T 

)
× H (T − T i ) (5) 

with boundary conditions taken in the fresh state 
at x → −∞ : (T, w ) → (T −, 0) , and in the burned 

state at x → + ∞ : (T, w ) → (T + , 0) , both related 

by the deflagration jump relations [16] . 
Handling the calculations and results was found 

to be easier using the set of variables τ and η = 

d τ/d x in place of T and w , for which two ODEs 
can easily be derived from Eqs. (4) and (5) , with 

boundary conditions at x → −∞ : (τ, η) → (0 , 0) 
and x → + ∞ : (τ, η) → (1 , 0) . The solutions of 
the resulting system can be plotted as orbits, in the 
two dimensional phase space (T − w ) or (τ − η) , as 
represented in Fig. 1 as arrowed lines, plotted for γ , 
˜ Q and 

˜ Ea arbitrarily chosen to provide a typical, 
qualitative representation of the solutions behav- 
ior, and different values of � ( Fig. 1 (a)–(c)), which 

determination method is discussed later. This rep- 
resentation highlights the singular nature of the 
two fresh and burned states, at coordinates (T −, 0) 
and (T + , 0) in the (T − w ) space respectively, where 
derivatives are 0. More specifically, the fresh state is 
an unstable node around which the region of posi- 
tive τ and η leads towards the region of the burned 

state, whereas the region of negative η rapidly leads 
to states where the temperature is below the fresh 

gases temperature, that is not a physical solution 

for a flame. On the other hand, the burned state is 
at a saddle , around which the solution is expected 

to diverge when approaching it from the fresh gases, 
unless it is approached following the singular inte- 
gral curve providing a finite slope when x → + ∞ . 
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Fig. 1. Typical phase diagrams of equations system 

(5) given the parameters γ , ˜ Q and ̃  Ea . The solid lines are 
the solutions integrated from the burned gases, for differ- 
ent values of �: (a) corresponds to the correct burning 
rate eigenvalue � that connects the fresh and burned state, 
and (b) and (c) underestimated and overestimated values 
of �, respectively. 

The nature of the two equilibrium points is 
well documented in reference textbooks [12,17] , in 

which the construction of approximate solutions 
near these singularities is described, generally inte- 
grated from the linearized version of Eq. (5) , de- 
rived using first order Taylor series. The resulting 
system of N = 2 linear ODEs can be expressed in 

matrix form: 

d 
dx 

′ 
[
S 

′ (x 

′ ) 
] = [ A ] 

[
S 

′ (x 

′ ) 
] + [ B] (6) 

in which x 

′ = x − x 0 is the deviation from the lo- 
cation x 0 where Taylor expansions are applied, 
[ S 

′ (x 

′ )] = [ T 

′ (x 

′ ) , w 

′ (x 

′ ) ] t the solution vector of the 
perturbed state near x 0 , and for an arbitrary vari- 
able φ(x ) , one has φ′ (x ) = φ(x ) − φ(x 0 ) . The linear 
Eq. (6) are expressed around the fresh and burned 

state, where the N-components vector [ B] is natu- 
rally null in both cases owing to the zero gradient 
condition. 

After elimination of high order terms, the N ×
N matrix [ A ] is expressed near the fresh and burned 

states as: 

[ A ] − = 

[
0 1 
0 1 

]

and [ A ] + = 

[
0 1 

�
T −
T + exp ( −θ/T + ) 1 

]
(7) 

Note that to write [ A ] −, the condition T − < T i was 
applied to ensure the reaction rate is equal to zero 

at the fresh state, a statement equivalent to having 
it to tend to zero when the temperature tends to T −
when x tends to −∞ [12,18] . The solution [ S 

′ (x 

′ ) ] = 

[ T 

′ , w 

′ ] t to the system (6) thus takes the form of a 
series of N exponential functions: 

[
S 

′ (x 

′ ) 
] = 

N ∑ 

i=1 

C i [ v i ] e λi x ′ (8) 

where λi is the i th eigenvalue of [ A ] , [ v i ] is the N- 
components eigenvector of [ A ] associated to the 
eigenvalues λi (directions are plotted at the fresh 

and burned states in Fig. 1 ), and C i is the integra- 
tion constant associated to the i th exponential term, 
to be determined at a known point in the physical 
domain x . 

A few remarks can be drawn from the set of 
Eqs. (7) and (8) . First, the exponential form of 
Eq. (8) can be used to determine, in the phase space 
(τ − η) , the directions along which the solution is 
expected to converge or diverge near the singular- 
ities, based on the directions of [ v i ] and the sign 

of λi . The fact that the flame profiles converge to- 
wards the fresh state at x → −∞ and towards the 
burned state at x → + ∞ , suggests that the solu- 
tion (8) should only include exponential terms with 

positive (resp. negative) eigenvalues, when willing 
to approximate the solution of system (5) near the 
fresh (resp. the burned) state. Later on, finding the 
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eigenvector by which the orbit escapes the singu- 
larity will be useful to determine an initial pertur- 
bation of the equilibrium state where gradients are 
zero, from which numerical integration can be per- 
formed to construct the deflagration profiles. Sec- 
ondly, the simple form of [ A ] − gives one eigenvalue 
to be 0 associated to eigenvector [0 , 1] t , and the 
other to be 1 associated to eigenvector [1 , 1] t . These 
eigenvalues formally states the nodal nature of the 
singularity at the fresh gases, from which evolution 

of the solution in the phase space is possible only 
along the direction given by eigenvector [1 , 1] t , as- 
sociated to the non-zero eigenvalue. On the other 
hand, the more complex form of matrix [ A ] + was 
such that its eigenvalues and eigenvectors were con- 
veniently determined numerically. The eigenvalues 
were found to consistently be of opposite sign, stat- 
ing that the singularity at the burned state is a sad- 
dle. 

The nature of both singularities is such that, 
accurate and stable solutions can be calculated by 
backward numerical integration of the system (5) , 
i.e., from the saddle at the burned state at x → + ∞ , 
towards the node at the fresh state, stable when 

heading towards x → −∞ . To ensure integration 

is not started from the zero-gradients point at the 
burned state, initial conditions for T and w must be 
taken slightly different from T + and w + , and cho- 
sen along the eigenvector aiming towards the fresh 

state (see Fig. 1 ). With given values of γ , ̃  Q and ̃

 Ea , 
the low-Mach deflagration structure can thus be en- 
tirely calculated once the burning rate eigenvalue �
is found. 

The latter can be conveniently determined by 
means of a shooting method , in which backward 

numerical integration is performed multiple times 
for different values of �, until the calculated inte- 
gral curve is found to tend towards the fresh state 
when x → −∞ . Typically, narrowing down the cor- 
rect burning rate eigenvalue � is done by bisection. 
This method is illustrated in the phase diagrams 
in Fig. 1 (a)–(c), in which orbits and solutions inte- 
grated from the burned state were plotted for differ- 
ent values of �: the phase diagram (a) correspond- 
ing to the actual burning rate eigenvalue associated 

to given parameters γ , ˜ Q and 

˜ Ea , and phase dia- 
grams (b) and (c) are underestimated and overesti- 
mated values, respectively. 

Unfortunately, the use of an identical shoot- 
ing method is precluded in the more general case 
of arbitrary-Mach deflagrations with Le = 1 and 

Pr = 3 / 4 , as both equilibrium points are now sad- 
dles [12] , inherently causing forward and backward 

numerical integration to fail at providing converg- 
ing deflagration profiles. In that respect, the fol- 
lowing section aims to propose a similar shooting 
method applied to deflagrations propagating at ar- 
bitrary velocities, in which the solution near the 
equilibrium points are treated specifically, so that 
converging and continuous profiles can be found. 

3.2. Arbitrary M f with Le = 1 and Pr = 3 / 4 

In the more general case of arbitrary-Mach de- 
flagrations, the kinetic energy and pressure gradi- 
ents are not assumed negligible anymore. As a re- 
sult, the system of Eq. (2) can only be reduced to a 
set of three ODEs solving for T , w and u : 

dT 

dx 

= w 

dw 

dx 

= w − �Q 

γ − 1 
γ

1 
u 

×
[ 

1 − γ

Q (γ − 1) 
(T − T −) − 1 

2 Q 

(u 2 − u 2 −) 

] 

× exp 

(
− θ

T 

)
× H (T − T i ) 

+ 

γ − 1 
γ

×
[ 

(T − w ) − (T − + 1) 
(

u − du 
dx 

)

+ 

(
u 2 − 2 u 

du 
dx 

)] 

du 
dx 

= u −

[
(u − u −) + 

(
T 

u 
− T −

u −

)]
(9) 

that can be linearized near the fresh and burned 

states to form a system of N = 3 ODEs, that takes 
a form identical to (6) , with a solution of a form 

identical to Eq. (8) . 
This system has saddles at both equilibrium 

points, making forward and backward numerical 
integration unable to provide converging solutions 
at x → ±∞ , without special treatment of the so- 
lution at the boundaries. It was however found a 
posteriori that forward numerical integration from 

the fresh to the burned state is the most practical. 
The reason is that the fresh state has only one eigen- 
vector providing a diverging solution when head- 
ing towards the burned state, hence one obvious 
direction in the phase space along which an initial 
perturbation of the solution shall be applied, from 

which numerical integration can be started. The 
latter will have the form [ S 

′ ] = ε[ v 0 ] −, where [ v 0 ] −
is the fresh state eigenvector associated to eigen- 
value λ0 of positive sign. In practice, this pertur- 
bation is scaled such that the perturbed tempera- 
ture is equal to the ignition temperature T i . On the 
other hand, the burned state has two eigenvenvec- 
tors providing a diverging solution when heading 
towards the fresh state, making it difficult to deter- 
mine an initial perturbation from which numerical 
integration can be started, as one would need to 

seek for it in the plane formed by the two appro- 
priate eigenvectors. This result was found to be true 
over the quasi-totality of burning rates, up to near 
CJ-deflagrations, over the whole range of gas pa- 
rameters investigated, and was inferred by the sign 

of associated eigenvalues (see Fig. 6 ). 
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From these statements, a three-steps procedure 
is proposed to construct the flame profiles, defined 

everywhere from x → −∞ up to x → + ∞ : 

1. Integrating numerically the system (9) for 
multiple values of � from the fresh state, us- 
ing bisection to narrow down the one allow- 
ing the integrated solution to get as close as 
possible to the burned state. Numerical inte- 
gration should be done from an initial state 
perturbed by a small amount ε in the phase 
space’s direction [ S 

′ ] − = ε[ v 0 ] −, as described 

earlier. 
2. By bisecting on �, two close solutions, 

one overshooting and one undershooting 
the burned state temperature can be found. 
From those, one can assume the flame pro- 
files to be accurate enough, as long as the 
norm defined in the three-dimensional phase 
space (T − w − u ) by: 

{ [ T o (x ) −T u (x )] 2 + [ w o (x ) − w u (x )] 2 

+ [ u o (x ) − u u (x )] 2 } 1 / 2 

where φo and φu are respectively the overshot 
and undershot solution of the arbitrary vari- 
able φ, is small enough. The point where this 
distance exceeds a defined small value, marks 
the separation of the overshot and undershot 
solutions in the physical space x , at the co- 
ordinate denoted x sep where T , w and u are 
respectively equal to T sep , w sep and u sep , as 
shown schematically in Fig. 2 (a) for quanti- 
ties T and w , and in Fig. 2 (b), in a projection 

of the solution in the reference plane (T − w ) 
near the burned state. 

3. For the profiles to be defined from x → 

−∞ to x → + ∞ , the numerical solution in- 
tegrated from the fresh gases in step 1 is 
cropped at x sep , then matched to the ana- 
lytical solution (8) near the burned gases. 
Matching is done by determining the values 
of the constants C i+ . Those have to be 0 when 

associated to positive eigenvalues λi+ , to en- 
sure the solution is converging towards x → 

+ ∞ . The remaining ones associated to neg- 
ative eigenvalues are determined by match- 
ing the solution (8) , to the numerical solution 

found in step 1 at coordinate x sep . Assuming 
the latter is close enough to the burned state 
solution, i.e.: 

x 

′ = x sep − x + → 0 so that e λi+ x ′ → 1 
as 

[
S(x sep ) 

] − [ S ] + → [0 , 0 , 0] t 

(10) 

the remaining constants C i+ can be found us- 
ing the simplified relation derived from (8) : 

[
S 

′ 
sep 

] = 

[
S(x sep ) 

] − [ S ] + = 

N=3 ∑ 

i=1 

C i+ [ v i ] + (11) 

Fig. 2. Typical representation of the solution in (a) the 
physical space and (b) the phase space, projected in the 
reference plane (T − w ) . Hollow markers show the sepa- 
ration point at x sep between the temperature overshot and 
undershot solutions. 

that constitutes a set of at most N = 3 alge- 
braic equations with unknowns C i+ (defined 

at x → + ∞ ), and less if it appears that some 
eigenvalues λi+ are positive. In the latter case, 
the integration constants can be found from 

a subset of system (11) , containing as many 
equations as the number of remaining inte- 
gration constants. 

Applying this procedure permitted to consis- 
tently solve the structures of flames propagating 
at various burning Mach numbers. Numerical in- 
tegration was done using implicit, variable step, 
variable order backward differentiation formula 
for derivatives approximation [19] , that provided 

consistent results with no special requirement on 

tolerances or maximum space step. The scaled 

flame profiles of progress variable, temperature, 
pressure, flow Mach number M = u/c , enthalpy 
˜ h = γ / [ Q (γ − 1)] T , kinetic energy ˜ k = u 2 / (2 Q ) 
and stagnation enthalpy ˜ h 0 = ̃

 h + ̃

 k are plotted in 
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Fig. 3. Flame profiles for different flames propagating at 
Mach numbers 0.001, 0.075, 0.1 and 0.117. Gas properties 
are γ = 1 . 4 , ˜ Q = 50 and ̃  Ea = 50 . 

Fig. 3 , for M f = 0 . 001 , 0 . 075 , 0 . 1 , 0 . 117 and pa- 
rameters γ , ˜ Q and 

˜ Ea , arbitrarily chosen to be 1.4, 
50 and 50 respectively. These values were aimed to 

be of the order of what is commonly used in nu- 
merical studies of flame acceleration, deflagration 

to detonation transition (DDT) and detonations. It 
is to note that other sets of parameters give identi- 
cal trends of the solution, so that the results plotted 

here are illustrating its typical behavior. 
The lowest value of M f = 0 . 001 was chosen to 

be one approximating the low-Mach flame case. 
The associated profiles of pressure and kinetic en- 
ergy show negligible changes across the flame re- 
action zone, as expected for a low-Mach flame. The 
highest value of M f = 0 . 117 corresponds closely to 

the CJ-deflagration burning Mach number M f ,CJ 

here equal to 0.119, a function of the initial state 
and heat of reaction Q . The profiles calculated 

show features that differ from the low-Mach ap- 
proximation, starting with the significant pressure 
drop that occurs across and beyond the reaction 

zone, and reaches about 50% of the initial pressure 
(about 40% for a CJ-deflagration). The variation of 
kinetic energy was also found non-negligible any- 

Fig. 4. Trajectories in the three-dimensional phase space 
(τ − η − u ) of four flames propagating at a burning Mach 
number M f equal to 0.001, 0.075, 0.1 and 0.117. Stylized 
lines at the fresh and burned states represent directions of 
the eigenvectors of matrix [ A ] ±. Gas properties are γ = 

1 . 4 , ˜ Q = 50 and ̃  Ea = 50 . 

more, and increases up to about 11% of the stagna- 
tion enthalpy in the burned gases (about 17% for a 
CJ-deflagration), causing the gas enthalpy to drop 

accordingly. A feature worth noticing of high speed 

deflagrations is the fact that the enthalpy, hence the 
temperature, reaches a maximum before converging 
towards its value in the burned state. This is due to 

the expansion at high flow Mach number near the 
burned gases (about M = 0 . 8 , and M = 1 for CJ 
deflagrations), that is still occurring after almost all 
the gas has reacted and heat has been released. 

The solutions to the flame structure can also 

be represented in the now three-dimensional phase 
space (T − w − u ) , scaled as (τ − η − u ) , plotted in 

Fig. 4 and projected in the three reference planes 
(τ − η) , (τ − u ) and (η − u ) , as shown in Fig. 5 , for 
the same four flames propagating at M f equal to 

0.001, 0.075, 0.1 and 0.117. While the flame trajec- 
tories in the (τ − η) plane are similar to the low- 
Mach flame case, the contribution of the gas kinetic 
energy, hence its velocity, becomes obvious when 

the flames solutions are projected in the (τ − u ) and 

(η − u ) planes. For low-Mach flames, the propor- 
tionality relation between the gas velocity and its 
stagnation enthalpy τ , i.e., its temperature in the 
low-Mach approximation, is recovered and shown 

as a straight line in the (τ, u ) plane. At higher values 
of M f , this linear relation still exists near the fresh 

state but degenerates close to the burned state, ow- 
ing to the larger contribution of kinetic energy to 

the flow. 
The directions given by eigenvectors [ v i ] + in the 

phase space at the burned state, as well as their 
projections in the reference planes are also plotted 
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Fig. 5. Projections in the three reference planes of the 
phase space (τ − η) , (τ − u ) and (η − u ) of the flame tra- 
jectories shown in Fig. 4 . Stylized lines at the fresh and 
burned states represent projected directions of the eigen- 
vectors of matrix [ A ] ±. Gas properties are γ = 1 . 4 , ˜ Q = 

50 and ̃  Ea = 50 . 

in Figs. 4 and 5 . The associated eigenvalues λi+ , 
sorted by increasing algebraic value with increas- 
ing index i, are plotted in Fig. 6 (b), for high val- 
ues of M f up to close to M f ,CJ . They are found 

to vary monotonously over the whole range of 
burning Mach numbers, and both λ1+ and λ2+ re- 
main negative up to values close to M f ,CJ (typically 
0 . 98 M f ,CJ ), where λ2+ becomes positive. A quick 

look at the phase space permits to identify [ v 2 ] + 
to be the direction along which the flame trajecto- 

Fig. 6. Eigenvalues of matrices: (a) [ A ] − at the fresh state 
and (b) [ A ] + at the burned state, for different values of 
M f . Gas properties are γ = 1 . 4 , ˜ Q = 50 and ̃  Ea = 50 . 

ries reach the burned state from the fresh state. On 

the other hand, [ v 3 ] + is associated to the only pos- 
itive eigenvalue, along which the flame trajectories 
are expected to diverge. The fact that λ2+ and λ3+ 
are of opposite sign but their absolute values are 
of identical order of magnitude, suggests that near 
the burned state, the flame profiles in the physical 
space x are expected to converge from the region 

x < x sep , at the same rate as they diverge towards 
regions x > x sep . 

Applying the same kind of argument when com- 
paring the sign and absolute value of λ1+ to those 
of λ2+ and λ3+ , permits to tell that, over the wide 
range of low M f , any orbit approaching the burned 

state by the direction [ v 1 ] + from regions of x < x sep , 
is expected to converge very quickly, before diverg- 
ing in the direction given by [ v 3 ] + when reaching 
regions of x > x sep . In fact, for very low values of 
M f , the exponential term associated to λ1+ in solu- 
tion (8) can be assumed to be 0, such that one only 
needs to deal with the other two, like in the case of 
the low-Mach approximation. 

Approaching the CJ-deflagration propagation 

regime is however more complicated, as all eigen- 
values are now comparable in absolute values, caus- 
ing the three-dimensional saddle at the burned state 
to be less stable, and making the approach from 

the fresh state difficult. Getting close enough to 
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the burned state thus becomes impossible, in a way 
that matching at x sep the numerical solution inte- 
grated from the fresh state, with solution (8) ex- 
pressed at the burned state, fails at providing con- 
tinuous and/or smooth flame profiles, because the 
condition 

[
S(x sep ) 

] − [ S ] + → [0 , 0 , 0] t expressed in 

Eq. (10) is not satisfied anymore, making the de- 
termination of the integration constants C i+ inac- 
curate. Other than in these high velocity regimes, 
obtaining the flame structure up to burning Mach 

numbers typically of 95% M f ,CJ was consistently 
successful. 

Finally, a few comments can also be made on 

the solution behavior near the fresh state. As seen 

in Fig. 6 (a), only λ3 − is positive, suggesting that 
profiles converging in the physical space towards 
x → −∞ should follow the direction given by [ v 3 ] −
in the phase space (T − w − u ) , near the fresh state. 
Also, no evolution is expected in the phase direc- 
tion given by [ v 2 ] − as λ2 − is always 0. However, the 
fact that λ1 − is negative and has a large absolute 
value when compared to λ3 −, suggests that the solu- 
tion is expected to diverge significantly faster along 
[ v 1 ] − than it converges along [ v 3 ] −, when approach- 
ing the fresh state from the burned state. This result 
was another argument made for choosing to nu- 
merically integrate a solution from the fresh state 
to the burned state (as opposed to what is gener- 
ally done when solving the structure of low-Mach 

flames), as it is significantly easier to get close to 

the burned state than to the fresh state, following 
the discussion above. 

4. Concluding remarks 

The present article proposed a convenient and 

consistent method to solve the structure of defla- 
grations propagating at arbitrary burning Mach 

numbers. Restrictions were made on the gas prop- 
erties, namely Le = 1 , Pr = 3 / 4 and a first order re- 
action rate, that permitted to describe deflagration 

structures using a system of three ODEs, and use 
its three-dimensional phase space to construct con- 
tinuous and smooth flame profiles from far in the 
fresh gases, up to far in the burned gases. Lifting 
the approximations Le = 1 and Pr = 3 / 4 leads to 

process the four ODEs system (2) , that can a priori 
be solved in a similar manner. 

The range of parameters investigated here were 
chosen to match those commonly found in the field 

of numerical simulations of deflagration to deto- 
nation transition (DDT), namely ˜ Q and 

˜ Ea in the 
range 10–60. A sample of values of � are shown in 

Table 1 . 
It is relevant to note that, prior to transition 

to detonation, the flame often propagates with a 
shock ahead of it at a velocity that is dependent 
on the flame acceleration history and confinement 
[20,21] . As a result, the fresh state ahead of the 
flame has a temperature higher than the unshocked 

Table 1 
Values of � as a function of ˜ Ea and M f . γ and ˜ Q are 
respectively 1.4 and 50. 

M f 

0.001 0.075 0.1 0.117 

20 53.21 55.18 56.81 58.25 
30 228.6 240.4 250.2 258.9 

˜ Ea 40 766.3 815.9 856.0 893.5 
50 2259 2433 2578 2707 
60 6153 6704 7162 7572 

gases, causing the non-dimensional energies ˜ Q and ˜ Ea to have lower values. This statement should 

however not be an obstacle in the future. 
It is relevant to relate the problem of deflagra- 

tion structure to those of viscous shocks and det- 
onations, which formalism is similar if not identi- 
cal. Both are often reduced to simple discontinu- 
ities, eventually accounting for purely reactive pro- 
cesses in the case of ZND (Zeldovich - von Neuman 

- Doring) detonations. In the commonly made as- 
sumption of Pr = 3 / 4 , analytical solutions to the 
structure of viscous shocks can be found [22] . The 
general structure of their equilibrium points can 

also be discussed in the more general case of ar- 
bitrary Prandtl numbers [23,24] , to show that the 
undisturbed and shocked states are respectively at 
a node and a saddle, suggesting that simple shoot- 
ing methods can be used to calculate their structure 
numerically. On the other hand, the proof of exis- 
tence of solution to viscous detonations was also 

demonstrated [15,25,26] , and analysis of the asso- 
ciated equilibrium points can be done to show that 
the hot boundary of a strong detonation is a saddle, 
whereas its cold boundary is a node [12] . These ele- 
ments suggest that finding the structure of viscous 
detonations can also be done using simple numer- 
ical shooting methods. This has to be opposed to 

the case of deflagrations, that have saddles at both 

equilibrium states, so that specific methods as the 
one proposed in this article is required to obtain 

end-to-end profiles. In that sense, the approach pro- 
posed here was found to be convenient as a tool for 
future work and analysis of their properties. 

Other work in progress consists in using the con- 
tinuous and smooth profiles obtained as starting 
points to investigate the behavior and fate of high 

speed deflagrations. It is already known that those 
are unstable, coupled to the flow compressible fea- 
tures, and self-accelerating when propagating close 
to the CJ-deflagration regime, until their transition 

to detonations [3,27,28] . Multiple approaches to 

discuss the stability of high speed flames are con- 
sidered as future work, and consist in investigating 
the coupling of the flames with the flow acoustics 
in one-dimensional geometries, and the growth of 
small perturbations applied to an initially planar, 
multidimensional, high-speed flame front in a man- 
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ner similar to the work presented in Strehlow and 

Fernandes [29] , and Arienti [30] . 
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Chapter 5

A one-dimensional model for
CJ-deflagrations and their transition to
detonations

In Chapter 4, the steady structure of flames propagating at arbitrary burning velocities was found.
This work was originally intended as a first step for the work presented in this Chapter, that focuses
on the study of the flow field generated by accelerating, one-dimensional flames and their transition
to detonations.

In the study of accelerating deflagrations and their transition to detonations, the main mecha-
nisms leading to an overall increase of the burning rate are multi-dimensional. They include flame
stretching and folding mostly due to preferential convection in tubes, hydrodynamic and thermal-
diffusive instabilities, or interaction with turbulence, shocks or boundary layers, as well as their
interactions [4, 8, 9]. Despite the complexity of these events, it is observed in shock tube experi-
ments and numerical simulations, that flames reach a quasi-steady propagation regime known as
the choking regime [28], during which it forms, strenghtens and drives pressure waves and shocks
ahead of itself [8, 24, 47]. Those eventually become strong enough to, later on, allow thermal ini-
tiation of a detonation by shock pre-heating or by the formation of hot-spots at shock reflection
locations, in the presence of solid walls [14].

This general view of the sequence of events suggests that a simpler, one-dimensional problem
can be formulated to study the overall flow field involved in flame acceleration problems, in which
the deflagration transition to detonation is controlled only by simple gasdynamical processes. This
statement is plausible in that the initiation of detonations mostly relies on the formation of shock
waves, which generally originate from the presence of a confinement (see Chap. 3), or from events
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like sudden flame acceleration. In both cases, the formation of shock waves does not require the
description of the detailed structure of the multidimensional flame, if proper modeling is performed
from simple conservation principles. The approach chosen in this chapter was to artificially control
the flame burning rate, in order to trigger a response of the flow, typically the formation of com-
pression waves in the fresh gases as the burning rate increases. Here, altering the flame burning rate
is done by arbitrarily modulating the pre-exponential factor of the one-step, irreversible, Arrhenius
type law used to describe the depletion rate of reactants. Doing so permits to generate flow-fields
relevant in accelerating flame problems, and better investigate the nature of the interaction between
the flame and the compressible features of the flow field. This method is comparable to the one
proposed in the former work on one-dimensional, accelerating flames by Deshaies, Kagan, Gor-
don and co-workers [48–50], in which the enhancement of the flame burning rate was achieved
by means of a folding factor, meant to model the multidimensional increase of flame surface area
leading to flame acceleration. The configuration studied in this chapter however differs in that
focus is brought on freely propagating flames, i.e. flames propagating in tubes that are infinite on
both sides, so that compression and shock waves formation is expected to only occur due to the
acceleration of the flame. Special attention will be addressed to the case of high speed deflagra-
tions, propagating near the Chapman-Jouguet (CJ) deflagration conditions. Those are associated
to choked flames in shock tube experiments [30] and are, by definition, deflagrations propagating
with a sonic downstream flow, at the theoretical highest burning velocity a subsonic flame could
propagate at.

5.1 Governing equations and numerical setup

One-dimensional deflagrations were modeled using the reactive Navier-Stokes equations, with
single-step, irreversible, first-order chemical reaction rate. They were non-dimensionalized in a
manner identical to the work of Sharpe [41]:

∂ρ

∂t
+

∂

∂x
(ρu) = 0 (5.1)

∂

∂t
(ρu) +

∂

∂x
(ρu2 + p) = Pr

4

3

∂2u

∂x2
(5.2)

∂E

∂t
+

∂

∂x
(Eu+ pu) =

γ

γ − 1

∂2T

∂x2
+ Pr

4

3

∂

∂x

(
u
∂u

∂x

)
+Qω (5.3)

∂

∂t
(ρY ) +

∂

∂x
(ρuY ) =

1

Le
∂2Y

∂x2
− ω (5.4)
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ω = ΛρY exp

(−θ
T

)
×H(T − Ti) (5.5)

where p = ρT , E = ρT/(γ − 1) + ρu2/2, H is the Heaviside function and Ti an ignition tem-
perature below which no chemical reactions occur and typically set slightly above the unburned,
undisturbed gases temperature. The following reference scales were used:

ρ =
ρ

ρu
, u =

u

Sf

, x =
uu
αu

x , T =
Rg

Sf
2 T , θ =

Ea

Sf
2 , Q =

Q

Sf
2 (5.6)

Variables ρ, u, T , Y , p, Mf = uu/cu and c =
√
γp/ρ are respectively the gas density, flow

velocity, temperature, mass fraction of fresh gases, pressure, flame burning Mach number and
speed of sound. Variables denoted with an over bar relate to dimensional quantities, those with
index (u) to their value taken in the unburned and undisturbed gases.

The relevant dimensional gas properties are Sf , νu, αu, Du, Rg, Q, Ea and k, respectively the
flame burning velocity, gas kinematic viscosity, thermal and molecular diffusivity coefficients, the
specific perfect gas constant, heat of reaction, activation energy and reaction rate pre-exponential
factor, also referred to as the burning rate eigenvalue [40]. They are used to define the di-
mensionless heat of reaction Q, activation temperature θ and burning rate eigenvalue Λ, as well
as the other commonly used and later useful non-dimensional energies Q̃ = Q/(Rg Tu) and
Ẽa = Ea/(Rg Tu). Finally, the non-dimensional parameters Pr = νu/αu and Le = αu/Du

are the Prandtl and Lewis numbers, respectively equal 3/4 and 1.
This scaling was chosen so that the flame can be treated similarly to thickened flames [51].

It however differs from the usual formulation of such model as here, distances are scaled by the
flame thickness, in a way that the pre-exponential factor Λ directly controls the flame burning
velocity, similarly to the work of Gamezo et al. [52]. In the present study, the value of Λ is
increased over time from an initial value representing a steady flame propagating at a prescribed
burning rate, to cause the flame to accelerate accordingly. The numerical simulations aimed to
model flame acceleration are thus performed as follow. The profiles of a steady flame propagating
at a given burning Mach number Mf0 are found using the method described in the previous work
[46], together with the matching burning rate eigenvalue Λ0. The profiles were imported as initial
conditions in a hydrodynamical solver. The flame was left to propagate steadily for some time,
typically over 10 times the characteristic particle flame crossing time, to ensure it keeps its original
structure and eventual numerical disturbances fade far from the reaction zone. The value of Λ was
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then increased linearly over time from t = t0, i.e.:

Λ(t) = Λ0 +

(
dΛ

dt

)

0

(t− t0) (5.7)

where Λ0 corresponds to the initial burning rate eigenvalue calculated for the steady flame set as
initial conditions, and

(
dΛ
dt

)
0

its increase rate, typically equal to a fraction of Λ0. This causes the
flame to accelerate and generate disturbances upstream and downstream of the reaction zone, until
it eventually transits to a detonation.

The simulations were performed on a numerical solver developed by Falle [53,54]. Convective
terms were solved using a second order accurate Godunov scheme, and diffusion terms were solved
explicitly in time, using second order central differences in space. Zero-gradients conditions were
set at the boundaries of the domain to approximate an open tube. The domain was discretized to
provide 1/4 of a cell per unit length (1 cell covers 4 unit lengths), and adaptive mesh refinement
was used [55] to provide details in high gradients regions, typically the reaction zones and shocks,
allowing for a maximum resolution of 16 cells per unit length, i.e. about 32 cells per thickness of
the initial, non-disturbed flame.

5.2 Results and discussion

The parameters γ, Ẽa and Q̃ were chosen to be 1.4, 50 and 50. The initial flame was set to
propagate at a Mach number Mf0 = 0.11. This value is close to the CJ deflagration Mach number
for the chosen set of parameters, equal to MCJ = 0.119. The associated burning rate eigenvalue
was thus found to be Λ0 = 2.65 × 103.

The flame was set to accelerate from time t0 = 40, by increasing the value of Λ following
the relation (5.7), where

(
dΛ
dt

)
0

= 5.90, that corresponds to 0.22% Λ0. The resulting flow can be
visualized in the space-time diagrams plotted in Figures 5.1, showing density in gray scale. Plot
(a) shows the overall flame acceleration process. At the very early times, the flame is steady and
thus does not drive compression waves in the fresh gases. When the flame starts to accelerate, it
generates and amplifies a shock ahead of it, that can be seen clearly in Figure 5.1(a). Its strength is
annotated on the same figure at different space-time coordinates. At later times, the density jump
across the shock propagating at a Mach number of about 2.2 is obvious, as seen on Figure 5.1(b),
behind which the density increases monotonously until it reaches a maximum just ahead of the
reaction zone. This density gradient can be seen on the few first density profiles plotted in Figure
5.2. Around time 2730, the deflagration transits to a detonation due to an explosion occurring just
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Figure 5.1: Space-time diagram plotted for density of the flame acceleration process. (a) shows
the overall evolution of the flame and the shock, which strength is annotated along its trajectory.
(b) shows the late stages of the flame acceleration process, where transition to detonation occurs.
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Deflagration
(t = 2600)

Peak at DDT
(t = 2730)

Shock (t = 2600)

Detonation
(t = 2790)

Figure 5.2: Series of density profiles plotted around the time of transition to detonation (see
Figure 5.1(b)). Time interval between each plot is 10.
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DDT

Figure 5.3: Evolution of the flame Mach number and the expected CJ deflagration Mach number
over time.

ahead of the reaction zone. The detonation then travels in the shocked region until it catches up the
shock wave around time 2790. The structure of the resulting wave was not studied, as the present
study focuses on the flame acceleration process. It is however likely to be similar to viscous, weak
detonation waves calculated by Gamezo et al. [52] at high values of the pre-exponential factor.

This sequence of events is typical of what was observed for other values of
(
dΛ
dt

)
0
, and differs

only in the timing at which the shock forms and transition to detonation occurs. For high values
of
(
dΛ
dt

)
0
, i.e. for highly accelerating flames, transition to detonation happens earlier than for

low values. This result was anticipated, owing to the shock growing stronger more rapidly, thus
providing the conditions required for thermal explosion more rapidly. Interestingly, this rapid
shock formation occurs when the deflagration reaches a burning rate equal to the CJ conditions,
here around time 500. This can be seen on Figure 5.3, where are plotted as a function of time the
flame Mach number in black, and the CJ deflagration Mach number in red, both calculated taking
as fresh gases conditions the state just ahead of the flame.

Later on and as seen in Figure 5.3 between times 500 and 1500, the flame remains in the CJ con-
ditions despite the fact that its burning rate continuously increases. This is caused by the coupling
between the shock and the flame: as the former gets continuously stronger and its downstream
state hotter, the flame propagation conditions are changed such that larger CJ deflagration burning
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velocities are allowed, thus permitting the flame to keep accelerating and strengthen the shock. As
seen on Figure 5.3, this feedback mechanism goes on until time 1500, where the flame burning rate
starts to oscillate around the CJ deflagration conditions. The amplitude of the oscillations increases
until the deflagration transits to a detonation. This novel flame instability observed just prior to
transition appears to be a gasdynamic pulsating instability characteristic of gasdynamic coupling,
usually present in detonation waves. Such high frequency instabilities have been observed near
detonation transition in accelerating flames in narrow tubes and re-initiation start of the galloping
detonations [56]. However, although, our simulations reproducibly predicted such oscillations for
all the acceleration rates investigated, numerical artifacts cannot be completely ruled out, and can
actually be expected by the resolution of these simulations. As the flame accelerated, its thickness
decreased accordingly. Prior to transition to detonations, the flame was about 10 times thinner than
at its initial state, such that a maximum of only 4 cells could be fitted within the reaction zone.
The difficulty here being to be able to properly resolve the flame structure at different stages, and
especially at detonation initiation, detailed space and time resolution analysis is currently left for
future work. At the present time, preliminary results at higher resolution in which the maximum
resolution allowed was multiplied by two showed results comparable to the ones presented in this
chapter, at least qualitatively.

These simulations were repeated starting with flames propagating at significantly lower values
of the initial burning rate, far from the CJ conditions. In this case, the flame did not contribute
to form shocks strong enough to allow the gases to ignite over a reasonably short time. This is
consistent with the numerical work of Fecteau [22], in which the evolution of two-dimensional
flames and their eventual transition to detonation was investigated. The burning rate of the initial
flame was adjusted using the thickened flame model, and evolution to unsteadiness was favored by
an initial deformation of the planar flame front. Under these conditions, the perturbation grows,
thus increasing the flame surface area, providing the main cause of the global increase of the
burning rate. Differences in the following events were found when the burning rate of the planar
flame was changed. At low values, the flame eventually settles to propagate steadily. However at
high values of the planar flame burning rate, a shock eventually forms in the fresh gases. When
the planar flame burning rate was set to be close to the CJ conditions, transition to detonation
occurred rapidly. This sequence of events is also consistent with experimental observations, where
the increase of the burning rate is mostly provided by the deformation of the flame front, due to
the presence of solid walls, to the interaction with the turbulence, or interaction with shocks and
boundary layers. At the later stages of flame acceleration, strong shocks form rapidly when the
flame eventually reaches conditions close to CJ deflagrations, i.e. the choking regime, supporting
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the initiation of detonations [32–34, 44, 45].
The similarities of these results with the one-dimensional evolution of accelerating flames pre-

sented in this chapter suggests that a global description of DDT can be considered. Mostly, CJ
deflagrations appear to be important, as they constitute a propagation regime that promotes the
formation and growth of shocks strong enough to allow the onset of detonations. This is especially
true in the present configuration, where the burned gases can expand freely due to the lack of rear
confinement. As seen in the recent numerical work of Gordon, Kagan, Sivashinski and co-authors
focusing on flame acceleration in semiconfined geometries [49, 50], transition to detonation was
found to rely on the early formation of shock waves due to the rear confinement, causing the
burned gases to expand forwards thus driving a flow ahead of the flame. This eventually permitted
the unburned gases to sensitize as they are heated by shocks, such that detonation initiation could
be achieved before the deflagration reached the CJ conditions [57]. Hence, the history of the flame
acceleration becomes an important feature of the DDT phenomenon in that, various configurations
like those involving some sort confinement (see Chap. 3), friction [24,58], or the presence of obsta-
cles, can lead to various conditions just ahead of the flame that can affect transition to detonations
differently.

In the present study, the closeness to the CJ deflagration conditions and the coupling iden-
tified between the shock and the flame is the main mechanism of flame acceleration and shock
amplification, that lead to transition to detonation.

The fact that the flame remains in the CJ conditions while its burning rate is continuously
increased, opens the path to models meant to describe in a simple way the resulting flow field.
For example, in a manner similar to the two-discontinuities models describing the pseudo-steady
flow field involving a shock followed by a CJ deflagration [30, 59], a simple model describing
the evolution of an accelerating shock-flame complex can be developed, in which the flame, which
burning rate grows but remains in the CJ conditions, causes the strengthening of its precursor shock
accordingly. Such a model is currently left as a work in progress.

5.3 Concluding remarks

The relative simplicity of the simulations presented here made it easy to implement and generate
results. The method described in this study to model accelerating flames was found to reproduce
well the coupling that exists between the flame and the flow field, from the shock formation to the
initiation of the detonation. This makes it a convenient tool to reproduce and better understand the
overall conditions required for deflagrations to transit to detonations.
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A very interesting result here is the role of the shock heating, allowing the deflagration to re-
main choked over some time, before the fresh gases located just ahead of it are thermally ignited
to form a detonation. In this case, the coupling between the deflagration and the shock is such
that, the latter’s strength increases rapidly under the influence of the following CJ deflagration.
With it, the deflagration remains in the CJ conditions even if its burning rate increases, owing to
the continuously changing conditions in the shocked state. This result was expected as deflagra-
tions propagating near the CJ conditions are prone to generate compression waves rapidly in the
fresh gases, thus providing the main mechanism for flame acceleration in the proposed uncon-
fined medium. While the propensity of CJ deflagrations to generate pressure waves is relatively
accepted [25–27], the present results show that the deflagration does so in order to remain a CJ
deflagration in relation to newly compressed gas just ahead of itself. This self-organization of CJ
deflagrations into stronger CJ deflagrations is the first main finding of the present work.

Without discarding the possibility of numerical artifact, a second finding is the onset of the
detonation being associated with a pulsating instability, akin to the gasdynamic coupling in deto-
nation waves where reaction zones and flames are in phase with each other and yield very rapid
amplification [60]. This instability may generate local hot-spots beyond what the lead shock is
capable of. In the case such instability is confirmed to have a physical origin, further work should
focus on this unique feature of accelerating flames.
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Chapter 6

Conclusion

6.1 Summary

In this thesis, different aspects of Chapman-Jouguet deflagrations and their involvement in the
deflagration to detonation transition were discussed.

In Chapter 2, series of experiments were performed, of a shock-flame complexes propagating
in a shock-tube, and its interaction with a single obstacle. These experiments were designed to
investigate the details of the flame interaction with the obstacle, at the last stages of their accel-
eration, prior to their transition to detonation, as found in similar experiments involving series of
obstacles. The presence of the obstacle expectedly permitted the acceleration of the flames. The
latter indeed, sees its burning rate increase as it interacted with shocks reflected on the obstacle.
In some instances, transition to detonation was observed, and was found to depend on the initial
conditions of flame propagation, set by adjusting the initial pressure in the tube, that sets the shock
strength and the flame burning velocity of the shock-flame complex. It permitted to identify the
critical initial pressure, hence the initial flame burning velocity, at which deflagration to detonation
transition occurs. For the experiments presented, done in a low pressure, stoichiometric propane-
oxygen mixture, this critical initial flame burning velocity correlated well with the CJ-deflagration
burning velocity. This feature was attributed to the fact that CJ-deflagrations have a sonic down-
stream flow, that allows the formation and significant amplification of compression waves within
the flame brush, as the chemical energy is released on a time scale comparable to the acoustic wave
flame crossing time [27]. The acceleration of the flame was found to proceed until it approaches
the sonic conditions in the fresh gases, conditions at which it is in phase with pressure waves and
prone to drive strong shocks capable of initiating detonations.
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Chapter 3 presented a model for predicting CJ-deflagrations apparent velocities, i.e. observed
in a fixed frame of reference, in a configuration of large scale, vented deflagration to detonation
transition. The goal was to discuss whether fast flames achieving transition to detonation in such
configurations are CJ-deflagrations. It is indeed the case in shock tube experiments, where the
gases are confined and flames transit to detonations when they reach an apparent velocity of about
the speed in sound of the burned gases. The model is similar to the double-discontinuity model of
Chue [30], involving a shock followed by a CJ-deflagration treated as discontinuities, and differs
in that it accounts for the fact that the burned gases can be vented, i.e. expanded isentropically, to
the atmosphere through an aperture of known dimensions. The flow induced ahead of the flame
thus drives a weaker shock, downstream of which the flow velocity and temperature are lower than
in a confined geometry. The apparent velocity of the CJ-deflagration is consequently smaller than
in a closed ended tube. This statement was used to justify why transition to detonation occurs
in vented DDT experiments when the flames reach an apparent velocity smaller than the speed
of sound in the burned gases, while remaining CJ-deflagrations. Comparison with a selected set
of experiments found in the literature showed good correlation between the apparent speed of the
flame measured just before the initiation, and the one calculated by the proposed model, suggesting
that such flames are indeed CJ-deflagrations.

Chapter 4 was dedicated to solving the structure of flames propagating at arbitrary burning ve-
locities, for which a novel solving method was proposed. A shooting method was used to solve the
boundary value problem posed by the the one-dimensional, steady state, reactive Navier-Stokes
equations with a one-step, irreversible, Arrhenius type reaction rate, together with boundary con-
ditions at the fresh and burned state, connected by the deflagration jump relations. Focus was
made on the reduced set of 3 ordinary differential equations, derived under the assumptions of
unity Lewis number and a Prandtl number equal to 3/4. Because the shooting method relies
on numerical integration performed multiple times to ensure the integral curve connects both the
fresh and burned states, special treatment of the boundary conditions was needed to handle their
saddle nature. This difficulty was addressed using techniques issued from dynamical systems anal-
ysis. Linearization of the flame equations upon the fresh and burned states was done, from which
eigenvalues and eigenvectors could be calculated. Those were conveniently used to determine a
perturbation of the initial state at equilibrium to start numerical integration, as well as to provide
accurate, analytical solutions close to the saddles, where numerical solutions are aimed to fail at
providing converging profiles. The method was found to consistently work at providing end-to-
end, continuous and converging profiles of arbitrary speed deflagrations, from the low-Mach case
up to burning velocities of about 95% the CJ-deflagration burning velocity, over a wide range of
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gas parameters (ratio of specific heats, heat release and activation energy) commonly found in the
literature on deflagration to detonation transition simulations.

Finally Chapter 5 proposed a novel approach for modeling one dimensional, high-speed de-
flagrations. The primary goal was to investigate the flow field involving a shock wave followed
by a high speed, near CJ deflagration. This configuration is what is commonly found just prior
transition to detonation. To generate such a flow, the burning rate of the one-dimensional flame
was modeled using a one-step, irreversible, Arrhenius type law, in which the pre-exponential factor
varied arbitrarily over time. Doing so permitted to control the flame acceleration. The main finding
was that, as accelerating flames propagated near the CJ deflagration conditions, they generate and
strengthen a shock in the fresh gases. The continuously accelerating flame could thus remain a
CJ deflagration over some time as the shock modifies the state ahead of the flames. After enough
shock amplification, thermal initiation of a detonation could occur just ahead of the flame reaction
zone. The flow features preceding the initiation of detonations in this simple, one-dimensional
model resemble those found in multi-dimensional configurations, as in experiments and numerical
simulations. This suggests that a more global description of the conditions required for DDT to
occur can be developed, in which CJ deflagrations play an important role.

6.2 Contributions of the work

An interesting conclusion of this thesis pertains to the requirement and sufficiency of CJ deflagra-
tions to achieve transition to detonations, and how it is related to the conditions in which high-speed
flames are allowed to propagate. As seen all along, deflagration to detonation transition highly re-
lies on the presence of shock waves. They serve as a mean for pre-heating the unburned gas before
the passage of the flame, provide further heating by friction in rough channels as they set into
motion the fresh gases behind them, form nucleus for local explosions when they reflect with solid
walls, or enhance turbulent mixing when interacting with the flame front or boundary layers. Their
origin and strength can be of different kind. In most experiments done in shock tubes like those
performed in Chapter 2, the closed nature of the rear end (where the flame is initiated) impedes
the burned gases to expand freely, thus causing the flame to act as a porous piston pushing a flow,
hence a shock ahead of it. As seen in Chapter 3, the strength of these shocks decreases when
increasing amount of rear venting is allowed. Finally, Chapter 5 showed that in the case of freely
propagating flames (i.e. totally unconfined), shock waves form naturally when flames are brought
near the CJ deflagration regime.

Discussing whether DDT is likely to occur is thus discussing whether shocks strong enough
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can form to allow thermal initiation of the reactive mixture. Because shock waves can have origins
different than those formed when deflagrations approach the CJ regime, it can be concluded that CJ
deflagrations do not constitute a necessary step to detonation initiation. However, the proximity of
deflagrations to the CJ regime provides a strong mechanism for shock formation and amplification,
making them an important step to achieve DDT in unfavorable conditions, such as in unconfined
geometries or in insensitive mixtures. This statement seems especially true for the mixture inves-
tigated in Chapter 2, for some experimental results listed in the literature and presented in Chapter
3, as well as in the case of flame propagation in unconfined medium studied in Chapter 5.

As a result, being able to predict the conditions under which deflagration to detonation transi-
tion may occur can be done relatively easily using simple models, as the one presented in Chapter
3. This model, being simple to implement, constitutes a convenient way to characterize the critical
conditions of detonation initiations in a given confinement, to be used in the field of industrial
safety and others. At this stage of the research however, it would be of great interest to test and
validate these critical conditions in laboratory scale DDT experiments, in order to overcome the
difficulties inherent to the large scale ones, commonly found in the literature of vented explosions.

Overall, it appears occurrences of DDT events can be predicted from global flow properties,
without the requirement to deal with the details of the flow local to the flame, like turbulence or
shock reflection. In that sense, one dimensional flames propagating at high burning rates, modeled
as thickened flames as presented in Chapter 4 and 5, can become a very useful and convenient
tool to investigate the critical conditions for transition to detonation. In the thickened flame limit,
tuning the burning rate can be done easily to match different events that may cause the flame
to accelerate. The steady structure of deflagrations calculated in Chapter 4 thus constitutes the
first step for further analysis of the behavior of high speed deflagrations. They can afterwards be
imported in unsteady, hydrodynamics solvers like done in Chapter 5 as a preliminary study, to test
their stability and ability to transit to detonations.
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Appendix A

Schlieren visualization of hydrogen-air
flames in a spherical vessel

The work presented in this appendix was conducted in collaboration with the Canadian Nuclear
Laboratories (CNL). It was aimed to design and assemble a high-speed, schlieren photography
set-up for visualizing spherical, hydrogen-air flames in a combustion vessel. With that objective,
the choice of the elements constituting the optical system, including the light source, lenses, vessel
windows and camera, were justified to provide a simple and reliable experimental bench. Advises
and software regarding post-processing of the footage were also included. Those mostly consisted
in image enhancement techniques, like background removal and contrast adjustments.

The document presented in the following pages summarizes the design implemented, with
details on the choices made.
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Introduction
Schlieren photography is a common optical technique in fluid mechanics, for visualizing re-
gions where gas density varies, like the plume of hot air over a heat source, jets, shocks, com-
bustion waves, etc.

This document is aimed to summarize the experimental technique used to visualize the com-
bustion front of hydrogen-air flames in a spherical vessel.
The first section presents the basic principle of schlieren photography, to be used as a reference
to justify the use of the different parts of the final optical bench.
The second section focuses on image acquisition and image processing to enhance and/or com-
pensate for the inherent issues unsolved using the available hardware.
The third section proposes some directions for the amelioration of the setup, that may be rele-
vant to implement in further experiments.
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1 Experimental setup

1.1 Working principle of schlieren photography
The working principle of schlieren photography is presented in Figure 1. The light of a light
source is captured by a condenser lens, that focuses it through a pinhole, downstream of which
the spot of light transmitted is small enough to be considered as a point light source.
A first field lens is placed at a distance equal to its focal length away from the pinhole, causing
the beam of light to become parallel.
As the light crosses the test region in which density gradients exist (schlieren object), part of
the light is diffracted. As a result, only part of the light crosses the second field lens. The latter
collects the remaining light, focusing it at a distance equal to its focal length where a knife edge
is placed, which role is to block the diffracted light that has crossed the second field lens, done
by partially masking the spot of light located at the focal point of the second field lens.
Finally, a screen or a camera can be placed downstream of the knife edge to visualize a schlieren
image. With the set-up described above, bright regions of the image correspond to regions
across which the light has not (or mildly) been diffracted by the density gradients in the test
region, as opposed to darker regions, across which light has been diffracted in a way that it has
either not crossed the second field lens, or has been blocked by the knife edge.

Test region
Knife
edge

Light
source

Condenser 
lens

Pinhole

Parallel ray

Diffracted raysField lens 1 Field lens 2

Camera and
its lens

Figure 1: Schematic of a linear schlieren set-up.

Alternatively, a Z-type schlieren set-up can be used to produce the same images. It consists in
using two parabolic mirrors instead of two lenses, to parallelize the beam of light transmitted
through the pinhole and re-focus it towards the knife edge. The main advantage is to provide
larger fields of view as large mirrors are generally cheaper than large lenses, and/or allow a
more compact set-up in length owing to the folded optical path.
The choice of the linear schlieren set-up was made for the present project, based on the rela-
tively small size of the field of view, limited by the 8 cm diameter view ports located on each
side of the combustion vessel, that are 137 cm apart.

1.2 Light source
The assembly of light source, condenser lens and pinhole proposed in Figure 1 is the most
common in schlieren setup. The use of a condenser lens and a pinhole can however be avoided
if the physical size of the light source emitter is small enough, unlike incandescent light bulbs
or flash tubes. On the other hand, high power point light sources like spark gaps do not permit
long time or continuous illumination, making them unsuitable for videotaping laminar flames.
A good compromise can be found in LEDs. They were for a long time avoided owing to their
low light power output, if not used as intermittent light sources [4, 5], but recent technological
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progress made them suitable for schlieren visualization owing to the small size of their bulb
and high power [1].

The LED chosen was the ThorLabs mounted, white LED, part # MCWHLP1 (discontinued at
the date of December 7th, 2021). Its bulb size is 3.5 mm diameter, it has a nominal power
output of 2700 mW and a view angle 125 degrees (full angle). The high power was chosen
in prevision of its usage on self-luminous events, for which bright enough illumination must
be reached to overcome light polluted schlieren images, as well as its potential use in larger
schlieren set-up. Details on the effective illumination of a schlieren setup are developed in
Section 1.3.
The LED is driven by the ThorLabs LED constant current (adjustable) driver part # LEDD1B
coupled with its power supply ThorLabs part # KPS101. The current delivered to the LED by
the current driver can be adjusted to set the brightness of the LED. It is a convenient feature to
accommodate for the specific experimental conditions, determined by the field lens properties
(focal length, diameter), camera sensor sensitivity, brightness of self-luminous events, and the
use or not of neutral density filters.

1.3 Field lenses
The role of the first field lenses is to parallelize the beam of light emitted by the LED, and the
role of the second one is to focus the light back to the knife edge. Although they do not need
to be identical, they were chosen to be both the Edmund Optics condenser lens part # 27-503.
They have a diameter of 10 cm, enough to cover the 8 cm diameter field of view, and a focal
length of 40 cm, giving a focal length to aperture ratio (f -number) of fn = 4, corresponding to
the largest f -number available for a 10 cm diameter lens.

The choice of the lens was done based on the optical quality and the amount of light wanted to
be captured.
The lens quality is generally satisfied by the quality of the glass provided by specialized manu-
facturers like Edmund Optics. However, images formed can be affected by optical aberrations
introduced by the geometry of the optics. In the present case, the main concern may be spher-
ical aberrations (case in which parallel rays intercepted on the outer sections of the lens do
not focus at its focal length) and chromatic aberrations (case in which parallel rays of different
wavelength do not focus at the same spot), both being generally corrected in devices involving
lenses assembly (camera lenses, telescope refractor) [3]. In the case of a single lens set-up (as
used here), spherical aberrations can be minimized when using lenses with a large f -number
(small diameter, long focal length). Regarding chromatic aberrations, the small size of the
optical system and the use of gray-scale cameras makes it negligible.

The fraction of light r captured by the first field lens relative to the total amount of light emitted
by the LED, is the effective amount to be considered for illumination of the schlieren object.
It can be determined geometrically by the lens diameter d, its focal length f , the light source
viewing angle α and its light power, that are related by :

r =
β

α
=

tan−1(1/2fn)

α
(1)

where β is the angle of light emitted by the point light source intercepted by the lens. A
schematic of the geometrical configuration, as well as a plot of the values of r for different
values of α are presented in Figure 2.
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Figure 2: Fraction of light intercepted by the first field lens, for estimating the effective
illumination of the schlieren set-up.

In the present configuration, one expects to capture about 10% of the light emitted by the LED,
that should give images similar to the experiments presented in [1].

1.4 Vessel windows
The transparent windows of the combustion vessel must be chosen to satisfy resistance to pres-
sure difference between the ambient air and the inner side of the sphere, as well as allowing
good optical quality.
Because schlieren photography highlights density gradients through a transparent medium, the
windows should be transparent and manufactured in a way that its mass is homogeneously
distributed on its whole section. Hence, a material may look transparent to the naked eye, but
the schlieren image may show variations in the local brightness of the resulting background
image, owing to the variations of mass in the window’s section.
For this reason, glass windows are generally recommended over transparent plastics like acrylic
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or polycarbonate. Indeed, their manufacturing process relies on the formation of a crystalline
structure, that is less subject to medium non-uniformity, compared to the polymerization pro-
cess involved in the manufacture of plastics.
Glass windows are however not absolutely free from defects, the latter being enhanced when
the windows thickness increases, making the design of the setup more complex as the window
needs to be thick enough to support high pressure differences between the inner and outer sides
of the combustion vessel. These defects can however be corrected via image processing as long
as no regions of the field of view is completely opaque to light, as developped in Section 2.
It is also to be noticed that the windows have to be set perfectly normal to the parallel beam of
light, in order to avoid extra light diffraction that may cause the resulting background image to
be non-uniformly bright.
Final choice was made on approximately 2 cm thick borosilicate glass windows, that satisfies
the glass resistance criteria to pressure differences and optical quality.

1.5 Knife edge
The role of the knife edge is to mask the light that has cross the second field lens but that has
been diffracted when crossing the test region.
It is to be placed downstream of the second field lens where the light is focused to a spot of
a size equal to the LED bulb size, such that it partially masks it. Its orientation, horizontal or
vertical, will determine the direction of the gradients the schlieren set-up will highlight:

• a vertical knife edge will block light deflected horizontally, that allows to see horizontal
gradients in the test region

• a horizontal knife edge will block light deflected vertically, that allows to see vertical
gradients in the test region

A pinhole can also be used to mask the outer section of the light spot, to show gradients in all
directions, and is what would be recommended to visualize the front of spherical flames.
In the ideal case, the edge of the knife-edge should be infinitely thin in order to mask the light
at exactly the second field lens focusing point. In practice, a razor blade was chosen, assuming
it is thin enough to serve this purpose when using a vertical or horizontal knife edge. In the case
of circular pinholes, precision pinholes or irises can be used, and are available at specialized
optomechanical components providers, like ThorLabs or Edmund Optics.

1.6 Image acquisition
The choice of a proper camera and lens must be done based on the interval of time during which
the events of interest are occurring and their size.
For still photography of propagating flames, the exposure time should be long enough to allow
enough light to reach the camera sensor for proper exposure, while being short enough to freeze
the event and avoid motion blur.
The amount of light reaching the sensor depends on the whole schlieren set-up, including
brightness of the light source, field lenses properties, amount of knife-edge cutoff, sensitiv-
ity of the sensor or the use or not of neutral density filters, and is generally set by trial and
errors.
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On the other hand, motion blur can be estimated by the speed at which events of interest occur.
For freely propagating, unconfined laminar flames, the velocity of interest is generally the
laminar flame speed sl, that can be estimated using a computational code for thermochemical
calculations like the commercially available code Ansys Chemkin-Pro, or the free, open-source
software library for Python and C++ Cantera [2].
In the case of laminar spherical flames propagating in a combustion sphere, the apparent veloc-
ity of the flame Ul,sph at the early stages can be estimated by the apparent velocity of laminar
spherical flames propagating in an unconfined medium using the relation:

Ul,sph =
ρf
ρb

× sl (2)

where ρf and ρb are respectively the density of the fresh and burned gases.
For schlieren videography of propagating flames, the recording time will mostly be based on
the amount of time it takes for the flame front to cross the field of view, and the frame rate
should be chosen according to the time resolution required for the analysis.

Spatial resolution of the images should be chosen according to the size of the smallest element
involved in the events. It is set by choosing appropriately the camera and its sensor, and the
camera lens. The role of the camera lens is to project and magnify the schlieren image formed
through the optical arrangement on the camera sensor, longer focal lengths giving larger mag-
nifications.
The resolution of the sensor itself can be chosen to allow image enlargement via cropping, with
no loss of relevant details. However, in the case of high speed videography, high resolution
may make frame acquisition difficult to perform. The consequence may be limitations in the
frame rate (impossible to transfer sensor data to the camera memory fast enough), or in the total
amount of frames acquirable (impossible to store so much data in the camera memory).
In the case of laminar flames, one can target a certain amount of pixels, generally 3-5, in the
thickness of laminar flames δf , that can be estimated using a thermochemical computational
code, by the relation:

δf =
Tb − Tf(
dT
dx

)
max

(3)

where Tf and Tb are respectively the temperature in the fresh and burned gases, and
(
dT
dx

)
max

is
the maximum temperature gradient across the laminar flame temperature profile.

The values of sl, Ul and δf for laminar, stoichiometric hydrogen-air flames were found to range
between sl = 1.9 m/s, Ul = 10.1 m/s, δf = 5.4 m/s at initial pressure 10 kPa, and sl = 2.3
m/s, Ul = 16.0 m/s, δf = 0.3 m/s at initial pressure 1 bar, calculated using the attached Python
script named flame.py.

2 Image processing
This section is aimed to summarize the different steps of image processing of schlieren videos,
for applications that are shock waves, detonations, flames, plumes and jet visualization.
They are implemented in Python scripts available for both versions Python 2.xx and Python
3.xx, and requires the non standard libraries NumPy and OpenCV.
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The reference image presented here is taken from a schlieren video showing a cellular detona-
tion. Schlieren images permits to highlight the presence of longitudinal and transverse shocks,
as well as shear layers, all connected at triple points as shown in Figure 3. Note that the images
brightness in this sequence has been adjusted from the raw footage in a way that the features
are easily visible.

(a) (b)

(c) (d)

Incident
shock

Mach
shock

Transverse
shock

Shear
layer

Triple
point

Figure 3: Sequence of images from (a) to (d) showing a cellular detonation propagating from
right to left, using high speed schlieren photography.

The images were taken using a Phantom V1210 high speed camera, at a resolution of 384 by
288 pixels, on a field of view of approximately 31 cm from left to right limited by the circular,
parabolic mirrors diameter, and bounded on top and bottom by the straight frame of the shock
tube in which the detonation front propagates.
The resulting frames are grayscale coded on 8 bits, for which gray level has value 0 for pure
black, 255 for pure white, and 128 for medium gray.

2.1 Background removal
Background removal applied to schlieren photography is aimed to remove persistent spots
present on the frame. They can be due to the presence of dust on the camera sensor, dirt
present along the optical path or defects on transparent elements of the optical setup.
It consists in taking a frame containing the event of interest, and subtracting to each pixel’s
value the value of the same pixel on a reference frame that contains the background (where
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no event occur), then adding to each pixel’s value the middle gray value (equal to 128 for an
8 bits image) to make the background be medium gray. The pixel value is then compared to
the bounds of the range given by the input image bit depth, and overexposed or underexposed
regions are clipped accordingly. The pixel operation transforming the input pixel pin into the
output pixel pout is thus, for an 8 bits image:

pout = max[0, min(255, pin − pref + 128)] (4)

where pref is the pixel value of the reference frame containing the background image. An
example of the resulting image is shown in Figure 4b, based on the raw image in Figure 4a.

(a) (b)

Figure 4: Rendering of the frames after background removal.

The operation (4) can also be applied using for reference frame an image that contains the
continuation of the observed event at a few frames earlier or later. Doing so permits to enhance
the features in the records of events occurring slowly or captured at high frame rates, where
consecutive frames are not significantly different. As a consequence, the background of the
frame processed is assumed to be what is contained in the few earlier or later frames of the
video.
Proceeding this way is however not recommended when processing records of events occur-
ring fast or captured at a slow frame rate, as the subtraction of two, significantly different
consecutive frames may cause the appearance of ghost images. As a result, the reference frame
containing the background used to generate Figure 4b is the first frame of the footage, in which
the detonation front did not appear yet, a few frames before the one shown in Figure 3a.

Background removal also removes opaque elements in the field of view, in a way that masking is
required to be done for convenience to identify objects like framing, object, posts, etc. Because
no light passes through opaque elements, the pixels they are associated supposedly have value 0
or close. Identifying the regions to mask thus consist in identifying regions of the unprocessed
current image where pixel values are smaller than a small value, generally 1.
Alternatively, if the opaque elements are fixed, processing time can be shortened by assuming
all pixels to be masked can be found from a single frame. This latter choice was done to
generate the final image shown in Figure 5b, where the pixels to be masked were taken from
the first frame of the footage, a few instants before the one shown in Figure 3a.

2.2 Contrast enhancement
As seen in Figure 5, background removal can cause the features of interest to be faint, so that
contrast enhancement may be required. This is typically done by applying an S-shaped tone
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(a) (b)

Figure 5: Rendering of the frames after masking.

curve to the image, that has for effect to darken the shadows and brighten the highlights while
keeping neutral gray constant, and avoid clipping whites and blacks.
For an 8 bits image, a simple relation between the input pixel pin of an image and the value it
should be after contrast enhancement pout is:

pout =
255

1 + exp(−pin−128
σ

)
(5)

in which σ is the parameter that controls the slope at the middle gray input pixel value pin =
128. Examples of renderings for multiple values of σ are shown in Figure 6. Note that owing
to the relation (5) cases where σ is too small or too large may cause losses of information in
the shadows and highlights. For 8 bits images, keeping σ in the range 5 - 20 is recommended.

2.3 Using the Python scripts
The two Python scripts titled remove-background-pythonX.py associated to this doc-
ument perform image processing as described above. They are different in that they are com-
patible for Python 2 and Python 3.
For them to work, they require libraries NumPy for basic mathematics and array handling, and
OpenCV for image and video processing to be installed. Instructions for their installation can
be found at their official links:

• NumPy : https://numpy.org

• OpenCV : https://opencv.org

The scripts can be edited in a regular text editor, then ran in a command line under Linux Shell,
MacOS command line or Windows cmd through the command:

• python remove-background-python2.py for versions Python 2.xx

• python3 remove-background-python3.py for versions Python 3.xx

The first few lines of the scripts serve as the user interface, and is the only section required to
be set to convenience. It contains definitions for the useful parameters, described in Table 1.
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Figure 6: Rendering of the footage for different values of σ.
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in_video Name of the video to be processed.
out_video Name of the processed video.
firstframe Index of the first frame to be processed in the video.
lastframe Index of the last frame to be processed in the video.

Can be set to an integer to define any index for the last frame, or
as the character string "last" to select the last frame. In the case
the value chosen is larger than the number of frames in the video,
the last frame is automatically chosen.

output_framerate Frame rate of the output video.
bginterframe Number of frames between the frame to process and the reference

image containing the background at few instants later, for back-
ground removal.
See Section 2.1 for details on how to chose this value.
Can be set to any integer from 1 and above.
To be set to value 0 to consider the first frame defined in variable
firstframe to be the one and only containing the background.

showframe Takes boolean values True/False to show/hide the current frame
processed.
Showing the current frame can make the process slow.

mask_threshold For masking, set the pixel value in the reference frame below
which a pixel should be masked (typically 1).

maskfromfirst Set boolean value True if masking shall be done only based on the
first frame.
If set to False, masking is done based on the frame currently pro-
cessed.
Setting to False causes processing to be slow, but is relevant if
opaque moving objects are present in the field of view.

change_contrast Set boolean value to True to apply contrast adjustment.
sigma Set any floating point number as value of σ in relation (5).

Table 1: Table of reference for the parameters called in the image processing Python scripts.
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3 Further improvements

3.1 Use of a neutral density filter
Dealing with self-luminous events like a flame may require the light source to be powerful
enough to overcome the brightness of the schlieren object. The consequence is that the camera
may gather too much light in a way that the sensor is saturated.
To compensate for this, one may use a neutral density (ND) filter to dim the light reaching
the camera sensor, to be placed after the knife edge. Finding the appropriate amount of light
transmitted across the ND filter to properly expose the camera sensor can be done by:

1. setting the light source brightness in a way the camera sensor gives properly exposed
images

2. measuring the amount of light reaching the camera lens (in lux) using an incident light
meter

3. increasing the light source brightness to the required value and measuring it again

4. calculating the fraction of light to be collected for proper exposure, relative to the amount
of light available when the light source brightness is at the desired value

Neutral density filters of various light transmission fraction can be found in optomechanical
components shops like ThorLabs or Edmund Optics, generally available in the form of sheets
or plates that can be mounted on an appropriate optical post for easy integration to the overall
optical bench. Photography shops also provide ND filters in the form of camera lens filters.
They are however less flexible than sheets as they must be chosen to fit the camera lens on
which it will be mounted.
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Appendix B

Jet visualization and analysis for the study
of the influence of the Lombard effet on
speech aerosol dispersion

The report attached in the following pages summarizes the experiments and analysis proposed for
the study of jets formed at humans’ mouth during speech, in order to investigate the influence of
the Lombard effect, i.e. the way speech changes depending on the ambient noise in which it is
performed, on speech aerosol dispersion.

An experimental procedure was designed to visualize human exhalation during speech, using
high-speed schlieren videography. To investigate the influence of the Lombard effect, human par-
ticipants were asked to recite four simple sentences, while background noise at different volume
was played. Audio records, together with the schlieren videos, were then used to comment on the
dispersion of aerosol originating from human speech.

Tools aimed to analyze the high-speed video footage were also developed, in order to extract
relevant quantitative data. They relied mostly on jet detection algorithms, and the use of particle
image velocimetry like methods. Those permitted to evaluate the evolution of the jet size, flow
velocity field and volumetric flow rate of air exhaled. These data collected over the whole set of
experiments were then compiled, and statistical analysis aimed to discuss how the ambient noise
may affects aerosol dispersion from human speech was performed.
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Jet visualization and analysis for the study of the
influence of the Lombard effet on speech aerosol

dispersion

Willstrong Rakotoarison, Farzane Zangene

Abstract
The following document summarizes the experiments and analysis proposed for the study of
jets formed at humans’ mouth during speech, in order to investigate the influence of the Lom-
bard effect on speech aerosol dispersion.
An experimental procedure was designed to visualize human exhalation during speech, using
high-speed schlieren videography. To investigate the influence of the Lombard effect, i.e. the
way speech changes depending on the ambient noise in which it is performed, human partici-
pants were asked to recite four simple sentences, while background noise at different volume
was played. Audio records, together with the schlieren videos, will later be used to comment
on the dispersion of aerosol originating from human speech.
Tools aimed for the analysis of the high-speed video footage were also developed, in order to
extract relevant quantitative data. They relied mostly on jet detection algorithms, and the use
particle image velocimetry like methods. Those permitted to evaluate the evolution of the jet
size, flow velocity field and volumetric flow rate of air exhaled. These data collected over the
whole set of experiments could then be compiled, and statistical analysis aimed to discuss how
the ambient noise may affects aerosol dispersion from human speech can be performed.
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1 Experimental setup

1.1 Video
To perform flow visualization of exhalations coming out of the mouth of a person, a Z-type
schlieren setup is used. This setup uses light refraction to visualize regions where gas density
varies, like the plume of hot air over a heat source, or jets, shocks, combustion waves, etc.

The working principle is presented in Figure 1. A point light source is placed at the focal point
of a parabolic mirror, to form a beam of parallel light. The flow subject is placed on the path
of this parallel light beam. As the light crosses a schlieren object, i.e. a region where the gas
density changes, the light rays are slightly deflected due to light refraction. Passed the schlieren
object, the beam of parallel light is re-focused using a second parabolic mirror.
In the case where no light has been refracted, a point of light should be located at the focal
point of the second parabolic mirror. If light was refracted a spot of light is observed instead.
The spot is partially covered using a knife edge. This has for effect to block the rays deflected
by the schlieren object. For visualization, a screen or a camera is placed behind the knife edge.
The resulting schlieren image appears as a grayscale representation of the regions where the
light has been deflected as it crossed the schlieren object.

The schlieren videos were recorded using a Phantom V1210 high speed camera. An example
of the raw image is presented in Figure 2a. The sample videos presented here were recorded
at a framerate of 400 frames per second, and with a resolution of 768 by 768 pixels, giving a
resolution of approximately 2383 pixels per meter, determined using the circular section of the
mirror that has a diameter of 317.50 mm. The resulting frames are grayscale coded on 8 bits,
for which gray level has value 0 for pure black and 255 for pure white.

The videos were pre-processed to have them ready for data extraction. To get the focus on the
jet, the background was removed. The method used to achieve it was to take the gray value of
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(a) (b)

Figure 2: Raw schlieren image (left) and processed image to remove the background (right).

each pixel of one frame, and subtract the value of the same pixel of the next frame. This has
for effect to assign to any pixels showing the still background a value close to 0. It also assigns
to any pixel initially darker than the background a negative value. The latter was corrected by
adding the value 128 to each pixel to make the background be medium gray. An example of
the resulting image is shown on Figure 2b.

1.2 Audio
To complete the video records, audio was recorded on two devices. One was an Olympus LS10
model voice recorder, recording uncompressed 16 bits WAV files, at a sample rate of 44.1 kHz.
The second was a National Instrument BNC data acquisition system (DAQ), recording the raw
microphone voltage output voltage as 14 bits files, with a sampling rate of 44.1 kHz. The DAQ
could be triggered together with the camera, allowing for precise synchronization between
audio and video records.
Finally a 94 dB tone was recorded on both devices for calibration in post-process.

To investigate the Lombard effect on speech, a noise level calibrated background noise track
was played in the participant’s ear through a headset.

1.3 Experimental procedure
One experiment was done as follow. The participant was asked to seat in a way his/her face
was at the edge of the schlieren field of view.
The Olympus LS10 voice recorder was turned on first, followed by the camera and the DAQ
that were triggered simultaneously. A clap was then emitted using two plastic rods, in order to
synchronize the high fidelity audio signals of the voice recorder with the DAQ signal, and thus
with the video.
Approximately 3 seconds later, the participant was asked to pronounce the following 4 sen-
tences, spaced by a time interval of approximately 3 seconds :
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1. Peter Piper picked a peck

2. Where were you a year ago

3. She sells seashells by the sea

4. Mama made more lemon jam

Overall, the audio and video sequence were approximately 25 seconds long for a given back-
ground noise level. After 25 seconds, the camera and the DAQ stop recording, and the voice
recorder is turned off.

2 Flow field extraction

2.1 Motion detection
The first step of flow field extraction consists in identifying regions where the jet is located.
The result will be used to save computational resources when performing particle imagery
velocimetry as described in 2.2, by performing it only in regions where the jet is located, as
well as to infer the jet size evolution over time.

On the videos, the area the jet occupies corresponds to the area where significant motion could
be observed. These areas can be identified using a simple motion detection filter as described
in [1], applied to small regions of interest (ROI) of N-by-M pixels covering the whole frame.
The principle is the following. A pair of consecutive frames is chosen. The value of each pixel
in a ROI is given by g1(i, j) and g2(i, j) respectively for the first and the second frame, for
integers values i ∈ [0, N − 1] and j ∈ [0,M − 1], .
The root mean square (RMS) gray-level difference in the ROI between the two consecutive
frames is given by

φ =

√√√√ 1

N ×M
N−1∑

i=0

M−1∑

j=0

[g2(i, j)− g1(i, j)]2 (1)

This operation is applied on the overall frame such that the field of φ can be constructed. The
results show some regions of the frame where φ is small, corresponding to regions where the
first and second frame are almost identical. Regions in which the first and second frame are
different show larger values of φ, suggesting that motion occurred.

A threshold value of φ is chosen, above or below which motion is assumed to occur or not,
respectively. In practice, finding a single threshold for all frames of an experiments is difficult,
owing to to slight variations of the average value of φ that may exist between several frames.
This difficulty is overcome by choosing a threshold value for φ̄ = φ/(φ)average, the value of φ
normalized by its averaged value on a whole frame.
As a result φ̄ has for value 1 at its average. Typical thresholds chosen for identifying motion
were taken for φ̄ ' 1.2− 1.4, for ROIs chosen of size 32× 32 pixels square.
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2.2 Particle image velocimetry (PIV)
Details of the flow involved by the jet, like the local flow velocity and direction, could be
estimated using a particle image velocimetry (PIV) like method, applied to schlieren images.

Particle image velocimetry (PIV) is a common method used in experimental fluid mechanics.
It consists in reconstructing a flow field by tracking the motion of groups of particles seeded in
the flow with time.
To do so, two consecutive images of a given plane in the flow are captured at a short time
interval. The local flow direction and magnitude are then determined by comparing small
regions of the flow, located at the same position on the two frames. The method is illustrated in
Figure 3, applied to a counter-clockwise vortex.

Two images of the vortex seeded with white particles at two different times are shown on Figure
3 (a) and (b). The region where the flow magnitude and direction are wanted is identified by
the red squares drawn on each frame, and will be denoted as the seeking region, assigned to the
second frame.
An enlarged view of the seeking region for each frame is shown as a solid red square on Figures
3 (c) and (d). On the same view is represented in dashed red square what is denoted as the mask.
It contains the pattern of particles of interest in the first frame, and should be of a size smaller
or equal to the seeking region.
To determine the magnitude and flow direction, one need to determine by what amount the
mask containing the particles of the first frame should be shifted, in the vertical and horizontal
directions, to correlate with the particles of the second frame in the seeking region.
The appropriate shift was found in practice by finding the minimum of the least square differ-
ence between the seeking region and the mask, by shifting the mask horizontally and vertically.
This operation is repeated on other seeking regions to reconstruct the flow field.

This method was adapted to schlieren images, where correlation between 2 frames was found
instead of particles. A mask size of 32 by 32 pixels and seeking regions of size 64 by 64 pixels
were found appropriate to reconstruct to determine the local flow velocity. A distance of 7
pixels horizontally and vertically between the center of 2 seeking regions was found appropriate
to reconstruct the velocity field with high enough accuracy.

3 Results

3.1 Jet size
Figure 4 gives an example of the found contours of the jet, taking a threshold value of φ̄ equal
to 1.35.
The number of pixels contained inside the region contoured in red representing the regions
where motion occurred, i.e. where the jet is located, can be counted and the result gives a
measure of the size of the jet. This can be done for each frame of the video and a time evolution
of jet size could be plotted, as seen in Figure 5.

The time evolution of the jet size can be differentiated with time, so that a characteristic speed
of the spreading of the jet could be deduced, expressed in pixels per second, as shown in 5.
As a reference, this value is positive when the jet size increases, is negative when the jet size
decreases.
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Figure 3: First (left column) and second (right column) images used to visualize the flow field
generated by a vortex using PIV. Figures (a) and (b) are the global images. Figures (c) and (d)
are zoomed in the relevant regions of interest for each image, i.e. the mask extracted from the
first image (dashed red square), and the seeking area, extracted from the second image (solid

red square). Figures (e) and (f) are the mask and the seeking region.
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Figure 4: Contours (in red) of the jet determined using the motion detection filter.

Both plots were drawn together with the audio recorded by the DAQ, as a reference for defining
instants when sentences are pronounced. It is relevant to mention that in between sentences,
the size of the jet is not 0, but correspond to moments where the participant was breathing.

3.2 Flow field
An example of the flow field obtained using method described in section 2.2 is shown in Figure
6. The image on the top shows the magnitude of the flow velocity, and the image at the bottom
shows the streamlines of the flow coming out of the mouth of the participant.

3.3 Jet carried momentum
The flow velocity being known, one can define as a measure of the jet velocity the average
velocity of the flow at all points of the jet.
This jet velocity can then be multiplied by the size of the jet to provide a measure of the
momentum carried by the jet.
The latter could then be used as a reference to discuss how far can a jet spread : a small jet
going with a small velocity spreads less far than a large jet with a large velocity. In between lie
small jets with large velocities and large jets with small velocities.
In Figure 7 are plotted both the average jet velocity in pixels per frame and the measure of the
jet momentum, together with the audio recorded using the DAQ for reference.

7

117



3.4 Jet volumetric flow rate
A measure of the jet volumetric flow rate could be determined from the flow velocity profile,
by measuring the amount of gas exhaled crossing a given boundary.
A reference figure for the calculations is given in Figure 8 for the notation, where the boundary
considered was taken at x = 200 pixels. To determine the volume crossing a boundary, one
needs to integrate the flow velocity over this boundary :

V̇ =

∫ ytop

ybottom

ux(x, y)dy

where ux is the x-component of the local flow velocity Because the flow field measured us-
ing PIV-like method is discrete, the integral is approximated by a sum, and a measure of the
volumetric flow rate crossing the boundary at location x is given by :

V̇ '
Ny∑

i=0

ux(x, yi)∆y

where Ny is the total number of discrete points in the y-direction where the local velocity was
measured, yi the ith discrete point in the y-direction, and ∆y the distance between the center
of two discrete points, equal to 7 in Figure 8.

As an example, the flow rate evolution over time crossing border x = 200 pixels is plotted on
Figure 9, together with the audio recorded using the DAQ for reference.
A couple of remarks can be done from this plot. The first one concerns the amount of mass
crossing a given boundary, that is expected to decrease the further the boundary is from the
participant’s mouth.
A second remark concerns the patterns observed when comparing the audio to the volumetric
flow rate. It can be seen that the flow rates for a given sentence reach a maximum a few instants
after the sentence is pronounced, and its maximum is larger when the sentence it succeeds does
not provide a large flow rate.
This suggests that the maximum reached is due to air exhaled while breathing, that is large for
sentences that did not require a lot of air to be pronounced.

3.5 Statistics
Statistics from single sentences can be done, and more global data at different background noise
level playback can be done.
Figure 10 shows normalized statistics extracted from the experiments performed on participants
4 and 5.

The horizontal axis shows not at scale background noise level. The vertical axis represents
values of different quantities introduced above, averaged on a single sentence.
To obtain these bar diagrams, the start and end time at which a sentence was pronounced was
identified on the audio signals.
The average value of the quantity of interest over the time the sentence was pronounced was
then calculated. This process was repeated for all sentences, at a given background noise level
and plotted in Figure 10 in black, blue, red and white.
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The process was repeated for all background noise level. A group average of the values associ-
ated to a given quantity for a single participant was calculated, then used to normalize the bar
diagrams.
This was done in order to facilitate comparison between participants, by setting to value 1 the
average speech volume associated to a single participant.
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Figure 5: Jet size evolution and expansion rate over time. Audio signal recorded by the DAQ
is also plotted as a reference for determining when a sentence was pronounced.
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Figure 6: Magnitude of the velocity field (top) and streamlines (bottom), calculated using
PIV-like method described in 2.2.
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Figure 7: Example of the jet average velocity and momentum.
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Figure 9: Jet volumetric flow rate at location x = 200 pixels.
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Figure 10: Statistics extracted from the flow measurements. Results are here presented
normalized by the average value over the whole set of experiment associated to a single

subject, for a given quantity.
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