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Abstract

Detecting a change in the structure of a time series is a classical statistical problem.
Here we consider a short memory causal linear process X; = Z;io a;&i—j,1=1,---,m,
where the innovations &; are independent and identically distributed and the coeffi-
cients a; are summable. The goal is to detect the existence of an unobserved time
at which there is a change in the marginal distribution of the X;’s. Our model al-
lows us to simultaneously detect changes in the coefficients and changes in location
and/or scale of the innovations. Under very simple moment and summability con-
ditions, we investigate the asymptotic behaviour of the sequential empirical process
based on the X;’s both with and without a change-point, and show that two proposed
test statistics are consistent. In order to find appropriate critical values for the test
statistics, we then prove the validity of the moving block bootstrap for the sequential
empirical process under both the hypothesis and the alternative, again under simple
conditions. Finally, the performance of the proposed test statistics is demonstrated

through Monte Carlo simulations.
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Introduction

In recent years, there has been ever increasing interest in statistical methods ad-
dressing the problem of structural stability in a time series environment. It is well
known that ignoring the structural changes in a time series setting may lead to in-
correct statistical procedures and consequently affect estimation and inference. In
fact, this is a problem that arises in many areas of application, including economics,
finance, climate data, engineering and health sciences, among others. The broad area
of change-point detection is a subject of prime importance and an attractive field of
research with many unresolved questions.

In very general terms, the change-point problem is as follows: we have a stochas-
tic process X7, Xo, X3, -+ evolving in time. Initially the process is stationary; the
random variables X; are identically distributed, although not necessarily independent.
There may be an unobserved time 7 at which the behaviour of the process changes
in some way - for example, there may be a change in mean or variance (a change in
location or scale), or a change in the dependence structure of the X;’s. The goal is
to detect the presence of an unobserved change-point.

Here, we consider one of the most widely applied time series models - the causal linear
process, which is defined as follows: for ¢ > 0,
Xi= Z a;&i—j,
Jj=0
where (a;) is a sequence of absolutely summable constants and (&;) is a sequence

of independent and identically distributed random variables (the innovations). This
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summability of the coefficients ensures that the linear model is short range dependent.
Under very general conditions, we will consider the null hypothesis of “no-change”
and the alternative that there is a time at which there is a change in the marginal
distribution of the X;’s. Our model allows for a change in the coefficients (a;) and/or
a change in location (mean) or scale (variance) of the innovations &;.

From a statistical perspective, the change-point problem is approached in one of
two ways, depending on the available data: a sequential or a retrospective (ex-post)
scheme. In the first case, the decision on whether or not there has been a change-
point is made “on line” with the observations. More precisely, with the arrival of
each new data point X, a decision of “change” or “no change” is made based on the
information available up to that time. In the retrospective approach, the decision is
made after observing a sample (Xi,...,X,) of a fixed length. In this thesis, we will
take the retrospective approach.

The literature on change-point detection is vast, including many different time
series models, both short and long range dependent, sequential and retrospective de-
tection, single or multiple change-points. It is impossible to present a comprehensive
literature review, and so we restrict ourselves to a brief overview that illustrates the
wide range of recent research in the area. Change-point analysis was originally devel-
oped under the assumption that the X;’s were independent random variables. One of
the fundamental references for this theory is the book by Csérgé and Horvath [11].
More recently, many more general time series models have been explored. Tests for
structural changes in univariate (multivariate) time series include Horvath et al. [28],
Vogelsang [57, 58] and Shao [56] for a change in the mean; Inclan and Tiao [31],
Lee and Park [38], Gombay, Horvath and Huskova [24] for a change in the marginal
variance; Giraitis et al. [20], and Inoue [32] for a change in the marginal distribution
function; Giraitis and Leipis [19] and Lavielle and Ludena [36] for a change in the
spectrum; Berkes et al. [3], Galeano and Pena [18] for a change in the autocovariance

structure. The tests for change-point in time series models or regression models with
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dependent errors are covered by Andrews [2], Lee et al. [37], Ling [39] and Gombay
[22] and [23], among others. For further methods and developments, we refer to the
books by Csorgé and Horvath [11], Hackl and Westlund (1991), Tong (1990) and
the review articles by Bhattacharya [6], Deshayes and Picard [13] and the references
therein.

Among the references above, the most relevant to our work are [20] and [32], in
which a change in the marginal distribution of the X;’s is considered. We will discuss
these papers in more detail shortly.

The theory of change-point detection in the marginal distribution F' of the X;’s

relies on a detailed analysis of the asymptotic behaviour of the sequential empirical
[ns]

distribution Fj,q(z) := —[ ] E I(X; <), for —oo < x < oo and 0 < s < 1. This in
ns
i=1

turn depends on whether the process is short or long range dependent (equivalently,
the process is said to have short or long memory). The linear process we consider is
short range dependent, and in much of the literature on short range dependent time
series, an assumption of “mixing” is made. Heuristically, the process (X;) is mixing if
X; and X are approximately independent for large values of |i — j|. Mixing assump-
tions lead to a very nice asymptotic theory (see Bradley [7, 8], Csorgé and Horvath
[11], Dehling and Philipp [12], Doukhan [14], Peligrad [46], Philipp [48], Rio [54]).
However, mixing conditions can be difficult to check and can impose unnecessary
restrictions on the model. Furthermore, many authors have given counterexamples
where mixing conditions are not satisfied - see, for example, Andrews [1], Chernick
[10], Eberlein and Taqqu [16], Ibragimov and Linnik [29], Ibragimov and Rosanov [30]
and Radulovic [53].

An alternative approach to deriving the asymptotic behaviour of the empirical
distribution of a stationary process is based on an elegant martingale technique first
introduced by Gordin [25], which allows one to approximate the empirical process

Vn(F,(z) — F(z)) with a martingale and then apply one of the classic martingale
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central limit theorems (see Heyde [27], Maxwell and Woodroofe [41] and McLeish
[43, 44] among others). This was the approach taken by Doukhan and Surgailis
[15] who proved an invariance principle for the empirical process of the linear model
described earlier under minimal conditions that include non-mixing sequences.

In this thesis, we use the martingale approach since our goal is to develop a sim-
ple and widely applicable testing method by striking a balance between the generality
of the model, the nature of the change, and the simplicity of the conditions imposed.
The linear model includes a wide range of ARMA processes and we are able to prove
an invariance principle (functional central limit theorem) for the sequential empiri-
cal process (both with and without a change) under exactly the same conditions as
Doukhan and Surgailis [15]. These conditions are expressed in terms of existence of
moments of any order for the innovations §; combined with a corresponding condition
on summability of the coefficients a;; there are no assumptions of mixing or associa-
tion. Furthermore, we are able to test simultaneously for changes in the coefficients
(a;) or in the location or scale of the innovations.

We now return to some related references. We shall mention for instance that a
linear model is considered in [3] and although mixing is not required, the summability
and moment conditions imposed are stronger than ours and the change considered is
only reflected in the covariance structure of a linear process. In [20] and [32], as in
our case, the authors propose tests for change in the marginal distribution function of
a time series. The key to developing the asymptotic behaviour of the test statistics is
a functional central limit theorem (FCLT) for the sequential empirical process both
with and without a change-point. On one hand, although no particular model is
imposed in [20], a FCLT is assumed a priori and there is no discussion of how to
find critical values for the test statistics. On the other hand, Inoue [32] proposes a
nonparametric testing approach for a very specific change-point model that requires

quite complex assumptions and mixing properties.
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While of theoretical interest, the Gaussian limit in the FCLT for the sequential
empirical process generated by a short memory stationary time series has a complex
covariance structure that cannot be evaluated from a single realization of the process.
This necessitates a bootstrap procedure for applications - i.e. we need a consistent
bootstrapping technique that preserves the interdependence within the sample both
under the hypothesis and the alternative in order to tabulate appropriate critical
values for our test statistics.

An excellent general reference for various bootstrap techniques for stationary
sequences is [35]. A comprehensive review of the moving block bootstrap (MBB) is
given by Radulovi¢ in [51]; sufficient conditions for a bootstrap empirical CLT are
given in terms of a or f-mixing coefficients. More recently, Radulovi¢ revisits the
disjoint block bootstrap (DBB) in [52], proving that under mild S-mixing conditions,
if an empirical central limit theorem exists, then there is also a DBB empirical central
limit theorem. Other bootstrap techniques are discussed by Politis et al. in [50]
and Biihlmann in [9]. In the references above, and indeed in most of the available
literature, assumptions of mixing or association are made. In the case of the MBB
empirical central limit theorem, a notable exception is Theorem 2.2 of Peligrad [47]
where sufficient conditions for convergence of finite dimensional distributions and
tightness of the bootstrapped empirical process are expressed in terms of moments of
the empirical distribution of the stationary sequence.

We will see that conditions on the innovations and coefficients of the linear
process similar to those of Doukhan and Surgailis [15] are sufficient to ensure that
Peligrad’s moment conditions hold. These simple assumptions allow us to handle non-
mixing linear processes. Furthermore, even when the linear process can be shown to
be mixing, our conditions improve on the sharpest available sufficient mixing rates for
the empirical MBB FCLT. Additionally, we must also prove a sequential version of
Peligrad’s theorem and show that the bootstrap is consistent under the alternative.

As in [32], this will be proven under the assumption of a converging alternative. While
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the “converging alternative” model of [32] can include multiple change-points, it is
very complicated, involving specific rates at which change occurs in both the marginal
distribution of X; and the joint distributions of (X3, Xi.,4), d > 1. In addition, a
very strong mixing rate is required for consistency of the bootstrap. In contrast, we
assume only that the change occurs relatively early or late during the observation
period and no mixing is required.

We proceed as follows: we introduce the model, based on a stationary linear
process, and the simple conditions of [15] in the next chapter. A functional central
limit theorem for the sequential empirical process will then be stated and proven.

In Chapter 2, we present the change-point model. A functional central limit
theorem for the sequential empirical process in the change-point framework is proven
in Section 2.1. Finally, the last section is dedicated to developing a nonparametric
approach for testing for a change in the marginal distribution function. We end
the chapter with an analysis of the asymptotic behaviour under the null and the
alternative hypotheses of both a Kolmogorov-Smirnov type statistic and a Cramér-
Von Mises statistic.

Chapter 3 addresses the validity of the weak convergence of the bootstrap em-
pirical process. A brief introduction to the moving blocks bootstrap technique and
the necessary assumptions will be discussed in Section 3.1. The main result in this
chapter, Theorem 3.2.2 is of independent interest and establishes the validity of the
moving block bootstrap in the case of the linear model. It will be then followed by a
direct application.

An extension of the results of the last chapter will be detailed in Chapter 4: we
will prove functional limit theorems for the bootstrap sequential empirical process
under both the null hypothesis and a local alternative. The last section will be
devoted to examining the asymptotic behaviour of the bootstrapped test statistics.

Finally, the proposed framework will be illustrated by simulations in Chapter 5.

We investigate the power of our tests and as well illustrate that our test can detect
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a gradual change in the marginal distribution, provided there is rapid convergence
to stationarity after the change. We conclude with a summary of the contributions
of the thesis and a discussion of some directions for further research. Additional

simulations and R code are presented in the Appendix.



Chapter 1

Functional Central Limit Theorem
for the Sequential Empirical

Process

In this chapter, we investigate the asymptotic behaviour of the sequential empirical
process for a stationary causal linear process. To that end, we introduce the model
and the necessary background in the first section. The second section will be devoted
to proving a sequential version of the functional central limit theorem of Doukhan

and Surgailis [15] for the sequential empirical process.

1.1 The model

We are given a stationary causal linear process
Xi = Zajfi_j, 1€ Z, (111)
Jj=0
where {a;,j € Z} is a sequence of non-random weights and the ¢; are independent

and identically distributed (i.i.d) innovations.
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Let F' and F¢ denote the respective distribution functions of Xy and §y. In the sequel,

we will proceed under the following assumptions as in Doukhan and Surgailis [15].
Assumptions 1.1.1

1. Let {a;,j € Z} be a sequence of non-random weights, infinitely many of which
are non-zero, satisfying

Z la;|” < oo for some v € (0,1].

320

2
2. There exist constants C' < oo and A € (5, 1] such that for all u € R

C

| E exp(iuo)| < W'

3. EH§0|4'Y] < 00.
Comments 1.1.2

e Note that E[X;] might not exist and Var(X;) < oo if and only if E[¢?] < oo.
In this case, X; has short memory (is short range dependent) in the sense that

Z |Cov(Xo, X;)| < 0.

i€Z
e Remark that the more general the moment condition in Assumption 1.1.1.3 |

the more restrictive the summability condition Assumption 1.1.1.1.

e Assumption 1.1.1.2 implies that the distribution function of &, satisfies the
Holder condition | Fg(x)—F¢(y)| < Clz—y|?. It also implies that the distribution
function of a partial sum of the a;§_; terms is differentiable with a bounded
density satisfying a uniform Lipschitz condition, provided that sufficient terms
with non-zero a; are included in the moving average (cf. [15]).

We note that Doukhan and Surgailis assumed that A € (%, 1}, but in fact there



1. FCLT for the Sequential Empirical Process 10

is a small error in the tightness argument !. To be specific, the right hand side
of equation (17) of [15] should be O N?2|z —y|3~/2. If F; has a bounded Lipschitz

density, then Assumption 1.1.1.2 is not required.

Before we state the functional central limit theorem for the sequential empirical pro-

cess, we need to introduce some basic notation:

Ri(x) = I(X; <x)— F(x),
Fu(z) = %ZI(XZ- <.

Define now the two-parameter sequential process for (z,s) € R x [0, 1]

Wy(z,s) = [n—\/g(F[nS] (x) — F(x))

We consider the weak convergence, denoted by B>, of random elements taking values

in the space D(R x [0,1]) equipped with Skorokhod’s J;-topology 2.

1.2 FCLT for the sequential empirical process

Here we provide a functional central limit theorem for the sequential empirical process.
This is the main result in the first chapter and is a sequential version of the functional

central limit theorem of [15].
Theorem 1.2.1 Assume Assumptions 1.1.1.1-1.1.1.8 hold. Then, as n — oo,

W) B WO,

"'We thank Professor Donatas Surgailis for this clarification, made in a private communication.
2See [4] for more details.
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where W (.-} is a centred Gaussian process with covariance
o((x,5), (y.t)) = Cov (W(z,5),W(y,1))
= (sAt)Y_ Cov(Ry(x), Ri(y))

1€Z

= (sAt)Y Cov(I(Xy <), I(X; <y)).

i€Z
Proof
Let F; be the o-algebra defined by

Fi={§ + i<}
Define for h > 0 the martingale differences
Uin(r) == P(X; < 2|Fip) — P(Xi < 2| Fispna).
The U; 5 (x) are stationary in ¢ for a fixed h. Furthermore,
ElUin(x)Ujp(y)] =0 for i—h+#j—h z,yeR.
Define for N < oo,
N
R (x) = ) Uin(x)
= ;(:;)(z <z)—P(X; <z|Fi_n_1)
This series converges in LP for all p > 0. In fact, we can observe that:
R¥(z) B I(X;<2)— P(X; < r;ﬂ)
= I(X;<z)— F(x)
= Ri(x),

(1.2.1)

(1.2.2)

(1.2.3)

where the first and the second lines follow respectively using the reverse martingale

convergence theorem and the 0-1 law.

Thus, we have almost surely

Ri(z) = lim RN(z) =) Us(x).

N—o0
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Moreover, since 0 < P(X; < x|F;_n_1) < 1, we have convergence in L for all p > 0.
Write now

Ri(z) = RN (x) + RN (x), where RN (z Z Uin(
h>N
Similarly, write

—~

W(x,s) = WN(x,s) + WN(x, s),

n n

where
[ns]

W ZRN and WN (z,s)

LR

3\

The proof of the theorem Wlll be based on the following

(a) Convergence of finite dimensional distributions using the Cramér-Wold device.

(b) A tightness argument for the sequence W, (-, ).

Proof of (a) We will give an illustration of the proof by showing the result for only
two points since the general proof follows similarly.

We know from [15] that

VIns] (Frug(z) = F(x)) < N(0,0%(x)),

where % denotes convergence in distribution and
o*(x) = cov(Ro(x), Rj(x)).
JEL
On the other hand, we know that

[ns]

vn

—y/S as n — oQ.

Therefore,

W, (z,s) % N(0, so%(z)) as n — occ.

For all a,b € R

aW,(z,s) + bW, (y,t) = aW,iV(as, s) + bW,]LV(y, t) + &WnN(x, s)+ bW,ﬁV(y, t).
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In order to prove (a), we will show

al) aWh(z,s) + bW (y, 1) 5 N(0,0%), as n — oo, where
n n N

o3 = a’s Z Cov(R{ (z), RY (x)) + 2ab(s A t) Z Cov(R{ (z), R} (y))

JEZ JEZ

+0’t > Cov(Ry' (y), R} (y)). (1.2.4)

JEZ

a2) 0% — 0% = a’so?(x) + 2abo((x,s), (y,t)) + b*ta*(y), as N — oo.
N

(a3) Var(aW>(z,s) + bW (y,t)) < §(N), where 6(N) — 0 as N — oc.
Hence,
aWhN(x,s) + bW (y,t) 4 N(0, %) % N(0,02),

where the first limit corresponds to n — oo and the second limit is taken as N — oo.

The finite dimensional convergence follows from [5] Theorem 3.2, as (a3) implies that

im limsup P(|aW >N (z,s) + bW (y,t)| > ¢) =0, Ve > 0.

1
N—oo  pnoo

Thus,
aW,(z,8) + bW, (y, 1) > N(0,02) as n — oo,

and (a) follows by the Cramér-Wold device.

Proof of (al) Using the same techniques developed in [15], we write

[ns] [ns] N
VW (z,s) = RY¥(x) =) Uin(x)
i=1 i=1 h=0
N h N [ns]
=D IACED 3) SENE
h=0 i=1 h=0 i=h+1
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N [ns] N [ns]+h

] =

>
(en)

i=1 h=0 i=1 h=0 i=[ns]+1

=)
&,

— MN QNS( )

i
=1

where

Similarly, we have

[nt]

VWY (y, ¢ ZMN + Q' ()-

ZUi, +ZZUz+hh Z Z Uin(z)

In what follows, C' will denote a generic constant throughout the proof which may be

different at each appearance. It was shown in [15] that
o (MY(x),F;) is a martingale difference sequence.

e for a fixed N

max %MZN(:L’) < %
%Z(MZN<$))2 22 o3%(r) as n— o0
where
oy(x) = E[(My'(x))*] = ZCOU(RéV(x)a R} (2)).

ox(z) = o (x) = Zcov(Ro(x), R;(z)), as N — oo.

JEZ

Suppose now, for instance, that s < ¢ and consider the sequence

KN (z,y) = al(i < [ns]) M (z) + bMY (y).

(1.2.5)

(1.2.6)

(1.2.7)
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Hence
1. {K}N(x,y), F;} is a martingale difference sequence.

2. For a fixed N, we have

I N a N b N
 ax, %Ki (:c,y)‘ < max ﬁMi ()| + max %Mi ()
< C
— \/ﬁ'
3.
1 [nt] 1 [ns] [nt]
S EN @) = - |3 @MY @) M) Y MY ()
i=1 i=1 i=[ns]+1

where the last line follows from the ergodic theorem (see [5] for more details).

Applying Theorem 2.3 of McLeish [42] and combining that with equation (1.2.6) leads

to
[ns] [nt]

Z MY (@) + 3" MN(y)| 5 N(0,0%), asn — oo, (1.2.8)

where o3, was defined previously in (1.2.4).

Here we used the fact that

E[My' (2)My' (y)] = E

= Cov Rév( ), N(y)) (1.2.9)
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Recall
N h N [ns]+h
=> D U@ = >, Ul
h=0 i=1 h=0 i=[ns]+1

1
We want to show that TQiLV *(x) converges to 0 in probability. For h fixed, we can
n

easily see that

2

[ns]+h [ns]+h  [ns]+h

1
o[ S v | = 25| S S v
i=[ns]+1 i=[ns]+1 j=[ns]+1

1 [ns]+h

= — E[U},(z)] using (1.2.1)
ni:[ns]—f—l
h

< — since |[Upp(z)| <1
n

— 0, as n— o0

1
TQQ[ (x) converges to 0 in probability as
n

n — oo since it consists of a finite sum of terms, each of which converges to 0. The

This implies that the second term in

first term also converges to 0 in probability by the same argument. Thus, for N fixed

1 1
—QN*(z) B0 (similarly, —QM!(y) 2 0), as n — oo. (1.2.10)

Vn vn

Combining now (1.2.8) and (1.2.10) completes the proof of (al).

Proof of (a2) To prove (a2) we need the following lemmata:

Lemma 1.2.2 Under the conditions of Theorem 1.2.1, there exists an hg < oo such
that, provided h > hy,
Uin(2)] < Clan|" (1 + |&-n]),

where C' does not depend on i or h.

The proof of the above lemma will be omitted here since a similar one can be found

n [15].
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Lemma 1.2.3 Under the conditions of Theorem 1.2.1 there exists a sequence b; > 0,

7] € Z, independent of N and such that ij < 00 and
JEZ

This is equation (10) of [15]. For completeness, we provide a detailed proof.

Proof For j > 0

|[Cov(Ry' (x), B}’ (y))] < b;.

|Cou(RY (), RY (3))]

<

> Uon(@)Usn(y)

0 h'=

Uo,h(x)Uj,j+h(y)] ‘

&)
WE

h

[en]

E

WE

>
Il

0

> E([Uon(2)Ujjen ()]

>
Il

Bz U2, ()| EZ[U?,,(v)],

WE

>
Il

0

where the second line follows from (1.2.1).

From Lemma 1.2.2 and since |Upp(x)| < 1, for j > hy

ho

0

E

1
2

U2, (2)) B2

7j+h(y)]

<

IN

IN

IA

ho

Z Ez [Uy‘Q,jJrh(y)]

h=0

ho

> B2 [Clajl” (1 + [€-al")’]
h=0

ho
O Jajinl (1 + E2[|&])

h=0

ho
CZ |ajin|”
h=0

b,
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Using again Lemma 1.2.2 for j > hg

By Assumption 1.1.1.1

Y W+ < ¢
J>ho
= C
< C
<

N
C 3" anlagn (1 + Ell&))

h=ho+1

oo
C Y an|"ajnl
h=ho+1

/!
b] .

B ho 0o
IS WW]
Lj>0 h=0 720 h=hpo+1
™ ho 00
SO ol 3 rawzw]
[ h=0 j>0 h=ho+1 >0
" ho oo
HEDS w]
L h=0 j>0 h=0

00,

where the last line follows from Assumption 1.1.1.1 and remarking that the number

of terms in the first sum is finite.

Thus for 7 >0

|[Cov(Ry' (x), B} (y))] < by,

where b; = 0 407 for j > hg and b; = 1 for 0 < j < hy, since we know from equation

(1.2.2) that |RY (x)] <1 for all N.

Remark now, using stationarity, that for j <0

Cov(RY (), RY

J

(¥))

E
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This completes the proof of Lemma 1.2.3.

Recall equation (1.2.3)
RY () = Ro(x) aus.

R} (y) — Ri(y) as.

By the bounded convergence theorem

Cov(RY (z), RY(y)) = Cov(Ro(x), R;(y)),

J

and since the covariances are absolutely summable, by Lemma 1.2.3, we can exchange

limits and summations to obtain
> Cov(Ry(x), RY(y)) = Y Cov(Ro(x), R;(y)). (1.2.11)
jez jez

Now (a2) follows from (1.2.7) and (1.2.11).

Proof of (a3) We know from [15] that

Var(WN(z,s)) < 6,(N), where 6;(N)—0 as N — 0,

Var(W,ﬁV(y,t)) < 09(N), where d2(N)—0 as N — 0.

Consequently,

Var(aﬁ;év(x, s)+ bva,JLV(y, t) = aZVar(fV\V/,]LV(x, s)) + 2abC’ov(fW/éV(x, s), WN(y,1))
+02Var(WN (y, 1))
< %01 (N) + 2ab(8:(N)d2(N))z + b%55(N)

= 0(N)—0 as N — oo.

This completes the proof of (a3) as well as (a).
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Proof of (b) Let us now address the problem of the tightness of the sequence
{W,(-,-),n > 1}. To that end, let T'=R x [0, 1], x = (z,s), y = (y,t) and define the

modulus of continuity for 6 > 0
w(Wn,0) = sup {|Wn(x) = Wu(y)| : x,y € T Ix — y| < 0},

where ||x|| = max(|z], |s]).

We shall show that for all e > 0
lim limsup P {w(W,,d) >} = 0.
6—0 n

In fact, we will prove that for each positive € and 7 there exists a 9, 0 < § < 1, such

that for all n sufficiently large
P{w(W,,0) >¢c} <n. (1.2.12)

Let ¢ and n be two positive reals and consider the block A = (z,y] X (s, t] such that

|z —y| < 1. The increment of W,, around A is defined to be
Wi (A) = Wy(x,s) — Wy(x,t) — Wiy, s) + Wa(y,t).
The proof of (1.2.12) is a consequence of (bl) and (b2) following:
(b1) We first establish the following inequality
B [Wa(4)]
< € ((=sllo= o + = sllo =) + lo—3l? )

(b2) Secondly, we show that there exists 0 < d < 1 such that

Py osup Wl 1) — Wale,5)] > 5e b < n?
r<y<z+9d
s<t<s+4d

for all sufficiently large n.
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Then, arguing as in the proof of Theorem 8.3 in [5], we define

Am,s = sup ’WTL(y? t) - Wn(l', S>| > 5e ’
r<y<z+9d
s<t<s+d

and

A" =< sup |[W,(y,t) — Wy(x,s)| > 20e
lz—y|<é
[t—s|<d

If |z —y| < d and |t — s| < ¢ then one of the following cases occurs for some ¢ and j:

e i0 <x,y<(i+1)dand jo <s,t <(j+1). In this case, we have
eid<z,y<(i+1)dand j0 <s<(j+1)0 <t <(j+2)0. In this case, we have

e i <x<(i+1)0<y<(i+2))and jo <s,t <(j+1)d. In this case, we have
(Waly,t) = Walz, s)| < [Wa(y,t) — Wa((i 4+ 1)d, j0)]
+ [Wa((i +1)0,56) — Wi (id, jO)| + [Wa(z, s) — Wa(i0, j6)| -

eid << (i+1)0<y<(i+2)8and j6 <s< (j+1)6 <t < (j+2)d. In this

case, we have

(Waly, 1) = Wz, 5)| < [Waly, ) = Wa((i +1)9, (7 +1)0)]
+ W ((i + 1)3, (j + 1)8) — W (i8, jO)| + [Wi(x, s) — W, (id, )|

e i<z <(i+1)<y<(i+2)0dand jo <t<(j+1)0 <s<(j+2)). In this

case, we have

(Waly,t) = Wa(z, s)| < [Waly,t) — Wa((i +1)d, j0)]
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+ Wi (i + 1), jO) — Wi (36, jO)| + | W (i6, 6) — Wi (id, (j + 1)6)|
+ W, (36, ( + 1)8) — Wi (, s)] -

We conclude that A* C U A;s js. Therefore, for n sufficiently large, we get

1,j<6 L
P sup |Wo(y,t) — Wy(z,s)| >20e p = P(A")
lz—y|<é
[t—s|<o

IN

P U Ais js

1,j<d1

< Z P(Aisjs)

i,j<61

(1+[671])*ns?
< dn,

IN

which is (1.2.12) except for the factors preceding € and 7. It remains to prove (bl)
and (b2).

Proof of (bl) Given a function g(z), * € R, define g(x,y) = g(z) — g(y) and
suppose for instance that s <. Then

Wa(A) = Wy(x,s) — Wy(z,t) — Woly,s) + Wiy, t)

[ns] [nt] [ns] [nt]

= % > Rilx) ZR ZR v+ Rily)
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Next define for k < [nt]
[nt]

Vile) = Y Uisl(x).

i=([ns]+1)Vk
We will make use of the methodology and the results obtained in [15] and [33]. First,

we establish a formula for the fourth moment via the sums Vj(z).

Write

Wn(A> = Z Z U’L h ya
i=[ns]+1 h>0
]

= Z > Uiir(y, o)

k<[nt] i=([ns]+1)Vk

= ka Y,x

k<[nt]

3\ §\H

3\

Hence

k<nt]

12 Z Vk(xay)

k<[nt]

1
= ﬁ(él:]l —I— 6]2 + 4]3 —|— ]4),

where

4=j
= > ( > W(x,y)> (Vi(z,y)), for j=1,2,34.
k<[nt] \l<k—1
Remark that Vi (z,y) is Fr-measurable and E[Vi(z,y)|Fr-1] = 0, hence

E[L] = 0. (1.2.13)

For the other terms, we are going to develop the desired bound using some results

from [15]. For the sake of easy reference, we restate equations (14) and (15) from [15]:

For h > hg \Uin(z,y)| < Clz —yllan|" (1 + [&-n]"). (1.2.14)
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For 0 <h<hy and p>1 ElUin(z,9)|P|Fina] < Clz —yl*.  (1.2.15)

Consider now the term I and remark that for k£ < —hy

[nt]
EVi(z,y)|Fra] = > EUiis(@,9)Ujx(x,y)| Fial
i,j=([ns]+1)Vk
[nt]
< Cle—yP > aisl o], (1.2.16)
ij=[ns]+1

where the second line follows from (1.2.14), the fact that & is independent of Fj_4
and E[|&]?] < oo.

On the other hand, for —hg < k < [nt], we need to take into consideration the position
of i —k and j — k with respect to hy. In each case, we will make use of the equation(s)
(1.2.14) and (or) (1.2.15), the fact that & is independent of F_; and E[|]*] < oo.
o —k>hgand j —k > hg

EUsii(2,9)U; j—i(2, y)| Fr-1] < Clz — yPlais||a;—"E [(1 + |&]7)?]

< Cla — yPlai—k|"|a;j—|".
.Oéi—kéhoandogj—kého

EUsi—i(z,y)Uj k(2 y)| Fr-1]
< E% [Ufi—k(xay”]:k—l] E% [Uﬁj—k(xay”]:k—l]

< Clo —y|?.
OOS’i—kShoandj—k>h0

E [Ui,z‘fk<x7y)Uj,jfk(xvy)‘fkfl]
< B3 (U2 (@,9)|Fioa] B2 U2 (2, 9)| Fri]
< Cle —y|? E? |z — yl?|aj> (1+|&[")?]

A
< Clz —y|"* 2 |a;_i|"

< Cla —y|%aj-[".
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Similarly, we get for

e —k>hyand 0 <j—k < hg
E Uii—i(2,y)Ujj-(2, )| Fro1] < Clz — y[*ai].

Thus, for —hy < k < [nt]

[nt]

BV (z,y)|Fra] = > EUniw(@, Uiy, )| Fri]
i,j=(Ins]+1)Vk
[nt]
< C > | — y?|ai—r|"|aj-i|"
1,j=([ns]4+1)V(ho+k+1)
[t A (ho-+h)

+C > |r—y®

i,j=([ns]+1)Vk
[nt] [nt)A(ho+k)

ro Y R Ty

i=([ns]+1)V(ho+k+1) j=([ns]+1)VEk

[nt]
<O Yl yPlailal
i,j=[ns]+1
[nt]A(ho+k)

+C > ey

i,j=([ns]+1)Vk
[nt]A(ho+k)

[nt]
+C ) S fr—yPlai] (1.2.17)

i=[ns]+1 j=([ns]+1)Vk
For the sake of convenience, we denote the upper bounds found in (1.2.16) and (1.2.17)
by Tél) and T,§2) respectively and we define

. T if k< —hg
k:
Tk@) otherwise.

By orthogonality we obtain for k < [nt]

E (Z Vz(w,y)> =) E[VP@y] <D E[Vi(xy)].
£<[nt

0<k—1 ¢<k—1 ]
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Therefore,

I
™
ey
o~
™
=
s
<
~
=
~
s
=
Rl
|

IA VAN A
M 20 20
3 =3 =3
=
NN
= 5
5 7
CRES
S 8
= <
\f/w

= > T (1.2.18)
k<[]
2
([ Tne ¥ om
k<—hg 7h0<k§[nt]
[nt]
<CS Y le—yl” D laikla i
k<[nt] i,j=[ns]+1
[nt]A(ho+k)

+ > > z—yt

—ho<k<[nt] i,5=([ns]+1)Vk

[nt]A(ho+k)

]
* Z Z = y|*aik" p (1.2.19)

—ho<k<[nt] i=[ns]+1 j=([ns]+1)Vk
Let’s now analyze the last two sums in (1.2.19) and notice that

[ntA(ho+k) [nt]A(ho+k)

d>ooo1= > 1=0 if [ns]+1>ho+k

i,j=([ns]+1)Vk j=([ns]+1)Vk
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hence
[nt]A(ho+k) [nt]A(ho+k)
> > 1= X >
—ho<k<[nt] i,j=([ns]+1)Vk [ns]—ho<k<[nt] i,j=([ns]+1)Vk
[nt]A(ho+k)
= Z Z I(ho < [nt] — [ns])
[ns]—ho<k<[nt] i,j=([ns]+1)Vk
[nt]A(ho+k)
+ > > I(ho > [nt] — [ns]). (1.2.20)
[ns]—ho<k<[nt] i,j=([ns]+1)Vk
Remark now that
[nt]A(ho+k)
Z Z I(ho < [nt] — [ns])
[ns]—ho<k<[nt] i,j=([ns]+1)Vk
[nt]A(ho+k)
= > > I(he < [nt] — [ns])
[ns]—ho<k<[ns] i,j=([ns]4+1)Vk
[nt]A(ho+k)
+ > > L(he < [n] — [ns])
[ns]<k<[nt]—ho i,j=([ns]+1)VEk
[nt]A(ho+k)
+ ) > L(hy < [n] — [ns])
[nt]—ho<k<[nt] i,j=([ns]+1)Vk
ho+k  [nt]
DY 5 R N
[ns]—ho<k<[ns] i=k j=[ns]+1
ho+k
+ > > " 1(ho < [nt] — [ns])
[ns]<k<[nt]—ho i,j=k
ho+k  [nt]
Y Y e )
[nt]—ho<k<[nt] i=k j=[ns]+1
= 2ho(ho + 1)([nt] — [ns])I(hy < [nt] — [ns])
+(ho + 1)2([nt] — [ns] — ho)I(ho < [nt] — [ns])
< C([nt] = [ns))I(ho < [nt] — [ns]). (1.2.21)
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Similarly, we get a bound for the second term in (1.2.20)

[nt]A(ho+k)
Z Z I(ho > [nt] — [ns])
[ns]—ho<k<[nt] ij=(lns]+1)Vk
[nt]A(ho+k)
= > > I(hg > [nt] — [ns])
[ns|—ho<k<[nt]—ho i,j=([ns]+1)Vk
[nt]A(ho-+k)
+ ), > (ke > [nt] — [ns])
[nt]—ho<k<[ns] i,j=([ns|+1)Vk
[nt]A(ho+k)
+ > > I(he > [nt] — [ns])
[ns]<k<[nt] ij=(ns]+1)Vk
ho+k

< 3 S 1o > [nf] — [ns])
[ns]—ho<k<[nt]—ho i,j=k
DD Z ~ [ns))
[nt]—ho<k<[ns] i=k j=[ns]+1
+ )Y (g > [nt] — [ns])
[ns]<k<[nt] i.j=k
= [2(ho +1)* + (ho + [ns] — [nt])(ho + 1)] ([nt] — [ns])X(ho > [nt] — [ns))
< C([nt] = [ns))I(hg > [nt] — [ns]). (1.2.22)

Therefore, combining (1.2.20), (1.2.21) and (1.2.22) yields

[nt]A(ho+k)

> > 1<C(Int] — [ns]). (1.2.23)

—ho<k<[nt] i,5=([ns]+1)Vk

To establish a bound for the last sum in (1.2.19), we note that

[nt] [nt]A(ho+k) [nt] ho+k
> oy Uy Jal 2 ) > Sl
—ho<k<[nt] i=[ns]+1 j=([ns]+1)V —ho<k<[nt] i=[ns]+1 j=k
[nt]
< (ho+1) D D el

i=[ns|+1 k<[nt]

C([nt] — [ns]). (1.2.24)

VAN
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Substituting (1.2.23) and (1.2.24) in equation (1.2.19) and since |z—y| < 1, we further
get

2
] 2

ElL]<Cqle—yP Y [ Y lasl | + (Int] = [ns])x —
k<[nt] \i=[ns]+1
2

[nt]
<Clle—ylP > D lal” + ([nt] = [ns]le =yl

i=[ns]+1  k<[nt]
C [([nf] = [ns]) (= — y* + |z — y[*)]
< C([nt] = [ns])*[x — y[2, (1.2.25)

IN

From (1.2.18) and (1.2.25), we deduce the following inequality which will be used

later in the proof:

> T < C([nt] — [ns))|z — y|*. (1.2.26)

Next, consider
Bl = Z(ZWSCy)kay)
k<[nt] \£<k—1
In the following, we will use repeatedly equations (1.2.14) and (1.2.15) in addition to
having & independent of Fj_; and E[|&]"] < .
If k < —hy, then

[nt] 3
CIECRE SRR SR || S |
il,i27i3:([ns}+1) Vk

[nt} 3
<cit S (M)
i1,42,33=([ns]+1)Vk \j=1
3
[nt]
< Olz—yf Z [
i=[ns]+1
[nt]
< Cle—yP Y ol (1.2.27)

i=[ns]+1
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If —hy < k < [nt], then we need to consider the position of i; — k with respect to hyg
for j =1,2,3.
oOgij—kShoforjzl,Z,?)

3
L H’Uimek<x>y)u‘rk1]
(=1

3

H ip,ip— kxy“/t‘kl

=

< E? [U”l L (T, y) ]]—"k 1 E%

)

3
1 1
S E2 |:U’Ll 11— k(w’yﬂfk*l] HE4 I:Ulg Tg— k(x7y)’fk*1:|
(=2
A 3 A
< Cle—yl> [[lz—vl*
(=2
= Clz —y|>.
e dlj € {1,2,3} such that 0 <i; — k < hy
3
E H’U’Le,zzk(xay)ufkll
=1
3
1 1
< B |02, eyl P ] BE(TT U2 @)l P
=1
£

3
A
< Clr—yl? |z =yl [T lai-sl
=1
(]

< Clo—y H|au Bl

E#J
e dlj € {1,2,3} such that i; — k > hy

3
E H|Uz’e,u—k($,y)||fk—1]
/=1

1

< B U2, i(a9)|Fana | BB H U2 (@, p)| Fien

Z#J
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_E'i [U;;’ie,k(x7 y) |fk—1]

T e

< BH[U2 o y)|Fi]

15,05 —

=1

t#y

3 A

< Cla = yllag, 4" [ ] lo = yI3
=1
b#]

IN

A
Clo —y[" 2 |ai, |

< Clz —y|®as;—r|.

oij—k>h0forj:1,2,3

3
H ‘Uzj ij— Q’I y ‘fk 1] S C|I - y|3 H |CLZ'],_k|7E [(1 + |£k|’y)3]

j=1

IN

3
Clz -y H |ai, k|
j=1

Thus, for —hy < k < [nt]

[nt]
BV @y 1Feid s S
7:1,7:2,7;3:([718}4-1) Vk
[nt] [nt]A(ho+k)
< C > Ix—yI?’HI%—kI“rC oo ey
11,12 ig—([ns]+1) (ho-‘rk’-i—].) /=1 il,iQ,i3=([’nS}+1)\/k‘
[nt]A(ho+k) [nt]
+ CZ > > & — y1*ai " ]as, -]
J=1 i;=([ns]+1)VEk igip=([ns]+1)V(ho+k+1)
f,p€{172,3}\{j},z<[)
5 ] [t A (ho+E)
+02. 2 >l —ylPlagl”
J=1 i;=([ns]+1)V(ho+k+1)  igip=([ns]+1)Vk
£pe{1,2,31\{j}.f<p

H!UM 2, 9)|| Froa

[nt] [nt]A(ho+k)
< C Y, le—yPla+C >, oy
i—[n5]+1 i1,52,i3=([ns]+1)VEk
[nt]A(ho+k) [nt]
+ CZ Z > e —yPlaiillai, il
J=1 i;=([ns]+1)Vv ig,ip=[ns]+1

€7p€{17273}\{j}7e<p
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[nt] [nt]A(ho+k)

3
+C> Y > e =yt (1.2.28)
J=1 dj=[ns|+1  igip=([ns]+1)Vk
£,pe{1,2,31\{j}{<p

If we denote the upper bounds defined earlier in (1.2.27) and (1.2.28) by B,gl) and

B,(f) respectively and we define

. B if k< —hg
k:
Bl(f) otherwise,

then, using (1.2.27) and (1.2.28), we have

S Be=Y B+ Y BY

k<[nt] k<-ho —ho<k<[nt]
[nt] [nt]A(ho+k)
= C2 > le—yPlasl+C 3] 2. =i
k<[nt] i=[ns]+1 —ho<k<[nt] i1,i2,i3=([ns]+1)Vk
[nt]A(ho+k) [nt]
DS D s
—ho<k<[nt] J=1 i;=([ns]+1)V ig,ip=[ns]+1
Z,p€{1,273}\{j},z<p
[nt] [nt]A(ho+k)

+C > Z > > |z — y[®as, 4] (1.2.29)

—ho<k<[nt] Jj=1 ij=[ns]+1 igip=([ns]+1)VEk
£pe{1,2,3}\{j},¢<p

Remark now that

[nt] [nt]A(ho+k) [nt]A(ho+k)
X 2 > =0 ) >, 1
—ho<k<[nt] 1=[ns]+1 i2,s3=([ns]+1)Vk —ho<k<[nt] i2,i3=([ns]+1)Vk
< C([nt] — [ns]), (1.2.30)

where the last line follows from (1.2.23).
By using (1.2.24), we get

[nt]A(ho+k) [nt]

2 2 > lanllaal

—ho<k<[nt] i1=([ns]+1)Vk igz,i3=[ns]+1
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[nt]A(ho+k) [nt]

D YD S I STt

—ho<k<[nt] i=([ns]+1)Vk j=[ns]+1
[nt]A(ho+k) [nt]

< C Z Z Z |aj—k|”

—ho<k<[nt] i=([ns]+1)Vk j=[ns]+1

< C(nt] - [ns).

On the other hand, we have
[nt]A(ho+k) [nt]A(ho+k)

2. 2. 1= ) 2

—ho<k<[nt] 11,i2,i3=([ns]+1)Vk [ns]—ho<k<[nt] i1,i2,i3=([ns]+1)Vk

(nt]A(ho+k)
= Z Z I(ho < [nt] — [ns])
[ns]—ho<k<[nt] i1,i2,i3=([ns]+1)Vk
[nt)A(ho+k)

+ > > I(ho > [nt] — [ns]).

[ns]—ho<k<[nt] i1,i2,i3=([ns]+1)Vk
As before, remark that
[nt]A(ho+k)
> > I(ho < [nt] — [ns])
—ho<k<[nt] i1,i2,i3=([ns]+1)Vk
[nt]A(ho+k)
= > > I(ho < [nt] — [ns])
[ns]—ho<k<[ns] i1,i2,i3=([ns]+1)Vk
[nt]A(ho+k)
+ ) > I(hy < [nt] — [ns])
[ns]<k<[nt]—ho i1,i2,i3=([ns]+1)Vk
[nt]A(ho+k)
+ ) > L(ho < [nt] — [ns))
[nt]—ho<k<[nt] i1, iz,ir([ns]ﬂ)
ho+k
> > Z I(ho < [nt] — [ns])
[ns]—ho<k<[ns] i1,42=k i3=[ns]+1
ho+k
+ ) > (kg < [nt] - [ns])
[ns]<k<[nt]—ho i1,i2,i3=k
ho+k [rt]

+ > > Y I(ho < [nt] — [ns))

[nt]—ho<k<[nt] i1,52=k i3=[ns]+1

IN

(1.2.31)

(1.2.32)
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= 2hg(ho + 1)*([nt] — [ns])I(ho < [nt] — [ns])
+(ho + 1)3([nt] — [ns] — ho)I(ho < [nt] — [ns])
< C([nt] = [ns))I(hg < [nt] — [ns]). (1.2.33)

Similarly, we get a bound for the second term:

[nt]A(ho+k)
> > I(ho > [nt] — [ns])
[ns]—ho<k<[nt] i1,i2,i3=([ns]+1)VEk
[nt]A(ho+k)
= > > I(ho > [nt] — [ns])
[ns]—ho<k<[nt]—ho i1,i2,i3=([ns]+1)Vk
[nt]A(ho+k)
+ >> ho = ot~ ns)
[nt]—ho<k<[ns] i1,i2,i3=([ns]+1)VEk
[nt]A(ho+k)
+ > > L(ho > [nt] — [ns))
[ns]<k<[nt] i1,42,i3=([ns]+1)Vk
ho+k

> > I(ho > [nt] — [ns))

[ns]—ho<k<[nt]—ho i1,i2,i3=k

IA

ho+k [nt]

D SRS DI D ~ [ns])

[nt]—ho<k<[ns] i1,i2=k i3=[ns]+1
ho+k

+ > Yoo — [ns])

[ns]<k<[nt] 1i1,i2,i3=k

= 2(ho +1)°([nt] — [ns])I(ho > [nt] — [ns])
+(ho + [ns] — [nt])(ho + 1)*([nt] — [ns])I(he > [nt] — [ns])
< C([nt] — [ns])I(ho > [nt] — [ns]). (1.2.34)

Using now (1.2.32), (1.2.33) and (1.2.34) to get

[Nt A(ho+k)

> > 1 < C([nt] — [ns]), (1.2.35)

—h0<k§[nt] il,ig,igz([ns]—‘rl)\/k
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and combining (1.2.29), (1.2.30), (1.2.31) and (1.2.35) yields

[nt]

ST B < ¢S Y Je—ylflail” + Clnf] — sl — y[*

k<[nt] k<[nt] i=[ns]+1

< C(lnt] = [ns])(Jz = y* + o = yI)
< C([nt] = [ns])|x — y|>. (1.2.36)

Therefore, (1.2.26) and (1.2.36) imply that

Ell) = [2:(Z:ny>%xy)

k<[nt] \£<k—1

> 5|3 vy

k<[nt] (<k—1

D BE || Y Vilx,y)

k<[nt] (<k—1

IN

U@@wakq

|

<Y BiE: [( > W<x,y)>2]

k<[nt] (<k—1

IN

<z&(zmmmﬂ

k<nt] (<[]

VI

IN

s n ()

k<[nt] (<[nt)

< O([nt] — [ns)) 2|z — y|= . (1.2.37)

Finally, consider
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We use (1.2.14) and (or) (1.2.15) in the following. Since & is independent of Fj_4

and E[|£]"] < oo, observe that for k < —hg

[nt]

E[Vi(z,y)|Fea] = >

il,ig,i3,i4:([ns}+1)Vk

4
E H Uij,z'jfk(l‘, y)lsz]

j=1

[nt] 4
TS (Hmij_w)
vk \j=1

i17i2,i3,i4:([ns]+l Vk

[ni]

< Clr—yl* Z la; x| (1.2.38)

i=[ns]+1
For —hy < k < [nt], the upper bound will depend on the position of i; — k with
respect to hg for 7 =1,2,3,4.
®ij—k>hyforj=1,234

4
HUZJ = :L‘ ZU |fk 1] < Cv|x _y|4H|aij—k|’yE [(1+ |§k|’y)4}

j=1
4

< Clo =yl [[las,4I"
j=1

e dlj € {1,2,3,4} such that 0 <i; —k < hg

4
E HUig7ig—k(xay)|fk—1]

/=1

1

< BHUR, (o) Fi| B H U2 iy, ) Fin

475]

IN

Cla —y| o — |3H|aw il

f#]

< Cle—y !AHI% Bl

K#J
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e dlj € {1,2,3} such that i; — k > hy

4
E H U’ig7ig—k(x7 ?J)|-7:k:—1]

/=1

1

< BHUR, o)l Fi] ﬁllzmkxyLﬂl

475]

IN

Cla = yllas,-[le —y|*

< C]x—y]A|aij_kP.
e dj,j' € {1,2,3,4}, j # j', such that i; — k > hg, iy — k > hg and iy — k < hg for
C#35,5

&
-

Uig,ig*k ('r7 y) |fk1]

1

E% |:UZ2J,Z]—]€($ y)Ul2/l/ k(x y |F'I€ 1i| 5 H ig,ie— k x y |Fk 1

f#] J’

IN

A
< Clo —yPlag,x[ai, x|z — y|
< Clz— y|A‘a’7jj*k”y|aij/7k|’y~

00 <i;—k<hforj=1,234

4
E H|Uievie—k<x’y)||}—k—1]

(=1

2 4
l l
< QHuzgkxylfkl QHzezgkxyp’:kl]
/=1 3
4
;
< H 4 Zelg kxy)|]:/€—1}
/=1
< Clz—yl*.

Hence for —hg < k < [nt]
[nt]

B[V (2,y)|Fra] = >

91,12,13 ,i4:([n8} +1)VEk

HUZJ’L] xy|fk 1]

Jj=1
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IN

IN

[nt] 4
c > o — y* T las, el
i1,32,i3,ia=([ns]+1)V(ho+k-+1) Jj=1
[nt]A(ho+k)
C > o —y|*
i1,i2,i3,i4_([ns]+1)\/k
[nt]A(ho+k) [nt]

CE: 2 2 2 -

ij=([ns]+1)VE  ig,ipim=([ns]+1)V(ho+k+1)
£pmefl1,2,341\{j},t<p<m

4
y|A H |a’iz—l€|7

)

o = g1, 4]

‘ZC - y‘A’ai]‘*kP‘aie*kl’y

|z —y|*

4
o = y1* [T las—r”
=1

04

|2 — y| s, k]| ai,—r]-

4 [nt] [nt]A(ho+E)
o2 > 2
j=1 i;=([ns]+1)V(ho+k+1) ig,ip,im=([ns]+1)VEk
£,p,me{1,2,3,4}\{j},<p<m
4 [nt] [nt]A(ho+k)
c). > 2
Jl=1 i i=([ns]+1)V(ho+k+1) ip,im=([ns]+1)Vk
j<t p,me{1,2,3,41\{4,¢},p<m
[nt] [nt]A(ho+k)
C Y e —yla+C >
i=[ns]+1 i1,12,i3,04=([ns]+1)Vk
4 [nt]A(ho+k) [nt]
2 2
ij=([ns]+1)Vk i0,ip,im=[ns]+1
£,p,me{1,2,3,41\{j},¢<p<m
4 [nt] [nt]A(ho+k)
oy Y Y el
Jj=1 i;=[ns]+1 i0,ip,im=([ns]+1)VEk
£,p,me{1,2,3,4}\{j}.,l<p<m
[nt] [nt]A(ho+k)
Dy 2
Jl=1 ijip=[ns]+1 ipim=([ns]+1)Vk
Jj<t p,me{1,2,3,41\{4,¢},p<m

(1.2.39)

We denote the upper bounds found above in (1.2.38) and (1.2.39) respectively by J,gl)
and J.”

and we define

P JN i k< —hy
k' prm—
J,gQ) otherwise.
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Then, we have

[nt]A(ho+k) [nt] 4

2.2 2. lar

—h0<k§[nt] ilz([ns]—l—l)\/k ig,ig,i4=[ns}+1 (=2
ho+k [nt}

<Y Y Y e

—h0<k§[nt] i1=k i27i3,i4:[ns]+1 =2

3
ho+k [nt]
— . v
= E : E E , | @]
—ho<k<[nt] 1=k j=[ns]+1
3

[nt]

= (ho+1) ) Y lagl

—ho<k<[nt] j=[ns]+1

o]
CY D el

j=[ns]+1 k<[nt]

IN

< C([nt] — [ns]), (1.2.40)
and
[nt] [nt]A(ho+k)
Z |a’i1—k|7
—h0<k§[nt] ilz[ns]—f—l i27i3,i4:([n8]+1)\/k
[nt] ho+k
< D> > 2 lwb
—ho<k<[nt] i1=[ns|+1 i2,i3,ia=k
[nt]
< (ho+1)° Z Z g, k|
i1=[ns]+1 k<[nt]
< C([nt] = [ns]), (1.2.41)
and

[nt] nt]A(ho+k

) 2
> X > e
—ho<k<[nt] i1,02=[ns]+1 i3,54=([ns]+1)Vk €=1

2
ho+k [nt]

< 2 2| 2 e

—ho<k<[nt] i3,34=k {=[ns]+1
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2
[nt]
S Sl I ST
k<[nt] {=[ns]+1
<Y Sl
l=[ns]+1 k<[nt]
< C(nt) — [ns).
On the other hand, arguing as before, we have
[nt]A(ho+k) [nt]A(ho+k)
> > =) >
—h0<k§[nt] i1,i2,i3,i4:([ns]+1)\/k? [ns}—h0<k‘§[nt} i1,i2,i3,i4:([ns}+1)\/k
[nt]A(ho+k)
= Z > I(ho < [nt] — [ns))
[ns]—ho<k<[nt] i1,iz,is,ia=([ns]+1)Vk
[nt]A(ho+Fk)
+ > I(ho > [nt] — [ns)).

[ns]—ho<k<[nt] i1,i2,i3,i4a=([ns]+1)VEk

Remark that
[nt)A(ho+k)
Z Z I(ho < [nt] — [ns])
[ns]—ho<k<[nt] i1,i2,i3,54a=([ns]+1)Vk
[nt]A(ho+k)
= > > I(ho < [nt] — [ns])
[ns]—ho<k<[ns] i1,i2,i3,ia=([ns]+1)Vk
[nt]A(ho+k)
+ > > I(ho < [nt] — [ns])
[ns]<k<[nt]—ho i1,i2,i3,54=([ns]+1)Vk
[nt]A(ho+k)
+ ) > I(ho < [nt] — [ns))
[nt]—ho<k<[nt] i1,i2,iz,ia=([ns]+1)Vk
ho+k [nt]
< > > > I(ho < [nt] = [ns])
[ns]—ho<k<[ns] i1,i2,i3=k i4=[ns]+1
ho+k
+ > > (kg < [nt] - [ns))
[ns]<k<[nt]—ho i1,i2,i3,54=k
ho+k [nt]

Y S e < [t - )

[nt]—ho<k<[nt] i1,i2,i3=k i4=[ns]+1

(1.2.42)

1

(1.2.43)
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= 2hg(ho + 1)3([nt] — [ns])I(ho < [nt] — [ns])
+(ho + D*([nt] — [ns] — ho)I(ho < [nt] — [ns])

< C([nt] = [ns)I(ho < [nt] — [ns]).

Similarly, we get a bound for the second term of (1.2.43):

[nt)A(ho+k)
> > I(ho > [nt] — [ns])
[ns]—ho<k<[nt] i1,i2,i3,ia=([ns]+1)VEk
[ntlACho+K)
D> > 1o ]~ [ns)
[ns]—ho<k<[nt]—ho i1,i2,i3,ia=([ns]+1)Vk
[nt)A(ho+k)
S > Mo > nt] - fos)
[nt]—ho<k<[ns] i1,i2,i3,ia=([ns]+1)VEk
[nt]A(ho+k)
S > (ot~ [os)
[ns|<k<[nt] i1,izis,ia=([ns]+1)Vk
ho+k
> > Lo > (o] ~ [ns)
[ns]—ho<k<[nt]—ho i1,i2,i3,ia=k
ho+k [nt]
Y S ez et - [ns))
[nt]—ho<k<[ns] 1i1,i2,93=k i4=[ns]+1
ho+k

+ > > I(ho > [nt] — [ns))

[ns]<k<[nt] i1,i2,i3,i4=k

= 2(ho + 1)*([nt] — [ns])I(ho > [nt] — [ns])

IN

+(ho + [ns] — [nt]) (ho + 1)3([nt] — [ns])I(ho > [nt] — [ns])

< C([nt] = [ns])I(ho > [nt] — [ns]).

Therefore, we get by substituting (1.2.44) and (1.2.45) into (1.2.43)

[nt]A(ho+k)

> > 1 < C([nt] — [ns]).

—ho<k< [nt] 11,182,813 ,i4:([ns]+1)\/k

(1.2.44)

(1.2.45)

(1.2.46)
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Combining now (1.2.39), (1.2.40), (1.2.41), (1.2.42) and (1.2.46) to get

[nt]

S al<o Y Y e —ylflal” + Clnt] — [ns))lz — yl*.

—ho<k<[nt] —ho<k<[nt] i=[ns]+1

Moreover, we can get using (1.2.38)

ElL) =Y E[E[Vi@,y)|Fii]]

k<[nt]
Syt s
k<—ho —ho<k<[nt]

[nt]

<SS fo -yl + C(nt] — ns])lz — gl

k<[nt] i=[ns]+1
< C([nt] — [ns]) [la —yl" + o —yl|?]

< C([nt] — [ns])|x — y|>. (1.2.47)

Recall

1
= ﬁ(ﬁlfl + 61y + 413+ 1y),

W (4)

hence, from (1.2.13), (1.2.25), (1.2.37) and (1.2.47) we can see that

E [Wi(A)]
< G (0] = pos)?le — o + (fnt) — Ins] e — )
+ G (0t~ sl — y1?)
< (J( t—s—i—%)Q]x—ylm—i-%<t—s+%>§|x—y|3$)
+ %(t—s+l>|x—y|A
< (@2 )lo-u e o (0ot + ) lo-ul?)
4 %(t—sjt%)lx—ylA

IN
Q
=
~
|
NG

[N
B
|
=
+
S
=~
|
N
S
|
<
>
+
|
3
=
>
N—
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< 0(<|t—s\|x—y|>2+ (1t — sll — ) —zrx—yrﬁ). (1.2.48)

This completes the proof of (bl).

U
Proof of (b2) We extend the argument on [5], pg 198-199, to two dimensions. Recall
that |z — y| <1 and assume without loss of generality that 0 < ¢ < 1.
If % < (lz —y||t — )T, then

N>

E[W,4)] < C© <(|t—s||x—y|)32A L (|t—s\|w—y|>2)

n (|t = sllz —yl)
C(t = 8||f€ - y|)7

_l’_
n2lt— % o - y|?
C 34
< S(t=sllz—yl)= (1.2.49)
and the so called condition (3,7) in [4] is in force with 8 = 22 and v = 4. Let p be

2
o\ A
a number satisfying (—> < p <1, and remark that for 7,7 =1,...,m
n

A
2

|z +ip—a| T s+ jp—s| T > >

S1o

Now apply the method used in the proof of Theorem 1 of [4] to get

C 34
P{max Wil +ipes )~ Waons)) 23} < o ()
C
< 62/\4(mp) (1.2.50)

We want now to prove that forx <y <z+pand s<t<s+p

1
(Wo(y,t) — Wiz, s)| < [Wa(x+p,s+p) — Wz, s)| + Cvnp + % (1.2.51)

Let

[ns]

Unl(z,s) =Y 1(X; < x)

i=1
be the number among X1, ..., X[, that satisfy X; < .
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Then

and

Thus,

Un(y,t) — [nt]F(y) — Un(, ) + [ns]F(z)

< Un(z+p,5+p) = [n(s +p)|F(z +p) — Un(z,s) + [ns]F(z)
+[n(s +p)|F(z +p) — [nt]F(y)

< |Un(z+p,s+p) = [n(s +p)F(z+p) — Un(z,s) + [ns]F(2)]

(
+[n(s +p)F(z +p) — [ns]F(x),

Un(,s) — [ns]F () = Un(y, 1) + [nt]F(y)
< [nt]F(y) — [ns]F(x)
< |Un(z +p,s+p) = [n(s + p)IF(x +p) = Un(z, 5) + [ns] F(2)]

+ln(s +p)|F(z +p) — [ns]F(x).

Un(y,t) — [nt]F(y) — Un(z, 5) + [ns]F(2)]
< |Up(x+p,s+p)—
[

[n(s + p)|F(x +p) — Un(z, 5) + [ns] F(2)]
ns|) F(x +p) + [ns] (F(z + p) — F(x))

+ ([n(s +p)] —
< |Un(z+p,s+p)— [n(s+p)F(x+p) — Un(z,s) + [ns]F(z)]
+np+1+n(F(x+p)— F(x)).

We complete the proof of (1.2.51) using the fact that F' is Lipschitz. This will be

proven later.

Since [ is Lipschitz, then

Un(y, t) = [l F(y) = Un(z, 5) + [ns]F ()]
< |Un(z +p,s+p) = [n(s + p)IF(x +p) = Un(z, 5) + [ns] F(2)]

+Cnp + 1,
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and (1.2.51) follows immediately. Therefore,

sup |Wn<y7t) _Wn(l‘asﬂ

z<y<z+mp
s<t<s+mp
<  max sup !Wn(y, t) - Wn(xv 5)|
ISihjsm g (i-1)p<y<az-+ip
s—(j—1)p<t<s+jp
< max sup ([Waly,t) = Wa (z + (i = 1)p,s + (7 — 1)p)|

ISijsm o (i—1)p<y<z+ip

s—(j—1)p<t<s+jp

+ Wz + (i = p, s+ (j — 1)p) = Wa(z, s)|]

< max [[Wa(z +p,s+5p) = Wale + (i — Dps + (7 = 1p)]
. ) 1
+ |Wn(x + (Z - 1)])7 5+ (] - 1)]7) - Wn<x7 8>|] + C\/ﬁp + ﬁ
1<4,5<m
. ) 1
+2 [Wa(z + (i — Dp,s + (j — 1)p) — Wa(z, s)|] + Cvnp + NG
. . 1
< 3151,?%(7;1 W,z +ip, s + jp) — Wi(z, )| + Cv/np + NG
1
We know that T < ¢ for all sufficiently large n. In addition, if
n
£\ 35 £
ENas & 1.2.52
<n) =P Cy/n’ ( )
then (1.2.50) applies and we get
P sup Wy (y,t) — Wy(x,s)| > be
z<y<z+mp
s<t<s+mp
. . 1
< P {312'1,]8'%(771 |Wo(z +ip, s + jp) — Wa(z, t)| + Cpv/n + 7 > 55}
< P{ max (7ot ips 4 )~ Wa(o,9)] 2
1<4,5<m
C
< —(mp)*2. (1.2.53)

6
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3A-2
Choose 0 such that s— <, then it follows from (1.2.53) that
€
P{ sup  |Wi(y,t) — Wa(z,s)| > be p < nd?, (1.2.54)
r<y<z+J
s<t<s+4

provided there exists a real p satisfying (1.2.52) and an integer m such that 6 = mp.

This is equivalent to the existence of an integer m such that

co (V7 <m§52%,
() (2)

3

which is true for all sufficiently large n. This completes the proof of tightness and
that of Theorem 1.2.1.

Finally, we prove that F'is Lipschitz.

Lemma 1.2.4 F, the distribution function of Xy, is Lipschitz continuous.

Proof For h > hg, put

h
Xo= X+ )?[’;L where X[ = Zaif,i and )?(’} = Z a;&_;.
i=0 i>h
Also, denote by F, and F}, the distribution functions of Xh and X’(’} respectively. It

was pointed out in Comments 1.1.2 that the density function f;, of X is bounded.

Hence

[F(x) = Fy)] = |P(Xo <) - P(Xo <y)|

= |P(Xt <o —X}) - P(X} Sy—ff(’f)’
_ /R(Fh(x_u)_Fh(y—u))d@(u))

-1[] e u)dvd(ﬁhw))\
< | [|fh<v—u>\dvd<ﬁh<u>>
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< Clz —yl.

This completes the proof of Lemma 1.2.4.



Chapter 2

Asymptotics and Testing for the
Sequential Empirical Process with

a Change-Point

In this chapter, we establish a functional central limit theorem for the sequential
empirical process, including a change point, of a causal linear process. The change-
point model and the limit theorem are given in Section 2.1. In Section 2.2, the result
will be applied to detecting a change point in the marginal distribution of a linear

process and we will demonstrate that the proposed test statistics are consistent.

2.1 FCLT for the sequential empirical process with
a change-point
Let {6,,n € N} be a sequence of real numbers satisfying:
0<6,<1 and lim 6, =4.

n—oo

48
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In this section, we will consider a causal linear process with a change-point at [nf,].
More precisely, consider the following stationary processes for i € Z and b € R
1 2
Y, = Za§ )fi,j and Z; = Zag» ) (&—j+ ),
Jj=0 Jj=0
and denote by F' and G the respective distribution functions of Yy and Z.

Define
Y; for i< [nf,]

Z; otherwise.
The model considered here is quite general and readily includes the case of a fixed
change-point (6, = ) and that of converging alternatives ¢, — 0 or 1 as n — oo.
It also covers different types of change in the marginal distribution such as a change
in the parameters, a change in the scale and (or) a change in the location of the
innovations.
Similarly to the methodology followed in the previous chapter, we define for A > 0

the martingale differences

Ufu(@) = P(Yi<a|Fi) = P(Y; <2lFina),

Uf;l(:c) = P(Zi <w|Fip) — P(Z; < x| Fipa),
and

R (z) = 1(Yi <) - F(x),

R z) = I(Z; <z2)— G(z).
Define, for 0 < s <1
H™ (z,5) := (s A0, F(x) + (s — 0,)TG(x),
where sT = max(0, s) and let for (z,s) € R x [0, 1]
1

Wy(x,s) = (ns] Flug)(z) — nH™ (2, 5))

S
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[ns]
1
= NG ZI(Xi <x)—nH™(z,s)|,

n

where
1
- Z I(X; < )
=1

3

Assumptions 2.1.1

1. Let {a§e)7 j € Z} be sequences of non-random weights, infinitely many of which

are non-zero, satisfying

Z |a§£)|”’ < oo, £=1,2 for some v € (0,1].

Jj=0

2
2. There exist constants C' < oo and A € (5, 1] such that for all u € R

C
’E exp(zuéo)] W

E|&l|"] < o0

Theorem 2.1.2 Assume Assumptions 2.1.1.1-2.1.1.8 hold. Then, as n — oo

(+,+) is a centred Gaussian process with covariance

where W)
o((z,s),(y,t)) = Cov (W(z)(x, s), Ww® (y,t))
= (sAtAB)Y Cov(Rf(z), R (y))

1€Z

+ ((sAt)—0)" ) Cov (Rf(x), R (y)) .

i€Z



2. Asymptotics and Testing for the S.E.P with a Change-Point

51

Proof

Define for N < o

N
RfN(x) = ZUzF;z(:L‘) =1Y; <) - P(Y; <2|Fin1)
h=0
&; R'LF(:C) - ZUfh(l’%
h>0
and
N
RFM(z) = Y US(x) =1(Z < z) — P(Z; < 2| Fi_n-1)

To simplify the notation, we also define for T'= F,G and N < oo

orn(z,y) = ZCOU(ROT’N(x), R;F’N(y)) and J%JV(m) = orn(z, 1),

JEZ
or(z,y) ==Y _ Cov(Rj(z), R} (y)) and 07(z) := or(z, z).
JEZ
We first remark that for 0 < s <1

W, (x

~—

S

= Wy (z,s)I(s < 6,) + Wy (z,5)I(s > 6,)
[ [ns]

ZI(Xi < z)—nsF(x)

=1

I(s <46,)

Bl

[ [ns]

S LX< a)—n(0,F(x)+ (s — Qn)G(ac))] I(s > 6,)

=1

Si-

[ [ns]

Z R} (x) + ([ns] — ns)F(x)] I(s <4,)

Si-

[ns]

[n0n]
D_RI@+ Y, Ri)

i=[nb,]+1

I(s>6,)

[([n0,] —nb,) F(x) + ([ns] — ns — [nB,] + nb,) G(x)]I(s > 6,).

S-Sl
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Define
1 [ [ns]
Wi (z,s) = NG ; RE(z)| I(s < 6,)
1 :[n9n] [ns]
Wia(z,5) = NG z_; RF(z) + i%ﬂ:}“ RS (z)| I(s > 6,)
Ws(z,8) = Wpi(z,s) + Wz, 5)
on(z,5) = [nS]—;nsF(I)I(S <6,)
ona(, 5) [WT;”Q”(F@) —Gx) + [”S]T;”SG(:C) I(s > 6,).
Therefore,
Wi (x,s) = Wys(z, s) + on1(x, ) + pna(z, s).
Since

sup (pn1(x,s) + @na(z,s)) = 0,
zeR
s€[0,1]

it is sufficient to prove that

We will proceed as follows:
(a) Convergence of finite dimensional distributions.
(b) Tightness of the sequence W3(-, ).

Proof of (a) As before, we illustrate the proof of convergence of finite dimensional
distributions with two points, (z, s) and (y,t). According to the expression of W, (-, -)
and its covariance structure, the proof of the theorem will be demonstrated depending
on the position of ¢ and s with respect to #. Three cases are to be discussed here:
0<s,t<b, s<f<tand b <s,t <1. We will denote the limiting distribution of

Was(z, s), in the three cases, by the centred normal variable A, ;. The case s = 6 or
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t = 6 will be discussed later.
i) 0<s,t<6
Remark first the existence of £ in N such that 0 < s,t < 60, for n > ¢. In this case,

we have

[ns] [nt]

Ws(x, s \/_ Z RE(z) and Wys(y,t) \/_ Z RE(y

From Theorem 1.2.1, the finite dimensional convergence holds for this case and

Cov (Nyps, Nyi) = (sAE) Z Cov (R{ (z), R} (y))
= (sAtAO)op(z,y)+ (sAt—0)Tog(z,y).

ii) 0 <s,t<1

Note again that there exists £ in N such that 0,, < s,t < 1 for n > £. In this case, we

have _
1 [n0n] [ns]
Whs(z,s) = NG Z R (z) + Z RY(z)
| i=1 i=[nfn] +1
and
1 n@n [nt]
Was(y,t) = 7 Z Rf(y)+ Y RfW)
i=[nbn]+1

Following a similar procedure as in the proof of Theorem 1.2.1, we write for T'= F, G
Rl (x) = R (@) + B (x),

where RT™(z) has been defined previously and RN (z) = > ooy Uin(@).
Write now

Wos(z,s) = Wg(x, s) + Wé\g(x, s),

where

[n6y] [ns]

Wh(x,s) = \/_ZRFN % Z REN (1),

i=[nbp]+1
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[nn] [ns]
Wé\é(x s) = ZRFN Z RGN
\/_ \/_ i=[nbn]+1

Arguing as in the proof of Theorem 1.2.1, write

[n6r] [nOn] [nOn]
S ) = SR 3 R
=1 =1
[n@n] nan]

where
N
MZFN(@ = ZUzlihh(x)v
h=0
N N [nfn]+h
Qu(x) = YD UL =3 > UL
h=0 i=1 h=0 i=[nd,]+1
Similarly, we have
[ns] [ns] [ns] _
> R = ) Rf’N(afH > R
i=[nbn]+1 i=[nbn]+ i=[nbn]+1
[ns] [ns]
_ Z MG N + QG N Z RG N
i=[nfp]+1 i=[nfp]+1

where

MY (z) = Z ithn(T

N [nOn]+h N [ns]+h
Qi) = Y > Unl@ =) > Ui
h=0 i=[nfd,]+1 h=0 i=[ns]+1

Analogously to the method used in the proof of Theorem 1.2.1, we will show
(aiil) W(z,s) 5 N(0, 00f () + (s — 0)0og y(2)), as n — oo.

(aii2) OoF y(z) 4 (s — )0 y(2)) = O0%(x) + (s — 0)0g(x), as N — oo.
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(aii3) Var (Wé\é(x,s)) < 0(N), where 6(N) — 0 as N — 0.
Proof of (aiil) Consider the sequence K} (z), defined by
KN (@) = (i < [n6,))M;" () + (i > [n6,])) M (2).

We will now proceed with the proof of the central limit theorem for the sequence
[ns]
1

% Z KX (x) where N is fixed. For this purpose, we are going to employ again the
i=1

results stated in equations (1.2.5), (1.2.6) and (1.2.7).

1. (KN(x),F;) is a martingale difference sequence.

2. For fixed N
max LK-N(w) < max L]\/[-F’N(:E) + max L]\I.G’N(gg)
1<i<[ns] [\/n = i<i<n|y/n " 1<i<n|\/n "
< C
SN
3.
1 [ns] 1 [nOn] . 9 1 [ns] o
il N 2 _ = F, - G, 2
O EN @ = Sy (M @) s Y (M)
=1 1=1 1=[nfp]+1

00 n(x) + (s — O)og n(2), as n — oco.

Theorem 2.3 of Mcleish [42] leads to the desired result:

[ns] [n0n] [ns]

1 1
LY kNw) = S |S w3 M)
\/ﬁizl Vi i=1 i=[nbn]+1

4 N0, 0ot N (2) + (s — O)og (), as n — oo.

Now (aiil) follows since

1

%(QS’N(JI) +Q7 () 0
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by an argument similar to that used to prove equation (1.2.10).

U
Proof of (aii2) From equation (1.2.7), we get as N — oo for T'= F,G
o7 () ZCOU (REN (2 RTN( ) = o3 (x ZCOU (Rg (), R (2)).
JEL JEZ
Hence,
O n(z) + (s = 0)0¢ v (2) = Bop(z) + (s — 0)og ().
This completes the proof of (aii2).
U

Proof of (aii3) Recall

[n6r] [ns]
G 2

We know from [15] that

[n6y]
Var \/_ZRFN x) | <6(N), where 01(N) =0 as N — oo, (2.1.1)

[ns]—[n6y]
1 ~
= Z REN(x) | < 6,(N), where 6,(N) =0 as N — oo.
n -
Using stationarity, we get
[ns]

1 ~ 1 ~
Var %i:[%HR?N(x) = Var | — Z RN ()

< Gy(N). (2.1.2)

Combining equations (2.1.1) and (2.1.2) completes the proof of (aii3). Furthermore,

we can conclude using Theorem 3.2 from [5] that

Was(z, s) A N(0,00%(x) + (s — 0)ok(z)), asn— oo,
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The convergence of finite dimensional distributions follows in a similar approach using

the Cramér-Wold technique as in the proof of Theorem 1.2.1 and provides the required

result:
Cov (Ny,s, Ny.t)
= 0Y Cov(R{(z),Rl'(y)) + (s —0)>_ Cov (RS (x), R (y))
= (sii\zt AO)op(z,y)+ (s At — 0)+aG(i§:,Zy).
O
iii) s <@ <t

There exists £ in N such that s < 6, < t for n > /. In this case, we present an
illustration of the finite dimensional convergence using the Cramér Wold device for
two points (z, s) and (y,1).

Let a, 5 € R and define

aWys(z, s) + Was(y, t)

[ns] [n6x] [nt]
o B
= =) R+~ X R+ ) &)
\/ﬁ =1 \/ﬁ i=1 i=[nbn]+1

We want to prove that
Oéan(l', 5) + ﬁWnS(:% t) i N (07 Uf) )

where
ol = a’sop(x) + 2aBs0p(x,y) + B2 (00%(y) + (t — 0)od(y)).

Write now for fixed N
aWos(x,5) + BWos(y, t) = aWi(x, 5) + BWE (Y, t) + aWos(z, 5) + SWos(y, 1),
where

aWs(z,5) + BWos(y,t) =
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and

[ns] [n6n

o~ o~ ~ ] ~
oWoalas) + Woalyt) = =3 B a)+ % RFN(y)
=1

i=1
[nt]

n % SR

i=[nbn]+1
We will now make use of the martingale techniques utilized in the previous proofs;

we will show that

(aiiil) oWl (z,s) + BWH(y,t) < N(0,0%), as n — oo, where

i = a?sop (1) + 208s0pn(2,y) + B (00F N (y) + (¢t = 0)o n (y)).

(aiii2) 0% — 02, as N — oo, where

07 = o’sogs(x) + 20Bs0r(x,y) + B2 (007 (y) + (¢ — 0)a&(y)).

(aiii3) Var (aan(x, s) + ﬁan(y,t)> < §(N), where 6(N) — 0 as N — oo.
Hence, Theorem 3.2 from [5] implies that
aWos (@, 5) + BWos(y,t) > N(0,02),
as n — o0o. In this case, we get

Cov (Nes Nys) = 53 Cov (R (), B (9)
= (sAtAO)op(x,y)+ (sAt—0) " oa(z,y).

Proof of (aiiil) As in the proof of the previous case, write

[ns] fns]

S ORI (@) =) M () + QI (x),
=1

=1
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where

N
MZFN(x) - Z Uz};-h h(x)7
h=0
and
N h N [ns]+h
@)=Y Y U@ =) U/ (x)
h=0 i=1 h=0 i=[ns]+1
We also know that
[n6y] [n6y]
F,N F,N F,N
ORI =Y MM +Qra (v)
i=1 i=1
Similarly, we have
[nt] [nt]
G,N G,N G,N
Yo R = D MEV() + Qi W),
1=[nbp]+1 1=[nfp]+1
where
N
G,N
Mz (y) - Z Uerh h(y>7
h=0
and
N [nOn]+h N [nt]+h
G
h=0 i=[nf,]+1 h=0 i=[nt]+1
Therefore,
aWli(x, s) + BW,5(y,t)
1 [ns] [n6r] [nt] G
F.N F,N N
= 0 asz (:L“)—f—ﬂZMZ (y) + 8 Z M7 (y)
i=1 i=1 i=[nbn]+1

+

R

0QEN () + BRI (1) + 8O ()]
Define the sequence

K (z,y) = (i < [ns]) (@M () + M (y))

+ X([ns] < i < 8))BM;" (y) + 1 > [n6,]) M (y).
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[nt]
Next, we apply a martingale central limit theorem to — Z KN (x,y) for N fixed.

\/_

To that end, equations (1.2.5), (1.2.6) and (1.2.7) will be of use again.

1. (KN(z,y),F;) is a martingale difference sequence.

2. For fixed N
max L_KN(QU) < max iM-F’N(x) + max iM-F’N(y)
1<i<nd] |/n " T i<isn|n " i<i<n [y/n "
B iGN
e | oM ()
< C
—_— \/ﬁ‘
3.
1 1 FN FN, V)2
i KN 2:— <M’ M,’ >
LS = 5 (o o)+
1 [n6y] [nt] o
F,N N
T SR S S AT
i=[ns]+1 i=[nbn]+1

(a®0% n (@) + 2080k N (2, y)+B2UFN( )
(0 _S)BQUFN( )+ (t - )52‘7(;1\/( )

2
= Oy,

+ U

where the third and the fourth lines follow from the ergodic theorem and equa-

tion (1.2.9).

Apply Theorem 2.3 of Mcleish [42] to get

[ns] [n6x] [nt]

NG QZMFN Bl M+ 3 MOV | | S N(0,0%).

i=1 [n0n]+1

Using an argument similar to that used to prove equation (1.2.10), we can see that

%[a@i’ (2)+ 8 (@ ) + Q%N W) | 0.
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This completes the proof of (aiiil).

U
Proof of (aiii2) From equations (1.2.7) and (1.2.11) respectively, we get as N — oo
for T'= F,G that o y(x) = o7.(z) and o n(x,y) — or(z,y).
Hence,

o3 — 02 as N — oo,

which completes the proof of (aiii2).

O
Proof of (aiii3) We know from [15] that
1 [ns]
Var TZRZ.F’N(@-) <& (N), where &(N)—=0 as N = o0,  (2.1.3)
n
i=1
and
1 [n@n] _
Var NG ZRfN(y) < 03(N), where 03(N) —0 as N — oo, (2.1.4)
n
i=1
and
| )=o)
Var | — Z REN(2) | < 85(N), where &5(N) =0 as N — oc.

\/ﬁ i=1

Using stationarity, we get

[nt]

1 =a,N B =G,N
Var %i:[;HRi (y) = Var | —= Z R (y)

< d3(N). (2.1.5)

Combining equations (2.1.3), (2.1.4) and (2.1.5) completes the proof of (aiii3) and

that of the finite dimensional convergence for this case.
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Comment 2.1.3 As mentioned in the beginning of the proof of (a), the case s =6
or t = 6 needs to be given more consideration. In fact, say, s = #, then limits can be
taken over the sets {n, 6, < 0} and {n, 6,, > 0}. In the first case, we proceed as for
s > # while we use the analysis for s < # in the second case. In both cases, we get

the same limiting distribution; this completes the proof of (a).

Proof of (b) In order to get the functional limit, we address the problem of
tightness of the sequence {W,3(-,-),n > 1}. The demonstration will be based on the
techniques in the proof of Theorem 1.2.1. For this purpose, consider a block of the
form A = (z,y] X (s,t] in T'=R x [0,1], where |x —y| < 1 and |t — s| < 1. We will
proceed, when it is needed, by bounding the fourth moment of the increment of W,,3

around A for the three cases according to s, t and 6. In fact, we will prove that:
(b1)
E [Ws(A)]

sa 1 1
< € ((=sllo= o = sllo = gD + lo 3l )

(b2) There exists 0 < § < 1 such that

Py sup Wl 1) — Wale,5)] > 5e b < n?
r<y<z+d
s<t<s+9d

for all sufficiently large n.

The remainder of the proof will be omitted since it is analogous to what has been
presented previously to show tightness in Theorem 1.2.1.

Proof of (b1) We need to discuss three cases according to the position of s and ¢
with respect to 0,,.

)0<s<t<b,

We have in this case

Wis(A) = Was(z,s) — Was(x,t) — Was(y, s) + Was(y, t)
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- Wnl(xy S) - Wnl(xu t) - Wn1<y7 8) + Wnl(y7 t)

ns] [nt] [ns] [nt]

[
_ % ZRf’(x)—ZRf(x)—ZRf(y)+ZRf(y)

Therefore, we get using (1.2.48)

B (W) <€ (e = slle = )% + % (e = sllo = ) + lo =412,
(2.1.6)

ii) 0, <s<t<1

Remark that, in this case, the increment of W3 around A is

Wn3<A) =

S

n3(x7 5) - Wn3(x7 t) - Wn?)(yv 5) + Wn3<y7 t)
= Wn2($7 3) - an(l’,t) - WnQ(?Ja S) + Wn2<y7 t)
1

[nt]
= 7 > Rf(x)- > RE(x)

i=[nbn]+1 i=[nbn]+1

[nt]
L=l Y e Y B

i=[nbn]+1 i=[nbn]+1
|
= Y R - REW)
i=[ns]+1
1 [nt] RG( )
= = i \Y, T
\/ﬁi:[ns}-i—l

Using (1.2.48) again, we get

B[Wa)') <€ (= slle = o) ® + 1= sllo =) + lo — 312 )
(2.1.7)
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i) s < 0, <t

The increment of W, 3 around A is given by

Wn3<A) = Wnl(‘r S) Wnl(y7 )_ Wn2($ t) +Wn2(y7 )

[ns] [ns] [n6y]
- PR MU L

[nt]

+ % Z;Rf(y)Jr Y. R

i=[nfp]+1
[n6n] [nt]

- | ¥ Rwo+ X mew

| i=[ns]+1 i=[nbn]+1

Hence, using (1.2.48) repeatedly leads to

1 [n0] [nt]
| \i=[ns]+1 i=[nbn]+1
r 4 4
[nr) [nt]
C C
< 5B R{(y,x) | | + med > R{(y,x)
| \i=[ns]+1 i=[nbn]+1

IN

1
+ 0 (= ullo= D% + 2 (1t~ Oullo — o)
< o

sa 1
¢ (8 = sllo = s + % (8 = sllo = )" +

1
E|$—Q|A)

1
A
+ @Wf - Z/|A)

1 A1
t—slle —y)) = + = ([t = slz = yl) +ﬁlx—y|A>- (2.1.8)

Combining (2.1.6), (2.1.7) and (2.1.8) completes the proof of (bl).

2
Proof of (b2) Let 0 <e <1 and < ) ** < p <1, then (1.2.50) holds.

We want to show that forz <y <z +pand s<t<s+p

‘WHB(y7t)_Wn3(x7S>’ < ‘Wn3(x+p78+p>_

2

Ws(z, s)]

(2.1.9)
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Define
V* = \/E(an(l' +p,s +p) - Wn3($7 S)) )

and recall s

aﬁu@ZE:m&ng

the number among X, ..., X}, that satisfy X; < .

)0<s<t<s+p<b,

In this case, we have

Waa(y, t) — Was(z, s) = % [Un(y,t) = [nt]F(y) = Un(z, ) + [ns|F(z)].

Therefore, using the results presented previously to prove equation (1.2.51), we know

that

|Wn3(y7t) - Wn3(x75>| < ‘Wn:g(l’ +p,s +p) - Wn3(1‘78>|

+Cv/np + (2.1.10)

L
N

ii)0<s<t<0,<s+p

In this case, we have

Wn3(y7t) - an(l’, S) = [Un(yvt) - [nt]F(y) - Un(l’, S) + [ns]F(m)] )

1
vn
and

Was(z+p,s+p) — Was(x,s) = % U (z+p,s+p) — Uz, s)]
- L [n0,]F(z + p) + ([n(s + p)] — [nb,]) G(x + p) — [ns]F(z)].

NG

Using the fact that F' is Lipschitz, we remark that
Un(y,t) — [nt]F(y) — Un(x, s) + [ns] F(z)

< VI [n0,F(x +p) + ([n(s + p)] = [n0n]) G(z + p) =[] F(y)

< VP + [n0n](F (2 + p) = F(y) + ([n0a] — [nt]) F(y)
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+ ([n(s+p)] = [n6,]) G(z +p)
<

[V*| 4+ Cnp + 2,
and
Un(z, s) = [ns]F(z) — Un(y,t) + [nt] F(y)
< [nt]F(y) — [ns]F ()
< V[ + ([nt] = [ns]) F(y) + [ns](F(y) — F(z))
< |V*|4+Cnp+1.
Thus,

(Was(y,t) = Was(z,s)] < [Was( +p, s +p) = Was(z, )]

2
+Cv/np +

7 (2.1.11)

iii) 0<s<0,<t<s+p

In this case, we have

WnS(y7 t) - WnS(ma 8)

= % [Un(y,t) = [n0,]F(y) — ([nt] — [n6n])G(y) — Un(x,5) + [ns]F(2)],

and

an(ZE +p,s +p) — Wn3($7 5) = % [Un(x +p,s +p) - Un(xv S)]
- % [[n0,]F(z + p) + ([n(s + p)] — [n6n]) G(z + p) — [ns]F(z)].

Since F' is Lipschitz, then
Un(y t) — [n0x]F(y) — ([nt] — [n0,])G(y) — Un(x, s) + [ns]F(x)

< V' [n0a]F(z +p) + ([n(s + p)] = [n6.]) Gz + p)
—[n0.]F(y) — ([nt] — [n0,])G(y)
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< VI + [nba] F(x + p) + ([n(s + p)] = [n0,]) G(x + p)

—[nbn] F ()
< |V +nb](F(x+p)— F(z)+n(s+p—10,) +1
< |[V*|+Cnp+1,
and
Un(z,s) = [ns]F(z) — Un(y, 1) + [n6n]F(y) + ([nt] — [n6,])G(y)
< [n0,]F(y) + ([nt] — [n6,])G(y) — [ns]F(z)
< |V 4n(s+p)F(z+p)+n(t—0,)+1+(—ns+1)F(z)
< |V +ns(F(x+p) — F(x))+ 2np + 2
< |V*|+Cnp+2.
Thus,

(Whs(y,t) — Was(z,s)| < [Was(x+p,s+p) — Was(z, s)]

2
+C'v/np +

7 (2.1.12)

iv)0<0,<s<t<s+p

In this case, we have

Was(y, t) = Was(z,s) = [Un(y; 1) = [n0a) F(y) — ([nt] = [n0,])G (y)]

[Un(,8) = [n0n] F(2) = ([ns] — [n6a])G(x)] -

Si-35l-

and

1
Was(@ + p, s +p) = Was(z, s) = —= [Un(z + p, s + p) — Un(z, 5)]

vn

= [[n0a]F'(z + p) + ([n(s + )] = [nfa]) G(z + p)]

[nOn)F () + ([ns] = [n6a]) G (2)]

315l
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Since both F' and G are Lipschitz,

Un(y,t) = [n0,]F(y) — ([nt] — [n0.])G(y) — Un(z, s) + [n0,] F(z)
([ns] = [nb])G(z)

IN -+

V4 [n0,]F (2 + p) + ([n(s + p)] = [n6n]) G(z + p)

—[n0n] F'(y) = ([nt] = [n6.])G(y)

< VI + 6] (F(z +p) = Fy) + [n6n](G(y) — G(z + p))
+ [n(s +pl(G(z +p) — G(y) + ([n(s +p)] — [nt]) G(y)
< |V*|4+ Cnp+1,
and
Un(z, s) = [n0,]F(z) — ([ns] — [n0,])G(x) — Un(y, 1) + [n0,]F(y)
+ ([nt] = [n0,])G(y)
< [n0,]F(y) + ([nt] — [n0,])G(y) — [n0,]F(x) — ([ns] — [n6n])G(z)
< VI + 6] (F(y) — F(z)) + [n0,](G(z) — G(y))
+ [nt](G(y) — G(z)) + ([nt] — [ns])G(x)
< |V 4+ Cnp+1.
Thus,

(Was(y,t) = Was(z,8)| < [Was(z +p,s +p) — Waa(z, s)|
2

C —.

+ \/ﬁp-i- \/ﬁ

Therefore, (2.1.9) holds and as mentioned before, the arguments presented in part

(2.1.13)

(b) of the proof of tightness in Theorem 1.2.1 can be utilized in a similar way to

complete the proof of tightness here.
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2.2 Testing for the sequential empirical process
with a change-point

Here, we apply Theorems 1.2.1 and 2.1.2 to the change-point problem. Used by
several authors, as in [20] and [32], the Kolmogorov-Smirnov type statistic and the
Cramér-Von Mises statistic or their weighted versions will be the key to detect any
change in the marginal distribution of the linear process.

The approach to testing the change-point problem in the marginal distribution
function F will be based on the limiting distributions, W and W® which were
determined in Theorem 1.2.1 and Theorem 2.1.2 respectively. To avoid confusion, we
denote in the following the two-parameter sequential empirical processes defined in
this chapter and the previous one by Wf)(-, -) and W,El)(-, -) respectively.

Recall the stationary processes Y; and Z; satisfying Assumptions 2.1.1, for ¢ € Z and
beR

Y, = Zcé-”ém and Z;, = Za§2) (&i—j+ ),

=0 Jj=0
and denote by I’ and G the respective distribution functions of Yy and Zj.
In the following, we will make use of the methodology proposed in [20]. We
introduce the class ¥, (0, F, G) of all random vectors X,, = (X, ..., X,) such that

for0<4, <1
Y, if 1<i<[nb,]

Z; it [nb,] <i<n,
where 6,, — 6 as n — oo.
We note here that the change-point of the marginal distribution of the sample X,,
occurs at i = [nf,] + 1. We also denote the class of all vectors (X1,...,X,) having
the same marginal distribution F' by ¥, (F) := ¥, (1, F).
We aim to test the null hypothesis of no change in the marginal distribution function of

the X;’s, namely, there exists a distribution function F' such that P(X; < z) = F(x).



2. Asymptotics and Testing for the S.E.P with a Change-Point 70

Two cases arise in our discussion depending on the prior knowledge of the marginal

distribution function.

2.2.1 Testing the null hypothesis for known marginal distri-

bution

Here, we want to test

Hy : {X, €W, (F)}
H, : {36, €(0,1) 3G # F such that X,, € ¥, (0, F, G)},

for some known distribution F'.

The test is based on the process:

vn(l)(x78) = \/ﬁ ] (ijf[ns](‘r) - F(l‘)) )
where
1 n
o) = 3 10 <)
is the empirical distribution function based on X,,11,...,X,.

Consider now the following test statistics based on the preceding process:

e Kolmogorov-Smirnov statistic:

T, = sup ‘Vn(l) (z,5)].
(z,5)€ERx%[0,1]

e Cramér-Von Mises statistic:
! 2
TzZ//!Vn(l) (z,5)| dF,(z)ds.
0 JR

Hence, we reject the null hypothesis Hy when T; > ¢, for ¢ = 1,2 and ¢ a constant.
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Proposition 2.2.1 Under the null hypothesis Hy, we have for every ¢ > 0

lim P{T\ > ¢} = P{ sup |W(1)(m, s)| > c} , (2.2.1)
n—00 (z,8)€RX%[0,1]

1
lim P{T, >c} =P {// WOz, 5)|2dF (x)ds > c} , (2.2.2)
where W () is the limiting process in Theorem 1.2.1.

Proof
We know that

VW (z,5) = (Fr—ngy(z) = F(2))

n

By stationarity, we have

—

Vit (. 5)

Il

Thus, by Theorem 1.2.1,
VOB voe ),

n

where V) (z,5) = WO(2,1 — s) and B denotes weak convergence in the space
D(R x [0, 1]) under the Skorohod topology.

Applying the continuous mapping theorem, since  sup ‘qul)(x, S)‘ is a continu-
(z,8)€Rx%[0,1]
ous functional on D(R x [0, 1]), leads to

T, LS sup ‘W(l)(x, 1— 3)| = sup ‘W(l)(x, s)‘ ,
(z,s)ERX%[0,1] (z,s)€ERX%[0,1]
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and (2.2.1) follows immediately.
Similarly,

) 1
T2i>//|W(1)(x,1—5)]2dF(x)dS=//’W(l)(x’3)|2dF(x)ds'
o Jx 0 JR

Here, the proof is based partly on the continuous mapping theorem and partly on
Theorem 4.4 in [5] to show that (Vn(l)(-, ), Fu(h) RS (VW (., ), F(-)). This completes
the proof of (2.2.2).

The following proposition proves the consistency of the statistics 77 and T5.

Proposition 2.2.2 Suppose the sequence {0, : n € N} satisfies one of the following

assumptions
1. 0, — 0 and 6 € ]0,1)
2. 0, — 1 and \/n(1 —6,) — oc.
Then, under the alternative Hy, T; % oo fori=1,2.

Proof
Recall first
H™ (z,5) = (s AOp)F(x) + (s — 6,) T G(z).

Write now
Vi (o) = S ) - Flo)
1 [ n
= — I(X; <x)— (n—[ns])F(x)
\/ﬁ | i=[ns]+1

[ns]

iI(Xi <z)—nH™(z,1)— ZI(Xi <) +nH™(z,s)

i=1 =1

[nH(”)(x, 1) —nH™(z,5) — (n — [ns])F ()]

G- 5l

n
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= Wz, 1) = W (x,5) +vn (H(”) (z,1) — H™ (x, s)) — NG F(x)
= KWM(x,s) + Ay(z, ),
where
KW(z,s) = W3z, 1) - WP (x,s)
and Ap(z,s) = % [nH(”)(x, 1) —nH™(2,5) — (n — [ns])F(z)] .

Suppose first that #,, — 6 such that § € (0,1). Two cases are to be discussed here
depending on the position of s with respect to 6:
e0<s<¥

There exists £ in N such that s < 6, for n > ¢. In this case,

Ap(z,s) = % N, F(x) +n(l —0,)G(x) —nsF(x) — (n — [ns])F(x)]

= Vil = 0,)(G(@) — F(x)) + " (). (22.3)

el <s<l

There exists £ in N such that 6, < s for n > ¢. Here, we have

Ap(z,s) = % [n0,F(z) +n(l —0,)G(x) — nb,F(x) —n(s — 6,)G(x)]
- == )P
= Va(l—s)(G(x) — F(z)) — ’”_—\/ﬁ[”’s]F(x). (2.2.4)

Remark now that if 6, — 0, then (2.2.4) holds for all s > 0. On the other hand,

equation (2.2.3) follows immediately for all s < 1 provided that 6,, — 1.

We can conclude that if the assumptions of Proposition 2.2.2 are satisfied by the

sequence {6, : n € N}, then we can easily see that ( )S%p[O 1]|An(x, s)| — oo, as
x,5)ERX 0,

n — 0Q.

On the other hand, by Theorem 2.1.2, we get

KW(, ) D KO, ),
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where KM (2, 8) = WP (2,1) — W3 (z,s).
Hence,

sup  |KD(z,5)] % sup  [KO(z,5)].
(z,s)ERX[0,1] (z,s)ERX[0,1]

Remark now that

sup |An(x7 8)’ <T+ sup |K’r(7,1)($7 3)|
(z,s)€ERX%[0,1] (z,s)€ERx[0,1]

Therefore, T} 2 0o as n — .

Similarly,

1 1
/ / Ay (2, 9)[2dFy (2)ds < 2Ty + 2 / / (KO (2, 5)2dF, (x)ds.
0JR 0JR

Using again Theorem 4.4 in [5] and the continuous mapping theorem to get

1 1
/ / (KW (z, 5)2dF (2)ds / / KW (2, 5)PdH (x)ds,
0JR 0JR

where H = §F + (1 — 6)G. Hence, Ty 2 00, as n — o0.

2.2.2 Testing the null hypothesis for unknown marginal dis-

tribution

Consider now the pair of hypotheses defined by

Hy : {3F suchthat X, € ¥, (F)}
Hy, : {36, €(0,1) 3FY % F® such that X,, € ¥, (6,, FV, F).

Because of the lack of any knowledge of F', the testing method for this case will be

based on the following process:

V(r,s) = A1) p ) R @),

mn-2
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which involves the distance based on the difference between the prechange and the

postchange empirical distributions

n

s
> IX; <)
=[ns]+1

— > I(X; < x) -

[ns]

1
— n — [ns] i

To test the pair (Hy, Hy), we use the following statistics:

e Weighted Kolmogorov-Smirnov statistic:

T3=  sup ’Vn@) (z,5)|.
(z,5)ER%[0,1]

o Weighted Cramér-Von Mises statistic:
! 2
T4=//|Vn(2) (z,5)| dF,(z)ds.
0 Jr

Again, we reject the null hypothesis Hy when T; > ¢, for ¢ = 1,2 and ¢ a constant.

Proposition 2.2.3 Assume the null hypothesis Hy is true. Then we have for every

c>0

n—0oo (z,s)€ERX%[0,1]

lim P{T5 > ¢} = P{ sup |W(1)(.CE, s) — sWW(z, 1] > c} , (2.2.5)

lim P{T) > c} = P { /0 1 /R WOz, 5) — sWO (z, 1)[2dF (z)ds > c} C (226)

n—oo

where W (..} is the limiting process in Theorem 1.2.1.

Proof
Remark that

Vn(2) (z,5) = n—% (F[m](@ - ;_[ns}(x))
[ns] n
_ ni (0= ns) YT <o)~ o] > LX< )
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Hence,

VO ) Bree ),

where V@ (z,5) = WO (2,5) — sWm(x,1). Therefore, using arguments similar to

those in Proposition 2.2.1, we get

Ty % sup ‘W(l)(x, s) — sWW(z, 1],
(z,8)€RX%[0,1]

and
1
N / / WO (z,s) — sWO(z, 1)]2dF (z)ds.
0JR

This completes the proof of Proposition 2.2.3.

We shall now be concerned with the consistency of the test statistics T3 and T}.

Proposition 2.2.4 Suppose the sequence {0, : n € N} satisfies one of the following

assumptions
1. 0, — 0 and 6 € (0,1)
2. 6, — 0 and \/nb, — oo
3. 0, — 1 and \/n(l —0,) — oco.

Then, under the alternative Hy, T; 2 oo for i = 3,4.
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Proof
Write
Vn(2) (.1', 8) = W (F[ns}(x) - F;Z—[ns] (x))
[ [ns] n
o e ID M TR NI S ()
n2 i i=1 i=[ns]+1
[ [ns] n
= [ YK £ 0) ~ 0] 3 AN < )

[ne] SUIX < 2) — nH (2, 1)

[ns]

1
ZI(Xi <z)—nH™(z,5)| —
i=1 n

vn
73] o o, 1)

+ \/EH(n)(xv 5) - %
_ @Wém(x, 1)+ vnH" (z,5) - %H(") (,1)

= WO (z,s)

Kff) (x,8) + Bu(x, ),

where
KD (,s) = WO(a,s)— "p® (1)
n

and By(x,s) = +/nH™(z,s)— %H(”)(m, 1).

As in the proof of Proposition 2.2.2, we first consider the case where #,, — 6 for some

0 € (0,1). Two subcases are to be discussed here.

e<s<d
There exists £ in N such that s < 8,, for n > £. In this case, we have

By (x,5) = /nsFY(z) — % [GnF(l)(x) +(1— Gn)F(Q)(x)]
Mu —0,)FP(x)

L ns —|ns (1) xT) —
(2.2.7)
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e <s<l

There exists ¢ in N such that 6,, < s for n > £. Here, we have

By(z,8) = v/n [0,FV(z) + (s — Qn)F(Q)(a:)}

- [n_\/g [0, F D () + (1= 0,) ) ()]

_ m_—[ns][@nF(l) () + (1 = 6,)F(2)]

vn

+ V0 [0,FD(2) + (s — 0,) FP(z) — 50, F D (z) — s(1 — 0,) F ()]
_ ns_—[ns][gnp(l)(x) (1 - 0,)F(2)]
Vin (2.2.8)
+ Vb, (1 — 5)(FY(z) — FP(2)).
If 6, — 1, then equation (2.2.7) holds. On the other hand, equation (2.2.8) holds if
0, — 0. Thus, sup |B,(z,s)] = oo, as n — oo, provided that the conditions in
(z,8)€R%[0,1]

Proposition 2.2.4 are satisfied.

Moreover, Theorem 2.1.2 yields
KEP() 3 KO,

where K®) (x,5) = W3 (z,5) — sW®(x,1).
Using now similar arguments as in the proof of Proposition 2.2.2, we can conclude
that

T, 5 0o for i=3,4.
O
Remark 2.2.5 In real world situations, our knowledge of past information regarding
the stochastic process sometimes strengthens our belief that the change occurred at

certain value [nf], where 6 € (0,1) is known. In this case, it would be appropriate to

reformulate the test as follows:

Hée) : {3F such that X, € ¥, (F)}
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H? . {(3FO £ F® such that X, € ¥, (4, FV, F®)}.

Analogous to the case that has been studied before, the testing method will be based

on the following process

Ve () o= LI (5 ) - By (a)

n2
To test the pair (Hée), H 1(0)>, we use the following statistics:

Ts9 = sup [V, (2)]
zeR

or
Thp= / {Vn@’e) ($)‘2 dF,(x).
R

Again, we reject the null hypothesis H(()G) when T; 9 > ¢, for ¢ = 1,2 and c a constant.

)

Proposition 2.2.6 Assume the null hypothesis H(ge is true. Then we have for every

c>0
lim P{T59 >c} =P {Sup }W(l)(x, ) — oW (z, 1| > c} , (2.2.9)
n—oo z€R
lim P{T,p >c} =P {/ WO (z,0) — oW (z,1)|2dF (x) > c} : (2.2.10)
n—oo R

where W (..} is the limiting process in Theorem 1.2.1.

Proposition 2.2.7 Under the alternative Hfg), Tio b o fori=3,4.

Arguing as in the proof of Proposition 2.2.3 and Proposition 2.2.4, it is easy to see
that the results in the last two propositions hold. In fact, one has only to replace s

by 6 and the results will follow.

For future reference, we denote the Gaussian limiting distribution of V;*? () under
H by
Ly o(-) == WO 0) — oWV (1), (2.2.11)
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with covariance function

Cov Ly o(z), Lyw 4(y)) = 0(1—0) Y Cov (I(X < 2),1(X; <)).

1€Z



Chapter 3

Functional Central Limit Theorem
for the Bootstrapped Empirical

Process

As shown in the previous chapters, the covariance structure of the limiting process in
Theorem 1.2.1 makes appropriate critical values difficult to determine. To deal with
situation, we will use a block version of the bootstrap technique. This method will
allow us to capture the dependency without imposing any particular linear model.
The remainder of this chapter will be devoted to proving a functional central limit
for the bootstrapped empirical process. Our main result, Theorem 3.2.2, gives the
validity of the moving block bootstrap for the linear process under conditions similar
to Assumptions 1.1.1. In fact, this is a result of independent interest since no mixing
assumption is required. This result appeared in [17]. Bootstrapping the sequential

empirical process will be investigated in Chapter 4.

81
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3.1 Blockwise bootstrap approach

We first revisit a method called the Moving Blocks Bootstrap (MBB), that was in-
troduced independently by Kiinsch in [34] and Liu and Singh in [40]. The technique
is based on the selection of k& blocks of [ consecutive observations with replacement
from the blocks of observations (X;1, X;io,...,X;1), i =0,1,...,n—1[. In fact, we
are going to use a slightly modified version of the natural MBB, as in [47], which is
defined as follows.

Consider first a stationary sequence X;, ¢ = 1,...,n such that n = [k for some inte-
gers [ and k. Secondly, we extend our sample of size n by the first [ — 1 observations,

namely, X1,..., X; 1 to introduce the sequence X,;, i =1,...,n+ 1 — 1, defined as

follows:
X, if 1<i<n
Xni =
Xii, if n+1<i<n+1l-1.
Let 1,1, 1,9, ..., I, be independent and identically distributed random variables each

having uniform distribution on {1,2,...,n}. The intuitive idea behind the MBB is to
collect k randomly chosen blocks of size [ of the form {X,;, Xy 1,41, - ,Xn,[j_H_l},

1 < 75 <k, and construct the bootstrap sample of size n,
b
<X£ )7 S angb)> = (Xn[nla s 7Xn,In1+l—17 s 7X7ﬂnk’ s 7Xn,Ink+l—1) .

Let us reconsider the stationary causal linear process (1.1.1) and recall some notation

seen previously in Chapter 1:

Un(z) = P(X; <z|Fip) — P(X; < x| Fizp-1)
Ri(z) = Y Upn(z) =1(X; <z) - F(x)

h>0

Ri(z,y) = Ri(x) — Ri(y).
Define now, for x € R, the bootstrapped empirical process as

WO (z) = /n [FP () — F,(2)], (3.1.1)

n
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where

k
FO(z) = % Z % I(X,; <z (3.1.2)

is the bootstrapped empirical distribution.
For the sake of consistency with the conditions used in the previous chapters, we will

develop our method under the following assumptions:

Assumptions 3.1.1

1. Let {a;,j € Z} be a sequence of non-random weights, infinitely many of which
are non-zero, such that for some v € (0, 1]

D dlail" = A7) < o,

Jj=0 j=1
where A;(y) = |a;|".
2]
2. There exist constants C < oo and A > 0 such that for all © € R

. C
| E exp(iup)| < RS

3. E[|&|?] < .

We remark briefly that only a 2y—moment will be needed for the analysis of the
bootstrapped empirical process while we used a 4y—moment in Chapter 1 for the
empirical process based on the initial observations. Also, here we only require A > 0
rather than A > 2 as in Chapter 1 and Doukhan and Surgailis [15]. On the other hand,
a stronger summability condition is imposed on the sequence {a;};cz in order to get
a functional central limit theorem for the bootstrapped empirical process. However,
both Assumptions 1.1.1 and Assumptions 3.1.1 are satisfied if the sequence {[a;[};
is non-increasing such that Z |aj|? < oo and EJ[|&]?] < oo for some v € (0, 1], and

Jj=0
Assumption 1.1.1.2 holds.
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The fact that Assumptions 1.1.1 and Assumptions 2.1.1 are not the same is not
particularly surprising, since it has been observed by Peligrad [47] and Radulovié
[51, 52] that the bootstrap CLT may be valid in situations when the original process
does not satisfy a CLT, and vice versa. When proving bootstrap empirical CLT's
under mixing assumptions, convergence of the finite dimensional distributions follows
immediately from the MBB CLT for the mean, since the mixing coefficients apply
equally to the original sequence (X;) and to functionals (f(X;)); proving tightness is
the principal challenge. However, here the a;’s are not mixing coefficients: the stronger
assumption 3.1.1.1 is used to control the conditional variance of the bootstrapped
empirical process and is also sufficient for tightness.

In the following, we denote by P* the conditional probability given the sample
(X1, Xo,...,X,): we will examine the weak convergence to a Brownian bridge of

Wéb)(az) in the Skorohod topology on R, P*-almost surely.

3.2 FCLT for the bootstrapped empirical process

Before stating the functional central limit theorem for the bootstrapped empirical
process, we recall Theorem 2.2 from [47] on which our proof will be based. We follow

[47] in using the notation < to replace the Vinogradov symbol 0.

Theorem 3.2.1 [}7]
Let { X, }nez, be a stationary sequence of random variables. Let l,,, k, be sequences

of natural numbers satisfying
h 1, 1 1
n" <l Kns for some 0<h<§—a, O<a<§, (3.2.1)

I, = lox for 28 <n < 281 1, — 00 asn — oo and n = kyl,.

Assume there are two constants Cy and Cy such that, for some v > 0 and every
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0<s,t<1,

iCOU(I(S < Xo<t),I(s < X; <t))

i=m

sup <Cym™7, (3.2.2)

n>m

and for every 1 < m <n,

Var (Z Y}ii(s,t)> < Cyml?}, (3.2.3)
i=1

where
itln—1
Vii(s,t) = Y I(s < X; <t) = (F(t) — F(s)).
j=i
Then

W () RE W() as n— o0

P*-almost surely in the Skorohod topology on D|0, 1], where W is a Brownian bridge

with the covariance structure
o(s,t) =Y Cov(I(Xy < ), I(X; <1)).

Moreover, if the distribution of Xq is continuous, P*(W (t) € C[0,1]) = 1.

We now present the main theorem in this chapter, namely the empirical central limit
theorem for the moving block bootstrap. It will be then followed by an application of
the theorem in accordance with Remark 2.2.5. The proof of the theorem will appear

in the next section.

Theorem 3.2.2 Let X,,, n € Z, be a stationary causal linear sequence satisfying
Assumptions 3.1.1.1-3.1.1.8 and suppose that {l,}nen and {k,}nen are any sequences

as in the statement of Theorem 3.2.1. Then, as n — oo,

n

W () =n2 [EV() = F()] S W()
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P*-almost surely in the space D (R) endowed with Skorohod topology, where W (-) is

a Gaussian process with zero mean and covariance
o(z,y) = Z Cov (I(Xo < 2),I(X; <vy)).
Moreover, since the distribution of Xy is continuous, P*(W(z) € C(R)) = 1.

Application 3.2.3 As in Remark 2.2.5, we want to test

7Y . {3F suchthat X, € W,(F)}

H? + (3FM £ F® guch that X,, € ¥,,(4, FV, FO},

where 6 € (0,1) is known and X,, = (X1, Xo,..., X,,).

Let (1, k1) and (L2, kn2) be two pairs of sequences of natural numbers as in Theorem
3.2.1 such that [nf] = l,1k,; and n — [nf] = l,2k,2 and suppose that Assumptions
2.1.1 and 3.1.1 are satisfied. We bootstrap two samples separately by applying the
MBB techniques on the sequences Y,; and Z,; defined as follows:

. X, if 1<i<[nf
T Xl if [0 41 <0 < [06] 4 Ly — 1
and
Xi—l—[n@} if 1 < 1 <n-— [n@]

ANEES
Xivomo—n if n—[n0]+1<i<n—[nb]+1l,—1

We denote the bootstrapped empirical processes based on the sequences Y,,; and Z,;

by W) (x) and W0 (), respectively.

The testing procedure is based on Vn@’e’b), the bootstrapped counterpart of the process

described earlier in Remark 2.2.5, and defined as follows:

V@O (1) = w (F[Efg] (2) — Fing (55)>
_ [nfl(n —[nf]) (Féffze] () = Fﬁf[ne](ﬁ)) ;

nz

w
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where F, [%( ) and F & [) g () are the bootstrapped empirical distributions based re-
spectively on Y,,; and Z,;.
Write

Vn(Q,G,b)(x) _ V [n9]<n§_ [ne])w[gfg] (ZL’) . [ne] n§ [ 0] W(* b}w]( )

n2 n2

B VB OWED (@) — VT =W (@) (as).

where W®1) (z) and W®?(z) are respectively the independent limiting distributions
of W[%]( ) and T/VT(;k [)9]( ) using Theorem 3.2.2. Under H(ga), the limiting distribution
of V**Y(.) is the same as the distribution of Ly ¢(-) defined before in equation

(2.2.11). Under H}e), the limit is a mean zero Gaussian process with covariance

function
o(r,y) = 6)>> " Cov (I(Yy < ), 1(Y; < y))
i€Z
+ 0?(1—-0)> Cov(I(Zy < x),1(Zi < y)).
i€Z

To test the pair <H(§9), H1(9)>, we will be using the bootstrapped counterparts of the
statistics seen earlier in Remark 2.2.5
Tébg) = sup ‘V (2,60,0) ( )‘
zeR
or
T = / V200 ()| dF, ().
The continuous mapping theorem yields weak convergence of both test statistics.

More precisely, we get the following conditional limiting distributions under both

7 and H?

Ts(,be) sup ‘\/_ G () — v/1 — oW e (a:)‘ (a.s)

zeR

T 4 / ‘\/5(1—9)W(b’1)(x)—9\/1—0W(b’2)(x)‘2dH(x) (a.8),
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where H = 0FY) 4 (1 — §)F®).

As expected, we remark that the test and bootstrapped statistics converge respec-
tively under Hée) to the same limits as in Proposition 2.2.6. We also note that
under Hl(e), while the test statistics go to infinity, the bootstrapped statistics con-
verge weakly to finite limits which allow us to tabulate suitable critical values by

constructing repeated moving block bootstrap samples.

3.3 Proof of Theorem 3.2.2

In order to establish the validity of the Theorem 3.2.2, we shall prove that its con-
ditions imply those of Theorem 3.2.1. In the sequel, C' denotes a generic constant
which is independent of any other parameter involved in the analysis and may change

its value from line to line. We require some preliminary results.

Lemma 3.3.1 Assume Assumptions 1.1.1.1, 3.1.1.2 and 3.1.1.3 hold. Then, there

exists a sequence b; > 0, j € Z, such that ij < oo and
JEZ

|Cov(Ro(x), R;(y))| < bj.

Proof:
For 7 >0

[Cov(Ro(x), R;(y))| = |E ZZUM Ujw (y )”

L h>0 h/>0
= |KE ZUOh j]+h )]‘
[ h>0
< > EUon(x)U;j(y))]
h>0

IN

> B U, (2) B2 (U2 (),

h>0
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where the second line follows from (1.2.1).

From Lemma 1.2.2 and since |Upp(x)| < 1, for j > hy

ho hO
ZEi[U(?,h(fv)]Ei[Uﬁm(y)] < ZEE[Uﬁm(y)]
h=0 h=0
ho )
< N B3 [Claginl (L + €-a])’]
h=0
ho
< CY lajnl
h=0
S

Using again Lemma 1.2.2 for j > hg

S BUR @B U )] < C Y lanlajnl?

h>ho+1 h>ho+1
=

-

By Assumption 1.1.1.1, we can see that

S0 < O S Y Y |ahiv|aj+hw]
j>ho | >0 h=0 720 h>ho+1
Sl SITEIRID SRR it
L h=0 j>0 h>ho+1 7=>0
<c zz|aj+w+2|ah'”’]
Lh=0 52>0 h>0
< 0OQ.

Thus, for 7 >0
|Cov(Ro(x), R;(y))| < bj,
where b; = b, + 07 for j > hg and b; = 1 for 0 < j < hy, since we know that
IRy (w)| = |I(X; < 2) — Fa)| < 1.
Using stationarity leads to a similar result for j < 0 and completes the proof of

Lemma 3.3.1.
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Proposition 3.3.2 Suppose Assumptions 3.1.1 hold. Then, equation (3.2.2) is in

force.

Proof: We first note that Assumption 3.1.1.1 ensures that

my lag" < Y jla|
jzm jzm
< C.
In order to use Lemma 3.3.1, we need to consider two cases depending on the position
of m with respect to hy.

e m > hy

In this case, we have for § <1,

mo Z [Cov(I(z < Xo <y),I(z < X; <y))|

j=>m
= m’ Y |Cov(Ro(y, ), R;(y,x))|
j=>m
S C’mBij
j=m
ho
= Cm&Z<Z!@j+h\7+ > \ah|7|aj+h|7>
i>m \h=0 h>ho+1
ho
- C(zmﬁzww > |ah|vm52'%'”)
h=0 j=zm h>ho+1 j=m
S C(h()"‘ Z |ah|7)
h>ho+1
< (. (3.3.1)

oem < ho
Using again Lemma 3.3.1, we get in this case for § <1,

mo Z |Cov(I(r < Xo <y), I(x < X; <vy))|

jzm

S Cm‘Sij
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ho
= Cm’ (ijJr > bj>
j=m

JjZho+1
ho
< onf |+ Y (Ziww > |ahl”'af+h”)]
j>ho+1 \h=0 h>ho+1

ho
< i (z Sl Y |ah|vz|am)]

h=0 j>m h>ho+1 j=m
< 0<hg+1+ho+ > |ah|7>

h2h0+1
< C. (3.3.2)

From (3.3.1) and (3.3.2), we can deduce that for § < 1

> |Cov(I(z < Xo < y),I(z < X; < y))| < Cm™,

j=m

and equation (3.2.2) is in force. This completes the proof of Proposition 3.3.2.

Lemma 3.3.3 Under Assumptions 1.1.1.1, 3.1.1.2 and 3.1.1.3, we have
E|E[R;(x, y)|F;ll < CAij(v)  for i—j> ho.

Proof: As in Lemma 1.2.4, put
~ h ~
X, = th + th where th = Zakfj_k and XJ'.Z = Zakfj_k.
k=0 k>h

Also, denote by Fj} and fh the distribution functions of X Jh and X Jh respectively.
Because of independence of the &’s, the distribution function of X; can be seen as
the convolution of F}, and B h, namely F'= F}, x ﬁh.

Remark now that for j > 1,

ElR;(z)[Fo] = E[I(X; <) — F(x)|Fo]
= B[1(X] " <a-X7) - F(o)| Fo
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= Fj <95 - )N(Jj_1> - / Fj 1 (x —u)dFj (u)
R
_ Fi-1 -
_ / Fioa (o= X7 = Fao — w)dFya(u).
R
Hence,

|ER;(z,y)|Foll = |E[R;(2)[Fo] — E[R;(y)| Fol|

<,
.

By Assumption 3.1.1.2, for j > hg, Fj_; is differentiable with a bounded density (See

Fioa (2= X7 = Fyale = w)| dFy (u)

Fia (y=X7) = Froaly = w)| dFja(w).

Comments 1.1.2).

Thus, for j > hy and since the integrand is bounded by 1,

ElRy@olFdl < [ C|F —u[ardBaw
R

IA

C/‘)?jl—u‘vdﬁi_l(u)
R
C/R (1% + 1ul) dFs ()

e[

IN

- el

Consequently, one gets

IN

E|E[R;(x,y)|Fo]| CE [‘Xﬁ_l‘w]

Z aréj—k

k>j

_ cr ]
> el |£M|”D

‘(s
k>j

Oy lagl

k>j

= CA;(7),

IN

IN
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where the third and the fourth lines follow since v < 1 and from Assumption 3.1.1.3

respectively. Therefore, by stationarity, we have for ¢« — j > hg
E\E[Ri(z, y)|F;]| < CAi (7).

This completes the proof of Lemma 3.3.3.

O
Corollary 3.3.4 Under Assumptions 1.1.1.1, 3.1.1.2 and 3.1.1.3, we have
|Cov (Ri(w,y), Rj(x,y))| < CAi_j(y) for i—j> ho.
Proof: We have
|Cov (Ri(@,y), Rj(z,y))| = [E[Ri(z,y)R;(z,y)]]
= |E[Rj(z,y)E [Ri(x,y)|F,]]|
< CAi;(v),
where the last line follows from Lemma 3.3.3 and remarking that |R;(x,y)| < 1.
O

Lemma 3.3.5 Assume Assumptions 1.1.1.1, 3.1.1.2 and 3.1.1.3 hold. Then, for
tANh>7j+hg

E|E Ly — E L] |F5]] < C(Ai(v) + An3 (7)),

where 1, =I(x < X; < y)I(z < X}, <y).

Proof: For u,v > 0, let F,,, denote the joint distribution of

u u+v
(Xlu7 XZL:;)U) = (Z akg’i—kh Z ar§i+v—r> .

k=0 r=0
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We also define }Tﬁw as the joint distribution of
(Xf;XZf:ZU> - ( Z ki Z ar§i+v—r> .
k>u+1 r>u+v+1
Hence, by independence and stationarity, the joint distribution of (X, X;,,) is defined
to be F, = Fo.* fu,v.

Remark first that for u > hg and v > 0, we have

|Fu,v<xa y) - Fuﬂ)(x/a y/)’
S ’Fu,v(wa y) - Fu,v(-r/a y)’ + ’Fu,v(m/ay) - Fu,v(x,ay/)|

= |P (qu < x,XZﬁ:J“ < y) - P (qu < x',X;ﬂ)” < y) |

+ P (XE <o, XE <y) - P(XE<a, X5 <y) |

P X< a XY <y) VP (v < X<l XEY <)

(
(

(@ < X! <z)VP(x<X!'<2a)

Xt <alyy < XV <y) VP (X! <oy < XEY <)

P
+ P

p

P (y' < X < y) v P (y < X[ < y’)
= |Fu(@) = Fu(a)| + [Futo(y) = Furo ()]

< C(lz =2+ 1y =91,

where the last line follows from the mean value theorem and Assumption 3.1.1.2.
Suppose now for instance that hg < ¢ < h and let v =¢—1 and v = h — ¢, so that
t+v=handu+v=~h-—1.

Then

[EL(X; <2)I(Xy <y) - EI(X; <2)1(Xy < y)] | Fo]|
= |E [I (X;—l <u- )?;-1) I (X{L“l <y- )N(;;—l)
(o)1 (<o )|

= // Fifl,hfi (ZU - )?Z‘l,y - )?Z_1>
RQ
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—F i pi(e — s,y — t)dﬁifl,hfl(sa t)‘

< / / O (|& =]+ & o) A1 dF s s.1)
R2
< // XZ 1 ’/\1) ( ‘Xh : t‘/\l) dFy_1 1 (5,1)
R2
S O// X;_I—S —f—‘X}}Z_l—t‘ d-ﬁi—l,h—l(syt)-
RQ

One can verify in a similar way as in Lemma 3.3.3 that

EIEI(X; <2)I(X, <y)— E[I(X; <2)I(X, <y)][Fol|
< ce[|&]+ ']
< C(A(Y) + A7) -

vh—1
o

Hence, by stationarity, for i A h > j + hy

EIEI(X; <z)1(X) <y) - E[I(X; <2)T(X, <y)]|F]]
< C(Aii(y) + An() -

Therefore,
EIE[L, — ELy] | Fill <O (Aij(v) + An—j(v))  for i Ah>j+ he.

This completes the proof of Lemma 3.3.5.
O

Lemma 3.3.6 Assume Assumptions 1.1.1.1, 3.1.1.2 and 3.1.1.3 hold. Then, for
1—7 > ho
E|E[Yi(z,y) — E [Yi(z,9)] |F;]| < CPA (7).

Proof: Recall first that

Yi(z,y) = Z (I(z < Xi <y) = (F(y) — F(x)))
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i+1—1

= Z Ri(y, z).

k=i

We reintroduce the notation used in the preceding lemma:

I, = Iz <X,<y),

and
F(z,y) = F(z) — F(y).
Then
i+l—11+1—1
E [Yii(z,y)|F,] Z Z (Tn — Fy, ) (T + Tn) + F*(y, 7)) |7:j]
i+1—1 i+1—2 z+l 1 i+1—1
Z Lo+2 Y Y Ly —20F(y,z) > LIF;| +PF(y,2).
k=i h=k+1 k=i
Hence, we get
iHl—2 itl—1
Ei(xy)| =1F(y,2)+2 Y > E[u) - PPy ).
k=i h=k+1
Therefore,
B [Yi(z,y) — E [V (z,y)] |F;]
i+l-1 i+1—2 i+1-1
= ZER/MJ» WF+2> 0 > Eln— E [l |
k=i h=k+1
iHl—1
— 2F(y,x) Y E[Ri(y,x)|F;]
k=i
-1
= (1-2F(y.x)) Y E[Ri(yx)|F;]
k=i
i+1—2 i+1-1

+ 2> ) Eun— E@]IF].

k=i h=k+1
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Combining this equality with Lemma 3.3.3, Lemma 3.3.5 and the fact that the se-

quence {A;(7)},cy is non-increasing, we get

E|E[Yi(.y) - B [YVi(x.y)] |F)]]
itl—1 i+1—2 i+1-1

< CLY Ay +C Y0 Y (Ari(y) + Anj(7))

k=i h=k+1
< CPA;(v).

This completes the proof of Lemma 3.3.6.
O

Proposition 3.3.7 Suppose Assumptions 3.1.1 hold. Then, equation (3.2.3) is in

force.

Proof:  Remark first that since |R;(y,x)| < 1, then

i+1—1

> Ri(y.z)| <1
j=i

On the other hand, by stationarity and Lemma 3.3.1 we get

|Yai(, y)| = (3.3.3)

ElYi(z,y)] = E[Yi(z,y)]

= Y E[R}(y,x +22 Z ) Ri(y, )]

j=1 j=1 k=j+1
-1 l
[+CY Y b
J=1 k=j+1
l
l+C Z Z bk—j
J=1 k>j+1

Cl. (3.3.4)

VAN

IN

IN
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98

Write

VAN

IN

ar (Z YE?(% y))

m—1 m

ZVar Y3 (z,y) +2ZZCOU Yii(z,y),

ZE Vi (2, ) —I-QZZCOU Vi (z,y),

i=1 j=1i+1

m—1 m

i=1 j=i+1
m—1 i+l+ho

ZEYéwy +2), ) Cov(Yilay),

i=1 j=i+l

—1—22 Z COU( (2, y), lg<I y))

i=1 j=i+l+ho+1
I+ I1TI+111.

Note now, using equations (3.3.3) and (3.3.4), that

and

17

IN

= > E[Yi(xyYi(y)

i=1

2y B Mi@y)]

Cml?,

IN

IN

m—1 i+l+hg
2) Y Cov (Yi(x,y),Yi(z,y))
=1 j=i+1

m—1 i+l+ho
2y D EMi(my)Yiy)]
i=1  j=i+l

Cml*.

z; (x y))

lj(x y))

z](x y))
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Finally, we make use of Lemma 3.3.6 and Assumption 3.1.1.1, and noting that Y;(z, y)

is F;4;—1-measurable to get

m—1 m
i=1 j=itl+ho+1
m—1 m

IA
)

i=1 j=i+i+ho+1

m

o i Y. E[E[Yi(y) - E V(9] |Fiu]]]

i=1 j=i+l+ho+l

IN

m—1 m
<oty Y A
i=1 j=i+l+ho+1
m—1
< 014221%(7)
i=1 k>0
< Cmil*

Combine now I, II and I to complete the proof of Proposition 3.3.7.

O
Equipped with the necessary tools, we are now ready to prove Theorem 3.2.2, the
functional central limit theorem for the bootstrapped empirical process.
Proof of Theorem 3.2.2
We first notice that the limiting process has the same covariance structure as the
limit for the original empirical process.
Remark that our demonstration of Proposition 3.3.2 and Proposition 3.3.7 involved

the original variables X;. However, if we define U; = F'(X;) then
e The U;’s are uniformly distributed over [0, 1].
e The U;’s satisfy equations (3.2.2) and (3.2.3),

since for s = F(z) and t = F(y)

Cov(I(s<Uy<t),I(s<U; <t)=Cov(I(z < Xo<y),I(zr<X;<y))
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and

Yi(s,t) = Y Is<Ui<t)—(t—s)

= Y I < X <) — (Fly) - Fla).

j=i

Therefore, the conclusion of Theorem 3.2.1 for the bootstrapped empirical process
WP () based on U; holds. The result can now be derived directly for Wi (F(z)) =
Wi (x) (See [5] and [47] for more details).




Chapter 4

Functional Central Limit Theorems
for the Sequential Bootstrapped

Empirical Process

In this chapter, we derive the limiting distribution of a sequential bootstrapped em-
pirical process. We first provide all the necessary definitions and notation that will be
needed to introduce our construction of the sequential bootstrapped empirical pro-
cess. Our first result, Theorem 4.1.1, is a sequential version of Theorem 3.2.1. In
Theorem 4.2.2, we examine the convergence of the sequential bootstrapped empirical
processes in the case where a change-point is involved in the analysis. It will be seen
that the bootstrap remains valid under a sequence of converging alternatives, and in
Section 4.3 this will be applied to our test statistics . The proofs of the theorems will

appear in the last section.

101
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4.1 FCLT for the sequential bootstrapped empiri-
cal process

Recall the triangular array defined in Section 3.1

Xni::
Xip i n+1<i<n+10-1.

Define now the i*" block empirical distribution to be

i+1—-1
> I(X,; <), and Fy(z) = F,a(x).

j=i

1
Fi(z) = 7
Using the definition (3.1.2) of the bootstrapped empirical distribution and the fact

that Y I(Z,; = i) = 1, we can rewrite the bootstrapped empirical process defined

earlier in (3.1.1) as follows

(4.1.1)

Contrary to some authors, as in [32], who proposed a sequential bootstrapped
empirical model based on the sample size n, we choose to use the number of blocks
k. This ensures that the terms in our partial sum are independent and identically
distributed conditionally on the observations. Hence, the sequential bootstrapped

empirical process is defined, for (z,s) € (R x [0,1]) and n = [k, as

[ks] n
Wi (w,s) = % ) [Z LIy = )(Fii(x) = Fy(x))

—1

J=1

(4.1.2)
llks
_ _[ﬁ (F2)(@) — Fule)

—
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We are now in position to state the theorem that establishes weak convergence of
the sequential bootstrapped empirical process, conditionally on the observations, to
a Gaussian process almost surely. In fact, the following result is a sequential version

of Theorem 3.2.1:

Theorem 4.1.1 Let { X, },cz, be a stationary sequence of random variables. Let I,
k, be any sequences of natural numbers as in the statement of Theorem 3.2.1 and

assume that conditions (3.2.2) and (3.2.3) are satisfied. Then, as n — oo,

P*-almost surely in the space D (R x [0,1]) endowed with Skorohod topology, where
W (-,-) is a Gaussian process with zero mean and covariance
Cov (W (z,5), W(y,t) = (s At) > Cov(I(X, < 2),I(X; < y)). (4.1.3)
i€z

Since the distribution of X is continuous, then P*(W(-,-) € C(R x [0,1])) = 1.
We remark that the limiting process has the same covariance structure as the limit
of the original sequential empirical process given in Theorem 1.2.1.

It was shown in Proposition 3.3.2 and Proposition 3.3.7 that Assumptions 3.1.1
imply Peligrad’s conditions (3.2.2) and (3.2.3). Therefore, Theorem 4.1.2 is an im-

mediate consequence of the theorem above.

Theorem 4.1.2 Let X,,, n € Z, be a stationary causal sequence satisfying Assump-
tions 3.1.1.1-3.1.1.3 and suppose that {l,}nen and {k,}nen are any sequences as in

the statement of Theorem 3.2.1. Then, as n — 00,
W) B

P*-almost surely in the Skorohod topology on D (R x [0,1]), where W(-,-) is a Gaus-
sian process with zero mean and covariance structure given by (4.1.3).

Moreover, since the distribution of Xy is continuous, P*(W (t) € C(R x [0,1])) = 1.
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4.2 FCLT for the sequential bootstrapped empiri-
cal process with a change-point

Let us first recall the model introduced in Chapter 2:

Y; for i< [nf,]
Z; otherwise,

where

}/;; = Z a‘gl)é’ifj and ZZ - Z 0’5’2) (fl*] + b)
j=0

5=0
are two stationary causal linear processes. b is a constant, 0 < 6, < 1 such that

lim,, .o 0, = 0. We will proceed under the following assumptions:

Assumptions 4.2.1

1. Let {age), J € Z} be a sequence of non-random weights, infinitely many of which
are non-zero, satisfying
2:j|a§-£)|7 <oo, L=1,2 for ~e€(0,1].
Jj=0

2. There exist constants C' < oo and A > 0 such that for all v € R

. C
| E exp(iuo)| < EE

3. E[|€0|27] < Q0.

In order to ensure that the sequential bootstrapped empirical process converges, we
must assume that we have a converging alternative: i.e. 6, — 0 or 1. In fact, it is
needed to control the conditional variance of the sequential bootstrapped empirical
process.

Two cases emerge depending on the rate of convergence of 6, towards 0 or 1. It
will be seen that the assumptions considered here for the converging alternatives are

simple and seem more natural than the one used by Inoue in [32].
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Theorem 4.2.2 Suppose that Assumptions 4.2.1.1-4.2.1.3 hold and that {1, }nen and

{kn}nen are any sequences as in the statement of Theorem 3.2.1. Then, as n — oo,

P*-almost surely in the space D (R x [0,1]) endowed with Skorohod topology, where

W (-,-) is a Gaussian process with zero mean and covariance

Cov (W (x,s), W(y,t))
((sAD)Y Cov(1(Zy <), W(Zi <) if b, <0

1€EL

(sAt)Y Cov(I(Yy <), I(Yi<y)) if l(1—6,) <n™

\ 1E€EZL

for some positive constant c.

Comment: We will see in the proof of Theorem 4.1.1 that almost sure convergence of
the conditional covariances of W\ is key to the proof of P*-almost sure convergence of
the finite dimensional distributions. In particular, this entails almost sure convergence
of £ 30 (Fi(x) — Fu(z))? (see Corollary 4.4.2). When there is a change-point 6,,,
an error of order 6, (1 — 6,)l,(F®"(x) — F®)(x))? occurs in the conditional variances,

necessitating the assumption of a converging alternative.

4.3 Testing for the sequential empirical process
with a change-point

In practical situations, we are more interested in testing for a change when no prior
knowledge of F' is available. We will be assuming a converging alternative.

We recall the pair of hypotheses described earlier in Section 2.2.2:

Hy : {3F suchthat X, € ¥,(F)}



4. FCLT for the Sequential Bootstrapped Empirical Process 106

Hy, : {36, € (0,1) IFY #£ F such that X,, € ¥,,(0,, FY, F?},

where X,, = (X1, Xs,...,X,,) and 6, € (0,1) such that #,, — 0 or 1 as n — oco. Let [,
and k, be any sequences of natural numbers as in Theorem 3.2.1 such that n = [,k

and recall the bootstrap sample of size n described earlier in Section 3.1

<X1( ). X(b ) = (annla s 7Xn,ln1+lfl7 s 7X'n[nk7 s 7Xn,lnk+l71) )
where [,1, 2, ..., I, are independent and identically distributed random variables
each having uniform distribution on {1,2,... n}.

The testing procedure is based on V2 (. .), the bootstrapped counterpart of

the process described earlier in Section 2.2.2, and defined as follows:

V(z’b)(I,S> — W (F([Z)S]( ) — Fl(;: bl)[ks]( ))

where Fz([k)}( ) and Flk [ks)(¢) are the bootstrapped empirical distributions based
respectively on X1 e Xz[ks} and X;{;SHI, e ,Xr(f’).
We can observe that
v (x,s)
[ [ks] | Dot 1[ks] kg Tt
- CISS - 5 S 1S <
= In] ] [k8]+1 = In]
hs] 1 Tny+=1 ko Injti-1

— W k;z IZ (X, <z)— [k;s]Z} Z. I(X,; <z
- B (0 o)
= W) - Pwo,),

n
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We define a bootstrapped version of the Kolmogorov-Smirnov and Cramér-Von Mises

statistics used previously in Section 2.2.2 by

e Bootstrapped Kolmogorov-Smirnov statistic:

Téb) = sup |V@Y(a, s)| -
(z,s)€ERx%[0,1]

e Bootstrapped Cramér-Von Mises statistic:

1
b)://‘Vn(Q’b) (x, 5)‘2an(:c)ds
0 JRr

In the following, we assume that the conditions of Theorem 4.1.2 or Theorem 4.2.2 are
satisfied depending on what is needed. By applying the continuous mapping theorem

to Theorem 4.1.2 and Theorem 4.2.2, one obtains the following limiting distributions

of TS and T".
Proposition 4.3.1 Under the null hypothesis, we get a.s

T(b) N sup ‘W(?’)( )—SW ( )‘

(z,s)€Rx%[0,1]
Tib //‘W (z,5) — sWE xl’dF

where W) (z,5) is the limiting distribution in Theorem 4.1.2.

Proposition 4.3.2 Under the alternative hypothesis and if 1,0, < n=¢ or l,(1 —

0,) < n= ¢ for some ¢ > 0, we get a.s

T(b) < sup ‘W(‘l)(x s) — sWW(x, 1)]

(z,s)ERX%[0,1]
7y //\W (,5) — sWI(z,1)|" dH (x)
where W (z, 5) is the limiting distribution in Theorem 4.2.2 and

F@ g 1,0, <n®
FO Gf 1,(1-6,) <n

H =
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Comment: We remark that under the conditions of Proposition 2.2.3 and Proposi-
tion 4.3.1, the test statistics T3 and Ty and their bootstrapped counterparts, T3(b) and
T 4(b), converge respectively under Hy to the same limits. On the other hand, provided
that the conditions of Proposition 2.2.4 and Proposition 4.3.2 are satisfied, we note
that under H; the test statistics based on the original variables go to infinity, whereas
the bootstrapped statistics converge weakly to finite limits. This will allow us to tab-
ulate critical values by constructing repeated moving block bootstrap samples. More

precisely, the testing approach will be consistent if

0, —0 0, —1
V/nb, — oo or vn(l—6,) — oo (4.3.1)
1,0, < n=¢, I,(1-6,) <n*,

for some constant ¢ > 0.

This will certainly be true, for instance, if n"~1/? < 6,, < n=/3 for some 0 < h < 1/6
in the first case or analogously n"~'/2 <« 1—6,, < n~'/3 in the second case. Moreover,
the proposed tests will still have some power when 6,, doesn’t converge to 0 or 1 since

the test statistics diverge faster than their corresponding bootstrapped versions.

4.4 Proofs

As mentioned before in Section 4.1, since Assumptions 3.1.1 (4.2.1) imply conditions
(3.2.2) and (3.2.3) of Peligrad [47], we will only be concerned with the proof of The-
orem 4.1.1 and Theorem 4.2.2.

For notational convenience, the dependence of the length and the number of blocks,

l, and k,, on n will be suppressed henceforth when no ambiguity arises.
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4.4.1 Proof of Theorem 4.1.1

In what follows, we fix a realization of the stochastic process, {z;}. Hence, the
resampling mechanism becomes the unique source of randomness. We also consider
the triangular array {x,;} defined similarly as in Section 3.1

x; if 1<i<n

Tns =
Tiep I Nn+1<i<n+1-1.

Some definitions will be needed in the sequel.

The " block sample mean:
i1

_ 1
Ty = 7 Z Tng,
j=i
and the sample mean:
1 < 1 <
J= i=

The bootstrapped sample mean is then defined as

n

1
—(b) _ = (b)
Ty, n E XT;

i=1

here (" V) = defined
where (277, ..., 20" ) = (Tngyys - ooy Tndyytlats - s Ty - - s Tl +1—1) Was defined pre-
viously in Section 3.1.

We shall also use the notation:

1 i+l—-1

fule) =7 3 Uy <o), fule) = ful@)

j=i

fli(x>y):fli(x>_fli(y)7 fn(m7y) :fnl(xay)'

Define now, for z € R, Zr(bb)(a:) to be a sample-based version of the bootstrapped

empirical process by replacing X,,; by x,; in (4.1.1). Hence,

ZP(x) = Va(fP() — fu(z))

- 7”2 ZI(Injzz’)(fu(x)—fn(x)) , (4.4.1)
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where £ (x) is similarly obtained by replacing X,; by x,; in (3.1.2).
We also define a sample-based version of the sequential bootstrapped empirical pro-
cess, by replacing X,,; by x,; in (4.1.2), for (z,s) € (R x [0,1]) as

[kS]

Z®O (z, ) Z ZI i =9 (fulz) = fulz))] . (4.4.2)

We should note again that the terms in the partial sum are independent and identi-
cally distributed.

We now prove sequential versions of the results in Section 3 of [47].

Proposition 4.4.1 Let {z;,i > 1} be a bounded sequence of real numbers. Let k and

[ be integers such that n = kl and

12
——0 as n— oo (4.4.3)
n
For each n, let {11, Lo, ..., Ing} be i.i.d uniform on {1,2,...,n} and assume that
1 2
n:EZ Ty — Tn) 2 502>0 as n— . (4.4.4)
Then, for0 < s <t <1
k] n
Z ZI (Inj = 1) xlz—xn)—h/\/'( (t—s)o?) as n— oo. (4.4.5)
=[ks]+1 =1
Proof: To avoid trivialities, assume that k is large enough that [ks] < [kt] and

define for j = [ks] + 1,. .., [kt]
VI N
=" ;1 I(L,; =) (T —Tn), s€0,1).

In order to establish the weak convergence in (4.4.5), we shall prove a Lindeberg

central limit for the independent {D,,;, [ks] +1 < j < [kt]}. In fact, we have

B = Y'Y (-7
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= — | =) Tui—Tn
k' \n —
= 0.
Using the fact that {I(/,; =14),1 < i < n} are disjoint, we also get
Var(D,;) = E[Dflj]
2
n - No—
= EE Z I(L,; =) (T — Tn)
i=1
= = Z E (T — azn)Z]
I = _ 2
- k‘2 Z (l‘li - xn)
=1
_ V, (4.4.6)
= V- 4.
Thus,
(k1]
kt] — [k
3" Var(Day) (k] - ksl
j=[ks]+1
Remark now that for [ks] + 1 < j < [kt]
Vn _
|Dnj| < 7 IIE?<X |xlz Tn
< oVn (4.4.7)

where the last line follows since the sequence {x;,i > 1} is bounded.

Hence, by (4.4.3), (4.4.6) and (4.4.7) we get

ket
I (k1] )
D;,;dP
| Dyl >ey/ By,

([Kt] = [ks])Va

j=[ks]+1

k

. [kt] (wm‘ N E\/([k;t] — [ks]))V,,

e ksV 2

j=[ks]+1

n [+] k

S CHFI =L 2 B[O} e2([kt] — [ks])V,,

j=[ks]+1
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O R = e V22

n
C—
k2(t — s)V,e?
l2
C—"
n(t — s)V,e?
— 0 as n— 0.

We used here the fact that if [kt] — [ks] > 0, then

kt —ks < [kt] —[ks]+1

< o([kt] — [ks)).

Therefore, using the Lindeberg central limit theorem, we get

k [t] .
\/([kt]—[ks])v ST Dy HN(O,1)  as n— .

" j=lks]+1

One can see now by (4.4.4) that

Z ZI nj = 1) ( (T — o) 5 N(0,(t — 5)0?)  as n— oo.
j=[ks]+1 =1

This completes the proof of (4.4.5) and that of Proposition 4.4.1.
O

Corollary 4.4.2 Let {z;,i > 1} and {I,;,1 < i < k} be as in Proposition 4.4.1 and

assume that

kalz fu(@)?* = o*(x) >0 as n— oco.

If (4.4.3) holds, then for 0 < s <1
7O (z, 5) 4 N(0,50%(z)) as n — oo

Proof:  Denote y; = I(z; < x) and remark that

23 ) ~ @) = szh ~ fu@))?
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— o%(r) as n — oo.

If we apply Proposition 4.4.1 with x; replaced by y;, then (4.4.5) holds with z; replaced
by y;. This completes the proof of Corollary 4.4.2.

OJ
The following proposition proves the convergence of finite dimensional distributions

ZP(,-). We shall first define for z, y in R

=% Z (fii(z,y) = falz,y))* (4.4.8)

Proposition 4.4.3 Assume all the conditions of Corollary 4.4.2 are satisfied and

that 0 < z; <1 for every 1 < i < n. Assume also for every x, y in [0, 1]

lim V,(x,y) exists. (4.4.9)
n—oo
Then, for every x, y in [0, 1]
lim © Z Fule) = Ful)(Fulw) = F)) = o(a.9) (4.4.10)
exists and for every (z1,...,2p,81,...,8p) € [0, 1]
(ZT(Lb) (217 51)7 R Z7(Lb)(zp7 Sp)) i} (Nzl,slﬂ tet 7'/\/;510,8;;) as n— oo, (4411>

where {N, s, }1<i<p are zero-mean Gaussian with covariance function
045 = (Si A Sj)O'(ZZ‘, Zj).

Proof: By (4.4.1), we have the following representation

k

ZW(w) =) Enj(x),

where

Buyfe) = S WLy = )(u(w) — fula).
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We know that

Var (20(x) = 20(y)) = Var (20 (2)) + Var (2P (y))
— QCOU( O (x )Z(b())

Using the fact that the sets {I(Z,; = i),1 <i < n} are disjoint and the independence
of {]nja 1< ] < k}a we get

Var(Z,(Lb)(m)) = k’z Ji(@) = fulx))?

Var (Z"(y)) = z Z fiy) = fa(y))?
Var (Zflb) (x) — Z(b)(y)) = Vn(m,y).

On the other hand, we can see that

Vil 0) = Vi, 0)+ Val,0) = 7 3 () = ful@))(fisly) = fulw)).

i=1
Since lim V,(z,y) exists for every x,y in [0, 1], then the limit in (4.4.10) exists too.
n—oo

We can also deduce from what preceded that

Cov (Z(x), Z kz (@) = fu(2)) (fii(y) = fulv)- (4.4.12)

Using now the representation in (4.4.2), we can see that for 0 < s <t <1

Cov (200,51, 200.0) = B3 (fute) = o) ily) = )

— sa(x,zyl) as n — oo,
where the last line follows from the fact that s — % < % < s and the convergence
n (4.4.10).
Suppose now, for instance, that 0 = sop < 51 < sy < ... <5, < landlet a,,...,q,

be real numbers. We will use the Cramér-Wold theorem and prove that

p p
d
E 0 Z0 (24, 54) = E N5, as n— 00.
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Similarly to the proof of Proposition 4.4.1, we have the following representation

ksl] n
ZauZ(b ZU,SU = Zzzau nj — flz(zu) fn(zu))
j=1 i=1 u=1
[ks2] n
+ — Z Zzau nj — flz(Zu) fn(zu))
j=[ks1]+1 =1 u=2
[ksp)
+ +\/7% Z Zap nj — flz(zp) fn(zp))
j=lksp-1]+1 1=1

p—1 (ksu+1] n

Vn
e S (i = () — fulm)). (143)
u=0 =[ksy]+1 i=1 v=u+1
Denote
p
yr= ) a(m < z)
v=u+1

and apply Proposition 4.4.1 with z; replaced by ;' to get, as n — oo

[k5u+1 n

Z >, Z 0 I(Lj = 1) (£ii(20) = Fal2)) 3 N0, (Sup1 — 54)02),

j=lksu]+1 i=1 v=u+1

provided the existence of

Oy nh—{gokzyh n

Using (4.4.10), we get

S ()

v=u+1

= _Z Z (fii(2v) fn(zv))Q

i=1 v=u+1

£ 2SS Y o Ul — fule) o) — fole)

i=1 v=u+1v'=v+1

-1
— zp: 20 (2, 2p) + 2 pZ i 0y 0 (20, 20 ).

v=u+1 v=u+1 v/ =v+1
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Remark now that the u—indexed sums in (4.4.13) are independent and

p—1
(5u+1 - Su)UZ
u=0
p—1 p p—1 4
= (Sut1 — Su) Z 20 (2y, 2y) + 2 Z Z QO 0 (Zyy 2y
u=0 v=u+1 v=u+1v'=v+1

S
|
—

(Squl - Su)aza(zvu Zv)

NE

[en]

S
Il

1 u=
p—1

p v—1
12573 Sloun - snavotans

v=1 v/=v+1 u=0

P p—1 p
2
= g S0 ( 2y, 2y) + 2 E g SpQy Q0 ( 2y, Zyr)
v=1 v=1 v/=v+1

p
= Var (Z au./\/'zmsu> .
u=1

This completes the proof of this proposition.
O

Proposition 4.4.4 Let {z;,1 <i <n} and {I,;,1 <i <n} as in Proposition 4.4.1,

0<uz; <1 for every 0 <1i <mn. Let k and | be integers such that n = kl and
1 1
I <Cin2™%  for some 0<a< > and Cp > 0. (4.4.14)

Assume there are constants Cy > 0, 0 < b < 1 and ¢ > 0 such that, for every x and

y in [0,1] and every n > 1, we have
1 n
Vala,y) =+ > (i, y) = fulz,9)* < Collz —yl* +n7°). (4.4.15)
i=1

Then ZT(Lb)(:r,s) defined by (4.4.2) is tight, that is, for every e,n > 0 there exists 0,
0 <6 <1 and Ny such that for every n > Ny,

Pl sup ’Z,(Lb)(:c, s) — Z,(lb)(y,t)‘ >e | <, (4.4.16)
lz—y|<d
|s—t|<d
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and consequently, if Y is taken as a limiting distribution on a subsequence, P(Y €

C([0,1]%)) = 1.

For computational clarity, we will identify all of the constants involved in the follow-
ing proof.

Proof: The tightness of the sequence z® (x,s) will be proven by closely fol-
lowing the approach used by Naik-Nimbalkar and Rajarshi in [45] and using a re-
stricted chaining argument given in Theorem VII.26 in [49] applied with the semi-
metric d((z, s), (y,t)) = C3 max(|z — y|g, |s — t]g), where z,y,s,tin [0,1], 0 < b < 1
and C5 > 0.

By (4.4.2), we have the following representation

where

Buufe) = S Wy = () — fula).

=1

Suppose for instance that s < ¢, so we can now obtain by virtue of the independence

of the E,,;’s and inequality (4.4.15) that

Var (Z9(z,s) — Z(y,1))

(k] [kt)
= D Var(Eylzy)+ Y Var(Ey(y)
Jj=1 j=[ks]+1
ks kt] — ks
k k
1
< Vulz,y) + <t — s+ E) Va(y,0)
1
< Callo =y )+ Co (Je =l 4 1 ) (4079
1
< Callr—yl+n)+ Gy (|t— o + z) (14 n)
1
< G (Iw—y|b+ \t—s\”+—+n—0)

k
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= Dy,(z,y,s,t).
We also have by (4.4.14)

2\/n n

| Enj (2, y)| < & <20~ and  |Ey;(y)| <

-I%

S Cln_a.
Therefore, by Bennett’s inequality (see [49], page 192), we have for every n > 0

P (|20(x,5) = 2" (y,t)| > n)

1 n* 2C1n"
< 2 —_— B 4.4.17
= 4exp ( 2D, (x,y,s,t) (Dn(x,y,s,t) ’ ( )

where B(\) = 2XA72[(1 4+ \)log(1 + ) — \] for A > 0.

Remark now that for any § > 0

A(@.s), (1, 0) <6 = max(le—yl|s— 1)) < (Ci)

Hence, the covering number, which is the smallest m for which there exist points
(Tats Sa1)s - -+ (Tams Sam) With miin d((z,8), (Tas Sai)) < 8 for every (z,s) in [0,1]?, is

found to be in this case

N(8) = N(6,d,[0,1)*) = ({%} % + 1)2 .

Let us denote the nearest member of the a-net of [0,1]* to (z, s) with respect to the
semimetric d by (24, sa). If d((z, s), (y,t)) < § and n™" < 62, where r = min(3 +a, ¢),
then D, (z,y,s,t) < C46* for some Cy > 0 by (4.4.14).

It will be shown later that

i) For every A € (0,1), every n > 0 and § > 0 such that 6> > n™" and 5—2 >
20in~¢ !
m, we have
2772,\
P(|1Z0(x,s) — ZP(y,t)| > n) < 2exp (— 5452) : (4.4.18)

provided that d((z, s), (y,t)) < d.
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ii) For any v > 0

limsup P | sup [Z®(z,s) — Z¥(z,, so)| = v| =0as, (4.4.19)
n—00 (z,5)€[0,1]?
20in™
where o® = a2 =n"" + @Blfnl()\).

To apply Theorem VII.26 of Pollard [49], it remains to show that the associated
covering integral with respect to the d-net of the semimetric d is finite for any 0 <

0 < 1. By definition, the covering integral is

J(6) = J(6,d,[0,1]%) = /0(S (210g (M;)Q))%du

5 X 3
< / (2log C)2 + (2log (%)) du
0 i+
2 b 2
Co+ (1—6 +2 / <log <1)> du
b 0 u
o (1 1\ *
Co+ C’/ log <—) (log (—)) du
0 u u
N\ [ /1
< Co+C|log| = / log | — | du
o 0 u

1\ 2
< o (log <5>) for 6 small enough.

IN

IN

Now, taking A = 1/4, D = 2y/C; and o? = n" + 2C,n~*/CyB~*(1/4) in Theorem
VII.26 of Pollard [49], inequality (4.4.16) holds.

To complete the proof of the proposition, we shall prove inequalities (4.4.18) and
(4.4.19).
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If d((z,s), (y,t)) < and n=" < §2, then D,(z,y,s,t) < C46° as mentioned before.

Since AB(\) is an increasing function, we have by (4.4.17)

1 7 2Cin™n
(b) _ 7(b) < —=
P(|ZP(w,s) = ZP(x,5)| > n) —QGXP( 204523( G2 )

52 2Cn~°
Further, if P > (jfgzlfnl()\)’ then inequality (4.4.18) holds since B(0%) = 1 and B(+)

is a continuous, decreasing function.

We shall verify now (4.4.19). Let us recall the representation (4.4.2)

[ks]

Z0(x,8) = Y Buyl2),

j=1
where

Bug() = Y Sy = )(fule) = ).

Let x and y be any points in [0, 1]. Then, arguing as in [45]

folz) = fuly) = I(z;<z)=I(z;<y) forj=1,....n
= I(z,; <z)=ILxz,; <y) forj=1,....n+1—-1
=

ZO(x,8) = ZW(y,s) for s € [0,1].

Since f,, and [ks] assume (n+ 1) and (k + 1) different values respectively, A (x,s)—
ZP (y,t) assumes at most (n + 1)2(k + 1)? values as (z,s) and (y,¢) vary in [0,1]2.

Therefore,

Pl sip |20(.s) - 200 s0)] > v
(z,5)€[0,1]2

<(n+1D*k+1)?2 sup P [|Z,sb)(x, ) — Z0 (24, 54)| > v].
(z,s)€[0,1]2

Suppose for instance that s < s,, then by the kind of computations seen before, we
get
Var (Zg’)(x, s) — Zflb)(xa, sa)) < Dy(x, 24,8, 8a)-
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Bernstein’s inequality (see [49], page 193) leads to the following:

N |

2
P[|z® x,s AL Ta,Sa)| > V| < 2exp | — )
1200,8) = 20 assu)| = V] £ Rep ( — g2

The definition of a and the condition (4.4.14) imply that

2Cin~*
D’n(x7xa787806) + 1n

v < C5n_p,
for some constants C5 > 0 and p > 0. Hence,

Pl swp |20(.5) - 200 s0)] > v
(z,s)€[0,1]2

< 2(n+1)*exp(—Cgn®).

This completes the proof of inequality (4.4.19) and that of Proposition 4.4.4.
O
Back now to the proof of Theorem 4.1.1. We will be using all the results presented
earlier in this section by considering the sequence of the random variables { X;} instead
of the sequence of the numbers {z;}. For instance, by fixing w and denoting x; =
X;(w), one can see the previous propositions as a behaviour of a fixed trajectory
Xi(w), Xo(w), . ...
We remark that the limiting process has the same covariance structure as the
limit of the original sequential empirical process given in Theorem 1.2.1.
Define the variables U; = F(X;) and consider the bootstrapped empirical process
éb)(-) based on the U;’s, similarly to the one previously presented in (3.1.1).
We also define
Voi(z,y) = Var (WT(LI’) (z) — WP (y)) -

Let us now replace P with P* and x; = U;(w) in Propositions 4.4.1, 4.4.3 and 4.4.4.
In this context, the conditions (4.4.9) and (4.4.15) translate to

lim V1 (z,y) exists a.s., (4.4.20)

n—o0

and for each z and y in [0, 1]

Vii(z,y) < C(lz —y|P +n7%) as., (4.4.21)
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for some C' > 0, depending only on trajectory, 0 < b < 1 and ¢ > 0.

In order to prove the P*-almost sure convergence of the sequential bootstrapped
empirical process based on the U;’s, W,Sb)(-, -), one must verify that the conditions
(4.4.20) and (4.4.21) hold also almost surely. This has been proven by Peligrad in
[47] (Proposition 4.1 and Proof of Theorem 2.2). The conclusion of Theorem 4.1.2
can now be derived in a routine manner, as in [5], for the sequential bootstrapped

empirical process Wflb)(F (x),s) = Wi (z,s).

4.4.2 Proof of Theorem 4.2.2

Recall the change-point model introduced in Chapter 2

Y; for i< [nf,]
Xi ==
Z; otherwise,

where 0 < 6,, <1 and lim,,_, 0, = 0.

Let I, and k, be any sequences satisfying equation (4.4.14) such that n = [,k,.
Similarly to the previous section, we fix a realization of each of the stochastic processes
X;, Y; and Z;, {z;}, {y;} and {z;}. We will again assume that the sequences x;, y;

and z; are defined on [0, 1] and define the following triangular arrays

T if 1<i<n

Lpi =
Tiep If n+1<i<n+1-1
and
Yi if 1<3<n
Yni ‘=
Yien if n4+1<i<n+1-1
and
2 if 1<i<n
Zni =

Zicp U n+1<i<n+l-1.
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Recall the i*" block sample empirical distribution defined in the previous section

H—l 1

fi¥(x Z I(a,; <x) and fX(2) = fX(2),

and define similarly f} and fZ to be the i*" block sample empirical distributions

based on the arrays {y,;} and {z,;} respectively.

We further define £’ and £/ by

i+l—1 i+l—1
1

1 i} ) )
z}i/ﬂn(x) =7 Z I(y,; <z) and fZG () = 7 Z I(z, <),
j=i =
where
* Yi if 1<i<[nb,)
Yni =
Yi-fnoa) I [n0] +1 <0< [nd,] +1-1
and

Zicmo,) i [nOp] +1 <0< [nb,] +1—1.

Since f[zen](x) = f[i;:](x) for T'=Y, Z, one easily remarks that

X (z) = P ]f[nan]( ) + n_T["Q"] 2 o o1 () (4.4.22)
and

fi(x) = 1] 4z (x)+n_—wff_[n9n},[n9n] (@), (4.4.23)
where

n

1
Z _
fono,) o +1(T) = n_—[ne] Z I(zn; < ).

" j=[nda)+1
We shall define for x, s in [0, 1]

ks] n

ZZI i =1) ((fif (@) = fX (@) = (fE(2) = fE(2))),

7j=1 =1
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and

[kS] n

VS My = i) (¥ ) — F5 () — (R @)~ £ (a9).

7j=1 =1
Proposition 4.4.5 Let {y;,1 <i <n} and {z;,1 <i <n} be any sequences of real

numbers satisfying the conditions of Proposition 4.4.3 and Proposition 4.4.4.

1. If 1,0, < n=° for some positive constant c, then
sup vn | A (2, )] 5o, (4.4.24)
(@s)elnz K
and consequently, the sample-based version of the sequential bootstrapped empir-
ical processes based on {x,;} and {z,;} converge to the same limiting distribution
in D([0,1] x [0, 1]).
2. If 1,(1 —6,) < n=¢ for some positive constant c, then
sup vn | B, (z, s)]| 5o, (4.4.25)
(@51 F
and consequently, the sample-based version of the sequential bootstrapped empir-

ical processes based on {x,;} and {y,;} converge to the same limiting distribution

in D([0,1] x [0, 1]).

Proof: =~ We only focus on the first case (4.4.24) since the proofs of both cases are

similar and require the same arguments.

Using (4.4.22) and (4.4.23) and the fact that Y I(,; =14) = 1, we have for
(z,5) € [0,1]

[kJS] n

ZZI nj = 1) flz() fl?(l‘))

_ [k‘;]\[;l_e a (f[ngn]( T) — f[ien](x))

ks] [n6y]

VIS Wy =) ()~ 1) + (5% ) - 7))

7j=1 =1
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ks] [n6x]
,On ,0n
bV My =) (@) - £ @)
7j=1 i=1
]{?S] n

+ Z > Wy =) (ff (@) = (@)

J=1 i=[nbn]+1

_ % (S (@) = Sy (@)

ks] [n6r]

= VS S My = i) (£5) - £ (@)

7j=1 =1
ks] [n6rn]

M

7j=1 i=1

70 (w) = Sl (@))

[
B UL

+‘“Z, I(1,; =) (f¥(x) — fZ(2)) .

In what follows, we denote the last six terms (4.4.26)-(4.4.31) by A,;, i =

We will show that forz=1,...,6

sup | Ani(z, s)| 50 as n— oo
(x,s)€[0,1]2

We first note that for x, s in [0, 1]

[ks
A vy XIH%ZMﬁU V@)
] =142

Jj=1i=[no

Hence
[n67.]

k
N LTC IS S SIS (TAET)

(,5)€[0,1]2 =1 i=[nfp]—1+2

(4.4.26)

(4.4.27)

(4.4.28)

(4.4.29)
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1
Since E[I(I,; = i)] = —, then
n

l
E sup |An(z,s)|<—=—0 as n— oo.
(z,5)€[0,1]2 n
Similarly, it can be shown that
l
E sup |Ap(z,s)|<——0 as n— oc.
(z,5)€[0,1]2 n

Consider now (4.4.31) and remark that for x, s in [0, 1]

[ks] n
Vn .
Asl,s) =27 N7 Wy =) (5 () = FE (@)

J=1 i=n—I+2

Thus,
k n
n :
sup |Aug(z,s)| < % Z I(1,; = 1).
(z,5)€[0,1]? j=1 i=n—1+2

Therefore,

l
E sup |A(z,s)]<—=—=0 as n— oo.

(z,s)€[0,1]2 7 - \/ﬁ

The remainder of the proof will require a different approach. Let us consider for

instance (4.4.30) and write Aps(z,s) = AW (2, s) — A? (2, s), where

n , 1
s = VI (Mg =)= 1) o)
j=1 i=1
) m [ks] [n6y] 1
A(z,s) = T > (I(fnj =1) — E) fingy ().
j=1 i=1
For z, s in [0, 1], we have
[ks] [nbn] 1
1
| < S (=0 - 1)
7j=1 =1

By independence of {I,;}; and the fact that the sets {I(/,; = i),1 < i < n} are

disjoint, we obtain

[ks] [n0n] 2

P(48e9) s 58 | 23 (=0 )

7j=1 =1
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[ks] [nBn]

o (R )
. n[k]s} (zl[nen] - [nen]Q)
k2 n n?

< 16,—0 as n— oo.

Write now
[ks]

23(15

where, for each 1 < j < [ks]

1.5 n . 1 Y
BT(LJ )(a:) = \/7— Z (I(Inj =) — E) Jino,1 (@)

is a triangular array of independent random variables.

It is easy to see that

Var (B39 _ Vi RS P e
ar (B @) = Var | Y237 (1 =) = = | S (.9)
=1
[nﬁn] [n0x] 1 1 ,
= = DI < nj =) = g) <I(fna’ = i) - g) (finon (1))
06,

=1 =1

- = (@ - ) (fro (@ v))”

10,
< —.
-k

Similarly, we can also see that

(15) () < Yn.
Var (Bny ( )) <
Therefore, for s <t
[ks]
Var (A%)(x, s) — A,(llg,)(y,t)> = Z VarB Z VarB 1 5
j=[ks]+1
16,, 16

<[]+ (k) — [hs]) "
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IN

10,

< Cn~“

We also have using equation (4.4.14)

vn

|B(15)(x y)| <2 ? <Cn™® and |B7%-’5)(y)| <Cn™“

Following the same procedure as in Proposition 4.4.4 and Naik-Nimbalkar and Ra-
jarshi [45], we can show tightness of the sequence A,%) (+,-). Moreover, using the same
arguments presented above, one can prove that the sequence A%)(-, -) is tight.
Therefore,

sup  |Aps(z,s)| 50 as n— oo
(z,5)€[0,1]2

Return now to (4.4.28). Once again, we make use of the independence of the random
variables {I,;}; and the fact that the sets {I(1,; =14),1 < i < n} are disjoint to get
for z, s in [0, 1]

[ks [1n0,] 2

(A = B (Y33 1y = i) (7 @) ~ Flay@)

7j=1 =1
[n6r]

= BN (1 @) — )

i=1
< 10,—0 as n— oo,

[n6n]

where the second line follows since Z fli./’e"(x) = [nb,] f[’ggn](x).
i=1
Similarly to the previous term, write

[ks]

=2 B

where, for each 1 < j < [ks]

[n0]

LIy =) (£ (@) = S (@)

=1

*\%
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is a triangular array of independent random variables.

We remark that

[n0n]

2
Var (BY)(@)) = kQZ( S IA)
16,
< R
-k
and
3 1A v 2
Y'VL
Var (BS)(x,)) = Z( )
16,
< —.
-k
Hence, we get for s <t
[ks] [kt]
Var (Aps(z,s) — Aps(y, b)) = ZVang)(xy Z Vaan]
j=1 =[ks]+1
16, 19
< n
< [rl 0 (] — s
< b,
< Cn™“
Equation (4.4.14) leads to
B < Y < on and B < Ont

Using again the same techniques as in Proposition 4.4.4 and Naik-Nimbalkar and

Rajarshi [45], we can show tightness of the sequence A,3(-,-). Thus,

sup | Aps(z, s)| 50 as n— .
(x,5)€[0,1]2
Lastly, one only needs to note that the terms (4.4.28) and (4.4.29) are similar to

complete the proof of Proposition 4.4.5.
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Since Assumptions 4.2.1 imply Peligrad’s conditions (3.2.2) and (3.2.3) for both se-
quences (Y;) and (Z;), the remainder of the proof of Theorem 4.2.2 can be produced

similarly to the one of Theorem 4.1.1 with the use of the above proposition.



Chapter 5

Applications

In this chapter, we investigate the performance of the proposed tests in a set of Monte
Carlo experiments. We will be examining the finite-sample accuracy of our testing
procedure and the power performance of the test statistics as well. The first section
will be dedicated to implementing examples in accordance with Application 3.2.3
where a candidate change-point is available. Examples with an unknown change-

point will be discussed in the second section.

5.1 Application 1

Consider the following stationary processes for i € Z and b € R
Vi=Y a&; and Z =) a(&;+0),
320 Jj=0
where &; are independent and identically distributed random variables.

Recall now the model presented earlier:

Y, if 1<i<[nb]

Z; it [nf] <i<mn,

Xi:

where 6 € (0,1) is a candidate change-point.

131
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We will be proceeding under the following assumptions:

1. For ¢ = 1,2, the sequence {|a§-£)|} is non-increasing such that
jEN

Z |a§-€)|% < oo for some 7 € (0,1].
Jj=0

2
2. There exist constants C' < oo and A € (5’ 1] such that for all u € R

C

| E exp(iuo)| < m-

3. E[|&|?] < oc.

Therefore, both Assumptions 2.1.1 and Assumptions 3.1.1 are satisfied.

Let (l1,k1) and (lg, k2) be two pairs of sequences of natural numbers as in Theorem
3.2.1 such that [nf] = l1k; and n — [nf] = lsks. Henceforth, we assume that the
innovations & ~ N(0,1). The parameters used throughout this analysis, to produce
the figures of this section, are: n = 10000 for the sample size, § = 0.5 for the location
of the change-point, [y = 5, I, = 8, k; = 1000 and ks = 625 for the length and the
number of blocks considered before and after the occurrence of the change, B = 500
for the number of bootstrap replications.

The simulations will be made at a nominal level of significance o = 5% and each case
will be performed p = 400 times for the power analysis. We consider here both test
statistics, the Kolmogorov-Smirnov (K.S) and Cramér-Von Mises (C.V.M), in order

to compare their power performances.

5.1.1 Example 1

The goal here is to examine the power of the testing approach that detects a change

in the coefficients, the mean and/or the variance of an AR(1) process. !

'The detailed algorithm, programmed in R, is provided in the appendix.
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e Change in the coefficients:

In this case, we consider

Yi=pYiaa+&

Zi = paZi1+ &
Under the null hypothesis, p; = ps = 0.5. Furthermore, p, varies from 0.1 to 0.9
under the alternatives. The analogous negative coefficients will be also considered.
The size and the power of the tests in both subcases are illustrated in Figure 5.1 and

Figure 5.2 for both the K.S and C.V.M statistics.

1.0 4

0.8 1

0.6

Power

0.4

0.2 1

0.0 1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
P2
Figure 5.1: Detection of a change in the positive coefficients of an AR(1)
model

1.0 1

0.8 1

0.6

Power

0.4

0.2

K.S
rrrrrrrrr T C.V.M

0.0 1

-0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1
P2
Figure 5.2: Detection of a change in the negative coefficients of an AR(1)
model
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e Change in the mean of the innovations:

In this case, we consider the following model with p = 0.5:

Yi=pYio1 +&

Zi = pli+ &+ .
Under the null hypothesis, we consider = 0. The mean of the innovations is chosen
under the alternatives as follows: u = —0.2,—0.15,—0.05,—-0.1,0.05,0.1,0.15,0.2.
The performance of the K.S and C.V.M tests for this case are illustrated in the

following figure.

1.0

0.8 1

0.2 1

0.0 1

-02 -015 -01  -005 0 0.05 01 0.15 0.2

Figure 5.3: Detection of a change in the mean of the innovations of an AR(1)
model

e Change in the variance of the innovations:

In this case, we consider the following model with p = 0.5:
Yi=pYio1 +&
Zi = pZi-1 + oé;.
We consider o = 1 under the null hypothesis and o = 0.6,0.7,0.8,0.9,1.1,1.2,1.3,1.4

under the alternatives. The empirical size and the power performance of the tests are

illustrated in the following figure.
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1.0

0.8 1

0.2 1

0.0 1

0.6 0.7 0.8 0.9 1 11 1.2 1.3 1.4

Figure 5.4: Detection of a change in the variance of the innovations of an

AR(1) model
We were able to deal with the change-point problem in a unified fashion. In all cases,
we can see that the rejection rate under the null hypothesis is close to the nominal
level of significance a = 0.05. We also observe that our testing method is performing
very well under the alternatives: the power is monotone in all cases. Lastly, we note
that contrary to what is frequently observed, the Cramér-Von Mises statistic does not
consistently outperform the Kolmogorov-Smirnov statistic. In fact, the performance

of the test statistics is very similar and often indistinguishable.

5.1.2 Example 2

Our change-point model assumes a change from one stationary process to another at
the time of the change. We now investigate the behaviour of our test statistics if the
assumption of stationarity after the change-point is violated. In particular, consider
the following model:

X, = p1Xi1+& if 1<1i< [nd

paXi1+o&+p if [nd] <i<n.
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Despite the fact that the stationarity of the process is lost after [nf], we will see
that our testing approach still allows us to detect simultaneously any change in the
coefficients of the process, the mean or the variance of the innovations.

For comparison, we will be using the same parameters for each case as in the previous

example. We begin with a change from p; to ps.

1.0 4

0.8

0.6

Power

0.4

0.2

0.0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
P2
Figure 5.5: Detection of a change from p1=0.5
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Figure 5.6: Detection of a change from p1=-0.5
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The following figures show the empirical size and the power performance of the tests

when there is a change in the mean or the variance of the innovations.

1.0

0.8 1

0.6

Power
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0.2 4

0.0 1
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Figure 5.7: Detection of a change from p; =0
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Figure 5.8: Detection of a change from o, =1

1.4

The general pattern is that when there is a change in location or scale of the innova-
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tions, the power of the tests is similar to the case where stationarity was satisfied. On
the other hand, when the AR(1) coefficients change, the tests are less powerful than
in the original example. This is likely due to the time taken for the post-change pro-
cess to converge to stationarity. In general, although the assumption of stationarity
is not satisfied, the tests still perform well. Finally, we observe that the sample size
n = 10000, while quite large, is appropriate for many types of financial data. The
empirical power obtained for smaller sample sizes may be found in the tables in the

Appendix.

5.2 Application 2
In this section, we will make use of the results of Chapter 2 and Chapter 4. We first
recall the model that will be considered here

Y if 1<i<[nb,]

Z; it [nb,] <i<mn,

where Y; and Z; are the two linear processes as in Section 5.1 and 6,, € (0, 1).

In this case, we assume the following conditions:
1. For ¢ = 1,2, the sequence {|a§ﬁ)|} is non-increasing such that
JEN

Z \ay)ﬁ < oo for some 7 € (0,1].
Jj=0

2
2. There exist constants C' < oo and A € <§, 1] such that for all u € R

C

| E exp(iuéo)| < W-

3. E[|&)*] < co.

4. nh 1?2 <« 0, < n V3 or n 1?2 <1 -6, < n'/3 for some 0 < h < 1/6.
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This will ensure that both Assumptions 2.1.1 and 4.2.1 are satisfied. It will also make
the testing approach consistent as was explained at the end of Section 4.3.

We also consider the sequences of natural numbers, [ and k, as in Theorem 3.2.1 such
that n = lk. Once again, we assume that the innovations ; are i.i.d N'(0, 1).

In the following set of simulations, by symmetry it is enough to consider an early
change in the observation period. We choose a number of bootstrap replicas B = 500.
The simulations will be made at a nominal level of significance a = 5% and each case

will be performed p = 400 times in order to get the empirical power.

5.2.1 Example 3

In this example, we will be investigating the size and the power performance of the
K.S and C.V.M statistics in detecting a change in the coefficients, the mean and/or
the variance of an AR(1) process.

e Change in the coefficients:

We choose here a sample size n = 12000, block length [ = 3, number of blocks
k = 4000 and a change point at 6, = 0.05. We begin with a change in the positive
coefficients from p; to p, where we assume that p; = 0.75 and p, varies as in the
previous examples from 0.1 to 0.9. The size and the power of the test are illustrated

in the following figure.
1.0 4

Power

Figure 5.9: Detection of an early change in coefficients of an AR(1) model
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The case for the analogous negative coeflicients is also considered where p; = —0.75

and py = —0.9,—-0.8,-0.75,-0.7, 0.6, —0.5, —0.4, —0.3, —0.2, —0.1.
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P2
Figure 5.10: Detection of an early change in coefficients of an AR(1) model
For the two next cases, we will consider a sample size n = 10000, length block [ = 5,

number of blocks k£ = 2000 and a change-point at 6,, = 0.05.

e Change in the mean:

The following figure shows the empirical size and the power performance of the tests
when there is a change in the mean of the innovations. Here, we consider p; = 9 = 0
under the null hypothesis. On the other hand, ps will take the following values under
the alternative: p, = —0.4,—0.3,—-0.2,—-0.1,0.1,0.2,0.3,0.4.
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Power
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Figure 5.11: Detection of an early change in the mean of the innovations of

an AR(1) model
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e Change in the variance:

Figure 5.12 deals with a change in the variance of the innovations of the autoregressive

model. In this case, 07 = 1 and 05, =0.2,0.4,0.6,0.8,1,1.2,1.4,1.6, 1.8.
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Power
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0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

Figure 5.12: Detection of an early change in the variance of the innovations

of an AR(1) model

The simulations presented in this example show that the testing method performs well
especially for the case of a change in the mean of the innovations. For the other cases,
we observe that the tests are asymmetric with respect to the change-point locations.
It can also be seen that the C.V.M performs notably better than the K.S in the
mentioned cases. As expected, the tests presented in this example are less powerful
than the ones presented earlier in the first example where a candidate change-point
was available. Moreover, we observed from many more simulations, not presented
here, that the choice of the block length is very crucial in optimizing the empirical

size and the power of the tests.

5.2.2 Example 4

In this example, we will investigate the performance of the tests statistics when the
assumption of converging alternatives is violated. More precisely, we will reproduce

the simulations presented in the preceding example with 6§ = 0.5.
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We begin with a change in the coefficients (positive and negative coefficients) of the

autoregressive model.

Power
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Figure 5.13: Detection of a change from p; = 0.75

0.9
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Figure 5.14: Detection of a change from p; = —0.75
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Figure 5.15 and Figure 5.16 show the empirical size and the power performance of

the tests when there is a change in the mean or the variance of the innovations.
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Figure 5.15: Detection of a change from p; =0
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Figure 5.16: Detection of a change from o1 = 1

We were puzzled with simulations of this example that demonstrate more power under
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the alternatives, accurate empirical size under the null, symmetric tests and elimina-
tion of the superiority of the C.V.M. This is likely due to the important information
gathered before and after the change-point. This observation make us believe that the
detection problem can be addressed, with a different approach, when a change-point
is not close to 0 nor 1. This also explains the results of the preceding example since
the effect of the pre-change parameters dominates during the “adjustment period”
after the change and has an influence on the accuracy of the estimation of the empir-
ical distributions.

Our testing method is very general and does only require a minimal information about
the pre-change and post-change distributions. It should not replace existing paramet-
ric tests but rather complement them. However, when the correct parametrization is
unknown, our tests can be seen as a useful pretest. As pointed before, the choice of the
block length is very important in practice and must be analysed carefully. Here, we
did not try to fine-tune the testing method in order to obtain optimum performance.

We leave it for future research.



Conclusion

As indicated in the introduction, this thesis proposes a retrospective testing method to
detect a change in the marginal distribution of a causal linear process. The detection
approach described here allows us to test simultaneously for changes in the coeffi-
cients, in the location and/or scale of the innovations under reasonable and minimal
conditions. More precisely, the use of mixing or association assumptions was avoided
by opting for a combination of conditions on the moments of the innovations and the
summability of the coefficients. These simple conditions justify a functional central
limit theorem for the sequential empirical process associated with a stationary causal
linear model. This task was completed in Chapter 1. A second invariance principle,
in the change-point framework, for the sequential empirical process was proved in
Chapter 2. We have also derived in the latter chapter the limiting distributions of
the test statistics used throughout this work; namely, the Kolmogorov-Smirnov and
Cramér-Von Mises statistics, under the null and the alternative hypotheses.

As in similar studies, the covariance of the Gaussian limit in the invariance prin-
ciples for the the sequential empirical process presents a level of complexity that
makes critical values very difficult to evaluate. To deal with this problem, we made
use of moving block bootstrap techniques that imitate the data generating process
without imposing any particular linear model. Weak convergence of the associated
bootstrapped empirical process was established under conditions similar to the previ-

ous ones; in particular mixing is not assumed. This objective has been accomplished
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in Chapter 3.

Chapter 4 provides an extension of the preceding result to functional central limit
theorems for the sequential bootstrapped empirical process under the null hypothesis
and under converging alternatives. Furthermore, we derived the limiting distributions
of the bootstrapped version of the test statistics with a view to tabulating appropriate
critical values for the testing procedure. In Chapter 5, simulations demonstrate the
performance of the test statistics for various illustrative examples.

This thesis addressed the problem of change-point detection in the marginal
distribution for a wide range of linear processes where mixing conditions are not
satisfied or very difficult to verify. The goal was to produce a testing approach that is
theoretically well founded in a unified framework that can be easily implemented by
practitioners in the time series environment. Furthermore, it suggests new research
questions that may require a different methodology. Indeed, the research contained

in this thesis can be extended in various directions. Some of these are:

e From the simulations illustrated in Chapter 5 and many more not presented
here, it was clear to us that further investigation is needed on the connection
between the parameters (n, 0,1, k) in the sequential model in order to produce

better results in finite-sample situations.

e The assumption of converging alternatives, which was of great use in solving
the change-point problem, does not adequately address the problem when the
change-point is not close to 0 nor 1. This problem needs to be approached in a

different manner with different tools.

e The change-point problem can be approached from a sequential perspective
where the decision is made on line with the observations. This is another prob-

lem which can be considered in this area.
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e The testing procedure proposed in this thesis can be extended to spatial pro-
cesses in higher dimensions with a view of detecting a change-point or a change-

set in the marginal distribution of a stationary causal linear field.



Appendix

In this appendix, we include the algorithms and R codes for the simulations. To sup-
plement the results presented in Chapter 5, we also include further tables of empirical

power for various sample sizes n.

Example 1

e Case 1: Detection of a change in the coefficients of an AR(1) model.
Step la: Generate the data and the test outcomes under Hy
data0<—function(n,r){

sd1<—1/(sqrt(1-rA2));X<—c()
X[1]<=r*rnorm(1,0,sd1)+rnorm(1)

for(i in 2:n){X[i]<—r*X[i-1]4+rnorm(1)}

X}

test0<—function(n){

X<—data0(n,r)

N<—floor(n*theta)

x1<—X[1:N];x2<—X[(N+1):mn]
FN1<—ecdf(x1);FN2<—ecdf(x2);
V1<—N*(n-N)*(FN1(X)-FN2(X))/(nA(3/2));

V2<—=VI1AZ;
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T1<—max(abs(V1));T2<—mean(V2);
yl<—c(x1,x1[1:(11-1)]);y2<—c(x2,x2[1:(12-1)]);
ml<—c(1:N);m2<—c(1:(n-N));

Tb<—vapply(1:b, FUN.VALUE=numeric(2),function(i){
x1b<—as.vector(sapply(sample(m1, k1, rep=TRUE),
function(pl)yl[pl:(p1+11-1)]))
x2b<—as.vector(sapply(sample(m2, k2, rep=TRUE),
function(p2)y2[p2:(p2+12-1)]))
FN1b<—ecdf(x1b);FN2b<—ecdf(x2b);

Vbl <— N*(n-N)*(FN1b(X)-FN1(X)-FN2b(X)+FN2(X))/(nA(3/2))
Vb2<—=Vb1A2;

c(max(abs(Vb1)),mean(Vb2))})

res0<—c(0,0);

if (T1>quantile(Tb[1,],0.95)){res0[1]<—1}

if (T2>quantile(Th[2,],0.95)){res0[2]<—1}

resO}

Step 1b: Generate the data and the test outcomes under H;
datal<—function(n,rl,r2,theta){

z<—rnorm(n);

a<—vapply(1:n, FUN.VALUE=numeric(2), function(i){
((F)AG1)*2[i, (12)A (-1 ) )

Y <—c();Z<—c();xi<—rnorm(n);N<—floor(n*theta);
Y[1]<—(rl)*sum(a[l,])+xi[1];Z][1]<—(r2)*sum(a[2,])+xi[1];
for(i in 2:N){Y[i]<—(r1)*Y[i-1]+xi[i] };

for(i in 2:n){Z[i]<—(r2)*Z[i-1]+xi[i] }

X<—c(Y,Z[(N+1):n])
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X}

testl<—function(n){

X<—datal(n,rl,r2,theta)

N<—floor(n*theta)

x1<—X[1:N];x2<—X[(N+1):n]
FN1<—ecdf(x1);FN2<—ecdf(x2);
VI<—N*(n-N)*(FN1(X)-FN2(X))/(nA(3/2));
V2<—V1A2;

T1<—max(abs(V1));T2<—mean(V2);
yl<—c(x1,x1[1:(11-1)]);y2<—c(x2,x2[1:(12-1)]);
ml<—c(1:N);m2<—c(1:(n-N));

Tb<—vapply(1:b, FUN.VALUE=numeric(2),function(i){
x1b<—as.vector(sapply(sample(m1, k1, rep=TRUE),
function(pl)yl[pl:(p1+11-1)]))
x2b<—as.vector(sapply(sample(m2, k2, rep=TRUE),
function(p2)y2[p2:(p2+12-1)]))
FN1b<—ecdf(x1b);FN2b<—ecdf(x2b);

Vbl <— N*(n-N)*(FN1b(X)-FN1(X)-FN2b(X)+FN2(X))/(nA(3/2))
Vb2<—=Vb1A2;

c(max(abs(Vbl)),mean(Vb2))})

resl<—c(0,0);

if (T1>quantile(Tb[1,],0.95)){res1[1]<—1}

if (T2>quantile(Th[2,],0.95)){res1[2]<—1}

resl}

library(parallel)
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pp<—matrix(,nrow=2,ncol=9)

Step 2: Compute the empirical size of the test
theta<—0.5:r<—0.5:11 <—5:k1<—1000:12<—8:k2 <—625:h<—500:
cl5<— makeCluster(detectCores())
clusterSetRNGStream(clb)

clusterExport(cl5,c(”r” " theta” ”117 k17,7127 k2”7 " b"))
clusterExport(cl5,” data0”)
pp5<—parSapply(cl5,rep(10000,400),test0)

(pp[,5] <—c(mean(pp5[1,]), mean(pp5(2,])))
stopCluster(clb)

Step 3: Compute the empirical power of the test for r2=0.1
theta<—0.5;r1<—0.5;12<—0.1;11<—5;k1<—1000;12<—8;
k2<—625;b<—500;

cll<— makeCluster(detectCores())

clusterSetRNGStream(cll)

clusterExport(cll,c("r1”,7r2” " theta” ,”117 ’k1” 712”7 7k2” " b))
clusterExport(cll,”datal”)
ppl<—parSapply(cll,rep(10000,400),test 1)

(pp[;1]<—c(mean(ppl[1,]), mean(ppl[2,])))
stopCluster(cll)

Step 4: Repeat Step 3 for r1=0.2, 0.3, 0.4, 0.6, 0.7, 0.8, 0.9.

Step 5: Repeat Step 2 and Step 3 for different values of n and the corresponding [,
kl, 12 and kg.

Step 6: Repeat Step 2, Step 3 and Step 4 for the analogous negative coefficients of
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the AR(1) model.

Table 5.1: Empirical power for a change in positive coefficients (Example 1)

P2
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

n = 1000
; . A K.S 0.2275 0.1925 0.165 0.145 0.08 0.18 0.3475 0.765 1
1 =1l =
ki1 = ko =125

C.V.M | 0.1825 0.165 0.1475 0.1425 0.105 0.1675 0.31 071 1
B =500
n = 5000
; ; 5 K.S 0.7475 0.5525 0.3125 0.1725 0.0825 0.2175 0.9125 1 1
[\ =l =
k] = k‘z = 500

C.V.M | 0.785  0.5425 0.285 0.1425 0.0875 0.195 09175 1 1
B = 500
n = 10000

K.S 0.9975 0.9475 0.685 0.255 0.0525 0.355 0.995 1 1

Iy =5,k = 1000
lo = 8,ky =625

C.V.M | 0.9975 0.97 0.650  0.2075 0.065 0.2925 0.995 1 1
B = 500

Table 5.2: Empirical power for a change in negative coefficients (Example 1)

P2
-0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1
n = 1000
K.S 1 0.96 0.56  0.115 0.0475 0.0725 0.14 0.1875 0.2075
Lh=10L=4
ki =ky =125
CVM |1 0.9975 0.695 0.135 0.0325 0.085 0.1675 0.23 0.2275
B = 500
n = 5000
K.S 1 1 1 0.455 0.05 0.1975 0.6125 0.8575 0.9275
lh=1l=5
ki1 = ko = 500
CVM |1 1 1 0.5875 0.05 0.2725 0.7725 0.9375 0.975
B =500
n = 10000
K.S 1 1 1 0.7675 0.06 0.505  0.965 1 1
Iy =5,k = 1000
12 = 8./ k?g = 625
CVM |1 1 1 0.88 0.0475 0.635 0985 1 1
B = 500

e Case 2: Detection of a change in the mean of the innovations of an AR(1) model.
Step la: Generate the data under Hy

data2<—function(n,r,mu,sigma,theta){
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sd1<—1/(sqrt(1-rA2));

Y <—c();

Y/[1]<—r*rnorm(1,0,sd1)+rnorm(1);

for(i in 2:n){Y[i]<—r*Y[i-1]4rnorm(1)}
Z<—(sigma*Y)+mu/(1-r);

N<—floor(n*theta);

X<—c(Y[1:N],Z[(N+1):n])

X}

M Generate the test outcomes under H;
test2<—function(n){

X<—data2(n,r,mu,sigma,theta)

N<—floor(n*theta);

x1<—X[1:N];x2<—X[(N+1):n]
FN1<—ecdf(x1);FN2<—ecdf(x2);
VI<—N*(n-N)*(FN1(X)-FN2(X))/(nA(3/2));
V2<—VI1AZ;

T1l<—max(abs(V1));T2<—mean(V2);
yl<—c(x1,x1[1:(11-1)]);y2<—c(x2,x2[1:(12-1)]);
ml<—c(1:N);m2<—c(1:(n-N));

Tb<—vapply(1:b, FUN.VALUE=numeric(2),function(i){
x1b<—as.vector(sapply(sample(m1, k1, rep=TRUE),
function(pl)y1[pl:(pl+l11-1)]))
x2b<—as.vector(sapply (sample(m2, k2, rep=TRUE),
function(p2)y2[p2:(p2+12-1)]))
FN1b<—ecdf(x1b);FN2b<—ecdf(x2b);

Vbl <— N*(n-N)*(FN1b(X)-FN1(X)-FN2b(X)+FN2(X))/(nA(3/2))
Vb2<—Vb1A2;
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c(max(abs(Vbl)),mean(Vb2))})
resl<—c(0,0);

if (T1>quantile(Tb[1,],0.95)){res1[1]<—1}
if (T2>quantile(Th[2,],0.95)){res1[2]<—1}
resl}

library(parallel)

cm<—matrix(,nrow=2,ncol=9)

Step 2: Repeat Step 2 from Case 1 to compute the empirical size of the test

Step 3: Compute the empirical power of the test for mu=0.1

theta<—0.5;r<—0.5;mu<—0.1;sigma<—1;11<—5;k1<—1000;

12<—8;k2<—625;b<—500;
cll<— makeCluster(detectCores())
clusterSetRNGStream(cll)

clusterExport(cll,c(”r”,”mu”,”sigma” " theta” " 117 7 k1" 712"

7k27 b))
clusterExport(cll,”data2”)}
cm1<—parSapply(cll,rep(10000,400),test2)
(em[,1]<—c(mean(cm[1,]),mean(cm[2,])))

stopCluster(cll)

Step 4: Repeat Step 3 for mu=-0.3, -0.25, -0.2, -0.1, 0.2, 0.25, 0.3.

Step 5: Repeat Step 2, Step 3 and Step 4 for different values of n and the corresponding

ll, ]{51, ZQ and ]{?2.
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Table 5.3: Empirical power for a change in the mean (Example 1)

I
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

n = 1000
, , A K.S 0.9025 0.6625 0.46 0.19 0.1125 0.2175 0.4025 0.745 0.94
[, =1y =
k1 = ko =125

C.V.M | 0.9175 0.71 0.5 0.2025 0.1375 0.2175 0.4575 0.785 0.95
B = 500
n = 5000

K.S 1 1 0.9525 0.4975 0.0875 0.5375 0.96 1 1

lh=10=5
k] = k‘z = 500

CV.M |1 1 0.9675 0.53 0.085  0.5825 0.975 1 1
B = 500
n = 10000

K.S 1 1 0.9975 0.7325 0.0675 0.7325 1 1 1

Iy =5, k1 = 1000
lo = 8, ko = 625

CV.M |1 1 1 0.7775 0.0695 0.755 1 1 1
B = 500

e Case 3: Detection of a change in the variance of the innovations of an AR(1)
model.

Step 1: ecm<—matrix(,nrow=2 ncol=9)
Step 2: Repeat Step 2 from Case 1 to compute the empirical size of the test

Step 3: Compute the empirical power of the test for sigma=0.6

theta<—0.5;r<—0.5;mu<—0;sigma<—0.6;11<—5;k1<—1000;

12<—8;k2<—625;b<—500;

cll <— makeCluster(detectCores())

clusterSetRNGStream(cll)

clusterExport(cll,c(”r”,”mu”,”sigma” " theta” " 117 7 k1" 712"
"k27,”b"))

clusterExport(cll,”data2”)}

cvl<—parSapply(cll,rep(10000,400),test2)

(cv[,1]<—c(mean(cvl[l,]),mean(cv1]2,])))
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stopCluster(cll)

Step 4: Repeat Step 3 for sigma=0.7, 0.8, 0.9, 1.1, 1.2, 1.3, 1.4.

Step 5: Repeat Step 2, Step 3 and Step 4 for different values of n and the corresponding

ll, k‘l, lg and ]{?2.

Table 5.4: Empirical power for a change in the

variance (Example 1)

o
0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4

n = 1000
. ; A K.S 1 0.845 0.3925 0.1775 0.1025 0.1325 0.275 0.505 0.735
1=l =
ky = ko =125

C.V.M |1 0.86 0.31 0.1675 0.1175 0.125 0.2225 0.4375 0.765
B = 500
n = 5000

K.S 1 1 0.9925 0.4075 0.1175 0.3575 0.88 1 1

ll = lg =5
k1 = ko = 500

CV.M |1 1 1 0.34 0.115  0.29 0.9225 1 1
B = 500
n = 10000

K.S 1 1 1 0.695 0.0575 0.5575 1 1 1

Iy =5,k = 1000
l2 =38 k’2 = 625

C V.M |1 1 1 0.6625 0.0625 0.5475 1 1 1
B = 500
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Example 2

It is enough to replace the functions “datal” and “data2” in the codes of the preceding
example respectively by the functions “datall” and “data22” described below.
e Case 1: Detection of a change in the coefficients.
datall<—function(n,theta,rl,r2){

sd1<—1/(sqrt(1-(r1)A2));

Y <—c();Z<—c();N<—floor(n*theta)

Y[1]<—(r1)*rnorm(1,0,sd1)-+rnorm(1);

for(i in 2:N){Y[i]<—(r1)*Y[i-1]+rnorm(1)}

Z[1]<—(r2)*Y[N]4+rnorm(1)

for(i in 2:(n-N)){Z[i]<—(r2)*Z[i-1]4+rnorm(1)}

X<—c(Y,2);

X}

e Case 2 & 3: Detection of a change in the mean or the variance.
data22<—function(n,theta,r,mu,sigma){

sd1<—1/(sqrt(1-rA2));

Y <—c();Z<—c();N<—floor(n*theta)
Y[1]<—r*rnorm(1,0,sd1)+rnorm(1);

for(i in 2:N){Y[i]<—r*Y[i-1]+rnorm(1)}
Z[1]<=r*Y[N]+(mu+sigma*rnorm(1))

for(i in 2:(n-N)){Z[i]<—(r2)*Z[i-1]+(mu+sigma*rnorm(1))}
X<—c(Y,2);

X}
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Table 5.5: Empirical power for a change in positive coefficients(Example 2)

P2
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
n = 1000
K.S 0.205 0.19 0.13 0.1175 0.1025 0.17 0.31 0.7575 1
h=10=4
k1 = ko =125
C.V.M | 0.1675 0.1825 0.115 0.1125 0.105 0.165 0.275 0.7475 1
B = 500
n = 5000
K.S 0.685 0.555  0.3475 0.1375 0.09 0.2475 0.8875 1 1
ll == 12 - 5
k] == k2 = 500
C.V.M | 0.74 0.575 0.2925 0.115  0.09 0.2075 0.9 1 1
B = 500
n = 10000
K.S 0.995 0.925 0.6825 0.2175 0.07 0.2925 1 1 1
Iy =5,k = 1000
lo = 8, ks = 625
C.V.M | 0.9975 0.955 0.67 0.1525 0.065 0.2525 1 1 1
B = 500

Table 5.6: Empirical power for a change in negative coefficients (Example 2)

P2
-0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1

n = 1000
} ) A K.S 1 0.9725 0.5025 0.115 0.042 0.0625 0.14 0.175  0.255
1= =
k1 =ky =125

CV.M |1 0.995 0.6175 0.1375 0.0425 0.0825 0.16 0.235 0.3325
B =500
n = 5000

K.S 1 1 1 0.4175 0.06 0.2475 0.56 0.8725 0.94

li=1=5
k‘l == kQ = 500

CV.M |1 1 1 0.5575 0.0475 0.3375 0.7425 0.955  0.9825
B =500
n = 10000

K.S 1 1 1 0.4525 0.04 0.43 0.945 1 1

11 =5, k1 = 1000
12 == 87 k‘Q == 625

CV.M |1 1 1 0.5875 0.05 0.5875 0.9775 1 1
B =500
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Table 5.7: Empirical power for a change in the mean (Example 2)

m

-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2
n = 1000
. , A K.S 0.9125 0.715 0.4325 0.2 0.09 0.2075 0.3825 0.7175 0.9
1=l =
k1 =ky =125
C.V.M | 0.925 0.7425 0.4775 0.2225 0.095 0.225 0.4375 0.7775 0.925
B =500
1 = 5000
K.S 1 0.9975  0.95 0.485  0.0825 0.48 0.9675 1 1
li=10=5
lf[ == kz = 500
CV.M |1 0.9975 0.955  0.5525 0.0925 0.51 0.9775 1 1
B =500
n = 10000
K.S 1 1 1 0.7 0.0625 0.7425 1 1 1
Iy = 5,k = 1000
lo = 8, ky = 625
CV.M |1 1 1 0.755  0.059 0.78 1 1 1
B =500

Table 5.8: Empirical power for a change in the variance (Example 2)

o
0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4

n = 1000
. } A K.S 0.9975  0.82 0.355  0.157 0.0825 0.14 0.2325 0.51 0.7175
1=l =
k1 = ko =125

CV.M |1 0.8275 0.295 0.1325 0.085 0.135 0.2075 0.44 0.7225
B = 500
n = 5000

K.S 1 1 0.9925 0.3775 0.775 0.285 0.9025 1 1

lh=10=5
k] = kQ == 500

CV.M |1 1 1 0.3275 0.075 0.2425 0.94 1 1
B = 500
n = 10000

K.S 1 1 1 0.6825 0.065 0.5675 1 1 1

Iy =5, k1 = 1000
12 == 87 kz - 625

CV.M |1 1 1 0.665 0.065 0.5425 1 1 1
B = 500
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Example 3

e Case 1: Detection of an early change in the coefficients of an AR(1) model.

Step la: Generate the test outcomes under Hy
test30<—function(n){

X<—dataO(n,rl)

s<—seq(0,1,by=0.01);
Vsl<—lapply(1:length(s), FUN=function(j){
ns<—floor(n*s[j])

xs1<—X][1:ns]

xs2<—X[(ns+1):n]

FNsl<—ecdf(xsl)

FNs2<—ecdf(xs2)
ns*(n-ns)*(FNs1(X)-FNs2(X))/(nA(3/2))})
Vsl <— do.call(rbind,(Vsl))

Vs2<—Vsl1A2;
T1<—max(abs(Vsl));T2<—mean(Vs2)
y<—c(X.X[1:(I-1)])im<—c(1m);

Tb<—vapply(1:b, FUN.VALUE=numeric(2),function(i){
Xb<—as.vector(sapply(sample(m, k, rep=TRUE),

function(p)y[p:(p+1-1)]))

Vbsl <— lapply(1:length(s), function(j){
ks<—floor(k*s[j]);

x1sb<—Xb[1: (I*ks)];x2sh<—Xb[(I*ks+1):1];
FNslb<—ecdf(x1sb);FNs2b<—ecdf(x2sb);

P*ks* (k-ks)* (FNs1b(X)-FNs2b(X)) / (k*sqrt(n)) })

Vbsl<—do.call(rbind,(Vbs1))
Vbs2<—VbslA2;
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c(max(abs(Vbsl)),mean(Vbs2))})
res30<—c(0,0);

if (T1>quantile(Tbh[1,],0.95)){res30[1]<—1}
if (T2>quantile(Th[2,],0.95)){res30[2]<—1}
res30}

Step 1b: Generate the test outcomes under H;
test3<—function(n){
X<—datal(n,theta,rl,r2)
s<—seq(0,1,by=0.01);
Vsl<—lapply(1:length(s), FUN=function(j){
ns<—floor(n*slj]);
xs1<—X[1:ns];xs2<—X[(ns+1):n];
FNsl<—ecdf(xsl);FNs2<—ecdf(xs2);
ns*(n-ns)*(FNs1(X)-FNs2(X))/(nA(3/2))})
Vsl <— do.call(rbind,(Vsl))

Vs2<—VslA2;
Tl<—max(abs(Vsl));T2<—mean(Vs2)
y<—¢(X,X[L:(1-1)]);m<—c(1m);

Tb<—vapply(1:b, FUN.VALUE=numeric(2),function(i){
Xb<—as.vector(sapply(sample(m, k, rep=TRUE),

function(p)y[p:(p+1-1)]))
Vbsl<—lapply(1:length(s),function(j){
ks<—floor(k*s[j]);
x1sb<—Xb[1:(I*ks)];x2sb<—Xb[(I*ks+1):n];
FNslb<—ecdf(x1sb);FNs2b<—ecdf(x2sb);

I¥ks* (k-ks)* (FNs1b(X)-FNs2b(X)) /(k*sqrt(n)) })

Vbsl<— do.call(rbind,(Vbsl))
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Vbs2<—VbslA2;
c(max(abs(Vbsl)),mean(Vbs2))})
res3<—c(0,0);

if (T1>quantile(Tb[1,],0.95)){res3[1]<—1}
if (T2>quantile(Th[2,],0.95)){res3[2]<—1}
res3}

library(parallel)

pp<—matrix(,nrow=2,ncol=10)

Step 2: Compute the empirical size of the test
theta<—0.05;r<—0.75;1<—3;k<—4000;b<—500;
cl5<— makeCluster(detectCores())
clusterSetRNGStream(cl5)
clusterExport(cl5,c(”r”,”theta” ”17 ”k” " b"))
clusterExport(cl5,” data0”)
pp5<—parSapply(cl5,rep(12000,400),test30)
(pp[,5]<—c(mean(pp5(1,]),mean(pp5(2,))))
stopCluster(clb)

Step 3: Compute the empirical power of the test for r2=0.1
theta<—0.05;r1<—0.75;r2<—0.1;1<—4;k1<—3000;b<—500;
cll<— makeCluster(detectCores())
clusterSetRNGStream(cll)

clusterExport(cll,c("r1”,”r2” " theta”,”1” ”k” " b))
clusterExport(cll,”datal”)
ppl<—parSapply(cll,rep(12000,400),test3)
(pp[1]<—c(mean(ppl[L,]), mean(ppl[2,])))
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stopCluster(cll)
Step 4: Repeat Step 3 for r1=0.2, 0.3, 0.4, 0.5, 0.6, 0.8, 0.9.

Step 5: Repeat Step 2 and Step 3 for the negative coefficients.

Table 5.9: Empirical power for a change in positive coefficients(Example 3)

P2
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.75 0.8 0.9
n = 12000
I_3 K.S 0.4225 0.3725 0.3025 0.275 0.26 0.2775 0.3775 0.08  0.5525 0.955
k = 4000
5 C.V.M | 0.665 0.5775 0.4975 0.39 0.3175 0.3075 0.345 0.078 0.5 0.9275
= 500

Table 5.10: Empirical power for a change in negative coefficients(Example 3)

P2
-0.9 -0.8 -0.75 -0.7 -06 -0.5 -0.4 -0.3 -0.2 -0.1
n = 12000
I—3 K.S |0.6875 0.1225  0.065 0.07 0.095 0.01825 0.2425 0.3025 0.3425 0.3525
k = 4000
B — 500 C.V.M | 0.8025 0.1325 0.0775 0.1 0.245 0.485 0.635  0.7175 0.7725 0.7675

e Case 2&3: Detection of a change in the mean or the variance.
It is enough here to replace “datal” by “data2” in the codes of Case 1 and choose

the appropriate values for mu and sigma.

Table 5.11: Empirical power for a change in the mean (Example 3)

%
-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
n = 10000
; K.S 0.995 0.795 0.42 0.1775 0.075 0.1575 0.4075 0.8175 0.99
=5
k = 2000

B — 500 C.V.M | 0.995 0.795 0.42 0.1775 0.055 0.1575 0.4075 0.8175 0.99
=5
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Table 5.12: Empirical power for a change in the variance (Example 3)

ag

0.2 04 0.6 0.8 1 1.2 1.4 1.6 1.8

n = 10000
K.S 1 0.945 0.225 0.1175 0.065 0.11 0.1775 0.2875 0.52

C.V.M |1 0.99 0.41 0.1075 0.07 0.1 0.1825 0.3925 0.63
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Example 4

Repeat the simulations of example 3 with 6§ = 0.5.

Table 5.13: Empirical power for a change in positive coefficients(Example 4)

P2

0.1 02 03 04 05 06 0.7 0.75 0.8 0.9
n = 12000
; K.S 1 1 1 1 1 1 0.6475 0.048 0.8325 1
=3
k = 4000

C.V.M | 1 1 1 1 1 1 0.625 0.0395 0.815 1

B = 500

Table 5.14: Empirical power for a change in negative coefficients(Example 4)

P2

-0.9 -0.8 -0.75 -0.7 -0.6 -05 -04 -0.3 -0.2 -0.1
n = 12000
, K.S 1 0.8625  0.0675 0.7125 1 1 1 1 1 1
[ =3
k = 4000
5 o C.V.M | 0.8025 0.1325 0.0775 0.1 0.245 0.485 0.635 0.7175 0.7725 0.7675
= 500

Table 5.15: Empirical power for a change in the mean (Example 4)

y22

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 04
n = 10000
. _ K.S 1 1 1 0.995 0.0625 0.9975 1 1 1
=5
k = 2000
C. V.M |1 1 1 0.995 0.0675 0.995 1 1 1
B = 500
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Table 5.16: Empirical power for a change in the variance (Example 4)

o
0.2 04 06 0.8 1 1.2 1.4 1.6 1.8
n = 10000
. - K.S 1 1 1 0.99 0.0675 0.9975 1 1 1
=5

k = 2000

CV.M |1 1 1 0.9 0.065 1 1 1 1
B = 500
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