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ABSTRACT

In this thesis a preliminary formulation of large space structures and their sta-
bilization is considered. The system consists of a (rigid) massive body and flexible
configurations which consist of several beams, forming the space structure. The rigid
" body is located at the center of the space siructure and may play the role of ex-
perimental modules. A complete dynamics of the system has been developed using
Hamilton’s principle. Euler-Bernoulli, Rayleigh and Timoshenko beam theories are
utilized to derive the dynamic equations governing the vibration of the beams. The
equations that govern the motion of the complete system consist of six ordinary
differential equations and several partial differential equations together with appro-
priate boundary conditions. The partial differential equations govern the vibration of
fiexible components. The ordinary differential equations describe the rotational and
translational motion of the central body.

The dynamics indicate very strong interaction among rigid body translation, rigid
body rotation and vibrations of flexible members through nonlinear couplings. Hence
any rotation of the rigid body induces vibration in the beams and vice-versa. Also
any disturbance in the orbit induces vibration in the beams and wobbles in the body
rotation and vice-versa. This makes the system performance unsatisfactory for many
practical applications. In this thesis stabilization of the above mentioned system sub-
ject to external disturbances is considered. The asymptotic stability of the perturbed
system by applying several types of stabilizing controls such as proportional controls,
deadzone controls or saturation controls is proved using Lyapunov’s method.

Numerical simulations are carried out in order to illustrate the impact of dynamic
coupling or interaction among several members of the system and the effectiveness
of the suggested feedback controls for stabilization. Stability of 2 spacecraft and 2
space station under the influence of slew mapeuvering is numerically investigated.
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Chapter 1

INTRODUCTION

1.1 Introduction

The advent of a space transportation technology makes it possible to conceive of
very large satellite or space stations which could be carried into space and deployed,
assembled or constructed in orbit for several purposes such as surveillance, commu-
nication, astornomy, space exploration, manufacturing and electric power generation.
These large space structure concepts range from large satellite with large flexible
appendages to space stations such as the solar power station satellite which would

possibly be a structure nearly the size of Manhattan Island{57,91,102,104,106].

Typically suggested space structures consist of rigid main bodies and large flexible
structures such as long beams, large solar pannels, antennas and truss configurations
etc[64,90,76,55). For example, the configuration of the SCOLE (Spacecraft COntrol
Laboratory Experiment), a new design challenge by NASA and IEEE, shown in Fig.
1.1, consists of the space shuttle orbiter and a large antenna which is connected to
the orbiter by a long beam[125]. A schematic diagram of a communication satellite
proposed by the Government of Canada is shown in Fig. 1.2. The physical config-
uration of the U.S. space station (Fig. 1.3) consists of the trusses, the framework
to which the other elements are attached, experimental modules which may play the

role of rigid bodies and several appendages[101,36].

In recent years considerable attention has been focused on the problem of mod-

elling and control of large space stations whose configurations consist of a massive
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central body and large flexible structures[49,100,27,7,59,10,63,132,9]. Flexiblity of
various components introduces additional complexities in control and stabilization of
the space structures. In order to study the effects of structural flexibility on the mo-
tion of the system, it is necessary to develop a model which is mathematically rigorous
yet simple enough for theoretical as well as numerical investigation. To facilitate de-
sign and analysis of control schemes, it is preferable to describe the deformation of
the elastic parts with reference to its undeformed configuration. Because la.rgeA space
structures involve high level of mechanical flexibility, it is also essential to design

stabilizing controls and to optimally implement the active controllers.

In 2 most commonly used approach of modeling, the dynamics of the elastic parts
is described by modal approximation using finite number of modes. A large number
of contributions on this subject can be found in literature[Meirovitch 95, Taylor 125).
However, the number of modes of a continuous system is actually infinite and it
is not known how many modes should be included in the approximation in order
to provide a given accuracy without really solving the origiﬁa.l system with all its
complexities. Another crucial question in the modal method is how the modes are
defined for complex structures? In designing stabilizing controls, techniques of finite
dimensional control theory have been used on the basis of the reduced order model.
A well known problem in this finite order model approach is “control spill over” which
is the control-law interaction with the unmodelled coordinates. Inﬁ;lite dimensional
formulation of the modeling and control of flexible systems has also been considered

by Balakrishnan[13] and Balas [16].

The most natural model for flexible space structures could be given by a hybrid
system of equations, i.e. a combination of ordinary differential equations for rigid

parts and partial differential equations for flexdible members. Hybrid models for some
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simple structures have been considered by Ahmed and Biswas[3,25,26], Ahmed and
Lim{4] and Meirovitch[96]. In [96], the dynamics was developed using a coordinate
system whose origin is located at the instantaneous mass center which is time -
varying during perturbation. Ahmed and Biswas([3,25,26] eliminated this problem
by considering a coordinate system located at ﬁnperturbed position of the beam.
However, in the model by Ahmed and Biswas the orbital dynamics is not included.
In this thesis, completejdynamic models of large flexible spacecraft and space
stations have been developed. Based on the dynamic model developed by the author,
asymptotic stability of the system subject to external disturbing forces is proved

using Lyapunov’s method. The effectiveness of the stabilizing controls is numerically

"~ illustrated.

1 By the terminolegy, in the sequel, we mean that the dynamics consists of orbital dynamics, attitude dynamics of the
aystem and equatioas for vibration of flexible members with all the relevant boundary conditions,




shuttle orbiter

Fig. 1.1 Drawing of the Shuttle/Antenna configuration (NASA).
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1.2_A Brief Review of Previous Studies

The U.S. space station program (or European Columbus program) and SCOLE
by NASA have opened a new era of space exploration, resulting in a whole new idea

of scientific endeavor referred to as modeling and control of large space structures.

" In the early stages of space exploration, the elastic deformation was relatively
insignificant since spacecraft were small, mechanically simple and essentially inflex-
ible. Hence the assumption of rigidity of satellite was acceptable for all practical
purposes for the small satellites. Under the assumption numerous investigations have
been carried out in the past{5,56,72,114,125] on the modeling of attitude and orbital
dynamics of rigid body satellites and for design of active and passive controllers for
attitude control and orbital maneuver. However, m a modern spacecraft carrying
lightweight deployable members and very large space structures, which are inherently
flexible, the assumption of rigidity is no longer true[28,44,1 17]. Rather, the structural
flexibility may interact with attitude control systems of the spacecraft in a variety
of ways. For exmaple, the attitude instabilities of the satellites Explorer I, Explorer
XX and Alouette-] were believed to be caused by flexibility of some components of
the system. These observation led to an extensive investigations. NASA special re-
port[103] focuses attention on the significance of this problem through a discussion
of the anomalous behavior of several spacecraft. The efforts towards modeling and
controller design by taking the ﬂe::ii)?lity of the system into consideration can be
summarized in a few categories:

The first category is represented by the SCOLE (Spacecraft COntrol Labora-
tory Experiment) workshops{125,126] which have been held since 1984, as a new
design challenge by NASA/IEEE. The objective of the annual workshop is to provide

an example configuration and control objectives which enables direct comparison of
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diffrent techniques in modeling, system identification and control. A number of con-
tributions could be found in modeling and control of the SCOLE configuration (Fig.
1.1). Taylor and Balakrishnan[126, 13, 14] developed a model for the SCOLE us-
ing Newtonian mechanics and transformed the model into a bilinear form in order to
establish a stabilization argument and controllability under some simplifying assump-
tions. In [15], Balakrishnan introduced a nonlinear damping model for flexible flight
structures. Taylor and Latimer investigated various kinds of structural damping and
compared with experimental results in a recent paper(127]. Kakad[69,70] suggested
another médel for investigating the slew maneuvers using modal approach. As for
the control problem, Lin[87, 88] investigated Bang-Pause-Bang controllers for initial
slew maneuvers and vibration control of the SCOLE. Bainum et al.[11, 12] proposed
a control law for rapidly orienting the antenna line-of-sight based on the linearized
model for the SCOLE configuration. Parameter identification problem using modal
data and infinite dimensional approach was considered by many authors{20,22,53,
68,81,112,121).

The next category is to model the spacecraft as assemblage of rigid bodies. In
this approach any kinds of complex structures are discretized into a finite number
of interconnected rigid bodies and then equations of motion are systematically de-
veloped using classical rigid body dynamics. This discrete coordinate formulation
is limited only by the available computational capacity[56,115]. Finite dimensional

control theories{Ahmed 2] are utilized for the attitude control of these spacecraft.

Another popular approach for modeling of large flexible space structures is the
modal method in which the dynamics of the flexible parts are approximated by a

finite number of modes. In this methcd the state variables describing the motion
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of the elastic continuum are represented by finite sums of the product of space de-
pendent eigenfunctions and time dependent generalized coordinates known as modal
coordinates. A number of contributions could be found in the literature on the con-
trol of large flexible spacecraft based on the modal equations[45,74,60,66]. A number
of papers in the proceedings of AIAA symposium [92] deal with the modal dynamics
and control system design using modern control theory. Rank conditions for control-
lability and observability have been derived by Hughes and Skelton[61] and by Juang
and Balas[67]. Techniques of optimal control theory have also been utilized by Biswas
and Ahmed[27] and by Singh[119] in designing optimal feedback regulators for sta-
bilization of flexible spacecraft. The modal method has the advantages that it gives
rise to a set of linear ordinary differential equations which are readily understood by

practicing engineers and which can be treated by using the known results from finite

dimensional control theofir. However, main drawbacks of the modal method are witk
the facts that the actual number of modes of a flexible structure is infinite and for
a given system the exact number of modes that should be included in the approxi-
mation to yield satisfactory results is not known a priori and further the number is
different for different structures. Another significant problem that should be resolved
is control spillover [16,46] which is the control-law interaction with the unmodelled

coordinates.

Studies have also been performed in the past towards rigorous modelling of flexible
space&aﬁ in terms of partial differential equations [Balas 16, Wang 133]. In these
studies large space structures are described by a set of second order hyperbolic partial
differential equations. In the development of the dynamics of flexible parts, three
types of beam have been utilized based on the observations that flexible structures

can be modelled by a beam with equivalent beam parameters[Dow 42, Juang and Sun



-10 -
68, Renton 113, Sun and Kim 122]. This can be summarized as follows. When the
cross sectional dimensions are small in comparison with the length of the beam, the

motion of a beam can be described by the Euler beam equation:

oo g+ o (E1@ S0 ) = 2.0, (L1)

z2
where W = W(z,t) is the displé.cement of the beam, with the spatial variable z. ET
and p are the flextural rididity of the beam and mass density of the beam respectively.
Further f is the applied force (which is distributed or lumped). I the cross-sectional

dimensions are not negligible, the effect of rotary inertia should be considered and
then the motion is better described by the Rayleigh beam model:

Fw 3 3Pwy & . W
P@) = + 5 (LD 5z ) +52 (B 57 )= flab, (1.2

where Ip(z) is the rotary inertia and p, EI, W, f are the same as defined in equation
(1.1). X the deflection due to sheat force is also taken into account in addition to the

rotary inertia, we arrive at a still more accurate model which is called the Timoshenko

beam model:
W W ov
P(x)aat—g - K(z)% +K(2)5~ = filz,1), (1.3)
2 2
L@y ~ El@yasV + K@)V - 50)= =) (14)

where K is a constant related to shear modulus and V(z) = %% + B, B is shear
deformation, fi, fo are (distributed or lumped) forces. These bea.;n equations have
been derived through Newtonian mechanics or energy principle by using natural en-
ergy of the beam[Meirovitch 93, Russell 116, Timoshenko, Young and Weaver 130,
Traill-Nash and Collar 131]. In particular, Timoshenko[130] and Meirovitch{92] dis-

cuss various boundary conditions. For one dimensional wave equation with boundary

control, Quinn and Russell [111] established the exponential decay of solutions. Later,
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Chen(33,34] obtained the same result for a wave equation in any space dimension un-
der some geometrical conditions on the domain. A very restrictive part of the geomet-
rical conditions was eliminated by Lagnese[77} with the aid of a new energy estimate.
Lagnese[75] also extended the result to linear elastodynamic systems. In contrast
to the above works, Lasiecka and Triggiani[S0] employed boundary feedback acting
in the Dirichlet boundary condition to achieve exponential decay of solutions to the
wave equation. Recently, Chen et al. [35] discussed the case of 2 chain of Euler beams
and obtained a similar result. Similar approack was used by Kim and Renardy{73]
to prove the uniform stabilization of the Timoshenko beam using the energy method
combined with Cy-semigroup theory. Representa.tidn of structural vibration (both
transverse and torsional) of the spacecraft by partial differential equations is math-
ematically rigorous as compared to the modal method. These studies would Ue of
practical importance if the elastic body dynamics could be decoupled from the rigid
body dynamics. However, in general, the hyperbolic partial differential equation is
only a partial representation of the complete dynamics of large flexible spacecraft,
because the dynamics of the rigid body and the flexible members are actually non-
linearly coupled. Rigid body rotation and translation are not taken into account in

the formulation using partial differential equations.

The most natural model describing the dynamics of the flexible spacecraft would
be a coupled set of ordinary differential equations for the rigid body and partial differ-
ential equations for the flexible parts. This type of system model of flexible spacecraft
has Fzen termed as Hybrid System by Biswas and Ahmed(25,26]. A dynamic model
of flexible spacecraft in the fom; of hybrid system has been introduced by Meirovitch
[94,95]. Using Lagrangian mechanics, Hamilton’s canonical equations in the form

of hybrid system have been obtained in these papers. Lyapunov’s approach have
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been utilized in his papers[96,97] to obtain gravity gradient stabilization and spin
stabilization of a flexible spacecraft. Although this method provides a rigorous ap-
proach towards studying the dynamic behavior of flexible satellites, there are a few
criticisms that a.re worth mentioning. In these papers the deformation of the elastic
members is described with respect to a coordinate system located at the mass center
of the deformed body. Since this mass center varies with time because of vibrations,
calculation of the total deformation of the body would produce computational com-
plexities. In practice, one would, rather, be interested in measuring the deformation
with reference to the undeformed state. The proof of stabilization in Meirovitch’s
work[96,97] requires the assumption that the deflections of the elastic body in the
three directions are independent. It also makes critical use of the smallest eigenvalue
of the elastic member which is very difficult to determine except for some simple cases.
Meirovitch[96,97] considered only passive stabilization of the system. In this regard
Ahmed and Biswas [3,25,26] considered the problem of modeling and stabilization for
flexible spacecraft consisting of 2 rigid body and a long beam. Using Euler-Bernoulli
beam theory the equations of motion were derived in terms of a hybrid system us-
ing Hamilton’s principle. In their works[3,25,26] the system is described in terms of
“variables which can be measured physically and also the deformations of the elastic
members were described with respect to coordinate systems which are fixed at their
- undeformed positions. However, in the works[3,25,26), the satellite was assumed to
maintain a circular orbit in an orbital plane. Thus the effects of the orbital distur-
bance on vibration of the beam and rotation of the rigid body were not taken into

consideration.

In view of the above discussion it is clear that, to ensure satisfactory performance,

there is 2 need to take into account the flexibility of the different components of the
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spacecraft. In order to study the effects of structural flexibility on the satellite motion,
it is necessary to develop a model which is mathematically rigorous yet simple enough
for theoretical as well as numerical investigation. To facilitate design and analysis
of control schemes, it is preferable to describe the deformation of the elastic parts

with reference to the undeformed configuration. It is also essential to design active

controllers for stabilization of the ﬂe:cibie spacecraft.

Keeping these objectives in mind and considering the flexibility of the large struc-
tures as .well as taking into account the orbital dynamics, in this thesis complete dy-
namic models for large space structures have been developed. The space structures
consist of a (rigid) massive body, which may play the role of experimental modules
located at the center of the space structure and flexible configurations, consisting
of several truss bays, forming a space station. Using Euler-Bernoulli, Rayleigh and
Timoshenko beam theories three different dynamic models have been derived. The
dynamic equations that govern the complete system consist of several partial differ-
ential equations with complex boundary conditions describing the vibration of the
flexible components and six ordinary differential equations that govern the rotational
and translational motion of the central body. The dynamic equations of motion for
the system indicate very strong interactions (or couplings) among the translational,

rotational and vibrational motions of the space structure.

Structural vibration caused by various sources should be suppressed for mechan-
ical safety of the system and for maintaining the desired line-of-sight for communi-
cations. A very useful method of stability analysis was developed by Lyapunov in
1892 and extended later by Lasalle anc Lefeschetz[79] and many other contributers.
Lasalle’s invariance principle[79] and the extension by Hale[50] play 2 cental role

for estimating the domain of asymptotic stability. Recently, Pazy[110] extended the
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theorem for an abstract evolution equation in Banach space. Stability of sets are
treated in Ahmed[2] and Zubov[135]). Extensive contributions in the area of appli-
cation of stability theories to abstract and pra.ctica.l. systems have been carried out
[2,9,23,30,31,38,40,41,71,98,110]. Meirovitch investigated the stability of flexible sys-
tems using the Lyapunov method[94,95, 96,97] and other method[98]. Ahmed and
Biswas[3,25,26] established the asymptotic stability of a rotating rigid body with a
flexible beam by use of Lyapunov’s approach. Lyapunov stability theory and semi-
group theory are combined in Buis’ paper{31] for a class of partial differentail equa-
tions. Littman, Markus and You[89] used invariance principle and spectral analysis
to show strong stabilization of nonrotating Euler beam with a tip mass by applying
feedback boundary damping. A sta.bih't:} problem of an extensible beam was consid-
ered by Ball[17,18] earlier. By virtue of a Lyapunov functional based on the total
energy of the system, in this thesis asymptotic stability of the space structures using
state feedback control has been proved. The problem of feedback stabilization of the
system subject to external disturbing forces such as shuttle takeoff and docking or
crew movements has been also considered. By applying controls such as proportional
controls, deadzone controls, and saturation controls, asymptotic stability of the per-
_turbed system is proved using Lyapunov’s method. Stability of the slew maneuvering

has been numerically investigated.

1.3 Outline of the Thesis and Contributions

The thesis is organized as follows:

Chapter 1 contains the motivation to the problem of modeling and stabilization
of large flexible space structures and review of previous studies in this area. Then

the problem treated in this thesis is presented.
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In Chapter 2 we present a methodology for developing a complete dynamic model
for spacecraft consiting of a rigid body and a flexible beam. Complete dynamics of
the system is derived using extended Hamilton’s principle. In the derivation, Euler-
Bernoulli, Rayleigh and Timoshenko beam theories are utilized for expressing the

energy of the flexible beam.

Following the same principle and beam theories used in Chapter 2, in Chapter
3 a complete model for flexible space stations (or space structures) consisting of a
massive central body and flexible configurations consisting of several flexible beams
is developed. The flexible parts introduce very strong coupling effects to the other

remaining parts of the system through very complex boundary conditions.

In Chapter 4 stabilization of the space structures is investigated using energy
methods. Simple feedback controls are suggested for asymptotic stability of the sys-

tem.

In Chapter 5 numerical simulations are carried out for illustration of the im-
pact of external perturbations on the performance of the space structures and the
effectiveness of the stabilizing controls suggested in Chapter 4. Stability of vibration
caused by slew ma.neuvéring of the space structures is also considered in the numerical

experiments.

In chpater 6 concluding remarks and suggestions for further research are finally

presented.
The original contributions of the thesis include:

(i) Development of a complete dynamic model for flexible spacecraft, which consists
of radial dynamics, attitude dynamics and beam equations with boundary con-

ditions, using Euler-Bernoulli, Rayleigh and Timoshenko beam theories: sections
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2.4, 2.5, 2.6(82].

(ii) Development of 2 new dynamic model for flexible space stations, which consists
of radial dynamics, attitude dynamics and beam equations with complex bound-
ary conditions, using Euler-Bernoulli, Rayleigh and Timoshenko beam theories:
sections 3.4, 3.5, 3.6[84).

(ili) Investigation of the stability of the space structures subject to external perturba-

tions by applying feedback control schemes: sections 3.3 and 3.4[$3).

(iv) Numerical simulation of the hybrid system and analysis of the results: sections

5.2, 5.3 and 5.4[82-85].
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Chapter 2

MODELING OF FLEXIBLE SPACECRAFT

2.1 Introduction

In this chapter, we consider the modeling of flexible spacecraft consisting of 2
rigid body (bus) and a long flexible beam rigidly attached to the bus (see Fig.2.1). A
flexible spacecraft in an earth-orbit would undergo three types of motion:

(a) rigid body translation perturbing the orbit
(b) rigid body rotation perturbing the orientation of the satellite
(c) vibration of the elastic members causing elastic deformation of the system.

In this study, we shall concern with these three types of motion. In [3,25,26],
Ahmed and Biswas used the Hamilton’s principle to derive the equations of motion
for the motions (b) and (c) under the simplifying assumption that the orbital dynam-
ics has negligible effect on the rotation of the bus and vibration of the beam. The
criticizem of the model(3,25,26] is that (i) radial equation (which provides the trajec-
tory of the rigid bus) is not included and (ii) disturbance caused by orbital dynamics
is not taken into consideration, although the effect is quite significant. In this ch:a.pter,
considering the three types of motion mentioned above, a complete dynamic modelt
is developed for the dynamics of the flexible spacecraft, using three typical beam the-
ories. The equations of motion consist of partial differential equations describing the
vibration of the beam and ordinary differential equations governing the translational
and rotational dynamics of the rigid body. For the development of dynamics of the

spacecraft in an earth orbit, first we introduce several reference coordinate systems

t See, page 3.
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in Section 2.2. In the body coordinate system we define the inertia tensor in Section
2.3. In terms of the quantities described in the various coordinate systems in Section
2.4, based on Euler-Bernoulli beam theory, we derive the equations of motion for
the flexible spacecraft consisting of a rigid bus and a long flexible beam (Fig. 2.1)
using Hamilton’s principle. In Section 2.5 we derive the dynamics of the spacecraft
based on Rayleigh beam theory, following the same procedure used in Section 2.4.
In Section 2.6 we consider modeling of the same system based on Timoshenko beam
theory. Finally a summary is presented in the last section. -

. Jb orbit
i ﬂ\ !
!

center

Fig. 2.1 The schematic diagram of a flexible spacecraft and coordinate systems.
2.2 Reference Coordinate Systems

We first define a body coordinate system Sp represented by the right handed
vector triad (2, 75, ks) (Fig.2.1). This coordinate system will be assumed to be fixed
to the satellite body with the origin at the mass center of the satellite bus. We
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suppose that the rest position of the beam is along the i3 axis, with the fixed end
of the beam at a distance R, from the origin of the body frame (see Fig. 2.2). We
suppose that the beam is inextensible ,i.e. deflections of the beam could occur in the
j» and kp directions only. The corresponding deflections, denoted by y = y(z,t) and
z = z(z,t) are governed by the beam dynamics as discussed later. Then the position
of any point on the perturbed beam can be denoted by the vector

7= (z+ Rs,9,2) (2.1)

where z is the distance measured from the point where the beam is attached and “n

denotes the transpose of a vector (or a matrix).

beam

z !

‘;ib

-+
&

satellite bus

Fig. 2.2 Body coordinate system.

We introduce an orbital reference coordinate system S, by the right- handed
vector triad (ir,jr, kr) With the origin coinciding with the origin of the body frame.
The axis k. is normal to the orbital plane, the axis i, is along the line connecting the
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center of the earth and the mass center of the satellite and the axis j, is such that
(2r,Jr, kr) makes a right-handed vector triad. The positive direction of the 7, is taken

along the radial vector R = (X,Y, Z)".

Let wy = (wz, wy, w:)’ be the angular velocity of the body frame with respect to
the orbital reference frame S, and w, = (wy,wy,wz)' be the angular velocity of the
reference frame with respect to the inertial frame Sy = (4;,j7, k})(Fig. 2.1). We shall
denote w = wy, + w, = (wy, we, w3)".

2.3 Inertia Tensor

Let dm denote the mass of a generic element on the beam. Then the beam inertia

tensor with respect to the body frame is given by

Ly —Ipyy —Ir:
I = (-I,,, I,y -I,g) (2.2)
~L: -l I .
where
L= / (y* + z°)dm, (2.3.1)
I, = / ((z + Ra)* + 2%)dm, | (2.3.2)
I.= f ((z + Rs)? +y*)dm, (2.3.3)
Iy = [(e+ Royydm, (23.4)
L= f (z + Ry)zdm, (2.3.5)
L. = f yzdm. (2.3.6)

Unless otherwise specified, the integrals will be assumed to be taken over the whole
body of the beam. It is clear from Equations (2.2) and (2.3) that the beam inertia

tensor I is a functional of the deflections y and z, and consequently an implicit
function of time.
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The inertia tensor of the satellite main body (bus) is denoted by I,, which is not

necessarily diagonal. However, we assume that I, is not time varying and is positive

definite.

2.4 Dynamic Modeling based on Euler-Bernoulli Beam Theory

In this section we derive the equations of motion for the spacecraft shown in
Fig.2.1 based on Euler-Bernoulli beam theory. We shall denote the radial vector by
R = (X,Y,2) in the inertial frame and the beam deflection by D = (0,y,2) in
the body frame. Then the equations of motion can be derived from the extended
Hamilton’s principle[Pars 107, Craig 37, Hurty 62]:

t2 12
) Ldt +6§ | Wdt =0, (2.4)

1 5

subject to the end conditions: at ¢ =#; and ¢ = t»,

86 = (681,662, 883) = (0,0,0) (2.5.1)
R = (6X,6Y,62) = (0,0,0), (2.5.2)
6D = (0, 8y,82)' = (0,0,0)' , (2.5.3)

where 8y,02,0; are the Euler angles describing the orientation of the body frame
relative to the inertial frame, 8D is the virtual dispacement of the beam element dm
and §R is the virtual dispacement of the mass center of the satellite . In Equation
(2.4), L = K — P is the Lagrangian function, with K the total kinetic energy, P the
total potential energy and W is the total work done by external forces. They can be
expressed as follows.

K=K;+ Ky = Kinetic Energy of the Bus 4+ Kinetic Energy of the Beam (2-6)

P=P g T+ P = Gravitational Potential Energy + Elastic Potential Energy (2-7)
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The kinetic energy of the satellite bus K, is given by[Goldstein 47)

1 dr dr
= = — o —drF 93
K, ., @ ] tdm ’ (2.8)

where “o” denotes the scalar product of two vectors and
#=R+7 (2.9)

denotes the absolute position of the incremental mass element dri of the bus with
respect to the inertial frame, with the vector R defining the position of the origin
of the body frame with respect to the inertial frame and the vector # defining the

position of the mass element d relative to the body frame.

The kinetic energy of the beam is obtained in a similar way and is given by

1 dr dr
== —_— — 9
K} 3 Jorn % ° dtdm’ (2.10)
with
r=R+7 = R+D¢+D, (2.11)

where r denotes the absolute position of the incremental mass element dm of the
beam relative to the inertial frame, Dy defines the position of the mass element dm
relative to the body frame in the undeformed state and D represents the displacement
of dm from the undeformed position of the beam in Sp. Indeed, with reference to
- Fig. 2.1, one sees that in the body frame,

Dy = (Rs +2,0,0) and D =(0,y,z). (2.12)

The system potential energy arises from two sourses, namely elastic and gravita-
tional. The elastic potential energy F. due to deformations of the beam is a function
of the partial derivatives of the displacements y,z with respect to the spatial vari-
able z. Under the assumption of small bending deformations neglecting elongation



-23 -

or torsional effects, the elastic potential energy of the beam P. is given by[Meirovitch

03]
=% fol{m a-y) +EI.(3"") }dx, (2.13)

where EI, = El(z)(respectively EI) is the flexural rigidity of the beam for deflec-
tions in the 7, direction (respectively ky direction) and [ is the length of the beam.
The gravitational potential energy P, is given by the sum of the potential energy of
the satellite bus(P,) and that of the beam(F;) as follows[Halliday and Resnick 51}

P;=P,+ b
= / —Gme 1 + ZCMe i, (2.14)
bus lrl beam Irl

where G = universal gravitational constant, m. = mass of the earth. Expanding T%f
and 1%[ in the form of power series, we have following expression (see Appendix A):

_ Gmcm,. Gm, R
P === (e 3(IR|°") ot |

beam

{|1‘-|2—3([—§|0F)2}dm] oo

(2.15)
The intergral terms in the above Equation (2.15) contribute to gravity gradient
torques and is often used in the design of passive stabilizers [Greensite 48, Santini 118,
Frik 43, Nurre 105]. However, in some applications this can be neglected (see Remark
2.1 at the end of this section); for example, for the study of orbital perturbation the

quantities |f}| and |F| are negligible 2nd hence one can approximate Py as
(2.16)

where m (= m, +m,) is the total mass of the satellite bus and the beam.

Let the time rate of change of any vector A relative to the inertial space be
denoted by ¢ and that relative to the body frame by A. Then denoting the cross
product of two vectors by “x™, we have the well known relation[Meriam 99]

dA

— =A+twxA (2.17)
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In the present problem, since the body frame rotates with respect to the inertial
space, one needs some extra care in taking the first variation of the Lagrangian L. The

virtual displacement of the elastic body relative to the inertial space is given{Cavin
and Dusto 32] by

dr=6R+60x7+6D, (2.18)
where 88 = (88y,682,80;) is the virtual rigid body rotaiion of the body frame relative
to the reference frame. Further, using Equation (2.17) one obtains (Appendix B)

s(— -.6—+6wxr+69x(wxr+D)+ (6D), (2.19)

where §w = $(66) denotes the virtual angular velocity of the body frame.

Assuming that the origin of the body frame coincides with the center of mass of -

the satellite bus, it follows from Equation (2.8) that[Meriam 99]

deRl

1
Ks = ':;" d dt + w o] (Is OW) (2-20)

where m, is the mass of the satellite bus and I, is its inertia tensor with respect to

the body frame. Taking the first variation of K, one obtains
iz 2 12
) Kt = j m, (@ oi(ﬁR)dt + | (bw)o (Iyow)dt. (2.21)
4 t dt/ dt &

Substituting Equations (2.18-2.19) into Equation (2.10) and taking the first variation,

we have

2
s Kbdt / / (aﬁod—’)d dt + / / {607} o—dmdt
beam t beam

f {68 X (wx 7+ D)}o—dmdt
beam

+ /: Lm{ (6D)o }dmdt. o (2:22)
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Using the following vector identity(Appendix C)
(AxB)oC=(BxC)oA=(Cx A)o B,

we obtain from Equa.t.lon (2.2

12
6 I\bdt ] [ [6@o£+6wo{rxd—r
beam dt

_, sy dry dr d
+ 600 {(w X r+D)xE}+E 0 E(&D)] dmdt .

Defining

one obtains from Equa.tion (2.13)

) &f & (6D)dzd
Pedt l EI( 3:1:2( )dzdt .

/ N (ljil)dt f:’ |;z_|12(5'R')dt :

it follows from Equation (2.16) that

Since

ta t Gmem
§ | Pdi= f <-L(5|R|) dt,
L . IRP (81R)
or if we use the identity (D.1) (Appendix D)
Y ta
5[ Pat= f Gmems ) o o(6R )dt,
n o R

t 1

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

where 1p is the unit vector in the direction of R and given by (see Appendix D)

_ R
IR=[RI.

(2.30)

Let the force and torque applied to the bus be given by F, = (F, F>, F3) and
T = (T1,T»,T3) respectively, and external force applied to the beam be given by
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Fy = (0, Fy, F:). Then the virtual work[Meriam 99] done by the applied forces is
given by

{
§W = F,06R + To88 + fF},oﬁde. (2.31)
0

Substituting Equations (2.21), (2.24), (2.26), (2.29) and (2.31) into Equation (2.4)
and integrating by parts with the end conditions in (2.5), we obtain

tz
§| (L+w)ydt=

4
ta &R d dR Gmem.R
[emomZz+3 fm(dt +ox7+D)m+ R p

. f(‘”) [T_ _{(1 ow)+ | Fx %dm}+ fbmm(w x 7+ D) (j:)dm]dt
/ f (6D) o {p ( ?;2 )P pdudt
_/ [EI(?;E) aa_z(6D)|: -+ %(EI%}?— o(éD)IZ] dt=0. . (2.32)

Since the beam is assumed to be inextensible 6D = (0, y, 8z)'. Therefore, noting
that the variations 66,8R, 6D are arbitrary, we obtain, from Equation (2.32), a set of
coupled differential equations for the dynamics of the flexible spacecraft as follows.
From the first part of Equation (2.32) we have

(ms

d ! R
+ = j (r.u X 7+ D)dz + G"["gl'; =F,, (2.33)

where my = [, ., dm is the mass of the beam and p = p(z) is the mass per unit

length. From the second part of Equation (2.32) we obtain

d d *__ (dR ! _ ..  dR
L+ B)ow}+= /0 x (5 = +D)dz~ j; p{(wxr+D)><gt—}dx—T, (2.34)
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where Iyow = [ 7x(wx7)dm. For notational simplicity we shall denote Fy = (Fy, F:)'
and Ir = I, + I. Since 8D = (0, 8y,8z)’, we obtain from the third part of Equation
(2.32)

pQD+Qa ( %€)+ Q[i§+wxr+wx{2D+wxr}]=Fb, (2.35)

-(2}2)

The boundary conditions are obtained from the last part of Equation (2.32) and the

where

cantilever configuration. At the dlamped end (z=0) we have

y(0,8) =0,  =(0,%) =0, (2.37.1)
% 0.4 = 92 0.4)= 537.2
82(O,t) =0, a:,:(O,t) = 0. (2.37.2)
* Since the shear force and bending momexct. are zero at the freeend (z=1), it is
TT"‘-? . 0% %z
-— = x 2.37.
B EIyazz(I,t) 0, EI 252 =t = (2.37.3)
0 8%y _ 8%z o
2 EnThun=0,  Z(ELZHH=0 (2.374)

Boundary conditions for other configurations can be obtained from standard text-
books on structural dynamics { for example, see[37,62,93]). Then the dynamics of
the flexibie spacecraft can be rewritten as

d°R

e

I -
+ [ o{@xP) +wx @D +wxr)+ D}z + =F, (239
0 -

. ! d°R
TLow+t+wx(Irow)+ ] ow+] F X —= ldz

! ! )
+ '[0 o7 x D)dz + fo plwx (Fx D)}z =T, (2.39)
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and

>

& (y @R\ & ((EI, 0\ & (y _
gz (1) + ED (5 o) =(Y))=m  ew

£

where ‘% denotes the partial derivative in time with respect to the body frame

and
a=wXF+2%wxD+wx (wx7). (2.41)

The three terms in (2.41) are commonly known as Euler acceleration, Coriolis accel-

eration and centrifugal acceleration, respectively [Thomson 129].

Let C§ denote the coordinate transformation matrix from body to inertial frame
(see Appendix E) and (ai, aj,a;) = ('C'ﬁ)‘l%% where (CL)~! = CF = (CL)' [Green-
site 48]. Performing the vector operations, Equations (2.38), (2.39) and (2.40) could

be expressed in explicit forms which are suitable for digital computer simulation[Lim
and Ahmed 82]. These are given below.

BUS DYNAMI TRANSLATION
&£ X hy (t) h‘l(t) 3
mr s Y| +Ch[ ha(t) |+ | s(t) | = | F2 |, (242)
Z k3(?) he(2) F3

l
)= [ pf w2 = )+ 2(an = ) + snny — (o +2)

where

- wg(R, +z)+ w;w:,z}dx, (2.43)

{
ho(t) = f p{(R_, + T)wz — zwy — 22wy + wowzz
0

&
— y(u} + o) + wrwn(Rs +3) + 5 o, (2.44)

!
)= [ p{wh = o+ Bl + 2un + wnn(a + By
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" o 322
— 2} + ) + wrwny + 35 Jd, (2.45)

G eir
ha(t) = %I? 2T x, (2.46.1)
hs(t) = G’{'E‘T’Y, (2.46.2)
he(t) = 9%232, (2.46.3)

BUS DYNAMICS(ROTATION)

uh 0 —wz w2 wy he(t) hio(t) T
2T D6
w3 —w2 w1 0 w3 hg(t) hi2(t) Ts

(2.47)
where
he(t) = ] p{y 82y L+ mlygty + 2wlz—}dz (2.48)
t d*z Oz Oy Oy
hg(t) = ‘L p{—(:c + R,)-g-; + 2&223{ —- 2&032-5 — 2wy (z + R,)-ét—}dz,(l‘lg)

{ v
b= [ o{(e+ BT~ 2un(e+ RIG - 2y 3+ 2osy B pda, (250)
1
ho(®) = [ plvas— =25}z, (2:51)
{
(@ = [ pleoi = (o + Rerkds (252)

{
ha(t) = [ pl(e+ Redaj = yaidds, (253)
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BEAM DYNAMICS(BEAM VIBRATION)

2y 0 -2\ (y\, K S ((EL 0\ & [y
"’at=(z)+”(2w1 O)at(z)+ax=((o EI-)axz(J)

9 o . ‘
—W] —wy W)+ wows ¥
+te (uq + wouwr —w% - w% ) (:) (2.54)
W3 + wywn B@_ [ F
+ P(z + RS) (—052 +w1w3) + PQCI die = (F-_- ’

with the boundary conditions (2.37).

Thus the complete dynamics of the flexible spacecraft consisting of the main rigid
body and a flexible beam rigidly attached to it (Fig.2.1) is given by the coupled set
of nonlinear ordirary differential equations (2.42),(2.47) and the partial differential
equations (2.54) along with the boundary conditions in Eq. (2.37) (it is a so called
Hybrid System).

We note from Equations (2.38-2.40) or (2.42-2.54) that the three sets of equations
are strongly coupled. Thus any rotation of the bus would induce vibration in the beam
and vice-versa. Also any disturbance of the orbit would induce vibrations in the beam

and rotations in the bus and vice-versa. Further, one can observe the following facts:

(OBS.2.1) The integral in the orbital dynamics (2.38) represents the perturbation force due
to vibration of the beam and rotation of the bus. Thus if we bring the integral term
to the right hand side, the resulting equation has well-known form of perturbed
orbital dynamics (see Eq. (11.1.1) of [Danby 39]).

(OBS.2.2) The integrals, involving the last three terms of the left hand side of Equation(2.39)
(or 2.47), represent the contribution of the beam vibrations and orbital distur-

bance to the total angular momentum of the system. Clearly, in Equation (2.47)

the total inertia matrix I, varies only with the position of the beam, whereas
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hs, hg and kg depend also on the velocity and acceleration of the beam elements.
In the case of an infinitely rigid beam, the relative displacement, velocity and
acceleration of the beam elements with respect to the body frame are all zero.
Consequently, I becomes constant and Ay, kg, kg reduce to zero. In this situation
the resulting form of Equation (2.47) becomes the well known attitude dynamics

of a rigid body satellite (Eq. (7.1.2) of [Thomson 129]).

(OBS.2.3) The effect of rigid body rotation and translation on the vibration of the beam is
represented by the forcing term pQ(e + %%E-) as shown in Equation (2.40). Thus
it is clear that without the coupling effect (a + %ﬁi), Equation (2.40) becomes
Euler-Bernoulli equation of cantilever beam([Timoshenko et al 130]. It is also
interesting to note that the vibrations of the beam in the two directions are not
independent of each other and rather is given by the coupled system of partial
differential equations (2.54).

We have similar "equations for the dymamics of the spacecraft as developed by
Ahmed and Biswas[3,25,26]. However in their work, the radial dynamics and its
effects on the dynamics of bus rotation and beam vibration are not considered while
the equations derived in this section include all these effects on the entire system.
In other words, the additional equation (2.42) describing the translational motion of
the satellite bus and the additional terms kjo(2), R11(t), R12(2) in Eq.(2.47) and the
term pQCP % in Eq.(2.54) are not taken into account in the work[3,25,26]. In fact,
hio(t), R11(t), ki2(t) and pQCE %fi represent the impact of the radial perturbation
on the rotations of the bus and vibrations of the beam, respectively. Hence this
model enables us to study the.influence of the radial perturbation as well as other
disturbing forces on the dynamic performance such as the bus rotation and. beam
vibtrations. The terms hi(t), hs(t), k3(t) of Eq.(2.42) represent the contribution of
the beam vibration and bus rotation to the translational motion of the bus. The

influence of the radial perturbation and slew maneuvers on the dynamic performance
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of the satellite is investigated by numerical simulation in Chapter 5(Section 5.3).

Remark 2.1 (Gravity effect)

In the derivation of equations of motion we have approximated the gravitational
potential energy Py by Eqation (2.16). By using more precise expression for the
gravity [Bomford 29, Heiskanen and Mainesz 52, Parvin 109, Swick 123], for example
Eq.(2.15) or Eq. (AT), one can also study the effects of the gravity gradient torques
on the rotation of the bus and vibration of the beam. However, the main focus of the
sectlon is with the development of a complete dynamic equations of motion for radial,
rotational motion of the bus and vibration of the beam. Hence the gravity torque
effect is not included here. In {134], Yu has shown that long term coupling effects
between the planar pitch librational and orbital motions of a rigid gravitationally
oriented satellite are negligibly small. However, in his work{134] the coupling effects
between orbital perturbation and vibration of flexible members are not taken into
account. Concerning the coupling effects between rigid rotational and translational
modes, equations of motion of an orbiting spacecraft were developed by Santini[118]
utilizing modal approach. Although in the work[118] the gravity gradient torques and
nonlinear couplings are included, the effects of radial disturbance on flexible members

are not considered.
Remark 2.2 (Sources of perturbation)

Flexible spacecraft in space are often subject to external disturbances caused by
various sources such as meteorite collisions, variations in solar pressure and the earth’s
magnetic field due to explosions in the sun, as well as on-board disturbances such as
sloshing of liquid fuel, disturbances due to motors and pumps etc. This may cause
appreciable perturbation on the dynamic performance of the spacecraft. In Chapter
3, we present some numerical results illustrating the impact of radial perturbation and
slew maneuvers on the dynamic behavior of the spacecraft. From the results, one can

observe that the impact of the external perturbation on the beam vibration and bus
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rotation is quite significant and it should be eliminated by application of appropriate
stabilizing controls. The stabilization of the spacecraft under the influence of external
perturbation is considered in Chapter 4(Section 4.3).

Remark 2.3 (Modeling of more general spacecraft

Using Euler-Bernoulli beam theory, in this section we have developed a complete
dynamic model for the spacecraft consisting of 2 rigid main body and a flexible beam
through the variational formulation. In the formulation of the beam dynamics asso-
ciated with the spacecraft, we have assumed that the beam vibration is governed by
the Euler-Bernoulli equation. The assumption implicit in the theory is that (i) the
bending wavelength is several times larger than the cross sectional area of the beam
and (ii) the rotary inertia and shear displacement are negligible. The Euler-Bernoulli
beam theory is fairly accurate in the case of a thin beam. However, more detailed
beam equations are given by Rayleigh beam theory or Timoshenko beam equation
which include the effects of rotary inertia and shear displacement|Traill-Nash and
Collar 131]. In the next two sections, we develop dynamic equations of motion for
the spacecraft shown in Fig.2.1 on the basis of Rayleigh beam theory and Timoshenko
beam theory. In the case of space structures consisting of 2 massive rigid body and
several flexible configurations such as space stations, the dynamics of the system could
be derived by following the same procedure as used in this chapter. This is done in
Chapter 3.

2.5 Dynamic Modeling based on Rayleigh Beam Theory

In this section, using the same coordinate systems in Section 2.2 and following the
same procedure as in Section 2.4, we derive the equations of motion for the spacecraft
(Fig.2.1), based on Rayleigh beam theory. We use the same notations and definitions
as in Section 2.4 throuthout this section, unless otherwise stated. The equations of
motion derived based on Rayleigh beam theory have different forms compared with
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those based on Euler-Bernoulli beam theory, because the kinetic energy of the beam

has a different representation in Rayleigh beam model.

Assuming that the origin of the body frame coincides with the center of mass of
the satellite bus, the kinetic energy of the bus is given by Equation (2.20) and its first

variation is given by Equation (2.21).

According to Rayleigh beam theory[Russell 116}, the kinetic energy of the beam
is given by

dr dr a'D 3 D
with
r=R+7 = R+Do+D, (2.56)

where r denotes the absolute position of the incremental mass element dm of the
beam relative to the inertial frame, Do defines the position of the mass element dm
relative to the body fra.mé in the undeformed state and given by Equation (2.12).
Further, D represents the displacement of dm from the undeformed position of the
beam in Sp and given by Equation (2.12). I, = I(z) is the rotary inertia of the

beam element dm.

Under the assumption of small bendang deformations neglecting elongation or
torsional effects, the elastic potential energy of the beam P, is given by Equation
(2.13) and its first variation is the same as in Equation (2.26). The gravitational
potential energy Py is given by the sum of the potential energy of the satellite bus
and that of the beam and it is given by Equation (2.16). Using the variational formula
(2.18-2.19) and Equation (2.55), we have

1
6/ Kppdt = fzfp é—'@oc—l: dzclt-i-j jp{ﬁwx:* o—-da:dt
ty

l f p{88 % (wx 7+ D)+ —(SD)}o-—dzdt
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d 8°D ta d 8D
/ j Do g (o g 3mg) 24t = / 8D Ly 5amt), @ (250

Using the vector identity (2.23) we obtain, from Equation (2.57), that

ta dR dr dr
s [ Kbdt /;/ [6—o—+5w x%}

+600 {(wx 7+ D& }+— ° —(SD)]d:cdt

t d @D ta d 8D}
f:, f&D I’dtazat d:cdt /‘lapozpdtaat

Let the force and torque applied to the bus be given by Fy = (Fy, Fs, F3)' and

(2.58)

T = (T3, T», T3) respectively, and control force applied to the beam be given by F=
(0, Fy, F.)'. Then the virtual work done by the applied forces is given by

'y
§W = F,08R + To& + fﬁ},o&Ddz. (2.59)
0

Substituting Equations {2.21), (2.58), (226), (2-29) and (2.59) into Equation (2.4)

and integrating by parts with the end conditions in (2.5), we obtain
2

6| (L+W)dt=

H

t2 &R d dR Gmem+R
- A (GR)O[m,EEé--!-E'/- (E-i-wa-i-D)dx-{-——I}T—Fs]dt

+'/:2(59) [T——{(I,ow)+/ﬁfx_dz}+/ (""XF+D) (ZZ)dx]d
- [} [ (- 2 () () e

- [ [r(BR)e2m| + {1 a2~ 2 (5152) Jetr) Jae=o.

(2.60)




Since the beam is assumed to be inextensible 6D = (0, 8y, 6z)'. Therefore, noting
that the variations 60,6 R, 6D are arbitrary, we obtais, from Equation (2.60), a set of
coupled differential equations for the dynamics of the flexible spacecraft as follows.
From the first integral term with §R in Equation (2.60) we have

!
+i]p(wa+D)dm+M=F,, (2.61)
dt Jo

s RP

where my = ... dm is the mass of the beam and p = p(z) is the mass per unit

length. From the second part with §8 in Equation (2.60) we obtain

d - d ft dR : .\ _dR

— —_— r _— = —_— = 2. 2
dt{(I,+I5)ow}+dtjo. prXx ( +D)d:z: ./0 p{(wxr+D)x % }dx T, (2.62)

where [ow = f: X (w x7)dm. For notational simplicity we shall denote F,=(F, F:)'
and Ir = I, + I;. Since 6D = (0,48y,6z)', we obtain from the third part with 6D in
Equation (2.60) that

pQD - Qaz(p:fitg;at) Qaz( Z.D)

+pQ[-B-§+r.bxF+wx{2D+wx:‘-}]=F5, (2.63)

Qs(g (1] ‘1’) (2.64)

“Che boundary conditions are obtained from the last part of Edua.tion (2.60) and the

where

cantilever configuration. At the clamped end {z=0) we have

y(0,£) =0,  =(0,¢)=0, (2.65)
%Y 0.4 = 920 4y =
7. 0:0=0,  ==(0,)=0. (2.66)

Since the shear force and bending moment are zero at the freeend (z =1), it is

obtained

Elyos Py SLH=0, EL gzﬁ(z t) = (2.67)
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9* i ) 3%y B
IPwl_az_at~(Iat) - Ipmy(laﬂ + a(EIygz_g)(ly t) - 01

o Fons a &z
Ipwlmy(l,t) + Ipaz—'atfz(l,t) - a—z(EI_g@)(l,t) =0.

Then the dynamics of the controlled flexible spacecraft can be rewritten as

d°R

Gmem-R
e R

IRI3 =F3?

!
+ p{(cbx?)+wx(2D+wx:‘-)+D}dz+
0

I 2
I,od:+wx(Ifow)+Ibow+jp(in'?)dz
0 dt"'

{
¢ [ o byiat [ ploxrx D =T,

(1)

a
y
N Fb:

and

P'g:?(z)‘b%(f"a_f%ﬁ(y) Zr(a o)
+pQ(a+ dt2)+ ((EI" EI-) 3;2(

where

a=wXF+UxDtwx(wx7).

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

Equation (2.72) is similar to Equation (2.54). However, because of the second term

dite to the effect of rotary inertia, the response of the system governed by Eqs.(2.70-

2.72) based on Rayleigh beam theory is different from that governed by Eqs.(2.38-

9.40) based on Euler-Bemoulli beam theory. Using the same notations Cf and

(ai,aj,ax) as in Section 2.4 for the coordinate transformation matrix from body

to inertial frame and the accerlation vector, respectively and performing the vector

operations with keeping the relation (2.17) in mind, Equations (2.70), (2.71) and

(2.72) could be expressed in explicit forms which are suitable for digital computer
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simulation. These are given below.

BUS DYNAMICS (TRANSLATION
2 (X ha(t) ha(t) Fy
meos| Y | +Ch | Ra(t) |+ [ hs(t) | = | R |, (2.74)
z ha(t) ke(t) Fy

h1(t)—/P{(-'-'w° —yuw3) +2 ( gt—ws%)-!-w:my

— W (Ry + 7) — w3(Rs + x) +w1w3::}da:, (2.75)

where

!
i . 9=z
ha(t) = f p{(R, + 2wz — 2y — 2:01§ + wowsz
0

~ v} ) twen(Rat2)+ ¥ bds,  (276)

{
)= [ ofw— @+ R)ir + 20 +wrune+ R)

o= —
— 2(wf + w3) + wawsy + W}dz, (2.7

G,

ha(t) = S5 X, (2.78)
Gm. -

ks(t) = %sﬁy, (2.79)
Gm,

hs(t) = %z, (2.80)

BUS DYNAMICS (ROTATION

5 0 —Wz W fwn h','(t) hm(t) T
; ) + ( wy 0 —W1) I, (wz) + (hs(t) + (hn(t)) T
; —wz w0 w3/ \hs(t) k12(t) T3

(2.81)

~
TN
& § &
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where

ha(t) = / ?;f + .wly% + 2u1z—}dz, (2.82)

!
ha(t) = '4 o{-e+ Rz s 2T e ozt ) s,

(2.83)

hg(t) f p{ (z+ R, Z" — 2 (z+ R,) -myg + -wsy—}dz (2.84)
I

hott) = [ p{var 305} ds, - (2:55)
H

hu(t) = fo p{zai= (2 + R,)ak}di, (2.56)
Y

balt) = [ o{(@+ Roda; - yai}d, (257

BEAM DYNAMICS (BEAM VIBRATION)

&* 0 —2un W3 + wiwe deR
Pae ( )+p(%1 0 )31!( )+p(z+R,)(_u52+w1w3)+pQC Fa
JE((EL 0\ E (1)), (- —hemn) (v
9z2\\ 0 EI.) 92\ z P W + watdy —w%—w% z

_ 1;33_ y _i(_[ 0 —wm) & (y )_ Fv)

Az \ Pozot2 \ z Oz \P\wy 0 JOzdt\z;/ \F:)°

(2.88)

BOUNDARY CONDITIONS

¥(0,2) =0, z{0,8)=0, (2.89)
dy _ 9z . .. _
5(0,1&) =0, ax(o,t) =0. (2.90)
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oy o=

Elz=5(Y) = Elo—= (1) =0, (2.91)
& & &

Lo —a(lt) = Iyl ) + a—(EI,a—%)(z,t) =0, (2.92)

I wl—az—y(t ) +1 —?3—~(z t) — (Er.a")(z 1) = (2.93)

P gzt T P g\ e =

In this section we have deveolped the equations of motion for the spacecraft (Fig.
2.1) based on Rayleigh beam theory. The complete dynamics of the flexible spacecraft
consisting of the main rigid body and a flexible beam rigidly attached to it (Fig.2. 1)
is given by a hybrid system which consists of nonlinear ordinary differential equations
(2.74),(2.81) and the partial differential equation (2.88) along with the boundary
conditions (2.89)-(2.93).

We note from Equations (2.70-2.72) or (2.74-2.93) that the three sets of equations
are strongly coupled. Thus any rotation of the bus would induce vibration in the beam
and vice-versa. Also any disturbance of the orbit would induce vibrations in the
beam and rota.f;ions in the bus and vice-versa. From the equations for rotational and
translational motion of the rigid body. we have the same observations as (OBS.2.1)

and (OBS.2.2) in Section 2.4. Further, from the beam dynamics we note that

(OBS.2.4) The effect of rigid body rotation and translation on the vibration of the beam is
represented by the forcing term pQ(e + ¢ ) as shown in Equation (2.72). Thus
it is clear that without the coupling effect (a + & ) Equation (2.72) becomes
Rayleigh beam equation of a cantilever bea.m[RusseIl 116].

ark 2.4

We have similar equations for the dynamics of the spacecraft as developed in
Section 2.4 where the equations of motion were derived based on Euler-Bernoulli
beam theory. However, note that the second and the third terms of the beam equa-
tion (2.72) (or equivalently the 7th and 8th terms of Equation (2.88)) are not taken
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into account in the Euler-Bernoulli model (Equation {2.40) or (2.54)). In fact, these
terms represent the effect of the rotary inertia on the beam dynamics. Hence the
beam equation(2.88) enables us to study the influence of the rotary inertia on the
dynamic performance such as the bus rotation and beam vibrations. The terms k;(t),
ha(t), h3(t) of (2.74) represent the contribution of the beam vibration and bus fo-
tation to the translational motion of the bus. This implies that even though the
bus translational and rotational equations(2.74, 2.81) have the same forms as those
(2.42,2.47) based on Euler- Bernoulli beam theory, their dynamic response subject to
external forces are not the same because the beam euations are different from each

other and the three equations are strongly coupled.

Remark 2.5

Based on Rayleigh beam theory in this section we have developed a complete
dynamic model for the spacecraft consisting of a rigid main body and a flexible
beam(Fig.2.1) through the variational formulation. In our derivation of equations of
motion we have approximated the gravitational poteatial energy F; by Eqation (2.16)
(details are given in Remark 2.1). Flexible structures in space are often subject to
external disturbances caused by various souxicﬁ such as those mentioned in Remark
2.2. The stabilization of the spacecraft under the influence of pertuibing forces is

considered in Section 4.3.2.

2.6 Dynamic Modeling based on Timoshenko Beam Theory

In this section, using the sa.mécoordina.te systems as in Section 2.2 and following
the same procedure as used in Secic-ions 2.4 and 2.5, we derive the equations of motion
for the spacecraft (Fig;2.1), basec:i on Timoshenko beam theory. We use the same "
notations and definitions as in Seétion 2.4 throuthout this section, unless otherwise
stated. When Timoshenko bea.m?:i‘:}ieory[Russell 116] is applied, the equations of

-

— '

;//"‘



motion Lave different forms compared with those based on Euler-Bernoulli or Rayleigh

beam theories, because the kinetic energy of the beam has different representation by

Timoshenko beam theory.

Let I, = I,(z) be the rotary inertia of the mass element of the beam and 8(z,1)
be the deformation due to shearing forces. According to Timoshenko beam the-

ory[Russell 116, Traill-Nash and Collar 131], the kinetic energy of the beam is given
by

1
Ky, = % ﬁ 0 Zdz + f I,,a'/’ ° a—’l’dz (2.94)

0

with
r=R+7 = R+ Dy+ D, (2.95)
ap
= —— 9

=21 piz). (2.96)

where r denotes thé absolute position of the incremental mass element dm of the
beam relative to the inertial frame, Dy defines the position of the mass element dm
relative to the body frame in the undeformed state and given by Equation (2.12).
Further, D and 1 represents the displacement of dm from the undeformed position of
the beam in Sg and angular dispacement respectively, whose components are given

by ,
= (Oa Y, Z)', and P = (0$ 'ﬁby: d’:)'- (2.97)

The system potential energy arises from twn sourses, namely elastic and gravita-
tional. The elastic potential energy P, due to deformations of the beam is a function
of the partial derivatives of the displacements y,z with respect to the spatial vari-
able z. Under the assumption of small bending deformations neglecting elongation

or torsional effects, the elastic potential energy of the beam P., is given by[Russell
116]

__/{K ¢-— o (v- aD)+EI a'/’}dz (2.98)
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where K = kGA, G is shear modulus, A is cross sectional area of the beam and kisa
numerical factor depending on the shape of the section. The gravitational potential
energy P, is given by the sum of the potential energy of the satellite bus and that of
the beam as follows[Halliday and Resnick 51].
P g = P, + B
—Gmg - _Gmc
= —dm + f —dm 2.99
b eam 1 (299)

where G = universal gravitational constant, m. = mass of the earth. In Eq. (2.99)

P, and P, denote the potential energy of the satellite bus and that of the beam
respectively. Expanding l%f and 1;3_-[ in the form of power series, we have following

expression (see Appendix A):

_ _Gmem-p Gme ~12 - _R_ ~y2 -
B=—"m ~2&F [[m{hl 3(ig o) o

+ fb cm{|r~|2 - 3(% oFf}dm|+---.  (2.100)

The intergral terms in the above equation (2.100) contribute to gravity gradient
torques and is often used in the design of passive stabilizers. However, in some
applications this can be neglected (see Remark 2.2); for example, for the study of
orbital perturbation the quantities |7 and || are negligible and hence one can ap-
proximate P, as in Equation (2.16) and its first variation is given by Equation (2.29).
The virtual displacement of the beam relative to the inertial space is given by[Cavin
and Dusto 32]:

br=86R+60x7+6D, (2.101)

where 60 = (86,,802,603) is the virtual rigid body rotation of the body frame relative
to the reference frame. Further, using (2.17) one obtains from (2.101) that

dr dR . d ‘
e | A cm— » = — 2-
a(dt) sdt + 6w X T+ 88x(wxr+D)+dt(6D), (2.102)

where éw = 53(58) denotes the virtual angular velocity of the body &;ﬁie



Assuming that the origin of the body frame coincides with the center of mass of
the satellite bus the kinetic energy of the bus is given by Equation (2.20) and its first
variation is given by Equation (2.21). Substituting Eqations (2.101-2.102) into

Equation {2.94) and taking the first variation, we have

12
5 K,,,.dt f f dR d" dzdt+ / / 1b‘wxr}od—dzdt
21 dt

. /:2 jo"p{sa X (w X 7+ D)}oi—;dxdt
f {dt(ap) 0 S Jdzat
+ fo o I,,%I::dz - ft :3 /0 66)0 %(Ip%—'f) dzdt.

(2.103)

Using the vector identity (2.23) we obtain, from Equation (2.103), that

12
6 Kb.rdt f f [5—od—+5wc{rx—}
3

+800 {(w X 7 + D)xﬁ 4% o —(SD)] dzdt

f ol 5‘t| dz — ]: f 5¢)o I,, )dzdt. (2.104)

Let EI, = EI,(z)(respectively EI.) be the flexural rigidity of the beam for deflections
in the j; direction (respectively k direction) and define the matrix EJ and K by

0 0 0
EI=| 0 EI, 0 }. (2.105)
0 0 EI



c 0 O
K=| 0 K, 0] (2.106)
0 0 K.
Then one obtains from Equation (2.98) that
§ o 1.0%
° Pe,.dt ./ ./‘ i _ (‘b a:c) +EI~ 3: (SE) }dsa’t.
o A e\ 9D . o
=./tlfo[5¢ofx(¢—£) 63 I(;b—__)_;.g__ EIa_]d di.
(2.107)

or

| P,_.,.dt f (6¢) o {I{ % — ‘;—f) - %(Erg—ﬁ) }dzdt
f ] (6D)o K (v - —)d:cdt

+ ft {[&p Efa"’] ~ [0 ( —a—f 1. }dt (2.103)

Let the force and torque applied to the bus be given by Fy, = (Fi, F, F3)' and
T = (Th,T>,T3) respectively, and control force applied to the beam be given by
Fy = (0, Fy, F.), F3 = (0, Fyp, F=r)'. Then the virtual work[Meriam 99] done by the
applied forces is given by

' 1
§W = F,06R + Toé0 + beoapdz+/Fb,o6¢dz. (2.109)
0 0

Substituting Equations (2.21), (2.104), (2.107), (2.29) and (2.109) into Equation
(2.4) and integrating by parts with the end conditions in (2.5), we obtain

t2
§| (L+w)dt=

4



t2 &R d dR Gm.m R
_fh (SR)o[ ey +dt_/ (E+w><r+D)dx+—l—R;l3——-F,]dt

,/r., (60) o [T——{(I ow)-t-[pr x —dz}+/ (u: X r+D) j:)dn:]dt
f 6Dy {p S + 2 (%) - 2 (K22)-Fi}as ¢
_ /:2 ]01(6 5)o {%(J}%”) +K (v - %—f) - a%(mg—i’) ~Fi Jdz dt

—f [EI(a“b o(6¢)| K(¢-—

] =0. . (2.110)

Noting that the variations 68,6R,6D, 6y are arbitrary, we obtain, from Equa-
tion (2.110), a set of coupled differential equations for the dynamics of the flexible
spacecraft as follows. From the first integral term with §R in Equation (2.110) we

have

Gm.m R

2R d | _ o a
(m,+m5)dt., +dt/ (wx-r+D)d.1:+ RF

= F,, (2.111)

where m is the mass of the bus, mp = f,, . dm the mass of the beam and p = p(z)

is the mass per unit length. From the second part with 66 in Equation (2.110) we
obtain

g [ox(Gad)e [ersbpglenr euy

where Jyow = j: #x {wxF)dm. For notational simplicity we shall denote Fy=(F,, F;)'
s P =(Fyrs Fop ) and I, = I,+I,. We obtain from the third part with 6D in Equation
(2.110) that

pQD + Q%(I{(ﬂ: - %—?))ﬂQ [% FoXFrwX {2D fwx F}]: Fy, (2.113)
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where

_f0 10
Q= (0 0 1) . (2.114)
From the fourth part of (2.110) we obtain that
dyr, O éD a LAY
&) (0 -5) - 5 ()= P (2.119)

The boundary conditions are obtained from the last part of Equation (2.110) and the
cantilever configuration. At the clamped end (z=0) we have

y(0,¢) =0, z(0,t) =0, (2.116)

y(0,t) =0, %(0,1). (2.117)

Since the shear force and bending moment are zero at the free end (z=l), it is obtained

EIy%qb,(l, t) =G, EI;%%(I, t)=0, (2.118)

Ky (%, - %y) Lt)=0, K. (¢= - %z) (1,8) = 0. (2.119)

Therefore the dynamics of the flexible spacecraft can be rewritten as

Gm.m:R

&R ! ) _
— . - 9 -
mr s +/0. ,o{(er)+wx(-D+wx:—)+D}dz+ RF

- F3 5 (2.120)

{ 2
I,-od:+wx(],-ow)+]bow+f p Fx%?)ds:
0

! ! .
+ .[0 o(7 x D)dz + fo pox (FxD)}dz=T, (2121)

& (y PR\ 8 (K, 0 ¢,_%y _(F
Pocz (z)+PQ(a+ dtz)""a_z( o K )( 1:_%2)_(1,{), (2-122)
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¢ K./oz\= 9z\ 0 EI.)3z\v:) " \F. )’ 2.12

where

a=d:xr‘-+?wxb+wx(wxf~). (2.124)

Using the same notations C§ and (a;,¢;,ax) as in Section 2.4 for the coordinate
transformation matrix from body to inertial frame and the acceration vector, re-
spectively and performing the vector operations, Equations {2.120-2.122) and (2.123)
could be expressed in explicit forms which are suitable for digital computer simula-

tion. These are given below.

BUS DYNAMICS (TRANSLATION
P X h-l(t) hd(t) 13}
meoz| ¥ +Ch @) |+ s | =| B2 |, (2.125)
A kh3(¥) he(t) Fy

L . o 0z Oy
hi(t) = ./0 P{(zwz — yuiz) + a(w'.’& - wsa) +wywny

where

—wi(Ry +z) —wi(Rs +2) + w;wgz}d:c, (2.126)

¢ dz
hat) = f p{(Re +2)in — 261 ~ 25, +wrwnz
0
2

- y(wg + w'f) + wywa(Rs + z) + ng}d:z, (2.127)

{ .
ha(t) = fo p{yuh —(z + R, + %1% +wyws(z + Ry)
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5 ) 322
— z{wy + w3) + wawzy + }d:z, (2.128)

&2
ha(t) = G’l’;;lf"x, (2.129)
hs(t) = Q’E%Y, (2.130)
he(t) = 9%2. | (2.131)

BUS DYNAMICS (ROTATION

Ll |+ w3 0 —w|Irfw |+ks(t)|+]ru@)]|=}T2],
w3 —w2 w1 0 w3 hy(2) hy2(t) T3

(2.132)
where
L &Rz 8% dy 0z
h:(t) = ,/; p{yw - Zw + 2&:13;'5'{ + %125}&‘:, (2.133)
hg(t)—/p{ (z+ R, )g;: +2uoz% g——2w1(z+R,)%}dz,
(2.134)
! Py Oz
b = [ o+ RIGE - 2rlo+ RIGE — 2oy G + 2wt Y, (2159
z .
o®) = [ p{yar — 205}z, (2.136)
0
1 .
hi(t) = ‘/0 p{za,- —{z+ R,)a;,.}dz, (2.137)

h1a(t) = '/0 lp{(-'c + Rs)a;j ~ yai}dx- (2.138)
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BEAM DYNAMICS (BEAM VIBRATION)

K]

3_2 y 0 —=2u\ad /[y 7]
Por (:)-.!.p(?.wl 0 )5;(::)4-5‘

X
<> -
Wy —Wwy  —wy 4 was
+p(w1 +wowy  —w} —wd )( ) (2.139)
w3 + wiwn R _ (F,
+p(z+R,)( wg+w1w3)+ acpE - (B,

Yy a (EI, 0 3 (Py\ _ [ Fy
D-=(% 2)z(l)-(&) ew

BOUNDARY CONDITIONS

y(0,%) =0, z(0,¢) =0, (2.141)
Py(0,2) =0, ¥:(0,2). (2.142)
d d
EI?%'[’!!(I’ t) =0, EI:E_"/’:U’ t) =0, (2'143)
Ky (¢y - %y) (1,t) =0, K. (rb; - %z) (,t) = 0. (2.144)

Thus the complete dynamics of the flexible spacecraft consisting of the main rigid
body and a flexible beam rigidly attached to it (Fig.2.1) is given by 2 hybrid system
which consists of six noclinear ordinary differential equations (2.125),(2.132) and the

partial differential equations (2.139-2.140) along with the boundary conditions in
(2.141-2.144).



We note from Equations (2.120-2.123) or (2.125-2.144) that the three sets' of
equations are strongly coupled. Thus any rotation of the bus would induce vibra-
tion in the beam and vice-versa. Also any disturbance of the orbit would induce
vibrations in the beam and rotations in the bus and vice-versa. We have similar ob-
servations as (OBS.2.1) and (0BS.2.2) in Section 2.4 for the dynamics (2.125,2.132)
for translational and rotational motions of the bus. Further from the beam equation

(2.139-2.140) we note that

(OBS.2.5) The effect of rigid body rotation and translation on the vibration of the beam
is represented by the forcing term pQ(a + %R-) as shown in Equation (2.122).
The effects of the shear displacement are shown in Equations (2.122) and (2.123)
through the K and K terms. Thus it is clear that without the coupling effect
(e + %f?), Equations (2.122) and (2.123) become Timoshenko equations of a
cantilever beam[Traill-Nash and Collar 131].

Remark 2.6

We have similar equations for the dynamics of the spacecraft as developed in
the previous two sections where they are derived using Euler-Bernoulli and Rayleigh
beam theories respectively. However, note that because of the effects of rotary iner-
tia and shear displacement of an incremental section, the transverse vibration of the
beam is governed by Equations (2.122-2.123) (or 2.139-2.140) with boundary condi-
tions (2.141-2.144). In fact, the second term of Equation (2.140) or Equation (2.123)
represent the effect of the rotary inertia and 2ll the terms including Ky and K: re-
flect the influence of the shear displacement on the transverse vibration of the beam.
Hence this improved beam model enables us to study the influence of the beam dy-
namics including shear displacement on the dynamic performance such as rotation

and translation of the rigid bus of the spacecraft.



Remark 2.7

Based on Timoshenko beam theory [Traill-Nash and Collar 131] in this section we
have developed a complete dynamic model for the spacecraft (Fig.2.1) consisting of
a rigid main body and a flexible beam through the variational formulation. In the
derivation of equations of motion agaia we have approximated the gravitational poten-
tial energy P, by Eqation (2.16) (details are given in Remark 2.1). Flexible structures
in space are often subject to external disturbances caused by various sources such as
those mentioned in Remark 2.2. The stabilization of the spacecraft under the influ-

ence of those disturbing forces is considered in Section 4.3.3.

2.7 Summary

In this chapter a complete dynamic model for the spacecraft consisting of a rigid
body and a long flexible beam has been developed[Lim and Ahmed 82] using the
extended Hamilton’s principle. The equations of motion is given by a Hybrid system
which is a combination of ordinary differential equations describing the translational
and rotational motions of the rigid body and partial differential equations governing
the vibration of the beam along with the boundary conditions. The equations are
strongly coupled and thus any perturbation or distt;rbance in one part of the system
will induce vibration or wobbling on the other members of the system. In the devel-
opment of the dynamics of the beam three typical beam theorles i.e., Euler-Bernoulli,
Rayleigh and Timoshenko beam equations were utilized and the corresponding dy-
namic equations of the entire system have been developed. In all the cases, the equa-
tions of motion were expressed in the explicit forms which are suitable for computer

simulation and system analysis.

_,.
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Chapter 3

MODFELING OF FLEXTBLE SPACE STATIONS

3.1 Introduction

In this chapter, we consider the problem of modeling of a space station consisting
of 2 massive rigid boedy and flexible configurations. The rigid body may play the
role of experimental modules located at the center of the space station. The flexible
configurations may consist of several beams, forming the space structure shown in
Fig.3.1. Taking into consideration the three types of motion such as translation and
rotation of the rigid body and vibration of the flexible members, complete dynamic
equationst of motion have been developed using extended Hamilton’s principle to-
gether with three typical beam theories by the author and Ahmed[84]. The dynamic
equations consist of ordinary differential equations describing the translational and
rotational dynamics of the rigid body and partial differential equations governing the
vibration of the flexible parts. To the knowledge of the author, this type of model
for space stations has not been appeared in open literature. Even though the under-
lying principle is the same as for the case of spacecraft, the dynamic modeling for
the space station is much more complex because of the flexible configurations of the
system in which each member is strongly coupled with the other members through
the geometric boundary conditions. In Seét&on 3.2 the reference coordinate systems
are introduced for the space station. In terms of the quantities defined in the body
coordinate system, in Section 3.3 inertia tensor is defined. Following the same proce-
dure as used in Section 2.4, equations of motion for the space station(Fig.3.1) based
on Euler-Bernoulli beam theory has been developed in Section 3.4. Using gayleigh

1 see, page 3. -
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and Timoshenko beam theories, different form of dynamics have been developed in
Section 3.5 and Section 3.6 respectively. Concluding remarks are presented in Sec-
tion 3.7. In this chapter, if necessary in order to enhance readability of the thesis, we
will redefine some variables and repeat a few notations which were already defined in

Chapter 2.

———————————— - — ié
SN
undeformed v _undeformed
flexible configuration // rigid body AR flexible configuration
~ of the space station \
N\
—

i

Fig.3.1 Schematic diagram of a space station and reference coordinate systems.

3.2 Reference Coordinate Systems

We introduce an orbital reference coordinate system S; by the right handed vector
triad (Zr,Jjr, k) with the origin coinciding with the origin of the body frame defined
in the below. The axis k, is normal to the orbital plane, the axis ¢, is along the line
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connecting the center of the earth and the mass center of the satellite and the axis 3,
is such that (Zr,Jjr, &r) makes a right- handed vector triad. The positive direction of
the 7, is taken along the radial vector R.

Let wy = (wg,wy, w:)' be the angular velocity of the body frame with respect
to the reference frame S, and w, = (wx,wy,wz) be the angular velocity of the
reference frame with respect to the inertial frame S = (21,7, k7). We shall denote
w = wy + w, = (wy,ws, w3) . For simplicity of presentation in the sequel wé call each
flexible member of the space station as “beam ™ and it is designated by a number as

shown in Fig.3.2.

We define a body coordinate system Sj represented by the right handed vector
triad (s, 7b,ks)- This coordinate system will be a.ssumed to be fixed to the space
station body with the origin at the mass center of the rigid bus. We suppose that
the rest positions of the beams 1,2,3 and 4 are parallel to the 7; axis while bea.msl
5 and 6 are parallel to the j axis in zy plane in Sp. Let Dj,, 7 = 1,2,...,6 denote
the displacement of the point J; measured from the origin of the body frame in
undeformed state and D;(&;,t), i=1,2,...,6, the displacement (or peturbation) of a

mass element on the beam i measured from the undeformed position of the beam in

Sp. Let o
( 0 00O
(0 1 0), for i=1,2,34,
0 01 '
Qi=« 10 0 ; (3.1)
(0 0 0), for i=5.6.
| 0 01

Then the absolute position of the incremental mass element dm; of the beam 1,
:=1,2,---,6, relative to the inertial frame can be defined by the vector
ri= R+, with 7= (2,5:.%) =D;+Di (32)

where R = (X,Y, Z) represents the position of the origin of Sj with respect to S;

and D;i, = (i, Yips Zig) s 1=1,2,...,6 defines the position of dm; relative to Sy in the
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undeformed state and D; = Q; (2, ¥i, =i)', i=1,2,...,6 represents the displacement of

dm; from the undeformed position of the beam in 5.

Jb
A
' | ‘ |
Tz L___ _h _63_ —! '\!:“'“"’51 hoo ,E/Js .
' . " )
beam 6~ K beam 3 Ts -71/\ . beam 1 I ,,beam 5
66 !Is é 5 ._..ib
] l beam 4 L & Jz\/ beam 2 . ?{-‘5
7 “ORT T o K T

® mass center of the space station

W

Fig. 3.2 Body coordinate system.

3.3 Inertia Tensor

Let dm; denote the mass of a generic element on the beam 7 and given by dm; =
pid§; and the domain Q; of spatial variable &; be defined by Q; = (0, ), =1,2,...,6
for {; which is the length of the beam ¢ measured from the point of attachment, as

shown in Fig.3.2. With respect to §;, D;, is represented by

Dlo = ((313 + 51)1 31,1 0)'1 D'-’o - ((32, + 62)1 _32,v 0)’} (3'3)
D3° = (—(33.: + 53)1 3333 0)"’ D‘lo = (_(343 + £4)1 —34‘,1 0)'7 (3-4)
Ds, = (35, (—s5, +&),0), De, = (—s5,, (36, + &), 0)’, (3.5)
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where s;, (respectively si,) is the distance of the joints J;, in undeformed state of

the beams, measured in 7, (respectively j) directions and constant. Then the beam

inertia tensor with respect to the body frame is given by

I:: _Ixy _Iz:
Ib = _Izg Iyy —Iy:

—I:n: ""Iyz __T==
where

6
Iz = ZL Pl'(g:'g + 5?)(15{,

i=1
6
Iyy = E/g pi(Z; + Z7)dGi,
f=] V3G

=]

6
Iy=3) f piZigidEi,
i=) V%

6
IL-= Z-/S; Piiisid&i-;

=1

6
Iy: = Z j(; pi¥iZidE;.

=1

& .
I.. = Z ./‘; pi(E? + g?)d&h

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

We suppose that the beams are inextensible, i.e. deflections of the beams 1,2,3

and 4 could occur only in the j) and k; directions while for the beams 5 and 6 they are

given by in % and k; directions. The corresponding deflections of the beam 7=1,2,3

and 4 are denoted by ¥; = v:(&:, 1), zi = z(€i,t), 2 = 1,2,3,4 and those of beam j are

denoted by z; = z;(£;,1), 2; = z;{€;,1) , j=5,6 respectively. The dynamic equations

governing z;,¥i, %i, ¢ = 1,2,...,6 are discussed later. It is clear from (3.6) that the

beam inertia tensor I is a functional of the deflections z;,y:,z and consequently, an

implicit function of time.

The inertia tensor of the rigid bus of the space station is denoted by I,, which is

not necessarily diagonal. However, for simplicity of presentation, we assume that I,

is not time varying and is positive definite.
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3.4 Dynamic Modeling based on Euler-Bernoulli Beam Theory

In order to derive equations of motion, we follow the same procedure used in
Section 2.4 with some modifications. The first step is to find a proper expression of
the kinetic energy and potential energy of the system in terms of the quantities with
reference to the coordinate systems. The kinetic energy of the system is given by

Equation (2.6) with the components K and Kj, where K, has the same expression

as Equation (2.8} and K} is given by

6
Ky=Y Ky, (3.13)

=1

The kinetic energy K, of the beam i is given by

_ 1 dr; dr; _
Ifb‘- = § o, I o Ti-t- . (3.14)

where r; denotes the absolute position of the incremental mass element dm; of the

beam ? relative to the inertial frame and is defined in Equation (3.2).

Let EI; = EIL;(£;) denote the flexural rigidity of the beam i for deflections D; and
be defined by

El 0 0
ElL; = 0 EL, 0 }, i=1,2,..,6. (3.15)
0 0 FEI.

The system potential energy arises from two sourses, namely elastic and gravitational
as in Equation (2.7). The elastic potential energy P. due to deformations of the
beams .a.re a function of the partial derivatives of the displacements z;,3;,z with
respect to the spatial variable §;. Under the assumption of small bending deformations

neglecting elongation or torsional effects, the elastic potential energy of the beams P,
‘is given by

6
P.=) P, (3.16)

i=l
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where P,, is the potential energy of the beam i and given by

1 &#D; &°D; -
== L=t o =2 Lde;. .
P., 2'/‘-{5‘ T ) %2 }d{ (3.17)

The gravitational potential energy Py given by the sum of the potential energy of the
rigid bus and that of the beams as follows[Halliday and Resnick 51}.

-Pg =P, + P
=G ymsy (3.18)

—Gm. ,. j
= - d -+
fm ERRID D N

where G = universal gravitational constant, m. = mass of the earth. In Equation

(3.18) P, and P; denote the potential energy of the rigid bus and that of the beams
respectively. Py given in Equation (3.18) can be approximated by Equation (2.16) as
explained in Section 2.4.  Taking the first variation of the kinetic energy and the
potential energy given by equations(2.6, 2.7) togethér with the external work W and
substituting into Equation (2.4) with the ends conditions (2.5.1), (2.5.2),

éD; = .Qi(ﬁzi,tfyi,é‘:e)' = (0,0,0), i=1,2,...,6, (3.19)

one can derive the dynamic equations of motion for the space station. This is con-

sidered 1n the sequel.

Assuming that the origin of the body frame coincides with the center of mass
of the rigid bus, the first variation of K, is given by Equation (2.21). The virtual
displacement and velocity of the elastic body relative to the inertial space are given
by[Cavin 32]

§ri =8R+ 60 x i+ 6D;, (3.20)
S(dr‘ 6— + 8w x 7460 % (wx i+ D;) + %(5.0;), (3.21)

where §0 = (861, 862,6863)" is the virtual rigid body rotation of the body frame relative
to the reference frame and éw = %(69) denotes the ‘virtual angular velocity of the
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body frame. Substituting Equation (3.14) into Equation (3.13) and taking the first

variation, we have

1y
5 'bdt 52 K; dt
:—1

_Z f f (st dr' dm,dt+z: j ° / {awxr, dm.dt

i=1

+ Z[tz./ {69 x (w % 7; + D; )} dr'dmidt
+ 2:1: [ i fn i{%(an.-) 0 1% Y dmgdt (3.22)

Using the vector identity (2.23), we obtain from Equat:on (3.22) that

t2
6 Kbdt Zj -/‘[Ggﬁoﬁ 6wo{r.x%
3!

+é800 {(w X 7 + D,)xdr' }+f£- %(GD,-)] dmidt . (3.23)
One obtains from Equation (3.17) that
5 N P.dt= Z f N [ a ,,(JD,)dE,dt (3.24)
t t, Jo 36,

The first variation of P, is given by Equation (2.28) or (2.29). Let the external
force and torque applied to the bus be given by F,; and T as defined in Section 24
respectively, and external forces applied to the beams be given by

m=l (OF,F), fri=1234,
‘ (F;‘:, 01 -F:',)'v for i=5,6.

(3.25)

Then the virtual work[Meriam 99] done by the external forces F,, T and Fj, is given
by

= F,08R + To80 + Zf Fy, 0 6Dyde;. (3.26)

=1
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Substituting Equations (2.21), (3.23), (3.24), (2-29) and (3.26) into Equation (2.4)
and integrating by parts with the end conditions in Equations (2.5.1), (2.5.2), (3.19)

we obtain

5 (L+W)dt—— f {(61@)01'1 (59)010-;-2 / (5D,)013d§,+1?4}dt
=1
(3.27)

where

Gmem,-R
T = m R L2 dth (% +wx 5 Di)dmi + o257 = By (3.28)

Io_T——{(I,ow)+Zf r,x—dm.}+z./- (er.-i-D,) ( )dm.,

(3.29)

&Er; O DN = .
Ti=pige + 522 (EI. a&_._,)—Fb_., i=1,2,..6, (3.30)

I = z{[zr. a'D‘) %(w,-)]g [ (EI,a D‘) (6D,)J }i=1,2,...,6.

=1
(3.31)
Since the beams are assumed to be inextensible we have
e SO e e =Y = (0, 8y;, 62:),  for i=1,2,3.4, >
6D; = §(Qi(=ivin=)) = { (6z;,0,6z), for i=56. (3:32)

Therefore, noting that the variations 56,4 R, §D;, i = 1,2, ...,6 are arbitrary, we ob-
tain, from Equation (3.27), that

I, =0, (3.33)
In=0, (3.34)
I; =0, (3.35)

T, =0. (3.36)
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One obtains from these equations a set of coupled differential equations for the dy-
namics of the flexible space station as follows. From Equation (3.33) we obtain the
dynamics for the translational motion of the rigid bus:

PR dg . Gm.m.R -
(m3+m5)zg—+a§./;zip,(w Xr,+D,)d§, +—‘§|-3-— = F,, (3.37)

where my = E?=1 fn' dm; is the total mass of the beams and p; = p;(&;) is the mass
per unit length of the beam i. For rotational dynamics (attitude motion) of the bus

it is obtained from Equation (3.34) that
d d o .
E{(Is + Iy) OW} + EZ/,; piti X (% + Di)d&‘
i=] 7 :
6 |
-3 J{z pif(w x5+ D) x Shag =T, (3.35)
i=1 v

where ow = 2:5:1 S % (wx F,-)dni,-; Let us define I; = I, + I} for notational
simplicity. Using vector identities we obtain (Appendix F):

Z[ {r, (‘)wxD,)+r.x(w><r,)}dm, Iww-i-Imw-i—Z]wx(r,xD)dm,,

=1 =1

(3.39)
Z f i X (w % (wx 7))dm; = w x (f o w). (3-40)

=1
Substituting Equations (3.39, 3.40) into Equation (3.38) we obtain

I,-ow+w><(I,-ow)+Ibow+Z [ {rex( §+D,)+wx(r,xp. Ydmi =T. (341)

f=1
Since 6.D; are given by Equation (3.32), from Equation (3.35) we obtain the dynamics

for the beam vibration: for i=1.2,....6

& D;
o

Thus we have twelve second order partial differential equa.tlons for the dynamics of the

piD; + (EI;

%2 )-l-p,Q,{ 7D Fw X +w X (9D, +wX r,)}— F.. (3.42)

flexible members. We need four boundary conditions to solve each beam equation
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and total number of boundary conditions for the solution of (3.42) is forty eight.
The boundary conditions can be obtained from Equation (3.36) and the geometric
configuration of the structure [Craig 37, Hertz and Crawley 54, Kounadis 73]. For

boundary conditions we suppose that

(1) The structures are in 737, plane in undisturbed state,

(ii) The beams 1,2,3,4 are clamped at the joints J1, J2 +J3, J4(Fig.3.2),
(iti) Displacements of the beams 1,2,...,6 are small,

(iv) The beams 5,6 are rigidly jointed with the other four beams as shown in Fig.3.2.

Let & D, 27D, and & D; be denoted by D, Deg, 2nd D¢, respectively. Then

rewriting Equation (3.36) we obtain for any time ¢,

T, = 6Dg(h)o ELDeg(ly) +8Dg(Is) o ElIsDeye, (Is) (3.43)
+6Dg,(l2) 0 EI2 De,g, (I2) — 6D¢,(0) o EIs Deg, (0) (3.44)
+6Dg,(I3) 0 EIz Deygy (I3) + 8§ Dg, (Is) 0 ElgDegg, (s) (3.45)
+6D¢, (L) 0 EL Deyg,(1s) — 6Dg,(0) 0 ELs D, (0) (3.46)
—6D¢ (0) 0 ENDgg, (0) — Dg,(0) 0 EI2Deye, (0) (3.47)
~6D¢,(0) 0 EL D¢, (0) — 6D, (0) 0 ELsDeye, (0) (3.48)
—8D1(l1) o EL D, (1) — 6D5(l5) 0 Els Dge.e. (Is) - (349)
—6Ds(lr) 0 ElDe,g,e, (I2) + 6D5(0) 0 ElsDe g6, (0) (3.50)
—6D3(l3) 0 EI3 D goe, (I13) — 8Dg(ls) © Els Dgygeg, (s) (3.51)
—6D4(l4) 0 ELDg g (la) + 6D6(0) 0 EIgDg,g,e,(0) (3.52)
+6D1{0) 0 EI1 D¢ 5,6, (0) + 6D2(0) 0 ELDgyg,6,(0) (3.53)
+6D3(0) o EIaD&&&(Oj +8D4(0) 0 EI4Dg,g,6,(0) = 0. (3.54)

Since the displacement and slope vanish at 2 clamped boundary (i.e. J1,J2,73,74),
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we obtain the geometric boundary conditions:

at Ei = 01 yi(oa t) = 07 33.(01 t) = 05
gz:(o t) = a”‘(0 t)=0, for i=1,2,3,4.

(3.55)

Since the displacements and slopes are continuous at the rigid joints Js, Js, J=, Jx,

we obtain:

Continuity of displacements at the joints Js5, Js. T+, Js

35(15a t) = 0: Z]_(I],t) = :5(15, t)v at \-75-;
35(0: t) = 01 :2(127 t) = :5(03 t)! at Jsa
36(16, t) =0, :3(131 t) = zﬁ(lﬁvt)s at Jz,

zG(Oat) = 03 :4(14:0 = :G(O,tL at JS:

Continuity of slopes at the joints J5, Js.77, Js (Appendix G):

ay‘ 76 (1) = g?(ts,t), at Js,
"’”zag,t) -320,9, at T
%yéus,t) = s 2 ls), et Tr,
Fys 355

)= 3200, at Js.

Applying the moment equation at the joints Js, Js, J+, J&, we have

9%z &z

at -751 EIS- 35 (151t) - 0 EII- aE') (llst) -
5

3‘2‘5 - 3".;. _
a"ze _ 6'23

at Jr, Elge—+ a§; (ls, t) =0, El.— a§;

at o, Elepy a”" (o )=0, EL.—— %”;(:4,:) =

(I3,2) =0

(3.56)
(3.57)

 (3.58)

(3.59)

(3.60)
(3.61)
(3.62)

(3.63)

(3.64)
(3.65)
(3.66)

(3.67)
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Using Equations {3.56) and (3.57) into Equation (3.49) and (3.51) respectively, we
obtain, from their first components, that

a7}
a3

Bys
353

Similarly using eqs.(3.58) and (3.59) into equations (3.50) and {3.52) respectively we

EnL, =L (1,t) =0, ElLy, = 2(15,1) = 0. (3.68)

obtain, from their first elements, that

Py

»
Ely gy (st) = El, 2

o8}
Substituting Equations (3.56) and (3.57) into Equations (3.49) and (3.52) respectively,

(&4,t)=0. (3.69)

we obtain, from their second components, that

&= 63~5

Eh-—+ 353 (Ih )+EI5- (IS:t) = (3‘70)
8%z 6326 -
Elz:— %8 () + Elge - T (Is,f) = (3.71)
EI;,:% g_.', () = EEse 63"5 (o t) = (3.72)
Bl S 240 - Bl a;““ s 0,8 = (3.73)

It is noted that the above equations (3.68-3.73) can be ontzained from the force equa-
tions at the joints J5, Js, J7, Js. Substituting Equations (3.60) and (3.62) into
Equations (3.43) and (3.45) respectively, we obtain, from their first elements, that

3"3’1 3

EhLy— 351 (11., )— Elss— 665 (ls,t) =0, (3.74)
EIaya'ys (Is,2) +E15=22? il t) =0. (3.75)

Similarly using Equations (3.61) and (3.63) into Equations (3.44) and (3.46) respec-
tively, we obtain, from their first elements, that

i)
&3

a"..":s

=2 (la,t) + Elss=22(0,2) =0, (3.76)
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3y 8%z

EI.,,a" (1) = Eles 5 (0,) = 0. (3.77)

We note that the above equations (3.74)—(3.??) also can be obtained from moment

equations at the joints Js, Js, J+, Js-

Let o; be defined by o; = X 7 + % x D; +w X (w X #), t=1,2,...,6, and
R = { ('F".y"F“.:) , fori=1234,

‘Tl (BLER), fori=56. (3.78)
010 , for i=1234,
M. = 0 01 _
%= 100\ . . (3.79)
(0 0 1), for 1=5.6.

Then we finally obtain the complete dynamics of the space station subject to external
forces in the following[Lim and Ahmed 86].

-R+g‘/n‘pi{(¢xﬁ-)+wx(wxﬁ‘)

- . G R
+ Di+ 2 x D Y + —“;;l’;—’: F,, (3.80)
d"R
I,ow+wx(I,ow)+Ibow+Z] il 7 )d&

i=1

+Z f p,(r,xD,)d€,+Z f pif{wx (fix D) }de =T, (381)

=1 =1

and for §; € Q;, € € Q;; i=1,2,3,4, j=5,6,

& LER, & ((BL, 0\ & (w))_
g () +@esr @)t ((507 o) mgr (B) )= P 0

LB (%), A PR S ((EL 0\ & (z;)\_
pj'éﬁ(;j)’ff’:‘%(ﬂﬁgﬁﬁ(( o EI,-,)a_gz(z;))‘F"i’ (3.83)
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with the boundary conditions (3.55-3.77
Using the same notations Cf;, (ai,aj,a;) as in Section 2.4 and performing the
vector operations, Equations (3.50) —(3.83) and (3.55-3.77) could be expressed in

explicit forms which are suitable for digital computer simulation[Lim and Ahmed 84].

These are given below.

BUS DYNAMICS( TRANSLATION)
2 (X A Ra(t) R ;
mes | Y | +CR| R0 |+ as() | = (B |, (3.84)
Z f3(t) he(t) Fy

fi(t) = Z,[Ps{(~=w° y:w3)+"(w°—:-wsay')

i=1

where

5 o 62 1
+wiwedi + wrwsF; — (w3 + w3)z; + E?_,—}d{,- (3.85)

f(t) = Z/ Pi {I.wa. — &y + -(ws—- —w— %z;)

=1

g wang - (o ol + SUas,  (asn)

Oz;

fi(t) = Z] Pi {y,wl ~ Tiwo 4 2(w1— — wWyp—— P )

=1

i3 }d!;‘,, (3.87)

and  hy(t),hs5(t), he(t) are given by Equations (2.46.1), (2.46.2), (2.46.3),respectively.

+wwnZ; + wawad; — (wf + wd)z +
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BUS DYNAMICS{ROTATION

(uil) ( 0 —uw3 wz) (wx) (f4(f)) (f?(i)) (
lwe |+ w3 0 -—w|Lrfw (4| F0)]+1]60]=
Wiy —-n Wi 0 w3 fo(t) fo(t)

where

a yl ay‘ :.a_zi.
f‘i(t) = Z/ p.{y; -5 12 + 2w W Yi—= ot +2un 3

=1

- 2woy,% - ‘)w;;zt ?; }dé',,

i 0%z; dz; Oy
fe(t) = Z f pi x: - 3:’ + 2wai—- =+ w3 a&;
=1
dz; 0z
- 2w1£’i£ - ~w°y: ot }d&':

- fa(t) = ZI piy viag — zlaj}d§83

=1

fa(t) = Z/ Pt{ztat z:ak}d&:

=1

fo(t) = zs: L _p.'{-'?iaj - y'sa.'}dfi,
=

i)
z)
3.
(3.89)
(3.90)
(3.91)
(3.92)

(3.93)

(3.94)
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BEAM DYNAMICS(BEAM VIBRATION)

() o) (3) % (("”‘” ) 3
Pige Pilaen 0 Jat\=/) " 3E\\ 0 BL:/) 37

+ p; -‘*’i"—wg =y + wows + piE: Wy + wiwa
Pl twws  —wi-wd J\5) TP~ s

+ Pth Bd’,R (E”

e, i=1,2
I T di? -Fi;), for&: ey, ¢ .11-'3334’

PN, [0 2wn\d [z F((EL; 0 \&F
p’ﬁ(=j)+p’(—2we 0)&(2j)+65"(( El;: } 3¢

()

(3.95)

()

b > -
. —w; — W3 W2+ w3w -3 = Wol
Me (—ﬁ’z +wzwy —wi'—w;) (z‘:) A ’( ) + waws )

d*R F;
+PJQJ CE—= ( J=

iy F_,-,) , Tfor&efy, 3= 5, 6.

BOUNDARY CONDITIONS FOR BEAM DYNAMICS
Clamped at £; = 0, =1,2,3 4 for the joints Ji, J2, J3, J4:

¥:(0,2) =0, z:(0,t) =0,

6y‘l a"l —
%0 =0. Z0h=

Continuity of displacementy at the joints Js, Js, J7, Js:

zs(ls,t) =0, 21(l, t) = z5(0s,2), at Ts,
z5(0,¢) =0, zo(l,t) = 25(0,%), at T,
zg(ls,t) =9, z3(l3,t) = z6(ls,t), at Jr,

26(0,8) = 0, zg(la,?) = z6(0,8), at Ts, 2

-

(3.96)

(3.97)

(3.98)

(3.99)
(3.100)
(3.101)
(3.102)
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Continuity of slopes at the joints Js, JB,J-,-,Js:

a1‘”(11,t)— —azs(ls,t) at Js, (3.103)
ay«.(k t)= —335(0 ), at Js, (3.104)
ays(lg,t) = gz‘ (s,t), at Tz,  (3.105)
% = 9%
a&l{ (Lht) = afﬁ (Ort)a at Js, (3-106)
Equilibrium equations:
6-05 a =1
t - - Ld
at Js, Els:—— 36'51 (153t) 0, Eh.— ago (Iht) (3'10‘_)
at T, EIs-aa‘f T2 0,8 = Erk‘;'“: T2 1, 1) = (3.108)
8z 8
@ Jr  Eluzy “Z(s,t) =0, EL: a;f(ls,t) = (3.109)
at Js, E.rs,%""; 0,8) =0, Elj.—p i":‘(u,:) 0, (3.110)
o
El, a%}(a,t) = Ezsy33y3(rs, f) = (3.111)
Efgyaay" (1) = EI4,363—§(14,t) =0, (3.112)
a-"z 3z
Bhs g (1) + Bl 5 ls)t) =0, (3.113)
EI;_%Z""" (I, 1) + EIs_a "3 (Is,t) =0, (3.114)
EIQ_-,a 22 (la,t) - 315_33";5(0 £) = (3.115)
&3 963
oo &
Bl é‘(g,ﬂ o) Al z: ©08=0, (3.116)
32y1 32
ElLy=32%(11,t) — Elsz—=(Is,t) = 0, 3.117
lyafi'(l ) 5355(5) (3.117)
El i y3(13 t)+ Els Pz (ls t) = (3.118)
B vog fog |
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3'3:5
92

a'f? (0,2) = (3.120)

En, 2%

2y aE (Ig,t) + EIS:::

(0,2) =0, (3.119)
o°
EI4y ay4 (lih t) EIG::

The complete dynamics of the flexible space station consisting of the main rigid
body and flexible structures(or beams) rigidly attached to it (Fig.3.1) is given by a
hybrid system which consists of nonlinear ordinary differential equations (3.84),(3.88)
and the partial differential equations (3.95—3.96) along with the boundary conditions
in Equations (3.97)— (3.120).

We note from Equations (3.80-3.83) or (3.84-3.96) that the three sets of equations
are strongly coupled. Thus any rotation of the bus would induce vibration in the
beams and vice-versa. Also any disturbance of the orbit would induce vibrations in
the beams and rotations in the bus and vice-versa. Further, oﬁe can observe the

following facts:

(OBS.3.1) The integrals in the orbital dynamics (3.80) (or f1,f2, f3 in (3.84)) represent the
perturbation force due to vibration of the beam and rotation of the bus. Thus
if we bring the integral terms to the right hand side, the resulting equation has
well-known form of perturbed orbital dynamics (see Eq. (11.1.1) of [Danby 39]).

(OBS.3.2) The integrals, involving the last three terms of the left hand side of Equation
(3.81), represent the contribution of the vibration of the beams and orbital dis-
turbance to the total angular momentum of the system. Clearly, in Equation
(3.81) (or 3.88) the total inertia matrix I varies only with the displacements of
the beams, whereas fa, fs and f¢ depend also on the velocity and acceleration of
the beam elements: If the beams are all rigid, the relative displacement, velocity
and acceleration of the beam elements with respect to the body frame are all zero.
:Consequently, I. becomes constant and f1, fs, f¢ reduce to zero. In this situation
the resulting form of Equa.tibn (3.88) becomes the well known a.ttiltude dynamics
of a rigid body satellite (Eq. (7.1.2) of [Thomson 129]).
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(OBS.3.3) The effect of rigid body rotation and translation on the vibration of the beams
is represented by the forcing terms p;Qi(e; + -"‘%fi) and p,'Q,- (e + %_5) as shown
in Equations (3.82) and (3.83). Thus it is clear that without the coupling effects
{ci+ %5@) and (a,-+g§-), Equations (3.82-3.83) become Euler-Bernoulli equations
of simple beams[Timoshenko et al 130].

We have a similar set of equations for the dynamics of the space station (Fig.3.1)
as that developed in Section 2.4, except for the beam equations and boundary condi-
tions. However, we note that each of the beam equations (3.95, 3.96) for the flexible
structures of the space station is coupled with other beam equations through boundary
conditions (3.97-3.120). Further, the boundary conditions (3.97-3.120) for the beams
of the space station are very complex and coupled one another while the boundary
conditions (2.37) for the beam of the spacecraft(Fig.2.1) are simple and well known.
Hence this medel enables us to study the coupling eﬁ'ects among the vibrations of the
flexible structures, rotation of the central body and translational motion of the central
rigid body. The terms fi(t), f2(t),f3(t) of Equation (3.84) represent the contribution
of the vibration of the beams and rotation of the main body to the translational
motion of the mass ceater of the rigid body. The influence of the radial perturbation
and slew maneuvers on the dynamic performance of the entire system is investigated
by numerical simulations given in Section 5.4.

Remark 3.1

Using Euler-Bernoulli beam theory in this section we have developed a complete
dynamic model for the space station consisting of a rigid main body and flexible
structures through the variational formulation. Each member of the flexible structures
(assumed to have truss configuration) was treated as a simple beam which can be
characterized by equivalent beam parameters of the actual truss or structure[Dow
et al 42, Juang and Sun 68, Renton 113, Sun et al 122]. To find the equivalent

beam parameters of the actual structure is an identification problem. The parameter
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identification problem has been treated recently in literature[Banks and Rosen 21,
Banks and Wang 22, Hendricks et al 53, Hossain 58, Lee 81, Rajaram and Junkins
112]. The dynamic equations of motion for the space station (Fig.3.1) using Rayleigh
and Timoshenko beam theories are developed in the next two sections.

Remark 3.2

In our derivation of equations of motion we have approximated the gravitational
potential energy P, by Equation (2.16). By using more precise expression for the
gravity, for example Eq.(2.15) or Eq. (AT), one can also study the effects of the
gravity gradient torques on the rotation of the bus and vibration of the beams.
Details are given in Remark 2.1. Orbiting space stations are often expected to
experience several disturbing forces such as those caused by movements of crews
or balancing masses, shuttle takeoff and docking as well as the disturbances men-
tioned in Remark 2.2. This may induce appreciable perturbations to the dynamic
performance of space station. In Section 5.4, we present some numerical results il-
lustrating the impact of radial perturbation and slew maneuvers on the motion of
the space station. From the results, one can observe that the impact of the exter-
nal perturbation on the beam vibration and bus ro'_t,élion is quite significant and it
should be eliminated by appropriate stabilizing controls. The stabilization of the
space station under the influence of such perturbing forces is considered in Section

14.
3.5 Dynamic Modeling based on Rayleigh Beam Theory

In this section, using the coordinate systems defined in Section 3.2 and following
the procedure used in Section 3.4, we derive equations of motion for the space station
shown in Fig.3.1, based on Rayleigh beam théory. We use the same notations and
definitions as in Section 3.4 throuthout this section, unless otherwise stated. The
equations of motion derived using Rayleigh beam theory have different forms com-

pared with those based on Euler-Bernoulli beam theory, because the kinetic energy 6f
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the beam has different representation by Rayleigh beam theory. For the derivation of
equations of motion the first step is to find a proper expression of the kinetic energy
and potential energy of the system in terms of the quantities with respect to the
coordinate systems. The kinetic energy of the system is given by Equation (2.6) with
the components K, and Kj, in place of K}, where K, is the same as in Equation

(2.8) and Kj,, is given by

6
Kyp=) Kip (3.121)

=1

The kinetic energy Kj,. of the beam i is given by[Russell 116]

1 dr; dr; 1 & & :
Kie, =3 o, Ot Tt 5.[9.- Lo geae Dt agn 1% (3122
with
ri=R+7; = R+ Dy, + Dj, (3.123)

where r; denotes the absolute position of the incremental mass element dm; of the
beam : relative to the inertial frame, D;, defines the position of the mass element dm;
relative to the body frame in the undeformed state and given by Equations (3.3-3.5).
Further, D; represents the displacement of dm; from the undeformed position of the
beam in Sp and given by Equation (3.2) and I, =I,,(&;) is the rotary inertia of the
beam element am;.

Let EI; = EI;(&;) denote the flexural rigidity of the beam ¢ for deflections Dj;
and be defined by Equation (3.15). The system potential energy arises from two
sourses, namely elastic and gravitational as in Equation (2.7). The elastic potential
energy P, due to deformations of the beams are a function of the partial derivatives
of the displacements z;,y;, z with respect to the spatial variable ;. Under the
assumption of small bending deformations neglecting elongation or torsional effects,
the elastic potential energy of the beams P, is given by Equations (3.16) and (3.17).
The gravitational potential energy P, is givén by the sum of the potential energy of
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the rigid bus and that of the beams P, is given by Equation (3.18) and approximated
by Equation (2.16). Taking the first variation of the kinetic energy and the
potential energy given by Equations(2.6, 2.7) together with the external work W and
substituting into Equation (2.4) with the ends conditions (2.5.1), (2.5.2),(3.19) one
can derive the dyriamic equations of motion for the space station. This is sonsidered

in the sequel.

Assuming that the origin of the body frame coincides with the center of mass of
the rigid bus the kinetic energy of the bus is given by Equation (2.20) and its first
vatiation by Equation (2.21). Substituting Equation (3.122) into Equation (3.121)

and taking its first variation, we have

”
§ [ Kipdt= 52 f Kyp, dt

4 x—l

=§ [ N [ (5 dm.dt-!-z f " f ‘{war‘-;}o%:idm;dt

+Zf /{68x(wxr +D)+dt(6D)} dr'd ;dt

=1

=1
t2
+§./ / .{(JD 3¢ I’-dtag.at )}d‘f“ﬁ
‘Z / t:’('EJD:)oIp. % a?: D;|mdt. (3.124)

Using the vector identity (2.23), we obtain from Equation (3.124) that
, dR dr; . drg
5 bpdt = Z.[, f[& o—+6wo{r.x-§-

dr;y dr; ' ]
+ (66) {(w x 7; + D;) x — +E ° dt(JD,)] dm; dt
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2 2
+Zf f{(ap) % “:za?, -)}dg.-dz

iz
Di)ol 12
2 J, @pae p-dta& D] (3.125)
The first variation of P, is given by Equation (2.28) or Equation (2.29) and that of
F, is given by (3.24). Let the external force and torque applied to the bus be given

by F; and T as defined in Section 2.4 respectively, and external forces applied to the
beams be given by

= _ [ (0F,F), fori=1234, ,
Fbl' - { (F;.:’ 0? F‘i‘)', for i=5,6_ (3°1~6)

Then the virtual work[Meriam 99] done by the external forces F,, T and F}, is given
by

6
§W = F,06R + Toé8 + Z/ Fy. 0 6D;dE;. (3.127)
—~ Jo.
Substituting Equations (2.21), (3.125), (3.24), (2:‘29) and (3.127} into Equation

(2.4) and integrating by parts with the ‘end conditions in Equations (2.5.1), (2.5.2),
(3.19) we obtain

t2 )
= - O 2 ol i d
§ [ @rwae f [(6R)oTs - (60)o T2 +Zj (6D;) o Tade: +ZI4} =

i=1 =1
(3.128)
where

dzR d Gmem R
I = Z/ (—+wxr,+D)dm,‘+—I§|3——F,, (3.129)

-Iz_T——{(I,ow)+z:/ T X r‘dm,}-rZ/ wxr,+D, ( )

| (3.130) -
&r; 0 d 32 32 D\ - '

s - AT \_F. 131

=p'g ~ g5 ngaranD) 37 (Bl ez ) ~Fuo (3131)
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[EI (B'ED ) =_(6D;) + { “j: aea.- D; - %(EI;%)}o(&D;)] o (3.132)

where i = 1,2, ...,6.

Since the beam is assumed to be inextensible we have

e ot e oyt § (0:09i,82), for i=1,2.34,
éD; = 6(Ql(3hyl,-l) = { . (6:.':,', 0, 5___"_)1, for i=5.6. (3-133)

Therefore, noting that the variations 66,6R,4D;, i = 1,2,...,6 are arbitrary, we ob-
tain, from Equation (3.128), that

I =0, (3.134)
T =0, (3.135)
I3=0, (3.136)
I, =0. (3.137)

One obtains from these equations a set of coupled differential equations for the dy-
namics of the flexible space station as follows. From Equation (3.134) we obtain the

dynamics for the translational motion of the rigid bus:

"R d Gm.m-R
(me +ma) =5 2 [ plox ot D)+ THEER =R, (3130)

where my = E?=1 fni dm; is the total mass of the beams and p; = p;(§;) is the mass
per unit length of the beam 7. For rotatioral dynamics (attitude motion) of- the bus

it is obtained from Equation (3.135) that

dt{(I""I")“’}"' Z] pifi X (dt +D.)

- ; fn.— ? ‘{(“’ X 73 + D) % E}df‘ =T, .(3.1‘39)
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where Jjow = ELI J7ix(wxF;)dm;. Let define I = I,+ ], for notational simplicity.
Substituting Equations (3.39, 3.40) into Equation (3.139) we obtain

I,-ow+wx(I-,-ow)+Ib.ow+Z / {r, R+D)+wx(r,xD.)}dm.—T (3.140)

Let

= (F‘t ,-F:'.)', for i=1,2’3,4, '
= { (F-':,Fe.)', for i=5,6. : (3.141)

Since éD; are given by Equa{:ion (3.133), from Equation (3.136) we obtain the dy-

namics for the beam vibration:

: p:D; — 3%(1”‘%6?;- D,)T (EI 3"D,)
+ p.'Q:[ 70 +@ X Fi 4w X {2bi +w X F.‘}] = F},. (3.142)

Thus we have twelve second order pa.rtial differential equations for the dynamics of
the flexible members. We need four boundary conditions to solve each beam equation
and total number of boundary conditions for the solution of Equation (3.142) is forty
eight. The boundary conditions can be obtained from Equation (3.137) and the
geometnc conﬁguratmn of the structure[Craig 37, Kounadis 75, Russell 116] For

boundary conditions we suppose that

(i) The structures a.rejn ip7s plane in undisturbed state,

(if) The beams 1,2,3,4ﬂa.;:e clamped at the joints J1, 7> +J3, J1,
(iii) Displacements of the beams 1,2....,6 are small,

(iv) The beams 5,6 are rigidly jointed with the other four beams as shown in Fig.3.2.

Let %Di, %{D{, and %D, be denoted by D&, 'DE-‘E-' and .D&-a& respectively. Then

rewriting Equation (3.36) we.obtain for any time ¢,

I = SD& (11) o EIlD&& (11) -+ SD&(ls) o EIsD&&(ls) (3.143)
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+6D¢, (I2) 0 ELDg g (l2) — 6D¢,(0) o EIsD&&(O) (3.144)

+6D¢,(Is) 0 ELDgye, (Is) + 6Dg, (I6) 0 Els Dgye, (Is) (3.145)
+6Dg, (14) 0 EIsDg,g,(la) — 6D, (0) 0 Els Deye, (0) (3.146)
—8Dg, (0) 0 EI D¢, (0) — 6D, (0) 0 EloDgyey (0) (3.147)
—8Dg,(0) 0 EJsDge,(0) — 6D¢,(0) 0 EIyDece, (0) (3.148)
+6Ds(h) 0 [T ;Dt&(ll) - EhDgga(h)
+6Ds(ls) o [I,,, = Die(5) — ELDe (1) (3.149)
+8Da(k) o [[ iD,&(lo) ELDgee (iz)'
— 6Ds(0) 0 [I,,, Dig,(0) - ElsDgss(0)] (3.150)
+8D3(18) 0 [In 3 Ditss) — Bl Do ()
+8D5(l6) © [Lrn %D,&(zs) — ElsDegys, (1) (3.151)
+8D4(1) o [T Dec ) = ElaDeste ()]
= 6D6(0) © [Ls =D (0) ~ Els Dy, (0) (3.152)
~8D1(0)  [1, £:De6,(0) ~ B Dy, (0)
— 6D2(0) 0 Ip,jtp,&w) ELDegg(0) (8.153)
~6D3(0) o (I 3 Di6(0) ~ ElDess 0

— 6D4(0) 0 [1p, - Die (0) — EliDe,(0)] = 0. (3.154)

Since the displacement and slope vanish at a clamped boundary (i.e. J1, 72, J3,J4),

we obtain the geometric boundary conditions:
at & =0, ¥:(0,2) =0, zi(0,t) =0,

Byi

_a&(l}t) =0, a&(012)—0 for :=1,2,3,4.

(3.155)
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Since the displacements and slopes are continuous at the rigid joints Ts5. Tos T7s Ts-

we obtain:

Continuity of displacements at the joints Js, J5,77, Js:

z5(ls,t) =0,

z5(0,1) =0,
zs(fs,t) =0,
z(0,¢) =0,

21(h,t) = 255, t), at Js,
#2(l2,t) = 25(0,1), at Js,
23(l3,t) = ze(ls, 1), at J,
z4(l,t) = z6(0,t), at T,

Continuity of slopes at the joints Js, 5,7, Js (Appendix G):

Applying the moment equation at the joints Js, 75, J5, Js, we have

at «753

at JGa

at JT!

at J8r

Using Equations (3.136) and (3.158) into Equations (3.149) and (3. 151) respectively,

ayl (h?t) - -ais'(l5’t)1 at 351

ay2 (l-': t) - —axs (0 t)a al JG)

gy—g(zs,t) = a“’“(ls,t) at T,
8

.gy—é:(lq,t) = zs(o 1), at Js.

EIS.'.a-—is(IS: t) = 03

3"25

EIS_ (0 tj=0,

3‘25
Elye— a{ﬁ ——(ls,t) =0,

3"25
EIG,az(O t) =0,

we obtain, from their first components, that

Fn

3 21

a :l(lh ) -

6~-o
Lo—(l.t) =
E - a&q ( - )

3“23 _
El.—— a > —(l3,t) =

Ef.i-‘?;‘ E3,,1) = 0.

EnL.

&
Iy G 0r0) = Ty r e (0,8) = Ely 2 30,0) = .

(3.156)
(3.157)
(3.158)
(3.159)

(3.160)
(3.161)
(3.162)

(3.163)

(3.164)
(3.165)
(3.166)

(3.167)

(3.168.1)

NS
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& Py
Ips, v 383 Ig;o(ls,t) Ipa,w1a§ at(la,t) ElLy—= 263 (ls,t) =0. (3.168.2)

Similarly using Equations(3.157) and (3.159) into Equations (3.150) and (3.152) re-

spectively, we obtain, from their first elements, that

63yo 633[- 3
Ip, ET af,(lz,t) I,,,wl % at(lz, )— EI-»,, (1 t)—O. (3.169.1)
a* Y4 33y4

Iy, %, ato(l«t,t) Ip.,uu TR z%(14,12) Elyy—= e —(l3,2) =0. (3.169.2)

Substituting Equations (3.156), (3.158), (3.157) and (3.159) into Equations (3.149),
(3.151), (3.150) and (3.152) respectively, , we obtain, from their second components,

_ that
&z
Im, 65 at')(llit) +Im.wlaE a (Ilﬁt) EI]-- aE (Ilst) (3 170)
&z a* |
+ I 5 ai" oz (ls,t) = I, w03 e“’ast(zs,t) EIs_ 5 255 (1s,t) = 0.
Pz Pz |
Ip;. as 822 (13, t) + Ip;,w].a at(l:'»st) Ely-— a£3 (133 t) (3 171)
8z .
T at.,(lf;,t) I‘,,,,,wga6 at(ls,t) EIs_ 35 (Is,t) )
Ipn, a‘zag:,(t )+ Imwl % at(lo,t) EIg__ % Z2 (b, 1)
(3.172)
Ly v 36;;2 (0,) + Iy, 0 235 Bt(o 1)+ Els=505 6325 (0 )=
i s Fo s
L. -9 Zz(lht) + Im.wl %, at(l-h t) = Ely: 6;: == (s 1) w115

‘J?f-s e
o D at..,(o t)-l-Ip,,'thaE at(o t)-!-EIs, e (0 t) =0.

It is noted that the above equations (3.168-3.173) can be ontained from the force
equations at the joints J5, Js, J7» Js- Substituting Equations (3.160) and (3.162)
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into Equations (3.143) and (3.145) respectively, we have, from their first elements,
that

323;1 32:175
EI] —'—.,(Il,'t) -—EI F e { ,t) = 0, 3.174
3 " (1 (3.174)
3y a7 a{) (llht) + EIG-": "» (16) t) =0 (3 1 ‘5)

Similarly using Equa.txons (3.161) and (3. 163) mto Equations (3.144) and (3.146)
respectively we obtain, from their first elements, that

a""y 322:5 '
EL "(Io,t + Elsz——(0,2) =0, (3.176
EIq,a Z8 1) - EIs,a"’“ —(0,t) =0. (3.177)

23
We note that the above equations (3.174)-(3.177) a.lso can be obtained from moment -
equation at the joints Js, Js, J%, ' Js- )

Let o; be defined by o = & X 7; + 2w X Dj + w X (w X 7), i=1,2,...,6, and

= (Fi,,’Fi,)', for i=1,2,3.4,
= { (Fiy, Fi,), fori=5,6. (3.;73)
C (g 3 (1))’ for i=1’2?3’4:
%= 10 0 _ (3.179)
(0 0 1), for i=5.6.

Then we finally obtain the complete dynamics of the space station subject to external

forces in the following.

R+;ZI'/‘;‘p;{(dJXF;‘)+WX(W>;Fi)

+Di+ 2w x -D:'}d&' + G_Trll;-i?i-r?_R = F,, (3.180)
d*R
I-,-OW'!‘UX(ITOW)'*-IBOW-I-Z./ pi|T ?tz—)déi

=1

+Z[p,(r,xD)d£,+Zf pifw x (7 x Di)}d& =T, (3181)

=1 - i=1
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and for §; € &, & € Q5 i=1,234, j=56,

”'aat-( ) ai,((Ip'" Io)as%t"(y>) ai(" (u?x —avl)aca;z (y>)

i ElL 0 9 [y .
+P:Q:(aa )+3§ (( Oy Elaz)ég_,-f(:e))= Fyy  (3.182)

8° O ((L, O & [z 9 0 w) & [z
i (3)-w(% n)am G)-&0 (5 9)aa(2)
.
w0l (s + S g (50 0 ) 2 (9))=h G189
7 ]

with the boundary conditions (3.155-3.177).

Using the same notations Cé, (ai,ej,ar) as in Section 3.4 and performing the
vector operations, Equations (3.180) — (3.183) and (3.155-3.177) could be expressed

in explicit forms which are suitable for digital computer simulation. These are given
below.

BUS DYNAMICS( TRANSLATION

e (X At ha(t) F
ELY ) +Ce{ @) |+ [ b)) | = | P2 ], (3.184)
. z f3(t) hﬁ(t) F

where

AO=3 | #i{ e i) + 2 = 2

& ot

32 .
+wrwegi + wrwsF — (0F + wI)E; + -5;2-‘-}:15; (3.185)
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9z

fo(t) = Z/ p,{:r,w - Zw + -(w;;% —wgy )

=1

+ wowsd; + weun I — (w% + w;-’)g, at,, }d&, (3.186)

Z/ P:{y:wl —Zpop+2 wl% - w""é't—

f=1
2 2 322;' -
+ wawn T; + waweF; — (wi + w3)5 + W}d&’ (3.187)
and hy4(t),hs(t), he(t) are given by Equations (2.46.1), (2.46.2), (2.46.3), respectively.

BUS DYNAMICS(ROTATION

(@1) ( 0 -—ws we ) (wx) (ﬁ(t)) (f:(t)
Llw |+ ws 0 —wi |Ie|w |+ fa®) |+ (1)
W3 —wy w; 0 w3 fs(t) Fo(2)

(31188)
where
=3 [ {5 - 558+ s e 4 s
= 2wy a;t- - 2”’32‘6% }d‘f" (3.189)
_2w3z'%y i }df" (3.190)

a 3 62 ] a ] a L]
fs(t)—Z/ P\ Ti—mm 3'{ ¥i a; +2w3zsazt +2w3yxayt

1=1
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9z 9z

— QunFi— — 2wo;—
at 1

}d&, (3.191)

f(t) = Z/ Pt{ytak - z‘laj}dEH (3.192)

1=1
fa(t) = Z f piy Siai — z.ak}d&, (3.193)
=1
6
Jo(t) = ; /n '_Pi{:“:iaj - iiai}d&, (3.194)

BEAM DYNAMICS(BEAM VIBRATION

For§ ey, :=1,2,3,4; and &€ Q;, j=5,6,
0 =2 i Yi W3 + wyws do “R
p‘at ( }+ ( 0 )at(,..)'*""' '(—dg-*-wm) pQiCT 57 dt?
" P ((EL, 0\ & (u o —w} —wi —wy twows (%
82 \\ 0 EL, ] 3g2 \ = Pi\ &) + waws —w} — w3 %
5 2R ) ()
9¢; G I, ) 060 \ z: & \\ —unly,,, 0 L ACTANRVY: YA
& (z; {0 2w\ 8 [z =3 + wowy &R
pJat2 (ZJ) + pj (_2“,2 0 ) ot (ZJ) + P5Y; ( Wy + wows JQJCI di2
2 2 =
z; ) —w; — w3 W+ wzwy Z;
Zj))+p’ (-tbﬁwswx -W§'—W§) (2':)

(0 D) A -
9¢; 0 I, / 0§08 \ 2 965 L\ walp,, 0 00t \ z; F, ]

(3.196)
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BOUNDARY CONDITIONS FOR BEAM DYNAMICS
Clamped at &; = 0, i=1,2,3.4 for the joints Ji, Jo, T3, Ja:

y;(o, t) = 0, ~|(0 t) = 0,

dy: 3—.
7.(0:1) = 7 00 =

Continuity of displacements at the joints Js, Js, J+, Ja:
35(157t) - 03 Z](l]_,t) = 25(151t)1 at .\751
z5(0,2) =0, z2(l,t) = z5(0,1), at Js,
z6(le,t) =0, z3(ls,t) = z5(ls, 1), at T,

z6(0,t) =0, z4(ls,t) = 26(0,1), at Js,

Continuity of slopes at the joints Js, Js, J7, Ja:

o 9 = —a"‘s 2(1,), at T,
ayz 3$5
(I_,t) 3{ (0 t), at Js,
_ 6::5 .
a—&(ls,t)— (ls, ), at Jr,
Q”-“(Q,ﬂ: a""’(o t). at Ja,
0&s

Equilibrium equations:

2
at 35, EI5-a (157 ) = ! -8112636221 (Ilst) - 03
1

2 2
at JG, EIS..aa 225 (0 t) 1 EIZ:?'_ZE(I% t) = 03

2 2
at J7, EIs_aa 226 (Is,t) =0, EIs-aa 3 —(l3,1) =0,
2
at J, Ere-%’;“(o n=o, En.Z3 i) =0
3y Pz B

Im’af at,,(l';l,t)—fp,ywlaf at(ll,t) Ehy— afl 3 (l1,t) =

(3.197)
(3.198)

(3.199)
(3.200)
(3.201)
(3.202)

(3.203)
(3.204)
(3.205)

(3.206)

(3.207)
(3.208)
(3.209)

(3.210)

(3.211.1)
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Imy%u& )—Ip,,wlaa;—:;t(ly,,t) 313,,663{3 (Is,t) = 0.
Im,%(;g,t) o AR 552% (l2,t) — Elpy=22 3633;- (I2,2) = 0.
Im,%m, £) — Ip"wl-%(lq,t) - 314,%3—5(14@ =0.
Im.a?;g(lht)'l'f wlaa;gt(lht) 511-%21(11#)
+Ips.%(ls,t) Ips,wzg;ast(fs:f)—Efs-%::(ls,t)-— .
Iy af;}(ts,t)um,wl ) - B T2t
T A a‘?;‘;, (Usyt) — L, _g:;t(zs,t) EIG_%ng(ls,t) =0.
Iy, e a‘??p (Iz:) + L, wn :; at(z«_.,t) EIg,%s; Z221,,1)
&Pz Oz Pz

_Ips: aﬁ ato(o t)'['IPs; -36 3t(0 t) + Elsz 5 a 3 (0 t) =0.

3324 a 6324
Ip‘a aE atz (I4?t) +Im.wla§ at(141t) EI4- 364 (l‘h t)

33z5 & T 3326
= Too, 55 O 8) + Lo, w250 (0,8) + Eles g 5 (0 =0.

d* 9*
EL, a;}(zl,t) —EI;; 2258 ’;s(zs,t)_

32”;‘ (Io,1) =

il F00=0

6235

EIsya 2 (0t)+ Bles
(12’ ) + EIS:

(L;,t) EIaz (0 )=

(3.211.2)
(3.212.1)

(3.212.2

(3.213)

(3.214)

(3.215)

(3.216)

(3.217)
(3.218)
(3.219)

(3.220)
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In this section we have deveolped equations of motion for the space station
(Fig.3.1) based on Rayleigh beam theory. The complete dynamics of the flexible space
station consisting of the main rigid body and flexible structures rigidly attached to it
(Fig.3.1) is given by a hybrid system which consists of nonlinear ordirary differential
equations (3.184),(3.188) and the partial differential equations (3.195-3.196) along
with the boundary conditions (3.197-3.220).

We note from Equations {3.184-3.220) or (3.180-3.183) that the four sets of equa-
tions are strongly coupled. Thus any rotation of the bus would induce vibration in
the beam and vice-versa. Also any disturbance of the orbit would induce vibrations
in the beam and rotations in the bus and vice-versa. We have the same observations
as (0BS.3.1) and (0BS.3.2) in Section 3.4 for the dynamics for translational :nd
rotational motions of the rigid body. Further, from the beam equations (3.195-3.196)
(or 3.182-3.183) we note that

(OBS.3.4) The effect of rigid body rotation and translation on the vibration of the beams
is represented by the forcing terms p;Q;(ai + %5@) and p;Q;(e; + %ﬁ;) as shown
in Equations (3.182) and (3.183) respectively. Thus it is clear that without the
coupling effects (a; + %{5) and (o; + ‘%?), the beam equations (3.182-3.183)
become Rayleigh beam equations of simple beams[Russell 116].

We have similar equations for the dynamics of the spacecraft as developed in
Section 3.4 where equations of motion were derived based on Euler-Bernoulli beam
theory. However, note that the second terms and the third terms of the beam equa-
tions (3.182-3.183) (or equivalently the seventh and the eighth terms of Egs.(3.195-
3.196)) are not taken into account in the Euler-Bernoulli model (Equation (3.95-3.96)
or (3.82- 3.83)). In fact, these terms represent the effect of the rotary moment of in-
ertia on the beam dynamics. Hence the beam equation(2.88) enables us to study the



- 89 -

influence of the rotary inertia on the dynamic performance such as the bus rotation
and beam vibrations. The terms fi(t), fa(t), f3(t) of (3.184) represent the contribu-
tion of the beam vibration and bus rotation to the translational motion of the bus.
This implies that even though the bus translational and rotational equations(3.184,
3.188) have the same forms as those based on Euler- Bernoulli beam theory, the dy-
namic response correponding to external forces are not the same because the beam
equations are different from each other and also the four sets of equations (3.184),
(3.188), (3.195), (3.196) are strongly coupled.

Remark 3.4

Based on Rayleigh beam theory[Russell 116] in this section we have developed a
complete dynamic model for the space station consisting of 2 rigid main body and
flexible structures (Fig.3.1) through the variational formulation. In our derivation of
equations of motion we have approximated the gravitational potential energy Py by
Equation (2.16) (details are giver in Remark 2.1). Orbiting flexible space structures
are often subject to external disturbances caused by various sources such as those men-
tioned in Remark 3.2. The stabilization of the spacecraft under the influence of those
perturbing forces is considered in Section 4.4.2.

3.6 Dynamic Modeling based on Timoshenko Beam Theory

In this section, using the coordinate systems defined in Section 3.2 and following
the procedure used in Section 3.5, we derive equations of motion for the space station
shown in Fig.3.1, based on Timoshenko beam theory Traill-Nash and Collar 131]. We
use the same notations and definitions as in Section 3.4 throuthout this section, unless
otherwise stated. The equations of motion derived using Timoshenko beam theory

have different forms compared with those based on Euler-Bernoulli beam theory,
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because the kinetic energy of the beam has a different representation by Timoshenko
beam theory. The kinetic energy of the system is given by sum of K, and Ky, where
K, is given by Equation (2.6) and K}, is given below.

Let I,, = I,(&;) be the rotary inertia of the mass element dm; of the beam i and
Bi be the deformation of the element due to shearing force. According to Timoshenko
beam theory[Traill-Nash and Collar 131}, the kinetic energy of the beams Kj,. is given
by

6
= Y K, (3.221)
=1
with
K= 3 [ o Git 3| s a""deu (3:222)
Lth
r=R+7 = R+D,,+D,, (3.223)
aD;
i = G+ AilGt) (3229

where r; denotes the absolute position of the incremental mass element dm; of the
beam i relative to the inertial frame, D;, defines the postion of the mass element dm;
relative to the body frame in the undeformed state and given by Equations (3.3-3.5).
Further, D; and v; represents the displacement of dm; from the undeformed position
of the beam in Sp and angular dispacement respectively, whose components are given
by
D; = Qi(zi,yi,z)',  and ¥ = Qi(¥i,, ¥i,, %i.) - (3-225)
Let EI;, = EI;, (&)(respectively EI;,, EL;,) be the flexural rigidity of the beam for
deflections in the i; (respectively 73, kj )direction and define the matrix EJ; by

EI, 0 0
EL= 0 EL 0 |, i=12,..,6. (3-226)
0 0 FL,

Similarly let K;, = K, (£)(respectively K;,, K;,) be the coefficient equal to kG A of
the beam 7 for deflections in the 7 (respectively jj, ky )direction, where G is the shear
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modulus, A is the cross sectional area and k is a numerical factor depending on the

shape of the cross section. Let the matrix K; be defined by

K;, 0 0
K; = 0 K; 0 ), i=1,2,..,6. (3.227)

6 0 K,

The system potential energy arises from two sourses, namely elastic and gravita-
tional. The elastic potential energy P, due to deformations of the beam is a function
of the partial derivatives of the displacements z;, y;, z; with respect to the spatial vari-
able £;. Under the assumption of small bending deformations neglecting elongation

or torsional effects, the elastic potential energy of the beam P, is given by[Russell
116]

6
Pop = > Per, (3.228)

=1
where

Pey. =% fa {#:(wi- ae.) (¥i-3 OD; )+EI g‘é’: % ZEldg.  (3.220)

The gravitational potential energy Py is given by the sum of the potential energy
of the satellite bus and that of the beam as given in Equation (3.18) and one can
approximate Fy as in Equation (2.16) and its first variation is given by Equation
(2.29). The virtual displacement of the elastic body relative to the inertial space is

given by similar expression as in Equation (2.18):
bri =6R+ 80 x 7 + 6Dy, (3.230)

where 68 = (601, 682, 603) is the virtual rigid body rotation of the body frame relative
to the reference frame. Further, using Equation (2.17) one obtains[Cavin 32]

drg dR =. - A i .
5( dt) 6= + 6w X 7y + 80 X (w x i + Di) + Z(6D3), (3.231)
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where éw = 34;(68) denotes the virtual angular velocity of the body frame.

Assuming that the origin of the body frame coincides with the center of mass of
the satellite bus the kinetic energy of the bus is given by Equation (2.20) and its first
variation is given by Equation (2.21).  Substituting Equations (3.230-3.251) into
Equations (3.221-3.224) and taking the first variation, we have

£ d dri 12 s
5 ’b;-dt Zf fp' R df‘ df;df+2/ ]p. 5w><r, o—rtd&dt

+ Z/t:f p. 80 x (w x 7 +D,)}od—r'-d§.dt

=1

+Z f * / oi dt(&D)odr'}d.f,dt

=1

+Z [ i 0 p,a‘b‘

=1

Z ), [ (o0 5 (1) deat

(3.232)

Using the vector identity (2.23) we obtain, from Equation (3.232), that
tz
o[ Kp.dt= j f,o.[cﬁ—o—-i-tﬁwo{f-,xE
3 2 at

+ 880 {(w X 7 + D,) dri }+dr, (6D ]d{,‘dt

.5 R 2 /” [ @0 5 (15 asar.

=1
(3.233)

Then one obtains from Equations (3.228-3.229) that

t2 § 2
of = 3" [ {60~ ) o6 ) on (58 e
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6

=§£2fi[5¢,-or{.-(¢,--%";‘) ‘5;1;‘ o K - %D)-»&a& Efg‘g:]dg,-dt.

(3.234)

or

{2 t2
8 Perdt = E j / (6 o { K:( -—%—2) - 5 (&R g‘g:)}dg,-d:

+fo(w,)an - %?:)d&,dt

=1

+Zf’{ 6¢.oEI.a£‘]Q. [: o i (i - %?‘)] }dt(3_35)

Let the external force and torque applied to the bus be given by Fy and T as
defined in Section 2.4 respectively, and exiternal forces Fp,, F;,._,.‘. applied to the beams

be given by
Fo= (0’ Fiﬂ’ﬂx)" for =1,2,34, 3
Fi == { (.F"_”O ., )l’ for i=5,6. (3--36)
= _ (0,Fg ., Fr. ), fori=1234,
Fb'-". = { (FT.x 6 FI;.)I for £=5,6. (3-237)

Then the virtual work [Meriam 99] done by the external forces F,,T , Fy; and Fp,. is
given by
§W = F,06R + Tob8 + Z/ F, oSD,d§,+Z/ Fyy, o 6tpude;.  (3.238)
=1 i=1

Substituting Equations (2.21), (3.233), (3.234), (2.29) and (3.238) into Equation
(2.4) and integrating by parts with the end conditions in Equations (2.5.1), (2.5.2),
(3.19) we obtain

t2
§f (L+W)dt= —f {(6R) oly = (66) oIz + Zf (6D;) o Zadé;

31

i=1

Z( f (6%:) 0 Zudgs)+T5}dt = 0,  (3.239)

i=1 0
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where

Gmcer 5
I]_ m, dt dth 1 +WXT:+D)d€ IRIa —Fs, (3..—40)

6 6
I=T- %{(L ow) + ;/ﬂ piti X Z’d&}+§ j;z; pi (w X T+ Di) (dr')dfu

(3.241)
d"’r. 0 aD;
Ti=pigm + 5 2 (Kab) - 35 (Kigg ) ~Fu (3:242)
_d( %N, (. 9D
L=g (I"" ot )"'K' (”’" YA (EI' ag.) ~Fi (3-243)
a’!’: a-Di ]
Is = [EI o(6;) — Kil(i — =) o (6D)| - 3.244
sg er) o6 — Ku(i = ) o 6D0)| (3.244)
Since the beam is assumed to be inextensible we have
o P (0,8y;,6z), for i=1,2,3.4,
6D: = 6(@:(:3:1 y;,Z:) ) - { (6&:,‘, 0, 52{)', fOl‘ i=5,6. (3'245)

Therefore, noting that the variations §6,6R, 6D;, 6, i = 1,2,...,6 are arbitrary, we
obtain, from Equation (3.239), that

=0, (3.246)
T, =0, (3.247)
I3 =0, (3.248)
T, =0, (3.249)
Ts=0. | (3.250)

One obtains from these equations a set of coupled differential equations for the dy-
namics of the flexible space station as follows. From Equation (3.246) we obtain the

dynamics for the tra.nslationa.l motion of the rigid bus

Gm.m R
(e m) SR+ Z j plwxri+B)dgr IR =F, @250)
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where my = E?=1 fﬂ.- dm; is the total mass of the beams and p; = pi(£;) is the mass
per unit length of the beam i. For rotational dynamics (attitude motion) of the bus

it is obtained from Equation(3.247) that
d d g __(dR .
5{(-”; +1;) Ow} + E; Li piTs X (E + Di)d&'

_ifm.oe{(wxﬂ--r-b,-) X ‘i—f}df;:i", (3.252)

=1
where Ijow = 2?=1 JFix(wx;)dm;. Let define I = I,+1I; for notational simplicity.
Using vector identities(Appendix F) we have

6 )
> /nfi X (w X (w X 7j))dm; =w x ([ ow), (3.253.1)

=1

6 : 6
zf {-F;x(2wxD,-)+-F,-x(tbxF,-)}dm,-=Ibozb+fbow+2[ wx(F;xD;)dm,-.
15 97

=1 =1

(3.253.2)
Substituting Equation (3.253) into Equation (3.252) we obtain

6 - - -
Ir°1b+wX(IrOW)+Ib°w+Zf {Fix(%'{'Di)+wx(f‘iXDi)}dmi=T- (3.254)
i=1 & g ‘

Since §D; are given by Equation (3.245), from Equation (3.248) we obtain the dy-

namics for the beam vibration:
- 0 aD; &R . _ . - =
piDi+ % (K,- ('(,b.' - -a—g)) +piQ: [F+wxn+w X {2D,+w X7 }] = Fp.. (3.255)
From (3.249) we obtain that

%(Ipi%) +K (i - %—?j) - a%- (EI,-%-’Z): Fiy.. (3.256)
Thus we have twenty four second order partial differential equations for the dynamics
of the flexible members. We need two boundary conditions to solve each beam equa-
tion and total number of bounda.fy conditions for the solution of Equations (3.255-

3.256) is forty eight. The boundary conditions can be obtained form Equation (3.250)
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and the geometric configuration of the structure[Craig 37, Kounadis 75, Russell 116].

For boundary conditions we suppose that

(i) The structures are in #37; plane in undisturbed state,

(ii)) The beams 1,2,3,4 are clamped at the joints J1, 7> ,J3, Js,
(iti) Displacements of the beams 1,2,...,6 are small,

(iv) The beams 5,6 are rigidly jointed with the other four beams as shown in Fig.3.2.

Let %D.‘, %‘D.‘, 'a—as%sD; %’lﬁ. and 5%3[); be denoted by D'Ei’ DE&E." De.cigir % and
g, respectively. Then rewriting Equation (3.250) we obtain for any time ¢,

T = &¥a(h) o Elve () + 6vs(ls) o Elstbes (Us) (3.257)
+612(k2) © Elbg(l2) — 65(0) o Elspe (0) (3.258)
+63(l3) 0 Elyve, (I3) + 6v5(Is) 0 Elstbg, (Is) (3:259)
+6%4(le) 0 Elstbg, (L) — 6v6(0) 0 Elsrpg, (0) (3.260)
—6t1(0) 0 ELibg, (0) ~ 662(0) 0 Elnthey (0) (3.261)
—613(0) 0 El3thg (0) — 6¢4(0) 0 Elurhe (0) (3.262)

—6D1(l) o K (%1 — Dg }(Ih) — 8D5(ls) o K5(ps — D, )(Is)  (3.263)

—8D5(l2) 0 Ka(ih2 — Dg, )(I2) + 6D5(0) o Ks(ths — Dg, )(0) (3.264)

—6D3(l3) 0 K3(¥3 — Dg )(I3) — 8Ds(ls) o Ko(3s — Dg,)(Is)  (3-265)

—8D4(l4) 0 K4(tps — Dg, )(Is) + 6Dg(0) o Kg(ps — Dg, )(0) (3.266)

+6D1(0) 0 K1(1 — De,)(0) + 6D2(0) 0 Ka(ho — D )(0)  (3.267)

+6D3(0) o Ks(ths — Des )(0) + 6D4(0) 0 Ka(ths — De,)(0) = 0. (3.268)

Since the displacement and slope vanish at a clamped boundary (i.e. J1,J2,J3,J4),
we obtain the geometric boundary conditions:

at & =0, %(0,8) =0,  z(0,)=0, . (3.269)

$i,(0,8) =0,  ¢:(0,¢)=0, for i=1,2,3,4.  (3.270)
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Since the displacements and slopes are continuous at the rigid joints Js, Js, J+, Js,

we obtain:

Continuity of displacements at the joints Js5, J5.7+,Ts :
zs(ls,t) =0, =(h,t) = =s(ls,t), at T,
z5(0,t) =0,  =23(le,t) = 25(0,8), at T,
z6(ls,1) =0, z3(f,t) = Zﬁ([e,i), at Jr,
26(0,8) =0,  =(l,t) = 2(0,¢), at Ty,

Continuity of slopes at the joints Js, J5,77, Js (Appendix G):

¥y, (1, t) = ~95,(55,1), at Ts,
P, (I, t) = —95.(0,%), at T,
¥3,(3,8) = ¥6.(l, 1), at T,
¥e,(ls,2) = 6.(0,2), at Js.

Applying the moment equation at the joints J5, Js, J7, J3, we have

at T, Efs.,a"’s‘(zs,t) 0, Erl-a"’“(zl,t)-

at Js, E.rs,a"bs*(o t) =0, EIzzaa'?‘(Iz,)

at Jr, E-Ts-ad’s’ (ls,t) =0, Efa-a¢3'(13’)

at Js, EIs,ws' —=(0,t) =0, EI4,3¢4' —=(ls, 1) =0.

(3.279)
(3.280)
(3.251)

(3.282)

Using Equations (3.271) and (3.273) into Equations (3.263) and (3.265) respectively,

we obtain, from their first components, that

Ky (¢1, - a%lm) (I, t) =90, Ky ('.bs, - ai&ys) (l3,2) = 0.

(3.283)

Similarly using Equations (3.272) and (3.274) into Equations (3.264) and (3.266)

respectively, we obtain, from their first elements, that

Koy (¢2, - -a'%;yz) (I2,t) =0, Kyy (¢4,, - ai&m)(h, )

(3.284)
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Substituting Equations (3.271), (8.273), (3.272) and (3.274) into Equations (3.263),
(3.265), (3-264) and (3.266) respectively, we obtain, from their second components,

that
Ko (1, - 'a% 1) (1,2) + Kse (s, - a‘; )1 =0,  (3.285)
K. (%3, - a%:;,) (Tast) + Koz (s, — 5%;:6) (Is,%) =0, (3.286)
I(zz( = 35 )(Ig,t) 1{5_(¢5,—~E’—z )(0 t) =0, (3.287)
K (1.~ ggrme) Qo) = Kex (e, — ) 0,0 =0, (3285)

It is noted that the above equatlons (3.283-3.288) can be ontained from the force
equations at the joints J5, J5, J7, Je. Substituting Equations (3.275) and (3.277)
into Equations (3.257) and (3.259) respectively, we obtain, from their first elements,

that

3¢1, 3¢5

(lhf) EIs:

L (:2) = (3-289)

3¢3,

Elhy (1) + Ele, ot a""*‘ e 1, 1) = (3.290)

Similarly using Equations (3.276) and (3.278) into Equations (3.258) and (3.260)
respectively, we obtain, from their first elements, that

Ely (1) + E.rs,aa‘b5= —2(0,1) = 0, (3.291)
Eliy e (l1) - Eles 2(0,8) = 0 (3.292)

We note that the above equations (3.289)-(3.292) also can be obtained from moment
equations at the joints Js, Js, J7, Js.

Let o; be defined by o = & x 7; + 2w x D; + w X (w X 7;), i=1,2,...,6, and

= (‘FI' :-Fi,)', for i=1’2,3’4’

B, = { (.F';:,F,-,)', for i=5,6. (3.293)
— (Fr.,, Fr,), fori=1,2,34,

Fb‘f' - { (FT-:$ FT,—, )’, for i=5,6. (3.294)
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010
1o
(0 0 1), for i=1,2,34,

Q= 100
0 01
Then we finally obtain the complete dynamics of the space station subject to external

(3.295)
) , for 1=5,6.

forces in the following.

m,- -z +Zf pi (wxr.)+w><(w><r-J

=]
+ D; + 20 x D,-}dg.--;- %;ﬁ =F, (3.296)
d"R
I,.ow+wx(I,.ow)+I ow+ pil T d¢;
oW g/ dt2)
+Z/. P:(T: X.D)d£:+2f Pt{wx(r‘lx‘D‘)}dE‘ T (399‘)
=1 =1

and for & € Q;;€5 € Q;, i=1,2,3 4, =56,

l
(B)+(% &) Z,ii-i)
(

_(Ki, 0 8 (=z;\ _ 90 (EL o)i(%)
(OJ sz)aEJ( ) a; \ 0 EI;, ) 3 \ ¥ For,, (3:301)
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with the boundary conditions (3.269-3.292}.

Using the same notations Cfg, (ai,a;,ar) as in Section 2.4 and performing the
vector operations, Equations (3.296) -(3.301) and (3.269-3.292) could be expressed
in explicit forms which are suitable for digital computer simulation. These are given

below.

BUS DYNAMICS( TRANSLATION

2 (X hit) ha(t) I3
meos | Y +Chl @+ rs@) = 2], (3.302)
Z fa(2) he(2) F3

where
ay:
A=Y [ otz = i) + 20— e
=1
+ wiwadi + wrwsF; — (wl + wd)E; + azz }de. (3.303)
Oz; 9z;
f(t)= ;/ p,{z,wa Zawy + 2(w33t- —wy 5t )
+ wawzF; + wown F; — (wk + wd)F; + }d&,, (3.304)
Ay; oz;
t) = Z[ pis Jiwy — Tiwz + 2("”1 6t w2§)
=1
2
+ w3uwn T; + w3w2Pi; — (wl + wz)z, + — 9 gz }d&,, (3.305)

and h4(t),hs(2), he(t) are given by Equations (2.46.1), (2.46.2), (2.46.3),mpectively.
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BUS DYNAMICS(ROTATION

Wy 0 —w3 wo wy fa(t) fz(?)
In| &2 )} + wa 0 —wy jLe|we }+ fs@) ) + fs(t) = (
Ws —wz w0 wg fe(t) Js(t)

6
Oz, _Ou _ Oy dz;
fa@®) = 21 ‘/‘;ipi{yi§2 - 2;‘3%-2 + 2w1y;7:-{ + 2w1:’:',-a

— 2wofi— aaa:t, 2unii— %z; }d&,

8 Ti 32. 9z oz;
() = Z/ p,{z, 2-[-2{00‘,, 5t A Qe E;— Y

! ;‘ayi - Oy
- 2'-”3*:5 W1Ti o 3t }dgza

_9 Oyi _& &z; 3 _ 9y
=1

az‘ az:

—2w13:at — 2wofi

= bag,

fi(t) = Z/ Pt{y:ak - Ziaj dfu

=1

fa(t) = Zf Px{z:ax"m:ak d¢;,

=1

fS(t) _Zj P!{xlaj yaas}d‘fu

i=1

g}
T2 y
T3

(3.306)

(3.307)
(3.308)

(3.309)
(3.310)
(3.311)

(3.312)
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BEAM DYNAMICS(BEAM VIBRATION

P [y {0 -2\ 2 O [(Ki O )(tb;,m%yi)]
Pae ( ) o (2“’1 0 ) at ( ) + 04; [( K;, ¥, — 3%_-2;
o —wi—wd —dtwws (G o G twiwe
+ P (u&1+u?2w3 —w? —wi ) (§)+P’$’(—c&2+w1w3)

+ P:Q: ?i;R = (f‘-::") ) for & e, 1=1,2,3,4, (3.313)

9 z; + 0 20)2 _a_ + i K; 0 ¥i. —
PigE\z ) TP\ —2w, at 96 1\ 0 Kj )\ ;- -5—-.2_,
. —w% - wg wa + wawy z; —w3 + watwy
+p’(—ﬁ’2+wsw1 —wf—wg)(2)+ ”(*bl-i-wzws )

&R F; .
+piQiCE == 7o (F‘.;‘) , for&eQy, j=35,6. (3.314)

s (i) 1 (131 _5”1) 5 (i”) * (A; K,.) (i")
(% £)w ()% (7 ) ()=(F)6a
5+ (% ) (Z‘éi-:)

(% &)w(3)-%
0 K; ) 0& 0&;
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BOUNDARY CONDITIONS FOR BEAM DYNAMICS
Clamped at & =0, i=1,2,3,4 for the joints J1,J>, T3, Ja:

yi(0,£)=0,  =z(0,t)=0, (3.317)
¥i,(0,2) =0,  %;,(0,t) =0. (3.318)

Continuity of displacements at the joints Js, J5, F+, Js:

zs5(ls,1) =0, z(h,t) = z5(ls,8), at Ts, (3.319)
25(0,8) =0, =z2(l2,t) = 25(0,1), at Js, (3.320)
ze(le,t) =0, z3(13,t) = z6{ls,t), at Tr, (3.321)
z6(0,2) =0, =z4(l4,t) = z5(0,2), at Js. (3.322)

Continuity of slopes at the joints J5, 75, 7=, Ja:

¥y, (I1,8) = —¥s5,(l5, 1), at Ts, (3.323)
¥o, (I2,t) = —95,(0, %), at Ts, (3.324)
¢3,(l33t) = d’sz(lﬁvt)a at jl'! (3‘325)
Y, (l4,8) = ¥6.(0,1), at Ts. (3.326)
Equilibrium equations:
at Js, EIs_a'le’(Is,t) =0, EIl_a"’“(zl,t) = (3.327)
at Js, Ers,a""5= —22(0,1) =0, EIg,a"bz'(Ig,t) = (3.328)
at Jr, EIB,MS‘ (ls,2) =0, EIs_a"’“ £ (I3, ) =0, (3.329)
at Ja, EIG,W’S‘(O t)=0, El:7z* 3""" = () = (3.330)

Ky (11’1,, - -5%3;1) (h,t) =0, K3y (¢3,, - 56—3!13) (la,t) =0, (3.331)
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Koy (zpz, - aieyg)(lg, )=0, K (¢.,, - iyq)(l‘;,t) =0, (3.332)
K (%1, - 6? 21)(,8) + Koz (s, — 5= ) Is,t) = 0, (3.333)

Ka (Y3, = gg50) (. 1) + Ke (e, = —«-s) (Io,t) = (3:334)

Kss ( _-,)(zo £) - 1;5_(4;5, a‘z 25 }(0,) = 0, (3.335)

Kus (1, = g laot) = Kox (e, = 5geze) 0 =0 (3330
Eflyaa'?* =2, t) - Est%(ls,t) =0, (3.337)

EL, aa‘?v (13:2) + Eles a¢5, % (1, 1) = (3.338)

Ero,,aa“z (l2,t) + Elsz— 6‘”5= =(0,1) = (3.339)

El, a“* (Lo t) — EIs,.,a%’ 0,8) = (3.340)

 The complete dynamics of the flexible space station consisting of the main rigid
body and flexible structures rigidly attached to it (Fig.3.1) is given by a hybrid system
which consists of six nonlinear ordinary differential equations (3.302),(3.306) and the
partial differential equations (3.313-3.316) along with the boundary conditions in
(3.317-3.340).

We note from Equations (3.302-3.340) or (3.296-3.301) that the four sets of equa-
tions are strongly coupled. Thus any rotation of the bus would induce vibration in
the beam and vice-versa. Also any disturbance of the orbit would induce vibrations
in the beam and rotations in the bus and vice-versa. We have similar observations
as (OBS.3.1) and (0BS.3.2) in Section 3.4 for the dynamics for translational and ro-
tational motions of the bus. Further from the beam equations (3.313-3.316) we note
that
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{OBS.3.5) The effect of rigid body rotation and translation on the vibration of the beams
is represented by the forcing terms p.-Q,-(oz.- + %.211@) and p,-@_,-(a,— + ‘%@) as shown
in Equations (3.298) and (3.299) respectively. The effects of the shear displace-
ment are shown in Equations (3.300) and (3.301) (or (3.315-3.316) through the
Ky and K terms. Thus it is clear that without the coupling terms (o; + d-R

iz}
and (o; + %{3), Equations (3.298-3.301) (or (3.313-3.316)) become Timoshenko

equations(Traill-Nash and Collar 131] of simple beams.

mark 3.

We have similar equations for the dynamics of the space station as developed in
Section 3.4 and Section 3.5 where they are derived using Euler-Bernoulli and Rayleigh
beam theories. However, note that because of the effects of rotary inertia and shear
displacement of an incremental section, the transverse vibration of the beams is gov-
erned by Equations (3.298-3.301) (or 3.313-3.316) and boundary conditions (3.317-
3.340). In fact, the second terms of Equations (3.300-3.301) (or the second terms of
Equations (3.315-3.316)) represent the effect of the rotary inertia and all the terms
including K, and K reflect the influence of the shear displacement on the transverse
vibration of the beams. Hence this improved beam model enables us to study the
influence of the beam dynamics including shear displacement on the dynamic perfor-
mance such as rotation and translation of the rigid bus of the space station.

Remark 3.6

Based on Timoshenko beam theory [Traill-Nash and Collar 131] in this section
we have developed a complete model for the space station (¥ig.3.1) consisting of a
rigid central body and flexible structures through the variational formulation. In the
derivation of equations of motion we have approximated the gravitational potential
energy P, by Equation (2.16) (details are given in Remark 2.1). Orbiting space sta-

tions are often subject to external disturbances caused by various sources such as
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those mentioned in Remark 3.2. The stabilization of the space station under the

influence of those disturbing forces is considered in Section 4.4.3.

3.7 Summary

In this chapter, using the extended Hamilton’s principle a complete dynamic
model for the space station has been developed by the author and Ahmed[84]. The
space station consists of a massive central body (which is assumed to be rigid) and
flexible structures which are treated as flexible beams with equivalent beam param-
eters. In the development of equations of motion, Euler-Bernoulli, Rayleigh and
Timoshenko beam equations were utilized for the idealized beams. The dynamics of
the space station based on these beam theories are given by hybrid systems which
are combinations of ordinary differentail equations describing the translational and
rotational motions of the ridid body and partial differentail equations governing the
vibration of the flexible structures along with boundary conditions. The equations

“clearly indicate strong couplings among the state variables such as radial vector, at-
titude angles (or angular velocities) and displacements of the beams of the system.
This complete dynamic model would have many potential applications such as sta-

bility analysis and controller design for actual space stations.
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Chapter 4

STABILIZATION OF FLEXIBLE SPACE STRUCTURES

4.1 Introduction

In this chapter we consider the problem of stabilization of large flexible space
structures subject to disturbing forces. Large orbiting space structures are expected
to experience mechanical vibrations arising from several disturbing forces such as
those induced by shuttle takeoff or docking and crew movements. For certain appli-
cations, for example, on board communication systems, radio telescopes, etc. it is
necessary that the system be brought to its rest state (or unperturbed state) follow-
ing any disturbances. Further, structural vibration caused by various external forces
should be suppressed for mechanical safety as well as keeping the desired line-of-sight
of antenna for communications. Meirovitch{94-97] used the Lyapunov’s method to
establish sié.bility of flexible spacecraft. Similarly, Ahmed and Biswas{3,25,26] proved
the asymptotic stability of a rigid body with a flexible beam which is rotating with-
out translation. By virtue of a Lyapunov functional based on the total energy of
the sﬁtem, in this chapter asymptotic stability of the large space structures whose
dynamics are derived in terms of a hybrid system in the previous two chapters has

been proved [82-84] using Lyapunov’s approach.

In order to investigate the stability of the system described by the equations of
motion in Chapter 2 and Chapter 3, we first introduce nominal trajectory (or orbit)
equation in Section 4.2. Then using Lyapunov’s approach we consider the feedback
stabilization of the spacecraft and space station whose dynamics are given in Chapter

2 and Chapter 3 in Section 4.3 and Section 4.4 respectively. Finally a summary is
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presented in Section 4.5.

4.2 The Reference Trajectory

In this section we introduce the nominal trajectory equation when no disturbance

occurs as a reference trajectory for the radial equation. This is given below.

In order to investigate the influence of the beam vibration and bus rotation on
the fluctuations of the radial vector R, we define a vector R by B = R — Ry, where

Rg is the nominal trajectory satisfying the following differential equation

d*Ry A Gmem.Ry _ '
M + e =0. (4.1)

We note that the trajectory described by Equation (4.1) depends on the intial con-
ditions Ro(0) and £f2(0). For circular orbit (in orbital plane), the initial conditions
should satisfy the following relation.

dRg (Ro § dﬁo)= Gm.Fy at t=0. (4.2)

@ Rl
The conditions for elliptic, hyperbolic or parabolic orbit could be found in the book
by Bate, Mueller and White[24]. Further, R=(X,Y,Z) represents the perturbation
of the radial vector R around Rq (nominal trajectory). Since || is negligibly small
comapred to | Ry|, using Equations (4.1) and (2.33) we obtain the defferential equation
for R

LR d [ . Gme.m R
m,-ﬁ-i-a-/;p(wxr-i-l))dz-i-—w-—l’,, (4.3)

which has the same form as Equation (11.4.4) in [Danby 39). For numerical simulation,
in Chapter 5 we use Equations (2.47),(2.54),{(4.1) and (4.3).
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4.3 Stabilization of the Spacecraft
In this section we consider the problem of stabilization of the spacecraft. In order
to use the spacecraft for any application, for example communication, radiotelescopes,

etc, it is necessary that the spacecraft be brought to its rest state following any

disturbance. Accordingly, it is natural to consider the following state

w1 =0, wr =0, w3=0, (4.4)

dy Oz
and y(z,t) =0, z(z,t) =0, E(m,t) =0, a(:r, )=0, forz €[0,]], (4.5)
X@)=Y(@)=Z(t)=0, (t)=5(t) =0(t) =0, (4.6)

where ¥ = %’} = (%1,%2,%3) and R = (X,¥,Z), as the rest state. We note that
here the trajectory (Equation(4.1)) corresponding to the rest state is the reference
trajectory when no disturbance occurs. Now our concern is, if the system is per-
turbed from the reference trajectory (or the target trajectory) subject to the exter-
nal forces, can we find a control which will eventually steer the system back to the
rest state? This problem of stabilization can be solved following Lyapunov’s ap-
proach{Ahmed 2,Lasalle and Lefschetz 79]. In the following sections, we show that
the spacecraft, using velocity feedback controls, is asymptotically stable with respect
to the rest state(4.4-4.6). For notational simplicity we define (4,, A.) = ZI%'P"—'QRD
and (T3, Ty, T:)' = Fam=(Jy 7dz) x Ro.

4.3.1 Stabilization of the model based on Euler Bernoulli Beam Theo

In the following theorem and its corollories we consider the stabilization of the
spacecraft whose dynamics is derived based on Euler Bernoulli beam theory and
given by Equations (2.42-2.54) by applying feedback controls. The feedback controls
in several different forms such as proportional control, deadzone control, Bang-Bang

control and saturation control {Biswas and Ahmed 26, Lim and Ahmed 83] are applied
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for the vibration suppression of the system arising from external perturbations.

Theorem 4.1 (Distributed control)

Consider the perturbed system described by Equations (2.47,2.54,4.3) around
the reference trajectory Equation (4.1). Suppose that the controls applied to the
system(2.47,2.54,4.3) are given by the feedback law

T =(T: - by Ty = kown, T: — kaws)’, ki, ke, k3 > 0, (4.7)
Fy= (4, - dl(z)gt—y, A - dg(:z:)%)', di,do>0forze[0,]], (4.8)
and F, = (—e1dy, —eada, —e3ts), e1,e2,€3,> 0. (4.9)

Then the system is asymptotically stable (in the sense of Lyapunov) with respect to
the rest state (4.4-4.6).

Proof

Let » = (y, %}, 2, aa—f-)', ¢ = (v, z)’ and introduce a scalar functional V(w, o, R,%; 1)
defined by

l -
V(w, 9, R, %; t)s%ms(’é °¥)+ %(Is ow)ow+ % fo plo+ (D +w x F)|Pdz

1 /! O%y\2 1! 3z\2 1 Gm.m.|R[?
+§./; EIy(b?) dz + 5[) EI:(az?') dz + EW (4.10)

It is obvious from Equation (4.10) that V(w,¢, R, ®; t) > 0 for all w,¢, R, % # 0 and
V(w, 0, R, ;t) =0 for all w,¢, R,% = 0. Now, in order to complete the proof of
asymptotic stability it is enough to show that %V(w,go, R,%;t) <0forallt >0. In
the following we first show that f;V(w, @, R,5;t) < 0 for all £ > 0 and then using
additional arguments we conclude that it is indeed negative definite in the following.
Scalar multiplying both sides of Eq.(2.47) (or equivalently Eq.(2.39)) by w and noting
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that I = I; + Iy, where I} varies with time because of vibrations of the beam, we

obtain

D] =

(j'b-w)-w+/ {wx (F x D)} wdm

beam

)] +

-

- dv
+f 7 x D)- dm+/ FXx —jwdm=T-w (4.11
bcam( ) “ beam (r dt) wem “ ( )

It is easy to see that

(h-w)-w= /b X (o %) wdm = / lw X 72dm (4.12)

beam

(fyo:)-u::/bmm(bx(wa))-wdm-i-'/;c m(?-x(wxb))-wdm

- f (@ % (w x 7)) - Ddm (4.13)
Substituting Equations (4.12) and (4.13) into (4.11), we obtain

! ! )
2dt{(l’_,o'w)t:nw}+ fp]wxﬂzdo:-/op(wx(wx?-))oDdz

+f (JZT'EO+D+ )o(wxr)da: T ow. (4.14)

Scalar multiplying the Eq.(2.54) (or (2.40)) by ¢ and integrating by parts over z €
[0,{] and using the boundary conditions (2.37), we obtain

f Q[d2R°+dv+D+wxr+2wxD+wx(wxr)]oqﬁd:z:

de?
- 62q5 32¢ -
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Similarly, scalar multiplying Equation (2.38) by 9, we get

Gmem-Ro?d

1d 1 M d, U )
Eim,(v )+§‘/0 pz(vov)d:z:-i-fo pz}?ovdz+W—F,ov. (4.16)

Using the relation (4.12-4.13), it is not difficult to see that

/Orp{lwxﬂ'-’_(wx(wx:‘-))ob+ﬁo(wxr‘-)}dz=‘/olpdt

7)
Substituting this identity into Eq.(4.14) and adding Eqs. (4.14), (4.15) and (4.16)

up, we have

&% Gmem Ro?d

1d 1 /! { i
‘)dtms(vov)'i' fpdt(VOU)dz+]p@ovdz+W-—

1d U & L dp 3
EE((ISO‘D)O‘H’)-!-/ Pdt o(wxr)da:-l—j do o(wxr)d:z:+/pdto(wxr)dz

3'46 8"

&Ry - b rdb d2
+/:‘°Q a2 °¢“+£9Q(dt &z "ﬁdx'*")dt

1
= F_,or':+Tow+f Fy 0 ¢dz. (4.18)
0

Then, taking time derivative of Eq. (4.10) (in the inertial frame) one finds that the
left-hand-side expression of Eq. (4.18) equals 3 V(w,tp, ,¥;t) plus two additional

terms as [ollows.

oé}dz Fyov+ f I (Fbo;ﬁ) dz+Tow.
(4.19)

- {
Svis kot P Ehouxiyrol

Substituting the controls given by Eqs.(4.7-4.9} into Eq.(4.19), we have

d - . " .
aV(w, o, R, 55t) = — (klwf + kows + k3w§) - (ew% + e2%% + e;w%)

- /0 l{d; () (%)2 +da(z) (%)2} dz. (4.20)
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From Eq.(4.20), we see that ‘%V(w,tp, R,o;t) is negative sernidefinite for the given
controls. We show that in fact %V(w,cp, R, %; t) is negative definite in the following.
If %V(w, @, R,ﬁ;t) = 0 for any finite interval of time, say [t1, 2], the following must
be truet[Ahmed 6, Adams 1). For all ¢ € [t1, to],

(i) m=wr=wy =0,

=0, forallzel0,l], (4.21)

() M =0o=%=0 and F,=0.

This requires that for all ¢ € [t;,12), j’%i’: = ;‘g;fi =0,w=0and ¢ = (%2&, %;’-)' =0
for z € [0,1]. Using all these conditions and Eq.(4.21) into Eq.(4.3), it is clear that
R =0for all € [t1,%;]. Then from Eq.(2.37) it follows that

0% %9
== (EI@)= 0, for z€(0,0). (4.22)

It is easy to see that the unique solution of the elliptic equation (4.22) along with
the boundary conditions (2.37) is ¢ = 0 for all z € [0,{]. In other words, if for all
t € [t1,t2] £V(w,0,R,5;8)=0, w = R =0and ¢ = 0 for all z € [0,]]. Hence
H‘I;V(w,zp, R,%;t) is negative definite. Therefore, the function V{w,, R, %;t) defined
by Eq.(4.10) is, indeed, a Lyepunovfunctional and consequently, the system (Egs.
2.47,2.54,4.3) is asymptotically stable with respect to the rest state(4.4-4.6). This
completes the proof. M

Remark 4.2

We note that the first and second terms in Eq.(4.10) represent the kinetic energy
of the rigid bus due to orbital perturbation and bus rotation, and the third term

gives the kinetic energy of the beam. The two integrals in the fourth and fifth terms

$ Under the assumption of existence of classical solution, y, 2, %‘,‘ and %} are continuous and hence (ii) of Equation (4.21)
is true.
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represent the strain energy of the beam due to the deformation caused by vibration.
Perturbation of the gravitational potential energy due to the orbital perturbation
R is represented by the last term. Therefore, the Lyapunov functional defined by
Eq.(4.10) is indeed the total energy of the perturbed system (Eqs. 2.47,2.54,4.3).

From Equation (4.20), it is clear that in the absence of any control,
d % -
Ev(“” 0, R, %;t) =0,

so that V(w,¢, R, %;t) = V(w,¢, R, #;0) for all t . This implies that the system
(without external forces or controls) is conservative. However, interchange of energy
between the bus and the beam may take place leading to change in the bus velocity

trajectories and in the amplitude of vibration of the beam.

Remark 4.3

The feedback law given by Eqgs.(4.7-4.9) can be physically realized through ve-
locity feedback with gains %, k2, k3, d1, d2, €1, €2, €3 and position feedback T, T,
T., Ay, Az- Since —%%;—I%ﬂ=§yRo (see Eq.(4.1)), the two components A, and A
in Eq.(4.8) are the control forces for compensating the force p-}:gRo induced by the
nominal trajectory Ry which is known. On the other hand, 1;,T}; and T: in Eq.(4.7)
are the control moments for eliminating the torque mprem, % E";;Ro due to the nominal
trajectory, where r.n denotes the vector for the mass center of the beam with refer-
ence to the origin of the body frame. It is noted that under the small deformation of
the beam r¢, can be treated as time invariant. The choice of feedback gains depends

on the requirements of stabilization time and mechanical safety (see Remark 2.5).

The distributed control law in Eq.(4.8) may be difficult and costly for practi-
cal applications. In the following corollary, we consider stabilization using localized
controls which can be more easily implemented in practice. We note that boundary

controls are a special case of localized controls.
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Corollary 4.4 (Localized Control)

Consider the system described by Equations (2.47,2.54,4.3) and suppose that the
controls are given by the localized feedback structure:

T =(T: =~ b, Ty — kows, Tz — kzw3), ki, ko ka >0, {4.23)

Fs = (—e1ty, —e2dz, —e3ds), e1,e2,e3 >0, (4.24)
Fy = (Ay — dl(m)gt—y, A - dg(z)%:-)', d1,d> >0, (4.25)
N
with  di(z) =Y aixalz), @i>0, (4.26)
=1
M
da(z) =Y bixs(z), bi>0, (4.27)
=1

where xz denotes the indicator function of the set E and {4, =1,2,--- N} and
{Bi,i = 1,2,---,M} are any two families of Lebesgue measurable subsets of [0, {]
such that %% and %% do not vanish identically on U.A; and UB; respectively. Then,
the system is asymptotically stable with respect to the rest state (4.4-4.6).

Proof The proof is essentially the same as above. W

In some applications, it is not absolutely essential to stabilize the system with
respect to the zero state. It suffices to maintain the system in a sufficiently small
neighborhood of the zero state. Further, for the purpose of saving fuel, it is also
advisable to allow some deadzone. In this situation, the system is only required to be

" asymptotically stable with respect to 2 neighborhood of the origin. This is achieved
by use of controls with deadzone.
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Corollary 4.5 (Deadzone Control)

Consider the system described by Equations (2.47,2.54,4.3). Suppose that the
feedback controls are given by

T = (Ts — ki Te (1), Ty — koTey(w2), Tz = ke Yoo (wa)ys K ko, ks >0, (4.25)

- Sy\ - o=\
Fy= (Ay — hy(z)Te, (a—":),A: — ha(2) T, 5)) . h1,ka >0, (4.29)
F3 = (_elTCe (51)3 —CzTcr (52)3 —C3T“ (53))” €1,€2,€3 > 0, (4-30)
where
1, i £>q,
T)=4{ 0, i cn<e<+m, (431)
-1, if €< —n.

Then the system is { approximately ) asymptotically stable with respect to the &-
neighborhood Ny of the desired rest state, defined by

. Oz .
Ng = {(w, ¢,9) s|wn] < €1, [wn] < €2, |ws] < es,‘%l < 64,|§| < €5, || < €5,

Iﬁ'..’[ < €7, Ia3] <eg;€i>0,0=1,2,.--.8 }' (4'32)

Remark 4.6 (Bang-Bang Control)

We note that when ¢; = 0,7 =1,2,---,8 in Equations (4.28-4.30) we obtain the
Bang-Bang controls which can be easily implemented in practical applications, as a

special case of deadzone controls.

Corollary 4.7 (Saturation Control)

Consider the system described by Equations (2.47,2.54,4.3). Suppose that the
feedback controls are given by

T =(Tz — k1Se,(w1), Ty — k2S¢, (wn), Te = k3Ses (w3))'s ka1, k2, k3 >0,  (4.33)

Fo= (A~ @5 (), 4 - @S (F)) mke>0,  (a3)

Fy = (—e18¢(01), —€28¢,(B2), —€35¢,(33))', e1,e2,€3 >0, (4.35)
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where
+1, if £€>1,
S8 =4 & if —-p<E< 4+, (4.36)
-1, if £E<—.
Then the system is { approximately ) asymptotically stable with respect to the &-

neighborhood N, of the desired rest state, defined by
. oz -
Ny = {(rr8) tonl < enfonl < e bnl < .| ] < e | ] < v Pl < o

|Ba] < €7, |D3] < €856 > 0,:=1,2,---,8 }
(4.37)

Remark 4.8
We note that the functions defined by Egs.(4.31) and (4.36) are indeed deadzone
ation function respectively and they are clearly characterized by following

and satur
diagrams.
Ty($)
{\
T+1
0 +n > ¢
-1

Fig. 4.1 A deadzone function.



Fig. 4.2 A saturation function.

As a special case of deadzone, we have a Bang-Bang function if we set n=0
in Fig.4.1. It is clear from Fig.4.2 that the saturation curve is in fact a combina-

tion of a deadzone with size 77 and a proportional function (straight line) with slope

one.

4.3.2 Stabilization of the model based on Rayleigh Beam Theorv

In the following theorem and its corollories we consider the stabilization of the
spacecraft whose dynamics is derived based on Rayleigh beam theory and given by
equations (2.70-2.72) by applying feedback controls. The feedback controls in several
different forms such as proportional control, deadzone control, Bang-Bang control
and saturation control are applied for the vibration suppression of the system a.rising-;

from external perturbations.
Theorem 4.9 (Distributed control)

Consider the perturbed system described by Equations (2.70,2.72,4.3) around

the reference trajectory equations (4.1). Suppose that the controls applied to the
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system(2.70,2.72,4.3) are given by the feedback law
T =(T: - by, Ty =~ kows, T: — ksws)', Ky, ko k3 >0, (4.38)
Fy= (4, - dl(a:)%, A — dg(x)-g—j)', di,dy >0forz €[0,0], (4.39)
and Fy = (—e1¥, —eabs, —e3d3), e1,€a,e3,> 0. (4.40)

Then the system is asymptotically stable (in the sense of Lyapunov) with respect to
the rest state (4.4-4.6).
Proof

Let o = (y, a, -2 %g'-)', ¢ = (¥, 2)' and introduce 2 scalar functional V(w, ¢, R,%; t)
defined by

N S | 1t 2
V(w, o, R,%; t)E;m_,(v o %)+ 5 ow)ow+ §,[ plo + (D + w x 7)|*dz
4 - 0

f L I ata:c

2] {E1, a-) +EI.(3") Yz + ;9”"‘2%.

(4.41)

It is obvious from Equation (4.41) that V{(w,, R, ;¢) > 0 for all w,, R, % # 0 and
V(w, t,a,R, o;t) =0 for all w, ¢, R,5 = 0. Now, in order to complete the proof of
asymptotic stability it is enough to show that %V(w, o, R,5;t) <0forallt>0. In
the following we first show that £V(w,, R,%;t) < 0 for all £ > 0 and then using
additional arguments we conclude that it is indeed negative definite. Scalar multi-
plying both sides of Eq.(2.71) (or equivalently Eq.(2.81)) by w and using Equations
(4.11-4.13), we obtain

I -
2dt{(I’°"’)°w}+ /Jplwxf|2dz—/;p(wx(wxi-))oDdz

+j (d:T?+D+ )o(wxr)d:c Tow. (4.42)
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Scalar multiplying the Eq.(2.72) (or (2.88)) by # and integrating by parts over z €

[0,!] and using the boundary conditions (2.89-2.93), we obtain

/pQ[dzgo+dv+D+wxr+2wxD+wx(wx:-)]oqbdz

P¢ &
550 “de f Fyo ddz. (4.43)

d 621)
/¢ Q I’dta 6t ‘>dt

Similarly, scalar multiplying Equation (2. 10) by ¥, we get

ld Gm,m,Roz’&_ -
2dtm"(v°v)+2_[ o (vov)dz+j pdt dx+W—F§ov. (4.44)

Using the relations (4.12-4.13), it is not difficult to see that

.[ {lerF—(wx(er))oD-l-Do(wXT)}dz—/pizo(er)dz (4.45)

Substituting this identity into Eq.(4.42) and adding Eqs.(4.42), (4.43) and (4.44), we
have

Gm.m Ro7

)dtm,(vov 2fpd (vov)dx+jpd2 +W

U 27 1 &£ : P
+;E((I,ow)ow) fpd—t;-o(wa)dx+./‘).pdtR._,oo(wa)dz+fop-&-¥-o(wa)da:

d*Ry dv cf’r 0%¢ 32
]"Q 2 °¢dz+,[ Q(dt aa ¢dx+§d_t/E18z-

Tz dzot
Then, taking time derivative of Eq.(4.41) (in the inertial frame) one finds that the left-

l -
f¢ Qaz dazD) F305+Tow+AFbo¢dz. (4.46)

hand-side expression of Eq.(4.46) equals %V(m, v, R, %;t) plus two additional terms

as follows.

V(w,cp,R B t)+ ] p{ 7 o(wx')+Q 75 qu}dz Fyov+ / (Fboqf; dz+Tow
(4.47)
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Substituting the controls given by Egs.(4.35-4.40) into Eq.(4.47), we have

d |~ e b - - -}
-Jt-V(w, v, R, ;1) = — (klwi + kow? + kawg) - (elv‘f + ex®3 + cgvg)

- /0 l{dl(x) (%)2 + da(z) (%)2} dz. (4.48)

From Eq.(4.48), we see that %V(w,cp, R,%;t) is negative semidefinite for the given
controls. Using the same arguments as in the proof of theorem 3.1 ore can show
that in fact %V(w, o, R, ¥; t) is negative definite. Hence %V(w, o, R, ;1) is nega-
tive definite. Therefore, the function V(w,, R,%;t) defined by Equation (4.41) is,
indeed, a Lyapunov functional and consequently, the system described by Equations

(2.70,2.72,4.3) is asymptotically stable with respect to the rest state(4.4-4.6). (For
details see the proof of theorem 3.1). W

Remark 4.10

It is interesting to see that the feedback controls have the same form as in theorem
3.1 which is for Euler-Bernoulli beam case, even though the system dynamics are
different from those based on Euler-Bernoulli beam thoery. But we note that the
Lyapunov functional (4.41) is different from that defined by (4.10).

We note that the Lyapunov functional defined by (4.41) is indeed the total energy
of the perturbed system(2.70,2.72,4.3).
Corollary 4.1]1 (Localized Control)
_ Consider the system (Eqgs. 2.70,2.72,4.3) and suppose that the controls are given
by the localized feedback structure:
T =T — kwn, Ty — kows, T- — kgw3), k1,k2,k3 >0, (4.49)
Fy = (—e1%y, —eatn, —e3tz)’, e1,e2,e3 >0, (4.50)

-

Fy = (:4.” - d]_(:t:)%, Az — dz(z)-gti)', di,d> >0, (4.51)
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N

with  di(z) = Y aixa(z), a>0, (4.52)
:;1

da(z) = ) bixsi(2), b >0, (4.53)
1=1

where x g denotes the indicator function of the set £ and {4;,z =1,2,---,N} and
{Bi,i = 1,2,-+-,M} are any two families of Lebesgue measurable subsets of [0, ]
such that %{! and %% do not vanish identically on UA; and UB; respectively. Then,
the system is asymptotically stable with respect to the rest state (4.4-4.6).

Proof The proof is essentially the same as above. B

Corollary 4.12 (Deadzone Control)

Consider the system described by Equations (2.70,2.72,4.3). Suppcse that the
feedback controls are given by

T = (T —kiTe(w1), Ty — ko Tep(w2), Tz — k3 Loy (w3))'s, k1 k2, k3 >0, (4.54)

- dy\ - az\\
Fy= (A_,, — ha(z) e, (—a%) J Az — ho(z)Te, a—‘:)) . hyhe >0, (4.55)
Fy= (_elrtc (f’l)v _eZTﬂ' (52)v _e3T<a ({’3))': ey, ez, e3 >0, (4-56)
where
+1, if ¢€>1,
Tﬂ(&) = 0» if -7 < 6 < +7, (4'57)
-1, if £<—-n.

Then the system is { approximately ) asymptotically stable with respect to the e-
neighborhood Ny of the desired rest state, defined by

. 0z -
Ng = {(w, ,9) Jw1]| < &1, |wn| < €2, |w3| < €3, l% < &, |5;| < €5, |t1] < €6,
If’zl<67':|1-’3|<€8;€i>015=1:2:"'18 }'

(4.58)
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Remark 4.13 (Bang-Bang Control)
We note that when ¢; = 0,7 = 1,2,---,8 in Equations (4.54-4.56) we obtain the

Bang-Bang controls which can be easily implemented in practical applications, as a

special case of deadzone controls.

Corollary 4.14 (Saturation Control)

Consider the system described by Equations (2.70,2.72,4.3). Suppose that the
feedback controls are given by

T =Tz — k1Se, (wn), Ty — k2S¢, (w2), Tz — k38 (w3))', kr ko, k3 >0,  (4.59)

- o - = \\!
Fy= (A = m@)Sa (G0)s A — ha(@)Ses (o)) 5 Bashe >0, (4.60)
Fy = (—e18¢(%1), ~€28¢;(¥2), —€385(%3))', e1,€2,€3 > 0, (4.61)
where
+1, if £>n,
S8 =49 6 if —p<EL+n, (4.62)
-1, if £€<—n.

Then the system is ( approximately ) asymptotically stable with respect to the &-
neighborhood Ny of the desired rest state, defined by

. a .
Ny = {0, 8,5) donl < e fonl < 2, sl < 6, 2| < e, | 2| < e, onl < s,

Iﬁ?.l < €7, |ﬁ3l <e€g;6>0,2=1,2,---,8 } (4'63)

4.3.3 Stabilization of the model based on Timoshenko Beam Theory

In the following theorem and its corollories we consider the stabilization of the
spacecraft whose dynamics is derived based on Timoshenko beam theory and given
by equations (2.120-2.123) by applying feedback controls. The feedback controls in
several different forms such as proportional control, deadzone control, Bang-Bang

control and saturation control are applied for the vibration suppression of the system
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arising from external perturbations.

Theorem 4.15 (Distributed control)

Consider the perturbed system described by Equations (2.120, 2.121, 4.3) around
the reference trajectory equations (4.1). Suppose that the controls applied to the
system(2.120,2.121 4.3) are given by the feedback law

= (Tp — kyor, Ty — Kows, Te — kaws)y ki ko, kg > 0, (4.64)
Fy=(Ay — di(z)= y’ A: - dg(a:)%)', di,do>0forz €[0,]], (4.63)
Fy. = (—dg(a:) atpy —@(x)%)’, d3,dy > 0 for z € [0,1], (4.66)

and F, = (—e1d), —eads, —ezin)’, ey, ea,e3,> 0. (4.67)

Then the system is asymptotically stable (in the sense of Lyapunov) with respect to

the rest state (4.4-4.6).
Proof
Let o = (y,%%,z, %‘}, Py, P2, ‘%’- a‘b’)" = (y,z) and introduce a scalar func-

tional V(w,, R, ;1) defined by

Viw, o, R, v,t)_ ms(To )+ (I,ow)ow+1/p|v+(D+er)|2dx

+%/elfp%°%dw+%fol{f<(¢ ) (¢ o )+EIa’l’ a¢}d:c

lecmfIRl
2 [Ref?

(4.68)
It is obvious from Equation (4.68) that V(w, ¢, R, ;1) > 0 for all w, ¢, R, 0and
V{w, o, R,%;t) =0 for all w,¢,R,% = 0. Now, in order to complete the proof of
asymptotic stability it is enough to show that %V(m, @, R,%;t) < 0 for all ¢ > 0.
In the following we first show that %V(w,go, R,5;t) € 0for all ¢ > 0 and then
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using additional arguments we conclude that it is indeed negative definite. Scalar

multiplying both sides of Eq.(2.121) (or equivalently Eq.(2.132)) by w and using
Equations (4.11-4.13), we obtain

! !
2dt{(I ow)ow}+ = /p[wxﬂzda:—_/op(wx(wxr'-))obda:

+ ./[J.Ip(dZtRO dv)o(w x #)dz =T o w. (4.69)

Scalar multiplying the Eq.(2.113) (or (2.122)) by ¢ and integrating by parts over
z € [0,!] and using the boundary conditions (2.116-2.119), we obtain

/pQ[d;go+iv+D+er+9wxD+wx(wxr)]o¢dx
0

3D 3' -
/QK P — 63: e Btdm /Ff,qudz (4.70)

Similarly, scalar multiplying Equation (2.114) (or 2.123) by ﬁ and integrating by
parts, we obtain

({2 Box(o- D)o [0 B (08

Scalar multiplying Equation (2.120) by @, we get

(4 1)

P&y GmemrRo
;;m,(vov)+2./‘p-ﬁ(vov)dz+/. 73 ovdz+—m—°|—%——y=F,oﬁ. (4.72)

Using the relations (4.12-4.13), it is not difficult to see that
' . - 1 4%
/ p{[w xFZ=(wx(wxF))oD+Do(wx F)}da: = f pé o (w x F)dz. (4.73)
0 0

Substituting this identity into Eq.(4.69) and adding Eqs.(4.69), (4.70) and (4.72) up,
we have

1d 1 ' d b d2F Gmem Ro %
om0} = S50 —opdr 4+ T
2dtm,(vov)+2./o- pdt(vov)dz+/0 Pzt + Rol
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1d U BF Y odp _
+§E((I’°w)°w)+/Pdt o(wx:r')dz-i-/ e o(wxr)dz+fpzo(er)dx

+f;po"‘;t o¢dz+] (Z+ d" Joddz - ]QK %D g;atd"‘
+ [{Gn2)o2 + 2 ox(p-22) }as + [EZ

T !
= F,05+T0w+/ Fbo¢dz+‘[Fbro%dm. (4.74)
0 0

Then, taking time derivative of Eq.(4.68) (in the inertial frame) one finds that the left-
hand-side expression of Eq.(4.74) equals %V(m, @, R, ;1) plus two additional terms

as follows.

d .
V(w @, R, 5;¢) /p{ 7o o(wxr)+Q oqb}dz
{ 3'4’
=F_,oz'3+/ Fboq!» dz+Tow+/Fbro§dx. (4.75)
0 0
Substituting the controls given by Egs.(4.64-4.67) into Eq.(4.75), we have

d - o - - -
E’V(w, @, R, b;t) = — (klwf + kgwg + k3w§) —(elvf + egv‘% + e3v§)

_foz{dl(z)(%)zdrdg(z)(%) +d3(z )(a¢,) +dy(z )( ) } dz. (a.76)

From Eq.(4.76), we see that %V-(w,go,fi, ;1) is negative semidefinite for the given
controls. We show that in fact £V (w,¢, R, 3;1) is negative definite in the following.

If %V(w, o, R, 5;t) = 0 for any finite interval of time, say [t;, 2], the following must
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be truef[Ahmed 6, Adams 1]. For all £ € [t;, 2],

(i) v =we=w3 =0,

W 3%=a=0 5 — =% fralzed, (477)

This requires that for all ¢ & [¢3, 2], a";i’) = fﬁ-k =0,w=0and ¢ = (%;?,%)’ =0,
%?:0 for = € [0,1]. Using all these conditions and Eq.(4.77) into Eq.(4.3), it is clear
that R =0 for all ¢ € [t;,%2]. Then from Eqgs.(2.113-2.114) it follows that

0 oD

5= -%) =0 (4.75)
g P

—-ax (EI—33)= 0, for z € (0, I)- (4'79)

It is easy to see that the unique solution of Equation (4.79) along with the boundary
conditions (2.141-2.144) is 1 = 0 for all z € [0,{]. This implies from Eq.(4.78) that
¢=0. In other words, if for all t € [t1,t2] &V(w,9,R,5;t)=0, w = R = 0 and
= ¢ =0for all z € [0,. Hence f;V(w, ¢, R, ;) is negative definite. Therefore,
the function V(w, cp,f-l,i':;t) defined by Eq.(4.68) is, indeed, a Lyapunovfunctional
and consequently, the system (Eqs. 2.120,2.121,4.3) is asymptotically stable with
respect to the rest state(4.4-4.6). This completes the proof. W

Remark 4.16

We note that the first and second terms in Eq.(4.68) represent the kinetic energy
of the rigid bus due to orbital perturbation and bus rotation, and the third and
fourth terms gives the kinetic energy of the beam. The last integral in the fifth term
represent the strain energy of the beam due to the deformation caused by vibration.

Perturbation of the gravitational potential energy due to the orbital perturbation

$ Under the assumption of existence of claasical solution, v, z, £ and 2% are continuous and hence (ii) of (4.77) is true.
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R is represented by the last term. Therefore, the Lyapunov functional defined by
Eq.(4.68) is indeed the total energy of the perturbed system(2.120,2.121,4.3).

Corollary 4.17 (Localized Control)

Consider the system described by Equations (2.120,2.121,4.3) and suppose that
the controls are given by the localized feedback structure:

T = (T: - ki, Ty — kowe, Tz — kaws), ki k2, k3 >0,  (4.80)

Fs = ("'6161, _6262} _3353)', €1, €2,€3 > 0: (4-81)

Fy= (4, - dl(z) Y A—d(a) g, dud>0, (452)

Bir = (-ds(0) 22, —as@) %Y, ds,du>0, (4:53)

with  di(z) = Ela;mi(z), a; >0, (4.84)
i=1
Nz

do(z) = ZbixB..(z), b; >0, (4.85)
:;al

dy(z) =Y cixalz), >0, (4.86)
x;‘l

ds(z) = dixpi(z), & >0, (4.87)
i=1

where x. denotes the indicator function of the set eand {A;,i =1,2,---, M}, {B;,i =
1,2,---,Na}, {Ciyi = 1,2,---, N3} and {D;,i = 1,2,--+, Ny} are any four families
of Lebesgue measurable subsets of [0, ] such that 7,% %;, =L, and% do not vanish
identically on U.A;, UB;, UC; and UD; respectively. Then, the system is asymptotically
stable with respect to the rest state (4.4-4.6).

Proof The proof is essentially the same as above. W

Corollary 4.18 (Deadzone Control)

Consider the system described by Equations (2.120,2.121,4.3). Suppose that the
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feedback controls are given by

T =Tz~ hTa(w), Iy — k2Ye(w2), Tc = ksTes(w3))s ki, ke ks >0, (4.38)

F = (A - h1(x)T¢.( Bt) A — h«.(z)ru(g;)), k1, ha >0, (4.89)
Fy = (—e1Teq(D1), —€2T ez (82), —3Tea (B3))', €1,€2,€3 >0, (4.90)
d
For = (~ho(e) T (32), k@) T (), Bk >0, (49)
where
+1, if £> 7,
T,(6) = { 0, if —n<E<+n, (4.92)
-1, if £<—n.

Then the system is ( approximately ) asymptotically stable with respect to the &-
neighborhood N of the desired rest state, defined by

—— oz -
Na'= ({8, 8,8) ¢ ol < e, onl < e o] < 6, Y| < e, | 2] < sl <

|52} < €7, 03] < €8, |-a-;bTy| < eg,l%l < €€ > 0,:=1,2,---,10 }

(4.93)

Remark 4.19 (Bang-Bang Control)

We note that when ¢; =0,z =1,2,---,10 in Equations (4.88-4.91) we obtain the
Bang-Bang controls which can be easily implemented in practical applications, as a
special case of deadzone controls.

Corollary 4.20 (Saturation Contrbl)

Consider the system described by Equations (2.120,2.121,4.3). Suppose that the
feedback controls are given by

T =Tz — k1S, (wl), — koS¢, (wa), T — k38, (w;;))', ki, ko k3 >0, (4.94)

Fy= (A,,-hl(z)s“( ), A - hz(z)Scs(g:)), hi ks > 0, (4.95)
= (—81:5‘6(51), —egé},(vg), —636}, (vs)) , €1s€2,83 > 0, | (4.96)
Fip = (-hg(z)s,, (a;/;t 22, —ha(z)See (aa‘b;)) , hahe>0, (4.97)
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where

Spf)=4 & if —p<€L+, (4.98)

+1, if é€>1,
-1, if £<—1.
Then the system is ( approximately } asymptotically stable with respect to the &-

neighborhood N, of the desired rest state, defined by
. Jz "
No= {(@,6,): nl < e lonl < e sl < ]| 2| < | 2] < e il < e

1521 <€ I53] < Qalia;b_ty'l < E9’|%| < €105 € > 0,3 = 1323"'310 }'

(4.99)

4.4 Stabilization of the Space Station

In this section we consider the problem of stabilization of the space station. For
certain applications, for example, on board communication systems, radiotelescopes,
etc, it is necessary that the space station be brought to its rest state following any
| disturbance possibly caused by crew movements, takeoff or docking of space shuttle.
Accordingly, it is natural to consider the following state
wy =0, w=0, w3=0,
X =0 =20=0, u)=n®=nG=0,

and for k=5,6; 1=1,2,3,4; : =1,2,...,6,

Oz

Bz 0z
ot

o1(6) = 5565 8) = 56 ) =0, Tok(gn,t) = gy, 0) = F(6,1) =0, (4.101)

where ¥ = %{3 = (¥,2,73) and R= (X, ¥, Z), as the rest state. We note that here
the trajectory (Eq.(4.1)) corresponding to the rest state is the reference trajectory

when no disturbance occurs. Now our concern is, if the orbit is perturbed from the
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reference trajetory (or the target trajectory) subject to the external forces, can we find
a control which will eventually steer the system back to the rest state? This problem
of stabilization can be solved following Lyapunov’s approach. In the following, we

show that the space station, using feedback controls, is asymptotically stable with
respect to the rest state(4.100-4.101).

Throughout this section we use the trajectory equation (4.1) as the nominal tra-
jectory (or reference trajectory) for Ry. That is, we denote the fluctuation of the
radial vector by R as in Section 4.2 and define the nominal trajectory by Equation

(4.1). Then the perturbed trajectory R for the space station is given by the solution
of following differential equation:

G e TR
dt2 +Z = ] pi wx:-.-i-D)d{-‘. TR:;?‘ = F,, (4.102)

where nominal trajectory Ry is given by the solution of Equation (4.1).

For notational simplicity we define (;1,-,,.21.-,, ALY = —p; ]%"I{.,-Ro and (T3, Ty, T:)'
= — {28 (Tio Jo, piFidti)x Ro.

4.4.1 Stabilization of the Space Station (Euler Bernoulli Beam Theory)

In the following theorem and its corollories we consider the stabilization of the
space station whose dynamics was derived based on Euler Bernoulli beam t*-<ory and
given by Equations (3.80-3.83) by applying feedback controls. The feedback controls
in several different forms such as proportional control, deadzone controls, Bang-Bang

controls and saturation controls are applied for the vibration suppression of the system
to achieve the stabilization.
Theorem 4.21 (Distributed Control)

Consider the perturbed system described by Equations (3.81-3.83) and (4.102)
around the reference trajectory (4.1). Suppose that the controls applied to the
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system(3.81-3.83, 4.102) are given by the feedback law: for & € [0, 4], =1,2,....6,

T = (Tz — by, Ty — kowo, Tz — kaws), ki, ko, k3 >0, (4.103)
a 7, . oz\'
= QA — di, a‘";‘ —di; aﬁ', A -d,-,g') . di.diy,di, >0, (4.104)

Fy = (—eyB1, —eada, —e3iz), e1,€2,e3 > 0. (4.105)

Then the system is asymptotically stable (in the sense of Lyapunov) with respect to
the rest state (4.100-4.101).
Proof

Let o = {zp, 3,5, 3,2, %5k = 5,6, = 1,2,3,4 = 1,2,...,6} and intro-
duce a scalar functional V(w, ¢, R, %; t) defined by

Ve, B 5i8) = gma(509) + 5 (I,w)w.;__z | oo+ (Bt xR

':'—1
8° D. 62D, 1Gmm.|R)®
2; f Eli = %7 d{. % I3 . (4.106)

It is obvious from Equation (4.106) that V{w, @, R, %;t) > 0 for a]l w,p, R,% # 0
and V(w,, R, ;t)=0 for all w, @, R,3 = 0. Now, in order to complete the proof of
asymptotic stability it is enough to show that %V(w, @, R,%;t) < 0forallt > 0.
In the following we first show that %V(w,zp, R,5;t) < 0 for all t > 0 and then
using additional arguments we conclude that it is indeed negative definite. Scalar
multiplying both sides of Eq.(3.81) (or equivalently Eq.(3.88)) by w and noting that

I, = I, + I, where I varies with time because of vibrations of the beam, we obtain

[ (Ir-w)- ]-i- (I - w) - w+2/ pifw % (7 x D;)} - wd;

=1

+Z/ p‘(r,xD) wd§;+2/ pilTi X dv) awdé; =T -w (4.107)

=1 =1
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It is easy to see that

Iy w) - w Z _[ pilFi X (w X 7)) - wdt; = Z ] pilox APdE (4.108)

i=l i=1

(..ﬁ,-w)- Z/ p..D X (w x 7%)) - wd&-{-Z/ p‘(r,x(wxD)) - wdf;

=1 1=1

= —-22/ pilw X (w x 7)) - Dydé; (4.109)

=1

=1

6
2dt{(l',<>w)ow}+ ZJtZ,[ pilw x 7|°de; — ;]9. pi(w x (w x %)) o D;dé;

"‘Zf P= fzzo'l'D: :t)O(wxn)d& Tow. (4.110)

i=]
Scalar multiplying Eq.(3.42) (or (3.82-3.83)) by D; and integrating by parts over
& € [0,%] and using the boundary conditions (3.97-3.120), we obtain

Z p. fﬁo+dv+D +% X7+ 20 x Di+w x (w x 7)| o Didgs

+§d—tz f iR D‘ 66;._3'&5. 3 f By, 0 Didg;. (4.111)

=1
Similarly, scalar multiplying Equation (4.102) by ¥, we get

- . Gmem,-floi}_ -
2dtm,(v°v)+oz./ pi— (vov)d{,+2/ PiTs ovdE, G ——— = Fyo0.

2. IRl
(4.112)
Using the relations {4.108-4. 109), it is not difficult to see that

3 f p,{lwxr,|2_(wx(wxr,))op.+p o(wx) }dti = 3 / i o(wx 7).
i=1 i=1
(4.113)
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Substituting this identity into Eq.(4.110) and adding Egs.(4.110), (4.111) and (4.112)

up, we have

L+L+I3=F, ov+Tow+ZfF5.oDd§,, (4.114)
=1
where
7, = 5 d*7;
ms(vov)-i- ZZ pidt(vov d£l+z pt dtz ovd‘fl
Gmem+Ro%
_— 4.115
[Ro? 119)

gE%di((I,ow)ow +Z/ pi——= 7 o(wxr.)df.

=1
+§/ i e di2 O(wxr, d§t+§j p,—o(wxr,)df.
(4.116)
1'3 dzr,
Iz = ‘z_;/ P55 a2 OD:‘I&‘;'E.[ i dt dt2 -D:dfz
1dg 8D; & D; .

Then, taking time derivative of Eq.(4.106) (in the inertial frame) one finds that the
left-hand-side expression of Eq.(4.114) equals %V(w, v, R, 7;t) plus two additional

terms as follows.

V(w,r,o,R,vt)-i—E / p,{ — o(er,)+ — oD.}dg,

i=1
—F,ov-{-Z/ Fiy 0 ;) déi+ Tow . (4.118)
i=]
Substituting the controls given by Eqs.(4.103-4.105) into Eq.(4.118), we obtain

d s : - - .
—V(w, o, R, 05t) = —(klwf + kow? + k;w%) - (elvf + e2®2 + esvg)

-, {E‘*(f-)(ax‘ +Eda=(& ()’ +id;,(£.-)(%)2}d§,-. (4.119)
i=1
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From Eq.(4.106), we see that %V(w, @, R, B;t) is negative semidefinite for the given
controls. We show that in fact %V(w,go,fi, ¥;t) is negative definite in the following.
If %V(w, @, R,ﬁ;t) = 0 for any finite interval of time, say ¢, 2], the following must
be truej[Ahmed 6, Adams 1]. For all ¢ € [t;, 2],

() wy=wr=w3 =0,

. o.D;
() Qi—;- =0, forall § € [0,4), (4.120)

(m) 1'31 =‘i')3=‘53=0 and F3=0.
This requires that for all ¢ € {t;, 1], ﬁ-i’: = E?R =0, % =0and D; = Q; (%‘1 ,%2.‘
,%:-ti"-)'=0 for & € [0,4]. Using all these conditions and Eq.(4.120) into Eq.(4.3), it is
clear that R =0 for all £ € [t;,2,]. Then from Eq.(3.42) it follows that

(o)

L3

=0, for & €(0,5). (4.121)

It is easy to see that the unique solution of the elliptic equation (4.121) along with
the boundary conditions (3.96-3.120) is D; = 0 for all &; € [0,/]. In other words, if
%V(w,zp, fi,i’;;t) =0 for all t € [t1,t2), w= R =0and D; =0 forall § € [0, L]
Hence £V (w,, R, 3;t) is negative definite. Therefore, the function V(w,, R, %;1)
defined by Eq.(4.106) is, indeed, a Lyapunovfunctional and consequently, the system
(3.81-3.83,4.102) is asymptotically stable with respect to the rest state(4.100-4.101).
This completes the proof. B

Remark 4.22

We note that the first and second terms in Eq.(4.106) represent the kinetic energy
of the rigid bus due to orbital perturbation and bus rotation, and the third term gives
the kinetic energy of the beam. The integral in the fourth term represents the strain

t Under the assumption of existence of classical sclution, =y, i, %-,'—.i, %‘,‘ and %'-I'- are continuous snd hence (i) of
Equation (4.120) is true.
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cnergy of the beam due to the deformation caused by vibration. Perturbation of the
gravitational potential energy due to the orbital perturbation R is represented by the
last term. Therefore, the Lyapunov functional defined by Eq.(4.106) is indeed the
total energy of the perturbed system (Egs. 3.81-3.83,4.102).

From Equation (4.119), it is clear that in the absence of any control,
iV(w R,#;t)=0
d t y Py 44, Uy = ¥

so that V{(w, @, R, 5;t) = V(w,,R,%;0) for all t . This implies that the system
(without external forces or controls) is coﬁservative. However, interchange of energy
between the bus and the beam may take place leading to change in the bus velocity
trajectories and in the amplitude of vibration of the beam.

Remark 4.23

The feedback law given by Eqs.(4.103-4.105) can be physically realized through
velocity feedback with gains k1, k2, k3, d;, s diy, diy, €1, €2, €3 and position feedback Tz,
Ty, T, Ai, A;,,Ag,. Since —%ﬁ?:j‘%& (see Eq.(4.1)), the components ;l,-,,ﬁg,
and A;, in (4.104) are the control forces for compensating the force p,--;%Ro induced
by the nominal trajectory Rg which is known. On the other hand, T;,Ty and I: in
Eq. (4.103) are the control moments for eliminating the torque mprem X -g;,-Ro due
to the nominal trajectory, where rcm. denotes the vector for tke mass center of the
beam with reference to the origin of the body frame. It is noted that under the small
deformation of the beam rem can be treated as time invariant. The choice of feedback

gains depends on the requirements of stabilization time and mechanical safety (see

Remark 2.5).

The distributed control law in Eqs.(4.103-4.105) may be difficult and costly for
practical applications. In the following corollary, we consider stabilization using lo-

calized controls which can be more easily implemented in practice. We note that
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boundary controls are a special case of localized controls.

Corollary 4.24 (Localized Control)

Consider the system given by Egs.(3.81-3.83,4.102) and suppose that the controls
are given by the localized feedback structure: for &; € [0, ], =1,2,...,6,

T = (Tz — b, Ty — kown, To — kaws), by, ko k3 > 0, (4.122
y dzi - 3y - 9z
By = QilAi, —diy 35, A, - df:ﬁt’ A, - d;aa—t')’, di,,di, di, > 0,(4.123)
Fy = (—e1B1, —eatn, —e3ds), e1,e2,e3 > 0. (4.124)
N
with  di(n) =) Axa(n), Ay >0, (4.125)
i=1
N2
diy(n) =D _ As;xs;(n), Az >0, (4.126)
=1
N
dis(n) = _ As;xc;(n), As; >0, (4.127)
i=t

where x. denotes the indicator function of the set e and {4;,j = 1,2,---,M},
{B;,7 = 1,2,---,Na} and {Cj,j = 1,2,---, N3} are any three families of Lebesgue
measurable subsets of [0,/;] such that 3, %— and & do not venish identically on
UA;, UB; and UC; respectively. Then, the system is asymptotically stable with
respect to the rest state (4.100-4.101).

Proof The proof is essentially the same as above. M

Corollary 4.25 (Deadzone Control)

Consider the system described by Equations (3.81-3.83,4.102). Suppose that the
feedback controls are given by for all positive k;, ki, ki, ki, €5, i=1,2,...,6; 7=1,2,3,

T = (T: - kl T(: (wl), T!'.' - kg'rc:(wz), Tg - k3'r¢3(w;;))’, (4.128)
- a ;- O a o
Fy, = Qi (Al'x — ki, L, %: A, — hiy‘rts%a Ai, — hfi'.'rca%) 3 (4.129)

F-’ = (—CITCT (61)1 -CzTcg (52), _83T¢9 (53))’1 (4.130)
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where

-1, if £€<—9.
Then the system is ( approximately ) asymptotically stable with respect to the -

neighborhood Ny of the desired rest state, defined by

+1 if £> 1,

ay, |
at at
|61| < €7, |{’2| < ¢, !631 < €9; & > 03.7 = 1a2$" ' ’9; = 1:2= "-=6}' (4’132

. dz;
Ny = {(w,D,-,v) ] < €@, |we| < e, |wa| < e, | 5| <

< €5, |<€6)

Remark 4.26 (Bang-Bang Control)

We note that when ¢ = 0,7 = 1,2,---,9 in Equations (4.128-4.130) we obtain
the Bang-Bang controls which can be easily implemented in practical applications, as

a special case of deadzone controls.

Corollary 4.27 (Saturation Control)

Consider the system described by Equations (3.81-3.83,4.102). Suppose that the
feedback controls are given by for all positive kj, ki, hi,, ki,, €5, 1=1,2,....6; j=1,2,3,

T = (T: — k1S (w1), Ty = k2Se (w2), Tz — k3Ses (w3))', (4.133)
. 63! “' ; 33]. " . % !
Foo=Qi(Ai, - hiiSa G A, — hiS o, A —hiSu ), (4134)
FS = (—8186.‘(”1)3 _e2$ts (DZ): _63869('03)) ’ (4.135)
where
+1 if £>n,
Spf)=4 & if —n<E<+, (4.136)
-1, if £<—.

Then the system is ( approximately ) asymptotically stable with respect to the e-
neighborhcod Ny of the desired rest state, defined by

6y, a:

- dz; 25 |
Ns = {(w, D;, %) : |wi| < €1, |wn| < €, |ws] < €3, IE‘I <e¢ | <& |7 | <

|51] < €7, 2] < €s, |B3] < €93 >0,7=12,---,9; 1= 1,2,...,6}. (4.137)
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4.4.2 Stabilization of the Space Station (Rayleigh Beam Theorv)

In the following theorem and its corollories we consider the stabilization of the
space station whose dynamics was derived based on Rayleigh beam theory and given
by Equations (3.180-3.183) by applying feedback controls. The feedback controls
in several different forms such as proportional control, deadzone controls, Bang-Bang

controls and saturation controls are applied for the vibration suppression of the system

to achieve the stabilization.

Theorem 4.28 (Distributed Control)

Consider the perturbed system described by Equations (3.181-3.183,4.102) around

the reference trajectory (4.1). Suppose that the controls applied to the system(3.181-
3.183,4.102) are given by the feedback law: for &; € [0, 1], i=1,2,...,6,

T =(Tz — hwr, Ty — kows, To — k3ws)',  ky, ko, k3 > 0, (4.138)
az . oyi -~ azy!

=Qi(A -5 A — 4y 2 Ai—do D), didindi >0, (4139)

Fs = (_81{’11 —eavs, _3353)’7 €, €2,e3 > 0. (4'140)

Then the system is asymptotically stable (in the sense of Lyapunov) with respect to
the rest state (4.100-4.101).
Proof

Let ¢ = {.1:;,, 5 ,y,, ,z,-, %ii;k = 5,6;7 = 1,2,3,4;i = 1,2,...,6} and intro-
duce 2 scalar functional V(w, ¢, R, 5;t) defined by

V(w,ga,R ‘U,t)——ms(UO'U)“!' (Ia°w °w+'2/ p,[v+(D,+wxr,)| dé;
i=1

22f IP-|atagldf' 22./ EI'a-D‘ Z&?dé‘

1 Gm,m,-]R]

TR (4.141)
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It is obvious from Equation (4.141) that V{w,, R,%;t) > 0 for all w,¢, R £0
and V(w,, R, 2;2)=0 for all w, ¢, R,% = 0. Now, in order to complete the proof of
asymptotic stability it is enough to show that %V(u, o, R, 5;1) < 0 for all ¢ > 0.
In the following we first show that %V(w,t,o, R, 9;2) < 0 for all £ > 0 and then
using additional arguments we conclude that it is indeed negative definite. Scalar
multiplying both sides of Eq.(4.140) (or equivalently Eq.(4.188)) by w and using
Equations (4.108-4.109), we obtain ‘
(e ow)ow}+,,2j pil x Fide; - 2] pilew x (1 x 7)) 0 Didss

i=l =1
+ ;] Pz + D; + dt)o(w x7;)déi=Tow. (4.142)
Scalar multiplying Eq.(3.142) (or (3.182-3.183)) by D; and integrating by parts over
& € [0,;] and using the boundary conditions (3.197-3.220), we obtain

Z p. fRO+dv+D +wxr,+2wxD,+wX(wXT’i)]°D:‘d§:‘

=1

daD &D;  &D;
_E/D‘ BE(P'dtBEat & ‘>dt fEI "d€'

= Z;‘ L Fiyo Dids (4.143)

Similarly, scalar multiplying Equation (4.102) by %, we get

. . d?7; GmemrsRo® .
odtm,(vov)-{-zZ/ p.dt(vov)d§,+§/ Pigm ovdf; + W = Fyo0%.
(4.144)

Using the relations (4.108-4.109), it is not difficult to see that

Zf p,{|wxr,| —(wx(wx7;))oDi+ Do(wxr,)}df, Z/ Pigr O(wxr‘)d&"
i=1 i=1
(4.145)
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Substituting this identity into Eq.(4.142) and adding Eqs.(4.142), (4.143) and (4.144)

up, we have

6
L+ +I;;=F,oi':+Tow+Z[ Fy, o Didg;, (4.146)
N Q.

where

T, = s 2mi(o v)+,,Zf pig (vov)d&-»Zf oo o B

Gmem:Ro ¥

R 4
d
T = %T((I ow)ouw +§f iz o(w X 73 )}dé;
6
pi—— o (w x 7;)dE; + Pt_ o (w x ;)d&;, (4.148)
=] '[ dt g‘/’
dv d”r
Iz = pPi—s©C ngé: + t — DtdEI
3= ;/ atz Z,[ P dt2 °
d & D, 3"D 3 D;
‘Z (Ip-d:agat 2dtz,/ KR df"
(4.149)

Then, taking time derivative of Eq.(4.141) (in the inertial frame) one finds that the
left-hand-side expression of Eq.(4.149) equals %V(w,ga, R,;?) plus two additional

terms as follows.

v(w!‘paR’vrt)"'Z/pl dt2 o(wx !)+ th}dé‘

i=1
—F,ov+2j Fb oD dE,-i-Tow (4.150)
i=l

Substituting the controls given by Eqs.(4.138-4.140) into Eq.(4.150), we obtain

iV(w,(,a,R 518) = — (kueof + ko + k) = (€238 + 288 + a3}

j {Zd"(g' (azt) Zdu(& (ay,) +Zd=a(& (az‘) } deata1sn)
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From Eq.(4.151), we see that j’;V(w,ga, R, ;1) is negative semidefinite for the given
controls. Using the same arguments as in theorem 4.21, one can show that in fact
%V(w,c,a, B, ;1) is negative definite. Hence f;V(w,np, R,%; t) is negative definite.
Therefore, the function V(w, ¢, R, &;t) defined by Eq.(4.141) is, indeed, a Lyapunov
functional and consequently, the system (3.181-3.183,4.102) is asymptotically stable
with respect to the rest state(4.100-4.101). (For details see theorem 4.21) H
Remark 4.29

We note that the first and second terms in Eq.(4.141) represent the kinetic energy
of the rigid bus due to orbital perturbation and bus rotation, and the third and
fourth terms gives the kinetic energy of the beam. The integral in the fifth term
represents the strain energy of the beam due to the deformations caused by vibration.
Perturbation of the gravitational potential energy due to the orbital perturbation
R is represented by the last term. Therefore, the Lyapunov functional defined by
Eq.(4.141) is indeed the total energy of the perturbed system(3.181-3.183,4.102).
Corollary 4.30 (Localized Control)

Consider the system given by Eqs.(3.181-3.183,4.102) and suppose that the con-
trols are givea by the localized feedback structure: for &; € [0, 1], :=1,2,...,6,

T = (T; - kwr, Ty — kowo, T: = kaws)', ki, ke, k3> 0, (4.152)
~ dz; - i - Oz
Fy, = Qi(Ai, — dl';?: Ai, — d;, %1 A, — di a_;:;)la iy, diz, di; > 0,(4.153)
Fy = (—e1dy, —eoie, —e3ds)’, e1,e2,e3 > 0. ’ (4.154)
M
with  d;(n) =Y Auyxa;(n), Ay >0, (4.155)
i=1
N2
di;(n) = Z Az;xs; (m), Az; >0, (4.156)
i=1
Ny
dis(n) =D As;xc;(n), As; >0, (4.157)

=1
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where y. denotes the indicator function of the set e and {47 = 1,2,---, N},
{Bj,j =1,2,-++,Na} and {C;,j = 1,2,---, N3} are any three families of Lebesgue
measurable subsets of {0,;] such tha.t 3"- and 2 do not vanish identically on
UA;, UB; and UC; respectively. Then, the system is asymptotically stable with
respect to the rest state (4.100-4.101).

Proof The proof is essentially the same as above. W

Corollary 4.3]1 (Deadzone Control)

Consider the system described by Equations (3.181-3.183,4.102). - Suppose that
the feedback controls are given by for all positive &;, ki, , ki, , ki, , €5, 1=1,2,...,6; j=1,2,3,

T =(Tz — ;i T (1), Ty — k2T ey (w2), Tr — KTy (wa))', (4.158)
—afi _poe 95, Oy 5 o Ay
Fb. = Q: (Al: - ht:Ta Ev A,, - hs,.rcsﬁa A, ~ h‘xTCG-é?) ' (4-159)
F:! = (_elTC'.'(ﬁl)a "32-1‘(3(52)1 —63'1.“ (53))’1 (4-160)
where
+1 if £€>1n,
T ={ 0, i —n<E<+n, (4.161)
-1, if £<—19.

Then the system is ( approximately ) asymptotically stable with respect to the ¢-
neighborhood Ny of the desired rest state, defined by

ayl

- a ]
Ny = {(w,Di,fJ) Plen < e, jwe| < 2, |ws] < e, I%I < D

Iat|<‘°’

|€’1| < €1, ]§2| < €8, |63| <€ &> 0!] = 1123" ) ,9; 1= 1,..., ...,_6}. (4'162)

Remark 4.32 (Bang-Bang Control)

We note that when ¢; = 0,7 = 1,2,---,9 in Equations (4.158-4.160) we obtain

the Bang-Bang controls which can be easily implemented in practical applications, as
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a special case of deadzone controls.

Corollarv 4.33 (Saturation Control)

Consider the system described by Equations (3.181-3.183,4.102). Suppose that
the feedback controls are given by for all positive kj, ki, ki, ki, , €5, 1=1,2,.6; 7=1,23,

T =(T: — MiSa (1), Ty — k2Sey(w2), Tz — k35 (""3))'7 (4.163)
Fb.‘ - Qt (Aas —’hixsfi a.t ] .A,, - htysts at ] Alz - ht.‘scs 8t ) Y (4'164)
F3 = (—elst?(al)’ _62863({’2)1 _c3$¢9 (53))'3 (4-165)
where
+1, if £€>1,
S&)=4 & if —p<E<+, (4.166)
-1, if £ <.

Then the system is ( approximately ) asymptotically stable with respect to the ¢-
neighborhood N, of the desired rest state, defined by

N, = {(w,f),-,z':) : wn] < €1, lwa] < €2, lwa] < es,lf’;—t‘| < &, Qgﬂ < es,l%?\ < €,

lﬁli < €7, Iﬁ'..’l < €8, la3l < g9 &5 > 0,7 =1,2,--- & 1= 1,2, "'?6}‘ (4°167)

4.4.3 Stabilization of the Space Station (Timoshenko Beam Theory)

In the following theorem and its corollories we consider the stabilization of the
space station whose dynamics was derived based on Timoshenko beam theory and
given by Equations (3.296-3.301) by applying feedback controls. The feedback con-
trols in several different forms such as proportional control, deadzone controls, Bang-
Bang controls and saturation controls are applied for the vibration suppression of the

system to achieve the stabilization.
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Theorem 4.34 (Distributed Control)

Consider the perturbed system described by Equations (3.297-3.301 ,4.102) around

the reference trajectory (4.1). Suppose that the controls applied to the system(3.297-
3.301,4.102) are given by the feedback law: for &; € [0, 4], i=1,2,...,6,

T =(T: — kwwn, Ty — kows, Te — kaw3)',  ky, ke, k3 > 0, (4.168)

—0:(7 02i 2. _ g% g 0=y . oo
Fb,——Qt(Al, d:; at A, d1257 Aiz_dlaa)a dlndtndta>q:4'1eg)

Fyp, = Qs (—du B;bt,, » —diy ag;” » —dis %ﬂ)'

Fy = (~a, —ebs, —esis), e1, 2,3 > 0. (4.171)

y  digydiy,diy >0, (4.170)

Then the system is asymptotically stable (in the sense of Lyapunov) with respect to
the rest state (4.100-4.101).
Proof

Let P= {3k$ %kayjy %?'a iy %& ¢k;3 ¢j,7 '/’l..s %Ebk,, %¢jﬂ 33?475.; k=5,6; j=1,2,3,
4; i=1.2,...,6 } and introduce a scalar functional V(w, ¢, R, 5;t) defined by

V(w,, R, 5;t) = m,,(vov)-!--(I,ow)ow-i— Z/ pil% + (Di + w x 75)[2dé;

i=1
i
22] {e(v:- ag,) (#: - ag,)"'EI a?, a&}d&
2§f Ipuaati' Bt df: ;E%W (4.172)

It is obvious from Equation (4.172) that V(w,¢, R, %;t) > 0 for all w, ¢, R, & #0
and V(w, ¢, R o t)=0 for all w, cp,R,i'r = 0. Now, in order to complete the proof of
asymptotic stability it is enough to show that %V(w, w0, R,5;t) < 0forallt > 0.
In the following we first show that %V(w,cp,fz, 7;t) € 0 for 2ll ¢ > 0 and then
using additional arguments we conclude that it is indeed negative definite. Scalar
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multiplying both sides of Eq.(3.297) (or equivalently Eq.(3.306)) by w and using
Equations (4.108-4.109), we obtain

2dt{(I°°w ow}+22/ pilw x 7|2 dg; — Z[ pilw % (w x 7)) 0 D;dt;

i=1 1=1

+ E / pi + D; + dt)o(w x7)déi=Tow. (4.173)
Scalar multiplying Eq.(3.255) (or (3.298-3.299)) by D; and integrating by parts over
& € [0,%] and using the boundary conditions (3.317-3.340), we obtain

& dv . .
Z p, dtf"+ v+D.+w><r,+2wx.D,--i-wx(wa,-)]oD.-d&-

=1

2n. 6 .
- Z/ K. bi— aD %d& = ;L;Fb‘ o D;d; (4.174)

Similarly, scalar multiplying Equation (2.256) (or 3.300-3.301) by %’% and integrating
by parts, we obtain

Zj { Ip.a¢' 61,!:, + %df o K; (!bi - %—?:") }d&

o ]
+Z/zz.a€ a&ds. ZfF 0 Pidg; . (4175)

=1

Similarly, scalar multiplying Equation (4.102) by %, we get

d . .. 1< d.. . § d&*7; Gm.m.Ro% .
EEm’(vov)+§§ -/Q.- P:E(vov)dﬁs +§'/;h Pigz ovdE; + _|‘é;|3_ = Fyo?.
(4.176)

Using the relations (4.108-4.109), it is not difficult to s=e that

z.[ p,{ler,I —(wx(wxr,))oD,+D,o(wxr,)}d§, Zf p,d2 o(er,)dE,
= (4.177)
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Substituting this identity into Eq.(4.173) and adding Egs.(4.173), (4.174) and (4.176)

up, we have

Lh+L+Iz3+I,=F, ov+Tow+Z[ Fb_oD,di.-i-Zf Fyr o%df. (4.178)

=1 i=1

where

6 "
-— d=r;
Il———m,(vov)-i-qu Pig vov)d{,-i-Ljs; p,-dT;'oi':d&-
=] v

i=1
Gm.,m.Ro?d

BF (4.179)

I;»E%di((fsow)ow +Z/ Pi5s ai2 o(wxr,)dl;'

+ Zj pi——m dtz o (w x 75)dé; + Z/ pig; © (wx 7i)d& (4.180)

i=1

1,3_2/ e °D-dfs+2/ p; dv d°r,

i=1
Z f (0 - a& 3§,Btd£" (4.181)
Z,= Z_; S A G g)o e+ o k(i - %Z")}ds;
t a')bt
+§ / EL—=— % ag, (4.182)

Then, taking time derivative of Eq.(4.172) (in the inertial frame) one finds that the
left-hand-side expression of Eq.(4.178) equals £V(w,¢, R,5;t) plus two additional

terms as follows.

6
%V(m,ga,fl,i'); )+ E/p,{d::zo o(wx7;)+ i{, o D,}d{,

._.Fov-i-zj F, oD)dE,+Tow+Zf Fb.,o = ide. o (4.183)

=1
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Substituting the controls given by Eqs.(4.168-4.171) into Eq.(4.183), we obtain
d - o A o a9
—V(w,<,9, R,v;t)=— (klw; + kw3 + kawa') - (eﬁ.’:% + ea®s + 831':5)

f{zd.,(& az;;) +Zd‘=(§' (at') +Zd,3(§,)(a") }dﬁe
f {Zdu(ft agt) +Zd,,,(&)(a"b:”)'+§d,-,(g,-)(a%a)2} dt..

Qi ti=s

(4.184)
From Eq.(4.184), we see that %V(w, ¢, R, 7;t) is negative semidefinite for the given
controls. We show that in fact j’-{V(w,:p, R, ;1) is negative definite in the following.
I %V(w, ©, R, 5;t) = 0 for any finite interval of time, say [t1,12], the following must
be: truei[Ahmed 6, Adams 1]. Forallt € [t1.22],

() wi=wr=w3=0,

. d i}
() Qiz;Di=0, Qizhi=0, forall&i € [0, &}, (4.185)
(iii) 9y =2 =93=0 and F;=0.
This requires that for all ¢ € [t t2], 45 = LR =0, & =0 and D; = Q; (5% ,5¥

,%%*)'—0, Q,--a—tnb; = 0 for & € [0,4). Usmg 2ll these conditions and Eq.(4.185) into
Eq.(4.102), it is clear that B = 0 for all ¢ € [ty,%2]. Then from Egs.(3.255-3.256) it

follows that

aa& ( K'( o %’; )) 0, (4.186)
%(EI;%;D;‘)= 0, for &€ (0,L). (4.187)

It is easy to see that the unique solution of Equation (4.187) along with the boundary
conditions (3.317-3.340) is D; = 0 for all & € [0,%]- This impli& that 1;=0. In

¢ Under the assumption of existence of classical solution, Zi¥i, Zss Yigs Yy Wigi oo, -};'- B, 1}& %’-.o',
co: and h (i) of Equation (4.133) is true.
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other words, if £V (w,, R,5;t) =0 for all ¢ € [t1,t2], w =R =0 and ¢: = D; =

0 for all § € [0,;]. Hence %V(w, ?, R,t");t) is negative definite. Therefore, the
function V(w,¢, I-Z,i};t) defined by (4.172) is, indeed, a Lyapunov functional and
consequently, the system (3.297-3.301,4.102) is asymptotically stable with respect to

the rest state(4.100-4.101). This completes the proof. W
Corollary 4.35 (Localized Control)

~ Consider the system given by Eqs.(3.297-3.301,4.102) and suppose that the con-

trols are given by the localized feedback structure: for &; € [0, ], i=1,2,...,6,

T = (Tp = bywr, Ty — kown, Ts — kaws)', by, koo by > 0,
- dz; -~ Oy - 0z;
Fb.‘ = Q'. (Ais - dﬁ Ex{’ A'-v - d‘. & Ai: - d!‘:: =

!
253 5) y  diyydigydiy > 0,
;. i, S \!
Fb:r; = Qi(_dﬁ%a _disw'a _dis%') iy diy, dig >0,
Fy = (—e1¥1, —eadn, —e3tis), ey, e2,¢e3 > 0.

N
with  dy(np) = ZAl,-x.A,- (), Ay, >0,
=1

A |
di,(n) = Z:A25x55(n)1 Az, >0,
=1

Ny
du(’?) = ZA:S,'XC,‘(’?): A3,' >0,

=1

Ny
dt'c(’?) = Z:Aﬁxp,-(’?)a A‘ij >0,

i=1

Ns
dis(n) = ZAS_,'XE,'(TJ'): A5_,‘ > 0&

1

Ne
dig(n) = ZAe,xr,-(n), Ag; >0,

Jj=1
where x. denotes the indicator function of the set e and {A4;,7 = 1,2,-

(4.188)
(4.189)

(4.190)
(4.191)

(4.192)

(4.193)

(4.194)

(4.195)

(4.196)

(4.197)

":Nl},

{Bj,j = 1,2,--+,N2}, -+, {F5,7 = 1,2,---,Ng} are any six families of Lebesgue
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measurable subsets of [0,(;] such that T'" a; , ‘3.” , at _3%1 a‘b‘" do not vanish

identically on UA;, UB; , -+, UF; respectively. Then, the system is asymptotically
stable with respect to the rest state (4.100-4.101).

Proof The proof is essentially the same as above. B

Corollary 4.36 (Deadzone Control)

Consider the system described by Equations (3.297-3.301,4.102). Suppose that
the feedback controls are given by for all positive k;, ki, , hiy, ki, €55 i=1.2,...,6; 7=1,2,3,

T == (Tp — k1 Tq(w1), Ty — k2T (w2), Tr — B3 Ty (ws))'s (4.198)
Yy a 1 y 3 a-;
Fb = Ql' (Alg - hi:T&%a A:‘, - hi,’rcsé;i N A;‘, hg,Tco at) (4.199)
Fo = (—erTe(on), —e2 T (52, —ec Ta (i)} (4:200)
a Tr a Ty iz
Fyr. = Q:( —Gi. Lao— 3 gt S’s.,TEn ;bt .‘J:.'rcnagt ) (4-201)
where
+1 if £>1,

T,(§)=¢ 0, if —n <€+, (4.202)

-1, if £<—n.

Then the system is ( approximately ) asymptotically sta.BIe with respect to the e-
neighborhood Ny of the desired rest state, defined by

l Oz; ay,

Ng= {(m,D,,'l,b,,v) 1] < €1, lwe| < €2, |ws| < €3, ‘ < ey l < 5,' ” ‘ < €6,
|51 < e, [B2] < €3, |03 < €9, IF‘ < 6104@'1 < e, l%"l < €125

>0, =1,2---,12 i = 1,?.,‘...,6}. . (4208)

Remark 4.37 (Bang-Bang Control)

We note that when ¢; = 0,5 = 1,2,---,12 in Equations (4.198-4.201) we obtain

the Bang-Bang controls which can be easily implemented in practical applications, as
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a special case of deadzone controls.

Corollary 4.38 (Saturation Control)

Consider the system described by Equations (3.297-3.301,4.102). Suppose that
the feedback controls are given by for all positive ki, hisy ki, ki, e5,1=1,2,...6; 7=1,2,3,

T =(I: — k&, (1), Ty — koS¢, (w2), T — k38, (u.‘3))', (4.204)
coifi —ns 9% 3 4 o0 5, o OmV .

'Fb-' - Q‘ (Als - hl:'sti at ) Aty - hl,staaa A;, - h‘xstu E) N (4205)

Fs = (—e18¢: (1), ~€25¢,(2), —€385,(%3))', (4.206)

O, iy oti, \' -

Fst = Qi (_gissfm%r _Qi,,scu %3 —gi,sc;gl') s (4.207)

where '

SO =9 & i —p<e<+n, (4.208)

-1, if é<—n.
Then the system is { approximately ) asymptotically stable with respect to the &-
. neighborhood N of the desired rest state, defined by

{-1-1, if &>,

Ns; = {(w, D, %5,%) : lunl < e, lwe| < €2, |ws] < €3, l%’ < €&, %l < es,|%l < €,

- - -~ ad’i: a'l’b‘y a‘d)tl -
IUII <€, [02| < €3, I‘U3| < €y, T < €10, 3t < €11, 3t I < €19
6>0,7=1,2""-,12 i=1,2,...,6}. (4.209)

4.5 Surmmary

In thi; chapter, stability of the larege flexible space structures governed by the
equations of motion given in Chapter 2 and Chapter 3 has been investigated. By
é.pplying feedback controls the asymptotic stability of the perturbed system subject
to external disturbances has been proved using Lyapunov method by the author
and Ahmed[82]. Several forms of controls such as proportional feedback control,
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decad-zone control, bang-bang and saturation controls were utilized to stabilize the
perturbed system|Lim and Ahmed 83]. The effectiveness of the controls for vibration

suppression of the perturbed system is illustrated by numerical simulations in Chapter

5.
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Chapter 5

NUMERICAL SIMULATION

5.1 Introduction

In this chapter we present the results of numerical simulation for the space struc-
tures whose dynamics were derived in Chapter 2 and Chapter 3, in order to illustrate
the effectiveness of the stabilizing controls and the impact of the dynamic coupling
on system stability. As mentioned earlier in Chapter 2 and Chapter 3, the dynamics
of the spacecraft and space stations are described by the hybrid system of equations
which is a combination of ordinary differential equations governing the dynamics of
the rigid parts of the system and partial differential equations representing the vi-
bration of the flexible members. The hybrid system couid be solved simultaneously
using semidiscretization algorithm that is a combination of Runge-Kutta method and
finite difference method applied to the partial differential equations with respect to

—-the spatial variable[8,65,108]. In Section 5.2, the semidiscretization method is consid-
ered. On the basis of the algorithm, in Section 5.3 we present the simulation resuits
of the spacecraft governed by the dynamics consisting of radial equations (2.42}), ro-
tational equations (2.47) and beam equations (2.54) with the boundary conditions
(2.37). In Section 5.3 several cases corresponding to different stabilizing controls
such as localized control, deadzone control and stabilization during slew maneuvers
are investigated. Similarly in Section 3.4 the results for the space station (shown in
Fig.3.1)' governed by the dynamics (3.84-3.120) are presented. In Section 5.5 conclud-

ing remarks are presented.



5.2 A Numerical Algorithm

In this section we consider an algorithm for numerical solution of the hvbrid

dynamics (2.42-2.54) (or 3.84-3.120), which is a combination of ordinary differential

cquations and partial differential equations. The algorithmis a combixia.tion of Runge-

Kutta method[65] for ordinary differential equations and finite difference method|[§]

for partial differential equations. For simplicity of presentation in this section we de-

velop an algorithm for solving the dynamics of the spacecraft in Section 2.4. However,

note that it is valid also for all the dynamics considered in Chapter 2 and Chapter 3.

Defininz
1= (yv'-' ! ’
. _ 0%
.02 - at *
62
¢3 - a:zl ¥

equations (2.54) could be written in three first order equations as

01 _

bk

a %4 O*R
-%:f},*Alé'z—Aaa:;--&¢1—A4(z+R,)—-QCF¥,
963 _ 00

at oz’

where

[0 2w i (Elyfp O
AI_(2w1 0 ) A-‘( 0 EL/p)’

] b . -
, A; = —wy—w; —w ;I- wng3 Ag = w3 + W w3
W +wewy —wi—ws /' —wn + wiws

(54)
(5.5)

(5.6)

(5.7)

(5.8)

Note that in terms of the notations used previously, $1=(y,z)’ is the displacement
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vector. Partial derivatives can be approximated by finite differences in many ways,

Development of the Taylor series for f(z + Az, t) about (x,t) gives

S+ 22,0 = fe.) + Liznae + 12 e a4 (5.9)
Similarly we have
fe -2, = fa )~ Laac + 2@ naop - (s10)

Adding (5.9) and (5.10) we obtain the central difference approximation *

F(z+ Az, b) + f(z ~ Az, t) = 2f(z,1) + %(z, t)(Az)® + O((Az)*)

or

*f ~ f(z+ Az, t) = 2f(z,t) + f(z — Az, t) -
oz (&Y = L (5.11)

Substracting (5.10) from (5.9) we have

flz+ Az, t) - f(z — Az,t) = QZ—i(x,t)Ax +O((Az)®)

or
( 1) f(z +Az,t) - f(z — Az, t)
2(Az) )

Then using (5.11) and (5.12), a finite difference approximations of (5.4-5.6) with

(5.12)

respect {o x are given by

3¢2 g3(k +1,8) — 283(k, ) + da(k —~ 1,1)
S 0k,t) = Fylk,t) - A{ T }

~ A1)k, ) — As(Oa(k, 1) — Aa(k + Br) - QCFEEt), (5.0

B3\ - Salkt 1) = 20a(k 1) + bk = 1,8)
o (D)

(5.15)

* The notation O(h) rep big ‘oh * (for details, see Ames{s]).
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where k denotes the discretization points in spatial variable z. Tius the hybrid
dynamics (2.42-2.54) is written as a complete system of ordinary differential equations

of the form

é = F(®), (5.16)
$(0) = o,

where & = {R,w, (¢1(k), ¢2(k), 93(K)), &k = 1,2,...,n}. Then Runge-Kutta method
is used to solve the nonlinear ordinary differential equations (5.16).

For the numerical solution of the dynamics for the space station one can use the
same method mentioned above. Following the semi- discretization method, we obtain,
from the dynamics of the space station {equations 3.84-3.120), a system of nonlinear

ordinary differential equations of the form

¥ = G(¥), (5.17)
¥(0) = ¥y,

where ¥ = {R,w, (% (k) b (k) B (R)); k=12, 0yni i =1,2,..,6} for di=(u:,
Y, 1=1,2,3,4; v;=(z;,z;), 7 = 5,6. The equations (5.17) can be solved using
‘Rur‘lge-Kutta. method. In the following two sections numerical results, which were
computed using the semi- discretization method, are presented for illustration of the

effects of the stabilizing controls discussed in Chapter 4.

5.3 Numerical Results for the Spacecraft

In this section, we present the results of numerical simulation of the Hexible
spacecraft described by equations (2.42-2.54). For the purpose of simulation, we
assume that the satellite body inertia tensor is diagonal and that the beam is uniform

with circular cross section. The following parameters were used in the simulation:
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Satellite Parameters Beam Parametors

I = 635 slug ft2 Length ! =18.8f¢

I» = 100 slug ft* Flexural rigidity EIy = EI. = 3550.8 b f1*
I; = 669 slug f22 Mass density p = 2.86 x 102 slug/ fi

my = 29362 slug Distance Ry, = 3 fi

I, I», I3 are the diagonal elements of the satellite bus inertia I,.
The initial conditions were taken as: wy(0) = 0.03 rad/sec, w2(0)=0.02 rad/secc,
w3(0)=0.01 rad/sec and for = € [0,1],3%(z,0) = &(x,0) = 0, y(z,0) = =(z,0) =
#o(z), where @y satisfies the boundary conditions of the beam and given by

$o(z) = v{(cosh(Al) + cos(Al))(sink(Az) — sin()z))

—(sinh(Xl) + sin(A))(cosh(Az) — cos(Az))} (5.18)
where v = —0.001071 and X satisfies
cos(Al)eosh(A) +1=0. (3.19)

The initial conditions for the radial vector are taken as Ry(0) = (1.3864x10%,0,0)" ft
(synchronous orbit) and %(0) = (0,12338.1,0)" ft/sec. In order to asses the im-
pact of radial perturbation on the beam and body motions, the external disturbance
acting on the orbit equation (i.e. vector R(t)) was taken as Fj(t) = —3000.0 lby,
F>(t)=F3(t) = 0 lbs for the period [2.5,2.6] sec.

In order to study the effect of the controls in Section 4.3 on the dynamic be-
havior of the spacecraft, the simulation results for the following situations have been

compared. For the convenience of presentation, the different schemes of control are

designated as:

CASE A: No controls are a.iaplied after above mentioned disturbance occurs.
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CASE B: Localized feedback controls (Corollary 4.4) are applied.
CASE C: Deadzone controls (Corollary 4.5) are applied.

In Section 5.3.1 the results corresponding to CASES A and B are discussed in detail.
In Section 5.3.2 we present the results corresponding to CASES A and C. Stability of

the spacecraft under the influence of slewing maneuvers is discussed in Section 5.3.3.

5.3.1 Stabilization of the Spacecraft by Proportional Controls

In this section the results corresponding to CASES A and B are compared(82,33].
The feedback controls are taken as in equations (4.23-4.27)), with k1=600, k2=100,
k3=600-and di=d>=3 x[17.9,18.8), Where x, represents the characteristic function of
the set f, and e; = 3000, e2 = 300, e3 = 30. Figs.5.1-5.12 show the impact of the
orbital disturbance on the beam vibration and bus rotation and the effectiveness of

the chosen controls in stabilizing the system.

In the absence of controls or external disturbances, the system energy E, given
by the sum of rotational energy of the bus (with respect to the inertial frame) Ep
and the beam energy Ej, is conservative (see the curves for the time period 0 to 2.5
sec, Fig.5.1). However, under the influence of orbital disturbance during the period
[2.5,2.6] the system gains energy and stays at a higher level. It is observed from
Fig.5.1 that interchange of energy between the bus and the beam may take place
during the perturbations leading to vibrations of the beam and bus rotation. Further
orbital disturbance induces large fluctuations in the beam energy and bus rotational
energy. With application of the suggested feedback controls the bus angular motion

and the beam vibrations decay to zero.

In Figs.5.3 and 5.5, we show the deflections of the beam at the free end, i.e. y(l,t)
and z(l,1). The corresponding velocities are plotted in Figs.5.4 and 5.6 respectively.
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From these figures, it is clear that in the absence of controls (case A, Figs.5.3-5.6),
immediately after the orbital disturbance lasting over the period [2.5,2.6] sec, the

beam vibrations grow. However, with application of the feedback controls, these

oscillations are effectively eliminated (case B, Figs.5.3-5.6).

The fact that the beam vibrations are reduced throughout its length can be
' observed from the relative beam energy curve of Fig.5.2. We define the relative beam
energy function as a measure of vibration of the beam with respect to the body axes
by
e 8 dz & 9%z
Yo Z.2 Yo Z\n
L.(t)= =) =) -—)° (z=)" pdx. 2
(0= [{pG0r + oG+ B G2y + B o) (5.20)

We note that E,(t) represents the total energy of the beam relative to the body axes.
Clearly Er(t)=0 implies that all the points of the beam are at their rest positions.
From Fig.5.2, we observe that for the uncontrolled system the relative beam encrgy
increase; with time following the orbital disturbance, indicating growing oscillations
of the bea.n.l with respect to the body axes (case A, Fig.5.2). Use of the suggested
feedback controls effectively reduces the beam vibrations to zero as shown in Fig.5.2
(case B).

The impact of the orbital disturbance on the bus angular velocities is shown in
Figs.5.7-5.9. It is observed, from Figs.5.7-5.9, that the angular velocities wy and wy
experience larger fluctuations as compared to wy. This is based on the fact that the
beam vibrations in the j; and k; directions would contribute to the total angular
momentum about k; and j; directions respectively. The orbital disturbance during
the period [2.5,2.6]sec introduces additional oscillations in the satellite bus rotation
(case A, Figs.5.7-5.9), indicating growing fluctuations in the angular velocities of the
bus. Stabilization of the angular velocities by application of the feedback controls
can be clearly observed from case B of Figs.5.7-5.9.
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As mentioned earlier in Section 2.4, the satellite translation, rotation and beam
vibration are strongly coupled. Thus one can expect some effects of the beam vibra-
tion and bus rotation on the radial vector R(t). These are shown in Figs.5.10-5.12.
It is clear from these figures that in the absence of the radial disturbance (from 0
to 2.5 sec), the vibration of beam and fluctuations in the bus rotation induce small
oscillations in the orbit, i.e. R(t). However, immediately following the external dis-
turbance, the fluctuations in the R(f) grow with time and this also induces vibrations
in the beam and oscillations in the bus angular motion as expected (see equation
(4.3)). However, by application of the controls, the fluctuations are eliminated. We
note that X and Z stabilize to the zero state while ¥ stabilizes to a neighborhood of
the zero state. This error is due to use of the (approximate) linearized equation (4.3)

instead of the true nonlinear equation (2.38).

5.3.2 Stabilization of the Spacecraft by Deadzone Controls

In this section the results corresponding to CASES A and C are compared[§3].
The deadzone contrels(Corollary 4.5) are taken as in equations (4.28-4.32), with k& =
4.5, k2 = 1.0, k3 = 4.5; k1 = h2=0.05x[17.9,18.55; €1 =3000, ez =1000, e3 =200; the
deadzone parameters: €1=e2=¢3=0.001; e4=€5=0.001 and €=0.01,67 =0.1, eg =0.01.
Figs.5.13-5.24 show the effectiveness of the chosen deadzone controls in stabilizing the
flexible spacecraft under the influence of external disturbances mentioned above. A
comparison of Figs.5.13-5.24 with Figs.5.1-5.12 indicates that the overall response of
the system under the action of the control law (4.28-4.32) is quite similar to those cor-
responding to the proportional controls (4.23-4.27) and thus the detailed discussions

are omitted. However, it is observed that there are some basic differences in
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the two sets of results:

(i) the neture of decay of various states of the system; in CASE B of Figs.5.1-5.12,

(i)

the decay rates become smaller as the magnitude of the various states becomes
smaller, whereas in CASE C of Figs.5.13-5.24, they remain constants. Indeed, this
is quite natural since the control action of the proportional controls is proportional

to the errors to be corrected while that of deadzone controls is constant.

the limit of the decay, in CASE B of Figs.5.1-5.12, the various states are reduced
to the zero state, whereas in CASE C of Figs.5.13-5.24, they are reduced to the
small neighborhood (as pemissible by the size of the deadzone) of the zero state.
In Figs.5.13-5.24, the region of the zero state obtained from the simulation is of
the order of 0.0001, which is not visible in the figures, while for 0.0004 it is visible
as shown in Figures 5.19-5.21. In prctical applications, the size of deadzone

is determined by the stabilization requirements of the particular system being

considered.

5.3.3 Stabilization of Slew-Maneuvers of the Spacecraft

As mentioned in Remark 2.2, flexible spacecraft are often expected to experience

vibrations caused by several disturbing forces. An important disturbance could be

due to slewing maneuvers for obtaining or initializing the desired orientation of the

spacecraft after it is put into orbit. In this section the results of the stabilization

under the influence of slewing maneuvers are presented[85). To slew a spacecraft

for a given angle in a prespecified time, there are many ways to command the slew

actuators on board. The one that is easy to implement is bang-bang control. That is,

a constant force at its allowable maximum is applied in one direction half of the time

and then in the opposite direction the other half. Such control is the most convenient



- 166 ~
and common with reaction jet thrusters, and most spacecraft including spaceshuttle
use thrusters[Lin 87). For simulation the following dang-pause bang control scheme
shown in Fig.5.25 is assumed for slew the spacecraft for the desired 0.3rad. (17.2°)
under the specified limits on control moments in 2.5 seconds.

slew control
A

T,

s sy

» time

i,

~ Tt

Fig. 5.25 Bang-Pause-Bang control.

For the vibration suppression induced by the slew maneuvers, one can use one of the
several control sch:mes discussed in Chapter 4. For the present problem, we used
the proportional control given by equations (4.23-4.27) with the parameters: k=600,
k2=100, k3=600 and dy=d2=3 X[17.9,18.5], Where Xy represents the characteristic func-
tion of the set f, and ¢; = 3000, e» = 300, e3 = 300. F1(2) = Fa(t)= F3(t) =0 are
assumed and for slew maneuver the Bang-Pause-Bang control (Fig.5.25) were used

with Ty, = 200.7 [b-ft, t,,=0.5sec, t,,=2.0sec, t,,=2.3sec, in the simulation.

Detailed numerical results showing stabilizaticn of the various state trajectories
were obtained from the simulation and presented in Figs. 5.26-5.37. Figs. 5.26 and
5.27 represent the slew angle and the angular rate of the épé.cecra.ft corresponding to

the slew zontrol (Fig. 5.25). We note from the Fig.5.26 that slew maneuver was

Wi



- 167 -

WITH CONTROL

6; (rad)
0,30

(|

-0 2.00 8.00 b

4.00 .00
TIME (SEC)
Fig.5.26 The slew angle in & direction.

WITHOUT CONTROL

.00 2.00 4.00 £.00
TIME (SEC)

Fig.5.28 Bus angular velocity wa.

bo2

y(h) (1t)
0,80

0,00

-p.60

0.00 2.00 8.00 b

4.00 6.00
TIME (SEC)
Fig.5.30 Beam displacement y(l, ).

=
g s
oty
3
-
o O
3
3]
o WITHOUT CONTROL
8!!
=y
WITH CONTROL.
S
*0.00 2.00 4.00 .00 8.00 10
TIME (SEC)
Fig.5.27 Bus angular velocity wn.
;-
o |
-
_ go\
,_% WITHOUT CONTROL

WITH CONTROL

-00

2.00

4.00 8.00
TIME (SEC)
Fig.5.29 Bus angular velocity ur-

o' 5.00

2.00 4.00 $.00
TIME (SEC)
Fig.5.31 Beam velocity a

2.00
(0.

1.}



WITHOUT CONTROL

20

(f)

a(l, 1)

0,00

-4
S
WITH CONTROL
=
“oroo 2-00 4.00 €.00 g8.00 10
TIME (SEC)
Fig.5.32 Beam displacement (1, t).
°
-
8| WITHOUT CONTROL
L)

E:(t)

24.00

12.00

WITH CONTROL

%00 2.00 4.00 8.00
TIME (SEC}

Fig.5.34 Relative beam energy.

-]
—_ 2
= WITH CONTROL
>

8

S| . WITHOUT CONTROL

"

b=

?o.oo 2.00 4.00 6.00 8.00 1b

TIME (SEC)
Fig.5.36 Radial perturbation Y.

U0

(f1/sec)

168 —

WITHOUT CONTROL

o WITH CONTROL
~
o.00 2.00 4.00 6.00 8.00 it
TIME (SEC)
Fig.5.33 Beam velocity 8(1,2).
oy
(-]
a7
£g WITH CONTROL

i
'9.00 2.00 4.00 €.00 8.00  1b
TIME (SEC)
Fig.5.35 Radial perturbation X.
L]
n'-

Z (i)

s

e

L]

s

To.oo 2.00 4.00 5.00 8.00 1
+ IME (SEC)

Fig.5.37 Radial perturbation Z.



- 169 ~

successfully achieved by the slew control commands. As mentioned earlier in Section
2.4, the bus translation, bus rotation and vibration of beams are strongly coupled.
This implies tkat any perturbation in one part of the system will induce disturbances
in the other members of the system. Hence the slew maneuver induced significant
perturbations leading to vibrations of the beam and bus rotation. This is clearly
observed from the case without controls for vibration supression. In Figs. 5.27-5.29,
Figs. 5.30-5.33, Figs. 5.35-5.37 and Fig. 5.34, we show the angular velocities of
the bus, deflections and velocities of the beam, the components of vector B and the
relative beam energy. From these figures it is clear that without stabilizing control
the beam vibrations and oscillation of the bus and perturbation in the radial vector
persist or grow. However, with application of the feedback controls, these oscillations

that were induced by the slew maneuvering are effectively eliminated throughout the

entire system.

5.4 Numerical Results for the Space Station

In this section, we present numerical results for the spac;: station whose dynamics
are given by eqs.(3.84-3.120). For the purpose of simulation, we assume that (i) the
bus inertia tensor is diagonal, (ii) the flexible members consist of three beams (i.c.,
beams 1,2 and 5 in Fig.3.2) and each beam is uniform. We used the parameters:
I,=diag( I, I, I3) = diag(31750, 5000, 33450) slug ft> is diagonal matrix of the
bus, the length of ‘he beams: §) =l =187.7 ft, ls =66 ft, EIs; =EIs. =10°1b ft2,
ElLy, =EIL;; =3565.5 b ft*, for i=1,2,5, Mass density: p; =8.25 x 10~2 slug/ ft,D,
=(3+ &, 33, 0)', Do, =(3+ &2, -33,0)", Ds, =(190.7, -33+ &, 0) ft, my =300 siug.
The initial conditions were taken as wy (0)=0.03, w2(0) =0.02, w3(0) = 0.01 rad/sec
and for & €[0,;] and i=1,2, 5, 2Ei(¢;, 0) =% (&, 0) =45 (&:,0) =0, z;(£:.,0)= y:(£:.0)
=2i(£:,0) =@, (£:), where ¢, satisfies the boundary conditions (equations 3.97-3.120).
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The initial conditions for the radial vector are taken as Rp(0)=(1.3864x 10%,0,0)" ft
and 4f2(0)=(0,12338.1,0)' ft/sec. The external disturbance acting on the orbit
equation (i.e. vector R(2)) was taken as Fy(¢) =-30000.0 Ibs, Fa(t)=F3(t) = 0 Ibs for
t € {0.001,0.101]. '

In order to study the effect of the controls in Section 4.4 on the dynamic behavior
of the space station, the simulation results for the following situations have been
compared. For the convenience of presentation. the different schemes of control are
designated as:

CASE D: No controls are applied after above mentioned disturbance occurs.

CASE E: Proportional feedback controls (Theorem 4.21) are applied.

CASE F: Deadzone controls (Corollary 4.25) are applied.

In Section 5.4.1 the results corresponding to CASES D and E are discussed in detail.
In Section 5.4.2 we present the results corresponding to CASES D and F. Stability
of the space station under the influence of slewing maneuvers is discussed in Section

5.4.3.

5.4.1 Stabilization of the Space Station by Proportional Controls

In this section the results corresponding to CASES D and E are compared{$4].
The feedback controls are taken as in equations (4.103-4.105) with &;=9000, k2=3000,
k3=T7000; e;=6000, e2=600, e3=600 and d;, =d;,=d;,= 0.04; : = 1,2, 5. Figs.5.38-5.63
show the impact of the orbital disturbance on the beam vibration and bus rotation

and the effectiveness of the chosen controls in stabilizing the system.
|

In the absence of controls or external disturbances, the systeﬁi energy E, given
by the sum of total energy of the bus (with respect to the inertial frame) Eg and the

beam energy E}, is conservative. This is clearly observed from the Fig.5.38 that the



- 171 -

energy E remains constant (A slight variation in E of the uncontrolled system could
be attributed to the truncation and discretization errors associated with numerical
computation). Since the beams are rigidly attached to the main body, it is observed
from Fig.5.38 that interchange of energy between the bus and the beam may take
place during the perturbations leading to the changes in magnitudes of vibrations of
the beam and bus rotation. Further orbital disturbance induces large fluctuations
in the beam energy and bus rotational energy. With application of the suggested

feedback controls the bus angular motion and the beam vibrations decay to zero.

In Figs. 5.40, 5.44 (respectively 5.42, 5.46), we show the deflections of the l;ca.m
1 (beam 2) at the joint 5 (joint 6) , ie. y1(ly,2), 21(hy,t) (y2(la,t), 22(l2,2)). Their
corresponding velocities are plotted in Figs.5.41, 5.43, 5.45 and 5.47T respectively. Figs.
548 and 5.50 represent the deflections of the beam 5 at the midpoint i.e. z5(l5/2,1)
and z5(l5/2,t). Their corresponding velocities are plotted in Figs. 5.49 and 5.51.
From these figures, it is clear that in the absence of controls (CASE D, Figs.5.40-
5.51}, the beam vibrations persist or grow. However, with application of the feedback

controls, these oscillations are effectively eliminated (CASE E, Figs.5.40-5.51).

The fact that the beam vibrations are reduced throughout its length can be
observed from the relative beam energy curve of Fig.5.39. We define the relative

beam energy function as a measure of vibration of the beam with respect to the body

axes by
Ei(t)= [ {r( a"") +a(2) +En (‘;;‘) +EI1,(3&5) e
22
[ ) ) () (2 e
ARG 3‘*5) o)+ o (G + 21 (53 Y o0

We note that E,(t) represents the total epergy of the beam relative to the body axes.
Thus E,(2)=0 implies that all the points of the beam are at their rest positions. From
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Fig.5.61(b) Controlled beam displacement with time:zs(€s,t)

Fig.5.61(a) Uncontrolled beam displacement with time:zs(€s, )
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Fig.5.39, we observe that for the uncontrolled system the relative beam energy persist,
indicating continued oscillations of the beam with respect to the body axes (CASE
D, Fig.5.39). Use of the suggested feedb;a.ck controls effectively reduces the beam

vibrations to zero as shown in Fig.5.39 (case E). In fact, the effects of the control is

clearly illustrated from Figs. 5.58-5.61.

The impact of the orbital disturbance on the bus angular velocities is shown in
Figs.5.52-5.54: It is observed, from Figs.5.52-5.54, that the angular velocities w2 and
w3 experience larger fluctuations as compared to «y. This is based on the fact that
the beam vibrations in the 7, and k; directions would contribute to the total angular
momentum about & and j, directions respectively. The orbital disturbance and
beam vibrations introduce additional oscillations in the satellite bus rotation (CASE
D, Figs.5.52-5.54), indicating growing fluctuations in the angular velocities of the bus.
Stabilization of the angular velocities by applicatior of the feedback controls can be
clearly observed from Figs.5.52-5.54 (case E).

As mentioned earlier in Section 3.4, the satellite translation, rotation and beam
vibration are strongly coupled. Thus one can expect some effects of the beam vibra-
tions and bus rotation on the radial vector R(t). These are shown in Figs.5.55-5.57.
It is clear from these figures that the vibration of beams and fluctuations in the bus
rotation induce small oscillations in the orbit, i.e. R(t) as expected (see equation
4.102). However, the fluctuations in the R(t) grow with time and this also induces
vibration of the beams and oscillations in the bus angular motion. However, by ap-
plication of the controls, the fluctuations are eliminated. We note that X, ¥ and
Z stabilize to 2 neighborhood of the zero state. This error is due to use of the (ap-
proximate) linearized equation (4.102) instead of the true nonlinear equation (3.80).

In the absence of control, the structural vibrations are presented schematically in
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Figs. 5.62-5.63. In these figures the exact scales are not used for the sake of clear

presentation of the overall shape of the vibrations with time.

5.4.2 Stakilization of the Space Station by Deadzone Controls

In this section the results corresponding to CASES D and F are compared. The
deadzone controls(Corollary 4.25) are taken as in equations (4.128-4.130), with the
parameters: k1 = 200, k2 = 50, ks.= 80; hi,=hi,=0.001, k;;=0.002 for :=1,2,5;
e1 =5000, ez =5, e3 =10; €1 =e2 =0.0005, €3=0.0001; es=¢5 =¢s=0.001, €7=0.01,
eg =0.00005, €3=0.0002. Figs.5.64-5.83 show the effectiveness of the chosen dead-
zone controls in stabilizing the flexible space station under the influence of external
disturbances mentioned above. A comparison of Figs.5.64-5.83 with Figs.5.33-5.63
indicates thal.t the overall response of the system under the action of the control
law (4.128-4.130) is quite similar to those corresponding to the proportional controls
(4.103-4.105) and thus the detailed discussions are omitted. However, it is observed

that there are some basic differences in the two sets of results:

(i) the nature of decay of various states of the system; in CASE D of Figs.5.38-5.63,
the decay rates become smaller as the magnitude of the various states becomes
smaller, whereas in CASE F of Figs.5.64-5.83, they remain constants. Indeed, this
is quite natural since the control action of the proportional controls is proportional

to the errors to be corrected while that of deadzone controls is constant.

(ii) the limit of the decay, in CASE D of Figs.5.38-5.63, the various states are reduced
to the zero state, whereas in CASE F of Figs.5.64-5.83, they are reduced to the
small neighborhood (as pemissible by the size of the deadzone) of the zero state.
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In Figs.5.64-5.83, the region of the zero state obtained from the simulation is of the
order of 0.0001, which is not visible in the figures, while for 0.0005 it is visible as shown
in Figures 5.78-5.80. In prctical applications, the size of deadzone is determined by

the stabilization requirements of the particular system being considered.

. 5.4.3 Stabilization of Slew-Maneuvers of the Space Station

As mentiéned in Section 3.4, flexible space station are often expected to experience
vibrations caused by several disturbing forces. An important disturbance could be
due:to slewing maneuvers for obtaining or initializing the desired orientation of the
space station after it is put into orbit. In this section the results of the stabilization
of the space station under the influence of slewing maneuvers are presented. To
slew a space station for a given angle in a prespecified time, there are many ways to
cornmand the slew actuators on board{Lin 87]. The one that is easy to implement
is bang-bang control. For simulation the Bang-Pause Bang control scheme shown in
Fig. 5.25. is assumed for slew the space station for the desired 0.3rad.(17.2°) under

the specified limits on control momeants in 2.5 seconds (for details, see Section 5.3.3).

For the vibration suppression induced by the slew maneuvers, one can use one
of the several control schemes discussed in Section 4.4. For the present problem, we
used the proportional control given by equations (4.103 -4.105) with the parameters:
k1 =30000, k2 =10000, k3 =100 for ¢ €[0,2.5] and k3 =50000 for ¢ £[2.5,10); d;, =d;
=d;, =0.05 for i=1,2,5; e;=9000, e2=3000, e3=6000. .;Fl(t) =F>(t) =F3(t) =0 and for
slew maneuver the Bang -Pause -Bang control (Fig.5.25) were used with T,,=10035

Ib- ft, t4,=0.5sec, t,,=2.0sec, t4,=2.5sec, in the simulation.

Detailed numerical results showing stabilization of the various state trajectories

were obtained from the simulation and presented in Figs. 5.84-5.103. Figs. 5.84 and



{rad)

83
0,24

{rad/sec)

wy

wilhnt)  (*101t)

0,34

0,12

0,08

0,02

WITH CONTROL~

WITHOUT CONTROL

2.

4.00 6-00
TIME (SEC)
Fig.5.84 Slew angle 63 in k; direction.

WITH CONTROL
o~
(-3
‘.."' %3007.
-l /4
(=]
=
°
?o. 2.00 4.00 €.00 5.00 10.00
TIME (SEC)
Fig.5.86 Bus angular velocity wy.
g WITHOUT CONTROL
3‘
o
3
I

WITH CONTROL

]

2.00

8.00 1b.00

4.00 .00
TIME (SEC)
Fig.5.88 Beam displacement in(l),t).

_189..

T
% e
-
2 &
WITH CONTROL
3.
o
WITHOUT CONTROL
3
'0.00 2.08 4.00 6.00 8 .
TIME (SEC) 0@ b ue.
Fig.5.85 Bus angular velocity ws.
° |
2
g <
ovany,
2
:'.._ WITHOUT CONTROL
5. o
2
o
b4
900 2.00 4.00 6.00 8.00 .
TIME (SEC) ®
Fig.5.87 Bus angular velocity w;.
e
*
7s WITEOUT CONTROL
= 9] :
3
)
3
-
WITE CONTROL
31
~
'0.00 2.00 4.00 5.00 8.00 1b.co
TIME (SEC)

Fig.5.80 Beam velocity 2n{lLt),



aifh,1) (*10ft)
et

-p.00

~p.40

Sg WITEOUT CONTROL
S
L
2 o
-0
o o]
3
WITH CONTROL
3
0.00 2-60 4.00 $.00 8.00 1b.oo
TIME (SEC)
Fig.5.90 Beam displacement ya(lz, £).
WITH CONTROL

-p.40

WITHOUT CONTROL
-
'9.00 2.00 4.00 5.00 8.00 1b.00
TIME (SEC)
Fig.5.92 Beam displacement = (f,¢).
I:;a 4
Seo
- -
o | WITBEOUT CONTROL
S8,
s

op-90

2.00 4.00 8.00 8.00 1b.00
TIME (SEC)

Fig.5.94 Beam displacement z3(ls,2).

g? WITHOUT CONTROL
i
3
;, WITH CONTROL
To.oo 2,00 ‘?'iurgE sE é;.oo 8.00  1b.00
Fig5.91 Beam velocity 2n{isd),
g; WITEOUT CONTROL
l
3.3 ,!l.l‘l‘HHlx'llll*lnllHll
3 ;' I|‘|" ' [' LRI ’wlﬂi ’!l
S
l WITH CONTROL
3 :
"o-00 2.00 ;li?ioE SE és;.uo 2.90 1b.oo
Fig.5.93 Beam velocity 22{{18)
?;3: WITHQUT CONTROL
= i
]| '!-“ill.lll‘l lMHJHJ
.. ©H VLY Iy M |
= T T
; WITH CONTROL
?o'.oo ' B '?lig'loE SE cs;.oo 8.00 1b.oo
Fig.5.95 Beam velocity 22{8),



lis/2,0) (*1011)

a(lsf2,t)  (*10f¢)

- 191 -

{0

0,02
0,30 ¥

WITHOUT CONTROL WITHOUT CONTROL

(Tt fsec)

«00

-P'oo

LI UYEXT
-p. 3o

WITH CONTROL WITH CONTROL

-p.02

ei0”

2 =
'0.00 2. 4.00 $.0C 8-00 1b.oo ‘0,00 2.00 4.00 6.00 8.00 10.00
TIME (SEC) TIME (SEC)
Fig.5.96 Beam displacement z3(/s/2,t). : Fig.5.97 Beam velocity w
e
° *
=8
- g.*-
3 8
o = QY
‘ %
a <lg
3 3
WITBROUT CONTROL
8 3
* o
‘0-00 2.0 4.00 £.00 8-00 10.00 ‘o"o0 2.00 400 e.00 8.00 15.00
TIME (SEC) TIME (SEC)
Fig.5.98 Beam displacement z5(ls/2,t). . Fig.5.99 Beam velocity 2(a/20
©
-;3 WITH CONTROL
,:_6‘
= 3
> H
¥
2
oy WITHOUT CONTROL
s 3
a o
'9.00 2. 4.00 8.00 8.00 1b.00 ol r Too 500 8.00 10.00
TIME (SEC) 000 M MMEsED

Fig.5.100 Radial perturbation .X. Fig.5.101 Radial perturbation ¥.



*i0”

(e}

z

- 192 —

-
WITHOUT CONTROL
[, ]
& WITHOUT CONTROL 8
= e
oy
3 4
- g]
-
ol WITH CONTROL
* 3
sy
WITH CONTROL
3 °
<
'0.00 2.00 4.00 .00 .00  10.00 v r :
TIME (SEC) 0.00 2.00 _F-OO 8. 9.00 10.00
Fig.5.102 Radial perturbation Z. IME (SEC)

Fig.5.103 Relative beam cnergy.



- 193 -
9.85 represent the slew angle and the angular velocity of the spacecraft corresponding
to the slew control (Fig. 5.25). We note from the Fig. 5.84 that slew maneuver was
successfully achieved by the slew control commands. As mentioned earlier in Section
3.4, the bus translation, bus rotation and vibration of beams are strongly coupled.
This implies that any perturbation in one part of the system will induce disturbances
in the other members of the system. Hence the slew maneuver induced significant
perturbations leading to vibrations of the beam and bus rotation. This is clearly ob-
served from the case without controls for vibration supression as expected. In F igs.
5.88-5.99, Figs. 5.85-5.87, Figs. 5.100-5.102 and Fig. 5.103, we show the deflections
of the beams, angular velocities of the body, the components of radial vector (R)
and relative beam energy respectively. From these figures it is clear that without
stabilizing controls the beam vibrations, oscillation of the bus and perturbation in
the radial vector persist or grow. However, with application of the feedback controls,

these oscillations are effectively eliminated throughout the entire system.

5.5 Concluding Remarks

In this chapter several numerical results illustrating the impact of orbital pertur-
bation on the motion of the spacecraft and the space station and stabilization of slew
maneuvers were presented. Two external perturbing forces (radial and rotational)
were applied to the system and their corresponding stabilizations have been numer-
ically demonstrated through six case studies. From the results it is clearly observed

that

(i} The impact of the radial perturbation on the beamn vibration and bus rotation is
quite significant and it has been eliminated by application of appropriate stabi-

lizing controls as suggested in Chapter 4.
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(if) During the slew maneuver, vibration in the beams and oscillations in the angular
velocities of the bus are induced and it has been shown that the stabilizing control

can effectively eliminate the oscillations and stabilize the system.

(iit) If the disturbances following external perturbing forces persist, then in the absence

of proper controls, these small motions may build up leading to instability of the

entire system.

We conclude this chapter with the following remaks.
Remark 5.1

Numerical experiments indicate that the distributed proportional control and
Bang -Bang control provide faster stabilization of the system as compared with the
localized proportional control and deadzone control respectively. In case of Bang
-Bang control, all the errors in the system states eventually decay to zero and one
obtains strict asymptotic stabilization. Further, it is noted that the rate of decay of
beam vibration and bus angular velocities depends on the magnitude of the coefficients
in the feedback law. Larger feedback gains would produce a faster stabilization of
the spacecraft. The choice of the feedback gains depends on the requirements of
stabilization time and the mechanical safety. One may choose the proper feedback
gains in order to stabilize the system in desired time keeping in view the structural
safety imits. It was also observed in the process of numerical simulation that (i) the
stabilizing controls are robust since the stabilizing effect is not affected by the size
of the disturbances imposed to the system([5,82,83], (ii) as the disturbance increases,
the overall coupling effect becomes more severe and the oscillation of the bus and
vibration of the beams grow rapidly as expected.

Remark 5.2

In the numerical solution of the ordinary differential equations (5.16-5.17) Runge-
Kutta method was used after discretizing the partial differential equations for beam
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dynamics by a finite difference scheme discussed in Section 5.2. In this study no
attention was given to optimize or minimize the computation time for the solution of
the problem, yet the computation time was found to be fairly small. A typical run
for the solution of the system equations (5.16) and (5.17) took 36 sec and 370 sec
respectively (in CPU time) on a AMDHAL 5860 (VM/HPO Release 4.2) computer.
It is expected that the computation time could be further reduced by use of more
efficient program.

Remark 5.3

In this numerical experiments, the dynamic equations which were developed based
on the Euler-Bernoulli beam theory were used. The other dynamic models developed
in Sections 2.5, 2.6, 3.5 and 3.6 based on Rayleigh and Timoshenko beam theories

could be solved using the semi-discretization algorithm given in Section 5.2.



- 196 -

Chapter 6

CONCLUSIONS

6.1 Conclusions

For satisfactory performance of the large space structure in space applica.tions‘
such as communications, spacetelescopes, etc, the interactions of the flexibility of
elastic members with the other parts should be carefully taken into account in mod-
eling and controller design. In this thesis the important problem of modeling and
vibration control of the future space structures which are expected to be very large
and flexible was considered. In Chapter 2 and Chapter 3, complete dynamic models
for large space structures consisting of 2 massive rigid body and large flexible con-
figurations were developed using extended Hamilton’s principle. In the development,
the systems such as (i) a spacecraft consisting of 2 rigid body and a long flexible
beam and (ii) a space station consisting of a massive central body and large flexible
configurations were considered. The equations of motion consist of radial equations
describing the translational motion of the rigid body, attitude equations governing
the rotational motion of the system and partial differential equations representing
the vibrational dynamics of the flexible members along with very complex boundary
conditions. In the development of the dynamic model, Euler-Bernoulli, Rayleigh and
Timoshenko beam equations were utilized to obtain the dynamics of the flexible com-
ponents of the system. The important aspects of the model developed in this thesis

are with that
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(i) it includes the trajectory information and attitude dynamics as well as beam

equation. This is extremely important in the analysis of the behavior of the

entire system and the design of stabilizing controls.

(i) the dynamics is described in terms of state variables which are physically measur-
able. Further the displacements of the flexible members are defined with respect
to the rest (underformed) position of the structure so that the variable can be

easily computed and readily understood.

(iti) The dynamic equations of motion clearly show the strong couplings among the
radial dynamics, attitude dynamics and vibrational motion of the flexible parts.
Hence with this model one can study the effects of external disturbances in one
member of the system on the others. For example, the influence of the orbital
perturbation on the rotation of the body and vibration of the beams could be

assessed as shown in chapter 5 through numerical simulation.

Large flexible space structures in earth orbit are expected to experience mechan-
ical vibrations subject to several disturbing forces such as orbital corrections, slew
maneuvers, shuttle take-off and docking or crew movements etc. In this thesis, the
problem of stabilization or vibration suppression of the space structures caused by
these disturbances was considered. In Chapter 4, by application of feedback controls
such as distributed(or localized) proportional controls, dead zone controls, Bang-Bang
or saturation controls, asymptotic stability of the system subject to external pertur-
bations was proved using Lyapunov’s method. These controls can be implemented in
practice. The robustness property of the stabilizing controls was numerically demon-

strated through several case studies in Chapter 5.

In order to illustrate the effectiveness of the stabilizing controls and strong inter-

actions among the vibration of the flexible members, rotational motion and transla-
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tional motion of the rigid body, in Chapter 5 six case studies were performed through
numerical simulations. Although the system dynamics appears to be somewhat com-
plicated, it can be simulated on a digital computer for numerical analysis with reason-
able expenditure of computer time. For numerical investigation, a semi-discretization
algorithm was developed for the simultaneous solution of the hybrid dynamics. The
numerical results indicated that the impact of the external disturbance such as orbital
perturbation and slew naneuvers on the beam vibration and bus rotation was quite
significant. Hence for satisfactory performance of the space structures the impact
. should be eliminated by application of appropriate stabilizing controls. The effec-
tiveness of the feedback control as a stabilizing controller was clearly demonstrated
from the six case studies. That is, the vibrations or perturbations of each member of

the system caused by external forces were effectively eliminated by application of the
controls suggested in chapter 4.

6.2 Suggestions for Further Research

As a continuation of this thesis, further research could be conducted in several

directions as follows.

(i) As pointed out in Chapter 4, in practice the distributed control may be difficult
or costly for implementation. Thus it is essential to consider stabilization of the
flexible space structures using 2 finite number of controllers. Also, the location of
sensors and actuators becomes a critically significant degree of freedom in control
design of large space structures. Hence, the selection of sensors and actuators
which have nontrivial dynamics of their own and their optimal placements wou!d

be an interesting and challenging problem.
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(3i) In the development of the dynamic model in this thesis, a simplified expression

for gravitational potential energy was used. Using more accurate expression as
mentioned in Remark 2.1, one can include the effect of gravitational torque on
the dynamic behavior of the system. For the small satellites the gravity torques
has been utilized in design of passive stabilizing controllers. Development of more

detailed dynamics using precise gravitational force will be an interesting problem.

(iii) The dynamic equations of motion for the space structures, whick were developed

(iv)

in Chapters 2 and 3, were described in terms of a hybrid system as the combination
of three second order ordinary differential equations for translational motion,
three first order ordinary differential equations for angular m&tion of the rigid
body and several second order partial differential equations for the dynamics of
elastic beams. These equations are strongly coupled one another and expressed in
the implicit form. So far as no mathematical theories are applicable to this type of
equations. Transformation of the equation into the explicit form or simplification
into abstract equations so that known control theories such as semigroup theory

can be applied for system analysis is a new outstanding topic for further studies.

In modeling of flexible structures, the flexibility of the elastic members was mod-
clled by an equivalent beam equation based on certain assumptions. This ap-
proach is meaningful only when the equivalent parameters are known. Thus the
essential aspect of modeling any flexible system is identification of equvalent beam
parameters. Development of a systematic technique for identification of param-
eters arising in the modeling of large flexible space structures poses a significant

problem in space applications.
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Appendix A

GRAVITATIONAL POTENTIAL ENERGY

e e e e e by L NI X

From Equation (2.11) we have r = R+ 7. Since |r|* = (R+7)o(R+7),
2 _pi2fq o 2BoF  rIFN?
I = 1RP 1+ =5 + () ). (4.1)
This implies
-1 _ 1 2Ro¥F ]T'I- _%
l+—+ 55 . A2
" =+ T+ fp) (4.2
Expanding by power series, since I'R" + H—f|<1
a1 2Ro7 [FPy 3/2RoF . [F2\2 5 /2Ro7 |#?
=g 1~ ([R] +]R[2)+ ([R|" 1R |'-’) 35 ( T +|R|") o]
1

-m- 2|R|3[.Ror+|r|“ (lglor»)z-.--]. (A3)

Similarly we have from Equation (2.9) and |#[2 = (R+#) o (R +7) that

= - aEp LR+ -3(mod) + ] (ag)

Introducing Equations (A.3) and (A.4) into Equation (2.14) and integrating over the

entire system, we obtain the following expression:

P, = —Glnngr - ?ﬁ;l; /b.mm{2Ror+ 72 - 3(% ) }dm
- 2‘7;"; /bu{2Ro i+ [7]° - 3(% ) }dm (A.5)

Assuming that the origin of the body frame is at the mass center of the system, the

integrals of the terms 2R o ¥ and 2R o #} in Equation (A.5) are zero. We note that

higher order terms have been ignored in Equation (A.5) since in practice they are

negligibly small. Thus we have
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MMW%Lm@ww

|R]
(A.6)
_Gmgf {iak - oq) }dm
2R Jyus |R|
This can be expressed in terms of direction cosines as follows.
—Gmem: _ Gme 2 2 2
P, = B 3EP (Jn + Jao + Jz3 — 3"y —38°J22 — 37733
+ 6Bz + 6677 + By, (A7)

where a, 8,7 are the direction cosines between R and axes 7y, p, Ky respectively and

mn, (Where m,n = 1,2,3) are elements of the inertia tensor of the system with

respect to the body frame.
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Appendix B
A VARIATIONAL FORMULA

From the definition of the vector r (Equation (2.11)) and Equation (2.17), we

have
dT d - d L =
@t =G RrI) =GR rwxh (B)

Thus we obtain the variational formula, from (2.18), that

a(% =6(‘fi—f+%+wxf-) (B.2)
= a(%?) +5(i- +wx 1-) (B.3)
= 6(%) +8(F + w X 7) + (86) X (F + w x F) (B.4)

= 6(%) +87 + (Ssw) X 7 4 w x (6F) + (80) x (F +w x 7)  (B.S5)

In the above derivation we have used the notation 8 for the the first variation with

respect to the body frame S;. For details, it is referred to [Cavin and Dusto 32].
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Appendix C

SOME IDENTITIES FROM VECTOR ALGEBRA

Some vector relations frequently used in Chapters 2--3 are given below([120]. Let

A, B,C be three vectors and T be a tensor in the rectangular coordinate system

(4,7, k), definde by

A=1A; +jA;j + kA
B=iB; +jB; +kB;

C =iC; + jC; + kCi

i T; T i
T=(t5 k)| T Ij T; J
T Tiy Tix k

Ao(BxC)=Bo(Cx A)=Co(Ax B)

Vector Relations

AxX(BxC)+(BxA)xC=Bx(Ax()

Ax(BxC)=(AoC)B—-(AoB)C

Vector and Tensor OQperations

Ao B = A;B;+ A;B; + AxBs
Ax B =i(A;By — AxB;) + j(AuB: — AiBy) + K(A:B; — A;By)
T o A =i(T;A:i + TiAj + TirAr)
+ §(TjA; + Tj54; + TjrAe)

+ k(T Ai + Ti; Aj + Tee Ak)

(c.)
(C.2)
(C.3)

(C4)

(C8)
(C.9)

(C.10)
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Appendix D

PROOF OF AN IDENTITY

We show the relation

5|R| = (6R) o 14. (D.1)

Proof:
We use the relation

|R*=RoR. (D.2)
From the left hand side of Equation (D.2) we obtain that
§{|RI*} = 2| RI(6|R]). (D-3)
Taking the first variation of the right hand side of Equa.tioﬁ (D.2) we have

§(RoR)=2(6R)o R

= 2(6R) {|R|I—§l}. (D.4)

Substituting Equation (D.3) and Equation (D.4) into Equation (D.2), we obtain

2|RI(8|R]) = 2|R|(5R) o (%), (D.5)
or
§|R| = (6R) o (%). (D.6)

Denoting ]—ﬁ-[ by 1g, we obtain the identity (D.1). Q.E.D.
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Appendix E

EULER ANGLES AND THE MATRIX C2

The orientation of the body frame Sp may be related to the inertial frame Sy by
a sequence of rotations 83,82,6) called Fuler Angles. For details of the sequence of
rotations, it is refered to the section 6.1 of [Greensite 48]. For notational simplicity,
let Sp denote either the body frame or some vector in the body frame Sg ( Similarly
for Sy). Then we have

Sg = CEsy, (E.1)
where the coordinate transformation matrix from inertial to body frame C# is given
by

1 0 0 cosfs 0 —sinbds cosfy sinf; 0
CE=1[0 costh sint 0 1 o —sinfy cosby 0

0 —sinby costh sinfy 0 costs 0 0 1
(E-2)
( cosfacosfs cosbasindsz —sinds )

sinbysinfacosls — cosfysindy  sinb)sinfasind; + cosbcosfs sinbdycoshs
coslysinfacosls + sinfysinf;  coshysinbasinby — sinbycosfs  cosycosta

Note that the matrix CP is orthogonal, i.e.
-1 '
ch=[cf] = [c?]. (E.3)

By direct resolution of vectors we find the components of angular velocity in the Sp

frame:

w = 91 - éasinaz
we = 93co.901 + 83c05025in0; (E.4)
w3 = é3c0303c0381 - égsinﬂl

These equations can be solved for 91, 92,@3 as given below.
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1 = wy + (wasind) + wicost Jtands
by = wacost) — wysinb; (E.5)
by = {(wosinby + wicosh) )sechs

From given angular velocities wy,wo, w3, we obtain the Euler Angles 6y, 02, 03 by

solving Equation (E.5).
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Appendix F

Proof of Equations {3.39) and (3.40)

Since [ow = 2:-;1 Jo,7t X (w % 7i)dm;, we have

Lhow+low= Zf{r.x(wxr,)+r,x(w><r,)+r,x(wxr,)}dm, (F.1)

=1
Thus, the left hand side of Equation (3.39) can be developed as follows:

Z/ {7 x (0 x 7)) + 7 x (2w x D;)}dm; = Zf {fi x (w x 7)

i=1 =1

+ 7 X (w X ) 4+ 7 % (w X i) — 7 x (w X r,)}dm,+2/ 7i X (w X 7;)dm;
=1

_Ibow_;.jbow_Zfr,x(wx'r,dm,+2/r, X (w x 7;)dm;

=1

i=1
=how+Low— Z/ {w(Fiofi — R(Fiow)} — {w(Fio ) = H(Fio w)})dm.
i=1
_Ibow+Ibow+2] {Fi(Fi o w) — 7i(F; o w)}dm;
=1
—Ibow+Ibow+2]wx(r;xr,)dm. (F.2)

=1

The last expression of Equation (F.2) is the same as the right hand side of Equation

(3.39). Q.E.D.

Using the vector identities (C.5) and (C.7), we can show that the left hand side of
Equation (3.40) can be developed as follows:

z.[r;x{wx (w x 7)) }dm;

=1

- Z [ {w(F; o (w X 7)) — (w x 7)(Fs 0 w)}dm;

=1
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= Z {w (wo (7 x 7)) = (w x 7)(7; o w)}dm;
i=1

= Z/ {r,(wo (w x 7)) — (w x #)(F; o w)}dm;

=1

—Z/wx(r,x(wxr,))dm, w X (I ow). - (F3)

i=1
The last expression of Equation (F.3) is equivalent to the right hand side of Equation

(3.40). | QED.
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Appendix G
Angular Boundary Conditions

Here, we derive the boundary conditions for the angular displacements at the
joints J5, Js, J7 and Js. For illustration, only the boundary conditions at the joint
Js will be considered in the following, since the other joints can be treated in the
same way. We have, from the trigonometry, the addition formula[120]

tanf3 — tanf;
1+ tanfztant,

tqn(ﬂg —91) = (G-l)

By the assumption that the two beams are rigidly jointed at the joint Js, the angle
90° is maintained, i.e.
63 — 6, = 90°. (G.2)
Hence tan(f3 — 61) = oo and this requires from the formula (G.1) that
tanbstant) = —1. (G.3)
From the geometry in Fig.A.1, we know that 83 = 90° + (—6>). This implies that
tanfy = tan(90° —~ 62) = (tanbs)™L. (G.4)

Also from Fig.A.1, we know that at the joint Js

61 = tan™1 (3—2) , 62 = tan™1 (g—z) (G.5)

Substituting Equation (G.4) into Equation (G.3), we obtain
tanf, = —tanbs. (G.6)

Substituting Equation (G.5) into Equation (G.6), the boundary condition for the

joint Js 1s obtained:
9y _ _9zs

%~ 3 (G.7)
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