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Abstract

The action of various operations on the cohomology of nilpotent Lie algebras is stud-
ied. In the cohomology of any Lie algebra, we show that the existence of certain
nontrivial compositions of higher cohomology operations implies the existence of
hypercube-like structures in cohomology, which in turn establishes the Toral Rank
Conjecture for that Lie algebra. We provide examples in low dimensions and exhibit
an infinite family of nilpotent Lie algebras of arbitrary dimension for which such
structures exist. A new proof of the Toral Rank Conjecture is also given for free

two-step nilpotent Lie algebras.
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Introduction

A cohomology theory of Lie algebras was introduced by Chevalley and Eilenberg [4]
in 1948 in order to place certain questions concerning the topology of Lie groups
in an algebraic setting. It was known that the cohomology of a compact connected
Lie group G is entirely determined by its associated Lie algebra g, and Lie algebra
cohomology is defined in such a way that H*(G;R) = H*(g;R). This situation is
generalized in the case of nilmanifolds, a large class of spaces whose cohomological
structure remains largely unknown. By a classical theorem of Nomizu [25, Theorem
1], the cohomology of any nilmanifold is isomorphic to that of an associated nilpotent
Lie algebra. This thesis treats the cohomology of nilpotent Lie algebras with this
interpretation in mind. The main purpose of this research was to examine certain
cohomology operations, introduced by Cairns and Jessup [5], and to continue the
study of their use in analyzing the cohomological structure of this class of Lie algebras.

Of particular interest is the Toral Rank Conjecture, an outstanding open problem
in algebraic topology which aims to relate the toral symmetry of a manifold to its
total cohomological dimension. More precisely, it states that the total dimension of
the cohomology of every smooth manifold is greater than or equal to that of any torus
acting freely upon it. For compact connected Lie groups, this reduces to a well-known
result relating the cohomology of G to the dimension of a maximal torus contained
in GG, but the conjecture is known to be true for many other manifolds as well. In

the case of nilmanifolds, the Toral Rank Conjecture can be restated in terms of Lie
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algebra cohomology (where, in fact, no Lie algebra, nilpotent or otherwise, has been
found to provide a counterexample), but while it is known to be true in some special
cases, it remains open in general.

After outlining the known results mentioned above concerning the Toral Rank
Conjecture and reviewing the necessary algebraic preliminaries in Chapter 1, we give a
definition of Lie algebra cohomology in Chapter 2, surveying the main results which
will be of use to us in later chapters, such as Poincaré duality and a version of
the Hodge decomposition theorem for Lie algebras. In Section 2.4, we describe the
Dixmier long exact sequence of cohomology groups and use it to give a new proof of
the Toral Rank Conjecture for free two-step nilpotent Lie algebras.

In Chapter 3, we begin our study of the cohomology operations mentioned above.
In [5], a representation of the exterior algebra AZ in the cohomology of a Lie algebra
g (where Z is the centre of g) is shown to be useful in establishing the Toral Rank
Conjecture in many cases. A theorem in [5] states that whenever this representation,
called the central representation, is faithful, one can find a sequence of operations
which forms a hypercube-like structure in the cohomology of g (viewed as a AZ-
module) and thereby establishes the Toral Rank Conjecture for g. The cohomology
operations defining the central representation are generalized by so-called higher op-
erations, and in Section 3.2 we illustrate the utility of these operations in recovering
similar hypercube-like structures in cohomology when the central representation is
not faithful. The main result of this chapter is a generalization of the above theorem
which states that the existence of certain sequences of operations (including higher
operations) on H*(g) implies the existence of similar hypercube-like structures which
yield the Toral Rank Conjecture for g. As an application, we find hypercubes in
the cohomology of some free two-step nilpotent Lie algebras and exhibit an infinite
family of nilpotent Lie algebras attached to graphs where such structures exist in
cohomology. We finish with some open questions for future research.

I would like to express my deepest gratitude to my friends and family for their
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support of me and my studies. In particular, I extend my sincerest thanks to my su-
pervisor, Dr. Barry Jessup, both for introducing me to an exciting research topic and
also for his confidence, generosity and unending patience throughout the preparation

of this thesis.



Chapter 1

Preliminaries

We begin with a discussion of Lie groups and their homogeneous spaces. These
examples of spaces both motivate the Toral Rank Conjecture in its original form and

suggest a version of the conjecture rephrased strictly in terms of Lie algebras.

1.1 Lie Groups and the Toral Rank Conjecture

Throughout this section, any mention of the cohomology H*(G) of a Lie group G
refers to the de Rham cohomology Hjp(G) of the underlying smooth manifold (a
good reference for which is [3]).

Let G be a compact connected Lie group. Since the group operation
w:GxGE—G
is smooth, p induces a homomorphism of graded algebras
p' o H*(G) — H*(G) ® H*(GQ),

where H*(G x G) has been identified with H*(G) ® H*(G) by the Kiinneth isomor-
phism. This map gives H*(G) the structure of a Hopf algebra, that is, a graded
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associative algebra A over a field F equipped with a homomorphism of graded alge-
bras A : A — A® A called a comultiplication which, for every homogeneous element
x € A with |z| > 0, satisfies
Ax) = 1®w+x®1+2xi®yj,
irj

where the z; and y; are homogeneous elements with |z;|, |y;| > 0, and |z;| + |y;| = |=].
A homogeneous element x € A is called primitive if A(x) =1z + 2 ® 1. In 1941,
Hopf [18] proved that any finite-dimensional connected (meaning A’ = F) graded-
commutative Hopf algebra over a field of characteristic 0 is isomorphic to an exterior
algebra generated by elements of odd degree. It was later proved by Samelson [27]

that if the comultiplication is coassociative, that is, the diagram

A = A A
A A®id

commutes, then A is isomorphic to the exterior algebra AP, over the subspace of
primitive elements in A. Note that in the case of a compact connected Lie group G,
the associativity of the group multiplication y : G X G — G implies that

*

H*(G) - H*(G) ® H*(G)

w* pr®id

commutes, i.e., (H*(G), 1u*) is a coassociative Hopf algebra and the above results of

Hopf and Samelson apply.

Definition 1.1.1. For a compact connected Lie group G, the dimension of a mazimal

torus in G is called the rank of G, denoted rank(G).
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Moreover, we have the following theorem due to Hopf relating the rank of a

compact connected Lie group to the structure of its cohomology, proofs of which can

be found in [12] and [19].

Theorem 1.1.2. Let G be a compact connected Lie group and let Pg denote the sub-

space of primitive elements of H*(G). Then there exists an isomorphism of algebras
H*(G) = AP
and dim Pg = rank(G).

Note that a compact connected Lie group G acts freely on itself by left multi-
plication and so does any subgroup of GG. So if 7" is a maximal torus in GG, then G
admits a free T"-action. We are interested in cohomological consequences of such toral
symmetries, so we use the following generalization of the notion of rank in compact

connected Lie groups.

Definition 1.1.3. The toral rank of a smooth manifold M, denoted rk(M), is the

dimension of the largest torus which acts freely on M.

Now let G be a Lie group and let K be a closed subgroup of G. Then the
set G/K of left cosets of K has the structure of a smooth manifold and is called a
homogeneous space of G. Assuming G is compact and connected and K is a closed
connected subgroup, we have by Hopf’s theorem that dim H*(K) = 2mk(K) Tt is
shown in [11] that rk(G/K) = rank(G) — rank(K'). Hence, taking K to be the trivial
subgroup, the toral rank of a compact connected Lie group agrees with the dimension
of a maximal torus, rk(G) = rank(G).

It follows from the theorem above, then, that dim H*(G) = 27 Similarly,
for homogeneous spaces, by the Serre spectral sequence associated to the fibration
K — G — G/K, one can obtain that dim H*(G) < dim H*(K) - dim H*(G/K) 1,
page 281], from which it follows that

grank(C) < grank() . qim H*(G/K).
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Consequently, dim H*(G/K) > 2(G/K),

The above examples, and other classes of spaces including Kahler manifolds
and products of odd-dimensional spheres [11, page 285, provide evidence for the
longstanding Toral Rank Conjecture (TRC). First announced by Steve Halperin [15]
in 1968, it states that for any smooth manifold M,

dim H*(M) > 2t<(),

In other words, the cohomology of M should be at least as big as that of any torus
acting freely on M.

The TRC can be seen as a conjectural bound both on the total cohomological
dimension of M and on its toral rank, and the relation is known to hold when either
of these values is small. For example, it is known to hold for spaces with toral rank
less than or equal to three [1], and in [17] it is shown that dim H*(M) < 10 implies
dim H* (M) > 2tk(M),

1.2 Nilmanifolds and the TRC for Lie Algebras

While the toral rank of a space is, in general, very difficult to compute, nilmanifolds
represent a large class of spaces for which the toral rank is known (but for which the
TRC is open in general). For these homogeneous spaces the bound suggested by the
TRC reduces to a bound related to the centres of the associated Lie algebras. This
passage to Lie algebras relies on two results on nilmanifolds, the first on their toral

rank and the other concerning their cohomology.

Definition 1.2.1. If N is a nilpotent Lie group and I' a discrete co-compact 1

subgroup, then the quotient N/T" is called a nilmanifold.

LA co-compact subgroup is a subgroup I' such that the quotient N/I" is compact. Hence nil-
manifolds are compact by definition. By a theorem of Malcev [24], a simply-connected nilpotent
Lie group N contains a discrete co-compact subgroup (often called a lattice) if and only if its Lie
algebra admits a basis with rational structure constants.
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Example 1.2.2. S' =R/Z is a nilmanifold, as is any torus 7" = R"/Z".

Example 1.2.3. The n'* Heisenberg group is the nilpotent Lie group consisting of

upper triangular n X n matrices with 1’s along the diagonal:

r 3\
1z -0 Ty
0 1 - 9,
0 -~ 0 1
\ y,

Let G, (Z) denote the subgroup of matrices with integral entries. Then G, (R)/G,(Z)

is a nilmanifold called the n* Heisenberg nilmanifold.

Let N/I" be a nilmanifold and let n be the Lie algebra of N. The first result
toward a rephrasing of the TRC in terms of n is that the toral rank of N/I" is equal

to the dimension of the centre of n (see, for example, Theorem 7.28 in [11]):
rk(N/T') = dim Z(n).
The second is the following classical result due to Nomizu [25, Theorem 1].

Theorem 1.2.4 (Nomizu’s Theorem). Let N/T" be a nilmanifold and let n be the Lie

algebra associated to N. Then there exists an isomorphism of algebras
H*(N/T) 2 H*(n)
where H*(n) is the Lie algebra cohomology of n (with trivial coefficients).

By analogy with nilmanifolds, the toral rank conjecture for Lie algebras can

therefore be written as follows.

Conjecture 1.2.5 (TRC for Lie algebras). If g is a finite-dimensional Lie algebra
with centre Z, then

dim H*(g) > 24mZ.
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The conjecture is known to hold for two-step nilpotent Lie algebras (see [7]) and
reductive Lie algebras (see [13]) but remains open in general. In the nilpotent case,
the focus of this thesis, some special cases have been proven in [7]: the TRC holds
for a nilpotent Lie algebra g if any of the following conditions are satisfied:

a) dim Z < 5;
b) dimg/Z < T;
¢) dimg < 14.

In particular, all nilmanifolds of dimension at most 14 satisfy the TRC. In addition,

m
1=

it is known to hold for all Lie algebras with a grading g = @®}",g; which satisfies

9i, 9] € giv; and Z(g) = gy, [9]. This includes the free k-step nilpotent Lie algebras
for all k.

1.3 Algebraic Preliminaries

Here we fix some notation and recall the basic concepts from the theory of Lie alge-
bras, homological algebra and multilinear algebra that we will need before defining
Lie algebra cohomology. Standard references on these topics are [20], [23] and [14],

respectively.

1.3.1 Lie algebras

A Lie algebra is a vector space g equipped with a bilinear map [,] : g X g — g which

satisfies the following:
e [z,2] =0 for all x € g (skew-symmetry);
o [z, [y, 2]] + [y, [z, z]] + [z, [z, y]] = 0 for all x,y, z € g (Jacobi identity).

The map [,]: g x g — g is called the commutator or Lie bracket.
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Example 1.3.1. The space of n X n matrices with entries in a field F together with
the usual commutator bracket [A, B] = AB — BA forms a Lie algebra known as
gl,,(IF). Similarly, the space of endomorphisms of a vector space V' form a Lie algebra

denoted gl(V).

Example 1.3.2. The space of vector fields Vect(M) on a smooth manifold M is a
Lie algebra with the Lie bracket of two vector fields X, Y given by

(X, Y]f = X(Y[) = Y(XF)
for any smooth function f € C*°(M).

A homomorphism of Lie algebras is a linear map ¢ : g — b satisfying

o([7,y]) = [9(x), d(y)]

for all z,y € g. For example, for any Lie algebra g, the linear map ad : g — gl(g)
sending each x € g to the endomorphism ad(z) of g defined by ad(z)(y) = [z,y] is a
homomorphism of Lie algebras by the Jacobi identity.

A Lie subalgebra of g is a subspace h C g closed under the Lie bracket, and a
subspace I C g is called an ideal if [I,g] C I. Two elements z,y € g are said to
commute if [z,y] = 0. The centre of g, denoted Z(g), is the ideal consisting of all

elements which commute with all of g:

Z(g) ={r€g|[z,y]=0forally € g}

A Lie algebra is called abelian if the Lie bracket is identically zero, i.e., if Z(g) = g.
Conversely, g is called simple if it is nonabelian and contains no nontrivial ideals (in
this case Z(g) = 0).

If {e1,...,e,} is a basis for a Lie algebra g over a field I, then for any pair of

basis elements we can write

e, Gj] = ijek,

k=1
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for some ¢f; € F called the structure constants of g (relative to {ei,...,e,}). By
skew-symmetry, cfj = —c?i for all k, so by bilinearity, the Lie bracket [,]:gx g — g
is completely determined by the structure constants cfj where 7 < J.

For any Lie algebra g there is a descending sequence of ideals
g2¢'2---2g¢" 2

called the lower central series of g inductively defined by

=9 ¢ =0

If g¥ = 0 for some k € N, then g is said to be nilpotent.

Example 1.3.3. The strictly upper triangular n x n matrices with entries in a field
IF form a nilpotent Lie subalgebra n,,(F) C gl,(IF). The n'® Heisenberg group, defined

above, has n,(R) as its associated Lie algebra.

Remark 1.3.4. More precisely, we say g is k-step nilpotent if g* = 0 and gF~! # 0.
Note that g is abelian if and only if [g, g] = 0, and furthermore, g is associative if and
only if [g, [g, g]] = 0. Hence the one-step nilpotent Lie algebras consist precisely of all
the nontrivial abelian Lie algebras while the two-step nilpotent Lie algebras comprise

the nonabelian associative Lie algebras.

We could also have defined a sequence of ideals by

(k1) k1)),

gV =g, g =[g* Vg

This is called the derived series of g, and g is called solvable if gi¥) = 0 for some k.
Note that all nilpotent Lie algebras are solvable but that the converse is not true,
as evidenced by the nonabelian two-dimensional Lie algebra with basis {x,y} where
[z,y] = .

A Lie algebra g is called unimodular if tr(ad x) = 0 for all x € g. All nilpotent

Lie algebras are unimodular, and as this thesis is concerned mostly with nilpotent
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Lie algebras, we include here a characterization of nilpotency which will be used in

later chapters.

Theorem 1.3.5. A finite-dimensional Lie algebra g is nilpotent if and only if there

exists a basis {e1,...,e,} of g such that |e;,e;] € span{e;t1,...,e,} for all i < j.

Proof: One direction is obvious, so assume g is nilpotent. By definition, then,

the lower central series terminates at some natural number k:

=g O g'=[gg DO ¢=[glgg DD ¢g=0

Note that each term in the sequence above is a proper ideal of the preceding term.
For each g' D g't!, extend a basis {vy,...,v,} of g! to a basis {vy,..., v} of ¢

and consider the chain of subspaces
o' Dspan{vy, ..., Vprg 1} D Dspan{vy, ..., vy, v} D gl
In this way we obtain a chain of vector spaces
g=0L>LHD>DLD>---D1,=0

such that dim(Z;/I;41) = 1 for all j. For each j, let jyy = max{i|g* D I;}. Note that

g™ D [; D I;11 D g/l Therefore
9. 1] C [9,0] = g™ C L. (1.3.1)

Now starting with a basis {e,} of I,,_1, we extend to a basis {e,_1,e,} of I, 5 and
continuing in this way (so that I; = span{e;1,...,e,} for all j) we obtain a basis
{e1,...,e,} of g such that, by (1.3.1), [e;,e;] € span{e;t1,...,e,} for all i < j, as
desired. i
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1.3.2 Some homological algebra

In this subsection, all vector spaces and algebras are assumed to be finite-dimensional
over a field F of characteristic zero unless stated otherwise. Although most of what is
said here could just as well be said for modules and algebras over other rings, we will
not need this generality later on as we are mainly concerned with real Lie algebras
and cohomology with trivial coefficients.

Recall that a graded algebra is a graded vector space

A=,

p=>0

together with a bilinear map - : A x A — A such that AP - A? C APT9. If x € AP, then

x is said to be of degree p, written |z| = p.
Example 1.3.6. If V' is a vector space, then the tensor algebra of V,
o0
(V)= v,
p=0
is an infinite-dimensional graded algebra with multiplication given by the tensor prod-
uct (i.e., concatenation of words in V).

A homomorphism of graded algebras is a linear map ¢ : A — B homogeneous of

degree zero (meaning ¢(AP) C BP for all p) such that

o(xy) = ¢(x)o(y)

for all x,y € A. A derivation of degree k on a graded algebra A is a linear map
§ : A — A homogeneous of degree k (meaning §(AP) C AP for all p) satisfying the
graded Leibniz rule:

S(zy) = 8(z)y + (—1)*zd(y),

for all z,y € A.
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A differential graded algebra, or DGA, (A, d) is a graded algebra A together with
a derivation d of degree 1 such that d*> = 0 (such a derivation is called a differential).
The kernel and image of d are graded subalgebras, denoted ker d = Z*(A) and imd =
B*(A), and their elements are called cocycles and coboundaries, respectively. Note
that d*> = 0 implies B*(A) C Z*(A), and for any a € Z*(A), b € B*(A) we have that

b = d(c) for some ¢ € A, so
d(ac) = d(a)c + (=1)1ad(c) = (=1)!"ab.

It follows from the above remarks that B*(A) is in fact a graded ideal in Z*(A), which

allows us to define the cohomology algebra of (A,d) as the quotient
H*(A,d) = Z*(A)/B*(A),

written H*(A) when the context is clear. Writing d,, for the restriction of the differ-
ential to AP, we have kerd, = ZP(A) and imd,_; = BP(A), so H*(A) = ¢,H?(A),
where HP(A) = ZP(A)/BP(A).

A homomorphism of differential graded algebras ¢ : (A,da) — (B,dp) is a

homomorphism of graded algebras which commutes with the differentials:

pody=dpod.

Note that such a map sends cocycles to cocycles and coboundaries to coboundaries
and hence induces a map in cohomology H*(¢) : H*(A) — H*(B).
Finally, a commutative differential graded algebra, or CDGA, is a differential

graded algebra (A, d) which is commutative in the graded sense:
zy = (—1)"ya,

for all z € AP and y € A%. The relevant morphisms are the homomorphisms of DGAs

defined above. If A is commutative (in the graded sense), then so is H*(A).
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Example 1.3.7. If M is a smooth manifold, then the de Rham complex Q*(M) of
differential forms on M together with the exterior derivative d : (M) — QPFYL(M)
is a CDGA. Its cohomology is the de Rham cohomology H,(M) of M.

1.3.3 The exterior algebra

The most important example of a commutative graded algebra for us is the exterior
algebra. It figures prominently in our later treatment of Lie algebra cohomology so
we record some basic results here, all of which can be found in [14].
Recall that the exterior algebra of a vector space V over a field [ is defined as
the quotient
AV =T(V)/I,

where T'(V) = @,5077(V) is the tensor algebra of V, and I is the two-sided ideal
generated by elements of the form x ® x for all x € V. The ideal I inherits a grading
from T'(V') in the usual way, i.e., I? = I N T?(V'), so we have

AV =P Ay,

p>0
where APV = TP(V)/I?. Note that since I° = I' = {0}, A’V and A'V may be
identified with F and V', respectively. By construction, the induced multiplication
in AV, which we denote A, is graded-commutative. For any basis {e1,...,e,} of V,
the set {e;; A---Ney |l <idyp < -+ < i, < n} forms a basis of APV. It follows that
{e1,...,en} is a system of generators for AV, and

Moo <p<
dim APV = (p) h=b=T

0 otherwise,
whence dim AV = 2™.
The exterior algebra of a vector space V' can be viewed as the free graded-

commutative (associative, unital) algebra on V' (where the elements of V' are of degree
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1) in the sense that it satisfies the following universal property: given any linear map
¢ :V — Aof V into an associative unital algebra A such that ¢(x)¢(x) = 0 for all
x € V, there exists a unique homomorphism of algebras é : AV — A making the
following diagram commute:
V L; A
AV
By the universal property above, for any linear map f : V — W, there exists

a unique homomorphism of CGAs A(f) : AV — AW which restricts to f in degree

one. Explicitly, it is defined on decomposable elements by
Ty N ANxp = fla) Ao A fzy)

and is extended by linearity. Clearly, A(idy) = iday and A(f o g) = A(f) o A(g) for
any composition U % V ER W, making A(—) a functor from the category Vecty of
vector spaces over a field F to the category CGAfp of commutative graded algebras
over F.

Linear maps on a vector space can also be extended to derivations on the exterior
algebra. First note that, by the graded Leibniz rule, a derivation on AV is completely
determined by its values on generators, that is, its values on A'V = V. Therefore, for
any linear map ¢ : V. — A*1V there is a unique derivation ¢ of degree k extending

¢. It is defined as follows: set

and extend to elements of higher degree inductively using the graded Leibniz rule:
P(aAb) = d(a) b+ (—1)a A ¢(b)

for homogeneous elements a and b.
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Throughout this thesis, we will make use of a certain kind of derivation on
AV* called the interior product. In Chapter 3, these derivations are used to define
cohomology operations. Before defining the interior product, we introduce a bilinear

form to put AV and AV* in duality.

Proposition 1.3.8 ([14], page 104). Let V be a finite-dimensional vector space over
a field F and let V* be its dual. There exists a non-degenerate pairing between AV

and AV*.
Proof: ~ We define a bilinear map (,) : AV* x AV — F by
(N )y =M for A\, p €T,
(FiN A fpyor Ao Awy) = det(fi(vy)) for fr,..., f, € V5 v, ...,0, €V,

(APV* ATV) = 0 for p # q,

and extend by linearity. To see that the pairing is non-degenerate we observe that
for any nonzero monomial v; A --- A v, € AV, we can regard {vy,...,v,} as a basis

of a subspace of V' and define a dual basis {v{,...,v;} by v;(v;) = d;;. Then
(U Ao ANogup A Ay) = det I, = 1,

and by linearity, this shows that (,) is non-degenerate. |

Note that the pairing above establishes a natural isomorphism between AV* and
(AV)* which we use throughout this thesis, and which allows us to identify elements
of AV* with skew-symmetric multilinear forms on V. Henceforth, (,) will always

refer to this pairing.

Definition 1.3.9. For any x € V, the interior product with x s defined to be the

unique derivation i, of degree —1 on AV* which acts on generators as
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for all f € V™.

In other words, under the dual pairing above, i, is dual to the operator u, in

AV given by multiplication on the left by z: for all & € AP*'V* and 8 € APV,

(iz00, B) = {a, x A\ B) = (v, . 5).

Note that

((iz 0dy)ev, B) = (e, y Nx AP) = (o, e ANy A B) = =((iy 0 ia)a, B),

80 i, 01, = —i,01,, and in particular, 2 = 0. Similarly, there are derivations i acting
on AV which satisfy iyz = f(x) for each f € V* and z € V.

Lastly, we remark that, although the composition d o ¢ of two derivations is in
general not again a derivation, the graded commutator d o § — (—1)I41%l§ o d is a
derivation of degree |d| + |§|. For any vector space V', this gives the vector space

Der(AV) of derivations on AV the structure of a graded Lie algebra.

Definition 1.3.10. A graded Lie algebra is a graded vector space § = @;cz9; equipped

with a bilinear map [,]: g X g — g which satisfies the following:
® (95, 94) C Gp+gs
o [z,y] = —(—1)"M[y,x] for allx € g, and y € g, (graded skew-symmetry);

o [v,[y, 2] = [z, gl 2] + (=1)"y, [z, 2]] = 0 for all x € g, y € 9y, 2 € G (graded
Jacobi identity).

More generally, if A is any graded algebra, then the set of all derivations on A

forms a graded Lie algebra
Der(A) = @ Der(A),

where Dery(A) denotes the space of all derivations of degree k on A.



Chapter 2

Lie Algebra Cohomology

In this chapter, we develop basic concepts and results surrounding the cohomology of
Lie algebras, such as the Koszul complex and the Hodge decomposition theorem which
establishes an isomorphism between the cohomology of a Lie algebra g and the space
of harmonic forms on g. As an application of the Hodge decomposition theorem, we
prove in Section 2.3 that unimodular Lie algebras enjoy Poincaré duality. In Section
2.4, we describe Dixmier’s long exact sequence of cohomology groups, a computational
tool relating the cohomology of a Lie algebra to that of any codimension one ideal,

and use it to give a new proof of the TRC for free two-step nilpotent Lie algebras.

2.1 Definition and Examples

To any Lie algebra g there is an associated CDGA, called the Koszul complez, whose
differential encodes the Lie bracket of g. The cohomology of a Lie algebra is then
defined as the cohomology algebra of the associated Koszul complex.

Let g be a Lie algebra. Since the Lie bracket [,]: g x g — g is skew-symmetric

and bilinear, it factors through the map A : g x g — A%g, (2,y) — x Ay, yielding a

16
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unique linear map ® : A%2g — g making

gxg—>[’] >

Ag
commute. Extending the dual of ® to a derivation Ag* as described in the previous

section, we obtain a derivation of degree 1, denoted d : Ag* — Ag*, satisfying

(df,z ANy) = (f, [z, y]),

for all f € g* and z,y € g.

Such a derivation can be constructed for any algebra with a skew-symmetric
product, but as our next proposition shows, the fact that we started with a Lie
algebra ensures that the map d constructed above is, in fact, a differential on the

CGA Ag*, the key being the Jacobi identity.

Proposition 2.1.1. Let g be a Lie algebra and let d : Ag* — Ag* be the derivation
extending the dual of the Lie bracket, as described above. Then d? = 0.

Proof: Since d is a derivation of degree 1, we know [d,d] = 2d* € Dery(Ag*), so
d? is also a derivation. It therefore suffices to show d? vanishes on g*.

Let @ : A’g — g be as defined above (i.e., the unique linear map satisfying
O(x Ay) = [r,9]), and define ¥ : A3g — A?g by

V(AyAz)=[z,y)ANz+ [y, z] Nz + [z, 2] Ay.

Now the Jacobi identity is equivalent to ® o W = 0, which we now show is equivalent
to d* = 0.

For ease of notation, let d; = d|yig- = A'g* — A"'g*. Note that, by definition,
Q* = dy, so do(u A v) = P*(u) ANv—uA P*(v). Let u,v € g* and z,y,z € g. Then

(U (uAv),z AyAz) =(uhv, [z, y|Az+ [y, z] ANz + [z,2] Ay), (2.1.1)
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where

(uAv, [z, y] A z) =—=(i,(uAv),[z,y]) = =(i.(u Av),P(x Ay))

= —(u, 2){(v, ®(x AN y)) + (v, 2){u, D(x A y)),
and similarly,

<U A, [y7z] A :L’) = —<U,J]><U,<I)(y A Z)> + (v,x)(u, (I)(y A Z)>7

<U A, [Z, x] A y> = _<u7 y) <U7 (I)(Z A I>> + <U7 y><u7 (I)(Z A x>>
Substituting these into (2.1.1), we find that

(U (uAv),z Ay A z) =— (u,2){(v,®(x Ay)) + (v, 2)(u, ®(z A y))
- <u> SL’> <U7 (I)<y A Z>> + <U7 .T) <u7 (I)(y A Z>>

— (u, y) (v, ®(z A z)) + (v, y)(u, P(z A x)),

while
(P*(u) ANv,x Ay A z) = (D" (u),i,(x Ay A 2))
= (0, 2)(®"(u), y A z) = (0, y) (" (u), x A 2)
+ (v, 2) (2" (u), 2 Ay),
and

(un@(v),x Ay Az) = (u,2)(P"(v),y A 2) = (u,y){(®*(v), 2 A 2)
+ (u, 2)(@%(v), A y).
The above two equations show that U*(u A v) = ®*(u) Av —u A *(v). But dy

is the unique linear map A%g* — A3g* satisfying da(u A v) = ®*(u) Av — u A D*(v),
so W is the dual of dy. Finally, o¥ = 0 if and only if (Po¥)* = dyo®* = d?|« = 0. I
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Equipping Ag* with the differential d, we obtain a commutative differential

graded algebra
(Ag*,d):0 —F — g* — A%g" — - — A" 'g* — A"g" — 0

called the Koszul complex of g. Elements of Ag* are often called forms on g and, as
in other cohomology theories, elements in the kernel and image of d are called closed
and exact forms, respectively. We denote the graded subalgebras of closed and exact
forms by Z*(g) and B*(g). When g* has a basis {zy,...,2,}, we will often write
A(zy,. .., 2,) for Ag*.

Definition 2.1.2. If g is a Lie algebra, then the cohomology of g (with trivial coef-
ficients), denoted H*(g), is defined as the cohomology algebra of the Koszul com-
plex (Ag*,d). For each p, HP(g) is called the p™ cohomology group of g, and
by(g) := dim HP(g) the p™ Betti number of g.

For any closed form w € Ag*, we write [w] for the cohomology class w+ B*(g) in

HP(g).

Remark 2.1.3. Alternatively, one can define cohomology with coefficients in an
arbitrary g-module M, denoted H*(g; M), by considering a cochain complex
C*(g; M) = @Hom(Apg, M)
p=0

made up of skew-symmetric multilinear maps gx - --x g — M and a suitably modified

differential. See [4] or [30, Chapter 7] for details.

Let g be a Lie algebra over a field F, and note that APg* = 0 for p < 0. Then
H(g) = F since d(F) = 0. For the same reason we have B'(g) = 0, meaning the first
cohomology group H'(g) = Z'(g)/B'(g) is precisely the space of 1-cocycles Z'(g).

Since the kernel of d; : g* — A%g* equals (im[,])*, we have proved the following:
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Proposition 2.1.4. If g is a finite-dimensional Lie algebra over a field F, then

H(g)=F  and  H'(g) = g/[g, gl

We now turn to some examples to show how cohomology can be computed ex-

plicitly given a set of generators and relations.

Example 2.1.5. If a is an abelian Lie algebra of any dimension, then the corre-
sponding differential is identically zero. Hence Z*(a) = Aa* while B*(a) is trivial, so

H*(a) = Ad”.

Example 2.1.6. Consider the semisimple! real Lie algebra su(2). This is the Lie
algebra of the special unitary group SU(2). It has a basis {x,y, z} with cyclic bracket
relations

[:r;,y] =z, [yaz} =, [Zax] =Y.
So, under the dual basis {z*,y*, 2*}, we find that d takes the following values on
1-forms:
dz* = y* N 2%, dy* = 2" N z¥, dz* =ax* Ny*.
Since these three vectors form a basis of A%su(2)*, the map d; : Alsu(2)* — A?su(2)*

is surjective, and since d*> = 0, the map dy : A%su(2)* — A3su(2)* is trivial. It follows

that
H(su(2)) =R
H'(su(2)) =0
H*(su(2)) =0
H?(su(2)) = span{z* A y* A 2"} 2 R,

since, evidently, there are no nontrivial closed 1-forms, all 2-forms are exact and

¥ ANy* A z* is closed.

LA Lie algebra is semisimple if it is a direct sum of simple Lie algebras.
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Remark 2.1.7. Tt can be shown that the first two cohomology groups H'(g) and
H?(g) are trivial for all semisimple Lie algebras over a field of characteristic zero
(indeed, the triviality of H'(g) follows from Proposition 2.1.4). This fact is a special
case of two results known as the Whitehead lemmas. In fact, if g is finite-dimensional
over a field of characteristic zero, then g is semisimple if and only if H'(g; M) = 0

for all finite-dimensional g-modules M [30, Chapter 7].

Example 2.1.8. Consider the solvable real Lie algebra with basis {h, xz,y} and non-
trivial brackets given by [h,z] = y and [h,y] = —x. This algebra is called se(2)
and is the Lie algebra of the special Euclidean group SFE(2) of orientation-preserving
isometries of the plane.

Fixing a dual basis {h*,z*, y*}, the differential acts on 1-forms as follows:
dh* =0, dx* = —h* Ny", dy* = h* N\ x™. (2.1.2)

Since no 1-forms are exact, we have H'(se(2)) = span{h*} (as predicted by the

proposition above). On 2-forms,
diz* Ny*) =d(h* Nx*) =d(h* Ny*) =0,

but A*Az* and h* Ay* are exact by (2.1.2). Thus the image of dy : A?se(2)* — A’se(2)*

is trivial, and since h* A x* A y* is closed, we have

H(se(2)) =R

H(se(2)) = span{h’}

H?(se(2)) = span{z* Ay*, h* Az*, h* Ay*}/span{h* A z*, h* A y*}
= gspan{z* Ay}

H?(s¢(2)) = span{h* A z* Ay*}.
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2.2 Ideals and Koszul Fibrations

In this section, we show that any ideal of a lie algebra g gives rise to a sub-CDGA
of the Koszul complex (Ag*, d) and describe the associated Koszul fibration, a tool
we will use often, either implicitly or explicitly, in later chapters. Throughout this
section, g denotes a finite-dimensional Lie algebra over a field F of characteristic zero.

Let I C g be an ideal. We denote by I+ the annihilator of I in g*:
It={feg|flx)=0 Vrecl}

We want to show that (AI+,d) is a sub-CDGA of the Koszul complex of g, so since
AIt is clearly a subalgebra of Ag*, we need to show that AI' is invariant under the

differential d. We first prove a lemma.

Lemma 2.2.1. Let I be an ideal of g. If w € A%g*, then w € A%I*+ if and only if

w(uAv) =0 for everyu € I and v € g.

Proof: Suppose w(u Av) = 0 for all w € I,v € g. Choose a basis {z1,...,2,}
of I and extend it to a basis {z1, ..., Zm, Tmt1, ..., T} of g. Let {x7,..., 2%} denote
the dual basis of g* where z}(x;) = ¢;;. We write
w= Z CijT; N\
i<j
for some constants ¢;; € F satisfying 1 < i < j < n;soif z, € I and x;, € g, then
without loss of generality a < b and
0= (w,z, ANxp) = Zc”@vf AT}, T A Tp) = Cap-
i<j

This shows ¢;; = 0 for all ¢ € {1,...,m} in the decomposition of w above, and so
w € AT,

Conversely, suppose w € A2I+. Then

W= E CijT; NI}

m<i<j
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for some ¢;; € F since {x},_,,..., 2} forms a basis of I*. But then for any u € [
and v € g,

(w,au ANv)y = Z cij{z; Nxj,uAv)

m<i<j

(@}, u)

m<i<j <xj7 u)

O ;/!(7
:ZCZ']'O <IU

m<i<j

=0,

so by linearity w is zero on {u Av|u € I,v € g}. i

We are now ready to show that, for I C g an ideal, AI* is invariant under d.

Proposition 2.2.2. Let I be a subspace of g. Then I is an ideal of g if and only if
d: T+ — AT+,

Proof: Assuming [ is an ideal, let f € It. Then (df,u Av) = (f,[u,v]) = 0
whenever v € I or v € I. So by the lemma above, df € A%I*.

Conversely, suppose d : I+ — A2+ and let v € [ and v € g. By Lemma 2.2.1,
(f,[u,v]) = (df,u Av) = 0 for all f € I+. But, choosing a complement C of I in g,

we can write [u,v] =i +¢ where i € I and ¢ € C. Choose a basis {y1,...,ym} of C,
extend it to a basis of g and form the usual dual basis so that {y},...,y" } spans I+.
So

m
c= E CkYk
k=1

for some ¢, € F. But for any ¢; # 0 we have (y;, [u,v]) = yi(i +¢) = y;(¢) = cx # 0,
a contradiction since y; € I'*. Therefore, ¢, = 0 for all k, i.e., ¢ = 0 and [u,v] € I,

which shows that [ is an ideal. |
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Consequently, if I is an ideal of g, then (AI1, d|,;1) is a sub-CDGA of the Koszul
complex (Ag*, d). Henceforth, let I be an ideal of g.

Next we describe the Koszul fibration, a sequence of CDGAs corresponding to a
choice of complement C of I in g*. If we define K to be the functor Lier — CDG A
taking a Lie algebra over [ to its Koszul complex, then up to isomorphism the Koszul

fibration is the image of the short exact sequence
I—g—g/I
under the functor K.

Definition 2.2.3. Let C be a complement of I* in g* so that (AI*+ @ AC,d,) is the
Koszul complex of g. The associated Koszul fibration is the sequence of commutative

differential graded algebras:
(AI*, d) L5 (AI* ® AC,dy) -2 (AC, d),

where j(a) =a® 1, p(1®7) =, and p(ATI+ @ AC) = 0. The differentials on the
base and fibre? are defined by d = dg|x;1 and dy = p(dy(1 ® 7)), respectively.

The notation ATI+ means @,>;API+. Note that the total space (AI+ @ AC, d,)
of the fibration has been identified with the Koszul complex (Ag*, dy) of g via the

natural Kiinneth isomorphism
At @ AC = AT O)

defined by o ® v — «a A . Here, and elsewhere in this thesis, the tensor product

AI*+ ® AC means the skew tensor product where multiplication is defined by

(@) (@ ®y)=(=D)"Planrad@yry.

2The apparent reversal of roles of the base and fibre in a fibration here is due to the fact that
(AI+,d) is the cochain complex of the base of the topological fibration of Lie groups corresponding
to the short exact sequence of Lie algebras I <— g — g/I, the functor K being contravariant.
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Next we show that the fibre (AC, d) and base (AI*, d) of the Koszul fibration are
the Koszul complexes of the Lie algebras I and g/, respectively. As noted above, we
know that the latter is a CDGA because its differential is just the restriction of the
differential in (Ag*, dy). As for the former, we must verify that a =o.

First we observe that p is a morphism of CDGAs: on AT+ ® AC, we have

(dop)(ATIF®@AC) = 0= (pody)(ATI+® AC),
and on A°7T+ @ AC we have

d(p(1®7)) =dy = p(de(1 ®7)).

SOEOp:pOdg. Now for all v € AC,

_2 p—
dy = d(p(ds(1 ©7))) = (podyody)(1©7) =0
because d2 = 0. Therefore, (AC,d) is a CDGA.

Theorem 2.2.4. The base (AI+,d) of the Koszul fibration is isomorphic to the Koszul

complex of g/1.

Proof:  Let (A(g/I)*, D) be the Koszul complex of g/I. Define ¢ : I+ — (g/I)* by
O(f)(x+1) = f(z), for all f € I+, To see that ¢(f) is well-defined, note that for equal
cosets x+1 = y+1, we have ¢(f)(z+1)—o(f)(y+1) = f(z)—f(y) = f(z—y) = O since
x—y el If ¢(f) =0, then clearly f = 0, so ¢ is injective. For dimension reasons
then, ¢ is an isomorphism and so extends to an isomorphism of graded algebras

AI+ = A(g/I)* (which we will also call ¢). Lastly, an isomorphism of CDGAs

must commute with differentials, so we need to show ¢ od = D o ¢. To this end,

suppose f € I+t and let x + 1, y+ I € g/I. Since d : I+ — A%[t, we can write
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df =3, fu A fi, € A>T+, Therefore,

{(God)(f):(x+ D) A(y+1)) =D ($(fu) Ad(fia), (@ + 1) Ay + 1))

(2

o
; ¢(f12)<x +

. fll(x) fi1 (y)
; fir()  fin(y)

= Z(fu N fian A y>

1) o(fi)ly +1)
1)

Since ¢, d and D are uniquely determined by their values on generators, it follows
that the diagram

AP 2 APHL(g/T)
AT ————— AP(g/T)*

commutes for all p. Thus (AI+,d) = (A(g/I)*, D). 1

Theorem 2.2.5. The fibre (AC, d) of the Koszul fibration is isomorphic to the Koszul

complex of I.

Proof:  Let (AI*,0) be the Koszul complex of I. Define a linear map ¢ : C' — I*
by f ~— fl;. If ¥(f) = 0, then f(x) = 0 for all 2 € I, ie., f € I+. But then
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f = 0 because C' N I+ = {0}, making 1 injective. Since g* = I+ & C, we have
dim C' = dim I*, so ¢ is an isomorphism. This induces an isomorphism AC = AI*
(which we will also call ¥). It remains to show 9 o d=2601, solet ¢c € C and let
r,y €. I dy(1®c) € ATT+® AC, then

(Wod)(e),x Ay) = (W(p(d(1® ),z Ay) =0
by definition of p, and

((Gog)(e),z Ay) = (clr [z, y])
1®clr,y))  (in (AI*®@AC, dy))

=(d(1®c),xzNy)

0

since z,y € I. Supposing now that dy(1 ® ) is an arbitrary element of AI* @ AC,
we decompose dg(1®c) as dg(1 ®c) =u+>.,a; @ (¢;, Acip), where u € ATT+@ AC
and Y, a; ® (¢;, A ciy) € A°T+ @ A*C. Then

((Oop)(c),x Ny) = (dy(1®¢),x Ay)

=z Ay) + (O ai® (e, Acy), z Ay)

i

= Zai(cil A Ciny T N Y). (2.2.1)

(2
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On the other hand,

which equals (2.2.1). Since v, d and ¢ are uniquely determined by their values on

generators, it follows that

APHIC Y APt

APC — APT*

commutes for all p. Thus (AC,d) = (AT*,6). i

We finish this section with a remark on the Koszul complexes of nilpotent Lie
algebras. Recall from Theorem 1.3.5 that if g is nilpotent, then there exists a basis
{e1,...,e,} of g such that [e;, e;] € span{e;q,...,e,} for all ¢ < j. Dualizing this,
we find that the Koszul complex of a nilpotent Lie algebra can always be written in
terms of a basis as (A(zy,...,%,),d) where dz; € A*(zy,...,2;_1) for 1 <i < n. In
particular, dx; = drs = 0. Note that this implies b;(g) > 2. We will see in Section
2.4 that this bound holds for all Betti numbers b,(g) where 0 < p < n.
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2.3 Twisted Cohomology and Poincaré Duality

The main purpose of this section is to prove the Hodge decomposition theorem, which
provides an orthogonal decomposition of the Koszul complex into the kernel and image
of an important operator A, called the Laplacian, and establishes an isomorphism
ker A = H*(g). We first recall the definition of another operator called the Hodge
star which, together with the Hodge decomposition, will allow us to prove a Poincaré
duality theorem for Lie algebra cohomology. The proofs of results in this section are
taken largely from [2]. Henceforth, we will take F to be a formally real field.® In
particular, we are interested in the cases F = R or F = Q. As in the last section, g

denotes a finite-dimensional Lie algebra over F.

2.3.1 The Hodge star

Fix an ordered basis B = {ey, ..., e,} of g* and recall how this extends to a basis of
Ag*: for each p € {0,...,n}, the set {e;; A---Ae |l <4y < -+ <ip < n} forms a
basis of APg*. In particular, B selects the distinguished basis element e; A --- A e, of

A™g*, which we call the top form and denote by 7.

Definition 2.3.1. The Hodge star operator * : Ag* — Ag* is the unique linear map

defined on basis elements as follows:
*(eiy N Ney) = (—1)5gn(‘7)ej1 A Nej,

where e;; N\ --- N\ ej, is the ordered g-fold wedge product of all basis elements in B\

{eiys---.ei,} (soq=n—p), and o € S, is the permutation
1 . p p+1 . n
o=
i iy e

3A field F is called formally real if Y, c? = 0, ¢; € F, implies each ¢; = 0. Such fields admit an
ordering and are necessarily of characteristic zero (see [21, page 271]).
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Note that * is injective and is therefore an isomorphism (of vector spaces), as
are the restrictions x, : APg* — A""Pg* for each p. In particular, x, : A"g* — F is
the isomorphism sending 7 to 1. Moreover, it is easy to see that a A xa = 7 for every
monomial o in the basis B, and that *x = (—1)?~P) id on APg*.

We can define a non-degenerate bilinear form (,), : Ag* x Ag* — F on Ag* as

follow: for homogeneous elements o € APg* and g € A9g*, set

(0. B). = x(aAxf) ifp=gq
0 otherwise.
Consider two monomials o = e;; A--- Ae;, and 8 = ¢e;; A--- Aej, in B. Clearly, if
a # B, then (a, B), = 0, while by the remarks above, & = /3 implies («, 5), = *7 = 1.
Hence the set of monomials in B forms an orthonormal basis for (Ag*, (,).), which
establishes that (), is indeed non-degenerate. It also follows that (). is positive-
definite since [F is formally real.

We will denote by 0 : Ag* — Ag* the adjoint of the differential d with respect to

(,)«. In the next subsection, we write 0 explicitly in terms of the Hodge star.

Remark 2.3.2. Clearly the definitions above depend on our choice of ordered basis.
Indeed, let A = {a;}, and B = {b;}_, be two ordered bases of g*, and let * 4 and *z
denote the respective Hodge star operators defined according to the definition above.
Then it can be shown that x4 = %5 if and only if the change of basis T": (g*, (,)4) —
(g%, (,)4) given by a; — b; is an orientation-preserving orthogonal transformation.
In other words, the ordered bases A and B give rise to the same Hodge star precisely

when the matrices [ajay - - - a,| and [b1by - - - b,] lie in the same orbit under the action

of SO(n).

2.3.2 Twisted cohomology

For any Lie algebra g, define v € g* by (y,x) = tr(adx) for all z € g. Then 7 is
a closed 1-form. Indeed, as both ad : g — gl(g) and tr : gl(g) — R are Lie algebra
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homomorphisms, for any =,y € g we find that

(dv,x Ny) = (v, |2, y]) = tr(ad[z,y]) = tr(fad z,ad y]) = 0.

The next lemma shows that d restricted to A4™9~1g* is simply left multiplication by

5.
Lemma 2.3.3 ([26]). If dimg = n, then dw =y Aw for allw € A" 'g*.

Proof: Let {x1,...,2z,} and {z7,..., 2} be dual bases of g and g*, respectively.
Then we can write

* —_—
dz;, = ZJJ?Z N ]

1<j
for all kK =1,...,n where the cfj are the structure constants of g relative to the basis
{z1,..., 2.}
Note that for any linear map 7 : g* — g%, if T'(z}) = a1z} + - - - + a,x}, for some

ai,...,a, €F, then
in T () = (10, T(2}), 1) = (T(2}), zk) = ay.

Thus trT = > "7, ., T (7).

It follows from the above remarks that for each x € g,
d) = Zixk (ipdat)
= Z szkzx c”a;l A x3)

=1 z<j

= —Zerzwk CZJJ?Z A x3)

k=1 1<j

=—Zu (Z%WZ% )

k<j i<k

= —ZZix(chx;), (2.3.1)

k=1 j=1
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and since ad x and i,d are clearly adjoint (with respect to the dual pairing (,)), we
have that v(z) = tr(ad z) is equal to (2.3.1) for each z € g. Now, since A" 'g* has a
basis of monomials of the form zj A--- A xA;" A --- Az}, it suffices to show that d acts
on this basis by left multiplication by v. So let w = a7 A --- A zf_, (the following

calculation is similar for the other basis elements). Then

n—1

dw:Z(—l)kHd:UZ/\xT/\---/\55;”;/\---/\95;_1

T
—_

= S (DM AT AT A ATEA AT

k=1
n—1
k * * *
E ConZy | NTI N Nx,_4
k=1

=vAw.

As in [2], we define a map D : Ag* — Ag* by Dw = dw — v A w. We organize

some useful properties of D into the following proposition:
Proposition 2.3.4.

1. The restriction of D to A" 'g* is zero;

2. D(aANB)=DaAhB+ (—1)PandB=daApB+ (—1)Pa A DS, for all « € APg*,

8 € Ag*;

3. D* =0.
Proof: (1) follows immediately from Lemma 2.3.3. Let o € APg* and € Ag*.
Then

DaAp)=dlanB)—yANaAB=daANB+ (—1)PanNd—yANaAp

=DaAf+ (—1)PandB=danp+ (—1)Pa N DS,
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proving (2), and

D*a=d*a—yAda— (d(yAa) —y Ay Aa)
= —yANda+vAda

=0,

which proves (3). i

In light of part (3) of the proposition above, we are now able to define the twisted

cohomology of g as the cohomology of the cochain complex (Ag*, D).

Definition 2.3.5. Let D, = D|asg-. Then for each p, the p™ twisted cohomology

group of g is defined as H}(g) = ker D,/ im D,_;.

Note that since D is not a derivation, the ring structure on Ag* afforded by
the wedge product does not descend to twisted cohomology as it does with usual
cohomology, and so we regard the direct sum Hj(g) = @,HY(g) only as a graded
vector space.

Recall that a Lie algebra g is unimodular if tr(ad x) = 0 for all z € g. For such

algebras we clearly have D = d. In particular, if g is nilpotent, then H*(g) = H}(g).

Lemma 2.3.6. The adjoint O of the differential d is given by 0 = (—1)"®P+D+1 5 Dx

on APg*.

Proof: Let o € APg* and 3 € AP*!g*. Since * is an isomorphism, to prove that

(da, B), = {a, (=1)"PH2+1 5 D x B), | it suffices to show

da A =aAx(=1)"PT2+ 5 D x g
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Since a A %3 € A"~ 1g*, by Proposition 2.3.4, D(a A *3) = 0. Thus

a Ax(=1)"PHFL Dy g = (1) A s« D x 3
— (_1)n(p+2)+l+p(nfp)oé A D % B
=—(—1)PaAND=xp

=da N %3,

where the last equality follows from part (2) of Proposition 2.3.4. Since adjoints are

unique, this proves the restriction of 9 to APg* is (—1)"®TD+1 x D, |

2.3.3 The Hodge decomposition theorem

We have established that the adjoint 9 of d is, up to a sign, given by *Dx (or *dx for
unimodular Lie algebras). We now define the Laplacian operator A : Ag* — Ag* as
the linear map of degree zero defined by A = d0 + 0d. Elements in the kernel of A

are called harmonic forms on g.

Lemma 2.3.7 (2], Lemma 2.2). The Laplacian operator satisfies the following:
1. A is self-adjoint,
2. ker A = kerd Nker0.

Proof: (1) Let a, 8 € Ag*. Then clearly
(Aa, 8), = (dOa, B)« + (Oda, B) s = (o, dOB)« + (v, 0dB) = (o, AB)..

(2) The inclusion kerd Nkerd C ker A is obvious. To see the other inclusion, let

w € ker A. Then

0= (Aw,w), = (dOw + ddw, w), = (Ow, Ow), + (dw, dw).,
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which, by positive-definiteness, implies dw = dw = 0, so ker A C ker d N ker 0. |

Dually, if we define § : Ag* — Ag* to be the linear map of degree —1 given by
§ = (=1)"P+D+! 5 dx on APg* and set V = D§ + 6D, then in an analogous way we
find the following:

Lemma 2.3.8. The adjoint of the twisted differential D is §.

Proof: Let a € APg* and 8 € APT!g*. Then, as in Lemma 2.3.6, D(a A %) =0
and it suffices to show Da A x8 = a A *x05. We compute

aAx6f = a Ax(=1)"PH2H wdx g
— (_1)n(p+2)+1+p(nfp)a A d * ﬁ
=—(—1)Pandxp

= Da N *x[3,

where the last equality follows from part (2) of Proposition 2.3.4. i

Just as with the Laplacian, V is self-adjoint and ker V = ker D Nkerd (cf. Lemma
2.3.7).

With the results above concerning the operators d, 0 and A, the Hodge decom-
position theorem for Lie algebras will follow immediately from the following theorem.
Its proof is a straightforward exercise in linear algebra which we include for complete-
ness. We will make use of the corresponding results concerning the operators D,

and V in proving Poincaré duality.

Theorem 2.3.9 ([2], [5]). Let ¢ be a linear operator on Ag* such that ¢* = 0 and let
¢ denote its adjoint with respect to (,).. Then for Ay = ¢d+ ¢, one has orthogonal

decompositions:
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1. Ag® = ker Ay @ im Ay;
2. im Ay = im ¢ @ im ¢;
3. ker ¢ = ker A, @ im ¢.

Proof: (1) If o € ker Ay, Nim Ay, then o = A, for some 5 € Ag* and

0= (A, B)s = (AgB, Ay),

so Ay = a = 0. Therefore, ker Ay Nim A, = 0 and Ag* = ker A, @ im Ay follows
for dimension reasons. This decomposition is orthogonal since Ay is self-adjoint.

(2) Clearly im Ay C im ¢ @ im ¢, so by (1) it suffices to show

im ¢ Nim¢ = ker Ay Nim ¢ = ker Ay Nim ¢ = 0.

So suppose w = ¢(a) = ¢(f) for some a and 5. But then

(w,w)s = (6(), 9(B))x = (¢*(a), ) = 0,

so w = 0. Thus im¢ Nim¢ = 0. Now suppose ¢(w) € ker Ay. Then ker A, =
ker ¢ N ker ¢ implies ¢¢p(w) = 0, but then

0 ¢(w) = 0 and it follows that ker Ay Nim ¢ = 0. Similarly, ker Ay Nim ¢ = 0.

This shows im Ay = im ¢ @ im ¢. Moreover, this decomposition is orthogonal
since ¢ and ¢ are adjoint and square to zero.

(3) Clearly ker A, @ im¢ C ker ¢ since each summand is contained in ker ¢.
Conversely, suppose w € ker ¢. By (2), w € Ag* = ker Ay, @ im ¢ & im b, so it suffices

to show ker ¢ Nim ¢ = 0. So assume w = ¢(a) for some . Then

0= (p(w),a), = (9g(a), ). = (d(), d(r)),
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s0 ¢(a) = w = 0, as desired, and clearly im ¢ | ker Ay so the decomposition in (3) is

orthogonal. |

Corollary 2.3.10 (Hodge decomposition theorem for Lie algebras). There are or-

thogonal decompositions:
1. Ag* =ker A @imd ®im0;
2. kerd = ker A @ imd.
Therefore, H*(g) = ker A.

The above result shows that every cohomology class has a unique harmonic
representative and thus provides an expression of the cohomology of g as the space of
harmonic forms on g, that is, those forms which are both d-closed and 0-closed. Note
that the wedge product of harmonic forms need not be harmonic, so the isomorphism
above is only an isomorphism of vector spaces. We will write H*(g) when we are
thinking of cohomology as a space of harmonic forms.

By Theorem 2.3.9, we also have a linear isomorphism Hj,(g) = ker V. Note that
if w € ker A = kerd Nkerd, then xw € ker D Nkerd = ker V, since § = + * dx and
0 = 4+ *x Dx. We therefore have a linear map * : ker A — ker V. Similarly, the Hodge
star sends p-forms in ker V to (n — p)-forms in ker A. Furthermore, if 7 is a p-form
in ker V, then (xn) = (—1)P™~P)y = n, unless p is odd and n is even, in which case
x(—*mn) =1, so *: ker A — ker V is surjective. And since * is clearly injective, we

have proven the following:

Theorem 2.3.11 (Poincaré duality for Lie algebras). For any n-dimensional Lie
algebra g and any integer p,

HP(g) = H}, ().
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Recall that if g is unimodular, twisted cohomology agrees with the usual coho-

mology of g. We therefore have the following useful corollary:

Corollary 2.3.12. For any n-dimensional unimodular Lie algebra g and any integer

P,
H"(g) = H" "(g).

2.4 The Dixmier Long Exact Sequence
In this section we recall a well-known result of J. Dixmier which gives the following
lower bound on the Betti numbers of nilpotent Lie algebras:

b, > 2 for 0 < p <dimg,

where b, = dim H?(g) denotes the p'™ Betti number of g. The proof makes use of a

long exact sequence in cohomology induced by the short exact sequence

b—g—g/b,
where b is an ideal of codimension 1 in g. In this case, any element X € g\b determines
a l-form w € g* by (w,X) = 1 and (w,Y) = 0 for all Y € b, so that Ah+ = A(w).
This 1-form is closed since b is an ideal:
(dw,Y1 AN Ys) = (w,[Y1,Y2]) = 0
for all Y7,Y, € g since [Y7,Ys] € b.

Theorem 2.4.1 (Dixmier [10]). If b is an ideal of codimension 1 in a Lie algebra g,

then there exists a long exact sequence in cohomology
e HYH () S5 HP(g) < HP(h) S HP () — -

where w is the closed 1-form determined by some X € g\b as above, p is the homo-
morphism induced by the inclusion b — g, and 6* is the homomorphism induced by

the adjoint action of X on b extended to a derivation of Ah*.
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Proof:  Asin Section 2.2, we identify the Koszul complex of g with (A(w)® Ab*, d)
and the Koszul complex of b with (Ab*, d), where d = pod and p is defined as in the
Koszul fibration: p(1 ® a) = a for a € Ah* and p(At(w) ® Ah*) = 0.

Since b is invariant under the adjoint action of X, we can extend the map ad(X) :
h — b to a derivation @ : Ab* — Ab* of degree 0 in the usual way. Now @ and d are
derivations of degrees 0 and 1, respectively. Recall that the set of all derivations of Ah*
form the graded Lie algebra Der(Ah*), so to show 6 commutes with the differential
d, it suffices to show the commutator [d, 6], a derivation of degree 1, vanishes on

generators of Ah*. So letting o € h* and a,b € b, we find that

([d,0)a, a A DY = (df(a) — Od(a), a A b)
= (0(w), [a,b]) — (da,ad(X)(a) Ab+ a Aad(X)(b))
= (o, [X; [a, b]]) = (e, [[X; ], b] + [a, [X, b))

=0

by the Jacobi identity. Therefore, the derivation 6 : Ah* — Abh* commutes with
the differential in (Ah*,d) and induces a derivation of graded algebras 6* : H*(h) —

H*(b).

Consider the short exact sequence
0 — (AP ', —d) <55 (APg*, d) 25 (APH*,d) — 0,

where w A — is the homomorphism induced by left multiplication by w, and the minus

sign in the leftmost complex is needed since
dwAa)=—wAda=—wAda.

This induces the long exact sequence in the statement of the theorem where the con-

necting homomorphism is the map 6* described above. |
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Note that, for each p, we can condense the long exact sequence in Theorem 2.4.1

to the following short exact sequence:
0 — HP7Y(h)/im 0%, "= HP(g) > ker % — 0,
where 0 denotes the restriction of 0 to H?(h). This sequence splits, yielding
H"(g) = ker 0 & coker 0 ;. (2.4.1)

Note that ker 67 is precisely the invariant subalgebra H?(h)* for the adjoint action

of X on the cohomology of h described above, so we will sometimes write
H"(g) = H"(h)" & H"' ()™

Now suppose g is nilpotent and recall that every nilpotent Lie algebra contains
a codimension 1 ideal b (this follows from Theorem 1.3.5, for example). In this case,
the map ad(X) : h — b from the proof of the theorem is a nilpotent operator.
Consequently, 6* is nilpotent and so 6, has a nontrivial kernel for each p. Dixmier’s

result now follows:

Corollary 2.4.2. If g is a nilpotent Lie algebra, then dim HP(g) > 2 for 1 < p <
dim g.

Since, by Poincaré duality, dim H°(g) = dim H4™?(g) = 1, the above result gives
the lower bound dim H*(g) > 2dim g for all nilpotent Lie algebras g. Note that this
bound establishes the TRC for g when 2dimg > 24™%()  In particular, since the
TRC is true for algebras with a centre Z of codimension 0 (i.e., abelian Lie algebras)
and Z never has codimension 1, the TRC is true for all nilpotent Lie algebras g with

dimg < 5.
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2.4.1 A proof of the TRC for free two-step nilpotent Lie

algebras

Recall that a Lie algebra g is called two-step nilpotent when g? = 0 and g' # 0, where
g' = [g, 9] and g = [g, [g, g]] are the first and second terms in the lower central series

of g.

Definition 2.4.3. The free two-step nilpotent Lie algebra on r generators fa(r) is

the real Lie algebra with underlying vector space
fg(?") =FE® F,

where E has a basis {e; |1 <i <r}, F has a basis {fi; |1 <i < j <r}, and nonzero

brackets are given by [e;, e;] = fi; for all i < j.

Example 2.4.4. The free two-step on 2 generators f2(2) = (e, eq, fi2|[e1,€2] =
fi2) is the first Heisenberg Lie algebra. The free two-step on 3 generators is the

6-dimensional Lie algebra f2(3) = (e1, €2, €3, fia, f13, fo3 | [€:, €;] = fij for i < 7).

The cohomology of the free two-step nilpotent Lie algebras is well-studied. Their
Betti numbers are calculated in [28], for example, and several proofs can be found in
the literature that the TRC holds for this family of Lie algebras (see [7], [9] or [29]).
Using the Dixmier long exact sequence, we give a new proof of the TRC for all free
two-step nilpotent Lie algebras.

Note that each fo(r) embeds into fo(r + 1) via e; — e; and f;; — fi;. Consider

the chain of inclusions

f2(2)C fa(3)C fa(4)C R fa(r)C

ST
F—
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where each b, C fa(r) is the ideal of codimension one defined as

h’/‘ - fQ(T - 1) a4
= <61, ey Er1, f12,f137 ey fr—2,r—1 ’ [62',6]‘] = fz'j71 <1< j <r-— 1>

D <f1r>f2ra v 7fr71,7‘>'

So each b, is the direct sum of the free two-step on r — 1 generators and the abelian
Lie algebra a,_; of dimension » — 1. Note also that Ah} appears as the fibre in the

Koszul fibration
(A(e7),0) = (Ale) @ Ab7,d) = (Ab;. d).
By the Kiinneth formula, we have
H*(hy) = H*(fa2(r — 1)) © H* (871,

so that dim H*(b,) = 271 dim H*(fo(r — 1)). Let 6* : H*(h,) — H*(h,) denote the
map induced by the adjoint action of e, € fo(r)\h, on b,, as in Theorem 2.4.1. We
would like to show that this action kills at least half of the cohomology of b,, i.e.,
that dim ker 6* = dim H*(b,)* > 1 dim H*(b,).

Lemma 2.4.5. Let 0% denote the restriction of 0* to H*(b,). Then 6:* =0 for all k.

Proof: For ease of notation we will drop the stars from the notation of a dual
basis and identify {e}, ... ef_y, fia, ..., fio, 1} With {e1, ... e, 1, fio, .-, fror 1}
Since 6 : Ahr — Ab’ is a derivation given by the transpose of ad(e,) : b, — b, on
elements of degree 1, we have 0; = i, d (where d is the differential on Afs(r)*).

Therefore, 0(e;) = 0 for all e; € b, 0(f;;) =0 for all i < j # r and

e(fzr) = ierd(fir> = ier(ei A er) = —€;

for all 7 < r.
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Let [w] € H*(h,). Then any representative of the cohomology class [w] is of the
form w =), a; ® B;, where [o;] € HP*(fo(r —1)) and [3;] € H%(a,_1), and p; +¢; = k.
So it suffices to assume w = a®f where a € HP(fo(r—1)), 6 € H%(a,_1) and p+q = k.
Furthermore, we can assume 3 = fj . A--- A fj for some 1 <j; <--- < j, <r—1

since H9(a,_1) = A%a}_,. Thus
Oi(w) = 05 ® fr - fior)
q
= 0:(>_+,0@ fiur- - fin - Fir)
I=1
q —~ —_—
=3 D £, a® fiee i i fie
=1 me{1,....¢}\{l}

:Zzid(szij‘@fjlr"'fjl\’”“'E;"'“qur)

=1 m#l

is a boundary in Ah*. Consequently, 8;*([w]) = 0 and hence 6;* = 0 for all k. i

It follows from the lemma above that #*?> = 0 and thus
1
dim ker 6* > 5 dim H*(h,.).

With this result we can now prove the TRC for the free two-step nilpotent Lie alge-

bras.

Theorem 2.4.6. The Toral Rank Conjecture is true for all free two-step nilpotent
Lie algebras f2(r).

Proof: The centre of fa(r) is given by span{f;|1 < i < j < r}, so

dim Z(f(r)) = (}). For r = 2 a simple calculation shows that
dim H*(f2(2)) = 6 > 24mZ(2(2) — 9

We proceed by induction. Suppose the TRC holds for all free two-steps on less than

or equal to r generators for some r > 2. For the codimension 1 ideal b, C fo(r + 1)
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we have
H*(br-H) = H*(fg(’l“)) & H*(ar)a
so by the induction hypothesis,

dim H*(§,41) = dim H* (Ja(r)) - 27 > 2(2) . 97 = 2("3")
Letting 6* : H*(h,41) — H*(h,41) denote the map induced by the adjoint action of
eri1 € fo(r + 1)\b,41, we have by (2.4.1) that

dim H*(fo(r + 1)) = 2dim(ker 6%).
But it follows from Lemma 2.4.5 that

1
dim(ker 6*) > 3 dim H*(B,41).

r+1
2

Therefore dim H*(fo(r + 1)) > dim H*(h,41) > o ), completing the induction.  §

The key to the above proof was in improving the bound dim H?(g) > 2 for
1 < p < dimg (given by Dixmier’s result) by showing that the kernel of 6* was
sufficiently large. Unfortunately, given a nilpotent Lie algebra, one cannot always
find a codimension 1 ideal b for which the induced derivation 6* : H*(h) — H*(h)
satisfies #*> = 0. For example, every ideal of codimension 1 in the free three-step

nilpotent Lie algebra

f3(2) = (z,y, z,u,v| [x,y] = 2, [z, 2] = u, [y, 2] = v)

is isomorphic to h = (x, z,u, v | [z, z] = u), and in this case the derivation * (induced
by ady : h — b) does not square to zero since 0**([v*]) = 0*([z*]) = [z*] # 0 in
H'(h). So the method employed above does not generalize to the case of the free
k-step nilpotent Lie algebras for £ > 3.



Chapter 3

Cohomology Operations

We continue our study of Lie algebra cohomology in this chapter by considering the
algebra H*(g) under the action of various operations. Our attention will be focused
primarily on nilpotent Lie algebras. Despite the research of several authors, relatively
little is known about the cohomological structure of nilpotent Lie algebras compared
to other classes of algebras, and it is hoped that the operations discussed in this
chapter will shed light on this topic.

In Section 1 we define primary operations and the central representation, as
introduced in [5]. These are operations on cohomology that depend on elements of
the centre Z of a Lie algebra g and equip H*(g) with the structure of a module
over AZ. The overall theme of this chapter will be the attempt to use cohomology
operations to construct “cube-like” structures in H*(g) which yield the TRC for g,
as will happen when the central representation is faithful, for example. When the
central representation of a nilpotent Lie algebra g is not faithful, we will find that
a “cube” in H*(g) can often be repaired with the use of operations generalizing the
primary operations. These higher operations and the module structure they afford
for H*(g) will be the subject of Section 2.

In this chapter, all vector spaces and algebras are assumed to be finite-dimensional

45
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over a formally real field F.

3.1 Primary Operations and the Central Repre-
sentation

A representation of an (associative) algebra A in a vector space V' is a homomorphism
of algebras p : A — End(V'). Such a homomorphism gives V' the structure of an A-
module and, conversely, any A-module structure on V' determines a representation of
Ain V. A representation is called faithful if p is injective, and a subspace W C V is
called stable under A if p(a)(W) C W for all a € A.

If (R, dg) is a differential graded algebra and p : A — End(R) is a representation
of A in the underlying vector space of R such that

pla) odr = dg o p(a)

for all @ € A, then the subalgebras Z*(R) and B*(R) of cocycles and coboundaries,

respectively, are stable under A. It follows that each map p(a) induces a linear map
p*(a) : H*(R) — H*(R),

and the assignment a — p*(a) defines a representation p* of A in H*(R) called the
induced representation in cohomology.

Recall from Section 1.3 that for any vector space V', each x € V' gives rise to a
derivation of degree —1 on AV™* called the interior product with z. It is denoted by
iz » AV* — AV* and defined on generators f € V* by

Since the assignment x — 7, is clearly linear and i, o i, = —i, 0 i,, we can set

Zl‘1/\“-/\$p = pr O-+++0 Z$1
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and extend by linearity to obtain a homomorphism of algebras
AV — End(AV™)
which we will call the standard representation of AV in AV*, as in [22].

Remark 3.1.1. Note that this definition extends the duality between the interior
product i, and exterior product pu, (given by left multiplication by z) in the sense

that
<ix1A---Axpa7B> = <<ixp O-++0 ixl)Oé, 6) = <CY,.CL'1 A A xp A\ 5) = <CY,,M$1/\.../\IPB>,
for all « € AV* and 8 € AV.

We now replace V' with a Lie algebra g. In this case, since each i, is a derivation
on the underlying algebra of the Koszul complex of g, it is natural to ask if any x € g

give rise to maps which commute with the differential.

Proposition 3.1.2. Let g be a Lie algebra with centre Z. Then i,d + di, = 0 if and
only if v € Z.

Proof:  Since Der(Ag*) is a graded Lie algebra, it suffices to show [i,, d] = i,d+di,

is zero on generators if and only if x € Z. Letting f € g* and y € g, we find that

<[ix7d]fa y> = <izdf7y>
= (df,z Ny)
= ([ [z, y])-

So [ig,d]f =0 for all f € g* if and only if [z,y] =0 for all y € g, i.e., z € Z. i

Therefore, if we denote by i : AZ — End(Ag*) the representation defined on Z
by z — i, and extended to AZ as above, then i od = +d o i, for all ( € AZ. The

induced representation in cohomology

i*: AZ — End H*(g)
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gives H*(g) the structure of a AZ-module with action defined by ¢ - w = ifw for all
w e H*(g).

Definition 3.1.3. The algebra homomorphism

i*: NAZ —— End H*(g)

-k

¢ —— i

is called the central representation and each 1%, where z € Z, is called a primary
operation on H*(g). The cohomology algebra H*(g) is said to have a nontrivial AZ-

module structure if i¥ # 0 for some z € Z.
In the following examples, dual bases will be denoted using stars.

Example 3.1.4. For the n-dimensional abelian Lie algebra a,, since Z(a,) = a,
and H*(a,) = Aa}, the central representation clearly coincides with the standard
representation of Aa, in AaX. Let {z1,...,z,} be a basis of Aa, and for ease of
notation let 47 denote ¢, for each m. The AZ-module structure on the cohomology

of a1, a; and a3 can be written concisely with the following diagrams:

23] A s [ Az Azl
1
1] [z A ] [z A 2] (2% A 5]

\/ l\f Yi%

Remark 3.1.5. We remark that regarding H*(g) as a AZ-module results in a stronger

invariant than cohomology alone. As a simple example, let g denote the 2-dimensional
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solvable Lie algebra (x,y | [z,y] = y). Since dz* = 0 and dy* = z* A y*, we have that

H"(g) = span{1}
H'(g) = span{z”}

H*(g) = 0,

and the Lie algebra homomorphism g — a; given by x — x; and y — 0 induces
an isomorphism (of algebras) H*(g) — H*(a;) in cohomology. Since g has a trivial
centre, g has a trivial AZ-module structure, but as seen in the previous example the
abelian Lie algebra a; does not. Hence the central representation can distinguish

between Lie algebras which cohomology cannot.

Example 3.1.6. Consider the 4-dimensional standard filiform Lie algebra

g= <I17$2,$3,$4 | [xhxﬂ = I3, [$17$3] = $4>

with 1-dimensional centre Z = (z4). By Proposition 2.1.4 and Poincaré duality,
H'(g) = span{[z7], [z3]} and H?(g) = span{[z} A z} A x}], [z A 5 A x3]}. Since the
closed 2-forms have a basis {z] Az}, 7 Aak, o5 Aa}, o5 Ak} with o Azl = daf and
x} A xh = duj exact, we have H?(g) = span{[z} A 23], [z5 A x3]}. Dropping the stars

from our notation, the central representation looks as follows:

[Il /\ZL’Q /\.Ig/\flf4]

[iL'l A I3 A 134] [IQ A T3 N 1'4}
(21 I T4 [zo A 23]
1] (2]



3. Cohomology Operations 50

Example 3.1.7. Let g be the 4-dimensional nilpotent Lie algebra

(z,y,2,ul[z,y] = 2)

with centre Z = (z,u) and dual basis {z*, y*, 2*, u*}. Note that g is isomorphic to the
direct sum f9(2) @ a; of the free two-step nilpotent Lie algebra on 2 generators and a
1-dimensional abelian Lie algebra. A calculation similar to the one above yields the

following diagram for the central representation:

[ Ay Az Aul
) [z A 2 Al ) [z /\gly/iuz] ) [y Az A ul )
N N
[ Al [z A 2] [y A ul [y A 2]
i?\x it i§\ﬂ —iZ
[] [u] [v]
I
1]

In each of the examples above, H*(g) has a nontrivial AZ-module structure.
Moreover, in each case one can find in the corresponding diagram that H*(g) contains
an isomorphic copy of AZ*. Indeed, in each of the nonabelian examples we see
two dual AZ-submodules isomorphic to AZ* embedded in H*(g). The cubes in the
diagrams formed by these submodules exhibit that the central representations of the
nilpotent algebras above are faithful. In fact, as the following theorem from [5] shows,
the faithfulness of the central representation i* : AZ — End H*(g) is equivalent to
the existence of at least one such free AZ-submodule in H*(g).

Recall that for any vector space V' of dimension n, an orientation on V' is a choice

of a nonzero element 7 € A™V.
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Theorem 3.1.8 ([5]). Let g be a Lie algebra with centre Z and let T be an orientation

on Z. The following are equivalent:
1. The central representation i* : AZ — End H*(g) is faithful;
2. There exists some w € H*(g) such that fw # 0;
3. H*(g) contains a free AZ-submodule.

If any of these conditions hold, the TRC s true for g.

Proof: (2) = (1): For any nonzero ¢ € AZ, we have that ( A *( is a nonzero

element of AY™Z 7 so ¢ A x( = cr for some nonzero ¢ € F. Now
0 # ciiw =i w = iy,cw = (iy 0if)w,

so in particular ¢¢ # 0, which shows that ¢* is injective.
(1) = (3): If ¢* is injective, then if # 0, so there exists some w € H*(g) with
iyw # 0. Then by the same argument as above, ifw # 0 for every nonzero ¢ € AZ.

In other words, the linear map e, : AZ — H*(g) defined by
(—(w=1w

is injective, and therefore the orbit of w under the action of AZ is a free AZ-submodule
of H*(g) isomorphic to AZ*.

(3) = (2): If M C H*(g) is a free AZ-submodule, then, choosing a basis element
w € M, we must have ¢fw # 0.

If the equivalent conditions above hold, then as H*(g) contains a free AZ-

submodule, dim H*(g) > dim AZ, so the TRC is true for g. i

With this result, it is now clear that each of the examples above admit faithful

central representations. If {z1,..., 2} is a basis of the centre Z of an arbitrary Lie
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algebra g, then to show that the central representation of g is faithful, one need only

find some w € H*(g) where the sequence of primary operations

is nonzero on w. Since primary operations anti-commute, the order above does not
matter, and clearly if i*w # 0 for some orientation 7 on Z, then the same is true for
all orientations on Z.

Following the terminology in [5], if w € H*(g) satisfies ¢*w # 0 for some (and
therefore every) orientation 7 on Z, we will say that the central representation is
faithful on w. By the theorem above, the orbit of such a cohomology class forms an
isomorphic copy of AZ* in H*(g) which will appear as a “cube” of dimension dim Z
in the diagram of the central representation. For example, the central representation
of an abelian Lie algebra a,, is faithful on any (nonzero) form in A™a, = H"(a,).
Similarly, the central representation in Example 3.1.6 is faithful on [ A 23 A x}] and
[z3 A 2], while the central representation in Example 3.1.7 is faithful on [2* A 2* A u*]
and [y* A 2" Au*].

As we will see in later examples, the property of having a faithful central repre-
sentation is far from typical for general Lie algebras. A non-nilpotent example is the

6-dimensional real Lie algebra

g=(z,y,z,u,v,w|[x,y] =2y, [z, 2] = =2z, [z,u] = u, [z,v] = —v,

ly, 2] = x, [y, v] = u,[z,u] = v, [u,v] = w)
whose centre is Z = (w) and whose Betti numbers are given by
(b(b bla an b37 b4> b57 bﬁ) = (17 07 07 27 Oa 07 1)

Since i% (HP(g)) € HP '(g) and at least one of the cohomology groups HP(g) and

HP~1(g) are trivial for all p, g has a trivial AZ-module structure.
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Other algebras which have a nontrivial centre yet whose central representation
is trivial can already be found in low dimensions (see [5] for a solvable example). In
the nilpotent case, however, while non-faithful central representations abound (see
Section 3.2), no nilpotent Lie algebra has been found to have a trivial AZ-module
structure to date. The authors of [5] conclude that article with the conjecture that
no such algebras exist, i.e., that every nilpotent Lie algebra has a nontrivial central
representation. This is obvious for abelian Lie algebras and has been shown to hold

for all two-step nilpotent algebras (see [26]), but remains open in general.

3.2 Higher Operations

In this section, we define higher cohomology operations for arbitrary Lie algebras
with nontrivial centre, as introduced in [5]. The main use of these operations for us
is the construction of cube-like structures in the cohomology algebras of nilpotent
Lie algebras similar to those found in the cohomology of Lie algebras with a faithful
central representation. The basic idea is to define secondary operations where primary
operations are trivial, tertiary operations where these secondary operations are trivial,
and so on. For example, if z € Z(g) and [n] is a cohomology class with representative

*

n € APg* and i*[n] = 0, then i,n = du for some u € AP"'g*, and we would like to

define a secondary operation which acts on the cohomology class of n by

0] — li=pa).

13

In other words, the secondary operation would be defined on forms, roughly, as “i, o
d~!oi,”. Note that since i,n may be a boundary in more than one way — i.e., it
is possible that i,n = du; = dus for distinct forms py and ps — such an operation
would only be defined modulo imi}. So rather than defining higher operations as
functions from kernels to cokernels of primary operations, we work with harmonic

forms instead, identifying H*(g) with the space H*(g) of harmonic forms on g (cf.
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Section 2.3). As we will see below, this approach allows us to replace the “d~'” above
with a well-defined linear map and leads to a definition of all higher operations as
linear maps on H*(g).

Recall from Section 2.3 the Hodge decomposition
Ag* =ker A @ im A
and the canonical (graded vector space) isomorphism

H*(g) —— H"(g)
v — Dl

where H*(g) = ker A and A : Ag* — Ag* is the Laplacian operator. Since we
would like to define all cohomology operations on H*(g), we first trace the primary
operations (i.e., the central representation) through the isomorphism above before
defining higher operations.

Although the space of harmonic forms on g is in general not closed under the
wedge product, we can of course equip H*(g) with the structure of a commutative

graded algebra (CGA) by carrying over the product in H*(g). More precisely, let
7 Ag* — H*(g)

denote the orthogonal projection onto the kernel of A. Then by composing the wedge
product of forms with 7 we obtain a product in H*(g) making the isomorphism above
an isomorphism of CGAs. Similarly, we can equip H*(g) with a AZ-module structure
compatible with the module structure on H*(g) as follows: for each ( € AZ, let mi,

denote the restriction of the composition
Ag" = Ag” = H(g)

to the subspace H*(g) C Ag*. Then (-~ = mic(y) for each v € H*(g) defines a
AZ-module structure on H*(g), and

(€] = [mic(M)] = [ic(M] =[] = ¢ [V]
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shows that the isomorphism above also defines an isomorphism of AZ-modules.
The isomorphisms discussed above justify the following terminology. In this
section, we will call i : AZ — End H*(g), ¢ — mic, the central representation and

each mi,, for z € Z, a primary operation.

Proposition 3.2.1. The Laplacian A : Ag* — Ag* restricts to a linear isomorphism

on im A.

Proof: Suppose a € im A and Aa = 0. Then a = 0 since ker A Nim A = 0. So

Alim a is injective, and is therefore an isomorphism for dimension reasons. |

Definition 3.2.2. Green’s function G : Ag* — im A is defined as the linear map

which is zero on ker A and equals (Aljma)™" on im A.

Note that A and 7 are splitting maps in the short exact sequence
™ A

L P
0 ker AC Ag* g imA——0

and that idyg« = m + AG. We are now ready to define the higher operations.
Let g be a Lie algebra (over F) with centre Z. For each z € Z, let P, denote
the primary operation 7i, and let (), = 0Gi,. Now for each p € N and p-tuple

Z=(z1,...,2p) of elements in Z, let
1
52 = _| Z on'l QZUZQZO'B e onp
P o€Sp

and define a map
Z XX Z——EndH*(g)
Z —— 0
Since, by the definition of 3, this is a symmetric multilinear map for each p, it induces
a linear map
§:8(Z)——EndH*(g)

s —— 0
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where S(Z) = @ SP(Z) is the symmetric algebra on Z, making
p>0

p times

——t
Z x -+ x Z ——EndH*(g)

=

SP(Z)
commute for all p.

Definition 3.2.3. For each s € S(Z), the linear map 0 is called the higher operation

associated to s.

When {z1, ..., 2,} is a basis for Z, we identify the symmetric algebra S(Z) with
the polynomial ring F[z1, ..., 2,] over F with indeterminates in {z1,...,z,}. This
is the convention we will adopt in all explicit examples, and in this case for any

monomial 2i' -+ zfm € Flzy, ..., z,], we write

1
5231...2%7” = ]j Z Pyale02an3 T Qyop7

" oES)
t1 times tm times

where p =" t; and {y1,...,yp} = {m,...,zm,...,zm}.

For each z € Z, since i, and 0 are maps of degree —1 and G is a map of degree
0, the maps P, = mi, and Q. = 0Gi, are of degree —1 and —2, respectively. It
follows that if s € F[zy,..., 2, is a homogeneous polynomial of degree p > 1, then
the higher operation J, associated to s is of degree 1 — 2p. Note that the primary
operations are recovered as the higher operations associated to monomials of degree

1: 6, = P, = i, for each z € Z.

Remark 3.2.4. Unlike the central representation, the linear map ¢ : s — d5 is not
an algebra homomorphism. For example, if z,2’ € Z, then 6.6, is a map of degree

—2 while ¢, is of degree —3, 80 0,0,/ #£ 0,..
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3.2.1 Hypercubes in cohomology

We turn now to some examples where the central representation is not faithful to
illustrate how higher operations can be used to construct cubes in the cohomology of
nilpotent Lie algebras. By an n-cube we mean the n-dimensional hypercube graph
Q,. This is a connected, regular graph with 2" vertices, each incident to exactly n
edges. The hypercube graphs we consider will be directed and the vertices grouped

into levels (as in [22]) according to the following construction:

e Level n of Q,, consists of one vertex with n edges directed from it to n distinct

vertices in level n — 1;

e Fori=20,...,n—1, level i consists of (’Z) vertices, each with ¢ edges directed
from it to ¢ distinct vertices in level ¢ — 1, and n — ¢ edges directed to it from

n — ¢ distinct vertices in level 7 4 1.

Thus a 0-cube is just a single vertex e, a 1-cube is two vertices connected by a

directed edge

:

a 2-cube is the square graph with edges directed as

and a 3-cube is given by

[
@ <—
[ J

L
N
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Regard the directed graph Q,, described above as a category with objects given
by the vertices and morphisms given by paths in the graph (in addition to identity
morphisms for every object). Let vy,...,von denote the objects in Q,. Then for
a Lie algebra g over F, we define an n-cube in the cohomology of g as a functor

F . 9, — Vecty satisfying:

1. {F(v1),..., F(van)} is a collection of nontrivial independent subspaces of H*(g)
(or H*(g)), meaning F'(v;)) N (F(v1) @D+ D F(v;_1) DF(0i11) D D F(v9n)) =0
foralli=1,...,2"

2. For each morphism v; = v; in Q,, the linear map F(e) : F(v;) — F(vy) is

nontrivial.

By abuse of terminology, we will usually refer to the image of F' as the n-cube
in H*(g). Note that, by axiom 1, the presence of an n-cube in the cohomology of g
ensures that dim H*(g) > 2".

Example 3.1.4 exhibits n-cubes in H*(a,,) for n = 1,2 and 3 (take each vertex to
be the span of the cohomology class defining that vertex). In this case, the objects in
level i of Q,, are mapped to subspaces of H(a,). As we have already seen, it follows
from Theorem 3.1.8 that there exists a z-cube in H*(g), where z = dim Z(g), whenever
g has a faithful central representation. In the following example, higher operations
form z-cubes where the primary operations fall short, a phenomenon which seems to
be typical for nilpotent Lie algebras in low dimensions.

Henceforth, we will drop the stars from the notation of a dual basis, and all

instances of @ 2 B in cohomology diagrams mean 0 # ds(«) € span{/}.

Example 3.2.5. Recall from the end of the previous chapter the free three-step

nilpotent Lie algebra on 2 generators

f3(2) = (z,y, z,u,v | [x,y] = 2z, [z, 2] = u, [y, z] = v).
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This algebra has a 2-dimensional centre Z = (u,v), and the AZ-module structure on
H*(g) is pictured below. Recall that the primary operations i, and i, are equivalent

to higher operations associated to monomials in {u, v} of degree 1, i.e., 6, = 7i, and

Op = Tiy.
TAYNZANUAD
T NZANUANVY YNzANUAvD
TANZANU TANzZANUV+YANzZAU YNz AV
TAu TAV+YAu yANv
\ / Su 8o
T )
1

The harmonic forms in the diagram form a basis for H*(f3(2)). Because },, =

i* o1t € End H*(f3(2)) corresponds to i, o wi, = 0, 0 d, € EndH*(f3(2)) under

v u

the isomorphism between H*(f3(2)) and H*(f3(2)), and since 6, o J, is zero on every
basis element of H*(f3(2)), it follows from Theorem 3.1.8 that f3(2) does not have

a faithful central representation. However, since d,(z A z A u) = 0, we evaluate the
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higher operation associated to the monomial u? on z A z A u and find

du2(x Az Au) = P,Qu(z Nz Au)
= i, 0Gi,(z N 2 A u)
= i, 0G(du)
= T, U

=1
since z A z = du. Similarly,

dw(TANzAv+YyANzAu) =

1
2PQU+ PQU> (xANzAv+YAzAu)

1
(ﬁmuanv + mv@qu> (xANzAV+YyAzAu)
1 1

=57 i, OG (du) + 27?2 ,0G (dv)

1

1
5 T, U + va
=1,
so we have a 2-cube in H*(f3(2)) hanging off the vertex given by x A z A u Av. The
cohomology diagram from the previous page with all higher operations included is

given below.
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TAYANZANUAD

Here we see four 2-cubes in H*(f3(2)). Notice that although primary and secondary
operations don’t commute, by permuting the monomials defining a composition of
operations we obtain a pair of maps which commute up to a scalar multiple. For

example, 0,20, # 0,0,2, but 9,20, and d,,0, commute up to a nonzero scalar multiple.

3.2.2 The free two-step nilpotent Lie algebras

We now consider the action of higher operations on the cohomology of the free two-
step nilpotent Lie algebras and exhibit (})-cubes in #*(f(r)) for r = 2,3 and 4 (recall
that dim Z(f»(r)) = (3) for all r).

Beginning with the free two-step on 2 generators

f2(2) = (e1, e, fi2 | [e1, e2] = fi2),

we fix the dual basis {e7, e}, f15} and calculate def = del = 0 and df}, = e] Ae, from
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which it follows by Poincaré duality that

HO(f2(2)) = F

M (j2(2)) = span{e;, €3}

H*(f2(2)) = span{e] A fiy, €5 A fio}
H*(52(2)) = span{ej Aes A fio}.

Evidently, the central representation is faithful on e} A f}5 and e; A f},. The

primary operation d,, is trivial on the top form e} A e A f};, but since
i (€1 A ey A fly) = dfiy = dO(e] A e3),
we have

5f122 (61( N 6; N f1*2> = WiflzaGiflz (GT N 6; N fikQ)
= mif,,0G(d0(e] N e3))
= Tif, f1a

=1.

The cohomology diagram for f5(2) therefore contains three 1-cubes and looks as fol-

lows:
e1 Nea A fio
e1 N fi2 e2 A fiz
b
5f12l f122 l‘sfm
€1 €2
1

Before moving on to fa(r) for > 2, we make a few remarks which will make our
search for hypercubes in cohomology easier. We would like to show that, in certain

cases, to find an n-cube in cohomology it suffices to find a single nonzero composition
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of n cohomology operations. For example, any non-zero path of primary operations

of length three

N

:
BN

automatically “fills out” a 3-cube since we can construct a 3-cube simply by consid-

ering the paths given by all permutations of d,, d, and d. of lengths 1, 2 and 3:

We know these paths are non-zero because primary operations anti-commute. The
higher operations are, by comparison, more delicate: we cannot freely swap the posi-
tions of secondary operations in a path like we can with the primary ones. Instead,
we show that on closed forms in the kernel of primary operations §, and d,, we have

that 51,5(12 = —2(5,15@1).

Lemma 3.2.6. Let a,b € Z(g) and let w € H*(g). If iqw and iyw are boundaries,
then

1. : 1. .

§za8sz(w) + szana(w)

15 closed.

Proof: By the Hodge decomposition theorem we have i,w = d0a and iyw = dof
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for some forms o and (3. Therefore
1. . 1. . 1,. . . .
d (51,18(}'217(&)) + ile)Gza(a})> = —§(zad8G1b(u}) + ipd0Giq(w))
_ —%(iadﬁG(dﬁﬁ) + iy d0G(doa)
1
= 5 (1a(d0B) + in(dD)
= —§(iaibw + ibiaw)

=0.

Note that any closed form w is cohomologous to mw so that, under the hypotheses

above, d4(w) and £i,0Giy(w) + 300Gl (w) only differ by a boundary.

Lemma 3.2.7. Let a,b,c € Z(g) and let w € H*(g). If 0(w) = dp(w) = d.(w) = 0,
then
(5a5bc + 566110 + 65(5(117)(&)) = 0.

Proof:  We will show that (0,0 + Ipdac) (W) = —.0ap(w). We have

(5a6bc + 566ac)(w)
(1 . ) 1 . ) (1 ) 1 . )

= Ti, (gmbanc(w) + §7rzc(9sz(w)> -+ Ty, <§ma8Gzc(w) + §7rzc(9Gza(w))
(1. ) 1. ) (1. ) 1. )

= T, (ézbﬁGzc(w) + 5158sz(w)) -+ Ty, <§zaf)Gzc(w) + 5158Gza(w))
1 . . 1 . . 1 . . 1 . .

= —§7rzbza8Gzc(w) — §7rzcza8sz(w) + §mbza8Gzc(w) — §mczb8G1a(w)

1 1
= —Tl, <§z'a8Gib(w) + §ib8Gia(w)>
- _505ab<w)7

where the second and last equalities follow from Lemma 3.2.6. |
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It now follows from the Jacobi-like identity above that if d,(w) = dy(w) = 0, then
555a2 (w) = —25a(5ab(w).

Theorem 3.2.8. Let dimg =n and let 0 # 7 € H"(g). If all primary operations are
zero on T and 0,0

k-cube in H*(g).

©++0,0.2(7) # 0 for some 21,..., 2, € Z(g), then there exists a

Zk—1

Proof:  Writing d(s) for d,, any composition of operations §(2;)d(zx_1) - - - 6(22)(23)
(i.e., a secondary followed by primaries) which is nonzero on 7 fills out a k-cube in

H*(g) as follows:

e The single vertex at level k is given by span{7} with k edges directed from it to
level k—1 given by the secondary operations §(z%), §(z122), 6(2123), - - -, 0(212-1)

and 6(z12x);

e Level k — 1 consists of the (kﬁl) = k vertices

span{d(z3)(7)}, span{6(z122)(7)}, ..., span{d(z12x_1)(7)} and span{d(z12;)(7)}.

Each of these clearly has 1 edge directed to it from the level above, as required,
and we define k — 1 edges directed from each vertex span{d(z1z;)(7)} to level

k — 2 to be the primary operations 6(z1), d(22), ... ,@, cey 0(21);

e Similarly, level 7 consists of (’f) vertices, each given by

Span{é(zjg(kﬂ-))5(2%(1671'71)) T 6(Zj02)5(zlzjal)(7—) | = SZ}

for some choice of k—i elements ji, ..., jr—; € {1,...,k}. Each of these has k—i
edges directed to it from k — ¢ distinct vertices in the level above it, and each

has 7 edges directed from it to ¢ distinct vertices below given by the primary

operations 6(z;) for j & {j1,. .., jr—i}



3. Cohomology Operations 66

To see that all of the vertices thus obtained are nontrivial subspaces of H*(g), note

that §(21,)0(2x_1) - - - 8(29)0(2%)(7) # 0 implies that
6(2k)0(2k—-1) -+ - 0(2j1+1)0(21)0(2j-1) - - 6(22)0(2125)(7) # O,

for all j = 1,...,k, since primary operations anti-commute and 6(z;)d8(2?)(1) =
—20(21)d(z12;)(7) by Lemma 3.2.7.

Clearly, it suffices to check for independence only among vertices at the same
level of the k-cube since vertices at distinct levels are of distinct homogeneous de-
gree and the cohomology groups H%(g), H'(g), ..., H"(g) are independent subspaces
of H*(g). So suppose ¢171 + -+ + ¢ Ym = 0 for ¢y, ..., ¢, € Fand 74, ..., 7, nonzero
harmonic forms from m distinct vertices at some level of the k-cube. But by con-
struction of the vertices, there exists a sequence of primary operations which sends
some v;, 1 < i < m, to a nonzero element of the single vertex at level 0 of the cube,
and which kills each ~;, j # 4 (this follows from the fact that primary operations
square to zero and that 6(z1)d(2%) = 0). Repeating this we obtain ¢; = --- = ¢,, = 0,

as required. |

Returning to the free two-step nilpotent Lie algebras, consider now the case of 3

generators:

f2(3) = (e1, €2, €3, fi2, f13, fas | leis e5] = fij, 1 < i< j < 3).

We have that Z(f2(3)) = (fi2, fi3, f23) and it is easy to see that the central representa-
tion is not faithful. Moreover, all primary operations are trivial on H®(f5(3)), so to find
a 3-cube in H*(f2(3)) it suffices to find a sequence of 3 cohomology operations 0.0,0,2,
where a, b, c € Z(f2(3)), which is nonzero on 7 = e AesAe5A fia A fisA fas € HE(F2(3)).

Observe that if,7 is a boundary and is therefore in the image of the Laplacian:

ifoT = — [l = Ay A [y A Fiy A f33) = dO(—[1) = A(— ).
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Here, ]71*\2 means ej A ey Aes A fis A fa5. So
sz (T) = Tif,,0Giy,,(T)
= i, 0G(A(~ 1))
= Tif, (€3 A fla A fi3 A )
= m(—e3 A fi3 A f33)
= —e3 A\ fis A fas
since —e3 A fi3 A fs3 is harmonic. It is now clear that dp,,0,,0,2 (7) = —ej, which

shows that there exists a 3-cube of the form

span{r}

5(f%) 8(f12f23)
8(f12f13)

d(f12) 5(f23)

[ ) ® [ )
5(f13)l >< >< la(flg)
° 6(f23) 6(f12) P4

5(f13)
5(f23) 5(f12)
°

in the cohomology of f5(3) with vertices defined by the construction in the proof of
Theorem 3.2.8.

The free two-step on 4 generators is given by

f2(4) = (e1, €2, €3, €, fi2, 13, f1a, fo3, fou, faa|leisej] = fi;, 1 < i< g < 4).

Let 7T =ef A---ANej A fis A+ A f3y. It is again clear that all primary operations

are trivial on H!%(fy(4)) since /5 = id(e/je\j) is a boundary for all f;; € Z(f2(4)). A
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calculation similar to the one in the previous example shows that
312, (T) = €163 fTa = 5 AR A Fis A Fia A fis A fia A Fi
from which it follows that
0124072501140 15072, (T) = T3 N el A f3g) = es Nex A f3y

since e5 A ey A f3, is harmonic. Note that this is only a sequence of 5 operations and
dim Z(fo(4)) = 6. Applying dp,, next gives zero since e} A e = df3, is a boundary, so

we apply the secondary operation o 12, instead:
S (G A fi) =1

We now have a 6-cube in H*(f2(4)) whose top six levels are as described in the proof

of Theorem 3.2.8, i.e.,

e Level 6 consists of the vertex given by span{r}. The edges directed from level

6 to level 5 are given by §(f2%),0(f12/13); - - - 0(f12f34);

e Fori=1,...,5, level 7 consists of (?) vertices, each given by

span{d(2o(6—i))0(2o(6-i-1)) * * - 6(202)8(21251)(T) | 0 € S;}

for some choice of 6 —i elements z1, ..., z6_; € {fi2, f13, f14, fo3, foa, f34}. There
is an obvious edge from any given vertex to one below it whenever the subsets
of {fi2, f13, f14, fo3, foa, f3a} defining the two vertices differ by exactly one ele-
ment. For example, the vertex at level 5 given by span{d(fi2f34)(7)} is mapped
nontrivially by d(f13) into the vertex at level 4 given by

Span{5(f34)5(f12f13) (7)7 5(f13)5(f12f34) (7')}

Note that Theorem 3.2.8 does not ensure that vertices defined by subsets of
{f12, f13, f14, f23, foa, f34} containing fs34 are nontrivial, but this can be verified by
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checking that all 6 vertices at level 1 are nontrivial since each vertex above level 1 is
mapped nontrivially into a vertex at level 1 by a sequence of operations. Similarly,
the independence of the 2% vertices of the 6-cube can be verified simply by checking
that the 6 vertices at level 1 are independent since any dependence relation among
elements from distinct vertices at level k£ for £ > 1 can be turned into a dependence
relation among elements in distinct vertices at level 1 by applying a sequence of
primary operations.

The single vertex at level 0 is given by span{1}. We have already seen that the
vertex containing the element dy,,07,,0,05,,0¢2 (7) is mapped nontrivially into level
0 by a secondary operation, and the same can be checked by hand for the other five

vertices.

3.2.3 Nilpotent Lie algebras associated to graphs

In [8], to every finite graph is associated a two-step nilpotent Lie algebra in such a
way that two graphs are isomorphic if and only if the associated Lie algebras are
isomorphic. To illustrate that z-cubes exist in the cohomology of many algebras
where the central representation is not faithful (that is, z-cubes made up of higher
operations), we examine as an example a class of nilpotent Lie algebras attached to
graphs.

A finite (simple) graph is a pair (V, E) where V' is a finite set called the set of
vertices and E is a set of unordered pairs of distinct vertices called the set of edges
(so such graphs are undirected). We can associate to any finite graph a nilpotent Lie
algebra L£(V, F) in the following way: let X be the real vector space with basis V,
and let Y be the subspace of A2X defined by

Y =span{a Ab|(a,b) € F};

now let £(V, E) be the Lie algebra with underlying vector space X ®Y and non-trivial
brackets on basis elements given by [a,b] = aAbif a,b € V and (a,b) € E. Therefore,
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L(V, E) is two-step nilpotent when the set of edges E is nonempty.

Example 3.2.9. If (V, @) is a graph with no edges, then £(V, @) is the abelian Lie

algebra of dimension |V].

Example 3.2.10. The Lie algebra associated to the complete graph on r vertices is

the free two-step nilpotent Lie algebra on r generators fa(r).

If £L(V, E) is the nilpotent Lie algebra associated to a graph (V, E), then it has a
basis of the form {ey,...,e,} U{fij = e Ne;|(ei,e;) € E and i < j} where n is the
cardinality of V. Note that dej = 0 for alli = 1,...,n and df;; = ef Aej € A°L(V, E)*
for all £ in the standard dual basis {ej,... e} U{f};|(ei,e;) € B and i < j}. For
each graph (V. E), let 7 = ef A--- Nei A f* € H*(L(V,E)) where f* denotes the
wedge product of all f7 in lexicographic order.

Note that for a disconnected graph (V,FE) with connected components
(Vi, Ev),y ...y (Vi, Ex), we have

k

L(V,E) =P LV, By).

p=1

so for our purposes we may restrict our attention to connected graphs.

Lemma 3.2.11. Let (V| E) be a connected graph and let L(V, E) be its associated
nilpotent Lie algebra with centre Z. Then i,7 is a boundary and Ai, (1) = +i,T for

all z € Z.

Proof:  Let {e},..., e} U{f};|(eie;) € E,i < j} be the standard dual basis of
L(V, E)*. Since (V, E) is connected, the centre of L(V, F) is

Z =[L(V,E),L(V,E)] =span{f;;| (e, e;) € E}.
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Solet fu € Z. Then iy, 7=+ [’ = d(xef A---

AifabT = (da + 8d) (ifabT>
= dO(£f7,)

= dd «d* (f5)

NEEN---

G2 .1

/\eAZ/\~-/\e;;/\f*). Hence

o3

o

—dd(e A ANEN-NeE A Ael A FY)
= ﬂ:ifabT
Consider the following graphs.
G o )
* ) o7
/ \ .3 .2 / .8
GS L2 o i

—2

7

oy

10

The associated nilpotent Lie algebras admit the following presentations:

L(G1) = (e1, 2, f12|[e1, e2] = fi2)
»C(GZ) = <€1, €2, €3, €4, 12, f14, f23, fou | [61762] = f12, [61764] = fi4,

L(Gs) = (e, ..

[62, 63] = fa3, [62, 64] = f24>

,€105 f155 - -

7f457f567f677 cee

7f6,10 | [61, 65] = fi5, [62765] = fos,

[63, 65] = f3s, [€4> 65] = fus, [65, 66} = f56, [667 67] = fer, [667 68] = fes,

[66, 69] = fo9, [667 e10] = f6,10>-
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In each graph above there is an edge adjacent to all other edges in the graph:
(1,2),(2,4) and (5,6) in G1,Gy and Gj, respectively. We will prove that for any
graph (V| E') with at least one such distinguished edge, the Lie algebra £(V, F) has a
z-cube in its cohomology where z = dim Z(L(V, E)).

Definition 3.2.12. Call a graph (V, E) an edge-star graph if (V, E) is connected and
there exists an edge (a,b) € E such that {a,b} N {k,l} # & for each edge (k,l) € E.
Such an edge (a,b) is called a central edge.

Note that the centre of such a graph has dimension |E|.

Theorem 3.2.13. If (V, E) is an edge-star graph, then there exists a cube of dimen-
sion |E| in H*(L(V, E)).

Proof:  Let (a,b) be a central edge in (V, ). Then there exists a basis of the form
{5 st fY UL [ (cares) € Buj £ BY U LS| (enes) € B,j # a} for £(V, B)”
where df; = e; A e} for each basis vector ff, and dej = 0 for : = 1,...,n. Let
7 denote the top harmonic form ef A --- AeX A f* € HIVHE(L(V, E)), where f*
denotes the wedge product of all f; in the dual basis above, and let gﬁ denote the
wedge product of all basis elements except e and f};;. Then by Lemma 3.2.11, ¢f,, 7
is a boundary and Aiy,(7) = £iy, 7. Recalling that Green’s function G acts as the

inverse of the Laplacian A on Im A, we calculate

5<f3b) (T) = WifabaGifab (T>
= ﬂ-ifabg(j:ifab (T))

= *£miy, xd* (ﬁ;)

= j:ﬂ-ifab (62;/6\;)
—_—

= iﬂ(ff:;er;{‘b)

—_—
_ * ok L%
= xele; [



3. Cohomology Operations 73

Next we apply all primary operations associated to each remaining f;; # fu in the

basis and find

5(fais) - 0(fas )0 foks) -+ 6(fo, )O(f2)(7) = 7 (enes f*).

Since eg/e;';?* and *(W) = £e; Aej A f* are both closed, it follows that ez;/e\;jf* is har-
monic, 80 6(faj,) - 0(faj,)0(fory) - 0 (for, )0(f2)(7) # 0. Furthermore, by Lemma

3.2.11, all primary operations are zero on 7, so by Theorem 3.2.8 there exists a |E|-

cube in H*(L(V, E)). i



Chapter 4

Open Questions

Recall the Dixmier long exact sequence from Section 2.4. It is easy to see that the
derivation 0* : H*(h) — H*(h) on the cohomology of a codimension one ideal h C g
is equivariant with respect to the action of AZ (where Z is the centre of g and AZ
acts on H*(h) in the obvious way by primary operations). The Dixmier long exact
sequence is in fact a long exact sequence of AZ-modules. While the short exact
sequence

0 — HP7Y(h)/im;_, <" HP(g) > ker 6% — 0

does not split as a sequence of modules, we of course have that a cube in ker 8* implies
the existence of a cube in H*(g). If o € ker #*, then the orbit of o under the action of
AZ is also contained in ker 8*. This gives a quick proof of the fact that any Lie algebra
with an abelian ideal of codimension one has a faithful central representation. Since
nilpotent Lie algebras contain ideals of arbitrary codimension, a potential approach
to finding a general proof of the TRC for nilpotent Lie algebras is to try to compare
the cohomology of g to the cohomology of a chain of codimension one ideals using the
induced derivations #*. As far as we know, the question of whether the TRC holds

for Lie algebras containing an abelian ideal of codimension two is open, for example.
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Nilpotent Lie algebras over a field of characteristic not equal to two have been
classified up to dimension six. Cubes were found in the cohomology of every real
nilpotent Lie algebra of dimension less than or equal to five (the 6-dimensional alge-
bras have not been checked exhaustively). In each case, a sequence of cohomology
operations is nonzero on a top cohomology class and this sequence fills out a cube
of dimension dim Z as described in Section 3.2. One can show that there exists a
nonzero sequence of dim Z operations, primary and secondary, in the cohomology of
the free two-steps fa(r) for all r, but none were found to form a cube of the desired size
in H*(f2(5)). It would be interesting to look for commutativity relations (similar to
the one described in Lemma 3.2.7) among higher operations associated to monomials
of degree greater than two in order to find other sequences of operations which imply

the existence of cubes in cohomology.
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