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Abstract

Numerical simulations are presented for three dimensional viscous incompressible free
shear flows. The numerical method is based on solving the vorticity equation using
Vortex-In-Cell method. In this method, the vorticity field is discretized into a finite set of
Lagrangian elements (particles) and the computational domain is covered by Eulerian
mesh. Velocity field is computed on the mesh by solving Poisson equation. The solution
proceeds in time by advecting the particles with the flow. Second order Adam-Bashford
method is used for time integration. Exchange of information between Lagrangian

particles and Eulerian grid is carried out using the M4 interpolation scheme.

The classical inviscid scheme is enhanced to account for stretching and viscous effects.
For that matter, two schemes are used. The first one used periodic remeshing of the
vortex particles along with fourth order finite difference approximation for the partial
derivatives of the stretching and viscous terms. In the second scheme, derivatives are
approximated by least squares polynomial. The novelty of this work is signified by using
the moving least squares technique within the framework of the Vortex-in-Cell method

and implementing it to a three dimensional temporal mixing layer.

Comparisons of the mean flow and velocity statistics are made with experimental studies.
The results confirm the validity of the present schemes. Both schemes also demonstrate
capability to qualitatively capture significant flow scales, and allow gaining physical
insight as to the development of instabilities and the formation of three dimensional

vortex structures. The two schemes show acceptable low numerical diffusion as well.
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Chapter 1

Introduction

1.1 Overview

The complex flow phenomena observed in industrial applications and in nature are
distinguished from the much simpler idealized potential flows by the existence of
vorticity within the fluid. Vorticity is therefore of primary significance in the study of
fluid dynamics both experimentally and computationally. Evidently, vorticity in the flow
field contains all the dynamic information necessary to obtain velocity and pressure
fields, (Leonard, 1980). However, typical flows of practical interest are characterized by
small vortical (rotational) regions embedded in an otherwise vorticity-free (irrotational)
fluid, or, in mathematical terminology, vorticity has “compact support” (Cottet and
Koumoutsakos, 2000). As an example, in a flow caused by mixing two streams of
different velocities downstream of a thin plate separating them, vorticity is confined to a
thin layer adjacent to the plane where the two streams are merging together. Velocity, on
the other hand, has non-zero values through out the region of the flow domain. This flow

configuration is called mixing layer. Turbulent mixing layers occur in flow fields of



many engineering applications e.g., combustion chambers and premixers for gas turbines
combustors. Certain flow features of mixing layers such as presence of large vortical
structures and absence of bounding walls have made them attractive for both

experimental and computational studies.

Another enticing feature of the vorticity field is that, in incompressible and inviscid
flows, vorticity lines are material lines convected with the local fluid velocity. This
statement was developed originally by Helmholtz and subsequently proven more
concisely by Kelvin (Batchelor, 1979). The above two features of vorticity field, namely,
compact support and Kelvin-Helmholtz theorem make it mathematically correct and
often very convenient to consider fluid dynamics in terms of lumps of vorticity that
induce motion on each other as an alternative to the traditional pressure-velocity
consideration (Leonard,1985). Based on these premises, vortex methods emerged as a
numerical tool to solve fluid dynamics problems. Thus, to simulate a flow problem by
this method, the vorticity-containing regions are discretized into a finite number of
vorticity-carrying elements and track, in Lagrangian frame, the translation and
deformation of these elements. Consequently, in these methods, the computational
elements automatically conform to the flow field dynamics, with little computational
effort devoted to regions free of vorticity. Moreover, because of the kinematics and
dynamics of the flow field, it is possible to obtain a complete description of the flow field

by vortex methods.

Historically, vortex methods have been initiated in the early thirties of the last century as
a tool to model two dimensional unsteady, incompressible and inviscid flows. A serious

problem that precludes the general utilization of vortex methods for high Reynolds



number flows in the computational fluid dynamics community is the difficulty of
approximating the derivatives that occur in the viscous diffusion and stretching (in three

dimensional flows) terms of the vorticity transport equation.

Although no turbulence models are involved in the implementation of vortex methods
these methods are in general viewed as good enough to reproduce motions having large
and intermediate length scales of the turbulence spectrum (Cottet et al, 2002).
Nevertheless, these methods provide a viable numerical tool able to qualitatively capture
significant flow features such as, coherent structures, vortex roll-up, vortex pairing and

vortex reconnection.

Vortex calculations based on the assumption of two dimensional flow do not in general
accurately depict the dynamics of the flow. This is in part because they lack the ability to
capture small scale structures that arise due to vortex stretching and tilting with respect to
the main flow plane. The objective of this study is therefore to tackle the problem of
stretching and diffusion simulation in the three dimensional vorticity transport equation
in high Reynolds number flow. In standard three dimensional vortex methods, remeshing
is needed when the particles become highly irregularly distributed. Remeshing proceeds
by replacing the irregularly spaced vortex elements by a new set of particles located on a
regularized lattice (mesh). Second and third order moment conserving interpolation
(assignment) formulae are typically used in the remeshing (replacement) process.
However, remeshing introduces additional computational cost and is known to bring in
some errors due to interpolation. In this study, a new formulation of the Vortex-In-Cell
method for incompressible flows is implemented. The general objective is to develop

improvements in the vortex method to enhance its suitability for the computation of



incompressible flows. In the new approach, the need for remeshing is relaxed by
utilizing the least squares method for evaluating partial derivatives that occur in the
stretching and diffusion terms of the governing vorticity equation This method is
implemented to a three dimensional temporally developing mixing layer within the frame
work of the Vortex-In-Cell method.. The mixing layer has been selected because there is
a massive body of research work, both numerical and experimental, that can be used to
validate the present method. Also this flow configuration embodies most of the flow

features encountered in any typical turbulent flow.

1.2 Motivations and Objectives

In order to obtain a full picture of the current state of the art of vortex methods, one needs
to address step-by-step the different components of a reasonable implementation of the
method and find where an opportunity for improvements is lying. To start, it is helpful to
get a broad idea by considering the essential elements of any viscous vortex method
implementation. The first basic element of a vortex method is the discretization, which
implies accurate representation of a given initial vorticity field. In Vortex-In-Cell (VIC)
method, which is to be used in this work, this stage represents the choice of coordinate
system, particle location and the assignment scheme. Basically the assignment scheme is
one of the general interpolation/approximation problem. Fortunately, a big body of
research with remarkable results is available and the present work will make use of these

results.

The next component of a successful vortex method implementation is the computation of

velocity. In pure Lagrangian applications, the use of discrete Biot-Savart law gives rise to



very high computation cost due to the global influence of the particles. Two remedies
have been developed to deal with this problem. The first technique is the fast multipole
method. The method reduces the computation cost basically by approximating the effect
of a cluster of particles at a certain distance by a finite series approximation (Cottet and
Koumoutsakos, 2000). The second, the Vortex-In-Cell approach, replaces the Biot-Savart
law by a numerical solution of Poisson equation on a grid system. The subject of
numerical solution of Poisson equation is very well established and a variety of methods
are available depending on the coordinate system, approximation technique and the

computation architecture.

The essence of the vortex methods is the convection of the vortex element. The
Lagrangian convection of the vortex particles involves appropriate integration scheme for
time stepping and choosing the appropriate step size according to the flow characteristics.
The present work will utilize available efficient techniques to solve Poisson equation for
instantaneous velocity computation and second order Adam Bashford method for time
integration (Moin, 2001). Nevertheless, these tasks require considerable programming

efforts.

The last two components of a viable vortex method are the three dimensional effects
(stretching) and the diffusion effects (viscous scheme). From the author’s perspective and
after comprehensive survey of literature, these two effects are still maturing and there is
no consensus yet about the best viscous scheme and the best way to deal with stretching
term. Also, deterioration of accuracy when the solution proceeds in time is attributed to

the viscous and stretching schemes. That is the reason why it is believed that there is



room for improvements in these two components within the context of vortex method.

Therefore the objectives of the present work are:

1. To build and validate a computer code for solving Poisson equation, with a
diffusion term utilizing the M4 for information exchange between Eulerian and
Lagrangian grids within the context of VIC method. These tasks have been
realized in two dimensional spatially growing mixing layer and covered in
Chapter 4.

2. To extend the code in objective (1) to a three dimensional VIC method and
incorporate the stretching term using a high order finite difference scheme with
spatial adaptation. Tasks of this objective are covered in Chapter 5.

3. To develop the moving least squares technique within the context of three
dimensional VIC method to calculate first and second order partial derivatives
encountered in stretching and diffusion terms. Tasks of this objective are covered
in Chapter 6.

4. To compare the performance of the methods outlined in objectives 2 and 3 above.

Tasks of this objective are covered in Chapter 7.

The flow configurations that will be used in this work as examples for testing the
applicability of the proposed methodology is three dimensional temporally evolving

mixing layers.



Chapter 2

Review of Literature

2.1 Introduction

The starting point for most studies of flows in the process industry and in engineering
systems involves the analysis of turbulence. Since most of the transport processes are
governed by turbulence, turbulence characteristics play a dominant role in determining
their rates. Accuracy of numerical solution of turbulence problem is spread on a wide
spectrum of approximations yielding different degrees of insight into the flow details. On
one end of the spectrum, the Reynolds Averaged Navier-Stokes (RANS) techniques
involve the solution of the governing equations to determine the mean values while all
other scales are modeled. Because of their simplicity, RANS techniques are widely used
in engineering applications. However, this approach suffers from one principal
shortcoming, the fact that the model must represent a very wide range of scales, which
can not be achieved by RANS models (Pope, 2000). On the other end of the numerical
techniques lies the Direct Numerical Simulation (DNS) method. In DNS the governing

equations are discretized and solved numerically and all scales of turbulence are resolved.



DNS is therefore considered as a reference technique, highly accurate but limited to very
specific geometries, at least for straightforward implementations. Also, due to its
computational cost, DNS application is limited to standard flows at relatively low
Reynolds number. Intermediate between the above two techniques, namely RANS and
DNS, is the Large Eddy Simulation LES. In LES, the contribution of large, energy-
carrying structures is computed exactly and the effects of smallest scales on the large
structures of turbulence are modeled (Pope, 2000). Vortex methods, the subject matter of
this work, are accurate enough to produce acceptable statistics in the large and
intermediate scales. They appear to behave as accurate as LES models in the sense that
they avoid the accumulation of energy at the high- wave number end of the energy

spectrum (Cottet et al, 2002).

The purpose of this survey is to put in perspective the state of development of three
dimensional vortex methods as a numerical simulation tool and the many trials to
incorporate viscous schemes in three dimensional vortex methods. Specifically, the focus
of this review will be on viscous diffusion and stretching schemes in three dimensional

vorticity transport equations in the context of vortex methods.

In the following sections, an overview of the vortex methods, Vortex-In-Cell method in
three dimensional flows, stretching schemes and viscous schemes for vortex methods will
be presented. Also, a review of the vortex method implemented to predict relevant free

shear flows, particularly three dimensional mixing layers, will be discussed.



2.2 Vortex Methods

2.2.1 Characteristics of Vortex Methods

Broadly speaking, numerical techniques employed in fluid dynamics can be classified as
Eulerian and Lagrangian. In the Eulerian type, flow quantities are defined as functions of
position in space (x) and time (¢). This depiction provides the spatial distribution of flow
properties at each instant during the motion. On the other hand, Lagrangian methods
make use of the specifications of motions of particles. Flow properties, therefore, refer to
a specific parcel of matter in addition to its spatial position at any particular time instant

during the motion. Typically a fluid material element is specified by its position (x,) at

some initial time (z,) and explicitly tracked as time proceeds. Accordingly, Lagrangian

methods provide the dynamical history of this selected fluid element (Batchelor, 1979).

Vortex methods are a class of Lagrangian numerical methods for approximating the
solution of Euler or Navier-Stokes equations. The first attempt to simulate a flow by a
vortex method was done by Rosenhead (1932) to approximate the evolution of the two
dimensional vortex sheet by point vortex approximation using hand calculations.
Outlined in many reviews such as those by Leonard(1980 and 1985), (Puckett1993),
Sarpkaya (1994), (Chorin,1996) and Winckelmans (2004), these methods can be
regarded as a discretization of the equation of fluid motion in vorticity form rather than

the velocity-pressure formulation, motivated by the following considerations.



In most high Reynolds number flows, the region of significant vorticity value comprises a
small subset of the flow field; in other words, the flow field is characterized by regions of
concentrated vorticity embedded in an effectively irrotational field. Consequently, most
of the available computational resources are devoted to regions of significant vorticity

which typically cover a small fraction of the computational domain.

The pressure term associated with the numerical methods using primitive variables, is
known to be the source for many stability and convergence problems. This term is
eliminated from the number of dependent variables in the vorticity equation. However,
pressure can be obtained from the vorticity and the velocity field by solving the following

Poisson equation (Marshall, 2001):

Vip=Ve(ixd) 2.1

Generally speaking, all variations of vortex methods are characterized by the following

three features:

¢ The underlying discretization is of the vorticity field rather than the velocity field.
Usually this discretization is Lagrangian in nature and consists of a collection of
elements which carry concentration of vorticity.

* An approximate velocity field is recovered from the discretized vorticity field by
solving Poisson equation, which is derived from the solenoidality condition and

Helmholtz vector field decomposition.
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e The vorticity field then evolves in time according to this velocity field, plus

corrections for boundary conditions by virtue of Kelvin-Helmholtz theorems.

A variety of solution techniques for three dimensional vortex methods have been
proposed and implemented. Essentially, these methods are distinguished from one
another by three features; the scheme of discretization of vorticity support, the method of
solution of Poisson equation and the desingularization technique. In the following, a brief

review of the state of the art of each of the features is discussed

2.2.2 Discretization of Vorticity Field

All vortex methods used currently in the literature descend from the line vortex method
first used by Rosenhead (1932) to simulate a vortex sheet in two dimensional inviscid
flow. His algorithm proceeded by discretizing the vorticity sheet into a finite number of
point vortices and superimposing the velocity induced by interacting point vortices. The

velocity induced by a point vortex at the originu,, is given by

- o -y
v Fe) { ) } (2.2)

where ¢ 1is the vortex strength (circulation). A point vortex induces a singular vorticity
field. This singularity results in nonphysical solutions when approximated by
superposition of a finite number of point vortices. To remove the velocity singularity of
point vortices, Chorin (1973) simulated the flow around a two dimensional cylinder at

high Reynolds number by using a finite vortex core for the discretized vorticity field.
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Later, Ashurst and Meiberg (1988) and Inoue (1989) discretized the vorticity field of a
three dimensional mixing layer into a finite set of vorticity filaments of finite core size.
Every filament is further dicretized into a number of interconnected vorticity segments
(elements), each defined by its end points. In this discretization technique the vorticity
field is reconstructed every time step by reconnecting the points along every filament
using a high order interpolating formula. Consequently stretching of the vorticity field is

solved implicitly.

In their simulation of uniformly sheared flow, Milane and Abdolhoseini (2004) used the
filament discretization scheme within the framework of Vortex-In-Cell method. The
computational domain was covered by an Eulerian grid. The filaments core size was
dictated by the grid size. Each filament was defined by a set of discrete Lagrangin points.
And the information was exchanged between the Eulerian grid and the Lagrangian points
by an interpolation scheme. A challenging feature of the filament discretization scheme is
the ever increasing growth rate of filament length due to stretching that renders
calculation very costly. Also, due to the fact that filaments exchange vorticity at a rate
proportional to their distance as a result of diffusion, a unique value of circulation can not
be defined along the filament. Therefore the filament method has proven difficult to
extend successfully to viscous three dimensional flows, as discussed in Cottet and
Koumoutsakos (2000). An alternative discretization scheme that does not suffer from the
difficulties associated with filament method, discretize the vorticity field into a large
number of disconnected vortex elements. These elements can be vortex blobs, usually

known as vortons. Every blob is represented by a vector quantity at a point, or the vortex

12



element can be portrayed as a stick defined by a direction and a finite length (Micheal et

al. 2000).

2.2.3 Solution of Poisson Equation

The Vorticity equation for a viscous incompressible flow is given by

%—‘I‘H(ﬁov)@:(@-v)mvv% (2.3)

Equation (2.3) contains, besides the vorticity, the velocity as independent variable.
Therefore it can not be solved without additional relationships. Within the framework of
vortex methods, the Poisson equation is used to recover the velocity field from the
vorticity field. It is derived by utilizing the incompressibility condition (divergence free)
of the velocity field in the Helmholtz decomposition of a vector field. In analogy with the
well known formula from electromagnetism, Biot-Savart law is used to solve Poisson
equation for unbounded domain. Denoting the Green’s function of Laplace operator by

G(¥), the velocity field can be recovered using Biot-Savart formula (Cottet and

Koumoutsakos, 2000),

i) = [ [Vx GG -)|xa@)av () = TIE G- FIXAE)AV (7)) = K@) *AF)  (2.4)
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where * corresponds the convolution integral and k represents the rotational part of G

i.e. k=VXG. The above convolution has to be understood in the sense of vector product.

For example, in three dimensional unbounded flow,

—/

k(%) * @(F) = -1 j ﬁ‘—f)x (X )V (X (2.5)

A 3

The integration in equation (2.5) has to be performed over the whole fluid volume. In
numerical computation and when the vorticity field is discretized into a finite number of

particles, the integral operation in equation (2.4) is changed to summation, as

(2.6)

where a = chdV is the strength of the point vortex. The physical meaning of equation

(2.5) is that the velocity of any point vortex i is the accumulative effect of the induced
velocity of all other vortex particles in the computational domain. Biot-Savart integral
solution of Poisson equation, therefore, gives rise to N operations at every time step
when N vortex particles exist in the solution domain (Leonard, 1985). Consequently, a
limited number of vorticity samples can be used in the simulation which affects the
resolution this solution can provide. Two remedies have been developed in the literature
to accelerate the velocity computation, both of which reduce the number of computations
per time step to O(NlogN). The first technique, due to Greengrad and Rokhlin (1987), is
the fast multipole expansion. The basic idea of the fast multipole expansion is to divide

the computational domain into a number of boxes which are considered the first
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generation, and then every box is divided into a certain number of boxes to generate the
second generation and so forth until a roughly specified number of Lagrangian points are
contained in the last generation (smallest boxes). The next step is to replace the particle-
particle interaction used in the Biot-Savart summation by a box-particle interaction
approach in which the potential induced on a target point are computed based on the
distance from the centroid of the box to that point. The second remedy is the Vortex-In-
Cell (VIC) method. Derived from plasma physics by Christiansen (1973), this method
replaces the Biot-Savart integral on Lagrangian points by solution of Poisson equation on
an Eulerian mesh. Since this approach is adopted in this work an elaborate review of the

method will be presented in section 2.3.

2.2.4 Desingularization Techniques

It is apparent from equations (2.5) that whenever two particle trajectories approach each
other the denominator approches to zero and the velocity that each particle induces on the
other goes to infinity. For this reason it was generally believed that the point vortex

method was unstable and would not converge to solutions of incompressible vorticity

equations. Chorin (1973) introduced the idea of replacing the function k in equation (2.6)

by:

i, (%)= ky(% —%,)xa 2.7)
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where the new function k s behaves similar to k except at the origin, i.e. k s 1s bounded at

the origin. k s 18 typically obtained by convolving k with a smoothing (desingularization)

kernel f;. The smoothing kernel is usually chosen to be radially symmetrical and must

satisfy | f5(X)dx =1, (Cottet and Koumoutsakos, 2000). A typical example of the one
5

2

1 exp(_x
s2r 267

dimensional smoothing kernel is the Gaussian distribution given by

).

Following the notations used by Cottet and Koumoutsakos (2000), the three dimensional
radially symmetrical desingularization function is obtained by the tensor product of its

one dimensional counterpart as,

2

1 —x’ -y’ -z
= 2.8
f5(%) 5 (27[)% exp( 557 )exp( 55 yexp( 55 ) (2.8)

Integrating the above equation over the three dimensional space results in

1 22 52 B )72 _,
W-'[O_L[o exp( 5 )exp( ¥ )exp( 557 Ydxdydz =1 2.9)

[ £, =

The desingularized vorticity field is then given by

CEEDWACEEN 7 (2.10)
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That is

- 1 1 —|xX—X;
cox(x)zmg“y expsz o, (2.11)
1 1 —xX-x \2
wy(yc):W;§ expTZ’ o, (2.12),
and
-\ 1 1 _‘;C_xj‘z
w, (%)= TeE ;E eXp— 5 . (2.13)

The desingularization kernel serves the purpose of smoothing the vorticity associated
with each element in a small neighborhood of the Lagrangian position of the element. A
variety of smoothing kernels have been derived by Beale and Majda (1982). The order of
these kernels is based on the moment conserving properties compared to the Dirac delta
measure. A desingularization kernel is said to be of order m if the following hold, (Cottet

and Koumoutsakos, 2000)
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jfm)sz5(f)dJE=o if j<m-1, and
(2.14)

I?c’"f(; (X )dx is finite

—oo

The above conditions signify that the desingularization function has, up to the power m-
1, the same moment properties as the Dirac delta function. The desingularization kernels
were tabulated and ever since used by many researchers to simulate different
configurations of three dimensional flows. They have been used by Knio and Ghoniem
(1990) for the simulation of three dimensional reacting shear layers, Knio and
Ghoniem(1992) for predicting the three dimensional structure of periodic vorticity layers
under non-symmetric conditions and Gharakhani and Ghoniem (1997) for three
dimensional vortex simulation of time dependent internal viscous flow. Also, Ploumhans
et al (2002) implemented these interpolation kernels in a direct numerical simulation of

three dimensional flow around a sphere.

2.3 Vortex -In-Cell (VIC) Method

The computationally intensive part of vortex methods is the calculation of the velocity
field. The classical computational cost of the method scales as O(N2 ), but it can be
reduced to NlogN (for N vortex particles in the flow field) if the solution domain is
covered by an Eulerian fixed mesh on which the velocity field can be determined as first
proposed by Christiansen (1973). In the published literature, both Vortex-In-Cell (VIC)
and Particle-In-Cell (PIC) are names used interchangeably to identify this method. The

Lagrangian particles are then moved and tracked while information is exchanged between
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the Lagrangian particles and the Eulerian grid. The VIC method has ever since been
used successfully in two-dimensional flow cases where typically the vorticity-stream
function formulation is implemented. This method has been implemented by, among
many others, Aref and Siggia (1980) for shear layer flow and Chang and Chern (1991)

for flow around an impulsively started circular cylinder.

In three-dimensional flows the vorticity is a vector. This implies that vorticity may be
changed by stretching, tilting and diffusion. Three dimensional versions of VIC have
been developed and used for inviscid flow by Couet et al (1981) simulating a periodic
mixing layer flow and by Bretcht and Ferrante (1990) for bubble flow. It has also been
used for viscous flow by Micheal et al (2000) for the diffusion of a line vortex and
propagation of a vortex ring. Lui and Doorly (2000) used VIC to simulate a vortex flow
in unbounded domain. The same group implemented VIC to simulate a vortex ring
interaction with a wall (Lui, 2001) and later to simulate an unsteady shear flow induced
by a vortex ring (Lui, 2002). Walther and Koumoutsakos (2001) also implemented the
same methodology to solve for a particulate flow with two way coupling. Cottet and
Poncet (2003) used it for three dimensional flows over a finite length cylinder using body
fitted grid and immersed boundary for a vorticity ring impinging on a finite length
cylinder. Recently Chatelain et al (2008) utilized an unprecedented billion vortex
elements with a large parallel distributed memory code to simulate an aircraft wake at a

Reynolds number of 6000.

In VIC method, the initial vorticity field is discretized into a finite set of particles, each of
which is defined by its position and strength. The velocity field is computed by solving

Poisson equation on the fixed grid. The vorticity then is advected explicitly by the
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moving particles. Thus the grid-based computation of convection that causes the tainting
of flow features is avoided. In comparison to pure Lagrangian methods, the grid system
serves to, besides computing the velocity field, smoothing the vorticity over a blob of a
dimension that depends on the interpolation scheme and grid spacing. Walther and
Koumoutsakos (2001) used a uniform cubical grid in a particle-laden flow simulation.
Micheal et al (2000) used a triangular grid in the simulation of a two-dimensional wake
of a circular cylinder. The same authors used a tetrahedral grid system in the simulation

of the three-dimensional propagation of a vortex ring.

A variety of methods has been proposed to solve the Poisson equation. Lui and Doorly
(2000) used the seven point discretization of the second order derivatives in the
equations. Micheal et al (2000) implemented the conjugate gradient solver with a
piecewise linear finite element method. Fast Fourier Transform (FFT) is used by Walther
and Koumoutsakos (2001) to solve the Poisson equation. The generalized minimal
residual (GMRES) method, which is more suitable for parallel computing is used by Lui
(2002). Chatelain et al (2008) used a periodic box for their computational domain which

allowed a straightforward transformation and solution in the wave number space.

A crucial aspect of VIC method is the efficient and accurate exchange of information
between the particle and mesh. The finite grid size produces a loss of the information
contained in wave lengths shorter than the grid spacing. Longer wave length variations
can be retrieved accurately by the assignment and interpolation schemes. Thorough
analysis of these schemes in Fourier space is given by Hockney and Eastwood (1981).
Following Hockney and Eastwood (1981), for a given grid size the best interpolating

scheme would act as a band limited low-pass filter with a limit corresponding to the wave
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number of the grid size. Unfortunately the optimal band limited transform corresponds to
a sinc function which is not limited in the physical space (the sinc function is defined by
sinc(x)=sin(nmx)/wx). Such interpolation scheme will involve all the mesh points in the
solution domain, which is computationally impractical. Practical scheme starts with the
choice of grid based weighing function (or filter), that has a small compact support
around the grid point. A family of these interpolation kernels are in use, every member
of which is characterized by its accuracy (the number of grid points involved) and
smoothness (the number of continuous derivatives shared by the interpolation kernel and
sinc function). The interpolation scheme is constructed by the tensorial product of their
one dimensional counterpart. The number of points involved is M‘, where M is the
number of grid points involved in the interpolation kernel and d is 1, 2, or 3
corresponding to one, two, or three dimensional flow, respectively. The first of those
interpolation kernels is the piecewise constant, which assigns the particle variable to the
nearest grid point. The next in the line is the piecewise linear which interpolates the
particle values to the nearest two grid points according to their distance from the particle.
This scheme is termed as bilinear in one dimension, area weighing in two-dimensions and
volume weighing in three dimensional flows and is used by many researchers such as Lui
and Doorly (2000), Lui (2002) and Milane and Abdolhoseini (2004) as interpolation and
smoothing formula. Monaghan (1985) proposed a one-dimensional moment-conserving
B-spline interpolation formula that increases the accuracy without affecting the
smoothness properties. It is known as M4 scheme and it was later applied to two and
three dimensional vortex methods (Cottet and Koumoutsakos, 2000). This method is
widely used in literature, for its accuracy and smoothness characteristics, see for example

Cottet and Poncet (2003), Giovannini and Gagnon (2006) and Van Rees et al (2011). The
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M’ 4 scheme is adopted in this work and the details of their mathematical formulation will

be presented in the next chapter dealing with the mathematical formulation.

2.4 Viscous Schemes

Vortex methods were originally derived as a tool to track the evolution of vorticity field
in compliance with Kelvin-Helmholtz idealization of inviscid flows. This is the reason
why there was always some inconvenience associated with the incorporation of diffusion
effects into the vortex methods. However, diffusion of vortex sheets to non-zero
thickness and vorticity filling significant regions of the flow field are direct consequences
of non-zero viscosity. Therefore, viscosity effects are inevitable in almost every practical
flow configuration. Many techniques have been developed to deal with the diffusion

effects and will be discussed in the following sections.

2.4.1 Random Walk Method

The first successful addition of viscosity was made with the random walk of vortex
position due to Chorin (1973), commonly known as random vortex method (RVM). The
random vortex method acts by modifying the positions of the particles at each diffusion

substep by adding a random walk, that is the particle locations are transformed
using "' = %" +£", where £"are Gaussian independent random variables of zero mean
and standard deviation equal to +/2vAr . This formula is based on the probabilistic

interpretation of the diffusion equation, which says that the probability of finding a

particle that moves at random in Brownian motion is given by the solution of the
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diffusion equation. The fundamental solution of non dimensionalized one dimensional

e . o' 1w . . .
diffusion equation —— = in an unbounded domain for >0 (Saffman, 1992) is

3" Re gy

o (x,1) =, Re* exp(— Rf_ x*zj (2.15)
4m 4¢

The function above is the same as the probability density function of a Gaussian random
variable with zero mean and standard deviation o = ,| 2 %{e . Hence in three dimensions,

the diffusion term is simulated stochastically by a displacement of the particles in three

orthogonal directions, using three independent Gaussian random variable with zero mean
ando =,/ 2At%{e . Convergence of the method has been proven, but its slow rate means

that a large number of particles are required to obtain reasonable accuracy. This makes
the random walk method prohibitively costly when implemented in three dimensional
flows. Also, the random walk method can only model slightly viscous flows, i.e.; laminar
or transitional high Reynolds number flow and the solution given by equation (2.15)
brings the effects of molecular and numerical (but not turbulent) diffusion into the
numerical simulation of vorticity diffusion (Sarpkaya,1994). However, due to its locality
and ease of implementation, the random walk method continues to find extensive use to
this day. A more detailed description of this method, presentation of convergence
analysis and aspects of numerical analysis are provided by Cottet and Koumatsakous
(2000). Many research works can be cited for implementation of the random walk

method. For example; flow around impulsively started cylinder at Re=300, 550, 3000,
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9500 by Smith and Stansby (1988) and the wall bounded flow by Gharakhani and

Ghoniem (1997), where the number of particles was of the order of 10°.

2.4.2 Core Spreading Method

Core spreading scheme is another viscous vortex method which is apparently first
presented by Leonard (1980). Viscous effects in this method are accounted for by
changing the core size of vortex particles linearly with its age. This is to exactly match
the diffusion of two dimensional line vortex (Lamb-Oseen vortex). This can be explained
on the basis of the classical solution of Lamb-Oseen vortex, which is governed by the

following partial differential equation (Green, 2001)

0w ’w
L=y > (2.16)
ot a|7¢|2

The initial vorticity is zero everywhere except on the axis |fc| =0, where there is a line

vortex of strength ¢, . This is a two dimensional flow with circular symmetry in which
the streamlines are circles around the axis. The vorticity, which has one component
parallel to the axis, is a function of the radial distance and time. Therefore, it can be
treated as a scalar quantity. The vorticity field described by equation (2.16) is given by

|ﬁ 2

X
] (2.17)

- a -
W (x,t)=—22-ex
:(%.1) Axve ol 4wt
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. If the discrete vorticity field of equation (2.10) is rewritten slightly different to express

the core function dependence on time as
o) = fE-% ), (2.18)
j

According to the core spreading method, the cut-off function is selected to be the solution
of equation (2.16) with the initial condition f, that is the cut-off function at any time 7 is
given by the convolution integral of the initial cut-off function and the Green’s function

of the diffusion equation (2.15):

|4 4,|2

X
1, G (2.19)

4ve

The core spreading is formulated to satisfy the diffusion part of the vorticity equation by

linearly growing &° according to Sarpkaya (1994) as

ds’ _

4v 2.20
% (2.20)

The above equation means that the core size must expand at every time step at a rate
proportional to+/VAr that is the core size of a vortex particle p at time (f+ Ar) is given

by
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S (t+Ar) =8 (1) +24vAr (2.21)

The attraction of this formulation, apart from its simplicity, is that it is localized and it is
fully deterministic, allowing for faster convergence. However research in its regard have
seen a setback when Greengrad (1985) demonstrated the inconsistency of the core
spreading method. He proved that the scheme converges to an equation different from
Navier-Stokes equations. Greengrad (1985) derived the actual equation which is solved
by the vorticity obtained by core spreading. It differs from the Navier-Stokes equation in
the convection term only. As the convergence of a vortex method depends on core size
sustainability, the method will clearly eventually break down as the core size keeps
growing. This simple argument clarifies how a correction is implemented by splitting the
blobs which have grown beyond a specified maximum into smaller elements. Rossi
(1996) proposed a correction to the core spreading method with vortex splitting and
provided details of implementation. He also proposed vortex merging as a means to

control core size problem, as the splitting can rapidly increase the blob population.

2.4.3 Particle Strength Exchange (PSE) Method

Motivated by slow convergence of random walk method and the inconsistency of the
core spreading method, the particle strength exchange (PSE) method was developed by
Degond and Mas-Gallic (1989). It was introduced in the context of viscous splitting of
the general particle method, in which the viscous and inviscid parts of the governing
equations are taken into account as successive substeps. The principal feature of the

particle strength exchange method is that the Laplacian operator in the diffusion term is
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approximated by an integral operator. Given that the smoothing function f; satisfies the
moment conditions given by equation (2.14), the Laplacian of vorticity can be

approximated by
V2a(5) = 2 [ 1,5 - 0ol - ol 222

When the vortex distribution within the smoothing function is Gaussian, then that is
equivalent to the Green’s function of the diffusion equation with a cut-off parameter o

expressed as

X

G, (%)= Zzexp{_| } (2.23)

70 257

the Laplacian is approximated by
2 =f= 2 - =W A= == =
A% (()()c)ng.G(7 Qx—x|)[a)(x)—a)(x )]dx (2.24)

Based on the length scale of the diffusion equation, the cut-off parameter J is typically

chosen to be (2vAr)""?. The locations of the vortex particles are used as quadrature points
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to approximate equation (2.22). Hence, for the case of unbounded flow, the diffusion

substep obtained using the (PSE) method is discretized as

dzp =vY(@,-a,),(x,- %, (2.25)

J=1

In summary, the main feature of the PSE method is the replacement of differential
operators by integral operators, more suited to the particle representation of the data. The
integral operators are discretized by quadrature on the locations of the particles, then the
discrete integral operator for diffusion reduces to a contribution from nearby particles to a
change of circulation on a given vortex blob. In equation (2.25) the strength exchange
involves all particles; in practice, though, each vortex particle is allowed contributions to
the change in its circulation strength from particles within a radius of typically 50 as
suggested by Ploumhans and Winckelmans (2000). The accuracy of (PSE) depends
strongly on the quadrature rules used for the discretized integral, which means the
accuracy is linked to having nearly uniformly spaced particles. That entails frequent
remeshing of the particle field into a well-ordered field which undermines the grid free

nature of the method.

In conclusion, the PSE method has been applied in many classic problems of flow past
bluff bodies, as an example, the high resolution flow past a sphere at Reynolds numbers
of 300, 500 and 1000 by Ploumhans et al (2002). Giovannini and Gagnon (2006) have
implemented successfully the PSE method in an unbounded flow for two counter-rotating

vorticity tubes.
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2.4.4 Fishlov Method

There is yet another deterministic method proposed by Fishelov (1990) which is not
based on the exchange of circulation. Her suggestion was to approximate the vorticity

field by a convolution with a smoothing function

D= [s*d (2.26)

Then the Laplacian operator that represents the diffusion term in the vorticity equation is

approximated analytically by differentiating the smoothing function as

Va=Vi(f,*@)=(Vf;)*® (2.27)

Prior to Fishelov, the same concept was used by Anderson and Greengrad (1985) to
compute derivatives in the stretching term in three dimensional flows as will be discussed
in the next section. The method is proven to be stable if the Fourier transform of the
smoothing function is non-negative. According to Fishelov’s method, the viscous substep
for Lagrangian particle representation when there are N particles in the computation

domain is given by

e, X _, L
= :vzlv fs(X, =X, (2.28)
=
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Fishelov implemented this deterministic viscous approach to a step function initial
vorticity problem and compared the results to that of Random Vortex Method (RVM).
Numerical experiments for simple flow problems were carried out with this method and
the results agreed well with the random walk method. Later Fishelov (1994) used her
method for the simulation of flow around a sphere at Reynolds number of 3000. In this
simulation, random walk method was utilized in the wall region with a boundary layer
formulation whereas her method was used in regions away from the wall. The simulation
seems to be unable to keep stability for long times and results looked coarse. Researches
in this method appear to be scarce probably due to the fact that this method encounters

difficulties when particles get distorted as computation proceeds in time.

2.4.5 The Diffusion Velocity Method

Introduced by Ogami and Akamatsu (1991), the diffusion velocity method was deduced
by considering an arbitrary function g(x,7) moving in the x direction with a speed of u(x,?)
which is not necessarily independent of g. The time variation of g over an element Ax for
a short time interval Ar can be related to the difference between the incoming and

outgoing quantities within the element Ax. This relationship was shown by Ogami and

Akamatsu (1991) to be,
a—gAt-sz ug—(u+a—quj(g +8_gij At (2.29)
ot ox ox

When Ax and Ar approach zero and neglecting higher order terms, we get
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9g  dug _ (2.30)
Jt ox

Similarily the equation describing a function g(x,y,#) which moves in two dimensional
space with a velocity u(x,y,?), in the x direction and with a velocity v(x,y,t) can be written

as,

dg  dug  dvg _

0 2.31
ot dx dy (23D

Vorticity in two dimensional flows is a typical example of a scalar field and its equation

can be written as

ow 0 v 0w ) V0w
.Y 27 el N =0 2.32
o o Ku ® Ox ja)} ’ dy Kv @ dy ja)} .

Comparing equations (2.31) and (2.32), the contribution of diffusion u, to the convective

- Vv 0w dw . . . .
term is u, =——(—=—,—=). Therefore the vorticity equation can be written in a

@ Ox dy

conservative form as

21V e(i0+i,0)=0 (2.33)
t
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The concept of diffusion velocity implies that the net flow of vorticity is proportional to
the vorticity gradient, which is analogous to Fick’s law of diffusion with the diffusion
coefficient v/, where v is the kinematic viscosity. The way the vorticity gradient is
obtained in the diffusion velocity is by directly taking the derivatives of the cut off
function in the discretized vorticity representation. The diffusion velocity also has the
property that the circulation of any closed circuit is invariant if advected with the local
fluid velocity and the diffusion velocity. With this property the diffusion effects can be
amalgamated into the convection term. Ogami and Akamatsu (1991) examined the
applicability of this method by applying it to an one dimensional diffusion test problem
and two dimensional flow over a circular cylinder at Reynolds numbers 1200 and 40,
which is below the limit of applicability of the random walk method. In a later work,
Ogami and Ayano (1995) presented additional results for flow over a circular cylinder
using the diffusion velocity method for a wide range of Reynolds number (10™ = 107 ).
According to the authors, the predicted variation of drag coefficient with Reynolds

number shows good resemblance to the experimental data.

The diffusion velocity was also derived by a different approach, from fundamental
principles, assuming that vortex elements are convected due to the usual convective
velocity and due to the diffusion velocity as discussed in Kimpka and Strickland (1993),
Strickland et al (1995) and Strickland et al (1996). Their argument was based on the
premise that while the convective velocity is divergence free in incompressible flow, the
diffusion velocity is not. This effect was not considered by Ogami and Akamatsu (1991).
Therefore, in this approach vortex blobs change their location according to the diffusion

velocity and change their size with time according to the divergence of the diffusion
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velocity. Kimpka and Strickland (1993) have shown that for one-dimensional case their
method provides an improvement over the diffusion velocity method proposed by Ogami
and Akamatsu (1991) probably because it makes allowance for a change in vortex blob
shape in a circular fashion. However, the formulation has a deficiency that it can not
resolve the diffusion velocity in the direction of the vorticity vector. Consequently, it can
only be applied to two dimensional flows since the velocity field is always perpendicular

to the vorticity field in two dimensional flows.

The extension of the diffusion velocity method to three dimensional applications is quite
problematic, due to the effect of the curvature of the vortex lines. When the previous two
dimensional method is applied to three dimensional vorticity equation, three dimensional
diffusion velocity will be introduced to every component of vorticity. This is not
numerically applicable directly since a velocity is to be defined for the Lagrangian
particle. The first attempt to introduce three dimensional diffusion velocity method was
made by Rivoalen et al (1997, 1999). The authors decompose the vector field @ into a

vector parallel to the vorticity vector @, and another orthogonal to it @,. With this

decomposition and some vector algebra, they were able to rewrite the vorticity equation
with the diffusion velocity term. However, it seems that their method was so
computationally expensive, that the authors did not implement the method in a fully three

dimensional problem. They have applied the method to an axisymmetric vortex ring.

A more computationally amenable formulation of the three dimensional diffusion
velocity method is given by Marshall and Grant (1997) based on the assumption of local
two dimensionality of the flow. Their argument was that the vorticity diffusion in most

applications is dominantly two dimensional even in three dimensional flows. Diffusion of
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vorticity sheet is a typical example of such flow. The same group has successfully
applied this formulation of the diffusion velocity to two-phase particulate flows with two-
way coupling (Chen and Marshall, 1999) and to three dimensional flow over a sphere
using tetrahedral mesh (Marshall et al, 2000). In later study, Grant and Marshall (2005)
have mathematically proven the existence of the diffusion velocity for a complex-
lamellar vorticity field. In vector calculus jargon, a complex-lamellar is a vector field for

which the curl of the vector is everywhere orthogonal to the vector itself (Aris, 1989).

2.4.6 The Moving Least Square Method

Another approach for inclusion of diffusion in vortex method is the moving least squares
method. Marshall and Grant (1995) used this method within a fully Lagrangian context of
the vortex method. The moving least squares method consists of fitting a polynomial of
order two to the vorticity field in the neighbourhood of the point where derivatives are
sought. It is one of the objectives of the present study to explore the validity of the
moving least squares method within the Vortex-In-Cell frame work. The motivation
behind this is the loss of accuracy in the calculation of partial derivatives when the
solution proceed in time and the particles become irregularly spaced especially in highly
strained flows. In fact, Lui and Doorly (2000) did not need to implement the moving
least squares when they applied the particle-in-cell method to the flow of a vortex ring in
unbounded domain, probably because the particles maintain their regularity in the flow
configuration they were dealing with. The drawback of the moving least squares method
is that one has to solve 10x10. linear equations in every time step of the solution for

three dimensional flows. These linear equations are used to determine the coefficients of
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the second order three dimensional polynomial utilized in this method. In a preliminary
work by Sadek and Milane (2007), the Vortex-In-Cell method was used to simulate a
three dimensional mixing layer together with the method of moving least squares. A
discrepancy was observed in the root mean squares of spanwise velocity fluctuations
when compared with the experiment of Oster and Wygnanski (1982) although it is in
good agreement with the simulation of Inoue(1987) developed using the vortex method

based on the fully Lagrangian filament approach.

2.4.7 Finite Difference Scheme

There is at least one more approach to incorporate diffusion effects in vortex method; that
is the finite difference method. The accuracy and simplicity of this method are
demonstrated by a recent validation study due to Van Rees et al (2011) This approach is
particularly suitable for VIC method and is therefore adopted in Chapters 4 and 5 of this
work. It has been employed by Lui and Doorly (2000), Lui (2002), Chatelain et al (2008).
In this technique, the Laplacian operator of the diffusion term is approximated by a high
order finite difference scheme using vorticity grid values. Vorticity increment is then
used to update particle strength through back projection of grid values to the particle

location using the interpolation scheme.

2.3.3 Stretching and Tilting

The stretching term in the vorticity equation is given by ((_[”V)L_i . To test the

significance of this expression, let us take a coordinate system as shown in figure 2.1
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with r direction along the vortex line s in the direction away from the center of the

curvature of vortex line and t along the third normal (Kundu and Cohen, 2002). Then

(@e V)i =|d) - (2.34)

The quantity |Eo|2—u on the right hand side of equation (2.34) is a vector with three
r

r

components. The first component |(Z)| represents the change of u, along the vortex

line, that is the stretching of vortex line according to the principle of conservation of

du du
* and |@—L~represent the change
5, and @l Frep 8

angular momentum. The other two components |CZ)|

of normal velocity components along r and therefore, the rate of turning or tilting of
vortex lines about s and ¢ axes, respectively. For example, the turning of the vorticity

vector toward the s-axis generates vorticity component along s.

Stretching is merely a characteristic of three-dimensional flows since the term
representing stretching vanishes in two dimensional formulation of vorticity transport
equation. The vorticity field in three-dimensional turbulent flows can be portrayed as
tangled, spaghetti like filaments of concentrated vorticity. According to Biot-Savart law
these filaments induce velocity on each other and cause some to stretch and tilt while
convecting with the flow. In the absence of viscous dissipation, for the sake of this
discussion, stretching of vorticity lines is associated with the enhancement of vorticity in
compliance with the law of conservation of angular momentum. This intensification in

vorticity results in thinning of vorticity tubes and increase in velocity gradients as
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indicated by vorticity definition. This process is thought to be the main physical
mechanism by which ever smaller scales of turbulence are produced and maintained

(Mathieu and Scott, 2000).

From the computational stand point of three dimensional flows, if vortex elements are
used to simulate a flow configuration, the strength of vortex elements must be updated in
every time step to account for stretching and tilting. A variety of techniques have been
proposed to compute the stretching and tilting. Essentially, stretching computation
techniques are different from one another by the manner in which the vorticity field is
discretized and the method used in computing the velocity derivatives. In filament
method, the explicit computation of the spatial derivative of velocity in stretching term is
avoided. This method was originally proposed by Chorin (1982) and later implemented
by many researchers: Ashurst and Meiberg (1988) in three dimensional mixing layer
simulation, Inoue (1989) for simulation of spatially growing mixing layer, Knio and
Ghoniem (1989) for three dimensional vortex simulation of entrainment augmentation
due to streamwise structures and Milane and Abdolhoseini (2004) for spatially growing
uniformly sheared flow. In this method the vorticity field is approximated by a collection
of interconnected vectors. Each vector is represented by two points considered to be the
head and tail. The magnitude of vorticity is proportional to the distance between these
two points. The stretching term is automatically accounted for by the relative movement
of these points. In actual computations, vorticity intensification in general is associated
with a rapid stretching and reorientation of these vector elements which result in irregular
flow map and loss of accuracy of the solution as the time proceeds. This is the reason the

filament vector is usually divided into two smaller vectors when the distance between the
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two points becomes large and its circulation is divided between them in what is usually

known as regridding step.

In contrast, when disconnected vortex elements are used to discretize the vorticity field,
the redistribution of vorticity due to stretching and tilting is explicitly accounted for.
Therefore a separate equation governing the change of particle vorticity due to stretching
is needed. Several approaches have been developed to update the particle vorticity,
leading to different approximations of the stretching term formulation. Anderson and
Greengrad (1985) computed the velocity derivative tensor in the stretching term at the
particle location in a fully Lagrangian manner. They differentiated analytically the
velocity kernel resulted from Biot-Savart law, which is a known function of position and
took the convolution summation with the particle vorticity. In this method the velocity

derivatives in the stretching term are approximated by

Vii(%,1)=VY £, (G- %,)a, () (2.35)

Since f5 is a known function of X, the right hand side of equation (2.35) can be

explicitly computed. This suggests that the change in particle vorticity due to stretching

can be computed in a fractional step as

e (6,00VIZ 15l5, -, 0) @36)
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The method is later proven by Beale (1986) to converge to the exact solution of three-

dimensional inviscid vorticity equation. A variant of this method based on the vector

identity (VEi -(va) )0 b =(Vxa)xb , for any vector fields @ and b can also be used. If a

is set as the velocity field and b as the vorticity field, the right hand side of the above
identity will be identically zero and the velocity gradient tensor in the stretching term can

be replaced by its transpose or any linear combination of them (Winckelmans and
. . ) . o7\ 1. T
Leonard,1993), i.e. the stretching term can be written as (a)O \% )u or 5(0)0 (V +V ))u ,

where @ and u are the vorticity and velocity fields, respectively. The first formulation
is usually termed as the transpose scheme and the second is termed as the mixed scheme.
Mixed scheme offers computational saving due to the symmetry of velocity kernels and
transpose scheme conserve the total circulation. All the above schemes converge to the
same solution for a divergence free (solenoidal) vorticity field, a condition that can not be

kept in a discretized vorticity field (Winckelmans and Leonard, 1988).

When vortex particle method is used in highly strained flows, the calculation of
stretching exhibits errors associated with severe distortion of the initial arrangement of
vortex particles. Marshall and Grant (1997) proposed and implemented the moving least
square technique to calculate derivatives in vorticity transport equation for fully
Lagrangian method. They are obtained by locally fitting a polynomial function to a set of
control points surrounding a given Lagrangian vortex particle at which the derivatives are
required. The authors have used the least squares criterion to find the polynomial then
analytically differentiate the polynomial to compute the derivatives. Chen and Marshall

(1999) utilized the same technique in the simulation of two-way coupled particulate flow.
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Later, Marshall et al (2000) used the moving least square method in three dimensional
fully Lagrangian vortex method for the simulation of the flow around a sphere. In the
present work, it is intended to extend the applicability of the least squares technique to
the Eulerian-Lagrangian Vortex-In-Cell approach adopted by this study as a remedy for

irregularity of the particle spacing.

In the context of Vortex-In-Cell (VIC) method, another approach to compute the
stretching term is usually adopted. Vorticity difference due to stretching term in the
vorticity transport equation is computed by a high order finite difference scheme on
Eulerian grid points covering the computational domain. Grid values are then back
projected to the particle locations to update their strength. This method is used by Lui and
Doorly (2000), Micheal et al (2000), Lui (2001) and Lui (2002). A conservative variant
of this method is implemented by Walther and Koumoutsakos (2001) in the simulation of
two-way coupled particle-laden flow, by writing the stretching term in a conservative
form, utilizing the solenoidality of the vorticity field. The grid values of the velocity and
vorticity are multiplied and differentiated on the grid and finally interpolated back to the
particles. They used this technique in the simulation of particle-laden flow with two-way
coupling by a (VIC) method. Van Rees et al (2011) used the transpose formulation for the
stretching term and discretized it with a fourth order finite difference scheme in their

vortex method validation study applied to Taylor-Green vortex.

2.5 Spatial Adaptation (Re-Meshing)

Most vortex method applications incorporate some kind of spatial adaptation in the form

of re-meshing or re-gridding algorithm. Re-meshing consists of many steps to restarting
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the particle field on a regular grid every few time steps and recalculating the particle
strength by interpolation or other means. A complete theory of stability and convergence
of vortex methods for free space two and three dimensional vorticity equations have been
developed by Beale and Majda (1982). Convergence requires vortex elements to overlap
during the computation time. Nonetheless Beale and Majda (1986) have tested vortex
methods with high-order cut off function and those numerical experiments confirm the
theoretical prediction of the order of convergence for moderate times, however, at later
times the high order accuracy progressively deteriorates. This seems to be due to the
distortion of the Lagrangian grid; that, in general takes place as the initial grid is
deformed by the flow. This leads to progressive loss of accuracy in the computation of
velocities. Beale and Majda (1986) concluded that to obtain accurate solution for long
integration times, re-meshing techniques are usually needed. Introducing re-meshing
techniques decrease the local Lagrangian grid size and allow stability and accuracy for
longer times. Unfortunately this introduces increasing levels of numerical diffusion,

undermining the main feature of the vortex methods.

The current common approach of “remeshing” (also called “redistribution” by some
workers) of the particle field consists of constructing a Cartesian lattice of new particle
locations and obtaining the new strength values from the old particles by interpolation.
The two dimensional or three dimensional interpolation rules are built by Cartesian tensor
product of their one dimensional kernels. These kernels have been constructed of
increasing order in terms of the number of particles involved in the interpolation formula
and the highest order of vorticity moment conserved. The commonly used interpolation

kernels are of two families, the “A” and the “M” family, as described in detail in Cottet
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and Koumoutsakos (2000). Using any of the interpolation formulas ¢, the remeshing

schemes obtain the contribution of strength from the i™ old vortex particle A, , to the

new vortex particle location (?c ) ), as will be discussed in section 5.2

R L (x,—x y, = z,- %
Aa,  =a, L P P 2.37

2.6 Relevant Literature on Vortex Methods

Among the many numerical and theoretical treatments of mixing layers one may
distinguish two main approaches. The first school has chosen to rely on classical
hydrodynamic stability theory. In this respect the mixing layer is conceptualized as a
superposition of interacting instability waves that propagate and amplify in the
downstream direction. Ho and Huerre (1984) have published an extensive review on two
dimensional mixing layers within the frame work of stability theory. In their review they
have shown the ability of stability analysis to describe very satisfactorily the initial
development of mixing layer and reproduce the roll-up phenomenon. They also showed
that beyond the region of exponential growth, Kelvin-Helmholtz instability waves evolve
into a periodic array of compact spanwise vortices. Another approach provides a
description in terms of the evolution of the vorticity field. This task can be conveniently

accomplished by vortex methods, the focus of the present work.

A large body of research work has utilized vortex methods in different types of flow

problems under different flow conditions. The present review will be limited to three
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dimensional vortex methods and some two dimensional applications that have three

dimensional character (axis-symmetric).

Inoue (1987) simulated incompressible mixing layer by a three dimensional vortex
method by introducing three dimensional disturbances in an otherwise two dimensional
flow field. He used vortex filament method, where each filament is represented by the
sum of a two dimensional undisturbed part and a three dimensional perturbed part.
Kinematic evolution of the filaments showed large scale spanwise variation of flow field
produced as a result of amplification of initial disturbances. Pairs of streamwise vortices
are formed at fixed spanwise locations that depend on initial disturbances. His results
indicated also that the presence of background disturbances may be essential for the

formation of streamwise vortices.

Ashurst and Meiberg (1988) have used vortex filament method to carry out numerical
investigation of a temporally evolving three dimensional inviscid shear layer. They have
included two signs of vorticiy to account for the weaker boundary layer leaving the
splitter plate. They have found that the flow is initially dominated by the growth of two
dimensional Kelvin-Hembholtz instability which leads to roll-up and the formation of
spanwise structures. Their computations also showed concentrated streamwise vortices
originated in the braid region between the spanwise rollers, whereas the translative core

instability does grow beyond small amplitudes.

Knio and Ghoniem (1989) have extended the vortex methods to solve for scalar field
besides the flow field. The method is termed transport element method. It is based on the
discretization of the vorticity/scalar gradient vectors into finite overlapping elements. The

method is applied to the simulation of three dimensional shear layers with high scalar
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concentration in one stream. The flow is perturbed in streamwise and spanwise
directions. Results show that the evolution of vorticity remains essentially two
dimensional within the linear range of Kelvin-Helmholtz instability until the development
of large scale spanwise structures connected by thin braids of vorticity, which will
stimulate a strong streamwise vorticity. Entrainment is shown to increase by almost 25%
over two dimensional simulations. In another work, Knio and Ghoniem (1990) have used
three dimensional vortex method based on the discretization the vorticity field into vortex
vector elements of finite spherical core for the simulation of propagation and stability of
vortex ring. Results of unstable mode frequency and growth rate are in good agreement
with analytical results. The late stages of evolution of instability showed the generation of
small scales in the form of hair-pin vortex structure. In a later work, Knio and Ghoniem
(1992) explored the effect of density variation on three dimensional shear layer using
their modified vortex method (transport element method). Similar series of events have
been observed in the case of variable density except that vorticity generation due to
density variation leads to the formation of asymmetric cores whose volumetric

composition are biased towards the lighter fluid.

Walther and Koumoutsakos (2001) utilized a three dimensional viscous vortex method
for simulation of particulate flow with two-way coupling. The flow field is computed
using purely Lagrangian vortex elements moving with the local velocity, while their
strength is modified to account for viscous diffusion, vortex stretching and vorticity
generation induced by the particles. They have used remeshing to accommodate vorticity
generation and particle strength exchange (PSE) method to simulate viscous diffusion.

The method was validated against finite difference study of swirling flow with particles.
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Milane and Abdolhosseini (2004) used a mixed Eulerian- Lagrangian approach based on
Vortex-In-Cell (VIC) method and vorticity- velocity formulation to solve three
dimensional, incompressible, inviscid, spatially growing uniformly sheared flow. The
vortex filaments were initially subjected to three dimensional random perturbations in
order to simulate nearly isotropic conditions. Results showed qualitative agreements of

the three components of energy ratio with other simulations and experiments.

Ploumhans et al (2002) have used fully Lagrangian vortex method along with the (PSE)
diffusion technique to simulate flow around bluff bodies of a general three dimensional
geometry. The method was applied to flow past a sphere at Reynolds numbers of 300,

500 and 1000, and was validated against experiments and numerical results.

Lakkis and Ghoniem (2003) have presented an axisymmetric vortex method for low
Mack number diffusion controlled combustion. In their discretization, they have used
vortex ring elements. An accurate solution for the diffusion term is also implemented.
Results have shown very good agreement with finite difference solution of the same

problem.

Giovannini and Gagnon (2006) developed a three dimensional Vortex-In-Cell method for
two counter rotating vortex tubes. They validated their results by comparison to pseudo
spectral code. Decay of kinetic energy and enstrophy were used as a diagnostic tool to
quantify the dissipative behaviour of the vortex method. Their results demonstrated the

ability of the vortex method to predict complex vortical flows.

Chatelain et al (2008) used the Parallel Particle Mesh (PPM) open source code to
simulate three dimensional aircraft wake by vortex method. They utilized the mesh

system to solve for the velocity, stretching and diffusion terms. They were able to use 1.6
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billion particle and 2048x1024x768 grid points run on 4096 processors. Another
validation study for the three dimensional vortex method utilizing the same (PPM) code
was published recently by Van Rees et al (2011). In this work, vortex method was
compared with the results of pseudo spectral method, where two vortical flows were
tested; namely Taylor-Green vortex at Re=1600 and two colliding vortex tubes at
Re=10000. Except for the smallest length scales, vortex method results matched that of

pseudo spectral method.

To the author’s knowledge, the Vortex-In-Cell (VIC) method has never been tested in a
temporally developing viscous three dimensional mixing layer. It is one of the objectives
of the present study to investigate the applicability of this method to such flow

configuration.
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Chapter 3

Formulation and Mathematical Models

3.1 Introduction

The most general starting points to solve any physical problem of incompressible shear
flow type are the laws of nature arranged in two main groups; conservation of matter and
conservation of momentum. These laws come together into the mathematical form of
differential equations then a suitable solution technique is devoted to solve a specific
problem. Our task in this chapter is to derive the differential equations governing the
three dimensional shear flow phenomenon in a suitable coordinate system then to present

a numerical solution method.

3.2 Vorticity Equation

The three dimensional incompressible flow of Newtonian viscous fluid may be described

in terms of the velocity u(X,7) and pressure p(X,7)of the flow by the momentum

equation, written in an inertial frame of reference,
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a_”+(ﬁov)ﬁ:—ivp+vvzﬁ+g 3.1
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and the continuity equation,
Veyu=0 (3.2)

In equations (3.1) and (3.2), v and p denote the kinematic viscosity and the density of the

fluid respectively, g is the acceleration due to gravity and V is a vector operator given

by {ai e, +aié , + aiéz } To solve for a certain flow configuration, the equations above
X y © 0z

should be supplemented by the initial conditions,
u(x,0) =u,(x) (3.3)

and the boundary conditions which need to be enforced. On a rigid body(x,), the
velocity of the fluid (u ) should be equal to the velocity of the body (u,) and at infinity,

if the flow is unbounded

ux) - ljm as |7€| — (3.4)
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where U _ is the free stream velocity.

For the purpose of the present numerical scheme, equation (3.1) is recast in terms of

vorticity @ . The vorticity @ of a flow field with velocity distribution # is defined by

=Vxu (3.5)

1

The vorticity in Cartesian tensor notation can also be expressed as

0
W, = Ey f (3.6)

J
where €, is the alternating tensor. As the curl of a velocity vector, the vorticity is a

vector too and its magnitude is twice the rate of solid body rotation of a small fluid

element about its own axis.

To develop the general vorticity equation, recognizing that

USU)—UXD 3.7)

equation (3.1) may be written as,
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taking the curl of the equation above and making use of the following vector identities;

for any scalar field a and vector field b,VxVa=0, VeVxb=0.Also assuming
that the flow is barotropic; that is the density is a function of pressure only and assuming
that the body force is conservative, i.e. can be written as a gradient of scalar potential, the

vorticity equation is written as

%_ftu(ﬁ.v)g,:(@.v)mvv% (3.9)

It is helpful to explain the significance of the different terms in equation (3.9). The first
term on the left hand side is the unsteady term. The second term on the left hand side
represents the convective transport of vorticity. The first term on the right hand side
represents the stretching and tilting of the vorticity lines which intensifies the vorticity.

The diffusion of vorticity due to the action of viscosity is represented by the last term.

Equation (3.9) is a vector equation that has three separate component equations in six
unknowns (three components of vorticity and three components of velocity). The
definition of vorticity in equation (3.5) is another vector equation expressing the relation
between u and @. At first glance, it would appear that no additional equations to find u

and @ are needed and the continuity equation is redundant. This conclusion is not true,
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because the vector definition of vorticity in equation (3.5) is actually two independent

scalar equations. This can be easily shown by taking the divergence of equation (3.5).

Ved=VeVxii=0 (3.10)

Therefore the three components of vorticity are related by equation (3.10); i.e. once any
two components of vorticity are known, the third may be deduced by integration of (3.5)

and application of boundary conditions. The continuity equation is therefore necessary to

close the set of equations. It is utilized by introducing the vector potential ® such that,

<)
Il
<
X
Lol

3.11)

because the divergence of the curl of any vector field is identically equal zero. Taking the
curl of the equation (3.11) and without loss of generality select @ to be a solenoidal
field (Marshall 2001), the vector potential is related to the vorticity via the following

vector Poisson equation.

V®=-0 (3.12)

The velocity components can be found from equation (3.11). Equations (3.9, 3.11 and
3.12) along with the boundary and initial conditions constitute a complete set of
equations to solve for the vorticity and velocity fields. This formulation is widely used in

two dimensional flow situations, mainly because The Poisson equation (3.12) is a scalar
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equation in this case. This argument does not hold when three dimensional flow problems
are to be investigated. In this case, Poisson equation (3.12) is a vector equation and
additional numerical operation is necessary to calculate the velocity field. In addition, the
entire solution of vorticity-vector potential formulation is dependent on the accurate
calculation of the vorticity at the boundaries. In other words implementation of boundary
conditions for the three dimensional case appears to be far more complicated than the

vorticity-velocity formulation which is discussed in the next section.

3.3 Vorticity-Velocity Formulation

Alternative formulation of the governing equations can be obtained by taking the curl of

vorticity definition given in equation (3.5),

Vx@=VxVxii=V(Veii)-Vii (3.13)

Utilizing the incompressibility constraint, equation (3.2) results in

Vii=-Vx® (3.14)

Summarizing the above results, the mathematical model for the flow in domain D is

expressed by the following set of equations,
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§+(aov)@: (@e V)i + vV ® in D (3.9)
Vii=-VX@ in D (3.14)
@(%,0) = i, (%) in D

u— Uoo X oo

In the above equations X = (x, y, z) is the position vector, i = (i, v, w) is the velocity, 7 is

time, @= (a)x,a)y,a)z) is the vorticity vector field,V=(d/dx, d/dy, 9/dz) is the
gradient operator, (Vx) is the curl operator, V> =9%/0dx”> +09>/dy> +9°/9dz> is the
Laplacian operator and @, (¥) is the initial vorticity distribution,

The above set of equations is well posed and is equivalent to the unsteady incompressible
Newtonian Navier — Stokes equations in three dimensions. The vorticity-velocity
formulation helps in eliminating the pressure from the unknowns of the equations. Our
numerical method is based on the discretization of the above equations using a mixed

Eulerian-Lagrangian Vortex-In-Cell method.

3.4 Vortex Particle Method

The starting point to solve equations (3.9 and 3.14) shown in the box by vortex particle
method is to rewrite equation (3.9) in a coordinate frame following fluid particle (Cottet

and Koumoutsakos, 2000)

—=(oe V)i +W’® (3.15)
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In Lagrangian representation, the fluid volume is discretized into a finite set of material
particles and equation (3.15) is used to describe the motion of each particle as it interacts
with other particles. In other words, the left hand side of equation (3.15) represents the
total derivative following a single particle and the flow problem is dealt with by solving
equation (3.15) for each particle. The difference between equation (3.9) and equation
(3.15) is the absence of the convection term (ﬁ eV)& in equation (3.15). In the present
vortex particle method, the vorticity is advected explicitly by the moving particles. Thus
the explicit discretization of the convection term that causes smearing of the flow features

in a purely grid based method can be avoided.

The vorticity field for the present numerical scheme is represented by a finite number of
particles N and the vorticity at any point x is considered as the discrete sum of the
vorticity field of the particles. The p" Lagrangian particle is defined by a position vector

X, and a vector strength &, that have the unit of circulation times length,

a, = [adv=a,v (3.16)

where v is a fluid volume associated with the particle p. Therefore the vorticity field

can be retrieved from the discretized vortex particle field by

B(F31)= Y é (v, 0E -3 ()= a 05, (1)) (3.17)
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Where ¢ is the three dimensional Dirac delta function. Rigorous mathematical
justification of this particle approximation along with its error estimates is given in Cottet
and Koumoutsakos (2000), based on the weak solution of advection equation. The
velocity field induced by the vorticity is obtained by solving Poisson equation (3.14)
using the discretized vorticity field for the right hand side. However the singularity of this

representation will result in unrealistically high velocities when the distance between two

vortices tends to zero, i.e. when (x—x,)—>0. In fully Lagrangian approach a

mollification function, usually with a circular symmetry is used to represent the
distribution of vorticity within a finite predetermined core. This function has to satisfy
certain moment conditions. Two and three dimensional Gaussian distributions are the
most commonly used ones. In the mixed Eulerian-Lagrangian Vortex-In-Cell method
adopted by this study, the grid system serves as mollification mechanism that removes
the singularity of the vorticity representation in equation (3.17). Once the singularity is
removed and the velocity is obtained by the solution of Poisson equation the convection
step of the vorticity transport equation is accounted for by a set of ordinary differential

equations following the motion of the material point as

all (X 1) (3.18)
—P =Xt .
dt r

The change of particle vorticity due to stretching and tilting are dealt with separately as

o, .\
2 = @, V), (3.19)

55



and in the case of viscous flow, the diffusion effects on vortices are computed by

L=y (3.20)

Equations (3.18-3.20) are the Lagrangian equivalent of the commonly used Eulerian

vorticity transport equation (3.9).

3.5 Fractional Step Method

This work is concerned with the development and validation of a hybrid Lagrangian-
Eulerian vortex method for numerical simulation of unsteady, incompressible and viscous
flows. The solution proceeds by successively considering equations (3.18-3.20) using the
fractional step method. The essence of fractional step method is to consider the different
physical processes within the governing equations successively rather than

simultaneously. Extensive description of this method may be found in Yanenko (1971).

Cottet and Koumoutsakos (2000) associated this method, which is sometimes called
viscous splitting, to the division made by Prandtl in 1904 between viscous and inviscid
effects. Convergence of fractional step method for Navier Stokes equation for unbounded
flow was proved by Beale and Majda (1981). The analysis of fractional step method for
the general linear convection-diffusion equation is also given in Cottet and
Koumoutsakos (2000). It reveals that fractional step method is always first order accurate
in time irrespective of the time stepping used. The algorithm consists of sub-time steps,

where the effects of convection, stretching and diffusion are considered successively.
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Algorithmically, for three dimensional viscous flows, the method consists of advancing
the vortices with the convective velocity in the first sub-step and changing the strength of
the vortices to account for stretching in the second sub-step. The viscous diffusion is
accounted for in the third sub-step. For three dimensional viscous flows, the

mathematical representation of the vorticity transport equation in the fractional step

method is
&
36 P
a—a’ +(@ V)i =0 (a) (b) (3.21)
' da,
=0
dt

where equation (3.21 a) corresponds to the Eulerian formulation of the convection sub-

step and equation (3.21 b) represents the Lagrangian formulation of the convective sub-

step
dx, o
~ dt
%_C: = (@.V)ii (a) (b) (3.22)
i, .\
dtp =(cop.V)up

where equation (3.22 a) corresponds to the Eulerian formulation of the stretching sub-
step and equation (3.22 b) represents its Lagrangian counterpart, and
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~ dt
%_f W () (b) (3.23)

where equation (3.23 a) corresponds to the Eulerian formulation of the viscous sub-step
and equation (3.23 b) represents its Lagrangian counterpart. In equations (3.21-3.23)
subscript p corresponds to the values at the particle locations. In the following sections

every sub-step of the solution procedure will be discussed explicitly

3.5.1 The Convection Substep

In the present Vortex-In-Cell (VIC) method, the initial vorticity field is discretized into a
set of vortex particles same as in pure Lagrangian method. Upon initializing a vortex
method calculation, one needs to obtain the identifying quantities of the vortex particles,
1.e. their location and circulation strength. The strength of each particle is computed using
equation (3.16). The resolution of the calculation is dictated by a grid system overlaid on
the computational domain. Uniform grid of dimension 4 is used in this work. Therefore
the volume associated with each particle is 4’ and the initial strength of each particle is
given by @h’. The strength of each particle is therefore a vector parallel to @. The
strength of each particle is then projected onto the nodes of the fixed Eulerian grid using
the appropriate interpolation formula. The contribution of each particle is summed to find

the mesh vorticity. The velocity field is calculated by solving Poisson equation (3.14) on
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the mesh instead of computing the velocity from Biot-Savart law which is applied
directly to the set of vortex particles. Thus the present work combines the mesh based
method with the particle formulation to form a hybrid method. Thus the present method
combines the best feature of Lagrangian approach, which is free of dissipation errors and

the best feature of the Eulerian approach, which has reasonable computation cost.

3.5.1.1 Interpolation Scheme

The two dimensional and three dimensional interpolation rules are built by Cartesian
tensor products of their one dimensional kernels. These schemes have been constructed in
increasing order with respect to the highest order of moment they conserve.
Mathematically, the three dimensional interpolation schemes are expressed in terms of

grid spacing h, as

lw. (%,=x)(y,=v) (2,2
= 24
R e a2s

where , 1is the interpolation kernel, subscripts p and i indicate the particle and grid

locations respectively. As discussed in chapter 2, the M family of interpolation schemes
are developed by successive convolution of the window function with itself. In this work
the M’4 scheme is used because it introduces minimum computational diffusion. For the

M’, interpolation scheme, the effective hyperviscosity v, , as indicated by Winckelmans

eff *

(2004), is bounded by
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(v, A1) =3h* /128 (3.25)

Where At is the time step and & represents the grid size. The M’4 one dimensional kernel

is given by
=2 + 2| <1
2 2
@lx) = %(2—|x| P(1-|4 ) 1<|q<2 (3.26)
0 |x| >2

This interpolation kernel is of second order approximation, which means that the total
circulation, the first and the second moments are conserved. As an example, let us
assume a one dimensional frame in which a particle is located at a point x, at a distance
of 0.3 to the right of the grid point x; as shown in figure (3.1). Using the M’4 scheme, this
particle will contribute to the vorticity of the grid points x;.;, x;, Xi+s, Xi+2 , in the following

proportions, -0.0735, 0.8155, 0.2895, -0.0315, respectively

In three dimensional coordinate system,the vorticity of a particle at point p within a cell,
will be assigned to the closest 64 mesh points by the three dimensional filter built from
the tensorial product of the one dimensional kernel. Equation (3.26) is used to find the
particle contribution to the vorticity of the grid. Figure 3.2 (a) shows the one dimensional
distribution of the M’ interpolation scheme. Figure 3.2 (b) represents its two dimensional
counterpart and figure 3.2 (c) shows an isosurface plot with a section through the plane
x=0; fifty equally distributed levels between -0.16 and 1 are used in the plot.
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3.5.1.2 Calculation of Velocity

Instantaneous velocity of the flow is obtained by solving Poisson equation (3.14) along
with the boundary conditions. In this work, Poisson equation is solved on the Eulerian
grid covering the flow field. By this method, the computational cost is significantly
reduced compared to the Biot-Savart law used in fully Lagrangian schemes. Applying the
central differencing to left hand side term of equation (3.14) gives the seven-point
approximation of the Laplacian. Successive Over Relaxation (SOR) with point by point
solution is used, (Moin, 2001). The resulting finite difference approximation of the
Poisson equation with successive over relaxation, for the streamwise component as an

example, is given by,

n+l n+l )

n+l __ n n 2 n
Ujp = (I- K)uijk [ui+l,j,k Ut B (”i,j+1,k U

K
+—
21+ B> +17)

+ 27U gy +ul )+ (h)? D] (3.27)

i,j,k+1

where hy, hy and h, are the grid size in x, y, z directions, respectively, n indicates the
iteration number, i, j, k are the indices of grid location in x, y, z, directions, respectively.
p=h/h, and A= hy/h,. The numerical value of the over-relaxation factor k= 1.8 was
adjusted by numerical trials such that fast convergence was obtained. D corresponds to
the nodal values of the right hand side of equation (3.14), i.e. the curl of vorticity. Two
methods are used to calculate latter term; namely fourth order finite difference method
and the moving least squares method. These methods will be further elaborated and

discussed in chapters 5 and 6, respectively. Once the velocities at the nodes are obtained,
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the velocity of the particles is calculated using the M’4 scheme by involving the velocity

at the nearest 64 grid points according to

_ 4 (x —x y =y, 7 -2z
= E ‘ L : P : P : 3.28
tr p uy( h j(p[ h j% h j ( )

Xp—xi y[l—yi Zp_Zi . . . . .
where ¢ P P P represents the contribution of grid point i to the

velocity of the particle p. The particles are then advected by integrating equation (3.21)

using the modified Euler method.

3.5.1.3 Stretching and Tilting

The vorticity transport equation for three dimensional flows involves the stretching
term (@ V)i . A direct method to determine the strength increment of a particle due to
stretching is used. In this method, the velocity derivative at the node is computed and
multiplied by the corresponding grid value of vorticity. Then the product is interpolated
back to the particle location. Thus the change of the particle vorticity is obtained by

explicitly solving the following equation (3.22 b)

(2®), =[(@e V)], At (329)

where the first term on the left hand side represents the change in the grid vorticity due to

stretching and At is the time step. The subscript d indicates the discrete approximation of
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the exact term inside the square brackets. The changes in vorticity computed by equation
(3.29) are then interpolated back to the particle position to update their strength using the

M’ interpolation scheme.

Two methods have been used to compute the velocity derivative on the grid, the fourth
order finite difference and the moving least squares. Details of implementation of these
methods will be discussed in chapters 5 and 6 respectively. In this work M’ interpolation
scheme is used to transfer information between the grid and the surrounding particles.
Consequently, vorticity increments computed from the solution of equation (3.29) will
contribute to the strength change of particles located inside a cube of four mesh length in

every direction.

3.5.2 The Diffusion Sub-step

In the present work, the diffusion term is calculated on the grid using two methods to
compute the Laplacian of the vorticity field, namely a fourth order finite difference
scheme and the moving least squares scheme. The vorticity increment due to the

diffusion term is computed from the explicit solution of equation (3.23 b),

A®,). . =Wa|,A (3.30)

diff

where the same notations as in equation (3.29) are used. The vorticity increment is then
interpolated from the grid location to the neighboring Lagrangian particles using the M’y

interpolation schemes outlined earlier. As a consequence of diffusion, during every time
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step vorticity usually enters regions that were devoid of vorticity in the previous time
step. This is manifested in a significant vorticity increment at the grid locations where
there are no particles within one or two grid sizes, depending on the interpolation scheme,
surrounding the corresponding grid. In that case new particles are created at the grid

location if the vorticity increment is greater than a predetermined threshold.

3.6 The Vorticity Correction

Although vortex methods for two dimensional and three dimensional solutions are based
on the same concept of weak solutions of the advection equation (Cottet and
Koumoutsakos, 2000), the three dimensional implementation has specific difficulties
related to the divergence free constraint on the vorticity field, i.e. equation (3.10) has to
be satisfied. Vortex methods in general do not guarantee that the divergence of the
vorticity field remains zero for long time simulations. Vortex filament methods are very
particular in this respect, since the solenoidality constraint is specified implicitly.
However the divergence free condition is crucial to ensure that the velocity is accurately
computed by the solution of Poisson equation. Consequently, the question of the
divergence of the vorticity is central in the three dimensional vortex methods not only
from the physical point of view but also from the numerical point of view. One way of
assuring that the vorticity field is solenoidal at all times was proposed by Cottet (1996).
Cottet proposed to correct the vorticity field at every time step such that the divergence
free condition is satisfied all the time. The method is based on the Helmholtz vector
decomposition of the vorticity field (like any vector field) into a gradient and rotational

(curl) parts as
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@=Vy+VxA (3.31)

where v is a scalar and A is a vector. Then by taking the divergence of the above equation

and making use of the vector identity V.-VxA=0 for any vector A, the following

Poisson equation is obtained,

Vy=V.@ (3.32)

The divergence free condition can be maintained by subtracting the gradient part of the

vorticity Vy from the vorticity field. For VIC implementation, the Poisson equation

(3.32) along with the boundary conditions of the problem can be easily solved. The
implementation of the vorticity correction method within the VIC frame work comprises

the following steps starting from the vorticity values at the grid.

1. Compute the vorticity divergence V- @ on the grid

2. Solve Poisson equation (3.32) on the grid along with the boundary conditions and
find the gradient part y. The same solution method for the velocity Poisson
equation (3.14) is used

3. Compute the gradient of y on the grid using fourth order central difference
approximation.

4. Subtract the gradient Vy from the grid vorticity to obtain the corrected vorticity

field, i.e. @

corrected

=w—-Vy
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This procedure allows exterminating the divergence of the grid vorticity resulting from
the discretization scheme of the vorticity field. The solenoidality of the particle vorticity
will follow if a robust and efficient interpolation and assignment scheme is used, i.e. the

M’ interpolation scheme.
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Chapter 4

Validation Tests for the Numerical Method

4.1 Introduction

Prior to considering the three dimensional vortex method, results of preliminary
calculations to validate the various aspects of the numerical method which are pertinent
to the problem to be considered are presented. The two dimensional spatially growing
mixing layer will be used in this validation test. This flow has been chosen because it is
one of the most extensively scrutinized flow problems both experimentally and
numerically over the past half century and consequently a wealth of well established
information and literature are available for comparison. The validation will comprise of
velocity calculation from a given vorticity field, testing the interpolation and assignment
scheme and study the effect of grid size and particle number on the accuracy of the
method. Flow features to be considered are the mean flow, momentum thickness, velocity

statistics, development of the vorticity field, turbulent energy spectrum and streak lines.
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4.2 Initial and Boundary Conditions

The flow configuration used to validate the solution procedure is comprised of a smooth
plate separating two streams of fluids at different velocities. Neglecting the effects of the
boundary layer, the uniform velocities above and below the splitter plate, u; and u,,
respectively, will generate a vortex sheet at the interface of the two streams as shown in
figure 4.1. The vortex sheet is inherently unstable and tends to rollup due to the shear
instability or Kelvin-Helmholtz instability (Drazin, 2002). . The projection of the vortex
sheet on a two dimensional plane is a line at the level of the splitter plate with a singular
vorticity. The strength of this line, which has the dimension of circulation per unit length,

is given by

Au=u, —u, 4.1

In the vortex particle method the line vortex is initially discretized into a finite number of
particles N, each of which is defined by its location and circulation. The circulation of

each particle is given by

a,=Aud, (4.2)

where «, is the particle circulation and d, is the initial distance between two adjacent

particles.
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For the base run, the computational domain in this work consists of a square grid of
uniform size h,=hy=0.125 cm and the number of grid points in two dimensions are
M M,=289x129, where x and y refer to the stream-wise and cross-stream directions,
respectively. Initially the vortex line at the splitter plate level is discretized into 14400

particles, with a number of particles per grid element equal to 50. The velocity difference

between the two streams is taken to be 675 cm/s and the velocity ratior =—==0.5. The
u,

strength of the vorticity sheet is 675 cm/s and the circulation of each particle initially is
1.6875 cm?/s. These conditions will be referred to as base run throughout this Chapter.
Velocity boundary conditions are taken as follows; error function velocity profile at the

inflow edge of the solution domain as given by Spencer and Jones (1971),

u—1u,

—(=cerf(-,) (4.3)

u —u,

where 7 is the similarity coordinate given by,

n=— (4.4)

where y is the cross-stream distance measured from the level of the splitter plate, x is the
stream-wise distance and x, is the virtual origin of the mixing layer. The spreading

parameter is ¢ and has been found by Spencer and Jones (1971) to be a function of the
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velocity ratio r. The experimental data of this parameter are fitted by to the following

curve,
1

g _fr (4.5)

o 1-r

where o, is the spreading parameter when r=0. The experimental data for 7,and x, are

also tabulated as a function of r, for r =0.5, 7, =0.009.

The outflow boundary conditions used in this work is the convective boundary condition,

that is the velocity at the outer edge of the solution domain is computed from,

ou ou

el =0 4.6
o e oy (4.6)

where u, =(u, +u,)/2 1is the average stream-wise velocity. Far field Neumann

boundary conditions for the cross stream and streamwise components of velocity

ou dv 9 .
H_ ——V=O) are implemented at the upper and lower edges of the

ie.—=—=
dy Oox Ody

computational domain

The time step is selected such that the initial array of vortex particles will be convected
with the average velocity u,,, a distance d,= u,, At each time step. Therefore one vortex
particle enters the computational domain each time step. The strength of this particle is

given by equation (4.2) and the rate of vorticity production at the edge of the splitter plate
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o
is ?p =u, (u, —u,). In the present code, at every time step the particle that leaves the
t

solution domain is discarded while a fresh particle is introduced to the solution domain at
the level of the splitter plate. The Kelvin-Helmholtz instability is simulated by perturbing
vertically the vortex elements closest to the splitter plate by a small distance y,(#) around

the splitter plate level according to
v, (t)= Ae sin(2zft) (4.7)

where A=0.5u At is the amplitude and & represents an arbitrarily small percentage of A
(taken as 0.03) in the present study. The frequency f is calculated

using f0 /2u, =0.02,(Milane, 2004) where 6,=0.56cm is the initial momentum

thickness. The flow Reynolds number based on the velocity difference and 8, is 2500.

4.3 Development of Mean Flow

Despite the extensive studies for understanding the structure and development of self
similar plane mixing layers, there exists considerable scatter in the published data leading
to many areas of confusion. The main reason for confusion and lack of agreement is that
mixing layers are inherently very sensitive to small changes in their operating and initial
conditions, the effects of which can persist for relatively long distance downstream. This
can be observed even in experiments of nominally similar conditions. Among the
parameters that are known to affect the mixing layer behaviour are: state of the initial

boundary layer (Mehta, 1991), trailing edge thickness (Dziomba and Fiedler, 1985),
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presence of trip wire (Bell and Mehta,1990), periodic oscillation force (Oster and
Wygnanski, 1982). Hence it is very difficult to set up comparable experimental results. In
this study all these factors are neutralized in order to study the effects numerical

parameters on the solution stability, accuracy and convergence.

Self similarity of a single stream mixing layer is shown by Bradshaw (1966) to be
attained at a distance equivalent to 10006, No such criterion has been established for two
stream mixing layers. However Bell and Mehta (1990) has shown that two stream mixing
layers develop self similarity in much smaller distance. In this study figure 4.2 shows the
mean flow velocity profiles plotted in similarity coordinate at five downstream locations.
The mean stream-wise velocity [(u-u,)/Au] at every grid points is computed by averaging
the instantaneous velocity, obtained from the solution of Poisson equation, over four
residence times, that is 57600 time steps. Residence time is defined as the time required
for a vortex particle to travel along the solution domain at the convective (average)
velocity. Collection of mean velocity data starts after two residence time allowance for
flow development. The normalized mean stream-wise velocity is plotted in figure 4.2

against the similarity parameter ¢, where;

fzy_yO.S (48)

The momentum thickness 9(x) was selected as a length scale parameter because it is an

integral parameter and shows less sensitivity to noise in data. As shown in figure 4.2,

similarity of velocity profiles was attained at 1/6 of the length of the computation
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domain. The inflection point of the mean velocity profile is apparently shifting toward the
lower speed stream as the computation moves down stream. In experimental results, self
similarity took longer distance downstream to be established due to the wake effects of
the splitter plate. Results of experiment of Bell and Mehta (1990) are also plotted on the

same figure. The agreement is adequate.

To study the effect of grid size and number of particles on the accuracy of the mean flow,
same code was run with the same computational domain and Reynolds number. The grid
size in both directions is twice that of the base run i.e. M,*"M,=145-65 and the vortex line
at the level of the splitter plate was discretized into 7200 particles. That means that the
number of particles per grid is maintained similar to the base run. Results of averaging
over four residence time, i.e. 28800 time steps in this case, for the same x locations are

shown in figure 4.3 for both the base run and the coarse grid size run.

The lateral position at which the streamwise velocity equal to the mean velocity (u;+u)/2

is denoted by y,. Figure 4.4 shows the ygs line growing linearly in the streamwise
direction with a negative slope. This shows that the spatial mixing layer is not symmetric
and spreads preferentially toward the low speed stream to entrain fluid into the shear
layer. Similarity of the velocity profiles entails that y,, grows linearly in the downstream
direction. The slope of y,is calculated to be 2°, while 2.2° was obtained by Champagne
et al (1976) experiment. Also shown on the same figure, y,s for the case of coarse grid

M,-M,=145-65, which indicates that grid size below that of the base run did not provide
any noticeable differences, i.e. at this level of resolution, the simulation is insensitive to

the grid size.
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Figure 4.5 shows the growth of momentum thickness for both the base run and the
coarser grid case. For both cases, the data cover the region where similarity of mean
velocity profiles was developed. The difference between the two can hardly be identified.

Both cases show effectively linear growth of momentum thickness.

4.4 Velocity Statistics

Intensities of velocity fluctuations are computed through out the computational domain.
Root mean square of streamwise velocity, cross stream velocity and cross correlation are
then obtained by averaging the instantaneous values over four residence times following
the calculation of the mean velocity. These statistics are normalized by the velocity
difference across the mixing layer. Profiles of the root mean square of the streamwise
fluctuations RMSu’/Au for four stations in the streamwise direction are shown in figure
4.6 for the base run data. Compared to the mean velocity profile, similarity of RMSu’/Au
profiles take longer distance to be established further downstream starting at 1/3 of the
computational domain length. Although similarity is developed quite well for

1/3<x/L<5/6, minor scatter in RMSu’/Au can be observed around the y,line. However

the average value of the maximum RMSu’/Au over the similarity domain i.e
1/3<x/L,<5/6 is 0.175, which is in line with many published experimental data, such as
Bell and Mehta (1990) shown as solid points on figure 4.6 for two streamwise locations,
namely x=108.1 cm and x=128.4 cm. Figure 4.7 shows same data when coarse grid was
used superposed on the results of the base run at the two streamwise locations, namely
x/L, =1/3 and 2/3. The data of the two runs in good agreement and therefore the

simulation is insensitive to the grid size.
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The normalized root mean square of cross stream velocity fluctuation RMSv’/Au is
presented in figure 4.8. Fully developed profiles of the base run are observed at x/L, >1/3
and beyond. Data from experiment of Bell and Mehta (1990) are also plotted on the same
graph. The peak value of RMSv’/Au for the present method averaged over the similarity
region was 0.256 while a peak value of 0.13 was reported by Bell and Mehta (1990) . A
peak value of RMSv’/Au of 0.25 was also obtained by Inoue and Leonard (1987) in their
vortex method simulation of forced and unforced mixing layer. The discrepancy between
numerical and experimental results of this parameter can be explained as follows: the
strain rate of the shear layer du/dy contributes to the generation of streamwise turbulent
kinetic energy. This energy transfers to the cross-stream and spanwise directions due to
the effects of pressure velocity correlations (Tennekes and Lumley, 1972). In two
dimensional flows, spanwise component of velocity fluctuations disappears and the
energy transfers solely to the cross-stream direction. Therefore the cross-stream
component is expected to be higher than that of the experiment. This explanation will be
confirmed in Chapters 5 and 6 when the three dimensionality effects are considered.
RMSv’/Au results for coarse grid superposed on that of the base run are shown in figure
4.9 to explore the grid sensitivity to this parameter. No significant effect can be deducted

from the two plots.

A more sensitive indicator of self similarity is the cross correlation function <u’v’>.
Figure 4.10 shows the cross correlation function normalized by velocity difference across
the splitter plate squared for the base run conditions. Four streamwise locations in the
range 1/3<x/L,<5/6 were tested for evidence of similarity. Experimental results of Bell

and Mehta (1990) were also plotted on the same figure. The maximum value of cross
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correlation function obtained in this simulation was 0.013 at x/L,=5/6, while Bell and
Mehta (1990) reported a maximum of 0.01. However the difference is attributed to the
three dimensionality effects on the experimental results as discussed above. Figure 4.11
shows the same data for a computational domain of M,M,=145+65 superposed on the

base run data.

4.5 Energy Spectra

The contribution of different spatial scales to the total energy is estimated by performing
spectral analysis on the velocity field obtained from Poisson solver. Spectral analysis was
carried out after 6 residence times i.e. after calculating the mean velocity. It was
performed along the streamwise (x) direction and the resulting energy is integrated over
the cross-stream (y) direction. The first step in obtaining the energy spectrum is to
compute the autocovariance (AC) of each velocity component separately. For the evenly
distributed M, samples of velocity field obtained from Poisson solver and assuming that
the flow is statistically stationary, the autocovariance of the streamwise velocity

component as a function of spatial separation is given by

1 M, —i

. z(ul - umean )(ul+i - umean ) > l = 1’ 2’ """ ’Mx _1 (49)

x U=

AC(ih,) =
(h) =~

AC function was computed by using ACF subroutine of the IMSL statistical library of
FORTRAN. Same function is used to calculate the autocovariance function for the cross

stream components of the velocity. The resulting autocovariance function is then Fourier
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transformed using the Fast Fourier Transform subroutine (FFTRF) provided by IMSL
mathematical library. FFTRF uses the following formulas to determine the transform

coefficients of the discrete autocovariance function.

_ 1 (- -2z
Cua = ZAC(lhx)cos( m j

x =1 x

i=2,3 (M =1)/2

M/\‘
eyl = _MLZAC(th ) sin(

x =1

@-DH{-D2x
M

X

¢, =——3" AC(h,) (4.10)

x =1

The energy E of each component of velocity is computed separately. For example the

energy of the streamwise velocity component u is computed by the following formula:

u —
o _|Cl|

E =2, +c2 ) = 2,3,....,%+1 (4.17)

The wave number k corresponding to Energy E;is given by k =

, the number of

X X

resolved modes are (N/2)+1. The total energy as a function of wave number in the
streamwise direction x is obtained by integrating the total energy along the cross stream

direction,
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E(k)= j(E +E")dy (4.12)

Ymin

The one dimensional modal energy for the base run is shown in figure 4.12. Power
spectra were calculated at two times, namely after 6 and 8 residence times. For both
times, the second mode is shown to be the most energetic. Figure 4.13 shows the same
data for the case of M,-M,=145-65 superposed on the base run data, both sampled after
six residence time. In both cases the maximum energy occurs at the second mode and no
significant grid size effect can be recognized between the two aside from the numbers of

resolved modes.

4.6 Development of Vortical Structures

Development of vortical structures of a mixing layer downstream of a splitter plate will
be discussed in this section. Similar sequence of events has been observed when the code
was run with coarse mesh and base run. Therefore only results for the base run will be
discussed in this section. The early stages of growth of mixing layer can be explained
through tracking the augmentation of the sinusoidal perturbation (y,) imparted to the
vorticity layer, along with its manifestation in terms of changes in the vorticity
distribution and its consequential effect on the induced velocity distribution. Following

Inoue (1989), an initial perturbation was given to the particle location as

y, =§{1+cos[27zx/;(]} (4.13)
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with A=0.1d, and x-30. It should be mentioned however that according to the instability
analysis by Pierrhumbert and Widnall (1982), a broad range of wavelengths has
approximately the same amplification rates. Figure 4.14 shows the initial sinusoidal
perturbation (y,) of the vorticity layer. As a result, vorticity in part of the sheet will be
displaced downwards and displaced upwards in others. At point B for instance, where
vs=0, dy/dx<0 and since the vorticity moves as a material, the vorticity from y,>0 will
move faster toward point B. Hence vorticity will be enhanced and accumulated at point
B. At points like A, the reverse will occur. Since y,=0, dy/dx>0 for the frame and flow
configuration shown in figure 4.14, the net effect of vorticity movement above and below
v4=0 will be that vorticity swept away from point A. When vorticity does accumulate
close to point B and diminish at point A, there will be a net subsequent induced velocity
which tends to move fluid in the clockwise sense and therefore increase the amplitude of
the sinusoidal perturbation. These processes of building up of vorticity at points like B
and wear off vorticity at A will go on together leading to the exponential growth of
perturbation amplitude. This growth is governed by the linear Kelvin-Helmholtz

instability mechanism.

Figure 4.15 presents the particle field for different regions in the computation domain
tracking the development of instabilities and the vortical structures. Figure 4.15 (a)
zooms into the region close to the splitter plate x/L, (0 - 0.04). In this region the mixing
layer is dominated by exponential growth of the initial perturbation as a result of linear

Kelvin-Helmholtz instability.

Beyond the region of exponential growth, Kelvin-Helmholtz instability saturates and

develops the first roll up of the vorticity layer. This is clearly identified at x/L,=0.08 in
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figure 4.15 (b). Further down stream the linear instability theory is no longer applicable
and mixing layer evolves into a periodic array of coherent vortices. These vortices are
moving with the average velocity of the two streams and connected by thin vorticity
layer, or braids. This is shown in figure 4.15 (c). Further downstream, as shown in figure
4.15 (d), these well organized periodic vortices interact with each other leading to the
pairing of neighbouring vortices. Hence, the vorticity initially contained in one vortex, is
constantly distributed into larger and larger vortices with roughly double the strength and
half the wave number. It has been established by Winant and Browand (1974) that
successive merging of vortices is the principal mechanism controlling the streamwise

growth of the mixing layer.

Figure 4.16 shows two snapshots of the vorticity contours within the computational
domain. Fifty contour levels with 0.02 increment of the difference between the minimum
and maximum vorticity. Figure 4.16 (a) represents the vorticity field after 14450 time
steps and figure 4.16 (b) represents the vorticity fields after 15450 time steps. Same
sequence of events as depicted by the particle field , namely, initial linear growth, roll up,

compact periodic vortices and pairing, can be observed.
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Chapter 5

Finite Difference Approximation with Remeshing

5.1 Introduction

In chapter 4 of this work the two dimensional mixing layer has been simulated. This
computation confirmed the existence of well organized spanwise vortical structures
(rollers). Sequential merging of these rollers provides the primary mechanism that
controls the entrainment and growth of mixing layer. Previous experimental work due to
Lasheras et al (1986) has revealed that the spanwise rollers are unstable to three
dimensional disturbances. This instability results in the flow departing its two
dimensionality and forming three dimensional structures. In this chapter, the
implementation of Vortex-In-Cell (VIC) method with remeshing to solve the three
dimensional vorticity equation as applied to temporally developing mixing layer will be
discussed. The capability of the Vortex-In-Cell method to predict the flow features

associated with this flow will also be explored.
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5.2 Temporally Developing Mixing Layer

In contrast to spatially developing mixing layer in the laboratory coordinates, when a
frame of reference moving in x direction with the convective velocity (u;+u)/2, the two
streams will appear, to an observer travelling with this frame, moving to the right and
left with a velocity of (u;-uz)/2 and -(u;-u,)/2, respectively. According to this frame of
reference the flow becomes statistically one dimensional and time dependent. Such a
flow configuration is called temporal mixing layer, (Pope, 2000). Temporal mixing layers
loose their asymmetry which is usually observed in the spatially developing mixing

layers. As a result the free streams are parallel and y, . (the locus of the points where the

average streamwise velocity is (u;+u2)/2) is a horizontal line with no preferential spread
towards any of the two streams. For computational efficiency and to realize adequate
resolution of the simulation, a temporally evolving mixing layer was simulated in this
work, rather than the spatially evolving layer which is typical in experimental studies.
Published comparison of direct numerical simulation showed that temporally and
spatially evolving mixing layers are at least qualitatively (some times quantitatively)

similar (Rogers et al, 1990).

5.3 Remeshing

The particle formulation of a flow problem entertains an automatic adaptation of the
computational elements (particles) to the physical features of the flow. That is the
distribution of the elements is strongly dependent on the flow conditions. Local strain

generates substantial clustering of particles in one location associated with expansion in
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others. Therefore an initially uniformly distributed set of overlapping particles may
become totally distorted as the particles respond to the flow conditions. When particles
loose overlap, information can not be exchanged between them and the simulation
accuracy deteriorates. This has been realized during this simulation, where the solution
blew up within less than 100 time steps. In particular, unrealistic results have been
observed during computation of derivatives needed to determine stretching, diffusion and
velocity.

As a remedy within the frame work of vortex methods, spatial adaptation techniques have
been developed. In this simulation a remeshing (regridding) technique has been
implemented in which, a new set of particles is initiated at a regular lattice within the
computational domain while the older set is discarded every few time steps. Strengths of
the new set are calculated using an interpolation scheme. Fidelity of the new particle field
to the old is categorized by the highest order of moment preserved during interpolation.
In this simulation, the widely recognized M’4 scheme, where the total circulation, the
linear and angular moments of vorticity field in three dimensional domain are conserved,
has been implemented. Using M’4 scheme, every particle contributes to the strength of
the closest 64 particles of the new set. Figure 5.1 depicts the two dimensional application
of M’4 scheme where every particle affects 16 particles of the new set. The three
dimensional interpolation scheme was built from the one dimensional kernel by tensorial
product in three dimensions. At the boundaries of the computation domain in stream wise
and spanwise directions, it is obvious that new particles will be outside the computation
domain. Periodic conditions were devised in these locations. That is new particles will be

reflected onto the opposite side of the domain.
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5.4 Evaluation of Derivatives

Within the frame work of the present VIC method implementation to the temporal three
dimensional mixing layer, evaluation of spatial partial derivatives of velocity and
vorticity are encountered in three instances, namely, velocity derivatives in the stretching
term, vorticity derivatives in the right hand side of the Poisson equation and the second
order derivatives in diffusion term. Knowing the velocity and vorticity on the grid points
the stretching term for every spatial dimension is computed using fourth order central
difference approximation for the velocity derivatives. For instance the spatial derivative
of the streamwise component of velocity u with respect to cross stream direction y at the

grid point (i,j,k) is approximated by

(%j - Uik _Sui,j—l,k + 8ui,j+1,k U ok 5.1)
ik

dy 12h

y

Similarly, the second order derivatives of the Laplacian of vorticity encountered in the
diffusion term is approximated by fourth order central difference. For example, the
second order derivative of cross-stream vorticity with respect to the streamwise direction

is approximated by

82(0}, - (a)y )i—2,j,k + 16((0.»' ),‘_1,j,k B 30((0)‘ )i,j,k + 16((0}' )i+1,j,k B (wy )i+2,j,l<
~ (5.2)
ox* | 12h;
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Once computed on the grid, the vorticity increments due to stretching and diffusion effect
are back projected to the particle location using the M’4 scheme to update its strength.
Fourth order central difference approximation was also used in the calculation of the curl
of vorticity term at the right hand side of the Poisson equation that was used to calculate

velocity.

5.5 Initial and Boundary Conditions

Based on the linear instability analysis of the mixing layer, the most amplified wave

number k, is calculated by Michalke (1964) as

k, =085, (5.3)

where &, is the initial vorticity thickness of the shear layer. The initial vorticity thickness
of the shear layer computed using equation (5.17) for the error function velocity profile
(Equation 4.3) was found to be approximately equal to three grid element sizes. i.e.
0wo~=3hy. The spatial wave length 1,=2n/k, of the most amplified wave for this flow can

be written as,

A, =1.57h, (5.4)

The computation box for the present simulation was chosen to span six wave lengths of
the most amplified wave in the streamwise (x) and spanwise (z) directions. The number
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of grid points used are M,=M,=145 and M,=259 points was used. A uniform grid size
with h,=h,=h,=0.125 cm was used in this simulation. The Reynolds number based on
strength of the vorticity sheet a is equal to 1800.

The initial vorticity in the computational domain must also be specified. Initially, the
velocity difference across the splitter plate is simulated as a vortex sheet. The total
strength of the vortex sheet is discretized into a set of particles, each of the particles
carries a strength of Au-d,*d,, where the velocity difference across the splitter plate is
Au=u; — u;, d, is the initial distance between two adjacent particles in the streamwise
direction and d, represents the initial distance between any two adjacent vortex particles
in the spanwise direction. In the present simulation, dx is chosen to be half the grid size in
the streamwise direction (d,=h,/2), i.e. there are two rows of particles in the streamwise
direction in every cell. Similarly d; is chosen to be half the grid size in the spanwise
direction (d,=h./2), i.e. there are two rows of particles in the spanwise direction in every
cell. Consequently the initial number of particles in the computational domain is 82944.
It is important to mention here that, in contrast to the two dimensional case where particle
strength is a scalar, particle strength in three dimensions is a vector parallel to the
direction of the vorticity vector. The time step At is taken to be the initial distance
between two adjacent rows of particles in the streamwise direction, i.e. dy, divided by the
average velocity of the flow.

In order to initiate the flow, localized three dimensional disturbances, i.e. instabilities, are
imposed. The location of every particle is initially perturbed in a sinusoidal form

following Inoue (1989) as
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y, = %{1 + cos [27r(z -z, )/;(]}
(5.5)

x, = %{1 +cos2z(z—z,) x|}

where A and y are arbitrarily chosen to be 0.1d, and 30, respectively. In this method the
particles that are initially located on the same row in spanwise direction are viewed as
markers on a vortex filament. When disturbed the strength vector will have three
components, each with strength equals to the initial strength of the particles times the
cosine of the angle between the vorticity vector and the respective direction. By this
method, vorticity in the streamwise and cross-stream direction is initiated. Figure 5.2
shows an initial layout of the particles along with the initial perturbation.

Since this simulation is dealing with a temporally evolving mixing layer, periodic
boundary conditions were used in the streamwise (x) and spanwise (z) directions.
Periodic boundary conditions are achieved by equating the values of each variables at the
nodes just upstream and downstream of the inlet plane to the nodal values just upstream

and downstream of the outlet plane. For any variable g we have
Aijx = 9mr,jk > Dunjk 492,56 > i1 = 49ijmz1o and qiim =4ij» (5.6)

As stated in section 5.1, in temporal mixing layers, the local spatial evolution is neglected
and the preferential spreading of the layer towards the lower velocity stream is lost.
Therefore the two streams become parallel at y=-o0 and at y=co and Neumann type

boundary conditions is used for the streamwise velocity and spanwise velocity, that is
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PPN 0 aty =—oco and at y = o 5.7

The cross stream component of velocity v vanishes at these two planes. The initial
velocity profile used in this simulation was error function distribution similar to the one

used in equation (4.3).

5.6 Sequence of Computations over a Time Step

Integration over one time step is done using second order predictor-corrector scheme.
Particles are advanced and their strengths are updated in every time step according to
second order modified Euler predictor corrector method. Such time step is as follows:

Euler predictor step: in this step the Euler first order method is used to update the particle

location according to

1
n+—

= 2 _ =n = [=n =n
B2 =5 i (7,a)] (5.8)
where X, represents the particle location, the superscript n represents the time step, u,

represent the particle velocity obtained from the solution of Poisson equation on the grid
and interpolated back to the particle location by M’4 scheme. Then the nodal vorticity

change due to stretching and diffusion is calculated according to
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where Lg and Lp represent the discrete operator of stretching term (@V)ﬁ and the

diffusion termV>@, respectively, applied to the nodes using the fourth order finite
difference approximation. The subscript i indicates nodal values. The nodal vorticity
change is then interpolated back to the particle location to update its strength using M’y

scheme as

'x[) _'xi yp _y[ Zp _Z[
etk e | h 7 h h ;
2 (d,)""2 / (5.10)

where h is the grid size and [(p( all ;xj j(p( L l_zyj J(p( il ;Zj ﬂ is the sum of the three

dimensional contributions go[ all ; i Jq)[ Yr ; Vi ]q{ % ; il ] from all particles that

1
# g

contribute to the vorticity at the node. The updated particle strength c?p’ 2 is used to

generate new and modified nodal vorticity field @ by assigning vorticity to the nodes

from the particles. The velocity field U " is then calculated using equation (3.14) and

interpolated to the particle location using M’4 scheme. This will end the predictor step.
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The corrector step: in this step the location of the particles is updated according to
At

—n+l — on - — ¥

X, —xp+7[up+up (5.11)

Then the vorticity increment due to stretching is computed on the grid as

A@inﬂ = % [LS (@in )+ Ly ((7)1* )+ L, (Qn )+ Ly (5)1* )] (5.12)

The vorticity increment resulting from stretching and diffusion effect and computed from

the equation above is used to update the particle strength by employing the M’4 scheme

as

Vb A WP AW
S n+l h h h 3
&, j h (5.13)

As a result of diffusion and stretching, vorticity occupies new regions which were
irrotational in the previous steps. Therefore, new particles are created at the nodes where
the computed vorticity increment is greater than a predetermined threshold and there is

no particle within the support of the interpolation scheme. The threshold is set to 1% of

the initial grid vorticity.
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The solution procedure outlined above does not guarantee that the outcome discrete
vorticity field is divergence free. The spurious divergence is managed by projection
method as described in section 3.5. This method is applied every time step.

Also, a remeshing scheme is applied every few (seven) time steps to maintain spatial

uniformity of the particle distribution as outlined in section 5.2.

5.7 Results

Results of the momentum thickness, vorticity thickness, similarity of mean flow, flow
statistics, power spectrum and the development of three dimensional instabilities to form

the streamwise vorticity structure will be presented in the following sections.

5.7.1 Mixing Layer Evolution Parameters

The momentum thickness #(¢) in a temporal mixing layer is defined by

oo

o(t) = j

)

ﬁ(y,t)—uz(l_ﬁ(y,t)—uzjdy (5.14)

U —u, U —u,

Where u(y,t)represents the streamwise velocity averaged over x-z plane. The integral in
equation (5.14) above is computed using Simpson’s 1/3 rule with 258 intervals in the
cross stream direction. Growth of the momentum thickness with time constitutes an
indicator of the spreading rate of the mixing layer. In a numerical simulation of spatially
developing three dimensional mixing layers due to Inoue (1987), Results of momentum

thickness showed linear development when the flow was not forced and nonlinear
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development when the flow was forced. Figure 5.4 shows the evolution of momentum
thickness, normalized by its initial value 6,, as a function of dimensionless time. Linear
growth is attained after the non-dimensional time r4u/6,=50. Neglecting the viscous
dissipation and the production in the mean motion, the rate of change of the momentum
thickness can be shown to be equal to the integral of turbulence production as (Smits and

Dussauge, 1996),

49__2 J.—<u'v'>a—ﬁdy (5.15)

From the physical view point, self preservation implies that the flow has reached through
its evolution to a kind of equilibrium among all its turbulence parameters, i.e. all
turbulence parameters evolve together in a self preserved flow. The equation above
indicates that constant rate of momentum thickness growth means constant turbulence
production and consequently the mixing layer is evolving self-similarly. From figure 5.4
the dimensionless mixing layer growth rate based on momentum thickness evolution

given by,

_1.d6_ d©16,)

r, = = %) (5.16)
Au dt — d(tAul8,)
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can be calculated to be 0.015 during the self similarity period. The DNS simulation of
Rogers and Moser (1994) produced a value of 0.014 for ry. The range for ry for
experiments quoted by Rogers and Moser (1994) is from 0.014 to 0.022.

Figure 5.5 shows the development of vorticity thickness. The vorticity thickness is

defined as

5 = (5.17)

It is nondimensionlized by its initial value. A slight non linearity in the development of
the vorticity thickness, even over the similarity period, can be attributed to the fact that
the definition of the vorticity thickness involves the calculation of derivatives which is
known to be very sensitive to numerical noise. In contrast the calculation of momentum
thickness involves an integral that is less sensitive to the numerical noise. That may be
the reason, the momentum thickness growth shows better linear behavior. If 8 is replaced
by 9, in equation (5.17), an average value of 0.064 will result for the nondimensional
growth rate of the vorticity thickness r,, the ratio of the vorticity thickness growth rate to
the momentum thickness growth rate (r,/ry) is 4.5. Rogers and Moser (1994) predicted a
value of 4.27 for this ratio in their DNS simulation.

If one takes a reference frame moving with the mean velocity and the lateral spreading of
the layer is neglected, the temporal mixing layer will be established. The distance
downstream of the splitter plate in the spatial mixing layer will correspond to

t=2x/(u, +u,) in the temporal mixing layer. The vorticity thickness measures the
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spread of the mixing layer. Similarity solution requires linear development of the
vorticity thickness, i.e. the rate of development of the vorticity thickness is constant. The

+u, do

. . u
commonly acceptable experimental value for the normalized growth rate ———=2—2 for

u, —u, dx
spatially developing mixing layer is 0.17. However, values ranging from 0.15 to 0.27 can
be found in the literature (Lesieur, 1997). For the present simulation an average
normalized rate of growth of the vorticity thickness, in terms of streamwise distance is

calculated to be approximately 0.15.

5.7.2 Mean Flow and Velocity Statistics

Temporally developing mixing layers forget the initial conditions after certain time and
attain a state of self-preservation that is the evolution of the mixing layers becomes
totally determined by the local scales of velocity and length. The length scale used in this
simulation is the momentum thickness 6(z) and the velocity scale is the velocity
difference of the streamwise component across the layer Au. In this simulation the mixing

layer attains self similarity at a dimensionless time t4u/0,=42.8. Figure 5.6 shows the

U,

normalized average streamwise velocity against the normalized cross-stream

distance y/f(t) at five different times. Sampling of velocity started after allowing two
residence times for the flow to develop. Similarity of mean velocity is achieved for the
period t4u/6, between 42.8 and 123.8. Every point on this figure represents the
streamwise velocity averaged over the two periodic directions, i.e. x-z plane at certain
point of time. Mean streamwise velocity data at two streamwise locations obtained from

Bell and Mehta (1990) experiment are superposed on the figure. Agreement between the
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present simulation and the experiment are very good except for a small discrepancy at the
outer edge of the layer probably due to the intermittency of turbulence at the edge. In
Rogers and Moser (1994) DNS simulation, the mixing layer took more time to attain self
similarity at t4u/6,=105. This discrepancy is attributed to the fact that boundary layer
effect has been considered in their simulation.

A more sensitive indication of self similarity is the fall down of the statistics of velocity
components profiles on a single curve when scaled appropriately. The velocity scale of
self similarity scale the root mean square is (4u). In figures 5.7-5.9, the similarity of the
root mean square of the three components of velocity is demonstrated over the similarity
period. However, self preservation of velocity statistics have taken longer times to be
established. Similarity of root mean square of velocity fluctuations was attained at
t4u/8,=63.7. In figures 5.7-5.9, the root mean square of the velocity is compared to the
experimental data of Bell and Mehta (1990) at two streamwise locations; namely
(x=108.1 cm and x=128.4 cm). In order to make the comparison plausible, the
preferential spreading of the spatial mixing layer is eliminated by considering a
coordinate parallel to its line of symmetry. The average of the maximum root mean
square value of the streamwise velocity component over the similarity period in figure
5.7 was 0.18 which corresponds to less than 10% difference from the experimental data
of 0.17 obtained by Bell and Mehta (1990). Furthermore, in the simulation, velocity
fluctuations are asymptotically assimilating into the undisturbed flow as compared to the
clearer boundary between turbulent and undisturbed fluid of the experiment. Similar
trend can also be noted for the cross stream velocity component in figure 5.8. That is
probably the manifestation of remeshing process considered in this simulation. Figure 5.9

shows the root mean square of the spanwise component of velocity compared to that of

95



Bell and Mehta (1990) experimental data. The two sets are almost indistinguishable. The
cross correlation of the streamwise and cross stream components of velocity normalized
by the square of the velocity difference is shown in figure 5.10. The maximum value of
the scaled primary component of Reynolds stresses was - 0.011. Experimental results due

to Bell and Mehta (1990) showed a maximum of -0.01.

5.7.3 Mixing Layer Three Dimensionality

As stated in section 5.1, temporal mixing layers are effectively one dimensional when
neglecting its local lateral spreading. However, one of the main objectives of the present
study is to show the capability of the Vortex-In-Cell method to capture three dimensional
features of mixing layer flow. Figure 5.11 presents the mean streamwise velocity u/Au
contour lines at four non-dimensional times (t4u/0,-42.8, 63.7, 84.4 and 105.2). Velocity
results for this figure were obtained by averaging instantaneous values over the
streamwise direction. Several features can immediately be drawn from these plots. The
contours for all cases are distorted in the spanwise direction and clearly exhibit a
spanwise-varying thickness, thus implying that the mixing layer is three dimensional over
the time period within which it is investigated.

The evolution of the total streamwise and cross-stream vorticity which can be used as a
measure of three dimensional effects is plotted in figure 5.12. In this figure the

volumetric integral defined by

J'[a)f +; ]%dv

v
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is plotted against the non-dimensional time t4u/6,. Figure 5.12 indicates that three
dimensional effects are small during the early stage of the instability development; that is
the two dimensional linear stage. The three dimensionality of the shear layer grows
rapidly after the roll up of the vorticity sheet. The rate of growth of the integral parameter
tends to slow down toward the end of computation time, t4u/6,>120, due to maturity of
the fluid structures.

By definition, the vorticity field is a divergent free (solenoidal) field. This condition is
implicitly satisfied in two dimensional flows since the vorticity is directed normal to the

flow plane. However in three dimensional flows this condition has to be explicitly

. . L dw, 00, Jw,) .
fulfilled. In this study, the vorticity divergence 3 + 5 + 5 L | is computed
X y Z

globally every time step through out the computational domain. Fourth order central

difference approximation is used, for example

w 8 +8lw w
= (5.18)

Figure 5.13 presents the evolution of the vorticity divergence in time. Higher peak to
peak fluctuation is observed before t4u/6,=50. After that, the value of the vorticity
divergence almost converges to zero. Given the fact that the global vorticity divergence
reported in Fig 5 .13 is the result of summation of local divergence computed at more

than 5.4x10° grid points, the computed vorticity field can be described as divergence
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free. The slight fluctuations in figures 5.12 and 5.13 are attributed to the changes in the

number of particles within the computational domain, as will be seen in Chapter 7.

5.7.4 Evolution of Instabilities in Three Dimensional Mixing
Layers

It is well established now that instabilities in three dimensional mixing layers are first
developed into spanwise vortical structures followed by secondary instabilities which
evolve into streamwise vortices bridging the spanwise rollers. In the following these two

physical processes will be discussed in details.

5.7.4.1 Formation of Spanwise Vortices

As discussed in Chapter 4, mixing layers are subjected to Kelvin-Helmholtz instability.
According to linear stability theory and under parallel flow assumption disturbances will
grow exponentially and the vorticity is gradually accumulated and concentrated through
the instability mechanism. Figure 5.14 shows the temporal evolution of instability which
leads to the formation of the spanwise rollers in terms of development of spanwise
vorticity contours at the mid spanwise plane (z/L,=0.5). This is presented in a frame of
reference moving with the average velocity. Figure 5.14 (a) shows the vorticity contours
during the exponential growth at r4u/f,=12.1. After the exponential growth, the
instability waves evolved into non linear regime and reached its saturation, after which
the instability waves lead to the first roll up as shown in figure 5.14 (b) (t4u/6,=27.5). At
later times the vorticity in the mixing layer is gradually accumulated and concentrated

through the instability mechanism as shown in figure 5.14 (¢) (t4u/6,=57.3). The
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fundamental vortices are not stable structures. These vortices exist in the background of
the mean shear field and therefore are subjected to pairing as shown in figure 5.14 (d) and
(e) (t4u/8,=87.4 and t4u/6,=123.8, respectively).

Same progression of events can also be deduced from the velocity components computed
on the grid points by solving Poisson equations. Figures 5.15 (a-e) show instantaneous
velocity vector of the streamwise and cross-stream components, i.e. the two components
that contribute to the spanwise vorticity, plotted at the mid spanwise plane (z/L,=0.5) and
at the same corresponding times as in figure 5.14. After the first roll up illustrated in
figure 15 (b), Kelvin-Helmbholtz instability evolved to form two regions of concentrated
vorticity (rollers), as shown in figure 5.15 (d) and (e). For a frame of reference moving
with the mean velocity the evolution of the two rollers is associated with formation of a
local saddle point. At this point, the flow appears stagnant in the x-y plane and the
spanwise vorticity is thinning between the two rollers. The stagnation point forms
because the undisturbed fluid which is entrained into the mixing layer by the rollers
induced velocity has to separate into two streams: one winds around the first roller and
the other around the second roller. Figure 5.16 presents a schematic description of this
phenomenon as suggested by Ashurst and Mieberg (1988). As depicted in figure 5.16
saddle (stagnation) points are subjected to maximum stretching and compression,
therefore there is more chance for a stream line passing through these points to be
disturbed by three dimensional instabilities and forming three dimensional (streamwise)
structures as will be discussed in the next section.

One of the merits of vortex methods is that particles exist where the vorticity is
significant; therefore particle positions provide a pictorial view of the flow structures.

Figures 5.17 (a-e) indicate the evolution of Kelvin-Helmholtz instability from the particle
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field at a slice of one grid size thickness around (z/L,=0.5) plane. The successive steps
toward the formation of the main spanwise rollers at different times can be observed as

described in figure 5.14.

5.7.4.2 Secondary Instability and the Formation of Streamwise
Vorticity

As discussed in the previous section inflection point in the mean flow profile and
Helmholtz instability lead to roll up of the vortex sheet and the formation of spanwise
vortices. However, the formation of spanwise rollers is not solely a two dimensional
process. These rollers are constantly subjected to secondary (translative) instability along
their axis in the spanwise direction resulting from three dimensional disturbances. The
evolution of translative instabilities is captured by Pierrehumbert and Widnall (1982) in
their spectral simulation. In due course, if these secondary instabilities are subjected to
sufficiently strong shear, they will grow into streamwise pairs of counter-rotating vortices
(Lin and Corcos, 1984), as will be explained in the next paragraph and as shown in
figures 5.18-5.20. These three figures demonstrate the formation and evolution of
streamwise vorticity. In each figure the streamwise vorticity contours are presented at
four different planes in the streamwise direction; x/L,= 0.2, 0.4, 0.6 and 0.8. which is
reproduced at three different times, namely t4u/6,=42.8, 84.4 and 123.8 for figures
5.18, 5.19 and 5.20, respectively. The contour levels are explained in the caption.

When a long spanwise roller that includes many vortex filaments is deformed by three
dimensional disturbances, small ripples in the cross stream direction along the roller will
result. The bump up part of the spanwise vortex will be advected at higher velocity than

the rest. As a consequence, the strain field in the mixing layer will initiate a streamwise
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vortex pair as shown in figure 5.18. Thus what is started effectively as two dimensional
spanwise vortices, transfer into complicated three dimensional flow. This sequence of
events is captured experimentally by Bernal and Roshko (1986) and numerically by
Ashurst and Meiberg (1988), Inoue (1989) and Knio and Ghoniem (1992). The schematic
description of the formation of spanwise rollers presented in figure 5.16 shows also
stagnation points between these rollers where the strongest stretching and compression
exert on a streamline passing through such point. It is, therefore, more likely for the
stretching mechanism to work at these points. Consequently the already formed
streamwise vorticity will be further stretched and accentuated into well defined pairs of
large streamwise counter-rotating vortices as shown in figure 5.19. At this time the braid
vortices appear as long thin structures span the rollers, that suggests strain dominance in
this region. The induced velocity of the counter rotating vortices on each other will bring
these vortices closer as shown in figures 5.20 (a-d) and as the two vortices move closer,
the effect of vorticity will outweigh the strain influence and the streamwise vortices
become more rounded. Opposite movement occurs at a second row of smaller vortices
generated under the main counter rotating vortices, where the two vortices are pushed
away by the induced velocity as shown in figure 5.20 (a)

Figure 5.21 shows a three dimensional perspective view of the streamwise vorticity iso-
surfaces. The initial momentum thickness and the velocity difference are used to non-
dimensionalize the vorticity. This figure illustrates the stretching of streamwise vorticity
into elongated thin vortices that wrap around spanwise rollers. Figure 5.22 presents one
surface of constant streamwise vorticity that is, ®.8,/4u=0.004. The elongated thin

vortices are evident
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In figures 5.23-5.25, the growth of instability which resulted in strong and complicated
three dimensional flow features is presented in terms of velocity vectors. Cross stream
and spanwise velocity components are used to present these vectors at four planes across
the streamwise direction corresponding to those presented in figures 5.18 to 5.20 and at
the same times as those figures. Instantaneous velocity computed by the solution of
Poisson equations are used to follow the evolution of the three dimensional instabilities.
In figure 5.23, streamwise vorticity appears as organized row of counter rotating vortices.
Their location is determined by the initial sine wave perturbation. At later times, the
vorticity intensifies and develops in phase with the initial perturbation as shown in

figures 5.24 and 5.25.

5.7.5 Energy Spectra

Energy spectrum provides a pictorial view of the distribution of turbulent kinetic energy
among the wave numbers. In practice it is more convenient to present these spectra as one
dimensional energy spectra. For the temporal three dimensional mixing layer the flow is
periodic in the streamwise and spanwise directions and aperiodic in the cross stream
direction. The one dimensional energy spectra is computed for both the streamwise and
spanwise directions. The first step to compute the one dimensional spectrum is to
compute the two dimensional autocovariance function (AC) for every velocity fluctuation
components for every x-z plane in the computation domain in terms of space separation
(lag) (ih, jh;). For N and M grid points in the x and z directions respectively, the

autocovariance function is given by
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o 1
Al h)= o3 Z(u )y ()

i=l, 2...N-1 and j=1, 2,....M-1 (5.19

The modal energy at every x-z plane is obtained by the two dimensional Fourier
transform of the autocovariance function for each component separately. The IMSL
FORTRAN library subroutine FFT2D was used to obtain the modal energy. The total

modal energy is computed by integrating over the cross stream direction

E(k, .k, 1) = TIF(AC)M +F(AC), +F(AC), ], , dy (5.20)

Ymin
where k, and k, are the wave numbers in the x and z directions respectively. F(AC),
represents the Fourier transform of the autocovariance function for the streamwise

component of the velocity. Similar notations are used for v and w components. The one

dimensional energy spectrum in the streamwise direction is defined by

E(k,,t)=) E(k,.k_.1) (5.21)

where the summation is over all spanwise wave numbers. Similarly the one dimensional

energy spectrum in the spanwise direction is given by,
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E(k,,t)=Y E(k,.k_.1) (5.22)

where the summation is over all streamwise wave numbers.

The one-dimensional energy spectra using the method described above are shown in
figures 5.26 and 5.27. Figure 5.26 presents the energy spectrum in the streamwise
direction at four times through out the computation (t4u/6,- 63.7, 84.4, 105.2 and 123.8).
It is observed that at all the four times the maximum energy occurred in the fifth mode
suggesting that rolling is occurring at this mode. Also, superposed on the figure is the
Kolmogorov -5/3 spectrum. Comparing the present simulation results to Kolmogorov
spectrum inertial subrange extending over half a decade of the wave numbers can be
noticed. At early stages (t4u/f,< 84.4), energy spectrum appears to be evolving with
time, however a saturation state is attained at t4u/6,~105, with a slight drop at t4u/6,-
123.8 at almost all wave numbers.

Figure 5.27 presents the one dimensional energy spectrum in the spanwise direction at the
same four times as in Figure 5.26. Same general trend can be observed with the
maximum energy at the fifth mode except for t4u/6,- 123.8 where the maximum energy

occurs at the fourth mode.

5.7.6 Effect of Numerical Parameters

Simulation results compiled and discussed so far in this chapter are for what will be
called as the base run. In the base run, the grid size was h,=hy,=h,=0.125 cm and the
number of grid points M. xM,xM,=145x145x289 where M, M, and M, represent the

number of grid points in the streamwise, cross-stream and spanwise directions
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respectively. Four uniformly distributed vortex particles per cell box are used initially,
that is two in the streamwise directions and two in the spanwise direction, making the
total number of particles 82944 at the level of the splitter plate.

As discussed in Sarpkaya (1994), the accuracy of Vortex-In-Cell method is sensitive to
numerical parameters. Sensitivity of the results to the grid size and number of particles
are investigated by doubling the grid size in the three dimensions and preserving the
initial number of particles in grid box and the computational domain size. That is the
number of grid points in this case is M, xM,xM,=73x73x145 and the initial number of

particles is 20736.

5.7.6.1 Mean Streamwise Velocity

. ) —u
The normalized streamwise mean 2

velocity for both cases, namely the base run
u

and the double grid size run are presented in figure 5.28. The two profiles are plotted
against the normalized cross stream direction y/0(t). Every point represents the average of
the streamwise velocity at a particular x-z plane. The two profiles are sampled at
effectively the same nondimensional time t4u/6,~84.4. As shown in the figure, the two
velocity profiles are hardly distinguishable which demonstrates that at this grid size and
initial particle number the simulation, on the mean, effectively converges to the same

solution.
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5.7.6.2 Velocity Statistics

Sensitivity of velocity statistics of this simulation to the numerical parameters is
presented in Figs. 5.29 through 5.32. In these figures the base run values are compared to
the values obtained by doubling the grid size and keeping the initial number of particles
per cell unchanged. The comparison is conducted at t4u/6,~84.4 within the similarity
period.

Figure 5.29 shows the root mean square of streamwise velocity fluctuations normalized
by the velocity difference. The two profiles are obtained after allowing two residence
times for the flow to develop. Every point is calculated by averaging the sum of squares
of velocity fluctuation over a x-z plane. The two plots are generally close enough to each
other to show that the simulation is insensitive to grid size and number of vortex
particles. Identical behavior can be observed in figures. 5.30 and 5.31 where the root
mean square of the cross stream velocity fluctuation and spanwise velocity fluctuation are
presented, respectively.

The cross correlation of the streamwise and cross stream components of velocity
fluctuations normalized by the square of the velocity difference is shown in figure 5.32.
Negative correlation between the two components can be shown for both the base run and
the double grid size run, with a minimum normalized correlation of -0.012, in line with
the experimental results of Bell and Mehta (1991). The agreement between the two cases
demonstrates grid size insensitivity of the base run. However a slightly positive values at
-4 <y/0<-3 can be observed that for the case of double grid size run. This can be
attributed to the fact that the correlation between the two components of velocity

fluctuation at a certain location in the computation domain is depending on the
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inclination of the streamwise vorticity. And because of the random nature of the vorticity

tilt, positive values for the cross correlation can be resulted.

5.7.6.3 Power Spectra

Figures 5.33 and 5.34 show the effects of numerical parameters, grid size and number of
particles on the one dimensional energy spectra. Figure 5.33 represents the turbulent
kinetic energy distribution among the wave numbers in the streamwise direction. It is
obtained by integrating the modal energy in the cross stream direction and performs
summation in the spanwise direction. The number of harmonics that can be analyzed for
the base run is 72, twice as many as the case of double the grid size. These harmonics
appear at the higher end of the wave number spectrum. For both cases of figure 5.33
maximum energy appear at the fourth harmonics. The two cases explored in this figure
are close enough to be considered insensitive to the grid size.

Figure 5.34 represents the one dimensional energy as a function of the wave number in
the spanwise direction. It is obtained in a similar method as that of figure 5.33 with the
exception that summation is performed in the streamwise direction. In general figure 5.34

shows similar behavior to that of figure 5.33.

5.7.7 Inviscid Run

To explore the evolution of the temporal problem treated in this work under inviscid
conditions, the simulation code is run with the diffusion calculation switched off. Since
the effects of numerical diffusion are not significant as will be shown in Chapter 7, the

equations being solved are effectively the Euler’s equations. Without diffusion,
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calculations terminated at t4u/6,=92.6, because unrealistically high velocity is predicted.
It is noted that this termination time is well beyond the development of spanwise rollers.
In the following, the implication of the absence of dissipation mechanism and its
significance to the numerical method will be discussed.

It is imperative to demonstrate that the synthetic diffusion associated with the numerical
scheme is not the main means by which the turbulent energy is dissipated. Figures 5.35
and 5.36 present the temporal evolution of momentum thickness and vorticity thickness,
respectively. These two parameters are measures of lateral thickness evolution of the
shear layer. Except for the earlier termination time at t4u/0,=92.6, no significant
differences can be noted between the inviscid and viscous treatment of the problem.
Similar behavior is observed for the similarity of the mean velocity profiles presented in
figure 5.37. Therefore we can conclude that the interactions of large scale structures are
essentially governed by inviscid flow dynamics.

Nonetheless, noticeable differences are observed in the evolution of velocity statistics and
power spectra between the inviscid and viscous simulation. Figures 5.38-5.41,
respectively, show the evolution of the root mean square of streamwise velocity, cross-
stream velocity, spanwise velocity and cross-correlation of streamwise and cross stream
velocity fluctuations. In these figures velocity statistics are presented at four times,
namely, t4u/6,=42.8, 57.1, 71.3 and 84.4. It is obvious that similarity of velocity
statistics could not be attained within the computational time. This trend is attributed to
the fact that the numerical diffusion associated with the numerical scheme does not
provide sufficient damping to alleviate the turbulent activities. Consequently, viscous
effects play significant role in predicting these parameters. This can be better

demonstrated with the one dimensional energy spectra plotted in figures 5.42 and 5.43,
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plotted as a function of streamwise wave number (k) and spanwise wave number (k) at
the same times as the velocity statistics. In both figures the energy spectrum continues to
develop through out the computation time and there is accumulation of energy toward the
high wave numbers since there is no dissipation mechanism to absorb the turbulence
energy. The figures also show larger growth rates and hence more energetic fluctuations

toward the end of the computational time.
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Chapter 6

The Moving Least Square Method

6.1 Introduction

In Chapter five, Vortex-In-Cell (VIC) method has been utilized to simulate temporally
developing mixing layer. Accuracy deterioration, when particles become irregularly
distributed, was alleviated by remeshing. This is achieved by initiating new set of vortex
particles on a regular lattice every few time steps. Remeshing introduces some numerical
diffusion as discussed by Barba et al (2005). Therefore an alternative to remeshing, the
moving least squares method is investigated in this chapter. In this method, derivatives in
the governing equations, namely, the stretching and diffusion terms in the vorticity
equations and the source term in Poisson equations, are obtained on the grid by locally
fitting a second order polynomial to a small box surrounding the grid point where
derivatives are sought using the least squares criterion. The moving least squares method
maintained good accuracy even when the particles were highly irregularly distributed.
The focus of this chapter was on the capability of this three dimensional VIC method to

capture the amplification and interaction of the three dimensional instability which leads
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to the generation and intensification of streamwise vorticity in the highly strained regions
connecting the spanwise rollers as shown in Chapter 5. Also, the objective is to explore
the ability of this method to identify the sequence of events that have been demonstrated
in the previous Chapter. These events comprise progression of Kelvin-Helmholtz
instability, which encompasses amplification of the initial perturbation followed by the
first rollup and the formation of the spanwise (two dimensional) rollers. The flow then
departs its two dimensionality and generates three dimensional structures in the form of
streamwise vortices spanning the flow domain and wrapping around the main rollers.
Quantitative results for the mean velocity, second moment of velocity fluctuations and

power spectrum are also explored and compared to the published experimental results.

6.2 Description of the Solution Method

In order for vortex methods to converge to the solution of vorticity transport equation, the
particles support should overlap at all times. Computations involving non-overlapping
particles tend to deteriorate very fast. The cause of the problem is the flow strain that
clusters particles in one region and spread them in others. This will result in a non-
smooth vorticity field and consequently a non-smooth velocity field. That is why the
calculation of derivatives encountered in the stretching and diffusion terms of the
vorticity equation (Equation 3.9) and in the source term of Poisson equation (Equation
3.8), i.e. the curl of the vorticity, represents a challenging task in vortex methods.
Traditionally this difficulty is alleviated by remeshing as shown in Chapter 5. It proceeds
by replacing the irregularly spaced vortex particles with a new set of particles located on

a regularized lattice (mesh). In the present study, several numerical approximations
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based on finite difference for calculating the spatial derivatives of vorticity and velocity
were investigated, among them the robust fourth order scheme used by Verman et al
(1997) but all of them have diverged after less than 100 time steps. Therefore an
approach based on calculating the spatial derivatives of vorticity and velocity by the
moving least squares method, which is used by Marshall and Grant (1997) for fully
Lagrangian vortex method, is proposed in this study. This approach yielded a scheme that
converged to a physically realistic result with no remeshing step being used throughout
the computation. In this method, a polynomial is fit to the discrete values of the velocity

and vorticity in the region around each grid pointXx, where the derivatives are desired.

This is accomplished by minimizing the sum of squares of errors. To this end, let us

suppose that the derivative of a function f{ X, ) is to be computed at a grid point X, and the

values of fis known at a finite number of discrete points (m) in the neighbourhood of

X, . In the moving least squares method, a quadratic polynomial p,(x) is locally fit to the

m data points in terms of the components of position difference as

p,(¥)=a, +a,(x—x,)+a,(y—y, )+a,(z—z,)+a,(x-x, Ny-y,)+
asx—x, Nz=z,)+a,(y=y, Nz=z, )+ a,(x—x, )’ +ayy=y, )’ +asz—z, ) (6.1)

where a, , a;, ..... , ag are unknowns to be found by minimizing the sum of squares of

errors introduced by this approximation. The sum of squares of error E is given by
m 2

E* =Y [fG,.0-p, () (6.2)
j=1
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The error is minimized by setting the partial derivatives of E* with respect to a to zero

which result in a system of ten linear algebraic equations of this form.

0E> 7. . ap,
= 1) — N—=1=0 k=0,12........... 9 6.3
S ;[ﬂx, ) p2<x,>{aaj 6.3)

The resulting linear system has to be solved for every grid point at every time step. In the
present three dimensional work, seven points in every direction, that is 7° points are
contributing to the calculation of coefficients in the three dimensional polynomial
(Equation 6.4). Subroutine DLSLRG of FORTRAN numerical library IMSL is used to
solve the linear system. This double precision subroutine solves real general system of
linear equations with high accuracy. The solution is based on computing LU factorization
of the coefficient matrix using Gauss elimination with partial pivoting. This polynomial
is used to calculate the partial derivative of the velocity/vorticity at the node in the centre
of a cubic box. The length of each side of the box is seven grid points. Implementation of

this method to calculate derivatives is discussed in sections 6.2.1 and 6.2.2

6.2.1 Implementation of the Moving Least Squares Method

The moving least squares method is utilized to compute the derivatives encountered in
the stretching term in the vorticity transport equation (Equation 3.9) and the source term
Poisson equation (Equation 3.14). As an example, the vorticity increment due to

stretching at point i,j,k in streamwise direction (dcwy); ;i is given by
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(A®,), . .{w ou - du ou

\ N R Y. (6.4)
ox dy 0z |, 4

For simplicity, the time index is removed from equation 6.4. The spatial partial
derivatives in equation 6.4 are computed by analytically differentiating the second order
polynomial obtained from the moving least squares method (Equation 6.1 ) for velocity

components. For example, the spatial derivative of u with respect to x is approximated

by:

B—ﬂ =aq, +Cl4(yi,j,k —y0)+ as (z,‘,jyk —z0)+ 2a, (xi!j!k —xo) (6.5)
i,j.k

Coefficients a;, a4, as and a7 in equation 6.5 can be interpreted as weights to account for
variation of u in the three directions within the small cube surrounding point 7,7,k used in
the calculation of the least squares polynomial. Similar expressions are used for the rest
of the spatial derivatives terms in equation 6.4. Same approach is used to compute spatial
derivatives of other components of stretching term. The least squares method is also used
to fit a second order polynomial for the vorticity field with in a small computational box
surrounding point of interest. This polynomial is used to compute derivatives occuring in
the right hand side of Poisson equation. For instance, the streamwise velocity field is

computed by solving Poisson equation,

2 2 2 a
’u d°u Ju __(aa)z a)yj (6.6)

o o ot oy o
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The first term in the right hand side of equation 6.6 is approximated by analytically
differentiating the least squares polynomial obtained for the vorticity in the

neighbourhood of point i,j,k as,

{aaa;z } =da, ta, (xi,j,k —%, )+ g (Zi,j,k %, )+ 2ay (yi,j,k Yo ) ©.7)
i,j.k

Similarly the second term on the right hand side of equation 6.6 is given by

0
|: aa;y:| = a5 t+das (xi,j,k _Xo)+ Qg (yi,j,k - y0)+ 2a,, (Zi,j,k - ZO) (6.8)
ijk

It should be noted at this point that a second order polynomial is computed for every
internal point in the computational domain for every component of velocity and vorticity

at every time step.

6.2.2 Diffusion Computation

In the present work, the diffusion effect is accounted for by modifying the particle

strength (&,) using the moving least squares method. Particle strength is updated every

time step according to

92 _ ez, ), (6.9)
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The vorticity increment due to the diffusion term is computed on the grid by first
calculating the Laplacian of the vorticity V@ using the moving least squares method. As
an example, the second order partial derivative of the vorticity with respect to x is

approximated using equation 6.1 by

~2a, (6.10)

The vorticity increment is then interpolated from the grid location to the neighboring
Lagrangian particles using M’4 interpolation scheme as described in Chapter 3. As a
consequence of diffusion, vorticity usually enters new regions every time step. This is
manifested in a significant vorticity increment at the grid locations where there are no
particles within the support of the interpolation scheme, surrounding the corresponding
grid. In that case new particles are created at the grid location if the vorticity increment is
greater than a predetermined threshold. In this work, a threshold value of 1% of the initial

particle vorticity is considered.

6.2.3 Initial and Boundary Conditions

In order to perform meaningful comparison between the classical vortex in cell method
which includes the remeshing step and the proposed moving least squares method which
is used to compute the stretching term and to solve Poisson equations, the initial and
boundary conditions used in this chapter are chosen to be same as those used in Chapter

5. Periodic boundary conditions are used for the streamwise and spanwise directions and
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far field conditions are used for cross stream directions. Number of grid points are
M=M =145, and M,=259 similar to the base run in the remeshing case. A uniform grid
size with h,=h,=h,=0.125 cm was used in this simulation. Error function initial velocity
profile for the streamwise component is utilized. All other conditions including initial
perturbation, initial number of particles, initial particle strength and particle distribution

are similar to those implemented in simulation of Chapter 5 of this study.

6.3 Outline of Algorithm

The sequence of steps followed in the program is as follows:

1. The initial vorticity sheet is discretized into a set of particles, each of which is

identified by six parameters, namely particle strength vector(&,) and position
vector (?cp)

2. The vorticity strength of each particle is projected to the mesh using M’4 scheme.
3. The velocity components on the mesh are found from the solution of Poisson
equations (Equation 3.9). The right hand side of equation 3.9 (curl of vorticity) is
computed by the moving least square method.
4. The sequence of steps outlined in section (5.4.1) are followed to update the
strength and position of each particle except that,
¢ First and second spatial derivatives in the stretching and diffusion terms of
the vorticity equation (Equation 3.14) are computed using the moving

least square method.
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® No remeshing step; that is no reinitialization of the particles on a regular
lattice.
5. New particles are created on the nodes if the vorticity is greater than a threshold
of 0.01 of the initial node vorticity.
6. Every time step, the vorticity is corrected to according to the methodology
described in section 3.5 to satisfy the divergence free condition of the vorticity.

7. Repeat the algorithm from step 3

6.4 Results

The computational domain is similar to the one shown in figure 5.3. Results of the
momentum thickness, vorticity thickness, similarity of the mean flow, velocity statistics,
power spectra and the development of three dimensional instabilities to form the

streamwise vorticity structure will be presented in the following sections.

6.4.1 Particle and Filament Presentation

In practical implementation of vortex filament method, every filament is identified by a
finite set of points along it. These points are advected by the local velocity computed
from solving Poisson equation every time step. Each filament is then reconstructed by
reconnecting these points using an interpolation scheme. It is, therefore, natural to
associate any points along a filament with a vector directing to the next point on that
filament, which represent to a first order approximation the tangent to the filament at
that point. Locations of these points and their associated tangents are used to find the

velocity field induced by the filament. In vortex particle method, the vorticity field is
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represented by a set of discrete, independent particles. A particle is defined by a vector of
length proportional to the strength of the element and direction parallel to the vorticity
vector at that point. As such, it can be easily shown that the strength of a particle is

developing by the same rules as that of the filament, Cottet and Koumoutsakos (2000).

In the present three dimensional implementation of the Vortex-In-Cell method, the
particles preserve their identity during their residence within the computational domain.
Therefore, every particle is viewed as a marker on a vortex filament. For presentation
purpose only, a vortex filament is reconstructed by linear interpolation of the particle
location and tracked in time. In figures 1(a-i), a set of particles that belongs initially (i.e.
at t4u/6, = 0) to the same filament are connected and the time evolution of this filament is
tracked. The perspective views indicate that with the passing of time, the initial
perturbation is amplified and leads to considerable waviness of the filament along the
spanwise direction. Basically the number of waves is the same as the number of waves of
the initial perturbations as illustrated in section 5.4. The filament is stretched and rotated
starting approximately at r4u/6, = 28.3, showing noticeable stretching effects. The
filament shape further evolves from the initial pattern given by the perturbations to a
more pronounced square-wave pattern with legs in the streamwise direction, i.e.
streamwise vorticity is being formed. In figure 1 (h and i) for z4u/6, > 128, no significant
difference in the filament configuration is observed. Results and discussion will be
limited to t4u/6, < 128. This time span is long enough to show the full process of Kelvin-

Helmholtz instability, formation of large scale structures and development of secondary

instability.
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6.4.2 Growth Rates

The temporal development of the momentum thickness is calculated using equation
(5.14) and shown in figure. 6.2. Momentum thickness data from the direct numerical
simulation of Rogers and Moser (1994) is superposed in figure 6.2. At early stages the
rate of growth of the momentum thickness is slow. This trend continues until the roll up
where the vorticity developed into discrete structures. At later times the growth rate
becomes faster when these structures start to entrain fluid from the irrotational flow.
Figure 6.2 shows reasonable agreement between the current study and the direct

numerical simulation of Rogers and Moser (1994).

Figure 6.3 shows the time evolution of the vorticity thickness defined by equation 5.17.
The derivative is calculated for the streamwise velocity averaged over x-z plane. Fourth
order central difference approximation was used to calculate the derivatives. From figure
6.3, during the self similarity period, the development of the vorticity thickness is almost
linear. The ratio of average growth rate of the vorticity thickness to that of momentum

d816,)

thickness (i.e. ratio of slope of figure 6.3 to that of figure 6.2 (
d,/d,)

)) is found to

be equal to 3.92. Rogers and Moser (1994) computed this ratio to be 4.8. For comparison,
this ratio would be 4.44 for an error function mean velocity profile and 4.00 for
hyperbolic tangent profile. This variation shows that this ratio is very sensitive to the

detailed shape of the mean velocity profile.
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6.4.3 Mean Flow and Velocity Statistics

Average streamwise velocity profiles are shown in figure 6.4 at five times, namely at
tAu/6,-43.1, 63.2, 89.4, 103.8 and 121.6. The figure shows that self similarity is attained
and preserved within the specified time span when the temporal momentum thickness is
used to normalize the cross stream coordinate. Data from experiment of Bell and Mehta
at two streamwise locations within the similarity zone (namely ar x=108.1 and x=128.4
cm) is also presented on figure 6.4, suggesting that self similarity is achieved and in

agreement with the experimental data.

Figure 6.5 shows the root mean square for the streamwise velocity fluctuations at four
times within the simulation time, namely t4u/6,- 63.2, 89.4, 103.8 and 121.6. The root
mean square values are normalized by the velocity difference across the mixing layer.
Because the root mean square represents the second moment, it took the flow longer time
to attain similarity than that for the mean (first moment). However, the conventional bell
shaped profile of the root mean square can be observed within the similarity period.
Experimental results due to Bell and Mehta (1990) are also presented on the plot.
Reasonable agreement can be observed between the experimental results and the current
simulation. The average maximum value for the root mean square of the current

simulation was 0.174 compared to 0.17 for Bell and Mehta experimental results.

The bell shape of the root mean square of cross stream velocity fluctuation is also
preserved within the similarity period mentioned above as demonstrated by figure 6.6.
Good agreement can be observed between the present simulation and the experimental

data of Bell and Mehta (1990). The average maximum value for the root mean square for
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the experiment and the present simulation are almost equal (0.12 for the experimental

results and 0.123 for the present simulation).

Similarity of root mean square of spanwise component of velocity profile is shown in
figure 6.7. In this figure, experimental data of Bell and Mehta (1990) are superposed on
four profiles for the same times considered above. The average maximum of
experimental data is 0.14, while the average maximum of the present simulation is 0.132.
Cross correlation of streamwise and cross stream components of velocity fluctuations is
presented in figure. 6.8 for the same times considered in figures. (6.5-6.7). The values of
cross correlation are normalized by the square of streamwise velocity across the shear
layer. Similarity of profiles is well established over that period. Also the data is in good
agreement with the experimental data of Bell and Mehta (1990). On average, the
maximum value for the cross correlation is -0.107 for the present simulation and -0.01 for

the experimental data of Bell and Mehta (1990).

It is observed that velocity statistics of the present simulation show, in figures 6.5-6.8,
better congruence to the experimental data than that of figures (5.7-5.10) when remeshing
is used. In particular, the present data shows better agreement at the tails of bell shaped

profiles.

6.4.4 Mixing Layer Three Dimensionality

To demonstrate mixing layer three dimensionality, the streamwise velocity contours
across y-z plane are presented in figure 6.9. In this figure the streamwise velocity values

are obtained by averaging over the streamwise direction. Thirty (30) uniformly
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distributed contour levels are shown for the interval u/Au [-0.5, 0.5]. Figure 6.9 shows the
streamwise velocity contours at four points in time, namely t4u/6,- 43.1, 63.2, 89.4 and
103.8. These four contour snapshots started after the vorticity sheet roll up and saturation
of two dimensional Kelvin-Helmholtz instability. Measured by the variation of
streamwise velocity across spanwise direction, figure 6.9 shows that three dimensionality
accentuates with the passing of time, however no noticeable changes occurred after

t4u/0,=103.8.

Three dimensionality of the flow can also be demonstrated by generation and evolution
of spanwise and cross stream vorticity. This simulation started with streamwise and
cross-stream vorticity comprising 0.01% of the total vorticity in the computational
domain. Figure 6.10 illustrates the evolution of the vector modulus of streamwise and
cross stream particle strength as a measure of three dimensionality. This parameter is

calculated as,
J'[a)f +; ]%dv

where v corresponds to the volume of the computational domain. Development of three
dimensionality, as determined by the parameter above, passes through three regions as
shown in figure 6.10. Initially, slow rate of evolution can be identified when t4u/6,<10.
At the end when t4u/6,>120 the graph reaches a plateau where the growth of this
parameter is insignificant. In between the above two time limits, linear temporal three

dimensionality growth rate can be observed. The oscillations in this figure are thought to
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be due to the change in the number of particles within the computational domain and the

effects of interpolation scheme.

As stated in Chapter 5, the divergence free vorticity field criterion is implicitly satisfied
in two dimensional flows. But that is not the case for three dimensional flows. In order to
ensure the vorticity field solenoidality, the vorticity correction technique due to Cottet
(1996) was used as outlined in Chapter 3. The result of this methodology as reflected in
the calculation of vorticity divergence is presented in figure 6.11. As shown in the figure

the vorticity divergence is preserved, hovering around zero through out the computation.

6.4.5 Evolution of Instabilities in Three Dimensional Mixing
Layers

In this section, evolution of both the two dimensional Kelvin-Helmholtz instability and
three dimensional secondary instability, as pertinent to the present moving least squares
are examined. Vorticity field, velocity field and particle location are used to investigate
the development of these instabilities and to show the potentials of this method to capture

different three dimensional flow characteristics.

6.4.5.1 Formation of Spanwise Vortices

Figure 6.12 shows the evolution of spanwise vorticity contours at mid-plane in z direction
(i.e. zZ/L,=0.5), at four times through out the computation, namely t4u/6,=15.0, 43.1, 89.4
and 121.6. Initially, the shear layer is dominated by the influence of Kelvin-Helmholtz
instability until the first roll-up occurring at the edges of the computational domain, as

shown in figure 6.12 (a). After that, the flow is mainly two dimensional where the first
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roll-up is followed by few others to generate the rollers as can be observed in figure 6.12
(b). The formation of ribs connecting these rollers is presented in figure 6.12 (c). At the
rib regions, spanwise vorticity is thinning and eventually becomes devoid of spanwise

vorticity as evident from figure 6.12 (d).

Figure 6.13 presents the velocity vector at the same location and times as in figure 6.12.
The velocity vector in figure 6.13 is comprised of the streamwise and cross stream
components, the two components that produce the spanwise vorticity. Kelvin-Helmholtz
instability amplifications and the formation of the two dimensional rollers can be
observed in figures 13 (a) and (b), respectively. In a reference frame moving with the
average velocity, i.e. a temporal mixing layer, the rotation of the two rollers leads to the
formation of a local stagnation point at the rib (braid) region between the rollers as shown
in figure 6.13 (c) and (d). The stagnation point is formed because the fluid entrained by
the vorticity is split into two streams, one stream orbits around the upstream roller while
the other orbits around the downstream roller. As indicated by the velocity vector field
around the stagnation point, the braid region is characterized by high strain rate, this is
the reason the particles passing through the stagnation point are subjected to large amount

of stretching. Similar results were obtained by Ashurst and Meiberg (1988).

6.4.5.2 Formation of Streamwise Vorticity-The Onset of Three
Dimensionality

Figures 6.14 (a-d) present a three dimensional view of all the particles in the
computational domain at four different times, t4u/0,=12.1, 43.1, 63.2 and 103.8. Since

the vortex particles are advected with the flow field, their relative positions give a clear
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picture of the main flow features, i.e. the large to moderate structures. Initially for t4u/6,
=12.1 in figure 6.14 (a), the vortex particles are concentrated around the plane y/L, = 0.5.
As the flow develops due to the rollup of the mixing layer, figure 6.14 (b) shows that
vortex particles accumulate, form tube like structure along the spanwise direction and in
particular a concentration of particles appears along the centre line of the tube. For t4u/6,
> 63.2, the originally small perturbation of the vortex particle location in the spanwise
direction magnifies significantly at the plane z/L, =0.5, leading the flow to departing from
its two dimensionality. Figure 6.14 (c) and (d) shows that the growth of the spanwise
rollers continue and at the same time their spanwise undulations increase, which
demonstrate the onset of new instability mechanism, i.e. the secondary (translative),
instability as presented in section 5.5.4.2 and discussed in the simulation of Knio and
Ghoniem (1992). The evolution of the translative instability is better demonstrated in
figure 6.15 (a-d) where a magnified view of the particle field is presented for 0.3< x/L,<
0.7, at the same times as in figure 6.14 with different orientation of the coordinate
system. The translative instability shown in figure 6.15 (a-d) appears initially as a slight
undulation in the spanwise direction which intensifies with time and evolves into a
significant deformation of the spanwise rollers. The slight perturbation of the vortex sheet
in figure 6.15 (a) becomes quite noticeable as time evolves in figure 6.15 (b). The onset
of the formation of well defined streamwise structure is shown in figure 6.15 (c) (dark
regions along x direction). The translative instability and the high strain rate of the braid

region lay the ground to the evolution of the streamwise structures shown in figure 6.15

(d).
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6.4.5.3 Three Dimensional Large Scale Structures

Development of the flow in the braid region is illustrated in figures 6.16(a-d), where the
isosurfaces of the streamwise vorticity (w,) is presented at four different times, namely
tAu/6,=12.1,43.1, 63.2 and 103.8, where the streamwise vorticity is nondimensionalized
by the initial momentum thickness 6, and the velocity difference across the mixing layer.
At t4u/6,=12.1, the streamwise vorticity starts to organize as sticks spanning the
computational domain in the spanwise direction as shown in figure 6.16 (a). Figures 16
(b) and (c) show that the vorticity in the braid region, as a result of stretching and
secondary instability effects, intensifies and grows into ribs like undulated vortex patches
of opposite sense spanning the distance between rollers. These patches further grow by
the action of the translative instability and eventually, extend through the braid region

and wrap around the spanwise rollers as shown in figure 16 (d).

Growth of streamwise vorticity is also shown in figures 6.17-6.19, in each of which the
grid vorticity contours are plotted at four y-z planes through out the computational
domain, namely x/L,=0.2, 0.4, 0.6 and 0.8. The three figures represent snapshots of
streamwise vorticity at three times during computation, t4u/6,=43.1, 63.2 and 103.8
respectively. Ten contour levels of the streamwise vorticity (w,0,/4u) are shown in each
of these figures. Dashed lines in these figures represent negative vorticity and continuous
lines represent the positive vorticity. In figure 6.17 the ten contour levels are chosen such
that w,0,/4u is in the range [-0.0005, 0.0005] with uniform increment of 0.00001. At
t4u/6,=43.1 the undulation due to initial perturbation is not obvious, however two pairs

of elliptical counter-rotating vortices are emerging with their major axes coincide with
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the level of splitter plate. No differences in these structures can be discerned along the

streamwise direction.

Figure 6.18 (a-d) is plotted with the same characteristics as Figure. 6.17 except that the
streamwise vorticity range w.6,/4u is [-0.002, 0.002] and the increment is 0.0004. This
figure shows the streamwise velocity at t4u/6,=89.4. At this time the magnification of the
initial perturbation is clearly revealed and is in phase with the perturbations. Vortex
structures appear as pairs of opposite sense. The evolution of streamwise vorticity at the
same four locations at later time (t4u/6,=103.8) is shown in figure 6.19, where

augmentation in thickness of the rib vortices is detected.

Figures 6.20-6.22 show velocity vectors constructed using spanwise and cross stream
components of velocity. The time and streamwise locations used in these figures
correspond to those used in figures 6.17-6.19. The evolution of the counter-rotating
streamwise structure is attributed to the streamwise vortex rods that develop, stretch and
wrap around the upper stream and lower stream of the spanwise rollers as shown in the
experiment of Lasheras and Choi (1988) and captured by the numerical simulations of

Ashurst and Meiberg (1988) and Inoue (1989)

The existence of the counter-rotating streamwise structure can also be demonstrated
using the particle velocity shown in figure 6.23. In this figure the evolution of spanwise
and cross stream components of particle velocity is shown at x/L,=0.6 at four times,
tAu/8,=12.1, 43.1, 63.2 and 103.8. Particles are located within a slice with a thickness of
one grid size. Particle velocity is obtained by interpolating the grid value to the particle

location. These figures indicate that these pairs of counter-rotating vortices forms and
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persists at fixed spanwise locations. The locations of the streamwise rollers are in phase
with the initial perturbation given to the particle location. This suggests that translative
instability is evolving as proposed by Pierrehumbert and Widnall (1982). Figures 6.24 (a-
d) show a section through the plane x/L,=0.6 for the particle field at the same times as the
previous figure. The small perturbation in figure 6.24 (a) is amplified in (b) and (c) while
staying in phase with the initial perturbation. The rollup of the braid region in figure 6.15
and the stretching of the streamwise vortices which wrap around the spanwise rollers
generate a mushroom like structure as shown in figure 6.24 (d). This structure was
identified experimentally by Bernal and Roshko (1986) and numerically by Knio and

Ghoniem (1992).

6.4.6 Energy Spectra

Turbulent kinetic energy scattered through the wave number space is collected as a
function of one dimensional wave number in figures 6.25 and 6.26. These figures are
produced following the same method used in section 5.5.5. Temporal evolution of energy
spectra are shown at four times, namely at t4u/6,=43.1, 63.2, 89.4 and 103.8. In these
figures a -5/3 spectrum is also plotted for comparison. Figure 6.25 shows the energy
spectrum as a function of streamwise wave number. During the development stage at
tAu/6,=43.1 and 63.2, maximum energy is contained in the fifth mode and the spectra at
these times do not decrease monotonically. Whereas for r4u/6,>89 energy spectra
become saturated and decrease monotonically, it is also observed that at these times,
maximum energy is contained at the second mode. The distribution of turbulence energy

among wave numbers in the spanwise direction is shown in figure 6.26. For all the times
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presented in the figure maximum energy is contained in second mode of the spectra. The
exception was the energy spectrum at t4u/6,=63.2, where the maximum energy occurred

at the third mode.

6.4.7 Effect of Numerical Parameters

The Lagrangian nature of the vortex methods, which is maintained during this simulation
by advection the vortex particles with the local velocity, liberates these methods from the
advection stability constraints (Cottet et al, 2002) and (Chetalain et al, 2008). Therefore,
time step in particle methods is not explicitly linked to the grid resolution. However, as
discussed in Sarpkaya (1994), the accuracy of Vortex-In-Cell method is sensitive to
numerical parameters. In this simulation, the sensitivity of the numerical solution to the
spatial resolution of the computational box and the initial number of particles was
investigated by maintaining the vorticity sheet strength and doubling the grid size in each
direction of the computational domain. Therefore an additional run is made in which the
grid size is doubled and the initial number of particles per grid is kept unchanged, that is
M, xM,xM.=73x73x129 and the initial number of particles is 20736 to investigate the

influence of the numerical parameters.

6.4.7.1 Mean Streamwise Velocity

U,
u

The normalized streamwise mean

velocity for both cases, namely the base run

and the double grid size run are presented in figure 6.27. The two profiles are plotted

against the normalized cross stream direction y/6(t). Every point represents the average of

130



the streamwise velocity at a particular x-z plane. The two profiles are sampled at
effectively the same nondimensional time 4u/6,=89.4 within the similarity period of the
flow. As shown in the figure, the two velocity profiles are hardly distinguishable which
demonstrates that at this grid size and initial particle number the simulation, on the mean,

effectively converges to the same solution.

6.4.7.2 Velocity Statistics

Sensitivity of velocity statistics to the numerical parameters is presented in figures 6.28

through 6.31. The comparison is conducted at t4u/6,~89.4 within the similarity period.

Figure 6.28 shows the root mean square of streamwise velocity fluctuations normalized
by the velocity difference. The two profiles are obtained by the same method used in the
Chapter 5. Every point is calculated by averaging the sum of squares of velocity
fluctuation over an x-z plane. The two plots are generally close enough to each other to

demonstrate that the simulation is insensitive to grid size and number of vortex particles.

Identical behaviour can be observed in figures 6.29, 6.30 and 6.31 where the root mean
square of the cross stream velocity fluctuation, spanwise velocity fluctuation and the
cross correlation of the streamwise and cross stream components of velocity fluctuations

are presented, respectively.

6.4.7.3 Energy Spectra

Figures 6.32 and 6.33 show the effects of doubling the grid size on the one dimensional

energy spectra. Figure 6.32 represents the turbulent kinetic energy distribution among the
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wave numbers in the streamwise direction at t4u/6,~89.4. It is obtained by integrating the
modal energy in the cross stream direction and performing summation in the spanwise
direction. For the base run, 72 Fourier modes are considered in the Fourier space, twice

as many as the case of doubling the grid size. The wave numbers range in both runs is

When doubled the grid size, only half the Fourier modes can be resolved, i.e. 36 modes.
The base run harmonics appear at the higher wave numbers toward the dissipative end of
the spectrum. For both runs in figure 6.32, maximum energy appears at the fourth
harmonics. The two runs explored exhibit well defined inertial subrange; however the

two plots tends to diverge toward the higher end of the spectrum.

Figure 6.33 represents the one dimensional energy as a function of the wave number in
the spanwise direction. It is obtained in a similar method as that of figure 6.32 with the
exception that summation is performed in the streamwise direction. In general figure 6.33

exhibits similar trend as that of figure 6.32.

6.4.8 Inviscid Run

In practical implementation of vortex methods some numerical dissipation is inevitable
due to Lagrangian discretization of the vorticity field and the use of Eulerian mesh to
compute velocity. However it is important to ensure that numerical diffusion introduced

by vortex method implementation does not significantly contaminate the role of physical
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viscosity in flow dynamics. Therefore and to investigate these effects, the diffusion
computation is shut off in this run. Due to unrealistic high velocity the run is terminated
at t4u/60=95.4 The consequences of inviscid simulation on the evolution of momentum
thickness, vorticity thickness, mean velocity, velocity statistics and energy spectra will be

discussed in the following.

Results of simulation of inviscid temporal mixing layer are shown in figures 6.34-6.42.
Temporal growth of momentum thickness and vorticity thickness are shown in figures
6.34 and 6.35, respectively. In general, these two parameters are developing linearly and
no significant influence of disregarding viscosity can be deduced from these figures,
except for the momentum thickness exhibits a slightly higher rate of growth than that of

the viscous run.

Figure 6.36 shows the mean velocity plotted at four different times; namely t4u/6,=57.6,
66.3, 73.8, 82.5. Similarity of mean velocity profiles for the inviscid run is observed over
the reported time period and in agreement with the experimental results, an indication
that the interaction of large scale structures is essentially governed by inviscid flow

dynamics.

Figures 6.37-6.40, respectively, show the root mean square of streamwise velocity, cross
stream velocity, spanwise velocity and cross-correlation of streamwise and cross stream
velocity fluctuations, at times corresponding to that of figure 6.36. Similarity of velocity
statistics could not be established in these figures due to the omission of diffusion effects
in this run. Energy spectra presented in figures 6.41 and 6.42 show incremental increase

in turbulent energy levels and accumulation of energy at high wave numbers.
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Chapter 7

Numerical Performance of the Two Methods

7.1 Introduction

The two vortex methods used in Chapters 5 and 6 were able to satisfactorily predict the
evolution of three dimensional temporal mixing layer, including mean flow, velocity
statistics and three dimensional flow structures. For the applications of high Reynolds
number flows, vortex methods, in general, offer the advantage of being free of numerical
dissipation errors. However, in practice, they introduce some numerical dissipation as a
result of operator splitting (fractional step) and remeshing process. Therefore, the first
fundamental question one may pose in regards to the practical use of the vortex (blob)
method refers to the accuracy that one can expect from the spatial discretization of the
vorticity field. Therefore an objective comparison between these two methods will be
presented. The comparison focuses on the results of Chapters 5 and 6 in relation to
momentum and vorticity thicknesses, mean velocity, velocity statistics, power spectra,

and, vorticity structures. Also, the numerical diffusion associated with the two solution
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methods and the performance of each method regarding the computational time will be

presented.

7.2 Comparison of Growth Parameters and Mean Velocity

Figure 7.1 presents the results of momentum thickness evolution of the remeshing
scheme and the moving least squares scheme presented in Chapters 5 and 6, respectively.
The growth rates of both methods are effectively the same and the two graphs are hardly
distinguishable.

Figure 7.2 shows the vorticity thickness growth of two schemes used in this work. It can
be observed that the two graphs are coinciding up until t4u/6,=50, after which they tend
to slightly divert from each other. Later, around t4u/6,=120, the two graphs begins to
converge toward each other. The reason for this discrepancy is that; unlike momentum
thickness which is computed from an integration formula, the vorticity thickness is
calculated from a differentiation formula which makes it more sensitive to the numerical
noise.

In figure 7.3, the mean velocity of the two schemes is compared. Results for remeshing
scheme are presented at t4u/6,=84.4, 105.2 and results for the moving least squares are
presented at t4u/6,=89.4, 103.8. In general, the two schemes show good similarity
characteristics. However, the remeshing scheme shows smoother convergence toward the

upper end of the computational domain where (u-u;)/Au=1.
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7.3 Comparison of Velocity Statistics

The results of the second moment of velocity for the two schemes are compared in
figures 7.4-7.7. Velocity statistics of the remeshing scheme are plotted at t4u/6,=84.4,
105.2 and velocity statistics for the moving least squares method are plotted at
t4u/6,=89.4 and 103.8.

Figure 7.4 shows the comparison of the root mean square of the streamwise velocity for
the two schemes. The figure shows that the two schemes provide close predictions of the
root mean square values, however faster convergence toward the undisturbed flow can be
observed in the remeshing scheme results. Figure 7.5 compares the root mean square of
the cross-stream velocity. Slightly better similarity characteristics are presented by the
moving least squares scheme as shown in the figure. Similar trend is noted in figure 6
where the root mean square of the spanwise velocity is compared. Figure 7 presents a
comparison of the results of cross correlation of streamwise velocity and cross-stream
velocity. In contrast to the moving least squares results where the cross correlation is
negative through out the computational domain, remeshing scheme results show slightly

positive values around y/6= -3.

7.4 Comparison of Power Spectra

Figures 7.8 and 7.9 show a comparison between the energy spectra results of the two
schemes used in this work. Energy spectra of the remeshing scheme are plotted at
t4u/6,=84.4, 105.2 for both the streamwise and spanwise wavenumbers. Energy spectra
of the moving least square method scheme are plotted at t4u/6,=89.4 and 103.8.for both

the streamwise and spanwise wavenumbers. Figure 7.8, in which the energy spectra are
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plotted against the streamwise wave number, shows that remeshing result are developing
as compared to the moving least squares results. This behaviour is also observed in figure
7.9 where the energy spectra are plotted against the spanwise wavenumber. It is also
observed that maximum energy occurs at the fifth harmonics in the case of remeshing
simulation while it occurs in the second harmonics in the case of moving least squares

method.

7.5 Comparison of Vorticity Structures

Figures 7.10 and 7.11 prersent a comparison of the vortical structures resulted from the
two schemes used in this work. Figures 7.10 (a-d) show the development of the vorticity
contours of the spanwise vortices of the remeshing scheme while (e-h) show that of the
moving least squares method. As discussed in Chapter 5, temporal mixing layers are
made by a frame of reference moving at the average velocity of the two streams. Thus for
an observer moving with this frame, the two streams will appear to move toward each
other with a velocity equal to half the velocity difference of the two streams. That means,
spanwise vortices generated in this flow are living in the background of high shear field
and subject to mutual interactions. Therefore they continue to evolve and in the mean
time they will be deformed and subjected to pairing; the dominant mechanism of the
growth of mixing layers. In temporal mixing layers, there are two competing phenomena
affecting the development of spanwise vortices. While the induced velocity is trying to
push the two rollers apart, the strong shear field is trying to pull them together. Pairing of
spanwise vortices occurs due to the dominance of shearing effects over the vorticity

induced velocity. This sequence of events is qualitatively well captured by both schemes.
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Figures 7.11 (a-d) shows the streamwise vorticity contours results of the remeshing
scheme and figures 7.11 (e-h) show that of the moving least squares method. The two
schemes produced two pairs of counter-rotating vortices structures. However it can be
noted that the vortices produced by the moving least squares method are rounded
compared to that produced by the remeshing scheme which shows deformation in the
spanwise direction. Also, it observed that the remeshing scheme produced clear two rows
of vortices quite similar to the LES results of Rajab (1995). This feature is less obvious in

the moving least squares scheme results.

7.6 Accuracy

Extensive theoretical work has been done on the convergence analysis of both viscous
and inviscid vortex methods. Among many others, most notably work of Beale and
Majda (1982), Cottet et al (1991) and Hald (1983). In this work the initial vorticity
distribution is approximated by a finite set of particles, the voricity distribution within
each particle is three dimensional Dirac delta function (Equation 3.17). Difficulties
associated with the singularity of delta function are alleviated by the Eulerian grid system
and interpolation scheme. These measures introduce some errors due to their dissipative
effects on the numerical method. Accuracy of the discretization and effects of the
Eulerian grid smoothing manifested as numerical diffusion will be investigated by the

actual numerical experiment.

The enstrophy¢, a flow parameter measuring the amplification of vorticity due to

stretching, is defined by
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It has a relationship to the vorticity similar to that of the kinetic energy E to the velocity.
For a free shear flow where there is no wall effects and under the assumption of

homogenous turbulent flow, the turbulence kinetic energy is related to the enstrophy ¢

by, (Bernard and Wallace 2002)

——=V,,6(0) (7.2)

This equation abstracts one of the most basic phenomena and distinctive feature of the
three dimensional turbulence. That is the predominance of vortex stretching which is
manifested by enstrophy production and balanced by viscous dissipation. Therefore
equation (7.2) is used as a measure of the effective viscosity of the numerical algorithm
used in this work. Fourth order central difference method is used in temporal derivative

of equation (7.2) during the post processing step for the obtained data,

dE(t) E, (t—2At)-8E, (t — Ar)+8E, (t + Ar)— E, (¢ + 2At)
= (7.3)
dt 12At

Figure 7.12 shows a comparison between the turbulence energy history of the two vortex

methods used in this work, namely the Vortex-In-Cell with remeshing (dotted line) and
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the Vortex-In-Cell with moving least square (continuous line). Computation of total
energy began after computing the mean velocity and after introducing remeshing step

within the computation scheme.

In temporal mixing layers, the production of turbulent kinetic energy exceeds the
dissipation, (Rogers and Moser, 1994). However this excess of energy is transported
outward due to the inhomogeneity in the cross-stream direction. Thus, the turbulent
kinetic energy tends to a value that does not significantly change with time as shown in

figure (7.12).

It is generally acceptable to use the term v.; ¢ interchangeably with the energy
dissipation even in the presence of significant mean shear as in the case of mixing layer
(Bernard and Wallace 2002).The time variation of the enstrophy for the two schemes is

shown in figure 7.13).

Fig 7.14 shows the temporal development of the relative diffusion error [(vegv)/ v] for
the two methods. This figure essentially provides a comparison of the cumulative
dissipative effect of interpolation on the least square method and the effect of remeshing
and interpolation on the remeshing method. In other words this figure offers a
quantitative measure of the artificial viscosity introduced by each of the two numerical
algorithms used in this work. The maximum absolute relative diffusion error is 13.6% for
the remeshing method and 13.0% for the least squares method. However the average
diffusion error for the remeshing method is 11.2% and that for the moving least squares is

9.4%.
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7.7 Resolved Scales

By its nature, turbulence is a multiscale phenomenon. The well known Kolmogorov
scaling law (Pope, 2000) revealed that turbulence consists of a continuum of scales, from
the largest scales determined by the flow geometry to the smallest ones at Kolmogorov
dissipation scale. Thus there is no clear and distinct scale separation in turbulent flows.
The scale separation can only be regarded as a hypothetical concept by which different
physical processes can be recognized. Scale separation is also beneficial to identify the

extent of resolution attained by a particular grid size in a numerical simulation.

Based on the universal equilibrium concept due to Kolmogorov (Pope, 2000), the

dissipation scalen is related to the viscosity v and the dissipation € by

n="" (7.4)

But as stated earlier the dissipation is directly related to the enstrophy by e=v ¢

therefore,

1

V 2
n="" (7.5)

gz

Figure 7.15 shows the time variation of the dissipation scale during the simulation time
of the two schemes. It can be observed that the dissipation scale for the remeshing

scheme and the moving least squares scheme asymptotically approaches 0.68mm and
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0.72 mm, respectively. In comparison to the grid size used in this study, the simulation in

both cases was under-resolved.

7.8 CPU Time Comparison

In fully Lagrangian vortex methods when Biot-Savart solution of Poisson equations is
used, the operation count is of order of N® if N vortex particles exist within the
computational domain. The Vortex-In-Cell method is devised mainly to reduce the
execution time without sacrificing the accuracy. Figure 7.16 shows a comparison of the
CPU time for every time step as a function of the number of vortex particles. Both
methods effectively exhibit linear relationship between the CPU time and the number of
particles. However at the early stages of the execution, particularly prior to remeshing
commencement, remeshing method shows lower time requirements as the number of
particles increases. Significant step change in the time requirements can be observed as a
consequence of the remeshing step. After initiation of remeshing, the least squares
method shows better performance. For example, at 120000 particles, the least squares
method outperformed the remeshing method by 10.7% reduction in CPU time. As the
number of particles within the computational domain increases the two lines diverges in

favor of the least squares method.

Figure 7.17 shows the total (accumulative) execution time against the number of particles
for the two methods used. Starting with 82944 particles, the number is roughly doubled
by the end of simulation for both methods (160415 particles for the least squared method
and 155511 for the remeshing method). The remeshing method shows steep increase in

the number of particles at the beginning of the simulation particularly after introduction
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of remeshing step. Then it reaches a plateau where there are no significant changes in the
flow features. Slower rate of increase of particles number can be observed for the least
squares method until it reaches a plateau. It can also be observed that at the beginning of
the simulation the time requirement for the remeshing method is significantly less than
that of the least squares method for the same number of particles. However, towards the

end the trend is reversed.

143



Chapter 8

Summary, Conclusions and Recommendations

8.1 Closing Remarks

A hybrid Eulerian-Lagrangian numerical method, based on the Vortex-In-Cell method
has been developed and implemented to simulate three dimensional temporally evolving
mixing layer flows. This scheme has demonstrated proper account for diffusion and
stretching effects. The main contribution of this work was the utilization of the moving
least squares method within the framework of Vortex-In-Cell method and the

implementation of this approach to a three dimensional temporal mixing layer.

A two dimensional code was first developed to test and validate the major building
blocks of a successful VIC method. That includes, among other details, a Poisson solver
to compute velocity, an interpolation scheme for exchanging information between
Eulerian and Lagrangian grids, and a time integration technique to advance the flow. The
two dimensional code was used to simulate two dimensional spatially evolving mixing
layer flow. The two dimensional code is then significantly developed to simulate three

dimensional vorticity equation using VIC method. Within the context of three
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dimensional VIC method, two schemes were used to compute the stretching and diffusion
operators. In the first, the Lagrangian mesh (particles) are replaced by a new set of well
overlapped and organized particles every few time steps to best approximate the current
vorticity field. Stretching and diffusion are computed using fourth order finite difference
approximation. The M’4 interpolation scheme is used to identify the locations and
strengths of the new set of particles. Without this remeshing scheme the computation of
derivatives that occur in the stretching and diffusion terms of the vorticity equations
would have deteriorated at early stages of the simulation. Second numerical scheme is
developed where the remeshing step is alleviated and the derivatives are approximated
using the least squares method. Both methods were implemented to three dimensional
temporal mixing layer. The two schemes were able to reasonably reproduce the mean
flow, velocity statistics, energy spectra, and most importantly the evolution of secondary
instability and the formation of streamwise structures. The performance of these two
schemes and the flow features they produced will be summarized in the following
sections. The merits and improvement opportunities of the two schemes used in this work

within the context of VIC method are put in perspective.

8.2 Two Dimensional Mixing Layer

The VIC method is used to simulate two dimensional spatially developing mixing layer.
This flow is used to validate the main code elements. Results of mean flow and the root
mean square of streamwise velocity fluctuations demonstrated good agreement with the
experimental results of Bell and Mehta (1990). The higher values of the root mean square

of the cross stream components is attributed to the fact that kinetic energy from the
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streamwise transfers only to the cross stream direction while in three dimensional flows it
is distributed among cross stream and spanwise directions. The simulation was also able
to predict evolution of flow instabilities including the linear stage, the first roll up, and

vortex pairing.

8.3 Three Dimensional Mixing Layer

Three dimensional VIC computer code was developed to simulate three dimensional
temporal mixing layer. Two schemes were used to calculate the derivatives encountered
in the stretching and diffusion terms. Both schemes were able to satisfactorily predict the
mean flow, velocity statistics, energy spectra, development of two dimensional Kelvin-
Helmholtz instability, and evolution of secondary (translative) three dimensional

instabilities that leads to the formation of streamwise structures.

8.3.1 Mean Flow and Velocity Statistics

Linear Growth rate of the temporal mixing layer as described by the momentum
thickness and vorticity thickness are computed for both schemes with reasonable
accuracy. Mean velocity profiles are well predicted by both schemes compared to the
experimental results of Bell and Mehta (1990). Similarity of mean velocity profiles is
established for r4u/6,=42.8 to 123.1 for the remeshing scheme and for t4u/60=43.1 to
121.6 for the least squares scheme. However least squares results shows slightly

improved congruence to the experimental data.
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For the velocity statistics, both schemes took longer time to establish similarity than that
for the mean flow. Root mean square of streamwise velocity fluctuations results shows,
to some extent, less scatter than that of the remeshing scheme at the maximum value. On
average, the maximum value of root mean square of streamwise velocity fluctuations is
0.18 for the remeshing scheme, 0.174 for the least squares scheme, and 0.17 for the
experimental results of Bell and Mehta (1990). For the root mean square of the cross
stream velocity fluctuations, both schemes attain similarity and same average maximum
value, which is in good agreement with the experimental data, however remeshing
scheme produced somewhat narrower profile compared to that of the experiment and the
least square scheme. Root mean square profiles of spanwise velocity fluctuations are
generally in good agreement with the experimental data for both schemes. Results of the
remeshing scheme show some positive values of the cross correlation. This is attributed
to the fact that the long time average of the cross correlation depends on the tilt angle of
spanwise vorticity structure and the strain rate of the flow field. Certain tilt angles could

result in positive values of cross correlation.

8.3.2 Energy Spectra

Both schemes resolved the temporal mixing layer flow well. Qualitatively, significant
flow scales are captured by these schemes. Energy spectra are also used as a diagnostic
tool for the accuracy of both schemes. When viscous substep is shut off, accumulation of
energy at the higher end of the spectrum is observed for both schemes. Since the reverse
cascading of energy from smaller to larger eddies could not be noticed in figures 5.33,

5.34, 6.32, and 6.33 and the calculation of the effective viscosity as shown in figure 7.3
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did not show any global negative value (backscatter), the accumulation of energy is most
likely due to the absence of dissipation mechanisms, and consequently the minimal effect

of numerical diffusion in these methods.

8.3.3 Spanwise Vortices

As suggested by many numerical and experimental studies, development of mixing layer
results from the amplification of small instabilities that exist naturally in the experimental
device or artificially introduced in numerical simulation. These mechanisms trigger
Kelvin-Helmholtz instability which starts as a linear amplification of these small
disturbances. In their non linear stage, Kelvin-Helmholtz instabilities lead to the first
rollup which later grow into large spanwise vortical structures. Such progression of
events is captured by both schemes. Evidences from particle field and mesh values are

presented. That includes particle locations, velocity vectors, and vorticity contours.

8.3.4 Streamwise Vortices

As discussed in the previous section, the primary Kelvin-Helmholtz instability develops
first leading to the formation of almost two dimensional vortex rollers. Under the
influence of the strain field generated by the growing spanwise vortices, the small initial
sinusoidal perturbations amplify and undergo axial stretching resulting in the formation
of pairs of counter rotating vortex pairs. Both schemes captured these developments and
showed that the characteristic time for growth of three dimensional secondary

instabilities is longer than that of the Kelvin-Helmholtz instability.

148



8.4 Recommendations for Future Work

In summary, the vortex method developed in this work has shown promising prospects

for its application in the fields of vortex dynamics. The potential for a hybrid Eulerian-

Lagrangian method to perform high-accuracy computations is quite positive, as CFD has

been constantly burdened by the computation of non-linear convection in Eulerian

methods. Therefore, the author strongly believes that contributing to the progress of VIC

method is a meaningful research effort. In this regard it is recommended that the

following aspects of the VIC method be further investigated:

1.

In order to produce significant calculations of problems of physical, aeronautical
or industrial relevance for VIC to become accepted by the mainstream CFD
community, it is necessary to introduce the capability of computing three
dimensional bounded flows. The standard way to introduce solid boundaries in
vortex method is the use of boundary element at the surface, i.e. panel method, in
conjunction with a model for vorticity generation. The use of flat panels to
approximate a complex geometry may introduce some error since the boundary
conditions are only satisfied at the control points of the panels. An alternative
formulation of the boundary geometry that takes into consideration the boundary
surface contour could be imagined.

Another avenue for future research which appears very promising is the
development of an adaptive remeshing scheme, that is, providing the spatial
adaptation in a scheme that is local, applied only where needed, and based on
some error estimates or measurements (values of derivative is a possible measure
for the Lagrangian distortion). This is probably a challenging project. It would,
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however, offer great potential in some applications with varying degrees of
dynamics in different regions of the domain.

It is also worthwhile to explore the feasibility of implementing the derivative
limiters used to control instability of Eulerian techniques. The suggestion is to use
limiters in the calculation of stretching and diffusion terms when the Lagrangian

distortion of particles starts deteriorating the solution accuracy.
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Fig. 2.1. Explanation of vorticity stretching.
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Fig. 3.2.
One dimensional kernel of M’4 interpolation scheme.
Distribution of M’4 scheme in two dimensions.
Isosurfaces of three dimensional M’4 interpolation scheme. Fifty equally spaced levels
are used.
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velocity and continuous lines represent positive velocity.
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Fig. 5.16 Streamlines model for the onset of secondary (translative) instability in
temporal mixing layer.
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Fig. 5.18 Streamwise vorticity contours at t4u/6,=42.8 and four streamwise locations
(a)x/L,=0.2, (b)x/L,=0.4 , (c)x/L,=0.6 , (d)x/L,=0.8. Twenty equally distributed contour
levels with 0.05 (@~ @min) iIncrements are used. Dotted lines represent negative
vorticity and continuous lines represent positive vorticity.
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Fig. 5.21. Isosurfaces of streamwise vorticity at t4u/0,=84.4.
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Fig. 5.22. Vorticity isosurface @,0,/4u=0.004 at t4u/0,=84.4.
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Fig. 5.23. velocity vector field (v,w) at t4u/0,=42.8 at four streamwise locations
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Fig. 6.14. Three dimensional perspectives of the particle field at four times (a)
t4u/6,=43.1, (b) t4u/8,=63.2, (c) t4u/6,=89.4 and (d) t4u/0,=103.8
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Fig. 6.15. Magnified view of the particle field for 0.3< x/L,<0.7 at the same times of
figure 6.14.
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Fig. 6.18. Streamwise vorticity contours at t4u/6,=63.28 and four streamwise locations
(a)x/L,=0.2, (b)x/L,=0.4 , (c)x/L,=0.6 , (d)x/L,=0.8. Twenty equally distributed contour
levels with 0.05 (@~ @min) increments are used. Dotted lines represent negative
vorticity and continuous lines represent positive vorticity.
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(a)x/L,=0.2, (b)x/L,=0.4 , (c)x/L,=0.6 , (d)x/L,=0.8. Twenty equally distributed contour
levels with 0.05 (@~ @min) increments are used. Dotted lines represent negative
vorticity and continuous lines represent positive vorticity.
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Fig. 6.20. Projection of velocity vector field (v,w) on y-z plane at t4u/8,=43.1 § and four
streamwise locations (a)x/L,=0.2, (b)x/L,=0.4 , (¢)x/L,=0.6 , (d)x/L.=0.8.
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Fig. 6.23. Projection of particle velocity field (v,w) on y-z plane of one grid size thick
slice at x/L,=0.6 at four times (a) t4u/6,=12.1, (b) t4u/6,=43.1, (c) t4u/6,=63.2 and (d)
t4Au/6,=103.8.
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Fig. 6.24. Projection of particle location on y-z plane of one grid size thick slice at
x/L,=0.6 at four times (a) t4u/0,=12.1, (b) t4u/6,=43.1, (c) t4u/6,=63.2 and (d)

t4u/0,=103.8.
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Fig. 6.25. Temporal Development of one dimensional streamwise energy spectrum at
four times (a) t4u/6,=43.1, (b) t4u/6,=63.2, (¢) t4u/0,=89.4, and (d) t4u/0,=103.8.
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Fig. 6.26 Temporal Development of one dimensional spanwise energy spectrum at four
times (a) t4u/6,=43.1, (b) t4u/0,=63.2, (c) t4u/8,=89.4, and (d) t4u/6,=103.8.
Continuous line represents the -5/3 power law.
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Fig. 6.27. Sensitivity of mean velocity profile to grid size at t4u/6,=89.4.
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Fig. 6.28. Sensitivity of root mean square streamwise velocity fluctuations to grid size at
t4u/6,=89.4.
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Fig. 6.30. Sensitivity of root mean square spanwise velocity fluctuations to grid size at
t4u/0,=89.4.
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Fig. 6.32. Sensitivity of streamwise energy spectrum to grid size at t4u/6,=89.4.
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Fig. 6.37. Temporal evolution of root mean square streamwise velocity fluctuations in

inviscid run at four times.
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Fig. 6.38. Temporal evolution of root mean square cross-stream velocity fluctuations in
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Fig. 6.39. Temporal evolution of root mean square spanwise velocity fluctuations in
inviscid run at four times.
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Fig. 6.41. Temporal evolution of streamwise energy spectrum in inviscid run at four
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Fig. 6.42. Temporal evolution of spanwise energy spectrum in inviscid run at four times.
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Fig. 7.2 Vorticity thickness
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Fig. 7.12. Temporal development of kinetic energy for the two schemes

3000

a  Vortex In Cell with Remeshing (CH. 5)

o Vortex In Cell with Moving Least Squares (CH. 6)

2000

C(1)

1000

L L L I L L I
tAu/90100 125 150

Fig. 7.13. Temporal development of enstrophy for the two schemes.

L L I L L I
025 50 75

243



10°

2z L
L)
>
I'l—
®
>
=
10
| ——— Vortex In Cell with Remeshing (CH. 5)
[ — Vortex In Cell with Moving Least Squares (CH. 6)
102 | | |
50 100 150
tAu/6,
Fig. 7.14 Temporal development of relative diffusion error.
015
i s Vortex In Cell with Remeshing (CH. 5)
| o Vortex In Cell with Moving Least Squares (CH. 6)
01
S|
oy
0.05
O L L l L L l L L l L L l L L l
25 50 75 100 125 150
tAu/6,

Fig. 7.15 Variation of the dissipation scales.
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