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Abstract

This thesis broadly focuses on certain lifting problems related to the stability of relations
and the existence of a particular rich abelian subalgebra of an inductive limit C*-algebra of
1-dimensional noncommutative CW-complexes. We consider the newly introduced notions
of l-open and /¢-closed C*-algebras by Blackadar. These C*-algebras derive their definitions
and properties from the space of *~homomorphisms from the algebra to another C*-algebra,
equipped with the point-norm topology. We characterize ¢-open and ¢-closed C*-algebras and
use these characterizations to resolve some questions posed by Blackadar. Additionally, we
explore the relationships of these notions with other C*-algebraic concepts, such as extension
theory and the homotopy lifting property, which is the dual concept of the classical homotopy
extension property.

A 1-dimensional noncommutative C'W-complex exemplifies an /-open C*-algebra which
serves as a building block for many important examples of stably finite classifiable C*-
algebras. A (C*-diagonal is an abelian C*-subalgebra with the unique extension property
and certain regularity condition. This study investigates the unique extension property of
an abelian C*-subalgebra within a 1-dimensional NCCW complex, along with the limitations
and implications of approximating *~-homomorphisms between two such complexes. Further-
more, leveraging Leonel’s classification result, which extends beyond simple C*-algebras, we
establish the existence of C'*-diagonals in the inductive limits of some 1-dimensional NCCW
complexes.
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Preface

C*-algebras are self-adjoint subalgebras of the bounded operators on a complex Hilbert space
closed under the operator norm topology. From its origins in the mathematical foundations
of quantum mechanics, the study of C*-algebras is an active research area that has created
a bridge between functional analysis and areas such as geometric group theory, dynamical
systems, mathematical physics, and algebraic topology. C*-algebras provide the framework
for noncommutative topology through the Gelfand-Naimark theorem [53, Theorem 2.1.10],
which shows that every abelian C*-algebra arises as the algebra C'(X) of continuous functions
on a compact Hausdorff space X (which can be realized as a family of bounded multiplication
operators on L*(X)). Through the viewpoint of Gelfand duality, we can formulate algebraic
and analytic properties of C'(X) that are equivalent to topological properties of X, and
develop abstract noncommutative versions of these properties for arbitrary C*-algebras.

One particularly prominent example is the success of operator algebraic K-theory [53];
the non-commutative extension of Atiyah—Hirzebruch’s topological K-theory [7]. The ap-
plication of the theory in the Elliott classification program, which aims to classify nuclear
C*-algebras using K-theoretic invariants and traces, stands as a monumental breakthrough
in the field which still generates a lot of interest [37, 33]. The use of the theory extends into
theoretical physics, offering a rigorous framework for analyzing quantum systems in quantum
field theory and statistical mechanics [9].

Topological shape theory provides tools for understanding the global properties of a
space by gleaning information from its local properties. One way to do this is through
approximating a space by means of more tractable spaces, such as Borsuk’s absolute neigh-
borhood retracts (ANRs). ANRs are certain tractable spaces with nice homological and
topological properties, such as the homotopy extension property, used, for example, by Mil-
nor and Spanier, to prove certain fiber homotopy-type results [52]. The noncommutative
analog of ANR is given by semiprojectivity for C*-algebras. This notion is fundamental in
studying C*-algebraic stability problems (if a property holds approximately, to what extent
can it be made to hold exactly nearby?) [50] and plays a crucial role in the classifica-
tion program of amenable C*-algebras and the study of noncommutative dynamical systems
[37, B5].

The Borsuk Homotopy Extension Theorem is a foundational result in algebraic topology
for ANRs that ensures the extension of maps and homotopies from a subspace to a larger
space. In the course of extending the theorem to the noncommutative case, Blackadar[L5]
introduced two new classes called f-open and ¢-closed C*-algebras in terms of the prop-
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PREFACE vii

erties of the space of *-homomorphism Hom(+,-) equipped with the point-norm topology.
The point-norm topology on Hom(-, -) is considered natural due to its extensive application
in various contexts, including approximation properties such as exactness, nuclearity, and
quasidiagonality. Moreover, it is widely utilized in the classification of C*-algebras.

In Chapter 2, we explore in greater detail the recently introduced C*-algebras known
as f-open and /(-closed C*-algebras, along with the homotopy lifting property. We provide
various characterizations, permanence properties, and examples, that answers some questions
raised by Blackadar. In particular, we prove:

Theorem A (see Theorem [2.2.16)). Let A be a C*-algebra. The following are equivalent:

(i) A is l-open.

(ii) For every C*-algebra B and ideal I C B, the natural map Hom(A, B) — Hom(A, B/I)
is open.

(iii) A satisfies the Homotopy Lifting Theorem (a noncommutative analog of the Borsuk
Homotopy Extension Theorem), and Hom(A, B) is locally path-connected for every
C*-algebra B.

Theorem B (see Theorem [2.3.1)). Let A be a separable C*-algebra. Then A is ¢-closed if and
only if for every C*-algebra B and ideal I C B, the natural map Hom(A, B) — Hom(A, B/I)
is uniformly relatively open.

These characterizations help us establish relationships between ¢-open and ¢-closed C*-
algebras and confirm a conjecture of Blackadar. We also prove that for a unital commutative
C*-algebra, semiprojectivity coincides with /-openness, confirming another conjecture from
[15, Page 299]. Additionally, we explore the connection between ¢-closed C*-algebras, qua-
sidiagonality, and the Ext-groups.

Notable examples of semiprojective C*-algebras, and thus f-open C*-algebras, include
finite-dimensional C*-algebras and 1-dimensional noncommutative CW-complexes (NCCW-
complexes), which are a generalization of 1-dimensional CW-complexes to the noncommu-
tative setting. The second focus of this thesis is to investigate the existence of commutative
C*-algebras within an inductive limit of 1-dimensional NCCW complexes that exhibit char-
acteristics similar to the subalgebra of diagonal matrices in a matrix algebra. Renault and
Kumjian[43, 62] introduced the concept of C*-diagonals within C*-algebras, following the
foundational work of Feldman and Moore [36] on Cartan subalgebras of von Neumann alge-
bras. They showed that C*-algebras with C*-diagonals are realizable as C*-algebras of some
well-behaved topological groupoid.

A significant amount of work has been devoted to identifying C*-diagonals within C*-
algebras. For instance, An Huef et al. [2] proved that the unique extension property of
an abelian C*-subalgebra of a Fell algebra, and in particular C*-algebras with continuous
trace, is both a necessary and sufficient condition for the subalgebra to be a C*-diagonal.
Additionally, Li [45] showed that every classifiable simple C*-algebra contains a C*-diagonal
subalgebra. Furthermore, Li and Raad [46] constructed C*-diagonals in AH-algebras.
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In Chapter 3, we begin by explaining why the techniques employed by Li and Raad
[46] cannot be directly applied to the inductive limits of 1-dimensional NCCW complexes.
Our approach is similar to the method used to construct the C*-diagonal of Al-algebras
[61], but considerable effort is required to write an inductive limit of 1-dimensional NCCW
complexes such that the building blocks contain C*-diagonals, and the connecting maps
are suitably compatible with them. We impose no simplicity restriction on the C*-algebras
under consideration. We rely on Robert’s classification results [63], which utilize a functor
based on the Cuntz semigroup, and techniques of Li [45] to establish:

Theorem C. Every unital inductive limit of 1-dimensional NCCW complexes with trivial
Kj-group and unital injective connecting maps has a C*-diagonal.



Chapter 1

Background

1.1 (C*-algebra

This section briefly outlines some basic notions, notations, and constructions of C*-algebras
in the literature [13| 53] that will be useful throughout this thesis.

Definition 1.1.1. A C*-algebra D is a Banach algebra over C endowed with an involution
w — w* satisfying ||w*w|| = ||w||* for every w € D.

We say D is a unital C*-algebra if it has a multiplicative identity element. It is o-unital
if it contains an increasing sequence (w,)> ; of positive elements in the closed unit ball of

D such that w = lim w,w = lim ww, for all w € D. An element w € D is (i) self-adjoint

if w* = w, (i) a projection if w = w? = w*, (iii) normal if w*w = ww*, (iv) unitary if
ww* = w*w = 1. Throughout this thesis, we assume the ideals are closed, two-sided ideals,
and U(D) is the set of unitaries of D unless otherwise stated.

Some classical examples of C*-algebras are the algebra B(H) of bounded linear operators
on a Hilbert space H and the space of continuous functions on a locally compact Hausdorft
space A, Cy(A). The involution map for B(H) is adjoint T+ T*, and the involution map for
Co(A) is the map f — f. These two examples are fundamental to the study of C*-algebras
since we can realize every abstract C*-algebra as a norm-closed *-subalgebra of B(#) via the
GNS construction [53, Theorem 3.4.1] and every commutative C*-algebra as Cy(A) for some
locally compact Hausdorff space A via the Gelfand duality [53, Theorem 2.1.10].

Definition 1.1.2. Let D and C be C*-algebras. A linear map F : D — C is:

(i) a projection if C is a C*-subalgebra of D and E(w) = w for all w € C.

(ii) a completely positive map (c.p.) if E is positive (E(c) > 0 whenever ¢ > 0) and the
matrix amplification id ® E : M,,(D) — M,(C) is positive for all n € N.

(iii) a conditional expectation if it is a contractive and completely positive projection
satisfying F(w;zwy) = wy E(z)w, for all wy,wy € C and z € D.



1. BACKGROUND 2

The following theorem establishes a necessary and sufficient condition for a projection
E . D — C to be a conditional expectation.

Theorem 1.1.3 (|21, Theorem 1.5.10]). Let C C D be C*-algebras, and E : D — C be a
projection. Then, the following are equivalent:

(i) E is a conditional expectation.
(ii) £ is a contractive and completely positive map.

(iii) E is contractive.

Constructing New (*-algebras from Algebras
1.1.0.1 Enveloping C*-algebra

Consider a pair (D, p), where D is a *-algebra and p: D — R is a C’*—seminormE]. Then,
I = p~1{0} is a self-adjoint ideal of D and ||w + I|| = p(w) is a C*-norm on the quotient
*-algebra D/I. The enveloping C*-algebra B of (D, p) is the Banach space completion of D/I
with respect to the norm || - ||. The canonical map from D to B is the map i : D — B that
maps w to w + I.

1.1.0.2 Multiplier Algebra

Let D be a C*-algebra and M (D) be the set of double centralizers of D, that is, a pair (L, R)
of bounded linear maps on D such that

L(wz) = L(w)z, R(wz)=wR(z), and R(w)z=wL(z)

for all w, z € D. For double centralizers (Lq, R1) and (Lo, Ry) of D,

(1) Lol = l[Ball and [[(La, Bl = [|Lal] = [|Ba]} is & norm on M (D),
(ii) (L1, R1)(Le, R2) = (L1La, RyRy) is a product operation on M (D),

(iii) The operation ¢;(Ly, Ry) + c2(La, R2) = (111 + coLlo, 1Ry 4+ caRy) makes M(D) a
vector space, where ¢q, ¢y € C,

(iv) For a linear map L : D — D, define L* : D — D by L*(w) = (L(w*))*. If (L1, Ry) is
a double centralizer, then (Ly, Ry)* = (R, L}) is a double centralizer and (Ly, Ry)
(Ry, L}) is an involution on M (D).

1p is a C*-seminorm means it is a seminorm on D satisfying p(wz) < p(w)p(z), p(w*) = p(w), and
p(w*w) = p(w)? for all w,z € D
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M (D) is a unital C*-algebra under the algebraic operations, involution, and norm defined
above. D can be identified as an ideal of M (D) via an isometric *~homomorphism that maps
w € D to (Ly, Ry) € M(D), where L,, and R,, are linear maps on D defined by L, (z) = wz
and R, (z) = zw, respectively. Note that D = M (D) if and only if D is unital.

Theorem 1.1.4 ([13, Theorem I1.7.3.1]). M(D) has the universal property that whenever
D is an ideal in a C*-algebra B, the identity map on D can be uniquely extended to a
*-homomorphism from B to M (D).

1.1.0.3 Direct Sums and Direct Products
Let {D; : i € Q} be an infinite set of C*-algebras. Denote by

HDi = {(w;) : w; € D; and ||(w;)]| :== sup |Jw;]| < oo}
) ieQ

and by

B D; = {(w;) : w; € D; and for any § > 0, ||w;|| > ¢ for finitely many i}.
i€Q
Then [] D; is called the direct product of D; and it is a C*-algebra under the entry-wise
i€Q
algebraic operations and the norm ||(w;)|| = sup ||w;||. Additionally, @ D; is called the direct
i€Q i€Q

sum of D; and it is an ideal of [] D;.
1€Q

1.1.0.4 Inductive Limits of C"*-algebras

)
n=1

An inductive sequence (D, ¢,) of C*-algebras is a sequence (D,)°, of C*-algebras and

*-homomorphisms ¢, : D,, = D, 1.

Let D’ be the set of w = (wy) € [1 Dy having the property that there exists NV € N such
that wyy1 = ¢p(wy) for all kK > N. Then, D’ is a *-subalgebra of [ Dy and p(w) = kh_)rglo || wg||
defines a C*-seminorm since each ¢,, is norm-decreasing. The inductive limit of the sequence
(D,,, ¢n), represented by liLn(Dn, ¢n) or simply lil;n D,, if there is no ambiguity, is the enveloping
C*-algebra of (D', p). If i : D' — liin D,, is the canonical map, then the map

¢n,oo : Dn — ll_I}l’an, w — Z(Oa 07 s 707 w, (bn,nJrl(w)a ¢n,n+2(w)7 . )

is a natural *~homomorphism from D,, to h_r}n D,,. Consequently, we can consider li_r>n D, as

the closure of the increasing sequence of its C*-subalgebras (¢, oo (Dy)).

Example 1.1.5. (i) Let (D,)32, be an increasing sequence of C*-subalgebras of a C*-

algebra C and D = ;2 D,,. For each n, let i, : D,, = D, 1 be the inclusion map.
Then D = h_I}l(Dn, in)-
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(ii) The C*-algebra K of compact operators on a separable, infinite-dimensional Hilbert
space H is isomorphic to the inductive limit lgn(Dn, ®n), where D, = M,(C) and

¢n : D,y = Dpyq maps w € D, to l 0] for each n € N.

w
0 0
1.1.0.5 Pullbacks of C'*-algebras

Let Dy, Ds, B be C*-algebras, and ¢; : D; — B be *-homomorphisms, i = 1,2. A C*-algebra P
is called a pullback of D; and D5 along ¢ and ¢ if there exist *~-homomorphisms v; : P — D;
that make the following diagram commute

and satisfy the following universal property: given any C*-algebra C and *-homomorphisms
0; : C — D; with ¢ 0§ = @s 0 do, then there is a unique *-homomorphism 6 : C — P such

P is unique up to isomorphism. Concretely, we can consider

P ={(a1,a2) € Dy ® Dy : ¢p1(a1) = ¢a(az)}

and 1; : P — D, as projections of P onto its i-th components [57), Page 247].

1.1.0.6 Tensor Products of C'*-algebras

Let Dy and Dy be C*-algebras. Let D; ® Dy denote the algebraic tensor product of D;
and D,, and let || - ||o be a C*-norm, that is, a norm on D; ® Dy satisfying ||c*||a = [|c]a,
e ®d||o < |lc]lalld]|la, and ||c*c||o = |Ic||2 for all ¢,d € Dy ® Dy. The completion of D; @ Dy
with respect to || - ||, is a C*-algebra, which has D; ® D, as a dense *-subalgebra. We represent
this completion by D; ®, Da. A C*-norm on the algebraic tensor product of C*-algebras
always exists and may not be unique [53] Page 190]. D; is called a nuclear C*-algebra if for
every C*-algebra D,, there is a unique C*-norm on D; ® Ds.

1.1.0.7 Discrete Cross Product C*-algebras

Let H be a discrete group, D be a C*-algebra, and Aut(D) be the group of automorphisms
of D. An action of H on D is a group homomorphism « : H — Aut(D) defined by h — ay.
A C*-dynamical system is the triple (D, H, ).
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For a C*-dynamical system (D, H,«), let C.(H, D) be the set of functions a : H — D
such that a(h) # 0 for finitely many h € H. C.(H,D) is a *-algebra under the following
operations: For a,b € C.(H, D),

(a*)(t) = ay(a(t™))* and (ab)(t) = Z a(h)an(b(h™'t)).

heH

0 ift#h
Let D be a unital C*-algebra, and wy, be given by wy(t) = ) %f . 7 h’ Then wy, €
ift =h.
C.(H,D) and every a € C.(H,D) can be written as a = Y. apwp, where only finitely many
heH
ay, are non-zero. Moreover, wyaw;, = ay(a) for all h € H and a € D. This relation allows us

to realize the operations above in a natural way. For a = Y. a,w;, and b= > a,wy,
heH teH

a" = > wrap = > ap-i(a)wp = > an(ah-1)wp.

heH heH heH
ab= > auwpaw, = Y apo(a)wy = Y (Z ah&h(at_1h)> wp,.
hteH hteH heH \teH

Definition 1.1.6. Let (D, H,a) be a C*-dynamical system, u : H — B(H) a unitary
representationﬂ of H, and 7 : D — B(H) a representation of D. (m,u,H) is a covariant
representation of (D, H, «) if u(t)mw(a)u(t)* = m(a(a)) for every t € H and a € D.
Any covariant representation (m,u,#H) induces a representation m x u : C.(H,D) — H
defined by (mxu)(a) = (mxu) | ¥ apwy | = X w(ap)u(h). The norm ||-|| = sup{||7xu(-)||}
heH heH

is a full C*-norm on C.(H, D), where the supremum ranges over all covariant representations

of (D,H,«).

Definition 1.1.7. The full C*-crossed product D x H is the completion of C.(H, D) with
respect to the full C*-norm.

Let m : D — B(H) be any faithful representation of D on a Hilbert space ‘H and
H=1,(H,H). (m,\,H) defined below is a covariant representation of (D, H, «):

7/1\'(&)(515’5 = 5t,7r(a2‘(a))§7 )\(S)ét,g = 5st,§7 a € D, s, t e H, f € H,

where the Kronecker delta §;¢ € H maps s € H to §;,§ € H. The representation 7 x
A : C.(H,D) — B(H) induced by (7, A\, H) is called a regular representation of (D, H, «)
associated with 7. The reduced C*-norm on C.(H, D) is given by

-l =17 > AC)S

where 7 is any faithful representation of D. 7 x A is a faithful representation, and || - ||, is
independent of the chosen faithful representation 7 [21, Theorem 4.1.5].

2A continuous homomorphism such that u(h) is a unitary operator on H for each h € H.
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Definition 1.1.8. The reduced C*-crossed product D x, H is the completion of C.(H, D)
with respect to the reduced C*-norm.

Lemma 1.1.9 ([21]). Let (D, H, o) be a C*-dynamical system.

(i) Let M(D %, H) be the multiplier algebra of D x,. H. Then, there is an inclusion of H
into U(M (D x, H)). Moreover, we can consider wy, as an element of U(M (D x, H))
for all h € H.

(ii) The map a +— aw, defines a canonical inclusion of D in D x, H.

(iii) Let E : C.(H,D) — D be a projection of norm one defined by

FE Zahwh = Q.
heH

Then, E extends continuously to a faithful conditional expectation £ : D x, H — D.

(iv) For each h € H, the map E) : C.(H,D) — D given by Ej(a) = a(h) extends to
a norm-one linear map Ej of D x, H onto D. Moreover, Ej(a) = E(awy,-1) for all
a€Dx,Hand he H.

Next, we consider the case where D is a commutative C*-algebra

Definition 1.1.10. We say that a discrete group H with unit e acts on the left of a set A if
there is a mapping H x A — A defined by (s,w) — s - w such that:

(i) e-w =w,

(i) s- (t-w) = (st) - w.

The pair (H,A) is called a transformation group if A is a locally compact Hausdorff space
and the mapping (s, w) + s - w is continuous.

Let (H,A) be a transformation group. For each s € H, the map w — s-w is a
homeomorphism of A and thus induces an automorphism «ay : Co(A) — Co(A) defined
by as(f)(w) = f(s™' - w). Hence, a : H — Aut(Cy(A)) is a group homomorphism and
(Co(A), H, ) is a C*-dynamical system.

Conversely, if A is a locally compact Hausdorff space, H is a discrete group, and
(Co(A), H, «) is a C*-dynamical system, we can find a homomorphism H — Homeo(A) : s +—
hs such that (s-w) — hs-1(w) defines a group action making (H, A) a transformation group
[80, Proposition 2.7].
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States and Pure States

Let D be a C*-algebra and S(D) the set of states of D, that is, the set of positive linear
functionals on D of norm 1. For ¢ € S(D), define

Ny = {w : ¢(w*w) = 0}.

Then, there is a GNS-representation (Hg, m,) associated to ¢, where H, is a Hilbert space
and the completion of D/Ny under a well-defined inner product (-, -).

Theorem 1.1.11 (|53, Theorem 5.1.1]). Let D be a C*-algebra and ¢ € S(D). Then, there
exists a unique unit vector wy, € Hy such that

P(w) = (mg(w)wg, we)

for all w € D, where 7, is the GNS representation associated with ¢ and (-, -) denotes the
inner product on H.

Definition 1.1.12. We say a state ¢ on a C*-algebra D is a pure state if whenever 7 is a
positive linear functional on D satisfying 7 < ¢, there exists ¢ € [0, 1] such that 7 = c¢. We
denote the set of pure states on D by PS(D).

Theorem 1.1.13 ([53, Theorem 5.1.6]). Let D be a C*-algebra and ¢ € S(D). Then

(i) (He,my) is irreducible if and only if ¢ is a pure state.

(ii) If D is a commutative C*-algebra, then ¢ is a pure state if and only if ¢ is a character
of D.

Cuntz Semigroup

Here, we recall the notion of the Cuntz semigroup which allows us to compare positive
elements in C*-algebras (see [4] for more details).

Let D be a C*-algebra and D, the set of positive elements of D. For a,b € D, , we say
a is Cuntz subequivalent to b, denoted by a < b, if there exists a sequence (z,), in D such

that =} bz, 7% a. Moreover, we say a is Cuntz equivalent to b, denoted by a ~ b, if and

only ifa Sband b < a.

Cuntz equivalence ~ is an equivalence relation, and it can be used to define the following
set of equivalence classes:

Cu(D) = (DRK)s/ ~ .

Cu(D) is called the Cuntz semigroup of D, and the class of a € (D ® K), in Cu(D) is
represented by [a]. For any a,b € (D ® K)., the relation

[a] < [b] if and only if a < b
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defines a well-defined partial order on Cu(D). Additionally, Cu(D) is an abelian ordered
semigroup under the binary operation

where a @ b := viav] + v9bvi and vy, vy are isometries in M (D ® K) satisfying viv] + vevi =
Invipek). For any *-homomorphism ¢ : D — B, define Cu(¢) : Cu(D) — Cu(B) by
Cu(¢)a] = [(¢ @ idx)(a)].

Definition 1.1.14. Let (Z,<) be an ordered semigroup. We say a € Z is compactly
contained in b € Z, denoted a < b, if whenever b < sup z, for some increasing sequence (z,)

n
with supremum in Z, there exists ng such that a < z,,.

Definition 1.1.15. A Cu-semigroup is a positively ordered monoid Z that satisfies the
following properties:

(i) Every increasing sequence in Z has a supremum.

)
(ii) For every z € Z, there exists a sequence z; < 23 < 23 < ... in Z with supremum z.
(iii) If 2/ < zand ¢/ < t for 2/, 2z, t',t € Z, then 2/ + ' < z + 1.

)

(iv) If (z,) and (t,) are increasing sequences in Z, then sup(z, + t,) = sup 2z, + sup t,.

Definition 1.1.16. Let X be a topological space and Z a C'u-semigroup. A map g : X — Z
is said to be lower semicontinuous if the set {w € X : ¢t < g(w)} is open in X for any ¢t € Z.
The set of lower semicontinuous maps from X to Z is denoted by Lsc(X, Z).

Example 1.1.17. Let N:= NU {oo}. Then Cu(M,(C)) = N via [a] — Rank(a). Moreover,
it D = @ M,,(C), then Cu(D) = N via [(a1,...,a;)] = (Rank(ay), ..., Rank(q;)).
i=1

Theorem 1.1.18 ([4, Corollary 2.7]). Let D be a separable C*-algebra with stable rank one
such that K;(I) = 0 for every closed two-sided ideal I of D. Then the map

v : Cu(C([0,1], D)) — Lsc([0, 1], Cu(D))

defined by ~([a])(t) := [a(t)] is an isomorphism of C'u-semigroups.

1.2 Spaces of *~-homomorphisms

Let D and B be C*-algebras. We denote the space of *~homomorphisms from D to B, endowed
with the point-norm topology, by Hom(D, B), and the subspace of unital *~homomorphisms
by Hom, (D, B) (if D and B are unital). For ¢ € Hom(D, B), a neighborhood basis of ¢ is
made up of sets

Us(o; F,€) = {¢ € Hom(D, B) : ||¢(d) — ¢(d)|| < € for all d € F}, (1.2.1)



1. BACKGROUND 9

where the union ranges over all finite sets F C D and all positive real numbers € > 0. This
gives a uniform structure to Hom(D, B). In fact, the sets of this neighborhood basis are
parameterized independently of B, giving a uniform structure to all of Hom(D, B) at once.
(One might want to put a uniform structure on the disjoint union of Hom(D, B) over all

C*-algebras B, but this is not a well-defined set. Instead, one can put a uniform structure on

[1 Hom(D, (), for any set C of C*-algebras.)
cec

If D is a separable C*-algebra, then Hom(D, B) is metrizable. Indeed, take any countable
dense subset {ay,as, ...} of the unit ball of D. Then,

o) i ) ~ (e

defines a metric on Hom(D, B). A net 7, in Hom(D, B) converges to a *-homomorphism 7 in
the metric d if and only if 7,(a,) converges to 7(a,) for all n. Using the density of the set
{a1, as,...} and the boundedness of the net 7,, it follows that 7,(a) — 7(a) for each a € D.

It is evident that the limit of a net of unital *~homomorphisms is unital. Moreover,
it is well-known that a sufficiently close projection to the identity is the identity. Hence,
Hom, (D, B) is a clopen subset of Hom(D, B). Let A and Q be compact metrizable spaces and
A% the set of continuous functions from Q to A. Then Hom, (C(A), C(£2)) is homeomorphic
to A% endowed with the topology of uniform convergence (by Gelfand duality).

Let A and €2 be topological spaces. Recall that a map f : A — € is relatively open if
for any given open subset A of A, f(A) is an open subset of f(A), that is, f(A) =ZnN f(A)
for some open subset = of 2. A map f: A — Q is an open map if f is relatively open and
f(A) is an open subset of €.

Next, we discuss some basic properties of *~homomorphisms between two C*-algebras
and the maps induced by *-homomorphisms. Let A, B, and D be C*-algebras, and let
o : D — B be a *-homomorphism. Then ¢ induces the maps o, : Hom(A, D) — Hom(A, B)
and ¢* : Hom(B, A) — Hom(D, A) defined by ¢ — o o ¢ and 1) — 1 o o, respectively.

Proposition 1.2.1 ([68]). Let D and B be C*-algebras and ¢ : D — B a *-homomorphism.
Then o is relatively open.

Proof. It suffices to show that for any @ € D and any € > 0, 0(Bc(a)) is a neighborhood of
o(a) in o(D), where Bc(a) ={c €D : |la— | < €}.

o induces a *-isomorphism from D/ ker(¢) to Im(o) via the map [a] — o(a). Since
D/ ker(o) and Im(o) are C*-algebras, ||[a]|| = ||[o(a)|| for all a € D. Let o(c) € Bs(o(a)) for
some 0 < €. Then

lla =]l = llo(a = o)l = llo(a) = a(c)l| < 0.

By the definition of the quotient norm on D/ker(c), we can find d € ker(o) such that
la—(c+d)|| < €. Hence, o(c+d) = o(c), o(c) € o(B.(a)),and o(a) € Bs(o(a)) C o(Bc(a)). N

Proposition 1.2.2 ([68], Proposition 2.3). Let D and B be C*-algebras and ¢ : D — B an
injective *~-homomorphism. Then the induced map o, : Hom(A, D) — Hom(.A, B) is relatively
open for any C*-algebra A.
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Proof. It suffices to show that for any ¢ € Hom(A, D), any finite set F C A, and € > 0,
0.(Up(¢; F,€)) = Ug(o o ¢; F,€) N Im(oy).

Clearly, 0. (Up(¢; F,€)) C Ug(oog; F,e)NIm(o.). Conversely, let yp € Ug(oog; F,e)NIm(o,).

Then, 1) = o o 1, where 1) € Hom(A, D) and

l(a) — o0 p(a)]| = [lood(a) — oo (a)] <e

for all a € F. Injectivity of o implies ||o(d)|| = ||d|| for all d € D. Therefore,

[¥(a) — d(a)ll = llo 0 (a) — oo dla)l| <e
for all a € F and ¢ € 0,(Up(¢; F,¢€)). i

Proposition 1.2.3 ([68], Proposition 2.4). Let D,B be C*-algebras and ¢ : D — B a
surjective *-homomorphism. Then, the induced map ¢* : Hom(B, A) — Hom(D, A) is
relatively open for any C*-algebra A.

Proof. For any ¢ € Hom(B, A) and € > 0, we take F = {a}. We will prove that

o"(Us(¢; F,e)) = | Up(dpoo;{b},e)NIm(c*).

beo—1(a)
Let b € 07'(a) and ¢ o o € 6*(Ug(¢; F,€)) with ¢ € Ug(¢; F,€). Then
[P oa(b) —goa(d) = llv(a) = dla)] <e
So,
o*(Us(¢: F,e)) € | Up(¢poo;{b},e)NIm(c*).

beo—1(a)

Conversely, for b € 07'(a) and 1) o o0 € Up(¢ o o;{b},€) N Im(c*),

[¢(a) — ¢(a)|| = [lo(a(b)) — v (o (b)) <e.
Hence, 1 € Ug(¢; F,€) and

o (Us(¢; F,e)) = |J Un(poa;{b},e)NIm(c),

beo—1(a)

since b is arbitrary. Each Up(¢oo;{b},€)NIm(c*) is relatively open in Im(c*) and therefore
their union is relatively open in Im(c*).
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1.3 Extensions of C"*-algebras

Extension theory provides a way of constructing new C*-algebras from simpler ones. Its
relationship to the space of *~homomorphisms, K-theory, and the structure of C*-algebras
often reveals deep structural properties, which will be helpful in our later discussions. We
use [12] as the primary source for what follows.

We say a sequence 0 — B &L D 0of *~homomorphisms and C*-algebras is a
short exact sequence if j is injective, ¢ is surjective, and ker(q) = Im(yj).

Definition 1.3.1. Let D and B be C*-algebras. An extension of D by B is a short exact
sequence 0 - B4 £ 4L D — 0.

Extensions of D by B always exist since we can obtain a short exact sequence by setting
& =B @& D, with j as the canonical inclusion of B in £, and ¢ as the canonical projection of
& onto D.

Given an extension 0 — B & £ & D — 0, it follows from the universal property
of the multiplier algebra (see Theorem that there exists a unique *~-homomorphism
p: € — M(B) such that p|g = idg. The composition of p with the quotient map = :
M(B) — M(B)/B induces a *-homomorphism 7 : D — M (B)/B, called the Busby invariant
of the given extension. The pullback of D and M (B) along 7 and 7 induces an extension
0= B — &(1) - D — 0. Moreover, £ is isomorphic to £(7). Hence, we can uniquely
identify every extension 0 — B % £ % D — 0 with a *-homomorphism 7 : D — M(B)/B
and vice versa [I3], II. 8.4.7]. Henceforth, we will use these two notions interchangeably.

The Busby invariant 7 is injective if and only if p is injective if and only if B is an
essential ideal of £ (i.e., BNZ # {0} for every nonzero ideal Z of £) [20, Page 67]. Extensions
with injective Busby invariants are called essential extensions.

There are different forms of equivalence between two extensions. Here, we consider
strong and weak equivalence.

Definition 1.3.2. Let D and B be C*-algebras, and let 71,75 : D — M (B)/B be extensions.

(i) 7 and 7y are strongly (unitarily) equivalent if there exists a v € U(M(B)) such that
71(f) = vra(f)v* for all f € D.

(ii) 7 and 7 are weakly (unitarily) equivalent if there exists a v € U(M (B)/B) such that
71(f) = vre(f)v* for all f € D.

For any C*-algebra B, let Q(B®K) = M(B® K)/(B® K). We denote the set of strong
equivalence classes of extensions 7 : D — Q(B ® K) by Ext(D, B), and the set of weak
equivalence classes of extensions 7: D — Q(B ® K) by Ext, (D, B).

Identifying M (B ® K) with My(M (B ® K)) and Q(B ® K) with My(Q(B® K)) (see [41]

Page 98] for details) allows us to define an addition structure on the set of equivalence classes
of extensions as follows:

[T1] + [2] = [11 @® 7o,
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where 1 @D = QBRK) D QBRK) C My(Q(B®K)) = Q(B®K).

The set Ext(D,B) (or Ext,(D,B)) is a commutative semigroup under this binary
operation.

Definition 1.3.3. Let D and B be C*-algebras. An extension 7: D — M(B)/B is called a
trivial extension if there is a *~homomorphism o : D — M (B) such that 7 = 7 o o, where
m: M(B) — M(B)/B is the quotient map.

In general, trivial extensions always exist. The zero *-homomorphism 7: D — M (B)/B
is an example of a trivial extension. If B is unital, then this is the only trivial extension since
M(B)/B = 0. However, if B is non-unital, M (B) is large enough to allow the possibility of
many other trivial extensions.

Let S be the set of strong equivalence classes of trivial extensions 7 : D — Q(B ® K).
Then S is a subsemigroup of Ext(D, B).

Definition 1.3.4. We define Ext(D, B) as the quotient semigroup of Ext(D, B) by S. For
an extension 7 : D — Q(B ® K), we denote the corresponding equivalence class in Ext(D, B)

by {[]].

If 7,0 : D — Q(B®K) are extensions, then [[7]] = [[o]] if and only if there exist trivial
extensions 71,07 : D — Q(B ® K) such that 7 @ 7 is strongly equivalent to o @ o;. We can
similarly define Ext,, (D, B) as above. Since Ext(D, B) = Ext,, (D, B) [12, Proposition 15.6.4],
we simply refer to [[7]] as a stable equivalence class in Ext(D, B). We define Ext.(D, B) as
the quotient semigroup of the subsemigroup of essential extensions by the subsemigroup of
essential trivial extensions. If D is a separable C*-algebra, then Ext.(D, B) = Ext(D, B) [12,
Proposition 15.6.5], since there exists an essential trivial extension ¢ : D — Q(B® K) [13]
11.8.4.7], and for any extension ¢ : D — Q(B ® K), we have [[¢]] = [[¢ @ ¢]].

Ext(D, B) has a neutral element by construction. An element [[7]] € Ext(D,B) is
invertible if and only if 7 is a semi-split extension, that is, there exists a completely positive
contraction 7 : D — M (B ® K) such that 7 = 7 o7 [I2, Theorem 15.7.1]. The set of stable
equivalence classes of semi-split extensions forms a group, denoted by ext(D, B).

One can refer to the work of Arveson [6] to provide a large class of C*-algebras for which
every nonzero extension is invertible.

Theorem 1.3.5 ([12, Corollary 15.8.4]). If D is a separable nuclear C*-algebra and B is any
C*-algebra, then Ext(D, B) = ext(D, B) is a group.

In some cases, it is possible to identify the quotient semigroup Ext(D, B) with a simplified
semigroup. Before discussing such an identification for a separable C*-algebra D and a o-unital
C*-algebra B, we recall the following notion of an extension.

Definition 1.3.6. Let D and B be C*-algebras. An extension 7: D — M (B)/B is called an
absorbing extension if for every trivial extension o : D — M (B)/B, 7 and 7 & o are strongly
equivalent.
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We denote the set of absorbing extensions 7: D — Q(B® K) by E,(D, B) and the set of
strong equivalence classes of absorbing extensions 7 : D — Q(B®K) by Ext, (D, B). Note that
an absorbing extension 7 € Ext,(D, B) cannot be a unital extension, and o & 7 € Ext,(D, B)
for any extension o of D over B ® K.

A sufficient condition for Ext,(D, B) = Ext(D, B) is the existence of an absorbing trivial
extension 7 : D — Q(B) [12, Proposition 15.12.2]. Voiculescu [79, Theorem 1.3] proved
that if D is separable, every nonunital essential extension 7 € Ext(D, C) is absorbing, and
thus Ext, (D, C) = Ext(D, C). Kasparov partly generalized Voiculescu’s result to prove the
following;:

Theorem 1.3.7 ([12, Theorem 15.12.4]). Let D be a separable C*-algebra and B a o-unital
C*-algebra. Assume that either D or B is a nuclear C*-algebra. Then any essential trivial
extension 7 € Ext(D, B) regarded as an element of Ext(D, B) is an absorbing extension in
Ext(D, B). Moreover, Ext,(D, B) = Ext(D, B) via the map [o] — [[¢]] with an inverse map
[[o]] = [0 @ 7], where T is an absorbing trivial extension.

More generally, Thomsen proved the following result:

Theorem 1.3.8 ([77], Theorem 2.7). Let D and B be separable C*-algebras. Then there
exists an absorbing trivial extension of D by B ® K.

Let D be a separable C*-algebra, B be a C*-algebra, and 7,0 be *-homomorphisms from
D to B. Recall the metric d(1,0) = > Hf(an)gw defined on Hom(D, B), where {ay, as, ...}
n=1

is a countable dense subset of the unital ball of D. A natural topology on Ext(D, B) is the
quotient topology induced by the point-norm topology on the space Hom(D, Q(B ® K)),
which is referred to as the Brown-Salinas topology. The topology was first introduced by
Brown in his work [16], and later, Brown and Ozawa described it further in [21), Section
17.4]. Salinas extended the concept to the case where B is a o-unital C*-algebra, as detailed
in [66, Remark 3.1]. Schochet [69] showed that the topology coincides with three other
topologies on Ext(D, B) when D is a nuclear C*-algebra. Finally, Marius Dadarlat provided
a characterization of the topology in [27, Theorem 6.2].

Using ideas from [65], we explicitly provide the details of the pseudometric that induces
the Brown-Salinas topology in the following theorem.

Theorem 1.3.9. Let D be a separable C*-algebra and B a C*-algebra. Assume there exists
an absorbing trivial extension a of D by B® K. For a fixed metric d on Hom(D, Q), define
d on Ext(D, B) as follows:

d([[7]]. [[e])) = inf d(u(r & a)u”,v(0 & a)v*),

where u and v are unitaries in Q that lift to unitaries in M (B ® K).
Then,

(a) disa pseudometri on Ext(D, B).

3A function g : X x X — [0,00) is called a pseudometric on a nonempty X if (i) g(z,z) = 0, (ii)
9(z,y) = g(y, ), and (iii) g(z, 2) < g(z,y) +g(y,2) for all z,y,z € X.
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(b) The Brown-Salinas topology on Ext(D, ) coincides with the topology induced by d.

(¢) A net ([[0,]])nen of essential extensions converges to [[o]] in the Brown-Salinas topology if
and only if there exist liftable unitaries u,, such that ||u, (o, (w)@Sa(w))u: —o(w)Ba(w)||
converges to zero for each w € D.

Proof. Let u be a unitary in Q(B® K), and let 0, : D — Q(B ® K) be essential extensions
of D by B® K, where i = 1,2,3,4. Then,

. N uor(an)u” — oa(an)|| X |loi(an) — u*oa(an)ull
d(uou™, o9) = =
(o o2) = 2 3 >3 2 (13.1)

= d(O’l, U*UQU).

Consequently,

o~

d([lo1]], [[o2]]) = iunfd(u(ffl © a)u”,v(oy & a)v”) = iungd(v*u(ol G a)u'v, 00 B )
: ’ (1.3.2)
- igfd(w(al D a)w*, 09 D a).

o~ -~

Note from the definition of d that d([[o4]], [[o1]]) = 0, d([[o1]], [[o2]]) = d([[o2]], [[o1]]), and

= % n) % n = n) n
d(oy ® 03,00 D 03) = Y 191 75(0n) 025 slan)] =2 (e )2n02(a I _ d(
n=1

on - 01, 02)'
n=1

Next, we prove the triangle inequality to conclude that d is a pseudometric.

~

d({[o1]], [[o2]])

inf d(u(oy ® a)u*,v(oy & a)v™)

IN

infld(u(or @ a)u”, 03 @) + d(o3 © a, v(02 © )v”)] (1.3.3)

-~

d({[on]], [los]]) + d({[os]], [lo]])-

To prove (b), we first establish that for any open set U C Hom(D, Q(B ® K)), R(U) is open,
where R(U) = {0y : [[01]] = [[02]] for some o9 € U}. It is sufficient to show that R(B.(oy)) is
open for every € > 0 and extension o1 of D over B ® K, where B.(01) = {03 : d(01,02) < €}.

= inf d(u(oy ® a)u”, 03 @) + inf d(o3 & a, v(02 & a)v”)

Let 03 € R(Bc(01)), then [[o9]] = [[o3]] for some extension o3 satisfying d(o3,01) < €. So,
d(os® o, 01 Da) = d(o3,01) < € and d([[os]], [[on]]) < €. Since [[ov]] = [[o5]], d([[o2]]; [[n]]) <
e. Using ((1.3.2)), there exists a liftable unitary u such that d(os @ a,u(o; ® a)u*) < e.
[u(or @ a)u*] = [o1 @ a] = [o1] implies u(o; ® a)u* = wyoyuf for some liftable unitary

u; € Q(B® K). Similarly, 0y & a = woyw* for some liftable unitary w € Q(B ® K). Hence,
d(o9, w u o ujw) = d(wosw*, uyouy) = d(os & o, u(o; & a)u™) < e (1.3.4)

Set
f = wruyoujw. (1.3.5)
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Then [[(]] = [[o1]] and
d(os, B) < €. (1.3.6)

Since [[f]] = [[o1]], we have R(B.(8)) = R(Bc(o1)) and
02 € B(8) € R(B(P)) = R(Bc(01)).

Hence R(B.(01)) is open.

Let m: Hom(D, Q(B ® K)) — Ext(D, B) be the quotient map. The equivalence of the
two topologies on Ext(D, B) follows from the equality B.([[o1]]) = 7(R(Be(o1))), which we
show to be true below:

Let [[05]] € Bc([[ow]]). Then d([[o3]], [[01]]) < €. By (1.3.2)), there exists a liftable unitary
u such that d(u(os ® a)u*, 01 ® o) < e. Choose an extension ( using the same procedure
used to obtain ([1.3.5). Then d(3,01) < € and [[5]] = [[02]]. Therefore, € R(B.(0y1)) and
[[o2] € m(R(Bc(01))). Conversely, let [[09]] € R(Bc(01)). Then, [[o2]] = [[03]] and d(03,01) <
¢ for some extension o3. Consequently, d([[os]], [[01]]) < €. Thus, d([[o2]], [[01]]) < € and

[[o2]] € B({[on]])-

(c) follows from the definition of infimum and the pseudometric. |

Quasidiagonality

Quasidiagonality is an essential concept in the theory of C*-algebras due to its close connection
with nuclearity. Many naturally occurring C*-algebras, such as commutative C*-algebras
and C*-algebras arising from certain group actions, are quasidiagonal. In this subsection
and subsequent discussions, we are interested in the relationship between quasidiagonality
and the space of x-homomorphisms. The material covered in this subsection is primarily
drawn from [71], 66]. We assume D is a separable C*-algebra and B is a o-unital C*-algebra
throughout this subsection.

The notion of quasidiagonality originated with bounded linear operators on a separable
Hilbert space before it was extended to C*-algebras. Halmos [38] introduced an operator
S € L(H) as a quasidiagonal operator if there exists an increasing sequence of finite rank
projections (@)%, that converges to the identity in the strong operator topology (SOT)
such that lim [[SQ, — @nS[| = 0.

Let Hp be the Hilbert B-module consisting of all sequences (b,,)5, C B such that
>0, bybr converges in B. Let IC denote the C*-algebra of compact operators on an infinite-
dimensional separable Hilbert space H, and let £(H) be the set of all bounded B-module
maps 1" : Hg — Hp for which there exists a B-module map 7™ : Hp — Hp satisfying
(Tw, z) = (w, T*z) for all w,z € Hp. Then L(Hp) is a C*-algebra that is x-isomorphic to
M(B®K) [42, Corollary 1.14]. Moreover, Hyp can be identified with B®#H. This identification
induces an injective *-homomorphism ¢ : L(H) — L(Hp). For each z,y € Hp, let 0, be
defined by 0, ,(2) = (2, y)x for 2 € Hp. Further, let JC(Hp) denote the norm closure in L(Hg)
of the set {0,, : x,y € Hg}. Then K(Hp) is *-isomorphic to B ® I [66, Page 98].
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Definition 1.3.10 ([20]). Let H; be Hilbert B-modules and ~; : D — L(H;) be represen-
tations, ¢ = 1,2. v is approximately unitarily equivalent to 7., denoted v, =, 72, if there
exists a sequence of unitaries (v,,)%°; C L(Hz, H1) satisfying

n=

(i) lm ||y (w) — vpye(w)vi|| = 0 for all w € D,

n—oo
(i) v1(w) — vpye(w)v: € K(H,) for all w € D and n.

Definition 1.3.11 (|26]). A representation o : D — L(Hp) is called an absorbing representa-
tion if it is approximately unitarily equivalent to o @& n for any representation n : D — L(Hpg).

Definition 1.3.12 ([68]). Let A C L(Hp) be separable. We say A is a B-quasidiagonal set if
there exists an increasing sequence of projections (@)% ; in BRQK such that [|[w@, —Q,w| — 0
for all w € A and @,, — 13, in the SOT as n — oo.

Definition 1.3.13 ([68]). A C*-algebra D is B-quasidiagonal if there exists an absorbing
representation o : D — L(Hpg) such that o(D)N(B®K) = {0} and o(D) is a B-quasidiagonal
set. We say D is quasidiagonal if D is a C-quasidiagonal C*-algebra.

We highlight some examples and properties of quasidiagonal C*-algebras below:

Example 1.3.14 ([19]). (a) Commutative C*-algebras and AF-algebras are quasidiagonal
C*-algebras.

(b) The direct product of quasidiagonal C*-algebras is a quasidiagonal C*-algebra.
(c) Subalgebras of quasidiagonal C*-algebras are quasidiagonal.

(d) Irrational rotation C*-algebras are quasidiagonal C*-algebras.

Example 1.3.15 ([66, Lemma 4.3]). If D is a quasidiagonal C*-algebra and B has an
increasing sequence of projections (@)% such that ||w@, — @Q,w| — 0 for all w € B and
@, — 1 in the SOT as n — oo, then D is a B-quasidiagonal C*-algebra.

Definition 1.3.16. Let I be an ideal of D. D is quasidiagonal relative to I if there exists an
increasing sequence of projections (@)%, of I such that [|[w@, — Q,w| — 0 for all w € I
and @), — 1 in the SOT as n — oc.

The concept of quasidiagonality also applies to the extension of C*-algebras in the
following manner:

Definition 1.3.17. An extension 7 : D — Q(B® K) is a quasidiagonal extension if the
pullback C*-algebra £(7) of D and M (B ® K) along 7 and 7 is quasidiagonal relative to

B® K.
Definition 1.3.18. We say that a separable nuclear C*-algebra D is quasidiagonal relative
to B if the neutral element of Ext(D, B) is quasidiagonal.

Combining Example [1.3.15 with the following result provides one way of establishing

quasidiagonality relative to a nuclear C*-algebra.

Proposition 1.3.19 ([68, Proposition 2.1]). Let D and B be separable nuclear C*-algebras.
Then D is a B-quasidiagonal C*-algebra if and only if D is quasidiagonal relative to B.
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Quasidiagonality and Pezt} (G, H)

There are some relationships between the theory of extensions of groups and the theory of
extensions of C*-algebras.

Given two groups GG and H, an extension of G by H is a short exact sequence 0 — H —
E — G — 0 of groups and group homomorphisms. Another extension0) -+ H —+ E; - G — 0
is equivalent to the first if there is an isomorphism ¢ : £ — FE; that makes the diagram below
commute.

0— H E G 0
id ¢l id
0 H By G 0

We identify Ext}, (G, H) as the set of equivalence classes of extensions of the abelian group G
by the abelian group H and note that it has an abelian group structure.

Definition 1.3.20. An extension 0 - H —+ E — G — 0 of abelian groups is called a pure
extension if H is a pure subgroup of E, that is, H N nE = nH for all positive integers n,
where nE = {ng : g € E'}.

An extension equivalent to a pure extension is pure. Therefore, we can form an equivalence
class of pure extensions and use Pext} (G, H) to represent the set of equivalence classes of
pure extensions of G by H. Pexty,(G, H) is a subgroup of Exty,(G, H).

We gather some properties of Pexty, (G, H) and Exty, (G, H) that are useful for subsequent
discussions (see [70] for a comprehensive review of these properties).

Theorem 1.3.21 ([71]). Let G, K, and H be abelian groups.

(a) Exty(G @ K, H) = Ext, (G, H) @ Exty(K, H).
(b) Exty(Z,, H) = H/nH.
(¢) Exty(G,H) = 0if G is a free group.
)

(d) Homgy(Z™, Z) = 7", where Homyz (G, H) is the set of group homomorphisms from G to
H.
(e) Let (G,)5, be an increasing sequence of finitely generated subgroups of G with

o0
G = U G,,. Then there exists a natural short exact sequence
n=1

0 — Pexty (G, H) — Extz(G, H) — lim Extz (G, H) — 0. (1.3.7)
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(f) Let (G,)22, be an increasing sequence of finitely generated subgroups of a countable
abelian group G with G = U G,,. The

n=1

1
Pexty (G, H) = lim Homg (G, H). (1.3.8)

(g) Pexty (G, H) = Exty,(G, H) if G is a torsion-free abelian group.

(i) Pexty (G, H) =0 for all H if G is a finitely generated abelian group.

Salinas [66, Remark 4.2] proved that if 7 and o are essential extensions of D by B& K with
T being a quasidiagonal extension and [[7]] = [[¢]], then o is also a quasidiagonal extension.
Consequently, we say that [[7]] is a quasidiagonal class in Ext(D, B) if 7 is a semi-split,

essential, and quasidiagonal extension. Let Extop (D, B) be the set of quasidiagonal classes
in Ext(D, B).

Definition 1.3.22 ([12, Theorem 23.1.1]). We say a separable C*-algebra D satisfies the
universal coefficient theorem (UCT) if

0 — Exty,(K.(D), K.(B)) = KK*(D,B) — Hom(K.(D), K.(B)) = 0
is a short exact sequence for every separable C*-algebra B.

Theorem 1.3.23 ([66, Theorem 4.4], |71, Theorem 2.3]). Let D be a separable nuclear
C*-algebra and B a o-unital separable C*-algebra. Then

(i) Extop(D, B) is the closure of the neutral element in Ext(D, B), that is, the stable
equivalence classes of trivial extensions. Consequently, Extop(D, B) is non-empty if
and only if D is quasidiagonal relative to B.

(ii) Assume D additionally satisfies the UCT and is quasidiagonal relative to B. Then,
Extop(D, B) = Pexty,(Ko(D), Ko(B)) @ Pexty, (K, (D), K,(B))
as a topological group.
(iii) Assume D is also a quasidiagonal C*-algebra satisfying the UCT. Then,

Extop(D,C) & Pexty, (Ko(D), Z).

1
“Let (A, f;1) be an inverse system of abelian groups, liin Aj = Cokernel(¥), where ¥ : [[; A; — []; 4;
is defined by ¥(a;) = (a; — fj+1(a;+1)).
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Unital Extensions by I

Assume D is a unital separable C*-algebra, B = C, and Q := B(H)/K the Calkin algebra.
We denote the set of weak equivalence classes of essential unital extensions 7 : D — Q by
Ext,, (D) and the set of strong equivalence classes of essential unital extensions 7: D — Q
by Exts(D). A unital injective *-homomorphism 7 : D — Q is a strongly trivial essential
extension if there exists an injective *~homomorphism 7 : D — B(H) such that 7 = 7o 7.

The remarkable result of Voiculescu [79] implies that all trivial extensions of D by K
are strongly equivalent, and the strong (resp. weak) equivalence class of strongly trivial
extensions in Exts(D) (resp. Ext, (D)) is the neutral element for the semigroup. If D is
additionally a nuclear C*-algebra, it follows from the work of Arveson that Ext,, (D) (resp.
Ext(D)) is a group [6, Theorem §].

Remark 1.3.24. (a) For a unital commutative C*-algebra D = C'(A), we simply write
Ext,, (D) as Ext,,(A) and Ext,(D) as Ext (A).

(b) In general, Ext,, (D) does not coincide with Exts(D). For example, Ext,, (M, (C)) =0
and Ext (M,(C)) = Z, [12, Example 15.6.6]. However, for a unital commutative
C*-algebra C(A), Ext, (A) = Ext (A) [18, Theorem 4.3].

(c¢) Ext(D,C) = Ext, (D) [12, Theorem 15.14.2].

1.4 (Weakly) Semiprojective C*-algebra

In this section, we use [11], (13, 49, 50] as references. We first discuss constructing C*-algebras
from a set of generators satisfying some relations and then the interplay between perturbation
of relations and lifting of *~homomorphisms.

Relations and Stability

We assume G = {w; : i € Q} is a set of variables (to be thought of as generators of a
C*-algebra) and R is a set of relations of the form

||p(wi17wi27 s 7win7w;‘k17w;;a s >w7jn)

<7,

where p is a polynomial in 2n noncommuting variables with complex coefficients and v is a
non-negative real number.

Definition 1.4.1. By a representation of (G|R), we mean a set {U; : i € Q} of bounded
operators on a Hilbert space H which satisfy the relations R.

Let F(G) be the free *-algebra generated by G. A representation of (G|R) uniquely
defines a *-homomorphism from F(G) to L(#). Define

|lw|| = sup{||x(w)|| : x is a representation of (G|R)}
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for any w € F(G). If ||lw]] < oo for all w € G, then ||w| < oo for all w € F(G) and the
function || - || is a seminorm on F(G).

Definition 1.4.2. The universal C*-algebra C*(G|R) on (G|R) is the completion of the
quotient F(G)/Z under || - ||, where Z = {w € F(G) : ||w| = 0}.

Generally, every C*-algebra is realizable as a universal C*-algebra [I1, Example 1.3(a)
& (b)]. Moreover, any representation of (G|R) can be uniquely extended to a representation
of C*(G|R), and the image of G under any representation of C*(G|R) is a representation
of (G|R). Here, we recall the universal C*-algebra formulation of some C*-algebras of great
interest in the later discussions.

Example 1.4.3. (a) If G ={w} and
R={w=uw"|uwl] <1|1-w? <1},

then C*(G|R) = Cy((0,1]). To see this, first note that the identity function id :
Co((0,1]) = Co((0, 1]) satisfies the relation R and generates Cy((0,1]). So, there exists
a *~homomorphism ¢ : C*(G|R) — Cy((0,1]) determined by w ~ id. By construction,
C*(G|R) is a commutative C*-algebra. Let x : C*(G|R) — C be an irreducible
representation of C*(G|R). Then x(w) satisfies the relation R and thus lies in (0, 1].
Since y is arbitrary and uniquely determined by x(w), the inclusion of the spectrum
of C*(G|R) in (0, 1] induces a surjective *-homomorphism from Cy((0,1]) to C*(G|R),
which acts as an inverse of ¢.

(b) If G ={w,1} and
R={w=w"|w| <Ll -w<1,1*=1=1%1w=wl = w},

then C*(G|R) = C([0, 1]). Using a similar argument as in (a), we obtain an isomorphism
via w + id and 1 +— 1, where 1 is the constant function on [0, 1] with range 1. This
example highlights how we can find the unitization of a universal C*-algebra by
expanding its set of generators and relations with the identity element and associated
relations.

(c) If G ={w,1} and
R={l=1"=1}1w=wl = w,ww* = w'w = 1},

then C*(G|R) = C(S?) via a *-isomorphism that identifies w with the identity function
id : ST — S' and 1 with the constant function on C(S') with range 1. Hence, C'(S') is
the universal C*-algebra generated by a unitary.

(d) If G ={w,1} and
R={l=1"=1}1w =wl = w,ww* = ww},

then C*(G|R) = C(D) via a *-isomorphism that identifies w with the identity function
id : D — D and 1 with the constant function on D with range 1. Hence, C(D) is the
universal C*-algebra generated by an identity element and a normal element.



1. BACKGROUND 21

(e) If G ={w} and

(f)

relat

R = {w'w = 1},
then C*(G|R) = T, where T is the Toeplitz algebra.

If G ={r,w}, a is a real number, and
R={r'r=rr" =ww" =w'w =1, rw = exp(2mia)wr},

then C*(G|R) = A,, where A, is called the rotation algebra. We call A, a rational
rotation algebra if « is a rational number and an irrational rotation algebra otherwise.

If G={e;;:1<1i,7j<n}and
R = {ej; = eji, eijejr, = Ojpeir = 1 <0, j, k <nj,

then C*(G|R) = M, (C), where ¢;; is 1 if i = j and 0 otherwise. Indeed, let E;;,1 <
1,7 < n be the usual matrix unit, that is, an n x n matrix whose non-zero entry
is 1 at the i-th row and j-th column. Then M,(C) is generated by E;;, and E;;
satisfies the relation R. The assignment e;; — E;; uniquely extends to a *-isomorphism
¢ : C*(G|R) = M, (C). Aset {hi;:1<14,j<n,h;; #0} in a C*-algebra D is called a
matrix unit if it satisfies the relation R above. The C*-subalgebra of D generated by
these matrix units is isomorphic to M,,(C).

If G ={w,ws,...,w,} and
R ={wjw; =1, wyw; =1:1<i<n},
=1

then C*(G|R) = O,, the Cuntz algebra. O, is called the universal C*-algebra generated
by n isometries with mutually orthogonal range projections.

In the sequel, we assume G = {wy,...,w,} is a finite set and R has finitely many
ions unless otherwise stated.
Fix € > 0. By changing ||p(wy,wa, ..., w,, wi,ws, ..., w})|| < v to

Ip(wy,wa, ... wy, wi,wy, ..., w || < v+e€

for every *-polynomial p in R, we can form a new relation (G|R.). The associated universal C*-
algebra is denoted by C*(G|R). Consequently, there is an induced surjective *-homomorphism

P.: C*(G|R) — C*(G|R)

which sends z; to ;. For n < €, we can similarly define

P.,: CX(GIR) = C:(GIR).
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Definition 1.4.4. Let D be a C*-algebra and € > 0. We say that a family {z,...,z2,} of
elements of D is an e-representation of R in D if, whenever

Ip(wy, we, ... wp, wi,ws, ... we )| <
is a relation in R, then

Ip(21, 22,y 2n, 25, 25, ) < v e

Note that the canonical generators of C’(G|R) are e-representations of R in C¥(G|R).
The following result follows from the fact that {z1,...,z,} is a representation if and only if
it is an eg-representation for all k.

Proposition 1.4.5. Let {¢;} be a decreasing sequence of positive numbers that converges to
zero. Then
C*(G|R) = lgn C? (GIR).

Here, we mention some properties of relations and highlight their relationships.

Definition 1.4.6. Suppose G = {wy,...,w,} and R has finitely many relations. We say
that (G|R) is liftable if, given a surjective *-homomorphism 7 : D — B and a representation
{b1,...,b,} of (G|R) in B, there is a family {ay,...,a,} in D satisfying the relation R with
7T(CLZ') = bz

Definition 1.4.7. Suppose G = {wy, ..., w,} and R has finitely many relations. We say that
(G|R) is weakly stable if, for every € > 0, there is a § > 0 such that every J-representation

{z1,22,...,2,} of (G|R) in a C*-algebra D is e-close to some representation {ci, ca, ..., ¢}
of (G|R) in D. That is, there exists a representation {ci, ca, ..., ¢, } with ||z; — ¢;|| < € for all
1=1,...,n.

Definition 1.4.8. Suppose G = {wi,...,w,} and R has finitely many relations. We
say that (G|R) is stable if, for every € > 0, there is a § > 0 such that given a surjective
*~homomorphism 7 : D — B and z,..., 2, in a C*-algebra D for which {z,...,2,} is a
d-representation of (G|R) and {7 (z1),...,7(2,)} is a representation of (G|R), we can find a
representation {ci,...,c,} of (G|R) in D satisfying

l2j —¢i| <e and mw(z;) =n(c;) foralll<j<n,

Theorem 1.4.9. Suppose G = {wy,...,w,} and R has finitely many relations. Then
Liftable relation = Stable relation = Weakly stable relation.

Proof. Suppose (G|R) is liftable and {w;(m), ..., w,(m)} is a set of the canonical generators
of C% (GIR). Let

A= Ci(GIR), I= & Ker(P.),

1 " m=1

==
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and ¢ : A — A/I be the quotient map. Set f; = (w,(m))oo_l. Consider a relation ||p(+)|| < v
in R. Then, -

lp(wi(m), ..., wa(m), wi(m), ..., wp(m))|| < — +

and
limmsup lp(wy(m), ... w,(m),wi(m),...,w:(m))|| < 7.

Consequently,

(a0 00 Y = N o)) i),
< lim sup [p(wi(m), ..., wy(m), wi(m),... ,wy(m))]
<.
Since p is arbitrary, {q(f1),...,q(f.)} is a representation of R in A/I. The assumption

implies there exists a representation {aj,as,...,a,} of R in A such that ¢(a;) = q(f;). Let
a; = (a;(m))_;. Then {ai(m),...,a,(m)} is a representation of R in C'1 (G|R) for each m,

Pi (a;(m)) = w; for each m and lim |w;(m) — a;(m)|| = 0.

Fix m sufficiently large such that ||w;(m) — a;(m)|| < e. Suppose 7 : D — B is a
surjective homomorphism and {z1,...,z,} is a L-representation with {m(z1),...,7(z,)} a
representation. We can define a commutative diagram as follows

{n(CIR) > D e () s
Pl/m m
C*(GIR) —5—B w; ——— 7(2;)
Let ¢; = ¥(a;(m)). Then, {¢1, ¢, ..., ¢,} is a representation in D and

m(ci) = mo(ai(m)) = o Pi(ai(m)) = p(wi) = m(z).
Moreover,
lei = zill = llv(ai(m)) — Y (wi(m))]| < flai(m) —wi(m)]| <e.
It follows that (G|R) is stable.
Suppose (G|R) is stable. For any € > 0, choose ¢ as in the definition of stability. Let
{z1,29,...,2,} be a d-representation of R in a C*-algebra D. The map from D to C*(G|R)
sending z; to w; is a surjective *~homomorphism. Stability of (G|R) implies there exists

a representation {cy,...,c,} of R in D such that ||z; — ¢;|| < ¢, and thus (G|R) is weakly
stable. 1

The reverse implication of the stability above does not hold. We will discuss this in the
next subsection.
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(Weakly) Semiprojective C*-algebra

Definition 1.4.10. Let D and C be C*-algebras. A *-homomorphism ¢ : D — C is projective
if for any C*-algebra &, ideal I of £, and *-homomorphism 7 : C — £/I, there exists a
*~homomorphism p : D — & satisfying no ¢ = 7w o p, where 7 : £ — £/1 is the quotient map.
We say D is projective if the identity map is projective.

Ui

D ¢ C
l

P
|

! £/

™

Definition 1.4.11. A *-homomorphism ¢ : D — C is semiprojective if for any C*-algebra &,
any increasing sequence of ideals Iy <o < -+ in £, and any *-homomorphism y : C — £/U,, I,
there exists n € N and a *~homomorphism Y : D — £/1,, such that y o ¢ = 7y, o X, where
71, €I, — €U, I, is the quotient map. In the case of weak semiprojectivity, we require
that for a finite set £ C D and € > 0, there exists n € N such that ||x o ¢(x) — 7, ox(x)|| < €
for all z € F.

_ =&/,
,’X”’/ Uy
D e U

We say A is (weakly) semiprojective if the identity map is (weakly) semiprojective.

The following result highlights the connection between pertubing relations and lifting of
*-homomorphisms.

Theorem 1.4.12 (|50, Theorem 4.1.4 & 14.1.4, ],[50, Lemma 10.1.5] ). Let D be a finitely
presented universal C*-algebra C*(G|R).

(1) D is projective if and only if (G|R) is liftable.
(2) D is (weakly) semiprojective if and only if (G|R) is (weakly) stable.

Example 1.4.13. All the C*-algebras in Example[1.4.3are semiprojective C*-algebras except
(d) and (f) [11].

Remark 1.4.14. It is clear from the definitions that projectivity implies semiprojectivity,
and semiprojectivity implies weak semiprojectivity. However, the converse does not hold.
Indeed, Cy((0, 1]) is a projective C*-algebra, C'(S) is a semiprojective C*-algebra which is not
projective [11], and C(X), where X is the Cantor set, is a weakly semiprojective C*-algebra
which is not semiprojective [51].
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Before stating the characterization of (weak) semiprojectivity for unital commutative
C*-algebras, we recall the following definitions. We assume A, €2 and ¥ are metrizable spaces
in what follows unless otherwise specified. By a map between A and >, we mean a continuous
map between these spaces.

Definition 1.4.15. A metrizable space A is called an absolute retract (AR) if, for any
inclusion map i : 2 — ¥ and any map ¢ : 2 — A of metrizable spaces, there exists a map
h 3% — A such that g = hoi.

Definition 1.4.16. A metrizable space A is called an absolute neighborhood retract (ANR)
if, for any inclusion map 7 : 0 — ¥ and any map g : Q2 — A of metrizable spaces, there exists
a neighborhood A of €2 in ¥ and a map h: A — A such that g = h o .

Definition 1.4.17. A metrizable space A is called an approzrimate absolute neighborhood
retract (AANR) if, for any inclusion map 7 : 2 — 3, any map g : Q@ — A of metrizable spaces,
and any € > 0, there exists a neighborhood A of €2 in ¥ and a map h : A — A such that
da(g(w), hoi(w)) < e for all w € €.

Example 1.4.18. The interval [0,1] is an AR, the unit circle S' is an ANR but not an AR
[78, Page 26], and the Cantor set is an AANR but not an ANR [51].

Though ANR-inspired semiprojectivity provides useful insights, it is insufficient to
guarantee the semiprojectivity of a commutative C*-algebra. For example, S and S x S1
are ANRs. However, C(S') is a semiprojective C*-algebra, while C'(S* x S') is not. We now
discuss an additional condition that guarantees the semiprojectivity of unital commutative
C*-algebras.

Definition 1.4.19. Let U = {U, } be a collection of open sets in a topological space A, and
let w be a point in A. The order of U at w is the cardinality of {« | w € U, } and is denoted
by Ord,(U). Then, the order of U, denoted Ord(U), is equal to sup{Ord,, (U) | w € A}.

Note that the order of U at w € A can be 400 if w is contained in infinitely many U,

Definition 1.4.20. A topological space A has covering dimension < n if for any finite open
cover U of A, there exists a finite open cover refinement V of Y with Ord(V) < n + 1. We
denote this by dim(A) < n.

If every point w € A has a closed neighborhood A such that dim(A) < n, we say A has
a local covering dimension locdim(A) < n (see [54] for more details).

The combined work of [73] 23, B34] gives the following characterization of (weakly)
semiprojective commutative C*-algebras:

Theorem 1.4.21. Let A be a compact metrizable space. Then,
(i) C(A) is a projective C*-algebra if and only if A is an AR and dim(A) < 1.

(i) C(A) is

a (Weakly) semiprojective C*-algebra if and only if A is an (A)ANR and
dim(A) <1
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1.5 Reduced Twisted C*-algebras and C*-diagonals

A groupoid G is a generalization of a group with an additional property: the product of two
elements in G is only defined if they belong to a certain distinguished set. Realizing C*-
algebras as groupoid C*-algebras allows for approaching problems from different perspectives
and with various tools. The materials covered in this subsection are broadly discussed in [72].

We first introduce groupoids and highlight how they generalize groups.

Introduction to Groupoid

Definition 1.5.1. A groupoid is a nonempty set G endowed with a product map (w, z) —
wz:G¥ - G , where G® c G x G is called the set of composable pairs, and an inverse map
w— w ! G — G satisfying the following relations:

(i) (w™)™' =w for all w € G;
(ii) (w,2),(z, f) € G@ implies (wz, f), (w, zf) € G2 and (wz)f = w(zf);

i) (w,w™) € or all w € and if (w, z) € then w™ (wz) = z and (wz)z™" = w.
(iii) (w,w™') € G@ for all G, and if (w,z) € G?, th Hwz) d (wz)z"

The second axiom above states that associativity holds whenever the products are
well-defined. Hence, we can simply write wz f without parentheses, as is done for groups.
Unlike groups, groupoids have many identities. We define the set of identities of a groupoid
as follows:

Definition 1.5.2. Let G be a groupoid. The set

GO = {wwwe Gy ={wlw:we G}

is called the unit space of G. The map 7 : G — G© given by r(w) = ww™' and the map

s:G — GO given by s(w) = w™'w are called the range map and source map, respectively.

The following result highlights how the range and source maps characterize the set of
composable pairs, G*?):

Proposition 1.5.3. For a given groupoid G with source map s and range map r, (o, 3) € G
if and only if s(a) = r(5).

Groupoids obey the usual cancellation and inverse of a product rule.

Proposition 1.5.4. Let G be a groupoid, and let » and s be the range and the source map,
respectively.

(1) If (w,2), (2, f) €GP and wf = zf, then w = z;

(ii) If (w,2) € GP, then (271, w™') € 6@ and (wz)™! = 2 tw™L
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Example 1.5.5. Every group G is naturally a groupoid if we regard G® = G x G. The
unit space of G' contains its unique identity element.

Example 1.5.6. Let G and H be groupoids, and define
(G x H)P = {((wy, 21), (w2, 22)) = (w1, ws) € GP (21, 20) € HP}.

Then, G x H with (G x H)? and the usual operations (wy, z1)(ws, 22) = (wWiws, 2122),
(w1, 21) 7t = (wit, 271) for all ((wy, 21), (wa, 22)) € (G x H)@ is called a product groupoid.

Example 1.5.7. Given a group G acting on a nonempty set A, let G = G x A. Then G is a
groupoid with

g = {(w,a),(z,0)) rw,z € G,a, B €A, o=z [},

a multiplication map (w, z-3)(z, 8) — (wz, 8), and an inverse map (w, ) — (w™*, w-«). The
unit space G(® = {e} x A can be identified with A. This groupoid is called the transformation
groupoid.

Definition 1.5.8. Let G and H be groupoids. A map n : G — H is called a groupoid
homomorphism if (n(w),n(z)) € H® and n(wz) = n(w)n(z) for any (w, z) € GA.
Groupoid homomorphisms have the following natural properties.

Proposition 1.5.9. Let G and H be groupoids and n : G — H a groupoid homomorphism.
For any w € G,

(i) n(G”) € HO.

Isotropy

Let G be a groupoid. For w € G we define
Gw:={2€G:s(z)=w}, G ={z€G:r(z)=w}, and G, :=G,NG".
Definition 1.5.10. The isotropy of a groupoid G is defined as
Iso(G) = |J Gu={2€G:s(z) =r(2)}.

weg(o)

GY is called the isotropy at w.

It is evident that G(© C Is0(G).
Example 1.5.11. Let (G, A) be as in Example[1.5.7 The range and source maps of G = Gx A

are defined by r(w,a) = w -« and s(w, ) = a, respectively. We have r(w, o) = s(w, «) if
and only if w € Stab(a) = {w € G : w-a = a}. Hence,
Iso(G) = | {a} x Stab(w).

aEA
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Etale groupoids

Definition 1.5.12. A topological groupoid is a groupoid G equipped with a topology such
that the inverse map w — w™' : G — G and the multiplication map (w, z) — wz : G& — G
are continuous, where G has the induced topology from G x G.

Next, we discuss some implications of a topology on the range, source, and unit space of
a groupoid.

Proposition 1.5.13. Let G be a topological groupoid. Then the source and range maps are
continuous. Moreover, the unit space G is closed if and only if G is a Hausdorff topological
groupoid.

From now on, we use the term groupoid to mean a Hausdorff topological groupoid.

Example 1.5.14. Let (G, A) be as in Example with G' a Hausdorff topological group
and A a Hausdorff topological space. If the group action of G on A is continuous, then
G = G x A is a topological groupoid under the product topology of G and A.

Definition 1.5.15. A topological groupoid G is étale if the source and range maps r,s : G —
G are local homeomorphisms. That is, for every o € G, there exists an open neighborhood U
such that 7(U) is an open set in G and the restriction 7|y : U — r(U) is a homeomorphism.

Etale groupoids are closely related to the discreteness of groups.

Proposition 1.5.16. Let G be an étale groupoid. Then the range and source maps are
open maps, and the unit space G(¥ is a clopen set. Moreover, G, and G¥ are discrete in the
relative topology for each w € G,

Example 1.5.17. Let G be the transformation groupoid considered in Example [I.5.14. Then
G is an étale topological groupoid if and only if G is a discrete group.

The following notions of a groupoid are needed for later use.

Definition 1.5.18. A groupoid G is called a principal groupoid if Iso(G) = GO IfGisa
topological groupoid, we say G is:

» topologically principal if the set
(e g gy~ {u})
is dense in G:
o effective if the interior of Iso(G) is G,

Proposition 1.5.19 ([62, Proposition 3.6]). Let G be an étale groupoid. Then G is principal
= G is topologically principal = G is effective.
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Note that the reverse implication of the notions above is not always true. We recall the
general notion of a twist over a groupoid introduced by Kumjian.

Definition 1.5.20. A twist (£, 14, q) over a Hausdorff étale groupoid G is a sequence
GO xT e,

where

(a) & is alocally compact Hausdorff groupoid with unit space £ = i(G(® x {1}). Moreover,
£ is a locally trivial G-bundle, that is, for each w € G, there is an open neighborhood
A, € G of w, and a continuous map P, : A, — £ such that

(i) go P, =id,,,,

(i) the map xp, : Ay x T — ¢ '(A,) that sends (z,a) to i(r(z),a)P,(z) is a
homeomorphism.

(b) i({w} x T) = ¢~ *(w) for each w € G i is a continuous monomorphism, and ¢ is a
continuous epimorphism of groupoids. Moreover, the restrictions of ¢ and ¢ to the unit
spaces are homeomorphisms.

(c) G x T is regarded as a trivial group bundle with fibers T. G x T, together with the
set of composable pairs

{((w, ), (w, ts)) s w € GO t1,t, € T},

the multiplication map ((w, ), (w, t2)) = (w, t1ts), the inverse map (w,t)~! +— (w, ™),
and the product topology is a topological groupoid.

(d) i(r(e),t)e = ei(s(e),t) foralle € £ and t € T.
We sometimes represent a twist (£,4,¢) over G simply by £. Fort € T and € € £, we
write ¢ - € = i(r(e),t)e and € - t = €i(s(e), ).

Example 1.5.21. Let G be an étale locally compact groupoid, and let £ = G x T be the
product groupoid of G and T. Let i be the inclusion map of G x T into &, and let ¢ be the
usual projection of £ onto G. Then £ is a trivial twist of G.

Reduced Twisted Groupoid C*-algebra

In this subsection, we highlight the construction of reduced twisted groupoid C*-algebras,
which is essential to the concepts of Cartan subalgebras and C*-diagonals. Throughout this
subsection, we assume & is a twist over an étale locally compact Hausdorff groupoid G.
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Definition 1.5.22. We define
C(G,E) ={f:E& — C|fis continuous and f(t.w) =tf(w) for all t € T,w € E};
and the support of a continuous function f € C(G,¢E) is defined as

supp(f) = {w € €| f(w) # 0}.

Set
Ce(G,8) ={f € C(G.€) | supp(f) is compact};

and

C.(G) = {f € C.(G.€) | supp(f) € GO}

Then, C.(G,€) is a *-algebra under the following algebraic operations: for any f,g €
C.(G,€) and v € &,
frg() = 3 flyo)g(o),

7€Gs ()

and

() =rf(71h.
Before we introduce the reduced C*-norm on C,(G, ), we illustrate how to construct the
regular representation of C.(G, E) associated to w € G ),

Identify w € G with i((w, 1)). The set

L*(Gu;Ew) ={T : €y > C|T(s.z) =sT(z) forall s € T,z € &,, and »_ |T(7)]* < oo}
’Yegw
is a Hilbert space under the inner product

(T,8) = > T(MS().

’Yegw

Proposition 1.5.23. For every w € G the map 7, : C.(G, &) — B(L*(Gw; Ey)) defined by

() (T)(y) = > fyo )T(0)

O'ng
is a *-representation, where f € C.(G,E), T € L*(Gy;Ey), and v € &,.

Definition 1.5.24. Given a twist £ over an étale locally compact Hausdorff groupoid G, the
completion of C.(G,E) with respect to the norm || - ||, = sup{||7(-)|| : w € GO} is called
the reduced twisted C*-algebra C*(G, £) associated with the twist &.

Let Co(G, €) be the set of continuous functions in C(G, £) that vanish at infinity. We can
identify C¥(G, £) with a C*-subalgebra of Cy(G, £) and consequently consider the completion
of C.(G?) with respect to the norm || - ||, as Co(G?), the set of elements of Cy(G, E) with
open support in G (see [61] for more details).
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Cartan Subalgebras and C*-diagonals

In this subsection, we introduce Cartan subalgebras, C*-diagonals and their relationships to
reduced twisted groupoid C*-algebras.

Definition 1.5.25. Let B be a C*-subalgebra of a C*-algebra D. We say B is a Cartan
subalgebra of D or (D, B) is a Cartan pair if

(i) B contains an approximate unit for D,
(ii) B is a maximal abelian C*-subalgebra of D,

(iii) B is regular in D, that is, D is generated by the set of normalizers

Np(B) = {n € D :nBn*,n"Bn C B},

(iv) There exists a faithful conditional expectation P : D — B, that is, P(a*a) = 0 implies
a=0.

Let B C D be C*-algebras. Recall that the extreme points of S(D) coincide with the
pure states of D. The set of state extensions of a pure state ¢ on B forms a weak*-closed
face. Therefore, by the Krein-Milman Theorem, ¢ can be extended to at least one pure state
of D [58, Lemma 4.1.7]. Some natural questions are when such an extension is unique and
what the properties are of subalgebras with a unique pure state extension.

Definition 1.5.26. Let B be a C*-subalgebra of a C*-algebra D. We say B is a C*-diagonal
of D if B is a Cartan subalgebra with the unique extension property; that is, every pure state
of B extends uniquely to a pure state of D.

Let B C D be C*-algebras and n € Np(B). Then, n is a free normalizer if n*> = 0.
The set of free normalizers is denoted by N¢(B). The next result highlights the equivalence
between C*-diagonals as defined in Definition |1.5.26| and Kumjian’s original work [43].

Proposition 1.5.27 ([60, Proposition 2.10]). Let B be an abelian C*-algebra of a C*-algebra
D. Then B is a C*-diagonal of D if and only if there exists a faithful conditional expectation
P : D — B and ker(P) is the norm-closed linear span of the N(B).

Given two Cartan pairs (Dy, B;) and (Da, Bs), we write (D1, By) = (Ds, Bs) if there is
an isomorphism from D; to Dy that maps By to Bs.

Example 1.5.28. (M,,(C), D,(C)) is a Cartan pair, where D,,(C) consists of all the diagonal
matrices. Indeed, D, (C) is a maximal abelian subalgebra since it has vector space dimension
n, and every commutative subalgebra of M, (C) has dimension at most n. The standard
matrix units that generate M, (C) are normalizers of D,,(C), and the canonical conditional
expectation from M, (C) onto D, (C) is faithful. It can be further shown that D, (C) is a
C*-diagonal.
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The combined work of Renault and Kumjian gives the following remarkable characteri-
zation of Cartan subalgebras and C*-diagonals.

Theorem 1.5.29 ([62, 43]). Let B be a C*-subalgebra of D. Then (D, B) is a Cartan pair if
and only if there exists an étale locally compact second countable effective Hausdorff groupoid
G and a twist £ over G such that (C*(G, &), Co(G)) = (D, B). Moreover, G is principal if
and only if B is a C*-diagonal of D.



Chapter 2

/-open and /¢-closed C*-algebras

Lifting properties of C*-algebras and their *~homomorphisms have been well-studied for some
time, with prominent connections to notions of stability; see [11, B2, [49] [50], for example.
They play an important role in modern C*-algebra theory, including the Elliott classification
program ([37), 28, 55], for example). In connection with a non-commutative generalization of
Borsuk’s homotopy extension theorem, Blackadar [I5] defined natural classes of C*-algebras
in terms of lifting properties, called ¢-open and f¢-closed C*-algebras. A C*-algebra is f-open
if the set of liftable maps from the C*-algebra to any quotient C*-algebra is a set that is
open in the point-norm topology, and ¢-closedness is defined similarly (precise definitions can
be found in Section [2.1]).

While these notions were first formalized only recently by Blackadar, their study traces
back at least to the celebrated work of Brown, Douglas, and Fillmore: in [I7], they seek
conditions on a space X that ensure the set of liftable maps from C'(X) to the Calkin algebra
is closed. More recently, Enders and Shulman further studied when the set of liftable maps
from C(X) to the Calkin algebra is closed, including a sufficient condition when dim(X) < 2
and a full characterization when dim(X) <1 [35].

The work in this chapter is mostly contained in the preprint [56]. We prove the following
characterizations of being ¢-open and ¢-closed:

Theorem 2.0.1 (see Theorem [2.2.16)). Let A be a C*-algebra. The following are equivalent:
(i) A is f-open.

(ii) For every C*-algebra B and ideal I C B, the natural map Hom(A, B) — Hom(A, B/I)
is open.

(iii) A satisfies the homotopy lifting property (a noncommutative analog of the homotopy
extension property), and Hom(A, B) is locally path-connected for every C*-algebra B.

Condition (ii) can be strengthened to uniform openness (see Theorem [2.2.16)).

Theorem 2.0.2 (see Theorem [2.3.1)). Let A be a separable C*-algebra. Then A is ¢-closed
if and only if for every C*-algebra B and ideal I C B, the natural map Hom(A, B) —
Hom(A, B/I) is uniformly relatively open.

33
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As a consequence, we confirm a conjecture of Blackadar from [I5, Page 299] that f-open
C*-algebras are (-closed. Additionally, we prove that a unital commutative C*-algebra is
semiprojective if and only if it is f-open, confirming another conjecture from [I5, Page 299].

2.1 Preliminaries

Let A and B be C*-algebras, and let I be an ideal in B (by which we mean a closed, two-sided
ideal). We write 77 : B — B/I for the quotient map, A" for the minimal unitization of
A, and A" for the forced unitization of A. Recall that a *~homomorphism ¢ : A — B/I is
liftable if there exists a *-homomorphism ¢ : A — B such that ¢ = 77 0 ¢.

The set of liftable *~homomorphisms A — B/I is defined as

Hom(A, B, I) := m; o Hom(A, B). (2.1.1)

The following definition is due to Blackadar [15, Definition 6.1].
Definition 2.1.1. Let A be a C*-algebra.

(i) A is l-open if for any C*-algebra B and ideal I of B, the set Hom(A, B, I) is open in
Hom(A, B/I).

(ii) A is l-closed if for any C*-algebra B and ideal I of B, the set Hom(A, B, I) is closed
in Hom(A, B/I).

Example 2.1.2. [I5, Corollary 6.2] All semiprojective C*-algebras are both ¢-open and
(-closed C*-algebras.

Recall that if A and € are compact metrizable spaces and A denotes the set of continuous
functions from € to A, then Hom;(C(A), C(Q)) is homeomorphic to A®, endowed with the
topology of uniform convergence. Let I be an ideal of B := C(Q) such that B/I = C(T") for
some compact metrizable space I'. For C*-algebras A := C'(A), B := C(Q2), and B/I = C(I),
Hom(A, B, I) is the set of continuous functions f : I' — A that extend to continuous functions
f:9Q — A. In this case, we denote Hom(A, B, I) by A

Blackadar introduced a commutative analog of /-open and ¢-closed C*-algebras as follows:

Definition 2.1.3 ([I4], Definition 1.1]). Let A be a compact metrizable space.

(i) A is e-open if for any compact metrizable space 2 and closed subspace I" of 2, the
subspace AT is open in AT’
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(ii) A is e-closed if for any compact metrizable space €2 and closed subspace I' of €2, the
subspace AT is closed in AT.

Example 2.1.4 (|14, Theorems 3.2 & 3.5]). All compact ANR spaces are both e-open and
e-closed spaces.

Example 2.1.5 ([I4, Proposition 2.4]). The space {0} U {% ‘n e N} is an e-closed space
which is not e-open.

By slight abuse of notation, if L C K C B are ideals, then we also use mx to denote the
quotient map from B/L to B/K.

We recall the following general Chinese remainder theorem for C*-algebras:

Lemma 2.1.6 ([15], Proposition 2.1). Let B be a C*-algebra, and let I and J be ideals in
B. Then B/(I N J) is isomorphic to the fibre product

{(z,y) € (B/I) ® (B}J) [ m115(x) = 7115 (y) }

via the map a — (7;(a), 7;(a)).

2.2 Properties and characterization of /-open (C*-algebras

The following demonstrates that if A is f-open, then the quotient map Hom(A, B) —
Hom(A, B/I) is always open. In fact, this openness is uniform, as the relationship between
(G,0) and (F,¢€) in the statement below does not depend on the C*-algebra B, the ideal I, or
any of the *~homomorphisms under consideration. The conclusion of the following theorem
(in the separable case) reformulates the result of [I5, Theorem 4.1]. While the proof ideas are
similar, additional work is required to accommodate ¢-openness rather than semiprojectivity
as the hypothesis.

Theorem 2.2.1. Let A be an f-open C*-algebra. Then, for any € > 0 and any finite set
F C A, there exists a 0 > 0 and a finite set G C A such that, for any C*-algebra B, ideal I
of B, and *-homomorphisms v and ¢ from A to B/I, if ||[y(u) — ¢(u)|| < ¢ for all uw € G and
~ lifts to a *-homomorphism 7 : A — B, then ¢ also lifts to a *-homomorphism @ : A — B
with ||(v) — @(v)|| < € for all v € F. In other words, in the notation of (1.2.1)),

Ug/i(7;G,0) C mroUp(W; Fre). (2.2.1)

Proof. Let (G,)nea be an increasing net of finite subsets of A whose union is dense in A,
and let (d,)nea be a net (over the same index set) of positive numbers such that 6, — 0.
Suppose that the conclusion of the theorem is false for a fixed € > 0 and finite set F. Then,
there exist C*-algebras B, ideals I,,, and *~homomorphisms 7, ¢, : A — B, /I, such that

[ () = @n(w)]| < dn (2.2.2)

for all u € G, v, lifts to 7,, : A — B, but no ¢, lifts to a *~homomorphism @, : A — B,
with ||7,,(v) — @, (v)|| < € for all v € F.
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Let B = [] B,, [ = II I,, and J = {(b,) € B | lim, ||b,|| = 0}. Then B/I =
neA neA
[T B./I,. Define *-homomorphisms 7 := (7, )ner : A = B and ¢ = (¢n)ner : A — B/I.

neA

Then (2.2.2) implies that lim ||y, () — ¢n(2)|| = 0 for all 2 € A, s0 T4y 05 = Tpsg 0 .

Using the general Chinese remainder theorem (Lemma/2.1.6)), there exists a *-homomorphism
0:A— B/(INJ) such that

mgoy=my060 and @=mrof. (2.2.3)

Take a lift (0,)ner : A — B of 6 (which need not be a *-homomorphism), thus defining
0,: A— B,. For m € A, define o, = 77 © (Qm.n)ner, Where

o
Qo = {‘9”’ ifn=m; (2.2.4)

¥,, oOtherwise.

Since 0 is a *-homomorphism, ||0,,(zy) — 6,,(x)0,(y)|| — 0 for all z,y € A; from this it follows
that «,, is also a *-homomorphism.

The first equation of (2.2.3) implies that lim ||, (x) — 6x () = 0 for all z € A, which in
turn implies that

loum (@) = 710 (V(2)) || = sup 75 (x) = On(x)]| = 0 (2.2.5)

*

for all z € A. Thus, (a,)m converges in the point-norm topology to the liftable *-
homomorphism 7;~; 07, and since A is f-open, it follows that «,, is liftable for some
sufficiently large m. Let 8 = (B,)nea : A — B be a lift of «a,,, where 8, : A — B, is a
*-homomorphism for each n. The fact that g is a lift means that

(Bn(x) — o (2))nea € INJ, forall z € A (2.2.6)

This implies that lim [|,(z) — 0u(z)|| = 0 for all z € A. Combining this with the first
equation in (2.2.3), it follows that

lim || 3, (z) =7, (2)[| =0, forall z € A. (2.2.7)

From ([2.2.6]), we also get that 7y, o 3, = 7, 00, for all n > m, and combining this with the
second equation in (2.2.3), we have that (3, is a lift of ¢, for n > m.

In summary, for sufficiently large n, (3, is a lift of ¢, that is point-norm close to 7%,
which contradicts our initial assumption. |

We now pick up some consequences, using ideas from Blackadar [I5]. We add the proofs
for completion. The first tells us that when A is ¢-open, Hom(A, B) is locally path-connected
in a uniform way.
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Corollary 2.2.2 (cf. [I5, Corollary 4.2]). Let A be an f-open C*-algebra (or more generally,
one that satisfies the conclusion of Theorem . For any € > 0 and any finite set F C A,
there exists a 0 > 0 and a finite set G C A such that for any C*-algebra B, if ¢ and ¢ are
*~homomorphisms from A to B/I with ||¢o(u) — ¢1(u)|| < ¢ for all u € G, then there exists a
point-norm continuous path (¢;)icpo,1] of *~homomorphisms from A to B connecting ¢y and
1 with ||pe(v) — @i(v)]] < e for all v € F and t € [0,1]. In particular, Hom(A, B) is locally
path-connected for any C*-algebra B.

Proof.

For any € > 0 and finite set F C A, choose § > 0 and a finite set § C A as in
Theorem 2.2.1] Let D == C([0,1], B) and I == C5((0,1), B). Then D/I = B & B. Define
*-homomorphisms v,¢ : A — D/I by v(x) = (¢o(x), po(x)) and @(z) = (po(z), ¢1(z)).
Then # lifts to a *-homomorphism 7 = id¢(o1}) ® @0 : A — D, and hence these two maps
satisfy the hypothesis of Theorem [2.2.1] Therefore, the conclusion of Theorem [2.2.1] holds,
and there exists a *~homomorphism @ = (@)¢cjo1] : A — D such that

|I7(a) —®(a)|] < e forall ae F. (2.2.8)
Thus, ¥ defines a homotopy of *~homomorphisms from A to B connecting ¢, to 1, and
(2.2.8)) tells us that ||pi(a) — po(a)|| < € for all a € F, as required. i
Example 2.2.3. Consider the topologist’s sine curve:
X ={@yly=sn(T).0<z<t}ufOy]-1<y<1}, (2.2.9)
x

Then Hom(C'(X),C) = X, which is not locally path-connected. Therefore, by the above
corollary, C'(X) is not ¢-open.

Before we state other properties of f-open C*-algebras, we discuss the following notion
of C*-algebras.

Definition 2.2.4 ([22]). Let (A, 7) be a pair consisting of a C*-algebra A and 7 : B — B/I
a quotient map. (A, ) has the homotopy lifting property (HLP) if, whenever ¢ : A — B/I
is a *~homomorphism that lifts to a *~homomorphism @ : A — B, any continuous path 6 of
*“homomorphisms A — B/I starting at ¢ lifts to a continuous path 6 of *-homomorphisms
A — B starting at @.

Equivalently, (A, 7) has the homotopy lifting property if there exists  completing the
following diagram:

A/—0> c([0,1], B/I)

€Vo B/[
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where I :=id¢(o) ® 7 : C([0,1], B) = C([0,1], B/I). We say that a C*-algebra A satisfies
the homotopy lifting property (HLP) if for every quotient map 7 : B — B/I, where B is a
C*-algebra and [ is an ideal of B, the pair (A, ) satisfies the homotopy lifting property.

The homotopy lifting property (HLP) of C*-algebras is the noncommutative analogue
of the homotopy extension property in topology. Conway [24, 25] first studied a restricted
version of this property, which he called the C*-covering homotopy property, in an attempt
to directly prove the homotopy invariance property of the group Ext,(X) and explore the
relationship between K-theory and Ext(X). He considered the case where A = C(X) and
B/I is the Calkin algebra. Phillips and Raeburn [59] later studied the HLP for unital
AF-algebras.

We now consider some properties and examples of C*-algebras satisfying the homotopy
lifting property.

Example 2.2.5. Every semiprojective C*-algebra satisfies the homotopy lifting property [19],
Theorem 5.1].

Proposition 2.2.6. A C*-algebra A satisfies the homotopy lifting property if and only if AT
satisfies this property in the category of unital C*-algebras and unital *~homomorphisms.

Proof. Case 1: A is unital. Suppose AT = A satisfies the HLP in the category of unital
C*-algebras and unital *-homomorphisms. Let B be a C*-algebra, I a closed ideal of B,
(¢¢)tefo,1] @ point-norm continuous path of *-homomorphisms from A to B/I, and @y : A = B
a lift of ¢g. Set qo = po(1), ¢1 = p1(1), and py := Po(1). Then ¢q is homotopic to ¢;. Since
C is a semiprojective C*-algebra, it satisfies the HLP, and there exists a continuous path of
projections (pt)sc(o,1] connecting py and py, with ¢, = 7;(p1). Consequently, we can find a
continuous path [30, Lemma 3.8] of partial isometries (v;):cp 1) such that:

Vo = Po,
vivy =po for all ¢, (2.2.10)
VU; = py.

Let ¢y = m(v)ermr(v1) + A = qo(B/I)qo. Then (m7(vf)eimr(ve))icpo) is a point-norm
continuous path of unital *~-homomorphisms from A to go(B/I)qe. Using the homotopy lifting
property in the unital category, v lifts to a unital *~homomorphism a7 : A — pgBpg, and
there is a point-norm continuous path (@%)co1] of unital *-homomorphisms connecting @y to
7. Moreover, ay is a lift of 7/ (v])pmr(vy) for each t € [0, 1]. Set @y :== viagv; : A — B. Then
(P%)tcpo,1] defines a point-norm continuous path of *-homomorphisms from A to B starting at
o such that @y is a lift of ¢, for all ¢ € [0, 1].

The proof of the converse follows directly from the statement and the fact that projections
homotopic to an identity element in a C*-algebra are necessarily identity elements.

Case 2: A is nonunital. Suppose A satisfies the HLP. Let B be a unital C*-algebra, I a
closed ideal of B, and (¢¢)se[0,1] & point-norm continuous path of unital *-homomorphisms
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from Af to B/I. Let @y : AT — B be a unital lift of . Since A satisfies the HLP, the
restriction of ¢; to A lifts to a continuous path (6;)¢cpo,1 of *-homomorphisms from A to B,
starting at the restriction of @y to A. Each 6, extends uniquely to 6, : AT — B, and the result
follows.

Conversely, suppose AT satisfies the HLP in the category of unital C*-algebras and unital
*-homomorphisms. Let B be a C*-algebra, I a closed ideal of B, and (¢;):cjo,1] @ point-norm
continuous path of *~homomorphisms from A to B/I. Let 6, : A — B be a lift of ¢y. Each
¢ and 6 extends to unital homomorphisms 3; : AT — (B/I)T and 6, : AT — BT, respectively.
Then there exists a point-norm continuous path (@)te[o,l] from AT to B starting at ég which
lifts ;. Moreover, GAt(A) C B. Therefore, the restriction of (@)te[m] to A defines the needed
path for lifting (¢4)scpo,1- |

Lemma 2.2.7 ([30, Lemma 3.9]). Let A be a unital C*-algebra, D a finite-dimensional
C*-algebra, and (¢¢):ejo,1] @ point-norm continuous path of *-homomorphisms from D to

A. Then there exists a continuous path of unitaries u; € A such that ¢, = uipou; for all
t€0,1].

Next, we give an alternative proof of [59, Lemma 3.4].

Lemma 2.2.8. Let B be a unital C*-algebra, [ an ideal of B, D a finite-dimensional C*-
algebra, and 7 : B — B/I the quotient map. Suppose (0;)¢cpo,1] and (7¢)iepo,1] are point-norm
continuous paths of unital *-homomorphisms from D to B satisfying 7w o 8, = 7 o =, for all
0 <t<1and )=y Then, there is a continuous path of unitaries w; € B such that

(a) v(a) = wbi(a)wS for all t € [0,1] and a € D,

(b) m(w;) =1 for all ¢ € [0, 1].

Proof. Using Lemma [2.2.7], there exist continuous paths of unitaries u; and v; in B such
that
Y = vyv;  and 0 = ubouy, (2.2.11)

for all ¢t € [0,1]. Since vy = 6o, it follows that viyvy = ujbu; and v = veufOuvy. Let
wy = v for all t € [0,1]. Then, 7o y(a) = 7(w)m o O(a)m(w;) for all @ € D, and
m(wy) = A1 for some A\, € C satisfying |[A\.| = 1 since m o 6; = m o and D is finite-
dimensional. By adjusting v, if necessary, we may assume A, = 1, and the result follows. 1

Using the proposition above, we state a broad class of C*-algebras satisfying the HLP.

Theorem 2.2.9 (cf. [59, Theorem 3.5]). AF-algebras satisfy the homotopy lifting property.

Proof. Let A be an AF-algebra. Recall that A is an AF-algebra if and only if AT is an AF-
algebra. Using Proposition we can reduce our proof to showing that unital AF-algebras
satisfy the HLP in the category of unital C*-algebras and unital *-homomorphisms.

Suppose A = ;2 A, is a unital AF-algebra, B is a unital C*-algebra, I is a closed ideal
of B, and (¢)icpo,1] is a point-norm continuous path of unital *-homomorphisms from A to
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B/I. Suppose ¢ lifts to a unital *~homomorphism @y : A — B. For each n € N and t € [0, 1],
let ¢} be the restriction of ¢; to A,, and ¢ be the restriction of @y to A,. Since finite-
dimensional C*-algebras are semiprojective, A,, satisfies the HLP for each n. Consequently,
(07 )iepo,1) lifts to a point-norm continuous path (¢} ).e(0,1) of unital *~homomorphisms from
A, to B, starting at ¢j. Moreover, we have

Topl =70 ﬁ“]An and  f = ¢f"| W (2.2.12)

where 7 : B — B/I is the quotient map.

We construct the desired path of *~homomorphisms inductively. Set 1} = of for Ay and
suppose we have defined (¢'):c[0,1], @ point-norm continuous path of *-homomorphisms from
A, to B, such that ¢f = ¢f and wo ¢} = wo p} for all ¢t € [0,1]. It follows from ({2.2.12))

that moe = mo cp?H’A . By applying Lemma [2.2.8] there exists a continuous path of

unitaries u{” € B such that ¥ (a) = w7 (a)ul™* for all a € A, and 7(u{™) = 1. Define
P AL — B by optt = oMot y(™ . Then, (¢t Yieo.1] is a point-norm continuous

path of *-homomorphisms extending (Y")icpo,1) with ¢5™" = go()‘“ and o Y = 1o Pt
for all t € [0,1]. For each ¢, extend v} by continuity to ¢, : A — B to define the desired
point-norm continuous path of *-homomorphisms (¢ ):cpo,1] that lifts (¢¢)eeqo)- |

Next, we generalize [24, Theorem 8] to show that the homotopy lifting property is
preserved under taking direct sums of finite C*-algebras.

Theorem 2.2.10. Let A; and A be two C*-algebras that satisfy the homotopy lifting
property. Then, A; & A, also satisfies the homotopy lifting property.

Proof. By Proposition[2.2.6] it is sufficient to assume A; and A, are unital C*-algebras and to
consider the homotopy lifting property (HLP) in the category of unital C*-algebras and unital
*~homomorphisms. Suppose 6 : A; & Ay — C([0,1], B/J) defines a point-norm continuous
path of unital *~homomorphisms connecting 6y : A; & Ay — B/J to 0, : Ay ® Ay — B/J with
0y = o 0y, where 0y : A; & Ay — B is a unital *-homomorphism and 7 : B — B/J is the
quotient map. Then Q1 = 6(14,) and Q2 = 6(14,) are orthogonal projections in C([0, 1], B/J)
with Q; + Qo = 1. Similarly, p; = 0y(14,) and py = 0y(14,) are orthogonal projections in B.
The *-homomorphism 1 : C* — C([0,1], B/J) defined by %(1,0) = Q; and 9(0,1) = Q-
gives a point-norm continuous path of unital *~homomorphisms with a liftable starting
point. Using the fact that C? satisfies the HLP, we can find orthogonal projections P, and
P, € C([0,1], B) such that P, + P, = 1 and 7o P, = @; for i = 1,2, where 7 is the induced
natural map by = from C([0, 1], B) to C([0,1], B/J).
For i = 1,2, set D; = Q;C([0,1], B/J)Q; = 7(P,C([0,1], B)P;). Then D;D; = 0.
Moreover, define y; : A; — D; and v; : A; = B by
xi(a) = Qif(a)Q;,
vi(a) = pifo(a)p;
a € A;. By the hypothesis, x; lifts to a unital *-homomorphism %, : 4; —
, 1], B) P; with y;(a)(0) = 7;(a) for all a € A;. Consequently, y¥; @ Xy : A1 @ Ay —
([ 1], B) is a unital lift of @ starting at 6y := v, ® 7a. |
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The next result shows that the homotopy lifting property is preserved under taking
matrix algebras.

Theorem 2.2.11. If a C*-algebra A satisfies the homotopy lifting property (HLP), then
M, (A) also satisfies the HLP.

Proof. Without loss of generality, we assume A is unital and use Proposition to deduce
the result. Let 6 : M,(A) — C([0,1], B/J) be a point-norm continuous path of unital

*-homomorphisms with 6y = 7 o 6y, where 6y : M, (A) — B is a unital *~homomorphism.
Define unital *-homomorphisms 7 : M, (C) — M, (A) and n : M,(C) — C([0,1], B/J) by

v(ei;) =1a®e;; and n=~0o0r.

Recall that M, (C) is a semiprojective C*-algebra and thus satisfies the HLP. The HLP of
M,,(C) and the fact that 7y = fyoy = molyoy imply that there exists a unital *-homomorphism
X : M, (C) — C([0, 1], B) that completes the following commutative diagram.

)
[
<

=)

Let
D = x(en)C([0,1], B)x(en),
E =n(en)C([0,1], B/J)n(en) = 7(D),
T=7lp and 0= 0|,

Note that (A ® e11) @ M, (C) = M,,(A) via the map a ® e1; ® €;; — a ® e;;. For any a € A,
we have

(9(& X 611) = (9(1A (29 611)6(& X 611)9<1A [ 611)
:90’)/(]_®€11>9(6L®611)00’}/(1®611) (2213)
=n(e1)f(a ® er)n(en).

Hence, 7 (ieﬁnes a point-norm continuous path of unital *-homomorphisms starting at
fo = mo 0|, with 6(A®enn) € E. Using the HLP of A = A® ey, 0 lifts to a

®e11

unital *~homomorphism ¥ : A ® e;; — D starting at ?0’A® . The *-homomorphism
€11
U ®idyy, : Mp(A) — D makes the following diagram
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o1 eV
U @ id - M,(D)—=C([0,1], B—> B
/// lw@ id

Mp(A® err)——— M, (E)

9 & ld K ﬁ' T
2l

M, (4) C(0.1], B/ y——>B/]

0

commutes, where ¢; and ¢, are *~homomorphisms define by

d1(x(e1)Wx(enn) ® eij) = x(ea)Wx(e;)

and
P2(n(en)Vx(en) ® eij) = n(eu)Vn(elj).
|

Corollary 2.2.12. Let A be a C*-algebra satisfying the homotopy lifting property and F' a
finite dimensional C*-algebra. Then A ® F' satisfies the homotopy lifting property.

Proof. The result follows from Theorem 2.2.10] and Theorem [2.2.11]. |

Proposition 2.2.13. Let A be a unital separable nuclear C*-algebra satisfying the homotopy
lifting property, and let Q be the Calkin algebra. If two unital injective *-~homomorphisms
0o, ¢1 : A — Q are homotopic, then ¢y is unitarily equivalent to ¢.

Proof. First consider the case that ¢ is a liftable unital, injective *~-homomorphism, that is,
an essential trivial extension. The HLP implies ¢; is also an essential trivial extension. By
Voiculescu’s theorem [79, Theorem 1.4] , all essential trivial extensions are unitarily equivalent
and thus ¢g is unitarily equivalent to ¢.

Recall that if A is a unital nuclear C*-algebra, Ezts(A) is a group. If ¢q is not a trivial
extension, then there exists a unital injective *-homomorphism ¢ : A — Q such that ¢y @ ¢ is
an essential trivial extension, since Exts(A) is a group. ¢ @ ¢ is homotopic to ¢; @ ¢. Hence,
¢1 @ ¢ is an essential trivial extension by the HLP. By Voiculescu’s theorem [79, Theorem
1.4], the maps ¢o @ ¢ and ¢; @ ¢ are unitarily equivalent, as both are essentially trivial
extensions. Hence [¢g] + [¢] = [¢1] + [#]. Adding the inverse [¢] of [¢] to both sides, we get

(o] = [po] + [0 ® @] = [p1] + [¢ D @] = [p1], where the first and the last equality follow from
the unital-absorbing property of ¢ and ¢; [12, Theorem 15.12.3]. Therefore, ¢, is unitarily
equivalent to ¢;. |

For any unital *~homomorphism ¢ : A — B between unital separable C*-algebras, we
define ¢* : Exts(B) — Exts(A) by ¢*([7]) = [T 0 ¢ & 7], where 7 : B — Q is an essential
extension and 7y is any essential trivial extension.
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Corollary 2.2.14. Let A be a unital separable nuclear C*-algebra satisfying the homotopy
lifting property and B a unital separable C*-algebra. If two unital *~homomorphisms
¢o, 91 : A — B are homotopic, then ¢f = ¢7.

Proof. Let [7] € Exts(B). Then ¢§([7]) = [1 0 ¢ ® 7o) and ¢5([7]) = [7 0 ¢1 @ o] for some
essential trivial extension 7. Since ¢q is homotopic to ¢, 70 ¢ P 79 is homotopic to 70 ¢ B 7.
By Proposition [2.2.13] this implies [7 0 ¢g ® 0] = [T 0 ¢1 & 7], and thus ¢f = ¢F. |
Theorem 2.2.15 (Homotopy Lifting Theorem; cf. [I5, Theorem 5.1]). Let A be an ¢-open

C*-algebra (or more generally, one that satisfies the conclusion of Theorem [2.2.1)). Then A
satisfies the homotopy lifting property.

Proof. Let B be a C*-algebra, I a closed ideal of B, and (¢¢):c(0,1] & point-norm continuous
path of *-homomorphisms from A to B/I. Suppose ¢y lifts to a *~homomorphism @y : A — B.
Take an arbitrary finite set 7 C A and a real number € > 0, and let G and 0 be given
by Theorem [2.2.1] We can find a partition tgp = 0 < ¢; < ¢t < .-+ < t, = 1 such that
|loe(a) — ps(a)|| < § for all @ € G whenever t, s € [t;_1,t;] for any i.

Let D = C([0,t1], B) and J := Cy((0,t1], ), which is an ideal of D, so that
D/J=C([0,t1], B/I) ®r, B
={(f;0) € C([0,1], B/T) & B | f(0) = m1(b)}.
Making this identification, define *-homomorphisms v = (id¢(o4)) ® ¢o) @ Po and 6 =
@l PPo : A — D/J (where p|jo4,] denotes the *-homomorphism A — C([0,t,], B/I) given
by restricting the homotopy (¢¢) to [0,%1]). Then ~ lifts to the *~homomorphism id¢(o.¢,)) ® Po,
so by Theorem [2.2.1] ¢ lifts, giving a continuous path of lifts (i7;) of (¢;) for ¢ € [0,%].

Continuing the same process for successive intervals [t1,to], ..., [tn_1, ], we get the required
continuous path (@)scp,1], such that @ lifts ¢, for all ¢ € [0, 1]. i

(2.2.14)

Combining all the previous theorems and corollaries, we have the following characteriza-
tion of f-open C*-algebra.

Theorem 2.2.16. Let A be a C*-algebra. Then the following are equivalent
(i) A is l-open.

(ii) The system of maps Hom(A, B) — Hom(A, B/J) (over all C*-algebras B and ideals J)
is uniformly open, as in the conclusion of Theorem [2.2.1

(iii) A satisfies the homotopy lifting property (HLP) and Hom(A, B) is locally path-connected
for all C*-algebras B.

Proof. (i)=(ii) is Theorem and (ii)=-(iii) is by Corollary and Theorem [2.2.15]

To prove that (iii) = (i), let ¢, : A — B/I be a net of *~homomorphisms that converges
point-norm to a liftable *~homomorphism ¢ : A — B/I. Since Hom(A, B/I) is locally
path-connected, ¢,, is homotopic to ¢ for sufficiently large n. The homotopy lifting property
implies that ¢, is liftable for these n. This shows that Hom(A, B/I) is open in Hom(A, B/I),
as required. |
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Example 2.2.17. Satisfying the homotopy lifting property does not guarantee ¢-openness of
C*-algebras. My« satisfies the HLP (see Theorem [2.2.9)), but it is not an ¢-open C*-algebra.
To see that My is not f-open, suppose otherwise.

Given any finite set F C My~ and any ¢ > 0, we can obtain § > 0 and a finite set
G C My~ according to Theorem [2.2.1, Without loss of generality, we can assume G C Moy
for some k.

Let B .= B(H) and J := K, so that B/J is the Calkin algebra. Let ¢y, ¢9: A — B/J
be unital *-homomorphisms such that ¢, is liftable but ¢, is not (such a ¢ exists by [74]).
Deﬁne (701 = ldM2k ® sz . M2k ® M200 — MQoo — MQk ® (B/J) &= (Mgk ® B)/(MQk ® J)

Then we have p1(a) = ¢o(a) for all @ € G. Hence, Theorem tells us that if ¢y is
liftable, so is ¢,. The Ext-class of ¢, is 2% times the Ext-class of ¢y; since Eat (M) is
the 2-adic integers (which are torsion-free), it follows that ¢ is not liftable, leading to a
contradiction. Hence, My is not ¢-open.

The characterization of f-openness confirms a conjecture of Blackadar [I5, Page 299], as
follows.

Corollary 2.2.18. Let A be an f-open C*-algebra. Then A is ¢-closed.

Proof. Fix ¢ > 0 and a finite set 7 C A, and choose § > 0 and a finite set G C A as in
Theorem . Let ¢, : A — B/I be a net of liftable *~homomorphisms that converges
point-norm to a *-homomorphism ¢ : A — B/I. We can find an index m such that
[¢m(u) — @p(uw)|| < & for all uw € G. Since ¢, is liftable, the conclusion of Theorem [2.2.1]
implies that ¢ is also liftable. Hence, A is ¢-closed. |

In what follows, we collect some properties of f-open C*-algebras.

Lemma 2.2.19 ([50, Theorem 10.1.11]). Let A; and A, be o-unital C*-algebras, 7 : B —
C be a surjective *-homomorphism between C*-algebras, and 6 : A; & Ay — C be a *-
homomorphism. Then there exist strictly positive contractions h; € A; and orthogonal
strictly positive contractions k; € B such that (h;) is lifted by k;, and *-homomorphisms
0" : A; — 7 (k;Bk;) for i = 1,2 such that § = 0 @ 62.

Proposition 2.2.20. Let A; and Ay be o-unital f-open C*-algebras. Then A; @& A, is f-open.

Proof. Let 0, : A; & Ay — B/I be a net of *-homomorphisms which converges point-norm
to a liftable *~homomorphism 6 : Ay @ Ay — B/I. Each §' = 6|, is liftable, and #;, — 6" in
the point-norm topology. Since A; is f-open, 6" are liftable *~homomorphisms for sufficiently
large n. By Lemma [2.2.19] we can choose orthogonal strictly positive contractions k! and
*-homomorphisms 6¢ : A; — k' Bk! such that 0, = 01 @ 62 is a lift of 6,,. |

Lemma 2.2.21 ([50, Theorem 10.2.3]). Let A be a o-unital C*-algebra and ¢ : M, (A) — B/I
a *-homomorphism. If ¢|, is a liftable *-homomorphism, then ¢ is a liftable *-homomorphism.

Proposition 2.2.22. Let A be a o-unital f-open C*-algebras. Then M, (A) is ¢-open.
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Proof. Let 0, : M,,(A) — B/I be a net of *-homomorphisms which converges ponit-norm to
a liftable *-homomorphism 6 : M, (A) — B/I. Then 6,|, converges pointwise to 6| ,. Since
6| , is liftable, 6,,| , is liftable for sufficiently large n. By Proposition 0,, is liftable for
sufficiently large n. |

Recall that a C*-algebra A homotopically dominates a C*-algebra B if there exists
*-homomorphisms 6 : A — B and v : B — A such that 0 o« is homotopic to idp.

Proposition 2.2.23. If a /-open C*-algebra A homotopically dominates a C*-algebra B
satisfying the homotopy lifting property, then B is f-open.

Proof. Let 6 : A — B and v : B — A be *~homomorphisms such that 6§ o v «, idg.
Let ¢, : B — C/I be a net of *~homomorphisms that converges point-norm to a liftable
*-homomorphism ¢ : B — C/I. Let ¢ : B — C be a *-homomorphism with ¢ = 7; 0 ¢. Then,
¢n 0 0 converges point-norm to ¢ o @ = 70 ¢ o 6. Since A is f-open and ¢ o 0 is a liftable
*-homomorphism, ¢,, o § and ¢, o # o~ are liftable *~homomorphism for sufficiently large n.
Note that ¢,, «p, ¢, 0 0 o~y. By the homotopy lifting property (HLP) of B, ¢, is a liftable
*-homomorphism, and therefore B is {-open.

2.3 Characterization of /-closed (C*-algebras

We now characterize ¢-closed C*-algebras, showing that the condition is equivalent to the
uniform relative openness of the map Hom(A, B) — Hom(A, B/I). We require separability
for this characterization, and one direction uses a Cauchy sequence argument.

Theorem 2.3.1. Let A be a separable C*-algebra. Then the following are equivalent:

(i) A is (-closed.

(ii) For any € > 0 and finite set F C A, there is a 6 > 0 and a finite set G C A such that
whenever B is a C*-algebra, I is a closed ideal of B, 1) and ¢ are *~homomorphisms from
A to B with ||mrop(u)—mrotp(u)|| < d for all u € G, then there exists a *-homomorphism
n: A — B such that ||¢p(v) —n(v)|| < e for allv e F and 709 = 7w omn.

Proof. (i)=(ii). Let (G,) be an increasing sequence of finite subsets of A whose union is

dense in A. Suppose that (ii) is false for a fixed € > 0 and finite set F C A. Then, there are
C*-algebras B,, with ideals I,,, and *-homomorphisms ¢,,, v, : A — B, such that

1
|71, © dnla) — 7, 0 y(a)|l < - for all a € G,, (2.3.1)

but no *-homomorphism 7, : A — B, satisfies both ||¢,(a) — n,(a)|| < € for all a € F and
1, O Yn = T, O Ny
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B,,. Define *-homomorphisms ¢ =

D3

Let B == [l By, I == Il L,, and J ==
1 =1

(¢17¢2;---),$Iznzﬁl,lﬁg,...) ZCX—) B.

By (2.3.1), it follows that 7/, 0 ¢ = 77, ; 0 ). Then by the general Chinese remainder
theorem (Lemma [2.1.6)), there exists a *~homomorphism 6 : A — B/(I N J) such that

n=1

mjop=my060 and mjov =mo00. (2.3.2)
For each n € N, define the *~homomorphism

Qay, = (¢1>¢2a .. ,wnfl, ¢n7 ¢n+17 .. ) A — B. (233)
Then by the definition of J, we have 7; o @,, = 7; 0 ¢. Therefore by (2.3.2)), for z € A,

|71 0 @n(x) — O(2)|| = |77 0 @p() — 71 0 ()|
= sup |77, © () — 71, © Yp()|| — 0. (2.3.4)

Since A is (-closed, we deduce that @ lifts to a *~homomorphism 7 = (9y,72,...) : A — B.
Then (2.3.2) implies that 7, o ¢, = 77, 07, and lim ||y (2) — na(2)[| = 0 for all z € A.

Hence, there is a k such that

[0r(a) —me(a)]| < e (2.3.5)

for all @ € F. This is a contradiction.

(ii)=-(i). Suppose 0, : A — B/I is a sequence of liftable *-homomorphisms which
converges pointwise to a *-homomorphism 7 : A — B/I. Let (F,) be an increasing sequence
of finite sets whose union is dense in A. Choose §,, > 0 and a finite set G,, such that they
satisfy the conditions of (ii) with e := 2% and F := F,. By passing to a subsequence, we may
assume without loss of generality that

17 (1) — Npsa (w)|| < 0, for all u € G,,. (2.3.6)

Let 7, : A — B be a lift of n,,. Then the choice of G; and ¢, from (ii) implies that there
exists a *-homomorphism & : A — B such that ||7,(v) — &(v)]| < 4 for all v € G; and
7y 07y = 0 &. Then we have ||m; oTy(u) — 7 o Tig(u)|| = ||m1 0 &a(u) — 71 0 T5(w)|| < 09 for
all u € G,. Using the choice of G, and d, from (ii), we have a *~homomorphism &3 : A — B
such that [|&(v) — &(v)|| < 55 and 77 073 = 77 0 . Continuing the process and setting
& =T, we get a sequence (&, : A — B) such that ||&,(a) — &41(a)|| < 5= for all a € F, and
N, = 71 0 &,. Consequently, the sequence (&,(a))>2, is Cauchy for each a € A, so it converges

to some {(a) € B. This defines a *-homomorphism ¢ : A — B, and for a € A,
mroé(a) = limmy o &nla) = lim nn(a) = n(a). (2.3.7)
Therefore we obtain a lift of 7, and this shows that A is /-closed. |

Note that condition (iii) of Theorem [2.2.16|strengthens condition (ii) in Theorem [2.3.1]
by replacing ¢ : A — B with a map A — B/I which is (a priori) not liftable. This gives a
quick proof of Corollary [2.2.18] in the separable case.

Theorem [2.3.1) may be reformulated as follows.
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Theorem 2.3.2. Let A be a separable C*-algebra and S a generating set of A. Then the
following are equivalent:

(i) A is (-closed.

(ii) For any ¢ > 0 and finite set F C S, there is a > 0 and a finite set G C S such that
whenever B is a C*-algebra, I is a closed ideal of B, 1) and ¢ are *~homomorphisms from
Ato B with ||mrod(u)—mrotp(u)|| < d for all uw € G, then there exists a *~homomorphism
n: A — B such that ||¢(v) — n(v)|| < € for all v € F and 77 09 = 7y on.

Proof. (i) = (ii) Let (G,) be an increasing sequence of finite subsets of S whose union is
dense in S. Suppose that (ii) is false for a finite set F C S. Then follow the corresponding
proof of Theorem [2.3.1]

(i) =(i). Let (F,) be an increasing sequence of finite sets whose union is dense in S.
Then follow the corresponding proof of Theorem [2.3.1] |

In [I5, Example 6.4], Blackadar asks whether C*(FF,), the universal C*-algebra generated
by a sequence of unitaries, is f-closed. We now show that it is.

Example 2.3.3. C*(F,) is f-closed. To see this, consider € > 0, a finite set F C {uy, ua, ...},
an ideal I of B, and *-homomorphisms ¢, : C*(F) — B. Without loss of generality, we
may assume F = {uy, ug, ..., u,} for some n. Since C*(F) = C*(F,,) is semiprojective (this is
well-known; see [11, Corollary 2.22 and Proposition 2.31] for example) and so ¢-closed by [15],
Corollary 6.2]. Choose ¢ > 0 and a finite set G C F as in Theorem (applied to C*(F)).
Then, ||7; o ¢(u) — 71 o P(u)|| < 0 for all u € G implies there exists a *-homomorphism
§: C*(F,) — B such that ||¢(v) —&(v)|| < e for all v € F and 77 0§ = 71 0 ¥|c+(r,). Define
n:C*(Fy) — B by

_ J&un),  form <mn,
N(tm) = {w(um)’ for m = . (2.3.8)

Then 7 is a *~homomorphism satisfying [|¢(v) — n(v)|| < € for all v € F and 7y on = w701,
as required.

We state some properties of ¢-closed C*-algebras.

Proposition 2.3.4. Let A be a (-closed C*-algebra. Then, any path-connected component
of Hom(A, B) is closed for any C*-algebra B.

Proof. Let U be a path-connected component of Hom(A, B), D := C([0,1], B) and [ =
Co((0,1),B). Then D/I = B & B. Suppose (¢,)nea C U is a net of *~homomorphisms
¢n : A — B converging point-norm to a *-homomorphism ¢ : A — B. Fix ng € A. Then
O A On, for all n € AL

Define *~homomorphisms ~,,~v: A — D/I by
(@) = (¢n(x), Py (1))
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and
V(@) = (9(), Pno())-

Since 7, is a liftable *-homomorphism for each n and -, converges point-norm to =, we use
the /-closedness of A to conclude that v is liftable. So, ¢ v, ¢, and ¢ € U. |

The next result is a generalization of [14, Proposition 2.1] to C*-algebra..

Corollary 2.3.5. Let C'(X) be a ¢-closed C*-algebra. Then, X is an e-closed space with
closed path-connected components.

Proof. X is an e-closed space by definition of ¢-closed C*-algebra and Hom(C(X),C) = X
has closed path-connected components by Proposition [2.3.4] |
Example 2.3.6. The topologist’s sine curve:
X ={(z,y):y= sin(z),O <z <1}U{(0,y): -1 <y <1} (2.3.9)
x

has an open path connected component. Thus C'(X) is not ¢-closed. This example illustrates
that weakly semiprojective C*-algebras are not ¢-open or ¢-closed in general.

Enders and Shulman [35] proved that e-closedness of X is not sufficient for C'(X) to be
(-closed and gave the following necessary condition for ¢-closedness of C'(X):

Proposition 2.3.7 ([35, Corollary 5.16]). Let X be a CW-complex. If C'(X) is a ¢-closed
C*-algebra, then dim(X) < 3.

Proposition 2.3.8. Let A; and Ay be /-closed o-unital C*-algebras. Then A; & As and
M, (Ay) are (-closed C*-algebras.

Proof. The result follows using similar arguments as in Propositions [2.2.22) and 2.2.20, &

We can see that (-closedness is often very restrictive, just by looking at the case B := B(¢?)
and [ := KC. Here, Hom(A, B/I) corresponds to extensions of A by the compact operators,
with Hom(A, B, I') corresponding to the subset of trivial extensions. Therefore, if A is ¢-closed
then the set of trivial extensions is closed in the set of all extensions (using the corresponding
topology). We first state a general result before narrowing it down to extensions by the
compact operators.

Theorem 2.3.9. Let A be a nuclear separable C*-algebra satisfying the UCT and quasidi-
agonal relative to a o-unital separable C*-algebra B. If A is additionally ¢-closed, then all
essential quasidiagonal extensions 7 of A over B are trivial in Ext(A, B). Equivalently,

Pext},(Ko(A), Ko(B)) = Pexty(Ki(A), K1(B)) = 0.
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Proof. By Theorem [1.3.23] there exists a sequence (7,,),ea of essential trivial extensions
such that [[7,]] converges to [[7]]. By the Brown-Salinas topology on Ext(A, B), we can find
an absorbing trivial extension n and liftable unitaries u,, such that

[un (T (@) ® nla))uy, = 7(a) ©n(a)l] =0

for each a € A. From the ¢-closedness of A, we conclude that 7@ is a liftable *~homomorphism.
Hence, [[7]] = [[7 ® n]] = 0. We also obtain from Theorem [1.3.23| that

Pextl(Ko(A), Ko(B)) = Pexth(K,(A), K1 (B)) = 0.
N

Corollary 2.3.10. Suppose that A is a nuclear separable C*-algebra satisfying the UCT
and that A is quasidiagonal. If A is additionally /-closed, then all essential quasidiagonal
extensions 7 of A over K is trivial in Ext(A,C). Equivalently,

Pexty(Ky(A),Z) = 0.

Proof. By Example [I.3.15] and Proposition [I.3.19 A is quasidiagonal relative to C. Hence,
the result follows from Theorem 2.3.9] i

Example 2.3.11. Any infinite dimensional noncommutative UHF algebra A is not ¢-closed,
since for these C*-algebras, all extensions are quasidiagonal, but they are not all trivial in
Ext(A,C) (see [64, Remark 2.13] and Remark ). To see why quasidiagonal extensions
of A are not trivial in Ext(A, C), we first discuss the quasidiagonal extensions of AF-algebras
over K. Recall that for any AF-algebra D = lim D,,, Ext(D,C) = Ext},(Ko(D),Z) (See

[39, Corollary 11.10]) and Ky(D) is the union of an increasing sequence of finitely generated
abelian group K(D,,) with Ky(D,,) = Z™ for some m,, € N. By Theorem [1.3.21{(c) & (d))
and Theorem [1.3.23]

Ext(D,C) & Ext},(Ky(D),Z) = PExt}(Ky(D),Z) = Extop(D,C).
In other words, all essential extensions of D over K are quasidiagonal.
For an infinite dimensional noncommutative UHF algebra A = lim M, (C), (1.3.8)) implies
PExty(Ko(A),Z) = lim "' Homz(Z, Z,).

Consequently, Exzt(A,C) = Extop(A, C) = Pexty(Ko(A),Z) # 0 (see [70, Example 3.6]).

Example 2.3.12. Let Y be the triadic solenoid, that is, the inverse limit of circles T,, = T
with f, : T,y — T, defined by f,(z) = 23. Let X be the suspension of Y. Then, X
is a two dimensional compact space with Extgp(X) # 0 by [29, Page 297]. Therefore,
Hom(C(X), B(¢?),K) is not closed in Hom(C(X), Q), and C(X) is not an f-closed C*-
algebra.
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2.4 Commutative unital /-open C*-algebras

In this section, we show that commutative unital separable f-open C*-algebras coincide with
commutative unital separable semiprojective C*-algebras. We begin with the following which
may be of independent interest.

Proposition 2.4.1. Let A be an f-open C*-algebra and ¢ : A — B a weakly semiprojective
*-homomorphism. Then v is a semiprojective *-homomorphism.

Proof. Fix ¢ > 0 and a finite set F in A, and let 6 > 0 and G C A be given by Theorem
Given any *-homomorphism ¢ : B — C/U,, J, with J; < Jy<---<C an increasing
sequence of closed ideals of a C*-algebra C, by weak semiprojectivity we can find some n
and a *-homomorphism ¢ : A — C/J,, such that

lpot(u) —mop(u)|| <o (2.4.1)
for all uw € G. It follows from Theorem that there exists a *-homomorphism p : A — C/J,
such that ¢ o1y = mo p. Hence v is a semiprojective *-homomorphism. |

Lemma 2.4.2 (23], Proposition 3.1). Let X be a compact, connected, and locally connected
metric space of covering dimension greater than 1. Then X contains a topological copy of
the circle S*.

Recall that metrizable space X is an absolute neighbourhood retract (ANR) if, for any
metrizable space Y and closed subspace Z of Y, there exists a neighbourhood V' of Z such
that any continuous map n: Z — X extends to a continuous map 6 : V — X.

Theorem 2.4.3. Let X be a compact metric space. Then the following are equivalent

(i) C(X) is a semiprojective C*-algebra.
(ii) C(X) is an ¢-open C*-algebra.

(i) X is an ANR and dim(X) < 1.

Proof. (i)=(ii) follows from [I5 Corollary 6.2] and (iii)=-(i) follows from [73, Theorem 1.2].
We prove that (ii)=>(iii), along the lines of Sgrensen and Thiel’s proof of [73, Proposition 3.1].

Suppose C(X) is f-open. Then X is e-open by definition of f-openness of C(X).
Blackadar showed that X is locally contractible [I4, Corollary 4.3]. The Homotopy Lifting
Theorem (Theorem implies the homotopy extension theorem for X; since X is also
locally contractible, we have that X is an ANR by [40, Theorem IV.2.4].

Suppose by contradiction that dim(X) > 2. Since X is compact, we have that
locdim(X) = dim(X) > 2, which implies that there is an xy € X such that dim(D) > 2 for
every closed neighbourhood D of z( (see [54] for details on locdim(X)). Let Dy, Dy, ... be
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a decreasing sequence of closed neighbourhoods of zy with dim(Dy) > 2 for all k. Using
Lemma [2.4.2] there exists a topological embedding 1y, : S — D;, C X for each k. Let

1 1

Y= (0,00 U U S((55,0), 1

k>1

) C R?, (2.4.2)

where S(x,r) is the circle centered at x of radius 7. Then C(Y') is weakly semiprojective
([73]]). Define ¢ : Y — X to send (0,0) to 9 and to be 9y, on the circle S((5,0), 75z ). Then

2k Y/)s 4.9k
¥ induces a *-homomorphism ¢* : C(X) — C(Y'), which is weakly semiprojective since C'(Y')

1S.

Let T be the Toeplitz algebra and let K be the ideal of compact operators. Set

B = (@ T+

k>1

2.4.3
= {(t1,ta,...,) € [ T : (tx)r converges to a scalar multiple of 17} ( )
k>1
and Jy =KeK&---KB0®O0---. Then J, C Jyt1, J =Up S = Bp>1 £,
—_— =
k times
Bll,=C(SHecSHe---alCSHae( P T, (2.4.4)

I>k+1
k times 2kt

and B/J = (@1 (C(51)))F = C(Y).

_ Proposition 2.4.1] implies ¢ is a semiprojective *-homomorphism, so ¢* lifts to some
v C(X)— B/Jy.

’73/(],6&—1*) T

_ -
-
-
-
-
—
-
-
-
-
-
-
-
Y

C(X)——=C(Y) B/J ———C (5"

w

Vit

Let opy1 : B/Jy — T be the projection of B/J; onto the (k+1)-th coordinate and
pr+1 : B/J — C(S') be the projection of B/J onto the (k+1)-th coordinate. Note that
prr1 0¥ 1 C(X) — C(S') coincide with the *-homomorphism induced by gy : St <
Dyy1 C X and it is surjective since 1, is an inclusion. The generating unitary of C'(S?)
lifts to a normal element in C'(X) under ¢}, ;, but it does not lift to a normal element in 7,
which is a contradiction. Hence, dim(X) < 1.



Chapter 3

C*-diagonals of Inductive Limits of
1-dimensional Noncommutative
CW-complexes

1-dimensional Noncommutative CW-complexes (NCCW complexes) are a crucial class of
C*-algebras that extend 1-dimensional classical CW-complexes into the non-commutative
world. Key characteristics of these C*-algebras include being finitely generated [31, Lemma
2.3] and semiprojective [31, Lemma 2.3], which simplifies their study and analysis. Due to
their well-understood structure, they serve as useful building blocks in the classification of
more complex C*-algebras.

Recent breakthroughs of Li [45] established the existence of C*-diagonals for classifiable
C*-algebras, that is, separable simple nuclear Z-stable C*-algebras satisfying the UCT. Since
many classifiable C*-algebras are inductive limits of 1-dimensional NCCW-complexes, it is
natural to ask which non-simple inductive limits of 1-dimensional NCCW-complexes have a
C*-diagonal. We rely on the classification result of Robert [63 Corollary 5.2.3] to prove the
following;:

Theorem 3.0.1. Every unital inductive limit of 1-dimensional NCCW complexes with trivial
Ki-group and unital injective connecting maps has a C*-diagonal.

While classifying real rank zero C*-algebras, Elliott [33, Theorem 4.4] showed that
maximally homogeneous *-homomorphisms between matrix algebras over C(S!) are dense in
the space of unital * homomorphism between the C*-algebras when it is equipped with the
point-norm topology. Li [44, Theorem 2.1.6] extended the result to the case of matrix algebras
over 1-dimensional connected CW-complexes. Li and Raad [46] relied on these results to
prove that unital AH-algebras whose building blocks have base spaces of dimension at most 1
have C'*-diagonals. We examine the extension of maximal homogeneity to *~-homomorphisms
between 1-dimensional NCCW complexes and highlight the limited supply of such maps and
the limitation of its use for establishing the existence of C*-diagonals.

92
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3.1 1-dimensional Noncommutative CW-complexes

Based on [31], we define a 1-dimensional NCCW complex as follows:

Definition 3.1.1. Let (g, 81 : E — F be *~homomorphisms between two finite-dimensional
C*-algebras E and F. A C*-algebra A := A(E, F, 3y, 31) is called a 1-dimensional noncom-
mutative CW-complex (or simply 1-NCCW complex) if it is a pullback of C([0, 1], F') and E
along f:=py@®f1: E— F@&F and evg @ evy : C([0,1], F) - F & F.

A ——1—> c([0,1], F)

o [ levo D evy

F———— > FgoF

B

We can express A(F, F, 5y, /1) explicitly as
{(f,a) € C([0,1], F) @ E : f(0) = Bo(a), f(1) = Bi(a)} (see Subsection [L.1.0.5). (3.1.1)

Note that A(E, F, By, 1) is a unital C*-algebra if 3y and (; are unital *-homomorphisms.
We denote the set of all unital 1-dimensional NCCW complexes and finite-dimensional
C*-algebras by 1-NCCW; (up to isomorphism).

For A := A(E, F, Sy, 1) € 1-NCCW,, we write £ and F as follows:

E=M.,(C) and F = éij((C), (3.1.2)

i=1 j=1

where e; and f; are natural numbers. Setting the following conditions on J will be useful in
later discussions:

(A1) B:=0Fy® p1: E — F @ F is injective.
If 5 is not injective, take E' = E/ker(f8) and fj, 3] : E' — F as *-homomorphisms
induced by [y and ;. Then A" = A(E',F, [y, 01) € 1-NCCW; with injective *-
homomorphism ' : B/ — F' & F induced by . Moreover, A = A’ @ ker(/3). Note that
the injectivity of either gy or £, implies the injectivity of 5. However, the converse is
not true in general. Using Condition (A1), we can identify A with the C*-subalgebra

{f e (0,1, F): (f(0), f(1)) € Im(5) } (3.1.3)

of C([0,1], F'). We will often identify A in this manner without explicitly stating it
whenever we assume (A1) holds.
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(A2) By: E — F and B : E — F are of the following form:

50(061; ag, . .. 7al)

u (é(ai ® Iri)> u, (3.1.4)

i=1

and

v (é(ai ® Isi)> v, (3.1.5)

=1

61(@1,@27 L 7al)

where u and v are permutation matrices in £, r; and s; are nonnegative integers, I,, is

I k I
the identity matrix of size r;, and Y- e;r; = X fj = X e;8;.
i=1 5=1 i=1

Up to isomorphism of C*-algebras, every 3y and /31 of A € I-NCCW] satisfy condition (A2)
with v and v both equal to the identity matrix. To see this, we first note that there exist
unitaries U,V € F such that

l

Bola) =U <@(ai ® In_)) U* and fi(a) =V <@(ai ® Isi)> V* (3.1.6)

i=1 =1

for a = (ay,as,...,a;) € E, since §y and (3 are unital.Let w € C([0, 1],U(F')) be a continuous
path of unitaries satisfying w(0) = U* and w(1) = V*. Define B := A(FE, F, 5}, f]), where
By = U*BoU and p; = V*,V. Then, p) and ;) of B € 1-NCCW; satisfy condition (A2),
and A = B via (f,a) = (wfw*, a).

Example 3.1.2. C([0, 1], M,(C)) is a 1-dimensional NCCW complex as it can be identified
with A(E, F, By, 1) with E == M,,(C) & M,(C), F := M,(C), By defined by Sy(a,b) = a and
p1 defined by f1(a,b) = b. The isomorphism is given by the map f +— (f, (f(0), f(1))).

Example 3.1.3. Let X be a 1-dimensional connected finite CW-complex constructed by
taking the disjoint union of a finite discrete space X° with k copies of the unit interval. Let
v be the continuous map that attaches the endpoints of the k-th copy of the unit interval to
elements of X°, and let v be the disjoint union of these attaching maps. By considering the
dual of these maps, we see that C'(X) is a 1-dimensional NCCW complex with F = C(X?),
F = CF, and 3 := ~*. For instance, consider X as the unit circle S formed by a single point
and a unit interval with both endpoints of the interval attached to the point. Then C(S') is
a 1-dimensional NCCW complex with £ :=C, F :=C, and By = 1 == id.

Example 3.1.4. The splitting interval algebra

l

k
{f € C([0.1], Mn(C)) : £(0) € P M.,(C), f(1) € P M(C)},
i=1 i=1
l k
where e;, f; are natural numbers satisfying > e; = Y f; = m, is a 1-dimensional NCCW
i=1 i=1

! k
complex with £ = @ M,,(C) & & M, (C), F := M,,(C), So(a,b) = a, and ((a,b) = b.
i=1 i=1
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Next, we provide short proofs of some results that illustrate how to derive new 1-
dimensional NCCW complexes from known examples.

Proposition 3.1.5 ([57, Theorem 3.9]). Let A := A(E, F, f, 1) be a 1-dimensional NCCW
complex. Then M, (A) is a 1-dimensional NCCW complex for any n.

Proof. Take E' := M, (E), F' :== M,(F), 3, = id ® 3y, and 3] := id ® $;. Then M, (A) is
iSOHlOI'phiC to B = B(E,, F/,ﬁ(,),ﬁi) via ((fija aij)) — ((fz]); (aij))7 where (fij7 aij) e A. |

Proposition 3.1.6. Let A, = A, (E, F1, Bo, f1) and Ay := Ay(FEs, F, ag, 1) be 1-dimensional
NCCW complexes. Then A; @ A, is a 1-dimensional NCCW complex.

Proof. A;® A, is isomorphic to Ag := Az(Fs, F3,70,71), where E3 = Ey® Ey, F3 = F1 @ Fy,

Yo = Bo ® ap, and v, = 51 & ay. i
A finite multiset, denoted by {a7™,... a;*m}, extends the concept of a standard finite
set by allowing elements to appear multiple times, with a; i representing a;, . .., a;. Suppose
k; ti
4 times

A = A(E,F, By, 1) € 1-NCCWy, with E and F' defined as in (3.1.2). We represent the
irreducible representation of E that projects E onto its i-th component M,,(C) by d; for
1 <@ <, and denote the set of unitary equivalence classes of all the ¢; by Sp(F). Similarly, we
use the notation (¢,4), where 0 < ¢ <1 and 1 <i < k, to denote an irreducible representation
of C([0,1], F') that sends f to the i-th component of f(t). Therefore, the set of unitary
equivalence classes of all irreducible representations of C([0, 1], F') is given by

k

Sp(C((0,1], F)) = [T{(t,9) : 0 < £ < 1},
i=1
For (f,a) € A, the condition f(0) = fBy(a) and the form of fy as in indicate
that (0,7) may not correspond to an irreducible representation of A. Instead, it can be
identified with {077",0572,...,6;""} C Sp(F). Similarly, (1,7) can be identified with
{677°,657%2 ... 07"} € Sp(FE). So, the set of unitary equivalence classes of irreducible
representations of A is given by

k k
Sp(A) == Sp(E) U [[{(t,i) : 0 <t < 1} == Sp(E) U J](0,1),.

i=1 i=1

k

We write sp(A) = Sp(£)U I [0, 1];, and further adopt the following notations and definitions
=1

from [48]:

C([0,1], F) > f(t) = (f(t,1), f(t,2),..., f(t,1)) for all t € [0, 1], where f(t,7) is the i-th
component of f(t). E > a = (ay,az,...,q) = (a(d1),a(ds),...,a(d)). m : A — F and
m, + A — My, (C) are defined by m(f,a) = f(t) and 7, (f,a) = f(t,1), respectively, for all
t € [0,1]. Note that we identify m;, with (¢,4) in the preceding paragraph. m, : A — E and
q: A — F are defined by 7.(f,a) = a and ¢(f,a) = f. (cuj)ixs and (5;;)kx: are matrices
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representing (3o)* : Ko(E) = Z! — Ko(F) = ZF and (8,)* : Ko(E) = Z! — Ko(F) = ZF,
respectively. We use e or ee to represent any nonnegative integer.

For a given 0 < € < 1, the topology base on Sp(A) at each ¢; is given by

{6;yu I 06U JI (1—e1)

{ilaijio} {ZI/BLJ7£O}

This gives a topology that is non-Hausdorff in general.

In what follows, we recall the construction of test functions useful for relating properties
of two *-homomorphisms from a 1-dimensional NCCW complex to a matrix algebra.

For each n = %, where m is a positive integer, consider a partition 0 = wg < wy < --- <
Wy, =1 of [0,1] into m subintervals, each of equal length . Let H(n) be a finite subset of A
that consists of the following two types of positive elements of A:

(a) For any nonnegative integers a; and b;, 1 < i < k, satisfying 0 < a; < a; + 2 < b; < m,
a test function (f,a) of type 1 corresponding to {5;}U II [0,an; U 11 [bin, 1]

{ilei;#0} {i|B:7#0}
is defined by

o
a(d,) = {065 e (3.1.7)
I, ifs=j

where 0, is the zero matrix and I, is the identity matrix, and
Bi(a) = tL0am) i 0 < ¢ < (a; + 1)n
ft,i) =10y, if (a;+1)n <t < (b — 1)y (3.1.8)

51< )77 dist(¢ n[ i1,1]4) if (bi _ 1)7] <t<l1

for each t € [0,1] and i € {1,2,...,k}, where 5!(a) is the i-th component of 3,(a) and
s=0,1.

(b) A test function (f,a) of type 2 corresponding to X = sz[wrs,wrsﬂ]i C [n,1—mn;is

defined by
a=0 (3.1.9)
and
Of'r if r 7'é 7
flt,r) =9 (1= I, it dist(4, X) < nand r =i . (3.1.10)

0y,

(3

if dist(¢, X) >npand r =1

Let {e!,, : 1 <mm <e, 1 <i<Il}and {f ., :1<mm <f;, 1<i<k} bethe
standard matrix units of £/ and F', respectively. We modify elements of H(n) to define a new
finite set H(n) C A;.. H(n) consists of elements of the form:

* (f,a) constructed like test functions of type 1 with I, in (3.1.7) replaced by el for
any m,m’.
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e (f,a) constructed like test functions of type 2 with (1 — disttXNT, i (3.1.10) replaced
(f,a) y raap 1 8

by (1 — W)ei for any m,m’.

mm/’

Next, we recall a calculation of the Cuntz semigroup of a 1-dimensional NCCW complex (see

1.1.0.7| for a brief overview of the Cuntz semigroup).

Theorem 3.1.7 ([4, Theorem 3.1]). Let A .= A(E, F, 3y, 1) be a 1-dimensional NCCW
complex. Define vy = Cu(fy) : Cu(F) — Cu(F) and v = Cu(py) : Cu(F) — Cu(F).
Then,

Cu(A) = {(£,b) € Lsc([0,1],N) @ N : £(0) = 10(b), £(1) = n(b)}, (3.1.11)

where N := NU {co}.

3.2 (*-diagonals of 1-dimensional NCCW complexes

In this section, we explore the unique extension property and C*-diagonals of unital 1-
dimensional NCCW complexes. We assume A = A(E, F, [y, /1) € 1-NCCW, satisfies
conditions (A1) and (A2) throughout this section unless otherwise stated.

For a subset S C [0,1], s € [0,1], ¢ € {1,2,...,k}, and a C*-subalgebra B C A, we
adopt the following notations: Ag = {f|g: f € A} C C(S,E), B(s,i) = {f(s,i) : f € B},
and Bg = { f|q: f € B} C As. We denote the set of diagonal matrices in M, (C) by D, (C).

Here, we present a consequence of [5, Theorem 3.4] that is useful for establishing the
unique extension property of a 1-dimensional NCCW complex.

Proposition 3.2.1. Let A == A(E, F, [y, /1) € I-NCCW; and let B C A be an abelian
C*-subalgebra. Then B has the unique extension property if and only if the vector space

! k
dimension dim(Byo13) = Y €; and dim(Bygy) = Y- f; for all s € (0,1).
i=1 j=1

Proof. Suppose B has the unique extension property. Note that By, C F' = Ay for all
k

s € [0,1]. Suppose dim(By,) < Y f; for some s € (0,1). Then, there are at least two pure
j=1

states 71 and 75 of F' that restrict to a pure state 7 of By,y. Consequently, 71 o7y, and 7 o7
are pure states of A that restrict to a pure state 7o, of B. This is impossible by the unique

k
extension property of B. Hence, dim(By,) = > f; for all s € (0,1).
j=1

I
By condition (A1), Aq 1y & E. If dim(Bjo13) < X e;, then there exists a pure state o
i=1

of m.(B) C E that extends to at least two pure states oy and oy of E. Consequently, o o 7,
is a pure state of B that extends to two pure states o o m, and o9 o m, of A, which is a

1
contradiction. So, dim(By1y) = X e;.
i=1
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Conversely, suppose dim(Byg1}) = ;:l:l e; and dim(By)) = é:l fj for all s € (0,1). Note
that 6,(B) is abelian for each r € {1,2,...,1} since B is abelian and By 1} C ré1 4 (B) C E.
The condition dim(Byo13) = ZXl:l e; implies Byg 1y is a maximal abelian subalgebra of FE.
So, Bio1y = rél d,(B) and the dimension of each §,(B) must be e,. Also, the condition
dim(Bys) = Jijl f; for all s € (0,1) implies B(s,j) = f; forall j € {1,2,...,k} and s € (0,1).

Next, we show that B is a maximal abelian subalgebra of A. Let (g,b) be in the relative
commutant B’ of B. Then (g,b)(f,a) = (f,a)(g,b) for all (f,a) € B. Consequently, b € By 1
since By} is a masa in E. Moreover, g(s,7)f(s,j) = f(s,7)g(s,j) for all s € (0,1) and
j € {1,2,...,1l}. The maximal dimension of B(s,j) ensures ¢(s,j) € B(s,j). Therefore,
(g9,b) € B and B is a masa. Since B is a masa and 7(B) is a masa of w(A) for every 7 € Sp(A),
we conclude, using [5, Theorem 3.4], that B has the unique extension property. |

The following example demonstrates that an abelian subalgebra of A having a maximal
dimension at each fiber does not ensure the unique extension property of the subalgebra.

Example 3.2.2. Let A = A(FE, F, 3y, 31) be a 1-dimensional NCCW complex with £ = C3,
F = M5(C), By : E — F defined by By(ay,as,a3) = <681 C?), and f; : E — F defined by

2
a9 0

Bi(ai, ag, ag) = (0 ) Define

as

B = {(f, (a1, az2,a3)) € C([0,1], M5(C)) ® E : ay = az} C A.

We have that dim(B(t)) = 2 for all ¢ € [0, 1], B is abelian, and 7(B) is a masa for every
m € Sp(A). However, B does not exhibit the unique extension property because it is not a
masa of A. Note that dim(Byy1y) = 2 and B includes the center of A.

This example further emphasizes the necessity of the maximal abelian condition of B in
[5, Theorem 3.4] for 1-dimensional NCCW complexes. Particularly, it illustrates that this
condition cannot be replaced by B containing the center of A, as observed in the case of
trivial homogeneous C*-algebras [76, Lemma 1.4].

If an abelian C*-subalgebra B of a C*-algebra A has the unique extension property, then
there exists a unique conditional expectation P : A — B [3, Theorem 3.4]. As a special case
of [2, Lemma 5.11], we have the following:

Lemma 3.2.3 (|2, Lemma 5.11]). Let B be an abelian C*-subalgebra of a 1-dimensional
NCCW complex A := A(E, F, 5y, 51) that possesses the unique extension property. Then
there exists a unique faithful conditional expectation P : A — B.

Having satisfied all criteria of a C*-diagonal except the regularity condition, an important
question arises: is an abelian C*-subalgebra of a 1-dimensional NCCW complex A =
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A(E, F, By, 51) satisfying the unique extension property a C*-diagonal? The following example
provides a negative answer to this question.

Example 3.2.4 ([2, Example 5.15]). Let C == {f € C([0,1], M5(C)) | f(0) € CI,} and
D = {f € C(]0,1],D5(C)) | f(0) € CI,}. C is a l-dimensional NCCW complex with
E =Ca® My(C), F:= My(C), py: E — F defined by fy(z,a) = diag(z, z), and p; : £ — F
defined by fi(z,a) = a. Notice that D is abelian, dim(D(t)) = 2 for all t € (0,1), and
dim(Dyo13) = 3. By Proposition , D satisfies the unique extension property.

cos(L) sin(})
—sin(1) cos(1)
in radians. Define 6 : C' — C by

For s > 0, let w, = ) € M,(C), where the trigonometric functions are

~Jwsf(s)ws if s € (0,1],
0:(f) = {f(O) if s = 0.

Let f € C. For any € > 0, there exists 6 > 0 such that |f(t) — f(0)| < € for all |t| < 0.

16:(f) = Bo ()| = lJwef Q)wi = FO)| = [lwef (t)w; — wi f(O)wy|
= [lwell[[f(#) = FO)Ilwi ]} < e

for all |t| < 6. Hence, 0(f) is continuous and 0 € Aut(C). Let

_ (A 0 )
A= MQ(C) and B_{<0 8<d2)> .dl,dQED}.
By Proposition A is a 1-dimensional NCCW complex. B is an abelian C*-algebra of
A with the unique extension property since each of D and #(D) has the unique extension
property with respect to C'. The unique faithful conditional expectation P : A — B is given

by
_ (¢ 0
P= (0 e¢01>’

where ¢ is the canonical expectation from C onto D: ¢(c)(t) = calt) 0

. To show
0 C272(t)
that B is not a C*-diagonal of A, it is sufficient to find f € Ker(P) which is not in closed
span of N;(B) by Proposition [1.5.27

First, we describe the free normalizers of D in C. Let g € Ny(D). Then g¢(s) is a
normalizer of M;(C) and thus a generalized permutation matrix for each s > 0. Since
g(0) € ClI, it follows by continuity that the off-diagonal entries of g(s) tends to 0 as s — 0.
g(0)? = 0 implies ¢(0) = 0.
hir hag
ho1 hao

Given that h is a normalizer of B, a straightforward computation reveals the following:
For s > 0,

Similarly, we show that if h = ( > € N¢(B), then h(0) = 0.
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(1) hi11(s) and wihoo(s)w; are free normalizers of D(s). Consequently, hq1(0) = hae(0) =0
by the property of the free normalizer of D.

(ii) Both hia(s)ws and wihg(s) are normalizers of D(s) within C(s).

Suppose h(0) # 0 and hy2(0) # 0. By continuity of hjs, there exists 6 > 0 such
that [|haa(s)]| = [1ha2(0)]| < h12(0) — hua(s)]] < P22 for [s| < 6. So, |[hua(s)]| > 2

V2
and |(hia(s))ij| < P20 for j £ j and |s| < § since h2(0) € CI,. Choose 0 < s < &
I
such that wy, = ( \/51 \?) Since hia(sg)ws, is a normaliser of D(sp), it must be a
V2 V2

generalized permutation matrix. Given that 0 < sy < 9, there is at least one entry of
hy2(sp)ws, with a modulus of at least M\/%O)H. Consequently, due to the choice of wy,, we
have hia(s0) = (hi2(s0)ws,)w;, has at least one off-diagonal entry of modulus greater than

IIhlxz/(EU)IIL = 12200 This is contradiction. Hence h(0) = 0. Similarly, if ~(0) # 0 and

ha1(0) # 0 lead to a contradiction.

S

The function g € A defined by g(s) = L ) lies in Ker(P) and satisfies ¢g(0) # 0.

0
0 0

Therefore, it cannot be included in the closed span of the free normalisers of B in A.

Following the regularity idea in [8, Proposition 5.1], we prove the following:

Proposition 3.2.5. Let A == A(E, F, [y, /1) € 1-NCCW; and B = {(f,a) € A | f(t) €
k

@ Dy, (C) for all t € [0,1]}. Then B is a C*-diagonal of A.

i=1

Proof. Note that Condition (A2) ensures that if (f,a) € B, then a is a diagonal matrix. We
have that B is abelian, dim(B{) = Z f; for all s € (0,1), and dim(Byo}) = Z e;. Hence,

by Proposition [3.2.1, B has the umque extension property. Consequently, it is a maximal
abelian C*-subalgebra of A with a unique faithful conditional expectation P : A — B. Let
{F},w € C([0,1], M(C)) : 1 <m,m' < f;, 1 <14 <k} be such that F}, ., (t) is the matrix
unit f7,., of My, (C) for all ¢ € [0, 1]. Then, the conditional expectation P : A — B is given by

k k
the restriction of the canonical expectation of C([0, 1], @ M, (C)) onto C([0, 1], @ Dy, (C)):
i=1 =1
ko fi
= Z Z WhE: - forall h € A.

To see that P(h) € B for h := (f,a) € A, note that by Condition (A2) we get the following:

E} (0)h(0)F,,,, = F,1,(0)Bo(a) F,,, (0)

= £ (1 (Bl 1)) ) P
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l

= UFg(m)J(m) (O) (@(al ® ITZ)> Fg(m)a(m) (O)U*7

i=1
for some permutation o, and

= zkj ﬁj W oy (0) (Qla(az ® L)) F om0 = u (EZB(Ei(ai) ® Iri)> u*,

j=1m=1 i=1 i=1

where E; : M,,(C) — D.,(C) is the canonical conditional expectation. Similarly,

P(h)(1)=v (é(ﬂ(ai) ® ITZ.)> v

i=1
Next, we show the regularity of B in A. Let f € A. For any € > 0, there exists 6 > 0 such
that || f(t) — f(s)|| < € whenever |t — s| < §. Choose 0 < dp < § and 1 —§ < §; < 1. Then

k
Alse51 = C([b0, 01], F) and By, 5, = C([do, 01), DF), where DF := @Dfi((c)' Hence, there

exists g; € N. A, 51](3[50,51]> and non-zero scalars \; such that
I S lgo.60) — Z Aigil| < e (3.2.1)

By the definition of A, f(0) = fy(a) and f(1) = f1(a) for some a € E. Then, there exist
¢; € Ng(DFE) and nonnegative integers v; such that ||a — Y, v:¢;|| < €. By replacing € with a
smaller number if necessary, we can assume that the cardinalities of the \;’s and ~;’s coincide.
Since normalizers of DFE in E are generalized matrices, 5y(c;) and [31(¢;) are normalizers of
DF in F for each 7 by their definitions. Moreover, for each 7 =0, 1,

If(r Z%@T ¢)|| = 18-(a Z%BT )|l <e (3.2.2)
Define g, : [0,1] — F by
Lgi(00) + (1= £) Epo(c) if t € [0, ),

15 0i(01) + (1 - 11,;;1) L) ift € [01,1].

Then g,;(0) = 50< ,) and g;(1) = p (%C,) Therefore, g; € A and it is a sum of two
normalizers of B in A. For ¢ € [0, do],

1) = S Agi 0 = 170 = S (goto0) + (1= ) {len) |
<70 = S X )l +170) = (e
< 116) = @) + 155 Z)\zngSo | +1£0) = FO)
+1£(0) Z%ﬁocz

< be.

Similarly, we can show the above approximation for all cases to conclude that || f —>; \ig;|| <
5¢, and hence B is regular in A. |
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3.3 (*-diagonals of Inductive Limits of 1-dimensional
NCCW complexes

Throughout this section, we assume A = A(FE, F, fy, /1) € 1-NCCW; satisfies conditions (A1)
and (A2). We begin by generalizing the notion of maximally homogeneous *-homomorphisms
between matrix algebras over 1-dimensional CW-complexes, as introduced by [33], to 1-
dimensional NCCW complexes. We then examine some limitations associated with this type
of morphism for 1-dimensional NCCW complexes. Finally, we establish the existence of
C*-diagonals in certain inductive limits of 1-dimensional NCCW complexes.

Let A == A(E,F, By, 1) € 1-NCCW; and let ¢ : A — M,(C) be a *-homomorphism.
Then there exists a unitary v € M, (C) such that

o(f,a) =udiag (a(01) @1, ...,a(d) @I, f(w1), f(wa),..., f(w.),0s)u", (3.3.1)
k
where wy, ..., w, € 11(0,1);. We define the spectrum of ¢ by
i=1
Sp(¢) = {077,052, ..., 6, wy, wa, ..., w, }. (3.3.2)

Let (X, d) be a metric space. We say two finite sets X; = {wy, ws,...,w,} C X and
Xi = {w},w),...,w,,} can be bijectively paired within > 0 if m = n and there exists a
permutation o such that d(w;, wg(i)) <nforalll <i<n.

While it is not always possible to pair the spectra of any two *-homomorphisms from
A= A(E,F, By, $1) € 1-NCCW; to M, (C) within a given n = %, where m is a positive
integer, we can pair some subsets of their spectra under some mild constraints.

Lemma 3.3.1 ([47, Lemma 2.3]). Let A := A(E, F, 5y, 1) € 1-NCCWy, m be any pos-
itive integer, € be any positive real number less than 1, and let ¢, : A — M,(C) be
*~homomorphisms. If Eig(¢(h)) E] and Eig(¢(h)) can be bijectively paired within e for all
h € H(n), where 1 := L then for each i € {1,2,...,k}, there exist X; C Sp(¢) N (0,1); and

m

X! C Sp(v) N (0,1); satisfying the following conditions:

(i) X; and X/ can be bijectively paired within 27,
(i) Sp(¢) N[0, 1 —nli € X; and Sp(y) N [n, 1 —nl; C X].

By the Weyl spectral variation inequality [10], ||¢(h) — ¥ (h)|| < € for all h € H(n) is
sufficient to establish the bijective pairing of Eig(¢(h)) and Eig(y(h)) within e.

Following [40, Definition 2.2, we extend the concept of maximally homogeneous *-

homomorphisms to maps between two C*-algebras A, B € 1-NCCW,.

Definition 3.3.2. Let A, B € 1-NCCWj. A unital *~homomorphism ¢ : A — B is called
maximally homogeneous if, for any p € Sp(B), every element of Sp(¢,) has multiplicity at
most one, where ¢, = p o ¢.

1Set of eigenvalues of ¢(h)
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Example 3.3.3. Let A = A(E, F, 3y, 31) € 1-NCCW; with F := C3 F := M,(C), and

aq 0

Bo(ay, as, as) = <0 ) and (a1, as,a3) = <C(L)2 O) . (3.3.3)

as as

The *-homomorphism ¢ : A — C(]0, 1], M3(C)) defined by
aq 0 .
ftelo,i
(0 f(t+;)) it e (03]
00 1
01 r(t=3) o
10 0 a

is a maximally homogeneous *-homomorphism.

¢t(f> ((11, as, a3)) —

o O =

Let A= A(E, F, By, /1) € I-NCCW; and ¢ : A — M, (C) be a unital *~homomorphism.
By grouping the §;’s and using (3.1.4) and (3.1.5), we can reformulate (3.3.1) to have a

unitary v € M, (C) and

o(f,a) = vdiag (a(6) @ Ty, al0r) @ Ly, f(wy), flu),..., f(w,)) " (3.3.5)
’ !/ k !

with wy,...,w,) € I1[0,1]; and 0 < 's; < s;. In this case, we denote
=

(2

’
! ’

sp(@) = {677,652, .., wy, wy, ... w ) (3.3.6)

We use an idea of [48, Lemma 3.5] to prove the following:

Proposition 3.3.4. Let A .= A(E,F, [, 1) € 1-NCCWy, ¢ : A — M,(C) be a unital
*~homomorphism, and sp(¢) as in (3.3.6). Then ¢ is a limit of maximally homogeneous
*-homomorphisms if and only if s; =Qorlforalll<iq<l|.

Proof. Suppose ¢ is a limit of maximally homogeneous *-homomorphisms. Choose a

I i k I
positive integer m such that wy,...,w, € ] [%, 1-— %} , where w; € sp(¢). Set n = g
i=1 i

Then, there exists a maximally homogeneous *~homomorphism 1 : A — M,,(C) such that
|¢(h) — (h)|| < 1 for all h € H(n). By Lemma [3.3.1] there exists [n,1 —n]; C X; C
Sp()N(0,1); for each i € {1,2,..., k} such that Sp(¢)N(0, 1); and X; can be bijectively paired
within 2n. Let w; : X; — Sp(¢) N (0, 1); be the map that defines the bijective pairing. Define
a new *-homomorphism ¢ : A — M, (C) from 1) by changing all w € ((0,7); N Sp(¥)) \ X;
to 0;, all w € ((1 —n,1); N Sp(y)) \ X; to 1;, and all w € X; to w;(w). Then

Sp(#) N (0,1); = Sp(y1) N (0,1); (3.3.7)

for each i = 1,2,...,1. For each [0, 1];, choose positive integers a;, b; such that 1 < a; <
a; +2 < b, < 8nn and
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Sp(o) N (am, bin); = Sp(¥) N (am, bin); = 0.

For a test function h; of type 1 corresponding to {6;}U [I [0,am|;U 11 [bin, 1],
{ilas;7#0} {ilBi;#0}
@(hj), ¥(h;) are projections, and

U(hy) = ¢u(h;) and  [lo(h;) — ¢ (hy)]| <1 (3.3.8)

for each j = 1,2,...,k. (3.3.7) and the inequality in (3.3.8) ensure Sp(¢) N Sp(E) =
Sp(11) N Sp(E). By construction of 17, the groupings of Sp(¢) N Sp(E) yield 0;’s, 1;’s
(1 <i < k) and elements of Sp(E) N Sp(v). Hence, the result holds.

Conversely, consider ¢ in the form of (3.3.5)) and suppose s; = Oor1 for all 0 < i < [.
Given a finite set F and € > 0, there exists a § > 0 such that dist(x,y) < § implies
| f(z) = f(y)]| <eforall (f,a) € F. A *-homomorphism ¢ : A — M, (C) can be defined by

k k

substituting points in Sp(¢) N I [0, 1]; with distinct non-zero points in [] (0, 1); within J.
i=1 i=1

This v is maximally homogeneous and satisfies ||¢(h) — 1 (h)|| < € for all h € F. i

Example 3.3.5. Let A be as in Example[3.3.3] The *-homomorphism ¢, : A — M3(C) defined
by ¢o(f, (a1,as,as3)) = diag(ay, f(1)) is homotopic to the *-homomorphism ¢, : A — M3(C)
defined by ¢1(f, (a1, az,a3)) = diag(ay, f(0)). Notice that ¢y is maximally homogeneous,
while ¢, is not. Therefore, homotopy to a maximally homogeneous *-homomorphism does
not guarantee maximal homogeneity.

Unlike unital *-homomorphisms between matrix algebras over 1-dimensional CW-complexes,
not every unital *~-homomorphism between two C*-algebras A, B € 1-NCCW, can be approx-
imated by a maximally homogeneous *-homomorphism. In fact, there may not exist any
maximally homogeneous *-homomorphism between two 1-dimensional NCCW complexes, as
the next example highlights.

Example 3.3.6. Recall the dimension drop algebra
Zpq =1{f € C([0,1], Mpy(C)) : f(0) € M @ I, and f(1) € I, ® M,} (3.3.9)

is a 1-dimensional NCCW complex with E = M, & M,, F' = M,,, fo(a,b) :=a ®1,, and
Bi(a,b) =b@ 1,
Hom(Z5 3, Z55) is non-empty since it contains a *-homomorphism ¢ : 25 3 — Z5 5 defined
by
([, (a, b)) =y - diag(a @ I, f(t)) - uy, (3.3.10)
where u; € C([0, 1], Myo) defines a continuous path of unitaries from the identity matrix to
the permutation matrix
12 02><2 02><3 02><3
O3x2 O3x2 I3 Osxs
O Iz O2x3 Oa2xs
Osx2 O3x2 Osxs I3
However, there is no maximally homogeneous *-homomorphism from Z; 3 to Z, 5 due to the
boundary conditions of Z5 3 and Z5 5.
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The following example demonstrates that the approximate maximal homogeneity of each
¢, for a unital *~homomorphism ¢ between 1-dimensional NCCW complexes does not ensure
the approximate maximal homogeneity of the *~homomorphism itself.

Example 3.3.7. Let A= A(E, F, 3, 31) with E = C3, F := M;(C), and

50(a1’a2’&3) — diag(al,az,%)a 51(a1,a2,a3) = diag(abalaaQ). (3311)
Define ¢ : A — C([0, 1], My(C)) by
aq 0 i
. f (l _t)) ift € [07%]7
2
000 1 0100
, \a1,02, Q4 = e
¢e(f, (a1, az, as)) 1 00 0f (a3 0 0010 if t € [1,1] ( |
010 0[\0 F(3-%))]0o 001 L.
0010 1 000

Then every ¢, is a maximally homogeneous *~-homomorphism except for ¢1, which is only
approximately maximally homogeneous. Suppose ¢ is the limit of maximalfy homogeneous
*-homomorphisms. Choose a fixed finite set F and § > 0. Then, there exists a maximally
homogeneous *-homomorphism ¢ : A — C([0, 1], M, (C)) satisfying ||¢(h) — (k)| < ¢ for all
h e F.

It follows that

[¢o(h) — vo(R)|| <& and [|¢1(h) — i (h)] <& (3.3.13)
for all h € F.

By choosing 0 sufficiently small if necessary, we can assume ¢y and v (using (3.3.13)))
are of the same form as ¢g and ¢; with variations in the evaluation points of f. Moreover,
the maximal homogeneity of ¢ implies that for each t € (0, 1),

a; 0 *
o (f ay, az, as)) = U (0 f(w)> U

for some unitary matrix U and some w € (0, 1). Set g := (diag(0,0,1 —¢),(0,0,1)) € A.
Define
S ={dulg) : t €0, 1]},
S1={Ui(g) : t € [0,1]} N {Vdiag(1,0,0,1 —t)V*: V € U(M4(C)),0 < t < 1},

and

So = {(g) : t € [0,1]} N {Vdiag(0,0,0,1 —t)V*: V € U(M4(C)),0 < t < 1}.

Then, S = S; U S,. Notice that S; NSy = () since matrices in S; always have eigenvalue
1 while matrices in Sy never have such an eigenvalue. Therefore, S = {ix(g) : t € [0,1]} is
not connected, and 1 does not exist. Hence, ¢ is not a limit of maximally homogeneous
*-homomorphisms.
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Given the aforementioned limitations of maximally homogeneous *-homomorphisms
between 1-dimensional NCCW complexes, it is evident that these maps cannot play the same
role as maximally homogeneous *-homomorphisms between matrix algebras over 1-dimensional
CW complexes in the classification of inductive limit C*-algebras [44) 33] and inductive limit -
diagonals [46]. Thomsen [75] showed that maximally homogeneous *~homomorphisms between
matrix algebras over 1-dimensional CW complexes are standard maps. We will now present a
variation of these standard maps for 1-dimensional NCCW complexes. This variation differs
slightly from the one discussed in [I], generalizes the one considered in [75] and is the same
as the one implied in the work of [4§].

Definition 3.3.8. Let A = A(E, F, (3, /1) € 1-NCCW; and ¢ : A — C([0, 1], M,(C)) be a

*-homomorphism. We call ¢ an n-standard map if there exists an n-partition I; = [z, 1], [ =

(21, 2], . .., Iy = [Zn_1, 2a] Of [0,1] with 2y = 0 and z, = 1, and unitaries u(™ € C(I,,,, q( )
such that for allhe Aand t € [,
ho g™ (1)

ho&™(t)
i (h) = u™ (1) u™(t), (3.3.14)
ho & (1)
0.

where £™ € C(In,sp(A)) and m=1,2,...,n
Remark 3.3.9. (a) Recall that if h:= (f,a) € A, then h(5;) == a(d;) and h(t,i) = f(¢,1).

(b) The number and nature of the eigenfunctions ffm) depend on the subinterval [,,, and
may not be the same for all m =1,2,... n.

(c) Let U : [0,1] — M,(C) be defined by

m)(t) if ¢ N fi =1,2.....n—1
U(t)::{“ (t) A€ [z, 2m) form =1,2,...,n 1, (3.3.15)

u™(t)  ift € [z, 1, 2]
Then U is a piecewise continuous function of unitaries.

Definition 3.3.10. Let A = A(E,F, 5y, 1) and B = B(E', F',ap,a;) € 1-NCCW;. A
*-homomorphism ¢ : A — B C C([0, 1], F’) is an n-standard map if for each i = 1,2,... K/,
the map

qgioo: A—>C’([0,1],Mf{((C)) (3.3.16)
is an n-standard map, where
v K
= @Me;((j), F' = @ij/(@), (3317)
i=1 j=1

and ¢; : B — C([0, 1], My(C)) is the natural projection map.
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Example 3.3.11. The *-homomorphism ¢ in Example is a 2-standard map with
U :[0,1] = M3(C) defined by

100
01 0| iftelo,i]
Ut) = 00 1
100
00 1| ifte(s,1]
010

The next lemma shows the existence of a 3-standard map connecting two close unital
*-homomorphisms.

Lemma 3.3.12 ([48, Theorem 3.5]). Let A = A(E. F, 5y, 1) € 1-NCCW,, F C A be a
finite set, and € > 0. There exist 1, 7y, and § > 0 such that if ¢g, 1 : A — M, (C) are unital
*-homomorphisms satisfying:

(1) llpo(h) — @1 (R)|| < 1 for all b € H (1),
(ii) [|¢o(h) — ¢1(R)|| < 2 for all h € H(n) U H(n).

Then there exists a unital 3-standard map ¢ : A — C([0, 1], M,,(C)) connecting ¢y to ¢; such
that

16:(f) — do(F)l <€ VfeF, tel01]. (3.3.18)

k
Moreover, for each u € (Sp(¢o) U Sp(¢1)) N 11(0,1);, we have
i=1

Bun, () € |J Sp(en),

te(0,1]

k
where By, (1) == {v € 11[0,1]; : dist(v, ) < 41 }.

=1

Proof. The full details are in [48, Theorem 3.5]. Here, we state the form of the 3-standard
map.

/

Take 6,7, m, and Sp(¢) N[n, 1 —mli C X; C Sp(¢o) (0, 1)i, Sp(dr) N[, 1=mli € X;
Sp(¢1) N (0,1); such that X; and X, can be bijectively paired within 2n; fori =1,2,...,
(see [48, Theorem 3.5]). Denote the one-to-one correspondence by A; : X; — X;.

There exist unitaries Uy, Uy € M, (C) such that

¢o(f;a) = Updiag (a(01) @1y, a(0) @ Ly, f(wr), f(ws), ..., f(w:)) Uy, (3.3.19)

C
k

and

61(f,a) = Uy - diag(a(6)) ® 1y, ..., a(6) @ Ly, f(c1), f(ca), ..., fleg))UT, (3.3.20)
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k
with wy,, ¢; € 11(0,1);.
i=1

k
For each w,,, € Sp(¢)N(0,1);, define a continuous map £ : [0, %] — T1(0,1); satisfying:
i=1

Oz‘ if Wy, € (O, 771)2 \ Xi7
(i) &0 (3) = S Alwn)  if wy, € X,
12' lf W, € (]-_771’1>1\Xza

() Tm(€10) = B () = {0 € LT[0, 1) | dist(w, w) < 4}

k
Similarly, for each ¢; € Sp(¢o) N (0,1);, define a continuous map 63(3) : [2,1] — 11(0,1),

i=1
satisfying:

Oi if Cj € (0,771)1 \ Xi,
(i) &7 (3) =1q¢ ifeeX,
1, ifc;e(l—m, 1)\ X;,

(iii) Tm(E”) = Bay, (¢;) = {c € ,ﬁl[o, 1); | dist(c, ¢;) < 4m}.

Define £ : [, 2] — [15.,(0,1); by £2(t) = &P (3) for m = 1,2,...,r. Finally, ¢ is of the
form:

(t) diag(a(d) © L,, .. a() @ L, F(E7 (1), FED @) uP(t) it e [0,5],
(a6

Ou(f,0) = {u(e) ding(a(d) @ L, a(0) © T, FED (), SEDE)) w0y e[} 2],

u®(t) diag(a(81) @ Ly, a(8) @ Ly, S (1), FEP @) u®(0) it t € [3,1],

where u(V) € C([0, 1], M,(C)) and u® € C([%,1], M,,(C)) are constant functions defined by
uM(t) = Uy for t € [0, 1] and u®(t) = U; for ¢ € [£,1]. The function u® € C([3, 2], M,(C))
defines a continuous path of unitaries from Uy to U P for some permutation matrix P. We

define the associated piecewise continuous function U : [0, 1] — M,,(C) by

)
) (3.3.21)

J

uV(t) ift €0,
Ut) =u@(t) ifte]
u®(t) ifte]

Y

— Wl Wi

Y

WIN ol
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Note that the two forms of gb% above coincide, and there exists a permutation matrix ) €
M, (C) such that ding (a(6) @ L., .., a(d) @1, fEP (D)., FED(L))) = @ diag(a(sy)
L,,...a0) @5, f(E7(2),.... F(EP(3) Q" by construction. N

Remark 3.3.13. Let V : [0,1] — M, (C) be a piecewise continuous function defined by

I, ifte[o l)
V(t)={L, ifte |} 2),
3717

Q ifte
where () is the permutation matrix referenced in Lemma [3.3.12] and U is defined as in
(3.3.21)). Let W : [0,1] — M, (C) be defined by W (t) := V(¢t)U(¢t)*.

Then, from the construction of the 3-standard map in Lemma [3.3.12] we obtain a
*-homomorphism 6 : A — C([0, 1], M,,(C)) defined by

diag(a(0) ®1,,,...,a(0) ® L, F(&"(1)),..., F(EV())) itte o),

et(fv a) :

diag(a(0) ®1,,,...,a(d) ® L, f(&7(3)), ... F(EP(3))) ittell?),

Q diag(a() ® L. a(8) © L, SV (1)), FEP (1) Q" ift e [3.1]
and satisfying ¢, = W (¢)8,W (¢)* for all ¢ € [0, 1].

Following some of the arguments presented in [48, Theorem 3.6], we prove the following
result.

Theorem 3.3.14. Let A .= A(E,F, Py, 1), B = B(E', F',ap, 1) € 1-NCCWy, F be a
finite set, and € > 0. Let ¢ : A — B be a unital *~homomorphism. Then there exists a unital
n-standard map ¢ : A — B such that ||¢p(h) — ¥ (h)|| < € for all h € F. If ¢ is injective, then
1 is also injective.

k
Proof. Set d = f and consider ¢ : A — B C C([0, 1], M4(C)). Without loss of generality,
we assume 0 < € < 1. Then apply Lemma [3.3.12) m 2 for A, £, My(C), and the finite set F to

y 9
obtain 7y, 0, and 8. Since H(n) U H(n) U H(n,) is finite, there exists &' > 0 such that for any

i and any w,w’ € [0, 1]; with dist(w,w") < ¢’, we have

o)~ bul <min {5, 34 Ve HO)UAMUHG).  (332)

For each i, consider an m-partition 0 = 2y < z; < ... < 2z, = 1 of [0, 1]; with dist(z] 1 zj) <
for y = 1,2,...,m. Denote the dividing interval []’: = [zj_1,%); for j = 1,2,...,m and
i=1,2,... k.
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For a fixed i € {1,...,k'}, set w;_; == (2;j_1,1) for each j = 1,2,... ,m. Let ¢, be as in
(13.3.19) and ¢, be as in (3.3.20). By (13.3.22)) and the proof of Lemma |3.3.12, we obtain a
3-standard map ¢ == [ : A = C(I}, M, (C)) satisfying

. 6 .
() = bl < 5 VFEF, 2€ 1, (3.3.23)
; k
with ¢ = @y, VL = ¢y, and for each p € (Sp(yLl) U Sp(vil)) N Hl(O, 1),, we have
q:

By (1) € U Sp(ih). (3.3.24)

tEIl

By repeating the process for each j = 2,...,m, we similarly obtain, from the proof of
Lemma [3.3.12} 3-standard maps ¢ == |, : A = C(I}, M (C)) satisfying
J 1

(i) 2= buy, and 1/)” = ¢u, for each j =2,... ,m,

(ii) For each j = 2,...,m, we have that

192 (f) = bu,_, ()] < g VfeF, zel. (3.3.25)

. k
(iii) For each j =2,...,m and each € (Sp(¢¥ ) USp(4?)) N 11 (0,1),, we have
=1

By, (1) € U Spwi). (3.3.26)

tEIl

It follows from ([3.3.22)), (3.3.23), and (3.3.25|) that
s ()

for all f € Fand all j =1,2,...,m. We can fit all the ¥ := 9| together to define a
3m-standard map ' : A — C([0,1], M (C)). For each §, € Sp(E’) and h € A, define

i (Pl <e (3.3.27)

s, (h) = ¢s,(h) forall h € A, (3.3.28)

where ¢s = 6, o ¢. Using (3.3.28)) and combining all the 1!, we define a 3m-standard map
¥ : A— B, since ¢,(h) =1.(h) for all 7 = 0,1 and h € A. We obtain from (3.3.27)) that

10(f) = o)l <e (3.3.29)
for all f € F.
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Next, we prove that if ¢ is injective, meaning that Sp(¢) = U Sp(¢,) = Sp(4),
neSp(B)

k k
then the map v defined above is also injective.Let vy € I1(0,1); and set V := {v € [](0,1); |
i=1 i=1

dist(v,v9) < m} and Y := I[(0,1);. The injectivity of ¢ implies that
i=1

V C Sp(qb) = U Sp(¢u) U U Sp(¢u)

ney neSp(E’)
Hence, VN U Sp(¢,) contains infinitely many points. Suppose vy € (0, 1), for some r and
ney

choose v1 € VN U Sp(¢,) N[, 1 —m].. Then vy € Sp(¢,) for some =z € I]’ By (3.3.22),
BEY

|¢=(h) — duw,;_,(R)|| < 1 for all b € H(n). It follows from Lemma m that there exists
Uy € Sp(@w,_,) such that dist(vy, ve) < 2m;. Consequently, we get that

d(vo, va) < d(vo,v1) + d(v1,v2) < mu+ 2 = 3,

k

and vg € By, (v2) C U Sp(¢) by (3.3.26). Since vy is arbitrary, [1(0,1); C Sp(¢).
tel] i=1

For vy € (0,m1);, we have
d(0;,v9) < d(0;,v9) + d(vo, v2) < 4n;.

Similarly, for vy € (1 —my, 1),
d(1;,v9) < d(1;,v0) + d(vg, v2) < 4ny.

Hence, 0; and 1; are in By, (v2) € U Sp(¢y), and thus 0; and 1; are in Sp(¢) for all
tel!
i =1,2,...,k. We conclude that Sp(E) C Sp(¢) and Sp(¢)) = Sp(A). Therefore, ¢ is

injective. |

Let A= A(E,F, 3y, ) and B := B(E', F',ag, 1) € 1-NCCWy, and let ¢ : A — B be
a unital n-standard map. As illustrated in Remark [3.3.13] there exists a piecewise continuous
function W : [0, 1] — U(F") of unitaries and a *-homomorphism 0 : A — C([0, 1], F’) such
that ¢, = W ()0, W (t)* for all ¢t € [0, 1]. Moreover,

ho&™ (1)
)
0i(h) = Q roe . Q' (3.3.30)
hog,&"%)(t)

for all h € A and all ¢ in some dividing interval I,,,, where fz(m) € C(I,,Sp(A)) and @ is a
permutation matrix in £’. We call # the D-map of the n-standard map ¢.

We denote the set of piecewise continuous function from [0, 1] to a finite dimensional
Cx-algebra F' by PC([0,] — F'). For a piecewise continuous function W : [0, 1] — U(F"), we
define a piecewise continuous function W* : [0, 1] — U(F") by W*(t) = W (t)*.



3. C*-DIAGONALS OF INDUCTIVE LIMITS OF 1-DIMENSIONAL
NONCOMMUTATIVE CW-COMPLEXES 72

Lemma 3.3.15. Let A and B be 1-dimensional NCCW complexes with K;(A) = 0, and
let ¢,1 : A — B be *~homomorphisms. If 7o ¢ and 7 o 1) are unitarily equivalent for every
7 € Sp(B), then ¢ and v are approximately unitarily equivalent.

Proof. By [63, Theorems 1.0.1 & 3.2.2], it suffices to show that Cu(¢) = Cu(v). Let
B = B(E,F, By, [1). Forany h € A, and 7 € Sp(B), m o ¢(h) and 7 o ¢»(h) have the same
rank since 7 o ¢ is unitarily equivalent to m o ¢). Hence, by a slight abuse of notation, we

can write the Cuntz semigroup elements as [m; o ¢(h)] = [ o ¥(h)] for all t € [0,1], and
[ @ mo¢(h)=] @ mwo(h)]. Therefore, by the definition of Cu(B) (see Theorem

nESp(E) mESp(E)

3.1.7)), we obtain that Cu(¢) = Cu(v), and the result follows |

Next, we extend [67, Theorem 3] using a similar line of reasoning.

Theorem 3.3.16. Let A = A(E,F,By,51) and B = B(E',F',ap,a1) be elements of
1-NCCW; with trivial Ki-groups, and let ¢ : A — B be a unital n-standard map. Assume
W and 0 : A — C([0,1], F") are the piecewise continuous function and the D-map associated
with ¢, respectively. Then for any € > 0 and finite set F C A, there exists a unitary H € B
and a unital n-standard map 1 : A — B such that:

(i)
Y= WOW(H), (3.3.31)
where W € C(]0, 1], F”) such that W(0) and (1) are permutation matrices.

(i)
lo(f) — HY(f)H"|| < e forall f e F. (3.3.32)

Proof. Let §; € Sp(B) N Sp(E’) and (f,a) € A be arbitrary. Then there exist unitaries
Vi € M(C) such that

80 ¢(f,a) = V; diag (a(6) ® 1, ...,a(0) @ Ly, f(23), f(x}), ..., f(al)) V7' (3.3.33)

l/
Using (3.1.3)), we can identify ¢(f, a) with ((b(f, a), ci), where ¢; == 0, o ¢(f,a). Note that
i=1

¢o(f,a) = W(0)0o(f,a)W*(0), (3.3.34)
= (é} Ci) : (3.3.35)
~ (é;(q ®Im)) p* by B14), (3.3.36)

where p is a permutation matrix. Substitute the form of 8y from (3.3.30]) and ¢; from (3.3.33
into (3.3.34) and (3.3.36|), respectively. Since the spectrum of ¢q in (3.3.34]) and (3.3.36

must coincide, there exists a permutation matrix Sy € F’ such that

=1

v
Sobo(f,a)Ss=p (@(Vl*cﬁ/; ® In)) P (3.3.37)
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Similarly, there exists a permutation matrix S; € F” such that

ll
S1601(f,a)ST = q (@(%*CM ® Isi)) q, (3.3.38)

=1

where ¢ is a permutation matrix associated with oy as in (3.1.5). Let W € C(][0,1], ")

define a continuous path of unitaries in F” connecting Sy to S;. The *~homomorphisms A —
l/

C([0,1], F') that map h € A to WO(h)W* and A — E’ that map h € A to @ V;*(0; 0 ¢(h))V;
i=1

define a map ¢ : A — B satisfying

Py =W IWV(E)* vt € [0,1]. (3.3.39)
¥(h) € B, and 1 is a well-defined *-homomorphism since

l/

l/
Qg (@ Vi*ciVi) = Sobp(h)S; and o (@ Vi*Cin') = 5101(h)S;
i=1

=1

for all h € A. By the definitions of ¢ and 1, m o ¢ is unitarily equivalent to 7 o ¢ for all
7 € Sp(B). The second part of the theorem follows from Lemma [3.3.15] |

An easy application of Elliott’s intertwining argument gives the following:

Lemma 3.3.17 ([61], 2.3.46]). Let A := liin(An, ¢n) and B = li_1>n(An,1/1n) be inductive limit
C*-algebras, where each A, is a unital C*-algebra and the connecting maps ¢,, and 1, are
unital *-homomorphisms. If each A, is finitely generated, and ¢,, is approximately unitarily
equivalent to v, for every n, then A = B.

Theorem 3.3.18 ([45, Theorem 1.10]). For each n, let B,, be a C*-diagonal of a C*-algebra
A, N, = N4, (B,) the normalizer of B, in A,,, and P, : A, — B, the faithful conditional
expectation of A, onto B,. If ¢, : A, — A, 1 is an injective *~-homomorphism satisfying
¢n(Bn) C Bpy1, ¢n(Ny) C Npy1, and Poyq 0 ¢, = ¢, 0 P, for all n, then lgn(Bn,¢n) is a

C*-diagonal of ligl(An7 On).

We are now ready to prove the main theorem of this chapter.

Theorem 3.3.19. Given a unital, separable C*-algebra A = liLn(An, ¢n), where each A, is

an element of 1-NCCW; with trivial Kj-groups, if the connecting maps ¢,, are unital and
injective, then A has a C*-diagonal.

Proof. Let A, = A, (E,, F,, 5, 87). For any € > 0, n, and finite set F C A,, it follows
from Theorem that there exists an injective unital m,-standard map ¢, : A, — A1
such that

pn(a) — Cu(a)]| < % , forall aeF. (3.3.40)

Let 6,, be the D-map of (,,. By Theorem [3.3.16| there exists an injective unital m,,-standard
map ¥y, : A, = Apy1 described by W, 110, W, + A, — C([0,1], F,41) and 7, == T 0 1y, :
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A, = E,.1 , where W,..1 € C([0,1], F,,;1) with W, 11(0) and W,;1(1) being permutation
matrices. Moreover,

[Gua) — Huton(a) 3 < 5 (3.3.41)

for some unitaries H,, € A,,1 and all a € F. Combining and , we conclude
that ||¢n(a) — Hyon(a)HY|| < € for all @ € F. Hence, ¢, is approximately unitarily equivalent
to an my-standard map v,,. Since 1-dimensional NCCW complexes are finitely generated [31]
Lemma 2.3], we have that A = h_r)n(An, Y,) by Lemma [3.3.17]

We adopt a slight modification of the technique described in [45, Remark 4.1] to further
transform A into an inductive limit C*-algebra with connecting *-homomorphisms that
preserve the C*-diagonals of each building block.

Regard 6, : C([0,1], F,) & E, — PC(]|0,1], F,,+1) as an extension of 6, : A, —
C([0,1], F,,41). For each n and s € [0, 1], let

k
(i) Q,(s) C (0,1) be the finite set Sp(ms 0 ¥,,) N [1(0,1);, ignoring multiplicity and index.
i=1
k
(ii) X, C (0,1) be the finite set Sp(m. o 1,,) N I1(0, 1);, ignoring multiplicity and index.
i=1

We proceed by selecting unitary W, € U(C([0,1], F,,)), unitary Z,+1 € U(C([0,1], Fotq)),
and piecewise continuous function of permutation matrices C,,41 € PC([0, 1], F,,11) such that,
for all n, W,,(s) =1 for all s € (2,(0) UQ,(1) UX,), W,(t) is a permutation matrix for each
t €{0,1}, Zpi1(t) = Wyaa(t) for t € {0,1}, and Wiy = Cpr10, (W, 1) Z .

Define W; := 1. If W,, and Z, have been chosen, then 6,,(W,,I,) may not be in
U(C([0,1], Fr41)). However, W, (t) being a permutation matrix for each ¢t = 0, 1 ensures the
existence of a piecewise continuous function of permutation matrices C, 1 € PC([0, 1], F,,11)
such that C,16,(W,,1,) is unitary. Pick Z,,; € U(C([0,1], F},+1)) such that Z,1(t) =
Wit (t) for t € {0,1}, and

Zni1(8) = Cpy1(8)0, Wy, 1,)(s) Vs € (2,00 UQ,(1)U%,). (3.3.42)
Moreover, set
Wit = Crop10n (W, 1) 20 (3.3.43)
and
A, = A(E,, F,,ap,a}), (3.3.44)

where af == W, (t)BrWi(t), and t = {0,1}. Let ¢, : A, — A,,1 be a *~homomorphism
defined by *-homomorphisms Z,116, 72, : A, = C([0,1], F,,11) and 7.

Similarly, let ¢, : A, — A, be a *homomorphism defined by the map 6, =
Cp10,Cr iy Ay — C([0,1], Fryq) and 5, : Ay, — Eyyq, where 7, (f, a) = v, (W) fW,, a). 0,
is a well-defined *-homomorphism since, if (f,a) € A,, then

(1) Wo(t)*f(t)W,(t) = B (a) for t =0, 1, and so (W) fW,,a) € A,.
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(i) 0,(f,a) = Cr10n(Wy, 1) 0, (W fWy, )0, (W, 1,)Cr .

(iii) 0,.(f,a) € C([0,1], F,11) since Cpy160,(W, 1), 0, (W fW,,, a), and 6,(W;, 1,)Cx
in C([0,1], Frq1).

41 are

Using (i3.3.43)), we obtain the following commutative diagram:

b,

An —_— An—i—l
Ad(W,) & id [ l Ad(Wpiy) ®id

Ay———>14

Pn

n+1

Notice that A, satisfies conditions (A1) and (A2). Using a similar argument as in the
beginning of the proof and the commutative diagram above, we conclude that

A lim(A,, ) = lim(A,, §,) = (A, 5,).
Now, we show the existence of a C*-diagonal of A. Let
B, ={(f.a) € Ay : f(t) € DF, V t € [0,1]},

where DF,, is the set of diagonal matrices of Fj,. liecall that f?n is a C*-diagonal of A, for
all n by Proposition Using the definition of v, and 6,, (see (3.3.30)), it is evident that

. @n(én) C B, for all n.

e« Un(N,) C N4 since the normalizers of B, are of the form (f,a), where f(t) is a
generalized permutation matrix.

e P10 @En = @En o P,, where P, is the canonical conditional expectation described in
Proposition [3.2.5]

By Theorem [3.3.18], we conclude that li_r}n(én, @n) is a C*-diagonal of A.
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