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The variational method is an effective tool for solving complicated. differ- ‘
ential equations for which exact solutions are not available. The Galerkin
method is known to be one of the most rapidly converging methods and

has been applied successfully in the past for the solution of many types

of lmea.r differential equations in a.pphed mechanics. In the present study, .
“the suitability of the method for solution of deflection, stability and free

%Dration analysis of plates of variable thickness is investigated

The effects of the taper parameter and the plate aspect ratio on behaviour
of plates of variable thickness are presented. It is shown that the stiffness
of the plate of variable thickness tends to increase with increase in taper
parameter and aspect ratio. The parameters taken into consideration for
the analysis of the problem under investigation are the plate aspect ratio,
taper parameter and load ratios. To determine the center deflection of
plates of variable thickpess on elastic foundation, various foundation moduli

were also taken into consideration.

The deflection of plates of variable thickness is expressed in term of poly-
nomuals satisfying the boundary conditions. The definite integrals involved
in the formulation of the Galerkin algebraic equations from the governing
differential equations are evaluated by using trapezoidal rule. This results
in a set of simultaneous linear hormogeneous algebraic equations in terms

of the coé¢fficients C;. The algebraic eigen-value problem is then solved for
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.eigen-values and eigen-vectors by using the Jacobi method. Convergence is
f. -
examined in many typical cases and is found to be excellent. -

- "Versatility, simplicity in formulation, quick convergence and effidency are
the obvious advantages of the method in comparison with other numerical
methods which are in use. Furthermore, the Galerkin method requires very
little computer memory space and computer time,xthus making it most

Il

suwitable for microcomputers. >
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Nomenclature

rectangular cartisian coordinates.

modulus of elasticity of isotropic material
Poisson’s ratio of isotropic matenal J
plate thickness at x=0 ™
plate thickness

taper pa.rameﬂ’é:;:

flexural rigidity of the plate at x = 0

™ EhJ
T 12(1-4)

flexural dgidity
D =Dy(1+ (;'c)s
lateral load per unit area

dimension of the plate in x and y direction respectively

a‘spect ratio of the plate (a/b)

" dimensionless foundation modulus K = %}
.dimensionless parameters in directional coordinate for

rectangular plate of variable thickness £ = z/a, n =y/b

normal forces in x and y directions

shear force parallel to x and y direction

bending moment in x and y directions respectively

torsional moment

torsional shear force per unit width in the direction

xz and yz planes respectively.
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Laplacian operator -

' loadratior=-z:

uency of the plate
mass per unit ce area of the plz;te

time

lateral deflection of the plate

[N
J

t

NG .

£



Contents .

-

Abstract

................................

Acknowledgements . . . . ... ..

Nomenclature

.............................

1 INTRODUCTION

1.2 Objective and Scope

----------------------

1.3 Qutline of thesis

2 LITERATURE REVIEW

...........................

2.2 Previous work

23 SUmMmMATY . .. . e e e e e e e e e e

3 GALERKIN METHOD

vii



P!

3.1 Imtroduction . . . . . . . . . o e e e e e

3.3 Galerkin method in eigen values problems. . . . . . . . Lo
3.4 Trapezoidalrule ... ... ..................
3.4.1 trapezoidal rule in on€ dimenston . . . . . .. .. ..

3.4.2 trapezoidal in two dimensions

-------------

4 DEFLECTION OF PLATES OF VARIABLE THICKNESS
22

4.1 Governing differential equations of plates of variable thickness
4.1.1 | Introduction . .. ... .. ... ...
4.1.2. f’la_.tes of variable thickness on elastic foundations . .
4.1.3 Boundary Conditions . . \\ ............

4.2 Method of solution

4.3 Discussions and Conclusion . . . . . . . . . . . . . . ...

BUCKLING OF PLATES OF VARIABLE THICKINESS

-

3.1 Governing differential equation . . . ... .. ... .....

5.2 Boundary conditions and the approximate displacement func-
15 Lo «

o
[4%)

Method of solution . . . . . . . . . . . .. .. ... .. ...

ig

19

20



¢ .

5.4 Discussion and Conclusions . . . . . . . . . o v v v ot .. 38

VIBRATION ANALYSIS OF PLATES OF VARIABLE THICK-

NESS 40
6.1 Introduction. . . . . . . . . . . . . . 41
6.2 Differential equation . . . . . ... ... ... 42
6.3 Boundary condition ... ............. ... ... 45
6.4 Method ofsolution . . . . .. . . . . e 46
6.5 Results and Coneclusions . . . . .. . ... ... N 47
CONCLUSIONS | 50
GALERKIN METHOD 61
DEFLECTION ANALYSIS 63
BUCKLING ANALYSIS &0
VIBRATION ANALYSIS 89
COMPUTER PROGRAMS 103

X



vdr

/

List of Figureé

Al

B.6

V4
Trapezoidal rule in om; dimension. . . . ... .. e e e 6:‘2
Trapezoidal rule in om; dimension, general case . . . ... . 62
Trapezoidal rule in two dimensions . . . ... ......... 62
o AN

Inplane forces on plate element \ .............. 64
Moment a.nd shear forces on piw ......... 65
Rectangular coorc{ina.te systeniz\\\x ................ 66
Variation of central deflection with aspect ratio of clamped

rectangular plates of variable thickness for various taper pa-

Forz a2 1= o ol o 87

Variation of central deffection with taper parameter (c¢) of
clamped plates of variable thickness for various plate aspect
TAEIOS & v v v s e e e e e e e e e e e . .. 68

Variation of central deflection with taper parameter (c)and
foundation modulus for clamped rectangular plates of vari-
able thickness with aspect ratio R =05 . . ... ... ... 69



T T C

B.7 Variation of central deflection with taper parameter (¢) and
foundation modulus for clamped rectangular plates of vari-
able thickness with aspectratioR =08 . . . . .. ... ..

B.S Varation of central deflection with taper parameter (c)and
foundation modulus for clamped rectangular plates of vari-
able thickness with aspectratioR =1 ... ... ... ..

B.9 Variation of central deflection with taper parameter (¢)and
foundation modulus for clamped rectangular plates of vari-
able thickness with aspectratioR =15 ......... ..

B.10 Variation of central deflection with taper parameter (c) and
foundation modulus for clamped rectangular plates of vari-
able thickness with aspectratio R =2 . . . . ... ... ..

B.11 Variation of central deflection with aspect ratio and foun-
dation modulus for clamped rectangular plates of vanable
thickness with taper parameterc¢ =02 . . ... . ... ..

B.12 Vanation of central deflection with aspect ratio and foun-
dation modulus for clamped rectangular plates of variable
thickness with taper parameterc =04 . .. ... ... ..

B.13 Variation of central deflection with aspect ratio and foun-
dation modulus for clamped rectangular plates of varable
thickness with taper parameterc =06 . .. ... ... ..

B.14 Variation of central deflection with aspect ratio and foun-
dation modulus for clamped rectangular plates of variable
thickness with taper parameter ¢ = 0.8

C.1 Variation of buckling load with taper parameter for various

aspect ratios R for clamped rectangular plates of variable
thickness for ¥, =0 :

.......................

70



C.2

C.3

C4

C.5

C.6

D1

D3

D.4

Variation of buckling load with aspect ratio R for various
taper parameter for clamped rectangular plates of variable
thicknessfor N, =0 . . ... ... .. .....

Variation of buc.klmg load with aspect load —* for various ta-

per parameter c for clamped square plate of Variable thickness 83

Variation of buckling load with taper parameter for various
load ratio for clamped rectangular plates of variable thick-
nessforR=2 . ... ... ... ... ... . .. ...,

Variation of buckling load with taper parameter for various
load ratio for clamped rectangular plates of variable thick-
nessfor R=0.8 .. ... ... ... ... .. .. ...

.Variation of buckling load with taper parameter for various

load ratio for clamped rectangular plates of variable thick-
nessfor R=1 ... ... ... ... . ... ... .....

Rectangular plate of variable thickness element subjected to
an iertia force1 .........................

Variation of circular frequency w of clamped rectangular
plates of variable thickness with taper parameter ¢ for vari-
ous aspect ratios R in the first mode category. . . ... ..

Vamnation of crcular ﬁ-equeﬁ!cy w of clamped rectangular
plates of variable thickness with aspect ratio R for various
taper parameter ¢ in the first mode category. . . ... . ..

Variation of circular frequencies for three modes of clamped
square plates of variable thickness with taper parameter in
first mode category . . . . . .. ... L. ...

84

36

80

91



D.6

D.8

D.J9

Variation of dircular frequency w of rectangular plates of vari-
able thickness with taper parameter ¢ for various aspect ra-
tios R in the second mode category. .. ... ... ... ..
Variation of circular frequency w of rectangular plates of vari-
able thickness with aspect ratio R for various taper param-
eter ¢ in the second mode category. . . . . .. ... ... ..

Variation of circular frequency w of rectangular plates of vari-
able thickness with taper parameter ¢ for various aspect ratio
R in the third mode category. . . . . .. ... .. ... ...

Variation of circular frequency w of rectangular plates of vari-
able thickness with aspect ratio R for various taper param-

eter ¢ in the third mode category.. . . ... ... ... ...

Variation of circular frequency w of rectangular plates of vari-

; able thickness with taper parameter ¢ for various aspect ratio

R in the fourth mode category. . . . . ... ... ... ...

D.10 Variation of circular frequency w of rectangular plates of vari-

able thickness with aspect ratio R for various taper param-
eter ¢ in the fourth mode category. . . . .,

.........

D.11 Variation of circular frequencies for 3 modes of clamped

square plates of variable thickness with taper parameter in
the fourth mode category. . . . . . ... ... ... ... ..

xit

94

96

97

98

99

100

Pl



—

List of Tables

B.1

C.1

D.1

Comparison of center deflection a of rectangular plates of
variable thicknessfor R=a/b=1 .. ... ... ......

Variation of max small deflection coeff @ of clamped rectan-
gular plate of variable thickness with dimensionless founda-
tion modulus K for taper parameterc=0. ... .. .. ..

Convergence table for the buckling load coefficient C, of
clamped rectangular plates of variable thickness with var-
lous taper parameters, for various aspect ratios and % =1

Compa.risoﬁ of buckling load coefficient C, for clamped rect-
angular homogeneous plate (¢ = 0)with aspect ratio . . . .

Convergence table of fundamental frequencies mode category
1 of clamped rectangular plates of variable thickness for var-
ious taper parameter ¢ and aspect ratios. . . ... .....

Comparison of fundamental frequencies for each of four mode

87

88

category for clamped rectangular plates of uniform thickness 102



12 ]

Chapter 1

INTRODUCTION

1.1 General

s
Plates of variable thickness are widely Psed in engineering structures, su«;h
as bunkers, reinforced concrete breast walls, rectangular reservoirs, but-
tress dams, reinforced concrete pavement of highways and airport runways.
Moreover, in sb‘.tlp design, the ship bottom is frequently considered as a
complex plate of wariable thickness. There wa.s great interest in the ap-
plication of plates of variable thickness to engineering structures after the
second world war in the aeronautic and aerospace industry where those
plates are frequently found in construction of modern high speed swept

wing aeroplanes and missiles.



While the case of static bending is difficult to solve, solution to problems of
vibration or buckling of plates of variable thickness is even more difficult to
obtain. One important practical case of application is when the modulus of
elasticity E is constant and the thickness of plates varies linearly along one
of the coordinate axis (x-axis) and this variation is taken to be symmetric

with respect to the middle surface.

Very often specifications ensuring that plates would withstand applied lat-
eral loads are not sufficient criterion for design. In addition, the designer
must keep in mind the effect of vibration and buckling. Such structures
are often excited by wind load, moving traffic and operating machinery. To
avoid resonance of plates in which the driving force frequency is equal to
the plate natural frequency, we must first establish the natural frequency
of the plate and design the plate such that its natural frequency will not
be close to the driving force frequency. Therefore free vibration analysis is
an essential first step in obtaining results for forced vibration of plates of
variable thickness. To conclude, it is highly desirable to employ an accurate
numerical method to predict the static, dynamic and stability behavior of

plates of variable thickness.

/

The deflection of plates of variable thickness is generally small in compari-
son to its thickness. The middle plane of the plate remains neutral during
bending. The normal stresses in the transverse direction are generally ne-
glected along with the shear strain of the plate. The energy desissipated

can also be disregarded, as no allowance is"being made for the damping

)



force. The plate material is homogeneous, isotropic and linearly elastic and
obeys Hooke's law. In other words, a linear relationship between stress and

strain is assumed. * -

L . [l

The variational method is an effective tool for solving complicated differ-
ential equations; also, it is the most fruitful field of application in math-

ematical physics. The application of this method is based on equilibfum

conditions and the principle of minimum potential energy.

Due to development of high speed electronic computers, many numerical
methods can now be a.ppliéd with success in solving complicated problems
in mechanics. The Galerkin method is one of such methods known and is
recogunized as one of the most rapidly converging variational techniques in
solving complicated differential equations. Moreover, it is a simple, ver-
satile and efficient method allowing the solution of complicated problems
using a relatively small num})er of unknowns” 'c\ompa.red to other numerical
methods. This method is also a simple way of deriving the Lagrangian dy-
namical equation. According to this method the choice of the displacement
functions must satisfy the boundary conditions of the problems. After sub-
stituting the displacement functions into the differential equation an error
will be obtained requiring, the integral of weighted error over the domain
to be set to zero. The coefficients obtained in the Galerkin equation are al-
ways definite integrals. These integrals are readily evaluated by employing
the tra;ﬁezoida.l rule.



1.2 Objective and Scope

The main objective of this thesis is to apply the Galerkin method to deflec-
tion, eigen values and stability problems of isotropic clamped rectangular
plates of variable thickness. The thickness of the plates varies linearly along
one of coordinate x axis and this variation is taken to be syﬁmetﬁc with
'mpéct to the middle surface. The problems of plates of vaniable thickness

resting on an elastic foundation are also studied.

1.3 Outline of thesis

Since the main scope of this thesis is concerned with the application of the
Galerkin method to obtain results for deflection, vibration and stability of

- plates of variables thickness, a literature review is presented in Chap 2.

Chapter 3 discusses the derivation of the Galerkin method and the develop-
ment of algebraic equations from the governing differential equation. Since
the coefficients obtained by this method are always definite integrals, the

trapezoidal rule is explained and developed in the same chapter.

Chapter 4 contains the derivation and the development of differential equa-
tion of plates of variable thicknéss in order to calculate the deflection of

~
these plates due to lateral load with or without elastic foundations. ;}f}
4



In Chapter 5, the Galerkin- method is applied to solve the buckling of
clamped, rectangular isotropic plates of variable thickmess. Solution of
eigen values problem is presented in Chapter 6, where the Jacobi method

is used in solving both the buckling and vibration{problems

The last chapter contains discussions and conclusions of the results ob-
tained. The results are either tabulated or graphically presented. When-
ever applicable, the results are checked with those of other investigors. The

computer programs are also included for reference in the appendix.
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Chapter 2

LITERATURE REVIEW

2.1 Introduction

The subject of analysis of plates has roots which extend®Back at least three
hundred years. According to Szilard [1], Euler was the first who solved the
problem of free vibration of elastic membranes using the analogy of super-
position of strings. Later J Bernouilli extended the theory of his teacher
Euler and conducted several experiments of vibration of membranes. Ac-
cording to Soedel {10], Chladni explained the behavior of vibration of plates
showing the various modes. In 1915 Sophie Germain used calculus of vari-
ations and by neglecting the bending stiffness, she obtained almost the
correct e?ﬁ:ation for the bending of plates. In 1811 Lagrange developed the
funda.menta\.ﬁ small déflection theory of plates and corrected the error made



_ earlier by Sophie Germain. In 1824 Navier proposed an'analytical equation
' and solved plate problems by using trigonometric series for the case of sim-
ply supported plates. Kirchhoff(1824-1887) extended the plate theory by
introducing the additional effect due to stretching and subsequently Saint
Venant formulated the correct mathematical differential equation of thin

plates due to’the combined effect of both bending and stretching.

Due to the nafural comple:u}esfcfﬁates of variable thickness, there were
no studies of the problem until the problem of bending of circular plates
of variz.a.ble thickness was first solved in 1918 by Hozler according to Timo-
shenko [2]. Results for vibrations of rectangular plates of variable thickness
were not available in the technical literature until 1960 by Mazurkiewicz

according to Appl (3].

2.2 Previous work N

\

In 1950, Young [4] utilized the Rayleigh Ritz method to solved the problem
of vibration of a square homogeneous plate of uniform thickness, with 2l]
'edge clamped and plates with two adjacent edges free and two adjacent

edge clamped.

In 1951, Conway (5] used the method of variation of parameters and solved
the problem of bending of circular plates of variable thickness, symmetn-
cally loaded,with thickness of plate decreasing linearly with the distance

-1



from the center.

In 1953, Warburton {§] studied the transverse free vibration of rectangular
plates of ;:onstaﬁt th;ckness with various boundary conditions by using
the Rayleigh Ritz method employing characteristic beam functions in two
directions. In the same year, Conway [6] used the.method of variation of
parameters to analyze the bending of circular plates of variable thickness

symmetrically loaded.

Conway [58] in 1958 used the Levy approach to solve the bending of rectan-
gular plates of variable thickness, umformly loaded. The plates wegp sizply
supported 13 two opposite edges a.nd having arbitrary boundary cond.tt:ons

on the other two edges with the thickness vafryqng exponentially.

N

In 1965, Appl [3lextended the method in his previous paper (7] to find
the upper and lower bOUI;.d fundamental frequency for the case of simply
supported rectangular plates with linear varying thickness. The deflection is
assumed by a Levy type solution. In 1969,ishton [12} presented a solution
of the lowest four ,né.tura.l frequencies for simply;'supported tapered plates
by using the Rit#method.

In 1970, The finite strip method was used by Cheung [14] for analysis of vi-
bration of elastic orthotropic as well as isotropic plates of variable thickness
with two oppositg.;edges simply supported by assuming a simple polyno-
mial in the transverse direction and a series function in the longitudinal

direction. This method was found to give frequencies lower in magnitude



(-f"-h-

than the exact values.

In 1971, Chopra {17] approximated the natural frequencies and mode of
simply supported skew plates with the variation in plate thickness taken
in one direction. The vibration is analyzed by using Lagrange’s equations
é:nploying double series as oblique coordinates. The mode sha:pe 1s pre-
sented in double sine series. In the same year, Cheung [15] used again the
finite strip method to analyse the flexural vibration of rectangular plates
by using also a polynomial beam function in the transverse direction and a
series function in the longitudinal direction. The advantage of this method
is to reduce a two dimensional problem to a one dimensional problem with
the result that smaller oumber of variables are involved but the frequen-
cies obtained by this method are lower than the actual values. Soong [19]
approached the rectangular plate of variable thickness by a non-linear it-
eration procedure. This procedure is the modification of the Kantorovich

method applicable to nonlinear multifunctional boundary value problems. '

In 1972, Bastin [25] proposed a solution in closed form to calculate the
moments of rectangular plates of variable thickness. The coefficients are
determined by using Fourier series. An example was shown n the case
of simply supported plates subjected by h}'drostatic pressure. In further
study Petrina [21] reported data for deflection and moment for plates with

various boundary conditions for rectangular plates of variable thickness.

In 1973, Ckehil [32] discussed the problem of buckling of simply supported

rectangular plates with general variable thickness in one direction. Critical

9



buckling is presénted by using the perturbation technique, with the com-
pression force assumed only along the x direction. Nair [27] approximated
a solution for frequencies by using the Ritz method using also products of
appropriate beam characteristic functiong in the case of skew plates of uni-
form thickness with all combinations of simply supported, clamped and free
conditions. Dokainish [29] analyzed the vibration of clamped orthetropic
parallelogramic plates with variable thickness by employing the Galerkin
method.The deflection in dimensionless oblique co-ordinates is expressed as

2 polynom’ia.l.

In 1974, Durvassula [35] proposed the repartition method for vibration of
clamped rectangular and skew plates of constant thickness. The conver-
gence of tfxis method depends’ of the choice of the subdivision along two
directions. Soni {34] examined the transversal vibration of plates of vai-
able thickness using the quintic spline interpolation tecl}nique to find the
frequencies’anci the moment . The plates are simply supported on two op-
posite edges and having a:bi;rar}' boundary conditions on the other edges

with the thickness varying exponentially. s

In 1975, Chen (38] tackled the problem of vibration of plates of variable
thickness in a general manner. In fact he modified the Rayleigh Ritz
method, by employing a trial function which satisfied any specific boundary
conditions for plates varying linearly and exponentially. The integrals are
evaluated analytically. Unfortunately, frequencies obtained by this method

is not sufficiently accurate, when compared to actual frequencies obtained

10



by ot.her numerical methods.

The collocation least square method is 2 modification of the least square
method. This method was applied by Ng [39] in 1977 to find the large de-
flection of isotropic plates of constant thickness a.s well as plates on elastic
foundations. the accuracy of this method depends of the choice of colloca-

tion points.

In 1978, Gupta [45] studied the problem of transverse vibration of rectan-
gular plates of exponentially varying thickness for the case of three combi-
nations of boundary conditions at-the edges. The problem was approached
by quintic spline interpolation. Laura [41]determined the fundamental fre-
quencies of clamped rectangular plates by using polynomials:

In 1979, Baner,ee [43] derived the frequency equation for skew plates of
variable thicknf-:ss but his results were not accurate when compared with
actual values for plates of uniform thickness. Nagaya [52] proposed an
approach for free vibration of plates with straight line boundaries.

In 1982, Tomar [51] solved the problem of vibration of non homogeneous
fectangular plates of va.ri;ble thickness, with the t?h.ickn@'s varying parabol-
ically in one direction. The plates are simply supported in two opposite
edges and having arbitrary boundary conditions for the other edges. The
non homogeneity in the plate is due to the variation of the modulus of elas-
ticity along x direction as well as the density. The mathematical analysis is

based on Frobanius method and the transversal displacement is expressed

11



by an infinite series. Sakata [48] approximated the natural frequencies of
clamped orthotropic skew plates of constant thickness by using the reduc-
tion method. Valerga [49] applied the Ritz method with coordinate function
én the buckling of circular plates of variable thickness.

In 1984, Chaudhuri [54] investigated the large amplitude free vibration of
square plates of exponentially varying thickness by using the Von Karman

equations.

In 1985, Murza [53] applied the finite element technique to solve the prob-
lem of vibration of cantilivered triangular plates of variable thickness and
a.;'bitra.ry planform. Recently in 1986, Ng {56] a.na.ljrzed the free vibration
and buckling of clamped skew sandwich plates of uniform thickness by em-
ploying the Galerkin method.

2.3 Summary

Results for bending and vibration of plates of variable thickness are scarce
in the technical literature, probably due to the difficulty and complexity of
this problem. To date no result is available in case of buckling or vibration
of clamped rectangular plates of variable thickness.

-~



Chapter 3

GALERKIN METHOD

3.1 Intro duqt ion

1/

Boundary value problems in solid mechanics are often solyed by variational
methods such as Galerkin and Rayleigh-Ritz. These methods are especially
applicable to problems where the deformation of the elastic body can be
represented by means of functions of independent variables satisfying the
existing boundary conditions. The Galerkin method, in particular, has been

uite effective in analyzing problems pertaining to tle bending, buckling
and viEra.tion of plates and shells, governed by partial differential equations. A

In the small displacement theory of elasticity, the variational principle based

on the theorem of virtual work was first introduced by Lagrange. The main

13



objective of the variational method is to find from a group of admissible
functions those which represent the dedection of the elastic body pertinent
to its equilibrium conditions.

In 1915, B-JG Galerkin, utilizing the vaniational principle, first introduced
the Galerkin method for solving differential equations in his treatise ” Rods
and Plates ” (Vsterik, Ingeneroff, 1915, p.897) [11]. Galerkin generalizes
and simplifies the virtual work principle which states that for an elastic
body in equilibrium, the total virtual work performed by both the internal
and external forces must vanish. It was pointed out by Grossman [59] that
the Galerkin method, in application to mechanics, leads to the same result
as the Lagrange principle of virtual work but employs a special co-ordinate
systez:il (11].

After the publication of the Galerkin method large amount of work has been
published in which the method was used extensively for practical solutions
of extremely diverse types of problems.

3.2 Galerkin method

The Galerkin method belongs to the same general class as the Rayleigh-Ritz
method in that it seeks to obtain an approximate solution of differential
equations with given boundary conditions by choosing functions which sat-
isfy the boundary conditions exactly and then proceeds to specialize the

-
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chosen functions in such a way as to secure approximate satisfaction of
the differential equations. Consider the equilibrium of a small infinitesimal
eleme1_1t represented by the pertinent differential equation

Lw)-p=0 : (3.1)

where £ is the differential operator, p is the external force. The equilibrium
of the structural system will be obtained by integrating the differential

equation over the domain A. : \
l

Let us express dw as a virtual displacement. The new position w + fw

produces an increase in strain energy stored.

The virtual work of the internal and external forces must vanish; hence

W, +6W, =0 (3.2)

Thus we can write
]f(z(w) _p)éwdA=0 (3.3)

where A is the domain of integration.

Equation (3.3) is true only if the displacement function w is the exact

solution of the problem under investigation; this function will be written in

the form;
w=>Y Cifiz,y) (3.4)
=1

Where fi(z,y) are functions satisfying all boundary conditions of the prob-
lem an¢ C; are undetermined coefficients. The functions fi(z,y) are con-

sidered linearly independent in the region.

15
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The variation of small displacements will be expressed by:
S .

) n N\
bw="73" fiz,y)6C: (3.5)

1=1

Substituting equation (3.5) into equation (3.3)

5°5C [[(£(w) = p) filzv)dd =0 (3.6)

Equation (3.6) must satisfied for any small variation éw;. Thus, the varia-

tions of 6C; are arbitrary; therefore, we arrive at the system of equations:

[fc) =) f(z,p)da =0 (3.7)

Where d4A = dz dy

Equation (3.7) can be written in the form;

[[ e = p) fitz.v) dzdy =0 (3.8)

These are n Galerkin equations with n unknown coefficients for the static
case. These coefficients can be determined by integrating the function over

the entire domain A.

3.3 Galerkin method in eigen values prob-

lems.

Galerkin Method assumes a solution in the form of serus of functions for

the case of eigen value problem. In general this method requires that these

1
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functions satisfy all boundary conditions, not merely those which are im-
posed by the geometry of the supports.

L(w) = AM(w) =0 (3.9)

Where £ and M are differential operators. They are considered to be

continuous in the domain A. The function w is subject to the boundary

condition which in general do not depend on the eigen value A.

The equilibrium of the structure is obtained by integrating these differential

functions over the entire structure. _ |

éw is the small arbitrary variation of the displacement. The virtual work
of external and internal forces will be expressed by.

Wit 6W, = 6(Wie W) - — T(3.10)

Thus we can write;

j / (L(w) = AM(w))bwdA = 0 (3.11) -

The function w is subject to the boundary conditions which in gereral do
not depend on the eigen value A. We assume the displacement function in

the form:

w=3Cifiz:v) (3.12)

i=1 i

where C; are coefficients to be determined and fi(z,y) are functions satis-
fying the boundary conditions.
Expressing the small arbitrary variation of displacement by

bw=3" fiz,y)5C; ' (3.13)

=1
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and by substituting equation (3.13) into equation 3.11

) iwf f f (L(w) — AM(w)) fi(z,y)d4 =0 (3.14)
=] .

Equation (3.14) have to be satisfied for any small variation §w, thus the

variations of §C are arbitrary, and equation (3.14) can be written in the

form:
/ / (L0A0) — AM(w)) fi(z, y) dA = 0 (3.15)
where dA = dz dy

Equation (3.15) can be expressed in new form as:

[ €)= xm@)siz, vy dzdy =0 (3.16)
These are called Galerkins equations representing eigen value problem of a
n degree of freedom system. This procedure leads to a set of homogeneous

algebraic equations and to an eigen value eigenvector problem. The lowest

eigen value (An, = A, ) determines the critical load for the case of stability.

The virtual work of external and internal forces is obtained from the dif-
ferential equations of equilibrium without determining the potential energy
of the system. This characteristic makes this method more universal than
other numerical methods, and it is considered to be one of the \fz\iost ef-
fictent computational method! suitable for microcomputers. The r;:zent of
this technique for the solution of complex plate problems is reduced to the
evaluation of certain definite integrals, which can be evaluated numerically.
This method can be applied also to different type of differential equations
such as hyperbolic, elliptical, parabolic etc... The accuracy of this method

depends on the selection of the shape function.

18



3.4 Trapezoidal rule %

\'Fb trapezoidal rule is needed in order to obtain the coefficients in the

N

Galerkin equations. The rapid development of computers has made possible

development of many numerical integration methods such as the trapezoidal
*

rule in which the domain is divided into finite parts. In this section the

trapezoidal rule will be described.

3.4.1 trapezoidal rule in one dimension

Considering an integrable function in the case of a2 one dimensional function

f(x). We wish to evaluate the integral:
e

o I= f HOE: (3.17)

The region of mtegra.mon a € ¢ £ bis divided into n equal subintervals of
width Az, where Az === )

Each of those subintervals will-be referred to as a panel. Considering now an
expanded view for only one panel as illustrated in Figure A.l. The straight

line approximates the function f(x), and thus the appro:dméte area uhder
the straight line is

[ 5@y de = (o - SO a8y

Where “(a) is the value of the function at the extreme left and f(b) is the
value of the function at the extreme right.

19
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By extending the trapezoidal rule over the entire interval Figure A.2.
The area over the first panel =Ag ([{eH/GN -

The area over the i th panel =A:z:-(-ﬁi:%iﬁin

The area over the last panel =A$th)ﬁ@n.,- )

Thus the total area will be

n=1

[ fe)ez = B2y +2 % 5 + £8) (319)

i=1
3.4.2 trapezoidal in two dimensions

In the same manner, the integral of function f(x,y) vzvill be evaluated. The
determination of the integral repredents the volume under the function
f(x,¥).

let us divide the domain A into four panels Figure A.3.

The volume over Al= (f(1) + f(2) + f(4) + f(5)) 252

The volume over A2= ((2) + £(3) + £(5) 4 f(6))2=8x .

The volume over A3= (f(4) + f(5) + f(T) + f(8))2z¢

The volume over Ad= (f(5) + f(6) + f(8) + f(9)) &=

where A= A1 + A2 + A3 + Ad |

By extending this pr:)cedure for a general case the integral will be written
in the following form:

AzAy

[/ f@vydzdy = (gjf(M) +°Zf(M ) +4Zf (M) (320)

where; M; is a corner point.

M; is 2 boundary point except the corner point.

?
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M, is an interior point.

nl is the number of corner points.

n2 is the number of boundary points except the corner points.

n3 is the number of interior points.

The trapezoidal method has been found to be very simple and accurate and

it does not need extensive computer time or memory even for a fine mesh
width.



Chapter 4

DEFLECTION OF PLATES
OF VARIABLE THICKNESS

A
1

4.1 Governing differential equitions of plates

of variable thickness

4.1.1 Introduction

The classical theory of elasticity governing the small deflection theory of
plates assumes a linear relationship between stress and strain. The great

advantages of this assumption are:



¢ Rigorous mathematical presentation of the relationship between ex-

ternal and internal forces

o The law of superposition holds

The classical theory of bending of thin plates is expressed by the relation
between the transverse deflection of the middle surface of the plate and the
lateral loading q. This theory is applicable only when the deflection is small
when compared to the thickness of the p?a.te. The theory neglects the effect
of membra:e stresses which must be appreciabie when the displacement w
has a value comparable with the thickness of the plate. In other words,
for (w < 0.22) Kirchoff plate theory is accurate enough. By increasing the
deflection furthe 2 0.3h), the transverse deflection w 1s accompanied
by stretching of the middle surface and the membrane forces produced by .
such stretching can help carry a significant amount of the lateral loads. The

, design of plates of variable thickness following the linear theo;'y of elasticity
can be over conservative. |
Basic assumptions:

»
1. The middle surface of the plate remains unstraired during bending;

thus, it 1s a neutral surface.

2. Points which lie on a normal to the middle surface of plate lie on a
normal to the same surface afeer deformation.

3. Ncrmal stresses in the direction transverse to the plate are negligeable

when compared with other stresses in the plane of the plate.
. .
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4. The slope of%']xe deflected plane in any direction is small so that its

square may bé negleéted in comparison with unity.

The condition of equilibrium is met by considering a small element as shown
n Figure B.1. For simplicity, only the middle surface of the plate is shown
with side’ d_f and dy.

First equilibrium

Consider now the effect of the middle surfaces per unit length N, N, and N,
as shown in Figure B.1. By neglecting the body forces, the equilibrium of

an element of plate in x and y direction yields the conditions:

ON. 30N

3z T oy
oN, | BN,
k0 (4.1)

‘The second equilibrium of the plate element in two directions

a) forces in two directions due to inplane forces

~ The net contribution of the inplane forces N , N, and N, ( taking down-

ward positive ) in the plane is given by

Fw . Gw | Fuw
(‘N:EI:? + 2.’\'-‘? axay -+ i\fy ayz

)dzdy (4.2)

b) _i_'orc&s in two directions due to lateral loads;

Let us assume now that Q. and Q, are the shear force per unit length.
Also shown in Figure B.2 are for the directions of the bending and twisting
mornents acting per unit length, q is the intensity of the load on the upper

surface of the plate. The condition of a vanishing {jultant force in Figure

24



B.2 in the downward direction results in the equation;

Q- 9Qy _
3 dzdy + By dzdy + gdzdy = 0
= or
Q-  0Q, ,
5e T oy T1=0 (4.3)

Taking the resultant moment about the x axis and neglecting higher terms
due to the moments of the load q and the moments due to the change of

the force Q, give the following equation:

oM, oM,

Similarly, by ta.ldng the resultant moment about the ¥ axis gives:
oM. GM_, -
oz -+ 5y —Q-=0 (4.3)

Substituting the values of Q, and Q. from equation (4.4) and (4.5) respec-

tively into equation (4.3), the resultant equation is:
FM: | ,0°M, + &M, _

o2 - 8z 0y oy ¢ (4.6)
By substituting the well known moment and curvature rela.tionsiﬁps
M. = —D(?T:U + v%z;)
- M, = —D(%%:— + ygz_f;_)
M., = D(1 y)(j:;”y)

4 .
into equations (4.4) and (4.5) gives the expressions for Q. and Q, in terms
of deflection of the middle surface as follows:

Fw Fuw -
Q:=-D(@+az—ay2) (4.7)
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' Fv Fu
4= "o ¥ By

The rigidity D is not constant but is a function of the coordinates x and

(4.8)

¥. Substituting the well known moment and curvature relationship in to

'equa.tion (4.6) in terms of deflection of the middle surface gives:

D3 w 03D 0F* w 2
8z 0z 2 By ay TVDVw

FD&Pw D w D& w

D Fuw+2—

—(1— .
=525y ~25z0y 8205 T g2 5ot) = ¢ (4.9)
62 62 -~
where ¢ = % + — 597 i3 the two dimensional laplacian operator.

Equation (4.9) is the general expression for analysis of small deflection of
plates of variable thickness

For the case when the thickness{_of plate varies linearly along x axis, such
that —% = -8—”? = 0, equation (4.9) transforms into the following differential

.equatzon for the analysis of small deflection of plates of variable thickness.

(3“ 2 4w +6“w)+ 3D ow’ ¥ 3’3w)
8zt TOz*oy? | Ozt oz3 Ozdy?
32Df32 ow
= 4,
+3:2\3:52+y3y2) ? (4.10)

where
v = Poisson’s ratio.
D = Flexural rigidity of the plate dependent on variable x.
q = intensity of the load of the plate.



/\.
/

If we include the effect of inpla.né forces given by equation (4.2) into the
above equation of equilibrium in the vertical direction due to lateral loads,

we obtain:
w o, Fw dw 3_D S’ Fuw
.D( 521+ “gz20y? T 6:‘) (6::3 drdy? )
8*D  F*w 32 Fw Fw Fw
= 2N .
+a$2(az_ ) q+V-ag+ -'-‘Va ay+Vvayﬁ (411)

4.1.2 7Plates of variable thickness on elastic founda-
tions

4

Often, a plate is placed on a continuous elastic foundation, such as rein-
forced concrete pavements, airport runways and foundation slabs of build-
ings. In the analysis of these plates of variable thickness on ela-stic,founda.-
tions it is assumed that the restoring pressure is everywhere proportional
to the deflection at that point. In essence, we assume that the support is
1sotropic, homogeneous and linearly elastic and such a type of subbase is
called Winkler type with the relation ¢*(z,y) = kw where k = modulus of
elastic support reaction per unit area per unit deflection: The constant k
has a wide range of values and can be determined through bLearing tests of

the actual foundation material.

When the plate of variable thickness is supported by a continuous elastic
foundation, the lateral load acting in the plate q and the reaction of the

elastic foundation is ¢* = kw. Thus the resultant distributed load is q - kw

[ R
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so that the partial differential equation (4.10) becomes:

. D(a'*w_}_,, d'w a‘w)_{_ 3D(8w3 Fw Dw
dz¢ " 3z%dy 7+ Ozt Oz * 9z°  Jrdy?
a:fD Pw 32
+32 (a )-_ g —kuw (4.12)

4.1.3 Boundary Conditions

The plate is considered thin and is clamped all round. A sketch of the plate
and system coordinate system is shown in Figure B.3. The thickness of the
plate varjes linearly along the coordinate x axis and this variation is teken
to be symmetric with respect to the middle surface.

For ease of compitation, these equations will be transformed into dimen-

sionless form by introducing the following non dimensional coordinates

_a _z _Y
B=3 &=7 T=%
4
w
w=2 =
hg Q DOhO

where 2a and 2b are the lengths of plate in x and y directions respectively
The plate of variable thickness is clamped; therefore the deflection and the
slope of the middle surface must be set to zero at the boundary

ow
W—EE——O at £==+1
ow
=—==0 at ==l
8:7 n

The thickness of the plate varies linearly in one direction such that
h(€, 1) = ho(1 + ¢§)
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and the flexcural rigidity is expressed as

D(§, 1) = Do(1 + c£)° ‘

where ¢ is a taper parameter.and ko is the thickness of the plate at x = 0
After introducing the non-dimensional variables, equation (4.10) will be

transformed into the following expression:

oW , W gw. 9D FwW ., FW
I dE4 +2R 86292 ‘tm on? )+ ae( ags +R afanz)
&*D 32W ;W qa4
(G +rvRP—)="— (413

The partial differential equation for plates of vanable thickness restmg
on elastm foundation, in non-dimensional coordinates can be obta.med by

adding KW to the left hand side of equation (4.13) where K = ka?

i

4.2 Method of solution

b}

The solution of equation (4.13) is obtained by using the Galerkin method,
described in chapter 3. The displacement W is supposed to be a linearly

independent continuous function capable of representing the lateral deflec-

tion.

»

W= (1 -1 = 7)H(Cr+ Cof? + Coan® + Cin% + Cs€* + Con') (4.14)

Y
‘This function W is selected such that each term of this expression must

satisfy all boundary conditions of the problem under investigation. This
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approximate displacement expressions are then substituted into the gov-
erning differential equation (4.13). The left hand side of equation (4.13)
represents the operator L(w) of equation (3.8) in Chapter 3. After sub-
stituting equation (4.13) into equation (3.8) the solution of the governing
differential equation of clamped rectangular plates of variable thickness
would be reduced to the evaluation of definite integrals of simple functions.
By using the trapezoidal rule for numerical integration mentioned in the
previous Chapter, resulting linear equations of the undetermined coefficient
(Ci1, ,Cay ... , Cg) can be determined .

4.3 Discussions and Conclusion

For the purpose of demonstrating the accuracy and the convergence of the
present method, results for deflection analysis of clamped isotropic homo-
geneous plates and plates of variable thickness are sI;own in table B.f Itis .
found that in both cases the results are in excellent agreement with these
obtained hy other investigators. Also, t}IEE present method shows excellent

convergence even for high taper parameters.

In table B.2 npumerical comparison is shown for center deflection of clamped
homogeneous plates on a continuous elastic foundation between the present
method and those obtained Ng[39] who used the method of collocation least
squares. For the case of clamped réctangula.r plates of variable thickness

on elastic foundation no comparison of results can be made as no data are
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as yet available in the technical literature.

-

Figures B.4 and B.5 show the center deflection for clamped rectangular
plates of variable thickness for various taper parameters. It is interesting
to observe that the centér deflection decreases with an increase of the taper
parameter and the aspect ratio. This can be attributed to the fact that

both increases in aspect ratio and taper parameter increase significantly

the stiffness of the plate.

”

The center deflection of clamped rectangular plate of variable thickness
on a contiguous elastic {oundation are shown graphically in figures B.6
to B.14. \Fiéi.tr.es B.6, B.7, B.8, B.9 and B.10 show the center deflection
of plates of Vﬁi‘iable thickness on elastic foundations for different aspect
ratios. Figures B.l.l, B.12, B.13 and B.14 show the center deflection of
clamped rectangular plates of variable thickness on a elastic foundation
for different taper parameters. As can be expected the center deflection
decreases with an increase in the foundatich modulus. It can also be found
that the curve tend to become constant with the increase in the modulus of
the elastic foundation. This can be attributed to the fact that an increase

in the intensity of the foundation reaction is equivalent to an increase in

plate stiffness.

From the present study it can be concluded that Galerkin’s method is both

effective and very simple to apply. The method yields veva accurate results

for deflection analysis of clamped rectangular plates of variable thickness.
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Chapter 5

BUCKLING OF PLATES OF
VARIABLE THICKNESS

This chapter treats the application of the Galerkin method to the problem
of clampec.l rectangular plates of variable thickness under inplane loads.
The formulation of the Galerkin method for eigen values problems was
presgnted in chapter 3.

5.1 Governing differential equation

w

All equilibrium states of a given plate are characterized either as normal -

or critical. The term buckling is generally used to describe the loss of

‘
<
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.
stability of an engineering structure. The load producing such a condition
of buckling is called the critical load. When a plate is compressed in its
middle plane by inplane loads and the inplane loads mey-increase to such
magnitude that the plate may become unstable and begin to buckle. If the
load is further increased, the deflection becomes la;ge and eventually the

failure of the plate of variable thickness occurs

The mathematical formulations of linear elastic stability are based on the
fact that the classical buckling path leading from a stable to unstable equi-
librium always passes through a neutral state of equilibrium. It assumes a
bifurcation of deformations at the critical load , two paths of deformations,
one associated with the stable equilibrium and the other one pertinent tc;

the unstable equilibrium condition.

To investigate the stability problems, we assume that the plate of variable
thickness buckles slightly under compression by inplane loads acting in
its middle plane. It is of basic importance that the differential eaua.tion
of equilibrium be written for such a slightly buckled §>h€p?. Thus, the
differential equation is obtained by considering the simultaneous bending
and stretching of the plate of variable thickness obtained from equation
(4.11) in the previous chapter by putting the lateral load equal to zero.
Thus the differential equation of buckling of a plate of variable thickness,
where the thickness of the plate varies linearly along the x axs and the

shearing force acting in the plane to be everywhere equal to zero becomes:

33
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Fw tw 3"w BD 63w Fw

D 3zt +2 "6::263; ) +2 ( oz3 a:cay 92057
&*D &w 82w 3210 Jw
+ axg ( azg + Vayg ) - V v:r ay's . (5'1)

Where
D is the flexural rigidity of the plate and is dependenton the variable x
v is Poisson’s ratio
N is the inplane load in x direction

N, is the inplane load in y direction

Suppose that there is a relationship between the inplane loads N, and N,
for the plate of variable thickness such that

N, =rN; (5.2)

then the assumed buckling of the plate of variable thickness occurs only for
certain definite value of V..

For ease of computation it is convenient to put equation(5.1) in dimension-

less form by using

=z =9 =2

é.-_cz 7 b R b

.ow

Ne = N.a® N,,:Ni,a2 W= -E;

After substituting the above dimensionless ratios into Equation(5.1) the
governing differential equation for the buckling of plates with variable thick-

sgness becomes:

34

N



\__‘___/"-

Fw , OW FwW D FW _, W
D 561 + 2R 6523772+R‘ o )+"3€(65" + R 363712)
8D W a?w _ W LOPW _
8&2 —5‘52— 8772) N ( af TR 37] ) (03)

5.2 Boundary conditions and the approxi-

mate displacement function

| TFor the purpose of demonétmting-the buc-kli.ng analysis of rectangular plates
of variable thickness, Ga.lerkig‘ method will first be adopted. The plate is
assumed thin and clamped all é.round, the thickness of the plates of variable
':tb.ickness varies linearly along the coordinate x axis and the variation is

taken to be symmetric with respect to the middle surface such that:

aw ' ‘
= — =+
T, ‘ at . £ 1
W= % at n==1
h = ho(1 + c£)
Where:

¢ is the taper parameter of the plate of variable th.icknes‘s

ho is the thickness of the plate at z =0



The chosen functions are selected such that they satisfy the boundary con-

itions of the plates under investigé.tion.

W = (1=&(1 —9°)*(Cy + Co€? + Can® + Cu&2n* + Cs&* + Cen?)

It must be understood that the expressions W are symmetric about both
variable £ and 7. As a result, when these expressions are used it can be
- expected that the plate of variable thickness buckles in one half wave in both
directions for only the case when the aspect ratio R = 1. For aspect ratios
greater or less than one, the platé of variable thickness can be expected to

buckle into more than one half waves in the longer direction.

The following expressions are chosen for the displacerment W to approx-
imate the buckled shape of plate of variable thickness for aspect ratios

greater than one as:
W= (1-£)¢1-n)(Cr+ Caf + Can® + di§272.+ Cs&* + Csfl‘q)'

Similarly the following expressions are chosen for the displacement- W to
approximate the buckled shape of plate of variable thickness for aspect

ratios less than one
’ .
W =(1-E)n(1=1*)(Ci+ Cab® + Can® + Coil’n* + Csb* + Cen™)

Since it is not known in advance for what aspect ratio the plate of variable
thickness will buckle more than a single half wave in the longer direction,
for this investigation, for all aspect ratios greater or less than one, three

expressions of W are used to find the buckling load of plates of variable
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thickmess. It is obvious E.at the lowest bu-ckling load obtained from the
above three expressions is the critical buckling load for the plate under

investigation.

5.3 Method of solution

-’

The solution of equation(5.3) can be obtained by using the Galerkin method.
Displacement expressions are supposed to be a linearly independent contin-
" uous function. These approximate functions are then substituted into the
governing differential equation (3.3). The left hand side of equation (5.3)
represents the operator £ (w) of equation (3.11) and the right hand side
- without N¢ represents the operator M (w) of the same equation described

in Chapter 3 under the eigen-value problem section.

—

After substituting equation (5.3) into equation (3.11), the s;:alution of the
governing differential equa.tion of clamped rectangular plates of variable
thickness in buckling analysis would be reduced to the evaluation of definite
mtegra.ts of simple functions by using the trapezoidal rule for numenca.ll

integration. This requirement leads to n equations which can be written in

matrix form:
[4H{C} = N[B{C} (5.4)
defining an eigen-value problem. The eigen values are determined by using

the Jacoiv method. The lowest eigen value determines the critical load of

the problern under investigation.
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54 . Discussion and Conclusions

To determine the accuracy and convergence cf the present method for buck-

ling analysis of both clamped isotropic homoge;neous plates and plates of'
variable thickness, numerical experimentation was carried out by varying

the number of terms in the displacement W. Results computed for different

number of terms in the displacement W are shown in table C.1. It is found-
that as the number of terms is refined, the results obtained ail converge to

a stationary value. |

-

In t_able C.2 pumerical comparison is shown for the critical load coefficients
C. for clamped }ijnﬁogeneous plates under various combination of load and
aspect ratios. The results obtained by the present method are found to be
in excellent agreement with those obtained by Sa[60] who used the method
of collocation least squares. For the case of clamped rectangular plates qf
variable thickness in buckling analysis no comparison of the results can be
made as no data are yet available in the technical literature.

Figures C.1 and C.2 show the critical buckling load for rectangular plates
of variable thickness for various taper parameters. It can be seen clearly
from those figures in the buckling load increases with an increase of the
taper parameters and aspects ratios. This is because of the fact that both
increases in aspect ratio and taper pararfiéters increase of the rigidity of

the plate.
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Figure C.3 shows the critical buckling load for clamped square plates of
variable thickness for various load ratios. It can be observed from this
figure that, for a given taper parameter the critical buckling load decreases
with an increase of the load ratio, but it should be noted that the buckling

load increases with an increase of taper parameter for a fixed load ratio.

The critical buckling load of clamped rectanguiar plates of variable thick-
ness under various combination of load ratios are shown graphically in
figure C.4 to C.6. It is interesting to note that the critical buckling load
mncreases with an increase of the taper parameters ¢, This can be a.ttribﬁted
to the fact that an increase of taper fpa.:"a.:mst:er increases the stiffness of the
plate. It can be seen also that the curve tend to become constant when
the load ratio becomes large. It can be concluded that when the load ratio
becomes large, plates of variable thickness behave close to the buckling of

homogeneous plates.

For the present st-1ly it can alse be concluded that the suggested method
of Galerkin is ». very simple and accurate method for calculating the critical
buckling load of plates of variable thickness.
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Chapter 6
VIBRATION ANALYSIS OF -K
PLATES OF VARIABLE

THICKNESS

‘In this chapter, the Galerkin method is applied to the vibration analysis of
clamped rectangular’ plates of variable thickness following the solution of
the eigen-value problems discussed in Chapter 3.

40



./'\

6.1 Introduction \
S~

Very often specification ensuring that plates of vé.riable thickness can with-
stand applied lateral loads is not sufficient criterion for design. In addition
the designer must be concerned with the possibility of large cyclic displace-
ments which may be induced by periodic or random time varying forces
acting on the plate. Ré.hdc-nm forces are to be expected for example, on the
surface of the plate exposed to tangential gas flow, as in aireraft components
or in stationary structures exposed to high wind velocities. Such forces can
also be expected when plates of variable thickness are subjected to tangen-
tial liquid flow, for example when rectangular plates of variabie thickness
are used as hulls of ships or submarines. Regular or periodic excitation
forces are also likely to be experienced when plates of variable thickness
form part of a structure housing rotating or reciprocating machinery. The
source of such periodic forces could, for example, be reciprocating engines
or compressors. The forces often excite the plates of variable thickness by

imparting rapid oscillation.

It is known that associated with each plate natural frequency there is a
distinct characteristic or mode shape which the plate of variable thickness
acquires at it vibrates. §he most used technique for resolving design prob-:
lems is to avoid matching the frequencies of the driving forces with the

natural freqency of the plate

It will be apparent in design that the ability to conduct an accurate free

S



vibration analysis of rectangular plates of variable thickness is absolutely
essential if the designer is to avoid the problem of resonance. In fact, the
free vibration analysis is an essential first step toward obtaining solutions

for the forced vibration of rectangular plates of variable thickness.

6.2 Differential equation

When a plate of variable thickness is loaded statically the elastic reaction
of the plate is everywhere equal and opposite to the applied loading q as
discussed in detail in Chapter 4. If there is no external applied loading but
the plate of variable thickness is vibrating, the elastic reaction acting on
each element of the plate (measured in the direction of negative w) pro-
duces an acceleration of each plate element in the same direction as shown
in figure D1. The magnitude of the elastic reaction phdA%“icontinues to
act on the plate element and opposes acceleration. In the elastic reaction
expression, area dA is the the product of the lengths dx and dy and pk
is the mass per unit surface. The differential equation(4.11) for deflec-
e~ ,
tion analysis which is developed in Chapter 4 may now be obtained from
the preceding analysis by substituting ,hd.-i% for q in order to develop
the governing differ¢ntial equation of free vibration analysis of rectangular
plates of variable th;clmess. Thus, we obtain

8DéG*w _8DIgw
2 2 9 a9 2 2

Dy vw-}-_—ax rm -i-_5 3y + DG w
8*D &*w oagD Fw 0D Pw 8w

mt - "Nz a2 “azaEJ 320y By 522 = ~*haE

(6.1)
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It is assumed that the thickness varies only along the x axis. With this

assumption the above differential equation becomes:

F*w Fw Fw.’' 8D duwd Fuw

9 > Jufmily Shuiiiey s
D7 25y T o) T 2525 t 32557
3*D B*w 4w w

= —ph—— 2

T T TV T TP e (6-2)

where the displacement w is expressed as a function of the coordinate axes
x and y and time t.

Let us assume that the displacement w(x,y,t) is expressed as a product
of two functiors one including only the coordinates x,y and the other one
including{he time t, thus the displacement w will be written as:

w(z,y.1) = w(z, Y)T(?) (6.3)

By substituting equation(6.3) into equation(6.2), we get the following dif-

ferential equation.

Fuw(z,y)

1 Jw(z,y) | ,dw(z.y)  Jw(z,y) 9D (Puw(z,y)
Rz, 9) (D ( E P T v )+28.1: ( 323

1 8*D {&*w Sw(z,y)\\ _ 1 F*T(t)
oho(z,7) (ax= (a:c= Y )) =TT ( o) &Y

It is interesting to note that the left hand side of equation(6.4) is a function

of the coordinates x and v but the right hand side is a function of time t

only; therefore this equation can be-true only if both sides of the equation

are equal to a constant.

Ozdy*

Let us denote this constant by a positive real quantity w?. From the right *

hand side of the above equation we obtain:

&*T(t)

5 +wT(t) =0
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The well kmown solution of this ordinary differential equation is
T(t) = Asin(wt + ¢)

It 1s to be noted that T(t) represents simple harmonic motion. The quantity

~w is the circular frequency which dictates the frequency of these sinusoidal
oscillation. The quantity A is known as the amplitude and the quantity ¢
is called the phase angle which can be neglected when conducting the free
vibration analysis. In fact the reference can be always selected such that jt
is always zero. From the left hand side of equation (6.4) we obtain

d'w oD ow® &*w . 8D, Pw Fuw, _
(3123 922047 34) 2% =T 2057 zﬂazﬂ"”ayz) —w phw =0
(6.5)

The above differefitial equation is a homogeneous partial differential equa-

tion for free vibration analysis of plates of variable thickness involving the
properties of the plates, the circular frequency and the shape function de-

scribing the mode of vibration w(x,y).

N It 1s convenient to introduce the following non-dimensional form
oy a

=3 =2 W=—
=% B=3 ho

By putting the dimensionless ratios into equation(6.5). The following dif-

£=

Ity

ferential equation can be obtained:

D(a‘W(E,n) ) | pOWE), 3D (aBW(a,n) L @&, n)))_ .

oE4 EZENE dn? ac® . Ocon?
3D (W (£,n) 20W(En)\ _ o
T ( 3 +uvR —-—-—-—-—anz = w a hpW (6.6)
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6.3 Boundary condition

The plates are clamped on all four edges and are of variable thickness,
the thickness of plates varies linearly along the x direction and the vari-
ation is taken to be symmetric with respect to the middle surface. Thus

the boundary conditions used in the previous chapter will be valid for the
present chapter.

All modes of vibration of the clamped rectangular plate of variable thickness
will be placed into 4 categories:

™

1. Mode symmetric about both axds.

3]

Mode antisymmetric with £ axis.
3. Mode antisymmetric with 7 axis.

4. Mode antisymmetric about both axis

It is evident that the mode associated with any eigen-value will be composed
of an integral number of half sine waves running in the direction of each
axis. The higher eigen-values with associated higher frequencies, will have
more complicated shapes involving higher number of these half sine waves.
The simplest mode of all free vibration of plates of variable thickness with
the lowest frequencies will involve half sine wave running in each of the two

coordinate directions. This is called the fundamental mode.
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The assuming shape functions W are appropriate displacement functions
which individually satisfy at least the geometrical boundary con-dition.
Again the satisfaction of the differential equation of motion is not required. "
Thus the chosen functions satisfying the geometrical boundary condition of

the problem under investigation are:

Mode category 1

W, 1) = (1 = £ (L = ") (C1 + Caf® + Can® + Cu€?n* + Cs&* + Cen®)
S ‘
Mode category 2

W& m) = (1 - §) (1 wn')8(Cr + Cof™ + Con® + Ca™n® 4 Cs&* + Con®)
Mode category 3
W(&,n) = (1 — ) (1 - n")n(Cy + C26% + Can® + Col™n* + Cs* + Cen®)

Moede category 4

W& n) = (1 =1 — 7°)&n(Cr + C2£% + Can® + Co€** + Co&* + CenY)

[

64 Method of solution

The Galerkin method is used to obtain a solution of equation (6.5). The
merit of this method is that the solution of vibration of plates of variable
thickness is reduced to evaluation of certain definite integrals which can be
evaluated num‘erically by using the trapezoidal rule. This procedure leads

46



to a set of homogeneous algebraic equations and to an eigen-value eigen-
vector problem. The procedure of the application of the Galerkin method

in the previous chapter will also be valid for the present investigation

g

6.5 Results and Conclusions

To demonstrate the accuracy and convergence characteristics of the method,
numerical experimentation was carried out by varying the number of terms
in the displacement function . The results for the case of moées symmetric
about both £ and n axes for different number &f terms, aspect ratios and
taper parameters are tabuled in table D.1. From this table, it can be seen

that the fundamental frequency converges to a stationary value even for

' -
i

high taper parameters.

Table D.2 shows the results for the fundamental frequency of different mode
categories in free vib:ation analysis of a hc;mogqneous plate for &iﬁ'erent
aspect ratios. The results obtained by the present method are compared
with Odman [61]. Excellent agreements are found.

Figure D.2 shows the variation of the fundamental mode category 1 for
clamped rectangular plates of variable thickness with taper parameter ¢
for different as:pect ratios. Figure D.3 shows the variation of fundamental .
frequenc:v category 1 with aspect ratios for different taper parameter c. It
is interesting to observe that the fundamental mode category 1 of clamped‘
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‘rectangular plates of variable thickness increase with an increase in taper

parameter and aspect ratios.

When the plate of variable thickness is vibrating in category 2 (Figures D.5
and D.6) the frequency increases continuously with the increase in taper
parameter ¢ or aspect ratio. This can be attributed to the fact that an
Increase in aspect ratio and taper parameter amounts to an increase in
stiffness of the plate. The same is also true for plate vibration in category
4 as shown in Figures D.9 and D.10. Due to lack of data in the technical

. literature, no comparison of these results can be made.

Figures D.7 and D.8 show the variation in the fundamental mode category
3 of clamped rectangular plates of variable thickness with taper parameter ¢
for various aspect ratios and with aspect ratios for various taper parameter
c respectively. It is interesting to note that the curves tend to become linear
with increase of the taper parameter or aspect ratio. This is due to the fact
that plate vibration in category 3 is close to the vibration of homogeneous

plates in the same category.

1

In Figures D.4 and D.11, it can be concluded fhat the frequencies in mode
categories 2 and 3 are the same and degenerate into the same mode for
uniform square plates. It is interesting to observe that, even for a small
change in the taper parameter from zero, this degeneracy disappears and

they become modes with distinct frequendies.

The Galerkin method has been shown to be accurate and simple to apply
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for free vibration analysis. The coniputer time and memory requirements
are also found to be small. Again the Galerkin method has proved to be an

extremely powerful and versatile tool for free vibration analysis of plates of

variable thickness. )
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Chapter 7

CONCLUSIONé\

By examination of analytical results obtained, the following conclusions can
be drawn:

1. For small deflection, buckling and vibration analysis the Galerkin

method is found to yield results which are in excellent agreement

with those obtained by more laborious method for the case of uniform

plates.

to

The centre defiection decreases with an increase of taper parameter ¢
and aspect ratio; this can be attributed to the fact that both increases
In taper parameter and aspect ratio increase in the give rise to a

significant increase in the stiffness-of the plate.



With increasing of taper parameter, plates of variable thickness be-
come much more stiff. As a result of this, the plate of variable thick-

ness tends to deflect less at high taper parameter ¢ under the same

lateral load.

For a given aspect ratio R = a/b and taper parameter c, the maxi-

murm center deflection of the plate of variable thickness decreases with

. increasing value of the foundation modulus. This is to be expected as

the effect of the foundation modulus is to reduce the centre deflection.

-

. With increasing value of foundation modulus the centre deflection

curves tend to become linear. This is due to the Increasing rigidity of

the plate contributed by the elastic foundation.

. Due to the increasing rigidity of the plate of variable thickness with

increase in the taper parameter c, it has been found that the critical

- buckling load is very sensitive to the increase in taper parameter c.

~]

9.

. With increasing load ratio %: the buckling load curves tend to become

constant. This can be attributed to the fact that when the load

ratio becomes large, the plates of variable thickness behave close to

buckling of uniform plates.

4

For vibration analysis, the frequency increases with increase of taper

parameter c for each of the four categories of vibration.

N

In mode category 3, plates of variable thickness vibrate close to the

vibration of uniform plates.



10 For a square.uniform plate the frequencies in the 2" And 3™ mode
categories are found .to be ol the same magnitt.ide. These are called
degenerated modes. Th ta.@z\ parameter ¢ is found to split the de-

' generate frequencies of uniform thickness square plates to distinct

frequencies. .

Finally, for the present study, it can be concluded that, the Galerkin method
proves to be an extremely powerful and versatile tool for all type of analysis
considered. The computing time and memory requirements are smell; thus

maldng it specially suited for desk top microcomputers.

[
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TAPER PARAMETER C -

0.0

0.2

0.4

0.6

0.8

1:term solution

0.02082°

0.02055

0.01866

0.01618

0.01365

2 terms solutioq

0.02073

0.02010"

0.01848

0.01640

0.01428

J terms solution

0.02020

0.01957

0.01798

0.01593

0.01383

4 terms solution

0.02024

0.01960

0.01800

0.01594

0.01334

3 terms solution

0.02424

0.01960

_0.01800

0.01800

0.01397

6 terms solution

0.02025

0.01961

0.01801

0.01600

0.01398

Ref[39]

-1 0.020201

Ref{43]

0.02062

0.01986

0.01785

0:01530

0.01274

-

Table B.1: Com;irison of center deflection a of rectangular plates of vad-
able thicknessfor R=a/b=1"

A
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“

S~

K

r—

R=a/b=1 ?

R=a/b =075

"R=a/b=05

Present

Ref[39]

Present

Ref]39]

presext

Ref[39]

0.020250

0.020201

0.031480

0.031412

} 0.040570

0.040545

20

0.016090

0.016033

0.022220

0.022201

0.025530

0.025525

0.013260

0.013245

0.017050

0.017036

0.018420

0.018411

60

0.011260

0.011251

0.013750

0.013741

0.014310

0.014307

80

0.009760

0.009756

0.011470

0.011463

0.011650

0.011656

L 100

0.008600

0.008594

0.009800

0.009797

0.008800

0.009812

120

0.007670

0.007665

0.008540

0.008530

0.008400

0.008459

140

0.006910

0.006903

0.007540

0.007534

0.007410

0.007427

160

0.006280

0.006377

0.006740

0.006734

0.0065%0

0.006616

180

0.005750

0.005745

0.006090

0.006076

0.005900

0.005963

200

0.005230

0.005291

0.005540

0.005528

0.005425

0.005400

Table B.2: Variation of max small deflection coeff a of clamped rectangular

plate of variable thickness with dimensionless foundatiog modulus K for

ga*

taper parameter ¢ =0

w

= a—

Do
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Appendix C

BUCKLING ANALYSIS
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Figure C.1: Variation of buckling load with taper parameter for varous
aspect ratios R for clamped rectangular plates of variable thickness for —
N,=0
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Figure C.2: Variation of buckling load with aspect ratio R for various taper
parameter for clamped rectangular plates of variable thickness for N,=0.
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Figure C.3¢ V'ariation of bﬁckling load with aspect load %"‘ for various taper
parameter ¢ for clamped square plate of variable thickness
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Figure C.3: Variation of bi.zckling load with taper parameter for varous
load ratio for clamped rectangular plates of variable thickness for R = 0.8
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B —————

[ TAPER PARAMETER C :
0.0 0.2 0.4 0.6 0.8
1 term solution | 4.10344 | 4.33335 | 5.02310 | 6.17262 | 7.78211
2 terms solution | 3.94725 | 4.11657 | 4.59739 | 5.34697 | 6.34630
3 terms solution | 3.92654 | 4.09405 | 4.56967 | 5.31109 | 6.29948
4 terms solution | 3.92561 | 4.09349 | 4.56966 | 5.31007 | 6.29291
| 5 terms solution | 3.92443 | 4.09045 | 4.55419 | 5.25047 | G.13317
6 terms solution | 3.92405 | 4.09003 | 4.55361 | 5.24960 | C.13181
_ Sa Ref [60] 3.962
1 term solution | 5.47128 | 5.66226 | 6.23525 | 7.19023 | $.5271
2 tedms solution | 5.38812 | 5.54031 | 5.97505 | 6.65821 | -.57466
3 terms solution | 5.31273 | 5.46330 | 5.89337 | 6.56891 | 7.47457
4 terms solutiqq | 5.30576 | 5.45719 | 5.88938 | 6.56720 | T.47457
5 terms solution | 5.30516 | 5.45531 | 5.87800 | 6.52034 | 7.34437
6 terms solution | 5.30457 | 5.45471 | 5.87743 | 6.51978 | 7.34382
Sa Ref [60] 5.333 ] ’
1 term solution | 16.41378 | 16.67027 | 17.43985 | 18.72248 | 21.51816
2 terms solution | 16.29578 | 16.49290 | 17.06182 | 17.97748 | 10.23604
3 terms solution | 15.70612 | 15.90434 | 16.47308 | 17.38171 | 18.62427
4 terms solution | 15.70243 | 15.90213 | 16.47293 | 17.38069 | 18.61797
5 terms solution | 15.70089 | 15.89570 | 16.43341 | 17.24188 | 18.28806
6 terms solution | 15.69617 | 15.89104 | 16.42804 | 17.23766 | 18.28498
_ | SeReflo0) | 15789 | | [ [

Tablc‘C.lz Convergence table for the buckling load coefficient C. of clamped
rectangular plates of variable thickness with various taper parameters,
forvariousaspectratiosand—“—’t:l ' 72D
N. Nz = C,. ’
4a2
87 =




R=a/b=1" | ;R=a/b=15 R =a/b=2

%:- Present Sa | Present Sa Present Sa
solution | Ref [60] | solution | Ref {60] | solution | Ref [60]

0 | 10.077 | 9.957 | 18.796 | 18.802 | 32.434 | 31.462
0.125 | 9.139 | 9.109 | 17.648 | 17.679 | 20.802 | 29.533
0.25 | 8331 | 8.339 | 16.610 | 16.652 | 27.202 | 27.236
0.5 | 7.032 | 7.063 | 13.954 | 13.932 | 23.0276 | 23.118
1 | 5305 | 5333 | 9.275 | 9.326 | 15.696 | 15.769

2 | 3516 | 3.5327| 5461 | 5478 | 8.703 | 8721

4 | 2082 | 2085 | 2984 | 2987 | 4565 | 4.584
| 8 | 1142 [ 1139 | 1565 | 1.562 235¢ | 2351

-

Table C.2: Comparison of buckling load coefficient C, for clamped rectan-
gular homogeneous plate (¢ = 0)with aspect ratio
Cr‘aTzDo
M= Taa
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Figure D.1: Rectangular plate of variable thickness element subjected to
an inertia force
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Figure D.2: Variation of circular frequency w of clamped rectangular plates
of variable thickness with taper parameter ¢ for various aspect ratios R in
the first mode category.
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Figure D.3: Variation of circular frequency w of clamped rectangular plates

of variable thickness with aspect ratio R for various taper parameter ¢ in
the first mode category.

92




w

- 28 1

FREQUENCY

24 1 \
20 4 ‘(—__—/
l%
15
- b
12 4 , >
‘/’__,__}—Efdfe/
8- -
i v H hal T H T 1 M 1 T H
0.0 0.1 0.2 0.3 0.4 0.5 0.8 0.7 0.8
TAPER PARAMETER ¢ : s

Figure D.4: Variation of circular frequencies for three modes of clamped
square plates of variable thickness with taper parameter i first mode cat-
egory
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Figure D.5: Variation of circular frequency w of rectangular plates of vari-
able thickness with taper parameter ¢ for various aspect ratios R in the
second mode category.
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Figure D.6: Variation of circular frequency w of rectangular plates of vari-
able thickness with aspect ratio R for various taper parameter ¢ in the

second mode category. :
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Figure D.8: Variation of circular frequency w of rectangular plates of vari-
able thickness with aspect ratio R for various taper parameter c in the third
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BRI B

»
.
T - " TAPER PARAMETER C -
0.0 0.2 0.4 0.6 0.8

1 term solution | 6.16188 | 6.33215 | 6.81750 | 7.55747 | 8.48570
3 terms solution | 6.15351 | 6.30710 | 6.72092 | 7.31072 | 8.01890
R = 0.5 | 4 terms solution | 6.15531 | 6.30854 | 6.72181 | 7.31126 | 8.01982
6 terms solution | 6.14486 | 6.30199 | 6.72832 | 7.33617 | 8.05576

Odman Ref 61] | 6.145 '
1 term solution | 9.00002 | 9.15576 | 9.60785 | 10.31741 | 11.23573
" | 3 terms solution | 9.00002 9.15169 | 9.55746 | 10.13738 | 10.84698
R=1 |4 terms solution | 9.01824 | 9.17124 | 9.58209 10.18032 | 10.81012
6 termsWlution | 8.99716 | 9.15029 | 9.57150 | 10.18490 | 10.92722
Odman Ref [61] | 8.9997 | |
1 term solution | 15.21412 | 15.37280 | 15.83933 | 16.58774 | 17.58207
3 terms solution | 15.19500 | 15.36089 | 15.82175 | 1650742 | 17.3651+ |
R = 15 | 4 terms solution | 15.19244 | 15.35831 | 15.81913 | 16.50477 | 17.36243 |
6 terms solution | 15.19166 | 15.35739 | 15.81669 | 16.49414 | 17.32661 |
Odman Ref [61] | 15.1031 | - - B |

-

>

101

Table D.1:- Convergence table of fundamental frequencies mode category
1 of clamped rectangular plates of variable thickness for various taper pa-
rameter ¢ and aspect ratios.



P
I Roos R=1 R=15 _711“:2——,—
_Ez_;ment Odman || Present | Odman | Present | Odman present | Odmgan
Solution | Ref(51) || Solution | Ref(61) | Solution Ref(61)" Present | Ref (61)
First eigen-value for doubly symmetric mode '
’ (category 1)
6.144486 | 6.145 ﬂ 8.99716 | 8.9997 | 15.19166 | 15.1931 || 24.57942 | 24330 |
First eigen-value for antisymmetric mode about x ads
(category 2) -
1590744 | - || 1835053 | 18.351 | 23.46127 | 23.468 | 31.83031 ] 31.830 |
First eigen-value for antisymmetric mode about y axis |
(category 3) !
7.95758 | 7.9575 || 18.35055 | 18.353 || 37.19886 37.423 || 63.98991 - }
First eigen-value for doubly antisymmetric modes 1
) (category 4) [
17.77841 | 17.770 2@6378 ?1.059 | 34.85075 44.893t 70.95305- 71.08
£

Table D.2: Comparison of fundamental frequencies for each of four mode

category for clamped rectangular plates of uniform thickness
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108

109

1135
114

112

110

116

118

120

118

121

123

124

122

125

SUBROUTINE MATINV{A.NP)
:  MATRIX TO BE INVERTED
NP: ORCER OF THE MATRIX A
IMPLICIT REAL*B(A-H,0-2)
DIMENSION INDEX(20,2),A(20,20)
DO 108 I=1,MP
INDEX(], 1)=0
11=0
AMAXm—1 . 00
DO 110 l=1,NP
IF(INDEX(T, 1)) 110,111,110
DO 112 Juwt NP
IF(INDEX(J, 1)) 112,113,112
TEMP=OABS(A(I,J))
IF{TEMP-AMAX) 112,112,114
IROW={
ICOL=Y
AMAX=TEMP
CONTINUE .
CONTINUE
IF (AMAX)225,115%,116
INDEX(1COL, 1)=IRON
IF(IROW-ICOL) 119,118,119
DO 120 Jumi NP
TEMP=A( IROW, J)
A{IROW, J)=a(ICOL,J)
A(ICOL, J)=TEWP
[ImI141
INDEX(11,2)=ICOL
PIVOT=A({ICOL, ICOL)
A(ICOL, ICOL)=1.D0
PIVOT=1.D0/PIVOT
DO 121 J=i NP
A(ICOL, JY=A{ICOL, J)*PIVOT
DO 122 I=1,MP
IF(I-IC0L) 123,122,123
TEMP=A(1,ICOL)
A(l,ICOL)=0
DC 124 Jmi NP *
AL, J)=A(T,3)-A(ICOL,J)*TEMP
CONTINUE
GO TO 109
ICOL=INDEX(11,2)

104



IROW=INDEX ( ICOL, 1)
DO 128 l=t NP
TER=A(T, IRON)
A(l,IROW)=A(I, ICOL)
128 A(L, ICOL)=TEMP
[I=l1-1
223 IF{11)12%,127.12%
115 WRITE(S, 101)
101 FORMAT(1HO,2X, 114 ZERO PIVOT)
127 CONTINUE
RETURN
END

aq.

1
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o000 n00

SUBROUTINE INTRGL (N,L.DX,DY,R,T,AREA)
N: NUMBER OF INTEGRATIONS

L: NUMEER OF NOOES IN X AND Y DIRECTIONS
DX: SUBINTERVAL CF WIDTH IN X DIRECTION
OY: SUBINTERVAL OF WIDTH IN Y DIRECTION
R: ASPECT RATIO A/B

T: TAPER PARAMETER

IMPLICIT REAL*8(A-H,0-Z)
M —1
SUl=0 . 0
X=—1.0
Yo—1.0
CALL F(N.X,Y.R,T.FA)
SUmSUMHFA
X=—1.0
Y=1.0
CALL F(N.X,Y,R,T.FA)
U= SUNAFA
Xm1.0
Y=1.0
CALL F(N.X.Y,R,T.FA)
SU=SUMH A
X=1.0
Y=—1.0
CALL F(N,X.Y.R.,T.FA)
SUM=SUMAF A
SUM=SUM®0, 25
Xm—1 . 0+DX
DO 1 Im2.M
Yo—1.0
CALL F(N,X,Y,R.T.FA)
SUMmSUNSFA
Y=1.0
CALL F(N,X,Y,R,T,FA)
SUN=SUHFA
YaX+0X

1 CONTINUE
Ye1.0+07
DO 2 I=2.M
X=—1.0
CALL F(N,X,Y.R,T.FA)
SUM=SUMAFA
X=1_0

106



CALL F{N.X,Y.R,T.FA)
SU=SUMFA
YaY+DY

2 CONTINUE
SAsSLM*0. 5 “
Xm—1.0
DO 3 I=2 .M
Yam1.0
XmX+DX
DO 3 Ja2.M
YuT4OT
CALL F{N.X,Y,R.T,FA)
SUM=SUMIFA

3 CONTINE
AREAnSUM*OX*0Y
RETURN
END
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c SUBROUTINE TO SOLYE THE GENERALIZED EIGENPROBLEM USING C
c THE GENERALIZED JACOBI ITERATION . c
c c
(IXIZZI]J111:2]11]]]]]}]11]1]1:{12]]]JJJZZIZJ]]]JIJJIIZIIIIZIHT
¢
c
c

SUBROUTINE JACOBI(A,B,X,EIGY.D,N,RTOL ,RSMAX, IFPR, IOUT)
C —— INPUT VARIABLES —

c A(N,N) = STIFFNESS MATRIX (ASSUMED POITIVE DEFINITE)
c B{N.N) = MASS MATRIX (ASSUMED POSITIVE DEFINITE)
c X{N,N) = MATRIX STORING EIGENVECTORS ON SOLUTION EXIT
c EIGV(N) = VECTOR STORING EIGENVALUES ON SOLUTION EXIT
c D(N) = WORKING VECTOR
¢ N = ORDER OF MATRICES A AND B
o RTOL = CONVERGENCE TOLERANCE (USUALLY SET TO 10.¢*-12)
c NSMAX = MAXIMUM NUMBER OF SWEEPS ALLOWED (USUALLY 15)
c IFPR = FLAG FOR PRINTING DURING ITERATION
¢ EQ O NO PRINTING EQ ! INTERMEDIATE PRINTING
) lout = QUTPUT DEVICE MUMBER (USUALLY 8)
"C -— QUTPUT VARIABLE —
c A(N.N) = DIAGONALIZED STIFFNESS MATRIX
c B(N,N) = DIAGONALIZED MASS MATRIX
c X(N,N) = EIGENVECTORS STORED COLUMNWISE
¢ EIGV{N) = EIGENVALUES '
IMPLICIT REAL*B(A-H,0-Z)
DIMENSION A(10,10),B(10,10),X({10,10).EIGV(10),D(10)
c INITIALIZE EIGENVALUE AND EIGENVECTOR MATRICES
DO 10 I=f,N
IF(A(1,.I).GT.0.AND.B(I,1).GT..0) GO TC 4
WRITE( IOUT,2020) '
sToP '
4 DCIY=A(I.1)/8(1.1)
10 EIGV(I)=0(1)
. DO 30 [=1,N
DO 20 Jmt,N
20 X(1,J)=_0
30 X(I.1)m1,
IF(N.EQ.1) RETURN
¢ INITIALIZE SWEEP COUNTER AND BEGIN 1TERATION
NSWEEP=Q
NR=N—1

40 NSWEEP=NSWEEP+1
IM(IFPR.EQ.1) WRITE(IOUT,2000)NSWEEP
C ' CHECX IF PRESENT OFF-DIAG ELEM IS LARGE ENOUGH TO NEED ZEROING
EPS:.+( .01 SNSWEEP) *92
DO 210 Jwi, MR
Jdmd+1
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DO 210 K=JJ, N
EPTOLA=(A(J,K}*A(d.K))/(ACI, J)*A(K.K))
EPTOLB~(B(J,.K)*B(J ,K))/(B(J.J)*B(K.X))
IF((EPTOLA.LT.EPS) .AND. (EPTOLS.LT.EPS)) GO TO 210
IF ZEROING IS NEEDED, CALCULATE ROTATION MATRIX ELEMS CA AND CG
A=A(K K} *8(3 ,K)-B(K,K)*A(J.K)
AJJmA(Jd,d)*8(J,K)-B(S,d)*A(J.K)
ABA(J,J)*B(K,K)=A(K,K)*B(J.J)
. CHECKn (AB®AB+4. *AKX®AJJ) /4.
IF (CHECX) 30, 80,80
30 WRITE(IQUT,2020)
- STOP
60 SQCH=DSORT (CHECX)
D1=AB/2 _+SQCH
D2w=AB/2 ., ~SACH
DEN=D 1
IF (DABS(D2) .GT.DABS{D1) ) DEN=D2
IF (DEN)8Q, 70,80
76 CA=.0
ComA(J.K) /A(K,.K)
GO TO 90
80 CAmAKK/DEN
CO=AJJ /DEN
PERFORM THE GENERALIZED ROTATION TO ZERO PRESENT OFF-DIAC ELEM
90 IF(N-2)100,190,100
100 JP1mi+1
JM1mg—1
KP 1=+
KM 1mi—1
IF(JM1-1)130,110,110
110 DO 120 I=1,uM1
AJmA(1.J)
BJ=B(I,J)
AX=A(T,K)
BX=8(1.K)
A1, J)mAJ+CETAK
B(I,J)=BJ+CG*BX
AL, K)mAK+CA®AY
120 B(I.K)m8K+CA*BJ
130 IF(KP1-N) 140, 140, 180
140 DO 150 I=kP1,N
AJmA(J, 1)
BJ=B(J, 1)
AK=A(K, 1)
BX=8(K, I)
A(d, 1) mAJ4+CEoAK
B(J, 1)=8J4CC*BK
A{K, I )mAK+CA®AL
150 B(K,I)=BK+CA*BJ
160 1F (JP1-M1)170,170, 190
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170,00 180 IwJP1,)XM1
: Ad=A(J, 1)
L B=B(J,1)
- \ AKmA(E.K)
'\ BK=8(1,K)
A, I)mAJHCSPAK
B(J, I)=BI4CG*BK
A(1,K)=AKICA®A)
180 B(I,K)=BK+CA*BY
10 AKmA(K,K)
BK=8(X.K)
A(K, K} mAK+2. *CA®A(J K} +CACA®A(J . J)
B(K,K)=BK+2. *CA*B(J , K)4CA*CA*B(J, J)
] A, J)mA(J, )42, *CEYA(J , K)+CCCEAK
B(J:J)=B(J,d)4+2.%CG*B(J.K)+CG*CE*EK -
A(d.K)=.0
B{J,K)=.0 .
c UPDATE THE EIGENVECTOR MATRIX AFTER EACH ROTATION
DO 200 I=f,N
XJ=X(1.d)
K)
1. J)=XJ4+CT*XK
200 X(I,K)=XK+CA®XJ
210 CONTINUE
c UPDATE THE EIGENVALUES AFTER EACH SWEEP
DO 220 Imf,N -
IF(A(I.1).GT..0.AND.B(I,I).GT..0) GO TO 220
WRITE(10UT,2020)
sTOP
220 EIGV(I)=A(I,1)/8(1.1)
IF(IFPR.EQ.0.) GO TO 230
WRITE (10UT,2030) *
WRITE(IOUT,2010) (EIGV(I),I=1,N)
c CHECX FOR CONVERGENCE
230 DO 240 I=i,N
TOL=RTOL*0(I)
DIF=DABS(EIGV(I)=D(1))
IF(DIF.GT.TOL) GO TO 280
240 CONTINUE .
c CHECX ALL OFF-DIAG ELEMS TO SEE IF ANOTHER SWEEP IS NEEDED
EPS=RTOL**2
DO 250 Jmi NR
JImj41
DO 250 KmJJ, N
EPSA=(A(J,K)*A(J.K) ) /(A(J J)*A(K.K))
EPSB=(B(J.X)*8(J,K))/(B(J,J)*B(K,.K))
IF((EPSA.LT.EPS) .AND. (EPSB.LT.EPS)) GO TO 250
60 TO 280
250 CONTINUE
c FILL OUT BOTTOM TRIANGLE OF RESULTANT MATRICES AND SCALE EIGENVEC

-~

,’/
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c

253 DO 280 I=i.N
0O 280 Jwi N
A(J,.T)=A(1,4)

260 B(J,I)wB(1,J)
DO 270 J=t . N

. BB=OSQRT(ABS(B(J,9)))

00 270 Ka1,N
270 X(K,<)=X(X,J)/08
UFDATE D WATRIX AND START MEW SWEEP, IF ALLOWED
280 DO 290 l=1,N
290 D(I)=EIGV(I)
IF (NSWEEP .LT.NSMAX) GO TO 40
G0 TO 255 :
2000 FORMAT(/* SWEEP NUMBER IN *JACOBI® = ®,14)
2010 FORMAT(SX,4£18.8)
2020 FORMAT(" *** ERROR SOLUTION STOP °/
1 * MATRICES ARE NOT POSITIVE DEFINITE')
2030 FORMAT(® CURRENT EIGENVALUES IN *JACOBI* ARE")
END
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c c
c PROGRAM FOR DEFINITE INTEGRATION c
c ‘ <
c

c

c M1: MUMBER OF INTEGRATION

c N2: NMBER OF NODES IN X AMD Y DIRECTIONS

c F FUNCTION TO BE INTEGRATED

c R ASPECT RATIO A/B

c T TAPER PARAMETER

c

IMPLICIT REAL*S8(A-H,0-2)
DIMENSION ARA(100)
READ(S,*) M1,N2,R
DO 40 J=1,5%
READ(S,*) T
WRITE(8,200)R,T
200  FORMAT('1°,4X,’'Rm’,F10.4,4X, T=" F10.%,///)

DO 10 I=1,Mt
DX=2/(FLOAT(N2-1)) : . t
OY=2/(FLOAT{NZ=1})
CALL INTRGL(I.N2,DX,DY,R,T,AREA)
ARA{ T)mAREA
WRITE(S, 111) (ARA(I) , I=1,M1)

111 FORMAT(3X,F12.4,/)

10 CONTINUE
40 CONTINUE
sTOP
END

R |
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c . ' c
c PROGRAM FOR VIBRATION ANALYSIS c
c ‘ ¢
c

c

¢ A AND B ARE MATRICES DEFINING TWO SIDES OF EIGEN-VALUE

c PROBLEM WHICH ARE FORMED FROM THE RESILTS OF DEFINING

c INTEGRATION.

c N: ORDER OF MATRICES A AND B

c EIGEN: EIGEN-VALUES .

¢

IMPLICIT REAL*8(A-H,0-2)
DIMENSION A(20,20).8(20,20).X(20,20),E1GV(20),D(20)
READ(S.*) N
READ(S, *} ((A(I,J),J=t N),I=1,N)
READ(S,*)((8(I,J) . J=1,N),I=1,N) .
WRITE(S,2) '
2  FORMAT("1°.T10, "MATRIX STIFFNESS',//)
WRITE(S,3) ((A(I,d),J=1,N}, I=1,N)
3 FORMAT(8(3X,F10.%)./)
WRITE(S,4)
4 FORMAT(T10, "MASS MATRIX *./)
WRITE(S.7) ((B(I.J).J=1,N), =1, N)
7 FORMAT(8(3X,F10.3),/)
C RTOL CONVERGENCE TOLERANCE
RTOL=C . 000000000001
C NIMAX = MAXIMUM NUMBER OF SWEEPS ALLOWED
NSMAY=1S
C IFPR FLAG FOR PRINTING DURING ITERATION
IFPR=0
C IOUT OUTPUT DEVICE MAMBER .
IOUT =8 ‘
CALL JACOBI (A,B,X.EIGV,D.N,RTOL,NSMAX, IFPR, [OUT)
WRITE (8.9)
9 FORMAT. ("1","MATRIX (A)*.//)
WRITE(S.135) ((A(F.J), =1 ,N), I=1,N)
155 FORMAT(8(3X.F10.5),/)
PRINT 158
156  FORMAT(TS, *MATRIX (B)*./)
WRITE (8,160) ((B(I.J),J=1,N), I=1,N)
160  FORMAT{8(3X,F10.5),/)
PRINT 170
170  FORMAT(TS, 'EIGEN VECTORS STORED COLUNWISE X(I.3)* . /N
WRITE (6.180)((X(I,J),J=1,N),I=1,N)
180 FORMAT(8(3X,.F10.5),/)
PRINT 130
190 FORMAT (TS, "EIGEN VALLES X*,//)
DO 14 Im1 N

113



A 4
G

Phadr

14

20

EIGV(1)=EIGV(I)**0.5
CONTINUE

WRITE(S,20) (EIGV(I)},I=1,N)
FORMAT(3X.F15.5,/)
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c

c

-

c FWTIQBNE[NTERGRATETOFW“{MTR!XAG'
C THE EIGEN-VALUE PROBLEM FOR THE MODE CATEGORY 1

c

000

IIJI]J])]IJJJ]]:J:J:I::I])J]]]]11:11111Jx]]IIJJJJJJZZI]I]]]JJJJJ

c
c

c

FUNCTION F(N,X,Y,R.T,FA)

N: MABER OF FUNCTIONS TO BE INTEGRATED

R: ASPECT RATIO RmA/B
T: TAPER PARAMETER
X2m)*X

X3mX 20X

X4=XI*X

XSmX 49X

X8=XS*X

XT=xdox

AR Tm1 =200+ X4~ 2% 244 0 A2 VY 22 %V 29X 4T 4—29X25Y 4+ X4 %Y 4

AR 2eAAX 19X2
AX ALY 1"T2
AAX 4mANX 1 9X2%Y2
AAXTmAAX2%X2
AAX BapAXT Y2
TX={14T*X)
R2=R*R

Ré=R2*R2

BX1m{ (TX) *23% ((24—4B*Y2+2474)+29R2* (16487 X2-48Y24+144°X2972) +

1R4® (24—48°X2424%X4) ) )

BX2mE*T*(TX) #22% { (24°X—487Y2oX+24°Y45X)+R2* ( 169X—18°X3—489X*Y 2448

19X3°72))

BX3wEo T2 (TX) * ( (—4H8%Y2-24"X20Y 24 0T 4+ 12°X2 %Y 4+1 2%X2)4R2*0. 30*
1 (8" X2=4*X A+ 12%Y 224 X2* Y 241 2°X4*72))

AX TaBX 1 HEXZHECS

BX4a(TX) 93¢ ( (—~48+360°X2+36°72-720°X2*Y2-48%Y4+360°X2°T 4)+2°R2* (—8
1496 9X2-120#X4+249Y2-288*X2*Y 24380 °X47Y2) +RO%4# ( 24 8X2-48*X4+247X6 ) )

BXSmGeT*(TX) **2% ( (—480X+120°XHI00XY2-240°XI*Y 248X Y 4+120°X3
1974)4R2% (~8oX+320X3-24*XS+24 9 X*Y2-96*X3*Y2472%X5*Y2) )
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BXBaSoT220 (TX) *((2-242X2430°X4—4 0T 2448°X2°Y 280X 40T 24 20T 4-247X2*
TT44309X4574) $R2%0. 30% (—4*X2+BOX 44 *XB+1 29X 20T 2-24°X 45T 2=12°X8 *T2))

. AX2wBX448X548X8

BX7m(TX) 0439 ( (24°72—4B9Y 4424 °T8) +2°R2% (=84 24 5 X2+96 4T 2- 288 X292~
TTH0OY44360°X2OY4)4R4® (—484+96 2 X248 X 4+380°Y2-720°X2*Y24380°X4572) )
S{TX) #9029 ( (24°X V248X T 4424 X*YB)+R2* (~8* X+ 8 XI+28oX*Y2—

-

BXOmGeT2020 (TX) *( (4" T24+129X 25T 2485 Y 4-245X 24T 4= i Y841 29%2*78)+0.30
19R2* (2402429 X4-24"Y 24489 X2 Y 2-24 "X 45T2430*Y 4—80*X2Y 4430 *X4%T4))

AX S 748X BHEXD

BX10m(TX) 2 3% { (—48°Y 24380 X2%T 2406 *Y 4-T209X2*Y 448 *YB+360°X24Y8) 42
1°R2% (4-48°X2+60°X4=48 5T 24578 ¥ X297 2=720*X4 %1 2480 4=720°X2%Y $4900"
2X4SY4) HR4* (—4B0X2 496 *X4—48°XB+360°X2°Y2-720°X4*Y24+360°X6°Y2) )

HX11=89TH(TX) #2290 ( (~43FX*Y24+1200XI*Y 2406 9X*Y 42409 X3 %Y 448X Y8+
11209X3%Y8)+R2* (45X—16"X D0 129 XS—48 X FT2+192°X 35T 2144 9 XTOT2480°X T4
2-240°X3°Y4+180°X57Y4))

BX12m8oT##20(TX) *((2972-24X20Y 24308 X4 #7240 4+43°X20Y 480X 4+Y 442
1576-245X2°YB+30°X4%78) 40 30°R2® (29X2—4 0 X4+29XE-24 9 X2 %Y 2448°X4 472~
2249XB5Y2430°X2%T 480 X4°Y4+30°X6Y4) )

AX4amIX 1048X 1 148X12

BX13m(TX) *239 ( (24-720%X2+1580°X4—48%Y 2+ 14409X24Y 2~ 33609 25X 4424574,
1-720°X2974+1880°X49Y4) $2°R= 2% (~48°X242404 X 4—224 4 X641 449X2%Y2-720
29X45Y24872XBY2)4R** 42 (24°X4—43°XB+249X8) ) _

X148 2T®(TX) #02%( (24°X—-240°X 34338 *XS—43*Y 29 X+480*X3*Y 2—672%Y29XS
142497 42X ~240"X3*Y 44+ 336X 50T 4) +R2% (—18°X 485X S 329 XT448*T 29X 31 44
25XS*Y24989X7*Y2)) "

BX15=BoT020 (TX) *( (129X2-80" X4+ 569 X024 20X2+1200X4%Y2—1124Y29X8+
112574 X2-607X49T 4+ 56 °XE°Y4) +0 . 30°R2® (—4* X4-+8°XB—4 SXBH1 20X4*Y 224"
2XB%Y2+12*X8%Y2)) )

AX Sl 1 3+EX 148X 15

BX18m(TX) #9398 ( (245744857 E+24%T8) +29R* 2% (—4BEY 241 449X #Y 2424007 4—
1720°Y42X2-224"Y6+6729 X278 ) +R4* ( 24—4B*X2+24° X4~ T20%Y 24.1440°X2Y2—
2720%Y2*X 441680 74—-33605X2*Y4+1680°X474) )

BX17mBoT#(TX) 2929 ( (245X *T4—48YBX+249X4T8) +R2® (—45oX*Y 24482 X3oY 24
1240°X*Y4-240°X39Y 4-224*X *Y8+224°X3*T8) )

EX18m82To52¢ (TX) *({—4*Y4+120X 20T 4489YB-24 2789 X244 YB+129X29Y8) 40 3
TOR2® (1297224720 X2412°X 4% 2~80%Y 441 209X 27T 4—50°Y 49 X4+ 58 *Y8—1 1 29X2
2%YB+58%X4*Y8) )

AXBandX 1 84+EX 1748218

COTO (!.2,3,4,5,8,7.8,9,10.11 »12,13,14,15,18,17,18,19,20,21,22,253,
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124,25, 26,27,28,29,30,31,32,33,34,35.78) N

-

F1=AX 1 *AAX 1
FaAmE 1
RETURN

2 F2mAXQ2*AAX1
FAmF2
RETURN

3 FI=AXI®AAX1
FA=F3

4 FamAX4*AAX1
FAnE4

Fo=AXS*AAX 1

6 FOaAXB*AAX1 =
FAmFS

7 F7mAX1%AAX2
FAmE7

8  FB=AX2*AAX2
FA=F8

9  FImAXI"AAX2
FA=F9Q

. 10 F10mAX49AAX2
FA=f10
RETURN

11 FlImAXS*AAX2
FA=F11
RETURN "
c
12 Fl12wAXB*AAX2
FA=F12
RETURN
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F28aAX2=aAXS
FAmF 26

FZ7mAX3*AAXS
FAmE27

F2BwAX4*AAXS
* FA=F28

F20mAX I "AAXS
EAmf 29

F30=AX8*LAXS
FAmE 30

F31mAX1*AAXS
FAmE 31

F32mAX2*AAXS
FAmE32

FIS=AXT*AAXS
FAmf 33

FI4=AX4*AAXE
FA=F34

F3I5mAXS*AAXS
FA=F 35
RETURN

F38=AX 8" AAXE
FA=f 38
RETURN
END

A
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C FUNCTIONS TO BE INTERGRATED TO FORM THE MATRIX A OF c

C THE EIGEN-VALUE PROBLEM FOR THE MODE CATEGORY 2 c

c c

c

c

FUNCTION F(N.X,Y,R,T,FA)
c N: NUMBER OF FUNCTIONS TO BE INTECRATED
. R: ASPECT RATIO ReA/B

T: TAPER PARAMETER

X2mX*X

X3=X20X

X4mX3*X

XSmX 42X

XB=XSeX

X7=X8*X

XB=X7*X

XO=XBX

Y2uvey

Y3ar2ey

Yamy3Y
YSuT4vY
YEaYSeY

Y7=Y8*Y

YBmY*Y

YomYB*Y .

AAX TmX* {1 —2'X2+X4—2'Y2+4'X2'TZ—Z'TZ‘XHY&—Z‘X2'Y4+X4'Y4)

AR ZwAAY 1 *X2

AAXZ=ALX 1 *T2

AR 4mAAX 12X2°Y2

AAX S AX 20X 2

AAXBmAAX Y2

TXm{ 1+T9X)

R2=R*R

R4=R2°R2

BX1m(TX) **3%( (120°X~-240"T2*X+1 20°X*Y4)+2*R2* (48" X—80" X3~ 1 445X * T2+
12409X3%Y2)+R4* (244 X~48%X3+244%X5) )

BX2m8 0T (TX) ##29 (~12460°X2+24%Y2-120%Y29X2—1 257 44+809X2%Y 44+R2® (~4-+2
149X2~20%X4+12%72-725X2°Y2460°X4*Y2) )

EX3mGeTee20 (TX)*( (—12"X+20‘X3+24'X"(2—40'72‘X3—12"'74-!-20'X.3'Y4)+0
1.3%R2% (—4*X+8* X T4 X5+ 129X Y 2~24*X3*Y2+1 2*X5*72))

i

-

AX T mBX14+8X2+8X3

X4 "X 0% 3% ((~2400XHB40 XIH480°X 1Y 2- 1880 X34 22409 X4 4+840°X3 Y 4) +
129R2°% (~24*X+160°XI— 168 XS+72 7Y 20 X480 XI*T2+504*XS5*72) +R4 5 (24X 34
2B°X5+24%7))

BXSmS o TATX* 020 ( (8=120"X2+210°X4—12%Y24240°X2%72—420°X4*Y
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.

1248%Y4=120° X297 442109 X477 4) +R2® (=1 29X 240X 4—2B*XB4+389X2°Y2=120°X 4
2°72484°X8*72) )

BXO=GOT®#29TX* ( (B *X-40"XTH429X3~ 120X Y2480 XI*Y 2-845 T2 XT84 T4+ X—4
10*XIEY44429X5°74) 40 . 3R (~4 X T48OXB—4 X741 29XIFY2-24 9 X5 Y24 12520
7))

AX2uEX4-+8XS4+8X8

BX7aTX*23%({120%X *Y2-240°X"Y4+120%X*YB) $29R2® (- 24 *X+40°X3+288%Y2X
14800 XI*Y2-360°X *Y4+600*X3+Y4) 4RI (48 * X408 I XI—48* XS+ 360°T2°X=720
2°X3*T24380°X3*Y2) )

BXBm8 S TOTX 929 ( (~129Y 24007 X2°Y 2424 Y 4=1209X24T4—12°Y8+80°X24T8) +R2
19(2-129X2+109X4- 24572+ 14497 29X2-1 205X 4*Y 2+30°T4—180°X2 Y 4+ 1 50X 4+
Zv4))

BXQmBoTo820TX* ((=120X Y2420 XI*Y 2424 2T 46X—40*XIOY 4—1 20X SYB+209X3 oY
16)40. a-nz-(z-x—«mz-xs-zvrz-xm-\'z-n—z«xsmm-n-x—eo-x;s«r
24430°X3°Y4))

AXS=EX748XIHEX9

BX10mTX* 239 ( (=240 X*T24+840° XS oY 24480 X 7Y 4= 1 BB0*XI*Y 4-2409X *YB+340°
1X3%78) +2°R2¢ ( 125X-BO*XI+849XS—1445X*Y 24060°X 31 2=1008*
2XSY24180°X ST 4—1200*XI*T4+12809X5°Y4) +R4% (—48°XTHIE S XS—48*XT+380°X
3IY2-720NXSY2+380°X7*72))

BX11m8eTTX* 027 ( (67Y2=120%X25T242 105X 4Y2—120Y 44240°X25Y 44 209X 4T
1448578~ 1209X2*T8+210°X45YB)+R2® (89X 2205 X4+1 49X E~72#X2 #Y 242405 X4 %Y
22-168°X8"Y2490°X2*Y4-300°X4°Y 4+210°X5*74) )

BX12w80 T #26TX 8 ( (69X 4T 240X IOY 21420 XS YT~ 1 29X *Y 4+80*X I+ Y 4-G4SXS oY
14487 X Y BmdOF¥XI*YBH42XS*YB) 40 . SOR2* (20X T4 S X420 X7—24 5 XIS T 2445 XS *
ZY2=24%XT* Y2430 X3*Y4—60° XS Y4304 XT*Y4) )

AX4=EC10HEX 1 148X 12

BX13=TX**3%( (120°X~1680°XIH3024 X 5= 2407 2*X +3360°X3Y2-8043° 72X S+
1120%74%X~1880"XI*Y 4430245 X55Y4) +29R2% (—BO*X3+336*X5-288%X74240°Y2*
2X3—1008* X5 Y24884°XT*Y2) +R4% (249X5—48°X7+24°X9) )

EX14=8OToTY® 2% ( (80°X2~420%X4+5049XE~120Y2*X2+840°X4%Y2~1008*Y2*X
184+805Y4%X2-420 X4 *Y 44504 XB *T 4) +R2 ( —20* X4+ 56 9 XE~38 X3~ 155*XE*Y 241
208*XB*Y24+80*X4%Y2))

BX15m89T 2026 TX* ( (20*X3~B4°XS+72X7—40"Y 20X 31680 XS Y 214497 29X7+20
197 45X 3-B4OXTOTALT2OXTOY4) 40, 3PR2® (~4 S XD+BOXT—4*XG+128XS*T2-249XT*Y
22+12°%9*Y2))

AXSmBX 1 348X 1448X15

BX18aTX**3% ((120*X*Y4—240"X*YB+120°X*YB) +2°R2* (=144 X024 240%X3I*Y2
147207 4%X=1200XI*Y4~ET29X*YB+1 1209XI*YB) +R4* ( 24 °X 48X 34245 X5~720
2UY25%+] 4405720 X3-720°XS*Y2+1 680 49X—3380°X5*T4+1680°X5+T4) )

BX17mE°TTX®02% ((=12°T44607X2 Y 4+245Y6—1205X29YE~129YZ+80°X2°Y8) +R
129 (12972729725 X248 0°X 40T 2805 Y 4+380°Y 49 X2-300 X4 5T 4+ S5 8 YE—-335 92
bat % 280%X4Y8))
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10

11

”~

BX18mEoTS020TX® ( (=129X Y 4+20°X3 Y4424 9TB*X—40°X3*YB~129X*YB+20°X3*
1Y8)40. I°R2° (129X 272245 XI*Y2+129XS¢Y2-80X*Y 441 20°T 40X 3—80*XS Y 445
26°78°X~112X3*Y8+55°X5°Y8))

AXS=BX16-+EX174+8X18

GOTO (1,2,.3.4,5.8,7.8,9,10.11,12,13,14,15,18,17,18,19,20,21,22, 25,
124.25.26.27.28.29.30.31.32.33.34.35.38) N

F1=AX1*AAX1
FAmF 1
RETURMN

F2mAX2*AAX 1
FAmf2

FImAX3®AAX 1
FhAnE3

FA=AX4*AAX 1
FAmf4

FoaAXS®AAX 1
FA=FT

FomAXS*AAX 1
FA=FS

F7aAX1%AAX2
FA=E7

FOmAX2 *AAX2
FAmED

FO=AXI*AAXD
FA=ED
RETURN

F10=AX4*AAX2
FA=E 0
RETURN

F11mAXS*AAX2
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12

13

14

13

18

17

18

19

20

21

FAmF 11
RETURN

F12=AX8*AAX2
FAmE12
RETURN

F13mAX1°AAX3
FA=F13
RETURN

F 14mAX2°AN3
FA=F14
RETURN

FI1S=AXI®AAXS
FAmE 1S
RETURN

F16wAX4%AAXS
FA=F168
RETURN

F17=AXS*AAXS
FAmE17
RETURN

F19=AX8*AAX3
FA=f18
RETURN

F19mAX1*AAX S
FA=F 19
RETURN

F20mAX2%AAX 4
FA=F20
RETURN

F21=AXI*AAX 4
FAmF21
RETURN

F22mAX4*AAXS
FAmF22
RETURM

F23wAXS*AAX 4
FAmt 23
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:
IS
L
2

24 F4=AXE*AAX4E
FAmE 24
RETURN

23 F25=AX1%AAXS
FA=F23
RETURN

28 F2O=AX2%AAXS
FA=F28
RETURM

27 F27=AXI* AAXS
FA=E27
RETURN

28 FlB=AX4*AAXS
FA=F28
~ RETURN

29 F29mAXS®AAXS
FA=FE29
RETURN
c A
30 F30=AXG*AAXS
FA=F30
RETURN

31 F31=AX1*AAXS
FA=F31
RETURN

32 F32=AX2°AAXS
FAmE32

33 FI3=AX3I®AAXS
FA=F33
RETURN

34 F34mAX4%AAXG
FAmE34
RETURN

35 F3I3mAXSeAAXS

FA="35
RETURN

36  F38=AXE*AAXS
FAmt 38
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¢ c
C FUNCTIONS TO BE INTERGRATED TO FORM THE MATRIX A OF ¢
C THE EIGEN-VALUE PROBLEM FOR THE MOOE CATEGORY 4 ¢
c - c
111111111111111111113131]J]]IIIII}ZIII]I]JJJZI]]]]]ZJIS]Z]IJJJJ:!
c

c . 4

FUNCTION F(N,X,Y,R,T.FA)

c N: NMUMBER OF FUNCTIONS TO BE INTEGRATED
R: ASPECT RATIO RmA/B
T: TAPER PARAMETER -
X2mX*X
X3wX2%%

B e L O R o
XSmX4X Tt
XBaxXSex '

X7=XB*X
XBmX7*X
XOmX8eX

Y2uyeY

Y3=Y2%Y
TéaYIeY
YSmr4sy
YEmYSeY
Y7aYgeY
YBar7eY
Yowrgey

AAXT=X Y ® (1-20X 24X 4= 27V 2444 X2 0T 2=2 Y 20 XA+ T 4-29X2 Y 44X 4T 4)
AAX2mAAX 1%X2
AAXSmAAXToY2
AAX4=mAAX1*X2%Y2
AAXSmAAX2%X2
AAXB=AAX3I*Y2
TXa( 14T%X)
R2=R*R
Ré=R2*R2

BX1m(TX) #0308 ( (120X Y-240*YI*X+1 20%YS5®X) +2°R2% ( 144 *X*Y—240*XI*Y—
12405 X%Y 3H400°X3*Y3) +R4* (120X *Y=240°X3*T+1 20%X5*T}))

BX2mE*T*(TX) #92% (= 129Y+60% T *X24 249731207 38X 21 29T S+60*X29TS+R2
(12074729 X29Y—80%Y *X4+20%Y3-120%X24Y3+100PX4*Y3) )

BXImEeTow2e(TX)*( (-12‘Y'X+20‘Y‘X3+24'X‘1'3—4-0‘73‘)(3—12'X'T50-20'X3‘Y
15)40.3%R2e (—12‘X'Y+24'X3‘Y—12‘Y‘X5+20'X‘Y3-4-0‘X3'Y3+20‘X5'73) )

AX1=8X14+8X24+8X3

BX4amTX® 3% ( (~240°X oY +840° T *X 34480 "X 73— 1 BBO*XI*Y 3240 X *TS+340*X 3"
175)+2°R2¢ (=72 X*Y 44809 X3*Y=5049X54Y4120°X*Y 3800 *XI*YIHB40%%X5*Y3)
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2+R4* (120%X3°Y=240°XS*T+120°X7*Y) )

BEXSegeTsTX®e20( (3%Y=120°ToX24210%T*X4=12°TI4240°X2*YI=420°X4°T 348
1575120 X2°TSHH210°X4 TS ) +R2* (-SB‘Y'XZﬂ 200X4*Y=845XB*YH80°X2*Y3~20
209X4*Y3+140%48*Y3))

BXOm8*ToR20TX® ( (B¥T*X—40*T *XS+424Y *XS—1 25T 3*X+B0*XI*Y I-84*X3*Y 3+8+
1X*Y340°X3*TH42°X5YS) 40, J0R2* (=129 X3 4249 X5*Y=12°Y *X7420°X3*Y3~
240°XS*Y3420*X7*73) )

A 2K 4+ EXS+EXE

BX7=TX**3%( (120°X*T3I-240*X*TH120°X*Y7)+29R2* (~72*X*T+120°X3*T+480
19Y3*X-800°YI*X3=504*X*YS5+840°X3°TS) +Re* (-240‘X'T+480‘T‘X3-240’X5’T
2+840°X*Y 31 GBO‘XJ‘YMO'XS‘YJ)) -

Bxa-e-r-rx--z-((-1zmo-xz-*r3+24-r5=-1zo-xz-rs—1zmmo-nm)m
12* (6'7—38‘)(2‘7+30'X4‘Y—40'YS+240'Y3'X2—200‘X4'Y3+42'Y5—EZ'X2‘Y5+
2210°X4°YS})

BXOmE*Teo20TX e ( (~120X*YI+200XI*Y I+ 245 Y 5o X400 XI*YS- 128X T T+200X3sY
17)40. 3*R2% (B*X* =1 29 X3 Y+ *Y o XS—40* X * T HB0* Y30 X340 XS *Y 422X * T~
2B45X3I*TT442°X3°YS))

AXJ=BX74+BXB+EXS

BX10=TX*e3*( (—240“X'Y3+840‘X3'T3+4&0“X‘Y5—1 880 X3* Y240 X" 174840

*IX3"Y7)+27R2* (3B *X* Y240 X3*Y+252X 54T ~240*X * T+ 1600 X3*TI3—1880*X5*

ZYH232%X* Y5~ 1880"X3*YS5+1784°X5*YS) +R4° {—240° XI*Y+480* XS *T~=240*X7*Y
3+840%X3%Y3-1880*X5*YIHE40*Y3*X7) )

BX11mEeToTX o020 ( (55T 3=120% X2 T 34210°X45TI- 120742400 X 2* Y5420 X4*Y
154H8%Y7-120°X2%Y74210°X4°Y7) +0 . 3*R2* ( 189X2*Y-80*X4*Y+42*XE*Y—120%%X2
2T 400" X4* Y3280 X6 " T3+ 120 ° X2* Y5420 X4 Y54+ 294°X8*YS} )

BX12wEeTee2eTX o ( (oX* Y3400 NI Y IH420X DY I~ 129X *YS+B0*XI * TS84 2 XS *Y
15482 XY 740" X3 77442 X547 7 140, 3*R2* (B*X3*Y =12 XS* Y48 X7 *Y—40*X3*T3
24800 XS Y 40 X7 *Y J+42* X 3*Y S-B4*XB* Y44 29X7TS) )

AX4=EX104+8X 1 14+8X12

”

\

BX13=TX**3" ( ( 1209 X*Y=16B0%Y*X34+3024*Y *X5~240*YI*X+3380*X3*Y 380458+
1XS*YI+1209%X*TS5~1 680'X3‘T5f3024‘X3'Y5)+i‘R2' {—240"X3*74+1008°XS*Y-88
24° X757 +4002XI*Y I~ 1680 X534+ 1440° X777 3) +R4* ( 1209XS¥Y-240*X7*Y+120"
3X9*7Y)

BX14=CoTHTX® 028 ( (BOFY*X2-420%Y *X4+504°XE ¥ =120%YI*X2+840%X4%Y3—100
1BoXE Y3480 X2 Y5420 X4* TS+ 504 °XB*YS) +R2* (~B0T*X4+168°X8*Y~108°X8
2°Y4100°X4Y3-280°X65Y3+180°X8°Y3))
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BX 13m0 T2 20 TX* ( (20°Y*X3-84 T *XSHT2%T *XT—40°YI X3+ 168 XS *Y 314497
19Y34200XISY S84 P XSO YS4729X7YS )40 IIR2% (~ 1297 O X424 5X7 07 1 287 9XG42
20*X3Y3—40°X7*Y3420°X94Y3) )

\1

AXSmEX1348X14+8%18

BX16aTX**3% ( (120X *YS-240°X Y74 120°X*Y9)+2°R2* (~240°X Y 3+400°X3*Y3
14+1003%YS*X—1880°X3*YS5-884°X*Y7+1440°X35Y7) 404 ( 120°X*Y-240°X3 T+
2120°XS°T=1880°X*Y 33300 7Y 30X3-16809XS 0T I43024*X*T3—5048X3
30TS43024°X3°7S) )

BX17mG*ToTX**2%( (~125Y 480 X2*YTH 2457~ 1200X29T7-12°T9+80%X2*Y9) 4R
129 (2007 3-120°X2%Y 341000 X457 384 ¥ Y S+ 504 # TS OX2=4 209X 4 ¢TS4 7207 7—4320X
229774380°X4*Y7)) .

BX18mEoT# $2¢TX®( (~ 129X Y4 20%X 30T B4245YT*X~40PXI*T7~1 29X YD+ 20X 3
179)+0. s-az-(m-xm-uw&m-mm-xm1mm-u—u-xsm7
229X SY7-1449X3°Y74+724X3*Y7))

AXB=BX1048X17+8X18

GoTO (1,2,3,4,5,8,7.8,9.10.11, 12,13.14.15,16,17,18,19,20,21,22,23,
124,2%,28,27,28,29,30,31,32.33,34,35,38) N

FlaAX19AAX 1
FA=F1
RETURN

F2mAX2*AAX 1
FA=F2

FSmAXI®AAX ]
FAmF3

FAmAX 4% AAX1
FAmF 4
RETURN

FSmAXTS*AAX 1
FA=FS
RETURN

FEmAXB*AAX1
FA=FS
RETURN

F7mAX 1°AMX2
FA=F7
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11

12

13

14

15

16

17

18

19

FOmAX2*AAX2
FA=FS
RETURM

FomAXI*AAX2
FA=EQ
RETURN

F10=AX4*AAX2
FA=F10
RETURN

F11=AXS*AAX2
“FhmE 11
RETURN

F12mAXB* AL
FAmF12
RETURN

F13udX 1 *AAS
FAmE13
RETURM

F14mpX2*AAXS
FA=F14
RETURN

: F15mAXI®AAXY

FAmE1S
RETURN

F18aAX4*AAXS
FAmf 18

F17mAXS*AAXS
FA=F17
RETURM

F18=AXB*AAXS
FAnF18
RETURN

F19=AX1*AAX4
FA=F19 *
RETURN
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20

21

28

27

28

31

32

F20mAX2*AAX 4
FAr£F20
RETURN

F21mAX3*AAX4
FA=F21
RETURN

+

F22mAX4SAAX4
FAmF22
RETURN

F23mAXI*AAX4
Fhmt23
RETURN

F24=mAXB*AAX4 -
FAmf24
RETURN

F23=AX1*AAXS
FAmF2S
RETURN

F20mAX2*AAXS
FA=F28
RETURN

F27mAX3*AAXS
FA=F27
“RETURN

Y
by

1
F28mAX4*AAXS
FAmF28 .
RETURN
F29mAXS*AAXS
FAmF 29

F30mAX 8 *AAXS
FA=F30
RETURN

F3TwmAX1°AAXS
FAmF 31
RETURN

F32mAX2*AAXS
FAmf32



35

38

F33=AX3®AAXS
FAmF 33

F34mAX4"AAXS
FAm¥ 34

F35=AXS*AAXE
FAmF 33
RETURN

F38=AXE*AAXS
FA=E 38
RETURN
END
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C THE EIGEN-VALUE PROBLEM FOR THE MODE CATEGORY 3

c

<
C FUNCTIONS TO BE INTERGRATED TO FORM THE MATRIX A OF c
c
c

[I]J]JJJZJ]]JJ:[J11]]]1:]]1]11]]]JI]IIIIJJ11111111113111131113111

c
c

c

c

c

FUNCTION F(N.X,Y.R,T.FA)

N: NUMBER OF FUNCTIONS TO BE INTEGRATED

R: ASPECT RATIO RmA/B
T: TAPER PARAMETER
X2mx*X
X3mX 22X
X4mX3*X
XSmX4*X
XBax3eX
X7=X58*X
XBmX7*X
XP=X5*X
Y2=uY*Y
T3aY2*Y
Y4uY3*Y
YSmY4eY
TOaYS*Y
Y7=YS*Y
YBmY7*Y
YomYgeYy -
AAX 1= *( T=20X2+X4=2Y 244X 2OV 225V 2* X 4+T 4=22X2* Y4+ X4*T4)
AAX2wAAX T *X2 -
AAXImAAX T *T2
AAX4mALX 1 *X2*Y2
AAXSmAAX 2 X2
AAXS=AAX I " Y2
TX=(1+T*X)
R2=R*R
R4=R2*R2
BX1m{TX) * 3% ( (24" Y487 Y3+ 24°YS5) +2°R2% (48T~ 14447+ X2—-80*T 3+240°X2*
173) +R4= ( 120°T—2409X2%Y+120%X4*Y) )

BX2w8T* (TX) #92% (245X *Y—480YI*X+24*X*YSHR2* (48X *Y—~4B*XI*Y-50°X*Y3
14+80X3*Y3)) .
BX3m #T2#2% (TX) * { (45741257 *X2489Y3-24 4T I0X2—4*Y5+12*X2YS) +0. 3°R2

\_J 1R (= 1257424 X297 1257 *X44+20°YI—40*X2° Y 3+20 *X4*73))

AX =X 148X2+8X3

axm'x--‘-!z((-4a-r+sso-xz-7+95-Ys-no-xz-rs—w-vs-«sso-xz-vs)+2-Rz- (
1=24°Y42889X247-380°X4* Y +40*Y 3480 X2 ¥ T 3+500°X45Y3) +R4% { 120%Y9X2-24
20°Y9X4+120*X8%Y) )

~
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BXSmEOTOTX 920 ( (~489X *T 412090307498 4X 0T 3-240°X3¢Y 3485 e X+120°X3*
1Y5)4R2° (249X *Y+96 "X 35724 XSoYH40°X*Y3-160°XI*Y+120°X5°r3))

BXBuSSTOO20TX S ((267~249X25T 300X 47T —4 oY 448X 20T 360 X4 0T 34257524
19X25TS+30%X49YS) +0 . SOR2® (=129X207 424X 4971257 *X6+20°X2°Y 340X 4%Y
23420°X8Y3))

AX2mBX 448X 348X 6 N

BX7mTX* 3 ( (2457485 TH24"Y7) +2°R2* (=24 T+ T29X2°V+1 607 T 3480 X2*Y
13-188°TS+5042X2°75 ) +R4* (=240%Y+480°T*X 2= 240X 49T 484073~ 1880°X2* T3
248409%4°73))

BXOm o ToTX® 2% ( {24* XY I~40* X TS24°X Y7 ) +R2* (=24 X *T424°X3*Y+160*
TY3I*X-180X3*YI-168°X*T3+188*X3*YS))

BXQuBe T 2o TX® ( (—47T3+120 K20 H*TS-24°K2°YS—4*T7+12°X2%Y7)+0. 3°R2
17 (BoY=127X2*Y 48T ¥ X440 Y S4B0YIOX2—40 P X4 P T IH42 9T S~ B4 X2 *Y B4 20X 4®
2rs))

AXI=EXT+EXB4+EXD

EX10mTXo* 3% ( (—4B°Y 360X 25T 496 *YS-720°X20Y S48 Y 7+380°X2°Y7) +2*R
120 (1297~ 1 447 X2 *T+1 B0 X4*T-EO*THHIB0* X2 Y 31 2005 X4* TS +84%T5—1008*X2
2YSH1260%X45YS) +R4* (—240°X 20T +480° X4 T=240° X8 *T+3402X2%YI—1680%X4*
3Y34840°73*X8))

BX1 1w ToTYmo 2o { (48X *Y I+ 120 XIS THIG O X" 52405 X3 Y5485 X*T7+120%
XIS 140 . 30R2% (120X *Y—4 82X I*T+I6 2 Y *X 5 B0 *X *Y - 3600 X3 *Y I-2409 XS *Y 34+
284X *TS338*XI*YS4252*X5+YS) )

BX12wBo T o20TX® ({297 3-249X 29T 430" X4 Y S—45Y S44 89X 2" Y 5—80* X4 * Y S+24Y
17-249X25Y 7430 X4%Y7 )40 . 3°R2% (82X2*Y—1 29X 4*T+6°XB*Y—400T3*X2+30 T3
2X4—400XB Y 429X 22T S=4 0 X4 THH42°XB*YS) )

AX4=EX1048X 1 14+8X12 |

BX13=TXO 30 ( (24°T~720%7 *X24 16807 *X4—43°T 3+1440°X2%T 3—3360°X4%Y 342
14973720 X2%YS+1680"X4YS) +2°R2% (—1 44 X2 T+720*X 4" Y ~6729XE 5T +240%X
22°73~1200*X4%Y3+1120*X6*T3) +R4* ( 1209X4*Y-240*X6*Y+120°X8*T) )

BX14mB*ToTX**2% ( (2477 *X=240°XI*7T+338°XS*Y 485 Y I0 X 4480 X3*YI-572*XS
19734245 0P Y5240 X3 YT+ 309X VYS) +HR2% (—48%Y * X T+ 1 442 XSS Y980 X7 e Y480
ZXI*YI-240°XS*YI+1604X7°YS)) '

EX1S=EoT**20TX* ( {12°7*X2—60%Y X4+ S8%T *XB-24YI"X2+120*X4*TI—112*XE
15T 120X 2% YS—80" X45YS+56° X85} 40, . IR (—129Y X442 4 S XB*Y—1 2% 7 *XG+2
20°X4*Y3—40*XE*YI+20°X5*Y3) )

AXS=gX134+8X1 448X 15

BX16aTX**3% ( (2457 5—48577424573)+29R2* (~20Y3+240°X2°Y 3+ 336 *Y5—1008
19X2%YS=2B8Y7+8645X2%Y7) +R4% ( 1207Y-240°X27Y+120°X4°Y—1680%Y+3360%
2Y3%X2-1680°X4Y3+3024 758048 X2°75+3024°X4°YS) )

BX17=89ToTX 029 ( (245X Y5—48X Y74249X*T9) +R2* (~30 X *Y 480X 3*Y3+33
16%YS4X-3369X3%Y5—~288°X *Y7+288°X3%Y7) ) ‘

BX1BmE o TO920TY® ( (—42YS+12°X2*YS+B*Y7-24%X2*Y7—4+79+129X2%79) 40. 3R

12° (200 T I40* X 2% T 3H 200 X4 *Y I-B4 Y S+ 1880 S 0K 284 X45Y S+ 720Y 7~ 1 445X 207

kS
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27472°%X4°77))
AXB=EX 184+8X1748X18
GOTO (1.2,3,4,5.6.7,8,9,10,11,12,15,14,15,18.17,18, 19,20.21,22, 23,
124,25,26,27,28,29,30,31,32,33,34,35,38) N
F 1mAX 1 ®AAX
FAnE 1

RETURN

F2=AX2°AAX1
FAm=F2

+
N

F3=AX3*AAX1
FA=F3

Fa4mAX4*AAX 1
FA=F4

F3mAXS®AAX 1
FA=ES,
RETURN

FS=AX5*AAX 1
FA=ES
RETURN

F7mAXT*AAX2
. FAmEY
RETURN

FBmAX2°AAX2 s
FA=FB

FImAXI*AAX2
FA=f9

F10mAX4*AAX2
FA=F10
RETURN

F11mAXS*AAXZ
FAmf11
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12

13

14

13

17

18

19

20

21

23

RETURN
Fl2=AX6*AAX2

FA=F12
RETURN

F13aAX1*AAXS
FA=F13
RETURN

F14mAX2*AAX3
FAmE 14
RETURN

F15mAX3I*AAXS
FAmE1S
RETURN

F 18mAX4%AAXS
FA=F18 °
RETURN

F17=AXS*AAX3
FA=F17
RETURN

F18=AXB*AAX3

FA=F18
RETURN

F19=AX1*AAX4
FA=F1g9
RETURN

F20=AX2"AAX 4
FA=F20
RETURN

F21mAX3*AAX4
FA=F21

F22mAX4*AAX4
FAmF22
RETURN

F23mAXS5®, \AX4
FA=F23
RETURN
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24

26

27

28

30

31

32

34

33

36

F24=AXS*AAX4
FA=F24

F23uAX1*ANXS
FAmF2%

F2B=AX2*AAXS
FA=E 26

RETURN

F27aAX3I*AAXS
FAm=f27
RETURN

F2BaAX4PAAXS |

FA=F28
RETURN

F29mAXT®AAXS
FA=F29
RETURN

F30mAXE *AAXS
FA=f30
RETURN

F31=AX1*AAXE
F A= 31
RETURN

F32=AX2*AAXS
FAmF 32
RETURN

FIS=AXI*AAXS
FA=F 33
RETURN

F34aspAX 4% AAXE
FA=F 34
RETURN

FI5=AX3"AAXG
FAm=f 3%
RETURN

F3GmAXSE*AAXS
F Ami 38
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. ‘
C FUNCTIONS TO BE INTERGRATED TO FORM THE MATRIX B OF

C THE EIGEN-VALUE PROBLEM FOR THE MODE CATEGORY 1
c

(:I'IIIIJ:!}]]JJJ]]IIJJII::IJ31IJZII]IIJJ]IIJZJZZII]]]J]JJ]J}]]]I]I

o000

FUNCTION F(N,X,Y,T.FA)
c N: NUMBER OF FUNCTIONS TO BE INTEGRATED
c T: TAPER PARAMETER
X2aX*X
X3mx20X
X4mXZ0Y
Y2=YeY
Y3ayzeY -
Y4=mY3*Y
AAX 100 1— 28X 24 X 4—25Y 2448 X2 Y 2=29Y 20X 44T 4=20X2OT 44 X4 ¢ T4
AAX2mAAX 1%%2 '
AAXI=AAXT*T2
AAXA=ANX S X272
AAXS=AAX2 9 X2
AAXB=AAXI* T2 .
TX=( 14T*X)
GOTO (1,2,3,4.5.6,7.8,9,10,11,12,13,14,15,16,17,18,19,20,21,22. 23,
124,25,26,27,28,29,30,31,32,35,34,35,38) N

1 F1mTX*AAX T *AAX]
FAmF 1
RETURN

2 F2=TX®AAX2*AAX1
FAmi2
RETURN

3 FO=TX®AAXI*AAX1
FA=F3
RETURN

4 FamTX AnI4®AAX1
FAmE4
RETURN

F5mTX*AAXSAAX 1 _ A
5 FA=FS ,

RETURN
6, FOmTXTAAXS®AAXT

FA=FS
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10

11

12

13

14

15

18

17

RETURN

FA=TX*AAX T AAX2
FA=EZ
RETURN

FAnTX*AAX2*AAX2
FA=F3
RETURN

FOmTXPAAXI®AAX2
FA=F9
RETURN

F10aTX*AAX4*AAX2
FA=F10
RETURN

F11=TX®AAXS®AAX2
FA=F 1%
RETURN

F12=TX®AAXS*AAX2
FAmE12
RETURN

F13mTX®AAX1*AAXS
FAmF13
RETURN

F14mTXSAAX2=AAX3
FAmF14
RETURN . .

F15mTX*AAXI*AAX3
FA=E1S
RETURN

F18mTXSAAX4*AAXS
FA=F18
RETURN

F17mTXSAAXSCAAXS
FA=F17
RETURN

F18=TX*AAXE *AAXS

FA=f18
RETURN
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19

20

21

24

25

26

27

28

29

30

31

F19=TX*AAX T *AAX 4

FA=F 19
RETURN

F20mTX*AAX2*AAX4
FA=f20
RETURN

F21aTX*AAXZS*AAX4
FAmF21
RETURN

F22mTXCAAX4*AAX 4
FAmE22
RETURN

F23=TX*AAXS*AAX 4
FA=F23
RETURN

F24=TX*AAXS*AAX4
FAmf24
RETURN -

F25mTXSAAX 1 *AAXS
FA=E25
RETURN

F28=TX*AAX2*AAXS
FA=E28
RETURN

F27mTX*AAX3*AAXS
FAm=E27
RETURN

F2BmTX*AAX 4 AAXS
FA=F28
RETURN

F29mTXTAAXS*AAXS
FA=F29
RETURN

F30=T'{*AAXE *AAXS
FA=F30
RETURN (
F31aTX*AAX1*AAXS
FAmF 31
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c}m

c

32 F32=TX*AAXZSAAXS

33

FAmF32
RETURN

FI3=TX*AAXTOAAXE
FA=F33
RETURN '

F34aTX*AAX4*AAXG
FA=F34
RETURN

FIomTXCAAXS*AAXS
FAmfE 35
RETURN

. F38mTX*AAXS*AAXS

FA=E38
RETURN
END
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