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Abstract

According to the general law of likelihood, the weight of evidence for a hypothesis
as opposed to its alternative is the ratio of their likelihoods, each maximized over the
parameter of interest. Consider the problem of assessing the weight of evidence for

each of several hypotheses. Under a realistic model with a free parameter for each



alternative hypothesis, this leads to weighing evidence without any shrinkage, which
can be undesirable in settings with a large number of hypotheses. A related problem is
that point hypotheses cannot have more support than their alternatives. Both problems
may be solved by fusing the realistic model with a model of a more restricted parameter
space for use with the general law of likelihood. Applying the proposed framework of

model fusion to a familiar data set yields intuitively reasonable weights of evidence.
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1 Introduction

As a rule, scientists seek to publish observations that constitute sufficient evidence to accept
a hypothesis as a contribution to scientific knowledge. For measuring the strength of evi-
dence, the likelihood paradigm has substantial advantages over the frequentist and Bayesian
paradigms (Edwards, 1992; Royall, 1997; Blume, 2011; Bickel, 2012; Rohde, 2014).

The paradigm has roots in the likelihood intervals of R. A. Fisher. In a certain sense,
a scalar parameter value 6 is “consistent with the observations” at some level A if and only
if 67 (A) < 6 < 07 (A), where [~ (A),0% (A)] is the interval of parameter values with
likelihood within a factor of A of the maximum likelihood, provided that A > 1 (Royall,
1997, p. 26). For example, Fisher (1973, pp. 75-76) considered A = 2,5, 15, flagging
parameter values outside the [#~ (A),6" (A)] intervals as “implausible” and those outside
even the [0~ (15),6% (15)] as “obviously open to grave suspicion” (cf. Barnard, 1967; Hoch
and Blume, 2008). For vector parameters, the A-level likelihood set is the set of parameter
values with likelihood within a factor of A of the maximum likelihood.

Just as nested confidence sets may be inverted to define a p-value for each parameter
value, likelihood sets may be inverted to obtain the likelihood ratio of each parameter value
relative to the maximum likelihood. Edwards (1992) and Royall (1997) interpreted the
likelihood ratio as a strength of evidence, carefully limiting the scope to comparisons between
simple (point) hypotheses, in which case the Bayes factor is the likelihood ratio. According
to the (special) law of likelihood attributed to lan Hacking, the likelihood ratio between
two simple hypotheses is sufficient to quantify the strength of evidence of one hypothesis
over the other, apart from prior distributions, loss functions, and the sample size (Edwards,

1992; Royall, 1997). This contrasts with the more generally applicable practice of measuring



statistical evidence for general hypotheses with the Bayes factor (cf. Jeffreys, 1948).

The primary motivation for the limitation to simple hypotheses was to avoid the sub-
jectivity involved in specifying the prior distributions needed to define a Bayes factor for
composite hypotheses, for the Bayes factor is the ratio of the likelihood means with respect
to a prior distribution conditional on each hypothesis compared. To achieve both objectiv-
ity and applicability to composite hypotheses, the average likelihood over each composite
hypothesis was replaced with the maximum likelihood over each composite hypothesis. The
resulting ratio of maximum likelihoods is interpreted as the weight of the statistical evidence
that supports one composite hypothesis over another under the general law of likelihood
(Bickel, 2012, §2.2.3), with grades similar to those of Table 1. For example, the weight of the
evidence substantiating the hypothesis that 6~ (A) < 6 < 6% (A) over the hypothesis that
6 ¢ [0~ (A),0" (A)] is A. Zhang and Zhang (2013a) recommended essentially the same mea-
sure of the strength of statistical evidence for regular models and sufficiently large samples.
Motivated by different concerns, Dubois et al. (1997), Walley and Moral (1999), Giang and
Shenoy (2005), and Coletti et al. (2009) had previously considered the ratio of maximum
likelihoods within possibility theory and upper probability theory.

The idea remains controversial for a variety of reasons. For composite hypotheses, that
quantity can differ markedly from the degree of support defined by the degree of change from
prior odds to posterior odds (Bickel, 2013a,b), the sense supported by Edwards (1992) for
compatibility with analyses in the presence of priors and by Royall (2000) to interpret the
likelihood ratio. Similarly, Blume (2013) does not recognize a need for assigning a strength
of evidence to a composite hypothesis, maintaining that the level-A likelihood set simply
indicates which distributions are better supported than the others by the data (cf. Zhang
and Zhang, 2013b).



Further, it is often thought that the likelihood ratio cannot be directly compared to a fixed
threshold A but that it requires calibration (Severini, 2000; Morgenthaler and Staudte, 2012;
Spanos, 2013). For example, Sprott (2000, §5.3) recommends the use of fixed-confidence
likelihood intervals, and Patriota (2013) proposed a quantity based on the likelihood ratio
test. This type of calibration would indeed be needed to achieve specified repeated-sampling
coverage rates since a level-A likelihood set can cover the true value of the parameter with
much less than 95% frequentist probability. Likewise, from a Bayesian perspective, a level-A
likelihood set can have a very low posterior probability.

In response to claims that the special law of likelihood rendered adjustments for multiple
testing unnecessary, Korn and Freidlin (2006) supplied clinical examples to point out that
although the likelihood ratio measures the strength of evidence in simple situations, it of-
ten can be misleading in multiple comparison situations unless supplemented with adjusted
p-values or posterior probabilities based on sufficiently strong prior distributions, perhaps
estimated by empirical Bayes methods. In addressing the problem, Strug and Hodge (2006)
emphasized the role of frequentist considerations when planning an experiment, whereas
Bickel (2012) argued against comparing simple null hypotheses to composite alternative hy-
potheses. Nonetheless, exactly that comparison remains important in scientific applications,
especially those involving multiple comparisons.

In short, since the practice of rejecting parameter values outside [0~ (A), 61 (A)] or outside
a level-A likelihood set for a vector parameter is known to yield counterintuitive results under
some models, neither it nor the equivalent idea of accepting a hypothesis of sufficiently
high weight of evidence has been widely adopted. As with all likelihood-based inference
(Lindsey, 1996, §6.5), successful application of the weight of evidence hinges on the selection

of models at appropriate levels of abstraction, keeping in mind not only model realism but



Negligible | Weak | Moderate | Strong | Very strong | Overwhelming
227 [[25,22[] [22,2°] | [2°,2% [2°,27] [27, o]

Table 1: Intervals for general likelihood ratios as the weight of statistical evidence (Royall,
1997; Bickel, 2011, 2014a; cf. Jeffreys (1948)).

also operational characteristics. With this background, the main goal of the present paper is
to bring formally contradictory models together in such a way that the weight of evidence is
reliable across a spectrum of applications broad enough to include those involving multiple
comparisons.

Section 2 defines the theory of the weight of statistical evidence with respect to a sin-
gle model. In Section 3, it will be seen that the weight of evidence uniquely measures the
strength of conclusive evidence as defined mathematically to have certain properties appro-
priate for accepting a hypothesis of sufficiently high evidence. This new justification for
calling W (H|R) the “weight of evidence” is simpler than that of Bickel (2012). Section
4 defines model fusion and the weight of evidence with respect to two fused models. To
address the multiple comparisons problem, a special case of the theory of model fusion is
formulated in Section 5. Section 6 illustrates that special case by applying it to data on
exam scores. Referring to that data analysis, Section 7 briefly discusses practical advantages
of the fused-model weight of evidence for shrinkage and for evidence supporting a point null

hypothesis.



2 Weight of evidence

2.1 Preliminary notation and definitions

Let x denote an observed scalar, vector, or matrix in some set X of possible observations.
This z, a realization of a random variable X, may be a statistic that depends on other
observations.

Consider a set © and a family of exact or approximate density functions { fy, : 6y € O}
such that fy, # fp for all 8y # 6. If the interest parameter value in a parameter space ® were
equal to 0, then fy () would be the probability density or probability mass of the observation
that X = z. The likelihood function is the function f, (z), that is, fy (z) as a function of
for all # € ©, and its maximum likelihood estimate (MLE) is 0 = arg supy fo ().

The function f, (x) may be any pseudo-likelihood function such that fy (z) approximates
a probability density for every § € ©. Thus, f, () may be a marginal, conditional, estimated,
or integrated likelihood, eliminating a nuisance parameter. If the profile likelihood does not
approximate a density for a particular model, it may nevertheless be corrected to approximate
a conditional or marginal likelihood in certain cases (Severini, 2000, pp. 310-312, 323).
The prefix “pseudo” is somewhat misleading: even the “true” likelihood function might be
considered a pseudo-likelihood function since a statistical model cannot completely capture
the data-generation process (Lindsey, 1996, §6.5).

All possible hypotheses about 6 correspond to members of ), a o-field of subsets of ©.
For example, if © = R and $) is the set of Borel subsets of ©, then the hypothesis that 6 # 0
is the hypothesis that § € ©\ {0}, corresponding to the subset ©\ {0}, which is a member

of 9.



2.2 Likeliness and unlikeliness

For any H, R € ), let
SUPgey fo ()
L(H) = —F2— <2 1
)= Suppeo o (2) o)

be called the marginal likeliness of the hypothesis that § € H and

L(HNR)

LHIR) = = )

the conditional likeliness of the hypothesis that 8 € H given # € R. Here, the supremum
is the least upper bound in [0, 0], and sup® = 0. To accommodate 1/0 = oo, L (H|R)
is an extended real number in the closed interval [0,00]. The term “likeliness” replaces
the “extended likelihood” of Giang and Shenoy (2005) for brevity and to avoid confusion
with previous usages of the latter term in the statistics literature (Barndorff-Nielsen, 1994;
Bjornstad, 1996; Pawitan, 2001).

The likeliness of a hypothesis is insufficient as a measure of its strength of evidence since
the likeliness of the hypothesis’s alternative must also be considered. For that reason, it is
convenient to define the marginal unlikeliness of the hypothesis that 0 € H as U (%) = L (H)
and the conditional unlikeliness of the hypothesis that § € H given § € R as U (H|R) =
L (ﬂ|R), where H is the complement of H. The likeliness and unlikeliness of a hypothesis

are combined into a single measure of evidence in Section 2.4.

2.3 Marginal and conditional weight of evidence

Suppose Hi, Hs € $. According to the general law of likelihood Bickel (2012), the weight

of evidence in the observation that X = x substantiating the hypothesis that 6 € H; as



opposed to the hypothesis that 6 € H, is

SWper, fo () 5

W) = e fo (@)

That will be called the marginal weight of evidence to distinguish it from the conditional
weight of evidence, defined below. Replacing f, () with a profile likelihood function yields
the quantity considered by Zhang and Zhang (2013a), as discussed in Bickel (2013b).

The conditional weight of evidence in the observation that X = x substantiating the

hypothesis that 0 € H; as opposed to the hypothesis that 8 € Hsy given 6 € R is
W (Hi; Ha|R) =W (Hi NR; Ha NR) (4)

for all Hy,Ha, R € $ such that L (R) > 0. This is connected to the likeliness of Section 2.2

as follows.

Theorem 1. For any Hi,H2, R € 9,

L (H.|R
W (Hi; Ha|R) = % (5)
For any set 9 C $ such that UHOeyjo Ho =H,
LHIR) = 2o S0 (0) _ o p (0,1R). (6)
SUPger fo (T)  Hoeso
For any partition B C $ of O,
L(H) = sup L(R)L(H|R) (7)

REP



Proof. By equations (1), (4), and (3),

SUPgernR fo () _ SUPgew,nR fo () /SUPeeR fo ()
SUDges,nr fo (T)  SUDges,nr fo (%) /SuDger fo ()

W (Hqi; Ha|R) =

which is the right-hand side of equation (5) according to equation (2). Equation (1) and (2)

imply that

L(HIR) = U HolR supHoefoo SUPget,nR fo () = sup SUPge,nR fo (x) |
HoENo SUPger f9 (l’) HoeHo SUPger fg ({L’)

yielding L (H|R) = supy,cg, L (Ho|R). The other portion of formula (6) is established by

substituting {{0} : 0 € H} for $(. Since P C § is a partition,
L(”H)zL(’Hﬂ@)zL(’HﬂUR)zL(U(’HﬂR)>:L U Re|.
REP RER RoER(H)

where B (H) = {R € P : R C H}. Thus, using equation (6),

L(H)= sup L(Rg)=supL(HNR)=supL(R)L(HIR),
Ro€R(H) REP RER

with the last equality following from equation (2). O

2.4 Absolute weight of evidence

The strength of evidence favoring the hypothesis that 8 € H can also be quantified without
explicit reference to a second hypothesis by taking that second hypothesis to be its negation,
0 ¢ H. The conditional weight of evidence in the observation that X = z substantiating
the hypothesis that § € H given 6 € R is W (H|R) = W (H; H|R). Likewise, the marginal

10



weight of evidence in the observation that X = x substantiating the hypothesis that 6 € H
is W (H) =W (H|O).

Corollary 1. For any H,R € 9,

LHIR)  L(HNR) _ suppeynr fo ()

W(HIR) = UHIR) ~ L(R\H)  supgeryz fo (2) (®)
_ supgeg L(R) L (H|R)
W(HIR) = SUpreqp L (R) L (ﬁ|R) . (9)

Proof. The claims follow directly from U (H#|R) = L (H|R) and from equations (1), (5), and
(7). O

Equation (8) indicates that W (H|R) is a coherent measure of support in the sense to be
defined in Section 3. As will be seen, that property helps explain why it is appropriate to
call W (H|R) the weight of evidence.

2.5 Likeliness and unlikeliness from the weight of evidence

While the weight of evidence is the ratio of likeliness to the unlikeliness (8), it is convenient

in some applications to derive the likeliness and unlikeliness from the weight of evidence.

Lemma 1. Given H,R € $, it follows that L(H|R) = 1 and U (H|R) = YwmRr) if
W (H|R) > 1 but that L (H|R) = W (H|R) and U (H|R) = 1 if W (H|R) < 1.

Proof. Inthe W (H|R) > 1 case, equation (8) implies that supyeqyr fo (2) > subperys fo (7)
and thus that suppeyng fo () = supger fo (z). By equation (6), L (H|R) = 1. There-

fore, equation (8) says U (H|R) = Yw#R). The analogous argument for the W (H|R) <

11



1 case yields this chain of results: suppeynr fo (¥) < SuPper\y fo (2), SuPger\y fo (¥) =

supger fo (x), U(H|R) =1, and L (H|R) = W (H|R), in that order. O

A generalization of this result is known both from possibility theory, in terms of which
L (e|R) is a possibility measure and 1 — U (#|R) is a necessity measure, and from the theory
of ranking functions (Spohn, 2012, §5.2), in terms of which log W (e|R) is a two-sided ranking

function, where log is of a base greater than 1.

3 Derivation from coherence and Bayes compatibility

Let P stand for a probability measure on (0 x X, $ ® X) and a random parameter ¢ of prior

distribution Py = P (e x X) on (0, $) such that the posterior probability that ¢ € H is

Py (0 € H) J,, fo () dPy (0]H)
[ fo(z)dP, (6)

P (0 e Hlz) =

This is considered a function of P such that, if () were the joint distribution on (© x X, $ ® X),
the posterior distribution would be @ (¥ € H|x) with @ in place of P and Qy = @ (e x X))
in place of Fy. The increase in the odds ratio due to the observation that X = x in favor of
the hypothesis that § € H given § € R is the ratio of the conditional posterior odds to the

conditional prior odds:

P eH|x,R)/P ()¢ H|x,R) _ meR fo(z)dPy (O|H,R)
Py (0 EHR) [Py (0 EHIR)  [r Jo (@) dPy (O, R)

A (H; PIR) = (10)

The conditional Bayes factor B (H|R) as a function of H and R, is defined such that
B (H|R) = A (H; P|R) for some fixed probability measure P on (O x X, H ® X).

The requirement of Edwards (1992) that a measure of support for one hypothesis over

12



another be compatible with Bayes’s theorem is generalized to composite hypotheses by the
following definition, differing from the generalization that often forbids accepting a hypoth-
esis of sufficiently high weight of evidence (Bickel, 2013a,b). Any function u : $* — [0, oo]
measures the odds ratio increase due to the observation that X = x if there is a probability

measure Py on (0, %) such that
u(H|R) = A (H; Py|R) (11)

for all H € $ and all R € § satisfying L (R) > 0.

Another desirable property of a measure of evidence is the avoidance of asserting that
contradictory statements are individually supported by the evidence (Schervish, 1996; Lavine
and Schervish, 1999; Bickel, 2012; Zhang and Zhang, 2013a). More formally, a function

v: $H* — [0,00] is logically coherent if
U(HQ|R)§U(H1|R) < <0€H0ﬂR - OGHlﬂR) (12)

for all Ho,H, € $H and all R € $. The fact that conclusions may be drawn on the basis of

logically coherent evidence leads to the following definition and theorem.

Definition 1. A function w : % — [0, 0o] measures the strength of conclusive evidence if it

both measures the odds ratio increase and is logically coherent.

Theorem 2. A function w : $H% — [0, 00| measures the strength of conclusive evidence if and

only if it is the weight of evidence function W (e|e).

Proof. ( <= ). The following statements apply for all H,Hy, H; € $ and all R € §). Let

) (o; §HQR> and o (o; 573\;{) denote the Dirac probability measures on (0, §)) with mass at

13



é\HﬁR = arg supycynr fo (¢) and 573\% = arg suPper\y Jo (), respectively. By equation (8),

J fo(x)dd <9; aHmR)
[ fo @) dd (0:0rn)

W (H|R) = (13)

There is a probability measure P on (© x X, $ ® X) such that P, (e|H,R) = ¢ (o; 57{07%)
and Py (o|H,R) =0 (o; @\R\H), in which case equations (13) and (10) imply that W (H|R) =
A (H; P|R). Thus, W (e]e) measures the odds ratio increase. The fact that W (Hy, R) <
W (H1, R) if and only if Hy C H; demonstrates equation (12). Therefore, 1V (eo|e) is logically
coherent. Thus, both criteria of Definition 1 are satisfied.( = ). Let w : $* — [0, o]
denote a function that measures the strength of conclusive evidence. By Definition 1, w
both measures the odds ratio increase and is logically coherent. Assume that there are

H e $H and R € $ and, contrary to the w = W claim and equation (8), such that

SUPgeyrr fo (7)
w(HIR) # SUPger\x Jo (%) 14

in order to prove the claim by contradiction. Since w = v, equations (10), (11), and (12)
yield

| h@anemeR) < [ fa@dn 6. R) < HoCH

HoNR

HiNR
Since {@mn} CHNR,

fo (@) dPs (O, R) = /{5 @ (01 {Buen} )

HAR

_ / fo () d5 (6 Buem) = sup_fo (2),

0cHNR

14



but that requires that [, - fo () dPy (0|, R) = supgeynr fo (x) (cf. Coletti et al., 2009).
Analogous reasoning leads to fR\H fo(z)dPy (0|H,R) = supgep\y fo (z). Thus, equations
(10), (11), and (12) establish equation (8), contradicting equation (14), thereby proving the

w =W claim. O

Theorem 2 says the weight of evidence uniquely measures the strength of conclusive
evidence.

That raises questions about the senses in which the posterior probability and the Bayes
factor fall short as a measures of the strength of conclusive evidence. Lavine and Schervish
(1999) demonstrated that the posterior probability but not the Bayes factor is coherent as
a measure of evidence. This is restated in the following corollaries in addition to whether

each measures the odds ratio increase.

Corollary 2. Given any probability measure P on (O x X, ® X) satisfying the above con-
ditions, the conditional Bayes factor function B measures the odds ratio increase but is not

necessarily logically coherent.

Proof. By the definition of the conditional Bayes factor B (H|R) = A(H; P|R). Thus,
u = B yields equation (11), establishing the first claim. The second claim is established by

noting that, according to Theorem 2, B is only logically coherent in the special case that

B(H|R) =W (H|R) for all H € ) and all R € . O

Corollary 3. Given any probability measure P on (© x X, ® X) satisfying the above con-
ditions, the posterior probability function P (¥ € e|z,e) on H% is logically coherent but does

not necessarily measure the odds ratio increase.

Proof. Consider an R € § that satisfies L (R) > 0 and H,, H1 € $ such that Hy C H,. By

the additivity of probability measures, P (¢ € Holz,R) < P (¥ € Hy|z,R). Likewise, any

15



Ho, H1 € $H such that P (9 € Holx,R) < P (9 € Hy|z,R) are related by Ho C H;. Thus,
v = P (U € o]z, o) yields equation (12), establishing the first claim. The second claim is
established by noting that, according to Theorem 2, P (9 € o|x, ) only measures the odds
ratio increase in the special case that P (¥ € H|z,R) = W (H|R) for all H € $ and all
R € $ satisfying L (R) > 0. O

Lavine and Schervish (1999) likewise argued that the posterior probability is coherent as
a measure of evidence. In short, while the Bayes factor measures the odds ratio increase and
the posterior probability is logically coherent, the weight of evidence is the only quantity

with both properties.

4 Fusing models from different levels

The procedure chosen for eliminating nuisance parameters may depend on criteria outside
the statistical model (Bickel, 2012). Indeed, paradoxes arise from likelihood inference under
inappropriate models of the system of interest (Lindsey, 1996, §6.5). The level of abstraction
in a model must be selected with the use of the model in mind. In complex problems such
as large-scale inference, multiple levels of abstraction may merit simultaneous consideration.
This section applies two levels of abstraction to the problem of testing multiple hypotheses.

Considering some function ¢ and a parameter set ® = {p (0) : 0 € O}, let J denote the
o-field of subsets of ® satisfying J = {{p (0) : 6 € H} : H € $H}. For every ¢ € P, let g4 be a
probability density function on a set Z of possible values of an observable random variable
Z of observed value z. The pair ({fp:0 € O},{gs: ¢ € ®}) is called a fusion of the two
parametric models, the density families {fp: 60 € ©} and {gs: ¢ € ®}. A model used to

quantify the weight of evidence without any fusion (§2) is a pure model.
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The function L/ : § x $ — [0, 00] is defined in accordance with equations (1)-(2) such
that L' (H|R) = L(H|R) for all H,R € . In analogy with equation (1), the function

L9:3 x T —|[0,00] is defined such that

SUPgezns 94 (2)
SUPges 9o (2)

LI (Z|S) =
for all Z,S € J. For any Z € J, define the function ¢! such that
p I (I)={0cO:p(0)cTI}.
Let L/9 : § x 3 x J — [0, 00] denote the function satisfying
LI (H,Z|S) = LT (H|p ' (ZNS)) L (Z]S), (15)

which reduces to L/ (H N Z|S) according to equation (2) whenever ¢ (8) = 0 and gy = f, for
all § € ©. With L/9 (e,0) = L/9 (e, |®), L/ () = L/ (¢|O), and LI (e) = LI (e|®), equation
(15) degenerates to

LI9(H,T) =L’ (H|p™" (T)) L* (T). (16)

Likewise generalizing equation (7), let

L9 (H|S) = sup L79 (H, T|S) (17)

e

for any partition Q C J of ®, and let L9 (H) = L/9 (H|®).
The corresponding conditional weight of evidence in the observation that X = x and

Z = z substantiating the hypothesis that 6 € H; as opposed to the hypothesis that 6 € H,

17



is generalized to

GAN)
W19 (Hy; ALY 18
(HlJHQ‘S) Lfg (H2|8)7 ( )
and that substantiating the hypothesis that § € H given ¢ () € S to
W19 (H|S) = W9 (H; H|S) (19)

for all H,H,,Hs € $§ and S € J. The marginal counterparts are W79 (o, 8) = /9 (o, o|®)
and W79 (e) = W/9 (e|®). Analogously, W/ is identified with the functions denoted by W

in Sections 2. Thus, W79 (e, 0|S) = W/ (e, 0|01 (S)), W/9 (e, @) =W/ (e 0), etc.

Theorem 3. For any partition Q C J of ® and any H € 9,

L7 (H) = sup LY (H|e™ (D)) L (T); (20)

wie (H) = SUPzeq LI (H|p™' (7)) L? (T)

= Sbrea L (Alp (D) L0 (Z) (21)

Proof. Equation (17) yields

L9 (H) Zgggllfg (H,T),

which, with equation (16), in turn yields equation (20). Equation (21) follows immediately

from equations (18)-(19).

Analogous properties may be proven conditional on ¢ () € S.

18



5 Multiple-hypothesis weights of evidence

5.1 Notation for multiple-hypothesis evidence

A typical problem of testing N null hypotheses involves data consisting of N statistics
represented by the N-tuple x = (xy,...,2y), where z; € X for all i = 1,...,N. Such
data may be a function of the original observations, as when each z; is reduced to a test
statistic. They are modeled as realizations of random variables, the N-tuple of which is X =
(X1,...,Xn), with X; distributed with density fy, given §; € © foralli =1,..., N. For a set
© and N unknown parameters in O, let @ = (6;,...,0y) € ON. The generalized probability
density function on R corresponding to the joint distribution of X7,..., Xy is denoted by
f(01,..0n)- Thus, the likelihood function of € is the function f, (z1,...,zy) : OF — [0, 00].
With that slight change of the notation in Section 2.1, hypotheses about @ correspond to
members of 8, the o-field of subsets of ©V.

Fori=1,..., N and for some 6, € ©, the ith null hypothesis is that §; = 6,. Given some
target set, a nonempty set 7 C {1,..., N} of cardinality M, consider the M null hypotheses
in {6; =6 :j €T} The maximum likelihood estimate of 6; is a(arz) = argsupyce fo (i),
leading to the abbreviation L = fz_ () / fo, () for every i =1,..., N. It is assumed

for simplicity that L*** > 1, as occurs with probability 1 for continuous models.

5.2 Pure model for multiple-hypothesis evidence

Again consider some restriction set R € ). According to equation (8), the joint weight of

evidence substantiating the alternative hypotheses that 6; # 6 for all 7 € T, given that
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0cR,is

SupOE%/\ 7R f9 (l‘) .

SUPger\#H 5 7 fo (x)

W ({0, #60:5€T}HR) =W (HprIR) =

Har = {(n..0n) €OV Vi € Th; # b1

(cf. Bickel (2012, §2.4.1)). Similarly, the marginal weight of evidence substantiating the

alternative hypotheses that 6, # 6, for some j € T, given that 8 € R, is

SUPge,, 1R fo () _

SUPger\#,, - 0 (x)’

W ({35 €T #0}|R) =W (Hy7|R) =

7{\/7—:{(91,...,9]\[)G@NZEUETGJ'#O()}.

Theorem 4. Suppose that T; is independent of T for all i # j. It follows that the joint
weight of evidence substantiating the joint alternative hypotheses that 0; # 6y for all j € T,

conditional on @ € R, is

— min [ 9
W (#Hp7|R) = minL; (23)

and that the marginal weight of evidence substantiating the alternative hypotheses that 0; # 6,

for some j € T, conditional on 8 € R, is

W (Hy7IR) = T2 24)
JET

Proof. Let J(T) = argminjer L. By equation (22),

N
HN)e’)-L/\TmRHi=1 f(h (xz) H ={1,...,N} fe(wl (xz)

N
ON)ER\HA T [Tizi fo, (@) f90 (xJ(T)H ={1,... N\{J(T }fo (z:) (i)’

77777
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and cancellation of the products yields W (’H /\T|’R) = f(g( ) (x J(T)) / faq (w J(T)) and thus

ZJ(T)

equation (23). Similarly,

N
SUP(9,,... 0n)€Hy 7NR [L:5 fo. (@) Hi:{1 ,,,,, N} f@(wi) (25)

w (HVT|R) - N - I I X N
SUP(4,,... 0n)ER\Hy Hi:l fo, (i) i=T Joo (IJ(T)) i={1,..N\T fG(:ci) (:)

leading to equation (24) by cancellation. O

5.3 Fusing models for multiple-hypothesis evidence
5.3.1 Marginalization over how many null hypotheses are true

A practical application of the formalism of Section 4 is marginalization over how many
null hypotheses are true according to two models, which correspond to different levels of
abstraction. The number of true null hypotheses is ZZ]\LI 1o (0;), where 14 (6;) = 1 if 6; = 6,
and 1o (6;) = 0 if 6; # 6. The joint weight of evidence substantiating the alternative
hypotheses given by 6; # 6, for all j € T, conditional on the truth of exactly Ny null

hypotheses, is

SupHGH/\ TH’RNO f9 (x)

SUPOeR v\ Hp T fo (x)

W (‘{91‘ #00:j €T} Z 1o (0:) = No) =W (HATIRN,) = ; (25)

N
RNU = {(91,...,91\]) € @N : 210(92) :N[)} .
=1

In the case of continuous density functions, equation (25) may be simplified with some
additional notation. Let L{35* denote the kth of the N — M order statistics of L™, ... L™

that exclude L for every j € T.
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Theorem 5. Suppose fg is the Radon-Nikodym derivative of the distribution of (11, ..., Tx)
that corresponds to @, with respect to the Lebesgue measure, and that T; is independent of T;
for all i # j. It follows that, with probability 1, the joint weight of evidence substantiating
the joint alternative hypotheses that 0; # 0 for all j € T, conditional on the truth of exactly

Ny true null hypotheses, is

(

T 1< Ny<N—M
N L(No)
w! (7"/\7\ Zlo (0:) = No) =140 if Ng> N — M : (26)
=1

Proof. The order statistics are unambiguously defined since the absolute continuity of the
distribution of each T; with respect to the Lebesgue measure guarantees that there are
almost surely no ties. With J(7) = argminjer L}, it is seen that L7, is the lowest of
the maximized likelihood ratios that correspond to the target parameters. Define each x )

to be the value in {z; : i =1,..., N} such that f§(x<k)) () / foo (k) = L35, In the case

that 1 < Ny = N — M, equation (25) simplifies to

w/ ('H/\ﬂ Z Lo (0;) = NO) =

i=1

HQ& Joo ($(k)) HjeT f@(zj) (z5)
H b

fou (@570) Fafanyy) (@) TIZy foo (20) jeray Jaa,) (43

and cancelation wherever possible yields

al foo (2 () ) (fa(xJ(T>) (Mﬂ))
Wf H 0 91 :N(] == .
( AT|Z-211 ) > <feo (211) Fiainyy) (Fv0)) X 1 1
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In the case that 1 < Ny < N — M, equation (25) simplifies with cancellation to

) - [T foo (209) TT=nger Fa(eg) (209)

N
Wf H | 1 (02) = N, -1 -
( AT Z 0 ’ foo (ZL‘J(T)) HQ& Joo (x(’f)) fcv=1\% fé\(m)) (x(k))

i=1

( Hje’rfé(xj) () ) _ < oo (l'(No)) x 1 > (fﬁ(xJ(T)) (xJ(T))>
Wjervpmy fi, (#3) Joo (@31) X fo(a ) (F0) ! '

I(No))

Both cases together establish the result for 1 < Ny < N — M. In the case that Ny > N — M,
the numerator in equation (25) is 0 since Hp7 N Ry, = 0. In the case that Ny = 0, the

denominator in equation (25) is 0 since Ro\Hp7 = 0. O

With the weight of evidence from equation (26), Lemma 1 gives L/ <’H AT Zf\il 1o (6;) = N0>.
While the expression for W/ (”H\/ﬂ SN 1(6) = NO) cannot be written as concisely as

that of W/ <7-l, AT Efil 1o (0;) = N0>, it is easily implemented numerically, providing

L (Hvﬂ D 1o0(8) = NO)

i=1

via Lemma 1.

The model {fg: 8 € OV} is used with another model, {g, : ¢ € ®}, to obtain LY (H)
and W79 (#) for some hypothesis that 8 € H, such as @ € Hp7 or 8 € Hy 7, according
to Section 4. The parameters are related by a function ¢ : @V — & that transforms 0 to
0 () = o ((6,...,0x)) for all @ € ©V. Under the second model, the number of true null
hypotheses is 1 (¢), where vy is the function such that v (¢ (61, ...,60x))) = Son, 1o (6;)

for all @ € ON.
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Corollary 4. For any H €  and Ny =0,1,..., N,

No=0,1,....,

L9 (H) = max NLf (7'” Z 1o (6;) = No) LI({pe®:vy(0) =No}).  (27)

Proof. With 6 =0, H =H, and

Q={{oc®:1(¢)=0},{o0c®:1n(¢p)=1},....{0 € ®:1y(¢) = N}},

the claim results from Theorem 3 since £ is a member of J, a partition of ®, and since

0 P ({No}) = {(01, ., 0n) e 6N Zlo 0;) = No} = Rn,

for all Ny =0,1,...,N. O]
The density family {g, : ¢ € ®} could be, for example, the model of Section 5.3.2. The

model of Section 5.3.3 may be similarly applied via an approximation.

5.3.2 Fusion with a non-mixture model

A non-mixture model will be built from a density family {gy : ¢' € ®}. Suppose that ® =
{6(0),6(1),...,¢(K —1)}, that & = ®V is a parameter set of some finite cardinality

K > 2, that 3 = 2%, and that

for all (¢1,do,...,0n) € PV, with ¢; = ¢(0) corresponding to the ith null hypothesis.

Padilla and Bickel (2012) and Yang et al. (2013a) used this without fusion to quantify
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the weight of evidence for the hypothesis that ¢; € Z; relative to that of ¢; € Z, for
some Zy, T, € J by supyer, 1Y, 96 (2) / SUP e, 1, g4 (2i). That approach fails when the
{ Jo ¢ € N } model is misspecified in the sense that either K or maxy_g 1, x—1 ¢ (k) is not
large enough, for in either case, the weight of evidence for some alternative hypotheses can
be spuriously low. On the other hand, making K too large leads to insufficient evidence for
the null hypothesis (see Yang et al., 2013b).

A more robust approach is available in the fusion of the two models, enabling the use of

equation (27) with the next result.

Lemma 2. For all Ny =0,1,..., N,

N
su U — i= i Zi
L9 ({6 € BV : vy () = No)) = P10 om)E0 (61,020 =Ny [Tz 96: (%)

Proof. By Theorem 1, O]

SUD pedN 1 ()= No Io (2i)
LI ({p e ®V 11y (¢) = Ny}) =
y 0 (9) = N0o}) SUPgeqn Jo (21)

Example 1. Following a general approach in Padilla and Bickel (2012), Yang et al. (2013a)
considered K = 2, ® = {0, ¢ar}, go as the central x? density function with 1 degree of free-
dom, and g4, as the noncentral x? density function with unknown noncentrality parameter

¢ay and 1 degree of freedom. Let vy ((¢1, P2, ..., 0n)) = ZZ]\LI Loy (¢4), where 10y (¢) = 1
if ¢; =0 or if 1oy (¢5) = 1 if ¢; = Pa. According to Lemma 2,

N
sup N., _ i—196: (Zi
10 ({6 € {0.6u)" - 0 (6) = Ny }) = 20l ot 00 002,00 o T 90 (24)
SuPy,. >0 [ [im1 (90 (21) V gg,, (2i))

Y

with V denoting the maximum.
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5.3.3 Fusion with a mixture model

In a K-component mixture model formulated to obtain maximum likelihood estimates of

false discovery rates (Pawitan et al., 2005; Muralidharan, 2010; Bickel, 2014b),

K-1
9o = Z TkGp(k) s
k=0

where 7 € [0, 1] for each k € 0,1,..., K such that ZkK:Bl 7 = 1 and where each g4 with
o (k) €{p(0),0(1),...,6 (K — 1)} is a probability density function according to the family
in Section 5.3.2. Thus, (7, ¢ (k) € [0,1] x @ =[0,1] x {¢(0),¢(1),...,¢ (K — 1)} for each
k, and ® = ([0, 1] x CID)K, unlike the parameter space of Section 5.3.2. For all matrices

¢ = ((70,6(0)), (1,6 (1)), (11,6 (K = 1))) € ([0,1] x )",

N
9pe([0,1]x @)% (2) = Hg¢ (zi) -

i=1

Without model fusion, the weight of evidence for the ith alternative hypothesis has been
quantified as (Z,i:ll TG0y (%) /ZkK;ll ﬁk> /930 (2i), where (?Fk, 5(!@)) is the maximum
likelihood estimate of (mg, ¢ (k)) for each k = 0,..., K — 1 (Padilla and Bickel, 2012; Yang
et al., 2013a). As this fails under marked misspecification in the same way as does using the
non-mixture model of Section 5.3.2, the {gs : ¢ € ®} model may be more widely applicable
when fused with a less restrictive model.

Such model fusion may be implemented by letting 1 (¢) = m N for all

(0,6 (0)), (1,6 (1)), -, (w1, 6 (K = 1))) € (0, 1] x &)

and by the constraint m, € Py = {0,Y/n,2/n,..., N} for each k € 0,1,..., K, as if 7y were
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the proportion of true null hypotheses. While that is not strictly correct, it is an adequate
approximation for sufficiently large N (Bickel, 2014b). The fusion of the two models provides
marginalization according to ® = (Py X (IJ)K and equation (27), as follows, with the proof

analogous to that of Lemma 2.

Lemma 3. For all Ny =0,1,..., N,

N
SUD e (P x@) X mg=No /NS K mp=1 L Liz1 9o (24)

LI ({¢p € ®:1(¢) = No}) =

N
SUDge(py @)K Kl =1 [Ti1 90 (21)

Example 2. In the mixture-model equivalent of Example 1, K = 2, ® = {0, ¢}, and go

and g,,,, are the same as before (Yang et al., 2013a). By Lemma 3,

SUDg >0 Hz]il (%90 (Zl) + ( B %) Ypare (Zz>)

- .
SUDy, ~0mePy 1 Lim1 (M0g0 (2i) + (1 — 7o) ggo, (Zz))( )
28

LI ({¢ S {07 ¢alt} - (¢) - NO}) =

6 Application of multiple-hypothesis evidence

Rubin (1981) reports means and variances of SAT exam score differences between students
participating in a training program and those not participating for each of eight exam sites.
The standardized mean differences are denoted by x = (z1, ..., zs) and modeled as indepen-
dent variates from N (6;,1),...,N (6g,1), respectively. Thus, fo () = [[>_; fo, (z:), where
fo, 1s the normal density function of mean 6; and unit variance for all 7 = 1,...,8. The ¢th
of the N = 8 null hypotheses is that §; = 0, and the 7th alternative hypothesis that 6; # 0.
Three approaches to modeling are employed to highlight advantages of model fusion (§4).

The approaches represent all exam sites together with a pure non-mixture model (§5.2), with

27



a fusion of two non-mixture models (§5.3.2), and with a fusion of a non-mixture model with a
mixture model (§5.3.3). In the first approach, the weights of evidence considered are simply
given by Theorem 4.

Each of the two fusion approaches needs its own model to fuse with {f : 8 € R®}. Both
fusion approaches use z = (z1,...,28) = (21,...,28), K = 2, & = {0, ¢a}, go as the
standard normal density function, and g,,, as the N (¢ax, 1) density function with known
mean ¢y, = 2. The family {g4: ¢ € {0, gzﬁalt}g} has a non-mixture model version (§5.3.2)
and a mixture model version (§5.3.3). For the former, Lemma 2 gives equation (1) as the
likeliness function of Ny with the density functions of this section in place of the x? density

functions of Example 1. For the latter, Lemma 3 yields

T (5o () + (1= 52) g6, (20))
SUPro=0,1,..,Z1 HZJL (mogo (2:) + (1 — 7o) Ggy, (2i))

g

L7 ({¢ € {0, fan} : vo (¢) = No}) =

as the likeliness function of Ny in contrast with that of equation (28), in which ¢, is
unknown.
Those two likeliness functions of Ny are plotted in Figure 1. The three modeling ap-

proaches are compared in Figures 2, 3, and 4. Implications are discussed in Section 7.

7 Discussion

In Figure 1, the non-mixture model is seen to be more informative than the mixture model.
Figures 2, 3, and 4 reflect that in the low weights of evidence assigned by the fusion with
the mixture model. The overly conservative nature of the mixture model may be due in part

to the fact that my is a poor approximation to the proportion of null hypotheses that are
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Figure 1: Likeliness as a function of Ny under a non-mixture model (v7; §5.3.2) and a mixture
model (A; §5.3.3).
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Figure 2: The weight of the evidence favoring the hypothesis that 6; # 0 for eachi=1,...,8
under a pure non-mixture model (O); §5.2), under a fusion of two non-mixture models (37;
§5.3.2), and under a fusion of non-mixture model with a mixture model (A; §5.3.3). Each
fusion includes the model of Figure 1 with the corresponding symbol.
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Figure 3: The weight of the evidence favoring the conjunctive hypothesis that 6; # 0 and
0, # 0 (left) or favoring the disjunctive hypothesis that 6; # 0 or 6; # 0 (right) for each
1=2,...,8. OvA: caption of Figure 2.
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Figure 4: The weight of the evidence favoring the conjunctive hypothesis that 6; # 0 and
05 # 0 (left) or favoring the disjunctive hypothesis that 6; # 0 or 65 # 0 (right) for each
1=1,2,4,...,8. OvA: caption of Figure 2.
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true (§5.3.3). The mixture model may perform better than the non-mixture model if N is
sufficiently large and if 7y is close to 1 (Yang et al., 2013a).

Figures 2-4 also indicate that under the pure model approach, the evidence is weighed
without any shrinkage toward the null hypotheses. Thus, the level-A fused likeliness set
defined by {6 € © : L/9 ({6} |S) > 1/A} exhibits shrinkage in set estimation not possible
with the level-A likelihood set consided in Section 1.

An undesirable manifestation of pure-model’s lack of shrinkage is that all the alternative
hypotheses are seen in the plots to be favored over the null hypotheses (log, W (H) > 0), at
least to a negligible extent (Table 1). In fact, this occurs more generally with probability
1 (Bickel, 2012). By contrast, both fused-model approaches lead to the support of most of
the null hypotheses by more evidence than their alternative hypotheses, as indicated by the
negative log weights of evidence in Figures 2-4.

In conclusion, the fusion between two non-mixture models strikes an intuitively reasonable
balance between the extremes of excessive weights of evidence according to the pure model

and overly conservative weights of evidence according to the fusion with the mixture model.
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