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Abstract

According to the general law of likelihood, the weight of evidence for a hypothesis

as opposed to its alternative is the ratio of their likelihoods, each maximized over the

parameter of interest. Consider the problem of assessing the weight of evidence for

each of several hypotheses. Under a realistic model with a free parameter for each
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alternative hypothesis, this leads to weighing evidence without any shrinkage, which

can be undesirable in settings with a large number of hypotheses. A related problem is

that point hypotheses cannot have more support than their alternatives. Both problems

may be solved by fusing the realistic model with a model of a more restricted parameter

space for use with the general law of likelihood. Applying the proposed framework of

model fusion to a familiar data set yields intuitively reasonable weights of evidence.

Keywords: direct likelihood inference; foundations of statistics; hypothesis testing; law

of likelihood; likelihood principle; likelihood paradigm; multiple testing; pure likelihood

methods; regularization; robust statistics; strength of statistical evidence
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1 Introduction

As a rule, scientists seek to publish observations that constitute sufficient evidence to accept

a hypothesis as a contribution to scientific knowledge. For measuring the strength of evi-

dence, the likelihood paradigm has substantial advantages over the frequentist and Bayesian

paradigms (Edwards, 1992; Royall, 1997; Blume, 2011; Bickel, 2012; Rohde, 2014).

The paradigm has roots in the likelihood intervals of R. A. Fisher. In a certain sense,

a scalar parameter value θ is “consistent with the observations” at some level Λ if and only

if θ− (Λ) ≤ θ ≤ θ+ (Λ), where [θ− (Λ) , θ+ (Λ)] is the interval of parameter values with

likelihood within a factor of Λ of the maximum likelihood, provided that Λ > 1 (Royall,

1997, p. 26). For example, Fisher (1973, pp. 75-76) considered Λ = 2, 5, 15, flagging

parameter values outside the [θ− (Λ) , θ+ (Λ)] intervals as “implausible” and those outside

even the [θ− (15) , θ+ (15)] as “obviously open to grave suspicion” (cf. Barnard, 1967; Hoch

and Blume, 2008). For vector parameters, the Λ-level likelihood set is the set of parameter

values with likelihood within a factor of Λ of the maximum likelihood.

Just as nested confidence sets may be inverted to define a p-value for each parameter

value, likelihood sets may be inverted to obtain the likelihood ratio of each parameter value

relative to the maximum likelihood. Edwards (1992) and Royall (1997) interpreted the

likelihood ratio as a strength of evidence, carefully limiting the scope to comparisons between

simple (point) hypotheses, in which case the Bayes factor is the likelihood ratio. According

to the (special) law of likelihood attributed to Ian Hacking, the likelihood ratio between

two simple hypotheses is sufficient to quantify the strength of evidence of one hypothesis

over the other, apart from prior distributions, loss functions, and the sample size (Edwards,

1992; Royall, 1997). This contrasts with the more generally applicable practice of measuring
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statistical evidence for general hypotheses with the Bayes factor (cf. Jeffreys, 1948).

The primary motivation for the limitation to simple hypotheses was to avoid the sub-

jectivity involved in specifying the prior distributions needed to define a Bayes factor for

composite hypotheses, for the Bayes factor is the ratio of the likelihood means with respect

to a prior distribution conditional on each hypothesis compared. To achieve both objectiv-

ity and applicability to composite hypotheses, the average likelihood over each composite

hypothesis was replaced with the maximum likelihood over each composite hypothesis. The

resulting ratio of maximum likelihoods is interpreted as the weight of the statistical evidence

that supports one composite hypothesis over another under the general law of likelihood

(Bickel, 2012, §2.2.3), with grades similar to those of Table 1. For example, the weight of the

evidence substantiating the hypothesis that θ− (Λ) ≤ θ ≤ θ+ (Λ) over the hypothesis that

θ /∈ [θ− (Λ) , θ+ (Λ)] is Λ. Zhang and Zhang (2013a) recommended essentially the same mea-

sure of the strength of statistical evidence for regular models and sufficiently large samples.

Motivated by different concerns, Dubois et al. (1997), Walley and Moral (1999), Giang and

Shenoy (2005), and Coletti et al. (2009) had previously considered the ratio of maximum

likelihoods within possibility theory and upper probability theory.

The idea remains controversial for a variety of reasons. For composite hypotheses, that

quantity can differ markedly from the degree of support defined by the degree of change from

prior odds to posterior odds (Bickel, 2013a,b), the sense supported by Edwards (1992) for

compatibility with analyses in the presence of priors and by Royall (2000) to interpret the

likelihood ratio. Similarly, Blume (2013) does not recognize a need for assigning a strength

of evidence to a composite hypothesis, maintaining that the level-Λ likelihood set simply

indicates which distributions are better supported than the others by the data (cf. Zhang

and Zhang, 2013b).
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Further, it is often thought that the likelihood ratio cannot be directly compared to a fixed

threshold Λ but that it requires calibration (Severini, 2000; Morgenthaler and Staudte, 2012;

Spanos, 2013). For example, Sprott (2000, §5.3) recommends the use of fixed-confidence

likelihood intervals, and Patriota (2013) proposed a quantity based on the likelihood ratio

test. This type of calibration would indeed be needed to achieve specified repeated-sampling

coverage rates since a level-Λ likelihood set can cover the true value of the parameter with

much less than 95% frequentist probability. Likewise, from a Bayesian perspective, a level-Λ

likelihood set can have a very low posterior probability.

In response to claims that the special law of likelihood rendered adjustments for multiple

testing unnecessary, Korn and Freidlin (2006) supplied clinical examples to point out that

although the likelihood ratio measures the strength of evidence in simple situations, it of-

ten can be misleading in multiple comparison situations unless supplemented with adjusted

p-values or posterior probabilities based on sufficiently strong prior distributions, perhaps

estimated by empirical Bayes methods. In addressing the problem, Strug and Hodge (2006)

emphasized the role of frequentist considerations when planning an experiment, whereas

Bickel (2012) argued against comparing simple null hypotheses to composite alternative hy-

potheses. Nonetheless, exactly that comparison remains important in scientific applications,

especially those involving multiple comparisons.

In short, since the practice of rejecting parameter values outside [θ− (Λ) , θ+ (Λ)] or outside

a level-Λ likelihood set for a vector parameter is known to yield counterintuitive results under

some models, neither it nor the equivalent idea of accepting a hypothesis of sufficiently

high weight of evidence has been widely adopted. As with all likelihood-based inference

(Lindsey, 1996, §6.5), successful application of the weight of evidence hinges on the selection

of models at appropriate levels of abstraction, keeping in mind not only model realism but
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Negligible Weak Moderate Strong Very strong Overwhelming
[20, 21[ [21, 22[ [22, 23[ [23, 25[ [25, 27[ [27,∞]

Table 1: Intervals for general likelihood ratios as the weight of statistical evidence (Royall,
1997; Bickel, 2011, 2014a; cf. Jeffreys (1948)).

also operational characteristics. With this background, the main goal of the present paper is

to bring formally contradictory models together in such a way that the weight of evidence is

reliable across a spectrum of applications broad enough to include those involving multiple

comparisons.

Section 2 defines the theory of the weight of statistical evidence with respect to a sin-

gle model. In Section 3, it will be seen that the weight of evidence uniquely measures the

strength of conclusive evidence as defined mathematically to have certain properties appro-

priate for accepting a hypothesis of sufficiently high evidence. This new justification for

calling W (H|R) the “weight of evidence” is simpler than that of Bickel (2012). Section

4 defines model fusion and the weight of evidence with respect to two fused models. To

address the multiple comparisons problem, a special case of the theory of model fusion is

formulated in Section 5. Section 6 illustrates that special case by applying it to data on

exam scores. Referring to that data analysis, Section 7 briefly discusses practical advantages

of the fused-model weight of evidence for shrinkage and for evidence supporting a point null

hypothesis.
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2 Weight of evidence

2.1 Preliminary notation and definitions

Let x denote an observed scalar, vector, or matrix in some set X of possible observations.

This x, a realization of a random variable X, may be a statistic that depends on other

observations.

Consider a set Θ and a family of exact or approximate density functions {fθ0 : θ0 ∈ Θ}

such that fθ0 6= fθ for all θ0 6= θ. If the interest parameter value in a parameter space Φ were

equal to θ, then fθ (x) would be the probability density or probability mass of the observation

that X = x. The likelihood function is the function f• (x), that is, fθ (x) as a function of θ

for all θ ∈ Θ, and its maximum likelihood estimate (MLE) is θ̂ = arg supθ fθ (x).

The function f• (x) may be any pseudo-likelihood function such that fθ (x) approximates

a probability density for every θ ∈ Θ. Thus, f• (x) may be a marginal, conditional, estimated,

or integrated likelihood, eliminating a nuisance parameter. If the profile likelihood does not

approximate a density for a particular model, it may nevertheless be corrected to approximate

a conditional or marginal likelihood in certain cases (Severini, 2000, pp. 310-312, 323).

The prefix “pseudo” is somewhat misleading: even the “true” likelihood function might be

considered a pseudo-likelihood function since a statistical model cannot completely capture

the data-generation process (Lindsey, 1996, §6.5).

All possible hypotheses about θ correspond to members of H, a σ-field of subsets of Θ.

For example, if Θ = R and H is the set of Borel subsets of Θ, then the hypothesis that θ 6= 0

is the hypothesis that θ ∈ Θ\ {0}, corresponding to the subset Θ\ {0}, which is a member

of H.
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2.2 Likeliness and unlikeliness

For any H,R ∈ H, let

L (H) =
supθ∈H fθ (x)

supθ∈Θ fθ (x)
(1)

be called the marginal likeliness of the hypothesis that θ ∈ H and

L (H|R) =
L (H ∩R)

L (R)
(2)

the conditional likeliness of the hypothesis that θ ∈ H given θ ∈ R. Here, the supremum

is the least upper bound in [0,∞[, and sup ∅ ≡ 0. To accommodate 1/0 = ∞, L (H|R)

is an extended real number in the closed interval [0,∞]. The term “likeliness” replaces

the “extended likelihood” of Giang and Shenoy (2005) for brevity and to avoid confusion

with previous usages of the latter term in the statistics literature (Barndorff-Nielsen, 1994;

Bjørnstad, 1996; Pawitan, 2001).

The likeliness of a hypothesis is insufficient as a measure of its strength of evidence since

the likeliness of the hypothesis’s alternative must also be considered. For that reason, it is

convenient to define the marginal unlikeliness of the hypothesis that θ ∈ H as U (H) = L
(
H
)

and the conditional unlikeliness of the hypothesis that θ ∈ H given θ ∈ R as U (H|R) =

L
(
H|R

)
, where H is the complement of H. The likeliness and unlikeliness of a hypothesis

are combined into a single measure of evidence in Section 2.4.

2.3 Marginal and conditional weight of evidence

Suppose H1,H2 ∈ H. According to the general law of likelihood Bickel (2012), the weight

of evidence in the observation that X = x substantiating the hypothesis that θ ∈ H1 as
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opposed to the hypothesis that θ ∈ H2 is

W (H1;H2) =
supθ∈H1

fθ (x)

supθ∈H2
fθ (x)

. (3)

That will be called the marginal weight of evidence to distinguish it from the conditional

weight of evidence, defined below. Replacing f• (x) with a profile likelihood function yields

the quantity considered by Zhang and Zhang (2013a), as discussed in Bickel (2013b).

The conditional weight of evidence in the observation that X = x substantiating the

hypothesis that θ ∈ H1 as opposed to the hypothesis that θ ∈ H2 given θ ∈ R is

W (H1;H2|R) = W (H1 ∩R;H2 ∩R) (4)

for all H1,H2,R ∈ H such that L (R) > 0. This is connected to the likeliness of Section 2.2

as follows.

Theorem 1. For any H1,H2,R ∈ H,

W (H1;H2|R) =
L (H1|R)

L (H2|R)
. (5)

For any set H0 ⊂ H such that
⋃
H0∈H0

H0 = H,

L (H|R) =
supθ∈H∩R fθ (x)

supθ∈R fθ (x)
= sup
H0∈H0

L (H0|R) . (6)

For any partition P ⊂ H of Θ,

L (H) = sup
R∈P

L (R)L (H|R) (7)
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Proof. By equations (1), (4), and (3),

W (H1;H2|R) =
supθ∈H1∩R fθ (x)

supθ∈H2∩R fθ (x)
=

supθ∈H1∩R fθ (x) / supθ∈R fθ (x)

supθ∈H2∩R fθ (x) / supθ∈R fθ (x)
,

which is the right-hand side of equation (5) according to equation (2). Equation (1) and (2)

imply that

L (H|R) = L

( ⋃
H0∈H0

H0|R

)
=

supH0∈H0
supθ∈H0∩R fθ (x)

supθ∈R fθ (x)
= sup
H0∈H0

supθ∈H0∩R fθ (x)

supθ∈R fθ (x)
,

yielding L (H|R) = supH0∈H0
L (H0|R). The other portion of formula (6) is established by

substituting {{θ} : θ ∈ H} for H0. Since P ⊂ H is a partition,

L (H) = L (H ∩Θ) = L

(
H ∩

⋃
R∈P

R

)
= L

(⋃
R∈P

(H ∩R)

)
= L

 ⋃
R0∈P(H)

R0

 ,

where P (H) = {R ∈ P : R ⊆ H}. Thus, using equation (6),

L (H) = sup
R0∈P(H)

L (R0) = sup
R∈P

L (H ∩R) = sup
R∈P

L (R)L (H|R) ,

with the last equality following from equation (2).

2.4 Absolute weight of evidence

The strength of evidence favoring the hypothesis that θ ∈ H can also be quantified without

explicit reference to a second hypothesis by taking that second hypothesis to be its negation,

θ /∈ H. The conditional weight of evidence in the observation that X = x substantiating

the hypothesis that θ ∈ H given θ ∈ R is W (H|R) = W
(
H;H|R

)
. Likewise, the marginal
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weight of evidence in the observation that X = x substantiating the hypothesis that θ ∈ H

is W (H) = W (H|Θ).

Corollary 1. For any H,R ∈ H,

W (H|R) =
L (H|R)

U (H|R)
=
L (H ∩R)

L (R\H)
=

supθ∈H∩R fθ (x)

supθ∈R\H fθ (x)
(8)

W (H|R) =
supR∈P L (R)L (H|R)

supR∈P L (R)L
(
H|R

) . (9)

Proof. The claims follow directly from U (H|R) = L
(
H|R

)
and from equations (1), (5), and

(7).

Equation (8) indicates that W (H|R) is a coherent measure of support in the sense to be

defined in Section 3. As will be seen, that property helps explain why it is appropriate to

call W (H|R) the weight of evidence.

2.5 Likeliness and unlikeliness from the weight of evidence

While the weight of evidence is the ratio of likeliness to the unlikeliness (8), it is convenient

in some applications to derive the likeliness and unlikeliness from the weight of evidence.

Lemma 1. Given H,R ∈ H, it follows that L (H|R) = 1 and U (H|R) = 1/W (H|R) if

W (H|R) ≥ 1 but that L (H|R) = W (H|R) and U (H|R) = 1 if W (H|R) < 1.

Proof. In theW (H|R) ≥ 1 case, equation (8) implies that supθ∈H∩R fθ (x) ≥ supθ∈R\H fθ (x)

and thus that supθ∈H∩R fθ (x) = supθ∈R fθ (x). By equation (6), L (H|R) = 1. There-

fore, equation (8) says U (H|R) = 1/W (H|R). The analogous argument for the W (H|R) <
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1 case yields this chain of results: supθ∈H∩R fθ (x) < supθ∈R\H fθ (x), supθ∈R\H fθ (x) =

supθ∈R fθ (x), U (H|R) = 1, and L (H|R) = W (H|R), in that order.

A generalization of this result is known both from possibility theory, in terms of which

L (•|R) is a possibility measure and 1−U (•|R) is a necessity measure, and from the theory

of ranking functions (Spohn, 2012, §5.2), in terms of which logW (•|R) is a two-sided ranking

function, where log is of a base greater than 1.

3 Derivation from coherence and Bayes compatibility

Let P stand for a probability measure on (Θ×X ,H⊗ X) and a random parameter ϑ of prior

distribution P0 = P (• × X ) on (Θ,H) such that the posterior probability that ϑ ∈ H is

P (ϑ ∈ H|x) =
P0 (ϑ ∈ H)

∫
H fθ (x) dP0 (θ|H)∫

fθ (x) dP0 (θ)
.

This is considered a function of P such that, ifQ were the joint distribution on (Θ×X ,H⊗ X),

the posterior distribution would be Q (ϑ ∈ H|x) with Q in place of P and Q0 = Q (• × X )

in place of P0. The increase in the odds ratio due to the observation that X = x in favor of

the hypothesis that θ ∈ H given θ ∈ R is the ratio of the conditional posterior odds to the

conditional prior odds:

∆ (H;P |R) =
P (ϑ ∈ H|x,R) /P (ϑ /∈ H|x,R)

P0 (ϑ ∈ H|R) /P0 (ϑ /∈ H|R)
=

∫
H∩R fθ (x) dP0 (θ|H,R)∫
R\H fθ (x) dP0

(
θ|H,R

) . (10)

The conditional Bayes factor B (H|R) as a function of H and R, is defined such that

B (H|R) = ∆ (H;P |R) for some fixed probability measure P on (Θ×X ,H⊗ X).

The requirement of Edwards (1992) that a measure of support for one hypothesis over
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another be compatible with Bayes’s theorem is generalized to composite hypotheses by the

following definition, differing from the generalization that often forbids accepting a hypoth-

esis of sufficiently high weight of evidence (Bickel, 2013a,b). Any function u : H2 → [0,∞]

measures the odds ratio increase due to the observation that X = x if there is a probability

measure PH on (Θ,H) such that

u (H|R) = ∆ (H;PH|R) (11)

for all H ∈ H and all R ∈ H satisfying L (R) > 0.

Another desirable property of a measure of evidence is the avoidance of asserting that

contradictory statements are individually supported by the evidence (Schervish, 1996; Lavine

and Schervish, 1999; Bickel, 2012; Zhang and Zhang, 2013a). More formally, a function

v : H2 → [0,∞] is logically coherent if

v (H0|R) ≤ v (H1|R) ⇐⇒ (θ ∈ H0 ∩R =⇒ θ ∈ H1 ∩R) (12)

for all H0,H1 ∈ H and all R ∈ H. The fact that conclusions may be drawn on the basis of

logically coherent evidence leads to the following definition and theorem.

Definition 1. A function w : H2 → [0,∞] measures the strength of conclusive evidence if it

both measures the odds ratio increase and is logically coherent.

Theorem 2. A function w : H2 → [0,∞] measures the strength of conclusive evidence if and

only if it is the weight of evidence function W (•|•).

Proof. (⇐= ). The following statements apply for all H,H0,H1 ∈ H and all R ∈ H. Let

δ
(
•; θ̂H∩R

)
and δ

(
•; θ̂R\H

)
denote the Dirac probability measures on (Θ,H) with mass at
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θ̂H∩R = arg supθ∈H∩R fθ (x) and θ̂R\H = arg supθ∈R\H fθ (x), respectively. By equation (8),

W (H|R) =

∫
fθ (x) dδ

(
θ; θ̂H∩R

)
∫
fθ (x) dδ

(
θ; θ̂R\H

) . (13)

There is a probability measure P on (Θ×X ,H⊗ X) such that P0 (•|H,R) = δ
(
•; θ̂H∩R

)
and P0

(
•|H,R

)
= δ

(
•; θ̂R\H

)
, in which case equations (13) and (10) imply thatW (H|R) =

∆ (H;P |R). Thus, W (•|•) measures the odds ratio increase. The fact that W (H0,R) ≤

W (H1,R) if and only ifH0 ⊆ H1 demonstrates equation (12). Therefore,W (•|•) is logically

coherent. Thus, both criteria of Definition 1 are satisfied.( =⇒ ). Let w : H2 → [0,∞]

denote a function that measures the strength of conclusive evidence. By Definition 1, w

both measures the odds ratio increase and is logically coherent. Assume that there are

H ∈ H and R ∈ H and, contrary to the w = W claim and equation (8), such that

w (H|R) 6= supθ∈H∩R fθ (x)

supθ∈R\H fθ (x)
(14)

in order to prove the claim by contradiction. Since w = v, equations (10), (11), and (12)

yield ∫
H0∩R

fθ (x) dP0 (θ|H0,R) ≤
∫
H1∩R

fθ (x) dP0 (θ|H1,R) ⇐⇒ H0 ⊆ H1.

Since
{
θ̂H∩R

}
⊆ H ∩R,

∫
H∩R

fθ (x) dP0 (θ|H,R) ≥
∫
{θ̂H∩R}

fθ (x) dP0

(
θ|
{
θ̂H∩R

}
,R
)

=

∫
fθ (x) dδ

(
θ; θ̂H∩R

)
= sup

θ∈H∩R
fθ (x) ,
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but that requires that
∫
H∩R fθ (x) dP0 (θ|H,R) = supθ∈H∩R fθ (x) (cf. Coletti et al., 2009).

Analogous reasoning leads to
∫
R\H fθ (x) dP0 (θ|H,R) = supθ∈R\H fθ (x). Thus, equations

(10), (11), and (12) establish equation (8), contradicting equation (14), thereby proving the

w = W claim.

Theorem 2 says the weight of evidence uniquely measures the strength of conclusive

evidence.

That raises questions about the senses in which the posterior probability and the Bayes

factor fall short as a measures of the strength of conclusive evidence. Lavine and Schervish

(1999) demonstrated that the posterior probability but not the Bayes factor is coherent as

a measure of evidence. This is restated in the following corollaries in addition to whether

each measures the odds ratio increase.

Corollary 2. Given any probability measure P on (Θ×X ,H⊗ X) satisfying the above con-

ditions, the conditional Bayes factor function B measures the odds ratio increase but is not

necessarily logically coherent.

Proof. By the definition of the conditional Bayes factor B (H|R) = ∆ (H;P |R). Thus,

u = B yields equation (11), establishing the first claim. The second claim is established by

noting that, according to Theorem 2, B is only logically coherent in the special case that

B (H|R) = W (H|R) for all H ∈ H and all R ∈ H.

Corollary 3. Given any probability measure P on (Θ×X ,H⊗ X) satisfying the above con-

ditions, the posterior probability function P (ϑ ∈ •|x, •) on H2 is logically coherent but does

not necessarily measure the odds ratio increase.

Proof. Consider an R ∈ H that satisfies L (R) > 0 and H0,H1 ∈ H such that H0 ⊆ H1. By

the additivity of probability measures, P (ϑ ∈ H0|x,R) ≤ P (ϑ ∈ H1|x,R). Likewise, any
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H0,H1 ∈ H such that P (ϑ ∈ H0|x,R) ≤ P (ϑ ∈ H1|x,R) are related by H0 ⊆ H1. Thus,

v = P (ϑ ∈ •|x, •) yields equation (12), establishing the first claim. The second claim is

established by noting that, according to Theorem 2, P (ϑ ∈ •|x, •) only measures the odds

ratio increase in the special case that P (ϑ ∈ H|x,R) = W (H|R) for all H ∈ H and all

R ∈ H satisfying L (R) > 0.

Lavine and Schervish (1999) likewise argued that the posterior probability is coherent as

a measure of evidence. In short, while the Bayes factor measures the odds ratio increase and

the posterior probability is logically coherent, the weight of evidence is the only quantity

with both properties.

4 Fusing models from different levels

The procedure chosen for eliminating nuisance parameters may depend on criteria outside

the statistical model (Bickel, 2012). Indeed, paradoxes arise from likelihood inference under

inappropriate models of the system of interest (Lindsey, 1996, §6.5). The level of abstraction

in a model must be selected with the use of the model in mind. In complex problems such

as large-scale inference, multiple levels of abstraction may merit simultaneous consideration.

This section applies two levels of abstraction to the problem of testing multiple hypotheses.

Considering some function ϕ and a parameter set Φ = {ϕ (θ) : θ ∈ Θ}, let I denote the

σ-field of subsets of Φ satisfying I = {{ϕ (θ) : θ ∈ H} : H ∈ H}. For every φ ∈ Φ, let gφ be a

probability density function on a set Z of possible values of an observable random variable

Z of observed value z. The pair ({fθ : θ ∈ Θ} , {gφ : φ ∈ Φ}) is called a fusion of the two

parametric models, the density families {fθ : θ ∈ Θ} and {gφ : φ ∈ Φ}. A model used to

quantify the weight of evidence without any fusion (§2) is a pure model.
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The function Lf : H × H → [0,∞] is defined in accordance with equations (1)-(2) such

that Lf (H|R) = L (H|R) for all H,R ∈ H. In analogy with equation (1), the function

Lg : I× I→ [0,∞] is defined such that

Lg (I|S) =
supφ∈I∩S gφ (z)

supφ∈S gφ (z)

for all I,S ∈ I. For any I ∈ I, define the function ϕ−1 such that

ϕ−1 (I) = {θ ∈ Θ : ϕ (θ) ∈ I} .

Let Lfg : H× I× I→ [0,∞] denote the function satisfying

Lfg (H, I|S) = Lf
(
H|ϕ−1 (I ∩ S)

)
Lg (I|S) , (15)

which reduces to Lf (H ∩ I|S) according to equation (2) whenever ϕ (θ) = θ and gθ = fθ for

all θ ∈ Θ. With Lfg (•, •) = Lfg (•, •|Φ), Lf (•) = Lf (•|Θ), and Lg (•) = Lg (•|Φ), equation

(15) degenerates to

Lfg (H, I) = Lf
(
H|ϕ−1 (I)

)
Lg (I) . (16)

Likewise generalizing equation (7), let

Lfg (H|S) = sup
I∈Q

Lfg (H, I|S) (17)

for any partition Q ⊂ I of Φ, and let Lfg (H) = Lfg (H|Φ).

The corresponding conditional weight of evidence in the observation that X = x and

Z = z substantiating the hypothesis that θ ∈ H1 as opposed to the hypothesis that θ ∈ H2
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is generalized to

W fg (H1;H2|S) =
Lfg (H1|S)

Lfg (H2|S)
, (18)

and that substantiating the hypothesis that θ ∈ H given ϕ (θ) ∈ S to

W fg (H|S) = W fg
(
H;H|S

)
(19)

for all H,H1,H2 ∈ H and S ∈ I. The marginal counterparts are W fg (•, •) = W fg (•, •|Φ)

and W fg (•) = W fg (•|Φ). Analogously, W f is identified with the functions denoted by W

in Sections 2. Thus, W fg (•, •|S) = W f (•, •|ϕ−1 (S)), W fg (•, •) = W f (•, •), etc.

Theorem 3. For any partition Q ⊂ I of Φ and any H ∈ H,

Lfg (H) = sup
I∈Q

Lf
(
H|ϕ−1 (I)

)
Lg (I) ; (20)

W fg (H) =
supI∈Q L

f (H|ϕ−1 (I))Lg (I)

supI∈Q L
f
(
H|ϕ−1 (I)

)
Lg (I)

. (21)

Proof. Equation (17) yields

Lfg (H) = sup
I∈Q

Lfg (H, I) ,

which, with equation (16), in turn yields equation (20). Equation (21) follows immediately

from equations (18)-(19).

Analogous properties may be proven conditional on ϕ (θ) ∈ S.
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5 Multiple-hypothesis weights of evidence

5.1 Notation for multiple-hypothesis evidence

A typical problem of testing N null hypotheses involves data consisting of N statistics

represented by the N -tuple x = (x1, . . . , xN) , where xi ∈ X for all i = 1, . . . , N . Such

data may be a function of the original observations, as when each xi is reduced to a test

statistic. They are modeled as realizations of random variables, the N -tuple of which is X =

(X1, . . . , XN), with Xi distributed with density fθi given θi ∈ Θ for all i = 1, . . . , N . For a set

Θ and N unknown parameters in Θ, let θ = (θ1, . . . , θN) ∈ ΘN . The generalized probability

density function on RN corresponding to the joint distribution of X1, . . . , XN is denoted by

f(θ1,...,θN ). Thus, the likelihood function of θ is the function f• (x1, . . . , xN) : ΘN → [0,∞[ .

With that slight change of the notation in Section 2.1, hypotheses about θ correspond to

members of H, the σ-field of subsets of ΘN .

For i = 1, . . . , N and for some θ0 ∈ Θ, the ith null hypothesis is that θi = θ0. Given some

target set, a nonempty set T ⊆ {1, . . . , N} of cardinality M , consider the M null hypotheses

in {θj = θ0 : j ∈ T }. The maximum likelihood estimate of θi is θ̂ (xi) = arg supθ∈Θ fθ (xi),

leading to the abbreviation Lmax
i = fθ̂(xi) (xi) /fθ0 (xi) for every i = 1, . . . , N . It is assumed

for simplicity that Lmax
i > 1, as occurs with probability 1 for continuous models.

5.2 Pure model for multiple-hypothesis evidence

Again consider some restriction set R ∈ H. According to equation (8), the joint weight of

evidence substantiating the alternative hypotheses that θj 6= θ0 for all j ∈ T , given that
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θ ∈R, is

W ({θj 6= θ0 : j ∈ T } |R) ≡ W
(
H∧

T |R
)

=
supθ∈H∧

T ∩R fθ (x)

supθ∈R\H∧
T
fθ (x)

; (22)

H∧
T =

{
(θ1, . . . , θN) ∈ ΘN : ∀j ∈ T θj 6= θ0

}
(cf. Bickel (2012, §2.4.1)). Similarly, the marginal weight of evidence substantiating the

alternative hypotheses that θj 6= θ0 for some j ∈ T , given that θ ∈R, is

W ({∃j ∈ T θj 6= θ0} |R) ≡ W
(
H∨

T |R
)

=
supθ∈H∨

T ∩R fθ (x)

supθ∈R\H∨
T
fθ (x)

;

H∨
T =

{
(θ1, . . . , θN) ∈ ΘN : ∃j ∈ T θj 6= θ0

}
.

Theorem 4. Suppose that Ti is independent of Tj for all i 6= j. It follows that the joint

weight of evidence substantiating the joint alternative hypotheses that θj 6= θ0 for all j ∈ T ,

conditional on θ ∈R, is

W
(
H∧

T |R
)

= min
j∈T

Lmax
j (23)

and that the marginal weight of evidence substantiating the alternative hypotheses that θj 6= θ0

for some j ∈ T , conditional on θ ∈R, is

W
(
H∨

T |R
)

=
∏
j∈T

Lmax
j . (24)

Proof. Let J (T ) = arg minj∈T L
max
j . By equation (22),

W
(
H∧

T |R
)

=
sup(θ1,...,θN )∈H∧

T ∩R
∏N

i=1 fθi (xi)

sup(θ1,...,θN )∈R\H∧
T

∏N
i=1 fθi (xi)

=

∏
i={1,...,N} fθ̂(xi) (xi)

fθ0
(
xJ(T )

)∏
i={1,...,N}\{J(T )} fθ̂(xi) (xi)

,
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and cancellation of the products yieldsW
(
H∧

T |R
)

= fθ̂(xJ(T ))
(
xJ(T )

)
/fθ0

(
xJ(T )

)
and thus

equation (23). Similarly,

W
(
H∨

T |R
)

=
sup(θ1,...,θN )∈H∨

T ∩R
∏N

i=1 fθi (xi)

sup(θ1,...,θN )∈R\H∨
T

∏N
i=1 fθi (xi)

=

∏
i={1,...,N} fθ̂(xi) (xi)∏

i=T fθ0
(
xJ(T )

)∏
i={1,...,N}\T fθ̂(xi) (xi)

,

leading to equation (24) by cancellation.

5.3 Fusing models for multiple-hypothesis evidence

5.3.1 Marginalization over how many null hypotheses are true

A practical application of the formalism of Section 4 is marginalization over how many

null hypotheses are true according to two models, which correspond to different levels of

abstraction. The number of true null hypotheses is
∑N

i=1 10 (θi), where 10 (θi) = 1 if θi = θ0

and 10 (θi) = 0 if θi 6= θ0. The joint weight of evidence substantiating the alternative

hypotheses given by θj 6= θ0 for all j ∈ T , conditional on the truth of exactly N0 null

hypotheses, is

W

(
{θj 6= θ0 : j ∈ T } |

N∑
i=1

10 (θi) = N0

)
≡ W

(
H∧

T |RN0

)
=

supθ∈H∧
T ∩RN0

fθ (x)

supθ∈RN0
\H∧

T
fθ (x)

; (25)

RN0 =

{
(θ1, . . . , θN) ∈ ΘN :

N∑
i=1

10 (θi) = N0

}
.

In the case of continuous density functions, equation (25) may be simplified with some

additional notation. Let Lmax
(k) denote the kth of the N−M order statistics of Lmax

1 , . . . , Lmax
N

that exclude Lmax
j for every j ∈ T .
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Theorem 5. Suppose fθ is the Radon-Nikodym derivative of the distribution of (T1, . . . , TN)

that corresponds to θ, with respect to the Lebesgue measure, and that Ti is independent of Tj

for all i 6= j. It follows that, with probability 1, the joint weight of evidence substantiating

the joint alternative hypotheses that θj 6= θ0 for all j ∈ T , conditional on the truth of exactly

N0 true null hypotheses, is

W f

(
H∧

T |
N∑
i=1

10 (θi) = N0

)
=



minj∈T L
max
j

Lmax
(N0)

if 1 ≤ N0 ≤ N −M

0 if N0 > N −M

∞ if N0 = 0

. (26)

Proof. The order statistics are unambiguously defined since the absolute continuity of the

distribution of each Ti with respect to the Lebesgue measure guarantees that there are

almost surely no ties. With J (T ) = arg minj∈T L
max
j , it is seen that Lmax

J(T ) is the lowest of

the maximized likelihood ratios that correspond to the target parameters. Define each x(k)

to be the value in {xi : i = 1, . . . , N} such that fθ̂(x(k))
(
x(k)

)
/fθ0

(
x(k)

)
= Lmax

(k) . In the case

that 1 ≤ N0 = N −M , equation (25) simplifies to

W f

(
H∧

T |
N∑
i=1

10 (θi) = N0

)
=

 ∏N0

k=1 fθ0
(
x(k)

)
fθ0
(
xJ(T )

)
fθ̂(x(N0))

(
x(N0)

)∏N0−1
k=1 fθ0

(
x(k)

)
( ∏

j∈T fθ̂(xj) (xj)∏
j∈T \{J(T )} fθ̂(xj) (xj)

)
,

and cancelation wherever possible yields

W f

(
H∧

T |
N∑
i=1

10 (θi) = N0

)
=

(
fθ0
(
x(N0)

)
fθ0
(
xJ(T )

)
fθ̂(x(N0))

(
x(N0)

)
× 1

)(
fθ̂(xJ(T ))

(
xJ(T )

)
1

)
.
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In the case that 1 ≤ N0 < N −M , equation (25) simplifies with cancellation to

W f

(
H∧

T |
N∑
i=1

10 (θi) = N0

)
=

 ∏N0

k=1 fθ0
(
x(k)

)∏N−M
k=N0+1 fθ̂(x(k))

(
x(k)

)
fθ0
(
xJ(T )

)∏N0−1
k=1 fθ0

(
x(k)

)∏N−M
k=N0

fθ̂(x(k))
(
x(k)

)


( ∏
j∈T fθ̂(xj) (xj)∏

j∈T \{J(T )} fθ̂(xj) (xj)

)
=

(
fθ0
(
x(N0)

)
× 1

fθ0
(
xJ(T )

)
× fθ̂(x(N0))

(
x(N0)

))(fθ̂(xJ(T ))
(
xJ(T )

)
1

)
.

Both cases together establish the result for 1 ≤ N0 ≤ N −M . In the case that N0 > N −M ,

the numerator in equation (25) is 0 since H∧
T ∩RN0 = ∅. In the case that N0 = 0, the

denominator in equation (25) is 0 since R0\H∧
T = ∅.

With the weight of evidence from equation (26), Lemma 1 gives Lf
(
H∧

T |
∑N

i=1 10 (θi) = N0

)
.

While the expression for W f
(
H∨

T |
∑N

i=1 10 (θi) = N0

)
cannot be written as concisely as

that of W f
(
H∧

T |
∑N

i=1 10 (θi) = N0

)
, it is easily implemented numerically, providing

Lf

(
H∨

T |
N∑
i=1

10 (θi) = N0

)

via Lemma 1.

The model
{
fθ : θ ∈ ΘN

}
is used with another model, {gφ : φ ∈ Φ}, to obtain Lfg (H)

and W fg (H) for some hypothesis that θ ∈ H, such as θ ∈ H∧
T or θ ∈ H∨

T , according

to Section 4. The parameters are related by a function ϕ : ΘN → Φ that transforms θ to

ϕ (θ) = ϕ ((θ1, . . . , θN)) for all θ ∈ ΘN . Under the second model, the number of true null

hypotheses is ν0 (φ), where ν0 is the function such that ν0 (ϕ ((θ1, . . . , θN))) =
∑N

i=1 10 (θi)

for all θ ∈ ΘN .
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Corollary 4. For any H ∈ H and N0 = 0, 1, . . . , N ,

Lfg (H) = max
N0=0,1,...,N

Lf

(
H|

N∑
i=1

10 (θi) = N0

)
Lg ({φ ∈ Φ : ν0 (φ) = N0}) . (27)

Proof. With θ = θ, H = H, and

Q = {{φ ∈ Φ : ν0 (φ) = 0} , {φ ∈ Φ : ν0 (φ) = 1} , . . . , {φ ∈ Φ : ν0 (φ) = N}} ,

the claim results from Theorem 3 since Q is a member of I, a partition of Φ, and since

ϕ−1 ({N0}) =

{
(θ1, . . . , θN) ∈ ΘN :

N∑
i=1

10 (θi) = N0

}
= RN0

for all N0 = 0, 1, . . . , N .

The density family {gφ : φ ∈ Φ} could be, for example, the model of Section 5.3.2. The

model of Section 5.3.3 may be similarly applied via an approximation.

5.3.2 Fusion with a non-mixture model

A non-mixture model will be built from a density family {gφ′ : φ′ ∈ Φ}. Suppose that Φ =

{φ (0) , φ (1) , . . . , φ (K − 1)}, that Φ = ΦN is a parameter set of some finite cardinality

K ≥ 2, that I = 2Φ, and that

g(φ1,φ2,...,φN ) (z) =
N∏
i=1

gφi (zi)

for all (φ1, φ2, . . . , φN) ∈ ΦN , with φi = φ (0) corresponding to the ith null hypothesis.

Padilla and Bickel (2012) and Yang et al. (2013a) used this without fusion to quantify
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the weight of evidence for the hypothesis that φi ∈ I1 relative to that of φi ∈ I2 for

some I1, I2 ∈ I by supφ∈I1
∏N

i=1 gφ (zi) / supφ∈I2
∏N

i=1 gφ (zi). That approach fails when the{
gφ : φ ∈ ΦN

}
model is misspecified in the sense that either K or maxk=0,1,...,K−1 φ (k) is not

large enough, for in either case, the weight of evidence for some alternative hypotheses can

be spuriously low. On the other hand, making K too large leads to insufficient evidence for

the null hypothesis (see Yang et al., 2013b).

A more robust approach is available in the fusion of the two models, enabling the use of

equation (27) with the next result.

Lemma 2. For all N0 = 0, 1, . . . , N ,

Lg
({
φ ∈ ΦN : ν0 (φ) = N0

})
=

sup(φ1,φ2,...,φN )∈ΦN :ν0((φ1,φ2,...,φN ))=N0

∏N
i=1 gφi (zi)

sup(φ1,φ2,...,φN )∈ΦN

∏N
i=1 gφi (zi)

Proof. By Theorem 1,

Lg
({
φ ∈ ΦN : ν0 (φ) = N0

})
=

supφ∈ΦN :ν0(φ)=N0
gφ (zi)

supφ∈ΦN gφ (zi)
.

Example 1. Following a general approach in Padilla and Bickel (2012), Yang et al. (2013a)

considered K = 2, Φ = {0, φalt}, g0 as the central χ2 density function with 1 degree of free-

dom, and gφalt as the noncentral χ2 density function with unknown noncentrality parameter

φalt and 1 degree of freedom. Let ν0 ((φ1, φ2, . . . , φN)) =
∑N

i=1 1{0} (φi), where 1{0} (φi) = 1

if φi = 0 or if 1{0} (φi) = 1 if φi = φalt. According to Lemma 2,

Lg
({
φ ∈ {0, φalt}N : ν0 (φ) = N0

})
=

supφalt>0,(φ1,φ2,...,φN )∈{0,φalt}N :ν0((φ1,φ2,...,φN ))=N0

∏N
i=1 gφi (zi)

supφalt>0

∏N
i=1 (g0 (zi) ∨ gφalt (zi))

,

with ∨ denoting the maximum.
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5.3.3 Fusion with a mixture model

In a K-component mixture model formulated to obtain maximum likelihood estimates of

false discovery rates (Pawitan et al., 2005; Muralidharan, 2010; Bickel, 2014b),

gφ =
K−1∑
k=0

πkgφ(k),

where πk ∈ [0, 1] for each k ∈ 0, 1, . . . , K such that
∑K−1

k=0 πk = 1 and where each gφ(k) with

φ (k) ∈ {φ (0) , φ (1) , . . . , φ (K − 1)} is a probability density function according to the family

in Section 5.3.2. Thus, (πk, φ (k)) ∈ [0, 1]×Φ = [0, 1]×{φ (0) , φ (1) , . . . , φ (K − 1)} for each

k, and Φ = ([0, 1]× Φ)K , unlike the parameter space of Section 5.3.2. For all matrices

φ = ((π0, φ (0)) , (π1, φ (1)) , . . . , (πK−1, φ (K − 1))) ∈ ([0, 1]× Φ)K ,

gφ∈([0,1]×Φ)K (z) =
N∏
i=1

gφ (zi) .

Without model fusion, the weight of evidence for the ith alternative hypothesis has been

quantified as
(∑K−1

k=1 π̂kgφ̂(k) (zi) /
∑K−1

k=1 π̂k

)
/gφ̂(0) (zi), where

(
π̂k, φ̂ (k)

)
is the maximum

likelihood estimate of (πk, φ (k)) for each k = 0, . . . , K − 1 (Padilla and Bickel, 2012; Yang

et al., 2013a). As this fails under marked misspecification in the same way as does using the

non-mixture model of Section 5.3.2, the {gφ : φ ∈ Φ} model may be more widely applicable

when fused with a less restrictive model.

Such model fusion may be implemented by letting ν0 (φ) = π0N for all

((π0, φ (0)) , (π1, φ (1)) , . . . , (πK−1, φ (K − 1))) ∈ ([0, 1]× Φ)K

and by the constraint πk ∈ PN = {0, 1/N, 2/N, . . . , N} for each k ∈ 0, 1, . . . , K, as if π0 were
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the proportion of true null hypotheses. While that is not strictly correct, it is an adequate

approximation for sufficiently large N (Bickel, 2014b). The fusion of the two models provides

marginalization according to Φ = (PN × Φ)K and equation (27), as follows, with the proof

analogous to that of Lemma 2.

Lemma 3. For all N0 = 0, 1, . . . , N ,

Lg ({φ ∈ Φ : ν0 (φ) = N0}) =
supφ∈(PN×Φ)K :π0=N0/N,

∑K−1
k=0 πk=1

∏N
i=1 gφ (zi)

supφ∈(PN×Φ)K :
∑K−1

k=0 πk=1

∏N
i=1 gφ (zi)

Example 2. In the mixture-model equivalent of Example 1, K = 2, Φ = {0, φalt}, and g0

and gφalt are the same as before (Yang et al., 2013a). By Lemma 3,

Lg ({φ ∈ {0, φalt} : ν0 (φ) = N0}) =
supφalt>0

∏N
i=1

(
N0

N
g0 (zi) +

(
1− N0

N

)
gφalt (zi)

)
supφalt>0,π0∈PN

∏N
i=1 (π0g0 (zi) + (1− π0) gφalt (zi))

.

(28)

6 Application of multiple-hypothesis evidence

Rubin (1981) reports means and variances of SAT exam score differences between students

participating in a training program and those not participating for each of eight exam sites.

The standardized mean differences are denoted by x = (x1, . . . , x8) and modeled as indepen-

dent variates from N (θ1, 1) , . . . ,N (θ8, 1), respectively. Thus, fθ (x) =
∏8

i=1 fθi (xi), where

fθi is the normal density function of mean θi and unit variance for all i = 1, . . . , 8. The ith

of the N = 8 null hypotheses is that θi = 0, and the ith alternative hypothesis that θi 6= 0.

Three approaches to modeling are employed to highlight advantages of model fusion (§4).

The approaches represent all exam sites together with a pure non-mixture model (§5.2), with
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a fusion of two non-mixture models (§5.3.2), and with a fusion of a non-mixture model with a

mixture model (§5.3.3). In the first approach, the weights of evidence considered are simply

given by Theorem 4.

Each of the two fusion approaches needs its own model to fuse with {fθ : θ ∈ R8}. Both

fusion approaches use z = (z1, . . . , z8) = (x1, . . . , x8), K = 2, Φ = {0, φalt}, g0 as the

standard normal density function, and gφalt as the N (φalt, 1) density function with known

mean φalt = 2. The family
{
gφ : φ ∈ {0, φalt}8} has a non-mixture model version (§5.3.2)

and a mixture model version (§5.3.3). For the former, Lemma 2 gives equation (1) as the

likeliness function of N0 with the density functions of this section in place of the χ2 density

functions of Example 1. For the latter, Lemma 3 yields

Lg ({φ ∈ {0, φalt} : ν0 (φ) = N0}) =

∏N
i=1

(
N0

N
g0 (zi) +

(
1− N0

N

)
gφalt (zi)

)
supπ0=0, 1

8
,..., 7

8
,1

∏N
i=1 (π0g0 (zi) + (1− π0) gφalt (zi))

as the likeliness function of N0 in contrast with that of equation (28), in which φalt is

unknown.

Those two likeliness functions of N0 are plotted in Figure 1. The three modeling ap-

proaches are compared in Figures 2, 3, and 4. Implications are discussed in Section 7.

7 Discussion

In Figure 1, the non-mixture model is seen to be more informative than the mixture model.

Figures 2, 3, and 4 reflect that in the low weights of evidence assigned by the fusion with

the mixture model. The overly conservative nature of the mixture model may be due in part

to the fact that π0 is a poor approximation to the proportion of null hypotheses that are
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Figure 1: Likeliness as a function of N0 under a non-mixture model (5; §5.3.2) and a mixture
model (4; §5.3.3).

Figure 2: The weight of the evidence favoring the hypothesis that θi 6= 0 for each i = 1, . . . , 8
under a pure non-mixture model (©; §5.2), under a fusion of two non-mixture models (5;
§5.3.2), and under a fusion of non-mixture model with a mixture model (4; §5.3.3). Each
fusion includes the model of Figure 1 with the corresponding symbol.
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Figure 3: The weight of the evidence favoring the conjunctive hypothesis that θi 6= 0 and
θ1 6= 0 (left) or favoring the disjunctive hypothesis that θi 6= 0 or θ1 6= 0 (right) for each
i = 2, . . . , 8. ©54: caption of Figure 2.

Figure 4: The weight of the evidence favoring the conjunctive hypothesis that θi 6= 0 and
θ3 6= 0 (left) or favoring the disjunctive hypothesis that θi 6= 0 or θ3 6= 0 (right) for each
i = 1, 2, 4, . . . , 8. ©54: caption of Figure 2.
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true (§5.3.3). The mixture model may perform better than the non-mixture model if N is

sufficiently large and if π0 is close to 1 (Yang et al., 2013a).

Figures 2-4 also indicate that under the pure model approach, the evidence is weighed

without any shrinkage toward the null hypotheses. Thus, the level-Λ fused likeliness set

defined by
{
θ ∈ Θ : Lfg ({θ} |S) ≥ 1/Λ

}
exhibits shrinkage in set estimation not possible

with the level-Λ likelihood set consided in Section 1.

An undesirable manifestation of pure-model’s lack of shrinkage is that all the alternative

hypotheses are seen in the plots to be favored over the null hypotheses (log2W (H) > 0), at

least to a negligible extent (Table 1). In fact, this occurs more generally with probability

1 (Bickel, 2012). By contrast, both fused-model approaches lead to the support of most of

the null hypotheses by more evidence than their alternative hypotheses, as indicated by the

negative log weights of evidence in Figures 2-4.

In conclusion, the fusion between two non-mixture models strikes an intuitively reasonable

balance between the extremes of excessive weights of evidence according to the pure model

and overly conservative weights of evidence according to the fusion with the mixture model.
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