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t +. SUMMARY

-

T This ﬁaper-unalyéea geometric aspects of
‘gingl%;equation regression techniques as they occur in tﬁe
space of n x k matrices,. -
It shows that all matrices éitting onto an )
'eiror—free regression equation belong to a smooth, uonnected,
non-linear sub-set of the space of'n x k matrices. Thi; sub-
set is shown to be of dimension (n+i)(k;l). The paper
examines how observations, e;roré and fitted values act -in
and around this set under various assumptions, such as -
ordinufylleast squares, orthogonal regréssion, generalized
least squares .and absolute value regressions. |

The shapes of error varidbles are analyzed thrpugh
the level curves of their density functions under conditions-
of independent, identically distributed variables,
ueteroskedaSticity, serial correlation, and errors in
variables.
) The error variables 1in any model lead to the
definition of a distunc:.function that is used to estlmate
the model, It 1s shown that the level curves of the distance
function are ;pg,same,as the level éuruesjof the density .

-

function of th? error. The geometric operation of estimation
tgchniqueS'isbeiumined, including ordinary leust squares aud
abuolute value estimations. In particular geometric ™
structures are used to provide a new proof 'for the solution
to orthogonal regression. : T '
. The paper provides a summary of the literature on
geometric appfoaches to regreusion and suggestions for future

research.



: OVERVIEW
v . . ' g
The -purpose of this study is to analyze the geometric

structure of regression analysis. Geometry proviées an
interesting and robust way of interpreting regressiop
techniques, and leads to new insights. Geometric analysis has
tremendous intuitive appeal. 1t can be easily visualized .
because of its parallels with the three-dimensional world of

our daily experience. We will‘see that regression has a rich

geometric structure that applies to all regression techniques.

The Oxford dictionary'défines geometry as the "Science of

properties and relations of magnitudes (as lines, surfaces,
solids) in space." In this sense, regression has many

~

geometric aspects. For example,. a regfession technique can be
represented as occurring in the “sﬁace" of n-x k matricés.‘ We
&ill see that every regression model implicrtiy definqg a-liné
';;k\\ or surface withim this space. In”facé, the whole purpase of

(f;ikiﬁegression is to find the most appropriate point on this

\\ surface given an observed Qgint-thaé is not on the surface.

-t

L.
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Another important geometric aspect of regression is the
use of distances: all regression techniques choose‘Ehe,6ptihal
fitted Vq1u;s'through the minimization of the distance between

‘the observation and the surface defined by the model.
1 4

hd

The simplest example‘of tﬁis gedmetrié structure is found
in 6rdinary least squares. ' Consider thelgimplest of all.gases,
where we estimate the equatioﬁ Y = bX.+ e with-no constéht term
and two obsgrvatiohs on both ¥ and X. In this\caSe, the set of

points that fits the model perfectly is the line spanned by the

-

vector X' = (X}, X2). The estimation procedure finds the point

on this line of minimum distance to the observed point Y' =

- A A A A y
(Y1, Y2). The estimated point is Y' = (Y;, ¥Y2) = b (X1, X32).
. . - — -

. A . Ce
Thé error is the vector Y - Y, whose length is minimized among

all possible points on the line aX.

-

¥, | . Dependent variable

(Y, ¥5)
1’ 2_ Line aX

e

- N

(X1, X3) I;’\lz,‘)cnhh'\' \Jo.r'\o.\u\c

(Qlf Qz) =?:(X.1, X,) F‘.’t\'cl volue

X1r ¥
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This baper will show that all regreg?ion techniques have a

. . . . + .
“ geometric structure similar to the siﬁgle form outlined above.

-
. 3o

We will show Ehig/iegression techniques are distinguished from

«= each’ other by -their distance function. S

-
Y .

The first part. of this paper will give an overvieWw of

»

_-geometric aspects of regression and a brief review of the

-

literature on. geometric approaches-to regression. The rest of
' the paper will develop a general model for the geometry of all

. 1 i
linear regression techniques, with examples examined throughout

to illustrate particular cases.



1. Introduction

- i

In this section, we will attempt to answer the-question

. "What is Qeometric about regression?" by examining what '

regression methods do, and looking at some common examples.
4 . 4

This introductory analysis will provide motivation for the more. 1
. . -

detailed analysis of the rest of the paper, and will hopefully ﬂé 2N
spark.some interest on the part of”thg reader. We will see
that regression has a rich géometric structure®, anQ that this™

geometric structure can provide interesting insights into

@stimation techniques. o Lo -
- . G . i bl
1.1 What is Regression Analysis?
Régression analysis is a branch of sgptistics that .

.

estimates the parameters of a relationshfp between two or mare

variables. In order to perform any regressiom estimation, one ,.
\ . -

needs three basic ingredients: a model, a set of data and an 4
error structure. The Model consists of one or mord equations
with unknown parameters that describe the relationship between =

the variables involved. e

An equation describes how the variables are linked to each

L]
i

other. For example, the equation ¥ = aX + bZ + e sa thatfthe .
-h

1l

‘variable Y is roughly a linear combination of the variables X

e,

and Z. The parameters a and b are values that stay the same

-

G+
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for all the different observatlons in the data set.~ The . N

- ¢

equatlon Y = aX + bZ + e jifs that the estlmate of Y.1s always

the same 11near comb;natl

14 ~ f\P\i and Z, even though we do not .
know which 11near comblnatThQS;' _ ' o .

¢ 4

-

The model also 1nc1udes assumpt1ons about error variables

in the equatlon. For example, the model may assume, that the

- T
. .. errors 1n each observat1on are” 1ndependent, 1dent1cally

d1str1buted normal- random variables with mean zero.
- -t . .

e . i S .

) R )

1.2 'The Set of ‘Data

'~ The data are several sertes of real numbers where each

serles represents one of the varlables in the. model. Fdr

example, 1fhthe model involves variables X, .Y, and Zy the data

consist of three serles-(xl,..., Xn), (Yr,..., Yn).and (Zl,..,,
,” Zn). The data can al'so be represented as a series of

"observations" on thé variables, where ‘an observation is the

¥ - ! ) } - +

‘triplet (Xi, Yi: Z;), fori-= 1,..v,n. In general, the data

can be represented in a matrix whe;e each column_represents the
. - . w N

seriés of values observed on one of the variables. If there

L) . .

4
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are k variables and n observations, the matrix will have k

columns and n rows:

X3l « « « « « « « . & X1k

*

' 1%a1 . n © Xnk|
K | | | \\\-
T—

1.3 Putting the Model and the Data,Todether

The equatidn'or equations are assumed to represent the
relationship between the variableétfor gach and évery
ogservation. For example, if the equation of the model is Y =
aX + bzqmgh§n ideally every obsefvation would fit this equafion

~exac£1y. We would write:

Yy = aX1 + bz

Yo = aX1 + bZy

) r
2 .

Yn = aXn + bZn *

—or equivalently Y

aX' + bZ where X' (Xl.,.,., ) S

Y? (Y] seees ¥ )
2" = (Z14+e.+Zp)
. a
or'equivalently Y = X[z
b
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If this were the case, regression estimatioh would be
relatively easy;-we could simpiy plug a few of the
observatidns into‘the_equaﬁion and solve for the unknown

parameters.

—

The problem in regression is that the data that wé'
observe in reality never quite fit the equations ekaétly,
whatever paramefers we choose. Thus the problem in
regression éétimatiqq is twofold: in addition to not knowing '
the values of the parameters of the equations, we do not even
have data #hat fit the equatibns. In order to estimate the
parameters of the“equation(s), Qe have to alter the wvalues of
one or more of the series of variables to make.them fit thé

equation(s). This is why we need the third element mentioned

above.

ta

1l.4 The Error Structure

The error structure seéves to explain why the data do
not fit the equations exactly, and indicates how to adjust
the variables so that.they fit the equation. For example,_
suPpose that the error structure assumes that the'd?ta do not
fit the equations Y; = aX; + bZ; beqaase there is one
unobservéble random error e: in every equation. The

1

equations should read’ Y; = aX; + bZ; +'ejy

jr OF equivalently
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Y{ - ej = aXj * bZj. In this case the variable Yj has to be

adjusted by the amount ej in order to fit the model aXj + bZj.

The above broad description of regression analysis fits

virtually all regression estimation techniques.

What

distinguishes one technique from another are the ingredients

that one begins with, that is the model, the data and the‘errot

structure. We will see that the most important distinguishing'

ingredient from a geometric point of view is the error

structure.

1.5 wWhat is Geometric About Regression?

We are now in a position to sketch the basic geometric

structure that underlies all regression techniques.

set of data that can be represented in a matrix where each row

is _an observation of the variables in the model.

We have a

Let the

variables in the model be Xj,...,Xx, and suppose we have n

observations on each 6f these variables, say (Xi1reoerXiky, 1 =

l,...,n.

In matrix form, this can be written as

X1 .
Xnl

e S A

Xnk

This matrix is simply one point in the n x k -dimensional set
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of n x k matrices. .Let us call this set the "sample set" S

because it is the‘sét of all possible n x k matrices of
observations given the variables in the-model. The‘problem‘
with the point X is that it does not fit the model whose:
parametefs we wish to .estimate. A natural quesfion to ask is:
What points in the samplelset actually do fit the model? We
shall assume that such points exist. Let M be the set of all n
x k matrices that do fit the model for all possible values of
the parameters: We shall call this set the "model set M", _
because we wish to end up with a point on thig set. We will
see that for most points in the model set there is a unique set
of parameters for the equations in the model. The set M is a
subset of the sample set S. The problem of regression is: to
find which point in the model set Mrwe should pick, givén that
we have observed the point X. We will see that the criteria

. : 0

for choosing the appropriate point in M is simply to choose the

point in M closest to the observed point X, or equivalently the

point of minimum distance from X. It is the erfor structure of

the regression that determines how precisely we go about
measuring distances between points in the sample set in order
to pick the point on the model of minimum distance from the
observed.boint. The vector matrix between the observed éoint X

A . . ' A
and its estimate ¥ on the model set is the estimated error: E

- x - &.

In a nutshell, this is the geometric structure underlying
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all regreéssion estimations: We begin with éh observed point
a‘large sample set, and a model set coatainea in the saﬁple
set. The model set is the set of all "nice" points that fit
exactly onto the model: The estimétion procédure decomposes
the observed point X into two points X.and- £ guch that X = %
£. The point ; is on the modei set and is the closest point

the observed point. This is a remarkably simple stfucture,
LS i .

considering that it encompasses all regression techniques,

whatever their assumptions with respect to the distributions

the errors, number of variables, etc. It can be represented

a simple concep%ual diagram as follows:

mole set
Sa pie ® Obceryed Po{h‘t
X

Mhini mi2ed
d,\ STQ!\ 43

¢ ———
1.6 Geometric Interpretations of Regression Estimation

This section will briefly summarize the& econometric
literature on geometric approaches to regression estimation.
We will begin with an extract from an article by.David Herr,

"On the History of the Use of Geometry in the General Linear

+

by
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_ Model“. (Hefr, 1588, p. 43) The ext;act gives an excellent
summary of t?e geometric‘approach to ordinary least squéres,
as compared to the standard “algebragg" approach.’ The
.standard approach could also be called "ordinary" ordinary

least squares:

. i
Although there is a good deal more
~involyved in the general linear model than
least sgquares estimation, the fundamental
ideas in least squares estimation are the
fundamental ideas in the general linear
model. In both cases, one considers a
space (set) in which data must lie, a
subspace (subset) of this space that
corresponds to some assumptions on the
data, and the relationship of the observed
data to this ‘subspace (subset).
There are two general points of view
taken. with respect to linear models - an -
algebraic one and a geometric one.
Consideration of least squares estimation
from each point of view will illustrate -
these different perspectives.
We suppose we have data ¥ = (Y1,e--+
Yn) ', which lie in Euclidian n-space, RD.
We furtlier assume that there is a para-
meter vector A= (ﬁl;ggg,...,ﬂk}', which
" lies in RK, k'€ n, and an n X k matrix X,
so that y = X@ + erxot. We wish to
estimatep . : o

2. LEAST SQUARES ESTIMATION - \\;//”:?”q
' ALGEBRAIC VIEWPOINT _

Following (Gauss 1857) and (Legendre
1896), we choose as estimates of the B {'s
those values 8 that minimize

n k 5
Q=2 (y; — Z xX;38:)7, : (2.1)
EPRRE I RS

where X35 is the (i,j) element of X. To
minimize Q, we consider the necessary
conditions for a local minimma:
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3Q (Bys-+4By) /38,

L )
‘or in matrix form

X'XB = X'y. (2.4) .

1
)

n k :
= T 2(y; - £ X3:B5) (~%3,) = 0 (2.2)
I e R
. for p=1,...,k. We are thus led to the norma
eqguations : :
n k n ‘
z Z X; Xsuffs =Z y.x: ., p=1,...,k 2.3
i=1 =1 PTRIT) i TATIP receike (2.3)

If 8 -is the solution of these equations, § is called

a least squares estimate of 8.

LEAST SQUARES ESTIMATION - .

GEOMETRIC VIEWPOIHT

To find valuésp , that minimize Q,- we
rewrite Q as -

2
Q= lly - xp . (3.1)

and notice that Q is the squared distance’
of y from [X], the subspace of RD spanned
by the columns of X. Minimizing Q
corresponds, then, tofinding the point in
[X] closest to y. The answer is readily
visualized as the "point in [X] directly
below y," that is, the perpendicular
projection of y on [X]. If X denotes the
pgrpendicular projection of y on [X], then
X8 is unique and satisfies

R _ )
y- = xp + Z, 2 perpendicular to [X). (3.2)
Multiplying by X' we have

X'y = x'xf. . (3.3)

since X'Z = @. Thus ﬁ must satisfy the

lnorma.l equations. - We appear to have

arrived at the same placé as in the
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algebraic viewpoint [...] At this point we
know there is a solution,ﬁ , that is
unique and that for any solution, 8,

ly - %812 < |y - 812, - (3.4)

for allB in Rk, Thusﬁ yields the global
minimum of Q.. :
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The geometric approach to Ordinary Least Squates, as
outlined above, is often mentioned in econometric texts as an
interesting aside to the standérd approach that uses algebra
and calculus to derive estimators. Examples-includé Mglinvaud

(1978; pp. 19-23), Scheffé (1959; pp. 1@-12) and Rao (1973;

pp. 228-2240).

Some authors have used a geometric approach to analyze
particular estimation methods in order to enrich the
understanding of the subject and to obtain further

implications. Examples of these include:

-~

s

1) Pollock, The Algebra of Econometrics, (1979) which

emphasizes geometric notions in the exposition of common

econometric methods in regression estimation;

2) ~ Afriat, Regression and Projection: Studies in the

Algebra and Geometry of Statistical Correlation, (1975)

which gives a detailed analysis of ordinary least
squares, correlation between variables and principal
components using geometric notions such as orthogonality,

angles and projections.

3) Gordon Fisher and Michael McAleer, The Geometry of

Specification Errbr,(1984) which.uses a geometfic




4)

sum of absolute errors (LAE)&

Fisher, A Co-ordination-free approach to linear

_ 15 -

. . ' [
approach to analyze the effect of the incorrect inclusion

or exclusion of variables from thg regression equation.

e

estimation in Econometrics, (1973)] which gives a

.

geometric exposition of significance tests, restrictions

on variables, standard assumptions of linear estimation

n

and other topics.

Another interesting use of geometry in regression is

given by Lester D. Taylor in Frontiers in Econometrics (1974,

pp. 187-188). _Taylor.contrasts the geometry of Ordinary Least

Squares (OLS) with the geometry of estimation by minimizing the

’

It is a well-known property of least
squares estimation that 'its estimator can
be interpreted as a projection - in the
spherical disturbance case, as the
orthogdnal projection of the vector lying
in T-dimengional space defined by the
observations on the dependent variable
into the n-dimensional subspace spanned by
the vectors defined by the observations on
the independent variables. In particular,
the least squares estimator can be viewed -
as the one that is obtained by expanding a
hypersphere with centre at y until it
touches the hyperplane defined by the
independent variables. fThe point, of
tangency yields the vector 9 = XPLSr
where fpg = (X'x)* X'y. '

With LAE, the hypersurfaces of constant
distance about y are not hyperspheres as
with least squares, but rather regular
polyhedrons whose corners lie in the

L
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rectangular coordinate axes emanating from ‘

y as the origin. The LAE estimator will -

then be defined as the © = X3 obtained by

expanding the polyhedron of equal distance

until it touches the hyperplane deflned by

the 1ndependent variables.
The above-mentioned articles all use geometric ideas to
analyze particular regression estimation techniqueé. The
purpose of this paper is to construct a general geometric
model that encompasses all regression techniques as“specia;

cases.,

The geometric app;oach to ordinary least sqﬁares provides
a siméle, straightforward and iﬁtuitive way of interpreting OLS
estimation. This paper is an attempt to'generalize this
approach to all single-equation regression teéhniques,
ihcldding-Generalized Least Squares, Absolute Value regressions
‘and Orthogonal Regression. To the best knowledge of Eﬁé
author, this geometric overview of regression has not been
attempted previously. The reéqlts presentéd'in the remainder -
of this paper are or}éinal,.unlégs spécifically referenced in
the text. .
\ | .
1.7 Scope of the Study

Having reviewed the literature on geometric approaches to
o , R, . s
ordinary least squares, we will proceed with an examination of
the geometry of regression in general. We will see that a

general geometric model of regression can be.constructed, and -
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that™ special cases of the model will cover virtually all
estimation techﬁiques. Many of the special cases. have

interésting geometric properties which will be examined.

This inquiry will 1imit itself to the discussion of
single-equation linear regression models with a pre-
determined sethof variables‘for which data are available on
all observati&ﬁs., Excluded from the discussion are multiple
equatioﬁ models and estimations with missing observations. 1In
other words, this inguiry is céncerned with the classical'
problem of fitting n observations on each of K variables to a
single equatiop with unknown paraméters.

v

This paper will approach the construction of a. general
model for regressién estimation by examining what all
eétimation techniques have in common. Once wéﬂﬁavél
constructed a model ‘that exhibits all the properties held in
common by:regression techniques, the geometric properties that

distinguish one technique from another will be examined. ’

R4
“ . -

—
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2. Observations, Parameters and Variables

All regression estimations begin with a matrix of data.
Each row of the matrix is a vectof coﬁtaining one observéd
value on each variable in the model; each column of the matrix
contains all of the observations on one of the variables. Let
x.be any n x k matrix of observations,which we will refer to as

the "sample matrix" or the "sample point". -
The column vectors of X will be teferred to as Xj, with
only one subscript, since most of this analysis concerns the

columns of X. .

«2.) The Sample Set

Let 8, the "sample set™, be the.set of all poésible
sample matrices, Ehat is the set of all n x k matrices. 1In
most cases, the set of all possible sample matrices is
actually much smaller than the set of all n x k matrices, \For
example, many economic variables can only take values greater

than zero. However, this has no influence on the estimation

method or on the geometric structure of the estimation.

The sample set is important in the geometric structure of -
regression because it is within this set that all of the
"action" takes place; it is akin to the simple piece of paper

on which gll two-dimensional geometric analysis takes place.
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__Regression estimation isolates the systematic portion of the
observgtion from the portion of the observation caused by the

errors in the model. We will now define the elements of the

process that takes us from a sample point to its corresponding

-

error-free component.

!

2.2 The Model

The model consists of an equation and a set of

assumptions about the variables in the equation.

In this paper, equations will ‘usually be-diven in their
_hdmogeneous form: .

g = aiXy + ajzXz + ... + akgXk
where the Xi represent eccnomic variaﬂles and the aj répreéent
fixed parameters. ;f a constant term is included in the

equations, it can be répresgnted by a variable with the value

‘1 for all observations. -

(
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A

2.3 Parameters,

The parameters aj, ..., ak in an equation form a k-
vecéor'a = (a1, ..., ak) in the k-dimensional parametdr spade
RK. A non-zero parame;er vector that fits a homogenedus
‘equation 6f the form @ = ay X4 + agXz + ... akXg is not
unique. It can be multiplied by any non-zero constant and
still fit the same homogeneous equation. In order to avoid
dgnfus1on about multlple ‘values for parameters, we will
sometimes adopt the conventional normallzatlon a'a = 1. This
restricts the parameter vector to the hypersphere of radius 1
within the k-dimensional parameter space RK. This hypersphere
is gssenp}ally a k=l-dimensional set, since knowing k-1 of the
values of a vector dn this hjpefsphere will tell us what the
kth value is. We will refer to this k l-dimensional

-~

hypersphere as Sk‘ -
There is still a degree of reddndancy in the parameter
sphere skt , sindd a parameter yector a is equivdlent to the
parameter véctor —a.because they both Eit the same'equations.
Where necessary, we will refer to the half-sphere of sk-l R

which restrlcts one of the parameters to p051t1ve values,

ellmlnatlng the redundancy of Sk4 .

2.4 Systematic and Random Variables

There are two types of variables in a regression

equation: systematic variables and random variables.
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Systematic variables represent economic' factors that can

only take on one fixed value at any given point in time.

Random variables, on the other hand, can take on any

value at a_point in time. all that we can assume about a

random variable is the probability distribution of these

values, as specified by its distribution function.

All regression equations contain at least two systematic

variables because regression deals with the relationships

batwgén variables.. Regression equations all contain at least
one random variable because the data never exactly fit the
systemati; équation variables. The random variable explains
the @ivergence between the data and the systematic variables
in

the model.

We can write a generic equation whose special cases
inciude all single equatiop regression models as follows:
: . N 4=

i
(1) @ =-aj; (X1-E1) + ... + ag(Xx-Ek)}.

where the Xj are systematic variables and the Ej are random

variables. This equation appears to exclude the possibility

of an error associated with the equation itself, since all of
the error variables are associated with a particular variable.

However, any one of these error variables can be split off and
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trea?ed as an error in the equation. If the model reéuires an
error variable associated with eveﬁj syﬁtematic variable as
well as an error in the equatioh, one of.the erroxr variables
can be treated as the sum of the twp random variables, one
ASSOCiateé with the systematic variable and one associated with
-the equation. The reason- for incorporating any error variable
in the equation to the errors associated with the systeqatic

' ‘

- variables is that in practice, regression estimation techniques

treat error variables in this way.

In matrix form, this equation is:

0= [X - Ela

where X = [X1X2...Xk]l, E = [ElEZJ;:Ek] and a' = (31, .e.n

Ax) . -

It will be useful to qq;gqthe error-free version of the
généric equation. If all of the random variables are zero,
the equation of the model is:

]

7 0] ='.'a1 X1+ ..o + agXg

In matrix form, this gives:
g = Xa

>

We will refer to this as the error-free equation.

2.5 Observed and Unobservable Variables

—
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° All random variables are by definition unobservable.
Systematic variab%gs, on the other hand, may or may not be
Bﬁservable depending on thé assumptions of the model, The
assumption that the variable X; is observable is.equivalent to
assuming that its associated error E;j is always zero. In this
case, the values of Xj are identical to its values in the
6bserved matrix X. The'éssumption that the error Ej
associated with Xj is non-zero means that the variable Xj is
not directly observable. This-means that the values of the
observed variable are actually observations of the sum of the
systematic variable and its associated random variable.
.Letting X©; be the observed variable, we can write X°; = X; +
Ei, where Xj is the (unobservabie) systematic component and Ej

is the (unobservable) random component.

Since the purpose of regression is to estimate the
systematic relétiéngﬁip between the variables, regression
estimation must estimate the unobservable values both of thé
systematic component Xj and the error component E; when the

variable X; is non-observable.

2.6 Estimated Variables

Estimated variables are observed variables whose -
associated errors have been estimated and removed. They are

sometimes called fitted values. The model that results from a
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regreséion estimation conta;pg estimates of all variables that-
have an associated error. Tﬁese eétimates sre obtained by
subtracting the esﬁimated erfor from the observed variable. Iﬂ
the above equation{ if X0; is an observed variablé containing
the estimated Ei, we obtain the estimated variable Qf = X0; -
'31- A variable observed with error, X®; = Xj + Ej, is
decomposed into two estimated variables, one for the systematic
component and one for the random component,such that X0; = fi +
ﬁi. When all the variables have been separated into estimates‘
of their syétematic and random components, the_ﬁhole observed
‘matrix can be written X© = £'+ ﬁ where X is a matrix of
estimated systs@atic variables and B is a matrix of - estimated
random errors. We shall call the point Q the estimate of X©
"and £ the estimated error of XO. .
The following fable summarizes, the types of variables

found in regression models:

. ’////observable (Xiof
systematic\\\\\ ‘
Input Vartrables . unobservable (Xj) 4

random (unobservable) (Ej)

A
random (Ej)

A
’/////4Systematic (X1)
Output (estimated) variables\\\\\\\
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2.7 Examples wm

We will now show how ‘the above definitions apply to the
. 4
common parent models %E/econometrics.

4

2.7.1 Qrdinary Least Squares

Let X; be the dependent variable and X3,...,Xk be the
independent variables of an 0.L.S. estimation, Since the
independent variables are assumed to be error-free, their

associated errors Ep,...,Ex are zero. This leaves us with the

model : -

a1 (¥1-E1) + a2X2 + ... + gkxk =.0.
Dividing.Ey a] and rearranging the variables gives the
traditional form of the 0.L.S. equation:

X1 = baX3 + .. + bgXk + 1l/a1 E] = @
Once the equation is estimated, we end up with the fitted

—

‘equation: -

A

. A A A . FAN
Xi—- E] = X1 = boX9 + ... + byXk. ,
In matrix form, we have:
A A A A
X=X + E where: X = [X1,X2,...,Xk] and
N , A :
E = [ E1,¢,...,0]
. A A - —
and where Xb = @, b = -1 A
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. A
Alternatively, we could write X7 = [X2,...,Xk]

o>
L2 I % ]

o>
~

which is the traditional form for 0O.L.S.

For the purposes of estimation, it does npf matter
whetheg the error variable Ej] is assumed to be an efrq:‘in the
quation, as in 0.L.S., or an error in the variable Xj.°
Either way, all of the adjustment made to fit the-sample'point
to the model equation is borne by the variable Xj. The

estimation procedures under these two sets of assumptions’ are

-
-—

identical.

The equation as specified above also applies to

Generalized Least Squares, whose distinghishing features

Pl

emerge only in the distribution of the error variable.

e n o e

2.7.2 QOrthogonal Regression

-Orthogonal Regression, somgtimes cailed Puré Er;grs ig‘
Variables, aséumes that the observed data do not fit the model
equation because‘all of the ébserved variables contain random
errors. There is no erro; associated with 'the equation itself.
Thus the model for Orthogonal regression’is

aj(X1-E1) + ... + ag(Xkx-Eg) = 0

where the Ej are all independent, identically distributed
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random variables. Once the systematic and random éomponents
a— vt . X ‘ "
of each variable have been estimated, we obtain the fitted
equation: , .
A A A
a1 X1+ ... ﬁkxk =0
In matrix form, this gives
A A AT A A
X = X + E where X = [Xy1,...,%Xk]
A

A
E= [El,.-o,AEk]

Ao
and where X a = @

2.7.3 Hybrid Model

Some situations wcall for a combination,of the 0.L.S. and
Orﬁhogonal Regression Models. Let us assume that some (more
than one as is the case_in 0,L.5.) but not all kas is.the case
in Orthogonal Regression) of the variables.have an aséociateé
error. -In this case, the model becémes:

ay (X1-g1) + cee # aj (xiTEi) + agXy + ... ¥ akkk = 0.
Once estimated, the fitted equation is:

31Q1 + o... F gi%i + ngj*+ .t Qkxk = ¢
Inimatrix form, this gives:

A A ) ’
[xl,...,xi,xj,...,xk] e

A A A
X = X + E where X
h A
E

I

(B1,...,B5,0,...,0]
and where ﬁ i = g. :

Now that we have defined the variables and ;quationé that
make up a regression, we will examine how f#hey form a

geometric figure within the sample space. -
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3. The Model Set

The model set is the set of possible sample points that -

fit the model's error-free equation. They are the "nice"
points we would always like to observe when estimating a

regression, although this virtually never happens.

[y

w

This set is essential to the geome?ric analysis of
regressiop‘becausé the estimated matrix of.any regression is
always a point omn the model set. All regreséion technigues
estimate the error component and subtract it from the
observation in order .to obtain a- point that fits the model's
error-free equation., This point is needed in order to
determine the parameters of the estimated equation. These

parameters reveal the systematic structure underlying the

observed dgta point.

Definition

The model set M is the subset of® the séﬁple set
consisting of points X such that Xa =0 for some non-zero
vector of parameters’a = (a1, ..., ag). In set terminology,

= (X € S[Xa = # for some a € rk, a # @}

.r“‘
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The above definition can be given in several alternate

forms, which we will use from time to time.

(1)

They are:

‘M = {X € §| R = X}, that is the set of all points

that, when estimated and fitted to the ﬁpdel, are

egqual to themselves.

K- °
(2) M =
N i = 1

(X € S| # = % ajXj for some aj # @}, that is

the set of nxK matrices where there is linear

dependence among the columns.

(3)

M is the set of matrices with rank less than or

equal to_k—I, since the rank of a matrix is the

number of independent column vectors it contains.

(4) M. = (X € S|det(X'X) = @},

matrices where the determinant of X'X is equal to S,

that is ﬁhe set of

(3=

zerxo. This is true becduse the determinant of X'X

is zero if and only if there is linear dependence

P —

e

It is'interesting to note that
in the model set does not guarantee
error. An observed point X9 is the
error components, X© = X+E. If the
X and X° must be in the modél égt.
necessarily true. If we&observe Xe
i“a =
component of error, that is X9 =

o

0

among thé columns of X (where n2K). =~

the observation of a point
that the point isrfree‘ of
sum-of its syétematic End
error E is zero, then X9 =
The converée.is not

-’
where

@ for some parameter vector a, X° may still contain a

X + E where X is in M and



30

T

E # 8. For this to occur, al} that is required is for the
vector E to take us from one point in the'model'set to
another. 1In other words, it is possible, though unlikely, to -

cbserve economic data that fit perfectly onto a model equation

yet contain a component of error. As an example, consider the

observation:

19 (;

12
14
16

X0

n

Q-1

which is in the model set for n = 4, k = 2, because it

fits the equation Xj; - 2X; = # without error. It is possible

for the observation X© to have been generated by the

components:

9 3 1 2

X = 12 4 and E = g 2 -
15 5 -1 2
18 6 -2 2

—_ —— —_ —

The actual underlying model in this case is
X1 - 3Xp = @. The‘problem with errors of this sort that occur .
within the model set is that there is no way to practice
[wstatis;ical inference on them, so they will not be dealt with

in detail.

We will now examine some of the geometric characteristics

cf the model set to get a feel for how it sits within the
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sampie space. . .

Lemma 1

The Model Set consists entirely of lines through the

origin {(i.e. the matrix of zeros).

Proof

Pick any point X in the,.model set besides Ehe_origin. if

there is linear dependence among the columgﬁ of X, then

‘Xa = @ for some a # @. But if Xa = #,.then (X} a = @ for

any =-o0X ol oo, S0 all points on the line from the origin‘
through x.are‘also_in the model set. 1In particular, when

_ , :
A= d,xX = @, so yt:he crigin is in the model set.

b

It is worth noting some of particular lines that belong
to the model set.  All of the nxk coordinate axec of ROxk
belong to the modsI set. Let X be a matrix with the entry. 1
in the ith row, jth column, and with zeros in all other
positions. This point is obviously in tﬁg model set, as is
any linear muitiple of this point. This shows that lines in

the model set poimt out in many different directions.

This alsc shows that the model set is not a linear

subspace of the sample set. %}linear subspace ,is a set that

e
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of all lineé? combinations of ppints.oh the nxk coordinate axes
‘of RPxk is‘the whole sample space Rnxk.— However, it is clear
that the model set does not include all points {n-Rnxk, since'
many é;ints in RMxk do not have linear dependence amohg their
columns. Thus the model set is not a linear subspage.‘
&

Thts fact has importanf-iﬁplications,for the eséimation,
of @he.model. M%ny regression estimati&n techqigues use'the
' properties”of linear subspaces to estimate the parameters of
the ﬁodel bécausé linear spaées are easiét to deal with. lWe
will see’ in latér sections how these methods reduce the

problem of estimation in the non-linear model set to the

simpler problem of estimating in a linear environment.

Lemma 2
The model set consists of n(k-1)-dimensional hyperplanes.

Each‘hyperplane is the null space of a vector of parameters.

Proof
Let X be any point in the médel set. Then Xa = @ for

some non-zero a € RK, (The vector @ is in Rf) The vector a

is d linear transformatign from RPxk to RN. The null set of
this transformation is the set of Y in™M that are mapped onto
the zero vector in RD, that is N(a) = {YeM]Ya\= GL._ The null

set of any linear transformation is'a linear subspace whose

~
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dimension is equal to the dimension of the domain of the
transformation minus the dimension of thefrangg of the
traqsfofmation. In this case; theldomain is of dimension ﬁxk.
The range of a is RO, _Thus\the‘null space of a is a
hyperplane through the origin of dimension

(nxk). - n =n(k-1}.

The hyperplanes just discussed are important because each

b4

hyperplane represents a distinct economic structure. Within
each hyperplane, all the points fit the same equgtion w;th the
same parameters. Points on a different hyperplane fit an N
equation with]diffefent parameters, and so must be generated by
a different ecoggmic structure. For example, conéider a simple
two-variable model of consumption as a function of income. All
economies, big or smail, where consumption is 90% oE_income,
would generate syStématic coméonents,on the sahe hyperplane,

Economies where consumption was only 78% of income would be on

another hyperplane, .and so on for other parameter.vaiues,

We can express the whole model set as the union of these
hyperplanes, each representing a distinct possible
relationship among the variables:

{

M=U N(a) ., + 0
k(an) a ¢
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-

Another impoEtant thing about these hyperplanes is their

-relationship to multicollfneanity; ‘The intersecﬁions of the
hyperplanes are precise1§ the ﬁbin£s in the model set where
the problem of multicollinearity occurs. This‘aséect will be
examined after we have finished with the model set as a whole.

"

There are as many different hyperplanes N(a) as there -are

possible economic structures, that is one for every line
through the hypersphere sk-T,
B

-

Lemma 3
The Model Set.is a connected subSet of the sample space.
Furthermore, any two points of the model set can be connected

without passing thrdugh the origin.

Discussion

Prior to proving this result, the mathematical notion of

connectedness will be discussed briefly.

"As its name implies, a connected set is a set thét
consiéts only of one pieée, rather than two or more pieces
sepa;atea from each, other bj pointé'not bélﬁnging to the set.
Examples.of‘connected and ﬁon—connected sets in R2 are éiven

below. .



]
Connected Not Connected

Figure 1 . Figure 2

//4

Figure 3 _' Figure 4

In order for a set to be connected, we must be able to
find a continuous string of points, called a'path, from any
point in the set to any other point in the set without having
to leave the set,

Proof

It is easy to show that the Model set is connected by
using Lemma 1, since every point in the set is connected to
thé origin through its ray, and thus to eve.y other point in

~the _set. However, the model set is not gimply a set of
discrete fays emangting from tﬁe origin, as in figure 3 above.

v
Even if the origin is omitted, the model set is still

Y

connected, as we will see.
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f

Let X, Y be any two non-zero points in the model set.

In order to show that a path between X and Y exists, we
. o, '
proceed as follows. The columns of X, say Xj, ..., Xk, span a

hyperplane of R0 of dimension dy. Take the lesser of dy and

dy, say dy. From the properties of matrices, we can choose dy
independent vectors from the columns of both X and Y, say x1,
ve., XJ and Y1, ..., Y} where dx = j. Now let us define a

-~/
family of j-dimensional hypefplanes in RU as follows:

H(xt) = Span (t'_l+ o(Yl-x1)1, .., [xJ+ o (¥3-x3)1)
When~o/. = @, H(x) is e spén of X1, ..., XJ, which is éﬁé
hyperplane spanned by the columns of X. When o= 1; H(x) is
the span of ¥, ..., ¥J, which belongs to the hyperplane
spanned by thé colgmns Sf Y. As ol goes from zero to one, the
hyperplané H{w) moves from the span of the columns of X to the -
span of the columns of Y. )

Néw let Eag(xi)'be the orthogonal projection of the
vector, X;j onto the hyperplane H(ot). When o= @, E(*(Xij = Xi.
When ot= 1, Ea (Xj)is a vector in the column span of Y. Now
define the path: .

P

Po (X1 = [E o (X1), .v., E g (Xk)]
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where o { o & 1. Whenol= 0, P.[X] simply projects each column
of X onto itself, so Pb(x) = X. Ase«moves towards 1, P, (X)

gives a matrix whose columns all belong to a

dx—dimensional hyperplane. Since‘§x<k,‘the;e must be linear
dependeﬁ;e among the columné, so the métrix Po (X) clearly is
in the model set. When ol=1, Qﬂkx) conéists of K columns
that all belong to the column span of-Y¥. By moving along the
line segment E:TETT_?, whose points all have coiumns contained
in the column .span of ¥, we comélete the path ffom X to Y. of

course, all points in the column span of Y are in the model

set since the columns of Y are linearly dependent.

356 far, we have examined some of the components of the
model set and how they fit together. We have found that the
model set is composed of linear hyperplanes through the
origin, but that as a whole it is not a linear set. We have
found- that the set is connected, and that it does not consist
of lines or hyperplaneé that are connected only at the origin.
We now turn our atténtion to the question of how big the whole
.model set is within the larger set of nxk matriées.

<

The size of the model set can be measured by its
dimension. A subset of another set .is said to be of dimension
m if there is a continuous, one-to-one correspondence between

the set and the sef RM, 1In order to give some intuitive éppeal

#



to the ﬁp%lowing'éiscussion, let*us give a few ggampleslof one-

S \. . L] - L3
dimensional subsets contained.in the two-dimensional plane:

7
) ‘ . ‘ ¢
Figure 1 - " Fidure 2
“" - "
Figure 3 . Figure 4

All of these sets.are subsets of the plane. The scatter
of points in Figure 1 is not a one-aimensional set because it
is not a continuous image of a straight line. The other
figures are one-dimensional because thefe is a continuous,
one-to-cne correspondence between them and the

one-dimensional line. We can easily imagine taking the line

like a piece of string and shaping it as in the above figures.
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The'é:opgrty of dimension is a local property. It
applies to pieces of the curve, but not necessarily to the

-

curve as a whole. This is illustrated in Figure 4. At the
peints where the curve Erosses itself, we cannot find an exact
one-to-one correspondence between the set and the one-
dimensional line. If we.were to straighten out the line,
there would be two points on the straight line correspondihg

to only one point in the set in the drawing. These points

require special attention.

Lemma 2 gives us an indication of the dimension of the
model set., This Lemma showed that the model set is composed
of n(k-1)-dimensional hyperplanes. There are as many

" hyperplanes as there are lines through the half-hypersphere

Sk—l, The hyperspere SK-1 is a set of dimension k-1. Thus it

seems likely that the whole model set is of dimension n(k-1) +

{(k-1) = (n+l)(k-1). In the following lemma, we show that this
is indéed the case by ccastructing a direct, one-to-one
correspondence between neighbourhobds of the model set and

" Rin+1) (x-1).

Lemma 4

The model set has.dimension (n+l) (k-1).
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Proof

Let X be a point in the model set. Then Xa = @ for some

'a€ sk . Let us further assume that aj # 6. Then we can

write X; as a linear combination of the column vectors

xz, . ey Xk! -’
k ——
Xp = 2, —aj Xi
i = 2 a)
Letting ¢ = aj for i = 2, ..., k gives us a
al
(k-1)-dimensional vector of parameters ¢ = (¢9, ..., Ck). The

vector ¢ is a solution to the eqguation: °*

[Xp2 ... Xkl ¢ = X1
. 7
Let us assume for a moment that the column vectors
X2, ..., Xk are independent. The matrix [Xs ... Xkl can be
reduced to its row-echelon form through elementary operations

on its rows. If the columns of the matrix are independent,

the row-echelon form is:

Elementary row operatf%ns can be executed by pre-
multiplying ‘a matrix by an elementary matrix. The operations
that reduce [X2 ... Xx] to its row-echelon form are the

product of a series of elementary matrices, say
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P = P1P2 ... Pp.- Applying these operations to the equation

above gives:

P[X2 ... Xkl € = PX,

I1-1
Ko =y
0] .
c 4
g = PX3
@

We will now show that the vector ¢ is a continuous

- E——

function of X.

Each matrix Pj represents one elementary row operatiom,
either multiplying a row by a scalar, adding a scalar multiple
of one row to another row or interchanging two rows of the
&atrix; For example; in order to row-reduce the first column
of thé matrix, we multiply thé first row by 1/xj7 so6 that the
first entry equals one, then we subtract Xj, times the first
row from the following rows, for i = 2, 3, ..., n. This gives
a first column with a 1 in the first §%sition and zeros
elsewhere. The elementary matrices for these operations are as

follows;
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10 ... 0 1 0...0 1/X;5 0 +-- O
00 ... =« =X 1l .. .
211 -3 01
-in . e 1 0 - . _1 - - . - 1
= l/xl 0 ...
_sz;xlz 1 " e

s s 00O

-Xn2/X12 0 . n

If the entry x,, happens to be zero, we must change the
order of the rows before reducing the first column to row-

echelon form. This is done by multiplying by the matrix:

i
0...1...0
—_— D> .1,
i - -
1 ..
........ 1

in order to switch the ith row with the first row. We can be_

sﬁre,thét at least one entry in the first column is non-zero

_ sinée the column vectors are indeﬁendent, ané the zero vector
is not an independent vector. Matrices similar to the above
can be used to redﬁce the other columns to their row-reduced

“form. The matrix P is the product 6f all of these matrices.
Every entry in the matrix P is the quotient of polynomials

involving entries in the matrix X. Similarly; the product of

-~
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P with X) gives an n % 1 column vector, where each entry is
the quotient of polynomials invo;ving.entries in the matrix X.
We coﬁld write P = B(xjj). A quotignt of polynomials is a
continuous function as long as the denominator is not zefo.

We now have all the elements we need to construct a continuoﬁs

.function from the model set. to Rin+l) (k-1).
R

Now consider the function defined as follows:

£(X) = (¢, X3, ..., Xk)

-

L
Pa—

This function simply takes the first column out of the
matrix X and replaées it with the parameters of the Eirst
column writt;n in terms of the other k-1‘%olumns of the
matrix. The range of the function has points consisting of a
matrix with n rows and k-1 columns, plus a
(k-1) - dimensional vector of param%ters. .The total dimension
of the range-space is (nx(k-1)) + (k-1). .= (n+l) (k-1), as

specified in the lemma.

The function f£(X) is surjective, since every set of
columns (X3, ..., Xkx) and every linear combination ¢ of these
¢olumns corresponds to some point in the model set.
The function f is continuous, because its componént parts

~are continuous. The vector c is composed of continuous
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functions, as we have just seen, and thg rest of the function
is simply the identity function, which is continuous.

'To show that the function is one-to-one, we must show
that £-' (f(x)) = X. Thé inverse of f is:
k
£=t (b, y2, ««., ¥k) = [)E';Zbiyi, Y2, .., Yk}

Where b is in Rkl and Y;, ..., Yk are in RN.

Plugging f(X) into this gives . ?
k .
£- (£(X)) = X ciXi, X25 --.s Xkl
i=2 .

X1, X2, «o., Xk
= X

Now that we have constructed a continuous, one-to-one
correspondence between the model set and Rin+l) (k-1), we will
return to take “tare of the loose ends that have been left
hanging during this proof.

First, we b%gan by Qgsuming that aj # ﬁ.l If a;p = @, we
could construct a.similar' function for some other nén—zero
parameter.- We are assured that not all of the aj Are zero
since a # #. The rest of the proof would fol}ow as above.
Since the property of Qimeﬁsion is a local property, it is
legitimate to use different correspondences between M and

R{n+1) (k-1) for different neighbourhoods of M.,

The second assumption we made was that the vectors
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X2, ..., Xk are independent. We assumed that the first column

X1 could be writtendas a linear combination of the k-1

'rndepéndent vectors X3, ..., Xx. We could have chosen any

column of the matrix and constructed the same function as long’

> .
[N

. 4 .
as the column could be written in terms.of the other k-1
independent column vectors of the matrix X. This is always

-

possible when the rank of the matrix is k-l.

If the rank of X is less than k-1, then the vectors

'Xz, .+.¢ .Xk cannot be in&%pendent. As we will see later,

o,
matrices with rank less that k-1 fit more than one parameter

equation Xa = @§. This causes a problem similar_to that
illustrated in Figure 4, page 33, because these matrices

cannot be matched one-to-cne Eo a.point in R(n+l) (K-1) by the
function f(X). We will see t%a% sych points are points of -

L 4
multicollinearity. The geometry of multicollinearity will be

examined in detail in the next section.

We have shown that the model set in ;egressioﬁréstfmation
has dimension (n+l)(k-1), and that.th; only boints,that cannot
be matched one-to-one to points in R{n+l) (k~1) are points of
multipolliﬁearityu I1f we exclude the multicollinear points,'we
can obtain a stronger characterization of ﬁhe model set. - We.

can show that it is an (n+l) (k-1)-dimensional manifold.

A manifold is a smooth image of a Euclidean space. The
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mathematical property of shoothness is similar to its every-
déy meaning. Intuitively, a s.ooth set is one that is free of
sudden bumps; corners, holes and peaks. These properties are
expressed mathematically through the partial derivatives of the

function f that matches neighbourhoods of the model set to

-R(n+l)(k-l):

Figures 3 and 4 on page 33 are examples of smooth sets,

while Figure 2 shows a set that is not smooth.

.~

Lemma 5
The non—muiti—collinean points of the model set’form an

(n+l) (k-1) - dimensional manifold. (The'set of non-

multicollinear points of the.model set is the same as the set

of nxk matrices with rank equal to k-1, since multicollinear

matrices have rank less than k-1.)

Proof

To prove the lemma,’ we must show that the function
£:M -> R{n+1) (k-1) is a diffeomorphism. A diffeomoxphism is a
function that is oqe—tofone and onto, which has already been
shpwn for f(X). In addition, we must show that f£(X) can be

extended to a map from R'¥K

to R(D*1) (k-1) yhich has continuous
partial derivatives of all orders, and that the inverse of

f(X) has continuous partial derivatives of-all orders.
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In order to extend f(X) to a map of all nxk matrices, let

F(X) = (e, X3, Yy Xk) for all nxk matrices X,

where ¢ = =3] and c
. ’ @ = PXq
- - ' ﬂh
Ck a ’ -
y - - - =

and P is the product of the elemengéry matrices fhat reduce
(X2, ..., Xk] to row-echeloﬁ form., This is the same
definipion we used in defining f£(X) on the model set. The
only difference here is that, for points outside the model
set, the first column is not a linear combination of the other
columns, as weighted by the parameters in the vector c.
Outside the model set, the véctor ¢ has no iﬁpértance other
than helping to define an extension of f(x) to all nxk

matrices.

We have already seen that the function £(X) is continuous
because it is composed Gf continuous components, namely the
identity of [X2, ..., Xg] 'and a gquotient of polynomials in the
Xij where the denomin#tor is not zero for the elements of the
'vector c. The same is true of F(X). Similarly, F(X) has
continuous partial derivatives of all orders. The partial‘
derivatives of the identity function are either zero or one.
The partial defivatives of the elements of ¢ are all continuous
guotients of polynomials in thé_variables x;j.

Now let us consider the partial derivative of the inverse

A
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function. ‘Recaliing that £-1 (b, Yo, "éi—yk) =

k o .
(Z biY¥i, Y2, «eer ¥k) = (Y1, Y2, ..., Yk}, the matrix of
i=2 _ "

first order partial derivatives is:

v

. Range:
k
Yl = ZbiYi
, i=2 , ,
Yl..-_'v(yll,---,ynl) . ‘Yz . e e Yk
) i t
Domaln: b2 :
QY11 = Yij 0 . -0
. 3b l
]
by |
- —— —— — —--...-—‘_—-——_-- — ) —— = = —' __________
Yo | :In 0 ... O
.\ §yp1_‘ bi for m=p ! *
. 9¥mi 0 for mgp |
. for m,p=1,...,n; 1=2,.. ,ki . N
Yk * ‘0 . 0 In

Cleariy theseﬂpertial derivatives are all continuous, as

C
are higher order partial derivates.

This completes the. necessary conditions for the non-
. T, _ _
multicollinear points of the model set to form an

(n+1) (k-1}) - dimensional manifold. . ’

_ Examples i L _ : ‘Y/

/
) , 7
In order to give .the preceding results a more confrete

‘ interpretation, we will ‘examine how big the model set is,
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given specific sample sizes and .numbers of variables.

Since regression is concg;ned‘with rélationships between
variables, the smallest number of variables in a regression.is.
tyo. If we have only one observation on each of two
variables, we can always. find a linear relationship between
the two because they'ére simply scalar‘multiples bf each
other. This is a trivial case, as thére islﬁo room for an
error term to explain the relationship. As we would expect in
such a case, the model set fillg £he whole sample space. The

.model set has dimensioq (n+l} (k-1) = (1+1)(2;1) = 2, as does
the sample set of 2 x 1 matrices.‘

Non-trivial cases of regressions in Z;; variables begin
when n = 2, Here the sample set is the set of 2 ; 2 matrices
which has dimension 4. ‘The model set is the subset of 2 x 2

matrices where the. two columns are multiples of each other.

[}

It has dimension'(2+l)(2-l) 3, so -there is one dimension

left in which errors may range.

-

1

Consider a two-variable regression where n 26. In this

u

case, the model set is of dimension (28+1) (2-1) 21. This is

where all systematic variables would occur. The observed !
variables, containing components of error, can range over the

full sample set whose dimension is 4. We see here how small
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"the model set is within the total sample‘space. Every point in

the model set is associated with a 19-dimensional set of sample

points not in the model set.

Now consider a multiple regression model with five
variables, The minimum sample for a non-trivial regression in
five variables is n = 5. In éhis case, the model set,
containing all 5 x 5 matrices with linear dependenge among the

columns} would have dimension (5+1)(51) = 24. It is

-

4contained'in the «4otal sample set of dimension 25.

e

/
A regression in five variables with n = 40 would have a
model set of dimension (408+1)(5-1) = 164, contained within a

total sample space of dimension 2€8@.

In all the above cases, the dimensions of the sample sef
and model set hold whatever the 'specific regreséion estimation
technigque used. We can see that as the sample size grows, the
model set gets smaller and smaller in comparison to the sample

¢

set.

Non-Convexity

We have seen that the model set is not a linear subspace,
and hence that methods of linear estimation cannot be agplied

directly to the set. Often in economics, we use convex
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programming on non-linear sets where lineér methods do not .
apply. For examplg, convex programming is used to f£ind the
maximum value of a utility function under budget constraints,
or maximum profits undexr the limits of a production'function.

We will now show that coqt?x programming cannot apply directly

to regression because the model set is not convex.

In order to show that the model set is not convex, we
need the following more general result.

Lemma 6

A non-linear set of measure zero is non-convex.

Proof
—_ &

We will‘prove this result by showing that a convex set of
measure zero must be alli;far set, which is equivalent to

proving the lenma.

By the term linear set, we mean a set that can be
;;ntained in a liﬁear subspace that is strictly smaller Ehan-
the ambient vector space.

Let W be any convex set of‘meésure zero in any qul}dean
space RP. Pick any x, y in W. By convexity, the line

segment Xy is in W. The segment xy is contained in-the line

spanned by Xy, say Hy; = {x+a(x-y), -®@ < a <]

-
L
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If this line contains all points of W, wé'
are done. If n%t, let z be in W, and not in Hl; By
' convexity, the segments xz and yz are in W, as, is the -
triangle xyz. The triangle xyz is contained in the plane
that is spanned by the sides of the triangle xyz,
Hy = {x+a(x-y)+b(x-2), -» < a,b <oo}. 1If this plahe
contains all of W, we are done. If not, we pick a point w in
W but not in Hp, and use it to consiruct-a hyperplane
Hy = {x+a(x-y) + b(x-2) + c(x-w), -» < a,b,c < }, and so on
until we have a hyperplane that contains all of W.

I1f ;?e hyperplane Hp .1 does notlconﬁain 411 of W, the set
W cannot have measure zero, so the assumption of the lemma has
been vio%ated. To see this, pick a point v.in W that is not
in H,_1. By convexity, the n-pointed polyhedron
XyZw...v must be contained in W, as are all points within it.
But this polyhedron obviously has non-zero volume,>so the set

W has measure more than zero.

b

To apply this lemma to the model set, we note that the

model set is a set of measure‘zero. This is true because the
Idimension of the model set is shallef than the dimensioa/kf
the sample space, except for the trivial case when n<k: We
also note that the ﬁodel set is non-linear. This is true

‘because it contains matrix vectors that generate the entire

~
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sample space, as we noted earlier. Thus, the lemma confirms

that the model set is not a convex set.

The fact that the model set in regression estimation is
not convex is important because it sets apart regression
estimation from most other ty;;s of optimization problems
encountered in economics. Regression estimaﬁidn is a problem
of optimiiation under a constraint condition, similar to the
problems of optimization unaer resource constraints
encountered throughout economics. 1In regression, the
objective fupction to be optimized is the distance function,
and the solution is constrained to the model set. Regression
is peculgar”in that the constraint condition cannot be
expressed as a linear or convex set, so that regressionlis one

of very few problems in the c¢lass of non-convex programming.

In the section on distance functions in regression, we
will examine how various regression techniques handle the
problem of non-convex programming. We will see that in some
cases, the problem is reduced to one of linear_Fstimation,

while other methods tackle the non-convex problem directly.
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4. Multicollinearity

Multicollinearity is an important problem in regression
estimation. It prevents the modeller from choosing a model
for the observed data because it prevents the choice of

parameters for the equation. In many cases, estimation

“techniques do not work when multicollinearity.is”present.

o

The model .set consists ofAmatricesrwhOSE columns fit.
homogeneous egquations. Multicollinearity occurs wﬂen a matrix
of data fits two or more different equations. This occurs when
there is more than oneArelationship tieing together th% |
systematic variables in the matfix. We will see the
multicollinear matrices have -a particular geometric
configuration that can be used to determine the 1ige1ihood of
multicollinearity occurring and how it can be eliminated.

-~

Definitién
"7 A sample point is multicollinear if it fits two or more
different error-free equations. The set of all multicollinear
points, which we will call the collinear set, is:

c = {X |Xa = @ and Xb = @ for a, b #+ #, a # rb, rer}

-

A multicollipear fatrix has at most k-2 indepeﬁdent

.

column vectors. To see this, let Xa = @ and Xb = 6. Then

Xjaj = 8 and Xjbj = @. Since a # #, there must be some
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d "

1l £ j £ k such that a5 # 8. Then we can divide the equation
ZXjaj = @ by aj, and re-arrange the terms such that
Xj s& aiXi.
i#) as o
Substituting this into the equation ZbjX; = @

gives @8 = ;E.biki + by (}:. aj Xi}
i#] it] ay
= S (b; + b a_i‘)xi'

i#) aj ~

Thus there is linear dependence among the k-1 column vectors
»

xl, DN Xj _] r. Xj+'| F e e s Xk. In Other WOIdS, a

multicollinear matrix has rank less than or equal to- k-2.

It is interesting to relate the occurrence of
multicollinearity to the hyperplanés of the model set
identified in Lemma 2. 1In that lemma, we noted that the model
set could be divided intq n(k-1)-dimensional hyperplanes N(a),
each representing a particular economic structurg,és indicated
by the parameter vector a. What are the multicollinear ﬁoints
within one such hyperplane? They are the points where the
hyperplane N(a) intersects any another hypefplane N(b) where
N(a) # N(b).

»

Furthermore, the multicollinear points in N(a) can be

-
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characterized using what we know apout:the model set within
the'sample space. The set N(a) can be viewed as a sample
space of dimensidﬁ n(k-1). The mdlticollinear points within
N(a) are matrices with rank less than or equal to k-2.
Applying lemma 4 on the dimenéioﬁ of ;he model set .in a sample

space, we find that the dimension of the set of multicollinbar

points in N(a) is equal to (n+l) (k-2).

The following .lemma highlights the main problem posed by
multicollinearity, namely that it is impossible to pick one
parameter vector for a matrix whose columns fit more than one

equation.

Lemma 7

Each multicollinear point fits an infinite number of
different equations. , The parameter vectors of these equations
form a circle contained in the (k—lj-dimensional parameter

7

sphere. 1

Proof

! ~

/)
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1]

Let X be multi;oliinear with Xa @ and Xb = 6, and with

the vectors a and b normalized so the a'a =1 and b'b = 1.

Take any vector in the parameter set of the form ra + sb,

-Then ¥X{ra + sb) X(ra) + X{(sb)
rX{a) + sX{(b) N
rg + s@

So X fits any model with a vector of parameters ra + sb. The
set of all vectors ra + sb ds the plane spanned by the vectors
a and b. Recalling that the parameter spaceois a k-1
dimensional sphere in_Rk, Qe sée that this sphere intersects
the plane spanned by a and b in a circle centred at the origin
and including the points a and b. The circle is a one- .
dimensional set contained in the k-1 dimensional parémeter
_sphere.

The following lemmas describe other geometric properties

of the collinear set.

Lemma 8

The collinear set consists entirely of lines through the

origin.

Proof

If X is in the collinear set, then Xa = 8 and
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Xb = @ for a'# rb. The line through the origin and through X
consists of points oX, -o®<et<® , Since Xa = @ and Xb = @,

we have: ‘ '

{ otX)a =oi(Xa) and { LX) b =w{Xb)
‘ =ct(@d) - wv=0ol(d)
= @ . =@

So every point on the line through X and the origin is in the

collinear set.

Lemma 9
. e

The collinear set is composed of nx(k-2) hyperplanes.

Each hyperplane is the null space of a kx2 parameber matrix.
g

Proof

Let X be any point in the collinear set. Then Xa = @ and
Xb = @ where a and b are non-zero, independent vectors of
parameters. The kx2 matrix [ab] is a linear transformation
from RUOxk to RMx2. Since Xa =8 and Xb = @, X[ab] = [08,08] when
[6,0] is an nx2 matrix of zeros. The null set of this

transformation is the set of points in the collinear set that

are mapped onto the zero mgtrix, that is N(a,b) = {YECI Y[ab] .-

- b

I

2}
Recalling that the dimension of the null set is the
7}
dimension of the domain minus the dimension of 4;;\;;gge, we

see that:

dim N(a,b) = (nxk) - (nx2) = nx(k-2).
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Many other characteris€i¢s of the collinear set can be
proved ,using apbroa%ﬁes similar to those used in the previous
section to describe the model set. For éxample, we could show
that the collinear set is connected and non-linear. These
results are not yery'useful for this research and,will_not be
pursued., However, it is importaﬁt to know how big the
collinearmset is within the model set. This result is dealt

A

with in the following lemma. ™

Lemma 1@ .

The collinear set has dimension (n+2) (k-2).

Proof

In order)to prove this result, we must show that there is
a continuous, one-to-one function from the neighbourhoods of
the collinear set to R{n+2) (k-2). The construction of this

function is similar to thegfunction used to determine the

dimension of the model set.
® Let X be a point in the collinear set. Assume for the
moment that the vectors X3, ..., Xk are independent. Then,

since the column rank of X is k-2, the columns X; and Xy can

"be written as linear combinations of the columns X3, ..., Xg:

. k .k o,
Xi=_ 2 aiXi- —and ¥y =" P biXi.
' i=3 . i=3
Th? {k=2}-dimensional parameter vectors a = (a3, ..., ax) and

Vs
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b = (b3, ..., bg) are solutions to the matrix “equation:

-
[

[(X3.... Xkl [ab] = [X1 X2]

Premultiplying this equation by elementary matrices that

reduce (X3'... Xk) to row-echelon form gives:

k-2
P e (ab) = P[Xy X3]
0 .
a b
g o = P(X) X2)
g @

where P is the product of elementary matrices determined by
the entries in [X3 ... Xkl.
We can now form the function:

g(xX) = (a,b,X3, ..., Xk)

This functioﬁ takes the first two columns out of the
Mat;ix'x and replaces them with the two (k-2)-parameter
- vectors fog these columns written in terms of the other k-2
columns of X. The range of the function has points consisbing—
-of an nx(k-é) matrix and two k-2 veétors. The total dimension
of the range-space is
nx (k=2) +.2(k—2) = (n+2) (k-2), as specified in the lemma .

a

The function g{X) is surjective, since every set of

/
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columns (X3, ..., Xkx) and every linear combination of these

columns corresponds to some point in the collinear set.

The function g({X) is contiﬁqgus,'since it; components are
continuous. The_parameter vectors a and b are continuous "
functions of the entries in X, as we éaw in the analysis of—
the products of elementary matrices (Lemma 4). The rest of

the function is the (continuous) identity function.

+ ‘ 3 . -
The function is also one-to-one. Consider the inverse

of g(X}: )
k . k .
9'1(0, d, ¥3, ..., ¥x) = (§: ci¥i., 5: diY¥is, Y3, -s.i Yk) .
' i=3 i=3 - .

where ¢ and d are in RKZ and Y3, ..., Yx are in RO,

Applying this to g(X) gives:

k -k 3 . L4
9=V (g(X)) = (Z ajXi, T biXji, X3, «.., Xk)
i:-3 o 1=3 )
= (X1, X2+ X34 ..., Xx)
= X

The function g (X) specified above does not apply to all
collinear points. If the first two columns of X are not
linear combinations of the othér columns, or if the matrix P
contains discéntinuities, we can adjust the function g{X) as
we -did for the functioﬁ f(X) in Lemma 4. ‘'The only cases where
g(X)'cannog be adjusted to give a continuous, one—to-gne

: i«

correspondence with R(n+2)£k-2) are points where the column

span of the matrix X is less ‘than k-2. These are points of
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extreme multicollinearity, which will be examined next.

Before passing on, we will note the extension of the
preceeding lemma to manifolds. The proof of this extension is
not included, since it is very similar to the case of the

model set, as shown in Lemma 5.
Lemma 11
The set of nxk matrices with column rank equal to k-2 is

a manifold of dimension {(n+2) (k-2).

Degrees of Multicollinearity

All nxk matrices where n2k can be classified according ‘to
how many equations Xa = @ they fit:
If the matrix has rank equal to k, it fits only the

trivial equation X@ = @.

If the matrix'has rank k-1, it fits a one-~dimensional set
of eqﬁations corresponding to a line in RK spanned by one’
parameter vector a. This is the case of non-multiceollinear

peints in the model set, which has bgen examined in detail.

If the matrix has rank k-2, it fits a two-dimensional set
of eduations corresponding to a plane in RK spanned by two

independent parameter vectors a and b. This is the case of

o



© 63
most multicollinear poipts; as has just been discussed. This
condition could be called first-order multicollinearity. It

can be corrected by removing one of the multicollinear columns

from the matrix. *

1f the matrix has rank k-3, it fits a three-dimensional
set of equations corresponding to a hyperplane in RK - spanned
by three independent parameter vectors. This condition could‘
be called second-order multicollinearity. It can be corrected
by removing two of the Ahlticollfnear columns from the matrix.
We éan coﬁtinue in this manner to classify increasing degrees:
o{émulticollinearity, up to the point g&ere the matrix has rank
"onéi If the matrix has rank one, it fits a k-l-dimensional set
of equations correspbnding to a k-1 dimensional hyperpiane in
RK spanned by k-1 independent parameter vectors. The only nxk

matrix that fits k independent equations is the zero matrix,

which has rank zero.

The geometry of a multicollinear point tells us something
about which variable or.variables need to be removed to correct
for multicollinearity. 1In order to eliminate
multicollinearity, a column vector that is linearly dependent

"on the other columns must be\removed. This will reduce the
Jgumber of‘variables in the matrix without reducing tﬁe rank of

the matrix.
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1t does not matter which dependent variable is removed
since fhey all span the .same hyperplane. One must not remove
a column vector that is independent of the other vectors,
because this reduces the rank of the matrix. Independent
column vectors can be recognized because their corresponding
paEameter entry is zero. We can be suré that a multicollinear
matrix has no more than k-3 such columns since the zank of a

multicollinear matrix is at most k-2.

Examples 4

A few examples of collinear sets with specific sample

sizes and numbers of variables will now be examined.

The smallest of all possible regressions, where n=2 and
k=2, can have no multicollinear paqints because it has only two
variables. As specified in the theorem, the dimension of the

collinear set is (n+2) ¢k-2) = (2+2) (2-2) = @.

The smallest regression with a collinear set is where n=3

-
-

and k = 3. The collinear set has dimension ({3+42)(3-2) = 5. It
is contained in a model set of dimension
(n+l) (k-1) = (3+1)(3-1) = 8, which is in turn contained in a

sample set of dimension nxk = 9,
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Consider a regression in three'variables with twenty

observations. Here, the collinear set has dimension

(2@+2) (3-2) = 22, the model set has dimension

(20+1) {3-1)

42, and the sample; set has dimension 6¢. We
can see from this that the collinéaé set, although of
considerable si;g in i;self, is very small within the model
set, which is itself very small in the sample set.

Now cons;der a regression with n = 4€¢ and k=5, as
examined in the examples of model sets. Here the sampﬂe'space
has ?imeﬁsion 2@“; It contains a model set of dimension
(40+1)(5-1) = i64, which in turn contains a collinear set of

dimension (40+2)({5-2) = 126.

Now .let us exam%ne how the sizes of the model sets and
collinear sets respond to changes in samPISRSizes and

variables.

As we wquld expebt, increasing the number of variablés in
a model increases the size of the model s~. and the collinear
set faster than the size of the whole sample set. If we add
- one variable to an nxk reéression matrix, the sample space
increases in dimension by n, but the model set increases in

‘dimension by n+l and the collinear set increases in dimension

by n+2. In other words, the likelihood of collinearity
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increases with the number of variables, other things béing
equal, If we add enough Qariables, the model set! will end up
filling the whole sample set. |

Conversely, increasing the sample size of a regression
increases the diﬁension of the sample set faster than the
dimensions of the model set and collinear set. By increasing
the sample size by one, the sample|set increases in dimension
by k, while the model set increas in dimension by k-1 and
the collinear set by k-2. In othe words, the likelihood of
multicollinearity decreases with the\ sample size;

+ o -

This concludes the examinatidn‘Zf Ehe model set and.the
collinear set, which are the points generated by the -
systematic variables in a regression model. The néxt step is

to examinte the geometry of the errors that are observed in

addition to the s&stematic components.
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5. The Error Space

In econometrics, we virtually never'éncounter an observed
matrix in the model set beéausejthe obsérved matrix is almost
always beset with errors. Geometrically, this means thét
rather than observing a point on the model set, we observe ab
point in the sémple space that is not in tﬁé model set. We

<
shall refer to the set of points not belonging to the model set

as the error space R. In set terminoiogy, we could write: "
R = MC
Any observed point X ih the error space is generated by a

point on_ﬁhe model set Z, and an error E : X = Z + E.

The problem:bf regression is to get back.onto the model set by
estimating and removing the efror component. In order to do
this, it_is necessary to know what direction the error is
likely to go. By knowing how the error is distributed, we can

" trace back to the point. on the model set that is most likely to

-
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I

have generated the observation.

The distribution of the error can be largely specified by
its variance-covariance matrix. This matrix tell's us what
dimensions of the sample set the error occurs in, and what

direction it is likely to point.

Let us write the nxk error matrix E as one long column,

vector by stacking the k column vectors of E one on top of the

_other: ' o
—_— —_— " '
E
& )
X
Ek «

The n x 1 column vector Ej is the vector of errors associated
with the variable in column-one of the sample matrix;‘Ez is
the vector of errogs.ass;ciatgd with the variable in column '
two, and so on for 33, E4; ++..s Ex. The variance-covariance.

matrix of the column vector E€ is the (n x k) x (n x k)

maftrix:
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Var {Eq) Cov(EpL,E2) . . .Cov(El,Ek{f1
Q = Cov(Ey,E2)T Vvar(Ez) . '
° - - -
: ‘ .‘_ - -
Cov (Ey,Ex)T | (Var Eg)

where Var(Ej), 1 1,2,...,k is the symmetiic, n x n variance-

covariance matrix of E; with: itself, and Cov(Ej,Ey), i =
1,2,...,ky 3 = 1,2,...pk is the symmetric, n x n covariance

matrix of Ei'with Ej. In fully explicit form,

a 3

° Var (Ej) = var(e1i) ’ Cov(ejjre2i). . . .Cov{eli,epnj)
' Covi{eji,e21i) Var(e2i) ‘

- “ -

Cov(eyireni) =+ « ¢« « ¢« « « « . . Var (epj)

for i = 1,2,eeikn 3 = 1,2,000,ke

Putting these sub-matrices all together éives the
foliowind matrix. It allows for any possibie
configuration of variances aﬁd covariances of an n x k

matrix of error variables:
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. - .
Var(ell) "‘C°v(ell’enl) . e =Cov(e11,e1k)...Cov(ell,enk)

va(ell,enl)...Var(enl) _ « + « |Cov(e  ,eqp).-.Cov(eyi,en)

LY . -

{ -
L]

cov(eliTglk)'"dbv(enl'élk) « « «iVar(e; ) ... pov(elk,enks
]

Cov(eri,enk)...Cov(enl,enk) . e Cov(elk;enk)...Vér(enk)

A

T

Before doing an anaiysis of the generai case, it is useful to
examine of few special cases in'‘two-dimensional spaces to
illustrate the geometric properties'of the error and how they
are iﬁdicated by the variance-~covariance matrix.
: ’ 4

The first characteristic .of the ernof to-consider is the
dimension within which it may occur. 1In some econometric.
models; such as orthogonal least squares, there are errors
aséociated with every variabie in the observed matrix. 1In

these cases, the error may occur in any dimension of the
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applies to higher—dimensiongl cases.

Lo
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sample space. In other cases, such as ordinary least squares,
the error Ys only associated with a subset of the variables in
the observed matrix. In these cases, the error may only occur
in those dimensions of the sample space associated with those
variables that have an associated error.
3 _ .
We can_illustrate these two types of models in the two-

dimensional case as follows. Although the two-dimensional

case has no application in practice, the underlying structure
» ’

)
&

Suppose we have a two-diménsional saméle space. Any
observed point X = (X1, X2) in the sample space is the sum of
its systematic component Z and its error component E. The

“h

variance-covariance matrix of the error is the 2 x 2 matrix:

[ &)
I

—Qar,él _ cov{ey, ezr—

cov ey, es) var e3

Let us assume that the errors are uncorrelated, so
cov (el, ep) = @. First consider the case where there is-an
error associated with both variables in the observed matrix,

that is that vak e] # @ and var ep f @. For the sake of

i

simplicity,- ket var ey = var ej 1. The variance-covariance

matrix isz::

<

-
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—
[

Q= g . 1

Since the variances of both of the errors are more than Zeros
the error can project out from the systematic component 2 in-
any direction within the sample space. Three possible -errors

are shown below::

22, e
z + (elr ez)

z + (e1, e2)

z + (e}, e2)

21, €]

Now consider the case where the error is only associated with
¢ !

the first entry, but not the second, so var'el = 1 and

var es = . The variance-covariance matrix is this case is:

1 /]

Q= @ g

-
Since the variance of the second error is zero, the error can
N .
N

only project out from the systematic component in the

*
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-

dimension of the first érror, Two possible errors are shown

below: .
z2, €2 / ’_—_\/‘-)
- z + (e1, @) -z + (ey, @) -
< L 2 > .
YA
~
/ ~

%1, €1

The distinction between/the two cases illustrated above
applies to regression models in the general nxk sample space.
Some models, such as orthogonal least squares, assume that the
error rooted at a systematic point can point in any direction
within the sample space. Other models, such as ordinary least
squares, assume that the errbr can only occur within
pérticular subspaces ¢f the sample spéce.
~

The second important characteristic of the error is the
direction and length it is likely tg.take within whatever
dimensions of the samp}e space it occurs. The two-dimensional .
case can be used tb illustrate the main properties of the
error. First.consider the case of a twg-dimensional_error
where the two errof variables are idgnéically distributed and
uncorrelated. The variancé-ébhvéiiance matrix of the efror

is.
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Q= } a 1
In this case the error is evenly distributed in all direetéons
around the systematic point. Assuming that the errors are
normally distributed, the density function would look like

this:

To simplify the exposition, we will present the deqsity
function through its level curves in the sample space: Let:

Lz(q) = {X = 2 + E|£,(E) = q) ' N
be the level-gq set of points around the point Z, where £5(E)
is' the density function of the error E given the systematic
point 2. This is the set of errors around Z having an

equivalent chance of occurring. 1In the two-dimensional case,

. the level sets resemble the level curves of a topographical
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map of a mountain whose summit is at the point Z.
€2
. 91>927493
q3 '
a2 L
D -
e/ S

The lower the level curve, the Iower the probability that the

error will occur since larger errors have a smaller chance of
occurring than smaller errors. Now consider the case where
the variance of ej] is larger than the variance of e; i.e.

heterLoskedasticity. Let the variance-convariance matrix be:
2 ’) ' 'Y

-

Q= @ 1

-

The level curves bf this error would be an follows:

€2

91>492>93
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Since tﬁe first error is usually larger than the second
with this fo¥m of distribution, the level curves w{ll be

‘ellipsoids stretched in the direction of the error component

] - _ﬂ —

with the highest variance.

' The case of models where the components of the error are

correlated with each other gives angther type of level curve

(eg. serial correlation). Suppose the errors are positively

correlated with each other. .Let the variance-covariance

matrix be:

=
-




3\

. o~ 7

The level curves would be as follows:

e2

- 41>92>q3

€1

S~ -

~ Sincé-large values of e) would tend to occur in
conjunction with large values of ej, the leﬁel curves would be
ellipsoids stretched in the direction of the line e; = ej.
Similarly, if the errors are négati@ély correlated, the level

curves would be ellipsoids stretched in the direction of the

line e} = -ej.

These simple two-dimensional examples illustrate the
iﬁportanf characteristics of the error distribution'in the
general nxk-dimensional space. We will now examine b{fh
distribution of errors in the general case.

*

5.1 Ordinary Least Squares

'Ordﬁhary least squa{;s assumes that the errors of the

f

ha o
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- independent variables have zero variance and that the errors

.

associated with thé dependept variable afe independent and
identicdllf distributed. In terms of the métrix Q, .assuming

that X3 is Ehe dependent "variable, we have: : —
var{(Ey) = Ip, Var(E2) = Var(E3) = ... = Var(Ek) = 6 and

Cov(Ej, E§) = @ for all i, j. Putting this all together

gives: )

1 8 . : 6 . .. . . . . @
g 1 . R .

X - - - » ’-
: 1 )
) g. . . . 0 1 .
) 9 > .
Q = ) .
- g -
- oA 0 "
) . .
‘ B.I.II L I . - - II.I.

7 In ordinary least squares the error occurs only in the n-
dimensi;hal-subspace corresponding to the n entries in the
first column of the sample matrix. Its density function is
evenly distributed in all n directions within this subspace,

so its level curves are n-dimensional spheres centred at the

systematié component and imbedded in the nxk-dimensional

- ‘ &
2 .




sample space.

5.2 Hybrid Medel

The hybrid model, where the first j variables (1 < J < k)
‘are agéuméd to have associated errors, all of which are

. . . s R \
independent and 1dent1cal§? distributed, gives the matrix Q as

follows:
e
\ il - - L - L] - Ijl - [ - - - lk
In ﬁ . . . Q .1.
Q i - \
Q = e In -
. @ .
/. .
- . - e

~In the hybrid model, the error can occur in thé nxj {(j < k)
dimensions\of the sample space associétgdwﬁ?éh the first J
columns of the sample'matrii;' Its density function is _
distributed evenly in all n?ﬁ\i;rections ﬁ}&hin this subspace, "
sgrlts level® curves are nxj-dim nsional spheres centred at the
systematic component and imbedded\ in the nxk dimensional

sample space.

l ~ S

5.3 Orthogonal Regression

Orthogonal Regressicn assumes that all of the entries in
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the sémple matrix‘have an associated#eréor variable, all of
which are indepéndent and identically distriﬁuted; In terms
of the matrix Q, this gives Vé} (E1) = var(E2) = ... = Var(Ek)
= In and Cov(Ej, Ej)‘=ﬁﬁ for all i, j. Putting these sgP;

matrices together gives:

1 0. ..@

31 - -

. . . Y
Q: - &

g . .- . .1

P

wﬁich is the identity matrix Ipxk. In orthogonal least
sqdares, thé error can occur in ali nxk dimensions of tﬂb
sample space. Its density function is distributed evenly in
all nxk directions within the sample space,réo its level
curves are nxﬁ—dimensional spheres centred at the systematic

component.



5.4 Generalized Orthogonal Regression
The étandard'model for orthogonal fegression assumes the
error variables are all independéht and identically
distributeé. This model can‘be.generali;ed to accommodate
cases where the variances differ between variables or where
the errors are correlated to each other. The variance-
covariance matrix Q ié'adjusted accordingly with the

appropriate variances and covariances.

Let us examine the case where each econoﬁic variable in
the model is assumed to be associated with‘an error variable":
having a distinct variance. (The error variable;-are assuééd .
to have zero covariance.) For exam;le; consider an orthogénal

~
reg%ession model of the relationship between'conshmption,

1

permanent "ncome and the price index. We(zguld reasonably

- .

assume that the variance f the 'errop vaciable associated with
the price index is smaller than éhe vafiance associated.with.
consumption,'since absolute fluctuations in consuﬁptioﬁ“levels
are far greater than absolute fluctuations in price levels;

We could also’reasdnably assume that the variance associated
with permanent income is higher'than the variance associated
with consumption because measurements of a hypothetical
variable like permanent income are bound to be less accurate

than measurements of something more concrete like

consumption. .

-

- .
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Given a model of this type, let df, 022, ..., 0%2 be
the vafiancés of the errors associated with the K variables
Xl,’xé;'..., Xk. Then the variance-covariance -matrix of the

model is

— | | LT

02,

v
.
’ : —_—T - T
e

where all entries off the main diagonal are zero.
In th%s case, the level curves are nxk-dimensional

eilipsoids whose longest axes are in the dimensions of the

highest variance, and whose shortest axes are in the

£

di?ensions of the lowest variance.

If the variance of one variable, say Xj, is assumed to be
. / ' - + .
relatively greater than the variances of the other variables,

L

thenbthe value Ulz, will be }elatively greater than thL other
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variances'Uzz, 032, ..;;Ukz.- If we push this case touthe
limit, where thé variances 522, 0}2, ...,0%2 tend to zero, we
arrive at the variance-covariance mqtrix of ordinary least
squares, where the erfors of the model ére all ébéorbed:by éne
variable. 1In other words; Ordinary Least Squares is the
limiting case of a particular type of generalized orthogonal
regression. (Malinvaud (1978) p. 42; Pollock (1979), p. 76}
We can imagine the nxk-dimensional ellipsoids of genefélized‘ i
orthogonal regression being squeezed flatter and flatter until
they are the simple spheres of ordinary-least Séuares, like
pumpkins.that.ére squeezed until they are as flat as a

'panéake.

There are many. other ways to generalize the orthogonal
regression squares model. For examéle, one can assume that
the' errors associated with a particular variable are not all
identically distributed, and that some have larger variances
than others. One can also assume that the errors are
correlated in' some way with each othef. The assumpéions of
these models are éccommodated_by inserting the-appgopriaté

parameters in the variance-covariance matrix Q.

. \
5.5 Generalized Least Squares -

Generalized least squargs can be represented by letting.

all of the variances and covariances in the matrix be zero
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_ except for those in the sub-matrix Var (E1)." We can
accommodate any set of assumptions about the errors associated

with the dependent variable by ifiserting the variances and

covariances in their appropriate places in the matrix Q.

For example, consider the generalized least squares model
with heteroskedastic error variables, where the variances of
the n error variables are g1, 022, ...,042. The variance-

convariance matrix of the whole sample matrix would be:

Q = 0’12

.
La

where the blank entries are zeros. The level curves in this
‘case are n-dimensional ellipsoids imbedded in the nxk-

-
dimensional sample space and stretched t& reflect the n

o
different variances, {\\

The generalized least squares model for first-order
Hserial correlation where the coefficigpé/;}\correlation is , p

gives the following vafiance—covariance'matrix;’/),.
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'

e

where the blank entries indicate zeros. The level curves in
this case are n-dimensional ellipsoids which are stretched

mainly in the direction of sequential values, i.e. along the

AXes Xqq9 = X3¢ X35 T Xq3s X33 T Xy40 ee0 X3 -1 T ¥1,n¢

Eecause the highest degree of correlation is between these
values as indicated‘by the parameter p in the matrix Q. The

, : : K
ellipsoids are also stretched secondarily in the directions

Xqq =/x13,"x12 = Xqgr e xl’n_2 = xl,n reflecting the
_effect\bf the parameter pz, and so on for the lower

. @
correlations of further-removed values.

#

-~

The main point of discussing these exaq&égs is Eo show
that' all possible assumptions about a regression model, from®
the,choice of ordinary least squares or orthogonal regression,

"to the choice of the dependent variable, to the variance and
covari;lCes of the errors, can be reduced to the specification‘

of one matrix. This matrix indicates the dimensions within

yd

v »
N r
A I
'3 v
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the sample space where the error occurs and the direction it

is likely to go within these dimensions.

One can often work chkwards from a matrix Q to'the
assumptions that it represents: If theAmatrix Q has only
zeros off the main diagonal, then the model assumes all the
error variables to be independent. If the matrix Q has zeros
in the'hlock corresponding to the ith variable, then the model

assumes that the ith variable is measured without error.

T—-N\\

However, the matrix Q onlyctells us about the dispersion

of the errors in thé,model; it does not tell us why the errors
are where they are. For(example, if the matrix Q has zeros in
all blocks except the one corr;sponding to the first variable,
then the model assumesathat the entire weight of adjustment
for the errors will fall on the first variable. It does not
tell u§ why the errors ‘are only associated with this variable.
It could be because this variable is the dependent variaﬁle in
an ordinary least squares regression, or because this variablé
is the only one assumed tq be measured with error in an |
errors-1n—var1§2}95”regr9551on, 0{ both. ,

In spite of this, the matrix Q gives enough information

Lo estimate the model, whatever the upderlying assumptions.
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6.. The Estimation Function

The preceding sections have examined, from a geometric
point of view, how a sample point is generated., It is the sum
of a systematic point in the model set and a random component
.whose direction and length depends on the variance-covarjiance
mabrix of its distribution. We will now deal with eétimation,
which tries to untangle a sample point into -its systematic and

random parts.

Every regression estimation technique is essentially a

- procedure that takes a sample matrix, performs a series of

—/._—
calculations on it, and provides an estimate of the error-freec
1 : r‘
component. This procedure can be viewed as a function whose RO

>
domdain is the sanmple §pace and whose range is the model set.
We will refer to tgjs procedure as the estimation function.’
The estimate of the systematic component of a sample point X

will be denoted in the usual way as ?.

’ ~N
AN
_ R - ‘
It should be kept in mind that X is not the only estimate
that is a function of X. The estimate of the parameter vect.or
and the estimate of the error are also functions of the éample" =

<

. point, })
' {

The estimate of X is the solution to a problem in optimal

programming under a constraint condition, as is common in many

+-

-
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branche;‘of economics, In regression, the objective function
is the distance between the sample point and the estimaﬁe.
This distance_is to be minimized. The estimate is constrained
to belonging to the model set. 1In general terms,the
estimation function can be expressed as follows:

-t

= X = 7 € M where D(X,2) < D(X,Y) for any Y€ M, Y # 2.

h |

This states that the estimate of X is the point Z in M

whose distance from X, D(X,Z), is smaller than the distance

’
from X to any other point in M.

-

6.1 The Distance Function ’ . ° .

The distance between the sample point and the estimate is
the’key element of the estimation function. It is the way
these distances are mgasured that vgriqg from one £egression
teChniéue to anbther._ This,is bedausei@iffergnt assumptions
about the error 'onﬁfined {P the sample point have different
implications-about what distancé should be minim%%ed.

. In this section, we will examine why the minimum distance

criteria is used and what particular distance function should

be matched to a particular error distribution. First, we will

examine what a Jdistance function is, and look at a few -common

)
- .

examples. -

Wr
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A distance is a function whose domain is the Cartesian
. ’
product of a set with itself and whose range 'is the set of

non-negative real numbers. It is usually assumed to have the

“following propertiés for all points a and b in the set on

which it is defined (Fréchet, 1953, pp. 13-14);

?

1) Dfa,b)

D(b,a)

1§

2) D{(a,b) Q,if and only if a = b

M~

3) D(a,b) § D(a,c) + D(c,b) ("triangle inequality")
4) D(a,b) 2 @ ' |

. - . .
. A function with these properties is sometimes called a

metric. '
. - o

In vector spaces, the most common flistance is the

Euclidean metric, defined as.D(a,b) = ya-b)'(aJEY =$i(ai—bi)2‘
where a and b are column vectors in"-the séme*vector space. In
regular three-dimensional ségﬁe, this distance is the saﬁe as
the distance between a ada‘b as measured by a ruler.

L

Another common distance is the generalized Euclidean

metric defined as D{(a,b) =J{a—b)'Q(a-b); where Q is a Eixed
‘ _ —

full-rank positive definite matrix. 1If:Q is the inverse of

the variance-covariance matrix of the random variable (a-b),

J.o ~

- - — -

e
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g.g Kl -
this distance is sometimes called the Mahalanobis distance

(Sdstry and Tintner, 1977). . o . : .

.

-

In order to ensure the distances are positive, the inputs
are usually squared, as in tHe Edclidean metric and~the.
generalized Euclidean metrié.’ An alternate abpro;Eh_gﬁ to
take the absolute value of the inputs. This is sometimes used

in economic applications where the error variables are assumed

to have non-finite variances, since squaring tends to put ’

A

exaggerated importance on largei values. The absolute value

- distance between two points in n-space is defined as:

n { '

D(a,b) =2 laj - bj |
, A

A distance can be used to define level curves around a

point a by taking the set of points in the set equidistant to

a: B : P4
La{d) = {b|D(a,b) .= d}
Geometrically, the level curves of the Euclidean metric

are concentric hyperspheres arocund the given point. 'The level

curves of the generalized Buclidean metric are concentric

ellipsoids around the given point. The axes of Epe ellipsoids

e

are- determined by the matrix Q. The level curves of the

absolute value metric are regular polyhedrons. The following

.
illustrates these three common cases for three level curves
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La(l), La(2), and La(3).

o~

-

L]

f‘-

(7
S

Buclidean Metric Generalized Euclidean

Metric. with:

11

¥ L

Q:

‘Regression estimation minimizes the distance between the
observed point and the model set. - In this problemj.%hé actual

value of the distance does not matter in\findiqg the minimum;

-

o

1

only the order of the distances matters.

o
T s

Absolute Value
Metric

In regression, the
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most common dlgtance used is the square of the Euclldean
metric, from which we get the expre551on least squares.
Squaring the,Euclidean metric léaves the order and shape of

the level curves of the distance function unchanged, so it

does not change the minimum value.

Using the square of the Euclidean distance has the odd

property-of violating thef“trianéle inequality? that is
commoniy associated with distance. Howéver, this has no

consequence on the estimation function of a regression, since

L4

regression is only concerned with the distance between a

3

particular sample point and a ‘particular point in the model

set.

Distance in some metrics is closely related to the notion

of.length. As we mentioned earlier; the Euclidean metric from

point a to p01nt b is 1dent1cal to the length of
the line segment ab. ‘In regress1on, if a standard least
squares metric is used, minimizing the-sum of the squares is

equivalent to minimizing the length of the line segment from

the observed point to the estimated pbiht on the model set.

6.2 Why Minimize the Distance?

We will now address the question of why an estimation

function should minimize the dlstance between the observed
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;matrix and the model set. This section uses the geometric
sgapes of the model set, the level curves of the distgnce
function and the level curves of the density functioﬂ to show
why a minimum distance rule provides a solution to the probiem_
of regressgion estimation. |

The purpose of regression estimation is to find the
syséematic matrix most likely to have given rise -to the
obse;y%q_mqﬁrixJ“ The use of a minimum_disténce criterion for

this purpose may be justified with or without reference to a

probability space of random variables.

- The minimum distance criterion can be justified by simpiy
appealing to intuition and common sense. If we want a matrix
X to fit onto an equation of the form Za =,ﬂ' while o
maintaining whatever structure underlies X 'as intact aé
90551ble, then X should be changed as little as p0551ble.

Thus we should simply find the point X that is closest to X
yet that also flgs some linear equatlon_Xa = . As stated by

‘Malinvaud (1973} p. 7) in a chapter‘on'“Econometrics Without

Stochastic Models":

. It is obviously desirable that the average distance
between the points [i.e. observations] and the line
should be minimized... [This] common sense criterion is
completely defined only when we have shown how to measure
a distance between a point and the line, and how to
calculate the average of the disteaces from the different
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points.

A quadratic mean is generally chosen, since such a .
formula involves the simplest calculations. So we look
for a line such that -the sum of the squares from the
points to the line should be as small as possible...
[Several] different measures of distance can be, and in
fact are, used... . ‘

This justification has the advahtage of being simple and
avoiding. the need for knowledge of the distriﬁution function
of the error. It has the disadvantage of offering no help in
choosing the most appropriate distance criteria, as well as
offering no insight into why the déta dolnot fit the equation
or how accurate the estimate,may.béf For these reasons,
regression estimations are usually pa§ed oﬁ‘éssumptions about
the probabiiity space underlying the observed matrix.

£

These assumptions generally include knowledge of the
distribution function and density function of the error
variables, for example that they are normally distributed with

variances and covariances that are known or can-be estimated.

‘Usually regression estimation technigues. are justified by.
the properties of their parameter e;timates. For example,
likelihood functions mgximize the probabiiity of a parameter
estimate being the true'parameter value-given a particular

sample point.

» - ~

The following discussion will focus on the estimate of
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the variable matrix as opposed to the estimated parameters of

. the equation, since this paper is mainly concerned with the

geometry of the sample space.

When we observe a matrix of data x} we are implicitly
observing the sum of a systematic component Z in the model
set, and an error E emanatihg from the point 2. Let us
represent tﬁis undéflying event as £he couplet (2,E). The
universe of all possible events (Z,E) is the set fL= MxR,
that is the cross productrof the model set with the set of
errors that could be rooted at any systematic point. The .
6bserved matrix X could have been produced by any point (Z,E)
infL such that Z+E=X. The set of all such poiﬁts forms a
subset of the universe of events (L. We can represent!),by

the following diagram.

~ -
(T fea\zER
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In order to find the % most likely to have caused the
observation X, we consider the distribution of events in the

probability space Sl.

The assumptions of.the model tell us the distributions of
the error variables based at each-systematic point 2 in the
.model‘set and their density functions, as outlined in Section
5. In fhe context of the space {1, these are mqrginal-density

functions of E given a particular‘z, which we denote f;(E).

The assumptions of the model implicitly assume that all

of the systematic pointé in the model, set have equal chances
of being the true syséematic component, at least within
- certain areas of the model set. Putting this together with
what is assumed about the marginal density of E given a
particular value of Z, the probability density funct}on over

the space fLis of the form:
1 P

£(z,E) = k £,(E), k constant,
We want to find the point 2 that maximizes the probability
density function given that a particular point X has been

observed. This is the conditional probability function of

: N v

E=X-Z given X. The density function of this conditional

probability is:
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i1f, (X-2}
kz

1f_(X-Y)}dw
fas.

{(Y¥,E) |Y+E = X)
wherelthe integral is understood'torﬁe multi-dimensional, and
to integrate over all points (Y,E) in {L such that ¥ f E = X.
: .This expression can be simplifted by dropping the éonstapt
term 1/k from'botﬁlnumerator gnd denominator. .Next we.note._
~*that the denoﬁina%or is a constant, given any particuiar X.
Given this, the haximUm of this express;Pn occurs where fz(X~
| Z) is a maximum.. Thus we have reduced the estimation pfoblem
!ovone of finding:
\:!.
Max fz(k-z) '
ZeM
@ N
Let us recall that the density fﬁnction of the error based at
a point 2 in the model sef can be represented in the sample
‘'space by a series of level curves L(q) = {X =12 + E[fz(E) =
g). The value f,(X-2) is simply the index of the level curve

based at Z that passes through the point X:
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Maximizing the value £f,(X-2) is the same as maximizing

the index of the level curve passing through X over all base
points in the model set. The level curves around a .point Z

are nested such that higher levels are closer to the point Z.

This situation can be represented in the following diagram:

o’
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Now suppose a distance function is defined such that its

level curves around Z coincide with the level curves of the 7

density function of errors' around %. Then maximizing the

level of the density functiéﬁ's curve is the same as minimizing
the fével of the distance function's curve. Th;s,is because
the levels ;f the density function are monotone increasing as
they approach Z, while the levels of the distance function are
monotone decreasing as they approach Z. Maximizing the value
Eztx—Z) is the same as minimizing the distance D(X,2Z) if the '

distance function and the density function have the same level

curves.

This expositian gives a very visual justification of how
minimizing the distance to the model set leads from the error-
ridden sample point back to the systematic point that is most
likely to have generated it.

It ié.wor£h noting that the level curves of the distance
function cansbe viewed as sﬁrrounding the sample point instead
of surfoundiné the estimated point on thé model ‘set. - The

result of choosing the minimum distance is the same, because

distances are defined such that D(X,Y) = D(Y,X). -

6.3 Which Distance Suits Which Model?
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We_will now examine how dif%erent'distance functions‘
. reflect the assumptlons of the reg:e531on model that gpey,are
~ [

used to estlmate. The preceding dlscu551on showed/uhy the

- ‘distance functlon should_Egﬁléct the dlstrlbutlon of the

errors emaﬂ&tlng from a systematlc point. As we saw 1% the

an — . . L]

discussion of error variables, the distribution of the errors

Pl

can be largely'repreSented by the matrix Q of variances and

» -

covariances between all elements in the error matrix. This

section will look at how these characteristics are taken ‘into
o 5 _ i

account in the distance’ function. - . <

AY

6.3.1 - 0rthogonal- Regréssion

[

First let us consider the case where the errors are asscmed

.’

to occur in all dimensions of the sample sg;ce, as:in opfhogdnal

regression. If the error variakles are all independent and

-

identically distributed, the variance—coﬁii}ange matrix.Q is the

bl

identity matrix. In this case, the squared Euclidean metric

is used because its level curves are hyperspheres, as are the

level curves of the density unction.’

A} . £

6.3.2 Generalized Orthogonal Regression

If the errors are not all independent and identically
distributed, the level curves ¢f the distance Ffunction can be
made to correspond to the el curves of the density function

[y

by using the distance function D(X,Y) = (X-Y)'Q-l(X-Y}. For
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example,'gons%der a two-dimensional normal error E = (Ej, E2) N
distributed with variance-covariance matrix
Q =|1 @
2 2 )

that is where the variance of the second variable is twice the

variance of the first. 1Its level curves lpok like:

-
-

L4

I3

t

The distance D(E,O) =‘(E—0)'Q_1(E-o)‘= E'zl'o E = E12'+ 1/2
. 0

E22 has the same level curves. The effect of the métrix

1 is to reduce the wéight given by the distance function to

R\

Q
the error variable with the higher variance. Similarly,
correlations between variables can be accounted.fof byngeightin
the distance function with Q". In general, ﬁhe result of

using the distance (X-Y)'Q‘|(X—Y) is to weight down errors




h

- . ) 1@2 f . ! -. . .
that téhd “to be larger so that errors with an equivalent
¢ : r : . ' o
chance of occurringlgre‘putfon the same level -curve of the .-,
-t * “ :

distance function. This ensures them “all of equalitreatﬁbn&

—_— ) o L -
during .the estimation procedure’ v . o, .
" : . th\y ‘ )

-

Ordinary Least Squares

6.1.3
Now let us qpnsider the case where, the variances of all but

ttﬂﬁ& first column’ tend to zerg. In the limit, this is the case

of or8inary leastisquares estimation where the first column

contains the ‘dependent variable. The inverse of the matrix:
- w . M .
) I_h - ' O ¢ i
, . Uu‘I—h
- * . j b -
> 0 ’ . T I'h - -

is:
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Ki/9/€;2ds to zefa, the inverse tends to:

-y

(Tn © O
. U’Ih

i S _ o |
. Q ' c - '/5’”_
o\

I

Tﬁe~disténce function (X-Y)'Q-l (X-¥Y) in this case is (X1-
Y1) ' (X1-Y1) + oo (X2-¥2)'(X2 - ¥2) + ... +o(R-Y)Xk-Yk). In
:f other words, this~§i§Eif°e gives an infinite weéght to the
distance betwgen any two matrices where the columns 2, 3,
...+, k are not identical. 1If X is the observed matrix and Y

~1is a point in the model set, this distance assigns an infinite

._.. ~distance to any matrix Y whose columns 2, 3, ..., k differ

from the corresponding columns of X. In the.context of the

‘estimation procedures, it effectively excludes any such matrices
from the setlof possible estimates. fhié is exacfly what we T
would expect from ordinary least squares estimation, since the
independent variablgs in ordinary least sguares are not adjusted
for error, andﬂthe entire weight of adjustment is borne by.the

- dependent variable.
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, The level curves of this distance function based at a

&

point Y on the model set are n-dimensional spheres imbedded in

the pkk-dimensional sample space, as are the level curves of

the density function at Y.
4

We will now relate this geometric view of ordinary least

squares in the nxk sample space to its traditional view in an

n-dimensional vector space. Given an observed sample maérix, the
only level curves of the density function through it are based
at points on the model set that have the same values as X for
all of the independent variables. -The ée£ of all such points

is an n-dimensional affine linear subspace of the sample set:
A(X) = {WGMJ W=[Wy, @, ..., 6] + [@, W2, ..., W] where Wy = X,

eeeyr Wi = Xk}

(An affine linear subspace is a linear subspace that does not

pass through the origin.)
The first column of these matrices can be any‘vector in RD,

Within the affine set A(X), there are many points that are
also in the model set. Since the model set consists of all
points that have linear dependence among the columns, and the

-

{ . .
column X3, ..., Xk are arbitrary vectors in.-RP, the first
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-

columns of W must be linearly dependent on the other columns-

’ Ll
0f W in order for W to be in the model set. The set of all y

model points in A(xf is the set of points where the first
column bélongs,to Ehe‘span of the vectors X9, vy Xk transposed
to the space RD,

Once the observed ﬁatrfx X has been chosen; the rest of tﬁe
estimationm process of ordinary least squares occuis.within the
affine space A{(X). The eétimate ? is the matfix whose first
column belongs to the éubspace'spapned by £hé:other columns of
X and which is of minimum distance to the first column of X.
This is why ordinary least squareé cah-ﬁe represented as
occurring in 35, as was discussed in Section 5. The minimum
distance estimate of Xj; is the orthogonal projection-of X1
onto the span of the othef columns of X in RO, |

The advantage of viewing ordinary least squares estimation
in the larger nxk-dimensional sample.space is that it allows
us to visualize all possible ordiéary least squares regressions
" on an nxk matrix simultaneously, and to compare;this estiﬁation
technique with othér estimation technigues. Once the sample_
peint has been chosen,'we can narrow the focus, to the smaller
subset®of the sample space where the estimation 6ccurs, which

we have called the space A(X).

)
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6.3.4 Generalized Least Squares o C e

fL W

The geometric structure of generalized least équarés ié
identical to that of ordingry least squares, except that the
distance function applied within the sub-space A(X)bis the
generalized squared Euclideén metric rather than fhe standard
'squargd Euclidéan metric. As witﬁ the generalized case of
orthogonal least squa:és, the diétance function is weighted with’
the inverse of variance-covariance matrix, Q-‘, S50 thét the
level curves of the distance function will correspond to the

level curves of the density function of the errors. Of course,

the variance-covariance matrix applies only to the errors in RD.

. A
r : . . :

6.3.5 Absolute Value Metric

The absolute value metric is used in econometric estimation
where the distribution of the error is assumed to have a large,
even infinite, variance. The distribution function of the efro;
in these cases is not generally specified, Se&ond the assumption
that the variance is large. (Taylor, 1974). This assumption
aistinguishes methods using the absolute value metric fromlother
econometric methods which aré usually based on a normal .
distribution with a finiFe variancg and a thin tail. The
reasén for favouring the absolute value metric over the least ¢
' squares metric is thét the least squares metfic.is very

sensitive to large deviations because they are squared. Even

a single large deviation in an ordinary least squares estimation

-
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can perceptibly alter the estimated dependent variable and

estimated parameter vector. The absolute value metric has the

effect of being much less influenced.by large deviations.

The absolute value metric hés interesting geometric
properties when applied to regression estimation. As we saw
earlier, the level curves of the absolute'value distance
function are regulér poixhedrons. Solutions to the estimation
problem in this case are found by methods of lineér programming,
;ince'the boundaries of the Bolyﬁedrons’are portions of linear
;ubspacﬁb. The geometry of "least absolute value

estimation"(LAE) is well described in the following passage by

Taylor (1974, p. 188). It applies the absolute value metric

;gq_an ordinary least squares type of model with one dependent

vari®ble. In this passage, the polyhedrons of the distance

function are described as surrounding the sample points in
congrast to the aéproach used in most of this paper in which
the level curves of the distance function surround the
systematic point. However, as we saw in the discussion of
distance Functions the two-approaches are equivalent since the
distance from point a to point b is équal to the distance -from
point b to point a.

... If, for example, there were three

observations, the polyhedron in gquestion

would have ‘the shape of two identical

regular four-sided pyramids butted base-
- to-base centred at the point y' = (Y1, ¥2.
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yY3) and whose eight faces are isosg Bs
triangles of equal area. If there 1is only
a single independent variable, the LAE

estimate will be given by the point on

the line defined by the origin and the point
x" = (%1, X2, ¥3) which is cut by the
expanding "double, pyramld " A moments

(sic) thought will convince the reader

that this will occur, with probability
unity, on one of the edges of the expanding
double pyramid. This being the case, one

of the residuals will be zero. On the

other hand, if there are two independent
variables, the LAE estimate will be given

by the point where the expanding polyhedron
hits the plane defined by the origin and

the two points x3°! (Xnnq, X ) and

X' = (Xq9r X9 x32). 1&ga1§, regf gtion
will show that this will occur, with
probability unity, at one of the corners -

‘of the double pyramid. A corner corresponds

to two ofvthe three residuals being zero.

Returning to the general case of T
observations and n independent variables,
it should,~in view of the foregoing, be
clear that the expanding polyhedron of
equal distance will touch, with probability
unity, the hyperplane defined by the
independent variables at a point on the
polyhedron that lies in as many edges of
the polyhedron as there are dimensions to
the hyperplane. Since each edge of the
polyhedron corresponds to some residuals
being zero, there will therefore be n zero
residuals in all.

’ -

“*,._____-7.‘" o

We can illustrate the functioning of the absolute value

metric in regression estimation in the case of two observations

on one independent variable Y and one dependent variable X, as -

follows:
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xl 1??-

As noted above, one of the two residuals of the error vgctor is

zero, in this case Ej.
: : o

6.3.6 Unknown Variance-Covariance Matrices

So far in the discussion of estimation technigues, we héve
assumed that the variance-covariance matrix of-the error, Q,'is
complétely known. Many estimation technigues do not assume
complete knowledgg of the variance-covariance matrix.- Rather,
they assume that the matrix has a certéin pérametric form,
where the parameters are estimated using the data in the

sample matrix. In these méthods, the matrix Q is essentially

a function of the sample matrix X. We could_write Q = Q(X).

> ¢

L8

The use of a variance-covariance matrix Q(X) that is a
function of the sample point has an interesting effect on the

e
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geometric structure of‘the regression estimation. It means that
the disfance function varies from point to point in the sample
space;‘gince Q(X) is not generally equal to Q(Y) when X is not
equal to Y. This situation can Se illustrated in the following
way for three distinc& sample points X,.Y and Z. For purposes

of -exposition, the level curves of the distance function are

shown from the point of view of the sample point.:

This situation has the odd effect that the distance bétwéen
two points is not identified with the length of the vector
between the two points. Suppose we are measuring the distance
between a sample point X and a point Y on the model set. The

generalized squared Euclidean metric with a fixed matrix Q

. defines this as D(X,Y) = (X-Y)})'Q(X-¥). If we let E = X-¥ be

. the matrix vector between X and Y, the distance between any

two points Z and W will be the same as D(X,Y) as long as Z-

-
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W=E. However, if the matrix Q is a function of X, then the
distance is defined as D(X,Y) = (X-Y¥)'Q(X)(X-Y). This is not
necessarily equal to D(Z,W} = (Z-W)'Q(Z)(Z—@) even if Z-W = X-

Y, since Q(X) may not be the Ssame as Q(2Z). -

6.4 Distance Functions in Regression Analysis

This section exarines the internal mechanics of distance
functions as they are used in regression, and proposes a general

form for all regression distance functions. -

The distance function in regression has as domain the
crosé—product of the sample space with itself. Given a pair
of points (¥,z2)" in S xS, where both Y and % are nxk matrices

in §, the distance function gives a non-negative real number d:
SN

D{y,Z2) = 4d : | -
The distancg D(Y,Z).is_hot élwayé synonymous with the‘length of
the line segment from Y to i. This segment can be represented
as the error matrix E = ¥ - 2. -It is important to distinguish
between distance and length in regression .geometry. As we
have seen, some regression distance functions assign different

lengths to the same error,matrix,'depending on the end points

that generated it.

Three steps are needed to transform the entries in the
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matrix E into the distance d: the entries must be @adé non-
negativg; they must be weighted to feflcct_the aésumptions of
the model's error structure, and they must be combined into a
single real number. ;J |

Y
- T Let POS.(E) be the‘operation that converts the entries ihto
non—negati?e numbers. In theory, we could use any Aumbef‘of

operations, such as squaring, quadrupling, taking absolute

r
-

values or taking positive square rooté. In nearly all of

econometrids, the entries are squaied, that is PbS (E) =
(ei*z). The o%ly other dpera£or encountered dﬁring thié
research.on econometrics is the absolute value in which case
POS (E) = (|e%jlj, This is someti@gs used in quels where the
error variables are éssumed-to have high variances, or "thick
tails", (Taylor, 19%4)

B

Let WEIGHT (E) be the operator that weights_each entry in
E to reflect the assumptions of tﬁe model’'s erroxr structure.
These weights:reflect the variance associated with' each error
variable and'the covariances of the error variables with each
other and with other variables in.the model. In particularx,
these weights reflect which error variables have zero variaﬁce,

that is which variables are systematic and have no associated

error component.
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The third step of t@e distance functlon is to combine all
of -the non-negative, welgmbed,entr1es of the error matrix E
Iinto a 51ngle number. In theory, we could use a variety of
opezatiéns, such as multiplying them toéether, or taking their”

"geometric mean but in practice we always simply add them upu

A

By combining these three operations into one, we arrive
]

at a general form for all distances in regression:

D(X,¥) = SPOSsWEIGHT [X;y - Yiy]
i,3

The ope;ations POS and WEIGHT are independent of each other
and it does not matter which is executed first.  These
operations are important only because of their role in
translating the model's assumptions into a measure of distance
applicable to ihe sample space.

6.5 ©Solving the Estimation Problem

Thet geometric structure of the sample space created by'the

distance function leads directly to the computational method
used to solve the estimation problem. As we have séén; the
.estimation function in regréésioqxis the sblB;ion to the
optimization problem of minimizing‘the distance from the
observed sample point ts the model set. The factor that’
distinguishes one regression estimation technique from another
is the distance function, which is determined by the assumptions

-

. _ ) . Y ]
of the‘model.' We will now examine how the gedmetry of the
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distance function leads- to the method used to compute the

_estimated systeﬁ;tic point.

6.5.1 Ordinary Least Squares. ; -

In ordinary least squares, the estimation function
minimizes the distance from the sample poinE’to the affine
linear subspace spanned by the k-1 independent vaciables
within the n-dimensional space of the dependént variable.
This is equivalent to minimizing the aistahce from the vector
of°® the dependent vaéiable t6 the linear subspace spaqned by
the independent variables within an n—dimensioﬁal space. ,Tﬁe
distances are éefined by the square of the standara Epclidean
metric.- The closest point on a linear subspace to a given
point not on the subspace is tbé orthogonal projection of.the
point onto the subspace. Geometrically, this solution ié
found by simply dropping a perpendiéulaf line from the point'
Eo the subspace. . —

Assuming that the dependent variable is in Fhe\first column
of the matrix.X, the subspaq?.to be projected onto is spanned
by the vectors X3, ..., Xk. Let ¥ = [X2, ..., Xkx] be the
nx(k;l) matrix ¢¥f independent variables. Then the orthogonal
projector onto the span of the -columns of Y is Y(Y'Y)"Y'.
The estimated syét?matic component of the depgﬁaent variable,

then, is:
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D -1
X1 = Y(y'y) vy X]

A
The, estimated matrix of the systematic component is X =

A .
(X1, X2, ..., Xk) since the independent variables are assumed

to be error-free.

This estimation can be easily illustrated in the space of

the dependent variable, where the sample matrix is

I

X112

X313 Xg5

In this graph, the origin can be viewed as the point

X12

22

whiéh separates the affine space'A(X) from the origin of the

sample space:
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X 2510 X3 (X997 X39)°
P . M = Span (xlz, x22X
_ (Ry0r Xpo)
' (X130 X1
X110 %32

The parameter vector for ordinary least squaxes is obtained
from the orthogonal profection by solving the equation vk =
Ql- This giveé y% = [Y(Y‘y)‘lY'] X1 sn b= gY'Y)'llel. The
parameter vectorlE has knl.entries, onehfor each independent
variable, since the pa}ameter for the dependent va%iable is
conventionally normalized to 1.

The above estimation procedure ornly works if the column
vectors X2, ... Xk are independent, Otherwise, the matrix Y'Y
is singular and its inverse cannot be cnmputedL This does not
mean thaé tne-optimization problem as discussed above cannot

be solved if Y'Y is singular. We can still find the point on

the column span of Y closest to“the point X;. This can be
done by reducing the set of_veétors X2, ¢+oes Xk to co tain*‘"nwv,x.;h
only independent vectors that span-the column space, say X0 =

[(X9°, ..., X<9] where j < k. The orthdgonal projection of X
2 i ) 1

on the span of Y° in this case is:
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X1 = [yo(yor'yo)-l yorix;

" The problem with this estimate is that the parameter vector

‘associated with X) is not unique. This is because the estimated

- matrix X = [Xj, X2, ... Xk} is in the collinear set, as

-

discussed in Section 4 on multi—collinéarity.

6.5.2 Orthogonal Regression ' -

The estimatIon procedure for orthogonal_regression is very
different fro%-that.of ordinary least squares because the
systematic component is not restficted to a linear subspace of
the sample set. The distance function for or;hogonal regression
applies the standard squared Euclidean metric to all points 'in

. . "
Ehe model set. As we saw in theldjsqussion of the model set,
Iéhg.model set is not a linear subspace; although it is.
compésed;of various linear subspaces all attached together.
Consequently, we cannot directly apply the formula for the
orthogonal projection ontdma_linear subspace.
'

Orthogonal regression can be solved using some of the

geometric notions deveioped'in this paper. The following proof

follows a proof given in Pollock 11979,pp. 89-90}, but -is made .

shorter and more intuitive with geometry.

The distance function in orthogonal regression is the sum’
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of the sguares of all of the entries in the matrix vector X -
X. This can be written as the sum of the inner products of

each row vector with itself:

. n . :
D(X,X) _=_Zl(xi. - Ri) (Xi. - K59
1= N

We wish to minimize this value for a given X over all

possible point; X in tﬁe‘model set.
Let us recall that the model set is composed completely of

n(k—l)-diﬁensipnal hyperplanes. Each hyperplane is the null

space-N(a) of a parameter vector where a'a = 1. 5o the

estiméte ? must'belong to one of these null spaces., Let us

"assume for a.moment that § belongs to N(a) for some parameter -

vector a. Since N(a).is a linear subspace, we can easily

compute the orthogonal projection of any point in the sample

set onto N(a). ‘Tﬁe ofthogonal pfojectibn of ¥ into N(a) is

_ A
the closest point to X belonging to N({(a), so it must be X.
The orthogonal projection onto N(a) is I-aa’. Thus we have:

M~
X X{I-aa')

]

1
X-Xaa'

7
It

so: X- Xaa' v
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A [ * -
The matrix X-X on the left is the error whose length we wish to

minimize. Applying the distance.function to the new expression

Ao,
for X-X gives:

A
D(X,X})

Thus the

" of minimizing

n
(X;.aa') (Xj.aa')"'
i=1 .

-

n
= 2{Xj.aa') (aa'Xj.)
i=1

n
= in.aa'aa'x‘i
i=1

= a'X'Xa
estimation problem can be reduced to the prdblem

the value a'X'Xa subject to a‘a = 1.3 Essentially,

the problem has been transformed by piékiéﬁ_the closest point

.to X out of each of the hyperplanes N(a), so the remaining

task is only to find which of these points is closest to X.

This can be done thréugh solving a simple Lagrangean procedure,

minimizing a'X'Xa éubject to the constraint a'a = 1. The

Lagrangean is:

!

L = a'X'Xa - X(a'a - 1

J
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Differentiating with respect to a and setting the result

v
to zero gives the condition

(X'X - XI) a==9

‘A vector a satisfying this equation is a characteristic vector
of X'X. The value A corresponding to a characteristic vector
is called a characteristic root. Premultiplying by a' gives
a'X'Xa = h\a'a =A , which is the distance that is to be
minimized. Thus the parameter vector a of the estimated
solution is the characteristic vector corresgonding to the
smallest characteristic value of~"X'X. Once we know the

~

. - . . . A .
estimated vector 3, we can find the estimated matrix X with

the orthogonal projection I-3a' discussed above.

6.5.3 BAbsolute Value Regressions

The estimation pfocedure for absolute value regressions is
different from either ordinary least squares Or drthogon;1
regression. Absolute value regressions are usuall& based on an
crdinary least squares model equation, with.one dependent
Oariable and several independent. variables. Becausg of this,l
tﬁef can be interpreted as a projection of the vector of the
dependent variable onto the hyperpfanerspanned by the

independent variables, as in ordinary least squafes. BAs we

have seen, the level curves of the absolute value distance are
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very different from those of the least squares metric, so the
computation of the estimate is also different. The solution
to an absélute value regression is found using methods of
iinear programming, sinée Soth‘the éistange funcéipn and the
model set in this case are defined by linear functions.

(Taylor, 1974, p. 171)

6.5.4 Generalized Regression Methods >

The estimations discussed so far, i.e. Ordinary least
squares, orthogonal regression and absolute value regression,
havézassumed that the variance-covariancg matrix of the distance l
fﬁnction is the identity matrix. The solution to the estimation
problem in all three cases is found in the same way if the
variance-covariance matrix is generalized to a ndn—identity

-

matrix 0.

In genéralized ordinary least squares, the generalized
orthogonal projection Y(Y‘Q"IY)'$Y'Q‘| is ufed to project the
dependent variable onto the hyperplane spanned by the
independent variables. The resulting estimate is the glosest

point to the dependent variable under the generalized least

squares metric.
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Generalized orthogonal regressions can be estimated using

o

Lagrangean methods similar to the solution described earlier to
fhe standard case of orthogonal regression.. These solutions
will not be discussed'here since they have no particular
geometric interest. The interested reader may consult Pollock

{1979, pp. 94-98) for a discussion of several examples.

Absolute value regressions could theoretically be
generalized to incorporate a non-identity variance-covariange
matrix. Since mno example of a generalized absolute value
regressioﬁ was encountered during this research, it will not

be discussed any further.
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7. Decomposition of the Sample Space

The estimation function of a regression technigue can be
used to specify a total decomposition of the samplé space into
two- distinct sp%ées, the model set and~the inverse image of the
estimation function. évefy point X in the sample space is the

. - A . o ‘
unigque sum of one point, X, in the model set and one point 1in

. . h . . .
the inverse .image of X under the estimation function.

Consider the inverse image of the estimation function in
N :
the sample set. "Let h{X) = X be the estimation function for

any regression method. It maps all points in the sample space

onto their estimate in the model set. Then:
nl(z)y = (xeR™K|n(x)y = 2)

fgz‘any point'zzmz ‘Taken Eogegher, the sets h=! (z), 2eM,
o (\¥orm a family of sets iﬁ the sample space, one for each.point
in thé model set, .
Several properties of h-!{ (z) can be easily discerned. The
point Z is in h“l(ZJ, since h(zZ) = E = Z for all"points Z
in the model set. Furthermore, Z is the only point in the
| model set beionging to h“'(Z). All points in the éamplq—space
must beléng to some set h‘*(Z) for some Z in M. The.séts ht

(z) are disjoint, that is h=l(z) N h ~T(v) =] if 2 # v.
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If they were not disjoint, then the estimation function would
not be a function. |
.l\_

if the estimation functiomrr is based on the‘squared
Euclidean metric, then the segs ﬁ“‘ (z) are composed of lines
emanating from the point %Z. Consider, a point X € h-l (2),
and any peoint Y on the line segment XZ. We want to show that
Y is. necessarily in h-l (z). 1f the distance is based on the
squared Euclidean metric, the distance between two points can
be made equivalént te the length of the-vector between the two
points by takihg the sguare root. Now if xeh-} (2}, then
D(X,7) < D(X,W) for all W #'Z in the model set. But
YETETET =j57§7§7 + [D(¥,2) since the matrix vector- X-Z =
(X-Y) + (¥-Z). Suppose Y is not in h-) (2). Then there is a
point W‘in the Model Set such that D(Y,W) < D(Y,Z). But this
implies that [D(X;2) =JB(X,¥ +[B(¥,2) >ID(X’,Y)' +JD(Y W) =

SD(X,W), which contradicts the assumption ‘that X is in = o(zy. ™
’ , .

Thus all points on the line from X to h(X) belong to h=4 (x).

In some .cases, we can get a complete characteriz;tion of
the set‘h“ (Z). Consider éd ordinary least squares regression
model, and let Z be some point on the model set. The set of
sample points whose estimate is Z is contained in the n-
.dimensional affine subspace, A(Z) corresponding to thg

dependent variable, as we saw earlier. The set h-1 (Z) is the
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orthogonal complement of the hyperplane spanned by the
independent variables of Z, and passing through the dependent.
variable of 2. This is because the estimator is the orthogonal
'proiécpion of the dependent variable onto the hyperplané ‘

spanded by the independent variables.

If 2 _
211 212

Z31 ' 222

and the dependent variables is in the

first column, we can illustrate as follows:

- o
N2
22.\,217. ~
Span (2.1,21'1)
(211 ¥ 217.) ’
(zlnazll) '

!

2‘“ )zl?-

L.

The set'h_1 (2) in ordinary least squares is an affine

subspace of the affine subspace A(Z). 1Its dimension is the
dimension of the orthogonal complement of the span of the
independent variables within a n-dimensional space. The

dimension of an orthogonal complement of a subspace is the
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E
dimension of the total space minus the dimension of the
subépacew In this case,'dim (h=t (2)) = n-(k-1) = n-k+l.
This is an encourag{ng result, since it is also the dimension
of the complement of the model set within the total sample
space. Recalling that the sample set has dimension nxk, and
- that the model set has dimension (n + 1} (k - 1), the complement

‘of the sample set is of dimension (n x k) - (n + 1) (k - 1) =

nk -k +n+1-nk = n-%X+ 1.

" In the éase illustrated above, where n = k = 2, the model
. set is of dimension .three and .the sets h"(g) are'of dimensipn
.HQEE¢W_FOI every poinﬁ Z in tﬁe three-dimensional model set,.
there is a disjoint line h=l (2) running through'it. Every
point in the sample set has such a line running through it,

linking it to its estimate on the model set.

In the gegg;alhgxk case of ordinary least squares, every
point in the (n#i?ffk;i)l—dimensional modgl set has a disjoint
n-k+l-dimensional hypeéplane of sample points running through
it. Every point in the nxk-dimensional sample set belongs to
cne of these hyperplanes, which lipks it to its estimate on

the model set. |

It seems likely that a similar {esult holds true for all

regression estimation techniques. 1In all cases, there is a

.,

=5
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disjoint set h-) (Z) containing the pbint Z in the sample set.

All points in the sample set belong to one of these sets, which

link the point to its estimate. Assuming that the error

structure, and the resﬁlting estimatiﬁn.function, are similar

for all points in the sample space, it appears that the sets
*h-f (2) should have the same dimension. If théy have the saﬁe"

dimension, and given that the model set has dimension (n+l)

)

(k-1), the sets h-! (2) should all have the complementary
dimension'n-k+1. I have not been able to pro;e phis,resglt
with the structure developed in this paper. Intuitively,
however; it seems that for all regression techniques, the
estimation function h(X) defines a disjoint,un-k+l;dimensional
set h-j (Z) running through every peoint Z in the model séﬁ.

Every point in the sample set belongs to one and only one of™

these sets.

The model set and the family of inverse images of the
estimation functiod'can be combined to provide a unique
decomposition of every point in the samplé set into two
coﬁponents. The first component is the estimagé of the
systematic portidn of the point. It belongs to the (n%l) (k-
1) -dimensional model set. The secohd component is the
estimate of the error portion -of the sample poinf;‘ It belongs

to the n-k+l-dimensional inverse image of the systematic

component under the estimation function. Togetheir, these two
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components uniquely determine every point in the nxk sample

space for a given reg;ession technique,

This decomposition of the sample space can be illustrated

as follows:

.Y

nak-dimensional n+k-l dimension a\_| sels ‘
sample. sy Mg VB \RW /| ok - dimensional
- _ ‘model set
% v W \

This decomposition of the sample space takes a similar
form for‘gll regression techniques. The model set is the
same for all regressions. ¥Whét differs from one technique ta
another is the family of inverse images.h_1 (Z) of the
estimation function. The estimation function is determined
by the distance functioen, qé}qh in turn reflects the
assumptions of the model.

By having one‘global geometricAcharacterization that
enc;mpasses all regression‘techniqdeé, it is easy to compare
the dif?erent techniques with’each other. We have seen how

different assumptions lead the sample space to be decomposed -

_in different ways.
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8. . Conclusions

This paper has used geometric notions to analyze the
general class of single-eguation régnession estimations. It
has shown that regression estimation has a coﬁméﬁ geometric
structure within the sample space of.nxk matrices. It has
examined how regression esfimation techniques lead to variations

in the general geometric structure of the sample space.

—

¥
. In sum, we have seen the folloﬁing:

1) All regressions implicify define an estimation function
that maps the observed data matrix onto a point in a
subset of thé sample gpace consisting of matrices with
linearly dependenf columns. This subset is cqnnected,
non-linear and has dimension (n+l). (k-1). The non-
multicollinear points in this set form an (n+l) (k-1)-
dihensional manifold in RPXK | A1l points in the sample
space are uniqueiy decomposgd by a regression techniqué -
into two compon;nts, one on this subset, and one in the
inverse image of the estimatidn function. '

%
2) Multicolline§r matrices form an (n+2) (k-2)-dimensional

- m——

subset of the set of matrices wfth dependent columns. The

geometric properties of'the_multicollinear set are examined

with a view to correcting this problem if it occurs.”

.o

|
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3) Regression estimatigns are based on minimizing a distance
criterion. The minimum distanée criterion can.be justified
using the geometries of the distance function and the
distribution of the exror variables"® thhrrough their

-~

respective level curves.
4) The geometric structure of the sample set is used to
provide a proof for the solution of orthogonal regressior.
, .
All of these seem to be new results in the‘interpretatﬁpn
of regression analysis.

.

The paper .chows the wide variety of geometr{c shapes and
ﬂsurfaces_that occur in regression spaces, including lines,
hyperélanés, spheres, ellipsoids, and polyhedrons. The use'g&
these notions serves-té bring the process of regréssion to
life in a visual sense, and allows the reader to gain.an
intuitive feel foi how a regression technique works and how it~

differs from other regression techniques.

Further Research

There are a great number of avenues for research that could
be explored by applying a geometric approach. to regression

analysis. A few will now be suggested.”
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Geometric.analj%is_could be applied to multi-equation

since the basic structure is much thé isame. 1In

-

particular, the identifiability or non-identifiability of a

particular model could probably be glven a geometritc

interpretation in terms of the model set outlined in this paper.
'

2)

3)

The characterization of multicollinearity as a
concrete ‘subset "of -the sample space could perhaps be

developed into a test for multicollinearity. 1In

" practical apﬁﬁications, we never observe a matrix

thét is perfectiy multiéollinear.';Knowleége of the
multicollinear set éould be used to-define the set
of "almost" multicoliihear matrices as those that

are within some fixed.distance from the multicollinear

set.

New estimation procédures could be inspired by a
geometric approach. For example, the procedure for (’
estimétipg orthogonal regieséions is very cumbersome
and unintuitive since it involves the iterative
approximation of Characterisﬁic vectors and
characteristic values of a matrix. It may be-

L L]

possible to find an easier solution to orthogonal

.regression by geometric manipulation. If it were

possible to trahsform the sample spage such that
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the model.. set were made into a linear hyperplane,
while the distance structure remained the same, it

would be possible to solve orthogonal regression

with a simple orthbgonal projection,

‘The geometric structure of non-linear modelling

could be examined, with a viéw to providing a global
structure within which both linear and jon-linear

models could be examined.

-

g



- 133 - .

BIBLIOGRAPHY ’ ‘ ‘
' ) \

afriat, S. (1975). "Regression and Projection", in Studies in .
Correlation, G Tintner, P.D. Thionet and H. Strecker (editors)
Vanderhoech & Ruprecht, Goettingen.

Fisher, G.R. (1973). "A Coordinate Free Approach to Linear
Estimation in Econometrics", Chapter 15 in Special University
Lecture in Economics, University of London, October 1973.

Fisher, G. and McAleer, M. (1984).' "The Geometry of
Specification Error", Australian Journal of Statistics, Vol.
26, 'No. 3. C

Fréchet, Maurice (1953). Pages choisies d'analyse générale,
Gauthier-villars, Paris,

\/
Legendre, A.M. (1806) Nouvelles Methode£ pour la déterm1nat1on
des orbites des cométes, Paris, Fran?p: Courciler.

Guillemin,>V., and Pollack, A. (1974%.

Differential Topology,
Prentice-Hall, New Jersey. ’

Herr, David (1988) "On the Hist of the Use of Geometry in the
General Linear Model!", The American Statistician, Vol. 34, No.
1. .

Gauss, Carl F. (1857), Theory of the Motion of the Heavenly
Bodies..., trans. C.H. Davis, Boston: Little, Brown.

¢

Malinvaud, Edmond (1978) Statistical Methods of Econometrics,
North-Holland, Amsterdam.

-

Pindyck,'R.S. and Rubinfeld, D.L.. (1981). Econometric Models
and Economic Forecasts, Second Edition, McGraw-Hill, New York.

Pollock, D.S.G. (1979). The Algebra of Econometrics, Wiley, New
York. ' -

Rao, C. R. {1973). Linear Statistical Inference and Its
Applications, Second Edition, Wiley, New York.

Sastry, M.V.R. and Tintner, G. (1975). Multivariate Analysis,
Econometrics and Information Theory,"in Studies in Correlation,
G, Tintner, P.D. Thionet and H. Strecker(editors), Vandenhoeck
& Ruprecht, Goettingen. :




134

~Scheff&, Henry (1959). The Analysis of Variance, Wiley, New
York. ,

Taylor, Lester D. (1974). "Estimation by minimizing the sum of
absolute errors", in Frontiers in Econometrics, Academic Press,
New York. ‘






