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ABSTRACT

The probleﬁs of small and 1ar§e deflection of4long
rectangular plates resting on an elastic foundation with
both-sidés.clamped, both sides simply,suppo:ted and one
side clémped thg other side simply supported subjected to.
various loéding conditions. ( uniformly distributed load,.
hydrostatic load, parabolic load ana cosihe load ). All>'
loads treafed in this thesis are one dimensional in nature

‘and are assumed to be continuous along the long direction

of the plate.

fhé method of analysis is based.on thé smail parameter
pertubatioh technique to solve thé governing nonlinear
partial differenfial equations. Regulﬁé are improved by
successive approximations to the three displaceﬁent compénents
of a point on the middle pléne of tﬁe platé, Comparisoné are
made with existing results for unifbrmly loaded clamped long
rectangular plates. with small deflections. as well. as with
results for uniformly loaded simpiy supported long plates

with small and large deflections behaviour ;5 excellent



agreement is shown.

Design parameters such as the maximum deflection and’
maximum total stresses ( maximum bending stress plus maximum
membrane stress ) for long rectangular plates subjectea to
various loading and boundary conditions are'presented in the
form of tables for the small deflection ( linear ) analysis

and in the form of graphs for the large deflection nonlinear

anaiysis. Based on the analytical results obtained, the effect »*

of the elastic foundations on the small andllarge deflection

behaviour of long rectangular plates is discussed.
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. NOTATION

dimensions.of plate

flexural rigidity of plate Eh3/12(1-72)
modulus of elasticity of plate material
shear modulus

thicknéss of plate

elastic foundation reaction per unit area

per unit deflection

dimensibnless foundation modulus

bending and twi;ting moments per unit length
of plate

dimensionless bending and twisting moments
per unit length of plate

in-plane forces per unit length of plate
intensity of load '

dimensionless load

shearing forces per unit length of plate
plate aspect ratio a/b

displacement of point on middile plane of plate

parallel to X, y, z axes respectively
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N1

dimensionless‘di;placement components parallel
to X,y » Z axes respectively

dimensionless lateral displacement at Centre
of plate

rectangular cartesian coordinates
dimensionless cartesian coordinates
Poisson's ratio

undetermined constants

Laplacian operator

longitudinal and shearing strain components
extremé fibre bending and shearing stresses

dimensionless bending stresses and shearing

stresses
menbrane stresses in middle surface of plate
dimensionless stresses in middle surface of

plate

unknown integration constants
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CHAPTER 1

INTRODUCTION

l.l.. General

The bending éf thin flat plates has attracted the
attention of mathematicians and engineers since the formulation
of the theory by Lagrange and Navier in the early nineteenth
century. Though the literature since that time has been
-ponderous, it may bé said that in the majority of cases
it is impossible to find a relatively simple function which
will simultaneously satisfy both the governing differential
equation and the boundary_conditions, even for the simple
but important case of a uniform lateral load. Thus, Varioué
techniques have been developed for obtaining approximate
solutions té these problems. From an engineering view point

it would be desirable to :

(1) have solutions to all of these bending
problems readily available based on a unified method of
analysis regardless of the shape of the plate, the load

distribution on the plate, or its boundary conditions,’

-1 -



(2) extend these solutions for the bending
problems to the more difficult problems of combined bending

and stretching.

In this investigation, the intent embodied in both

of these statements is realized to a limited degree.

Solufions that coﬁsider only the bending of a plate
subjected to lateral loading are in the category of " small
deflection " theory and are characterized by their linear
load-deflection relations ; solutions that consider bending
as well as stretching §f the middle-surface of the plafe fall
into the regime of " large-deflection " theory and are distin-
guished by their nonlinear load-deflection relations. The im-
portance of the nonlinear theory can be attributed to the
fact that when this‘condition of " large-deflection " ig
realized, the plate is stiffer than indicated by the
classical theory. Thus, the design of load carrying members

based on the linear theory can be highly conservativg.

The long rectangular plate is a kind of plate which
has certain width but extends to 1nfin1te length in the otherg

two dlrectlons- They are frequently used as airport runways,

-2 -
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‘concrete slabs and mat foundations.

l.2. The Present Investigation

The main objective of this thesis is to make a

~ comprehensive study of the small and large deflection behavior

of long rectangular plates with and without elastic fbundations.'
A simﬁle and yet sufficientiy acéurate method based on the

small parameter pertubation technique is employed to analyze
such plates with different 1oading-and-boundary conditions with

and without elastic fbundation.

The inves£igation can be divided into essentially
five parts : the review of the work of previous investigators,
the development and verification of the method of analysis,
the application of the method of analysis to long réctangular
plates, numerical example, results, comparison of results and.

conclusions.

A brief literature survey is presented in Chapter 2.

The method of analysis used in this thesis is developed in

- Chapter 3. The major step in the analysis of long rectangular

plates with different loading ( uniformly distributed loading,

hydrostatic loading, parabolic loading and cosine loading )

-3 -
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and boundary conditions ('clemped both sides case, simply
supported both sides case and clamped one side and simply

supported the other side case ) are presented in Chapter 4.

A numerical example of a long rectangular plate clamped at

both 51des and w1th unlfbrmly distributed loadlng is solved

in detail in Chapter 5. Results, comparlsons and conclusions

are presented in Chapter 6.




CHAPTER 2
REVIEW OF THE PREVIOUS WORK

The problem of bending of plates resting on én elastic
fbundation:'has received 1essAattention than:the corresponding
problemvof beams resting on elastic foundations. Any meaningful
attempt to make a comprehensive analysis of the various nonlihear
plate theories that are now appearing in tﬁe literature might
well be the topic of a separate study. Here, we are content with
'restricting the discussion to the classical Von Karman the&ry,
noting that in the past several years this theory has been
extensively modified to include many effects of .engineering
interest, such as variable rigidity, small initial curvatures;
large amplitude vibrations and special tfpes of anisotropy.
However, little numerical data exist for these extended cases
as compared to the corresponding problems in the samll deflection

regime.

Concerning the manner in which the original equations
were obtained by Von Karman [ 1 1, Timoshenko [ 2 ] notes that
Kirchhoff and Clebsch were the first investigators to recognigze

the importance of stretching of the middle surface of a laterally

- 5.



loaded thin piate. The concept of the membrane stress.function
was introduced by A. Foppl in 1907 who studied large deflections
of " very thin " plates ~— i.e., membranes while Von Karman in
1910 removed the " véry thin " restriction and is responsible
for the final form of the equation which bears his name. It
appears that the only solution to these equations in rectangular
cartesian coordinates, ﬁhich in theory an exact solutiog is that

due to levy [[ 3 ] for uniformly loaded rectangular plates.

At present, a variety of approximate techniques are
available for solving the two fourth order Von Karman equationé.
An extensive, though not up-to date, bibliography has been

completed by Volmir [ 4 ] concerning this subject.

The following outline might result if one attempted:to
categorize the methods upon which approximate solutions to the
equations governing the large deflection behavior of plates are
based. Comments are made only when they might bear some relevance

to the methods to be used in this investigation.

Apprbadhes Based on Minimum Principles ¢ Perhaps the
most popular method in this category is the so called Ritz
energy method used successfully by Way [ 5 ] for the uniformly
loaded clamped rectangular plate and by Weil and Newmark L 61]

-6 -
* for large deflection problem with simply supported edges on

two sides



" for the uniformly loaded ciamped elliptical plafe. Application of
this technlque reduces the problem to findlng the’ solution of

simultaneously nonlinear algebraic equations.
———‘—‘—\_/"—/

Approaches Based on Flnlte Difference Equations :
Wang L 7,8 1 among others, has presented solutlon fbr 51mp1y
supported rectangular plates of various aspect ratios using
this method. He also has an extensive discussion of work done

prior to 1948,

Approaches Based on Approximate Differential Equatiops :
In this category, the method of Berger [ 9 ] for example in
which the second invariant of middle surface strains is
neglected in the expression for the total potential energy

of the system has been applied to a variety of problems.

Approaches Based on Successive Linearization :
In this category, the method normally chosen to obtain a
solution to the Von Karman equations is the perturbation
procedure, and it has been successfully applied in the
case of a uniform load to a variety of plate problems. For
the eimply supported eircular plafe, Stippes and Havsrath

[ 10 ] solve the governing fourth order equations using a

-7 -



'ﬁondimensionalized loading as the pertursation parameter. All
other inﬁestigators, considering only clamped edges, have uéed
‘a dimensionless central'deflection as their perturbation
parameter. In these instances, hOWever, it is desirable to
.replace one’ of the fburth order Von Karman equations by an
equlvalent set of two second order equations involving the

1n-plane displacements.



CHAPTER 3
FORMULATION OF EQUATTIONS

In thg apalysis of gmall deflection problemsvof eléstic
thin plates, the deflections of pPlates have been considered of
such magnitude that strain due to stretching of the middle
surface of the plate is negligible. When tﬁe deflections of
plates are moderately large, that is, in the neighborhood of
one half the plate thickness or more, the linear theory of
'thin plates is no longer applicable and the strain in the .

middle surface must be taken into account.

3.1. Introductory Comments on The Derivation of Governing

Equations

The usual method of establishing the governing differential
equations for the problems of solid mechanics consists of three
steps :

(1 5 Formulate the geometrical relatiqnship between
the strains; the displacements ané the derivations of
displacements. The derivations of displacements can be

physically interpreted as rotations or curvatures, but for

-9 -



brevity, relations of this.type are normally feferred to as

strain displacement equations.,

(2) Provide ( or assume ) a relationship betweén -the
stresses and strains. In the majority of cases this relation
will be linear — 'i.e., a Hooke's Law —— though this need

not always be the case.

(3) Consider the equilibrium of all forces acting
on an element of the body under in?estigation. For the static
analysis of load carrying members, eqﬁilibrium consists of .
equation to zero the forces and moments in the coordinate

—

directions.

Normally these three steps are combined to elimilate

the components of stress and strain.
3.2. Assumptions

Thoughout the theoretical work of linear and nonlinear

analyses, the following assumptions are made :

(1) Points which lie on a normal to themid-plane
of the undeflected plate lie on a normal to the mid-plane of

the deflected plate.

- 10 -~




( 2) The stresses normal to the mid-plane of the
plate, arising from the applied loading, are negligible in

comparison with the stresses in the plane of the plate.

(3) The deflection, w , of the plate is small

“ enough &o- that the first two assumptions stlll hold and

yet large enough so that the products of the in-plane forces
or their derivatives and the derivatives of w are of the same'

order of maguitude as the derivatives of the shear forces.

(4) Throughout the following analysis, the plate
is considered to be elastic and the foundation is considered
to be of the Winkler type, i. e., foundation reaction is

proportional to the deflection.

Also for the linear ( small deflection ) analysis
the forces in the middle pPlane of the plate is neglected

and this gives one additional assumption viz.

(5)  The mid-plane of the plate is a neutral
blane i.e., ény mid-plane stresses arising from the deflection

- of the plate ( into a non-developable surface ) is ignored.

3.3. Derivation of The Governing Equations

- 11 -



The non;linear partial differential eéuations.go§erhing
the 1argé deflection behavior of thin elastic plates were
first formulated by Von Karman. For plates resting on elastic
foundations, these equations can be expressed in terms of the
}_three displa§ement componeqts1u, v. and w ( parallel to the
rectangular coordinate axes X, y and respectively ) of a

point in the middle surface of the plate.

(1 5 Bquilibrium of the plate element in the % and v
directions.

Consider thelequilibrium of a small element cut out -
from the middle plane of the plate with sides dx and dy as

shown in Figure 3-1. Let N; , N§ and N;§ be the in-plane
forces per unit length of the plate.
. A .
Neglecting body forces and since @ and # are small

‘ ' .
(CosS P = COSP = 1) the equilibrium of the plate element

in the X and ¥ directions yield respectively ,

N—- N"—'- = O. ®000s0r0croncsccscsnre 3"‘ 1 )
Ky X + XYY - (

N—- e + N- - = 0. -.o-ooo-.o..o----oooo( 3 - 2 )
XysX YsY ‘

where the comma notation signifies differentiation.

-12 -



( 2) Equilibrium of the plate element in the z direction
The equilibrium in the z direction is obtained by coﬁsider—
ing separately the in-plane forces and lateral loads acting along
this direction.
- (A ) From Flgure 3—1., the net contrlbutlon of the

downward force by N- and ( N- + N- = dx ) in the plate element is
b

- - — 4
-N-dySIN¢+(N-+N--dx)dysIN¢...(3—3)
X x XyX

1
for small # and 4 ,

ceccccccctcscctccncncancsaa( 3 -4 )

R RS
SIN ? ) Wy

'y - - _ .___
SIS =Eg=g + ﬂ,i dx = Wit Wiz dx ....(3-5)
Substltute equations ( 3~4 ) and ( 3 - 5 ) into equation

(3-3 ) and neglect the hlgher—order terms, then we get

(N}—{ W,;‘D‘-{ ‘f' N - W,— ) dX dy .oocn----oooo( 3 - 6 )

fSimilarly, the net downward contribution of N§ and

( N- - N- = dy ) on the plate element is
Y Y,y

(N— Wy=—— + N" - Wy=~ ) d}-{ d- .-.o-uoon.--o( 3 - 7 )
y 'y Ty My Yoo

The net downward contribution for N§§ and

- 13 -



Y] 'Nv N
= *N_ _dy
1‘ Y Y'ydy
— % *Ngzg
Ny
No_ | dR ’ N'-- %
fp— LS
|
| ! |
| PN
0 | - I
. ! | X
, l
| |
0 .’ | 5
o N
N |
Ng +N, ~dX
ZY

- FIGURE 3-1 IN PLANE FORCES ON PLATE ELEMENT

-
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‘(<N§§ + N§§,§ dx )lon the plate element is ( highgr - order
terms are neglected )
= No- dy Wy= # (New 4 Nee - d% ) g9 ( Wym + wWy= dx )
xy ¥y Xy XY, X YWy Xy
Or (N—--—-W—— + N—--—W— ) d;{ d- .o.o-oo.;ouo( 3- 8 )
v nyxy ’,CY’X-,Y . YA S et

Similarly, the net downward contribution of N§§ and

( New 4+ Ne= -~ dy ) i
yx YX,y ¥ /18

(N——W—- + N-_-w- ) d;{ d— cn..o---oooo( 3-9 )
yx Uxy T,y R Y
Since N§§ = N§§ s and making use of equations ( 3 - 1 )

and ( 3 -2 ), the net downward contribution of all the in~plane
forces can be obtained by adding equations ( 3 - 6 ) through

(N= W,== 4+ 2 Ne= w,—— 4 N= Wy== ) dx dy ..( 3 - 10 )
x o= Xy "Xy Yy vy
( B) Forces in the z direction due to lateral loads
In Figure 3-2;, let Qi , Q; be the shear forces per unit
length, M; ’ M; and M§§ be the bending and twisting moments per

unit length, g the intensity of downward lateral load and k the

- 15 =



Q- . . /
X . .

D

FIGURE 3-2 MOMENT AND SHEAR £ ORCES ON PLATE ELEMENT

-
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foundation modulus the magnitude of which is proportional to the

deflection.

Neglecting the body forces of the plate element,

equilibrium in the downward direction( along the z axis ) gives:

(s + G+ q - kw)d®dy=0. ..ou(3-11)
: ’

K9 X

Y

By taking moments of all forces acting about an axis

parallel to the § axis and neglecting higher-order terms gives : .

‘or M-~

- Mo = = Qi = O. ®0esesc0ncsscesceseas ( 3~ 12 )

Similarly by taking moments about an axis parallel to

the x axis, we have

M-

'Y’-}-’

- M—— - — Q— = O. -.}-i‘.oouo-a-o.--o( 3 hand 13 )
Xy,X Y '

Now making use of the moments curvature relationships

[ 11 ] viz.

M-
X

- D ( W,-)—o—{ + Qw,-}-& )
-~ D ( w,§§ + Q\N,ii-)
D(1-1V) W,}—&

- 17 -



"and substituting into expressions ( 3 -~ 12 ) and ( 3~-13),

we get

T

]

¥

S o= D ( w,§§§ +. W,i&& ) .oa-o-oo--o-.-( 3 - 14 )

_D (w’§§.§+w,§;& ) '.;,.-.-..7......( .3-' 15 )

Now adding equations ( 3 - 10 ) o ( 3 - 11 ) gives the

equilibrium equation

in the vertical direétion due to the

combined action of the lateral and in-plane membrane forces.

Q- ~ . -
Xy X * QI-V,Y

+ g - kw + N- Wym= + 2 Ne— w,—-
' X 'xx Xy 'xy
4 N— W,—- = O: o.o-o---o--( 3 il 16 )
Y Yy

Substituting equations ( 3 - 14 ) and ( 3 - 15 ) into

equation ( 3 - 16 ) gives

D ( Wy=m——

=qg - kw +

+ 2 Wymeee 4 Wy )

xXyy

N= Wy== + 2 Ne= Wy=~ 4 N- W,
X 7xx Xy 'xy Y yy

etcecrcvacecsctcecscnceae( 3 =17 )

In terms of stresses, Equations ( 3 - 1 ) s (3~2)

~and ( 3 = 17 ) can be written as

- 18 -



-~ - T = = . ..;00....0.’..00..0.0.... fond
= = + = 0 . (3 .18)

oy mem  am Oo ®oo0co0scvcvscsvrrncee 3- 9
<Y’Y t ’ ’ ¢ 19
and D\;2V2w=q-kw+ h((-w-i--i-(-w--
‘ x x0T NY YR
'f' . 2 — “"—v) | .0’..0’-.00...0......’.( 3 - 20 )
IXW'W,XY :

To establish equations ( 3 - 18 ) s (3~19) and
(3-20) in terms of the displacement u, v and w of the
plate element, it is required to émploy the equations of plane

strain [ 12.] viz.

X 1 _ 02 ;{ +vé§ ) .0.-..0....0( 3 - 21 )
B '
q'§ = 1 2 (é'y' +Vé§ ) ooo.o...oo.o( 3 - 22 )
-y :
E
T-}C-y-' =m (;& .......ol...( 3 - 23 )

and the equations of compatibility [ 12 ] viz.

1 2
é}-{— u,}-{ + ‘—2— (‘AI’;c ) 0.00000000000-0( 3 - 24 )
' 1 2 ‘ : .
- = YV - ——— (W- ) .ooooo-oooo--oo( 3-25 )
€ 1Y 3 Y
—e— I ] e - W e= W = ..oooo.oo-.-( 3" 26 )
-CXY 'Y ¥ V’x + 1 X 5Y

Substituting equations ( 3 - 21 ) through ( 3 - 26 )

-

- 19 -
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into equations (3 - 18 ) -, (3-19)and (3~ 20 ), the three
general differential equations in terms of the displacements
U, Vv and w in rectangular cartesian coordinates governing

the large deflection of thin elastic plates are obtained:

1

u’-m-c -t w';cw 2= F V(¢ v,-x'fr + w’}-[ w,-}-& ) 4 ~-
(1-\7)(u’§—y+ vt w,;{w,-y?-!- w&w,-xy)
= 0. ..( 3-27)
Ves & WeiWo—— +\?(u-—+w-w-—) +-—1—
' YY Y JYY o Xy 91X S XY 2
( 1~ \h( Vi * u,—}& + s W * w’}-{ oS )
= 0. seeececcrctoccecccstncncaccassccnceal 3 = 28 )
DV2V2W=q'kW+ h{-ﬁ)—[u,;{-r-;—

2 1 2
(W’;{) +Q(V,§+—2—-(W’§))JW,:—D—{+

E 1 2
'—(—;WEV,-{,-PT(W’-}-’) +Q(u’§+

T(W-))]w-ﬁ-b -(—I—;T)-[u- +

- - W = W o= 0.0.0.-...‘0( 3 - 29 )
v’x * wsx ’YJ ' XY

To render the above equations ( 3 ~ 27 j » (3-28)

- 20 -
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-and (3 = 29 ) non~dimensional, the following dimensionless

ratios are introduced

x=‘§f ’ Y=—g-
h h
W= o , R = —-

With these dimensionless ratios, equations ( 3 - 27 ),

(3-28 } and ( 3 = 29 ) become

2 _
oU RE(1-V)U R( 1 A
o ( V) vy * (1+ 0V oy

2 52
2W W __ 4+ R(1 dWwo_w R
X LXX €1+ 1Y XYy *
1~ W _ W
(1-Vyw _w
= 0. oo..o..-oooooao-.o.o.o( 3~ 30 )

2
g - v R U
2R° V. + (1 \7), +(1+\?),

3
2R W W + R(1 Jw ow
+ Y LYY +V 1 X G XY

R(1-V)w w
+ R( \?,y’xx

= Q. ooooooo-.o.ooo-ooo,oo-o( 3~ 31 )

-
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T s

' 2 . 4
w 2R™ W R™W
9 XXX * T XYY + 1 YYYY

o1, 2 ) 1
~(RW )] w i 12[ RV —
3 'Y 3,,,0{*- . y * 2

?

' 2 ., 1, 2
PN V K
(Ri,‘y) +\7(U’x+-——-2(w )]

,X
RZ W + 12(1-V)RU_ & Vv 4
' YY 1Y 9 X
R W W R w .......‘..........'...~( 3 - 32'
' X ’Y] ' Xy )

Hence, the problem of large deflections of plates on
elastic foundations is reduced to finding the solutions to

equations ( 3« 30), (3-31) and (3~ 32 ).

3.4. Governing Differential Equation for Long Rectangular

Plates on Elastic Foundations

Xy X, u

2a
Y
I
S
<

- 2b = oo o

Fig.323 Iong Rectangular Plate with Coordinate Axes
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When the length of .a rectangular plate approaches
infinity as shown in Figure 3. then the ratio of the sides

of the plate R becomes

2a _ a -
R: T::;-: O.

 Substituting R = 0. into equations ( 3 - 30 ),(°3 = 31 )

and ( 3 ~ 32 ) . They become

U,}DC <+ w’x w’}o{ = O. -Q-A..oo.o..co.onco( 3 - 33 )
A = 0; .c.oabo-ao.ooooocoooooooo---n.o( 3 - 34 )
9 XX : '

w +KW.=Q+12[U +—l-<w')2]w

9 KXXX X 2 ' X s XX

oo.a.-o‘-co..-oo-o-( 3 - 35 )

Equations ( 3 ~ 33 ), (3-34) and ( 3 ~ 35 ) are the
governing differential equations for long rectangular plates

on elastic foundations.

3.5. Governing Differential Equation for Long Rectangular

Plates without Elastic Foundations

In this case, the ratio of the sides of the plate

R = 0. and the foundation modulus k = 0. (or K =0, ). with

oo
|

= 0. and K = 0. equations (3-30), (3-31) and ( 3 - 32 )
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.Ean‘be written in the form

U’}D{ + w’x W,}D{ = Oo onooo-‘.o.---"o-ooo.v( 3 - 36 )
V’m = O. .._..'................“.........( 3 - 37 ).
W = Q+ 120U+ Ly )2y

RIS = o o' S o R g ' X . 2 + X » XX

ceecerteiernennenaa( 3 - 38 )

Equations ( 3 - 36 ), (3~ 37 ) and ( 3 - 38 ) are the
governing differential equations for long rectangular plates

without elastic foundations.

Hencé the problem of small aﬁd large deflecfions of long
rectangular plates is reduced to finding a solution to the
appropriate governing differential equations ( 3 - 33 ) ’
(3-34), (13-35) or equations (3-36), (3-37)
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CHAPTER 4
METHOD OF SOLUTION

4.1.  The Perturbation Method

The small parémeter perturbation method is now used
to obtain the solutions to equations ( 3 - .33 ), (3-32),
(3-35), (3~ 36 ) (3~37)and (3 - 38 ) for the
linear and nonlinear deflections of long rectangular plates
with different loading and boundary conditions with'and

without the elastic foundations.

This method requires the expahsion of the displacement
components and the dimensionless load quantity in a power
seris of ascending powers of the dimensionless center

deflection parameter W6 ,Thus let

2 .
U—-52 WO + S4 WO + ®eocvcoe o--caoao.(4-1 )
2 4
V--t2 Wo + t4w° "' essveee .oo.oo-oo(4- 2 )
w =W W + w. W3 + w ws + csee l..l..( 4 - 3 )
1o 3 0o 5 0
Q= YFWw VFw3+ YFw5+ (4-4)
= i o«'- } o s o L socace
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2 ?_t4 3 eecees wl ’ w3 ,

w5 cesce. ’ are unknown functions of the dimensionless

] where 82, S4 ’ -.."aon t

coordinates of x which satisfy the boundary conditions of.

the plate. (i , (3 , ( ..... are unknown constants relafing

the dlmenslonless center deflectlon W to the dlmens1on1ess

load Q, and such constants are a measure of. the flex1b111ty
of the plate. The functlon F(x) , termed the load function
is determined from the pressure distribution and is subject

to the condition that F(0) =

Interpreted physically, only e&en powers of Wo are °
required in Equations ( 4 - 1 ) and (4 - 2) because a
change in sign of Ws s obtained by reversing the load, leaves
U and v unaltered regardless of the load distribution.
Similarly, only sdd powers of wo are required in Equations
(4-3)and (4-24) because a change in sign of Wb
corresponds to a change in sign of W and Q . Further, the
function So(x) and to(x) are absent from Equations ( 4 - 1 )
and ( 4 - 2 ) since they correspond to in~plane forces.
Since the only in-plane forces consi@ered here are these
thst.dévelop indirectiy due to the membrane effect, we‘must'

have Yy = VYo = 0. These expansions, Equations ( 4 - 1 ) to

- 26 -
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(4-24) are to be regardéd as asymptofic series rather
than as coﬁvergent power series. In practice, only the first
two or three terms of the expansions are utilized, ‘so that
the series may even be ultimately divergent without being
inefficient;

By definition, in order that the centér deflection

be Wb as defined, it is necessary to require that.
Wy (0)= 1.

Wo (0)

we (0) = ......= o,

4.2. Loading Conditions and Boundary Conditions

The four different loading conditions ( Figure 4 - 1. )
considered.are :

(1) TUniformly distributed loading

( 2 ) Hydrostatic loading

"( 3) Parabolic loading

(4) Cosine loading

The three different boundary conditions ( Figure 4 -~ 2. )
considered are :

(1) Clamped both sides

- 27 -




UNIFORMLY DISTRIBUTED LCAD
F(X)=1+X

m .y
-1 7 +1
"HYDROSTATIC ‘LOAD

« COF(X) = 1+%2
_mmm
P 3 .
PARABOLIC LOAD

F(X) =COS(xX/2)

-1 ; lz +1
COSINE LOAD

FIGURE 4-1 LOADING CONDITIONS

-
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X

LLLLLLLLLLL L2 A2/ 7 LLLLLLLLLLLYZ x = .|.1

— Y

ClII7P77777777777777777777777777. X=~ 1

CLAMPED ATBOTHSIDES

SIMPLY SUPPORTED AT BOTH SIDES

' X

LLLLLLLLL L L L2 Y 22227777 LLLLL S X = +‘|

~Y

N |

CLAMPED AT X= +1
~ SIMPLY SUPPORTED AT X=-1

FIGURE 4-2 BOUNDARY CONDITIONS
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(2)  Simply supported both sides
(3) Clamped at x = + 1'and simply supported at

X=—1.
4.3, Solution to the Small ( linear ) Deflection Problems

- For the linear small deflection problems, only the

first order of WB need be considered

(1 5 Without the elastic foundations

Substituting Equations (4-1), k 4 - 2) and
(4-3)intoEquations(3—36),(3-37)and(3-—.38)
.and equating_coefficiénts of the terms containing W; y We
obtain the following differential equation governing the
small deflection problem of iong recfangular plates without

elastic supporte.

F ...0'....'......'.....l......( 4 ot 5 )

wi,xxxx= 1

To solve the linear small deflection problem of long
rectangular plates without the elastic foundations, it is
. required to substitute the loading conditions into Equations
(4~ 5) and integrate Equation ( 4 ~ 5 ) directly . The |
constants of integration are then evaluated‘by the substitution

of the appropriate boundary conditions .
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(A)  Ioading Conditions
(a) Uniformly distributeg load

1.

n

In this case F
Substituting F = 1. into equation( 4 -~ 5 ) yields

w. h/‘ -‘oo-...o‘o.oooalooo---.oou(.4- 6 )

By direct Successive integrate Equation ( 4 -6 ),

vields
1 4 1 3 1 2 .
Wl—- —2—4—-b'lx + TAX + -—2—-.BX + Cx 4 T
ooo.-.oo.on..-o( 4" 7)
(b ) Hydrostatic load
In this case F=1 4 x
Substituting F = 1 4+ x into equation( 4 - 5 ),
yields
Wl, = ( 1 + X )Xl 0.0--00000( 4 Ll 8 )
By successive integrations Equation ( 4 - 8,
yields
-1 5 1 4 1 3
e ol I o e

o, -%-sz -+ Cx + T -0000(4‘-9 )

( ¢ ) Parabolic load
In this case F=1 4+ x

Substituting F = 1 + x2 inte equation ( 4 - 5 ),

- 31 - ' .



yields

2
Wl, = ( 1 + X )Tl 0-.0.-....0( 4 - 10 )

By successive integrations Equation ( 4 ~ 10 ),gives

3
W, = 360 B’x + b’x + —-6--Ax
+ -—-21— Bx2 + Cx -+ T c.o'.voc( 4 id 11 )

k d ) Cosine load

In this case F = cos (ﬁ72)x ' !

Substitufing F = cosz (ﬁ7g)x ¥ into equation
(4-5), yields o

Wl, =6,l COos (—'T/Z)X 'l ) -.o-ooo-( 4 -12 )

By successive integrations Equation ( 4 ~ 12 ),gives

w, = (2/ +w 2)4cos ("/2)x | + ~%— Ax3
- R R R T

( B) Boundary Conditions of.Long Rectangular Plates
(a) Clamped both sides ( Associated boundary

conditions )

Wl’x = o. ’ X = - 1.
‘I‘Il = 0. 9 X = :'_' 1.
Wl = 1. P} X == Oo
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(b) Simply supported both sides ( Associated

boundary conditions )

W = O , Cx=T,
w . o= 0, , ox=ta,
Wl = 1. 9 X = O.

(c) Clamped at x = + 1. and simply supported

at x = - 1. ( Associated boundary conditions)

wi,x A; 0. s X =+ l,
wi,xx-= 0. ’ X =~1,
Wy = 0. ’ X =.t 1.
w, = L. , S x= 0.

(2 5 With the elastic foundation modulus.

Substituting Equations (4-1), (4= 2) ’ f 4-3)
and ( 4 -~ 4 ) into Equations ( 3 - 33 ) 9 (3~34) and
(3-35 ) and equating coefficients of the terms containing
WB s then we obtain the following differential equation

governing the small deflection problem of long plates with

elastic support

- 33 - -




+ Kw =-Y F ’....-O..'........‘.(4-‘14 )

w 1 1

1,00

Since Equation ( 4 - 14 ) is linear differential
equation with constant coefficients, the general solution of
the differential gquation can eaéily be obtained.

| | 'E"A )  Ioading Conditions
(a 5 Uniformly distributed load

In this case F

1.

Substituting F = 1. into eqiation ( 4 - 14 )

yields
wl, . + kwl = (1 oo...oo..o.( 4-.15 )
By successive integrations Equation ( 4 - 15 ),
yields
w, = eQx[ Acos(Qx) + Bsin(Qx) ]
+ e—QXE Ccos(Qx) + Tsin(Qx) ]
+ ((1 / K ) ...........‘.’..(’4- 16 )
(b ) Hydrostatic load
In this case F =1 + x
Substituting F =1 + x into equation ( 4 <1 4 )
yields
= oe - 1
wi, + Ky (1 (1 + x).(4 7)
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By successive integrations Equation ( 4 - 17 ),

yields

W, o= eth Acos{Qx) + Bsin(Qx) 1

+ e~Qxf Ccos(Qx) + Tsin(Qx) 1

V1 V1
o -—I{—.x + "'_K- v-o-o----o-.(4"' 18 )

( ¢ ) "Parabolic load
In this case F = 1 + x

1+ %2 into Equation ( 4 ~ 14 )

Substituting F
yields

w.

_ 2

1
By successive integrations Equation ( 4 ~ 19 ),

yields

W, = e¥[ Acos(ax) + Bsin(Qx) ]

+ e~QXf Ccos(Qx) + Tsin(ax) ] 5

¥i 2 ¥y
+ TX -+ "-]E— o-..--.ap-(4‘"‘20 )

t d ) Cosine load ,
In this case F = cos (7/2)x % |
Substituting F = cos (¥/2)x f into Equation
(4-12), yields

4+ Kw = (1COS(T'-/2)X !1' 00..-( 4~ 21 )

v 1

1
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By successive integrations Equation ( 4 ~ 21 ),
yields

W= eQXt Acos(Qx) + Bsin(Qx) ]

+ &P Coostax) + Tsin(ax) ]
£
CC 720

+ ) cos( 1.0708x )

+ K1

‘..c.co.ooo-.--o-.o.}( 4 - 22 )

f A - (B) Boundary Conditions
(a ) Clamped both sides ( Associated

boundary conditions )

.Wi,x = 0. ’ X = - 1.
Wy = 0. ’ X = j 1.
W, = 1. 9 X = 0.

(b ) Simply supported both sides ( Associated

boundary conditions )

Wl,m = 0. ) ) X = - 10
Wl = 0. Py X = i 1.
Wl = l- ) X = o.
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(c) Clamped at x = 4 1 and simply supported
at x = - 1 ( Associated Boun&ary

conditions )

. wi,x = 0. | . ’ ' X = 4 1,
Wi,xk = 0. . ’ X = = 1.

LWy = 1. s X = f 1.
Wi = 1, _ ;, » X = 0.

4.4. Solution to the Large Deflection Problems

For the nonlinear large deflection problem we have to

consider the second and third order of W6

(1) Without the elastic foundations

Substituting Equations ( 4 = 1 ) and ( 4 - 3 ) into
Equations f 3-36) and ( 3 - 37 ) and equating coefficients
of the terms containing Wg » We obtain the following
differentiallequations governing the in-plane force without
elastic foundations
| 0 eeceireceenneenec( 4 =23 )

Sz,xx + wl,x w1,xx

t = 0. ....oo.o.oonto.o.c-ocooocaac( 4 - 24 ) '
24XX .

- Substituting Equations (4 ~1), (4-2), (4=3)
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and ( 4 ~ 4 ) into Equations (3~38) ang collecting

coefficients of Wi s We obtain the following differential

‘equation governing the first nonlinear term of the lateral

displacement for long plates without elastic foundations.

W
3,3oexx

- 2
= b’BF + 12 wl,xx[ s;_,,X + T(wl,x)J

.-.o'o-o--o-.o-oo-..-.( 4 - 25 )

To solve the nonlinear large deflection problem of

boundary conditions into the Equations ( 4 -~ 23 ) ang ¢ 4~ 25)

(4~ 23) ang (4~ 25), Substitution of the

results in a set of simultaneoys equations from which all the

constants of integration can be determined.

f .

yields

) Ioading Conditions .
( a ) Uniformly distributed load

In this case F = 1.

]

Substituting F = 1. into Equation- ( 4 - 25 )

| . 1 2
W3’ = X3 + 12wl,}QCE SZ,X + T(W )°]

..o.oooo-o-c---.oo-ooo( 4 hand 26 )

By successive integration give

- 38 -
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Wy = -é]-'d-(N*-t- -—i‘—-cz)b’lxs + -l-16—-(N
+ _:ZLCZ)AX5 + [-—-]2-'-(N + -—%—-CZJB
+ Jx + L cevecseccecncnceaal 4 ~ 27 )»

(b ) Hydrostatic load
In this case F= 1 4+ x

Substituting F =1 + x into Equation ( 4 -~ 24 )

yields
LY (3( 1+ x) + 12wl’xx[ Sy x
+ _.:él..( wl',x)zj corecsneccnneeeal 4~ 28)
By successive integrationf Equation ( 4 - 28 )
give:
Wy, = =i (N 4+ —=c?) Xlx7 + ~€%—( N

3 T 7420 2
1 2 6 1 1.2
t I 4 [ (N 4 —5-C7A

1 5 1 1.2
+-——(3]x +-E“'2"'(N +-—2—C)B

120
1 4 1.3 1.2
o P
+ JX + L .o..--o-.o.---o-no-( 4‘- 29 )

( ¢ ) Parabolic load

- 39 -
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In this case F = ] + x

il

Substituting F =1 + x° into Equation ( 4 - 25 )

yields
Y3 e = 3’3( 1 4+ %) 4 12W1,xxE 32’x
+ = - )2] seeeeeeenn (4230 )
By successive integrationﬁ‘Equgtion (4~ 30 )
give
| w3=—fsl'§o—(N+-%—-C2)b'lx8+[-6%—(N
+ _%__Cz) b’l + 320 3Jx6 + —-1-15-.(1-\r
+ —%—CZ)AkS + [-:2L—-(N + ——EZL-CZ)B
+ --;47- (3]x4' + é‘ 3 4 ~%—-Ixz
+ X 4+ L secccecercctccennee( 4~ 31 )
t d ) Cosine load
In this case F = cos ( "/2)x !
Substituting F = cos (W/s)y '? + 12 wl,xx[ 32’X
o S b IR PR,
By successive intergrétioﬁ Equation ( 4 - 32 )
give

- 40 ~
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iy = {b’3( 2/3.1416 )* 4+ 12 ¥, ( 2/3.1416 )°

[h’i( 16/3.1416° ) o+ —;—-CZ + N ]}

cos( T2)x |+ =L ¥ 2 16/3.1416° )

+ =% 4 N A 4 <L ¥ 2 16/3.1016%
1 2 4 1 3 1 2
+ Jx + L ..9....-..-.‘.'0...( 4 -~ 33 )

( B) Boundary Conditions
(a) Clamped both sides ( Associated
boundary conditions )

* +

52 = 0. ) x = _ 1.
w3,x= 0. | ’ X = j 1.
Wy = 0. s X = : 1.
Wy = 0. ’ x = 0.

(b ) Simply supported both sides

( Associated boundary conditions )

+

S = O. ? X = 10

I +

1.

- 41 - 5
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+

w = o‘ ) - X = Oo.

(c) Clamped at x =+ 1. and simply supported .

at x == 1. ( Associated Youndary

conditions )
s, = o. , x = T,
w3,x = Qe . s X = 4 1,
w3,xx = 0. ’ X = = 1. .
Y3 = 0. ’ X = t 1.
Wa = 0. ’ X = 0.

(2) With the elastic foundations

‘Substituting Equations ( 4 - 1 )y (4-2), (4=-3)

A X iwm s

and(4-4)intoEqua’cions(3-33)and(3—34)and
by following much the same pProcedure as outlined for without
elastic foundatidns the following differential equations
govefning the in-plané di.splacement components of the 1on<j
recfangular plates with elastic support are obtained

S ) + w. W, ) = .Oo oo..ac‘oo.;ocoo( 4 bl 34 )
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tZ}D{ .= 0. . ‘-oqooo.ooo;ooo-n-n.-oooooo;(4-.35 )
?

Also, the differential equation governing the first

noﬁlinear term of the lateral displacement of the long plates

with elastic foundations can be obtained as follows :

R/
3,30

+ Kw3 = B'BF + 12 wi,xxE-s2,x 1,x

o....oo.o.ooo.oo..o.u.cono-o( 4 fand 36 )

Substitute the boundary conditions into the general

solution of the differential equations results in a set of

simultaneous equations from which the constants of integration

namely G,H,I,J,L can be determined

yields

vields

(A) Ioading Conditions
(a) Uniformly distributed load

In this case F

1.

Substituting F = 1. into Equation ( 4 - 3§ )

"symooc * KWy = Vg4 12w L S2,%
1 2 :
-+ —2—-( Wl,x ) ] o-o--o.( 4 b 37 )

By successive integrations Equation ( 4 - 37 )

-

( Here Y = 24[ ( AT - BC )o% 4+ N 7 Q)
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yields

gives

Wy = eQx[iHcos(Qx) + Iéin(Qx)A]
~Qx. - . '
~+ e [ Jcos(Qx) + Lsin(Qx) ]

+ -{%— Yx [(B 4+ A)estin(Qx) - (B —'A)eoxcos(Qx)

S+ (C - T)e'—?xsin(Ox) - (C+ T)e-qxcos(Qx)] + _rk_s__

.........Q.'.Q.l..‘.......( 4 - 38 )

(b ) Hydrostatic load
In this case F=1 4 x

Substituting F = 1 + x into Equation ( 4 - 36 )

wb, + K wy = 5'3(1 + x) 4+ 12 wi,xxE Sz,x
+ —-1—-( w. )2J -.o....-.-.o( 4 - 39 )

- By successive integrations Equation ( 4 - 39 ),

wy = e[ Heos(@x) + TIsin(ax) ]

+ €[ Jeos(x) + ILein(Qx) ]

4 == Yx [(B + A)ePsin(ax) ~ (B - 2)ePeos (ax)

+ (€ = D Tein@0) - (€ + T3 Peos (ax) ]

Xg ¥3
o+ TX -+ T ...........(4-40 )

. Y :
Here Y = 24f (AT -~ BC) 0% 4+ N - 4 -%‘-(—kl-)ZJ/ Q

- 44 -



( c ) Pardbolic load
In this case F =1 «+ x2

]

Substituting F = 1 + x° into Equation ( 4 - 36 )

yields -
W + Kw, = ¥ (1 +" x° ’) + 12w
3, xxxx 3 3 : l,xx
1 42
£ SZ,X + "-2—'( Wl,x ) J ooc-oo( 4 - 41)
By successive integrations Equation ( 4 - 41 )
yields {. ¢
ox : )
Wy = e [ Heos(Qx) + Isin(Qx) ] i
. '.7

+ e-QX[ Jeos(Qx) + Lsin(Qx) ]

fovtis T e

+ 'ilé' Yx[(B + A)eqxsin(Qx)

B - Me¥eos(@x) + (C - T Fsin(an)

TSI

(Cc+ T)e-Qxcos(Qx) 1 + —Eé-xz + —6-;_(31..

¥
+YQ_1- oooooaooo-oo..o..oo.(4-42 )

K2
Here Y = 24[(AT - BC) @2 + N ] / Q

(d) Cosine load
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In this casé F = cos( 1.0708X )
Substituting F = cos ( 1.0708x ) into Equation
(4 -.36) yields

w

300 ¢ Kw - (3cgs( 1.0708x ) 4+ 12 -

.’oo.o( 4 - 43 )

By successive integrations Equation ( 4 -43 ) -
give
Wy, = e [ Heos(Qx) + Isin(Qx) ]
~-Qx .
+ e [ Jeos(Qx) + Lsin(Qx) ]

¥3
+
{ [C 3.1416/2 )* 4 K]

2
3[ (AT - BC) Q4 +N] 3.141626’1)}
LC 3.1416/2 )* 4+ K]

cos ( 1.0708x )} «+ -{%—YXE(B + A)estin(Qx)

- 8- MePeos(@x) + (C - T Zsin(ox)

- (C 4 T)e-Qxcos(Qx)] eeveane( 4 = 44 )

Here Y = 24[(AT - BC) @2 + N ]/ Q

( A) Boundary Conditions
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Ca)

32 =
wg’x =
wy =
Wy, o=
(b)

32 =
W3,xx=
wy o=
wy o=
(c)

32 =
wé,x =

Clamped both sides (- Associated

boundary conditions )

O. B x =_1.
0. ’ X = j 1.
0. ’ X = t 1.
O. ’  x = o0.

Simply supported both sides

( Associated'boundary conditions )

+

0. ’ x =_1.
0. . ,; X = f 1.
0. , T x = j 1.
O. . ’ X = _ 0.

Clamped at x = + 1 and simply supported
at x = -~ 1 ( Associated boundary

conditions )

+

0. ’ X = 10

0. : 9 X =+l.

- 47 ~ i
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Y3y = 00 ) x=-1
W3 = O. ‘ ’ x = : 1.
w3 = _0. .9 X = 0.

: Clbsed.fbrm solutions for various loading and boﬁndary
conditions of long rectangular plates considered in this

1 52 and Wa

thesis ; i.e., the complete expressions of w
are liéted for reference in Appendix A and the complete

expressions off1 and,?r3 are listed for reference in Appendix B.

4.5, Displacements and Stress Relationships

It is well known that, in the theory of thin plates the
bending moment and stresses can be expressed in terms of the
displacements. In rectangular coordinates ¥ and ¥ , the
relation between displacements u,'v and w and the plate moments

can be expressed as :

(1) Bending Moments :

5
n

.- D( w,-}Q-C+ VW’-y? ) 000000.00-00000(4-45 )

= o -—oum omtepd LA X W AW I Y 4- 46
M§ | D( w,yy + v W,xx ) ( | )

87

IVI-Y;{: D(l-v )w;{; .o-.oa-o.oooooo(4-47)

?
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(2) Stresses Due to Bending

« a2

L (W-‘- + v W o= )9.0..0( 4- 48)
* 2(1-9%) o 244 3
< - - Eh (w + Vw ) |

= - - - -~ —— o.o-oo( 4""'. 49)
Y o 2(1-y%) oW X -
=4 201 -2 ) XY '

(3 ) Membrane Stresses =

' E 1 2
(f;c T._-F {u,;{ + —2—( W =) + v L V,'-
+ -%-(W— )2]} ....0.-.-...0.00-..(4— 51)

Y 1-y% Y 2 )
1 2
+ —2—-( W’-}—{ ) ] } .ooo.-o-oooooo...-o( 4"' 52)

Xy - 2( 1 = V) Y sX 1 X LY

By using the dimensionless ratio previously outlined
and the following additional dimensionless ratios for moments,

bending stresses and membrane stresses, viz.
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X : Eh4: o.o..o-.oq-.(4-' 54 )

M = lw— oo.-..ooo.on( 4- 55 )
Y En* Y

6a -
M = IVI——‘ ...l.....'....('4_ 56 )

” . 2 2 n ‘
d = (1 o ) a ¢- -o-o.--ooooo( 4 - 57 )

X Eh2 X
<" = (l Ld 02) a2 . _'-' .ooo.o.o.ooo( 4 - 58 )
y 2 ¥
©
2 -
11 1 H
-C = 2 -c —— .o.a.o.-o.oo( 4 - 59 ) ::
Xy Gh2 Xy %
: e
.f;‘é
: 2y 2 ' 2
[ 1 - ' 2
q’x = ( 02 ) a ;C oco-o-ooo’.c( 4 - 60 ) Q:;
Eh - oy
£
4
2, 2 | 5
' 1 ~ t . 2
<y = ( 92 ) a . § ..'l...-c...'.( 4 - 61 ) Ef
En »
>
! a ]
= —-'-_—-‘E—"' ®ssscecevnce 4 -
T, =T ( 62 )

Equations ( 4 -~ 45 ) to ( 4 -~ 53 ) can be rewrite in the

dimensionless forms as follows :
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Mo = -[W_ "4+ VR%W ]

x ' XX »YY
Mo = ~L[R°W_ 4 Vw_ ]
y 1YY XX
M = _—GE-LE_V_)_.'RW

Xy Gh>. . ' Xy

.;..‘...( 4
........( 4

....ll‘l( 4

.t = RW ©000000c00ccc0ccavesne 4
Xy ' XY ¢
v 1,2

q = Up t v ) -l-\)[RV’y

L —%— RZ( w )2] ocoo..oooooo-( 4
’
: 1 .2 2
= RV ~ R°(w_) U
«y 'Y + 2 ’Y + VL 1 X

= RU + V "RW W
TXY Y ax+ 2 X

Y

......I.l....( 4

.0000..(.4

~ 63

For long rectangular plates b = 0o and the ratio of the

- 5] -

Y SV

Ra Yt YL X E NP N

RYET \-’ki‘/‘:\_



plate becomes R = 0. Substituting R = 0. into Equatibns

(4-63) through ( 4 - 71 )

M
X

Substituting Equations (4= 1), (4-2) and

into Equations ( 4 - 72 ) through ( 4 -~ 80 ) yield the

-W’E{ o.c.oo..o..lo.oo-o..oo.o( 4- 72 )
] - vw’}cx ) ?....li...........o...--( 4
6. o.oo.--co.-oo.oo-o.-o.ooo( 4
1 .
- -2—- w’m{ .ooo.oooo-.o-..-o-o( 4
1 :
- '—2— Vw’m ..oo.o.ooooooao-o-.c( 4
0. ooooooo---.o.o--o--( 4
1 2
U,x + _2' (w, ) : o-.onun..oc( 4
' 1 2 |
V[ U,x + _é_ (W, ) ] o--ooo( 4
V’x o.oooo‘too.oooo-ooa-ooo.o( 4

(4-3)

relationships among the moments, bending stresses, membrane

stresses and the perturbation parameter Wb
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e

0.

o.

s XX O 3,xx

3
+ W3,)CX WO + coece ] -o'o( 4

3

w3,}D{ WO 4+ occe ] oo-( 4

.........l...o.-...o..-...o.( 4

we

B’JQ{ o + .0] ...( 4

3

w 4+ W WO + oo]no--( 4

......-‘..‘.000..--...?.....( 4

1 2.2
) wo P N .

2 .2
Wooo]' o-o.( 4

Ooo......-.....f..uooo.tna.( 4‘
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CHAPTER 5

NUMERICAL EXAMPIE AND USE THE DEFLECTION
AND STRESS CURVES FOR DESIGN
5.1. A Tyéical Wéy fo Fipd Wy s 52, and W,
A long rectangular thin plate clamped at both sides
with uniformly distributed loading and resting on an elastic
foundation is used as a numerical éxample to show in detail

the step refined to calculate the displacemgnt functions w.,

1 (,

52, and wg . | ;f
. 3

(1) From Equation ( 4 - 14 ) Chapter 4 , 2.
| ¢

Wy + Kw = B’lF : : : >(
For uniformly distributed loading F = 1. ' N
. L‘:'

_ , - %

R = ®0600c0cesssveccse - "f
Wy + Kw, =¥, (5-1) , .

This is a nonhomogeneous differential equation with

. constant coefficients and the right hand side is a constant Y&

Rewrite Equation ( 5 -1 ) ..

( D‘4 + K ) wl = (1 .o'oo--ooo.oo.o.oc( 5 L 2 )

The complete solution of -Equation ( 5 - 2 ) will be
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- Here w, = is complementary function

Wlp

(A) Find out the complementary function w

is particular integral

lc

The associated homogeneous equation of Equation ( 5 -« 2 )

is

1
or
iet 4

qg = K

then Equation ( 5 = 4 ) becomes

.o.-o-c.o..occooooooo.( 5 - 3 )

.oo.yo..-oooo..o.o..o.( 5 b 4 )

.- . q4 - o.
D4 = -q4 =(-1)q4 iiz q4 .-..0--.(5—5)
. . 1.07084
P 1 = e
. .2 3.14161 (6.2832n - 3.1416)i
o o 1 = e = e

2 e(6.2832n ~ 3.1416)i

Substituting i° =

(5-5), yields

D

4 (6.2832n - 3.1416)i 4
= e q

°or _ [(6.2832n-3.1416)/4]1 .
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et t s

=Lcos(™/4) + isin(T/4) Iq

=(/Z/2)q - i ( /77 2)q

n=1o

(3T :
D2=e(3'/4)1q

=L cos(37/4) + isin(37/4)]q

== (/Z/20q + i (/57 2)q

n=2o

b ol ST/ AL

=[cos(57"/4) + i sin( 57 / 4 )]q
== (/T/2)q - i (/37 2)q
n=30

b=l T/ 4) i

4
=Lcos(7/4) & isin( 77/ 4)]q

= (/2/2)q - i (/Z/ 2)q

Then the two sets of conjugate complex roots of.

Equation ( 5 = 6 ) are
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{ ( /272 g + i( /T/ 2 )q
(V/272)q - iC /37 2 )q

{ - /272 + it /77 2 )q
-0 /27 2)g -~ i( L2/ 2 )q

- The complementary function is

w o= eV EIE 2y B /o) 4 Bsin( /Tax /2) ]

- e-ﬁqX/ 2[ Ccos( /T ax /2) + Tsin(/2qx /2) ]

Iet Q =f2‘q/2'

8]

s

: 5

W, = eQXE Acos(Qx) + Bsin(Qx) ] 30
71

+ e E CCOS(QX) + TSlanx‘) J -.-...oono( 5 - 7 ) .4,"
. ::(E
il
(B) Find out the particular integral 7

. ’ . G{i
Assume the particular integral ﬂfi
_ 2

w. = ¢ ( ¢ is a constant ) : -ff
1p ol

Substituting wlp = ¢ into Equation ( 5 - 2 ), yields
K¢ = (1
¢ = %’1 / K

The particular integral is.

-—57— -
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Wlp = {1 / K ’ ....feaooott-....o.a;..o.( 5 - 8 )

From Equation ( 5~ 7 ) and ( 5= 8 ) ,' the éomplete'

solution is

w1 = wlc‘* Wlp

L}

e ¥[ Acos( Qx ) + Bsin(ax ) 1

~*PT Ceos( @x ) 4 Tsin( ax ) ]

- (l / K n-o.o..on-o-oo..oo..ooo( 5 - 9 )
From Equation ( 5 - 9 ), the following derivatives

yield

Qx 2,

W = e Q[ cos(x) - sin(x) ] A 5

1ox o : _§§<

+ e Q[ cos(x) + sin(x) 1B i)

~e Q[ cos(Qx) + sin(ox) 1c ‘;‘

+e L cos(@x) ~ sin(ax) ] T &

a;

0

. ..v-.........'l.l.I..'.I( 5 - lo )' %;

W = 2% sin( ax ) + 2e%a%B cos( Qx ) 3
l,xx

-Qx .2 2

+2e QCsin( Qx ) - 2e‘QXQ cos( Qx )

...."................-.( 5 - 11 )
(2) From Equation ( 4 - 23 ) Chapter 4

- SZ,XX = T MLx Y,
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e ez

Substituting Equations ( 5~ 10 ) and ( 5 - 11 ) into
the above Equation , yields |

Qx

cos(Qx) sin(Qx) - e2QX

sin> (ax) ]

3§ 2. 2
sz’m-zcz{A[e

~AB[ e2QXcosz(Qx) - e2Qxcos((bc) sin(Qx) ] |
~AC[ cos(ax) Sin(ax) ~ sin(Qx) ]
+AT[ cosz(Qx) ~ cos(Qx) sin(Qx) ]

+AB[ e2QXcos (Qx) sin(Qx) + eZstin?((Qx) 1

-B2E ezoxcoéz(Q}c) + e Peos (@x) sin(Qx) ]
-BCL cos(Qx) sin(Qx) + sin®(Qx) ] 2
2 . 3
+BT[ cos“(Qx) + cos(Qx) sin(Qx) ] 3!
_ 24
~AC[ sin®(0x) + cos(ax) sin(Qx) ] g
+BC[ cos(Qx) sin(Qx) + cos?(Qx) ] 74
oh
+070 %5102 (ax) + &2 cos (ax) sin(Qx) ] ;’7‘
S ‘Ef
~CT[ e-ZQxcos((bc) sin(Qx) + e-ZQxcosz(Qx) ] ?’

 +AT[ cos(Qx) sin(Qx) - sinz(Qx) ]

-BT[ cosz(Qx) ~ cos(Qx) sin(Qx) ]

Qx

~CT[ 2o (ax) sin(Qx) - e-Zstin2(Cb{) ]

~-20x 2

+T2[ e cos?(Qx) - e~ Qxcos(Qx) sin(Qx) ]}

.-...-..t.....o.-..-..u--..( 5 - 14 )
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By direct successive integrate Equation ( 5 -~ 14 ),

yields
52 = ~ (Q/8)( A2 + 2AB - B2 ) e2QX cos( 20x )
+ (Q/8)( c? . 2CT - 2 ) é-qu cos( 2Qx )
- (/a)( 2% 4 B2 ) 2=
+ (Q/2)( 2 4 12 ) o2
+ (@/8)C 2% = 2B = B%) ™ gin( 20x )
+ (@/8)( @ 4 20T - %) &2 Sin( 2ax )
+((Q/2)( AC - BT ) sin( 2Qx )
_ :
- (Q/2)( AT + BC ) cos( 20x ) i
e
i
+ EX + N .-co-.o--.ooo-o..---.o-( 5 - 15 ) .‘i
0
2%
_J'\
(3) From Equation ( 4 ~25 ) Chapter 4 20
' 1 5 5é
= v—— (:2
wg, + K Wy v 3F + 12 wl,xx[S2,x + (wl’x) 1 Q;
z
-o-o.oo.--ooo--..u.-.oo.(5 band 16 ) :’35

7

This is a nonhomogeneous differential equation with
constant coefficients and the right hand side is a function
of x. So the complementary function will be the same form

as Equation ( 5 ~ 1 ), but the particular integral will not

be the same.
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(A) The complementary function is

Wy = e[ Heos( Qx)) 4+ Tsin( ax ) ]
+ e'Qx[ Joos( Qx ) 4 Lsin( Qx ) ]

..’ao...o.--.ooo.o.-( 5 - 16 )

( B) Find out the particular integral

From Equations ( 5~ 10 ) and ( 5 ~ 14 )

1 2 2
Sz,x + —Z—-(Wl,x) = (AT - BC)Q". + N

.o.o.a.-.o.on.o--o..( 5 haad 17 )
Substituting Equations ( 5 - 11 ) and ( 5 = 17 ) into

Equation ( 5 - 16 ), yields )

: _ 2 2 Qx . e
w3,’ + Kw3 = (3 + 24[ (AT - BC)Q + NIQ°[ -Ae "sin(Qx) ffD.;'
+ BeQxcos (Qx) + Ce_stin(Qx) - T X ”W
. :.z,:
04
COS(QX)] 'o-fcoo.oo( 5 - 18 ) :S g
' iz
Assume the particular integral as ,3 7(
. ' g
' Y
w, = x[ 55 esintax) + TT eFeos(Qx) 27

3p
' + UUe-m{sin(Qx) + VVe-Qxcos(Qx)] + PP

o.oo-..-o...oo.--.-.( 5 - 19 )

w = 8S estin(Qx) + TT eQxcos(Qx) + UUe-QXsin(Qx)
+ W e Feos (Ox)

Substituting wsinto Equation ( 5 - 19 ), we get
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or

D°w, = xD°w + 2Dw
S . S

.3 2
D = .
. WSP ‘ x D ws ,+-_ 3D ws

‘DT w =x.D4w +4D3w
s s

D" w = —4Q4x[ ss eQXsin(Qx) + TT eQxcos(Qx)

+ UUe—stin(Qx) + VV-e-QXcos(Qx)]

Qx

+8Q3[ -5S e sin(Qx) + SS eQxcos(Cbc)

- TT7 eoxcos (Qx) - TT estin(Qx)
+ UU e-oxsin(Qx) + UU e—Qxcos (ax)

+ VVe-QXcos(Qx) - VVe"stin(Qx)]

o..o.o.ao.ooc-ooooi( 5 had 20 )

Substituting Equation ( 5 -~ 20 ) into Equation ( 5 - 16 )

yields '

~20%T 35 ePsin(ax) + TT ePeos (Qx)

Qx

+ U e “sin(ax) + VVe-Qxcos(Ox)J

+8Q3E( ~SS = TT )estin(Qx) - (8s-~1TT )eQxcos(Qx)

- ( UU - VV‘)e'-(ksin(Q'x) - ( UU+ VV )e—Qxcos(Qx)]

Qx

- Kx[ SS e Fsin(Qx) + TT eQXcos(Qx)

stin(Qx) + VVe-Qxcos(Qx)] + KPP

Qx

+ UU e
=¥, + 24[(aT - BC)Q? + N1QZ[ ~Aesin(Qx)

Qx Qx

+ Be Tcos(Qx) + Cem Fsin(x) - Te Feos(Qx)l..( 5-21)
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Let Y = 24[(aT -~ BA)Q® + N] / Q

For all real numbers X, 1f and only if

- YA 8( =SS ~ TT )

n

YB = 8( Ss-1Tr) -
Y = 8( UU- W)

KPP:Y?’

Solving these equations, we get

1 .
SS = —16—Y(B + A) o..-.oooo.oooaooa.( 5 - 22 )

TT = e ——l-—Y(B - A) .oo.no-oooao-ooo-o( 5 - 23 )

16

1 . '
UU = TG—-Y(C - T) .oo.o-o...o..c.o-.( 5 - 24 )

Wz:-—LY(C+T) o.-oo...ooc.-.--o-( 5—25)

16

K .oo..o-.oo.oooco-.( 5 band 26 )

Substituting Equations (5 ~22 ), (5~23), (5~ 24 ),
(5-~25 5 and ( 5~ 26 ) into Equations ( 5 = 19 ), we get the

particular integral as following
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¥3

3 — + —116-'Yx[(B + A)eoxsin(Qx)

5
]

- (B - A)eQxcos(Qx) + (C = T)e-stin(Qx)

- (C 4+ T)e—Qxcos(Qx)] evcescscccscea( 5= 27 )

- From Equation ( 5 -~ 16 ) and ( 5 - 27 ) we get the .
complete solution of Equation ( 5 - 16 )

wy, = e Hoos(x) + Tsin(ox) 7

+ e-QXE Jeos(Qx) 4+ Lsin(Qx) ]

+ —lle—Yx[(B + A)eoxsin(Qx) - (B .- A)eoxcos(Qx)
. )
: {
+ (C - T)e-stin(Qx) - (C+ T)e—Qxcos(Qx)] *‘
Ys. -’; :’;:;

+ o — .'...........'...l.l..l"...( 5- 28)

.
K P

From Equation ( 5 - 28 ), the following derivatives

[T

yield :" M

w = Q[ eQchos(Qx) - eostin(Qx) | Vf

3’x - ;_' "] ;
+ eQxIcos (=) + eQxIsin (ax)
- e“QXJcos (ax) - e-QXJsin (Qx)

+ e Preos(ax) - e PFrsin(ax) ]

+ --11:6-Y {2Qx[ eQXAcos(Qx) + eQXBsin(Qx)

+ e-QXCcos(Qx) + e"QxDsin(Qx)]
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+ [(B+ _A)eox_sin(Qx) - (B = A)eTcos (ax)

+ €= DePintax) - (c4 T)e-QXcos(Qx)]}

ooo.-oooo.oo..ooo.--.-ooo( 5 - 29 )

W3 e = 207 -eo"as_i_ncog) + e®Icos(ax)
* € Pasin(an) - & rgin(ax) 7
+ ¥ { % «Pacos(a0) - Pasin(en)
+ e®Beos(@) + «sin (Gx)
- e.-Qchos(Qx) - e‘Q"cSinfox)
+ P rcos(ax) — e Prsin(ax) ]

+ 2Q[ eQxAcos (x) + eQstin(Qx)

+ e-QXCcos(Qx) + e-stin(Qx)]

..o............-.-co..l..c( 5 fand 30 )

(4) Using the boundary concitions to solve A,B,C,T

b’l,N,G,H,I,J,L, and ¥,

Boundary Condition 1.

= 0. ' x =4 1.
Wl,x' ? .

eQE cosQ - sinQ )A + e-Q( cosQ 4+ sinQ )B

- - e % cos@ + sin@ )C + e cosQ - sinQ )T - 0.

o.oooooo.o--o.oo..-ooo-.-o( 5 - 31 )
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Boundary. Condition 2.

wl,x = 0. ! x = -1°,

e-Q( cosQ + SinQ )A 4+ e cosq ~ sinQ )B
~e%( cosq - sinQ )C + e%( cosa + sinQ )T

= 0. ceseceeieciitiiieniiiea( 5 =32 )

Boundary Condition 3.

w.

1 = 0. ’ X = + 1.
- - (
AchosQ + BerinQ + Ce QcosQ 4+ Te QsinQ + —Ki-
= 0. cc.o.ooa’o-ooco-oo..oo.o.( 5 ‘-'33 ) o
3,
i
Boundary Condition 4. ‘ f f
e
| | ¥ S
Ae—QcosQ - Be QsinQ + CchosQ - TerinQ + —1—<1—- ’g
3y
= O. oo.o-.coooo.ooonoooconco( 5 - 34 ) ..)"’:
12
| 5t
Boundary Condition 5. 7
Wl = l. ’ X = Oc
1 4
A + C'l'—T{]'.- = 1- oo--o.ooooo...-n.o-( 5 - 35 )

Boundary Condition 6.

S = 0. ’ X = <+ 1.
2




N + G _ ‘
= -.é_.Q( a2 + 2AB - B2 )e2Qcos(2Q)
- ..é_.Q( 2 . 2CT - p? )e-ZQcos(ZQ)
o+ —i-QC a2 . g2 )e2? - %Q( S )e—2
- = 2% oap - w2 )e?%in(20)

- _é..Q( c® 4+ 201 - 7 ) %40(20)

- ~:-2L-Q( AC - BT )sin(2Q) + —%—Q'( AT 4 BC )cos(2Q)

Q.......Q..0.0.0......( 5 - 36 )

Boundary Condition 7.

Wt aa e

32 = 0. ’ X = =1, E
-N + G

= 2a0 2?4 28 - 82 )e®os2q) z{

- .%_Q( c® - 207 - T2 )e-2QCOS(2Q) k’,c
+ -}I—Q( a2 4 g2 328 . -‘ll-Q( c® 4+ 12 )22 ;77
+ -%-Q( A2 _ OAB - B2 )e2Qsin(2Q) f
+ -é-Q( c? + 2CT =~ T )e-ZQsin(2Q) ]

- -%..Q( AC — BT )sin(2Q) + —%-Q( AT 4+ BC )cos(2Q)

co...o..-o.o.oo..n...-.o‘ 5 - 37 )

Boundary Condition 8.

W, = 0. ’ X + l.

3,x
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eQ( cosQ - 8inQ )H ¢+ eQ( cosQ + sinQ )T
-Q; . -, . .
- e ( cosQ + sinQ JJ 4+ e ( cosQ - sinQ I

~ =¥ ¥ Acos + Bsin ) + ¥ CoosQ + Tsing )]

- Y {%(B + M)sing = (B - A)cosq ]

Q. | '

+ e [(C =~ T)sinQ - (C + T)cosQ] }

.‘...'.....‘...........( 5 - 38 )
Boundary Condition 9.
w3’x = 0. =, X = -1..
-Q , -Q, - .
e (cosQ+ sinQ JH 4+ e ('cosQ - sinQ )T

- eQ( cosQ - sinQ )T + eQ( cosQ + sinQ )L

= —é- ¥ €% AcosQ - BsinQ ) + e2( CcosQ ~ Tsing )]

+ ]éQ ¥[ e Q(B + A)sinQ + é-Q(B - A)cosQ ]

+ eQKC - T)sinQ + eX(C + T)cosQ ] .

..l................-...( 5- 39 )

Boundary Condition 10..
Wy = 0. ’ X = 4+ 1.

- - Y
eQHcosQ + eQIsinQ + e QJcosQ + e QLsinQ + -—K3—
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-~

= - -J%Y {eQ[(B + A)sinQ - (B - A)cosQ]
+ ¢ 0C - Dsing - (C 4 T)cosQ]}

o.oo.ooo.-o.-.-‘a.-aoo( 5 - 40 )

Boundary Condition 11.

W3 = 0. . 9 X = "'1.
e-QHcosQ - e-QIsinQ + eQJcosQ. - eQLsinQ + LK%—

- -T]'G—Y { e—QE(B + A)sinQ = (B - A)cosQ]

+ eQ[-(C - T)sinQ -~ (C 4 T)cosQ]

noooo.oooqoo.o-ooo-oo( 5 -~ 41 )

Boundary Condition 12.

w3=0. ’ x = 0.

H - J -+ T = O. .oooo-.c-oooooooooo( 5 b 42 )

( 5) Computer Analysis

Equations ( 5 - 31 ). through ( 5 = 42 ) are written in
matrix form and designated as the [A] matrix, and [C] matrix
with the following elements

A(1,1) = eQ( cosQ - sinQ )
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.Av(1,2) = e.Q( cosQ + sinQ )
» 6(1,3) = -~ cosQ + sinQ )
A(1,2) = & d
’ = e ( cosQ - sinQ )
A1y o Qo
A(2,1) = e ( cosQ + sinQ )
-Q y
A(2,2) = e ( cosQ - sinQ )
. Q .
A(2,3) = -e ( cosQ - sinQ )
y N Q .
A(2,4) = e( cosQ + sinQ )

' Q . ’
A(3,1) = e cosQ ,-.'f
- .
A(3, 2) =-e S:LnQ wn
L |
A(3,3) = e cosQ il
| . | :
A(3;4) = e sinQ o)
L : , o]
AG3,5) = 1/K o 5

A1) = e %osa

A(4,2) = ~e"%inQ

chosQ

I

A(4,3)

-e%inq

A(4,4)

A(4,5) = 1/K
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A(s,l) = 1.

A(5,2) = o,
A(5,3) = 1,
A(s,gg = o.
A(5,5) = 1/K
| A(6,6) = 1.
AG6,7) = 1.

A(7,6) =-~1.

A(7,7) = 1,
A(8,8) = eQ( cosQ = sinQ )
A(8,9) = e2( cosQ + sinQ )
A(8,10) = -2 cosQ + sinQ )
A(8,11) = e~ cosQ - sinq )
A(9,8) = & cosQ + sinQ )
-Q .
A(9,9) = e ( cosQ - sinQ )
) .
A(9,10) = ~-e( cosQ - sinQ )
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A(9,11) = eQ( cosQ + sinQ ).
- Q o
A(10,8) = e cosQ
P _ Q.
A(10,9) = e sinQ
A(10,10) = ¢ %osq
A(10,11) = & %ing

: A(lo,lz) = 1/K

A(11,8) = e %os®
A(11,9) = -e “sinQ W
- g
A(11,10) = e%asQ ﬁ;%
B 4 2 i ;
A(11,11) = e sinQ ol
- i
A(11,12) = 1 / K a0
‘ T
- )7
7

A(12,9) = oO.
A(12,10) = 1.
A(12,11) = o.

A(12,12) = 1/K
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Note : A_(’1,5) through A(1,12), A(2,5) through A(2,12),
A(3,6) through A'(3,12), A(zi,s) through A(4,12), A(5,6) through
A(5,12), A(6,1) through A(6,5), A(6,8) through A(6,12), A(7,1)
through AE7,55, Ak7,8) through A(7,12), A(8,1) through A(s,7),
A(9?l) through A2§,7), A(10,1) throﬁgh A(10,7), A(1151) through.

A(11,7), A(i2,1) fhroﬁgh A(12,7) are all zero.

c) = o.
c = o.
c3 = o.
cf4) = 0.
cs) = 1.
C6) = (1/8)0(r22aB-52)e20s (20)

~ (1/8)a(c2-20r-T2) e~ 20 (20)

+ W22 & (1/1)0(cRr?)e~2R
- (1/8)aa22a8-5%)e2%1n (20)

- (1/8)a(c+2c7-12)e P10 (20)

- (1/2)Q(AC-BT)sin(2Q)

+ t1/2)Q(AT+BC)cos(2Q)

) = (1/8)a%2nB-52)e o5 (20)
- (1/8)Q(c®~20T-1%)e?%0s (20)
- s waaedE)e® - a/aaciir?)e?

+ (1/8)aa%-248-82)e~ %10 (20)
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+ (1/8)(C%4207-12) %10 (20)
+ (1/2)Q(AE-BT)sin (2Q)

+ '(1/ 2 5Q(AT+BC) cos (2Q)

c() = ~-(1/ 8 )VYEeQ (AcosQ#BsinQ5+e-Q( CcosQ+TsinQ)]
~(1/16)¥(1/Q) X[ (B+A)sinQ- (B-A)cosQl

+&~ [ (C-T) sinQ- (C+T) cosal

C(19) (1/8)Y[e-Q(AcosQ+BsinQ)—eQ(CcosQ—TsinQ)]
+(1/16)Y(1/Q) & [ (B+A)sin0-(B-A)cosQ]

+e3[ (C=T)sinQ- (C+T) cosQ]

é.(lO.) = ~(1/16)Y eQ[ (B+A)sinQ- (B~A)cosQ]

—-e-Q[ (C-T)sinQ~(C+T)cosQ ]

Clil) =-4(1/16)Y & [ (B-A)sinQs (B-A)cosa]

+eQ[ (C-T)sinQ~(C+T)cosQ ]

c12) = o.

(:6 ) Answer : Substituting the values of A,B,C,T,

-

¥ ,N,6,H,T,3,L, ¥, back into Bquations ( 5- 9),( 5 - 15)

and ( 5~ 28 ), we get ( for K = 20.)

W= - 0.49e1'49xcos( 1.49x )

~ 04264 %5in( 1.49% )
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~1.49x% 1.49x

~0.49¢ cos(1.49%) + 0.42¢" sin(1.49x)

+1.98

S, = =0.08e2"%%05(2.08x) + 0.08e=2* %% oq (2. 98x)

- 6e

~0.156""""% 4 0.15e 0.0 sin(2.98x)

~0.06e2* %% 531 (2.98x) + 0.315in(2.98x) + 1.54x

149X i (1. 49%)

~0.44" 4% 05 (1.49%) - 0.45¢ 14911 (1. 49%)

~0.56xe”** X gin (1.49%) - 0.03xel*49%

W, = -0.44e1'49xcos(1.49x)'+ 0.45e

cos (1.49x%)

~0.56xe™ " *5in(1.49%) - 0.03xe™** ¥ cos (1.49x) g

-o.osxe“1'49XEos(1.49x) + 0.89 i

TAUALITaCY

(7) For the same loading and boundary conditions

LA Alns

but without elastic foundation

This is the limiting case where the foundation modulus

N AN ALV O

M
i
3
3.
b]
]
A
1

K is reduced to zero. Substitute K = 0. into all the above

equations and follow the same proceduce, Wy 32, and Wy

for plates without elastic foundations are obtained as

follows :
w, = x4 - 2x2 + 1
1
w3 =»0.24x§ - 0.48x4 + O.24x2
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- 5.2. Applications

Once the three functions W)y S, ‘and Wy ( and the
constants b’l and 0’3 ) have been determined, they are most-
conveniently used when they are substituted into the

original power series - expansions i.ed,

w
ua _ O 42
2 - SZ(T) LN X .-o.o;oo.( 5-49)
h
w .
_%7_ = ho 3 ho see c.( 5‘ 50)
4
92 ¥ Yo T Yo 3 )

Where qo represents the load intensity at the origin

of the coordinate system. Equation ( 5 - 51 ) is the nonlinear
load deflection relation which characterize the large deflection
problem. Each term in the right hand side of this equation may
be thought of as a resistance to deflection on the gz dlrectlon.
The first texm represents flexural resistance ; the second

term represents the restraining action due to the membrane
effect. For small deflectlons, the membrane term is negllglble,

for large enough deflections, thlS term is predominant.

N While a plot of the load - deflection relation is
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useful in that it shows at what point the nonlinear theory
deviates from the Classical theory, it is normally the stress
that governs the design of a load carr&ing member. For" long "
rectangular plates, the shear stress vanishes everywhere and
the dimensionless membrane and bending stress components are

obtained from

' w
q

o
X ( h

" 1 wb wb 3 : .
< _—2{( -+ )w3,m]......< 5. 53)

. While the stresses in the Y direction are related to

2 1 2 '
)[Sz,x'l'—z"'(w )J 0..00-(5"52)

these above through the Poisson's ratio.

A L I Y

The membrane stress, always tensile, is a constant for

any value of ( W / h ). This fact is most easily seen by ?
i

I

noting that in Equation ( 5 - 52 ), the quantity inside the 5
4

square brackets represents a first integral of )
' ’

s2,xx * wi,xWi,xx ;

which from Equ.(4-34) is equal to zero. Thus the quantity inside

the square brackets in Equ.(5-52) is independent of coordinate x.

Also, this first integral is a measure of the strain

of the middle surface of the " long " rectangular plate ;
- 77 -
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the larger this first integral is , the more the plate is

stretched.

The bending stress, as expected, depends on the
coordinate x. The largest value of the bending stress may
be determined by the usual procedures.governing maxima and

minima of functions of a single variable.

The total stress, the sum of the membrane and bending
sﬁresses wiil attain its maximum value on the convex side of
the plate when the bending stress is tensile.

5.3. Typical Numerical Example .

Consider a long rectangular steel plate 50 in. wide

SXITAAGTNaY

and half in. thick having the material properties V = 0.3 i 7
S e
and E = 30,000,000 p.s.i. A total load of 500 1b/in 10
oS
07
corresponds to q = 10 p.s.i. for both the uniform and ) ji
4
;o
hydrostatic case. For the nondimensionlized loading, ‘ g
i !
a* 4 2 -
% 10(25)(12) (1 - 3°)
= = = 4 = 22.75
h 30(10)°(1/2)

From the curves, first read: the dimensionléss central
deflection wb/h and the dimensionless total stress S, and

then computes the actural total stress G;. The results are

- 78 -
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from the linear theory appearing in parathese )

- summarized as follows ( with the stress magnitudes obtained

Yo
— S ( p.S.i.
B X X
Case 1
F=1 0.69 3.39 44,700 ( 50,000 )
Clamped both sides
Case 2
P=1
Simply supported 1.07 1.85 24,400 ( 75,000 )
both sides
Case 3
F=1 .
Clamped at x = +1 0.86 3.99 52,600 ( 75,000 )
& Simply supported
atx =~ 1
Case 4
F=14+%x 0.69 4.07 53,600 ( 60,000 )
Clamped both sides
Case 5 .
F=14+x X :
.0 2.11 27,800 ( 77,000 )
Simply supported 1.07 ? ’
both sides

- 79 -

A0 AasmIana [aSS Y RY

2 Sivenen

N AL



P

Here, use has been made of the relation

2 A 6 2
‘EhS_ 30(10)°(1/2) S,

<ﬁx = 2

a’(1 = 32) (25)2(1 - 0.32)

The same numerical example has been worked by

. Timoshenko and Woinowsky-Krieger ( p. 16 ) for case 1

( the plate with both sides clamped subjected to a uniform
load ). The value of the maximum stress obtained from the
solution of the perturbed equations ( 44,700 p.s.i. ) is

within 1 % of the value reported by these authors

( 45,000 p.s.i. ).
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CHAPTER 6
RESULTS AND COMPARISON OF RESULTS

The problem of small and large deflections and total
stresses of long rectangular plates with or without elastic
support has been solved by using the small parameter

perturbation technique.

All necessary computational work was programmed in
Fortran IV for the IBM 360/65 . To guard against round-off
errors, double precision arithmatic was used in all computa-

tions. A typical computer program coded in Fortran IV is

given in the Appendix C.

Numerical results for maximum deflections and stresses

are presented in the form of tables for the linear analysis.
Such results, wherever possible are compared with available

data in the technical literature.

6.1. Linear Analysis — Deflections and Stresses

For clamped both sides, simply supported both sides

and clamped one side, simply supported the other side long

- 8] -~
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rectanqular plates Wlth unifbrmly distributed loads (F=1 ),
hydrostatic loads ( F = 1 + x ), parabolic loads (F=14 X2 )
and cosine loads F = cos( /2 )x respectively, with or Without
the elastic foundations, the coefficients of the maximum
..deflectlon are tabulated in Table 6 - 1. and the dimen51onless
stress coeffiCients for center and maximum points are tabulated

in Table 6 -~ 2.

Discussion and comparison of results

From Table 6 - l., it can be seen that the influence
-of elastic support in reducing the magnitude of the maximum
deflection of the long rectangular plate decreases as the
foundation modulus increases. Furthermore, the results also
show that the elastic support is more effectiue,in reducing
the maximum deflection for long rectangular plates simply
supported both sides case than in the other two boundary
conditions ( clamped both sides, clamped one side end simply
supported the other side ), when the dimensionless elastic
foundation modulus increases, for all loading conditions
considered._Fbr example, fof simply supported long rectengular
plates, when the foundation modulus K changes from 0. to 20.,

with parabolic load ( F = 1 + x° ) the reduction in the |
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maximum deflection is 81.2 %, whereas the corrésponding
reduction in the maximum deflection with the same loading

condition, but clamped at both sides is only 39.6 %.°

It can also be observed that, thé location of the
maximum defleCtioh‘points obtained from the small deflection
énalysis is always at the center ( x = 0. ) of the plate, for
plates clamped on both sides and simply supported on both
sides with uniformly distributed, parabolic and cosine
loadings. The reason is because the uniformly distributed
ioading, parabolic loading and cosine loadings are all
lsymmetrical with respect to the Y axis. With the same
boundary conditions but with hydrostatic loadings, the
location of points of maximum defléction are displaced

towards x = + 1 side when foundation modulus increases.

AVWADY varvvaw A

In the éase of long plates clamped at one side and simply

NMANWVTILO Ao AliSuiTi AN

supporfed on the other side, the maximum deflection points
are not at the center when K is equal to zero and they
shift toward x = + 1 side when the dimensionless foundation
meodulus K increases for all the four.kinds of loading
conditions considered. For examplé, for clamped ( x = +1)

and simply supported ( x = - 1 ) long rectangular plates

- 83 -




vy

- load (F =14+ x

with hydrostatic loadings the maximum deflection point is at
X = - 0.11 when the dimensionless foundation modulus XK = 0.
and the maximum deflection point is at x = + 0.13 when the

dimensionless foundation modulus K = 100.

Fbr long‘réctangular plates clamped on both sides or
simpl? supported on both sides subjected to a uniformly
distributed load, it can be seen that results for maximum
deflections in Table 6 - 1. are in exact agreement with

those obtained by Timoshenko [ 2 ] using a series solution.

It can be observed from Table 6 ~ 2. that, the
influence of elastic support ‘in reducing the magnitude of
the bending stresses of long rectangular plates decreases
as the foundation modulus increases. Furthermore, the results
also show that the elastic support is mofe effective in
reducing the bending stresses at the cénter than the maximum
bending stresses. This is to be expected since the elastic
support reaction is proportional to the lateral deflection
and hence most effective at the plate center. For instance,
for the clamped long rectanéular plate, when the dimensionless
foundation modulus K changes from 0. to 100. with parabolic

2 ), the reduction in the center bending
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stress is 84 %, whereas the corresponding reduétion in the
maximum bending stress is 65.4 %. But there is an exception.
in simply supported both sides case with cosine loading

because the maximum bending stress is at the center.

For the clamped b&th'siaes and simply'suppoftéd both
sides long rectangular thin plate with uniformly distributed
load, resuits for maximum stresses in Table 6 - 2. are in
exact agreement with those obtained by Timoshenko L 2]

using a series solution.

6.2. Nonlinear Analysis — Deflection and Total Stresses

Fbr long rectangular plates clamped at both sides
and with uniformly distributed loads, hydrostatic loads,

parabolic loads and cosine loads with and without the

AV WENY ™MV A

elastic foundation modulus, the variation of the dimensionless

NMANNTAIAO Ao ALiSUITAALNINY

maximum deflection with thebdimensionless load are plotted
in Figure 6 - 1., Figure 6 - 2., Figure 6 - 3., Figure 6 - 4.
respectively. Also the variation of the maximum total
dimensionless stresses produced by the effect of both
bending and stretching of the plate with the dimensionless

load are plotted in Figure 6 ~ 5., Figure 6 - 6., Figure 6 - 7.
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and Figure 6 - 8. respectively.

For simply supportéd both sides long rectangular thin
plate with uniformly distributed load, hydrostatic load,
parabolic load and cosine ioad with and without the elastic
~ ‘foundation modulué, the variation of the dimensionless
maximﬁm deflection with the dimensionless load are plotted
in Figure 6 - 9., Figure 6 - 10., Figure 6 ~ 11. and Figure
6 - 12. respectively. Also the variation of the maximum total
dimensionless streéses produced by the effect of both bending
‘and stretching of the.plate with the dimensionless load are
plotted in Figure 6 - 13., Figure 6 - 14., Figure 6 - 15., and

Figure 6 -~ 16. respectively.

- For clamped at one side and simply supported at the
other side long rectangular plate with uﬁifbrmly distributed
load, hydrostatic load, parabolic load and cosine load with
and without the elastic foundation support, the variation of
the dimensionless maximum deflection with the dimensionless
load are plotted in Figure 6 - 17., Figure 6 - 18.; Figure
6 - 19. and Figure 6 - 20. fespectively. Also the variation

of the maximum total dimensionless stresses produced by the

- 86 -

MANNTIIO Ao aa

STUTAANNIO

WV A

Adwxanry



‘effect of both bending and stretching of the plate with the
dimensionless load are plotted in Figure 6 - 21., Figure

6 - 22., Figure 6 - 23. and Figure 6 -~ 24. respectively.
Discussion and comparison of results.

From tﬂe deflection against load curves ( Figure
6 -~ 1. through Figure 6 - 4., Figure 6 - 9. through Figure
6 - 12., and Figure 6 - 17. through Figure 6 -~ 20. ), it
‘can be seen that the maximum deflection starts to deviate
notably from‘linear theory, when the dimensionless deflection
exceeds 0.25 . This means that the elementary 1ineér plate
theory would not be sufficiently accurate once the ratio of
the maximum deflection to the thickness of the plate exceeds
this valﬁe. For a simply supported both sides long rectangular
plate with uniformly distributed load and with the different

values of the dimensionless elastic foundation modulus, K= 0.,

c
Z
<
1
)
0
o
£
0
4
9
a
2
2
>

K = 20., K = 40. and K = 80. Comparison is made with the
results obtained by S. N. Sinha [ 12 ]. Curves plotted in

Figure 6 ~ 9. show very good agreement.

For a given loading and boundary conditions, the

maximum deflection decreases as the foundation modulus
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increases. This is to be expected since the effect of the
elastic support is to reduce the lateral pressure on the
plate. Also, as the foundation modulus increases, the
influence of the nonlinear term for deflection decreases.
.Henqe the large déflecfion.cgrves tend to become relatively
ﬁore lineaf és the values ofvthe foundation ﬁodulus become

higher.

No data in the literature are as yet available for
stresses of long rectangular plates with the same loading

.and boundary concitions and hence comparison is not possible

for stress values. g
. S 05
From the total stress against load curves ( Figure ?g
6 - 5. through Figufe 6 - 8., Figure 6 - 21. through Figure ;g
6 - 24. ), for all plates clamped on botﬁ sides, one side 65
clamped and the other side simply supported, are fpr all g‘
>

loading conditions and foundation moduli considered, the
maximum total stress occurs at the clamped side écting in
the x direction ( Figure 3 - 3. ). This stress being much
larger than the total stress at the center of the plate

would therefore govern the relevant design requirements.
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On the other hapd, in simply supported both sides
case, the maximum total stress points do not occur at the
same points; for uniform distributed load ( Figure 6 - 13 )
they change from x = 0. to x = T O 65 , when K incresed
vfrom 0. to 100., for hydrostatlc loading ( Flgure 6 - 14 )
they change from x = + 0.14 to x = + 0.31 s When K incresed
from O..to 100., for parabolic loading ( Figure 6 — 15 ),
they change from x = ¥ 0.43 to x = ¥ 0.70 , when K incresed
from 0. to 100., for cosine loading they aiways occur at the

center of the plate.

It may be noted that the curves representing the
total stress in clamped both sides, simply supported both
sides and simply supported one side clamped the.other side
are essentially linear until the dimensionless total stress
ratio reaches about 3.0 , 1.20 and 3.0 respectively. Beyond
such'ratios; the relationships become noticeably non-linears;
thus the range of applicability of the small deflection

theory can be readily predicted from such graphs.

The effect of the foundation modulus on the bending

stresses is significant, especially in reducing the bending
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stress in simply supported both sides case.
6.3. Conclusions

From the analysis of long rectangular plates with or
without elastic support by the successive approximations

method, the following conclusions may be drawn :

(1) For clamped both sides and simply supported
both sides long rectangular plates with no elastic support,
the perturbation method yields results which closely agree

with existing values by other investigators.
( 2 ) Maximum deflection of the long rectangular
plate decreases with an increases in the foundation modulus.

( 3 ) The elastic support is more effective in reducing

the maximum deflection in simply supported both sides case
than in the other two boundary conditions considered viz.,

~— clamped both sides case and clamped at x = + 1 , simply
supported at x = ~ 1 case.
( 4) Vhen the loading function are symmetrically

placed with respect to the axis of the long rectangular plate,

the maximum deflection points from both the small and large
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f

‘deflection analysis are always on the axis of the long

rectangular plate.

(5) VWhen the loading function are not symmetrically
placed with respect to the axis of the long rectangular plate,
. the maximhm,deflection points always shift to x' = + 1 side

when the foundation modulus K increases.

(6 ) The maximum total stress of the long rectangular

Plate decreases with an increases in the foundation modulus.

(7Y The large deflection of long rectangular plates

becomes increasing linear as foundation modulus increases.

c
’ z
( 8) The total stress for long rectanqular plates é
. : ¢
)
occurs at x = + 1 side when the boundary conditions are 3%
. 23
clamped both sides and clamped at x = + 1 , simply supported of
4 78
tx=-1. »
at X ) 33
( 9 ) The total stress of long rectangular plates ;
>

becomes increasing linear as foundation modulus increases.
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Table 6-1. Coefficient

long rectangular plate from small deflection analysis

for maximum deflection for

- qa -2
wﬁax = W 5 (10 %)

Boundary Loading | Uniformly ' Hydrostatic | Parabolic | Cosine
Condi~ Condi~ Loading Loading Ioading . | Loading
tions ‘tions F=1 F=l+x 5 F=cos (/2)x

F=1+x
* .
K =0 4.16667 4.18733 4.72222 3.52490
- * X = 0. X=0.05 X = O. X = Oo
K = 20 2.52303 2.55250 2.85025 2.14473
- ° X = O. X=0.08 X = O. X = Oo
K = 40 1.80229 1.83837 2.02968 1.53917
Clamped B X = 0. x=0.10 x = 0. x = 0.
both
sides K = 60 1.39782 1.43875 1.56941 1.19908
o x = 0. x=0.12 x = 0. x = 0.
K = 80 1.13908 1.18361 1.27514 0.98133"°
- * X = 0. X=O.l4 X = Ou X = 0.
K = 100 0.95944 1.00666 1.07097 0.830013
- ° X = 0. X=o-16 X = O' X = O. 4
K -o. | 20.83337°1 20.8710 24,7222 | 16.4254
- x = 0. x=0.04 x = 0. x = 0.
K = 20 4.80351, 4.91798 5.65825 3.83317
Simply oo x = 0. x=0.14 x = 0. x = 0.
supported
both K = 40 2.68866 2.83685 3.14499 2.16976
sides oo x = 0. x=0.21 x = 0. x = 0.
K = 60 1.85546 2.01704 2.15601 1.53313
- ° X = Oo X=O.25 X = O. X = On
- 92 &
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Boundary |Ioading Uniformly |Hydrostatic| Parabolic | Cosine
Condi~ Condi~ Loading Ioading Loading | Loading
tions tions F=1 F=1+x 5 F=cos ("/2)x

P=1+x
K = 80 1.41052 1.57588 1.628569 1.16160
- ° x = 0. %x=0.29 x = 0. X = 0.
K =100 1.13416 1.298563 1.30176 0.942613
T x = 0. x=0.31 x = 0. x = 0.
K=0 8.66566 7.63224 10.1418 6.98673
ST x==0.16 x=0.11 x=0.16 x=-0.15
K = 20 3.65684 3.24812 4.,26561 2.96833
T e x=-0.15 x=0.04 x=0.17 x=-0.13

Clamped K = 40 2.30219 2.07910 2.67668 1.88222

((X’-‘—""lo)& - * X=‘—0.15 X= 0002 X=—-0.18 X=~O-11
simply
supported | . _ oo 1.67250 1.54102 1.93866 1.37738

((xx=-1) s x==0,15 x= 0.06 x=-0.19 %=0.10

= 80 1.30916 1.23170 1.51331 1.08586
K = 80. x=0.14 x= 0.10 x==0.20 %x=~0.09
. 00‘ 1.07291 1.03034 1.23723 0.896092
K =100- " 0.12 | =x= 0.13 x=0.21 | x=0.08

MAVILLO 40 ALISUZIAINGN

*

Timoshenko 4.16

** Timoshenko 20.832~

K Dimensionless Foundation Modulus
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FIGURE 6-4 |
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FIGURE 6-9
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FIGURE 6-10
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FIGURE 6-16
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FIGURE 6-17 » |
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FIGURE 6-20 |
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DIMENSIONLESS TOTAL STRESS RATIOS

FIGURE 6-22
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DIMENSIONLESS TOTAL STRESS RATIOS

FIGURE 6- 23

PARABOLIC LOADING (F=1+%)
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FIGURE 6- 24
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Loading Condition

s =1

Boundary Condition : Ciamped both sides

=
]

2]
i}

=
"

(2]
]

=
|

K ==

W1=

X4 - 2X2 + 1

7

+ 3.2 ~ 2.67X° 4 0.61X

4 2

w. £.0.24%° -7 0.48%XF 4+ 0.24%

20.
~0.49e*4%¥c0s( 1.49%) - 0.42e**4%sm( 1120%

- 0.49¢" 149005 ( 1.49% ) + o.22e” P ami( 1.40% )
+ 1.98

~0.08e2°7%%c0os( 2.98% ) + 0.08e~2* "% cos( 2.98% )

- 0.152°7%%  0.15¢72°98% _5. 062" smi( 2.98x% )

- 0.06e2° %% 3m( 2.98% )-+ 0.31SIN( 2.98X ) + 1.54X
~0.24e1°4%%c0s( 1.49% ) + 0.45e1* P sIN( 1.49% )
~0.44e14%%c0s( 1.49% ) - 0.45¢ 14 Fsmi( 1.49% )

- 0.56%el*4%%sm( 1.49% ) - 0.03xe™***cos( 1.49% )
- 0.56%e~L*4%%smi( 1.49% ) - 0.03xe” L 4% cos( 1.49% )
+ 0.03%e~ > 4%%cos( 1.49% ) + 0.89

40.

- 0.19e1'77XCOS( 1.77X ) - 0.28e1* T Xsmi( 1.77% )
0.1967 1+ 7 cos¢ 1.77% ) + 0.28” 7 Fsmi( 1,77 )

+ 1.38
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5, = - 0.01e>*°%*c0os( 3.54x ) + 0.0le

~354Xc05( 3.54% )

- 0.05>°%%% 4 0.05e73*%* _ 0.03¢3-3¥smi( 3.54% )

-0.03¢>" "% s ( 3.54% ) ~ 0.03¢~3""**sm( 3.54x )

+ 0.1SIN( 3.54X ) + 0.1SIN( 3.54X ) + 0.96X

w3 = = 0.22e" 7 cos( 1.77% ) + 0.14e" T sINC 177X )
- 0,206 L Tc08( 1.77% ) = 0.146 2 T 1.77% )
~ 0.2a%eX* T smi( 1.77% ) + 0.04xe" 7 cos( 1.77% )
- 0.2axe” 1 T gy 1.77% ) - 0.0axe™ 1 7 *cos( 1.77x )
+ 0.45
K = 60. é: <
W = - 0.09e™*2%cos( 1.96Xv) - 0.22¢2°%%sm( 1.96% ) ;,;
: Yy
- 0.09e1-%%cos( 1.96% ) + 0.22¢" 1 %% sIN( 1.96% ) ' é g
+ 1.19
s, = - 0.0263°92% 4 0.02¢73°9%% _ 0.02¢3 9% smi( 3.92% )

~0.02e~2292%X5m( 3.92X ) +0.05SIN( 3.92X ) + 0.78X

« 96X
— 0.1501°96%c0s( 1.96% ) + 0.06et* 7 %smi( 1.96% )

=
i

- 4 -] .,96X
- 0.1501*9%05( 1.96% )= 0.06e~ 1" 7%sIN( 1.96% )
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i

1.96X 1.96X

SIN( 1.96X ) 4 0.06Xe

- 0.15%e cos( 1.96X )
- 0.15%e > %%smn( 1.96% ) - 0.06xe 1" %% cos( 1.96% )
~ 0.06%e~1*%%c0s( 1.96% ) + 0.30
K = 80,
w, = = 0.04e”* ¥cos( 2.11% ) - 0.18% M smi( 2.11% )
- 0.02e"2"1%c0s( 2.11% ) + 0.18e72- M ¥smi( 2.11% )
+ 1.09
s, = = 0,017 %% 4 0.006™4+2%* _ 0.016*?Hsmi( 4.22% )
- 0.016™4*22%s1( 4.22% ) + 0.03STN( 4.22K ) — E
iy
+ 0.69 ‘ g 2
45
wy = = 0.11e% ¥ cos( 2.11% ) + 0.03e% sI( 2.11% ) 2 E
o]
- 0.11 21 %00s( 2.11% ) - 0.03e 2 M smi( 2.11% ) %,%
- 0.1%e2" %3N ( 2.11X ) + 0.06%e2* ¥ cos( 2.11x ) :
_ 0.1Xe'2'11XSIN( 5.11X ) - o.osxe"z‘llXCOS( 2.11X )
+ 0.23
K = 100.
w = - 0.02¢%* % cos( 2.23% ) - 0.16e2°23%smi( 2.23% )
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2. Loading Condition @

Boundary Condition

=
1]

0N
Il

2
]

)
]

. 0.

4

2

F=1

: Simply supported both sides

0.2X" = 1.2X" + 1

7

- 0.04X" 4+ 0.38X° - 0.96X

0.04X§ - 0.13X4 + 0.08X

20.

1-49X-05(¢ 1.49% ) - 0.24e

3

2
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1.49X

-04X
COS( 1.49% ) + 0.24e 1*4°

+ 0.62X

- 0.02e COS( 2.23X ) + 0.16e SIN( 2.23X )
+ 1.04

= ~0.01e** %% | 0.01¢74+%% | 0.02SIN( 4.46X ) + 0.65X
- 0.09e%"2%%c0s( 2.23% ) + 0.02¢%"2Fsm( 2.23x )
- 0.00e72+2%%c05( 2.23% ) ~0.026=2+2Fsmi( 2.23% )
~ 0.07%e>* >3 3IN( 2.23% ) + 0.05%e2 23 Xcos( 2.23% )
~ 0.07%e~2*2¥¥3mi( 2.23% ) ~ 0.05%e~2"23%c0s( 2.23% )
+ 0.18

STV LW

SIN( 1.49X )

SIN( 1.49X )

Ay aa L hsiva
SRR P

ALVNET



+ 1.04

2.98X ~2.98X 2.98X

S, = = 0.02e + 0.02e ~ 0.0le SIN( 2.98X )
- 0.016™2°98%510( 5 08K ) 4 0.04STN( 2.98K ) + 0.66X
Wy = ~0.38e"*4%%cos( 1.49% ) + 0.02eT° 4% sIN( 1.49% )
v~ 003867149003 ( 1.49% ) - 0,021 4K sIv( 1.49% )
- 0.16XeT* XS ( 1.49% ) + 0.14xe’"*%%cos( 1.49% )
~ 016%™ %3 ( 1.49% ) - 0.14xe™ 1+ cos( 1.49% )
+ 0.76
K = 40. : ' B
wy = 0.03¢"* " cos¢ 1.77% ) - 0.15¢M T smC 1.77% ) E <
)2
+ 0,03~ " cos( 1.77% ) + 015”1 T sIN( 1.77X ) i
» o
+ 0,93 3 %
23
s, = - 0.01>7 3% 4 0.01e73+°* 4 0.025m( 3.54%X ) + 0.62X ;
w. = -0.19e>* T cos( 1.77% ) - 0.01e>* 7SN ( 1.77X )

= 0,19~ "X 005( 1.77% ) + 0.01e” 7 XsIv( 1.77% )

e1.77X[C

1.77X 0.1X 0S( 1.77X )

- 0.06Xe SIN( 1.77X ) +

~ 0.06%e= LT smy( 1.77% ) - 0.1xe”+* T Rcos( 1.77X )

+ 0.39
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= 600

1. :
= 0.05e 96xcos( 1.96X ) - O.lle1'96XSIN( 1.96X )
—le X - ’
+ 0.05e"1°9%c0s( 1.96% ) 4 0.11e7 1% ¥sIN( 1.96% )
+ 0.89

0.01SIN( 3.92X ) + 0.62X

1.96X

= - 0.13e*°%%%cos( 1.96X ) ~ 0.02e STN( 1.96X )

o 1+9%05(1.96%) + 0.02¢ STN( 1.96X )

- 0013

1.96X 1.96X

0.03Xe SIN(C 1.96X ) + 0.08Xe Cos( 1.96X. )

_ - w -
0.03%e~L*P%smi( 1.96% ) - 0.08%e +*2%cos( 1.96% ) 5

1

+ 0.27 ;

HERERA AN

]

n-

80.

Anwsai

211X ( 2.11X ) | K

0.05e2*1¥c0s¢ 2.11X ) - 0.09%

+ 0.05e~2°1%c0s( 2.11% ) + 0.09e 2 smi( 2.11% )

+ 0.88

0.01SIN( 4.22X ) + 0.64X

- 0.12° 1 05¢ 211X ) = 0.03e2 1 s 2.11% )

- 0.1e~2°11%005( 2.11% ) + 0.03¢ 2 ¥ smi( 2.11% )
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3.

2.,11X

2.11X

~ 0.01Xe SIN( '2.11X ) + 0.07Xe Ccos( 2.11X )
"'2- X -

- 0.01xe~ 2 M ¥ sy 2.11% ) - 0.07%e" 2 1 o5 ¢ 2.11% )

+ 0.20

100. -

0.0562°23%c0s( 2.23% ) ~ 0.07e2* 2 smi( 2.23% )

+ 0.05e-22%%c0g( 2.23% ) + 0.07¢” 2% gmi( 2.23% )

e 0088

0.66X

- 0.0862°2%%c0s( 2.23% ) ~ 0.03e2°23¥smi( 2.23% )

— 0.08e=2°23%005( 2.23% ) + 0.03¢” 22 sm( 2.23% )

v 0.06%e2*23%c0s( 2.23% ) ~ 0.06e~2*23*cos( 2.23% )

+ 0.16

Loading Conditilon

t P =1

Boundary Condition : Clamped at X=+1 and Simply supported

2 .
!

O.

0.5%*

+ O.SX3

at X=-1

- 0.1X2 - 0.5X + 1
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i

7 6
= 0.28X" = 0.5%° + 0.97X° + 1.37%% - 1.25%3 = 0.75x2

# 0.56X ~ 0.12

6 5 '
0.13X + 0.2%X° = 0.24%% ~ 0.44%° + 0.1%X2 4 0.24%

20.
.49X '

- 0.37e7**cos( 1.49% ) - 0.3¢*4smi( 1.20% )

~0.04e 405 ( 1.49% ) 4 0.32672+4%% ¢ 1.49% )

+ 1.41

~ 0.05¢2°78%c0s( 2.98% ) ~ 0.01e=2°9%%c0s( 2.08% )

- 0,082 %% | 0.02e72°98X _ (.03¢2* 9% smy( 2.98x% )

= 0.02¢™2°98%g1N( 2.98% ) + 0.08SIN( 2.98X )

+ 0.08C0S( 2.98X ) + 0.98X - 0.09

1.49X

- 0.42¢7°%9%C0s( 1.49X ) + 0.31e SIN( 1.49X )

0.51e1*4%%cos( 1.49% ) = 0.1~ 1**% 5N ( 1.49% )

- 0.46%eT sy ( 1.49% ) - 0.0axel**?*cos( 1.49% )

— 0.95%e~L*4%%g( 1.49% ) ~ 0.19%e" 14 %cos( 1.49% )
+ 0.93
40.
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1o 77X g 1.77X

= - 0.15e¢ CoS( 1.77% ) - 0.23e2" T ¥sm( 1.77x )
~1.77X | -

+ 003”7005 € 1.77% ) + 0.19¢"L* T smi( 1.77% )
+ 1,12

= - 0.01e3°cos( 3.54x ) - 0.033+5% 4 0.0173+5%
- 0.02e3‘54XSDn( 3.54X ) + 0.03SIN( 3.54X )
4 0.03C0S( 3.54X ) 4 0.75X =0.12

= = 0.2261° T%cos( 1.77% ) + 0.1t TS INC 1.77X )
- 0.22¢” " c0s( 1.77% ) = 0.22%el T *sIN( 1.77% )
+ 0.04xet" T ™®cos¢ 1.77% ) - 0.08%e~ " T Xsmi( 1.77% )
- 0.13%c L 7%c0s( 1.77% ) + 0.46

= 60.

- ~0.08eY*%%cos( 1.96% )= 0.19e1*7*®smn( 1.96% )

+ 0.05¢ L= %%c0s( 1.96% ) + 0.13¢” 2 Fsmi( 1.96% )
+ 102
- - 0.0263°9%% | 0.0173°9%% _ 0.013*°Xsm( 3.92% )

+ 0.0ZSBH( 3.92X ) + 0.02C0S( 3.92X ) + 0.68X - 0.12
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w3 = -0.15e' CoS( 1.96X ) + 0.05e SIN( 1.96X )
- 0.16¢”1*%%C0s( 1.96% ) + 0.02¢1-9¥sI( 1.96% )
- 0.14%e>* %5 1.96% ) + 0.05xe™***cos(1.96% )
- 0.04xe™ " ¥smi( 1.96% ) - 0.1xe7 ¥ cos( 1.96% )
+ 0.31 | |
K = 80.
wy =~ 0.04e"¥cos( 2,11 ) - 0.16e2° s my( 2.11% )
+ 0,062 ¥cos( 2.11% ) + 0,162 1 sy ( 2.11% )
+ 0.98
s, = = 0.01**% 0.01¢*##*smN( 4.22% ) + 0.015TN( 4.22% )
+ 0.01C0S( 4.22X ) + 0.66X ~0.13
wy = - 0,116 ¥cos( 2.11% ) + 0.03e® M smi( 2.11% )
- 0.11e72* %005 (¢ 2.11% ) + 0.03¢”2 1 smi( 2.11% )
- 0.1%e2 M ¥sm( 2.11% ) + 0.06%e? 1 Xcos( 2.11% )
- O.OlXe-2'11XSIN(/2.11X') - 0.08xe2* ¥ c0s( 2.11% )
+ 0.23

1.96X 1.96X

K = 1000
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2.23X

Wy = -0.0le Cos( 2.23X ) - 0.14e2'2

+ 0,066 223 cos( 2.23% ) 4+ 0.08e

+ 0.95

-O.Ole4'46X

0
]

 40.65X = 0.13

2.23X

COS( 2.23X ) + 0.01e2"2

=
"

= 0.09¢™223%05( 2.23% ) + 0.03e~

- Q.07Xe2'23XéIN( 2.23X ) + 0.05Xe

- 0.06%e™2*2*%cos( 2.23% ) + 0.18

Ioading Condition : F = 1 + X

Boundary Condition ¢ Clamped both sides

3X3m( 2.23% )

2+23X3N( 2.23% )

+ 0.01SIN( 4.46X ) + 0.01COS( 4.46X )

3XSIN( 2.23X )

2023X3 1N ( 2.23% )

2023%65( 2.23% )

¥
b
A

P

Y

AN

+ 3.01X° - 1.4%°

2

K =o0.
w, = 0.2%° + X+ - 0.4%> ~ 2X%4 0.2X + 1
s, = - 0.05%% = 0.5X° = 0.97X + 1.46X°
- 2.58K° 4+ 0.4%% + 0.59X 4 0.03
Wy = o.osx? + 0.24%° - 0.49%% - 0.1X° + 0.24%° + 0.07X
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20.

1.49X

COS( 1.49X ) - 0.84et*%9%

~ 0.63e SIN( 1.49X )

-1.49X

- 049X
1 SIN( 1.49X )

= 0.34e COS( 1.49X ) + 0.0le

+ 1.98X + 1.98

2.98X -2.98X

- 0.47e2°98% | 0.04672°98% _ 5,252 985y ( 2.98x )

+ 0.02e72°98%smi( 298X ) 4 0.17SIN( 2.98X )

1.49XC

- 0,2C0S( 2.98X ) + 1.26e 0S( 1.49X )

~1.,49X

6e1'49X COS( 1.49X )

+ 1.6 SIN( 1.49X ) ~e

+ 0.6l 1°%9%5m( 1.49X ) - 0.66X + 1.18

1.49X

- ot*%e0s( 1.49% ) + 0.61e STN( 1.49X )

e 0,090~ 1+4%%005(1.a0% ) - 0.31e~ T P Xsmi( 1.49% )

1.49X

1.49% COS( 1.49X )

- 0.93%Xe SIN( 1.49X ) + 0.12Xe

~ 0.22Xe SIN( 1.49X ) + 0.2Xe

4+ 0.91X + 0.91L

40.

1.77X

= 0.23e* T cos( 1.77X ) - 0.53e STN( 1.77X )
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s,== - 0.14(_:‘3.54X ~3.54X - O.1e3'54x

-1.7 X -
= 01567 X005 ¢ 1.77% ) + 0.04e LTSN 1.77% )

+ 1.37X + 1.37

+ 0.0le SIN(3.54X)

+

Q.OSSIN( 3.54X ) -~ 0.06C0S( 3.54X )

0.32¢"*"cos( 1.77% ) 4+ 0.73¢%* s 1.77% )

+

&7 c0s¢ 1.77% ) + 0,196 " sm( 1.77% )

0.47

0.02X -~ 0.26

~ 0.47eM " c0s( 1.77% ) + 0.19e* " smi( 1.77x )

~ 0,11 " 1.77% ) = 0.41%el* T m( 1.77% )
+ 0.16%e"" " eos( 1.77% ) - 0.11%e L " smi( 1,77 ) »
+ 0.05% 2 Teos( 1,77% ) + 0.47X + 0.47 . g
-
5
by
b
. : e}
60. it

1.96X

-0.1e COS( 1.96X ) ~ 0.4et* 20X

SIN( 1.96X )

~0.09e~ 12005 ( 1.96% ) + 0.04c %% smy( 1.06% )
+ 1.19X + 1.19
0.01e>*7%%c0s( 3.92% ) - 0.08e3"92% 0.05e3* 9% s ( 3.92%)

1.96X

1.96X coS( 1.96X% )

+ 0.O9e—1°96XSIN( 1.96X ) + 0.1X ~ 0.04
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1.96% 1.96%

W COS( 1.96X ) + 0.09e1*%%smy( 1.96% )
~0.01¢™2*%%c0s( 1.96% ) - 0.056 L% Xsmy( 1.96% )
~0.25% % %50 1.96% ) + 0.15%e1 % %cos( 1.96% )
~0.06e"1* %3¢ 1.96x% ) + 0026”1 %%cos( 1.96% )
+0.32X 4 0.32
K = 80.
w = =0.03e” M ¥cas( 2.11x ) - 0.33¢% M ¥smi( 2.11% )
~0.06e" 2" %cos( 2.11% ) + 0.02e72 1 ¥smy( 2.11% )
+ 1.09X + 1.09
s, = 0.02¢*"?#cos( 4.22x ) - 0.05¢**2% 0, 03¢** X511 (4. 22%) 55 2
+ 0.01SIN( 4.22X ) ~ 0.01COS( 4.22X ) ;? ?
o9}
+ 0,042 %c0s( 2.11% ) + 0.35e2 1 %5 ( 2.113) ;I'g
- 0.24¢72* M ¥c0s( 2.11% ) + 0.02¢72 1 ¥sm( 2.11% ) |
+ 0.17X + 0.06
Wy = - 0.2462* 1 %c0s( 2.11% ) + 0.02e2* ¥smy( 2.112% )
~0.01e 21 %005 ( 2.11% ) - 0.03¢™ 2" ¥smi( 2.11% )
~0.17%e>* s ( 2.11% ) = 0.1462° Xcos( 2.11% )
-0.04e~ 211 Xs Ty ( 2.11X ) + 0.25X + 0.25
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K = 100.

Wy = - O.28e2'23XSIN( 2.23X ) - o.o4e"2'23xcos( 2.23X )
+ 00322 Fsmy( 2.53% ) 4 1.04% 4 1.04

s, = 0.02e4'46XéOS(‘4746X ) = 0.04e* %% 026246510 ¢ 4 sex )
40.01COS( 4.46% ) ~ 0.29¢%2¥5mi( 2.3% ) |
+ 0.19¢72"2c05( 2,23 ) - 0,022+ 2 gy ( 2.23%X )

0.21X + 0.12

+

2.23X 2.23X

Wy = = 0.19e"%c0s( 2.23% ) 4+ 0.0262°2%smy( 2.23x )
- 0016722 00s5( 2.23% ) = 0.02672"2Fgmy( 2. 03 ) :
- 0.13%2* 2 ¥5m( 2.23% ) 4+ 0.13%e2° 23 cos( 2.23% ) ,5 %
~ 0.03%e"22%Xg1( 2.23% ) 4 0.2% + 0.2 ' j i

Ioading Condition : F =1 + X

Boundary Condition : Simply supported -both sides

K =O.
'wl = 0.04%° + 0.2%% = 0.13%% = 1.2%2 4 0.09X 4 1
s, = - 0.002%° ~ 0.02x% - 0.34x7 + 0.13x° + 0.36%° - 0. 25%>

- 0.94%° 4 0.11X° + 0.61X 4 0.03
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Vi3

7 |
0.007x" + 0.04x% 4 0.07%° - 0.13%% - 0.28%3 +0.08x2
+ 0,21X
20.
- 0.03e1ﬁ49Xcos( 1.49X ) - O.46e1'49XSIN( 1.49X )
+ 0,026 14X IN( 1.49% ) 4 1.04X + 1.04
0.03e2* 78%c0s( 2.98% ) ~ 0.08e2° %% - 0.04e2° 9% smi( 2.98x)
+ 0,037 %05 1.49% ) + 0.48e1° 4K smi( 1.49% ) -
- 0.73e %005 1.49% ) + 0.01e” 1" Xsmy( 1.40% )
+ 0.13X + 0.13
-0.73e+° %% cos( 1.49% ) + 0.01eX**?Xsmi( 1.49% )
~0.06e~1°%%% 08¢ 1.49% ) ~0.04e" 1 * % smi( 1.49% )
~0.33%e1" %5 IN( 1.49% ) + 0.28%et"*PXc0s( 1.49% )
— 0.01%e~1*%%amy( 1.49% ) - 0.01%e 1+ cos( 1.49% )

+ 0.,79X + 0.7

40.

e1.77XC

0.06 0s

+ 0.,93X + 0.9

°

3
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53654 3.54X 3.54X

s, = 0.02e COS( 3.54X ) = 0.04e - 0.0le SIN(3.54X)
1.77% . '
~ 0.06e1° 7 cos( 1.77% ) + 0.28eL* "X smi( 1.77% )
—le X -
- 0.416 1 " c05( 1.77% ) = 0.02e~ 1 T s ( 1.77% )
+ 0.29% 4+ 0.29
W, = ~0.41e¥* T cos( 1.77% ) - 0.04el* T¥smi( 1.77% )
~0.02¢~ 1 TXcos( 1.77% ) = 0.14%et* T Rsmi( 1.77X )
+ 0.22%eT 7™¥C0OS( 1.77X ) + 0.43K + 0.43
K = 60.
w = 0.09¢™*%cos( 1.96% ) - 0.23¢"7FsIN( 1.96% )
+ 0.89X + 0.89
Sy 0.02e3‘92Xtos( 3.92X ) - o.o3e"3'92X -0.08e1'96XCOS(1.96X)
+ 0.2e1°%%smi( 1.06% ) - 0.3¢71"7*cos( 1.96x ) ]
~ 0.0661-%%%5my( 1,96%X ) + 0.38X + 0.38
W, ~0.3e1°9%c0s( 1.96X ) ~ 0.06e 7% s ( 1.96% )
-0.01eL9%005( 1.96% ).~ 0.08%er*2o¥smi( 1.96% )

+ 0.19%et"P%cos( 1.96% ) + 0.31X + 0.31
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80.

2.11X

0.11e“*"""C08( 2.11X ) - 0.18e2* %5 ( 2.11% )
+ 0.88X 4 0.88
0.01e**2%%c0s( 4.22% ) - 0.02e%°2%%_0,09e2" 05 (2.11% )
+ 01662+ 1 gy 2.11X ) ~ 0.256~2* % c0s( 2.11% )
- 0.07¢”2* 1 Xsmi( 2,11X ) + 0.46X + 0.46
~0.2562* %c05( 2.11% ) = 0.07e2* ¥smi(¢ 2.11% )
2.11X 2-10%005( 5,11 )

~0.04Xe SIN( 2.,11X ) + 0.17Xe

2

100. : i
‘ : m

2.23X 2.23X I
0.11e“°“77C0s( 2.23X ) - 0.14e"""77"SIN( 2.23X ) , &

+ 0.88X + 0.88

0.0162*46%c0s( 4.46% ) - 0.01e3+20%

2.23X

- 0.1e2°23XCOS( 2.23X ) + 0.13e SIN( 2.23X )

- 0.21e-2°23%05¢( 2.23X ) - 0.08e SIN( 2.23% )

+ 0.52X + 0.52
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.23X
W = ~0.21e2°2%%c0s( 2.23% ) - 0.08e2°23*sIN( 2.23% )

2.23X

~0.01%e SIN( 2.23X ) + 0.16Xe2*23%c

0S( 2.23X )

+ 021X + 0.21

- 6. Loadihg.andition tF=1+X

Boundary Condition : Clamped at X = +1 and Simply supported

at X = =1

K =0,

W = 0.11X° + 0.55X7 + 0.22X° = 1.55X2 ~ 0.33X + 1

s, = ~0.01%° -.0.15x8 - 0.4%7 4 0.04x% 4 1.37%° + 0.7x>
.-1.53x3 - 0.51%X% + 0.58X = 0.07

Wy = 0.02x! + 0.14%° - 0.24%° - 0.2x* ~0.63%> + 0.06%° + 0.36X

K = 20.

Wy = _0.51e-*4%%c0s( 1.49% ) - 0.65¢* P smi( 1.49% )
_0.03e=14%%c0s( 1.49% ) + 0.02¢ 14 smi( 1.49x )
+ 1.54% + 1.54

s, = -0.0992'98Xcos( 2.08% ) ~ 0.2562°98% _ 0.15¢%*7Fsmi(2.98%)
4 0.025TN( 2.98% ) + 0.79e*4%%c0s( 1.40% ) + 1.01e7°%%
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SIN( 1.49X ) - 0.83e COS( 1.49% ) + 0.39e~1**9 %51 ( 1.40%)
~ 0.49X - 0.49
= = 0.83e1"%¥%c0os( 1.49% ) + 0.39¢2*4¥5mr( 1.49% )
- 0.03¢” 1% cos( 1.49% ) = 0.09e 1*4%¥sT( 1.49% )
" 0,72t 4% gy ( 1.49% ) + 0.08%er*4%cos ( 1.45% )
~ 0.03%e™**¥%sIN( 1.49% ) + 0.87% + 0.87
= 40.
= ~0,2e"* ""c0s( 1.77% ) - 0.45¢2* T Rsmi( 1.77% )
+ 0.01e-1°77XSIN( 1.77% ) + 1.2X + 1.2
= - 0.11e>" > 0.076> > smi( 3.50% )
+ 0.2 7" cos( 1.77% ) + 0.55¢7* T ¥smi( 1.77% )
- 0.39¢ 17005 1.77% ) + 0.13¢ 2 "X smi( 1.77% )
~ 0.1X - 0.1
- - 0,39e1'77xcos( 1.77% ) + 0.13e1* T ¥ sm( 1.77% )
— 0,022 T cos¢ 1.77% ) = 0016”2 T¥sme( 1.77% )
- 0.33%e1" T*SIN( 1.77% ) + 0.13%e’* " %cos( 1.77xl) v 0.42K
+ 0.42
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60.

1.96X

1.96X

~0.0%e COS( 1.96X ) ~ 0.36e SIN( 1.96X)
+ 1.08X + 1.08

3.92% ] .
0.0le CoS( 3.92X ) - 0.07e>*2%_0.04e3* 9% smr( 3.92% )
+ 0.09¢7°7%%c0s( 1.96% ) + 0.4e1*P%sN( 1.96% )

P X -1

- 0.27¢"1*%%cos( 1.95% ) + 0,07~ 1% X5 ( 1.96x )
+ 0.02X 4 0.02
~0.27e+*2%c0s( 1.96% ) + 0.07er* FsIN( 1.96% )
- 0.01e 1*%%cos( 1.96% ) - 0.21%et" " %smi( 1.96% )
+ 0.12%eT*?%c0s( 1.96X ) + 0.28X + 0.28
80.
~0.03e2* 1 %c0s( 2.11% ) =~ 0.31e2 T emv( 2.11% )
+ 1.03X + 1.03
0.01e¥%%%cos( 4.22% ) ~ 0.05¢**2%% _ 0.03¢**2Hsm( 4.22%)
~0.03e2° 1% cos( 2.11% ) + 0.32e2 1 smi¢ 2.11% )
~0.2e~2° 1% 05( 2.11% ) + 0.04e” 21 Xsmi( 2.11% )
+ 0.,09¥ + 0.09
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7e

.W3=

2.11%

~0.2e Cos( 2.11X ) «+ O.O4e2°11XSIN( 2.11X )

~0.15%e2° 11X

+ 0.21X + 0.21

100.

2.23X

SIN( 2.11X ) + 0.12Xe

2.11X

-0.26e SIN( 2.23X ) + 0.99X + 0.99

4.46X

4.46X

+0.02e " *°%C0S( 4.46X ) — 0.04c3-46X

Cos( 2.11X )

- 0.02e SIN( 4.46X ) + 0.26e2'23XSIN( 2.23X )

2.23X

+ 0.14X + 0.14

2.23X

2.23X

~0.11Xe SIN( 2.23X ) + 0.11Xe

+ 0.17X 4+ 0,17

Ioading Condition 3

Boundary Condition :

K =

=
[

O.

0.05%° + 0.88x

2

F=1+X

2.23X

~2.23X

2-23%X05( 2.93% )

Clamped both sides

- 1.94%° 4 1
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i}

9
-0.13X" - O.69X7 + 2.74X5 ~ 2.51X3 + 0.6X

O;O4X6 + O.64X4 + O.27X2

20.
20,3761 4% c0s( 1.49% ) = 0.796°4%¥s( 1.49% )
~0.37¢™ 1% cos( 1.49% ) + 0.79¢™2+4%% s ( 1.40% )
+ 1.75%2 4 1.75

~0.01e2*%%%c0s( 2.98% ) + 0.01e=2*9%c0s( 2.08% )
~0.29e2°98% | 0.00e2°98K _ () 59—2498X
~0.262*78%s (¢ 2.98% ) + 0.2¢72 985y ( 2.98% )

1.49X

+0.58SIN( 2.98X ) ~ 0.44e [ COS( 1.49X ) + SIN( 1.49X)]

~0.93e1* %[ sN( 1.49% ) - COS( 1.49% )]
+0.246~ 1492 cos( 1.49% ) - STN( 1.49% )]

~0.93¢" 147X SIN( 1.49% ) + COS( 1.49% )]

1.49X ,

1.49%X, / 1.49 )[ COS( 1.49X )

+1.32[ Xe 0S( 1.49X ) + (e

1.49X 1.49X

SIN( 1.49%X ) +(e /1.49)

- SINk 1.49X )11 + 2.8[ Xe

([ sm( 1.49X ) - COS( 1.49X )]] + 1.32[ Xe COS( 1.49X )

+ (e'1‘49x71.49)[ COS( 1.49X ) - SIN( 1.49X )]] - 2.8[
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-1.49X - '
Xe SIN( 1.49X ) + ( e 1'49X/1.49 Y [ SIN( 1.49X )

+ COS( 1.49X )]] - 2.osx3 + 1.95X

.29%
Wy = - 1.03e*%%%cos( 1.49% ) + 0.186e49%sN( 1.49% )
=Le X - -—
~ 1.03¢” 14X c0s( 1.49% ) - 0.18e~ 1 4¥smi( 1.49% )
+ 0.78%° - 0.72%et* 4% %sm( 1.49% ) + 0.25%eL*4%%c0s( 1.40%)
~ 0.72%e 149 mi( 1.49% ) ~ 0.25%e™ 1 4% c0s( 1.49% )
+ 2.07
K = 4Qo
w o= - 0.11e%° 7%c0s( 1.77% ) - 0.46et* TFSINC 1.77X )
- 0.11e 1 7% c0s¢ 1.77% ) + 0466”1 T EsmN( 1.77% ) =
2 ~
+ 1.23%° 4 1.23 =
- R
5, = 0.02e>°*cos( 3.54% ) - 0.026 3" cos( 3.54% )
~0.1e3°9%% | 0.06e3 " smi( 3.54x ) ~ 0.06e™> " s (3.54%)
1.77X
+ 0.28IN( 3.54X ) - 0.08e [ CoS( 1.77X ) + SIN( 1.77X )]
- 0.32e1° 7780 smN( 1.77% ) - €OS( 1.77X )] + 0.08
e LeTTE cos( 1.77% ) = SINC 1.77X )] - 0.32e 177X
1.77X

[ SIN( 1.77X ) + COS( 1.77X )] + 0.28[ Xe COoS( 1.77% )

1.77
e

- ( X/ 1.77) [ €OSC 1.77% ) + SIN( 1.77X )]

1.77X

Xel'77X / 1.77)

+ 1.14[ SIN( 1.77X ) = ( e
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L sm( 1.77%X ) - €os( 1.77x )11 + 0.28[ Xe‘1'77xcos( 1.77X )

+ ( 1T 1.97) [ cost 1.77X ) = SIN( 1.77X )]]

~1.140 Xe 1 T 1.77% ) + (2 TTX) 197y

3

£ SIN( 1.77X ) + C0S( 1.77X )]] = 1.01X" + 0.95

1.77X .
c L 7TXemi( 1.77% )

0.42e 0S( 1.77X ) + 0.03e

0.42¢~ 1 TXc05( 1.77% ) - 0.03e SIN( 1.77X )

2 1.77X

0.39%% - 0.3Xe SINC 1.77X ) + 0.18%e™* 7 X¢

0S( 1.77X)

+

~1.77X ~1.77X

= 0.3Xe SIN( 1.49X ) - 0.18Xe CoS( 1.77X ) +40.85

= 60.

1.96XC 1.96X

0S( 1.96X ) - 0.34e SIN( 1.96X )

= =0.,03e

-0.036™2*%%cos( 1.96% ) + 0.34¢™ 1 7*sIN( 1.96% ) ”

+ 1.06%2 + 1.06 z
K14

= 0.0263°9%X005( 3.92% ) - 0.02e~>2%Xcos( 3.92% )

~0.0562°9%% 4 0.03e>*°%*smi( 3.92x )
- o.o3e'3‘92XéIN( 3,92X ) =~ 0.11SIN( 3.92X )
+ o.01e1'96X[ coS( 1.96X ) + SIN( 1.96X )]

- 0.1881'96X[ SIN( 1.96X ) - COS( 1.96X )]
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e

+ 0.01 [ cos( 1.96X ) - SIN( 1.96X )]
- 0,18~ 12X sN( 1.96X ) + COS( 1.96X )]
.96X .
+ 0,060 Xe*?%%cos( 1.96% ) - ¢ &2*%%/1.96 )[ coS( 1.96X )

1.96X

+ s:N( 1.96X )11 + 0.72[ Xe SIN( 1.96X )

('e1'96¥71.96 )[ smN( 1.96X )} - COs( 1.96X )11

+ 0.06[ X 1+?%cos( 1.96% ) + ¢ & +*7%%/1 06 I[ coS( 1.96% )

- SIN( 1.96X )11 - 0.72[ xe'1’96XBIN( 1.96X )

2 e 1e9% /1 o6 [ SIN( 1.96X ) + COS( 1.96X )1]

~ 0.75%° 4 0.7

1.96X ~-1.96X

~0.26e COS( 1.96X ) - 0.26e Cos( 1.96X )

g
I

-1.96X

~1.96% CoS( 1.96X ) . &

+ 0.53 . %

K = 80.
\

w = - 0.27e2° 1 s 2.11% ) + 0.27e SIN( 2.11X )
5
+ 0.98X" + 0.98
s, = 0.02e222X005( 4.22% ) - 0.02¢= 222 %cos( 4.22% )
- 0.03e32%X | 0.03¢™4 22X _ 0.01?2sm( 4.22% )

2 0.01e222%sy( 4.22% ) + 0.07SIN( 4.22X )
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V3

2.11X

- 0.12e [ sIN( 2.11X ) + cos( 2.11X )]

- 0.12é-2'11X[ SIN( 2.11X ) + COS( 2.11X.) - 0.0l

X

/2.11 )[ cos(.2.11X )

[ x> %cos( 2.11x ) - ( &2*11

X

+ SINC 2.11X )11 + 0.53[ X2 M ¥sm( 2.11% ) = ( 2°11%/5.11)

[ SIN( 2.11X ) = cos( 2.11X )11 - 0.01[ Xe~2+11X

cos( 2.11%X ) + ( 2" %/5 11 I cos¢ 2.11% )

~ SIN( 2.11X )]]- 0.53[ Xe"2‘11XSIN( 2.11X )

é-2.11X7

+ ( 2.11 )[ sImN( 2.11X ) 4 COsS( 2.11X )]]

- 0.64%° + 0.6

= -0.19e2* 1 ¥cos( 2.11% ) - 0.19e72* 1 Xc05( 2.11% )

2.11X

2.11% .
2 cos( 2.11X ) i

+0.2X" = 0.11Xe SIN( 2.11X ) + 0.12Xe

~2611X -2.11X

-0.11Xe SIN( 2.11X ) - 0.12Xe CoS( 2.11X ) , 5

+ 0.38

100.

I

2-23%310( 2.23% )

0.03e2*2%c0s( 2.23% ) -0.23¢

+ 0036 2°23%05( 2.23% ) + 0.23¢72°2 sy 2.03x )

+ 0.93%2 + 0.93
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s, = 0.01e4'46X

COS( 4.46X ) - 0.0le" 0S( 4.46X )

4.46X ~llo ° :
~0.03e° %% 4 0.03¢™%°%X _ 0,012 %% smi( 4.46% )

4.46X ~4.46X

~-0.01e SIN( 4.46X ) + 0.06e SIN( 4.46X )

223X

+ 0.01CO0S( 4.46X ) - 0.13e [ cos( 2.23% )

2.23%

" 4 SIN( 2.23X )] -~ 0.0% [ SIN( 2.23X )

cos( 2.23X )] ~ 0.01e~2*23%

[ cos( 2.23X )

=2+23%

SIN( 2.23X )] -~ 0.09e [ sIN( 2.23X )

2'23Xcos( 2.23X )

4 COS( 2.23X )] ~ 0.06[ Xe

- € 225 53 )0 COS( 2.23% ) 4 SIN( 2.23X )17

—+ 0.42] xe>*%%s

IN( 2.23X ) = /2.23 )

." b/‘/ ‘\

[ SIN( 2.23X ) - COS( 2.23X )1] ~ 0.06[ X

e-2.23XC ( e—2.23X

0S( 2.23X ) + /2.23 )[ cos( 2.,23X )

p2n
=
&
5
-
<

- STN( 2.23% )11 + 0.420 e 223 Xsmy( 2.23% )

+ k‘e-2.23x72.23 Y[ SINC 2.23%X ) + COS( 2.23X )]

C e 0.58X° 4 0.55
W, = -0.15¢2°2%%c0s( 2.23% ) - 0.01e2°2%¥sm( 2.23% )
- 0.15e~2223%005( 2.23% ) + 0.01e”2"23¥smi( 2.23x% )

2.23X

+ 0.16X% - 0.08Xe SIN( 2.23X )
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+ 0.11%e2*23%c05( 2.93% ) - 0.30

8. Loading Condition : F = 1 + X°

Boundary Condition : Simply supported both sides

K = .O;

W = 0.01%° + 0.16%% - 1.17%% + 1
5 3

Wy = 0.03x° + 0.51%% 4 0.14%°

K = 20-

Q;T:f\e‘05e1'4gxtos( 1.49% ) ~ 0.42e1°*%smi( 1.40% )

+ 0.05¢~ 1% 005( 1.49% ) + 0.2~ 14 sm( 1.49% )

+ 0.88%X° + 0.88

0.02e2*98%c0s( 2.98% ) - 0.04e Cos( 2.98X )

S

2.98X -2.98X _

+ 0.06e o2+ 28K

= 0.02e~2°9%%smy( 2.98X ) + 0.13SIN( 2.98X )

+ 0.03eT°4%%[ cos( 1.45% ) + SIN( 1.49% )]

~ 152 -
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1.49X

-~ 0.25e [ SIN( 1.49%X ) - coS( 1.49% )]

- 0.03e'1'49X[ COS( 1.49X ) - SIN( 1.49X )]
- 0,257 4%%E smv( 1.49% ) 4 cOSC 1.49% )7
~ 0.1[ xem**¥cos( 1.49x ) - ( 1*4%%/1 .40 )

"[COS( 1.49% ) + SIN( 1.49% )17 + 0.74[ xel+49X
SIN( 1.49% ) - ( e1'49X/ 1.49 )[ SIN( 1.49X )
- COS( 1.49% )17 = 0.1 Xe t-%%%cos( 1.49% )

+ E e?1'49x71.49 )[ COS( 1.49X ) = SIN( 1.49X )]]

- 0.74[ Xe'1‘49XSIN( 1.49X ) 4+ ( e’1'49X71.49 )

+ COS( 1.49% )11 ~ 0.52%° + 0.54X )

1.49% 1-49%smi( 1.40% ) 2

w, = =0.67e COS( 1.49X ) - 0.18e

3 -
- 0.67¢"14%c0s( 1.49% ) + 0.18e"1*4%sTn( 1.20% ) ;g
+ 0.66%X° ~ 0.23%eT**Xsmy( 1.49% ) -
+ 0.31%e1**¥*cos( 1.49% ) - 0.23%xe” 4 Xsmi( 1.40% )
- 0.31xe~1*4%%c0s( 1.49% ) + 1.35
K = 40.
w o= 0.1t 7™cos( 1.77% ) - 0.25e%* 7 XS ( 1.77x )
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5o

= = 0,34

+ 0.1 "e0s( 1.77% ) + 0,256 T gy 1. 77% )
o2
+ 0.79%% 4 0.79
= 70.02e3">c0s( 3.54% ) - 0.026~3" ¥ cog 3.54% )
- 0.03e3"54X + 0_.03e--3'54X + 0.06SIN( 3.54X )
+ 0.04et* T7Xp COS( 1.77X ) 4 SIN( 1.77X )]
~ 0.1 7L sI( 1.77% ) - cos( 1.77% )]
- 0.260 %" 7™ cos( 1.77% ) = ¢ 27 p1 97

[ COSC 1.77% ) + SIN( 1.77X )11 + 0.41[ xel+77X

X

SINC 1.77% ) = ( 2 7™/1.97 )F sm( 1.77%

COS( 1.77¥X )4]’_ 0.16[ Xe—1.77X

+ E'e-1-77X71.77 )L COS( 1.77X ) - STIN( 1.

-1.77X

LTSN 1.77% ) 4+ (o /1

- 0041[ Xe
X SINE 1.77X ) + Cos( 1.77x )1] - O.42X3 +

1.77X 1.77X
e

COS( 1.77X ) = 0Q.lle ST (

- 0.35%2 4 0.00Xe* 7 7XSIN( 1.77X ) + 0.2Xe

0.2%e 1 7%cos( 1.77% ) + 0.68

= 60.
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COS( 1.77X )

77X )11

.77 )

0.51X

1.77X )

1‘77Xcos( 1.77X )



Wy = 0.11e1*%%cos( 1.96% ) - 0.18e1°%%sm( 1.96% )

1.96X -1.96X

+ O.lle COS( 1.96X ) + 0.18e SIN( 1.96X ) -

+ 0.77X2 4 0.77

3.92X -3.92X

s, = 0.0le COS( 3.92X°) -~ 0.0le CoS( 3.92X )

e3.92X 3.92X ~3.92X

~ 0,02 + 0.02e + 0.02e + 0.04SIN( 3.,92X )

+ 0504e}'?6xﬂ COS( 1.96X ) = SIN( 1.96X )]

e1.96X[

- 0.07 SIN( 1.96X ) - COS( 1.96X )]

~-1.96X%
e

- 0.04 [ cos( 1.96X ) - SIN( 1.96X )]

- 0.07 SIN( 1.96X ) + COS( 1.96X )]

1.96X

- 0.17[ Xe COS( 1.96X ) - ( et*?0X

/1.96 ) %

[ COS( 1.96X ) + SIN( 1.96X )] + 0.29[ Xel®®¥ : h

o]
{

1‘96X/1.96 )L sIN( 1.96X )

iy

SINC 1.96X ) - ( e

®

.
i3
>
3
<

cos( 1.96X )11 ~ 0.17[ Xe +*?®%cos( 1.96% ) -

"1 . 96X
e

/1.96 )

¢ & 1+%%%cos( 1.96% ) - ¢

-1.96X

L cos( 1.,96X )-= SIN( 1.96X )]] = 0.29[ Xe SIN(1.96X)

" Z 19X /1 06 [ SINC 1.96X ) + COS( 1.96X 1]

- O.39X3 + 0.55X

1.96X

1.96X, SIN( 1.96X )

W, = = 0.23e 0S( 1.96X ) - O.le

3
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-1.96X ~1.96X

~ 0.23e COS( 1.96X ) + 0.le" SIN( 1.96X )
> . ) '
+ 0.24%X° - 0.04%eT* %5 1.06% ) + 0.16%eL* %% C0S(1.96%)
-1 ] X -
- 004%™ ®Xsmy( 1.96% ) - 0.16%e > %%c0s( 1.96% ) + 0.47
K' = 80 '
wy =-0.11e ¥ eos( 2.11% ) - 0.1462 1 ¥smi( 2.11% )
+ 0.11e 2 Xeos( 2.13% ) + 0.14672° 1 %5y 2.11% )
>
+ 0.76%% + 0.76
s, = 0.016™*#cos( 4.22% ) - 0.0167*?%cos( 4.22% )
- 0.01e**2%X | 0.016**2%X 4 0.035IN( 4.22% )
+ 0.o4e2‘11X[ COS( 2.11X ) + SIN( 2.11X )] ;ﬁ
- 0.05¢2* M sIN( 2.11% ) - cos( 2.11% )] =
s
g
PRl
~ 0,046~ 21X cos( 2.11% ) 4 SINC 2.11% )] s

- 0.05e'2’11X[ SIN( 2.11X ) - COs( 2.11X )]

2.11X

2.11X /2.11 )"

+ 0.17[ Xe cos( 2.11X ) + ( e

C cosz 2.11X ) - SIN( 2.11X )]] - 0.22[ xe2e 11X

2.11X

SINC 2.11X ) - ¢ 2 1%/2.11 )[ sm( 2.11% )

~ OS¢ 2.11X )17 ~ 0.17[ Xe2"1%cos( 2.11x )

+ E e"2'11X72.11 Y[ cos( 2.11X ) - SIN( 2.11X )]1]
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- 0.22L % 2 M sy 2.11% ) & (2 11%)5 01 )

[ SIN( 2.11X ) + COS( 2.11X )]] ~ 0.39X> + 0.6X

2.11X

COS( 2.11X ) - 0.09e2° 11X

wy = ~0.18e SINC 2.11X ).

~0.186™2* M ¥cos( 2.11% ) + 0.09e 2" 15 m( 2.11% )

2 2.11X

SIN( 2.11X ) + 0.14Xe2*11%

+0.19%° - 0.01Xe

~0.14%e~2* 1 Xc05(¢ 2.11% ) + 0.37

K = 100.

2.23X 2.23X

w, = 0.lle COS( 2.23X ) - 0O.lle SIN( 2.23X )

~2.23X ~2.23X
e

+ 0.11 COS( 2.23X ) + 0.lle SIN( 2.23X )

+ 0.76X° 4 0.76

s, = -0.01e4'46x + O.Ole-4'46X + 0.03SIN( 4.46X )

+ 0.0362°23%[ coS( 223X ) + SIN( 2.23X )]

0.04e2* 2350 sIN( 2.23X ) - COS( 2.23% )]

- o.o3e'2°23X[ COS( 2.23X ) = SIN( 2.23X )]

- o.o4e'2'23x[ SIN( 2.23X ).+ COS( 2.23X )]

2.23X

223X, /2.23 )

0.17[ Xe 0S( 2.23X ) = ( e

L cos( 2.23X ) 4+ SIN( 2.23X )11 + 0.18[ xe2+23%
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COS(2.11X)

-



S.

X

SING 2.23% ) - ( 2*23%/5.03 )[ STIN( 2.23% )

+ COS( 2.23% )]] - 0.17[ Xe'2'23xcos( 2.23X )

+ ( e’2'23x72.23 M) cos( 2.23X ) - SIN( 2.23% )]1]

- 0.18[ Xe"2"2¥gmy( 2.23% ) 4 (€22 /2.03 )

[ SIN( 2.23X ) + COS( 2.23X )1] = 0.39X° + 0.66X

2.23X

wy = ~0.1562"2¥c0s( 2.23% ) - 0.08%* 2 Xsm( 2.23% )
~0.15¢"2"2%c05( 2,23% ) + 0.08e 225 ( 2.23% )
~2.23%

2.23Xt

+ 0.1éX2 + 0.12Xe 0S( 2.23X ) - 0.12Xe

COS( 2.23X ) + 0.30

Loading Condition : F = 1 + X°

Boundary Condition : Clamped at X = +1 and simply supported
at X = =1

K'=O.

w. = 0.02%° + 0.42X% 4 0.51X° = 1.45%X% ~0.51X + 1

5 4

- O.OBX9 - 0.O3X8 - 0.13XI7 - O.4-2X6 + 0.76X" + 1.34X

0n
1

w. = 0.08%° 4+ 0.68%% ~ 0.44%° 4 0.15X% + 0.23X
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20.

1.49X

- 0.28e COS( 1.49X ) - 0.55e1°4%%

SIN( 1.49X ) ‘

~1.49% L
+ 0,066 4% 005(¢ 1,49 ) 4 0.58e~ 2495 ( 140 )

+1.22%% 4 1.22

~ 0.01e298% -2.96X

COS( 2.98X ) ~ 0.07e COs( 2.98X )

e2.98X ~-2,98X%

+ 0.12¢ 12798

- 0.14 0 SIN( 2.98X )

- 0.0 SIN( 2.98X ) + 0.22SIN( 2.98X )

+ 0.14C0S( 2.98X ) - 0.23e* %X cos( 2.98x )

+ SIN( 2.98% )] ~ 0.45¢2*8%[ sm( 2.98% )
- cos( 2.98% )] - 0.05¢ 2" 7% cos( 2.98x ) -
- SIN( 2.98X )] ~ 0.47¢~2*8% smy( 2.98% ) . o

4+ COS( 2.98% ) ] + 0.69[ Xet"*%cos( 1.49% )

oyt
AUV

[

- E e1'49X 1.49 )[ cos( 1.49X ) + SIN( 1.49X )]1]

1.49X 1.49X
e

+ 1l.36[ Xe SIN( 1.49X ) = ( /1.49 )

[ SIN( 1.49% ) - COS( 1.49% )11 - 0.15[ xe 1-4%%

cos( 1.49% ) + ( e +*%%%/1 .49 )[ cos( 1.49% )

-1.49X

- SINk 1.49X )11 - 1.41[ Xe SIN( 1.49X )

+ (e 149, 49 )L SIN( 1.49 ) + COS( 1.49% )1]
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w

3

3

~ 0.,99X" + 0.99X + 0.11

1.49X 1.49X

~ 0.8% COS( 1.49X ) + 0.05e SIN( 1.49X )

-1.49X ~1.49X

- 0.98¢ CcoS( 1.49X ) + 0.16e SIN( 1.49X )

2 1.49X 1.49X

+ 0.83X" = 0.59Xe SIN( 1.49X ) + 0.19Xe

COS( 1.49X ) = 0.36Xe SIN( 1.49X ) - 0.45Xe

cos( 1.49X ) + 1.87

40.
0.09eL* T7%c0S( 1.77X ) = 0.36e+* 7 XSIN( 1.77X )
+ 0,126~ T c0s( 1.77% ) + 0.32¢7 1 T XSIN( 1.77X )
2
+ 0.97%% 4+ 0.97
0.01e3°5%%c0s( 3.54% ) - 0.03e >*>**cos( 3.54% )
~ A
-0.06e3°9%% . 0.05¢73°%%% _ 0.04e3*>*Fsn( 3.54% )

+ 0.09SIN( 3.54X ) + 0.06COS( 3.54X )

0.05e1'77X[ COS( 1.77X ) + SIN( 1.77X )]
- 0.19e1°77X[ SIN( 1.77X ) - COS( 1.77X )]

- 0.06é’1‘77X[ COS( 1.77X ) - SIN( 1.77X )]

0,171 77X smi( 1.77% ) + cos( 1.77% )]
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1.77X

COS( 1.77X ) ~ ( et 17X

+ 0.18[ Xe / 1.77 )L COS( 1.77X )

1.77X S 1.
el "%y 77y

+ SIN( 1.77X )11 + 0.7[ Xe SIN( 1.77X ) ~. (

[ sIN( 1.77% ) -~ cos( 1.77X )1] - 0.23[ xe~ 177X

cos € 1.77% ) + ( &7 /1 97 )[ cos( 1.77% )

- SINC 1.77X )11 - 0.62[ X~ 17 smi( 1.77% )

+ (71 97 00 smoC 1.77% ) + cos( 1.77% )]]

- 0.63X3 + 0.67X =~ 0.09

Wy = ~0.2e* T 08¢ 1.77% ) = 0.43¢~ 1 Tc0s( 1.77% )

2 1.77X

-]e 77X

+ 0.12e - SIN( 1.77X ) + 0.42X

A}

LT 08¢ 1.77% ) ~ 0.12%e

+ 0.16Xe SIN( 1.77X ) =

1.77Xt By

- 0.26%e 0S( 1.77X ) + 0.84
{-.

K = 60-

1.96X

1.96X. SIN( 1.96X )

w, = ~0.02e 0S( 1.96X ) - 0.28e

+ o.13é'1'96Xtos( 1.96X ) + 0.22e'1'96XSIN( 1.96X )

+ O.89X2 + 0.89

0.01e>"92cos( 3.92% ) - 0.02¢ 2"22Xcos( 3.92% )

]
[}

- 0.04e3°7%% 4 0.03¢73°9%% _ 0.02¢3°9Fsmi( 3.92% )
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+ 0.05SIN( 3.92X ) + 0.04COS( 3.92X )

1.96X
e

~ 0.01 [ cos( 1.96X)) 4 SIN( 1.96X )]

- 0.121 %% sv( 1.96% ) - COSC 1.96% )]

e

- 0.05 [ cos( 1.96X ) - SIN( 1.96X )]

~1.96X
e

-0.1 [ SIN( 1.96X ) + COs( 1.96X.)J

1.96X

Cos( 1.96X ) - ( et*?6%

+ 0.04[ Xe /1.96 )

[ cos( 1.96X ) + SIN({ 1.96X )]] + 0.5[ X RIS

1.96X

SIN( 1.96X ) ~ (e / 1.96 ) [ sin( 1.96% )

- COS( 1.96X )11 - 0.23[ xe~1*?*cos( 1.96x )

+.( % 06 [ COS( 1.96X ) - SIN( 1.96X )]]

1-96%/1 .06 ) i
3 0
[ SIN( 1.96X ) + COS( 1.96X )11 - 0.53X" + 0.61X ~0.61 £

™

- 0.39[ Xe 1+?%smi( 1.96X ) + (e

w. = = 0.27eL*9%c0s( 1.96% ) = 0.01er*PP%smi( 1.96% )

3 .

1+%6%005( 1.96% ) + 0.11e L-%¥smi( 1.96% )

0.28

2 1.96XS

0.14%e1*?%cos( 1.96X ) - 0.05Xe SIN( 1.96X )

+

0.19%e~1*%%%c0s( 1.96% ) + 0.55

K = 80.
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- 2,11X
0.01e>* 11 %c0s( 2.11% ) - 0.23¢2* 1 ¥smy( 2.11% )

=
i

-2.11X. -2.11X

+ 0.13e CoS( 2.11X ) + 0.16e SIN( 2.11X )

+ 0.86X? + 0.86

s, = 0.01e7°%%%c0s( 4.20% ) ~ 0.01e~4"2%Xcos( 4.22% )

o 4e22X 4e22X _

~ 0.02¢ + 0,02 1ete22X

0.0 SIN( 4.22X )

+ 0.04SIN( 4.22X ) + 0.03COS( 4.22X )

e2.11X[

- 0,09 SIN( 2.11X ) - C0S( 2.11X )]

e

-~ 0.06 [ sIN( 2.11X ) - Ccos( 2.11X )]

2.11X

2.11X . /2.11 )[ COS( 2.11X )

- 0.01[ Xe 0S( 2.11X ) - (e

2.11X

2.11% /2.11 ) r,

+ SIN( 2.11X )1] + 0.4[ Xe SIN( 2.11X ) - (e

[ SIN( 2.11X ) - COS( 2.11% )11 - 0.22[ Xe 2+11X

LR T e Rl o B
S

=
=
W
<

Cos( 2.11X ) + ( e'2'11X/2.11 J[ cos( 2.11X )

- SW( 2.11X )11~ 0.28[ Xe_2'1lXSIN( 2.11X )

+ ( e"2’11X72.11 [ SIN( 2.11X ) + CO0S ( 2.11X )1]

~ 0.49%° 4+ 0.6X - 0.19

2.11X

3
- 0,267 2= ¥cos( 2.11X ) - 0.1 2 M smi( 2.11% )
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2 2.11X

+ 0.29X° = 0.12%e SINC 2.11X ) + 0.13%e2*1%cos( 2.11x )
- 0.01xe™ 21 sy 2.11% ) - 0.15%e 2 1 ¥cos( 2.11% )
+ 0.41
K .= 100.
w = 0.0362°23%05( 2.23% ) - 0.262°23%smi( 2.23% )
+ 0.126~2°23 %005 ( 2.23% ) + 0.13¢2*23%3m( 2.23% )
+ Q.84X2 + 0.84
s, = d.01e4f46XCOS( 4,46X ) -_0.02e4'46X; O.Ole-4'46x

+'0.02C0S( 4.46X ) + 0.01e2*23%[ cos( 2.23% ) + SIN( 2.23% )]

00762222 %[ 1sIv( 3.23% ) - COS( 2.23% )] i

- 0.04¢™2°23 [ cos( 2.23% ) - SIN( 2.23% )] £

- o.o4e’2'23x[ SIN( 2.23X ) + COS( 2.23X )]

2.23Xc 2.23X/

- 0.05[ Xe 0S( 2.23X ) - (e 2.23 )

[ cos( 2.23X ) + SIN( 2.23X )]] + 0.34[ xe2*23%

ami( 2.23x ) - ( e2°23%/2,23 )[ sm( 2.23%x )

- COS( 2.23%X )11 - 0.21[ Xe'2'23xcos( 2.23X )

+ (22235 53 )[ cos( 2.23x ) - SIN( 2.23% )]]
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- 0.21[ Xe-2'23XSIN( 2.23X ) + ( e-2°23x/2.23 )

[ SIN( 2.23X ) + COS( 2.23%X )]] ~ 0.47%° + 0.62X

- 0.21

2.23X

23X
223X SIN( 2.23X )

w, = 0.17e 0S{ 2.23X )} -~ 0.02e

3

- 0.16e"2°23%c0s( 2.23% ) + 0.09e~2°23% o 0.17%°

2.23X

~ 0.09Xe SIN( 2.23X ) + 0.12Xe2'23X

CoS( 2.23X )

- 0.13e~2°23%08( 2.23X ) + 0.33

10. Loading Condition : F = COS( 1.0708X )

Boundary Conditian : Clamped both sides

K = O. - ' e

~
R
w = 4.65C0S( 1.0708X ) + 3.65%° ~ 3.65 W
S, = 4.26STN( 3.1416 ) - 34.1XC0S( 1.0708X )
+ 21.71SIN( 1.0708X ) - 8.92X° - 12.78X
4 >
wy == 10.4C08{ 1.0708X ) + 2.23X" - 12.63X" + 10.4
K = 20.
4
wy = - 0.396+°4%%c0os( 1.49% ) + 0.03et**FsIN( 1.49% )
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- 0.39¢ 1% %05 ( 1.49% ) - 0.03¢” 14 XsIN( 1.49% )
+ 1.78C0S( 1.0708X )
s, = - 0.02¢2*98%cos( 2.98% ) + 0.02¢~2* 7 cos( 2.98% )
- 0.05¢2° %8 | 0.05672-98% 0,032 7¥Xsmi( 2.98% )
b 0.03¢72°98%510( 2.08X ) 4 0.11SINC 2.98X )
+ 0.62¢>°*%%cos( 1.0708 - 1.49 )X
- 0.62¢"1*%%%c0s( 1.0708 ~ 1.49 )X
+ 0.08e°%%%c0s( 1.0708 + 1.49 )X
- 0.08e 1+ c0s( 1.0708 + 1.49 )X
= 0.a7e* 4 smi( 1.0708 - 1.49 )X 3
- 0.47¢" 1499y ( 1.0708 ~ 1.49 )X ;;
- 0.33e1°%%%smN( 1.0708 + 1.49 )X ' Eg
i3
- 0.33¢" 149 gmy( 1.0708 + 1.49 % | <
+ 12.38SIN( 1.0708X ) COS( 1.0708X ) - 1.41X
iy = 0.21eL°4%%c0s( 1.49% ) + 0.24et P XsTN( 1.49% )
4+ 0.21 1% 05 ( 1.49% ) - 0.24e” 1+ Rsm( 1.49% )
— 0.42C0S( 1.0708X ) - 0.22Xe™**%¥smi( 1.49x )
- 0.06%el"4%%c0s( 1.49% ) - 0.22xe 14 smi( 1.40% )
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1

I

+ 0.26%e"1°4%%0s( 1.49% )

40.

e1.77XC 1.77X

- Q.2 0S( 1.77X ) = 0.04e SIN( 1.77X )

- 0.2t T e05( 1.77% ) + 0.04e~ TR smi( 1.77% )

+ 1.4C0S( 1.0708X )

3.54X cosg 3.54X )

-0.0le cos( 3.54X ) + 0.0le

~0.01e3°5%% 4 0.01e73-9*% 4 0.03sIN( 3.54X ) -

+0.14e%° 7%c0s( 1.0708-1.77 )X ~ 0.1de COS(1.0708=1.77)X

1.77Xc

+0.07e 0s( 1.0708 + 1.77 )X

- 0.07e 1+ " cos( 1.0708 + 1.77 )X _ i

1.77X
e

- 0.29 SIN( 1.0708.- 1.77 )X . b

e

1.‘77XS

- 0.13e N( 1.0708 + 1.77 )X

e'-l L] 77XS

0.13 IN( 1.0708 + 1.77 )X

+ 7.7SIN( 1.0708X ) COS( 1.0708X ) - 0.55X

X
0.0ael*7cos( 1.77% ) + 01267 T FSIN( 1.77X )
20,020~ 1* T c0s( 1.77% ) = 0.12¢"+ T smi( 1.77% )
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1.77X

~ 0.08C0S( 1.0708X ) - 0.12%e™* 7 7SIN( 1.77X )

- 0.08%eY " c0s( 1.77% ) - o.12%e T s 1.77X )

+ 0.08%e~ 1 T%cos( 1.77% )

60.

- 0.13¢%*%%cos( 1.96% ) - 0.0561+ 9% Sm( 1.96% )

- 0.13e"1*%%c05( 1.96% ) +0.056 - P*sIN( 1.96% )

+ 1.26C08( 1.0708X )

- 0.01e3°9% 4 0.01e73°9%F + 0.025TN( 3.92X )

+ 0.03et7%cos( 1.0708 ~ 1.96 )X

~ 0.03e"1*7%%c0s( 1.0708 - 1.96 )X i;

+ 0.06er*%%%c0s( 1.0708 + 1.96 )X ég
)

- 0.06e"1*%%c0s( 1.0708 + 1.96 )X 3

- 0.19e1°2%3N( 1.0708 ~ 1.96 )X

- 0.19¢ 1+?%%3( 1.0708 - 1.96 )X

~ 0.07er"%%%3m( 1.0708 + 1.96 )X

— 0.07e~ L% %smi( 1.0708 + i.96 )X -

+ 6.17STN( 1.0708X )COS( 1.0708X ) - 0.31X
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wy = 0.08e *”*FSIN( 1.96% ) - 0.08¢™1* X5 ( 1.96% )
-0.01C0S( 1.0708X ) - 0.08Xe™*“®¥smN( 1.96% )
-0.03%e*%%cos( 1.96% ) - 0.08%x e 1*%¥smi( 1.96% )
fo.o3xé’1'96xcos( 1.96X )
K = 80.
w, = - 0.09e2* 1 ¥cos( 2.11% ) - 0.05e2* ¥ smi( 2.11% )
- 0.09e~2* 1 ¥c0s( 2.11% ) 4 o.osé"z'llxsxﬁ( 2.11X )
+ 1.18C0S( 1.0708X )
s, = 0.01SIN( 4.22X ) + 0.0562°1%cos( 1.0708 + 2.11 )X
= 0.05e~2*11%cos( 1.0708 + 2;11 )X 55
- 0.13¢> 1 ¥smi( 1.0708 - 2.11)x ;?
- 0.13¢~ 223 ( 1.0708 - 2.11 )X h
o 0.04e2° 1 ¥smy( 1.0708 + 2.11 )X
- 0.04e~2 1 g( 1.0708 + 2.11 )X
+ 5.43SIN( 1.0708X ) COS( 1.0708X ) - 0.2X
Wy = 0.05e2°1¥smi( 2.11% ) - 0.05e” 2" smi( 2.11% )
2.11X 2.11x.

- = 0.06Xe SIN( 2.11X ) - 0.01Xe cos( 2.11X )
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w

3

o =2.11X -
- 0.06Xe SIN( 2.11X ) + 0.01%e 2" 1 ¥cos( 2.11% )

= 100.
= ~ 0.06e2*23%c0s( 2.23% ) - 0.05¢2* 23 smi( 2.23% )
- 0.066"2°23%05( 2.23% ) + 0.05e~2*23%gmy( 2.23% )

+ 1.13C0S(- 1.0708X )

2.23X
e

= = 0.01 CoS( 1.0708 = 2.23 )X

-2.23XC

- 0.01le 0S( 1.0708 - 2.23 )X

2.23XC

+ 0.04e 0s({ 1.0708 + 2.23 )X

e

- 0.04 CcoS( 1.0708 + 2.23 )X

2.23X
e

- 0.1 SIN( 1.0708 -~ 2.23 )X

e

SIN( 1.0708 - 2.23 )X -3

=3
g

- 0-1

- 0.03e2'23XSIN( 1.0708 4+ 2.23 )X

e’2'23XSIN( 1.0708 + 2.23 )X

- 0.03
+ 4.99SIN( 1.0708X )COS( 1.0708X ) - 0.14X

= 0.04e2°23%3TN( 2.23X ) = 0.04e SIN( 2.23X )
+ 0.01COS( 1.0708X ) - 0.05Xe2*2XsN( 2.23% )
- 0.05Xe~2*23%gN( 2.23% )
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11. Loading Condition : F = COS( 1.0708X )

Boundary Condition : Simply supported both sides

K =0.

COS( 1.0708X )

=
il

s, = 0,19SIN( 3.1416X )

2
Wy = O.
K = 20.
wy = cosk 1.0708X )

3,87SIN( 1.0708X )COS( 1.0708X )

0
]

2 i
W3 = 0. ;’j
3

K = 40.
Wy = cos( 1.0708% )

S, = 3,87SIN( 1.0708X )COS( ;.ovoax )
W3 = On

K = 60.
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Cos( 1.0708X )

Wl =
S, = 3.87SIN‘( 1.0708X )YCoS( 1.0708X )
w3 = 0.
K =80,
w, = COS( 1.0708X )
sy = 3.87SIN( 1.0708X )COS( 1.0708X )
Wy = 0.
K =100.
W = Cos( 1.0708X ) é
s, = 3.87SIN( 1.0708X ycos( 1.0708X ) zg
Wy = O.

12. Loading Condition : F = cos(. 1.0708X )

Boundary Condition : Clamped at X = +1 and simply supported
at X = ~1
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2.43C0S( 1.0708X ) + O.47X3 +>1.43X2 ~ 0.47X - 1.43

1.16SIN( 3.1416X ) - 3.84X2COS( 1.0708X )

+

4,44%SIN( 1.0708X ) + 2.82C0S( 1.0708X )

6.97XCOS( 1.0708X ) + 4.44SIN( 1.0708X )

1.16C0S( 1.0708X ) = 0.2X° - 1.02X* - 1.14%°

+

+ 0.68X? - 3.,09X -~ 4.09

= —4.23C0S( 1.0708X ) + 0.19%° 4 0.96X% - 0.44X°

~5.18X° 4 0.25X + 4.22

= 20.
= -0.3¢1"4%cos( 1.49% ) + 0.02¢1* s ( 1.49% )
~0.01e~1*4¥%cos( £.49x ) + 1.32C0S( 1.0708X )
- -0.01e2"9%c0s( 2.98% ) - 0.03¢2° %% & 0.026***¥sIN( 2.98% )
+ 0.36e7°*cos( 1.0708 - 1.49 )X - .=
- 0.02¢~1*4%%c0s( 1.0708 - 1.49 )X
+ 0.05¢-"47%cos( 1.0708 + 1.49 )X
- 0.27¢t**%*smi( 1.0708 - 1.49 %
— 0.01e **?*smi( 1.0708 - 1.49 )X
- 0.19¢-**%smi( 1.o7o§ + 1.49 )X
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L =1.49%X
- 0.01e 1 **Xsmy( 1.0708 + 1.49 )X

+ 6.85IN( 1.0708X ) cos( 1.0708X )

- 0.42X - 0.42
.49X |
Wy = 0.11et*4%%cos( 1.49% ) + 0.19e "% XsmN( 1.49% )
- -le X ' - .
+0.03e 14905 ( 1.49% ) = 0.02¢7 1+ Xsmi( 1.49% )
~0.15C05( 1.0708X ) - 0.18%er"* Xsmy( 1.49x )
~0.21%er "X cos( 1.49% )
K = 400
W, = - 0.17e+* T™%c0s( 1.77% ) - 0.03eT* 7 XSIN( 1.77X )
+ 1.17C0S( 1.0708X ) o
s, = - 0.01373% 4 0.1e1*7cos( 1.0708: = 1.77 )X E
+ 0.05¢+* T cos( 1.0708 + 1.77 )X <
- 0.2¢3°9%%smy( 1.0708 - 1.77 )X
~ 0.09e>""*s1N( 1.0708 + 1.77 )X
+ 5.35SIN( 1.0708X ) COS( 1.0708X )
~ 0.2X = 0.2
Wy = 0.02e1°77XCOS( 1.77X ) + O.le1'77XSIN( 1.77X )
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Il

- 0.0le SIN( 1.77X ) - 0.02C0S8( 1.0708X )
- 0.11Xe SINC 1.77X ) = 0.07%et" ' Xcos( 1.77X )
60.
1.96X

-0.11e1°%%c0s( 1.96% ) ~ 0.02e"%%sIN( 1.96% )
+1.11C0s( 1.0708X )

0.02¢+*%%cos( 1.0708 ~ 1.96 )X
+0.04eT°?%%c0s( 1.0708 + 1.96 )X
~0.14e1°?%%smi( 1.0708 - 1.96 )X
~0.05¢1* %%y ( 1.0708 + 1.96 )X
+4.82STN( 1.0708X ) COS( 1.0708X )
~0.12X - 0.12 )

0.06eL* % sy ( 1.96% ) - 0.07%e™* PXsIN( 1.96% )
~0.03%et*®%cos( 1.96X )

80.

- 0.08e*%%c0s( 1.96% ) = 0.05eT*®¥sIN( 1.96% )

+ 1.08C0s( 1.0708X )
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. 96X
S, = 0.02e7"%%cos( 1:0708 + 1.96 )x

~0.11eT* %3 m( 1.0708 ~ 1.96 )X
~0.02e™* %231 ( 1.0708 + 1.96 )X

+4.54SIN( 1.0708X )COS( 1.0708X )

~0.08X -~ -0.08

Wy = 0.04e-"P%%sN( 1.96% ) - 0.05%et* ¥ smi( 1.96% )
~0.01%e1*%%c0s( 1.96% ) -
K = 100.
W = ~0.06e2°23%c0s( 2.23% ) - 0.04e2°23 %3N ( 2.23x )
+1.06C0S( 1.0708X ) f
s, = -0.01e2°23%c0s( 1.0708 - 2.23 )X 3
5
+0.03e2°23%c0s( 1.0708 + 2.23 )X :
-0.08e2*23%smy( 1.0708 ~ 2.23 )X
-0.0262*23%51( 1.0708 + 2.23 )X
+4.37SIN( 1.0708X ) Cos{ 1.0708X )
Wy = 0.032°23%smr( 2.23% ) - 0.0axe2*2¥smN( 2.23% )
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APPENDIX B
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Loading Condition : F =1

Boundary Condition : Clamped both sides

K = 0. (1 = 24,
K3 = 17.5543
K=20.. . ¥ = 39.6349
Ué = 17.8289
K = 40. Ki = 55,4849
65 = 18.0721
K = 60. 6& = 71.5399
¥, = 18.2864
K = 80. Ci =  87.7905
«é = 18.4741
K _ 100. ¢ = 104.227
& = 18.6369

Loading Condition : F =1
Boundary Condition‘: Simply supported both sides

K = Oo d’ = 4‘8

14,5630

1l

1
%
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K= 20, d’1 = 20.8181
6’3 = 15.2119
K= 40, b’l = 37.1933
LA = 15.7608
K= 60. ¥ = 53.8949
5’3 = 16.2151
K= 8. (‘1 = 70.8956
(3 = 16.5791
K =100, h’l = 88.1706
6’3 = 16.8576

Ioading Condition : F =1

Boundary Condition : Clamped one side and Simply
supported the other side

— ( = e
K= 0. 1 12
¥ = 18.9257
3
K= 20. B’l = 28.3031
5’3 = 18.7757
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K= 40. , , ¥ = a4.7921

1
K3 = 18.729
K= 60. b’l = 61.4719
b’3 = 18.7350
K= 80, | | h’l = 78.3412
h‘s = 18.7624
K = 100. B’l = 95.3956
b’3 = 18.7941

Ioading Condition ¢ F =1 + x

Boundary Condition : Clamped both sides

K= 0. Q’1= 24:
¥, = 17.7883
3

K= 20. (1 = 39.6349
&’3 = 18.3786

K= 40. | vh’l = 55,4849

Y. = 19.0085

AU



K = 60. : di = 71,5399

¥, = 19.6502
K = 80. ¥ = 87.7905

¥, = 20.2857
K = 100. Ki = 104.227

¥, = 20.9062

Ioading Condition : F =1 + x

Boundéry Condition : Simply sﬁpported both sides

K= 0. , 6; = 4.8
G; = 14.6201
K= 20 ¢ = 20.8181
&g = 15.9653
K = 40. ¥, = 37.1933
G; = 17.5341
K= 60. U; = 53.8949
!; = 19.0602
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K= 80. : ¥, = 170.8956

1
Ké = 20.4417
K = 100. 31 = 88.1706

¥, = 21.6404

Ioading Condition : F =1 + x

Boundary Condition : Clamped one side and simply
supported the other side

K= 0. Y, =13.3333
K} = 19,0805
K =" 20 Ki = 30.8551
Xé = 17.5189
K = 40. 81': 48,1189
¥, = 17.0331
K = 60. 31 = 65.2728
«5 = 17.0729
K = 80. 61 = 82.4038
«5 = 17.3827
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7

K = 1000
- 5
2

Ioading Condition : F = 1 4 x°

99,5646

17.8311

Boundary Condition : Clamped both sides

1

5

K= 20. d’l

K = ~'r\60.

i

B

K = 80.

X

100.

g

A
]

i
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21.1765

15.4614

35.0847

15.7406

49.2689

15,9954

63.7183

16.2276

78.4229

16.4380

93.3729

16.6269




Loading Codition : F = 1 + x2

Boundary Condition : Simply supported both sides

K= 0. €, = 4.04494
¥, = 12.3579
K= 20. Ki = 17.6733
¥, = 13.6895
K= 40, ¥ = 31.7966-
.Gé = 14.1434
K= 60. | *1 =  46.3819
«5 = 14.9074
K = 80. «& = 61.3989 ;
«5 = 15.5672 g
K = 100. X1 = 76.8193
{, = 16.1077
2

Loading Condition ¢t F =1 + X

Boundary Condition : Clamped one side and simply
supported the other side
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10.

=
I
o
L
=X
1

wX
1]

K= 20.

=X
]

X
1l

X
]

K= 60. ¥ o=

X
"

K= 80. ‘i =

=

=
"

100. Ki =

g, =

Ioading Condition : F = COS(™/2)X

Boundary Condition : Clampled both
- B
K= 0. 1=
K; =

- 185 -

10.2857

16.5093

24.4256

12.7850

38.8945

17.0725

53.6808

17.3510

68.7717

17.6062

84,1539

17.8273

sides
28.3696

20.8264




11.

K= 20, ¥, = 42.6260

1

¥, = 21.1073

K = 40. : Ki = 64.9702
¥, = 21.3665

K= 60. , Ki = 83.3971
¥, = 21.6020

K= 80. ‘ K; = 101.902
K;.= 21.8158

K =100. ¥, = 120.480
Ké = 22.0098

Ioading Condition : F = COS("/2)X

Boundary Condition : Simply supported both sides

K= 0. fi = 6.08812
(3 = 18.2644
K= 20. ¥, = 26.0881
(é = 18.2644
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12.

K = 40. ¥ = 46.0881

1
Kg = 18.2644
K= 60. Ki = 66.0881
¥, = 18.2644
K= 80. - ¥, = ss.0881
Ké = 18,2644
K = 100. 'Ki = 106.088
Ké = 18.2644

Loading Condition : F = COS(7/2)X

Boundary Condition : Clamped one side and simply
supported the other side

K= 0. ¥, = 14.8148 ;
rg = 22,7531

K = 20. ¥, = 34.5706
¥y = 21.8153

K = 40, Ki = 54.1930
¥, = 21.2783
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60«

80.

100.
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73.7361

20.9506

93.2335

20,7556

112.707

20,6432




Appendix C
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FLOW -~ CHART

( READ A(I,J),C(D), X(I), R )

v
INVERT MATRIX A(I,J)
, —

MULTIPLY C(J)BY A(I,J)
)

COMPUTE B(I)
v

COMPUTE W;j, Sz, AND W3
v

COMPUTE QCL
1

COMPUTE QADH
)

COMPUTE SBL
Y

COMPUTE ' SBN
)

COMPUTE . SM

COMPUTE STSS
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