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SUMMARY

In the literature, most quoted mathematical models for ice
were developed to describe the mechanical behaviour of ice
samples subjected to uniaxial monotonically increasing loading
conditions. A close examination of ice-structure interaction
problems, however, indicates that ice fails under a complex
state of stress and the use of uniaxial mathematical models to
analyze such problems results in unrealistic ice load
predictions (Sodhi and Cox, 1987). The lack of existing of
reliable, deterministic, and general 3-D mathematical models
for ice is the stumbling block that hindered the development
of accurate predictive numerical methods for ice loads.

The objective of the present work is to develop and
evaluate a three dimensional mathematical model for fresh
water ice. The model serves as a mathematical base that can be
extended to include the mechanical bghaviour of sea-ice.

A series of creep compression tests were carried out on
columnar grained S-2 fresh water ice samples. The tests were
conducted at the National Research Council of Canada, NRCC,
laboratory using a commercial closed-loop servo-hydraulic
material testing system, MTS. During each test, a series of
loading, unloading and reloading cycles were performed. The
objective of this experimental work is to investigate the rate
of accumulation of the permanent strains generated in ice
undergoing creep deformations for non-cracking conditions.
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The equations for the practical elastic moduli (Young’s
modulus, shear modulus, and Poisson’s ratio) for ice are
reviewed. These moduli are needed for the calculation of the
elastic strains using Hooke’s law. Sinha’s (1989a) equations
for Young’s modulus and shear modulus are presented. New
equations for Poisson’s ratio for columnar grained ice are

proposed.

All Sinha’s (1989a) equations as well as the equations
derived in this work (equations for the practical elastic
moduli for ice) are based on the Reuss’ averaging method. Many
averaging methods have been developed to calculate the
practical elastic moduli for polycrystals from the elastic
moduli of monocrystals. In order to assess which averaging
method is appropriate for polycrystalline ice, equations for
the practical elastic moduli for granular ice are developed
_using three averaging methods. These equations are used to
predict the values of both Young’s modulus and Poisson’s ratio
for granular ice, and the predictions are compared with some
experimental data. The comparison indicates that the Reuss
averaging method is most appropriate for polycrystalline ice.

A three dimensional mathematical model for polycrystalline
fresh water ice is developed on the basis of analysis of the
experimental results obtained in this study as well as
experimental results taken from the literature. The model
describes the mechanical behaviour of ice subjected to any
loading path in the three dimensional stress space, including
cyclic loading. The model formulations take into account the
observed material non-linearity, time and temperature depend-
ency, plasticity, material anisotropy, stress path dependency,
"and hysteresis behaviour of ice subjected to cyclic loading.
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The model is made up of the sum of two sub-models: A Non-
cracking model and a Crack-activity model. The Non-cracking
model describes the mechanical behaviour of intact ice while
the Crack-activity model describes the effect of the
structural deterioration (due to the formation of cracks) of
ice on its mechanical behaviour. The two models are dependent
on each other, their material constants and internal variables
are interconnected.

Upon 1loading, ice undergoes both elastic and plastic
deformations simultaneously. The total strains are presented
as the sum of four strain components. These are the
instantaneous elastic strains, the visco-plastic strains, the
visco-elastic strains, and the strains generated by cracks.

The instantaneous elastic behaviour of polycrystalline ice
results from the lattice deformation of its crystals. Hooke’s
law is used to relate the strains to the stresses.

A three dimensional visco-plastic constitutive relation is
developed on the basis of the concepts of the classical theory
of plasticity. However, the theory of plasticity was developed
for time independent behaviour of isotropic metals undergoing
deformations at low temperatures, ignoring the effect of time,
temperature, and anisotropy on the plastic behaviour of the
material. In this work, modifications of the classical theory
of plasticity were made so that the theory could be used to
model the behaviour of ice and accommodate time, temperature,
and material anisotropy in the constitutive equations.

The visco-plastic constitutive equations developed in this
work are based on the concept of the plastic work. Since the



model describes the creep behaviour of ice (time dependent
material behaviour), a plastic powar formulation is proposed.
A plastic potential function is formulated on the basis of the
experimental results, and the normality rule of plasticity is
used to relate the plastic strain increments to the stresses.

The visco-elastic deformation of ice results from the
grain boundary sliding. It is recognized that the grain
boundary sliding is a non-uniform process of deformation, and
this non-uniformity is induced by the visco-plastic deforma-
tions. Moreover, as the plastic strains accumulate with time,
ice crystals undergo structural changes which affect the
magnitude of the grain boundary sliding.

Sinha’s (1979) equation for the delayed .elastic strains is
used to calculate the visco-elastic strains. However, Sinha’s
equation is modified to include the effect of the structural
changes of the material (due to its visco-plasticity) on the
grain boundary sliding. Sinha’s equation is complemented by a
structural change function, The latter, however, is formulated
on the basis of the results of the creep tests carried out in
this research work.

A constitutive relationship relating the stresses to the
strains induced by grain boundary cracks are developed on the
basis of long term creep tests carried out by Sinha (198%c).
The formulation of this constitutive relationship is based on
a concept similar to that of the rate theory presented by
Krausz and Eyring (1975). It is assumed that the shear
stresses contribute to the formation of the grain boundary
cracks while the compressive hydrostatic pressure opposes the
formation of these cracks. On the basis of this assumption, a
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multi-axial energy barrier for crack formation and healing 1is
developed. This energy barrier is used to develop an equation
for the rate of the formation of grain boundary cracks. A
crack potential function is formulated from the rate equation
and the energy needed to create new surfaces (due to crack
opening). Both shear and volumetric strains generated by grain
boundary cracks are derived from the crack potential function.

A comprehensive evaluation of the proposed mathematical
model is conducted to verify the versatility and accuracy of
the model in predicting the observed ice behaviour. The model
is used to predict the behaviour of laboratory fresh water ice
samples subjected to various loading conditions. The data base
used for the model evaluation includes the results of
monotonic and cyclic uniaxial and triaxial tests, creep tests,
and stress relaxation tests. The model predictions are
compared with the actual test results.

The model predictions of the results of the monotonic
uniaxial and triaxial tests are in excellent agreement with
the measured stress strain curves. The failure stresses are
predicted accurately (over 90% degree of accuracy), and the
model is successful in predicting the softening behaviour of
ice (post failure behaviour).

The model predictions of the results of the cyclic tests
are in good agreement with the experimental data. The measured
stress strain curves generated during unloading-reloading
cycles in triaxial as well as uniaxial tests are predicted
well, and the model is able to reproduce the observed
hysteresis behaviour of ice subjected to cyclic loading.
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The model predictions of the results of the creep tests
are in good agreement with the experimental measurements. Both
axial and volumetric strains generated during long term creep
experiments are predicted well, and the effect of the grain

size on the creep behaviour of ice is predicted properly.

Additional evaluation of the model includes theoretical
predictions of tensile tests and predictions of the effect of
stress rate and initial confining pressure on the behaviour of
ice. In the light of all these predictions, recommendations
for future research are suggested.
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CHAPTER 1

INTRODUCTION

1.1 General

During ice-structure interactions, the relative motion
between the ice and the structure results in the development
of forces known as "ice forces". Fixed offshore structures
constructed in an ice infested environment must be strong
enough to withstand the forces generated by ice. Many empiri-
cal and analytical methods (Appendix A) have been developed to
compute the forces generated by ice on offshore structures.
However, their application to solve general prototype ice-
structure interaction problems may result in unsafe design of
the structure against ice loads (Sodhi and Cox, 1987).

Jefferies and Wright (1988) presented field measurements
of ice forces exerted on Gulf’s Molikpad structure at
Amauligak. They reported that ice exerted forces in excess of
the design ice 1load (500 MN) and generated structural
vibrations which led to the liquefaction of the sand in the
core of the structure. Sanderson (1988) indicated that, during
the impact of ice with offshore installations, complex ice
force histories (ice force versus time) are generated at the
ice-structure interface. The trace of these ice force
histories can be periodic (cyclic) or sporadic (irregular).



In the present work, it 1is recognized that the method of
predicting ice 1loads on offshore installations should be
numerical. However, numerical methods (such as finite element
and discrete element methods) require mathematical models for
the description of the mechanical behaviour of the materials
involved in the interaction problem. Therefore, in order to
carry out a reliable analysis, and subsequently a safe design
of the structure, realistic mathematical models for ice, stru-
ctural material, and soils of the foundation are necessary.

A literature review indicated that most existing mathema-
tical models for ice were developed to describe its mechanical
behaviour under uniaxial, monotonically increasing 1loading.
Therefore, there is a need for a three dimensional mathema-
tical model capable of describing the mechanical behaviour of
ice subjected to complex loading conditions. This stems from
the fact that during ice-structure interactions, complex
stress states are induced within the ice, and hence, a multi-
axial mathematical model for ice should be used in conjunction

with a numerical method (finite element) to analyze the
interaction problem.

1.2 Btatement of the Problem

A literature survey revealed that many methods for the
calculation of ice forces on offshore structures have been
developed (Appendix A). This section, however, presents a
critical examination of these methods. The efforts are aimed
to highlight the common drawbacks of these methods so that the
need for numerical ice load models, and subsequently the need
for general 3-D mathematical models for ice, is justified.



The most important drawbacks of the existing methods for
the calculation of 1ice forces on offshore structures are
listed as follows:

1) Although both empirical and analytical methods are widely
used to solve ice engineering problems, they neglect all
together the process of deformation undergone by ice prior to
its failure. Moreover, the failure conditions (for ice) are
randomly postulated ignoring the ice anisotropy, visco-
plasticity, hysteresis behaviour, and stress path dependency.

2) Empirical methods are valid for rather limited conditions
and restrictive geometries corresponding to those of the
experimental setups. Their application to solve general
prototype ice-structure interaction problems is underlined by
a number of uncertainties, primarily the uncertainty of
estimating the proper coefficients for the empirical equation
that is used to solve the interaction problem at hand. The
extrapolation of the parameters of an empirical equation from
those originally measured in the laboratory may result in
unsafe design of the structure against ice loads.

3) Most existing analytical methods are merely ad hoc
formulations developed originally for the solution of trivial
elastic-perfectly plastic problems with over simplified
boundary conditions and presupposed failure criteria for ice.

4) Both empirical and analytical methods use the uniaxial
strength of ice to compute the forces generated by ice on
offshore structures. However, close examination of the
ice-structure interaction 'problems indicates that ice fails



under a complex state of stress and the use of the uniaxial
compressive strength to compute ice forces results in
unrealistic ice load estimation (Sodhi and Cox, 1987).

5) In the literature, most quoted mathematical models for ice
are developed for the description of its uniaxial behaviour
(Chapter 2). The lack of reliable, deterministic, and general
3-D mathematical models for ice is the stumbling block that has
hindered the development of accurate predictive numerical
methods for ice loads.

1.3 Research Objectives

The objective of the present work is to develop and
evaluate a three dimensional mathematical model for granular
and columnar grained fresh water ice. The model serves as a
mathematical base that c¢an be extended to include the
mechanical behaviour of sea-ice.

A series of laboratory creep tests are carried out on
columnar grained S-2 fresh water ice samples. On the basis of
the results of these experiments, a three dimensional visco-
elasto-plastic model for ice is developed. Basically, the
model is formulated for the description of the behaviour of
ice subjected to any loading path in the three dimensional
stress space, including cyclic loading conditions. The model
formulation takes into consideration the observed material
non-linearity, time and temperature dependency, plasticity,
material anisotropy, stress path dependency, and hysteresis
behaviour under cyclic loading conditions.



The objective of the model evaluation, however, is to

assess the merits as well as shortcomings of the model. Within

this general framework, it is aimed to achieve the following

objectives:

Investigate the versatility and accuracy of the model in
predicting the observed ice behaviour,

Evaluate the accuracy of the model in predicting the
failure stresses (failure criteria),

Investigate the ability of the model to simulate the
softening behaviour of ice after the peak of the stress
strain curve has been reached,

Eramine the performance of the model in simulating the
cyclic behaviour of ice, and

Study the effect of strain rate, stress rate, material

anisotropy and initial confining pressure on the predic-
ted stress-strain curves.

These objectives are achieved by comparing the ‘model

predictions with actual test data. The later, however,
includes the results of the tests carried out in the present

study as well as the results of various tests taken from the

open literature.



1.4 Scope of the Research

The steps that are followed in this work to achieve its
objectives are listed as follows:

1. Literature review,

2. Laboratory testing of fresh water ice samples,

3. Review of the practical elastic moduli for ice,

4. Development of a mathematical model for ice using the
results of the experimental work (step 2),

5. Development of numerical procedures for the calculation
of the creep strains,

6. Evaluation of the performance of the model (step 4) in
simulating the observed behaviour of ice, and

7. Conclusions .and recommendation for future research.

The details regarding the above mentioned steps are given
in the following subsections.

1.4.1 Literature Review

This literature review (Chapter 2) is focused on Sinha‘s
(1978b, 1979, 1988a, 1990) mathematical model since it is used
in the present work extensively. A brief review of the recent

developments in . ice mechanics modeling is also given in
Chapter 2.



1.4.2 Laboratory Testing of Ice Samples

In this work, a series of creep compression tests were
carried out on fresh water columnar grained S-2 ice samples.
The tests were conducted at the National Research Council of
canada, NRCC, laboratory using a commercial closed-loop servo-
hydraulic material testing system, MTS. During each test, a
series of loading, unloading and reloading cycles were
performed. The objective of this experimental work is to
investigate the rate of accumulation of the plastic (permanent)
strains induced in ice undergoing creep deformations for non-

cracking conditions.

Brief descriptions of the method used to grow the ice,
thin sectioning, and sample preparation are presented in
Chapter 3. Also, descriptions of the testing system, testing
procedure, and test results are given in the same chapter.

1.4.3 Review of the Practical Elastic Moduli for Ice

In this review, mathematical expressions for the practical
(engineering) elastic moduli for ice such as Young’s modulus,
shear modulus, and Poisson’s ratio are presented. These moduli
are needed for the calculation of the instantaneous elastic
stra'ns using Hooke’s law. Sinha’s (1989a) equations for
Young’s modulus and shear modulus for granular and columnar
grained ice are reviewed. New equations for Poisson’s ratio
for columnar grained ice are proposed.

The practical elastic moduli for polycrystalline ice are
calculated from those corresponding to single ice crystals



using various averaging methods. In order to assess which
averaging method is appropriate for polycrystalline .ice,
equations for the practical elastic moduli for granular ice
are developed using three averaging methods, Voigt (1910),
Reuss (1929), and Hill'’s (1952) methods. These equations are
used to predict the wvalues of both Young’s modulus and
Poisson’s ratio for granular (isctropic) ice and the predic-
ions are compared with experimental measurements taken from
the open literature.

1.4.4 Development of a Mathematical Model for Ice

A mathematical model for polycrystalline ice is developed
on the basis of analysis of the experimental results obtained
in this study as well as experimental results obtained trom
the open literature. The model is made up of the sum of two
sub-models: A Non-cracking model and a Crack-activity model.
The Non-cracking model describes the mechanical behaviour of
intact (non-cracked) ice while the Crack-activity model
describes the effect of the structural deterioration (due to
the formation of cracks) of ice on its mechanical behaviour.
The two sub-models are dependent on each other, their material
constants and internal variables are interconnected.

Upon loading, ice undergoes both elastic and plastic
deformations simultaneously. The total strains (et) are viewed
as the sum of four strain components. These are: instantaneous
, Visco-elastic
strains,_cve, and the strains generated by cracks, ¢

elastic strains, Egr visco=-plastic strains, ¢

'
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The details regarding these four strain components are

given as follows:

1) The instantaneous elastic behaviour of polycrystalline ice
represents an average elastic behaviour of single ice
crystals. The latter, however, results from the lattice
deformation. The generalized Hooke’s law is used to relate the
strains to the stresses. The stress-strain relations are given
in Chapter 4.

2) A general 3-D visco-plastic constitutive relationship is
developed using the concepts of the classical theory of plast-
icity. A brief review of the classical theory of plasticity is
given in Appendix C. Since the model describes the creep
behaviour of ice (time dependent material behaviour), a
plastic power formulation is proposed. A plastic potential
function is formulated on the basis of the experimental
results, and the normality rule of plasticity is used to
relate the plastic strain increments to the stresses.

3) The visco-elastic deformation in ice results from the
grain boundary sliding. In this thesis, it is recognized that
the plastic strains induce structural changes in ice and



affect the magnitude of the grain boundary sliding. Sinha'’s
(1979) equation for the delayed elastic strain is used to
calculate the visco-elastic strains. However, Sinha‘s equation
is modified to include the effect of the structural changes of
the material (due to its plasticity) on the grain boundary
sliding. The structural change function is formulated on the
basis of the results of creep tests carried out in this
research work, Chapter 3.

4) During creep deformation, ice undergoes structural deter-
ioration due to the formation of cracks, particularly at the
grain boundaries. A constitutive relationship relating the
applied stresses to the strains induced by cracks is developed
on the basis of long term creep tests carried out by Sinha
(1989¢c). This constitutive relationship is based on a concept
similar to that of the rate theory (Krausz and Eyring, 1975).
A review of the rate theory as well as a detailed presentation
. of the Crack-activity model are given in Chapter 6.

1.4.5 Numerical Procedures for the Calculation
of the Creep Btrains

The proposed mathematical model (Non-cracking + Crack-
activity sub-models) is developed to calculate the creep
strains generated in polycrystalline ice subjected to constant
loading. Numerical procedures are used in conjunction with the
model formulations to calculate the strains induced in ice
subjected to arbitrary 1loading paths (variable loading).
Boltzmann (1876) superposition principle is used to calculate
the visco-elastic strains. A numerical procedure is proposed
for the calculation of the visco-plastic strains, Chapter 7.

10



1.4.6 Evaluation of the Model

A comprehensive evaluation of the proposed mathematical
model 1is necessary before it is used to solve boundary value
problems. This stems from the fact that the constitutive
equations determine whether or not the solution obtained for
the boundary problem is realistic. 1Indeed, it should
emphasized that even the solution provided by the most complex
numerical computer program will never be more realistic than
the constitutive equations implemented in the program to model

the material behaviour.

In this research work, the efforts are made to verify the
capability of the proposed model to predict the observed
behaviour of laboratory ice samples. The model is coded into a
stress point computer program. Subsequently, the program is
used to predict the behavicur of ice samples subjected to
various types of loading conditions. The comparisons of the
model predictions with the experimental data are presented in
Chapter 2.

11



CHAPTER 2

LITERATURE REVIEW

2.1 Introduction

In nature, the temperature of ice rarely goes below -a0°¢
for any extended period of time. Therefore, the working
temperatures of ice are, usually, greater than the homologous
temperature of 0.85 Tm (T/Tm = 0.85), where T and Tm are the
current and melting temperatures in Kelvin scale. High
temperatures, for metals and alloys, are considered to be
around 0.4 Tm or above..Hence, in nature, ice exists at high
temperature states (Sinha, 1981b)..

only one microscopic type of ice is fournd in nature. That
is the 1h ice type (h refers to hexagonal) which exists under
normal temperature and pressure (Michel, 1978). Under laborat-
ory conditions, however, at least seven other atomic configu~
rations of ice exist at high pressure (greater than 200 MPa)
or low temperature (below -110°Cc). In nature, even at the
bottom of the Antarctic ice cap (the thickness reaches 4000 m
in some places), the hydrostatic pressure (35 MPa) is
insufficient to allow for other ice types (other than 1h ice
type) to exist in stable conditions (Sanderson, 1988).

Ice forms, of course, from liquid water and preserves some
of the . geometric features of the water molecules. The

12



Figure 2.1: Molecular structure of ice. The lines joining the
oxygen atoms (open circles) represent bounds. The hydrogen atoms
are not shown: a) View perpendicular to the c-axis b) View along
the c-axis (After Michel, 1978).
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geometric confiquration of 1h ice crystals is presented in
Fig. 2.1. The oxygen atoms are arranged in layers of hexagonal
geometry. The plane parallel te the layer structure is known
as the basal plane. The direction perpendicular to the basal
plane is known as the c-axis (dr optic axis)} of the crystal.

In nature, ice forms in variety of ways which depend on
the growth processes, thermal, and mechanical histories. A
classification system for fresh water river and lake ice on
the basis of its genesis, structure, and texture was given by
Michel and Ramseier (1971). Because this thesis deals with
granular and columnar grained (S-1 and S-2) ice, brief identi-
fication of these two types of ice is given as follows:

Granular ice (snow ice or consolidated slush ice) is a
conglomerate of randomly oriented grains which can be rounded,
equiaxed, or angular. Granular ice is also known as equiaxed
or random polycrystalline ice. Columnar grained ice, however,
is an arrangement of ice crystals whose c-axes preferentially
lie in a plane. In the case of columnar grained S-2 ice, the
c-axes of the crystals are randomly oriented in the horizontal
plane (plane parallel to the water surface) while for columnar
grained S$-1 ice, the c-axes of the crystals are in the
vertical plane (perpendicular to the water surface).

The global orientation of the c-axes of individual grains
influences greatly the mechanical behaviour of polycrystalline
ice, and dictates the state of the material anisotropy. This
is due to the fact that the practical elastic moduli (such as
Young’s modulus, shear modulus, and Poisson’s ratio) as well
as the plastic deformations depend on the preferred global

14



orientation of the c-axis. A random orientation of the c-axis
(such as in the case of granular ice) dictates that the
material is isotropic. In the case of columnar grained S-2
ice, for example, there is a random orientation of the c-axes
of the grains in the horizontal plane, resulting in a
transverse isotropic material (or cross anisotropic material}).

At high temperatures, when loaded, polycrystalline mater-
ials, including ice, undergo pronounced creep deformations and
grain-boundary embrittlement (Sinha et al. 1987). Under
constant loads, the deformation history (strain versus time,
creep curves) of polycrystalline ice shows 4 distinct stages;
an instantaneous stage resulting from the instantaneous
elastic deformations, a primary (or transient) creep stage, a
secondary (or steady state) creep stage, and with time, the
strain history may show a tertiary creep stage. Typical creep
curves for polycrystalline ice are presented in Fig. 2.2

Over the years, much experimental work has been carried
out to investigate the mechanical behaviour of polycrystalline
ice. Literature reviews of the laboratory work on ice are
given by Sanderson (1988) and Cammaert and Muggeridge (1988).
Most of the reported work has been directed towards investi-
gating the behaviour of ice subjected to: 1) constant loading
(creep tests) or 2) monotonically increasing loading (constant
strain rate tests). In general, the results of the creep tests
are used to determine the parameters for Glen’s (1955) power
equation for the steady state creep while the results of the
constant strain rate tests are used to develop empirical
equations relating the strength of ice (peak of the stress-
strain curves) to the strain rate. Very 1little experimental
work has been reported on the cyclic behaviour of ice.

15
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Figure 2.2: Typical creep curves for polycrystalline ice under
constant stresses Tyr Tor Ty The primary creep strains are
.represented by the symbols cex and tk. The secondary creep strains
are represented by the symbol v. The tertiary creep strains are

represented by the symbols kv and 3v (After Michel, 1978).
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A number of mathematical models have been developed to
describe the mechanical behaviour of ice. Among these models
are those developed by Michel (1978), Sinha (1978b, 1979,
1988a, 1990), Spring and Morland (1983), Szyszkowski et al.
(1985), Ting and Sunder (1985), Pulkkinen (1988) and Santaoja
(1990) . Most of the existing mathematical models for ice are
developed for the description of the behaviour of ice
subjected to monotonic increasing loading where the behaviour
of ice under cyclic loading conditions is not formulated. More
importantly, mwmost the existing models are developed to
describe the behaviour of ice under uniaxial loading. Up to
now, the author is not aware of any existing 3-D, realistic,
visco-elasto-plastic mathematical model capable of describing
the behaviour of ice subjected to cyclic loading conditions.

In the following sections, a review of Sinha’s mathema-
tical model is given. Sinha’s model is used extensively in
this thesis. Brief reviews of both Pulkkinen’s (1988) and
Santaoja’s (1990) 3~D models are presented as examples of the
most recent three dimensional mathematical modelling of ice.

2.2 8inha’s Model

Sinha(1978b, 1979, 1988a, 1990) developed a mathematical
model to describe the mechanical behaviour of polycrystalline
ice subjected to uniaxial compressive loading conditions. The
model takes into account the effect of grain size, tempera-
ture, and crack activity (crack initiation and accumulation)
on the creep behaviour of ice. Its ability to predict the
results of both monotonically increasing loading as well as
creep tests was demonstrated (Sinha, 1988a and 1989c).

17



2.2.1 Basic Equations

Ice undergoes both elastic and permanent detformations
simultaneously upon loading. As shown in Fig. 2.3, *the total
strain is viewed as the sum of three strain components. These

are an instantaneous elastic strain, ¢ a delayed elastic

el
strain (time dependent recoverable strain), €4r and a
permanent viscous creep strain, €,
€y = Eg + €3 + e, (2.1)
1) Hooke’s law is used to relate the instantaneous elastic
strain to the applied stress.
£, = & (2.2)

where E is Young’s modulus in the plane of loading. It varies
linearly as a function of temperature (Sinha, 198%a).

2. The delayed elastic strain results from the grain
boundary sliding. It was given by Sinha (1979):

€q a

c..d e
L [°T] (1 - exp(-(ap £©)°) ) (2.3)

where d is the average grain size. The parameter aq is the
inverse relaxation time, and t is the duration of loading. The

parameters Ame Cyv dl, s, and b are given in Table 2.1.
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Figure 2.3: Stress and strain histories for columnar grained S§-2
ice, average grain diameter of 5.0 mm at -10°c (0.96 Tm) under
closed-loop controlled constant strain rate of 3 :LO"5 secC.

(Sinha, 1988a)
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Table 2.1: Sinha’s Model Parameters

c, = 9X 1073 M, = 1.67 X 1070
d, = 1.m m, = 4.55 X 1072 g7
s = 1. N = 550 m 2
c -4 _-1

n = 3. ap = 2.5 X 10 s
b = 0.34 ¥ = 1.33 X 10’ m %

_ _ -7 -1 _ -2
K = 1. &, = 1.76 X 1077 sT (o = 1 mn.m"%)
Q = 67 KJ/mol (16 Kcal/mol or 0.70 eV)

Note: Both ag and évo correspond to temperature T = 263 K

3. The viscous creep strain results from the intra-granular
deformation processes, particularly the movement of
dislocations. It was expressed as follows (Sinha, 1978b):

n
_ o
E, = évo.t.[ = ] (2.4)

where évo is the viscous strain rate for the reference stress
oo and the parameter n is a material constant (Table 2.1).

The total strain is obtained by substituting Egs. 2.4,
2.3, and 2.2 into equation 2.1:

a

c,-d, s b n
£ = % + = [ g ](l-exp(-(aT £)°) + évo't[ g ] (2.5)
[=]
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In order to include the effect of temperature on the creep
behaviour of ice, both parameters an and tvo (in Eg. 2.5) were
made a function of the current temperature (Sinha, 1978b):

ap(T,) = ap(T;).5, , and £,0(Ty) = &,4(T1) -8y 5 (2.6)
_ _+1pn0
where the values of'aT(Tl) and évo(Tl) for Tl— 10°C are
given in Table 2.1. The shift function S, is given as:
¥
= Q 1 - 1
51,2 T e"p{ R [ T, T, ] } (2.7)

where Q is the activation energy (Table 2.1) and R is the gas
constant. :

Equation 2.5 does not include any crack formulation. In
the following section, a general form of Eq. 2.3 which
incorporates the effect of cracking activity on the creep
behaviour of ice is presented. '

2.2.2 Crack Enhanced Matrix Creep

The strain induced by the grain boundary sliding is
expressed as follows (Sinha, 1979):
_ K.X
gbs T T d - (2.8)
where the symbol gbs means grain boundary sliding and K is a
material constant (Table 2.1). The parameter X is the average
grain boundary sliding displacement.
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The delayed elastic strains are attributed to the grain
boundary sliding:

gbs (2.9)

The grain boundary sliding results in stress concent-
rations at triple points (points at which three grains meet)
or at irregularities on the grain boundaries. This stress
concentration initiates cracks when the grain boundary sliding
displacement reaches a critical value, (Sinha, 1984Db):

d

_ _ 1
X, = M, - mT) —¢ (2.10)

where X, is the critical value of the grain boundary sliding
displacement, and T is the absolute temperature. Both
parameters M, and m
Table 2.1.

, are material constants which are given in

Equations 2.8, 2.9, and 2.10 indicate that cracks initiate
when the delayed elastic strain reaches its critical value:

K.X d
c . < = -
€q < 3 (M1 mlT)

1
s . (2.11)

As the specimen deforms, the number of cracks increases.

The crack density is expressed as follows (Sinha, 1984a):

N = N, [exp( ¥ (X - xc) )] (2.12)
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where N is the crack density at a given time, temperature, and

stress. The parameters Nc and ¢ are given in Table 2.1.

The presence of cracks enhances only the permanent viscous
creep strain (Sinha, 1988a). The effect of the crack activity
(crack initiation and accumulation) was added to the viscous
creep strain component, £, The term évo (in Eg. 2.5) was
modified as follows: '

For Cclumnar Jce:

2
_ n 2 _1/2
ve” évo[1 *pyzo ¥an ] (2.13)
For Granular Ice:
3/2
- L 3 1/2
évc— évo[l + {—137357—} Nd n ] (2.14)

where évcis the viscous strain rate at the time and after
cracks initiate. All other parameters in Egs 2.13 and 2.14
were defined previously.

If the condition for crack initiation was fulfilled, Eq.
2.11. the stress-strain relationship, Eg. 2.5, has to be
modified to include the continuous structural deterioration of
the material as the numker of cracks increases. This can be
achieved by replacing the term ¢ in Eq. 2.5 by &, in Eq.
2.13 or Eq. 2.14 depending on the type of material whether it
is columnar grained or granular ice (Sinha, 1990).
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2.3 Pulkkinen’s (1988) Modei

Pulkkinen (1988) proposed a three dimensional mathematical
model for polycrystalline ice. The model was made up of two
separate sub-models: A rate dependent creep damage model and a
rate dependent cracking model. The first sub-model was based
on the theory proposed by Murakami and Ohno (1981) supplemen-
ted with an equation for damage evolution. The second sub-
model was based on the crack concept presented by Rots et al.
(1985) for concrete {(two dimensional).

Pulkkiner’s (1988) model includes the effect of the strain
rate, anisotropy, and cracking on the mechanical behaviour of
ice. However, the model was developed, purely, on a mathemati-
cal basis. It represents only a general, theoretical, picture
.of ice behaviour subjected to monotonic loading conditions.
Consequently, its capability to predict the observed ice
behaviour has to be demonstrated (Pulkkinen’s recommendations
in his Ph.D. thesis)

2.4 Santaoja’s (1990) Model

Santaoja (1990) developed a three dimensional mathematical
model for the mechanical behaviour of ice. The total strain
was presented as the sum of the instantaneous elastic, delayed
elastic, and permanent strains (similar to Eq. 2.1). He
assumed that the instantaneous elastic strains induced in ice
can be decomposed into twe components. These are the instan-
taneous elastic¢ strain generated in the non-cracked material,
and the strain generated by instantaneous microcracks.
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For the calculation of the instantaneous elastic strains,
Santaoja (1990) assumed that the material is isotropic and
obeys Hooke’s law. The cracks formed during deformation are
assumed to be penny shaped, and the interactions among cracks
are neglected. The stress at the crack tip is not influenced
by the existing neighbouring cracks, and each crack is treated

under a uniform stress field.

Santaoja (1990) generalized the uniaxial equations for
delayed elastic and permanent strains in the modified Sinha'’s
model by Ashby and Duval (1985) to three dimensions. The total
strains were calculated by adding the instantaneous elastic,
delayed elastic and permanent strains (similar to Eg. 2.1).
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CHAPTER 3

LABORATORY EXPERIMENTS ON COLUMNAR GRAINED 8-2 ICE

3.1 Introduction

In the present work, a series of creep compression tests
were carried out on fresh water columnar grained S-2 ice
samples. The tests were conducted at the National Research
Council of Canada, NRCC, laboratory under the supervision of
Dr. N.K. Sinha. The tests were carried out at temperature of
-10°c on samples with an average grain size of about 4.5 mnm.
During each test, a series of loading, unloading and reloading
cycles were performed. The main objective of this experimental
work was to investigate the rate of accumulation of the
plastic (pérmanent) strains induced in columnar grained ice
undergoing creep deformations for non-cracking conditions. The
test results were used to formulate the visco-plastic strains
in the Non-cracking model. However, the results of long term
creep tests carried out by Sinha (1989¢) were used to
formulate the Crack-activity model.

In this Chapter, brief descriptions of the method used to
grow the ice, thin sectioning, and sample preparation are
presented. Also, descriptions of the testing system as well as
the testing procedure are given. The results of the tests that
were used to formulate the Non-cracking model are presented in
Appendix D. Other test results are given together with the
model predictions in Appendix G.

26



3.2 Preparation of Ice

Ice was prepared in a cold room at -10°c from deaerated
tap water in a galvanized tank. The water was allowed to cool
down for about 2 - 3 days in an insulated plastic container
(1L X 0.6 X 0.3 m). The container was eguipped with a pressure
relief system to minimize the possibility of generating any
deformation in the ice during its growing period. Freezing was
initiated by spreading a very fine crushed and aged ice (using
No. 18 U.S. standard sieve) on the water when its surface
temperature was Jjust above freezing. The plate of ice
(obtained after 2 weeks) was about 150 mm thick with visible
air bubbles formed in the bottom layer (20 - 30 mm).

Because the method of freezing was unidirectional, the ice
had a columnar grained structure. Ice crystals in the top
layer (about 20 mm) were randomly oriented because the seed
ice was initially scattered randomly over the surface of the
water. Since the crystals have a tendency to grow in the
direction perpendicular to c-axis rather than parallel to it,
the grains that were favorably oriented (grains with their
c-axes normal to the direction of the growth) grew at the
expense of the less favorable oriented grains. Because of
this, some of the grains were tapered and the average grain
size increased gradually in the direction of the growth.

3.3 Thin Sectioning

The grain size and crystallographic orientation of
individual grains, in both normal and parallel planes to the
columns, were studied by making thin sections and examining
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them with a transmitted polarized light. The thin sections
(about 0.5 mm thick) were microtomed from thick sections
(about 15 mm thick) cut from the central area of an ice block
using a band saw. The ice block, itself, was cut from the ice
plate from which the ice samples were machined for testing.
Each thick section was mounted on a clear clean glass plate by
freezing drops of water at its edges. First, the top surface
of the thick section was microtomed just to remove the cutting
marks induced by the band saw. About 3 mm was cut off the
surface in 10 um layers. Second, a 0.5 mm was microtomed off
the surface in 5 um layers. This was followed by removing
another 0.3 mm in 2 = 1 um layers and cleaning the microtome
blade (before cutting off each layer) with soft tissue paper.
This procedure resulted in a smooth, clean, and 1light
reflecting surface. The ice section was, then, dismounted from
the first glass plate and mounted on an-other clean clear
glass plate such that the finished surface of the ice section
was facing the glass plate. The ice section waé mounted on the
glass plate by freezing drops of water along all its sides,
and applying a slight pressure on it to ensure that no water
enters between the glass plate and the ice section. The
microtoming of the exposed surface was, then, continued until
the thickness of the ice section was about 2 mm removing off
the surface 10 um layer during each microtome pass. This was
followed by microtoming off about 1 mm in 5 um layers.
Finally, the microtoming continued in 1 - 2 um layers
accompanied with cleaning the microtome blade before each pass
until the thickness of the ice reached about 0.4 - 0.5 mm.

For viewing and analyzing the crystallographic orientation
of the individual grains, the thin section was placed between
crossed polaroid sheets illuminated with a white light. Since
ice has a birefringent crystals, the grains with the same
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crystallographic orientation had a different brightness and a
different color than the neighboring grains with different
crystallographic orientations. Therefore, the grain structure
can be, easily, seen. Figure D.1 shows a typical horizontal

and vertical thin sections.

For the analysis of the grain size and shape, a picture of
the thin section (as seen between the crossed polaroids) was
taken. A 100 X 125 mm black and white film was used. The film
provided an immediate positive and negative. The positive was
kept for the record. The negative, however, was placed in a
microfiche viewer to measure the size of the grains and to
analyze their shapes.

3.4 Sample Preparation

Rectangular samples (typical dimensions 80 X 100 X 220 mm)
were prepared in a cold room at -10°C such that the long
direction of the grains was perpendicular to the 100 X 220 mm
surface, as shown in Fig. D.2a. Both top and bottom layers of
the ice block (ice block from which the samples were made)
were removed to obtain a uniform columnar grained ice with a
random orientation of the c-axis in the plane parallel to the
top surface of the ice plate and without any visible air
bubbles. The samples were rough-cut from the ice block using a
band saw to dimensions slightly Jlarger than their final
values. The samples were machined to their final dimensions by
milling and lathing. The 80 X 220 mm and 100 X 220 mm surfaces
were milled, and any imperfections or cutting marks induced by
the band saw were removed. The 80 X 100 mm end surfaces were
lathed to remove any imperfections produced by the band saw
and to ensure a right angle between the side and the end
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surfaces of the sample. Following the lathe cutting, the end
surfaces were, also, polished using a fine sand paper to
ensure the smoothness of the ends and to remove any cutting
marks produced by the lathe machine. The final dimensions were
measured and the rectangularity of the specimen was checked.
Then, all surfaces of the sample were given a final polish
with a fine tissue paper moistened with alcchol. This sample
preparation procedure resulted in transparent ice samples with
clean, smooth, and light reflecting surfaces. The samples were
stored in sealed plastic bags to prevent sublimation, and the
tests were conducted in the following 1 to 5 days.

3.5 Testing System

A commercial closed-loop, servo-hydraulic material test
system (MTS) was used to carry out the tests. The test machine
was situated inside a cold room near an observation window.
The hydraulic pump, the control panel of the machine, and the
data recording system were kept outside the c¢old room. The
frame of the machine was designed for load capacity of 1 MN.
The loading train consists of two 152 mm diameter compression
platens, a 250 KN capacity load cell, and a 250 KN capacity
actuator. The lower platen was eguipped with a ligquid
circulation system (refrigeration system) to maintain it at a
cold room air temperature, and subsequently isolate it from
any warming effect generated by the actuator.

The machine is a single channel type testing system. It
has one actuator and one servo-controller. Therefore, only
uniaxial compression and tension tests can be carried out.
Both strain and stress controlled tests can be conducted. The
stress or strain histories (variation of stress or strain with
time) can be controlled by setting the desired 1load or
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displacement history on the control panel situated outside the
cold room. During testing, the recording system provides an
instantaneous strip chart which shows the history of both
applied load (or displacement) and the measured displacements
(or load) so that an exact record of the experiment history is
rnown at the time of testing. The test results can be recorded
at any desired time intervals and stored on a digital magnetic

tape recorder.

3.6 Testing Procedure

As shown in Fig. D.2, the experiments were carried out
such that the load was applied parallel to the long axis of
the specimen, hence it was perpendicular to the columns. The
axial (vertical) and lateral (horizontal) strains were
measured by using commercial extensometers attached (frozen)
to the central area of the surfaces of the specimen. For each
test, three extensometers were used to measure one axial and
two lateral strains. Figure D.2b presents a picture of the
experimental setup showing the loading train, ice sample, and
the extensometers.

3.7 Test Results

The compressive stresses are considered to be positive.
The axial and lateral strains are denoted as e; (i =1,3). The
directions 1 and 2 are those corresponding to the directions
perpendicular to the columns while direction 3 corresponds to
the direction along the columns, as depicted in Fig. D.2a.

In this section, the results of three creep experiments
are reported. The experiments are carried out for applied
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stress values of 0.5 MPa, 1.0 MPa, and 1.5 MPa. Figure D.3
shows a schematic description of the stress history followed
during testing. This type of stress history allows for the
measurement of the plastic strains generated during testing
(the plastic strains are measured at the end of the recovery
time). The rate of accumulation of the plastic strains,
however, is obtained from the measured plastic strains and the
accumulated duration of loading.

Because it was aimed to avoid the development of cracks in
the ice specimen during testing, both the applied stresses and
the duration of loading were kept small. During creep tests on
columnar grained S-2 ice samples, Gold (1972a, 1976) recorded
the time for the formation of the first three cracks at tempe-
ratures of -5°Cc, -10°c, -15°C, and -31°C. Sinha (1984b) used
Gold’s experimental work and his equation for the delayed
elastic strain to establish the conditions (stress, duration
of loading, and temperature) required for crack initiation.
Using Sinha’s work, it was found that for an applied stress of
1.0 MPa (temperature of -10°c), the first cracks occur for a
duration of loading of about 1000 sec. For an applied stress
of 1.5 MPa (temperature of -10°c), the first cracks occur for
a duration of loading of about 130 sec, and no cracks form for
an applied stress of 0.5 MPa. Gold (1972a) did not observe any
cracking below 0.5 MPa, and Sinha (1984b) computed the minimum
stress required for crack activity to be 0.47 MPa for tempe-
rature of -5°C and 0.59 MPa for temperature of -30°C.

3.7.1 Creep Test No. 1

A constant stress of 1.0 MPa was applied for a duration of
loading, At, of 60 sec., then the load was removed. This was
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followed by a waiting time period (tr in Fig. D.3a) until all
elastic strains were recovered. The waiting time period needed
for the elastic strains to recover was decided upon during
testing by examining the strip chart. When the curve of axial
strain versus time (on the strip chart) appeared to be
parallel to the time axis, all elastic strains were considered
to be fully recovered. The sample was reloaded up to 1.0 MPa
for an-other 60 sec, then, the load was removed. A total of 34
cycles of loading (loading up to 1.0 MPa), unloading, and
reloading were performed.

The measured axial and lateral strain histories are shown
in Fig. D.4. These measurements correspond to the strain
values at the time of unloading. Figure D.5 shows the measured
axial and lateral plastic strain histories. The examination of
Fig. D.5 indicates that the plastic strains generated in dire-
ctions 1 and 2 (directions perpendicular to the columns) vary
linearly with time, and a very small amount of the plastic
strains is generated in direction 3 (direction along the
columns). Therefore, within the accuracy of the experiment, it
can be concluded that the absolute values of the plastic
strain rates in directions 1 and 2 are equal, and the plastic
strain rate in direction 3 is zero. Consequently, at any given
period of time, the plastic volumetric strain (sum of axial
and lateral plastic strains) is zero.

During the experiment, it was observed that the waiting
time period for the elastic strains to recover, tr' is not
equal to the duration of loading, At. As shown in Figs. D.6
and D.7, the elastic strains generated during each cycle
(duration of loading of 60 sec.) did not recover during a
waiting time period of 60 seconds. Moreover, from both
figures, it can be seen that the recovery time of the elastic
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strains increases as both time of loading and plastic strains
increase. In this thesis, it is hypothesized that the increase
of the recovery time of the elastic strains with the increase
of the plastic strains is due to the following:

Upon loading, ice undergoes structural changes to
accommodate the plastic strains. Slip bands, pile ups, grain
boundary migration, small angle boundaries, distortion of the
grain boundaries, ...etc, have been observed by a number of
investigators: Gold (1963, 1972b), Levi and Suraski (1965),
and Sinha (1977, 1978a, 1987a). Therefore, in the present
study, it is assumed that the increase of the recovery time of
the elastic strains with the increase of the plastic strains
results from the structural changes that manifest within the
material to accommodate the plastic strains.

3.7.2 Creep Tests No. 2 and 3

The stress histories followed during these two experiments
are similar to that of the previous test (creep test No. 1).
The applied axial stresses were 0.5 MPa, for creep test No. 2,
and 1.5 MPa, for creep test No. 3. The test results are given
in Fig. D.B (for creep test No. 2) and Fig. D.9 (for creep
test No. 3), respectively. The objective of these tests is to
investigate the influence of the stress magnitude on the rate
of accumulation of the plastic strains (as it will be
explained in Chapter 4, formulation of the Non-cracking model)
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3.8 Conclusions

The following conclusions have been drawn on the basis of
analyses of the experimental results reported above. It is
important to note that these conclusions are valid only for
ice undergoing creep deformations for no-cracking conditions.

1) The plastic strains generated in an ice specimen undergoing
creep deformation vary linearly with the loading time.

2) There are very small (negligible) amounts of plastic

(permanent) strains developed in the direction along the

columns, cg = 0.

3) There is no plastic volumetric strains generated in the ice
P _ P p P -

samples (cv €7 + £, + €3 0.).

4) During the experiments, it was observed that the waiting

time period for the recovery of the elastic strains is not

equal to the duration of loading. '

5) As the plastic strains accumulate, the recovery time of
the elastic strains increases.
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CHAPTER 4

PRACTICAL ELASTIC MODULI FOR ICE

4.1 Introduction

The correct determination of the practical (engineering)
elastic moduli for polycrystalline ice such as Young’s
modulus, shear modulus and Poisson’s ratio is very important
in solving ice boundary value problems. In general, these
moduli are determined by performing standard static tests such
as compression, tensile, and bending tests. At high
temperatures (T > 0.4 Tm), however, depending on the stress,
temperature, and the time needed %o apply the full load, the
results of the static tests can become inaccurate for the
determination of the elastic properties of the material. Both
the visco-elasticity and visco-plasticity of the material can
contribute to the deformation of the specimen to the extent
that the measured stresses and strains do not correspond to
its true instantaneous elastic bahaviour.

on the basis of the results of creep tests carried out on
columnar grained S-2 ice samples, loaded in the direction
normal to the length of the columns, Sinha (1978b) reported
that the value of the effective modulus (ratio of the stress
to the strain) at 5 sec after application of full load (for
loads less than 0.5 MPa) is lower than its zero-time value by
6 percent at temperature of‘-45°c, 12 percent at —30°C, 23
percent at -1o°c, and about 30 percent at temperatures near
the freezing point. At 30 sec after application of the full
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load (also for loads less than 0.5 MPa), the value of the
effective modulus is lower than its zero-time value by 10 per-
cent at -45°c, 20 percent at -30°C, 35 percent at -10%, and
more than 50 percent at temperatures just below the freezing
point. In fact, these are the error percentages involved in
the measured values of Young’s modulus if the times needed to
apply the full load are 5 sec and 30 sec, respectively.

An alternative to the static tests is the wuse of
ultrasonic methods whereby the practical elastic moduli for a
given polycrystalline material are determined from the
velocity of sound within the material and its density. Using
these methods (ultrasonic methods) the elastic moduli are
obtained for single crystals. The elastic moduli for poly-
crystals, however, are calculated from those corresponding to
monocrystals using various averaging methods such as Voigt
(1910), Reuss {1929), and Hill’s (1952} methods.

Dantl (1969) determined the elastic moduli for single ice
crystals using a supersonic method (pulse-echo method) . On the
pasis of Dantl’s experimental data, Sinha (198%a) formulated
mathematical equations for Young’s modulus and shear modulus
for polycrystalline ice. This chapter is a continuation of
Sinha’s ' (1989a) work. Equations for Poisson’s ratio for
columnar grained (S-1 and 5-2) ice are proposed.

All Sinha’s (1989a) equations as well as the equations
proposed in this chapter (equations for the practical elastic
moduli for ice} are based on the Reuss’ averaging method.
Historically, many averaging methods have been developed to
calculate the practical elastic moduli for polycrystals from
the elastic moduli of monocrystals (Ledbetter, 1990). In order
to assess which averaging method is appropriate for
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polycrystalline ice, equations for the practical elastic
moduli for granular ice are derived using three averaging
methods (Voigt, Reuss, and Hill’s methods). These equations
are used to predict the values of both Young’s modulus and
Poisson’s ratio for granular ice, and the predictions are

compared to laboratory measurements taken from the literature.

4.2 Elastic Stress-Strain Relationship

The instantaneous elastic strains in polycrystalline
materials are calculated by vsing the generalized Hooke’s law:

€i5 = Sijk1l x1 (4.1a)

The inverse of equation 4.1a is given as:

i3 T Sijkl k1 (4.1b)

where the cijkl's are 81 components of a fourth order tensor
which represent the elastic stiffness of the material while
Sijkl’s are the elastic compliancies. The consideration of the
symmetry conditions (cijkl = Cjik and ikl = Cjikl) reduce
the 81 components of the tensor cijkl to 36. Similarly, the
number of the components of the tensor sijkl is reduced to 36
(Nye, 1985, reprint of the original publication in 1957).

In matrix notation, the stress strain relations (Eqs. 4.la
and 4.1b) are given as:

€, = S,. O, (L, 3 =131, 2, ..., 6) {(4.1c)

g, = Cys €4 (L, 3 =1, 2, ..., 6) (4.1d)
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The elements of the matrices cij and sij must have the
same orientations as the stresses and strains. Experimentally,

for single crystals, the elements cij's (and s..'s) are

measured with respect to the crystal axes l%standard
orientation). Their values in the standard orientation are
called the characteristic elastic constants of the crystal and
they are represented by capital letters Cij 3 (Nowick
and Berry, 1972). The existence of the strain energy functions
(Ciy = Cyi and S35
Cij (and the matrix Sij ) to 21. (Nye, 1985).

and Si

= Sji) reduce the 36 elements of the matrix

4.3 Characteristic Elastic Constants for Single Ice Crystals

Ice belongs to the family of hexagonal crystals which are
orthotropic material (transverse isotropic). Its plane of
isotropy is the basal plane. According to Nye (1985), hexago-
nal crystals have 12 elements in the matrix Sij (similarliy 12
elements in the matrix Cij} of which only five are conmpletely
independent. These are Cll' C12’ 013, C33, and 044 for the
stiffness coefficients (similarly, S.,, 812; Syar Saar and §,,
for the compliancies).

Matrix Ci' Matrix Si‘

~N %ol N
~ N L

The symbols used in the above matrices are defined as follows:
o is a non-zero element,
. is a zero element,
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o—¢o equal elements,
1

X = —— (C

5 and Y = 2(5ll - 8

11 = Cy2)¢ 12!

Note: both matrices (cij and Sij) are symmetrical with respect
to the main diagonal.

Measurements of the characteristic elastic constants for
single ice crystals have been made by Jona and Scherrer (1952)

using ultrasonic waves (frequencies 15 - 18 MHz). The same
method was used by Zaiembovitch and Kahane (1964) over a
temperature range of -2 to -180°Cc (frequencies 6 - 14 MHz).

Green and Mackinnon (1956), and Bogorodskii (1964) used the
direct pulse propagation method to determine the values of the
constants Cij's. These constants (Cij's) were, also, measured
by Gagnon et al. (1988) using Brillouin spectroscopy.

According to Sinha (1989a), the most complete and probably
the most accurate values of the characteristic elastic
constants (Cij and Sij) were given by Dantl (1969). Dantl
measured the velocity of sound within singie ice crystals by
means of the pulse-echo supersonic method. In this method,
short supersonic pulses travel the bulk of the ice crystal and
the corresponding transit time is measured. The ratlo of the
path length to the transit time v1elds the ve1001tv of sound
within the ice. The characterlstlc elastic constants were

calculated from the velocity of socund and the desity of ice.

Dantl (1969) investigated the dependence of the characte-
ristic elastic constants on the frequency over a range of 5 to
190 MHz. Within the experimental accuracy, no frequency
dependence was observed. The dependency of the . characteristic
elastic constants on temperature was determined at 30 MHz (for
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longitudinal waves) and 28.75 MHz (for transversal waves) over
a range of 0 to -140°C in intervals of 5°C. The results showed

that the elastic constants vary as function of temperature:

o

Sij = Sij [l + a.T + b.T ] (4.22a)
o - = 2]

L. =Ci. |1 +a.T + b.T 4.2b

€y ij [ | ( )

where the Sij's and the Cij's are the five independent
elements of the matrices Sij and cij’ respectively. These
elements are those corresponding to a given temperature, T.
The S;j's and C;j's are the values of S;,'s and C; ’s corres-
ponding to the melting temperature, Tm. The numerical values
of S;j's, and C;j's and the constants a, b, a, and b are given
in Tables 4.1 and 4.2.

Table 4.1: Values of ng and the parameters a and b for-

the five non-zero compliancies (Dantl, 1969)

Sij ng a b _ Error
(1/MPa) (1/MPa) (%)
S,, | 10.40 X 107 ) 1070 x 1073 | 1.87x 1078 | ¥
Saq 8.48 X 10711 | 1.405 x 207 | 4,66 x 10°° | F1
S,q | 33-42 X 10721 | 1.505 x.207° | 4.0a x 207° | F 1
Sy, | =4-42 X 1071 | 0.463 x 1073 |—2.06 x 107 | F e
S,; | -1-89 X 10711 | 1.209 x 2073 | 6.15 x 1078 | F 20
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Table 4.2: Values of Czj and the parameters a and b for

the five non-zero stiffness constants (Dantl, 1969)

Cij ng a b Error
(1./MPa) (1/MPa) (%)
¢, 12.904 X 101 |-1.489 x 1072 |-1.85 x 107% |¥0.3
C,y | 14.075 X 1o:i1 ~1.629 X 10:3 -2.93 X 1o"f6 %0.4
Cus 2.819 X 10 ~1.601 X 10 -3.62 X 10°° |%0.7
¢y 6.487 X 10°21 |-2.072 x 107 | -3.62 x 107° |%2.0
Cyq 5.622 X 10° %1 }-1.874 x 107> 0.000 ¥7.0

4.4 Practical Elastic Moduli for Polycrystalline Ice

For a general 3-D anisotropic

strain relation is given as:

€, 1/E, -uyx/Ey
By -ny/Ex 1/EY
£, = -uxz/Ex —UYZ/Ey
7xy 0 0
Tax 0 0
wzy 0 0

-u

-Uzy/

ZX/EZ

E

case, the elastic stress

0
0 0
0 0
/G,y 0
0 1/G
0 0

© o o o O

1/6,,

(4.3)

The coordinate system <xyz> is presented in Fig. E.la. For
columnar grained ice, the columns are in the vertical direc-
tion (0-2 direction, Figs. E.lc, and E.1d).
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For hexagonal crystals, both Young’s modulus and shear
modulus are determined from the characteristic compliancies
(Sij's) and Euler transformations (Nowick and Berry 1972):

~1_ 2,2 4 2,. _ ,2
E "= (1 - 13) 841 13 S,4 * 13(1 13)(2813 + 844) (4.4a)
¢l s, 4+ (S..- S,.- 0.58,,)(1-1%) +
44 11 12 ) 44 3
b 2(S.. + S,. =2 8., =8, 121 - 1% (4.4Db)
11 33 13 44 3 3 )
where 13 = COS ®; @ is the angle between any arbitrary

direction and the c-axis of the crystal.

Since both E and G (in Egs. 4.4a and 4.4b) depend on the
orientation of the c-axis of the crystals in the <xyz>
coordinate system, the practical elastic moduli are discussed,
in the following subsections, separately for each ice type.
The eguations for the practical elastic moduli are derived
with respect to the horizontal and the vertical planes. In the
coordinate system <xyz>, Fig. E.la, the horizontal plane
corresponds to the plane xoy while the vertical planw
corresponds to the planes xoz and yoz.

4.4.1 Columnar Grained 8-1 Ice

In S-1 ice, the c-axis tends to be vertical, Fig. E.lc. In
; and G?;;
from Egs. 4.4a and 4.4b for 13 = 1. In the horizontal plane,
$-1 £-1
and G

En) (n)

the vertical plane, the values of E?; are calculated

however, are those corresponding to 13 = 0.
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Sinha (1989a) calculated both E and G using Egs. 4.4a,
4.4b, and Dantl’s data (Table 4.1). He suggested the following
equations for both E and G in the horizontal plane:

§-1 2

E(h)T = 9.61 + 1.1 10

(T - T)  (GPa) (4.5a)

s-1 3

(n)r

1l

G 3.17 + 4.1 10 ° (T - T) (GPa) (4.5b)
In this thesis, similar calculations to those of Sinha's
(1989a) are performed to formulate equations for both E and G

in the vertical plane:

$-1 2

Eloyr = 11.8 + 1.43 10 (T - T) (GPa) (4.6a)
G?;;T-= 3.00 + 4.1 10 (T - T) (GPa)  (4.6b)

The values of Poisson's ratio (in both horizontal and
vertical planes) are calculated by using the bulk modulus, Bm,
and the compressibility coefficient, K :

_ 1 _
K. = 737 ®iij) (4.7)
where 'Siijj is the second invariant of the characteristic

elastic compliancies (Nye, 1985).

From the elastic relations, the values of Poisson’s ratio
(in the horizontal and vertical planes) are given as:

Es-1
s-1  _ 1l - (h)1
U(h)T = — 3B (4.8a)
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(4.8b)

Using Egs. 4.4a, 4.7, 4.8a, 4.8b, and Dantl’s data (Table
4.1), the following equations are proposed for Poisson’s ratio

in the horizontal and vertical planes:

s-1 _ -4 -
U(h)r = 0.308 + 1.03 10 (Tm T) (4.9a)

-5

0.275 + 8.60 10 ° (T - T) (4.9b)

—
<
— ok
-

For temperature of -10°C, equations 4.9a and 4.9bb predict
values of 0.309 and 0.276 for U(h; and u( ;, respectlvely For
temperature of =20 °c, values of 0.31 for u(h) and 0.277 for

(') are predicted. These predictions agree well with the

measured values of Poisson’s ratio as it w1ll be shown later.

Figure E.2 shows the variation of Young's modulus, shear

modulus, and Poisson’s ratio (for S-1 ice) with temperature.
In the range of 0°C to -60 °c, the values of E(h) and E( ;

increase by about 7 percent, the values G(h) and ; ;
-1 5 -

by about 8 percent, and the values u(h) and v( ) increase by

increase

about 2 percent. Obviously, the increase of the practical
elastic moduli for ice with the decrease of temperature is
very small. Measurements by Yamaji and Kuroiwa (1958),
temperature range of 0°C to -100°C, and Gold (1958) in the
range of -5°C to -40°C indicate that Young’s modulus for ice
vary very little (few percent) with temperature.
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4.4.2 Columnar Grained §-2 Ice

In S-2 ice, the c-axis is in the horizontal plane, Fig.

E.1d. In the vertical plane (l, = 0), both E?;; and G?;i are
calculated from Egs. 4.4a and 4.4Db, respectively.

§-2 _ @51 _ $-2 _ aS°1  _
E(ﬂr = E(h)T = Eg. 4.5a and G(V)T G(h)T Eq. 4.5b

In the horizontal plane, the c-axes are randomly oriented.
Sinha (1989%a) suggested the following equations:

9.39 + 1.30 102

=
il

(;)r (T - T) (GPa) (4.10a)

3

G?;fr 3.37 + 4.70 107° (T - T) (GPa) (4.10b)

Equations for Poisson’s ratio (for S-2 ice, 1in the

horizontal and vertical planes) are formulated by using Egs.
4.5a, 4.10a, 4.7, 4.8a, and 4.8b:

1

s-2 s- - .
U(v)r = u(h)T = FEg. 4.9a

0.313 + 3.80 10 °

ui;ir (T - T) (4.11)

For temperature of =-10°C, equations 4.l1la and 4.11lb
predict values of 0.309 and 0.313 for u?;i and u?;i,
respectively. For temperature of ~-20°Cc, values of 0.31 for

s-2 s-2

U(v) and 0.314 for u(h) are predicted.

Figure E.3 shows the variation of Young's modulus, shear
modulus, and Poisson’s ratio (for S-2 ice) with temperature.
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4.4.3 Granular Isotropic Ice

Macroscopically, granular ice is isotropic. The c-axes of
its crystals are randomly oriented in all directions, Fig.
E.1b. For isotropic materials, the elastic stress-strain

relationship is given as:

€y 1/E -u/E -u/E 0 0 Ty
cy -u/E 1/E ~u/E 0 0 ay
£, { = |"U/E -U/E 1/E 0 0 T, (4.12)
Yy 0 4] 0 1/6G 0 0 Ty
¥ oy 0 0 0 0 1/G 0 Tox
Vay 0 0 0 0 0 1/6G Tay
[

For isotropic polycrystalline materials, equations for E,
G, and v were given by Hirth and Lothe (1968):

-1 1

g = L (2, + L) (4.13a)

¢! = 1 61 - 21 4.13b

N 15 ( 1 z) (4. )

v = —2_ (1. - 2I) (4.13c)
15 ) 2 .

where T, and I, are the first and 2nd invariants of the
characteristic elastic constants, respectively. For a
hexagonal system, I1 and I2 are given &as:!

I2 = Siijj = 2511 + 833 + 2312 + 4513 (4.14Db)

47



sinha (1989%9a) calculated E, G and v using Egs. 4.13a,
4.17b, 4.13c and Dantl’s data (Table 4.1). His calculations
resulted in the following equations:

2

E. = 8.93 ¢ 1.2 10° (T - T) (GPa) (4.15a)
G, = 3.41 + 4.5 1073 (T - T) (GPa) (4.15b)
v, = 0.308 + 7.0 10°° (T _- T) (4.15¢)

4.5 Appropriate Averaging Method for Polycrystalline Ice

All equations derived above (for both columnar grained and
granular ice) are based on the Reuss’ (1929) averaging method.
This method is based on the assumption that the stress is the
same in all crystals (constant state of stress) and the
practical elastic moduli are formulated as function of the
characteristic elastic compliancies, Sij. Voigt’s (1910)
averaging method, however, is based on the assumption that the
strain is the same in all crystals (constant state of strain)
and the practical elastic moduli are formulated as function of
the characteristic elastic stiffness coefficients, Cij. Hill
(1952) suggested that an arithmetic or a geometric mean of the
two methods (Voigt and Reuss methods) should be taken.

In the following, the efforts are made to asses which
averaging method is appropriate for polycrystalline ice.
Equations for the practical elastic moduli (for granular ice)
are developed using three averaging methods. These are Reuss,
Voigt, and Hill’s methods. These equations are used to predict
the values of Young’s modulus and Poisson’s ratio for granular

ice, and the predictions are compared with some measurements.
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Reuss method: The equations for E, G, and v for granular ice
were given by Sinha (1989a) (Egs. 4.15a, 4.15b, and 4.15c).

Vvoigt method: For isotropic material, the eguations for E, G,

and v were given by Hirth and Lothe (1968):

EV _ Izéaxlc- IZC) (4.16a)
: 3(T,.* 3 1)
G\ = X (31, - I.) (4.16Db)
t 30 ‘“T1c 2¢c
vl = EiIzi_3I§°)) (4.16¢)
1c 2c

where the letter V (in Egs. 4.16) is used to refer to Voigt
method. Both I1c and I2C are the first and second invariant of
the characteristic stiffness coefficients:

Ipe = Cig39 = 2C;, + Cyq + 2Cy, + 4 Cpy (4.17b)

Equations for the practical elastic moduli (E, G, and v)
for granular ice are obtained by using Egs. 4.16a, 4.16b,
4.16¢c, 4.17a, 4.17b, and Dantl’s data (Table 4.2):

Ef = 6.47 + 7.0 1073 (T - T,) (GPa) (4.18a)

Gp = 2.40 + 2.44 1073 (T - T ) (GPa) (4.18b)
v o -5 _

vy, = 0.345 + 8.1 107> (T - Tp) (4.18c)
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Kill’s (1952) method: Hill’s (1952) arithmetic mean yields:

E"T‘ =7.71 + 8.8 1077 (T - T_) (GPa) (3.19a)
cd = 2.91 + 3.2 10°% (T - T,) (GPa) (4.19b)
a -5

v¥ = 0.327 + 7 1077 (T - T) (4.19¢)

where the superscript a (in Egs. 4.19) refers to "average".

Values of E, G, and v obtained by using all three avera-
ging methods (over a temperature range of 0% to —GOOC) are
plotted together in Fig E.4.

Sinha (1978b) presented-experimental results for Young’s
modulus obtained from creep tests carried out on columnar
grained S-2 ice samples, loaded in the direction normal to the
length of the columns. He obtained values for E (in the
horizontal plane) between 9.1 GPa and 9.8 GPa at temperatures
between -40°C and -45°%, with an average of 9.3 GPa. He
indicated that his values are in the same range as the values
of Young’s modulus (for fresh water polycrystalline ice)
measured by Yamaji and Kuroiwa (1958) using high frequency
sonic methods over a range of temperature of 0°c to -100°c.

Values of Poisson’s ratio in the range of 0.31 to 0.37 for
fresh water ice were tabulated by Gold (1958). Lin’Kov’s
(1958) in-situ seismic measurements (sea ice) ranged from 0.36
to 0.39. Langleben and Pounder (1963) reported a dynamic
(seismic) value of 0.29 for sea ice. Sinha (1987b) indicated
that, irrespective of ice type, there is only a little discre-
pancy in the reported dynamic (seismic) measurements of v.
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values of Young’s meodulus are calculated using three
averaging methods (Egs. 4.,1%a, 4.18a, and 4.192) for
temperature of -40°%c. The computed values of E are presented
together with Sinha’s (1987b) data in Table 4.3. Also, a
comparison between the computed and observed values of

Poisson’s ratio is included in Table 4.3.

The comparisons presented in Table 4.3 indicate that the
equations based on the Reuss method predict well the measured
values of Young’s modulus. However, all three averaging
methods yield acceptable predictions for Poisson’s ratio.
Judging from the predictions of Young’'s modulus, it is
concluded that the Reuss averaging method is the appropriate

one for polycrystalline ice.

Table 4.3: Comparison between measured and calculated
values of Young’s modulus, E, and Poisson’s ratio, v.

Reuss Voigt Hill Experimental
E 9.41 6.75 8.06 9.1 - 9.8 (average is 9.3 GPa)
(GPa) (GPa) (GPa) | T = -40° to -45°C (Sinha, 1978b)
v 0.308 | 0.346 0.327 | 0.31 - 0.37 (Gold, 1958)
(-10%) | (~10%) | (-10%)| 0.31 - 0.32 (Sinha, 1988b)
0.29 (Langleben & Pounder, 1963)
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CHAPTER 5

FORMULATION OF THE NON-CRACKING MODEL

5.1 Introduction

The objective of this chapter is to present a mathematical
model for fresh water granular and columnar grained (S-1 and
§-2) polycrystalline ice undergoing creep deformations for
non-cracking cornditions. The formulation of the model is based
on the analysis of the experimental results presented previ-
ously in Chapter 3. The model describes the non-linearity,
elasto-plasticity, time and temperature dependency, and
material anisotropy of polycrystalline ice subjected to three
dimensional loading conditions.

5.2 Basic Formulation

Ice undergoes both elastic and plastic deformations
simultaneously upon loading. The total strain is viewed as the
sum of an instantaneous elastic strain, €qr @ visco-plastic
strain (time dependent permanent strain}, ep. and a visco-
elastic strain (time dependent recoverable strain), €oe®
€, = €4 + ep + €ve {(5.1)

The formulations of these strain component: are given in
the following sections.

52



5.3 Instantaneous Elastic Strains

The instantaneous elastic behaviour of polycrystalline ice
represents an average elastic behaviour of single ice
crystals. The latter, however, results from the lattice
deformation. The generalized Hooke’s law is used to relate the
strains to the stresses. The stress-strain relations are given

in Chapter 4.

5.4 Visco-Plastic Strains

The stress parameters used in the following formulations
are the shear stress, g, and the hydrostatic pressure, p. The
stress and strain invariants used in this thesis are presented
in Appendix B.

The visco-plastic strains result from intra-crystalline
deformation processes, particularly the movement of disloca-
tions. The formulation of ep (Eg. 5.1) 1is based on the
classical theory of plasticity. A brief review of the
classical theory of plasticity is given in Appendix C to
provide the necessary theoretical background needed for the
formulation of the present model.

5.4.1 General Visco-Plastic S8tress-strain Relationship

The plastic work, dwp, done per unit volume on a material
during a plastic strain increment, de?

was given by (Hill,
1950} : ‘

jl
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awP= Uij dcgj {5.2)

The experimental results shown in Figs. F.1, F.2, and F.3,
indicate that under constant loading, ice undergoes continuous
plastic creep deformation with a constant rate of straining.
Therefore, in order to accommodate the concept of the plastic
work (Eg. 5.2) to describe such a behaviour, it is necessary
to introduce a concept relating the plastic work to the rate

of the plastic strains, éig' The following equation is used:

W o= o.. £k, (5.3)

where WP is the plastic power which is defined as the work
done per unit volume on a material undergoing plastic creep
deformation for a unit time of loading.

As shown in Fig. F.4, the relation between the applied
external stresses and their corresponding (measured) plastic
power can be described as:

WP

- ¢ eP=
(2 apexp(ﬁp F) (5.4)

9 1

where (ocp = 4.4 X 10

MPa/sec) and (B, = 3.7 MPa
material constants.

} are

Equation 5.4 indicates that for a given state of stress
and plastic strain, an equilibrium mechanical plastic state is
achieved if the following condition is satisfied.

P

y - = .
ap t exp(Bp o) W 0 {5.5)
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In a general form, equation 5.5 can be rewritten as:
*
F=f(;., t) - H (wPy= 0 (5.6)

where f = f(oij, t) can be viewed as a loading function, and
H*(wp) is a hardening parameter which is a function of the
plastic work in agreement with the work hardening hypothesis

in the classical theory of plasticity.

*
The hardening parameter, H (Wp), can be expressed as a
function of the stress and the plastic strains. Thus, Eg. 5.6

becumes:

. )y =0 (5.7a)

F = f(O‘i j* €ij

j, t) - H("J'i

The formulation of the present model is independent of the
plastic volumetric strains (the reasons are explained below).
Hence, Eg. 5.7a can be rewritten as:

= - -p =
F f(oij, t) H(aij, £Y) 0 (5.7h)
where =P is the generalized plastic shear strain (Appendix B).

A plastic potential function, g, of an exponential form is
proposed as follows:

g = g(o-ij) = ap exP(Bp aij) (5.8)
Thus, equation 5.7b becomes:

= - =Py =
F g(aij).t H(aij, £%) 0 (5.9)
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According to the normality rule of plasticity (Eq. C.1, in
Appendix C), the plastic strain increment is expressed as:

ag
1]

where A is a positive scalar factor of proportionality.

The plastic strain increment (degj) is decomposed into a

plastic shear strain increment (degj) and a plastic volumetric
strain increment (deg):

P _ geP 1 Py - geP 1

(dcs) (5.11)

where sij is the Kronecker delta.

A mathematical expression for dcs (in Eq. 5.11) is derived
from the normality condition (Eg. 5.10) as:

dg
P - geP. = A
de de?;. 5 (5.12)
The expression for de?j is obtained from Egs. 5.10, 5.1l
and 5.12:
dg aqg
P _ a.p _ _1 Py =A -1 A
The value of ag/aaij (in Egq. 5.13) is given as:
ag ég ép 8g aq
= + ' (5.14)
35;5 9P 305 3 aq 503 5
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It was concluded (in Chapter 3) that there is no plastic
volumetric strains developed in the material during testing.
The condition of zero volumetric plastic strains is satisfied

as follows:

deg = del, = A = 0. (5.15)

Since N is a positive quantity, the value (3g/dp) should
be zero. Therefore, Eq. 5.13 takes the following form:

J A2 (5.16)
det. = = it — .
ij a0 - aq 6Gij

The parameter A (Eg. 5.16) 1is determined from the
normality and consistency conditions. The later, however,
dictates that the condition required by the equilibrium of the
mechanical plastic state (in Eq. 5.7) must be satisfied as
long as the material is in plastic state:

dH

dH
30, . daij * ot at T da.ij qsP

1] 1]

de®? = 0. (5.17)

In the present study, it is assumed that there is no
effect of the hydrostatic pressure on the plastic strains. On
the basis of laboratory experiments, Rigsby (1958) reported
that the plastic deformation in single ice crystals is
independent of the hydrostatic pressure. The effect of the
hydrostatic pressure on the creep rate of polycrystalline ice,
however, was investigated by Haefeli et al. (1968) who carried
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out compressive creep tests with a 30 MPa superimposed hydro-
static pressure. They showed that the hydrostatic pressure
increased the creep rate. Simonson et al. (1975) carried out
triaxial tests on ice samples (temperature of -10°c), and they
reported a decrease in the strength of ice with the increase
of the confining pressure. Jones (1978, 1982) investigated the
effect of confining pressure on the compressive behaviour of
polycrystalline (granular) ice over a wide range of strain
rates (1077 to 10"' sec’') and with confining pressures
ranging from 0.1 to 85 MPa (temperature of -11°C). His results
indicated that, at high strain rates, the strength of ice
increases at low confining pressures and decr.ases at high
confining pressures. Nadreau and Michel (1986a) reported that,
for confining pressures of 20 to 40 MPa, the maximum devia-

toric stress increases with the increase of the strain rate.

In this thesis, as indicated earlier, the plastic (intra-
granular) deformation of ice crystals are induced by micro-
structure dependent mechanisms, particularly the movement of
dislocations. The conclusion of Rigsby’s (1958) experimental
work on single ice crystals is considered. His results are
those corresponding to single ice crystals which are independ-
ent of the effect of the hydrostatic pressure on the grain
boundary sliding as well as grain boundary cracking.

The condition that no plastic strains can be generated by
the hydrostatic pressure dictates that Egq. 5.17 should be
reduced to:

_af af __aH _ 8H _ .=p _
dF = —p—dq + —Jg—dt sq— 99 - ——gde’ =0 (5.18)

de
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From the normality rule of plasticity, Eq.

5.10, the

(3.19)

plastic shear strain increment, dacP, is expressed as:
dg
£ = A
de aq

The scalar A is determined from Egs. 5.18 and 5.19:

af dH

5 94 + g 4t - —55 dg
n= aH ag
aeP 94

(5.20)

By substituting Eq. 5.20 into Eg. 5.10, the plastic strain

increment is given as follows:

af 8f _ 8H
1P 3q dg + 3t dt g dg ag
ET . =
ij oH ag a0
o€ 99

5.4.2 Simplification for Constant Loading Condition

(5.21)

Equation 5.21 is a general visco-plastic stress strain

relationship. It can be applied to model the behaviour of ice

subjected to any loading conditions. However, for ice undergo-

ing visco-plastic deformations under constant loading, dg = 0,

equation 5.21 is simplified to:
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%y EXP(Bp-q)

t : S.. (5.22)
(q)2 3

Equation 5.22 is valid, only, for isotropic materials.
Macroscopically, granular ice is isotropic, and therefore, Eq.
5.22 can be used to describe its visco-plastic behaviour.
However, columnar structured ice is an anisotropic material.
This material anisotropy should be taken into consideration.
The following subsection presents a generalization of Eq. 5.22
to include the effect of the material anisotropy on the
visco-plastic behaviour of columnar grained ice.

5.4.3 Effect of Material Anisotropy
on the Visco-Plastic Strains

Ice is a cross anisotropic material. Its plane of isotropy
is the basal plane. Sinha (1987a) reported that at high
temperature, a single crystal of ice deforms, when loaded,
primarily by slip on the basal plane because non-basal slip is
significantly more difficult. Steinemann (1954), Glen and
Perutz (1954), and Nakaya (1958) have observed that slip
occurs predominantly on the basal plane and no evidence has
been found of slip on the prismatic plane.

Fc. polycrystalline columnar grained S-1 ice, the c-axes
of the crystals tend to be vertical. As shown in Fig. E.lc, the
c-axes are in the long direction of the grains. Since ice
crystals deform primarily by slip on the basal plane, the
deformation of this type of ice (S-1 ice) is two dimensional.
The plastic deformation in the long direction of the columns

is considered to be zero, eg = 0.
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For polycrystalline columnar grained $-2 ice, the results
of the creep tests (given in Chapter 3) showed that the samples
undergo very small (negligible)} plastic deformations in the
direction parallel to the columns, and hence, it was concluded
(in Chapter 3) that the plastic strain in the long direction of
the columns is practically zero, eg = 0.

For columnar grained S-2 ice, Gold (1963, 1972b) reported
that the resolved shear stress on the basal plane in the long
direction of the grains tends to be zero. Consequently, the
deformation of this type of ice (columnar grained S-2 ice) is
essentially two dimensional. The deformation in the 1long
direction of the grains is much smaller than perpendicular to
it for at least 2% axial strain. This is in agreement with the
results of the creep tests given in Chapter 3 for non-cracking
condition (very small amount of deformation is generated in the
long direction of the grains).

Gold (1963) indicated that a combination of the geometric
configuration of the grains and the applied stress resulted in
very small deformations in the long direction of the grains.
Each grain had only one independent slip system for deformation
when the load was applied. This system operated in the basal
plane in the direction perpendicular to the long axis of the
grains. Some grains had no operative slip plane, and they were
oriented so that their basal planes were either parallel or
perpendicular to the principal stress axes. These grains are
considered to be "hard sites" within the aggregate. Their
neighbouring grains must deform arcund these hard sites. Upon
loading, .the material tends to flow away from these hard sites
in the direction perpendicular to the applied stress.
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Tn this thesis, for mathematical modelling purposes,
columnar grained (S-1 and S-2) ice is considered to undergo
plastic deformations only on the basal plane in the direction
perpendicular to the long axes of the grains, and no plastic
strains can be induced in any other plane. This anisotropy is
included in the model formulation as:

R Gy EXP(Bp-q) _
eE. = t S..
ij 2 (a)z ij

(5.23)

where g and §i are the shear stress and the deviatoric stress

3
tensor for an anisotropic material, respectively. The
development of the mathematical equations for both g and gij

are given in Appendix B.

5.4.4 Effect of Temperature on the Visco-Plastic Strains

Creep of polycrystalline materials involves thermally
activated processes, and show a rate dependency on temperature
(Garafalo, 1965). For polycrystalline ice, the temperature
dependence of the steady state creep rate, és
commonly represented after Glen (1955):

. has been

& =2 exp(—-Q/RT) (5.24a)

st st

where the subscript st is used to indicate the steady state.
The parameter Ast is a constant for a given stress, Q and R
are the activation energy and gas constant, respectively.
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Sinha (1978b) formulated a shift function (81'2, Egq. 2.7)
to model the variation of both delayed elastic and viscous
creep strains with temperature. He obtained the same activa-
tion energy value for both delayed elastic and viscous creep

strains.

In this thesis, Sinha’s (1978b) shift function (Eq. 2.7)
is used to model the variation of the visco-plastic strains
(cp, Eq. 5.23) with temperature. The dependency of the
visco-plastic strain rate on temperature is expressed as:

1,2 (T

_ (12) (71}, _ Q 1 _ 1
In s = 1ln (ép / ép ) = R . Tz) (5.24Db)

(T1)

12
where tp (re)

and ep are the visco~plastic strain rates at

temperatures T, and T, respectively.

1

Substituting the visco-plastic strain rates, ép {obtained
from Eq. 5.23) into Eg. 5.24b, the parameter ap can be
expressed as follows:

ap(T,) = aP(Tl).exp[—%—(—%—; - —%2— } (5.24c)

where ap(Tl) and ap(Tz) are the values of ap( in Eg. 5.23) at

temperatures Tl and Tz, respectively. The value of ap (Tl) for
temperature T, = 263°K is 4.4 10™° MPa/sec (EQ. 5.4).
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5.5 Visco-Blastic Strains
5.5.1 Source of the Visco-Elastic Strains

During creep of polycrystalline materials, the interaction
between adjacent grains generates intergranular deformation
(sve’ in Eg. 5.1) which adds to the instantaneous elastic, Cqor
and visco-plastic, Ep strains as far as the external measure-
ments are concerned. Zener (1941, 1948) offered a physical
explanation for the grain boundary sliding process. He argued
that the sliding of a given crystal over another evokes an
elastic deformation at the ends of the adjoining grains. This
elastic deformation, however, develops a back stress opposing
the movement of the sliding. The back stress continues to
build up in the form of stored elastic energy as the sliding
of the grain boundaries continues. When the back stress
reaches the magnitude of the imposed stress, the sliding
stops. Therefore, the strain rate due to the grain boundary
sliding is a decreasing one. Upon removing the external load,
the back stress (stored energy) reverses the process of
sliding and drives back the boundaries towards their initial
positions. Thus, the strains generated by the grain boundary
sliding are elastic (recoverable).

5.5.2 Effect of Plastic Deformation on Grain Boundary 8liding

For polvcrystalline metals, Garofalo (1965) stated that
sliding of the grain boundaries is induced to accommodate the
plastic (intra-granular) deformations. A similar argument was
offered by McLean and Farmer (1956), and Martin et al. (1957)
who observed that a sudden structural change within copper and
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B-brass crystals coincided with a sudden change in the rate of
the grain boundary sliding. Therefore, it was concluded that
the grain boundary sliding is a deformation process controlled
by the plastic (intra-granular) deformation.

5.5.3 Non-Uniformity of the Grain Boundary Sliding

For polycrystalline metals, Conrad (1961) reported that,
at early stages of luuading, uniform grain boundary sliding
occurs in the immediate vicinity of the boundaries. With time,
sliding takes place in larger zones around the boundaries, and
it becomes gradually non-uniform.

In the present study, it is assumed that two ice crystals
do not slide over each other uniformly. This stems from the
fact that, at the time of sliding, each crystal is undergoing
intra-granular (visco-plastic) deformations of its own. These
plastic deformations are not necessarily the same in both
crystals, resulting in different deformations on the two sides
of the boundary. Thus, it is hypothesized, that the non-
uniformity of the plastic deformations results in a non-
uniform grain boundary sliding. However, at. early stages of
loading when the visco-plastic deformations;gtagnot signifi-
cant, uniform grain boundary sliding takes pi#&eﬁﬂ

5.5.4 Formulation of the Visco-Elastic S8trains
During creep deformation, with time, the plastic strains
accumulate, and subsequently ice crystals undergo structural

changes. These structural changes affect the magnitude of the
grain boundary sliding and, consequently, the visco~elastic
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pehaviour of the material. The following equation is proposed

for the calculation of the visco-elastic strain, €ye’

= 5.25
€ye (1 + AA) €y ( )
where AA is a structural change function, Epy is the reference

visco-elastic strains. It is defined as follows:

The reference visco-elastic strain is the visco-elastic
strain generated in the material without the influence of the
structural changes induced by the intra-granular deformations:

Epy = ":o (e55) { 1 - exp [—(aT t)b] } (5.26)

where C = Cld1/d. The parameters C, 'd1' a and b are given
in Chapter 2, Table 2.1. The strains eij are the instantaneous

elastic s*- {r strains.

E.. - .i0on 5.56 is a modified version of Sinha’s (1979)
equat .on for the delayed elastic strain (e,, in Eqg. 2.3). It
dictates that the grain boundary sliding generates only visco-
elastic shear strains: No visco-elastic volumetric change is
generated by the grain boundary sliding. Sinha (1987b, 1988b)
indicated that, in the absence of any crack activity, the
grain boundary sliding involves no appreciable volume change.

AR

H y : :
5.5.5 Determination of the Structural Change Function

In.prder to determine the structural change function (AA,

Eq. 5.25), the experimental visco-elastic strains generated in
the creep tests No. 1, 2, and 3 (Chapter 3) are used. The
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values of these (experimental) visco-elastic strains are
obtained by using Eg. 5.1:

€ve = €p" (se + &p) (5.27)
where e, and ep are the measured total and plastic strains,
respectively. The instantaneous elastic strain, ¢
calculated from Eq. 2.2 (Chapter 2).

o is

The histories of the visco-elastic strains corresponding
to “our loading cycles, for each test (creep tests No. 1, 2,
and 3) are presented in Figs. F.5a, F.6a, and F.7a. Also, the
figures include the calculated reference visco-elastic strain
histories. The reference visco-elastic strains were computed,
using Eg. 5.26, for an average grain size of 4.5 mm and
temperature of -10°C.

The discrebancy between the visco-elastic strains and the
reference visco-elastic strains (Figs. F.ba, F.éa, and F.7a)
is attributed to the structural changes of the material
induced by the visco-plastic strains. The structural change
function is, then, determined from Eq. 5.25:

M

- €
__V_ee_i‘_r_ (5.28)
rv

AX

The ey hypothesis of the present model is that the
structural changes of the material (induced by the visco-
plastic strains) influence the magnitude of the grain boundary
sliding. The visco-plastic strains, however, are taken as the
_measure of the structural changes. Therefore, the formulation
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of the structural change egquations should be made as function

of the visco-plastic strains, Ep‘

Taking into account the cyclic loading situations, the
structural change equations should be formulated as function
of the initial and current visco-plastic strains (ep, eg).
Both guantities (cp and eg) are taken as the measures of the
jnitial and current structural states of the material.

ax = Ax(eP, cg) (5.29)

The results of the creep experiments, creep tests No. 1,
2, and 3 in Chapter 3, were used to formulate a function
relating AA to the visco-plastic strains. This was achieved

following two steps:

Step 1: For a given loading cycle (for a given creep test),
both €, and e, were calculated at 'n time intervals.

Step 2: For each time interval, the values of AX and A were
computed: AA‘s were calculated using Egq. 5.28, and A’s
were calculated according the following summation:

>
I
(INgE
-

1

where n is the number of the time intervals.
Figures. F.Sb, F.6b, and F.7b show plots of A versus the

visco-plastic strain difference (ep - eg) for various loading
cycles, where eg is the visco-plastic strain at the start of
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the loading cycle. An equation is proposed to describe the
variation of A versus (sp - cg):

r» =a (P -eb) + D (eP - €B) (5.31)
ln(ep/cp)
o
where (A = 7.5 X 105) and (D = 1.9 X 104} are materiail
parameters.

For most loading cycle, in all three creep tests, it was
found that the ratio AAA varies linearly with the inverse of
tzb, where t is the loading time, and b = 0.34 is the constant

given in Table 2.1.

Figures F.8, F.9, F.10 show plots of AAA versus 1/tZb

obtained from the results of the creep tests No.1, 2, and 3,
respectively. All plots of AAA versus t°° (for 12 loading
cycles, 3 creep tests) are presented together in Fig. F.1lla.
It is apparent (From Fig. F.lla) that a wunique linear
relationship exists between AA/A and t%®. As shown in Figqg.
F.1lb, a linear best-fit curve is obtained for the results

presented in Fig. F.lla. This best fit curve is described by
the following equation:

A A 1
T = —5p (5.32)

Finally, The structural change function, AA, is formulated
from Egs. 5.31 and 5.32 as:

A P p 1 D P P
(e - e7) + (e~ €7) (5.33)
t2b o t2b ln(;p/cg) (o}

Ar =
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So far, the structural change function, Egq. 5.33, is valid
only for uniaxial loading conditions. As a consequence of the
fact that, during loading, ice undergoes only plastic shear
distortions (no plastic volumetric strains), equation 5.33 is
generalized to 3-D loading situations as follows:

s o= ——— (P - &5 + L D

£2b £2P 1n(gP/&R)

(eP- €5y (5.34)

where &F and Eg are the current and initial generalized

plastic shear strains, respectively.

5.6 Summary of the Non-Cracking Model Formulation

For no-cracking conditions, the creep behaviour of ice is

described as follows:

= + +
gy = €4 ep €ye

the i -
e’ Fp! and €y are e instan
taneous elastic, visco-plastic, and visco-elastic strains,

where the strain components ¢ >

respectively. They are given as follows:

Instantaneous Elastic Strains

e

€iy T %ijk1 “x1

(the formulation of the elastic stress strain
relations is given in Chapter 4).
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Vvigsco=Plastic Strains

ex .

3 ap P(Bp a)

EP- = t S..
ij 2 (q)z ij

(the formulation of the visco-plastic strains is
given in Section 5.4 of this Chapter).

Vvisco~Elastic Strains:

eI? = (1 + AXd) C0 (eii) { 1 - exp [—(aT t)b] }

where AA is given as:

= _A P _ gP
Ax = th (e eo) +

1 D
P 1n(gP/eB)

P.. gP
- (eP- &5),

(the formulation of the visco-elastic strains is
given in Section 5.5 of this Chapter).
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CHAPTER 6

FORMULATION OF THE CRACK-ACTIVITY MODEL

6.1 Introduction

At elevated temperatures, polycrystalline materials,
including ice, exhibit pronounced creep deformation and grain
boundary embrittlement (Sinha et al., 1987). A consequence of
creep deformation is the formation of cavities at the grain
poundaries. The growth of the cavities leads to inter-granular
fracture (Garafalo, 1965). Several mechanisms have been
proposed to explain the cause of inter-granular fracture
(Gifkins, 1959). Among these mechanisms are those of Zener
(1948) and Greenwood (1952). Zener’s mechanism is based on the
idea that the grain boundary sliding may be blocked at triple
points and built up to large stresses (stress concentrations)
that produce cracks. Greenwood (1952) suggested that the
concentration of vacancies at the grain boundaries leads to
the formation of cavities. These cavities 1link up to form
grain boundary cracks. The vacancies, however, are supplied by
intra-granular deformation generated by the movement of
dislocations.

The objective of this chapter is to develop a constitutive
relationship relating the applied stresses to the strains
generated by the formation of grain boundary cracks. The
formulation of this constitutive relationship (Crack-activity
model) is based on a concept similar to that of the rate
theory (Krausz and Eyring, 1975). A brief review of the rate
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theory is presented first. Then, a detailed derivation of the

crack-activity model formulation is given second.

6.2 Brief Review of the Rate Theory

The rate theory was built on the idea that crack growth
results from a succession of inter-atomic bond breaking. Upon
loading, the inter-atomic distances stretch. If the load is
sufficient to break the atomic bonds, the crack moves forward.
Backward movement of the crack (crack healing) is possible if
the atoms are brought close to each other enough to restore
the broken bonds.

The process of bond breaking occurs in steps known as
activations. During each activation, the crack moves forward
(or backward} by one or more atomic distances. The numbers of

activations per unit time is called the elementary rate
constant.

In its simplest form, the rate theory relates the velocity

of the crack growth, VC, to the elementary rate constant, ¢Rc
(Krausz and Krausz, 1989):

V. =nag b, : ' (6.1)

where n is an integer indicating the number of atomic bonds
broken during each activation, and a, is the atomic distance.
The elementary rate constant, ¢nc' was given by Krausz and
Krausz (1989):

$re = —————khT exp[ - —-ﬁg ] (6.2)
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i - 1
where k is Boltzmann constant (k = 1.38 10 23

J K '), h is
planck’s constant (h = 6.62 10 °° J sec), and T is the
absolute temperature. The parameter AG is the apparent
activation energy which 1is partly available from the true
activation energy, G:' and partly from an energy supplied by

external loads, WwW:

AG = G~ W (6.3)
To produce a crack growth of one step, an energy barrier
should be overcome. A schematic representation of an energy
barrier is given in Fig. 6.1. In the absence of the energy
supplied by external loads (solid line in Fig. 6.1), a state of
equilibrium exists: The number of forward activations is equal
to that in the opposite direction, and the crack growth appears
stationary. When the external load is applied (dashed line in
Fig. 6.1), the energy required for crack growth (forward
activations) 1is (6. - w) while the energy needed for crack
healing (backward activations) is (¢, + w). Thus, the net
elementary rate constant is the sum of the forward and backward
activations (Krausz and Krausz, 1989):

R B R e

6.3 Formulation of the Crack-Activity Model

During creep deformation, polycrystalline ice undergoes
structural deterioration, resulting in the formation of grain
boundary cracks. It is assumed that each grain boundary can be
broken, or healed, by a single activation. The net rate of the
grain boundary cracking is expressed by an equation similar to
that of the net elementary rate constant, Eg. 6.4:
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Energy barrier in the absence of work

----- Energy barrier in the presence of work

—ﬂr-

Activation Energy

Direction of crack growth

! )
|

Crack propagation distance

of one step

> pirection of crack movement
by bond breaking

Direction of crack movement

l
by bond healing

Fig.6.1: Schematic representation of the energy barrier

(Krausz and Krausz, 1989)
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G
_ kT b I Y dlh TR
Pgbc = TH {EXP[’RT * kT:l e"p[ R T kT]} (6.5)

where ¢ gbc is the net rate of the grain boundary cracking, Gb
is the actlvatlon energy for grain boundary fracture, and R is
the gas constant. The work, W, can be expressed as a function
of the activation volume, i

W=mo (6.6)

The stress ¢ (in Eq. 6.6) is divided into a shear stress,
q, and a hydrostatic pressure, p. Due to the fact that the
hydrostatic tension enhances cracking of the material while
the hydrostatic compression opposes it, equation 6.6 can be
written as: )

W= "(qa - p) (6.7}

As shown in Fig. 6.2a, equation 6.7 is formulated by
considering an energy barrier for a multi-axial compression
loading situation. The underlying concept of this energy
barrier is that the shear stress, ¢, contributes to the forma-
tion of the grain boundary cracks. However, the compressive
hydrostatic pressure, p, opposes the formation of these
cracks. Therefore, the energy needed for the formation of
grain boundary cracks is [Gb - n(q - p)|. For crack healing,
the compressive hydrostatic pressure contributes to the
healing process while the shear stress opposes it. Thus, the
energy required for crack healing is[Gb + m(q - p)|. This
concept is, also, valid for loading situations with tensile
hydrostatic pressure, Fig. 6.2b. .

76



A
>
H {a) Compression
2
2
o
0
ol
B Y
>
e
3
P 9 W
P
»
Direction of crack growth
A
{b) Tensicn
D
o
N
Q
o
&
c
o
i
IS
g
2 |W
fu
0
<<
; W
P
2y

Pigure 6.2: Schematic of a multiaxial energy barrier, q is the
shear stress and p is the hydrostatic pressure.
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For a given time increment, At, the energy needed to
create new surfaces due to the opening of the grain boundary

cracks is expressed as:
U= 27 A ¢gbc At (6.8a)

where 7 is the surface energy and Ac is the area of the crack

opening.

Substituting Egs. 6.5 and 6.7 into Eg. 6.8a, the energy
needed to create new surfaces is expressed as:

G
U =47 A At kT exp[— - ] Sinh [ (g —_Pp) ] (6.8b)

where Sinh = —%— {exp[-ﬂﬂi%_%_El_] - exp[ - ﬂ(g - p) ]}

The equation for the energy needed to create new surfaces,
U, represents a crack potential function. The strains inducad
by cracks, a?., are calculated as follows:

i3
‘ au
c —
eiy = 1V Y (6.9)

where ¥ is a factor of proportionality.

Alternatively, the strains generated by cracks, e?j' can
be represented by two strain components: 1) crack shear

. c . .
strains, eij’ and 2) crack volumetric strains, esz
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8U aq

c —
8c = ¢ au op (6.10b)
v ap aaij :

After the derivations of the egquations (Egs. 6.10a and
6.10b), the following expressions are obtained:

c 7 b m(q - p) 513
eij = 6 ¥ At Tg Ac T exp[- " T ] Cosh[ X T 1 g
{(6.11a)
c 4 7 Ch n(q - p)
€, = ~ 3~ ¥ At Ty Ac I exp[~ R T ] Cosh[ T }
(6.11b)

The work contributing to the formation of grain boundary
cracks (W, Egq. 6.5) is related to the work done at the grain
boundaries. The latter, however, is formulated as function of
the external stresses (g, p) and the grain boundary sliding
displacement. The ratio (W/kT, in Eq. 6.5) is expressed as:

W __n(g -p) _ = -
where d is the average grain size, Eve is the generalized
visco-elastic shear strain, and x is a material parameter

determined by trial and error, as it will be explained in the
next section.
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The area of the crack opening, A,, can be calculated from
the crack width and length. Both parameters (crack width and
length) can be expressed as function of the average grain
size, d. If the cross sectional geometry of the grains is
hexagonal, the width of the crack is equal to the grain facet,
as formulated by Sinha (1989d). For columnar structured ice,
the length of the crack can be taken as a multiple of the
grain size (104 - 20d).

In the present model, for a simple representation of the
constitutive equations (Egs. 6.1la, 6.11b), and without loss

of generality, the ratio, Ap, is used:
A = — {6.13)

whre A, is the area of the crack ocpening and d is the average
grain size. The value of Ac is, then, Ac = Ap at

Substituting Eg. 6.12 and the value of A, into Egs. 6.1l1la,
6.11b, the stress-strain relationships for the Crack-activity
model take the following form:

G S,

c 2 7m __b - _ 1)
eij = 6 @c At T d T exg[ BT ] Cosh[z d eve(q p)] q
(6.14a)
c _ _4 2 7 °p P
e, = — 5 ¥ At ¥ A - exP|- 7§ Cosh[xdeve(q-'p)]
(6.14Db)

where Wc is equal to ¥ Ap.
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6.4 Determination of the Parameters, @C and ¥.

The parameters wc and ¥ (Bgs. 6.14a and 6.14b) are

determined by trial and error (curve fitting) as follows:

The present model (Non-cracking model + Crack-activity
model) was used to predict the volumetric dilation as well as
the axial strain - observed during long tTerm creep tests
conducted by Sinha (1989c). The tests (Fig. G.7) were carried
out at temperature of —10?0 on columnar grained S-2 ice
samples with an average grain size of 2 mm. The volumetric
strain history associated with the creep test of 1.6 MPa was
selected, randomly, for the predictions. The value of Gb is
taken to be equal to the activation energy Q (Table 2.1) and
the value of the surface energy 7, is 0.02 J m'¢., Trial values
of @c and v were used in the calculations. The best
prediction was obtained for:

@c = { 1/ap ) and “ ¥ = AJ3
9 Mpa/sec for T = 263°K, and A = 7.5 10°)
are the material parameters given in Chapter 5.

where (ap = 4.4 10"
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CHAPTER 7

NUMERICAL PROCEDURES FOR THE CALCULATION
OF THE CREEP STRAINS

7.1 Introductiocn

The proposed mathematical model (Non-cracking + Crack-
activity sub-models) is developed to calculate the creep
strains generated in polycrystalline ice subjected to constant
loading. This chapter, however, presents the numerical proced-
ures that are used in conjunction with the model formulations
to calculate the strains induced in ice subjected to arbitrary
loading paths (variable loading). Boltzmann (1876) superposi-
tion principle is used to calculate the visco-elastic strains.
A numerical procedure is proposed for the calculation of the
visco-plastic strains needed for the computation of the
structural change functions. The instantaneous elastic strains
and the strains generated by cracks are calculated by using
Egqs. 4.1lc, and 6.14, respectively.

For the sake of clarity, a stress history, Figs. 7.1 and
7.2, is used as an illustrative example to show the method for
the calculation of the creep strains generated in polycrys-
talline ice subjected to monotonically increasing loading. The
formulations presented in this chapter are, also, valid for
general 1dading conditions, including cyclic lecading events.
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As shown in Fig. 7.1, the time period (over which the creep
strains are calculated) is divided inte n time intervals (time
steps). The external loading is applied in the form of stress
steps, (o)l, (0)2, ...(0')rl corresponding to time intervals
Atl, Atz,
assumed to occur at the beginning of the time step. Therefore,
the external stresses remain constant during each time step.

...Atn. Any change in the external loading is

7.2 Calculation of the Vvisco-Plastic Strains

The eguations needed for the calculations of the visco-
plastic strains generated over two time steps are presented.
Also, a generalised equation for the calculation of the visco-
plastic strains generated over n time steps is formulated.

Time Step No. 1: As shown in Fig. 7.1, the stress (cr):L is
applied over the time step At,. The plastic strains generated
during this time step are given by Eq. 5.22:

b 3 exp(B,-q,) |
9

Time Step No. 2: The stress (cr)2 is applied over the time
step Atz. The plastic strains generated over this time step
are given by Eq. 5.22:

exp (B, -49,)
p T2

(eP.), = >« At[
13’2 2 P 2 (qz)
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General Equation: The total plastic strains generated
during the time period t, (t, = At + Atz) are calculated by
adding Egs. 7.1 and 7.2:

exp(B8_-d,)
P, - 3 p "1
(i) = 57— % Atl[ 3 ](Sij)l *
(a,)

2

exp(B,-q;)
+ Aty | ——E—=|(S;5), (7.3)
(a,)

After n time steps, the visco-plastic strains are calcula-
ted according to the following summation:

n
(e35) = T ;lbtk [ (qk)z (S;5)k (7.4)

Note: ‘All equations presented in this section are those of
granular (isotropic) ice. For columnar grained (anisotropic)
(in Egs. 7.1, 7.2, 7.3, and 7.4)
as explained in Chapter 5.

ice, the values of g and Sij

should be replaced by g and §ij,

7.3 Calculation of the Visco-Elastic 8trains

Boltzmann (1876) superposition principle is wused to
calculate the visco-elastic strains. This principle states
that, in a linearly visco-elastic system, the total response
to a stress history is equivalent to the sum of the responses
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to a seguence of incremental stress nisteories. The material is
considered to ke linearly visco-elastic if the followilna twe
conditicns are satisfied: a) the stress is properticnal to the
strains, b) the 1linear superposition principle helds. The
details regarding these twO requirements are given by Findley

et al. (1976), and Lockett (1972).

In this section, the eguations needed for the calculations
of the visco-elastic strains generated over two time steps are
presented. Also, a generalized equation for the calculation of
the visco-elastic strains induced over n time steps is given.

Time Step No. 1: As shown in Fig. 7.2, the stress incre-
ment A(0), is applied at time t,. The visco-elastic strains
developed over the time step At, are given by Egs. 5.25 and
5.26:

ve

(cij) = (1 + Ahl) Co [(eij)l] {1 - exp[—(aT Atl)b] } (7.5)

e
where (eij)l

stress increment A(a)l. The structural change function, AA

are the elastic shear strains generated by the

1!’
is calculated according to the procedure outlined in the

next section.

Time Step No. 2: The stress increment A(u-)2 is applied at
time t1 (Fig. 7.2). The visco-elastic strains developed over
the time period t, (t2= Atl + Atz) are given as follows:
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(Ez§) = (1 + 8A,) co[(eij)l] {1 - exp[*(aT (At, + At,) )b]} +

1+ M) O [(e‘?’lj)2 ] {1 - exp[-(aT Atz)b] } (7.6)

where the structural change functions AAl and Aaz are those
corresponding to to the stress increments A(a)l and A(0),,
respectively. All parameters in Eq. 7.6 are given, previou-
sly, in Chapter 5.

General Formulation: After n time steps the visco-elastic
strains are calculated as follows:

b
| R

n n
(e!?) = COE:(l + Alk)[(eij)k] {1 - exp[—(aT 2:
k=1 =k

7.4 Calculation of the Structural Change Functions

The procedure presented in Section 7.2 gives the value of
the visco-plastic strains induced by the stress magnitude,
(o)i, and not the value of the visco-plastic strains induced
by the stress increment, A(c)i. For the calculation of the
structural change function (Aa, Eq. 5.34), however, the
visco-plastic strains induced by each stress increment should
_be known. The reason is that the visco-plastic strains
generated by a given stress increment, A(a)i, are used to
calculate the structural change function, Ahi, which affects
only the visco-elastic strains induced by A4.5);.
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The plastic strain induced by a given stress, (a)i, over a
time step, ALy, is divided into elementary plastic strains.
Each elementary plastic strain is generated by its correspon-
ding stress increment. In the following, the equations needed
for the calculations of the elementary plastic strains and
their respective structural change functions induced over two
time steps are presented. Also, a generalized equation for the
calculation of the elementary plastic strains generated over n

time steps is given.

Time Step No. 1: As shown in Fig. 7.2, the stress (o)l is
applied at time t . For the first time step, the stress (o),
is equal to the stress increment A(o)l, and therefore the
elementary plastic strains are given by Eq. 7.1.

The elementary plastic strains generated over the first
time step (Eg. 7.1) are used to calculate the generalized
plastic shear strain, £ in Appendix B. Subseguently, the
structural change function, AAl, is calculated using Eq. 5.34.

Time Step No. 2: The stress (0')2 is applied at time t1
(Fig. 7.2). The plastic strains generated over the second time
step are given by Eq. 7.2.

The plastic strains generated over time step At2 (Egq. 7.2)
are the sum of two elementary plastic strains induced by the
stress increments A(o)l and A(a)z, respectively. Since the
plastic strain rate is constant for a given constant stress,
it is assumed that the elementary plastic strains induced by
the first stress increment, A(o)l, over the time step At2 are:
given as follows: '
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exp(f . -9,)

p - 3 ' p_"1

(€54)1-2 = 2% At, [ (a2 ] (55471 (7.8)
1

However, the elementary plastic strains generated by the
second stress increment A(a)2 over the time step At2 are

calculated by subtracting Eg. 7.8 from Eq. 7.2:

_ 3 _ exp(B 'qz)
(eiijj)z—z = 3% 4% [‘T&‘L;z—_ (S53)2 =
2

2

exp(B,. . .d,)
- [ P 1] (8i5), (7.9)
(g

The total plastic strains developed over the time period
t, (t2 = At, + Atz) are given by Eg. 7.3. In terms of elemen-
tary visco-plastic strains, eguation 7.3 can be written as the

sum of Egs. 7.8 and 7.9:

p _ 3 EXP(B ‘ql)
exp(R_.4,) exp(B_-.d,)
+ —g—ap At, [——92—2-](3)2 - [——Ei—l—](S)l (7.10)
(q,) (d,)
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Equation 7.10 has the form of (cp = A + B) where A is the
elementary plastic strains induced by A(cr)l over time steps
(at, + Atz), and B is the elementary plastic strains induced
by A(O")2 over time step At,. The value of A is used to compute
the structural change, AA,, induced by the first stress incre-
ment, and the value of B is used to calculate the structural
change, Ahz, induced by the second stress increment.

General Equation: The procedure of dividing the total
plastic strains into elementary plastic strains is repeated
for all time steps. After n time steps, the elementary plastic
strains generated by a given stress increment (Ac), are:

exp(B_.dy.)
At [--—-—l'L—k—](sij)k -7 (7.11)
k

P - 3
(C.‘)k- = e
i3’ k-n 2 % () 2

g P

For k =1, Z = 0. For k > 1, Z = [ ] (S::)p
(qk—l)z ij‘k-1

Subsequently, both the plastic shear distortion, (Ep)k,
and the structural change parameter Ahk are calculated using
equations B. 11 and 5.34, respectively.
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CHAPTER 8

EVALUATION OF THE MODEL

8.1 Introduction

In this Chapter, the efforts are made to demonstrate the
capabilities of the model to predict the observed ice
behaviour. The model was coded into a stress driven computer
program where stress values are provided as 1input and the
corresponding strains are calculated as output. The numerical
procedures presented in Chapter 7 were used for the calcula-
tion of the creep strains. The program was used to predict the
behaviour of ice samples subjected to various types of loading
conditions. Comparisons of the model predictions with the
experimental data are presented.

The data base used for the model evaluation includes the
results of experiments carried out by the author as well as
the results of tests taken from the literature. The data from
the literature includes primarly the results of various tests
carried out by Sinha. His data is considered to be reliable
and qualified for the appraisal of the model. In this evalua-
tion of the model, discrapancies between the model predictions
and the test results are obtained. These discrapancies are
function of 1) accuracy of the measurements during testing, 2)
accuracy of the numerical procedure (Chapter 7) used in the
computer program for predictions, and 3) actual performance of
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the model. In this thesis, if the discrapancy between the
model predictions and the test results is equal or less than
20%, the predictions are considered to be in good agreement

with the experimental resu.its.

8.2 Predictions of Uniaxial and Triaxial Tests
8.2.1 Tests on Anisotropic Ice Samples

Under constant strain rate conditions, Sinha (1982)
carried out a series of uniaxial tests covering strain rates
ranging from S. 1077 sec”! to 3. 10°° sec”'. The tests were
conducted at temperature of - 10°C on columnar grained S-2
(anisotropic) ice samples with an average grain size of about

4.5 mm. The test results are presented in Fig. G.la

The model predictions of Sinha’s (1982) test results are
shown in Fig. G.1b. The predicted stress-strain curves are in
excellent agreement with the experimental measurements. The
initial stiffness of the material was predicted well. The
peaks of the stress strain curves (failure loads) were
predicted accurately. In general, for all tests, the model
achieved a very high degree (over 90 %) of accuracy in
predicting the test results.

In order to show the ability of the model to simulate the
anisotropic behaviour of columnar grained S5-2 ice, the
predicted  axial and lateral strains for a uniaxial test

5 Sec'1) are presented in Fig G.2. The

(strain rate = 3. 10
strains generated in the directions perpendicular to the

columns (ci and ea) have approximately the same magnitude.
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However, the lateral strain (83) is much smaller than the
axial one. According to the model formulation, this anisotropy
results from two sources: 1) the elastic anisotropy, and 2}
the hypothesis that the plastic strains along the columns are

prchibited, eg = 0.

8.2.2 Tests on Isotropic Ice Samples

Stone et al. (1989) carried out a series of uniaxial as
well as triaxial tests on laboratory prepared granular ice
samples. The ice was isotropic (randem orientation of the
c-aizis) with an average grain size of about 3.0 mm. The tests
were conducted at temperature of -10°Cc using an MTS testing
system. Two LVDT’s were mounted on the samples to measure the
axial strain and to provide the closed loop feedback control
signal to the MTS servo-valve.

The tests were carried out for various axial strain rates
ranging from 5. 10”5 sec’! to 1. 10" % sec’'. During each test
a series of unloading and reloading were performed. The test

results are presented in Figs. G.3a, G.4a, G.5a, and G.6a.

The model predictions of Stone’s et al. (1989) test
results are shown in Figs. G.3b, G.4b, G.5b, and G.6b. The
predicted stress-strain curves are in excellent agreement with
the experimental data. The peaks of the stress strain curves
(failure loads) were predicted well. The post peak behaviour
of the material'(softening of the stress-strain curves) was
predicted accurately, and the model was successful to predict
the strains generated during each unloading-reloading cycle.
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8.3 Predictions of Creep Tests
8.3.1 Predictions of Axial and Volumetric Strains

The model was used to predict the axial and volumetric
strains measured during creep tests carried out by Sinha
(1989c). The tests were conducted at a temperature of -10°C on
columna: grained S-2 ice samples with an average grain size of
> mm. The test results are presented in Fig. G.7.

The model predictions of the Sinha’s (1989c) creep test
results are shown in Fig. G.8. Except for test of 1.7 MPa, the
predictions agree well with the experimental measurements.
Note that the test of 1.6 MPa was used for the determination
of the parameters needed for the crack~activity Model. Thus,
the comparison between the observed and measured volumetric
strains is a direct evaluation of the crack-activity model
formulation.

The model predictions of the tests at very eafly stages of
loading are shown in Figs. G.%a and G.9%b. It is apparent (from
Fig. G.9%9a) that the model is capable of predicting the three
stages of creep: primary, secondary, and‘tertiary creep.

Figure G.9b shows the transition from a compressive to an
expansive volumetric behaviour. Upon loading, the model
predicts an initial elastic compressive volumetric strain.
With time, ice undergoes plastic as well as visco-elastic
strains. Moreover, as the visco-elastic strain increases, ice
undergoes structural deterioration due to the formation of
grain boundary cracks. This structural deterioration of the
material leads to its expansive volumetric behaviour.
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g6.3.2 Effect of the Grain Size on the Predicted Creep Ccurves

The model was used to predict the creep behaviour of two
ice samples of granular (isotropic) ice with grain sizes of
1.5 mm and 4.4 mm, vrespectively. The predictions were
calculated for an axial stress of 3.0 MPa and temperature of
-10°C. The model predictions are shown in Fig. G.10b.

As shown in Fig. G.10b, at initial stages of loading, a
higher axial strain is predicted for the sample with the small
grain size (1.5 mm) as compared to that of the large grain
size (4.4 mm). With time, ice undergoes cracking activity, and
the sample with the large grain size generates more axial
strain than that of the small grain size. This type of
prediction is in agreement with the experimental observation
reported by Sinha (1989b), Fig G.1l0a.

The ability of the model to predict the effect of the
grain size.on the creep behaviour of anisotropic ice is
demonstrated in Fig. G.11l. The model was used to predict the
creep behaviour of three columnar grained S-2 ice samples with
average grain sizes of 2, 5 and 10 mm, respectively. The
predictions were computed for an axial stress value of 3.0 MPa
and temperature of -10°C. The model predictions of the axial
as well as volumetric strain histories are shown in Figs.
G.1la and G.1llb, respectively. These predictions indicate
that, with time, the increase of the average grain size leads
to an increase of the axial and volumetric strain rates. This
stems from the fact that the crack-activity model is
formulated as a function of the grain size, and consequently
the increase of the grain size value enhances the creep
strains generated by cracks. In general, the model predictions
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of the creep behaviour of anisotropic ice (for various average
grain sizes) are in agreement with the experimental

observations reported by Sinha (1989hb) .
8.4 Predictions of S8tress Relaxation Tests

In this study, a stress relaxation test was carried out at
temperature of -10%°C on columnar grained S-2 ice sample with
an average grain size of 4.5 mm. The test was carried out as

Y was applied, and

follows: A constant axial strain of 1.30 10~
the variation of the stress with time was recorded. When the
change in the measured stress became negligible, an increment
of axial strain was applied. Again, the variation of the
stress with time was recorded. When the change in the measured
stress was negligible, an-other axial strain increment was
applied. This strain history was repeated covering an axial
strain range from 1.3 10°% to 2.9 1077,

The model predictions of the test results for an applied

axial strain of 2.48 10°°

are shown in Figs. G.12 and G.13.
The predicted and measured axial stress histories are plotted
together in Fig. G.12. The model predictions are in excellent

agreement with the experimental data.

According to the model formulation, during a stress
relaxation test, the macroscopic (measured) axial strain is
kept constant while its components (instantaneous elastic,
visco-elastic, and visco-plastic strains) underge changes. The
decrease of the magnitude of the axial stress leads to a
decrease of the instantaneous elastic strains. With time,
however, an increase of both the visco-elastic and visco-
plastic strains is calculated. Figure G.13 shows the predicted
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histories of the axial and lateral strain components for the
test shown in Fig. G.12. Note that due to the fact that the
axial stress decreases, during testing as well as during pred-
ictions, the rate of the strain components decreases as well.

8.5 Predictions of Cyclic Tests

In this study, a cyclic test was carried out on columnar
grained $-2 ice sample with an average grain size of 4.5 mm.
The test was conducted at temperature of -10%c and frequency
of 0.0167 Hz (1/60 sec’'). During testing, the sample was
subjected to a cyclic excitation by increasing the axial
stress from 0 MPa to 0.5 MPa, then, reducing it to 0. MPa in a
sinusoidal manner as a function of time. The applied stress
history is shown in Fig. G.14. The measured strain history and
the measured stress-strain curve are presented in Figs. G.15a
and G.l6a, respectively.

The predicted strain history as well as.the predicted
stress strain curve are presented in Figs. G.15b and G.16b,
respectively. The model predictions are in good agreement with
the experimental data. Although the model seems to
under-estimate the axial strain at early stages of loading, it
was successful in predicting the hysteresis stress-strain
behaviour of ice and the accumulated strains as the number of
cycles increased.

8.6 Predictions of Tensile Tests - Bhortcoming of the Model
In this section, a shortcoming of the model is discussed.

The ability of the present model to predict accurately the
results of tensile tests is uncertain. The model was used to
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predict a series of uniaxial tensile tests over strain rates
ranging from 2.0 10”7 sec”! to 5.0 10”° sec”'. The predictions
were made for granular (isotropic) ice samples with-an average
grain size of 3.0 mm and temperature of -10°C. The model
predictions are shown in Fig. G.17. The predicted maximum
tensile stresses are compared to tensile strength values taken

from the open literature.

Hawks and Mellor (1972) conducted a series of tensile
tests at a temperature of -7°Cc on samples (dumb-bell) of
granular ice with an average grain size of 0.7 mm. The tests
were carried out under gquasi-constant cross head rates, and
the ice was described as bubbly. Their measurements are
plotted together with the model predictions of the maximum
tensile stress in Fig. G.18. ‘

Sinha (1983) hypothesized that the tensile strength of ice
is equivalent to the compressive stress magnitude needed to
generate the first few large micro-cracks in uniaxial compre-
ssion tests. He carried out a series of uniaxial compression
tests on columnar grained ice samples. During each test, he
measured the axial stress, time, and axial strain at the time
of the formation of the first large internal cracks. (o, ,
tfc, €. respectively). He plotted the stress (afc) versus
the strain rate (e /t,  }. Then, he compared his findings with
Hawks'’ and Mellor results, Sinha’s measurements are also given
in Fig. G.18.

As shown in Fig G.18, the comparison of the model
predictions with the experimental data indicates that the
model over-estimates the tensile strength of ice at strain

rates over 5. 10°° sec”'. and hence, an improvement of the
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model formulation is required. More than one solution may
exist to improve the model formulations so that the results of
the tensile tests can be predicted with acceptable degree of
accuracy. The solution suggested in this thesis, however, is
that the crack-activity model should be supplemented by a
crack propagation formulation. This stems from the fact that
when a crack forms, it propagates, particularly under applied
tensile stresses. Sinha (1983) indicated that the nucleation
of the first few large cracks in tension could dictate the
ultimate strength of ice.

8.7 Additional Evaluation of the Model

Theoretical predictions are presented in this section to
highlight the merits of the model to predict:

1. the effect of initial confining pressure on the
stress-strain behaviour of ice, and

2. the behaviour of ice samples subjected to monotonically
increasing loading under constant stress rate conditions.

8.7.1. BEffect of the Initial Confining Pressure

The model was used to predict a series of triaxial
compression tests for a constant axial strain rate of 1.0 10°¢
sec '. The predictions were made for granular (isotropic) ice
samples with an average grain size of 3.0 mm and temperature
of -10°C. The initial confining pressure was varied from 0.
MPa to 40. MPa. Typical model predictions are shown Fig. G.19.

As the initial confining pressure increases, the predicted
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maximum deviatoric stress increases. The predicted volumetric
strain history, Fig. G.19, indicates that the increase of the
initial confining pressure leads to a decrease of the
predicted volumetric dilatancy. This is due to the fact that
the confining pressure hinders the formation of the grain
boundary cracks, as hypothesized by the model. In other words,
the increase of the initial confining pressure increases the
resistance of the material towards the formation of cracks.
Subsequently, the material at high confining pressure becones
stronger than that subjected to low confining pressure.
Consequently, the increase of the initial confining pressure
results in an increase of the shear strength of the material.

The predictions shown in Fig. G.19 indicate that ever
increasing initial confining pressure results in ever
increasing strength of ice. Experimental results of triaxial
tests carried out by Jones (1978, 1982) indicate that the
strength of ice increases at low confining pressures and
decreases at high confining pressures. The application of the
model is, therefore, limited to low confining pressures.

8.7.2 Effect of the S8tress Rate

The model was used to predict a series of uniaxial
compression tests for various constant stress rates ranging
from 10" " MPa/sec to 1. MPa/sec. The predictions were made for
granular (isotropic) ice samples with an average grain size of
3.0 mm and temperature of -10°c. The model predictions are
shown in Fig. 6¢.20. As the stress rate increases, the tendency
of the material to dilate decreases. In general, the predicted
stress strain curves agree with Sinha’s (198la) work.
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9.1

CHAPTER 9

CONCLUSIONS AND RECOMMENDATIONS

conclusions Regarding the Experimental work

The following conclusions have been drawn on the basis of

analyses of the experimental results reported in Chapter 3.

The plastic strains generated in an ice specimen under-
going creep deformation vary. linearly with the 1loading
time.

There are very small (negligible) amounts of total and
visco-plastic strains developed in the direction along the
columns.

There is no plastic (intra-granular) volumetric strains
generated in the ice samples.

During the experiments, it was observed that the waiting
time period for the recovery of the visco-elastic strains

was not equal to the duration of loading.

As the plastic strains accumulate, with time, the recovery
time of the visco-elastic strains increases.
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conclusions Regarding the Practical
Elastic Moduli for Polycrystalline Ice

The practical elastic moduli (Young’s modulus, shear
modulus, and Poisson’s ratio) for polycrystalline ice were
determined from the characteristic elastic constants of
single ice crystals using the Reuss averaging method.

New equations for Poisson’s ratio for columnar grained

(S-1 and S-2) ice are proposed.

Three averaging methods (Voigt, Reuss, and Hill’s methods)
were used to develop mathematical equations for the
practical elastic moduli for granular ice. These equations
were used to predict the values of both Young’s modulus
and Poisson’s ratio for granular ice. The comparison
between the predicted and measured values indicated that
the Reuss method is the appropriate averaging method for
polycrystalline ice.

Conclusions Regarding the Model Evaluation

The versatility and accuracy of the model in predicting
the observed behaviour of ice were demonstrated. The model
was used to predict the behaviour of ice samples subjected
to various loading conditions. The predictions were in
excellent agreement with the experimental data.

The model predicted the measured uniaxial as well as

triaxial stress strain curves with high degree of accuracy
(over 90 % accurate predictions were obtained).
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The model predicted the observed failure stresses (peak of
the stress-strain curves) accurately, over 90% degree of
accurate predictions were obtained.

The model was successful in predicting the measured
stress-strain curves generated during unloading-reloading
cycles in triaxial and uniaxial tests.

The measured stress-strain curves generated during
unloading-releocading cycles (in uniaxial and triaxial
tests) for various strain rates were predicted very well.

The model was able to predict accurately the softening
behaviour of ice after the peak of the stress strain curve
has been reached (post peak behaviour) .

The model was able to predict successfully the observed
axial strain as well as the volumetric expansive behaviour
of ice generated during long term creep experiments.

The model predicted the effect of the grain size on the
creep behaviour of ice reasonably well. The comparison
between the predicted and measured creep test results, for
various grain sizes, indicated that the model took into
account the effect of the grain size on the <creep
behaviour of ice properly.

The model predicted accurately the stress history
generated during stress relaxation tests.

During the stress relaxation test simulations, the model
predicted a decrease of the instantaneous elastic strain
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history accompanied with an increase of the visco-elastic

and visco-plastic strain histories.

The model was able to reproduce the observed hysteresis
pehaviour of ice generated during cyclic tests. Both the
cyclic strain history as well as the stress strain curves

were predicted reasonably well.

Although the model 1is able to predict the tensile
stress-strain curves, the accuracy of its predictions is
questionable. A shortcoming of the model is apparent in
its ability to predict accurately the measured tensile
strength values.

With ever increasing initial confining preésure, the model
predicts ever increasing strength of ice. The model
application is limited to low confining pressure
situations.

Recommendations for Future work

The model formulation should be improved so that the
results of the tensile tests can be predicted with
acceptable degree of accuracy.

The model formulation should be generalized to include the
effect of high confining pressure on the behaviour of ice.

At the present time, the lack of existence, in the litera-
ture, of 3-D experimental results (results of true
triaxial tests) hinders the evaluation of the model with
respect to its accuracy to predict the results of 3-D
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tests for various stress paths. Further investigation is,
then, needed to appraise the accuracy of the model
predictions of the behaviour of ice subjected to arbitrary

loading paths in the three dimensional stress space.

Three dimensional laboratory testing of ice samples is
very much needed. Experimental investigations of the
effect of initial hydrostatic pressure, initial and
current density, crack propagation, etc. on the behaviour
of ice are vital for the development of a realistic 3-D
mathematical model that can be used, with confidence, to
solve complex boundary value problems.

The present model should be implemented into a finite
element computer program so that it can be used to solve
jce engineering boundary value problems.

For the analysis of offshore structures constructed in
sea-ice environments, the model should be extended to
include the bahaviour of sea-ice.

The practical elastic moduli for anisotropic ice should be
further investigated to establish whether or not their
values could be approximated to those of isotropic
material. The equations of the practical elastic modull
for anisotropic ice result in a non-symmetric elastic
stiffness matrix. This increases both the computer CPU
time and computer storage during computations.
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APPENDIX A

METHODS FOR THE CALCULATION OF ICE
FORCES ON OFFSHORE STRUCTURES

A.1l Introduction

Many methods for the calculation of ice forces exerted on
of fshore structures have been developed. A literature review
reveals that these methods can be classified into four
categories: Empirical, Semi-empirical, Analytical, and
Numerical methods. Since it is not possible to report all
existing methods, only few . examples for each category are
presented. Detailed information regarding these methods,
however, can be found in various textbooks of ice engineering,
such as Sanderson (1988) and Cammaert and Muggeridge (1988).

A.2 Empirical Methods
A.2.1 Korzhavin’s (1962) Equation

For crushing mode of failure, Korzhavin (1962) proposed an
equation relating the pressure, P, induced by ice on vertical
structures to the uniaxial compressive strength of ice, Ou-

= -0.333
P =1 fc m (V/Vo) O (A.1)

where I is the indentation factor, fc is the contact
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coefficient, and m is the shape factor. Both V and V are the
reference velocity (1 m/sec) and the velocity of the ice

sheet, respectively.

Korzhavin’s (1962) equation is wvalid for strain rates

3 o 10°% sec’! (Neill, 1976). The general

form of Eq. A.1l for all strain rates is given as follows:

ranging from 10~

p=1 fc m o, (A.2)
where the value of o, can be obtained for the appropriate
strain rate from Fig. A.l.

A.2.2 Afanas’ev {(1972) Equation

Afanas’ev (1972) proposed an equation relating the force
of ice, F, to the apsect ratio (h/D):

F=mo_Dh (1L+ 5h/D) %> (A.3)
where D is the width of the indentor and h is the thickness of
ice. The parameter m is the shape factor, and o, is the
uniaxial compressive strength of ice.
A.2.3 Vivatrat and Stomski’s (1983) Equation

Vivatrat and Stomski (1983) analyzed the results of 195
emall and medium scale indentation tests, and they proposed

the following equation for the calculation of indentation
pressure, P:
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p = £¢ (A-4)

T &Pr

where fT and fé are the temperature and the strain rate
correction factors, respectively. Py is a reference indent-

ation pressure which is function of the contact area.

A.2.4 sSanderson’s (1986) Curve

Based on a wide range of laboratory and field data, Fig.
A.2, Sanderson (1986) produced a plot relating the indentation
pressure, P, to the contact area, A. He indicated that an
upper bound curve provides an empirical best-fit to the data
for contact areas exceeding 0.1 mz, Fig. A.3:

-1/2

p = A (A'S)

A.3 Semi-Empirical Methods

A.3.1 Michel and Toussaint (1977) Eguations

Based on experimental indentation test results using fresh
water columnar S-2 ice, Michel and Toussaint (1977) suggested
a set of equations to compute ice pressure on vertical
structures. Their equations are given as follows:

1

1. In the ductile zone (10 % sec”™' < & <5 107"

sec’'):

- 0.32 .
p =1 fc m ooy (t/éo) | (A.6a)
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2. In the transition zone (5 107% sec ' < & < 1077 sec’y:

-0.126

p=If_ mo_.. (&8/&) (A.6b)

3. In the brittle zone (& > 10 ° sec '):

p=1 fC m o, (Ah.6C)

where &_ = 5.10"% sec™!, Comax 1S the compressive strength of
ice in the ductile range, and o, is the compressive strength
of ice in the brittle zone. The values of the parameters I, £

and m are given by Michel and Toussaint (1977).

Iin the above eguations (Egs. A.6a, A.6b, and A.6c), the
strain rate, &, is expressed as a function of the indentor
width, D, and the indentation velocity, V.

g = V/4D (A.7)
other equations have been proposed to compute the strain

rate, &. For example, Ralston (1978) suggested & = V/2D, and
Palmer et al. (1983) suggested the equation & = V/D.

A.4 Analytical Methods

Most analytical methods developed for the calculation of
ice forces on offshore structures are based on the plastic
limit equilibrium state concept, whereby the behaviour of the
material (ice) is idealized as an elastic-perfectly plastic
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isotropic material. During indentation, only the elasticity of
the material is considered until the stress reaches a critical
value defined by a prescribed failure criteria, after which
the material flows plastically.

For an isotropic material behaviour, both Tresca and von
Mises yield criteria have been used to compute ice forces on
of fshore structures. Recently, a number of failure envelopes
have been proposed to account for the observed anisotropic
pebaviour of ice, for example the failure envelopes proposed
by Nadreau and Michel (1986b) and Timco and Frederking (1986).

The plasticity bound solutions have been applied to solve
ice indentation‘problems. Croasdale et al. (1977) suggested

the following equation:
p=Icgc¢ (A.8)

where the indentation factor, I, is obtained from upper and
lower bound plasticity analyses. Croasdale (1980) reported
that a lower bound solution (I = 1) is obtained from the plane
stress case (D >> h). Upper bound solutions, however, are
obtained for both rough and smooth indentors as function of
aspect ratio, D/h, Fig. A.4.

Oother analytical methods have been proposed to compute
indentation pressures. These include the reference stress
method (Ponter et al., 1983) for low strain rate problems,
fracture analysis method for high strain rate problenms
(Miller, 1980, and Palmer et al., 1983), and the probabilistic
"Unit Cell" method proposed by Ashby et al. (1986).
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A.5 Numerical Methods

Both finite element and discrete element methods have been
used to solve ice boundary value problems. As an example,
Murat (1976) performed axi-symmetric finite element analyses
to calculate the deflection of a circular floating ice sheet
under the effect of a uniform distributed load at the center.
He considered the material to be isotropic, and its behaviour

was represented by a secondary creep equation of a power form.

It is important to point out that most of the numrical
work and the proposed analytical methods were based on the
following simplifying assumptions:

1. A perfect contact exists between the ice and the indentor,
2. Ice is an elastic-perfectly plastic material, and
3. TIce is a homogeneous and isotropic material.

A.6 Criticism

The most common drawbacks of the existing methods for the
calculation of ice forces on offshore structures, for all
categories, are listed in Chapter 1 (statement of the
Problem). These drawbacks justify the need for a general 3-D
mathematical model for ice that can be used in conjuction with
a numerical method (such as finite element) to analyze ice-

structures interaction problems, including the calculation of
ice loads.
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In the following, two selected examples of field measure-
ments of ice force histories are presented. These are the
records of ice forces on Hans Island and Gulf'’s Molikpaqg
structure. The purpose is to emphasize the following two

statements:

1) The calculation of ice forces exerted on offshore struc-
tures is a task underlined by a high degree of complexity, and
the use of empirical and analytical methods to compute ice
loads on offshore structures could result in unrealistic
design of the structure.

2) The development of accurate methods to predict ice forces
on offshore structures is not an academic exercisé. Experim-
ental measurements have shown that ice could exert forces in
excess of the design ice load, and generate vibrations of the
structure that could lead to the liquefaction of the soils of
the foundations, resulting in the collapse of the structure.

Example No. 1

sanderson (1988) presented field data of ice force hist-
ories recorded during the impact of multi-year ice floes with
Hans Island Ice Foot. Hans Island is a natural island located
in the center of Kennedy Channel, and it has dimensions of
about 1700m X 1300m. During the months of July and August, the
ice becomes very mobile and the island is subjected to nume-
rous impacts by large multi-year ice floes travelling south
west. Generally, these impacts occur in the northeast side of
the island. On that side, however, a permanent. ice foot is

124



formed, Fig. A.S5a. Therefore, ice impacts do not occur with
the island itself, but they occur with the island ice foot.

on the 10th of August 1983, a 5.2 thick multiyear ice floe
impacted with the island ice foot. The 3200m diameter ice floe
was travelling southwest at a velocity of 0.88 m/sec. During
the impact, ice forces were calculated by means of measuring
the floe deceleration and estimating its mass. The global ice
forces generated during this impact are given in Fig. A.5b.
They fluctuate in an irregular manner as function of time with
force peaks occurring at random intervals.

Example No. 2

Jefferies and Wright (1988) presented field measurements
of ice forces exerted on Gulf’s Molikpag structure at Amauli-
gak. The Molikpaqg is a hybrid sand-steel structure, Fig. A.G.
It consists of a steel caisson set down on a previously
prepared sand berm. The interior of the caisson is filled with
sand to form the island core. Ice forces are measured using
Medof panels and strain gauges.

An impact of a multi-year ice floe with the Molikpaq
occurred on the 7th of March 1986. The ice conditions at the
start of the impact are shown in Fig. A.7. A portion of the
global ice force history generated during the impact is given
in Fig. A.8. This force history is characterized by a random
fluctuation of the ice load as function of time. A gradual
increase of the maghitude of the force peaks is observed for
the first 30 minutes of the impact time. Afterwards, a
sporadic trace of the ice force history has occurred.
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Local ice force histories, however, are shown in Fig. A.9.
These ice forces are monitored at three separate locations on
the exposed face of the caisson, location A, B, and C in Fig.
A.9. The trace of their history vary in a periodic manner with

a period of about 3.5 sec.

The Molikpaq experienced moderate vibrations during the
7th of March 1986 impact. On the 12 of April 1986, however,
the structure undergone severe vibrations when a 2000m X 1000m
multi-year ice floe was continuocusly crushing against the
caisson. During this impact, the magnitude of ice forces were
in excess of the design ice loads, and the structural
vibrations have led to the liquefaction of the sand in the
island core.
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Figure A.4: Indentation factor versus aspect ratio (Croasdale

et al.,

1977) .
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Figure A.S5: Hans Island, field data from the impact of the 10th
of August 1983 (Sanderson, 1988).
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APPENDIX B

STRESS AND STRAIN INVARIANTS

The stress and strain invariants used in this work are
prezented. The notation is similar to that of Desai and

Siriwardane (1984).

B.l1l 8tress Invariants

1- The first invariant of the stress tensor, I,.:

I1cr = (ax + ay + az) (B.1)
2- The octahedral shear stress, Toet’
1/2
= -1 o )2 e 12 o 12 2 2 2
Toct™ 73 [(Ux oy) +(o-y oz) +(crz ax) + 6(1:xy + tyz + zx)] .
(B.2)
3- The second invariant of deviatoric stress tensor, J2D=
_ 3 _2 _ 1 2
Jop = =5 Toer = —5— tr(s) (B.3)

where S is the deviatoric stress tensor.
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In Chapters 5 and 6, the shear stress, g, was used:

- _ 3 1/2
g=VvV3 Iop = (3;v 2) Toet = [ 5 sij Sij] (B.1)

In terms of principal stresses, the hydrostatic pressure,
p, and the shear stress, q, are given as follows:

p = % (¢, + 0, + 05) (B.5)
1/2
q= (1/V2) [(al - 02)2 + (0, - a3)2 + (0g - 0 2] (B.6)

B.2 Strain Invariznts

The strain invariants corresponding to I,, (EQ- B.1) and
Toct (Eg. B.2) are the first invariant of the strain tensor,

Ile' and the octahedral shear strain, L respectively:

Ie = (8 * &y * ) (B.7)

-5 (g5, €, Y€

1/2
3 2 2 2 )
Xy yz 2Zx

(é,a)

Corresponding to the shear stress, g, is the generalized
(or equivalent) shear strain, €,
1

€= 5 Toct

(B.9)
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In terms of principal stresses, the volumetric strain, €

and the generalized shear strain, £, are given as follows:

(B.10)

. 1/2
e =Y 2 [(cl SR L CI IS L el)z] (B.11)

B.3 Stress Invariants for Anisotropic Plastic Materials

Since the hydrostatic pressure does not influence the
plastic behaviour of ice (see Section 5.4.1), its anisotropy
must be associated with the shear stress, . A second
invariant of deviatoric stress tensor for an anisotropic

material is proposed as:

= _ 1 =
Jap = 2515 Sij (B.12)

where the deviatoric stress tensor, S,. is expressed as

ij’
follows:
a (g4, = P) 34712 a5% 3
iy - 37921 2,(055 = P 26723 (B.13)
a8031 39032 a3(c33 - p)
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where p is the hydrostatic pressure, and a; (i =1, 9) are
parameters characteristic of the current state of the material
anisotropy.

Since columnar grained (S-1 and S$-2) is considered to
undergo plastic deformations only in the directions perpen-
dicular to “e long axis of the grains (see Section 5.4.3),
the anisotropic parameters a; (i = 3, 9) should be zeros.

The condition of zero plastic volumetric strains (cs = 0.,
see Section 5.4.1) requires that:

3

21 Sii = al(oll— p) + 32(022_ p} + 33(633— p) = 0. {B.14)

Since the parameter a_, = 0, only two unknowns (a1 and az)

3
have to be determined. Without loss of the generality, the
value of the parameter a, can be fixed to 1, and the parameter

a, is calculated with respect to a.

The value of a, is determined from Eq. B.1l4 (for a, = 1).
a, = T 7P (B.15)
2 P-0,, '

The shear stress, g, for an anisotropic material is
calculated as follows:

_ . - ql/2
q = [ 5— 55 Sij] (B.16)
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In terms of principal stresses, the shear stress, q is

given as follows:

1/2
q=(1/Vv2)|a (o, - O )2 + A, (0, — O )2 + A.{o, - ©C )2
q = 149, 2 292 3 3403 1
(B.17)

where:

_ 2 2
Al— —3— (1+a2),

- 1 2 _
A2 = 3 (2a2 1), and

= L o 3t
A3 = 3 (2 ag

In order to ensure that the axes of the material
anisotropy coincide with the axes of the principal stresses.
The expression of g (in Eg. B.17) is modified as follows:

A, (o 2

viIT 1
V2 1/2(1 + a%) + 172|a® - 1]

2 2
x ay) + A2 (GY - az) + A3 (az - ox)

(B.18)

Equation B. 18 ensures that for uniaxial locading situat-
ions  q is egual to ¢. For example, for uniaxial compression

loading, aq = gt
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APPENDIX C

CLASSICAL THEORY OF PLASTICITY

The visco-plastic strain component of the non-cracking
sub-model, Eg. 5.21, was formulated on the basis of the
classical theory of plasticity. In view of this, a brief
review of the classical theory of plasticity is given this
Appendix. The conceptional differences between the formulation
developed in this thesis and those of the classical theory of
plasticity are pointed out. The main references used in this
review are those of Hill (1950) and Prager (1949).

C.1 Introduction

The objective of the c¢lassical theory of plasticity is to
offer a mathematical description for the mechanical behaviour
of metals undergoing plastic deformations. Originally, the
theory was based on certain simplifying assumptions:

1- The stress-strain relatiuns are independent of time and
temperature.

2- The material is assumed to be isotropic and Bauschinger
effect is neglected (the negligence of Bauschinger effect
means that the yield stress in compression equals teo that
in tension).
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In general, constitutive equations based on the classical

theory of plasticity contain the following items:

1- A yield criterion specifying the state of stress at which
the material undergoes plastic deformations.

2- A hardening rule specifying the change of the plastic
material properties in the course of plastic deformations.

3= A flow rule specifying the direction of the plastic strain
vectors.

Brief descriptions of these items are given in the
follbwing Sections.

C.2 Yield surface and Concept of Yield Criterion

For many materials, an elastic region exists around the
origin of the stress space. This elastic region is bounded by
a plastic domain where a change in the stresses produces a
change in the permanent strains. The surface bounding the
elastic region, in the si¢ress space, is called the yield
surface while the mathematical law defining the 1limit of
elasticity, under any combination of stresses, is known as the
yield criterion.

Isotropic plastic yielding depends only on the magnitude
of the principal stresses, and any yield criterion can be
expressed as function of all three invariants of the stress
tensor. However, experimental evidence indicated that yielding
of metals is unaffected by the hydrostatic stresses either

143



applied alone or superposed on some combined state of stress.
Therefore, The yield criterion can be expressed as function of

only the second and third invariants of the stress tensor.

The material isotropy, the absence of Bauschinger effect,
and the fact that yielding is independent on the hydrostatic
stresses dictate that the yield surface can be, geometrically,
represented by a cylinder of infinite length whose axis is the
space diagonal (for example, von Mises yield surface).

C.3 Hardening Concept and Hardening Rules

Two hypotheses have been proposed to define the degree of
hardening. The first indicates that hardening depends only on
the plastic work, wP. The second, however, employs the
equivalent plastic strain (Ep, Appendix A) as the measure for
hardening. In the theory of plasticity, if the hardening is
formulated in terms of the plastic work, the material is said
to be work harden, otherwise the material is said to be strain
harden.

As hardening occurs, the yield surface changes size and
location in the stress space. However, its shape and
orientation do not change. The change of the geometric
configuration of the yield surface expresses the changes of
the plastic properties of the material. It can be formulated
as function of either the plastic work or plastic strains
according to the two hypotheses of hardening.
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C.4 Flow Rule

The flow rule defines the direction of the plastic strain
vectors. The theory of plasticity assumes the existence of a
plastic potential function, ¢, to which the incremental
plastic strain vectors are orthogonal:

. p ag
= N —
dcij a“ij {C.1)

where A is a positive scalar factor of proportionality.

Equation ¢€.1 is known, also, as the normality rule of
plasticity. Two types of flow rules can be used to formulate
the plastic constitutive relations. These are the associative
and non-associative flow rules. Associative flow rule referees
to the case where the same formulation is adopted for both
yield surface, £, and plastic potential, g, functions.
However, the non-associative flow rule reefers to the case
where the formulation of the functions f and g are different.

C.5 Requirements for the Formulation of
Plastic Stress-strain Relations

The development of a plastic stress-strain relationship
should satisfy certain requirements: Among these are: the
irreversibility, continuity, and consistency conditions.

condition of Irreversibility: This condition dictates that the

plastic work done on a material cannot be reclaimed. In other

words, the plastic work done on a material is always positive.
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Continuity Condition: In the classical theory of plasticity,
the plastic strains are generated only during loading.
However, loading and unloading are defined according to
whether the stress vector is directed toward the exterior or
the interior of the yield surface, respectively.

If the stress vector is tangential to the yield surface,
the loading is said to be neutral. The neutral loading,
however, is considered to be the dividing case between the
loading and unloading situations. In order to avoid any
discontinuities in the plastic stress-strain relations, the
condition of continuity requires that the neutral loading does
not cause any plastic deformations.

Consistency Condition: This condition requires that loading
from one plastic state leads to an-other plastic state. In
other words, during loading, the stress point should be

always on the yield surface.

During loading, the yield surface changes its geometric
configuration, size and location. This is due to the
consistency condition which requires that both the stress
point and the ‘yield surface move together, in the stress
space. The change of the geometric configﬁration of the yield
surface (required by the consistency condition) expresses the
hardening of the material. Three various hardening rules can
be used to formulate plastic constitutive relations:

1- Isotropic hardening rule: The yield surface undergoes &
uniform expansion without any change in the location. For
example, in the case of von Mises yield surface, the
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circle changes size (radius) and does not change its

co-ordinates of the center.

2- Kinematic hardening: The yield surface undergoes movement

(change in location) without any change of its size.

3- A combined isotropic and kinematic hardening rules: The
yield surface undergoes changes in both size and location.

c.6 Present Model Versus Classical Theory of Plasticity

The following is a list of the main differences between
the formulation of the present model and those of the
classical theory of plasticity:

1-The visco-plastic constitutive equation developed in this
thesis (Eq. 5.21, Chapter 5) has neither a yield criterion
nor a yield surface. The absence of the yield surface from

the present model formulation results in two advantages.

a-There is no elastic zone around the origin of the stress
space where the behaviour of ice is completely elastic.
Creep experiments (Chapter 3) have indicated that the time
dependent permanent (visco-plastic) strains are generated
in the ice samples event if the applied stress is small
(for example, 0.5 MPa in creep test No. 2).

b~The absence of a Yyield surface function dictates the
elimination of the continuity condition. Under any loading
combination, the model predicts plastic (permanent) strains
(regardless whether the stress vector is directed towards
the exterior, the interior, or tangential to the yield
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surface). Hence, the model predicts permanent strains
during unloading-reloading situations. In the classical
theory of plasticity, however, no permanent strains take
place during: 1) unloading and 2) while the stress point

is in side the yield surface

2-The structural change function (44, in Eg. 5.34) 1is
equivalent to the hardening rule in the classical theory of
plasticity. Both define the degree of the structural
modification of the material induced by the plastic strains.

3-Similarly to the classical theory of plasticity, the model
satisfies the irreversibility condition: The plastic work is
always positive.

4-During loading, the condition required by the. equilibrium
plastic state function (F, in Eq 5.6) has to be satisfied as
long as the material is in plastic state. This condition is

similar to the consistency condition outlined above.
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APPENDIX D

LABORATORY EXPERIMENTS
{figures)
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Figure D.1: Microtomed thin sections under cross polarized light

a) horizontal section b) vertical section.
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(R} (B)

Extensometers:
1 Axial
2 normal to the columns
3 along the columns

Figure D.2: Experimental setup: a) schematic representation for
the extensometers on the sample b) test machine photographed

during an experiment.
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Figure D.3a: Schematic of stress and strain histories.
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Figure D.3b: Schematic representation of the stress history

followed during testing.
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APPENDIX E

PRACTICAL ELASTIC MODULI FOR ICE

(figures)
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Figure E.1: Schematic of ice types a) Co-ordinates system <xyz>
b) granular ice ¢) columnar grained S-1 ice d) columnar grained

S-2 ice.
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Figure E.2: Practical elastic moduli for columnar grained S-1

ice: a) Young’s modulus b) shear modulus c) Poisson’s ratio.
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Figure E.3: Practical elastic moduli for columnar grained S-2
jce: a) Young’s modulus b) shear modulus c) Poisson’s ratio.
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APPENDIX F

FORMULATION OF THE NON-CRACKING MODEL
(figures)
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Accumulated Plastic Strains, 10

50.0

40.0

30.0

20.0

10.0

0.0

" Creep Test No. 3
Stress = 1.5 MPa

s = Measured

-ty
Slope = 7.6 10 Sec

L i 1 A ]

0.0 200.0 400.0 600.0 800.0

Accumulated Loading Time, Sec.

Figure F.1: Creep test No. 3: Measured plastic strain rate.

Accumulated Plastic Strains, 10

10.0
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5.0

2.5

0.0

Creep Test No. 2
Stress = 0.5 MPa

o = Measured

-8 _3
Slope = 5.6 10 Sec

L . 1

0.0 500.0 1000.0 1500.0

Accumulated Loading Time, Sec.

Figure F.2: Creep test No. 2: Measured plastic strain rate.

165



\o

40.0
..
30.0 + Creep Test No. 1
Stress = 1.0 MPa
20.0

e = Measured

10.0 <
Slope = 1.8 16 Sec™*
{ N | N }

0.0 500.0 1000.0  1500.0  2000.0  2500.0
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o

Accumulated Plastic Stragins, 10

Figure F.3: Creep test No. 1: Measured plastic strain rate.
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Figure F.4: All three tests: A semi-log plot of applied
stresses versus plastic power.
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Figqure F.5a: Creep test No. 1: Measured visco-elastic and
reference visco-elastic strain histories for 4 loading cycles.
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Figure F.5b: Creep test No. 1: Computed values of A versus the
plastic strains (ep - cg) for the same cycles as in Fig. F.S5a.
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Creep test No. 2:

Measured visco-elastic and

reference visco-elastic strain histories for 4 loading cycles.
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Figure F.eb: Creep test No. 2: Computed values of A versus the
plastic strains (ep - cg) for the same cycles as in Fig. F.6a.
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Figure F.7a: Creep test No. 3: Measured visco-elastic and

reference visco-elastic strain histories for 4 loading cycles.
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Figure F.7b: Creep test No. 3: Computed values of A versus the
plastic strains (ep - eg) for the same cycles as in Fig. F.7a.
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loading, £?®, for the same loading cycles shown in Fig. F.6.

174



c.8 0.8
43 Creep test No, 3 | Creep test No. 3
'g 0.6 | Cycle No. 10 0.6 I Cycle No. 8
@}
S
8]
T 04 0.4 I
L0
=
3
o 0.2 0.2
©
(M
0.0 " ¥ ) 1 N 0.0 N | n 1 L
0.00 0.15 0.30 0.45 0.00 0.15 0.30 0.45
1/1. zb 1/ e
0.8 0.8
4% L Creep test No. 3 . Creep test No. 3
€ 06} CycleNo.5 0.6 |- Cycle No. 3
U -
< -
O
T 04 F 0.4 |
e
S
3
o 0.2 | 0.2 |
=
[
(]
0.0 N | " t N 0.0 N 1 N t .
0.00 0.5 0.30 0.45 0.00 0.15 0.30 0.45

1/t** 1/t2e

Figure F.10: Creep test No. 3: Ratio AA/A versus duration of

2b
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APPENDIX G

EVALUATION COF THE MODEL
{figures)
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Figure G.la: Sinha’s (1982) stress-strain experimental results.
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Figure G.1b: Model predictions of Sinha’s (1982) test results,

columnar grained S-2 ice of average grain size of 5 mm at -10°C
subjected to constant strain rates as indicated by each curve.

178



7.0
i Model Predictions

6.0

4.0 I

Lateral Strains. Axial Strain.

Axial Stress, MPa.

2.0 |

0.0 ' ‘ : : '
-40.0 -20.0 0.0 20.0 40.0

Axial Strain, 10

Figure G.2: Predicted stress-strain curves for a columnar grained
S-2 ice (anisotropic) sample with an average grain size of 5 mm at

temperature of -10°C: Uniaxial test, strain rate 3,10 %sec™t.
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Figure G.8: Model predictions of Sinha’s (1988c) creep test
results (Fig. G.7).
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Figure G.1l1l: Predictions of the effect of the grain size on the
creep behaviour of columnar grained (anisotropic) S-~2 ice for an
applied stress of 3 MPa and temperature of -10°C.

188



2.4

Stress Relaxation Test
Axial Strain = 2.48 10

® = Measured
1.6

- Predicted

Axial Stress, MPa.

0.0 . ' . : . ’
0.0 100.0 200.0 300.0 400.0

Time, Sec.

Figure G.12: Stress relaxation test: Predicted versus measured
axial stress history. Test was carried out on columnar grained S-2
ice sample with an average grain size of 4.5 mm at -10°C.
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Figure G.13: Stress relaxation test: Predicted axial and lateral

strain (components) histories. These strain components correspond
to the test given in Fig. G.12.

190



0.75

Applied Stress History

S T UMA A N A N AR ND
: o
0.00 IR R R
0.0 250.0 500.0 750.0 1000.0

Time, Sec.

Figure G.1l4: Cyclic test: Applied stress history. The test was
carried out on columnar grained S-2 ice sample with an average
grain size of 4.5 mm at temperature of -10°C
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Figure G.15: Cyclic test: Predicted versus measured axial strain
history (for the stress history shown in Fig. G. 14).
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Figure G.17: Model simulations of the tensile behaviour of
granular (isotropic) ice under constant strain rate conditions,
average grain size of 3 mm and temperature of -10°C.
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Figure G.18: Simulated and measured maximum tensile stress of

granular (isotropic) ice. The maximum tensile stress values are

those corresponding to the tests predicted in Fig. G.17.
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Figure G.19: Model predictions of the effect of initial confining

pressure on the

strain rate of 1.

behaviour of granular ice subjected to constant

10"sec'1, average grain size of 3 mm at -10°c.
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Figure G.20: Model predictions of the effect of stress rate on the
behaviour of ice, the stress rates are indicated by each curve.
The predictions are made for granular (isotropic) ice with an
average grain size of 3 mm and temperature of -10°C.
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