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ABSTRACT

-

. o '
] . ) ! ) ) \ S
This thesis deals,wit’h ﬁ\‘égacyclip'ches v. The si .

e'odes , due to ‘Berlbkamp , are 51m11ar to the more well—-kn wn .

N

_ cychc codes and can be Lrnplemented a.lmost as ea.s11y as thc \

' latter codes‘ In fact ‘as will be shown in the thes1s, many of
the techmqucs developed for -cyclic codes can be eas;ly extendad

to r}egacycllc codes . In partu:ular_the topics considered are
' " o . . : . ' ' B . .
(i}. the decodirg c'>.f negaéyclip ‘codes with smal} error- CO RN

Corl:ecting cé.pa.bility, ﬁi') pérmutation decoding,_a‘nd (iii)

v . ’ v "

synchroni.zation A.lso mcluded is a list o% genera.tor polynomlals

for both primitive and non- pr1m1t1ve negacychc codes .3

LM
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INTRO_D'UCT;ION"'/ LT ,
T " . ' i . .; X . . A . 5
Lo . A
i N ..lu T ' IJ_ N 1 R "
} o -
: T Because of rapid adva.nces in technology, the- 1dea of
e . o A - - ]
usmg error- correctmg codes 1nstead of rnerely error detectmg
'- . e - R .\ , "- ‘\...4/
codes 1n_‘proc:esses 11ke data—transmission, ‘ data storage and“

—

.cost and size [1,:2]. If the channel ig one-way so that a rvguest- :
e ) . .‘. “ ' . ) . "-'—. ) ‘ ‘ .
for-repeat cannot be made, after detecting an err'or, from the
' . . . i . P -
receiver to the transmitter, then the use of error
{ Forwaérd Error Correetlio.n.) is the only solution 31
T _ N ;o

. - {— . . . 1 o ' )
Error _-'co?'rec:ting codes can be class ified in many

©

ways. One sueh way would be to C].ELSSLfY them as being cychc or

'non cychc. The class of cyche codes has feceived greater attent

than tha& of non- cychc codes._ This is probably because cychc

' co_de"’ are 51mp1er from the point of view implementation.

e : .

| " In d1scu581ng and developmg the random -error-

|

c/orrectmg capability of codes, the 1dea. ofadk-sfiﬁce is basic, The
—

metru: 1nvar1ab1y used to express the: d1stance 15 the Ha’mming

i et '

mg(;m, the one notable. exception being _the Lee: metric,

.. telemetry is becoming more and more attraotive_by way of speed,

~correcting codes

1on

: v
—
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IWhile the Hamming weight [7] is well suited to o thogonal

ey

S modulation schemes, the Lee metric is well. suited to*phe/e-modulation

schemes. ' T ' C . L ”

Pl

N

e ‘ One class of codes uhich c7n'correct ‘all error patterns of

sufficiently low Lee weighf [7iris that ,of Negacyclic Codes 6, 9]
invented by Berlekamp. RS . , . 5

- ~ . . . e

In this thesis we, discuss negacyclic codes. In Cbapter X

L] - L]

—the necessE&y algebraic concepts will be introduced In Chapter II

will be discussed the Yfrious properties of negacyclic codes We ™

show how the techniques developed for. cyclic codes can be used for

' )

negacyclic codes with little oT ‘no modificetion. ‘In particular we
conaider the problems of genenation of negacyclic codes, general
decoding, permutation déggd;gg, majority logic decodiug and

‘ synchronization The -thesis will be concluded with remar$s about

what can conceivably be” done further in regard to negacyclic codes.

VA




- CHAPTER I o AT S
J " NECE’S'ZSAR‘Y'AJL‘.C}E’B.RAI'C.CO'NCEPTS;‘

In th1s chapter we mtroduce br1ef1y the a.lgebraf” .
facts necessary for the development of the thes:s . For detaﬂs

reference ma.y ‘be made to. any standard book on algebra or coding.
theory [4, 11} S
P s -

. A GROUP G is a set of elementls setisfying'the_-.

foliowing 4 condition's : . . . s .
. o - /\"-‘;)- ' 2 ’, S
| | 1.7For any tWwo elements gl a.nd gz in G gl 0] gz G
belongs to G .
ne ' ii. For any three elements gl ’ g2 and g3 in G, | ;
(g1®g2)033*g10(g20g3) R L \ k

L iii. There is an 1deht1ty elenent go of G such tha.t N

g, 0 goK" & ® gl g

iv. Every element glﬁh(es a'.n_in\;er{e gl-llbelonging" o
. Ik ;‘ - ) : - - .

. - -1
. to G such that g, Q. g .=

En
| g 0 ; . _
Here © indica e one operation defined on G .

' ELLAN GROUP is a group in wh:ch g, @ g, =

%

gy for every two elements g?l and g5 of the group



ST A RING Ry, ‘on Whlch two operatlons are deﬁned , is

’ - . | 1 /
f L . Y ' .

a set Ofv elements sat1s£y1ng the followmg 4 conditions :

) i:/ K'is an abelian'group under addition . . A
i L > )
, . - ii.  For any two eleménts r and Ty, of ‘R,
'rl-r2 ( product ) belongs to R, ‘ e : _ “ ;= T
J.-’ﬁiii. For any-three glements Ty rz and r;\oT'R s -
P Sl ‘
. .ﬂ,' ._l . . . . . .
iv.‘ 'For any three clements Ty ¥, ag_cLi T, of R ,
T, b Tyl EEry b T o L |
. A-COM_MUTA'_I‘IVE RING.is"d ring-in which , for
. ' . ' . ' ' ' . ~ .
ind r. of the ri ER .
every t\_.x.ro .elemcnts r,and r, of the r1gg "-Ij-er r,r, . e

’ . ' : . T

\; . . AFIELD Fis a comrnuta.twe r1ng W1th a mu1t1p11ca.t1ve “/
1dent1ty s every non zero element of 1" ha.v1ng a mu1t1phcat1ve
inverse ,. - o

.

- '\

" o

An n-TUPLE is a sequence of n digits .-

A p-ary n-tuple is a sequ?ance of n digits ‘picke'gi

from a set of p symbals . ; 2 e

a

—

»

In I’)articu{ar we are’ intefestgd in wha{, are usually

A . ) i
,\J Lot

i



+ .over GF( 'p ) if it can not be féctored further . . S o

- primie . Hereafter we shall, thercfore take p to be prime

. 2 ‘ -1 i : .
PRIMITIVE root The set {0 1, a, a7y . . u? }is ‘ .

termed as Galois Fields . By GF (p' ) we mean a Galois field -
T ' | ‘ L ‘ U
of p° elements . S . _ e

—_

.

~ What wc need in fhis-/thesis a.re'( ¥ } . where Jf)'i's T “

-

/
. / s
o ,J In th1s thcs1s we shall take an n- Tuple over GF (p )
» .\ . ) . .
to mean a scquence a.0 teeedt I , whpreé) EGF (p) - o -

]

. Afssocmted WIth such a sequence is a POLYNOMIAL RN

~ Lo , A
fAx)za, +a x fa_x S ST L.
; ~ 70 1 ‘2 - 7 a-1 ]

- 4.

The polynomial A(x) is said to be IRREDUCIBLE - . Ve
': ; ' ‘

e

I ' : - ) B T .

+ 1 A polynomial A{x) over GF { p.) is said to. have an
. N . . ' . . ) "
EXPONENT ¢ if A(x) divides X°~1and not' x° -1 for any . . S

-

‘.é- <e , all operé,tiop,s being o've'J'C;F'( P ) T o . e

/ ¢ ' ’
f - o
oVer GF ( P )has degrep r or less . Eo -

. '

With n =: pr-l - every 1rreduc:1ble fa.ctor of x'-1

- a

/ The roots of x"-1 can be expresséd. in-the form ; 2

/ 2 n-1 .n _. ' - e

G 8,% o ... ,a , a =1, where a is'said to be a

1

s e .y
Al

a‘GF(p )‘.‘. : . - ‘

- The_progedure for constructing such & field is as
' - s .

follows : _ s ' _ . : : L



Al —

. - . Firstwe _choose\a polynom1a1 P (xj “dnch is irre- - T

P B S

Y - di’zcibl'e; ov'er CF(p) , divides x"-1 and ha,s exponent m. ( Such oo
9 : :
A pol}f"nomxal 1s| called a PRIMITIVE POLYNQMIAL ) 'I‘his | . . ’

' polynomxal W111 have degree r ‘.I_f RN N . -
R I ! 'A. \
L | P-;(xv): astaxe . ey
z ) ) . 1 Qb i 1 R . . ‘“. RS f&rx , .
| ) ) . c I . . v ' L

- {or. "b #0 and ¢ #0, and a is . g foot of él'-(x‘)\_,%le\n L

L : - .lf'n-)-ﬁwo'@lc%fd’zu':b'l"°.“=+-¢r°“ =0, = o~

T

- SO th[a-t ) , ) : . ‘.‘ . ) . .- ' A s V . g ’ -:v * ° !
. @ ‘d .
oo ! ) 2 " ’a" . e:;
” . + . r- . . . . .r; ) '. C r._l. - B
o - + . ' . a ..
: ¢ru ‘ (050 ¢ Q +¢2°‘_ .0, - +¢r~lﬁ. ) : ,P_ |

e . . _'D‘ M .
Usmg i}ns relatmn ( ldgl,c ) every a1 carz be expressed

[ -
z D o .

‘@as a lmear combmatlon of the basls vecfors 1, a, 'd v, . n ar 1;. T,
' ' 4 - . . aQ P . .
. 'I. -
: The set of -a so generated 3 together with 0 - (15 a GF (p ) .
: / : .
J:u ‘_ - . ;r ';L 13 .. . -
/ To 111ustrate this rema.rk let.us ?:onsuier the caﬁe =
\. S and 7'='2 50 that s i’\ 1 =48 . OQe Of the (actors. g .
.f"- - C ! o v . .
& 4 . . . ‘ . '
coyTwof X =i, Whlch satisfies the pr0pert1es of P (x) is ol ;
J o . ‘ ) . . .
- 2 1 ) . . . ;
DR+ 3x =2 Takxng P (x)r- X + 3x -2, we %ave e L S 4 v
' 1 h ‘ 7 LT ! - - N ;‘l ' ) . . ‘ " .. ‘ T » l. DR
! P o Lt e T T
ooy ’ h -‘. S L8 -
Q . 7' , ‘ " .
/ . > S r
] '.\ . « i ¢ - ‘. .-
" o : N * 4 A s



. B o | . , .
B \ E I‘ -:..- ?‘7 . f L + L _, ] b
‘ '/ R " v . ‘ )
. “ v SRR SN i
. ' - I | a ‘
. E Lo e e ' R Y
. ~ Table .I: Ndn- S L C L2 T e .
| St n 'z_ero.elements Of._ .GF__(:,J )-Wlth_ a’is &.root T
o _l, — ) \ \“ . -
r . - . * o
SR . e
(S “._E, : " | : \"l
” +3d-2720") . - N L
. P - ‘:-\-«;",'_...-‘ s : s o I
S 32 W >
a fo. . *aa"=a (2 -3a )= 2qd =3g B
T S . . =2a.-3%2 - 3a.) = <6 + llg - . Y
N ey S ¥ ' ¢ e h
= o : C » 9 o= 1l -3a )} . -
R ) . F . . v . ) - . e T ) : ) 9
Lo ' a =1 +3q “ ' h ‘ . |

iy

- . '
N ’ P ® M 3 ; i
E a. ‘z\_l + 2a- G- N . @ ) !
l" ’ v .

. @ \
- ¥ 16_- ' . -]

o f a S “ i

4 ', ! .. - T - '
‘ ) .
I " ’ ‘
a = - 3a o ¢ i ’
- . . - [ " i ' - ' ‘
3 Vo . ! . .ﬂ - -.u i Ty . o . . “a A
- B N :
. . LY o
. R ’
3 o ° !
. »
v
K]
-, : i ‘
| 1
-d
.' ! u
X v ¢ '



2\“+ 30.
3

-2 - 2a,
3 < 3a

b




group under a{ﬁdfl_i:fion' and , for .

.

[
40 -
s N a’ =, 3
T 41 -
| a . =, - 3a .
» N 42 .,
~ - a = -1 = 2(1 )
» - : T
43 s
. a - 3 - 2%
. ) 44 ‘ -
a V= 3 + 2a .
' - a5
a’ ., = =3 - 3a
46
a = l,.27 o
L] 4 -
a 7 = -2 - 3a
a 48 = 4

L%

Liet 1 be a subset of a-..lzzing R- .such‘thé.t Idis a

‘i\f/'and ré€ R, . it and” i

—

~belong to I . Then I is' said to 'be an IDEAL ., If R is com/n')ut—

. -l A
ative , then , |of course., If =
- . /‘ N -

. —_ ‘ 5
// . , ‘

ri

mutative I;ing‘. S e
. . =
-
g which belongs to the bubset .
| Ty,
, %
: LY

I

- In such a case we get a one- .

sided ideal-as 0pposed t6 the two - sided ideal of the nonzcom-

. A subset Of.a ring R is an ideal if and only if

T




. sh1ft of B(x) also belongs to the set .

e It ¢an be shOWn that a set of polynormals modulo

v

The set of polynomxals modulo - x -1 over GF
2dul (. P)

.~ °
. .

,form a rmg ."In this ring of polynom1a1 , a Subset is'an 1dea1
1{ and enlyr 1f every polynomml of the subset 1s a mu1t1p1e of

some g(x) wh1ch belongs to the subset It can be shOWn that

a set V of Rolynomm.ls modulo x Va1 is an 1dea1 if and only if

.every element Vix) of V. can be expressed in the form

g . . ‘ R

L V(x) = gux}modulo x -1

N [
-

[}

 where g(XFdf\?ides x-1 . | 7 B | i o

Smce - C(x) has a degree <k = v- degree of g(x) , .. _ ‘

r

the&'ae"are pk dlstmct poss1b111t1es for C(x)'. Thus the ideal V

has pk elements . The number k is said to be the DIMENSION® . L

T RN

If/[a p&ynomxal B(x) has degree v—l or less , then. ‘ —

xB(x) modulo x’ -1 is said to be a CYCLIC SHIFT of” B{x)

. LA set of pohfinomlals modulo x"-1is sa1d to be[-‘f"' o T
CYCLIC 1f ~for every B(x) belongmg to the set » the cyclic

.-
xV-1 is eyclic if and only if it is an rdea.l .
"

T In view of th1s fact the 1dea1 V is a cyclic set .




3 e ) T &~ ' 11-
. | ‘ [ ‘r:
* N . - . ) , . . - . S . . ,
\.\. "’ . - ‘ ’ ' | . ) [ L i .
Such a'set is called a CYCLIC. CODE in coding theory ., = - | . .
G | 3 r o
If v=n-= B -1, then V is sa1d to be a PRIMITIVE o
fl - X : ) ‘ - /
CCYCLIC CS’DE . If v#En, f:hen the code 1s sa1d to be ' L '
'NONPRIMITIVE .
Fx:gp}[the discussion so far it is clear that the -~ ‘ ' F
gpnerator- polynomial g(x) of a cyclic code divides xn:-l . At
N this point it is natural to wonder about the set of all the

multiples 6f a polynomial which"{"cli{r'“ides x" +1 instead .of x* -1 .

This aspect will be’ d1scus sed m the next Chapter .
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CHAPTER 11 | B RN )
..+ NEGACYCLIC .CODES.
“ " 2-1, NEGACYCLIC CODES .
1 In ?:his chapter ‘we 'discuss the,- class of négacyclic

. o
, PRI

; o codes .- The top1cs cons1de;red a.re general decodmg permutatmn

decodmg, synchrom,zatlon a.nd ma_]orxty-lggm decoding .
A NEGACYCLIC CODE 'V of block length n over -
GF(p) (p is prime > 2 andn is a non-mulhple of p )15 the ._ S
,set of all mulhplesr of a g.eneratoz‘- pl)lynomlal z(x) wh1lch dnndes./
" 5:/+ 1 o\(gr GF(p) The quoh.ent h(x) .:5__-#-__1 is callgsl-thé- / o
e E g(x_) SRR 8

o~

parity check polynoi*nial . ',r-. . ‘ oo
' . : L

oIn the discussion of negacyc,lic codes .we require the
- / R ‘ . -
_an the Hammmg rnetrlc . '

Lee ‘metric ra.th

/ .
The LEE WEIGHT of the/n tuple
. . e ‘ L
aoala.z. SRR an.,_; c_)ver//GF(p) is ‘,th.e sum of thfa’_‘.Ipe_e

weigh_fs n::of:--*a.i .

. The Lee weightof a_ = |a, | =_fai-- modulo p and -
A i i

0sla, | S_EZ_I :

©

- .




" - 'Por EXAMPLE , the’ sequence‘ ? e
o . y
. . &

.';).Oa.la.2 . as 1 2 -240 _1 ‘ | C

. over GF(5) has- the Lee weight =-[1[:+|4'_2||+]1_2[+]‘-1|+[o|+['.1, =

.( Here we have a_ = %',S -1 = 5-1 which does not foliow the
3 : %— v ’ : : ¢

]

restriction 0 s | a | < p-1 ' T \ : '
A , 1l = 2z  -We have to, therefore ».convert 2,

into suitable value,'suh as ‘aa =4 = -i(mbdﬁl'o 5) sothat

.

LA
¥ e

].—l_|<._-?£_1). S

By a t- RANDOM ERROR- CORRECTING npgacychc
’qc;de v, We mean that V can correct any comb:natmn of t
. or fewer errors as long as the Le_e w&glht/ of the errer pattern
) o ’ "'N-.'.“
/ .

‘is t or less .

' For EXAMPLE , if ¢ = 2land p =.5 , then the errcr

polynormal E(x) can be: ax w1th [a f‘-_- 0,1,2; - c
alx +a.x‘] with 'a’+’a[sz o T e

It is of 1nterest to note that , since in the correétion
of BURST' ERRORS it is the 1en3§h of the burst that is involved -

‘and not the _we1ght of the- burst ». négacyclic codes do not have b

Pl

‘any adva.ntage over cychc codes in regard to burst- erzor ' A
% e -—

COI‘%’GCthH . _ . ot

=~ ' : - Q | .
.




NE B ‘
- . ( Y
3 . L
— C 14
©  Expressing Vix), an-element of V, in the i:orm" ' - / :
. _-' o 2 o , ﬂ-l* o TR
) \f..(x,) —la0‘+ al# faz* 3. e e +an-’-1x 5, , .
let us consider. -
Vix) = >-a. —!-..a; x +a x-Z 4 N é S n=l .
. n-1 = 0 1wt n_g’,“-. y

where V'(x) is said to be a NEGACYCLIC SHIFT of Vix)

We note that o //.
J
..'. =_ o . _- ; ’ n ) .
Vix) .xV(x)‘ ax}_lag an—l, h -
. ‘. s h .. r“.l ) . l . 7 . . ._-
' = - . .
‘. ‘V_.,l(x),, xV(x) _'\'an-l(x +1). L

Siﬁce g(x) d1v1des V(x) and x +1

divides V'(x) u;hus we can ma‘ke the follomng COMMENT

it iollows that g(x) . " | :

For - every word of v ’ the negacychc shift of the word also /-
‘belongs S v ‘ '
- . ) . ) [} ‘ . B o
_ .~ This'indicates why n,ega.cy«:li'c_' codes are called what _
Elom .7 . A -
they alrcm._ The analogy bétwegn negacycliq codes and cyclic’
" codes is ob\r‘iéhs . B L . TR
. . ) ) / . } : ) ' . ] . .
Analogous to the class of cyelic BCH codes we have
. the following known o -7 '! “~‘ E }
(\ ’ ~ - )



.'“ ) ! . I‘ » . ‘ " ‘ . ‘“ . .l . ,' ',. j
o Theorem 1: If the Toots of g(x) of V include a, a3
2t-1 B |

_ eey a“t] whei"e_ 2t~ 1 < p, then V-is t-random- g; i
: t‘é‘oi"i-ee_ting [9)/ N

LT Ffoni .the theolremi is clear tha.t the main restnctmn
Nl ./,
" ‘is that, for a gwen/p, t has to be 1ess than _P___ . We pomt out

1

that there is no such restrmtmn in the cage of BCH codes,
L

" Since g(x) divides x -4 1, this alsormeans that g(x) .

o, : - . ‘
divides x © - 1, Therefore 2n - pr-l or n-= Er 1. In view of

L] 2 ) ! )
\hls we have the £0110w1ng COMMENT W1th reference to the = . : '
theorem 1, V has n= P _-i and a is the pr.grnitive element' of .
| 2 K - o
GFEY. I

‘EXAMPLE-I It p—5 a.nd r—Z and t_Z then

we have G,F(p } = GF(S 3 and n = 5.-1 =.12. Ifwe construct -

Tz - S
— : X
GF(S ) usmg xz + % -I- 2 wh1ch is a pr1m1t1ve polynormal with
3 2t-1 . 2
degree ,)' =2, then we find that a =a _11_5 a Toot of x - 2.

Ther efore '

Do
.

\ 'g(X) = (x2 + ‘x-+ 2)'(3;:_2 -2)= x4 + x3 - Zx + 1,

Thus this g(x) generates a (1z, 8’ 2 error-correctmg negacychc

. code,

- . o e : R v Cot
S Si.nce -g(x) divides xn +1, -where n= pr the
. ' ' ‘ 2 ;.
« knowledge of the irreducible factors of x" + 1 is vital to the -
) _-_'—-.—-_F’ ”,
/ .

desxgn of negacychc codes , ' C

‘/
'




Techmques are known to factonze polynormal completely

over fimte flelds. However we note that such factonzatmn over l

GI‘(p {)ﬁ comparatwely ,'31i-hp1er. Smce no irreducibie factor
”can have a degree greater than r, it follo&s tha.t in j:he case of .

r= 2 it bec‘bmes a questzon of . factormg xzn.--l mto quadrahcs.

2

2. _
'I‘he roots of a quadra.tlc X tux+ v are gwen by, . .

i (x+u+Vuz-4v)(x+_g- u2_4{,)"_ ‘
i . 2 2 2 2 ] N

. _.‘,Jlence a quadretic is irreducible if u2 - 4v is nota perfect@square ' '
over GF(p). Usmg this best it is not too labormus to factorize

xX41, 7= 2, into quadrat1cs - S .

FOR’EXAMPLE let us consider the factorization of

) 2 20 ' '
g polynomza& _ﬁ,n-l = x1 -1 into 1rreduc1b1e quadratms (her-e we -

‘take p=11, r= 2, therefore 2n'= p2 1= 120)

“

E
3

A e

Fu-st we note that, for u2 - 4v to bea pe:{-fect square,

it should have one of the values gwen by R . :
2 ) ) - . . i ] 'I‘I . .- ) ’ I - ' A- s A

u -4v =0 ‘_ o L
W iav 2 2L S o o .
e2-4v.= 2.2=.4'_ )
Wiy o 3 29 - -2 E
e QZ-:4v = 4.2, =16 = 5

u“o4v = 5% 25

H
(93]



This means-that

2 o . _—
u :4'\:"‘!"{0:1'}'2»3!4:5_] A

or . : S T 8 . : - § '
. . A .\ . . ’ ' . ‘ ..\
4v=u"-{0,1,-2,3,4,5} . () T | S
. or ’ o ‘ ‘ - .. '
V= 3[\1 *{011;-‘213341.51]y \
From this we get the following table: - - o ._. ‘ ,}
. ) i ‘7 . ‘ ‘; ax -
TaBle 2'- -
e -~
- ?
.- v ’.h“ ’
\0 o, ‘—3_, -5, 2, -1, -4
—~_ A3 3, 0,-2,.5, 2, .1
S 1, -2, -4, 3, g, .3
T . '
=3 5, 2,.0, -4, 4, .1 __]
' ) &
"4 \4, -lr "]-s "'5) 3! 0 I
” s -2, -5, 4, 0, -3, 5 . L
t ”,l\ ) s N

\.

This means that if we choose aﬂy values of u ahd v outside of

this table", then we have an irreducible quadratic. e
v _ : : ' .
FOR RXAMPLE, if u - 11, theivcanbe1,.3,%4 5. \ -
1 : . .

Thus T ' L . o .
2 a2 24 |
e, 62 xe 3, o xla 6Pty

are all ﬁ-reducible quadratic which'divides leO_ 1.

A
L



- "We get whenever it is possible-, these pol

A S N A s N R A R e

‘reduced cpns1derably.

Lo
LY
- . .

Once we have all. 1rreduc1ble factors of leO-_I , -fge ‘

1rreduc1b1e factors of x60+1 are obtamed by

.___,;) . o . o . "

"trial‘- and~-error"

' as follows I S

3

We Iénow that

Lo

120 60 .. 60,
x

-

A s R | " .
Yoos W%y, e
zey= x0T T Y

-

omials into factors in
: ERLY -

b1nom1als and tr;nmmlals. For instance ,

Yi(x)-= x60+fl { ,2 %1)(}:40 - xzo;_i-l)

Ze) = %001 B R

-

- =(x30—'1)(x30+'1) | _ e C

:-:(xlonl)(xz.O' x10+ 1)(x —xlloﬂl-l)( XI.O +1)

“We observe g;hat Z(x) can be fa.ctorlzed more than Yix),

Therefore the recognition of an 1rreduc1ble quadra’ac Whlc:h be10ngs

to x -1 is easier than that of x60+1 The irreducible quadrat1cs

/

L

: whlch do not belongs to x60-‘1 should belong to x6 +1 The task -

of. factomzatmn of x +1 mto 1rre$uc1b1e fa.ctors 1s, therefore

- : '3

~

EX—AMPLE 2 Factonzatmn of x24+1 (p = 7 T = 2,.

2
n = 24) into 1rreduc1ble quadratxcs X +ux + v.

-

Q.




R

Y

L BT P T

A

T e e G

Ju - 4y 15 a p&'rfect- square are:

. - R o o 19-
',' . . . - o ) ‘ .. | . . . o
. | . , -
j ‘ . Wg: know th.cjzt t_l}_eyquadrahc xa + Ax 4+ v s, 1rreduc1b1e ) :
| . ' : W - -

?f u, - 4V is not a perfect square " The possible cases that : - C . /

2
u - 4y = ' 0

I

2 g . . " ' -
u -:4": (‘--I--'l_)2 1 L -

uz.j};v = (t2)%2 4. 3 I S - - o
__‘,uﬂ- dv = (T3)2 =9=-2 | L ~ ) > -
Combmmg these e'qua.tmns we have a general expr'essi,‘on‘:‘ ) . | v -
.("r: v;Z[u -{01-3 2]] : . - S

Then all the cases that the values u and v give a ‘perfect square are

11sted1ntable3 . P - : ‘ o . | ‘ ’

Table 3.

'

[

—~

TR

Excludmg all v-alues of v in table 3, a table that contains all values o

of v by whlch we can o8Rin 1rreduc1b1e quadrahcs are sho‘-'cﬁa) in .
tabie 4 ' - «_



o

3

~y
[

I
Pt

-

te |k, s
-'{: 3. i.‘ls '72.
- :
48 3
x'-1=(x -~+.1)(x - 1)

1
th.

Referrmg to table 4 vnth u=40 and V=

Fal

)

quadratxc

1 }(i) = x5

g

. (,'.Ll

(x8+l)_.(x.16 - ;‘:8+1) ‘

(x +1)(>,c - X +11(x 1)( )

Ty

L
ety

<

R

2

We recogmze that x2+1 belongs to Z(x)

2 (x) by d1v1dmg XZ-P*'I from Z(x) that is

-

Y

-

1

We reducet Z(x) into

-

3

’

j (xé.r+;)(x6e 1.‘) (X_‘;-P“l)@? - 5;4+ 1) e e

+ x2+ 1 )l(x4+'1 )(xs.-

I

-'-x4+ 1).

4

we-have an irreducible

..




\ -
. - ' ‘ 1 e a
. _ o\ 21
) ' Lo ; L
"_. .z-u_f-(x)___" (x} - ' . . . ' . S e 1 '
N e %— ' ST '
, . CxX&+1, ; e L
: o ' ' K
- o2 ‘i §
N : :(x ..1)( -x+ (x +x +1)(x +1)( -x+1)
\
" \ Next we take w= 0 and v = 2 t}ms the corre_e_.po‘n_d—'/;
mg 1rr21§1uc1ble quadrat’xc igr. . - ) | ‘:-/""//‘\-
I (x)_: XA T e -

¢

We d1v1de this quadratm to one’ of the factors Gf Z (x), l-if"thiséf

factof is d1v1s1ble by x2+2” t)hen Z (x) 1s reduced ’co Zf(x), 1f

EE -
th1s facto; is mdwmlble by X +2, we try the next factor,,untll all

' 23 H,T : v
the factors of 7 (J~.) ,are exbausted we can say that . x2+2. belongs
‘ 24 a ' . A
to X ,.+'1 In this case we sec that x _
x+2]x-—x+1 e i T
o 4 . . . .~ ‘-. ' . " ";/
whei‘e- X -x +1 is'a factor of 1 (=), therefore
| 2 > 4z 20 4 LT e e,
\ T Z (1:-.) (x _:1_],(/2_3)(}{ 1.+ x_-d)(*{ +r1)(~: -”x +1}), S S
. W1th u =" I and v=-1, the corr'espepding .irr:egl‘ueiblle A
' ol ‘ - o T . o
. -.quadz;a.ﬁc is: -«
L(xh=x ¢ x -1, ' S L
3 o ~ ;
. We sge that’ xa +x - 1 can not d1v1de any Iactors of -
: ' 24 - .
ZZ(X)' therefore it. belougS‘ te x "+ 1, . . . .
TG . _ S .
By, this proces.s', we finally obtain: " AR
.- » \." - ' o g l
- ? | o 'C S
.\- I : . " C “? T: r
" a s . . . "_ [ -
h « "] s ] ‘ ’ E . . . - "
L T ' R . \/‘[/?_\A .
. k) B ) " ai Co 4

-



[ . | \ -.,‘l ‘ A |
’ - s ) o 4+ 2‘2‘-
4-*""“ 3 - 4 \ |
; :"Y“L " :'
. LT EH D E (b x - xS ax -] }
/ . . ‘ . - v T i | E
g 22 -
v (x_‘+3x’t-1)(x-3x'-l)‘
2 ' .. . ’
(x4 2 - 2)0x2 2 -2 9Y

a . .
{x 4+ 3x - vZ)(xzo—f"}x -2 ).

2 NV '
(‘}_c- T x + 3~).( xz- X +3) T

2 . - - . . . ! ' . . ."\ .
(x + 2x + 3.)( x2-92x +3 )

3
- -

S

\__—-"-’

b
E
!
:
[
|
]
{
]
¢
\
3
i
t
*
4

2-2 . INFORMATION RATE , s e ! >

| With = pr P . o '
, _ M ith n=p -1 and bt =sp-1, sigce .evqry ir:educible
/

3 factor of x '+ 1. has .deg_;'-ee'ér or lgss , the degree of the
L wgenerator polynomidl is = rf; <. E-l-i ).« Therefore ', _t{me :code

o has . . 2 e ' <)

y
1
ST
1
=)
]
£l
1
o
o
H
1
" -
o ol
N
: nl
N
E
o
3N
7

. or =

. '\ . L .
e In terms of t , this becomes

P EES
kg r2t I o .
n T 2t+1)T -1 o ©

taking. t = p - 1
| 2

-



-

¢

.ca.n_' be expreésed in the form p-1

p+ 1

!

" EXAMPLE 3. We consider the case p =7 , t= 3

23-

: > _ S
a) . If r =2, then nt = p_* 1 = 24 ,the generator
polynpmi'al -
- 2 5.6 - o
gix)= -1 +x - 3J{2+ x3'— x'4- 3x 4+ }_:6 R .
. .j ' - » ) .
"' . L] ‘ . . R . R - ) g
has degf'ee 6 ( or number of parity digits = 6°), the number of
information digits 2 'k =24 -6 = 18., which 'gives the inforrma -
_ tion rate - - :
ko 18 3
n 24 = /4 -
b}y If r = 3 ~we have n = 93 1= 171 ,the ;gen&;ratof
. - ? = - - ’ . 3
., ) .. .. ' . h .o . - . ' ' . o
polynornial ] -
— gix) =1 -x + 2x3.+ x_4- 2}:5—'3:_: +_2x7+'-§)§8+ x9
I

" has degree 9 .- And the information rate is :

o= . E
. -

b

e

162 3, . . | |
T >, | o




— - | :
Thus the negacychc codes generated by these , " ‘ )
. : ) s L LI .
generatox’ polynormals form a class which has ra.tes : : '
. b/\ <
kK | p-l : - |
kel 3,
n p+1l
2-3 . NEGACYCLIC CODES with n # p'- 1 |
o ) ' g 2
The ne.ga'._cycli.c codes disgussed previdusly have all.
r . ’ . .-’ . - . ' . B 3
langths v= p 2- 1 . Now we discuss the negacyclic codes with -
lengths n # pri 1 .~‘ . o o '
, coe ~ - '
" To find g(x) for such codes we proceed-as follows : . - \N
/'/ ) ) R \"‘It'h
&
" For a gwen n"and a gwen p , 1et/ ¢ 'be the odd .
T e
P .. :
pos1t1ve integer such that ne = pr- 1 ~Then. g{x) can be )
_fotmd from "th_e fo'llowingw e

/ o
. .
v . .

Theorem’ 2: If _the/no/ots of g(x) include ac, a3-c, e . S
-, - .
2t-1)c Xy ' ' '
e a( ')9, where " 2t-1 < p,. then the negacyclic ¢ode of

length n can correct any error pattern-of Lee weight t or .

» i - . o N
, less and a is a priﬁiitive element ‘,oif C-F(pr)..‘
- This theorem follows directly from the theorem-given

previeusly for ne'ga:,ilc:ycli;:'icodeé with length v - pr- 1 The.

restriction that ¢ is odd is.necessary since if ¢ is not odd
V o . ' ’ * : - --b-“ . L

then x4+ 1 will not divide x4 1 . -



~

v

L

. .
. . . : :
. , e .
~ois s ‘ o . A
ir

"EXAMPLE 4 . I p=35 ayd’ r —2 wehavev Q -1 =

If n = 4, then 4.3 = 12 so that c'= 3 . The pol_ynomla.l

2 c g . - |
x -2 has a = a as-aroot . Therefore, if we make

gx). = x - 2 },‘then. 1}h1s g(x). generates a ( 4;2 ) negacyclic code

with t= 1.

~ We have included in Appendix B a list of gene_ré.tccn"
. . ] 7

.polync;ﬁials for ne'gaz,cycl.ic codes of certain lengths . '

o ‘,‘
o

2-4 . NEGACYCLIC CLASSES . . . -

L
& -

‘ In t_he (;ase of 'cfclic co_c-les , & .<‘:’oc‘1.'e word a.nd_.all of..its
cyclicl sﬁii;i:s al.-e. saia to cc_)nstit;te a..' CYCLIC ."CLASS - The

n;.lrrl;berl" Ni‘ of ciisti‘nét 'é]_eme‘nts in any -cyt:;ic clé.ss‘ Si".can be”
only n or ‘:; fact.or\pf n, "whe‘re-'n“ is the ienéth of the code -~

'FOR EXAMPLE, if n = 63, then N, canbe only I, 3, 7, 9;

21, or 63,

Similarly, in the cag,efof negacycl%c .codes we can déﬁne v"

. a code word and all its negacychc sh1fts as const1tutmg a

NEGACYCLIC CLASS . )

o Suppose Tj is theé operator ihdiéating the négacyc_lic
: . L :

shift by j positions . Then, far ény n'e’ga'cyclic code word V(x),:

we have T V(x)= -V(x} and T.
n X ) Zn

1

oo

Vix) = T (=Vix) = V(%) . |




."\. . . .-.. 26-\.. »
!

'
2
¥

In view of th1s we can say tha.t the number oI chstmct elements

ina negacychc class .can be only Zn or a fa.ctor of 2n .

- } . k - - - .
- Totally there a.re q - 1 non- Zero words .. Barring

] 1 S

the all-zero word wh1ch is a negacydqlic ‘cla.ss with one: él‘e'meﬁt

. 'suppose every negac‘ycli‘c class has Zn = p -1 dlstmct e:ler?pnts.'

ko
_Then p -1 d1v1des q - 1, 1mp1y1ng,that k 15{ d1v1slble by r..

F‘rom this it a.lso follows that 1f r ‘d 5 not‘dWlde k then

—

r e '
p -1 cjoes not_c_hwde‘ ql(- 1, 1nd1cat1ng thereby that not all

- . i ﬁ‘
negacyclic classes have 2n distinct elements . ?
EXAMPLE 5. We consider the (4, 2 1)7 négacyclic'c'ode , ‘:?;-;;.1

: 2.
. generated by g{x) =x - 2 over GF(S) > we get 3 negacycl:c

.classes shown below .

70 1 0

0 -2 0 1 T . \ -
\ -1 0 -2+0 = )
0 -1 0 -2 (.1) g
2 0 -1 0 ’
N ‘ o R [ M
ta\,z. y 0 -1
.,‘1, Ol 2 0 ‘ i -
: 0o 1-0° 2 - g o
/‘, - =



2-5.

T using methods parallel to those use in the case 6f BCH codes,

J

-1 -2 -2
11 2
2 21 -1
2 2 -1
1z 2
1 .1 2
2. 11

0 -1 0
2 -0 -1
0 -2 " 0
1 "(')' -2
o 1 0
2 0 1
0 2 0

r. .1

(-2)

(-3)

' DECODING OF NEGACYCLIC CODES

A ' While the decoding of negacyclic codes .

. there are some differentes in detail.

because of the fact thét,-ﬁhere as in

Thege différencés ari

i
se

27-

-
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weight of the error‘in any position of the word is O or 1, the’

we1ght of the errgr in the case of negacychc cedes can be 0

‘ -2, «+. Or -t. A conseguence of this fact is that the error lecator

polynomial in the case 'of_‘negacyclic' codes can hav.e repeé.te/ﬂ roots
A :

whereas in'the case of BCH codes. such a s1f:uat1on is™not possﬂale;

Next we gwe a fev? detaﬂs about the decodmg of
' negacychc codles w1th‘ t=1, and t= 2,\w1?ich are of practjclai
: iml.DQr_tan.ce. L e ‘ b .
2-5.1."  Caseoft=1 , o . '_

If t=1, then thé error polynon’nal Efx)=0 or ,,_axb

where Ialsll ‘and b % n-1 | - L
Given R(x) = Vix) + E(x), T
where "V({x) .b'eiongs.to V and 'i-[E(x)' < I,- iv‘g 'cor;npute R(a) and
| éx@ress it .in.'the foP/ - ' | . § _
) "-‘r{R(a)‘:-adb‘ | |
| The .error E(x) is formed using the ila.cts that

{R(a) o) == {E(x)-= ?]-, |
h . L s——: .
{R(a) - 20"} e=—=" {E(x) = ax"}. R

e

The basis for these assertions is that since’ o #0,

[R@)= 0} «——=> {a=0].

."2" 52 . Case of t'= 2

'/ If t= 2, th'cgn ‘ | ‘




. 29-
, X;(x) S ax +ax . ‘ ' o B ’

\ o1 J , S : - , . T
- where lfail"’_ I < 2 and 1,J$ n-1 ,1/\.,‘« . E ‘ !
» P . L T . ‘ , . '

- G—iViAn . ‘ K . - ' ) 1 - '. R .
R(x)= V(x)+ E(x) , , i

we compute "R(a) and R(a3_). . ) S

To start the analysis wenote that

3

R(a) = a.a*+ a.a’
‘ R T R
Ria’) = a.iu.31+ 2 ],

If E(x)i= 0, t}len a = -aj' and i-=j, This means that .
| o .

"R(x) = 0. On the other hand, if R(a) = 0, then a’i“'l - _ajggﬁ": aja‘}’f'_J'
implying that a, = ‘aj

and i=.n+j. But i can never exceed" n-1,

"Thpt' is. a.=a,= 0, Thus we have proved that ,
1 ] _ » ‘ ' . .' o
"~ {R(a) = 0} < > {E(x) = 0}
Now we cor.a_‘s'id_er the case of |Ex)] =1, then R?’ (@) =
R(a”) since ai3 = a, and. 'a.j = 0. On'the other hand, s'u'pposa
R (a) = R(a3)'.' Then we have (a.a" + a.a‘])3 =aa t+ae L o !
. A S j oo E S .
or . o . ’ : ' » ‘
. - - - - ° - - - 'l - '/"
ai3'u._3]' + 3a.2c121a.a‘] + 3a.ula,2a2‘] + a.j30. ! o
i j. i j : - »
< 31 3J . i _/¢
» = a.a a.a ’ ’ .
i k| - ' . .
‘or 4 . . o . “
3 . 3i 3 3] i+ i ' T .
{a, -a; . -a.,)a "’ +3a.a.a aa+a.a’)=0 . _
(aLi ai)o. + (aJ aJ? glaj ( i ; ‘ ) . # .



30-
— : _ | 3 2 .
Now if, aj-O, then we have a. —a. zafa, -1)=0." - ‘
' ‘ ; i 1 . 1 .. . - . o . . '
or ’ | b T J | s '
a.z“: 1 .
1 v
o |
a. :lf 1.,
. i . . ]
On the other hand if ] a,il = ]aJl =1, then we have |
3 a.a, ot (a.a' 'y ;:illﬁJ) =0 S . i )
i i -] oot ' \
which means that ~ 7
aa'+ael-0. ¥ o
T i. : ‘ - .
or . 2
R(a) =0 I - T {l
' But this impli.e.s that E(x) = 0 which is éga.inst‘ our supposition, '
4 ' ' N
Thus we are left with the Dnly possibility that ,a I 1 and a, =0,
. i J
In short we:r have proved that 7 .
— R_,,(a,,: R@) ] , . R
s “‘}—<I 1» TE® = x } ‘
R(a)--ea,1£n1} .
. \e o + i
Next we consider the case when E(x) = - 2x, where R
. ' T T S 3, . :
1 sn-l. If E(x)=-2x", then R (a)=4 R(a”). On the other hand
if -R3(a) = 4 R(;:I.S) then w.e have - S ' ' @'

: 3 : s ey . AN . -
(a,” - 4a ) a3_1‘ + (a.3,- 4a.) u3-J + 3a, 7, o.HbJ (a_a1+a_u‘]) =0
1 1 J 3 1. 1 ] o

l-fz. On the _
r S o ¢

Now if é.j = 0, then we have al( 12_—4) =0, or a, =

s



31~ .

-+

other-ha.nd if .'ail = ]ajl =1, we have

3.- 3- ' - - . - i .
-3a. a T 3a.a J + 3a.a. a1-+3 (a‘ul + a aJ) =0 .
1 . . _ 1) : 1 J
| R | 7
or \
. 3 - + - . ' N
-Ria) 4 aa. o R@) =0
) > ) . ,

or . .

: 3 . 2.0 . .
R(@) + a3, c ot R(a).

(i4j

a- = 1 which are agam agamst our supp051t1on Therefore we:
.are left with»the only possibility that a, = © 2' and a. =0, In
- ' L i t . L . J .
"short we have proved that , .
. Ty ' ‘. '
R =arE@, - S _
o ‘ + 1
g ; } < > (E(x) = - 2x )
R(Z):-— a., i-S'n-l'} ‘ ' : '

q

The final case to be con51dered is when E(x) = ax +a xJ

Ia |— ]a | = 1. In such_ a case we have

Cmevr. 220, 2025 T g
e RT) = R@)]a % SELNE LT
' ~
. . 3 R = 2 e - .
= R(u)[(a_u1+ a.al)c - 3a,a‘u1+J]
kg" | 1 .JA ! I'l]
. =R(Q.)[R2(u-) - Baiaj G.1+J] \
e
or C
i+j 3
Y 3aa 0™ s rR3) - REY
B R (a)

But R (o.) = 4 R(a ) by supp051t10n. Thisg means that a, aJ =4 and




| Starting with

T or

- . ’ ‘. . I -' v

a - ~ j . . . o . . I‘ 3
R(a) = a, cr. +a a” " : o . .
: "1 J- - Y LT

we have ’

:2.’ .. ‘ N
3a. .a R( Y=3a. a ! +_3a,a.r:1“:l o
h 1] B
3.
3a,aR(a) a  + ...R3!u) - R§a3‘) }
-~ R{a) - i
or ‘ ' . S ] - . . : T
3a1-3aa1\(a)+R!!-R!a) '_0
- R(a) .

where 2 =41, Taking any one of these t

values of a, , we
i

1 -
get the roots of this quadratic . The roots give the error E(x).

ne
- L]

. . o T 4 -
EXAMPLE 6 . Suppose: g{x) = x +x3‘-‘ 2x +1 which . .
‘ Y
2. :

enera.tes an (n— 5 -1 = 12_k—- 12 —4—8)ne acyclic code
g s gacy

‘ 5
-with t =2, I_[et E(x =x - xB. We use Table 2 below for

)

computation. _‘ . ~F
. " N ",
Table 2 . Non-zero elements of GF(5 }, ais a ropot .of T
.- ) 2 ._.' . ) L
p(x) =x +x +2.
4 .
a 0 = ) a 2 = -1
1 13 i
a = a a = -a
14
a ¢ = -2 -a a. = 24 a
15
a 3 = 2 =-a a =




. .' . L'
J _ ¢ 33~ .
| 0.4 _ _z,r'z“, o 1.6~ 2 4 2a
a 5; -1 - Cl"' a 1?=. 1 + a ‘ ‘ .\‘
PR z | u".l_8= -2 . o
a [ 2a a;lg—‘-. - 2a JP - .
a 2 = -1 - Zq . . 'a 2'1=- 1 ‘+-2d_, . - “ _.=
a10¥ -1+,_‘u‘ u22= 1—.0. . )
o e ol 2a a 23:\ Z)+?g ‘ \
Then, } .
L E@za e @) < (1=2a)=-2 4% !5 0
| 'E(a%) . aIS_/_(qufl.: ( -'27-+‘u".)-—'_l s + . 2-‘(114

Now, given E(a) and .-‘}_Z‘,}a ), we proceed to getback E(x) -
. . . - ' :_' ) ; . 3 . o . R . .
We not.: that since R{a) = E(a) and R(dq )= E}(a3),' for the =~ = - T

‘purpose of/example , there is no need to a.s's&:ne any V(x).

Since R(a) # 0, E(a) #0 . ' ,
‘Next,
3. 45 21 - : v .
| .E'S(a‘)= a . = a , FREEE - -J‘

.  * o .
‘which is not equil to E{a3) . Therecfore | E(x) | >1. ‘x

Also, -4E(a3) = _4&1\4 = -Eil4 =-c12- w}iich,j.;'not equal to
O N S -
E(a). Therefore: E(x) 7£ - 2_x1 . . o S ,
Thus E(x) = a._xl-!- a_x"l s l a_-, =1, l a, ] =1. .. '
. - L * "J 1 J A
. C
I



2-5.3v Caseof -t 23, ’. ) : = -
. o | T D. . ‘. S ' . ' . ' - o /.' | u. K
~ For t -2.53 , the- type .of-a.r,gurnents us®d_; f(gr t = 1 and '
. . : a . ’

2 can st111 be used - but" the procedure becomes too mvolved

." - . . ) ' ' + ) N - .
| - . S
~ It, would be rnuch su‘npler' to use the general decodmg procedure o

L . & Q-, H ﬁ . o M . -.
.'of Ber,leka.mp [5 :| S s .

. "2-6. PERMUTATION 'DEC'omﬂg'_[ 107 -
T

Let V be an ('n,k-t ) negaeyclmcode over GF(p)
-~

* . f L -
] -

- Lwith® g(x) as 1ts generator polynorma.l w1th ‘IE(X.)] < t ..

s Starting w1th .

L] : ) T

‘ o | X y :‘.‘. - _t Cw ) . . « “j'l
S CUE(x) = glx) AX) + E, (x) , e

. o '. ) ' A . .' ‘ . 4;.‘ ] - ' | -
~ where E (x) is the rerneindei' . we" hete that E(x) - E (x) is .

- a code word v Th1s 1mphes that IE (x) |>t or, E(x) =E (x)
il .
'.&n the la.tter ca.se E(x) has degree n-k 1 or less smce B (x) -

l

is the remamder . Thus we h’\'e proved the followmg known

! ‘TM E(x) modulo g(XJ has nght t;or less + °
lf and only lf E(x) is con.fmed to the. fn'st .n-k pos1t1ons .'-""f/‘ -

On the basis . of th1s theorem and the fact,tha.t a negacychc

v

s}uft of a’ polynom1al does\pot a.lter the Wé1ght of the polynom1a1

.o e ¢an say thet if .,



N oo B v
". . ‘ ) . :_k35.-' ' yo
\'\‘ _ ._. '. o 0 - ‘ o ) B
. e } R < .l R .
- _ .19 . i C e o - X . '
P 2 T, Bp (x) ] modulo Yix)- | § t, v , -
: ' ' Ar th ‘ o T
] wher'e Tj is the opT:-ra.tor mdmatmg the j neg‘_ae'y'cli'c' shift to .~ ,
the rlght .a.nd q, some mteger , " j-' v L S . v
. _‘ C 1 ,‘:. - . 'c v _
_.‘E(x),= {‘(_-"I'j) {[TjE-l-(x-)] modulo g(x) $3° o 0 e T o e
y ' .. LT AN _; | T 'L o g - o
wﬁ.e‘re (—'If;-j) -is the- operator i'ndicatihg‘the' . jth- ﬁeg.a.‘c‘yc-:lic_ shife S "
td theleft . -~ . .7 . T RN

If there are a’j anda-.q such that R

. ~ y
[y o

B +

. R 6

’ TE}) (x) i‘n,o'dulo. g('};),.st“‘ ' s

fér every p0551b1e E(x) w1th 'E(x)l s-t then v is said te ‘

b PERMU'I"ATIOI‘f D,ECODABLE I the r;h}%u_m value of* q -
- . - . ' f - ":“k . ) .
reqmred 15 s~ 1 , then V.-, 13 séud to be " s-step -p’ermuté"ti_éin-" ce f
- decodable /:\\ & e VR S a
li} S 'I'l.ie-q}i\a-ann that now a;nses na.tura.].ly is under what . e, | . N
o . . e ) s v o ‘ 7 .
' conditior V is permuta.tlon d‘ecodable .. In this connectmn we , . T
. o : i./ ! o ’ ’ - _:'2. . @ / .' ) '
,note ‘that’ 1~ step permuta\xon decodabxhtvy' depends on: the ' o
spacmg between a.d-_]acent terms in E(x) and not on the welghts '
*of the 1nd1v1dua1 terms . 2 condltlon tha.ﬂ":.s relevapt to tlge ) A, P
" > . f
permutaahon decodabJ.htY of cych,;kﬁ?odes also . Frem tlrus jb\_/ L
- . - . - \
it-follows that whatever results are va‘hd for 1- step permutatmn
‘. ) . @ . . kS .
decodabd].ty of < cychc codes a.re alsd va.hd for negacychc codes
< ¥ L W
: : S e
. - 2 . ' . . ) (J_'
* \ . Q ’ " l:- - .
'; ‘n . u



-

© generates a code with t ¥ 2 . The value /of 'k-= 12'~ 8 = 4, Thus

In view of ‘this -, we gwe/bilﬂ“—the/rc/é:ﬂt 'whu;h is. carned

over from cychc codes . )
\ Theorem 4 = H,E < 1 e then. ‘V‘ is ‘one-step-.
n R )
permutatlon decoda.ble . &( \ ' ) : v
N / '
EXAMPLE 7. For P= 5, we have. n = 12 . The —

° A oo . o :

| ~ generator polynomitl, _ - . o S g S

' ’ ' glx) = x8+ 2:-:6-!- sz- 1 - - o S

o o . /

i

11
gu&‘-
n
W
A
™| =
I
* [
yd

This code is , therc?.'fojre , l-step p‘é:rﬁutation decodabie e
- Let us take the code word as o

o 2 /. g ’
_ Vix) = x8'+ Zxﬁ'-!- 2x -1, ' - o i
B ) Suppds,e that the ,r"ec’eive.'d Wdrd has two errors such'a\é

. 2 - .
. R{x)= 2x + zx6+ 4 x0 .

Let . _ o . ) .
'= El(x) '=-']?{_-(.x)|_.i'no_d"g(x.) ‘ o : B L
=1 +x-— 2% - Zx? .
Now we perform su,ccesm;.rely tl.le shiftin
. ., N



- . .
Leam T ‘..Q : ...'
‘ o ] )
S~ ! .
'modulo g(xj . after gac:h-:'shiftin_g‘ until |
s I[:r‘j E (x) Jmod glx) | s t =2,
Suchas . - S - : ot T
[T, B 00 Jmod g) | = |2 + i 2x* 58 [ 52 -+
171 =1- x-:-le-x |>3_ :
IC T'3 E (x)]Jmodg(x) | = | -1 Fxo l=2. :
Next we find E(x) by .. S o
E(x) = (‘_T'S) (-1+x") S ‘ b
L7 -3, 3, =3
} = x (‘-,1‘+x) ='-x-3+1
=x74 1 , A .o
‘that is exactly.whét; we expect to be | . )
. | . . . | \" ! | ‘ ' --n )
-7 . SYNCHRONIZATION[S5] .
A code which ca.ﬁ c_o.rre.c't. tfl_e simultaneous occurence e
‘of slip ’.(s'ynchrgniza.t‘ion error) and a‘dditi\}‘g (channel) error is:
. c_;.llgd a synchronizable’ errog\-correcti.ng “code . The pr'obl.em' of o )
" . ' . ) ‘ ) e ) o )
-, constructing and decéding of such codes has'been extensively .
studied . The codes are basically cyclic codes which are modified
‘suitably . ;
N L
. ' \



38-.

: - . @ ) ’ ) ) N \
. It is intere_sting to note tliat the techniques known in i
the - case c5f cyclic codes .can be used a.lso for negacycﬁlc codés

.'wrt‘rr httlc or no mOdlflC&tlon . To 111ustrate thls commcnt wc
I o .
”n '
nesxt chscuss the apphcatmn of a techmque , devéloped for
N . : :

. 0

Cychc codes to'ne-gacyclic codes .
The synchronization problem is as follows :
Suppose we have three code words in successiorfas shown

'_bel“ow \
. .

ag2 3, eeeia (bboLL. b

012 nlOIZ n?.nl' o

At theé rcce1v1ng end when we partltlon (frarne) th1s sequencc

r

’11"1to blocks of 'n digits , we may ma.ke 2 mistake %ucb_a:s :

b b

a.a {az.‘..‘.-[',an._l 0 1.'....bn--z:[b 04::1}<: L

0% 1

. . : &
This mlstake 15 called a synchronlzatlon -error » slip or fis-

o

framing ", FOR EXAMPLE with reference to the figure , - - ‘ =
[a b ..... bn 2 ] has a left slip by one position  and
{az.. ..... see Sy } has a right slip by two f)ositions. It is to be

assumed that the magnitude of the slip is less than or equal to,

some preassigned value s .

Let V bean (n,k,t) nega‘c‘,{clic‘code generatei_i by ‘ '

S gix) . Let V' ‘be - the (n, k') subcode generated bylg(x)gfx)



rf ! | . 39_ ;
~ ‘ . h . . . - - . __/
where g-l(i:) is irredggﬁble , (g}(x’-‘ffE(x) ) = 1‘ , g'_l_{‘x)' df;a,ia%:&,,g.
£ g - - £ i n
x + landnot x +1 for €' <%, 'and + 1 divides "x 41, =
‘ ) - ) .
Let W(x) jbe defined by .
: Wix) = Vix) + gix) T - - .
‘ Let- W be the- set of a.ll poss1ble code words W( ) ;We
notc that W is (n, k') .-\'_“ : i
" . S . + :
Since W(x,) = g(x}gl(x) Cix) +glx) _ R . :
- g(x)['g'l(x)C(x) +17],
from which we see that - W(x) modulo g(:\) is zero and '
’{) modulo g (x). is not zero s We ha've the result that
W cVv-vr,
“ Suppose Alx) correspondmg to aoalaz. een. a
be.longs to W . Suppose we prefn: and suffix thls in the way . :
~ shown, below
. ' ) *. . A 3 ' . J. . . . - . |
. . ’/) ) . ’ )
-an:‘i‘-an-i.‘-i-l” -_an—-"l %\0'?:,’-"an_-l-‘-ao-a‘l”" _ai-l . B . L
. //. ’ ‘, - -t N ¥
Suppo?e wé' frans .this block of  n+2i digits ‘over a channel .
. | We assume that a the ‘receliving.end we get a corrupt&d version
"y, - /_/ - . . ! ‘* : .
of this . . ™~ . S T I o

. . .



M 7

or less . Under th1s cond1t1.on the error can be corrected

‘we note that

_ Now let us see under what condition x‘]g(\:) mod g, (x) is’

If we now pick n  agonsecutive digits , we sece that

this block .B  of n digits is a negacyclically shifted version

of - aO'éflaZ . SRR a2 1 plus errors caused by the -~

', channel . Let us assume tha.t this error pa.ttern is of weight t

-
]

R since
. m '
B- belongs to V. After such correction. what we have is

" B(x) = ¥ A(x) médulo xP41,

. o .

Where we still have to determine j . Writing
XA(x) = (x4 1)DX) + B(x) ,

Q. -
LA
[ 4 )

xJA(x) mod g (;x)

H

B(x) mod g, (%)

-

K.g(x) mod g,l(x) ,

since xJA(x)' has the form : o . - .

-~

| 'xjA{x)‘.= x‘jg(x)[gl(X) F(x) 4,1']. o .. - "

o - .

d1s..<mct for each j. To do th1s let us consider |
jl ' . l ) " . f- .
x glx) = gl(X)Lll(x) + M(x)

x %g(x) = g ()L, 00 + M)

. -

40-




41

\ from which we get’

LS

LI
1
) x (1 -x 2

where we assume JZ >J1
JZ‘JI

BRI [L.l(x) - Lék:;')],-

1 -x

Th1s means that gl(x) dw:.des o -
, .
. Slnce g (x) dnndes 1 +x€ and not 1 4 x»E

for a.n.y. L
E <& , we conclude that g (x) has exponent

28 The_refore. R
i oe ] ‘ jz'jl ‘
if Jo =iy < ., then g (x) can not divide 1 - . To
dxﬁ'erent:ate between 1e£t shp and r1ght shp 1£ we make
o . .
' .2(shp)

< £, then

) (x) rnod"gl(x) is distinct for each 3 .

s L
o
3

To summarize the di_scussioh , if we. store .
vy g{x) mod gl(x) ‘

e €-1,

for j=0,1,2, ..

then by computing x B(x) mod g(x} and comparmg it w1th the

I
stored quant1t1es , we can find the’ magmtude and dxrectmn of
the shp . '

4

. ) . . l- . -.‘ . . ' ) . h.--.- l o
2-8. MAJORITY-LOGIC-DECODING M2 7

-

o _ - .
As is well-known ma;onty-logm—-decodmg is one”

of the 51mplest decodmg techmques known . In regard to

+
. .
' . -
. G )
n



4
! | '

negacyclic; codes one of the open problems is to fmd maJonty— -

1og1c decodable codes wh1ch are negacychc or derwed from

. .
._n,egacychc codes . Whlle no general restilts seem to be ava.1la.b1e ‘
in t‘ms d1rect10n, the follong codée of 'GF(5) is of interest :
EXAMPLE 8 Let us start w1th the negacychc code which
has p =5 and r—Zsotha.tn=p-1_12 and t_p -1 .2, .
-The generator polynom1a1 of thlS code may be .
A gl(x) =, (xa— 2x + 3)(}{2_;.;2-) = x4:-'2x3+ x + 1.
' o ¢ .
Let V bethe (11,4) shortened subset generated
by o . 3
~>g(X)=gI(X)(1 - x +2x7) .
/
.~ 2 5 6 : ‘
:, 1 .- xX - X.5+ X + 2X7 L] .y N
Every word V(x}) of V Acén; be exprt_?;ssed in the form
LTV (x) = glx) Clx) : -
=(1-x2-x5+x6+-2x He, +c.x +c x +¢c x )
. : - o\.(,_ 1 27 3
B Y 2+ AN )x3-cx4 T _
= c'0 c.X + (cz-_- co)x 7 (c3 ey 2 - E
. ' ¢ 6 ‘7 . -t )
| - (c0+c»3)>;5+_( o €%+ (2c “1: c, )% e \
- Soo s w4 (20 b e 42 xlo
- . - >y C .
. + (72c_1/c2l ;c‘3)%c .( c2 c3 ¥



A received word is:.

10
107

N '_. - . 2 . ) :
.R(x) = r0.+ rlx .+ rzx, ++ r

.To decode R(x), we equate the cbrresppnd‘ing coefficients .

of 'V(x). a'nd'R(:::)-’ such as; .. . S B
| Ty F | g
r) = ) |
T2 = ¢ o ,
- N r3 ‘: -cl' +E:3 ) .
g el .
Tg =-¢q . Sy L (18 ' )
T, = cQ.jcl . '
Ty =2egtey -c, i
g 7 ‘chfc'zfs -
r? = | 2c2.-1+c3 .
\ T107 2e3 . ‘
' Cofr;binir}g th'ese. equatio'n.s we get' /
2c0 = _21:.0 ’ .
- 2c0 ‘= -2;2' "-Zr , i .
Zco = _2.'1-1“+2r6 , . ~ (Ib) ) ﬂ 4
Zc0 = -2 - r,'ll0 , ) . ‘
2(;6 = T, l—+2r8 -}-21.-9 . L
| - RS 4
: ' ‘ i
. .



oA

We estimate 4 by taking a majority vqf‘e , that is we ' -
«consider CO. is correct if it agrees with at least 3 out of 5

equations above -, - R -
) .> . ~ - ) ‘ l - - . . J‘J . =
After getting Cq We-subtract c 'g(x) f7'om the

received polynomml and shift the sum to the left by one pos1t10n

_ 2 . n=2
to get r0 +l1*lx-+?2¢x +. 0. . ..'+r1'1_2 Then we refer

r

‘back toeset (Ib) to estimate: c:1 instead of ‘CO by using r!" .

instead of rJ.

- Clearly the process can'be repeated topet all-of the
oL 4 ﬁ

N o SO
EXAMPLE 9 . Here we repea.t the example 8 with detalls .

s LA

We suppose that the information polynomial c(x) is :° o o

.3’\

Clx): 1 42% - x4 x> .

Then the correspo'nding ‘code word is :

Claglx) L o
1+ Zx 2x2- x +x - ZWM

C .
. N

Y

Vix)

And we assume there are two errors at pos1t1ons 3 and 8

' ‘(ilncreas.;ing positions from left to right), that is the received

word having form :

2.3 4 _5-6 7 _8 10.
Ri{x)= 142x-x -x + x - 2x -gx +x + 2x -x9+_ 2x



Wé see that

» tak '
Wf ta e ;0

| .
!

T

[l

cd =1 is -a'gz'jeéable to rﬁajér.ity ( 3 out of 5°), thus

=1,

:

Nex_t‘ we- subtract -cog_(x) = g(x) {rom R(k‘j 'We get :

T b L]

R, (x) = R(x) - g(‘x') |

~

hen

we shift ‘er(x) ‘to the left one position

R’(x)_'=

-+

Zx - x3+ x4,- x - 2x6- x‘7-{- 2x8-— x9+ leo "

. e

"l

-

- : 2 6 7 8
X IRI(X) =2 ~ x +x3-x4-2x5~x Hex -x, .+2x9.

,
g

o . x 45—
s -'——-_\ - . -'
which gives the set of T 's values i
T, 1 ; ‘r6 = -1
. ¥ ) o - ? S
Ty 2 .r? = .1
l ' R ‘ R
. rz = -1 Ty T 2 - .
e RS
= -1 . = .
}_r3 rg 1
ro= 17 Groo= 2
4 . 10, .
2 9 ‘ — -
Ty 2 3 ,
Combining these r.'s with s({(lb.) to ias‘ti'rnate"-..co : :
. ,. ' . ‘ ' : . l'
e = 2% sz —
) _Zco =. —2r2—2r4 = 0 ,.> C :
' 2‘_:_() =.ergmry, S .2’ > ey =1
_2(;0 = Zr1 -i-Zr'6 = 2. ] >c = ]
C2¢. =1 A2r = ——>c 2
o Zco r7+2r8 Ty 2 ~ < 1

a



1 P fgplacing ¢ by e

-

qu we use the set (Ib) to eéfimate' c

and rs lby rj'. We oEtain

. ' ? '
= v . q.;. :
. ch Zro 0 4
¢ T 2¢. = -2p! -2rt = 4
1 2 4 B \r
= - t- ‘_ o ) St '
ch 2r Tlo = .4
* = 1‘ IR -—
. ch ?.rl_-i-Zr6 = -2 B
A
2 = 1 t 1 =
< }*7+2r8_4n.21j9 4 . !
thus ¢, = 2 ‘
. 1 ] . i

Similarly, . |

‘er(x) = (-TI)I:RI(X) - Clg_(x)]

O , . -‘ -' - " ,‘
: a 3 - : ' . :
=04+ x+xr-x +0 ¢ 2x5~- 2:{6- x7+ 2;.;8’ ;/ o
¢ l ' . ' . fj .
which gives c, = -1, }
’ T4
And
R™UMx) = (T [RY(x) - cog(x) ]
= 1+0=>x +0 4 x4— x5+-x6+ 2:{"7 , - B
+ A' , ) N . . \

which gives cq =1 . oo : \

The values of estimated éi's‘ are now used to i-ecompute

‘ ‘ . "’ 9 : '
! ‘ L
rj s. in set (Ia), then the corrected R (x) is indeed V(x).
- )
\. -



CONCLUDING REMARKS. *

In th1s the51s we have d1scussed negacychc codes,

} From the d1scussmn in Chapter 2 it is, clear that . i //

“negacyclic codes are very much Slmlla.l‘ to cychc codes and that, in:

fach, technxques deveIOped ,for cychc codes can easily be adapted

to negacyclic codes’. .

Regard1ng 1mplementat10n negacyclm (.odes are some- |
. “"

what less 51mp1e in the sense\ that the sipns of thé chg1ts shiffed '

‘beyond ine last pos1t10n have to bejchanged This is not necessary :

3 . " "
ST . ‘ e

-It may be worthwhile to {ﬂvestigate further the-

~in the case of cyclic codes, . ' ' ’

»

problem of ma;jor‘;fy-lo_gic-decodable negacyclic codes .
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T ewaaan ~000 mmcmmin g
. SOME RESULTS ABOUT GENERATOR POLYNOMIALS (

\l\ & 3 N
:FOR N ACYCLIC CODES _ S -
- A nega'cy"?cli'c code can be constructed from a -

gencrator p‘olsmomi'al.:. o E S . )
- - ' T ! Lt -
+ SIn obtammg a generator polyn0m1a1 , there are ' - i
{sevcral steps to follow : - B
- [ . .
. 1. For a giyen, prime p-and a given r , the maximum
: L . )

e'}or-—co;r‘eifting capability t_-z'a_.nd the block length n~ are given by:
- I P 4 . K . \ R N 3y N

. v-)\ ) L ._' "t =."P -‘1' ] ’4 1 @ Lo % : ) ' ’ L
. "“‘- . : 2 . . 'v‘ - )
._l T 1
_ T n=p=-
T P 3 2 . o
: \ ‘ X
L2, Decompose x + 1 into > . o0
: . : 7 :
- a ‘ b ‘ - . ) . . -
- o g, h ‘ . '-. ) .. . Ve
. %"+ L= QR).Re(x) M
: ' o ..?_‘.‘
v&:'here L o & o R ¢
. v r B - ~ 3 . B '
Q) ="ILx)LL(x), . 0.1 (k)T
N .. : 1772 . . m _
N . Ty -7 ; ‘ : T
; . the degree.of 1.(x) is ‘ -
g SR sereser A . :
- . ..1 -\"'f.;g g ;/ . ,.
s ¢ Ré(x) is the remainder polynomiial whose degree
- , . - .
! is less than r . - . R




:

3. Identlfy prlrn;Ltwe polynomlals by calculatmg th& o :

R 2 v
order OMI'DOtS of polynomlals whlch are facton.s of Q(x).' If"a;l .
polynomial whose_ 1;00_1:. ‘has order 2n ='p

primitive polynemial ., N

¢

. 'I . .-” B
4, Construct a ta,ble hstmg all non-zero elemcnts

1
-

in GI‘(p ) for each pr1m1t1ve polynomml chosen . S e

5. Cdmpqte,ﬂié glene.ra.t‘or poiy‘;)omial_

S : r-1 p-2 . j
glx) = LCeMm{ 7™ (o (x-a' Py . :
- J:O iﬁl,3,. . NS . s .

by referring-to.table in'part“ (4)".' ' S

. . ‘ B ’ . o tu ) L
Note
i. One generator polynomial can be obtained from cach

primit'ive polynomial . For each péir. of p and r ,there are

more than one Primitive ‘polynomial .and therefore more than

) N ] ) —_
. B ' ) . ‘ \ f . . . .
. n 4 ol i
. one® generator polynomial .
: ! S

. . ~
- ~
"'h" . - - S - *

" - iiy Where there 15 a ved tor of fornr (v _,v:,. ", .,v )

we understand that ,itfig a polynomial of increésihﬁ“‘powe'r' Whose

~ -0

elements associate with ucc:éffic‘ient'e; ofz,;he'.polyno'mial . FOR .
EXAMPLE, a vector (-3, 2, 0,-1 }is intdrpreted as & - -

;

1
. /
o .

il
(%

. ‘ ' L e
S . @, . )
o _ -, . .

o
2



polynomial -3 + 2x F 0x2 + ‘!23 .

" iii . Where there is an expression ai =aa ....a |
, : 0" 1 T r-l
e .understahd that &' isa function of u.o, al,‘-laz;. ey "1
with elements aj's . FOR EXAM_PLE , a8 =1 -20 is \ .
. : SN : ‘ ‘ t .
interpreted as )
a = 1 -2a +-.0;c12 . oo e - T
Féllowings are the i-esults. obtained for :
f: = 5 , r =2
p= 5-, r= 3 -
p= 7., r =2
- p = 7 s, T = 3 v
\ 7 -
p =11, ~r =2
. p =13 ,-r= 2
' LY W -.," “ -
b ¢
[=Y . »" { »
\ y . - N
~ ~ ) ﬂ
- . )
A%



¢ L
: - 51-
& ‘
,cl._‘
A=l T \
,  For hp'= 5 r =2 then t = 2and n =12, : |
‘ . )
-Irreducible polynomials ‘Root o'r-der'
1 €28 =y 2+ 0% +x°) g
v ‘ N . :
(<2, 04 1) - SR PO
(<2, 2,.1) | § 24
S ORI b I B PR o
(2, 1,1) | 2
’ v . —.; ' (2 s = 1 , 1 ) - - . 24* -
_'\. : :::7 _in'dicates .t(‘}}e f:orres?qnding polYnomial isl Priﬁitive
;T 5
i ‘-',“.
- . _ '-‘?l.;
} , - , "
" GF(5 )in termsof a, a root of -2-2x+x", !|
a =1 0 o = -1. 0 ’
l ‘
a = 0 1 313 = 0 -1
2 | S U VR, ) -
a =.2 2 oA “4..2"2"'2 ' o
c13=_1_1 (115— L1 J ‘
0.4 = . 21 a16 = -2 a1
115 = 2 «] : 'al? = -2 1 )
:6 ’
a = -:-2_ O : - 0'18 = 2 0 i
o :
7= 0.2 47 - o -2
A . 20
0_8 = I 1 L -0' .' - -1 -1



v v
- - . . »
. s \
0..9= 2 -2 ?,21 -2 2
. 10 h ; 22
= 1 <2 q~2 -1 2
11 , 23
a =1 2 . B 0_23 -] ..‘.Z
o .\," '
' q . 1 - .
The correspoﬁ_ding generator ﬁolynom_ial is:
l 3 - . .I .
' gix} =1 +x - 2x +'x4-,, ..
. r
2
‘ .
; g ]
\
- o
K >
¢

—a—




al y‘ . .'.‘ —
-_......-// o ! u T
— AT 53+

.. A"z .

For 'rp:5 » T =3 then t= 2 and n.= 62 .

_Irreducible polynomials "Ro;:;t order
. s ~ ' ;
- 62 T o ‘
oL I+ x = {-2 -x —szl‘+x3 ) U 1247
( -2’ 2"_-.2" 1 ) ' , 124.:
e ) PN '
.("2: .09 —ll 1} 7 , . ' 124'|
“(=2,.-2,70, 1) 124"
(<2,~-1,.0, 1) . - rZa” o~
' ’ . . 1 d ‘
(-2, -1 I, 1910 124"
(-2,"1, "1, 1) 124"
-2, 0, 2, 1, 24’
(-2, 1,421 124l .
\. ' f : . e o T o o
(7}2, 2’ .'2, l) . 124 . . - - 1l
/ '_ . . E - ' ‘ T
2,0, -2, 1) | 124 | pr
(2, .1, =2, 1) ol 124
(2,2, -2, 1) . ° b ot o -
(2, .—']_' .-I, i ) . o 124:.:I ‘ | . . . \‘.l
(2’ l: "I) ]- } . . . 124* ) . <[ .
- ) : S 1 .
(2, -2, 0, 1) SRR P2 Q
(2,41, 0, 1) SRR |
®T 2, 001, 1y Y 124 -
1 ’ . v ' . . : o
(2, -1, 2, 1) 124" |



54-

22 2,0y o 124"

n

"Hindicateé' the_corrésponding polynomial is Primitive .

L
)

3 _ - | A
GF( 5 )in terms of a, 2 root of -2 -x2+.x3 L

.-q..o’: . o a_42='_2‘ 2 '1. T 84l N \o < o
el 0 1 2, 2 a0 o1 A | ’
aZ :KO 0 1 0.44'—: 1 2;'1 u86= -2 0 -2
0.3 = 2 0 1 a45= 2 1 l-2 a87= I <2 -2

ot s 2 2 \ a46-=7-71 2 -1 a8?= 111

a’ = 2 2 -2 Q‘”_ 2.1 1 N I u
PR | 0 a)4§— 2 -2.2 0 2
al =0 1 2 ¥. iz o o2t 1 o1 o < Ah
%10 2 a0 o1 2 o 2s 0, 1 Xl '
B S u51=:'-1' 0 1 a Po2 0 0

%0 12 T T /.(194: 0.-2 0 |

1 | 53 - 1 95
@ =-1 1 -2 a = 2 2 0 a’'’= .0 0 -2
I a¥ o ,2 2 e \

a 13‘—' -2 1 -2 a 55: -1 0 -1 a97: 1 1 -2
TRl 2 BRI ez 1 Lx a98=\fﬁ bl
'1\/ s ‘ ~



v

e 15;: .—Z 1 1—2
& ¥6§'-1-17; s

’ L -1l
a 1‘8-*'—. 2. 1'_‘.0
-0 2 1)

;;05 2-.0'-2'

9121: 12 2

- ‘u 2.1 17
'a-23=.; 0 1 1
0.-24'—' 20 2.

a & -1 2 2

o 20- o) -1 -1

’ a27= -2 -1 -2
R

'u_zg— -1 | 1. 0
W% 0l
e L, .0 0.

TN 82 b,'z 0
o 23 fo 0 2
1 0 2

u‘3s= 1o 2;

'u56=-g'-1‘1

‘ggﬁ:dz 10
00, 4 Lo
101, 12¢0f-i
{03='i2 -2 1
.364= 2 fé 1
105_ 2 oz é '
106: 0 .;2 '_{
.197= -2 12
108 _ a2
199, 5 -1 -1
10_ 5 5o
111_ i  _2 0
Hzo o 2
1?3= ’1_26 -1
1%4= 2 1 =1
115 _ ;ér 2 0
fléé 0 -2 -2
nu7_ o 1.
‘113:. Zil'i- p
;1192 _ iftz _
120 %'_L

" 55a




-l‘ | .J. - v
T :
37 7 ,
G2 o L J2l L,
38 g B0 : .
a = 0 PARN | a = -2 - 0 u122: 2 -2 0
13 ' 81 . .
a 9= - . a = 0 -2 ] 01’23= 0 2 -z
' 0 P 2 .
' a 4 = 2 -2\1 1 ] a 8 = -2 0 2 0.124: l
. 3
~ 0:\1\= 2 2 -1 N
| L
The cc":‘rresponcgng ‘Benerator polynomial is :
i ] . . 2 .
gixy=1+x +2x - 2x3—_x4+ Zxé-ff_xe
. Ch
. .
o
’ - i - -
. ¢
}

T:' N
o
i

56-




2 ‘then :t =3

Irreducible polynomials

and n = 24,

'Root order

(22 - 3x 4 %2 ag”

| (-2, -2 ,1.1-) o 48"

(-2, 21 ) 48"

(-2, 3, 1) 43*‘._
(=1, -3, 1y 16
(-1, <1 ,.1) 16 )
(-1, ’1\'/,7'1) 16

(~-1., 3,1 16

(3., -2, 1) 48"

(3, -1, 1) . 8™

{ 3, -l , 1 ) 4:8::n

( 3,.2,.1) .""48* .

— =

primitive .

L




58 -

|
GF\\ 4 72) ‘in terms o-f' @', arootof 3 = x'-.;.-x-z'_
I d-'1'6.-= 3w 032, 5o S e
a.1.=_ 0. 1. 0 M7 6 2 u33-= 0 ‘-3‘,~" T
A T a®s 2 ISEI ‘- e
u‘3 = - -3' .-2 | o 19 .=' Yl 3 | .cr.‘35\ =' 2 -..1 ._ .,—// ’
q,%‘-—‘??fl. 0 5 _.'(136'; 3
u5.= ‘I 1. _az‘l = 2,_ 2.'7' _ 0.37: -3 -3
0.6.=‘ -3‘». .'2 dZZ = ‘l ~3 7.0.38-= 2 1
a’= .I.q-l | 923;. 2 -2 ,,939= -3 -3
8 30 P 0= 2 o
a-9,=_--‘0 3'. - | u. 25= 0 ._ -1 a‘41 = 0 -2
a 10'=.,‘42  3 o 20 . 3 -1 s L 2
T L A O S B
e B2y g W ‘544? 2.3
h 2 Co S v
A T T T T T S TR
*a14 =ﬂ‘-‘-2 -1 N 0.3Q=. 3 '-2 046 = -1 ‘3.
a 15 3y -3 a.3'1 = -] 1 a47: - -2 ;—
. : . o : .
“The correépon_ding"génergtor polync;fn-ial is i .
g ({x) = -1.+x.-3}g2+x -x4:-3x +3‘c6
: _ ’ . .
' ;- )



o

-

171
1. +x

Forp=17-r= 3'then t =3 andn = 171

Irreducible polynomials 1

Root order

Lo ., 2 3
= (=3 -3x -3x 7))

(=3,

.(.—:3)-

("'3:

(‘."3)‘

1)
0
1)

fly

1)

1

1)

1)
1)

1)

.”

1)

1)

‘e v

342%
342%

3424

3425 -

342%

S 342x%
. 342

342

342+ _
342 .

18
3425
342# 

3425

,34'2*,’ .

3423%

342 K&

342

‘{’ .

N
)



(-3, 3, 3, 1)

(1,-1, =3, 1)

( 1.: 0: '3s 1)
( 1: 3:"'3‘: 1)

1,1, -2 1)

.(' 1) "31""13 1)

(1, 2,-1, 1)

1, 2, 0, 1).

I, =2, 1, 1)

| 3424

114

114

38 -

114
114

114

T 114

114

114

38

114
114
38
38

38

342

342

342:
343#
" 3423

342

60-

A)




o o S
. \\ . ' ] . '
P T 61-
j( 1, 0, 1,'1) 114 -
) ‘l“( 1, 3, .].., 1 } " 38 .

(1, -2, 2,1 NNV
"( 2, :‘1, =1, 1) ",-‘ .342:::
: '-(' 2, 3, -1, 1) - 332"
(2, -2, 6‘,‘1 )= R ..34.2:;,
~ | 2,.-'1,_ 0, 1‘)’--_ .342*.
A
Cn s a1y s

('_ 2, =2.1, 1) " _ 342'::5

 ( ‘?-, 1, 1, 1) . -. 34-2:::

_J.

2, <32, 1) 342" -

(2, -1,.2,1) . 342"
( 2, 2, 3, 1) | 342"
(2, -1,73,1) VP e
(22 300 \34éf - o

(1, 0, 0, 1) s | )

. “ . - , - . t .
‘indicates the corresponding polynomial is primitive . -
I ’ .

N
™
. . }/.
R &/



’ -
. N ‘ . ‘62;
- ¥
GF‘('?_-B)‘ inter.ﬁé ::f ‘a, a i'o:)t'oi' 2 +‘2x 1'3:;2 +x
e o0 | 2l 00
SN "q.{-ls-z“o'-i.o ;229_:\0. 5o | #
R u,l.'lé,ﬁ 0 0,°I-‘3‘-' 1 a®%- 0 0 2 ’
-2 -3 . uu:'f = -1 -12 . R AT o
: . oL . B . - . \
0° | o Pz b B2%o 10
a5 J10 0 o g 2 q2.33 - 02 1
1 202 3 33 Mo 2
3 ot o) 2-;2: S S
2~ e N R I a23f’: 2-2-3
0 P22 o T 10
0 3 -3 02 2 ;1.238; 0~1-1 :
8L 3 3 "-"‘az‘g’g =-2-2 3
.38 RE B0 5T ﬁ
2 {112,7 =2 .31 u24;'1 = 1 2-3
2 cal® 50 Wt a1 03
| 1 1 220 55 | &2e -1-2 2 ' :
5 B B -3 -2 ] o3 2
-1 -1 33 s s . 22 2
2 ' o132 1221 a‘24l6 = .3 -1-3
32 -3 .o.l_.33 TR N
120 al3‘%‘.=. 3 10 M5 0 )
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0 ~2 -3

2 -1 -

4
-y -

e
a

135
a

-3

2 =3

1-1.

145

0-1-2

21
a

/

-

I






- 63

65
- 56
67
8
69

«70

72
73
74
75

76

77"

78
79

80

82

83

64

81

TS

L

£

R
1l

65-

s
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b




. The c‘orresponding. generator polynomial i.s : | ‘

. 3 . . . ’ o
gix)= 1 -x+ 2x -i-‘x4-. 2x5— 3x6+ 2x7+ 2x-8+ xgq' R

, - : s \’ ) ' . f

-
3 : [ '
. “ ﬁ | h
v . '.
4 |
-
. 'l\_ —
a Lo
X !
.
bY . R
.~
o
.. ~
‘, 1



A-5 ..

i -+ x60

. R
.
L]
i —
¥
N
—

For p=‘ll‘ y T =

A

Irreducible polynofn{al g

-~

2 then t= 5 and 1 = 60 .

Roet order

(-5 -3x 4+ x

'('55' -2, l)

.2‘

) .

120"
120"
40 -

. 40
120% ¢

120"

40

~

ﬁéo*
120"
120
'_120::f
40
a0’
20"
120"
120"
120"

40

68:.




________

24

24

4

24
1207
izo%‘
40"
40
120"

120

!

D 69-

-
-




/

5 R
(11 ) in terms of w
RO A\

]

a root of -5 - 3y +x2

0 _
a —
.1
a =
2
a . =
3
a . =
S
a. =

5.
u =
Cubh
a =

7
. a =

8
a =
9
a - -=

10
a =
.11
a. =
12
a =
.13
.a =
..1-4-
@

0. =

16 "

a . =
17

a =
18

a =
19

.a =

N

a =
56

a ‘(v—'
.57

a =
- 58
. a "':
. 59
[o} =

Q =
88
[1 ‘=
. 89 -
a,” =
90
N3 =
91
a i =
92
a L=
93
a =
94
nu =
‘95
a’ =

Q A =
98

a =
. ‘9_9

a -—

a




N

S 71




‘The corresponding generator polynomial is :

glx) = -1 - 5x+ 53 - 3x 4 %74 55Ol 4Bl 3,9 « 10

. 7 ‘

13 : s
1
. °
.
r- N
. ‘ r
o r_/
-
.
<
4
- ]
" 4
.
-
-
.
-
* 'f 1 /

&

72-.

B

&




T
i_é?'. | I | .
“For p. = 13 ,"_r. :‘-'-'2 :the;l t = 6I and n‘.‘.—. 84 , . . “
A_I'rredi:cibl_? polylx;omia‘.‘ls 1 Koot ord.er_. -~
1 .+-.x8'4 = (-_é _.-6}.{ N x% N , | ' — _168* | : ) ) . " | .
i (=6, -3, 1) ' o e’
© . L ‘ ] : »
- (-6, -2, 1) © | 168
e (-6 ,~0_,‘ 1) | | . 24 | |
(=6, 2, 1) 1655}_ I |
{iﬁ64 3, 1) o e I e
) L —6 6,0 168"
(-5,~-5, 1)
s T, =2, 1) Yo

(-2, -6, 1) | 18"
(-2, =55 1)~ | .18

(‘..;2-’ _4 , 1 ) . _‘ ’1678'.- - . . . - .l '-_




.u,.
- ‘) /
| -
@
I
3

( -2
("'2:
(—"'.2 ’

(2,
{.2,
( 5"._1

4., 1)
1,10
0, 1)
1,1
éf;'i )

-1,°19)
0, 1)
I, i)

51

168™
les”
168
24
168"

168"

56
. 56
168"
168"
168"

24

" A
-
»
T
.
-

74~




| 8 75 N\
1 U;\’
(6,.2,1) 168 .
( ‘6.,“_3",1) | '..168'*' . . R
’ ff::ilndicait.esl the Clé?re-spoqding. P.olyﬁomial‘ is" primitive .
¢ ) o * : ' !
- GI::"(x) in ferrns of a, .'a' r'ocl>t- of - -./é‘_ bx 4+ xz . .
R | - ,_/"/" | ) ] -
L o 5'6/7’-,/_.4 0 205 )
Yo s 0 LT RV
a® = 6 6" 0._58.: 22 a5 s
s 3 3 R o 1P 4y
. at = 5 2 ~'°‘~0,60:= é,,s e s 26
0’ = -1 a4 u-.f_’_l'z 43 L .
. (16 = =2 -1 0.62‘= -5 -1 | a“8= -6 4
' ol = 5. 6 @03 - -E)h»' 2 e
® = 3 s o fto 1 o 1902 hy o2
ag‘lz ‘4 - \ a.—6_5= -3 -4 e 1L -1 3
\ a TO: : 6 -1:3 a 66. =u‘ 2 -1 a 122: 5 4 !
‘ a H_ -5 1 . a 6_? = -6 -4 o 123, 3 -2
e 61 P R T I
a 13 = 6 -1 a 69 = 2 3 a 125= 5- -3 R



o

a ':—‘
- I35
a =

136

a =
&

142
.ﬂ_ =
. 143
e =
- 144
e . =
145
,Aa =
146
. =

76-

‘:: .
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- 8-
s . L o )
1 .‘ . . . .. ]\ - 7y B ‘ ) . l,-‘“ .
The cm‘respon_ding gcncrato_r'“@c;lyn()mial- isd o
\ glx)= 1 +4x .- 2x + ‘5x3+ '4)(4— 5
- . -

2x + '4x? X

.. 8 0. 11
- 3x - x9+ Gx‘oi- Zx'l

.
. -
M a
.
. .
-
. [ - .
- '
« . .
N
Y
. ~ 4
1
-
E \
4 , e
' +
. ;
1]
S0 s
-' ' - r
L ' .
[ . - \
.
E v R
P - . ;
s ) e . o -~
BN TN . . L e
’ +
- 1
- . .
’ - + . ’ .
22 -
| . .
b ' . *
o "-._ 5
! st . 2
t -, - . . : Xy .
. n
1
{ ' L A ‘
- N . - -~
[}
} ] - - .
; ' -
- I3
-
N 9 -
-
I .
i
' . -
Lo 8-
4 - -
\
'
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. APPENDIX .p . .

000 ——

: 1

R ‘ S ER . A .
v ' : . L
] In"kap';éendix A, the block lgn‘gt'hs .of the codes....
T . w \\‘.-.,? '>: o . R . . )
.. . . . . . ) ) ’ C
glven ‘are y = p -1, In thil Appendix , the codes,considered
| . . b 1: - 2 . g ) ' . ‘." 2‘,"‘- .' ‘,'. —
" have block I-ngths n ,  which are fractions of p~ - 1, That -
means, for each prime p , we have
. 2 - ~ i
V= p -1 = nc’, ~
2
where )
S - A is the considered block length |,
" ¢ is'an odd -intéger .’ . A '," .
. . . . T — Fi)
\ ' | ' —
J et ;

\ b
' v °
| S
l ' ’ ‘ '
L b —— LI
\ . ; 1
, S .o
. . . ‘_ . "
" : ) -
- & ) \ N e
7 . ) . AR
. ‘ . ) ) &
. . a
. L]
- A
.' l., .
-~ 1 ] " Y] -, -, Iy



Primitive

.polynom\ia.i'

|-

: -.2"- 2x + .'xz

(R

.id-

-

- ! Generator polynomial ' L

L 3 S
R LA
e ' P
- 3
L, -2+ x

112

20 -
20
120
20

20

12

12 G

LA

11

B _'-.1 F.5% +x,

1z 2 -2 .Zx..*‘\'x 1 X+ 2};3.--}4 x4 ‘
) v 4 . ’ -. i "i:'d..- LI 2 -4 Xza
- , E R . M e . .
Tojed 3, 3 -x i ‘-'-,1.+:fi‘-?—*3x2+‘-x3-' X 3x5_+-x6‘.
8|3 -id- , b 2%+ 2% . B
T - . o -
- 8 ! =id- ~1 4% X IR
1 166e. 5. | <5 - 3x+x L1 Lx 4 SxCa B x4 B
| ., 8 .9 10 '
; - dx - 3%+ _

2 .3 s
“l- 2x - 2x 4 Sx 4 b 3%
B S ,8‘./3 9. 10

1
o
"
1
]
b

. 4. 8% - xzt-'x_3- -Zx‘ dx” - 5x
o7 -8 '
s xR
oo T3
-3 ~5x+ 5x - 4x .+ x

2 43 :
o3 - dx e x 4+ 3x 4+ X -
- I : -

b

ST L2 cr
-4+ 5x +x
s x -

) 3. 4
.1-_—‘2>'c+5x 1 2x + x
2 |

- 'Zrﬂ'-' . ’ T
-1 - 3x+x .
A DR

- . , i 6
=104 4x 3}:2-,5}:3-33:4'-{- 4x5'+ x
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