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Abstract

Methods based on fiducial inference to hierarchical models that are formulated for set estimation
propagate uncertainty to varying degrees. Some of the set estimates reduce to the usual confidence sets

for a sufficiently low number of comparisons.
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1 Introduction

Many frequentists strive to approach each statistical problem with appropriate tools without feeling con-
strained by any decision theory. For example, several statisticians apply the usual confidence intervals for
low numbers of comparisons but find empirical Bayes methods useful for high numbers of comparisons (e.g.,
Efron, 2010).

Two problems confronting this eclectic approach to statistics result from its lack of a unifying theoretical
foundation. First, there is typically no continuity between a p-value reported as a level of evidence for a
hypothesis in the absence of the information needed to know or estimate relevant prior, and a posterior
probability reported as a level for a hypothesis in the presence of such information. Second, the empirical
Bayes methods recommended do not propagate the uncertainty due to estimating the prior.

Both problems are addressed by applying a coherent form of fiducial inference to hierarchical models (§2),
yielding empirical Bayes set estimates that reflect uncertainty in estimating the prior (§3). The maximum
likelihood version provides continuity from single comparisons to large numbers of comparisons, generalizing
the above uses of empirical Bayes methods and of the p-values as inverse confidence sets (§3.1.2). The

methods are illustrated by an application to a well-known data set (§4).

2 Preliminary parameter distributions

2.1 Confidence-based distributions
2.1.1 Confidence distributions

Let $ denote a measurable set of subsets of the space © of the interest parameter 6, which, with a nuisance
parameter «y in a set I', determine Fp ., the probability distribution of an observable random n-vector X.
A procedure of nested confidence sets for 0 is any function K = K, (e, ) that transforms an n-vector z in
a sample space X, a shape vector s € S (Polansky, 2007, p. 4), and a confidence level 1 — « to some set
K. (1 —«;s) € Hsuch that 1—ay < 1—ay implies K, (1 — ay;5) C K, (1 — ag; s) and such that the coverage

probability of the nested confidence set Kx (1 — «;s) is equal to the confidence level:

P,(0ekx(1—a;8)=1-« (1)



for all € [0,1] and s € S.
For any x € X, a confidence distribution is an observed (data-dependent) additive measure K, on (O, )

that satisfies 0 < K, (©) <1 and

K,(©1)e{l—-a:ae0,1],s€S,K, (1 —a;s) =01} (2)

for all ©1 € 9, (K), where $, (K) = {K; (1 — ;) : a € [0,1],s € S} (Bickel and Padilla, 2014). For a scalar
0, 9, (K) = 9 is typically a Borel field (Bickel, 2012¢), in which case a confidence distribution transforms
the composite hypothesis that § € ©; given any ©1 € $) to a number between 0 and 1 that is equal to the
coverage probability 1 — « of the observed confidence set I, (1 — a;s) = ©; for any s € S. For an example
with a vector 6, Bayesian posterior distributions with asymptotically probability matching priors (Datta and
Mukerjee, 2004) are approximate confidence distributions. Equation (2) generalizes previous definitions of

the confidence distribution, many of which appear in the literature cited by Nadarajah et al. (2015).

2.1.2 Coherent fiducial distributions

Confidence distributions lead to fiducial distributions that are genuine probability measures according to the
framework introduced by Bickel and Padilla (2014), summarized as follows. A confidence distribution that
is also a probability measure is called a basic fiducial distribution. It is called "basic" because it provides
the foundation for a coherent fiducial distribution II,, which is any probability measure on (©,$) that is
a basic fiducial distribution, that is conditionally equal to one or more coherent fiducial distributions, or
that is the probability measure of a transformation of a random variable distributed as another coherent
fiducial distribution. Since a coherent fiducial distribution is not necessarily a confidence distribution, not
all coherent fiducial distributions are basic.

The concept of the coherent fiducial distribution provides the ability to manipulate each basic fiducial
distribution resulting from the given confidence set method as if it were a Bayesian posterior distribution
resulting from a given prior distribution. Both coherent fiducial distributions and Bayesian posterior distri-
butions are special cases of certainty distributions, each of which is a data-dependent probability measure on
a measurable space corresponding to a parameter and the sets of parameters constituting the domain of the

measure. Taking actions that minimize expected loss with respect to a coherent fiducial distribution or other



certainty distribution avoids sure loss according to the classical theories of subjective probability (Bickel,
2012a; Bickel and Padilla, 2014). This avoidance of sure loss contrasts with the “noncoherence” inherent in
a wide class of fiducial distributions defined according on the basis of confidence distributions according to

the formulation of Wilkinson (1977).

2.1.3 Certainty density functions

For the observation x € X, let the probability density function ¢, denote a Radon-Nikodym derivative
of a certainty distribution C, on (0,$). If C, is a coherent fiducial distribution or a Bayesian posterior

distribution, ¢, (#) is called a coherent fiducial density or a posterior density, respectively, for all 6 € ©.

2.2 Ideal hierarchical distributions

Many recent empirical Bayes estimators are based on the following hierarchical two-component mixture model
of a data set that has been reduced to a single scalar statistic for each of N null hypotheses (Efron, 2010).
Examples of such statistics include test statistics, p-values, and, as in Efron (2004), probit transformations of
p-values. Let 7 : X — R denote a X-measurable map, let fo and f; are probability density functions (PDFs)
corresponding to the ith null and alternative hypotheses, respectively, and let w9 € [0,1] and 7 = 1 — 7.
For all i € {1,...,N}, let A; denote a Bernoulli random variable such that P (A; = a) = m, for a = 0,1,
and x; € X, the observed statistic ¢; = 7 (x;) associated with the null hypothesis that 6; = 8y is assumed to
be a realization of the random statistic T; of probability density fy with probability my and of probability
density f; with probability 1. Thus, each T; has a marginal probability density function f such that f (t) =
mofo (t) + w1 f1 (t) for all ¢ € T. The corresponding N-tuples are t = (¢1,...,tx) and T = (T1,...,Tn).
The local false discovery rate (LFDR) for the ith statistic is defined as the Bayesian posterior probability

that the ith null hypothesis is true (Efron, 2010):

7o fo (ti)_

v =P (A =0T, =t;) = )

(3)

For each i =1,..., N, Bickel (2012b) used the posterior probabilities of hypotheses’ truths to define the

random variable ¥; to be equal to some 0y € © if the ith null hypothesis is true or to be distributed with



density function c¢,, otherwise:
Y ~ Cly) = P(A; =0T; =t;) 00 + P(A; = 1|T; = t;) ¢z, = Y30 + (1 — ¥5) sy (4)

where g is the Dirac delta function with 100% probability mass at 6y. Thus, fH cr) (0)do = i1y (0) +
(1 —i) [5, €z, (0) dO for any H € $, where 13 () indicates whether 6 € H.

Since the distribution of ¥; may be constructed from purely inferential distributions such as confidence
distributions or default priors, its uncertainty does not necessarily represent physical variability in the system
of study, as would be the case if the data were generated from ¢;. Rather, it is based on the principle that
if ¢f;) would be the certainty distribution from which inferences or other actions would be derived were it
known that A; = 0, then the conditional certainty distribution determining actions must be equal to cy;
conditional on A; = 0. This would be ensured by minimizing expected loss with respect to cf;, called the
ideal hierarchical density function, in the same way that posterior expected loss is minimized with respect to
Bayesian posterior densities. The PDF c;) is “ideal” in that it is unknown because my and f; are unknown.
Alternatively, cj; may be treated as a Bayesian posterior density function for the construction of set estimates

such as fixed-tail interval estimates.

3 Empirical Bayes distributions and set estimates

3.1 Plug-in hierarchical distributions and set estimates
3.1.1 General plug-in concepts

The unknown probability my and the unknown alternative hypothesis PDF f; may be estimated by 7y and
fl, respectively. By substituting 7y and ]?1 into equation (3), this yields zZZ as the point estimate of ;,
the LFDR. The ideal hierarchical density function cf; is then replaced by the plug-in hierarchical density

function

Cp) = 1@'50 + (1 - 1@) Cays

defined by substituting ¢; for ¥; in (4). Bickel (2012b) made that substitution under the special case of a

“theoretical null” histogram-based estimator of the LEDR (Efron, 2007). Sections 3.1.2 and 3.1.3 give other



special cases.

A (1 — &) plug-in hierarchical set estimate is a set ém (1 — ) such that fam(lfa) i) (0)df = 1 — « for
any a € [0,1]. A example of such a set estimate for scalar parameters of interest is the (1 —a) fized-tail
interval [@ (B1),0; (B2)], defined such that 0 < By < Bo <1, Ba— B =1 —a, and B = f ¢y (0) 9 for
all 8 € [0,1]. In other words, 9; is the quantile function of the random variable Uy ~ Eh (Bickel, 2012b).
The interval estimate is called equal-tailed if 5y =1 — B = /2.

The (1 — «) highest density sets defined such that
01 ¢ Cliy (1 —a),02 € Ciyy (1 —a) = Ty (1) < Ty (62)

apply to vector interest parameters. However, they lead to 6y € 6[1-] (1 — @) with probability 1 for all
i=1,...,N unless @ = 1, mp = 0, or there is a § € O such that ¢, (#) > 0. Thus, a highest density
set is not necessarily connected. A separation between the portion of the set estimate at 3 and a portion

corresponding to f; may be advantageous (Efron, 2010, §11.4).

3.1.2 Hierarchical distributions based on maximum likelihood estimation

A simple class of parametric models of dimension D > 2 assumes there are parameter values &,...,£p_1 in
some set Z and a family {g (e; &) : £ € E} of probability density functions on R such that f; = g (e;¢;), with
& known and &; unknown for j = 1,...,D — 1. There are also unknown parameters m,...,7p_1 € [0, 1]

such that Zf;ol m; = 1. The mazimum likelihood estimate (MLE) of ((mo,...,mp-1),(&0,...,&p=1)) is

((%Oa"W%D—l)7(217"'7ED—1)> = arg sup L((ﬂ-oﬂ"'vﬂ-D—l)7(517"'7£D—1);t);

70D 1€[0,1],61,.,€p 1 €Z: T Pt =1

>}
—

N
L((’n—O?'--;7TD71)7(€1)"'7£D 1 H ;g t27£j) (5)

=17

I§
=

On the basis of equation (3),

v D—1~
Z] -0 ;9 (tz7§3)

JMLE _ Tog (ti; o) (6)



is considered the MLE of ;. Using three different families of densities, Padilla and Bickel (2012), Yang et al.
(2013a), and Yang et al. (2013b) evaluated its performance relative to other point estimators of the LFDR
for D = 2. This two-component MLE had been extended to arbitrary numbers of components (Pawitan
et al., 2005; Muralidharan, 2010; Bickel, 2014).

Using any LEDR MLE ¢MLE as ¢; in Section 3.1.1 yields an MLE hierarchical density function and the
corresponding (1 — «) MLE hierarchical set estimates. The following theorems indicate conditions under

which the proposed methods degenerate to standard eclectic practice.

Theorem 1. Consider the class of models given by Section 3.1.2 and the family {g (e;§) : £ € E} consisting
entirely of continuous density functions, where Z is a continuous vector space. If N = 1, then the MLE

hierarchical set estimates are the same as the nested confidence sets with probability 1.

Proof. By the assumptions that the density functions and = are continuous, 7o = 0 with probability 1. Thus,

$MLE = 0 with probability 1. -

i
3.1.3 Hierarchical distributions based on a hyperparameter confidence limit

Let 7o (1 — ;@) denote any function such that 7y (1 — &; T) is a random variable satisfying
Pry 60,61 (To(1—&T)<mp) =¢ 7)

for all e,mp € [0,1] and &p,& € E. It follows that [0, 7y (1 — ;)] is an observed (1 — €) confidence interval
of my. This, in analogy with equation (6), suggests
o (1 —e5t) g (ti:6)

vi(1—e) = - ~ = (8)
To(l—gt)g(ti:80)+ (1 =70 (1 —&5t)) g (ti; §1>

with € < 1/2 as a conservative estimate of the LFDR of the ith test. Substituting i (1 —¢) for ¥; in
Section 3.1.1 defines a (1 — ¢)-limit hierarchical density function and the corresponding (1 — «) (1 — €)-limit
hierarchical set estimates.

Approximate confidence intervals for my may be computed using estimates of the variance of 7 estimators

bootstrap estimates of the variance of my estimators. Such variance estimates have been determined by



bootstrapping (Lai, 2007) and by a step-down procedure (Owen, 2005). The method presented in the

following example instead relies on first-order likelihood theory.

Example 1. Under the model of Section 3.1.2 with & known (2 = {£}), the likelihood root statistic is

r (mo;t) = sign (Tg — 7o) \/2 (In L (p, &1;t) — In L (70, &15t))

where L (79, &1;t) = Hfil (mog (ti;60) + (1 — o) g (ti;€1)), simplifying equation (5) for the D = 2 case. Since
7 (mo; T) is asymptotically N (0, 1) under the usual regularity conditions, the resulting interval {my € [0,1] : 1 — @ (r (mp; t)
is an approximate (1 —¢) confidence interval of 7y, where @ is the distribution function of N (0,1). Thus,

for use in equation (8), let

7o (1 —e;t) =sup{mp € [0,1]: 1 — ® (r (mo;t)) > e} = 7" (@*1(1—5);13).

3.1.4 Hierarchical distributions based on an expected LFDR

For simplicity, consider the mixture model of Section 3.1.2 but with & known, and assume 7y (1 —¢; T) is a

continuous random variable. The probability distribution K defined by
Ky (WO <o (1 - €;t>) = Pry 061 (%0 (1 - & T) > 71—0) )

where wy ~ K, is a coherent fiducial distribution for 7y (§2.1.2). By equation (7), K¢ (g < g (1 —&3t)) =
1—e, that is, o (1 — &;t) is the (1 — &) quantile of the random variable twg. Thus, equation (8) implies that

@ (1 —€) isthe (1 — ¢) quantile of the LFDR random variable ¥; (tog) = wo fo (t:) / (wo fo (t;) + (1 — o) f1 (),
defined by substituting g for my in equation (3). Since Ky is defined for the observed value t, the distribution

of ¥; (wy) is defined with t fixed.

The expected value of W, (wwp) with respect to Ky is Et (¥; (o)) = [W; (mo) dKy (m0). This expected
LFDR (ELFDR) is a fiducial-Bayes posterior probability that the ith null hypothesis is true. Substituting
E; (¥; (wy)) for 1@ in Section 3.1.1 defines an ELFDR hierarchical density function and the corresponding
(1 — «) ELFDR hierarchical set estimate. Under asymptotic normality, the ELDFR may be approximated

by a simple function of a point estimate of the LFDR and an estimate of the logarithm of the LFDR (Padilla



and Bickel, 2012).

3.2 Propagated hierarchical distributions and set estimates

In this section, the confidence intervals of Section 3.1.3 and the coherent fiducial distribution of Section will
be used to construct a coherent fiducial distribution of the LFDR for the propagation of error according to
the framework of integrating with respect to fiducial distributions that is described in (Bickel and Padilla,
2014). In contrast with previous uses of confidence distributions for the propagation of the uncertainty of
false discovery rates (Padilla and Bickel, 2012; Bickel, 2013) and the plug-in methods of Section 3.1, the
uncertainty will be propagated according to the laws of probability all the way to the interval estimates.
Putting the coherent fiducial distributions c,, and K together, the random variable corresponding to
the parameter of interest is not the ¥; of equation (4) but rather is 9; (), which is distributed according

to the propagated hierarchical density function defined by
@; (wo) do + (1 — ¥; (wo)) Ca,

the mixture probability density function with components dp and ¢, and with random mixing proportions
U, (wp) and (1 —¥; (wp)). As above, the observation t is fixed, with the randomness coming through wy
and through the mixture in terms of the posterior probability ¥; (wg) that the ith null hypothesis is true.
In analogy with Section 3.1.1, let 0; denote the quantile function of the random variable ¢; (wg), yielding
0; (1 — €) as the (1 — €) quantile of ¥; (wwo) for any € € [0,1]. The (1 — a) propagated hierarchical set estimate
defined as |6; (B1), 0, (62)} contains ¥; (zg) with fiducial-Bayes posterior probability 1 — «a = 2 — 3. Since
wo = 7o (U; t) for the random variable U uniform between 0 and 1, realizations of ¥; (wy) and then of ¥; (wo)

may be generated repeatedly by Monte Carlo, with the resulting 8; and (2 empirical quantiles serving as
y g p y by ) g p q g

numeric approximations of 0; ($1) and 0; (B2), respectively.

4 Application

A study was conducted across 8 exam sites to study the effect of a training program on student test scores.

Rubin (1981) reported the mean and variance of the SAT score differences between students participating in
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Figure 1: Upper and lower equal-tail 95% confidence limits of the expected test score difference for Site
A (left panel) and Site B (right panel) according to nested confidence sets (dotted black; §2.1.1), MLE
hierarchical set estimates (dashed black; §3.1.2, Example 1), 75%-limit hierarchical set estimates (solid gray;
§3.1.3), ELFDR hierarchical set estimates (dashed gray; §3.1.4), and propagated hierarchical set estimates
(solid black; §3.2, via 1000 Monte Carlo draws) versus N, the number of test sites in the data set considered.

the program and non-participants for each exam site. The standardized mean difference for the ith exam site
is assumed to have been drawn from N (6;,1) with 6; unknown. To determine the effect of N, the number of
sites, on the interval estimates, 8 data sets were generated: Site A alone (N = 1), Sites A-B (N =2), ...,
Sites A-G (N =T7), and Sites A-H (N = 8).

The hierarchical model of Section 3.1.2 uses fo = g (#;0) and f; = g (e;2), the normal probability density
functions of unit variance and means 0 and 2, respectively. (For simplicity of exposition, £&; = 2 is assumed
as if it were known.)

Equal-tail 95% interval estimates for the various methods considered are displayed as Figure 1. The three
hierarchical set estimates appear similar to the nested confidence interval when the numbers of site in the
data set is lower. At one extreme, the nested confidence intervals have no shrinkage. At the other extreme,
the 75%-limit hierarchical set estimates exhibit excessive shrinkage toward 0, the null hypothesis value. The
MLE hierarchical set estimates, the ELFDR hierarchical set estimates, and the propagated hierarchical set
estimates strike a happy medium, with the latter two methods exhibiting less sensitivity to the number of

sites.
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