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Abstract

To achieve high rates of compression. the MPEG video compression standard provides
methods for reducing both spatial and temporal redundancies in video data. The key
step in lowering spatial redundancies is the application of the two-dimensional Dis-
crete Cosine Transformation, while calculation of motion vectors is vital for temporal
dependence reduction. Both the DCT coefficients and motion vectors can be used
to provide information about the video data itself, without actually viewing or even
completely decompressing the original data.

After discussing different models for background noise, statistical hypothesis tests
are developed to detect either the presence or motion of an object in a small area of
one picture in the video sequence using either the DCT or motion vector data. The
hypothesis tests are then combined into a unified cumulative sum procedure, based
on the p-values of the hypothesis tests, which will signal an alarm at the point in time

when an object appears in the video under investigation.
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Chapter 1

Introduction

1.1 Motivation

Over the years ultrasound imaging has become a technique popular with medical
health professionals for performing safe and non-invasive diagnoses and monitoring.
For example, ultrasound examinations of a foetus during gestation, echocardiograms
of the heart, ultrasound prostate examinations as well as general abdominal imaging
have all become standard medical procedures.

The application motivating this work is the use of cardiac ultrasound videos, often
called echocardiograms in the medical community, during a type of knee surgery.
During this procedure, a tourniquet is placed around the patient’s leg above the knee
and the surgery is performed. When the tourniquet is removed, pieces of debris enter
the bloodstream and can be seen traveling through the heart in the echocardiogram
image. Monitoring the presence of this debris is vital, as after moving through the
heart, it may enter the coronary arteries, potentially causing blockages and even
cardiac arrest. The treatment team must be prepared to handle these possibilities.

Now suppose, for example, a new drug is developed which is believed to reduce
the amount of debris that enters the bloodstream. A statistical analysis would be
appropriate to determine if this is actually true. A standard approach would be to
develop a clinical trial that would measure the effectiveness of the drug by estimating

the proportion of patients who experience cardiac arrest. This has two disadvantages.
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First. the sample size required to detect a shift in probabilities may be large. For
example, a 95% confidence interval for a population proportion of total length 0.03
would require 4269 subjects. Second, the data in such a trial ignores the actual
amount of debris observed in the ultrasound images and consequently may be rather
insensitive to departures from the null hypothesis. It would seem reasonable to believe
that more debris in the heart implies a greater risk of cardiac arrest. Thus we are led
to consider using the ultrasound videos themselves in a test of efficacy.

Examining ultrasound recordings directly may initially seem very time consuming
and unreasonable but new technology has made this proposition feasible. Tradition-
ally, ultrasound recordings have been captured on magnetic video cassettes. Recently,
however, systems for storing ultrasound videos on computers in MPEG compressed
format have become available. This change in storage medium should be expected to
occur in other areas of medical and industrial imaging. Details about the mechanics
of MPEG technology are discussed in Chapter 2.

In proposing an alternate analysis method of MPEG video data, it is desired to
avoid approaches that demand that each case be individually modelled and separately
examined. Such methods are time-consuming and costly, and would be inadequate
for analysing the quantity of data that is generated.

Ideally, a statistical analysis procedure using ultrasound recordings directly would
be automated and employ a combination of image processing methods including pat-
tern recognition and image analysis, to complement the statistical analysis proce-
dures. One of the important steps in such a process would be to determine the point
at which debris enters the heart. This is actually a very challenging problem for
several reasons. There is significant error in the image, which is already of somewhat
low resolution. Moreover, it is necessary to be able to distinguish between the moving
heart and the actual objects of interest, the debris.

The goal of this thesis is only to solve part of the above problem. Specifically, we

will answer the question:

Is it possible to determine when an object is moving across the field

of view when the image is corrupted with noise, simply by examining the
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corresponding compressed MPEG data!?

Multiple models of background noise will be considered, including independent nor-
mally distributed random noise. and several, temporally and spatially correlated,

block-averaged noise models.

1.2 OQOutline

Chabter 2 describes the mechanics of the MPEG compression algorithm. A basic
description of ultrasound technology and known facts about errors in ultrasound dis-
plays are the topics of Chapter 3. Simulation and the modelling of noise are discussed
in Chapter 4. Chapter 5 provides a more detailed examination of the Discrete Cosine
Transformation used in MPEG compression and explains hypothesis testing within
I-frames. Hypothesis testing in P-frames is the topic of Chapter 6. Finally, in Chap-
ter 7, the hypothesis testing methods are combined into a cumulative sum procedure
for detecting the movement of an object in an MPEG video. Conclusions and sugges-
tions for further research may be found in Chapter 8. An introduction to entropy is
contained in Appendix A, and selected computer programs used in simulations may
be found in Appendix B (Matlab code) and in Appendix C (C++ code).

1.3 Contributions of This Thesis

With the proliferation of digital video and faster hardware, it is plausible that in the
near future real time analysis of video data will be possible. This thesis provides
a first step in this direction, by developing a procedure to detect the presence and
motion of an object in what is, effectively, compressed video data. Simulation is used

to gauge the effectiveness of the proposed method.

Here, the term “MPEG data” must be explained. As is outlined in Chapter 2, the final step in
any MPEG encoding algorithm is lossless variable length coding, and is not appropriate for analysis.
Therefore, we must either reverse this encoding (which is possible since it is lossless) or perform the
analysis before it is done.



Chapter 2

An Introduction to MPEG

Officially, the acronym MPEG stands for Motion Pictures Experts Group, a joint
committee of the International Standards Organization (ISO) and the International
Electrotechnical Commission (IEC)[15]. Colloquially, MPEG refers to a compression
standard for synchronized video and audio data. In fact, one needs to be more specific.
MPEG-1, officially known as ISO Standard 11172 “Coding of moving pictures and
associated audio—for digital storage media at up to about 1.5 Mbits/s,” is the stan-
dard used in video CDs and MP3 players. MPEG-2, ISO Standard 13818 “Generic
coding of moving pictures and associated audio,” was developed for use with digital
television and DVD players, and MPEG-4 is the standard for Internet multimedia.
Currently, work is in progress on MPEG-7, described officially as a “Multimedia Con-
tent Description Interface” and its purpose is to enable searches of image archives.
Only the video aspect of MPEG-1, hereafter referred to simply as MPEG, will be
discussed in this paper.

MPEG is a lossy compression scheme! that takes advantage of temporal and spa-
tial redundancies in video, as well as the nature of the human audio-visual system,

to greatly reduce the bandwidth required to transmit video and the size of a stored

LA lossy compression scheme is one in which data is thrown away during the compression process.
Thus, the original data can not be exactly reconstructed from the compressed bit stream. Conversely,
lossless compression algorithms are completely reversible. However, MPEG's lossy nature does not
necessarily imply that there is a perceptible difference between the original video and the MPEG
encoded one. Attempts are made to only discard information not processed by the human audio-
visual system.
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video file. Video is a sequence of still frames and between successive frames there is a
high probability that much of the picture will remain essentially the same. Within a
given picture, the chances that adjacent pixels are the same colour is also very high.
Thus, within video, there is much redundant information. A video compressed using
MPEG achieves high levels of compression by attempting to discard the maximum
amount of data, while maintaining the ability to reconstruct the video with a minimal
amount of error.

It is important to note that MPEG standards do not actually describe how to
encode video. Only an MPEG compliant bit stream is described, and the steps
that must be taken to decode it. However, it is more intuitive to first understand the
process by examining how video is encoded. A good introductory work on the MPEG
process is Symes [22], while more detailed analysis may be found in Watkinson [24]
and Haskell, Puri and Netravali [7] as well as Bhaskaran and Konstantinides [1].

In Section 2.1, general techniques of compression that are applied in the MPEG
algorithm are outlined. The representation of raw digital video data is described in
Section 2.2. The details of MPEG spatial compression are covered in Section 2.3,

while motion compensation specifics are found in Section 2.4.

2.1 Techniques of Compression

There are four general techniques that are employed by the MPEG standard to achieve
data compression: data decorrelation, differential predictive encoding, quantization,

and variable length lossless encoding.

2.1.1 Data Decorrelation: The Discrete Cosine Transforma-
tion

The concept of data decorrelation is most easily explained by first considering a
data set that consists of simply a one-dimensional series of numbers. Sometimes,
information that would take many data points to represent in one domain can be

represented with significantly fewer data points in another domain. For example,
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suppose it is desirable to transmit a sine wave. Consider using a method whereby
every second a number corresponding to the value of the curve at that point in time is
transmitted. With only this information, it will take many data points to accurately
describe this curve. However, since it is known that a sine wave is being transmitted,
if the period, amplitude, and phase shift are known, these can be used to deduce
the characteristics of the complete signal. This transformation of the data from one
domain to another allows a much more compact representation of the signal. The
original series of values of the curve at particular points in time, that is, the set of
data points in the time domain, was highly correlated, and required many points to
give an accurate description. The transformed data points, that is, the set of data
points in the frequency domain, give values that are completely independent and thus
permit the representation of the data with a much smaller amount of information.
This is the essence of data decorrelation: removing dependencies from data so that
all of the data may be represented using a minimum number of points.

The best known method to shift from the time domain to the frequency domain
is the Fourier transform. This same concept may be applied to images, using a
two-dimensional Fourier-like transform, the Discrete Cosine Transformation (DCT).
MPEG (as well as JPEG?) uses the most common of the four forms of the two-

dimensional DCT,? a transform which is applied to square matrices.

Definition 2.1 (Two-Dimensional Discrete Cosine Transformation) Let z be
an N x N matriz of input values, indezed from 0 to N — 1, where z;; represents the
(i,)th entry. Let G be the Nx N matriz of discrete cosine transformed values, indezed
from 0 to N — 1, where Gy represents the (k,l)th entry. Then the two-dimensional

discrete cosine transformation values are given by

N-1N-1 .
(2t + 1)k w(27 + 1)L
le —ckcl E E Ti; COS ( ON ) CoSs (-——27— s

i=0 j=0
20fficially, JPEG stands for Joint Photographic Experts Group, but the acronym has come to

refer to the standard for encoding still pictures developed by this committee.
3For an excellent in-depth analysis of all four variants of the DCT transformations, see Rao and

Yip [19].
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where

l -
L n=0
o=l 7 ifn
1 otherwise.

A more compact representation of the DCT uses matrix notation. MPEG applies
the DCT on 8 x 8 matrices, so let .V = 8. Let G be the 8 x8 matrix of DCT coefficients,
r be the 8 x 8 matrix of input values, and T be the following 8 x 8 matrix:

cos (&) cos(3Z) cos(3) cos(¥E) cos(3F) cos (X2) cos(82) cos (1EF)
cos(7) con(%) cos (%) cos(E) cos(%) cos(HE) cos(HE) cos (1)
cos (32) cos (%) cos(LF) cos(3]F) cos (Zx) cos (3) cos(BF) cos (£F)
co(5) cos () cos(%) cos(E) cos(2F) cos (UF) cos (1) con ()
cos (32) cos (X) cos(ZZ) cos (3E) cos (TF) cos (3r) cos (%) cos (LX)
cos () cos (%) cos (E) cos (BE) cos(ZE) cos (BE) cos(3F) cos (47)

| cos (IZ) cos (3F) cos (32) cos (¥Z) cos (82) cos (Tx) cos(2Z) cos (H2E) |

Then, the DCT transformation is given by
G =TzT".

The “DCT coefficients,” G, can be thought of as the proportions in which the
DCT basis functions, shown in Figure 2.1, need to be added to yield the original
picture. Figure 2.2 provides images of several 8 x 8 matrices, and the corresponding

transformed matrices.

In general, transforms of the form TMT* are easily seen to be linear, and thus
can be represented by a single matrix multiplication, the standard notation for lin-
ear transforms. For the two-dimensional DCT, this change from one representation
to another is most compactly written through the use of the Kronecker product of

matrices, often denoted by A ® B.

Definition 2.2 (Kronecker Product) Let A be an m x n matriz and B be apx g



AN INTRODUCTION TO MPEG

CHAPTER 2.

H

I0E RIE
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Figure 2.2: The effect of the DCT on some 8 x 8 matrices.
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matriz. Then A ® B s given by the mp x nq matric
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Now to rewrite the DCT in the form of a single matrix multiplication, we need to
first represent our data in column vector format. Define G to be the transpose of the
concatenation of the rows of G, and define £ in the same way. It is not too difficult
to see that the single matrix required to represent the DCT in this case, call it T.is

just the Kronecker product of T with itself, that is,
T=T®T.

So now, the DCT can be written in the form G = Tz, where G is a column vector
of the DCT coefficients of length 64, T is a 64 x 64 matrix, and & is a column vector
of the input values of length 64.

The DCT is reasonably effective at decorrelating data because, in a certain sense,
it is asymptotically equivalent to the Karhunen-Loeve Transform, the transform which
completely decorrelates Markov-1* data.® In particular, in the one-dimensional case,
if the signal is given by a mean-zero, Markov-1 process, which consequently has
covariance matrix [Z];; = p!*™7, then the DCT is asymptotically equivalent to the

Karhunen-Loeve Transform as p — 1, (see Rao and Yip, pp. 36-38 [19]).

2.1.2 Predictive-Difference Coding

The purpose of predictive-difference coding is to transform the data into a domain
on which lossless compression techniques are more powerful. Entropy is a measure of
the amount of uncertainty in an observation and the key to achieving high lossless

‘Here Markov-1 means a Markov chain in which dependencies go back only one step in time.
5The reason the Karhunen-Loeve Transform is not used is because it is completely dependent on
the data; its transformation matrix consists of eigenvectors of the covariance matrix of the original

data.
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compression lies in reducing data entropy.® The goal of predictive-difference coding
is to make some syvmbols much more likely than others, and thus reduce the source
entropy.

The method of predictive-difference coding is quite general and can be applied
in several situations where numbers are being encoded. The basic idea is to make
an educated guess of what the next value to be encoded should be, and then just
encode the difference between this predicted value and the actual value. The process
begins by specifying the starting value, that is, the first element in the sequence to
be encoded. Then, a deterministic method is used to make a prediction for the next
value in the sequence using this initial value.” This prediction is then subtracted
from the actual value of the next number. If the prediction algorithm is effective, this
difference value should be somewhere near zero.

It is entirely possible for the prediction to be very wrong. But, assuming the
prediction algorithm is reasonable, the probability of this happening will be reason-
ably low, and the quantity of numbers near zero in the encoded sequence will have
increased. Thus, the entropy of this new sequence will be lower than that of the
original.

Furthermore, the original sequence is recovered by simply reversing the process.
Given the starting value, the next number in the sequence is predicted using the
prediction algorithm. But this prediction is known to be incorrect, by exactly the
amount that was transmitted in the encoded sequence of error values. So the error
value is added to the predicted value to give back the original number.

Predictive-difference coding is easily illustrated with a simple example. Suppose
the sequence {3, 10, 99,9801, 96059602} is to be encoded. The starting value is 3 and
a reasonable prediction algorithm would be that the next number in the sequence is
the square of the number preceding it. So the predicted value for the second element
is 9, which is subtracted from the actual value 10, to give the encoded value 1. The

60ne of the more significant results in information theory is that the average length of a uniquely
decodable code can be no lower than the source entropy. For a proof of this fact, and details about
entropy, see Appendix A. A good text on information theory and Shannon'’s theorems is Cover and
Thomas(4].

7This procedure may be generalized to use several values in the prediction.
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prediction for the third sequence element is 100, which is subtracted from the actual
value of 99 to give -1. The fourth predicted value is 9801, which when subtracted
from the actual value gives 0. The final predicted value is 96059601, and subtracting

this value from the actual value vields 1. So the encoded sequence is
{3,1,-1,0,1}.

Decoding is equally simple. 32 = 9,9 + 1 = 10. Next, 102 = 100, 100 + (—1) = 99,
992 = 9801, 9801 +0 = 9801, and finally, 98012 = 96059601, 96059601 + 1 = 96059602.

2.1.3 Variable Length Lossless Coding

Often is it possible to achieve some data compression through coding schemes that are
completely reversible. Predictive-difference codes, and the DCT are both reversible,
but do not actually guarantee data reduction. The final step of any MPEG encoding
process involves using lossless codes to achieve additional compression. Two main
types are used: modified Huffman codes and run-length codes.

A modified Huffman code is used to assign shorter bit length code words to se-
quences that occur with high frequency. The original Huffman coding algorithm
is best explained with an example. Suppose the random variable X has outputs
{1,2,3,4,5,6} with probabilities {0.5,0.2,0.15,0.1,0.025,0.025} respectively, and we
wish to develop a binary code for data compression with the shortest possible average
codeword length. Such a code should assign the longest codewords to 5 and 6. In
fact, for an optimal code, these codewords must be the same length, and need only
differ in the last bit. To actually make the Huffman code, group symbols 5 and 6
together to form a new symbol, with probability 0.025 + 0.025 = 0.05 of occurring.
Repeat this process of grouping the symbols with the smallest probabilities together
to construct the binary tree shown in Figure 2.3. The codewords can then be read
off directly (from right to left) from this diagram.

Run-length codes take long sequences of the same symbol z of length n, and
replace them with a shorter codeword that means “insert n z's here.” For example,

the sequence
2,2,2,2,2,2,4,5,3,4,3,3,3,3,3,3,3,3,3,3
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Symbol Codeword
| 0
2 10
3 110
4 1110
5 110

6 e

Figure 2.3: Binary tree used in creating a Huffman code.

could become
R2.6,4,5,3,4, R3,10

where the first symbol after the R is the one to be repeated and the second is the
number of times to do the repetition.
Usually, run-length coding will be done before Huffman codes are applied.

2.2 Pixel Representation

Ultimately, video data is a sequence of pixel values, describing how each point should
appear on the display screen. For a full appreciation of the MPEG compression
scheme, it will be necessary to understand how exactly these pixel values are repre-
sented.

Individual colour digital pictures are usually stored in the RGB colour format,
where each pixel’s colour is represented by three numbers corresponding to the amount
of red, green and blue light. Thus, a picture with dimensions 16 x 16 pixels would
require one 16 x 16 matrix of R values, and two additional 16 x 16 matrices for the

G and B values. Digital video is usually stored in the luminance-crominance system,
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YCbCr. Each pixel is still represented by a triplet of values, but each component has
a different interpretation. Y represents the grev-scale portion of the image. a black
and white version of the original picture, and Cb and Cr contain all of the colour

information.
The transformation from one colour space to the other is a simple linear relation-

ship. given by:

Y 0.299 0.587 0.114 R
Cb | =| —-0.169 -0331 0.500 G
Cr 0.500 -0.419 -0.081 B

The transform to YCbCr space is not part of MPEG encoding, but is performed
on many digital videos to achieve data reduction. Because the human visual system
is more sensitive to changes in the brightness of a picture than in its colour, every
other value in the crominance portion of the pixel representation may be discarded,
without any noticeable changes in picture quality. Thus, in one 16 x 16 array of pixel
values, there are four 8 x 8 arrays representing the luminance, Y, but only two 8 x 8
arrays for the crominance Cb, and two 8 x 8 arrays for the crominance Cr. This is
the 4:2:2 standard. and is the most common. The 4:4:4 standard contains all eight
crominance arrays.

In this thesis, because the original motivation was black and white ultrasound

images, macroblocks will be assumed to contain luminance (Y) blocks only.

2.3 Spatial Compression

Having examined basic data compression techniques, we are now in a position to
explore MPEG-specific details. There are two fundamental types of compression in
the MPEG algorithm. Compression to reduce redundancies within one picture, spatial
compression, is the topic of this section. Compression to reduce redundancies between
different pictures, temporal compression, is the focus of Section 2.4.

As noted above, video is just a sequence of pictures or frames,® displayed in

rapid succession, usually 30 frames per second, each of size about 250 x 350 pixels.

8The words picture and frame will be used interchangeably.
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Figure 2.4: The decomposition of video.

Spatial compression is performed on the level of the picture and attempts to remove
extraneous information from the picture. Each picture is first divided into a grid of
16 x 16 pixel macroblocks. Each macroblock contains subarrays of 8 x 8 blocks. As
outlined in Section 2.2, each macroblock consists of four blocks of luminance values
and usually two blocks of each type of crominance values. Adjacent macroblocks
(and thus all of their luminance and crominance sub-blocks) are grouped together
into slices. A slice may be as small as one macroblock, or as large as an entire
picture. Several sequential pictures. usually from 10 to 30, are grouped together to
form a Group of Pictures or GOP. See Figure 2.4 for an illustration of these concepts.

Spatial compression on one frame begins with attempts to decorrelate data. The
DCT is applied to each of the eight blocks contained in a macroblock of pixels. The
data is taken from the spatial domain, to the spatial frequency domain and is now
represented by a set of DCT coefficients which describe in what proportions the DCT
basis functions (Figure 2.1) need to be added together to produce the original picture.

These DCT coefficients are now transformed into a linear sequence using a zig-zag
scan pattern, as illustrated in Figure 2.5. This pattern was chosen to maximize the

probability of long sequences of zeros, and thus run-length encoding will be more
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Figure 2.5: The zig-zag scan pattern of the DCT coefficients in a block.

effective on the resultant sequence.

The process of applying the DCT followed by the zig-zag scan is repeated for all
macroblocks in a slice. Then, the DCT coefficients of all macroblocks within a slice
are considered together. This is because for the purposes of image reconstruction,
not all DCT coefficients are of equal importance. The top left DCT coefficient,
corresponding to the cosine spatial frequency of zero, is called the DC (direct current)
coefficient. The DC coefficient represents the average pixel value across the whole
block, multiplied by a constant. If these DC coefficients were to be corrupted, the
reconstructed picture quality would suffer dramatically. Thus, DC coefficients must
be losslessly encoded.

So, all DC coefficients from a slice are grouped together and losslessly compressed
separately from the other coefficients, using predictive difference techniques and vari-
able length codes. Predictive differencing techniques make sense for DC coefficients,
because it is expected that the average pixel values for a given macroblock will be
highly correlated to the average pixel values of neighbouring macroblocks. Thus, rea-
sonable prediction algorithms can be formed. However, these techniques on the DC

coefficients alone are not sufficient to achieve significant data compression.
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Applying the DCT does not in itself achieve data reduction. But, the data is now
in a form in which some of it can be judiciously discarded, with negligible effect on
the reconstructed picture quality. The method of choice for data elimination is quan-
tization, which is in fact the only significant lossy component of MPEG compression.

Quantization is the process whereby the range of all possible values is divided
into “bins”, and all values that fall into the same bin will be reconstructed with the
same value. In essence, quantization is the process of discretizing the possible values
of the DCT coefficients. All remaining DCT coefficients in the slice (that is, all the
DCT coefficients except the DC coefficients), sometimes called the AC coefficients,?
are quantized.

Now, the quantization bins into which the AC coefficient values are divided need
not be uniformly spaced. The DCT coefficients in the bottom right hand corner,
corresponding to higher spatial frequencies and thus the finer details of the picture,
can be more coarsely quantized without a substantial degradation in picture quality.
So, each remaining element in the array of DCT coefficients is first multiplied by a
quantization factor. and then the resulting values are quantized into equally spaced
bins. The quantization factors need not remain constant throughout the encoding
session.! Finally, the resulting bit stream of quantized AC coefficients is losslessly
compressed.

In summary, to accomplish spatial compression, the DCT is applied to all blocks
within a macroblock, for all macroblocks in a slice. The DC coefficients are then

grouped together, and losslessly encoded. AC coefficients are first quantized, and

then losslessly encoded.

2.4 Motion Compensation

To achieve high compression ratios, the MPEG standard must also exploit temporal

redundancies, the redundancies between pictures. For example, in many cases, the

9For alternating current.
10p fact, it is almost certain they will not, as it is through changes in levels of quantization that

MPEG controls the rate at which data is output from the encoder. This rate control is necessary to
prevent buffer overflow or underflow.
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background from one picture to the next changes very little. The basic idea behind
motion compensation is that for a given macroblock in a picture, the closest matching
macroblock in a temporally close picture will be found, and the difference between
the two macroblocks will be spatially compressed.

Motion vectors for a particular frame are always calculated relative to another
frame. So not all frames can be encoded using motion compensation; the process
must begin somewhere. These frames that start the process off are encoded using
only- spatial compression techniques, and are called I-pictures, and are discussed in
Section 2.4.1. Frames that use motion compensation methods with respect to ref-
erence frames that occur earlier in time are called P-pictures, and are covered in
Section 2.4.2. Finally, a frame may use motion compensation methods but with re-
spect to frames that are both ahead and behind it in time. Such frames are called

B-pictures and are discussed in Section 2.4.3.

2.4.1 I-pictures

Not all pictures can be coded using motion compensation techniques, for example, the
very first frame in a video sequence. The process must begin with a base reference
picture. Thus, some pictures will be compressed by only removing spatial redun-
dancies, in the manner described in Section 2.3. Such pictures are coded only with

reference to themselves, and are called I-pictures where the I stands for intra-coded.

2.4.2 P-pictures

Finally, we are in a position to discuss motion compensation. Pictures that are coded
with reference to another picture that occurred earlier in time are called predictively
encoded or P-pictures. We can only encode P-pictures if we already have an anchor
picture already encoded, such as an I-picture or even another P-picture.

The first step when encoding a P-picture is to decode the anchor picture, that
is, the picture to be used as a reference. This is desirable because of the lossy

nature of the quantization; the decompressed picture will not be identical to the
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Figure 2.6: Forward motion vector.

original.!! Consider the macroblock to be encoded, the target macroblock. A search
of the reference picture is performed to find the macroblock that matches this target
macroblock most closely.!? If a close enough match is found, a motion vector is then
calculated which describes the vertical and horizontal displacement of the reference
macroblock from the target macroblock. This is illustrated in Figure 2.6. If no
suitable match is found, the macroblock is intra-coded.

Next, the pixel by pixel difference between the reference macroblock and the
target macroblock is calculated. If this difference is sufficiently small, then a “skip
macroblock” message is sent. Otherwise, the resulting matrix of prediction errors
has the DCT applied to it. The matrix of DCT coefficients is then zig-zag scanned,
run-length, and variable-length coded, as described in Section 2.3, except that the

DC coefficients are not treated separately. No special treatment of DC coefficients

l1However, there do exist MPEG encoders that use the original frame as a reference. They may
be software encoders that are processing multiple video frames in parallel. The MPEG standard
does not specify which picture must be used.

I2For a discussion of motion vector searching algorithms, see Section 2.4.5.
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is required, because it has been determined empirically that it is not important to

maintain an accurate average error value for reasonable reconstruction.

2.4.3 B-pictures

Searching for closely matching macroblocks in pictures that occurred earlier in time
can achieve good data reduction. However, even more efficient compression can be
achieved by also searching in a picture that occurs later in time, relative to the current
pict{lre, because the probability of finding a closely matching macroblock increases.
Pictures that are coded with reference to two such pictures are called bidirectionally
encoded pictures or B-pictures.

The process to encode B-pictures is very similar to that for encoding P-pictures.
The major difference is that two reference pictures are used, one that occurred earlier
in time, and one that will actually appear later in time. Note that this implies that
MPEG does not encode pictures in a time sequential manner. So, for B-pictures,
there may be motion vectors that point both forwards or backwards in time,'® as
shown in Figure 2.7. To achieve more data compression, B-pictures may be encoded
with more errors than I- or P-pictures, but the additional error is tolerated because

B-pictures are never used as reference frames.

13In fact, in some cases, a weighted average of two macroblocks, one from each time direction, can
be used as an estimate of the current macroblock. So a macroblock could have two motion vectors.
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Figure 2.7: Forwards and backwards motion vectors.

2.4.4 MPEG from Start to Finish

Whether a picture will be encoded as an I-picture, P-picture or B-picture may be
given by a predetermined coding pattern, or more sophisticated MPEG encoders
may determine this pattern at run time. The only rule is that every slice must begin
with an I-picture.

A schematic of the MPEG encoding process can be found in Figure 2.8, and the

decoding process is outlined in Figure 2.9.
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Figure 2.8: A simplified MPEG encoder.
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Figure 2.9: A simplified MPEG decoder.

2.4.5 Motion Vector Searching Algorithms

Because the MPEG standard only describes an MPEG compliant bit-stream, no par-
ticular motion vector searching algorithm is prescribed in the standard. However, a
few examples of possible algorithms are discussed within the standard itself [8].
There are two basic parts to any motion vector searching algorithm: the mac-
roblock matching criterion and the method of deciding which macroblocks in the

reference picture should be searched for a match.
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Two obvious macroblock matching criteria are the mean square error of the dif-
ference and the mean absolute difference of the two macroblocks.

Many searching techniques are possible. One is the simple exhaustive search of
the reference picture. This method guarantees that the best matching macroblock
will be found, but is also very computationally expensive. Although it has not been
emphasized in the current discussion, the MPEG standard allows motion vector ac-
curacy up to the nearest half-pixel. This additional accuracy is achieved by simple
linear interpolation of pixel values. Thus, a modification on the full-search to half-
pixel accuracy, is a full-search on full-pixel accuracy, with a final step of checking
the 8 closest half-pixel shifts from the full-pixel motion vector to calculate the final
motion vector to half-pixel accuracy. Not only are the number of comparisons in such
a search reduced by one-fourth, but the need for interpolation is removed.

A second type of search is the logarithmic search. Here it will be explained using
specific numbers, but the concept can be extended to fit different restrictions. The
search begins with a search grid with a spacing of 4 pixels. Comparisons to find the
closest matching macroblock at the nine points that are shifts of —4,0 or 4 from the
position of the current macroblock are performed. The search grid is then reduced
to have a spacing of 2 pixels, and is centered around the location of the previous
closest matching macroblock. Comparisons are made to find the closest matching
macroblock at the nine points that are shifts of -2, 0 or 2 away from the previous
closest matching macroblock. Next. the search grid is reduced to spacings of 1 pixel.
The closest matching macroblock from the nine that are shifts of -1, 0 or 1 away
is found. Finally, the procedure is repeated once more to find the best matching
macroblock up to half-pixel shifts. This final position determines the motion vector.
See Figure 2.10 for a pictorial representation.

A third type of search, that could reduce computation time even further is the
telescopic search. Again, a concrete example will be used to explain it. Consider the

following frame sequence shown in Figure 2.11.
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Figure 2.10: A representation of the logarithmic motion vector search.
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Figure 2.11: An MPEG frame sequence.

Arrows denote the frames with respect to which motion vectors are found.

Because the motion vectors of frames 1, 2 and 3 are found with respect to frames
0 and 4, the motion vectors for these frames are found as a group. First, all of
the forward motion vectors for frame 1 with respect to frame 0 are calculated using
some two-dimensional search (e.g. logarithmic) with zero displacement. Next the
forward motion vectors for frame 2 with respect to frame 0 are found, using the same
two-dimensional search, but this time centered around the displacement given by the
corresponding motion vector from frame 1. The same procedure is repeated for the
forward motion vectors of frames 3 and 4.

The backward motion vectors for frames 1, 2 and 3 are found in a similar manner.
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All the backward motion vectors for frame 3 with respect to frame 4 are found, with
the search centered with a zero displacement. Then the backward motion vectors for
frame 2 with respect to frame 4 are found, with the search centered at the displace-
ments given by the previously calculated backward motion vectors, and similarly for

the backward motion vectors for frame 1.



Chapter 3

Modelling Ultrasound

As the motivation of this research is ultrasound images of the heart, a discussion of
the mechanics of how an ultrasound device works and how its output can be mod-
elled mathematically is appropriate. In Section 3.1 a general overview of ultrasound
technology and image types is given. Section 3.2 describes the most common model
of background noise in ultrasound images, the Rayleigh distribution. Section 3.3 ex-
amines the second order statistics of Rayleigh distributed speckle, and Section 3.4

outlines alternate proposals for interference models.

3.1 Ultrasound Technology

In the literature, the terms ultrasound and ultrasonics are used interchangeably. Both
refer to the use of very high frequency sound waves for the purposes of obtaining im-
ages of the interior of usually solid objects. Over the years, ultrasound imaging
technology has improved dramatically, such that for many medical applications, ul-
trasound image quality rivals that of MRI and CT scans and has the advantage of
significantly decreased patient risk and discomfort. A good introduction to ultrasound
technology is found in [17]. The most complete, but somewhat technical, description
of medical ultrasound technology from its beginning to the present is Papadakis [18].

It is possible to use acoustic waves to “see” inside an object because the differences

in acoustic impedance of various types of tissues cause the incident sound waves to

26
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Figure 3.1: Schematic diagram of A-scan generation.
The amplitude of the reflected waves are detected and plotted versus time.
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be partially reflected back, in the same way that light traveling from air to water is
partially reflected!. A piezoelectric crystal, typically a synthetic ceramic, is used to
generate sound waves in the frequency range of 1 to 20 MHz. The same crystal is
then used to detect the reflected waves. The apparatus that houses the piezoelectric
crystal, or sometimes just the crystal itself, is called the ultrasonic transducer.

Originally, ultrasound transducers consisted of only one piezoelectric crystal. They
were well suited for the original and simplest type of ultrasound image, the A-scan,
or amplitude scan. For this type of display, a short pulse of ultrasonic radiation is
transmitted through the object, and the reflected echos are detected. A graph of the
amplitude? of the reflected wave versus time is plotted on an oscilloscope. Different
tissue structures can then be identified with the different peaks on the plot. See the
illustration in Figure 3.1.

One major limitation of A-scans is that only one image line may be displayed at
a time. Furthermore, the scan requires considerable skill to interpret accurately.

A more familiar type of ultrasound image is the B-scan; here the B stands for

brightness. Modern ultrasound machines allow real-time processing of B-scans such

'We have all experienced this phenomena when looking at our reflection in a pool of water.

21t should be noted that sound waves are in fact longitudinal waves with areas of rarefication and
compression, although for convenience they are usually pictured as transverse waves with peaks and
troughs.
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Figure 3.2: Schematic diagram of B-scan generation.

that a motion picture may be obtained. However, the first B-scans were still pictures.
For this type of display, the magnitude of the amplitude of the reflected wave is used
to determine the brightness of the corresponding position on the output picture, as
illustrated in Figure 3.2.

Only one line of B-mode display is produced with one pulse of ultrasound ra-
diation, but several adjacent scan lines may be combined together to form a com-
plete two-dimensional image. Originally, two-dimensional B-scans were generated
by mechanical rocking of the ultrasound transducer, or by physically scanning with
the transducer across the area of interest. Such techniques were necessary when the
transducer contained only one piezoelectric crystal. For well over a decade now, trans-
ducers have consisted of arrays of micro-sized piezoelectric crystals. Non-mechanical
methods are now implemented to direct beams through a sector scan. In all cases,

non-trivial data processing is required to construct a meaningful image.

3.2 Mathematical Model of Ultrasound Output

In this section, a model of hypothetical tissue is described and used to determine
the expected pattern of speckle or background texture that is associated with most
B-scans. Knowing the expected properties of background speckle is of particular

importance when it is desirable to detect low contrast lesions in an image.
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In general, tissue is modelled as a collection of tiny “scatterers” suspended in an
otherwise uniform medium. The speckled effect associated with ultrasound images
is hypothesized to result from the constructive and destructive interference of the
backscattered waves from these scatterers [3]. Whether or not this observed speckle
is simply undesirable background noise or actually contains some information about
the tissue involved seems to depend on the conditions under which the scanning was
performed, and the type of tissue being analysed (3] [23] [13] [21]. Scanning of an
object under identical conditions will result in identical speckle patterns. However,
if parameters such as transducer aperture, pulse length or transducer angulation are
modified the resulting speckle patterns will be different [3].

A resolution cell is the smallest unit of resolution in an ultrasound scan. The echo

detected for a particular resolution cell is represented as
5(t) = R{ae™*},

where w is the incident wave frequency, t is time, a is the complex amplitude,? a =

Ae' = a,, +1a;, and R(z) is the real part of z. Now a is the summation of all of the

backscattered echos. Supposing there are n scatterers in a resolution cell,

n
a = ZAke"b".
k=1

If n is sufficiently large, the Central Limit Theorem may be applied to yield that
a,. and a;, are both normally distributed. They are also assumed independent. It
is usually assumed that the {@:} are uniformly distributed on [0,27], and thus ay.
and a;, have mean zero. In engineering parlance, they have the circular Gaussian

distribution with probability density function (pdf),

1 ox 2 + y?
2ra? P 202 )

However, for a B-mode scan, it is the magnitude, V, of the complex amplitude
a that is used to create the grey-scale picture. So V = /a2, +a?,, and V has the

3The complex amplitude a my also be referred to as the compler phasor.

flz,y) =
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Rayleigh distribution, with pdf given by,

) = Zew{ -5z |-

The transformation from the joint normal to the Rayleigh distribution is achieved by
first transforming to polar coordinates, and then integrating out 6 from 0 to 2.
To examine the spatial dependence of speckle. we will need to examine the second

order statistics of this system.

3.3 Spatial Correlation of Speckle

The material in this section is drawn largely from the original and ground-breaking
1983 paper by Wagner et al. [23]. In this section, the Rayleigh pdf will be parame-
terized as follows:
v v?
f(v) = gexp {—2—‘1;} :

to be consistent with notation used by Wagner and other specialists. We will proceed
by first developing some general results for linear systems. Ultimately, we are inter-
ested in the statistics on the magnitude of the complex phasor that results from the
detection of the various reflected backscattered echos. However, first we will need to
develop the autocorrelation function for the complex phasor itself, which will then be
incorporated into the autocorrelation function for the phasor magnitude. It will be
argued later that the Rayleigh speckle statistics are independent in the lateral and
longitudinal directions. Thus, initial results will be for one dimension only.

Since the complex summation at the transducer face is assumed linear, the output
of the system will be given by the convolution of the input function with the point
spread function, say g(z). Let the input of our system be a(z), which are the complex
amplitudes from the scatterers detected by the transducer. Let the output be A(z).
So,

A(z) = a(z) *g(z)
/_ a(z — y)9(y) dy
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It should be noted that although we will be following Wagner’s notation, a(z) * g(z)
for convolution, the usual mathematical notation is (a * g)(z).
Denote the autocorrelation of a process X at the two points z; and z3 by Rx(zy, T2).

In the current situation, r; and z, represent two positions along a line. Recall,
Ry (zy.12) = E[X(z1)X"(z2)],

where X* denotes complex conjugation. Related to the autocorrelation function is

the autocovariance function, denoted Cx(z,z2), and defined by,
Cx(z1,12) = E[{X(z1) — E[X(2)]H{X"(z2) — E[X"(z2)]}].
A little bit of algebra shows that
Cx(z1, T2) = Rx(z1, 22) — E[X(2)]E[X"(z2)]- (3.1)
The autocorrelation of the output of our system is

Rai(z,22) = E[A(z))A (z2)]
= Ela(z) + 9(z1) - a*(z2) * °)(z2)
_ E[/ olote - vy [ a'(Z)g'(l"z—Z)dZ]

—00 -0

= /: /: Ela(y)a(2)lg(z, - y)g"(z2 - 2) dydz
= /_: (/_: E [a(g)a’(2)] 9(z1 — vy) dy) g (z, — 2)dz

[.: (.[-: Ra(y, 2)9(z1 - v) dy) g°(z2 — 2)dz

_ ( / * Ry, z2)g(z — 1) dy)  g°(z2)
= Ru(zoiza)  g(z1) * 9°(z2) (3.2)

It is possible to make some mathematical simplifications by considering the physics
of our model. We will assume that the object under investigation has resolvable

components that are slowly varying compared to the finer unresolvable microstructure
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(the minute scatterers responsible for the speckle). Then standard results in physics

permit the simplification,
Ra(Ilv-['z) = la(z:)lzua(A:z:), (33)

where z = 1, (~ 1), Az = 3 — 1y, and p,(Az) is an (unknown) function that
describes the microscopic correlation of the tissue. Wagner [23] now substitutes (3.3)

into (3.2), and performs some manipulation to claim:

Ra(z,z + Az) = [g(—Ax)la(z + Az)|?] * [pa(Az) * g*(Az)). (3.4)

If a further assumption is made that the scatterers are uniformly distributed in
the tissue (reasonable for many real-life applications) then it may be assumed that

the input a(z) is a constant, so

a(z) = a,.
Substituting into (3.4) yields,
RA(z,z + Az) = a2g(—Ax) * po(Az) x g°(Az) = Ra(Ax). (3.3)

It is now clear that this process is second-order stationary, because the auto-
correlation function only depends on Az. If it is further assumed that the tissue
microstructure is uncorrelated, that is it consists of randomly uniformly distributed
fine particles, then p,(Az) = §(Ax), the Dirac delta function. Then because

52)+1@) = [olz-nfw)dy
= 1)
equation (3.5) becomes
RA(AT) = a2g(~Az) * g*(Az). (3.6)

Denote the autocovariance function of A by C4(Az). Since the output A has

mean zero (its distribution is Normal(0, ¥)), we see from (3.1) that

Ci(Az) = Ra(Az).
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The normalized autocovariance function k(Az) will also be needed. Define

k(Az) = %ﬁ'—’;). (3.7)

Because B-scans depend on the magnitude of the complex phasor output, the

object of real interest is V' = (A%, +.42)!/2. We would like to know the autocorrelation
function for V
Ry(z,Arx) = E[V(z)V(z + Az)].

Here we will apply general results obtained by Middleton about joint moments
of Rayleigh distributed random variables (see p. 402, [12]). This requires that we
assume g(z) is an even function.

E[V™(z)V™(z + Az)] =
(2W)m+M/20 (m /2 + 1)[(n/2 + 1)
x 2 Fi(—m/2,-n/2; 1; [k(Az)[?),

where
afz ala+1)8(B+1) z_2

L3 = —_—
e Fimz) = I+ ot
= (0)n(B)nz"
= Z( )(7() 21__| .zl <1,
n=0 no

a hypergeometric function.
So, in the specific case at hand,
Rv(Az) = E[V(z)V(z + Az)]
= 20T(1+1/2)T (A +1/2):F1(-1/2,-1/2; 1; |k(Az) %)
= %zﬂ(—l/‘z, ~1/2;1; |k(AT)]?). (3.8)

We see that V is second order stationary, as Ry (z, Az) depends only on Az. Note
also the dependence of Ry on R4 through the normalized autocovariance function .
From equation (3.8) and using equation (3.1), Cv can be found.
Cv(Az) = Ry(Az) - E[V(2)]E[V*(z + Ax)]
= Ry(A7) - (E[V))®
= Ry(Az)-7¥/2, (3.9)
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Figure 3.3: Longitudinal and lateral directions in an ultrasound scan.
The longitudinal direction in an ultrasound scan is in the direction of insonification.
The lateral direction is the direction of the scan.

which follows by the stationarity of V, the fact that V' must be real and because
ElV] = /TU2.

We are now ready to begin an investigation into possible point spread functions,
g(z. z). Again, the physics of the situation will be used to simplify the mathematics. It
will be assumed that effects of the point spread function in the transverse direction will
be independent of effects in the longitudinal direction. Figure 3.3 gives an illustration
of these directions.

The independence of effects in these two orthogonal directions is reasonable, as
the physical principles that affect speckle output are distinct in each direction. In
the transverse direction, these principles are diffraction and interference effects of
coherent pressure (scalar) fields. In the range direction, it is the shape of the radio-
frequency pulse that is sent and received (although dispersion and attenuation effects
are ignored) that most greatly affects speckle output.

Longitudinal and lateral independence means that the point spread function g(z, 2)

can be written as a product,

9(z. z) = g(z) - g:(2).
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Consequently, the autocovariance function for A also factors,
CA(AI, A:) = CA:(AI) . CA:(AZ).

Known results about the physical phenomena in the range and transverse direc-
tions allow us to write down g;(z) and g.(z). In the transverse direction, approxima-
tions to the short burst of ultrasound radiation that are actually emitted are made
using continuous wave theory. The shape of the transducer face is significant. For a
rectangular aperture’ Wagner [23] states that

g(z) = Bsin?(r for 1)
(7 fozz)?
where B is a normalizing factor, f,; = D/{\z,), where D is the transducer aperture
dimension in the z direction, X is the wavelength of the ultrasound radiation, 2, is
the distance from the transducer to the focal zone, and z is the distance from the
transducer axis in the direction orthogonal to z. For a circular aperture, the function
sinc() = sin(#)/6 becomes jinc(6) = Ji(8)/6, (J, being the Bessel function of the
first kind, of order 1) and the normalizing factor is affected.

Substitution g.(z) into (3.6) yields,
Ca(Az) = Ra(Ax) = K - sinc?(n fo Ox) * sinc (7 for AT),

where K is the appropriate constant, and Az is the separation of the two points
whose autocovariance is being calculated.

Fourier methods lead to the exact result (from [23]),

K. M] (3.10)

Ca(lrz) = [,—,@] [ T T 2nfndz

In the range direction, the ultrasound pulse envelope shape is assumed to be

normal(0, 02), so

(2) = ! ex iz—
g: - 27]’0’2 p 203 .

z

4Rectangular and circular apertures were common before transducers consisted of arrays of piezo-
electric crystals. A different g,(z) would be expected for modern equipment.
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Fourier transform methods then give (from [23])
Ca(Az) = K. exp{—(Az)?/402%}. (3.11)

It has been shown that this model fits well with experimental data, collected from
B-mode scans of simulated tissue with a high concentration of scatterers [23].
The autocovariance functions can be used to determine an average speckle cell size.

Denote the average speckle cell size for phasor magnitude by Sc. which is defined as

* Cy(Az)
Se = ———d(Azx). 3.12
c= | T (Az) (3.12)
Then, using (3.9) (3.7) (3.10) and (3.12), for phasor magnitude the average speckle
cell size in the lateral direction is (from [23])

0.9396Az,
D

and by using (3.11) instead of (3.10) (from [23])

Sez =

Se: = 2.430%,

is the average speckle cell size in the longitudinal direction.

3.4 Non-Rayleigh Statistics of Speckle

Sometimes, the assumptions used to conclude that the magnitude of the backscat-
tered envelope is Rayleigh distributed are not valid. Specifically, the phases of the
backscattered echos may not be uniformly distributed on [0, 27], so the complex pha-
sor would not have mean zero. Also, there may not be enough scatterers in the tissue
to justify the application of the Central Limit Theorem to conclude that the complex
phasor has a joint Gaussian distribution.

Non-uniformly distributed phases of reflected signals result when there are strong,
isolated scatterers in the tissue. Then the detected envelope magnitude has a Rician

2,2
=Y _HEY ot
f('U) - 02 exp{ 202 }[0(02)1

distribution, with pdf
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where I, is the modified Bessel function of Oth order [13].

For the second case. in which there are not sufficient scatters to justify applying
the Central Limit Theorem., it can be shown that the magnitude of the envelope is
best modelled as having pdf given by a K-distribution, with pdf,

2c (cv
e (5

£0) = w575 (3) " Kuealew), 3 >0,

where Ky,_;(-) is the modified Bessel function of order M — 1, c¢ is a scattering
parameter related to 02, M is the effective number of scatterers, given by the relation
M = n(l + v) where n is the number of scatterers, and v is a parameter used to
describe the lack of homogeneity in the scatterers. As expected, as n — oo, (especially

n > 10) this distribution tends to the Rayleigh distribution [13].



Chapter 4
Simulation of Error

Now that the MPEG algorithm and the mechanics of ultrasound imaging are un-
derstood, attention can be focused on solving the central problem of this thesis:
development of a method of analysis for encoded MPEG video that will signal when
an object begins to move through a video otherwise filled with noise. The first step
towards this end is determining the types of noise that will be modeled.

In this thesis, the terms error and noise will be used interchangeably. Both are
referring to the corruption of the image that is somehow fundamental to the image
itself. That is, noise is what would be left if all of the parts of the image that
are actually of interest were removed. This error may result either from outside
sources such as interfering electromagnetic radiation or due to limitations of the
image producing machinery itself.

In this chapter, Section 4.1 will describe the error models that will be pursued.

Section 4.2 discusses techniques for simulating correlated random variables.

4.1 Error Models

As was discussed in Chapter 3, it is well known that ultrasound images contain speckle
that is Rayleigh distributed, and it is even possible to develop reasonable approxima-
tions to the autocorrelation function for such an image, as was done in Section 3.3.

Generating independent Rayleigh random variables is simple, but simulating Rayleigh

38
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Figure 4.1: A 160 x 160 pixel screen of Rayleigh distributed independent noise.

random variables with the autocorrelation function developed in Section 3.3 is much
more complex. Thus, we are led to also consider other plausible error distributions,
specifically, normally distributed noise, which is easier to simulate and yet has sim-
ilar characteristics to the model in Chapter 3. An image of independent Rayleigh
distributed noise appears in Figure 4.1.

The simplest error model considered here is to let all pixels in a frame be inde-
pendent, identically distributed normal random variables, with mean 0 and standard
deviation 1. A video of this type of noise appears similar to what is seen on a televi-
sion screen that is full of “snow.” An example of and image of iid normal(0,1) noise
is found in Figure 4.2. Note the qualitative similarity to Figure 4.1. It may be noted
that there are cases in ultrasound imaging, such as when a quasi-periodic structure
is being scanned, that would indeed result in normally distributed noise [23].

Image processing experts may object to permitting all real numbers as legitimate
pixel values. This is because usually in image processing digital images are assumed
to have pixel values only in the range between 0 and 1. To avoid additional complex-
ity, we will not enforce this restriction. Instead, built in features of the software used
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Figure 4.2: A 160 x 160 pixel screen of normal(0,1) independent noise.

to produce images (in this case Matlab) will be used to scale and shift the data to fit
within (0,1) before display. Thus, setting each pixel to have mean 0 and standard de-
viation 1, is reasonable, because it will significantly simplify notation and calculations
with no effect on the ability to produce images.

Probably the most questionable assumption in the above model is the indepen-
dence among nearby pixels. The source of error in one pixel is likely to affect neigh-
bouring pixels. Thus, the second type of error that will be considered is block-averaged
iid normal(0,1) noise. This is simply a type of spatial moving average.

Consider the 3 x 3 block-averaged case first. The frame of averaged pixel values
is created by averaging from a frame of independent normal(0,1) pixel values. A
given averaged pixel value is calculated by taking the sum of the 3 x 3 block of
pixels centered at that pixel’s position in the frame of independent values, and then
dividing by v/9 = 3, to maintain the same level of marginal variability as in the iid
case. Figure 4.3 illustrates this concept. The procedure is easily extended to any
m x n block, provided m and n are odd.

How block averaging will be performed along edges must be clarified. This is an
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Figure 4.3: Schematic diagram of 3 x 3 block averaging.
The pixel in the averaged frame that has the same position as the centre pixel in the
independent frame is given the value of the sum of the circled pixels divided by 3.

issue because, for example, a corner pixel only has neighbours on two sides. Because
the dimensions of a frame will be quite large, and to prevent edge effects, edges will
essentially be ignored. That is, to simulate an N x N frame with m x n block-averaged
noise. we will begin will a (N +m — 1) x (VN + n — 1) frame of iid normal(0,1) noise,
which after averaging will produce the required N x N frame, with edges that are
not a special case. Realizations of 3 x 3 and 5 x 5 averaged normal(0,1) noise can be
found in Figures 4.4 and 4.5, respectively.

Block averaging also helps to justify the use of the normal instead of the Rayleigh
distribution to model pixel values. Instead of modelling Rayleigh noise with the
autocorrelation function from Section 3.3, a plausible simplification would be to apply
block averaging to the independent Rayleigh noise. However, because of the Central
Limit Theorem and the initial semi-bell shape of the Rayleigh pdf, averaging Rayleigh
noise results in pixel values that have a distribution very close to being normal.
Figure 4.6 shows initially independent Rayleigh noise (with the o parameter equal
to 1) averaged over 7 x 3 blocks, and Figure 4.7 shows initially normal(0,1) noise
averaged over 7 x 3 blocks, which has been scaled to have the same range as the
Rayleigh image. Figures 4.8 and 4.9 show the histograms of the pixel values of each

image. It is clear that after scaling (as would be required to display the image) there
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Figure 4.4: A 160 x 160 pixel screen of 3 x 3 averaged normal(0,1) noise.

Figure 4.5: A 160 x 160 pixel screen of 5 x 5 averaged normal(0,1) noise.
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Figure 4.6: A 160 x 160 pixel screen of Rayleigh noise averaged over 7 x 3 blocks.

is little difference between these models.

With the above models, error between frames is still independent, which may
also be an unreasonable assumption. Thus, the third type of error that will be
modeled is an extension of the block-averaged error to include averaging in the time
dimension. Thus, a particular pixel value is determined by taking the sum of at least
two temporally adjacent m x n blocks, and then dividing by the square root of the
total number of pixels summed. Edges are handled in the same way as the simple

block averaging case.

4.2 Simulating Correlated Normal Random Vari-
ables

Simulating independent normal random variables is not difficult; mathematical soft-
ware packages generally have built in functions for doing so.! However, suppose we
want to simulate the random variables Y3, ... , Y, which are normally distributed with

IThe author would like to thank Gilles Lamothe for useful discussions about simulation, and in
particular for the idea of attacking this particular problem in the manner described.
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Figure 4.7: A 160 x 160 pixel screen of normal(0,1) noise averaged over 7 x 3 blocks.

Figure 4.8: Histogram of pixel values of Rayleigh noise averaged over 7 x 3 blocks.
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Figure 4.9: Histogram of pixel values of normal(0,1) noise averaged over 7 x 3 blocks.

mean 0 and covariance matrix

[ 2 2 2 2 ]
o %12 O3 Otn
2 2 2 2
031 03 O3 O2n
— 2 2 2 2
L= 03 03 03 O3n
2 2
| On1 Tan
Begin by generating random variables Zy, ... , Z, which are independent and nor-

mally distributed with mean 0 and variance 1. Let

Yi = a2,
Y2 = andi +and;

Ys = anZ +a3Z; +anl;

Y, = anlzl+an222+"'+annzn
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where the numbers {a;;} are determined by the relations

2 _ 2
o = ay
2
O, = apaz
2 _
Ji3 = apas
2 _
Oin = Qu0n)
2 _ .2 2
O = G5 +ap
2 _
033 = Q@21G3) + Q22032
2 _
Oy = Q21041 + 222042

Although this is not a set of linear equations, if T is positive definite, a solution exists
and can be found by judicious substitution. If we let ¥ = (Y},... ,Y3), and let A be
the n x n matrix such that (A);; = a;; for i > j and 0 otherwise, then ¥ = AZ. See
Appendix B for a Matlab function that calculates the matrix A.

When generated in this manner, the V), . .. , ¥, have the covariance structure given
by ¥.

This method of simulation of correlated normal random variable can be advanta-
geous when simulating m x n block-averaged noise on smaller size screens, because
it is very efficient, at least in a programming language optimized for matrix mul-
tiplication, such as Matlab. However, it is of limited use for producing very large
sets of correlated normal random variables, because the matrix describing the linear
transform becomes too large for practical use.

An alternate method of simulating m x n block-averaged noise is the obvious one.
Start with a frame of iid normal(0,1) noise, and from it, calculate each pixel value by
actually performing the summation and division. This is an undesirable method in
Matlab, an interpreted language, because it runs quite slowly because of the many
loops in the procedure. However, in C++, where code is optimized by the complier,

this brute force method is performed with adequate speed, even on relatively large
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frames (160 pixels square). Using the two-dimensional convolution function in the

Matlab Image Processing Toolbox to perform the m x n block averaging greatly

improves performance times.



Chapter 5
Hypothesis Testing On I-Frames

It is not difficult to think of situations in which video is corrupted by noise. Ultra-
sound imaging is no exception; images require a trained technician to be properly
interpreted. However, an interesting question is whether it is possible to develop a
mathematical method by which it may be concluded that there is something other
than just noise on the screen. One approach is through an appropriate hypothesis

test.
This chapter begins our examination of the effects of the MPEG algorithm on

videos containing simply noise. The basic models of error that are examined were
described in Chapter 4. In Section 5.1, the effects of MPEG spatial compression on
these different types of noise are studied. Then, in Section 5.2 the actual hypothesis

test is developed.

5.1 Effects of the Discrete Cosine Transformation

The characterization of the DCT in the form G = TZ from Section 2.1.1 in Chapter 2
is useful because from this perspective it is not difficult to determine the effects of

linear transforms on a normally distributed random vector Z with mean vector s and

covariance matrix .

48
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5.1.1 Linear Transforms of Normal Random Vectors

The first step in MPEG spatial compression is the Discrete Cosine Transformation,
a linear rransform of the data. For details on the effects of linear transformation on

random variables see Billingsley [2].
Lemma 5.1 A linear transformation of normal random vectors is again normal.

PROOF: Suppose X has a normal distribution in R* with covariance matrix £
and mean vector u. Without loss of generality, we may assume p = 0. Let T be a

j x k matrix. Then T X has characteristic function
E [eis‘(TX)] - E [ei(’l“s)“\']
1
= exp (—5 ((stT)Z(Tts)))
= exp (—%(s‘(TBT‘)s) .

By the uniqueness of characteristic functions, we conclude TX is normally distributed

with mean 0 and covariance matrix TXT*. )

5.1.2 DCT Applied to Random Noise

Consider an 8 x 8 array of pixel values in which each component of the array is
determined by the output of an independent normal(0,1) random variable. Then the
covariance matrix of the 64 pixels is simply the 64 x 64 identity matrix, lss. The

covariance matrix after the DCT is
Tl T,

where T is the matrix defined on page 10. However, in this case, because the original
DCT matrix T was orthogonal, and since T = T®T, then is T is also orthogonal.
Thus T Iss Tt = Isa. So, the statistical distribution of the pixel data is identical, before
and after the DCT.

In the m x n block-averaged noise case, the resulting covariance structure after the
application of the DCT is easily calculated by applying the above lemma. However,
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Figure 5.1: A representation of the covariance matrix for a 3 x 3 block average process.
Lighter squares correspond to larger matrix entries.

since the covariance matrix is no longer the identity matrix, the distribution of the
DCT coefficients will be different from that of the original pixels. The covariance
matrix of a 3 x 3 block averaged frame of dimensions 64 x 64 pixels can be visualized

as in Figure 5.1.

5.2 Developing a Test for I-frames

Consider one frame in an MPEG-1 video sequence that has been intra-coded, that
is, an [-frame. If the variable length and predictive difference coding are undone,
a set of (quantized) DCT coefficients remains. Ignoring the complications from the
quantization (by simply assuming it never happened, or that the quantization is very
fine), a simple hypothesis test can be developed. Since coding is done on the level
of the macroblock, each hypothesis test will be developed for application to a single
macroblock.
Let the hypothesis test be defined as follows:
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H, : The macroblock contains just noise.

H, : The macroblock contains something other than noise.

Let DCT;; represent the DCT coefficient of the (¢, j)th pixel. It is now required
that a suitable test statistic be developed that will be reasonably effective at detecting
the presence of an object in the background noise. Unfortunately, determining the
power function! of a statistic in general is a difficult problem, and thus one must
usually be content with testing the power against a specific alternate hypothesis.

Five possible test statistics will be considered. Here it is assumed that the indexing

on macroblocks commences at 0.

K= ‘=°'---'ggio,....xs{lDanl}
K2 =, max . {(DCTs}
K; = i=0n813._§08{|DCﬂj|}
15 15
=0 j=0
Ks = ) Y Der?

i=0,... 3.8,... 11 j=0,... 38,...,11

These choices for potential test statistics were selected because of the general
observation that having pixel values with large magnitudes in the original block results
in DCT coefficients with large magnitudes after the transform, particularity in the
upper left-hand corner of the transformed matrix. Refer to Figures 2.2, 5.2 and 5.3
for examples.

K, and K, use all of the available data, but are more computationally expensive
than K>, K3 and K. Notice that K; just examines the DC coefficients for each block.?
In all cases, the null hypothesis will be rejected if the observed value of the test statistic
is too large.

To compare the test statistics, simulation is necessary. If all pixels are independent
and have the normal(0,1) distribution, it is a well known fact that K, has a x?

IThe power function is the function that gives the probability of rejecting a the null hypothesis
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Figure 5.2: Images of 8 x 8 blocks before and after the DCT is applied.
Note the extreme DCT;; values in the upper left hand corner of the transformed
image (right side) when there is something other than noise present in the original
image (left side).
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Figure 5.3: More images before and after the DCT is applied.

distribution with 16% degrees of freedom (the number of pixels in the macroblock).
Thus, rejection regions can easily by found in standard tables. However, in all other
cases, simulations are required. Macroblocks with pixel values distributed according

to the following noise models were simulated, and the statistics calculated:
Type 1 Noise Independent normal(0,1) noise

Type 2 Noise Independent normal(0,1) noise averaged over 3x3 blocks
Type 3 Noise Independent normal(0,1) noise averaged over 5x5 blocks
Type 4 Noise Independent normal(0,1) noise averaged over 3x7 blocks

Type 5 Noise Independent Rayleigh noise with ¢ = 1.

for all the various possibilities of the alternate hypothesis.

2Had K3 turned out to be a reasonable test statistic, the method for testing on [-frames and P-
frames could have been consolidated, as there exist efficient algorithms for extracting DC coefficients
from P- and B-frames from encoded video data.
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Types 1. 2 and 3 of noise were chosen as plausible types of corruption that may
occur to data. Type 4 noise was chosen to visually correspond more closely to Rayleigh
distributed ultrasound speckle with spatial correlation as outlined in Chapter 3. Type
5 noise, although independent. is one type of Rayleigh distributed noise.

To determine how each test statistic behaves under each of the error models, 5000
macrot.iucks of each type of error were simulated, and the each statistic calculated

using this simulated data. The histograms of these results can be seen in Figures 5.4.

5.3, 5.6, 5.7 and 3.8.
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Figure 5.4: Histogram of possible test statistics under Type 1 noise.
In each case, the sample consists of 5000 test statistics.
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Figure 5.5: Histogram of possible test statistics under Type 2 noise.
In each case, the sample consists of 5000 test statistics.



CHAPTER 5. HYPOTHESIS TESTING ON I-FRAMES

Madda sia. o
100 200 300 400 SO0 600 700

-

100 200 300 400 S00 600 700

Figure 5.6: Histogram of possible test statistics under Type 3 noise.
In each case, the sample consists of 5000 test statistics.
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Figure 5.7: Histogram of possible test statistics under Type 4 noise.
In each case, the sample consists of 5000 test statistics.
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Figure 5.8: Histogram of possible test statistics under Type 5 noise.
In each case, the sample consists of 5000 test statistics.
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To test the effectiveness of each test statistic under possible instances of the alter-
nate hypotheses, simulations of a small box of size 8 pixels by 8 pixels and of intensity
value 3 centered in the middle of a macroblock, against the background of each noise
tvpe were performed. The cumulative distribution functions (cdf) of Ky, I3, K3, Ky
and K with this small block in the picture and with each type of background noise
may be found in Figures 5.9, 5.10,5.11, 5.12, and 5.13.

The same test was repeated but with a larger box of dimensions 12 pixels by 12
pixels and of intensity value 3 centered in the macroblock. The corresponding cdfs

are in Figures 5.14, 5.15, 3.16, 5.17 and 3.18.
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Figure 5.9: Cdfs of K, K, K3, K4, K5 under Type 1 noise, with a box of dimension
8 x 8 added.
The box was added to the middle of each macroblock, and there were 5000 samples

collected in each simulation.
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Figure 5.10: Cdfs of K, K3, K3, K4, K5 under Type 2 noise, with a box of dimension

8 x 8 added.

The box was added to the middle of each macroblock, and there were 5000 samples
collected in each simulation.



CHAPTER 5. HYPOTHESIS TESTING ON I-FFRAMES

1

0.8r

1

0.6t

0.4+ K

0.2+

i . N "

Y6 647 839 1031 1222 1414 1606 1797 19.89 21.81 2373
1’ - 2
08k

0.6+

|

0.4‘- K2

i

]

0.2

f

96 647 639 1031 1222 1414 1606 1797 1989 21.81 23.73
276 427 G643 86 1076 1292 1508 1724 194 2156 2372
'ﬁ T T ™ T 1
: i
: 4
H ,
! - ; . . ; . !
ﬁ’llﬁ 4978 61358 bi 1o ) 0119 1048 1808t 13260 1476.42 1620.22 1764.03
o8
06 4
ol
02F -
Zﬁ.ll man Sl';J CS“I nn ﬂ;x lﬂ:,] |m |I‘C.‘ 150“741 1649.43

63

Figure 5.11: Cdfs of K}, K>, K3, Ky, K5 under Type 3 noise, with a box of dimension

8 x 8 added.

The box was added to the middle of each macroblock, and there were 5000 samples

collected in each simulation.
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Figure 5.12: Cdfs of K, K3, K3, K4, K5 under Type 4 noise, with a box of dimension

8 x 8 added.
The box was added to the middle of each macroblock, and there were 5000 samples

collected in each simulation.
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Figure 5.13: Cdfs of K, K>, K3, K, K5 under Type 5

8 x 8 added.
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collected in each simulation.
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Figure 5.14: Cdfs of K, K, K3, K4, K5 under Type 1 noise, with a box of dimension

12 x 12 added.
The box was added to the middle of each macroblock, and there were 5000 samples

collected in each simulation.
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Figure 5.15: Cdfs of K\, K,, K3, K. K5 under Type 2 noise, with a box of dimension

12 x 12 added.
The box was added to the middle of each macroblock, and there were 5000 samples

collected in each simulation.
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Figure 5.16: Cdfs of K}, Ko, K3, Ky, K5 under Type 3 Noise, with a box of dimension

12 x 12 added.

The box was added to the middle of each macroblock, and there were 5000 samples
collected in each simulation.
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Figure 5.17: Cdfs of K, K3, K3, K4, K5 under Type 4 Noise, with a box of dimension

12 x 12 added.

The box was added to the middle of each macroblock, and there were 5000 samples
collected in each simulation.
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Figure 5.18: Cdfs of K, K>, K3, K. K5 under Type 5 Noise, with a box of dimension
12 x 12 added.
The box was added to the middle of each macroblock, and there were 5000 samples
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From the graphs, we can determine rough estimates of the power of the different
statistics. These observations are summarized in Tables 1, 2, 3, 4 and 3.

The tables suggest that K, is the most powerful and robust test statistic. It
achieves power of 80% or greater in every test case, and in the majority of cases has
power approaching 100%. Thus, in the cusum procedure developed in Chapter 7, it
will be K that will be used for testing on I-frames. However, K5 also performed
quite well, and might be a practical choice when reducing computational time is a

priority.
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Error Type Cut-off Value Power under H,, Power under Hy,;

1 5 100% 100%
2 11 25% 99%
3 16 5% 65%
4 15 5% 75%
3 12.5 100% 100%

Table 1: Estimates of the cut-off values for K to achieve type I error < 1%, and the

corrésponding power under H;, = small box added, and H;, = large box added.

Error Type Cut-off Value Power under H,, Power under Hy,

1 4.5 100% 100%
2 11 25% 98%
3 16 5% 65%
4 15 5% 80%
3 12.5 100% 100%

Table 2: Estimates of the cut-off values for K to achieve type I error < 1%, and the

corresponding power under H;, = small box added, and Hy, = large box added.

Error Type Cut-off Value Power under H;, Power under Hy,

1 4.5 100% 100%
2 11 25% 98%
3 16 5% 60%
4 15 5% 75%
5 12.5 100% 100%

Table 3: Estimates of the cut-off values for Kj to achieve type I error < 1%, and the
corresponding power under H;, = small box added, and Hy, = large box added.
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Error Type Cut-off Value Power under H,, Power under H,,

1 350 100% 100%
2 450 100% 100%
3 625 80% 99%

4 575 95% 100%
5 650 100% 100%

Table 4: Estimates of the cut-off values for K to achieve type I error < 1%, and the
corresponding power under H,, = small box added, and H};, = large box added.

Error Type Cut-off Value Power under H;, Power under H,,

1 120 100% 100%
2 400 99% 100%
3 625 80% 99%
4 550 75% 100%
5] 530 100% 100%

Table 5: Estimates of the cut-off values for K5 to achieve type I error < 1%, and the
corresponding power under H;, = small box added, and H};, = large box added.



Chapter 6

Hypothesis Testing on Motion

Vectors

In Chapter 5, a hypothesis test was developed to test for the presence of an object in a
macroblock that was encoded as part of an I-frame. In this chapter, the analogous test
for macroblocks in P-frames will be defined. Section 6.1 explains the basic hypothesis
test. Although the details of the test will only be worked out for motion vectors
on P-frames, the same method could easily be extended to B-frame motion vectors.
However, to minimize simulation complexity in this thesis, the application of the
theory to B-frames will be omitted.

If the information contained in MPEG encoder produced motion vectors is to be
useful, it will be necessary to analyse the properties of the motion vectors. A motion
vector searching algorithm which is mathematically tractable is required; unfortu-
nately, no implemented algorithm meets this criterion. So, in Section 6.2, a motion
vector searching algorithm which is more amenable to mathematical manipulations is
presented. As for the choice of error distribution, the goal is a workable approximation
to reality.

Another casualty of simulation complexity is the flexibility to employ different I
and P encoding patterns. The work in this thesis assumes that this pattern is [-P-I-P-
I-P- ... , because for the motion vector data generated, only the immediately previous

frame was ever a reference frame. It would certainly be possible to extend this work

74
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to other I/P patterns, but additional simulation would be required to determine the
distribution of motion vectors which are calculated with reference to frames with a
separation of more than one frame.!

Section 6.3 explains the results of the simulation of the distribution of motion

vectors.

6.1 Hypothesis Testing on P-frames

Our approach is similar to that for I-frames. However, with P-frames, there is no
question as to which test statistic to use: the only reasonable choice is the magnitude
of the motion vector. This is justified, because in most practical situations, it is
expected that there will be temporal dependence in the background noise in frames,
which is modelled in this thesis by averaging the frames in time. With dependence
between frames, the search for the closest matching macroblock should yield a nearby
macroblock, and thus short motion vectors. This is illustrated in Figure 6.1, in which
all motion vectors were found to be zero.

If an object is moving across the field of view with reasonable speed, certain motion
vectors will track the movement of the object, and will thus be longer. This can be
seen in Figure 6.2. There are two motion vectors that resulted from the motion of
the box, the longer ones, and also two non-zero “noise” motion vectors, which are
shorter. The remaining motion vectors are zero.

There is almost no information contained in motion vectors if the frames are
independent in time, as illustrated in Figure 6.3. The motion vectors are almost
never zero, and often the closest matching macroblock is quite distant. In this case,
it will be more difficult to distinguish between motion vectors that arise from actual
motion tracking of an object and those that do not. This is illustrated in Figure 6.4, in
which a box has been added to the pictures, but the examination of individual motion

vectors yields little information about the presence of the box because the background

! Furthermore, as will been seen, hypothesis testing using motion vectors is not nearly as powerful
as using DCT coefficient statistics, and thus in Chapter 7 it will be advantageous to have a large I-

to P-frame ratio.
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Figure 6.1: Two 7 x 7 block averaged frames and the corresponding motion vectors.

Top Left: Frame of normal(0,1) noise, averaged over 7 x 7 blocks, with 5 frames
averaged back in time. Top Right: The next frame in the sequence. Bottom: Motion
vectors for the second frame, with reference to the first. Here an empty macroblock
indicates a zero motion vector, so all motion vectors are zero.
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Figure 6.2: Two 7 x 7 block averaged frames and the corresponding motion vectors.

Top Left: Frame of normal(0,1) noise averaged over 7 x 7 blocks, with 5 frames
averaged back in time, with an added object. Top Right: The next frame in the
sequence. Bottom: Motion vectors for the second frame with reference to the first.
Empty macroblocks indicate zero motion vectors. Note the two longer motion vectors
in the second column of macroblocks that correspond to actual motion, as well as the
other two very small motion vectors that are only tracking “motion” of the background
noise.
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Figure 6.3: Two independent frames and the corresponding motion vectors.

Top: Frame of normal(0,1) noise averaged over 3 x 3 blocks, independent in time.
Middle: Next frame in sequence. Bottom: Motion vectors for the second frame with
reference to the first.

noise is also generating substantial motion vectors. Averaging background noise back
in time and assigning penalties for longer motion vectors is necessary to create the
correlation between frames necessary for short or zero length motion vectors to arise

when coding the background noise.
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Figure 6.4: Two independent frames with a moving box added and the corresponding
motion vectors.

Top: Frame of normal(0,1) noise averaged over 3 x 3 blocks, independent in time.
Middle: Next frame in sequence. Bottom: Motion vectors for the second frame with
reference to the first. Note the similarity of the motion vector distribution to that of
Figure 6.3, despite the difference in original pictures.
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6.1.1 Hypothesis Test for Macroblocks in P-frames

Each macroblock in a P-frame has an associated motion vector.? The hypothesis test

is as follows:

H, : The macroblock contains just noise.

H, : The macroblock contains a moving object.

Note that the alternate hypothesis is slightly different than that for I-frames; here
we can only detect the presence of a moving object, while in an I-frame, any object,

stationary or moving, will be detected.

M= ‘/mg +m§,

where m, and m, are the z and y components of the motion vector. Once again, we

Here the test statistic is

reject the null hypothesis if M is too large. The remaining sections of this chapter are

concerned with finding the distribution of M, so that “too large” may be quantified.

6.2 Constrained Minimization Algorithm

Here we begin our search for a mathematically tractable motion vector searching
algorithm. Due to the complexity of the calculations, we will first examine a simplified
motion vector searching problem, and then apply this method to a more advanced
situation in Section 6.2.1.

Let Xij,i,j5 € {—2,-1,0,1,2} represent the values of the process at time ¢t = —1
and with coordinates (i, ) in a 5 x 5 grid with centre (0,0). Let Y;;,i,5 € {-1,0,1}
represent the values of the process at time ¢t = 0 with coordinates (i,;) in a 3 x 3
grid with centre (0,0). (X can be thought of as the first frame in a video, and Y as

a macroblock from the next frame in the video.) See Figure 6.5.

2We will ignore any macroblocks that were encoded using I-frame techniques because no suitable
motion vector was found.
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Figure 6.5: Representations of X;; and Y;; for the motion vector searching algorithm.

Consider the following equation in the nine unknowns w_; .}, w_10, W-11,
Wo, -1, --- - Wy,1. [t gives a measure of the error between X and Y for a given motion

vector. Thus, we call it PenSSg, for penalized sums of squares error.

L

1 Lo
PenSSg = Z z Wiy (Z Z(Yij - i+k.j+l)2)

k=-1ll=-1 t=-1j=-1
11 T 1 2
+A1 Z z 'wk[(l - wk,) + Ao (1 - Z Z wk,) . (6.1)
k=-11l=-1 k=-1l=-1

The first double sum in PenSSg is designed to find the closest matching “mac-
roblock”, the A, product should keep the wy;’s near 0 or 1, and the A; product should
keep the sum of the the wy’s near 1.

Now, minimize PenSSg with respect to the wi. The motion vector is then de-

termined by finding the largest wy;, which implies that the motion vector should be
(k. 1).
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To do the minimization, take partial derivatives with respect to wyg;.

OPenSSg = BFy+ M(1-2wy) + X ((“1)(1 - ZZ wij) +(1- zzwi]’)(—l))

Qwi
= 2= A)wu +20 DY wiy+ BFa + A = 2X
i#k j#l

where BFy; = Z:____l Z:;=_[()/ij — Xiskj+1)?, (the “best fit” part).

So we have the following system of linear equations in nine unknowns:
A 2% 2) 22X 2% 2% 2% 2X 22X BF_ i+ —2) ]

2% A 2X 22X 2\ 2\ 2\, 22X 2\, BF_ g+ A —2A

20 2d2 A 2X 2\ 20y 2X; 2A; 2%, BF_ 1+ A —-2)\

20 22 20 A 2X 2\; 2); 2y 2\, BFy i+ A —2X

20 202 2X 22 A 22Xy 22X 2X 2)\; BFyo+ A -2 (6.2)

20 222 22 2 22X A 2y 2)\; 2\, BFg,+ A —-2X

20 2X2 2X2 23 2\, 202 A 2\ 2\, BF o+ M -2\

20 2X2 2X2 23 2X 203 2); A 2); BFig+ A —2A
| 2 202 22 2X; 2X 2); 20 20 A BF i+ M —2X
where A = 2(A; — Ay).

The inverse of the non-augmented matrix is:
[T A2 A A2 A2 A2 X A X
A T A A A A A2 A A
A A T A A A A A A
A A2 A T A A A A A
A A2 A2 A2 T A A A A (6.3)
A2 A2 A2 A A T A A A
A A2 A2 A A2 A T oA A
A2 A2 A2 A2 A A A T X
A2 A2 A2 A2 A2 A2 A A T

-1
2X1(AL —9A2)

where T = A; — 8A,.
This yields,

wy =¥ (‘I‘ (BFH + A= 22) + A Z BFU) . (6.4)
izkg#l
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So each wy; has a weighted chi-squared distribution.
What we really want to know is the probability that a given wy, is the largest.
It seems highly unlikely that it will be possible to determine this analytically. So

simulation will be required.

6.2.1 Applying PenSSg Method to 16 x 16 Macroblocks

It is possible to apply the motion vector searching algorithm of Section 6.2 to larger
systéms; however, the matrices involved become very large. Let n be the number of
possible motion vectors in the system. Then the set of linear equations that must be
solved are essentially of the same form as above; the system is now represented by an
n x n matrix, call it 4, with 2(A\, — A;) along the main diagonal and 2, everywhere
else. This matrix has as its inverse the matrix A~! with
=AM+ (n=1)A
201(A1 — nAg)

along the main diagonal and \
—A2

M —nd)
everywhere else.
The proof that this matrix is in fact the required inverse can be done by direct
verification. The matrix multiplication for entries along the main diagonal of AA™!

boils down to:
(2(A2 = M) (AL = (n = D)A) +2X3(n = 1))/ = 20 (A —ndg)) = 1.
Off the main diagonal, the calculation is:
2(A2 — At)Az + 2202(A; = (n — 1)A2) + 2A3(n — 2) = 0.

Thus, multiplication of the original matrix and the candidate for its inverse results

in the identity matrix, confirming that the inverse is correct.



CHAPTER 6. HYPOTHESIS TESTING ON MOTION VECTORS 84

6.3 Motion Vector Distribution by Simulation

Although Section 6.2.1 develops a tractable motion vector searching algorithm, and
the distribution of motion vectors is thus known in theory; in practice, the known
weighted chi-squared distribution is still too complicated to be useful. Simulation
was necessary to obtain tables on which approximate calculations may be based.

The motion vector searching algorithm that was implemented in the following
simulations must be explained as the distribution of motion vectors will depend of
the brecise method chosen. An exhaustive search for the closest matching motion
vector was performed within a square search window of “radius”?® 16 of the current
macroblock.

The other significant characteristic of the motion vector searching algorithm is
the precise definition of “closest matching.” The norm between two macroblocks was
defined to be the sum of the difference of squares, with a modification. Suppose {a;;}
is macroblock one, and {b;;} is macroblock two, and the motion vector between a and
b is given by (mz, m;). Then,

16

Norm(a, b) = E:z:a,J )2 + A(m? +m)
i=1 j=1

The length of the motion vector between two macroblocks influences the value of
the norm; the farther apart two macroblocks, the larger the norm, no matter how
good a fit at that relatively distant location. In practice, this penalty for longer
motion vectors effectively prevents motion vectors longer than about 12 from ever
being selected, under any circumstances, which justifies the search window “radius”
of 16.

It was necessary to include the length of the motion vector as part of the norm to
help favour the selection of short motion vectors to mimic what is generally expected
in practice. For example, when three frames were averaged together in time, with an
averaging block size of 3 x 7 and A = 0 then 93% of the motion vectors were zero.

3This means that shifts up vertically of maximum height 16 pixels, shifts down vertically of
maximum depth 16 pixels, and analogous shifts in the horizontal direction were permitted. Near
edges, the search could clearly not extend beyond the boundaries of the frame, and was truncated.
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However, the remaining motion vectors were almost uniformly distributed over the
other possibilities. Furthermore, since more of these remaining possible motion vector
lengths are longer, the actual motion vectors tend to be biased towards longer vectors.
With A = 1, nearly 98% of motion vectors were zero. Having motion vectors with
this type of distribution will significantly improve the power of our hypothesis test,
because there is a much stronger link between non-zero motion vectors and actual

object motion.

6.3.1 Simulations to Determine Motion Vector Lengths

Tables describing the distribution of motion vectors under various hypothesized mod-
els are required in Chapter 7. Below are several graphs, which show the probability of
observing motion vectors with length less than or equal to a given value for different
models. It is important to note, that although simulations have been performed for
different variations on the general model, in practice, a careful study of the character-
istics of the particular situation to be modelled would need to be studied, such that
the parameters in our model (i.e. A or the search radius) may be selected to most
closely match actual observed properties. Also, because we only consider shifts in
whole pixel units within a specified range, there are only a finite number of possible
motion vectors lengths.

Figure 6.6 gives the cdfs of motion vector lengths for video with 3 x 3 averaged
spatial noise which is averaged back in time 3 frames. The corresponding functions

for 5 x 5 and 3 x 7 block spatial averaging may be found in Figures 6.7, 6.8 and 6.9.
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Figure 6.6: Cdfs of motion vector lengths.
process that has 3 x 3 spatial averaging and is averaged back in time 3.
The upper graph is with A = 1, and the lower with A = 2.
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Figure 6.7: Cdfs of motion vector lengths.

This is for a process that has 5 x 5 spatial averaging and is averaged back in time 3.

The upper graph is with A =1, and the lower with A = 2.
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Chapter 7

Cumulative Sum Procedures

7.1 Introduction

Control charts have been used in manufacturing quality control processes for decades
to detect changes in products. One of the first control charts was the Shewart chart,
developed in the early 1930’s, which simply plots the means of samples of normally
distributed data taken at regular intervals against time. If the plot ever falls outside
of control lines (usually drawn three standard deviations above and below the on-
target mean value), the process is declared out-of-control. This chart is simple to
implement, and quickly detects large deviations in the mean, but smaller or gradual
changes may go unnoticed.

More complicated rules for signaling an out-of-control process were soon devel-
oped, such as sounding the alarm if three of the last five observations were above
a somewhat lower control line. In 1954, Page [16] proposed a test with a simpler
stopping rule, that in fact took into consideration all past data when determining if
the process was in control. This system is now known as a cumulative sum chart, or
cusum chart.

Page’s original cusum was described very generally. One was instructed to take
samples at regular intervals, and to assign a score to each sample, such that the mean
score for samples which are known to be acceptable is negative, and the mean value

of out-of-control samples is positive. In mathematical terms, let the score for the kth

90
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sample be z. Define

So =0
Sp = max{S,_1 +z,,0}, n>1 (7.1)

Take action whenever
Sn 2 hy (7.2)

where h is a predetermined constant.

Now even when a process is in control, with probability 1, this type of cusum
procedure will eventually signal an alarm. The average length of time until a so-
called false alarm is signaled is the average run length or ARL. Clearly, a cusum
procedure which detects the change in the sampling distribution as quickly as possible,
while maintaining a long on-target ARL, is the most desirable. Lorden [9] developed
a minimax criterion to determine an optimal stopping procedure; in this sense an
optimal cusum is that which minimizes the maximum length of time until the change
is detected.

Technically, let the observed independent random variables be X, Xs,...,
Xm-1,Xm, ... . Suppose X; has distribution function F before the change at time m
and distribution G # F after time m. Let IV be a stopping time' where the outcome

N = 7 means that the alarm was sounded at time 7. Define
D(N) = sup,,,ess SupE,{[N — m + Xy, .- s Xma1 ) (7.3)

A stopping rule N is then called optimal if it minimizes D(NV) over the class of
all stopping rules with the same average run length.

Moustakides [14] was able to generalize the work of Lorden and proved that Page’s
stopping time is optimal in the sense of (7.3). Working from Page’s 1954 observation
that a cusum procedure can essentially be viewed as a Wald sequential test (i.e. a
Sequential Probability Ratio Test (SPRT)), Moustakides and Lorden used a procedure

which is essentially equivalent to the following realization of Page’s stopping time.

LA stopping time or stopping rule is an integer valued random variable for the sequence X1, X, - ..
if for all n = 1,2,... the event {N = n} is independent of Xn41, Xn+2. See [20] for more details.
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Keeping the notation from the above paragraph and letting f and g denote the
(Lebesgue) densities of F and G respectively, let

Se =0

S, = max {Sn_l + log (i—i;’%) ,O} (7.4)

and stop at the first n such that S, > h, where h is a predetermined constant.’
usually referred to as the signal level. Essentially, an optimal method for determining

Page’s z, value has been found.

7.2 Average Run Lengths

The average run length (ARL) is a characteristic of a cusum process which is very
desirable to know. Although it must be remembered that the run length of a particular
instance of a process is itself a random variable, knowing the ARL can assist in
determining whether a signaled alarm was in fact due to a change in the distribution.
Perhaps more importantly, the ARL is a way of evaluating the type [ error in the
cusum process, as it provides a measure of the frequency of false alarms.

Page tackled the question of determining the ARL of a cusum procedure in his
original paper [16]. His approach was to observe that a cusum procedure defined as
in (7.1) and (7.2) is equivalent to a SPRT on (0, h) where the test simply continues
if there is acceptance on the lower boundary; that is, the test continues until there is
rejection of the null hypothesis.

Let the probability that a test ends on the lower boundary be g. Suppose the
average sample number (ASN) unconditional on the outcome, that is, the number of
samples expected on average before there is acceptance or rejection, is 7, the ASN
conditional on ending on the lower boundary is 7; and the ASN condition on ending
on the upper boundary is 7,.

Define “success” as the event of the SPRT ending on the upper boundary, and

let X be the random variable that counts the number of failures until success. The

2n fact, this is the logarithm of the cusum analysed by Moustakides and Lorden, but this form
is preferred in this thesis because it is additive, rather than multiplicative. See equations (7.5) and
(7.6) for the definition without the logarithm.
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probability that X = r is ¢"(1 —¢q). Thus, E[X] = Y_2,r¢(1 —q) = ¢/(1 —q). Denote
the ARL of the cusum by L. Then.
L = Lg+n
l-¢q
qm + (1 — q)m
l-¢g

n

l-gq
However, it is in general difficult to find the values of ¢ and 7.
Moustakides studied the cusum procedure in a form for which it is sometimes
possible to easily determine the ARL. The exact procedure is defined by the following.
Let

So =0
9(Xn) -
S, = max{S,_;,1 7.5
and let the stopping time N be given by
N =inf{n>1:5, > h} (7.6)

where h is again a predetermined non-negative constant, and the infimum of the
empty set is infinity. One case in which it is not difficult to relate the ARL and h
is when h < 1. Then N = inf{n > 1 : ¢(X,)/f(Xa) > h}, for if there had been
no alarms by time n, we know that Sy < 1 for ¥ < n. To determine the ARL we
consider that null hypothesis case in which there is no actual change in distribution.
At each new point in time, we either have the “success” of a (false) alarm sounding
or not. This success depends only on the most recent observation; all that is tested
is whether g(X,)/f(Xn) > h. This is a geometric random variable, so

1
 Plg(Xa)/f(Xa) 2 A

For specific realizations of f and g, calculating L given h may be a tractable calcula-

ARL

tion. Unfortunately, for many applications, the setting h < 1 is not practical.
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7.3 Applying a Cusum to MPEG Data

In Chapters 5 and 6 macroblock based hypothesis tests for detecting the presence or
motion of objects in I- or P-frames were developed. To tie these tests together into
one procedure, we will consider a cusum process on the p-values of the hypothesis
tests.

Analysing MPEG data is challenging, because the type of data is constantly chang-
ing, depending on whether the type of frame currently being analysed is an [-picture.
P-pfcture or B-picture. A sequence of hypothesis tests is one method for determining
if it is reasonable to conclude that the video data contains something other than just
noise. Multiple rejections of the null hypothesis in the sequence of hypothesis tests
suggest that the overall hypothesis of the video containing only noise should also be
rejected.

Recall the definition of the p-value of a hypothesis test.

Definition 7.1 (p-value) Let the test statistic for the hypothesis test be K, and sup-
pose K = a has been observed. The p-value for this observed test statistic is the
smallest value of the type I error 3 that would lead to the rejection of H,. Thus, in
the current applications in which we are rejecting the null hypothesis if the observed

test statistic is too large, we have
p-value = P[K' > aj,
where K' is a random variable with the same distribution as K.

Thus, an alternate method of performing a hypothesis test is to reject H, if the
observed p-value is smaller than the desired type I error.

Considering the p-values for each test is a method of comparing results from a
diverse set of hypothesis tests. Under the null hypothesis the p-values should be
uniformly distributed on [0,1], independent of the type of test performed. If the video
contains a moving object, the distribution of the p-values will change, and should
shift so that small p-values (which lead to rejection of H,) are more likely. So, if the

3Recall that type I error is the probability of falsely rejecting H,.
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point at which the distribution of the p-values changes can be detected, the time in

the video in which an object appears will be known.

7.3.1 A Cusum of p-Values

Motivated by observations by McDonald [11], the cusum procedure of p-values will

be constructed as follows. Let .X; be 1 minus the ith p-value.! Test

H, -: X, are independent and have density function f(z) =1 on [0, 1]
etf:c

H, : X are independent and have density function g(z) = T d >0, on [0.1].

Before applying Lorden’s cusum procedure (7.4), note that

g(Xi)\ _ deX
o (5557) = o (3 - )
log(edd_ 1) +4X;

which is linear in X;. Dividing through by 4, then yields a cusum statistic of

1 )
Sn =max{5n_1 +Xn+glog (e"— 1) ,0}.

Lorden’s cusum, under these conditions, is therefore identical to the cusum developed
by McDonald in [11]. Thus, numerically determined results in {11} may be use to
determine an appropriate h for a given § and desired on-target ARL, as given in
Table 6.

Unfortunately, it is not easy to redo the numerical calculations done by McDonald
to determine the appropriate h for a given ARL and . However, extrapolating or in-
terpolating from a plot of ARL versus h for a fixed § would provide a reasonable guess
for an appropriate h for a desired ARL. For § = 12.6407 see Figure 7.1. Figure 7.2
provides the plot for § = 3.8022.

Simulations verified that the McDonald cusum, with parameters § = 12.6407 and
h = 0.456 does in fact have an ARL of about 1000. When 10000 of this cusum under

4We need to subtract the p-value from one because we want to test against a shift in the p-values
towards 0. Without this transformation, we would be testing for a shift towards 1
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ARL ] h

1000 12.6407 0.456
1000 3.8022 1.382
1000 0.7348  2.507
1000 0.3430 5.710
500 12.6407 0.395
500 3.8022 1.2031
500 0.7348 2.125
500 0.3430 4.455

Table 6: Appropriate signal values h for specified ARL and 4. (Copied from Table 7
in McDonald [11].)

ARL veraus hfor § = 126407
T T T

A8

Figure 7.1: Plot of ARL versus h for 6 = 12.6407.
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ARL versus hlor$ = 3 8022
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Figure 7.2: Plot of ARL versus h for § = 3.8022.

null hypothesis conditions of uniform[0,1] input were performed, the calculated ARL
was 1010.3, with standard deviation 1005.8. A histogram of the run lengths is in
Figure 7.3. It appears that the run lengths have an exponential distribution.
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Figure 7.3: Density histogram of run lengths, plot of y = 0.001e~%%01=,

This is for the case outlined in McDonald’s paper: independent, uniform(0,1]
samples.
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7.4 Simulation Results

To determine the effectiveness in practice of the proposed scheme, computer simu-

lation of the entire process was performed. This simulation consisted of three main

steps:

1. Producing the actual video data, and the corresponding test statistics, which,

of course, depended on whether the frame was encoded as an I- or P-frame

[SV]

Calculating the p-values for the corresponding hypothesis test from this “MPEG

data”

3. Running the cusum procedure on the output p-values.

The C++ code that performs these simulations can be found in Appendix C.

In general, some strengths, but also problems were observed. Detecting the pres-
ence of an object in an I-frame is generally quite effective. The P-frame data is much
more problematic. In the cusum procedure, it has been assumed that under the null
hypothesis the input data is uniformly distributed on [0, 1]. However, the motion vec-
tor length data is actually from a discrete distribution, and moreover, most of the
motion vector lengths are 0, with only a handful of other lengths that occur. So the
p-values also have a discrete distribution, with a very limited support. Any motion
vector length of 0 gives a p-value of 1. Because non-zero motion vector lengths are
relatively improbable, they give small p-values, but not usually small enough so that
one such input will sound the alarm in the cusum. However, there are often only a
few motion vectors generated by a moving object, and in general they will not be
adjacent. Thus, even when required and desired, it is difficult to sound the alarm
using the motion vector data. To a certain extent, this inability to detect is affected
by the order in which the statistics are scanned from the two-dimensional frame to
the one-dimensional list to be processed. In the simulations actually performed (see
the code in Appendix C), this scanning is from left to right, top to bottom. Vertical
motion of wide objects, which should produce a horizontal row of adjacent motion
vectors, would be thus more easily detected than motion in the horizontal direction,

which would be expected to produce motion vectors which are vertically adjacent.
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Figures 7.18 and 7.19 demonstrate just how much the power of the cusum is
affected hy the type of motion and position of the block attempting to be detected.
In Figure 7.19 the cusum is much less effective than in Figure 7.18. This is the
result of the general problems of “splitting” the added block over many macroblocks
and having more macroblocks of just pure noise (and thus non-significant statistics)
between hits. For example, consider Figure 7.4. If a macroblock contains part of the
inserted block, call this a hit, H, and if the entire macroblock is covered by the block.
let it be a full hit, fH. Macroblocks that do not contain any of the block are misses,
M. Recall that the statistics for each frame are scanned in from left to right, top to

bottom. For the first frame, the statistics are scanned in as:
12M, fH, fH M, M, M, fH, fH,16M.
When motion of the inserted block is down, the statistics are scanned is as:
12M, H H M, M, M, M, fH, fH M, M,M,M,H, H,10M.
For horizontal motion, we get:
12M,H, fH H M, M, M, H, fH,H 15M.

Full hits contribute the most to the value of the cusum, hits contribute somewhat
(depending on how much and which part of the macroblock is occupied) and misses
may increase or decrease the value of the cusum. Several successive increments in-
crease the likelihood of the alarm sounding, while longer periods of misses allow for
the possibility that a cusum that is near the alarm level will actually be lowered.

To see how the cusum performs under various conditions, many test cases were
run. This results can be seen in Figures 7.5 -7.19.

Because the hypothesis test on I-frames testings for the presence of an object, while
on P-frames it is the motion of an object is detected, running the cusum procedure on
the p-values from these two types of frames separately could be used to detect only
the precense or motion of an object. The results of such as test are in Figure 7.20.
Unfortunately, analysing the P-frames separately highlights the ineffectiveness of the

cusum on that type of data.
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Figure 7.4: Illustration to show how different types of motion affect the power of the
cusum.

With horizontal scanning, when motion is down, there are fewer “hits” between
longer gaps of “misses.” When motion is across, there are more adjacent “hits” and

fewer “misses” until the next hit.
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Figure 7.5: Case 0 cusum

Spatial averaging: 3x7

Time averaging: Back 3 frames
Size of added box: No box added
Intensity of added box: n/a

Box added in frames: n/a

Direction of box motion: n/a

Motion step size: n/a

Size of frame: 160 x 160 pixels
Number of frames: 50

Box detected in frames: n/a
False alarm in frame: 46
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Tenth and twelfth frames.
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Figure 7.6: Case 1 cusum

Spatial averaging: Ix7

Time averaging: Back 3 frames
Size of added box: 32 x 32 pixels
Intensity of added box: 1.5

Box added in frames: 10-29

Direction of box motion: Horizontal
Motion step size: 1 pixel

Size of frame: 160 x 160 pixels
Number of frames: 30

Box detected in frames: 10, 12, 14, 16, 18, 20, 22, 24, 28
False alarm in frame: 38
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Tenth and twelfth frames.
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Figure 7.7: Case 2 cusum

Spatial averaging: 3x7
Time averaging: Back 3 frames
Size of added box: 32 x 32 pixels

Intensity of added box: 2
Box added in frames: 10-29
Direction of box motion: Horizontal

Motion step size: 1 pixel
Size of frame: 160 x 160 pixels
Number of frames: 30

Box detected in frames: 12, 14, 16, 18, 20, 24, 28
False alarms in frames: 32, 34, 38, 40, 46, 48
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Figure 7.8: Case 3 cusum

Spatial averaging:
Time averaging:

Size of added box:
Intensity of added box:
Box added in frames:
Direction of box motion:
Motion step size:

Size of frame:

Number of frames:

Box detected in frames:
False alarms in frames:

Ix7

Back 3 frames
32 x 32 pixels

3

10-29
Horizontal

1 pixel

160 x 160 pixels
50

10, 12, 14, 16, 18, 20, 22, 24, 26, 28
38, 40
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Tenth and twelfth frames.
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Figure 7.9: Case 4 cusum

Spatial averaging: 3Ix7
Time averaging: Back 3 frames
Size of added box: 32 x 32 pixels

Intensity of added box: 3
Box added in frames: 10-29
Direction of box motion: Horizontal

Motion step size: 2 pixels
Size of frame: 160 x 160 pixels
Number of frames: 50

Box detected in frames: 10, 12, 14, 16, 18, 20, 22, 23, 24, 26, 28
False alarm in frames: 0, 36, 40
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Tenth and twelfth frames.
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Figure 7.10: Case 5 cusum

Spatial averaging: Ix7
Time averaging: Back 3 frames
Size of added box: 32 x 32 pixels

Intensity of added box: 3
Box added in frames: 10-29
Direction of box motion: Horizontal

Motion step size: 5 pixels
Size of frame: 160 x 160 pixels
Number of frames: 50

Box detected in frames: 12, 14, 16, 17, 18, 20, 22, 24, 25, 26, 28
False alarm in frame: 36
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Figure 7.11: Case 6 cusum

Spatial averaging:
Time averaging:

Size of added box:
Intensity of added box:
Box added in frames:
Direction of box motion:
Motion step size:

Size of frame:

Number of frames:

Box detected in frames:
False alarms in frames:

3 x7

Back 3 frames
32 x 32 pixels
1.5

10-29

Vertical

1 pixel

160 x 160 pixels
50

10, 12, 18, 22, 24, 26
34, 36, 44
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Tenth and twelfth frames.
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Figure 7.12: Case 7 cusum

Spatial averaging:
Time averaging:

Size of added box:
Intensity of added box:
Box added in frames:
Direction of box motion:
Motion step size:

Size of frame:

Number of frames:

Box detected in frames:
False alarm in frame:

Ix7

Back 3 frames
32 x 32 pixels

2

10-29

Vertical

1 pixel

160 x 160 pixels
50

10, 11, 14, 24, 26, 28
48
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Tenth and twelfth frames.
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Figure 7.13: Case 8 cusum

Spatial averaging:
Time averaging:

Size of added box:
Intensity of added box:
Box added in frames:
Direction of box motion:
Motion step size:

Size of frame:

Number of frames:

Box detected in frames:
False alarm in frames:

Ix7

Back 3 frames
32 x 32 pixels

3

10-29

Vertical

1 pixel

160 x 160 pixels
50

10, 12, 14, 16, 18, 20, 24, 26, 28
42, 44, 48
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Tenth and twelfth frames.
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8 12 16 20

24 28 32 36 40

Figure 7.14: Case 9 cusum

Spatial averaging:
Time averaging:
Size of added box:

Intensity of added box:

Box added in frames:

Direction of box motion:

Motion step size:
Size of frame:
Number of frames:

Box detected in frames:
False alarms in frames:

Ix7

Back 3 frames
32 x 32 pixels

3

10-29

Vertical

2 pixels

160 x 160 pixels
50

12, 14, 20, 24, 26, 28
No false alarms

44 48
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Tenth and twelfth frames.
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Figure 7.15: Case 10 cusum
Time averaging: Back 3 frames
Size of added box: 32 x 32 pixels

Intensity of added box: 3
Box added in frames: 10-29
Direction of box motion: Vertical

Motion step size: 5 pixels
Size of frame: 160 x 160 pixels
Number of frames: 50

Box detected in frames: 10, 12, 13, 16, 18, 20, 21, 24, 26, 28
False alarm in frame: 30
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Tenth and twelfth frames.
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Figure 7.16: Case 11 cusum
Time averaging: Back 3 frames
Size of added box: 32 x 64 pixels
Intensity of added box: 3
Box added in frames: 10-29
Direction of box motion: Horizontal

Motion step size: 1 pixel
Size of frame: 160 x 160 pixels
Number of frames: 50

Box detected in frames: 10, 12, 14, 16, 18, 20, 22, 24, 26, 28
False alarms in frames: 2, 4, 8, 38, 40
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Tenth and twelfth frames.
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Figure 7.17: Case 12 cusum
Time averaging: Back 3 frames
Size of added box: 32 x 64 pixels
Intensity of added box: 3
Box added in frames: 10-29
Direction of box motion: Vertical

Motion step size: 1 pixels
Size of frame: 160 x 160 pixels
Number of frames: 50

Box detected in frames: 10, 12, 13, 14, 16, 18, 20, 22, 24, 25, 26, 28
False alarm in frame: 30



CHAPTER 7. CUMULATIVE SUM PROCEDURES 115

Tenth and twelfth frames.
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Figure 7.18: Case 13 cusum

Time averaging:

Size of added box:
Intensity of added box:
Box added in frames:
Direction of box motion:
Motion step size:

Size of frame:

Number of frames:

Box detected in frames:
False alarms in frames:

Back 3 frames

16 x 64 pixels

3

10-29

Horizontal

1 pixel

160 x 160 pixels

50

10, 12, 14, 16, 18, 20, 22, 24, 26, 28
2,4
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Tenth and twelfth frames.
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Figure 7.19: Case 14 cusum
Time averaging: Back 3 frames
Size of added box: 64 x 16 pixels
Intensity of added box: 3
Box added in frames: 10-29
Direction of box motion: Vertical

Motion step size: 1 pixels
Size of frame: 160 x 160 pixels
Number of frames: 50

Box detected in frames: 10, 12, 14, 20, 26
False alarm in frame: 4
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0 4 8 12 16 20 24

I-frame cusum.
P ol st v

0.61
0.5

0.4 L

0.31

0.21

0.1

0 4 8 12 186 20 24

P-frame cusum.

Figure 7.20: Cusum of I- and P-frames done separately.
Time averaging: Back 3 frames

Size of added box: 32 x 64 pixels

Intensity of added box: 3

Box added in frames: 10-15

Direction of box motion: Vertical

Motion step size: 5 pixels
Size of frame: 160 x 160 pixels
Number of frames: 50 (25 I-frames, 25 P-frames)

Box detected in frames: 10, 12, 14 (I-frame cusum)
False alarm in frame: 4, 32, 48 (I-frame cusum)

-
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7.5 The Problem of Dependence

The attentive reader may have noticed that the implementation of the cusum of p-
values contains a serious violation of one of the assumptions of the null hypothesis.
Each successive observation is supposed to be independent. However, when frame
pixels have been averaged in space and time, and when an added box occupies more
than one macroblock, this is clearly no longer true.

What is the impact on the cusum procedure? One effect is beneficial: the power
of the test to detect an object increases in certain cases. For example, if an added box
spans two horizontally adjacent macroblocks, then given a small p-value for the first
macroblock, a small p-value for the second is more likely. However, ARL calculations
are no longer accurate. If macroblocks are spatially averaged, a false alarm in one
macroblock increases the chances of a false alarm in the next.

Simulations were performed to estimate the actual ARL of the proposed scheme.
Framed were spatially averaged over 3 x 7 blocks and three frames were averaged
together back in time. In the macroblock norm, A was set to 1. Using § = 12.467
and h = 0.456, the cusum was repeated 35472 times, to give an estimated ARL of
1258.5 with standard deviation 1215.2. It is not surprising that the actual observed
ARL is larger than 1000, because the motion vector distribution is heavily skewed
towards giving p-values of 1, which keeps the cusum down near zero. Figure 7.21
shows the histogram of these lengths. Again, it appears that the run lengths are
nearly exponentially distributed. A plot of y = 3:ze™*/!**® appears in Figure 7.22.

Estimates of the ARL under a different null hypothesis that assumed dependence
between input values were be obtained by simulation. Methods to produce marginally
uniform, yet dependent data are not nearly as common as those to produce marginally
normal, but dependent sequences. One method for producing uniform, dependent
output is discussed (in a different context) by Denker and Keller [6].
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Figure 7.21: Density histogram of the run lengths of the proposed cusum procedure.
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Figure 7.22: Plot of an exponential probability density function with A = 1258.
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Denker and Keller show that a sequence generated by iterations of an interval
transformation form an absolutely regular process.” A consequence of this property
of absolute regularity is that such a sequence may be regarded as the outcome of a
sequence of stationary, asymptotically independent random variables [6].

This method of sequence generation is straight forward to implement. It can
be shown that the transform, T(z) = 1 — |2z — 1| defined on the interval [0, 1]
has Lebesgue measure as its invariant measure. This means that the terms in the
sequence generated by iteratively applying T to its previous outcome each have a
marginal distribution that is uniform on [0, 1], but are still dependent (in fact, given
the starting seed value, the sequence is deterministic). The graph of this transform
is given in Figure 7.23. A plot of a typical sequence generated using this transform
procedure is in Figure 7.24. Figure 7.25 shows the histogram of such a sequence of
10000 values, which qualitatively does appear uniform, but Figure 7.24 shows that
short-term dependence exists.

Obviously, McDonald’s results about the ARL for the cusum of these dependent
values are no longer valid, as independence of the input values was integral to the
calculations. With § = 12.6407 and cut-off value A = 0.456, (the same parameters
as used in previous simulations), the ARL of the cusum of dependent values is 75.6
with standard deviation 78.5, based on 5000 repetitions. Keeping § at 12.6407 but
increasing h to 1 gives an ARL of 607.4 with standard deviation of 606.6, again
based on 5000 samples. This is considerably shorter than the expected ARL of 1000
when the samples are independent. Again, it seems likely that the run lengths are
exponentially distributed. A histogram of run lengths in Figure 7.26 supports this
hypothesis.

SHeuristically, a sequence of random variables is absolutely regular if variables that are separated
by “large” distances are nearly independent. Technically, a sequence {X;} is called absolutely regular

if the coeflicients
Bn=E [sup{lP(BIlM’{) -P(B)|:B€ Mg k2> l}]

go to 0 as n — oo, where M{ = o(Xi, Xi+1,- .-, Xj)-
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Figure 7.23: Graph of T'(z) =1 — |2z - 1|.
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Figure 7.24: A typical sequence generated by transform T.
Note the temporal dependence—the values tend to oscillate.
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Figure 7.25: Density histogram of the dependent sequence.
There are 10000 values in this sample.
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Figure 7.26: Density histograms of run lengths.

In this simulation, the cusum was repeated 5000 times, with § = 12.6407 and h = 1.0.
Note the shorter run lengths than in the independent case, shown in Figure 7.3.



Chapter 8
Conclusions and Further Directions

A procedure for determining when an object enters a noisy MPEG compressed video
by only examining the “MPEG coefficients” has been developed. Certainly, the ef-
ficacy of the this test is significantly affected by the type of object and its direction
and manner or motion. Also, it is difficult to extract meaningful information about
the motion of an object within a macroblock using only the associated motion vec-
tor. This severely hampers the power of the test for the parts of the video encoded
as P-frames. Nonetheless, for objects of reasonable size and brightness appearing in
I-frames, the test is quite successful in detection.

To develop this procedure to the level in which it could actually be used on heart
ultrasound MPEG data, it would be necessary to extract more information from
P- (and B-) frames, especially considering that most MPEG encoders achieve high
compression rates by using large proportions of these types of frames. Another major
issue with analysing heart ultrasound data is removing the moving heart information
from the images—heart motion itself should not trigger an alarm.

There are many opportunities for research on cusum procedures as themselves.
The most studied cases usually assume independent, normally distributed samples.
Although often much less mathematically tractable, other distributions and depen-
dence relationships certainly occur in the real world, and incorporating this additional

information into the model may improve the effectiveness of the cusum procedure.

123



Appendix A
Introduction to Entropy

This appendix provides just enough details about information theory to prove that
under certain conditions, the average codeword length of a uniquely decodable code
is at least as large as the entropy of the source. For simplicity, we will restrict our

discussion to discrete random variables.

Definition A.1 (Entropy) Let X be a discrete random variable with output X =
{z1,%2,... ,} and probability mass function p(z) = P[X = z]. The entropy of X,
denoted H(X), is given by
H(X) = - Y p(z) log, p(2),
zeX

and since we are using loga(z), it is measured in bits.

Heuristically, entropy is a measure of the uncertainty in a random variable, un-

certainty in the sense of the probability of observing different outcomes.

Definition A.2 (Relative Entropy) Consider the probability mass functions p and
q which have the same output, X. The relative entropy of p with respect to q 1s,

_ p(z)
D(pllg) = :ez;(p(z) logz 2y

Although not a true metric, D(p||q) is sometimes thought of as the distance be-

tween p and q.
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Lemma A.1 D(p||q) >

0, with equality iff p(z) = q(z) for all z.

PROOF: Let the support of X be A = {1: : p(z) > 0}.

-D(pllg) =

IA

- Z p(z) [ng

IEA

3 p(a) log, 1) )

IEA ( )
[f(Y)L where Y = ¢q(X)/p(X), f(y) = log,(y)

(E[Y]) (A.1)

log, (ZP( qg))

€A

oo (0)

z€A

log, (Z q (17))
zeX

log, 1
0.

Line (A.1) follows from Jensen’s inequality. We may now conclude that D(p||q) >

0, with equality iff p(z) = q(z) for every z. a

Theorem A.1 H(X)

< log, |X|, which holds with equality if X is uniformly dis-

tributed on X, and where |X| is the number of elements in the range of X.

PROOF: Let u(z) = 7{,— the uniform pdf on X. Let p(z) be the pdf of X.

D(pllu)

_ p(z)
- zp lng (.’B)

zeX
= Z (log, p(z) — log, u(z)) p(z)
= Z p(z) log, p(z) + ZP(“’) log, ;(1;5

= -H(X)+)_p(z)log, |¥X|
= —H(X) +log; |¥|.
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Since D(p||u) > 0, we have H(X) < log, | X|. If p(X) = 1/|X|, then H(X) = log, |X|.
]

Definition A.3 (Prefix or instantaneous code) A variable length code in which

no codeword is the prefiz of any other codeword.

For example, mapping 4,B and C to 01,001 and 0001 is a prefix code. The
sequence 010001001001 can only be decoded as ACBB.

Definition A.4 (Alphabet) The symbols that are used to make codewords.
The alphabet of the previous example is {0, 1}.

Theorem A.2 (Kraft’s Inequality) For any prefiz code with a finite number of
codewords over an alphabet of size D, the codeword length I}, 15, ... ,ln must satisfy,

Y pt<t

i

Conversely, given a set of lengths, there ezists a D-ary code satisfying the inequality.

PROOF: Notice that any prefix code can be written along the paths of a D-ary
tree, as in Figure A.1.

Reading along the paths to the end node gives the codewords. Because of the prefix
condition, no codeword may continue beyond the end node of another codeword.

Let lgac be the length of the longest codeword. There are D'ms= possible nodes at
level lpay. Only some of these nodes are codewords, the others are defunct extensions
of codewords, or neither of these. Consider a codeword that ends at level l;. It has
D'=x=t (defunct) descendents. The total number of descendents of all codewords is

Z Dlmax—bi
This must be less than or equal to the total number of possible nodes at level lpax-

Thus,
ZD‘mu"‘i S D‘mn.
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Mo

Figure A.1: Tree diagram of a D-ary prefix code.

Dividing by D'== gives

Y ph<u

Conversely, given codeword lengths [,,... ,ls, we can always construct a code
along a D-ary tree. |
The Kraft inequality can actually be extended to hold for any uniquely' decodable
code with a countable number of codewords. For simplicity, the rest of our discussion
will consider binary codes only. The results, however, can easily be generalized to

hold for the D-ary case.

Theorem A.3 The ezpected length L of of a binary prefiz code for the output of a
random variable X is greater than or equal to the entropy of X. That 1s,

L > H(X),

with equality iff p; = 27%, where p; is the probability of observing codeword i.

1 A uniquely decodable code need not be a prefix code.
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L-H(X) = Zpili—zpilogzﬁ
= Zpi log, 2% + Zpi log;, pi

= ZP:‘ (10g2 2% + log, p; + log, (Z 2-6) — log, (Z 2-1,))
= Zpi log; (2—_—,/—(;?-_715) — log, (; 2"1')

Let r; =274/ ZJ- 2-4. Note that r is a probability distribution. Continuing,

= D(ellr) +log, (—2—12—,)
7

> 0.

The last line follows because we have proved that relative entropy is always non-
negative, and from the Kraft inequality, Zj 274 < 1. a

So, the lower bound on the average codeword length is the entropy of the source.
This is the main reason why the MPEG standard applies the DCT transform to the
spatial data; it is an effective method of reducing the entropy of the source, because
the distribution of the data becomes much less uniform, and as was demonstrated in

Theorem A.1, entropy is maximized for the uniform distribution.



Appendix B

Matlab Routine

An invaluable resource for producing nice graphics and movies in Matlab is Marchand

(10].
The following function calculates the matrix A that is discussed in Chapter 4,

Section 4.2.
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MATLAB ROUTINE

APPENDIX B.
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Appendix C

C++ Programs

A great resource for learning about programming in C++ is by Deitel and Deitel [5].
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APPENDIX C. C++ PROGRAMS
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