Novel Techniques in Quantum Optics
Confocal Super-Resolution Microscopy Based on a Spatial Mode Sorter and

Herriott Cell as an Image-Preserving Delay Line

Katherine Karla Misaye Bearne

Thesis submitted to the University of Ottawa
in partial fulfillment of the requirements for the
Master of Science degree in Physics

under the supervision of Robert W. Boyd

Department of Physics
University of Ottawa

Canada

© Katherine Karla Misaye Bearne, Ottawa, Canada, 2022



Abstract

Breaking Rayleigh’s "curse" and resolving infinitely small spatial separations is one motivation
for developing super-resolution in imaging systems. It has been shown that an arbitrarily small
distance between two incoherent point sources can be resolved through the use of a spatial mode
sorter, by treating it as a parameter estimation problem. However, when extending this method
to general objects with many point sources, the added complexity of multi-parameter estimation
problems makes resolution of general objects quite challenging. In the first part of this thesis,
we propose a new approach to deal with this problem by generalizing the Richardson-Lucy (RL)
deconvolution algorithm to accept the outputs from a mode sorter. We simulate the application of
this algorithm to an incoherent confocal microscope using a Zernike spatial mode sorter rather than
the conventional pinhole. Our method can resolve general scenes with arbitrary geometry. For such
spatially incoherent objects, we find that the resolution enhancement of the sorter-based microscopy
using the generalized RL algorithm is over 30% higher than the conventional confocal approach using
the standard RL algorithm. This method is quite simple and potentially can be used for various
applications including fluorescence microscopy. It could also be combined with other super-resolution
techniques for enhanced results. The second part of this thesis explores the potential for the Herriott
cell to be used as an image-preserving delay line. In quantum imaging, entangled photons are often
utilized to take advantage of their spatial and temporal correlations. One photon (“the signal”)
interacts with the system to be measured and the other (“the herald”) is used to trigger the detection
of the signal. However, for a typical high-sensitivity camera, there is a delay on the order of 20
ns between the trigger and the sensor becoming active allowing for the signal to be recorded. An
image-preserving delay line (IPDL) serves to store a photon without distorting the spatial structure
and losing the spatial and temporal correlations. It is commonly made with a series of 4f systems
to repeatedly image the light field. We propose to use the Herriott cell as an image-preserving delay
line. We tested 10 of the lower-order HG modes and found it was able to preserve almost all of them
with high fidelities (>90%), with the only exceptions being the largest modes (HG03 and HG30) at
the longest delay (7.9 m) where the fidelity was still >86%. In addition to these modes, it was also
able to store general images. This application of the Herriott cell affords insights into miniaturizing
IPDLs, which tend to occupy a significant amount of space. Overall, these two projects offer novel

insight and application to the world of quantum imaging.
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1 Overview

This thesis describes research on two separate projects. In the first project (Chapter 2), confocal mi-
croscopy with a spatial mode sorter is used to achieve super-resolution. This chapter is based on a
published peer-reviewed paper which will be presented in full in Section 2.5. This thesis is intended to
be a self-contained document. In order to provide sufficient background for the reader, an introduction
to super-resolution is given in Section 2.2. More detail is also provided on the methods used in the paper

in Section 2.3 for those who might be curious about the intricate details.

In the second project (Chapter 3), the potential for the Herriott cell to be used as an image-preserving
delay line is explored. This project follows a more traditional approach to its content. As with the first
project, a review of previous work is included in Section 3.1 in order to develop the motivation for using
the Herriott cell as an image-preserving delay line. Following this, the simulation results are presented
in Section 3.4, the experimental characterization is described in Section 3.6, and finally future projects

are shown in Section 3.7

While these two projects may appear to be quite different on the surface, they both offer novel insights

and applications to the world of quantum imaging, which will be illustrated in this thesis.

2 Super-resolution

This chapter is based on the following paper:

Bearne, K. K. M., Zhou, Y., Braverman, B., Yang, J., Wadood, S. A., Jordan, A. N., Vamivakas, A. N.,
Shi, Z., and Boyd, R. W. (2021). Confocal super-resolution microscopy based on a spatial mode sorter.

Optics Express, 29(8), 11784-11792. https://doi.org/10.1364/0e.419493

2.1 Authorship

Since this manuscript has multiple authors, including a shared first author, I wish to clarify which tasks
I performed and acknowledge the contributions of others. Dr. Yiyu Zhou originally conceived the idea of
combining the spatial mode sorter with the Richardson-Lucy deconvolution algorithm to achieve super-
resolution. He wrote the original MatLab code to perform the numerical simulations. In Section 2.3
the methods used and choices we made in developing this technique are elaborated upon. My role was

to modify the code, test various images, and develop the appropriate parameter weights and stopping



criteria. I tested the experimental options and consultations with Dr. Boris Braverman and Dr. Zhou
led to the sorter-based super-resolution approach outlined in the paper and Section 2.3. The manuscript

was written by me, Dr. Zhou, and Dr. Braverman with contributions from all other co-authors.

2.2 Introduction to Super-resolution

2.2.1 Rayleigh Criterion

The primary purpose of an imaging system is to obtain the highest quality image possible to gather the
most information about the object of interest. As such, enhancing spatial resolution is a common goal,
with the field of super-resolution microscopy dedicated to techniques that allow for imaging with better
resolution than the diffraction limit of light. This diffraction limit, known as Rayleigh’s criterion [1] is
the minimum separation distance required between two point sources in order for them to be resolved.

An example of this is shown in Figure 1. Another example would be the Abbe criterion [2].

Resolved Rayleigh Criterion Unresolved
d d d

— -

Y A e BV

Figure 1: The separation distance (d) between two point sources determines whether they can be
resolved or not. The minimum resolvable separation is given by the Rayleigh criterion.

The diffraction limit given by these two criteria Apgyieigh = 1.21 and Aappe = 1 is explained by
Equation 1, where d is the resolvable distance between features, A is a constant, A is the wavelength of

light, and NA is the numerical aperture of the imaging system. Note that this is the far-field diffraction

limit.



A 1
d=Ax o (1)

Examination of Equation 1 considering the diffraction limit, reveals that there are multiple ways
to decrease d. Ome could decrease A, e.g., by imaging with UV or x-rays. Alternatively, one could
increase N A, e.g., by using confocal, 47, or structured illumination microscopy. Finally, one could avoid
the far-field diffraction limit by imaging in the near-field, using near-field scanning optical microscopy
(NSOM). Building on these ideas many different approaches have been developed, leading to various
super-resolution techniques. To provide context for the present work relative to the other techniques
used today, we present a brief overview of the more common super-resolution methods including their

advantages and disadvantages.

2.2.2 General Resolution Increasing Techniques

Conventional confocal microscopy shown in Figure la in our work [3] (presented in full in Section 2.5)
and reprinted here as Figure 2 for convenience, uses a pinhole to spatially filter the light and generate
a focused illumination spot. This illumination spot is scanned across the sample (21,y; in the object

plane) to construct the full image [4].
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Figure 2: Figure la from Section 2.5 depicting the conventional confocal microscopy setup

Another scanning technique that focuses the light similar to a confocal microscope is 47 microscopy
however, the light illuminating the sample is incident from both sides [5]. As shown in Figure 3, the
47 microscope consists of two opposing objective lenses. The input laser is split by a beam splitter and
incident on the sample through both objectives (L1 and L2). The light emitted by the sample in response
is then collected by these objectives and recombined at the beam splitter (BS). The dichroic (DC) mirror

is used to reflect the illumination beam and transmit the emitted light to the detector.



Detector

DC Mirror

Source

L2 L1

Figure 3: The setup for 47 microscopy with two opposing objective lenses (L1 and L2) to focus light
onto the object is shown. The light is incident from both sides of the sample. The emitted light is
recombined at the beam splitter (BS) where it passes through the dichroic (DC) mirror to the detector.

In structured illumination microscopy [6], the beam that illuminates the sample is structured or pat-
terned, usually with stripes. The emitted fluorescence from the samples is then recorded. This process is
repeated for various light structures. Interaction between the illumination beam pattern and the sample
produces Moiré fringes which contain information about the sample. The information is computation-

ally separated in Fourier space and properly repositioned before recombination to produce the final image.

Imaging systems are not perfect. Diffraction and aberrations or defects in the optics cause a single
point to be seen as a blur, spread out in the image plane. This is characterized by the point spread
function (PSF). The PSF is defined by the transverse spatial variation of the image compared to a point
source object [7]. While the complex field distribution for a point source is given by the amplitude PSF,
generally more emphasis has been placed on the intensity PSF which is simply the modulus squared
of the amplitude [8]. Subsequent mentions of the PSF are therefore referring to the intensity PSF. In
the case of the conventional confocal microscope, the PSF of the illumination beam is an Airy disk
(G(x1,91)) [9] described by Equation 2 where (z1,y;) are the Cartesian coordinates and (r1, ;) are the
corresponding polar coordinates in the object plane, NA is the numerical aperture, \ is wavelength, and
k = 2w /X is the wave number. J; is the first order Bessel function of the first kind [10]. For more details
on the PSFs of the conventional and sorter-based confocal microscopy, please refer to the supplemental

information of the manuscript found in Section 2.5.

G(Ilyyl):NO|J1(kNA’I"1)/(\/7T-T1)|2. (2)

The image produced by an imaging system is the convolution between the PSF of said imaging system

and the object itself. Mathematically, the convolution is an integral transform. Put simply, the convo-



lution expresses how the shape of one function (our object) is modified by another (the PSF) giving the
final image. In similar terms, deconvolution of images attempts to undo this blurriness caused by the

PSF and return an image of the original object.

These imaging techniques offer modest improvements to the resolution and are commonly employed

with additional methods to maximize the enhancement and achieve super-resolution.

2.2.3 Nonlinear Super-Resolution Techniques

Examples of nonlinear techniques include stimulated-emission depletion (STED) [11], photoactivated
localization microscopy (PALM) [12], and stochastic optical reconstruction microscopy (STORM) [13].
While these methods allow us to overcome the diffraction limit, they typically require the use of spe-
cially prepared fluorescent samples, and the data collection can take extended periods of time. These

limitations make the use of these methods impractical for many applications.

The principle behind STED is the inhibition of fluorescence in the outer regions of the excitation. A
torus shaped beam is used to deplete specific regions of fluorophores through stimulated emission on a
sample being imaged from the excited state. Consequently, the emitted light arises only from the more fo-
cused spot (at the centre of the torus) leading to higher resolution after raster scanning the STED beams
over the whole sample. This is similar to the use of a pinhole to block the out-of-focus light in confo-

cal microscopy, except in this case we attempt to avoid excitation of these external edges in the first place.

Another variation of this fluorescence microscopy technique is STORM. In this technique, the fluo-
rescent molecules are "switched" on and off using different colored lights. Each molecule is adequately
spaced from the others so that for each cycle all molecules can be resolved. Repeating this process allows

for the determination of the positions of each fluorophore followed by reconstruction of the overall image.

Finally, PALM uses an activation protocol similar to the other techniques. Photoactivatable fluores-
cent proteins are attached to areas of interest, activated with a brief laser pulse, and then imaged. This
process is repeated until all the fluorescent proteins have been activated and the supply of unbleached
proteins is depleted. However, using the knowledge of the PSF for the imaging system, the location
can be determined by fitting the expected image to the actual image. This allows for a better quality
image whose resolution is dictated by the uncertainties in this fitted position. An example of the image

captured using the PALM technique is shown in Figure 4 which compares the traditionally used com-



parative summed-molecule total internal reflection technique to the PALM technique. There is marked

improvement in the image quality.

Figure 4: A sample image of proteins in a cell using (a) the traditionally used
comparative summed-molecule total internal reflection and (b) the PALM technique from
[https://doi.org/10.1126 /science.1127344] [12]. Reprinted with permission from AAAS.

2.2.4 Quantum Super-Resolution Techniques

Other quantum-based imaging techniques such as optical centroid measurement (OCM) [14, 15, 16, 17, 18]
or those using the anti-bunching effect [19, 20] have been applied to overcome the diffraction limit. The
main limitation with these non-classical methods is the need for quantum low-brightness light sources
such as single-photon sources or entangled photons. Another limitation is that they require high-order
intensity correlation measurements. These additional limitations prevent them from widespread use in

the real world.

OCM works by detecting the centroid of entangled bi-photons. As proposed by Tsang [14], images
can be reconstructed using the intensity measurement of the light and post-processing using a Gaussian
single-parameter estimation technique. In this case, the super-resolution ability comes from the OCM
state of light carrying a spatial structure to allow it to overcome the Raleigh limit. In this technique, the
laser source illuminates the object, which is then imaged by a 4f system. At the focus of the 4f system is
a nonlinear crystal, which produces the photon pairs through spontaneous parametric down-conversion.
A bandpass filter transmits these photon pairs, which are then focused with a lens onto a camera at the

image plane. An example of this technique is shown in Figure 5 [21].



(c) (d)

Figure 5: Images of a 2, taken using various methods (a) Bi-photon OCM at 810 nm, (b) spatially
coherent 810 nm, (c) spatially coherent 405 nm, and (d) spatially incoherent 810 nm, reprinted with
permission from |https://doi.org/10.1364/OPTICA.5.001150] [21] © The Optical Society. Note that the
biphoton OCM comes from 405 nm light incident on a nonlinear crystal to create two 810 nm photons.

The anti-bunching effect operates on the principle that a single emitter can only emit one photon at
a time. It is particularly useful for characterizing single quantum systems through quantum correlation
measurements. In this case, [20] fluorophores are used where the emission of more than one photon is
suppressed. This is the case for many organic dyes or fluorescent quantum dots. Staining a sample with
these fluorescent dots and then scanning the sample and measuring quantum correlations allows for a

significant increase in resolution compared to traditional scanning microscopy [19].

2.2.5 Spatial Mode Demultiplexing

Recently, a quantum-inspired super-resolution imaging method was proposed by Tsang [22] and demon-
strated [23, 24, 25, 26, 27]. Although quantum-inspired, it does not require the use of non-classical light
sources or high-order coincidence detection, giving it an advantage over previous quantum methods. This
method, named SPADE for spatial mode demultiplexing, is based on spatial mode sorting. It is possible
to resolve the two spatially incoherent, equally bright point sources regardless of their separation, which
can be made arbitrarily small. This is done by sorting into an appropriate spatial mode basis and using
photon counting statistics. SPADE approaches resolving the point sources as a parameter estimation

problem. This works well for a small number of point objects but quickly becomes non-trivial when



applied to general scenes due to the complexity of multi-parameter estimation problems [28, 29].

2.2.6 Theoretical Fisher Information

Some theoretical approaches for developing sorter-based 2D super-resolution have been described [30, 31,
29, 32, 33, 34, 35, 36, 37, 38]. However, these scenes treated only a small number of unknown parameters
because they focused mainly on Fisher information, which quickly becomes computationally complex as

the number of parameters increases.

2.2.7 Motivation

After reviewing the existing literature, to the best of our knowledge, a mode sorter has not been used
to super-resolve an arbitrary object. Consequently, our work focused on utilizing a mode sorter for
super-resolution by treating resolving an image as a deconvolution problem. As described in more detail
in Section 2.3, we propose to use the standard confocal microscopy setup, with a spatial mode sorter
replacing the pinhole. We also generalized the standard Richardson-Lucy (RL) deconvolution algorithm
[39, 40] to process the multiple outputs from the mode sorter. Together, these two techniques yield a

reconstructed super-resolved image.

2.3 Methods

This section describes the choice of algorithm, mode-sorting bases, images and the units for their quality
measurement, and the cut-off points for the iterative process used in the technique in the accompanying

paper. In addition, more detailed descriptions of the methods may be found in Section 2.5.

2.3.1 Richardson-Lucy Deconvolution Algorithm

The Richardson-Lucy (RL) algorithm is a commonly used deconvolution algorithm described by Equa-
tion 3 [39, 40|, where W, is the deconvolved image at the r-th iteration, M is the PSF of the conventional
confocal imaging system with a pinhole and I$¥P is the resultant confocal image. It has been combined
with other techniques to perform deconvolution in 3D confocal microscopy [41]. In fact, in a comparison
between multiple iterative algorithms (the iterative constrained Tikhonov—Miller algorithm (ICTM), the
Carrington algorithm, and the RL algorithm with Gaussian prefiltering) the RL algorithm performed the

best in low light scenarios of image restoration [42]. In our model, we are considering only the fundamen-

tal quantum noise, which can be described using Poissonian photon statistics as this is representative of



the noise when imaging with a laser beam. Indeed, the RL algorithm has been found to perform well in

cases when the dominant noise is of a clear Poissonian nature [43, 42].

Ultimately, the RL algorithm shown in Equation 3 is a well-known deconvolution algorithm com-
monly used for image reconstruction and applied to confocal microscopy. It is also simple and easily

generalized to the multi-mode case in Equation 4.

JexXP
WT+1 = Wf,« . (M* ]\4:??/[/) 5 (3)
Hyw
Wip1 =W, - Z (an * Q*VV) . (4)

For the mode sorter case Q. is the PSF for the Zernike mode (Z,,,) imaging system and HE™P is
the image seen in that mode (after raster scanning). It is important to note that there is no weighting
factor for each mode. We tested having different weights for each mode but after observing no significant
difference, we opted to keep the weighting factor equal to 1. In doing so, the weighting is essentially
based on how many photons appear in each mode, since we do not normalize them individually. We

believe this is a reasonable way to weight the images since it accurately reflects the information in each

mode. A more in-depth explanation can be found in the paper itself.

2.3.2 Zernike Modes

In the spatial-mode demultiplexing (SPADE) technique described in Section 2.2, the mode sorter used
the Hermite-Gauss (HG) basis [22]. Initially, we also employed an HG basis. However, it has been
shown that the optimal basis for an imaging system with a circular aperture, as in confocal microscopy,
is the Zernike basis [31, 44]. Theoretically, one could sort the light into an infinite number of modes in
the HG basis or sort the light into an infinite number of modes in the Zernike basis and gather all of
the necessary information. In our case, an optimal will be the one that requires the fewest modes to
capture the most light and most information. Consequently, we decided to employ the first six Zernike
modes, since additional modes did not increase the reconstructed image quality and only increased the

computation time. However, using fewer modes was detrimental to the image reconstruction.

10



2.3.3 Mode Sorting

The use of a spatial mode sorter instead of the traditional pinhole is a key component of our super-
resolution method. This is described in more detail in the manuscript presented in Section 2.5 under
2. Generalized Richardson-Lucy deconvolution algorithm as well as in Section 2. of the supple-

mental document.

A simple explanation of the simulated projection is as follows. The 2D image H,,, is produced by
raster scanning the object. As we raster scan, each point is treated as a point source located at this
specific coordinate. This electric field of the point source after our imaging system, i.e. in the Fourier
plane, is projected onto the Zernike mode Z* by calculating the overlap integral between the two fields.
Now while our work was theoretical, Tsang’s proposed experimental approach [22] relies on a multi-mode
waveguide that uses a grating coupler to separate the different spatial modes, or alternatively evanescent
coupling to single-mode waveguides. At the end of the multi-mode waveguide a photon counter will

count the higher order photons that remain.

2.3.4 Images

As this is a theoretical simulation, the algorithm was tested with a series of images to assess the per-
formance. We offer an example here that is different from the patterns discussed in the manuscript. In
Figure 6 we see an original pinwheel image (a) that has been conventionally reconstructed (b), a blurred
(¢) (i.e. with no reconstruction) image, and a mode sorter reconstructed image (d). This was for the
typical configuration used, for an 80-pixel Rayleigh criterion resolution (an input in our algorithm which
represents the limit such that features smaller than this will not be resolved) and, in this case, a photon
number of N7 = 107. Recall that the goal is to be able to apply this to general and unknown images so

it is important to be able to image various types of scenes.

11



Figure 6: A pinwheel is imaged under the following conditions (a) original, (b) conventionally recon-
structed, (c) blurred, i.e., no reconstruction, and (d) mode sorter reconstructed. This was for the typical
configuration used, for an 80-pixel Rayleigh resolution with a photon number of Ny = 107.

12



2.3.5 Resolution Enhancement

205 PSNR of the Blurred Image for a given Rayleigh Resolution
o T T T T T T T
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Figure 7: To give a quantitative description of the resolution enhancement, a relationship between the
PSNR and the Rayleigh resolution is calculated by blurring the image at various Rayleigh resolutions
and calculating the PSNR. Examples of the blurred and original rice image are shown to illustrate this
point.

The peak signal-to-noise ratio (PSNR) is a commonly used measurement to compare image (W,.) quality

based on the ground truth (Wp). The definition of PSNR is given by [45]

max(Wy)?
= N SN Wi ) = WG )P

PSNR = 101log;, (5)
where (4, j) are the integer pixel indices of the digital image. In our case, the number of pixels along one
dimension is N = 256. However, for super-resolution methods, people often ask: What is the “resolution
enhancement”? To address this question we derived a relationship between the PSNR and the resolution
enhancement by blurring the ground truth at various Rayleigh resolutions using the PSF of the imaging
system for a specific Rayleigh criterion (resolution). The PSNR of this blurred image was then calculated
so each Rayleigh resolution had a corresponding PSNR. Working this relationship backwards, we were
able to determine a PSNR of our image that was equivalent to a given Rayleigh resolution. The ratio of
the calculated Rayleigh resolution to the ground truth Rayleigh resolution gives the effective resolution

enhancement. Figure 7 gives an example of this calculation for the MatLab rice image. It is important
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to note that this PSNR to resolution curve will be different for each individual image.

2.3.6 Iterative Stopping Criterion

In our numerical simulations, we allowed the algorithm to run until it reached a maximum iteration
number limited by our computational and time constraints. Because we knew the ground truth we
were able to compare the PSNRs at each iteration and choose the iteration with the maximum PSNR.
However, without knowledge of the ground truth, it is not possible to do this, and therefore a stopping
criterion must be chosen [46]. The simplest criterion would be a pre-selected iteration number to serve
as the cut-off. To determine what that ideal iteration number might be, a series of simulations were
conducted at varied total photon numbers. This is shown in Figure 4 of the Supplemental Document
(Section 2.5), in the accompanying publication. As the photon numbers increase, we observe a saturation
effect in the value of the PSNR as the iteration number increases. Overall, it is best to choose a lower
iteration number when the photon number is lower < 107 as the image tends to improve quickly and
additional iterations cause a degradation in resolution. It is better to use a higher number of iterations
(reaching the saturation point) when the photon number is higher > 10® as the images continue to

improve with more iterations.

2.4 Conclusion and Future Work

In conclusion, our simulations demonstrate that we are able to achieve super-resolution by applying a
generalized Richardson-Lucy algorithm to a sorter-based confocal microscope. Our algorithm can resolve
general images using a spatial mode sorter, which has not been previously demonstrated in literature.
For both patterns tested, the average effective resolution enhancement for the sorter-based approach over

30% higher than the conventional confocal approach.

As previously mentioned in Section 2.2, there are many different techniques used to achieve im-
age super-resolution in microscopy. Often, multiple resolution enhancing methods are used together to
achieve the maximum possible resolution improvement. Given the simplicity of our generalized algo-
rithm, it would be well suited to integration with other methods. Additionally, it does not require a
quantum light source such as single photons (sensitive to loss) or photon pairs (require external delays
and correlation measurements). Our method is applicable in cases where classical light is used, e.g., as-
tronomical or fluorescence imaging. Having demonstrated that our algorithm can resolve general scenes,
one potential application for this approach would be super-resolving digits, where our algorithm would

be the front-end to a machine learning-based digit identification protocol [47]. Looking forward, we could
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also consider whether the RL algorithm is indeed the best algorithm to process the mode sorter outputs

or if a machine learning approach might yield a better resolution enhancement than the RL algorithm.

2.5 Publication: Confocal Super-Resolution Microscopy Based on a Spatial

Mode Sorter

The full paper [3] is reprinted here with permission from [https://doi.org/10.1364/OE.419493] (©) Optica

Publishing Group.
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Abstract: Spatial resolution is one of the most important specifications of an imaging system.
Recent results in the quantum parameter estimation theory reveal that an arbitrarily small distance
between two incoherent point sources can always be efficiently determined through the use
of a spatial mode sorter. However, extending this procedure to a general object consisting of
many incoherent point sources remains challenging, due to the intrinsic complexity of multi-
parameter estimation problems. Here, we generalize the Richardson-Lucy (RL) deconvolution
algorithm to address this challenge. We simulate its application to an incoherent confocal
microscope, with a Zernike spatial mode sorter replacing the pinhole used in a conventional
confocal microscope. We test different spatially incoherent objects of arbitrary geometry, and we
find that the resolution enhancement of sorter-based microscopy is on average over 30% higher
than that of a conventional confocal microscope using the standard RL deconvolution algorithm.
Our method could potentially be used in diverse applications such as fluorescence microscopy
and astronomical imaging.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Enhancing spatial resolution is a persistent goal for imaging systems. The resolution of an
incoherent far-field imaging system was previously believed to be limited by Rayleigh’s criterion
[1]. In recent decades, a multitude of super-resolution methods have been demonstrated to
break the diffraction limit, such as stimulated-emission depletion (STED) [2], photoactivated
localization microscopy (PALM) [3], and stochastic optical reconstruction microscopy (STORM)
[4]. However, these methods generally require the use of specially prepared fluorescent molecules,
and the data collection in an experiment can take a long time. In addition to these classical
methods, various quantum effects have been investigated to enhance the imaging resolution.
Optical centroid measurement [5—9] is another quantum approach that can improve the resolution
by up to 41% via detecting the centroid of entangled bi-photons. The anti-bunching effect
has also been exploited to enhance the spatial resolution when imaging single-photon sources
such as quantum dots through the use of coincidence measurement [10,11]. Nonetheless,
these non-classical methods typically require the use of quantum, low-brightness light sources
(e.g., single-photon sources and entangled-photon sources) as well as slow, high-order intensity
correlation measurements, which limits their widespread adoption in real-world imaging systems.

#419493 https://doi.org/10.1364/OE.419493
Journal © 2021 Received 12 Jan 2021; revised 10 Mar 2021; accepted 24 Mar 2021; published 31 Mar 2021
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In recent years, a quantum-inspired super-resolution imaging method based on spatial mode
sorting (called SPADE) has been proposed [12] and experimentally demonstrated [13—17]. The
Rayleigh diffraction limit can be broken through the use of an appropriate spatial mode sorter, and
an arbitrarily small separation between two spatially incoherent, equally bright point sources can
be well resolved. Although the theory for SPADE was developed in the framework of quantum
metrology, it can be interpreted classically [18] and does not need non-classical light sources
or high-order coincidence detection, which is the major advantage over the aforementioned
super-resolution methods. The theoretical treatment of SPADE approaches the super-resolution
task as a parameter estimation problem, which works well when imaging a scene with a small
number of point objects. However, it is non-trivial to apply the theory to a general scene that
contains many point sources or continuous objects due to the complexity of multi-parameter
estimation problems [19,20]. A few theoretical attempts have been made towards sorter-based
super-resolution imaging for a scene with a very small number of unknown parameters [20-29].
However, these previous works mainly focus on the Fisher information analysis of the mode
sorter, which exhibits intractable complexity in the calculation of quantum Fisher information.
Furthermore, even if the quantum Fisher information can be computed, it is challenge to determine
if the quantum Fisher information can be achieved by practical measurements for all parameters.
Hence, to the best of our knowledge, no method has yet been reported to super-resolve an
object of arbitrary geometry using a mode sorter. Here we address this challenge by treating the
sorter-based super-resolution imaging as a deconvolution problem. We propose to replace the
pinhole in a standard confocal microscope with a spatial mode sorter. We generalize the standard
RL deconvolution algorithm [30,31] to digitally process the multiple outputs of the mode sorter in
order to reconstruct a super-resolved image. In Section 2, we introduce the conceptual schematic
of the sorter-based confocal microscopy as well as the algorithm for image reconstruction. In
Section 3, we present the numerical simulation results. The conclusion of this work is discussed
in Section 4.

2. Generalized Richardson-Lucy deconvolution algorithm

The schematic of a confocal microscope is shown in Fig. 1(a) and (b). Conventional confocal
microscopy uses a pinhole in the image plane before the single-pixel detector. Here we assume
that the illumination beam is spatially coherent and the light scattered by the object is spatially
incoherent, which is common in fluorescence microscopy. The illumination and reflected
beam wavelengths are assumed to be the same for simplicity, although they can be different
in fluorescence microscopy. We use Wy to describe the object brightness profile and use M to
denote the point spread function (PSF) of the conventional confocal microscope using a pinhole
of diameter D. Here we assume a circular aperture of the objective lens, and the PSF of the
objective lens is thus an Airy disk [32]. Additional details of M are presented in Supplement 1.
By raster scanning the object, a 2D image can be obtained, and the resultant confocal image Icon
can be described by the convolution of Wy and M as I.on = M = Wp. In our model we consider
only the fundamental quantum noise which leads to Poissonian photon statistics; we ignore other
technical sources of noise. Therefore, the shot-noise-limited image that can be experimentally
measured is described by Ioy: = Poisson(co,), Where Poisson(-) denotes one random realization
of the Poisson distribution for a given mean. The standard RL deconvolution algorithm can be
expressed as [30,31]

Iexp
W, =W, | Mx —0_ , 1

r+1 r ( M+ Wr ( )

where W, is the deconvolved image in the r-th iteration and * denotes convolution. In general,

the iterative deconvolution algorithm begins with an image of uniform intensity W,-; = const,

and the term inside the parentheses in the above equation can be understood as a correction to W,
during each iteration. The proposed sorter-based confocal microscope is shown in Fig. 1(b). It
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can be seen that a Zernike mode sorter is used in the Fourier plane. Here Zernike modes are
adopted because they have been shown to be the optimal basis for an imaging system with a
circular aperture [22,33]. In particular, we choose the six lowest-order Zernike modes (Zg , Zl‘1 ,
le A 2 Zg , and Zg), as shown in Fig. 1(c). The Zernike mode sorter projects the collected
photons onto each Zernike mode Z' in the Fourier plane, and each output port of the Zernike
mode sorter produces a 2D image H,,, by raster scanning the object. The image H,,, is given by
the convolution of the original object image Wy and Q,,,, as Hyy = Wo * Oy, Where Q,y,,, is the
effective PSF when projecting into the mode Z]":

2 2

k“NA
Omn(x1,y1) = NOTBm:O,n:O(rl» 601) - Bun(r1, 01),

8(n+ 1) J2, (kNAr)
€m (kNArl )2

@

Byu(r1.61) = sin’(mé) + 7 - H(m)),

where J,,,1(-) is the Bessel function of ordern+ 1; ¢, =2if m =0and ¢, = 1 if m # 0; H(m) is
the Heaviside step function where H(m) = 1 if m > 0 and H(m) = 0 if m<O0; (x;,y;) are the
Cartesian coordinates at the object plane, and (r|, 81) are the corresponding polar coordinates;
Ny is the photon number in the illumination beam at each raster scanning step; k = 27/ is the
wave number, A is the wavelength, and NA is the collection numerical aperture of the objective
lens. In this equation, By,—o =0 represents the PSF of the illumination beam, and B, is the

a Conventional b Sorter-based
confocal microscopy confocal microscopy

l Dz

A Pinhole Zemike [~ 71
Beamsplitter B ID Detector —>» mode '1
N sorter D7

¢ Translation ¢ Translation
stage stage

D - AN @ -

|Fzsl  |Fehf  |Fenl  |Fes) |Fels |Fedf
o e —
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A

Zernike
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Fourier
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Fig. 1. (a) Schematic of a conventional confocal microscope. (b) Schematic of the sorter-
based confocal microscopy. Conventional confocal microscopy uses a pinhole and a single
detector, while the proposed scheme uses a spatial mode sorter to first decompose the
received field, with every output port of the sorter measured by a separate detector. (c) The
first six Zernike modes Z;" and the intensity profiles of their respective Fourier transforms

|FAZ} .
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intensity profile of the Fourier transform of Z" in the image plane as shown in the bottom row
in Fig. 1(c). Here, we assume that the illumination beam has a flat spatial profile before being
focused by the objective lens and that the illumination NA is the same as the collection NA. We
use this assumption to simplify the calculation and simulation, but we note that this assumption
can be relaxed and is not necessary to the result. Derivations of the analytical form of By, H,
and Q,,, are presented in Supplement 1. We use H,,’ = Poisson(H,,) to denote the randomly
generated shot-noise-limited image that can be measured in an experiment. As one can see, a
major difference between the conventional confocal microscopy and the sorter-based confocal
microscopy is that multiple images (six in our case) can be obtained simultaneously when using a
mode sorter. Here we propose a generalized RL deconvolution algorithm, which can be expressed

as
W =W, S Hy
rel = Wy a (an * an—* Wr) -

Compared to the conventional RL deconvolution algorithm (Eq. (1)), it can be seen that the
correction term inside the parentheses in the above equation is the sum of contributions from
different modes.

3

3. Numerical simulation
3.1.  Algorithm performance evaluation

We next present the results of numerical simulations that implement the generalized deconvolution
algorithm and compare its performance to that of the conventional deconvolution algorithm. One
of the objects we use (pattern A) is shown in Fig. 2(a). The original object image has a size of
128x%128 pixels and is zero padded to 256x256 pixels to avoid the diffraction-induced boundary
clipping effect. A 2D image H,,} can be obtained at each output port of the mode sorter when
raster scanning the translation stage by (€, 77). Here we choose the scanning step size to be 1 pixel
and the total scanning steps to be 256 X 256, resulting in a 2D image H,, (€,1) of 256 x 256
pixels. At each scanning step, we assume that Ny photons are used to illuminate the object, and
thus the total photon number in the illumination beam is Ny = 256 x 256 X Ny. In this work, we
use Nt as a variable and perform simulations under different N7. This is because N7 is typically
controllable in an experiment by adjusting the illumination laser power and is independent of the
sample properties. The results for different Zernike mode outputs are shown in Fig. 2(b)-(g). One
can see that the output of high-order modes has a lower photon count and is thus more susceptible
to Poisson noise. We use W,-; = const as the starting point and run the iterative deconvolution
algorithm based on Eq. (3). We choose the commonly used peak signal-to-noise ratio (PSNR) to
quantify the quality of the reconstructed image W,. The definition of PSNR is given by [34]

max(W)?
3 2 I IWo(i,)) = WG )P

PSNR = 101og 4)

where (i,7) are the integer pixel indices of the digital image and N = 256 is the pixel size along
one dimension. We stop the deconvolution algorithm at a maximum iteration number Nj, = 10,
which is limited by time and computational power constraints. In general, the PSNR increases
with increasing iteration number r. However, if the data is noisy, the noise can be amplified when
the iteration number is large, and thus the PSNR can decrease if r continues to increase. In our
implementation, we monitor the PSNR as a function of the iteration  and choose the maximum
PSNR for 1 < r < Nj for each implementation. The reconstructed image is shown in Fig. 2(h).
More details on the PSNR as a function of the iteration number are provided Supplement 1. For
practical applications where the ground truth is not available, a stopping criterion [35] must
be used. The simplest (and perhaps the most widely used) stopping criterion is to manually
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specify a maximum iteration number. The relation between PSNR and the iteration number
for both sorter-based deconvolution algorithm and the conventional deconvolution algorithm is
presented in Supplement 1 to illustrate the effect of a manually specified stopping criterion. The
results show that both the conventional and sorter-based deconvolution algorithms have a similar
dependence on the iteration number, and thus the PSNR improvement is almost independent of

the chosen stopping criterion.

exp

HmZO‘nZO

exp

Ground truth

'~
A 1
=
Pattern A g
X & & e £
3
exp exp exp N
Reconstructed 77, H,, - H, 0 H,. . S
h PSNR=20.6 dB Generalized 2
0
M1 n n n
Xy & & &

Fig. 2. Example of image reconstruction with the sorter-based super-resolution approach.
(a) The ground truth image. (b-g) The 2D images H,e,i‘,f) that can be measured via a Zernike
mode sorter by raster scanning the ground truth image at the object plane in the presence
of Poisson noise. (h) The reconstructed super-resolved image obtained by feeding the data
H,P into the generalized RL deconvolution algorithm.

We next characterize the performance of the generalized deconvolution algorithm under
different levels of Poisson noise by adjusting the total photon number N7 in the illumination beam.
The ground truth for pattern A is shown in Fig. 3(al), and we choose the Rayleigh-criterion
resolution 6xp = 1.227/(kNA) = 0.611/NA to be 80 pixels. We emphasize that only the relative
ratio between A/NA and the pixel pitch size is important, and here we do not specify the respective
value of these parameters for generality. The noiseless, diffraction-limited confocal image without
deconvolution /oy, is shown in Fig. 3(a2), which is too blurry to reveal the details of the ground
truth. We next vary the total photon number Nr and test the performance of the deconvolution
algorithm with different Ny. The reconstructed images by the sorter-based deconvolution
algorithm and the conventional deconvolution algorithm are presented in Fig. 3(a3)-(a6). We
also test another pattern B made of four handwritten digits (MNIST handwritten digit database
[36]) with non-uniform intensity profile as shown in Fig. 3(b1l). The conventional confocal image
I.on Without deconvolution is shown in Fig. 3(b2), and the digits cannot be resolved based on
this image. The sorter-based deconvolved images are presented in Fig. 3(b3) and (b5), and the
conventional deconvolved images are presented in Fig. 3(b4,b6). It can be seen that the digits
‘0’ and ‘1’ using the sorter-based approach are more visually resolvable that the conventional
deconvolved results. Figure 3(a7), (a8), (b7), and (b8) are 1D cross-sections through the images
(indicated by the white bars), comparing the reconstructions to the ground truth. We can see
how the reconstructions evolve as the photon number increases. At a larger photon number, the
1D cross-section shows a higher contrast and is more similar to the ground truth than at low
photon numbers. In general, the sorter-based deconvolution algorithm provides a visibly higher

20



Research Article Vol. 29, No. 8/12 April 2021/ Optics Express 11789 |

Optics EXPRESS

resolution as compared to the conventional deconvolution algorithm, in particular at a low total
photon number.

-
i

al

l‘/‘l

intensity

‘Pattern A Sorter-based Sorter-based a4

deconvolution deconvolution

al
2 a2
73
1 g a5
2> s = £ ab
2 Confocal 7., Conventional Conventional
% w/o deconvolution deconvolution deconvolution
£
Q
N
T b1
% b1
z 9 g £ b2
0 4 5 b3
‘ | E b4
Pattern B Sorter-based Sorter-based 0l .-
deconvolution deconvolution 0 70

Pixel number

b5
ae-- b6

intensity

Confocal

e Conventional Conventional

w/o deconvolution deconvolution deconvolution

70

Pixel number

Fig. 3. (al) Ground truth image for pattern A. (a2) The confocal diffraction-limited image
without deconvolution. (a3-a6) The reconstructed images. The used algorithm and the
total photon number N7 in the illumination beam are labeled near each image. (a7, a8)
The 1D cross-section lines for (al-a6) indicated by the corresponding white bars. (b1-b8)
Results for pattern B. The PSNR is shown at the upper right corner of each image. In all 1D
cross-section lines, it can be seen that the sorter-based deconvolution algorithm consistently
shows better contrast and fidelity to the ground truth than the conventional deconvolution
algorithm.

3.2. Effective resolution enhancement

In Fig. 4 we compare the performance of the conventional deconvolution algorithm to the
generalized deconvolution algorithm in terms of PSNR under different N7 for patterns A and B.
For each N7, we run the simulation six times with randomly generated Poisson noise to obtain the
mean and the standard deviation of the PSNR of the reconstructed images. It can be seen that the
generalized deconvolution algorithm based on the mode sorter consistently provides higher PSNR
than the conventional confocal approach. Also, the PSNR of the reconstructed image generally
increases when N7 increases. Although PSNR is a widely used metric for quantifying the image
quality, the PSNR of reconstructed images for different ground truths cannot be compared directly.
In addition, the PSNR does not provide an intuitive understanding of the reconstructed resolution.
We next translate PSNR to the effective resolution enhancement in order to answer the frequently
asked question “what is the resolution enhancement of your super-resolution method?”. For a

21



Research Article Vol. 29, No. 8/12 April 2021/ Optics Express 11790 |

Optics EXPRESS

ground truth image W), we blur it with PSFs of different resolutions as Wy = Wy * M(6x),
where M(6x) is the PSF of the conventional confocal microscopy given a particular Rayleigh
resolution dx. We then numerically calculate the PSNR of Wy, using Eq. (4) to obtain the
relation between resolution dx and PSNR, i.e. PSNR = f(dx). Therefore, for each reconstructed
image W,, we can calculate its effective resolution based on its PSNR via dxef = f -1 (PSNR),
where f~! is the inverse function of f. Hence, the effective resolution enhancement (ERE) can be
calculated as

ERE = 6x0/6xef, 5)

and this quantity is shown on the right-hand side axis in Fig. 4. It can be seen that at the maximum
total photon number N7 = 10!, the effective resolution enhancement of sorter-based approach is
higher than 5.0 for both pattern A and B. We note that the objects used in our simulation have
a relatively small space-bandwidth product [37] because of the limited computational power,
which allows for relatively high resolution enhancement. Moreover, the effective resolution
enhancement of the sorter-based approach is on average 38% and 30% higher than that of the
conventional approach for pattern A and pattern B, respectively. We also test nine additional
images which are shown in Supplement 1. It can be seen that the mode sorter can provide
on average 24% higher resolution enhancement over the conventional approach for the nine
additional objects. We believe that our method can be readily applied to confocal fluorescence
microscopy by using a Zernike mode sorter, and the Zernike mode sorter can in principle be
experimentally realized by the multi-plane light conversion [38]. Another potential application
of our method is the astronomical imaging where the collected light field is spatially incoherent.
However, since the confocal scheme cannot be used in astronomical imaging, the formulas
developed here need to be adjusted accordingly to account for the non-confocal scheme used in
astronomical imaging.
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Fig. 4. The PSNR and effective resolution enhancement as functions of the total photon
number N7 for (a) pattern A and (b) pattern B. Both the conventional deconvolution algorithm
and the sorter-based deconvolution algorithm are tested for 6 reconstructions with randomly
generated Poisson noise. The error bars represent the standard deviation of the PSNR of
these trials. The inset shows the corresponding ground truth image.

4. Conclusion

In conclusion, we generalize the standard RL deconvolution algorithm and apply it to enhance
the resolution of sorter-based confocal microscopy. We test our algorithm with general scenes,
which has not previously been realized by spatial mode sorting, to the best of our knowledge.
The effective resolution enhancement of the sorter-based approach can be as large as ~5.6 when
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the total photon number in the illumination beam is Ny = 109, For both patterns we test, the
average effective resolution enhancement of the sorter-based approach is more than 30% higher
that that of the conventional deconvolution algorithm. Hence, our generalized deconvolution
algorithm can achieve robust super-resolution for general scenes compared to the conventional
RL deconvolution algorithm. In particular, our generalized deconvolution algorithm allows
for super-resolving strongly blurred images of digits, which could be used a front-end to a
machine learning-based digit identification task [36]. Furthermore, our method does not require
non-classical quantum light sources, and thus our generalized deconvolution algorithm can be
potentially useful to applications such as fluorescence microscopy and astronomical imaging.
Given the simplicity and generality of our generalized deconvolution algorithm, it is possible to
integrate our method with existing quantum or classical super-resolution methods to increase the
resolution even further.
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Confocal super-resolution
microscopy based on a spatial mode
sorter: Supplemental Document

This Supplemental Document presents the mathematical derivations of equations in the pri-
mary manuscript, the reconstructed images at different iteration numbers, and the performance
characterization for additional objects.

1. DERIVATION OF EFFECTIVE PSF OF THE CONVENTIONAL MICROSCOPY

In a conventional confocal microscope, the Airy-disk-shaped PSF of the illumination beam
G(x1,y1) can be written as

G(x1,11) = No | (kNAr) / (vV7r)[? (S1)

where (x1,y1) are the Cartesian coordinates and (1, 01) are the corresponding polar coordinates
in the object plane, NA is the numerical aperture, A is wavelength, and k = 271/ is the wave
number. Here the total energy of the illumination beam is [ [ G(x1, x2)dx1dx, = Ny, and thus the
illumination beam contains Ny photons. It can be noticed that (see Eq. (2) in the manuscript):
k’NA?
Glx1,y1) = No——
To obtain a 2D image, one needs to raster scan the object. This 2D translation is denoted as
(€,7). The intensity profile of the object is denoted by Wy(x1,1). When the object is excited by
the illumination beam, the excited intensity distribution at the object plane is Wy(x1 — €,y1 —
171)G(x1,y1). For the reflected beam, we assume the imaging system has a magnification of unity,
and the intensity PSF at the image plane can be described as

$(x2,2) = |1 (RNAr) / (V7r)|*. (S3)

where (xp,17) are the Cartesian coordinates at the image plane, (r, 6,) are the polar coordinates
at the image plane, and the energy of ¢(x2, y2) is normalized to unity as [ [ ¢(xo, y2)dxody, = 1.
Hence, the resultant image at the image plane can be written as

Bin=0,n=0(r1,61) (52)

F(xp,y2;€,1) = / dxidy ¢ (x2 — x1,y2 — y1)Wo(x1 — €,y1 — 11)G(x1, ¥1)- (s4)

In a conventional confocal microscope, we use a pinhole with diameter D at the image plane
in front of a bucket detector to measure the photon number. For the conventional confocal
microscopy simulation, we use a pinhole of diameter D = dxp, which is commonly used in
experiments [1]. Therefore, by raster scanning the object, a 2D image I.on (€, 77) can be obtained
by the bucket detector, which can be written as

Ieon(e, 1) = //r b2 dxodys F(x2,y2;€,17)
22X

. . (S5)
= // dxadys // dxydy1p(x2 — x1,y2 — y1)Wo(x1 — €, y1 — 1) G(x1,y1)-
Vng/Z
Here we define o
S(x1,y1) = / / dxod — X1, — ).
(x1,¥1) <222 Yo (x2 — X1, Y2 — Y1) (S6)
Hence, the expression for I.on (€, 77) can be rewritten in the form of a convolution as
I(e,n) = / dx1dy1S(x1,y1)G(x1,y1)Wo(x1 — €,y1 — 17)
= // dx1dy1 M(xq,y1)Wo(x1 — €, 1 — 1) (57)

:M*Wo,

where
M(x1,y1) :256(x1,}/1)G(x1,y1)~ (S8)



2. DERIVATIONS OF EFFECTIVE PSF OF THE MODE SORTER-BASED MICROSCOPY

For our sorter-based method, we use a Zernike mode sorter to perform spatial mode decomposi-
tion. The expression for the normalized Zernike modes in the Fourier plane is

20 0707) = 1| 2Ry sin(my + 5 (), )

where (rp, Gp) are the scaled, dimensionless polar coordinates at the Fourier plane with 0 < rp <1
em =2if m =0and e, = 1if m # 0; H(m) is the Heaviside function where H(m) = 1if m >0
and H(m) = 0if m < 0; Rly,m‘ is the radial polynomial [2]. Consider a point source located at
(x1,y1). Then the electric field on the scaled pupil plane is ﬁ exp(ikNA(x1xp + y1yp)), where
(xp, yp) is the dimensionless Cartesian coordinate at the Fourier plane with x%, + y%, < 1. In the
polar coordinate, this field can be rewritten as ﬁ exp(ikNAriry cos(6; — 6p)). Now we project
this field to the Zernike modes Z}'(rp, 6), and the overlap integral is [2]

1 27 1 _ 2
Bn(x1,y1) = ‘/0 rpdrp/o dG,,ﬁ exp(ikNAr rp cos(61 — 0p)) - Zy' (rp, 6))

8(n+1) ];3+1 (kNAry)
€m (kNAr )2

(S10)

sin?(mb; + g -H(m)).

It can be seen that the overlap integral coincides with the Fourier transform of Zernike modes.
Therefore, when the object Wy(x1 — €,y1 — 17) is excited by the illumination beam G(x1,y1), the
sorter output is

Hyun(e, ) = // dx1dy1Bun (x1,¥1) G (x1, y1)Wo(x1 — €, 1 — 17)

= // dx1dy1 Qumn (%1, y1)Wo(x1 — €,y1 — 17) (511)
= Qmn * Wp,
where
an(xlr]/l) = an(xlryl) : G(xlryl)
K2NA? (512)
=Ny TBm:O,nZO(xlz ]/1) - By (x1/ yl)-
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3. QUALITY OF ITERATIVE RECONSTRUCTIONS

We allow the algorithm to run until it reaches a maximum iteration number Nj; = 10*, which is
limited by time and computational power constraints. We monitor the PSNR at each iteration
r and choose the maximum PSNR for 1 < r < Nj for each implementation. In general, the
PSNR increases with increasing iteration number r, as shown in Fig. S1(h). However, noisy
data can cause the PSNR to decrease with increasing r, as the noise can be amplified when
the iteration number is large. This effect is shown in Fig. S1(d). In Fig. Sl(a-c) we see the
progression of the image quality as the iteration number is increased. Fig. S1(e-g) illustrates the
same progression when the total photon number N7 in the illumination beam increases. These
images are reconstructions of pattern A.

In practical applications where the ground truth is unavailable, a stopping criterion is needed to
stop the iterative algorithm. The simplest (and perhaps the most widely used) stopping criterion
is to manually specify a maximum iteration number. To illustrate the effect of the manually
specified stopping criterion, we show the relation between the PSNR and the iteration number
for the conventional deconvolution algorithm and the sorter-based deconvolution algorithm with
different Nt in Fig. S2. For each N, we generate six shot-noise-limited images with randomly
generated Poisson noise. Therefore, we have 12 curves in each graph in total. It can be seen that
the sorter-based deconvolution algorithm outperforms the conventional deconvolution algorithm
for an arbitrary iteration number. To achieve the optimal performance, the user should choose a
smaller iteration number when Nt is small. The results also show that both the conventional and
sorter-based deconvolution algorithms have a similar dependence on the iteration number, and
thus the PSNR improvement is almost independent of the chosen stopping criterion.

PSNR=19.1 dB d 219
20+
@19 -
N,=107 «
% 184 Trah ¥
a = |
174 A
1
o+
3 0 5000 10000
N2 Iteration number »
£
£5
5 E
SE
h 24+
0
22 ?
[2e]
2
- 9 x 204
N,=10 g
[
o 18
16
5000 10000

Iteration number

Fig. S1. (a-c) The reconstructed image at different iteration numbers by the sorter-based
method when the total photon number Ny = 107. The corresponding PSNR as a function

of iteration number r is shown in (d). The noise in the image can be amplified when the iter-
ation number exceeds the optimal value. The inset shows the ground truth image. (e-g) The
reconstructed image at different iteration numbers by the sorter-based method when the total
photon number Ny = 10°. The corresponding PSNR as a function of iteration number r is
shown in (h).
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Fig. S2. The relation between the PSNR and the iteration number with different Nt for the
conventional and sorter-based deconvolution algorithm. The value of Nt is shown on the top
of each graph.
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4. PERFORMANCE CHARACTERIZATION FOR ADDITIONAL IMAGES

The main goal of our approach is to super-resolve an object of arbitrary geometry using a mode
sorter, as to the best of our knowledge this has not yet been accomplished. In order to test our
algorithm, we fed it many images to reconstruct. In Fig. S3 we compare the performance of
the conventional algorithm to the generalized algorithm in terms of PSNR and the effective
resolution enhancement (ERE). Among all the data points shown in the inset of Fig. S3 (a-i), the
PSNR enhancement PSNRgorter —PSNR o ventional Nas @ minimum value of 0.17 dB, a maximum
value of 1.73 dB, and an average value of 0.82 dB. The effective resolution enhancement ratio
EREsorter/ EREconyentional Nas @ minimum value of 107%, a maximum value of 150.5%, and an

average value of 124.2%.
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3 Herriott Cell

3.1 A Brief Review of Quantum Imaging Experiments

This section will review some previous quantum imaging experiments to understand the need for an
image-preserving delay line (IPDL). These experiments include, interaction-free measurements, ghost

imaging, and alternative techniques that use both or neither of these first two techniques.

3.1.1 Interaction-Free

Interaction-free (IF) measurement [48] is the detection of the presence of an object without interacting
with the object. This concept leads to IF imaging [49] where imaging is done with less than the clas-
sically expected amount of light being scattered or absorbed by the object. Elitzer and Vaidman (EV)
presented an original scheme for interaction-free measurement. When this method is successful it can
permit determination of the presence of an object without any light interacting with said object [50].
We can consider a shell thought experiment where there are two shells and under one of these shells
lies a pebble. The pebble will disintegrate if it is touched by the light. The goal is to determine where
the pebble is without destroying it. Clearly, if we simply lift a shell we will know where the pebble is,
however, in half of the cases this will destroy the pebble. In contrast, with the shell thought experiment,
the goal of interaction-free measurements would be to determine the presence of an object without any
prior information. The EV scheme shown in Figure 8 places the pebble or object in one arm of a

Mach-Zehnder interferometer and has a single photon pass through.

D2

BS1

Figure 8: Elitzer and Vaidman scheme [50] for interaction-free measurement based on a Mach-Zehnder
interferometer. The interferometer is balanced such that the interference leads to no counts at one
detector and all counts arriving at the other. An object placed in one arm destroys the interference
allowing counts at both detectors.

It is possible to balance the interferometer in such a way that the interference between the two arms
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of light leads to no counts at one of the detectors and all of the counts at the other. However, if one
were to put an object blocking one of the paths, this interference is destroyed leading to the possibility
of counts at both detectors. In this scheme we have 3 possibilities of measurement that may occur. The
first is interaction-free, the object is detected without absorbing the photon. This is indicated by a click
at detector 2. This has a 25% probability of occurring. The second is interaction-full, the object is
detected by absorption. This has a 50% probability of occurring. The third is no-result, detector 1 clicks

and we cannot say if the object is present or not. This occurs with a 25% probability.

Kwait et al. [51] performed an experimental demonstration of the EV scheme for interaction-free
measurement and were able to achieve the theoretically predicted 50% interaction-free result (i.e. when
a measurement is made there are equal probabilities of it being interaction-free vs. interaction-full).
The no measurement results are discarded. Using an alternative scheme that combines the quantum
Zeno effect with the interaction-free measurement, they were able to achieve up to 70% interaction-free

measurements.

This idea of interaction-free measurement was first extended by White et al. [49] to interaction-free
imaging in 1998. They were able to measure the thicknesses of various wires, fibers, filaments, and human
hair. Building on the previous work on interaction-free imaging, they used the experimental setup shown
in Figure 9 that was similar to the EV scheme. The use of polarizing beam splitters and half-wave plates
is such that without the presence of the object, all counts will be found at one detector, say D;. Following
the insertion of the object, clicks at the other detector, say D-, indicate that an interaction-free measure-

ment has taken place. The proportion of D5 clicks is dependent on the orientation of the half-wave plates.
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HWP1 PBS1

Figure 9: White’s scheme [49] for interaction-free imaging. This scheme expands on the EV scheme,
using half-wave plates (HWP) and polarizing beam splitters (PBS) to send H and V polarizations in
separate arms in a Mach-Zehnder interferometer, forcing all clicks at D unless proper orientation of the
HWPs allows for interaction-free clicks to occur at Do

Interaction-free imaging opens the possibility of imaging systems that would previously have been
limited by a low power-induced optical damage threshold, e.g., biological samples or cold atom clouds,

which would be destroyed by the photons in conventional imaging [49].

3.1.2 Ghost Imaging

In interaction-free imaging, there is no light interacting with the object. In ghost imaging, the light used
to image the object never interacts with the object. However, there is still light that interacts with the
object [52]. This is done using correlated light fields, one of which is imaged and the other that interacts
with the object. These correlated light fields can be generated both classically [53] and in the quantum

domain [54]. An example of this optical setup is shown in Figure 10.
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Figure 10: A general diagram illustrating the concept of ghost imaging. A nonlinear barium borate
(BBO) crystal is pumped to create two photons through spontaneous parametric down-conversion. The
first photon (idler) interacts with the object and is recorded by a bucket detector to trigger the connected
intensified charge-coupled device (ICCD) camera. The second photon (signal) is held in an image-
preserving delay line to account for the electrical delay between the bucket detector and the camera.
Most importantly, the photon that is imaged is not the photon that interacts with the object.

The original ghost imaging experiment [54] was performed in a quantum setting using the correlation
between signal and idler pairs produced through spontaneous parametric down-conversion (SPDC) by
pumping a nonlinear crystal. An aperture placed in front of a detector (signal arm) is seen in the idler
arm by scanning a fiber across the transverse plane and looking for coincidence counts. The image infor-
mation is revealed through the correlations between the signal and idler photons. The coincidence counts
are recorded and only the signal photons that are coincident with an idler will be recorded to reveal the
image. More detailed information on the physics behind ghost imaging using correlated photons can
be found in reference [55].The detection of the signal photon is triggered by the detection of the idler
photon. Summing over the signal photons that are detected in coincidence with an idler reveals the
image. Because of the timing of this triggering, there is a delay between the detection of the idler and
the signal photons. During this time, the signal photons are stored in an image-preserving optical delay

line.

Ghost imaging presents many new and exciting opportunities. One potential benefit of ghost imaging
is the possibility to have non-degenerate signal and idler wavelengths. This would allow for a measure-
ment to take place with one wavelength interacting with the object and another wavelength being used
for detection. This is useful for cases where one might want to image at a wavelength where the detectors

are not as efficient [55]. A huge advantage offered by ghost imaging is the high contrast images produced
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due to gating the camera. The triggering allows for the background noise to be easily omitted [52]. One
can also obtain images with very few photons (thus opening the possibility for imaging samples that are

prone to damage). There are clearly many applications of ghost imaging in microscopy.

3.1.3 Alternative Techniques

Another interesting quantum imaging proposal is imaging with undetected photons [56]. In this method,
the photons used to illuminate the object do not need to be detected, and coincidence detection is not
required. Since coincidence detection is the main reason for requiring a delay line, this proposal is less
relevant to the present Herriott cell project. However, it is still of interest in terms of quantum imaging

techniques.

In 2019, the two techniques of interaction-free imaging and ghost imaging were combined to create
interaction-free ghost imaging (Figure 11) [57]. In this approach, entangled photon pairs are generated
using SPDC and one photon is sent to the interferometer to perform the interaction-free measurement,
while the other photon is held in an image-preserving delay line. This latter photon is then imaged using
an ICCD camera, which is triggered in coincidence. This combination of techniques allows for the photon
illumination to be drastically reduced while maintaining the same quality as conventional ghost imaging.

It is also sensitive to phase shifts and polarization changes so it could be used to image phase-only objects.
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Figure 11: Interaction-free ghost imaging combines the interferometer of interaction-free measurement
with the correlation of ghost imaging [57]. Note that once again there is the need for an image-preserving
delay line.

To conclude, we will reiterate the need for an image-preserving delay line (IPDL). In ghost imaging
with entangled photons, the herald triggers the sensor and the signal interacts with the system. These
photons are detected in coincidence. There is a delay between the trigger and the sensing, during which

time the signal photon must be stored, hence the need for an IPDL.

3.2 DMotivation: Herriott Cell as an Image-Preserving Delay Line

The need for an IPDL was described in the review of various quantum imaging experiments given in
the previous section. The most common implementation for an IPDL is a series of planar mirrors with
lenses in between. This is essentially a sequence of 4f systems that repeatedly re-image the light field.
Given the speed of light, a delay of 30 ns (as required for a typical triggering system) would have the
light travel 9 m. Thus, a typical 4f IPDL would occupy a significant amount of space on an optical
table. Another device that is capable of storing light for a fixed duration is a Herriott cell (HC). In 1963,
Donald R. Herriott created a high-Q, multi-pass spherical-mirror interferometer [58]. He intended it to
be used for spectral measurements of lasers by having one mirror oscillate to scan the wavelength. The
following year, Herriott described the trajectory of the beam within this interferometer [59]. Of note,
an off-axis ray of light creates a path that lies on the surface of a hyperboloid, most commonly resulting
in an ellipse. Through the repeated reflections, rays can retrace their paths and create resonances. The

intended use was to create a long effective path length in an active medium, contained in a small shell
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for use in laser amplifiers. Today, Herriott cells are used in a similar fashion but for multipass absorption
spectroscopy. Finally, in 1965 it was Herriott who proposed that the cell be used as a dispersionless
optical delay line for use in filtering or storage of information [60]. This cell is shown in Figure 12.

With this cell, Herriott was able to achieve over 1000 reflections between two spherical mirrors.

Figure 12: The original Herriott cell filled with smoke to make the beam visible, reprinted with
permission from [https://doi.org/10.1364/A0.4.000883] [60] (©) The Optical Society.

In short, this device is essentially a modified Fabry-Perot (two mirror) cavity, composed of two spherical
mirrors with a small hole drilled into one (or both) of the end mirrors. Light is launched through the hole
and is reflected repeatedly, before re-emerging. However, in contrast to the standard Fabry-Perot cavity,
the HC is frequency insensitive due to the hole preventing interference between the different reflections

in the cell. This frequency insensitive quasi-cavity offers the possibility of an IPDL in a compact setup.

A spherical mirror can be seen as the combination of a planar mirror and a lens. In this way, the
HC can also be understood as a series of approximate 4f imaging systems just like a typical IPDL. How-
ever, due to the nature of the reflections and the shape of the cell, it will be more compact. This size
reduction is advantageous and has numerous applications, e.g., portable systems or systems requiring
multiple independent delay lines. There also exists the potential for miniaturization since there are only
two components to the HC. Furthermore, the HC allows for significant variations in delay times with
a small adjustment in the distance between the cell mirrors without the need for significant additional

re-alignment. More details will be given in Section 3.6 on the characterization of the HC.
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While we intend to characterize the HC for its use as an IPDL, the HC is not an unknown device
in the world of optics. The HC is commonly used in absorption spectroscopy. Its long path length and
compact design make it particularly well suited for this task. There are commercially available HCs (e.g.
through ThorLabs, Inc., St. Laurent, QC) that offer a 10.5-m or 31.2-m optical path length in a cell
that is only 0.4-m long. These cells are built into a chamber that can be filled with different gases for
multipass absorption spectroscopy. Interestingly, a multi-channel HC configuration was designed for this
purpose on the 2009 Mars Science Laboratory mission. This multi-channel nature is enabled by having
multiple lasers that pass through multiple input and output ports to the HC. The spectroscope was used
to help measure gas abundances in the atmosphere of Mars as a part of the Sample Analysis at Mars

(SAM) Instrument Suite. [61].

3.3 Intuition Behind Using the Herriott Cell as an IPDL

As previously described, an image-preserving delay line is commonly comprised of a series of 4f systems.
Using a ray transfer (also known as ABCD) matrix analysis (Figure 13) we can determine how a tra-
ditional IPDL affects a light beam and adjust our Herriott cell, potentially through the addition of an
extra lens on the output, to match the traditional 4f approach. This ray-tracing method is based on an

input and output plane on either side of an optical system.

AXis

Input Output
Plane Plane

Figure 13: Illustration of the system for ray-tracing or the ABCD matrix method, which is used to
relate the ray angle and height at the input plane before an optical element to the angle and height
output plane after the optical element.

To A B X1
= . (6)
02 Cc D 0,

The ABCD matrix shown in Equation 6 is used to relate the incoming beam’s distance from the
optical axis and angle, to the outgoing beam’s angle and the distance from the optical axis (Figure 13).

Different optical systems will have different representative matrices. For our calculations we will require
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the following matrices [62]:

Free-space propagation for a distance d

1 d
0 1
Thin lens with a focal length f
1 0
-1/f 1

Spherical mirror with an effective radius of curvature of R,

1 0
—2/R, 1

The effective radius of curvature for a horizontal (x) beam coordinate

R, = Rcos(0).

The effective radius of curvature for a vertical (y) beam coordinate

R
cos(0)

R, =

(10)

(11)

First, the traditional IPDL is a series of 4f systems as shown in Figure 14. A single 4f system consists

of free space propagation for the distance of the focal length of the first lens, f;, then the first lens, then

free space propagation for the sum of the focal lengths f; + fs, followed by the second lens, and finally

free space propagation for the focal length of the second lens. This has the net effect of magnifying the

image by the factor M = —%. The series of 4f systems allows for the image to be preserved over a long

distance by repeatedly re-imaging. For simplicity, we can consider a single 4f system in our calculation

and understand that the repetition would be equivalent to the repeated multiplication of this matrix,

which we can see is equivalent to magnifying by the ratio of the focal lengths, as previously described.
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f. f. f, f,

Figure 14: Traditional 4f system

M- L fa 1 0y (1 f2) [1 N 1 0y (1 £ ’ 12)
0 1 ~1/f> 1) \o 1 0 1 -1/fi 1) \0o 1
M= —f2/f1 0 (13)
0 —f1/f2

Second, we have the Herriott cell with a single hole. In this scenario, the beam enters and exits
through the same hole (Figure 15a) and we might consider it as though the beam has reflected off of
the back surface of the mirror (Figure 15b). Since we want to use the cell as an IPDL, we must identify
which components will allow us to use the cell in this manner, leaving our image unchanged (i.e., a 4f
system with equal focal lengths). This is done by setting the product of the unidentified component and

the HC matrix equal to the identity matrix in Equation 14.

(a) Single hole Herriott cell (b) Rebound

Figure 15: Intuition for the behaviour of a single entrance and exit hole Herriott cell

As the HC operates in a regime where § << 1, the small angle approximation gives cos(6) ~ 1 which

leads to R, = R.
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_ _ , (15)
D 0o 1/ \2/r 1 2/R 1
1 0 1 0
_ 7 (16)
~1/f 1 2/R 1
1 2
-3 (17)
f=-x (18)

Multiplying by the right inverse of the spherical mirror matrix, we can solve for the unidentified
component in Equation 15. We notice that this result has a similar form to the ABCD matrix for a
thin lens (Equation 16). Equating the bottom left matrix components (Equation 17) gives the result
(Equation 18). For a concave mirror, R is positive, which yields a negative focal length. Hence, we

could place a diverging lens after the Herriott cell to complete our 4f system.

Third, we have the Herriott cell with a two holes as shown in Figure 16. Properly aligned, the beam
enters through one end of the cell and exits at the other. This scenario may be considered as though
the beam has simply passed through free space the length (d) of the cell, assuming that the transverse
movement of the beam is negligible compared to the separation between the two mirrors. In this case,
we would need to place a lens on either side of the “free-space” of the cell to create the 4f imaging setup.
We can then solve for what lenses would be appropriate. Mathematically, this is shown in Equation

19.

Figure 16: Herriott cell with entrance and exit holes on opposite mirrors
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Solving for d yields Equation 20,

Ji+ fa=—d. (20)

where the focal lengths of lenses would need to add to the negative of the distance between the two

mirrors.

These simple model calculations represent the intuition behind the Herriott cell and an attempt to
understand how it functions. A more in-depth simulation of the ray transfer matrix that will follow the

light through the cell is presented in the following section.

3.4 Herriott Cell Simulations

The ABCD matrix approach can be extended to consider multiple reflections tracing the path the beam
takes as it travels through the cell. We wrote a MatLab code to perform these matrix multiplications
and beam-tracing calculations. A short description will be included here with the emphasis being placed

on the results and the understanding gained from the simulations.

The beam path is followed from initial transverse angles and input position at the centre of the hole,
through its trajectory in the cell, counting the reflections on both mirrors and tracking their locations,
until it exits at a recorded angle and output position. Because the beam is followed closely, the free
space distances between mirrors (tracking the total delay time) is altered to account for the transverse
movement of the beam and the curvature of the mirrors. This allows for a more accurate depiction of

the light path.

The following parameters are adjustable: input angles; input position in (x,y) coordinates; and the

mirror separation. The goal of the simulation was to determine how these parameters affect the Herriott

cell performance in terms of delay time, efficiency, and mode dependence.
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(a) Reflection locations on the gold mirror,
the mirror with the entrance and exit hole of
the HC. (b) Full beam trajectory through the HC.

Figure 17: The beam path through the cell can be calculated using ABCD matrices, allowing us to
track the position of the beam at any point during its stay in the Herriott cell.

Figure 17 shows an example to offer some insight into how the cell works. This is calculated using
a series of ABCD matrices as previously described. We can see that in Figure 17b the beam forms a
cylindrical shape that narrows at the centre of two mirrors. More interesting to note is the shape that
can be seen on the end mirrors. The reflections form an elliptical path which is determined by the input
angle (6 in the ABCD matrix calculations). The larger the angular deviation from 0, in either direction,
the wider the ellipse will be in that same direction. For a 0 rad x angle, a negative y-angle tilts the
ellipse by an angle « as seen in Figure 17a while a positive y-angle tilts it opposite to this. The shape
is formed in families of reflections, for example, it will take 5 reflections to make an ellipse. Since the
final reflection does not exit through the hole, another round will occur and this process will continue

until the beam escapes through the hole.

The overall cross-sectional area of the HC is, in theory, limited by the shape on either end and the
area of this ellipse or arbitrary shape. Therefore, it would be desirable to maximize the number of
reflections per unit area if we are looking to minimize the system size. In an early paper by Herriott
and Schulte [60], similar elliptical shapes were presented; however, these authors also observed different
Lissajous patterns as shown in Figure 18 when slightly astigmatic mirrors were employed, as opposed

to the traditional spherical mirrors.
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Figure 18: Nonsychronously sampled Lissajous patterns generated using astigmatic mirrors, reprinted
with permission from [https://doi.org/10.1364/A0.4.000883| [60] (© The Optical Society.

Another technique used to alter the beam trajectory was an additional small mirror to deflect the
beam from its original path. This perturbing mirror would put the beam onto a different elliptical path.
One might consider having two sets of ellipses, one of which does not connect with the hole and one of

which does, as shown in Figure 19.

Figure 19: The HC could, in theory, have multiple ellipse patterns where only one of them interacts
with the hole. By switching between the patterns, it would be possible to choose when the light exits
the hole, storing it indefinitely.

Using a small mirror that could be inserted or removed to shift the light between these two ellipses
would allow for light to enter the cell and then be held in the exit-free ellipse until we wish for it to exit.
However, in practice, the particular placement of a small optical element without interfering with the

rest of the beam trajectory proved to be too difficult to accomplish during the scope of this project.

As mentioned earlier, the HC is essentially a modified Fabry-Perot cavity. However, the presence of
the hole destroys the interference and allows it to be wavelength independent. We might still expect there
to be quasi-resonances, or cell lengths offering long delays. To explore this, the input parameters (input

angles; input position in (x,y) coordinates) were held constant and the cell length was varied to determine
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the number of reflections that were occurring at each cell length. Twice the cell length multiplied by the
number of reflections on the mirror opposite the hole (in our case this is a silver mirror) gave the total
delay for the cell, without accounting for the small differences due to the transverse movement of the
beam. Figure 20 provides an example of this effect. Understanding the relationship between the delay

and the alignment of the cell would allow us to build an HC with specific characteristics that we desired.
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(a) Varying the mirror separation or cell
length results in different numbers of round
trips through the HC

Figure 20: A sample fixed input angle with a varied cell length is used to assess the impact on the
number of round trips and therefore delay.

In our experimental setup, the mirrors have a 40-cm radius of curvature. A cavity with these mirrors
would be stable up to lengths of 80 cm [63]. However, they are often most stable for lengths smaller
than the radius of curvature. In practice, we were able to use lengths up to 40 cm without significant
rearrangement of the optical table. Therefore, we decided to simulate in more detail and the results
are shown in Figure 21, leading to several notable findings. First, there are plateaus, regions where
the reflection number is the same for a range of cell lengths. This is ideal since it makes alignment
easier and more robust. Second, the plateaus appear in families, e.g., starting at 20 cm one can trace a
smooth curve through the lower plateaus. Third, there are regions where multiple plateaus with varying
reflection numbers are quite close together. Recall, we are interested in creating a delay line that can
achieve variable delays without significant realignment. The proximity of multiple plateaus allows us to
switch between them using a precise translation stage. This also offers the possibility of automating the

stage and therefore automating movement between variable delay times in the cell.
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Figure 21: For a fixed input angle, there are plateaus where for a range of cell lengths the number
of round trips is constant. Varying the cell length offers many different plateaus each with different
numbers of round trips. The plateaus can be grouped into families (in red) and many different plateaus
can be accessible within a small range of cell lengths.

A delay line with no light at the end would be completely useless. It is important to us to maintain
high efficiency throughout this delay process. The HC is a simple structure consisting of two mirrors
and free space. Theoretically, dielectric mirrors with efficiencies greater than 99.999% [64] could be used
which would allow for 1000 reflections at a 1% drop in power. However, this high efficiency comes at
a trade-off with the bandwidth. Fortunately, due to the presence of the hole, the HC intrinsically has
unlimited bandwidth, so any power decrease would be due to the mirrors. Ignoring the efficiencies of
the mirrors, we tuned other parameters to determine the optimal configurations for maximum efficiency.
In the simulation, the efficiency is determined by how much of the mode leaks off of the mirror, i.e., a
reflection fully contained on the mirror would have an efficiency of 100% and a reflection off the mirror
would have an efficiency of 0%. Similarly, when the beam is exiting, the efficiency calculation is reversed

so that 100% efficiency is a reflection fully contained in the hole.
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Figure 22: Efficiencies for 20 round trip cell configurations. Note that the 20 round trip configurations
take place at two lengths of 22 cm and 34 cm with each length having their own ring of acceptable input
angles in order to have an efficiency >75%

As shown in Figure 22 for the example of a 20 round trip cell, we can calculate the efficiency for any
potential lengths and input angles. Since there are quite a few parameters to consider, it is intuitive to
settle on the desired delay and cell length, or range of acceptable lengths, and then find the appropriate
input angle. In this case, we have two possible lengths that will yield 20 round trips. If we choose the 34
cm long cell for a longer delay, we can then opt for an input angle that will give us the highest possible

efficiency.

Another factor to consider is how efficient the HC will be for image preservation. Any image can be
decomposed into a basis of HG modes. If many of these modes are preserved inside the cell, then there
will be good image preservation. Until this point, we have been working with HG00. As the mode index
increases so does the mode size, leading to a decrease in efficiency. To have an image-preserving delay
line, it would be necessary to preserve these larger order modes and not simply HG00. We used the same
code to test the efficiencies of higher-order modes. Generally, a decrease in efficiency due to increased

mode size will only occur if the reflections on the mirror tend to fall close to the edge.
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3.5 Characterization Methods
3.5.1 Off-Axis Holography

To understand the technique used to recover the modes in our setup, a brief introduction to holography
is provided here followed by its application to the technique of off-axis holography. For readers who are
more interested in the mathematical details behind holography please refer to reference [63] for further

information.

An arbitrary monochromatic field, i.e., 3 dimensions E(+)(x,y,z) can be completely determined by a
2-dimensional slice, e.g., E(+)(x,y,0). This is because we can take this slice and propagate it to determine
the field at any other point. A hologram is a device that takes advantage of this principle. The hologram
is a thin (ideally 2D) optical element with a complex transmission that is proportional to the electric

field of the 2D slice. Thus, this hologram can be used to generate whole 3D images.

The question is then, how is a hologram constructed? Hologram construction requires both the in-
tensity and the phase to be encoded into the slice so that as previously described, said slice determines
the electric field at any point in space. This encoding is accomplished by using an interference mea-
surement. As shown in Figure 23a reference wave and the object wave are incident onto the film (to
become the holograph). The film records the intensity of this reference and object wave mixture and
the superposition of the two waves causes the phase to also be encoded into the image. To retrieve the
information from the hologram, the same reference beam is shone on the developed hologram Figure
23b. However, this will result in a forward propagating reference wave as well as the reconstructed wave
and its conjugate wave (not shown in the figure). Separating the waves can be achieved by ensuring that

the angle between the reference wave and object wave is large enough.

Film

Reference Wave Hologram S/
—{IIHTITI oo %\\\\\\\

Reference Wave

%
& T
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(a) The incoming reference wave and object
wave interfere at the film

(b) Shining a reference wave on the devel-
oped hologram film returns the reconstructed
object wave

Figure 23: A hologram is created using interference between the object and reference beams. This
same reference wave is used to retrieve the reconstructed object wave from a developed hologram.
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This angular separation leads to the concept of off-axis holography. To create the hologram, the
laser beam is split into a reference wave and a wave that will interact with the object. The resulting
interference between these waves is then captured on the film. This is identical to the procedure that we
use in measuring the fidelity of our HC, where the HC will be the object to be recorded and we will image
the interference between the beam held in the cell and a reference beam. This principle of holography is
directly applied for spatial light modulators, which, as described next, use holograms to shape light as

desired.

3.5.2 Mode Generation

The following section discusses the use of spatial light modulators (SLM) in mode generation. Since
the SLM was employed as a tool in this experiment and not a main focus of the overall approach, the
description will be concise and only to describe the use of the SLM in our experiment. We will focus less
on the mathematical derivations and more on the application. For more information on SLMs please

refer to reference [65].

An SLM is a device that can control the phase, amplitude and polarization of light [65]. For our
case, we use an SLM that operates in a reflective mode such that the light reflects off of the SLM and
returns in our desired state. Transmissive SLMs wherein the light is altered upon transmission through
the SLM also exist. An SLM is essentially a second computer monitor that displays a hologram. This
hologram acts to manipulate liquid crystals (LC) to control the light in the desired manner. Finding
the appropriate hologram to produce the output is therefore a key step in the process. We produce our
hologram using a MatLab program [66] that generates the complex electric field for HG modes, which
gives us both the phase and amplitude information required to generate the hologram. Our final holo-

gram displayed is a combination of this field with a binary grating.

Recall that this project focuses on the preservation of the modes rather than their initial generation.
The SLM and codes we used served to produce modes of an adequate quality. Better SLMs are certainly
commercially available albeit at a higher cost. We optimize the positioning of the hologram on the SLM
to maximize the intensity of our desired beam as well as perform minor aberration corrections to achieve
a good quality HG mode. The diffracted light that is in the desired pattern will end up on-axis with
the undiffracted (i.e., unchanged) light in the zeroth-order of diffraction. To avoid interference between
these components, a grating is added to the hologram, which serves to shift the desired component away

from the undiffracted light. There are multiple types of gratings as shown in Figure 24, the simplest
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being the binary grating (used in our mode generation) which sends around 40% of the power into the
first diffraction order [65]. In our code, we use a binary grating. Improving upon this, blazed gratings

use a phase ramp and can send 100% of the power into the desired order [65].

a i

Figure 24: Two examples of diffraction grating types (a) binary grating, either on (white) or off (black)
(b) blazed grating, ramps from off (black) through the greyscale until on (white) and then drops again

In order to select the desired order and block the unwanted orders, it is common to image the SLM
using a 4f system. In this case, an aperture is placed at the focus between the lenses allowing only the
desired order to pass. This is the technique used in our setup since we image the SLM onto the HC with

the aperture placed appropriately.

3.5.3 Mode Reconstruction

We image the interference between the reference beam and the beam that passes through the HC using
a CCD camera. We then analyze these data using MatLab by first reconstructing the mode and then

computing the fidelity.
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Figure 25: Mode reconstruction. First, the interference pattern recorded on the camera (A) After
applying a Fourier transform (B) and a digital filter to select the mode of interest, image (C) is obtained.
Once the mode is selected, an inverse Fourier transform returns our reconstructed mode (D).

The steps for mode reconstruction are shown in Figure 25. The first step is to take the Fourier
transform so that we can work in the frequency domain. A digital filter is then applied to isolate the
interference fringes that we are looking for. As visual inspection reveals, it is quite clear where the
mode is and what is noise or other interference fringes generated by stray reflections. Once the region of
interest is narrowed down, the filter is added to the Fourier transformed image. Since all that remains is
the mode, a simple inverse Fourier transform returns the mode that was present in the HC arm without

the interference from the reference beam.

Because we have both the phase and the intensity from the beam, we can propagate digitally to the
desired (image) plane. While the HG modes are spatially invariant (so this was not needed for those
reconstructions), to view an image after the HC one would need to place the camera in the image plane.
Because of the crowded nature of our setup, putting a 4f system between the HC and the camera was
not physically feasible. Instead, we digitally propagate the field to the desired image plane and analyze

the images there.
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3.6 Experimental Characterization of the Herriott Cell: Methods and Re-

sults

3.6.1 Setup

T OBJ1SMF 4 0BJ2 BS1

aser

795 nm G @ D \
Signal

Beam Reference
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Herriott
Cell

BS2
Flip Mirror

Signal
Beam

Figure 26: Experimental setup for characterization of the Herriott cell using off-axis holography

The experimental setup, illustrated in Figure 26, consists of an interferometer with a HC in one arm

to measure the effect of the HC on the quality of the beam that passes through it, could be measured.

The diode laser is the Toptica DL Pro (TOPTICA, Inc., Farmington, NY, USA), with a wavelength
of 795 nm. The light is focused (OBJ 1) into a single-mode fibre (SMF1) whose main purpose is to
transport the beam from the laser to our experimental setup. The fibre also serves to clean the mode.
This fibre is coupled to a polarizer, which allows for alteration of the polarization of the beam that
will exit from the fibre. After exiting the polarizer fibre, the second objective lens (OBJ 2, f = 10
cm) collimates the beam to a large diameter slightly less than an inch. This allows the beam to pass
through the 1-inch optics while affording large coverage from the reference beam on the camera and,
more importantly, a large beam to take advantage of the full SLM. The beam then passes through a
polarizing beam splitter (not pictured, between OBJ2 and BS1), which polarizes the beam by transmit-
ting the p-polarized light and reflecting the s-polarized light which can then be blocked. This PBS is

being used as a polarizer and has the added benefit of reducing the intensity of light in the overall system.

The first beam splitter (BS1) transmits light towards the SLM and the reflected beam is the reference
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beam for the off-axis holography. The SLM (Cambridge Correlators) generates a chosen mode in the
first diffracted order as described in Section 3.5.2. The first lens (L1, f = 50 c¢m) focuses the light from
the SLM. Since the different diffraction orders occur at different angles, they will be focused to different
spatial points. This spatial separation in the focal plane allows for the selection of the desired order by
blocking the other orders using an iris (BB1). The second lens (L2, f = 20 cm) collimates the light as it
passes into the HC. These two lenses (L1, L2) form a 4f system between the SLM and the entrance hole
of the HC and reduce the size of the beam by a factor of 2.5. The beam should be large at the SLM to
make use of the whole surface, whereas, at the HC the beam should be small to avoid clipping at the
hole. The beam then passes through the HC or reflects off the optional flip mirror to simulate the case
without the HC. The number of reflections is variable and was studied by changing the length of the
cell. To this end, the silver mirror (Thorlabs CM254-200-P01) in the HC was placed on a translation
stage. This allowed for precise movement of the mirror and altering of the cell length with precision
through a range of roughly 5 cm. A gold-coated spherical mirror (Thorlabs CM508-200EH4-M02) with
the entrance (and also exit) hole was fixed to the optical table. Both mirrors have a 40 cm radius of

curvature.

Since, the entering and exiting beams are quite close to each other, a D-mirror is used to select the
exiting beam and send it to recombine with the reference beam at the second beam splitter (BS2). The
resulting interference is then recorded using a camera (Thorlabs DCC1645C). Note that the camera is
not in the image or focal plane. Because HG modes are being used and they are invariant with spatial
propagation, the fidelity of the mode can be assessed regardless of in which plane we image. For other
images, we used post-processing to digitally propagate the field to the image plane and to assess the

corresponding image.

3.6.2 Visible Reflection Numbers

Theoretical predictions from the simulations revealed that altering the length of the cell for a given input
angle creates different plateaus with a different number of round trips. To experimentally validate these
predictions, a red visible (650 nm) laser was used instead of the 795 nm laser. This permitted observation

of the reflections on the gold mirror as shown in Figure 27.
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Figure 27: Visible reflections on the gold mirror for a 35.7-cm separation

The reflections from the gold mirror were counted as the cell was lengthened from 33.5 cm to 35.5 cm.
The original mirror separation was measured using a tape measure between the two mirrors and then the
silver mirror was moved using a translation stage. There was a much larger uncertainty in our original
length measurement than in the length-changing measurements. For a reflection number to be valid at
a given distance, the image of the HG0O0 mode out from the HC must be whole and not clipped. Using

these criteria, the number of reflections and therefore round trips were counted as illustrated in Figure 28
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Figure 28: A comparison between the simulated reflection numbers and the experimental values. Note
here that the red zone in (a) corresponds well with (b)

The input angle of the beam was calculated by measuring the height of the beam and the transverse
position at a given point between the HC mirrors as displayed in Figure 29. This was done close to the
gold mirror and close to the silver mirror on the opposite side. From the distance between the points, it

was possible to determine the input angle of the beam, which was calculated to have an x-angle [0.009

54

36



+ 0.006] rad and a y-angle of [0.011 + 0.006] rad.
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Figure 29: The position in the xy plane is measured at two different points separated by 17 cm in the
z plane, i.e., moving from the entrance hole towards the opposite mirror

Comparing our results to the theoretical simulations found that with the exception of the spikes in
the data, the red zone of Figure 28a matches with the curve in Figure 28b within the uncertainty
of the length measurements. The spikes indicate that with precise positioning of the mirrors, alignment
would potentially be possible. However, practically, it is difficult to achieve the plateaus with a smaller
range of acceptable cell lengths. Perhaps this is why the smaller plateau that appears in Figure 28a at

35.6 cm length is not present in Figure 28b and only the next plateau is present.

3.6.3 Mode Fidelities

Recall that we are interested in using the HC for image preservation. Any image can be decomposed into
a basis of HG modes, so if the HC can preserve these modes, it can preserve general images. The modes
are analyzed to determine their fidelity, a measure of the mode quality with 100% fidelity being an ideal
mode. The first step in calculating the fidelity of the HC is to reconstruct the modes as described in
Section 3.5.3. Figure 30 shows sample mode reconstructions for HGOO for both the HC and the flip
mirror. Higher-order modes are included for reference in Appendix A. The flip mirror case is included

to calculate the degradation caused by the HC itself rather than the other optical elements in the setup.
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(a) HGOO mode as recorded by the cam-
era after an HC with total delay of 7.9

m (b) Reconstructed HGOO mode from

the HC

(c) HGO0O0 mode as recorded by the cam-
era after a the flip mirror, i.e., no HC,
0 m delay

(d) Reconstructed HGOO mode from
the flip mirror

Figure 30: Images recorded by the CCD camera and the subsequent mode reconstructions for HG0O
using a HC with delay of 7.9 m or a flip mirror to bypass the HC and provide no delay.

The fidelity for both cases is calculated by comparing the reconstructed mode to an ideal mode. This
ideal mode is chosen through an optimization process to determine the appropriate parameters (centre
position of the beam, tilt phase, beam size, defocusing, beam rotation angle) for each iteration. The data
collection process was automated except for the movement of the translation stage. Once the stage was
set at a given plateau, the modes would cycle through HG00, HG10, HGO01, HG11, HG20, HG02, HG21,
HG12, HG30, HGO03. This was then repeated 10 times. We found that the parameters throughout the
many iterations were indeed quite consistent, although there was a bit of beam wandering as shown in
Figure 31. This beam wandering was more noticeable for the HC than for the flip mirror. A potential
cause for this discrepancy is that one of the mirrors in the HC is mounted on a translation stage which

could be unstable. Despite this, the beam drift (20 pum) was still minimal compared to the size of the
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beam diameter (600 pm) for the HC measurements.

20

——HC with delay 7.9 m
—— Flip Mirror

10 -

y drift (um)

X drift (um)

Figure 31: Illustration showing tracking of the centre of the beam through the hundred images recorded

with the CCD camera for a delay of 7.9 m and with no delay. Although the beam wanders, it never
ventures further than 20 ym from the centre.

The ideal parameters are then averaged to create a single set of parameters. This final set of param-
eters is then used to calculate the fidelity for all iterations without further optimizations. The ratio of
the fidelities for the HC and the flip mirror is used to calculate the degradation due to the cell itself since
both the flip mirror and the HC share the same path to the camera. For one iteration, the HC fidelity is
divided by the flip mirror fidelity for that iteration. The mean of these values is then used to calculate
the average fidelity. This average fidelity for each mode compared to the delay is plotted in Figure 32.

The error bars are the standard deviation of the fidelities for different iterations.
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Figure 32: Average fidelity for each mode compared to the delay length of the HC

Note that fairly high fidelities (>90%) can be achieved for almost all modes with a low of 86%. There
was a slight decrease in the fidelities as the delay was increased, which makes sense as the propagation is
longer and there are more reflections from the mirrors. There also appears to be a slight decrease as the
mode order increases, this is especially true at the larger delay lengths. Higher-order modes are larger
giving them more chance to interact with imperfections or leak off the edge of the mirrors. However,
it does not occur to a degree that would be deemed concerning, especially at the shorter delay lengths.
This observation also raised the question of mirror quality required for our application. Most mirrors are
designed to have a single reflection and are usually specified to a surface irregularity of A/4, which would
mean that for N round trips, a conservative estimate for the quality required would be A/4N. However,
it is unlikely that this is a limiting factor for our set up since high fidelities were observed with the
quality of the mirrors employed in the experiment. However, this feature may merit further discussion

and exploration in the future.
Our results with the HG modes are encouraging since they suggest that the preservation of images is

possible. To assess this notion, we attempted to image different shapes through the HC, which will be

described in Section 3.6.6.
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3.6.4 Mode Efficiencies

In Figure 33 the efficiency of each mode is compared to the delay. This comparison was computed by

comparing the intensity of light after the HC to the intensity of light from the flip mirror, i.e., no HC.

Previously, our simulations suggested that 100% efficiencies should be achieved. However, this sim-
ply assumed that the mode would be wholly on the mirrors and did not account for the losses due to
the efficiencies of the mirrors themselves. In this case, it makes sense that as the number of reflections
increases and the delay increases, the efficiency decreases. However, this was not considered to be a
limiting problem since it is possible to make dielectric mirrors with efficiencies > 99.999% [64]. For

comparison, the mirrors in our experimental setup had efficiencies of 97-98%.

The theoretical efficiency is calculated by counting the number of reflections and then raising the
efficiencies of the mirrors to this power. A lower and upper bound to the theoretical efficiency may be
calculated based on the values quoted by Thorlabs for their mirror performances. Note the difference
is on the order of 1% which after many reflections in the HC translates to a large change in the overall

efficiencies.
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Figure 33: Average efficiency for each mode compared to the delay length of the HC

We may also note, the reflection numbers were counted using a red visible (650 nm) laser while the

mode measurements were obtained using a 795 nm IR laser. This difference in wavelength affects the
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output from the SLM, which means that the incoming angle to the HC will be different than if the
visible laser is used. Our simulations revealed that the input angle controls the reflection numbers and
consequently fewer reflections may be occuring than anticipated. This would also imply the delay is less

than expected.

3.6.5 System Resolution

It is often desirable to know the resolution of imaging systems. In the present work, we demonstrate
the ability of the HC to preserve an image with a given resolution as it passes through the cell. The
Modulation Transfer Function (MTF) provides a measurement of a system’s ability to preserve contrast
(modulation) at a given resolution (measured as a grating in lines/mm) [67]. The MTF curve is calcu-
lated by imaging a series of bars with given thicknesses and therefore a certain frequency of lines/mm
through the HC. Upon exiting, the image of originally fully contrasting bars are then measured and
fitted to record the contrast. The result is shown in Figure 34. Traditionally the curve would be
plotted as contrast with respect to lines/mm. However, it could be more intuitive to speak of resolution
as a distance, e.g. what is the smallest separation we could resolve. So for our system, we inverted
this lines/mm, plotting contrast with respect to the width of the lines at the HC. Lines are generated
on the SLM (pixel size 9 pwm) and imaged on to the HC hole using a 4f system which decreases the
size of the image by a factor of 2.5. Thinking in terms of the line width as pixels on the SLM allows

us to take into consideration the quality of image generation and the effects this may have on the contrast.
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Figure 34: Modulation transfer function for an HC of varying delay lengths. This function is a measure
of the ability of an imaging system to preserve contrast for a given resolution.

As with the mode images, we once again compare to a flip mirror to consider the degradation solely
due to the cell. In this case, it is important to consider the limitations of the SLM. As the lines/mm
increase (the width of the lines decreases) and the contrast drops to 0, it is in part due to the inability
of the SLM to produce the image at this resolution. Perhaps, the SLM is not able to generate images
with details smaller than 20 pixels (corresponding to 72 pm at the HC). We can see this by noting that
the contrast with the flip mirror, or without delay, is roughly the same as that of the delayed HC. It is
also interesting to note that at roughly 70 pm, the lines become resolvable. The contrast then increases
until a linewidth of roughly 180 pm is reached where the lines become consistently created and preserved
with the high contrast. We measured vertical lines, however for a full characterization of the resolution
and aberrations in the system , these contrast measurements should be taken for lines in both the x and

y directions.

3.6.6 Sample Images

Let us remember the original goal of this project is to show that the HC can be used as an image-
preserving delay line (IPDL). As a demonstration of this application, Figure 35 shows two images: 1.
the letter A and 2. the University of Ottawa logo under the following conditions (a) original, (b) passed

through the HC with a 7.9 m delay, and finally (¢) bypassing the HC, 0 m delay from the flip mirror.
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Clearly, the HC can preserve these images and could be used as an IPDL. More images can be found in
Appendix B. As mentioned earlier, the field was digitally propagated to the image plane to view these
images. Note that the image quality is dependent on the initial production from the SLM and on the

reconstruction method which limits the available resolution.

1a 2a

Figure 35: Images for the letter A (1) and the logo for the University of Ottawa (2) under three different
conditions: (a) original images, (b) 1mages passed through a 7.9 m delay in the HC and (c) the image
with a 0 m delay from the flip mirror
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3.7 Proof of Concept Experiments and Future Work

3.7.1 Electronic Power Limiter

Herriott
Cell

}

Beam
Splitter

IfP> Po
Block Light

Y

Powerful
Pulsed Laser

Fast  Expensive
Shutter  camera

Figure 36: Using the HC as a delay component in an electronic power limiter to protect against bright
illumination attacks

Currently, we are in the process of designing an electronic power limiter using the HC. Optical power
limiters are used to secure quantum cryptosystems against bright illumination attacks [68]. The concept
is shown in Figure 36 and functions as follows. Consider imaging an arbitrary scene, located in the same
position as the powerful pulsed laser. The imaging system is set up so that the beam passes through the
HC before reaching the camera. The beam is sampled in a known percentage so that the power can be
measured. Then if a bright light source (i.e., power above a certain predetermined threshold, P > Py)
were to shine while the beam is delayed in the HC, we could operate a shutter to block the beam and

protect the camera.

3.8 Conclusion

In conclusion, we demonstrated the use of a Herriott cell as an image-preserving delay line. It preserved

general images suitably when examined by eye. Many delay lengths were reached from 3.4 m to 7.9 m
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with only minor adjustments (<3 cm using a translation stage) to the cell length. To generalize the
idea of image preservation, we tested HG modes as they form an orthogonal basis, i.e. any image can
be decomposed into a sum of these modes. We tested 10 of the lower-order HG modes and they were
found to be preserved with a fidelity of >90% for almost all of these delays. The exceptions being the
largest modes (HG03 and HG30) at the longest delay of 7.9 m where fidelity was >86%. Overall, the
simplicity of the Herriott cell and ease of alignment make it a good image-preserving delay line. It
would be especially useful in applications where space is valuable, e.g., miniaturization. The future work
planned for this experiment would be to build an electronic power limiter (detailed in Section 3.7) as a

proof of concept.

4 General Conclusion

Overall, this thesis has presented two separate projects which offer new insight into the world of quantum
imaging. In Chapter 2, with the goal of increasing imaging resolution and breaking “Rayleigh’s Curse”,
we generalized the standard Richardson-Lucy deconvolution algorithm and applied it to a Zernike mode
sorter-based confocal microscope in order to achieve super-resolution. We tested our approach and
found it was able to resolve general scenes with arbitrary geometry. In comparison with the conventional
confocal microscopy using the standard RL algorithm, the resolution enhancement for the sorter-based
microscopy using the generalized RL algorithm was over 30% higher. This method is simple as it uses lin-
ear light and does not require additional manipulation of the sample. Consequently, this method affords
a good option to be used in combination with existing super-resolution methods for further resolution

enhancement.

In Chapter 3, we demonstrated the use of a Herriott cell as an image-preserving delay line. IPDLs,
which are traditionally a series of 4f systems, are commonly employed in quantum imaging experiments
requiring delay time to account for the latency of many detection systems. The HC was able to achieve
controllable delay lengths, ranging from 3.4 m to 7.9 m with only minor adjustments (<3 cm using a
translation stage) to the cell length and no additional realignment. The preservation of 10 of the lower-
order HG modes was tested and it was found that the they were preserved with a fidelity of >90% for
almost all of these delays, with exceptions being the largest modes (HG03 and HG30) at the longest
delay (7.9 m) where the fidelity was still >86%. HG modes were chosen as they form an orthogonal
basis, i.e., any image can be decomposed into a sum of these modes. The compact nature and ease of

alignment of the HC make it a good IPDL and especially useful in applications where space is valuable.
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A Mode Reconstructions

The following measurements were taken at 5 different plateaus with varying delay distances from 3.4 m
to 7.9 m, as well as a flip mirror to provide the case with no delay. As an example, the 7.9-m delay is
shown for the first 10 HG modes (Figure 37). Appendix B displays images through the same 7.9-m

delay.
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(a) HGOO

(c) HG10

(e) HG02

(g) HG12

'

3

(i) HGO3

Figure 37: Reconstructed HG modes (570 pum beam waist) for a 7.9-m Herriott cell delay
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(b) HGO1

(d) HG11

(f) HG20
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(h) HG21
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B Additional Images

Figure 38: Additional images (width of 1 mm) that have been delayed for 7.9 m through a Herriott cell
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