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ABSTRACT

Let A be a C#%-algebra. Since the bidual Qf A can
be considered as a Wi-algebra, this enables us to prove the
following duality theorems:

(1) There exists a bijection between the norm-closed
2-sided ideals of A and the norm-closed invariant order
ideals of A. ‘

(ii) There exists a bijection betwgen the ndrm—closed left
ideals of A and the norm-closed order ideals of A.
(iii) There exists an order inverting bijection between the
norm-closed 2-sided ideals of A and the weak¥*-closed

invariant faces of S(A), where S(A) is the state space

of A.

The object of the thesis is to verify the above observa-
tions and to give Stdrmer's solution to J. Dixmier!s
problem; if N and M are norm-closed 2-sided ideals of
A, then (N + M)T =Nt + M+, where N and M denote

the positive parts of N and M respectively.

O SO S



ACKNOWLEDGMENT

-

-1 would like to express my sincere thanks to
Dr. B. J. Tomiuk who suggested the topic and gave me constant
help and encouragement during the writing of this thesis.
I also wish to thank the University of Ottawa for the
financial support extended to me during my studies here

for the past two years.




CONTENTS

INTRODUCTION

SECTIONS:
1.1 Positive linear functionals on a C¥*-algebra ......
1.2 Representations associated with positive'linear

CHAPTER I: REPRESENTATION OF A C*-ALGEERA

N B e v o 3o =

CHAPTER II: TOPOLOGIES ON B(H)

The dual space of B(H) «i.vviiinnn.... e ..

Definition of a Wi-algebra (von Neumann algebra)

The bidual of a C*-algebra ...iiieeiereinrenennnnnn.

CHAFTER III: ORDER IDEALS IN A C*-ALGEBRA
AND ITS DUAL

-Definitions and basic CONCEPLES tvivrinerrneenennnns

Order ideals in a C*-algebra ceeeeeereneneeeneenn.

Polar decomposition for continuous linear

FUNCtionals s ittt ittt etneneeereenoesaneeensennnss

CHAPTER IV: TWO-SIDED IDEALS IN A C*-ALGEBRA

Invariant faces of the state space of a C¥-algebra .

Two-sided ideals in a OC¥-algebra ...ci.oveveiniean..

BIBLTOGRAFHY

31

31

38
L0

46
52




[Y- R PSRy

INTRODUCTION

Let A be a C¥*-algebra. Since the bidual of A can
be considered as a Wke-algebra (8 2.2), this enables us to
employ Wi-algebra methods to study some properties of ideals
of A énd, in particular, to answer in the affirmative the
following question asked by J. Dixmier in [3, p.20]: If
M. and N are norm-closed 2. -sided ideals of A) is it
true that (M + N)¥ = Mt + N+, where MY and” N7 denote
the positive parts of M and N respectively? The solution

to this problem given here is due to E. Stérmer [lk].

Chapter I deals with general properties of positive
linear functionals on a C¥-algebra A which we shall
frequently apply throughout the thesis. It is well known
that for each positive linear functional on A there corr-
esponds a cyclic representation of A which is unique up
to equivalence, and conversely. This is described in detail
~in 8§ 1.2. In Chapter II, we define the four basic
topologies on B(H), = the algebra of all continuous linear
operators on the complex Hilbert space, and establish some

useful properties of Wk-algebras.

In Chapter III, we deal with the structure of norm-

" closed ideals in a C*—algebra.obtained by E. G. Effros in
(5]. We show that there exists a bijection between the family
of all norm-closed 2-sided ideals of A and the family of

all norm-closed invariant order ideals of A [Theorem (3.2.58 ;
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similarly, there exists aﬂbijectiqn between the family of all
norm-closed left ideals of A and the family of all norm-
closed order ideals of A (Theorem (3.2.8)]. In 8§ 3.5 we
prove the existence and uniqueness of a polar decomposition
for ‘a normal linear functional on a Wi¥-algebra. More

precisely, if f is a normal linear functional-.-on a

. Wk-algebra A, then there exists a partial isometry U in A

such that f = UIf], where |fl = U"f is a positive linear
functional and |lU¥f]i = |f]l. Using this polar. decomposition,
we show in §3.4 that if N 1is a weak*-closed order ideal in
the dual A! of a C¥-algebra A, then N = N**, where
n*={redt T>0 and £(T)=0if TE N}, and

Nt (vt = {r€ At £20 and £(T) =0 ir Te NV},

Nll in Chapter IV to prove the

I

We apply the equality N

following duality theorem: There exists an order inverting

. bijection between norm~closed 2-sided ideals of A and weak- .

closed invariant faces of S(A), where S(A) denotes the
state space of A. -We use this duality theorem to solve

J. Dixmier?s problem which is given in Theorem (L.2.2).




CHAPTER T

REPRESENTATION OF A Cx*-ALGEBRA

8§ 1.1. Positive linear functionals.

Let A be an algebra over the field C of complex
' numbers. A mapping x —» x*% from A into itself is called

an involution if (i) (x*)% = x, (ii) (2 x )% = xxk,

(iv) (xy)* = y¥xk for all x, y

(lll) (X - Y)* = x%* + y¥X,
in A and for all. A in C. An aléebra with an involution
defined on it is calied a ‘:-algebra. A Banach -algebra

is a Banach algebra with an involution, and a C*-algebra

is a Banach ‘-algebra A such that Hx"2 = ”x*x” for all
X &€ A. .

Let A be a *-algebra. An element x of A is

called hermitian if x% = x, and it is ecalled unitary if

x*x = xx% = 1. An element x is called pcsitive if

x =y¥*y for some y € A. The set of all hermitian elements

of A will.be denoted by Aj, the set of all unitary elements

by A,, and the set of all positive elements by At,

Let A be a C#-algebra. For each xe€A, 1let

X] = %(X + X*) and X2 = _%i (x - X*). Then Xl’ X2 are

hermitian and x = 3(xq + ixy,). If x is hefmitian, then

2 _

= x*x 1s positive and hence has a positive square root

b'q
(xz)% [é, p.12]. Let x' = %((xz)% +x), x = %((XZ)% - x).



Then x+, x~ are positive and x = xt - x~. Moreover,

xtx~ = 0. For each hermitan x with x| < 1, let

u=x + i(l - xz)%. It is easy to verify that uw¥u = uu* = 1.
Therefore u is unitary and x = E(u + wk). From these

considerations we see that A 1is spanned by either Ay,

Ay or AT,

Let A' be the dual (conjugate) space of A.  An element
f € A' is called positive if f(x*x) 2 O for all x g A.
For each f ¢At, define f£* by £Hx) = £(x¥ for all

x € A; f% belongs to A' and is called the adjoint linear

functional of f. If f¥* = f, f 1is called hermitian.

For an element f & A', let £, = I(f + £%) and

fp = ~3i (f - £%). Then £, £, are hermitian and
f=f) +f,. Let f, g € Ar., If f - g 1is positive, we
say that f majorizes g and write f > g. A positive

element f of A' is called a state of A if WY} = 1.

THEOREM (1.1.1). If f is a positive linear functional on

a C#*-algebra A, then for all x, y& A, we have:
) E(yrx)l 2 € £lokx) £lyiy);
) fly*x) = T{x¥y]);

(iii)  f£(x*) = £{xJ;
)
)

2

f is bounded and |[f(x)] < [l £ {x%*x);

PROOF. [11, p.213] For all X, y& A, and for all «,p €C,"

0< £{(Xx +8y)H(dx +4y))

if A has an identity element, then {f(x) & £{L)f(x%x).



(L)~ e o) o B (yioe) + TP £ Gcky) o+ 128 (g ).
Since f(x*x)2 0 and f(y*y)> 0 are real,cfgf(y*x) +
o pf(x*y) is real for all xX,p. Take &= f =1, then
fy¥x) + f(x*y) is real and so Im(f(y*x)) = - Im(f(x%y)).
Teke X=1, B=141i, then -i f(y¥x) + if(x*y) is real and
so Re(f(y*x)) = Re(f(x*y)). Therefore fly*x) = f(x%y).
This proves (ii). To prove (i), let & be real and

@ = f(y¥*x), then by (1) we have |

ARE (xhx) + £ (yix)[ R + o £ (yx) fx*y) + I (v ) 125 ()
= o%F (x¥x) + 2 o[ (v )] 2 + )£ ()| 2F (v )
Since this holds for all real X , the discriminent of the
quadratic is negative or zero, whence |f(y*x)]2$£f(x*x)f(y*y).
This broves (i).

(1v [11, p.246] We prove that f is bounded. For
this it is sufficient to prove boundedness on Ay. Note that,
if h € Ay, then there exists twe hermitian elements hy, h_
with non-negative ;pectra such that h = ht - h_, hih_ =
h_h, =0 [11, ngﬁj. Let h, = hy + h_. It follows that

Ilhit=1]h + h £ h, and, since f 1is positive,

e
I£(h)] < f(h,). Therefore, if f is not bounded on Ay,
then there exists a sequenée hp of elements of Ay, such
that hn'? O, Ihy§ =1, and f(hy) 2 ,-2n for each n.
Define Z:Z_nhn. Then h¢€ A, and h - E?lz_khk

ZE: 2_khk = u,, say. Then, by [11, Lerma (4. 7.10) and
Corgiiiry (4.7.13{], u, 2 0. Therefore, f(h) 2 §£? f(hk)

£

2 n for all n. This is impossible since

h) is a finite




number; hence f must bé bounded. Now, let {eAE be an
approximate identity in A consisting of hermitian elements
[11, Theorem (4.8.14)]. Then, by (i), lf(eﬁx)lz.ﬁ f(ef) £ (xx )
< N (x%x). Since £ is bounded, 1lim f(e,x) = £(x).

Hence [£(x)] < [£If (x%x). This proves (iv). (iii) follows
from (ii) using (iv) and the approximate identity in A. If

A has an identity element, put y=1 in (i)'tp obtain (v).

The inequality (i) in Theorem (1.1.1) is called the

Cauchy~Schwartz inequality.

e

THEOREM (1.1.2). Let A be a Ck-algebra With identity. A

linear functional f on A is positive if and only

if {1 £l = £(1).

PROOF. [10, pp.189-190; 11, p.247]. Let f be a positive
linear functional on A, and let x = x% in A with ’

ixit £ 1. Then by-[é, Lemma (2-1.3ﬂ, 1l - x 1is of the form
y*y for some y £ A. Hence f(l - x) = Fly*y) 2 o0.
Consequentiy; [£(1L)l> £(x). Substituting here -x in place
of X, we have !f(l)l)—f(x). Hence If(x)) € £(1). Next,
let x be an arbitirary hermitian element and put

x1 = (x| +¢)7L x, where & 2>0. It is clear that X, = xf

and [Ixq)j< 1, and so

1£0x; )1 < £(1) or  [f(x) &€ F(1)(ix+g).
Hence |[f(x)1< f£(1)xi since £ is arbitrary.
Now suppose that x is an arbitrary element of A. Then

X*x 1s a hermitian element; consequently,
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B
i1

(2) Elekx )€ (1) ke € £(1) By R
But, as f is positive, by Theorem (1.1.1) (v) and (2),

we have
£ 2€ £(1) £lae) € £(1)3x42,
and so |f(x)|& £(1)ix). Hence |fi<f(l). On the other
hand, by the definition of [ ffi, f£(1)<Nfil. Hence ||fi= £(1).
Conversely, suppose |[fli= £(1). Without loss of
generality, we may assume that (1) = 1. Write f = £, +if

2
where fq, f, are hermitian. As f£(1), fl(l) and fg(l)

are real, fz(l) = 0. We now show that f5 = 0. To do this,
let x be an arbitrary hermitian element of A, and set

u=2-ix where A is an arbitrary real number. Then

(3) HUH2 = flusul ¢ Az + HXUZ-
Also,
l£@N? = |tg) + 12,00 A + ix)] 2

I

2 P 2

Thereforé, from (3) we obtain

)| 2

nuﬂz'SSIf(u - 2)f,(x) - f22(x) - fl2(x) + nxuz

2
£ Uf()l T - 288, (x) + xjic
éuullz - 22T, (x) + ](}qu.
Hence 23 fz(x)sgux“2. Since ) and x are arbitrary,

fr =0, and so f = f,.

1

Thus f is a hermitian linear

functional. Next, we shall show that f 1is positive.

g




Suppose on the contrary that thefe exists an element x of
A such f(x*x) < 0. We can assume that 0 <x%x £ 1 so
that 0 <1 - x*x £ 1, and hence {1 - x*¥xj < 1. Then

1 =1(1) = £(1 - x¥x + x¥x) = £(1 - x¥x) + £(x%x)

(1 - x¥x) £ 1 - x¥xlj< 1 since f(x%x) <‘O. This is

a contradiction and hence f is positive.

THEOREM (1.1.3). For each positive linear functional on a

5.

-

C*-algebra A, we have:
(1) |f(yxy )l € lixif(y*y) for all x, yEA;

(i1) £} = sup £ (y*y).
i yil<l

o~

PROOF. [3, p.2i} For each y ¢ A define a mapping F on
A by F(x) = fly*xy) for all x &€ A. Then F is a
continuous linear functional on A and it is positive

since for all x € A,

F(xix) = £(yk(oic)y) = £((xy)%(xy)) = O.

Hence by [3, Proposition (2.1.5ﬂ , 1Tl = £(y*y), and
|£ (yoxy )] = IF(x)1% 1 Py = £ly*y) 1 x) for all x, y& A.
This proves (i).

Next, we shall prove (ii). It follows from Theorem
(1.1.1) (iv) that [f(y)] 25 (ff(y*y) for all ye& A.
By taking the supremum over all y & A with Jyjj<1
on both sides of this inequality, we obtain

I £i2 < iiflisup fy*y), hence |f< sup f(y*y). On the other
fyy £1 iyrc 1




hand, for each y & A with |y .2 1, we have |f(y*y)l <
HfHHy*YH = HfHHyH2 < |Ifll. Consequently, we have

I£]l = sup {f(y*y) Dyl = 1.

Let A be a Banach *-algebra and A be the set of

h
all hermitian elements of A. Then A, is a real Banach
space. Let f Dbe a hermitian continuous linear functional
on A and f|A;, denote the restriction of f to A

Then the mapping f-—>g = f[A, is a continuous i1somorphism
between the set of all hermitian continuous linear

functionals on A and the set of all real-valued continuous

linear functionals on Ay,. In fact, we have [Ifff = |z

3], »-5).

THEOREM (1.1.4). Let A be a OC*-algebra and g a

hermiﬁian continuous linear functional on A. Then there
exlst two positive linear functionals f and ft' on A
such that g =11 - f* and |g| = [If|| + ||f%]5; the positive
linear functionals f and f' are uniquely determined by
these properties.

PROQF. [6, pp.98¥99] Let B be the set of all positive
linear functionals on A  with norm <1 3 Then, by

([3], Proposition (2.5.5), p.37 ), B is of(A?, A)-
compact (i.e., B 1is weak*-compact). Since o (A}, 4)
is the topology on Aé induced by the topology o(A', A)
on A', Dby the remark above, B can be considered as a

a gl(A}, A, )-compact convex subset of the dual space 4}




of Ay. The.polar B° of B in Ap  is equal to the closed
unit ball S of Ay. In fact, let C(B) be the set of all
continuous real-valued functions on B. For each x in Ay,
define a continuous real-valued function F, on B by

F.

«(f) = f£(x) for all £ in B. Then, by ([3], Proposition

(2.6.3),.p.39), the mapping Y¥: x — Ex is an isometric
isomorphism of Ay into C(B). Hence S is isometfically

isomorphic to the set

}__I

{Fx & C(B): ”Iﬂx” -z } = {FXE (;(B): - sup [Fx(f)l = l}

f& B

{EXGZ C(B): fzgg]f(x), s;_l}-

Now, by definition, B° = Ay : Ie }
ow, 7 , {xé h fé@h(ﬂ]i§¢
Therefore B® = 8. The closed unit ball S' of A} is

equal to the set {f" é:Aé posup [fr(x)] < l}, which is
. Xe S

the polar of S in Af, i.e., S!' =28° Thus S' is the’
bipolar of B 1in Aé. By ([13], Corollary 1, p.36) ,

St is the O%Aﬁ, Ah)—closed absolutely convex envelope of
B. Since B is ©(A', A)-closed and convex then, by
([15], Theorem (3.4-F), p.132), S' is the absolutely
convex envelope of B. Therefore, by ([lﬂ , Theorem
(3.4-E), p.132), each element of S' is of the form

ol u -8V with u, v in B and < ,B positive scalars



such thaﬁ ¥ +pg <1 115, p.132]. Let us assume that nep = 1.
Then the restrictiqn gy of g to Ah is in S*'. Thus

gy =f - f' with f =«u, £ =pv. Hence g=1f - 1
where f > 0, £'2 0. We also have 1 = jegj Sifl + £t
Se+B< 1. Hence |gll = If)i + |fY% The uniqueness of

such f, f' follows from |6, Theorem 1, p.97] .

8 1.2. Representations associated with positive linear

functionals.

Let H be a complex Hilbert space and B(H) the Banach
algebra of all bounded linear operators on H into itself
with the operator bounded norm. B(H) 1is a C*-algebra with

the involution given by the adjoint.

A homomorphism h from a C¥-algebra A into a

Ck-algebra is called a *-~homomorphism if h(x*) = h(x)™

for all x & A. A ‘k-homomorphism of A into B(H) is

called a representation of A on H. Let L: x _s L{x)

be a representation of a C¥-algebra A on the Hilbert

space H. Then L 1is called a cvelic representation if

there exists a vector ¢ in H such that the set
fL(x)q>: x & A} is dense in H. The vector ¢ is called

a cyclic vector for L. A representation L of A on H

is said to be faithful if it is one-to-one.

Let ¥ Dbe a non-zero vector of H and L a

représentation of A" on H. For each x & A, let

p(x) = (L(x)% , ¢). Then p is a positive linear -



peteaneng

‘

functional on A since
p(x*x) = (L{x¥%x)y , v )
= (L) Lx) 9, 9)
= (Lx)y, Lx)®) 2 0

for all x & A.

THEOREM (1.2.1). Let L be a representation of a
Ck-algebra A on a Hilbert space H. Then: |
HL(x ) € ixi for all x € A, If L is a faithful
representation, then WL(x)ll = x| for all x € A.
PROOF. By [3, Proposition (1.3.7)}, we have
WL(x)i<gxi for all x € A. Now if L 1is ‘faithful by
[3, Proposition (1.8.1)] , we have WL(x)l =jx; for
all x € A. .

THEOREM (1.2.2). Let L and L' be two cyclic
representatiohs of A on the Hilbert space H and Ht,
and lef ¥ , ' -'be cyclic vectors for L and L,
respectively. For each x &€ A, 1let

(1) plx) = (Lix)¢,v), p'(x) = (L'(x) ¢7, g').
If p(x) =p'(x) for all x € A, then L and L' are

equivalent, i.e., there exists an isometric isomorphism

U on H onto H' such that UL(x) = L'(x)U for all
x € A.

e e BT



PROOF. {10, p.242] Let wu  be the mapping of the set
{L(x)g“ P x € A} into the set {L'(x)g)' P x E A}
defined as follows: for each x & A, 1let

u(L(x) @) = Lt (x)gr.

Thus, if we let L(x) ¥ =& and L'(x) (pr = g', we have

u(Z) =g*. It is easy to see that [u(E)l =1 2l;

in fact,

i

(L{x) 5 L(x)y)
(Lixix)§, ¢ )
(Lr(x) @1, Lr(x) o)
= (g)', £)

= Ne? = a2

1217 = (2,8)

Il

Since the sets SLL(X)\:P: X & A} and {L'(x)so’: xéA}

are dense in H and H® respectively, u can be extended

to an isometric isomorphism U of H onto H!. Moreover,

for each y & A, we have

UL{(y (L (x) ¢ )
UL (yx)¢

Lt (yx)y

= L' (y)L*(x) ¢
= L' (y}U(Z)

TUL((y) E)

A

which shows that UL(y) = L*(y)U for all vy & A. Hence

L and L' are equivalént and this completes the proof.

BT




The theorem just proved shows that a ecyclic representa-
tion L of a Ck-algebra A is determined up to an equiva-
lence by the positive linear functional p(x) = (L(x)y , 8 ).
The question arises whether or not, for each positive linear
functional p on A, there exists a representation ILP of
A such that p(x) = (LP(x) §,4) for all x € A and for
Some non-zero vector ¢ of H. The answer to this question
is in the affirmative. We shall éonstruct P as follows

[10, pp.242-245] :

Let A be the Ck-algebra obtained from A by the
adjunction of an identity and 9 the canonical extension of
D to A {} Propositions (1.3.8) and (2.1. 4)] For all
X, vy E A, let

(x, ¥) = plyix).

It is clear that (x, ¥) 4is linear in X and conjugate
linear in y. Since p is positive, yix) = B(x%y) by
Theorem " (1.1.1), i}e., {x, y) = T?T—ET. The set

= {x:é A: (x, x) = 0} is a left ideal of K. Let
Ht = K7N and, for each x € X, let x' be the coset in HY
determined by x. H!? with the inner product defined by
(x', v') = (x, yv) is a pre-Hilbert space. ‘Let H be its
completion; H is a Hilbert Space. JSince N is a left
ideal of K, for each x € K, we may define a linear
operator ﬁi(x) on H' by setting Lﬁ(x)(y') = (xy)t for
all y!'€ H'. We shall show that LP(x) is bounded. By

definition of the inner product ( , ) on H', we have

S {

R ST




~

WP G Ol = 2P (1), ) (r)) = (), Ger)t)
= P({xy)k(xy)) < B(1) jjlxy)*(xy)l|
= B(L) ixyll® £ L) 1 Piyi?
= B(L) By ? <o 2 ) vt 2,
Thus Lﬁ(x) is bounded and

~

(3) TLP ) £ nxii.

Consequently, this operator can be uniquely extended to a
bounded operator on H having the same operaﬁor bound.
We denote this extension by the same symbol Lﬁ(x).
Therefore, the inequality (3) also remains. valid

for the norm of the operator Lg(x) on H. The mapping

X —;»Lp(x) is a representation of % on H. 1In fact,

Lﬁ(a:x +py)(z?) = ((tx +Bylz)? = «xy)t + p(yz)!
= (L2 (x)(z?) + pr(Y)(Z’)-

It remains to prove that (LP(x))#* = LP(x%), i.e.,

that (Lp(x)y', z') = (y*, Lp(x*)z') for all y', z!' € H.

But

P

=
o)
»

o
N
]

(v,
= (y" X>::Z) = (yf, (x>:<z)?)
(yv, LP(x%)z1).

Il

Thus LP is a representation. Moreover, P is cyclic.

To see this, let Y~ 1 + N¢& H' and let x be any element

of A. Then Lp{x)(gg) = (x1)' = x'. Consequently, the
set of all vectors of the form L?(x)(gz) for all x& A

coincides with the set H' of all equivalence classes.

(X*)Z') = ﬁ{z*xy-) = 'ﬁ'( (X*Z)*Y)
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Since H' is dense in H, it follows that ¢ 1is a cyclic
vector and (Lﬁ(x) ¢, %) = ((x1), %) = (x1, 1) = p(x). The
restriction of ﬁﬁ to A is clearly a representation of A
on H; we denote this representation by 1P. Since the set
ILP(A) is the canonical image of A in H', by Lé, Proposi-
tion (2,1.5)(vii)], LP(A) is dense in H' and hence dense
~in H. Thus ¢ 1is a cyclic vector for iﬁ restricted to A.
Aléo, lLP(x) < yxj} for all x € A. We have thus proved the

following theorem:

THEOREM (1.2.31. Lat A be a C¥*-algebra. To every cyclic
representation L of A, with cyclic vectér §, there
corresponds a positive functional p(x) = (L(x)¥, &). The
representation L is defined uniquely up to equivalence by
the functional p. Conversely, to every positive linear
functional p on A there corresponds a cyclic representation
I’ and a cyclic vector § such that p(x) = (LP(x) ¢, )

for all x € A. Moreover, | P)€lxll for all x& A.

Let {HAAGA be‘a family of Hilbert spaces and let H be
the famlly of all functions (EA) defined on A such that:
(1) for each Mé€A, £,€ Hyj
(ii) (EA) contains at most a countable number of elements
which are different from zero;
(1ii) 7\'>Tii5»ﬂ2< e
We define addition, multiplication by scalars and inner

product- in H by the following formulae:



(i/;,\) + (Y\A) = (-ZA +- ﬂ,‘,),
X(&,) '
((?:,\), (,nA)) = 2 (2/\; "ﬂ,\)-

i
R
N
>

Then with these operations, H dis a Hilbert space, called

the Hilbert sum (or direct sum) of the Hilbert spaces H

AEA

and we denote it by H = @ H,.

Let A be a C¥k-algebra, {HA} YeEA a family of Hilbert
spaces and {LX}AGA a family of representationé'of A such
that L, is a representation of A ‘on H, for each AMEA.
Let H be the Hilbert sum of H,. Let (‘E,.A) € H and
x & A. Then, since for cach x €A and each IEN,
fL,(x)<iix})j, it follows that (L/\(x)}ﬁ,)\) € H; in fact
Iy IEDIE = (1, 0)5), (L,(x)5,)) = T (1,(x)g,, Ly(x)3))
= S5 € S, GOl NEAR < i

L(x) be the operator on H defined by L(x)(é)) = (L,(x)3,).

. 2
()7, Now, let

Then it is easy to see that L(x) is a bounded linear
operator on H for évery x € A, with JL(x))Z Jx|l- Since
each Ly is a representation of A on H , 1t is easily
seen that L is a representation of A on H which we call

the Hilbert sum (or direct sum) of the representations L}x

and denote it by L= @ L,.
e

THEOREM (1.2.4). Let Q be the set of all positive linear

functionals defined on a C#*-algebra A. For each p € Q,

let P .be the correspoﬁding representation of A, Hp its

underlying Hilbert space and ng the cyclic vector. Let



L = ® LP, the Hilbert sum of ‘I, and H= @ H

peq peQ P’

the Hilbert sum of Hp. Then the norm closure of

{L(x)H: x & A} is H.
PROOF. [3, p.43) Considering gb as a vector of H, we

have
| LQL(L(A)H) 2 cl(L(A)y,) =H  (p € Q) |
whence
H2 c1(L(A)H)2 @ H_=H, -
peQ P

5

-

where cl(L(A)H) and cl(L(A)?p) denote the norm closures

of L(A)H in H and L(A)Efp in Hp respectively.

DEFINITION. The mapping L defined in Theorem (1.2.4) 1is

called the universal representation of A, and H 1is called

the underlvying Hilbert space of L.

REMARK: By [3, Proposition (2.7.3)], IL(x)i = iix]] for all
x & A.

e e e T e e



CHAPTER TT

TOPOLOGIES ON B(H)

8§ 2.1. The dual space of B(H).

Let H Dbe a complex Hilbert space and B(H) the
C#—algebra of all bounded linear operators on H into
itself with the operator bounded norm. The topologies on
B(H) defined by the following semi-norms are called

respectively, the strong, weak, ultrastrong and ultraweak

topologies:
(1) T —»IT2)i (T € B(H), £¢€H) (strong)
(i1) T — WT2,7m)] (T&€ B(H), &,7 & H) (weak)
X l %) 1 ’
(1ii) T —» lele,_il\Z)z (T € B(H), ;¢ H,
. 1=

o)

v . R -
> H&{l < 2 ) (ultrastrong)
=

) (T &€ B(H), &., N, € H,

(1v) T > | £ (T, ;

i
i=1

SHE 1220 S im i Pe )
. 1 1 T 1
i=1 i=1

(uWltraweak)
These topologies, are related as follows:
Norm topology > ultrastrong topology > strong topology
Y ‘ \4
ultraweak topology > weak topology

where " >" means stronger than. For the proof of most of




these relations, see [lb, Pp.bL1-LLLT.

=

Since, for all L,N din H and T & B(H), we have

WTE,M) = (T(£+7), 2+M) - (T(£-7),%-7)
" A(T(E+in), &+ in) - i(T(£-1in), & in),

it follows that the weak and ultraweak topologies are also

defined by the seminorms of the form T —> jﬂ?ﬁ, a)[

. [=2] o . 2
(& € H) and T_._>|Z (Té’i,é_)l (8.€ 1, > IiE.I1TLew)
i=1 1 * i=1 *t

respectively.

The above topoloéies on B(H) are ail compatible with
the ﬁector space structure of B(H), but not in general
with tha algebraic structure of B(H). In particular,

(8, T) — ST is not always.strongly continuous, however,
if we denoted by Bl(H) the unit ball of B(H), the
equality

ST - 85Ty = S(T - Ty) + (S - 85)T,

shows that the mapping (S, T) —>» ST on B, (H) x B(H)

into B(H) is strongly continuous. This mapping is also

ultrastrongly continuous. The mappings S — 3T, T — ST

on B(H) into itself are weakly, ultraweakly and
ultrastrongly continuous. The mapping T — ™ is only

weakly and ultraweakly continuous [7, Chapter 12].

THEOREM _(2.1.1). Strong (resp. weak) and ultrastrong

(resp. ultraweak) topologies coincide on each bounded
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subset M of B(H).
PROOQOF. [?, p.36] Without loss of generality, we may assume
that M = {T € B(H): lITil< l}. Let N be an ultrastrong

neighbourhood of O in M. We may assume that

~{TC M:1S (Tr : : £ e x o0l
N ={T€ M.iiil(Tgi, g0l < 1, £.€ H, i{,luaih T

oG
. ) . . co . .
Since ZfHEiH < ©, there exists a positive integer n
A -

o 2 n-1 2
such that > [£lI” < 3. Let N' = {T€ M: ShTe) < i},
= i=i

i=n
It is clear that N' 1is a strong neighbourhood of O in

M. For each T & N', we have

o~

oY 2
+ 0T S IEL

T NTEg N =
1 i=n

Q:l' 2 o) )
2 WTEN" + 3 ITE )" <
i= 1=1 i=n

l=

i

< L+ i=1.
Thus T & N and N'C N. Hence N is a strong neighbour-
hood of O in M and hence the strong topology coincides
with the ultrastrong topology on the bounded set M.
Néxt, we shall show that the ultraweak and weak
topologies coincide on M. Let

N=4Te M: Iigl(T £5s ‘Qi)lé 1, 1{1[)2 §1°< o, 2j—fi € H}

be an ultraweak neighbourhood of (0 in M. Since

o 2 . .
2 “Eﬂ[ £ 2, there exists an integer m such that

i=1
= . 5 ) ( n
e "< & Tet N' = TEM: |S
l=

i=m



Then N!' 1is a weak neighbourhood of 0O in M. For each

T & N', we have

< n )
|2 (g sl Sz g, gl 4| = (14, &)

k]

. N
N R s L T
i=n-+l

Hence T& N and N'¢ N. This shows that ultraweak

topology coincides with the weak topology on M.

NOTATION:

(1) For each pair of vectors %,M of H and each
T € B(H), let ck;:/,L(T) = (TZ,M) and Yg=wWe. It is
clear that Qg is weakly continuous positive linear

functional on B(H).

[1i) Let X' denote the dual (conjugate) space of a

locally convex topological vector space X.

(iii) . For each *-subalgebra A of B(H) 1let A, denote

the set of all weakly continuous linear functionals on A

and A, ’‘denote the (norm) closure of A~ in A?'.

(iv) For each couple of vectors £, of H, Ilet

(ﬁ,qq denoté linear mapping of rank one on H into itself

given by [¢.,lg= (¥,% )W for all 7€ H. Since
L&,y < RN £,m) is continuous and hence it is

completely continuous and fi,m]¢ = [%,E].

(v) We shall write B for B(H) throughout this chapter.

THEOREM (2.1.2). Let f be a linear functional on B(H).

Then the following statements are equivalent:
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% . < 2 o 2

(1) £ =5 Wo Y with S5 I%ll< o0, S ¥;l <o
i=1 0 i=1 1=l

(ii) £ is ultraweakly continuous.
(iii) £ is ultrastrongly continuous.
Mofeover, if f is ultrastrongly continuous, then f EZB*.
PROOF. [3, p.38] (i) ® (ii) = (iii) 4is clear. We have
only to prove that (iii) 2> (i). Suppose that f is
ultrastrongly continuous. Since B(H) with the ultrastrong
topology is a locally convex space, then there exists a
ultrastrongly continuous seminorm p on B(H) such that I£(T)|«
p(T) for all' TéB(ﬁ) [15, p.143]. That is, there exists a

sequence ﬁﬁ} of vectors of H with SE HTiH2<:«: such that
i=1

nj=

Lo 2 - o
[£(T) €(2 1T PN")° for all T E€ B(H). Let H= & H,
i=1 * j=1 1T

where H; = H for 21l i. For each T & B(H), we define

an operator T on H by T(z) = (Tfi) for all ¥ = (r&)

in H. It is clear that the set M = {T(r): T € B(H) |

is a subspace of ‘H. Define a linear functional € on M

by E(T(r)) = £(T). Then as [B(T())] = lf(T)Ié(ﬁlnwi\?F
=
= H(T%&)” = HT(Q)” for all ¢ = (q;) € H. 6 is continuous

on M. Then by Hahn-Banach Theorem, & can be extended to
a continuous linear functional p!' on H. By Riesz

representation theorem, there exists m = (n,) € H:

)
£(T) = 8(T@) = (T@),7) = > (19, 7,).



d) e
Hence, f = 2 CU? . This proves (i).
. i — . ’ -

Finally, suppose that f is ultrastronglt continuous,

i.e. £ =2 0, and f_ = 3 w, . where (. )
’ = fieMy noog s My i

o0
and (7],) are sequences of vectors of H with 3. WPJ!Z
1 i=1 1

2
and 21H7iH241aJ. Then f = is weakly continuous since

each W, o, is weakly continuous. Now,

r,is .
I 1 | S ,

f ~-f = sup [£(T) - £ (T)| = sup (T¢., N, )
n iTH<1 ‘ & IS lll—n%l 1t
i e i
< S dgind € I UGG >0 as n->e=
i=n+l i=1

since 5_“? l <ao and ann H
=] =]

We observe that if X is a linear space and El, T,

are two locally convex topologies on X such that (X,T:l)

and (X T ) have the same continuous linear functionals,
then a convex set is closed in (X,'El) iff it is closed in

(X, T,) [4, p. 413} It follows form Theorem (2.1.2) that

COROLLARY (2.1.3). The ultraweak and ultrastrong closure of

a convex set in B(H) coincide.

?
THEOREM (2.1.k). Let £, ', £ n;, i=1,2, «..,m,
m

j=1,2, «.., n be vectors of H and g =££1fiﬁ,”hi],

m n

n
gf = g , ’n :) If g = gf, then .Zl Ck‘gi’fni = Z (:l)é,’,‘n'.‘

N A____.A.%HI"_"_‘T‘ SRS




- 23 -

PROOQF. [2, P 39} For each couple of vector ¥y,r ' of H,

we have
m - n . _ &, .
m [ t ;
= (¢, Z[gla})]bﬂ): (r, Z{g‘ ,’])3‘7)”) !
1= J=

Let F be the set of all operators of flnlte rank on H.
Since the set of all operators which commutes w1th all ‘
elements of F is CI, where I is the identity operator K
in B(H) and C is the field of complex numbers, F is

weakly dense in B(H) [2, P-hh]- By the weak continuity and

linearity, we have

for all T & B(H), i.e,,
n
We . = 5
oM T & e

THEOREM (2 .1.5). Let f be a weakly continuous linear func-

tional on B. Then there exist two orthornormal systems

-, e!') and positive scalars A
n

(el, PR "
(i=1,2, ..., n) such that

A
l .

lly‘ ]

5:7\1 , and £y =

i=1 — ©i» €1 =1

PROOF. [3, p.39] Since £ is weakly continuous,

1]. Th i -5 [% ' |
E [ﬁ? p-421]. e mappilng g = ;El j’n 53 g
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is continuous, and is of finite.rank, hence it is completely
continuous. Then there exist two orthonormal systems (ei),

(et.

l), i=1,2, ..., n and positive scalars 2A; such

n n
g = 2 Asleg, er] = 2 ey ef)
l:

[13, p.18] . By Theorem (2.1.4), we have

n n
f=35 o = > AW )
i=1 Mepvel im0 1o e
Thus,
n n
" /- T '\. o . . ',* - RR— ..
1£(1)]¢ i2£1 Ay DTl i el IThs Ay

n n
Hence [ifil € ;;‘l Aj. Let Tt = izl[ei, ej{]. Then | Tj < 1.
l= =

In fact, let (ey)i., Dbe an orthonormal basis of H, which

contains (ei), i=1,2, ..., n. Ffor each ¥ in H,

)ek, then T! (£ ) = él ( &, ei)e]!_.

write &= k§=l( b3 s &

®k

2 .2 .
Tt (&)~ < 02l . Therefore we have
" n o n
£(TY) = 3 Ay, ie., lfllz X Al
i=1 i=1

THEOREM (2.1.6). ZEach element of B, is ultraweakly

continuous.
PROOF. [2, p.s0] Let f be an element of B, and let
{fk}be a sequence of weakly continuous linear functionals such

o0 -k
that f =3 fi. and kaHé:Z . By Theorem (2.1.5),
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= A Kk with f1efy = jerkyi= k
fie= 22 A Wek, erk with {le || = )lel€i=1, A7 > 0 and
1, - n
K (o ~ Pk A
£ (%) “k
2._7L( =ff {|£ 27", Hence f = 5 (5 W, k3% k k.2 k) |
i=1 1 kTS SSRGS
§<;K1:(7\k)%*‘2><°z°<£k 2k )
. e = .
k=1 i=y 1 2| k=1 i=l ; ,
pac -k : L2 k k,1 k,2 |
2 « oo. Similarly HAS)E e ) Lo,
< kZ=l _ kz='l(i=1 | 1 i H ‘

Hence f 1is ultraweakly continous.

CCROLLARY (2.1.7). B, coincides with the set of all

ultraweakly continuous linear functionals on B(H).

PROOF. By Theorem (2.1.2) and Theorem (2.1.6).

THE OREM (2.1.8). A linear functional on B(H) is weakly

continuous if and only if it is strongly. continuous. :
ﬂ‘t_OQ_’_F_ (4, p.1+771 Since fhe strong topology on B(H) is
stronger than the weak topology on B(H), a weakly continuous’
linear functional on B(H) is strongly co,ntinu.ous." |
Conversely, let f "be a strongly continuous linear functional

on B(H). Then there exists a finite subset {5’1,(32, . q,n‘k

of H and an €> 0 such that \\Tg{’i\l<8, T € B(H),
i=1,2, ..., n dimplies [f£(T)| < 1. C
Consider the Hilbert space H, = HOH®...®H of
n-tuples Y= (¥;,¥5, ...,V ) with V; €H, i=1,2, ...,n;

the norm in Hy is Y= max MPJ. Define s: B(H) — H_
l=isn ' . |

by T —> (T9), TY, +..,T¢,) for all T € B(H). For each
&= (T4, T9%, --., T9,), put F(F) = £(T). Then F is
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a funtional on S(B(H)). Since .I¥l= sup [[T¢;l[<§€ implies
i

|£(T)|{< & . Hence F is bounded and so continuous on S(B(H)).

By HathBanach Theorem, F has a continuous extension Fl
defined on all of H,. Now each A in Hn can be uniquely
in the form  W=V¥q+ Vot +- +¥, with V¥, € H,

i=1,2, ..., n and so

Fl(ﬁ‘[) = Fl(,\;f‘]_; O) ey, O) +oees Fl(O; e, O)‘Y/\n)

=Y V) oY)

where 'V? = Fl Hi’ i= 1,2,...,n. By Riesz's representation
theorem, there exist &7, &, ..., %JI of H such that
“VI('Vi) = (’Yi,‘ﬁi), i=1,2,...,n; consequently,

£(T) = F,(s(T)) has the form f£(T) = ;;l“Ff(T g3 =
=

n sk n .
= 2. “Pi(TEYi>Ei) = 2 Wg 2 (T) and it is clear that
=1 iz a2

is weakly continuous.

COROLLARY(2.1.9). ‘Let M be an ultraweakly closed subspace
of B{(H), and f a linear functional on M. Then the
following statements are equivalent:
(i) £ is weakiy continuous.
(ii) £ is strongly continucus.
n o
(iii) f = 521 qu,.Yi where %},’Wi, i=1,2,...,n are

vectors of H.

COROLLARY (2.1.10). The weak and strong closures of a convex

set in B(H) coincide.

e B
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PROOF. This follows from Theorem (2.1.8) and the remark

preceding Corollary (2.1.3).

THECREM (2.1.11). B(H) is the dual of B, (consideréd? as

Banach space).

PROOF. [2, p.37) Let E be the dual space of B,. For each

N N
T € B(H), define T in E by T¢f) = £(T) for all f & B,.

Let '@ be a linear mapping on B(H) into E such that
@(T) = %. Then @ 1is a continuous linear funqtion on
(B(H), o(B(H), Bgx)) dinto (E, O(E, Bx)). In fact, for each
Ty € B(H), the set

N =1G € E: ‘%O(f)_— G(fIl <&, £ € By, €70}
is a neighbourhood of & (Tg) = %O in G (E, By). Let

N' = {F€ B(H): |f(Ty) - £(TIN< &, £ € By}
Then N' is a neighbourhaod of Tgp 1in ¢ (B(H), B*). Since
%(f) = £(T), @(N')T N and so & is continuous. By
Corollary (2.1.7), o (B(H), Bx) is just the ultraweak
topology on B(H). If ¢ (T) = T=0 for some TE B(H),
then f(T) = 0 for all f & Bx. As (B(H),¢(B(H), Bx) is a
locally_convex Hausdorff space, T = 0. Hence § is one-to-one
Let B; and E, be the closed unit balls of B(H) and E
respectively. Then B, 1is o (B(H), Bx)=-compact [l,pp.65-66]
.Siﬁce g is continuous and

A ' A N
fe(T)lj=NTH = sup IT(£) = sup I£(TH < HTU.
HfUZ1 1figl

6 (By) is ©(E, By)-compact and contained in E;. Moreover

G(Bl) is dense in E;. 1In fact, if it were not, there
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would exisis e € By, €>0 and f &€ B,, ifll=1, such that

U SV - 35 AN A AR

e(f) - f(f)l)>£ for all T € By. Since Bl is ultraweakly

compact, there is Ty&€ By with {f(To)!= 1. We may assume
that e(f) - f(TO):>.E (otherwise censider -f). Hence
e(f) > ¢ + £(Ty) > 1. But le(£)] Kejlif) <1, = R
contradiction. Thus @ (By) = El because G(Bl) is closed.
Moreover, B is isometric; for if it were nop, there would i
exist a T G B, such that N0 (T)N <ATYH. Hence j
gehoemyt o) ¢ E) and ( B(T))—l'ﬁ'¢:Bi. Therefore U is

not one-to-one which is a contradiction. Thus 8(B(H)) = E, %

that is, B(H) is isometrically isomorphic to E.

THEOREM (2.1.12). Let A be a weakly closed 3-subalgebra §
of B(H). Then Ay is the norm closure of A~ and A is |
the dual space of A,.

PROOF. [2, p.41] By Theorem (2.1.2), each element of A,

oa .
is of the form Z oW with Z \lofiliz.i oo, Z |lf3\\ 40«.
0By =1 =1

Also, each element of A, is of the form Zi: ), By
i=1

Hence A, is the norm closure of A.. By Corollary (2.1.7),
o(B(H), B,)-closed. By Theorem (2.1.11), B(H) is the dual

space of Bx. Hence A is just the vector subspace of B(H)
orthogonal to the set A~ = {£€Bx: £(T) = 0 for all TE&AY,
that is, A = [15 D. 232] The mapping T —> T where

T € (Bx)t' = B(H) and T is defined by T(f + A) = T(f)
L \1
(f € By), dis an isometric isomerphism of (A ) = A onto



(B*/AQ'. We write 4 =~ (Bk/g)t. Thus A" ¥ (B*/AQ“; this

is to say B*/A‘ is a subspace of A'. Since every nonzero

f éfB*/A}QQA' is ultraweakly continuous on A and f(4) # O,
we see that f &€ A, On the other hand, for each g & Ay,

g can bé extended to an ultraweakly continuous linear

functional on B(H). Hence B*/A‘: A

THEOREM (2.1.13). Let M be an ultraweakly closed subspace

of B(H), and X a convex subset of M, and for each real
number 1r > 0, let Mr = {TE M: Ti < r}. Then thé
following statements are equivalent: ‘
(i) X 4is ultraweakly closed..
(ii) K is ultrastrongly closed.
(ii1) XK NM. 1is ultraweakly closed for each r.
(iv) XN M,. is weakly closed for each r.
(v) KNMMr is ultrastrongly clesed for each r.
(iv) KN M. is strongly closed for each r.
PROOF. [2, p.41) (i1)¢&>(ii) and (iii)&(v) follow from
Corollary (2.1.3). (iii)<é> (iv) and (v) & (vi) follow
from Theorem (2.1.1) and the remark breceding Corollary
(2.1.3).
(1) & (iii) Since M is ultraweakly closed in B(H),
it is norm-closed in B(H). Hence M is a Banach space.

By Theorem (2.1.12), M dis the conjugate space of the Banach

space Mx. It is easy to see that (M, My) is equal to the

ultraweak”* topology dn M. But by Krein-Smulian Theorem
[4, p.-429], K is weak#*-closed if and only if KN M. is
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weak*-closed for every r > 0. This completes the proof.

THEOREM (2.1.14). Let M be an ultraweakly closed subspace

of B(H), M; the closed unit ball in M and f a linear
functional on M. Then the following statements are
equivalent:

(i) £ 4is ultraweakly continuous.

(ii) f is ultrastrongly continuous.

(iii) £ = 3 Wy with 3 liq’iﬂ Zod S mj v w0
i=1 “i>'i i=1 i=1- 1

$,MN; € H, i=1,2,

(iv) The restriction of f to M is ultraweakly continuous.

1
(v) The restriction of f to M, 1is weakly continuous.
(vi) The restriction of f to Mi is ultrastrongly

continuous.
(vii) The restriction of f to Mi is strongly continous.
PROOF. [2, pp.41-42] (i) < (ii) ¢ (iii) and (iv)e& (vi)
follow form Theorem (2.1.2). (iv)¢> (v) and (vi)¢& (viii)
follow ffom Theorem (2.1.1). To prove (vi)=» (i), let f
be a linear functional on M such that its restriction to
Mi is ultrastrongly continuous. Let K be the hyperplane
generated by f£(T) = 0. Then K is an ultrastrongly closed
convex subset of M. Hence by Theorem (2.1.13)(iii),
KN Mf is ultraweakly closed and so f is ultraweakly
continuous. Since (ii) — (iv) is trivial, this completes

the prbof.
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8§ 2.2, Definition of a Wk-algebra.

Let A Dbe & *-subalgebra of B(H). Then the weak,
ultraweak, strong and ulﬂrastrong closures of A coincide

[2, p.h}]. A We-algebra (von Neumann algebra, or ring

of operators) is a *-subalgebra of B(H) with identity which

is closed with respect to the weak topology (and hence closed -

with respect to the ultraweak, strong, and ultrastrong
topologies) on  B(H). Note that every Wi-algebra is a

C*—algebra.

If A is a subset of B(H), the set A®¢ consisting of
all elements of B(H) which commute with all elements of A

is called the commutant of A. (A®)C = ACC is called the

ACC

bicommutant of A. It is clear that is weakly closed

and A C A®C. A is a Wk-algebra if and only if ASC = 4
[10, p.448].

Ir A is av Wx~-algebra, the Banach space Ax of
ultraweakly continuous linear functionals on A is called
the predual of A. By virtue of Theorem (2.1.14), A, is
also the Banach space of ultrastrongly continuvous linear
functionals on A. The elements of Ax are called normal

linear functionals.

8§ 2.3. The bidual of a Cx-algebra.

THEOREM (2.3.1). Let A be a C¥-algebra contained in B(H),

and let A be the smallest Wk-algebra containing A.

Suppose that each continuous linear functional f on A is

e T e T
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ultrastrongly continuous and hence has a unique ultrastrong
continuous extensioén fl‘to A . Then the following
statements are true:
(i) The mapping £ —49?' is an isometric isomorphism from
the Banach space A' onto the predual ﬁ* of 1.
(ii) For each T € K, let % be the linear functional
£ —>f(T) on A'. Then T — P is an isometric isomorphism
on & onto the bidual A"™ of A. The restriction of the
‘mapping T _3.% to A 1is a canonical injection on A into A™.
PROCF. [3, pp.235-236) (i): If f € A', then by hypothésis,
T e K;, the predual of A. Suppose that A7 and Kl are.
the closed unit balls of A and X, respectively. Then
Al is ultrastrongly dense in Ki by Kaplansky Density Theorem
[2, p.hé] and, since the weak and ultrastrong closures of A
coincide [2, p.43], it follows that  sup {IE(T) - T e Al}
= sup'{E(S)l : 8€ Kl}’ ice., &N = jEy. Thus f — % is an
is an isometric isomorphism en A' into E;. That it is onto
'E; follows from the fact that every element of K* is the
continuous ultrastrong extension of its restriction to A.
{ii): By (i) and Theorem (2.1.12), T —ﬁ>€' is an
isometric-isomorphism on Z onto A". If T € A, then
clearly %' is the éontinuous linear functional f — £(T)

A
on A*'. Thus T — T maps A canonically into A™.

THEOREM (2.3.2). If A is a Wk-algebra, then each element

in the predual A4, of A is a linear combination of normal

positive functionals on A.
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PROOF. [2, p.5l,.] Let f be an element of Ay. Then by

Theorem (2.1.14), f = > = for some sequences (&.),
=1 ETy J
o 2
(TIJ-) of vectors of H with § ﬂijn <0, zlxm ) 4°° .
Now, for all T &€ B(H), we have

(Zy+30,), 25+ 4n,) - i(T(zj - AT ),Eg- dny),

Thus, . 1( g 2 Z w0 2
= +
T ATy T gy ,l Z 1y
1% TzJ

As each functional of the form {Da is positive, the theorem

is proved.

THEOREM (2.3.3). Let A be a C*-algebra and L the unlversal

representation of A and A the weak closure of L(A)
which is a Wk-algebra on the underlying Hilbert space H of
L. Then the follo;wing statements are true:

(i) Every positive normal functional on K’ is of the form
Wy (Y€ H). Every ultraweakly continuous iinear functional on
L is weakly continuous; |

(i.i_) Ir f€A', then there exists a unique weakly
continuous linear functional £ on A such that
F(L(T)) = £(T) for all T € A.
(iii) . The mapping f %’:E‘J is an isometric isomorphism of
~

A' onto the predual of A which transforms the set of all

positive linear functionals on A into the set of all normal
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positive linear functionals on A. We have ©*=1 for all f&A?.

(iv) For each 3 & &, let 8 be the linear functional
f -5 F(S) on A'. Then the mapping -+, defined by Y(S) = 3

1s an 1sometric 1somorphism of A onto A" whose composition

with L (i.e., YoL) is the canonical injection of A into A,

(v) This isomorphism VY is bicontinuous for the weak (operator)

topology on A and the @ (A", At)-topology on A™.

PROOTI'. B, pp.236—237] For each f &€ At, define a functional

ft on L(A) by

£r(L(T)) = £(T) . (1)
for all T &€ A. Then f!' is linear and contiﬁuous since f
is linear and [£'(L(T))|=|£(T) < LW T = 2 IL(T ) for all
T &€ A, Then [f' < |fll. Conversely, since |£(T)| = |et(L(T))|
LNEY IL(TH = £ ITI, we have £l < if'l whence |Iff] = [l£7].

Also, for each f' in L(A)*, the relation (1) defines a
continuous linear functional f on A such that |f]l = £ ).
Therefore the mapping ¢ defined by g(r) = £ is an
isometric isomorphism of At onto L(4)'. Since L(T)_ is
positive if and only if >T is positive, it follows that f'
is positive if and only if f is positive.

(i) Let F be a normal positive linear functional on K.
Then the restriction f'==flL(A) of T to L(A) is positive
on L(A).  Hence f = f—l(f') is positive on A. TLet If

and Pe be the representation and vector defined by f.

Then we have f£(T) = (LI(T)gp , 9.) for all T in A.
Since L = f‘égﬁlli’ where Q 1is the set of all positive

linear functionals on 4, we have £(T) = (L(T)¢, @),

where Y= @ is considered as a vector in H. Thus
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£1(L(T)) = £(T) = (L(T)Y,9) for all T in A. Since, by
Theorem (1.2.4) and [2, Corollary 1, p-44), L(A) is ultra-
weakly dense in K} we have by the ultraweak continuity of [
that f(S) = (3¢, ¢) for all Sé.:'ku, i.e., ? =u)g,, Hence T
is weakly continuous. Therefore it follows from Theorem
(2.3.2) that each ultraweakly continuous linear functional on
X is weakly continuous. This proves (i). ‘

(ii). If h; is a positive functional on L(A), then
h = ?‘l(ﬁ') is positive on A and so h €Q, where Q is
the set of all positive linear functionals on A. Therefore
K (L(T)) = n{T) = (L(T)Qh, ). Hence h'- is weakly
continuous on L(A). Since each g in lL(A)' is of the
form g = g + igz, where g1, &, are hermitian, by Theorem
(1.1.7), g 4is a linear combination of positive functionals
on L(A) and therefore weakly continuous. It follows that
if f é A', then f' = ¢ (f) is weakly continuous on L(A). -
Hence f' can be extended to a unique weakly continuous
linear functional"? on A. Moreover, we have f(L(T) =
FL(T)) = £(T) for all T €A. This proves (ii).

(iii); If £' € L(A)', then f' is weakly continuous
and hence is ultraweakly continuous. Let £ be the unique
extension of f' to A by weak continuity. By Theorem
(2.3.1), the mapping f'! —> Fois an isometric isomorphism
of L(A)* onto the predual of A. -Since the mapping f — £
is an isomorphism of A' .onto L(A)', f —» f is an
isometfic isomorphism éf At' onto the preduél of A. If f

is positive, then, by the same argument as in (ii),

fr=5(t) = “go on L(A). Hence by the weak continuity of f
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fi =c%% on A. Therefore fy is positive and normel. If
f& Av, then f*& A'. Since (£f¥)' = (£1)%, fr*<L(A)r.
We have (£1%)(L(T)) = £%(T) = F(T*) = F(L(T)*) = £%(
for all T &€ A. Hence, by the weak .continuity, £1*%(
F%(S) for all S < K. This proves (iii).

(iv) By (iii), V¥: S > 8§ is an isometric isomorphism
of A into AY. To see that WV is onto A",' let @@ E;Aﬁ
and define z linear functional ly on A by -lq(f) = (P(f).
It is clear that L’LPE(K:::)' with Il= ¢l . Now by
[3, A23], £¢ can be uniquely and isometrically identified
with an element S of A such that lT(f) = E(S) for all
F< Xy Hence S(f) = @(f) for all £ € A' and so 3 = @,
which shows that '#f is onto A". Since y — L(y) is an
isometric mapping of A onto L{A), it follows that Vol
is the canonical injection of A into AM.

(v) From (i) we know that the predual of A is.also

the set of all weakly continuous linear functionals on L.

. o
By (iii), every weakly continuous linear functional on A  has

the form £ with f & A'. Now a sub-base of O-neighbourhoods

N for the weak topology in T is the family of sets of the
form .

N ={sei: lf(s)[<£‘, £>o0, fEA'},
and a sub-base of O-neighbourhoods N!' for the topology
o (A", A') din A" is the family of sets of the form

Nt ={S€A"§ 3(£)]<< £, €>0, fE A'}.
Since the isomorphism :S —4>§ transforms the elements of

N into the elements of N' and its inverse transforms the
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elements of N' into the elements of N, it follows that

N
VY:8 — § is bicontinuous.

REMARK :
By (iv), we can identify A* with A. Since & is a

Wr-algebra, A" can be considered as a **-algebra. Hence

by (iii), +the predual (A")x of the W*ualgeﬁra A" can be

identified with the dual A' of A. It follows from this
identification that the weak¥-topology o (A", A') on AM
coincides with the ultrawesk topology U(Aﬁ; A"*) on Am,
Consegquently, by (V)5 these topoloéﬁes coincide with the
weak (operator) topology on the W¥-algebra A™. When A is
regarded as imbeded in AY, the restriction of ¢ (A", A7)
to A coincides with the weak topology o (A, At) on A.
In particular, if K is a norm-closed éonvex subset of A,
then it is relatively closed in A. under the weak topology
|4, p-422), and hence relatively closed in A wunder the
ultraweak topology. 4 1is weakly* dense in A" [4, p.425J,
thus weakly dense in AY. As the weak and strong closures
of a convex set in a W¥-algebra coincide, A is strongly

dense in AY.



CHAPTER III

CLOSED ORDER IDEALS IN A C%-ALGEBRA AND ITS DUAL

8 3.1. Definitions and basic concepts.

In what follows, for each closed subspace X of a
complex Hilbert space H, let Py be the (orthogonal)
prbjection of H onto X, i.e., Py(H) =X. Let T be an
element of B(H). It is clear that fhe kernal of T,
ker T = {4,€H: T({) = O}, is a clesed subspace of H. If
X = (ker TfL., the ofthogonal complement.of ker T, then
the projection E = Py is called the support of T. It is
easy to see that E is the smallest projection in B(H)
such that TE = ET = T [10, p.445]. Let M be the closure
of T(H) and let F = PM, then F 1s the support of T
since (ker = Hence, if T is hermitian, then its
support ET is the projection on the closure of the range
T(H) of T. If T 4is an element of a C¥*-algebra A, then
Ep 1s the smallest projection in A" (considered as a

W#-algebra) such that TEp = EpT = T.

Let p Dbe a positive normal functional on a Wk-algebra
A andulet N be the set of all projections G € A such that
p(G) = 0. Then, by [2, Proposition 3, p.6l], N contains a
projection Fv such that G<& F for all G€ N . and
p(TF) = p(FT) = 0 for all T € A. Clearly F is the only

such projection in N. The projection .E = I - F 1s called

e e e e e e e oo e . ‘__i‘ FTEY Teesesemerne oo




the support of p. It is easy to see that p(T) = p(ETE) for
all TE& A.

Let U E B(H) and let E be the support of U. Then
U is called partially isometric if U dis isometric on
X = E(H); U(H) = U(X) is a closed vector subspace of H.
Let- M =U(X) and F = Py. We called E (resp. X) the

initial projection (resp. initial subspace) of U, and F

(resp. M) +the final projection (resp. final subspace) of

U. U* is also partially isometric, having initial projection

F and final projection E. We have Uy = E and UU% = F.
It follows that an element V € B(H) is a partial isometry
iff V= VWV [7, pp.62-63].

Let T €& B(H), E the support of T, F the support
of T*, X =E(H), M=F(H), and I|TI= (T*T):. Then |T)
has the support E and the closure of TI(H) is equal to X
The linear mapping |TI{—>T¢, (f, € H) is isometric from
ITl (H) onto T(H) and therefore can be extended to an
isometric linear‘operator V on X onto M. Let U be a
partially isometric operator on H with the support E such
that U coincides with V on X. Then T = U[T]. This
representation of T as the product of the unique partially
isometry U and the positive operator [Tl = (T*T)% is

called the polar decomposition of T. The equality

% = U(U[TIU*) is the polar decomposition of T*. We also
have- |T*% = U(TIU* -and |TI = U*|T*U [7, pp.68-69].

For each subset N of a C*-algebra A, Ilet
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NT={f€A: £=0, £(1) =0, TE N}. Then

NJ..L

= (N)" = {T€ Am: T=0, £(T) =0, £€ N'}. The set
NO = {f € A': Re £(T)L 1, l‘E.N} is called the polar of N.
It is easy to see that if N is balanced, and in particular

a subspace of A, then N°© =={I'ejA’: T <1, TE N}.

8 3.2. Order ideals in a Cx-algebra.

Let A be a Ci¥-algebra, Ah the set of all hermitian
elements of A and At the set of all positive elements of
A. Tt is easy to éee that Ah is a partiail& ordered vector
space with the partial order defined by the cone A*. A

subset N of AV is called an order ideal of A if

N+NCN, ANC N for all A=0 and such that, if S& N
and T & A with OQTQS, then T & N.

Let A be a Cik-algebra. For eaéh positive operator T
of A; let (T) be the norm-closure of the smallest order
ideal containing T, i.e., (T) is the norm-closure of all
positive operators S of A such that S 5; AT for some
positiv'e scalar A. For each S&€ A and f & At, let ST
and fS be defined by (Sf)(T) = £(ST), (£SNT) = £(TS) for
all T< A. If A 1is a W¥k-glgebra and if Er denotes the
support of the positive normal functional f on A, - thén

Epf = fEp = f. A subspace M of the dual A' of A is said to be

left invafiant if for all f € M and S &€ A, Sf €& M

THEOREM(3.2.1). Let A be a C*-algebra and T a positive

element of A. Then (T) = {ﬂ*L.

PROOF, [ﬁ, p-393] It is clear that {T}llis a norm-closed

corder ideal containing T. Hence (T) & {T}LL.
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ST
Conversely, let S € {T} - and let E_, E, be supports

T’ 78
of T and S respectively. We wish to show that ES < ET.
Suppose on the contrary that ES 7 E . Then there exists a
vector ﬁ € H such that ET(iz) = 0 and E ) # 0. Since
TEp = T and T(%4) = TEx(f) = 0, "Jam” Z,4) = 0.

Since &2 is weakly continuous, it is continuous. Therefore

0y G{T@ii But E (1@) # 0 and ker S = ker Eq; Thence
We(s) = (84, 4) / 0, which contradicts the fact that
S ¢ {T&L'. Therefore Es.é Eq. For each vpositive integer

n2l, define the function £ ~on the reals by f,(t) =0
for t %0, fy(t) =nt for 0¢< t<n™l and f,(t) =1
for ¢t 2>n'l. Then {fn(Tﬁﬁ is an increasing sequence
of positive operators with supremum ET' Hence {fn(T)}
converges to E; strongly [2, p.331].' As the map

(U, V). — UV is strongly continuous on bounded sets[8 2.1],
we have fn(T)an(T)——e EpSE7 strongly and hence weakly.

It follows from the inequality
£ (T)SEL(T) € Si£y(T)2 € #SIE,(T) € (ISin) T,
‘that the sequence {fn(T)Sf,(T)} lies in (T). Since (T) is
convex and norm-closed in A and hence weakly closed
[4, p-422], EpSEp € (T). But S = EgS = EgSEg < EpSEp € (T).

Hence {T}LLQ (T).

COROLLARY (3.2.2). Let A be a C¥-algebra and T a

positive element of A. Then the following statements are true:

(i) (T) 4is an order ideal.

(ii) If S € (T), then S3 € (7).

USRS I AEIL PSS SEE SRS §
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(iii) If N is a norm-closed order ideal of A and T € N,

| then T% € N.

E@QQE. [5, p.393) (i) is clear. To prove (ii), by Theorem
(3.2.1), it suffices to show that S2 € {1} Let p be a
positive element of A' with ©p(T) = 0. Then by Theorem
(1.1.1)(iv) p(T%)2 < HPHP((T%)*T%) ={Ipilp(T) = O. Hence
‘p(T%) = 0. Consequently, we have f(T%) =0 for all
f‘E'{T%}J; i.e., T% e:{TyLJ-. This provesb (ii).

Finally, if N is a norm-closed order ideal in A such that

1
(T) € N, then, by (ii), T ¢ (T) € N. This proves (iii).

LEMMA (3.2.3). Let S, T be positive elements of a

W#-algebra A such that S £ T. Then there exists a unique
element D € A with the following properties:
(i) s% = DTZ. |
(ii) The support of D is majorized by the support of T.
PROOF. [2, pp.l1-12) For any Z € H, we have
1 y 1
Is%l® = (s¢,4) < (T&,2) = 17%2412;
in particular, T%é = 0 implies S%£ = 0. The mapping
T%ﬁ - S%ﬁ is ‘a continuous linear operator C which maps
T%(H) into H. Let D be the unique continuous extension
of C to cl(T%(H)) = cl(T(H)) into H, where cl(T%(H))
and cl(T(H)) denote the closures of T%(H) and .T(H).
We have S% = DTZ. Next, we observe that ker S22 ker T.

Hence the support of S is majorized by the support
of T. Finally, let U be a unitary element in
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A%, the commutant of A [8§2.2] and let UDU'l = G. Then

1 1 1 1 -1 1 1
¢1® = wui7? = TRl = UstyTt = sPyuTt - 8t
and hence by uniqueness of D, &G = D. Thus, uDU~L1 = D

which gives D € A.

THEOREM (3.2.L4L). If N is a norm-closed left ideal of a

C*~algebra A, then the positive part Nt is @ norm-closed
order ideal of A. |

PROOF. [5, p.394] Tt is clear that N' is norm-closed.

Mso, N7 +n"¢ N ang ?LN+§ N* for all positive scalar
A . Suppose that TE N* and S€ A with 0< S <T. We
shall show that S € N'. Since 0 £ 5 < T, by Lemma (é.‘2.3),
there exists. a unique element D & A" (considered as a
W=¥=-algebra) such that S% = DT% and IDI<1. Then

s = (s2)(s?)* = (pr¥)(p12)* = DID*. Since N NNF is a
2-sided ideal of A, DTD¥E N NN*, i.e. SE NNN*

Since S 2 0, S€ NY Hence N is a norm-closed order ideal '

of A.

DEFINITTON. Let A be a C#*-algebra. A subset N of A

is said to be invariant if for all T € N, S€&€ A, 8TS* € N.

THEOREM (3.2.5). ‘Let A be a C%-algebra. Then the map N—>NT

is a bijection beﬁwéen the norm-closed 2-sided ideals of A
and the norm~closed invariant order ideals of A.
PROOF. [5, p.§96] If N is a norm-closed 2-sided ideal of
A, it is clear that Nt is invariant.
.Conversely, if M is an invariant norm-closed order ideal

of A. Let N = (A"™)() A. Since A" is a Wk-algebra [see .




the remark to Theorem _(2.3.5)] , A" contains the identity
and therefore M < N+. To prove the converse inclusion, letl
S E&A" and PE€M with SPEA and SP 2> 0. Then, as .

0 € (SP)2 = (SP)*(SP) = PS*SP < ||SiRPR £ (jIsi® IPN)P,
we have h(SP)ZE M since M is an order ideal. Hence, by
Corollary (3.2.3), SP € M and so N+Q M. Thus Nt = M.

We show next that N is a norm-closed ideal of A.
Clearly AN € N. To.prove that N is closed under addition,
let Sy, TE N. Then S™ and T*T are in N* = M. Tt
follows from the inequality

0°< (8 + T)¥(S + T)< 2(s*s + T*T)
that (S + T)*(S + T) EJM and thus, since M is an order
ideal, P = ((S + T)*(S + T))%GM =Nt. Let S+ T =UP
be the polar decomposition of S + T with U € AM.
We see that S + TE& (A™)NA = N.

To show that N 1is norm-closed, let {Tn} be a sequence in
N converging in the norm to an element T of A. Then the
sequence {T;‘;Tn}‘ lies in N* =M as N is a left ideal and
T:';Tnz O for each n. Since M is norm-closed, T*T € M
and hence '(T*T)%é M. From ti’le polar decomposition
T=7UlTl of T, where UE A" and ITI = (T*T)% , we
see that T € (A"™) N A = N. Hence N is norm-closed. Thus
"N is a norm-closed left ideal.

Finally, we shall show that N is also a right ideal
of A. Let T€ N and let T = UIT| with U&E A™ be the

e L
polar decomposition of T. Now |T| = (T*T)2€ Nt and

B i S



A is strongly dense 1n A" and U € A" (and hence U*é Am),
Therefore there exists a net (_U:f} on A converging strongly
to U¥. The net J{UJTIUE} ties in M =Nt as M is
invariant. Also, U«lT| U’s converges to U[T{U™ weakly and
since U|T|U™ = |T%|, we have U|TIU*g€ A. As M 1is convex
and norm-closed, it is relatively closed in A under the
weak topology [b,, p.1+22]. Thus |T% € M = N*. Since

T = VIT¥|
it follows that T*e li. This shows that N is self-adjoint,

i.e., N* =N, and therefore is a 2-sided ideal of A.
From the proof: of Theorem (3.2.5), we have the following:

COROLLARY (3.2.6). Let N be a norm-closed order ideal of

a (C¥*-algebra A and let A"N be the set of all SP .
with S € A" and PE N. Then M= (A"N) N A is a norm-
closed left ideal such that MT = N

THEOREM (3.2.7).\ If. N is a norm-closed left ideal in a

C#-algebra, then N = (A"™W*) N A, where A"N*t denotes the
set of all elements of the form SP with S€A" and P& N,
PROCF. [5, p.é91+] Let T be an element of A such that

T =SP with S € A" and PEN . Since A is weakly dense
in A", there exi_sts a net {S“} in A converging weakly
to S. Since N is a left ideal of A4, {S.P| lies in N

and converges weakly to SP =T. As N 1is convex and norm-
closed, it is weakly clsoed in A [k, p.422] and hence

T € N. This proves that (A™7%) N A CN.

» for a partial isometry V €A™, and N = (A™M)4,
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Conversely, let T & N. Then (T? =’T*T is in the
C*-algebra N N N* and hence |TI &€ (N NN¥)* = nt.
Since T = U|T| with U& A", T & (A"N*) /M A. Hence
N & (A'™N*) M A and therefore N = (A"NT) M) A.

Combining Theorems (3.2.4), (3.2.6) and (3.2.7),

we obtain the following:

THEOREM (3.2.8). There exists a one-to-one correspondence
N —» N*  between  norm-closed left ideals and norm-closed
order ideals in a C%* algebra A. +

§ 3.3. Polar decomposition for continuous linear functionals.

THEOREM (3.3.1). Let A be a Wk-algebra, E a projection

in A and f in the predual Asx of A. Then we have the
following relations: |

(1) H£0? 2HEFP? + W(I - B)f)| =

(ii) If £ = WEf}, then f = Ef.
PROCF. [3, p.23§] (ii) follows from (i). We prove (i).
Let H be the Hilbert space on which A acts, and let
B = B(H) be the algebra of all bounded linear operators on H
into itself. B 1is a Banach space under the operator bound
norm. Since A 1is a weakly closed subspace of B, it is
a norm-closed subspace of B [k, p.422]. If A denotes the
set of all continuous linear functionals on B which vanish
on A, and if g' + A denotes the class of all elements

g € B' such that g - g'€ A&, the mapping Y¥: g + A - g,



where g 1is defined by g(S) = g'(S) for all S & A, is
an isometric isomorphism of B'/; onto A! [15, p.188].
Therefore, if f & A,, there exists an f' + & &€ B'/%

such that  YW(f' + &) = f. Hence |fN ={f* + &Jf

= inf{uyu Ly € fro+ K}. If &€ >0 1is given, there exists
y € B' such that hEW + € > jiylle If we show that

“yﬂz ;:HEyHZ + (I ~ E)y”z, then we will have (el + ¢ f?;
IB£U% + (2 - E)EI® from which (i) will follow since g

is arbitrary. It remains thus to prove (i) for the case
where A = B. Since the set of all ﬁbakly-continuous func-
tionals on A is dense in A, [Theorem (2.1.12[], we may
assume that f 1is weakly continuous. Then, by Theorem

(2.1.5), there exist orthonormal systems (e1, esy **t, e, )

(el, e!, *°°, e!') and positive scalars A, i =1, 2, **+, n,
1 n , i

such that

n
Hﬁn = A, +1"' + A, and f(T) = fzi.ﬂi(Tei, el)
for all T &€ A. Hence
: o3
(EfNT) = & A;(Te;, Eel),
i=1
n
(I - E)f (T) = _zl A;(Te., (I - Eler).
1:
Therefore _
2 2 1 2 a 2
TEDH S + (I - E)O° € (X AlBel )™ + (X AL|(T - E)er||)
- - =1 * i=1 * 1

e 5 220 Ee i 4 -
-2 A; (Bey® + (I - E)el]”)
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+ %ﬁznaih jUEer - fEey

+ (1 - E)e;[l i - E)egﬂ)

n S —

£ 5 A2 4+ 2 == D N
i=1 * 1¢i<j<n o
n

(5 A2 = g0t
i=1

THEOREM (3.3.2). Suppose that A is a Wk-algebra and f

is an element of the predual A, of A. Then

(i) There exists a partial isometry U C A such that
p = U*f positive, Up = f and “pné= N,

(ii) If D 4is any operator of A with DI € 1, Df
positive, and [Df]l =ff]|, then Df = p.

(iii) There exists only one partial isometry U such that
yu* = Ep, where E, is the support of p.

EM-" [é, pp.240-242; 5, pp.298-400] (i) For simplicity,
we assume that JIfll = 1. Let A; be the unit ball of A
and K = {Té‘Al: £(T) = l}. As A4 is weakly compact,

it is ultraweakly compact. Since f 1is ultraweakly
continuous, there exists an element T of Al such that
ke (T)

f(T)‘=_l so that T € K and hence K is nonempty. Since

]

1. Multiplying by a scalar, we may assume that

K is ultraweakly closed and contained in Al’ K is
ultraw§akly compact. It is clear that K is also convex.
Therefore, by Krein-Milmann Theoreh, K has an eitremal
point V say. V is also extremal in Ay, for :if

V =28 + 4T, where S £ 1 and ITN € 1, then [F(S)<1,
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W
Hh
e
+
Nl
H
=

[£(T)H £ 1 and -1 = £(V) =
Taus f£(8) = £(T) =1, i.e., S and T are in K and

V=S=T. From Kadison's characterization of the extremal
points of the unit ball of a C¥*~-algebra [8, p.325], V is

also a partial isometry.

Nefine the linear functional p on A by p(T) = £(VT)

for all T & A. Then p& Ay, and |pji< 1. Since
p(I) = £(V) =1, p dis positive by Theorem (1.1.L). Also
p(V¥7) = £(VVFV) = £(V) = 1, since V is a partial.

isometry; hence V*V > E_ where Eb is the support of D.

P
Let U = Epv*. Then UU¥ = E_ and, for all S& A, we have

ol

(UFP)(S) = £(VERS) = p(EpS) = p(S).
Let U*U = E. Then as IEf)) £ 1 and

(Ef ) (U*) = £(UFUU™) = £(U*) = f(vEp) = p(Ey) = 1.
we have [Ef]j = 1. From Theorem (5.3.1), Ef = f, and for
all S € A, we have

(Up)(S) = p(US) = £(U*US) = (E£)(8) = £(S),

i.e., Up = f.

(ii) Suppose that D 1s an operator in A; such
that Df is positive, IDf§ =1 and Dj <& 1. Then
£(D) = (D£)(I) = IDFl =1 by Theroem (1.1.4).

If L and ¢ are respectively the represen-
tation of A and cyclic vector defiﬁed Uy"p3 @hen
(g, L(DU*) ¢¥) = p(UD) = £(D) = 1 by definition of p.
Since (9,4 ) = (L(I)9,¥) =p(I) =\ipll =1, we have

(9,9 ) = (¢, LIOUF) 9) & || QUIL(D*UF)g)) < ygf2aUDI
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It follows from the Cauchy-Schwartz's inequality
that L(D*U™)9 = ¢. Thus
(Df)(s) = £(DS) = p(UDS) = (L(UDS) ¥, ¢) = (L(S)¥, L(D*U¥)g)
= (L(3) ¥, y) = p(S).
Hence Df = p. _
(iii) Let Y be another partial isometry with Y*f

positive YY*f =f and Y¥* =E Since I = \YY*P))

D
< I\Y"fll II£H, we have 1 = £l = |Y*fll and, by Theorem
(3.3.1), p= Y*f. We want to show that Y = U. Let X = UY*,
Then p(X) = p(UY“) Up(Y™) = £(Y*) = Y*F(I) = p(I) = 1.
Similarly p(X™) = 1. Since 1 = p(X)? ¢ p(XX*)l < 1, we have
p(XX*) =1 and p((Ep ~ X)(Bp - x)"') 1-1-1+1-=0.

Now, since U, Y are-partial isometries such that UU* = Ep ‘

and YY* = Ep, U = UU*U = EpU and Y = EpY. Then ~
X = * = *® = ® =k i.e.

=TUY (EpU)(EpY) Ep(UY )Ep pX_ Ep, i.e.,
X = EPXEP€E A Ep Since p((Ep - X)"‘(Ep - X)) =0 and p

is faithful on EF;A Ep [2, p.6]] , we have (Ep - X)*(Ep -X)=0
whence . Ep - X =0 or Ep = X. Suppose that H 1is the
underlying Hilbert space for A, E7 1is the projection of

H onto (ker U)‘L, the i'nitiai space of U. For each

€ Ep(H), we have NU(Y*Z) = IIEZI = £ and hence
lu(y* &M 2 Y*e). Thus Y6 € By (H). As
U : Eq(H) —9E (H) is an isometry, the equality -

p o
UY*g,= § = UU*¢  implies that Y* £ = U¥E ; moreover

U* and Y* vanish on (Ep(H))J". Hencé Y* =U% or Y = U.
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If A is a W*—algebra and T is an glement Qf_~A*

we shall denote the function p defined in .Theorem (3.3.2)

by Ifl. If A "is a C%-algebra and f belongs to A?, then,

considering A' as the predual of A" [Theorem (2.2.3)3,
we have that |fl is defined and is also a member of Av.
The equality f = Ulfl, where UU* = E;, is called the

polar decomposition of f.

THEOREM (3.3.3). Suppose that A is a Wi-algebra and |fp)

is a sequence in the predual Ax of A, converging in the
norm topology to a fupction f. Then there exists a
subsequence of the ﬂfnﬁ converging in the weak topology
to lf], A
PROOF. [5, p.401] Let £, = U, |fyl be the polar
| decompositions. Taking a subsequenée, we may assume that the
sequence Un converges ultraweakly to some opera'tor DEe€ A
with 0Dl £ 1. For each TE& A, we have
,ﬁn](T) - Df(Tﬂ < Jen(uxT) - £(UliT)] + e (u¥T) - £(DT)]

< len - £liTl+ |e(ugT) - £(DT)|.
Since the latter expression tends to~ O, the subsequence
,fnl converges wéakly to Df. It follows that Df is
positive, and [f,]l = [f4 (I) tends to [IDfll = (D£)(I).
But [[£] is the limit of the sequence [f, [, hence [pf] =[]
and we conclude from Theorem (3.3.2) that Df = Ifl.

THEOREM (3.3.4). If f and g are in the predual Ax of

a W*;algebra A, then for all T € A,. we have

VY ST




lie + @ (012 £ et + fleh (o1 (Ton) + g ()
PROOF. [5, p.401] Let £ =Ulf, g = Vg, and f + g
= S If + g| be the polar decompositions. Then for all T c A,
’E + g (T)]? = ‘H (US*T) + gl (VS*T)|?
<[lg (ussr) [+ g (verr)[?
5'[|ft(Us*su )%lf (T7)2
+ lgl (VS%SVH)Z g (T7)2 ]2
< [JIR 0 T5)2 +igl? 1 (T¥T)%]?

SUEl +gl) (1] (T*T) + (gl (1%T)).

[
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§ 3.4. Order ideals in the dual of a C*-algebra.

Let B be a Wk-algebra, and By its predual. If
P 1s a positive element of Bx, it was shown in A[5, phOZ}
that {p}LL is the smallest norm-closed érder ideal containing
P, i.é., {p}“‘ is the norm-closure of the set of all

q € Bx such that 0 £ q € )p for some positive scalar A

LEMMA (3.4.1). Let p and q be positive elements in the

predual By of a Wk-glgebra B such that there exists a
constant k with  [q(S)|2¢ p(8™S) for all S € B. Then
s €yt

PROOF. [5, p.403] By Theorem (1.2.3), there exists a
'representation L of B and a cyclic vector ¢ correspond-
ing to p such that p(T) = (L(T)%, ¥) for all T e B. To
show that q € {QLL, let S 20 and p(S) = 0. Then

L(S) ¥ = L(S2)(L(S%)Y) = 0 and p(S*s) = (L(S™s) ¢,9)

R
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= (L(S)'L(S)Y, §) = (L{S)§, L(S)%) = 0. Hence
la(s)}?< k p(8%S) =0 and q¢ {pJ'-

THEOREM (3.4.2). For each norm-closed order ideal N of

the predual Bx of a Wi-algebra B, there exists a norm-
closed left invariant subspace M in B, such that M" = N.
PROOF. 5, p.z,oéj Let M = BN, where BN dentoes the set
of all Sp with S & B and p & N. We shall show that M
is a norm-closed left invariant subspace such_that MT = N.

First of all, we shall show that M = N. Since B
is a W*~algebra,vit contains the iééntity operator and hence
MT2 N. Now, for any q € MY, g = Up where Ucg B, pe N.
If C=0 41is in B and p(C) = 0, then as shown in the
proof of Lemma (3.4.1), LP(C)Y¥ = 0 which implies LP(SC)¥ = 0
and 0 = (LP(SC) ¢,¢ ) = p(SC) = Sp(C) for all S € B. Hence
q(C) = Up(C) =0 and qc¢ {p}Ll. Since N 1is a norm-closed
order ideal and {p}iL is a subset of N, we have q €& N.
Hence M' = N. Next, if £ & M = BN, then f=3Sp for some
S & B, .p & N. For each T € B, Tf = T(Sp) - (TS)p € BN = M,
hence M 1is left invariant.

To show that M is closed under addition, let f and
g be two elements of M with polar decompositions f = VIf|
and g = Ujg. Then |fi= V* and g = U¥g are in M = N
since M is left invariant. By Theorem (3.3.4), if S€&€ B, then

e + eNs)'2 £ (i +igy) (1 +1g1) (5¥8)
and hence by Lemma (3.4.1), If + g\e@ﬂ +-g§Li , which in

turn is a subset of N. From its polar decomposition, it
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is thus cleaf that £ +’g € M. This shows that M is an
invariant subspace bf B,

To show that M is norm-cloéed, let {?n} be a sequence
in M converging in the norm to a function f, the sequence
£} lies in M" = N and, by Lemma (3.3.3), there exists a
subsequence coverging weakly to Iff . Since N is a norm-
closed convex set, it is weakly closed, we have I[ff € N.

By making use of the polar decomposition, we have f & M.

THEQOREM (3.4.3). Let A be a C%-algebra and A', A" its

dual and bidual respectively. If N is a norm-closed
subspace of A', then it is invariant under left
multiplication by elements of AM,
PROOF. [5, p.414] Let p be an element of N and S & AM.
We want to show that Sp € N. Since A is weakly dense
in A", there exists a net {Sd} in A converging to S
under the topology a(AM™, A') on A"™. Hence
£(s8,) — f£(3) for all f &€ A'; in particular,
(fT) S,—> (£T) S "for all T € A". Since

(Sxp)T = (Sp)T = p(SaT) = p(ST) = (pI)S, - (pT)S

= (pT) (S = 8),

we see that Syp — Sp under G(A', A"). Since N is
convex and norm-closed, it is weakly closed, and hence

Sp € N as asserted.

THEQREM (3.4.4). If N is a norm-closed order idéal in the

predual By of a Wk-algebra B, then N*" =N.
FROOE. [5’ p.405] By Theorem (3.4.2), there exists a norm-
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closed left invariant subspace M in By such that M*=N.
We claim that N=T = M It is clear that N'Lz M*. Now,
let S€ N- and f£€ M. Then by Theorem (3.3.2), £ =UF
and hence |(fl = Uf € M* = N. Thus Ifl (S) = 0. As shown
in the proof of Lemma (5.4.1), we have |fl (S?) = )f)(s*s)
= 0. But |£(S)|? = |ir1 (US)|?< 81 (V*U) 171 (S%S) = O by

Cauchy-Schwartz inequality. Hence f(S) =0 and so S € Mmt.

Thus M™ > N* and consequently N"'= M". On the other hand,

we have M™T'= MO4, where M° denotes the polar of M.
For clearly, M©“C M° and M7ttty Mol Now,'if pe M**
and S € M°, then S*S & M° since M is left invariant,
and from p(S*S) = O‘ and the Cauchy-Schwartz iriequality,
we obtain p(S) = 0. Hence S & M and MO+c M**.  Hence
M+ = MOt Thus, we obtain N*t = Mttt = pot = poo N Bt
Since M is a norm-closed subspace of .B=,v<, by the Bipolar
Theorem [12, Corollary 1, p,36] , we have I\’Ioo’%?l"ffi.;' ~ Hence
MO°N) By = M and so NTU=wmt=n. |

COROLLARY (3.4.5).- If N is a norm-closed order ideal in the

dual A' of a C¥*-algebra A, then N = ((N)z;,)“:

PROOF. [5, p.405]° Since A" can be considered

as & Wk-algebra, and since A' can be identified with the
predual of A" [p.jéj, the Corollary follows immediately
from Theorem (3.4.4). '

THEOREM (3.4.6). Let A' be the dual of a C*k-algebra A
and N a weak*-closed order ideal of ‘At'. . Then there

exists a weak*-closed left invariant subspace M of A*

,




such that M" = N.

PROOF. [5, pp.405-406] Since N is convex and weak¥~closed,
it is norm-closed, [k, p.422 and § 3.1]. By Theorem (3.4.2),
there exists a norm—closed left invarinat subspace M of A!?
such that MY = N. We shall show that M is also weak’:-
closed. By Krein-Smulian Theorem [4, p.lp29] , 1t suffices
to show that the intersection of M and the unit ball A:l
of A' is weak¥-closed. Let {fu} be a net int M A{
converging weakly* to f, and fy = Uglf] be the corres-
ponding polar decofnpositions, Uy & ‘.Z\". Since M is g

lef't invariant norm-closed subspace of A’, Tf< M for all
T4, Sf€M for all S< A" by Theorem (3.4.3). Hence
lfal = U™y 1lie in M* = N. Since the unit ball of A? is
weak*-compact, we may select a subset {]fgl} converging
weakly™® to a positive fung;tional P, which must lie in N.

| ?
Since [fg|& MNA7, we have

It (T)[% = [ Uy 15,1 (T)I2 = [}fy (U@T)]2
< it (T"T) 5| (U¥U) < |egl (TFT)
for all T& A. Hence lf(T)lzg p(T*T). Since f and
p are in the predual of A" [p.37], we have [f(S}] 2 =p(5™s)
for all S<& A". Letting f = UIfl be the polar decomposition,

we have for each S& A",
121 (5)% = 1£(U*S)| 2 = p(S™U*US) = p(s¥s).
from Lemma (3.4.1), |fl& {p}'u', which in turn is a

subset of N. Then f = Ulf] is in M, which shows that I




is weak*-closed.

THEOREM (3.L4.7). If N is a weak®-closed order ideal in the
dual of a C*-algebra A, then N = ((N)Xﬂl.

PROOF. l[}, p.L06] By Theorem (3.4.6), there exists a
. weak*-closed left invariant subspace M with M = N.
Since A' is the predual of A [p-357, the argument

used in the proof of Theorem (R.4.4) shows that

N-LL= (MZ»)O ﬂ (A')+

Nit= pt =

!
=

Hence, since M is weak*-closed,




CHAPTER IV

g L.1. Invafianﬁ'faées‘of‘a state space.

Let A bé a C¥-algebra and let A' be the conjugate

space of A. The state space of A is the set of all

states of A, topologized by regarding it as a subspace of
A' in the weak*-topology, and shall be denoted by S(4).
By a face of S(A) we mean a convex subset F of S(A)
such.that if f€F, gé€ S(A) and «g ¢ f for some «>0,
then g € F. F is an invariant face if f€ F implies .

the state S —» £(T*ST) r£(T*7)"1 belongs to F whenever

F(T*T) £ 0 and TE€A. If F is an invariant face of
S(A), 1let F' denote the set of all eléments T such
that f(T) =0 for all f€ F. Also if N is a subset
of A, let N, denote the set of all f € A' with
£(T) = 0 for all TE N, and let N denote NjyNs(a).

THEOREM (4.1.1). Let A be a C%-algebra. The map N—s N*

is an order inverting bijection between norm-closed 2-sided

ideals of | A and weak*-closed invariant faces of S(4).
PROOF. If N is a norm-closed 2-sided ideal of A, then

L. ; . . .
N is a weak*-closed invariant face. Moreover, if Nl

and N2 are two norm-closed 2-sided ideals of A with

N < NZ’ then N;Q N;, Hence the mapping is order

SO S VA PR
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'inyerting; To show thaé'the mapping is also onto, let F be
a weak*-closed invariant face of S(A) and let G be the
smallest weak*-closed order ideal in the conjugate space A!
of A generated by F; G 1is an invariant order ideal. By
Theorem (3.4.7), G = (GL)X,. Let N = G*, wé see that N
is norm-closed and a 2-sided ideal of A since G is inva-
riant ; furthermore NZ, = (GL)X,. Since GRAS(A) = F,

A

Nt = N;}r)S(A) = (G )X,r}S(A) = GNS(A) = F. Hence the map

N — N* is ‘ontos As it is clear that it is &lso one-to-one,

it is an order inverting bijection.

COROLLARY (4.1.2). Let A be a C*-algebra, N a norm-

closed 2-sided ideal of A and F a weak¥*-closed

i
invariant face of S(A). Then N =N and F'' = F.
PROOF. Note that if F dis a weak*-closed invariant face

of S(A), and G is the weak*-closed order ideal in A?
generated by F, then Fi'= GJZ It follows that if
PN —a'NL denotes the bijection in the préceding theorem

then f'l : F _an*s in particular, N = f-l(NL)= N as

4

F© = 6% and, by Theorem (3.4.7), (G

Ly
At
NS(A) = GNS(A) = F.

= G, we have
Ly
F7 = (FY5,08(4) = (67),

THEOREM (L.1.3). Let N and M be closed 2-sided ideals

in a C¥%-algebra A with'ideﬁtipy. Then
(1) (8 + Mt = nthut.

= conv(NT MY) where conv(NL, M) is the

(ii) (NN M
) 1 L
convex hull of N N M.
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PROCF. (1) Since N,”M are norm-closed 2-sided ideals
of the C¥*-algebra A, N + M is again a norm-closed
2~-sided ideal of A. Since N ;§ N*  is order inverting and
N, MSN+M, (N+M CNANY Conversely, if f € NoM',
then f(T) =0 and f£(S) =0 forall TEN, SEM

Hence f(P) = 0 for all P € N + M which proves that

f£f € (N + M)L. Therefore N'Lf)M'L c (N + M)¢;

© (2) Since NNMCN, M, we have (NAM) 2 N*, M.

" *)

Now, (NNM is convex and wesak*-closed, and conv(N*; M

is the smallest weak*-closed convex subset of S(A)
: L
containing N~  and ‘MY, Hence (NnM)J}; conv(N*, M%Y).

It remains to show *“hat (Nf\M)LW: conv(NL, MT). By

Corollary (4.1.2), this is equivalent to show that
L

fconv(N®, MY 2 (NAM)*" = NAM. Let TE NAM. Then

f(T) =0 and g(T) =0 for all fe& N*  and - M

4

Hence h(T) =0 for all h.é'conv(NL, M), and

T € {conv(Nl} Mi)}l’. This completes the proof.

DEFINITION. A mapping ¢ on a convex subset K of a

vector space into another vector space is called an
affine mapping if ¢(ak + (1 - a)k') = aw(k) + (1 - a)4(k')
for all %k, k' € KX and 0<a <1.

Let A Dbe a *-algebra with identity. For each
' A
TE&€ A, let T(f) = £(T) for all f in. A', the conjugate
space of A. Then T is a weak*-continuous linear

A
functional. The restriction of T to S({(A) is an affine
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mapping on S(A), the state space of A. By definition of @,
A _ A
IT(£)l = |e(0) <lleil IITl , then |THl<ITV. Conversely, if T # O,

then by Hahn-Banach Theorem, there exists an £ & A' with

iell=1 and £(T)=|T| [4, p.65]. Hence [Tl = [£(T)] =|’i‘(f)lg

e —

T £ = ITH and so H%H= [|THl. Furthermore, T +8 =T + 8 and

—~ A A ~

LT = «T, If T =18 for some T, SE A, then T(f) = S(Ff)
for all & A, i.e., £(T) =f(S), and f(T - S) =0 for
all f& A'. Hence T - S =0 since A' is total on A.

Therefore S = T. This shows that the canonical mapping T —e»%,

for all T& A is an isometric homomorphism on ‘A inot AM.
THECREM (4.1.L4). Let: A be a OC*-algebra with identity.

N

For each hermitian element T of A, let Tg be the

A

restriction of T to S(A). Then the mapping W : T —> GS

is an isometric order-isomorphism of the hermitian part Ay of
A onto the Banach space of all weak*-continuous real affine
functions on S(4).

PROOF. It is clear that each 68 is a real affine function

on S(4) and is weak*—continuous for éach hermibian element

T of A. Since w, with Igll= 1 is a state and

sup{l%s(ws)f :“E“f= l} = sup{l(TQ,*ﬁ)[:“EJl= l} = [IT], we see
that |T| = “@S” and ¥ is an isometry and therefore one-to-one.
It remains to show that it.is onto. Let Y5 be a real affine

weak¥-continuous function on S(A). It is well known that each

element of A' can be written as the sum of two hermitian linear

functionals on A, and each hermitian functional of At is
the difference of two positive linear functionals on A [Theorém

(l.l.hj]. It follows that S(A) is total on 4, and in



- 62 -

particular S(4) is total on the real Banach space Ah. Hence

S(A) is not contained in any hypérplane of Aﬁ

by [9, Lemma (h.li], there exists a unique linear functional

and therefore,

¥ on Ap  into the real field R and a unique real number 30
in R such that {(f) = @(£) + &y for all f & S(A). Let
qWS(A) be the restriction of ¢ to -S(A). Since Py and the
constant function T“O: f'— &y are weak*-continuous on S{A),
" it follows that ?IS(A) is also weak®-continuous since qﬁS(A)
= @y - Tuo. Since S(A) is a weak*-compact convex set and
the closed unit ball D of A} is given by D = Q - Q, where
Q = {o(f: o(é[O, l] , fgS(A)}, we have from [9, Lemma (4.2):]
that (P is weak*-continuous on Aﬁ. Therefore, by [iB,.Theorem

(3.81—A)], there exists an element T& Ay such that
(P(f) = f(T) for all f‘éE.Aﬁ. Hence Y is onto.

8 4L.2. -Two-sided ideals in a C%-algebra.

The purpose of this section is to answer the question
‘asked by J. Dixmier in [3, p.ZO}. This is done in Theorem
(L.2.2). Let A be a C*-algebra with identity, N a norm-
closed 2-sided ideal of A. If & is the canonical homomor-
phism of A onto A/, then the map f —> foF is an affine
isomorphism of S(4/y) onto N . Thus the map &(T) —> ﬂN
is an order-isomorphic isometry on the self-adjoint operators

in A/N. We shall make use of this fact to prove the following

THEOREM (4.2.1). Let A be a Ck-algebra with identity I,

and let. M, N be norm-closed 2-sided ideals of A. Let

T (M + N)T, and let O<< £<Tl. Then there exist




Be M and Ce .N+ sucﬁz that 0< T - B - C <sI.
PROOF. [14, pp.255—256} MUltipiying T by a scalar, we may
assume that T < I. Tt follows that ITH< 1. Let ~) Dbe
the canonical homomorphism of A onto A/N. Then
Y(M + N ) =V(H). Now WY(T)2> 0. Then there exists
By € Mt such that V(By) = (T). Then ﬁl[MJ’= 0 and
‘ f,Nl = g\1/NJ‘. Since (M + N)-L = conv(MJ‘, N7) by Theorem
(4.1.3) Bl\ﬁM\N ﬂ(ﬁ(\VfL Let £ be the canonlcal homomor -
hism of A onto A/MﬂN. Then 0% P(By) < f(T). Let
f be the real continuous function f{(x) = (3 -1¢)? for
< (3‘12)2 and f(x) =x for x > (3~ 1lg)2. Then
£(T) = (371£)? for T < (3-1€)2 and £(T) = T for
T > (3“12)2. Since T is positive, it has a unique positive
square root T3 [7, p.58]. Since (I - T%H <1, 7%
has inverse T~2 [11, p.12]. With this remark, let

s = £(1)" ¥ p(7) 2
Then S 20 and S € MY since M is a 2-sided ideal.
Now , .
(1) 0< P(s) =s(p(T))Ep(B)) £( g (1))
< £(g(1))2p (1) £(p(1))2
f(I).

Let g be the real continuous function g(x) = x_ for

In

x<€1l, gl(x)=1 for x > 1. Since g(0) =0, g(S) is

by the Stone-Weilerstrass theorem a uniform limit of polynomials

in S without constant’  terms. Since S & M+, and M 1is




T 6l T

uniformly closed, g(S) €& M'. By (1), we have

(2)

Let

Since

x 2 0,

§(B)

Pla(s)) = glp(s)) = p(s).

B = (£(T)¥ - 3-le1) g(s) (£(T)? - 371¢ 1).

g(S) € ¥ so is B. Now (f(x)Z - 3-1g)? ¢ x for
and .g(S) £ I. Hence 0< B< T. By (2)

toj-

(£(p(T))% - 371gp(1)) p (&(S)) (£(p(T))F - 3-1gp(1))

pa) - 37 le [2(p (T p(s) + p()r(p(m))E - 3-2gp(s] .

since N£(p(T))Zh <€ 1, Nps)l € 1 and <1,

18 |mam® - B [ aantl = Jpe) - gL €5

in particular,

(3)

Bl - ofwtfl = B[t - B wtli<e.

Applying the preceding argument to T - B instead of T

and to N instead.of M. Choose Cq & N* such that
Cl'é I'T'B’ and

(4)

Since

(5)

By

()

181|m* - (T - B)|utl< €.

C, [N =0, (3) implies

Gy N - (T - B)[w*) < £.

and (5), we have
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1proy) - p(T - B = 1 61'}¢onv(M*, wyhe €

Let D=T-=- (B+Cy). Then D20, and “y(D)M <€ . Let
h be the real continuous function h(x) =0, for xc¢ ,
h(x) =x -¢g for x>¢& . Then f’(h(D)) = h(f(D)'-) = 0,

and h(D) € (M()N)+\C Nt. Furthermore

(6) D- £I<h(D) <D
Let C =20y + h(D). Then C & N+, and by (6), we have

0O SB+CSB+C +D=T¢ B+0C +h(D)+€€I =B +¢C +¢I.

This completes the proof.

THEQOREM (L.2.2). Let N and M be norm-closed 2-sided

ideals in a %*-algebra A with identity I. Then
+ - Nt +
(N + M) = N" + M*,

- . L N N
PROOF. [14, pp.256-257] If T E€M + N, then T =B+ C

with B €M' and CE€N'. Hence T € (M + N)T. Multiplying
T by a scalar, We may assume that. O € T € I. By the fore-

going tﬁéorem, choose B, .€ M"  and Cqg € N* such that
' & »-1
0T - By - Gy & 2711,

Then B

oll €T € 1, HClléuIWvé 1. Suppose inductively

Bg, By, ***» Bp-1 are chosen in M+ and CO’ Cl’ feey; Cpn

N i L
are chosen in N' such that HBf}é 279, and HCj“ré 279,
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and

n-1 n-1
Applying the foregoing theorem to T - £ B, - 2 C. and
j=0 J j=0 J

to £ =270 l. Then there exist Bne M+ and C, € N

such that
n-1 n-1 ) —n-1
04T~ B,-5S C.-B -0, ¢g2+1I
. J ryul J n n <
J= J=
or .
n n ~-n-1
(7) 0<T- 3% B,- 2 C, < 2 =~ I

Moreover, by (7) WBLh<€2™@, WC < 277; the induction is

complete. Let

(=] o
B= 2 B, C= < C..
j:o J .j=

Then B €M and C€ N7, and

. n n -n-1
iIT~-B~-Cll= lim JlA -~ S B; - > cill £ 1im 2 =
=0

_ 0.
) =0 =0 J§  n-dee
- +
Thus A =B +Cé&EM + NV, and (M-N) M + 01t

This completes the proof.
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