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ABSTRACT

In this thesis, the problem of partitioning a cyclic code into
equivalence classes and obtaining a representative element from every
class is examined. The equivalence classes are defined by that property
of cyclic codes which renders them invariant under the permutation
group which cyclically shifts the coordinates of the codewords. The
problem of counting cyclic classes in a cyclic code is solved, as well
as that of obtaining a representative codeword from every cyclic class.
Knowledge of cyclic class representatives is then used in dealing with

the problem of binary cyclic code synchronization.
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LIST OF SPECIAL SYMBOLS

the element a belongs to the set A.
the set A is contained in B.
greatest common divisor.

least common multiple.

Mobius function.

Euler function.

integer part of y.

union symbol.

intersection symbol.

cyclic group generated by x.

Galois Field of q elements.
polynomial ring over GF(g).

minimal ideal generated by (xn-l)/hi(x).
non-zero elements of M(i).

*
idempotent element of M (i).

for all elements a belonging to S such that ...

degree of g.c.d. (xd-],G(x)).

number of non-zero coordinates of the vector c¢.
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CHAPTER 1

1. INTRODUCTION

The theory of error correcting codes has its origins in the now
celebrated work of Shannon® who first demonstrated the possibility of
achieving error free transmission of messages by introducing a certain
redundancy in the data stream. This work which established the exist-
ence of a family of codes having the property that the probability of
error would tend to zero as the lengths of the codes approached in-
finity while maintaining a non-zero rate of information transmission,
has stimulated the efforts of researchers for a quarter century in the
search for such a family of codes. The fruits borne by this research
can be measured by the ever increasing number of applications of coding

to various channels such as HF, VHF, satellite and deep space*’.

Historically, two schools of thought have emerged yielding
different but not unrelated approaches to the solution of the problem
of code construction. These may be broadly classified as the block cod-
ing and non-block coding approaches. In the block coding approach, a
block of k information digits is encoded into a block of n digits, n >k,
and transmitted over the channel, the redundancy in the block being
dependent only on the information digits present in that particular
block. In the non-block or convolutional coding approach, the block
structure is lost, a continuous processing of information takes place
with the check digits intersperced amongst the information bits®. The

i 3 3342526
convolutional codes have been the subject of numerous studies®**>°** and



demonstrated to be an effective means of combatting channel noise*’.
The present work however is concerned solely with that subclass of block
codes called cyclic codes’.

The study of cyclic codes as such originated with Prange®, al-
though earlier authors made use of them under a different guise®?29748,
The real history of cyclic codes begins however with the work of Bose-
Chaudhuri®? and Hocquenhem!Z, who provided the first constructive algori-
thm for generating a class of cyclic codes with a guaranteed minimum
distance. Other codes such as the Hamming®, Reed-Muller®®, Reed-
Solomon®?, were subsequently shown to be special cases of the Bose-
Chaudhuri-Hocquenhem (BCH) codes'®, so that these codes have been by far
the most extensively studied class of cyclic codes. The decoding
algorithm for the BCH codes was first given by peterson’* and later re-
fined by Berlekamp®®, Chien**® and Massey®’. The richness of the alge-
braic structure of the cyclic codes as well as their relative ease of
implementation have been the important factors that have contributed to
their study and use. Although to this day there exist no known class
of cyclic codes that satisfy the noisy-channel theorem, it is perhaps
significant that the first constructive method for generating a class

of asymptotically good block codes relied heavily on the knowledge

gained in the study of cyclic codes®?.

Now the cyclic codes are by definition invariant under that
group of permutations which consist in cyclically shifting the co-
ordinates of codewords!S. The equivalence classes so obtained are

called cycles and a problem that naturally arises is that of generating



one representative of each cycle in the code. This problem was first
considered by MacWilliams®® and later by Goethals'” who outlined a tech-
nique for finding cycle representatives in minimal ideal codes. More
recently, Scholtz and Welch®® gave a systematic procedure for obtaining
a complete set of cycle representatives for the case where the cyclic
code is the entire vector space of binary n-tuples. In this thesis we
are concerned with developing an algorithm for finding all the cycle
representatives in any cyclic code. Some applications are given by
Reed2® and Massey?! for finding sequences with special correlation
properties, and by MacWilliams® in connection with obtaining the weight
distribution of cyclic codes. In this thesis, we give an application of

the results obtained to the problem of synchronization of cyclic codes.

The greater part of the second chapter can be considered intro-

AU Uel'S Ui M

ductory in that we are concerned with establishing those coding and
algebraic concepts required for further development of the thesis. Here
we draw heavily upon the excellent works on coding theory of Peterson’

and Berlekamp!®. The importance of the BCH codes to the coding literature
is recognized by devoting a number of sections (2-3 to 2-7) to a dis-
cussion of some of their properties. The better known classes of BCH
codes such as the Hamming, Reed-Muller, Reed-Solomon are also briefly
mentioned. In Section 2-8, we introduced a number of decomposition
theorems for cyclic codes. The results derived in this section provide

the necessary tools for the solution of the problem of cyclic representa-

tives.




In Chapter 3 we enter into the subject matter of the thesis as
such by deriving a number of results associated with the allied problem
of counting cycles in cyclic codes. The last section of this chapter
is concerned with finding cycle representatives in minimal ideal codes
and serves as a link to the next chapter where this problem is dealt

with at Tength.

Chapter 4 contains the complete soluticn to the problem of cycle
representatives and is divided into three sections. The first contains
a technique for obtaining the cycle representatives of those cyclic
codes whose parity check polynomial is of a special type. The approach
here taken follows the lines of that of Seguin?? who considered the case
for codes of length n = 25_1. The material of this section also provides
additional tools of great value when we consider the synchronization as-
pect of cyclic codes in Chapter 5. The results of the second section
are more general in that no restrictions are placed on the parity check
polynomial, however at the expense of greater computational complexity.
The results should be compared to those of Goethals'’ and MacWilliams®
in that they represent an extension of their work. In the Tast section
of the third chapter, a synthesis of the techniques introduced is made

to yield a practical computational algorithm.

In Chapter 5, applications of the theory of cycle representatives
to the synchronization problem associated with cyclic codes are con-
sidered. The use of cyclic codes requires obtaining proper frame syn-

chronization at the receiver before decoding can begin. The possibility

of frame synchronization loss has 1ed various authors to propose a number



of techniques for synchronization recovery. 0f these we mention the
works of Bose and Caldwell?*, Weldon®?, Tong*2, Mandelbaum**’*® and
Tavares and Fukada?®**3, It will be shown in that chapter that the
natural applications of the theory of cycle representatives is in the
generalization of the synchronization techniques of Tavares and
Fukada?®, as well as that of Bose-Caldwel12* and Weldon2. The genera-
lization so obtained results in a greater insight into the synchroniza-

tion process as well as an increase in the rate at which information

can be transmitted over a channel susceptible to loss of synchronization.

Finally in Chapter 6, we include a number of concluding remarks
followed by some tables which compare the known synchronization techni-

ques for various conditions of slip and additive errors.

Before going on to Chapter 2, we may mention that some of the

results of this thesis have already been reported elsewhere!®*!?.
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CHAPTER 2

CYCLIC CODES

2-1 Linear Block Codes

In this chapter, the basic definitions and theorems relating to
cyclic codes and relevant to the present work will be established.
First it is to be mentioned that cyclic codes are a subclass of the
general class of linear block codes’. An (n,k) linear block code is
defined as a subspace of dimension k of the vector space of n-tuples
over a Galois Field of q elements, GF(q), g a power of some prime p.

It is then possible to associate with such a code, a set of k Tinear
independent vectors which form the basis of the subspace and hence a

matrix G called the generator matrix, whose row space is the (n,k) code.
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Also there existsanother matrix H called the parity check matrix of the
code whose rows are linearly independent and orthogonal to the rows of

G. The rows of H then generate an (n,n-k) subspace called the dual space
or simply the dual code. If the generator matrix is reduced to a nor-
malized form G' of the type G' = (Ik,P) where I js a kxk identity

matrix and P is a k x (n-k) matrix, we have the following relation be-

tween G' and H.

Theorem 2-1-1
If the generator matrix of an (n,k) code is of the form

G' = (Ik,P), then there existsa parity check matrix of the form

, I ), where PT is the transpose of P and In-k is a (n-k)x(n-k)

n-k
identity matrix.




Proof
Since the sum of the ranks of G' and H is clearly n, and noting
that H(G')T = 0, it follows that the row space of G' and H are dual of
one another.
Q.E.D.
In most applications it is useful to have the generator matrix
G in the form G'. A codeword is then obtained by taking k information

digits, considered as a row vector J and forming the matrix product

C = JG'.

The first k digits of the codeword C are then equal to J and the code

is said to be systematic. We note that all linear codes can be rendered
systematic by proper row-columns operations on G for reduction to its
normalized form G'. The codes generated by G and G' are said to be

equivalent in that they are column permutations of each other.

We define the weight of a vector C, denoted as W(C), to be the
number of non-zero coordinates. The Hamming distance between two code-
words C] and C2, denoted as D(C],Cz), is then defined as the number of

coordinates in which C] and C2 differ, so that we have

D(C],CZ) = N(C]-Cz).

It then follows that for a linear code, the distance between any two
codewords is equal to the weight of some other codeword because of the
closure property of vector spaces. The minimum distance of a linear

code is then equal to the minimum weight vector in the code. The im-



portance of the concept of minimum distance arises from the fact that
for a binary symmetric channel, (BSC), the error correcting capability

of the code is related to its minimum distance according to the relation

where t is the maximum number of errors the code can correct, and d is

its minimum distance’.

Assuming then that in the process of transmission of the code-
word C, an error pattern z generated by the channel is added to C. The

received vector will then be of the form

R = C+uz.

The decoder then calculates the "syndrome" of R defined as

S = HR' = HC' + M = M,

since C being a vector in the row-space of G', HCT = 0, as implied by
theorem 2-1-1. The problem then is to determine the most likely error
pattern that could give rise to S. For the BSC, the most likely error
pattern ¢' is the one having minimum weight and such that S = H(;')T.
It is not difficult to show that if ' # ¢" and W(z'), W(z") < (d-1)/2,
then

I

s' = H(g') # " o= HEY),

so that the syndrome S' uniquely characterizes the error pattern z'.

25:
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Although conceptually simple, a decoder for block codes can be ex-
tremly difficult to implement due to the larger number of possible
error patterns. Highly structured block codes such as the cyclic codes

considerably simplify the decoding problem!®.

Now the relation HCT = 0 implies a linear dependence amongst
certain columns of H, so that the minimum distance of a Tinear code is
related to the smallest set of columns of H that are linearly dependent.

We state the following’:

Theorem 2-1-2
A Tinear block code has minimum distance d, if and only if
every set of (d-1) columns or less of its parity check matrix are lin-

early independent.

We now proceed to investigate a certain class of block codes
called cylic codes, and how these can be so constructed so as to satisfy

the conditions of the above theorem.

2-2 Cyclic Codes and Ideals

Cyclic codes are by far the most extensively studied ciass of
Tinear block codes. Their high degree of algebraic structure has con-
siderably simplified the encoding-decoding problem usually associated
with other block codes’?!S. In this section we develop a number of

basic results on cyclic codes, and we relate these to the general matrix

formulation of block codes of Section 2-1.

A code V is said to be cyclic if for all codewords of the form

C= (CO’CI’CZ""’Cn-1) inV, C' = (cn-]’cO’Cl""’cn-Z) js also in V.

R P N ]
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Note that C' is obtained by cyclically shifting C one unit to the right.
It is convenient at this point to associate with every vector
C= (CO’C]’c2’°"’cn-1) the polynomial C(x) = Cp* Cqx + c2x2 + ...+

n-1

¢, x . Furthermore, all such polynomials will be considered ele-

n-1
ments of the polynomial ring GF[x] modulo x"-1. Also all codewords
(vectors), are defined over GF(q). Recalling the definitions of Rings

and Ideals?®, we have

Theorem 2-2-1

In the ring of polynomials modulo x"-1, a code is a cyclic sub-

space if and only if it is an ideal.

At

PR P R
AUW Bl LB AN

Proof
If the subspace is an ideal and C(x) one of its elements, then

XC(x) = ¢ _q et oxt ¥ cn_zx"']

modulo x"-], js also an element of the ideal and hence the subspace
is cyclic. Conversely if the subspace is cyclic then t(x)C(x) moduTo
x"-1 is also an element of the subspace for all t(x) in the ring GF[x]

mod. x"-], and the subspace is an ideal. 0.ED

The importance of the above theorem stems from the fact that
every cyclic code in the ring of polynomials modulo (x"-]) is a princi-
pal ideal” and therefore there existsa polynomial G(x), a divisor of
(x"-1) of degree (n-k) which divides every codeword. G(x) is termed the
generator polynomial and generates a cyclic code of dimension k. Every

codeword is then of the form

N\




n

C(x) = J(x)a(x),

where J(x) is any polynomial of degree (k-1) or less. The generator

matrix corresponding to G(x) = g5 + g;x + ... + gn_kxn-k is

e
e

+——(k-1) zeros ——

0 0 0 ... 0
0 0 ... 0

% %9 % - Ik
% 91 +r Spek-1 Onek
G= 0 0 95 «ov 942 k-1 In-k 0 ... 0

--------------------------

An element h(x) is said to be in the null space of the ideal generated

g
K

5
2
3
2
com
-3
3
>3
-]
]

by G(x) if and only if

h(x)Ci(x) = 0 modulo (x"-1),

for every element Ci(x) in the code generated by G(x). The element

h(x) and Ci(x) are said to be orthogonal, and the null space of G(x)

has then dimension (n-k). In matrix notation, the parity check matrix
of G can be obtained by noting that the coefficients of the polynomial
H(X)Ci(x) = 0 mod. (x"-1), where Ci(x) =cptopxt czx2 + ...t cn_1xn']
is a codeword in the cyclic space generated by G(x) and

H(x) = ("7T)/6(x) = hg *+ hyx + hyx + ..o ¥ hn_1xn'], are the first row

in the matrix product
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hy Py ohy bl %9 & Cp-1
h h, h h c ¢, C o
-1 - - -
n 0 N n-2 n-1 0 "1 n-2( _ HC = CH = 0
h h, h h c ¢, C c
1 2 '3 0
. A L 0 |
Taking the transpose on both sides, it follows that
_— —
h0 hn-] hn-2 ces h] Cg
h] h0 hn-] ves h2 ¢ :
............. . = HC. =0
: i
ho-1 P2 Ppz oo Mol {6p

Only the first (n-k) rows of the H matrix need be taken since these are
Tinearly independent and the dimension of the null space of G is (n-k).

It is known that (x"-1) factors into irreducible factors over

h roots of unity?® in some extension

GF(q), whose roots are all the nt
field of GF(q). Since the generator polynomial G(x) of a cyclic code
will divide (x"-]), we can now specify the cyclic code by the roots of
unity that its generator polynomial G(x) contains. This is the approach
that will be taken in the construction of cyclic codes. In the following

discussion we will assume that the reader is familiar with the basic

elements of Finite Field theory®%°°¢.

2-3 The BCH Codes

No other class of cyclic block codes has been extensively studied
as the Bose-Chaudhuri-Hocquenhem (BCH) codes!®*3¢. This class of multiple

error correcting codes contains as subclasses many other previously known

g
$

g
2
3
-~ 3
-
-3
3
3!
Ty
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classes of cyclic codes and is the largest known class of cyclic random
error correcting codes. Their construction is dependent upon the follow-
ing lemma, concerning the Vandermonde determinant’, which we state

without proof.

Lemma 2-3-1

Let x],xz,x3,...,xn be a set of indeterminates. The determinant

2 3 n:T-
I X1 X X X1
2 3 n-1
I Xo X5 X5 Xo
2 .3 n-1
I X3 X3 x3 X3
g
Sy
2 .3 n-1 : 3
I xn Xn X xn :%
o T -3
can be expanded as H(xj-xi). =

Tcicicn

If we let o denote any element of order n in an extension field
GF(qS) and we consider the code whose generator polynomial contains the
roots (a, a2, a3, a*, ..., ad']), then all codewords C(x) whose co-

ordinates are in GF(q), must satisfy the following set of equations:

. il
1 a a? al e .an- o
1 az (az)2 (az)3 .ee (az)n-l ¢
-1 T
1« () @) ... (&) c, [=HC =0.
1, d-lyz, d- d-1yn-1
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From the above lemma, it is seen that every set of (dBCH-l) columns of
H will be Tinearly independent, since their determinant is of the
Vandermonde type and hence the weight of C(x), W(C(x) Z-dBCH’ which we
refer to as the designed distance of the code. If mi(x) denotes the
minimal polynomial’ of ai, we are then assured by the above construction

that the code whose generator polynomial is

G(x) = ].c.m.(m](x),mz(x),...,mdBCH_](x)),

where 1.c.m. refers to the least common multiple, has minimum distance

at least d The length of the code is n and its dimension is n-deg

BCH®
(6(x)). A BCH code is said to be primitive if it has Tength q°-1 and
non-primitive otherwise. A partial 1isting of binary primitive and non-

primitive BCH codes is contained in [27].

We note that dBCH js a lower bound on the actual minimum distance
of the code d, which may in fact be greater than dBCHsu‘ A case of
interest is that of a binary cyclic code whose designed distance dBCH
divide n. Assuming then dBCH'b = n, because a is a nth root of unity of

order n over GF(q) and the fact that we can write

(dpey-1)b

b, 2b BH ) & 144,

b)(1 +x +X+ ...t X

(1 +x

the polynomial (1 + x")/(] + xb) will be a codeword and hence dBCH =d .

We now review briefly some of the better known subclasses of

the BCH codes.

-
s
N

s

2

3!
N
!
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2-4 Reed-Solomon (RS) Codes3®

If we refer to GF(q) as the symbol field and GF(q®) as the
locator field, then the RS codes are a class of non-binary BCH codes
with the property that the locator field and symbol field are identical,
i.e., when s = 1. The coordinates of the codewords will then be from
GF(q), with the length of the codewords equal to q - 1. If a is a primi-
tive element in GF(g), the generator polynomial of an RS code of designed
distance dBCH is

d
G(x) = (x-a)(x-a2)(x-a)...(x-a

-1
BCH ).

Since the weight of G(x) is dBCH’ the distance, length and number of
information symbols are related as
d = n-k-1

Such codes are said to be optimal. RS codes are very powerful for
correcting multiple burst. They are also sometimes used as the outer

. . 8
code in the construction of concatenated codes?®.

2-5 Reed-Muller (RM) codes?3

The equivalence of the RM codes to a subclass of the BCH codes
was first established by Kasami, Lin and Peterson®® who later generalized

these to the non-binary case!®. Their construction for the binary case

is as follows:

g
g

5
3
3
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G(x) = I (x-aj), 0<j< 1.0 <H()<s-r,

where W(j) denotes the sum of the digits in the binary expansion of j

h

and o is a primitive element of GF(ZS). The rt order RM code is ob-

tained by annexing the all one vector of length 2% to the generator
matrix G. We note that the code obtained is equivalent to a RM code in

the sense that the generator matrix is a column permutation of the matrix

2s-r th

of a RM code. Since for j = 1,2,...,2" , wW(j) < s-r, the r™" order RM

code is seen to be a subcode of the BCH codes of designed distance

dory = 2577 whose generator matrix has been modified by annexing the all

BCH
one vector of length 25,

2-6 Hamming Codes®

The Hamming codes are the simplest of the BCH codes. If o is a

primitive element of GF(2%), the generator polynomial is

G(x) = m}(x).

These codes are single error correcting codes of length n = 25-1, and
k = 2°-s-1. Further, these codes are extremely well understood in that
their weight distribution is completely known3!. Trey are also perfect

codes in that they satisfy the sphere-packing bound®$ with equality.

2-7 M-Sequence Codes*®

This class of primitive BCH codes has for generator polynomial

6(x) = (x"-1)/m(x),

g
g

5
3
I
2
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where n = 25-1, and m](x) js the minimal polynomial of a, a primitive
root of a GF(2%). The 25-1 non-zero codewords all have weight 25'].
The codewords are also referred to as Maximal-Length-Shift-Register-

Sequences. This code is also the dual of an Hamming code.

Other well known classes of cyclic codes include the Projective
Geometry codes and the Euclidean Geometry codes®2. These codes are
easily decodable but deteriorate much faster than BCH codes in the sense
of comparing achievable rate as a function of minimum distance. Other
cyclic codes are the cyclic product codes®?, the Fire codes for burst
error correction®* and the quadratic residue codes'® which are considered

as hopeful candidates as a class of cyclic codes that would meet the re-

g
g

5
3
3
L3
-3
=2
oA
L3
.A"

quirements of the noisy-channel theorem*?.

In the preceeding sections we have presented some of the proper-
ties of cyclic codes and discussed briefly a number of the better known
classes of the BCH codes. Our presentation has been purposely brief, for
in the present work we are not so much concerned with classes of cyclic
codes as with that property possessed by cyclic codes which leaves them
invariant under a cyclic shift of their coordinates. Before considering

this aspect further, we establish a number of results on the algebraic

structure of cyclic codes.

2-8 On the Algebraic Structure of Cyclic Codes

In this section, we derive some known results on the algebraic
structure of cyclic codes which will be of value in the solution of the

problem of cycle representatives which we consider in the next chapter.
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We let G(x) denote the generator polynomial of an (n,k) binary
cyclic code, n odd, having as parity check polynomial (x"-1)/6(x) = H(x)
s h1(x)h2(x) e hr(x), where hi(x), i =1,2,3,...,r are the irreducible
factors of degrees m.. We denote by M(i) the code generated by
(x"-1)/h (x).

Theorem 2-8-1
m.

The elements of M(i) form a field of order 2 1

Proof

Since M(i) is an ideal in a commutative ring, we need only to
prove the existence of a mu1t1p11cat1ve inverse and idempotent. Now
G(x)2 = G(x), hence G(x) -l acts as an idempotent. Also since M(i)
does not contain any proper sub-ideal, all elements in M(i) will be of
the form a(x)G(x), with g.c.d. (a(x), ( )) = Therefore therﬁ exists
an element b(x) such that a(x)b(x) = 1 modulo h, (x),and b(x)G(x) -2 is

the inverse of a(x)G(x). Q.E.D.

Corollary 2-8-1-1

M(i) is isomorphic to the field of polynomials modulo hi(x).

Proof

A11 finite fields of the same order are isomorphic® so that if
£(x) is an element of the field of polynomials modulo hi(x), the iso-
morphism is established by mapping f(x) into f(x)Ei(x), where Ei(x) is

the idempotent of M(i).
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We note that if a(x) is a primitive element in the field of poly-
nomiails modulo hi(x), then a(x)Ei(x) is a primitive element of M(i).
M(i) is said to be an irreducible code because it does not contain any
proper cyclic sub-code. The fact that such codes have the structure of
a field will considerably simplify the problem of obtaining their cycle

representatives.

If we let S' and S" be any two sets of elements, and we take
S' + S" to mean the set obtained by forming all possible sum of elements
from S' and $", we have the following decomposition theorem for cyclic

codes.

Theorem 2-8-2
Let G(x) = (x"-1)/H(x) = (x"-])/h](x)hz(x)...hr(x) generate an

(n,k) cyclic code VO’ n odd. Then

Vg = M(1) + M(2) + ...+ M(r) = f M(i).
i=1

Proof
r
Clearly ) M(i) <Vg- Noting that the minimal ideals M(i) and
i=1 r
M(j), i # j, are orthogonal, all the elements in .21 M(i) must be dis-
1 =

tinct. The result then follows upon noting that

] E M) | = |v0|. Q.E.D.

i=1

r
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This result, first used by MacWilliams!®, in the study of cyclic codes,
will be of great value in the solution of the problem of cycle repres-
entatives in cyclic codes. The complete solution however also depends

on some properties related to the multiplicative structure of cyclic

*
codes®?, which we now establish. We denote by M (i) the non-zero elements

of M(i).

Definition 2-8-1
Let Vo : X .

* - - - - - . - 3
Also, let M (1],12,13,...,15) =M (1]) +M (12) + ...+ M (ls), where

M(ij), j =1,2,...,5 are minimal ideals in V0 and s < r.

We note that the set obtained according to the above definition

will consist of elements all of the form Z] m, (x), where mi.(x) is a
J J

non-zero element of M(ij), j =1,2,...,s. The following theorem further

characterizes this set.

Theorem 2-8-3

M*(i],12,13,...,is) is a group under multiplication modulo

S %
(x"-1) of order T |M (i.)].
Y

Proof

First we note that M*(’ ) being the set of non-zero elements of
the field M(1 ) is therefore a cyc11c group under multiplication®’

Furthermore because of the orthogonality of M *(i) and M *(3), if 21 m; J(x

and 321 m! J ) are e]ementsofM (11,12, is),

be the ideal generated by (x"-1)/H(x) = (x"-])/h1(x)...hr(x).

SCTATN
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(s 1 (s .

(a) ) om (x) [ Y m (x)] e M (ig,igse.00i ),
SIS FE R e
rs \

(b) 1 E; (x)| acts as idempotent,
g=t
EEETR 5

(c) 1 mi.(x) is the inverse of |} m, (x){.
=1 § =1

s
This group is then Abelian and of order I IM(ij)I.
3= Q.E.D.

We note in passing, that if we let h](x),hz(x),...,hL(x) denote
all the irreducible factors of (x"-1) over GF(2), the group M*(1,2,...,L)
is then the set of units of the ring GF[xJmod. (x"-1), since all of its
elements will be relatively prime to (x"-1). Further IM*(1,2,...,L)|/n,
is the number of invertible circulants*®, a circulant being a nxn matrix
th )th row by cyclically shifting the

whose i row is obtained from the (i-1

latter one place to the right for i = 2,3,...,n.

We now establish the fact that these groups can act as the ele-
%*
ments of a partition of the code V,. M (0,0,...,0) will be taken to

mean that multiplicative group consisting only of the all zero-element.

Theorem 9-8-4

Let M(1),M(2),...,M(s) be all the minimal ideals in a binary code

Vg> of odd Tength n. Then the set of groups

b4 * *
2,...,8.8) = G]M (1) + GZM (2) + ...+ 5SM (s),

*
M (511 ,52 s

g
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define a partition on V0 for the 2° possible choices of

Gi =Tlor0,i=1,2,...,S.

Proof
The proof follows readily from the fact that the above theorem
is merely another reformulation of theorem 2-8-2, since adding the all-
zero vector to M*(i) yields M(i), i = 1,2,...,s.
Q.E.D.
In this chapter, we have established those éoding and algebraic
concepts needed for the further development of the subject matter of the

thesis. In Section 2-1, we briefly reviewed some fundamentals of linear

block codes. In Section 2-2, we related cyclic codes to the general con- g
s

text of linear block codes, followed in Section 2-3 by a discussion on -3

the major class of cyclic codes, the BCH codes. The next four sections ; %
LR

occupied us with a short review of some other well known BCH codes.
Finally in Section 2-8, we established a number of basic results on the
algebraic structure of the cyclic codes. Amongst these, the decomposition
theorems 2-8-2 and 2-8-4 are key theorems and will prove of considerable

value in the next chapters.

We now establish some preliminary results associated with the

problem of cycle representatives.




CHAPTER 3

CYCLES AND CYCLIC CODES

3-1 Counting Cycles in Cyclic Codes

In the preceeding chapter a number of properties of cyclic codes
were established. Of particular interest to the present section is their
property of invariance under a cyclic shifting of the coordinates of the
codewords. There exists then a cyclic permutation group that partitions
a code into equivalence classes called cycles®®, hence the problem of ob-
taining one element from every equivalence class in the code. In this
section, we derive a number of results allied to the problem of cycle
representatives and related to the counting of cycles in cyclic codes.

First however we establish the following:

Definition 3-1-1
- 2 n-1
Let c(x) = Co ¥ CyX ¥ CX oot e X s then

1 h

is the i™ cyclic shift of

n-
x'e(x) = e s € Xt e F O X
We now formally define the terms cycle and cycle representative.
Definition 3-1-2

A cycle is a set containing an n-tuple and all its distinct cyclic

shifts. A cycle representative is any element from a cycle.

g
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Definition 3-1-3

The order of a cycle is the number of elements in the cycle.
The cyclic order of an element is the order of the cycle to which it
belongs.

We also require the following well known result on the Mobius U

function.

Definition 3-1-4
The Mobius U function is a function from the non-negative integers

into (-1,0,1) defined by

u() = o,

Ly =1,
B(n) = 0 if p? divides n for some prime p, :
Bn) = (1) iF n = pypypye-Pyo

§
3
3
3
-3
3
3
-
o4

where (p]p2p3...pk) is a set of distinct primes.

Lemmg 3-1-1 (Mobius imversion formila®®)

If, for m > 0, g(m) and F(m) are arithmetic functions defined by
g(m) = F(d),
dim
for all divisors d of m, then

F(m) = % g(dW(m/d) = % g(m/d)u(d),
dim dim

where U is the Mgbius function.
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Before attacking the problem of finding cycle representatives for
all the cycles in a cyclic code, it is clearly useful if we could count
the number of cycles of order e in a cyclic code generated by
6(x) = (x"-1)/H(x). Our first result specifies the order a cycle may

have in cyclic codes of odd length n.

Theorem 3-1-1

In a cyclic code of length n, the order of a cycle divides n.

Proof

Let c(x) be a non-zero element of a cycle of order e. We then

have

g
g

g
E
- ]
13
=
o3
o3
.-"

Sc(x) = c(x) and xMe(x) = clx) mod. (x"-1).

If n = ge + r, where 0 < r < e, we can then write

xe(x) = xqe+rc(x) = xTe(x) = c(x) mod. (x"-1).

Since c(x) has order e, r = 0, and hence n = qe. LED

From the preceeding theorem, it is seen that whenever the length n is
prime, all the non-zero elements in a cyclic code will have cyclic order 1 or
n. However if n is not a prime, it may happen that a cyclic code will
contain cycles of order less than n. We rowW derive an expression for
counting the number of cycles of order e, when e|n, which belong to a

binary cyclic code of odd length n. We require the following definition:
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Definition 3-1-§
A polynomial h(x) is said to have exponent e, if and only if

h(x)] (x5-1) and h{x)](x3-1) for all j < e.

Theorem 3-1-2
Let G(x)H(x) = (x"-1). The number of cycles of order e, e|n, be-

Tonging to the binary cyclic code generated by G(x) is

N(e) = 1/e }

; 28-r[6(x) 4]y era) = 17e % orlH(x).ddy e /q).
e

dle

degree of g.c.d. ((xd-l),G(x)),
degree of g.c.d. ((xd—l),H(x)),

r{G(x),d]
r[H(x),d]

and U is the Mgbius function.

g
<

s
2
3
E
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Proof

The set of elements having cyclic order e form a vector space

of dimension e, generated by the vector 1 + Eexy .+ i(n/e-1)e

and its (e-1) cyclic shifts. Since all the elements having cyclic order

e betong to the cyclic code generated by 1 + x& + x2e +...01 x("/e'])e.
+ x(n/e-1 )E)

2
they must then be all of the form p(x) (1 + &+ xCa .

where the degree of p(x) < e. Letting g.c.d.((x*-1),6(x)) = d(x) =
r[6(x),e], we can find a polynomial t(x), a divisor of (x"-1), such that
t(x)6(x) = (1 +x° + &+ ...+ x("/e'])e)d(x), and the code contains a
subspace of dimension e - degree (d(x)) whose elements all have cyclic

order d, d|e. If B(d) is the number of elements of that subspace having

cyclic order d, then
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eN(e) = B(e) = ZE-P[G(X),E] - B(d)

d{e,efd

% dN(d) = % B(d) = 28 "[6(x)se]
dfe dfe

The result of the theorem then follows upon using the Mgbius inversion
formula of lemma 2-4-1 and noting that d-r[G(x),d] = r[H(x),d]. Q.E.D
Example 3-1-1

Consider the (63,45,3) BCH code. The generator polynomial of such

a code is the 1.c.m. of the minimal polynomials of the roots (a,aZ, ad,

o', a°, a®) where o is a primitive element of a GF(26). We wish to specify

the number of elements of order e in the code. Since,
G(x) = (1+x+x5)(1+x+x2+x*+x%)(1+x+x%+x%+xE), there are

6318 _ 45

2" codewords, and because degree (G(x)) < degree (H(x)), it is

easier to use the form

eNe) = B(e) = % 24-r6(x).d];y(0/q).
dle

We then have,

B(1) = (1) = 2°%() =2,

B(3) = an(3) = 22 %) + 2" %) = 6,

B7) = 78(7) = 27°%(1) + 2" %(7) = 126,

8(9) = on(9) = 22%(1) + 23-%(3) + 2" %(9) = so4,

8(21) = 2in(21) = 22V 8u(1) + 27°%(3) + 2% + 27 %(21) = 32.63e,
B(63) = 63n(63) = 253 18(1) + 223 + 22%(7) + 2 9)

+ 23°05(21) + 2'"O(63) = 35,184,372,055,560.

<
g
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A number of corollaries to theorem 3-1-2 follows upon examining

special cases for the generator polynomial G(x).

Corollary 3-1-2-1
The number of cycles of order e, in the entire space of n-tuples
is

) d
N(e) (1/e)d§e 2%(e/d).

Proof
This result follows upon letting G(x) = 1 in the expression for
N(e) of theorem 3-1-2.

Upon substitution of e = n, the corollary is seen to be the ex-

g
g

N
X
3
=2
- §
2
A
3
iR

pression derived by Golomb®” for the maximum number of words in a comma-
free code of length nThis expression also gives the number of irreducible
polynomials of degree e!S. If we now let G(x) = x"-1 in theorem 3-1-2,

we have the next result,

For all divisors d of e,

i

U(e/d) 1ife=1,
dfe

0ife>1l.

If we are interested only in the number of distinct cycles belong-

ing to the code, the next theorem is used. First, however we need the

following:
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Definition 3-1-6
ry_r s .
Let n = P1 1p2 2...ps be the prime factorization of n > 0.

Then

¢(n) = n(1-1/py)(1-1/p,)...(1-1/p,)

¢(n) is called the Euler function?®, and it gives the number of

positive integers smaller than n that are relatively prime to n.

Lemma 3-1-2
Let S be a cyclic permutation group of a set A, such that S| = n.

The number of equivalence classes into which the set § is divided by the

equivalence relation induced by S is

M o= 1/n } Y(s%)6 (n/d),
d|n

where the summation is over all the divisors d of n, Y(sd) being the number
of elements in A that are left invariant under the permutation sd an

element of S. ¢ is the Euler function.

Theorem 3-1-3

Let G{x)H(x) = (x"-1), n odd. The number of distinct cycles be-

Tonging to the binary cyclic code generated by G(x) is

M= 1/n % 2d-r[6(x).dky (n/d) = 1/ % o IH(x).d1 (yg).
d|n din

degree of g.c.d. ((xd-l),G(x)),

r{G(x),d]

g
:
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f[H(x),d] = degree of g.c.d. ((x%-1),H(x)),

¢ is the Euler function.

Proof
The proof follows from the above lemma upon noting that the
number of elements in the code generated by G(x) that are left invariant

when cyclically shifted d times is

Ld-rl6(x),d] _ ,rlH(x),d] Q.E.D.

Example 3-1-2
Considering the (63,45,3) BCH code of example 3-1-1, we wish to
determine the number of distinct cycles present in the code. From

example 3-1-1
M = % N(e) = 558,482,097,752.
en

Using theorem 3-1-3,

1/63(26(63) + 250(21) + 276(9) + 2%(7) + 221 %6(3) + 2

=
1}

558,482,097,752.

n
Again considering the special cases of G(x) = 1, and G(x) = x -1,

the following corollaries result.

Corollary 3-1-3-1

The number of distinct cycles in the entire space of n-tuples is

M = 1/n % 2d¢(n/d)
dln

g
<

g
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Proof
This expression follows when substituting G(x) = 1 in theorem

3-1-3.

Coroliary 3-1-3-2
% ¢(n/d) = n
dn

Proof

This result follows upon letting 6(x) = x"-1 in the expression
of theorem 3-1-3 and noting that the code generated by "1 contains
only the all-zero codeword.

We note that in all the expressions dealing with the number of

cycles in cyclic codes, nothing has been said of the weight of the cycles.

The following can be said when considering the entire space of n-tuples.

Theorem 3-1-4
In the space of 2" binary n-tuples, the number of distinct cycle
representatives of weight i and cyclic order e, e|n, is the coefficient

of x' in the expansion of

R(x) = V/e d§e U(e/d){] + x”/d]d = 1/e d%e 1(d) [1 + xd]”/d,

where U is the Mobius function.

Proof

The number of n-tuples of weight i that are left invariant by e

cyclic shifts is given by the coefficient of x' in the polynomial

(1+ xn/e)e’ or

g

N
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IRUR

Using the Mobius inversion formula yields the desired result.
Q.E.D.

The number of distinct cycles of order e, e|n, is Re(l) which is
the expression of corollary 3-1-2-1. The number of distinct cyclic classes

of order e, for n = 3 to 22 is given in Table 1.

Example 3-1-3
For n = 15, we wish to determine the number of cycle representa- X

tives of weight i and cyclic order e = 1,3,5,15.

mu)=mnu+x“)=1+95 :
() = 173 WEN +x%) +50) (140} = %,
%u)=wswmnl+ﬂ%,+mnﬂ+x%5=x+2x+&+xn: zéf

R(x) = 1715 WS + x1%) + 3N + ) + 031 + 1)

+uuﬂ1+n“)=x+n2+m?+9u4+mm5+nf+

7 8 10 1 12 . .13 i4.

429x" + 429X +30x "+ Tx T X

+ 333 + 200x'0 + 91x

If we are interested only in counting the number of cycles of

weight i, we proceed as follows:

Theorem 3-1-6
In the space of 2" binary n-tuples, the number of distinct cycle

representatives of weight i, is the coefficient of x! in the expansion of

d
(1+ xd);{d) =1/n d% (1+ X"/d)d ¢(n/d).

d]n n

P(x) = 1/n %

where ¢ is the Euler function.
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Preof
The proof follows from Temma 3-1-2 upon notirj that the number
of elements that are left invariant by d cyclic shifts and have weight

i, is given by the coefficient of xi in the polynomial

(1 + xV/dyd, Q.E.D.

We note that the number of distinct cycles belonging to the
vector space of 2" n-tuples is given by P(1) which is also the expression

of corollary 3-1-3-1.

Example 3-1-4

TN AN

Auvddl’)l WUNYA

For n = 15, we wish to determine the number of cycles of weight

i.

p(x) = 1715 (6(1)(1 + x)15 + 6(3)(1 + x3)° + 0(5)(1 + x°)° +

s(15)(1 + x19)) = 1+ x + @ + 31 + 91t + 200x° + 3358

1 12 13, .14, 15

10 +3MX T+ XV H XX

+ 820x + 429x8 + 3357 + 201x' 0 + 91x

We note also that P(x) = % Re(x)- ' |
eln |

In the last two theorems, the weight of the cycles in the entire
space of binary n-tuples has been fully specified. The generalization
of these theorems to any cyclic code is indeed a very difficult problem
and except for special cyclic codes very few results have been ob-
tained!5°57°58, Knowledge of the weight distribution of codes is essen-
tial to the calculation of the probability of error at the receivcr

assuming a knowledge of the statistics of the channel. The theory of




cycle representatives finds application to the problem of the weight
distribution.by reducing the amount of labor involved!® in such com-
putations.

Having derived in this section a number of results related to
the counting of cycles, we consider in the next section the problem of

generating cycle representatives in irreducible codes.

3-2 Cycle Representatives in Irreducible Codes

The problem of generating a complete set of cycle representatives
for irreducible codes was first solved by Goethals!? using a result due

to Nili*!. For such a code M(i), it is a simple matter to show that all

the non-zero elements will have as cyclic order € the exponent of hi(x).

The solution of the problem then 1ies in corollary 2-8-1-1 which estab-
lishes the isomorphism between M(i) and the field of polynomials

mod. (x"-1).

Lemma 3-2-1

The elements of M*(i) have cyclic order ey, the exponent of

hi(x).

Proof

Let t%(x) be any element in M*(i). Let e be the least positive

' e 7y -
integer such that xet%(x) = t%(x) mod. (x"-1). Then ti(x)(x -1)=0
mod. (x"-1) and h. (x) will divide (x2-1). It then follows that e = e.,

from the definition of the exponent of hi(x).

Q.E.D.

RN §1441
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Theorem 3-2-1
Let a(x) be a primitive element in the field of polynomials
modulo the irreducible polynomial hi(x). If ms and e; are the degree

and exponent of hi(x), the expression

(N 3= 12ecn(2 1y (3-2-1)

where Ei(x) is the idempotent of M(i), generates all the cycle repres-

entatives of M(i).

Proof

*
By the above lemma, all of the elements of M (i) have cyclic
m.
order e - Further, in that there are (2 1-1)/ei cycles, we need only
prove that the elements obtained through Egn. (3-2-1) balong to distinct

m.
cycles. Assume then a value of j.I < (2 1-])/ei such that

(a(x)Ei(x))J] = xca(x)Ei(x), 0O<cc<e,.

*
Now since all the elements in M (i) have cyclic order e, we have

L .
g )T = (alE ()

in contradiction of the assumption that a(x) is primitive, since under

the isomorphism of corollary 2-8-1-1 we would have

jqe. e. . m.
)T = (alx) T, with ge; <2 1T e,

-
<
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The above theorem is of fundamental importance in the development
of the theory of cycle representatives. When used in conjunction with
the decomposition method of theorem 2-8-2, the possibility arises of
obtaining a complete set of cycle representatives for any cyclic code.
Goethals recognized this although he did not extend his result to the
more general case!”. In fact the problem becomes more complicated if we
allow for the possibility of having cycles of different order.

In the next chapter, we will seek to generalize the result of
theorem 3-2-1, so that we may be able to obtain a complete set of cycle
representatives for any cyclic code. Because of the fact that some cyclic
codes may have cycles of varying order, the decomposition theorem 2-8-4

will prove to be the key to the solution of the general case.

$
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CHAPTER 4

CYCLE REPRESENTATIVES IN CYCLIC CODES

We now concern ourselves with the problem of obtaining a repre-
sentative from all the cycles of any cyclic code. The results presented
in this chapter have been reported elsewhere!®>!® and will be shown to
yield all the cycle representatives of a cyclic code. The chapter is
divided into three sections. In the first section, results are obtained
which are applicable to those codes of length n whose parity check poly-
nomial can be completely factored into irreducible polynomials of expon-
ent n, this ve refer to as the special case. Many of the results of this
section will also find application to the problem of cyclic code syn-
chronization which is to be considered in the next chapter. In the second
section, no restrictions are placed on the factors of the parity check
polynomial, this we called the general case. Finally in the third section,
a practical computational algorithm is presented which incorporates the
results of the first two sections. The results are derived for binary
codes of odd length n, the extension to cyclic codes defined over a GF(q)

follows a parallel development.

4-1 The Special Case

Let V. be a binary cyclic code of odd length n, generated by

0
6(x) = (x"-1)/H(x). We let h(x), i = 1,2,....r, be the distinct irredu-

cible factors of H(x) of degrees m. and exponents e, respectively. Also,

et vi be the subcode generated by the polynomial G(x)h](x)...hi(x)-

g
=
3
B
=
3
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pefinition 4-1-1

The complement of V. in V. ; is the set

(Vi_]-Vi) = {m(x)|m(x) € Vi_],m(x) ¢ V.1

Theorem 4-1-1

The set {(VO-V]),(V]-VZ),...,(V

r_]-vr)} defines a partition on

*
VO’ the non-zero elements of VO'

Proof

We need to show that

a) v

b)

*

0

H.(:'1

(Vi_'l'v.i ) ’

i=1

(V. .-V. \ 4 o ie s .
1]-1 1]) n (Vi -1'Vi ) =8, if i # ins

2 2

where 6 is the null set, U and N being the union and intersection symbols

respectively.

a)

r * *
It is clear that U (Vi-]'vi)C: Vg» also if m(x) € Vg»

i=1
then g.c.d. (x"-1,m(x)) = G(x)h](x)...h. (x), 1< ip<r,

*
so that m(x) e (V; _4=V; ), hence Vo < U (V;_4-Y;) and

] 1 i=1
therefore,
r
*
VO = E (Vi_]-vi)

*
because the g.c.d. of «"-1 and an element m(x) of V0

is unique, if m(x) € (vi]_]-vi1), then m(x) ¢ (Viz_]-viz)

Auvddll BURYA
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if i, # i,, so that condition b) is satisfied.
1 2 Q.E.D

The method for finding the cycle representatives as outlined in
this section, will consist in finding the cycle representatives of the
sets (vi_]-vi), i=1,2,...,r. We therefore proceed to examine further

the algebraic structure of the sets (vi_]-vi).

Theorem 4-1-2

Let hi(x)ti(x) = x"-1. The non-zero elements of the code M(i)

generated by ti(x), belong to (vi_]-vi).

Proof

Let t%(x) be a non-zero element of the code generated by ti(x).

Since G(x)h](x)hz(x)...hi_](x) divide t%(x), then t%(x) eV, ;. Also

T
»
=
3
2
3
=3
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=3
=

. ' - .t .
since t] (x)hi (X) = 0 modulo X ], t.l(x) 4: v] Q.E.D-

Definition 4-1-2

Let r(x) e V,_, @ coset of V, in V;_, is defined as the set

(r(x) +v5) = {(r(x) + Vi(x), ¥ Vi(x) € V)

Theorem 4-1-3

If t%(x) and t;(x) are non-zero elements of the code M(i), genera-
ted by (Xn-l)/hi(x) = ti(x), such that t%(x) # tg(x), then the sets

! " V. s ting.
(t:(x) + V.) and (t(x) + V;) are subsets of (V;_q-V;) and non-intersecting
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(vi_]-vi). Let us then assume that there exists two distinct elements
of Vs, v%(x) and v;(x) such that t;(x) + v%(x) = t?(x) + vg(x), then
t%(x) + tg(x) = v%(x) + v;(x). Since hi(x) divides (v;(x) + vg(x)),
then hi(x) must also divide (t;(x) + t;(x)). This in turn implies that
v%(x) = vg(x) and t%(x) = tg(x), in contradiction of our assumption, so

that the cosets are distinct.
Q.E.D.

Theorem 4-1-4

The set (vi_]-vi) is the union of all the distinct cosets of the
form (ti(x)a(x) + Vi), where ti(x)a(x) is an element of the code M(i)
generated by ti(x) = (xn-l)/hi(x) and a(x) is any non-zero polynomial of

degree less than mss the degree of hi(x).

Proof

Let the code V. _; contain 2% elements. The code Vi will then

k-m.
k-m.

contain 21 elements and (V. ;-V) will contain X2 elements. From

theorem 4-1-3, all the non-zero elements of the code M(i) generate d;s-
-m.
tinct cosets of Vi in Vo 4. Furthermore every such coset contains 2

belonging to (vi_]-vi). The result of the theorem follows upon noting
that the total number of elements in these cosets is
k-m. k-m.

m. k _ R
(2712 T=2%-2 T = vVl LED.

g
F
3
2
3
e
R
El
o=




4]

We have so far shown that the elements of (vi—l'vi) could be ob-
tained by generating cosets of Vi, using as coset leader all the non-zero
elements of the code having as generator polynomial (x"-l)/hi(x). We

now wish to determine the cyclic order of the elements of (vi-l'vi)'

Theorem 4-1-5
Let e be the exponent of the irreducible polynomial hi(x). If
m(x) € (Vi-1'vi)’ then m(x) has cyclic order %e;, where & is a positive

integer such that zei divides n.

Proof

Let e be the cyclic order of an element m(x) belonging to
(Vi-]'vi)’ By theorem 4-1-4, we can write m(x) = t;(x) + vi(x), where
t;(x) belongs to M(i) and vi(x) to V.. Because the spaces V; and M(i)
are orthogonal, e = 2e{ by lemma 3-2-1, and zei|n by theorem 3-]-].0.5.0.

.) can

We note that the number of elements of order fe, in (VM-V1

be found by an application of theorem 3-1-2. The number of elements of
order se; in the code Vi is found and subtracted from the number of ele-
ments of order fe; in the code V; ;. The following theorems answer the
question as to the distribution of those elements having cyclic order

%e; amongst the various cosets of (V;_;-V;). -

Theorem 4-1-6
Let m(x) € (vi_]-vi) and have cyclic order fLe.. The elements
e. . -1)e.
m(x), x 'm(x),x 'm(X)5... X Tm(x) all belong to the same coset of
V. in V
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Proof
By theorem 4-1-4, we can express m(x) as m(x) = t%(x) + vi(x),
where t%(x) belongs to M(i), vi(x) to the space V;. Since t%(x) has

cyclic order & and m(x) zei, it is clear that

% %

qe; qe; e
m (x)=x t%(x) + X vi(x) = t%(x) + X vi(x)

belong to the coset (t%(x) + Vi) for q = 0,1,2,...,(2-1).

ﬂf‘""’“?”?‘i’-"‘? VLR A PR AT S e yee Ajef 1:. SRR £

Theorem 4-1-7

Let m(x) € (vi_]-vi) and have cyclic order %e;. The elements

e
m(x), xm(x),x3m(x),x3m(x),....x | m(x) all belong to distinct cosets

of V; in V. _; that are cyclic shifts of each other.
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Proof

7=

By theorem 4-1-4, we can express m(x) as m(x) = t%(x) + Vi(x)’
where t%(x) belongs to M(i) and vi(x) to the space V.. Also, since all
the elements in (Vi—1'vi) by theorem 4-1-5 must have a cyclic order which
is a multiple of ess th?e?¥%;ic order of t%(x), the n-tuples
m(x),xm(x),x2m(x),...,x | m(x) will belong to distinct cosets whose

coset leaders are of the form th;(x), 0<J<ey and hence are cyclic

shifts of one another.
n Q.E.D.

In the last two theorems, we have answered the question of the
distribution of the elements of a cycle in (vi_]-vi). We now look into

the problem of generating representatives of the cycles of (Vi-l'vi)'




The complexity of this problem is greatly reduced if we know that all the

cycles in (vi_]-vi) have order n. In this case we have the following:

Trneorem 4-1-8

Let ti(x) = (x"-])/hi(x) generate the code M(i) whose elements
. m.
have cyclic order n. If (a(x)E;(x)), j = 1.2,...,(2 1.1)/n denote

representatives from all the cycles in M(i), where m; is the degree of

i

hi(x), then

M i &

= . m; |
2 (aE; (X)) + V), §=1.23,...5(2 -1)/n 5
3 %
% generates representatives of all the cycles in (vi_]-vi). E
a 5!
E Proof 5

??» From theorem 4-1-4, all the elements of (vi-l'vi) are contained %

E in the proper cosets of V. in V; ;, and having as cosets leaders the non-
zero codewords of M(i). Now since hi(x) has exponent n, from theorem
4-1-5 and 4-1-7, all the elements of a coset must belong to distinct
cycles. Also, as a further result of theorem 4-1-7, no two cosets whose

coset Teaders belong to distinct cycles in M(i) may contain elements of

the same cycle in (vi_]-vi). Finally by theorem 3-2-1, (a(x)Ei(x))J,

m,
j=1,2,...,(2 '-1)/n, generates representatives from all of the cycles

in M(1). Q.E.D.

In summary, what has so far been shown, is.that any (n,k) cyclic

3 code can be partitioned into subsets of the form (V;_1-V;) (theorem 4-1-1).




44

Furthermore, (Vi-l'vi) can be expressed as the union of the proper co-
sets of V. in Virs having as coset leaders the non-zero elements of the
code generated by (x"-l)/hi(x) (theorem 4-1-4). We then went on to show
that the elements of (vi_,-vi) must have as cyclic order a multiple of
e., the exponent of hi(x) (theorem 4-1-5). In theorems 4-1-6 and 4-1-7,
we established the distribution of the elements belonging to the same
cycle in the various cosets partitioning (Vi-l'vi)‘ Finally, in theorem
4-1-8 a method for obtaining all the cycles of (Vi-l'vi) was given for
the special case e; = . We note in passing that theorem 4-1-8 is a
generalization of a result of Seguin?? who considered the case for those

cyclic codes of length n = 291, We now apply the results to a particular

example.
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Example 4-1-1
We wish to determine a set of cycle representatives for a (21,9)

cyclic code having as generator polynomial,
6(x) = (1+ x)(1+x+x2)(1+x2+x°)(1+x2+x*+x°+x°),
and as parity check polynomial,

H(x) = (1 +x+ x2 x* +x8)(1+x+ x%) = h](x)hz(x).

We also have G(x)H{x) = x3* + 1, and

degree of h](x) = 6, exponent of h](x) = 21,
degree of hz(x) = 3, exponent of hz(x) = 7.
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Step 1 - Finding cycle representatives in (Vo-Vl)

a)

b)

(V)| = 2°-2% = 512 - & = 504,

by theorem 4-1-5, all the elements in (VO-V]) have

cyclic order 21,

¢) we find a representative of the cycles in the code

generated by (x2] + 1)/h](x) =1 +x+ x3 + x6 + x7

10, 13,05

These are:

3,.6,.,7,,00,,13, .15

t](x) =1 +x+x"+x +X +x X

tylx) =1+ N SR 11+ x13 4 (1

15 4 16

t3(x) =1+x+ x4 + x5 + x6 + x7 + x8 + X9 + x1] + x12 + X]G + XZO

Every cycle contains 21 elements which accounts for the 63-

non-zero elements in the code generated by t](x).

The cycle representatives of (VU-V]) are then given by

the cosets (t](x) + V]),(tz(x) + V]),(t3(X) + Vl)’
(x)(1 +x + X2 + & x6).

where V] is the code generated by G

<
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=
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3
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=
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(t](x) t V]) =

(1+x+ x2 + x3 + x4 + x5 + x7 + x9 + x]0 + x]] + xlz + x]5 + X]G +

18 4,19, 20

1ot s x> + X8 + x7 x84 x]] + x.‘2 FxB x4 418, x]9’

crl et e d el e 1300, ,05,,06,,07, 18

a3 S da a0, 02,03, 04,06, 19

]+x+x3+x6+x7+x]0+x]3+x]5,

Lo ex8e:dex64x7 4,20

a2 815,07, 19, 20

NI 8 + xlO + x4 x14 + x18 + XZO)_

(ty(x) +¥;) =

Goedededededdexlax3e e85,

Do e e B e e xZe 3 M4e06,,07,,08,,09

SR DR O DA 0 [ 500 L | L L L

I ST A O | O -0 O L I P
12, .13, 19

X+X3+X4+X5+X6+X7+X9+X]0+X”+X + X"+ X7,

SRS L R L L

IR A I | I LB

NS I A (L% [ U
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=
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(t3(X) + V]) =

Textxt el ayl s 8+ X+ x4 x'2 + x'€ + x20,

Tead e und +xdax0s,08,,06,,07, .08, 19 20

Teedasd el ay04 01, ,02,,08, 05 17

X+ X2 + x3 + X+ x6 + x8 + x]0 + x]2 + x]4 + x]7 + x]8 + x20,

ir et e B a3 ax0, 1, 08, 04 16, 07 19

]+x+x2+x7+x8+x]3+x]8+x]9’

S ed e gl2 13,04, 05, 16,18

X2 + x4 + x6 + x]] + x14 + x"—5 20).

o U o~

+ X]Q +x

Step 2 - Pinding the cycles of (V,-V,)
3_.,0
a) I(V]‘Vz)i = 2 - 2 = 7’

b) by theorem 4-1-5 all the cycles in (V1'V2) have order 7,

hence there is only one cycle of which a representative

is

2 3, 4,.7,9,,0_ .11, X14 + x]6 + x17

T+x"+x"+x +x +x" +x +X

The weight distribution of the code is then:
280 elements have weight 12
210 elements have weight 8

21 elements have weight 16

1 element has weight 0 for a total of 512 elements.

4-2 The General Case

In the previous section, the problem of finding all the cycle

representatives of a cycle code was solved for all

cyclic codes whose

s
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parity check polynomial factors into irreducible polynomials all having
exponent n (theorem 4-1-8). To obtain a set of cycle representatives
for those codes that have cycles of order less than n, we introduce
another method. In fact, the entire cyclic class decomposition can be
based on this approach since it will generate cycles of order n. Essen-
tially the idea is to view a cyclic code as the direct sum of its minimal
ideals as discussed in theorem 2-8-2. Goethals'’ has used this method
in the case where the cyclic code is itself a minimal ideal, and he also
suggested that the method could be extended to non-minimal ideals. How-
ever, we will show in this ®ction that such an extension requires a
further partitioning of the set (vi_]-vi).

Let G(x) be the generator polynomial of an (n,k) binary cyclic
code of odd length, having as parity check polynomial
H(x) = (xX"-1)/G(x) = hy(x)hy(x)...h (x), where hi(x), i = 1,2,3,....r,
are irreduqib]e polynomials of degree m. and exponent e;. The following
definitions are made by way of introducing the necessary notation.

M*(i) is the set of all non-zero elements of the minimal ideal
M(i), generated by the polynomial (x"-1)/hi(x) and having E.(x) as
idempotent.

<xE; (x)> is the cyclic group generated by xE;(x) and having e;
elements.

* -
a(x)Ei(x) is a generator of the factor group M (1)/<in(x)>.

V. is the cyclic subcode having G(x)h](x)...hi(x) as generator.

With the above notation i

t is possible to re-write theorem 4-1-8 as follows:

AUvddll B.UHYA
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Theorem 4-2-1

If e; =, the set
*
V. + M (i)/<xE;(x)>,

consist of all the distinct cycle representatives of (vi-l'vi)'

Procf
This follows immediately upon noting that the set M*(i)/<in(x)>

is the set of cycle representatives of the code generated by (x"-])/hi(x).
Q.E.D.

For a code whose parity check polynomial consists entirely of
factors having exponent n, it is possible by repeated application of the
above theorem to obtain all the cycles of the code. For those cases
where e; # n, the problem of finding the cycles of (vi_]-vi) requires a
further partitioning on the code.

As shown in Section 2-8, the set of elements consisting of the

sum
* *

M*(i]) + M*(iz) oM (i) = M (i],iz,---,is)

is a group under multiplication modulo (x"-1), of order

GG G

Furthermore, it is a simple matter to show that all its cycles have

.85 ). The technique as outlined in
S
this section, will involve the partitioning of the set

obtaining the cycle representatives of the

period given by 1.c.m. (e; ,€: s.e-
1T
(vi_1-vi) into

such multiplicative groups and
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groups separately. The following theorem and its corollary characterizes

those groups belonging to (vi-l'vi)‘

Thevrem 4~2-2
Let the codes Vi-] and Vi be generated by the polynomials
G(x)h](x)...hi_](x) and G(x)h,(x)...hi_](x)hi(x) respectively.

(v, 4Vs) = N (i) + V..

Proof

Since by theorem 2-8-2, every ideal can be expressed as the sum

of its minimal ideals, we must have

V. = M(i+1) + M(i+2) + ... + M(r), (4.1)

and

V.q = M(3) + M(i+1) + ... + M(r).

*
From the definition of (vi_]-vi), it must be that M (i) + V, belongs to
m

. .
(Vi-l'vi)' However, by the fact that [M (i) + Vil = (2 1-])|V1.[ =

m,
1 - .
2 V] - v = |V1_1| - |Vi| = I(Vi_]-Vi)I, it follows that

* -
(Viq=V5) = M (1) + Vs Q.E.D.

It is not hard to show that (4.1) can be re-written as

= M (G41) + 6opp M (342) + oon * 6 W) (4.2)
Vio= U (g MU 059 r
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3 j=12,...,r-1, can be either 1 or 0, and U is the usual

symbol for the union operation. However, we can now interpret (2.2) as
zr'i

where 6i+
equating Vi to the union of non-intersecting multiplicative groups,

corresponding to the 2" ' possible choices for (85472854920 56,)

For the purpose of simplifying the notation, we write

* - * 3 * - * 3 - -
8i4q M (i41) + 8.0 M (i+2) + ... + 5, M (r) = M (1]’12"“’1(r-i)’

where
FERES IS
= 0 if 6i+j = 0, fOY‘ J = ],2,...,("'1).

To avoid any ambiguity, M*(0,0,...,O) is defined as the all-zero codeword,

and e its period is 1. We have

Corollary 4-2-1
* -3 .
(Vi q=V;) = UM (i,ipig0eeesifpg))s for the 2"1 possible

choices of (11’12’13""’1(r-i))'

Proof

By theorem 4-2-2, (vi_]-vi) = M*(i) * Vs Furthermore since

* - . - )
V_i - U M (]]’12,00"](r_i)
for the 271 possible choices of (ij,izs..e»i(y_q))s the corollary follous
upon noting that

%* *

* - - - - - 0 -
M (i) +M (i]’i2,13,...,1(r_i)) =M ('l ,]],12,...,1(r_1-)).
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Having characterized those groups which define a partition on

(vi_]-vi), we now derive an expression for their cycle representatives.

Let c](x),cz(x),...,cN(x), be the cycle representatives of the group
M*(i],iz,...,i(r_i)) all having order e. The following theorem enables

us to obtain the cycle representatives of the group M*(i) + M*(i],iz,...,
1.(r-i))'

Theorem 4-2-3
The cycle representatives of the group

M*(i) + M*(il’iZ""’i(r-i))’ are given by

x'c, (x) + (a(x)E; (), (4.3)

* -
a{x) E;(x) is a generator of M (1)/<in(x)>,

s
i
3
=
3
‘g
=
B4

My
3= 123502 1) e
kK =1,2,3,...5N,

g = 0,1,2,...,(g.c.d.(e,ei) - 1).

Proof
The number of elements obtained from (4.3) is
* . * . -
LECHR RPN PR LN BXHCEN A

*o.o. ; Je.,e: 58: 5...s: ).
IM ('["(],]2,...,1(r_.i))I/]'c'm (e-l e1] 12 1(r_.i)
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which corresponds to the number of cycles in the group

* *

M (i) +M (i],iz,...,i(r_i)). We need therefore only to prove that all
the elements, obtained through (4.3), in fact belong to distinct cycles.

We shall prove this by contradiction.

2.
Let ‘the two distinct elements (a(x)E (x)) ] + X c (x) and
L
(a(x)E (x)) %2 + X 2c (x), obtained through (4.3), belong to the same
52

cycle. This means that there existsa t, such that

t b Wy o I %

X (a(x)Ei(x)) tx ¢ (x) = (a(x)Ei(x)) +x e (x) (4.4)
1 2

However, because of the orthogonality of the minimal ideals (4.4) cannot

be valid if iV # and/or s, # s,y Therefore (4.4) reduces to

. t+e . 2
Sag ) +x o) = @E () + x Peg(x) (4.5)

Further, since a(x)Ei(x)cS(x) = 0 modulo (x"-1), we must have t = ge; -

Using this fact in (4.5), we get

qe; -4
c (x)x ! 172 ) =0

S

Here, because cs(x)(xe-]) = 0, we must have ge; * 8 - Ry = be. But
g.c.d.(e,ei) divides e and g.c.d.(e,ei) also divides e;, so that it

follows that g.c.d.(e,e;) also divides |¢; - lzl. Here

|2) = 8,]< g.c.d.(ese ), since 0 < & < g.c.d.(e,e5). Thus &y has to be

equal to %y This implies that the two elements chosen were the same and

this is a contradiction, hence the theorem. Q.ED.
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Theorem 4-2-1 is in fact a special case of theorems 4-2-2, 4-2-3

and corollary 4-2-2, when e; = n. Furthermore, from theorem 4-2-3 and

corollary 4-2-2, it is seen that when l.c.m.(e.,e; ,e; ,...,e.
LAl PR i, .
1 2 (r-1)
O the cycles of‘Ni_1-Vi) are given simply by
172 (r-i)
* * *
M (1)/<in(x)> + 8 M (1+1)/<in+](x)> e b8 M (r)/<xEr(x)>,

where the &'s are either 1 or 0.

4-3 An Algorithm for Finding Cycle Representatives

In this section, we present an algorithm for obtaining the cycle
representatives of a cyclic code, based on the preceeding results. Let
the code be generated by the polynomial G(x) = (x"-1)/H(x), and
H(x) = h](x)hz(x)...hr(x) be the prime factorization of H(x). We pro-
ceed to obtain representatives of the cycles in the sets

(Vip=Vs)s 1= 1,2,0000rs @S follows.

If the exponent of hi(x) is n, theorem 4-2-1 is applied. If not,
the cycle representatives of (vi_]-vi) must be found through an applica-
tion of theorems 4-2-2 and 4-2-3. Now theorem 4-2-3, as stated, is
clearly iterative, so that an expression for the cycle representatives of

the groups belonging to (Vi-]'vi) can be obtained in terms of the primi-

tive elements of the minimal idealsof the code Vi’ and that of the group

* »
M*(i). By way of example, let M (i,11,12) belong tg (vi_]-vi). From
j 2

J 2 .
theorem 4-2-3, (a, (x)E; (x)) Ty ](a. (x)E. (x)) © defines all the
T fam, T2

1
cycles of M*(i],iz), where j] = 1,25...,(2 '])/ei]’
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iy = 1,25...5(2 1)/e and 5 = 0,152, ..»(g.c.d.(e i],e ) - 1).

Again app1y1ng theorem 4-2 3, the cycles of M (1 1],12) are given by

2,+2,

(g )+ x (a(0, (x))‘ g (00 (X)) 2 where 3, &

1
and jp are as previously defrned and 3; 2,. ,(2 1-])/e
g = 0,],2,...(g.c.d.(ei,ei],eiz) - 1). In this manner, all the cycles
of the code may be obtained.

We now consider some applications of the theory of cycle re-

presentatives to the problem of cyclic code synchronization.
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CHAPTER 5

APPLICATIONS TO THE SYNCHRONIZATION OF CYCLIC CODES

In the process of channel encoding using an (n,k) block code,
an information sequence is partitioned into subsequences of k bits and
encoded or mapped into sequences of n bits which are then transmitted
over the channel. For the receiver to decode correctly, a knowledge of
the beginning of each block in the received data stream is required.
However, it may happen that the receiver will assume the wrong bit
position for the start of a block resulting in a s1ip error or synchroni-
zation loss. Since we will only be considering the synchronization
problem associated with cyclic codes, the following mathematical des-
cription of slip error will be employed. We let A(x),B(x),C(x) be
codewords that are transmitted end to end as illustrated in the figure

below.

A(x) B(x) C(x)

decoder frame]
R(x)

At the receiver, because of a synchronization loss, the n-tuple R(x) is

framed by the decoder. If we assume a left slip of s bits, we can then

express R(x) as
R(x) = x°B(x) + Us(x) modulo (x"-1),

where Us(x) is an arbitrary polynomial of degree less than s which arises

AuV Ll SUNVYA
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from the s higher terms of A(x) which are framed and the s higher terms
of B(x) that are rot framed. Similarly for a right slip of r bits we

would have
R'(x) = x"B(x) + U_r(x) modulo (x"-1).

Here, U_r(x) is an arbitrary polynomial of degree less than r which
arises from the r lower terms of C(x) that are framed and the r Tower
terms of B(x) that are not framed. Also, if we assume a noisy channel,

then for a left slip we would have,
R(x) = x%B(x) + Ug(x) + z(x),

where ¢(x) is an additive error pattern. A solution to the synchroniza-
tion problem will involve finding a technique that will enable the de-

coder to extract the codeword B(x) from the framed n-tuple R(x).

The chapter is divided into three sections. In the first section,
we discuss briefly some of the better known and more powerful synchroni-
zation recovery techniques. The second and third sections of the chapter
are concerned with the application of the theory of cycle representatives
to the synchronization problem associated with the use of cyclic codes.
Specifically, knowiedge of cycle representatives is used to generalize
the Subset Code technique of Tavares and Fukada®® as well as the syn-
chronization technique of Bose, Caldwell and Weldon2*?52. The resulting
generalization considerably simplifies the interpretation of the syn-
chronization process and Teads to more efficient codes, from the point

of view of information rate, capable of synchronization recovery.
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Finally, tables are included which compare the various synchronization

techniques under varying conditions of slip and additive errors.

5-1 A Discussion of Synchronization Technigues

The following discussion is limited to some of the better known
synchronization techniques that apply to cyclic codes. These, may be
divided into two broad classes, namely, those that alter the length of
the code, and those that do not. Among the former we will discuss the
"extended cyclic codes" developed by Bose and Caldwell?* and later
generalized by Weldon®*, hereafter called the BCW technique. Tong*2,
examined a scheme based on shortening cyclic codes. In a shortened
cyclic code, some of the information bits are preassigned (usually set
to zero) and are not transmitted. Knowledge of this fact can then be
used at the decoder to recover synchronization. In contrast, there
exists a number of techniques that do not alter the length of the code.
Amongst these, we will discuss briefly the coset code technique®*?®®***2,
Mandelbaum's techniques**’“® and the subset code technique®’. The re-
sults obtained apply to three different types of channels, namely, the
noiseless channel where s1ip error may occur, a so-called Type 1 channel
where both slip and additive error may occur but not simultaneously,
and a Type 2 channel (or noisy channel) where s1ip and additive error
can occur simultaneously. In this section we content ourselves with
merely quoting some of the more important results for the purpose of
comparison, the proofs may be found in the given references. Finally,

it will be readily noted that the advantages of one technique over
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another are not always obvious, the choice of any one method for frame
synchronization would depend on a number of factors such as constraints
on the word length, characteristics of the channel, soft or hardware
implementation, etc., and this should be kept in mind when examining the

tables at the end of the chapter.

Mandelbaum's Technique®

This technique which does not alter the length of the codewords
is extremely simple and very effective. To illustrate, let us assume
that the vector (ao,a],az,...,an_]) is a codeword from an (n,k) cyclic
code. Further, let the digits RO PRRRRS LI represent the k informa-

tion digits in the codeword. Let us then restrict the first 25+1 digits

as shown below
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0,0,.-.,0’ ]’]’.0.,] a25+],-oo’ak-], ZS + ] 5_ k.

Before transmission, codewords are shifted (S+1) digits to the left.

Using such a code, Mandelbaum proved the following:

Theorem 5-1-1

Given a t error-correcting (n,k) cyclic code, there exists an

(n,k-25-1) code that can correct the simultaneous occurrence of t or

less additive errors and S or less digits of slip.

The proof for the theorem is based on the fact that a shift of

S or less digits at the receiver will still yield a valid codeword. If

no more than t errors have occurred in the framed n-tuple, then once

these have been removed the sequence of 1's and 0's may be Tocated and
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synchronization restored. Note that the price paid to correct for S

digits of slip error is 25+1 digits.

Fibonacei Codes**

This technique which is also due to Mandelbaum is similar to his
first technique in that frame synchronization is dependent on the recog-
nition of a string of 1's in a framed n-tuple free of additive errors.

In this method, all codewords will have the first s+q+2 information digits

in the form

],],olo,] O,d] ’dZ’""dq’ aq_s_z,aq_s_3,...,an_],

+—S+] —

where a string of (s+1) ones is followed by a zero which in turn is fol-
lowed by the Fibonacci sequence d],dz,...,dq. The Fibonacci sequence
(di)’ i=1,2,...,q, has the property that it contains no string of (s+1)
ones or more, and is a transformation on (g-1) information digits with a
redundancy of 1 digit. An (n,k) cyclic code in which the first s+q+2
information digits are of the above form will be called an F(n,k,s,q)
Fibonacci code. If all the codewords of an F(n,k,s,q) code are shifted
by h = [(s+2)/2]« digits to the left before transmission, it is not too
difficult to see that a slip of s or less digits at the receiver can be

detected, by the recognition of the string of s ones in the framed n-

tuple free of additive errors.

The following theorems describe the performance of an F(n,k,s,q)

code.

* Ty] represents the integral part of y-
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A-S1ip in a noisy channel

Theorem 5-1-2
An F(n,k,s,q) code can detect any combination of S digits of slip
and t additive errors if t + S - h <dwhen S - h >0, or if t < d when

S - h < 0, where d is the distance of the cyclic code and S < g+l.

Theoren 5-1-3
An F(n,k,s,q) code can detect S = min(q+1,[(d-1)/2] - t - h) or
less digits of slip when t additive errors occur simultaneously. If no

slip occurs, the code can correct (d-1)/2 additive errors.

Theorem 5-1-4

An F(n,k,s,q) code can correct any combination of t additive
error and S or less digits of slip if t + (S-h) < [(d-1)/2] where S is

bounded by
[(g-1)/2] - 1 if q is odd,

[(g-2)/2] - 1 if q is even,

AdvLell dANYA

S

provided that S - h < [(d-1)/2]. The additive noise correction is that

of the original (n,k) code.

B - Slip in type 1 channel

Theorem 5-1-§
In a type 1 channel, an F(n,k,s,q) code can correct slip of
[(g-1)/2] - 1 if q is odd,
S [(g-2)/2] - 1 if q is even,
provided that S - h < [(d-1)/2]. The additive noise correction is that

S

of the original (n,k) code.

. 43553
The coset code techmique®*¥

The coset code technigue involves transmitting a suitable coset of

the selected (n,k) cyclic code, and as such the only additional operation

involved at the transmitter is that of adding a fixed n-tuple




i 'Il;gm%m?w*’w%@rg*mw*ﬂ!‘"“F'*3‘?“&"-“Yi!ﬁmﬁ!#.‘@wbﬂg't“?i“"’?*?!—‘-"-"',"‘1"%"“ e ITEY

62

to every codeword. The choice of the coset leader is dependent upon the
channel and whether it is desired to detect or correct the errors at
the receiver. The following theorems summarize the known ability of

coset codes to handle slip error for a variety of channels.

A-slip in a noiseless channel.

Theorem 5-1-6

Given any (n,k) cyclic code, there existsa coset code such that
the decoder can determine both the magnitude and direction of any slip
not exceeding (n-k-2)/2, by examining only the syndrome of the received
n-tuple.

. -1
The coset leader chosen in the above theorem is c(x) =1+ X', The
following theorems describe the performance of coset codes over a type

1 channel.

B-slip in a type 1 channel.

Theorem 5-1-7

Given an {n,k) cyclic code and a type 1 channel, the coset gen-

erated by c(x) = 1 can detect a s1ip of n-k-1 or less digits, or any

additive error pattefn that the original (n,k) code could detect.

Theorem 5-1-8
Given an (n,k) cyclic code and a type 1 channel, the coset code

generated by

c(x) = t§2 MACRI (t-2[t/2])xn-]

i=0
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can correct t or less additive errors or S or less digits of slip, where

S is given by

S= min(max(S],Sz),S3), with
51 =d - 2(t-1)
52 = [(3d-5)/2] - 3t - [t/2]
S5 = [(n-k-t - [t/2] - 1)/([t/72] + 2)].

For a type 2 channel, the next two theorems describe the ability of co-

set codes to handle slip and additive errors.

C-slip in a noisy channel.

Theorem 5-1-9

Given any (n,k) cyclic code, there exists a coset code that can

Aun ddll BLYA

detect the simultaneous occurrence of t or less additive errors and S or

less bits of slip in any received n-tuple, where S is given by

S = min[max(S],Sz),S4]

T o e T P LN FRR Y

where S] and 52 are as defined in theorem 5-1-8, and

S * [(n-5 - t/2 - 1)/(t/2 - 1)].

Theorem 5-1-10

Given any (n,k) cyclic code, the coset code having as coset

Teader
t .
xn-'l + z x’l (25+])

<) - i=0

-
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can correct both t or less additive errors, and S or less bits of slip
even when they occur simultaneously in every received n-tuple, where S

is given by

S = min([d-4t-3/2], [n-t-2/2(t-1)]).

We now discuss two techniques that have special relevance to this

thesis.

The BCW technique®*’ 3

This is one of the techniques that alters the length of the code-
words of an (n,k) cyclic code. To illustrate how this is done, let
6(x) = (x"-1)/H(x) be the generator polynomial of the code. Further,
let h(x) be an jrreducible factor of H(x) having exponent e, and
(ao,a],az,...,an_]) a codeword of the form

a(x) = (h(x)i(x) + 1)6(x),

where i(x) is an arbitrary polynomial of deg. < k-m, m being the degree

of h(x). The above word is then extended as

(an_s, ees ,an_] ,ao,a] seee aan_] ,aosa] seee sas_] ) .

The following theorems describes the error-correcting capability of the

BCW technique.

FRITEN-IR QR TR
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A - Slip in Hoisy Channel
Theorem §-1-11

An (n,k) cyclic code whose parity check polynomial has a factor
of degree m and exponent e can be extended to form an (n+2S,k-m) code |
that can correct the simultaneous occurrence of S or less digits of slip
and any additive error pattern that the original cyclic code could

correct, where e > 2S.

If we are interested only in detecting a loss of synchronization, we

have

Theorem 5-1-12

Given an (n,k) cyclic code whose parity check polynomial has a

factor of degree m and exponent e, there exists an (n+2S,k-m) extended

code that can correct any additive error pattern the original cyclic
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code could correct, and in addition detect the simultaneous occurrence

;200 1 S iSURE [ REEE. PR RN S

of S or less digits of slip, where e > S.

In the BCW technique, codewords are so formed, that a slip of S

or less digits will permit the decoder to frame a word from the original

PRIESE AT IRPE

cyclic code. It will be shown in the next section that the BCW techni-

que also allows for choosing one element from a number of cycles in the

code and that it is this property that allows the decoder to regain

synchronization.

The subset code technique®
This technique was inspired by the BCW technique and in fact

could be considered a special case of the latter. The essential differ-
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ence being that in the subset code technique no extra symbols are added
on at the end of the codewords. As in the BCW case, every codeword is

of the form
e(x) = (h{x)i(x) + 1)6(x).

Here again, G(x) is the gemerator polynomial of the original (n,k) cyclic
code, and h(x) is an irreducible factor of H(x), the parity check poly-
nomial, of degree m and exponent e. The information polynomial i(x)

is arbitrary and of degree less than k-m. We have a subcode of the
original code, and the following theorems summarizes the ability of such

codes to handle slip and additive errors.

A - Slip in a noiseless channel.

Theorem 5-1-13

Given an (n,k) cyclic code whose parity check polynomial has a
factor of degree m and exponent e, there exists an (n,k-m) subset code
having e > S that can detect S or less digits of slip if the channel

has no additive errors, provided S < n-k.

Theorem 5-1-14
Given an (n,k) cyclic code whose parity check polynomial has a

factor of degree m and exponent e, there exists an (n,k-m) subset code

having e > 25 that can correct S or less digits of s1ip if the channel

has no additive errors, provided S < [(n-k)/2].
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B - Slip in a type 1 channel

Theorem §-1-19

Given an (n,k) cyclic code whose parity check polynomial has a
factor of degree m and exponent e, and a type 1 channel, there exists a
(n,k-m) subset code with e > 25 that can correct S or less digits of
s1ip and any additive error pattern that the original cyclic code could
correct, provided that S < [(d“1)/2], where d is the minimum distance of

the (n,k) cyclic code.

C - Slip in a noisy channel

srsfsmIens et A L

Theorem 5-1-16
Given an (n,k) cyclic code whose parity check polynomial has a
factor of degree m and exponent e, there exists an (n,k-m) subset code

having e > d that can detect any combination of s digits of slip and t

AduuGll S KL

additive errors if t +s < d-1.

Theorem 5-1-17

Given a t-error-correcting (n,k) cyclic code whose parity check
polynomial has a factor of degree m and exponent e, there exists an
(n,k-m) subset code with e > t that can correct any additive error

al cyclic code could correct, in the absence of slip,

(s) and additive

pattern the origin

and in addition detect the presence of s1ip when slip

error (b) occur simultaneously, if b +s <t.

Theorem 5-1-18

Given a t-error-correcting (n,k) cyclic code whose parity check

polynomial has a factor of degree m and exponent e, there exists an
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an (n,k-m) subset code with e > 25 that can correct any combination of

b additive errors and s digits of slip if b +s < t.

Some other synchronisation techniques

Tong, who carried out some of the early work in the area of co-
set codes has also studied schemes based on shortening cyclic codes*?.
In a shortened cyclic code, some of the information bits are pre-
assigned (usually set to zero) and are not transmitted. Knowledge of
this fact can then be used by the decoder. Shiva and Sequin“*® have also
proposed synchronization recovery schemes. They present a scheme that
shortens the codewords, and another, which they call a "modified techni-
que", that does not alter the word length. The modified technique tech-
nique appears to be the more efficient of the two, being more efficient
than the coset codes for correcting slip in a type 2 channel but less
efficient than Mandelbaum's technique (which it resembles) or the subset

codes. Some of their results appear in the tables.

We note that all the theorems quoted in this section have been

used in the compilation of the tables appearing at the end of the

chapter. Although we have offered no proofs, these may be found in the

references. These theorems also provide 2 mean of comparison for the

various schemes discussed, complementing the data in the tables.

re-

We now consider the application of the theory of cycle

presentatives to the synchronization recovery problem.

Y V1Y
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5-2 Generalized Subset Codes

Tavares and Fukada?® introduced a class of synchronizable error
correcting codes which they called subset codes. Every codeword of such

a code is of the form

(h(x)i(x) + 1)G(x), (5-1)

c(x)

where G(x) is the generator polynomial of an (n,k) cyclic code, h(x) is
an irreducible factor of (x"-1)/G(x) of degree m and exponent e and i(x)
is any information polynomial of degree less than k-m. They then pro-
ceeded to show how subset codes can be used to correct for slip and

additive errors.

In this section, the concept of subset codes will be generalized

to include a larger number of codewords than that obtained from Eqn. (5-1)
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without Tosing any of their slip and additive error-correcting capability.

These codes will be called generalized subset codes (GSC) and will be

defined over GF(2).
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The basic idea underlying the construction of the GSC codes lies

in the recognition of the fact that codewords obtained through (5-1) be-

Tong to (VO-V]) and hence to a coset of V; in Yy (theorem 4-1-4). It

will be shown that there exist many such cosets whose union givesrise to
a code which also possesses the synchronization property of the subset

codes.

The codewords of a GSC are of the form

wlx) = {G(x)h](x)i(x) R t{(x)} c(as+ 1)1, (5-2)
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where G(x) is the generator polynomial of an (n,k) cyclic code, h](x) is
an irreducible factor of (x"-1)/6(x) of degree my and exponent ey, t](x)
is a primitive element of M(1), the minimal ideal code generated by
(x"-])/h](x) and i(x) is an information polynomial of degree less than
kﬂn]. Also, j = 1,2,...,(2m]-1)/e], is= 0,1,2,...,([e]/(a5+1)] -1),

a = 1 for detection purposes only and a = 2 for correction purposes. As
usual [y] signifies the integer part of y and S is the maximum number of
stip errors to be detected or corrected.

Clearly, all the words given by (5-2) belong to (VO-V]) by
theorem 4-1-4. Also since all the elements of (VO-V]) have as cyclic
order a multiple of & (theorem 4-1-5), the above construction assures
us that the elements chosen from the same cycle will be separated by at

least (aS+1) shifts (theorems 4-1-6 and 4-1-7) which is the necessary

condition for detection or correction of S or less slip errors. Further-

more, it is seen that the elements obtained from (5-2) represent the

union of a large number of cosets of V] in VO' Equation 5-2 is then 2

generalization of Eqn. 5-1 and as such the resulting code will be more

efficient, in the sense that it will contain a larger number of codewords.

We now establish the synchronization capability of the GSC codes.

ir z noiezless enarrel

The first theorem concerns the ability of a GSC to detect slip

in a noiseless channel.

c e =
lrecrem o-d-1

Given an (n,k) cyclic code whose parity check polynomial has an

irreducible factor of degree my and exponent ey, there exists a GSC that
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can detect S or less bits of slip in a noiseless channel, where

S < min(n-k ,eq-1). The rate of the GSC is

m
(k-m, + Tog, (2 Ly - Togy(e;) + logy[e/(S+1)1)/n.

1
Proof

The words in the GSC are all of the form of Egn. (5-2) with

a=1. Assuming a left slip, from the previous description of siip error

we can express the framed n-tuple as

x*w(x) + U (x) (5-3)

where Us(x) is a polynomial of degree at most s-1, and s < S. First we

compute the syndrome of (5-3) modulo G(x) which is Us(x) modulo G(x).

Since s < n-k, Us(x) is not a codeword and a non-zero syndrome is ob-
tained if Us(x) £0. If Us(x) = 0, we multiply (5-3) by E](x), the

idempotent of M(1), and reduce modulo x'-1. This yields

Xi (S“H )+S t;jl (X) (5_4)

A slip will be detected if the s1ip syndrome is different from the s1ip

syndrome when there is no slip. Now these are all of the form

B, (5-5)

X 1

Clearly (5-4) is different from (5-5) if |s] < S| < eq-T. To obtain the

expression for the rate, we need only to note that the number of words of

a meesa gk
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the form (5-2) witha =1, is

k-m.I my
(2 )2 "-1)/e)ey/($41)],

and the rate is the 1og2 of this expression divided by n.
Q.E.D.

Although the proof of theorem 5-2-1 was given for the case of a
left slip, the symmetry of the situation makes the proof valid also for
right slip situations and henceforth all proofs will be given assuming

left slip conditions. We now examine the ability of GSC codes to correct

s1ip in a noiseless channel.

Theorem 5-2-2

Given an (n,k) cyclic code whose parity check polynomial has an
irreducible factor of degree m, and exponent ey, there exists a GSC that
can correct S or less bits of slip in a noiseless channel, where
S g_min((n-k)/Z,(e]-l)/Z). The rate of the GSC 1is

m
(k-m; + Togy(2 1.1) - Togy(e;) + Tog,Le;/(25+1)1)/n.

Proof
The codewords are all of the form of Eqn. (5-2) witha = 2.

Assuming a left slip, the framed n-tuple has the form

Xw(x) + U (x)

l
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where Us(x) is a polynomial of at most degree s-1 and s < S. First the
decoder computes the syndrome of (5-7) modulo G(x). Now Us(x) can be
determined from the syndrome obtained since Us(x) # Ur(x) modulo G(x)
for all distinct U (x) and u.(x) if Is|, |r| < (n-k)/2. Once U (x) has
been determined, it is added onto (5-7) which we then multiply by E](x)

to obtain

xi(2$+1)+st%(x) (5-8)

the slip syndrome. If s <S 5_(e]-1)/2, then s can be uniquely deter-

mined from (5-8) since all zero slip syndromes‘are of the form

i](25+1) ;j-I
X - ty (x).

The expression for the rate is obtained by counting the number of words

of the form (5-2) with a = 2. This number is

k-
M@ 1) ey (2541)] (5-9

(2
of (5-9) and dividing by n.

and the rate is obtained by taking the 1og2
Q.E.D.

In Table 2 the slip error detecting and correcting capability of

a 6SC of length 127 is compared to that of the subset codes (theorems

5-1-13 and 5-1-14), and the coset codes (theorems 5-1-6 and 5-1-7). It

is seen that theorems 5-2-1 and 5-2-2 are a generalization of theorems

5-1-13 and 5-1-14. The result has been that the rate has gone from

(k-m])/n, to (k-my + p)/n, where p is always a positive quantity, with-
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out any loss of synchronization ability. The close relationship between
cycle representatives and the synchronization problem has also been

shown. We now investigate the performance of a GSC for a type 1 channel.

Slip in a type 1 chamnel
Following Tavares and Fukada?® a type 1 channel is defined as one

in which additive and slip error cannot occur simultaneously. We then

have

Theorem §-2-3

Given an (n,k) cyclic code having minimum distance d, whose
parity check polynomial has a factor of degree m, and exponent ey, and
a type 1 channel, there existsa GSC which can correct [s] < S bits of
slip and any additive error pattern that the original cyclic code could

correct, where S = min((d-])/Z,(e]-I)/Z). The rate of the GSC is
™
(k-m.I + 1092(2 -1) - logz(e]) + 1ogz[e]/(25+1)])/n.

Proof

Let w(x) be a codeword as defined in (5-2) with a = 2. The de-
coder proceeds to calculate a syndrome modulo G(x) assuming that additive
errors have occurred. If s1ip has occurred, then because Is] < (d-1)/2,
Us(x) can be uniquely determined. After this first step, assuming a left
slip, we are left with xsw(x). We then compute the slip syndrome by
multiplying x°w(x) by E](x), to obtain xi(ZSH)+S t{(x). Since
s| < ISl < (eq-1)/2, and the fact that all zero slip syndromes are of




"“'15#”‘?"’7"5“3'5&‘1'"!W.-"‘“?J.’) S UL RS

SRl A8 S T Bt Sl

75

i](ZS+1) j]
the form x t] the slip s can be determined. The rate again
follows from the number of words of the form of Eqn. (5-2) with a = 2.

Q.E.D.

In Table 3, the performance of a GSC code of length 127 is com-
pared to that of a subset code (theorem 5-1-15), a coset code (theorem
5-1-8), and a Fibonacci code (theorem 5-1-5) for a type 1 channel. In
this instance, the increase in rate of the GSC codes over the subset
codes is given by the tem 1ogz[e]/(25+1)]/n in the expression for the

information rate of theorem 5-2-3.

Slip in noisy chaniels
The following theorem is concerned with the ability of a GSC to

detect additive and slip errors when they may occur simultaneously.

Theorem 5-2-4

Given an (n,k) cyclic code with minimum distance d, whose parity
check polynomial has a factor of degree my and exponent ey, there exists
a GSC which can detect the simultaneous occurrence of Is| < |S| < d-1

slip errors and d-|s|-1 additive errors, where S = min(e,-1,d-1). The

rate of the GSC is

m
(k-mq + Togy(2 L) - Tog,(e) + TogyLey/(S+1)1)/n.

Proof
Let w(x) be a codeword as defined by Eqn. (5-2) witha = 1.

Assuming a left slip of s bits, the framed word can be expressed as.
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x*w(x) + Ug(x) + £(x) (5-10)

where the weight of E(x), the additive error pattern, is d-|s]-1 or less
and s < S. Provided that Us(x) + E(x) # 0, (5-10) will be a non-zero
syndrome modulo G(x) and an error will be detected. If Us(x) + &(x) = 0,

the decoder computes the s1ip syndrome by multiplying (5-10) by E](x) to

obtain xi(SH)+S tg(x). Now since |s| < S < e;-1 and all zero slip syn-

iy(s+1) 3y
dromes being of the form x t] (x) an error will be detected. The rate

follows by noting the number of words of the form (5-2) with a = 1.
Q.E.D.

In Table 4, the simultaneous slip and additive error detecting
capability of a GSC code of length 127 is compared to that of a subset
code (theorem 5-1-16), a coset code (theorem 5-1-9), and 2 Fibonacci code
(theorem 5-1-2) of the same length. The next two theorems describe the

performance of the GSC codes when we desire to correct additive errors.

Theorem 5-2-5

Given an (n,k) cyclic code with minimum distance d, whose parity

check polynomial has a factor of degree m, and exponent ey, then there

exists a GSC that can correct any t additive error pattern the original

cyclic code could correct in the absence of slip, where t = (d-1)/2, and

in addition detect the presence of |s| < S bits of s1ip when slip(s) and

additive error (b) occur simultaneously if Is| +b < (d-1)/2 and

S = min(e]-l, (d-1)/2). The rate of the GSC is

my )
(k-my + Tog,(2 -1) - Togy(e;) + Tog,Le;/ (St )1)/n.
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Proof
A11 codewords are of the form given by Eqn. (5-2), with a = 1.

The decoder regards all errors as additive errors and correct them as
such. Assuming an additive error g£(x) and s bits of left slip to have

occurred, the framed polynomial will be of the form

xsw(x) + Us(x) + £(x).

Let |s| + W(E(x)) < (d-1)/2, the decoder will correct Us(x) + £(x). The

remaining polynomial is xsw(x) and the decoder now computes the slip syn- [

drome by multiplying by E](x) to obtain xi(s"'”+S t%(x). Since
|s] <'S 5_e]-1, the decode? ca? detect a slip, because ail zero-s1ip syn-
i (S+1) ]
t]](x). The rate expression is obtained

dromes are of the form X

by counting the number of words of the form of Egn. (5-2) with a = 1.
Q.E.D.

In Table 5, the performance of a GSC of length 127 for the cor-

rection of additive errors and the detection of slip errors is compared

to that of a subset code (theorem §-1-17), a coset code®® and a Fibonacci

ST RO R BT PR 0 R it

code (theorem 5-1-3) of the same length. In the next theorem, we wish

to correct for both slip and additive errors.

Theorem 5-2-6

Given an (n,k) cyclic code with minimum distance d, whose parity

check polynomial has an jrreducible factor of degree m, and exponent eq,

there exists a GSC which can correct any combination of b additive errors

and |s| < S bits of s1ip if b+ |s| < (d-1)/2 and S = min((d-])/Z,(e]-])/Z).
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The rate of the GSC is

m
(k-m] + ]092(2 ]‘]) - ]ng(e]) + 1092[91/(25’])])/'1-

Proof

The proof is along the same lines as that of theorem 5-2-5, how-

ever because |s| < S < (e)-1)/2, the decoder can now correct for s1ip

errors. QED

In Table 6 the performance of a GSC of length 127 for the correct-
ion of both slip and additive errors is compared to that of a subset
code (theorem 5-1-18), a coset code (theorem 5-1-10), and a Fibonacci

code (theorem 5-1-4) of the same length. Also included in the table are

Tong's shortened codes*?2* and the nodified Shiva and Seguin codes*®>*%.

In this section, the concept of subset codes has been generalized

resulting in more powerful codes as Tables 2 to 6 indicate. The GSC

possessall the properties of the subset codes including adaptivity under
various conditions of slip and additive errors, so that if no s1lip has
occurred, the code retains its £ul1 error detecting/correcting capability.

The technique outlined in this section for synchronization re-

covery, consisted in generating elements of (VO-V]) that are separated

by at least (aStl) cyclic shifts from other elements in the same cycle.

We note that the set of words in a GSC could still be further enlarged

by considering all the cycles in the code and choosing elements in each

cycle that are separated by at least (as+1) cyclic shifts. For those

cases where all the cycles have order n (excluding the all-zero codeword),
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the number of words in the code would then be (Zk-l)[n/(as+1)]/n, which

yield a rate of
(1092(2"-1) - Togy(n) + Tog,[n/(as*1)])/n,

this compares to the rates obtained in theorems 5-2-1 through 5-2-6 which

are of the form

m
(k-m] + 1092(2 ]-1) - 1ogz(n) + Tog, n/(as+1))/n.

For large value of my the difference between these expressions approaches
zero, so that in most instances the added complexity required to generate

all of the cycles would not justify the small gains, in that most of the

cycles are already in (VO-V]).

We now apply the theory of cycle representatives to another well

known technique for cyclic code synchronization.

5-3 A Generalization of the BCW Technique

The BCW technique has already been discussed. We have seen that

this method alters the length of the codewords while also constraining

these to be of the form

wix) = (h(x)i(x) + 1),

where G(x) is the generator polynomial of an (n,k) cyclic code, h(x) an

irreducible polynomial of degree m and exponent n, and i(x) an information

polynomial of degree less than k-m. Because the codewords are extended

by 25 bits, any loss of synchronization of |s| < S bits will cause the
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receiver to frame an n-tuple that will be of the form xsw(x). It is then
a simple matter to show that the slip syndrome, which is x>w(x) modulo
h(x), uniquely specifies the magnitude and direction of s. In this
section, we wish to extend the BCW technique to include a larger set of
words without sacrificing any of its slip error correcting/detecting
capability. Starting with an (n,k) cyclic code having 6(x) has its

generator, we consider a subcode whose words are of the form

wx) = {s(x)h](x)i(x)u{(x)} K 85),

which is the form of Eqn. (5-2). Every such codeword will then be extended
as described by the BCW technique, so that if (ao,a],az,...,an_]) is a

codeword of the form of Egn. (5-2), it is extended as

(an_s,...,an_1,ao,a],...,an_],ao,a],...,as_]).

The following theorems describe the synchronization capabilities of these

codes.

Theorem 5-3-1
Given an (n,k) cyclic code whose parity check polynomial has @

factor of degree m, and exponent e,, there exists a generalized BCW code

that can correct any additive error pattern the original cyclic code

could correct, and in addition detect the simultaneous occurrence of Sor

less bits of slip, where S < eq-l. The rate of the code is

(k-m; + 1092(2m]-1) - 1og(e]) + 1og2[e]/(5+1)])/(n+25).
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Proof

Every codeword is of the form of Eqn. (5-2) with a = 1, and is
then extended as according the BCW technique. Assuming a left slip to
have occurred, the framed word can then be expressed as xsw(x) + E(x),
where £(x) is an additive error pattern and |s| < 'S < e;-1. After correct-
ing £(x), we multiply by E](x) to obtain xi(SH)+S t%(x), the slip syn-

i, (s+41) J4
drome. Now since all zero slip syndromes are of the form x ty (%)

and |s] <'S 5_e]-1, the slip can be detected. The expression for the
rate follows upon noting the number of words of the form of Eqn. (5-2)

with a = 1, and the fact that the length of the transmitted word is now

n+ 25 Q.E.D.

In Table 7 the performance of the generalized BCW codes is com-

pared to that of the subset codes (theorem 5-1-17), the BCW codes (theorem

5-1-12), the Fibonacci codes (theorem 5-1-3), and the GSC codes (theorem

5-2-5) for n = 127. In the next theorem, the performance of the genera-

lized BCW codes for the correction of slip and additive errors is des-

cribed.

Theoren 5-3-2

Given an (n,k) cyclic code whose parity check polynomial has a

factor of degree my and exponent e, there exists a generalized BCW code

that can correct any additive error pattern the original code could

ous occurrence of S or less

correct, and in addition correct the simultane

sTip errors, where S < (e-1)/2. The rate of the code is
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m
(k-my + Tog, (2 1-1) - Tog,(e;) + Togyley/(25+1)1)/ (m#25).

Proof

The proof is along the same lines as in the previous theorem,
except now, those elements of the code which belong to the same cycle
are separated by (25+1) shifts, so that correction of s1ip is possible

for all sTips such that |s| < 'S < (e4-1)/2.
Q.E.D.

The performance of the generalized BCW codes is illustrated in
Table 8, where rate is computed as a function of slip and additive errors
corrected for n = 127. The rate is also computed for the BCW codes
(theorem 5-1-11), the Fibonacci codes (theorem 5-1-4), the Mandelbaum
codes (theorem 5-1-1), the subset codes (theorem 5-1-18), and the GSC
codes (theorem 5-2-6). It is seen from this table, that the most power-
ful techniques presently known are the Mandelbaum and the generalized

BCW techniques, for s1ip and additive error correction.
In this chapter we have used our knowledge of cycle representat-

ives to generalize two synchronization techniques, namely, the subset

codes and the BCW codes. Recognizing that these techniques generated

only a fraction of the total number of cycles in the code, we showed how

these methods could be extended by using a subset of the code whose code-

words are separated by (aS+1) cyclic shifts. The generalized code so ob-

tained possessed all of the synchronization capabilities of the original

codes. Also, the development of the theory was such so as to bring out

the close relationship between the problems of cycle representatives and
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that of the synchronization of cyclic codes. The end result has been
to obtain more efficient synchronization techniques (from the point of

view of achievable rate), and at the same time further our knowledge of

the synchronization problem associated with cyclic codes.

|
|
i
|
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CONCLUDING REMARKS

The problem of finding the cyclic class representatives of a
cyclic code has been examined and a solution provided for the binary
case. The generalization over GF(q) follows parallel Tines. The
generation of the cycles depends however on obtaining a primitive ele-
ment of the groups M*(i), i=1,2,...,r, a task that could involve con-
siderable computational difficulties, and which must be taken into account
when applying the results. In this context, an algorithm for obtaining
primitive elements of finite fields would be of great value. The appli-
cation of the theory of cycle representatives to the problem of the
weight distribution in cyclic codes was briefly discussed and illustrated
by means of an example. Here, another result that is helpful is the
fact that since the ideal V, is maximally contained in V. ;. the cosets

of Vi in V. . can be shown to have the structure of a field. The signi-

i-1

ficance of this result to the weight distribution problem is in the fact
f - -
that the cosets (t%(x) + Vi)2 will have the same weight distribution for

f= 0,1,2,...,(mi-1), and hence if one is interested only in the weight

spectrum, the number of elements that need be generated, can be further

reduced.

The theory of cyclic representatives found a natural application

to the problem of cyclic code synchronization. ATl of the synchroniza-

tion techniques of Chapter 5 have relied on generating elements separated
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by a definite number of cyclic shifts so that the theory of cycle re-
presentative is a basis for a unifying approach to this problem. This
point was further emphasized in the generalization of the Subset Codes
and BCW techniques presented in that chapter. There, the theory of cycle
representatives was employed to extend these techniques so as to include
a larger set of codewords while maintaining their synchronization capa-
bilities. The performance of the generalized techniques was then com-
pared to various other synchronization techniques in tables 2 to 8.

This comparison was strictly on the basis of achievable rate under various
conditions of slip and additive errors and it js obvious that such a com-
parison will suffer from a number of limitations. The first is that the
tables fail to point out the major advantage of the GSC codes, namely,
their adaptive capability. The GSC codes are so constructed that they
are able to trade-off between their additive and s1ip error correcting

capability so that in the absence of slip, the code increases its additive

error correcting capability from b to b+S(theorem 5-2-6). Except for the

subset and coset codes none of the other techniques are fully adaptive

in the above sense. This feature is of special importance for those

channels where once synchronization has been established it is likely to

be maintained. The second 1imitation arises from practical considerations.

Here from the point of view of cost/effectiveness, a technique such as

that of Mandelbaum is highly competitive. However, for codes of maximal

length (n = 25-1), it is seen from Egn. (5-2) that t](x) js in fact a

maximal-1length-sequence which is added to the codeword G(x)h](x)i(x).

: socll0 G4 9 -
In that m-sequences possessgood correlation properties” , it 1s con
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ceivable that the GSC and the generalized BCW codes could be practical
alternatives to other synchronization techniques.

Apart from these limitations discussed above, the tables do
serve the purpose of providing a comparison of the various synchroniza- :
tion techniques. From Table 8, we see that the Mandelbaum and the
generalized BCW techniques achieve the highest rate for the various con-
ditions of slip and additive errors. This can be explained from the
fact that in these techniques, slip and additive errors can be treated
independently. In the other techniques, the effect of slip can be to
add an additive error pattern Us(x) to the codeword, as described in
theorems 5-2-1 to 5-2-6 for the GSC codes. Hence, a more powerful code
is required at the onset with a resultant lower rate. Theoretically, if ;
slip and additiveﬁESﬁTd be treated independently, a maximum of 1ogz(as+1)
bits of redundancy would be needed to maintain synchronization. So far

all of the techniques investigated for cyclic code synchronization must

make use of far more redundancy.
Although it will be conceded that many of the results derived in

this thesis are presently only of theoretical interest, the results on

synchronization, lend themselves quite readily to a software realization

and could find application in that type of communication system in which

the digital computer is an integral element. Finally, @ possible exten-

sion of this work would be to a more general class of codes such as the

Abelian Group Codes®® for which 2 general weight preserving permutation

group is defined. Such an extension would follow a similar development

to the present work and might be of value in computing the error correct-

ing capability of interesting new codes.
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TABLE 1

Cyclic Class Decomposition of the Ring GF[x]/(x"-1)

10
N
13
14
15
16
17
18
19
20
21
22

2(1), 2(3).

2(1), 1(2), 3(4).

2(1), 6(5).

2(1), 2(3), 9(6).

2(1), 18(7).

2(1), 1(2), 3(4), 30(8).

2(1), 2(3), 56(9).

2(1), 1(2), 6(5), 99(10).

2(1), 186(11).

2(1), 630(13).

2(1), 1(2), 18(7), 1161(14).

2(1), 2(3), 6(5), 2182(15).

2(1), 1(2), 3(4), 30(8), 4080(16).
2(1), 7710(17).

2(1), 1(2), 2(3), 9(6), 56(9), 14532(18).
2(1), 27594(19).

2(1), 3(4), 6(5), 99(10), 52377(20).
2(1), 2(3), 18(7), 99858(21).

2(1), 1(2), 186(11), 190557(22).

x(y) =

x cycles of cyclic order y.




TABLE 2

Rate Comparison of Codes for Slip in Noiseless Channels

THEOREMS 5-2-1 DETECTION  THEOREM 5-2-2 CORRECTION

S Subset Coset GSC Subset Coset GSC
Codes Codes Codes Codes Codes Codes

1 0.890 0.945 0.93 0.890 0.945 0.932
2 0.890 0.945 0.932 0.890  0.945 0.926
3 0.890 0.945 0.929 0.890  0.8%0 0.922
4 0.890 0.945 0.926 0.835  0.890 0.864
5 0.890 0.945 0.924 0.835  0.890 0.864
6 0.890 0.945 0.922 0.835 0.890 0.859
7 0.890 0.890 0.920 0.835 0.835 0.858
12 0.835 0.890 0.859 0.725 0.780 0.743
13 0.835  0.890 0.858 0.725 0.780 0.740
14 0.835 0.835 0.858 0.725 0.725 0.740

S slip error n =127




TABLE 3

Rate Comparison of Codes for S1ip in Type 1 Channeis

Subset Coset Fibonacci GSC

S b Codes Codes Codes Codes

1 1 0.80 0.890 0.913  0.932

| 2 0.835 0.835  0.859  0.877
| 3 0.780 0.780  0.804  0.822
4 0.725 0.725  0.747  0.767

5 0.670 0.670  0.693  0.712

3 1 0.780 0.8  0.905  0.813

2 0.780 0.780  0.850  0.813

3 0.780 0.725  0.797  0.813

4 0.725 0.670  0.739 . 0.758

5 0.670 0.614  0.685  0.703

5 1 0.670 0.780  0.797  0.697

2 0.670 0.725  0.797  0.697

3 0.670 0.670  0.797  0.697

4 0.670 0.614  0.733  0.697

5 0.670 0.559  0.685  0.697

6 0.614 0.559  0.630  0.64]

7 0.557 0.504  0.574  0.584

S slip error = 127

b additive errov

REF: Theorem 5-2-3
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TABLE 4

Rate Comparison of Codes for S1ip in Noisy Channels

S b Subset Coset Fibonacci  GSC
Codes Codes Codes Codes

0.890  0.890 0.913 0.937
0.83  0.83 0.913 0.929
0.835  0.780 0.859 0.882
0.780  0.725 0.859 0.874
0.780  0.670 0.804 0.827

3 0.835  0.83 0.905 0.874
0.780  0.780 0.850 0.866
0.780  0.725 0.850 0.819
0.725  0.614 0.797 0.764
5 0.780  0.780 0.850 0.814

0.725  0.725 0.797 0.806
0.725  0.670 0.797 0.759
0.670  0.614 0.739 0.751
0.670  0.559 0.739 0.704
0.614  0.558 0.685 0.696

1
2
3
4
5
1
2
3
4 0.725 0.670 0.797 0.811
5
1
2
3
4
5
6
7 0.614 0.504 0.685 0.649

S slip error
b additive error n= 127

Theorem 5-2-4
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TABLE 5

Rate Comparison of Codes for Slip in Noisy Channels

b Subset Coset Fibonacci  GSC

| S Codes Codes Codes Codes
1 1 0.835 0.835  0.913  0.882
2 0.780 0.725  0.859  0.827
3 0.725 0.614  0.804  0.772
4 0.670 0.559  0.747  0.717
5 0.614 0.449  0.693  0.66
3 1 0.725 0.780  0.804  0.764
5 0.670 0.670  0.747  0.709
3 0.614 0.5  0.693  0.653 |
4 0.559 0.504  0.637  0.5% ﬁ
5 0.504 0.394  0.583  0.543 j
5 1 0.614 0725  0.693  0.648 !
> 0.559 0.614  0.637  0.591
3 0.504 0.5  0.582  0.538
4 0.501 0.449  0.528  0.538
5 0.449 0.394  0.472  0.483
6 0.394 0.284  0.418  0.428
7 0.338 0.228  0.362  0.372

S slip error
b additive error n = 127

Theorem 5-2-5
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TABLE 6

Rate Comparison of Codes for Correction of Slip
in Noisy Channels

Tong's Modified

Coset .
S b Codes Shortened Shiva

Fibonacci Subset GSC
Codes Codes Codes

Codes Seguin
1 1 0.780 0.774 0.867 0.913 0.835  0.877
2 0.670 0.717 0.811 0.859 0.780  0.822
3 0.559 0.660 0.755 0.804 0.725  0.767
4 0.504 0.605 0.700 0.747 0.670  0.712
5 0.3% 0.549 0.645 0.693 0.614  0.656
3 1 0.670 0.533 0.725 0.804 0.725  0.757
2 0.559 0.533 0.670 0.747 0.670  0.702
3 0.504 0.475 0.614 0.693 0.614  0.646
4 0.39% 0.417 0.559 0.637 0.559  0.591
5 0.338 0.358 0.504 0.582 0.504  0.536
5 1 0.559 0.336 0.583 0.693 0.614  0.641
2 0.504 0.336 0.527 0.637 0.559  0.586
3 0.3% 0.276 0.473 0.582 0.504  0.531
4 0.338 0.216 0.473 0.528 0.504  0.531
5 0.228 0.155 0.417 0.472 0.449  0.476

S slip error
b additive error n =127

Theorem 5-2-6




TABLE 7

Rate Comparison of Codes for Slip in Noisy Channels

s b Subset  BCW Fibonacci  GSC Generalized
Codes  Codes Codes Codes  BCW Codes
1 1 0.83% 0.877 0.913 0.882 0.923
2 0.780 0.822 0.859 0.827 0.868
3 0.725 0.767 0.804 0.772 0.813
4 0.670 0.713 0.747 0.717 0.759
5 0.614  0.659 0.693 0.661 0.705
3 1 0.725 0.850 0.804 0.764 0.887
2 0.670 0.797 0.747 0.709 0.834
3 0.614 0.745 0.693 0.653 0.782
4 0.559  0.691 0.637 0.596 0.728
5 0.504 0.639 0.582 0.543 0.676
5 1 0.614 0.825 0.693 0.648 0.857
2 0.559 0.774 0.637 0.591 0.806
3 0.504 0.725 0.582 0.538 0.757
4 0.504 0.672 0.528 0.538 0.704
5 0.449  0.620 0.472 0.583 0.652
6 0.394 0.570 0.418 0.428 0.602
7 0.338 0.518 0.362 0.372 0.550
S slip error
b additive error n =127

Theorem 5-3-1
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TABLE 8

Rate Comparison of Codes for Correction of Slip
in Noisy Channels

Subset GSC Fibonacci Mandelbaum BCW  Generalized

Codes  Codes Codes Codes Codes BCW

1 1 0.83% 0.877 0.913 0.922 0.877  0.918
2 0.780 0.822 0.859 0.866 0.822  0.863

3 0.725 0.767 0.804 0.811 0.767 0.808

4 0.670 0.712 0.747 0.756 0.713  0.754

5 0.614 0.656 0.693 0.700 0.659  0.700

3 1 0.725 0.757 0.804 0.890 0.850  0.881
2 0.670 0.702 0.747 0.835 0.797 0.828

3 0.614 0.646 0.693 0.779 0.745 0.776

4 0.559 0.591 0.637 0.725 0.691 0.722

5 0.504 0.536 0.582 0.670 0.639 0.670

5 1 0.614 0.641 0.693 0.858 0.825 0.850
2 0.559 0.586 0.637 0.803 0.774  0.799

3 0.504 0.531 0.582 0.748 0.725 0.750

4 0.504 0.531 0.528 0.693 0.672  0.697

5 0.449 0.476 0.472 0.638 0.620 0.645

S slip error
b additive error n =127

Theorem 5-3-2
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