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ABSTRACT

The study of rectangular cantilever plates with step discontinuities in properties is of
interest in many areas of industry. Cantilever plates are assigned different properties to
represent change in stiffness and mass creating therefore the concept of step
discontinuities in properties. The step discontinuity in properties is best represented by
dividing the cantilever plate into separate segments called spans, with each span having
its own stiffness and/or mass distribution as one moves outwards from the clamped edge.

This thesis presents the concept of dividing the cantilever plate into spans and provides
accurate analytical solutions for free vibration frequencies and mode shapes. Chapter 1
introduces the reader to the theory of rectangular plates while chapter 2 concentrates on
introducing the general solutions as applied to rectangular plates. Although there is no
limit to the number of plate spans to be studied, three and four span cantilever plates were
analysed in chapter 3. The computed eigenvalues are validated against previously
published uniform rectangular cantilever plate free vibration results. They were found
converging to the known values. Free vibration eigenvalues and mode shapes are then
calculated for a variety of cantilever plates of different aspect ratios and with different
span thicknesses creating a discontinuity in mass and flexural rigidity along the plate. The

results are presented in chapter 4 and discussed in chapter 5.
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Nomenclacture

i

Aa2 )2

Abl

Building block edge dimension

Edge dimension of plate segment i
Plate dimension along clamped edge
Flexural rigidity of plate segment
Flexural rigidity of plate segment i
Modulus of elasticity of plate material
Plate thickness

Thickness of plate segment i’

Plate lateral displacement
Dimensionless plate lateral displacement
Distances along plate edges

Poisson ratio of plate material

2-v

x/a

y/b

Mass per unit area of span i of plate

Circular frequency of vibration

Dimensionless frequency = wa;2 \ ’p% of span i
Eigenvalue = ob? A /%
[

iv
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Chapter 1
INTRODUCTION

As one of the most commonly used lightweight structures in industry, rectangular
plates have been extensively studied for many years. Before introducing the theory on
which this thesis is based, the main reasons behind the continuing interest in this field of
study are provided to the reader followed by a brief historical background of the theory.
A comparison with some existing alternative techniques is provided before introducing

the basic most important equation governing the free vibration of plates.

1.1 Rectangular Plates : The Continuing Interest

The study of rectangular plate free vibration even after several decades of research is
still attracting the interest of researchers across the world. Although accurate analytical
free vibration solutions for varieties of rectangular plates using the superposition method
have been published, especially in the past two decades due to the work of Gorman([1], it
is foreseen that new plate problems will emerge and will continue to motivate the interest
of scientists being driven by several factors. One of the main driving factors is the
continuous research requirement arising from the advance in composite materials and
aerospace sciences and even computer hardware requirements where in some cases
stringent vibration design tolerances necessitate the modelling of motherboards as
rectangular plates with non conventional supporting media. Another major factor in

advocating the use of the superposition method in the study of rectangular plates is the




extensive use of numerical methods like finite element methods in solving complicated
engineering problems, and the necessity to validate those numerical results with the
accurate analytical solutions provided by the superposition method. This is especially true
in critical designs like Multi-Span bridges which are used world-wide. A brief historical

background of the study of plate vibrations is presented next.

1.2 Historical Background

The study of the theory of plates started with Euler' in 1766 with the preliminary
formulation of the membrane theory of plate free vibration using two systems of
perpendicular strings to solve the problem of rectangular and circular membranes. This
theory was extended by Bernoulli® to rectangular plates with little success in establishing
a satisfactory correlation with the experimental results. Although Sophie Germain®
attempted to develop a differential equation governing the free vibration of plates, it was
Lagrange* who developed the correct form of the equation by adding missing terms to the
equation developed by Germain. However, the complete derivation of the governing
differential equation with flexural resistance included was attributed to Navier’ who used
Fourier trigonometric double series to solve the problem of simply supported plates.

Later Kirchoff® extended the equation developed by Navier to include the effect of

1 Euler L.(1707-1783) ,“De Monto Vibratorio Tympanorum”(1766).

2 Bernoulli J.111-(1744-1807),“Essai Theorique sur les vibrations de plaques elastiques rectangulaires et
libres™( 1789).

3 Sophie Germain(1776-1831), famous for her work using the calculus of variations.(1811-1816)

“ Lagrange,J.L(1736-1813), believed to be the first to find the correct form of the equation in (1813).

5 Navier,C.L.M.H.(1785-1836), engineer who made important contributions to the theory of elasticity.
¢ Kirchoff, G. R. (1824-1887).

7 Levy,M. “I'equilibre elastique d’une plaque rectangulaire”(1899).
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combined bending moment and stretching. Levy’ proposed a single trigonometric series
that provided a more accurate rapidly converging solution for rectangular plates with at
least two opposite simply supported edges. This method was a more efficient and faster
alternative to the slowly converging Navier double series which only handles plates with
simple supports on all edges. In the early sixties and after the emergence of high speed
computers, Timoshenko[2] introduced the western world to the successful work of
Russian scientists in the domain of elasticity. Leissa[S] provided engineers and scientists
in the late sixties with solutions and mode shapes to a whole variety of plate problems
with different geometries. However, many of these solutions presented in Leissa’s work
do not satisfy exactly the governing differential equation, the boundary conditions or
even both. Based on the work of Timoshenko and realizing the need for accurate plate
solutions, and in the absence of an orderly presentation of these solutions in Leissa’s
work, Gorman(1] introduced the superposition method in the mid seventies and early
eighties for the study of rectangular plate free vibration.

In his work, Gorman extended the use of the superposition method from the static
plate applications to the dynamic plate problems in an orderly manner. This lead to
accurate analytical solutions for rectangular plate problems with any combination of
conventional' boundary conditions, and satisfied the governing differential equation
exactly and the boundary conditions to any desired degree of accuracy. This method
consists of superimposing a set of selected forced vibration problems for which exact
series solutions exist and are known as Levy type solutions. These superposed solutions

are called building blocks. They are usually driven by distributed harmonic moments or

! For a detailed description of conventional boundary conditions refer to explanations in chapter 2.
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vertical edge reactions along the boundaries. Once the building blocks are superimposed,
boundary conditions are imposed in order to obtain the solution for the unknown Fourier
coefficients. In the late nineties, another book by Gorman{3] came into existence
extending the vast capabilities of the superposition method to the solution of new families
of plates such as orthotropic, parallelogram, triangular and laminated plates. This thesis
takes origin in the work of Gorman and constitutes an extension of the powerful
capabilities of the superposition method to permit solution of a new problem “the
cantilever plate with varying discontinuities in properties moving out from the clamped
edge”. The next section presents a brief comparison with the available alternative

numerical solutions.

1.3 Alternative Techniques

According to Gorman(3] the superposition method can be compared to two other
techniques in the solution of plate problems. These are the Rayleigh-Ritz and the finite
element method. Both the superposition method and the Rayleigh-Ritz method are based
on continuum mechanics. The Rayleigh-Ritz method consists of assuming a series of
suitable functions for representing the plate lateral displacement that will satisfy as much
as possible the boundary conditions. A solution is then obtained by an energy method.
The finite element method (F.E) is a very powerful numerical method using high speed
computers to obtain solution for complex structures where the application of analytical

solutions becomes a formidable task.




Unlike the Rayleigh-Ritz and the F.E methods, the superposition method is the only
one that generates solutions satisfying the governing differential equation throughout the
whole domain of the plate. Moreover, it has been demonstrated that appropriate functions
in the Rayleigh-Ritz method do not exist for representing plate displacements when free

edges are involved.

1.4  The Governing Differential Equation

The governing differential equation of a plate in pure bending subjected to lateral

loading was presented by Timoshenko[2] as follows :

W) , 8" W(xy) | 9 W(x,y) _ ax,y) (12
ax4 aXZayl ay4 D i

where q(x,y) is the intensity of the applied static loading and D the plate flexural rigidity

given by:
3
D =Lh_
12 -v?)

where E is the modulus of elasticity, h the plate thickness and v is Poisson ratio. However
the previously stated differential equation for the static case should be modified in order
to study the free vibration of plates. This is done by replacing the static loading q(x,y)dA

by the inertial load of magnitude

pdAd*W /ot?




where t is time, W the lateral displacement, dA the plate differential surface area and p
the mass of the plate per unit surface area. The governing differential equation for the
free vibration of plates as stated by Gorman([2] is as follows :

' W(x,y,t) +3 ' W(x,y,t) . F*W(x,y,t) +£62W(x, y,t) _
ax-l axlayz ay4 D atz

0 (1.1.b)

However, the current form of the differential equation is first altered by performing a
separation of variables as W(x,y,t)=W(x,y)T(t) where T(t)=Asin(wt+a), is a sinusoidal
time function with A and @ constants to be determined. The time variable was
successfully eliminated from the govemning differential equation and two separate equal
equations were obtained, one in function of time and the other in function of
displacement. That could only mean that the two equations were equal to a constant. This
constant was stated as w2. w will be known later as the circular frequency of vibration

and will be the representation of the time factor in the plate equation obtained as:

4 4 4 2 .
8 \Zg Y) 1o 6632(;,2)') .9 ‘Z;i‘ y) mDp W(x,y) =0 (1c)

It was found more convenient to express this equation in dimensionless form, thereby

allowing a more general approach, it becomes,

OWEN) O WEN I WEN) .

WE,n)=0 1.1d
ag‘ ¢Zagzar'2 ¢4ar|4 (é n) ( )

or
S W(E, I W(E, . *W(E, 4n4
aﬁ n) +2¢? 5'12(;5:]) +¢ %-# AWEn)=0 (1.2)
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where £=x/a , n=y/b, ¢=b/a the aspect ratio of the plate and a, b are the plate edge
dimensions as represented in Figure 1.1. A2=wa2(p/D)I/2 will be known later as the

dimensionless frequency, with D and p as previously stated.

a X,&_,

-

y:n
\ 4

Figure 1.1 : Rectangular plate coordinate system.

Figure 1.1 represents the rectangular plate in dimensionless coordinates. Equation (1.2)
is the governing differential equations that will be used for the free vibration problems.
The general solutions for plate boundary conditions will now be examined in Chapter

two.




Chapter 2
THE RECTANGULAR PLATE

In the previous chapter, the governing equation of plates was introduced to the

reader. However, before exposing the analytical solutions for the multi-span cantilever

plate problem in Chapter 3 it is necessary to introduce the underlying theory including

general plate boundary conditions as per Gorman(1].

2.1 Limitations

The range of plate geometries for which the goveming equations (1.1.d) and (1.2),

presented in the previous chapter are applicable, is subject to limitations due to the

assumptions made in setting up the governing equation for thin plates. The limitations as

stated by Gorman(2] are repeated here for the sake of completeness.

1-

The thickness of the plate is small compared to its lateral dimensions (theory of thin
plates).

For higher vibration mode shapes, the plate thickness is small compared to distances
between nodal lines (lines along which no vibratory displacement occurs).

The lateral displacement (W) of the plate is small compared to its thickness (h).

The effects of rotary inertia are negligible; that is, the plate never possesses
significant energy due to rotation of its elements.

There are no significant net tensile or compressive forces in the plate.




6- The Levy type single series solution can only be applied to rectangular plates with at
least two opposite simply supported or slip shear edges, or any combination of the

two.

2.2 Classical Boundary Conditions

The three types of classical boundary conditions that have been studied extensively
in the literature are clamped, simply supported and free edges. Each boundary condition
implies specific constraints or continuity conditions regarding moment, vertical shear,

displacement and slope.

2.2.1 Mathematical Formulations

The mathematical formulations were derived by Timoshenko[2] and were

manipulated in dimensionless form by Gorman[1]. The slope can be expressed in terms

of displacement W(£,m) with respect to the £ or m axis respectively as:

- WED o 5 W& @b

The bending moment with respect to the £ or m axis is as follows and as shown in Figure

2.1:

W, B*W(E, b__[’WE W,
2 2502288 o




The vertical edge reaction with respect to the & or m axis is as follows and as shown in

Figure 2.2:

v, 2o |OWEm v PWEm | 807 [PWED .0 PWED] o
*D &' ¢ oo’ "D on’ onae’
a
AMAAA A E-’
NAANNT

b
Mo

Figure 2.1: Distributed bending moments.

f 5 1 4 —>
| e ,ll

az
f },»' v, —
I *D

'}wlilby

V“. F

Figure 2.2 : Distributed vertical edge reactions shown in the positive direction.
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2.2.2 Clamped Edge

A clamped edge is formulated by a zero displacement and zero slope along the

edge as:
W(Em)=0 (2.4)
a_Yag(éil‘). =0 or ——_——a W(g, n) =0 (2.5)

2.2.3 Simply Supported Edge

A simply supported edge is formulated by a zero displacement and zero bending

moment along the edge as follows:

W(En)=0 (2.6)
2 2
S WEn) ‘Zé(f’“) =0 or 2WEMW _, Q.7

2.2.4 Slip Shear Edge

A slip shear edge is formulated by a zero shear force and zero slope along the edge

as:
as‘gg(%ﬂ) =0 or asw(§:ﬂ) =0 V (2.8)
ﬂé_@_ﬂ_) =0 or 9"_‘;%_'1). =0 (2.9)
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2.2.5 Free Edge

A free edge is formulated by a zero shear force & twisting moment and a zero

bending moment along the edge as follows:

aBW(g,ﬂ) + v’ 63W(§,'q) =0 and 62W(§,r|) +V_62W(§,n) =0 or (2.10)

& ¢ & &t e o
a’W(§,n)+v-¢z 6’“:@,'1) -0 and 52“’—(?")” 4,2@%"_):0 @.11)
on o0& "on an g

2.3 The Two Families of Problems

Rectangular plate problems with classical boundary conditions fall into two distinct
families. The first family is solved by Levy-type solutions for plates having at least two
opposite simply supported edges or at least two opposite slip shear conditions, or an
opposite pair consisting of one simply supported edge and the other with slip shear
conditions. Levy-type solutions consist of a series solution involving fourier sine or
cosine series in one coordinate direction where the associated coefficients are functions
of the other coordinate. Levy-type solutions are chosen to satisfy the boundary conditions
of the two opposite simply supported or slip shear edges, or any combination of the two.
The second family represents plates with any combination of classical boundary
conditions that do not satisfy the first family. They can be solved by the superposition
method that was introduced briefly in Chapter 1 and that will be implemented in detail in
Chapter 3 for the solution of the cantilever plate problem. It is noted that the
superposition method uses forced vibration solutions of the first family in different

building blocks that are combined or superimposed to permit satisfaction of the given
12




plate boundary conditions. Table 2.1 presents a summary of building block

representations for different available Levy-type solutions.

Table 2.1: Building block cases with Levy-type solutions for displacement.
The double circles represent slip shear and the extended lines represent a

simple support. The coordinate system of figure 1.1 applies.

Simply supported(SS) or slip e
shear edge X,5 6 o S X5 NS
2% S g3
Case 28 ® Case S8 35
olo olo £23 2 > g8
1 %25 S 5%
y.m et s 3 z$
Simply supported or zero vertical y,n % -4
reaction edge 7]
Simply supported(SS) or slip -% SS X, &€ 55
shear edge X,& 5 a7 =""3 3
>.a'g C » £ 8
Case g2 aseé 3 E3s
Ss w28 at
3 i | 4 S 3%
Lam U a E §
y.m vSimply supported or zero vertical ‘ y-n SS @ W
reaction edge
: : Simply supported(SS) or slip
Simply s:::;ﬂo:é:f) or slip X, é shear sdge X, é
Case Case
ss 5 Q|0 o|o 6 Ss
atal sttt Sy
YT ysimply supported or zero vertical > " ¥ Simply supported or zero vertical
reaction edge o reaction edge g ©
[ - = :l [« ]
éa SS x,& ;§§ ;% o x,é3 §§
a\ - (=]
1 Case S 8- g B2 Case B3 §§
i 7 8 sk 8 & i3
a® ~ &% ® D 2
28 o E8 gS
a ® © n 8 ® B -
(% Y.n y.M ss

ot
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Table 2.2:

Levy-type solutions for displacement for building block cases of Table 2.1.

o
Casel: WEm)= X Y _(n)cos(mng)

Case?2:

Case3:

Case4:

Case5:

Case6:

Case 7:

Case8:

m=0,1,2

[ o}
WED= X Y, (§)cos(nnm)
n=0,12

a0
WEmw= X Y (n)sin(mnf)
m=123

[+ o]
WEn) = XY, (&)sin(nnn)
n=123

(= o]
WEmw= X Y (wsin(mn/2)
m=1,3,5

[o o]
WEM= I Y_(m)cos(mnt/2)
m=13,5

(o o]
WE.,n)= XY, ()sin(ntn/2)
n=13,5

a0
WEn= XY,(E)cos(nnn/2)
n=135

2.12)

(2.13)

(2.14)

(2.15)

(2.16)

2.17)

(2.18)

(2.19)

14



,r CHAPTER 3 FLOWCHART
| The Cantilever Plate with Step Discontinuity in Properties. l

'This section is the part dealing with 3 span cantilever plates, their

o v L ;bulldmg blocks, their solutions and the development of the
N Pt ““eigenvalue matrix leading to the solution to the problem.
Section 3.1 - iAlso a brief explanation of the computer program used is included.

*; The 3 Span Cantilever Plate l

+

'This section introduces the reader to the building blocks used for the

Section 3.1.1 . i3 span cantilever plate. It con.tains an explanation of the building

o . The 3 Span Cantilever !blocks representing continuity conditions associated witl3 (.he
’ Building Blocks spans.(ecquations 3.1 to 3.8). It also explains why the remaining
—. ‘building blocks which deal with boundary conditions have been

ichosen .
- {Now that the building blocks have been introduced to the reader,
Section 3.1.2 | _their solution is provided here. Section 3.1.2a presents solutions to
— Bmldlng.BIocls " |bu|ldmg blocks of spans 2 & 3. Section 3.1.2b presents solutions to
Solutions i ‘building blocks pertaining to span 1.
a— v i .This section provides solutions to the building blocks
— ; Section 3.1.2a . E.GH,LJ,K.L,M,N,O,P of figure 3.2 as represerited by

Spans 2 & 3 Building P"""equltu:ms 3.9 to 3.38. Refer to chart 3.2 for a more

Blocks Solutions. i idetailed flowchart.

: : i Sectiom 3.1.2b i /This section provides solutions to the building blocks

' . —p. Span 1 Building Blocks L—JA B,C,D.F of figure 3.2. Refer to chart 3.3 for a
; Solutions. 1 imore detailed flowchart.

L T Seen ! s
—N Genemri:ns ;’1{.3 the is section explains the genecration of the ecigenvalue matrix

é Eigenvalue Matrix. ‘* leadmg to the solutions and the required mode shapes.

Il
{ Section 3.1.4 is section is a brief intoduction to the computer program used
i > Generation of the for the gencration of the eigenvalue matrix.The intention is to
Computer Program rovide a general idea about the program used. Refer to figure
- 3.14"for a more detailed flowchart.

iGuidelines to the solution of the 4 span cantilever plate are

Section 3.2
on exposed by analogy with the three span piate.

The 4 Span Cantilever Plate

Chart 3.1 : Flowchart providing a general overview of Chapter 3.
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Chapter 3

THE CANTILEVER PLATE WITH STEP DISCONTINUITIES IN PROPERTIES

The uniform cantilever plate problem has been solved three decades ago and
solutions can be found in the work of Leissa[5] and more accurately in the work of
Gorman[1] using the superposition method. In his work, Gorman realised that due to the
cantilever plate geometry, asymmetry about the mid plate axis perpendicular to the
clamped edge cannot be possible, simply because there are no preferred directions.
Therefore all the analytical cantilever plate solutions were derived using symmetry or
antisymmetry with respect to this axis choosing appropriate building blocks for each
case. This thesis does not utilize the symmetry feature of the cantilever plate in
developing the building blocks employed for deriving the analytical solutions. Solutions
for all possible modes are thus obtained. The interested reader is referred to the mode
shapes presented in Chapter 4 for an appreciation of the symmetry phenomenon. This
chapter presents free vibration analytical solutions in detail for the three span cantilever
plate and introduces the extension to the four span case. The reader is encouraged to

consult Chart 3.1 for a quick overview of this chapter.

3.1 The Three Span Cantilever Plate

The plate coordinate system of Figure 3.1 applies to the three span cantilever plate.

For the purpose of this thesis, the three span cantilever plate is composed of three

segments of different structural properties. This fact creates two discontinuities parallel to
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the clamped edge. The edge length b is constant throughout the plate and span lengths are
a1, a2, as. For demonstration purposes, the variation in structural properties from the
clamped edge is represented by varying thicknesses per span hi, h2, hs creating a

discontinuity in stiffness and mass. This is shown in Figure 3.1.

a XaE_,
Z a- ! az ' as -
span 1 span 2 span 3
b """‘"'""'""E""""""‘"'“"'g """"""""""
y.-M X,&

Figure 3.1 : The three span cantilever plate.

3.1.1 The Three Span Cantilever Plate Building Blocks

The cantilever plate is a CFFF rectangular plate (clamped, free, free, free) that
does not belong to the first family of plate problems as discussed earlier in section 2.3.
The use of the superposition method is therefore required to obtain accurate analytical
solutions. For this purpose, the three span cantilever plate is divided into several
superimposed building block sets for which Levy-type solutions are available. Each span
represented in Figure 3.1 corresponds to a set of building blocks in Figure 3.2. The
number inside each building block is relative to the span it represents. The building

blocks are referenced by letters from “A™ to “P”. For an easier follow up of the coming
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discussions, the reader may wish at this stage to produce a photocopy of Figure 3.2 in
addition to tables 2.1 and 2.2.

Since the cantilever plate forms a continuous rectangular plate, continuity
conditions are enforced between the plate spans. This is done by enforcing continuity of
slope, vertical shear, moment and displacement. The enforcement of the continuity of
moment and displacement will be discussed in section 3.1.3 while establishing the
eigenvalue matrix. Blocks “D"+“E” and “F”+“G” of Figure 3.2.a form a coupled pair of
building blocks. The continuity of slope between spans 1 and 2 is enforced by blocks
“D”+“E”. Blocks “F"+“G” enforce the continuity conditions for vertical shear. Blocks
“J7+“K” and “L”+“M” of Figure 3.2.b enforce the same conditions for spans 2 and 3.
For the sake of completeness the continuity conditions of slope and vertical shear are
formulated next.

Considering block “D” of Figure 3.2.a, the reader will realise that this building
block is a case2 Levy-type solution with a response W(£,m) as per equation 2.13 in Table
2.2. In this building block, a forced rotation is imposed at edge x = ai of the plate. In
dimensionless form, this edge corresponds to £&=1. The unknown spatial distribution of
the imposed edge rotation is expressed in the same cosine series form as equation 2.13.
By using equation 2.1 for the expression of the slope, the following relation could be

obtained at edge £&=1 as:

0 W(, ®
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Block A Block B Block C | | Biock Block H | Block F _
0 [A"2"A"A"A A2 A"ATA (] 0 0 0
0 NVNNNNSNNN 0 0 [ 0
< Figure 3.2.a:Span 1 building blocks
& & =) = ) & = )
0 AN 0 0 0 9
) 0 0 0 — _ 0
b o 2 dodo 2 o 2 3 dop 2 _ _ 3 bt
Block H Block I Block Block K| | Block r_ ﬁ Block M
AN AN AN 0 0 0 0 0
NINSNNINN 0 0 0 0 0
Figure 3.2.b: Span 2 building blocks
& & &
_0 AN 0
) )
| )
b 1 3  dodb 3 olo ofo 3 W
Block N Block O Block P}
DOONOONON 0 0 )
NNNNNSSNN) 0

Figure 3.2.c: Span 3 building blocks.

Figure 3.2: The three span cantilever plate building blocks .
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where E, is the driving coefficient for span 1 and where W(§m) is the lateral
displacement divided by segment width ‘b’. The subscript “n” has been utilised to
indicate the driving coefficients. Now, considering block “E” of span 2, the forced
rotations are imposed at edge x = 0, or in dimensionless form at edge £=0. Following the
same principles discussed above, the imposed edge rotation at edge £=0 is expressed in

series form as:

QWE |, =~ ZE; cos(amn) (32
% n=0,12

where E, is the driving coefficient for span 2, W(£,n) is non-dimensionalised through
division by edge length ‘b’ and the negative sign reflects the orientation change of the
rotations. It is recognised that the condition of continuity of slope at the inter-span
boundary is enforced by relating the driving coefficients pertaining to spans 1 and 2. In
fact, the imposed driving coefficients at each span must generate the same actual slope
since the two building blocks in the coupled pair under consideration are the only ones
that can contribute toward slope at the inter-span location between spans 1 and 2.
Equation 2.1 presented earlier in section 2.2.1 is an expression of the slope S¢ where £=0
and W(Em) is the lateral displacement divided by segment width ‘a’. Since the
Displacement for blocks “D”+“E™ is non dimensionalised through division by edge
length ‘b’ as was the case for equations 3.1 and 3.2, the contribution towards slope of this

building block must be multiplied by the plate segment aspect ratio as follows:
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o W& |... b/a; = EE,, b/a, cos(nnn) (3.3)
o n=0,12

and

o W(, D e

g .o b/a;=— XE, b/a;cos(nmm) (3.4)
a3 n=012

where i and j are a general denotation of the successive building blocks in each coupled

pair. Equating 3.3 and 3.4 the following relationship can be written at the interface:

E,=E,{6./¢;} (3.5)

where all the driving coefficients pertaining to the second building block of the coupled
pair are multiplied by the factor -di/d; and where ¢ is the aspect ratio. The same applies
for spans 2 & 3.

The coupled pair “F”+“G” enforces the condition of continuity of vertical shear at
the inter-span boundary by relating the driving coefficients pertaining to spans 1 and 2.
Each span must generate the same actual vertical shear since the actual transverse shear
forces must be continuous across the interface of the pair. It is noticed that for this
coupled pair with analytical solutions running in the £ direction, it is necessary to
multiply the right hand side of equations 2.3 by the quantity b/a. Block “F” of the coupled

pair will have the following non-dimensionalized vertical edge reaction:

a, | _ [@WEn) v SWEN) -
V§ bD, l&:l - a§3 +¢z aéal'lz Ig,l -n=%’113,5\|’(ﬂ) (3.6)
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where y(n) is a trigonometric function of m. Now, considering block “G” relative of

span 2, the vertical shear at the inter-span edge £=0 is expressed as:

3 3 * 9
v 2 __|2WEn) v SWE ) E—E;w(n) 3.7

*bD, o o’ ¢> dEom? ] o =n =012

where the negative sign of E| is necessary so that the shear forces between the building

blocks are opposite. Relating equations 3.6 and 3.7 for the same vertical shear V, the

following driving coefficients relation is obtained:

E; =En{'(Di/Dj[¢i/¢j]3} (3.8)

where the right hand term is the multiplying factor for the driving coefficients of block

“G” throughout. D; and D; are the flexural rigidities of the respective plate segments i&j.

As a summary to the above discussions, the bracketed term of equation 3.5 is a
multiplication factor used to derive the solutions of blocks “E & K” from blocks “D” &
“J”. The bracketed term of equation 3.8 is used to derive the same for blocks “G” & “M”
from blocks “F” & “L”.

The reader will realise that the remaining building blocks of Figure 3.2 enforce the
boundary conditions of the plate. In fact, looking at span 1 of Figure 3.3, the edge along
£€=0 is clamped and edges =0 (y=0) and n=1 (y=b) are free. The three building blocks
taking care of this condition of spanl are blocks “A”,“B” and “C”. It is noticed that those
building blocks are from the first family of plates for which Levy-type solutions as per
Table 2.2 exist. The boundary conditions imposed along their edges are simple support,

slip shear, and forced analytical solutions (rotations). Again, a simply supported edge is
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yn

represented by an extended line whereas a slip shear edge is represented by two adjacent

circles. Block “A” shows a forced rotation along edge £€=0 that is simply supported for

reasons that will be discussed next.

span 1

N

span 2

span 3

NI IT

Figure 3.3 : The superposition method building blocks

Slip shear conditions are enforced along the other edges. Block “B” has simple support
along edge £=0 and slip shear condition along n=0. A forced rotation is imposed at edge
n=1. Block “C” shows simple support along edge £=0, slip shear condition along n=1

and a forced rotation along 7=0. The superposition of the three building blocks “A”, "B”
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and “C” along with the enforcement of the boundary conditions in the generation of the
eigenvalue matrix in section 3.1.3 will generate the first span contribution in the
cantilever plate problem. The reasons for the choice of the building block boundary
conditions are obvious and are discussed in the three cases below.

a) Simply supported edge £=0:

Considering blocks “A”, "B™, “C”. Since the cantilever plate edge &=0 is
clamped, all the building blocks of spanl contribute towards enforcing clamped edge
conditions along this edge. These conditions are zero displacement and zero slope as per
equations 2.4 & 2.5. In order to satisfy the zero diéplacement condition, a simple support
is imposed along edge £=0 of each of these building blocks (as per equation 2.6). The
zero slope condition along this edge will be enforced in the first row of the eigenvalue
matrix generated in section 3.1.3. By enforcing these boundary conditions, the driving

coefficients (EIl or Em) of the forcing functions are constrained.

b) Slip shear along edges

Considering spanl, the edges along =0 and =1 are free. Therefore blocks “A”,
“B”, “C”, participate in enforcing free edge conditions along these two edges. Free edge
conditions are satisfied by adjusting the applied bending moments of building blocks “B”
and “C”. The condition of zero bending moment is satisfied in the second and third row
of the generated eigenvalue matrix of section 3.1.3. The same applies along edges m=0
and =1 for blocks “H”, “I” of span 2 and blocks “N”, “0”, “P” of span 3. The condition
of zero bending moment along the free edge of span 2 is satisfied in the sixth and seventh
rows of the generated eigenvalue matrix of section 3.1.3. For span 3, this condition is

satisfied in rows ten, eleven and twelve of the same matrix. Spans 2 and 3 differ from
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span 1 since a slip shear condition is imposed along edge £=0 for each span instead of
simple support. This is obvious since the inter-spans 1,2 & 2,3 are not clamped but in fact
continuity conditions have been enforced.
c) Forced rotations or vertical reactions on edges

Considering blocks “A”, “B”, “C”, the forced rotations imposed at edges £=0, n=0
and m=1 respectively, are utilised to satisfy the boundary conditions for free vibration
related to span 1. For block “A”, in addition to the imposed rotation at edge £&=0, a
condition of zero displacement representing a simple support is also imposed. For blocks
“B” & “C”, in addition to the imposed rotation at edges m=0 and m=1, a condition of zero
vertical shear is also imposed. This is in conformance with the cases shown in Table 2.1.
The superposition method uses these building blocks to generate a solution satisfying the
boundary conditions of the first span. In each block, the forcing function coefficients are
expressed in the solution as will be explained in section 3.1.2. Blocks “A”, “B”, “C” are
then superimposed and are forced to satisfy the constraints imposed in rows one, two,
three and four of the eigenvalue matrix of section 3.1.3. It is noted that block “D” of span
1 in Figure 3.2a also employs a forcing function at edge &=1 resulting in equation 3.1.
These forced building blocks contribute towards obtaining the eigenvalues of the plate. A
condition of zero vertical shear is imposed along the same driven edges of the blocks that
follow next. Considering blocks “H”& “I” of span 2, forcing functions are imposed on
edges m=0 and m=1. Block “J” of Figure 3.2b enforces the same condition along edge
&=1. The superposition of these building blocks, through satisfying the constraints
imposed in rows four to nine of the eigenvalue matrix contribute towards satisfying

boundary conditions for span 2. Blocks “N”,”O”,”P” of span 3 are forced along edges
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n=0,m=1 and &=1. Block “K” pertaining to span 3 of Figure 3.2c is driven as well along
edge £=0. The superposition of these building blocks, and satisfying the constraints
imposed in rows eight to twelve of the eigenvalue matrix, contribute towards satisfying

required conditions related to span 3.

3.1.2 Building Block Solutions

3.1.2.a Span 2 and 3 Building Blocks Solutions

It is now appropriate to derive the analytical solutions provided for each building
block before generating the eigenvalue matrix in section 3.1.3 for the whole cantilever
plate. The intention of this section is to present the analytical solutions to the multiple
blocks of spans 2 and 3 (blocks “H” to “P”) presented in Figure 3.2b and 3.2¢. The reader
is referred to the work of Gorman[1],[3] for a detailed derivation of the solutions and to

Chart 3.2 at the end of this section for a brief outline of the derivations.

az a2z
b do 2 do do 2 de
BLOCKH BLOCK 1
% B I
NIAARRAARRIRT
b do 3 #o or 3 T Fi 3.4c:In ed
igure 3.4c:Intermediate
BLOCK N BLO(:K o building block
Figure 3.4a Figure 3.4b

Figure 3.4 : Analysis of building blocks “H”, “I”, “N”, “O” of spans 2 & 3.
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We examine Figure 3.2b, building blocks “H”&“T” of span 2 and blocks “N”&
“0O” of span 3 reproduced in figures 3.4a and 3.4b. A solution for those four building
blocks could be obtained by analysing the building block of Figure 3.4c. This building
block is of the type shown in case 1 of Table 2.1. Equation 2.12 is a Levy-type solution

for the spatial response of this specific building block and is written as:

= o}

WEn= I Y_(n)cos(mnZ) (2.12)
m=0,1,2

where W(£,m) is the lateral dimensionless displacement with respect to length “a”,
(equals w/a). Substituting equation 2.12 into the governing differential equation 1.2 and

rearranging, one can write the following equation:

d‘'Y,(n)

2
—=2 242y = 4 g ()~ 23, (m) = 0
n dn

The solution of the above equation is well known and it depends on whether A2 - (mm)’
is positive or negative.

For 2’ > (mn)’,Y,(m) = A, coshB,n+B_ sinhpf_n+ C,cosy,n+D_ siny,n (3.9
For A* <(mm)?,Y,_ () = A, coshB,m+B, sinhf n+C, coshy,n+D_ sinhy_n (3.10)
where, B,° =¢>{A* +(mm)*},7,° =62 {A*> —(mn)*},o0r = ¢*{(m=n)> — A%}, whichever is
positive.

A2 (equals wa?(p/D)!/2) is the dimensionless frequency as stated in section 1.4. It is now

necessary to determine the constants A, B, C_ and D_ by imposing the boundary
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conditions along the building block edges. Since a slip shear condition is imposed at edge
m=0, all anti-symmetric terms in equations 3.9 and 3.10 must vanish, eliminating

therefore the Ba, and Da coefficients .The previous equations can now be written as:

For A’ >(mn)?, Y, (m)=A_coshB,n+C_cosy,n (3.9a)

For A? <(mn)?, Y.m)=A,_ coshB_n+C_coshy_n (3.10a)

Considering k* equal upper limit of “m” for A2-(mn )2 positive, and replacing the above

values for Y, in equation 2.12, the following equation can be obtained:

k
WEn= X(A,coshf,n+C, cosy,n) cos@mnl) +
m=0,1

> (A, coshp,n +C,, coshy,n)cosunz) @3.11)

m=k" +1

Equation 3.11, with the anti-symmetric terms removed, satisfies the boundary condition
at edge m=0. Furthermore this equation satisfies exactly the prescribed boundary
conditions at £=0 and &=1 as required for Levy solutions. The two boundary conditions
along m=1 remain to be satisfied. The first is a condition of zero vertical shear and the
second is an imposed edge rotation along the same edge.

We begin by enforcing a zero vertical edge reaction along the driven edge m=1, as
expressed by equation 3.12. The second step is to substitute equation 2.12 into this

equation to obtain a differential equation in terms of Y, (n) (equation 3.13).

W, .2 OPWE,
{_;(?ﬂw ¢ _an—;%‘l}l,‘_, =0 (3.12)
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or Y'(n)-v'diz(mn)zY'm(q)I“_l =0 - (3.13)

The third step is to substitute the values for Y, (n), given as expressed by the bracketed
terms of equation 3.11, into equation 3.13 to obtain an expression relating coefficients

A, and C_ as follows:

For A* > (mn)?, A, ﬁim [Bmz -v'¢2(m1t)2]¥inh[3m +
Cofray2 +v o2 (mm)? Jsiny, =0 (3.14)

For A* <(mm)?, A,P.[B.2 -v'¢(mn)? [sinbp,, +
Caftufr? +v o2 (mm)* sinky, =0 (3.15)

A rearrangement of the previous equations by expressing C_, in function of A readily
shows that the bracketed quantities of the summations in equation 3.11 may be written

for each term m as per equations 3.16 and 3.17, as follows:

For A* >(mn)?, Y,(m)=A_{coshf n+6,, cosy,n} (3.16)

FOI' }‘2 < (mn)z’ Ym ("'I) = Am {COSh an + e2m COSh'mel} (3'17)

_Ba(B, —V'¢’(mn)’)sinhp, .0 =_P_2Lﬁm2 -v'¢*(mn)’)sinh B,
Yoo’ +V' > (@mm)*)siny, =+ Yo(fa —V'é*(mm)?)siohy,

where 0,, =

and the solution 3.11 will be expressed as :

k
WEm= X [A {coshp,n+8,, cosy,n}jcos(mnE) +
m=0,1,2

Y[A, {coshpn+8,, coshy,n} Joos(mnz) (3.18a)
m=k +!
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Next, in order to satisfy the last prescribed boundary condition along edge m=1, the
imposed edge rotation is now expanded in the same series form as the building block

response (equation 2.12) and is expressed as:

WE  _S°E, cosmne (3.18b)
al'] n=t m=0

The intention is to express the building block response in equation 3.18a in terms of the
above Fourier driving coefficients E_ of equation 3.18b. This is done by substituting
equation 3.18a into the left hand side of equation 3.18b to get equation 3.18c for each

term m:

For A’ > (mm)?, G_W;? | = An .. sinhp_ —v_6,, siny, Jcosmnt

For A’ < (mn)?, ﬂ/% o =An {B., sinhB_ +7v,6,_ sinhy_Jcosmnt (3.18¢)

expressing A, in terms of E_, by equating the right hand sides of equations 3.18b and

3.18c, the following relations are obtained for each term m:

For A’ >(mn)?,  Y,(n)=E_0,,, {coshB,n+86,_ cosy_n} (3.19)
For A’ <(mr)’,  Y,(n)=E,0,,{coshp,,n+6,, coshy, n} (3.20)
1 1
where 0,,, = 3.21)

3020 =
Bm Sinh Bm -elem Sin Ym 2 Bm Sinth +e2mYm SinhYm

The response for building blocks “H” & “N” is therefore expressed as:
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k
WEN= X [E.0,.{coshB n+6,, cosy,n}]cos(mnE)+
m=0,12

2 [E.8x, {coshB,n +0,, coshy,n} Jeos(mnE)
m=k +1

(3.22)

The solution for building blocks “I” & “O” in figure 3.4b is derived by replacing the

quantity n in the previous solutions by 1-n. This covers all the equations from 3.11 till

3.22. The procedure won’t be repeated here. However in view of sign convention, the

slope will change sign and the solution of this building block is preceded by a minus sign

as represented by equation 3.23:
k.
WEm=- I [E.0,,{coshp,(1-1)+8,, cosy, 1~} ]cosmnE -
m=0,1,2

(> o]
z.[EmOZZm {COSth (1 - "'l) + eZm COSh Ym (l - ﬂ)} ]coné
m=k +1 .

and the rotation along edge n=0 is represented as:

Méﬂl =-3 E, cosmn(®)
M o w0

1 1

where 0, = 20, =
He Bm Sinhﬂm —elem SinYn o Bm Sinth —OZmYm Si'nhYm

__Ba®a’ ~v'¢’(mm)’)sinhB, o _ _Bn(B.’ —v'¢’(mm)’)sinhp,

e 2 [ ]
‘ Yol +V2@n))siny,  —  Yo(ta —V'é’(mm))sinhy,

(3.23)

3.24)

Blocks “E”, “J”, “K”, “P” of spans 2 & 3 in Figure 3.2b and 3.2.c, are represented in

Figure 3.5a and their solution is provided by analysing the intermediate building block in

Figure 3.5b.
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The solution for the building block in Figure 3.5b is easily extracted from the one in

figure 3.4c through a proper interchange of axis.

an a2
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=
8l 1N : 2 o1°
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A 2
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0 ) 15
b de W(&m) 3
oLo 2 3 oHo ;
BLOCK J BLock k| >N S
—— % '
%3 Figure3.5b:Intermediate block
° h
D
ofo 3 X
BLOCK P D
o D
o
Figure 3.5a

Figure 3.5 : Analysis of blocks “E”, “J”, “K”, “P”.

This implies that £ and m must be interchanged. This interchange of axis induces the
following changes in the new formulation as follows:

a) In Figure 3.4c the aspect ratio is ¢=b/a and since the building block of Figure 3.5b is
extracted by an interchange of axis the corresponding new aspect ratio is the inverse
d=a/b. Therefore ¢ is replaced by 1/¢.

b) The parameter A2=wa?(p/D)!/2 relative to building block of Figure 3.4¢ is based on
edge length “a”. It must now be replaced by the parameter Av2=wb2(p/D)I/2 which is

equal to A2¢2, so that it is based on the edge length “b” in the new formulation.
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c) The lateral displacement W(§,m) = w/a, is the dimensionless displacement with
respect to length “a”. The change of axis requires that W(§,m) = w/b which is non-
dimensionalised by edge length”b”.

d) The forcing function coefficients of the imposed rotations are expressed by E_
instead of E .

The solutions for building block 3.5b and blocks “J” & “P” are obtained by performing
the above changes on equations 3.11 till 3.22. The procedure won’t be repeated here and

the solution is as follows:

Q0
WEmn= X Y (§cosnmn (3.25)
n=40,1
For A’¢* >(nm)®>,  Y,(8)=E,0,, {coshB,&+0, cosy &} (3.26)
For A’¢? <(nm)?>,  Y,(&)=E,0,,{coshp & +8,, coshy &} (3.27)

where,B,* = {2292 +(nm)®}/¢%,y,.” = {A*¢* —(nm)?}/$2,0r = {(nm)> —A*¢?}, whichever

is positive or in other terms :

k
W(E,m) = % Z[E..e“..{cosha,.ﬁwm cosy,&} Jeos(nmn) +
n=0,1,

S [E, 85, {cosh B,E +6,, coshy,&} Jeos(amm) (3.27a)
n=k" +1

The subscript n is used here for all solutions where the analytical functions runs in the £
direction.
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B.(B.> — V' (nn)? /$?)sinh P, 6. —_BaB.’ —v'(am)’ /¢*)sinhp,

0, = , - -
Y nG V@R eY)siny, T T v, -V (@m)? /¢?)sinhy,
and 0, = ! 0,, = L (3.28)
""" 7B, sinhB, —6,y,siny, = > B,sinhp, +0, v, sinhy, )

The rotations imposed at edge £=1 are expressed in series form as follows:

6W(§,TI) = Z En cOS nn(n)
ag E=l n=0

The solutions for blocks “E” & “K” in Figure 3.5a are extracted by replacing & by 1-£ in

equations 3.25 to 3.28. Since the imposed rotation will change sign it is necessary to

introduce a minus sign to the solution in keeping with the sign convention. The solution

for these building blocks is then expressed as:

o o]

WEW=- T Y (1-E)cosnn(n) (3.29)
n=20,

For A'¢* <(nm)’, Y, (8)=E,0,,{coshB,(1-£)+8,, coshy, (1-&)} (3.31)
For X’¢* > (nm)?, Y, (%) =E,0,, {coshB,(1-£)+6,, cosy, (1 - &)} (3.30)
where 8, =—Ba® =V (m)*/¢7)sinhp, 0,, =—BaBs_ =V (am)* /47 )sinhB,

Yo (¥, +V (am)* /$?)siny, Ta(¥a’ —V'(ar)’ /*)sinhy,
and 6, = L ! (3.32)

, Oy =
Bn Sinth -elnYn SinYn 20 Bn SiDth +92n7n SinhYn
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The rotation imposed at edge £=0 is expressed as:

M’ = _i E, cos(nmn)
X | 2

The final solution is expressed as:

k
WEm=- X [E8,,{coshp,(1-E)+8,, cosy,(l-E)} |cos(nmn) —
n=0,1,2
S[E. 8.1, {coshB, (1-£) +6,, coshy, (1 -&)} Jeos(nan) (3.32a)
n=k’ +1

The remaining building blocks of spans 2 and 3, are those enforcing the continuity of
vertical shear in blocks “G”, “L”, “M”.

The intention is to obtain the response for the building block in Figure 3.6b by

an az
2 o
3 i °
1
biock not i . 2 ojo
considered {1]]| seLocke a xE a 43
2o $— +— - T
W, ?.L'._'
as as b op W(Em) o}, bo (&m) =+
N " ;—H"‘H— gl ! —
2 illi
°L° BLOCK L | i 8._02,“, P Figure3.6b: Figure3.6c:
. | Intermediate block | Intermediate block 2
—o -
Figure 3.6 a

Figure 3.6 : Analysis of building blocks “G”,”L”,”"M™.

35



performing a change of axis where £ is replaced by n etc., solutions for the block of
Figure 3.6¢c as well as block “L” are obtained. By substituting & for 1-£ in the previous
solutions, solutions for blocks “G” and “M” are obtained.

The building block of Figure 3.6b has a condition of zero slope imposed along
edge n=1 (represented by two black dots connected by a line), along with a distributed
forced harmonic vertical shear at the same edge. The solution is extracted from the one of

the block in Figure 3.4c and can be rewritten as follows:

Qo
WEn= X Y (n)cos(mnf) (3.33)
m=0,1,2
Since only symmetric functions with respect to the axis, n=0 can be retained here for the
same reasons discussed earlier and with reference to equations 3.9a and 3.10a the

following applies:
For A’ >(mmn)’,  Y,(M)=A,coshf,n+C,_ cosy_n (3.34)
For A’ <(mm)’,  Y,(m)=A, coshB_n+C,_ coshy_n (3.35)

where,B,,” =¢° (3> + (mm)’},y,” =42{A? — (mm)?},0r = ¢* {(mm)? — A2}, whichever s
positive. |
Imposing the zero slope boundary condition at edge n=1 the following equation is written

as:

OW(E,n)
~0 3.36
n | (3.36)
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The procedures applied for obtaining the solutions for building blocks “H™ and “N”
(equations 3.11 to 3.21) are applied here but won’t be repeated. It is noted that equation
3.12 is replaced by equation 3.36. Equation 3.18b representing the imposed harmonic

rotation is replaced by equation 3.37 representing instead a distributed vertical shear as

follows:
b’ 3 . 3 0

v, o = a_“_’(?_'l)w 4,2%] |, = X E cosmnt (3.37)
a;D; on 08 “on m=012 "

Imposing the zero slope condition (equation 3.36) and the edge condition represented by

equation 3.37 the expressions for Y, (1) become:

For A’ >(mn)*  Y,(m)=[E,6,,, {coshB,n+6,, cosy_n}]

For 2’ <(mx)® Y,(n)=E_0,, {coshp,_n+6,,_ coshy_n} (3.38)

for which the response is expressed by equation 3.39:

k
W(é’ "1) = Z [Emellm {COSth‘l + elm COS‘mel} ]COS(mﬂé) +
m = 0,1,2

S[E .01, fcoshB 1 +6,, coshy.n} Joos(mnE) (3.39)
m=k’ +1
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1

where 0,,, =

0 1

" [BnsinhB, B2 —v @) 6)]+6, v, (4% +v (mm)*¢7)siny,

= =B, sinhB,, (BZ — v (mm)*¢7)]+ 8, v, (72 — v (mn)* ¢ )siny.,

o _BasinhB, o _-Bysichp,
t "™ yusinhy,

YmSIDY,

(3.40)

The solution for the building block of Figure 3.6¢ can be extracted from the one in Figure

3.6b through a transformation of axis by interchanging £ and m and following the rules of

transformation as outlined previously in steps a) to d). The response can then be written

as:

k
W(E,n) = % : 2[E.,e.,.. {coshB,& +8,, cosy,&} Jcos(nmm) +
n = 9k

<!é[EueZZﬂ {COSh ﬂné +62n COShYng} ]COS(HTCT])
n=k" +1

1
B, sinhB, B2 —v (am)? /¢D)]+ 0y, (12 + v (nm)? /$P)siny,
_ 1
O = 3 Sinhp, (B —v @) D+ 0y (FF —v ) 14)siny.

where 0, =

9. = PasSinhP, o. = -B.sinhf,
" y,siny, ’ Yo sinhy,

3.41)

(3.42)

The solution for block “L” is represented by the equations 3.41 and 3.42 above. The

solution for blocks “G” and “M™ can be derived from the above solutions by replacing &

by 1-£. One further change must be made. In view of the sign convention for vertical
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edge reactions, the previous solutions must be preceded with a minus sign. The solutions

are expressed in equations 3.43 and 3.44 as follows:

k
WEnN=- X [E,,G,,n (coshB,E+6,, cosy &) ]cos(nm]) -
n=0,12
3 [E,05, coshB,& +,, coshy,E) Jeos(amm) (3.43)
n=k +1
1
where 6,,, =

"B, sinhB, (B2 v (am)? /¢D)]+ 0, v, (v2 + v (um)* /¢D)siny,

1

= =B, sinh B, (B2 —v' (nm)? /¢7)]+ 0,7, (v —v (am)* /¢7)siny,

o _B.sinhB,

: ——r (3.44)
Y. Siny, Y. Sinhy,

The solutions for span 2 & 3 building blocks of figures 3.2.b and 3.2.c have now
been described. The next section presents solutions for the remaining building blocks of

Figure 3.2.a pertaining to span 1.
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SOLUTION FOR SOLUTION FOR SOLUTION FOR SOLUTION FOR
BLOCKS E° & X" BOCKS T o P BLOCKS “H* & °N* BLOCKS *I* 2 0"
| a J
REPLACE _—l
REPLACE THe — e REPLACE THE
.;WI'{"' ! PERFORM THE THESE BLOCKS HAVE A LEVY-TYPE SOLUTION AS PER QUANTITY 7
= TRANSFORMATION EQUATION 2 12 REPLACE THIS SOLUTION INTO THE
PROCEDURES AS GOVERNING DIFFERENTIAL EQUATION 12 T
L2 OUTLINED IN CASES 3) v |
©4)ONPAGE32.
OBTAIN SOLUTION 4 1 gy M
3.3 i
SOLUTION AS PER
EQUATION 3.77a IS
OBTAINED ONE CAN WRITE EQUATIONS 3.9 AND 3.19
L OBTAIN SOLUTION
523
TMPOSING THE SLIP SHEAR CONDITIONS AT EDGE
END END Y=0.ONE CAN GET RID OF ANTISYMMETRIC TERMS.THE
SOLUTION 2.12 WOULD BECOME AS PER EQUATION 3.11.
THIS EQUATION SATISFIES CONDITIONS AT EDGES oD

X=0.X#2,Y=0.CONDITIONS AT EDGE Y=b STILL HAVE TO BE
SATISFIED

THE CONDITIONS TO BE SATISFIED ALONG Y=b ARE A

EBYI1E

OBTAIN SOLUTION
343

EQUATION 3.12 BY 3.36 AND

EQUATION 3.18 BY 3.37

OUTLINED IN CASES )
©0d) ONPAGE 32.

ZERO VERTICAL SHEAR CONDITION AND AN IMPOSED
EDGE ROTATION [IMPOSING A ZERO VERTICAL SHEAR
AND USING EQUATION 2.12 ONE CAN OBTAIN EQUATIONS
3.16,3.17.3 1% AFTER SOME REARRANGEMENTS.

{MPOSING NOW EDGE ROTATIONS ALONG THE EDGE Y=b
AND EXPANDING THEM INTO THE SAME SERIES FORM OF
EQUATION 2.12 ONE CAN WRITE EQUATION 3.22 WHICH IS
THE SOLUTION FOR BLOCKS *H""N"

SOLUTION FOR

AND N IS OBTAINED,

Chart 3.2 Flowchart outlining solutions of spans 2 and 3 building blocks.
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3.1.2.b Span 1 Building Block Solutions

The remaining building blocks to be analysed are of span 1 and are shown in

Figure 3.7.
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Block F “| | not
* consjdered
3 o

Figure 3.7 : Analysis Of span 1 building blocks SSA”, GiB’Q, 66C9,’ 6‘D’9, “FSQ.

The building blocks of span 1 are denoted by “A”, “B”, “C”, “D”, “F”. These
blocks, when combined, satisfy the clamped edge condition at edge £=0. Extended lines

along this edge, indicate a simple support. Focusing first on block “A”, the solution for

this block is extracted from the blocks shown in Figure 3.8.
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Figure 3.8 : Solution for block “A™.

The solution f;)r the response of the intermediate -block in Figure 3.8a is first
sought. This block differs from block “H” shown in Figure 3.4a only in that a condition
of zero lateral displacement, rather than zero vertical edge reaction is enforced along the
driven edge. The solution will be identical to that given by equations 2.12 and 3.9 to 3.11.
However the boundary condition of equation 3.12 is replaced by equation 3.45:

W(EN) | =0 (3.45)
The solution for this problem won’t be repeated here since it is easily generated by
following the steps outlined in the case of block “H”. However in this case only the

quantities 61m and 02m are different. The solution is as follows:

k
W(é, ﬂ) = Z [Elnellm {COSh an + eIm costTl} ]COS(mﬂE_,) +
m = 0,1,2

z[E 0,,,, {cosh_n+0,_ coshy_n} ]Jcos(mnE) (3.46)
m=k" +1

1 1
1m = : - ’ ezzm = - -
B, sinhB, ~0,, 7, siny, B, sinhPB_ +0,, v, sinhy,_

where 6

-coshf coshf
TN e e——— ; ezm T = ——
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The transformation rules discussed earlier are applied to the above solution to generate
the solution for the intermediate building block of Figure 3.8b. The solution of block “A”
is then derived from the one of Figure 3.8b by replacing the quantity £ by 1- and

preceding this solution with a negative sign as follows:

.
WEw=- X [E0,,{coshp,(1-&)+8, cosy,(-E)}]cos(nmm)-

n=0,12
[+ o)
¥ [E.81, coshB, (1 -€) +0,, coshy, (1-8)} ]cos(amn) (3.48)

n=k +1

where 8, = 1 .0, = 1
""" B,sinhB, ~0,y,siny, ~ = PB,sinhB, +0,,7,sinhy,

_-coshf, . g. —_CcoshB,

8, = cosy. 3 0 = coshy. (3.49)

The solution for building block “B” is sought next. This block has a simple support
condition at edge £=0 and a slip shear condition at edge £=1. The Levy-type solution for

this block is as per equation 2.16 of case 5 as follows :

[+ o]
Case5: WEn)= X Y (n)sin(mnZ/2) (2.16)
m=13,5

where m is an odd integer. This same equation can be rewritten with a proper change of

integer as:

[+ o]
WEnN= T Y (msin[@m-nng/2] (3.50)
m=123
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The solution for this building block is immediately extracted from the one for building
block “H” simply by replacing the term m= by the term (2m-1)n/2 as follows:

k
WEN= X [E,8{coshB,n+6,, cosy,n} sin[(2m - Dn/2)¢ +
m=123 '

(= o]
Z[E..0 1 {coshB,n+6,, coshy,n} ]sin{(2m -1)n/2]g (3.51)
m=k +1
with the 6 terms unchanged as per block “H” equations 3.16, 3.17 and 3.21. The solution
for block “C™ is derived from the previous solution by replacing the quantity 1 with 1-n

and preceding it by a minus sign as follows:

k
W(En) =— zl 2’B[Eme.,.,. {coshp,, (1-n) +6,, cosy, (1 -n)} Jsin[(2m —)r/2)E —
m=l,

F[E 1020 fooshB, (1= 1) +0,,, coshy, (1-m)} Jsin[@m-Dn/2E  (3.52)
m=k" +1

with the 0 terms unchanged as per block “H” equations 3.16, 3.17 and 3.21 and k* equals
m, for A2-{(2m-1)n/2 ]2 positive. The next building block to be analysed is block “D”. It

is wise to analyse first the intermediate block shown in figure 3.9a.

as p 34 an 33
r- N
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b, o 1 oLo b 1
Block "D"
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Figure 3.9a : Intermediate Block Figure 3.9b : Block "D"

Figure 3.9 : Solution for block “D”.




This block differs from block “H” only in that a simple support, rather than a slip-shear
condition, is imposed at edge n=0. The solution takes the form of equation 2.12 however
in equations 3.9 and 3.10, the symmetric terms must be deleted rather than the anti-
symmetric terms, that is the cosine and hyperbolic cosine terms are replaced by sine and

sine hyperbolic sine. Following the same steps as for block “H”, the quantities Y.(M)

now become,

For A* >(mm)®>,  Y,(n)=E_@,,, {sichp,n+6,, siny,n} (3.53)
For A’ <(mmn)’>,  Y,(n)=E,_0,, {sinhf_n+6,_ sinhy_n} (3.54)
where 0, = ! 02m l

Bn coshP, —0,.v, cosy, B BncoshP, +6,, v, coshy_

By(B.’ —V'$>(mn)*)coshP, B.(B..’ —v'd>(mn)?)coshp,
- 2 ., 2 2 ’ezm == 2 *:2 2 (3.55)
Yo (Yo +V'¢?(mm)*)cosy,, Yo (u® —V'6*(mn)’)coshy,,

0. =

Im

where the values for B, and y,_, remain unchanged.
The solution for block “D” is extracted from the previous solution through a
transformation of axis as outlined earlier:
W(En) = l% 1 2[13,.9.... {sinhB, &+, siny, &} Jeos(nmn) +
n=4ul,

[+ o]
Z[E .02, {sinh B,E +6,, sinhy &} ]cos(nmn) (3.56)
n=k +1

1 0. = 1
B, coshB, —6,,v,cosy, ' * B, coshB, +8,,y, coshy,
_B.@.” -v'@n)’/¢’)coshB, . _ B.(B,’ -V (um)*/¢*)coshp,
Ya(ta” +V @m)? /¢*)cosy, ~ © y,(y,’ -V (om)? /¢?)coshy,

where 6,, =

8, = (3.57)
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The last block to be analysed in this thesis is block “F”. A solution for this block is

obtained by first analysing the intermediate block in Figure 3.10a.

ai )Qg a xg
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Block "F* =
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Figure 3.10a:Intermediate Block Figure 3.10b:Block "F"

Figure 3.10 : Deriving the solution for block “F™.

The solution for the intermediate block in Figure 3.10a differs from the one in Figure
3.6b, only in that simple support instead of slip-shear condition is imposed at edge n=0.
Again the solution is identical to the one described by equations 3.38 to 3.40 except that

the symmetric terms for Y, (n) will be replaced by anti-symmetric terms as follows:

For 4> >(mn)’* Y_(n)=[E_6,, {sinhB, n+6,, siny,_n} ]
For 4’ <(mx)® Y,(m)=E_0,,{sinhB n+6,_ sinhy_n} (3.58)

-1

~ [Bn coshB,, (B2 —v'(mm)’¢*)]+ 6,7, (v2 + v (mm)?¢7)cosy,
-1

O = B... coshB,, (B2 ~ V" (mn)*¢?)]+0,,7, (y2 —v (mr)?¢?)cosy,

where 6,

0,, = P= 0SBy , 6, = Pacoshb, (3.59)
Y COSYp Ya COshy,




The final solution for block “F” is derived by a transformation of axis as:

k
W) = % 1 2[Enen., {sinhB,£ +0,, siny,&} Jcos(nrn) +
n=09u,,

Y[, 8., fsinhB,& +0,, sinhy,&} Jeostnmm) (3.60)
n=k" +1

1

—[ﬁn coshB, (B; —v'(nn)* /¢2)J+ 0,,Y,(y2 +v (nm)> /¢ )cosy,
1

O = —an coshB, (B} - v" (nr)* /¢2)J+ 0,,7. (Y2 — v (nm)’ /$)cosy,

where 6, =

o, = B, coshpB, , e, = -B, coshf, (.61)
Ya €OSY, Ya coshy,

It is noted that solution for block “F” could also have been derived by direct comparison
to the block in Figure 3.6c through replacing the symmetric terms by antisymmetric terms
in equation 3.41. The solutions for each building block constituting the three span
cantilever plate have now been presented. A summary of the building blocks solutions is
shown in Figure 3.11. Section 3.1.3 describes the generation of the eigenvalue matrix for
the purpose of calculating the free vibration frequencies, using the solutions mentioned

above.
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Chart 3.3 : Flowchart outlining solutions for span 1 building blocks.
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3.1.3 Generation of the Eigenvalue Matrix

This section describes the generation of the eigenvalue matrix leading to
determining the eigenvalues and therefore the free vibration frequencies and mode shapes
of the three span cantilever plate. To achieve this end, the building blocks for each of the
three plate spans are superimposed one upon the other. The solution for the three span
cantilever plate is obtained by means of the building blocks solutions as derived in the
previous section. Since the governing differential equation is linear, and since each of the
building block solutions satisfies it exactly, the sum of these solutions also satisfies it
exactly. The eigenvalue matrix is shown schematically in Figure 3.12 based on three term
building block solutions. The building blocks of the three span cantilever plate are shown
on the top of the matrix. As stated previously, the numbers inside the blocks correspond
to the span they represent.

Since the summation of the superimposed block solutions satisfies the governing
differential equation, it is only necessary to constrain the Fourier coefficients in the
expressions of the solutions so as to satisfy the boundary conditions of the plate. Turning
to those boundary conditions for the superimposed set, it is noted that twelve boundary
conditions remain to be satisfied. They are listed to the right of the matrix of Figure 3.12.
These conditions were stated in section 3.1.1 and are summarised for the various rows of

matrix segments in Table 3.1.
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Table 3.1 : Summary of the remaining boundary conditions imposed by the eigenvalue

matrix.

Row 1 Zero slope condition at edge { Row 7 | Zero moment condition at edge
x=0 of spanl. y=0 of span 2.

Row 2 Zero moment condition at edge | Row 8 Continuity of moment
y=b of span 1. condition at interspan 2 & 3.

Row 3 Zero moment condition at edge | Row 9 Continuity of displacement
y=0 of span 1. condition at interspan 2 & 3.

Row 4 Continuity of moment condition | Row 10 | Zero moment condition at edge
at interspan 1 & 2. y=b of span 3.

Row § Continuity of displacement | Row 11 | Zero moment condition at edge
condition at interspan 1 & 2. y=0 of span 3.

Row 6 Zero moment condition at | Row 12 | Zero moment condition at edge
dedge y=b of span 2. x=as of span 3.

The value of K has been arbitrarily set equal to three. K is a symbol representing the
number of terms utilised in the series solution of each building block. Although the
computations are performed using K=15 terms, it is more convenient to represent the
matrix for K=3. The unknown driving coefficients associated with the various building
blocks are listed immediately beneath the building blocks of the figure. For example, the
coefficients for the first block of span 1 are Ea(i) where i=1,2,3 (for a max value of K=3).
The coefficients of the second block of span! are Emi(i) where i=1,2,3. It is noted that for
the three span cantilever plate there are 12 sets of driving coefficients. There are 12 sets
of boundary conditions constraining those coefficients. These conditions were previously
summarised in Table 3.1. The numbers inside these inserts indicate the plate segment to
which reference is made. For example, the first insert indicates that a condition of zero
slope along the clamped edge of the first plate segment (or span) must be satisfied. The
second and third inserts indicate edges along which a condition of zero bending moment
must be enforced. The fourth insert enforces a condition of continuity of moment at the

interface of span 1 & 2 etc.
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Matrix elements generated in this process are represented by bars. Heavier bars are
used to designate terms of the central plate segment (span 2). This is done for the
convenience of the reader. Matrix elements pertaining to each block of the coupled pairs
are separated by diagonals. These elements are not independent. In fact. they differ by a
fixed multiplying factor as per equations 3.5 and 3.8 respectively. For example, matrix
elements pertaining to coupled blocks “D” & “F” in the first row lie immediately beneath
those blocks to the left of a diagonai line drawn through the matrix segment. The reader
should conclude that these elements pertain to the left building block of the coupled pair.
In row three, when elements pertain to the right building block of the coupled pair, they
will appear to the right of the diagonal line. The matrix elements are generated using well
established procedures employed by the superposition method as will be shown next. For
the three span cantilever plate 12K unknown driving coefficients are present. This
necessitates the development of 12K homogeneous algebraic equations relating those
unknown driving coefficients. The eigenvalue matrix consists of the coefﬁciet;t matrix
for this set of equations. Almost all of the elements of the matrix will be functions of the
eigenvalue A2. By employing eigenvalue techniques, the unknown coefficients are
obtained and the plate responses are determined. These techniques consist of a
computational procedure that involves searching for those values of A2 which cause the
determinant of the matrix to vanish. The 12K equations are reduced to triangular form by
using the Gauss elimination method through pivotal reduction. The determinant of the
triangular matrix is then easily obtained. The process permits the mode shapes to be
plotted. This will be described later. A detailed description of the superposition method

procedures employed in deriving the matrix elements is explained next.

53



Focusing first on the first row, the reader will realise that only building blocks
pertaining to span 1 contribute to the condition of zero slope along the clamped edge £=0.
Therefore elements are shown only under building blocks pertaining to span 1. These
blocks are “A”, “B”, “C”, “D”, “F”. Referring to Figure 3.11, solutions for these blocks
are depicted by equations 3.48, 3.51, 3.52, 3.56, 3.60, respectively. Denoting those
solutions by Wa(§,n),Ws(E,n),Wc(E:n),Wo(E,n),WHE,n), it is now important to
superimpose those solutions. However for row 1, it is necessary to constrain the Fourier
coefficients in the above respective solutions expressions so that the net effect is to
satisfy the boundary condition of zero net slope normal to edge £=0. Using equation 2.1
for the expression of the slope, the contribution to slope along edge £=0 of each term of
the solutions stated above, is expanded in the same trigonometric series cos(nmm)
representing the contribution of the first building block in rowl. The net coefficient of
each term in the new series is set equal to zero. This gives rise to a set of K homogeneous
algebraic equations relating the driving coefficients Eai, Emi, Em2, Ex2, Exs based on the

following equation:

aWA(a,n)l VG| WG| | WM | WG _, (362
8§ E=0 6§ ngo 6§ Ig-o ag lg-o 3§ lg-o

As stated earlier, in the case of span 1 the response W(£,n) is non-dimensionalised
through division by span edge length a,. Since displacements for blocks “A”, “D”, “F”
are non-dimensionalised through division by edge length “b”, each contribution towards
slope of these blocks must be multiplied by the plate segment aspect ratio ¢: in order to

preserve consistency. Equation 3.62 then becomes as follows:
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LA I AR ,,M +
6€ E=0 3§ Ig-o aé §=0

oW &, 1) WG _,
OWp(5.m) l = (3.63)
+ o5 &=0 v 23 =0

This equation is solved for each term “m” of the respective series creating therefore K

homogeneous equations. From equation 3.63, it is seen that the first, fourth and fifth
terms of the left hand side of this equation are already expanded in a cosine series.
Therefore it is found advantageous to expand the contributions towards slope of blocks
“B” & “C” in terms of the same series so that the sum in equation 3.63 relating the
Fourier coefficients can be imposed and set equal zero. Looking at the first row of
elements in the matrix, it is noticed that blocks “A™, “D”, “F”, have diagonal elements,
while blocks “B” & “C” have full matrix elements. This is because slope contributions
for blocks “B” & “C” are expanded in the same series as of those for blocks “A”, “D~,
“F”. The expansion procedure is explained next. For this purpose, the slope contributions

for blocks “A” and “B” are expressed as:

Foreach termn: ¢, aWAa(;,ﬂ) =¢,E,0,,, cos(nmn)[B, sinh B, ~0,,7Y,siny, ]
£=0

or =¢lEn922n cos(nm)[pn sinh Bu +92n¥n Sinh Ya ]

with the 0 terms as given by equation 3.49 . (3.64)

For each term m: %@’—")l =(@m-DZE_6,,.[coshB,n +6,, cosy.n]
12 S PN 2

or =(2m~1)ZE, 05, [coshp,n +8,, coshy,n]

with the O terms as given by equations 3.16,3.17 and 3.21 (3.65)
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where m and n are the terms for the appropriate series.

From equation 3.64, it is seen that the first, fourth and fifth terms on the left-hand
side of equation 3.63 are in the form of a Fourier series involving the trigonometric
functions cos(nmm). The coefficients of this series involve the quantity E_ . It is obvious
that we must expand the second and the third terms on the left-hand side of equation 3.63
in the same series. We must then impose the constraint that the sum of the coefficients
before each of the Fourier trigonometric functions in the expansion of the above
contributions must equal zero. The expansion process will be shown next for the second

term only. As per Gorman[1], the coefficients A. for a function f(n) expanded in a series

of the type cos(nrn) over the interval from 0 to 1 are known to be given by:

1
2 If(n) cosnnndn
0
It is seen on examining equation 3.65 that integrals are required of the type:

1
2 Icosh B,ncosnnndn
0
1
and 2 Icosymncos nndn
0

for which solutions are available in appendix 2.

The expanded terms of equation 3.63 can be represented as a truncated series of

analytical functions of the coordinate n:

For K = 3 therefore three terms m : BW,,a(é, N E,\fi’ () + Ef; () + Esf ()
£=0

For K =3 therefore three terms m : aW%(;,,n) =E,ff(mM)+E,fy M)+ EfE(n)
E=0
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where the primes indicate that the coefficients E are related to the subscript “m” and
where the letters “f®” & “£€” indicate functions for blocks “B” & “C™.
Considering any term “n” of equation 3.64, the following is written for blocks “A”, “D”,

6$‘F’9,

For each termn: aw“a(f’ L)/ E,a, cos(nmm) ;0W,(&,m)| =E,aP cos(nmn)
= =0 a§ o

oW (&,m)] =E,a! cos(nmn)
& o

where the a terms are functions of B and y. In keeping with the boundary condition of

zero slope as formulated in equation 3.63, the following can be written for each term n:

1 1 i
:E,a +2E, [ £ (n)cos(umn)dn +2E;, [ £2(m)cos(nmn)dn + 2E; [ £2 (n)cos(amm)dn +
1] 0 0

1 1 I
2E, [ £ (m)cos(nmm)dn + 2E;, [ ££ (n)cos(nmn)dn + 2E; [ ££ (n)cos(nmn)dn +
0 0 [1)

¢1Ena:’ +¢1Ena: =0 (3'66)

Figure 3.13 shows each term of equation 3.66 as represented in the matrix. Equation 3.66
is 2 homogeneous algebraic equation relating the unknown coefficients E_ and E,. For
K coefficients E, and E,, employed in the expression of the slope, equation 3.66, would

allow writing K linear homogeneous algebraic equations relating theses 12K unknowns.

The remaining eleven boundary conditions allow writing another 11K linear
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Figure 3.13 : Representation of the first row elements by their expressions.

homogeneous algebraic equations. The set of equations can best be handled by matrix
techniques. Before explaining the procedure of calculating the eigenvalue, the reader is
briefed about the derivation of the expressions for the other remaining rows.

In the second row of matrix segments of Figure 3.12, it is necessary to expand the
contributions of building blocks toward bending moment along the edge n=1 of span 1 in
an appropriate series. Here it is advantageous to utilise the sine series of equation 3.50 as

contributions of two of the building blocks are available in the form of this series. The
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required bending moment M, is obtained from equation 2.2. When applying this

equation to building block solutions with lateral displacement W(£,) non-
dimensionalised through edge length “b”, the results must be multiplied by the aspect
ratio of the plate segment involved. An identical procedure permits generation of matrix
elements of the third row for edge n=0.

The fourth row of segments is generated by an enforcement of the condition of
continuity of bending moment at the interface of the first and second plate segments. This
is one of the continuity conditions to be satisfied as stated earlier in section 3.1.1. All
building blocks of the first and second plate segments contribute toward moment at the
interface. The practice here is to enter moment contributions toward the left side of the
interface as positive and those contributing to the right side as negative, thus keeping the
constraining equations in regular homogeneous form. The driving coefficients of the
coupled pairs are multiplied by the factors of equations 3.5 and 3.8 as appropriate. In this
row it is found appropriate to expand all building block contributions toward bending
moment at the interface of the first and second spans in a cosine series. Bending moments

M, are obtained for each building block according to equation 2.2. Again all expansions

developed for building blocks with analytical functions running in the £ direction must be
multiplied by the aspect ratio of the plate segment involved. Denoting the plate segments
to the left hand side and right hand side of the interface as “i” and “j” respectively, it is
seen that for the left hand side of the interface equation 2.2 provides the quantity

M, a/D.. For the right hand side the same equation provides the quantity M, a/D;. Since
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enforcement of continuity of actual moment M ¢ is required, matrix elemenis to the right
hand side must be multiplied by the quantity ¢;Dy/¢:D:.

The fifth row of segments is generated by an enforcement of the condition of
continuity of displacement at the interface of the first and second plate segments. This is
the last of the continuity conditions to be satisfied as stated earlier in section 3.1.1. All
building blocks of the first and second plate segments contribute toward displacement at
the interface. All lateral displacements must be non-dimensionalised throughout the row
of segments by the same length. Here it is found advantageous to non-dimensionalise all
displacements through division by edge length “b”. Since displacements for solutions
with analytical solutions running in the £ direction are already non-dimensionalised in
this manner, no multiplication factor is required. However for displacements with
analytical functions running in the n direction and for any segment “i”, the solutions must
be multiplied by the factor 1/¢:.

The remainder of the matrix is easily generated following the same procedures
described above. For the last row, a condition of zero bending moment along the plate
outer edge must be enforced. For illustration purposes, the first quadrant of the first row
of the eigenvalue matrix is represented next. Expressions for any quadrant can be derived

using the guidelines above.

Quadrant (1,1): forA’ >n,n*andn, =1,2,3,..
6,E (0, cos(nl’“l)ﬁsn. sinhB, =0, 7, Sin'Yn,]
forA’> <n,n*andn, =1,2,3,..

¢1E.|ezznl 003(017“1)[p., Sinh Bn. +92n.7u, Sinhyn,]
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The steps followed using matrix techniques for solving the problem of the three span

cantilever plate are as follows:

1-

The number of terms, K, is first selected to be used in the series. In this thesis K=15
was found suitable. Of course, more accuracy is obtained by using more terms. A trial
value for the eigenvalue A2 is first selected. It is important to start at a very low value
so that no eigenvalues are missed. For this selected eigenvalue, the coefficient matrix
of Figure 3.12 is generated.

The determinant of the matrix is next evaluated and stored.

The trial eigenvalue is incremented upwar;i progressively, first by larger increments
then by smaller ones, repeating steps 1 and 2 in order to establish that value of A2
which causes the determinant of the matrix to vanish while passing continously from
positive to negative or from negative to positive. A vanishing determinant indicates

that a nontrivial solution exists for the quantities E,and E_ and hence the associated

A2 is an eigenvalue.

The next step is to determine the mode shapes for this specific eigenvalue. This is
done first by solving for the coefficients E,and E_. This may be achieved by
arbitrarily setting one of the now-zero coefficients equal to unity, say E_ where m=1.
The eigenvalue matrix, thus modified, represents a set of non-homogeneous algebraic
equations relating the 12K-1 driving coefficients E,and E_. Any set of the 12K-1
equations may be selected from the set of 12K. For example the first 12K-1 equations
are solved thereby assigning values to the remaining driving coefficients. With the

entire set of driving coefficients calculated, the mode shapes represented by the

superimposed building blocks are generated. A computer program shown in
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Appendix 3 was prepared to carry out those operations. The flowchart of Figure 3.14

is a brief description of those operations.

The dimension “a” of the individual plate segments can take any desired value while
edge length “b” remains constant i.e., the ratio b/a is arbitrarily selected. It is
convenient to express the value for the dimensionless frequency as a2 , where the
frequency is non-dimensionalised through use of edge length “b”. While length “a”
may change from span to span, the length “b” is constant. It is also accepted in this

thesis that each segment may take different values for effective mass per unit area and
plate flexural rigidity. The practice is to base the eigenvalue l.% on the mass and

flexural rigidity of the first span, i.e the plate segment bounded by the clamped edge.

b
“i”, the associated quantity 7\% becomes:

For an eigenvalue a2 equal ob? % , it follows therefore, that for any segment
1

e./D.
k§={7%/¢2}Ri where, R. = (——L. Subscript "1" refers to spanl and ¢; & D, are

e/D,

mass per unit area and flexural rigidity respectivdy, of the plate span to whichsubscript "i"

refers.

This completes the detailed description of the computations required to solve the problem

of the three span cantilever plate. Solutions for cases analysed are presented in Chapter 4.
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Figure 3.14 : Flowchart for computing the eigenvalue for the 3 span cantilever plate.
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3.2 The Four Span Cantilever Plate

The computer routine for solving the problem of the three span cantilever plate can
be applied to any number of plate spans. For the case of the four span plate. the matrix
will comprise an array of 16 x 16 segments instead of the 12 x 12 array associated with
the three span plate. The matrix for the four span cantilever plate is derived from the one
in figure 3.12. This is done by focusing on the central portion of the matrix associated
with the second plate segment (or span) and augmenting it with a similar section,
downward to the right. The final portion of the new segment is then associated with the
fourth and final plate segment. Figure 3.15 is a representation of the eigenvalue matrix as
applied to the four span cantilever plate. Chapter 4 presents the results obtained for

eigenvalues and modes shapes of different three span and four span cantilever plates.
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Figure 3.15a : First portion of the eigenvalue matrix for the four span cantilever plate.
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Figure 3.15b : Final portion of matrix of Figure 3.15a.
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Chapter 4

PRESENTATION OF RESULTS

It is appreciated that no comprehensive set of eigenvalues could be prepared to
cover the range of any plate geometries and property discontinuities which might be
encountered. For this reason this chapter presents results of limited scope of plate
geometries. It will provide researchers and designers with data against which their
computed results can be compared. Towards this end this thesis presents the mode shapes
and eigenvalues of a cantilever plate with finite discontinuities in thickness moving
outward from the clamped edge as stated earlier in the beginning of Chapter 3. The
superposition method with a value of K=15, is employed. These results constitute an
analytical computation of free vibration frequencies and mode shapes of such plates. A
three span cantilever plate of equal span widths is first considered with a discontinuity in
thickness represented by varying ratios from the clamped edge. Only the ratio of plate
span thicknesses is required. The thickness ratio h,/h, represents the ratio of the i’th
span thickness to that of the first span. In section 4.1, for the case of the 3 span plate,
three thickness ratios are therefore generated. The results presented in this thesis
correspond to h;/h, equal 1, 3/4, 1/2, for i=1,2,3 respectively. Another reduced set of
thickness ratios 1,3/8,1/4 is also considered for spans 1,2 & 3 for comparison purposes.
The plate overall aspect ratios b/(al+a2+a3) considered are 3, 2, 1.5, 1, 1/1.5, 1/2, 1/3,
2/9, 1/6, 1/9. The eigenvalues generated correspond to the first 10 vibration modes. Mode
shapes for the first 4 modes are plotted for all the aspect ratios in section 4.2. The results

for the four span cantilever plate are presented in Appendix 1. A comprehensive set of
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overall aspect ratios p=b/(ai+ax+as+as) ranging from 3 to 1/3 is considered for this plate.
Thickness ratios of 1, 3/8, 1/4, 1/8, are considered throughout.

It will be recalled that mass per unit area of each segment is proportional to
segment thickness “h”. Moreover, flexural rigidity of each segment is proportional to h3.
All the cases considered for the three span and four span plates have equal span aspect
ratios. a, =a, =a, = a,, for four span plates and therefore ¢1.b2.¢3.b4 are equal. Finally,
it is of interest to carry out verification tests. This is done in section 4.3. Three span
cantilever plates with uniform thicknesses throughout the spans have been considered.
Known results for uniform cantilever plates are compared to the results generated using
the present analytical approach. The results are then compared and discussed in Chapter
5.

4.1 Results for the Three Span Cantilever Plate with Varying Thicknesses Per

Span and Equal Spans Aspect Ratios.

The tables below present computed eigenvalues for the first 10 modes of the three
span cantilever plate of overall aspect ratio equal three. Using 15 terms in the series
solutions is believed to give four significant digit accuracy in most cases. For each span
the aspect ratio is therefore 9. Tables 4.1 and 4.2 differ in the thickness ratios assigned to
their individual spans. The plate of Table 4.1 is a much thicker plate compared to the one
of Table 4.2. These tables show the effect of thickness ratios on the eigenvalues, for

different plate geometries.
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Table 4.1. Eigenvalues for thickness
ratios1,3/4,1/2 & plate overall ratio =3
Spanl Aspect Span2 Aspect Span3 Aspect
Ratio ¢,=9 Ratio ¢,=9 Ratio ¢,=9

Table 4.2. Eigenvalues for thickness ratios

1,3/8,1/4 & plate overall ratio =3
Spanl Aspect Span2 Aspect Span3 Aspect
Ratio ¢,=9 Ratio ¢,=9 Ratio ¢,=9

Thickness Ratio Thickness Ratio
h,/h, =1 h,/h, =3/4 h;/h,=1/2 | h;/h,=1 h,/h, =3/8 h;/h, =1/4
Mode Eigenvalue A2 Mode Eigenvalue A3
1 37.65 1 27.91
2 41.43 2 29.62
3 53.64 3 35.42
4 74.55 4 45.36
5 105.1 5 78.90
6 144.5 6 102.8
7 154.3 7 111.8
8 160.9 8 114.1
9 176.3 9 124.7
10 198.9 10 132.2

Table 4.3. Eigenvalues for thickness

ratios1,3/4,1/2 & plate overall ratio $=2
Spanl Aspect Span2 Aspect Span3 Aspect
Ratio ¢,=6 Ratio ¢,=6 Ratio ¢,=6

Table 4.4. Eigenvalues for thickness ratios
1,3/8,1/4 & plate overall aspect ratio =2
Spanl Aspect Span2 Aspect Span3 Aspect
Ratio ¢,=6 Ratio ¢,=6 Ratio ¢,=6

Thickness Ratio Thickness Ratio
h,/h,=1 h,/h,=3/4 h,/h, =1/2 h, /h, =1 h,/h, =3/8 h;/h, =1/4
Mode Eigenvalue A3 Mode Eigenvalue A2
1 16.68 1 12.38
2 20.59 2 14.20
3 32.39 3 19.93
4 52.78 4 29.70
5 68.21 S 43.99
6 73.93 6 49.63
7 82.80 7 52.33
8 92.31 8 62.26
9 117.2 9 63.81
10 126.8 10 77.69
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Table 4.5. Eigenvalues for thickness ratios
1,3/4,1/2 & plate overall t ratio $=1.5
Spanl Aspect Span2 Aspect Span3 Aspect
Ratio ¢,=4.5 Ratio $,=4.5 Ratio ¢;=4.5

Table 4.6. Eigenvalues for thickness ratios
1,3/8,1/4 & plate overall ratio ¢=1.5
Spanl Aspect Span2 Aspect Span3 Aspect
Ratio ¢,=4.5 Ratio ¢,=4.5 Ratio ¢;=4.5

Thickness Ratio Thickness Ratio
h,/h,=1 h,/h,=3/4 h,/h,=1/2 |h,/h,=1 h,/h,=3/8 h,/h,=1/4
Mode Eigenvalue A2 Mode Eigenvalue A}

1 9.354 1 6.946
2 13.20 2 8.792
3 24.42 3 14.29
4 38.49 4 23.85
5 41.91 5 27.73
6 46.81 6 30.98
7 59.65 7 37.87
8 75.99 8 40.84
9 87.11 9 53.85
10 94.77 10 58.53

Table 4.7. Eigenvalues for thickness
ratios1,3/4,1/2 & plate overall ratio =1
Spanl Aspect Span2 Aspect Span3 Aspect
Ratio ¢,=3 Ratio ¢,=3 Ratio ¢,=3

Table 4.8. Eigenvalues for thickness ratios
1,3/8,1/4 & plate overall ratio ¢=1
Spanl Aspect Span2 Aspect Span3 Aspect
Ratio ¢,=3 Ratio ¢,=3 Ratio ¢,=3

Thickness Ratio

Thickness Ratio

h,/h,=1  h,/h,=3/4 h,/h,=1/2 | h,/h,=1 h,/h,=3/8 h,/h,=1/4
Mode Eigenvalue A3 Mode Eigenvalue A2
1 4.132 1 3.072
2 7.597 2 4820
3 16.51 3 9.875
4 18.76 4 12.37
5 21.92 5 19.74
6 36.97 6 23.40
7 38.52 7 26.34
8 42.04 8 31.19
9 48.21 9 3432
10 63.91 10 36.41
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Table 4.9.Eigenvalues for thickness ratios
1,3/4,1/2& plate overall ratio $=2/3
Spanl Aspect Span2 Aspect Span3 Aspect
Ratio ¢,=2 Ratio ¢,=2 Ratio ¢,=2

Table 4.10. Eigenvalues for thickness ratios
1,3/8,1/4 & plate overall ratio $=2/3
Spanl Aspect Span2 Aspect Span3 Aspect
Ratio ¢,=2 Ratio ¢,=2 Ratio ¢,=2

Thickness Ratio Thickness Ratio
h,/h, =1 hz/h,=3/4 h3/h,=l/2 h,/h, =1 h,/h, =3/8 h3/h|=l/4
Mode Eigenvalue A} Mode Eigenvalue 2}
1 1.823 1 1.356
2 4.658 2 2.852
3 12.02 3 5.394
4 15.00 4 7.782
S 18.61 5 8.129
6 24.41 6 11.69
7 25.98 7 15.23
8 34.73 8 21.67
9 38.50 9 24.71
10 41.58 10 26.72

Table 4.11. Eigenvalues for thickness ratios

Table 4.12. Eigenvalues for thickness ratios

1,3/4,1/2 & plate overall aspect ratio ¢=1/2 1,3/8,1/4 & plate overall aspect ratio d=1/2
Spanl Aspect Span2 Aspect Span3 Aspect | Spanl Aspect Span2 Aspect Span3 Aspect
Ratio ¢,=1.5 Ratio ¢,=1.5 Ratio ¢,=1.5 | Ratio ¢,=1.5 Ratio $,=1.5 Ratio ¢,=1.5
Thickness Ratio Thickness Ratio
h,/h, =1 h,/h,=3/4 h;/h,=1/2 | h;/h,;=1 h,/h,=3/8 h,/h, =1/4
Mode Eigenvalue A} Mode Eigenvalue A2

1 1.020 1 0.759

2 3.367 2 2.026

3 4.190 3 3.030

4 8.184 4 5.439

5 10.33 5 7.015

6 13.69 6 10.56

7 15.85 7 11.70

8 21.15 8 15.13

9 22.22 9 16.69

10 26.43 10 19.34
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Table 4.13. Eigenvalues for thickness ratios
1,3/4,1/2 & plate overall t ratio =1/3

Table 4.14. Eigenvalues for thickness ratios
1,3/8,1/4 & plate overall ratio $=1/3

Spanl Aspect Span2 Aspect Span3 Aspect Spanl Aspect Span2 Aspect Span3 Aspect
Ratio ¢,=1 Ratio ¢,=1 Ratio ¢,=1 Ratio ¢,=1 Ratio ¢,=1 Ratio ¢;=1
Thickness Ratio Thickness Ratio
h,/h, =1 h,/h,=3/4 h,/h,=1/2 | h;/h, =1 h,/h;=3/8 h,;/h, =1/4
Mode Eigenvalue A} Mode Eigenvalue A}
1 0.450 1 0.335
2 1.853 2 1.339
3 4.578 3 2.883
4 4974 4 3.227
S 9.160 5 5.290
6 9.473 6 6.111
7 12.37 7 6.255
8 14.06 8 8.250
9 15.30 9 9.095
10 18.32 10 9.485

Table 4.15. Eigenvalues for thickness ratios
1,3/4,1/2 & plate overall aspect ratio $=2/9

Table 4.16. Eigenvalues for thickness ratios
1,3/8,1/4 & plate overall aspect ratio $=2/9

Spanl Aspect Span2 Aspect Span3 Aspect Spanl Aspect Span2 Aspect Span3 Aspect
Ratio¢,=1/1 Ratiod,=1/1.5 Ratio ¢,=1/1.5 | Ratiod,=1/1.5 Ratio$,=1/1.5 Ratio$, =1/1.5
Thickness Ratio Thickness Ratio
h,/h, =1 h,/h, =3/4 h;/h =1/2 | h,/h, =1 h,/h =3/8 h,/h =1/4
Mode Eigenvalue 22 Mode Eigenvalue A2
1 0.199 1 0.148
2 0.819 2 0.592
3 1.411 3 0.824
4 2.021 4 1.272
5 3.124 5 1.984
6 4.197 6 3.684
7 5.587 7 3.974
8 8.068 8 4816
9 9.999 9 5.815
10 11.43 10 6.579
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Table 4.17. Eigenvalues for thickness ratios

Table 4.18. Eigenvalues for thicknéss ratios

1,3/4,1/2 & plate overall aspect ratio $=1/6 1,3/8,1/4 & plate overall aspect ratio $=1/6
Spanl Aspect Span2 Aspect Span3 Aspect Spanl Aspect Span2 Aspect Span3 Aspect

Ratio ¢, =172 Ratio ¢,=1/2 Ratio ¢,=1/2 | Ratio ¢,=1/2 Ratio ¢,=1/2 Ratio ¢,=1/2
Thickness Ratio Thickness Ratio
h,/h, =1 h,/h;=3/4 hy/h,=1/2 | h;/h; =1 h,/h,=3/8 h,/h,=1/4
Mode Eigenvalue A2 Mode Eigenvalue A}
1 0.112 1 0.083
2 0.459 2 0.331
3 1.045 3 0.606
4 2.276 4 0.711
5 2.350 5 1.321
6 4.020 6 2232
7 7.863 7 2.624
8 7.960 8 3.395
9 10.29 9 3.562
10 10.52 10 4.381

Table 4.19. Eigenvalues for thickness ratios
1,3/4,1/2 & plate overall t ratio p=1/9

Spanl Aspect Span2 Aspect Span3 Aspect

Table 4.20. Eigenvalues for thickness ratios
1,3/8,1/4 & plate overall aspect ratio $=1/9

Spanl Aspect Span2 Aspect Span3 Aspect

Ratio ¢,=1/3 Ratio ¢,=1/3 Ratio ¢,=1/3 | Ratio ¢,=1/3 Ratio ¢,=1/3 Ratio ¢,=1/3
Thickness Ratio Thickness Ratio
h/h=1 h,/h =3/4 hy/h =1/2 | h/h,=1 h,/h,=3/8 h,/h =1/4
Mode Eigenvalue A Mode Eigenvalue A}
1 0.049 1 0.037
2 0.203 2 0.147
3 0.501 3 0314
4 0.687 4 0.396
5 1.039 5 0.583
6 1.477 6 0.917
7 1.654 7 0.986
8 2.486 8 1.575
9 2.582 9 1.662
10 3.517 10 2.083

The above results are discussed in Chapter 5. The next section presents mode shapes for

the first four modes of tables 4.1 to 4.20.
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4.1 Plotted Mode Shapes

The first four mode shapes are plotted for each plate considered above. The
reader will notice there are symmetric and anti-symmetric mode responses. The lines
projected on the horizontal plane represent contour lines and nodal lines. Location of

clamped edges will be obvious.
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43 Eigenvalues for Plates with Uniform Thickness Throughout

As stated in Chapter 4, the purpose of this section is to provide a partial validation
of the analytical approach used in this thesis. For this purpose eigenvalues for uniform
thickness plates with aspect ratios equal 2, 1, 1/1.25, 1/3 are compared with previously
published uniform plate data. These results are shown in tables 4.21 to 4.24 and are
discussed in Chapter S. In this validation process, each span is assigned a thickness ratio
of 1. The model therefore represents a uniform cantilever plate. The results of this
approach are then compared to the already published values by Gorman{1]. This process
allows the reader to compare results computed here with the previously known values in
order to determine the accuracy of the analytical approach used in this thesis. It is noted
that the values published by Gorman[1] correspond to eigenvalues A% with respect to
edge length “a”. Since the eigenvalues published in this thesis A% correspond to edge

length “b” it is necessary to multiply those values by 1/$2 for comparison purposes.
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Table 4.21. Eigenvalues for thickness ratios 1,1,1 & plate overall aspect ratio $=1/3.

Spanl Aspect Span2 Aspect Span3 Aspect | Eigenvalues Previously
with respect Published
Ratio ¢, =1  Ratio §,=1 Ratio ¢,=1 | to Edge Length “a” Eigenvalues-
Gorman([1]
Mode Computed Mode Computed Gorman{1]
Eigenvalue A2 Eigenvalues A Eigenvalues
1 0.377 1 3.393 3.395
2 2.296 2 20.66 20.68
3 2.355 3 21.19 21.24
4 6.621 4 59.59 59.60
5 7.224 5 65.02 65.07
6 13.03 6 117.3 117.3
7 13.10 7 1179 118.0
8 20.39 8 183.5 183.7
9 21.32 9 191.9 191.9
10 22.99 10 206.9 NA
11 26.36 11 237.2 NA
12 2945 12 265.1 265.2

Table 4.22. Eigenvalues for thickness ratios 1,1,1 & plate overall aspect ratio ¢=1.

Spanl Aspect Span2 Aspect Span3 Aspect | Eigenvalues Previously
with respect Published
Ratio §,=3  Ratio ¢,=3 Ratio ¢,=3 to Edge Length “a” Eigenvalues-
Gorman[1]
Mode Computed Mode Computed Gorman(1]
Eigenvalue A} Eigenvalues A Eigenvalues
1 3.459 1 3.459 3.459
2 8.339 2 8.339 8.356
3 21.08 3 21.08 21.09
4 27.04 4 27.04 27.06
S 30.53 5 30.53 30.55
6 53.44 6 53.44 53.53
7 61.11 7 61.11 61.12
8 63.57 8 63.57 63.62
9 70.63 9 70.63 70.64
10 92.03 10 92.03 92.21




Table 4.23.a. Eigenvalues for thickness ratios 1,1,1 & plate overall aspect ratio $=2.

Spanl Aspect Span2 Aspect Span3 Aspect | Eigenvalues Previously
with respect Published
Ratio $,=6  Ratio ¢,=6 Ratio ¢, =6 [ to Edge Length “a” Eigenvalues-
Gorman[1]
Mode Computed Mode Computed Gorman(1]
Eigenvalue A} Eigenvalues A2 Eigenvalues
1 13.94 1 3.486 3.487
2 21.07 2 5.268 5.278
3 39.98 3 9.996 10.03
4 75.11 4 18.78 18.84

Table 4.23.b. Eigenvalues for thickness ratios 1,1,1 & plate overall aspect ratio $=1.25
Spanl Aspect Span2 Aspect Span3 Aspect

Eigenvalues Previously
with respect Published
Ratio ¢, =15/4 Ratio¢,=15/4 Ratio ¢,=15/4 | to Edge Length “a” Eigenvalues-
Gorman[1]
Mode Computed Mode Computed Gorman[1]
Eigenvalue A2 Eigenvalues A2 Eigenvalues
1 5421 1 3.469 3.470
2 11.09 2 7.101 7.115
3 28.35 3 18.14 18.18
4 34.69 4 22.20 22.21

Table 4.24. Eigenvalues for thickness ratios 1,1,1 & plate overall aspect ratio ¢=1/1.25

Spanl Aspect Span2 Aspect Span3 Aspect | Eigenvalues Previously
with respect Published
Ratio ¢,=12/5 Ratiop,=12/5 Ratio ¢,=12/5 | to Edge Length “a” Eigenvalues-
Gorman(1]
Mode Computed Mode Computed Gorman(1]
Eigenvalue A} Eigenvalues A2 Eigenvalues
1 2.206 1 3.447 3.448
2 6.322 2 9.878 9.897
3 13.63 3 21.30 21.31
4 22.08 4 34.50 34.53




Chapter §

DISCUSSION OF RESULTS

Considering the values tabulated in section 4.1, the eigenvalues decreased with
decreasing overall plate aspect ratio. These eigenvalues are more concentrated for lower
aspect ratios (meaning that the values for different modes are much closer together) and
are more spread out for higher plate aspect ratios. This is a feature of the multi span
cantilever plate. Symmetric and Anti-symmetric modes are established on studying mode
shape figures. For example, the first, third and fourth mode shapes represented in figure
4.8 are symmetric modes. The second mode in the same figure represents an anti-
symmetric mode. Mode shapes for the first four modes represented in tables 4.1 to 4.20
were shown in figures 4.1 to 4.20.

Section 4.1 presented the effect of a varying thickness ratio decreasing as one
moves along the plate. From these results, it was concluded that the eigenvalues for a 3
span cantilever plate decrease significantly with a decrease in span thickness ratios.
Section 4.3 presented other computed eigenvalues for plates with uniform thickness
throughout. Results of tables 4.21,4.22,4.23,4.24 pertain to rectangular cantilever plates
with equal thicknesses and equal aspect ratios per span. This creates uniform rectangular
plates for which free vibration frequencies were tabulated by Gorman[1]. The computed
values obtained using the analytical approach of this thesis converged to the previously
published values provided by Gorman.

It is known that convergence to more accurate eigenvalues can be obtained if

desired. A convergence test was performed for mode 2 of the square plate (Table 4.22)
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and mode 4 for the plate of aspect ratio=2 (Table 4.23) by increasing the number of K

terms used. Test results were as follows:

Mode 2, Plate overall aspect ratio =1 | Correct Eigenvalue =8.356

K terms used K=15 K=17 K=19 K=20

Computed Eigenvalue 8.339 8.343 8.347 8.348

Mode 4, Plate overall aspect ratio =2 | Correct Eigenvalue =18.84

K terms used K=15 K=17 K=19 K=20

Computed Eigenvalue 18.77 18.79 18.80 18.81

The calculated eigenvalues shown above for the plate of aspect ratio 2 have been
multiplied by the factor 1/¢2 as previously stated.

The superposition method provides an analytical type solution that satisfies the
governing differential equation exactly. It also satifies the boundary conditions of the
plate with accuracy as required by selecting a suffiiently high value for K, the number of
terms utilized in the building block solutions. It provides accurate analytical results that
can be used for validation purposes when employing numerical methods such as the finite
element method.

Finally, this thesis provides the basis for deriving solutions for cantilever plates

with any number of spans and varying properties per span.
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APPENDIX 1
Eigenvalue Results for the Four Span

Cantilever Plate
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Table 4.25. Eigenvalues for Thickness Ratios1,3/8,1/4,1/8 & Plate Overall Aspect Ratio $=3

Spanl Aspect Span2 Aspect Span3 Aspect Span4 Aspect
Ratio ¢,=12 Ratio ¢,=12 Ratio ¢,=12 Ratio ¢,=12
Thickness Ratio
h,/h, =1 h,/h, =3/8 h,/h, =1/4 h,/h, =1/8
Mode Eigenvalue A2

| 2221

2 25.89

3 30.32

4 36.26

5 44.74

6 55.55

7 68.84

8 79.27

9 79.73

10 84.68

Table 4.26. Eigenvalues for Thickness Ratios1,3/8,1/4,1/8 & Plate Overall Aspect Ratio ¢=2

Spanl Aspect Span2 Aspect Span3 Aspect Span4 Aspect
Ratio ¢,=8 Ratio ¢,=8 Ratio ¢,=8 Ratio ¢,=8
Thickness Ratio
h,/h, =1 h,/h, =3/8 h,/h, =1/4 h,/h, =1/8
Mode Eigenvalue A2

1 11.49

2 12.55

3 16.07

4 21.96

5 25.46

6 27.83

7 34.99

8 36.23

9 37.32

10 41.94
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Table 4.27. Eigenvalues for Thickness Ratios1,3/8,1/4,1/8 & Plate Overall Aspect Ratio ¢=1.5

Spanl Aspect Span2 Aspect Span3 Aspect Span4 Aspect

Ratio ¢,=6 Ratio ¢,=6 Ratio ¢,=6 Ratio ¢,=6
Thickness Ratio
h,/h, =1 h,/h, =3/8 h,/h, =1/4 h,/h, =1/8
Mode Eigenvalue A}
1 6.440
2 7.553
3 11.00
4 14.80
5 19.74
6 21.34
7 24.40
8 26.72
9 33.99
10 35.95

Table 4.28. Eigenvalues for Thickness Ratios1,3/8,1/4,1/8 & Plate Overall Aspect Ratio ¢=1

Spanl! Aspect Span2 Aspect Span3 Aspect Span4 Aspect
Ratio ¢,=4 Ratio ¢,=4 Ratio ¢,=4 Ratio ¢,=4
Thickness Ratio
h,/h, =1 h,/h, =3/8 h,/h, =1/4 h,/h, =1/8
Mode Eigenvalue A2

1 2.852

2 3.975

3 7.137

4 8.787

5 10.21

6 12.55

7 14.80

8 19.89

9 20.60

10 22.57
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Table 4.29. Eigenvalues for Thickness Ratios1,3/8,1/4,1/8 & Plate Overall Aspect Ratio $=2/3

Spanl Aspect Span2 Aspect Span3 Aspect Span4 Aspect

Ratio $,=8/3 Ratio ¢,=8/3 Ratio $,=8/3 Ratio ¢,=8/3
Thickness Ratio
h,/h, =1 h,/h, =3/8 h,/h, =1/4 h,/h, =1/8
Mode Eigenvalue A2
1 1.259
2 2.285
3 5.166
4 5.327
) 9.800
6 9.938
7 17.49
8 17.86
9 20.10
10 24.18

Table 4.30. Eigenvalues for Thickness Ratios|1,3/8,1/4,1/8 & Plate Overall Aspect Ratio $=1/2

Spanl Aspect Span2 Aspect Span3 Aspect Span4 Aspect
Ratio ¢, =2 Ratio ¢,=2 Ratio ¢,=2 Ratio ¢,=2
Thickness Ratio
h,/h, =1 h,/h, =3/8 h,/h, =1/4 h,/h, =1/8
Mode Eigenvalue A2

1 0.704

2 1.608

3 2.167

4 3.516

5 4275

6 5.087

7 7.205

8 7.905

9 9.071

10 9.753
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Table 4.31. Eigenvalues for Thickness Ratios1,3/8,1/4,1/8 & Plate Overall Aspect Ratio $=1/3

Spanl Aspect Span2 Aspect Span3 Aspect Span4 Aspect

Ratio ¢,=4/3 Ratio ¢,=4/3 Ratio ¢,=4/3 Ratio ¢,=4/3
Thickness Ratio
h,/h, =1 h,/h, =3/8 h,/h, =1/4 h;/h, =1/8
Mode Eigenvalue 22
1 0.310
2 0.957
3 1.010
4 2.074
5 3.500
6 4.072
7 4.800
8 6.003
9 6.316
10 8.847
Table 4.32. Eigenvalues for Thickness Ratiosl,1,1,1 & Plate Overall Aspect Ratio ¢=1/3
Spanl Aspect Span2 Aspect Span3 Aspect Span4 Aspect
Ratio ¢,=4/3 Ratio ¢,=4/3 Ratio ¢,=4/3 Ratio ¢,=4/3
Thickness Ratio
h,/h, =1 h,/h, =1 h;/h, =1 h;/h, =1
Mode Eigenvalue 22
1 0.377
2 2.295
3 2.355
4 6.626
Table 4.33. Eigenvalues for Thickness Ratiosl,1,1,1 & Plate Overall Aspect Ratio ¢=1
Spanl Aspect Span2 Aspect Span3 Aspect Span4 Aspect
Ratio ¢,=4 Ratio ¢,=4 Ratio ¢,=4 Ratio ¢,=4
Thickness Ratio
h,/h, =1 h,/h, =1 h,/h, =1 h,/h, =1
Mode Eigenvalue 22
1 3.459
2 8.334
3 21.08
10 27.03

Comparing tables 4.32 and 4.33 to tables 4.21 and 4.22, the reader will deduce
that results for the four span plate are less accurate than the ones obtained for the three
span case using the same K=15. Again, the accuracy of the results could be increased

using higher K terms as explained previously .
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[omtptcosmesse=

jo 'sinh B¢ cos mmg dE= E_—(B-m—’)—z(coshﬂcosmr— 1))
L'cosﬂfcos mzEdE= Q;%-E(S_::s;")g
Llsinﬂecosmwidf‘—'- rEs fmw)’ (} —cosBcosmz)
[ s fgsin 77 £ae= B ;"f’l‘: :';':'2',2

[’ ‘cos BEsin mz” £ ge= m”/z(;nis'i,';‘):"f;f’Sinﬁ

[ 'sinBesin ™ £ae= = Z f‘ff:::)’{ 2

Equation (A2.6) is valid for m=1.3.5.... only.

' . mat ,, _ (mw/2)coshB
/‘;cosh[B(l £)]sin 3 d{= B +(m=n2)

mug (ma/2)sinh B — Bsin(mn /2)

'
- [_ 2 =
L sinh{ B(1 — £)]sin > 4¢ B2 +(m= 72y

—(m=/2)cos B
B —(m=/2)
Bsin(mx /2)—(m=/2)sin B
B2 —(m= /2y
Equations (A2.9) and (A2.11) are valid for m=1,3.5.... only.

—mwucos mzsinh 8
B*+(m=)’

ma(l —cos mmwcosh )

[lcod B0 - £)1sin 2 ag =
(]

[ 'sintB1 - e1sin 778 g =
(1]

L 'sinh B¢ sin mwt dg =

' - p—
];coshﬂfsmmwfdf— B2 +(m7)
R . __mwcosmwusin B

fosmﬂfsmmvede— 87 _(m’)z

' ) _ ma(l —cosmwcosB)
A cos B€sin mefdE= (mw)’—ﬂz

. . _ mezsinh
['sinbiB(1 — &) sin met de= m—';,:;%

S~

§ . __ mu(cosh 8 —cosma)
L cosh{A(1 ~E)jsin et df=—"2—"——

' . . _ musing
];ﬂn(ﬁ(l —G)lsmmvfdi—(—m%)r_?
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(A1)

(A22)

(A2.3)

(A24)

(A2.6)

(A2.7)

(A2.8)

(A2.9)

(A2.10)

(A2.11)

(A2.12)

(A2.13)

(A2.14)

(A2.15)

(A2.16)

(A2.17)

(A2.18)

(A2.19)



ma(cosf—cosm)
(mz) —g2
Bsinh 8

B* +(mxy

Blcosh B —cosmz)

L "cos{A(1 —£)]sin mag dt=

f 'cosh{B(1 — ) cosmm dE=

1.
J, sinbLB(1 ~€Ncos mag dg == e}

Bsinf
B —(me)’
Blcosmn —cosB)
g% —(mz)y’

fo 'cos{ B(1 —§)]cos meE dE =

[0 ‘sin (1 —£)|cos mag df =
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(A220) -

(A2.21)

(A2.22)

(A2.23)

(A2.24)
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(e N 2]

0

o0 N0N0O0n0

a0 00 o0 o

no

non

THIS IS A PGM SOLVING THE MULTI-SPAN CAMNTILEVER PLATE PRORLEM
-TO S USED WITK SUBROUTIME PGM. “SUBSPAN'.

DMPLICIT DOURLE

DIMENSION ARRAYS: NOTE- LARGER MATRIX ARRAYS MAY BE REQUIRED

IF NOREER OF

DIMENSION A(250,250) ,ANS(251) ,AMMS (150) ,ANNS (150) ,ANNSS (150),
C PHIST(25) ,BM(30,30) ,EN(30,30) ,w(4,61,61) ,WS(4,61,61) ,WW(61,61)
C ,wMX(4,61,61) MY (4,61,61) ,RATIO(25) ,RON(25) ,DE(25) ,WV(4,61,61)

PRECISION (A-H,0-2)

SET UP COMMOMM STATEMENTS

COMMON POI, POIS,PI, K, K2,K3,K4, NST,DE,

C K5,K6,K7,KB,K9,K10,K11,K12,ALMDS ,ALMD1S,ALMD2S , WV,
C ALMD3S,PHIST,AMMS,ANNS , ANNSS ,EM,EN,ALMDBS ,W, WS, WMX , WMY , RATIO

SET PRINTING FORMAT AND EVALUATE PI

1 FORMAT (7(E13.6

C=1.
PI=4.*DATAN(C)

XXX=65.722.572

,3X))

*16.%16./(3.470%144.)

R=.0975 ¢0.5/366.

X=10 000 000.
X=DSQRT (X)

*.125/(12.%(1.-.333¢_.333)*R)

FREQw3.470¢X/(2.*PI*16.*16.)
WRITE (6.,1) XXX, XXX
IF(PI.GT.0.) GO TO 118

ENTER INPUT HERE. MAY ENTER DIRECTLY IF DESIRED EG., XX1=

open(9,.file='input.inp’)

read(9.*) xxl1
read(9,*) xx2
read(9,¢) xx3
read(9,*) 111
read(9,*) 112

OPEN (8, FILE='C:\DATA\DATA.QUT')

INPUT DATA:

XX1=18.74
111=9

NST BELOW = NUMBER OF SPANS (TOTAL). PHIST(1)=ASPECT RATIO

OF FIRST SPAN,
NST=3

EPSL=.0
PHIST(1)=12./(4
PHIST(2)=12./(4
PHIST(1)=4.°12.
PRIST (2)=PHIST(
PHIST(3)=PRIST(
PHIST (4)=PHIBT(

ROW(1)=1.
ROW(2)=3./4.
ROW(3)=1./2.
ROW(4)=1./4.
ROW(2)=1.
ROW(3)=1.
ROW(4)=1.

DE(1l)=1.
DE(2)=27./64.
DE(3)=1./8.

ETC.

.-EPSL)
.+EPSL)
/16.

1)

1)

1)
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22200020
22200030
22200040

ZZ200150
22200210

22200340

22200360
ZZ200370



naon

0 000 000000 0

a0

17

no

noao

DE(4)=1./64.
DE(2)=].
DE(3)=1.
DE(4)=1.

RATIO(1)=ROW(1) /DE (1)
RATIO(2)=ROW(2) /DE (2)
RATIO(3)=ROW(3) /DE (3)
RATIO(4)=ROW(4) /DE(4)

NOTE : MAY READ IN DATA OR ENTER IT HERE. TEST DATA
HERE. EG. FOR 3 SPAN DECK

XX1=10.03

XX2=0.01

XX3=1.1

111=7

ABOVE INPUT DEMANDS EIGENVALUE SEARCH. ALMDS BEGINS AT XX1. IS
INCREMENTED BY XX2., AND PHIST(2) IS SET EQUAL TO XX3.
TO RUN FIRST MODE SHAPE SET XX1=1Q.076, XX2=0.

K= NO TERMS IN BUILDING BLOCK SOLUTIONS.

K=LL1 22200380
AKK=K

WRITE (6,1) AKK

K2=2eK 2Z200780
K3m3eK

Ki=4*K

KSaS5ex

K6=6*K

K7=7¢K

KB=8*K

K9=9¢K

K10=10*K

KllsKe11l

Kl2=K*12

Kl3=K*13

Kld=Kr14

K1S=K*15

K16=K*16

POI=POISON RATIO.

POI=0.333 22200830
RPOIS=2 . -POI 22200850
ALMDS=XX1

DEL=XX2 22201390
DLIM=ALMDS +10.*DEL 22201410

MATRIX INITIALIZING OPERATION

Z1 AND 22 SET EQUAL TO ZERO FOR USE IN CALLING INTEGRALS FROM
OUR SUBROUTINES. MUST SET MATRIX ELEMENTS EQUAL ZERO.

T1=0.

22=0.

NNN=Ke (3*NST-1)
KKK= (4 *NST) *K

DO 17 M=l KKK 2z201710
DO 17 N=1,6KKK 2Z201720
A(M,N)=0. 2Z201730

ADGMENT TRIAL EIGENVALUE ALMDS, AND STORE AS ALMD1S.
ALMDS IS THE DIMENSIONLESS FREQUENCY.

ALMDS=ALMDS+DEL

ALMDBS=ALMDS

COMMENSE GENEZRATION OF EIGENVALUE MATRIX.

DO 54 ¥=1,K 22201740
DO S€ ¥W=1,K £z201780

SET UP DIVISOR DIV REQUIRED FOR COSINE EXPANSION TERMS AND
CONTINUE WITH COMPUTATIONS.

DIVE2, 23201790
IF(N.LT.2) GO 70 600 22201800
DIVel. 22201810
CONTINUE

COMPUTE MATRIX ELEMENTS ASSOCIATED WITE FIRST SPAN BUILDING SLOCKS.

UP 70 LABEIL 54 WE RADLE BLOCKS WITE AMALYTICAL FUMCTIONS RIDONING
IN THE ETA DIRECTION OMLY
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o0

150

100

151

DES-RMP*DP 22201830
BP=(N-1) *PI 22201840
Be=PEI*DSORT (ALMDS+DMPS) 222016860

DECIDE WHAT FORM OF SOLUTION IS APPLICABLE.

IF(zZZ.LT.0.) GO TO 100

QM=PHI*DSORT (ZZ)

QIS=GM*GM

TD1M=-BM* (BMS~POIS*PHIS*EMPS) *DSINH (BM) / (GM* (GMS+POIS*PHIS*EMPS)
1 *DSIN(GM))

TD11M=1 ./ (EM*DSINH (BM) ~TDIM*GM*DSIN (GM) )

IF(N.GT.1) GO T0 150

A (K4, K43) =-TD11M* ( (BMS-POI *PHIS*EMPS) *DCOSHE (BM) ~TDIM® (@MS+POI*
1 PHIS*IMPS) *DCOS (@) )

A(MHK2 , M+K) =-TD11IM* ( (BMS-POI*PHRIS*EMPS) -TD1M® (GMS+POI *PHIS*EMPS
1)

A (MK, MeK2) mA (M+K2 , M+K)

AQHK2,MHK2) sA (MK, M+K)

CALL SCC11(BM,Z1,22,ENP,X1,X2)

CALL SCC2(GM,21,2Z2,ENP,Y1,Y2)

A(N+K4 ,M+K) =2 . *TD11M® (X2+TDIM*Y2) *DSIN(REMP) / (DIV*PRIST (1))

A (N+K4 , M+K2) wA (N+K4 , MHK) $DCOS (ENP)

A(N,M+K) =2 . sDMP*TD11M* (X2+TD1IM*Y2) /DIV

A (N, M+K2) =A (N, M+K) *DCOS (ENP)

A(N+K3 , MeK) =-2 . ¢ (TD11IM* ( (-EMPS+POI*BMS/PHIS) *X2+TD1M* (-EMPS—
1 POI*GMS/PHIS) *Y2) ) *DSIN(EMP) /DIV
A(N+K3 , M+K2) =A (N+K3 , M+K) *DCOS (ENP)

GO TO 160

2Z=-2T

GM=PHI*DSQRT(ZZ)

GMS=GM* G

TO24=-BM* (BMS-POIS*PHIS*EMPS) *DSINE (BM) / (GM* (GMS-POIS*PHIS*EMPS)
1 *DSINH(GM))

TD224=] . / (BM*DSINH (BM) + TD2M*GM*DSINH (GM) )

IF(N.GT.1) GO T0 151

A K, MrK) =-TD22M* ( (BMS-POI*PHIS*EMPS) *DCOSH (BM) +TD2M* (@QMS-POI*
1 PHIS*EMPS) *DCOSE (@) )

A (M2, Mo K) =-TD22M* ( (BMS-POI *PHIS*EMPS) +TD2M* (GMS-POI *PHIS*EMPS) )

A (MK, M+K2) =) M4K2 , M+K)

A(M+K2 , M+K2) =A (M+K, M+K)

CALL SCC11(mM,Z21,22,ENP,X1,X2)

CALL SCCll(GM,Z1,Z2,KENP,Y1,Y2)

A (N+KE , M+K) =2, *TD22M* (X2+TD2M*Y2) *DSIN (EMP) / (DIVC*PHEIST (1) )
A(N+K4 , M+ K2) =A (N+K4 , M+K) *DCOS (ENP)

A (N, M+K) =2 . *EMP*TD22M* (X2+TD2M?*Y2) /DIV

A (N, M+K2) =A (N, M+K) *DCOS (ENP)

AN+KI , M+ K) =—2. ¢ (TD22M* ( (-EMPS+POI *EMS/PHIS) *X2+TD2M* (-EMPS+
1 POI*GMS/PRIS) *Y2)) *DSIN(R®) /DIV
A (N+K3 , M+ K2) = (N+K3 , M+K) *DOOS (ENP)

160 CONTINUE

NOW COMPUTE MATRIX ELEMENTS ASSOCIATED WITH SECOND SPAN BUILDING
BLOCKS

DO 1600 J=2,NST-1

RATE=PHEIST (J) /PRIST (J-1)

PHI=PREIST(J) zz
PREIS=PRI*PRI

ALMDS=ALMDAS /PHIS

X=RATIO(J)

ALMDS=AIMDS *DISQRT (X)

II=(J~2) *K3

II=(J-2) *K4

M+ II

N+ II

D= (M-1) *PI

DPsS=Do*'ne zz
ENP= (N-1) *PI z
=PRI *DSORT (ALMDS+EMPS) zz
MD=E* I

LZ=ALMDS-DMPS

IF(z2.LT.0.) GO TO 300

@=PEIDOORT (22)

-
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TD1M=-I* (IMB-POIS*PRIS*EMPS) *DSINE (1) / (B1* (MB+POIS*PAIS*RMPS)
1 *DEIN(@O)

TO11Mel. / (IM*DSINE (BM) ~TDIM*QM*DESIN(GAD )

IF(N.GT.1) GO TO 350

A QSHKS , MM+KS) =—-TD11IM*® ( (IMS-POI *PEIS*EMPS) *DCOSK (BiM) ~TD1M*® (@MS+POI
1 *PRIS*EMPS) *DCOS (GM) )

A (OHKE , M4+ KS) =-TD11IM* ( (IMS-POI*PHIS*EMPS) ~TD1IM® (AS+POI*PHIS
1 *‘BEs))

A QSM+KS M0 KE) =A (ME-KE , 2OE+KS)

A DS KE , MM+KE) wA P84+ KS , MOEHKS)

350 CALL SCC1l(EM,21,Z2,ENP,X1,X2)
CALL SCC2(@4,21,22,KENP,Y1,Y2)

A (NN+K¢ , MM+KS) =2 . #TD11M® (X2+TDIM®Y2) / (DIV*PHIST(J) )
A (NN+K& , MM+KG) =A (NN+K4 , MM4+KS5) *DCOS (ENP)

A (NN+KB ,M6KS) = 2_ *TD11M* (X2+TD1M*Y2) ¢*DCOS (EMP) / (DIV*PHIST(J) )
A(NKD , MM+K6) A (MN4KB , M0$-KS) *DCOS (ENP)

A (RN+K3 ,M4+KS) =2 . ¢ (TD11M* ( (-EMPS+POI*BMS/PHIS) *X2+TD1M* (-EMPS~
1 POI*GMS/PHIS) *Y2)) *PHIST(J) *DE (J) / (PHIST(J-1) *DE (J-1) *DIV)

A (NN+K3 , MM+K6) =A (NN+K3 , MHKS) *DCOS (ENP)

A (NN+K7 ,M+K5) =-2 _ * (TD11M* ( (-EMPS+POI*BMS/PRIS) *X2+TD1M* (-EMPS-
1 POI*GMS/PHIS) *Y2) ) *DCOS (EMP) /DIV
A(NN+K7 ,MM+KE) =A (NN4+KT , MM+KS) *DCOS (ENP)

GO TO 360
300 z2=-22

GM=PHI*DSQRT (22)

GMS=GM*GM

TD24=-BM* (BMS-POIS*PHIS*EMPS) *DSINH (M) / (GM* (QMS-POIS* PHIS*EMPS)
1l *DSINH(@M))

TD224=1 . / (BM*DSINH (BM) + TD2M*QM*DSINE (GM) )

IF(N.GT.1) GO 10 351

A MRS, M+KS) =-TD22M* ( (BMS-POI *PHIS*EMPS) *DCOSH (BM) +TD2M* (GMS-
1 POI*PHIS*EMPS) *DCOSH (@) )

A (MEKE , MHKS) =-TD22M* ( (BMS-POI *PHIS*EMPS) + TD2M* (AMS-POI*PHIS®
1 IMPS))

A MO+KS , MM+KG6) =A (M4+K6 , MM+KS)

A (K6, MH+K6) =A (ME+-KS , MM+KS)

351 CALL SCCl11(m,Zl1,22,ENP,X1,X2)
CALL 8CCl1(GM,Z1,Z2,ENP,Y1,Y2)
A (NHKS , MHKS) =-2  *TD22M* (X2+TD2M*Y2) / (DIV*PHIST(J) )
A (NN+K4 , M4+K6) =A (NN+KA , M6+ KS5) *DCOS (ENP)
A(NNGKB ,MHKS)= 2 *TD22M* (X2+TD2M*Y2) ¢*DCOS (EMP) / (DIV*PRIST(J) )
A (NN+KB , M4+K6) =A (NN+KB , MM+KS) *DCOS (ENP)

A (NN+K3 , MHKS) =2 . * (TD22M* ( (-EMPS+POI*BMS/PHIS) *X2+TD2M*® (-EMPS+
1 POI*GMS/PHIS) *Y2)) *PHIST(J) *DE (J) / (PRIST(J-1) *DE(J~1) *DIV)

A (NN+K3 , M+KE) =A (NN+K3 , ME+KS) *DCOS (ENP)

A QRNKT , M+KS) =-2 _ ¢ (TD22M* ( (-EMPS+POI*EMS/PHIS) *X2+TD2M* (-EMPS+
1 POI*GMS/PHIS) *Y2) ) *DCOS (BMP) /DIV
A(RIKT , MHKE) = (NN+K7 , M6-KS) *DCOS (ENP)

360 CONTINUE
1600 CONTINUE

c NOW COMPUTE MATRIX ELEMENTS ASSOCIATED WITE LAST SPAN BUILDING
c BLOCK
PHI=PRIST (NST) zz
PHIS=PHI*PNI
ALMDS=ALMDBS/PE1S
X=RATIO (NST)
ALMDS=ALMDS *DSQRT (X)
[~ II=(N8T-3) *X3
II=(NST-3) *K4
Me+IX
M=o II

BP=(M-1) *PI zz
EMEI=EMD * MNP zz
ENP=(N-1) *PI z
EM=PHI*DIORT (ALMDS+EMPS) zz
IMS=Ee I

IZ=ALODS-DEPS

IF(Z2.17.0.) GO TO 640

@e=PEI*DSORT (22)

- o
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TO=-EM* (IMS-POIS*PEIS*DPS) *DSINE (IM) / (BM* (GMS+POIS*PRIS*DMPS)
1 *DSIN(@ND)

TD11M=1. / (EM*DSIIE (BM) ~TDIMCGMODEIN () )

IF(N.GT.1) GO 10 650

A QOEKS ,)¢-K9) »-TD11M* ( (IMS-FOI *PEIS*ENDS) *DOOSE (Bi) - TD1IM® (GMS+POT

1 *PRIS*EMPS) *DCOS (1) )
AOSHKL0,M040K9) =~TD11M* ( (BMS-POI*PRIS*EMPS) ~-TDINM* (ALS+POI*PRIS*
1 EMPS))
A QSE+K9 04+ K10) =A D6+ K10, MOE+KD)
A GSHK1I0, M4+K10) =A REKS , ME+KI)
650 CALIL SCC11i(m¢,.21,22,ENP,X1,X2)
CALL SCC2({@M,21,2Z2,ENP,Y1,Y2)
A (NN+KB, M K9) =—2. *TD11M* (X2+TD1IM*Y2) / (DIV*PHIST (NST) )
A(NN+KB, M4+K10) =A (NN+KB , )0$+K9) *DCOS (ENP)

A (NN+K11,M94+K9) =-2 _ ¢ (TD11M* ( (-EMPS+POI*EMS/PHIS) *X2+ TD1M* (-EMPS~

1 POI*GMS/PHIS) *Y2) ) *DCOS (EMP) /DIV
A(NN+K11,M+K10) =A (NN+K11 ,M+K9) *DCOS (ENP)

A (NNSKT7 M4+ K9) =2 . * (TD11M® ( (-DMPS+POI*EMS/PHIS) *X2+TDIM* (-DMPS-

1POI*GMS/PRIS) *Y2) ) *PHIST (NST) *DE (NST) / (PHIST (NST-1) *DE (NST-1) *DIV)

A (NN+K7 ,M$+K10) =A (NN+K7 , M$+K9) *DCOS (ENP)

GO TO 369
640 2Z=-2ZZ

GM=PHI*DSQRT (22)

A=

TD2¥=-HM* (BMS-POIS*PHIS *EMPS) *DSINH (BM) / (GM*¢ (AMS-POIS*PHIS*EMPS)
1 *DSINE(@G1))

TD2289=1 . / (MM*DSINH (B¢) + TD2M*QM*DSINE (GM) )

IF(N.GT.1) GO 70 651

A Q64K , M4+K9) =-TD22M* ( (BMS-POI*PHIS*EMPS) *DCOSH (BM) + TD2M* (GMS—
1 POI*PHIS*EMPS) *DCOSH (@) )

A (MFK10, M+ KS) =-TD22M* ( (BMS-POI*PHIS*EMPS) + TD2M* (GMS-POI*PHIS®
1 BMPS))

A (4K ,M4+K10) =A (M+K10, M0E+K9)

A OSf+K10, M4+K10) =A (MM+KS , MH+K9)

651 CALL SCC11(mM,21,2Z2,ENP,X1,X2)

CALL SCC11(GM,21,22,ENP,Y1,Y2)

A(NNSKB , M+K9) =-2 . *TD22M* (X2+TD2M*Y2) / (DIV*PHIST (NST) )

A (NNSKB , M+K10) =A (NN+KB , 14+-K9) *DCOS (ENP)

A(NNSKLL, M4K9) =2 _ ¢ (TD22M* ( (-EMPS+POI*EMS/PRIS) *X2+TD2M* (-EMPS+
1 POI*@MS/PRIS) *Y2) ) *DCOS (EMP) /DIV

A (NN+K11,M4+K10) =A (NN+K11 ,M4+K9) *DCOS (ENP)

A (NN+K7 ,M4+K9) =2 _ ¢ (TD22M* ( (-EMPS+POI*BMS/PHIS) *X2+TD2M* (-EMPS+
1 POI*GMS/PHIS) *Y2) ) *PHIST(J) *DE (NST) / (PRIST (J-1) *DE (NST~1) *DIV)
A (NN+K7 ,MM+K10) =A (NN+K7 ,M4+K9) *DCOS (ENP)

369 CONTINUEL
54 CONTINUZ

NOW COMPUTE MATRIX ELEMENTS ASSOCIATED WITE BUILDING BLOCKS WITH
ANALYTICAL FUNCTIONS RUNNING IN THE PSI DIRECTION.

DO 74 N=1,K
DO 74 M=l ,K

SET UP DIVISOR DIV REQUIRED FOR COSINE TERM EXPANSION.

DIV=2.
IF(M.LT.2) GO TO 601
DIVel.

601 CONTINUE
COMPUTE ELEMENTS ASSOCIATED WITH FIRST SPAN.

EMP=(29-1) *P1/2.

ENPw (N-1) *PI
ENPS=EMP*ENP
ALMDS=ALMDES
PHI=1./PEIST(1)
PHIS=PHI*PRI

EN=PEX *DIQRT (ALMDS+ENPS)
BNS=EatEN

ZZ=ALMDS-ENPS
IF(zZ.1T.0.) GO TO 200
GN=PRI*DSORT (22)
GNS=GN*GN
TD1N=-DCOSK (IN) /DCOS (GN)
TO11N=]1./ (BN*DSINE (BN) ~TD1N*GN*DSIN(GN) )

TOINP=EN* (INS-POIS*PHIS*ENPS) *DOOSHE (AN) / (GN* (GNS+POIS*PHIS*ENPS)
1 *DCOB(GN) )
TD11NP=1. / (IM*DCOSK (BM) +TDINP*GN*DCOS (GN) )
TO1NVe-BN*DCOSH (BN) / (GE*DCOS (GN) )
114

22203330

22203390
22203430

22203440
22203450
22203460

£Z203480
22203490

369 CONTINUE



TD1INVe-1 . / (BN* (BNS-~-POIS*PEIS*ENPS) *DCOSH (BI) ~TDINVCGN* (GNS+POIS*
1 PEIS*ENPS) *DCOS (GN) )

Ir(.¢?.1) @O 10 250

AN, M) =TDI1IN® (-EN*DSINE (BN) +TDIN*GN*DSIN (GN) ) *PEIST(1)

A (K4 ,N) ~TD11IN® (1. +TDIN)

A(N,N4+K3) =TD11NP* (BN+GN*TDINDP) *PEIST (1)

A(N,N+K4E) =TD1INV® (BN+GN*TDINV) *PRIST (1)

A (K4, N4K3) =TD11INP* (DSINR (BN) + TDINP*DSIN (GN) )
A(N+K3,N+K4) =TD1INV* (BN*DCOSHE (BN) + TDINV*GN*DCOS (GN) ) *PRIST (1)
A (N+K4 , N+K4) =TD1INV* (DSINH (BN) +TDINV*DSIN (GN) )

A(N+K3 ,N) =-TD11IN* ( (BNS-POI*PHIS*ENPS) ~TDIN® (GNS+POI*PHIS*
1 ENPS)) *PHIST(1)

A (N+K3 ,N+K3) =—TD11NP* ( (BNS-POI*PHIS*ENPS) *DSINH (BN) ~TDINP* (GNS+
1 POI*PHIS*ENPS) *DSIN(GN)) *PHIST(1)

A (N+K3,N+K4 ) =-TD1INV* ( (BNS-POI*PHIS*ENPS) *DSINH (BN) -TDINV* (GNS+
1 POI*PHIS*ENPS) *DSIN(GN)) *PHIST(1)

250 CONTINUE
Zl=1.
CALL SCS11(BN,Z1,Z2,EMP,X2,X1)
CALL SCS2(GN,Z1,z2,pMP,Y2,Y1)
Z1=0.
XX(=—-2 . *TD11IN* ( (-ENPS+POI*BNS/PHIS) *X1+TDIN¢ (-ENPS-POI*
1 GNS/PHIS) *Y1) *DCOS (ENP)

A (M+K,N) =XXX*PHIST (1)

YYY=-2_ ¢TD1IN® ( (-ENPS+POI*BNS/PHIS) *X1+TD1IN* (-ENPS-POI*
1 GNS/PHIS) *Y1)

A(M+K2 N) =YYY*PRIST (1)

CALL SCS11(BN,Z1,22,EMP,X1,X2)

CALL SCS2(GN,Zz1,22,DMP,Y1,Y2) .

A (MK, N+K3) =-2_ ¢TD1INP* ( (-ENPS+POI*BNS/PHIS) *X1+TD1NP* (-ENPS-POI*
1 GNS/PHIS) *Y1) *DCOS (ENP) *PHIST (1)

AQHK2 ,N+K3) =~2, *TD11INP* ( (-ENPS+POI*BNS/PEIS) *X1+TD1INP* (-ENPS-POI*
1 GNS/PEIS) *Y1) *PRIST(1)

A (MK, N+K4) =~2 . ¢TD11RV* ( (-ENPS+POI*BNS/PHIS) *X1+TDINV* (-ENPS-POI*
1 GNS/PHIS) *Y1) *DCOS (ENP) *PEIST (1)

AQHK2 ,N+K4) =-2, *TDLINV* ( (-ENPS+POL*BNS/PEIS) *X1+TD1INV® (~ENPS-POI *
1 GNS/PHXS) *Y1) *PRIST(1)

GO TO 260

200 ZzZ=-22

GN=PHI*DSQRT(ZZ)

GNSaGN*GN

TD2N=-DCOSH (BN) /DCOSH (GN)

TD22N=1 ./ (BN*DSINH (BN) + TD2N*GN*DSINH (GN) )

TD2NP=-BN* (ENS-POIS* PRIS*ENPS) *DCOSH (BN) / (GN* (GNS-POIS*PHIS *ENPS)
1 *DCOSH(GN))
TD22Np=1 . / (BN*DCOSH (BN) +TD2NP *GN*DCOSE (GN) )

TD2NV=-EN*DCOSE (M) / (GN*DCOSE (GN) )

TD22NV=-1./ (BN* (MNS-POIS*PRIS*ENPS) *DCOSH (BN) + TD2NVGN* (GNS-POIS*
1 PHIS*ENPS) *DCOSE (GN))

IFr(M.GT.1) GO T0 251

A(N,N) =TD22N* (-BN*DSINK (BN) -TD2N*GN*DSINH (GN) ) *PHIST (1)

A (N+KA4 ,N) =TD22N* (1. +TD2N)

A (N, N+K3I) =TD22NP¢ (RN+GN*TD2NP) *PHIST (1)

A (N, N+K4) =TD22NV* (BN+GN*TD2NV) *PHIST (1)

A (N+K4 ,N+K3) =TD22NP* (DSINK (BN) +TD2NP*DSINH (GN) )
A (N+K4 , N+ K4 ) =TD22uV* (DSINR (BN) +TD2NV*DSINE (GiY) )

A (N4K3 , N) =-TD22N¢ ( (BNS-POLI*PEIS*ENPS) + TD2N® (GNS-POX *PUIS*
1 ENPS)) *PEIST(1)

A(HKY, NeK3) =>-TD22NP* ( (BNS-POI*PHIS*ENPS) *DSINH (BIN) +TD2ND* (GNS-
1 POI*PHEIS*ENPS) *DSINN (GN) ) *PRIST(1)

A (K3, J+K4) =-TD22NV* ( (BNS-POI*PRIS*ENPS) *DSIME (BN) + TD2NV* (GNS-
1 POI*PHIS*ENPS) *DSINE (GN) ) *PHIST(1)

251 CONTINUE
1=l
CALL 85CS811(EN,Z1,22,.0P,X2,X1)
CALL 8CS11(GN,Z1,22,EMP,Y2,Y1)
T1=0.
XXX=-2 . *TD22W¢ ( (-EMPS+POI*ENS/PEIS) *X14+TD2N* (~ENPS+POI*
1 GNS/PEIS) *Y1) *DCOS (ENP)

A QK , M) =XXX*PRIST(1)
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YYYw-2  ¢TD22N* ( (~-ENPS+POI*ENS/PHIS) *X14+TD2N* (-EHPS+POI*
1 GNS/PE1S)*Y1)

AOHK2, M) =YYY*PRIST (1)

CALL SCS11(EN,Z1,Z2,0MP,X1,X2)

CALL SCS11(GN,Z1,22,B¢P,Y1,Y2)

AQHK, N4K3) =-2, ¢TD22NP* ( (~-ENPS+POI'ENS/PHEIS) *X1+TD2NP* (-ENPS+POI*
1 GNS/PRIS) *Y1) *DCOS (ENP) *PEIST(1)

A(MIK2,N+K3) =-2 . *TD22NP* ( (-ENPS+POI*RNS/PHRIS) *X1+TD2NP* (-ENPS+POT*
1 GNS/PHIS)*Y1) *PRIST(1)

A (MK, N+KQ) =-2 . *TD22NV*® ( (-ENPS+POI*ENS/PHIS) *X1+TD2NV* (-ENPS+POI*
1 GNS/PHIS) *Y1) *DCOS (ENP) *PHIST (1)

A(MK2 ,N+K4) =-2. *TD22NV* ( (-ENPS+POI*BNS/PHIS) *X1+TD2NV* (-ENPS+POI*
1 GNS/PHIS) *Y1) *PHIST(1)

260 CONTINUE
NOW COMPUTE ELEMENTS ASSOCIATED WITH SECOND SPAN

IMP= (M-1) *PI

DO 2610 J=2 ,NST-1
X=RATIO(J)

ALMDS=AIMDBS *DSQRT (X)
RATE=PHIST(J) /PHIST(J-1)
II=(J-2) *K3

IX=(J-2) *K4

RAT12S=-PHIST(J-1) *PHIST(J~1) / (PHIST (J) *PEIST(J))
RAT12CaRAT128*PRIST (J-1) /PHIST (J)
RAT12C=RAT12C*DE (J-1) /DE(J)

RAT12S=-PHIST(J~1) /PRIST(J)

MMM+ II

NN=N+II

PHI=1./PHIST(J)
PRIS=PHI®*PHI

BN=PHI *DSQRT (ALMDS+ENPS)
BNS=BN*BN

ZZ=ALMDS-ENPS
IF(ZZ.LT.0.) GO TO 400
GN=PHI*DSQRT (2Z)
GNS=GN*GN

TDINV=BN*DSINH (BN) / (GN*DSIN (GN) )
TD11NVe-1. / (BN® (BNS-POIS*PHIS*ENPS) *DSINH (BN) +TDINV*GN* (GNS+POIS*
1 PHIS*ENPS) *DSIN(GN))

TDINP=-BN* (ENS-POIS*PHIS*ENPS) *DSINH (BN) / (GN* (GNS+POIS*PHIS*ENPS) *
1 DSIN(GN))
TD11NPw=l. / (BN*DSINH (BN) ~TD1NP*GN*DSIN (GN) )

IF(M.GT.1) GO TO 450

XXX=TD11NP* ( (BNS-POI*PRIS*ENPS) *DCOSH (BN) ~TD1INP* (GNS+POI*PHIS *ENPS
1 ) *DCOS(GN) ) *PHIST (J) *RAT128*DE (J) /DE (J-1)

YYY=TD1INV* ( (BNS-POI*PHIS*ENPS) *DCOSH (BN) ~TD1INV* (GNS+POI *PHIS*ENPS
1 ) *DCOS (GN) ) *PHIST (J) *RAT12C*DE (J) /DE (J-1)

AQRSKS, N+ K3) =A (K3, NN+ K3) +XXX*PBIST (J) /PHIST (J-1)

A (NNSKI, NN+ K4E) =A (NN4K3, NN+K4) +YYY *PHIST (J) /PHIST(J-1)

A (NN+K3, MN+K7) =TD11NP* ( (BNS-POI *PHIS*ENPS) -TDINP* (GNS+POI*PHISY
1 ENPS)) *PHIST(J) *PHIST(J) *DE(J) / (PRIST (J~-1) *DE(J-1))

A (NN+K3, NN+KB) =TD11INV* ( (BNS-POI*PRIS*ENPS) ~TDINV® (GNS+POI*PHIS*
1 ENPS) ) *PHIST(J) *PHIST(J) *DE(J) / (PHIST (J-1) *DE(J-1))

XXXX=-TD11NP* (DCOSH (BN) + TD1NP*DCOS (GN) ) *RAT128

A(NN+KL , NN+ K3 ) =A (NN+K4 , NN+ K3) +X00X
A (NKL, HKE) =A (MN+K4 , NN+K4) ~TDLINV® (DCOSH (BN) + TDINV*DCOS (GN) ) *
1 RAT12C

A (NN+KL , MN+K7) =-TD11NP* (1. +TDINP)
AQRNSKE , 4 KB) =-TD11INV® (1. +TDINV)

AQEI+K7 ,Ni+K3) o-TD11NP* ( (ANS-POI*PEIS*ENPS) - TDINP* (GNS+POI*PHIS®
1 ENPS)) *PEIST(J) *RAT128

AQR+KT , M+K4 ) =-TD11NV* ( (BNS-POI*PRIS*ENPS) ~TDINV*® (GNS+POI*PEIST
1 ENPS)) *PEIST(J) *RAT1I2C

A QEHKT, N64K7 ) ==-TD11NP* ( (BNS-PFOI*PRIS*ENPS) *DOCOSN (BNN) —-TDIND* (GNS
1 +POI*PEIS*ENPS) *DCOS (GN) ) *PRIST (J)

AQN+KT , I+ KB) =-TD11INVY ( (BNS-POI *PRIS*ENPS) *DCOSH (BN) —~TD1INV* (GeS
1 +POI*PHEIS*ENPS) *DCOS (GN) ) *PEIST (J)

AQRIKS, 164+ K7) *TD11NP* (DCOSH (BN) + TDINP*DCOS (GN) )
A QRKD , I+ KB) =TD11NV* (DCOSH (BN) +TD1NVDCOS (GNY) )

A(R+KB, i+ K3)= TD11NP® (1.+TDINP) *RAT12S
AQRIKD,+K4)= TOLINV® (1.+TDINV) *RAT12C
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CALL SCCl11(ENM,3I1,Z2,BP,X2,X1)

CALL SCC2(GM,Z1,22,50,Y2,Y1)

Xtm-2 . *TDLINP® ( (~-ENPS+POI*ENS/PRIS) *X1+TDINP* (~ENPS-POI*
1 GM3/PEIS) *Y1) *DCOS (EMP) /DIV

XXVm—2 . *TDL1NV® ( (~-ENPS+POI*ENS/PEIS) *X14TDINV® (~-ENPS-POI*
1 @i8/PHIS) *Y1) *DCOS (ENP) /DIV

A QR+KS , MH+K3) =XXX*DCOS ( (M-1) *PI) *PRIST (J) *RAT12S
A (4+KS , N¥+-K4 ) =XXVDCOS ( (M-1) *PI) *PHIST (J) *RAT12C
A OSKS , NN+ K7) uXXX*PEIST (J)
A (Q21+KS , NN+ KB) =XXV*PREIST (J)

YYY=-2_¢TD11NP* ( (-ENPS+POI*BNS/PHIS) *X1+TDINP*® (~ENPS-POI*
1 GNS/PHIS) *Y1) /DIV

YYVa-2 ¢TD1INV® ( (~-ENPS+POI*BNS/PRIS) *X1+TDINV* (—-ENPS-POI*
1 GNS/PHIS) *Y1) /DIV

A (MM-K6, NIN+K3) =YYY*DCOS ( (M-1) *PI) *PHIST (J) *RAT1Z2S
A (K6, NN+ K4 ) =YYV*DCOS ( (M-1) *PI) *PHIST (J) *RAT12C
A QS KG, NN+ K7) =YYY*PHIST (J)
A (MHKS, NN+ KB ) =YYVePHIST (J)

GO TO 460
400 2Z=-T2
GN=PHI *DSQORT (ZZ)
GHNS=GN*GN
TD2NV=-BN*DSINE (BN) / (GN*DSINE (GN) )
TD22NV=-1./ (BN* (RNS-POIS*PHIS*ENPS) *DSINH (BN) + TD2NV*GN* (GNS-POIS*
1 PHIS*ENPS) *DSINH(GN))

TD2NP=-BN* (BNS-POIS*PHIS*ENPS) *DSINH (BN) / (GN* (GNS-POIS*PRIS*ENPS) *
1 DSINE(GN))
TD22NP=1 ./ (BN*DSINH (BN) + TD2NP*GN*DSINH (GN) )

IF(M.GT.1l) GO 10 455

XIX=TD22NP* ( (BNS~POI *PHIS*ENPS) *DCOSH (BN) +TD2NP* (GNS-POI*PHIS*
1 ENPS) *DCOSH (GN) ) *PRIST (J) *RAT128*DE (J) /DE (J-1)

YYY=TD22MV* ( (BNS-POI*PHIS*ENPS) *DCOSH (BN) + TD2NV* (GNS-POI*PHIS*
1 ENPS) *DCOSH (GN) ) *PHIST (J) *RAT12C*DE (J) /DE (J-1)

A(NN+K3, NN+K4) =A (NN+K3 , NN+K4) +YYY*PRIST (J) /PHIST (J-1)

A (NN+K3, NN+KI) =A (NN+KI , N+ K3) +XXX*PHIST (J) /PHIST (J-1)

A (N+K3, NN+ K7) =TD22NP* ( (BNS-POI*PHIS*ENPS) +TD2NP* (GNS-POI*PHIS*
1 ENPS)) *PHIST(J) *PHIST (J) *DE(J) / (PRIST (J-1) *DE(J-1))

A(NN+K3, NN+KB) =TD22NV* ( (BNS-POI *PEIS*ENPS) +TD2NV* (GNS-POI*PHIS*
1 ENPS)) *PHIST(J) *PHIST(J) *DE(J) / (PHIST (J-1) *DE (J-1) )

XOXX=-~TD22NP* (DCOSH (BN) + TD2NP*DCOSH (GN) ) *RAT12S

A(NN+K4 , NN+ K3) =A (NN+K4 , NN+ K3 ) +200XX

A (NN+K4 , NN4KA) =A (NN+K4 , NN+K4) -TD22NV* (DCOSH (BN) + TD2NV*DCOSH (GN) ) *
1 RATI2C

AQRI+KAL , NN+K7) =-TD22NP* (1. +TD2NP)

A(NN+KY , NN+ KB) =-TD22NV* (1. +TD2NV)

A(R+KT7 , NN+K3) =-TD22NP* ( (BNS-POI*PHISOENPS) + TD2NP* (GNS-POI *PHIS®
1 ENPS)) *PHIST(J) *RAT128

A (NN+K7, N4 K4) =-TD22NV* ( (BNS-POT *PHIS*ENPS) +TD2NV* (GNS~-POI*PEIS*
1 ENPS)) *PHIST(J) *RAT12C

A (NN+K7, NN4K7) =-TD22NP* ( (BNS-POI *PHIS*ENPS) *DCOSH (BN) + TD2NP* (GNS
1 -POI*PRIS*ENPS) *DCOSHE (GN) ) *PHIST(J)

A (NN+K7 , NN+KB) =-TD22NV* ( (BNS-POI*PEIS*ENPS) *DCOSH (BN) +TD2NV* (GNS
1 -POI*PHIS*ENPS) *DCOSH (GN) ) *PRIST (J)

A (NN+KB , N+ K7) =TD22NP* (DCOSHE (EN) +TD2NP*DCOSHE (GN) )
A (NN+KB , NN+ KB) =TD22NV'* (DCOSH (IN) +TD2NV*DCOSH (GN) )

AQRI+KB , MN+KI) oTD22WPT* (1 . +TD2NP) *RAT12S8
AQRHKE, NN+K4) =TD22NV* (1 . +TD2NV) *RAT12C

455 CONTINUE

CALL SCC11(EN,21,Z2,0D0,X2,X1)

CALL SCCl1(GN,Z21,22,.0¢P,Y2,Y1)

TXXw-2 . *TD22NP* ( (-ENPS+POI*ENS/PEIS) *X1+TD2NP* (-ENPS+POI*
1 GMS/PRIS) *Y1) *DCOS (EXP) /DIV

XXVm-2 . $TD22WV* ( (-ENPS+POI*ENS/PEIS) ¢X1+TD2NV* (-ENPS+POI*
1 GNS/PEIS) *Y1) *DOOS (EMP) /DIV

A QE+KS , M+ 1) =XXX*DCOS ( (M-1) *PI) *PEIST (J) *RATIZS
A GO4+XS , MN+ KA ) «XXV*DCOS ( (-1) *PT) *PRIST (J) *RAT12C
A QOHKS , Y KT7) aXXX¢*PRIST (J)
A QO+KS , KB ) XXV PEIST (J)

YYYo-2. ¢TD22MP* ( (~-ENPS+FOI*BNS/PEIS) $X14TD2NP* (~ENPS+POI*
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1 GNS/PuIS) *Y1) /DIV
TIV-2  ¢TN22MVe ( (~EWPS+POI*ANS/PEIS) *X1+TD2NV* (~ENPS+POI*

1 GNS/PEIS) *Y1) /DIV

A Q86+ K6, 16+ K3) «YYY *DOOS ( (M-1) *PI) *PEIST (J) *RAT12S
A (O6+KS, M+ K4 ) =YYV*DCOS ( (04-1) *PI) *PRIST (J) *RAT12C
A QOFKG , KT ) =YYY*PRIST ()
A QSIrKE , M+ KB) =YYV*PRIST (J)

2610 CONTINUE

c

o4

NOW COMPUTE ELEMENTS ASSOCIATED WITH THIRD SPAN.

II=(NST-3) *K3
II=(NST-3) *K4
M=+ IT
NN=N+II
J=NST-1
RATE=PHIST (J) /PRIST(J-1)
RAT12S8=-PHIST (NST-1) *PHIST (NST-1) / (PHIST (NST) *PHIST (NST) )
RATI2C=RAT12S*PRIST (NST-1) /PHIST (NST)
RAT12C=RAT12C*DE (NST-1) /DE (NST)
RAT128=-PHIST (NST-1) /PHIST(NST)

PHI=1./PHIST (NST)
PHIS=PRI*PHI

X=RATIO (NST)
ALMDS=ALMDBS *DSQRT (X)
BN=PHI*DSQRT (ALMDS+ENPS)
BNS=BN*BN

ZZ=ALMDS-ENPS
IF(ZZ.LT.0.) GO TO 800
GN=PHI*DSQRT (ZZ)
GNE=GN*GN

TDINV=BN*DSINH (BN) / (GN*DSIN(GN) )
TD11NV=-1./ (BN* (BNS-POIS*PHIS*ENPS) *DSINH (BN) +TDINV*GN* (GNS+POIS*
1 PHIS*ENPS) *DSIN(GN))

TD1INP=-BN* (BNS-POIS*PHIS*ENPS) *DSINE (BN) / (GN* (GNS+POIS*PHIS*ENPS) *
1 DSIN(GN))
TD11NP=1./ (BN*DSINK (EN) -TDINP*GN*DSIN (GN) )

TD11NPP=-1./ ( (BNS-POI*PHIS*ENPS) *DCOSH (BN) ~TD1NP* (GNS+POI*PHIS*
1 ENPS) *DCOS (GN) )

IF(M.GT.1) GO TO 850

XXX=-TD11NP* ( (BNS-POI*PHIS*ENPS) *DCOSH (BN) ~TD1INP* (GNS+POI *PHIS®
1 ENPS) *DCOS (GN) ) *PHIST (NST) *RAT12S*DE (NST) /DE (NST-1)

YYY=-TD11NV* ( (BNS-POI*PHIS*ENPS) *DCOSH (BN) -TD1NV* (GNS+POI*PHIS*®
1 ENPS) *DCOS (GN) ) *PHIST (NST) *RAT12C*DE (NST) /DE (NST-1)

A (NN+K7 , NN+K7) =A (NN+K7 , NN+K7 ) -XXX*PHIST (NST) /PHIST (NST-1)

A (NN+KT7 ,NN+KB) =A (RN+K7 ,NN+KB) -YYY*PHIST (NST) /PHIST (NST-1)

A QBNKT , M8+ K11) =TD1INPP* ( (RNS-POI*PHIS*ENDS) -~TDINP* (GNS+POI *PHIS*
1 ENPS)) *PHIST(NST) *PHIST (NST) *DE (NST) / (PHIST (NST-1) *DE (NST-1))

XXX=TD11NP* (DCOSH (BN) +TDINP*DCOS (GN) )
YYY=TD11NV* (DCOSH (BN) +TD1INV*DCOS (GN) )
A(NNSKB , NN+K7 ) =A (NN+KB , NN+K7) ~-XXX*RAT12S

A (NN+KB , NN+KB) =A (NN+KB , NN+KB) ~YYY*RAT12C

XXX=TD11NPP* (1 .+TDINP)

A (NM+KB , NN+ K11 ) =-XXX

AQEN+K1)1,NN+K11) =PRIST (NST)

A(RI+K11, NN+K7) =-TD11INP* ( (BNS-POI*PHIS*ENPS) -TDINP* (GNS+POI *PHISY
1 ENPS)) *PHIST (NST) *RAT12S

AQRK11, NN+KB) =-TD1INV* ( (BNS-POI*PHIS*ENDPS) -TD1NV*® (GNS+POI*PRIS*
1 ENPS) ) *RAT12C*PHIST (MST)

CALL SCC11(BN,Z1,22,0¢,X2,X1)

CALL SCC2(GNM,Z1,Z2,.B¢P,¥2,Y1)

XXw-2 . *TD11INPP* ( (-ENPS+POI*ENS/PRIS) ¢X1+TDINP* (~ENPS-POI*
1 GNS/PE1S) *Y1) *DCOS (EMP) /DIV

AQO6KS , )6+ K1 1) =XXX*PRIST (NST)
YYY=-2, *TDLINPP® ( (-EMPS+POI*ENS/PEIS) ¢X1+TDINP® (-ENPS-POI*
1 GMS/PE1S) *Y1) /DIV

AQOHKLO, MN+K11) wYYY*PRIST (KST)
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800

451

CALL SCC11(m,21,32,.50P,X2,X1)

CALL SCC2(GM,21,22,0,Y2,Y1)

X=—2 . *TDLINP* ( (-ENPS+POI*ENS/PALS) *X1+TDINP* (~EMPS-POI*
1 GMS/PIIS) *Y1) *DOOS (BNP) /DIV

V-2 . *TOLINV® ( (-ENPS+POI*ENS/PEIS) *X1+TDINV? (-ENPS-POX*
1 GS/PE1S) *Y1) *DCOS (EWP) /DIV

A QS+K9 , MN+K7) =XXX*DCOS (EMP) *PHIST (NST) *RAT12S
A QK9 , )N+KB) =XXV*DCOS (DMP) *PRIST (NST) *RAT12C

YYY=-2 ¢ID11NP* ( (-ENPS+POI*BNS/PHIS) *X1+TDINP* (-ENPS-POI*
1 GNS/PHIS) *Y1) /DIV

YYVm=-2 ¢*TD11NV* ( (~-ENPS+POI*ENS/PHIS) *X1+TDINV* (-ENPS-POI*
1 GNS/PHIS) *Y1) /DIV

A (4+K10 , NN+ K7 ) =YYY *DCOS (EMP) *PEIST (NST) *RAT12S
A (K10, NN+KB) =YYV*DCOS (EMP) *PHIST (NST) *RAT12C

GO T0 560
2Ze-22
GN=PHI*DSQRT (ZZ)
GNS=GN*GN

TD2NV=-BN*DSINH (BN) / (GN*DSINE (GN) )
TD22NV=-1. / (BN* (BNS-POIS* PEIS*ENPS) *DSINH (BN) + TD2NV*GN* (GNS-POIS*
1 PHIS*ENPS) *DSINH (GN))

TD2NP=-BN* (BNS-POIS*PHIS*ENPS) *DSINH (BN) / (GN* (GNS-POIS*PHIS*ENPS) *
1 DSINH(GN))
TD22NP=1./ (BN*DSINH (BN) + TD2NP*GN*DSINH (GN) )

TD22NPP=-1. / ( (BNS-POI *PHIS*ENPS) *DCOSH (BN) + TD2NP* (GNS-POI*PHIS*
1 ENPS) *DCOSH (GN) )
IF(M.GT.1) GO TO 451

XXX=-TD22NP* ( (BNS-POI *PHIS*ENPS) *DCOSH (BN) +TD2NP* (GNS-POI*PHISY
1 ENPS) *DCOSH (GN) ) *PHIST (NST) *RAT12S*DE (NST) /DE (NST~1)

YYY=-TD22NV* ( (BNS-POI *PHIS*ENPS) *DCOSH (BN) + TD2NV* (GNS-POI*PHIS®
1 ENPS) *DCOSH(GI) ) *PRIST (NST) *RAT12C*DE (NST) /DK (NST-1)

AQDNKT, NN+K7) =A (NN+K7 , NN+K7) ~XXX*PHIST (NST) /PRIST (NST-1)

A(NRIKT , NN+KB) =A (NN+K7 , RN+KB) -YYY*PHIST (NST) /PHIST (NST-1)

A QRHKT , NN+K11) =sTD22NPP* ( (BNS-POI*PHIS*ENPS) +TD2NP* (GNS-POI*PHISY
1 ENPS)) *PHIST(NST) *PRIST(NST) *DE(NST) / (PHIST (NST-1) *DE (NST-1) )

XXX=TD22NP* (DCOSH (BN) +TD2NP*DCOSH (GN) )

YYY=TD22NV* (DCOSH (BN) +TD2NV*DCOSH (GN) )

A(NN+KB , RN+K7) =A (MN+KB , NN+K7) ~XXX*RAT12S

A (NN+KB , NN+KB) =A (00¥+KB , NN+KB) ~YYY*RAT12C

XXX=TD22NPP* (1 . +TD2NP)

A (NN+KB , NN+K11) =-XXX

A(NN+K11 ,NN+K11)=PHIST (NST)

A(NN+KLL , NN+KT7) =-TD22NP* ( (BNS-POI*PHIS*ENPS) + TD2NP* (GNS-POI*PHIS®
1 ENPS)) *PHIST (NST) *RAT12S

A(NN+K11 , NN+ KB) =-TD22NV* ( (BNS-POI*PHIS*ENPS) +TD2NV* (GNS-POI*PHISY
1 ENPS) ) *RAT12C*PRIST (NST)

CONTINUE

CALL SCCl11(BN,21,2Z2,EMP,X2,X1)

CALL SCCl1(GN,Z21,2Z2,0P,¥2,Y1)

XXX=-2 . ¢ TD22NPP* ( (-ENPS+POI*BNS/PHIS) *X1+TD2NP* (-ENPS+POI*
1 GNS/PHIS) *Y1) *DCOS (ENP) /DIV

A QREK9 , NN+ K11 ) =XXX*PHIST (NST)
YYY=—-2, ¢TD22NPP* ( (-ENPS+POI*BNS/PHIS) *X1+TD2NP* (-ENPS+POI*
1 GNS/PHIS) *Y1) /DIV

AQOHKLIO0, NN+K1]1) =YYY *PEIST (NST)

CALL SCCl1(mN,Z1,Z2,EMP,X2,X1)

CALL 8SCCl1 (G,Z1,22,EMP,Y2,Y1)

OO0==-2 . *ID22NP* ( (~ENPS+POI*ENS/PUIS) *X1+TD2NP* (~-ENPS+POT*
1 GN8/PUIS) *Y1) *DCOS (EMP) /DIV

XXVe-2 . ¢TD22NV* ( (-ENPS+POI*BNS/PRIS) *X1+TD2NV* (-ENPS+POI*
1 GNS/PEIS) *Y1) *DCOS (RWP) /DIV

A (4+KI , M+ K7) XXX *DOOS (EMP) *PHIST (NST) *RAT128
A QO$+K9 , N+ KB ) =XXV*DCOS (EMP) *PRIST (NST) *RAT12C

YYYw-2 ¢TD22NP* ( (~-ENPS+POI*BNS/PHIS) *X1+TD2NP* (~-ENPS+POI*
1 GN3/PEIS) *Y1) /DIV

TYVe-2, ¢TD220V* ( (~-ENPS+POI*ENS/PHIS) *X1+TD2NV* (-ENPS+POT*
1 Gu8/PRIS) *Y1) /DIV

AQSH+K10,)06+K7) =YYY*DCOS (KMP) *PAIST (NST) *RAT12S
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A O+ K10 , M+KB) =YYV*DOOS (EMP) *PHIST (KST) *RAT12C
CONTINUE

DO 2200 I=1,X

DO 2200 J=1,KX8
A(I+K, J)=A(I+K3,T)
A(I+R2,T)=A(I+K4,T)
A(I+K3,J)=A(I+K7,T)
DO 2201 I=1,K4

DO 2201 J=1,K
A(I,J+K)=A(I,J+K3)
A(X,J+K2)=A(I,T+KE)
A(I,J+K3)=A(I,J+K7)

KK= (NST*4) *K
IF(DEL.EQ.0.) GO TO 93

DO 2205 I=1,KK

AIIsI

WRITE (6,1) PI,AXII
PAUSE

DO 2206 Js=1,KX

AJI=J

IF(J.NE.16) GO TO 2206
PAUSE

WRITE (6.,1) AXIXI,AJJ, A(I O
PAUSE

CONTINUE

IF (PI.GT.0.) GO TO 118
DO 2149 I=1,KK

DO 2149 J=1,KK
A(I,N=A(I,J)/10.

CALL DETERML (A, KK ,Y)
WRITE (6,1) ALMDS.Y
IF(AMDS.LT.DLIM) GO TO 9
GO TO 118

CONTINUE

DO 611 Is=1, KK
ANS(I)=0.

EVALUATE DRIVING COEFFICIENTS SO THAT MODE SHAPE CAN BE GENERATED
LAST COEFFICIENT IS SETw=-1.

DO 5000 I=1,K

AlIs=I

DO 5001 J=1.,K2

XX=A (I+K4 , J+K5) —-A (I+KB, J+K9)
AT I=T

WRITE (6.1) AII,AJJ, XX
PAUSE

CONTINUE

WRITE (6,1) A(KB+1l,K8+1), PI

CALL DETR(A,KK,ANS)

22204990
22205010
22205020
22205030
22205100

22205140

Z2205170

NOW PUT COEFFICIENTS, ANS, IN ORDER AND STORE IN ARRAYS EM AND EN.

XX=1 .

DO 8110 I=1,K
EM(1,I)=ANS(I+K) *XX
BM(2,I)=ANS (I+K2) XX
BM(3,I)=ANS (I+KS) *XX
EM(4,I)=ANS (I+K6) *XX
BM(S,I)=AMS (I+X9) *XX
B4(6,I)=ANS (I+K10) *XX
IF(MST.EQ.3) GO TO 8110
BM(7,I)=ANS (I+K13) *XX
EM(0, I)=AMS (I+K14) *XX
CONTINUE

DO 6111 I=1.K
EN(L,I)=ANS(I) *XX
EN(2,I)=ANS (I+K3) *XX
EBN(3,I)=ANS(I+K4) *XX
EN(4,I)=AMS (I+K7) *XX
EN(S,I)=ANB(I+KB) *XX
EN(E, I)=ANS (I+K11) *XX
IF(NST.EQ.3) GO TO 68111
EN(G,I)=aNS (I+K11)
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EN(7,I)=ANSB(I+K12)
BI(8, I)=ANS (I+K15)

CONTINUE
EM(S,1)=]l.

DO 8120 Is1.K

WRITE (€,1) EN(1,I),EN(2,I),EN(3,I),EN(4,I) EN(S,I)
WRITE (6,1) BM(1,I),BM(2,I),BM(3,I),EM(4,I) ,BM(5,I)
WRITE (6,1) EM(6,I),EN(6,I)

CONTINUE

IF(PI.GT.0) GO TO 118

CALL SHAPBRC 22205620

IF(PI.GT.0.) GO TO 8200
StM=0 .

DO 8121 I=1,61

XK= (I-1) *PI/60.
SUM=SMIMMY (3,61, 1)
CONTINUE

SUM= SUM/61.

WRITE (6,1) SUM,SUM,SUM
IF(PI.GT.0.) GO TO 118

PRINT OUT SPAN DISPLACEMENTS ON GRID FORMAT AS DESIRED.
NOTE: IF NST=3 , W(4,I,J) WILL =O.

CONTINUE
DO 5000 I1=1,61,1
DO 5001 J=1,20
JJ=1+(J-1) *3
WW(I,J)=w(1l,I,JT)
DO 5002 J=21,40
JJ=1+(J-21) *3
wWi(I N=w(2,1,3T)
DO 5003 J=41,61
JJ=1+(J-41) *3
WW(I, J)=W(3,I,JT)
CONTINUE

DO 1241 I= 1,61,2 22205940
Alls=I

WRITE (6,1) PX 22205970
DO 1240 J= 1,61,1 ZZ205990
AJI=T

WRITE (6,1) AII,AJJ,WW(I,J) -

WRITE (8,1) WW(I,J)

CONTINUT

PAUSE

CONTINUE

WRITE (6,1) W(1,I,J).,W(2,I,J),%(3,I,J)
PAUSE

XX= ws (1,1,61)-ws (2,I,1)
YY= w8 (2,1,61)-ws (3,1,1)
z= W (1,I,61)-wWv (2,I1,1)
ZZ2= w (2,I,61)-wV (3,I,1)
CONTINUE

DO 1340 I=1,61,3

AIl=I

YY=W(2,1I,61)-%w(3,1,1)
XX=W(1l,1,61)-w(2,I,1)

WRITE (6,1) AII XX,YY

PAUSE

CONTINUE
sToP ZZ206960
0D 22206970
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SUBROUTINE PROGRAM “SUBSPAN” STARTS

SUBROUTIMNE SEAPERC
IMPLICIT DOUBLE PRECISION (A-E,0-Z)

DIMENSION  PHIST(2S5) ,AMS(150) ,AMNS(150) ,ANNSS(150) ,£4(30,30),
C EN(30,30) ,W(4,61,61) ,w3(4,61,61) ,WMX(4,61,61),%MY(4,61,61),
C RATIO(25) ,wV(4,61,61) ,DE(25)

COMMON POTI,POIS,PI, K, X2,K3,K4,NST,DE,
C K5,K6,K7,K8,K9,K10,K11,K12,ALMDS , ALMD1S , ALMD2S , WV,
C ALMD3S, PHIST,AMMS, ANNS,ANNSS, M, EN, ALMDBS W, WS, WX, WMY, RATIO

1 FORMAT(7(E13.6,3X))

HXX=61

DO €47 L= 1,61,1
ETA=(L~-1)/ FLOAT(NXX-1)
ET1=1_-ETA

DO 47 J=» 1,61,3
PSI=(J-1)/ FLOAT(NXX~1)
PS1=1.-PSI

DO 540 M=1,K 2Z20
PHI=PHIST(1) zz
PHIS=PHI*PHI
ALMDS=ALMDBS/PHIS
EMP=(20M-1) *PI/2.
IMPS=DRMD*EMP 2220
BM=PHI*DSQRT (ALMDS+EMPS) 2220
BMS=BM*BM
ZZ=ALMDS-EMPS
IF(ZZ.LT.0.) GO TO 1000
GM=PHI*DIQORT (22)
GME=GM*GM
TD1M=-EM* (BMS-POIS*PHIS*EMPS) *DSINH (BM) / (GM* (RMS+POIS*PHIS*EMPS)
1 *DSIN(GD))
TD11M=1 ./ (EM*DSINH (BM) -TD1M*GM*DSIN (GM) )
W(l,L,J)=W(1,L,J)+EM(1,M) *TD11M* (DCOSH (EM*ETA) +TD1M*DCOS (QM*ETA) ) *
1 DSIN(EMP*PSI) /PHIST(1) .
W(l,L,3)=W(1,L,J)+EM(2,M] *TD11M* (DCOSHE (BM*ET1) +TD1M*DCOS (@M*ET1) ) *
1 DSIN(RMP*PSI) /PRIST(1)

WS(1,L,J)=WS(1,L,J)+EM(1,M) *EMP*TD11M* (DCOSH (BM*ETA) +TD1M*DCOS (GM
1 *ETA)) *DCOS (EMP*PSI)

WS(1,L,J)=WS(1,L,J)+EM(2,M) *EMP*TD11M* (DCOSH (BMET1) + TDIM*DCOS (GM
1 *ET1)) *DCOS(EMP*PSI)

WY (1l,L,J)=%qMY (1,L,J)-EM(1,M) *TD11M* ( (BMS~-POI*PHIS*EMPS) *DCOSH (BM
1 *ETA) -TDIM* (@MS+POI*PHIS*EMPS) *DCOS (GM*ETA) ) *DSIN (EMP*PSI)

WY (l,L,J)=Y(1,L,J)~BM(2,M) *TD11M* ( (BMS~-POI *PHEIS*EMPS) *DCOSH (BM
1 *ET1)-TD1IM* (@MS+POI*PHIS*EMPS) *DCOS (GM*ET1) ) *DSIN (RMP*PSI)

WX (1,L,J) =80 (1,L,J) -DM(1,M) *TD11M* ( (~EMPS+POI*IMS/PHIS) *DCOSH (
1 EM*ETA) +TD1M* (-EMPS-POI*GMS/PHIS) *DCOS (GM*ETA) ) *DSIN (DMP*PSI)

WX(1,L,J) =80 (1,L,J) -EM(2,M) *TD11M* ( (~-EMPS+POI*8MS/PHIS) *DCOSH
1 (EM*ET1)+TDIM* (-EMPS-POI*GMS/PHIS) *DCOS (GM*ET1) ) *DSIN (EMP*PSI)

G0 TO 1610
1000 ZZ=-T2Z

G=PEI*DIQRT (ZZ)

GMB=GN*GM

TD24=~E{* (RMS-POIS* PRIS*ENPS) *DSINE (IM) / (@B4* (AS-POIS* PHIS'EMPS)
1 *DSINE (@)

TD220=1 . / (MM*DSINH (M) +TD2M*GM*DSINK (QM1) )

W(l,L,J)=W(1,L,J)+EM(1,M) *TD22M* (DCOSH (EM*ETA) +TD2M*DCOSH (GM*ETA) )
1 *DSIN(EMP*PSI) /PHIST(1)

W(l,L,J)=W(1,L,J)+EM(2,M) *TD22M* (DOOSHE (IM*ET1 ) +TD2A*DCOSE (RI*ET1) )
1 *DSIN(EMP*PSI) /PHIST(1)

WB(1,L,J)=WE(1,L,J) +EM(1,M) *RMP*TD22¢* (DCOSKE (BM*ETA) + TD24*DCOSH (G
1 *ETA)) *DCOS (RMP*PSI)

w3(1,L,J)=W8(1,L,J) +EM(2, M) *EMP*TD223¢* (DCOSE (IM*ET1 ) +TD2M*DCOGR (@
1 *ET1)) *DCOS (BMP*PSI)

WY (1,L,J) =Y (1,L,J) ~EM(1,M) *TD22¢* ( (IS -POI*PEIS*EMPS) *DCOSH (B
1 *ETA) +TD2¢* (MB-POI*PRIS*DGPS) *DCOSE (GC*ETA) ) *DSIN (DO *PST)

W (1,L,J)=WMY (1,L,J) -DM(2,M) *TD223¢* ( (IS-POI *PEIS*EMPS) *DCOSH (B
1 *ET1)+TD2M* (@E-POI*PRIS*ENPS) *DCOSE (AM*ETL) ) *DSIN (DMP*PST)

W(1,L,J)WX(1,L,J)-Bi{1,M) *TD22¢* ( (-EMPS+POI*EME/PRIS) *DCOSH (
1 BM'ETA) +TD2M* (-DOS+POI*GE/PEIS) *DCOSK (AM*ETA) ) *DSIN (EMP*PEI)

WX (1,L,J) =X (1,L,J) -DM(2,M) *TD22¢* ( (- lzzmnx--cluu) *DCoSK



1 (IM*ET1) +TD2M* (-EMPS+POI*GMS/PEIS) *DCOSH (@4*ET1) ) *OSIN(EMP*PSI)
1610 CONTINUE
DO 2620 I=2,M8T-1
II=(I-1) *2+1

PRI=PEIST(I) 2z

PEIS~PEI*PRI
ALMDI=ALMDES/PRIS
X=RATIO(I)
ALMDS=ALMDS *DSORT (X)

De=041) *PI zz
DOS=DMP*DF zz
Be=PHI *DSORT (ALMDS+EMPS) zz

BMS=F* B

ZZ=ALMDS-2MPS

IF(2Z.LT.0.) GO TO 3000

GM=PHI*DSQRT (Z2Z)

GMS=GM*GM

TD1M=-BM* (BMS-POIS*PHIS*EMPS) *DSINH (BM) / (GM* (GMS+POIS*PHIS*EMPS)
1 *DSIN(GM))

TD11M=1./ (EM*DSINH (EM) -TD1IM*GM*DSIN (GB1) )

W(I,L,J)=W(I,L,J)+EM(II M) *TD11M* (DCOSH (AM*ETA) +TD1M*DCOS (GM*ETA
1 ) ) *DCOS(EMP*PSI) /PHIST(I)

W(I.L,J)=W(I,L,J)+EM(II+1,M)*TD11M* (DCOSH (BM*ET1) +TD1M*DCOS (GM*ET1
1 )) *DCOS (EMP*PSI) /PRIST(I)

WS(I.L,J)=WS(I,L,J)-EM(II,M)*EMP*TD11M* (DCOSH (BM*ETA) +TD1IM*DCOS (GM
1 *ETA)) *DSIN(EMP*PSI)

wS(I,L,J)=WS(I,L,J)-EM(II+1,M) *EMP*TD11M* (DCOSH (BM*ET1) +TD1M*DCOS (
1 GM®ET1)) *DSIN(EMP*PSI)

WY (2,L,J5) =AY (2,L,J) ~EM(3,M) *TD11M* ( (BMS-POI*PHIS*EMPS) *DCOSH (B
1 ¢ETA) -TD1M* (GMS+POI*PHIS*EMPS) *DCOS (GM*ETA) ) *DCOS (EMP*PSI)

WY (2,L,J) =W (2,L,J) -EM(4,M) *TD11M* ( (BMS-POI*PHIS*EMPS) *DCOSH (B
1 *ET1) -TD1M* (GMS+POI*PEIS*EMPS) *DCOS (GM*ET1) ) *DCOS (EMP*PSI)

WX (I,L,J)=WMX(I,L,J)~-EM(II,M) *TD11M* ( (-EMPS+POI*BMS/PHIS) *DCOSH (
1 BM*ETA) +TD1M* (~-EMPS—POI*GMS/PHIS) *DCOS (GM*ETA) ) *DCOS (EMP*PST)

WX (I,L,J) " MX(I,L,J) -EM(II+1,M) *ITD1IM* ( (-EMPS+POI *BMS/PHIS) *DCOSH
1 (BM*ET1)+TD1M* (-EMPS-POI*GMS/PHIS) *DCOS (GM*ET1) ) *DCOS (RMP*PSI)

G0 TO 3600
3000 22=-22
Gr~PHI*DSQRT (ZZ)
GMB=GM*GM
TD24=—IM* (BMS-POIS*PHIS*EMPS) *DSINH (BM) / (GM* (GMS-POIS*PRIS*EMPS)
1 *DSINH(GM))
TD22w=1 ./ (BM*DSINH (BM) +TD2M*GM*DSINH (@) )

W(I,L,J)=W(I,L,J)+EM(II,M) *TD22M* (DCOSH (BM*ETA) +TD2M*DCOSH (@f*
1 ETA)) *DCOS (EMP*PSI) /PHIST(I)

W(I.L,J)=W(I,L,J)+EM(II+1,M) *TD22M* (DCOSH (BM*ET1) +TD2M*DCOSH (GM*
1 ET1)) *DCOS (RMP*PSI) /PHIST(X)

W3(I,L,J)=W8(I,L,J)-EM(II,M) *EMP*TD22M* (DCOSH (MM*ETA) +TD2M*DCOSH (
1 GMSETA) ) *DSIN(EMP*PSI)

WS(I,L,J)=WS(I,L,J)-EM(II+1,NM) *EMP*TD22M* (DCOSH (BM*ET1) +TD2M*
1 DCOSH (GM*ET1) ) *DSIN(EMP*PSI)

WY (2,L,7) =Y (2,1, J) ~BM(3,M) *ITD22M4* ( (BMS-POI *PHIS*EMPS) *DCOSH (BM
1 *ETA) +TD2M* (BS-POI* PRIS*EMPS) *DCOSH (GM*ETA) ) *DCOS (EMP*PSI)

WY (2,L,J) "0 (2,1, J) -EM(4,M) *TD22¢* ( (IMS-POI *PHIS*RMPS) *DCOSH (BM
1 *ET1)+TD2M* (GMS-POI*PHIS*EMPS) *DCOSH (QM*ET1) ) *DCOS (EMP*PSI)

WX (I,L,J) =X (I,L,J) -EBM(II,M) *TD22M* ( (~-EMPS+POI *BMS/PRIS) *DCOSH (
1 BM*ETA) +TD2M* (-EMPS+POI *GMS/PRIS) *DCOSH (GM*ETA) ) *DCOS (EMP*PSI)

WX (I, L,J) =X (I, L,J)-EM(II+1,M) *TD222* ( (-EMPS+POI *MMS/PHIS) *DCOSH
1 (EM*ET1) +TD2M* (-EMPS+POI*GMS/PEIS) *DCOSHE (GM*ET1) ) *DCOS (DMP*PSI)

3600 CoNTIINUE
2620 CONTINUE

I=NST
ITe2NST-1

PHIS=PNI*PRI
ALDS=ALMDRS/PUIS
X=RATIO(NST)

ALMDS=ALMDS *DSORT (X)
BP=04-1) *PT

DD DO

=PRI *DSORT (ALMDS+DPS)
M= B

IZ=ALMDS-DOS
IF(ZZ2.LT.0.) GO TO 6400
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@e=PEI*DSQRT (22)

=B e

TD1M=-EM® (IMS-POIS* PRIS*DMPS) *DAINE (1) / (GBM* (MB+POIS*PRIS*'DIPS)
1 *DSIN(AD))

TD110¢=1 . / (BM*DSINE (E) ~TDIM*GH*DSIN (@D )

W(I,L,J)=W(I,L,J)+EM(IX, M) *TD11M* (DCOSH (IM*ETA) +TDIM*DCOS (BM*ETA
1 )) *DCOS (DMP*PSI) /PHIST(I)

W(I,L,J)=%(I,L,J)+EM(II+1,M) *TD11M* (DCOSH (IM*ET1)+TDIM*DCOS (GM*ETL
1 )) *DCOS (DMP*PSI) /PHIST(I)

W3(I,L,J)=%WS (I, L,J)-EM(IX, M) *EMP*TD11M* (DCOSH (MM*ETA) +TD1M*DCOS {
1 GM*ETA) ) *DSIN (EMP*PSI)

WS(I,L,J)=WS(I,L,J)-EM(II+1,M) *EMP*TD11M* (DCOSH (M*ET1) + TD1IM*DCOS (
1 GM*ET1)) *DSIN(RMP*PSI)

WO(I,L,J)=WMMX(I,L,J)-EM(II,M) *TD1IM* ( (-EMPS+POI*BMS/FHIS) *DCOSH {
1 BM*ETA) +TDIM* (-EMPS-POI *QMS/PHIS) *DCOS (GM*ETA) ) *DCOS (EMP*PSI)

WX(I,L,J)=X(I,L,J) -EM(II+1,M) *TD11IM* ( (-EMPS+POI*EMS/PHIS) *DCOSH
1 (BM*ET1)+TDIM* (-EMPS-POI*GMS/PHEIS) *DCOS (GM*KT1) ) *DCOS (DMP*PSI)

WY (I,L,J) =Y (I, L,J)-BM(II,M) *TD11IM® ( (BMS-POI*PRIS*DMPS) *DCOSH (B
1 *ETA) -TD1M* (GMS+POX *PHIS*EMPS) *DCOS (GM*ETA) ) *DCOS (BMP*PST)

WY (I, L, J)=MN (I, L,J)-BM(II+1,M) *TD11M* ( (BMS-POI*PHIS*EMPS) *DCOSH (
1 EMPET1) -TD1M* (GMS+POX *PHIS*EMPS) *DCOS (GM*ET1) ) *DCOS (EMP*PST)

GO T0 3690
6400 2Z=-ZZ
@e=PHI*DSQRT(2Z)
GMS=GM*GM
TO2=-BM* (BMS-POIS*PHIS*EMPS) *DSINH (BM) / (@M* (@MS-POIS*PHIS*EMPS)
1 *DSINR(G) )
TD22¥=1. / (BM*DSINH (BM) +TD2M*GM*DSINH (GM) )

WS(I,L,J)=WS(I,L,J)-EM(II, M) *EMP*TD22M* (DCOSH (BM*ETA) + TD2M*DCOSH (
1 GMCETA) ) *DSIN(EMP*PSI)

WS(I,L,J)=WS(I,L,J)-EM(II+1,M) *EMP*TD22M* (DCOSH (BMET1) +TD2M*
1 DCOSH(@¥*ET1)) *DSIN (EMP*PSI)

WO (I,L,J)=MX(I,L,J) -EM(II, M) *TD22¢* ( (-EMPS+POI*AME/PHIS) *DCOSH (
1 EM*ETA) +TD2M* (-EMPS+POI*GMS/PHIS) *DCOSH (GM*ETA) ) *DCOS (EMP*PST)

WX (I,L,J) ™M MX(I,L,J)-BM(II+1,M) *TD22M¢ ( (~-EMPS+POI *BMS/PHIS) *DCOSH
1 (BM*ET1) +TD2M* (-EMPS+POI*GNS/PHIS) *DCOSH (GM*ET1) ) *DCOS (EMP*PSY)

WY (I,L,J) =Y (I,L,J) -EM(II, M) *TD22M* ( (BMS-POI*PRIS*EMPS) *DCOSH (BM
1 *ETA) +TD2M¢ (GMS-POI *PHIS*EMPS) *DCOSH (GM*ETA) ) *DCOS (EMP*PSI)

WY (I,L,J)=AMY (I,L,J) -EM(II+1,M) *TD22M* ( (BMS-POTI*PHIS*EMPS) *DCOSH (
1 BMPET1) +TD2M* (GMS-POI*PHIS*EMPS) *DCOSH (GM*ET1) ) *DCOS (EMP*PSI)

3690 CONTINUE
540 CONTINUE zz20

DO 740 N=l,K 2220
ENP=(N-1) *PI 2220
ENPS=ENP*END 2220
ALMDS=ALMDBS

PHI=1./PHIST(1)

PRIS=PHI*PHI

BN=PHY *DSQRT (ALMDS+ENPS)

BNS=BN*EN

ZZ=ALMDS-ENPS

IF(ZZ.LT.0.) GO TO 2000

GN=PHI*DSQRT (2Z)

GNS=GN*GN

TD1N=-DCOSE (BN) /DCO8 (GN)

TD11N=-1./ (ENS*DCOSH (BN) -TDIN*GNS*DCOS (GN) )

TD11N=]l ./ (BN*DSING (EN) ~TDIN*GNeDSIN (GN) )

TDINP=EN® (M- POIS*PRIS*ENPS) *DCOSHE (BN) / (GN* (GNS+POIS*PHIS*ENDPS)
1 *DCOS () )

TO11NP=-1. / ( (BNS-POX *PRIS*ENPS) *DSIME (AN) -TDINP* (GNS+POI*PHIS*®
1 ENPS) *DIIN(GN) )

TD11NR=1. / (RN*DCOSHN (BN) + TDINP*GN*DCOS (GN) )

non

IOV (BRS-POX *PRIS*ENPS) *DEINE (EN) / ( (GNS+POI*PEIS*ENPS) ¢
1 DSIN(@D) )

TDINVe-EN*DCOSE (BN) / (GN*DCO8 (GN) )

TD11NVe-1. / (EN* (BNS-POIS*PRIS*ENPS) *DCOSH (BN) ~TDINVEGN® (GMS+POIS*
1 PRIS*ENPS) *DCOS (@) )

W(l,L,J)=(1,L,J)+EN(1,N) *TD11N* (DCOSE (MN*PS1) +TD1N*DCOS (GN*PB1) ) *
1 DCOS (EMP*ETA)
W(l,L,7)=(1,L,J)+EN(2,N) *TDLINP* (DSINE (BN*PSI) + TD1NP*DSIN (GN*PSY
1)) *DCOS (EMP*RTA)
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W(l,L,N=W(1,L,J)+EN(3,N) *TOLINV* (DSIMNE (BN*PSI) +TDINVEDSIN (GN*PST
1 )) *DCOB(EMP*ETA) -

W8(1,L,J)=WS(1,L,J)-EN(1,N) *IDI1IN® (AN*DSINNE (MNI*PS1) -TDIN*GN*DSIN (
1 @N*PS1) ) *DCOS (EMP*ETA) *PRIST(1)

WS(1,L,7)=W8(1,L,J)+EN(2,N) *TDI1NP* (BM*DCOSH (IN*PST) +TDINPGN*
1 DCOS(GN*PSTI) ) *DOOS (EWPSETA) *PEIST(1)

WS(1,L,J)=WS(1,L,J)+EN(3,N) *TD11INV* (BN*DCOSH (BN*PSI) + TDINVGN*DCOS
1 (GN*PST) ) *DCOS (ENP*ETA) *PRIST(1)

W (l,L,J)=WY(1,L,J)-EN(1,N) *TD11N* ( (-ENPS+POI*ENS/PRIS) *DCOSH (
1 BN*PS1) +TDIN¢® (-ENPS-POI*GNS/PHIS) *DCOS (GN*PS1) ) *DCOS (ENP*ETA) *

1 PHIST(1)

W (1l,L,J)=MY (1,L,J)-EN(2,N) *TD11NP* ( (~-ENPS+POI *BNS/PHIS) *DSINH (
1 BN*PSI) +TD1INP* (-ENPS-POI*GNS/PHIS) *DSIN (GN*PST) ) *DCOS (ENP*ETA) *
1 PHIST(I)

WY (1,L,J)=qY (1,L,J)-EN(3,N) *TD1INV* ( (~-ENPS+POI*BNS/PHIS) *DSINH (
1 BN*PSI)+TDINV* (-ENPS-POI*GNS/PHIS) *DSIN (GN®*PSI) ) *DCOS (ENP*ETA) *
1 PHIST(I)

WX (1,L,3) =X (1,L,J) -EN(1,N) *TD11N* ( (BENS-POI*PHIS*ENPS) *DCOSH (
1 BN*PS1)-TD1N* (GNS+POI*PHIS*ENPS) *DCOS (GN*PS1) ) *DCOS (ENP*ETA) *
1 PHIST(1)

WX (1,L,J)=8MX(1,L,J) -EN(2,N) *TD11NP* ( (ENS-POI*PHIS*ENPS) *DSINH (
1 BN*PSI)-TDINP* (GNS+POI*PHIS*ENPS) *DSIN (GN*PSI) ) *DCOS (ENP*LTA) *
1 PHIST(1)

WX (1,L,J)=MX(1,L,J)-EN(3,N) *TD1INV* ( (BNS-POI*PHIS*ENPS) *DSINH (
1 BN*PSI)-TDINV* (GNS+POI*PHIS*ENPS) *DSIN (GN*PSI) ) *DCOS (ENPYETA) *
1 PHIST(1)

W(l,L,J)=WV(1,L,J)~EN(3,N) *TD1INV* (BN* (BNS-PO1S*PHIS*ENPS) *DCOSH
1 (BN*PSI)-TDINV*GN* (GNS+POIS*PHIS*ENPS) *DCOS (GN*PSI) ) *DCOS (ENP*
1 ETA) *PHIST(1)

GO TO 2600

2000 ZZ=-2Z
GN=PHI*DSORY (2Z)
GNS=GN*GMN

TD2N=-DCOSH (BN) /DCOSH (GN)
c TD22N=-1 . / (BNS*DCOSH (BN) +TD2N*GNS *DCOSH (GN) )
TD22N=1./ (BN*DSINH (BN) +TD2N*GN*DSINH (GN) )
TD2NP=-EN* (BNS-POIS*PHIS*ENPS) *DCOSH (BN) / (GN* (GNS-POIS*PHIS*ENPS)
1 *DCOSH(GN))
c TD22NPm-1 ./ ( (BNS-POXI *PHIS*ENPS) *DSINH (BN) + TD2NP* (GNS-POI*PHIS®
*DCOSH (GN) )
c 1 ENPS) *DSINH(GN))
TD22NP=1. / (BN*DCOSH (BN) + TD2NP*GN*DCOSH (GN) )

c TD2NVa- (BNS-POI *PHIS*ENPS) *DSINH (BN) / ( (GNS-POI*PHIS*ENPS) *
c 1 DSINH(GN))
TD2NVa-BN*DCOSH (BN) / (GN*DCOSH (GN) )
TD22NVe-1 ./ (BN* (BNS-POIS*PHIS*ENPS) *DCOSH (BN) +TD2NV*GN* (GNS-POIS*
1 PHIS®*ENPS) *DCOSH (GN))

W(1,L,J)=¥(1,L,J)+EN(1,N) *TD22N* (DCOSH (BN*PS1) +TD2N*DCOSE (GN*PS1) )
1 *DCOS (ENP*ETA)

wi{l,L,J)=M(1,L,J)+EN(2,N) *TD22NP* (DSINE (BN*PSI) +TD2NP*DSINH (GN*PST
1 )) *DCOS (ENP*ETA)

W(1,L,J)=W(1,L,J)+EN(3,N) *TD22NV* (DSINH (EN*PSI) +TD2NV*DSINH (GN*PST
1 )) *DCOS (ENP*ETA)

WS(1,L,J)=MS(1,L.J)-EN(1,N) *TD22N* (BN*DSINE (BN*PS1) +TD2N*GN*DSINH (
1 GN*PS1)) *DCOS (ENP*ETA) *PHIST (1)

WS(1,L,J)=W8(1,L,J)+EN(2,N) *TD22NP* (BN*DCOSH (EN*PSI) +TD2NP*GN*
1 DCOSEH(GN*PSI)) *DCOS (ENP*ETA) *PHIST(1)

W8(1,L,J)=W8(1,L,J)+EN(3,N) *TD22NV* (BN*DCOSH (BN*PST) + TD2ZNVeGN*
1 DCOSR(GN*PSI)) *DCOS (ENP*ETA) *PHIST(1)

WY (1,L,J) =Y (1,L,J) -EN(1,N) *TD22N* ( (-ENPS+POI*EBNS/PHIS) *DCOSH (
1 BN*PE1) +TD2N* (~-ENPS+POI*GNS/PEIS) *DCOSE (GN*PS1) ) *DCOS (ENP*ETA) *
1 PHIST(1)

WE(1,L,T)=WMY (1,L,J)-EN(2,N) *TD22NP* ( (-ENPS+POI *BNS/PEIS) *DSINH (
1 BN*PSI)+TD2NP* (-ENPS+POI*GNS/PEIS) *DSINE (GN*PSI) ) *DCOS (ENP*ETA) ¢
1 PRIST(1)

W (1,L,5) = (1,L,J) -EN(3,N) *TD22MV* ( (-ENPS+POI*BNS/PRIS) *DSINH (
1 EN*PST)+TD2NV* (-ENPS+POI*GNS/PEIS) *DSINE (GN*PSI) ) *DCOS (ENP*RTA) ¢
1 PEIST(1)

WX (1,L,J)=MX(1,L,J)-EN(1,N) *TD22M* ( (BNS~-POI*PEIS*ENPS) *DCOSH (
1 EBN*PS1)+TD2N* (GNS-POI*PHIS*ENPS) *DCOSR (GN*PS1) ) *DCOS (ENP*ETA) ¢
1 PRIST(1)

WX (1,L,7)=W0(1,L,J) ~EN(2,N) *TD22MP* { (BMS~POI*PEIS*ENDS) *DSINE (
1 MM*PEI) +TO2NP* (GNS-POI*PRISSENPS) *DSINE (GN*PST) ) *DCOS (ENPETA) ¢
1 PRIST(1)
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WX (1,L,5) "X (1,L,J) -EN(3 M) *TD22WV* ( (BNS-POI*PEIS*ENPS) *DSINE (
1 EN*PSI) +TD2NV* (GNS-POI*PEIS*ENPS) *DSIME (GN*PSI) ) *DOOS (ENP*ETA) ¢
1 PHIST(1)

W(l,L,J)=WV(1,L,J)-EN(3,N) *ID22NV* (AN* (BNS-POIS*PRIS*ENPS) *DCOSH
1 (EN*PSI) +TD2NVEGN® (GNS-POIS*PEIS*ENPS) *DCOSH (GN*PSI) ) *DCOS (ENP*
1 ETA) *PHIST(1)

2600 CONTINUE
DO 2630 I=2,NST-1

RAT12S=-PHIST(I-1) *PHIST (I~1)/ (PHIST(I) *PHIST(I))
RAT12C=RAT12S*PRIST(I-1)/ PHIST(I)
RAT12C=RAT12C* (DE(I-1) /DE(I))
RAT12S=-PHIST(I-1)/PHIST(I)
X=RATIO(I)

ALMDS=AIMDS *DSQRT (X)

II=(I-1)*2+1

PHI=1 . /PHIST(I)

PHIS=PHI*PHI

BN=PHI *DSQRT (ALMDS+ENPS)

BNS=BN*BN

ZZ=ALMDS~ENPS

IF(ZZ.LT.0.) GO TO 4000
GN=PHI*DSQRT (22Z)

GNS=GN*GN

c TD1NVe= (BNS-POT * PHIS*ENPS) *DCOSH (BN) / ( (GNS+POI*PHIS*ENPS) *DCOS (GN) )
TDINV=EN*DSINH (BN) / (GN*DSIN (GN) )
TD11NVa=-1. / (BN* (BNS-POIS*PHIS*ENPS) *DSINH (BN) +TDINV*GN* (GNS+POIS*
1 PHIS®*ENPS) *DSIN(GN))

TD1NP=-BN* (BNS-POIS*PHIS*ENPS) *DSINH (BN) / (GN* (GNS+POIS*PHIS*ENPS) *
1 DSIN(GN))
TD11NP=1./(BN*DSINH (BN) -TDINP*GN*DSIN (GN) )

W(I,L,J)=W(I,L,J)+EN(I,N) *TD11INP* (DCOSH (BN*PS1) + TDINP*DCOS (GN*
1 P81)) *DCOS (ENP*ETA) *RAT12S
W(I,L,J)=W(X,L,J)+EN(I+1,N) *TD11NV* (DCOSH (BN*PS1) +TDINV*DCOS (GN*
W28 (L, J) =28 (L, J) +EN21 (N) *TD11N* (BN*DCOSH (EN*PSI) + TDIN#
1 PS1)) *DCOS (ENP*ETA) *RAT12C
GN*DCOS (GN*PSI) ) *DCOS (ENP*ETA)

W(I,L,J)=W(I,L,J)+EN(I+2,N) *TD1INP* (DCOSH (BN®PSI)+TDINP*DCOS (GN
1 *PSI)) *DCOS (ENP*ETA)

W(I,L,J)=W(I L,6J)+EN(I+3,N)*TD1INV* (DCOSH (BN*PSI)+TDINV*DCOS (GN*
1 PSI)) *DCOS (ENP*ETA)

WS(I,L,J)=WS(I,L,J)~EN(I,N)*TD11INP* (BN*DSINH (BN*PS1) -TDINP*GN#
1 DSIN(GN*PS1)) *DCOS(ENP*ETA) *PHIST (I) *RAT128
WS(I,L,J)=WS(I,L,J)-EN(I+1,N) *TD11NV* (BN*DSINK (BN*PS1) ~-TDINV*GN*
1 DSIN(GN*PS1)) *DCOS (ENP*ETA) *RAT12C*PHIST (I)

WS(I,L,J)=WS(I,L,J)+EN(I+2,N) *TD1INP* (BN*DSINH (BN*PSI) -TDINP*GN*
1 DSIN(GN*PSI)) *DCOS (ENP*ETA) *PEIST (I)

WS(I.L,J)=WS(I,L,J)+EN(I+3,N) *TD11NV* (BN*DSINH (BN*PSI) -TDINVEGN+
1 DSIN(GN*PSI)) *DCOS(ENP*ETA) *PRIST (I)

WY (I,L,J)=WMY(I,L,J)-EN(I,N) *TD11NP* ( (-ENPS+POI*ANS/PEIS) *DCOSH
1 (BN*PS1) +TD1NP* (-ENPS-POI*GNS/PHIS) *DCOS (GN*PS1) ) *DCOS (ENP*ETA) *
1 PHRIST(I)*RAT12S

WY (I,L,J)=WMY(I,L,J)-EN(I+1,N) *TD1LINV* ( (-ENPS+POI*BNS/PHIS) *DCOSH
1 (BN*PS1) +TDINV® (-INPS-POI*GNS/PHIS) *DCOS (GN*PS1) ) *DCOS (ENP*ETA) *
1 PHIST(I)*RATI2C

WY (I,L,J)=W{(I,L,J)-EN(I+2,N) *TD11NP* ( (~ENPS+POI*ENS/PRIS) *DCOSH
1 (BN*PSI)+TDINP* (-ENPS-POI*GNS/PHIS) *DCOS (GN*PSI) ) *DCOS (ENPSETA) *
1 PHIST(I)

WY (I,L,J)=WMY (I,L,J)-EN(I+3,N) *TD11NV* ( (-ENPS+POI*ENS/PRIS) *DCOSH
1 (EN*PSI)+TIDINV® (-ENPS-POI*GNS/PEIS) *DCOS (GN*PST) ) *DCOS (ENPYETA) *
1 PRIST(I)

WX (I.L,J)=WMX(I,L,J)~-EN(I, N) *TD1LINP* ( (BNS-POI*PHIS*ENPS) *DCOSH (
1 EN*P31) -TDINP® (GNS+POI*PRIS*ENPS) *DCOS (GN*PS1) ) *DCOS (ENPIETA) *
1 PRIST(I)*RAT12S

WX (I, L,J) =X (I,L,J)-EN(I+1,N) *TD1INV* ( (BNS-POI*PEIS*ENPS) *DCOSH (
1 EN*PG1) -TDINVY® (GNS+POI*PHIS*ENPS) *DCOS (GN*PS1) ) *DCOS (BMP*ETA) ¢
1 PHIST(I)*RAT12C

WMX(I,L,J) =X (I,L,J)-EN(I+2,NK) *TD1INP* ( (RNS-POI*PRIS*ENPS) *DCOSH (
1 BN*PSI) -TDINP* (GNS+POI*PHIS*ENPS) *DCOS (GN*PSI) ) *DCOS (BMP*
1 ETA) *PHIST(I)

WX (I,L,J) "X(I,L,J)-EN(I+3,N) *TD11NV* ( (BNS-POI*PAIS* KNPS) *DCOSH (
1 EN*PSI) -TDINV® (GMS+POI*PRISENDPS) *DCOS (GN*PSI) ) *DCOS (ENP*
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1 ETA) *PRIST(I)

W(I,L,J) =8V (I, L,J)+EN(I+1,N) *TD1L1INVE (B* (RMS-POIS*PEIS*'ENPS) ¢
1 DSINE(BN*PS1)+TDINVCGIN® (GNS+POIS*PEIS*ENPS) *DEIN(GN*PS1) ) *DCOS (
1 ENPETA) *PEIST(I) *RAT12C

W(I,L,J)=WV (I, L,J)-EX(I+3,N) *TD1INV® (BN* (BNS-POIS*PUIS*ENDS) ¢
1 DSINE(BN®PSI)+TDINVEGN* ((NS+POIS*PRIS*ENPS) *DSIN(GN*PSI) ) *DCOS(
1 ENPETA) *PRIST(I)

GO TO 4600

4000 22=-22

o0

GN=PHI*DSQRT(I2)
GNS=GN*GN

TD2NV=— (BNS~-POI *PHIS*ENPS) *DCOSH (BN) / ( (GNS~FPOI *PHIS*ENPS) *
1 DCOSH(GN))

TD2NV=-BN*DSINH (BN) / (GN*DSINH (GN) )

TD22NV=-1./ (BN* (BNS-POIS*PHIS*ENPS) *DSINH (BN) +TD2NV*GN* (GNS-POIS*
1 PHISC*ENPS) *DSINH(GN) )

TD2NP=-BN* (BNS-POIS*PHIS*ENPS) *DSINH (BN) / (GN* (GNS-POIS*PHISSENPS) *
1 DSINE(GN))

TD22NP=-1 ./ ( (BNS-POI *PHIS*ENPS) *DCOSH (BN) + TD2NP* (GNS-POI*PHIS*
1 ENPS) *DCOSH(GN))

TD22Np=1 . / (BN*DSINH (BN) +TD2NP*GN*DSINH (GN) )

W(I,L,J)=W(I,L,J)+EN(I,6N) *TD22NP* (DCOSH (BN*PS1) +TD2NP*DCOSH (GN*
1 PS1)) *DCOS (ENP*ETA) *RAT12S

W(I,L,J)Y=W(I1,L,J)+EN(I+1,N) *TD22NV* (DCOSH (BN*PS1) +TD2NV*DCOSH (GN*
1 PS1)) *DCOS (ENP*ETA) *RAT12C

W(I,L,J)=W(I,L,J)+EN(I+2,N) *TD22NP* (DCOSH (BN*PSI) +TD2NP*DCOSH (GN
1 *PSY)) *DCOS (ENP*ETA)

W(I,L,J)=W(I,L,J)+EN(1I+3,6N)*TD22NV* (DCOSH (BN*PSI)+TD2NV*DCOSH (GN*
1 PSI))*DCOS(ENP*ETA)

WS(I,L,J)=WS(I,L,J)-EN(I,N)*TD22NP* (RN*DSINH (BN*PS1) + TD2NP*GN¢
1 DSINR(GN*PS1)) *DCOS (ENP*ETA) *PHISY (I) *RAT12S
WS(I,L,J)=WS(I,L,J)~-EN(I+1,N) *TD22NV* (RN*DSINH (BN*PS1) +TD2NV*GN*
1 DSINE(GN*PS1)) *DCOS(ENP*ETA) *RAT12C*PHIST (I)

WS(I,L,J)=WS(I,L,J)+EN(I+2,N) *TD22NP* (BN*DSINE (BN*PSI) +TD2NP*GN*
1 DSINH(GN*PSI)) *DCOS (ENP*ETA) *PHIBT(I)

WS(I,L,J)=WS(I, L,J)+EN(I+3,N) *TD22NV* (BN*DSINE (BN*PSI) +TD2NVGN*
1 DSINH(GN*PSI)) *DCOS (ENP*ETA) *PHIST(I)

WY (I,L,J)"MMY(I,L,J)~EN(I,N) *TD22NP* ( (-ENPS+POI*BNS/PHIS) *DCOSH
1 (EN*PS1) +TD2NP* (-ENPS+POI*GNS/PHIS) *DCOSH (GN*PS1) ) *DCOS (ENP*ETA) *
1 PRIST(I) *RAT128

W (I,L,J)=W(I,L,J)-EN(I+1,N) *TD22NV* ( (-ENPS+POI*BNS/PHIS) *DCOSH
1 (BN*PS1) +TD2NV* (-ENPS+POI*GNS/PHIS) *DCOSH (GN*PS1) ) *DCOS (ENP*ETA) *
1 PHIST(I)*RATI2C

WY (I, L,J)=WMY(I,L,J)-EN(I+2,N) *TD22NP* ( (-ENPS+POI*BNS/PRIS) *DCOSH
1 (BN*PSI)+TD2NP* (-ENPS+POI*GNS/PHIS) *DCOSH (GN*PSI) ) *DCOS (ENP*ETA) *
1 PHIST(I)

W (I,L,J) =W (I,L,J)-EN(I+3,N) *TD22NV* ( (-ENPS+POI*ENS/PRIS) *DCOSH
1 (BN*PSI)+TD2NV* (-ENPS+POI*GNS/PHIS) *DCOSH (GN*PSI) ) *DCOS (ENP*ETA) *
1 PEIST(I)

WX(I,L,J)"WX(I,L,J)~EN(I,N) *TD22NP* ( (BNS-POI*PEIS*ENPS) *DCOSH (
1 BN*PS1) +TD2NP* (GNS-POI*PHIS*ENPS) *DCOSH (GN*PS1) ) *DCOS (ENP*ETA) ¢
1 PHIST(I) *RAT12S8

WX(I,L,J)=WX(I, L,J)~-EN(I+1,N) *TD22NV* ( (BNS-POI*PHIS*ENPS) *DCOSH (
1 BN*PS1) +TD2NV* (GNS-POI*PRIS*ENPS) *DCOSH (GN*PS1) ) *DCOS (ENP*ETA) +
1 PHIST(I) *RATI2C

p 44 TD22RV* ( (BNS-POI *PUHIS*ENPS) *DCOSH (
1 EN*PS1) +TD2NV* (GNS-POI*PHIS*ENPS) *DCOSE (GN*PS1) ) *DCOS (ENP*ETA) *
1 PEIST(I)*RAT1I2C

WX (I,L, J)=W4X(I,L,J) -EN(I+2,N) *TD22NP* ( (BNS-POI *PEIS*ENPS) *DCOSH (
1 BN*PSI)+TD2NP* (GNS-POI*PEIS*ENPS) *DCOSE (GN*PSI) ) *DCOS (ENP*
1 ETA) *PHIST(I)

WX(I,L,J)=WX(I,L,J)~-EN(I+3,N) *TD22MV* ( (INS-POI*PEIS*ENPS) *DCOSE (
1 EN*PSI) +TD2NV* (GNS-POI*PRIS*ENPS) *DCOSE (GI*PSI) ) *DCOS (EMP*
1 ETA) *PRIST(I)

W(I,L,J)=WV(I,L,J)+EN(I+1,N)*TD220V* (BN* (BNS-POIS*PEIS*ENDS) ¢
1 DSINE(BM*PS1)+TD2NV*GN* (GNS-POIS*PEIS*ENPS) *DSINE (GI*PS1) ) *DCOS (
1 ENP*ETA) *PRIST(I) *RAT12C

W(I,L,J)=WV(1,L,J) -EM(X+3,N) *TD22NV* (RN* (BXS-POIS*PEIS*ENPS) *

1 DSIME(EN*PSI)+TDINV*GN*® (GNS-POIS*PEAIS*ENPS) *DSINN (RN*PSI) ) *DCOS {
1 ENP*ETA) *PRIST(I)
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4600 COWTINUE
2630 CONTINUE

RAT128=-PEIST (NST-1) *PRIST (NST-1) / (PEIST (NST) *PEIST (NST) )
RATI2C=RAT12S*PEIST (NST-1) /PEIST (NST)

RAT12CsRAT12C* (DE (MST-1) /DE (N8T) )

RAT128=-PEIST (N3T-1) /PRIST (NST)

ITe2NS?

I=NST

X=RATIO (NST)

ALMDS=ALMDBS *DSORT (X)

PAI=1./PHIST (NST)

PHIS=PRI*PHI

EN=PEI *DIQRT (ALMDS+ENPS)
ENS=BN*BN

ZZ=ALMDS-ENPS
IF(zzZ.LT.0.) GO TO 68000
GN=PHI *DSQRT (ZZ)
GANS=GN*GN

TD1NV= (BNS-POI *PRIS*ENPS) *DCOSH (BN) / ( (GNS+POI*PHIS*ENPS) *DCOS (GN) )

TDINVeBN*DSINH (BN) / (GN*DSIN (GN) )

TD11NV=s-1./ (BN® (BNS-POIS*PHIS*ENPS) *DSINH (BN) +TDINVEGN* (GNS+POIS*
1 PHIS*ENPS) *DSIN(GN))

TD1INP=-BN* (BNS-POIS*PHIS*ENPS) *DSINH (BN) / (GN* (GNS+POIS*PEIS*ENPS) *

1 DSIN(GN))
TD11NP=1./ (BN*DSINH (BN) -TD1NP*GN*DSIN (GN) )

TD1INPP=-1./ ( (BNS~POI*PHIS*ENPS) *DCOSH (BN) -TDINP* (GNS+POI*PHIS*
1 ENPS) *DCOS (GN) )

W(I,L,J)=W(I,L,J)+EN(I+1,N) *TD11INP* (DCOSH (BEN*PS1)+TD1INP*DCOS (GN*
1 PS81))*DCOS (ENP*ETA) *RAT12S

W(I,L,J)=W(I,6L,J)+EN(I+2,N) *TD11NV* (DCOSH (EN*PS1)+TD1INV*DCOS (GN*
1 PS81)) *DCOS (ENP*ETA) *RAT12C

W(I,L,J)=W(I,L,J)+EN(I+3,N) *TD1INPP* (DCOSH (BN*PSI)+TD1INP*DCOS (GN*
1 PSI)) *DCOS (ENP*ETA)

WS(I,L,J)"WS(I,L,J)~-EN(I+1,6N) *TD1INP* (BN*DSINH (BN*PS1) -TDINP*GN?*
1 DSIN(GN*PS1)) *DCOS (ENP*ETA) *PHIST(I) *RAT12S

W3(I,L,J)=WS(I,L,J)-EN(I+2,N) *TD11INV* (BN*DSINE (BN*PS1) -TDINV*GN*
1 DSIN(GN*PS1)) *DCOS (ENP*ETA) *RAT12C*PHIST (I)

WS(I,L,J)=WS(I,L,J)+EN(I+3,N) *TD1INPP* (BN*DSINH (BN*PSI) -TDINP*GN*
1 DSIN(GN*PSI)) *DCOS (ENP*ETA) *PHIST(I)

WOU(I,L,J)MX(I,L,J)-EN(I+1,N) *TD11INP* ( (BNS-POI *PHIS*ENPS) *DCOSH (
1 BN*PS1) -TD1INP* (GNS+POI*PRIS*ENPS) *DCOS (GN*PS1) ) *RAT128*DCOS (ENP*
1 ETA) *PHIST(I)

WX (I, L,J)" X (I,L,J)-EN(I+2,N) *TD11INV* ( (EBNS-POI*PHIS*ENPS) *DCOSH (
1 BN*PS1) -TDINV* (GNS+POI*PHIS*ENPS) *DCOS (GN*PS1) ) *RAT12C*DCOS (ENP*
1 ETA) *PHIST(I)

WX (I,L,J)=WX(I,L,J)-EN(I+3,N) *TD11INPP* ( (BNS-POI*PHIS*ENPS) *DCOSH
1 (EN®PSI)~TD1INP* (GNS+POI*PHIS*ENPS) *DCOS (GN*PSI) ) *DCOS (ENP*

1 ETA) *PHIST(I)

WY (I,L,J)=qY (I,L,J)-EN(I+1,N) *TD11NP* ( (-ENPS+POI*BNS/PHIS) *DCOSH
1 (BN*PS1)+TD1INP* (-ENPS-POI*GNS/PRIS) *DCOS (GN*PS1) ) *DCOS (ENP*ETA) *
1 PHIST(I)*RAT12S

W (I,L,J) MY (I,L,J)-EN(I+2,N) *TD11INV* ( (-ENPS+POI *BNS/PHIS) *DCOSH
1 (EN*PS1)+TDINV* (-ENPS-POI*GNS/PHIS) *DCOS (GN*PS1) ) *DCOS (ENP*ETA) *
1 PHIST(I)*RAT12C

W (I,L,J) e (I,L,J)-EN(I+3,N) *TD11NPP* ( (-ENPS+POI*BNS/PRIS) *

1 DCOSH(EN®*PSI) +TDINP* (-ENPS-POI*GNS/PEIS) *DCOS (GN*PSI) ) *DCOS (ENP*
1 ETA) *PHIST(I)

W(I,L,J)=WV(I,L,J)+EN(1I+2,N) *TD11NV* (EN* (BNS-POIS*PHIS'ENPS) *
1 DSINE(EN®*PS1) +TDINVCGN® (GNS+POIS*PEIS*ENPS) *DSIN (GN*PS1) ) *DCOS (
1 ENPETA) *PRIST (I) *RAT12C

GO TO 5600

8000 ZZ=-32

0o

Q@i=PEI*DSORT (ZZ)
D= *GN

TO2Ve- (EMS-POI*PEIS*ENPS) *DCOSH (BN) / ( (GNS-POI*PHIS*ENPS) *
1 DCOSR(GM))

TD2MVe-EN*DSINE (IX) / (GN*DSINR (GN) )

TD22MVe-1 . / (BN* (BNS-POIS*PEIS*ENDPS) *DSINE (EN) +TD2NVEGN*® (GNS-POIS*
1 PEIS*ENPS) *DSINE(GN))

TD2NP=-EN¢ (BRS-POIS*PEIS*ENPS) *DSINE (BI) / (GN* (GNS-POIS*PEIS*ENPS) *

1 DSINE(GN))
TD22WP=-1 . / ( (BNS-POI*PRIS*ENPS) *DOOSE (BN) + TD2WNP* (GNS-POI *PRISY
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c 1 ENPS) *DCOSE (GN) )
TD22p=l . / (ME*DSINE (BN) + TD2NP* I *DSINE (@) )

TD22MPP=-1. / ( (INS-POI*PRIS*ENPS) *DCOSK (BN) +TO2NP* (GNS-FOI*PRIS*
1 EMPS) *DCOSE (GM) )

W(I,L,J)=W(X,L,J)+EN(I+1,N) *ID22MP* (DCOSE (MF*PS1 ) +TD2AP*DCOSK (Gl *
1 PS1)) *DCOS (ENP*ETA) *RAT12S

W(I.L,J)=W(I, L,J)+EN(I+2,N) *TD22NV* (DOCOSH (IMI*PS1) +TD2NV*DCOSK (GN*
1 PS1)) *DCOS (ENP*ETA) *RAT12C

W(I,L,J)=%(I,L,J)+EN(I+3,6N) *TD22NPP* (DCOSH (BN*PSI) +TD2NP*DCOSH (GN*
1 PSI))*DCOS (ENP*ETA)

WS(I,L,J)=WS(I,L,J)-EN(I+1,N) *TD22NP* (RN*DSINE (BN*PS1) +TD2NP*GN*
1 DSINH(GN*PS1)) *DOOS (ENP*ETA) *PHIST(I) *RATIZS

WS(I,L,J)=WS(I,L,J)-EN(I+2,N)*TD22NV* (BN*DSINH (BN*PS1)+TD2NV*GN*
1 DSINH(GN®*PS1)) *DCOS (ENP*ETA) *RAT1I2C*PRIST(I)

WS(I,L,J)=WS(I,L,J)+EN(I+3,6N) *TD22NPP* (BN*DSINH (BN*PSI) +TD2NP*GN*
1 DSINH(GN*PSI)) *DCOS (ENP*ETA) *PEIST(I)

WX (I,L,J)=WMX(I,L,J)~EN(I+1,N) *TD22NP* ( (BNS-POI*PHIS*ENPS) *DCOSH
1 BN®PS1) +TD2NP* (GNS-POI*PHIS*ENPS) *DCOSE (GN*PS1) ) *RAT12S+DCOS (ENP*
1 ETA) *PHIST(I)

WMX(I,L,J)=¥MX(I,L,J)-EN(I+2,N) *TD22NV? ( (RNS-POI*PHIS*ENPS) *DCOSH (
1 BN*PS1)+TD2NV* (GNS-POI*PHIS*ENPS) *DCOSH (GN*PS1) ) *RAT12C*DCOS (ENP*
1 ETA) *PHIST(I)

WX (I,L,J)=WMMX(I,L,J)-EN(I+3,N) *ID22NPP* ( (BNS-POI*PHIS*ENPS) *DCOSH
1 (BN*PSI)+TD2NP* (GNS-POI*PHIS*ENPS) *DCOSH (GN*PSI) ) *DCOS (ENP*
1 ETA) *PHIST(I)

Wy (I,L,J)=WMY (I,L,J)-EN(I+1,N) *TD22NP* ( (-ENPS+POI*BNS/PHIS) *DCOSH
1 (BN*PS1)+TD2NP* (-ENPS+POI *GNS/PHIS) *DCOSH (GN*PS1) ) *DCOS (ENP*ETA) *
1 PHIST(I)*RAT12S

WY (I,L,J)=WMMY(I,L,J)-EN(I+2,6N) *TD22NV* ( (-ENPS+POI*BNS/PHIS) *DCOSH
1 (BN*PS1)+TD2NV* (-ENPS+POI*GNS/PHIS) *DCOSH (GN*PS1) ) *DCOS (ENP*ETA) *
1 PHIST(I)*RAT12C

Y (I,L,J)=mx(I,L,J)-EN(I+3,6N) *ITD22NPP* ( (-ENPS+POI*BENS/PHIS) *

1 DCOSE (BN*PSI)+TD2NP* (-ENPS+POI*GNS/PEIS) *DCOSH (GN*PST) ) *DCOS (ENP*
1 ETA) *PHIST(I)

W(I,L,J)=WV(I,L,J)+EN(I+2,6N) *TD22NV* (EN* (BNS~-POIS*PHIS*ENPS) ¢
1 DSINH(BN*PS1)+TD2NV*GN¢ (GNS-POIS*PRIS*ENPS) *DSINH (GN*PS1) ) *DCOS (
1 ENP*ETA) *PEIST(I) *RATI2C
5600 CONTINUE

740 CONTINUE
47 CONTINUE

SUBROUTINE SHAPBRT
IMPLICIT DOUBLE PRECISION (A-E,0-%)

DIMENSION  PHIST(25) ,AMMS (150) ,ANNS(150) ,ANNSS (150) ,EM(30,30),
C EN(30,30) ,w(4,61,61)

COMION POI,POIS,PI, K, K2,K3,K4,N8T,
C K5,K6,K7,K8,K9,K10,K11,K12,ALMDS , ALMD1S , ALMD2S,
C ALMD3S, PHIST, AMMS , ANNS , ANNSS , EM, EN, ALMDBS , W

1 FORMAT(7(E13.6,3X))

NXX=61

DO 47 1= 1, 1,3
ETA=(L-1) / FLOAT(NXX-1)
ET1=1.-ETA

LIm62-L

DO 47 J= 1,61,3
P8I=(J-1) / FLOAT(NXX-1)

PSl=]l.-PSI

DO 540 M=1.K £220
PEI=PRIST(1) zz
PEIS=PEI*PAI

AILMDS=AIMDES/PHIS

RPNt PI z220
BE=-RO*DE £Z20
ENP= (N-1) *PI zz2
Be=PRI*DSORT (ALMDS+DOS) 2220
L

ZE=ALMDS-DMPS
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IFr(zz.LT.0.) GO 70 1000
@=PRI*DIORT(ZZ)
AS=*e

TD1Me-S¢* (IMS-POIS*PEIS*EMPS) *DESINK (INM) / (BI* (MS+POIS*PRIS*EMPS)

1 *DSIN(GD )
TD11M=-1./ ( (IE3-POI*PRIS*EMPS) *DCOSH (M) -TD1IM® (GMS+POI*PEIS*DMPS)

1 *DCOs (M) )
TD11lM=1 ./ (MM*DSINK (IM) -TD1IM*GM*DSIN () )

W(l,L,J)=W(1,L,J)+EM(M, 1) *TD11M* (DCOSH (BM*ETA) +TDIM*DCOS (GM*ETA) ) *

1 DSIN(EMP*PSI)
W(l,L,J)=W(1,L,J)+EM(M,2) *TD11M* (DCOSH (BM*ET1) +TDIM*DCOS (GM*ET1) ) *

1 DSIN(EMP*PSI)

non

GO T0 1610
1000 22=-22

GM=PHI*DSQRT (2Z)

@MS=GM*GM

TD24=-EM* (BMS~-POIS*PHIS*EMPS) *DSINH (IM) / (@M* (GMS-POIS*PHIS*EMPS)
1 *DSINH(G))

TD224=-1 ./ ( (BMS-POI*PHIS*EMPS) *DCOSH (EM) +TD2M* (GMS-POI *PEIS*EMPS)
1 *DCOSH(GM) )

TD22M=1 . / (BM*DSINH (BM) +TD2M*GM*DSINH (@) )

nn

W(l,L,J)=W(1,L,J)+EM(M, 1) *TD22M* (DCOSH (BM*ETA) +TD2M*DCOSH (QM*ETA) )
1 *DSIN(EMP*PSI)
W(l,L,J)=W(1,L,J)+EM(M,2) *TD22M* (DCOSH (BM*ET1) +TD2M*DCOSH (QM*ET1) )
1 *DSIN(EMP*PSI)
1610 CONTINUE

DO 2620 I=2,NST-1

II=(I-1)*2+1
[+ II=I

PHI=PHIST(X)

PHIS=PRI*PHI

ALMDS=AILMDBS/PHIS

EMP=iePI

EMPSaEMP *EMP

ENP=(N-1) *PI

B=PRI *DSQRT (ALMDS+RMPS)

BMS=RM*EM

ZZ=AMDS-EMPS

IF(Z2.LT.0.) GO 70 3000

GM=PHI*DSQRT (22)

BIS=GM*GM

TD1M=-BM* (BMS-POIS* PHIS*EMPS) *DSINH (Bi) / (@M* (GMS+POIS*PHIS*IMPS)

1 *DSIN(GN))

c TD11M=-1./ ( (BMS-POI*PHIS*EMPS) *DCOSH (BM) -TD1M* (GMS+POI*PHIS*DMPS)
[+ 1 *DCOS (@)

TD11M=1./ (BM*DSINH (BM) -TD1IM*GM*DSIN (GM) )

W(I,L,J)=W(I,L,J)+EM(M,II) *TD11M* (DCOSH (BM*ETA) +TD1IM*DCOS (GM*ETA
1 )) *DSIN(EMP*PSI)

W(I,L,J)=W(I,L,J)+EM(,6 II+1) *TD11IM* (DCOSH (BM*ET1) +TDIM*DCOS (GM*ET1
1 )) *DSIN(EMP*PSI)

GO T0 3600
3000 Z2=-2zz
@=PHI*DSQRT (22)
GMS=GM* G
TD2M=-EM* (BMS-POIS*PHIS*EMPS) *DSINH (BM) / (AM* (GMS-POIS*PHIS*DPS)
1 *DSINE(GM))
c TD224=-1 . / ( (BMS-POI * PHIS*EMPS) *DCOSH (HM) +TD2M* (@MS-POI*PHIS*EMPS)
c 1 *DCOSH(@N))
TD224=1 . / (EM*DSINH (BM) +TD2M*GM*DSINE (@) )

W(I,L,J)=M(I,L,J)+EM(M, II) *TD22M* (DCOSH (BM*ETA) +TD2M*DCOSH (1*
1 ETA)) *DSIN (EMP*PSI)
W(I,L,J)=W(I,L,J)+EM(M,II+1) *TD22¢* (DCOSH (BM*ET1) +TD2M*DCOSE (G*
1 ET1)) *DSIN(EMP*PSI)
3600 cowrTINUE
2620 CONTINUE

T=N8Y

II=2'NST-1

PHI=PEIST (NST)
PEIS=PRI*PEI
ALMDS=ALMDRS/PRIS
D P

DOS=RP*' DO

ENP=(N-1) *PI

=PRI *DIORT (ALMDS+RMPS)
BO=EEN

ZZ=AIMDS-EMPS
IF(22.17.0.) GO TO 6400
@PEI*DSORT (22)
BE=G e
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TD1Me—EM* (IMS-POIS*PRIS*EMPS) *DSINR (WD) / (@M* (BIB+POIS*PEIS*EMDS)
1 *DSIN(G) )

TO11Me—1./ ( (IMS-POI*PEIS*EMPS) *DCOSHE (EM) -TD1M* ((¢3+POI *PRIS*DES)
1 *DCOS(@D )

TD11M=1. / (EM*DSINN (IM) -TD1IM*GM*DSIN (@) )

W(I,L,J)=W(X,L,J)+DM(M,II) *TD11M* (DCOSH (MM*RTA) +TD1IM*DCOS (M*ETA
1 )) *DSIN(EMP*PSI)

W(I,L,J)=W(I,L,J)+EM(M, II+1) *TD11M* (DCOSHE (EM*ET1) +TDIM*DCOS (*ETL
1 )) *DSIN(DMP*PSI)

on

GO TO 3690
6400 ZZ=-2Z
@=PHI*DSORT (ZZ)
GMS=GM*GM
TD2M=-BM* (BMS-POIS*PHIS*EMPS) *DSINH (BM) / (GM* (GMS-POIS*PHIS*EMPS)
1 *DSINE(GM))
(4 TD22M4=-1 ./ ( (BMS-POI *PHIS*EMPS) *DCOSH (BM) + TD2M* (GMS-POI *PHIS*EMPS)
Cc 1 *DCOSEH (@) )
TD22=] . / (BM*DSINH (BM) +TD2M*GM*DSINH (GM) )

W(I,L,J)=W(I,L,J)+KM(M,II)*TD22M* (DCOSH (EM*LTA) +TD2M*DCOSH (GM*ETA
1 )) *DSIN(EMP*PSI)

W(I,L,J)=W(I,L,J)+EM(M,IX+1)*TD22M* (DCOSH (BM*ET1)+TD2M*DCOSH (GM*
1 ET1)) *DSIN(EMP*PSI)

3690 CONTINUE

540 CONTINUE 2220
DO 740 N=1,K 2Z20
EMP=iMe*PI 2220
ENP= (N-1) *PI 2220
ENPS=ENP *ENP 2220
ALMDS=ALMDBS
PHI=1./PHIST(1)

PHIS=PHI*PHI
BN=PHI *DSQRT (ALMDS+ENPS)
BNS=BN*BN

ZZ=ALMDS-ENPS

IF(ZZ.LT.0.) GO TO 2000

GN=PHI*DSQRT (22)

GNS=GN*GN

TD1N=-DSINH (BN) /DSIN (GN)

TD11N=-1./ (BNS*DSINH (BN) ~TD1IN*GNS*DSIN (GN) )

W(1,L,J)=W(1,L,J)+EN(N,1) *TD11IN* (DSINH (BN*PSI) +TDIN*DSIN(GN*PSI) ) *
1 DCOS(ENP*ETA)
GO TO 2600
2000 zZ=-IZ
GN=PHI*DSQRT (22)
GNS=GN*GN
TD2N=-DSINH (BN) /DSINH (GN)
TD22N=-1 ./ (BNS*DSINH (BN) +TD2N*GNS*DSINH (GN) )

W(l,L,J)=¥W(1,L,J)+EN(N, 1) *TD22N* (DSINH (BN*PSI) +TD2N*DSINH (GN*PSI) )
1 *DCOS (ENP*ETA)
2600 CONTINUE

DO 2630 I=2,NST-1
IX=(I-1)*2+1
PHI=1./PHIST(I)
PRIS=PHI*PRI

EN=PHI *DSQRT (ALMDS+ENPS)
BNS=BN*RN

ZZ=ALMDS-ENPS
IF(ZZ.LT.0.) GO TO 4000
GN=PHI*DSQRT (2Z)
GNS=GN*GN

TD1N=-DSINH (BX) /DSIN (GN)
TD11Ne=-1./ (BNS*DSINE (BN) -TDIN*GNS*DSIN (GN) )

W(I,L,J)=W(I,L,J)+EN(N,II+1)*TD11N* (DSINE (BN*PS1) +TDIN*DSIN (GN*PS1
1 )) *DCOS (ENP*ETA)
W(I,L,J)=N(I,L,J)+EN(N,IT) *TD1IN® (DSINE (BN*PSI) +TD1N*DSIN (GM*PST) )
W28 (L, J)=W28 (L, J) +EN21 (N) *TD11N* (BN*DCOSH (AN*PSI) +TDIN®
1 *DCOS (EMP*ETA)
GN*DCOS (GN*PSI) ) *DOOS (ENPETA)

Q0 TO 4600
4000 ZZ=-%X
GN=PRI*DSQRT (Z2)
GNB=GT*GR¢
TD2N=-DSINN (3N) /DSINK (V)
TD22M=-1 . / (BMS*DSINH (3N) + TD2N*GNS *DSINK (GN) )

W(I,L,J)™(I,L,J) +EN (N, II+1) *TD22N¢ (DSTNH (BM*PS1) + TOZN*DSTNE (GN*
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1 PS1)) *DCOS (EMP*ETA)
W(I,L,J)=W(I,L,J)+EN (N, II) *ID22* (DSIMNE (BM*PSI) +ID2N*DSINK (GN*PST

1 )) *DCOS (EMP*ETA)

COMTINUE

CONTINUE

II=2oN8T

I=NST

PAI=1./PHIST (NST)
PHIS=PRI*PNI
BN=PRI*DIQRT (ALMDS+ENPS)
BNS=BN*BN

ZZ=ALMDS-ENPS
IF(ZZ.LT.0.) GO TO 8000
GN=PHI *DSQRT (22)
GNS=GN*GN

TD1N=-DSINH (BN) /DSIN (GN)
TD11N=-1./ (BNS*DSINH (BN) -TD1N*GNS*DSIN (GN) )

W(I,L,J)=W(I,L,6J)+EN(N,6II)*TD11IN* (DSINH (BEN*PS81) +TDIN*DSIN(GN*PS1))
1 *DCOS(ENP*ETA)

GO TO 5600

ZZ=-22

GN=PHI®*DSQRT (22)

GNS=GN*GN

TD2N=-DSINH (BN) /DSINH (GN)

TD22N=-1 ./ (BNS*DSINE (BN) + TD2N*GNS*DSINH (GN) )

W(I,L,J)=W(I,L,J)+EN(N,II)*TD22N* (DSINH (BN*PS1)+TD2N*DSINH(GN*PS1)
1 ) *DCOS (ENP*ETA)
CONTINUE

CONTINUE
CONTINUE

SUBROUTINE DETERML (A,N,DET)

THIS IS A STANDARD SUBPROGRAM FOR FINDING THE DETERMINANT OF A
SQUARE N BY N MATRIX.THE DETERMINANT IS STORED AS DET.

IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIMENSION A(250,250)

SIGN=].

LAST=N-1

START OVERALL LOOP FOR(N-1) PIVOTS

DO 200 I=1,LAST

FIND THE LARGEST REMAINING TERM IN I-TH COLUMN FOR PIVOT
BIG=0.

DO 50 K=I,N

TERM=DABS (A (K, I))

IF (TERM-BIG)S50,50,30

BIG=TERM

L=K

CONTINUE

CHECK WHETHER A NON-ZERO TERM HAS BEEN FOUND
IF (BIG)80,60,00

L-TH ROW HAS THE BIGGEST TERM----IS I=L
IF (I-L)90,120,90

I IS NOT EQUAL 70 L,SWITCE ROWS I AND L
SIGN=-8SIGM

DO 100 J=1,N

mP=A(X.J)

A(I,J)=A(L,T)

AL, ) =TRMP

NOW START PIVOTAL REDUCTION

PIVOT=A(I, I)
NEXTR=I+1

FOR EACE OF THNE ROWS AFTER THE I-TH
DO 200 J=NMEXTR,N

MULTIPLYING COMETANT FOR TRE J-TH ROW IS
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22207270

22207280
22207290
zz207300
Z2207310
22207320
22207330
22207340
22207350
ZZ207360
ZZ207370
22207380
22207390
22207400
22207410
22207420
2207430
22207440
ZZ207450
ZZ207460
22207470
22207480
22207490
22207500
22207510
22207520
22207530
22207540
2Z207550
22207560
22207570
22207580
22207590
22207600
23207610
22207620
22207630
Z2207640
22207650
22207660
22207670
22207680
23207690
23207700
22207710



COMST=A (T, I) /PIVOT 22207720
22207730

MNOW REDUCE EACHE TERNX OF TEE J-TH ROW 22207740
22207750

DO 200 K=I,N 22207760
200 A(J,K)=A(J,K)~COMST*A(I,K) 22207770
22207760

END OF PIVOTAL REDUCTION---NOW COMPUTE DETERMINANT 22207790
DET=SIGN 22207600

DO 300 I=1,N 22207810
300 DET=DET*A(I,I)*10 . 22207820
GO TO0 61 22207830

60 DET=0. 222076840
61 RETURN 22207850
END 22207860

ann

non

SUBROUTINE EXP1 (A,N)
IMPLICIT DOUBLE PRECISION (A-H,0-2)
IFLAG=1

CHECK IF NUMBER IS NEGATIVE

oon

IF(A.LT.0.0) IFLAG=-1
A=ABS (A)

CHECX IF NUMBER IS LESS OR GREATER THAN 1.0

oo

IF(A.EQ.1.) GO TO 100
IF(A.LT.1.0) GO TO 101
N=Q

20 A=A/10.
Naf+1
IF(A.LT.1.) THEN
A=A*FLOAT (IFLAG)
A=A
N=iN
RETURN
ELSE
@0 TO 20
ENDIF

101 N=Q

30 A=A*10.
N=sN-1
IF(A.GT.1.) THEN
A=A*FLOAT (IFLAG) /10 .
NaN+1
RETURN
ELSE
GO TO 30
ENDIF

100 N=1
A=A*FLOAT (IFLAG) /10.
RETURN
END

SUBROUTINE SIMQ(A.M.N,X)
IMPLICIT DOURBLE PRECISION(A-H,0-2)
DIMENSION A (M, N) +X(N)
‘99 FORMAT (7(E13.6,3X))
SIGN=1.
MeiN-1
LAST=M-1

START OVERALL LOOP FOR(N-1) PIVOTS
DO 7 I=1,LAST

FIND THE LARGEST REMAINING TERM IN I-TH COLUMN FOR PIVOT

N0 oonon

BIG=0.

DO 2 K=I M
TERM=DARS (A (K, I))
IF(TERM-BIG)2,2,1
BIG~TENM

=K

2 CONTINUE

CRECK WEETHER A NON-ZERO TERM HAS REEN FOURD

-

IF(s1G)3,11.3
L-TR ROW HAS THE BIGEST TERM-----IS Is=lL

w

IFr(I-L)4,6,.4

o0 000 000

I IS NOT EQUAL TO L, SWITCH ROWS I AND L
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c
€ DO S J=1,N
TRM=A(I,J)
A(I,J)=A(L,T)
S AL, J) TR

NOW START PIVOTAL REDUCTION

noon

6 PIVOT=A(I,I)
NEXTR=I+1

FOR EACH OF THE ROWS AFTER THE I-TH

DO 7 J=NEXTR.M

MULTIPLYING CONSTANT FOR THE J-TH ROW IS:
CONST=A (J, I) /PIVOT

NOW REDUCE EACE TERM OF THE J-TH ROW

NN aonn0 oo

DO 7 K=I,N
7 A(J,.K)=A(J,K) -CONST*A(X,K)

END OF PIVOTAL REDUCTION-- PERFORM BACK SUBSTITUTION

[s X2 N ¢]

M=N-1
DO 10 I=1,M

IREV IS THE BACKWARD INDEX,GOING FROM M BACK TO 1

IREVaM+1-1

GET Y(IREV) IN PREPARATION

Y=A (IREV,N)

IF(IREV-M)8,10,8

[ NOT WORKING ON LAST ROW.I IS 2 OR GREATER

8 DO 9 J=2,1
WORK BACKWARD FOR X(N) ,X(N-1) -----SUBSTITUTING PREVIOGSLY
FOUND VALUES
Kstl+l-J

9 Y=Y-A(IREV,K) *X(K)

N 000

nn

FINALLY , COMPUTE X(IREV)

noon

10 X(IREV)=Y/A(IREV,IREV)
X(N)=-1

11 RETURN
END
SUBROUTINE RATO(BM,BX,GM,GX,X1,X2,Y1,¥2)
IMPLICIT DOUBLE PRECISION(A-H,0-2Z)
QLIM=30.
X1=0.
X2=0.
Yi=Q.
¥2=0.
IF(BM.GT.QLIM) GO TO 10
X1=DCOSH (BX) /DSINH (BM)
X2=DSINH (RX) /DSINH (BM)
GO T0 11

10 ZZ=EM-BX
IF(ZZ.GT.QLIM) GO TO 11
ZT=-22
X1=DEXP (ZZ)
X2=x1

11 CONTINUE
IF(GM.GT.QLIM) GO 70 15
Y1=DCOSH (GX) /DSINE (@M)
Y2«DSINH (GX) /DSINE (@)
GO TO 16

15 ZZ=GM-GX
IF(ZZ.GT.QLIM) GO TO 16
IZ=-T2
Y1=DEXP (ZZ)
Y2wyYl

16 CONTINUE
RETURN
D

SUBROUTINE SS1AL (BM,EMP,ALFA, X1,X2)

IMPLICIT DOUBLE PRECISION(A-R,0-Z)

Xl=(EBM*DSIN (EMP*ALFA) *DCOSH (BM*ALFA) -EMP *DCOS (EMP*ALFA) *DSINE (IM*
1 ALFA)) / (I DO *EMP)

X2e= (B*DSIN (EMP*ALFA) *DSINN (MM*ALFA) ~EMP*DCOS (EMP*ALFA) *DOOGE (EM*
1 ALFA) +EMP) / (BB DR *RXP)

RETURN
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10

20

& W N

b W N e

Xl= (DSIN( (GM-EMP) *ALFA) / (@-DG) -DSIN ( (GH+DP) *ALFA) / (BMR+@N) ) /2.

X2w-~ ( (DCOS ( (DO-GM) *ALFA) -1. ) / (BP-@() + (DOOS ( (DG+DN *ALFA)-1.) / (
1 D+an) /2.

RETURN

]

SUBROUTINE 8CC2 (G,A0,DMP,ENP,X1,X2)
DMPLICIT DOUBLE PRECISION (A-R,0-Z)
IF(AO.EQ.0.) GO TO 10

CALL CCC (G, DMF ,ENP,X)

CALL CCS(DMP.ENP,M,Y)

Xl=(DSIN (GM) *X-DCOS (GM) *Y)

X2=(DCOS (G) *X+DSIN (@) *Y)

GO TO 20

CALL CCS(EMP,ENP,GM,X1)

CALL CcC(@d, P, ENP,X2)

Xi= X1

X2=x2

CONTINUE

RETURN

END

SUBROUTINE SSS(A,B.C,X)
IMPLICIT DOUBLE PRECISION (A-H,0-Z)
Al=A-B+C

A2=R+C-A

A3=A+B-C

Ad=A+B+C

X1=0.

X2=0.

X3=0.

X4=0 .
IF(A1.EQ.0.)GOTO 1
Xl=(DCOS (A1) -1.) /Al
IF(A2.2Q.0.)G0T0 2
X2=(DCOS (A2) ~1.) /A2
IF(A3.2Q.0.)GOTO 3
X3=(DCOS(A3)-1.) /A3
IF(A4.2Q.0.)GOTO 4
X4=(DCOS (Ad)-1.) /A4
X=~ (X1+X2+X3-X4) /4 .
RETURN

) ]

SUBROUTINE CS8S(A,B,C.X)
IMPLICIT DOUBLE PRECISION (A-H,0-2)
Al=A+B-C

A2=A+C-B

Ad=A+B+C

Ad=B+C-A

Xlwl,

X2m]1.

X3=l,

Xd=1 .
IF(A1.8Q.0.)G010 1
X1=DSIN(Al) /A1
IFr(A2.2Q.0.)G0T0 2
X2=DSIN(A2) /A2
IF(A3.8Q.0.)GOTO 3
X3=DSIN(A3) /A3
IF(M.2Q.0.)GOTO 4
X4=DSIN(AL) /A4

X= (X1+X2-X3-X4) /4.
RETURN

nd

SUBROUTINE CCB8(B,C,.A,X)
IMPLICIT DOUBLE PRECISION (A-R,0-Z)
Al=pA+B+C

A2=B+C-A

A=A +B-C

AM=A+C-B

Xi=0.

X2=0 .

X3=0 .

X4=0.
IF(Al1.EQ.0.)GOTO 1
Xi=(DCOS(A1)-1.) /A1
IF(A2.2Q.0.)GOT0 2
X2=(DCOB (A2) -1.) /A2
IF(A3.2Q.0.)GOTO 3
X3=(DCOS(A3) -1.) /A3
IF(AL.EQ.0.)GOTO 4
X4=(DCOS(AL) -1.) /A4
Xa- (X1-X2+X3+X4) /4 .
RETURN

no
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SUBROUTIME CCC(A,B,C,X)
IMPLICIT DOUBLE PRECISION (A-E,O0-%2)
AlsA+B4C

A2e8+C-A

AI=A+C-B

M=A+B~C

Xl=1.

X2wl.

X3=1.

Xé=1.
IF(A1.8Q.0.)GOTO 1
X1=DSIN(Al) /ALl
IF(A2.2Q.0.)GOTO 2
X2=DSIN(A2) /A2
IF(A3.EQ.0.)GOTO 3
X3=DSIN(A3) /A3
IF(AL.EQ.0.)GOTO 4
X4=DSIN(AL) /AL
X=(X1+X2+X3+X4) /6.
RETURN

END

SUBROUTINE DETR(A,N,X)

IMPLICIT DOUBLE PRECISION (A-H,0-2)
DIMENSION A (250,250) ,X(251)

SIGN=).

M=N-1

LASTwM-1

START OVERALL LOOP FOR(N-1) PIVOTS

DO 7 I=1,LAST

FIND THE LARGEST REMAINING TERM IN I-TH COLUMN FOR PIVOT
BIG=0.

DO 2 K=I ,M

TERM=DABS (A (K, I))

IF(TERM-BIG) 2,2,1

BIG=TERM

L=K

CONTINUE

CHECK WHETHER A NON-ZERO TERM HAS BEEN FOUND
IF(BIG)3,11,3

L-TH ROW HAS THE BIGEST TERM-----IS Is=L
IF(I-L)4.6,4

I IS NOT EQUAL TO L, SWITCH ROWS I AND L
DO 5§ J=1,N

TEMP=A (I, J)

A(I, ) =A(L, D

A(L,J)=TEMP

NOW START PIVOTAL REDUCTION

PIVOT=A(I,I)
NEXTR=I+1

FOR EACE OF THE ROWS AFTER THE I-TH

DO 7 J=NEXTR,M
MULTIPLYING CONSTANT FOR THE J-TH ROW IS:
CONSTwA (J, I) /PIVOT

NOW REDUCE EACE TENM OF THE J-TE ROW

DO 7 KmI N
A(J. K)=A(J,K) ~CONST*A (I, K)

B OF PIVOTAL REDUCTION-- PERFORM RACK SURSTITUTION

M-l
DO 10 I=1,M

IREV IS THRE BACKWARD INDEX,GOING FROM M BACK TO 1
IREVaé+1-I
GET Y(IREV) IN PREPARATION
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nonNon o000

(s Ne N}

Yui (IREV,N)
IF(IREV-¥)6,10,8

NOT WORKING ON LAST ROW,.I IS 2 OR GREATER

DO 9 J=2,I

WORK BACKWARD FOR X(N) ,X(N-1) -~—--SUBSTITUTING PREVIOUSLY
FOUND VALUEZS

Kadli+1-J
9 Y=Y-A(IRKV,K) *X(K)

FINALLY,COMPUTE X(IREV)

10 X(IREV)=Y/A(IREV,IREV)
X(N)=-1

11 RETURN
END

SUBROUTINE SSS11(BM,AQ,EMP,ENP,X1,X2)
IMPLICIT DOUBLE PRECISION (A-H,0-2)
QLIM=240.
BMS=BMTBM
BMO=BM*AQ
EMP=EMP-ENP
EMPP=EMP+ENP
DMMPS=DMP *RP
EMPPS=EMPP*EMPP
IF(EBM.GT.QLIM) GO TO 8
IF(AO.NE.0.) GO TO 2
X11=(BM*DCOS (EMMP) *DSINH (BM) +EMMP *DSIN (BMMP) *DCOSH (BM) ) / (BMS+DOPS
C) - (EM*DCOS (EMPP) *DSINH (BM) +EMPP*DSIN (REMPP) *DCOSH (BM) ) / (BMS+EMPPS)
X22= (BM* (DCOS (EMMP) *DCOSH (BM) ~1. ) +EMMP*DSIN (EMP) *DSTNH () ) / (BMS+
CERMMPS) - (BM* (DCOS (EMPP) *DCOSH (BM) —1. ) +EMPP*DSIN (EMPP) *DSINH (Bv) )y/(8
CMS+EMPPS)
Xi=-X22/(2. )
X2=X11/(2. )
GO T0 3
2 Xl=-(BM*DCOS (RMP) ~BM*DCOSH (BM) ) / (BMS+DMMPS) + (BM*DCOS (EMPP) -BM*
1 DCOSH (BM) ) / (MMS+RMPPS)
X1=sX1/ (2. )
X2=(EMMP*DSIN (D4(P) +BM*DSINH (BM) ) / (BMS+DMPS) - (RMPP*DSIN (RMPP) +BM*
1 DSINH(BM) ) / (BMS+EMPPS)
X2mx2/(2. )
GO TO 3
8 CONTINUE
IF(AO.NE.0.) GO TO 9
X2=- (BM*DCOS (EMMP) +EMHP*DSIN (DSP) ) / (2. * (BMS+EMMPS) ) + (B
1 DCOS (EMPP) +EMPP*DSIN (EMPP) ) / (2. ¢ (BMS+DMPPS) )
X2=X2 *DSINH (BM)
Xi=sx2
X2u-X2
GO TO 3
9 CONTINUE
Xl=(B14/2.) ¢ (1./ (BMS+DMMPS) -1./ (BMS+EMPPS) )
Xl=X1 *DSINH (BM)
X2wx1
3 IF(AO.NE.0.)GOTO 1
Xl=-X1
1 CONTINUE
RETURN
| < o]
SUBROUTINE 8882 (@4,A0, MP,ENP,X1,X2)
IMPLICIT DOUBLE PRECISION (A-H,O0-Z)
@MI0=@M*A0
CALL CSS (GM,EMP,ENP,X11)
CALL SS8 (G, DMP,ENP,X22)
X1=DSIN(GMD) *X11-DCOS (QM0) *X22
X2=DCOS (@0) *X11+DSIN (GM0) *X22
IF(AO.NE.0.)GOTO 1
Xl=-X1
1 CONTINUE
X1wX1/DSIN(GM)
X2uX2/DSIN(GM)
ARTURN
no

SUBROUTINE SCS11 (BM, A0, BMP, KNP, X1,X2)
IMPLICIT DOURBLE PRECISION (A-H,0-2)
QLIMN=240.

DR I

MO=EM*AO0

ROG=DMP-ENP

DPP=DE+ENP

D@D 'De®

EMPPS=DMPP *RMPP
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IF(IM.GT.QLIN) GO TO 8
IF(AO.NE.0.) GO TO 2
Xll=(2M*DSIN (DPP) *DSINN (M) -EMPP* (DCOS (EMPP) *DCOSE (3M) -1..) ) / (IMS+
CROPS) - (IM*DSIN (D) *DSINK (1) -EP* (DCOS (EMCP) *DCOSE (M) ~1.) ) / (B
QEB+DePs)
X22= (EM*DSIN (EMPP) *DCOSE (I¢) -EMPP*DCOS (EMPP) *DSINE () ) / (M3 +DMPPS
C) = (IM*DSIN (De{F) *DCOSH (1) ~EIE>*DCOS (D) *DSINK (M) ) / (RS+DEPS)
X1=-X22/(2.)
X2=X11/(2.)
GO T0 3
2 Xl=- (EM*DSIN(EMPP) ~-DMPP*DSINE (R) ) / (IMS+EMPPS) + (BM*DSIN (DOP) -DeP
1 *DSINK(BM) ) / (IMS+DOPS)
X1=X1/(2. )
X2=- (EMPP *DCOS (EMPP) -EMPP*DCOSH (BM) ) / (BME+EMPPS) + (DM *DCOS (RMMP) ~
1 DaP*DCOSH (M) ) / (BMS+DMPS)
X2=X2/ (2. )
GO T0 3
8 IF(AO.NE.O0.) GO 70 9
Xl=- (EM*DSIN(DMPP) -EMPP*DCOS (EMPP) ) / (2. ¢ (BMS+RMPPS) ) + (BM*
1 DSIN(EMMP) -DEP*DCOS (BMMP) ) / (2. * (EMS+EIMPS) )
X1=X1*DSINH (BM)
X2=-X1
GO TO 3
9 X1=EMPP/ (2. * (EMS+EMPPS) ) -EMMP/ (2. * (BMS+EMMPS) )
Xl=X1*DSINH (BM)
X2mX1
3 IF(AO0.NE.0.)GOTO 1
X1=-X1
1 CONTINUE
RETURN
END
SUBROUTINE SCS2(GM,A0,RMP,ENP,X1,X2)
IMPLICIT DOUBLE PRECISION (A-H,0-Z)
GMO=GM*AO
CALL CCS(GM,EMP,ENP,X11)
CALL CSS8 (R, ENP,X22)
X1=DSIN (GMO) *X11-DCOS (QM0) *X22
X2=DCOS (@M0) *X11+DSIN (QMD) *X22
X1=X1
X2=Xx2
IF(AO.NE.0.)GOTO 1
Xi=-X1
1 CONTINUE
RETURN
END
SUBROUTINE SCC11(BM,AQ,EMP,ENP,X1,X2)
IMPLICIT DOUBLE PRECISION (A-R,0-Z)
QLIM=240.

IF(BM.GT.QLIM) GO TO 8

IF(AO.2Q.0.) GO 10 2

Xl=- (IM*DCOS (RMMP) -BM*DCOSH (B) ) / (BMS+D2PS) + (IM*DCOSH (BM) ~BM*

1 DCOS (BMPP) ) / (MME+RMPPS)

X2= (BM*DSINK (BM) +EM{P *DSIN (DM1P) ) / (BMS+EMES) + (BMDSINE (BM) +EMPP*
1 DSIN(EMPP)) / (BME+DMPPS)

Xl= X1 /(2. )

X2=x2 /(2. )

GO TO 3
2 Xl=-(BM* (DCOS (DMMP) *DCOSH (EM) -1 . ) +EMMP*DSIN (RLF) *DSINH (BM) ) / (RS
1 +EPS) - (IM* (DCOS (EMPP) *DCOSH (B} -1 . ) +EMPP*DSIN (RMPP) *DSINH (B) ) /
1 (WMS+EMPPS)

Xisx1/¢2. )

X2=(EM*DCOS (D4P) *DSINH (1) +RMP*DSIN (DOX) *DCOSHE (M) ) / (MS+DIPS)
1 +(BM*DCOS (DPP) *DSINE (IM) +EMPP*DSIN (EMPP) *DCOSE () ) / (BME+DMPPS)

X2=ux2/ (2. )

GO 10 3
8 CONTINUE

IF(AO.XE.0.) GO TO 9

X1l=- (EM*DCOS (D) +RP*DSIN (D) ) / (2. * (IB+DOPS) ) ~ (M

1 DCOS (BPP) +RMPP*DSIN (ROP) ) / (2. * (MMS+EMPPS) )

X1=X1*DSINE (M)

X2w-X1

GO TO 3
9 CONTINUE

Xi=(Id/2.) ¢ (1./ (IS+DOMPS) +1 ./ (IMS+EMPPS) )

X2aX1 *DSINK (IM)
3 IF(AO.ME.0.)G0T0 1

Xle-x1
1 CONTINUE

RETURN

no
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