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Abstract

Theories of neural coding and neural information processing rely on a knowledge of
the correlations between firing events. We present a method of analyzing experi-
mental interspike interval (ISI) sequences from neurons for the presence of nonlinear
correlations. This is accomplished by comparing nonlinear predictions on experimen-
tal data sets and on their “surrogate” data sets. These surrogates have the same
linear properties as the experimental data, but are otherwise stochastic. A difference
in nonlinear predictability between both sets implies that nonlinear correlations are
present in the experimental data. We also examine the relationship between, on one
hand, neural firing times, and on the other, the dynamical variables of the neuron
and its inputs. We focus on a recently proposed method to reconstruct the dynamics
of the input to a neuron via a delay embedding of the interspike intervals. We show
that this method works well for the simple integrate-and-fire type neuron models
when the mean sampling rate is high. However, the method does not extend to
more realistic models. Our analysis suggests that this method may be applicable to
a small subset of real neurons and that, in general, we should not expect to easily
extract information about input stimuli to neurons using ISI embeddings.
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Chapter 1

Introduction

Many dynamical systems are characterized by the fact that they generate “events” in
the course of their continuous time evolution. An event can be defined as a sudden
change in one or more of the variables of the system. Epileptic seizures and cell
division are examples of events in the time evolution of the corresponding biological
system. In this thesis we are interested in the case of single neurons, where an event
corresponds to a sudden increase in the membrane voltage of the neuron. These
events are called “action potentials” or “voltage spikes”.

Since neurons are the basic building blocks of the nervous system, we must gain
an understanding of their behaviour if we are ever to fully understand the functioning
(and malfunctioning) of this system. One aspect of this understanding concerns
the way in which neurons communicate with each other. It is known that this
communication process is accomplished, in great part, through the propagation of
voltage spikes. In these instances, the only information carried in “neural” messages
is in the timing of the spikes, i.e. the interspike intervals (ISI’s). What is not well
understood is the method by which the information is encoded into the ISI’s. In
order to properly constrain theories of neural coding and information processing,
it is important to characterize the correlations between ISI's. In this thesis, we
develop methods inspired from nonlinear dynamics to test for the possible presence of
nonlinear correlations in sequences of ISI's. These methods are applied successfully
to ISI sequences from both neuron models and real neurons.

Neurons are excitable cells in which the transmembrane potential fluctuates.
The preferred experimental method of studying the electrical activity of neurons is
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to measure the voltage of the cell under controlled conditions. For example, we can
control jonic concentrations and give a cell electrical stimulations. To monitor the
voltage of the cell, we must put it in contact with a microelectrode. This electrode
may damage the neuron or alter the behaviour of the neuron in an undesirable way.
In many cases, the neurons are too small, or they are surrounded by specialized
tissue, each of which prevents the neuron from being put into contact with the
electrode. For these reasons we are often forced to take extracellular measurements
with a nearby electrode which monitors only the times at which the neuron fires
an action potential. We are thus left with only the ISIs as our experimental data
set. Hence, there is great interest in relating the spiking times of the neurons to the
dynamics of the underlying dynamical system which generated them (the neuron
and its inputs).

Recently, a method has been proposed [45, 46] that allows the reconstruction of
the dynamics of the input to a neuron from the ISI’s. This method has been shown
to work well for the simplest known neuron models!. We extend it to more realistic
models in order to determine the applicability of this method to real neurons. Our
investigations suggest that it will not in general be possible to reconstruct dynamics
of the underlying systems from interspike intervals. In other words, in general it is
not possible to isolate the influence of the input stimulus from the ISI’s of a neuron.
Nevertheless, the method may be applicable to a limited class of real neurons.

A further motivation for studying ISI's using dynamical methods is for model
validation. If we can determine that a certain experimental ISI sequence contains
nonlinear correlations, we expect that a good model must be capable of producing
ISI's with similar correlations. Finally, another reason for studying the dynam-
ics of “inter-event” times in neurons is that the methods developed may be easily
adaptable to the study of other systems that are characterized by the fact that they
generate “events”, such as the onset times of epileptic seizures and earthquakes.

This thesis is organized as follows. In Chap. 2 we give a general introduction
to neurons and the neuron models used in this study. Chapters 3 and 4 present an
overview of topics from nonlinear dynamics and nonlinear time series analysis which
are pertinent to our study. In Chap. 5 we present our results on reconstructing

1This is the simplest neuron model used in research on single neurons. There are simpler models
used in artificial neural networks.



the attractor of the input to chaotically forced neuron models. The surrogate data
method is applied to ISI sequences from neuron models and real neurons in Chap.
6. The thesis ends with a brief conclusion and outlook onto future research.
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Chapter 2
Neuron models

Much of our analysis is performed on data generated by model neurons. There are
many advantages to using this type of data: it is noise free and the length of the
data set is limited only by computer resources. Data from real neurons is often of
very short length and/or nonstationary. Clean data from reliable experiments can
also be difficult to find. In the following chapter we give a brief introduction to the
functioning of neurons. We follow with a description of neuron models, focusing on
those we have used in this study.

2.1 Introduction

Neurons come in a variety of shapes and sizes, from the simple unipolar interneuron
of invertebrates to the massively complex neurons in the hippocampal area of the
brain. Fig. 2.1 shows some common types of neurons.

Like all living cells, neurons contain a cell body (or soma) which houses the
nucleus and protein synthesis areas. Neurons also have dendrites branching out
of them in various fashions, they act as surfaces for the reception of information
from other cells. This information is in the form of chemical signals which cause
an electrical signal to be propagated along the dendrites to the cell body. The cell
body is what we are most interested in modeling since it is the part of the cell
which can generate the electrical impulses which propagate to other neurons. In a
typical neuron the information is input to the soma and processed, the result is a



series of action potentials (or spikes) which are sent down the axon to the synaptic
region. At the synapse, the incoming action potential causes the release of chemicals
known as neurotransmitters. These chemicals are the means by which the signal is
transmitted to other cells. Some example of action potentials can be seen in Fig.
2.2.

&8

—

Figure 2.1: Some common types of neurons, from [32] p. 18.




2.2 Neuron models

Our discussion of neuron models will be limited to the models that we have used in
this study as well as the Hodgkin Huxley model. For a more detailed exposition see
(20, 29, 59]. The models we cover can be grouped into two classes:

(a) Models of the cell body as an excitable membrane with ionic channels im-
mersed in an ionic solution.

(b) Qualitative models which are meant to reproduce only a subset of the prop-
erties of the neuron. In this thesis, all models of this type are called tntegrate
and fire (IF) models.

Type (a) models are generally expressed as a set of coupled ordinary differential
equations for the membrane potential and other variables (e.g. ionic concentrations
inside and outside the cell). Type (b) models are simple models with one or two
variables. They are generally derived from type (a) models, for example by ignoring
some of the less important ionic currents. Two very good examples of this type of
reduction are presented in (2] and [11].

2.3 Models of membrane excitation

We can think of the cell body as an excitable membrane bathing in an ionic solution.
The basic governing equation of such a membrane is the conservation of charge:
dv

Cm-dt" = —Im + legt, (2.1)

where V' is the membrane voltage, C,, is the membrane capacitance, [, is the sum
of the membrane currents, and I,.; the collective external currents. The membrane
currents arise primarily from the conduction of ions through the membrane by volt-
age dependent ion channels or by the leakage of certain ions through the membrane.
The external currents are mainly those coming from the dendrites or, in an exper-
imental setting, a stimulus delivered through a micro-electrode. We stimulate the
models by applying various input currents. The most commonly used input currents



are constant bias currents and/or oscillating currents. We also force some of the
models with a signal taken from a low dimensional chaotic system in Chap. 5.

In the absence of stimulation the typical cell maintains a constant negative rest-
ing potential —Vp. An input current can have two effects on the membrane. If
the current is below a critical stimulus value, also called the firing threshold, the
membrane responds passively by changing its potential and slowly recovering back
to the resting potential. A current that is above the threshold of critical stimulus
causes the membrane potential to depolarize (becoming more positive than —Vj)
and then rapidly hyperpolarize (becoming more negative than —V;). This is the
action potential which is followed by a slow recovery back to the resting potential.
This can be seen schematically in Fig. 2.2 A where the S denotes a depolarizing
stimulus.

e

Figure 2.2: Typical action potentials from a frog sciatic nerve. A) The spike is
caused by the stimulus given at S. B) and D) The effect of a second stimulus cannot
cause another spike during the refractory period- C) This is an action potential
where the nerve has been crushed between the two electrodes. Taken from [12], p.
443.

Consecutive stimuli can cause many responses in the membrane. If the previous
stimulus caused an action potential there is a time when another stimulus, no matter
how strong, cannot cause the cell to produce another action potential. This is
the absolute refractory period and it is illustrated in Fig. 2.2D. After the absolute
refractory period comes the relative refractory period when a stimulus can cause

7



another impulse but the threshold value for this excited state of the membrane is
much higher than for the membrane at resting potential. The relative refractory
period lasts until the cell has returned to its resting potential, and consequently the
stimulus threshold has returned to its resting value. If the first stimulus was below
threshold, there is a time where another weak current can cause the cell to spike.
This enhanced phase is followed by a phase at which the threshold of the second
stimulus is greater than the threshold at rest. Hence consecutive sub-threshold
stimuli can combine to have the same effect of one above threshold stimulus but
they must be close together in time [11].

2.3.1 The Hodgkin Huxley model

The general discussion above is one that is most often given when describing the
model of Hodgkin and Huxley (HH) [19]. This model is based on experiments
performed on the squid giant axon in the early 1950’s. In this axon, as in many other
cells there is a high concentration of sodium and a low concentration of potassium in
the extracellular solution relative to the concentrations inside the cell. Hodgkin and
Huxley proposed a conservation of charge equation as follows, with three different
ionic currents;
dv

(o] T = let = 9na(V = Vi) — 9k (V = Vi) —ai(V - V). (2.2)

Here Vy,, Vi and V}, are the equilibrium voltages for sodium, potassium and leakage
ions respectively, and gn,,gx and g; are the conductances of the membrane to the
different ions. We can write the conductances in terms of three time and voltage
dependent variables

INa = gnam’h, gk =gxn', g = constant.

The g terms are the experimentally determined maximum conductance values of
the membrane to the respective ions, m and n are activation parameters which vary
with voltage and time between 0 and 1, and b is an inactivation parameter which
also varies in the unit interval. The time and voltage dependence of the conductance



variables are given by:

n = (1 - n)an —nf,,
il = (1 - h)a,. - hﬂ,..

The a’s and (’s were determined by fitting to the experimental data:

_01(25-V) =
= T+ = deR,

- eOl(V+10) _ 1
an=007e% |, g = —1

1+

2.3.2 The FitzHugh-Nagumo model

One important property of the HH model is that there are very different time scales
at work. The time scales for the processes associated with the action potential itself
are very small compared to the time scales associated with the “refractoriness” and
the relaxation. These in turn are small compared to the adaptation and recovery
time scales. In the HH equations, the conductance variable m reaches its asymptotic
value m, much faster than the h and n conductance variables. If we are willing to
forego accuracy in the model at small time scales we can simply make the m variable
assume its asymptotic value for all time. This reduces the HH model from four to
three dimensions. Another reduction can be accomplished by cleverly (and carefully)
combining the h and n conductance variables into one. This type of reduction leads
to the FitzHugh-Nagumo (FHN) equations {10, 31]:

g2
dt
dw
dt

This system while being only two dimensional still captures the basic mechanism for
generating action potentials. The membrane potential is v(t), and the variable w(t)
controls recovery by making the membrane potential temporarily more negative than

= v(v-a)(l-v)-w+S(t),

= v—dw-b. (2.3)

9



the resting potential after an action potential, thus producing a refractory period.
We have added a term for the input currents S(t). This model lies on the border
of the type (a) and type (b) models discussed above. It would be the most realistic
type (b) model or a simple type (a) models.

15 v -

Voltage

0 10 20 k< 40 50

Figure 2.3: Sample dynamics for the FHN equations for ¢ = 0.005,a =05, b =
0.175, d = 1, and S(t) = .01sin(0.75¢).

2.3.3 Bursting models

Many nerve cells can dispfay a behaviour called bursting. Instead of producing a
single action potential these cells fire in bursts of activity which are separated by
periods of inactivity. Typical bursting dynamics can be seen in Fig. 2.4. The most
common models for bursting cells use an interaction of fast conductances (similar
to the Hodgkin-Huxley type conductances) to produce action potentials, and much
slower conductances to produce the alternation between firing and resting activity.

Plant’s slow wave burster model

This is a model of the invertebrate Aplysia R 15 pacemaker cell [35]. It is called
a slow wave burster because the bursts ride on the back of a slower oscillation as
shown in Fig. 2.4. A slightly modified version of this model has been proposed
to explain the mechanism of information encoding in mammalian cold receptors
[25]. The model consists of spike generation mechanisms similar to the HH model.
During a burst there is accumulation of calcium ions inside the membrane. When

10



45 65 85
time (msec)

Figure 2.4: Bursting dynamics for Plant’s model.

this concentration reaches a certain level it activates an outward potassium current
which ends the burst. During the interburst period the calcium is slowly removed
and thus the potassium current diminishes until the spike generation currents again
dominate and the bursting begins again [35]. The equations for Plant’s model are
as follows from [42]

dav
Cm‘a? = chmgo(V)h(VNc - V) + chz(VC¢ - V) ®

+Haun* + g%%l("x ~V)+a(Ve-V), 24)
% = Mnw(V) = n)/m(V),
dz

E = [IQ(V) - Il/fza

-ddtﬂ = p[Kc-‘B(VCa - V) - Ca]'

Here V denotes the membrane potential, m and k are the HH like conductance
variables for the sodium channels and n is the activation variable for the potassium
channel. The slow outward current variable is z, and the calcium accumulation

11



is modelled as the voltage dependent Ca variable. Sect. A.1 gives details on the
variables in the above equations as well as the parameter values.

Chay’s model

The model proposed by Chay in [5] is similar to the above model. The difference
is that there is no mechanism for calcium accumulation here. The model simply
assumes that a combination of slow and fast currents are present. The conservation
of charge equation is:

av

Cm-;t‘ = ~FatMph(V = Viast) = Gutowdf (V = Viiow)

=gxn(V — V) — g (V - V1), (2.5)
where each of the variables h, d, f and n obey a differential equation of the form:

h zm"'z

Tz

The functions z,, and 7;, as well as typical parameter values are given in section
A2

2.3.4 Skipping

The models described so far are all capable of exhibiting a behaviour known as
skipping. When the FHN equations are forced by an oscillating current (see Fig. 2.3)
the spikes can become phase locked with the input. In other words the model will
fire in phase with the oscillating input. By tuning the parameters [24], it is possible
to get this phase locked behaviour but, rather than firing at every period, the neuron
will fire at multiples of the period, skipping an apparently random number of cycles
of the oscillation before firing again. The bursting models also can exhibit this
type of behaviour by firing a single spike (or a burst) at multiples of the slow wave
oscillation.

12



2.4 Integrate and fire (IF) models

Of all the models for biological rhythms the integrate and fire models are some of the
simplest. These models assume that the activity of the system evolves following some
preset rules' until it reaches a threshold at which point the activity is reset so that
the cycle can begin again. When applying these models to neurons, we can think
of the evolution as a “charge accumulation”. The charge accumulates (following
the rules of the model) inside the cell until the membrane voltage reaches the firing
threshold, when a spike is generated. This can be seen schematically in Figs. 2.5 and
2.6. Integrate and fire models are effective in duplicating the capacitive behaviour of
a cell but they do not account for the refractory properties. These types of models
have been used to study many different mechanisms such as circadian rhythms [14]
and phase locking in the respiratory system [13]. The computational simplicity of
these models makes it possible to use them in the study of networks of “biological”
neurons.

2.4.1 A generic IF model

This is a simple IF model proposed in [45] to study the possibility of reconstructing
the dynamics of the input to a neuron by embedding the interspike intervals. It is
meant to be “a model which is as generic as possible”[45]. The membrane voltage
V(t) is the integral of an input signal. When the voltage reaches a threshold ©),a
spike is generated, the voltage is reset to zero, and the integration continues. If S (?)
is the signal input to the IF device, then one can define the firing times 71,75, ..., Ty
from the following:

ve= [ Tﬁ S(yt, (2.6)

with the reset condition V(¢*) = 0 if V'(t) = ©. The interspike intervals are defined
as I, = T, =T, ;. The threshold controls the firing rate of the model, as © increases
the firing rate decreases.

1For example linearly increasing, random walks or chaotic motion:
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2.4.2 The Glass-Mackey IF model

This model is similar to the one used in [13] to study phase locking in the respiratory
system. There, the threshold of the IF device was modulated with a sinusoidal
signal. We modulate the threshold with a signal from a low dimensional chaotic
system. This is equivalent to chaotic forcing of the system. The activity in this case
is linearly increasing until it reaches the modulated threshold. A spike is generated
and the activity is reset. Thus the activity of the system is:

V(it) = at+5, (2.7)
V(tr) =0 if V(t)=S().

The integrate and fire dynamics are shown in Fig. 2.5. In this model the firing rate
is controlled by the slope (a), as a increases so does the firing rate.

~—— Threshold
= = - IF dynamics
10 /
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Figure 2.5: Dynamics of the Glass-Mackey IF model of Eq. 2.7 with a = 10, 8 = 0.

2.4.3 Leaky IF model

This model is similar to the one used in [22]. The authors use it as a simplified
version of HH type dynamics in order to analytically characterize its behaviour under
periodic forcing. We will be studying this model under chaotic forcing. The model
is also an extension of the generic IFF model. The extension lies in the additional
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dissipation term in the differential equation for the membrane potential. The model
describes a leaky membrane in terms of its potential (v(t)), a dissipative constant
o and an applied stimulus S,(t). When v(t) reaches a firing threshold a spike is
generated and the voltage is reset to zero. This is described by:

¥ = —av + So + S(t), (2.8)

with the reset condition v(t*) = 0 if v(t) = ©. In this case the equations are
normalized and © = 1. The leakiness refers to the tendency of the membrane
potential to decay back to the resting potential after a small perturbation. The
roughly exponential decay is governed by the capacitative and resistive properties
of the cell. This makes the leaky IF model the most realistic IF model used in this
study. Dynamics of the leaky IF are shown in Fig. 2.6.

| ;
N ,

J
o 20
time

Figure 2.6: Dynamics of the leaky integrate and fire model with parameter values:
o =0.4, So = 0.5, and § = 0.01. S(t) is the x component of the Rossler attractor.
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Chapter 3

Nonlinear dynamics and chaos

“A very small cause which escapes our notice determines a considerable
effect that we cannot fail to see, and then we say that the effect is due
to chance. If we knew exactly the laws of nature and the situation of the
universe at the initial moment, we could predict exactly the situation
of that same universe at a succeeding moment. But even if it were the
case that the natural laws had no longer any secret for us, we could
still only know the initial situation approximately. If that enabled us
to predict the succeeding situation with the same approximation, that
is all we require, and we should say that the phenomenon had been
predicted, that it is governed by laws. But it is not always so; it may
happen that small differences in the initial condition produce very great
ones in the final phenomena. A small error in the former will produce
an enormous error in the latter. Prediction becomes impossible and we

have the fortuitous phenomenon.” Henri Poincaré, 1903

3.1 Introduction

Traditionally, the tools for analysing temporal biological data have been based on
linear and/or statistical analysis (e.g. Fourier analysis and linear prediction) [47].
During the past fifteen years the development of nonlinear time series analysis has
generated several new methods of analyzing temporal data. Before we can move
to an exposition of some of the methods of nonlinear time series analysis, we must
define some key concepts from the theory of nonlinear dynamics and chaos.
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For a good basic introduction to chaos at an easily accessible level, see the articles
by Crutchfield et al. [6] and Jensen [21]. A more complete discussion is given in the
review of Eckmann and Ruelle [7] and the collection of reprints by Bai-Lin Hao [17].

3.2 Nonlinear dynamics

Since the turn of the century it has been known that simple systems, like the three
body problem analyzed by Poincaré, can exhibit complicated behaviour. For several
years Poincaré ideas as stated in the quote above had little impact on the dynamics
community. In the early sixties Lorenz [28] “re-discovered” sensitive dependence
on initial conditions while studying a simple model of fiuid convection in the at-
mosphere. Lorenz observed that simulations of his system with nearly identical
starting points did not yield similar solutions. The Lorenz equations are a set of
three coupled nonlinear ordinary differential equations:

t=0o(y—2), y=zp—-2)-y, i=-Pz+zy.

In Fig. 3.1, we compare two different solutions using the z component of the Lorenz
equations. The initial condjtions of these solutions are identical in two of the compo-
nents (y and z) and differ by 10 in the z component. Notice that after 17 units of
time the two solutions have diverged from each other and are distinguishable. This
divergence is due to the sensitivity to initial conditions. The system is unpredictable
in the long run, just like random systems, but predictable on short time scales. This
raised the question of whether or not systems that were previously thought to be
random might be deterministic. This discovery sparked a new research effort to
understand the behaviour of nonlinear systems.

3.3 Dynamical systems

A dynamical system consists of two parts: a state, or set of variables which describes
the system and a set of rules for advancing the state forward in time. The system’s
evolution is given as a trajectory in phase space, a space spanned by the state
variables of the system. Time parametrizes phase space trajectories. Nonlinear
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18



dynamics studies the evolution of nonlinear dynamical systems in either discrete or
continuous time. The former is referred to as a flow since the trajectories in phase
space often resemble fluid flow. Discrete time dynamical systems are called maps;
they can be useful to model systems that are measured in cycles (e.g. monthly or
seasonally). For example, we could model the yearly population of a certain species
as a function of the population in the previous year, p;,; = F(p;), or the previous two
years, pi+1 = F(p;, p;—1). When one has a higher order map (the two year population
model would be a second order map) it is often advantageous to transform them into
a set of coupled first order maps. This transformation often simplifies the analysis
and allows to draw parallels with first order coupled differential equations. In the
above model, if we took z; = p;;; and y; = p;, the map would be transformed into
two coupled first order maps:

Zi1 = F(zi9),

Yislr = ;.

Maps are also extremely important in the study of the geometrical properties of
continuous time dynamical systems via Poincaré sections (see Sect. 3.4). The 2-
dimensional map proposed by Hénon is closely related to the Poincaré section of the
Lorenz equations [18):

Tn4l = a“zﬁ"’byfu

Yn+l1 = ZTg.

Continuous time dynamical systems are most often expressed as a set of differ-
ential equations of the form x = F(x) where the dot denotes differentiation with
respect to time. For example, the damped forced harmonic oscillator obeys the sec-
ond order differential equation: mZ + ri + kz = A cos(wt). We can transform this
equation into the above form by taking y = z, then:

z =y,
i = —[Acos(ut) - ry— ka]. (3.1)
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Another example is the system of differential equations proposed by Rossler [44]:

T = ~y-2z2
Yy = z+ay, (3.2)
2 = b+(z-0)=

Réssler proposed his equations to study the geometric properties of a simple system
that was capable of exhibiting chaotic behaviour. He based his equations on those
studied by Lorenz. The Rassler system contains only one nonlinearity (the z - z
term in the Z equation) whereas the Lorenz system contains two (one in each of the
y and 2 equations). The Radssler model is the one we referred to in Chap. 2 as a
low-dimensional chaotic system. It will be used to create chaotic input currents to
neuron models in Chap. 5.

N,
v

PN

Figure 3.2: On the left the attractor is the circle, and is called a limit cycle. On the
right the attractor is the point at the origin.

]

3

\
(A
\J

\

20



3.3.1 Attractors

Dynamical systems are classified into two categories: conservative and dissipative.
Conservative systems preserve phase space volumes, in other words, if all points in
an initial volume V'(0) of phase space are evolved forward in time according to the
rules of the dynamical system, the resulting volume V'(t) is the same as V'(0)!. The
equations of motion of a frictionless plane pendulum in a constant gravitational field
is an example of a conservative system.

Dissipative systems shrink the phase space volume under time evolution over
at least some parts of the phase space (the rate of volume contraction may not be
constant throughout). Dissipative systems are commonly described in phase space
in terms of their attractors. These are sets of points (or a single point) to which
the trajectories evolve asymptotically with time. There are four common types of
attractors: fixed points, limit cycles, tori, and strange. The first three are well
behaved and correspond to predictable systems, while the fourth generally belongs
to chaotic systems?.

If we take the example of the damped forced oscillator (Eq. 3.1 above), it can
exhibit both fixed point and limit cycle behaviour. If we set the constant A = 0 and
give the system an initial push it will start oscillating, but lose energy to friction
until it comes to rest. Thus the point z = 0, y = 0 is a stable fized point of the
system. If the constant A is nonzero, we can make the system oscillate. This would
correspond to a limit cycle behaviour. It does not matter if we start the system with
a little push or a large perturbation it will eventually come to oscillate on the limit
cycle as in Fig. 3.2. A torus attractor (it has the shape of a donut) is slightly more
complicated than the limit cycle but it is also associated with oscillating behaviour,
in this case oscillations with two different frequencies. If a system is oscillating in
more than one dimension such as a pendulum clock on a turntable, the attracting set
is generally a torus, although it can also be a limit cycle or a fixed point depending
on the parameters of the system.

We saw earlier that some equations can exhibit sensitive dependence on initial
conditions. This implies that phase space trajectories that are close together in

1The shape of the volume may change.
2Some strange attractors are associated with non chaotic systems (16].
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space will diverge from each other with time, which in turn suggests that an initial
volume of phase space eventually grows infinitely large. However, if the sensitive
dependence on initial conditions is present within a dissipative system, we will often
encounter strange attractors. Within these strange attractors nearby trajectories
diverge away from each other on average. The phase space volume of the system is
kept finite by the dissipative nature of the system. This behaviour if often referred
to as stretching and folding since it is akin to making a pizza crust. The dough is
kneaded and stretched to mix up the ingredients and folded over to keep it within
a reasonable size. Strange attractors for the Hénon map and Réssler equations are
shown in Figs. 3.3 and 3.4.

2

Figure 3.3: 10000 points of the Hénon attractor with parameters a = 1.4, b = 0.3.

3.4 Poincaré maps

Since continuous time dynamical systems can be quite complicated, it is often de-
sirable to simplify the dynamics in order to gain some insight into the behaviour of
the system. One such method is called the Poincaré section method. A Poincaré
section reduces the n-dimensional flow of a set of differential equations to an (n—1)-
dimensional map. This is accomplished by finding the intersection of the flow with
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Figure 3.4: The Rossler attractor with ¢ = .386, b = 2, c = 4, known as the four
band chaotic attractor.

a suitably chosen hyperplane in phase space. For example, if we had a three dimen-
sional trajectory (z(t), y(t), z(t)) and found the points of intersection of the flow with
the plane z = C (a constant) we would have a Poincaré section for the trajectory.
The crossing points on the plane (z;,;) constitute a two-dimensional map

Zinn = f(zi,0)
Vis1 = 9(zi,u:)

which is a Poincaré map of the flow. This procedure is illustrated schematically
in Fig. 3.5. It is important to note that f and g may be difficult or impossible to
compute analytically; they sometimes can be approximated.

3.5 Properties of dynamical systems

We now turn our attention to quantifying some of the properties of dynamical
systems and attractors. We first describe different definitions of dimensions and then
we look at Lyapunov exponents, which quantify the sensitivity to initial conditions
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\4

Figure 3.5: The Poincaré section in three dimensions.
of a dynamical system.

3.5.1 Dimensions

When we see a fixed pom.t or a limit cycle we can definitely say that they have,
respectively, dimensions 0 (a point) and 1 (a line or curve). What about the Réssler
or Hénon attractors? The Rassler is clearly not a two dimensional object but does
not seem to be three dimensional either. The Hénon attractor is neither one nor
two dimensional. These types of objects are called fractals, as they have non-integer
dimensions. This property of strange attractors is the result of the stretching and
folding process described earlier. The Hénon and Réssler attractors have dimensions
of approximately 1.2 and 2.4 respectively.

A simple definition of dimension that allows for non-integer values is the boz
counting dimension, or capacity of a set. The box counting dimension is defined by
covering the object with a grid of baxes, each with sides of length r. We then count
the number of non-empty baxes N(r). The box counting dimension is given by:

. In(N(r))

Dy = '1’15 W. (3.3)
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For a fixed point attractor, N(r) = 1 independently of r (i.e. it only takes one
box to cover the point) and the limit gives Dy, = 0. For a limit cycle attractor
N(r) = L/r where L is the total length of the curve, and taking the limit as r — 0
gives Dy,; = 1. One of the disadvantages of the box counting dimension is that the
function N(r) assigns the same value to boxes with one point and baxes with many
points.

Another type of dimension, which weighs boxes according to the probability that
an orbit falls within them has been proposed. It is in fact a spectrum of dimensions
{D;19=0,1,2,...}: . g (s P

. log(X; P}

D, = g-1 al’l-l»% glog(r) ' (34)
where F; is the probability that a trajectory falls within the ith box. Dy, D, and
D, are called pointwise, information, and correlation dimensions respectively. The
correlation dimension is the easiest to calculate from experimental data and is the
most commonly used measure of dimension (see Sect. 4.3).

3.5.2 Lyapunov exponents

Lyapunov exponents are important in the study of dynamical systems. They provide
a measure of the way trajectories move in time with respect to one another as
opposed to the static measurements of dimension. For example, suppose we take a
phase space sphere of radius r(0) and evolve it in time according to the rules of a
dynamical system. The sphere is transformed into an ellipsoid with axes ri(t), as
some directions contract while others expand. We define the Lyapunov exponents
as [1]: .

— 1 Lo [ri(2)
pVE— ‘l_l’lg-t-ln (-’-_-(0—)) . (3.5)

For an N-dimensional dynamical system there are N Lyapunov exponents. The
largest Lyapunov exponent (), by convention) measures the rate of separation in the
direction that is expanding at the fastest rate. The smallest exponent measures the
slowest rate of expansion®. We can also think of the largest Lyapunov exponent as
measuring the way linear distances between neighbouring trajectories grow, averaged

31t is usually a contraction rate.
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over the attractor. If two trajectories are initially separated by some distance ¢ their
separation grows as de*'* on average. An element of 2-dimensional area a would grow
as geM1+ra)t

Lyapunov exponents are important in determining whether or not a specific
system is chaotic. As we saw previously, for a dynamical system to have a strange
attractor it must exhibit an exponential divergence of nearby trajectories in some
regions of phase space. This statement is equivalent to saying that the system must
have at least one positive Lyapunov exponent. The existence of a positive Lyapunov
exponent is a necessary and sufficient condition for a system to be chaotic [1].
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Chapfer 4
Time series analysis

In this chapter we present methods from nonlinear time series analysis. We first look
at a remarkable theorem which allows us to reconstruct the dynamics of a multi-
dimensional system from the measurement of only one variable. A few commonly
used methods of determining the properties of a time series are then discussed. We
end by presenting surrogate data analysis which is an attempt to apply some of these
methods in a more statistically rigorous manner. For more complete coverage, the
reader is referred to reviews by Grassberger et al. [15] and Abarbanel et al. (1] and
references therein.

4.1 Introduction

The emergence of deterministic chaos initiated a large research effort into the pos-
sibility of identifying chaos in experimental data. Much of the early work was done
on model systems that were known to be chaotic (such as the Lorenz and Réssler
systems). The focus quickly turned to analysing experimental signals for the possi-
ble presence.of chaos. Many algorithms were developed to test time series, but these
were often found to be unreliable [55]. Some of them require large amounts of data
but were nonetheless applied by researchers to small data sets. Some other tests
incorrectly identified noisy linear systems as chaotic. Experimental noise presented
perhaps the largest problem for many of the tests, which worked well for noise-free
data from model systems. Much was learned from resolving these difficulties and to-
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day direct tests for chaos have given way to more conservative tests for determinism
in time series as well as to surrogate data analysis [57, 56].

4.2 Reconstruction of attractors

When we are studying dynamical systems on a computer, we have access to all the
variables of the system. In an experimental setting this is generally not the case
as we often can only measure a single variable. How can we study the dynamics
of a system when we only have access to time series in a single variable? In 1980,
Packard et al. [33] proposed a remarkable idea which allows us to reconstruct the
attractor of a system from the measurement of a single variable. It was proved by
Takens [54] that the attractor reconstructed by the embedding method of Packard
et al. is diffeomorphic to the attractor of the system, i.e. the two attractors have the
same geometric and dynamical properties.

The idea behind the embedding theorem of Takens is to find natural coordi-
nates which can be taken from the time series and plotted in phase space. The
most common coordinates used today are delay coordinates, which were originally
proposed by Ruelle [33]. Given a time series {z(t), z(tg + 6t), z(to + 26¢), ...}, we
reconstruct the attractor by creating delay coordinates and embedding them in a
dp-dimensional space (dg is called the embedding dimension). The embedding is
accomplished by creating dg-dimensional vectors V; from delay values of the time
series so that

‘7:' = [.'L‘(t‘), z(t! + T),Z(t,' + 21’)1 ceey z(tt + (dE - I)T)]a

where the ¢; = t9 + i - 6t are the times at which the time series is sampled, dt is the
sampling interval, and 7 is the embedding delay. In three dimensions, we obtain
vectors of the form:

Vi = [z(to) z(to + 7),2(to + 27)],
Va = [z(to + 6t), (o + 6t + 7), z(ty + 6t + 27)),

[z(to + i6t), z(ts + 6t + T), z(to + it + 27))].

I S
il
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These vectors are then plotted as points in space and joined together to reconstruct
the attractor as shown schematically in Fig. 4.1. In Fig. 4.2 we show an example
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Figure 4.1: Schematic representation of a 3-dimensional embedding.

of a reconstructed attractor for the Réssler system (Eqs. 3.3). The equations are
integrated numerically, with a fixed step fourth order Runge-Kutta method [37].
The time step is 6t = 0.001. An embedding delay of 7 = 0.5 is used to reconstruct
the attractor. 2000 points from the reconstructed attractor are shown on the right
and 5000 points from the actual attractor are shown on the left.

In chapter 5 we will investigate the usefulness of embedding interspike intervals
to reconstruct the attractor of the input to a neuron.

4.3 Autocorrelation and dimension

The autocorrelation function of a time series is a measure of the linear correlations
between the values at a time ¢ and the values at some time lag (7) in the past. The
autocorrelation function is defined as:

A(7) = {((=(t) - B)(=(t — 7) - 7)) /0?,
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Figure 4.2: Left panel: the Rassler attractor for the parameters a = 0.386, b = 2.0,
c = 4.0. Right panel: three-dimensional embedding of the x variable with 7 = 0.5.

where the angle brackets denote averaging over the whole time series, Z is the mean
and o the standard deviation of z(t). The autocorrelation function is normalized so
that it lies in the unit interval (—1,1). If A() = 1 for some lag 7, then values of x
separated in time by 7 are perfectly correlated with each other, i.e. the value of =
at time ¢ is always the same as the value at time t — 7. A periodic signal will have
A(7) = 1 when 7 is equal to the period of the signal. Positive (negative) values of
A(7) imply positive (negative) linear correlations between values at time ¢ and ¢+ 7.
The easiest dimension to estimate from a time series is the correlation dimension
(taking ¢ = 2 in Eq. 3.4):
_ 1im 1985 P2)

Deor = r~+0 log(r)

Consider the quantity:
L33 o - lx—x
C(r)= lim — O(r — [Ix; — x;]l),
( Nwewo N2 o5 ?

where © is the Heaviside step function. This quantity measures the pairs of points
that have a distance between them of less than r. It can be shown (see [34] p. 173)
that 3°; P2 = C(r), which leads to a new definition of the correlation dimension:

Dy, = lim lim 128(€(M)
R log(r)

30



Thus the correlation dimension can be estimated from the slope of a log-log plot of
C(r) vs. r over a range of r where the slope is constant (if such a region exists). These
regions are called "scaling” regions in the literature. To estimate the correlation
dimension of a time series, one plots In(C(r)) against r for several values of the
embedding dimension (dg). For a chaotic time series the correlation dimension
reaches a plateau as the embedding dimension is increased. This behaviour is not
observed in stochastic data.

4.4 Time series and point process prediction

The idea of predicting time series is an old one. In 1927 Yule [60] attempted to
predict the sunspot cycle by building a linear model from the data. The object of
most statistical time series analysis is to eventually build a model of a system in
order to make predictions of its evolution. We have seen that chaotic systems should
be predictable in the short term, while their behaviour in the long term resembles
that of a purely random process. If our data is from a chaotic system, then we
should be able to make short term predictions. In 1987 Farmer and Sidorowich [9]
introduced the idea of making predictions using the dynamics reconstructed from
the time series by a delay embedding as in Sect. 4.2. Instead of the traditional global
fitting of linear forecasting methods, which attempts to make predictions by fitting
a model to the whole data set, the reconstructed state space allows us to make local
fits to the datal.

Linear and nonlinear forecasting techniques can be used to test for the presence
of determinism in a time series. The ability to make accurate predictions indicates
that there is some determinism in the data. Most of the work using nonlinear
forecasting to detect the possible presence of chaos in data has concentrated on
time series data. In this thesis, we are interested in making predictions on point
process data, i.e. measurements of times at which events occur. We use a simple
prediction algorithm similar to the one described in [45], which is a variant of the
simplex method of Sugihara and May [52]. We make predictions on the interspike
interval data by looking for patterns of m successive intervals. This is accomplished

!Farmer and Sidorowich use a local linear fit; more complicated fits are discussed in [3].
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by embedding the data, {I},,,...,In} in an m-dimensional space. To make our
prediction, we take a vector in the data #, = [fi-ms1,fo-ms2.--,Jn] and find
BN (B <1) neighbours & = [B_,..1,F_n,2,..-,13] in the data. For this study
B = 0.01 unless otherwise noted, i.e. we are using 1% of the total number of points
in the data set to make our predictions. We have found that, for the size of our data
sets (a few thousand points), using more neighbours does not significantly increase
the accuracy of our predictions.

The predicted interval , is the average of the last components of each neighbour
iterated forward T, steps, i.e.

1 &N |
L= ﬂ_N 1_21 IvJ|+Tp - (4.1)
where 7}, is defined as the prediction horizon. The predicted value is compared with
the actual value of the interval I,,1,. We repeat the process for each vector in the
embedding space. We then compute a normalized prediction error (NPE) by taking
the average square error over the data set and dividing by the error we would make
in simply predicting the mean of the data I. Thus

_ [{& - Lun)?]?

wee - (2] 2
If our NPE gives a result that is less than one, we are doing better than simply
predicting the mean of the data set. If the NPE is close to zero then the system is
likely deterministic.

Linear correlations in the data will obviously give rise to an NPE value that is less
than one. To distinguish chaotic effects from linear ones it is useful to characterize
the behaviour of the error for chaotic systems?. Because chaotic systems exhibit
exponential divergence of nearby trajectories the error we make in predicting the
time series increases exponentially with prediction time(T}), 7, is analogous to T},
but for time series. Farmer and Sidorowich have shown this to be true [9]. Linearly
correlated stochastic data will not have the dependence of the error on the prediction
time. Sugihara and May (52] have suggested a similar approach: instead of looking

2We also use surrogate data methods as described in Sect. 4.5.
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at the dependence of the error on prediction time they analyzed the dependence of
Pearson’s correlation coefficient between the predicted values and the actual values,
as a function of prediction time. If we define z as the predicted value and y as the
actual value, then Pearson’s correlation coefficient can be defined as:

D -@)
@)

Where the angle brackets denote the average over all predicted and actual values,
and o is the standard deviation. The correlation coefficient varies from zero to
one for uncorrelated and identical distributions respectively. Sugihara and May
showed that for a chaotic system the correlation coefficient decreases with prediction
time. They were able to distinguish chaotic systems from deterministic non chaotic
systems with additive noise, for which the Pearson’s correlation coefficient remained
constant with prediction time.

It is possible to generate coloured or autocorrelated noise, which has the prop-
erty that the correlations between predicted and actual values will decrease with
time. Tsonis and Ellsner [58] have shown that it is possible to differentiate between
coloured noise and chaotic systems by focussing on the dependence of the correlation
coefficient r on prediction time. They have shown that for a chaotic time series:

r(T,) = 1 - &%, (4.3)

whereas for coloured noise r(T}) =~ T3, where K and o are constants. A graph of
In(1 — r(T})) against T, then appears as a straight line for chaotic time series. In
Chap. 6 we examine the possibility of extending this method to ISI sequences.

4.5 Surrogate data

We now want to address the problem of determining the reliability of the calculations
used in nonlinear time series analysis. For example, if we find a Lyapunov exponent
that is only slightly greater than zero, can we interpret this as a sign that our data is
chaotic®? One way of determining the reliability of the computations of properties

3Recall that a positive Lyapunov exponent implies that the system is chaotic.
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of a time series, also referred to as “statistics” of the time series in the context of
surrogate data analysis, is to keep track of all possible systematic and statistical
errors, in order to calculate error bars on the computed values. In this thesis the
statistics we will use are the NPE and the correlation dimension.

Calculating error bars can be problematic for many reasons: [56)

- There is often only one short data set available. Hence we cannot get error
estimates by repeating our calculations many times.

- Estimating the error requires some model of the underlying process. This is
exactly what we do not know.

- The complexity of the algorithms makes finding an analytic expression for the
error almost impossible.

Another method of determining the reliability of a statistic was proposed by
Theiler et al. [57, 56]. They suggest a statistical approach similar to the bootstrap-~
ping methods described in [8]. Their method requires the generation of an ensemble
of surrogate data sets which satisfy a specific null hypothesis. The chosen statistic is
then computed for the original data and for each set in the ensemble. If the statistic
differs significantly between the original and the surrogates then the null hypothesis
corresponding to the surrogates can be rejected.

Theiler et al. describe several different types of surrogate data and accompanying
null hypotheses. The simplest example is a shuffied surrogate. These surrogates are
derived from the original data by shuffling it like a deck of cards in order to remove
all temporal correlations. The surrogates have the same probability distribution as
the original data but are otherwise random. The null hypothesis corresponding to
this type of surrogate data is temporally uncorrelated noise, such as Gaussian white
noise. It is often the case that this null hypothesis can be rejected easily even by
linear methods.

Another null hypothesis we would like to reject is linearly correlated noise. An
example of linearly correlated noise would be the process:

N
¥ = ao + Y_(6j%i-5) + o€,

j=1
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where ¢; is an uncorrelated noise process. In order to generate surrogate data cor-
responding to this null hypothesis, we could fit the parameters a; and o to our data
and iterate the difference equation. Theiler et al. suggest a simple algorithm that
does not require us to fit the data. Their algorithm consists of taking the Fourier
transform of the original data, then shuffling the phases and taking the inverse trans-
form as the surrogate data. These surrogate data have a Gaussian distribution and
the same power spectrum as the original data. By the Wiener-Khinchin theorem,
they have the same autocorrelation function. This type of surrogate data is called
a phase randomized surrogate.

The last null hypothesis we look at is described in [57] as a static nonlinear
transform of linearly correlated noise. Under this null hypothesis the data is linearly
correlated noise, but the nonlinearity comes from the observation. These surrogate
data preserve the linear correlations in the data and the probability distribution;
thus they are called amplitude adjusted surrogates®. To make this type of surrogate
data, we generate Gaussian random numbers that have the same amplitude ordering
as the data, then generate phase randomized surrogates of these Gaussian numbers.
The surrogates are simply the data shuffied to have the same amplitude ordering as
these phase randomized surrogates. Algorithms for generating surrogate data are
given in Appendix B.

These surrogate data methods may be applied to point process data. However,
we have found that a modification of the interpretation of the results of surrogate
data analysis is required due to the nature of the point process data [26] (see Sect.
6.2). We have chosen to illustrate the difference between raw and surrogate data
sets using ISI data from a primary afferent sensory neuron of an electric fish. We
are grateful to Dr. Joseph Bastian, University of Oklahoma, for making this data
available to us. We will look more closely at this data in Sect. 6.3.2; it is also
analyzed in [26, 27].

Fig. 4.3 shows a plot of ISI against ISI number. Notice that the shuffled and
amplitude adjusted surrogates are nearly indistinguishable from the original data by
eye. In Fig. 4.4 we present the interspike interval histograms (ISIH). The shuffled
and amplitude adjusted surrogates have exactly the same ISIH since they are both

‘These are often called amplitude adjusted phase randomized surrogates as well.
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shuffled versions of the original data. The phase randomized surrogates have a
Gaussian distribution. Fig. 4.5 is a plot of the autocorrelation function for each set.
The amplitude adjusted surrogates have almost exactly the same autocorrelation
function as the original data set whereas the phase randomized data has exactly the
same AF. This similarity is the reason why these three versions of the data have the
same linear correlations. We can see that the shuffled surrogates clearly no longer
have any of the correlations that were present in the data.

Actusl data Shuffied surrogates
001 001
Z 0005 g o000
0 - 0
0 20 © 60 0 (1] 20 L] 60 20
IST smber IST sumber
001 = ool
0.005
] & 0005
0
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Figure 4.3: ISI vs. ISI number for the data and three surrogates.
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Figure 4.4: ISI histograms for the data and three surrogates.

37



Acwal deta Shaffied smrogstes
1 1

., s M 15 ® s, s 10 s »

g ' g
, Phese randomized srrogams \ Amplicade adjusted swrogaes

®

5 [ 1 g s

20 /.wvw ° /\WW

s s m s » hal) s ™ s )
g g

Figure 4.5: The autocorrelation functions of the data and three surrogates.



‘Chapter 5

Interspike interval embeddings

5.1 Previous studies .

Within the past ten years there have been several exploratory studies of the ap-
plicability of methods from nonlinear time series analysis to point process data
[50, 40, 53, 36, 61, 23, 49, 48, 45, 46]. In particular, there has been much work
on the analysis of interspike interval data from neurons and other excitable cells as
well as on point process data taken from various well known dynamical systems,
such as the dripping faucet [50]. In that study, return maps and various dynamical
information measures were applied successfully to the study of inter-drop intervals.
The common goal of these studies was to determine whether nonlinear methods are
useful tools for characterizing point process data which is suspected to be generated
by low-dimensional dynamical system. In this section we present in more detail four
of the above studies. We wish to convey some of the reasons for our interest in
this field, and give a “historical” perspective to the results presented in this and the
following chapters.

In 1985 Rapp et al. [40] calculated the correlation dimension of interspike interval
data taken from ten spontaneously firing neurons in the brain of a squirrel monkey.
They found a small correlation dimension (< 5) in three of their data sets. The
other seven data sets had correlation dimensions which could not be determined or
which were very high (> 20). The authors concluded that their results were encour-
aging because they showed that neurons might exhibit low-dimensional behaviour.
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This data later failed to pass the surrogate data tests [41] and thus evidence of
nonlinearity, let alone chaos, was found to be insufficient.

In 1990 Preifl et al. [36] compared the correlation dimensions of the Lorenz
attractor to that of ISI embeddings of intervals generated from the Lorenz equations.
They generated ISI's by setting a threshold on the z component of the Lorenz
equations. Even though the Lorenz model is not a neuron model, they considered
that a “spike” was generated when z crosses the threshold going upwards. Downward
crossings of the threshold were not counted. In Fig. 5.1 we show the correlation
dimension results for the “interspike” intervals. This figure is taken from [36].

hcccccccaas

85 70 58 70
log(e/¢€g)

Figure 5.1: Correlation integrals for different spike trains generated from the z
component of the Lorenz system. The thresholds are as follows: (a) Z = 35 (b)
Z=25(c)Z=15(d) Z =12.

For each value of the threshold, the correlation dimension was calculated for em-
bedding dimension (dg) from one to six. Larger values of dg were not taken since
the dimension of the attractor is known to be small (it is ~ 2.06 for the chosen pa-
rameters). In panel (a) and (b) the correlation dimension was calculated to be 1.92
and 1.79, respectively. In panel (c) and (d), there are two scaling regions, denoted
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by srl and sr2. In panel (c) the dimension in srl is 1.52, whereas in sr2 the corre-
lation dimension increases with the embedding dimension. For panel (d) they were
unable to determine the correlation dimension in either of the scaling regions. The
correlation dimension is still increasing at dg = 6. The authors conclude that the
correlation dimensions calculated from the ISI data are not equal to the correlation
dimension of the Lorenz attractor, and argued that the discontinuity of the point
process does not allow for the calculation of dynamical invariants of a system from
embeddings of ISI data. This implies that the attractor reconstructed by embedding
the ISI's is not diffeomorphic to the attractor of the underlying dynamical system.
This result is not surprising because the attractor reconstructed from these “ISI
embeddings” bears very little resemblance to the Lorenz attractor (not shown). It
is still an important step in discovering the relationship between point processes and
the underlying dynamical system from which the point process is generated.

Zimmerman et al. [61] studied neurons from the brain of a rat in which behaviour
similar to a focal epileptic seizure was induced by applying a highly concentrated
drop of penicillin to the surface of the brain. By standard statistical measures
they were unable to differentiate the mean of the pre-penicillin and post-penicillin
data sets. When the ISI’s are embedded, the pre-penicillin and post-penicillin data
sets are clearly differentiated by their geometrical structure. While the results of
this study are related to those of this chapter, they are also important to us for
another reason: the study illustrates simply that the geometrical nature of the data
is sensitive to the presence of penicillin without claiming fractal and/or chaotic
structures, a popular trend at the time. The authors were careful in drawing their
conclusions, and they tried to understand the limitations of their analyses. This has
been a guiding principle in our study.

Longtin [23] has studied the predictability of interspike intervals from periodi-
cally forced neurons. Two data sets were studied. The first is taken from a neuron
in the somato-sensory cortex of the cat. The neuron is being forced by stimulating
the mechanoreceptor in the paw with a periodic signal. The second data set is from
a cat auditory nerve fiber in the presence of a pure tone stimulus of fixed frequency
and amplitude. Both of these data sets are examples of skipping data discussed
in Sect. 2.3.4. Based on surrogate data methods the author finds no evidence for
nonlinear determinism in the data sets. The first data set is then transformed into
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a series of phases. If the stimulus has a period of 7p, then the neuron fires near
integer multiples of Ty. The phase is defined as the time between the firing and the
closest multiple of Ty. For these phases the shuffied surrogates are rejected for all
embedding dimensions, and the amplitude adjusted surrogates are rejected only for
high embedding dimensions. The author concludes that the behaviour of the phase
variable is more characteristic of linear stochastic dynamics for two reasons:

(i) The null hypothesis of linearly correlated noise cannot be rejected for all em-
bedding dimensions.
(ii) The -error decreases as the number of neighbours used to make the forecast is
increased. This is characteristic of linear stochastic dynamics [4].
The results of the present chapter deal with the geometrical and dynamical prop-

erties of ISI embeddings for chaotically forced neurons. Chapter 6 is an extension
of the work of [23].

5.2 ISI embeddings for chaotically forced neurons

The studies quoted in the previous section make extensive use of interspike interval
embeddings. ISI embeddings are a straightforward analogy to the delay embeddings
discussed in Sect. 4.2 for time series. We begin with a series of N interspike inter-
vals {I,I,...,In}. The ISI's are then embedded into a dg-dimensional space by
creating dg-dimensional vectors using the delay coordinate method. For dg = 3 we
would make vectors:

‘71 = [II,I2113]T1
Vo = (b5, L],

Un-2 = [In-2,In-1,In],

using an embedding delay of one. These vectors are plotted in dg-space and their
end points are joined by straight lines as in Fig. 4.1.

In Sect. 4.2 we saw that Takens’ theorem allows us to reconstruct the attractor
of a dynamical system from measurements of only one variable. In 1994, Sauer [45]
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demonstrated that it is possible to reconstruct the attractor of a chaotic input to
the simple integrate and fire (IF) neuron (described in Sect: 2.4.1) by performing a
delay embedding of the ISI's. This result caused some confusion among scientists,
for example the following quote from [30]:

“Sauer has recently shown how to analyze such intervals, generated by
the threshold crossings of an underlying chaotic process.”

The intervals being referred to in the previous quote are ISI intervals measured
between spikes by a neuron in a network of rat hippocampal cells. There is a
significant difference between a hippocampal cell of a rat and the generic IF model
used by Sauer in [45]. In this chapter we wish to determine if the method of Sauer
can be extended to more realistic IF models and the FitzHugh-Nagumo (FHN)
model in order to determine its possible applicability to data from real neurons.

The chaotic input to the various neuron models is derived from the z variable of
the Rossler equations (Eq. 3.3) with parameters a = 0.36, b = 0.4 and ¢ = 4.5. The
input is of the form: .

S(t)=4d-(z(t)+0C).

This type of scaling and shifting of the input is necessary in order to match the
Rassler signal to the neuron model. The reconstructed attractors should be com-
pared to the Rassler attractor of Fig. 5.2 below. The main characteristics to note
are the funnel shape and the banded structure of the attractor. In this chapter
we use the terms “reconstructed attractor”, “reconstruction” and “ISI embedding”
interchangeably. _

To allow comparison of the reconstructed attractors from different models, we
define a sampling rate which tells us how often the neuron model is sampling its
input. We use the simplest possible definition of sampling rate which is the mean
number of spikes per unit of time. This rate is determined by dividing the sum of
the interspike intervals (i.e. the total time of the data set) by the number of spikes.
We express this sampling rate in Hz! throughout the chapter.

In the following sections we present the results of ISI embeddings for three IF

!Note that real neuron firing time scales can be as short as msec, which would make the sampling
rate in kHz.
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Figure 5.2: The Rdssler attractor from which the input to the neurons is obtained.
Every fiftieth point of the numerical integration (with a timestep of 0.001) is shown.

models and the FHN model. We then compare the quality of the reconstruction and
discuss some of the implications of our results.

5.2.1 Generic integrate and fire device

This is the model used in [45] and further studied in [46]). We introduced it as a
generic IF device in Sect. 2.4.1. The neuron activity V() is a time integration of
the input signal S(t):

v =[

St)dt.

n=-1

This equation is valid for ¢ > T,_,, the last firing time. A spike is generated when
V (¢) reaches a threshold ©: V/(T,,) = ©; at this point the voltage is reset to zero and
the integration continues. The interspike intervals are defined as I, = T, — Ta-:.
We use the same input signal as in [45]: S(t) = z(t) +40. The constant is added to
the Rossler z signal to make S(t) positive everywhere, hence the integral is always
increasing towards the threshold. In order to determine the spiketimes we integrate
the Rossler equations using a fourth order Runge-Kutta method with time step

0.001. The contribution to the integral is computed every time step. When V(t)
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crosses the threshold the time step is reduced (multiplied by a random number in
(0,1) ) and the step is repeated until [V(t) — ©| < A (in general A = 10~%). The
threshold is fixed for each simulation, but it can be varied to change the sampling
rate: as © increases the sampling rate decreases.

Fig. 5.3 shows the results of the ISI embeddings for © = 35 and © = 90. In the
left panel we have a small portion of z(t), the black circles represent the times at
which a spike was generated. The attractor reconstructed by embedding the ISI's
is shown in the right panels. The reconstructed attractor for © = 35 is a good
reconstruction of the Rossler attractor, it has the banded structure and the funnel
shape of the original attractor. The sampling rate for this reconstruction is 1.15 Hz.
The reconstructed attractor for © = 90 bears some geometrical resemblance to the
Réssler attractor, however it is not a good reconstruction. The sampling rate is 0.45
Hz.

We have calculated the nonlinear predictability of the intervals as a way to
assess the quality of the reconstruction. The predictability results are shown in Fig.
5.4. We find that the better reconstruction has a lower normalized prediction error
(NPE) than the poor one, as expected. Nevertheless, the poor reconstruction still
has a low NPE value which implies that there is still much information about the
deterministic system in tljese ISI’s.

5.2.2 Glass-Mackey integrate and fire model

In this section we present ISI embedding results for the Glass-Mackey IF model
described in Sect. 2.4.2. A preliminary account of the results in this section can be
found in (38]. For this model the neural activity increases in a linear fashion towards
a chaotic threshold S(¢):

V(t) = at+58,
V(tt) =0 if V(t) =S(t).
We use S(t) = z(t)+10 as our chaotic threshold. The constant is added to make S(t)
positive everywhere since the threshold must always be above the resetting point of

the voltage. The spiketimes (¢°) are determined by integrating the Réassler equations
with a time step of 0.001. When V'(t) crosses the threshold, a linear interpolation
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1(ne+2)

Input

Figure 5.3: ISI embeddings for the generic IF model. Top: © = 35. Bottom:
© = 90. Left panels: the x time series (line) with the spiking times superimposed
as black circles. Right panels: 500 points from the reconstructed attractors joined
by straight lines.
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Figure 5.4: The NPE for the two ISI sequences of the generic IF model.

of S(t) is performed to find the intersection ¢*, such that S(t°) = V(¢*).

Reconstructions are shown for @ = 10 and @ = 1 (8 = 0 in both cases) in Fig. 5.5.
Both left panels show the dynamics V(t) and the threshold. The sampling rate for
these two reconstructions are 1.15 Hz and 0.15 Hz respectively. The reconstruction
for the high sampling rate still looks like the Rossler attractor, it has the funnel shape
and a somewhat banded structure. The reconstruction for & = 1 does not look like
the Rassler attractor, a consequence of the small sampling rate. In Fig. 5.9 we show
the NPE results for both reconstructions. Once again the better reconstruction has
a lower NPE, however the poor reconstruction still has NPE < 1.

5.2.3 Leaky integrate and fire model
In this model, described in Sect. 2.4.3, the activity of the cell is governed by:

v = —0v + Sy + S(t),

with the chaotic input S(t) = y(z(t) + 10), 0 = 0.5 and S, = 04. A spike is
generated whenever v(t) = 1 (the threshold is set to 1). Recall that the dissipative
term is to account for the tendency of the membrane potential to always decay to
the resting potential when the membrane is excited (as long as the threshold is not
crossed).

To determine the spiketimes, we numerically integrate the coupled differential
equations for S(t) and v(t) with a fixed time step of 0.001. When the threshold is
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Figure 5.5: ISI embeddings for the Glass-Mackey IF model. Top: a = 10. Bottom:
a = 1. Left panels: dynamics of the model V() and threshold S(¢). Right panel:
500 point attractor reconstructions.
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Figure 5.6: The NPE for the two ISI sequences of the Glass-Mackey IF model.

crossed we perform a linear interpolation of the two points straddling the threshold
to determine ¢* such that v(t*) = 1. The forcing parameter 7 is varied to increase
the amount of influence the Rdssler system has on the interspike intervals. As v
increases, so does the sampling rate since the enhanced signal brings the voltage to
threshold more often.

Figures 5.7 and 5.8 show the ISI embeddings for 4 = 0.154 (a sampling rate of
1.15 Hz) and v = 0.01 (sampling rate of 0.30 Hz). For v = 0.154 we see that the
reconstructed attractor has a certain resemblance to the Rassler attractor, but this
is not as good a reconstruction as the previous examples. The attractor seems to
be evolving almost entirely in a planar region and there is no banded structure. In
Fig. 5.8 the results for v = 0.01 are presented. The left panel shows 2000 points
whereas the right panel shows 500 points with lines joining them. The object has
some interesting geometrical structure that may be related to the Rassler attractor
but it does not reconstruct dynamics of the input attractor.

In Fig. 5.9 we present the results for forecasting the ISI sequences above. Once
again the better reconstruction has a lower NPE but the NPE for the sequence with
the lower sampling rate is still less than one.

5.2.4 FitzHugh-Nagumo equations

We now shift our focus to a more complicated model, the FitzHugh-Nagumo model
of membrane excitation, described in Sect. 2.3.2. This model is a set of two coupled
differential Eqs. 2.3. We modify the equations by adding a chaotic input current
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Figure 5.7: ISI embeddings for the leaky IF model with ¥ = 0.154. Left panel:
Rassler z time series with spike times superimposed. Right panel: 500 point attrac-

tor reconstructions.
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Figure 5.8: ISI embeddings for the leaky IF model with v = 0.01. Left panels:
2000 point reconstruction. Right panel: 500 points of the same attractor joined by

straight lines.
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Figure 5.9: NPE for the two ISI embeddings of the leaky IF model.

S(t):
e%’ = v(v-a)(l-v)—w+5(),
%" = v-—dw-b,

where S(t)-= pz(t) (z(t) is the x-component of the Rassler equation). The modified
model is a set of five coupled ordinary differential equations. To determine spiking
times we numerically integrate the equations and find the times at which the v
variable crosses a threshold in the upwards direction via a linear interpolation as
previously discussed. In this case we set the threshold to 0.7. The scaling factor u
is varied to increase the effect of the chaotic input on the neuron model. The other
variables are fixed at a =0.5, d = 1.0, =0, ¢ = 0.005.

For these choices of parameters the FHN equations cannot generate spikes with-
out the input current. We have found a minimum value for spike generation is
p = 0.007. An upper limit on u is imposed in order to keep the magnitude and
range of S(t) from being much larger than those of v. The range of v(t) when
spikes are being generated is approximately (—0.4,1.1). A value of g = 0.075 gives
S(t) € (—0.6,0.9). At this value of u some of the spikes (the first one in Fig. 5.10(b))
are already distorted. These spikes are not action potentials (see Figs. 2.2 and 2.3)
because the voltage remains at a high value for a long time compared to a normal
action potential for this model. Since we want to investigate the effect of the chaotic
input current on the FHN model we take the value of 4 = 0.075 as our largest.
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time
Figure 5.10: Voltage dynamics of the FHN model forced by a chaotic input current;
(a) p=0.04, (b) = 0.075.

In Fig. 5.11 we show the ISI return maps (a 2-dimensional embedding) for
u = 0.04 and u = 0.075. Neither of these bear any resemblance to the Rdssler
attractor. The result of NPE calculations are shown in Fig. 5.12. Notice that both
still have NPE less than one which indicates determinism in the ISI sequence. It is
also important to note that the NPE is smaller for the ISI sequence with a lower
forcing amplitude. This is an indication that the neuron in this case is playing a
more important role than simply passing along information to the next neuron: its
dynamics are affecting thg output (as is generally expected from a more realistic
model). If we forget about model neurons for a moment and let u increase, there
is a value (u = 0.3) beyond which the return map does not change. The return
map for u = 0.4 is shown in Fig. 5.13. We see that this map also does not look like
the Rassler attractor; rather it looks like the attractor of a two dimensional map
(recall the Hénon attractor of Fig. 3.3) or the projection of an attractor of higher
dimension. The attractor shown in Fig. 5.13 is similar to those that are generated
from intervals between threshold crossings of the x variable of the Rassler equations.
This is not surprising since the dynamics of the FHN equations are dominated by
the forcing current from the Rossler system. In this case it seems advantageous to
think of the ISI embedding as some kind of map akin to the Poincaré map of Sect.
34.
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Figure 5.11: ISI return maps for FHN model with a chaotic input current. Top:
p = 0.04. Bottom: i = 0.075. The right panels show the same points as the right
without lines joining them. Note the scale difference from (c) to (d).
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Figure 5.12: NPE results for the FHN model with low (realistic) forcing.
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Figure 5.13: ISI return map for the FHN equations with large magnitude chaotic
forcing, u = 04.

5.3 Discussion

5.3.1 Integrate and fire models

We have studied the possibility of reconstructing the dynamics of the input to four
neuron models by embedding their interspike intervals. In each case the input is
a chaotic signal generated from the x variable of the Rdssler equations 3.3. It was
shown in [45] that this procedure worked well for the simple integrate and fire device
of Sect. 2.4.1. We have applied the method to two other integrate and fire models
as well as the FHN model. For the integrate and fire models we showed that the
attractor of the input can be reconstructed if the sampling rate is high (in our case
it is 1.15 Hz). As the sampling rate is reduced the ISI's become uncorrelated and
the attractor cannot be reconstructed. Nevertheless the ISI's show some level of
predictability even for the smallest sampling rate (0.15 Hz for the Glass-Mackey IF
model of Sect. 5.2.2). Surrogate data analysis to assess whether the predictability
has linear or nonlinear origin is performed in Chap. 6.

In order to compare the reconstruction across the different integrate and fire
models, we have adjusted the parameters of each model to give one example of
a “good” reconstruction with the same sampling rate (1.15 Hz). The first test
one should always apply to a reconstruction is the ocular inspection test (i.e. look
at the data). To judge the quality of the reconstruction we are looking for the
banded structure and the funnel shape of the Rdssler attractor as well as for a
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smooth distribution of points on the reconstructed attractor. Sharp edges are more
prominent in a poor reconstruction. If we apply this method to the ISI embeddings
in Figs. 5.3, 5.5, and 5.7 we can see that the best recomstruction of the Rossler
attractor is achieved for the generic IF device proposed in [45]. The quality of
the reconstruction diminishes for the Glass-Mackey IF model and for the leaky IF
model.

Quantitatively, we examine two properties of the attractor in order to determine
the quality of the reconstruction: the normalized prediction error (NPE) and the
correlation dimension. Recall that for a chaotic system the NPE should be small at
short prediction time. Hence the better reconstructions should have the lowest pre-
diction error. In Fig. 5.14 we show the NPE as a function of a for the Glass-Mackey
IF model. As a increases, the quality of the reconstruction increases (according
to the ocular inspection method) and the NPE decreases. A similar behaviour is
obtained with the leaky IF model by varying the variable 0. However when o is
varied past a certain level the NPE does not drop monotonically. There are certain
values of o for which the NPE drops significantly, apparently due to some kind of
quasi-phase locked behaviour. In fact, the ISIH’s are particularly simple (they have
one or two well defined peaks) in these cases. This is not surprising since the leaky
IF model is more complicated than the other two models. Results for the three
IF models with a sampling rate of 1.15 Hz are shown in Fig. 5.15. The generic IF
device has significantly lower NPE than the other two models, hence it is the better
reconstruction. By this method it is difficult to distinguish the Glass-Mackey model
from the leaky model.

The correlation dimension of the Rassler attractor shown in Fig. 5.2 is approxi-
mately 2.2. If we look at the correlation dimension of the reconstructed attractors,
the better reconstruction will be the one with the dimension closest to the true
value?. In Fig. 5.16 we show the correlation dimension obtained by averaging the
values calculated by two different algorithms [43, 51]. One of the algorithms gives
lower dimension estimates than the other. We can see that the reconstruction for
the generic IF has a higher dimension than the other two models.

?Recall that a true reconstruction should have the same correlation dimension as the original
attractor.
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Figure 5.14: NPE as a function of a for the Glass-Mackey IF model. Calculations
were made with ISI sequences containing 2000 intervals.
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Figure 5.15: A comparison of the NPE for the reconstructed attractors of the three
integrate and fire models.
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Figure 5.16: A comparison of the correlation dimension for the reconstructed at-
tractors of the three integrate and fire models.
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5.3.2 FitzHugh-Nagumo model

Our results for the FHN model are very different. For realistic values of the forcing
parameters (i.e. such that the model is still considered a neuron model) we are
unable to reconstruct the Rossler attractor. When we allow the forcing term to
become large we are still unable to reconstruct the Rissler attractor, but we get ISI
return maps that are similar to those one would get by simply setting a threshold
on the x variable of the Rassler equations. :

5.4 Conclusion

Our main goal in this chapter was to examine the possibility of extending the results
presented in [45] to more realistic IF models and to the excitable FitzHugh-Nagumo
model. We have shown that the input attractor to an IF neuron can be reconstructed
if the sampling rate is large enough. The quality of the reconstruction deteriorates
as the IF models become more realistic. For the FitzHugh-Nagumo model we were
unable to reconstruct the dynamics of the chaotic input to the neuron. The combi-
nation of results above severely restricts the hope of reconstructing input dynamics
using ISI embeddings with experimental ISI sequences, since real neurons generally
exhibit behaviour that is more complex than that of the FHN model neuron. Re-
constructing the attractor of the input may be possible for a small subset of real
neurons (known as rate coders) which fire regularly at a frequency that depends on
the magnitude of the input. The leaky IF shown in Fig. 5.7 behaves roughly like
a rate coder, all the spikes are generated when the input signal is “high”. These
neurouns are very simple and tend to be “information transformers”, i. e. they take a
continuous time signal and encode it into a series of ISI’s which are passed to other
neurons. These ISI’s follow the input signal amplitude, i.e. when the input signal is
strong the ISI's are small (the neuron is firing fast), and vice versa. Unfortunately,
such neurons also tend to be noisy, their spontaneous firing activity (i.e. with no
input) is high and apparently random. Even for constant input there would be a
distortion of the ISI's. The possibility that noisy rate coders produce ISI's from
which inputs can be reconstructed will be further explored in the near future.

The ISI embeddings for the IF models at small sampling rate and for the FHN
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model all point in a similar direction, that is, to think of these ISI embeddings as
a map of the dynamics similar to a Poincaré map. A Poincaré map is known to
reduce the dimension of the system by one. It is yet unclear how the map produced
by extracting the ISI’s is related to the dynamics of the system. At high sampling
rates the results in Fig. 5.16 show that the combination of the simple IF dynamics
and thresholding process are not equivalent to a Poincaré map since the dimension
values differ from 2.2 — 1 = 1.2. Also, the attractor from ISI’s are very similar to
those of the input. Analytical work on simple systems, analogous to that in [22],
may shed some light on this question. We may also be able to approximate the
dimension of the map as the embedding dimension which yields the lowest NPE. If
we look at the NPE results for the low sampling rate IF data sets and for the FHN
equations, we see that all give estimates for the dimension from 1 to 4, but there is
no clear rule as to the dimension reduction.

The predictability results we have shown are more encouraging. We can see
that even for embeddings that do not reconstruct the attractor, the NPE is still
low (for example see Fig. 5.6). This means that there is still information about the
deterministic process formed by the input and the neuron dynamics in the interspike
intervals. In the next chapter we use the NPE and surrogate data methods to
characterize the correlations in the data from the IF models and to test for the
presence of determinism and nonlinearity in experimental ISI sequences.
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Chapter 6

Analysis of ISI sequences

6.1 Introduction

In the previous chapter we saw that all the data sets had normalized prediction
error (NPE) less than one. This indicates that the ISI sequences contain information
about the deterministic process which generated them. In this chapter we will first
investigate the nature of the correlations in the ISI sequences using the surrogate
data method described in Sect. 4.5, with the NPE as our discriminating statistic.
We previously defined three kinds of surrogates: shuffled, phase randomized, and
amplitude adjusted. Recall thatthe phase randomized surrogates preserve the linear
correlations in the data and have a Gaussian distribution. The amplitude adjusted
surrogates preserve the linear properties of the data as well as the distribution of the
original data set. All these surrogates were conceived with a specific null hypothesis
in mind. In Sect. 6.2 we will discuss the meaning of these null hypotheses for point
process data such as ISI’s.

We will also investigate the possible extension of the method of Tsonis and
Ellsner (58], for detecting chaos in time series, to ISI sequences. They argue that for
a chaotic time series the Pearson’s correlation coefficient (r) varies with respect to
prediction time according to Eq. 4.3. We try to draw a parallel from prediction time
(Tp) to prediction horizon (7}) and accordingly verify that for chaotic ISI sequences:

r(Th) = 1 — KT,
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Finally we will apply the NPE and surrogate data methods to real ISI data sets
from neurophysiological experiments.

6.2 Surrogate data and point processes

6.2.1 Interpretation for point processes

The surrogate data method was originally proposed for traditional time series. Be-
cause time series are measurements of a physical system (or of one component of a
physical system) evolving in continuous time, the surrogates were designed having
in mind a specific null hypothesis for the system’s dynamics. Thus, if we can distin-
guish the surrogates from the actual time series, we can reject the null hypothesis
(e-g. linearly correlated noise in the case of phase randomized surrogates) as a pro-
cess for the generation of the time series. In the case of neural point processes, we
are not measuring the variables of the system directly, we only have measurements
of the times at which one of the variables reaches a certain threshold. In general we
do not expect to be able to reject specific processes for the generation of spikes with
these types of surrogates, especially when the ISIH for the raw data is significantly
different from a Gaussian. Distinguishing these surrogates from the raw ISI sequence
allows us to only say something about the ISI's themselves rather than about the
neuron dynamics. This may seem like a trivial point, but it is extremely important
to realize the limitations of this method for ISI sequences [26]. On the other hand
one can generate more biophysically motivated surrogates by e.g. simulating ISI se-
quences from specific neuron models [27]. One can then compare the behaviour of
statistics such as the NPE on the raw and model ISI sequences, to see if the model
is compatible with the experimentally observed point process. An example of this
type of analysis is given in Sect. 6.4.

The modified null hypotheses for point processes are quite simple: for the shuf-
fled surrogates the null is that the ISI’s are uncorrelated. We will use the phase
randomized and amplitude adjusted surrogates to test the effect of the linear corre-
lations in the data on the NPE. The mechanics of generating surrogate data are still
the same, e. g. to generate a shuffied surrogate we still shuffle the data set. These
methods are described in detail in Sect. 4.5 and in Appendix B.
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6.2.2 Implementation of the surrogate data method

From the ISI sequences we create 10 sets of each surrogate. We calculate the NPE
for each surrogate set. The NPE is the average for the 10 sets with an error bar
equal to +20, where o, is the standard deviation estimated from the 10 surrogate
NPE values. This procedure is repeated for several “embedding dimensions” (m).
Embedding the ISI’s in an m-dimensional space is a convenient method for finding
similar patterns of m successive intervals. If we think of the ISI embeddings as a
map of the dynamics similar to the Poincaré map, then m does take on the meaning
of a dimension. If there is a minimal value of m which yields a lower NPE value
than the others, then we may take that m as a first approximation to the dimension
of the map governing the generation of successive ISI’s. For example a low NPE for
m = 2 suggests that I, is a function of I, and I,_;.
There are a few important notes on the graphs of this chapter:

- The legend of Fig. 6.1 applies to all graphics in the section. Solid squares
denote real data, filled diamonds, triangles and circles represent shuffled, am-
plitude adjusted and phase randomized surrogates respectively.

- There is an error bar on all NPE points for surrogates. If it cannot be seen,
the size of the symbol should be taken as the error.

- The scales are not all the same. It is important to note the scale when com-
paring NPE for different data sets.

6.2.3 Analysis of ISI sequences from IF models

The first data sets we analyze are taken from the same IF models as in Chap. 5. Each
of the six sequences is composed of 3000 ISI’s. Recall that for each model, there were
two data sets, one of which represented a “good” reconstruction of the attractor of
the input to the neuron, and one which represented a “poor” reconstruction. In
the following four figures, we show the NPE results for all the data sets with the
three types of surrogates. In every case we are able to distinguish the data from
the shuffled surrogates. It has been our experience that for any shuffled surrogates
the NPE is always slightly above one (it would converge to one as the data set is
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Figure 6.1: NPE for generic IF and surrogates. Left: © = 35. Right: © = 90. NB:
The legends also apply to all other graphs in this chapter.
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Figure 6.2: The NPE for the Glass-Mackey model and surrogates. Left: a = 10.
Right: a=1.
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Figure 6.3: The NPE for the leaky IF model and surrogates. Left: v = 0.154. Right:
v = 0.01.
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made larger). For this reason we will no longer include the shuffied surrogates in
our analysis.

The amplitude adjusted and phase randomized surrogates are also distinguish-
able from the data sets in all cases. For some of the data sets we are not able to
distinguish the surrogates and the data at m = 1. This is because the m = 1 case
is not a good predictor, it is simply the average of the 30 (1% of the total) closest
intervals iterated forward one step.

Some of the power of the surrogate data method can be seen in Fig. 6.2 for
a = 1. The data set is shown in Fig. 5.5 on the bottom right panel. By simply
inspecting the embedding there seems to be some determinism in the data. The NPE
calculations (Fig. 5.6) reveal that there is some predictability in the ISI sequence.
Now, after the surrogate data test, we can see that the structure in the attractor
and the predictability are not caused simply by linear correlations in the data. We
would not be able to tell that the data set was generated by a nonlinear system
without this test.

6.2.4 Predictability as a function of prediction time

The results for Pearson’s correlation coefficient (r) are shown in Fig. 6.4. Recall that
for a chaotic time series a plot of In(1 — r) as a function of the prediction time will
give a straight line. In this case we have plotted In(1 —r) as a function of prediction
horizon for three known chaotic ISI sequences.

Predictions were made on each set using the embedding dimension which yielded
the lowest NPE in the calculations above. We see that for all the poor reconstruc-
tions (© = 90, a = 1, v = 0.01) there is a tendency for In(1 ~ r) to climb towards
zero and level off. The sampling rate for these data sets is much smaller than for
each of their counterparts, thus making successive ISI's less correlated than those
for the higher sampling rate. Our ability to predict the sequence falls off rapidly
with prediction horizon (from an already low level). The set of predicted and actual
values is less correlated which makes the correlation coefficient and In(1 — r) tend
to zero. For the ISI sequences obtained with a high sampling rate, the application
of this method to point processes shows some promise. The leaky and generic IF
models have a linearly increasing tendency, whereas the first four points for the

63



0 ¥ ™ v = 1 ™ v - ™
(@) "1 (o
’,r' o _a-a--S-p-a-a -8
2l -
Il
E
4
-60 10

Figure 6.4: In(1 — r(7},)) as a function of prediction horizon for ISI's from the IF
models. (a) generic, (b) Glass-Mackey, (c) leaky.



Glass-Mackey model are also on a straight line.

This shows that there is promise for extending this method directly to ISI se-
quences by replacing the prediction with the prediction horizon. We must again
caution that a straight line in the graph is only an indication that the data set may
be chaotic and does not provide a proof of chaos.

6.3 Analysis of experimental ISI sequences

6.3.1 Data from a mammalian thermoreceptor

We now turn our attention to real ISI sequences from neurophysiological experi-
ments. The first data sets we analyze are taken from thermoreceptors (the lingual
nerves in the cat). These nerves encode a steady state temperature into a charac-
teristic pattern of action potentials. We analyze two data sets from this experiment.
Data set A is shown on the top two panels of Fig. 6.5 and contains 2679 ISI's. Data
set B occupies the bottom panels of Fig. 6.5 with 3807 data points. The graphs
that we show to describe the data are plots of ISI vs. ISI number and a return map
(a 2-dimensional embedding without lines joining the points) of the data. These
are also known as “raster plots” or “joint interval histograms” in the physiology
literature. Both data sets have a bimodal distribution of long and short intervals
as can be seen from the two distinct “stripes” in the raster plot. The return map
for data set A shows a clear preference for long intervals to be followed by short
intervals and for shorts to be followed by longs. The cluster of points in the center
of the map shows that there are a number of long-long events. There are also a
small number of short-short events. Data set B is different because, as the return
map shows, it contains no short-short events; all short intervals are followed by a
long one. There are three times as many long intervals as short ones. These linear
correlations will obviously make the data sets predictable; we would like to know if
there is any predictability that may be due to other types of correlations among the
intervals.

The predictability results for both data sets are shown in Fig. 6.6. We can reject
the phase randomized surrogates in both cases because the error bars do not over-
lap with the data set. Because the values for the phase randomized surrogates and
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the real data are so close, we know that the linear correlations accounts for most
of the predictability in these data sets. Nevertheless there is some evidence that
there are nonlinear correlations in these data sets. Analysis on longer ISI sequences
(with more short-short and long-long events) will clarify this. The predictability for
the amplitude adjusted surrogates is different from that of the phase randomized
surrogates. Since the latter have the same linear correlations with a different distri-
bution, this discrepancy may indicate that the distribution of the ISI’s can influence
the forecastability. This effect may also be caused by the slight nonstationarity of
the data sets which may affect the algorithms for generating the surrogates.
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Figure 6.5: Raster plot (left) and return map (right) for the data sets from a cat

thermoreceptor. Top: data set A. Bottom: data set B. Data provided by Dr. Hans

Braun, Philipps-University Marburg, Marburg, Germany (ISI units are ms).
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Figure 6.6: NPE for thermoreceptor data and surrogates. Left: data set A. Right:
data set B.

6.3.2 Data from weakly electric fish

In this section we examine two data sets from different neurons of the weakly electric
fish Apteronotus leptorhynchus. The fish produces an AC electric field, known as the
electric organ discharge (EOD). In order to electrolocate and electrocommunicate,
the fish monitors modulations of this electric field caused by surrounding objects or
by EODs of other fish. The detection and monitoring is accomplished by a network of
neurons. The first layer of she network consists of electroreceptors which transduce
modulations and distortions of the electric field into temporal patterns of action
potentials. The EOD is driven by one of the most accurate biological pacemakers
known. Once the signal is processed by the electroreceptors, action potentials are
sent along their axons to the next layer (known as segments).

Data from the primary afferent neuron

In this section we will be looking at data from the primary afferent neuron of the fish
which is known as an electroreceptor. The measurement is taken from an axon which
is driven by an electroreceptor; under controlled conditions where the only input to
the electroreceptor is the EOD stimulus. Under these conditions the receptor is
phase locked to the EOD but exhibits the skipping behaviour described in Sect.
2.3.4. Plots of the data as well as its surrogates are shown in Figs. 4.3, 4.4, and 4.5
and 6.7. The data set contains 9165 intervals.

When predictions are made on the data we see (Fig. 6.8) that there is some

67



0.015 v - v - 0.015 v
0.01 R o q eep =
BT R N S R L = b
@ S L A T T A I ey T es ey _.f, N % s -
L B B A
S adn G -
i s A i o . .
oO 2000 4000 8000 8000 0 0.005 0.01 0.015
ISl(n)

ISI number

Figure 6.7: Raster plot and return map for data from the primary afferent neuron of
the weakly electric fish. Provided by Dr. Joseph Bastian, University of Oklahoma.

predictability. We also know from Fig. 4.5 that there are linear correlations in the
data. Fig. 6.8 shows that we can reject both the amplitude adjusted and phase
randomized surrogates. We can say that there is more to the correlations in the
data than linear ones. Investigation with the method of Tsonis and Ellsner was
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Figure 6.8: NPE for data from a primary afferent neuron and surrogates. Data
provided by Joseph Bastian, U. of Oklahoma (ISI units are ms).

Data from the lateral segment

This is the data taken from the target neurons of the electroreceptors, in the elec-
trosensory lateral line lobe of the same species of weakly electric fish. In other words
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these cells are driven by the “skipping” firing patterns of the primary afferents. The
data appears in Fig. 6.9, which shows 5000 ISI's from a stationary firing pattern.
The mean value of the intervals is 0.034, hence the majority of intervals are very
short: 75% are less than 0.004. In the bottom panels of Fig. 6.9 we show an ex-
pansion of the region near the origin. The return map shows some structure among
the short intervals. The predictability results are shown in Fig. 6.10. We are able
to distinguish both types of surrogates from the actual data set. This predictability
and the structure observed in the return map is an indication that the data set has
some nonlinear correlations. An analysis using the method of Tsonis and Ellsner to
reveal evidence of chaos was inconclusive.
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Figure 6.9: Raster plot (left) and return map (right) for data from the lateral
segment of the weakly electric fish. The bottom panel is an expansion of a region
of the top panel. Data provided by Leonard Maler, U. of Ottawa.
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6.4 Comparison of skipping models

Thermoreceptor activity has been modeled by both the Chay and Plant models of
Sect. 2.3.3 [25]. It is possible to “tune” these models to reproduce the firing patterns
of the thermoreceptors. Here, we investigate the predictability of ISI sequences from
both models in order to help constrain the proper model for bursting and skipping
in thermoreceptors. The ISI sequence for the Chay model is known to originate
from deterministic slnppmg, whereas for Plant’s model the skipping is noise induced
(the model does not skip without the added noise). In Fig. 6.11, we compare the
predictability of both models. The left panel shows the NPE for all embedding
dimensions; the right panel zooms in on the higher embedding dimensions. The
Chay model generates ISI's which are predictable at low embedding dimension and
apparently random at high embedding dimension (NPE < 1). ISI’s from the Plant
model generate ISI's which give an NPE less than, but close to one for all embedding
dimensions, but which increases slightly with embedding dimension. When these
results are compared to those of Fig. 6.6 we see that the Chay ISI's do not behave in a
manner consistent with the ISI's from thermoreceptors. This is a strong indication
that the skipping mechanism of the Chay model is not the one which produces
the skipping in thermoreceptors. Our preliminary analysis (not shown) indicates
however that the combination of Chay’s deterministic skipping with noise may be a
suitable candidate model. We should note that this analysis does not indicate that
the Plant model involves the correct mechanism, it simply is a more appropriate
model from the point of view of the predictability of the ISI’s.
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Figure 6.11: NPE for ISI sequences from the Chay model (deterministic skipping)
and the Plant model (noise induced skipping).

6.5 Conclusion

Our purpose in this chapter was to analyze ISI sequences with the method of surro-
gate data, to examine the possibility of extending the method of Tsonis and Ellsner
to such sequences, and to apply these methods to data sets from neurophysiological
experiments. We examined the ISI sequences from the three IF models of Chap. 5
and showed that the surrogate data method with the NPE as a statistic correctly
identified the nonlinear correlation of these chaotic data sets.

The method of Tsonis and Ellsner was applied to the known chaotic ISI sequences
from Chap. 5. By replacing the prediction time with the prediction horizon the
method identified the chaotic nature of the sequences. Thus it appears that this
method may be extendable from time series to ISI sequences.

We analyzed data from three experiments. The first data sets were from cat
thermoreceptors. We were able to distinguish the surrogates from the data sets
within the error bars we had set on the experiment which provides an indication that
there are nonlinear correlations in the data set. The data sets from two neurons in
the weakly electric fish Sect. 6.3.2 were distinguishable from the surrogate data sets.
This implies that these ISI sequences contain nonlinear correlations. Analysis of
the experimental data sets with the method of Tsonis and Ellsner was inconclusive.
This suggests that the system which generated the ISI's are not chaotic or it may be
that the nonlinear correlations in the data are not strong enough to be picked out
by the method or that the noise level is too high for this method to work. Further
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investigation must be carried out on known chaotic ISI sequences before we can
determine the usefulness of this method.

Our analysis with surrogate data made it possible to identify what portion of the
NPE was attributable to linear correlations in the data. However it did not allow us
to reject physically meaningful mechanisms associated with null hypotheses. This
is an indication of the need for biophysically motivated surrogates as advocated
in [23, 26, 27]. These biophysical surrogates are ISI sequences which have similar
properties as the data sets of interest and are generated by models with well known
dynamics. For example in [27] a biophysical surrogate for the data of Sect. 6.3.2 is
generated which has a similar IS[ histogram as the data. This biophysical surrogate
is taken from the FitzHugh-Nagumo model and is a manifestation of noise induced
skipping. This surrogate was found to have many of the properties of the raw
ISI data, which suggests that the associated biophysical picture (“noise induced
skipping from the FHN system”) is to a large extent correct. In Sect. 6.4 we have
shown another example of the biophysical surrogate method whereby we generated
surrogates for the thermoreceptor data of Sect. 6.3.1 with the Plant and Chay model
of Sect. 2.3.4. These surrogates corresponded respectively: noise induced skipping
and deterministic skipping. We were able to reject the deterministic skipping by
comparing the NPE of both ISI sequences with the NPE of the thermoreceptor
data. This type of analysis is still in the early stages of development but shows
promise in the area of rejecting physically meaningful null hypotheses.

72



Chapter 7
Conclusion

The work presented in this thesis concerns the analysis of dynamical systems which
generate events in the course of their continuous time evolution. In particular, we
have concentrated on the case of neurons and their corresponding events: voltage
spikes. Our study consists of two parts. The first addresses the possibility of relating
interspike interval (ISI) sequences to the dynamical variables of the neural system
(the neuron and its input). The second part concerns the assessment of linear and
nonlinear correlations in ISI sequences.

Due to experimental lifnitations, it is often not possible to make transmembrane
voltage measurements on neurons. This means that we are limited to making ex-
tracellular measurements, which only yield the neuron’s spiking times. We have
concentrated on the relationship between these spiking times and the dynamics of
the input to a neuron. In [45] it was shown that, for the simplest neuron model,
it is possible to reconstruct the dynamics of the input to the neuron by embedding
the ISI's. We have extended this method to more realistic integrate and fire (IF)
models and to the FitzHugh-Nagumo (FHN) model of membrane excitation. We
have shown that the method works well for the IF models when the firing rate is
high, i.e. when many samplings occur during a characteristic cycle of the input. We
have defined the sampling rate as the mean number of spikes per unit time and have
compared the quality of the reconstructions keeping this sampling rate constant.
We have found that, as the models become more complex, the quality of the recon-
struction decreases. For the FHN model, the ISI embeddings do not reconstruct the
dynamics of the input to the system. This appears to be a consequence of the fact
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that firing intervals no longer reflect the value of the input, and also, that firings
are not seen over significant lower portions of the input.

Our results suggest that we should not, in general, expect ISI embeddings from
real neurons to reconstruct the attractor of the input to the neuron. Nevertheless,
attractor reconstruction may be possible for a small subset of real neurons known
as rate coders. Since rate coders are known to be noisy neurons, future work on this
problem must clearly investigate the influence of noise on the reconstructions. This
understanding will be crucial in order to make precise statements about real neurons.
It should be noted that, due to our results, experimental studies of reconstruction
using known rate coding neurons have been undertaken at Boston University.

In [39] we have shown that, for a high sampling rate, the ISI's can be written
as a map, or nonlinear transformation, of the input values at which firings occur.
Since the input is a linear function of the z variable of the Rassler system, the
ISI embeddings are in fact a transformation of an embedding of the z variable.
This explains why the ISI embeddings reconstruct the Rassler attractor, in the high
sampling rate limit. It would be interesting to extend this result to arbitrary firing
rates and also to more complicated neuron models such as FHN. Once again, the
influence of noise on such mappings will need to be assessed. Further, the FHN
model studied here does not have a real threshold, but rather a pseudo-threshold
(11]. This means that the heights of neural firing responses do not change abruptly,
but rather are graded over a narrow range of input amplitudes. Other more realistic
neuron models, such as the Hodgkin-Huxley model of Sect. 2.3.1, can have real or
pseudo-thresholds. It would be interesting to study how our conclusions depend on
the type of threshold.

In order to properly constrain theories of neural coding and neural information
processing, it is necessary to characterize the correlations in ISI sequences. A knowl-
edge of the correlations in the ISI's can also be used as a tool for the validation of
neuron models, as was shown in Sect. 6.4. There, we compared two models for the
thermoreceptors of Sect. 6.3.1. These models both reproduced the ISI histogram of
the data and the skipping behaviour. One of the models (Chay) produced deter-
ministic skipping, whereas the other (Plant) was a manifestation of noise induced
skipping. These models served as biophysical surrogates and we showed that it was
possible to eliminate the Chay model by comparing the predictability of both models
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with the predictability of the thermoreceptor data.

In Chap. 6 we have presented a method, based on surrogate data methods from
nonlinear time series analysis, which allows us to detect nonlinear correlations in
IST sequences. This is accomplished by investigating the predictability of the ISI
sequences and comparing it to the predictability of “surrogate” data sets. These
surrogates have the same linear properties as the original sets, but are otherwise
stochastic. We analyzed ISI sequences from the integrate and fire models and showed
that the method of surrogate data was able to detect the nonlinear correlations
in these data sets. We then analyzed several experimental ISI sequences. Qur
analysis allowed us to determine what portion of the predictability of these data sets
was attributable to the linear correlations in them. We found significant nonlinear
correlations in the data from the weakly electric fish.

The surrogate data method was originally developed for time series. In that
case, when a surrogate is rejected, we are able to reject a physically meaningful null
hypothesis for the generation of the time series (for example Gaussian white noise
or coloured noise). In the case of point process data, such as ISI sequences, we
can not associate a physically meaningful null hypothesis to the surrogates. This
immediately points us in the direction of future research. It would be interesting to
devise new kinds of surrogates for point process data which would allow us to reject
a null hypothesis along with a physically meaningful mechanism associated with this
null. Also, we should continue the work on biophysical surrogates as described in
Sect. 6.2 and 6.4.

We have also extended the method of Tsonis and Ellsner [58] to point process
data by drawing a parallel between prediction time, in the time series case, to
prediction horizon, in the point process case. The method worked well for the ISI
sequences from the integrate and fire models. The method was also applied to ISI
sequences from real neurons and proved to be inconclusive. This suggests that either
the underlying continuous dynamics are not chaotic, or that if they are, the noise
destroys the nonlinear forecastability. It may also be the case that firings are too far
apart in comparison with the prediction horizon (related to the Lyapunov exponent)
of the underlying system. We feel that the positive results with the IF models at
high sampling rates are a consequence of the fact that only in this case do the
ISI sequences contain sufficient information about the chaotic dynamics. Applying
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this method to known chaotic point process data will allow us to further assess the
applicability of this method to ISI sequences.

Throughout this study we have used a simple nonlinear prediction algorithm to
calculate the predictability of the ISI sequences. The prediction algorithm currently
considers all neighbours equally when making a prediction. An exponential weight-
ing of the neighbours according to their distance from the point which is being
predicted would improve the prediction. Kernel estimation, where all points in the
space are considered rather than just the nearest neighbours may also yield a more
powerful predictor. It would also be interesting to adapt other “statistics” inspired
from nonlinear dynamics and information theory, such as dynamical entropies, to
point process data.
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Appendix A

Detailed description of the neuron
models

We give a more detailed version of the differential equations for some of our model
neurons. For the sake of clarity some of the information from Chap. 2 is repeated.

A.1 Plant’s model

Taken from [42]

Cm

dv
'd—t" = gNamgo(V)h(VNa -V)+ chz(VCh - V)

= 4 dxcaCa _ - _
+[ggn + _—Ca +0.5](Vx V) +g[,(V[, V),

h = Mho(V) = h}/m(V),
A = Alne(V) — n]/ma(V),
i = [ze(V)~1|/m,

Ca = p[K.z(Ves—V)~Cal.

The parameter values and voltage dependencies for V are given by:
Cm =1 pF/cm?, Ve =30 mV, Ve = 140 mV,

[



Vk =-75mV, Vi =—-40mV, Gne = 7.84 mmho/cm?,

gca = 0.01 mmho/cm?, §x =0.363 mmhofem?, Gxc, = 0.03 mmho/cm?,

gr = 0.003 mmho/cm?, A=,
V = —L‘,)-—
melV) = ) + BulD)’
V =CV +C,, C, =127/105, C, = 8265/105,
- 50-V -1
et 22 e (355) -]
25—V
Am = 4exp ( 18 ) '
For h: (,)
V = .a,, Vv _
heelV) = 20 + D)’
(V) = [an(V) + Ba(V)] -,
with 2
-v
ap(V) = 0.07exp( 20 ) )
55 - V\1~!
(V) = [“"exp( 10 )]
For n: (-)
1
"=V) = P + )
(V) = [ea(V) + 4 (V)]
where 50 174 [ (55 -V ]"
)-1"
45-V
8. =0.125exp( = ) :
For z:

Zeo(V) = [exp(A(B - V) + 1],

Ty = 235 msec,
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where A =0.15 and B = -50.
For Ca:

p = 0.0003 msec™!

A.2 Chay’s model

and K.=0.0085 mV~!.

The basic differential equation for the membrane potential is:

av

Cnge = ~Traumeoh(V = View) ~ Guicudf (V = Viior)
=~3xn(V ~ Vi) = gu(V - Va).

Each of the variables h, d, f and n obeys a differential equation of the form:

with

=G
i)

()

=22
-1
_ V-V V-
T =Ta e""( 25, )*e"p( 25, )
_ Va=-V V-V
T4 =Td 254 )*e"p( 25, )]
[ V-V V-V,
TET|™P\Te5, ) TP\ 25
0 A
T™wn="Ta 1+exp( 35, )] .
L n

-1

1]

Values for the constants used to generate the ISI's of Sect. 6.4 are given below.

For V:

Cn =1 puF/cm?,
Vx =175 mV,

79

Viast = 80 mV,
Vi =70 mV,

Viiow = 140 mV,
Gfast = 800 mmho/cm?,



Gsiow = 15.5 mmhofem?, gx = 500 mmho/cm?, g, = 20 mmho/cm?,

Vin = 35.0 mV, Sm=5mV.
For h, d, f, and n:
Va =50 mV, Sy =9mV, T = 0.2 sec,
Va=50mV, S¢ =TmV, T4 = 1.0 sec,

V; =55 mV, Sy =10 mV, Ty = 40.0 sec,
Va =15mV, Sn =15 mV, Ta = 0.3 sec.
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Appendix B

Algorithms for generating
surrogate data

This appendix addresses the issue of transforming a time series zft], t = 1,...,N
into various surrogates y[t]. A good discussion on sorting, indexing and ranking
(Chap. 8), and random number generation (Chap. 7) can be found in {37].

B.1 Shuffled surrogates

This algorithm consists of simply shuffling the data like a deck of cards. The sur-
rogates have the same mean and standard deviation as the original but they are
temporally uncorrelated. We generate some random numbers, sort them, and as-
sign the order of the sorted randcm numbers to the data.

1. Generate an array of N uniformly distributed random numbers r[t].

2. Create an index table for the sorted array indez{t]. This creates an array of
integers such that if r[5] and r[33] are the two smallest integers then indez[1] =
5, and indez[2] = 33.

3. The surrogates are then generated by y(t] = z[indez{t]].
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B.2 Phase randomized surrogates

These surrogate data are constructed to have the same power spectrum as the
original data.

1. Compute the discrete Fourier transform of the original data: Z[t] = DFT(z[t])'.
Note that Z[t] is a complex array.

2. Randomize the phases Z'[t] = Z[t]e**®) where ¢(t) are random numbers uni-
formly distributed on [0, 27).

3. In order for the inverse Fourier transform to be real we must symmetrize the
phases of Z’. This is accomplished by creating another array 2" such that:

Re(Z'H]) = %Re(Z’[t]+Z’[N+1—t])
m(Z'}]) = %Im(Z’[t]-Z'[N-#l-—t]),

where N is the number of points in the time series.

4. The surrogate data are given by computing the inverse discrete Fourier trans-
form of this new series, y[t] = DFT-(2"[t]).

B.3 Amplitude adjusted surrogates

The idea here is to first rescale the data so that it has a Gaussian distribution. We
then take phase randomized surrogates of this Gaussian data. The new surrogates
are then generated by rescalling these so that they have the same distribution as
the original data.

1. Generate an array of N random numbers from a Gaussian distribution g[t].

2. Rearrange the g[t] into an array ¢’[t] so that the ranks of ¢’[t] and zt] agree.
This is accomplished by the following steps.

1If N is a power of 2 we can use the Fast Fourier Transform.
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(i) Sort the Gaussian array in ascending order g,[t] = Sglt].

(ii) Create a rank table for the original data array. This creates an array of
integers such that if z[1] is the third largest element of the x array and
z[2] is the twentieth then rank[1] = 3 and rank{2] = 20 and so on.

(iii) o'ft] = g,[rankt]].

3. Note that if z{n] is the nth smallest of all the z’s then ¢’[n] is the nth smallest
of all the g’s. Hence we say that the new series ¢’[t] “follows” the original z[t].

4. Generate phase randomized surrogates of ¢'[t], call it g”[t].

5. Rank the original time series z[t] so that it “follows” ¢”[t], using steps (i), (ii),
and (iii) above, this produces an amplitude adjusted surrogate data set y[t].
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