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ABSTRACT

A practical and effective preprocessing and recog-
nition method for the pattern recognition machine is presen-
ted. The pattern recognition machine considered is simulated
on a digital computer. Samples of five pattern classes which
consist of hand-printed characters, A, B, C, D, E, are used in

the experiments. The results are found very satisfactory.

A preprocessing method, called Sequential and
Centroid Transformation (SCT), is developed to extract the
characteristic features from patterns. A recognition method,
called Least Squares Recognition Algorithm, based on the
properties of the SCT method is developed and is shown to
satisfy the principle of least squares. One hundred samples
which aie collected randomly from several persons are used as
input testing patterns. The samples used are not only trans-
lated, rotated, and dilated or shrunk but also found to con-
tain a reasonable amount of random transformations such as
change of proportions, bending of lines, etc. Neverthe-

less, the recognition rate is as high as 95 per cent




. ..~

o e 5 e <

(V)

/

TABLE OF CONTENTS

Chapter 1: INTRODUCTION Page
1.1 General 1
1.2 Summary of Some Previous Results of Pre-
pProcessing Method 6
Chapter 2: A PREPROCESSING METHOD

2.1 The Sequential Centroid Transformation Method 19

2.2 Algorithm of the SCT Method 1é
2.3 Properties of the SCT 19
2.4 Exposition of the SCT 24

Chapter 3: A RECOGNITION METHOD
3.1 General Machine Description 28
3.2 Justification of the Recognition Machine's
Performance 32

3.3 Machine's Realization on the Digital Computer 43

3.4 Experimental Results 46
Chapter 4: CONCLUSION 49
Figures 50
Appendices: Appendix 1: Pattern Samples o0
Appendix 2: Computer Program 65
References 92

Vita 95




CHAPTER 1

INTRODUCTION

1.1 General

The subject of pattern recognition is one aspect of arti-
ficial intelligence research. The behavior of the pattern recognition
machine is essentially a decision making process in which input pat-
tern is recognized as belonging to one of a finite number of pattern
classes which are already learned through training process by the
machine. The recognition process used by the machine can be viewed
as a comparison of features of input pattern with the already known
common features of the reference patterns. These machines can
be used for character or speech recognition, weather forcasting,
medical diagnoses, economic predictions and other related system

tasks when the state of the system is represented as a pattern,

The structure of the pattern recognition machine consid-
ered in this work consists of two submachines, a receptor and a
categorizer[l]. The receptor is a device which extracts the char-
acteristic features from patterns. Hence, its input is a pattern to
be recognized and its output is a set, X1 X2, ces Xy ©of measure-
ments which characterize the pattern. This set of measurements

will be designated by the vector X. The categorizer has the output,

X, of the receptor as its input and assigns each of its input to one
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of a finite number, n, of categories or classes. Thus, the output

of the categorizer is an integer i=1, 2, .., n, where output i means
that the categorizer has assigned its input to the ith category among
the set of categories. Basically, the receptor is a Preprocessing
device which maps all possible input patterns in the pattern space

or input space into feature space cr property space; the categorizer
is a classification device which maps the patterns in the feature space

into output space.

In general, the pattern space can be considered as a func-
tion space. Any pattern can be described by a function defined on
some given interval. This pattern function may be continuous or
discrete depending on the nature of the pattern. It may be randomly
distributed in the pattern space. Therefore, it may be a deterministic
function or a random function. In the latter case, a pattern class
corresponds to a stochastic process subject to a random environment
(due to noise; distortion, etc.). In the former case, the rule of
the variations of the pattern in one pattern class can be found or

defined,

From another point of view, the variations of one pattern
in the pattern space can be looked upon as transformations into
pattern space itself. These variations of the pattern constitute a

pattern class. When such transformations are known a priori, the




pattern. function is called a deterministic function, When they are
unknown a priori, the pattern function is called a random function.
Most of the pattern functions are complex ones. As a matter of
fact, it is an important and fundamental procedure of pattern recog-
nition to define a class of patterns after defining transformations

on these patterns, which preserve the structure of these patterns.
Thereforé, it is often preferable to investigate the effects of these
transformations on the feature space. In other words, it is desired
to transform the transformations in the pattern space into the feature
space, and see what transformations are eliminated or distorted and

what transformations are preserved.

Consequently, the pattern recognition machine does not
need to observe the whole pattern function. Instead, it needs only
to sense the features of the pattern function from a set of measure-
ments taken in the pattern space. Thus, these sets of measurements
form a feature space or property space. Every pattern in the pat-
tern space is mapped into a curve in the feature space and every
pattern class is mapped into a set of curves or some set of curves,
The function of the receptor is nothing but to carry out such a trans-
formation so that these sets of curves of different pattern classes
are separable in the feature space. When the receptor performs
its transformation function, it shrinks the pattern space into feature

space so that it can select the absolute features of the patterns for
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the categorizer. Unfortunately, there exists no general

method and this subject is not much explored. It has, there-

fore, been the purpose of this work to develop a description

of patterns which is completely independent of the position

and size variation of a pattern in a field of observation

In the next section, some previous results of the

preprocessing method are introduced

In Chapter 2 a preprocessing method called the
Sequential Centroid Transformation (SCT} Method, which is the
revised version of a report "A Preprocessing Method to Iden-
tify Pattern Classes with A Deterministic Pattern Function,"

["27] , is presented.

The method consists of the following steps: first,

finding the centroid of the pattern in the quantized pattern |

space; secondly, measuring the distances between the centroid
and the contours of the pattern according to a certain fixed
sequence for fixed angle increments; thirdly, taking logarithm
of these distances and plotting them vs. angle on rectangular
coordinates, In this way, every pattern class is mapped into

a set of quantized curves. The properties of the quantized
curves are studied. It is found that by proper operation it

is possible to eliminate completcly some effects such as trans-
lation, rotation, and size variation due to the deterministic

transformations of the pattern.



—5-

The method applied to the two dimensional pattern space is in
fact a conformal mapping and is justified by a theorem which

is proved from a conformal mapping point of view.

In Chapter 3 an algorithm for the pattern recognition
machine developed from the preceding results for the pattern
recognition machine is presented, 1In that chapter it is also
shown that the algorithm satisfies the principle of least
squares. The algorithm is essentially to compare the quan-
tized curves of the testing pattern and the guantized curves
of the reference patterns to see to which of the latter curves
the former curve is the closest. This is achieved by shifting
horizontally the quantized curve of the testing pattern with
respect to the quantized curve of each reference pattern until
a minimum sum of the squares of the errors is found. Starting
at these new positions, the quantized curves of the testing
pattern is then shifted vertically with respect to each cor-
responding reference pattern until a final minimum sum of the
squares of the errors is found The testing pattern is then
assigned to the class of a reference pattern which gives the
minimum minimum sum of the squares of the errors. The method
is straightforward and needs no cut and try at all during the

searching minimum process.
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The pattern recognition machine under consideration
is programmed on the IBM 360 digital computer. One hundred
samples which are collected randomly from several persons are
used as input testing patterns. In presenting the character
samples for recognition, eight measurements are made on each
sample. The samples used are not only translated, rotated,
and dilated or shrunk but also found to contain a reasonable
amount of random transformations such as change of propor-
tions, bending of lines, etc, Nevertheless, the experimental
results are found very satisfactory. The recognition rate
is as high as 95 per cent. If more measurements were made on

each sample, the recognition rate could be improved further.
In Chapter 4 some concluding remarks are given.

1.2 Summary of Some Previous Results of Preprocessing Methods

During the recent years, considerable progress has
been made in this new and exciting field. However, the
increasing number of papers published shows that the

scope and depth of this developing




field has not yet been fully studied. For a unified and detailed
treatment cf mzjor concepts and mathematical results nderlying

trainable devices for pattern recognition, the reader is referred

to [3] and [4].

One of the most important problems encountered in pat-
tern recdgnition has been the extraction of characteristic features
from patterns. This is the subject of measurement selection, some-
times called preprocessing, Several preprocessing techniques are

discussed in the literature for pattern recognition and related fields.

In reference [5:] some descriptive processes including
fields of thermodynamics, photography, language, models, gambling,
cryptology, and pattern recognition are presented. It 4is shown
that many descriptive processes can be reduced to mathematical
terminology by dividing the domain of description into cells whose
size is determined by the resolution, and filling the cells with occu~
pants where the number of kinds of occupants is determined by the

accuracy of distinguishing between them.

In reference [_6] a preprocessing technique using pairs of
elements which are independent of the position of the character 4s
described. The basic idea underlying the techniques is that of re-

gistration invariance as called by the author. The starting point
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for this mode of description is to place a discrete mesh over
the character and to set each mesh point to unity if it covers
a black part of the character and to zero if it covers white.
The patterns are then represented by counting specified pairs
of ones regardless of their positions in the matrix for all
possible kinds of pairs. However, the patterns are only des-
cribed in such a way that shifting translationally in any

direction does not affect any observed parameter.

In reference [7] the problem and the requirement
of selecting m out of the M characteristics to be used by the
recognition system is discussed where m < M, An experimental
selection of these characteristics is required because the
system designer, while able to conceive of a large number of
relevant characteristics, does not know which are the most
important. A statistical model of the system is then pro-
posed. A set of statistics relating the patterns to the
characteristics is also proposed to be calculated in order to
select the best characteristics. To describe the character-
istics, a horizontal line is moved down the grid from top to
bottom. At each position of the line, the number of inter-
sections with the letter is recorded; if the same number of
intersections is observed for two or more consecutive positions
of the line, then the number is only recorded once. The
result of this procedure is a set of digits, The following
four horizontal transition characteristics are then described:

(1) the total number of digits, (2) value of the maximum digit, (3)
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whether the sum of the first n/2 digits is greatex than, equal
to, or less than the sum of the last n/2 digits, and (4)
whether the sequence of digits is symmetrical about its center.
Similarly, by scanning a vertical line from left to right

four vertical transition characteristics are obtained. The
pattern is enclosed by a box which is then sub-divided into
sixteen equal sub-boxes. The number of black squares in each
sub-box is then counted and several characteristics gre
selected. Yet the effectiveness of these characteristics is

not guaranteed and so a statistical selection is required.

In reference ZS] a method to measure the effective-
ness of the receptors' output is discussed. The effectiveness
is interpreted from a statistical point of view. By thinking
of each category as generating a certain density of points at
each location in the p-dimensional space where p is the
number of measurements performed by the receptor, or, in other
words, by thinking of the multivariate probability density
function corresponding to each category. Now, if the mapping
generated by the receptor is such that, at each location in
the space, the density due to category i is equal to the
density due to category j, then no categorizer will be able to
discriminate between these two categories. The receptor
that generates this mapping is then ineffective. Otherwise,

it is effective. Roughly speaking, the ability of the recep-
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tor to discriminate between two given categories depends upon
the 'distance'’ between the densities. How the effectiveness
depends on the properties of the individual measurements and
their interrelations are then presented. However, the problem
of how an effective receptor actually may be discovered is

not discussed in that paper.

In reference [bj an adaptive logic element called
ADALINE and a parallel network of ADALINES called MADALINE are
used as a pattern recognition machine. The characteristics
selection procedure becomes the training procedure in this
machine. The insensitivities of the pattern's rotation,
translation and size can be trained into the machine with the
minimum mean-square error procedure. This process is some-
times called the generalization of the pattern. After train-
ing, the machine can recognize new patterns never seen before
which are quite unrelated to the training pattern set. Un-
fortunately, owing to the capacity and slow training procedure
of the machine, the kinds of insensitivities that may be
trained-in are restricted. For example, rotation can not be
trained-in in all orientations. 1In that paper, only four
rotations are trained-in, that is, rotation of a pattern by
90 degrees each time. Besides, by using a single training
routine, a wide variety of learning and generalization pro-
cesses can be induced merely by designing appropriate sets of

training patterns.
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In reference [10] an automatic construction of recogni-
tion measurements based on the analysis of representative data
'i_s‘ developed. Reference [11] and reference [12] are the extension
of the method described in reference |:10:] . Starting from some
typical samples of the patterns to be recognized, the designing
process of the so called character recognition logics which arg used
to represent the effective measurements of the characters is sum-
marized as follows: Recognition logics consist of only certain types
of N-tuples. Each N-tuple consists of five to nine points in a
prescribed spatial arrangement, and with a prescribed assignment
of black and white states for each point. These N-tuples are shifted
with respect to the input character so that the N-tuples are tested
for a match in all possible positions. If a certain N-tuple matches
a character in any position, the output of that measurement is
"ONE," A large set of N-tuples is thus designed at first, say
M in number. From these M measurements, a minimal subset
of L in n@ber is selected by a minimum distance decision pro-
cedure [1(2] . So far, the :particular recognition logics discussed in
those papers are chosen on the basis of being invariant under trans-
lation only as long as the character remains entirely within the
field of observation. Besides, the size can only differ by 15 per

cent from a standard size. Rotation invariance is not considered at all.
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In reference [13:' a technique to examine certain k-tuples
of pattern points which are selected randomly and disjointly from N
binéry pattern points contained in a two dimensional pattern and to
attempt to separate patterns on the basis of these subpatterns was
viewed from a statistical approximation sense. Again, the effective-

ness of this technique is not guaranteed,

In reference [14] a procedure to abstract the line seg-
ments of the line patterns was presented. Each segment's length
and angle, and its bearing direction and distance from the pattern's
centroid are recorded in a matrix form. Each line segment is re-
presented by a one in the matrix. The columns of this matrix re-
present the bearing direction of segment's midpoint from the pattern's
centroid. The matrix's rows represent the segment's angle with
respect to the assumed horizontal reference. Each element of the
matrix is then subdivided into a three by three submatrix. The
segment lengths are quantized into three sizes and are represented as
the rows of the submatrix. The columns of the submatrix represents
the quantized distance separating the centroid from the segment's
midpoint. The entries are again zero and one. However, the
effectiveness of this representation is not justified and the represen-

tation is very complicated.
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In reference [lil a two dimensional binary pattern function
is transformed int certain combinations of normalized moments
which are invariant to the location, size, stretching and squeezing
in either vertical or horizontal direction;, and rotation through a
small angle of the pattern. Yet the selection and computation of
the moments are very complicated, e.g. selection of the moments

is achieved by trial and error method.

In reference [16] the autocorrelation followed by Fourier
analysis of a normalized radial scan of the pattern was proposed
for position and size invariant two-dimensional pattern recognition.
The two-dimensional spatial frequency spectrum and its Fourier
transform, the two-dimensional autocorrelation function, are in-
dependent of translations of the original pattern just as the auto-
correlation and spectrum of an electrical signal are independent
of time delays of the original waveform. The effect of rotating
input pattern around any point is merely to rotate the corresponding
autocorrelation function about the corresponding point. In order to
abstract the rotation invariance the autocorrelation is expressed in
terms of polar coordiantes. Three method to eliminate the size
invariance have been proposed. One is to average out the radial

variations of the autocorrelation. The second one is to retain
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the information associated with the radial variation of the autocorrelation.
The third one is to form the appropriate autocorrelation function cor-
responding to scale changes of the original (and hence the autocorre-

lation) pattern.

Reference [17] is related to reference [15] and reference
EIGZI except that the computations are simpler. The two-dimensional
binary pattern is Fourier transformed to eliminate the translation
effect of the pattern. By conformal mapping and vertical toroidalization,
the rotations and dilations of the Fourier transformed pattern, in
the polar coordinates, 2}¢ mapped into rectangular coordinates again
where rotations and dilations of the Fourier transformed pattern
become translations in horizontal and vertical directions. Since
the transformed pattern in the rectangular coordinates is a periodic
function, Fourier series is used to transform this pattern to eliminate
the rotation and dilation effects. Owing to the multi-stage trans-
formations and approximations, the information of the features :i.s
dissipated. Therefore, the recognition rate is not very good in

testing experiment for hand-printed characters as indicated in that

paper.

i
H
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CHAPTER 2

A PREPROCESSING METHOD

2.1 The Sequential Centroid Transformation (SCT) Method

Consider a two dimensional pattern space. The procedure
of the Sequential Centroid Transformation (SCT) consists of three
steps. First, the center of gravity of the pattern is found by the
following well-known equations:

X = 1/MI fR xf(x, y)ds

=l

= l/MJ’ J'R yi(x, y)ds

M = ‘”.R f(x, y)ds.
Secondly, the center of gravity of the pattern is considered as the
origin of the polar coordinates. The patterns are then transformed
into rectangular coordinate plots. Lastly, the transformation curves

in the rectangular coordinates are mapped into logarithmic trans-

formation curves. In other words, the ordinate is scaled proportional

to the logarithm of the transformation curves. Mathematically, the
preceding pattern transformation technique can be summarized
as following:
flx,y) — T)f(x,y) —> T,T, (x,7)
where
f(x,y) denotes the original input pattern in the rectangular

coordinates,
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T1 denotes the transformation from rectangular
coordinates into polar coordinates.
T2 denotes the transformation from polar coordinates

into logarithmic rectangular coordinates.

Unfortunately, it is completely impractical and difficult
to obtain the centroid of a complicated pattern in the continuous
case, T};at is to say, for some patterns, the function f(x,y) can
not be found. Therefore, only the discrete case is considered in

this work.

Furthermore, a descriptive process can be reduced to
mathematical terminology by dividing the domain of description; i.e.,
pattern space, into cells whose size is determined by the resolution.
The cells are then filled with occupants. Therefore, a two-dimensional
pattern space of black and white can be represented to any degree
of resolution by a M x N matrix of zeros and ones. The ones cor-
respond to cells which are in the black portions of the pattern, and

the zeros to cells in the white.

2.2 Algorithm of the SCT method.

(1) First, the centroid of the pattern is found. For
simplicity of illustration, the pattern space is divided into an array

M x N of cells, say, M = 20, N = 20. Since it is a two dimensional
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pattern, two characteristics, namely, the X and Y positions are
enough to distinguish the cells from one another. The centroid

of the pattern can be calculated by the following equations:

_ M N
X =1/s x.m o
1w )
_ M N
Y =1/S E E Yk
j=1 k=1
M N
S = E' jk A
J=1 k=1
where mjk = 0, if the cell is not occupied, i.e., white;
mjk -~ 1, if the cell is occupied, i.e., black.

(2) The centroid of the pattern is set as the origin of
the polar coordinates. Starting with a scanning vector, the angles
{_ei’} and the radii {ri(j)} along the contours of the pattern are meas-
ured. The measurements can be made at every A @ radian. Thus,

a set of data can be obtained for each pattern.

(3) The measured values of the angle and the radius
are plotted as a rectangular coordinate graph. Therefore, a quan-

tized transformation curve is obtained.

(4) The quantized transformation curve is mapped into

quantized logafithmm transformation curve by the following equa-

tions:
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in = loge lori(j)a if ri(j) >0;
in = 0, if ri(j) = 0.

Where J denote the multiplicity of the variable ei s
i denote the order of the measurement taken.

Example .1,

The pattern 'A' is shown in Figure 1.

Step 1,

Step 2.

Step 3.

Step 4.

X = (5x1 + 6x1 + 7x2 + 8x2 + 9x3 + 10x3 + 11x3
b 12x2 + 13x3 + 14x5 +15x3 + 16x4)/32
= 11.6

Y

(5x1 + 6x2 + 7x2 + 8%3 + 9x4 + 10x6 + 11x3

b 12x4 + 13x2 + 14x2 + 15x3)/32

10.3

The data set is shown in Table 1.

The quantized transformation curve is shown in
Figure 2.

The preceding transformation curve is amplified
by a factor '10'., The reasons can be seen in
Section 2,3, Section 2.4, and Section 3.3. The
values of in, where j = 1,2, 1 =1,2, .., 8,
are listed in Table 2, The quantized logarithmic

transformation curve is shown in Figure 3.
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Table 1.
|

8; . |oO I/ 4 v/ 2 3n/4 | 5%/4 |3F/2 |TW/ 4
ri(1) 3.8 4,0 2.6 1.6 2.0 1.4 1.0 1.5
ri(2) |0.0 0.0 0.0 0.0 0.0 0.0 0.0 |[7.4
Table 2.

X1 Hi2 %13 | %4 X5 X16 X7 X8
3.6376| 3.6889| 3.2581| 2.7726| 2.9957| 2,6391| 2.3026 | 2.7080
X1 %2 X23 %4 X25 X26 X217 X28
0.0 0.0 0.0 0.0 0.0 0.0 0.0 4, 3041
2.3 Properties of the SCT method

(1) The transformation curve is a periodic function
with a period equal to 2%, This curve is independent of the trans-
lation effect of the- pattern. In other words, when a pattern is

mapped from polar plot into rectangular coordinate plot, 3(,lauto-

matically takes care of the translation effect of the pattern.

(2) 1If one pattern is different from another one simply
due to rotation around the centroid of the pattern or due to trans-
lation and rotation of the pattern, then it is easily checked by

observing the transformation curves. Since the transformation
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curves are periodic functions, with a period equal to 2W, the curves

can be shifted horizontally to see if they are the same as other ones

or not.

(3) The size-variants can be eliminated by finding the
differences of the two logarithmic transformation curves, If the
difference's at all the quantizing points are the same, then it can
be concluded that the two patterns belong to the same pattern class.
This is similar to the concept of plotting the gain-phase diagram
on the Nichols chart[18]. The variable gain loci have identical

forms except for the shift in vertical position,

Mathematically, let f(g) represent the transformation
curve. Then, all the transformation curves with a form of kf (6)

belong to the same pattern class, where k is a constant,

In fact, by taking the logarithm of kf(g), it has been
found that the logarithmic transformation curves log kf(8) have
the same waveshape as logef(e). This can be seen from the

e
follow-equation:

logekf(e) = logek ¥ logef(e).

The difference between the two logarithmic transformation curves

is logek, which is independent of the variable 8 . Therefore, it
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can be concluded that the two patterns belong to the same pattern
class if their logarithmic transformation curves are the same

except for a shift in vertical position.

(4) Some patterns which belong to different pattern
classes only because of their different position or size may have
the same transformation curve. In such case, these patterns can

not be distinguished.

(5) The transformation curve may be a multivalued
function, However, this does not alter the topological relationship
among the transformation curves which belong to the same pattern

class.

(6) If one pattern is an image of another one with respect

to a line in the pattern space, then the former's transformation
curve is also an image with respect to the vertical axis in . the

feature space .: of the latter.

Example 2.

Property (1) and property (2) can be seen from Figure
4, Figure 5, and Figure 6. The two triangles in Figure 4 are
in different positions due to translation and rotation of the pattern.
Their logrithmic transformation curves are shown in Figure 5

and Figure 6 respectively. If the curve in Figure 6 is shifted




[—

-22-

left by ¢, then the curves in Figure 5 and Figure 6 become the
same, which means the two patterns belong to the same pattern

class.

Property (3) is demonstrated in Figure 7 and Figure 8.
In Figure 7, pattern (a) and pattern (b) belong to the same pattern
class, because in Figure 8 the differences at all the quantizing
points of the two logarithmic transformation curves are the same,
which means one logarithmic transformation curve can be shifted

upward or downward to superpose on the other one.

Property (4) is obvious. For instance, pattern '6'
and '9' can not be distinguished since their logarithmic transfor-
mation curves are identical. Property (5) is shown in Figure 9
and Figure 10. It was found that after the necessary shifting,
horizontal and vertical, of one curve (small 'A') with respect to
the otherv one (large 'A'), the two curves will coincide with each
other. It is then concluded that the two patterns in Figure 9 be-
long to.the same pattern class irrespective of their position, size,

and multiplicity of the measured. values.

Property (6) is clearly shown in Figure 11 and Figure 12.
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2.4 Exposition of the Sequential Centroid Transformation.

In order to dig more deeply into the problem, it is
useful to analyze the Sequential Centroid Transformation from a
conformal mapping viewpoint. Let P represent the two-dimensional
pattern space; F represent the two-dimensional feature space.
Then, the Sequential Centroid Transformation described in the
preceding section is simply to find the centroid of the pattern in
the pattern space, and to measure the Xl’ XZ’ RN S totally
m distances between the centroid and the boundary points according
to a fixed finite sequence for fixed angle increments. These dis-
tances are then transformed into logarithmic form, logexl, log,X5,
e logeXm. The centroids of the different patterns are mapped
into the abscissa of the F-space. The pattern itself is mapped
into a curve in the F-space. Mathematically, the preceding pro-
cedure can be expressed as follows: Let z = eje represent the
scanning vector starting from the centroid of the pattern in the
P-space where r and 8 are variables, After transformation
it becomes logez = log,r + j8 where again r and @ are variables

in the F-space. The abscissa is scaled proportional to the j6;

the ordinate is in proportion to the log,r.

In order to investigate the effects of this transformation,

it is necessary to define some terms to be used hereinunder.
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Definition 1. A pattern class is defined as the set
of patterns resulting from the transformations of a reference
patfern into the pattern space itself such that the structure of

the reference pattern is preserved.

Definition 2. An Euclidean transformation (or isometry)
of a space into itself is a transformation T—>»T' which preserves
distances. Using the notation T' = {(T) the defining property of

a Euclidean transformation is
d(A,B) = d(f(A), £(B))
where d(A,B) is the distance between A and B.

Definition 3. A similarity transformation of a space
into itself is a transformation T—>T' which preserves the ratio
of distances., In this case distances are changed but uniformly
magnified. This may be achieved by a congruence (Euclidean

transformation) followed by a magnification.

Definition 4. Squashing of a space into itself is a
transformation T—>T' which maps lines to lines, and mid-point
to mid-point. Yet distances, angles, and ratios of distances
change. Areas change by a constant factor k, and distances

between two points change by a varying factor g depending on
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the orientation of the line joining the two points. For in-
stance, in Figure 13, the factor g varies from a 1 for a seg-
ment parallel to L, to 1/2 for a segment perpendicular to L.

Such transformations preserve the following equation:
f(aA + bB) = af(A) + bf(B).
where a+b = 1, A and B represent two points in the space.

Theorem 1. Under the Sequential Centroid Trans-

formation, the similarity transformations of the pattern in
the P-space become the translations of transformation curves

in F-space.

Proof: A similarity transformation is a congruence

followed by a magnification.

According to the definition of the SCT the centroids
of the patterns in the P-space are all sent into the abscissa
of the F-space. 1In other words, the centroids of the patterns
in the P-space are mapped into the same image in the F-space.
Since the centroid represents the position of the pattern in
the P-space, it is concluded that the position variant of the

patterns is eliminated in the F-space.
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je

represent the scanning vector in the P-space, then after SCT

logez = loge}- + jO .
Let
u = sel#

represent a constant vector, then 'uz' can be intexpreted
as rotating each 'z' through a fixed angle equal to @ and
then multiplying its length by the factor 's'. This is to
say, the pattern is rotated through an angle equal to g{ and

then magnified by a factor 's'. After SCT
logeuz = loges + loger + j(0 +’@' )
and the transformation curve again have the same waveshape

except for the shift in horizontal and vertical positions

since log s and @ are constant. Q.E.D,
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In general, the problem of pattern recognition can be
considered as a recognition of stochastic process with each pro-
cess representing a pattern class. Thus, the transformation curves,
f(8), of a certain pattern class represent a stochastic process where
for any 8, f(8) is a random variable. In other words, £(8) is a
family of @-functions depending on the variations of a reference
pattern in ‘the pattern space, for example, squashing of a pattern
in the pattern space, noise, deviation of centroid, etc. The reason
of misrecognition is largely due to lack of a priori knowledge of
the measurement data. Some existing method treated the position
and size variants from a probabilistic point of view and error is
an inherent property of such a treatment because of the fact that
the probability density function is unknown. The SCT method treats
this problem from a deterministic point of view and completely
eliminates them. In this way, the uncertainty about the £(8) is

largely reduced.
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CHAPTER 3

A RECOGNITION METHOD

3.1 General Machine Description

Based on the preceding analysis, a systematic and
straightforward recognition algorithm has been developed for the
pattern re-cognition machine. Owing to the characteristics of the
Sequential Centroid Transformation Method, the pattern to be
recognized by the machine under consideration are restricted
to line patterns. Furthermore, hand-printed English letters were
chosen as the input patterns for detailed simulation of the pro-

posed pattern recognition machine on a general purpose digital

computer,

Before digging more in detail, it is useful to have a
look at the general machine implementation. The pattern recog-
nition machine considered in this work consists of two submachines.
The front-machine is a data preprocessing device called receptor
which extracts the pattern's features according to the SCT method
described in the preceding chapter. The tail-machine is a data
classifying device called categorizer which tries to classify the
transformed pattern into one of a finite number of classes. The

algorithm used by the categorizer is to be developed in this chapter.
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In order to mechanize the function of the receptor, a com-
puter controlled CRT scanner is proposed for this purpose [:Fig. 147,
A CRT scanner performs two functions on each pattern. The first
function is a horizontal or vertical scanning of the pa.ftern. The reso-
lution ability of the scanner may be a 20 by 20 quantized point plot
of the pattern field. With the horizontal and vertical axis placed along
the bottom and leftmest edge of the pattern field, each quantized point
is assigned a set of rectangular coordinate value. , Each black
point is weighted by a value 1 and white point 0. After scanning, the
computer calculates and locates the centroid of the pattern according
to the equations in Step 1 of Section 2.2. The second function is a
rotational scanning along the contours of the pattern, With a counter-
clockwise rotational scanning vector starting at the centroid of the
pattern and ending at the edges of the pattern field, the values of the
radius and the angle of the scanning vector with respect to a horizontal
reference are measured. The measurements are recorded at the instant
when the scanning vector encounters the contours of the pattern. The
measurements are then rhapped into logarithmic scale by the equations
in Step 4 of Section 2.2. Another possible approach to this problem
is that after horizontal or vertical scanning, the computer memorizes
the whole quantized pattern in its memory and performs the measure-

ment function by a stored program which calculates and locates the
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centroid and measures the distances between the centroid and quantized

contours of the pattern.

.In this work, however, the measurement function of the
receptor is performed manually with the aid of a desk calculator
provided in the computer center at the University of Ottawa. The
logarithm function of the receptor is implemented within the recogni-

tion program described in Section 3. 3.

The recognition algorithm utilized by the categorizer is
developed from the results of the preceding chapter. Essentially, an
unknown input pattern vector, X(xl, Xps «es X)), is compared with
a set of stored reference pattern vectors,Yl(yl, Vo1 +es ym), YZ(Yl’
Y21 ves Yp)s oo Yn(yl, Vo1 e ym). Since the feature vectors, X
and Yr’ where r=1, 2, .., n, are periodics , X is first shifted hori-
zontally with respect to each Y, during the comparisons. In other
words, since X has m components, X)y Xps oo, X » m comparisons
are made with each reference pattern vector, Yr, by shifting X m times.
Then, the image of the input pattern vector X is formed and the same
comparisons are made again., Thus, 2m horizontal error vectors,
Zpr(zl’ Zos e zm), where p=1, 2, .., 2m, are generated with each

reference pattern vector, Yr’ according to the following equation:
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where p denotes the horizontal shift position of the input pattern vector,
X, that is, p, from 1 to m, denotes the horizontal shift position of
the original X and, from m#+l to 2m, denotes the horizontal shift

position of the image of the original X.

The sum of the squares of the errors is then calculated for

each Z pr by the following equation:

=22
Qpr = 21—1 z, .

The minimum Qpr for each r is selected and the correspond-

ing Zpr and Xp are identified. The sum of the errors,

m
Spr = Z i T

i=]
is also calculated for the identified Zpr corresponding to the minimum
Qpr' The identified Xp is then shifted upward or downward depending

on whether S r is negative or positive to make S

o pr equal to zero or

approach zero, With XP in this new position, the corresponding Qpr

is calculated again and is a minimum as shown in the next section.

Thus, after horizontal shift and vertical shift of X with
respect to each Yr’ a minimum Qpr is determined. Totally, there
are n minimum Qpr since there are n reference pattern vectors, '{Yr}‘
From these n minimum Qpr’ denoted by min Qpr’ minimum min Qpr

is found and the corresponding Y, is identified. The input pattern
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vector is then assigned to the corresponding pattern ¢lass of ‘Y‘r.

This decision procedure can be called a Least Squares Recognition

Algorithm.,

3.2 Justification of the Recognition Machine's Performance

The purpose of the decision procedure described in the
preceding section is to select, from 2m: comparisons, the class
of the reference pattern vector, Yr’ which gives the minimum sum
of the squares of the errors, as the most probable pattern class for

the input pattern vector, X,

In order to justify this algorithm, it is necessary to express
the Z-pr in terms of its elements. The 2mn error vectors are

shown in the following:

Zem)l Z2m)2 ** Z2m)n

Moreover,

where i=1 2, .., m; j=1, 2, .., m,

S
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For any reference pattern vector, Yr(yl, Yor «c0 ¥ ), there are

2m exrror vectors:

21y = {zilzl XL T Y%y T XV 2 0= Xm‘Ym)“

N
]

2r = {23]21 = %y - ¥y.zy = %3y, %m < xl‘Ym}

Zmr = {zi'zl = xm - Yl:zz = xl—yz,.., Zm = xm-l—ym}
Z(m+l)r = {Zilzl = xm—Yl'zz = Xm_l—yz, .oy zm=xl_ym}

Z(m+2)r = {zi‘zl = xm_l-Yl,zz = Xm_z—yz,.ovz —x -y }

{2

Z(2m)r = L i'zl = xl—Ylozz = xm—YZI-c' Zm=x2"Ym}
According to the principle of least squares [}é] . which says
that the most probable pattern class of the input pattern
vector X obtainable from a set of comparisons with respect to

the stored reference pattern vectors, Yl’ Y2, ..y Yn' is that

class of the reference pattern vectors, Y

r for which the sum

of the squares of the errors is a minimum. Now, by the
assumption that all the m separate measurements are inde-~

pendent events the following lemmas and theorem can be derived.




-34-

Lemma 1l: Spr = 2z, + zZ, + ..+ z is a constant

with respect to the subscript variable, p, that is,

a constant for each set of 2m error vectors, 2 Z

lx’

Zmr' Z(m+l)r' Z(m-i-2)r' st Z(2m)r .
m
Proof: Spr = Z zg
J_:

Where g = p+i-1, dem

m m
That is, Spr = Z Xq - Z Y;
, g=1 i=1
m m
= L i S L Yi
i= i=1

Therefore, Spr is independent of p .

TN

2x’

pr is

L]
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Lemma 2: In the ideal case, subject to the con-

straint
Spr = k = constant

with respect to the subscript variable, p, the minimum of

2
Qpr' = zl +z2 + .. + 2
occurs when
z1 s %2 T .. = zm

Proof: By the usual Lagnangian multiplier tech-

nique, it is obtained that

_ 2 2 2
Qpr+’\Spr"zl+zz+'°+Zm+ Alzy +zy + .0 4z

Furthermore, the following m+l equations can be obtained:

2z

2z2+h = Q0

2zm + A

]
o

- k)

press
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By adding the first m and using the last equation,

_ 2k
AN

is found.

Using this relation,

Q.E.D,

This lemma justifies that by selecting the hori-

zontal minimum Qpr’ the input pattern vector, X, has to have,

under the ideal situation, the same waveshape as the corres-

ponding reference pattern vector, Y., if X is to be assigned

to the pattern class of Yr' In fact, it is this lemma which

justifies that the pattern recognition machine under cons
tion has the ability to eliminate the rotation and image

effects (Euclidean transformation) of the pattern.

Lemma 3: It is always possible to shift verti
up or down any input pattern vector, X, an amount Spr/m f

each X;'s with respect to any reference pattern vector, Y

such that

.o +22
m

has one and only one vertical minimum point.

idera-

cally

or

r0

SO ——
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Proof: Since

Spr =2z; + Z, + ..+ z.+ rearrange the items,

(zy - spr/m) + (2, - Spr/m) t .o+ (2 - Spr/m) = 0.

This always can be done by shifting the input pattern vector,

X, vertically, . up or down depending on whether Spr is negative

or positive, an amount Spr/m. Let

Q. =z

2
pr 1 - ¥ zm !

and after vertical shift of X

_ 2 2 2 |
new Qpr = (zl - Spr/m) +(z2 - Spr/m) + ., + (zm - Spr/m)

[

2 2 2 2 2
z] + z5 + ..+ z, *+ mspr/m - (ZSpr/m)(z1 +

2 2
Qpr + Spr/m - ZSpr/m

2
Qpr - Spr/m °

The last item is always positive since m is the number of measure-

ments, which is always positive. Therefore,

new Qpr-<: Qpr' if s ¥ 0;

pr

if s = 0

new Qpr = Qpr, pr .

This means that by shifting the input pattern vector, X, vertically

to make Spr = 0, there exists one and only one vertical minimum

point of Qpr . Q.E.D,
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This lemma justifies that the pattern recognition machine

has the ability to eliminate the dilation or shrinking effect of the

input pattern and to reduce the effort for searching the vertical

minimum point to a single step.

Now, let
’ 2
Qpr=zi“+z§+.. fao, p=1, 2

denote the sum of squares of errors in any set of 2m error vectors,

Z., , Z

ir 2r’ °°? Z(Zm)r;

= Qpr

p=k

Il

minim
um Qpr
denote the minimwn sum of squares of errors;

Qy = Qprlpkk .

It is obvious that

Q. > Q. » for any j.

jr =

Lemma 4: If er > ri , then after vertical shift of X

with respect to Y., new er? new .ri .
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Proof: By lemma 3 in this section, the amount of X to

be shifted is Spr/m’ that is,

new er = (z:l - Spl./m)2 + (ZZ - Spr/m)2 oo v (2 - Spr/m)z

and new Qu, = (2} - Se/m)? b (zh - Sy /m) b ..k (afy - S, /m)R]

new_er - new Q. = Qjr - Qp --'ZSpr/m (zl bz, b

boam) b 2Spp/m (2] + z) .. b ozy)

2 2
- Spr/m t Skr/m .
By lemma 1 of this section,

pr 1 zz‘r..+zm

= ! ) 1
Zl“"z *'..*'Zmo

2
5

Therefore, by the assumption er?- ri ,

new er - new ri = er - Q.

0. | Q. E. D,

Y

This lemma justifies that by searching firstly the hori-
zontal minimurmn point of Qpr and then vertical minimum point of

Qpr for each r the latter is the real minimum point.

!




-40-

Theorem 1: Under the Least Squares Recognition
Algorithm, which compares the input pattern vector, X, with

the stored reference pattern vector, Y

r r=1, 2, .., n, by

searching firstly the horizontal minimum point of Qpr and then

the vertical minimum point of op the input pattern vector, X,

rl
is assigned to a pattern class of Y. that gives the minimum
minimum sum of the squares of the errors. This assignment is

optimal in the sense of the least squares principle.

Proof: The theorem is obvious by lemma 2, lemma 3,

and lemma 4. Q.E.D,

Corollary 1l: The optimalities of the recognition
algorithm apply to the multi-valued input pattern vector, X,
i.e. X is a group of vectors in matrix form as can be seen in

the example 1 of Section 2.2 instead of a single vector.

The theorem and corollary justify that the recog-
nition algorithm conforms to the properties of the SCT method.
Therefore, the pattern recognition machine is able to recognize
the patterns which axe under translation, rotation, and dila-~
tion. Furthermore, a reasonable amount of random transforma-
tions of the pattern to be recognized is also permitted. Note
that there is a definite and straightforward method to search
for the horizontal and vertical minimum points. Therefore, the

process needs no cut and try at all.
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However, in the practical application, lemma 3 needs
some modification. Since X is a discrete set of points in the
feature space and some of these points, which contain infor-
mation of'the,empty contours of the pattern, have a value zero,
it is obvious that when X is shifted vertically those points of
X which have a value zero should be unchanged. This require-

ment induces the following situations.

The following equations:

S = zl + 22 + .. + 2

px m ‘/

and zZ

]
=
-

Xy = Yy where j 2, ... m,

]

i 1, 2, .., m,

are defined in Section 3.1 and at the beginning of this section.

(1) X £ 0, yj = 0, or yj ¥ 0, hence zj ¥ 0, or zj = 0,

Let Sprl = zl'+ zZ, + .. + 2z , wWhere nﬁ_<: m, represent

m

this kind of errors. Sprl can be reduced to zero by vertical

shift of X.
(2) x; =0, but Yj % 0, hence zj ¥ 0. Let
§ spr2 = zml+l + zml+2 + ..+ zmz » where m, < m,

represent this kind of errors. Spr2 can not be changed by

§ vertical shift of X.

s s e
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(3) x; = 0, and yj = 0, hence zj = 0, Let

px3 zm2+1 + zm2+2 teo ¥ 2y

= 0'

represent this kind of error. Spr3 i8 always equal to zero
during the vertical shift of the input pattern vector, X. The

preceding situations are illustrated in Figure 15.

To sum up,

) = 8

pr prl +S

+ S

pr2 pr3

Now, since Spr2 can not be changed, its corresponding sum of

squares of the errxors, Q can not be changed either. S

px2’ pr3
is always equal to zero. Therefore, in order to minimize Qpr
by vertical shift, it is sufficient to make Sprl = 0. This

can be achieved by shifting the input pattern vector, X,
vertically, up or down depending on Sp£1 is negative or
positive, an amount Sprl/ml for each point of X which is not
equal to zero. 1In this way, the sum of errors, Spi, has been
reduced to Spr2 which can not be reduced any more. The
following equation demonstrates how the vertical shift of X

can be done.

Spr2 = (zl -.Sprl/ml) + (zz - Sprl/ml) + .. + (zml -
S m + Z .+ 2 + .. + 2z + z
prl/ 1) m, +1 ml+2 my m,+1
+ zm2+2 + ., + Z0
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3.3 Machine's Realization on The Digital Computer

The pattern recognition machine was realized on the
I. B. M. 360 digital computer located at the Computing Center,
University of Ottawa, except that the measurement function of the
receptor was performed manually as described in Section 3.1,
While the techniques developed are applicable to generalized line
patterns, the particular subset chosen for detailed test are hand-
printed characters. The algorithms to be realized on the digital
computer 3Te essentially the same as described in Section 2.2 and
Section 3.1 except a few modifications.

Actual samples of hand-printed characters, A, B, C, D,
E, were used as input data for analysis. The samples used are
not only allowed to be translated, rotated, dilated, and shrunk
within a 20 by 20 squares field of pattern but also permitted a
reasonable amount of random noise and certain other differences
which appear as minor to a human reader, such as small change of pro-
portions, slight bending of lines, etc. Some of the samples used

are shown in Appendix 1.

The input data of each pattern, X or Yr’ is in the form
of two row matrix the same form as Table 1 in Section 2.2 The

components in the first row of X or Y, denote the distance between
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the centroid and the first contour of the pattern encountered by
the scanning vector in each direction. The components in the
second row of X or Y. denote the distance between the centroid
and the second contour of the pattern encountered by the
scanning vector in the corresponding direction. 1In this way,

it is assumed that the pattern vectors, X and Yr' are two-
valued functions. This two-valued function assumption was

found adequate for the samples used in the test. For more

complicated patterns, n-valued function of X and Y can be used.

Since the values between logeo and logel are negative,
in order to simplify the computations negative values of X are
to be avoided. Besides, the confusion between actual zero and
logel is also to be avoided. Therefore, all measurements
taken are larger than the value 0.1 which can be estimated
reasonably, the measurements are then multiplied by 10 and
the logarithms of the measurements are calculated according

to the equations in Step 4 of Section 2.2.

The input pattern vector, X, is then classified by
its multiplicity. In other words, X is only compared with the
reference pattern vector, Y., which has the same multiplicity
as X. If the components in the second row of X are all equal
to zero, then the multiplicity of X is 1; otherwise it is 2.

The components in the
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first row of X can not be all equal to zero. Otherwise, it is a

trivial pattern, that is, an empty pattern.

The comparisons between X and Y, are then carried

out according to the algorithm described in Section 3.1.

The program to implement the preceding algorithms is
written in the.Fortran IV language and is given in Appendix 2, It
consists of a main program called "RECOGNITION PROGRAM ' and
three subprograms: "AMP", "LOGA'", and "CALERR"., The simplified
flow chart of the main program is shown in Figure 16, The flow
charts of the two subprograms: "AMP' and "LOGA" are not given
because of their simplicity. The flow chart of the subprogram,

"CALERR", is given in Figure 17.

The subprogram, '"AMP'", amplifies the pattern vectors,
X and Y, by ten times to avoid the cases that log x; < log,l and
logeyj < logel and to simplify the computations. The subprogram,
"LOGA", computes the logarithm of X and Y. according to the
equations in Step 4 of Section 2,2 The subprogram, "CALERR",
performs the horizontal shifting of X and storing of shifted X and

calculates Zpr and Qpr'

In the main program, the pattern classes, A, B, C, D,

E, are denoted as 1, 2, 3, 4, 5, respectively, The three sub-
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scripts arrays, X, ¥, W, Z, SQZ, and V are used to denote X,
Y., horizontal shift of X, Zpr’ squares of Zpr» and image of X
respectively. The first subscript of the preceding arrays denotes

the col@ns of the data matrix and the second subscript denotes the
rows of the data matrix. The third subscript in the arrays, X and

Y, denotes the pattern classes., The third subscript in the arrays,

W, Z, and SQZ, denotes the horizontal shift position of X, that is,

the subscript variable, p, in Section 3.1 and Section 3.2. The third
subscript in the array, V, is trivial. The one subscript arrays,
SUMSQZ and SMALL, are used to denote Qpr and min Qpr respectively.
The subscript in SUMSQZ denotes the subscript variable, p. The
subscript in SMALL denotes the pattern classes. The scalars,

SMAL, ERRNO, SUMZ, and SMIN, are used to denote the horizontal
minimum Qpr,,ml, Sprl' and minimum min Qpr‘ The actual class

of the input pattern and the class, which is assigned by the pattern
recognition machine, of the same pattern is printed out to show the
effectiveness of the machine. The values of SMIN: and SMALL. are

also printed out for heuristic study.

3,4 Experimental Results

The five different characters, A, B, C, D, E, out of

hundred and five characters, which were collected randomly from
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several people by asking each person to print the letters within a
two-inch 20 by 20 squares, were manually selected and identified

as the reference patterns, The hundred characters were then used
as testing patterns. The results of this run can be seen in Appendix

2 and are tabulated in Table 3.

Table 3. Results of testing 100 samples

Input
A B C D E

A 191 0| 0] O} O

B 0|18] 0] O 1

It will be seen that the recognition rate was 95 per cent.
While exact interpretation of each sample under test is difficult,
an analysis of the results shows that the misrecognition of some
samples such as A misrecognized as D are due to the coarse
measurement of the patterns. This factor can be eliminated by
increasing the number of measurements from 8 to,say,16, or simply

by rotating the horizontal reference scanning vector when taking
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the measurements, One extra advantage of forming image of X
during the comparisons is to remove the error caused by the mis-

location of the centroid in the symmetric pattern such as E,
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CHAPTER 4

CONCLUSION

A preprocessing method and a recognition method for
the pattern recognition machine have been presented. It can be
concluded that the pattern recognition machine under consideration

has the following distinct advantages.

1) It can recognize the pattern not only under deter-
ministic transformation such as similarity transformation but also
under a reasonable amount of random transformation such as change

of proportions, bending of lines, noises, etc.

2) The procedure is straightforward, convergent, and

mathematically rigorous.,

3) . The function of the receptor and the categorizer 4aVe

compaﬁble. Thus, no training is needed.

4) Horizontal and vertical shift of X is equivalent to
horizontal and vertical shift of Y.. The horizontal and vertical
shift of Y, is to produce more than one ''proto-type' or typical
pattern around which all other patterns in the category cluster.

In this sense, the pattern recognition machine under consideration

can be viewed as a PWL machineEB:[.
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o: reference pattern Y.

x: testing pattern X

Fig,

15.
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'ﬁ‘g ;ﬂl Xg 0

Y, Y4 Y5 Yo YV, Vg

Relation between Yr and X, where
Spr1=z1+zzi~z3i-z4+-z5+z8,

Spr2 = 270

pr3
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/READ IN REFERENCE PATTERN
VECTORS, Yr sy =1, 2, .., 5.

MULTIPLY ALL Y BY 10
(CALL "AMP")

2

COMPUTE LOGARITHM OF Y.

(CALL "LOGA")

“READ IN SUCCESSIVE TESTING
PATTERN VECTOR, X, TO BE
RECOGNIZED

MULTIPLY X BY 10
(CALL "AMP")

V.

COMPUTE LOGARITHM OF X

(CALL "LOGA")

ASSIGN
10000 TO
THE COR-
RESPOND-
ING

min Qpr

]

X HAS THE SAME MULTIPLICITY
AS Yr’ r=1, 2, .., 5.
T

SHIFT X HORIZONTALLY & STORE
SHIFTED X, COMPARE SHIFTED X
WITH Y,, THAT IS, COMPUTE Zprs

2

Zpr’ AND Qpr- (CALL "CALERR")

FORM IMAGE OF X

Continued




Fig,

16.
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SHIFT X HORIZONTALLY & STORE
SHIFTED X, COMPARE SHIFTED X
WITH Y,, THAT IS, COMPUTE Zprs

2
Zpr’ AND Qpr’ (CALL "CALERR")

FIND HORIZONTAL MINIMUM Q &
CORRESPONDING Xp AND Y,

CALCULATE NUMBER OF x, = 0

COMPONENTS IN X, THAT Is, m,

COMPUTE sprllm1

SHIFT X_ VERTICALLY UPWARD OR
DOWNWARD. COMPUTE VERTICAL
MINIMUM Q. THIS IS min Qp,.

STORE min Qpr

T

. 2
SELECT MINIMUM min Qpr .

IDENTIFY CORRESPONDING Yr

ASSIGN PATTERN CLASS OF Y, TO
X & PRINT OUT THE ASSIGNMENT

Simplified flow chart of the main program.
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CALERR

START

SHIFT X HORIZONTALLY

STORE SHIFTED X

s e n

TR

COMPUTE Z,

COMPUTE SQUARES OF zpr

COMPUTE Qpr

RETURN

Fig. 17. Flow chart of the subprogram, '"CALERR'",

et e At o 0 R A
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