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Abstract

This thesis has to do with decomposing tensor powers of irreducible represeniations of compact
semisimple Lie groups or their Lie algebras. We will be concerned only with the set of irreducible
representations appearing in the decomposition. In particular, we determine whether, for a suffi-
ciently high tensor power, this set is “maximal”, in a sense to be made more precise below. We
rely on the theory of semisimple Lie algebras, and describe the results in terms of characters.

A (reducible) character of a finite dimensional complex semisimple Lie algebra is saturated
if for each of its dominant weights, the corresponding irreducible character is a summand in its
orthogonal decomposition. A character is eventually saturated if some power is saturated. In the
first part of the thesis, we describe all eventually saturated irreducible characters. In particular, it is
shown that any irreducible character whose highest weight is in the interior of the Weyl chamber is
eventually saturated; if the Lie algebra is simply laced, then all irreducible characters are eventually
saturated; if not, then there are irreducible characters (with highest weights on the boundary of the
Weyl chamber) that are not eventually saturated. We use the PRV conjecture to derive necessary
and sufficient conditions for eventual saturation. These conditions are expressed in terms of cones
gencrated by the weights of the character. The convex hull of the weight diagram, and the weights
adjacent to the highest weight along the edges of the convex hull, are described in detail.

We show in the second part of the thesis that if the Lie algebra is Ag, and d < 5, then for any
integer n > d + 1 and any irreducible character Xa, the product X2 is saturated. We also establish
this result for certain irreducible characters of Ag, d > 5. These results are proved by induction on
the rank of the Lie algebra and on the highest weight of the character. The geometry of the convex
hull of the set of weights comes in to play here as well, and the dominant faces of this set are
described. A reduction result, relating the “restriction to a dominant face” of the decomposition of a
product of characters to that of a corresponding product in an algebra of lower rank, is established.
The Littlewood-Richardson rule is used to compare products in which the component irreducible
characters have highest weights which differ by a small amount.

Similar induction arguments are used to describe all the irreducible characters appearing in
the decomposition of a product of irreducible characters of Az. Some of the irreducible characters
appearing in a product of characters of higher rank algebras can also be determined using this type
of induction.

The questions considered here arise in the study of product type actions of compact groups.
The results on eventual saturation of irreducible characters are useful in computing the equivariant
ordered K-theory of certain fixed point C*-algebras under the corresponding group actions.



Introduction

According to Weyl’s “unitarian trick”, any finite dimensional representation of a compact
semisimple Lie group is completely reducible. That is, the representation decomposes as a direct
sum of irreducible representations. In practice however, decomposing a representation is a bit of
work (a headache, a big problem, a complicated procedure, a mystery, difficult, painful, all of the
above). Even the basic problem of decomposing the tensor product of two irreducible representa-
tions into irreducible components is non-trivial. There are formulas to effect the decomposition:
Steinberg’s formula involves a double sum over the Weyl group, and as a result is not practical
in many cases; the Littlewood-Richardson rule provides a combinatorial method for decomposing
products when the Lie algebra is of type Ay (and, for the brave, there are combinatorial methods
for the other types of Lie algebras); the Brauer-Weyl formula (sometimes referred to as Klimyk’s
formula) has a nice geometric flavour, but involves a knowledge of the weight multiplicities of one
of the representations.

A (seemingly) less imposing problem is to determine which irreducible representations ap-
pear in the orthogonal decomposition of a given representation, without concern for the number
of occurrences—we call this the multiplicity—of each component representation. Since every irre-
ducible representation is determined by its highest weight, we may view the set of all irreducible
components of a representation as a finite subset of a Euclidean space. For a given representa-
tion, there is a “largest” set of possible highest weights for which the corresponding irreducible
representation could appear, namely the set of all dominant weights of the representation. We will
be concerned with representations in which all the corresponding irreducible representations do
appear. In particular, we will determine whether a sufficiently high tensor power of any irreducible
representation has this property.

We will rely on the representation theory of semisimple complex Lie aigebras ([Hul] is one
reference for this material). It is convenient, if unorthodox, to discuss the work in terms of
characters of the Lie algebra of the group. Recall that a representation is completely determined
by its character, and the character of a tensor product of two representations is the product of the
characters of the component representations.

Let G be a finite dimensional semisimple complex Lie algebra. A character X of G is saturated
if, for any dominant weight of X, the corresponding irreducible character appears as a summand in
the orthogonal decomposition of X. If X, is the irreducible character of G with highest weight A,
then Xy is saturated if and only if A is its only dominant weight. When this holds, the weight A
is called minimal or miniscule; any fundamental weight of Ay is minimal for example. A list of
minimal weights is given in [Hul; Ex. 13.13].

We say that X is eventually saturated if some power of X is saturated. We describe all
eventually saturated irreducible characters in the first part of the thesis. It turns out that most
irreducible characters are eventually saturated, but if G is not simply laced then there are examples
of irreducible characters which are not eventually saturated.

It is natural to ask what power of an irreducible character is needed to guarantee saturation,
and we address this question for irreducible characters of Ag in the second part of the thesis. In
particular, we ask whether there exists an integer N such that for all integers n 2 N, X™ is saturated.
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This holds for all irreducible characters of A; with N = 2, and all characters of A; with N = 3.
David Bernier, an undergraduate student of David Handelman’s, showed in the mid-eighties that it
also holds for all irreducible characters of Ay with N = 4. We will show that if n 2> d+ 1 then %3
is saturated for all irreducible characters of Ag when d < 5, and for certain irreducible characters
of Ag when d > 5. It seems reasonable to expect that this holds for all irreducible characters of
Ay, however the method used here is impractical for large d.

The question of eventual saturation arises in the study of certain group actions on C*-algebras
([HR],[Ha6],[Hal],[Ha3]). Suppose that G is a connected, locally compact Lie group of rank d,
and 1 : G = GL,(C) an n-dimensional representation of G. Let A be the infinite tensor product
algebra, A := @M, (C); then G acts on A via the representation o, where a(g) := ®Ad n(g). In
order to classify this type of action, Handelman is interested in computing the equivariant ordered
Kg-theory of the fixed point algebra AS, and the crosser product algebra A X G. Determining
the ordering on Ko(A®) and Ko(A X G) amounts to answering the following “eventual positivity”
question:

If x is the character of G corresponding to the representation , and y is a difference of
characters of G, does there exist an integer m such that the product ™y is a character?

In case G is a d-torus, the question reduces to one of determining whether all the coefficients
in the product of Laurent polynomials are nonnegative. A complete solution to this problem was
obtained in [Ha5]. If G is not a torus, suppose that T is a maximal torus of G, and let P and f
be the restrictions of y and  respectively to T. In [Ha3; Theorem 1.1], it is shown that, if G is
semisimple, then for most characters x, the product ™y is a character for some m if and only
if, for some n the product P™ f has no negative coefficients. An essential ingredient in the proof
of this result is the fact that, if A is a dominant weight in the interior of the fundamental Weyl
chamber, then X is eventually saturated.

Chapters 1, 2, and 3 comprise Part I of the thesis. In Chapter 1, we rely on the PRV conjecture
([Ku)) to derive necessary and sufficient conditions for eventual saturation. These conditions are
expressed in terms of certain cones of weights associated with X. Let TI(A) be the set of weights
of %y, and let B, be the cone generated additively by the set of differences A — IT(A). Define &,
the subset of elements A — B in A — IT(A) such that B lies next to A along an edge of the convex
hull of TI(A), and let C), be the cone generated by the set £. Then X, is eventually saturated if
and only if P, = Cj, and this holds if and only if Cy, includes all the elements of its convex hull
belonging to the root lattice (Theorem 1.9). In case A belongs to the interior of the fundamental
Weyl chamber, it is easy to see that the two cones are equal, hence the corresponding irreducible
characters are eventually saturated (Corollary 1.10).

In the proof of [Ha2; Proposition D2], there is a description of the edges, emanating from the
vertex A, of the convex hull of the set of weights of an irreducible character of Az. A generalization
of this description is given in Proposition 1.2, and from this it follows that the convex hulls of the
two cones O, and P, are equal. In Chapter 3, the sets &, are described in detail for the simple
algebras. We use this description to check whether the cones C), and P, are equal, and consequently
whether X, is eventually saturated. If G is simply laced, then all irreducible characters are eventually
saturated; if G is not simply laced, then eventual saturation fails if £, consists entirely of long roots,
or if all the elements of & lying on a face of dimension 2 or greater are long roots. All other
irreducible characters are eventually saturated (Theorem 3.1).

Suppose that X = Xa + 3, X, where the sum runs over a subset of the set of dominant

3



weights of X,. Then X is eventually saturated if and only if X, is, and so by Corollary 1.10, X is
eventually saturated if A belongs to the interior of the Weyl chamber, In general, it is not true that a
sum of eventually saturated characters is eventually saturated—even for A ({(Ha3; Example 2.8]).
However, using Theorem 1.9, it is proved in [op. cit.] that a (reducible) character is eventually
saturated if no extreme point of the convex hull of its weight diagram lies on a boundary of the
Weyl chamber.

By using the PRV conjecture, we reduce the problem of eventual saturation to one about sums
of finite subsets of a lattice £. Let D be a finite subset of £, and let ND be the set of all sums of
N elements of D. In Chapter 1, we ask whether all lattice points in the convex hull of N.D can be
expressed as sums of N elements of D. We show that this holds for all sufficiently large integers
N provided the set D satisfies certain local conditions at each of its vertices (Lemma 1.1}.

This type of problem is also considered in [Ha2], in particular for sets of the form K N L
where K is a convex polytope with vertices in the lattice £. Let @ be a Laurent polynomial in d
variables with nonnegative coefficients whose set of exponents equals K N L. In [Ha2], the author
defines rings Rg and Ry. The former is Ko(AT), where A is the infinite tensor product of matrix
algebras, and the action of the d-torus T on A is that induced by the representation of T whose
character is Q. The ring Rk is obtained by inverting certain ¢lements of Rq, and is an invariant
for the polytope K. It is shown that the rings Rg and Ry are integrally closed in their respective
fields of fractions if and only if the set & N L satisfies local conditions similar to those of Lemma
1.1. The ring Rg may be defined for any Laurent polynomial @ with nonnegative coefficients—that
is, the set of exponents of @ need not have the form K N L. In Chapter 2, we extend Handelman’s
result to show that R is integrally closed in its field of fractions if and only if its set of exponents
satisfies the conditions of Lemma 1.1 (Theorem 2.2).

If K is the convex hull of the set of weights TT(A) of an irreducible character X, and Q the
restriction of this character to the maximal torus, then it is shown in [Ha2] that Ry is factorial
if and only if K is simple as a polytope, and the elements of &, generate the root lattice. Such
polytopes are called integrally simple; these are described for the algebra Ag in [Ha2; Proposition
D2]. We describe all simple and integrally simple weight polytopes in Proposition 3.3.

Chapters 4 to 6 make up Part II of the thesis, and here we focus on quantitative properties of
powers and other products of irreducible characters. Our aim is to determine the minimal exponent
required for saturation of a power Xj*. At the same time, we gain information about the geometry of
the set of weights of an irreducible character, and the “geometry” of products of characters (that is,
the geometry of the set of highest weights of the irreducible characters appearing in such products).
This information can be applied in the analysis of the ring R,.

In Chapters 4 and 5 we develop an induction argument which depends on the structure of the
set of weights TI(A). The first step in this argument is to relate the faces of the convex hull of I(A)
to certain lower rank algebras. A reduction result, (Proposition 4.6), then allows us to describe the
“faces” of the set of highest weights of irreducible characters appearing in a product by induction on
the rank of G. The next step is to describe the remaining irreducible characters by induction on the
weight mA (or, more generally, on the sum of the highest weights of the factors of the product). In
order to do this, we compare a given product of irreducible characters with a “perturbed” product,
whose component highest weights are close to those of the original product. Our main tool for
computing products is the Littlewood-Richardson rule, thus we restrict our attention to irreducible
characters of Ay for this investigation. In Chapter 6, we apply the induction argument to prove
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saturation of certain powers of characters of Az, A similar argument might also be applied to
describe the set of highest weights of the imreducible characters appearing in other products of
characters of Az, We investigate this possibility in Appendix A.

The results in Chapter 4 apply to any finite dimensional representation of a semisimple finite
dimensiona! Lie algebra. We describe those faces of the convex hull of I1(A), (cvx IT{A)), which
include dominant weights, and refer to these as the dominant faces of cvx I(x). To each of
the dominant faces, we can associate a semisimple subalgebra of G. If A and p are dominant
weights, then the set of highest weights of irreducible characters appearing in the product is a
subset of TI(A + 11). On the dominant faces of TI(A 4 p), the product XX, reduces to a product of
ireducible characters of the corresponding semisimple subalgebra (Proposition 4.6). This result,
expressed algebraically, appears in a paper by Berenstein and Zelevinsky [BZ; Proposition 1.3],
where the authors use it to justify certain conjectures about products of characters in Ba, Cg and Dy.
They do not give a geometric interpretation of the result. In our proof, we rely on the geometry
of the convex huil of TI(A), and the fact that on the dominant faces, the weight multiplicities
equal those of a comesponding irreducible character of the associated subalgebra (Lemma 4.1).
The information about the dominant faces given here should also be useful in the analysis of
the positivity problem for irreducible characters whose highest weight lies on a boundary of the
fundamental Weyl chamber. In that case, the reduction to the maximal torus result fails, but one
may make use of the correspondence between the dominant faces of cvx T1{A) and families of pure
unfaithful traces on the ring R,.

If % and y are two characters, write 3 >  if the difference x — v is a sum of irreducible
characters. If % and y are products of irreducible characters, and the set of weights of vy is included
in that of ¥, when does it follow that x > y? We address this question in Chapter 5; the principal
result is Proposition 5.1: if g1, Hlz,... ,Hn are dominant weights of Ay and A;,,Aip,... , A, are
fundamental dominant weights (not necessarily distinct) whose sum belongs to the root lattice, then

x"'lxpa Tt xpﬂ S xll1+7~i1 x}12+11'2 e xl’-n'l'l:'" -

Proposition 5.1 implies, for example, that A < xﬁj;,}l, for any fundamental weight A;, and
Xy < atay Xptrg. When the rank of G is greater than three, Proposition 5.1 alone is not sufficient
to describe the irreducible characters whose highest weights do not lie on a face of the set of weights
of a product. We also need to compare products in which one of the component highest weights is
perturbed by a small but not dominant weight. The arguments required for these comparisons are
more intricate, and the results obtained—Lemmas 5.5 to 5.12—are weaker than those of Proposition
5.1

Finally, we show in Chapter 6 that if d < 5, then for all irreducible characters of Ag, X7 is
saturated whenever m 2 d+-1 (Theorem 6.8). We also establish this result for irreducible characters
of Ag (d > 5) with highest weights of the form A = [jA1 + IoAs or A = [} + lghg, (Propositions
6.4, 6.5, and 6.7 respectively).



Chapter 1

Necessary and sufficient conditions for eventual saturation

Let G be a semisimple finite dimensional complex Lie algebra, and let Xy be the irreducible
character of G with highest weight A. We will establish in this chapter necessary and sulficient
conditions for the eventual saturation of X;.

Denote the set of weights of X, by TT(A). The PRV conjecture (proved, for example, in [Ku))
asserts that any irreducible character whose highest weight is the sum of a vertex of the convex
hull of TI(A) and one of IT{n) appears in the orthogonal decomposition of the character XaX,. We
can argue by induction that if py,..., M., are dominant weights, any irreducible character whose
highest weight is the sum of m vertices, one from each of the convex hulls of (), T(pe), - -y
and TI{)L,), appears in the decomposition of the product X, Xy, * + - Xu,,. The details: suppose that
the statement holds for m — 1, and let 1;, 4 = 0,1,...,m be elements of the Weyl group such
that M = T3A -+ - - + TmA is a dominant weight. Let © = to(t1A + « * * + Tsn—1A) be the dominant
weight conjugate to TjA + -+ - + Tm—1A. By our induction hypothesis, the irreducible character X,
appears in %™ L. Therefore the irreducible character ¥/, whose highest weight is conjugate to
o + To{TmA) appears in XoXa and so in X,™.

If all the dominant weights of X could be expressed as such a sum of vertices, then %Y would
be saturated; this is the idea behind the argument we use to give sufficient conditions for eventual
saturation.

We begin by considering a finite subset D of a lattice £. In Lemma 1.1, we establish necessary
and sufficient conditions so that, for all sufficiently large integers N, any lattice point in the convex
hull of the set of all sums of N elements of D may be written as a sum of N elements of D. These
conditions are expressed in terms of certain cones associated with the vertices of the convex hull
of D,

In Section 2, we define two cones: the first, P, is generated by the set A — TI(}); the second,
C,. is generated by a subset thereof. The generators of Cy have the form A —f, where § is a weight
of X, and lies next to A on an edge of cvx IT(A) (Proposition 1.2), thus the convex hulls of the
two cones are equal (Corollary 1.3). We give a description of these sets (and of the convex hull of
T(2)) in terms of linear functionals exposing their faces in Proposition 1.4.

If there is a generator of P, which does not belong to Cy, then X, is not eventually saturated
(Proposition 1.7). In Theorem 1.9 we show that %, is eventually saturated if and only if the cones
O, and P, are equal, and the latter holds if and only if C,, satisfies the condition of Lemma 1.1, and
the group generated by Cy equals the root lattice. It follows readily that X, is eventually saturated if
A belongs to the interior of the fundamental Weyl chamber (Corollary 1.10}. We will usc Theorem
1.9 in Chapter 3 to give a complete description of all eventually saturated irreducible characters.

For the reader unfamiliar with the elementary theory of convex sets, the reference [L] may be
useful.

1. Normal lattice cones and relatively convex sets
If A and B are subsets of R¢, write A + B for the set of sums {a+b|a € A, be B}, and
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A — B for the set of differences {a — b | a € A, b€ B}; for a positive integer NV, let VA be the
set of all sums of N elements of A. Denote the convex hull of A by cvx A, and let £(A) be the
abelian group generated by the set of differences of clements of A. We say that A is a (proper)
cone if it is an additive semi-group and AN —A = {0}, and A is called a lattice cone ifACCL
for some lattice £. Given a subset A of a lattice, when can we express any lattice point in cvx A
as a sum of elements of A? In this section, we show that for subsets of the form N.D where D is
finite, it is enough to check that this property holds for certain cones generated by the elements of
D.

Let D be a finite subset of a lattice £ C Q2. We will call D L-convex (or relatively convex
with respect to £) if D =cvx DNL. If D' is a finite set and D’ C (£+ w) for some w € 7, then
D' is said to be £-convex if D' — w = cvx (D' — w) N £, Even if the set D is L-convex, it is not
necessarily true that any of the sets N D is relatively convex. (See [Ha2; I11.3] and [Had4; Chapter
3] for examples). Let £(D) be the lattice generated by the set of differences of elements in D. In
Lemma 1.1, we show that the sets ND are £(D)- convex for all sufficiently large integers N if
and only if certain cones associated with the vertices of cvx D are L{D) convex.

For each vertex v of cvx D, let C,, be the cone generated by the set of differences
{v~w|we D}, thatis

Cy 1= U k(v — D) (1.1.1).
kEN

We refer to C, as the local cone of D at v. The local cones C,, are unchanged if we replace D by
kD or by D + w; that is, the local cone of D at v is equal to that of kD at kv for any &, and also
to that of D + w at v+ w for any w € £. The lattice £(D) equals £(C,).

A lattice cone C is normal if whenever ma belongs to C for some positive integer m and
point z in £(C), then z belongs to C. Observe that if C is a lattice cone and C C Q% then C is
normal if and only if C = cvx C N L(C). (A proof: Suppose that C is normal and x belongs to
cvx CNL(C). Then z = :1=+11 r;c; where the r; are nonnegative real numbers and ¢; belong to
C. Since = belongs to £(C) C QY, we can find nonnegative rational coefficients ;, so there is an
integer M such that Mz belongs to C. Then x belongs to C, by normality; since C is contained in
cvx CNL(C), the two sets are equal. For the reverse implication, suppose that C' = cvx CcnL(C),
and for some z in £(C) and some integer m, mx belongs to C. Then z = L (mz) belongs to
cvx CNL(C)=C.)

It is not difficult to see that if D is a finite subset of Q¢ and N D is saturated for all sufficiently
large integers N, then each of the local cones C,, is normal, We show in Lemma 1.1 that the converse
is also true.

We originally proved Lemma 1.1 using techniques established in [Ha2; Chapter IIIJ; this result
is included in Chapter 2 (Theorem 2.2).

When an earlier version of Part I of this thesis was accepted for publication in Crelles Jour-
nal ([O'B]), the referee suggested the proof of Lemma 1.1 presented below. It relies on the
Shapley-Folkman Theorem ([S; Appendix 2]); we include a statement of the latter for the reader’s
convenience.

Theorem (Shapley-Folkman). Let D;, i = 1,2,...,n) be non-empty subsets of R
and z € cvx (321, D:}. Then there exist points z; € cvx D; such that z = > zi and
at most d of the z; do not belong to D;.



Lemma 1.1. Let D be a finite subset of Z%. The set ND is £L(D)-convex for all suf-
ficlently large integers N if and only if, for each vertex v of the convex hull of D, the
local cone C, is normal.

Proof: Let £ = L(D) = L(C,). We may assume that 0 € D so that ND C £ for all integers N
and let 8.D be the set of vertices of cvx D. Suppose that = belongs to cvx n.D for some integer
n. By the Shapley-Folkman Theorem, we may write = 3, o5 p ¥ + & where the coefficients
a, are nonnegative integers summing to n — d and &’ € devx D. If z € £, then o’ belongs to the
finite set dcvx D N £. Normality of the local cones C,, implies that for each v € 8, D, there exist
nonnegative integers by (2, v) indexed by y € D, such that (2’ - dv) = 3 . p by(z', v)(y — v).
We therefore obtain, for each v € 8.D an expression:

v €8, D yeD veD
v' v

z= Z ay v + Z by(z', v)y + (a,u +d- Z by(m’,v)) v.

Then z € nD provided that (a.U +d—3 . ep by(m’,'u)) > 0 for some extreme point v. Since

the set devx D N L is finite, there is an integer B such that, for all 2’ in this set and v € 8,D,
> yepby(@,v) £ B. Thus if we choose n sufficiently large, then a, +d ~ B > a, +d -
> yep by(a',v) > 0 holds for at least one of the elements v € 8,D. (In particular, if {0,D| = k,
and N > k(B —d), then we must have a, > B—d for at least one v € 8D, so = € nD if n 2 N).

To establish the converse, observe that if ¥ € cvx C, N £(C,) for some v € 8.1, then for all
sufficiently large integers M, Mv —y € cvx MD N £L(Cy) = MD N £L(D). Choose M so that
MD is £(D)-convex. Then Mv—y e MD,soy € M(v— D) C Co.%

Example: The set of weights IT(A) of the irreducible character X, is relatively convex with respect
to the root lattice A,, since it is saturated ([Hul; Proposition 21.3]). We claim that the set of
weights of x’,f is A--convex for any positive integer k. To see this, it is enough to show that for
any positive integer k, the set of weights of X¥ equals that of Xz.. The former consists of sums
of k weights of X;. By [Hul; Proposition 21.3], w is a weight of X, if and only if the difference
A — ow is a sum of simple roots for all ¢ in the Weyl group. If wy,...,wy are weights of X, then
the difference kA — o(wy + wo + - - - + wg) is a sum of simple roots for each o in the Weyl group,
so (wy 4 --- + wy) is a weight of Xx,.. On the other hand, Xpa, is a summand in the orthogonal
decomposition of X¥, so all the weights of Xz belong to kTI(A). Thus for all integers k we have

kII(A) = TI(kA) = kevx TI(A) N A (1.1.2)

2. Two lattice cones associated with an irreducible character

Here {0, 02, ...,0q} will be a set of simple roots of G. Recall that the simple roots span a
d-dimensional real Euclidean space (R%) with bilinear form ( ,) inherited from the Killing form.
For z and y in RY, set {z,7) = 2(z,y) / (,¥). The fundamental weights {A1,3z,. ..y Ay} satisfy
the conditions (A;, 0t;) = 8;; for all 4 and j in the set I = {1,2,...,d}.

Denote by A, and A the lattices generated (as abelian groups) by the simple roots and the
fundamental weights, respectively. The set of dominant weights, that is, those A in A for which
{A,05) > 0 for all ¢ in I, is denoted A™.



For a dominant weight A in AT, let P, be the cone generated additively by the set
{»—w | weT())}, thatis
B.:= | k(- 0I(0).
keN
We associate a second cone with A as follows: set I, := {i € I'} (A,05) >0}, and let Wy, be the
subgroup of the Weyl group W generated by the simple reflections o;,j ¢ In. Wy is the isotropy
group of A, by [Hu2; Theorem 1.12). Let C, be the cone generated by the set

& :={ow; |ce Wy, i€ L},

that is
Cri= | k&
keN

Observe that the elements of &, are positive roots ((Hul; lemma 10.2B]). Moreover, each of
the weights A — o, ¢ € I, belongs to TI(A) ([Hul; Section 13)), as do all conjugates under W of
these weights. In particular A — & is contained in II(A), so Ci is a subcone of P.. We shall see in
Proposition 1.2 that the elements of A — & are the weights in TI(}) lying adjacent to A along the
edges of cvx T1(A), and consequently the convex hulls of Gy, and P, are equal.

The result in Proposition 1.2 is a generalization of the description, given in the proof [Ha2;
Proposition D2], of the edges of weight diagrams for characters of SU(d+ 1).

Proposition 1.2. (i) If v is a vertex of cvx I1(A), then there exist nonnegative integers

xs such that
v=A— Z Kpp.
pe&

(i) The weight w in T1(A) lies adjacent to A along an edge of cvx (1) if and only if A — w
belongs to &.

Proof: (i) The vertices of cvx T1(A) are the images T of A under the action of the Weyl group. We
argue by induction on the length of 1, {(z). If I(t) = 1, then T is a simple reflection, say ¢;. Now
o;A = A — (A, o) and (A, 0;) is a nonnegative integer; if it is not zero, then o; belongs to &,
so (i) will hold in this case.

Now suppose that T = ¢;t for some v in W with 0 < I(1') < (7). By hypothesis, we may
write T'A = A~ 3 xgP where the coefficients are nonnegative integers. If j does not belong to I,
then o; lies in Wh, o, belongs to &, for all B in &, and ™h = 0;TA =X — D peg, xp(0;B). Thus
(i) holds. There remains the case that j does belong to .

If j belongs to I, then o lies in &, and

T = (A -3 lqgﬂ) — {t'A, &),
BEL)

Now {12, &;) is an integer, and as I(o;1') > I(t), it follows from [Hu2; Theorem 5.4] that (v'A, ;)

is nonnegative. Hence tA has the desired form, completing the induction.

(i) By [Hul; Proposition 21.3), each weight w in F1(A) can be expressed as w = A — Zf=1 ;o

where k; are uniquely determined nonnegative integers. Consequently, for each i in I, A and
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oA = A— (A, o) are distinct vertices of cvx TT{A) connected by an edge, and A — o; is the weight
lying next to A along this edge. As W) consists of invertible linear transformations that fix A, it
acts on the set of edges emanating from A. Hence if ¢ belongs to I then o in Wy, will map the
edge between vertices A and o;A to an edge between A and oo;A. The weight lying adjacent to A
along this edge is (A — 0;) = A — ooy. It follows from (i) that these are all the edges at A. #

Corollary 1.3.

cvxP;L=cvxC;_={ZTBB|rpER+}

pes
3

For i € I, let ¢; := 2/(c, ;) and define the linear functionals f; := ¢;A;, so that for T in the
Weyl group we have

tfi(x) = ¢ (hi, T 1)

Ifz= Zf=1 r;04, then f;(z) = r;; if P belongs to &, (the latter identified with a subset of 74
then f;(B) is the #*® coordinate of B, and f;(op) is the it* coordinate of 6™'B. If t € Wh,, then

tfi = fi.
Proposition 1.4.

) evx (M) = ) {z | efilz) < £ (W)}
'ctee‘lf}/
(ii) cvx G, = () {z|ofiz) 20} =cvx R

oW,
ief

Proof: (i) Let K denote the right side of (i). By [Hul; Proposition 21.3], (7} is the set of
weights w in A such that for each t in W, there exist nonnegative integers k1,ka,...,kq such that

d
A—Tw= Zk,-oci.
i=1

Thus a weight w lies in TI(A) if and only if f;(A — Tw) is a nonnegative integer for all v in W and
i in I. Hence TI{A) = K N (Ar + 1) and cvx I1(A} € K. To obtain the reverse inclusion, define

Cx =[V{zeR’| fi(z) < LW} -

i€l

We will show first that the intersection of Cg with the closure of the fundamental Weyl chamber, C,
is contained in cvx TI(A). The cone Cx consists of all points in R4 admitting the form X—Zle T30
with nonnegative real r;, and is thus a convex set with the single extreme point, at A, and extreme
rays in the direction of —a; for each of the simple roots ;. We claim that the ray {A—r;o4,7; € RT}
meets the closed fundamental Weyl chamber at a point other than A if and only if ¢ belongs to 1.
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To verify this claim, observe that if j ¢ I, then A ¢ C, and for any positive real number r,
(» — roy,a;) = —7 (05, 05) < 0, so the ray along —a; does not meet C\{A}. On the other hand,
if i € I, then (A, a;) > 0, so for sufficiently small r > 0, (A - roy, o) = (A, o) — 7 (o, 05) > 0.
If k # i, then (A —rog, o) = (A, ok) — 7 (06, k) = (A, o) > 0, so the ray along —a; has a
non-empty intersection with C\{A}. Now recall from Proposition 1.2(ii) that the edges of cvx TI(A)
at the vertex A have the form o {A —rjo | 0 <7 < (A, 05)} where i € I, and 0 € Wy We
have seen that for any i € I, the edge along —o;—we will call it R,— meets C\{A}. Moreover,
any element on this edge which does not belong to C is mapped by o; to an element on the edge
belonging to C. This implies that the distinct images of R; under W5, do not meet C\{\A}, as
we now demonstrate. Suppose that for some T € W), the weight (A — roy) belongs 10 C. Since
A — ro; belongs to Ry, either A —ro; € C or 6;(A — ro;) € C. Thus, by [Hul; Lemma 10.3
B], either A — 1o = T(h — 7o) = A — 1o or o;(A — roy) = T(A — roy). But either of these
implies that TR; = R;. Consequently the distinct images under Wy, of R; do not meet C\{A}. Thus
cvx NM(A) NC = Cx NC.

Since K = Ngew(cCx) we have KNC C Ck NC C cvx I(A). If w belongs to K, then
there exists t in W such that Tw is dominant; since K and cvx IT(A) are both stable under W, tw
belongs to X NC and so to cvx IT(A), and thus w belongs to cvx I1(A).

(i) The two convex cones cvx P, and cvx Cj are equal, and are spanned over Rt by &, as
we observed in Corollary 1.3. Therefore, cvx B, i< the intersection of those images of the cone
% — Ck which have vertex 0; hence

cvx B, = ﬂ oA—Ckg) = ﬂ (A — cC)

cEW, a€Ws,
= ) {z|ofi(z) 2 0}.

sEW,

el

We noted above that &, consists of positive roots. If all oy,i € I have the same length, the
all roots in &, do as well. The next lemma shows that &, generates the entire root lattice, provided
&, does not consist entirely of long roots in the non-simply laced case.

Lemma 1.5. Suppose that G is simple and A is a nonzero dominant weight.

(1) If G is simply laced, then L{C)) = A...

(1) If G is not simply laced and (A, &) # 0 for some stmple short root o, then L(C)) =

Ar.

(ii) In all cases, £(Cy) has rank d.
Proof: For (i) and (ii), it suffices to show every simple root, o; (j € I), belongs to £{C)). Evidently
o; belongs if j lies in I,. Let T be the Dynkin diagram of G. When computing elements in &, it
is helpful to keep the following in mind. If the nodes on T labelled by k and k' are not connected,
then ox(ow) = ox. If they are connected by a single edge, then ok(ow) = o + k. If the
nodes are connected by m edges, then ox(oy) = o + o if oy is short and oy is long, and
or{ow) = oy + moy, if oy is long and oy is short.
(i) If 7 is not a member of I, there is a subset {jo = j, j1,J2,..-,Jk} of I whose corresponding
subgraph of T is connected and exactly one index, jk, belongs to L. By deleting some of the
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indices if necessary, we may assume that the set {j1, j2,...,Ji} Satisfies these properties as well.
Then both of the elements, &; + &, + o, + -+~ + @;, and &, + o, + -+ + &;, belong to &, so
a; belongs to L(Ch).

(i) If § is not in I, then there is an interval (a contiguous set of integers) of one of the forms,
{4, +1,i+2,....,k—1,k} or {4,j —1,7—2,...,k+ 1,k} whose intersection with I is {k}
for some node k; if o; is short, we can choose the interval so that oy is short. Consequently either
the 1o0ts @ + 041 + - + Ok = ;G 41 ... 6k—1(o) and &jq1 + -+ + Ok = Gjt1 ... Ok—1(0)
both belong to &, or o + &j—1 + - - - + o and oj—1 + + -+ + o both belong to &. In either case,
o is the difference, so lies in L(Ch).

(iii) Suppose (A, o) = 0 for all simple short roots a,. Set m = 3 if G is G, m = 2 otherwise.
Then &, includes all roots of the form o + +++ + oy + m{oyyr + - + o), (Or oy +---+ oy +
m(og—q + - + ax)), where LN {j,...,k} = {n} and o, is long; the terms with coefficient 1 are
long roots and those with coefficient m are short. The argument in (ii) then yields that long simple
roots and m times each of the short simple roots lie in £(Cy). Hence in all cases, £{C}) includes
nonzero multiples of every simple root, and so has rank d. #

IfG =Gi %Gz X -+ xGy and A UAaU- - -UA,, is a corresponding partition of the set of simple
roots of G into orthogonal components, we assume in the following corollary that (r,A;) # 0 for
any j (which implies in particular that A # 0).

Corollary 1.6. The dimension of cvx IT(A) is equal to the rank of G. #

Example: Consider the irreducible character of Ag whose highest weight is A = Ap (the standard
character). The set &, consists of the roots &, 0 + g, and @ + o2 + o3, [T(A) = {MA—oy,h—
(o1 + o), A — (01 + 02 + ©:3)}, and cvx TI(A) is a tetrahedron whose set of vertices equals TI(2).
(See Figure 4(B) in Chapter 4.) The cones Cj and P, are evidently equal in this case, and all
weights of TI(A) (triviaily) have the form A — 3 "5, kpB for nonnegative integers kp (the latter
holds whenever the cones P, and C,, are equal (Corollary 3.7)).

3. Necessary and sufficient conditions for eventual saturation

The cone C, depends only on the subset I;, which in turn depends only on the face of the
fundamental Weyl chamber that contains A. When A belongs to the interior of the fundamental
Weyl chamber, &, is the set of simple roots, and G consists of all weights of the form Ele ko,
where the coefficients k; are nonnegative integers. Of course, all weights in A — (&) have this
form (by [Hul; Proposition 21.3]) so P, € C, and the two cones are therefore equal. This is not
always the case when A lies on a face of the fundamental Weyl chamber (if G is not simply laced).
We will show here that X, is eventually saturated if and only if P, = Cy (Theorem 1.9) and as
a consequence, that Xy, is eventually saturated for regular weights A (Corollary 1.10). Necessity
follows from the next proposition.

We let C be the fundamental Weyl chamber, C its closure, and for a characters X write (X, X)
for the multiplicity of the irreducible character X,, in the decomposition of X. An atom in a cone
C is a nonzero element that cannot be expressed as a sum of two nonzero elements of C.
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Proposition 1.7. If ais an atom of F, not in &, then
(le.—-asx{.v) =0

for all nonnegative integers N.
Proof: We show first that if A’ is any dominant weight lying on the face of C generated by A (that
is, (A, ;) = 0 implies (', 0;) = 0), then (Xata—as Xadar) = 0.

Since a is an atom of B, A — a is a weight of X. If for some i in I, A —a+ o; were also a
weight of Xa, then a — o; would belong to B, and we could write @ = (a— o)+ 04. As a does not
belong to &, neither summand can be zero, contradicting a being an atom. So A — a + &; cannot
belong to TT(A) for any 4 in .

In terms of the G-module V4, affording X, this says that if ; is the standard basis element of
G corresponding to o, then for any vector v in Vj, of weight A — @, zi.v = 0 whenever Ay o5y #£0.
Suppose that (Xa4x—a, XaXas) > 0. By [PRV; Theorem 2.1], (Xrtr'—as XaXar) equals the dimension
of the subspace of V3,

V(A —a, ) = {v € Wi | v has weight A — a and md,(,-l”a"Hl.v =0 for all j} .
There is thus a nonzero vector v in V4, of weight A — a such that z;.v = 0 whenever (A, a;) = 0.
If (M, 0;) # 0, then (A, ;) # 0, and we have seen that z;.v =0 in this case as well, so z;.v =0
for all j. In other words, v is a maximal vector. As Vj, has a unique maximal vector and it has
weight A, we must have a = 0, a contradiction. Thus (Xa4'—a, Xakar) = 0.

Now suppose that for all n less than N, (Xna—q,X}) = 0. Recall that if yy and po are
dominant weights, and X, appears in the product X, X, then there is a weight w € IT(p1) such
that v = w + pg. Thus if NA — a were to occur as a highest weight of %}, then there would exist
elements wy, in TI(A), such that

N
NA—a=A+) wk, (L3.1)
k=2
where (X34u,, X3) > 0, and for each k& > 2, (Xatwytrrtwir XaKatwa+oootwn— ,) > 0. However,
from (1.3.1), a = Eév (A — wg); since a is an atom of P, and each A — wy, belongs to Fj, we must
have w;, = A for all but one k, and (1.3.1) becomes NA—a = (N - 1)A+ A —a.

By assumption, (X(n—1ja+(A—a), %) = 0 for n < N, thus NA —a could appear as a highest
weightin %Y only if it occurred in the product XaX(x —1j.. But and (N —1)A generate the same face
of C, so it follows from the first part of the proof (with ' = (N —1)A) that (Xna—a, XaX( N-) =0,
thus (XNa—a, X)) = 0.8

Before presenting the main result, we mention the following fact about squares of irreducible
characters,

Lemma 1.8. Ifi € L, then (Xoa—o,,X}) = 1.

Proof: Tt suffices to show that (Xon—a;» X3) > O, since the multiplicity of the weight A — a; in X3
equals 1. Let G; be the subalgebra of G generated by the basis elements and y; corresponding to
the roots o; and —oy respectively. Denote by V4 ; the G; submodule of V3, generated by a highest
weight vector. By the Clebsch-Gordon formula, there is a maximal vector v’ for G; of weight
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A—o;in V3 ; @V C Vi ® V4. From (1.1.2) it follows that ;r:j.v’ =0forall j #1, hence v' is a
maximal vector for G in V, @ V,. %

Theorem 1.9. The following are equivalent.
(i} The irreducible character X, is eventually saturated,
(i) Gy = By
(iii) C; is normal and L(C,) = A,.
(iv) all sufficiently large powers of X, are saturated.
Proof: Proposition 1.7 yields (i) implies (ii). Assume (ii) holds; we establish (iii). It follows from
[Hul; Proposition 21.3] that B, = cvx B NA,, so

Ch C {evx L) N L(C) C {evx CR) NAr = (cvx )N A, = R.

Equality of the cones therefore implies that Cj, is normal and cvx Cy N L{Ch) = cvx CyNA,. The
lattices A, and £{C,) must be equal, as they have the same rank (Lemma 1.5).
Assume (iii). We establish (i) and (iv). Define the set D, as Jollows:

Dy= |J (Vien{s(2r — )} U {o(2)})
aeW

U (Usea{o@-B)}u {s(2M)}).

[+{3] W/Wl

The dominant weights in D, are those of the form 24— o; and the weight 21, All the corresponding
irreducible characters appear in the decomposition of X (Lemma 1.8). By the PRV theorem, any
irreducible character whose highest weight may be written as a sum of m elements of D), appears
in X3™. We will show that, for m sufficiently large, every dominant weight of X3™ belongs to
mD,.

The local cones of Dy have the form o(C)) for 6 € W, and £(D) = L(Cy) = A, by
hypothesis. As elements of W leave A, stable, each of the local cones of Dy is normal by
hypothesis. It follows from Lemma 1.1 that N.D, is A,-convex for all N exceeding some integer
n.

We observed in (1.1.2) that the set of weights of X2V equals [1(2N1). If N > n, then the fact
that ND, is Ar-convex implies that

H(2NA) = cvx TI(2NA) NA;, =cvk NDy N A, = NDy.

Thus any dominant weight of %3N may be expressed as a sum of N elements of Dy, and (i) follows
by the PRV conjecture, as mentioned above.

Now we show (iv). Choose N > n such that 2N > d. Pick m > 2N and suppose that w
is a dominant weight in [1(m}). By the Shapley-Folkman Theorem (with D; = {7A |t € W}),
w admits a decomposition, w = Zf,__l wi + Yo gp1 WA where w; »= weights in TI(A} and =
belong to the Weyl group. Select o in W such that the weight w' := ¢ '\Z:-Ll w; + fod 1 'c,-l)
is dominant, Then X, appears in the product X3™ by saturation of %2~ It now follows from the

PRV conjecture that X.,, whose highest weight is conjugate to w’ + ¥..2 5., OTiA, occurs in the
decomposition of XJ", yielding (iv). %
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Corollary 1.10. If A is a dominant weight in the interior of the Weyl chamber, then all

sufficiently high powers of X, are saturated.
Proof: In this case, the cones Cy and P, are equal (and simplicial).#
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Chapter 2

The integral closure of Rq

Suppose that @ is a Laurent polynomial with nonnegative real coefficients in the variables
T1,...,Tq; we write @ = > A,z¥ where the sum runs over the lattice points in Zd, v =

x1zy? -+ - 24, and Ay, are nonnegative real numbers. Define the set of exponents of Q,

LogQ::{wEZdIM%O},

and let £(Q) be the subgroup of 74 generated by the set of differences Log Q@ — Log Q. In this
chapter, we relate the relative convexity of Log @ with respect to Z* 10 the integral closure of the
ring g studied in [Hal) and [Ha2].

Recall the definition of the algebra Rg given in [Hal; Chapter 1]: Rg := R{z"/QlweLog Q-
By [op. cit.; [.4], Rg consists of the rational functions of the form f/@™ where f is a real
Laurent polynomial and there exists an integer n such that Log f + nLog Q@ € {m + n)Log Q.
It is a partially ordered ring with positive cone generated over R* by the elements z*/Q where
w € Log Q. If Q is replaced by a power Q* or by 2™ Q we obtain the same algebra.

It is shown in [Ha2; Propositions 11L.2, III.8A] that when Log Q is Z-convex, Rq is integrally
closed in its field of fractions if and only if the local cones of Log Q are normal. It follows from
Lemma 1.1 that Rg is integrally closed if and only if kLog @ is Z*-convex for all sufficiently
large integers k. We extend this result to the rings Rg corresponding to any Laurent polynomial
with nonnegative coefficients (Theorem 2.2).

The definition of a normal cone given in Chapter 1 is a generalization of that given in [op. cit.].
(The latter, called “local solidity”, applies only to sets which are 7%-convex.) Otherwise, the proof
of Theorem 2.2 given here is essentially the same as that of {Ha2; Propositions II1.2 and TI1.8A].
Before presenting the proof, we recall some of the definitions and results of [Ha2; Chapter III].

A lattice polytope K is the convex hull of a finite subset of given lattice £, or the translate of
such a set by an element in 7. It is a compact convex subset of R¢ whose set of vertices belongs
to a coset of Z¢ by the lattice £. For lattice polytopes, the set of vertices equals the set of extreme
points; we denote this set by 8.K . The lattice polytope K is solid with respect to £ if for all
positive integers k, k(X N £) = kK N L~in other words, K is solid with respect to £ if k(K N £)
is L-convex. The convex hull of the set of weights of X, is solid with respect to A, for instance,
by (1.1.2). It is shown in [Ha2; Proposition IIL7] that dX is solid for any lattice polytope K in
R<. Solidity implies the more general condition, “local solidity”, which we now define.

For each vertex v of K, form two local cones: the first,

U k(K -v)nL) (2.0.1)
keN
generated additively by the elements of (K — v} N £, and the second

( |J k(K - v)) ne (2.0.2)

keN
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the lattice points lying in the cone generated by K — v. K is locally solid if the two cones (2.0.1)
and (2.0.2) are equal for all vertices v of K.

The conclusion of [Ha2; Propositions III.2, I11.8] is that if £ = Z* and Log Q is saturated,
then Rgq is integrally closed in its field of fractions if and only if cvx Log Q is locally solid. In
this case, local solidity of cvx Log @ is equivalent to C, being normal at each vertex v: for any
vertex v of K := cvx Log Q, C, is the negative of (2.0.1), £(C,) = 72, and cvx C, N 72 is the
negative of (2.0.2).

We will use Lemma 2.1 in the proof of Theorem 2.2 to show that if all multiples of MLog @
are relatively convex for some integer M, then all sufficiently large multiples of Log @ are relatively
convex. This fact may be deduced from the Shapley-Folkman Theorem; this was pointed out by
the referee mentioned earlier. The proof given here requires no machinery, and is extracted from
[Ha2; IIL6]. S

Lemma 2.1. Let £ be a lattice in Q¢, and let K be a compact convex polyhedron in
RY whose extreme points belong to L.

(1) Suppose |8.K| = n. Then for each integer N > n—1, and z in (NK)NL, there exist
2o in n'K N £ for some integer n’ < n— 1 and ; a sum of exactly N — n’ extreme
points of K (counting multiplicities) such that z = zp + 1.

(i) If N is an integer exceeding d, then NX N L = (dK N L)+ (N —d}(K N L).

Proof: (i) We may write £ = ) .5 g Tv¥ Where r,, are all nonnegative real numbers, adding to V.
Define T3 = Y,¢p,x ITw]v ([] denotes the greatest integer part). Then n > Yvea i (ro—[re]) = 7.
Note that n’ = N — 3_[ry], s0 is an integer, and o 1= T — &1 = 2 g, (Tv — [ro])v satisfies all
the properties ascribed to it.

(i) Asin [Ha2; ITL5], we may write K as a union of simplices with vertices in £, so that NK
is a union of N-fold multiples of these simplices. Hence it suffices to prove the assertion in the
case K is a simplex (observe that we do not obtain extreme points, as in (i), when we return from
the special case to the general case). Since a simplex has at most d + 1 vertices, we may apply (i)
withn=d+1. #

Theorem 2.2. Let Q be a Laurent polynomial, with no negative coefficients; suppose
additionally that £(Q) = £ has rank d. The following are equivalent.
(1) For each vertex v of cvx Log @, C, is normal;
(1) Rq is integrally closed in its field of fractions;
(i) there exists an integer M such that nMLog Q is £L-convex for all nonnegative in-
tegers n;
(iv) for all sufficiently large integers N, NLog @ is L-convex.

Proof: We may assume the origin belongs to Log @ (on replacing Q by =@ for suitable w), so
that Log Q C L.

(i) = (ii). We follow the proof by localization given in (Ha2; Proposition IIL.2]. As L~ 22,
we may (temporarily) identify C, with a normal lattice cone, C,, in (Z*)¢, and then define a
semigroup, M, = {2¥ | w € C!,}. It follows from [Ho; Proposition 1] that the semigroup aigebra
R[M,] is integrally closed in its field of fractions. If J is a prime ideal in Rg, then the localization
of Rg at J is a localization of R[M,) for some vertex v, by (Ha2; Lemma IIL1]. Hence every
localization of Rg at a prime ideal is integrally closed; thus Rg is itself integrally closed.
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(i) = (iii). Set § = cvx Log Q¢ N L. By [Ha2; Proposition Ill4], 3, o2 /@4 belongs to
the integral closure of Rg, hence to Rg itself. By definition of Rg, there is a positive integer N
such that S+ NLog Q2 C (N +1)Log Q% as Log Q¢ C S (since 0 is in Log @), §+ NLog Q¢ =
(N + 1)Log Q2. The convex hulls of S and Log Q¢ are the same, hence their sets of extreme
points are identical. We can therefore apply [Ha3; Lemma 2.1] which asserts that there exisis a
positive integer mn such that for all nonnegative integers p, mS + pLog Q* = (m + p)S. Hence
for all positive integers k,

km(N + 1)Log Q% = k(mS + mNLog Q%) = km(N +1)S.
By [Ha2; Proposition IIL7], cvx Log Q¢ is solid; on setting M = m(N + 1)d, we have

kMLog @ = km(N + 1) {cvx Log Q‘nL)
= (kMcvx Log Q}N L,

so kMLog @ is L-convex for all k.

(ili) = (iv). Let K = cvx Log @, and observe that 8,X is contained in Log . Suppose
|0 K| == n, and pick an integer ¢ so that Mt > n. We will show that if N > Mt%, then NLog Q is
L-convex. Pick z in NK N £; by Lemma 2.1(a),  belongs to (W' K N L) + (N — n'}(0.K). We
can absorb Mt — n/ of the N — n extreme points appearing in the second summand into the first,
so that z belongs to (MtK N L)+ (N — Mt}(6.K). Since oK is contained in Log @, the second
summand is contained in (N — Mt)Log Q, and by hypothesis, the first is contained in MtLog Q.
Hence z belongs to NLog @ = Log QV. Thus NX N L C Log @V, and the reverse inclusion is
trivial.

(iv) = (i). We note that (iv) implies (iii), and prove that (iii) implies (i). For each k, kNLog Q
is L-convex, so cvx Log QY is solid. This implies that cvx Log Q¥ is locally solid, and therefore
Chpy = C, is normal for each vertex v of cvx Log Q. #
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Chapter 3

Eventual saturation for irreducible characters of simple Lie algebras

Here we use Theorem 1.9 to characterize the eventually saturated characters for simple algebras;
we will prove Theorem 3.1, below. Let o5 be the (unique) simple short root for which there is a
simple long root o such that (o, &) # 0.

Theorem 3.1. Let A be a nonzero dominant weight of the simple Lie algebra §. The

irreducible character X, is eventually saturated if and only if one of the following holds:
(i) G is simply laced,;

(ﬂ) (11 acs) '-[é 0;

(1) G is either of type Cq or Fy and (A, oy) =0 for all simple long roots ou.

Furthermore, when X%, is eventually saturated, all sufficiently large powers of it are

saturated.

In Section 1, we describe in detail the sets &, for simple algebras, and determine the lattice
L(Cy) when G is not simply laced (Lemma 3.2). Combining this information with Lemma 1.5, we
deduce that £{C4) equals the root lattice if and only if G is simply laced or (A, ots) # 0 for some
simple short root o,. We then turn our attention to determining when the cones Cj, are normal.
The simplest examples of normal cones are simplicial cones; we describe the cones Cj which
are simplicial in Section 2 (Proposition 3.3). Sufficient conditions for normality are then given in
Lemma 3.5 and Lemma 3.6. The proof of Theorem 3.1 follows in Section 4. Finally, we observe
that when % satisfies the conditions of Theorem 3.1, any weight in TI(A) can be written as a sum
of elements in A — &, (Corollary 3.9). Examples of irreducible characters which are not eventually
saturated are given in Section 5.

1. Description of the sets &,

We observed earlier that if A lies in the interior of the Weyl chamber, then &, is the set of
simple roots. If A lies on a proper face of the Weyl chamber, then &, includes the simple roots o
for j in I; the remaining elements are certain sums of simple roots which we list below. In each
case, it is straightforward to verify that the given subset of & includes oy if j belongs to I, and is
invariant under the generators o;, ¢ ¢ I, of Wi, and thus must equal &. The ordering on the roots
is as in [Hul; p. 58].

1. G is of type Aq.
Here &, consists of all sums of simple roots of the form

(lj+0.j+1+"'+am (*)

where 1 < j<m < dand exactiy one of the indices in {j,7 + 1,...,m} lies in L.
For example, if d = 4 and I, = {1, 4}, then

& = {al,ul + o, 01 + 0 + o3, 04, 003 + 04, 02 + O3 + (14}.
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2. G is of type Bg.
(a) If d belongs to I, then &, consists of roots as in (x).
(b) If d does not belong to I, then &, consists of roots
(i) o; + oj41+ -+ + @, With m < d, and
(i) o + 041 + -+ + &de1 + 20g = G0 + 41 + -+ + 0g—y) where exactly one of the
indices in {j,...,d — 1} lies in L, and
(iii) if none of k,k+1,...,d — 1,d belong to L, all sums of the form

(0 + Qjgr + oo o+ 0gy + 200) + (og + 01 + 00+ 1)
= OkOk41- .. Od—1(0j + Oyt + -+ + Ca—1 + 20u),

with the first summand as in (ii), and j < k < d.
For example, if d = 3, and I, = {1}, then

&, = {0, 01 + otg, 01 + 0 + 203, &1 + 200 + 203}

3. G is of type Cq.
(a) If d — 1 belongs to I, then &, consists of roots as in (¥).
(b) If d — 1 and d do not belong to I, then &, consists of roots
(i) as in (x), and
(ii) if none of k,k+1,...d — 1,d belong to I, all sums of the form

(ot + Gty 4+ oo+ 0g) + (O + Opger + 00+ %i-1)
= OROk41 - - - Ot (07 + 1 4 -+ + Ay + 0),

with the first summand as in (i), and j < k < d.
(c) If d — 1 does not belong to I, but d does, then &, consists of roots
(i) o + Qjp1 + -+ + O With {5, +1,...,m} N L = {n} where n <d, and
(i) 20+ 20541+ ++200—1 +0g = 6;G; 41 . . - Oa—1(0ta), with LN {F, 5+ 1,...,d} = {d}.
So, for example, if d = 3 and I, = {1, 3}, then

& = {01, 0 + 02,03, 203 + 03}
4. G is of type Du.

(a) If either d — 2 lies in I or at least two of d — 3,d — 1, d lie therein, then &, consists of all
sums of simple roots

o+ 01+ +&m  or 0+l b+ 02+ 0,
where exactly one index in {j, 7 + 1,...,m}orin {,j + 1,...,d — 2,d} respectively belongs

to I
(b) Otherwise, &, consists of roots as in (a) together with all sums of the form

(0 + 01 + -+ + o) + (o + 0pgr + -+ + Cu—2)
= O}Ck+1 - - .Gd_g(aj R R TR Be Sl o . A + og),
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where the first summand is as in (a), j <k < d -2, and Lnik,...,d-2}=9

If d =5, and I, = {1,5}, then &, consists of the following roots:
{0, 01 + 0, 01 + 0 + 03, 01 + 02 + &3 + 0,
as,a3+a5,a2+a3+a5,a3+a4+a5,a2+a3+a4+a5,a2+2a3+a4+a5}.

5. G is one of Eg, E7, Es.
Here we index the nodes along the straight line of length five, six, or seven in the Dynkin

diagram as 1,34,5,6, ... .

(a) If 4 lies in I, or at least two of 2, 3, or 5 belong, then & consists of sums o +041+: - +0m
or 0y -+ 03 + 04+ - - - + 0L, Where exactly one index in {j,7 +1,... ,m}orin{l,3,,...,m}
respectively belongs to .

(b) Otherwise, &, consists of roots & ' (a) as well as

(0 + g1+ ) + (G + - F o+ -+ on),

where the first summand is as in (a) with j = lorj =2, m 25, k=3 or k = 4, and
Ln{k,...,n} =0 If I equals {1,7}, {1,7,8} or {1,8}, & also includes the roots

oy + og + 203 + 304 + 205 + o, o + 209 + 203 + 304 + 205 + O,
and, if [, = {1, 8}, the roots
o + 0 + 203 + 30y + 205 + 06 + 07, o1 + 202 + 203 + 304 4 205 + 0g + 07,
0 + ap + 203 + 3o + 205 ++ 206 + 07, 01 + 209 + 209 + 30 + 205 + 205 + 07,
oy + oo + 203 + 3oy + 305 + 205 + 07, o + 20 + 203 + 304 + 305 - 206 + A7,
o1 + 20t + 203 + 4ot + 305 + 206 4 7.

6. Gis Go.
{ou, 0} if I = {1,2}
& =4 {u, +ap} L= {1}
{og, 30 + ap} if L= {2}.
7. Gis Fy.
If 3 belongs to I, then & consists of sums as in (x). Otherwise & is of the following form:
( {o, 0g, 02 + 203, 02 + 20 + 204} if I, = {1,2}
{0, 02, 0tz + 203,014, 03 + 04} if I ={1,2,4}
{0, 02 + 20, 01 + 02,0 + 02 + 203, 04, 03 + G4} if I, = {2,4}
{og, o + og, 003 + 02 + 204, 04, 003 + 014, 0z + O3 + Oy, if I, = {1,4}

oy + 200 + 200, 0 + 204 4 04}
{01, 01 + 02, 01 + 02 + 208 + 2004, 00 + 20 + 203,001 + o2 + 203, if h= {1}
o1 + 200 + 203 + 204, 01 + 202 + dog + 204,
o + 30 + dog + 204}

{a, oz + 203, 02 + 203 + 204, 0y + 0, 01 + 02 + 2013, if L = {2}
o1 + o2 + 203 + 204}
{og, g + 04, 02 + @3 + O, O + 2003 + Cg, O + O + 203+ A, if I, = {4}.

\ 0 + 09 + g + 0, 0 + 202 + 203 + 0y, 0 + 2010 + 3otg + o}

21



Lemma 3.2. Define m = 2 if G is one of By, Cg4, or F4, and m := 3 if G is Gy. If
(M, o) = O for all simple short roots «,, £{C)) is spanned as an abelian group by

{ o | ou is a simple long root} U {ma; | & is a simple short root} .

Proof: Tt follows from Lemma 1.5(iii) that £(Cy) includes the given set; the reverse inclusion
follows from the description of the sets &, given above.#

Lemma 1.5 and Lemma 3.2 together yield that £(C)) = A, if and only if G is simply laced
or A is not orthogonal to some simple short root.

2. Integrally simple polytopes and simplicial cones

A polytope K with vertices in a coset £ + x of Z¢ relative to a lattice £ is called integrally
simple—or L-integrally simple— if it is simple, (that is, if there are exactly d edges at each vertex),
and if at every vertex v the convex hull of the nearest points to v in K N (£ + z) is a fundamental
simplex for £. In case K = cvx TI(A), the weight polytope of Xy, and £ equals the root lattice,
K will be A,-integrally simple whenever &, consists of exactly d vectors which generate A, as an
abelian group. Simplicity of the weight polytopes can therefore be determined using the description
of the sets &, given earlier. In general, all simple weight polytopes are L-integrally simple, where
L = L(C,), the lattice generated by &. If G is simply laced, then all simple weight polytopes
are A,-integrally simple, by Lemma 1.5. If G is not simply laced, then a simple weight polytope
cvx TI(A) will be A,-integrally simple if and only if (A, o) % O for some simple short root o, by
Lemma 3.2. We list the simple and A,-integrally simple weight polytopes in Proposition 3.3.

Proposition 3.3.
(a) If G is simply laced, then cvx I1(2) is simple and A,-integrally simple if and only if
one of the following holds
(i) G=Agand I = {j,5+1,...,j+k} wherej=1,j=dork>1,

) G=Dgand L, = {4, +1,...,d—2,d} or [ = {4,j+ 1,...,m} and I, includes
d - 2 and at least one of d — 3,d — 1,4, or

(i) G = Eg, Ex, or Eg and I, is an interval (that is, a contiguous set of integers)
including 4 and at least one of 2,3, or 5 (these are the nodes adjacent to the
branch node “4%), or I, = {1,3,...,3 + k} for some k > 1.

(b) If G = B4 or Cq , then cvx TI(A) is simple if either I = {5,7+1,...,d} for some j < d,
or h={jj+1,...,d—1} with j <d-2.

(i) If G = By and cvx TT(A) is simple, then cvx T(3) is A,-integrally simple if and
only if d belongs to L,

(ii) If G = Cq and cvx II(A) is simple, then cvx (A} is A.-integrally simple if and
only if I, # {d}.

(c) If G = G, then all weight polytopes are simple; they are A -integrally simple if and
only if A is not a multiple of Aq.
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{tv) If G = F,, then cvx I1(}) is simple if and only if I, is an interval of length at least 2
including 2 or 3; it is A,-integrally simple as well if and only if I, is an interval of
length at least two and includes the index 3.

It is shown in [Ha2] that if K = cvx [1(A) and K is A,-integraily simple, then the ring Ry
(an invariant for K) is factorial (Theorem VL1). The simple weight polytopes for Ay are also
described, in an appendix (Proposition D2).

A proper lattice cone of dimension d is simplicial if it has exactly d edges; the cone O, is
therefore simplicial whenever cvx I1(A) is simple. :

Suppose that z belongs to cvx Cy, N L(Cy). We may then write z = > pee, TeB where the
coefficients rg are nonnegative real numbers; we also have z = > pes, kap where the kg are integers.
If C), is simplicial, then the set &, consists of linearly independent vectors; thus for each B, the
coefficients kg and rp are equal, and are non-negative integers. So x belongs to Cj, and C is
normal. It follows from Theorem 1.9 that Xy, is eventually saturated when cvx TI(A) is A,-integrally
simple.

3. Sufficient conditions for normality

We identify an element of A, with the d-tuple of its coordinates with respect to the basis of
simple roots; the simple roots are thus identified with the standard basis elements e; of Z°.

A subset I' of I = {1,2,...,d} is an interval if I' = {i,i+ 1,...,i+ k} for some integers
i, k. For any interval I of I define the vector s := Yier €. Let S be a set of intervals of I, Cg
the cone generated (additively) by {es | J € S}, and Hs = L(Cs), the abelian group generated
by the same set. The next two lemmas indicate that the cones Cg satisfy a “Carathéodory-type”
condition—that is, each element in cvx Cs N 7 belongs to a simplicial cone Cr C Cs.

Lemma 3.4. Z%/(Hs) is torsion free.

Proof: The proof is by induction on the rank of Hg. If the rank is 1, |S] =1 and the result follows
as all the coefficients of e are equal to 0 or 1. Assume that rank Hg > 1. We may also assume that
1 belongs to some interval in .S, and let J(1) be the shortest interval in § beginning at 1. If J is any
interval in S beginning at 1, then J(1) € J. Let ' = {J € § |1 ¢ J}U{J\J()) | J € §,1 € J}.
Then S’ consists of intervals. If Jis an interval in S and 1 € J, then ey = engq) + €Jy(1) 80
Hg is a sum Hg: + ej(1)Z; since none of the intervals in .§/ contains 1, the sum is direct. Hence
rank Hg» < rank Hg and the induction assumption applies to the former subgroup.

Suppose z belongs to 7% and mz belongs to Hg. Write mz = uttey(q) whereu € Hgr,t € Z.
Comparing the first entries of both sides, we have ¢ = mt’ for some integer t’. Hence every entry
of u = m(z — t'e 1)) is divisible by m. Since = — t'ej) € Z¢, and u = m(z — t'ey1)) € Hs'
it follows from the induction assumption that z — t’ey(1) belongs to Hsv, so 2 belongs to Hg. #

Lemma 3.5.
() If T is a subset of S such that {e; | J € T} is rationally independent, then
cvx CrNHsg =Cr.
(if) For every z in cvx Cs N Hg there exists a subset 7 C S such that {es}J €T} is
rationally independent and z belongs to C7. As a consequence, Cs is normal.

Proof: (i) Suppose that z belongs to cvx Cr N Hg. Then there exist nonnegative real numbers
ry indexed by J € T such that ¢ = ¥ ;. rsey. Since z and ey, J € T belong to 74, we
can find coefficients r; which are nonnegative rational numbers. Then mz belongs to Hr for
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some positive integer m, so by Lemma 3.4, = belongs to Hy. We thercfore have an expression
z =Y jer kses where the coefficients ky are integers. By hypothesis, the set {es | J € T} is
rationally independent, so for each J € 7, the coefficients r; and ky are equal, and are therefore
nonnegative integers. Hence z € Cr.

(iiy For any z in the convex cone cvx Cs we have an expression £ = ) ;g 77er Where the
coefficients r; are nonnegative real numbers. Following the proof of Carathéodory’s Theorem ([L;
Theorem 2.23]) we may reduce this expression to one of the form © = }_ ;. rjes where the
coefficients 7/, are nonnegative real numbers, and 7 is a subset of S such that {ey | J € T} is
rationally independent. (The reduction is achieved by considering expressions of dependence among
the e;: from the original expression for z, one subtracts an appropriate muitiple of the expression
Y resarer = 0 thereby reducing the cardinality of the set {I | r; # 0} by at least one.) If z

belongs to cvx Cs N Hg, then z belongs to cvx Cr N Hg, and by (i) = belongs to Cr which is
contained in Cg. #

Combined with Theorem 1.9 and the description of the sets &, in Section 1, Lemma 3.5 yields
that every irreducible character of Lie algebra of type Ay is eventually saturated.

For sets &, which are not generated by intervals, we use a different approach to prove normality.
If C is a cone in Z° generated by a finite set D and F is a face of cvx C, then F is & convex
cone generated ( as an additive subsemigroup of R?) by the subset F N D. If the lattice cone Cr
generated by F N D is equal to F' N L(C), then any element in cvx C'N L(C) lying on F' belongs
to C. This is enough to guarantee normality of the cone C when certain conditions on the set D
are imposed, as the next lemma shows.

Lemma 3.6. Let C be a cone in Q¢ generated by a finite set D. Suppose there are

linear functionals on R, g; (j € J), such that cvx C = Njes {z € R*| g;(z) > 0} .

(i) If for all 5in D and j in J, g;(§) € {0,1} then C is normal.

{li) Suppose that g;(8) is a nonnegative integer for each j in J, and & in D, and that
for some &, in D we have g,(8) € {0,1} for all j in J. If for each relative face,
¢ :={z € C | gj(x) = 0} of C, it follows that cvx C?NL(C) = €7, then C is normal.

Proof: (i) We may assume that the rank of £(C) is d. If C = {0}, there is nothing to do.

Otherwise, it follows from the hypotheses that for each j, either g;(C) equals {0} or it equals zZt

itself. Choose z in cvx C'N L(C); then g;(z) is a nonnegative integer for every j. Define

Jz = {j € J|yg;i(z)#0} .

We argue by induction on the cardinality of the set J.. If J; is empty, then z = 0, and we
are done. Otherwise, Jz is not empty and z is not zero. Let D, consist of those of the generators
that lie on the smallest face of cvx C containing :

D,={8eD|g;(8=0forallj&J:}.

Unless z = 0 the set D, cannot be empty.

As z is not zero, we may choose & in D, such that for some k in Jz, gi(8) = 1. Set
n = min{g;(z) |i € Jr and g;(8) =1}. Then z — nd belongs to L(C), and for all j € Js,
g9i(z — nd) > g;{z) —n > 0. Since gr(x — nd) = gr(x) = 0 for k not in Jz, z lies in cvx C.
Moreover, there is at least one i in J, such that g;(z — n8) = 0, so the cardinality of the set J;ns
is strictly less than that of J,. By induction, z — nd belongs to C, so that x does as well.
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(i) Suppose z belongs to cvx C'N L(C). By hypothesis, g; (z) is a nonnegative integer for each j
in J. If ge(x) = O for some k in J, then z belongs to cvx C* N L(C) = C*, whence z belongs
to C.

Otherwise g;{z) # Oforalljin J. Letn = min {g;(z) | j € J,g;(80) = 1}. Say n = gx(z).
Then g;{z — ndo) = g;(x) —n = 0 for all j in J, and gr(z — ndp) = 0. Hence x — ndp belongs
1o cvx C* N L(C) = C¥, so z belongs to C.#

It turns out that a cone C,, fails to be normal only if the condition in (ii) does not hold for one
of the faces of Ci.
Distracting remarks:
1. Notice that the argument of Lemma 3.6 provides an algorithm for decomposing an element of
C as a sum of generators.
2. Even if the generators of the cone C do not satisfy the conditions of Lemma 3.5 or Lemma 3.6,
it is possible to use a combination of these ideas to prove normality. In particular, there are certain
cones Cj, corresponding to irreducible characters of Ey in which normality holds on the faces; we
argue that if € cvx G, N L(Cy), then either there exists a generator B € &, such that z — np
lies on a face of Ci, or = belongs to the convex hull of a certain subcone C' of C. When the
generators of C' have the form {e; | I € S} or {ej+es|I€S,J € 5’} for sets of intervals
and §', Lemma 3.4 implies that = € cvx C' N L(C’). We can then establish normality by showing
that the (smaller) cone C' is normal. (These arguments appear in Appendix C.)

4. The Proof of Theorem 3.1
We first make an observation about the faces of cvx C), which will be useful in the proof of
Theorem 3.1. Recall the description of the convex cones cvx Ch given in Proposition 1.4(ii):

cvx Ch = ﬂ {z|ofi(z) 20} .
cEW, .
i€l
Let F9 := {z € Co | fij(z) = 0} = {¥;4; mioulri € Rt}. For J C I define
FJ := N;esFi. Elements of Cj belonging to F7 are sums involving only the simple roots o,
where i # j; those belonging to FY are sums involving only the simple roots oy, with i ¢ J. K
J'  J, then FJ()) is a face of F¥'(A); it is a proper face if the inclusion of J in J is strict.
If A belongs to the interior of the Weyl chamber, then the faces FJ are distinct d — 1-faces
(facets) of cvx Cy; this does not always hold for weights lying on the boundary of C.

Lemma 3.7. Let A be a dominant weight of G.
(a) Suppose that G = Ay, B4, Ca, Fy, or Ga. :

W) Ifforsome k> 1, Lhn{kk+1,...,d} =0, thenforj=kk+1,...,d-1,
F7 {s a proper face of Fit1,

(i) If for some k < d, LN {1,2,...,k} =0, then for § =2,3,...,k, FJ is a proper
face of Fi—1.

(b) Suppose that G =Dy.

(i) If for some k > d—2, Ln{k,k+1,...,d} =0, thenfor j = k,k+1,...,d-3,
Fi 1s a proper face of F/+1, and F4-2 is a proper face of F4~! and of F¢.

(1) If for some k <d-3, Ln{1,2,...,k} =0, thenfor j =2,... ,k, F7 is a proper
face of Fi—1,
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(c) Suppose that G =E4.
(i) If for some k > 4, L,N{1,2,...,k} =0, thenfor j =k,... ,d—1, FJ is a proper
face of Fi+!, Also, if 2 ¢ I, then F* is a proper face of F?.
Proof: We will prove (a); parts (b) and (c) are proved in a similar way.

Recall the description of the generating set &, of C, given in Section 1: if B € &, then the
set of all indices j such that o; is a summand of B includes exactly one element of I, and the
corresponding subgraph of the Dynkin diagram of G is connected.

(i) If § > k, then the generators of C) belonging to F7 are sums involving simple roots from the
set {a1,@2,...,05-1}, 50 FI = Flid+led} ¢ pit+l

(ii) In this case, if 7 < k, then the elements of &, belonging to F7 are sums of simple roots from
the set {Qj+1,&j+2, ce ,Old}, so Fi = F{l2wil ¢ pi-l

We deduce from [Hul; p. 58] that

o if G is of type By
o4—1 if G is of type Cy
s if G is of type F4

o if G is of type Ga.

Oeg =

Proof of Theorem 3.1, sufficiency for normality: If any of conditions (i)—(iii) holds, then £(C1) = A,
by Lemma 1.5; we show that the cones are normal, and apply Theorem 1.9. We will refer to elements
of the form e; =}, ; €; as intervals if J is an interval.

1. If G is Ag, or if (A, 0cs) 7 0, then with respect to the basis of simple roots, &, consists of
intervals (as in part (a) of the description for Bg, Cy4, and Gg, or whenever 3 € I in case G is of
type F4). Now Lemma 3.5 implies C), is normal (and more) in these cases.

2. Suppose G is Cy, and (A, ag) = 0. Let n be the largest index in I, If n = d—1, then &, consists
of intervals and Lemma 3.5 applies. Otherwise, Lemma 3.7 implies that F* ¢ F**l c ... C F%
combining this with Proposition 1.4(ii) yields

cvx G, = ﬂ {z|ofi(z) >0} .
oEW,
i€{1,2,...,n—1,d}

As of:(B) = fi(c™'p) € {0,1} for i = 1,2,...,n — 1,d, it follows from Lemma 3.6(i) that Cj is
normal. :
3, If G is Fy and I = {4}, then we may proceed as in 2. We obtain F4 c F3 C F? C F! and
cvx Gy = Noew, { 2 | afi(z) = 0} . As the first coefficient of any element of &, can only equal 0
or 1, Lemma 3.6(i) implies Cj, is normal.
4. Suppose G is Dy.

If d — 2 and one of d — 3, d — 1, or d belong to I, then with respect to the basis of simple
roots (possibly reordered), the elements of &, are intervals, and by Lemma 3.5, Cy, is normal.

If I € {1,2,...,d — 2}, suppose that n is the largest index in Z,. Then F* C Frtlc...c
F4-1 by Lemma 3.7, so

cvx G = N {z|ofi(z) 2 0} .
ceW,;
i€{1,2,...,n—1,d—1,d}
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Since fi(B) € {0,1} fori € {1,2,...,n,d— 1,d}, Lemma 3.6(1) applies.

(Alternatively, note that C, is equivalent to the corresponding cone C;, for Cg—we identify
elements in C,, with their coordinate vectors with respect to the basis of simple roots. The map
e —e; 1 <d—1), eq— €d-1 + €4 is an invertible linear transformation from the cone for Dy
onto that for C4. By 2, C), is normal.)

If I, = {d — 1}, then from the description of &, Fd-l c pd-2 c ... c F! and

cvx Cy, = ﬂ {z]ofi(x) >0},
UGW;
ie{1,d}

and again Lemma 3.6(i) applies, since ofi(B) € {0,1} fori € {1,d}, o in W and B in &.
Similarly, if I = {d}, F* c F¢2 C ... F! and

cvx Gy = ﬂ {z{ofi(z) 20},
GEW]
ig{l,d-1}

and Lemma 3.6(i) applies.

Suppose I, contains d — 1 or d, as well as some n < & — 2. The root an in &, satisfies
ofi(on) = filo~lan) € {0,1}, so Lemma 3.6(ii) will apply once we verify the condition on the
faces. It is enough to check that cvx F¥ N L(Cy) = F* for each of the faces F*, s € I; we do this
by induction on the rank, d, as follows.

For s in {d — 3,d — 2,d — 1,d}, the elements in &, which belong to F* are intervals with
respect to the basis {oy}y.,; Lemma 3.6 then implies cvx F* NA, = F°. If d = 4, we may apply
Lemma 3.6(ii) to conclude that Cj, is normal.

Otherwise, assume that for d’ < d, all the cones Cj, for Dy are normal. If s < d-— 3, then
the set {PB € & | f«(B) = 0} comprises two sets orthogonal to each other. The first consists of
intervals o + -+ - + 04y With LN {j,...,m} = {n}, n < m < s The second consists of two types
of elements: intervals o, + +-- + o, where LN {j,...,m} = {n} and n > j > s, and sums
0 + oo+ 20k + -0+ 2001 + o with LN {5, 5+ 1,...,d} = {d- 1} or {d} and § > s. The
cone F* is therefore the direct product of the cones generated by these two sets. That generated
by the first set is normal as it consists of intervals. The cone generated by the second set is equal
to the cone C); of Dy—, (when elements are identified with their coordinate vectors with respect
to the basis {0te41,-..,%}) With iy = (LN {s+1,...,d}) — s. It is normal by the induction
assumption, hence F* is normal. By Lemma 3.2, £L(F®) is generated by the set {o;} jober THUS if
1 belongs to cvx F* N £(Ch), then fi(z) = 0, and x belongs to cvx F* N L(F*) = F*. Finally,
we may apply Lemma 3.6(ii) to conclude that Cj, is normal.

5. Suppose G is one of Eg, Er, or Eg. If I includes 4 and at least one of 2, 3, or 5, then with respect
to the basis of simple roots (possibly reordered), the elements of &, are intervals, and Lemma 3.3
implies that C), is normal,

If 4 does not belong to I, but at least two of 2, 3, or 5 do, then the elements of &, are sums
of distinct simple roots and Lemma 3.6(i) applies. If 4 does not belong to I, but the latter includes
at least one of 2, 3, or 5, together with another index, say m # 4, then o () belongs to {0,1}
for all o in W5, and i in L. The faces F¥ satisfy cvx F4 N A, = FJ (we argue by induction for
4 = T7,8), and Lemma 3.6(ii) applies. '
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If I, € {1,2,...,5} or I, C {5,...,8}, then we may argue as in part (4) that if n is the
largest (reSpectwely. the smallest) index in I, then either n = 1 and F* c F3 C .- C F4, or
n>1and F* c FrHl ... F4 (respectively F* c F*~1 c--.c F3Cc F1). It follows from
Lemma 3.6(i) that Cy, is normal.

The remaining cases are those in which 1 € I, C {1,6,7 8} and at least one of 6, 7, or 8
belongs to f,. We have verified normality in all of these cases in Appendix C. This can also be
checked by computer; if a cone C satisfies £(C) = Z¢, then it is normal if and only if the set of
all sums of d generators of C is relatively convex with respect to Z<. (In fact, by an unpublished
result of B. Reznick, d can be replaced by (d — 1).)

Proof of necessity: If G is By or Gg, then oy is the only short simple root. If (A, 0s) = 0, then
by Lemma 3.2, £(C.) # A, so by Theorem 1.9, X, is not eventually saturated.

If G is Cg4, suppose that (A, ag) # 0. If (A, 0,) = O for all simple short roots ¢, then by
Lemma 3.2 again, £(C.) # A,. Suppose instead that (A, o;) # O for some simple short root o,
but (A, 0g—1) = O, and let j be the largest index less than d in L. Set a = o1+ - + Oy + Ot}
then a belongs to L(Cy) = A, and & = ((2041 + «»» + 209—1 + @) + €4) /2, so a belongs to
cvx Gy N L(C,). However, a does not lie in C,, itself, as we deduce immediately from the form of
elements of &,. So C), is not normal in this case.

Finally, suppose G is Fq. If (A, 03) = (A, o4} = 0, then L£{Ch) # A, by Lemma 3.2, If I
is one of {1,4}, {2,4}, or {1,2,4}, it is routine to verify that ¢ := oy + oz + o3 belongs to
evx Cy N £L(C,), but not to G, so the latter is not normal.%

Corollary 3.9. For ¢ and A as in Theorem 3,1, all weights of X, can be expressed as
A — Ppee, ksB. where kp are nonnegative integers. #

5. Examples of characters which are not eventually saturated

We describe here the irreducible characters in rank 2 which are not eventually saturated. The
examples (Figures 3(A) and 3(B)) were computed using the software Simplie.

If G is of type Bg, then the only irreducible characters which are not eventually saturated are
those with highest weights A := [A;. In that case, &, = {o, 0 + 202}, and Ay = oy + 0 is an
atom of P;, which does not lie in Ci. Consequently, (X(yvi—1,> X;_l) = 0 for all integers N. Figure
3(A) shows the set of irreducible characters (plotted with respect to their highest weights) appearing
in xh The only weight of 7(,_1 for which the corresponding irreducible character does not appear
is 4%;. It can be deduced from {Ha3; Lemma 2.3) that if N > 5, then %;¥ + X(n—1y, is saturated
(in other words, all irreducible characters but X(,—1j,, appear in the product).
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Figure 3(A) .

In case § = Gy, the irreducible characters which aren’t eventually saturated have highest
weights of the form A = Ay, Here &, = {ag, 304 + ¢z}, and in this case, oy + o2 and 204 + o
are atoms of P, which do not lie in C;. For any positive integer N, the weight NA — (20 + olz)
is not dominant; on the other hand, NA — (& + o) is always dominant. By Proposition 1.7,
(xm_((,m,),x{" } = 0 for all positive integers N. In case A = Az, Figure 3(B) shows that for
all other dominant weights of X7, the corresponding irreducible character appears. (In this plot,
A1 = (0,1) and Ay = (1,0).)
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Figure 3(B)

29



Chapter 4

Dominant faces of cvx (L)

After having determined which irreducible characters are eventually saturated, we would like
to obtain information about the exponent required to give saturation of a product X3*. Our goal
in the next three chapters is to set up an induction argument, based on a geometric description of
the set of weights, to determine this exponent. (Such an argument might also be used to describe
the decomposition of arbitrary products of irreducible characters—see Appendix A.) As a first step
in this argument, we establish a reduction result (Proposition 4.6), which allows us to describe by
induction on the rank of G those irreducible characters whose highest weights lie on certain faces
of the set of weights of the product.

Recall that in Chapter 1 we described the weight polytope cvx TI{A) of an irreducible character
%, in terms of linear functionals tf;, where tf;(z) = 2(A;,7~2)/(0y, a;) (Proposition 1.4). We
will consider here the faces F7 () of cvx IT(A) exposed by the functionals f;:

FIQ) = {z] fi(z) = fi(M} .

In Section 1 of this chapter, we associate a semisimple subalgebra G7 of G with the face F7 (M),
and to each weight w on F7(A) a weight p;w of G7. We argue that the weight diagram of X,
when restricted to F7 (1), equals (up to translation) the weight diagram of the irreducible character
of G7 whose highest weight is p;A (Lemma 4.1). Using this fact, and an elementary geometric
argument (Lemma 4.5), we show that on the face Fi(L + v), any product %X, “behaves” as a
product of irreducible characters of G7 with highest weights p;A and p;v respectively (Proposition
4.6). In other words, the sets of highest weights of the irreducible characters appearing in the
products are equal, as are the multiplicities of the corresponding irreducible characters. If we set
FJ(A) := ;e F9(}), then an analogous result holds for the faces FY(A) (Corollary 4.7).

We have seen in Chapter 3 (Theorem 3.1) that the eventual saturation of an irreducible character
depends only on the smallest face of the fundamental Weyl chamber containing the highest weight.
This face also determines the shape of the weight polytope of the character, by Proposition 1.2.
Thus eventual saturation depends on the shape of the weight polytope, rather than the highest
weight of the character. This is one reason why the convex structure of the weight polytope plays
an important role in the study of the rings Ko(A®) and Ko(AT). Another is that there is a one
to one correspondence between the faces F/(A)—we call these the dominant faces of cvx TT(A)—
and families of pure unfaithful states on Ko (AC). The “reduction to faces” result of this chapter
(Proposition 4.6) may be used to describe a reduction for Ko(A®) when the underlying character
is eventually saturated: for each J, there is an isomorphism between Ko (AC"J) and the quotient of
Ko(A®) by a certain ideal. The ideal here is described in terms of the face FY(A). This information
can be used to analyse the “eventual positivity problem” when reduction to the torus fails. (It is
possible that the exponent required to give saturation also plays a role in this analysis.) We include
in Section 2 a number of examples of 3-dimensional weight polytopes created using the software
Mathematica. '

30



1. A “reduction to faces” argument

Let A be a dominant weight of G, and fix j € I. Observe that any weight in cvx II(A)
belonging to F7 (1) has the form A — Z#j k;o; for some nonnegative integers k;, and arbitrary
elements of F7(A) have the form A — 3. ria; where the 7; are nonnegative real numbers. We
define a subalgebra G7 of G corresponding to the face F7(A) as follows.

As we mentioned in Chapter 1, the set of simple roots spans a d-dimensional Euclidean space,
which we denote R¢, with bilinear form (,) induced by the Killing form. Let A; := A\{o;}, E;
the subspace of R spanned by A;, and @; the set of roots @ N E;. Then @; is a root system in R4
(or in E;) with base A; and Weyl group W; := W), (respectively W) restricted to E;) generated
by the reflections o;, ¢ # j ((Hu2; Proposition 1.10 (a)]). If G = H ®ace Ga is a root space
decomposition of G, then we define a semisimple subalgebra G7 of G having root system @; by
setting 7 equal to the R span of the set { [Go,,G~a;) 11 # 7} and G9 := H? @aco; Gu. In other
words, G/ is the subalgebra of G generated by the basis elements z;, © # j, of G corresponding to
the simple roots o, 7 # j. If I"is the Dynkin diagram of G, then the Dynkin diagram of G7 can be
obtained from T by deleting the node labelled by j.

Let p; be the orthogonal projection from R¢ (the R span of the set of simple roots A) onto
E;: p;(x) := z — (Aj, ©)A;/(Aj,A;). Notice that if i # j and k # j, then (pjhi, o) = (i, o),
s0 {p;jM,i # j} is the set of fundamental weights dual to the basis A; of Ej. Thus p;C is
the fundamental dominant chamber for W; in E;, and p; maps the weight lattice of G onto that
of G7; if p = (my, mya,...,mg) with respect to the basis {A, Aoy .., Ag} of R, then p;p =
(M1, ... Mj_1,Mj41,. .., Ma) With respect to the basis {p;h1,. .. yPira} Of Bj.

We also observe that, when restricted to F7(A), the projection p; is simply translation by
a constant multiple of A;. To see this, recall that any element z on F3()\) has the form z =
A= 3z Ti0y where the coefficients r; are nonnegative real numbers. Therefore

P;T = pjA— Zﬂ'ai =z — (A3, M5/ (hir Ag).
i7j

Finally, note that if i # j then p;oi(z) = pi(z — (z,W)ou) = iz — (2, )0y = p;z —~
(pj, o )o; = oi(p;z), S0 p; commutes with all the elements of W;.

The result of Lemma 4.1 may be known, although I do not know of a reference. (An example
for A, appears in [AS]). It is a special case of Proposition 4.6.

Let mm(); ) be the multiplicity of the weight p in the irreducible character X, of G, and let
m;(A; ) be the multiplicity of the weight p;u in the irreducible character of G7 with highest weight
Pk .

Lemma 4.1. p;(F7(A) NTI(A)) is the set of weights of the irreducible character of G
with highest weight p;L. For all weights p in FI(A), m(A; p) = m;(A;n).

Proof: Let V4 be the G-module affording the character Xy, and denote the subspace of vectors in
VA having weight w by Vi(w). The space V{ := @yeriyVa(v) is a G-module; we show that this
G7 module is irreducible with highest weight p;A. If v € V4(A), then v is a maximal vector for G7
with weight p;A, so the irreducible representation of G7 with highest weight p;A is a component
of V. Notice that if v belongs to F7(A), then the weight v + a; does not belong to () (by
[Hul; Proposition 21.3]). Thus z;.v = O for all weights v € F7(), where z; is the standard basis
element of G corresponding to o;. If v/ € V;? were another maximal vector for GJ, then z;.v' =0
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for all i # 7, so v’ would also be a maximal vector for G. By [Hul; Corollary 20.2] v’ would be
a multiple of v, so V7 is irreducible. #

Recall that the face F7 (1) is invariant under W;. The next lemma shows that if w is a weight
on F3()), then it is conjugate under W; to a dominant weight on F7(X). As a corollary, we obtain
a description of the faces of cvx TI(A) which contain dominant weights.

Lemma 4.2. If z belongs to F7(}), then there is a ¢ € W; such that oz belongs to

Fip)nC.

Proof: Suppose that = belongs to F;(A). Then there is a o € W; such that (o(p;z), o) = 0 for

all i # j. Since p; commutes with W, we have 0 < (o(p;z), 0;) = (p;(ox), o) = (o, 05) when

i # 7. On the other hand, ox belongs to F;(A), so it has the form A — E,-#j r;oy where r; 2 0,

thus {0z, o) = (A, &) — 3052, Ti{04, &) = (A, @5) > 0 and oz therefore belongs to C

Corollary 4.3.

(1) If for some 7 in W, tF9(A)NC # @, then t € W; and tF7(A) = F7(A);

(i) If w is a dominant weight lying on a face of I1(A), then w lies on one of the faces
Fi(\).

Proof: (i) Suppose that = belongs to tF(A) NC. Then t~1x belongs to FI(A), so by Lemma

4.2, there is an element o € W; such that ot~ !z belongs to C and hence to C. By [Hul;

Lemma 102 B, ot~z = z, and ot~! is the identity element of W, hence © = 0 € W; and

tFI(A) = w0~ Fi(A) = Fi(A).

(i) If w lies on a face of cvx II(A) then by Proposition 1.4, w lies on one of the faces oF? (JL)

where o is an element of the Weyl group of G. Thus o~ w is conjugate to a dominant weight w’
on F7(A) by (i), and therefore w = w’ lies on F7 (). 4%

We call the faces F7 (L) the dominant faces of cvx TI(}).

Corollary 4.4. If 2 € C, then (A —oA,A;) =0 if and only if o € W;.

Proof: By definition of FZ(A), (A — oA, A;) = 0 if and only if o) belongs to Fi(d). f o € W,

then o lies on F7(}), so (A — o), Ay) = 0 Conversely, if o) belongs to F7(1), then A belongs to
s~ 1Fi(A)NC, so by Corollary 4. 3(1) o~ ! belongs to W;. %

In next lemma, suppose that A € C and A’ € C.

Lemma 4.5. If w lies on a face of [1{A + A') and w belongs to I(A) + 1/, then w belongs
to F7(A) + A for some j € I.

Proof: Suppose that for some z € I(A) and ¢ € W, = + A’ belongs to oF7 (A 4+ A’). Then by
Proposition 1.4, of;(z+A) = f;(A) + f; (). Butaf;(z) < f;(A) with equality only if x belongs
to 6F7 (1), and of; (M) = f;(c~!\') < £;(A'), with equality if and only if o € W; (Corollary 4.4).
Hence z belongs to F7(A). The reverse inclusion is also true, obviously. #

Let M(), w; v-+p) be the multiplicity of the irreducible character Xy, of G in the decomposition
of the product XaX,, and let M;(, ;v + ) be the multiplicity of the irreducible character of G

with highest weight p;(v + ) in the product of irreducible characters of G7 with highest weights
p;A and p;p respectively.
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Proposition 4.6. If v is a weight of X; belonging to the face F7()), then

M, v+ i) = M0 p v+ 1),

Proof: By Racah’s formula ([FH; Exercise 23.31], for example)

M(l,u;v+p)=ngncm(l;c(v-i—u-&-ﬁ)—u-—a). (4.1.1)
aeW

Since v lies on the face F(A) of cvx TI(A), v-+yi+3 lies on the face F¥ (A+p+8) of cvx M(A+-+-8).
It follows from Lemma 4.5 that if (v + p + &) — it — 8 belongs to I1(A) then it belongs to Fi(\)
and o belongs to W;. In that case, the multiplicity of the weight o(v+p+ 8) — p — 3 would equal
that of its image under p; in the irreducible character of G’ with highest weight p;A, by Lemma
4.1. Therefore
M, wv+p) = Z sgno m (M o(v+p+38) ~p—29)
acW;

= Z sgno m; (A 0(v+1+8) -p—3)
oEW;

= M; (A, u;v + ).
%

Remark: Expressed algebraically, Proposition 4.5 says that if w is dominant weight of the form
AR — 30,25 0y then M (A, p; w) = M;(A, p; w). In [BZ; Proposition 1.3], the authors prove this
result using [PRV; Theorem 2.1].

We can describe the weights on lower dimensional faces by defining, for subsets J of I, faces
FY(\) := NjesFI(A); weights on F/(A) have the form A — 3o Fiou. Let GJ be the subalgebra
of G generated by the basis elements z;, ¢ ¢ J, and let py be the projection from R¥ onto the
span of the simple roots ;, i ¢ J. Using Lemma 4.1, we argue inductively that FI(A) n1I(d) is
the translate of the set of weights of the irreducible character G’ with highest weight psA; then
Proposition 4.6 holds for the faces F/(A) as well. These observations are summarized Corollary
4.7 below.

Let mj(A; w) be the multiplicity of the weight pyw in the irreducible character of G7 with
highest weight psA, and M (A, ;v + ) the multiplicity of the irreducible character with highest
weight ps(v+ 1) in the product of irreducible characters of G J with highest weights pyA and psp
respectively.

Corollary 4.7.
(@) FY(A) NTI(}) is the translate of the set of weights of the irreducible character of G’
with highest weight p;A, and if w € F7(A) NTI(A), then m(}; w) = ms(A; w).
(1) If v is a weight of X;, belonging to F7(A), and p is a dominant weight, then

M v+ p) = My, v+ p)
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The last item in this section is an immediate consequence of an exercise in [Hul]. (The result
in the exercise is attributed to Kostant.)
Let S be the set of vertices of the face FY(A) + p; that is,

Sy={cA+p|oceW,:={oi,t &€ J)}.

Corollary 4.8. If Sy C C, then for any weight v in T1(A) of the form v =& = 3., ; kioy;,
the irreducible character X,., appears in the product XaX, and (XaXu, Xv4u) = m{A;v).
The weights in Sy are vertices of the set of highest weights of irreducible characters
appearing in the product, and (XX, Xeatp) = 1.
Proof: Suppose that w; and w; are dominant weights of G, and all the weights in TT{(w) + w2
are dominant. Then it follows from the Brauer-Weyl formula that all the corresponding irreducible
characters appear in the product Xy, X.,, and the multiplicity of the irreducible character with
highest weight v + w; equals m(w;;v) (Exercise 12, p.142 in [Hul]).

If Sy C C, then cvx §; C C, so all weights in F/(X) + p are dominant. By Proposition 4.6
and the result in the preceding paragraph (for products of characters of G7), (XaXy, Xv4p) = m(A; V)
for any v in FY()). #

2. Examples of three dimensional weight polytopes

In view of Proposition 1.4 and Lemma 4.1, one can inductively construct the weight polytope
cvx TI(A) of an irreducible character (at least in principle). The images of three dimensional weight
polytopes which follow were produced with the software Simplie and Mathematica.

Notice in figures 4(A) and 4(F) below that if A belongs to the interior of the Weyl chamber,
then cvx TI(A) (or more precisely, the undirected graph consisting of its vertices and edges) is the
Cayley graph of the Weyl group of G with respect to the generators {6;,i € I}. (Recall that the
vertices of the Cayley graph of a group G are the elements of G. If g1, g2, .., g4 are gencrators of
G, then at each vertex of the graph there are d outgoing edges and d incoming edges labelled by
the generators g;; the edge labelled g; connects the vertex v to vg;. In case a generator g; has order
2 (as is the case for the Weyl group), the picture is modified so that there is a single (undirected)
edge labelled by g; at each vertex.)
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Figure 4(A): A3 A= (1,1,1)
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Figure 4(C): Az A =(1,1,0)
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Figure 4(E);: Az A= (1,0,1)
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Figure 4(G

Bs A =(0,0,1)
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Figure 4(I): Bg A = (0,1,0)
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Figure 4(K): Bz A = (0,1,1)
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Chapter 5

Comparing products of irreducible characters of Ay

Consider a product of irreducible characters Xy, X, - - - X,,,, With total highest weight defined to
be 1+ Mg+ -+ +Mn. Using the results in Chapter 4 and induction on the rank of G, we can describe
certain irreducible characters appearing in this product; namely, those with highest weights on the
dominant faces of IT(J + + - 4 Ws). To describe the remaining irreducible characters appearing in
the product, we would like to use induction on the total highest weight.

Recall the partial ordering on the weights, defined in [Hul; Section 10.1]: p < A if the
difference A — . is a sum of simple roots (with nonnegative coefficients). If A and p are dominant
weights belonging to the same coset of the weight lattice relative to the root lattice, then p < A if and
only if TI(n) C M(A) ([A; Proposition 6.5]). We expect that if the total highest weight of a product
Xy Xug * + - X, is less than that of X, %y, + -+ Xy, and the differences p; — v; are sufficiently “small”
(each equal to a fundamental weight for instance), then all the irreducible characters appearing in
Xy, X, - -+ Xy,, also appear in Xy, X, -+ Xy ..

We investigate this conjecture here by comparing products of irreducible characters of Ay
using the Littlewood-Richardson rule. The most successful result is the following inequality, which
we prove in Section l.

Proposition 5.1. Let Ai,Ai;,... ,A;, be fundamental weights (not necessarily distinct}
such that the sum 2;.:0 Ai; belongs to the root lattice A,. Then for dominant weights
HosB1y- .05 Hts

KpoXpy ** Xy < Xpgrsg Xa4a, *Xpertha, - (5.0.1)

We begin Section 1 by describing the Littlewood-Richardson rule [Mac] for computing the
product of two irreducible characters of A4 using Young tableaux. We also describe a slightly
modified algorithm to accommadate products of more than two irreducible characters. QOur method
in proving Proposition 5.1 will be to “transform” a tableau of weight w which satisfies the conditions
of the Littlewood-Richardson rule for the product X, - -+ Xy, to one of the same weight satisfying
the conditions for the product X, 44, -+ - X, 44;, - Lemmas 5.2 and 5.3 describe rules for modifying
a tableau so that the conditions of the Littlewood-Richardson rule are preserved. These results are
combined in Corollary 5.4, and the proof of Proposition 5.1 {ollows.

Notice that the total highest weights of the two products in Proposition 5.1 differ by a dominant
weight. In particular Proposition 5.1 implies that, for dominant weights p; and H2, Xp, 423 Xps 424 =
X, Xyp. Now if v is a dominant weight belonging to the interior of the Weyl chamber, and w is a
dominant weight in TI(v), then either w € F¥(v) for some j, or w € (V') where v/ = v— (A1 +}q).
Thus in a product of irreducible characters whose total highest weight, v, lies in the interior of the
fundamental Weyl chamber, we may determine all irreducible characters with highest weights on
the faces F7(v) by Proposition 4.6 and induction on the rank of G, and all the remaining irreducible
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characters by Proposition 5.1 and induction on v. This argument also works when the total highest
weight lies on a boundary of the fundamental Weyl chamber, if the rank of G is less than or equal
to three. (In that case, the difference v — v/ is still a dominant weight, although it may be different
from Ay + Ag.)

Unfortunately, there are gaps if the rank of G is greater than three and the total highet weight v
lies on a boundary of the Weyl chamber. In particular, there are dominant weights w in TI(v) which
do not lie on any of the faces FJ(v), and do not belong to any set I1(v') for which v/ < v and the
difference v— V' is a dominant weight. To account for these gaps, we consider in Section 2 products
in which the difference in total highest weights is not a dominant weight. The combinatorial
arguments required here are more involved than those in the first section, and consequently we
restrict our attention to products with total highest weights v of the form njA; 4+ nal, or to specific
cases in ranks four and five.

The results obtained in Section 2 are weaker than that of Proposition 5.1. For example, if
J; := miA1 + magAa are dominant weights of Ag and Xy < Xpg—piy Xy +aa * + * X +ag fOr integers
p and g satisfying 2¢+ p = d + 1, then Xy, < Xy - X, if w lies on the face F! (Lemma 5.5).
Similar results are proved for certain characters of As in Lemmas 5.6, 5.7, and 5.8.

Lemma 5.9 applies to products of irreducible characters of A; whose highest weights are
sums of the fundamental weights A; and A; when d is even. We consider in particular the special
case where the highest weights are all multiples of the fundamental weight A. In this case we
obtain sufficient conditions for an irreducible character X,, < Xyo—r,+2a%ps 422 = * Xp42g 10 Appear
in X, - * - X,- Analogous results hold for certain characters of A4 and As (Lemmas 5.10, 5.11, and
5.12). The results of Section 2 are used in proving saturation of certain characters of A4 when
d > 3 (Proposition 6.7 and Theorem 6.3).

1. An inequality for products of irreducible characters in Ay

Let A = l1Ag + laAo 4+« - - + lgAq be a dominant weight. A Young diagram of shape A consists
of (at most) d + 1 rows of boxes such that, for j = 1,2,...,d, the number of boxes in row j
minus the number of boxes in row j + 1 equals !;. The basic Young diagram of shape A has
L + liy1 + -+ + 1y boxes in row j, for j = 1,2,...,d. All other Young diagrams of shape A can
be obtained from the basic one by adding the same number of boxes to each of rows 1 to d + 1.

Suppose that v =nihy + - -+ nghy. I n; +ngpp+ -+ 04 2 Li 4+ L1+ -+ g for
j=1,2,...,d, then a skew tableau of shape v\A is a Young diagram of shape v in which the
(n; +njp1+- - +na) = (4 - -4 14) boxes at the right end of row j have been filled with en‘ries
from a set S (here, the set S will consist of integers or pairs of integers) for j = 1,2,... ,d. For
example, if v = A1 + A2 + 2A3 + A4 and A = 2A; 4 A2 + A3 then Figure 5(A) below is a skew
tableau of shape v\A.

1]

Figure 5(A)

Call the part of the skew tableau without entries the base of the tableau.
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The following is the Littlewood-Richardson rule for computing the product of irreducible
characters of Ag with highest weights A == i + s + - +lghgand p=mdy + - + Mgy
respectively.

Beginning with the basic Young diagram of shape A, add m; + miy1 + - + ™4 boxes with
entry 4 fori = 1,2,...,d in such a way that the resulting skew tableau has at most d+ 1 rows and
satisfies the following two conditions.

LR 1: The entries in the tableau increase weakly along rows and strictly down columns. When this
holds, we say that the tableau is column strict.

LR 2: Let w = (wi,ws, ... ,Wk) be the sequence of entries in the tableau read from right to left and
top to bottom. For each positive integer j < k and each positive integer ¢ < d—1 the number

of #’s in the sequence {(wy,ws, ... ,w;) is greater than or equal to the number of ¢ 4+ 1’s.

The multiplicity of an irreducible character %, in the product XaX, is the number of distinct
skew tableau of shape v\A so obtained.

To compute the product of more than two irreducible characters, say XuoXp, <+ + Xy, WE can
extend this algorithm, by adding to the Young diagram of shape o boxes whose entries are pairs
of integers. A box with entry (4, 7) is to be interpreted as a box with entry j added at the i** step
(eoXpy * - Xy X Xy;) of the product; more precisely, it represents a box with entry j added to
the Young diagram whose shape is v\Mo, where v is the highest weight of an irreducible character
appearing in the product Xy, - - - Xy, ‘

The extended algorithm goes as follows. If p; = my A + mihe + -+« m; g, then we add
forie {1,2,...,t}andj € {1,2,... ,d}, mi; + my;,, +- -+ mi, boxes with entry (,7) to the
basic Young diagram of shape po in such a way that the resulting skew tableaun has at most d + 1
rows and satisfies the following two conditions.

MLR 1: The entries in the tableau increase weakly from left to right and strictly from top to bottom in
the lexicographic ordering on the pairs. (We still call such a tableau column strict.)
MLR 2: For each i € {1,2,...,t} the sequence w; = (w;,, wi,, ..., ws,) of second coordinates of

entries (i, w;, ) in the tableau read from right to left and top to bottom satisfies LR 2.

The multiplicity of the irreducible character X, in the product XuoXy, - - Xy, will be the number
of distinct skew tableau of shape v\ig so obtained.

For example let A = Ay + 242, b = A1 + 3A, and v = 3k be dominant weights of A2. The
tableaux in Figure 5(B), (@) and (b) below show respectively that X, < %2 and Xy < X Xa—they
satisfy the conditions LR 1 and LR 2—so X, < X,®. These two results are combined in the single
tableau (c), which satisfies the conditions MLR 1 and MLR 2.

1 2 1 2 11] 12 211 22
2 1 |12 12| 21| 22
() Xy < X% (B) % < X (c) Xy < X3
Figure 5(B)
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The next two lemmas give a method for adding boxes to a tableau so that the conditions MLR1
and MELR2 are preserved.

Suppose that we are given a tableau T in which the entries increase weakly along rows, and
we add to 7" a number of boxes (with or without entries). We add the boxes to T in such a way
that the entries still increase weakly along rows; that is, when adding a box with entry (7, §) to row
m of the tablean T, we put it as far to the left as possible, so that all entries in row m to the left
of the added box are strictly less that (i, )} and those to the right are greater than or equal to (2, j).
We may consider blank boxes as boxes with entry (0,0), and these we add to the first column of
the tableau.

Let S be a subset consisting of pairs (Z, j) where either i = § = 0, or both ¢ and j are strictly
positive integers. Let 7" be the tableau obtained from T by adding, for each (i, j) € S, a box with
entry (i,7) to T in such a way that the entries in the tableau still increase weakly along rows.

Lemma 5.2. Suppose that T satisfies MLRI.
{i) If all the boxes are added to row one, then T” is column strict.

(i) If, for m > 1, we only add a box with entry (i, ) to row m of T after adding a box
with entry (¢/,7') < (i,j) torow m — 1, or if i = § = 0, after adding a box with entry
(0,0) to row m — 1, then T" is column strict.

Proof:(i) Suppose that |$| = 1, and that T is the tableau obtained after adding a box with entry
(i,7) to row one, column 7, of T. If i = j =0, then n = 1; otherwise , for k < n the entries in
column % of the tableau have not changed, so they still increase strictly from top to bottom. For
k > n, the entry in row one, column k of T" is less than or equal to the entry in row one, column &
of T, (it is equal to the entry in row one, column k& — 1 of T'), so entries in column k still increase
strictly. By induction on ||, we can add any number of boxes to row one of T in this way, and
7" will be column strict.
(ii) Suppose that we have added a box with entry (¢, ') to row m — 1, column n’ of T so that
the resulting tableau is still column strict, and we then add a box with entry (4, 7) > (i, §")—or if
i/ = ' = 0 a box with entry (0, 0)—to row m, column n. Then the entries in columns k < n have
not changed, so still increase strictly, and the entries in columns k > n increase strictly from row
1 to m — 1 and from row m to d + 1. We therefore only need to check that, for k > n, the entry
in row m — 1, column k is strictly less than that in row m, column k.

If n < k < 7/, then the entry in row m column k is greater than or equal to (2, §) since k 2 n.
The entry in row m — 1, column k of 7" is less than or equal to (¢, ;') since k < ', so it is strictly
less than (i,7). If k > n and k > n', then the entries in rows m — 1 and m column k of T" are
equal to those in rows m — 1 and m, column k respectively of T', so they increase strictly. #

Example: Suppose that we are given a tableau T' of shape v\p obtained using the Littlewood-
Richardson algorithm for the product X3X,. If w; > wy > ... > wy is a sequence of integers, and
we add w; blank boxes to row 1 of T', wo blank boxes to row 2 of T', and so on up to wy blank boxes
to row d of T, then the resulting tableau 77 will still satisfy LR1 by Lemma 5.2. It will also satisfy
LR2, since we haven’t changed any of the entries in T. Consequently, (Xy, Xa%y) < (Xvuws XXyt w)
for any dominant weight w = (w; — wa)A + (w2 — wa)he + +++ + (Wa—1 — WaYha—1 + Waky.

Let po := 2A1 + Aa + A4, By := 31 + 2A2, v := 241 + 2A2 + 2R3 + Ag, and w = A + Ay + Agq.
The tableaux in Figure 5(C) (a) and (c) below show that Xy < XXy, and Xvtw £ Xpgtwky,
respectively.

44



1)1 1111
1112 111]2
2 2
(@) v < XXy, (b) T (C) Aviw < XpotwXpy

Figure 5(C)

The tableau T” obtained in the above example automatically satisfied MLR2, since we added
only blank boxes to the tableau T'. The next Lemma gives conditions for adding boxes with entries
to the tablean T, so that TV satisfies MLR2.

Lemma 5.3. Suppose that T satisfies MLR2 . If for each ¢ 2> 1 and j > 2, we only
add a box with entry (i, ) to row m of T after adding a box with entry (,j — 1) to row
m' < m of T, then T” still satisfies MLR2. .

Proof: For each fixed i the sequence w; consists of the second co-ordinates of the entries in T,
read from right to left, top to bottom. By adding boxes according to the rules given above, we
ensure that, for j = 2,3,... ,d, the number of j — 1’s in this sequence is increased by 1 before the
number of §’s is, so that T still satisfies MLR2. #

Example: Before giving the proof of Proposition 5.1, we will use Lemmas 5.2 and 5.3 to prove a
special case of this result. Figure 5(D) illustrates the fact that X,Xa < Xy+2, X412, for characters of
A» with dominant weights p := 2); and A := 2Xs.

(8) XXy =%(2,2) + X(1,1) + X(0,0)

111 1
1212 11112 1
0 212 21212

(8) Xtna Xakra = X(2,2) + 1,1y + X(0,0)
Figure 5(D)
In this example, we added to each tableau in (a) the same sequence of boxes in the same
rows (ie. a blank box to row one, a box with entry 1 to row two, and a box with entry 2
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to row three) to obtain the corresponding tableau in (b). In fact Lemmas 5.2 and 5.3 together
imply that, if we are given any tableau T, representing an irreducible character X, in an arbitrary
product X, %, of irreducible characters of Ay, and we make these same additions, then the resulting
tableau T/ represents X, in the product Xuia,Xata;. In other words, we have shown that, for
irreducible characters of Az, XuXa < X4, Xatr,. We can easily extend this example to show that
Xy < XayagXpsa, for irreducible characters of Ag: add to any tableau representing an irreducible
character in the product XaX, a blank box to row one, a box with entry 1 to row two, and so on, up
to a box with entry d to row d + 1 to obtain a tableau representing the same irreducible character
in xH.;\,dxp,.*.M. .

More generally, the results of Lemmas 5.2 and 5.3 may be combined in the following Corollary.

Let A be the array whose rows are left justified and whose *" row consists of the entries added

to row ¢ of 7', arranged in (lexicographically) nondecreasing order. (In case the same number of
boxes is added to each row of T, we can let A be a matrix.)

Corollary 5.4. Suppose that T satisfies MLR1 and MLR2, If the entries of A increase
strictly along columns after the first nonzero entry, and if for each i > 1 and j > 2 the
pair (i, ) lies in a lower row than the entry (i,j — 1), then T" satisfies both MLR1 and
MLR2.
Proof of Proposition 5.1: Suppose that X, is an irreducible character appearing in the product
XuoXy, * - - Xu,- Then there is a tableau T, of shape v\po satisfying the conditions MLR 1 and MLR
2; T, has a base of shape g and for ¢ = 1,2,...,f and § = 1,2,...,d, there are m;;, +my,,, -+
.+« +m;, boxes in T, with entry (i,7). We say that T, represents the irreducible character X, in
the product XXy, « - - Xp,- We will construct from T, a tableau T representing Xy in the product
Xiothig Xy +2s, ** * X, - 1D order to achieve this we must add boxes to Ty so that the new base has
shape po+A;, —that is, we must add an empty box to each of rows 1 to io— and fori=1,2,...,1,
there are m;, + -+ + m;, + 1 boxes with entry (i,7) if j € {1,2,...,4s}, and my; + -+ + my,
boxes with entry (4, 7) if § € {é¢41,...,d}. We must add the same number of boxes to each row
of T, and they must be added in such a way that T! still satisfies MLR 1 and MLR 2.

Suppose that E;‘—_-o i; = N{(d+1). Then we must add N boxes to each of rows one 1o d + 1
of T,. The N(d + 1) boxes must have entries in the set

S ={(0$ 0)3 oo $(01 0); (1, l), (1, 2), e ,(1, il); (2’ 1)’ (2,2)’ . ,(2’ ig); o
(tl)s(t2)""i(tait)}

and must be added to T, so that the d + 1 x N matrix A satisfies the conditions of Corollary 5.4.

Begin filling A by putting the ig entries (0,0) into rows 1 to ig of column cne. These correspond
to blank boxes, so this ensures that the base of T/ has shape po+As,. If o471 < d+1, then fill the

next i; rows of column one with entries (1,1),(1,2),...,(1,4). Continue 2dding clements of S
to column one until k; := ig+ iy +ia+---+i;— (d-1) > 0. Then fill the first k; rows of column
two with entries (j,1), (4,2),- .., (4, k;) and the last i; — k; rows of column one with the entries

(4,k; +1),...,(j,4;). Since k; < i; < d, there will always be enough space in a single column
for the entries (4,1), (5,2), ..., {4, k;). We continue to fill the matrix A from top to bottom, left to
right with the elements in the set S (in increasing order) ensuring that, for a given j € {1,2,...,¢}
either all the entries (4,k) lie in a single column of A, or if there are only i; — k; < i; spaces
remaining in the leftmost column m of A being filled, we put the pairs (j,1),(5,2),...,(j, k;) in
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the first k; rows of column 7 + 1, and the pairs (4,k; +1),...(i;) into the last i; — k; rows of
column m. %

Examples of A in some special cases.

1. xxd-i-l < x7\.+7&1d+1:

Ais the d+ 1 x 1 matrix
(0,0)
(1,1)

(d: 1)

2. %4 < Mg, 4
If d + 1 = 2n, then A is the 2n x 2 matrix

0,00 (1)
0,00 (2)

(n --:1, 1) (21";, 1)
(TL -1, 2) (21%, 2)

If d+1=2n+1, then A is the (2n+ 1) x 2 matrix

[ 00 @D
©0) (a+LD)
(1,1) (n+1,2)

(n—1,1) (-1,
(TL - 1! 2) (2n, 1)
\' n,2)  (2n,2) /

2. Restricted Inequalities

There are two basic types of comparisons considered in this section. We compare Xy, -- Ay,
with products of the form X, —kaXpg-4his: * ** Xpn-thiy, (Lemma 5.5 and Lemmas 5.6-5.8), and with
products of the form Xy, —a;+acp: Xug4ress * * Xin+hiys (Lemma 5.9 and Lemmas 5.10-5.12). Lemma
5.5 and Lemma 5.9 hold for irreducible characters in any rank; the other results apply to special
cases in rank 4 and 5. Before discussing these, we need to describe the tableaux corresponding to
the faces F7(A).

Beginning with a Young diagram T}, of shape A, we construct, for any simple root o;, 2
diagram of shape A — o; by moving a box from row j to row j + 1. By repeating this process,
we can construct a diagram T, from T3, for any dominant weight w < A. A diagram of shape
w € F1(A) constructed in this way will have the same number of boxes in row 1 as does T;, since
the difference A — w is a sum of simple roots other than o;. If w € Fi(), then T, is formed
without moving any box in 73, from row j to row j 4+ 1. Thus the number of boxes in rows 1 to
§ of Ty, equals the number of boxes in rows 1 to j of T}.. Also, the number of boxes in row j of
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T,, will be greater than or equal to that of T3; the number of boxes in row j+1 of T, will be less
than or equal to that of 73.

The first lemma in this section deals with products of irreducible characters of Ay whose
highest weights are sums of the fundamental weights A, and 2.

Suppose that p and ¢ are nonnegative integers such that ¢ > p and 2¢ — p = d + 1. For
i=1,2...,q iet p; = mgh + Hioke be dominant weights of Ag such that mey 2 p. Set
Vi=Hot ot Uy

Lemma 5.5. If Xu < XpoXy, =<+ Xy, and w € F1(v) then

Xy < xl-l{}“!’llxl-lx-i-lz e 'xllq'H\a‘

Proof: Let T,, be a tableau representing X, in the product X, - -+ X3 Tow has shape w and satisfies
MLR1 and MLR2, Form the tableau 7, by removing p blank boxes from row 1 of Ty,. (Since Ty,
has a base of shape Jig and mq; = p, there are at least p blank boxes in row 1 of T},,.) The tableau
T! has a base of shape po — pAs, and it satisfies MLR2 since the entries in T/ are the same s
those in Ty. We claim that T/, satisfies MLR1 as well. The entries of T}, increase weakly along
rows, and from rows 2 to d+1 they increase strictly down columns. Since w € F1(v), all entries
(i,1) in (T, or) T, lie in row 1, and the only entries in row 2 are those of the form (i,2). Since
there are at least as many entries (¢, 1) in row 1 as entries (3, 2) in row 2 for any 4, it follows that
in any column, the entry in row 1 is strictly less than that in row 2.

o1 -+ Mo2 moy + Moz — P

Figure 5(E)

Form T by adding to row 1 of T, the p-+1 boxes with entries (1, 1,(2,1),...,(p+1,1), and
to rows 2 to d+1 the boxes with entries (1,2),(2,2),...,(®+1,2),(p+2,1),(p+2,2),...,(q,2)
respectively (one to each row).
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mo1 + Mgz ~- P

11 nJ |2l Im ‘

1
Tw

Figure StF)

The tableau T has shape w, and will represent X,, in the product Xpg—pm, X, 4as ** A gaag 1f
it satisfies both MLR1 and MLR2. This follows from Corollary 5.4, since Ty, satisfies both MLR1
and MLR2. #

Remark: We have actually shown that when the hypotheses of Lemma 5.5 hold

(KXo Hig) S (o Tgmpha *** Xpigebha) -

The condition w € F1(v) is not necessary to imply that Xu < Xpg—pry * - Xpgtae- We only
require that there is a tableau T, representing X in Xug - - - Xy, which does not have any entries
(i,1) in row 2. (The condition MLR2 ensures that there are at least as many entries (¢,1) in row
1 as entries (i,2) in row 2, hence the tableau T}, obtained by removing p blank boxes from row
1 of T, still satisfies MLR1.) When we start with T, the tableau T constructed in the proof of
Lemma 5.5 does not have any entries (i, 1) in row 2, therefore we may apply the lemma repeatedly
to obtain results such as the following Corollary.

Corollary [saniﬁle). If Xy S ¥po v+ Xy, and w € F1(v), then for any integer ¢ such that
tp < mo1,
Xw < Xpo—tpra Xpy+tdo *** Kugttha -

The next three lemmas are analogues of Lemma 5.5 which hold for certain characters of
As. Fori=0,1,2,3,4, let i; = miA + mi2he + Mmiaks be dominant weights of As and set
v =g+ -+ 4. In the next Lemma, suppose that mog 2 2.

Lemma 5.6. If Xy < X -+ Xu, and w € FZ(v) then

Xy < Xuo—2hg Xy +25 Xpo +Aa K +as g+ -

Proof: Let T, be a tableau representing X,, in the product Xy, « - Xy,- Construct a tableau T7,
having base of shape po — 2A; by removing 2 blank boxes from each of rows 1 and 2. Then
T satisfies MLR2, and the entries in rows 1 and 2, and rows 3 to 6 still increase strictly along
columns. Since w € F2(v), all boxes with entry (i,2) lie in row 2 of T, and the only boxes in
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row 3 of T are those wiih entry (4, 3). In any column then, the entry in row 2 is strictly less than
that in row 3. It follows that T, satisfies MLR1 as well.

Now form the tableau T;/ by adding to T, the three boxes (1,1), (2,1), and (3,1} to row 1,
boxes (1,2), (2,2), and (3,2) to row 2, and then boxes (1,3), (2,3), (3,3), and (4,1) respectively to
rows 3 to 6 (one to each row). (See Figure 5(G))

By Corollary 54, T/ satisfies MLR1 and MLR2; it therefore represents X,, in the product
xuo+2't\axu1+13xp2+13xu3+13x114+7~1 .

In figure 5(G) below, g := Ay + 2hy + 3hg, W1 := Ay -+ A3, Ho = 2hy + Ao + Ag, B3 i=As,
and |4 = Ay + 2A2 + A3.

1l f21 |21 |a1 |41 a1 |41 1 bnn 21 |20 {81 {41 {4 |4
12 |21 |21 [22 |22 | 41 |42 |42 [42 12 121 {21 [22 |22 |41 |42 |42 {42
13 13
23 23
43 43 '
1*] Ty - T,

11§11 |11 2121 |21 |31]31 )41 |41 |41

12 12 |21 j21 |22 22 |22 |32 |41 |42 [42 |42

13113

23|23

33|43

T”

Figure 5(G)

For Lemma 5.7, suppose that uq = 0, and mo1 > 0.
Lemma 5.7. If Xy < %uoXp XuaXps and w € F1(v) then

X < Xpo—na Xy 42a g tro X -

Proof: Let T,, be a tableau representing X, in the product X, -+ - Xy, and let T! be the tableau
obtained by removing a single blank box from row 1 of Tp,. Since w € F 1{v), the tableau T,
satisfies both MLR1 and MLR2.

Construct the tableau T by adding to T, boxes (1,1), and (2,1) to row 1, and the boxes (1,2),
(2,2), (3,1), (3,2), and (3,3) to rows 2 to 6 respectively. By Lemma 5.4, T satisfies MLR1 and
MLR?2, and therefore represents X, in the product Xpg—a, X, 435 Xug 3o Xpg +3s - #

In Lemma 5.8, we assume that mq; = 0 fori =1,2,3,4 and moz 2 2.
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Lemma 5.8. If Xu < XXy, -+ X, and w € F3(v) then
X < Xpo—223 Xy 42 X +2a Kpatra Xy 22 -

Proof: Given a tableau representing X, in the product Xy - - - Xu,s let T, be the tableau formed
by removing 2 blank boxes from each of rows 1 to 3 of T,,. Then T, satisfies MLR2, and since
w € F3(v), T/, satisfies MLR1 as well. We construct a tableau T of shape w by adding to T,
boxes (1,1, (2,1), and (3,1) to row 1; boxes (1,2), (2,2), (3,2) to row 2 ; boxes (1,3), (2,3), (4,1) to
row 3; and boxes (1,4), (2,4), and (4,2) to rows 4 to 6 respectively. Then T satisfies MLR1 and
MLR2 by Corollary 5.4, and represents Xo, in Xpug—-23aXp; +4 Xug+ra Xpa+ha Xpo+az- E

Suppose that d = 2t. Fori =0,1,...,tletp; = m;1h + mighe be dominant weights of Ag
such that mop > 0. Setv=po+ -+ + H¢.

Lemma 5.9. Suppose that X, < XXy, - Ly,

) Ifwe FI(V)' then X < xllo-ll-l-hmeLz ERY AT P :

(i) Hmoy=1,my=0fori>1, andwe Fd(v) then Xy, < Xpo—ay +aa Xy +2g * *Xpg4hg-

Proaf: Let T, be a tableau representing X, in the product X, - - - Xy, and form the tablean 77,
by adding to T, a box with entry (1,1) to row 1, a blank box to row 2, and boxes with entries
(1,2),(2,1),(2,2) ..., (k,2) to rows 3 to d+1 respectivily (one to each row). Then T, has shape
w, and it satisfies MLR2 by Lemma 5.3. By Lemma 5.2, the entries in rows 2 to d+1 of T, increase
strictly down columns, '
(i) We will show that T}, also satisfies MLR1, and so represents X, in the product given in (i). If
w € F1(v), all boxes with entry (4,1) in T\, belong to row 1, and the only entries in row 2 of T},
or T" are those of the form (3, 2). In each column therefore, the entry in row 1 is strictly less than
that in row 2, so MLR1 holds.

1| [21 ] Kk nlunn|«tfer|«|x1
12 w221 .. | k2 12 w22 .. (k2
12 | ... 12 | 12
22 | o 21122
22
T s
w T,
Figure 5(H)

(ii) If mo; = 1 then the base of T, consists of oz + 1 blank boxes in row 1 and mg2 blank boxes
in row 2; the base of 7!, consists of mg2 + 1 blank boxes in rows 1 and 2. We will consider the
entries in rows 1 and 2, column k > mg2 + 2 of T},

If k > moz + 2, then the entries in rows 1 and 2, column k of T! equal the entries in rows 1
and 2, column k — 1 of T,; the entry in row 1 is therefore strictly less than that in row 2.
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The entry in row 1 column mog + 2 of T}, equals (1,1); the entry in row 2 column moz + 2 of
T! equals that in row 2 column moz + 1 of Ty,. If this entry does not equal (1,1), then it is strictly
greater than (1,1), and T}, satisfies MLR1. (See Figure 5(I))

11f ... 21 .. |t 1Injirg ... 211 .1t

12 |12 | {21 |22 12 (12| |21 |22

1| |22 1| 222

T, Y

w

Figure 5(I)

If the entry in row 2 column mog + 2 of T7, equals (1,1) then we proceed as follows. (The
reader may wish to refer to the example in Figure J, on the following page.) We note that there is
at least one entry (1,2) in row 3 of T7,, since we added one to row 3 of T}, in the first step; the
leftmost entry (1,2) in row 3 of 77, lies in column [ < mo2 + 2. (Since there is a (1,1) in row 2
column moz + 1 of Ty, any entry (1,1) in row 3 of Ty, or T}, lies in a column strictly to the left of
mgo + 1, so the leftmost entry (1,2) in row 3 lies in column [ < moy + 1.) Form the tableau b
by exchanging the entry (1,1) in row 2 column mog -+ 2 of T}, with the leftmost entry (1,2) in row
3. (See Figure I(c))

We observe first that the entries in columns k # mo2 + 2 of T, increase strictly. Those in
columns k > mgs + 2 have not changed; the only change in the entries in columns k < mgg -+2
is that the entry (1,2) in row 3 column ! has been replaced by (1,1). The latter is strictly less than
the entry in row 4, column [ and lies below a blank box in row 2 of T}, so entries in column [
still increase strictly. If there are no entries (1,2) in row 3 of T, then the entry in row 3, column
moz + 2 is strictly greater than (1,2), so T}/ satisfies MLR1. The absense of entries (1,2) in row 3
of T/ also implies that MLR?2 is satisfied so T; represents X, in (i1).

If T does not satisfy both MLR1 and MLR?2, then we form T as follows. Observe that
there is at least one entry (2,1) in row 4 of T, since we added one to T, in the first step; the
leftmost entry (2,1) in row 4 lies in column p < ! (since the leftmost (1,2) in row 3 of T, lies
in column [). We form T by exchanging the rightmost entry (1,2) in row 3 of T}, (which lies
in column p’ > [, strictly to the right of column p) with the leftmost entry (2,1) in row 4 of T,
Then T,S,a) satisfies MLR2, and it will satisfy MLR1 unless there is a box with entry (2,1) in row
4, column p’. (Figure J(d)) :

If there is a box with entry (2,1) in row 4, column p’ of T3, we exchange this entry with the
leftmost entry (2,2) in row 5. (Again there is at least one, and it lies to the left of the (2,1) in row
4.) Call the resulting tableau TEY | If this tableau does not satisfy both MLR1 and MLR2, then we
continue this process until we obtain a tableau satisfying MLR1 and MLR2, or until we arrive at
T{4-1_ obtained by exchanging the rightmost entry (¢ — 1,2) in row d — 1 with the leftmost entry
(t,1) in row d. Then (4-1) satisfies MLR2. Since w & Fd(v), there are no boxes in row d+ 1 of
T., .The hypothesis m;; = 0 for ¢ > 0 implies that there are no boxes with entry (1,1) in row d
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of T, so there are no boxes with entry (i,1) remaining in row d of T,S,d"l). The latter therefore
satisfies MLR1 as well, and so represents X,, in the product X, i, 43X, 44z = Xpetrg- ¥

Example:
Here d = 6 and we consider the product X, Xy, X, Xy, Where Jig 1= dhg + A1, Y1 1= Bhg, B2 1= OAa,
and Ha = 27\.2. '

11|11 {21 |21 |31 |31 111111 |21 )21 |3i |31
11 |12 (21 |22 11112 |21 |22
11]11{12{12 |22 |22 1111 {1212 112 |22 |22
12112 |21 |21 12 |12 |21321 |21
22 |22 |32 22122 |22 |32
az 31 |32
(a) Tw 32 ) T,
11 |1t |21121]31 |3% 1t J1t |18 |21 )21 131 |31
12112 {21 |22 12 112 |21 |22
1mji1rf11jizi12 22|22 11 |11 ]11 |12 217122 (22
121122112121 12112 (1221 ]21
22122 |22 |32 22 |22 |22 |32
31 |32 31|32
a2 3z
(c) T (d) T3
11 (11 ]11 |28 |21 |31 31 11 /11 ]11 |21 |21 |31 (31
12112 (21 |22 12 |12 {21 |22
1111111 ]12}]21 |22 (22 111111 }12121 322 (22
12112112 |21 |22 12112 |12 |21 |22
21 122 122 |32 ‘ 21 122 |31 |32
31 a2 22132
il P+ il I

Figure 5(J)

In the remaining lemmas we consider characters of Aq and Ajs; the results (and proofs) are
similiar to those of Lemma 5.9.
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For i =0, 1,2, let p; = m; 1Ay + mizhg + mi3As be dominant weights of A4 and suppose that
mog > 0. Define v := pg + 113 + Ua.

Lemma 5.10. Suppose that X,, < X, Xy, %, Then Yo € Xig—np 423Xy +2a Xz 42, provided
any of the following conditions holds:

i) we F2(v);

(i) mog—1=mp=mpp=0and w EFI(V);
(i) mop — 1 = my2 = maa =0, my =0 for all 4, and w € F4(v).
Proof: Let T,, be a tableau representing X,, in the product Xu,Xy,X,,. Construct the tableaun Ty,
from T, by adding a box with entry (1,1) to row 1, a box with entry (1,2) to row 2, a blank box
to row 3, and boxes with entries (1,3) and (2,1) to rows 4 and 5 respectively. Then T}, satisfies
MLR2 by Lemma 5.3, and the entries in rows 1 and 2 and in rows 3 to 5 increase strictly down
columns, by Lemma 5.2.
(i) If w lies on F2(v) then the only nonempty boxes in row 3 are those with entries (¢,3) and all
boxes with entries with entries (7,2) lie in row 2. In any column, the entry in row 2 of T, is
therefore strictly less than that in row 3, so T, satisfies MLRI.
(ii) The tableau T, has mgs + 1 blank boxes in row 2 and moa blank boxes in row 3. Since
w € F(v) the only possible entries in row 3 column moa + 1 of T, are (1,2) or (1,3).

Moy + moa + 1

11 [ 121 ] 21 11§11 (.. 121 21
121 ... 22 | ..o |22 121121 ... 22| .. 122
12 [13 | --- 12 (13
12 | o0 |13 | o 12 | .. 113113
13- T, 13 |« |21 T

Figure 5(K)

In the latter case T, satisfies MLRI. In the former, we let T}, be the tableau which results

when we exchange the entry (1,2) in row 3, column g3 + 2 of T}, with the leftmost entry (1,3)
in row 4. (The latter lies in column [ < mga + 1 since the rightmost entry (1,2) in this row lies
to the left of column moz + 1.) If T does not satisfy MLR1 and MLR2, then we form T} by
exchanging the rightmost (1,3) in row 4 ot 7/ with the leftmost entry (2,1) in row 5. Then T,S,a)
satisfies MLR2; since w € F1(v) there are no boxes with entry (2,1) remaining in row 5 of 3)
so MLRI1 is satisfied as well.
(iii) In this case, the tableau T, has mgz + 1 blank boxes in rows 1 and 2, and mga blank boxes
in row 3. Since w € F4(v), there are no boxes in row 5 of T,,; the conditioa MLR2 implies that
there are no boxes with entry (%, 1) below row 2, and no boxes with entry (7,2) below row 3. (See
Figure 5(L).)

The tableau T, will satisfy MLR1 unless there is an entry (1,2) in row 3 column mg3 4 2 of
T!. If there is, then we construct T2 and if necessary T(®) as in part (ii).%
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moa+1

11 21| 11 11 2]
12| . |21 f22] 121121 .. |21 j22
i2li13] ... 12 | 13
13| 123 ]| 13|13 . |23
21
T T
Figure 5(L)

Let p; = mg A + Mmigha + Miska + mighy be dominant weights of Ag for i =0,1,2, and set
Vv := 11 + M2 + 3. Suppose for the next Lemma that mgz > 0.

Lemma 5.11. If Xy < XXy, %p. then Xy < XpgnptagXp +24Xp+1, Provided any of the
following conditions holds:

M) we F2(v);

(i) mgz — 1 =mi2 =moz =0 and w € F(v);
(i) mog — 1 = m1g = ma2 =0, my =my3 =0 for all ¢, and w € FS(V).
Proof: If Ty, is a tableau representing X,, in the product X, Xy, X, let T, be the tableau formed by
adding a box with entry (1,1) to row 1, a box with entry (1,2) to row 2, a blank box to row 3, and
boxes with entries (1,3), (1,4), and (2,1) to rows 4,5, and 6 respectively. It follows from Lemma
5.3 that T", satisfies MLR2, and from Lemma 5.2 that the entries in rows 1 and 2, and in rows 3
to 6 increase strictly down columns,
(i) If w € F?(v) then in Ty, and T, the only entries in row 3 are those of the form (¢,3), which
implies that in any column, the entry in row 2 is strictly less than that in row 3. Thus T}, satisfies
MLRI, and represents X,, in the product Xp,—a,+aaXp, +2a X421
(i) The tableau T, has mos + mo4 + 1 blank boxes in row 2 and mgs + o4 blank boxes in
row 3. Since w € F1(v), the tableau T/, will satisfy MLR1 unless the entry in row 3, column
mog + moa + 2 equals (1,2).

™mo1 + moa + mosa + 1

11{ . |21 ] |21 nlul.jz1]..l21
12 | |22 ] . |22 1212 . |22 . |22
12|13| ... |23 12 13f ... |23
12| ... |13 12 f13l ... |13

it 13| ... |is
141 ... 14 | - |21

Tw T

Figure 5(M)

If T, does not satisfy MLR1, let T? be the tableau obtained by exchanging the (1,2) in row
3 column mos + mo4 + 2 of T, with the leftmost entry (1,3) in row 4. (It is easy to check that

535




the latter lies in column ! < o3 + mo4 + 2.) If there are no entries (1,3) in row 4 of T, then it
satisfies MLR1 and MLR2, and we are done.

If T does not satisfy both MLR1 and MLR2, form T by exchanging the rightmost entry

(1,3) in row 4 of T with the leftmost entry (14) in row 5. If one of MLR1 or MLR2 does not
hold then there is at least one entry (14) in row S of 5. Let T4 be the tableau obtained by
exchanging the rightmost entry (1.4) in row § of Tt(.,a) with the leftmost (2,1) in row 6, Then T,Sji)
satisfies MLR?2, and since w € F1(v), there are no entries (2,1) in row 6 of T,Sf). so MLRI is
satisfied as well.
(iii) The tableau T, has mo4 + 1 blank boxes in rows 1 and 2, and mo4 blank boxes in rows 3 and
4. Also, the number of entries (1, §) in T}, equals my4 for all j. Since w € F°(v), this condition
together with MLR2 implies that there are no boxes with entry (1,1) below row 2. The tableau T
will therefore satisfy MLR1 unless there is an entry (1,2) in row 3 column 7no4 + 2.

mo4 + 1
1| l21] - 1ifar .. j21
12 | - 12112
12 |13 | - 12 {13
13 e | .. 13]13 |14
14| .. |24 1 .. 14|14 ... |24
21
T, T
Figure 5(N)

If there is, then we proceed as in (ii). (In this case the condition w € F5(v) implies that there
are no boxes with entry (2,1} in row 6 of Ty #

Finally, suppose that mo3 > 0.

Lemma 5.12. If X < XX, Xy, then %oy < XpgoagtagXp+aiXus 43, Provided any of the
following conditions holds:

) we F3(v);

(i) mog —1=mi3 =mgs =0and w EFz(V);
(i) mos — 1 = mys = g =0, myy = 0 for all 4, and w € F1(v) N F°(v);

(iv) moz — 1 = ma = mea =0, mi1 = myz =0 for all §, and w € Fs(v).
Proof: Given a tableau T, representing X., in the product XXy, Xy,, form T} by adding a box
with entry (1,1) to row 1, a box with entry (1,2) to row 2, a box with entry (1,3) to row 3, a blank
box to row 4, and boxes with entries (1,4) and (2,1) to rows 5 and 6 respectively. The tableau T,
satisfies MLR2 and the entries in rows 1 to 3 and in rows 4 to 6 increase strictly along columns
by Lemmas 5.3 and 5.2 respectively.
(i) In row 4 of T, the only entries are those of the form (%, 4), thus T! satisfies MLR1.
(ii) In rows 3 and 4 of T}, there are respectively mo4 + 1 and moq blank boxes. Since w € F2(v),
all the entries (i,1) and (4,2) lie above row 3 of T,,. Thus T, will satisfy MLR1 unless there is a
box with entry (1,3) in row 4, column mo4 -+ 2. (See Figure 5(0).)
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mo1 + ™oz + Moa + 1

If T/, does not satisfy MLR1, form the tabléau T by exchanging the (1,3) in row 4, column

o4 + 2 with the leftmost (1,4) in row 5 of T%,. (There is at least one such entry, by construction,
and it lies in a column ! < mos + 2.) If T does not satisfy MLR1 and MLR2, then there is at
least one entry (1,4) in row 5; form T3 by exchanging the rightmost (1,4) in row 5 of T with the
leftmost (2,1) in row 6. Then Té,a) satisfies MLR2 , and since there are no boxes (2,1) remaining
in row 6, it satisfies MLR1 as well.
(iii) The tableau T\, has mgq + 1 blank boxes in rows 2 and 3, and moas blank boxes in row 4,
and all boxes with entry (¢,1) belong to row 1. The conditions m;z = M43 = 0 for ¢ > 0 and
w € F®(v) (and MLR?2) imply that there are no boxes with entry (i,2) below row 3 of T;,. Thus
T!, will satisfy MLR1 unless the entry in row 4, column mo4 + 2 equals (1,3).

mo1 + mos + 1

Figure 5(P)

entries (2,1) in row 6 of 3} since w € F1(v).
(iv) Here T, has moq + 1 blank boxes in rows 1,2, and 3, and mo4 blank boxes in row 4. The
remaining conditions imply that there are no boxes with entry (i,1) below row 2, no boxes with
entry (i,2) below row 3, and no boxes at all in row 6.
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11 21 <121 11§11 21 - |21
12 22 22 12] 12 22 22
13 - | 22 23 131133 |22 - 123
13 | 14 24 13 | 14 24
14 24 141 14 - |24
21
T T/,

If T, does not satisfy MLR1, then we proceed as in (ii), noting in this case that there are no

11 21 | |21 111 21 (21
11 12 22 11 12 |12 22
13 23 13| 13 23
13 | 14 13 | 14
14 14 | 14
23 21 |23
Tw T,
Figure 5(0)



mos + 1

11 21 | .. 1nfn 21
12| = {21 | f22 ] 12|12 - [28 | - |22
13 22 | .. 13]13 22
13|14} .. |23].. 1314 .. |23
141 .. 24| . 14 141 . |24
24
T, T,
Figure 5(Q)

The tableau 77, will satisfy MLR1 unless there is a box with entry (1,3) in row 4, column
mo4 - 2. If there is, then we argue as in (ii). #

Remark: Suppose that A = ljAy + -+ - + [ A, and p = mqAq + - -+ + myd are dominant weights.
We can consider them as weights of A4 for any d > max{n, k}. Let Dy, be the set of tableaux
(having at most d + 1 rows) obtained using the Littlewood-Richardson algorithm for the product
X2Xy. Any tableau satisfying LR1 and LR2 has at most n + k rows, hence the set of tableaux
obtained is the same foralld > n+ &k — 1.

If d > n+ k, then all the weights in D, , lie on the face Fd(l-i- p) since all the boxes belong
to rows 1 to i+ k. It therefore follows from Proposition 4.6 that the decomposition of the product
%Xy is “the same” for all algebras Ay with d > n 4 k ~ 1. More precisely, it is the same for
d > n + k once we identify the fundamental weights in all the algebras. (This was observed in
[BBL; Corollary 7.2], where the authors also show that it holds for algebras of type By, Cq, and
Da) If d = n+ k — 1, the set Dy, differs from that for d = n + k by a constant multiple of M,
and the corresponding multiplicities are equal (for Ay).
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Chapter 6

A quantitative saturation result for characters of Ay

In this chapter, we use the results of Chapters 4 and 5 to show that if X; is an irreducible
character of Ay and d < 5 then X§ is saturated for n > d + 1 (Theorem 6.8). We also prove
this result for certain irreducible characters of Ay when d is greater than 5. The strategy is to
show the saturation of a more general form of product, which includes the products arising when
Proposition 5.1 is applied to X} (For example, we consider products of the form bl HEPY MBI
Using Proposition 4.6, we argue by induction on the rank of G that saturation holds on the faces of
the set of weights of the product. We then use Proposition 5.1 and induction on the total highest
weight to show that most of the remaining irreducible characters appear. In case d <3 ork
belongs to the interior of the Weyl chamber, we can account for all irreducible characters in this
way. Otherwise, results from Section 2 of Chapter 5 are then used to account for the remaining
irreducible characters.

One disadvantage of this approach is that we must first prove saturation for products of
irreducible characters whose highest weights lie on a boundary of the Weyl chamber. There are
also a number of minimal cases (where Proposition 5.1 does not apply) which have to be dealt with
separately. As a consequence, the method becomes impractical when the rank of G is greater than
five.

Before we can apply the results of Chapter 5 to prove saturation, we need to describe the
weights in TI(A) which do not lie on the dominant faces, When A belongs to the interior of
the Weyl chamber, a dominant weight w & T(A) either lies on a face Fi()), or satisfies w <
A— (o + -4 0g). A=l +- -+ lmhn lies on a boundary of the Weyl chamber, then
we show in Lemma 6.1 that dominant weights w which do not lie on a face of II(A) satisfy
w< A= (014 +0m—1 +{(d+1—m)0um +- -+ 20-1+ 0g). From Lemma 6.1 it follows that
if Iy + 23 + -+ + mlym < d, then all dominant weights in TT(A) lie on the face F2(A) (Corollary
6.3). This leads to a geometric interpretation of the “stability” of the set I1(A) [BBL; Theorems
4.1(i) and 8.5(@i)] for irreducible characters of Ag.

In Section 2, we prove that X7 is saturated for all integers m > d + 1 if X, is an irreducible
character of Ay with highest weight of the form A = ljA; + lpA2 (Propositions 6.4 and 6.7) or
A = liA1 + lghg (Proposition 6.5). We conclude the chapter with the proof of this result for
irreducible characters of Ay when d < 5 (Theorem 6.8). We also show that if A == A* in any of the
above cases, then X¢ is saturated.

1. Dominant weights in IT{A)

Lemma 6.1 and its corollaries describe the dominant weights in TI{v) when v lies on a boundary
of the Weyl chamber. Let A = ljA; +1ohg - - - +1n)sy be a weight of Ay (not necessarily dominant).

Lemma 6.1. If w is a dominant weight and w < A, then either (A — w,Ag) = 0 or
w<A— [(d-i-l—m)og,‘+---+2ad_1+ad].
Proof: By hypothesis, (w,0;} > 0 for j = 1,2,...,d and there exist nonnegative integers
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k1,ko,... ka such that w = L — kjoy — keog — +++ — kgog. If m = d, then the statement is

obvious. Otherwise, note that (w, &g) = 0 implies that ky_y > 2ky, and fori =1,2,... ,d—m,

{w,0g41~;) = O implies that kg—; > (i + 1)ka. Therefore, there are nonnegative integers
Yy kl_, such that

w=l—kio:1—---—ka_lad_l—kd[(d+1—m)a,n+---+2tld_1 +C!d].

If (A — w,Ag) # 0 then kg 2> 1 and the result follows.

If X is dominant, it follows that any dominant weight w in TI(A) either lies on a face F7(A) or
islessthinA—o0y —++ — Oy — ((d+1 — MOy + -+ 2041 + Q).

Corollary 6.2. If w is a dominant weight and w < A, then there exist nonnegative
integers ki, k2, ..., kq such that

w=h=kiotg— -+ — kmOm — kint1(20m+ Ong1) — - - —ka ((d+ 1 = m)otn + - - + 20001+ @ta).

Proof: We argue by induction on the rank of G; the assertion is obviously true if the rank of G
equals 1. It follows from the proof of Lemma 6.1 that there exist nonnegative integers ny, 12, ... ,nd
such that

w=A-ng{(d+1—may, + -+ 204_1 + 0g) — O — *** = Ng—1 01

LetM =A— nd((d+ 1—m)oy + -+ 2064—1 +ad). Then pgw = pgh’ — ny0y — -+ = Ng-104-1,
(where we recall that py is the projection onto the span of oy, @, ..., 0¢—1). Since pg) is a sum
involving only the first m fundamental weights of Ag_; and pqw is a dominant weight of Ag—p, it
follows from the induction hypothesis that

pd(l’ - 'IU) = klal +ee kmam + km.-i-l(zam + a-m+1) + ..
+ kd—l ((d - m)am. +ore 4 20‘(1—2 + ad-—-l)'

Hence w = A — pa(N — w) — ng ((d+ 1 — m)eu, + - + 204_1 + 0g) has the required form.#

Potentially distracting remark: Corollary 6.2 implies that if (A,0;) > 0 for 1 < j < m, then the
edges (at A) of the cone of dominant weights less than A are rays along the vectors oy, « - - Oy, (204, -+
Cnt1)so e (@ + 1 —=m)oy + -+ -+ 2001 + 0.

Corollary 6.3. Ifl; +2l3+ -« +mly < d+1, then all dominant weights less than A lle
on F4()).

Proof: Write w = A — k101 — -+ — ka((d + 1 = m)0tm + +++ + 2041 + &iat) as in the previous

lemma. Assume that w does not lie on F¢(A), so that kg > 1. The conditions (w, ¢n—;) 2 0 for
4 € {0,1} imply that

km—1 = 2km + kg1 + -+ (d+2 —m)kyg — L, and

8.1.1
km_g > 2kme1 = k= ki1 — - — (d+1=m)ky — lm—1 (6.1.1)
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respectively, and for j € {2,...m — 2},
km—j—12 2km—j — km—j+1 — ln—j. (6.1.2)

Now {w,c;) = 0 if and only if [; 2 2k1 — ko; by substituting the inequalities (6.1.1) and (6.1.2)
successively into this last expression we obtain {3 2 d+1 — (mly = --- — 2l). This contradicts
the hypothesis (I; + - -+ + mlyn < d 4 1), so w must lie on Fe(0) %

It follows from Corollary 6.3 and Proposition 4.1 that if Iy +2[y + -+ + ml, < d, the set
of dominant weights in T1(A) equals the set of dominant weights of the irreducible character of
A4_; whose highest weight is pgA (up to translation by a multiple of Aq ). In other words, the
sets {A—w|weT(A)NAT} and {psh—w|w e T(pad) N At} are equal, where H{pg4h) is
the set of weights of the irreducible character of Ag—1 with highest weight pgA. Moreover, the
multiplicities of the corresponding weights w are equal.

This may be interpreted as a “stability” result if we regard the weight A as a dominant weight
of any algebra A, with r > m, and consider the set of dominant weights which are less than A as
the rank r increases. It implies [BBL; Theorems 4.1(i) and 8.5(1)] for G = Ay, and actually gives a
little more. In particular, [BBL; Theorems 4.1(i) and 8.5(i)] state that the sets of dominant weights
in TI(A) and their multiplicities are equal for r 2 d (once we identify the fundamental weights
in all of the algebras A,). Corollary 6.3 implies that the sets {A —w | w e (M) N AT} and the
multiplicities of the corresponding weights (w) are equal for all algebras A, with r > d — 1. Here
we assume that the set of simple roots of A, is {e,...,¢r} and that of A, is {o,...,Cr, Ors1}
The stability results for G = By, Cy, and Dg given in [BBL; Theorems 4.1(ii) and 8.5(ii)] cannot
be obtained by a result similar to Corollary 6.3; that is, the dominant weights do not all lic on a
face F7(A) when the highest weight is close enough to the origin. (If all the dominant weights did
lie on a face, then Proposition 4.6 would imply that the weight multiplicities stabilize as well, and
this is not the case.) For example, if G = By, then

M=o+t 0y,

Ag =0L1+2a2+---+20:d,...,
Ad—q = Oy + 2000 ++ -+ + (d — L)og—1 + (d ~ 1)ag, and
Mg = 0 + 20 + - - - + dog.

Unless A = Ag (the only minimal weight of By), at least one of the weights A — X; or A— 24y is
dominant and belongs to TI{A), but does not li¢ on a face F7(}).

2. Saturation of X
Using the Clebsch-Gordon rule, it is not difficult to show that X} is saturated for any irreducible

character of A; when n > 2. Proposition 6.4 implies the saturation of a more general form of
product, and applies to irreducible characters of A whose highest weights are multiples of A1.

Proposition 6.4. Let A = IA; be a dominant weight of Aq. If n; and ns are nonnegative
integers and n; 4+ ng > d + 1 then the product X3 X2, is saturated.

Proof: We argue by induction on the total highest weight v := niA +n2 (A — A1) and on the rank
of G. If G = Ay, and na > 1, then either the product equals X, (which is saturated since A; is
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minimal) or by Proposition 5.1

WX, >

{ y L ke if ny > 2, 62.)

X{‘ﬂ_’f"‘"zxf_:;‘lﬂ otherwise.
The products on the right of (6.2.1) are saturated by the induction hypothesis since they have total
highest weight A — 2 = % — 0. If w is a dominant weight and w < v, then either w = v, in
which case X, appears in the product, or w < A — oy and X,, appears by (6.2.1).

Now suppose that the saturation result holds if the rank of G is less than d. Then by Proposition
4.6, all irreducible characters with highest weights on the face F¢(v) appear in X} X572, . IfA =},
and n; < d then v = nghq; by Corollary 6.3 there are no dominant weights in 11(v) other than
those on F¢(v) and the product is saturated. Otherwise it follows from Proposition 5.1 that

A M=M= na+2ny —(d+ 1) d+1—ny if <d ( - )
Lol -my  MHmsd

The products on the right hand side of (6.2.2) have total highest weight

v—(d+ DM =v —(dog + -+ + 20a—1 + 0tg) < v, so are saturated by our induction hypothesis.
If w is a dominant weight in II(v) and w does not belong to F“(v), then by Lemma 6.1,

w < v—{d+1)A; . Thus w is a weight of the products on the right hand side of (6.2.2), so

Xw SATAZ,, . &

We have shown in particular that the product X3’ is saturated for n > d + 1 if A = IjA;. The
exponent d + 1 is the smallest one which guarantees the saturation of products of this form. For
example, for characters of A; we have

2
xlll'\-l = x?hll + x2l1l.1—'ﬂ-1 R x?l[l], —lyay-

These weights all lie on an edge of I1(2[;A1), and therefore the product is only saturated if {; = 1.
If d > 2, then the highest weights of the irreducible characters appearing in X},, all lie on the face
Fd(nllll) if n < d, (see the remark at the end of Chapter 5), so this product is not saturated in
general.

If ) is the highest weight of an irreducible representation, then the highest weight of the
contragredient representation is A*, where A} = Agy1-i for weights of Ag. Since (L, XaXy) =
(X s Xas X+ ), the product Xi* is saturated if and only if X is saturated. Therefore, a result
analogous to Proposition 6.4 holds for irreducible characters of Ay with highest weights of the
form lgAq. '

Proposition 6.5. Let A = l1jA; + [4Aq be a dominant weight of Ay, and let n be a

nonnegative integer such that n > d 4 1. Then the product Ay is saturated. Ifl; =y

then n > d is sufficient.

Proof: We prove the following more general result, arguing by induction as in Proposition 6.4.
Let ng,n1.n2, and ng be nonnegative integers such that

no+ni+ng+ns>d+1, andifbothng >0andnz >0 thenm+ng >0  (#).
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Then the product
XX X Ko G ) (6.2.3)

is saturated.

If either {; = O or lg = O then saturation follows from Proposition 6.4. Otherwise, let v be
the total highest weight of the product (6.2.3). It follows from Proposition 4.6 that all irreducible
characters with highest weights on a face F7(v) appear in (6.2.3) if and only if the corresponding
product of characters of GJ is saturated. (By “corresponding”, we mean the product of irreducible
characters of G7 whose highest weights equal the projections onto E; of the highest weights of the
irreducible factors in the product (6.2.3).) If j =1 or j = d, then the product in G7 =A,4_ satisfies
the hypotheses of Proposition 6.4; otherwise G/ is a direct product Aj—1XAg441-; and in each of
the components of G/ the hypotheses of Proposition 6.4 are satisfied. The products are therefore
saturated, and as a result any irreducible character whose highest weight lies on one of the faces
Fi(v) appears in (6.2.3).

If w is a dominant weight in TI(v) which does not lie on one of the faces Fi(v) then w <
v— (0 + 4 0g) =V — (A1 -+ Ag). It follows from Proposition 5.1 that

ng—2+4n1+1uynstiyna e
X —A xl—ld xx—(h-l-ld) if ng 2 2
noyn1 na na n n) nad-1 s —
XX a X s ) =\ Xamha a2 K 0y ha) if no=1
n1—lyng—1lana+2 : .
X'L"A'l. xx—ld x f—(l; +R-d) lf g = 0-

(Note that it suffices to consider the cases ng = 2, np =1 and eitherny > lorng 2 1,0rng =0
and both n; > 1 and ny > 1, because of condition (*).)

The products on the right hand side of the above expression have total highest weight v —
(A +Ag) = v = (a3 + - + o) < v, so they are saturated by our induction hypothesis. Thus X,
appears in (6.2.3), and saturation follows.

If I, = lg, and ng + n1 + ng + ng > d, then any irreducible character whose highest weight
lies on a face of TT(v) appears in the product (6.2.3) by Proposition 4.6 and Proposition 6.4; we
only require that ng +n1 +ny +n3 > d, since the rank of any simple factor of G7 is at most d— 1.
For the remaining weights, we apply Proposition 5.1, reducing the product in (6.2.3) to either the
trivial character, X3, or Xa, all of which are saturated. #

Corollary 6.6. If X, is an irreducible character of A; then X3’ is saturated for n > 3. If
A = A* then % is saturated as well.
Proof: This follows immediately from the two previous Propositions.#

Proposition 6.7. If L =[1A; + 3}, is a dominant weight of A4, then X3 1s saturated for
all integers n > d + 1.

Proof: We will prove the following: let ng,n1,7m2, and ng be nonnegative integers satisfying
condition (*). Then the product

xxox;.lih x;.;iqu;::(),l.{..;a) (624)
is saturated. The statement reduces to Proposition 6.5 if [; = 0 or to Corollary 6.6 if d = 2. Assume
that J; > 0 and d > 3, and let v = v;A; + voky be the total highest weight of the product (6.2.4).

If w is a dominant weight lying on a face F7(v), then X,, appears in the product by Proposition
4.6 and induction on the rank d (and, for j = 1,2, or 3, by previous results).

63



Leta:= [9'—'2&] We first consider the case when v < a. If v; < d+41—2uvy, then by Corollary
6.3, there are no dominant weights in TT(v) other than those on the face F¥(v), so the product is
saturated in this case. Otherwise it follows from Lemma 6.1 that if w is a dominant weight in IT{v)
which does not lie on F¢(v) then w = v — kyay — koota — ka{(d — 1)az + -+ + &g for some
integers ki, kz > 0 and k3 > 1. Now (w, o) > 0 implies that ky > d — vz, hence

w=<v—((d—v)or+(d— 1o+ + aa)
=V—(d+1—21}2)ll — Ughs

Since v; > d+ 1 — 2ug, the weight v/ := v — (d+ 1 — 2v2)Ay -- v2)2 is dominant, and we can use
Proposition 5.1 and induction on the total highest weight to conclude that X,, appears in (6.2.4).

Now suppose vz > a. If w € I1{v) is a dominant weight which does not lic on a face thercof
then w < v— oy — (d — 1)og — --- — 2041 — 04 by Lemma 6.1. We will consider the cases
20 = d + 1 and 2a = d separately.

If 2a = d+1, then aky = (a—1)oy +(d—1)og+- - - +20tq—1 + 01y, It follows from Proposition
5.1 that Xy, 4, - - * Xpata = Xy -~ X, for dominant weights py, . .., Ha of Ag. The product (6.0.6)
is therefore greater than a product which satisfies the hypothesis and has total highest weight equal
to v — akg. Thus by induction on the total highest weight, X,, appears in (6.2.4) if w < v — aha.

To account for the remaining weights, define for positive integers j the weights

v; i=v = (jou + (d—~ 1oz +- -+ + o)
=v+(d—1-2)h — (d— )ha.

If w < v is a dominant weight which does not lie on a face F*(v) and does not belong to
IT(v — ahs), then w lies on F(v;) for some j in {1,2,...,a—2}. We now apply Lemma 5.5; we
first give the details for the product X3.

If
X < Xnpamt-m iy e

and w € F!(v;) then X, < X} by Lemma 5.5. On the face F!(v;) the product of irreducible
characters of G! corresponding to that on the right hand side of the above has irreducible components
with highest weights of the form py(laA2) = (I2,0,...,0). This product is saturated by Proposition
6.4, so all irreducible characters with highest weights on F1(v;) appear in X'. In general, that is,
for any product of the form (6.2.4), when we apply Lemma 5.5 we deduce that (6.2.4) cxceeds a
product whose total highest weight equals v; and whose component highest weights, when projected
onto Ey (the span of {ag,...0q}) satisfy the hypothesis of Proposition 6.4. Thus all irreducible
characters with highest weights on F'*(v;) appear in the product with total highest weight v;, and
therefore by Lemma 5.5 they appear in the product (6.2.4).

If 2g = d, then Ay + akg = aoy + (d — 1)og + -+ + 2041 + 0. If w € M(v) is a dominant
weight which does not lie on a face, and v; > 1, then either w € TI{v — A, — ahz) or w belongs to
F(v;) for some j in {1,2,...,a— 1}, We argue as in the preceding paragraph that X, appears in
the product.

If v; = 0, then (6.2.4) has the form X;*° “_"‘_M withng+ng > d+1. Ifvs < d+1,then A=Ay
and we claim that the product x;‘; is saturated. This follows from [Ha3; Lemma 2.2], which states
that products of saturated characters are saturated, however we will prove it by induction on the
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rank of G. Assume that all irreducible characters with highest weights on a face Fi(nghy) appear
in the product X3°. If 2ng < d, then all dominant weights in IT(ngAg) lie on the face Fi(nohs),
and we are done.

Suppose that [-"—“%11] < ng < d+ 1. If w is a dominant weight in TI(noAz) which does not lie
on a face, then by Corollary 6.2, there exist integers k; 2 0, with k3 >0 and kg > 0 such that

w < ks — ko —kaog — - —ka ((d— Dog + -« - + 20tg—1 + 0) .
Since w is dominant, we must have {(w, o2} = no+k1 —2ka —- - - —dka > 050 k1 2 d—no. Thus
w < nghy — (d —ng)oy — (d— 1)og —--- — 2041 — 04

= nghg — ((d +1-— 211,0)7»1 + ﬂo?\-z)
= (2n0 - (d + 1)) ll

The product xf_:‘“"(d“) is saturated by Proposition 6.4, so follows from Lemma B.1 that X, < %3

Thus X7 is saturated.

If us > (d+1), then by Proposition 5.1, X,, appears in the product (6.2.4) if w < v—{(d+1)A;.
Now (d+ 1)Ag = (d — 1)og + 2(d — 1)og + -+ + dowg—1 -+ 20tg; weights w which do not lie on a
face of TI(v) or in [(v — (d + 1)A2) lie either on Fl(v;) or F}(v; — kay — (d — 1)og — - - — o)
for some 3,k in {1,2,...,a— 1}, or on F¢(v,_1). We apply Lemma 5.5 or Lemma 5.9; we give
the details incase ng > d—a + 2.

If w € Fl(v;), then

X € Xnpamt—zi X oD
(since this product has total highest weight v; and is saturated on the face F1(v;) by Proposition
6.4). By Lemma 5.5, Xy < X7°%02, . If w € F(v; — kag — (d — 1)og — - - — 0g), then we apply
Lemma 5.5 again to deduce that X,, appears in the product as well. Finally, if w € F?(vg—1) then

d—
Xw £ Xoaga, ~1.,xfii,( G)X{m

(the product on the right hand side has total highest weight v, and is saturated on the face
F4(v,_y) by induction on the rank d). Now Lemma 5.9 implies that X, < X3°X3Z,,. %

~(d—a—1)

The argument used in Proposition 6.7 becomes unwieldy when we try to apply it to arbitrary
irreducible characters, mostly because of the huge number of special cases to check. For example,
if A = l4A1 + +++ + LnAm then we must consider the m congruence classes of d+ 1 (mod m)
separately and within each of these classes there are numerous boundary cases. We also require
results (similar those in Section 2 of Chapter 5, for example) to account for irreducible characters
whose highest weights lie “in between” the faces and a smaller set of weights corresponding to
a saturated product. For example, if 7n = 3, then a weight w < v which does not lie on a face
of TI(A) satisfies w < v—0y —0g — ((d— 2)ag + -+ + o) while the total weight of a smaller
saturated product might have the form v — kjoq — keoz — ((d — 2)oiz + -+ + o) where k7 and
ko are integers greater than 1; in general there will be 7n — 1 variables in the description of such
weights. Even for m = 3, the details are overwhelming.

If we restrict our attention to imreducible characters of Ag when d < 5, then the method is
feasible and we can prove the following.
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Theorem 6.8. IfYX, is an irreducible character of Ay for d < § then X! is saturated for
all integersn > d+1. fA=A4* and 2 < d <5, then x¢ is saturated as well.

Proof: We have seen that the theorem holds if d = 1 or d = 2 in Proposition 6.4 and Corollary 6.6
respectively. We will deal with the cases d = 3,4 and 5 separately.

1. If d = 3, then the saturation of X} for n > 4 follows from Proposition 6.5 if A equals {1A; + {22
or lsAg + l3ha, and from Proposition 6.7 if A equals 1Ay + IsAs. In the latter case, we have also
shown that X3 is saturated if A = A*. It remains to show that the theorem holds if A belongs to the
interior of the fundamental Weyl chamber, and that X3 is saturated when A = o}y,

(i) We will show first that if A belongs to the interior of the fundamental Weyl chamber, then
any product

X x{lill xfixaxfi(;, +Aa) (6.2.5)

is saturated whenever the integers ng, 11, na, and ng satisfy condition (*). The demonstration is
similar to that of Proposition 6.4, Let v be the total highest of the product (6.2.5), and suppose that
w is a dominant weight in TT(v). Then either w lies on a face F7(v), in which case X,, appears
in (6.2.5) by Proposition 4.6 and Corollary 6.6, or w € TI(v ~ (A1 + Aa)), and the corresponding
irreducible character appears in (6.2.5) by Proposition 5.1 and induction on the total highest weight.

(ii) Suppose A = A" = lpAg. We will show that if no and n) are nonnegative integers and
ng + ny = 3, then X;°X7’L, is saturated. Again a straightforward induction argument applies. If a
dominant weight w of this product lies on a face F7(v) (where v is the total highest weight of the
product) then the corresponding irreducible character appears by the usual argument. Otherwise,
w € TI{v — {0y + 202 + 03)) =TI(A — 2A2) and we apply Proposition 5.1 and induction, reducing
the product to either the trivial character, or to Xa, both of which are saturated.

(iii) If A = A* and A lies in the interior of the Weyl chamber, then we can use the arguments
of parts (i) and (ii) to show that any product of the form X" X7_5 X7_a, OF X3_p, X352, %02 (3, +29)
is saturated if m + 2n = 3. (We apply Proposition 5.1 as in (i), and reduce the product to one
satisfying the conditions in part (ii).)

2. If d = 4, then by Proposition 6.5 and Proposition 6.7, the assertion holds when A equals
LA -+ lohg, l3Ag + Lghy or [k + Lghy. We check the remaining cases.

(i) Suppose that A = ljA1 + l2Ay + Iska and both [z and [3 are non-zero. We will show that
the product

x;.m nix,x:ii.ax;‘f. (Ag+ha) (6.2.6)

is saturated whenever the integers ng, n1, 72, and ng satisfy condition (*).

If v is the total highest weight of (6.2.6), and w is a dominant weight on Fi(v) where j = 1,2,
or 3, then X,, appears in (6.2.6) by Proposition 4.6 and Proposition 6.5 or Corollary 6.6. If j = 4,
then X,, appears provided products of the form (6.2.6) are saturated for characters of Ag; this
holds by Proposition 6.5 if I; = 0 or by an argument analogous to that in 1(i) if {; # 0. If
w < v — (Ag +Aa) = v— (o + 202 + 203 + 014, then X, appears in (6.2.6) by Proposition 5.1 and
induction on v. When {; = 0, or [; # O but I3 = 1, there are no other dominant weights in F1(v),
and the product is saturated.

Otherwise, dominant weights which do not lie on the faces F7(v) or below v — (A2 + Ag)
belong to F2(v — (0t 4 g + 203 +0a)) = FZ(v — Ay + Az — 2h3) by Lemma 6.1. To show that the
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corresponding irreducible characters appear in (6.2.6), we apply Lemma 5.10. We will demonstrate
this when 7o > 3 and n; > 1; the other cases are proved similarly. Lemma 5.10 says that if

ng— —1ynz+2-n
I VWY il Moty Lk SR (6.2.7)

and w lies on F2(v—A; + Xy — 2A3) then X, appears in (6.2.6). On the face F? the product (6.2.7)
is saturated, so all imreducible characters with highest weights on this face appear in (6.2.6), and
we are done.

(ii) Suppose that A = l;A; + l3A3, where both /; > 0 and I3 > 0. We will prove saturation of
products

x;.lox:ll; x;tixa ni(ll +23) (6.2.8)

where ng,n1,ns and ng satisfy condition (¥). Let v = vA; + vaAa be the total highest weight
of (6.2.8). If w is a dominant weight on a face of TI(v) then X appears in (6.2.8) by the usual
argnment. To account for the remaining irreducible characters, we consider the cases v; =1 and
vy > 2 separately. '

When v; = 1, ihe product (6.2.8) has the form x;x;‘ihx;"'?_(h +ha)? where A = Ay + lgAa. If
I3 =1 and n, equals 1 or 2, then (6.2.8) would equal Xy, +a;Xa; OF xx,H_,,x,%s respectively. In the
first case, dominant weights in the product which do not lie on a face of T1(v) must be less that
v — Aj 4+ Ag — 2Aa by Lemma 6.1; but v — A1 + Az — 2A3 = Az which is minimal, and it is easy
to check that the corresponding irreducible character appears in the product. In the second case,
it follows from Lemma 5.10 that if X, < X%, X, and w lies on FJ where § = 1,2 or 4 then
X, appears in the product. Otherwise, w < v — (3Aa + A1) = 0 and we can check that the trivial
character appears.

If v; = 1 and vs > 3, then again Lemma 5.10 implies that X,, appears in the product (6.2.8)
if w belongs to FI(v—2Ay+ Ay —2A3) for j =1,2 or 4.

Otherwise w < v — (20 + 3oz + 4o + 204) = v — (Ay + 3A3) and by Proposition 5.1

i M S ifng >3

XX, Xl oy 4hs) 2 { —n :
! (hi+s) X _;_IX;f(’,_(fHaS)x;,_(m_na) if ny < 3.

By induction on the total highest weight, the products on the right hand side of the above expression
are saturated, so X, appears in (6.2.8) whenever w < v — (A1 + 3A3).

If v; > 2, then it follows from Proposition 5.1 and induction that all irreducible characters
with highest weights w less than v — (241 + A3) = v — (20 + 202 + 203 + o) appear in (6.2.8).
Dominant weights which do not lie on faces or below v— (241 +A3) belong to Fi(v=A1+A2—2%3)
for j =1 or j = 2. By Lemma 5.10 all the corresponding irreducible characters appear.

(iii) Suppose that A = ljA; + loAo + lshg + l4hg where both [; > 0 and l4 > 0. Then the
product

x.'lmx:}-l; xnii\.“x:i(;.l.{_h) (6.2.9)

is saturated whenever ng, n{, ne and ng satisfy condition (*). The usual induction argument applies
here (as in Proposition 6.5 for example), since dominant weights in this product lie either on a face
of the weight diagram or below v — (A1 + A4).
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(iv) If A = A* and I; = 0, then we argue as in 2(i) that any product X*X{_,, Xi_, OF
X Xaaa X 4a) 1S Saturated whenever m + 2n = 4. (In this case, we reduce the product to
the trivial character using Proposition 5.1.) If I; > 0, then any product of the form (6.2.9) with
ny = ng and either ng = 0 or ng = 0 is saturated if np + 2n; = 4. (here we use Proposition 5.1
to reduce the product to one of the form X3, where A = la(A2 4 Aa).)

3. If d = 5, then the theorem holds if A = 117\.1 + 127\.2, A= l47\.4 -+ 1515, orA=0LMA+ l5l5. There
are several cases remaining which must be checked.

() Suppose that A = l1A1 + l2h2 + I3ka. We will show that any product
a0 Hal (6.2.10)

is saturated if no +ny = 6.

Let v = vjA1 + vgAo + vaha be the total highest weight of (6.2.10). Any irreducible character
whose highest weight lies on a face of TI(v) appears in the product by Proposition 4.6 and saturation
results for d < 5.

Suppose vz > 2. If w < v — 2A3 = v — (0 + 202 + 33 + 204 + 05) then by Proposition
5.1 and induction (on the total highest weight) the corresponding irreducible character appears in
(6.2.10). If l; = vy = 0 or if v3 = 2, then there are no other dominant weights in TI{v) and the
product is saturated. Otherwise, it follows from Lemma 6.1 that dominant weights in TI(v) which
do not lie on a face lie below v— (o) +op + 303 + 2004 + 05) = v— A1 + 2k — 3A3. If such a weight
does not lie below v — 2Aa, then it belongs to F2(v — A; + 2A3 — 3A3). Now we apply Lemma 5.6:
the product %,, < xmx,x;j:ijxk_hx;ﬂ-z is saturated on the face F?(v — Ay + 2hg — 3A3), s0 all
irreducible characters with highest weights on this face appear in its decomposition. By Lemma
5.6, these irreducible characters also appear in (6.2.10).

If va = l3 = 1, then the product (6.2.10) has the form XaX;1,, where A = [iAy + loho -+ Mg
and ny; > 5. If Iy = Iz = 0, then the product equals X, (which is sawrated). If [y > @ and
I, = 0, then a dominant weight w & II(v) which does not lie on a face Fi(v) is less than
v — (304 + 30 + 303 + 204 + @5) = v — (3A; + Ag). Proposition 5.1 and induction imply
that the corresponding irreducible character appears in (6.2.10). If I; > 0 and Iy > O, then
w-<v-—(a1+3a2+3a3+2a4+a5)=v+7\.1—212—13. if w lies on FI(V+7\.1 — 22 — Aa),
then by Lemma 5.7, X,, appears in (6.2.10). Otherwise, w < v — (20 + 30z + 303 + 204 + 05) =
v~ (A1 +Ag+A3), and the corresponding irreducible characters appear in the product by Proposition
5.1 and Proposition 6.5.

In case 3 = 1,13 > 0 but !; = 0, we consider products

n) n
x"-"l? xl— (12 -{-13 )xlila

with total highest weight v/ = vhAz + As. If v} = 1, then there are no dominant weights in TI(v')
other than those on the faces, by Corollary 6.3, and the product is sawrated. If vj = 2, then
dominant weights which do not lie on a face of (V') are less than v/ + Ay — 24y — A3 = Ay; this
weight is minimal and the corresponding irreducible character appears by Lemma 5.7. Finally, if
vh > 3, then the remaining dominant weights lie either on F1(v4A; — 2h2 —Ag), in which case the
corresponding irréducible character appears in the product by Lemma 5.7, or are less than v = 3\;
and Proposition 5.1 applies.
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(ii) Suppose that A = l)A1 + lpAo + l3hs + 4)4, and both Iy > 0 and I3 > 0. We will show
that the product

xxuwlhxfihxfim_m) (62.11)

is saturated if the exponents 79,71, 72 and ng satisfy condition (*). As usual, we let v be the total
highest weight of (6.2.11); if w is a dominant weight of (6.2.11) lying on a face of II(v), then X
appears in the product . (We note that on the face F5(v), the product has the form (6.2.11) for
irreducible characters of A4; saturation of such products follows from an argument analogous to
that in 2(iii).) To account for the remaining weights, we consider several cases.

Ifog=1,then w < v-— (a1+a2+2a3+2a4+a5) =v—A;+Az—Az—Ag whenboth l; >0
and ls > 0; otherwise, w < v — (0 + 201 + 2013 + 2044 + 05) = v — (A2 +A4). In the latter case the
irreducible character X, appears in (6.2.11) by Proposition 5.1 and induction. In the former case,
(6.2.11) has the form xl_;\,,x;__;_,,xff_(h-l_h). By Lemma 5.11, if X, < Xa—,; _3,4xl_;.,3_hx;jich+h)
and w belongs to F2(v — A1 + A2 —Ag — A4) then X,, appears in (6.2.11). The remaining dominant
weights satisfy w < v—(Ag+A4), and the corresponding irreducible characters appear by Proposition
5.1 and induction.

If v4 > 2 and vy > 0, then dominant weights w which do not lie en the faces of T(v) are less
than v— (o + 0tz + g+ 204 +a5) = v—A1+A3—2A4. By Lemma 5.12(1), if w € F3(v—A+Aa—2My)
then X,, appears in (6.2.11), and if l3 =0 and w € F2(v =M\ + A3 — 2h4) then X, appears as well.
Ifl3 > 0 and w € F2(v — (o3 + 02 + 203 + 2044 + 05)) then X, appears by Lemma 5.11. The
remaining dominant weights lie below v— (%2 +24) and so the corresponding irreducible characters
appear in (6.2.11) by Proposition 5.1.

Ifvg > 2, v = Iy =0, and v2 > 2, then dominant weights which do not lie on the faces
of T1(v) and do not lie below v — (A2 + A4) belong to F3(v — (o1 -+ 202 + 03 + 204 + a5). We
have oy + 209 + 03 + 2004 + a5 = 2Ap — 2A3 + 2A4; by Lemma 5.8 the irreducible characters on
F3(v — (2A — 23 + 2A4) appear in (6.2.11).

If v4 > 2, v; = 0 and vy = 1, then dominant weights in I1(v) which do not lie on a face
thereof are less than v — (A2 + A4); the corresponding irreducible characters appear in the product
by Proposition 5.1.

(iii) Suppose that A = [1A; + l3Aa + l4A4 where the integers {1, la, and l4 are all strictly greater
than zero. We will show that any product of the form

K KRy Km (A ) (6.2.12)
xi‘xi‘—hx’?—(h +hq)2 or (6.2.13)
e S AP (6.2.14)

is saturated if m + 2n > 6 in (6.2.12) and (6.2.13), or if m > 3 in (6.2.14).

Let v = vA; + vsha + v4hg be the total highest weight of the product; any irreducible
character whose highest weight lies on a face of I1(v) appears in the product, by Proposition 4.6
and Proposition 6.5.

If v, > 2, then we can use Proposition 5.1 and induction to argue that any irreducible character
whose highest weight w is less than v — (241 + Ag) = v — (203 + 202 + 203 + 204 + os)
appears in the product. When v4 > 2, the remaining dominant weights in I1{v) lie on the faces of
TI(v— (& + 0z + ot + 204 +0t5)) = (v — (A —Ag+2A4)). If w lies on F3(v—A1+Ag—2A4), then
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X, appears in the product by Lemma 5.12. Otherwise, w € F7(v — (o + o + 203 + 204 + 013))
where j = 1 or § = 2; the corresponding irreducible characters appear by Lemma 5.11. When
v4 = 1, dominant weights which are not less than v — (2A; + A4) (and do not lie on the faces of
T1(v)) belong to F2(v — A1 + A2 — A3 — A4). The corresponding irreducible characters appear in the
product by Lemma 5.11.

If v; =1, then the product has the form

X M +7La)x;-‘—1-1 (6.2.15)

where A = A1 +I3A3 + 474, and 2n > 5. (This implies n > 3.) By Proposition 5.1, any irreducible
character X satisfying

Aw < x::?i X— (A3t+Ma )x;:i-(%q +14) (6°2‘16)

appears in (6.2.15). The product on the right hand side of (6.2.16) has the form x;‘r”xw_x,x",t%“
where A = I3As + l4A4, and so is saturated by Proposition 6.5. Thus if w < v— (A + X3+ 2hy) =
v — (20 + 3 + 403 + 4oy + 205), then X, appears in (6.2.15).

The remaining dominant weights w in TI(v) satisfy w < v — (o + 2 + o3 + 204 + a5). If
w lies on F3(v — (o + 02 + o3 + 204 + 05)) then X,, appears in (6.2.15) by Lemma 5.12. If w
belongs to F7 (v — o + oy + 203 + 20,4 - 05) for § = 1 or j = 2, then X,, appears in the product by
Lemma 5.11. The remaining dominant weights are less than v — 2A3. We now reduce the product
(6.2.15) by 2A3 using Proposition 5.1 until we arrive at a product of the form

X X 10 Xt e X = L (6.2.17)

As before, weights w which do not lie on the faces of [T(v) lie below v — (ot + o -+ 03 + 2014 + 015).
It follows from Lemma 5.12 and Lemma 5.11 that if w € F3(v — (o + g -+ a3 + 204 + 05)) or
respectively w € FI(v — (o + o + 203 + 204 + 05)) for j = 1,2, or 5, then X, appears in the
product (6.2.17). The remaining dominant weights satisfy w < v — (A1 + Aa + 2A4), and so appear
in the (saturated) product Xi; 4?(?,4‘11);_4; by Proposition 5.1, they appear in the product (6.2.17).
(iv) Suppose A = I1h1 + l4hg with both [; > 0 and I4 > 0. We will show that any product

x:o x;:-l—l., x;.liu x;,l_a_(h +ha) (6.2.18)

is saturated if the integers n; satisfy condition (*).

Again, we let v = v1h; 4 v4A4 be the total highest weight of (6.2.16), and note that if w is a
dominant weight on a face of I1(v) then X,, appears in (6.2.18).

If v4 = 1, and v; = 1 then by Corollary 6.3, there are no other dominant weights in IT(v) and
the product (equal to Xa,Xa,) is saturated.

If v4 = 1 and v, > 2, then the remaining dominant weights in I1(v) are less than v— (24, +14),
and saturation of (6.2.18) follows from Proposition 5.1 and induction.

If v > 2, then by Lemma 6.1, the remaining dominant weights in TI(v) are less than v/ :=
v—{og + o2 + 03 + 204 + 05) = v — (A — Az + 2A4). It follows from Lemma 5.12(i),(ii) and
saturation results for d < 5 that if w belongs to F2(v') or to F3(v’), then X,, appears in (6.2.18);
this also holds if w lies on F1(v') N F5(v') by Lemma 5.12(iii). If w € F*(v') but w does not
belong to F7(v") for j = 2,3 or 5, then w < v — (& + 202 + 303 + 4o 4 205) = v — 3hy; by
Proposition 5.1 the comresponding irreducible characteyr appears in (6.2.18).
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If w does not belong to F1(v'), F2(v) or F3(v'), and vy > 2 then w < v — (241 + A4) and
by Proposition 5.1 the irreducible character X,, appears in (6.2.18).

If v, = 1, then Lemma 5.12(iv) also implies that if w € F°(v') then X, appears in the product
(6.2.18). If w does not lie on a face of [1(v'), then w < v — 3A4, and the corresponding irreducible
character appears by the usual argument.

(v) Suppose that A = 1A + lgAg + -+ + l5A5 and both {; > 0 and Is > 0. We consider

products
x;.lux;-l—ll x;?ixa x’fi(z,l +is) (6.2.19)

with total highest weight v where ng,n1,n2 and ng satisfy condition (*). Dominant weights in
TI(v) lie either on a face F7(v) or are less than v — (A1 + As), and the usual arguments imply that
the product is saturated.

(vi) Finally, if A = A*, then arguments similar to those in (i), (ii), and (v) can be used to show
that %} is saturated as well. The details: In (i) we have A = lsks, and we reduce any product of
the form (6.2.10) with no + n1 = 5 (using Proposition 5.1) to the trivial character or to Xj;. In (ii),
we consider products of the form (6.2.11) with n; = ng, and either no = Oand 2n1 +ng =5 or
na = 0 and 2n; + np = 5. We reduce such a product to one of the form (6.2.10) with A = IgA3
and apply (i). In (v), we impose the sume conditions on the exponents as in (ii), and reduce the
product in (6.2.19) to one of the form (6.2.11). #

For irreducible characters of A,, the sets Dy, consisting of the highest weights of all
ireducible characters appearing in XaX,, are relatively convex with respect to the root lattice.
This can be deduced from the description of these sets given in the next chapter (Proposition A.4).
We would like to know whether A,-convexity also holds for products of irreducible characters of
Ay, or more generally, whenever the weights A and p satisfy the conditions for eventual saturation.
Tt is difficult to get a handle on this question, if only because there is no natural way to formulate
Ar-convexity algebraically. Also, we would expect that if the set Dy, were relatively convex, then
the same would be true for the set of highest weights appearing in a multiple product X, X, - - - Xy,
If we could establish these properties, then we could extend the result of Theorem 6.8 to all d. (All
irreducible characters with highest weights lying on the edges along —oy,% € [, would appear in

the product XM for M > 2 by Proposition A.6, and the trivial character appears in x;f“.)
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Appendix A

Products in A,

The induction argument developed in Chapters 4 and 5 to prove saturation of certain powers
of imreducible characters might also be used to obtain more specific information about the decom-
position of products X,X,. In particular, it may be used to describe the “geometry™ of the set of
irreducible characters appearing in the decomposition, since the argument is based on the geometry
of the weight polytope. We use this approach here to study products of irreducible characters of
Ag.

Let Dy, be the set of all weights v such that X, appears in the orthogonal decomposition of
the product X3X,. For any semisimple complex Lie algebra, the highest weight of an irreducible
character appearing in the decomposition of a product Xa%, must belong to the set Cy,, defined by

Cap = (I(X) -+ 1) N (M) +2) N C;
this can be deduced from Steinberg’s formula for example (see [Hul; Exercise 24.12]). If G =A,,
then Dy, = Gy .5 however, the two sets are not equal in general if the rank ol G is greater than 1.

Let wg be the longest element of W. It is shown in [PRV] that the dominant weight conjugate
to woh + 1, which we denote {wgA+p}, belongs to Dy, and is less than any other weight in Dy .
We will show in Section 1 that, when G =A,, D, , equals the set of all weights in Gy, which
are greater than {woA + u}. We also show that this set consists of all weights in Cyy of the form
A+ i —ko(ou + ag) — kja; where § € {1,2} and A+ p — ko(o1 + a2) € Gy (Proposition A4).

If the rank of G is greater than 2, then it is not true in general that all the weights in Cyy
which are greater than {woA + pu} belong to Dy ,. For example, if d = 3 and A = 2A;, then the
weight Ay + 243 = 4Ag — (o4 + 2ap) belongs to G,z and is greater than {woA + A} = 0, but the
corresponding irreducible character does not appear in the product X2. We make no attempt here
to determine additional constraints on the weights in D . Instead we use Proposition 4.6 and
Proposition 5.1 to describe certain “lines” of weights in Dy, in Section 2.

1. Products in A

Let A and p be dominant weight of Ap. Recall the definition of the dominant faces given in
Chapter 4: |
Fi() = {z e TI(A) | (M, x) = (A, A} . Incase G = Ay, weights on the face F*(A) have the form
A — kog—; where k is a positive integer. For ¢ € {1, 2}, define faces of Cy ,:

Fiihp) == (F*() + ) n (Fi(w) +A) NG;

weights on the face F*(A, ) have the form A + p — koa—;. We first establish in Lemma A.2 that
if w is a weight in Cy . then either w lies on a face F*(A,p) for i € {1,2}, or w belongs to one
of Cr—a, p—nz OF Crergp—a,- In Lemma A.3, we describe products of irreducible characters with

highest weights on the boundary of C. We then argue by induction on the total highest weight A+
to establish Proposition A4 in all cases.

For i € {1,2}, the set TI{A — A;) + p — Aa_; is contained in II(A) 4+ u. By superimposing the
two sets, we readily deduce that the difference is included in the union of faces of TT(A) + p.
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Lemma A.1. The difference (II{(A) 4 p) \ (IT(A — A;) + p — Az—;) is equal to the set of

weights on
(FiA) Vo FF QY U FPTH(A)) + 1.

Proof: 1t suffices to establish the result when ¢ = 1, and this follows from Figure A(i). (In case
i = 2, the weight diagrams are reflections of those in Figure A(i).) Observe in (b) that if A is a
multiple of the fundamental weight A;, then the face F(\) +p consists of a single weight A+p, so
F1(A) +p C F2(A) +u, and similarly o1 F!(A) + p C F?(A) +p. Notice also that wok -+ p equals
wo(A;) + it — Aa—;, and is therefore a common vertex of I1(A) + p and A — ;) + (p— Rg—i). 3

FX(A) +n

A

') +u

woh +

@reC B =1

Figure A(i)

Lemma A.2. Suppose thatpeC.
M If A = I for i € {1,2}, then any weight in C;, which does not lie on the face

F3=i(a, 1) belongs to Ca—x, p—ra—;-
(1) If A € C, then any weight in C;, which does not lie on a face F*(), 1) belongs to
either Cy—a, p—a; O 10 Cicpg s,
Proof: (i) To simplify the demonstration, we will assume that ¢ = 1. (The proof is analogous
if i = 2.) Suppose that w belongs to o, and does not lie on F?(A) 4+ p. Then w belongs to
T(A) + p but not to F2(A) + ; by Lemma A.1, w belongs to IT(A — A1) + p — A2 (See Figure A(i)
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(b)). We claim that w also belongs to IT{p — Ap) + A — Ay, and so to Cy—a, u—2,. By assumption,
w € TI(n) + A, and w does not lie on F2(u) 4+ A. Thus either w belongs to M — A3) + A —1,,
or w lies on one of the faces F1(u) + A, 61 F* (1) + A by Lemma A.1l. Since A = Ay, we have
Fl(p) +ANTIA) +p = {A+p} € F2(A,p), and o1 F1(u) +ANTIA) +p = {o1u+A} C F2(A, ).
Therefore, w € TI( — A2) + A — A1, and consequently w € Cr—x, p—2,-

(ii) Suppose that w € Cy 4 does not lie on F¥(A,p) for i € {1,2}. Then by Lemma A.1,

we (MAA—A)+p—2A) U TR — X))+ p—2y), and (7.0.2)
we M{w—A1)+A—2A) U(TT(n —Ag) + A —Ap) (7.0.3).

If w does not belong 10 one of Ci—a, y—2a_;» then for some i, w € TI(A — Ai) + p — Ag—; but
w&MA—Agei) +—A, and w € TI{U — ;) + A —Ag—; but w & TT( — Az—;) + A~ Ai. We will
show that this is not possible. If it were, then w € (o F3~*(A) + 1) N (03— F*~*(u) +2) NC
by Lemma A.1. This set is evidently empty unless (A, oa—;) = (1, ®3—;). On the other hand, since
w € 63— F3 + |, w = o3_;z’ + p for some weight ' = A — ka; # A on the face F3—*(p).
Therefore

('UJ, (13...,',) = (021"1 a3—t') + (lh u3-—-—i)

= — (}\,, 0:3__.,-) -k + (!—L: (13_{) .

Thus if (A, 2) = (1, o), then (w, az) < 0, so w does not belong to C. Consequently, w belongs
to one of Cy—a; p—ars_i ¥

Lemma A.3. Suppose that m and n are integers such that m > n > 0. Thenfori =1,2

n

(i) xml;xnk‘- = Zx(m+n)l,--ku,~
k=0

(11) xml.-xnk;g_,- = Z xml.' +nhg—i—k{a1|aa)-
k=0

Proof: (i) All irreducible characters with highest weights A + p — ko for k € {1,2,...,n}
appear (with multiplicity 1) in the product by Proposition 4.6 and the Clebsch-Gordon formula (see
Proposition A.6). No other irreducible characters appear, since the lowest weight in Dy, equals
A+ 1 —noy.

(ii) The only dominant weights in ([T(A) + p) N{IT{n) + &) are those of the form A+p— k(o +az),
where k € {1,2,...,n}. All the corresponding irreducible characters appear by repeated application
of Proposition 5.1. The multiplicity of any irreducible character equals 1 since this holds for the
corresponding weight multiplicities. s

Proposition A.4. Suppose that G = Ay
(i) Dy, consists of all w € C;,, satisfying w > {woh + p}.
(ii) Dy, consists of all weights w € Cy,, of the form w = A 4 — ko(e: + €2) ~ kiey such
that A + p — ko(o1 + o) belongs to Cy .

Proof: If both A and p lie on the boundary of C then the proposition reduces to Lemma A.3.
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@) It suffices to show that all weights w satisfying the hypothesis belong to Dy ,. We argue by
induction on the total highest weight, A + p. Let w € Gy, and suppose that w > {woh +p}. Note
that {woh + 1} = {wo(A — &) + B — Az}, sow > {wo(A — A} +p—Aa_;} fori € {1,2}.

Suppose first that A = IAy and p € C. If w lies on the face F3=%(2), then X, appears by
Proposition 4.6 and the Clebsch-Gordon formula (see Proposition A.6(i) in Section 2, for example).
Otherwise, w € Cix, u—1,_; by Lemma A.2(i). Since w > {woh+p} = {wo(A— M) +p—As—i}
our induction hypothesis implies that X,, appears in the product Xa—a,Xy—xs_;- By Proposition 5.1,
XonXu—ra—i < XaXy, thus X, appears in XXy

Now suppose that both A and gt belong to C. If w lies on one of the faces Fi(A,p), then Xy
appears in the product by Proposition A.6(i). Otherwise, Lemma A.2(ii) implies that w belongs
to either Ch—a, u—a; OF Cr—apu—a- By our induction assumption, X, < Xa—aXp—ag OF Xy £
Xp.—r,Xu~, Tespectively. The assertion now follows from Proposition 3.1,

(ii) We assume as an induction hypothesis that Dy, u—as-; consists of all weights in Cyp of the
form A+ j— ko{oy + o) — kjo; where § € {1,2}, ko > 1 and A+ p—ko(o +02) € Crmiip—na-s-
Since Ya—a, Xu—ay_; < %y (Proposition 5.1), all such weights belong to D, as well.

We first consider the case A = [A;. Suppose that both w := A+ n — ko(ou + og) — ko
and w' := A+ p — koo + &) belong to Cyy. If ko = 0 then w lies on the face F3~i(a, ),
s0 w € Dy If ko > 0, then by Lemma A.1, w belongs 10 Choa; p—2s_;» 28 does w’. Thus
w € Droiypy—ta_s C Dy If w belongs to G, but w' does not, then in particular, ko > 0.
Thus w belongs 10 Cr—a; p—1,..;» UL w’ does not belong to this set. By our induction assumption,
w & Da_n; yp;- It follows from part (i) that w ¥ {wo(A — M) + 1 — Az—i)} = {woX + n}, hence
the corresponding irreducible character does not appear in XaX,.

Now suppose that & € C and let w := A+p—ko(oa + ) —kje; and v’ := A+ —ko(on +o2).
If w belongs to Cy, and ko = 0, then w lies on a face F*(A, 1), so w € Dy y. If kg > 0, then w
belongs to either Gy, y—iy OF 0 Cacpyp—s, by Lemma A2(i). If w' € Gy, then w' belongs to
both of these sets. (Since w' has the form A -4 p — k(e + a2), it does not lie on any of the faces
Fi(A) + u or aiF*(A) + p, so it belongs to both sets by Lemma A.1.) Thus w belongs to either
Di—a, p-rq OF Dioig u—n, by our induction hypothesis. If w belongs to C.p but w’ does not, then
w' does not belong to either of the sets Ci—a, y—1s_;- We argue as in the preceding paragraph that
w e Dy

Corollary A.5. The set Dy, — A — s relatively convex with respect to the root lattice.
w

The example in Figure A(ii) on the next page was computed using the software Simplie, and
shows Dy, when A = 15A; + 18Xz and i = 1241 +21A2. The multiplicities (X, XaX,) are indicated
at each of the points w. Note the pattern: the multiplicities are constant on “shells”, and increase
as the shells approach the centre of Dy . This is similar to the pattern of weight multiplicities in
irreducible characters of Ap (see [AS], for example).
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As: (15,18) ® (12,21).

Figure A(ii)
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2. Lines of weights in D, ,

Let Dy, be the set of highest weights of irreducible characters appearing in xM. We show
that the sets D, and Dy include certain “lines” of weights. (If the set Dy, were relatively
convex, some of these lines would describe edges of this set.)

It is well known that all weights of the form A+ p — ko4 in C, belong to D yu; we prove
this result using Proposition 5.1 and Proposition 4.6, and then argue by induction on M that all
dominant weights of the form MM — k;c; belong to D (Proposition A.6). We can therefore
account for all weights along those edges of cvx Day (or cvx Dps) in the direction of the simple
roots o, ¢ € L, N I, (7 € I respectively).

If G is type Ag, and B is any positive root, then all dominant weights of the form MA — kp
belong to Dy, and certain weights of the form A + p — kf belong to Dy (Proposition A.8).

Define weights ; := Aj + Ady1—j for j = 1,2,...,d" := [431]. By repeated application
of Proposition 5.1, we show that when G = Ay, all dominant weights of the form MA— ki, —
.+ — kg belong to Dasa, and certain weights of the form A+ p—kywy —---— kywa belong
to D, (Proposition A.10). Using Proposition 4.6, we deduce corresponding results for weights
on the faces of Dy, and Dags, when G is one of By, Cy, or Dy (Corollary A.11).

For i € I, let N; = Ni(A, ) := min{{}, o}, {, 0} }.

Proposition A.6.

() The irreducible character with highest weight A + p — ko; appears in the de-
composition of XX, necessarily with multiplicity equal to 1, if and only if k €
{0,1,...,N;}. The weight A +p — N;o; is a vertex of cvx Dy ..

(i) All irreducible characters with highest weights of the form M — ko, 1 € L,
appear in X}, and the weight MA — [4f]a; is a vertex of cvx Dan..

Proof: (i) The weights A — ko lie on the edge of cvx T1(A) for which the corresponding Lie
algebra is type A; with simple root o;. The results now follow from Proposition 4.6 and the
Clebsch-Gordon formula for products of irreducible characters of Aj.

(ii) We argue by induction on M. In case M =2, N; = (A, o), and 27 — ko is dominant if
and only if k& < Nj, so the result follows from (i).

Suppose that (i) holds for X when n < M. The weight MA — ko is dominant if and
only if k < [“—2"-] (A, 0:). We will find nonnegative integers k1 and k2 such that k = k1 + k2,
k1 < [M=L]) (A, o), and k2 < min{(d, 1), (M — 1)(A, 011) — 2k;}. Tt will then follow from (i)
and our induction assumption that

ity S X(M-tpkio X S %MV,
Ifk S, [M.Z;-l](?\-, 0.1), then we may take k}l = k, and k‘Z =0, O[herwise’ k — [_A_g,](l’ 0’-1) —

and = < (A, ). In that case we let ky := [252)(%, 04), and ky := k — k1. Then
min{{A, 01), (M = 1){(A,0u) — 2k1} = (M, 0q), and 0 S k2 = (Aoq) =z < (Mog). #

Suppose that o, , &g, . . ., &, are distinct simple roots such that {a;,, o;, ) =0if r#s.
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Corollary A.7.
(@) fw:=A+p-— ko, — -+ — ko, then the irreducible character X,, appears
in XX, (with multiplicity 1 necessarily) if and only if k; € {0,1,... ,Ny;} for j =
1,2,...,m. The weight A +p — Ny, 0, — -+ - = N, o, is a vertex of cvx Dy . (Note
that this weight is the dominant weight conjugate to A + o;,0i, -+ Gi,, 1.)
(i) Allirreducible characters with highest weights of the form MA—kjo;, =+ - - —kp,04,,
appear in X}/, and the weights MA — [4]3°7", o, are vertices of Dy .
Proof: (i) The weights A—kio, —- - - kn 05, lie on a face of cvx TI(A) for which the correspond-
ing Lie algebra is a direct sum of m algebras of type A, with simple roots o, ..., e, . The
irreducible character with highest weight A +p — kyo;, — -+ — ko, will therefore appear in
the product XX, if and only if , for each j € {1,2,... ,m} the irreducible character Xy —k;a,,
appears there-in , so the claim follows from (i).

Set J = I\{i1,%2,...,im}. The set of weights in Dy, lying on the face FY is there-
fore an n-box (an n-cube like object with different length edges) whose set of vertices equals

{k+u > ek Niyoq; | K C{L,2,. m}} . If we suppose that the roots are ordered so

that N;, = (A, o) for j < kand Ni; = (u, ;) otherwise, then A +4-p— 3750 N,

G;, Oi, ---o,-,‘7\,+d,k +1° " Oi 1. Since all the reflections o;; commute, the latter is con]ugate to
Oy - -c,-m?\.+ K.

(ii) This follows from Proposition A.6(ii) and part (i). #

Using Proposition 5.1, we show in the next proposition that if B is an arbitrary positive root
of Ag, then some weights of the form A + y — kP belong to Dy,. If A = u then we show that
all dominant weights of this form belong. (Note, however, that the weights A -+ p — kB usually
do not lie on a face of cvx IT(A).)

Let Njm = Njm(A, 1) := min{(A, o;}, (it, 0rn) } +min{ {u, &;}, (A, &} }, and suppose that
B is a positive non-simple root of Ag. If p =ot; + 0tj41 + -+ o forsome 1 < j<m < d,
let Np := Njm
Proposition A.8.

(1) If k is an integer and k < N then the irreducible character with highest weight

A+ 1 — kP appears in the product X X,.

(i) All irreducible characters with highest weights of the form MA — kB occur in xM
Proof: (i) We first consider the case where p = oy + oy + -+ + &tg and & < Ny 4. Then we

may write k = k; + ke where k3 < min{(, o), {1, o)} and ky < min{{u, 1), (A, 0tq)}. By
repeated application of Proposition 5.1, we have

UKy Z Xp—toyhy —karg Xp—kyhg —kos - (A1)

Since the totai highest weight of the product on the right hand side of (A1) equals A +p— (ky +
ko)(A + Ad) = A4 p— kB, the corrcspondmg irreducible character appears in both products of
(A1), thus (i) holds when f = oy + --- + «tg. Now we argue by induction on the rank d. If
d = 2, then we are done. If d > 2 and [3 = 0 + * + * + Oy, With either j > 1 or m < d, then the
weights A + )L — kB lie on the (proper) face Fl(l) or F4()) respectively of cvx (L), where the
corresponding Lie algebra has rank d — 1 . By Proposition 4.6 and our induction hypothesis, the
assertion holds.

78



(ii) The weight MA—k(oy+02+- - -0z} is dominant if and only if k < M min{{A, o), {A, &a) }.
If M = 2 then this bound equals N 4, and (ii) holds in this case.

Assume (ii) holds for integers less that M if p = &3 + -+ + o, and suppose that k <
M min{{%, &1}, (A, @) }. We will find nonnegative integers k1 and kg such that k = ky + ko,

kl < Imn{(M - 1)0“’ ad)! (M - 1)(11 (11>},
and ko < min{(M — 1){A,09) — k1, (A, 0a) } + min{(M — 1){A, ag) — k1, (A, a1}

It will follow from (i) and induction that Xags—ks < Y- 1ja—kegXs S X7~ K.

Assume for simplicity that (A, ag) < (A, ;). (An analogous argument works if (A,01) <
(A o)) If k < (M — 1)(A, aq) then let ky := k. Otherwise, say k= M{)\ o4) — z, and let
ki := (M — 2){A,0) and k2 := k — k1 = 2(A, e} — . Then

kz < 2(?‘., (1,1)
< min{(M — 1){(A, 01) — k1, (A, au)} + min{(M — 1) (A, o) — ki1, (A o)},

s0 (ii) holds for all M if p = o1 + -+ + aq. If d = 2 then we are done. Otherwise, if
B =+ + 0 with either j > 1 or m < d, then the weights M2 — kf lie on the face F1())
or F4(\) respectively of cvx Dy, . The result now follows by Proposition 4.6 and induction. #

Let 4,...,B, be positive non-simple roots such that for 7 # s, (Br,Bs) = 0.
Corcllary A.9. .
(1) if k; are integers and 0 < k; < Ny, forj = 1,2,...1, then the irreducible character
with highest weight A+ p — k1B — --- — k:p: appears in XaXp.
(it} All irreducible characters with highest weights of the form MA — ki1 — - — ke
appear in XM,
Proof: Observe that the weights A — kjfy — --- — k:f; lie on a face of cvx IT(A) for which

the corresponding Lie algcbra is a direct sum of ¢ algebras whose ranks are less than d. The
assertions now follow from Proposition A.8 and Proposition 4.6. &

Unfortunately, we can not always account for all the weights of the form A+ p — kB in
Dy, using Proposition A.8 (unless A = y; see the remark after Proposition A.10). For example,
if we consider the irreducible characters of Az with highest weights A = A1 +Ag and p = Ay ,
then Ny 3 = 0, but the irreducible character with highest weight A + L — (o + o2 + 03) = A2
appears in the product X,X,. On the other hand, we may be able to account for all weights on a
“root line” if (5, U L) N {d',d’ +1,...,d} = @ for some d'. This holds trivially if d <[]
since in this case, all weights in Dy, lie on the face F¢(A + ) (as we observed at the end of
Chapter 5), and Nj,m = 0 for all pairs (5, m).

For j =1,2,...,[%2), define

(l)j = l_,‘ -+ ld-*-l—j
=0 4 200 + o A oy e JOep1—g oo+ 2001 0
a;;lllet M; := Njagpi_; = min{(A, o5}, (1, ta41-5)} + min{ (A, @at1-5), (1, 04)}. Setd =
=1
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Proposition A.10.
() If k1, kg,... ks are nonnegative integers with k; < M;, then the irreducible

character with highest weight A + p — kj0; — - - - ~ kg appears in the product
2y M '
(i) All irreducible characters with highest weights of the form MA—kj@; — - - —kg o

appear in X7,

Proof: Part (i) is proved by repeated application of Proposition 5.1 as in the proof of Proposition
A8}

(ii) The weight MA — 3, kj(A; + Aar1-;) is dominant if and only if
k.'i <M min{(l, aj)v (ls ad+1—j)}'

If M = 2 then the upper bound corresponds with M. Otherwise, an induction argument
analogous to the one given in the proof of Proposition A.8(ii) works (with o; and o415
replacing oy and o4 respectively). #

Remark: If A = j, then the weights 2h — Njm(oy + -+ + o) are vertices of 'D;L,,,. as are
the weights 2\ — M1w1 — My, since weights of the form 2A — k{o; + -~ + otm) OF
2A — k1o — -+ - — kp, are dommam if and only if, respectively k < Nj,, or k; < M,.
Finally, we can use Proposition 4.6 to extend the results of Propositions A.8 and A.10 to
certain faces of the sets Dy, and Dpp, when G is type By, Cy, and Da.
Let & 1= o1 + 200 + -+ + joj + -+ + Jog—j + - + 2009 + @y for j =1,2,. (8.

Corollary A.11. Let G be a Lie algebra of type By, C4, or Dy.

(i) For any positive non-simple root of the form p = o + @j41 + -+ + 0 With 1 <
j < m < d -1, the irreducible character with highest weight A + 1 — kB appears
in %X, if k < Njm.

(i) All dominant weights of the form MA — kB appear in M,

(i) If there are nonnegative integers k; such that k; < Nju—j, then the irreducible
character with highest weight A 4 p — kj0} — -+ — k[ ]m[ | appears in XX,

(iv) All dominant weights of the form MA — kjo] — -+ — k[dlm[,,] appear in WM,

Proof: The relative face Fd(?u) of cvx IT(A) corresponds to the Lie algebra G¢ of type Ag_y with

simple roots o;,d2,... ,0d—1. The claims now follow from Proposition 4. 6 and Propositions
A8 and A.10. *

Remark: Parts (i) and (ii) also hold for roots of Dy of the form o« + -« - + @tg—2 + s and parts
(iii) and (iv) hold if we replace oy—; with oy in the definition of m;-.
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Appendix B

A comparison lemma for powers of X,

In order to show that, for characters of Ay, X}, is saturated when n < d+1 (Proposition 6.7),
we require the following Lemma.

Lemma B.1. If [25] S n<d+1, then 2pr ™D <o

Proof: Let y := 2n — (d+ 1). Suppose that X, < X, and let T, be a tableau representing X,
in the product. Then the base of T, consists of a single blank box, and there is exactly one box
with entry (i,1) for each i € {1,2,...,y — 1}. We will construct a tableau T, representing X
in the product X3, as follows. Letz:=d+1-n=n-y. Replace each entry (i,1) in T, with
the entry (z +1,1). Now add a box with entry (1,1) to row 1, a blank box to row 2, and boxes
with entries (1,2),(2,1),(2,2),...,(z,1),(z,2) to rows 3 to 2z + 1 respectively, and boxes
with entries (z+1,2),. .., (z+y—1,2) to rows 2z +2 to d+1 respectively. We claim that the
resulting tableau T7, represents X,, in the product X,. Observe that T! has a base of shape Ag,
and includes one box with entry (i, 1) and one with entry (3,2) for each i € {1,2,...,n—1}.
The condition MLR2 is satisfied, since for each ¢ € {1,2,...z}, the entry (7, 1) lies above the
entry (i,2) by construction, and for each ¢ € {1,2,...y — 1}, the entry (x + ¢,1) lies in row
j < i+ 1, while the entry (z + i,2) lies in row 2z +4 4 1. It follows from Lemma 5.2 that
the entries in rows 2 to d+1 of T increase strictly down columns. The entries in rows 1 and
2, column k increase strictly when k > 2 (since these equal the entries in rows 1 and 2 column
k—1 of T,), so we simply have to check that entry in row 1, column 2 is strictly less than that
in row 2, column 2. This is obvious, since the entry in row 1, column 2 equals (1,1), which is
strictly less than any other entry in T, #
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Appendix C

Normality of certain cones G, for E;

We will show that the cones C;L are normal when G is type E;and {1} C I, C {1,6,7,8}.
We identify the root lattice with Z¢, and note that £(Ch) = Z* by Lemma 1.5.

Suppose that z belongs to cvx ), N Z¢. Recall that if = = (z1,...,%q) (with respect to
the basis of simple roots) then z; = f;(z) and (tx); = v~ fi(z) are nounegauvu integers for all
i eI and T € Wy. If tfi(z) = O for some 7 and i, then z lies on the face tF* of cvx C). Now
any face TF* of cvx C), is a convex cone generated by the elements of &, N 7Fi. A generator
§ € & lies on the face F* if and only if & = 0. Let & = (81,...,8i—1,8i41,...04). We

deduce from the description of the sets &; in Chapter 3 (or from Lemmd 4.4) that {3 | de F‘}

is the set of generators £y, of the cone G, of G* (where pih = (L, ..., Li—1, lig1, .. -, la) with
respect to the basis of fundamental welghts of G*). By the results in Chapler 3, lhesu cones are
normal when i < 6, thus if z € FinZ% thenz € Cy. (Incase d = 7ord = 8 and i > 6,
we will argue by induction that the corresponding cone is normal and € C,.) Since G, is
invariant under W3, z belongs to Ci, whenever tf;(z) = 0 for some < and 4. In order to show
that Cy, is normal, we must therefore show that z belongs to Cy, whenever tf;(x) is a positive
integer for all = in W3, and ¢ in .

In case I, is one of {1,6}, {1,7}, or {1,8}, we argue as follows. In each of these cases,
there is a generator 8° of Ci, and a proper subset 1% of I such that fi/ 80 € {0 1,2} for all
t€ Wi, icl,and, ifi ¢ I° tf:(8%) € {0,1} . We show that if z € cvx C,NZ* and tf,(:z) =1
for some i € I°, then z € C,. Then we observe that there is a nonnegative integer m such that
y = 1 — md° belongs to cvx Gy, N Z¢ and either y lies on a face of cvx Gy or tfi(y) = 1 for
some © € W5, and ¢ € I%. Thus y € C and consequently z € Ci. We deduce normality in all
the remaining cases ({1,6} C I, or {1,7} C 1) from Lemma 3.6(ii).

For convenience, we order the roots as follows: the simple roots corresponding to nodes
in the graph I of G along the straight line of length 5,6, or 7 are labelled 1,2,3,5.6,...—the
“branch” node here is labelled by 3. A list of generators for the cones C), corresponding to the
cases I = {1,6}, L == {1,7} and I;, = {1, 8} is included at the end of this appendix.

Assume that 2 € cvx G, NZ% and ¢ fi(z) > 0 for all t € Wy, and ¢ € I. The first Lemma
applies to all cases.

Lemma C.1. Ifz3 =1, then z € C,.

Proof: Note that all generators § of Cy, satisfy 83 > 84, s0 3 > 4. By assumption, x4 > 0, s0
T3 = x4 = 1, and z belongs to the convex hull of the cone C' generated by {3 € & | 83 = 84} .
The latter consists of elements of the form ey where J C I is an interval, hence z belongs to
C). by Lemma 3.4(i).3%

Since z € C,, if and only if Tz € Cj, for all © € W, it follows from Lemma C.1 that z € G,
if (tz); = 1 for some © € W3,
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1. Cases {1,6} c L, C {1,6,7,8}
We begin with the case I = {1,6}. Suppose that z € cvx Gy N Z¢, and tf;(z) > 0 for all
teW,andiel. .

Lemma C.2. Ifzz=1thenze (..

Proof: By assumption, 3 # 0, s0 z; > ;. There is exactly one generator 8 := (1,0,0,...,0)
of C,, for which 8; > 8. Therefore, the element 2’ := 2 - (z1 — 17)8* belongs to cvx Gy N AL
and satisfies =} = x5 = 1. We will show that 2’ belongs to Cj..

We may write
2= B+ Y rly+8)
Fi1=f u>h

where the first sum runs over those generators B of C, with B; = Pz and the second over
generators y with y2 — y1 = 1, and the coefficients rp and ry are nonnegative. We verify below
that each of the sums y+ 8* can be written as a sum of generatofs B with By = 2. The generator
(81,...,56,a,b) below should be interpreted as (81,...,86) if d = 6, as (81,...,86,a) with
a € {0,1} if d =7, and as (8y,...,8,a,b) with (a,b) € {(0,0), (1,0), (1, 1} ifd=38.

@1,0,...,0) + (1,2,2,1,1,0,0,0) = (1,1,0,...,0) +(1,1,2,1,1,0,0,0)
1,0,...,0)+(0,1,1,0,1,1,a,0) = (1,1,0,...,0) +(0,0,1,0,1,1,a,b)
(1,0,...,0) +(0,1,1,1,1,1,a,b) = (1,1,0,...,0) +(0,0,1,1,1,1,a,b)

(I}Oa"':0)+(011:2’1:13 laawb) =(1:111;O:--°$0) +(03011:1:1:13a1b)
(1,0,...,0)+(0,1,2,1,2,1,a,8) = (1,1,1,0,1,0,...,0) + (0,0,1,1,1, 1,4, ).

Thus ' belongs to the convex hull of the cone C’ generated by the set {8 € & | 81 = 82} .
The cone €’ is isomorphic to the cone Cy of Dy—y with Ly = {d — 5,d —1}. (To see this,
map (81,82,...,8q) t0 (8a,84-1,...,85,83,54,82).) The cone C' is therefore normal by the
results in Chapter 3. Since the group generated by C’ is also generated by intervals, z’ belongs
to cvx C' N L(C’) by Lemma 3.3, so ¢’ € C’ and z € Gy 3%

Proposition C.3. If I, = {1,6}, then C} is normal.

Proof: Suppose that x € cvx Ci. N Z¢. If z lies on a face of cvx Gy, then © € Cy (we argue
by induction on the rank in case d = 7 or d = 8 and ¢ > 6). Otherwise, t fi(z) > 0 for all
te W, andie I Let & = (1,2,2,1,1,0) if d = 6, §° := (1,2,2,1,1,0,0) if d = 7, and
& := (1,2,2,1,1,0,0,0) if & = 8. Note that & is a generator of Cy, 1f:(8°) € {0,1,2}, and,
if i ¢ {2,3}, t£:(8%) € {0,1}. Let n be the minimum of the set

(tfi(x) | T € Wii € {2,3}) u{ [Efzﬁl] lteWaie {2,3}} .

Then y := = ~ n8° belongs to cvx Oy, N Z¢ and either y lies on a face of cvx Gy, or 1fi(y) =1
for some T € Wa, i € {2,3}. In any case, y belongs to Cy, (we invoke Lemma C.1 or C.2 in the
latter case), hence z € C).3#
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Corollary C.4. If {1,6} C I, then C, is normal.
Proof: We have to prove the assertion when {1,6} is a proper subset of I. This follows from
Lemma 3.5(Gi). (If {1,6,7} C I then the generator & = oy of Cj satisfies the condition of
Lemma 3.5(ii); if {1.6.8} C I, then & = ag works. )

2. Cases {1,7} C L, C {1,7,8}.

We consider the case 5, = {1,7} first.

Suppose that € cvx Cy N Z% and tfi(z) > Oforallt€ Wy and i € I.
Lemma C.5. Ifzg=1, or x5 =1, then z € C;.
Proof: We will consider the cases d = 7 and d = 8 separately.

In case d = 7, we argue as in Lemma C.2. Suppose that zg = 1. Since z docs lic on a
face of cvx Ch, xy > xg. There is a single generator 8* := (0,0,0,0,0,0,1) of Cy salisfying
87 > 86, 50 =’ 1=z — (T7 — x6)5" belongs to cvx CiN Z¢ and x§ = % = 1. We may therefore

write
o= g+ Y r(r+8),

Pe=Br Yo >¥r

where the coefficients are nonnegative real numbers, the first sum runs over those generators B of
C,, with Bg = B, and the second over generators with ¥ > ¥7. (In case ys > 7, the difference
Y6 — 7 equals 1.} We verify below that each of the sums y+ 8* can be expressed as a sum of
generators  with fs = B.

(0,0,0,0,0,0,1) + (1,1,1,0,1,1,0) = (1,0,0,0,0,0,0) + (0,1,1,0,1,1,1)
(0,0,0,0,0,0,1) + (1,1,1,1,1,1,0) = (1,0,0,0,0,0,0) + (0,1,1,1,1,1,1)
(0,0,0,0,0,0,1) + (1,1,2,1,1,1,0) = (1,0,0,0,0,0,0) + {0, 1,2,1,1,1,1)
(0,0,0,0,0,0,1) + (1,2,2,1,1,1,0) = (1,1,0,0,0,0,0) + (0,1,2,1,1,1,1)
(0,0,0,0,0,0,1) + (1,1,2,1,2,1,0) = (1,0,0,0,0,0,0) + (0,1,2,1,2,1,1)
(0,0,0,0,0,0,1) + (1,2,2,1,2,1,0) = (1,1,0,0,0,0,0) + (0,1,2,1,2,1,1)
(0,0,0,0,0,0,1) + (1,2,3,1,2,1,0) = (1,1,1,0,0,0,0) + (0,1,2,1,2,1,1)
(0,0,0,0,0,0,1) + (1,2,3,2,2,1,0) = (1,1,1,1,0,0,0) + (0,1,2,1,2,1,1)
(0,0,0,0,0,0,1) + (0,1,2,1,2,2,1) = (0,1,1,1,1,1,1) + (0,0,1,0,1,1,1)

Thus =’ belongs to the convex hull of the cone C” generated by {8 € & | 8¢ = &} . This
cone is isomorphic to the cone Cy of Eg with Iy = {1,6} (map (3y,...,8,87) to (81,...,8)),
s0 is normal by Proposition C.3. Since the group £(C') is generated by intervals, z’ € cvx C'N
L(Cch=0CsozeCh

If 5 = 1, then zg > 5. The generator & := (0,0,0,0,0,1,1) is the single generator of
C,, with 8g > 85, thus 2" := x — (x5 — z5)8 belongs to cvx Gy NZ* and z§ = z§ = 1. By the
previous argument, " € G, thus z € G,

In case d = 8, there is a single generator 8* := (0,0,0,0,0,0,1,1) of C;, with &g > &g. If
zg = 1, then z’ := = — (zs — z5)8* belongs to cvx Gy, N 74 and satisfies zg = zs = 1. We will
show that ¢ may be expressed as a combination of gencrators p of Cy, with Bg = fig. Note first

84



that if 5 € &, and &g > s, then 8 — 8 = 1, unless 8 = £ := (0,1,2,1,2,2, 1,0). Thus we
have an expression

g'= ) B+ Y nly+38)+r(C+28),

Bs=Ps Ya—ys=1

where the coefficients are nonnegative real numbers.
We now verify that each of the sums v+ 8* and { + 28* may be expressed as a sum of
generators 8 with B = Ps.

(0,0,0,0,0,0,1,1) +(1,1,1,0,1,1,0,0) = (1,0,0,0,0,0,0,0) + (0, 1,1,0,1,1,1,1)
(0,0,0,0,0,0,1,1) + (1,1,1,1,1,1,0,0) = (1,0,0,0,0,0,0,0) + (0,1,1,1,1,1,1,1)
(©,0,0,0,0,0,1,1) + (1,1,2,1,1,1,0,0) = (1,6,0,0,0,0,0,0) + (0, 1,2,1,1,1,1,1)
(0,0,0,0,0,0,1,1) + (1,2,2,1,1,1,0,0) = (1, 1,0,0,0,0,0,0) + (0,1,1,0,1,1,1,1)
(0,0,0,0,0,0,1,1) + (1,1,2,1,2,1,0,0) = (1,0,0,0,0,0,0,0) + (0,1,2,1,2,1,1,1)
(0,0,0,0,0,0,1,1) + (1,2,2,1,2,1,0,0) = (1,1,0,0,0,0,0,0) + (0, 1,2,1,2,1,1,1)
(0,0,0,0,0,0,1,1) + (1,2,3,1,2,1,0,0) = (1,1,1,0,0,0,0,0) + (0, 1,2,1,2,1,1,1)
(0,0,0,0,0,0,1,1) + (1,2,3,2,2,1,0,0) = (1,1,1,1,0,0,0,0) + (0, 1,2,1,2,1,1,1)
(0,0,0,0,0,0,1,1) + (0,0,0,0,0,1,1,0) = (0,0,0,0,0,0,1,0) + (0,0,0,0,0,1,1,1)
(0,0,0,0,0,0,1,1) + (0,0,0,0,1,1,1,0) = (6,0,0,0,0,0,1,0) + (0,0,6,0,1,1,1,1)
(9,0,0,0,0,0,1,1) + (0,0,1,0,1,1,1,0) = (0,0,0,0,0,0,1,0) + (0,0, 1,0,1,1,1,1)
(0,0,0,0,0,0,1,1) + (0, 1,1,0,1,1,1,0) = (0,0,0,0,0,0,1,0) + (0,1,1,0,1,1,1,1)
(0,0,0,0,0,0,1,1) + (0,0,1,1,1,1,1,0) = (0,0,0,0,0,0,1,0) + (0,0,1,1,1,1,1,1)
(0,0,0,0,0,0,1,1) + (0,1,1,1,1,1,1,0) = (0,0,0,0,0,0,1,0) + (0, ,3,1,1,1,1,1)
(0,0,0,0,0,0,1,1) + (0,1,2,1,1,1,1,0) = (0,0,0,0,0,0,1,0) + (0, 1,2,1,1,1,1,1)
(0,0,0,0,0,0,1,1) + (0,1,2,1,2,1,1,0) = (0,0,0,0,0,0,1,0) + (0, 1,2,1,2,1,1,1),

2(0,0,0,0,0,0,1,1) + (0,1,2,1,2,2,1,0) =
(0,0,0,0,0,0,1,0) +(0,1,2,1,2,1,1,1) +(0,0,0,0,0,1,1,1).

Thus 2/ belongs to the convex hull of the cone C’ generated by {3 € &, | 8 = 83} . Observe
that if 8 € &, and 8 = 8g then & = &; = 83. The cone C’ is therefore isomorphic to the cone
Oy of Eg with Iy = {1,6} (map (z1,...,Ze, T7,28) t0 (z1y...,Zs)), SO ¢’ is normal, and
z' € C'. Thus z € Ch.

Suppose that z5 = 1. Replace z by z — (zs — z6)8" if 28 > Zg, so that zg < xg. We may
therefore express 2 as a combination, with nonnegative real coefficients, of generators 8-# 8*.
(In an expression for z involving 8*, we replace sums ¥+ 8* (where v6 > 78), and { + 25*
with sums of generators P satisfying Pg = Ps, as above). By assumption, zg 2 Ts = 1, and
among the generators & # 8* of C, there is a single generator & := (0,0,0,0,0,1,1,1) such
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that zg > 5. Thus 2’ 1= & — (x5 — z5)5 belongs to cvx Cy N Z¢ and zf = z}. We therefore
have an expression

z = ZT;;-I-' Z ry(y+ &) + Z (Y + 28).

Ps=Ps 5 —ys—=1 5 —13=2

Qur goal is to obtain an expression for ' in which & is the only generator involved (with
non zero coefficient) for which 85 # 8;. We note that if B is a generator of Cy. and Bs = Ps,
then Bs = Be = Ps. We verify below that if y is a generator of C), and ys — s = 1, then either
Y5 =Yg Or we may write Y+ & as a sum of generators § with Bs = Bg = Bz. We also check that
if vs — v = 2, and Y5 > ¥s, then ¥+ & equals a sum of generators B+ v, where Bs = Bg = Bs
and v, = =1+ 1.

(0,0,0,0,0,1,1,1) + (1,1,1,0,1,0,0,0) = (1,0,0,0,0,0,0,0) + (0,1,1,0,1,1,1,1)
(0,0,0,0,0,1,1,1) +(1,1,1,1,1,0,0,0) = (1,0,0,0,0,0,0,0) + (0,1,1,1,1,1,1,1)
(0,0,0,0,0,1,1,1) + (1,1,2,1,1,0,0,0) = (1,0,0,0,0,0,0,0) + (0,1,2,1,1,1,1,1)
(0,0,0,0,0,1,1,1) + (1,2,2,1,1,0,0,0) = (1,1,0,0,0,0,0,0) + (0, 1,2,1,1,1,1,1)
(0,0,0,0,0,1,1,1) + (1,1,2,1,2,1,0,0) = (1,1,2,1,1,1,0,0) + (0,0,0,0,1,1,1,1)
(0,0,0,0,0,1,1,1) + (1,2,2,1,2,1,0,0) = (1,2,2,1,1,1,0,0) + (0,0,0,0,1,1,1,1)
(0,0,0,0,0,1,1,1) +(1,2,3,1,2,1,0,0) = (1,2,2,1,1,1,0,0) + (0,0,1,0,1,1,1,1)
(0,0,0,0,0,1,1,1) + (1,2,3,2,2,1,0,0) = (1,2,2,1,1,1,0,0) + (0,0,1,1,1,1,1,1)
(0,0,0,0,0,1,1,1) + (0,1,2,1,2,1,1,0) = (0,1,1,1,1,1,1,0) + (0,0,1,0,1,1,1,1).

Consequently,

= > mpt+ D, ny+¥) +r+29),

Pr=Pa=Pa To=ve=%s-+1

where { = (0,1,2,1,2,2,1,0), and the coefficients are all nonnegative.

Now if 2§ > £, then the difference =5 — x5 equals 2{ -+ 5 ry, since & is the only generator
in the above expression with g > x5, and 2" := 1’ — (zg — x5)& belongs to cvx Gy N YA
Sincez{{ =z =1, 2" € Chsox € O #*

Proposition C.6. If ;, = {1,7} then C, is normal.
Proof: Suppose that z belongs to cvx Gy N 72, If x lies on a face of cvx Gy, then z € Cy. (In
case d = 8 and = € oF"()), we argue by induction on the rank.) Otherwise, 1f;(z) > 0 for all
i€l and all T € Wh.

Let 8° := (0,1,2,1,2,2,1) if d = 7 and &° = (0,1,2,1,2,2,1,0) if d = 8. Then &° € &,
and for all T € Wi, <f;(8°) € {0,1,2}, and, if ¢ & {3,5,6}, t£:(8°) € {0,1}. Let n be the
minimum of the set :

{tf(2) | T € Wayi € 1\(3,5,6}} u{ [9—2&”-’1] lteWhie {3,5,6}} |
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Since tf;(8%) € {0,1,2} forall t € W), and ieI,andtf;(8°) € {0,1}if i & {3,5,6}, the
element y := x — n8® belongs to cvx Gy, N Z2. Either y lies on a face of cvx G, or (ty); =1
for some 7 € W5, and i € {3,5,6}. In the former case, y belongs to Cj; in the latter, Ty belongs
to Cy by Lemma C.5, so y does as well. Thus z belongs to Ci.#

Corollary C.7. If I, = {1,7,8}, then C; is normal.
Proof: The assertion follows from Lemma 3.5(ii), with 8y = og.#

3. Finally, suppose that d = 8 and I, = {1,8}. The proof that Cj is normal is analogous
to that for the case I, = {1,7} when d =T7.
Suppose that € cvx O, and tf;(z) > O0forallte Wy and i € I.

Lemma C.B. Ifzs5=1,26=1, or z; =1, then z € C.
Proof: Suppose that z7 = 1. We have zg > z7, and a single generator 8* := (0,0,0,0,0,0,0,1)
of C,, satisfying 8s > 87, so 2’ := z — (zg — z7)8"* belongs to cvx CA N Z°. Since =} = z§, we

may write
o == E T8 -+ Z 7‘7(7-{— 5*)
Br=fs Tr>7s

(In case 17 > 7s, the difference y; — vs equals 1.) We verify that each of the sums y+ 8"
can be written as a sum of generators f with Br = fs.

(0,0,0,0,0,0,0,1) + (1,1,1,0,1,1,1,0) = (0,1,1,0,1,1,1,1) + (1,0,0,0,0,0,0,0)
(0,0,0,0,0,0,0,1) + (1,1,1,1,1,1,1,0) = (0,1,1,1,1,1,1,1) + (1,0,0,0,0,0,0,0)
(0,0,0,0,0,0,0,1) + (1,1,2,1,1,1,1,0) = (0,1,2,1,1,1,1,1) + (1,0,0,0,0,0,0,0)
(0,0,0,0,0,0,0,1) + (1,2,2,1,1,1,1,0) = (0,1,2,1,1,1,1,1) + (1,1,0,0,0,0,0,0)
(0,0,0,0,0,0,0,1) + (1,1,2,1,2,1,1,0) = (0,1,2,1,2,1,1,1) + (1,0,0,0,0,0,0,0)
(0,0,0,0,0,0,0,1) + (1,1,2,1,2,2,1,0) = (0,1,2,1,2,2,1,1) +(1,0,0,0,0,0,0,0)
(0,0,0,0,0,0,0,1) + (1,2,2,1,2,1,1,0) = (0,1,2,1,2,1,1,1) + (1,1,0,0,0,0,0,0)
(0,6,0,0,0,0,0,1) + (1,2,3,1,2,1,1,0) = (0,1,2,1,2,1,1,1) + (1,1,1,0,0,0,0,0)
(0,0,0,0,0,0,0,1) + (1,2,3,2,2,1,1,0) = (0,1,2,1,2,1,1,1) +(1,1,1,1,0,0,0,0)
(0,0,0,0,0,0,0,1) + (1,2,2,1,2,2,1,0) = (0,1,2,1,2,2,1,1) + (1,1,0,0,0,0,0,0)
(0,0,0,0,0,0,0,1) + (1,2,3,1,2,2,1,0) = (0,1,2,1,2,2,1,1) + (1,1, 1,0,0,0,0,0)
(0,0,0,0,0,0,0,1) + (1,2,3,1,3,2,1,0) = (0,1,2,1,2,2,1,1) + (1, 1,1,0,1,0,0,0)
(0,0,0,0,0,0,0,1) + (1,2,3,2,2,2,1,0) = (0,1,2,1,2,2,1,1) + (1, 1,1,1,0,0,0,0)
(0,0,0,0,0,0,0,1) + (1,2,3,2,3,2,1,0) = (0,1,2,1,2,2,1,1) + (1,1,1,1,1,0,0,0)
(0,0,0,0,0,0,0,1) + (1,2,4,2,3,2,1,0) = (0,1,2,1,2,2,1,1) + (1,1,2,1,1,0,0,0)
(0,0,0,0,0,0,0,1) + (1,3,4,2,3,2,1,0) = (0,1,2,1,2,2,1,1) + (1, 2,2,1,1,0,0,0)
(0,0,0,0,0,0,0,1) + (0,1,2,1,2,2,2,1) = (0,1,2,1,2,2,1,1) + (0,0,0,0,0,0,1,1).
Thus 2' belongs to the convex hull of the cone C’ generated by {8 € &, | 87 = 3}. The

cone C’ is isomorphic to the cone Cy, for Ey with Iy = {1,7} (via the map (31,...87,38) —
(81,...,87)), so 2’ € C' N L(C') = C’, and therefore z € C.
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Suppose the zg = 1, so that z; > mﬁ Since & := (0,0,0,0,0,0,1,1) is the only generator
of C, satisfying 8, > 8, the element )= - (.7:7 - mG)S’ belongs to cvx Gy N Z¢. 1t follows
from the previous argument that z’ € C;_ since x4 = 2§ =1, thus = € C,.

If x5 = 1, then x5 > :1:5 Again, there is a single generator 8" := (0 0,0,0 0,1,1 1) of
C,. satisfying 8s > 085, s0 2’ := z — (x6 — m5)8” belongs to cvx Cy N Z4. Since 2§ = af =1,
it follows from the precedmg paragraph that £’ € C, hence z € C,,. %

Proposition C.9. If I, = {1,8} then C) is normal.

Proof: Suppose that z belongs to cvx Cy N 2%, If z lies on a face of cvx Cy, then z belongs
to Cy. Otherwise, Tfi(z) > 0 forall t € W) and i € I. Let &° := (0,1,2,1,2,2,2,1). Then
1f:(8%) € {0,1,2}, and t£;(8°) € {0,1} if i & {3,5,6,7}. If we let n equal the minimum of
the set

{zfi(z) |t Wi,i & {3,5,6,7}} u{ [Tf‘(z)] | T € Wi, i€ {3,5,6, 7}}

then y := z — nd° belongs to cvx Cy N 74, and either y lies on a face of cvx Gy, or tfi(y) =1
for some 1 € W;, and 7 € {3,5,6,7}. In any case, it follows that ¥ € Cy, hence 2 € C). %

Generators of C,

We list here the elements of the set &, of generators of Cy, in case I, is one of {1, 6}
{1,7}, or {1,8}.

The generators listed below are for Eg; to obtain those for Eg or Ev, just take the first 6
(respectively 7) coordinates. The lists are each separated into 2 W5, orbits.

b= 11,6 (1,0,0,0,0,0,0, 0)
(1,1,0,0,0,0,0,0)
(1,1,1,0,0,0,0,0)
(1,1,1,0,1,0,0,0)
(1,1,1,1,0,0,0,0)
(1,1,1,1,1,0,0,0)
(1,1,2,1,1,0,0,0)
(1,2,2,1,1,0,0,0)

(0,0,0,0,0,1,0,0),

(0,0,0,0,1,1,0,0),
(0,0,1,0,1,1,0,0),
(0,1,1,0,1,1,0,0),
(0,0,1,1,1,1,0,0),
0,1,1,1,1,1,0,0),
0,1,2,1,1,1,0,0),
(0,1,2,1,2,1,0,0),

(0,0,0,0,0,1,1,0),
(0,0,0,0,1,1,1,0),
(0,0,1,0,1,1,1,0),
(0,1,1,0,1,1,1,0),
(¢,0,1,1,1,1,1,0),
0,1,1,1,1,1,1,0),
,1,2,1,1,1,1,0),
(0,1,2,1,2,1,1,0),
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(0,0,0,0,0,1,1,1)
(0,0,0,0,1,1,1,1)
(0,0,1,0,1,1,1,1)
(0,1,1,0,1,1,1,1)
(0,0,1,1,1,1,1,1)
0,1,1,1,1,1,1,1)
0,1,2,1,1,1,1,1)
(0,1,2,1,2,1,1,1)



I, = {1,7}2

(1,0,0,0,0,0,0,0)
(1,1,0,0,0,0,0,0)
(1,1,1,0,0,0,0,0)
(1,1,1,0,1,0,0,0)
(1,1,1,1,0,0,0,0)
(1,1,1,1,1,0,0,0)
(1,1,2,1,1,0,0,0)
(1,2,2,1,1,0,0,0)
(1,1,1,0,1,1,0,0)
(1,1,1,1,1,1,0,0)
(1,1,2,1,1,1,0,0)
(1,2,2,1,1,1,0,0)
(1,1,2,1,2,1,0,0)
1,2,2,1,2,1,0,0)
(1,2,3,1,2,1,0,0)
(1,2,3,2,2,1,0,0)

(0,0,0,0,0,0,1,0),
(0,0,0,0,0,1,1,0),
(0,0,0,0,1,1,1,0),
(0,0,1,0,1,1,1,0),
0,1,1,0,1,1,1,0),
(0,0,1,1,1,1,1,0),
(0,1,1,1,1,1,1,0),
(0,1,2,1,1,1,1,0),
0,1,2,1,2,1,1,0),
(0,1,2,1,2,2,1,0),

&9

(0,0,0,0,0,0,1,1)
(0,0,0,0,0,1,1,1)
(0,0,0,0,1,1,1,1)
(0,0,1,0,1,1,1,1)
(0,1,1,0,1,1,1,1)
(0,0,1,1,1,1,1,1)
(0,1,1,1,1,1,1,1)
0,1,2,1,1,1,1,1)
(0,1,2,1,2,1,1,1)
(0,1,2,1,2,2,1,1)



I1= {1,8}:

(1,90,0,0,0,0,0,0),
1,1,1,0,1,0,0,0),
(1,1,2,1,1,0,0,0),
(1,1,1,1,1,1,0,0),
(1,1,2,1,2,1,0,0),
1,2,3,2,2,1,0,0),
1,1,2,1,1,1,1,0),
(1,1,2,1,2,2,1,0),
1,2,3,2,2,1,1,0),
(1,2,3,1,3,2,1,0),
(1.2,4,2,3,2,1,0),

(0,0,0,0,0,0,0,1),
(0,0,0,0,1,1,1,1),
(0,0,1,1,1,1,1,1),
0,1,2,1,2,1,1,1),

(1,1,0,0,0,0,0,0),
(1,1,1,1,0,0,0,0),
(1,2,2,1,1,0,0,0),
(1,1,2,1,1,1,0,0),
1,2,2,1,2,1,0,0),
1,1,1,0,1,1,1,0),
1,2,2,1,1,1,1,0),
(1,2,2,1,2,1,1,0),
(1,2,2,1,2,2,1,0),
(1,2,3,2,2,2,1,0),
(1,3,4,2,3,2,1,0),

(0,0,0,0,0,0,1,1),
(0,0,1,0,1,1,1,1},
(0,1,1,1,1,1,1,1),
(0,1,2,1,2,2,1,1),
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(1,1,1,0,0,0,0,0)
(1,1,1,1,1,0,0,0)
(1,1,1,0,1,1,0,0)
(1,2,2,1,1,1,0,0)
(1,2,3,1,2,1,0,0)
(1,1,1,1,1,1,1,0)
(1,1,2,1,2,1,1,0)
(1,2,3,1,2,1,1,0)
(1,2,3,1,2,2,1,0)
(1,2,3,2,3,2,1,0)

(0,0,0,0,0,1,1,1)
(0,1,1,0,1,1,1,1)
(0,1,2,1,1,1,1,1)
(0,1,2,1,2,2,2,1)
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