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Abstract

In this thesis we construct a generalization of the higher Specht polynomials to the Hecke algebra

HqpSnq. These polynomials form a basis of the coinvariant algebra C with respect to the action of Sn,

and they will decompose C into irreducible representations of the Hecke algebra. These irreducible

representations are q-Specht modules Sq
λ. In this construction, if we consider q “ 1 then we obtain

the original higher Specht polynomials for Sn.

We will also introduce a generalization of the divided difference and Demazure operators in the

setting of the ring of Laurent polynomials L. We will construct a coinvariant algebra for the action

of the hyperoctahedral group Wn on L. From these operators, we will be able to find a faithful

representation of the Hecke algebra Hq,ppWnq over L.
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Chapter 0

Introduction

Let 𝓀 be a field of characteristic 0 and let P be the polynomial ring with n variables over 𝓀.

Consider a finite subgroup G Ă GLnp𝓀q, where G acts naturally on the variables of P. There are two

natural questions pertaining to the theory of invariants: when does the invariant subring PG obtain

a polynomial ring structure, and what is the structure of P as a PG-module? Claude Chevalley

expanded on a theorem by G.C. Shephard and J.A Todd (see [8, chap. 4.1]). This theorem states

three equivalent conditions:

• G is generated by pseudo-reflections (i.e a pseudo-reflection group).

• PG is isomorphic to a polynomial ring with dimV generators.

• P is a free PG-module of rank |G|.

This result is known as the Chevalley-Shephard-Todd theorem. In fact we can relate this result to

representations of a pseudo-reflection group G in the following way: consider the ideal mG Ă P

generated by all invariants of G with no constant term. The quotient C “ P{mG is called the

coinvariant algebra of G. A result known to Chevalley tells us that C – 𝓀rGs as G-modules (see

[8, Theorem 4.1]). Furthermore, it has been proven that P – PG b𝓀 C (see [8, Chapter 3.3.1]). This

means that we can study the action of G on P by its action on the coinvariant algebra. By a classical

result in representations of finite groups, if S is the set of all irreducible G-representations, then

C – 𝓀rGs –
à

sPS

s‘ dim s.

It is possible to find a basis of each copy of s P S in C. This would produce a basis of C which respects

the decomposition of C into different irreducible G representations. Particularly for the case that

G “ Sn, it is well known that the irreducible representations of Sn are given by Specht modules Sλ,

indexed by partitions λ $ n (see [16, Chapter 4]). Therefore, in this case we obtain

C –
à

λ$n

S‘ dimSλ

λ
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In their paper [4], S. Ariki, T. Terasoma, and H. Yamada, produced a basis of C, which generalizes

a polynomial basis of the irreducible representations of Sn called the Specht polynomials. This new

basis of C was then called the higher Specht polynomials. In fact, the higher Specht polynomials

have been generalized for a higher class of groups. Denote STpλq to be the set of standard tableaux of

shape λ. The higher Specht polynomials are a set of polynomials indexed by two standard tableaux

of the same shape tFV
T |λ $ n and T, V P STpλqu. If we fix λ $ n and a standard tableau V P STpλq

then the set tFV
T |T P STpλqu becomes a basis for a submodule of C which is isomorphic to Sλ.

In this thesis, we generalize this construction to the Hecke algebra of Sn, denoted by HqpSnq. The

Hecke algebra, in this thesis, is a finite dimensional algebra over a field 𝓀 indexed by an element

q P 𝓀. The relations of this algebra are dependent of q. If we choose q “ 1 then the Hecke algebra is

the group ring of Sn over HqpSnq. Akihiko Gyoja constructed a generalization of the Specht modules

in their paper [19]. These q-Specht modules, denoted by Sq
λ, are indexed by partitions of n, with the

property that S1
λ – Sλ. Another important construction, is the action of HqpSnq on P given by Alain

Lascoux (see [21]). By using Gyoja’s description of Sq
λ and the action of HqpSnq on P, we generalize

the higher Specht polynomials to a Hecke algebra version. These polynomials will also be indexed by

two standard tableaux of the same shape, tFV
T |λ $ n and T, V P STpλqu. Similar to the Sn version,

if we fix λ $ n and V P STpλq then the set tFV
T |T P STpλqu is a basis of a submodule of C which is

isomorphic to Sq
λ. We also obtain that the set of q-higher Specht polynomials is a basis of C over 𝓀.

Furthermore, in the q “ 1 case, we obtain the original higher Specht polynomials. In other words, if

q “ 1 then

FV
T “ FV

T

The second goal of this thesis is to construct an action of the Hecke algebra of the hyperoctahedral

group Hq,ppWnq on the ring of Laurent polynomials. In the classical case, a version of the higher

Specht polynomials has been constructed for almost all the pseudo-reflection groups (see [23]). These

constructions rely on the fact that there is a natural action of G on P, and one may construct a

coinvariant algebra of G. In this thesis, we will consider a different construction of this setting for the

case that G “ Wn. We will consider a natural action of Wn on L and use Chevalley-Shephard Todd

to construct the invariant subring LWn and a version of the coinvariant algebra LC as a quotient ring

of L. In this setting, we will be able to generalize symmetrizing operators of P to L, and using these

operators we will construct an action of Hp,qpWnq on L.
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Chapter 1

Preliminaries

In this chapter we aim at giving a concise summary of the necessary definitions and results concerning

partitions, Young tableaux, and their application to the basic representation theory of the permutation

group Sn and the hyperoctahedral group Wn. We give all these results in detail in order to provide

some proof techniques that will appear in later chapters. In Section 1.1 we will cover partitions and

multi-partitions of an integer and its associated Young diagram. We will also cover in this section

the definition of a Young tableau and a standard Young tableau and some of their properties. Next,

in Section 1.2 we will use the combinatorics of Young tableaux to obtain irreducible representations

of the permutation group. We will finish the section with a description of the one-dimensional

representations of the hyperoctahedral group in Section 1.3.

Section 1.1: Tableaux Combinatorics

We begin our discussion with the combinatorics of integer partitions. For a given natural number n

we define a partition λ of n, denoted by λ $ n, to be a sequence of positive integers λ “ pλ1, . . . , λkq

such that
ř

i λi “ n and λi ě λj if i ě j. For a given partition λ “ pλ1, . . . , λkq of n we denote the

length of the partition by lpλq :“ k. Given a partition λ of n its Young diagram is a set of tuples

of integers defined in the following way:

Dpλq “ tpr, cq | 1 ď r ď lpλq , 1 ď c ď λru

Each element of Dpλq is called a cell of the diagram. It is easy to see that for a given partition

λ $ n such that λ “ pλ1, . . . , λkq then the size of its young diagram as a set, denoted by |Dpλq| is

λ1 ` ¨ ¨ ¨ ` λk “ n. This gives a way to visualize partitions of an integer as arrangements of row and

columns as indicated by Example 1.1 below.
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Example 1.1: Consider the partition λ “ p3, 2q and its associated Young diagram below:

Dpλq “

If we are given a diagram D “ tpr, cq | 1 ď r ď k , 1 ď c ď dru such that di ě dj for any i ě j then D

produces a unique partition of n “ |D| given by pd1, . . . , dkq. Informally, this means that there is a

bijection between diagrams D with |D| “ n and partitions of n. For this reason, we will consider a

partition λ $ n and its Young diagram interchangeably. Therefore, λ may refer to the partition and

its diagram, and we will be dropping the Dpλq notation. For instance, we give the correspondence

between partitions of 4 and diagrams of size 4 below:

p4q Ø p3, 1q Ø p2, 2q Ø p2, 1, 1q Ø p1, 1, 1, 1q Ø

A consequence of this is that operations on diagrams will give operations on partitions of n. An

example of this is conjugation. Given a partition λ $ n we define the conjugate partition, denoted

by λ1, as the partition associated with the diagram D1pλq “ tpc, rq | 1 ď r ď lpλq , 1 ď c ď λiu.

Geometrically, this is equivalent to transposing the diagram in the same way we transpose a matrix.

Example 1.2: Consider the partition λ “ p3, 2q. We give the diagram corresponding to the partition

and its conjugate below.

λ “ p3, 2q ÐÑ Dpλq “ D1pλq “ ÐÑ λ1 “ p2, 2, 1q

One important construction which uses the diagram of a partition is the Young tableau. Formally,

given a partition λ we define a Young tableau T of shape λ to be an injective function from the set

of tuples of the diagram of λ to the set t1, . . . , nu:

T : Dpλq Ñ t1, . . . , nu

Example 1.3: Consider a partition λ “ p3, 2q $ 5. We can visualize any of those functions by filling

up the diagram of λ with the corresponding value of T . Thus, a Young tableaux of shape λ is given

below:

T “
1 3 5

2 4

Given a Young tableau T of shape λ, we can enumerate the individual rows and columns of T . Using

the individual rows (or columns), we would be able to partition the set t1, . . . , nu into the set of

numbers that appear in the same row (or column). To formally describe this process, we will first we

need some definitions. Given the tableau T , the value of T at row r and column c will be written as

4



T pr, cq. With this notation, we will define the indexed row (or indexed column) sets as

Rowpr, T q “ tT pr, cq | 1 ď c ď λru and Colpc, T q “ Rpc, T 1q.

We can consider the set of rows and columns of a tableau, denoted by RpT q and CpT q respectively.

Example 1.4: Given the same tableau T from Example 1.3 we give its row and column sets respec-

tively:

T “
1 3 5

2 4
ùñ RowpT q “ tRowp1, T q,Rowp2, T qu “ tt1, 3, 5u, t2, 4uu

ColpT q “ tColp1, T q,Colp2, T q,Colp3, T qu “ tt1, 2u, t3, 4u, t5uu

A tableau T is called standard if the values are written in increasing order in all rows and columns.

In other words, if r ă r1 then T pr, cq ă T pr1, cq. Likewise, if c ă c1 then T pr, cq ă T pr, c1q. The

tableau in Example 1.4 gives a standard tableau of shape λ “ p3, 2q.

Definition 1.5: For a given partition λ we denote Tλ to be the tableau constructed by numbering

the cell from left to right starting from the top row. Similarly, denote Tλ “ pTλ1 q1.

Example 1.6: For λ “ p4, 2, 2, 1q $ 9 we have:

Tλ “

1 2 3 4

5 6

7 8

9

and Tλ “

1 5 8 9

2 6

3 7

4

Let STpλq be the set of all standard tableaux of a given shape λ. Furthermore, let hλ be the number

of standard tableaux of shape λ, so that hλ “ |STpλq|. In order to describe a formula for hλ, we will

discuss the hook-length of a cell. Let us consider any partition λ of n, and pick a cell pr, cq of its

diagram. Consider the following set:

Hpr, cq “ tpr1, cq P Dpλq | r1 ě ru
ď

tpr, c1q P Dpλq | c1 ě cu

The set Hpr, cq consists of all the cells directly to the right and directly downwards from the cell

pr, cq. We call this set a hook of the cell pr, cq.

Example 1.7: As an example of this, consider the cell p1, 2q of the partition λ “ p4, 3, 3q. Then we

give the hook of this cell below:

Hp1, 2q “

For a given cell pr, cq of a Young diagram Dpλq we define its hook length lλpr, cq :“ |Hpr, cq|. This

notation gives us the following formula for the number of standard tableaux.
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Theorem 1.8: For a given partition λ of size n, the number of standard tableaux of this shape is

given by:

hλ “
n!

ś

pr,cqPDpλq lλpr, cq

A proof by Frame, Robinson and Thrall can be found in [15, Theorem 1].

Example 1.9: Using Theorem 1.8, we can compute the number of standard tableaux of shape λ “

p4, 3, 1q $ 8. The entries of the diagram Dpλq below indicate the hook lengths of the cells.

Dpλq “
6 4 3 1
4 2 1
1

ÝÑ hλ “
8!

6 ¨ 4 ¨ 4 ¨ 3 ¨ 2
“ 5 ¨ 7 ¨ 4

Corollary 1.10: |STpλq| “ |STpλ1q| for all partitions λ $ n.

Proof : [16, Chapter 4.1] This result is well known, we give a proof based on the hook length for-

mula.Consider any cell pc, rq in the conjugate diagram Dpλ1q. Its hook on the conjugate diagram will

be defined by Hλ1 pc, rq “ tpc1, rq | c1 ě cu
Ť

tpc, r1q | r1 ě ru. Note that there is a bijection between the

set Hλ1 pc, rq and the set Hλpr, cq given by switching the order of the tuples. Thus the hook length

hλ1 pc, rq “ hλpr, cq giving us the equality:

ź

pc,rqPDpλ1q

hpc, rq “
ź

pr,cqPDpλq

hpr, cq ■

Section 1.2: Representations of the Permutation Group

The permutation group Sn is the group of bijections from the set t1, . . . , nu to itself. The aim of this

section is to classify all representations of Sn over a field 𝓀 of characteristic 0. This classification will

be done using the combinatorial tools we discussed so far. First we define a natural action of Sn on

the set of Young tableaux of shape λ $ n. This action is defined by the following: If σ P Sn and T is

a Young tableau of shape λ then

pσ ¨ T qpr, cq “ σ pT pr, cqq

Definition 1.11: Given a tableau T of shape λ we define two subgroups of Sn. Consider all the

permutations which permute elements only within the same row. These permutations form the row

symmetrizer. Similarly, the column symmetrizer which are the permutations that permute

elements within the same column. We denote these subgroups as RpT q and CpT q and they are

formally given by:

6



RpT q “ tσ P Sn |Rowpr, T q “ Rowpr, σT qu

CpT q “ tσ P Sn |Colpc, T q “ Colpc, σT qu

Example 1.12: Consider a partition λ “ p3, 2q $ 5. We give a tableau T of shape λ and RpT q and

CpT q below. For notation purposes, given a set A we denote PermpAq the group of permutations

of elements of A. This way we can express the group of row and column symmetrizers of T in the

following way

T “
1 3 4

2 5

RpT q “ Permpt1, 2, 3uq ˆ Permpt2, 5uq

CpT q “ Permpt1, 2uq ˆ Permpt3, 5uq

Theorem 1.13: For a given Young tableau T of shape λ “ pλ1, . . . , λkq if we have λ1 “ pν1, . . . , νlq

then RpT q – Sλ1
ˆ ¨ ¨ ¨ ˆ Sλk

and CpT q – Sν1
ˆ ¨ ¨ ¨ ˆ Sνl

.

Proof : [26, Given in Definition 2.3.1] If the sets of rows and columns of T are tr1, . . . , rnu and

tc1, . . . , clu respectively, then the size of each row |ri| “ λi, similarly |ci| “ νi. Thus for each row ri

we have that Permpriq – Sλi
from which it follows that

RpT q – Permpr1q ˆ ¨ ¨ ¨ ˆ Permprkq – Sλ1
ˆ ¨ ¨ ¨ ˆ Sλk

A similar argument can be given for the columns, as Permpciq – Sνi
for each 1 ď i ď l. ■

Suppose we are given a representation V of a group G, where V is a vector space over some field 𝓀

of characteristic 0. Then V as a G-representation is equivalent to a module over its group ring 𝓀G.

Thus finding irreducible representation of G is equivalent to finding irreducible modules of 𝓀G. In

our case, we want to find the irreducible representations of G “ Sn. These representations will first

be defined in the form of left ideals of the group ring 𝓀Sn. We will construct these ideals with a set of

idempotent elements called Young symmetrizers. These elements are constructed with the following

symmetrizing and anti-symmetrizing elements of 𝓀Sn.

Definition 1.14: Fix a tableau T and consider the following elements of 𝓀rSns.

rpT q “
ÿ

σPRpT q

σ and cpT q “
ÿ

σPCpT q

sgnpσqσ

By construction, given a Young tableau T and any permutation p P RpT q then prpT q “ rpT q and

similarly for any p P CpT q we have pcpT q “ sgnppqcpT q. Therefore, we obtain the 𝓀RpT q-module

(respectively the 𝓀CpT q-module) spanned by rpT q and cpT q. We can see that they form two one-

dimensional representation of RpT q and CpT q.
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Proposition 1.15: Consider a tableau T of shape λ $ n. Then rpT q2 “ |RpT q|rpT q and cpT q2 “

|CpT q|cpT q.

Proof : [16, Lemma 4.21] Since for any p P RpT q we have that prpT q “ rpT q then its easy to see the

following computation.

rpT q2 “

¨

˝

ÿ

pPRpT q

p

˛

‚rpT q “ |RpT q|rpT q

Similarly, given any p P CpT q we have that pcpT q “ sgnppqcpT q then

cpT q2 “

¨

˝

ÿ

pPCpT q

sgnppqp

˛

‚cpT q “
ÿ

pPCpT q

`

sgnppq2
˘

cpT q “ |CpT q|cpT q. ■

Definition 1.16: Let T be a young tableau of shape λ. The Young symmetrizer of T is defined

as the following element of 𝓀Sn.

εT “ rpT qcpT q “
ÿ

σPRpT q

ÿ

πPCpT q

sgnpπqσπ

Definition 1.17: Consider a partition λ $ n. Then we define the following ideal of 𝓀Sn which we

call the Specht module associated with λ denoted by Sλ :“ 𝓀SnεTλ .

Remark 1.18: The choice of using Tλ above is arbitrary. One may use any Young tableaux of shape

λ to define the Specht modules. However, this choice will make some proofs easier.

As left ideals of the group ring of Sn generated by εTλ , it is clear that Specht modules form repre-

sentations of Sn. The goal now is to show that for each λ $ n the module Sλ is in fact an irreducible

representation of Sn. Furthermore, we must show that the set tSλ |λ $ nu forms a full set of inequiv-

alent irreducible representations of Sn. For this second statement is enough to recall the following

well known result [16, Proposition 2.30].

Proposition 1.19: For a finite group G, the number of irreducible representations of G is the same

as the number of conjugacy classes of G.

Proposition 1.20: Consider two tableaux T1 and T2 and assume there exists a transposition σ “

pa, bq P Sn such that σ P CpT1q and σ P RpT2q then εT1εT2 “ 0.

Proof : [16, Lemma 4.21] We must show that cpT1qrpT2q “ 0, note that σ P CpT1q
Ş

RpT2q then we

can show this is true with the following computation:

cpT1qrpT2q “ ´cpT1qσrpT2q “ ´cpT2qrpT2q ðñ cpT1qrpT2q “ 0 ■

8



Lemma 1.21: The element εT is the unique element, up to scalar multiples, which for any element

a P RpT q and b P CpT q satisfying aεT “ εT and εT b “ ´εT .

Proof : [16, Lemma 4.21] Assume that there exists another element f “
ř

σPSn
cσσ that satisfies this

condition. We must show two things, that for any σ “ ab P RpT qCpT q we have that cσ “ ksgnpbq

for some constant k P C, and if σ R RpT qCpT q then cσ “ 0. For our reference we can compute the

coefficients of each term in afb in the following way

afb “
ÿ

σ

cσaσb “
ÿ

σ

ca´1σb´1σ.

The first assertion is easier to show. If f has the property mentioned then for any a P RpT q and

b P CpT q we have that afb “ sgnpbqf then ca´1σb´1 “ sgnpbqcσ. This means that the coefficient for

ab P RpT qCpT q in f is given by cab “ sgnpbqce. This shows immediately the first assertion with k “ ce.

Before we show the second part, we will show that if σ R RpT qCpT q then there exists a transpo-

sition t P RpT q
Ş

CpσT q. Denote U “ σT , then we must show that there are two numbers belonging

to a row of T and a column of U . Assume via contradiction that there are no such integers. Since

there are no such pair of integers, then all the numbers appearing in the first row of T must appear

in different columns of U . There exists permutation g1 P RpT q and h1 P CpUq such that g1T and

h1U have the same first row. We can make this same argument for the second row of g1T and h1U .

This means that there must be permutations g2 and h2 such that g2g1T and h2h1U have the same

first two rows. Repeat this process for all rows, then we obtain two permutation g and h such that

gT “ hU . This means however that gT “ hσT which gives us that g “ hσ. Note that g P RpT q

and h P CpUq “ σCpT qσ´1 thus write h “ σh1σ´1 with h1 P CpT q. We then get that g “ σh1 thus

σ “ gph1q´1 P RpT qCpT q a contradiction.

The argument above shows that for a given permutation σ R RpT qCpT q there must exist a trans-

position t P RpT q
Ş

CpσT q. Consider such transposition t and define g “ σ´1tσ P CpT q then

tσg “ tσσ´1tσ “ σ. We have now constructed a transposition t P RpT q and a element g P CpT q

therefore ctσg “ sgnpgqcσ “ ´cσ. Furthermore, we have that tσg “ σ so that ctσg “ cσ. Therefore

cσ “ ctσg “ ´cσ meaning that cσ “ 0 as desired. ■

Corollary 1.22: For any g P 𝓀Sn we have that εT gεT “ kεT for some k P εT .

Proof : [16, p. 53, Lemma 4.21] Note that for a P RpT q and b P CpT q then aεT gεT b “ sgnpbqεT gεT .

However, from the last Lemma 1.21 we have that εT gεT “ kεT for some k P C. ■
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Consider two partitions λ1 “ pa1, . . . , akq and λ2 “ pb1, . . . , bjq. We say that λ1 ą λ2 if comparing

pa1, . . . , ak, 0, . . .q ă pb1, . . . , bj , 0, . . .q with lexicographical ordering. Therefore, it is easy to see that

it must be a total ordering on partitions of n. This ordering is called the lexicographical ordering

on partitions.

Example 1.23: The lexicographical ordering for all the partitions of n “ 4 is given by:

p4q ă p3, 1q ă p2, 2q ă p2, 1, 1q ă p1, 1, 1, 1q

Lemma 1.24: Consider two tableaux T1 and T2 of shapes λ1 and λ2 respectively. If λ1 ą λ2 then

there exist two numbers belonging to a row of T1 and a column of T2.

Proof : [29, Chapter 14.7, Lemma 1] We will proceed with an argument similar to the one in the

proof of Lemma 1.21. If the diagram Dpλ1q has more columns than the diagram Dpλ2q then note

that in the first row of T1 there are more elements than the number of columns of T2, thus there must

be a column containing more than one element of the first row of T1 by a pigeonhole argument. Thus,

we can assume that Dpλ1q and Dpλ2q have the same number of columns. Let λ1 “ pa1, . . . , alq and

λ2 “ pb1, . . . , bkq then since λ1 ą λ2 then let i be the minimal integer such that ai ‰ bi by definition of

the lexicographic ordering it must be the case that ai ą bi. In terms of the diagram, this means that

row i is the first row that Dpλ1q and Dpλ2q does not have the same amount of cells. Furthermore,

there are more cells in row i of Dpλ1q then Dpλ2q. We proceed with the following inductive argument.

If there exists a column in T2 containing more than one number from the first row of T1 then we are

done. Otherwise, each element of the first row of T1 is placed at different columns of T2, thus there

exists a permutation π1 P CpT2q such that the first row of T
p1q

2 :“ π1T2 contains the same numbers as

the first row of T1. We repeat this process until we reach row i and T
piq
2 :“ πiπi´1 ¨ ¨ ¨π1T2. However,

note that the set of number written above row i in T1 and T
piq
2 are the same, and row i has more

elements in T1 then in T
piq
2 . Thus, as with the first case there must exist two numbers in row i of

T1 belonging to the same column of T
piq
2 . However, since each permutation π1, ¨ ¨ ¨ , πi preserve the

columns this shows that there are two numbers in a row of T1 that appear in the same column of

T2. ■

Corollary 1.25: If T1 and T2 are of shapes λ1 and λ2 respectively with λ1 ą λ2 then εT1εT2 “ 0.

Proof : [16, Lemma 4.23 ] We make use of the lemma 1.24, knowing that there exists two elements

belonging to the same row of T1 and a column of T2. We use Lemma 1.21 to infer that εT1
εT2

“ 0. ■

Corollary 1.26: Consider g P 𝓀Sn, and two tableaux T1 and T2 of shape λ1 and λ2 respectively. If

λ1 ą λ2 then εT1
gεT2

“ 0.
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Proof : [16, Lemma 4.23] We only need to show this in the case that g P Sn. Note that εT2
“

g´1εg¨T2
g. Thus εT1

gεT2
“ εT1

εgT2
g “ 0 from the last corollary. ■

Theorem 1.27: The set of Specht modules tSλ |λ $ nu forms a complete set of irreducible non-

equivalent representations of Sn.

Proof : [16, Lemma 4.25 ] First, we show that Sλ is irreducible for a given λ $ n. Note that by

definition Sλ “ 𝓀SnεTλ then εTλSλεTλ Ď 𝓀εTλ by corollary 1.22. Let us consider any possible

sub-representation V Ď Sλ. Then we immediately have two possibilities, εTλV “ 𝓀εTλ or εTλV “ 0.

In the first case, it is easy to see that

Sλ “ 𝓀SnεTλ “ 𝓀SnεTλV Ď V.

This means that Sλ “ V thus V is a trivial sub-representations of Sλ. On the other hand if

𝓀SnεTλV “ 0 then V “ 0. To see this consider 𝓀Sn as a vector space with basis tg | g P Snu and

consider a hermitian form p´,´q : 𝓀S2
n ÞÑ 𝓀Sn defined by pg˚

i , gjq “ 1 if i “ j or 0 otherwise, where

g˚
i is the conjugate transpose of gi. If we define the orthogonal space V 1 “ tv P 𝓀Sn | pv, V q “ 0u

then 𝓀Sn “ V `V 1. This means that 1 “ v1 `v2 for some v1 P V and v2 P V 1. However, as V ¨V “ 0

then 12 “ 1 “ v2 P V 1 therefore V 1 “ 𝓀Sn and V “ 0. This argument shows that there are no

non-trivial sub-representations of Sλ meaning that it must be an irreducible representation. Note

that this shows that ε2Tλ ‰ 0.

What remains for us to show is that if λ1 and λ2 are two different partitions of n then Sλ1 fl Sλ2 . Note

that since λ1 ‰ λ2 then either λ1 ă λ2 or λ2 ă λ1, both cases will lead to an equivalent argument so

we will assume the first holds. Because of this we have that ελ1
xελ2

“ 0 for any x P 𝓀Sn by Corollary

1.26. This shows that ελ1
Sλ2

“ 0, but by the previous argument we have that ελ1
Sλ1

“ 𝓀ελ1
. This

means Sλ1 and Sλ2 are non-isomorphic as 𝓀Sn modules. Because the conjugacy classes of Sn are in

one-to-one correspondence with partitions of n, then by Proposition 1.19 the set tSλ |λ $ nu is a full

set of inequivalent irreducible modules of Sn, which is what we needed to show. ■

Proposition 1.28: For a given T of shape λ we have that ε2T “ n!
dimSλ

εT

Proof : [16, Lemma 4.26 ] Note that in the proof of Theorem 1.27 one can write 𝓀Sn “ Sλ`S1
λ where

S1
λ is the space orthogonal to Sλ. Define M : 𝓀Sn Ñ 𝓀Sn to be the map given by x ÞÑ xεTλ . Clearly

MpSλq “ Sλ and MpS1
λq “ 0 since M is a constant multiple of an idempotent. More specifically, for

any x P Sλ we have that Mx “ cλx for some non-zero constant cλ P C such that ε2Tλ “ cλεTλ . This

means that choosing a basis for Sλ and S1
λ one writesM as a matrix with trace cλ dimpSλq. However,

note that we can use the standard basis for 𝓀Sn using the group elements tg | g P Snu. Writing M as

a matrix over this basis, we can compute its trace to be n! as the coefficient of g in gεTλ is 1. Since

both traces must be the same it shows that n! “ cλ dimpSλq. ■
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We will finish this discussion with a formula for the dimension of the Specht modules, as well as give

an explicit basis for each Sλ. For this, we must discuss a formula for the characters of each Specht

module. Consider the following polynomials. First, denote the power sums pm “ xm1 ` ¨ ¨ ¨ ` xmn

and the Vandermonde determinant ∆ “
ś

iăjpxi ´ xjq. For any polynomial P P Zrx1, . . . , xns and

positive integers d1, . . . , dn we denote rP spd1,...,dnq to be the coefficient of xd1
1 ¨ ¨ ¨xdn

n . We can give an

explicit formula for the characters in the following theorem, which can be found at [16, Frobenius

formula 4.10].

Theorem 1.29: Let λ “ pλ1, . . . , λkq $ n and define Li “ λi `k´ i for each 1 ď i ď k. Denote Cν to

be the conjugacy class of Sn associated with the partition ν “ pν, . . . , νlq $ n and for any 1 ď i ď n

let νpiq be the number of times i appears in the list ν. Then for any g P Cν then the character value

of g in Sλ is equal to χλpgq “ r∆
śn

i“1ppnpiqqispL1,...,Lkq

One could use this to deduce the formula for the dimension of Sλ by computing the character at the

conjugacy class of the identity element. In other words letting ν “ pnq we can compute the dimension

of Sλ. Computing the dimension of Sλ this way yields the following result, whose proof can be found

in [12, p.49-50].

Proposition 1.30: Let λ “ pλ1, . . . , λkq and Li “ λi `k´ i. Then dimSλ “ n!
L1!...Lk!

ś

iăjpLi ´Ljq.

Using this formula for the dimension of the Specht module, we may deduce a nicer formula which

provides a good tool for finding a basis for the Specht module. See [16, Chapter 4.12] for a proof of

this.

Theorem 1.31: The dimension of the Specht module is equal to the number of standard tableaux,

so that dimSλ “ hλ

In the remainder of this section, we will construct a basis for Sλ using the standard tableaux. First

we shall do an ordering of the standard tableaux called the last letter ordering [LL-ordering], this

ordering was introduced in [4] by Ariki, Terasoma and Yamada.

Definition 1.32: For two standard tableaux T1 and T2 of the same shape, let 1 ď x ď n be the

largest integer that is written in a different cell in T1 and T2. Let T1pr1, c1q “ T2pr2, c2q “ x. We say

that T1 ă T2 according the last letter ordering, if r1 ă r2.

Example: If λ “ p3, 2q $ 4 then below we present two standard tableaux T1 and T2. Clearly the

greatest integer written in a different position in both tableaux is 5. Since 5 is written in T1 in a row

above T2 then T1 ă T2.

T1 “
1 2 5

3 4
ă T2 “

1 3 4

2 5
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Proposition 1.33: The last letter ordering on STpλq is a total ordering.

Proof : The authors of [4] use this fact without proof, we offer a proof of this in here. Let T1, T2 P

STpλq, and assume that n is written in different cells in both T1 and T2. Then n cannot be written in

the same row in both T1 and T2, otherwise they would not be standard tableaux. Since n is written

in different rows, then either T1 ă T2 or T2 ă T1.

Assume that T1, T2 P STpλq and 1 ď x ď n is the largest integer written in different cells. Then let

T˚
1 and T˚

2 be the tableau T1 and T2 with the cells containing x`1, . . . , n removed. By the argument

above, x must be written in different rows of T˚
1 and T˚

2 . This implies that x must be written in a

different row in both T1 and T2. Therefore, either T1 ă T2 or T2 ă T1. ■

Remark 1.34: One can also see that for a partition λ “ pλ1, . . . , λkq $ n the maximum element in

respect to the LL-ordering is Tλ. This can be seen in the following way; consider T to be a standard

tableau with 1 ď x ď n being the largest element written in different cells in both T and Tλ. If x “ n

then note that n is written in the last row of Tλ, and since the position must change in T we have

that T ă Tλ. In the case that x ă n then let T˚ and pTλq˚ be the tableau with x` 1, . . . , n removed,

and use the previous case. By a similar argument, we can show that Tλ is the smallest element with

respect to LL-ordering of the standard tableaux.

Proposition 1.35: If T1 ă T2 for T1, T2 P STpλq then there are two numbers which are shared

between a row of T1 and a column of T2.

Proof : [4, Lemma 4] Let x be the largest element that is written in different positions both of T1

and T2. Let T 1
1 and T 1

2 be the tableaux T1 and T2 with x ` 1, . . . , n removed. Note that since these

elements removed were written in the same position, then T 1
1 and T 1

2 must have the same shape

τ “ pτ1, . . . , τkq $ x. Let W1 and W2 be two tableaux constructed by removing x from T 1
1 and T 1

2

respectively, with shapes τ1 and τ2. Since T 1
1 ă T 1

2 then x is written in row p in T 1
1 and row q in T 1

2

with p ă q. Thus τ1 “ pτ1, . . . , τp ´ 1, . . . , τkq and τ2 “ pτ1, . . . , τq ´ 1, . . . , τkq and by ordering of

partitions we have that τ1 ą τ2. Thus, using Lemma 1.24 we obtain the result we need. ■

Corollary 1.36: If T1 ă T2 for T1, T2 P STpλq then εT1
εT2

“ 0

Proof : This corollary is immediate by using the Proposition 1.35 and Corollary 1.25. ■

Theorem 1.37: The set tπεTλ |πTλ “ U for U P STpλqu is a basis for Sλ.

Proof : [4, p.184] First, we order the set STpλq “ pT1, . . . , Tkq such that Ti ă Tj if i ă j. By a

previous argument, T1 is Tλ. Let πi be the permutation which πi ¨ T1 “ Ti for 1 ď i ď n. What we

will show is that the set tπiεT1
| 1 ď i ď ku is a linearly independent set in 𝓀SnεT1

. Since dimSλ is the
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number of standard tableaux of shape λ and T1 “ Tλ this would show that the set tπiεT1
| 1 ď i ď ku

is a basis for Sλ “ 𝓀SnεT1
. Consider c1, . . . , ck such that the following equation holds

c1π1εT1
` ¨ ¨ ¨ ` ckπkεT1

“

k
ÿ

i“1

ciεTi
πi “ 0.

We will show by an inductive process that ci “ 0 for all 1 ď i ď k. Now using the fact that if i ă j

then εTi
εTj

“ 0. Furthermore, for any 1 ď i ď k is not hard to see that

πiεT1π
´1 “ εTiπi

Using this, We have apply εTi
to both sides of the equation. This creates the following system of

equations:

c1
n!

dimSλ
εT1

π1 “ 0

c1εT2
εT1

π1 ` c2
n!

dimSλ
εT2

π2 “ 0

...

c1εTk
εT1

π1 ` c2εTk
εT2

` ¨ ¨ ¨ ` ckεTk
πk “ 0

Since n!
dimSλ

εTiπTi ‰ 0 because RpT q X CpT q “ t1u, then the only solution to the system of equation

above is c1 “ ¨ ¨ ¨ “ ck “ 0. Since πiεT1
“ εTi

πi we clearly have that tπiεT1
| 1 ď i ď ku is a linearly

independent set of size dimSλ, thus it must be a basis for Sλ. ■

Example 1.38: With this Theorem 1.37 we have a complete description of the irreducible repre-

sentations of Sn together with a basis for each representation. We finish this discussion with some

examples of Specht modules. Clearly the only two one dimensional representations of Sn are given

by the trivial partition τ “ pnq and its transpose τ 1. The partition pnq $ n gives the trivial repre-

sentation and the partition p1, . . . , 1q $ n gives the one dimensional representation we call the sign

representation we denote Ssgn. This representation is given by the sign map of each permutation

π ÞÑ sgnpπq.

Section 1.3: Hyperoctahedral Group

Consider a permutation π of the set t˘1, . . . ,˘nu such that πp´xq “ ´πpxq for all x. Such a per-

mutation is called a signed permutation. The set of signed permutations forms a group which

we call the hyperoctahedral Group which we denote by Wn. It is easy to see that any signed

permutation is completely determined by what happens to the set t1, . . . , nu since πp´mq “ ´πpmq

for any 1 ď m ď n. In fact, any injection from the set t1, . . . , nu to t˘1, . . . ,˘nu can be extended to

a signed permutation. Thus, we can calculate the order of the hyperoctahedral group by counting all

such injections, which gives |Wn| “ n!2n. We will make distinctions between two different types of
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elements in Wn. First we define a positive permutation to be an element of the form π1π2 where

π1 only permutes the positive elements and π2 only permutes the negative elements. Consequently

we define a positive transposition to be any element of the form pa, bqp´a,´bq for 1 ď a ă b ď n.

We call a negative transposition to be an element of the form pa,´aq for some 1 ď a ď n.

Consider a field 𝓀 of characteristic 0, and consider the group of signed permutation matrices

which we will denote SPn Ă GLnp𝓀q. These are permutation matrices where the entries are allowed

to be ˘1. It is not hard to see that one can map signed permutations to signed permutation matrices.

Proposition 1.39: The signed permutation group is isomorphic to Wn.

Proof : This is a well known result (see [25]) we give a concise proof here. Let e1, . . . , en be a

basis for V .Consider the map φ : Wn Ñ SPn Ď GLpV q given in the following way, if π P Wn

such that πpiq “ ˘j then φpπq “ M such that Mpeiq “ ˘ej . Clearly this is a injective map and

a homomorphism. One can count the number of signed permutation matrices to be n!2n “ |Wn|,

meaning this homomorphism is a bijection, thus SPn – Wn. ■

Consider any signed permutation matrix M . One could decompose M “ DP where D is a diag-

onal matrix with ˘1 in its diagonal and P is a permutation matrix. Note that under the map φ

described in the proof above, any permutation matrix π can be written in Wn as π1π2 where π1

permutes the positive elements in the set t1, . . . , nu and π2 permute the set t´1, . . . ,´nu. Similarly,

under the map above any diagonal matrix D can be written as a product of negative transpositions

pa1,´a1q ¨ ¨ ¨ pak,´akq. This means that since we can always decompose a signed permutation matrix

in this way, we can always decompose a signed permutation as disjoint positive and negative trans-

positions. Thus, we can decompose any signed permutation as a product of negative and positive

transpositions, with the parity of negative transpositions and positive transpositions being unique for

each signed permutation. We can summarize this in the following results (see [14, Section 2] and [1,

Section 2] for the Proposition 1.40 and Theorem 1.41):

Proposition 1.40: The set of negative and positive transpositions generate Wn.

Theorem 1.41: Consider the set tw0, . . . , wn´1u Ă Wn where t0 “ p1,´1q and if i ą 0 we have then

wi “ pi, i` 1qp´i,´i´ 1q. Then tw0, . . . , wnu is a generating set of Wn

Proposition 1.42: We can give an embedding Wn Ñ S2n via a homomorphism φ defined below:

φppa, bqp´a,´bqq “ pa, bqpa` n, b` nq and φppa,´aqq “ pa, a` nq
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Proof : This is almost trivial by the definition ofWn. Consider a bijection ψ from the set t1, . . . , n,´1, . . . ,´nu

to the set t1, . . . , 2nu where

ψpiq “

$

’

&

’

%

i if 1 ď i ď n

´i` n otherwise

Since Wn is defined as a subgroup of the permutations of the set t1, . . . , n,´1, . . . ,´nu then one can

identify Wn as a subgroup of S2n under this map. ■

Example 1.43: Recall that for any π P Wn, then there exists integers k and l such that π “

n1 ¨ ¨ ¨nkp1 ¨ ¨ ¨ pl where ni are negative transpositions and pi are positive transpositions. Decomposing

all signed permutations into positive and negative transpositions gives us an insight on the one-

dimension representations of Wn. We define 4 one-dimensional representations of Wn we will denote

I, Isgn, Ip, In. We define each of the representations by what they do to each element.

• Ipπq “ 1

• Ippπq “ p´1ql

• Inpπq “ p´1qk

• Isgnpπq “ p´1qk`l

In fact, these are the only one-dimensional representations ofWn. We will show this in a more general

result in the next chapter. We will re-introduce both permutation groups and hyperoctahedral groups

as Coxeter groups and generalize them to Iwahori-Hecke algebras.
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Chapter 2

Iwahori-Hecke Algebras

The purpose of this section is to define the Hecke algebras of type A and B as deformations of

the permutation group and the hyperoctahedral group. We will study their representations and

give a full description of the irreducible representations of the Hecke algebra of type A with some

conditions on the base field. We start in Section 2.1, by recalling the definition and basic properties

of Coxeter groups. We define reduced words and the Bruhat ordering on Coxeter systems. In Section

2.2 we will define the Hecke algebra over a general Coxeter system and study their structure and

basic properties. We will talk about the specialization arguments and some basic theory about

representations of the Hecke algebras. We will generalize the concept of the Young idempotent in the

setting of a Hecke algebra of Type A in Section 2.3. This generalization will allow us to construct

the irreducible representations of the Hecke algebra of type A. Most of this chapter is based on two

sources, “Reflection Groups and Coxeter groups” by James Humphrey [20] and the last section is

based on Akihiko Gyoja’s paper “A q-Analogue of Young Symmetrizer” [19]. There will be several

other sources, and we will introduce them as needed.

Section 2.1: Coxeter groups

In Chapter 1 we discussed the combinatorics and representations of the group Sn and Wn. These

groups are in fact part of a larger class of Coxeter groups which have been extensively studied. In

order to define the Hecke algebra deformation of Sn and Wn we must first define Coxeter groups and

prove some of their properties which will be necessary for our constructions of the associated Hecke

algebra. In this section, we will give some general constructions and theorems about Coxeter groups,

as well as prove that Sn and Wn are indeed Coxeter groups.

Definition 2.1: Let G be a group and S Ď G be a generating subset of G. We call the pair pG,Sq

a Coxeter system with rank |S|, when the group presentation is given with the relations:

tps1s2qms1,s2 “ 1 | @s1, s2 P S ms1,s2 P Nu,
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where for each s1, s2 P S we have that ms1,s2 “ ms2,s1 and ms1,s1 “ 1. Furthermore, if s1 ‰ s2 then

ms1,s2 ě 2. We say that ms1,s2 “ 8 if there are no integers m such that ps1s2qm “ 1.

Definition 2.2: A Coxeter group G is any group which possesses a set of generators S Ď G that

form a Coxeter system pG,Sq.

Example 2.3: Consider a group G with generators tg1, . . . , gku with relations g2i “ 1 for 1 ď i ď n.

This group does indeed satisfy the Coxeter relations with mgi,gj “ 1 if and only if i “ j and 8

otherwise. This group is called the universal Coxeter group of rank k. It is constructed so that

all other Coxeter systems of rank k are obtained as quotients of this group.

Lemma 2.4: Recall that the permutation group Sn is generated by transpositions si :“ pi, i` 1q for

1 ď i ď n ´ 1. Consider the set of such transposition S “ ts1, . . . , sn´1u. With this notation, the

tuple pSn,Sq is a Coxeter system.

Proof : [6, Chapter 1 Ex. 5] Since the set S does generate Sn, we must show that each pair si, sj

satisfy a Coxeter relation, and there are no other relations. Clearly for each 1 ď i ď n ´ 1 we have

that s2i “ 1 therefore msi,si “ 1. Next for 1 ď i ă i` 1 ă j ď n´ 1 we have the following:

psisjq “ pi, i` 1qpj, j ` 1q “ pj, j ` 1qpi, i` 1q “ sjsi.

Since si and sj commute, we have sisjsisj “ s2i s
2
j “ 1 and thereforemsi,sj “ msj ,si “ 2. The remain-

ing case is then 1 ď i ď n´ 2 and j “ i` 1. In this case, it is easy to see that sisi`1 “ pi, i` 1, i` 2q.

Therefore, the order of sisi`1 and si`1si “ psisi`1q´1 is 3. Which shows that msi,si`1
“ msi`1,si “ 3.

Therefore, pSm,Sq is a Coxeter system.

It remains to show that the quotient of the free group generated by n ´ 1 elements modulo the

above Coxeter relations is canonically isomorphic to Sn. We will proceed in the following way. Con-

sider Gn to be a group generated by tt1, . . . , tn´1u, such that the ti satisfy the relations described

in the above argument. What we have shown so far is that there exists a surjective homomorphism

Gn Ñ Sn such that ti ÞÑ si. We now show that this homomorphism must be injective. Since this

homomorphism is surjective, it would suffice to prove that |Gn| ď |Sn|. We will do this inductively

over n. Note that |G2| “ 2 ď |S2|, which will be our base case. Let Gk be the subgroup of Gn

generated by t1, . . . , tk´1 such that Gk Ă Gk`1. We compute rGk`1 : Gks. Consider a left-coset

h “ ti1 ¨ ¨ ¨ tipGk. We can perform two reductions on this coset:

1. If ip ‰ k then tip P Gk thus h “ ti1 ¨ ¨ ¨ tip´1Gk.

2. If ip “ k and ip´1 ‰ k ´ 1 then tip´1
tip “ tiptip´1

therefore h “ ti1 ¨ ¨ ¨ tip´2
tipGk.
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This means that the only possible left cosets are of the following form tata`1 ¨ ¨ ¨ tk´1tkGk. Therefore,

there are a maximum of k ` 1 left cosets of Gk in Gk`1. This implies that rGk`1 : Gks ď pk ´ 1q.

Consequently |Gn| “ |G2||G2 : G1| ¨ ¨ ¨ |Gn´2 : Gn´1| ď n! “ |Sn|. This proves that the surjection

Gk Ñ Sk must be an injection. ■

We now have a Coxeter structure for the permutation group Sn using the transposition set S. We

call a Coxeter group G with Coxeter system pG,Dq a Coxeter group of type A if there exists an

isomorphism φ : G Ñ Sn such that φpDq “ S. Thus, we can abstractly talk about a Coxeter group

of type A as a group G with generators ts1, . . . , sn´1u with the following relations:

• s2i “ 1 for 1 ď i ď n´ 1.

• psisjq2 “ 1 for 1 ď i, j ď n´ 1 and |i´ j| ą 1.

• psisi`1q3 “ 1 for 1 ď i ă n´ 2.

Corollary 2.5: Recall from Theorem 1.41 that the hyperoctahedral group Wn has a generating set

W “ tw0, . . . , wn´1u. These generators are defined as wi “ pi, i ` 1qp´i,´i ´ 1q for 1 ď i ď n ´ 1

and w0 “ p1,´1q. With this generating set, the tuple pWn,Wq is a Coxeter system.

Proof : [6, Chapter 8 Ex. 1] Recall Proposition 1.42 which shows that there is an embedding φ :

Sn Ñ Wn given by φpsiq “ wi. This means that the subgroup G of Wn generated by tw1, . . . , wn´1u

is isomorphic to Sn. By Lemma 2.4, we have that pG, tw1, . . . , wn´1uq is a Coxeter system. This

means that to check that Wn satisfies Coxeter relations with generating set W, we only need to check

pairs containing w0. First, we have that w2
0 “ 1, therefore mw0,w0 “ 2. We now have the following:

pw0w1q4 “ pp1,´1qp´1,´2qp1, 2qq
4

“ pp1, 2,´1,´2qq
4

“ 1

Therefore mw0,w1
“ 4. A similar computation shows that mw1,w0

“ 4 as well. Lastly, if 2 ď i ď n´ 1

then w0wi “ p1,´1qp´i,´i´1qpi, i`1q “ p´i,´i´1qpi, i`1qp1,´1q “ wiw0. Thus m0,i “ mi,0 “ 2.

It follows thatW does in fact have Coxeter relations. Similarly, as in Lemma 2.4, we show that a group

Gn with relations tt0, . . . , tn´1u satisfying the above relations have at most |Wn| “ 2nn! elements.

Since the map φ : ti Ñ wi gives a surjective map from Gn to Wn this would show that Gn – Wn.

Consider the embedding Gn´1 Ď Gn where Gn´1 is the subgroup generated by tt0, . . . , tn´2u. We

would like to show that the number of left cosets rGn´1 : Gns ď 2n. Via an induction argument,

this would mean that |Gn| ď 2nn!. Let ti1 ¨ ¨ ¨ tipGn´1 be a right coset of Gn´1. We will prove that

0 ď p ď 2n´ 1 and that, without changing this right coset we can assume,

pi1, . . . , ipq “

$

’

&

’

%

pn´ p, . . . , n´ 1q if 1 ď p ď n

pp´ n, p´ n´ 1 . . . , 0, 1, . . . , n´ 1q if n ă p ď 2n´ 1

Let 1 ď p ď n, the strategy is to show via induction that the sequence ti1 , . . . , tip must have the
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form tn´p, . . . , tn´1. In the base case, where p “ 1, if i1 ‰ n ´ 1 we have that ti1 P Gn´1 therefore

the ti1Gn´1 “ Gn´1. Therefore i “ n ´ 1 and ti1Gn´1 “ tn´1Gn´1. Consider the case that

pi2, . . . , ipq “ pn´ p` 1, . . . , n´ 1q and i1 ‰ n´ p. Then we have three cases; either i1 “ n´ p` 1,

or i1 “ n´ p` 2, or |i1 ´ n´ p` 1| ą 1.

1. In the first case, we have that i1 “ n´p`1 “ i2 then ti1tn´p`1 ¨ ¨ ¨ tn´p “ tn´p`1tn´p`1 ¨ ¨ ¨ tn´p “

tn´p`2 ¨ ¨ ¨ tn´p`2 which results in a sequence of length less than p.

2. In the second case we have that i1 “ n ´ p ` 2 “ i3 and i2 “ n ´ p ` 1. Therefore,

tn´p`2tn´p`1tn´p`2 “ tn´p`1tn´p`2tn´p`1 meaning that ti1ti2ti3 “ ti2ti3ti2 . Using the fact

that ti2 commutes with tik for k ě 4, we see the following

ti1ti2ti3ti4 ¨ ¨ ¨ tn´1Gn´1 “ ti2ti3ti2ti4 ¨ ¨ ¨ tn´1Gn´1 “ ti2ti3ti4 ¨ ¨ ¨ tn´1ti2Gn´1.

Which gives us ti1 ¨ ¨ ¨ tn´1ti2Gn´1 “ ti2 ¨ ¨ ¨ tn´1Gn´1. This gives us a sequence of length shorter

sequence then length p.

3. If |i1 ´ n ´ p ` 1| ą 1 then there are two options, either i1 ă n ´ p or i1 ą n ´ p ` 2. In

the first case, let k ě 2, since i1 ` 1 ă ik, then ti1 commutes with tik . Therefore, we obtain

the sequence, ti1 ¨ ¨ ¨ tipGn´1 “ ti2 ¨ ¨ ¨ tipti1Gn´1 “ ti2 ¨ ¨ ¨ tipGn´1. In the second case then

i1 “ ik for some 2 ď k ď p. Then ti1 ¨ ¨ ¨ tip “ ti2 ¨ ¨ ¨ tik´2
ti1tik´1

¨ ¨ ¨ tip . Note that the sequence

ti1tik´1
tik ¨ ¨ ¨ tipGn´1 is reduced to the second case, since i1 ` 1 “ ik´1. This means we can

reduce this sequence further.

Therefore, in either case the sequence obtained by multiplying ti1 becomes shorter. This shows that if

1 ď p ď n then the only possible sequence which we may obtain is tn´p ¨ ¨ ¨ tn´1. A similar argument

can be made to show the case that if n ă p ď 2n ´ 1 then the sequence will have the form defined

above. Since these sequences are the only possible sequences, we can produce without shortening the

sequence produced then rGn´1 : Gns “ 2n. This means that |Gn| “ |G1| ¨ ¨ ¨ |Gn| ď 2n. Which shows

the assertion. ■

Just as we have given a presentation for the permutation group Sn, the proof of Theorem 2.5 gives

us a presentation of the hyperoctahedral group. The generators of Wn are w0, . . . wn´1 and their

relations are the following:

• w2
i “ 1 for 0 ď i ď n´ 1.

• pwiwjq2 “ 1 for |i´ j| ą 1.

• pwiwi`1q3 “ 1 for 1 ď i ă n´ 2.

• pw0w1q4 “ 1

Given a Coxeter system pG,Sq and isomorphism φ : G Ñ Wn such that φpSq “ tw0, . . . , wn´1u, we

call pG,Sq a Coxeter system of type B.
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Subsection 2.1: One-Dimensional Representations of Coxeter Groups

Consider a Coxeter system pG,Sq. In this section we will briefly classify all possible homomorphisms

φ : G Ñ 𝓀 where 𝓀 is a field of characteristic not 2. We will present an overview of the one-dimensional

representations of G.

Remark 2.6: When not specified, si mean arbitrary elements of S and not the generators of the Sn.

It will be specified when we use the notation si to mean the transposition pi, i` 1q. This slight abuse

of notation will spare us from using double subscripts like si1 and si2 .

Lemma 2.7: [16, Chapter 2] Let s1, s2 P S be conjugate elements in G and φ : G Ñ 𝓀 be a

representation. Then φps1q “ φps2q.

Lemma 2.8: Let pG,Sq be a Coxeter system and s, t P S such that pstqm “ 1 and m is an odd

number. Then s and t are conjugates in S.

Proof : Since m is odd we may write it of the form m “ 2a ` 1 for some a P N. Using this we may

write pstqm in the following way

pstqm “ pc1 ¨ ¨ ¨ c2mq where ci “

$

’

&

’

%

s if i is odd

t if i is even

Note that we can split the sequence as A “ pc1 ¨ ¨ ¨ cmq and B “ pcm`1 ¨ ¨ ¨ c2mq so that AB “ pstqm.

Since m is odd and c1 “ s it is clear that B “ sAt so we have that AsAt “ 1 which implies that

AsA “ t. However, note that A´1 “ A as c0 ¨ ¨ ¨ cmc0 ¨ ¨ ¨ cm “ pst ¨ ¨ ¨ sqps ¨ ¨ ¨ tsq “ 1. Therefore

AsA´1 “ t. ■

Corollary 2.9: Let pG,Sq be a Coxeter system and S “ S1 Y ¨ ¨ ¨ Y Sk where Si are disjoint classes

of conjugate elements of S. In other words, s, t P Si if and only if s “ gtg´1 for some g P G. Let

C “ ts1, . . . , sku where si is a choice of representative of Si. Then there is a one-to-one correspondence

between the set of functions from C to t1,´1u and one-dimensional representations of G.

Proof : The backwards direction of this correspondence is easy to check. First, any homomorphism

φ : G Ñ 𝓀˚ defines a function from C to t1,´1u by restriction of φ to C. Consider two homomor-

phisms φ and ψ such that φ ‰ ψ. We must check that φ and ψ when restricted to C give different

functions. Recall that if s, t P Si then φpsq “ φptq and ψpsq “ ψptq. This means that φ and ψ are

completely determined by their values on C. Since φ and ψ are not the same homomorphism, there

must be a, b P C such that a ‰ b and φpaq ‰ φpbq. This shows what we needed.

To prove the forward direction, consider f : C Ñ t1,´1u. Define φf : G Ñ 𝓀˚ such that if x P Si
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then φf pxq “ fpsiq and for any g P G such that g “ s1 ¨ ¨ ¨ sk then φf pgq “ φf ps1q ¨ ¨ ¨φf pskq. We

must show that this function is in fact well-defined and a homomorphism. What we must show

is that this map preserves Coxeter relations. Let s, t P S and 0 ď m P Z such that pstqm “ 1.

Note that by our definition of φf we have that φf ppstqmq “ φf psqmφf ptqm. If m is even, we are

done as φf psqmφf ptqm “ p˘1qmp˘1qm “ 1. If m is odd, then by Lemma 2.8 we have that s and

t are conjugates, so that φf psq “ φf ptq “ fpsq for some s P C. This means that φf psqmφf ptqm “

fpsq2m “ 1. It is trivial to see that two functions f, g : C Ñ t1,´1u are different then φf and φg are

two different representations. ■

Example 2.10: Let G “ Sn with S “ ts1, . . . , sn´1u where si “ pi, i` 1q. Note that since all si are

conjugate by pi, jqpi` 1, j ` 1qsipj ` 1, i` 1qpi, jq “ sj then there is only one conjugate class over S.

This means that as we expect there are only two one-dimensional representations of G over 𝓀. These

representations are the following:

• The trivial representation given by ι : si ÞÑ 1 for all i.

• The sign representation given by ς : si ÞÑ ´1 for all i.

Example 2.11: In the case that G “ Wn and S “ tw0, . . . , wn´1u. Recall that w0 “ p1,´1q and

wi “ pi, i ` 1qp´i,´i ´ 1q for 1 ď i ď n ´ 1. Note that the group G generated by tw1, . . . , wn´1u

is isomorphic to Sn given by φ : G Ñ Sn where φpwiq “ si (here si are the transposition pi, i ` 1q).

With this embedding of G onto Sn it is clear that for 1 ď i, j ď n the elements wi and wj are

conjugate by the argument in Example 2.10. In Proposition 1.42 we showed that there is a injective

homomorphism φ : Wn Ñ S2n given by φpw0q “ p1, n ` 1q and φpwiq “ pi, i ` 1qpn ` i, n ` i ` 1q

for 1 ď i ď n ´ 1. Using φ we see that φpw0q and φpwiq cannot be conjugate as they have different

cycle structure. This means that w0 and wi cannot be conjugate for any 1 ď i ď n´1. Thus we split

S “ tw0u Y tw1, ¨ ¨ ¨ , wn´1u and we obtain 4 representations of Wn onto 𝓀. These representations

are given by the following (where 1 ď i ď n´ 1q:

1. ιpw0q “ 1 and ιpwiq “ 1.

2. ς0pw0q “ ´1 and ς0pwiq “ 1.

3. ς1pw0q “ 1 and ς1pwiq “ ´1.

4. ςpw0q “ ´1 and ς1pwiq “ ´1

These representations correspond to the representations ι, Ip, In, Isgn in Chapter 1.3. Thus, we did

obtain all possible one-dimensional representations of Wn.

Note that in these examples there are two representations which are always possible in any Coxeter

group G: The trivial representation and the representation which sends all s P S to ´1. The trivial

representation can be defined for any group G. However, using the structure of Coxeter groups, the

second representation (i.e. the sign representation) just as we did for Sn and Wn can be defined in

the following way:
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Definition 2.12: Let pG,Sq be a Coxeter system and 𝓀 a field. We call the representation ς : G Ñ 𝓀

such that ςpsq “ ´1 for all s P S the sign representation of pG,Sq.

Subsection 2.1: Reduced Words and Length

Definition 2.13: Consider a Coxeter system pG,Sq with g P G. We may write g “ s1 ¨ ¨ ¨ sk for some

s1, . . . , sk P S. Such a decomposition of g is called a word of g. If k is the minimal integer such that

this decomposition of g is possible over S then s1 ¨ ¨ ¨ sk is called a reduced word.

Remark 2.14: For a given element g P G of a Coxeter group, the choice of a reduced word is not

unique. For example, consider the group G “ S3 generated by S “ ts1, s2u that the permutation

p1, 3q “ s1s2s1 “ s2s1s2.

Definition 2.15: Let pG,Sq be a Coxeter system and g P S. Let k is the length of a reduced word,

such that s1 ¨ ¨ ¨ sk “ g. We say that the length of g, denoted by lpgq, is k. The identity element 1 P G

is defined to have length lp1q :“ 0.

Lemma 2.16: The following properties hold for a given Coxeter system pG,Sq and element g, h P G.

1. lpgq “ lpg´1q.

2. lpgq ´ lphq ď lpghq ď lpgq ` lphq

Proof : [20, Chapter 5.2] Consider a choice of reduced words g “ s1 ¨ ¨ ¨ sk and h “ d1 ¨ ¨ ¨ dj , with

the property s1, . . . , sk, d1, . . . , dj P S. It is easy to see that g´1 “ sk ¨ ¨ ¨ s1. If the word s1 ¨ ¨ ¨ sk was

in fact not reduced, then this means we could further reduce sk ¨ ¨ ¨ s1. This creates an upper bound

on the length of lpg´1q ď lpgq. Repeating the same process for g´1 we obtain that lpgq ď lpg´1q.

This means that lpgq “ lpg´1q. For the second assertion, note that gh “ s1 ¨ ¨ ¨ skd1 ¨ ¨ ¨ dl means that

lpghq ď k ` l “ lpgq ` lphq. Repeating this argument for u “ gh and v “ h´1 we obtain

lpgq “ lpuvq ď lpuq ` lpvq “ lpghq ` lph´1q “ lpghq ` lphq

This implies that lpgq ´ lphq ď lpghq as desired. ■

Lemma 2.17: Let pG,Sq be a Coxeter system and ς : G Ñ 𝓀˚ be the sign representation as discussed

in Definition 2.12. Then for all g P G we have that

ςpgq “ p´1qlpgq

Proof : This is almost trivial to check. If g “ s1 ¨ ¨ ¨ sk where k “ lpgq then

ςpgq “ ςps1q ¨ ¨ ¨ ςpskq “ p´1qk. ■
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Corollary 2.18: For any given g P G and s P S we have that lpgsq “ lpgq ˘ 1.

Proof : [20, Prop. 5.3] Let ς : G Ñ 𝓀˚ be the sign representation. If lpgsq “ lpgq then by Prop 2.17

we have

p´1qlpgq “ ςpgsq “ ςpwqςpsq “ p´1qlpkq`1

Which is a contradiction, therefore lpgsq ‰ lpgq. Furthermore, by Lemma 2.16 we have the inequality

lpgq ´ lpsq ď lpgsq ď lpgq ` lpsq. Since lpsq “ 1 then we have that lpgsq “ lpgq ˘ 1. ■

One important question is that given g “ s1 ¨ ¨ ¨ sr such that lpgq ă r, what is the relation between a

representing word of length lpgq and s1 ¨ ¨ ¨ sr. We may answer that with the exchange condition

(Theorem 2.19). The importance of this condition is that it classifies all Coxeter groups. Often a

stronger version of this theorem is proven (see [20, Theorem 5.8] and [6, Theorem 1.4.8]).

Theorem 2.19: Let g P G and s P S with g “ si1 ¨ ¨ ¨ sik a reduced word for g. If lpgsq ă lpgq then

there exists a unique integer 1 ď j ď k such that gs “ si1 ¨ ¨ ¨ sij´1
sij`1

¨ ¨ ¨ sik . (A similar statement

holds if lpsgq ă lpgq).

Corollary 2.20: For a word s1 ¨ ¨ ¨ sk, we denote s1 ¨ ¨ ¨ si ¨ ¨ ¨ sk to be the expression s1 ¨ ¨ ¨ si´1si`1 ¨ ¨ ¨ sk.

Given g P G and a decomposition g “ s1 ¨ ¨ ¨ sr where r ą lpgq, there exists m P N and a sequence

of increasing integers pi1, . . . , i2mq such that the reduced form of g is given by s1 ¨ ¨ ¨ si1 ¨ ¨ ¨ si2m ¨ ¨ ¨ sr.

(i.e. by removing an even number of the s1
isq

Proof : [20, Corollary 5.8] If g “ s1 ¨ ¨ ¨ sr and r ą lpgq then consider i to be the minimum integer

such that w “ s1 ¨ ¨ ¨ si´1 is an irreducible expression. This means that, by the exchange condition,

there exists an integer 1 ď j ď i´ 1 such that wsi “ s1 ¨ ¨ ¨ sj ¨ ¨ ¨ si´1. Thus g “ wsi ¨ ¨ ¨ sr “

s1 ¨ ¨ ¨ sj ¨ ¨ ¨ si ¨ ¨ ¨ sr. This shows that if r ą lpgq then we may always find two integers 1 ď i ă j ď r

such that we may omit si and sj from the expression given for g. Therefore, we may recursively omit

two generators from the expression for g until we reach length lpgq. ■

Corollary 2.20 is called the deletion condition on Coxeter groups. Together with the exchange

condition, it also classifies Coxeter groups, in the sense that if a group G has generators S, with the

condition that all elements of S are of order 2, then the following are equivalent (see [6, Theorem

1.5.1]):

• pG,Sq is a Coxeter system.

• pG,Sq satisfies the exchange condition.

• pG,Sq satisfies the deletion condition.
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Corollary 2.21: Let pG,Sq be a Coxeter system with g P G and s, t P S. If lpsgtq “ lpgq and

lpsgq “ lpgtq then sgt “ g.

Proof : [20, Lemma 7.8] If lpgq “ k with g “ s1 ¨ ¨ ¨ sk then we have two possibilities for lpsgq:

1. If lpsgq ą lpgq then since lpsgq “ lpgtq we have that lpsgtq “ lpgq ă lpsgq. Since lpsgq ą lpgq

then ss1 ¨ ¨ ¨ sk “ sg is a reduced word. Applying the exchange condition, we have that either

sgt “ s1 ¨ ¨ ¨ sk “ g or sgt “ ss1 ¨ ¨ ¨ si ¨ ¨ ¨ sk. In the second case let h “ s1 ¨ ¨ ¨ si ¨ ¨ ¨ sk. Then

sgt “ sg1. Note that this implies that gt “ g1 thus lpgtq “ lpg1q ă lpgq a contradiction.

2. If lpsgq ă lpgq then we repeat the last case letting g1 “ sg so that lpg1q ă lpsg1q. This means

that spg1qt “ g1 equivalently gt “ spsgqt “ sg. ■

Recall Lemma 2.4 which shows that Sn is in fact a Coxeter group. We may study combinatorics of

Sn using its Coxeter structure. We will be making use of these connections when we generalize the

results we described in Chapter 1 about the representations of Sn to its Hecke algebra in the next

section. In the next few theorems, we consider S “ ts1, . . . , sn´1u where si “ pi, i` 1q.

Definition 2.22: Consider a permutation w P Sn. We define its inverse set as the following Invpwq :“

t1 ď i ă j ď n |wpiq ă wpjqu. The inversion number is defined as Invpwq :“ |Invpwq|.

Proposition 2.23: For any permutation w P Sn we have Invpwq “ Invpw´1q.

Proof : This is a well known result (see [19, Section 2]), we give a proof here. Consider i ă j and

wpjq ă wpiq. Let a “ wpiq and b “ wpjq then clearly b ă a and w´1paq ă w´1pbq. This shows that

any inversion of w is an inversion of w´1. This argument is symmetrical, and one can show that all

inversions of w´1 are inversions of w. Thus, w and w´1 must have the same number of inversions. ■

Proposition 2.24: For a given w P Sn and s P S, where s “ pi, i` 1q, we have the following:

Invpwsq “

$

’

&

’

%

Invpwq ` 1 if wpiq ă wpi` 1q

Invpwq ´ 1 if wpiq ą wpi` 1q

Proof : [6, Chapter 1.5] Let w P Sn and s P S such that s “ pi, i ` 1q. Then wspiq “ wpspiqq “

wpi ` 1q and wspi ` 1q “ wpiq. If it was the case that wpiq ă wpi ` 1q then wspiq ą wspi ` 1q

thus Invpwsq “ Invpwq ` 1. Otherwise, if wpiq ą wpi ` 1q then wspiq ă wspi ` 1q, meaning that

Invpwsq “ Invpwq ´ 1. ■

Corollary 2.25: For any w P Sn we have that lpwq “ Invpwq (see [6, Proposition 8.3.1])
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Proof : We give a simple proof in this thesis. Note that for any w P Sn we may write w “ s1 ¨ ¨ ¨ sk

where lpwq “ k. Therefore Invpwq “ Invps1 ¨ ¨ ¨ skq. If we consider a sequence wi “ s1 ¨ ¨ ¨ si with

w0 “ 1 then Invpw0q “ 0. Using an induction argument, one can see that Invpwq ď k “ lpwq.

Thus, we must show that lpwq ď Invpwq for any given w P Sn. We will prove this via induction on

m “ Invpwq. In the case that m “ 0, there are no inversions, meaning that wp1q ă ¨ ¨ ¨ ă wpnq and

the only possibility for this is that wpiq “ i. Therefore, if m “ 0 then w “ 1 and thus lpwq “ 0.

Assume that for any w P Sn such that Invpwq ď k then lpwq “ Invpwq. Consider Invpwq “ k ` 1, if

there are no 1 ď i ď n ´ 1 such that Invpwsiq “ Invpwq ´ 1 then Proposition 2.24 tells us that for

all i we have wpiq ă wpi ` 1q. This means that w “ e which is cannot happen as we are assuming

that Invpwq ą 0. Thus let s P S such that Invpwsq “ Invpwq ´ 1 “ k. Then lpwsq ď k meaning that

lpwq ď k ` 1. Thus lpwq ď Invpwq ď lpwq for any w P Sn which proves our assertion. ■

Corollary 2.26: There exists a unique element w P Sn such that lpwq ą lpgq for any permutation

g ‰ w. This maximal element is given by w “ pn, n´ 1, ¨ ¨ ¨ , 1q and lpwq “ 1
2 pn´ 1qn.

Proof : We will use the fact that lpwq “ Invpwq and maximize the number of inversions. Let w “

pn, n´1, . . . , 1q where wmpiq “ n´ i`1. For any given i ă j then wpjq “ n´ i`1 ă n´j`1 “ wpjq.

This means that every pair i ă j gives an inversion. Specifically for any i ă i ` 1 we have that

wpi ` 1q ă wpiq. Thus Invpwsiq “ Invpwq ´ 1. Therefore w has the maximal number of inversions

with lpwq “ |tpi, jq|1 ď i ă j ď nu| “ npn´ 1q{2. ■

Subsection 2.1: Parabolic Subgroups

Definition 2.27: Let pG,Sq be a Coxeter system and I Ď S. Consider the subgroup generated by I

given by GI “ tw P G |w “ s1 ¨ ¨ ¨ sk and si P Iu. We call GI a parabolic subgroup of G

Lemma 2.28: Let pG,Sq be a Coxeter system and I Ă S, then the following statements hold:

1. pGI , Iq is a Coxeter system.

2. Let lI be the length function of the Coxeter system pGI , Iq. Then for any x P GI we have that

lIpxq “ lpxq.

Proof : [20, Chapter 5.5] By definition, we have that I is in fact a generating set for GI . Therefore,

if s1 ¨ ¨ ¨ sn “ 1 where si P I then this relation must also hold for G with generating set S. Thus,

all relations of pGI , Iq are relations in pG,Sq. Meaning that pGI , Iq must be a Coxeter system, as

the only relations that may hold for its generating set are Coxeter relations. Now consider x P GI

so that x “ s1 ¨ ¨ ¨ sm where si P I. If this word for x is not reduced, then by the deletion condition

(Corollary 2.20) there exists 1 ď a1 ă ¨ ¨ ¨ ă ak ď m such that s1 ¨ ¨ ¨ sm “ sa1 ¨ ¨ ¨ sak
P GI . Therefore,

there exists a reduced word for x in G that is given by generators in I. This means that lIpxq “ lpxq

for any x P GI . ■
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Theorem 2.29: Let I, J Ă S and g P G. We define GIgGJ “ th1gh2 |h1 P GI and h2 P GJu. There

exists a unique element w P GIgGJ such that lpwq ď lpw1q for any w1 P GIgGJ . Furthermore, for

any z P GIgGJ there exists x P GI and y P GJ such that z “ xwy and lpzq “ lpxq ` lpwq ` lpyq.

Proof : [7, Chapter 4 Ex. 3] Let w P GIgGJ be of minimal length over GIgGJ . Then for any s P I

and t P J we have that lpwq ă lpswq and lpwq ă lpwtq. Otherwise, we would contradict that w is of

minimal length. Note that for any element h P GIgGJ we have that GIhGJ “ GIgGJ . To see this,

note that h “ agb for a P GI and b P GJ . Then g “ a´1hb´1 P GIhGJ which shows that the two

double-cosets are equal. This means in particular that GIgGJ “ GIwGJ . Consider a reduced word

for w “ si1 ¨ ¨ ¨ sik . Let x “ sj1 ¨ ¨ ¨ sjr P GI with lpxq “ r. Then xw “ sj1 ¨ ¨ ¨ sjrsi1 ¨ ¨ ¨ sik , and our

aim is to show that this is a reduced word for xw. Assume that lpxwq ă r ` k. Then there exists a

maximal integer i1 ď k ď ik such that sj1 ¨ ¨ ¨ sjrsi1 ¨ ¨ ¨ sim´1 is reduced, however sj1 ¨ ¨ ¨ sjrsi1 ¨ ¨ ¨ sim

is not. Therefore, by the deletion condition (Corollary 2.20) there exist two integers p ă q such that

xw “ sj1 ¨ ¨ ¨ sp ¨ ¨ ¨ sq ¨ ¨ ¨ sim . Now we have three cases:

1. If j1 ď p ă q ď jr. Then x “ pxwqw´1 “ sj1 ¨ ¨ ¨ sp ¨ ¨ ¨ sq ¨ ¨ ¨ sjr . This implies that lpxq ă r

which is a contradiction.

2. If i1 ď p ă q ď im then by a similar argument as above we have that lpwq ă k.

3. If j1 ď p ď jr and i1 ď q ď im then this implies that w1 “ si1 ¨ ¨ ¨ sq ¨ ¨ ¨ sik P GIgGJ . However

lpw1q ă k “ lpwq. This contradicts the fact that w was of minimum length in GIgGJ .

Therefore in each case we arrive at a contradiction. This means that for any x P GI we have that

lpxwq “ lpxq ` lpwq. A similar argument can be made for GJ so that for any x P GI and y P GJ we

have lpxwyq “ lpxq`lpwq`lpyq. The last thing we must show is that w is in fact unique. Assume that

w1 P GIgGJ is another minimal element. Then by an earlier argument GIwGJ “ GIw
1GJ therefore

there exists x P GI and y P GJ such that w1 “ xwy therefore lpw1q “ lpxq ` lpwq ` lpyq “ lpwq. This

means that lpxq “ lpyq “ 0 meaning that x “ y “ 1. ■

In the case of the permutation group G “ Sn generated by S “ ts1, . . . , sn´1u we may precisely

describe all possible parabolic subgroups. Picking I Ă S we can write I “ I1 Y ¨ ¨ ¨ Y Ik where

Ii “ tsi1 , . . . , si1`mi´1u and for any sj P Ip and sl P Iq, where p ‰ q, we have that |j ´ l| ą 1.

Meaning that we write I as a union of consecutive transpositions. It is clear that way that GIi

only permute elements ti1, . . . , i1 ` mi ´ 1u Ă t1, . . . nu. This means that for each i we have that

GIi – Smi
. Concluding that SI – Sm1

ˆ ¨ ¨ ¨ ˆSmk
where Smi

permutes consecutive integers. In fact,

any parabolic subgroup of Sn is of this form. We will discuss parabolic subgroups of Sn given by

partitions of n. We may restate many of the definitions and theorems given in Section 1.2 in terms

of parabolic subgroups. Consider a partition λ $ n and recall the definition of the standard tableaux

Tλ as stated in Definition 1.5. Tλ is defined to be the tableaux constructed by filling each row with

consecutive numbers from 1 to n. Define the tableaux Tλ to be T 1
λ1 . In other words, the tableaux
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constructed by filling each column from left to right, and each row from top to bottom.

Example 2.30: If λ “ p4, 3, 2q then the tableaux Tλ and Tλ are shown below:

Tλ “

1 2 3 4

5 6 7

8 9

Tλ “

1 4 7 9

2 5 8

3 6

For a given tableau T P STpλq, in Section 1.2 we defined two subgroups of Sn given T (see Definition

1.11). These subgroups are the column symmetrizers CpT q and the row symmetrizers RpT q. The

column symmetrizers are defined as permutations which only permute elements within the same

column. Similarly, we define the row symmetrizers RpT q as the elements that permute within the

same row. Note that if T “ Tλ then all the rows of T are consecutive increasing integers. This means

that RpTλq is generated by RpTλq X S. In fact, RpTλq is a parabolic subgroup of Sn. One can make

the same argument for CpTλq as it is generated by CpTλq X S.

Example 2.31: Take the partition λ “ p4, 3, 2q $ 9 and the tableaux Tλ and Tλ as computed in

Example 2.30. Note that S9 is generated by S “ ts1, . . . , s8u. The first row of Tλ is given by t1, 2, 3, 4u

so all permutations of this set belongs to RpTλq. Permutations of t1, 2, 3, 4u are in fact generated by

ts1, s2, s3u. Continuing along the rows, we may see the subset of S that generated RpTλq.

Tλ “

1 2 3 4

5 6 7

8 9

ùñ RpTλq “ xts1, s2, s3u Y ts5, s6u Y ts8uy

The same can be computed for Tλ and CpTλq. The first column of Tλ is given by t1, 2, 3u. The

group which permutes this column is generated by ts1, s2u. Continuing this way, we can compute

S X CpTλq.

Tλ “

1 4 7 9

2 5 8

3 6

ùñ CpTλq “ xts1, s2u Y ts4, s5u Y ts7uy

Definition 2.32: Given tableaux T and V of shape λ $ n, we define πpT, V q P Sn such that

πpT, V q ¨ T “ V .

It is clear that given a shape λ and T P STpλq then only when T “ Tλ or T “ Tλ are the subgroups

RpT q and CpT q parabolic. With this notation, it is easy to see that πpT, V q´1 “ πpV, T q. Furthermore,

for any tableaux T and V of the same shape, we have RpT q “ πpV, T qRpV qπpT, V q and CpT q “
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πpV, T qCpV qπpT, V q. Using Corollary 2.25 we obtain the following:

Proposition 2.33: Let T be a standard tableau of shape λ. Then lpπpT, Tλqq ` lpπpT, Tλqq “

lpπpTλ, T
λqq.

Proof : [19, Proof of Lemma 2.3.1] Recall that for a tableau T with rows k rows and m columns, we

define T pri, cjq to be the integer located at row i and column j. Let λ “ pλ1 ¨ ¨ ¨ , λkq and Dpλq to be

its Young diagram. Then Dpλq has exactly k rows and m columns. The first thing we will show is

that InvpπpTλ, T
λqq is bijective with the set

A :“ tppr, cq, pr1, c1qq P Dpλq ˆDpλq | 1 ď r ă r1 ď k and 1 ď c1 ă c ď mu.

For notation purpose, let π “ πpTλ, T
λq. It is easy to see that Tλ can be used as an enumeration of

the cells in Dpλq. Using this enumeration of the cells, we match 1 ď i ď n with a cell pri, ciq where i

is written in Tλ. We will give a condition on the cells of T such that an inversion happens. To start,

consider 1 ď i ă j ď n and let pri, ciq and prj , cjq the positions in which i and j are written in Tλ. By

the construction of Tλ and the fact that i ă j, we can deduce two cases for pri, ciq and prj , cjq. Either

ri “ rj and ci ą cj or ri ă rj . One can easily see this as Tλ is constructed by enumerating each row

with consecutive integers, from the top row to the bottom row. Note that since Tλ is standard, then

if ri ď rj and ci ď cj then Tλpri, ciq ě Tλprj , cjq and Tλpri, cjq ď Tλprj , cjq. Thus, the only possible

case to look at is when ri ă rj and cj ă ci. Since Tλ is constructed by enumerating the rows top to

bottom, then Tλpri, ciq ă Tλprj , cjq meaning that i ă j. In a similar argument, as Tλ is constructed

by enumeration of the columns, this means that Tλpri, ciq ą Tλprj , cjq meaning that πpiq ą πpjq. In

other words, we have an inversion. This shows that there is a bijection between Invpπq and A.

Now that we have described the possible pairs of cells of Dpλq that an inversion occur in π we

will prove our assertion. Let T be any standard tableau and x “ πpTλ, T q and y “ πpT, Tλq. Similar

to the above argument, we will use Tλ and Tλ to enumerate the positions of Dpλq. We will argue

that if i ă j gives an inversion on π “ πpTλ, T
λq, then either it must be an inversion in x or y.

Consider 1 ď i ă j ď n and let pri, ciq and prj , cjq be their respective positions in Dpλq. The argu-

ment above shows that ppri, ci, q, prj , cjqq P A therefore ri ă rj and cj ă ci. This means that there

are two cases. If a “ T pri, ciq ą T prj , cjq “ b then we have an inversion xpiq ą xpjq. Otherwise,

we have that b “ T prj , cjq ą T pri, ciq “ a. By the positions of pri, ciq and prj , cjq, we have that

Tλprj , cjq ă Tλpri, ciq. Thus, since a ă b and ypbq ă ypaq we obtain an inversion of y. This argument

shows that for 1 ď ri ă rj ď k and 1 ď cj ă ci ď m either these positions represent a inversion in x

or y. This shows that |Invpxq| ` |Invpyq| “ |A|. which means that lpxq ` lpyq “ lpπpTλ, T
λqq. ■

Lemma 2.34: Let λ $ n and π “ πpTλ, Tλq. For any given g P G we have that the following

statements are logically equivalent:
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1. gRpTλqg´1 X πCpTλqπ´1 “ t1u.

2. g P pπCpTλqπ´1qRpTλq.

Proof : [19, Lemma 2.1.4] First, we show that (1) implies (2). Let T be the tableau obtained by

gpTλq “ T . This means that gRpTλqg´1 “ RpT q. In the same manner, it is easy to see that

πCpTλqπ´1 “ CpTλq. By [29, Lemma 14, 7] consider two tableaux V and W of shapes λ and µ

respectively. If µ ď λ lexicographically then if there are no transpositions shared between RpW q and

CpV q then λ “ µ and there exists x P RpW q and y P RpW q such that xypV q “ W . Assume that

condition 1 holds, so that we obtain RpT q X CpTλq “ t1u. This implies that there must be a P CpTλq

and b P RpT q such that abpTλq “ T . This means that x “ ab P CpTλqRpTλq as desired.

Next we consider the opposite direction. If g P CpTλqRpTλq then g “ cr for some c P CpTλq and

r P RpTλq. Assuming that (1) does not hold we have that there exist a P RpTλq and b P CpTλq where

either a or b is not 1. Such that the following holds:

rar´1 “ c´1bc

Note that the right-hand side is an element of RpTλq and the left-hand side belongs to CpTλq. By the

definition of RpTλq and CpTλq. This can only happen if a “ b “ 1. This contradicts our assumption,

which proves our assertion. ■

Subsection 2.1: Bruhat Ordering

Definition 2.35: Consider a Coxeter system pG,Sq and g P G with reduced word g “ s1 ¨ ¨ ¨ sk. A

subword of s1 ¨ ¨ ¨ sk is any element of G consisting of a product si1 ¨ ¨ ¨ sij where 1 ď i1 ď ¨ ¨ ¨ ď ij ď n.

Let w “ si1 ¨ ¨ ¨ sik “ sj1 ¨ ¨ ¨ sjk be two reduced words of w. It has been shown that if g “ s1 ¨ ¨ ¨ sr is a

subword of si1 ¨ ¨ ¨ sik then there exists a subword of sj1 ¨ ¨ ¨ sjk which is equal to g (see [7, Chapter 5,

Theorem 10]). This means that the set of subwords of w in a Coxeter group is not dependent on the

choice of reduced words. Using this fact we may order the elements of a Coxeter group depending on

if they are subwords of another element.

Definition 2.36: Given a Coxeter group G with Coxeter system pG,Sq, we say that h ď g if there

exists a reduced words g “ s1 ¨ ¨ ¨ sk and h “ d1 ¨ ¨ ¨ dj so that d1 ¨ ¨ ¨ dj is a subword of s1 ¨ ¨ ¨ sk. This

ordering on the elements of G is called the Bruhat order on G.

Note that if lpswq “ lpwq ` 1 and w “ s1 ¨ ¨ ¨ sn then w ă sw as ss1 ¨ ¨ ¨ sn would be a reduced

expression for sw. Similarly, if lpwsq “ lpwq ` 1 then w ă ws. This is useful to describe the ordering

of certain elements in a Coxeter group.
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Proposition 2.37: Let pG,Sq be a Coxeter system and I, J Ă S and let a P G. The unique element

w P GIaGJ of minimal length satisfies the following: For any x P GI and y P GJ we have that w ď xw

and w ď wy. In addition, xw ď xwy and wy ď xwy.

Proof : This is a known result (see [19, Section 2]), we give a short proof. Theorem 2.29 states that

there exists an element w P GIaGJ such that lpwq is minimal in this double coset. Furthermore, for

any g P GIaGJ there exist element x and y such that g “ xwy and lpgq “ lpxq ` lpwq ` lpyq. Choose

reduced words w “ s1 ¨ ¨ ¨ sk, x “ a1 ¨ ¨ ¨ ap and y “ b1 ¨ ¨ ¨ bq. Using the fact that if lpswq “ lpwq ` 1

implies w ă sw we obtain that w ă xw. Similarly, if lpwsq “ lpwq ` 1 we have that w ă wy. We may

use the same argument to show that xw,wy ď xwy by iterating this same argument on the reduced

words of x and y. ■

Example 2.38: The group S3 is generated by ts1, s2u. The six elements of S3 can be written as

t1, s1, s2, s1s2, s2s1, s1s2s1u. Thus we show the Bruhat ordering on S3 below:

s1s2s1

s1s2 s2s1

s1 s2

1

Section 2.2: Hecke Algebra of a Coxeter Group

For this section, we let R be a commutative ring and pG,Sq be a Coxeter system for a finite group

G. Recall that RG is the group ring over R. We will begin by defining a deformation of RG. This

algebra is unital, and is described as a deformation of the Coxeter relations of pG,Sq. We will describe

a deformation of this algebra using a list of elements over R. Let M be a free R-module of rank |G|

with basis tmw |w P Gu. First, we describe a general deformation of the group ring in the following

proposition (see [20, Section 7.1-7.3] for a proof of this Proposition 2.39).

Proposition 2.39: For each element s P S, we associate a choice of elements qs, ps P R. We will

further assume that given s, t P S, if s and t are conjugate in G then ps “ pt and qs “ qt. There

exists a unique algebra structure with base module M , and basis tmw |w P Gu, such that if s P S

and g P G then:

msmw “

$

’

&

’

%

msw if lpswq ą lpwq

qsmw ` psmsw if lpswq ă lpwq

mwms “

$

’

&

’

%

mws if lpwsq ą lpwq

qsmw ` psmws if lpwsq ă lpwq
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Definition 2.40: The algebra described in Proposition 2.39 is called the generic algebra with

parameters P “ tps | s P Su and Q “ tqs | s P Su. We denote this algebra by AP,QpGq.

Definition 2.41: Consider a subset Q “ tqs | s P Su Ă R such that qs “ qt if s and t are conjugate

in G. Then a Iwahori-Hecke algebra (also referred to as a Hecke algebra in this thesis) with

parameter Q is the generic algebra over G with parameters P “ tpqs ´1q | s P Su and Q “ tqs | s P Su.

We denote this algebra by HQpG,Sq. It has a basis thpwq |w P Gu with multiplication defined as the

following:

hpsqhpwq “

$

’

&

’

%

hpswq if lpswq ą lpwq

pqs ´ 1qhpswq ` qshpwq if lpswq ă lpwq

The equation above is a special case of the first equation in Proposition 2.39. A similar equation for

hpwqhpsq as the second equation in Proposition 2.39 holds.

Remark 2.42: For a given Hecke algebra H “ HQpG,Sq, then thpsq | s P Su is a generating set of

H. In addition to this, for two choices of reduced words g “ si1 ¨ ¨ ¨ sik “ sj1 ¨ ¨ ¨ sjk we have that

hpsi1q ¨ ¨ ¨ hpsikq “ hpsj1q ¨ ¨ ¨ hpsjkq (see [20, Chapter 7.1]). Therefore, for the remainder of this thesis,

we will consider hpgq to be the product of the Hecke algebra generators corresponding to a choice of

reduced word for g.

Remark 2.43: For notation purposes, if Q “ tqs | s P Su is the choice of parameters for a Hecke

algebra HQpG,Sq, we will assume that it has the propriety that qs “ qt whenever s, t P S are

conjugates.

Remark 2.44: If we choose qs “ 1 P R for all s P S then the Hecke algebra HQpG,Sq – RG. Note

that since thpsq | s P Su generate HQpG,Sq, we may give a presentation for the Hecke algebra using

the formula given in Definition 2.41. Given s, t P S we have;

hpsqhptq “

$

’

&

’

%

hpstq if s ‰ t

hp1q otherwise

Therefore the map φ : RG Ñ HQpG,Sq given by φ : w Ñ hpwq is a algebra isomorphism.

Proposition 2.45: Let Q “ tqs | s P Su Ă R be the parameters of a Hecke algebra HQpG,Sq. If qs

are units in R for all s P S then hpgq is invertible for any g P Sn.

Proof : Given s P S then since hpsq2 “ pqs ´ 1qhpsq ` qs we have that hpsqpq´1
s hpsq ` pq´1

s ´ 1qq “ 1.

This means that hpsq is invertible for every s P S. Since thpsq | s P Su generates HQpG,Sq then all

elements are invertible. ■
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Proposition 2.46: Let Q “ tqs | s P Su Ă R where each qs is invertible for all s P S. If s, t P S are

conjugate elements, then hpsq and hptq are conjugate.

Proof : Note that since all elements of Q are invertible then hpgq is invertible for all g P G. If s, t

are conjugates, then qs “ qt and there exists w P G such that sw “ wt. Since lpswq “ lpwtq then we

obtain two cases:

1. If lpswq “ lpwq ` 1 then we have that hpsqhpwq “ hpswq “ hpwtq “ hpwqhptq.

2. If lpswq “ lpwq´1 then hpsqhpwq “ pqs´1qhpwq`qshpswq “ pqt´1qhpwq`qthpwtq “ hpwqhptq. ■

Proposition 2.47: Let g, g1 P G. Then

hpgqhpg1q “
ÿ

aďg

ÿ

bďg1

ca,bhpabq

where the coefficients ca,b P R.

Proof : [20, Proposition 7.4] Let g1 “ s1 ¨ ¨ ¨ sk be a reduced word. Let g1
0 “ 1 and g1

i “ g1
i´1si. We

will prove that hpgqhpg1q “
ř

bďg1 cbhpgbq. To show this, we will use induction on 0 ď i ď k to show

that

hpgqhps1q ¨ ¨ ¨ hpsiq “
ÿ

bďg1
i

db,ihpgbq

for some db,i P R. Since g1
i ď g1 for any 1 ď i ď k this would show our claim. In the base case that

i “ 0 the claim is trivial to check as g0 “ 1. Assume that the claim works for all 0 ď j ď i ´ 1. By

the induction hypothesis we obtain the following;

hpgqhps1q ¨ ¨ ¨ hpsiq “
ÿ

bďg1
i´1

db,i´1hpgbqhpsiq

Since if b ď g1
i´1 then bsi ď g1

i by the definition of g1
i. With this argument, fixing b ď g1

i´1 we obtain

the following:

hpgbqhpsiq “

$

’

&

’

%

hpgbsiq if lpgbsiq “ lpgbq ` 1

pqsi ´ 1qhpgbsiq ` qshpgbq if lpgbsiq “ lpgbq ´ 1

In either case, hpgbqhpsiq is described as a linear combination of elements of the form hpgaq for a ď g1
i.

This proves that hpgqhpg1q “
ř

bďg1 cbhpgbq for some cb P R. Consider g “ t1 ¨ ¨ ¨ tl and define the

sequence g0 “ 1 and gi “ tl´igi´1. Fixing b ď g1, using a similar proof as above, we can show that

hpgqhpbq “
ř

aďg da,bhpabq using induction on 0 ď i ď l. Therefore we obtain

hpgqhpg1q “
ÿ

bďg1

cbhpgbq “
ÿ

bďg1

ÿ

aďg

cbda,bhpabq.

This shows what we needed ■
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Definition 2.48: Let pG,Sq be a Coxeter system, let S “ S1Y. . .YSk where Si are distinct conjugacy

classes of elements in S. Consider a Hecke algebra HQpG,Sq for a choice of parameters Q Ă R. We

call HQpG,Sq a generic Hecke algebra if R “ Zrq1, . . . , qks and qs “ qi if s P Si.

Example 2.49: Let G “ Sn and recall that si “ pi, i` 1q are generators of Sn which give a Coxeter

group structure. Note that all si are in fact conjugate in Sn. This means that the generic Hecke

algebra of Sn is defined on R “ Zrqs. Let S “ ts1, . . . , sn´1u and Q “ tqu, the generic Hecke algebra

HQpSn,Sq is generated by hi :“ hpsiq. We can give a presentation of HQpSn,Sq using the generators

th1, . . . , hn´1u in the following way:

1. h2i “ pq ´ 1qhi ` q for 1 ď i ď n´ 1.

2. hihj “ hjhi for |i´ j| ą 1.

3. hihi`1hi “ hi`1hihi`1 for 1 ď i ď n´ 2.

Example 2.50: Another example is the case that G “ Wn. We know that the hyperoctahedral

group is generated by W “ tw0, . . . , wn´1u with Coxeter relations given in Example 2.1. In order to

compute the generators and relations of the generic Hecke algebra ofWn we must find which elements

of S are conjugate to each other. Recall that Wn are permutations of t´n, . . . ,´1, 1, . . . , nu and the

generators are w0 “ p1,´1q and wi “ pi, i ` 1qp´i,´i ´ 1q. Clearly, wi and wj are conjugate for

i, j ą 0 with wi “ awja
´1 where a “ pi, jqp´i,´jqpi ` 1, j ` 1qp´i ´ 1,´j ´ 1q. Note that w0 has

a different cycle structure than wi for i ą 0. Therefore, w0 is not conjugate to wi for i ą 0. There

are only two sets of conjugate elements in S. Therefore we only need two indeterminates to compute

the generic Hecke algebra of Wn. Let R “ Zrp, qs and Q “ tp, qu, then using the relations given

in Example 2.1 and the Definition 2.48 we give a presentation for HQpWn,Wq. The generators are

hi :“ hpwiq for 0 ď i ď n´ 1 with the following relations:

1. h20 “ pp´ 1qh0 ` p

2. h2i “ pq ´ 1qhi ` q for 1 ď i ď n´ 1.

3. hihj “ hjhi for |i´ j| ą 1.

4. hihi`1hi “ hi`1hihi`1 for 1 ď i ď n´ 2.

5. ph0h1q2 “ ph1h0q2

Remark 2.51: In Example 2.49 we only needed one parameter for the Hecke algebra HQpSn,Sq.

This is true for any Hecke algebra using the Coxeter system pSn,Sq. In order to shorten the notation,

given q P R then we will denote HqpSnq for HQpSn,Sq. Similarly, in Example 2.50 we only needed

two parameters. Let p, q P R then we denote Hp,qpWnq “ HQpWn,Wq, here p is the parameter

associated with w0 and q is the parameter associated with wi for i ‰ 0. Using this notation, if we fix

p “ q “ 1 P R then we have that H1pSnq “ RSn and H1,1pWnq “ RWn.
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Subsection 2.2: Specialization of a Generic Hecke Algebra

Let s1, . . . , sk be representatives of the conjugates classes of S. Let Q “ tqs | s P Su be a set of

indeterminates as in the definition of a generic Hecke algebra. Consider the ring F “ Zrqs1 , . . . , qsk s

and let R be a commutative ring. Consider a map f : qsi ÞÑ ri which defines a ring homomorphism

φf : F Ñ R. Note that R can be given an F -module structure via the map φf . Let P “ φf pQq “

tr1, . . . , rku. We use this ring homomorphism to define an Iwahori-Hecke algebra given by extending

the scalars of HQpG,Sq to R using the map f .

HP pG,Sq – R bF HQpG,Sq.

One can show this isomorphism by giving the right-hand side an R-module structure. When a Hecke

algebra is obtained from a generic Hecke algebra this way, we say it is obtained by a specialization

of the indeterminates. It is easy to see that all Hecke algebras can be obtained by a specialization

of HQpG,Sq by considering a map from R to F , mapping the indeterminates Q to the parameters

P “ trs | s P Su of a Hecke algebra HP pG,Sq.

Example 2.52: Let G “ Sn. In Example 2.49 we computed the generic Hecke algebra of Sn with

generators thi | 1 ď i ď nu. The first relation is given in that example is h2i “ pq´1qhi`q. It is easy to

see from these relations that if we specialize q Ñ 1 over any ring R, the first relation becomes h2i “ 1.

This new relations match the Coxeter relations for Sn (see Section 2.1). Then the specialization

q Ñ 1 of HpSnq is isomorphic to RSn. Another example of specialization is by setting q Ñ 0 P R.

The first relation then becomes h2i “ hi. This algebra is known as the nil-Hecke algebra of Sn over R.

One may define this algebra for any Coxeter group.

Definition 2.53: ConsiderHpGq the generic Hecke algebra for a Coxeter groupG over F “ Zrq1, . . . , qns.

Consider any ring R. The specialization qi Ñ 0 P R is called the nil-Hecke algebra of G over R.

Remark 2.54: The nil-Hecke algebra HpGq has a basis over R given by thpwq |w P Gu.

As before, let S “ S1 Y ¨ ¨ ¨Sk where Si are different conjugacy classes of S. Let R “ 𝓀pq1, . . . , qkq

and Q “ tq1, . . . , qku so that we obtain the Hecke algebra HQpG,Sq. A different way we will want to

consider specialization is to evaluate qi to some element in 𝓀. In this way, we have to define elements

of HQpG,Sq which are specializable.

Definition 2.55: Let R “ 𝓀pq1, . . . , qnq and Q “ tq1, . . . , qku be the choice of parameters for a

Hecke algebra HQpG,Sq consider P “ tr1, . . . , rku P 𝓀, and an element x P HQpG,Sq so that

x “
ř

gPG cghpgq for cg P 𝓀pq1, . . . , qkq. Let cg “ ag{bg where ag, bg P 𝓀rq1, . . . , qks. We say that x is

specializable at P if bgpr1, . . . , rkq ‰ 0 for all g P G.
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For a given g P G we have that hpgq is always specializable to any set P “ tr1, . . . , rku. Furthermore,

if s P S and g P G such that s P Si then hpsqhpgq is always specializable and their multiplication is

given by

hpsqhpgq “

$

’

&

’

%

hpsgq if lpsgq “ lpgq ` 1

pri ´ 1qhpsgq ` rihpgq if lpsgq “ lpgq ´ 1

A similar equation can be produced for hpgqhpsq. These equations match the multiplication of the

Hecke algebra HP pG,Sq. Therefore, if we have specializable element x P HQpG,Sq and let y be the

specialization of x at P then we may consider y P HP pG,Sq. This specialization argument will be

very important to prove results about Hecke algebra modules, as we will see in the upcoming section.

Subsection 2.2: Hecke Algebra Modules

We will finish this section with some basic properties of representations of the Hecke algebras. Let

pG,Sq be a Coxeter system and assume that S can be split into r conjugacy classes. Let R “

𝓀pq1, . . . , qrq with Q “ tq1, . . . , qru where 𝓀 is a field of characteristic 0. We will classify all one-

dimensional representations of HQpG,Sq.

Definition 2.56: Let M be a left HQpG,Sq-module where M is a finite-dimensional vector space

over R. For each s P S consider the matrix obtained by the linear homomorphism φs : HQpG,Sq Ñ

HQpG,Sq defined by φspxq “ hpsqx. We say that M is integral if there exists a basis of M over R

such that the matrix obtained by φs has entries in 𝓀rq1, . . . , qrs for all s P S.

Example 2.57: The Hecke algebraHQpG,Sq is integral as a leftHQpG,Sq module. Note that for each

s P S and w P W we have that either hpsqhpwq “ hpswq or hpsqhpwq “ pqs ´1qhpwq`qshpwsq. In either

case hpsqhpwq has coefficients in 𝓀rq1, . . . , qrs. Thus, the matrix obtained by the left multiplication is

integral.

It is clear that if a module M is integral, then we may specialize q1, . . . , qr Ñ 1 to obtain a repre-

sentation of G. This specialization argument will be very important, as we will see later that for the

Hecke algebras of Type A all modules are integral. In Corollary 2.9 we classified all one-dimensional

representations of a Coxeter group. We can generalize that argument to classify all one-dimensional

representations of HpGq. We will show from this classification that all 1-dimensional representations

of HpGq are integral.

Proposition 2.58: Let S “ S1 Y ¨ ¨ ¨ Y Sr where Si are distinct conjugacy classes of S. Consider a

choice of representatives C “ ts1, . . . , sru. There is a one-to-one correspondence between the one-

dimensional representations of HQpG,Sq and functions tF : C Ñ R |F psiq P t´1, qiuu. Given such

a function F there exists a unique one-dimensional representation φ such that for all s P Si we have
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that φphpsqq “ F psiq.

Proof : This is a well known result (see [3, Section 2]), we will give a proof here. Let s P Si and

consider a representation φ : HQpG,Sq Ñ R “ 𝓀pq1, . . . , qrq. Consider φphpsqq “ a P R. Then note

that φphpsq2q “ a2 and since hpsq2 “ pqi ´ 1qhpsq ` qi then a2 “ pqi ´ 1qa ` qi. This means that

pa ´ qiqpa ` 1q “ 0 and therefore there are only two choices for a P tqi,´1u. Since s P Si then si

and s are conjugates, meaning that there exists w P G such that hpwqhpsqhpwq´1 “ hpsiq therefore

φphpsiqq “ φphpsqq this shows that all one-dimensional representation gives a function F : C Ñ R

given by F psiq “ φphpsiqq P t1, qiu.

Now consider a function F : C Ñ R where F psiq P t1, qiu. Consider s P Si and define a map given

by φphpsqq “ F psiq. We claim that φ can be extended to a homomorphism. Note that HQpG,Sq is

generated by thpsq | s P Su, thus it is enough to show that φphpsqhptqq “ φphpsqqφphptqq for all s, t P S.

Note that if s ‰ t then hpsqhptq “ hpstq, therefore φphpsqhptqq “ φphpsqqφphptqq. Therefore, we only

need to check the case that s “ t. Assuming that s P Si then hpsq2 “ pqi ´ 1qhpsq ` qi. Note that

φphpsq2q “ F psiq
2 and φppqi ´ 1qhpsq ` qiq “ pqi ´ 1qF psiq ` qi. Since F psiq P t´1, qiu then it is easy

to see that pqi ´ 1qF psiq ` qi “ F psiq
2. Therefore φphpsq2q “ φphpsqqφphpsqq. ■

Corollary 2.59: All one-dimensional representations of HQpG,Sq are integral.

Proof : Note that from Proposition 2.58 we have that if φ is a one-dimensional representation then

φpsq P t´1, qiu Ď 𝓀rq1, . . . , qns. Therefore φ is integral. ■

Example 2.60: Let G “ Sn and S “ ts1, . . . , sn´1u. Since all elements of S are conjugate to

each other, the base field of HpSnq is R “ 𝓀pqq. Therefore, we obtain only two one-dimensional

representations of the Hecke algebra:

• ιpqq : hpsq Ñ q for all s P S is called the trivial representation.

• ςpqq : hpsq Ñ ´1 for all s P S is called the sign representation.

Note that if we let q Ñ 1 we obtain the original 1 dimensional representation of Sn as discussed in

Example 2.10.

Example 2.61: Let G “ Wn with S “ tw0, . . . , wn´1u. Then there are two conjugacy classes

splitting S. Thus the base field of HpGq is 𝓀pq, pq where for hpw0q2 “ pp´ 1qhpw0q ` p and hpwiq
2 “

pq ´ 1qhpwiq ` q for i ą 0. Thus we obtain 4 one-dimensional representations:

• ιpq, pq : hpw0q ÞÑ p and ιq : hpwiq ÞÑ q for i ą 0.

• ς0pq, pq : hpw0q ÞÑ ´1 and ς0pp, qq : hpwiq ÞÑ q for i ą 0.

• ς1pq, pq : hpw0q ÞÑ p and ς1pp, qq : hpwiq ÞÑ ´1 for i ą 0.
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• ςpq, pq : hpw0q ÞÑ ´1 and ςpp, qq : hpwiq ÞÑ ´1 for i ą 0.

There are two fundamental questions involving the representations of Hecke algebras.

• The first question is, for which choice of a ring R and parameters Q Ă R is the Hecke algebra

HQpGq semisimple?

• What are the irreducible modules of HQpGq?

A theorem due to Jacques Tits partially answers both questions. This theorem shows that if R “ C

then there exists a finite set A Ă C such that if Q Ď C ´ A then HQpGq – CG. (see [11, Theorem

68.17 and 68.21]). Later, George Lusztig proved [18, Theorem 3.1] the following theorem.

Theorem 2.62: Let 𝓀 be a field of characteristic 0 and let R “ 𝓀pxq. Choose qs “ x2 for all s P S

so that Q “ tx2u. We then have H “ HQpG,Sq – RG.

This means that if we choose all parameters to be the same, and extend the scalars to include the

square root of the parameter, then we have that the Hecke algebra is isomorphic to the group ring. In

this case HQpG,Sq is semisimple, and it has as many irreducible representations as G. In this thesis,

we will only need the irreducible representations of HqpSnq and the one-dimension representations

of Hq,ppWnq. We already defined the one-dimensional representations HqpSnq and Hq,ppWnq. For

G “ Sn, we have the following result due to Richard Dipper and Gordon James [13, Theorem 5.2,

Corollary 5.3]

Theorem 2.63: Let R “ 𝓀pqq where 𝓀 is a field of characteristic 0. Consider H “ HqpSnq. Then

the following hold:

• H is semisimple.

• There is a one-to-one correspondence between partitions of n and irreducible representations of

H.

• Given a partition λ $ n the irreducible representation associated with λ has dimension hλ (here

hλ is the hook-length number for Dpλq defined in Theorem 1.8).

• Consider a specialization q Ñ a P Q Ď 𝓀 where 0 ă a. Then HapSnq – QSn

In fact, Dipper and James in the same paper compute the irreducible representations of HqpSnq for

a general ring R and choice of parameter q P R. In the next section, we will compute the irreducible

representations based on a q-generalization of the Specht module. Before we finish this section, we

will introduce a special notation for the specialization of the Hecke algebras of Sn and Wn.

Remark 2.64: Let R “ 𝓀pqq and consider the Hecke algebra HqpSnq. Consider x P HqpSnq such
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that x is specializable to y when evaluating q at a P 𝓀. We denote

lim
qÑa

x “ y P HapSnq.

Remark 2.65: Let R “ 𝓀pq, pq and let x P Hq,ppWnq. If evaluating pq, pq at pa, bq P 𝓀2 specializes x

to y then we denote

lim
pq,pqÑpa,bq

x “ y P Ha,bpWnq.

Section 2.3: Specht Modules for Hecke Algebras

In this section, we will present a generalization of the Young symmetrizer. Using this generalization,

we will construct q-variant of the Specht modules. The results in this section are due to Akihiko

Gyoja [19]. For this section 𝓀 is a field of characteristic 0 and R “ 𝓀pqq and we will consider the

Hecke algebra H “ HqpSnq. The following theorem is given in [19, Section 1]

Theorem 2.66: Let V be a finite-dimensional representation of HqpSnq over R. Then the following

hold:

• V is integral.

• Let V 1 be the Sn representation obtained from specializing q Ñ 1. Then V is irreducible if and

only if V is irreducible.

The above theorem will prove very useful, since for any representation ofHqpSnq over 𝓀 is specializable

q Ñ 1. Furthermore, if the specialization q Ñ 1 gives a irreducible module over Sn then we have found

an irreducible representation of HqpSnq. Before we begin describing the irreducible HpSnq-modules,

we will need one last result.

Lemma 2.67: Let X “ tx1, . . . , xru be a subset of HqpSnq such that the specialization q Ñ 1 of xi

is yi P 𝓀Sn. So we obtain a set Y “ ty1, . . . , yru Ă 𝓀Sn. If Y is linearly independent over 𝓀 then X

is linearly independent over 𝓀pqq.

Proof : If Y is linearly independent, then we may assume that yi ‰ 0 for all i. Assume that X

is linearly dependant. Then there exists c1, . . . , cr P 𝓀pqq such that c1x1 ` ¨ ¨ ¨ ` crxr “ 0. Note

that we may write ci “ pq ´ 1qdic1
i so that d P Z and pq ´ 1q does not appear as a factor in c1

i.

Let m “ maxtdi | 1 ď i ď ru. We define hi P 𝓀pqq to be hi “ ci
pq´1qm

. Therefore, by construction

h1x1 ` ¨ ¨ ¨hrxr “ 0 and there are no factors of pq ´ 1q in the denominator. Furthermore, there

exists 1 ď j ď r such that hj has no factor of pq ´ 1q in both the denominator and nominator.

Therefore, the specialization of q Ñ 1 gives h1
j R 𝓀˚. This means that the specialization q Ñ 1 gives

h1
1y1 ` ¨ ¨ ¨h1

ryr “ 0. We know that since Y is linearly independent, then h1
i “ 0 for all i. However,
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by construction we have that h1
j ‰ 0. Thus we have a contradiction. ■

Subsection 2.3: q-Generalization of the Specht Module

Recall that for a given partition, λ $ n we have that RpTλq and CpTλq are parabolic subgroups of Sn.

Also recall that for two tableaux T and V of the same shape, we defined the permutation πpT, V q to

be the permutation such that πpT, V q ¨ T “ V (see Definition 2.32).

Definition 2.68: Let I “ S X RpTλq and define Hλ “ thpsq | s P Iu. Similarly, let J “ S X CpTλq

then Hλ “ thpsq | s P Ju.

Definition 2.69: Given a partition λ $ n we define the following elements of HqpSnq.

cqλ “
ÿ

cPCpTλq

p´qq´lpcqhpcq rqλ “
ÿ

rPRpTλq

hprq (2.1)

For simplicity, in this section we will consider rqλ “ rqTλ
and cqλ “ cq

Tλ . Furthermore, if we specialize

q Ñ a ‰ 0 then we will denote elements cqλ and rqλ under this specialization as caλ and raλ.

Lemma 2.70: We have that c1λ “ cpTλq and r1λ “ rpTλq (see Definition 1.14).

Proof : [19, Section 2] Note that by the definition of rqλ “
ř

gPRpTλq hpgq the coefficient of each hpgq is

1 P R. Therefore, taking the specialization q Ñ 1 we obtain r1λ “
ř

gPRpTλq g. Similarly, the coefficient

of hpgq is p´qq´lpgq “ p´1q´lpgqq´lpgq. It is easy to see that p´1qlpgq “ sgnpgq and setting q “ 1 we

have p´1q´lpgqq´lpgq “ sgnpgq. ■

Proposition 2.71: For any g P RpTλq we have hpgqrqλ “ qlpgqrqλ and for any g P Cpλq we have

hpgqcqλ “ p´1qlpgqcqλ.

Proof : [19, Section 2] Note that for all g P Sn and s P S by Corollary 2.18 we have lpsgq “ lpgq ˘ 1.

If g “ s1 ¨ ¨ ¨ sk where lpgq “ k then using the exchange condition (Theorem 2.19) we have that if

lpgq ă lpsgq then g ă sg since otherwise we have that g “ sj1 ¨ ¨ ¨ sjk where sj1 “ s. This means that

for any given s P S X RpTλq

rqλ “
ÿ

xPRpTλq
xăsx

php1q ` hpsqqhpxq.

Therefore we may decompose rqλ “ p1 ` hpsqqA for some A P HqpSnq.Since hpsqphp1q ` hpsqq “

qphp1q ` hpsqq we have that hpsqrqλ “ hpsqp1 ` hpsqqA “ qp1 ` hpsqqA “ qrqλ for any s P S X RpT q. In
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the same way we can show that we may write

cqλ “
ÿ

xPCpTλ
q

xăsx

p1 ´ q´1hpsqqhpxq.

It is easy to see that hpsqp1 ´ q´1hpsqq “ p´1qp1 ´ q´1hpsqq. Therefore hpsqcqλ “ ´cqλ for all s P

S XCpTλq. The proposition follows from these computations by an induction argument on the length

lpgq. ■

Corollary 2.72: The left ideals Hλr
q
λ and Hλcqλ are one-dimensional representations of Hλ and Hλ

respectively.

Proof : [19, Section 2] This follows immediately from the Proposition 2.71 as the representation

φ : Hλ Ñ EndpHλr
q
λq given by φphpwqq “ hpwqrqλ has the image φpHq Ď Rrqλ. A similar argument

can be given for Hλcqλ. ■

Corollary 2.73: Let Qλ “
ř

wPRpTλq p
lpwq and Qλ “

ř

wPCpTλqp´pq´lpwq. Then prqλq2 “ Qλr
q
λ and

pcqλq2 “ Qλcqλ.

Proof : [19, Section 2] From Proposition 2.71 we have that if g P RpTλq then grqλ “ qlpgqrqλ. Then we

can compute prqλq2 in the following way

prqλq2 “
ÿ

gPRpTλq

hpgqrqλ “
ÿ

gPRpTλq

qlpgqrqλ “ Qλr
q
λ.

A similar computation can be done for pcqλq2. ■

Theorem 2.74: Recall that STpλq is the set of standard tableau of shape λ, as defined in Section

1.1. Given standard tableau T P STpλq. We have that

dimk hom𝓀Sn
p𝓀SncpT q,𝓀SnrpT qq “ dimk hom𝓀Sn

p𝓀SnrpT q,𝓀SncpT qq “ 1.

Proof : [19, Proposition 1.3] Consider f P hom𝓀Sn
p𝓀SnrpT q,𝓀SncpT qq. Then f is determined by

fprpT qq P 𝓀SncpT q. Note that by Proposition 1.15 we have that rpT q2 “ |RpT q|rpT q and cpT q2 “

|CpT q|cpT q. Furthermore, for any given x P HqpSnq we have that fpxrpT qq “ xfprpT qq, therefore we

may write

fprpT qq “ f

ˆ

rpT q2

|RpT q|

˙

cpT q

|CpT q|
“
rpT qfprpT qqcpT q

|RpT q||CpT q|
.

Since x P RpT q then rpT qx “ rpT q and similarly if y P CpT q then ycpT q “ sgnpyqcpT q. If g P RpT qCpT q

then rpT qgcpT q “ sgnpgqrpT qcpT q. Furthermore, if g R RpT qCpT q then in Lemma 1.21 we showed

that there exists a transposition t P RpT q X CpgT q. This means that

rpT qgcpT q “ rpT qcpgT qg´1 “ rpT qtcpgT qg´1 “ ´rpT qcpgT qg´1 “ ´rpT qgcpT q.
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This shows that rpT qgcpT q “ 0 if g R RpT qCpT q. Combining our results, we have then following:

rpT qgcpT q “

$

’

&

’

%

sgnpgqrpT qcpT q if g P RpT qCpT q

0 otherwise

Therefore, since fprpT qq can be expressed as a linear sum of terms with the form rpT qgcpT q, then

there must exist k P 𝓀 such that is that fprpT qq “ kcpT qrpT q. Since cpT q P CpT q and rpT q P RpT q

and CpT q X RpT q “ t1u then cpT qrpT q ‰ 0. Thus showing dim𝓀 hom𝓀Sn
p𝓀SnrpT q,𝓀SnrpT qq “ 1. A

similar proof can be made for f P hom𝓀Sn
p𝓀SncpT q,𝓀SnrpT qq. ■

Consider f P hom𝓀Sn
p𝓀SncpT q,𝓀SnrpT qq and note that the image of f must lie in 𝓀SncpT qrpT q.

In fact, this image is exactly the Specht module where εpT q “ cpT qrpT q. We have constructed the

q-generalizations of cpTλq and rpTλq. We will see that the Young idempotent will be the image of a

similar map in H.

Proposition 2.75: Let T P STpλq and consider x “ hpπpTλ, T qq and y “ hpπpTλ, T qq. Let 0 ‰ f P

homHpHcqλ,Hr
q
λq and 0 ‰ g P homHpHrqλ,Hc

q
λq. Then for some choices a, b P R we have that

fpcλq “ acqλy
´1xrqλ and gprλq “ brqλx

´1ycqλ

Proof : [19, Section 2] We begin with a similar computation to the proof of Theorem 2.74. We have

that f is determined by fpcqλq. From Corollary 2.73 we have that

fpcqλq “
1

QλQλ
cqλfpcqλqrqλ.

Therefore, by expressing fpcqλq as a linear combination of elements of HqpSnq, it follows that there

exist ag P R for all g P Sn such that

fpcqλq “
ÿ

gPSn

agc
q
λhpgqrqλ. (2.2)

The strategy is to show that ag “ 0 for almost all g P Sn, with only one exception. This would show

that there is only one choice for f . Define I “ S X RpTλq and J “ S X CpTλq. By Proposition 2.71,

if s P I and t P J then

cqλgsr
q
λ “ qcqλgr

q
λ and cqλtgr

q
λ “ cqλgr

q
λ.

This means that if g P Sn has the property that g P CpTλqwRpTλq where w is minimal (see Theorem

2.29). For g “ xwy for x P CpTλq and y P RpTλq with lengths a and b respectively, then

cqλgr
q
λ “ qap´1qbcqλwr

q
λ.

Therefore if we define A :“ tg P Sn | g ă tg , g ă gs , t P J, s P Iu then we can reduce Equation 2.2 to
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the following

fpcqλq “
ÿ

gPA

agc
q
λhpgqrqλ.

To see this by assuming g R A, then there exists y P CpTλq and x P RpTλq such that g “ xwy where

lpgq “ lpxq ` lpwq ` lpyq by Theorem 2.29. Furthermore, for any s P I and t P J then w ď sw and

w ď wt by Proposition 2.37. In other words, w P A. Computing cqλhpgqrqλ “ qlpxqp´1qlpyqcqλhpwqrqλ

the summation can be reduced to one only on the elements of A. What remains to show is that

there is only one element in A. For this, consider σ “ πpTλ, T
λq. Then since both Tλ and Tλ are

standard, then for any pi, i ` 1q “ s P I we have that πpTλ, T
λqpiq ă πpTλ, T

λqpi ` 1q. Therefore

σ ă σs by Proposition 2.24 and Corollary 2.25. A similar argument shows that σ´1 ă σ´1t for t P J ,

thus σ ă tσ. This shows that σ P A. Note that any element g P Sn is of the form στ by picking

τ “ pσ´1qg. This means that all elements of A may be obtained this way. Now consider στ P A such

that τ ‰ 1. Note that since σ P A we have that στ R CpTλqσRpTλq, since the only way for this to be

true is to have τ P RpTλq, which would contradict στ P A. By Lemma 2.34 we have that

τRpTλqτ´1 X σ´1CpTλqσ ‰ t1u.

Therefore we may find z1 P RpTλq and z2 P CpTλq where z1, z2 ‰ 1, since the intersection contains

elements which are not identity. These elements satisfy

τz1τ
´1 “ σ´1z2σ ðñ στz1 “ z2στ.

Therefore note that we have the following:

cqλhpστz1qrqλ “ qlpz1qcqλhpστqrqλ

cqλhpz2στqrqλ “ p´1qlpw2qcqλhpστqrqλ

Therefore since στz1 “ z2στ we have the following equation

qlpz1qcqλhpστqrqλ “ p´1qlpw2qcqλhpστqrqλ

Since either z1 ‰ 1 or z2 ‰ 2 then the equation on top implies that cqλhpστqrqλ “ 0. This means that

fpcqλq “ cqλhpσqrqλ.

It is clear that cqλhpσqrqλ ‰ 0 since the limit q Ñ 1 gives cpTλqσrpTλq “ cpTλqrpTλqσ´1 ‰ 0.

Furthermore note that πpTλ, T qπpTλ, T q “ σ and thus cqλy
´1xrqλ ‰ 0 by a specialization argument.

This shows that f “ acqλy
´1xrqλ. To show the same for the map g, one would simply repeat these

steps. ■
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Theorem 2.76: Let λ $ n then

dimR homHpHcqλ,Hr
q
λq “ dimR homHpHrqλ,Hc

q
λq “ 1.

Proof : This is a direct result from Proposition 2.75. In that proposition we showed that there are

non-trivial elements in M “ homHpHcqλ,Hr
q
λq. Furthermore, let σ “ πpTλ, T

λq and a P R, then all

maps f P M are of the following form:

fpxq “ xacqλσr
q
λ

Thus if there are two different, non-trivial maps f, g P M then f “ ag for some a P R. This shows

that dimRM “ 1. Let N “ homHpHrqλ,Hc
q
λq, then by a similar argument one may show that

dimRN “ 1. ■

Definition 2.77: Let T P STpλq then we define the q-Young symmetrizer to be

εqT “ hpπpTλ, T qqcqλhpπpTλ, T qq´1hpπpTλ, T qqrqλhpπpTλ, T qq´1

Lemma 2.78: The element εqT is specializable at q “ 1 and ε1T “ εT (See Definition 1.16).

Proof : This is a direct consequence of Lemma 2.70. Note that by setting q Ñ 1 we have that

cqλ Ñ cpTλq and rqλ Ñ rpTλq. Since all elements of the forms hpwq specialize w, then we have that

lim
qÑ1

εqT “ πpTλ, T qcpTλqpπpT, TλqπpTλ, T qrpTλqπpT, Tλq “ cpT qrpT q “ εT

Which shows exactly what we needed. ■

Definition 2.79: Let λ $ n and define εqλ “ εq
Tλ . Then we define the q-Specht module of H to be

the representation of H given by Sq
λ :“ Hεqλ

Theorem 2.80: The Specht module Sq
λ is an irreducible H-module. As an R-module, it has a basis

given by

B “ thpπpTλ, T qqεqλ |T P STpλqu.

Furthermore for different partitions λ1 ‰ λ2 we have that Sq
λ1

fl Sq
λ2
.

Proof : Note that since εqλ Ñ εTλ as q Ñ 1 the module Sq
λ Ñ Sλ. Therefore, by Theorem 2.66 we

have that Sq
λ is an irreducible representation of H. If there exists λ1 ‰ λ2 such that Sq

λ1
– Sq

λ2
then let

φ : Sq
λ1

Ñ Sq
λ2

be such isomorphism. Then φpεqλ1
q “ xεqλ2

for some x P H. Note if 0 ‰ k P R “ 𝓀pqq

then φk : x ÞÑ kφpxq is also an isomorphism. Thus let x “
ř

gPSn
aghpgq such that ag P 𝓀pqq then

ag “ pq ´ 1qmga1
g where mg P Z and a1

g has no factor of pq ´ 1q in both the denominator and nu-

merator. Let M “ mintmg | g P Snu and define bg “
ag

pq´1qM
. This guaranties that for all g P G
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there are no pq ´ 1q factors in the denominator. Furthermore, it guaranties that there exists one

g P Sn such that there are no factors of pq ´ 1q in the nominator as well. Let k “ 1
pq´1qM

then

kx “
ř

gPSn
bghpgq is specializable by setting q “ 1. Also, kεqλ1

is not 0 at the specialization, since

there exists a g P G such that bg has no pq ´ 1q factors. By this construction, the map φk defines a

map φ1
k : Sλ1

Ñ Sλ2
by a specialization q ‰ 1. Furthermore φ1

k is non-trivial, which is a contradiction.

So far, we proved that Sq
λ is an irreducible representation of HqpSnq. Furthermore, for different

partitions λ1 ‰ λ2 of n we proved that Sq
λ1

fl Sq
λ2
. It remains to show that B is a basis for Sq

λ.

Note that, if we specialize q Ñ 1, then the elements of B gives us B1 “ tπpT, Tλqελ |T P STpλqu. By

Theorem 1.37 we have that B1 is in fact a basis for Sλ. Therefore by Lemma 2.67 we have that B is

linearly independent as B1 is. This means that for every λ $ n we have that dimR S
q
λ ě dim𝓀 Sλ. It

will then be enough to prove dimR S
q
λ “ dim𝓀 Sλ. To do this, we recall Theorem 2.63 which tells us

that H is semisimple. This means that

H –
à

λ$n

pSq
λqdimpSq

λq.

Since dimk 𝓀Sn “ dimR H “ n! we obtain the following;

n! “
ÿ

λ$n

pdimk Sλq2 ď
ÿ

λ$n

pdimR S
q
λq2 “ n!

Which proves the equality as we needed. ■

Subsection 2.3: Structure of the Hecke Young Symmetrizer

So far, in Theorem 2.80 we have shown that Sq
λ “ Hεqλ is an irreducible representation of H. In the

same theorem, we also have constructed a basis of Sq
λ. We will finish this chapter by showing that εqλ

is an idempotent. We also recover some relations for the q-generalization of the Young symmetrizer.

Namely, we determine for which T1 and T2 one has εqT1
εqT2

“ 0. Lastly, we will give all the Specht

modules for HqpS3q.

Proposition 2.81: For each λ $ n there exists kλ P R such that pεqT q2 “ kλε
q
T .

Proof : Consider f P M “ homHpHcqλ,Hr
q
λq and g P N “ homHpHrqλ,Hc

q
λq such that f, g ‰ 0. By

Theorem 2.76 we have that dimRM “ dimRN “ 1. This implies that there exists a k such that

fpgpfpcqλqqq “ kfpcqλq.

We will use Proposition 2.75 to expand the above with x “ hpπpTλ, T q and y “ hpπpTλ, T qq. Then

we obtain the following

fpgpfpcqλqqq “ fpgpcqλy
´1xrqλqq “ fpcqλy

´1xrqλx
´1ycqλq “ cqλy

´1xrqλx
´1ycqλy

´1xrqλ
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This means that we have the relation

cqλy
´1xrqλx

´1ycqλy
´1xrqλ “ kcqλy

´1xrqλ.

Recall that εqT “ ycqλy
´1xrqλx

´1 which means that

pεqT q2 “ ypcqλy
´1xrqλx

´1ycqλy
´1xrqλqx´1 “ ypkcqλy

´1xrqλqx´1 “ kεqT .

Since the specialization at q Ñ 1 of pεqT q2 is pεT q2 and we know by Proposition 1.28 that pεT q2 ‰ 0

meaning that k ‰ 0. ■

Corollary 2.82: For λ1, λ2 $ n such that λ1 ‰ λ2 we have εqλ1
εqλ2

“ 0.

Proof : Note that Sq
λ1

and Sq
λ2

are two inequivalent irreducible representations of H and therefore we

have that Sq
λ1

XSq
λ2

“ t0u. Furthermore by Proposition 1.28 the elements εqλ1
and εqλ2

are idempotents.

This means that A “ Hεqλ1
εqλ2

is a submodule of Sq
λ2
. Therefore either A “ 0 or A “ Sq

λ2
. Since Sq

λ1

and Sq
λ2

are inequivalent the latter cannot be true, therefore A “ 0 meaning that εqλ1
εqλ2

“ 0. ■

Lemma 2.83: For a given T1, T2 P STpλq if T1 ‰ T2 and lpπpTλ, T1qq ě lpπpTλ, T2qq then εqT1
εqT2

“ 0.

Proof : Let x1 “ hpTλ, T1q and y1 “ hpTλ, T1q. Similarly define x2 “ hpTλ, T2q and y2 “ hpTλ, T2q.

Thus we may write

εqT1
εqT2

“ x1c
q
λx

´1
1 y1r

q
λy

´1
1 x2c

q
λx

´1
2 y2r

q
λy

´1
2 .

Therefore it would be enough to show that rqλy
´1
1 x2c

q
λ “ 0. First, we have proven in Proposition 2.33

that for any T P STpλq we have lpx2q ` lpy2q “ lpy1q ` lpx1q “ lpπpTλ, T
λqq. Furthermore, by Lemma

2.16 we have that lpy´1
1 x2q ď lpy1q ` lpx2q and our assumption of the lemma is that lpy1q ě lpx2q and

hence

lpy´1
1 x2q ď lpy1q ` lpx2q ď lpπpTλ, T

λqq.

Let A “ tab | a ď hpTλ, T1q and b ď hpTλ, T2qu then by Proposition 2.47 we have that

y´1
1 x2 “

ÿ

gPA

aghpgq.

Note that for all y´1x2 ‰ g P A we have that g ă y´1
1 x2. Since y

´1
1 x2 ‰ πpTλ, Tλq then we have

AXHλhpπpTλ, TλqHλ “ H.

Therefore we for any g P A we use Lemma 2.34 and repeat the same proof for Proposition 2.75.

Namely we assume hpπpTλ, T
λqqg P A and we show that rqλhpπpTλ, T

λqqgcqλ “ 0. Which shows that

for any rqλy
´1
1 x2c

q
λ “ 0. ■
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In Chapter 1 we ordered STpλq such that if T1 ă T2 then εT1
εT2

“ 0. Lemma 2.83 shows that we

may order STpλq similarly with εqT1
εqT2

“ 0. We will finish this section by computing all the Specht

modules for HqpS3q.

Example 2.84: For the case for S3 we have three partitions of 3. They are given by λ1 “ p3q,

λ2 “ p2, 1q, and λ3 “ p1, 1, 1q. We give Tλ and Tλ for all all of these partitions below:

Tλ1 “ Tλ1 “ 1 2 3 Tλ2 “
1 2

3
Tλ2 “

1 3

2
Tλ3 “ Tλ3 “

1

2

3

We will compute Sq
λ1
, Sq

λ3
, and Sq

λ2
in this order. For each of these let T “ Tλ, x “ πpTλ, T q,

s1 “ p12q and s2 “ p23q .

1. For Sq
λ1
, note that RpTλq “ S3 and CpTλq “ t1u. Therefore cqλ “ 1 and rqλ is given by

rqλ “
ř

gPS3
hpgq. In this case x “ 1 as Tλ1 “ Tλ2 which gives us εqλ “ rqλ. Since dimR S

q
λ1

“

dim𝓀 Sλ1
“ 1 then we have that Sq

λ “ Rεqλ “ Rrqλ. By Proposition 2.71 we have that for

any g P S3 we have hpgqrqλ “ qlpgqrqλ. This gives us the trivial representation for HpS3q as

expected.

2. Similarly for Sq
λ3

we have that x “ y “ 1 and RpTλq “ t1u. Therefore we have cqλ “

ř

gPS3
p´qq´lpgq which gives εqλ “ cqλ. Since Sq

λ3
has dimension 1 this gives us the sign repre-

sentation for HpS3q as gcqλ “ p´1qlpgqcqλ.

3. For the last representation we have two standard tableaux over λ2. This means that dimR S
q
λ2

“

2. Here x “ πpTλ, Tλq “ s2. Furthermore CpTλq “ RpTλq “ t1, s1u. We compute cqλ “

1 ´ q´1hps1q and rqλ “ 1 ` hps1q giving us

εqλ “ hps2qp1 ´ q´1hps1qqhps2q´1p1 ` hps1qq “ 2 ` p1 ´ q´1qhps1q

Furthermore by Theorem 2.80 we have that a basis for Sλ2 is given by B “ tεqlm2
, hps2qεqλ2

u.

We give the matrix associated with hps1q and hps2q bellow.

hps1q “

¨

˝

q2 q3 ´ q2 ` q ´ 1

´q ´q2 ` q ´ 1

˛

‚ hps2q “

¨

˝

0 q

1 q ´ 1

˛

‚
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Chapter 3

symmetric polynomials and

Symmetrizing Operators

We will dedicate this Chapter to studying the structure of a polynomial ring P “ 𝓀rx1, . . . , xns as a

module over the ring of symmetric polynomials. As an application, we present a known polynomial

representation of the Hecke algebras of type A (see [21]). Using the machinery obtained from these

constructions, we will obtain a representation of the Hecke algebra of Type B over the ring of Laurent

polynomials. Beginning with Section 3.1 we will define pseudo-reflection groups and their actions on

P. We state the Chevalley-Shephard-Todd Theorem on the structure of P as a module over PG,

where G is the reflection group. We also define the coinvariant algebra PG and study its structure as

a G-module. In Sections 3.2 and 3.3 we study the special case G “ Sn where the subring of invariants

is called the ring of symmetric polynomials, denoted by Sym. We give a basis for P as a Sym-

module, and we discuss various symmetrizing operators such as the divided difference and Demazure

operators. We will be generalizing all results obtained in the case where G “ Sn acting on P, to the

case where G is the Hyperoctahedral group Wn acting on the ring of Laurent polynomials. We will

be generalizing the coinvariant algebra, and the symmetrizing operators to the Laurent polynomials.

Using this material in Section 3.4, we construct a representation of the Hecke algebra HqpSnq over

P. We also discuss a way to represent the Hecke algebra Hq,ppWnq over the Laurent polynomials.

Section 3.1: Reflection Groups

Throughout this Chapter we fix a field 𝓀 of characteristic 0. Consider a vector space V over 𝓀. Given

a linear map r P GLpV q, we call r a pseudo-reflection if dimkerpr´ Iq “ dimV ´ 1 and rd “ I for

some d ě 2. A pseudo-reflection R is called a true reflection if r2 “ I. If a subgroup of GLpV q is

generated by pseudo-reflections we call it a pseudo-reflection group. If the subgroup is generated

by true reflections then we call it a reflection group.
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Example 3.1: Let tv1, . . . , vnu be a basis for V . Then one can consider Sn as a subgroup of GLpV q

composed of permutations of the basis of V . Consider a transposition si which swaps vi and vi`1.

We can show that si is in fact a reflection. First we compute what si ´ I does to the basis elements:

psi ´ Iqpvjq “

$

’

’

’

&

’

’

’

%

0 if j ‰ i, i` 1

vi`1 ´ vi if j “ i

vi ´ vi`1 if j “ i` 1

From the above computation kerpsi ´ Iq “ xtvj | j ‰ i, i ` 1u
Ť

tvi ` vi`1uy thus dimkerpsi ´ Iq “

n ´ 1 “ dimV ´ 1. Since Sn is in fact generated by transpositions, it follows that Sn is a reflection

group.

Pseudo-reflection groups have been extensively studied, and they have important connections to the

theory of polynomial invariants. The structure of the subring of invariants under a pseudo-reflection

group is given by a really powerful theorem due to G. C Shephard and J. A. Todd in [28] which was

further expanded by C. Chevalley in [9]. To state this theorem, we first introduce some notation.

Let V be the vector space spanned by the variables tx1, . . . , xnu of P . For a given v P V and p P P

where v “ pv1, . . . , vnq, we have that ppvq “ ppv1, . . . , vnq. For a given matrix g P GLpV q we can

define the action of g on a polynomial via the formula g ¨ ppvq “ ppg´1vq. Thus, for a given subgroup

G Ď GLpV q we define its invariant ring to be

PG “ tp P P | g ¨ p “ p@g P Gu.

Definition 3.2: Let MG be the ideal generated by all the polynomials f P PG with no constant

term. Then the coinvariant algebra of G over P is defined as PG :“ P{MG.

The following result, known as the Chevalley-Shephard-Todd Theorem (CST), shows the connec-

tion between invariant subrings and pseudo-reflection groups:

Theorem 3.3: If G is a finite subgroup of GLpV q then the following are equivalent:

1. G is a pseudo-reflection group.

2. PG is isomorphic to a polynomial algebra with n variables.

3. P is a free module of finite rank over PG.

4. P – PG b PG

Now let G be a pseudo-reflection group. By Theorem 3.3 we may find algebraically independent

homogeneous polynomials f1, . . . , fn P PG such thatPG “ 𝓀rf1, . . . , fns. Therefore, by the definition

of the coinvariant algebra we can see that PG “ P{pf1, . . . , fnq. Recall that for a commutative ring

R and a group G we use RG to denote the group ring of G over R. Let di :“ deg fi.
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Theorem 3.4: Let G be a finite pseudo-reflection group in GLpV q. Then the following hold:

1. |G| “ d1 ¨ ¨ ¨ dn

2. As G-representations we have P – PG b𝓀 𝓀G and PG – 𝓀G.

For a proof of the above theorems see [8, Chap. 4.1]. Given a pseudo-reflection group G over V we may

ask two important questions: what invariant algebraically independent polynomials f1, . . . , fn P PG

do satisfy PG “ 𝓀rf1, . . . , fns, and what is a basis for P as a PG-module? In Section 1.2 we aim at

answering these questions when G is the permutation group Sn as realized in Example 3.1.

Section 3.2: Ring of Symmetric Polynomials

We discussed in Example 3.1 that Sn is a reflection group acting on an n-dimensional vector space

V . This defines an action of Sn on P in the following way: for a given permutation σ P Sn and

a polynomial p P P we define σ ¨ ppx1, . . . , xnq “ ppxσp1q, . . . , xσpnqq. We denote the subring of

polynomials which are invariant under this action of Sn by Sym “ tp P P |σp “ p@σ P Snu and we

will call this the subring of symmetric polynomials. Thus, we can apply Chevallay-Shephard-Todd

(Theorem 3.3) to obtain the following result:

Corollary 3.5: The following hold for P and Sym.

• There exist algebraically independent f1, . . . , fn P P such that Sym “ 𝓀rf1, . . . , fns.

• P is a free and finitely generated Sym module.

There are multiple ways to choose f1, . . . , fn P P satisfying the properties given in Corollary 3.5. As

well as to choose a basis of P over Sym. This study of symmetric polynomials and their relationship

to the structure of the polynomial ring has been well studied, with considerable applications to and

from the combinatorics of Sn and partitions. We will present in this section a study on the structure

of Sym and its relation to P.

Subsection 3.2: Polynomial Ring Structure of Sym

We begin this section by studying a particular generating set of Sym and its connection to combi-

natorics. Consider the polynomial ring 𝓀rt, x1, . . . , xns and the element F “ pt ` x1q ¨ ¨ ¨ pt ` xnq.

Then clearly F is invariant under permutations of the variables tx1, . . . , xnu. We can expand F as a

polynomial with variable t and coefficients in 𝓀rx1, . . . , xns. For each 0 ď i ď n we denote ei to be

the coefficient of ti such that:

F “

n
ÿ

i“0

eipx1, . . . , xnqtn´i
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Since F is invariant under permutations of the variables tx1, . . . , xnu, the polynomials eipx1, . . . , xnq

are symmetric for each 0 ď i ď n. These symmetric polynomials are called the elementary sym-

metric polynomials and they serve the purpose for Corollary 3.5. Let Spm,nq be the set of all

subsets of t1, . . . , nu of cardinality m. By expanding F we can give an explicit formula for each

elementary symmetric polynomial ej for 1 ď j ď n:

ejpx1, . . . , xnq “
ÿ

APSpj,nq

˜

ź

iPA

xi

¸

. (3.1)

It is known that the elementary symmetric polynomials do satisfy the conditions in Corollary 3.5 as

a consequence of the Fundamental Theorem of symmetric polynomials. We give this theorem

and an algorithmic proof due to Gauss, as is found in [10, Chapter 7.1, Theorem 3]. However, to

show the uniqueness part of the proof, we will make a simpler and more conceptual argument than

the proof found in [10].

Theorem 3.6: Given a symmetric polynomial f P Sym there exists a unique polynomial F P P such

that f “ F pe1, . . . , enq.

Proof : First, consider the lexicographical ordering on the monomials of P “ 𝓀rx1, . . . , xns where

xi ą xj if i ă j. Recall that the lexicographical order is a well ordering of the monomials of

P where given two monomials m1 “ xd1
1 ¨ ¨ ¨xdn

n and m2 “ xl11 ¨ ¨ ¨xlnn we have that m1 ă m2 if

pd1, . . . , dnq ă pl1, . . . , lnq according to the lexicographical ordering of Nn. Using this, consider any

symmetric polynomial f P Sym, denote LT pfq to be the leading term of f under this lexicographical

ordering. Note that LT pfq “ cxd1
1 ¨ ¨ ¨xdn

n where d1 ě ¨ ¨ ¨ ě dn. Otherwise, there would be a

permutation σ P Sn where dσp1q ě ¨ ¨ ¨ ě dσpkq and since f is symmetric then σpLT pfqq is a term in

f with σpLT pfqq ą LT pfq which is a contradiction. Now define a symmetric polynomial g given in

the following way:

g “ ced1´d2
1 ¨ ¨ ¨ e

dn´1´dn

n´1 edn
n

Then we have LT pcgq “ cLT pe1qd1´d2 ¨ ¨ ¨LT penqdn “ cxd1
1 ¨ ¨ ¨xdn

n “ LT pfq, since the leading term

of polynomials is multiplicative, we have Next, consider a new polynomial f1 “ f ´ g. Since both f

and g have the same leading term then degpf1q ă degpfq. Furthermore, both f and g are symmetric,

so f1 must also be symmetric. Continuing this process and constructing gi for each fi, we obtain

a sequence of symmetric polynomials pf, f1, f2, . . .q and pg, g1, g2, . . .q. Since degpfi`1q ă degpfiq

it must be the case that this sequence stops at some value k so that fk`1 “ 0 and we obtain

f “ cg ` c1g1 ` ¨ ¨ ¨ ` ckgk. By construction, each gi is a polynomial in e1, . . . , ek and thus f must

also be a polynomial in e1, . . . , ek.

Now we show uniqueness. Consider another polynomial ring P1 “ 𝓀ry1, . . . , yns and consider the
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map φ : yi ÞÑ ei which gives a homomorphism from P1 to P. The argument above shows that all

symmetric polynomials lie in the image of this morphism, we show uniqueness by showing this map is

in fact injective. We will prove this by contradiction. Consider two polynomials g1, g2 P P1 such that

φpg1q “ φpg2q with g :“ g1 ´ g2 ‰ 0 in P1 however the image of g P kerφ. The polynomial g induces

a map g̃ : 𝓀n Ñ 𝓀 where g̃pe1pt1, . . . , tnq, . . . , enpt1, . . . , tnqq “ 0 for all points pt1, . . . , tnq P 𝓀n.

Since g ‰ 0 then g̃ ‰ 0. We can give a geometric argument will lead to a contradiction. First let

f : 𝓀n Ñ 𝓀n be defined by fpT q “ pe1pT q, . . . , enpT qq, where eipT q is the evaluation of ei at a point

T P 𝓀n. Let k be the algebraic closure of 𝓀, what we will show is that the image Impfq Ď 𝓀n
has

the property that the Zariski closure CpImpfqq “ k
n
. First, we consider an extension f˚ : 𝓀n

Ñ 𝓀n

of f where f˚pT q “ pe1pT q, . . . , enpT qq for all T P 𝓀n
. Next we show that f˚ is surjective. Consider

any point pa0, . . . , an´1q P k
n
and consider the polynomial:

F “ tn ` an´1t
n´1 ` ¨ ¨ ¨ ` a0

Since 𝓀 is algebraically closed, then F completely splits with F “ pt´ r1q ¨ ¨ ¨ pt´ rnq. However, it is

easy to see that eipr0, . . . , rn´1q “ ai. This means that f˚pr1, . . . rnq “ pa0, . . . , an´1q. This shows

that Impf˚q “ k
n
. Since g vanishes on the image of f , hence g̃ vanishes on all of CpImpfqq “ k

n
. In

other words g̃ “ 0, therefore g “ 0, which is a contradiction. ■

Corollary 3.7: The set of elementary symmetric polynomials is an algebraically independent set,

and it forms a generating set for Sym.

The result above gives a concrete description of the first part of Corollary 3.5. More specifically, it gives

a concrete description of the polynomials f1, . . . , fn. We can state that PSn “ Sym “ 𝓀re1, . . . , ens.

There are other known choices for a generating set of Sym, an example of which is the power sum

symmetric polynomials. We define the j’th power sum as the following:

pj “

n
ÿ

i“1

xji

Lemma 3.8: Define the e0 “ 1 as the 0’th elementary symmetric polynomial. For any 1 ď j ď n

the following formula holds

ej “

j
ÿ

i“1

ej´ipi (3.2)

The set of equations above relating both polynomials is known as Newton’s Identity. This result

is well known, (see [10, Chap. 7, Thm. 8]). These identities show that one may use tp1, . . . , pnu as

a generating set for Sym. So far, we have discussed two generating sets for the ring of symmetric

polynomials. We will next give a generalization of both elementary symmetric polynomials and power

sums which will serve as a basis of Sym over k.
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Definition 3.9: Define a word of length n to be a sequence a “ pa1, . . . , anq of non-negative integers.

We define the monomial xa “ xa1
1 ¨ ¨ ¨xan

n .

Definition 3.10: Given a word a let Opaq be all the distinct permutations of a. In other words

Opaq “ tpaπp1q, . . . , aπpnqq |π P Snu. We define the monomial symmetric polynomials indexed by

a as the following:

ma “
ÿ

bPSpaq

xb

Example 3.11: Given a “ p3, 3, 1q then Opaq “ tp3, 3, 1q, p3, 1, 3q, p1, 3, 3qu which is the orbit of a

under the action of Sn. Thus the monomial symmetric polynomial indexed by a is:

mp3,3,1q “ x31x
3
2x3 ` x31x2x

3
3 ` x1x

3
2x

3
3

Proposition 3.12: The elementary symmetric polynomials and the power sums are monomial sym-

metric polynomials.

Proof : Let vk “ p1k, 0n´kq consisting of k consecutive ones and n ´ k consecutive zeroes, and let

Opvkq be the orbit of vk. Furthermore, consider the set Spk, nq “ ts Ď t1, . . . , nu | |s| “ ku as

in Formula 3.1 for the elementary symmetric polynomials. We can show that mvk “ ek with the

following computation:

mvk “
ÿ

aPOpvkq

xa1
1 ¨ ¨ ¨xan

n “
ÿ

sPSpk,nq

xs1 ¨ ¨ ¨xsk “ ek

For the power sums, consider the partition lk “ pk, 0n´1q. We follow a similar computation as above:

mlk “

n
ÿ

i“1

xki “ pk ■

Lemma 3.13: The monomial symmetric functions span Sym over 𝓀.

Proof : Consider f P Sym and let Mpfq be the set of all monomials appearing in f . This means

that f “
ř

mPMpfq cmm. Pick a monomial m1 P Mpfq. Since f is symmetric, given π P Sn we have

that c1pπpm1qq is also a term in f . If m1 “ xA1 for some word A1, then the orbit of Sn on m1 is by

definition mA1 . Define f1 “ f and g1 “ 0, define f2 “ f1 ´ c1mA1 and g2 “ g1 ` c1mA1 . We may

repeat the same process for f2 and g2 creating a f2 “ f ´ c1mA1
´ c2mA2

and g2 “ c1mA1
` c2mA2

.

Repeating this process, we note that |Mpfiq| ą |Mpfi`1q| if fi ‰ 0. Because of this, there must exist

a minimal integer j ą 0 such that fj “ 0. This way we have that

gj “ c1mA1 ` ¨ ¨ ¨ ` cjmAj and fj´1 ´ cjmAj “ f ´ gj “ 0

This means that f “ gj . However, as gj is by construction a combination of monomial symmetric
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polynomials, then so is f . ■

We have now three families of symmetric polynomials; the elementary symmetric polynomials, the

Power sum polynomials, and the monomial symmetric polynomials. Next we will construct a basis

of P as a free Sym-module called the descent monomials. We will be making use of the monomial

symmetric polynomials to show that the descent monomials are in fact a basis of P.

Subsection 3.2: Basis of P over Sym

So far we have found two generating sets of Sym, which give specific instances of the polynomials

f1, . . . , fn in Corollary 3.5. We use these to explicitly define the coinvariant algebra of Sn. Consider

the ideal Sym` of P generated by all symmetric polynomials with no constant term. Using the

elementary symmetric polynomials or the power sums we obtain Sym` “ pe1, . . . , enq “ pp1, . . . , pnq,

which implies that the coinvariant algebra for Sn is given by C “ P{Sym`. By the Chevalley-

Shephard-Todd (see Theorems 3.3 and 3.4) we have that C is a finite dimensional vector space over

𝓀 with dim𝓀pCq “ n!. There is a well known monomial basis called the descent monomial basis

for the coinvariant algebra. An elementary proof that this set of monomials are a basis is given by

E. Allen in [2, Section 1].

Definition 3.14: For a permutation σ P Sn the descent set of σ is defined as

Dpσq “ t1 ď i ď n´ 1 |σpiq ą σpi` 1qu.

We define the descent monomial associated with σ in the following way:

xσ “
ź

iPDpσq

ź

1ďjďi

xσpjq

We will later prove that the set txσ |σ P Snu does indeed form a basis for P over Sym and conse-

quently a basis for C over 𝓀. If we assume this is true for now, we can explicitly compute the cases

for S2 and S3.

Example 3.15: For S2 it is clear that there are only two permutations te, σu, whose descents are

Dpeq “ H and Dpσq “ t1u. We conclude that the following is the descent basis for 𝓀rx1, x2s over its

ring of symmetric polynomials 𝓀rx1 ` x2, x1x2s.

xe “ 1 xσ “ x2

Example 3.16: When considering S3 we have 6 permutations. Thus similar to the calculation above,

we compute the descent set and basis elements below:

In order to prove that the descent monomials do indeed form a basis we will need to define an
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permutation descents xσ
p1, 2, 3q H 1
p2, 1, 3q t1u x2
p1, 3, 2q t2u x1x3
p3, 2, 1q t1, 2u x2x

2
3

p2, 3, 1q t2u x2x3
p3, 1, 2q t1u x3

operation on words of length n called the charge, which we will use to relate any given monomial to

a descent monomial.

Definition 3.17: For a given word a “ pa1, . . . , anq let b1 ď ¨ ¨ ¨ ď bn be a sorted list of all integers

in a. Let ppjq be the integer where appjq “ bj such that if bj “ bj`1 then ppjq ą ppj ` 1q. This

means that if there are repeated values bj “ bj`1 “ ¨ ¨ ¨ “ bj`k then ppjq is the rightmost position in

a such that the value bj occurs. With this enumeration, define the co-charge Jpaq “ pJ1, . . . , Jnq

recursively in the following fashion.

1. Jpp1q “ 0.

2. if ppi` 1q ă ppiq then Jppi`1q “ Jppiq, otherwise Jppi`1q “ Jppiq ` 1.

Example 3.18: Consider a “ p5, 2, 1, 3, 1, 2q. The sorted list of integers in a is given by b “

p1, 1, 2, 2, 3, 5q. Note that 1 and 2 appear repeatedly and we account for this in our enumeration p of

a. The first instance of the number is the rightmost position that it is written in, making the enu-

meration p “ p5, 3, 6, 2, 4, 1q. So that app1q “ a5 “ 1 “ b1 where this is the 5 is the position of the first

instance of 1 on a, reading from right to left. Therefore, Jpaq is the list pJ1, . . . , J6q “ p2, 1, 0, 2, 0, 1q

.

Definition 3.19: Given a word a “ pa1, . . . , anq and cocharge Jpaq “ pJ1, . . . , Jnq, we define the

charge Ipaq :“ a´ Jpaq “ pa1 ´ J1, . . . , an ´ Jnq.

The pair of the charge and co-charge splits a word a into two components a ÞÑ pIpaq, Jpaqq. This

map is in fact injective, since if a ‰ b then the pairs pIpaq, Jpaqq and pIpbq, Jpbqq have the property

that Ipaq ` Jpaq “ a and Ipbq ` Jpbq “ b (here the addition is entry-wise addition between the two

words of same length).Thus the pairs are not equal. This splitting of a pair will be useful to relate

monomials to descent monomials and symmetric polynomials. Before we show this, we must first

define an ordering on the words of a fixed length. Given a word a “ pa1, . . . , anq, define ā to be a

permutation of a such that āi ě āi`1. Given a and b, we say that a ă b if:

1. ā ă b̄ (here ă refers to the lexicographical ordering)

2. or ā “ b̄ and a ă b.

Proposition 3.20: The ordering “ă” is a total ordering on the set of words of a fixed length.
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Proof : The proof of the above is almost trivial as the lexicographical ordering is a total ordering,

and we would only fall into three cases ā “ b̄, ā ă b̄ or b̄ ă ā. In either case we would be able to

compare a and b using the ă ordering. ■

Proposition 3.21: For any given word a, the monomial xJpaq is a descent monomial.

Proof : [2, Th 2.1] Let Jpaq “ pJ1, . . . , Jnq. Since the co-charge is built by adding 1 consecutively,

starting from 0, and the addition only depends on the position of the next integer it is easy to see

that 0 ď Ji ď n ´ 1 for any i. Let k “ maxtJ1, . . . , Jnu and define Bpjq “ ti | Ji “ ju. Consider

Bpjq “ tl1, . . . , lku where li ă li`1 then define B̄pjq “ pl1, . . . , lkq. Now for each 1 ď j ď k we

have constructed the ordered list B̄pjq of elements in Bpjq. Define B “ B̃pkq 9Y ¨ ¨ ¨ 9YB̃p0q, where

B̃piq 9YB̄pi ` 1q means joining both lists via concatenation in this particular order. Note that B is a

re-ordering of the positions in Jpaq. Let π be the permutation such that pJπp1q, . . . , Jπpnqq “ B. Our

goal is to show that xJpaq “ xπ.

Let B̃piq “ pl1, . . . , lpq and B̃pi ´ 1q “ pw1, . . . , wqq. Note that w1 corresponds to the left-most

position such that Jpaqw1
“ i ´ 1, and lp corresponds to the right-most position where Jpaqlp “ i.

By the construction of the co-charge it must be that w1 ă lp. Define b̄piq “ maxBpiq and let

1 ď pi ď n be the integer such that πppiq “ b̄piq. Then by the above argument the descent set

Dpπq “ tpi | k ě i ě 1u. This guarantees that if l P Bpiq then the exponent of xl in xπ is i. We can

see this from the definition of the descent monomials that

xπ “
ź

bPDpπq

pxπp1q ¨ ¨ ¨xπpbqq “
ź

1ďiďk

pxπp1q ¨ ¨ ¨xπppiqq.

Let pi´1 ă j ď pi then the number of times πpjq appears is exactly i times in xπ. Since if l P Bpiq

then there exists pi´1 ă j ď pi where πpjq “ l, which shows that we needed. It is easy to check that

the same applies for xJpaq, since l P Bpiq then the exponent of xl must be i. Therefore, since the

exponents match for each variable in both xJpaq and xπ then xJpaq “ xπ. ■

Theorem 3.22: For any word a we have the following:

mIpaqx
Jpaq “ xa `

ÿ

băa

cbx
b

Proof : [2, Proposition 2.1] Denote fixpaq to be the stabilizer of a under the action of Sn. We will

further set Cpaq to be a set of right coset representatives of Sn{fixpaq. Using Cpaq we describe the

orbit of a by the action of Sn as Opaq “ tπpaq |π P Cpaqu. Set J “ Jpaq and I “ Ipbq “ a´ J . Then

clearly mI “
ř

πPCpIq x
πpIq. Using this description of mI we may write mIx

J in the following way;
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mIx
J “

ÿ

πPCpIq

xπpIqxJ “
ÿ

πPCpIq

xπpIq`J

Therefore, to prove our statement, it suffices to show that if π P CpIq is not the identity then

πpIq ` J ă a. We may then assume that π is not in fixpIq. There are two cases to consider: either

π P σfixpJq for some σ P fixpIq or not. If we assume that π P σfixpJq then π “ σν where ν P fixpJq.

Then we may decompose πpIq ` J “ σpI ` Jq “ σpaq. Therefore, πpIq ` J “ a as πpIq ` J and a are

a permutation of each other. By the definition of the co-charge, if i ă j and Ji “ Jj , then ai ě aj

and Ii ě Ij . Since σ does not fix I there must exist elements ai and aj described as above but ai ă aj

such that πpaiq “ aj . This means that πpIiq “ Ij and thus pπpJq ` Iqi ă paqi and this means that

pπpJq ` Iq ă a lexicographically proving that pπpJq ` Iq ă a.

The second case gives π R σfixpIq for any σ P fixpJq. This means that π must permute entries

in a which have different values in the co-charge J . Consider ak “ maxtai |πpJiq ‰ Jiu. In other

words, ak is the largest integer occurring in a where ak and πpakq have different corresponding co-

charge values. We let ai and aj be such that πpakq “ ai and πpajq “ ak. Since ak is the largest integer

for which ak and πpakq have different co-charge values, it is clear that ak ą ai, aj and Ik ą Ii, Ij .

With this we obtain the following:

pπpIq ` Jqk “ paj ´ Jj ` Jkq ă ak ´ Jk ` Jk “ ak

Consequently it is easy to see that on the cycle containing ak all elements are less then ak. This

means that πpIq ` J ă a lexicographically. Therefore pπpIq ` Jq ă J as desired. ■

Corollary 3.23: The set tmλxσ | lpλq “ n and σ P snu spans P as a vector space over 𝓀.

Proof : This is a known result (see [2, Section 2]) we give a proof here. Consider an enumeration

ta1, a2, a3, . . .u of words of length n where if i ă j then ai ă aj . Using this, we consider an ordering

of the monomial of P, given by xai ă xaj if and only if i ă j. Clearly a1 “ p0, 0, . . . , 0q. Using this

enumeration we can show this via induction on index of ta1, a2, . . .u given above. For our base case,

xa1 “ 1 “ ma1xe where e is the identity permutation. Thus, let us assume that the claim works for

all monomials up to xak . Note that we may write xak`1 in the following way using Theorem 3.22.

xak`1 “ mIpak`1qx
Jpak´1q ´

k
ÿ

i“1

cix
ai

From Proposition 3.21 and the induction hypothesis, we have that the right-hand side is a linear

combination of elements of the form mλxσ for σ P Sn and λ a word of length n. ■

Corollary 3.24: The set tea1
1 ¨ ¨ ¨ ean

n xσ |σ P Sn and a1, . . . , an ě 0u is a spanning set for P over 𝓀.
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Proof : This is trivial from Corollary 3.24 using fact that tea1
1 ¨ ¨ ¨ ean

n | a1, . . . , an ě 0u and tmλ | lpλq “

nu are spanning sets for Sym over 𝓀. ■

Definition 3.25: Let R be a graded ring over 𝓀 where R “ ‘8
i“0Ri and dim𝓀pRiq “ di. Then the

Hilbert series of R is the following power series hpRq “
ř8

i“0 dit
i.

To show why the above result is important, we present a theorem presented by E. Allen in [2], the

proof of which is given by A. Garcia in [17, Proposition 1.2].

Theorem 3.26: Let R be a graded ring over 𝓀 and fix homogeneous elements f1, . . . , fn P R with

degpfiq ą 0 and define H :“ R{pf1, . . . , fnq.Assume that there are elements b1, . . . , bk P R that satisfy

the following:

hpRq “

˜

k
ÿ

1“1

tdegpbiq

¸

{

n
ź

i“1

`

1 ´ tdeg fi
˘

Then the following statements are equivalent:

1. tfa1
1 ¨ ¨ ¨ fan

n bi | 1 ď i ď k and a1, . . . ai ě 0u spans R over 𝓀.

2. f1, . . . , fn are algebraically independent over 𝓀, and R is a free module over 𝓀rf1, . . . , fns with

basis tb1, . . . , bku.

3. b1, . . . , bk is a basis of H over 𝓀.

If we can show that the elementary symmetric polynomials te1, . . . , enu and the descent monomials

txσ |σ P Snu satisfy the condition of the Hilbert series in Theorem 3.26 then using Corollary 3.24 we

can deduce that the descent monomials are a basis for P over Sym. We will present one last result

before continuing with this proof. this is a classical result by P. A. MacMahon (see [27, Formula 1.2]).

Proposition 3.27: For a permutation σ P Sn we define dpσq “
ř

iPDpσq i. The following equation

holds

ÿ

πPSn

tdpπq “

n´1
ź

i“1

p1 ` t` ¨ ¨ ¨ tiq.

Theorem 3.28: The set txπ |π P Snu is a basis for P as a module over Sym and for C as a vector

space over 𝓀.

Proof : (See [2, Section 2]). First we show that it satisfies the conditions for the Hilbert series

as stated in Theorem 3.26. It is clear that for an elementary symmetric polynomial ej the degree

degpejq “ j. Let σ P Sn with descent set Dpσq “ ti |σpiq ą σpi` 1qu then
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degpxσq “ deg

¨

˝

ź

iPDpσq

pxσp1q ¨ ¨ ¨xσpiqq

˛

‚“
ÿ

iPDpσq

i “ dpσq.

Now using Proposition 3.27 we show the Hilbert series condition:

˜

ÿ

σ

tdegpxσq

¸

{

n
ź

i“1

`

1 ´ tdeg ei
˘

“

˜

ÿ

σ

tdpσq

¸

{

n
ź

i“1

p1 ´ tnq

“

˜

n
ź

i“1

p1 ` t` ¨ ¨ ¨ ` tiq

¸

{

˜

p1 ´ tqn
n
ź

i“1

p1 ` t` ¨ ¨ ¨ ` tiq

¸

“
1

p1 ´ tqn

The Hilbert series of P is known to be 1{p1 ´ tqn. Therefore, the above computation shows that

using the elementary symmetric polynomials and the descent monomials, we satisfy the conditions for

Theorem 3.26. With Corollary 3.24 satisfying one of the equivalent conditions we obtain the result

we needed. ■

Subsection 3.2: Wn Action on Laurent Polynomials

So far, by making use of the action of Sn onP and the Chevalley-Shephard-Todd Theorem (Theorems

3.3 and 3.4), we have proven strong results involving P as a Sym-module. We may summarize these

results in the following points:

1. Sym “ 𝓀re1, . . . , ens, where ei is the i’th elementary symmetric polynomial.

2. P is a free module of finite rank over Sym.

3. We constructed a basis txσ |σ P Snu for P over Sym (and C over 𝓀).

We would like to generalize some of these results to the action of the Hyperoctahedral group Wn on

the ring of Laurent polynomials L “ 𝓀rx˘1
1 , . . . , x˘1

n s. In this section we define an action of Wn on

L and define its invariant subring LSym :“ tf P L |w ¨ f “ f for w P Wnu which we will call the

symmetric Laurent polynomials. We claim that the relation between L and LSym is similar to

P and Sym, where L is a free module of finite rank over LSym. In this section, we will describe a

generating set of LSym, using a generalization of the elementary symmetric polynomials. We will

also construct a basis of L over LSym using the descent monomials. Furthermore, we will be able

to construct a version of the coinvariant algebra LC for the Wn action over L. Before we start with

this, we must discuss a generalization of the earlier results in this Chapter. This will help us build

the results for the Laurent polynomials.

Definition 3.29: Let Sn act on r1, ns “ t1, . . . , nu and partition r1, ns into k non-empty, pairwise

non-intersecting sets I1, . . . Ik. We define SIj as the set of permutations that only permute elements

of Ij . We call the subgroup G “ SI1 ˆ ¨ ¨ ¨SIk a Young subgroup.
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Proposition 3.30: Let I1, . . . , Ik be a partitioning of the set r1, ns with ni “ |Ii|. Then the Young

subgroup SI1 ˆ ¨ ¨ ¨ ˆ SIk – Sn1
ˆ ¨ ¨ ¨ ˆ Snk

The proof for the above claim is trivial, as each component is defined as all possible permutations

of the set Ij . Clearly any Young subgroup G is a reflection group and thus PG is isomorphic to a

polynomial ring with P a free module of finite rank over PG. We will briefly mention how to find a

generating set of PG and a basis for P over PG.

Definition 3.31: Let X Ď tx1, . . . , xnu be a subset of the variables. We define SympXq as the

polynomials in P which are invariant under the permutation of elements in X.

Remark 3.32: We may drop the set notation when referring to SympXq. So that if we consider

tx1, x3u Ă tx1, x2, x3u then Sympx1, x3q “ Symptx1, x3uq.

Example 3.33: Consider X “ tx1, x3u Ă tx1, x2, x3u. Then SympXq “ Sympx1, x3q are polynomi-

als which are symmetric in the x1 and x3 variables. Clearly if we let φ : 𝓀ry1, y2s Ñ 𝓀rx1, x2, x3s

with φpy1q “ x1 and φpy2q “ x3 then Sympy1, y2q – 𝓀ry1 ` y2, y1y2s using the elementary symmetric

polynomials over y1, y2. Using φ we can uncover that Sympx1, x3q “ 𝓀rx1 ` x3, x1x3, x2s. One can

easily generalize this example into actions of any Young subgroup.

Lemma 3.34: Let I1, . . . Ik be a partition of t1, . . . , nu and G be the Young subgroup associated with

it. Let di “ |Ii| and Xi “ txj | j P Iiu so that Sdi can be identified with the subgroup of Sn which

only permutes variables in Xi. Then we have the isomorphism PG – 𝓀rX1sSd1 b ¨ ¨ ¨ b 𝓀rXksSdk .

Furthermore, define e
pdiq

j to be the j’th elementary symmetric polynomial on the ring 𝓀ry1, . . . , ydi
s.

We write e
pdiq

j pXiq to be the evaluation of the polynomial e
pdiq

j at the variables from Xi. Then

𝓀rXis
Sdi is generated by te

pdiq

j | 1 ď j ď diu.

Proof : Part of this result is well known (see [4, Section 1]). We give a proof for this here. It is

well known that there exist an isomorphism φ : 𝓀rX1s b ¨ ¨ ¨ b 𝓀rXks Ñ P defined by φpf1 b ¨ ¨ ¨ b

fkq “ f1 ¨ ¨ ¨ fk. It is clear that Sdi can be identified with the subgroup of G which only permutes

the variables in Xi and acts like the identity on all other variables. Therefore, one can see that

φp𝓀rX1sSd1 b ¨ ¨ ¨ b 𝓀rXksSdk q Ď PG. To see it in the other direction, pick any polynomial f P PG

and consider a monomial xa which appears in f . Note that we may factor this monomial in the

following way xa “ m1 ¨ ¨ ¨mk where each mi only contain the variables in Xi. Using this factorization

is easy to see that the orbit of xa over the action of G gives that the following term is a part of f :

mG “

k
ź

i“1

¨

˝

ÿ

σPSdi

σpmiq

˛

‚
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One can see that mG “ f1 ¨ ¨ ¨ fk where fi P 𝓀rXis
Sdi . This shows the first statement. The second

statement is an immediate consequence of Theorem 3.6, since the 𝓀rXis
Sdi is generated by elementary

symmetric polynomials using the variables in Xi. ■

We have constructed an instance of a generating set for the subring invariant under the action of

any given Young subgroup G Ď Sn. The next question is to find a basis for P as a module over

PG. This is surprisingly easy to find. First, consider the following well known result [5, remark after

Proposition 2.12].

Lemma 3.35: Let R1, . . . , Rk be a family of 𝓀-algebras with Si Ď Ri such that Ri is a free module

of rank di over Si. Let Bi be a basis for Ri over Si. Let R “ R1 b𝓀 ¨ ¨ ¨b𝓀Rk and S “ S1 b𝓀 ¨ ¨ ¨b𝓀Sk,

then R is a free module over S with basis ta1 b ¨ ¨ ¨ b ak | ai P Biu

Corollary 3.36: Consider a Young subgroupG withXi and di defined as in Lemma 3.34. Then 𝓀rXis

is a free module of finite rank over 𝓀rXis
Sdi with the descent monomial as basis Mi “ tmi

σ |σ P Sdiu.

Then the set M “ tm1 ¨ ¨ ¨mk |mi P Miu is a basis for PG

Lemma 3.34 and Corollary 3.36 provides a generalization of our results about P as a Sym-module.

We may summarize these results in the following way; partition tx1, ¨ ¨ ¨ , xnu into the disjoint sets

X1, . . . , Xk, where |Xi| “ ni. Consider the action of G – Sn1
ˆ ¨ ¨ ¨ ˆ Snk

Ď Sn on P where Sni

permutes the variables Xi. For 1 ď i ď k we define e
piq
j to be the j’th elementary symmetric

polynomial on the subring 𝓀rXis. Similarly for 1 ď i ď j we consider Mi “ tmi
σ |σ P Sdi

u as a basis

of 𝓀rXis as a SympXiq-module. Then we have the following:

1. PG “ 𝓀re
p1q

1 , ¨ ¨ ¨ , e
p1q
n1 , ¨ ¨ ¨ , e

pkq

1 , ¨ ¨ ¨ , e
pkq
nk s.

2. tm1 ¨ ¨ ¨mk |mi P Miu is a basis of P as a PG-module.

Example 3.37: Let R “ 𝓀rx1, y1, . . . , xn, yns and let G “ S2 ˆ ¨ ¨ ¨ ˆ S2 act on R where the i’th

copy of S2 permutes xi and yi. Then by Lemma 3.34 we have that RG “ 𝓀rx1 ` y1, x1y1, . . . , xn `

yn, xnyns. Furthermore, 𝓀rx1, y1s is a free and finite rank module over 𝓀rx1, y1sS2 with basis t1, x1u.

Consequently by Corollary 3.36 we have that t
ś

sPS xs |S Ď t1, . . . , nuu is a basis for R as a RG-

module.

Definition 3.38: The ring of Laurent polynomials is defined as the following quotient:

L :“ 𝓀rx1, y1, . . . , xn, yns{px1y1 ´ 1, . . . , xnyn ´ 1q “ 𝓀rx˘1
1 , . . . , x˘n

n s.

Remark 3.39: Recall that the Hyperoctahedral group Wn is the subgroup of permutations on the

set t˘1, . . . ,˘nu such that if π P Wn then πp´kq “ ´πpkq.
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Proposition 3.40: For a given π P Wn and xi a generator of L we define

πpxiq “

$

’

&

’

%

xπpiq if πpiq ą 0

x´1
´πpiq otherwise.

This map extends to an action of Wn on L

Proof : By Proposition 1.42 there exists a subgroup G Ď S2n, such that G – Wn. Using the action of

S2n over R we immediately obtain an action of Wn on R “ 𝓀rx1, y1, . . . , xn, yns. For a given w P Wn

and 1 ď i ď n We may describe this action in the following way; if wpiq ą 0 then wpxiq “ xwpiq and

wpyiq “ ywpiq. If wpiq ă 0 then wpxiq “ y|wpiq| and wpyiq “ x|wpiq|. Let I “ px1y1 ´ 1, . . . , xnyn ´ 1q,

it is easy to see that WnpIq Ď I. This means that the action of Wn on R extends to R{I – L. This

action of Wn on L is equivalent to the action described. ■

Our goal is to find a normal subgroup N ŸG – Wn, such that N is a Young subgroup of S2n. If we

find such a group then we may use Lemma 3.34 and Corollary 3.36 to find a generating set for RN

and a basis for R over RN . These results will extend to the quotient pR{Iq – L as a module over

pR{IqN – LN . We will then be able to show that pR{IqN is isomorphic to a polynomial algebra.

This implies that there exist elements f1, . . . , fk P LN such that LN “ 𝓀rf1, . . . , fks. Lastly, we will

show that the quotient group G{N acts on LN as a reflection group. Combining these results, we will

be able to generalize our results from P as a Sym-module to L as a LWn -module. For the following

results, unless cited, the author has not found in literature and the proofs are original.

Proposition 3.41: Let N be the subgroup of Wn generated by the negative transpositions pi,´iq

(see Section 1.3). Let fi “ xi ` x´1
i then have that LN “ 𝓀rf1, . . . , fns and fi are algebraically

independent. Furthermore, L is a free module of finite rank over LN with basis given by the set

t
ś

sPS xs |S Ď t1, . . . , nuu

Proof : Since we may identify Wn as a subgroup of S2n then N is identified as the subgroup consist-

ing of permutations of the form pk, k ` n ` 1q for 1 ď k ď n. Consider the action of N on the ring

R “ 𝓀rx1, y1 . . . , xn, yns. From Example 3.37 we see that RN “ 𝓀rx1 ` y1, x1y1, . . . , xn ` yn, xnyns.

Let I “ px1y1 ´ 1, . . . , xnyn ´ 1q Ă R, so that L – R{I. For any commutative ring H, if h1, . . . , hn

generates H, then for any ideal J of H the elements h1 ` I, . . . , hn ` I generate H{J . Thus,

tx1`y1`I, x1y1`I, . . . , xn`yn, xnyn`Iu must generate R{I. Consider the isomorphism φ : R{I Ñ L.

Then φpxi ` yi ` Iq “ xi ` x´1
i and φpxiyi ` Iq “ 1. Set fi “ xi ` x´1

i . This argument show that

tfi | 1 ď i ď nu generates LN .

Since L has no zero divisors. Pick any polynomial f P 𝓀rx1, . . . , xns and consider its evaluation

at g “ fpx1 ` x´1
1 , . . . , xn ` x´1

n q P L. Let d be the degree of f in 𝓀rx1, . . . , xns then if we assume

f ‰ 0 then the highest degree component of g is d. This means that g ‰ 0. However, this implies that
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there are no polynomials with roots xi `x´1
i in P. Therefore, the elements xi `x´1

i are algebraically

independent.

Note that the set t1, xiu is a basis of 𝓀rxi, yis as a 𝓀rxi, yis
S2 -module. This means t1, xiu spans

𝓀rx˘1
i s as a 𝓀rx˘1

i sS2-module. We must show that 1, x1 are linearly independent over 𝓀rx˘1
i sS2 . By

the previous arguments in this proof, we have that 𝓀rx˘
i sS2 “ 𝓀rxi ` x´1

i s. Let f, g P 𝓀rxi ` x´1
i s

be polynomials such that fxi ` g “ 0. In this case, we have that fxi “ ´g P 𝓀rx˘
i sS2 meaning that

fxi “ fx´1
i . Since xi ` x´1

i ‰ 0 and pxi ` x´1
i qf “ 0 then f “ 0 and g “ 0. Thus, fxi ` g “ 0 if

and only if f “ g “ 0. This means that x1 and 1 are linearly independent over 𝓀rxi ` x´1
i s. Using

Lemma 3.35 and the fact that L – bn
i“1𝓀rx˘1

i s we have that t
ś

sPS xs |S Ď t1, . . . , nuu is a basis for

L over LN . ■

These next two results, Lemma 3.42 and Lemma 3.43, can be found in literature under Galois theory

over commutative rings. These two results can be found in [30, Theorem 3.1].

Lemma 3.42: Let R be a commutative ring and consider groups N Ď G Ď AutpRq where N is a

normal subgroup of G. Then there is a natural action of G{N on the invariant ring RN , and we have

equality RG “ pRN qG{N .

Proof : Consider f P RN and g1, g2 P G such that g1N “ g2N . There exist n1, n2 P N we have that

g1n1 “ g2n2. Thus g1 ¨ f “ g1n1 ¨ f “ g2n2 ¨ f “ g2 ¨ f . This means that the action of G{N over RN

defined by gN ¨ f “ g ¨ f is well-defined, as it is not dependent on the coset representative. With this

action, it is clear that RG Ď pRN qG{N . Now pick f P pRN qG{N and g P G. Since N is normal there

is a coset representative h and n P N such that g “ hn. By our assumptions, f is invariant under n

and h, since it is invariant under N and G{N . Therefore g ¨ f “ phnq ¨ f “ f . ■

Lemma 3.43: Let R be a commutative ring, G be a finite group subgroup AutpRq and N Ď G a

normal subgroup. Assume that the following holds:

• R is a free RN -module with basis tb1, . . . , bku.

• RN is a free pRN qG{N -module with basis tc1, . . . , cku.

Then tbicj | 1 ď i ď k 1 ď j ď lu is a basis of R over RG.

Proof : Let f P R. Then there exists f1, . . . , fk P RN such that f “ f1b1 ` ¨ ¨ ¨ fkbk. Furthermore,

for each i there exists gi1, . . . , g
i
l P pRN qG{N “ RG such that fi “ gi1c1 ` ¨ ¨ ¨ ` gilcl. This means that

we have the following equation:

f “

k
ÿ

i“1

l
ÿ

j“1

gijcjbi.

Thus, we have shown that the set tbicj | 1 ď i ď k 1 ď j ď lu spans R as a RG-module. We must now
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show it is a basis. Assume that there exists gji P RG such that
ř

i

ř

j g
j
i cjbi “ 0. Let pi “

řn
j“1 g

i
jcj .

Since the elements b1, . . . , bn is a basis of R over RN and
ř

i pibi “ 0 then pi “
ř

k g
j
i cj “ 0 for

all 1 ď i ď k. Since c1, . . . , cl are a basis of RN , then by a similar argument we have that gji “ 0

for all 1 ď i ď k and 1 ď j ď l. This means that the set tbicj | 1 ď i ď k 1 ď j ď lu is linearly

independent. ■

Theorem 3.44: Define e˚
i “ eipx1 ` x´1

1 , . . . , xn ` x´1
n q where ei is the i’th elementary symmetric

polynomial on n-variables. Then LWn “ 𝓀re˚
1 , . . . , e

˚
ns. Furthermore, given a permutation π P Sn let

bπ “ xπpx1 ` x´1
1 , . . . , xn ` x´1

n q so that bπ is the descent monomial associated with π evaluated at

xi ÞÑ xi ` x´1
i . Then the set tbπ

ś

sPS xs |π P Sn and S Ă t1, . . . nuu is a basis of L over LWn .

Proof : The author has not found this result in literature, we give a proof of this result here. Note

that N as defined in Proposition 3.41 is a normal subgroup of Wn generated by pi,´iq. Furthermore,

by Theorem 1.39 we Sn – Wn{N . From Proposition 3.41 we have that

#

ź

sPS

xs |S Ď t1, . . . , nu

+

is a basis of L over LN . Furthermore, we have proven that LN “ 𝓀rf1, . . . , fns where fi “ xi ` x´1
i .

Note that as in Lemma 3.43 and Lemma 3.42 there is a natural action of Wn{N over LN . Let

φ : Sn Ñ Wn given by φpsiq “ pi, i`1qp´i,´i´1q. It is clear that for each π P Sn we have a different

coset φpπqN . Therefore, we compute the action of Wn{N over 𝓀rf1, . . . , fns. Let φpπqN P Wn{N we

have

φpπqNfi “ φpπqpxi ` x´1
i q “ xπpiq ` x´1

πpiq “ fπpiq.

The action of Wn{Sn
2 on LN is then equivalent to the action of Sn permuting the polynomials

f1, . . . , fn. Therefore Wn{N acts as a reflection group on LN . We apply Corollary 3.5 to LN as an

pLN qWn{N -module and deduce two results:

• The set te˚
i | 1 ď i ď nu where e˚

i “ eipf1, . . . , fnq is a generating set for pLN qSn . Meaning that

pLN qSn “ 𝓀re˚
1 , . . . , e

˚
ns.

• The set tbπ |π P Snu is a basis for LN as a pLN qSn -module.

Using Lemma 3.42 we have that pLSn
2 qSn “ LWn meaning that LWn “ 𝓀re˚

1 , . . . , e
˚
ns. Furthermore,

since t
ś

sPS xs |S Ď t1, . . . , nuu is a basis of L as a LN -module, by Lemma 3.43 we have that the set

tbπ
ś

sPS xs |π P Sn and S Ă t1, . . . nuu is an basis of L over LWn . ■

Definition 3.45: The polynomial e˚
i as defined in Theorem 3.44 above is called the i’th Laurent

elementary symmetric polynomial.
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Definition 3.46: We will call the invariant subring LWn the symmetric Laurent polynomials

and we will denote LSym “ LWn .

Note that LWn “ 𝓀re˚
1 , . . . , e

˚
ns which is isomorphic to a polynomial ring. Therefore, we may generalize

the coinvariant algebra in the following way:

Definition 3.47: The Laurent coinvariant algebra is defined as LC “ L{pe˚
1 , . . . , e

˚
nq.

Theorem 3.44 gives an L-version of the results we obtained for the Sn action on P case. It follows

that the ring of symmetric Laurent polynomials LSym “ LWn is isomorphic to a polynomial ring.

We have a generating set of LSym which are the Laurent elementary symmetric sums. Furthermore,

we have that L is a free module of finite rank over LSym. Before we end this section, we will compute

the case in which n “ 2.

Example 3.48: For W2 acting on L “ 𝓀rx˘1
1 , x˘1

2 s the Laurent elementary symmetric polynomials

are given by e˚
1 “ px1 ` x´1

1 q ` px2 ` x´1
2 q and e˚

2 “ px1 ` x´1
1 qpx2 ` x´1

2 q. The ring of symmetric

Laurent polynomials is then LSym “ 𝓀re˚
1 , e

˚
2 s. The subsets of t1, 2u are given by tH, t1u, t2u, t1, 2uu.

These correspond to the basis elements of L over LS2ˆS2 which are t1, x1, x2, x1x2u. A basis for LSn
2

over LWn comes from the descent monomials bπ where π P S2. Let S2 “ te, σu. Then be “ 1 and

bσ “ f2 “ px2 ` x´1
2 q from Example 3.15. Thus using Theorem 3.44 a basis for L over LSym can be

computed as shown below.

subset permutation descent monomials bπ subset basis basis element
H e 1 1 1

H σ x2 ` x´1
2 1 px2 ` x´1

2 q

t1u e 1 x1 x1
t1u σ x2 ` x´1

2 x1 px2 ` x´1
2 qx1

t2u e 1 x2 x2
t2u σ x2 ` x´1

2 x2 px2 ` x´1
2 qx2

t1, 2u e 1 x1x2 x1x2
t1, 2u σ x2 ` x´1

2 x1x2 px2 ` x´1
2 qx1x2

Section 3.3: Symmetrizing Operators on the Polynomial Ring

We will exploit the structure of P as a Sym module to define certain operators which will allow us to

construct polynomial representations of the Hecke algebra. Most of the material introduced in this

section is due to A. Lascoux in [22]. We start with the divided difference operators on P and we

verify some relations that they satisfy.

Proposition 3.49: Recall that si is the transposition pi, i ` 1q. For any polynomial f P P we have

that xi ´ xi`1 divides f ´ si ¨ f .
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Proof : Let j “ i`1 and consider m “ xai x
b
j . Then m´ si ¨m “ xai x

b
j ´xbix

a
j . Let c “ minta, bu then

we have two cases, either a ď b or b ď a. In the first case, we have that m “ pxixjqcpxb´c
j ´ xb´c

i q.

Note that for any variables x, y and integer k, we have that

xk ´ yk “ px´ yq

k
ÿ

i“0

pxk´i ´ yi´1´1q.

This means that pxi´xjq divides m´si ¨m. Thus, for any given monomial Bipmq is well-defined. Note

that since the action of Sn is linear over 𝓀 then pxi ´ xi`1q must divide f ´ si ¨ f for any polynomial

f P P. ■

Definition 3.50: The divided difference operator Bi P hom𝓀pP,Pq is defined in the following

way:

Bi : f ÞÑ
f ´ si ¨ f

xi ´ xi`1

Proposition 3.51: Recall that for a subset X Ď tx1, . . . , xnu the ring SympXq is the subring of P

consisting of polynomials which are symmetric over the variables in X (see Definition 3.31). For a

given polynomial f P Sympxi, xi`1q and g P P we have that Bipfgq “ fBipgq.

Proof : This is easy to show from the formula given for Bi. Given f P P such that f “ si ¨ f and

g P P we compute the following:

Bipfgq “
pfgq ´ si ¨ pfgq

xi ´ xi`1
“
fg ´ fpsi ¨ gq

xi ´ xi`1
“ fBipgq ■

Corollary 3.52: The divided difference operator Bi is Sym-linear.

Proof : This is an immediate consequence of Proposition 3.51 and the fact that Sym Ď SympXq for

any X Ď tx1, . . . , xnu. ■

Proposition 3.53: The divided difference operator satisfies the following relations:

1. B2
i “ 0

2. BiBj “ BjBi for |i´ j| ą 1

3. BiBi`1Bi “ Bi`1BiBi`1

Proof : We can check each relation individually. Consider f “ xai x
b
i`1m where m is any monomial

which does not contain the variables xi and xi`1. Then from the Proposition 3.51, it is easy to see

that If |i´ j| ą 1 then Bipfq “ mBipx
a
i x

b
i`1q. Consequently

BjBipx
a
i x

b
i`1mq “ BjpmqBipx

a
i x

b
i`1q “ BiBjpxai x

b
i`1mqq
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By Corollary 3.52, to check the first equation, we only need to show that it is true for the generators

of P as a Sympxi, xi`1q-module. We may use the descent monomials computed in Example 3.15 in

order to check this. The descent monomials are t1, xiu. When we apply B2
i to both we obtain the

following:

B2
i p1q “ Bi

1 ´ 1

xi ´ xi`1
“ 0 and B2

i pxiq “ Bi
xi ´ xi`1

xi ´ xi`1
“ 0.

This shows the first equation is true. For the last equation, since we are using both Bi and Bi`1, we may

use a similar strategy. However, since Bi is Sympxi, xi`1q-linear and Bi`1 is Sympxi`1, xi`2q-linear,

we will need to check if BiBi`1Bi “ Bi`1BiBi`1 on P as a Sympxi, xi`1, xi`2q module. Repeating the

technique above we only need to show this for the basis of P over Sympxi, xi`1, xi`2q. Using the

descent monomials computed in Example 3.16 one can show this equation to be true. The descent

monomial basis is Bi “
␣

1, xi`1, xi`2, xixi`2, xi`1xi`2, xi`1x
2
i`2

(

and we compare the operators

below:

Basis BiBi`1Bi Bi`1BiBi`1

1 0 0
xi`1 0 0
xi`2 0 0
xixi`2 0 0
xi`1xi`2 0 0
xi`1x

2
i`2 -1 -1

By Corollary 3.36 the set Bi is a basis for P as a Sympxi, xi`1, xi`2q-module. Furthermore, Bi and

Bi`1 is Sympxi, xi`1, xi`2q-linear. The computation above shows that BiBi`1Bi ¨ b “ Bi`1BiBi`1 ¨ b for

all b P Bi. Therefore, these operators are the same, proving the third relation. ■

Proposition 3.54: Let Xi : P Ñ P be the operator Xi P hom𝓀pP,Pq defined by Xi : f ÞÑ xif .

The following relations between Xi and Bi hold:

1. BiXi ´Xi`1Bi “ 1

2. XiBi ´ BiXi`1 “ 1

3. BiXj ´XjBi “ 0 for |i´ j| ą 1

Proof : It is easy to see that equation 3 holds since the variable xj P Sympxi, xi`1q. Equation 1 can

be checked with the following computation below:
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pBiXi ´Xi`1Biq ¨ f “
xif ´ xi`1si ¨ f

xi ´ xi`1
´
xi`1f ´ xi`1si ¨ f

xi ´ xi`1

“
xif ´ xi`1si ¨ f ´ xi`1f ´ xi`1si ¨ f

xi´i`1

“
xif ´ xi`1f

xi ´ xi`1
“ 1 ¨ f

Equation 2 can be checked with a very similar computation as above. ■

Lemma 3.55: Given 1 ď i ă n we have the following:

1. BiXi ´XiBi “ si

2. siBi “ ´Bisi

3. pBiXiq
2 “ BiXi

Proof : For the first relation described, we can do the following computation:

pBixi ´ xiBiqpfq “
xif ´ xi`1si ¨ f

xi ´ xi`1
´
xif ´ xisi ¨ f

xi ´ xi`1
“ si ¨ f

xi ´ xi`1

xi ´ xi`1
“ si ¨ f

The second relation described can be seen easily as si is just a transposition of txi, xi`1u. Thus, we

prove this relation with the following computation:

siBipfq “
si ¨ f ´ f

xi`1 ´ xi
“ ´

si ¨ f ´ f

xi ´ xi`1
“ ´Bisi

Lastly, for the third relation we use the relations found for Bi in the following way:

pBiXiBiXiq “ Bip1 ` BiXi`1qXi “ BiXi ` B2
iXi`1Xi “ BiXi

Which shows exactly what we needed. ■

Definition 3.56: The isobaric divided difference also known as the Demazure operator is the

operator in hom𝓀pP,Pq defined by

δi :“ BiXi.

Proposition 3.57: The operators δi satisfy the following relations:

1. δ2i “ δi for all i.

2. δiδj “ δjδi if |i´ j| ą 1

3. δiδi`1δi “ δiδi`1δi
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Proof : These relations can be computed directly from Propositions 3.53 and 3.54, and Lemma 3.55.

Note that, as δi “ BiXi then equation 3 from Lemma 3.55 shows the first relation. For the second

relation, recall that the maps Bi and Xi are endomorphisms of 𝓀rxi, xi`1s, therefore XjBi “ BiXj if

|i´ j| ą 1. Thus we obtain the following:

δiδj “ BiXiBjXj “ BjXjBiXi “ δjδi

The third and final we repeat the technique used in Proposition 3.53. Note that both δi and δi`1 are

Sym-linear endomorphisms of 𝓀rxi, xi`1, xi`2s, as they are a composition of δi and Xi. Furthermore,

from Corollary 3.5 we have that 𝓀rxi, xi`1, xi`2s is a free module of finite rank module over the ring

of symmetric polynomials over txi, xi`1, xi`2u. A basis for this module called was given in Example

3.16:

t1, xi`1, xi`2, xixi`2, xi`1xi`2, xi`1x
3
i`2u

Thus we compute the maps δiδi`1δi and δi`1δiδi`1 on the basis above, and show that they do in fact

match.

Basis δiδi`1δi δi`1δiδi`1

1 1 1
xi`1 0 0
xi`2 0 0
xixi`2 0 0
xi`1xi`2 0 0
xi`1x

2
i`2 0 0

Since both columns match above, it shows that both operators δiδi`1δi and δi`1δiδi`1 are the same.

More surprisingly, both operators zero all non-symmetric polynomials, which would be hard to show

if we were to do a direct computation. This shows that equation 3 does in fact hold. ■

Remark 3.58: The relations given in Proposition 3.57 match the relations for the nil-Hecke H0pSnq

algebra for Sn (see Definition 2.53 in Chapter 2). Therefore, the algebra generated by the Demazure

operators δi is isomorphic to H0pSnq. This gives us a polynomial representation of the nil-Hecke

algebra.

Theorem 3.59: Let f P P. Then the following are equivalent:

1. f is a symmetric polynomial.

2. f is invariant under δi (meaning that δi ¨ f “ f) for 1 ď i ď n´ 1.

3. f P kerpBiq for all 1 ď i ď n´ 1

Proof : First, we show that (1) implies (3), for that let f P P be a symmetric polynomial. Then

si ¨ f “ f for all 1 ď i ď n´ 1 implying that Bi ¨ f “ 0 by the definition of Bi.
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Next, we show that (3) implies (2). Assume that Bif “ 0 for all 1 ď i ď n ´ 1. Then using

Proposition 3.54, specifically relation 1, we see that δif “ BiXif “ p1 ´Xi`1Biqf “ 1f . Thus apply-

ing δif is the same as multiplying by 1, meaning f is invariant.

Lastly, we show that (2) implies (1). We can easily see this from the following

xif ´ xi`1si ¨ f

xi ´ xi`1
“ f ðñ xif ´ si ¨ pxifq “ pxi ´ xi`1qf ðñ si ¨ f “ f

This shows that if δi ¨ f “ f then si ¨ f “ f , since this is true for all 1 ď i ď n ´ 1 then f must be

invariant. ■

Subsection 3.3: Symmetrizing Operators of L

We have defined three operators si, Bi and σi which are Sympxi, xi`1q-linear. Each operator gives an

equivalent condition for a polynomial f to be symmetric in the variables xi and xi`1 in Proposition

3.59. We will generalize these operators to LSym-linear operators over L. The author has not found

this material in literature, therefore these results and their proofs presented are original. First, recall

that Wn is generated by tw0, . . . , wn´1u where w0 “ p1,´1q and wi “ pi, i ` 1qp´i,´i ´ 1q. The

action of wn on L as discussed in Section 3.2.3 can be explicitly written in the following way:

wipx
a1
1 ¨ ¨ ¨xan

n q “

$

’

&

’

%

x´a1
1 ¨ ¨ ¨xan

n if i “ 0

xa1
1 ¨ ¨ ¨x

ai`1

i xai
i`1 ¨ ¨ ¨xan

n otherwise

(3.3)

Definition 3.60: We define the divided difference over L to be the following 𝓀-linear operator.

Bipfq “

$

’

&

’

%

pf ´ w0 ¨ fq {
`

x´1
1 ´ x1

˘

if i “ 0

pf ´ wi ¨ fq { pxi ´ xi`1q otherwise

Proposition 3.61: The operator Bi P homkpL,Lq is well-defined.

Proof : In the case that i ą 0 then the action of wi is the same as permuting the variables xi and

xi`1. Therefore, a similar computation can be made as in Proposition 3.49. What we must show is

that B0 is in fact well-defined over the monomials and 𝓀-linear. Consider m “ xa1m
1 where m1 is a

monomial which does not contain x1. Then we may compute the following:

m´ w0 ¨m “ pxa1 ´ x´a
1 qm1.

Thus x´1
1 ´x1 divides m´w0 ¨m. Since division by a constant is 𝓀-linear and so is the action by w0

then we have that B0 is well-defined. ■

In the previous section, given a subset of the variables X Ă tx1, . . . , xnu we defined SympXq to be the
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polynomials which are symmetric under the permutations of the variables in X. We may generalize

this to the ring of symmetric Laurent polynomials.

Definition 3.62: Given X “ txi1 , ¨ ¨ ¨ , xiku we define LSympXq to be the polynomials in L which are

invariants under the elements ofWn which only permutes elements of the set ti1, . . . , ik,´i1, . . . ,´iku.

Proposition 3.63: The operator Bi is LSympxi, xi`1q-linear for 1 ď i ď n ´ 1. The operator B0 is

LSympx1q linear.

Proof : Let 1 ď i ď n´1 and consider the polynomials f P L and g P LSympxi, xi`1q then wipgq “ g.

Therefore gf ´ wipgfq “ gpf ´ wifq which shows that Bi is LSympxi, xi`1q-linear. For the second

statement, w0 “ p1,´1q so for any polynomial g P LSympx1q we have that w0pgq “ g. Thus we

repeat the same argument as fg ´ w0pfgq “ gpf ´ w0fq. ■

Definition 3.64: Let Xi : L Ñ L be the linear operator over L defined by Xi : f ÞÑ xif . The

Laurent isobaric divided difference or Laurent Demazure operator is defined to be the

following linear operator over L:

δi “

$

’

&

’

%

BiXi if i ą 0

B0X
´1
1 otherwise

Proposition 3.65: The Laurent Demazure operators δi are LSympxi, xi`1q-linear for i ą 0. Like-

wise, the operator δ0 is LSympx1q-linear.

Proof : This follows immediately from Proposition 3.63. Since Bi and Xi are LSympxi, xi`1q-linear

for i ą 0, then δi “ BiXi must be LSympxi, xi`1q-linear. The same argument applies for δ0. ■

Proposition 3.66: The operators δi satisfy the following relations for 0 ď i, j ď n´ 1:

1. δ2i “ δi.

2. δiδj “ δjδi if |i´ j| ą 1

3. δiδi`1δi “ δiδi`1δi if i ą 0.

4. pδ0δ1q2 “ pδ1δ0q2

Proof : For a given polynomial f P L there exists an integer d ě 0 such that px1 ¨ ¨ ¨xnqdf P

𝓀rx1, . . . , xns. Denote Md “ px1 ¨ ¨ ¨xnqd. For i ą 0 we have that Bi and δi act on polynomials

f P 𝓀rx1, . . . , xns equivalently to their counterpart in P, since the action of wi is to transpose the

variables pxi, xi`1q. Furthermore, BipMdfq “ MdBipfq and δipMdfq “ Mdδipfq. This means that

all relations involving only Bi where i ą 0 can be immediately checked from Proposition 3.53. For
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example, if i ą 0 then for any f P L, let d be an integer such that Mdf P 𝓀rx1, . . . , xns then

δ2i pfq “ M´1
d δ2i pMdfq “ δipfq.

Thus, we only need to check the relations involving the case that i “ 0. To check the first relation,

it suffices to check if it holds over 𝓀rx˘1
1 s, since δ0 only acts nontrivially on x1. Note that, from

Theorem 3.44 we have that 𝓀rx˘1
1 s is a free module of finite rank module over LSympx1q with basis

t1, x1u. Thus, it suffices to check if the equation δ20 “ δ0 holds for 1 and x1. Note that

δ0p1q “
x´1
1 ´ x1

x´1
1 ´ x1

“ 1 and δ0px1q “
x´1
1 x1 ´ x1x

´1
1

x´1
1 ´ x1

“ 0.

In both cases we can see that δ20p1q “ δ0p1q “ 1 and δ21px1q “ δ1p0q “ 0. This proves the first relation.

To prove relation 2, let i ą 1 and let m “ xa1m
1 where m1 P L is a monomial not containing x1. Then

since δ0 is LSympx1q-linear and δi is LSympxi, xi`1q-linear where. Since x1 P LSympxi, xi`1q and

txi, xi`1u P LSympx1q then:

δ0δipmq “ δ0pxa1qδipm
1q “ δipm

1qδ0pxa1q “ δiδ0pmq

Relation 4 involves the operators δ0 and δ1. Both operators are LSympx1, x2, x3q-Linear. Thus, we

only need to check this equation using the basis obtained in Example 3.48. We apply the operators

to pδ0δ1q2 and pδ1δ0q2 and see that they do in fact match.

Basis pδ0δ1q2 pδ1δ0q2

1 1 1
x1 0 0
x2 0 0
x1x2 0 0

x2 ` x´1
2 x1 ` x2 ` x´1

1 ` x´1
2 x1 ` x2 ` x´1

1 ` x´1
2

x1px2 ` x´1
2 q 0 0

x2px2 ` x´1
2 q 1 1

x1x2px2 ` x´1
2 q 0 0

This shows that pδ0δ1q2 “ pδ1δ0q2 as desired. ■

Theorem 3.67: Let f P L, then the following are equivalent:

1. f P LSym.

2. f is invariant under δi for all 0 ď i ď n´ 1.

3. f P ker Bi for all 0 ď i ď n´ 1

Proof : We may prove this with two if and only if proofs. First we will show that f P LSym if and

only if f P ker Bi for 0 ď i ď n´ 1. Recall that the numerator of Bi ¨ f is f ´wi ¨ f . Thus f P kerpBiq

if and only if f ´ wi ¨ f “ 0. With this we have the following

f P LSym ô f “ wi ¨ f ô f ´ wi ¨ f “ 0 ô Bi ¨ f “ 0.
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This shows that conditions 1 and 3 are equivalent. Now we show that (3) and (2) are equivalent. We

will do this in two cases, the first case is that i ą 0. In this case we have the following:

δi ¨ f “ f ô xif ´ xi`1wi ¨ f “ fpxi ´ xi`1q

ô xi`1pf ´ wipfqq “ 0

ô f ´ wipfq “ 0

Thus δipfq “ f if and only if Bipfq “ 0. With a similar computation, we may show this same case

for δ0 and B0.

δ0pfq “ f ô x´1
1 f ´ x1w0pfq “ fpx´1

1 ´ x1q

ô x1pf ´ wipfqq “ 0

ô B0pfq “ 0

Which shows that δipfq “ f if and only if f P ker B0. ■

Section 3.4: Representations of the Hecke Algebras

For this section, we consider 𝓀 “ Fpqq where F is a field of characteristic 0 and q is an indeterminate,

and P “ 𝓀rx1, . . . , xns. Recall from Example 2.49 that the Hecke algebra HqpSnq is the algebra over

𝓀 with generators th1, . . . , hn´1u and the following relations:

1. h2i “ pq ´ 1qhi ` q for all 1 ď i ď n´ 1.

2. hihj “ hjhi for |j ´ i| ą 1.

3. hihi`1hi “ hi`1hihi1 for 1 ď i ď n´ 2.

Our goal is to describe a polynomial representation Φ : HqpSnq Ñ hom𝓀pP,Pq. This representation

is described by A. Lascoux in [21] and it will make use of the operators δi and Bi described in

Section 3.3. We will describe some properties of this representation, and prove that it is a faithful

representation of HqpSnq.

Definition 3.68: Define the operator ζi : P Ñ P given by

ζi :“ δipq ´ 1q ` si

Lemma 3.69: The operator ζi is Sym-linear.

Proof : From Proposition 3.59 we know that the operators δi and si are Sym-linear. Since ζi is the

linear sum of two Sym-linear operator, it must too be Sym-linear. ■
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Proposition 3.70: The operators ζi satisfy the same relations as the Hecke algebraHqpSnq. Meaning

that the following holds true.

1. ζ2i “ pq ´ 1qζi ` q for all 1 ď i ď n´ 1

2. ζiζj “ ζjζi if |i´ j| ą 1

3. ζiζi`1ζi “ ζi`1ζiζi`1

Proof : We will begin with the first relation, for which we can give a direct computation below:

ζ2i “ δ2i pq ´ 1q2 ` pq ´ 1qpδisi ` siδiq ` s2i

“ pq ´ 1q2δi ` pq ´ 1qpsipBiXi ´ BiXi`1qq ` 1

“ pq ´ 1q2δi ` pq ´ 1qpsipBiXi ´XiBi ` 1qq ` 1

“ pq ´ 1q2δi ` pq ´ 1qpsipsi ` 1qq ` 1

“ pq ´ 1qpδipq ´ 1q ` siq ` q

“ pq ´ 1qζi ` q

For the second relation, we recall from Proposition 3.57 that δiδj “ δjδi for |i´ j| ą 1. Furthermore,

it is known that sisj “ sjsi for |i´ j| ą 1. Therefore, we may compute the following:

ζiζj “ pq ´ 1q2δiδj ` pq ´ 1qpδisj ` siδjq ` sisj

“ pq ´ 1q2δjδi ` pq ´ 1qpδjsi ` sjδiq ` sjsi

“ ζjζi

To show the third and final relation, we utilize the same strategy in the proof of Proposition 3.57.

We know that ζi and ζi`1 are Sym-linear maps on 𝓀rxi, xi`1, xi`2s. We then compute ζiζi`1ζi and

ζi`1ζiζi`1 on the basis of 𝓀rx1, xi`1, xi`2s over Sympxi, xi`1, xi`2q. We obtain the following result:

Basis δiδi`1δi δi`1δiδi`1

1 q3 q3

xi`1 pq2 ´ qqxi ` q2xi`1 pq2 ´ qqx` q2xi`1

xi`2 qxi qxi
xixi`2 pq2 ´ qqxixi`1 ` q2xixi`2 pq2 ´ qqxixi`1 ` q2xixi`2

xi`1xi`2 qxixi`1 qxixi`1

xi`1x
2
i`2 x2ixi`1 ` pq ´ q2qxixi`1xi`3 x2ixi`1 ` pq ´ q2qxixi`1xi`3

Since both columns are the same, then the maps ζiζi`1ζi and ζiζi`1ζi are the same. ■

The following corollaries follow immedately from Proposition 3.70.

Corollary 3.71: There exists a representation Φq : HqpSnq Ñ homkpP,Pq given by Φqphiq ÞÑ ζi.

Corollary 3.72: The representation Φq is integral (see Definition 2.56).
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Remark 3.73: The fact that Φq is integral means that if we pick any a P F we obtain a representation

Φa given by evaluating q ÞÑ a. Particularly, by definition of ζi we have that Φ1 gives the representation

of Sn over P by permutation of the variables.

Theorem 3.74: The map Φq is a faithful representation of the Hecke algebra HqpSnq.

Proof : We proceed via contradiction, assuming a non-zero element x P HqpSnq is in the kernel of Φ.

Recall that HqpSnq has a basis of thpσq | |σ P Snu where hpσq “ hpsi1q ¨ ¨ ¨ hpsikq where si1 ¨ ¨ ¨ sik “ σ

is a minimal word. Thus, we express x as a linear combination of this basis. For notation purpuses,

given a reduced word si1 ¨ ¨ ¨ sik “ σ we deinte ζpσq “ ζi1 ¨ ¨ ¨ ζik .

Φqpxq “ Φq

˜

ÿ

σPSn

cσhpσq

¸

“
ÿ

σPSn

cσζpσq “ 0

We have in fact obtained a relation between the ζ operators above. However, since the specialization

of q Ñ 1 gives ζi Ñ si then clearly ζpσq Ñ σ under this specialization. By evaluating q “ 1 we obtain

the following

ÿ

σPSn

cσσ “ 0

This can only happen as cσ “ 0 for all σ P Sn. This is a contradiction, as this shows x “ 0. ■

Proposition 3.75: The representation Φq extends to a representation of the Hecke algebra on the

coinvariant algebra C. Specifically I “ pe1, . . . , enq so that C “ P{I. Furthermore, there is an action

of HqpSnq on C, defined in the following way: Given x P HqpSnq and f ` I P C:

Φqpxqpf ` Iq “ Φqpxqpfq ` I.

Proof : Since ζi is Sym-linear we immediately obtain that φpIq Ď I. This shows that the represen-

tation of HqpSnq given above is well-defined. To see this consider a, b P P such that a ` I “ b ` I.

This means that for some x, y P I we have that a` x “ b` y. We compute then

ζipaq ` ζipxq “ ζipbq ` ζipyq.

Therefore ζipa` xq and ζipb` yq maps to the same element in the quotient P{I. ■

So far, we have obtained one example of a faithful representation of the Hecke HqpSnq over P. This

representation gives an action of HqpSnq on the coinvariant algebra C. A. Lascoux makes use of this

representation in [21] to build a sub-representation of P (or C) isomorphic to the q-Specht module

Sq
λ. We will further generalize these q-Specht modules to decompose C into irreducible modules of

the Hecke algebra HqpSnq. These will be a generalization of the higher Specht polynomials, originaly

constructed in [4].
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Subsection 3.4: Representations of the Hecke Algebra of Type B

In the previous section, we built a representation of the Hecke algebra HqpSnq using the divided

difference and Demazure operators. In Section 3.3 we generalized these operators to the ring of

Laurent polynomial L. The goal of this section is to use the generalization of the operators Bi, δi,

and wi to build a representation of the Hecke algebra Hp,qpWnq. The results of this section were

not found in literature by the author. These results are proven by the author in this section. For

this section, we will consider 𝓀 “ Fpp, qq. Recall that the Hecke algebra Hp,qpWnq has generators

th0, . . . , hn´1u and the following relations:

1. h2i “ pq ´ 1qhi ` q for i ą 0.

2. h20 “ pp´ 1qho ` p.

3. hihj “ hjhi for |i´ j| ą 1

4. hihi`1hi “ hi`1hihi`1 for i ą 0.

5. ph0h1q2 “ ph1h0q2

Definition 3.76: Define the operator ξi P hom𝓀pL,Lq in the following way:

ξi :“

$

’

&

’

%

δipq ´ 1q ` wi if i ą 0

δ0pp´ 1q ` w0 otherwise

Lemma 3.77: The operators ζi are LSym-Linear.

Proof : This is a direct consequence of the fact that δi and wi are LSym-linear for any 0 ď i ď n´1.

Theorem 3.78: The map given by Ψq,p : hi Ñ ξi for 0 ď i ď n ´ 1 induces a representation of

Hq,ppWnq into hom𝓀pL,Lq.

Proof : All we must show is that the operators ξi have the same relations as the Hecke algebra

generators h0, . . . , hn´1 as shown in 3.4.1. Note that if i ą 0 and f P 𝓀rx1, . . . , xns Ď L, the operators

Bi, and δi act the same as their counterparts in P. This is due to the fact that wipxjq “ xwipjq if

i ą 0. Therefore, for f P 𝓀rx1, . . . , xns the operator ξipfq “ ζipfq for i ą 0. Furthermore, using

the same technique as in proof of Proposition 3.66 we consider Md “ px1 ¨ ¨ ¨xnqd. One can see that

ξipfq “ M´1
d ξipMdfq. This means we can prove relations 1 and 4 in the following way. Let f P L

and let d be a positive integer such that Mdf P 𝓀rx1, . . . , xns. Then the following hold:

ξ2i pfq “ M´1
d ζ2i pMdfq “ M´1

d rpq ´ 1qζipMdfq ` qMdf s “ pq ´ 1qξipfq ` q

This shows that ξ2i “ pq´ 1qξ` q. With a similar argument, we show relation 4 in the following way:

ξiξi`1ξipfq “ M´1
d ζiζi`1ζipMdfq “ ζi`1ζiζi`1pMdfq “ ξi`1ξiξi`1pfq

Which shows that ξiξi`1ξi “ ξi`1ξiξi`1. Now we proceed with the relations involving ζ0. Using
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the fact that δ0 and w0 are LSympx1q-linear by Proposition 3.65, then we may use the free basis

computed in the proof for Proposition 3.66 of 𝓀rx˘1
1 s over LSympx1q. We must check if the claim is

true on t1, x1u.

ξ20p1q “ ξ0 ppp´ 1q ` 1q “ p2 “ pp´ 1qξ0p1q ` p (3.4)

ξ20px1q “ ξ0px´1
1 q “ pp´ 1qy1 ` px1 “ pp´ 1qξ0px1q ` ppx1q (3.5)

This shows that the basis elements satisfy relation 2, and ξ20 and pp ´ 1qξ0 ` p are the same on the

basis t1, x1u. For relation 3 consider i ą 1 and m “ xa1m
1 with m1 a monomial that does not contain

x1. From Proposition 3.65 and the fact that w0pxiq “ xi for i ą 1 then

w0wipmq “ w0px1qwipm
1q “ wiwopmq and δ0δipmq “ δ0pxa1qδipm

1q “ δiδ0pmq.

Then relation 3 must hold:

ξ0ξipmq “ ppp´ 1qδ0pxa1q ` w0qppq ´ 1qδipm
1q ` wiq “ ξiξ0pmq

Lastly, the relation pξ0ξ1q2 “ pξ1ξ0q2 can be checked with the basis for L over LSympx1, x2q computed

in Example 3.48. We compare pξ0ξ1q2 and pξ1ξ0q2 over the basis

␣

1, x1, x2, x1x2, x2 ` x´1
2 , x1x2 ` x1x

´1
2 , x22 ` 1, x1x

2
2 ` x1

(

We present the result of applying both pξ0ξ1q2 and pξ1ξ0q2 in the same column.

Basis pξ0ξ1q2 or pξ1ξ0q2

1 q2p2

x1 qpx´1
1 ` pqp´ pqx´1

2

x2 px´1
2

x1x2 qx´1
1 x´1

2 ´ q2p` qp

x2 ` x´1
2 pq2p2 ´ qp2qx1 ` q2p2x2 ` pq2p2 ´ qp2qx´1

1 ` pq2p2 ´ qp2 ´ qp` p2 ` pqx´1
2

x1x2 ` x1x
´1
2 q2p x2x

´1
1 `

`

q2p´ q p
˘

x1x
´1
2 `

`

q2p´ q2 ` q
˘

x´1
1 x´1

2

x22 ` 1 p´q p` pqx1x
´1
2 ` p´q p` pqx´1

1 x´1
2 ` p x´2

2 ` q2p2 ` q2p´ q p2 ´ q p` p

x1x
2
2 ` x1 x´1

1 x2´2 ` p´q p` pqx1 ` q x´1
1

One could check that applying pξ0ξ1q2 ´ pξ1ξ0q2 on the matrix, all entries are 0. Meaning that both

operators are the same. ■

77



Chapter 4

Higher Specht Polynomial for the

Hecke Algebra

So far we have seen that the polynomial ring P is a free module of finite rank over the ring of

symmetric functions Sym via the Chevalley-Shephard Todd Theorem (see Theorems 3.3 and 3.4).

In Chapter 3 we have constructed a descent monomial basis of P over Sym and of the coinvariant

algebra C “ P{Sym` (see Definition 3.14). In Section 4.1 we will construct a basis of C, called

the higher Specht polynomials, which respects the decomposition of C into the different irreducible

Sn-modules. This basis was constructed by S. Ariki, T. Terasoma, and H.F. Yamada in [4]. We will

give their constructions and a brief version of their proof in Section 4.1. We will then generalize

the higher Specht polynomials in Section 4.2 using the Hecke algebra HqpSnq. Using the action

of HqpSnq we will see that these q-deformations of the higher Specht polynomials form a basis of

C. Furthermore, they decompose C into the irreducible HqpSnq modules. In fact, Alain Lascoux

described a class of submodules of P (and consequently submodules of C) which is isomorphic to

irreducible representations of HqpSnq in [21]. The decomposition of C obtained by the q-version of

the higher Specht polynomials will contain the modules described by Lascoux in [21] as a special case.

The construction of the q-Higher Specht polynomials have not been found in literature by the author.

Their construction, and proof that they indeed generalize the original higher Specht polynomial is

original work by the author.

Section 4.1: Higher Specht Polynomials

Let 𝓀 be a field of characteristic 0. Recall from the Chevalley-Shephard-Todd Theorem (i.e. The-

orems 3.3 and 3.4) that as an Sn-module we have C – 𝓀Sn. Furthermore, recall that the regular

representation 𝓀G contains each irreducible module V of G exactly dimpV q times [16, Cor. 2.18]. In

Theorem 1.27, it was shown that the set of Specht modules tSλ |λ $ nu was a full set of irreducible,
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and nonequivalent representations of Sn. Thus, we have

𝓀Sn –
à

λ$n

S‘ dimSλ

λ .

Since C – 𝓀Sn, this means that it is possible to find a basis of C which decomposes it into different

copies of the Specht module Sλ. A sub-representation of P isomorphic to Sλ, spanned by polynomials

called Specht polynomials, is well known (see [16, Chapter 4]). However, Ariki et al. in their paper

[4] were able to generalize this to a basis of C, called the higher Specht polynomials, which respects

the decomposition mentioned above. In this section we introduce the higher Specht polynomials as

originally defined by S. Ariki, T. Terasoma, and H. Yamada in [4]. In order to do this, we will first

generalize the concepts of charge and cocharge (see Definitions 3.17 and 3.19) to Young tableaux.

Then we will define alternating polynomials and a bilinear form over C. This bilinear form will then

be used to show that the higher Specht polynomials are a basis of C.

Subsection 4.1: Tableaux Words and the Charge of a Tableau

Recall that for a sequence of integers a “ pa0, . . . , anq we defined the charge Ipaq and cocharge Jpaq

(see Definitions 3.17 and 3.19). These were defined by a procedure done by comparing the positions

of the sequence. The charge was fundamental in our proof that the descent monomials where in fact

a basis for P over Sym, and for C over 𝓀. Recall that a Young tableau T of shape λ $ n is a function

T : Dpλq Ñ t1, . . . , nu, where Dpλq is the young diagram of λ. We will need to define the charge and

cocharge of a Young tableau in order to define the higher Specht polynomials.

Definition 4.1: For the tableau T let Cj be a list of numbers appearing in the j’th column of T

from left to right. Thus Cj “ pc1j , ¨ ¨ ¨ , c
nj

j q with the entries of the column written from bottom to

top. Let k be the number of columns of T , we define the tableau-word of T to be the following list

wpT q “ pc11 ´ 1, . . . , cn1
1 ´ 1, . . . , cnk

k ´ 1q.

In other words wpT q lists the entries from each column (subtracted by 1), reading from left to right,

and from the lowest cell in the column to the highest cell.

Example 4.2: Consider T of shape λ “ p3, 2, 1q as shown below. According to Definition 4.1, the

columns read p6, 3, 1q, p5, 2q, and p4q. These are read from number written in the last row in that

column, to the first row. Therefore, the word wpT q is given by p5, 2, 0, 4, 2, 3q.

T “

1 2 4

3 5

6

ùñ wpT q “ p5, 2, 0, 4, 1, 3q

Remark 4.3: The construction T ÞÑ wpT q is reversible if we know the shape of T . This means that
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if we have a word w “ pw0, . . . , wn´1q with tw0, . . . , wn´1u “ t0, . . . , n ´ 1u, then we may construct

a unique tableau Tabpw, λq given a shape λ by following the reverse process.

Definition 4.4: Consider a tableau T of shape λ. We define the charge of T denoted by IpT q to be

the tableau TabpIpwpT qq, λq.

Definition 4.5: Define the co-charge of T to be JpT q :“ TabpJpwpT qq, λq.

Example 4.6: Following the same tableau as in Example 4.2 we compute IpT q and JpT q below:

IpwpT qq “ p3, 1, 0, 2, 0, 1q JpwpT qq “ p2, 1, 0, 2, 1, 2q

IpT q “

0 0 1

1 2

3

JpT q “

0 1 2

1 2

2

Recall that a tableau T is said to be standard if its rows and columns are written in increasing order.

The set of standard tableaux of shape λ is denoted by STpλq. We will next discuss some properties

of the charge and co-charge of standard tableaux.

Proposition 4.7: Let T be a Young tableau of shape λ and pr, cq be the cell in the r’th row and c’th

column of Dpλq. Then JpT qpr, cq ` IpT qpr, cq “ T pa, bq ´ 1.

Proof : [4, Lemma 1] Let a “ wpT q with a “ pa0, . . . , an´1q. Using the fact the the set of entries

appearing a Young tableau is t1, . . . , nu we see that ta0, . . . , an´1u “ t0, . . . , n´ 1u. Consider ai “ k

then by the definition of the cocharge we have that Jpaqi “ k ´ Ipaqi. Therefore Ipaqi ` Jpaqi “ k.

Recall that for a given tableaux T and cell pr, cq, we denote T pr, cq to be the entrie of T appearing in

that cell. Therefore, consider the cell pr, cq such that T pr, cq “ k ` 1 then IpT qpr, cq ` JpT qpr, cq “ k

which shows what we needed. ■

Proposition 4.8: Let a “ pa0, ¨ ¨ ¨ , an´1q such that ta0, . . . , an´1u “ t0, . . . , n ´ 1u. The co-charge

Jpaq can be built by following the reverse process as the charge. In other words, let ppiq be a number

such that appiq “ i for 1 ď i ď n. Then the co-charge J “ pJ1, . . . , Jnq is built recursively in the

following way:

1. Jpp1q “ 0.

2. If ppiq ă ppi` 1q then Jppiq “ Jppi`1q ` 1 and otherwise Jppiq “ Jppi`1q.

Proof : [4, Lemma 1] Consider I “ Ipaq and let J be the word pJ1, . . . , Jnq defined by the construction

above. Let 1 ď k, l ď n be two integers such that al “ ak ` 1. If k ă l then Il “ Ik and Jl “ Jk ` 1,

otherwise Il “ Ik ` 1 and Jl “ Jk. In either case, we have that Il ` Jl “ Ik ` Jk ` 1. With this
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formula, it is easy to show that Ii ` Ji “ ai inductively on the position ppiq such that appiq “ i. Note

that this matches with the original definition of Jpaq as Jpaqi “ ai ´ Ipaqi ■

Lemma 4.9: For a given standard tableau T and 1 ď i ă i ` 1 ď n, let pr1, c1q and pr2, c2q be the

cells in which i and i ` 1 are written in T respectively. Then either r2 ď r1 and c1 ă c2 or r1 ă r2

and c2 ď c1.

Proof : Let T1 be the tableau T with the cells containing entries in ti`2, . . . , nu removed. Let pr1, c1q

and pr2, c2q be the cells of T1 with entries i and i ` 1 respectively. If i and i ` 1 belong to the same

row (or the same column) then the claim is trivial. We may then assume that i and i ` 1 does not

belong to the same row or column. If we assume that the claim above is false, then we obtain two

cases: Either r1 ă r2 and c1 ă c2 or r2 ď r1 and c2 ď c1.

For the first case, assume that r1 ă r2 and c1 ă c2. Therefore, there either exists a cell pr1, c2q

or pr2, c1q in T1. In either case, this implies that there exists a number written directly to the right,

or below i which is not i` 1. This contradicts the fact that T1 is standard, since i` 1 is the largest

entry in T . In a similar argument, one can show that if r2 ď r1 and c2 ď c1 then there exists a cell,

either directly to the right or below pr2, c2q which contains an entry less than i` 1. This contradicts

the fact that T is standard. ■

Corollary 4.10: For any given standard tableau T we have that IpT q “ JpT 1q1

Proof : [4, Lemma 1] Assume that T has size n. Let 1 ď i ă n ´ 1, we must show that the order

in which i and i ` 1 appear in wpT q and wpT 1q are reversed. This would show that wpT 1q is the

reverse of the word for wpT q which would show that IpwpT qq “ JpwpT 1qq using Proposition 4.8. Fix

1 ď i ă i ` 1 ď n ´ 1, and let pr1, c1q and pr2, c2q be the cells in which i and i ` 1 is written in T

respectively. Since T is standard, then we have that r1 ď r2 and c1 ď r2. Consider integers p1piq and

p1pi ` 1q so that wpT qp1piq “ i and wpT qp1pi`1q “ i ` 1. Likewise, let p2piq and p2pi ` 1q be integers

satisfying wpT 1qp2piq “ i and wpT 1qp2pi`1q “ i ` 1. Our goal is to show that the order of p1piq and

p1pi` 1q is the opposite of p2piq and p2pi` 1q. By Lemma 4.9 there are two cases to consider; either

r2 ď r1 and c1 ă c2 or r1 ă r2 and c2 ď c1.

If r1 ă r2 and c2 ď c1 then i ` 1 is written in a column before i or directly below i in T . This

implies that p1piq ă p2pi ` 1q by the construction of the tableaux word. Similarly p2pi ` 1q ă p2piq,

since i` 1 is written in a column to the right of i. This shows that the orders of p1piq and p2pi` 1q is

the opposite of p2piq and p2pi` 1q. Note that the case in which r1 ă r2 and c2 ď c1 can be addressed

by lettering U “ T 1 and applying the first case to U . Therefore, the order in which i and i`1 appear

in wpT q is the opposite to the order in which they appear in W pT 1q. ■
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Recall the definition of the last letter ordering on standard tableaux (1.32). For standard tableaux

T1 and T2 of shape λ, let m be the maximum integer that is written in different places for T1 and T2.

Let T1pr1, c1q “ T2pr2, c2q “ m. We say T1 ă T2 if r1 ă r2. (See Definition 1.32).

Proposition 4.11: Let T1 and T2 be standard tableaux of shape λ such that T1 ă T2. Then we have

T 1
2 ă T 1

1.

Proof : Since T1 ă T2, there exists an integer m such that for all i ą m we have that the positions

of i in T1 and T2 are the same, and m is written in different positions in T1 and T2. If m ă n then

consider V1 and V2 to be the tableaux T1 and T2 with the cells containing m` 1, ¨ ¨ ¨ , n removed. Let

V1pr1, c1q “ m and V2pr2, c2q “ m. Since T1 ă T2 then r1 ă r2, furthermore since both V1 and V2 are

standard, this means that c2 ă c1. Therefore, since T 1
1pc1, r1q “ m and T 1

2pc2, r2q “ m and c2 ă c1

then T 1
2 ă T 1

1. ■

Subsection 4.1: Alternating Polynomials

One more important concept to introduce before the higher Specht polynomials is the alternating

polynomials. We will use the structure of alternating polynomials to construct a bilinear form over

the coinvariant algebra.

Definition 4.12: We call a polynomial p P P an alternating polynomial if σ ¨ p “ sgnppqp for all

σ P Sn.

Definition 4.13: The Vandermonde determinant ∆ P P is given by

∆ “
ź

iăj

pxi ´ xjq.

Theorem 4.14: If p P P is an alternating polynomial then there exists σ P Sym such that p “ σ∆.

Proof : This is a well known result (see [24, Section 6.2 and 6.3]), we give a quick proof. It is

easy to see that ∆ is in fact an alternating polynomial. Note that any transposition of the form

t “ pi, i ` 1q will permute the factors of the form t : pxk ´ xiq Ø pxj ´ xi`1q for j ă i. Simi-

larly, t : pxi ´ xjq Ø pxi`1 ´ xjq for i ` 1 ă j. Since the factor t : pxi ´ xi´1q “ p´1qpxi ´ xi`1q

then t∆ “ ´∆. We may conclude by an induction argument that for any σ P Sn we have that

σ∆ “ p´1qlpσq∆ “ sgnpσq∆.

Now consider any f such that for all σ P Sn we have that σ ¨ f “ sgnpσq ¨ f . Then for a trans-

position of the form t “ pi, jq we have that t ¨ f “ ´f . Thus, if we evaluate f at xi “ xj we get that

f “ t ¨ f “ ´f . This implies that f “ 0. Meaning that pxi ´ xjq must be a factor of f . Since we can

do this for any pair pi, jq for i ă j we obtain that f “ g∆ for some g P P. It remains to show that
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g P Sym. To do this, consider the action of Sn on rational functions. Let σ P Sn

σ ¨
g∆

∆
“

p´1qg∆

p´1q∆
“
g∆

∆
.

The above shows that for any σ P Sn we have σ ¨ g “ g, meaning that g P Sym. ■

Theorem 4.14 completely classifies all possible alternating polynomials. It implies that if f is alter-

nating then degpfq ě degp∆q. This is an extremely useful classification. We will see that we may

obtain all alternating polynomials using an operator from the group algebra

ÿ

σPSn

sgnpσqσ P 𝓀rSns.

It is quite clear that if we apply this operator to any polynomial, then we obtain an alternating

polynomial. The following result shows how one can build ∆ from this operator. Then we will use

this operator to construct a bilinear form for C.

Definition 4.15: The Vandermonde matrix υ is the following nˆ n matrix with entries in P.

υ “

»

—

—

—

–

1 x1 ¨ ¨ ¨ xn´1
1

...
...

. . .
...

1 xn ¨ ¨ ¨ xn´1
n

fi

ffi

ffi

ffi

fl

Proposition 4.16: The following hold for the Vandermonde determinant:

1. detpυq “ ∆.

2. degp∆q “ npn´ 1q{2.

3. ∆ “
ř

σPSn
sgnpσqσpxn´1

1 ¨ ¨ ¨x1n´1q

Proof : This is a well known result (see [4, Section 2]), we give a quick proof here. For the second

assertion is quick to check, as npn´1q{2 “ |tpi, jq | 1 ď i ă j ď nu|, proving that degp∆q “ npn´1q{2.

For the first assertion, note that detpυq P P. For a given transposition t we have that

t ¨ detpυq “ detpt ¨ υq “ ´detpυq.

This means that detpυq is an alternating polynomial, and by Theorem 4.14 we have detpυq “ g∆ for

some g P Sym. Furthermore, we can show that detpυq is a homogeneous polynomial.

detpυqpλx1, . . . , λxnq “ det

¨

˚

˚

˚

˝

»

—

—

—

–

1 λx1 ¨ ¨ ¨ λn´1xn´1
1

...
...

. . .
...

1 λxn ¨ ¨ ¨ λn´1xn´1
n

fi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‚

“ λ
npn´1q

2 detpυq.

This proves that detpυq is a homogeneous polynomial of degree npn ´ 1q{2. Note that deg detpυq “

degp∆q therefore detpυq “ ∆. To show the final assertion, we use the Leibniz formula for the
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determinant. Let Ei,j be the entry of υT in row i and column j. Note that Ei,j “ xi´1
j

∆ “ detpυT q “
ÿ

πPSn

sgnpπqE1,πp1q ¨ ¨ ¨En,πpnq “
ÿ

πPSn

sgnpπqx0πp1q ¨ ¨ ¨xn´1
πpnq

■

Proposition 4.17: Consider the ring homomorphism N : P Ñ 𝓀 given by Npxiq “ 0 for all

1 ď i ď n. This way, N is the same as evaluating all variables at 0. Consider f, g P C. Denote f̄ and

ḡ to be a lifting of f and g to P. The map x´,´y : C ˆ C Ñ 𝓀, defined below, is well-defined and a

bilinear form:

xf, gy “ N

˜

1

∆

ÿ

σPSn

sgnpσqσpf̄ ḡq

¸

.

Proof : This result is used in [4], we give it a quick proof here. Denote the operator θ “
ř

σ sgnpσqσ :

P Ñ P. Then it is easy to see that θpfq is alternating, therefore ∆ divides θpfq. Furthermore, it is

easy to see that if f, g P P and a, b P Sym we obtain

θpaf ` bgq “ aθpfq ` bθpgq.

Therefore, the operator θ is Sym-linear. Note that N is definitely 𝓀-linear and division by ∆ is also

𝓀-linear, then if we fix c, d P 𝓀 and f, g, h P P we obtain

N

ˆ

θppcf ` dgqhq

∆

˙

“ cN

ˆ

θpfhq

∆

˙

` dN

ˆ

θpghq

∆

˙

.

This proves that x´,´y is 𝓀-bilinear. It remains to show that the value of x´,´y does not depend

on the choice of lifting. Let f P C and F1 and F2 be two choices of lifting of f . Consider the ideal

generated by the elementary symmetric functions I “ pe1, . . . , enq Ď P so that C “ P{I. There

exists polynomials tb1, . . . , bn!u Ă P such that tbi ` I | 1 ď i ď n!u is a basis of C (see Theorem 3.5).

This means that there exists h1, h2 P I such that

F1 “
ÿ

i

cibi ` h1 F2 “
ÿ

i

cibi ` h2

Note that since h1, h2 P I then neither h1 or h2 have a constant term. Note that for any h P I there

exists polynomials h1, . . . , hn P P such that h “ h1e1 ` ¨ ¨ ¨ ` hnen. Therefore, since N is equivalent

to evaluating all variables to 0, and θ is Sym-linear, we have

Npθphqq “ Npe1qNpθph1qq ` ¨ ¨ ¨ `NpenqNpθphnqq “ 0.

Thus for any choice p P P we have that Npθph1pqq “ Npθph2pqq “ 0. Therefore we obtain the

following

NpθpF1pqq “ N

˜

ÿ

i

cibi

¸

`Npθph1pqq “ N

˜

ÿ

i

cibi

¸

`Npθph1pqq “ NpθpF2pqq.

This shows that xf, gy does not depend on the choice of lifting for f . A similar argument can be made
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for two different liftings of g. ■

Proposition 4.18: For any σ P Sn we have that xσf, gy “ sgnpσqxf, σ´1gy

Proof : [4, Lemma 2] Let A and B be liftings of f and g respectively. Then we have the following:

ÿ

πPSn

sgnpπqπppσAqBq “
ÿ

πPSn

sgnpπqπpσσ´1pσAqBq

“ sgnpσq
ÿ

ρPSn

sgnpρqρpApσ´1Bqq where ρ “ πσ

The computation above proves the assertion. ■

Definition 4.19: For a sequence of non-negative integers a “ pa1, . . . , anq we denote ā the sequence

obtained by ordering a in a weakly increasing way. We also denote |a| “ a1 ` ¨ ¨ ¨ ` an. Furthermore,

for two sequences a and b of equal length, we denote a ` b to be the componentwise sum of both

sequences.

Lemma 4.20: Let a “ pa0, . . . , an´1q and b “ pb0, . . . , bn´1q be two words such that xxaw, x
b
wy ‰ 0

then the following holds:

1. |a| ` |b| “
npn´1q

2 and ta0 ` b0, . . . , an´1 ` bn´1u “ t0, . . . , n´ 1u.

2. If a ` b “ p0, . . . , n ´ 1q then there exists a unique π P Sn such that πpa ` bq “ p0, . . . , n ´ 1q

with πpaq “ a and πpbq “ b

Proof : [4, Lemma 3] Let h “ xa0`b0
1 ¨ ¨ ¨x

an´1`bn´1
n and let θ “

ř

σ sgnpσqσ. It is clear that Dphq

is an alternating polynomial of degree degpθphqq “ degphq “ |a| ` |b|. If |a| ` |b| ă npn ´ 1q{2

then θphq is an alternating polynomial of degree degpθphqq ă degp∆q therefore θphq “ 0 by Theo-

rem 4.14 and Proposition 4.16. Otherwise, if |a| ` |b| ą npn ´ 1q{2 then there exists homogeneous

0 ‰ g P Sym such that θphq “ g∆. This means that 1
∆θphq “ g. However, since g ‰ 0, setting

all variables x1 “ x2 “ ¨ ¨ ¨ “ xn “ 0 would make g “ 0. This means that xxaw, x
b
wy “ 0. If it is

the fact that |a| ` |b| “ 0 then by Proposition 4.16 we have that h “ πpxn´1
1 ¨ ¨ ¨x0nq meaning that

ta0 ` b0, . . . , an´1 ` bn´1u “ t0, . . . , n´ 1u.

To prove the second part, if a ` b “ p0, . . . , n ´ 1q. Then by the first part we also have that

ta0 ` b0, . . . , an´1 ` bn´1u “ t0, . . . , n´ 1u. This means that there exists a permutation π P Sn such

that aπpiq ` bπpiq “ i. Since ai ` bi “ i this means that πa “ a and πb “ b as desired. ■

Subsection 4.1: Higher Specht Polynomials

We now introduce the higher Specht polynomials and show that they are indeed a basis of the

coinvariant algebra. We will first define the Specht polynomials, then use the bilinear form (see
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Definition 4.17) to show that the Specht polynomials are indeed a basis. We will also generalize

alternating polynomials in order to describe the structure of the higher Specht polynomials.

Definition 4.21: Fix two tableaux standard T and V of shape λ $ n. Let wpT q “ pa1, . . . , anq then

let α “ pa1 ` 1, . . . , an ` 1q and b “ wpV q. Then the charge monomial of T and V is defined as

xVT “ xb1a1
¨ ¨ ¨xbnan

Example 4.22: Let T “
1 2
3

and V “
1 3
2

then wpT q “ p2, 0, 1q and wpV q “ p1, 0, 2q. Computing

α “ p3, 1, 2q we give the charge monomial is given by

xVT “ x23x
0
1x

1
2 “ x2x

2
3

Recall the definition of the Young symmetrizer of a tableau T (see Definition 1.16). If CpT q and RpT q

are the column and row symmetrizers (respectively) then we define

εT “

¨

˝

ÿ

cPCpT q

sgnpcqc

˛

‚

¨

˝

ÿ

rPRpT q

r

˛

‚.

Furthermore, recall Definition 1.5. Given λ $ n the tableau Tλ is constructed by enumerating each

cell from left to right, for each consecutive row. Similarly, Tλ “ pTλq1 is constructed by enumerating

each cell, from top to bottom, for each consecutive column. We have seen in Definition 1.17 and

Theorem 1.27 that the irreducible representations of Sn are the Specht modules Sλ “ CrSnsεTλ .

Definition 4.23: Consider a partition λ $ n and let T,W P STpλq. We define the higher Specht

polynomial indexed by T and V to be

FV
T “ εT ¨ x

IpV q

T .

Example 4.24: Following the same tableaux in Example 4.22, let T “
1 2
3

and V “
1 3
2

. Then we

know that xVT “ x2x3. Furthermore εT “ p1 ´ p13qqp1 ` p12qq “ 1 ´ p13q ` p12q ´ p123q. Therefore

FV
T “ εT ¨ x2x3 “ x2px3 ´ x1q.

Lemma 4.25: For any V P STpλq the subspace of P spanned by tFV
T |T P STpλqu is isomorphic to

the Specht module Sλ as a representation of Sn.

Proof : [4, Lemma 5] For M P STpλq let πT be the permutation such that πT pTλq “ M . In Theorem

1.37 it was proven that tπMεTλ
|T P STpλqu is a basis for Sn. Therefore, let σ P Sn and T P STpλq

then there exists cM P 𝓀 for every M P STpλq such that

σπT εTλ
“

ÿ

MPSTpλq

cMπMεTλ
“

ÿ

MPSTpλq

cMεMπM .
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Considering that FV
T “ εTx

V
T “ πT εTλ

xVTλ then we compute

σFV
T “ σπT εTλxVTλ

“
ÿ

MPSTpλq

cMF
V
M .

This shows that the space spanned by tFV
T |T P STpλqu is isomorphic to a sub-representation of Sλ.

Since this space is non-zero, this means that it must be isomorphic to Sλ since the Specht modules

are irreducible. ■

So far, we have that proven that the higher Specht polynomials respects the irreducible Sn-module

decomposition of C. We will now show that they do indeed form a basis of C by making use of

the bilinear form defined in Definition 4.17. We will show there is an ordering of the higher Specht

polynomials, in which the Gramian of the bilinear form computed at the Specht polynomials forms

an upper triangular matrix with nonzero diagonal. This would show that the Gramian is invertible,

thus the higher Specht polynomials are a basis of C.

Proposition 4.26: For any tableau T and f, g P C we have xεT f, gy “ xf, εT 1gy

Proof : [4, Lemma 2] Note that RpT 1q “ CpT q and CpT 1q “ RpT q. We show this statement with the

following computation:

xεT f, gy “
ÿ

cPCpT q rPRpT q

sgnpcqxcrf, gy

“
ÿ

cPCpT q rPRpT q

sgnpcqsgnprcqxf, r´1c´1gy by Proposition 4.18

“
ÿ

cPRpT 1q rPCpT 1q

sgnprqxf, rcgy

“ xf, εT 1gy ■

Corollary 4.27: [4, Lemma 4] Consider standard tableaux T1, T2, V1, V2 P STpλq. If T1 ą T2 in the

last letter ordering, then xFS1

T1
, F

S1
2

T 1
2

y “ 0

Proof : This is an immediate consequence of Proposition 4.26 and Proposition 1.36 together with

Corollary 1.36. Using these results, we know that if T1 ă T2 then εT1εT2 “ 0. Furthermore, since

T1 ą T2 implies T 1
1 ă T 1

2 then we obtain xεT1
f, εT 1

2
gy “ xf, εT 1

1
εT2

gy “ 0. ■

For the next few results, we will fix some notation. Consider two sequences of length n, a and b, of

non-negative integers. We say a ă b if there exists m such that for all m ` 1 ď j ď n the sequences

match aj “ bj and am ă bm. We will call this ordering of sequences the reverse-lexicographical

ordering. Recall that for T of shape λ the Young idempotent given ε2T “ n!
dimSλ

εT (see Proposition

1.28). This can be used to prove the following lemma.
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Lemma 4.28: Consider T, V1, V2 P STpλq and let C “ CpT q and R “ RpT q. Then

xFV1

T , F
V 1
2

T 1 y “
n!

dimSλ

ÿ

cPC rPR

xr ¨ x
IpV1q

T , c ¨ x
JpV2q

T y.

Proof : [4, Section 2] Recall from Corollary 4.10 that IpV2q “ JpV 1
2q1 we have

xFV1

T , F
V 1
2

T 1 y “ xεTx
IpV1q

T , εT 1x
IpT 1

q

T 1 y “ xεT 1εTx
IpV1q

T , x
JpV2q

T y

“
n!

dimSλ

ÿ

cPC rPR

sgnpcqxcr ¨ x
IpV1q

T , x
JpV2q

T y

“
n!

dimSλ

ÿ

cPC rPR

xr ¨ x
IpV1q

T , c ¨ x
JpV2q

T y. ■

Remark 4.29: For the next results, we will fix some notation given in [4]. For a given sequence of

non-negative integers a “ pa1, . . . , anq, we say a is a reordering of the word a in a weakly increasing

order.

Proposition 4.30: Consider T, V1, V2 P STpλq. If IpwpV1qq ă IpwpV2qq then xFV1

T , F
V 1
2

T 1 y “ 0

Proof : [4, Theorem 1] Denote C “ CpT q and R “ RpT q then from Lemma 4.28 we obtain

xFV1

T , F
V 1
2

T 1 y “
n!

dimSλ

ÿ

cPC rPR

xr ¨ x
IpV1q

T , c ¨ x
JpV2q

T y

Furthermore, since IpwpV1qq ă IpwpV2qq this means that IpwpV1qq ` JpwpV2qq ă p0, . . . , n ´ 1q. We

can see this as IpwpV2qq ` JpwpV2qq “ p0, . . . , n´ 1q. Particularly this means that if a “ wpr ¨ IpV1qq

and b “ wpc ¨ JpV2qq for r P R and c P C we have that |a| ` |b| ă |p0, . . . , n ´ 1q| “ npn ´ 1q{2.

Therefore, we obtain by Lemma 4.20

xr ¨ x
IpV1q

T , c ¨ x
JpV2q

T y “ 0. ■

Proposition 4.31: Let T, V1, V2 P STpλq with IpwpV1qq “ IpwpV2qq and V1 ă V2 (according to the

last letter ordering). Then xFV1

T , F
V 1
2

T 1 y “ 0.
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Proof : [4, Proposition 1] We will prove this via contradiction. From Lemma 4.28 we have

xFV1

T , FT 1TV 1
2y “

n!

dimSλ

ÿ

cPC rPR

sgnpcqxr ¨ x
IpV1q

T , c ¨ x
JpV2q

T y

Before we continue the proof, notice that T assigns each cell of Dpλq a unique number from 1 to n.

This means that for any particular tableau M of shape λ, and permutation π P Sn we can define

an action of π on M by permuting the cells corresponding to the numbers of T . This means that

if πpiq “ j and pr1, c1q and pr2, c2q are the cells corresponding to i and j in T respectively, then

π ¨Mpr1, c1q “ Mpr2, c2q. We will use this particular action of Sn on tableaux of shape λ using T for

this proof. Particularly if r P RpT q and c P CpT q then

xr ¨ x
IpV1q

T , c ¨ x
JpV2q

T y “ xx
r¨IpV1q

T , x
c¨JpV2q

T y.

Let us assume that for some r P RpT q and c P CpT q we have that xx
r¨IpV1q

T , x
c¨JpV2q

T y ‰ 0. Let

a “ wpr ¨ IpV1qq and b “ wpc ¨ JpV2qq. By Proposition 4.7, Lemma 4.20 and our assumption that

IpV1q “ IpV2q we have that a` b “ p0, 1, . . . , n´ 1q and ta0 ` b0, . . . , an´1 ` bn´1u “ t0, . . . , n´ 1u.

Furthermore, there exists a permutation σ such that σa “ a and σb “ b. Since V1 ă V2 there exists

1 ď m ď n such that if k ą m then the number k is written in the same cell in both V1 and V2.

Furthermore, m is written in a row above in V1 then V2. Assume that m “ n, meaning that n is

written in a row ρ1 in V1 and ρ2 in V2 such that ρ1 ă ρ2. By Lemma 4.20, since xx
r¨IpV1q

T , x
r¨JpV2q

T y ‰ 0

then r ¨ a` c ¨ b is a permutation of p0, . . . , n ´ 1q and a` b “ p0, . . . , n ´ 1q. This means that there

should exist 1 ď k ď n such that pr ¨ aqk ` pc ¨ bqk “ n´ 1. However, since n is written in a row ρi in

V1 and row ρj in V2 with i ą j then there are no positions l in which pr ¨ aql ` pc ¨ bq “ n ´ 1 which

contradicts our assumptions.

The above argument addresses the case that m “ n. However, we must show that this holds for

m ă n. To do this let Pm`1, . . . , Pn be the cells in V1 and V2 such that V1pPkq “ V2pPkq “ k for

m ă k ď n. We will argue that pr ¨ IpV1qqpPkq “ pc ¨ JpV2qqpPKq for m ă k ď n. By our assumption

that xxr¨a
T , xc¨b

T y ‰ 0 and that a ` b “ p0, 1, . . . , n ´ 1q we have that the cell Pn is the only cell such

that IpV1qpPnq ` JpV2qpPnq “ n ´ 1. This means that in order for the bilinear form to not be zero,

Pn must be the only position that satisfies pr ¨ IpV1qqpPnq ` pc ¨ IpV2qqpPnq “ n ´ 1. However, this

means that pr ¨ IpV1qqpPnq “ pc ¨ JpV2qqpPnq. Next, let V
p1q

1 and V
p2q

2 be the tableaux V1 and V2 with

cell Pn removed. We repeat the same argument until we obtain V
pmq

1 and V
pmq

2 . Note that m is the

greatest integer that is written in different positions in V
pmq

1 and V
pmq

2 . Therefore, by the argument

in the first paragraph, we have a contradiction with Lemma 4.27. ■

Proposition 4.32: For T, V P STpλq the bilinear form xFV
T , F

V 1

T 1 y ‰ 0.
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Proof : [4, Propostion 1] We begin again by writing the bilinear form as in Lemma 4.28. LetR “ RpT q

and C “ CpT q. Then

xFV
T , F

V 1

T 1 y “
n!

dimSλ

ÿ

πPC ρPR

xρ ¨ x
IpV q

T , π ¨ x
JpV q

T y

By the argument in Proposition 4.31 we saw that there exists an action of Sn on the diagram Dpλq,

by using the index of each cell given by T . Assume that for given ρ P R and π P C we have that

ρ ¨ IpV1q ‰ IpV1q and π ¨ JpV2q ‰ JpV2q. Let a “ wpρ ¨ IpV qq and b “ wpπ ¨ JpV qq. For all integers

1 ď i ď n, let pri, ciq P Dpλq be the cell that i is written in V . With this notation, define m to be

the largest integer such that the cell prm, cmq is not fixed by ρ or π. Since ρ does not fix IpV q and π

does not fix JpV q, then for any 1 ď i ď m we have that

pρ ¨ IpV qq pri, ciq ` pρ ¨ IpV qq pri, ciq ă m´ 1.

This means that there are no integers i such that ai ` bi “ n ´ 1. This contradicts 4.20 as ta1 `

b1, ¨ ¨ ¨ , an ` bnu “ t0, ¨ ¨ ¨ , n ´ 1u. Therefore xρ ¨ x
IpV1q

T , π ¨ x
JpV2q

T y “ 0 unless ρ ¨ IpV1q “ IpV1q and

π ¨ JpV2q “ JpV2q. Consider the following subgroups of Sn;

A “ tρ P R | r ¨ IpV1q “ IpV1qu and B “ tπ P C | c ¨ JpV2q “ JpV2qu.

Let M “ xx
IpV1q

T , x
JpV2q

T y. Then we obtain

n!

dimSλ

ÿ

cPC rPR

xr ¨ x
IpV1q

T , c ¨ x
JpV2q

T y “
n!

dimSλ

ÿ

cPB rPA

M “
n!

dimSλ
|A||B|M ■

Theorem 4.33: The set tFV
T |T, V P STpλqu is a basis for C.

Proof : [4, Theorem 1] First, let Λ be the ordered list containing all partitions of n. Assume that

there are k partitions of n so that we may list Λ “ pΛ1, . . . ,Λkq, where each Λi is a partition of n.

Now we order the set of higher Specht polynomials. For a given F1 “ FV1

T1
and F2 “ FV2

T2
we say that

F1 ă F2 if any of the following applies:

1. If T1, V1 P STpΛiq and T2, V2 P STpΛjq with i ă j.

2. If T1, T2, V1, V2 P STpΛiq and T1 ą T2 by the last letter ordering.

3. If T1 “ T2 and IpwpV1qq ă IpwpV2qq by the reverse lexicographical ordering

4. If T1 “ T2 and IpwpV1qq “ IpwpV2qq with V1 ă V2 by the last letter ordering.

Using this we see that if FV1

T1
ă FV2

T2
then by Propositions 4.27, 4.30, and 4.31 then xFV1

T1
, F

V 1
2

T 1
2

y “ 0.

Consider the Gramian matrix
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M “

»

—

—

—

–

xFV1

T1
, F

V 1
1

T 1
1

y ¨ ¨ ¨ xFVn

Tn
, F

V 1
1

T 1
1

y

...
. . .

...

xFV1

T1
, F

V 1
n

T 1
n

y ¨ ¨ ¨ xFVn

Tn
, F

V 1
n

T 1
n

y

fi

ffi

ffi

ffi

fl

Note that M is upper triangular, with non-zero elements of 𝓀 in the diagonal entries. This means

that M is invertable, which shows that the set tFV
T |T, V P STpλq for λ $ nu is a basis of C. ■

Subsection 4.1: Structure of Higher Specht Polynomials

We will finish this section by defining a generalization of the alternating polynomials. Consider a

partition λ “ pλ1, . . . , λkq. It is natural to consider Sλ1
ˆ ¨ ¨ ¨ ˆSλk

Ď Sn by identifying the subgroups

Sλi as groups which permute a subset of t1, . . . , nu of size λi. Thus, we can arrange the elements

that each subgroup permutes in the columns of a tableau of shape λ1. This motivates the following

definitions:

Definition 4.34: Let T be a tableau of shape λ and CpT q be the subgroups of column permutations

of T . Then we define the T -symmetric functions as SymT :“ tf P P |σf “ f for all σ P CpT qu.

It is easy to see that CpT q is a reflection group acting on P. By the Chevalley-Shephard-Todd

theorem (see Theorems 3.3 and 3.4) we have that P is free-module of finite rank over PCpT q.

Definition 4.35: For a tableau T of shape λ, we say that f P P is T -alternating if σf “ sgnpσqf

for all σ P CpT q.

We may classify all T -alternating polynomials by modifying the definition of the Vandermonde de-

terminant in the following way:

Definition 4.36: Let T be a tableau of shape λ. Let C1, . . . , Ck be the set of numbers appearing in

each column of T . We define the T -Vandermonde determinant to be

∆T :“
k
ź

i“1

ź

j,lPCi
jăl

pxj ´ xlq.

Example 4.37: Consider the standard tableau T “
a b
c d

of shape λ “ p2, 2q. Here we have

ta, b, c, du “ t1, 2, 3, 4u. The columns of T are C1 “ ta, cu and C2 “ tb, du. Therefore, we may

compute the T -vandermonde determinant as

∆T “ pxa ´ xcqpxb ´ xdq.

Proposition 4.38: If f is T -alternating, then there exists g P SymT such that f “ g∆T .
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Proof : The fact that ∆T is T -alternating is immediate from Theorem 4.14. Let C1, . . . , Ck be the

set of numbers appearing in the columns of T . Then CpT q – SC1
ˆ ¨ ¨ ¨ ˆ SCk

. If σ P SCi
then σ

leaves all components of δT with elements not in Ci invariant. By Theorem 4.14 we have that

σ
ź

jălPCi

pxi ´ xjq “ sgnpσq
ź

jălPCi

pxi ´ xjq

This shows that σ∆T “ sgnpσq∆T . Therefore, ∆T is in fact T -alternating. Now, consider f a

T -alternating polynomial. By evaluating f at xi “ xj for i and j in the same column of T , that

f |xi“xj
“ 0. This means that if i and j are in the same column, then pxi ´xjq divides f . This means

that if f “ ∆T g. To show that g P SymT is identical to the proof in Theorem 4.14. ■

Lemma 4.39: For a given, T, V P STpλq there exists g P SymT such that FV
T “ g∆T .

Proof : This is almost trivial to check from the definition of the higher Specht polynomials.

FV
T “ εTx

V
T “

¨

˝

ÿ

cPCpT q

sgnpcqc

˛

‚

¨

˝

ÿ

rPRpT q

r

˛

‚¨ xVT

It is clear that for any σ P CpT q that σεT “ sgnpcqεT . Therefore, εT ¨ xVT is an T -alternating

polynomial. By Proposition 4.38 we have that there must exist g P SymT such that FV
T “ g∆T . ■

Example 4.40: We compute all higher Specht polynomials for S3. First, we compute all standard

tableaux of size 3 and compute their charge and Young symmetrizer. Here we denote Tr and Ta to be

the standard tableaux corresponding to the trivial and alternating representations of Sn respectively.

In addition to this, we consider T1 and T2 to be the two standard tableaux of shape p2, 1q. We give

the following list of tableaux, their charge, and their corresponding Young symmetrizers.

Young Tableaux T Tableaux Charge IpT q Young Symmetrizer εT

Tr 1 2 3 0 0 0 e` p12q ` p13q ` p23q ` p123q ` p132q

T1
1 2
3

0 0
1

pe´ p13qq pe` p12qq

T2
1 3
2

0 1
1

pe´ p12qq pe` p13qq

Ta
1
2
3

0
1
2

e´ p12q ´ p13q ´ p23q ` p123q ` p132q

There is only one copy of the trivial representation and the signed representation of S3 as sub-

representations of C. The higher Specht polynomials that give a basis for each in C are the following:

FTr

Tr
“ εTr

p1q “ 6 FTa

Ta
“ εTa

px2x
2
3q “ p´1qpx1 ´ x2qpx1 ´ x3qpx2 ´ x3q

There are two copies of Sp2,1q in C. These are given by the following higher Specht polynomial basis:
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• FT1

T1
“ εT1

px3q “ 2px3 ´ x1q

• FT1

T2
“ εT2

px2q “ 2px2 ´ x1q

• FT2

T1
“ εT1

px2x3q “ x2px3 ´ x1q

• FT2

T2
“ εT2

px2x3q “ x3px2 ´ x1q

This means that spaces spanned by t2px3 ´ x1q, 2px2 ´ x3qu and tx2px3 ´ x1q, x3px2 ´ x1qu are

isomorphic to Sp2,1q as a S3-representation. Note that for all higher Specht polynomials we computed

were of the form FV
T “ g∆T for some g P SymT . This is in fact a true statement for all higher Specht

polynomials.

Section 4.2: q-Deformation of Higher Specht Polynomial

For this section, we consider 𝓀 “ Fpqq for an indeterminate q. Like the previous section, consider

P “ 𝓀rx1, . . . , xns and Sym be the subring of P of symmetric polynomials. Consider the Hecke

algebra of type A over F given by H “ HqpSnq. The generators of H are given by thi | 1 ď i ď n´ 1u

with the following presentation (see Example 2.49)

1. h2i “ pq ´ 1qhi ` q for 1 ď i ď n´ 1.

2. hihj “ hjhi for |i´ j| ą 1.

3. hihi`1hi “ hi`1hihi`1 for 1 ď i ď n´ 2.

These represent q-deformation of the transpositions s1, . . . , sn´1 which generate Sn. In Chapter 3

we constructed a faithful representation of H over P (subsequently over C, see Proposition 3.70 and

Corollary 3.74). This representation was given by the operators ζi

hi ÞÑ ζi :“ δipq ´ 1q ` si (4.1)

This representation is a 1-parameter version of the 2-parameter presentation given by Alain Lascoux

in [22, Section 2]. In Chapter 2 we built a q-deformation of the Young symmetrizers which gave us

the Specht modules. Recall that for a partition λ we defined two elements of HqpSnq given by (see

Definition 2.69)

cqλ “
ÿ

cPCpTλq

p´qq´lpcqτpcq rqλ “
ÿ

rPRpTλq

τprq (4.2)

For tableaux T and V of the same shape, we define πpT, V q P Sn to be the permutation such that

πpT, V q ¨ T “ V (see Definition 2.32). Using this notation, we defined the Young symmetrizer as the

following element of HqpSnq (see Definition 2.77):

εqT :“ hpπpTλ, T qqcqλhpπpTλ, T qq´1hpπpTλ, T qqrqλhpπpTλ, T qq´1

The q-deformation of the Young symmetrizers were central to our generalization of the Specht modules

to HqpSnq. These modules are given by

Sq
λ :“ HqpSnqεq

Tλ .
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To keep the notation simple, denote εqλ “ εqTλ
and hpT, V q “ hpπpT, V qq. We proved that Sq

λ are

irreducible modules of HqpSnq (see Theorem 2.80) with the following basis

thpTλ, T qεqλ |T P STpλqu

Definition 4.41: For a given T, V P STpλq we define the q-higher Specht polynomials as the

following polynomial:

FV
T “ hpTλ, T qεqλ ¨ xVTλ

Proposition 4.42: Specializing q “ 1 we obtain that FV
T “ FV

T

Proof : It is easy to see from Lemma 2.78 that as q Ñ 1 we have that εqλ Ñ ελ and hpTλ, T q Ñ

πpTλ, T q. This means that specializing q Ñ 1 we obtain

FV
T Ñ πpTλ, T qεTλ ¨ xTTλ “ eTx

V
T “ FV

T . ■

Theorem 4.43: The set tFV
T |T, V P STpλq for all λ $ nu is a basis of C as a F-vector space.

Proof : Note that by the Chevalley-Shephard-Todd Theorem 3.5 we have that C is a vector space of

dimension n!. Furthermore by specializing q Ñ 1 we have that

tFV
T |T, V P STpλq for all λ $ nu Ñ tFV

T |T, V P STpλq for all λ $ nu.

From Theorem 4.33 we know that the higher Specht polynomials are a basis of over C. Therefore, by

Lemma 2.67 the set tFV
T |T, V P STpλq for all λ $ nu must be linearly independent of size n! “ dimC.

Therefore, they are a basis of C. ■

Theorem 4.44: Let V P STpλq. Then the space spanned by tFV
T |T P STpλqu is isomorphic to Sq

λ

as an HqpSnq representation.

Proof : Recall that Theorem 2.80 proves that Sq
λ “ Hεqλ has a basis given by

thpTλ, T qεqλ |T P STpλq.u

Therefore for any h P HqpSnq and T P STpλq, there exists cU P F for all U P STpλq such that

hFV
T “ hhpTλ, T qεqλ ¨ xVTλ

“
ÿ

UPSTpλq

cUF
V
U .

This shows that tFV
T |T P STpλqu spans a non-trivial submodule of Sq

λ. This implies that the space

it spans is isomorphic to Sq
λ as the Specht modules are irreducible. ■

Both Theorems 4.44 and 4.43 imply that we have indeed generalized the higher Specht polynomials
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to HqpSnq. We now want to obtain a good description of the polynomial FV
T in order to compute

them. In Lemma 4.39 we related the Specht polynomials with T -alternating polynomials. In order to

obtain a similar description, we must generalize alternating polynomials to the Hecke algebra HqpSnq

action on P. Recall that the trivial representation φ and sign representation ψ of HqpSnq are defined

in the following way (see Example 2.60);

φphiq “ q ψphiq “ ´1

Definition 4.45: A polynomial f P P is q-alternating if ζif “ ´f for all 1 ď i ď n´ 1.

Definition 4.46: The q-Vandermonde determinant is defined as the following polynomial

∆q “
ź

iăj

pxi ´ qxjq.

Proposition 4.47: Assume that f is q-alternating in Frx1, . . . , xns. Let si “ pi, i ` 1q. Then sipfq

is given by:

sipfq “ f
qxi ´ xi`1

qxi`1 ´ xi
.

Proof : If we assume ζipfq “ ´f then we obtain that

xif ´ xi`1sipfq

xi ´ xi`1
pq ´ 1q ` sipfq “ ´f ðñ rqxi ´ xi`1sf “ sipfqrqxi`1 ´ xis ■

Corollary 4.48: If f is a q-alternating polynomial and σ “ sk´1 ¨ ¨ ¨ si for some 1 ď i ă k ď n then

we have the following formula for σpfq.

σpfq “ f
pqxi ´ xkqpqxi`1 ´ xkq ¨ ¨ ¨ pqxk´1 ´ xkq

pqxk ´ xk´1qpqxk ´ xk´2q ¨ ¨ ¨ pqxk ´ xiq

Proof : We shall prove this inductively over k. The base case is k “ i`1 which is done in Proposition

4.47. Thus we assume it works for k´1, consider σ1 “ sk´2 ¨ ¨ ¨ si thus σ “ sk´1σ
1. Then via induction

we know that

σ1pfq “ f
pqxi ´ xk´1qpqxi`1 ´ xk´1q ¨ ¨ ¨ pqxk´2 ´ xk´1q

pqxk´1 ´ xk´2qpqxk´1 ´ xk´3q ¨ ¨ ¨ pqxk´1 ´ xiq

We compute a formula for σpfq by applying sk´1 to this equation.

σpfq “ sk´1pfqsk´1

ˆ

pqxi ´ xk´1qpqxi`1 ´ xk´1q ¨ ¨ ¨ pqxk´2 ´ xk´1q

pqxk´1 ´ xk´2qpqxk´1 ´ xk´3q ¨ ¨ ¨ pqxk´1 ´ xiq

˙

“ f

ˆ

qxk´1 ´ xk
qxk ´ xk´1

˙ˆ

pqxi ´ xkqpqxi`1 ´ xkq ¨ ¨ ¨ pqxk´2 ´ xkq

pqxk ´ xk´2qpqxk ´ xk´3q ¨ ¨ ¨ pqxk ´ xiq

˙

■
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Corollary 4.49: If f is q-alternating, then for 1 ď i ă k ď n we have that pxi ´ qxi`1q divides f .

Proof : In Corollary 4.48, we consider σ “ σ “ sk´1 ¨ ¨ ¨ si which gives us

σpfq “ f
pqxi ´ xkqpqxi`1 ´ xkq ¨ ¨ ¨ pqxk´1 ´ xkq

pqxk ´ xk´1qpqxk ´ xk´2q ¨ ¨ ¨ pqxk ´ xiq
.

Note however that σpfq is a polynomial, thus all polynomials of the form pqxk´xjq in the denominator

must divide the nominator. More specifically, this means that pqxk ´ xiq must divide the nominator.

However, note that pqxk´xiq does not divide any polynomial of the form pxj´qxkq therefore pqxk´xiq

must divide f . ■

Theorem 4.50: For a given polynomial f , we have that f is q-alternating if and only if f is of the

form f “ ∆qg for a symmetric polynomial g.

Proof : In direction is trivial; if f “ ∆qg where g is symmetric, then τipfq “ gτip∆
qq “ ´g∆q “ ´f

and thus f is q-alternating. On the other hand, if f is alternating, then pxi ´ qxjq divides f for all

1 ď i ă j ď n, meaning that ∆q divides f . Since this has to be true for all q-alternating polynomials,

then f “ ∆qg for some polynomial g. It remains to show that g is symmetric. Consider another

q-alternating polynomial p ‰ 0, and consider the ratio f{p. Note that if we apply si to this ratio, we

can use Coronary 4.49 in the following way:

sipf{pq “ f
qxi ´ xi`1

qxi`1 ´ xi
{p
qxi ´ xi`1

qxi`1 ´ xi
“ f{p

The ratio f{p is a symmetric function. In fact the ratio of any two q-alternating function is a

symmetric function. Thus of we consider p “ ∆q, since f “ ∆qg then the ratio f{p “ g this shows

that g is in fact symmetric. ■

Definition 4.51: Let λ $ n. Then we define f P P to be λ-symmetric if for all σ P CpTλq we have

σf “ f . We will denote the subring of λ-symmetric polynomials by Symλ

Let S “ ts1, . . . , sn´1u be the transpositions generating Sn. By the way that Tλ is defined, it is clear

that CpTλq is generated by a subset of S. Since the operators ζi are Sym-linear, they must also be

Symλ-linear.

Definition 4.52: Let λ $ n then f P P is pq, λq-alternating if for all si P CpTλq, the corresponding

Hecke algebra element satisfies hi ¨ f “ ζipfq “ ´f

Definition 4.53: Let C1, . . . Ck be the set of numbers appearing in the columns of Tλ. We define
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the pq, λq-Vandermonde polynomial to be

∆q
λ “

k
ź

i“1

ź

j,lPCi
jăl

pxj ´ qxlq.

Proposition 4.54: If f P P is pq, λq-alternating, then there exists a polynomial g P Symλ such that

f “ g∆q
λ.

Proof : This is almost immediate by applying Theorem 4.50 and restricting the group to CpTλq.

Since CpTλq is parabolic, then we just compute ∆q
λ on each set of variables appearing in the columns

of Tλ. ■

Lemma 4.55: Given V P STpλq there exists g P Symλ such that FV
Tλ “ g∆q

λ.

Proof : Because hpTλ, Tλq “ 1, then εTλ “ cqλhpTλ, T
λqrqλhpTλ, T

λq´1. Recall that for any permuta-

tion p P CpTλq we have hppqcqλ “ p´1qlppqcqλ. This gives the following

pFV
Tλ “ pcqλhpTλ, T

λqrqλhpTλ, T
λq´1xVTλ “ p´1qlppqεTλxVTλ .

This shows that FV
Tλ is a pq, λq-alternating polynomial. Therefore, there must exist g P Symλ such

that FV
Tλ “ g∆q

λ. ■

Example 4.56: Given H “ HqpS3q we compute all possible higher Specht polynomials. From the

description of the higher Specht polynomials, for a given V P STpλq all higher Specht polynomials

FV
T are given as the following

FV
T “ hpTλ, T qFV

Tλ .

Therefore for each partition, we only need to compute εqλ and FV
Tλ . Then for each tableau T we

compute hpTλ, T q and let it act on FV
Tλ . Since HqpS3q has two one-dimensional representations,

we compute their higher Specht polynomials first. The partition giving the trivial representation is

λt “ p3q and the partition giving the signed representation is λa “ p1, 1, 1q.

ελt
“ 1 ` h1 ` h2 ` h1h2 ` h2h1 ` h1h2h1

ελa
“ 1 ´

1

q
rh1 ` h2s `

1

q2
rh1h2 ` h2h1s ´

1

q3
h1h2h1

Let Tt and Ta be the only standard tableau of shape λt and λa respectively. Then we compute the

higher Specht polynomials as follows:

FTt

Tt
“ ελt

p1q “ 1 ` 2q ` 2q2 ` q3 FTa

Ta
“

´1

q3
px1 ´ qx2qpx2 ´ qx3qpx2 ´ qx3q

Next let λ “ p2, 1q and consider T1 “
1 2
3

and T2 “
1 3
2

. It is easy to see that T1 “ Tλ and T2 “ Tλ.
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Then πpTλ, Tλq “ p2, 3q then hpTλ, Tλq “ hps2q “ h2

εTλ “ εT2 “

ˆ

1 ´
1

q
h1

˙

h2 p1 ` h2q h´1
2 .

Using this we compute the polynomials FT1

Tλ and FT2

Tλ . They will generate the different copies of Sq
λ.

FT1

Tλ “ εTλxT1

Tλ “
1 ´ q

q
px1 ´ qx2q FT2

Tλ “ εTλxT1

Tλ “
´1

q
x3px1 ´ qx2q

Note that for V P STpλq a basis for the Specht module Sq
λ in C is given by tFV

Tλ , hpT2, T1qFV
Tλu. We

may use them to compute the remainder of the higher Specht polynomials.

• FT1

T2
“

1´q
q px1 ´ qx2q

• FT1

T1
“ p1 ´ qqpx1 ` p1 ´ qqx2 ´ qx3q

• FT2

T2
“ ´1

q x3px1 ´ qx2q

• FT2

T1
“ ´1

q x2px1 ´ qx3q

Note that not always does the higher Specht polynomials factor into q-Vandermonde determinants.

In the q “ 1 case, this is always true from Lemma 4.39. This is a property that has been lost in this

generalization of the higher Specht polynomials to HqpSnq. As we see from the computed example,

FT1

T1
does not have a ∆q

λ factor. However, as we see from the computations above, all higher Specht

polynomials are obtainable by applying an appropriate Hecke algebra element to the polynomial FV
Tλ

which does indeed always factor.
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