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Abstract

In this thesis we construct a generalization of the higher Specht polynomials to the Hecke algebra
H4(Sy). These polynomials form a basis of the coinvariant algebra € with respect to the action of .S,
and they will decompose € into irreducible representations of the Hecke algebra. These irreducible
representations are g-Specht modules Y. In this construction, if we consider ¢ = 1 then we obtain
the original higher Specht polynomials for S,,.

We will also introduce a generalization of the divided difference and Demazure operators in the
setting of the ring of Laurent polynomials £. We will construct a coinvariant algebra for the action
of the hyperoctahedral group W,, on £. From these operators, we will be able to find a faithful
representation of the Hecke algebra H, ,(W,,) over £.
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Chapter 0

Introduction

Let % be a field of characteristic 0 and let % be the polynomial ring with n variables over &.
Consider a finite subgroup G < GL, (%), where G acts naturally on the variables of 2. There are two
natural questions pertaining to the theory of invariants: when does the invariant subring ?¢ obtain
a polynomial ring structure, and what is the structure of 2 as a ?%-module? Claude Chevalley
expanded on a theorem by G.C. Shephard and J.A Todd (see [8, chap. 4.1]). This theorem states

three equivalent conditions:
e G is generated by pseudo-reflections (i.e a pseudo-reflection group).
e ¢ is isomorphic to a polynomial ring with dim V' generators.
e P is a free ? “-module of rank |G]|.

This result is known as the Chevalley-Shephard-Todd theorem. In fact we can relate this result to
representations of a pseudo-reflection group G in the following way: consider the ideal mg < %
generated by all invariants of G with no constant term. The quotient € = % /m¢ is called the
coinvariant algebra of G. A result known to Chevalley tells us that € =~ £[G] as G-modules (see
[%, Theorem 4.1]). Furthermore, it has been proven that % =~ 2?% ®y, € (see [, Chapter 3.3.1]). This
means that we can study the action of G on & by its action on the coinvariant algebra. By a classical
result in representations of finite groups, if S is the set of all irreducible G-representations, then

¢ R[G] = P sPhms,
seS

It is possible to find a basis of each copy of s € S in €. This would produce a basis of € which respects
the decomposition of € into different irreducible G representations. Particularly for the case that
G = S, it is well known that the irreducible representations of S, are given by Specht modules S},
indexed by partitions A - n (see [16, Chapter 4]). Therefore, in this case we obtain

¢~ @ Sg\-annSA
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In their paper [4], S. Ariki, T. Terasoma, and H. Yamada, produced a basis of €, which generalizes
a polynomial basis of the irreducible representations of S,, called the Specht polynomials. This new
basis of € was then called the higher Specht polynomials. In fact, the higher Specht polynomials
have been generalized for a higher class of groups. Denote ST()) to be the set of standard tableaux of
shape A. The higher Specht polynomials are a set of polynomials indexed by two standard tableaux
of the same shape {F) |\t n and T,V € ST(A\)}. If we fix A - n and a standard tableau V € ST())
then the set {F) | T € ST(A)} becomes a basis for a submodule of € which is isomorphic to Sy.

In this thesis, we generalize this construction to the Hecke algebra of S, denoted by H,(S,). The
Hecke algebra, in this thesis, is a finite dimensional algebra over a field % indexed by an element
q € ®. The relations of this algebra are dependent of ¢. If we choose ¢ = 1 then the Hecke algebra is
the group ring of S,, over H,(S,). Akihiko Gyoja constructed a generalization of the Specht modules
in their paper [19]. These ¢-Specht modules, denoted by S, are indexed by partitions of n, with the
property that S} =~ S\. Another important construction, is the action of H,(S,) on @ given by Alain
Lascoux (see [21]). By using Gyoja’s description of S{ and the action of H,(S,) on &, we generalize
the higher Specht polynomials to a Hecke algebra version. These polynomials will also be indexed by
two standard tableaux of the same shape, {§¥. | A — n and T,V € ST(A)}. Similar to the S, version,
if we fix A - n and V € ST()\) then the set {FY. | T € ST()\)} is a basis of a submodule of € which is
isomorphic to SY. We also obtain that the set of g-higher Specht polynomials is a basis of C over %.
Furthermore, in the ¢ = 1 case, we obtain the original higher Specht polynomials. In other words, if

q = 1 then
§r="Fr

The second goal of this thesis is to construct an action of the Hecke algebra of the hyperoctahedral
group Hgq,(W,) on the ring of Laurent polynomials. In the classical case, a version of the higher
Specht polynomials has been constructed for almost all the pseudo-reflection groups (see [23]). These
constructions rely on the fact that there is a natural action of G on 2, and one may construct a
coinvariant algebra of G. In this thesis, we will consider a different construction of this setting for the
case that G = W,,. We will consider a natural action of W,, on £ and use Chevalley-Shephard Todd

to construct the invariant subring £V~

and a version of the coinvariant algebra £€ as a quotient ring
of £. In this setting, we will be able to generalize symmetrizing operators of % to £, and using these

operators we will construct an action of H, ,(W,,) on £.



Chapter 1

Preliminaries

In this chapter we aim at giving a concise summary of the necessary definitions and results concerning
partitions, Young tableaux, and their application to the basic representation theory of the permutation
group S, and the hyperoctahedral group W,,. We give all these results in detail in order to provide
some proof techniques that will appear in later chapters. In Section 1.1 we will cover partitions and
multi-partitions of an integer and its associated Young diagram. We will also cover in this section
the definition of a Young tableau and a standard Young tableau and some of their properties. Next,
in Section 1.2 we will use the combinatorics of Young tableaux to obtain irreducible representations
of the permutation group. We will finish the section with a description of the one-dimensional

representations of the hyperoctahedral group in Section 1.3.

Section 1.1: Tableaux Combinatorics

We begin our discussion with the combinatorics of integer partitions. For a given natural number n
we define a partition X of n, denoted by A - n, to be a sequence of positive integers A = (A1,..., \)
such that >}, A; = n and A\; > \; if i > j. For a given partition A = (A1,...,\x) of n we denote the
length of the partition by I(A) := k. Given a partition A of n its Young diagram is a set of tuples

of integers defined in the following way:
D) ={(r,e)|1<r<I(A),1<ec< A}

Each element of D()) is called a cell of the diagram. It is easy to see that for a given partition
A+ n such that A = (Aq,..., Ag) then the size of its young diagram as a set, denoted by |D(\)| is
A1+ -+ A = n. This gives a way to visualize partitions of an integer as arrangements of row and

columns as indicated by Example 1.1 below.



Example 1.1: Consider the partition A = (3,2) and its associated Young diagram below:

D(\) = |

If we are given a diagram D = {(r,c)|1 <r <k, 1 < ¢ <d,} such that d; > d; for any i > j then D
produces a unique partition of n = |D| given by (dy,...,d;). Informally, this means that there is a
bijection between diagrams D with |D| = n and partitions of n. For this reason, we will consider a
partition A - n and its Young diagram interchangeably. Therefore, A\ may refer to the partition and
its diagram, and we will be dropping the D()) notation. For instance, we give the correspondence

between partitions of 4 and diagrams of size 4 below:

4) - [TTT] (3’1)‘_’533 (2,2)HEE (2,1,1)@@j (1,1,1,1) &

A consequence of this is that operations on diagrams will give operations on partitions of n. An
example of this is conjugation. Given a partition A — n we define the conjugate partition, denoted
by X, as the partition associated with the diagram D'(A) = {(¢,r)|1 < r < I(N),1 < ¢ < N}

Geometrically, this is equivalent to transposing the diagram in the same way we transpose a matrix.

Example 1.2: Consider the partition A = (3,2). We give the diagram corresponding to the partition

and its conjugate below.

A=(3,2) —> D()) = | D'(\) = N =(2,2,1)

One important construction which uses the diagram of a partition is the Young tableau. Formally,
given a partition A we define a Young tableau T of shape A to be an injective function from the set

of tuples of the diagram of A to the set {1,...,n}:
T:D\) —{1,...,n}

Example 1.3: Consider a partition A = (3,2) - 5. We can visualize any of those functions by filling
up the diagram of A with the corresponding value of T'. Thus, a Young tableaux of shape A is given

below:

T =

Given a Young tableau T of shape A, we can enumerate the individual rows and columns of T'. Using
the individual rows (or columns), we would be able to partition the set {1,...,n} into the set of
numbers that appear in the same row (or column). To formally describe this process, we will first we

need some definitions. Given the tableau T, the value of T at row r and column ¢ will be written as



T(r,c). With this notation, we will define the indexed row (or indexed column) sets as
Row(r,T) = {T'(r,c) |1 < ¢ < A} and Col(c,T) = R(e,T").

We can consider the set of rows and columns of a tableau, denoted by R(T) and C(T') respectively.

Example 1.4: Given the same tableau T" from Example 1.3 we give its row and column sets respec-

tively:

T= = Row(T) = {Row(1,T),Row(2,T)} = {{1, 3,5}, {2,4}}

Col(T) = {Col(1,T),Col(2,T),Col(3,T)} = {{1,2},{3,4},{5}}

A tableau T is called standard if the values are written in increasing order in all rows and columns.
In other words, if » < ' then T(r,¢) < T(r',c). Likewise, if ¢ < ¢’ then T(r,¢) < T(r,c’). The

tableau in Example 1.4 gives a standard tableau of shape A = (3,2).

Definition 1.5: For a given partition A we denote T to be the tableau constructed by numbering

the cell from left to right starting from the top row. Similarly, denote T* = (Ty/)".

Example 1.6: For A = (4,2,2,1) - 9 we have:

3[4] s[9]

T\ = and T =

’@\]U‘H
’%ww»—

Let ST()) be the set of all standard tableaux of a given shape A. Furthermore, let hy be the number
of standard tableaux of shape A, so that hy = |ST(A)|. In order to describe a formula for hy, we will
discuss the hook-length of a cell. Let us consider any partition A of n, and pick a cell (r,¢) of its

diagram. Consider the following set:
H(r,e) = {(r',c) e D) |7 = r}{ J{(r,¢') e DOV | ¢ > ¢}

The set H(r,c) consists of all the cells directly to the right and directly downwards from the cell
(r,c). We call this set a hook of the cell (r,c).

Example 1.7: As an example of this, consider the cell (1,2) of the partition A = (4,3,3). Then we

o o

For a given cell (r,¢) of a Young diagram D(\) we define its hook length [)(r,¢) := |H(r,c)|. This

give the hook of this cell below:

notation gives us the following formula for the number of standard tableaux.

5



Theorem 1.8: For a given partition A of size n, the number of standard tableaux of this shape is

given by:

n!
H(r,c)eD(,\) Ix(r;¢)

ha

A proof by Frame, Robinson and Thrall can be found in [15, Theorem 1].

Example 1.9: Using Theorem 1.8, we can compute the number of standard tableaux of shape A =

(4,3,1) 8. The entries of the diagram D(\) below indicate the hook lengths of the cells.

D) =

[F[=]=

[
>
>

|
ot
\]
.

Corollary 1.10: |ST(A)| = |ST())| for all partitions A - n.

Proof: [16, Chapter 4.1] This result is well known, we give a proof based on the hook length for-
mula.Consider any cell (¢, r) in the conjugate diagram D()’). Its hook on the conjugate diagram will
be defined by Hy (¢,r) = {(c/,r) | = ¢} U{(e,r") | = r}. Note that there is a bijection between the
set Hy (c,r) and the set Hy(r,c¢) given by switching the order of the tuples. Thus the hook length
ha (¢, r) = ha(r,¢) giving us the equality:

1_[ h(e,r) = H h(r, c) [ |

(e,’)ED(N) (r,c)eD(X)

Section 1.2: Representations of the Permutation Group

The permutation group S, is the group of bijections from the set {1,...,n} to itself. The aim of this
section is to classify all representations of S,, over a field & of characteristic 0. This classification will
be done using the combinatorial tools we discussed so far. First we define a natural action of S, on
the set of Young tableaux of shape A - n. This action is defined by the following: If o € S,, and T is
a Young tableau of shape A then

(o-T)(r,c) =0 (T(r,c))

Definition 1.11: Given a tableau T of shape A we define two subgroups of S,,. Consider all the
permutations which permute elements only within the same row. These permutations form the row
symmetrizer. Similarly, the column symmetrizer which are the permutations that permute
elements within the same column. We denote these subgroups as R(T) and C(T) and they are
formally given by:



R(T) = {o € S,,|Row(r,T) = Row(r,oT)}
C(T) = {o € S, |Col(¢, T) = Col(¢,0T)}

Example 1.12: Consider a partition A = (3,2) - 5. We give a tableau T of shape A and R(T") and
C(T') below. For notation purposes, given a set A we denote Perm(A) the group of permutations
of elements of A. This way we can express the group of row and column symmetrizers of T in the

following way

1]3]4] R(T) = Perm({1,2,3}) x Perm({2,5})
2|5 C(T) = Perm({1,2}) x Perm({3,5})

Theorem 1.13: For a given Young tableau T of shape A = (A1,..., ) if we have N = (vq,...,1,)
then R(T) = Sy, x --- xSy, and C(T) = S,, x --- x S,,.

Proof: [26, Given in Definition 2.3.1] If the sets of rows and columns of T are {ri,...,r,} and
{e1,...,c1} respectively, then the size of each row |r;| = A;, similarly |¢;| = v;. Thus for each row r;

we have that Perm(r;) = S, from which it follows that
R(T) =~ Perm(ry) x - -+ x Perm(rg) = Sy, X --- x Sy,

A similar argument can be given for the columns, as Perm(c;) = S,, for each 1 < i <. |

Suppose we are given a representation V of a group G, where V is a vector space over some field £
of characteristic 0. Then V as a G-representation is equivalent to a module over its group ring 2G.
Thus finding irreducible representation of GG is equivalent to finding irreducible modules of 2G. In
our case, we want to find the irreducible representations of G = S,,. These representations will first
be defined in the form of left ideals of the group ring £.5,,. We will construct these ideals with a set of
idempotent elements called Young symmetrizers. These elements are constructed with the following

symmetrizing and anti-symmetrizing elements of £5,,.

Definition 1.14: Fix a tableau 7" and consider the following elements of Z[S,,].

r(T) = Z o and o(T) = Z sgn(o)o
oceR(T) oeC(T)
By construction, given a Young tableau T and any permutation p € R(T') then pr(T) = r(T) and
similarly for any p € C(T') we have pc(T) = sgn(p)c(T). Therefore, we obtain the AR(T)-module
(respectively the 2C(T)-module) spanned by r(T') and ¢(T"). We can see that they form two one-

dimensional representation of R(T") and C(T).



Proposition 1.15: Consider a tableau T of shape A - n. Then r(T)? = |R(T)|r(T) and ¢(T)?* =
[C(T)[e(T).

Proof: [16, Lemma 4.21] Since for any p € R(T') we have that pr(T) = r(T) then its easy to see the

following computation.
r(T) = ), p|r(T)=RD)NT)
peR(T)

Similarly, given any p € C(T') we have that pc(T) = sgn(p)c(T) then

(T = | Y, sea(pp |e(T)= ), (sen(p)®) e(T) = |C(T)|e(T). u
peC(T) peC(T)
Definition 1.16: Let T be a young tableau of shape A\. The Young symmetrizer of T is defined

as the following element of £S,,.

er =r(T)e(T) = 2 Z sgn(m)om
oeR(T) neC(T)
Definition 1.17: Consider a partition A - n. Then we define the following ideal of £S5, which we
call the Specht module associated with A denoted by S := RS,epa.

Remark 1.18: The choice of using T* above is arbitrary. One may use any Young tableaux of shape

A to define the Specht modules. However, this choice will make some proofs easier.

As left ideals of the group ring of S, generated by epa, it is clear that Specht modules form repre-
sentations of S,,. The goal now is to show that for each A - n the module S} is in fact an irreducible
representation of S,,. Furthermore, we must show that the set {Sy | A - n} forms a full set of inequiv-
alent irreducible representations of S,,. For this second statement is enough to recall the following

well known result [16, Proposition 2.30].

Proposition 1.19: For a finite group G, the number of irreducible representations of G is the same

as the number of conjugacy classes of G.

Proposition 1.20: Consider two tableaux 77 and 75 and assume there exists a transposition o =

(a,b) € S, such that o € C(T}) and o € R(T%) then ep,er, = 0.

Proof: [16, Lemma 4.21] We must show that ¢(T})r(T3) = 0, note that ¢ € C(T1) [ R(T%) then we

can show this is true with the following computation:

c(T)r(Tz) = —c(Th)or(Tz) = —c(T)r(Ts) < c(Th)r(T2) =0 [ ]



Lemma 1.21: The element e is the unique element, up to scalar multiples, which for any element

a € R(T) and b e C(T) satistying acr = er and erb = —er.

Proof: [16, Lemma 4.21] Assume that there exists another element f = 3] cs0 that satisfies this

o€ES,
condition. We must show two things, that for any 0 = ab € R(T)C(T) we have that ¢, = ksgn(b)
for some constant k € C, and if o ¢ R(T)C(T) then ¢, = 0. For our reference we can compute the

coefficients of each term in afb in the following way

afb= chaab = an—lab—lg.

The first assertion is easier to show. If f has the property mentioned then for any a € R(T') and
b e C(T) we have that afb = sgn(b)f then ¢,-1,,-1 = sgn(b)c,. This means that the coefficient for
abe R(T)C(T) in f is given by ¢qp = sgn(b)c.. This shows immediately the first assertion with k& = c..

Before we show the second part, we will show that if o ¢ R(T)C(T') then there exists a transpo-
sition ¢t € R(T) () C(cT). Denote U = oT, then we must show that there are two numbers belonging
to a row of T and a column of U. Assume via contradiction that there are no such integers. Since
there are no such pair of integers, then all the numbers appearing in the first row of 7" must appear
in different columns of U. There exists permutation ¢; € R(T) and hy € C(U) such that ¢;T and
h1U have the same first row. We can make this same argument for the second row of ¢;7 and hiU.
This means that there must be permutations g and ho such that gog1T and hyh,U have the same
first two rows. Repeat this process for all rows, then we obtain two permutation g and h such that
9T = hU. This means however that g7 = hoT which gives us that ¢ = ho. Note that g € R(T)
and h € C(U) = oC(T)o~! thus write h = oh’oc~! with ' € C(T). We then get that g = oh’ thus
o =g(h')~t e R(T)C(T) a contradiction.

The argument above shows that for a given permutation o ¢ R(T)C(T) there must exist a trans-
position ¢t € R(T)(C(¢T). Consider such transposition ¢ and define g = o~ 1tc € C(T) then
tog = too~'toc = 0. We have now constructed a transposition ¢t € R(T) and a element g € C(T)
therefore ¢;rq = sgn(g)c, = —c¢,. Furthermore, we have that tog = o so that ¢;ry = ¢,. Therefore

Co = Ctgqg = —C, meaning that ¢, = 0 as desired. |
Corollary 1.22: For any g € £S5,, we have that epger = ke for some k € ep.

Proof: [16, p. 53, Lemma 4.21] Note that for a € R(T) and b € C(T) then aergerb = sgn(b)erger.

However, from the last Lemma 1.21 we have that erger = ke for some k € C. | |



Consider two partitions Ay = (a1,...,ax) and Ay = (by,...,b;). We say that A\; > Ay if comparing
(@1,...,a,0,...) < (b1,...,b;,0,...) with lexicographical ordering. Therefore, it is easy to see that
it must be a total ordering on partitions of n. This ordering is called the lexicographical ordering

on partitions.

Example 1.23: The lexicographical ordering for all the partitions of n = 4 is given by:
(4) <(3,1) < (22) < (2,1,1) < (1,1,1,1)

Lemma 1.24: Consider two tableaux 77 and T5 of shapes A\; and Ay respectively. If Ay > Ay then

there exist two numbers belonging to a row of T7 and a column of T5.

Proof: [29, Chapter 14.7, Lemma 1] We will proceed with an argument similar to the one in the
proof of Lemma 1.21. If the diagram D(\;) has more columns than the diagram D(A2) then note
that in the first row of T3 there are more elements than the number of columns of 75, thus there must
be a column containing more than one element of the first row of 17 by a pigeonhole argument. Thus,
we can assume that D(A1) and D(\y) have the same number of columns. Let A\ = (aq,...,q;) and
A2 = (b1,...,bg) then since Ay > Ay then let ¢ be the minimal integer such that a; # b; by definition of
the lexicographic ordering it must be the case that a; > b;. In terms of the diagram, this means that
row ¢ is the first row that D(A\1) and D(A2) does not have the same amount of cells. Furthermore,
there are more cells in row ¢ of D(A1) then D(Az). We proceed with the following inductive argument.
If there exists a column in 75 containing more than one number from the first row of T then we are
done. Otherwise, each element of the first row of 77 is placed at different columns of T, thus there
exists a permutation 71 € C(T%) such that the first row of TQ(I) := m15 contains the same numbers as
the first row of T7. We repeat this process until we reach row 7 and TQ(i) = mmi_1 - w115, However,
note that the set of number written above row ¢ in 77 and TQ(i) are the same, and row ¢ has more

)

elements in T} then in Tz(i . Thus, as with the first case there must exist two numbers in row i of

)

T belonging to the same column of TQ(i . However, since each permutation 7y, --- ,m; preserve the

columns this shows that there are two numbers in a row of T; that appear in the same column of

Ts. |

Corollary 1.25: If T} and 75 are of shapes A; and Ag respectively with A; > A then e, e, = 0.

Proof: [16, Lemma 4.23 | We make use of the lemma 1.24, knowing that there exists two elements

belonging to the same row of 77 and a column of 7T5. We use Lemma 1.21 to infer that ep,er, =0. W

Corollary 1.26: Consider g € £.5,,, and two tableaux T} and 75 of shape A; and A respectively. If

A1 > Ag then eq ger, = 0.

10



Proof: [16, Lemma 4.23] We only need to show this in the case that g € S,,. Note that ep, =

g 'ey1,9. Thus er,ger, = er,e41,9 = 0 from the last corollary.

Theorem 1.27: The set of Specht modules {S\ |\ - n} forms a complete set of irreducible non-

equivalent representations of S,,.

Proof: [16, Lemma 4.25 | First, we show that S is irreducible for a given A - n. Note that by
definition Sy = RSpepsr then epaSheps S Repa by corollary 1.22. Let us consider any possible
sub-representation V' < Sy. Then we immediately have two possibilities, epaV = Repa or epaV = 0.

In the first case, it is easy to see that
S\ = RSpepr = RSpepn VS V.

This means that Sy = V thus V is a trivial sub-representations of Sy. On the other hand if
%#Sper V. = 0 then V = 0. To see this consider %S, as a vector space with basis {g|g € S,} and
consider a hermitian form (—, —) : £S2 — £S,, defined by (g, g;) = 1 if i = j or 0 otherwise, where
gF is the conjugate transpose of g;. If we define the orthogonal space V' = {v € &S, |(v,V) = 0}
then £S5, = V +V’. This means that 1 = v; + vy for some vy € V and v, € V'. However, as V-V =0
then 12 = 1 = vy € V' therefore V/ = %S, and V = 0. This argument shows that there are no
non-trivial sub-representations of Sy meaning that it must be an irreducible representation. Note

that this shows that E;“ # 0.

What remains for us to show is that if \; and A2 are two different partitions of n then Sy, # Sy,. Note
that since A\; # A5 then either Ay < Ag or Ay < A1, both cases will lead to an equivalent argument so
we will assume the first holds. Because of this we have that ey, zey, = 0 for any « € £S,, by Corollary
1.26. This shows that €5, 5, = 0, but by the previous argument we have that €y, S\, = &ex,. This
means Sy, and Sy, are non-isomorphic as £S5, modules. Because the conjugacy classes of S,, are in
one-to-one correspondence with partitions of n, then by Proposition 1.19 the set {S) | A - n} is a full

set of inequivalent irreducible modules of S,,, which is what we needed to show. |
Proposition 1.28: For a given T of shape A we have that e% = ﬁeT

Proof: [16, Lemma 4.26 | Note that in the proof of Theorem 1.27 one can write £5,, = S\ +.5% where
54 is the space orthogonal to Sy. Define M : £S,, — %S, to be the map given by x — zepa. Clearly
M(Sy) = Sx and M(S}) = 0 since M is a constant multiple of an idempotent. More specifically, for
any x € S) we have that Mz = c)x for some non-zero constant ¢y € C such that <>52TA = cxépa. This
means that choosing a basis for S\ and S one writes M as a matrix with trace ¢\ dim(Sy). However,
note that we can use the standard basis for .5, using the group elements {g|g € S,,}. Writing M as
a matrix over this basis, we can compute its trace to be n! as the coefficient of g in gepx is 1. Since

both traces must be the same it shows that n! = ¢y dim(Sy). |
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We will finish this discussion with a formula for the dimension of the Specht modules, as well as give
an explicit basis for each Sy. For this, we must discuss a formula for the characters of each Specht

module. Consider the following polynomials. First, denote the power sums p,, = =" + --- + '

and the Vandermonde determinant A = [[,_;(#; — z;). For any polynomial P € Z[z1,...,z,] and
positive integers ds, ..., d, we denote [P](dl,...,dn) to be the coefficient of scill e xfﬁ. We can give an
explicit formula for the characters in the following theorem, which can be found at [16, Frobenius

formula 4.10].

Theorem 1.29: Let A = (A1,...,Ax) = n and define L; = \; + k—i for each 1 < i < k. Denote C, to
be the conjugacy class of S, associated with the partition v = (v,...,1) - n and for any 1 <i<n

let v(i) be the number of times ¢ appears in the list . Then for any g € C,, then the character value

of g in Sy is equal to xx(9) = [ATT 1 (Pn) T(2a,....L0)

One could use this to deduce the formula for the dimension of Sy by computing the character at the
conjugacy class of the identity element. In other words letting v = (n) we can compute the dimension
of S). Computing the dimension of S this way yields the following result, whose proof can be found

in [12, p.49-50].
Proposition 1.30: Let A = (A1,...,Ag) and L; = A\; + k—4. Then dim S = Ll,"i'Lk, Hi<j(Li —Lj).

Using this formula for the dimension of the Specht module, we may deduce a nicer formula which
provides a good tool for finding a basis for the Specht module. See [16, Chapter 4.12] for a proof of
this.

Theorem 1.31: The dimension of the Specht module is equal to the number of standard tableaux,

so that dim Sy = h)

In the remainder of this section, we will construct a basis for Sy using the standard tableaux. First
we shall do an ordering of the standard tableaux called the last letter ordering [LL-ordering], this

ordering was introduced in [4] by Ariki, Terasoma and Yamada.

Definition 1.32: For two standard tableaux 7} and 75 of the same shape, let 1 < = < n be the

x
largest integer that is written in a different cell in 77 and T5. Let T1(r1,¢1) = Ta(re, c2) = . We say

that T7 < 15 according the last letter ordering, if r; < rs.

Example: If A = (3,2) I 4 then below we present two standard tableaux 77 and T5. Clearly the

greatest integer written in a different position in both tableaux is 5. Since 5 is written in 7} in a row

511]
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above T then T < T5.
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Proposition 1.33: The last letter ordering on ST()) is a total ordering.

Proof: The authors of [1] use this fact without proof, we offer a proof of this in here. Let T1,T5 €
ST(A), and assume that n is written in different cells in both T} and T5. Then n cannot be written in
the same row in both 77 and T5, otherwise they would not be standard tableaux. Since n is written

in different rows, then either T3 < T or Ty < T3.

Assume that 71,75 € ST(A) and 1 < z < n is the largest integer written in different cells. Then let
T} and T3 be the tableau T7 and T with the cells containing  + 1,...,n removed. By the argument
above, x must be written in different rows of T} and T%. This implies that z must be written in a

different row in both T} and T5. Therefore, either T < Ty or To < T7. [ |

Remark 1.34: One can also see that for a partition A = (A1,...,Ax) = n the maximum element in
respect to the LL-ordering is 7). This can be seen in the following way; consider T' to be a standard
tableau with 1 < z < n being the largest element written in different cells in both T and Ty. If x = n
then note that n is written in the last row of T, and since the position must change in 7" we have
that T < T). In the case that < n then let T* and (T))* be the tableau with « + 1, ..., n removed,
and use the previous case. By a similar argument, we can show that 7 is the smallest element with

respect to LL-ordering of the standard tableaux.

Proposition 1.35: If T} < T5 for Ty, T5 € ST(A) then there are two numbers which are shared

between a row of 77 and a column of T5.

Proof: [, Lemma 4] Let x be the largest element that is written in different positions both of T}
and Ty. Let T and T4 be the tableaux T7 and T with « + 1,...,n removed. Note that since these
elements removed were written in the same position, then 77 and T4 must have the same shape
T = (T,...,7%) - x. Let Wi and W> be two tableaux constructed by removing x from 77 and Tj
respectively, with shapes 71 and 75. Since T} < T4 then z is written in row p in 7] and row ¢ in T}
with p < ¢. Thus i = (m4,...,7p —1,...,7%) and 7o = (71,...,7, — 1,...,7%) and by ordering of

partitions we have that 7 > 75. Thus, using Lemma 1.24 we obtain the result we need. |
Corollary 1.36: If T} < T5 for T1,T» € ST()) then epeq, =0

Proof: This corollary is immediate by using the Proposition 1.35 and Corollary 1.25. |
Theorem 1.37: The set {reps | 7T = U for U € ST()\)} is a basis for Sj.

Proof: [1, p.184] First, we order the set ST(A) = (11,...,T}) such that T; < T; if i < j. By a
previous argument, T} is 7. Let 7; be the permutation which m; - Ty = T} for 1 < i < n. What we

will show is that the set {m;eq, |1 < < k} is a linearly independent set in S,e7,. Since dim S} is the
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number of standard tableaux of shape A and T} = T this would show that the set {mep, |1 <1i < k}

is a basis for Sy = £#S,er,. Consider cy, ..., ¢, such that the following equation holds

k
CImiET + + + CLTRET, = Z cier,m; = 0.
=1

We will show by an inductive process that ¢; = 0 for all 1 < i < k. Now using the fact that if i < j

then er,er, = 0. Furthermore, for any 1 < ¢ < k is not hard to see that
-1
TGET, T = &7, T

Using this, We have apply 7, to both sides of the equation. This creates the following system of

equations:
n! 0
Cl=——(G €T, 1 =
dim Sy "
ot 0
CIETRET Tl T C2 77— ETL T2 =
2 dim S,\ 2

CIETL,ET,TT1 + CoETLET, + - + ChET, T = 0

Since ﬁsnﬂ'n # 0 because R(T) n C(T') = {1}, then the only solution to the system of equation
above is ¢; = -+ = ¢ = 0. Since meq, = er,m; we clearly have that {mer, |1 < i < k} is a linearly
independent set of size dim S, thus it must be a basis for S}. |

Example 1.38: With this Theorem 1.37 we have a complete description of the irreducible repre-
sentations of S, together with a basis for each representation. We finish this discussion with some
examples of Specht modules. Clearly the only two one dimensional representations of S,, are given
by the trivial partition 7 = (n) and its transpose 7’. The partition (n) - n gives the trivial repre-
sentation and the partition (1,...,1) - n gives the one dimensional representation we call the sign
representation we denote Sgg,. This representation is given by the sign map of each permutation

m — sgn(7).

Section 1.3: Hyperoctahedral Group

Consider a permutation 7 of the set {+1,...,+n} such that 7(—z) = —n(z) for all z. Such a per-
mutation is called a signed permutation. The set of signed permutations forms a group which
we call the hyperoctahedral Group which we denote by W,. It is easy to see that any signed
permutation is completely determined by what happens to the set {1,...,n} since m7(—m) = —7(m)
for any 1 < m < n. In fact, any injection from the set {1,...,n} to {£1,...,£n} can be extended to
a signed permutation. Thus, we can calculate the order of the hyperoctahedral group by counting all

such injections, which gives |W,| = nl2". We will make distinctions between two different types of
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elements in W,,. First we define a positive permutation to be an element of the form 77wy where
w1 only permutes the positive elements and 7 only permutes the negative elements. Consequently
we define a positive transposition to be any element of the form (a,b)(—a,—b) for 1 < a < b < n.

We call a negative transposition to be an element of the form (a, —a) for some 1 < a < n.

Consider a field £ of characteristic 0, and consider the group of signed permutation matrices
which we will denote SP,, © GL,(#). These are permutation matrices where the entries are allowed

to be £1. It is not hard to see that one can map signed permutations to signed permutation matrices.
Proposition 1.39: The signed permutation group is isomorphic to W,,.

Proof: This is a well known result (see [25]) we give a concise proof here. Let e1,...,e, be a
basis for V' .Consider the map ¢ : W,, — SP, < GL(V) given in the following way, if 7 € W,
such that 7(i) = £j then ¢(m) = M such that M(e;) = +e;. Clearly this is a injective map and
a homomorphism. One can count the number of signed permutation matrices to be nl2"™ = |W,,]|,

meaning this homomorphism is a bijection, thus SP, =~ W,,. |

Consider any signed permutation matrix M. One could decompose M = DP where D is a diag-
onal matrix with +1 in its diagonal and P is a permutation matrix. Note that under the map ¢
described in the proof above, any permutation matrix m can be written in W,, as mymy where m
permutes the positive elements in the set {1,...,n} and w5 permute the set {—1,...,—n}. Similarly,
under the map above any diagonal matrix D can be written as a product of negative transpositions
(a1,—aq) - - (ag, —ax). This means that since we can always decompose a signed permutation matrix
in this way, we can always decompose a signed permutation as disjoint positive and negative trans-
positions. Thus, we can decompose any signed permutation as a product of negative and positive
transpositions, with the parity of negative transpositions and positive transpositions being unique for
each signed permutation. We can summarize this in the following results (see [14, Section 2] and [1,

Section 2] for the Proposition 1.40 and Theorem 1.41):
Proposition 1.40: The set of negative and positive transpositions generate W,,.

Theorem 1.41: Consider the set {wo, ..., w,—1} € W,, where t; = (1, —1) and if ¢ > 0 we have then

w; = (4,4 4+ 1)(—i,—i — 1). Then {wy,...,w,} is a generating set of W,
Proposition 1.42: We can give an embedding W,, — Ss,, via a homomorphism ¢ defined below:

o((a,b)(—a,—b)) = (a,b)(a+n,b+n) and ¢((a,—a)) = (a,a + n)
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Proof: This is almost trivial by the definition of W,,. Consider a bijection ¢ from the set {1,...,n,—1,...

to the set {1,...,2n} where

. i ifl<i<n
P(i) =
—i+n otherwise
Since W, is defined as a subgroup of the permutations of the set {1,...,n,—1,..., —n} then one can
identify W,, as a subgroup of Ss,, under this map. |

Example 1.43: Recall that for any m € W,,, then there exists integers k& and [ such that = =
ny---NEP1 - - - Pr Where n; are negative transpositions and p; are positive transpositions. Decomposing
all signed permutations into positive and negative transpositions gives us an insight on the one-
dimension representations of W,,. We define 4 one-dimensional representations of W,, we will denote

1, Isgn, I, I,. We define each of the representations by what they do to each element.

In fact, these are the only one-dimensional representations of W,,. We will show this in a more general
result in the next chapter. We will re-introduce both permutation groups and hyperoctahedral groups

as Coxeter groups and generalize them to Iwahori-Hecke algebras.
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Chapter 2

Iwahori-Hecke Algebras

The purpose of this section is to define the Hecke algebras of type A and B as deformations of
the permutation group and the hyperoctahedral group. We will study their representations and
give a full description of the irreducible representations of the Hecke algebra of type A with some
conditions on the base field. We start in Section 2.1, by recalling the definition and basic properties
of Coxeter groups. We define reduced words and the Bruhat ordering on Coxeter systems. In Section
2.2 we will define the Hecke algebra over a general Coxeter system and study their structure and
basic properties. We will talk about the specialization arguments and some basic theory about
representations of the Hecke algebras. We will generalize the concept of the Young idempotent in the
setting of a Hecke algebra of Type A in Section 2.3. This generalization will allow us to construct
the irreducible representations of the Hecke algebra of type A. Most of this chapter is based on two
sources, “Reflection Groups and Coxeter groups” by James Humphrey [20] and the last section is
based on Akihiko Gyoja’s paper “A ¢-Analogue of Young Symmetrizer” [19]. There will be several

other sources, and we will introduce them as needed.

Section 2.1: Coxeter groups

In Chapter 1 we discussed the combinatorics and representations of the group S, and W,. These
groups are in fact part of a larger class of Coxeter groups which have been extensively studied. In
order to define the Hecke algebra deformation of S,, and W,, we must first define Coxeter groups and
prove some of their properties which will be necessary for our constructions of the associated Hecke
algebra. In this section, we will give some general constructions and theorems about Coxeter groups,

as well as prove that S;,, and W,, are indeed Coxeter groups.

Definition 2.1: Let G be a group and S € G be a generating subset of G. We call the pair (G, S)

a Coxeter system with rank |S|, when the group presentation is given with the relations:

{(5152)m51’52 =1 | Vsl,SQ es Mgy, s, € N},
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where for each s1,s2 € S we have that ms, s, = ms, s, and mg, s, = 1. Furthermore, if s; # sy then

M, s, = 2. We say that my, s, = o0 if there are no integers m such that (s1s2)™ = 1.

Definition 2.2: A Coxeter group G is any group which possesses a set of generators S € G that

form a Coxeter system (G, S).

Example 2.3: Consider a group G with generators {gi, ..., gx} with relations g7 = 1 for 1 <i < n.

This group does indeed satisfy the Coxeter relations with mgy, o, = 1 if and only if ¢ = j and o

9
otherwise. This group is called the universal Coxeter group of rank k. It is constructed so that

all other Coxeter systems of rank k are obtained as quotients of this group.

Lemma 2.4: Recall that the permutation group S, is generated by transpositions s; := (i,i+ 1) for
1 < i< n-—1. Consider the set of such transposition & = {s1,...,5,-1}. With this notation, the

tuple (S,,S) is a Coxeter system.

Proof: [6, Chapter 1 Ex. 5] Since the set S does generate S,,, we must show that each pair s;, s;
satisfy a Coxeter relation, and there are no other relations. Clearly for each 1 < i < n — 1 we have

that s? = 1 therefore mg, 5, = 1. Next for 1 <i < i+ 1 < j <n —1 we have the following:

(sisj) = (4, i+ 1)(4, 5+ 1) = (4,4 + D)(i,i + 1) = s;s;.

Since s; and s; commute, we have s;5;s;5; = s7s% = 1 and therefore m,,

= my, s, = 2. The remain-
J 7584

Sj
ing case is then 1 < ¢ <n—2and j = ¢+ 1. In this case, it is easy to see that s;s;41 = (i,i+ 1,7+ 2).
Therefore, the order of s;s;11 and s;418; = (SiSiJr])_l is 3. Which shows that m, = my = 3.

Si+1 i+1,Si

Therefore, (Sp,,S) is a Coxeter system.

It remains to show that the quotient of the free group generated by n — 1 elements modulo the
above Coxeter relations is canonically isomorphic to S,,. We will proceed in the following way. Con-
sider G,, to be a group generated by {t1,...,¢,—1}, such that the ¢; satisfy the relations described
in the above argument. What we have shown so far is that there exists a surjective homomorphism
G, — S, such that t; — s;. We now show that this homomorphism must be injective. Since this
homomorphism is surjective, it would suffice to prove that |G, | < |S,|. We will do this inductively
over n. Note that |G2| = 2 < |S2|, which will be our base case. Let Gy be the subgroup of G,
generated by ti1,...,t,_1 such that Gy, < Gri11. We compute [Gg11 : Gg]. Consider a left-coset

h =t;, ---t;,Gx. We can perform two reductions on this coset:

1. If i, # k then t;, € Gy thus h =¢;, ---t;,_, G.

ip—1

2. Ifi, =k and 1)1 # k — 1 then ¢;,_ t; =t;,1;,_, therefore h =t; ---t; _,t; Gy.
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This means that the only possible left cosets are of the following form ¢,tq11 - - - tx_1txGr. Therefore,
there are a maximum of k + 1 left cosets of Gy in Ggy1. This implies that [Gri1 : Gi] < (k —1).
Consequently |G| = |G2||G2 : Gi]---|Gn—2 : Gp—1] < n! = |S,|. This proves that the surjection

G — Si must be an injection. [ |

We now have a Coxeter structure for the permutation group S, using the transposition set S. We
call a Coxeter group G with Coxeter system (G, D) a Coxeter group of type A if there exists an
isomorphism ¢ : G — S, such that ¢(D) = S. Thus, we can abstractly talk about a Coxeter group

of type A as a group G with generators {s,...,s,—1} with the following relations:
e s2=1forl<i<n-—1
o (sisj)?=1for1<i,j<n—1and[i—j|>1.

o (5;841)=1for1<i<mn-—2.

Corollary 2.5: Recall from Theorem 1.41 that the hyperoctahedral group W,, has a generating set
W = {wp,...,wn—1}. These generators are defined as w; = (4,4 + 1)(—i,—i—1) for 1 <i<n-—1

and wg = (1, —1). With this generating set, the tuple (W,,, W) is a Coxeter system.

Proof: [6, Chapter 8 Ex. 1] Recall Proposition 1.42 which shows that there is an embedding ¢ :
Sn — W, given by ¢(s;) = w;. This means that the subgroup G of W,, generated by {w1,...,w,_1}
is isomorphic to S,,. By Lemma 2.4, we have that (G, {ws,...,w,_1}) is a Coxeter system. This
means that to check that W,, satisfies Coxeter relations with generating set W, we only need to check

pairs containing wq. First, we have that w3 = 1, therefore m.,, ., = 2. We now have the following:
(wowr)* = ((1,=1)(=1,-2)(1,2))" = ((1,2,~1,-2))" =1

Therefore My, ., = 4. A similar computation shows that m,,, ., = 4 as well. Lastly, if 2 <i<n—-1
then wow; = (1, -1)(—¢,—i—1)(4,i+1) = (=3, —i — 1) (4, +1)(1, —1) = w;wo. Thus mg,; = mio = 2.
It follows that W does in fact have Coxeter relations. Similarly, as in Lemma 2.4, we show that a group
G,, with relations {tg,...,t,—1} satisfying the above relations have at most |W,| = 2"n! elements.
Since the map ¢ : t; — w; gives a surjective map from G, to W, this would show that G,, =~ W,,.
Consider the embedding G,,—1 € G,, where G,,_1 is the subgroup generated by {to,...,t,—2}. We
would like to show that the number of left cosets [Gp—1 : G] < 2n. Via an induction argument,
this would mean that |G| < 2"n!l. Let t;, -+ +t;,Gp—1 be a right coset of G,,—1. We will prove that

0 < p < 2n —1 and that, without changing this right coset we can assume,

. . (n—p,...,n—1) ifl<p<n
(41, ...,1p) =
(p—n,p—m—1...,0,1,...,n—=1) ifn<p<2n-1
Let 1 < p < n, the strategy is to show via induction that the sequence t;,,...,#;, must have the
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form t,_p,...,tp—1. In the base case, where p = 1, if i; # n — 1 we have that ¢;, € G,,_; therefore
the ¢;,Gp—1 = Gnp—1. Therefore : = n — 1 and t;,G,—1 = t,—1Gp—1. Consider the case that
(i2,...,%p) =(n—p+1,...,n—1) and ¢; # n —p. Then we have three cases; either i =n—p+1,
oriy=n—p+2,0rlip—n—p+1>1

1. In the first case, we have that i1 = n—p+1 = ia thent; tn_pi1 - thp = tn—pritn—pt1- " tnp =

tn—p+2 - tn—p+2 Which results in a sequence of length less than p.

2. In the second case we have that i1, = n — p + 2 = i3 and is n — p + 1. Therefore,

tn—p+2tn—p+1tn—p+2 = tn—p+1tn—p+2tn—p+1 meaning that tiltigti;; = tigti3ti2- Using the fact

that ¢;, commutes with ¢;, for k > 4, we see the following
tistististiy - tno1Gno1 = tiytigtists, - tn1Gn1 = tiytigts, - tn1ts, Gt

Which gives us ¢;, - - - tn—1ti,Gn—1 = ti, - - - tn—1Gpn—1. This gives us a sequence of length shorter

sequence then length p.

3. If |iy —n — p+ 1| > 1 then there are two options, either iy <n—pori; >n—p+2. In
the first case, let k > 2, since 41 + 1 < iy, then ¢;, commutes with ¢;,. Therefore, we obtain
the sequence, t;, ---t; Gpo1 = tiy -t t;yGn1 = tiy--t;,Gp_1. In the second case then

i1 = ix for some 2 < k < p. Then t;, ---t;, = ti, -t _,litiy_, -~ t;,. Note that the sequence
tiyti,_ by, -+ ti,Gno1 is reduced to the second case, since i; + 1 = ix_;. This means we can

reduce this sequence further.

Therefore, in either case the sequence obtained by multiplying ¢;, becomes shorter. This shows that if
1 < p < n then the only possible sequence which we may obtain is ¢,,_, - - - t,,—1. A similar argument
can be made to show the case that if n < p < 2n — 1 then the sequence will have the form defined
above. Since these sequences are the only possible sequences, we can produce without shortening the
sequence produced then [G,_1 : G,,] = 2n. This means that |G, | = |G1]| - |G| < 2n. Which shows

the assertion. ]

Just as we have given a presentation for the permutation group S, the proof of Theorem 2.5 gives
us a presentation of the hyperoctahedral group. The generators of W,, are wy,...w,_1 and their

relations are the following:

e w=1for0<i<n-1. o (wyw;11)?=1for1<i<n-—2.

o (ww;)? =1 for |i —j| > 1. o (wowy)* =1

Given a Coxeter system (G, S) and isomorphism ¢ : G — W, such that ¢(S) = {wo, ..., wp_1}, we
call (G, S) a Coxeter system of type B.
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Subsection 2.1: One-Dimensional Representations of Coxeter Groups

Consider a Coxeter system (G, S). In this section we will briefly classify all possible homomorphisms
¢ : G — k where % is a field of characteristic not 2. We will present an overview of the one-dimensional

representations of G.

Remark 2.6: When not specified, s; mean arbitrary elements of S and not the generators of the S,,.
It will be specified when we use the notation s; to mean the transposition (7,7 + 1). This slight abuse

of notation will spare us from using double subscripts like s;, and s;,.

Lemma 2.7: [16, Chapter 2] Let s1,s2 € S be conjugate elements in G and ¢ : G — % be a
representation. Then p(s1) = ¢(s2).

Lemma 2.8: Let (G,S) be a Coxeter system and s,t € S such that (st)™ = 1 and m is an odd

number. Then s and ¢ are conjugates in S.

Proof: Since m is odd we may write it of the form m = 2a + 1 for some a € N. Using this we may
write (st)™ in the following way
s if 7 is odd
(st)™ = (¢1 -+ com) Where ¢; =
t if i is even

m

Note that we can split the sequence as A = (¢1---¢p) and B = (¢t -+ - Com) SO that AB = (st)
Since m is odd and ¢; = s it is clear that B = sAt so we have that AsAt = 1 which implies that
AsA = t. However, note that A™! = A as co--cmco-+Cm = (st---5)(s---ts) = 1. Therefore
AsA~! =t |

Corollary 2.9: Let (G, S) be a Coxeter system and S = Sy U --- U S, where S; are disjoint classes
of conjugate elements of S. In other words, s,t € S; if and only if s = gtg~! for some g € G. Let
C = {s1,...,sr} where s; is a choice of representative of S;. Then there is a one-to-one correspondence

between the set of functions from C to {1,—1} and one-dimensional representations of G.

Proof: The backwards direction of this correspondence is easy to check. First, any homomorphism
¢ : G — R* defines a function from C to {1, —1} by restriction of ¢ to C. Consider two homomor-
phisms ¢ and @ such that ¢ # 1. We must check that ¢ and ¥ when restricted to C' give different
functions. Recall that if s,t € S; then ¢(s) = ¢(t) and 1(s) = 1(¢). This means that ¢ and ¢ are
completely determined by their values on C. Since ¢ and v are not the same homomorphism, there

must be a,b € C such that a # b and ¢(a) # ¢(b). This shows what we needed.

To prove the forward direction, consider f : C' — {1,—1}. Define ¢y : G — #* such that if z € S;
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then ¢¢(x) = f(s;) and for any g € G such that g = s;---s; then pf(g) = @s(s1) - pr(sk). We
must show that this function is in fact well-defined and a homomorphism. What we must show
is that this map preserves Coxeter relations. Let s,¢ € S and 0 < m € Z such that (st)™ = 1.

™. If m is even, we are

Note that by our definition of ¢ we have that @¢((st)™) = @r(s)™ps(t)
done as @f(s)™ps(t)™ = (£1)™(£1)™ = 1. If m is odd, then by Lemma 2.8 we have that s and
t are conjugates, so that ¢s(s) = ¢y(t) = f(s) for some s € C. This means that ¢(s)"¢(t)" =
f(s)?™ = 1. It is trivial to see that two functions f,g: C' — {1, —1} are different then ¢y and ¢, are

two different representations. |

Example 2.10: Let G = S,, with & = {s1,...,8,-1} where s; = (i,4 4+ 1). Note that since all s; are
conjugate by (4,7)(¢ + 1,7+ 1)s;(j + 1,7+ 1)(4,5) = s, then there is only one conjugate class over S.
This means that as we expect there are only two one-dimensional representations of G over £. These

representations are the following:
e The trivial representation given by ¢ : s; — 1 for all 4.

e The sign representation given by ¢ : s; — —1 for all 4.

Example 2.11: In the case that G = W,, and S = {wo, ..., w,—1}. Recall that wy = (1,—1) and
w; = (4,4 + 1)(—i,—i — 1) for 1 < i < n — 1. Note that the group G generated by {w1,...,wy_1}
is isomorphic to S, given by ¢ : G — S, where p(w;) = s; (here s; are the transposition (4,7 + 1)).
With this embedding of G' onto S, it is clear that for 1 < 7,5 < m the elements w; and w; are
conjugate by the argument in Example 2.10. In Proposition 1.42 we showed that there is a injective
homomorphism ¢ : W,, — Sa, given by p(wo) = (1,n + 1) and p(w;) = (i, + 1)(n +i,n + i + 1)
for 1 <i<n—1. Using ¢ we see that ¢(wo) and ¢(w;) cannot be conjugate as they have different
cycle structure. This means that wy and w; cannot be conjugate for any 1 < i < n— 1. Thus we split
S = {wo} u {wy, - ,w,—1} and we obtain 4 representations of W,, onto %. These representations

are given by the following (where 1 < i< n—1):

1. t(wg) = 1 and ¢(w;) = 1. 3. ¢1(wp) =1 and ¢ (w;) = —1.

2. ¢o(wp) = —1 and ¢p(w;) = 1. 4. ¢(wg) = —1 and ¢ (w;) = —1

These representations correspond to the representations ¢, I, Iy, Isgn in Chapter 1.3. Thus, we did

obtain all possible one-dimensional representations of W,,.

Note that in these examples there are two representations which are always possible in any Coxeter
group G: The trivial representation and the representation which sends all s € S to —1. The trivial
representation can be defined for any group GG. However, using the structure of Coxeter groups, the
second representation (i.e. the sign representation) just as we did for S,, and W,, can be defined in

the following way:
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Definition 2.12: Let (G, S) be a Coxeter system and % a field. We call the representation ¢ : G — %

such that ¢(s) = —1 for all s € S the sign representation of (G, S).

Subsection 2.1: Reduced Words and Length

Definition 2.13: Consider a Coxeter system (G, S) with g € G. We may write g = s; - - - s, for some
$1,...,5K € 5. Such a decomposition of g is called a word of g. If k is the minimal integer such that

this decomposition of g is possible over S then s; - - - s is called a reduced word.

Remark 2.14: For a given element g € G of a Coxeter group, the choice of a reduced word is not
unique. For example, consider the group G = S5 generated by S = {s1, s2} that the permutation

(1,3) = 518281 = $281892.

Definition 2.15: Let (G, S) be a Coxeter system and g € S. Let k is the length of a reduced word,
such that s1 - - - s, = g. We say that the length of g, denoted by I(g), is k. The identity element 1 € G
is defined to have length [(1) := 0.

Lemma 2.16: The following properties hold for a given Coxeter system (G, S) and element g, h € G.
L U(g) =Ug™")

2. U(g) — 1(h) < I(gh) < I(g) + U(R)

Proof: [20, Chapter 5.2] Consider a choice of reduced words g = s1---s and h = d; - --d;, with

the property si,...,8k,d1,...,d; € S. It is easy to see that g~ = s - s1. If the word s; - - - s, was

in fact not reduced, then this means we could further reduce si ---s;. This creates an upper bound
on the length of I(g!) < I(g). Repeating the same process for g~ we obtain that I(g) < I(g~1).
This means that I(g) = [(g~!). For the second assertion, note that gh = s; - - - sxd; - - - d; means that

I(gh) < k+1=1(g) +1(h). Repeating this argument for u = gh and v = h~! we obtain
1(g) = l(uv) < l(u) +1(v) = 1(gh) + (k™) = I(gh) + I(h)

This implies that I(g) — I(h) < (gh) as desired. |

Lemma 2.17: Let (G, S) be a Coxeter system and ¢ : G — R* be the sign representation as discussed

in Definition 2.12. Then for all g € G we have that

Proof: This is almost trivial to check. If g = s1 - - - s where k = [(g) then

c(g) = s(s1) -+ -s(sx) = (=), |
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Corollary 2.18: For any given g € G and s € S we have that l(gs) = l(g) + 1.

Proof: [20, Prop. 5.3] Let ¢ : G — R* be the sign representation. If [(gs) = I(g) then by Prop 2.17

we have
(=119 = ¢(gs) = g(w)s(s) = (—1)F+1

Which is a contradiction, therefore I(gs) # I(g). Furthermore, by Lemma 2.16 we have the inequality
I(g) —U(s) <l(gs) <1(g) +1(s). Since I(s) = 1 then we have that I(gs) = I(g) + 1. [ ]

One important question is that given g = s1 - - - s, such that I(g) < r, what is the relation between a
representing word of length [(g) and s1 ---s,.. We may answer that with the exchange condition
(Theorem 2.19). The importance of this condition is that it classifies all Coxeter groups. Often a

stronger version of this theorem is proven (see [20, Theorem 5.8] and [0, Theorem 1.4.8]).

Theorem 2.19: Let g € G and s € S with g = s;, -+ s;, a reduced word for g. If [(gs) < I(g) then
there exists a unique integer 1 < j < k such that gs = s;, S Sii g Sijay  Sig- (A similar statement

holds if (sg) < I(g)).

Corollary 2.20: For a word sq - - - S, we denote s1 - - - 5; - - - S, to be the expression s1 - -+ $;_18;41 - * Sk-
Given g € G and a decomposition g = s;---s, where r > [(g), there exists m € N and a sequence
of increasing integers (i1, ..., %2m) such that the reduced form of ¢ is given by s1---55, -+ S5,. -+« Sr.

(i.e. by removing an even number of the s}s)

Proof: [20, Corollary 5.8] If g = s1---s, and r > I(g) then consider ¢ to be the minimum integer
such that w = s1---s;_1 is an irreducible expression. This means that, by the exchange condition,
there exists an integer 1 < j < i —1 such that ws; = s1---5;---5,_1. Thus g = ws;---s, =
§1--+5;+-8;---5p. This shows that if r > I(g) then we may always find two integers 1 <i < j <r

such that we may omit s; and s; from the expression given for g. Therefore, we may recursively omit

two generators from the expression for g until we reach length I(g). [ |

Corollary 2.20 is called the deletion condition on Coxeter groups. Together with the exchange
condition, it also classifies Coxeter groups, in the sense that if a group G has generators .S, with the
condition that all elements of S are of order 2, then the following are equivalent (see [0, Theorem

1.5.1]):
e (G,S) is a Coxeter system.
e (G, S) satisfies the exchange condition.

e (G, S) satisfies the deletion condition.
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Corollary 2.21: Let (G,S) be a Coxeter system with g € G and s,t € S. If I(sgt) = I(g) and
I(sg) = l(gt) then sgt = g.

Proof: [20, Lemma 7.8] If I(g) = k with g = s1 - - s then we have two possibilities for I(sg):

1. If I(sg) > l(g) then since I(sg) = l(gt) we have that I(sgt) = I(g) < I(sg). Since I(sg) > I(g)
then ssq---sp = sg is a reduced word. Applying the exchange condition, we have that either
sgt = S1---Sp = g or sgt = $S1---S;---Sk. In the second case let h = s1---5;---S;. Then

sgt = sg’. Note that this implies that gt = ¢’ thus I(gt) = I(¢') < I(g) a contradiction.

2. If I(sg) < I(g) then we repeat the last case letting ¢’ = sg so that [(¢g’) < I(s¢g’). This means
that s(¢')t = ¢’ equivalently gt = s(sg)t = sg. |

Recall Lemma 2.4 which shows that S,, is in fact a Coxeter group. We may study combinatorics of
S, using its Coxeter structure. We will be making use of these connections when we generalize the
results we described in Chapter 1 about the representations of S,, to its Hecke algebra in the next

section. In the next few theorems, we consider S = {s1,...,s,—1} where s; = (4,7 + 1).

Definition 2.22: Consider a permutation w € S,,. We define its inverse set as the following Inv(w) :=

{1<i<j<n|w()<w(j)} The inversion number is defined as Inv(w) := |[Inv(w)].
Proposition 2.23: For any permutation w € S,, we have Inv(w) = Inv(w™1!).

Proof: This is a well known result (see [19, Section 2]), we give a proof here. Consider i < j and
w(j) < w(i). Let a = w(i) and b = w(j) then clearly b < a and w™!(a) < w™1(b). This shows that
any inversion of w is an inversion of w~!. This argument is symmetrical, and one can show that all

inversions of w™! are inversions of w. Thus, w and w™! must have the same number of inversions. M

Proposition 2.24: For a given w € S,, and s € S, where s = (4,7 + 1), we have the following:

Tiv(ws) = Inv(w) +1 if w() <w(+1)
Inv(w) =1 if w(i) > w(+1)

Proof: [6, Chapter 1.5] Let w € S,, and s € S such that s = (4,4 + 1). Then ws(i) = w(s(i)) =
w(i + 1) and ws(i + 1) = w(i). If it was the case that w(i) < w(i + 1) then ws(i) > ws(i + 1)
thus Inv(ws) = Inv(w) + 1. Otherwise, if w(z) > w(i + 1) then ws(i) < ws(i + 1), meaning that
Inv(ws) = Inv(w) — 1. [ |

Corollary 2.25: For any w € S,, we have that [(w) = Inv(w) (see [0, Proposition 8.3.1])
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Proof: We give a simple proof in this thesis. Note that for any w € S,, we may write w = s1 - sk
where I(w) = k. Therefore Inv(w) = Inv(s; ---sg). If we consider a sequence w; = s1---s; with
wo = 1 then Inv(wy) = 0. Using an induction argument, one can see that Inv(w) < k = l(w).
Thus, we must show that {(w) < Inv(w) for any given w € S,,. We will prove this via induction on
m = Inv(w). In the case that m = 0, there are no inversions, meaning that w(l) < --- < w(n) and
the only possibility for this is that w(i) = i. Therefore, if m = 0 then w = 1 and thus I(w) = 0.
Assume that for any w € S, such that Inv(w) < k then {(w) = Inv(w). Consider Inv(w) = k + 1, if
there are no 1 < i < n — 1 such that Inv(ws;) = Inv(w) — 1 then Proposition 2.24 tells us that for
all ¢ we have w(i) < w(i + 1). This means that w = e which is cannot happen as we are assuming
that Inv(w) > 0. Thus let s € S such that Inv(ws) = Inv(w) — 1 = k. Then I(ws) < k meaning that

l(w) < k+ 1. Thus l(w) < Inv(w) < l(w) for any w € S,, which proves our assertion. |

Corollary 2.26: There exists a unique element w € S,, such that [(w) > I(g) for any permutation

g # w. This maximal element is given by w = (n,n —1,---,1) and I(w) = (n — 1)n.

Proof: We will use the fact that [(w) = Inv(w) and maximize the number of inversions. Let w =
(n,n—1,...,1) where w,, (i) = n—i+ 1. For any given i < j then w(j) =n—i+1 <n—j+1 = w(j).
This means that every pair ¢ < j gives an inversion. Specifically for any ¢ < i + 1 we have that
w(i+ 1) < w(i). Thus Inv(ws;) = Inv(w) — 1. Therefore w has the maximal number of inversions

with [(w) = [{(i,j)|]1 <i<j<n}|=nn—-1)/2 [ |

Subsection 2.1: Parabolic Subgroups

Definition 2.27: Let (G, S) be a Coxeter system and I € S. Consider the subgroup generated by I
given by Gy = {w € G|w = s1---s; and s; € I'}. We call G; a parabolic subgroup of G

Lemma 2.28: Let (G, S) be a Coxeter system and I < S, then the following statements hold:
1. (Gy,I) is a Coxeter system.

2. Let l; be the length function of the Coxeter system (Gy,I). Then for any x € G; we have that

li(z) = l(x).

Proof: [20, Chapter 5.5] By definition, we have that I is in fact a generating set for G;. Therefore,
if s1---8, = 1 where s; € I then this relation must also hold for G with generating set S. Thus,
all relations of (G, I) are relations in (G, S). Meaning that (Gy,T) must be a Coxeter system, as
the only relations that may hold for its generating set are Coxeter relations. Now consider z € Gy
so that © = sy ---s,, where s; € I. If this word for x is not reduced, then by the deletion condition
(Corollary 2.20) there exists 1 < a; < -+ < a < m such that sy -8y, = 8g, - Sq,, € Gy. Therefore,
there exists a reduced word for = in G that is given by generators in I. This means that I;(z) = I(x)

for any z € Gy. |
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Theorem 2.29: Let I,J c S and g € G. We define G;gGy = {h1ghs | h1 € G; and hy € G5}. There
exists a unique element w € GrgG s such that [(w) < I(w') for any w’ € G;gG;. Furthermore, for

any z € GrgG there exists x € Gy and y € Gy such that z = zwy and I(2) = l(x) + [(w) + I(y).

Proof: [7, Chapter 4 Ex. 3] Let w € G;gG; be of minimal length over G;gG ;. Then for any s € [
and t € J we have that [(w) < I(sw) and I(w) < l(wt). Otherwise, we would contradict that w is of
minimal length. Note that for any element h € G;gG; we have that G;hG; = G;gG 5. To see this,
note that h = agb for a € Gy and b € G;. Then g = a=*hb~! € G;hG; which shows that the two
double-cosets are equal. This means in particular that G;9G; = G;ywG ;. Consider a reduced word
for w = s, ---s;,. Let © = 55, ---s;, € Gp with l(z) = r. Then zw = s;, ---sj.8;, - -~ 5;,, and our
aim is to show that this is a reduced word for zw. Assume that [(xw) < r + k. Then there exists a
maximal integer i; < k < i such that s, ---s; 85, -+ s;,,_, is reduced, however s;, ---5;, 5, -~ 8;,,

is not. Therefore, by the deletion condition (Corollary 2.20) there exist two integers p < ¢ such that

TW = Sj, -+ 8p--8q° 8, . Now we have three cases:

1. Ifj1 <p<q<jr. Then z = (zw)w™! = sj,---5,---54---8;.. This implies that I(z) < r

which is a contradiction.
2. If i1 < p < ¢ < iy, then by a similar argument as above we have that I(w) < k.

3. If j1 < p < j, and 41 < g < iy, then this implies that w’ = s;, ---3; - s;, € GrgG;. However

l(w") < k = I(w). This contradicts the fact that w was of minimum length in G;¢G .

Therefore in each case we arrive at a contradiction. This means that for any = € G; we have that
l(zw) = I(z) + l(w). A similar argument can be made for G so that for any x € Gy and y € G we
have I(zwy) = l(x)+1(w)+1(y). The last thing we must show is that w is in fact unique. Assume that
w’ € GrgG; is another minimal element. Then by an earlier argument GywG; = Grw'G; therefore

there exists € Gy and y € G ; such that w' = zwy therefore [(w') = I(x) + I(w) + I(y) = I(w). This

means that {(z) = l(y) = 0 meaning that x =y = 1. [ |
In the case of the permutation group G = S,, generated by & = {s1,...,8,-1} we may precisely
describe all possible parabolic subgroups. Picking I < § we can write I = I; U --- U I}, where
I = {siy,--,Si,+m;—1} and for any s; € I, and s; € I,, where p # ¢, we have that |j — | > 1.

Meaning that we write I as a union of consecutive transpositions. It is clear that way that Gy,
only permute elements {i1,...,i1 + m; — 1} < {1,...n}. This means that for each ¢ we have that
Gr1, = Sp,. Concluding that St = Sp,, x --- x Sy, where S,,, permutes consecutive integers. In fact,
any parabolic subgroup of S, is of this form. We will discuss parabolic subgroups of S,, given by
partitions of n. We may restate many of the definitions and theorems given in Section 1.2 in terms
of parabolic subgroups. Consider a partition A - n and recall the definition of the standard tableaux
Ty as stated in Definition 1.5. T) is defined to be the tableaux constructed by filling each row with

consecutive numbers from 1 to n. Define the tableaux T? to be TY,. In other words, the tableaux
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constructed by filling each column from left to right, and each row from top to bottom.

Example 2.30: If A = (4,3,2) then the tableaux Ty and T* are shown below:

Th=|5|6]|7 ™ =

For a given tableau T € ST(A), in Section 1.2 we defined two subgroups of S, given T (see Definition
1.11). These subgroups are the column symmetrizers C(T') and the row symmetrizers R(7T'). The
column symmetrizers are defined as permutations which only permute elements within the same
column. Similarly, we define the row symmetrizers R(7T) as the elements that permute within the
same row. Note that if T = T) then all the rows of T" are consecutive increasing integers. This means
that R(T)) is generated by R(T)) n'S. In fact, R(T)) is a parabolic subgroup of S,. One can make
the same argument for C(7?) as it is generated by C(T*) n S.

Example 2.31: Take the partition A\ = (4,3,2) - 9 and the tableaux Ty and 7% as computed in
Example 2.30. Note that Sg is generated by S = {s1, ..., sg}. The first row of T}, is given by {1, 2, 3, 4}
so all permutations of this set belongs to R(7T»). Permutations of {1,2,3,4} are in fact generated by

{s1, 82, s3}. Continuing along the rows, we may see the subset of S that generated R(T}y).

4]
Ty=|5|6]|T7 —  R(Th) = {{s1,52,53} U {s5,56} U {ss})
8

The same can be computed for 7* and C(7?). The first column of 7? is given by {1,2,3}. The
group which permutes this column is generated by {s1,s2}. Continuing this way, we can compute

SnC(TH).

S~
s
Il

— C(TA) = {{s1,82} U {84,585} U {s7})

Definition 2.32: Given tableaux T and V of shape A + n, we define n(T,V) € S,, such that
(T, V)-T=V.

It is clear that given a shape A and T'e ST()) then only when T = T or T' = T* are the subgroups
R(T) and C(T') parabolic. With this notation, it is easy to see that 7(T',V)~! = 7(V,T). Furthermore,
for any tableaux T and V of the same shape, we have R(T) = #(V,T)R(V)n(T,V) and C(T) =

28



m(V,T)C(V)r(T,V). Using Corollary 2.25 we obtain the following:

Proposition 2.33: Let T be a standard tableau of shape A. Then I(7(T,Ty)) + (= (T,T)) =
U (Tx,T)).

Proof: [19, Proof of Lemma 2.3.1] Recall that for a tableau T with rows k rows and m columns, we
define T'(r;, ¢;) to be the integer located at row ¢ and column j. Let A = (A;--- , Ax) and D(X) to be
its Young diagram. Then D()) has exactly k& rows and m columns. The first thing we will show is

that Inv(m(Ty, T?)) is bijective with the set
A:={((r,e),(r',) e DA x DN |1 <r<r' <kand 1< <c<m}.

For notation purpose, let 7 = 7(Ty,T?). It is easy to see that Ty can be used as an enumeration of
the cells in D(A). Using this enumeration of the cells, we match 1 < < n with a cell (r;,¢;) where ¢
is written in 7). We will give a condition on the cells of T such that an inversion happens. To start,
consider 1 <4 < j < n and let (r;,¢;) and (7, ¢;) the positions in which ¢ and j are written in T. By
the construction of T and the fact that ¢ < j, we can deduce two cases for (r;, ¢;) and (75, ¢;). Either
r; = rj and ¢; > ¢; or r; < r;. One can easily see this as T} is constructed by enumerating each row
with consecutive integers, from the top row to the bottom row. Note that since T? is standard, then
if r; <7; and ¢; < ¢j then T*(ry,¢;) = T*(rj,¢;) and T\ (74, ¢;) < Ta(rj,¢;). Thus, the only possible
case to look at is when 7; < r; and ¢; < ¢;. Since T} is constructed by enumerating the rows top to
bottom, then Ty (r;, ¢;) < Th(r;,c;) meaning that i < j. In a similar argument, as T? is constructed
by enumeration of the columns, this means that T*(r;, ¢;) > T*(r;, ¢;) meaning that 7(i) > 7(j). In

other words, we have an inversion. This shows that there is a bijection between Inv(7) and A.

Now that we have described the possible pairs of cells of D(A) that an inversion occur in 7w we
will prove our assertion. Let T be any standard tableau and z = 7(Ty,T) and y = 7(T,T?). Similar
to the above argument, we will use Ty and 7 to enumerate the positions of D()\). We will argue
that if i < j gives an inversion on © = w(Ty,T?), then either it must be an inversion in = or y.
Consider 1 <4 < j < n and let (r;,¢;) and (7}, ¢;) be their respective positions in D(X). The argu-
ment above shows that ((r;,¢;, ), (75,¢;)) € A therefore r; < rj and ¢; < ¢;. This means that there
are two cases. If a = T'(r;,¢;) > T(r;,¢;) = b then we have an inversion z(i) > z(j). Otherwise,
we have that b = T'(r;,¢;) > T(r;,c;) = a. By the positions of (r;,¢;) and (r;,¢;), we have that
TA(rj,cj) < T(r,¢;). Thus, since a < b and y(b) < y(a) we obtain an inversion of y. This argument
shows that for 1 <r; <r; <k and 1 < ¢; < ¢; < m either these positions represent a inversion in x

or y. This shows that |Inv(z)| + [Inv(y)| = |A|. which means that I(z) + I(y) = [(7(Tx, T?)). [ |

Lemma 2.34: Let A\ - n and 7 = m(T*,T)). For any given g € G we have that the following

statements are logically equivalent:
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1. gR(Ty)g™ ! n7C(TM 7t = {1}.

2. ge (rC(TM T HR(TY).

Proof: [19, Lemma 2.1.4] First, we show that (1) implies (2). Let T be the tableau obtained by
g(T\) = T. This means that gR(T\)g~' = R(T). In the same manner, it is easy to see that
7C(TM)n~! = C(Ty). By [29, Lemma 14, 7] consider two tableaux V and W of shapes A and p
respectively. If u < A lexicographically then if there are no transpositions shared between R(WW) and
C(V) then A\ = p and there exists © € R(W) and y € R(W) such that xy(V) = W. Assume that
condition 1 holds, so that we obtain R(T") n C(T») = {1}. This implies that there must be a € C(T))
and b € R(T') such that ab(T)) = T. This means that z = abe C(T\)R(T)) as desired.

Next we consider the opposite direction. If g € C(T»)R(T)) then g = c¢r for some ¢ € C(T)) and
r € R(Ty). Assuming that (1) does not hold we have that there exist a € R(T) and b € C(T») where
either a or b is not 1. Such that the following holds:

rar~t = ¢ be

Note that the right-hand side is an element of R(7Ty) and the left-hand side belongs to C(T)). By the
definition of R(T) and C(T)). This can only happen if a = b = 1. This contradicts our assumption,

which proves our assertion. |

Subsection 2.1: Bruhat Ordering

Definition 2.35: Consider a Coxeter system (G, S) and g € G with reduced word g = s1---s5. A

subword of s; - - - s, is any element of G consisting of a product s;, - -+ s;, where 1 < iy < -+ <i; <n.

Let w = s;, -+ 83, = 55, - -+ 85, be two reduced words of w. It has been shown that if g = s, ---s, is a
subword of s;, ---s;, then there exists a subword of s;, - - - s;, which is equal to g (see [7, Chapter 5,
Theorem 10]). This means that the set of subwords of w in a Coxeter group is not dependent on the
choice of reduced words. Using this fact we may order the elements of a Coxeter group depending on

if they are subwords of another element.

Definition 2.36: Given a Coxeter group G with Coxeter system (G, S), we say that h < g if there
exists a reduced words g = s1---5; and h = dy ---d; so that dy ---d; is a subword of s ---s;. This

ordering on the elements of G is called the Bruhat order on G.

Note that if [(sw) = l(w) + 1 and w = s1---s, then w < sw as ssy---s, would be a reduced
expression for sw. Similarly, if I(ws) = l(w) + 1 then w < ws. This is useful to describe the ordering

of certain elements in a Coxeter group.
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Proposition 2.37: Let (G, S) be a Coxeter system and I, J < S and let a € G. The unique element
w € GraG ; of minimal length satisfies the following: For any x € G; and y € G; we have that w < zw

and w < wy. In addition, rw < zwy and wy < xwy.

Proof: This is a known result (see [19, Section 2]), we give a short proof. Theorem 2.29 states that
there exists an element w € GraGy such that I(w) is minimal in this double coset. Furthermore, for
any g € GraGy there exist element = and y such that ¢ = zwy and I(g) = I(z) + l(w) + I(y). Choose
reduced words w = s1---Sg, & = a1---a, and y = by -- - b,. Using the fact that if [(sw) = I(w) + 1
implies w < sw we obtain that w < zw. Similarly, if I{(ws) = {(w) + 1 we have that w < wy. We may
use the same argument to show that zw,wy < xwy by iterating this same argument on the reduced

words of  and y. [}

Example 2.38: The group Ss is generated by {s1,s2}. The six elements of S3 can be written as

{1, s1, 82, 8152, 8281, 518251 }. Thus we show the Bruhat ordering on S5 below:

Section 2.2: Hecke Algebra of a Coxeter Group

For this section, we let R be a commutative ring and (G, S) be a Coxeter system for a finite group
G. Recall that RG is the group ring over R. We will begin by defining a deformation of RG. This
algebra is unital, and is described as a deformation of the Coxeter relations of (G, S). We will describe
a deformation of this algebra using a list of elements over R. Let M be a free R-module of rank |G|
with basis {m,, |w € G}. First, we describe a general deformation of the group ring in the following

proposition (see [20, Section 7.1-7.3] for a proof of this Proposition 2.39).

Proposition 2.39: For each element s € S, we associate a choice of elements gs,ps € R. We will
further assume that given s,t € S, if s and ¢ are conjugate in G then p; = p; and ¢s = ¢;. There
exists a unique algebra structure with base module M, and basis {m,, |w € G}, such that if s € S
and g € G then:

Mgy if I(sw) > l(w) Maps if l(ws) > l(w)
Mgy = MayMs =

GsMa + DsMgyw 1 1(sw) < I(w) GsMaw + DsMas i H{ws) < 1(w)
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Definition 2.40: The algebra described in Proposition 2.39 is called the generic algebra with
parameters P = {ps;|s € S} and Q = {¢s | s € S}. We denote this algebra by Ap o (G).

Definition 2.41: Consider a subset @ = {¢s|s € S} € R such that g5 = ¢ if s and ¢ are conjugate
in G. Then a Iwahori-Hecke algebra (also referred to as a Hecke algebra in this thesis) with
parameter () is the generic algebra over G with parameters P = {(¢s—1)|s € S} and Q = {¢s | s € S}.
We denote this algebra by Hg(G, S). It has a basis {b(w) | w € G} with multiplication defined as the
following:

b(sw) if I(sw) > l(w)

b(s)b(w) =

(¢s = Db(sw) + gsb(w)  if I(sw) < I(w)

The equation above is a special case of the first equation in Proposition 2.39. A similar equation for

b(w)h(s) as the second equation in Proposition 2.39 holds.

Remark 2.42: For a given Hecke algebra H = Hg(G, S), then {b(s)|s € S} is a generating set of

‘H. In addition to this, for two choices of reduced words g = s;, ---s;, = s;, --- 55, we have that

k
b(si,) - --b(si,) = b(ss,) - -b(s;,) (see [20, Chapter 7.1]). Therefore, for the remainder of this thesis,
we will consider b(g) to be the product of the Hecke algebra generators corresponding to a choice of

reduced word for g.

Remark 2.43: For notation purposes, if Q = {gs|s € S} is the choice of parameters for a Hecke
algebra Hqg(G,S), we will assume that it has the propriety that ¢, = ¢, whenever s,t € S are

conjugates.

Remark 2.44: If we choose ¢s = 1 € R for all s € S then the Hecke algebra Hqg(G, S) = RG. Note
that since {b(s)|s € S} generate Hqg(G, S), we may give a presentation for the Hecke algebra using

the formula given in Definition 2.41. Given s,t € S we have;

b(st) ifs#t
b(s)b(t) = 0
b(1) otherwise

Therefore the map ¢ : RG — Hqg(G, S) given by ¢ : w — b(w) is a algebra isomorphism.

Proposition 2.45: Let Q = {¢s|s € S} © R be the parameters of a Hecke algebra Hq (G, S). If ¢,

are units in R for all s € S then b(g) is invertible for any g € S,,.

Proof: Given s € S then since b(s)? = (gs — 1)b(s) + ¢s we have that b(s)(¢;'h(s) + (¢;1 — 1)) = 1.
This means that b(s) is invertible for every s € S. Since {b(s)|s € S} generates Hqg(G, S) then all

elements are invertible. |
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Proposition 2.46: Let Q = {¢;|s € S} € R where each ¢s is invertible for all s € S. If s,t € S are

conjugate elements, then b(s) and b(t) are conjugate.

Proof: Note that since all elements of @) are invertible then b(g) is invertible for all g € G. If s,¢
are conjugates, then ¢gs = ¢; and there exists w € G such that sw = wt. Since [(sw) = [(wt) then we

obtain two cases:
1. If I(sw) = I(w) + 1 then we have that b(s)h(w) = b(sw) = b(wt) = h(w)b(¢).

2. IfI(sw) = l(w)—1 then b(s)b(w) = (gs—1)b(w)+gsb(sw) = (g:—1)b(w)+g:b(wt) = b(w)b(¢). M
Proposition 2.47: Let g,¢' € G. Then

b(g)b(g') = > > capbl(ab)

a<g b<g’

where the coefficients ¢, ;, € R.

Proof: [20, Proposition 7.4] Let ¢ = s1--- s be a reduced word. Let gj = 1 and ¢} = g/_,s;. We
will prove that b(g)b(g") = Zbég’ cpb(gb). To show this, we will use induction on 0 < 7 < k to show
that

B(g)b(s1) - blsi) = > diib(gh)

b<g;

for some dp, ; € R. Since g; < ¢’ for any 1 <4 < k this would show our claim. In the base case that
1 = 0 the claim is trivial to check as gy = 1. Assume that the claim works for all 0 < j <i—1. By

the induction hypothesis we obtain the following;

b(g)b(s1)--b(si) = . dyi-1b(gh)b(s:)

b<g;_,
Since if b < g}_; then bs; < g} by the definition of g;. With this argument, fixing b < g;_; we obtain
the following:
b(gbsi) if I(gbs;) = l(gb) +1

(gs, — 1)b(gbs;) + qsb(gb) if I(gbs;) = 1(gb) — 1

b(gb)b(si) =

In either case, b(gb)b(s;) is described as a linear combination of elements of the form b(ga) for a < g;.
This proves that b(g)b(g') = >, cvb(gb) for some ¢, € R. Consider g = t;---t; and define the
sequence go = 1 and ¢g; = t;_;¢;_1. Fixing b < ¢/, using a similar proof as above, we can show that
b(g)b(b) = X<, da,bb(ad) using induction on 0 < i < I. Therefore we obtain
b(g)b(g) = Z cob(gb) = Z Z cpda,pb(ab).
b<g’ b<g' a<g

This shows what we needed |
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Definition 2.48: Let (G, S) be a Coxeter system, let S = Sju...uS; where S; are distinct conjugacy
classes of elements in S. Consider a Hecke algebra Hq(G, S) for a choice of parameters Q@ < R. We
call Ho(G, S) a generic Hecke algebra if R = Z[q1, ..., qx] and ¢ = ¢; if s € S,.

Example 2.49: Let G = S,, and recall that s; = (¢,7 + 1) are generators of S,, which give a Coxeter
group structure. Note that all s; are in fact conjugate in S,,. This means that the generic Hecke
algebra of S, is defined on R = Z[q]. Let § = {s1,..., 8,1} and Q = {q}, the generic Hecke algebra
Ho (S, S) is generated by b; := b(s;). We can give a presentation of H¢g(S,,S) using the generators
{by,...,b,_ 1} in the following way:

L b =(—1b+qgforl<i<n-—1L
2. b;b; =b,b, for |[i —j| > 1.

3. bibiyib; = by abib,yy for 1 <i<n—2.

Example 2.50: Another example is the case that G = W,. We know that the hyperoctahedral
group is generated by W = {wy, ..., w,—1} with Coxeter relations given in Example 2.1. In order to
compute the generators and relations of the generic Hecke algebra of W,, we must find which elements
of S are conjugate to each other. Recall that W,, are permutations of {—n,...,—1,1,...,n} and the
generators are wo = (1,—1) and w; = (4,4 + 1)(—i, —¢ — 1). Clearly, w; and w; are conjugate for
i,j > 0 with w; = aw;a™" where a = (i,j)(—i,—j)(i + 1,7 + 1)(—i — 1,—j — 1). Note that wo has
a different cycle structure than w; for ¢ > 0. Therefore, wy is not conjugate to w; for ¢ > 0. There
are only two sets of conjugate elements in S. Therefore we only need two indeterminates to compute
the generic Hecke algebra of W,,. Let R = Z[p,q] and Q = {p,q}, then using the relations given
in Example 2.1 and the Definition 2.48 we give a presentation for Ho(W,, W). The generators are

b, :=b(w;) for 0 < i < n — 1 with the following relations:
L b = (p—1)by +p 4. bibiy1b; = bipabibsy g for 1 <i<n—2.

2.0 =(q—1)b;+qfor1<i<n—1. 5. (boby)? = (byby)?

Remark 2.51: In Example 2.49 we only needed one parameter for the Hecke algebra Hqg(Sy,S).
This is true for any Hecke algebra using the Coxeter system (S, S). In order to shorten the notation,
given g € R then we will denote #4(S,,) for Hg(S,,S). Similarly, in Example 2.50 we only needed
two parameters. Let p,q € R then we denote H, (W) = Ho(W,, W), here p is the parameter
associated with wy and ¢ is the parameter associated with w; for ¢ # 0. Using this notation, if we fix

p = q = 1€ R then we have that H;1(S,) = RS,, and Hy 1(W,) = RW,,.
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Subsection 2.2: Specialization of a Generic Hecke Algebra

Let si,...,8; be representatives of the conjugates classes of S. Let Q = {gs|s € S} be a set of
indeterminates as in the definition of a generic Hecke algebra. Consider the ring F' = Z[gs,, . - -, s, ]
and let R be a commutative ring. Consider a map f : g5, — 7; which defines a ring homomorphism
@y : FF'— R. Note that R can be given an F-module structure via the map ¢y. Let P = ¢¢(Q) =
{r1,...,7%}. We use this ring homomorphism to define an Iwahori-Hecke algebra given by extending

the scalars of Hg(G, S) to R using the map f.
HP(G, S) =~ R®F HQ(G, S)

One can show this isomorphism by giving the right-hand side an R-module structure. When a Hecke
algebra is obtained from a generic Hecke algebra this way, we say it is obtained by a specialization
of the indeterminates. It is easy to see that all Hecke algebras can be obtained by a specialization
of Hg(G, S) by considering a map from R to F, mapping the indeterminates @) to the parameters
P = {rs|s e S} of a Hecke algebra Hp(G,S).

Example 2.52: Let G = S,,. In Example 2.49 we computed the generic Hecke algebra of S,, with
generators {b; | 1 < i < n}. The first relation is given in that example is b7 = (¢—1)b; +¢. It is easy to
see from these relations that if we specialize ¢ — 1 over any ring R, the first relation becomes bf = 1.
This new relations match the Coxeter relations for S,, (see Section 2.1). Then the specialization
g — 1 of H(S,) is isomorphic to RS,. Another example of specialization is by setting ¢ — 0 € R.
The first relation then becomes I)f = b,. This algebra is known as the nil-Hecke algebra of S, over R.

One may define this algebra for any Coxeter group.

Definition 2.53: Consider H(G) the generic Hecke algebra for a Coxeter group G over F = Z[q1, . . ., ¢n].
Consider any ring R. The specialization ¢; — 0 € R is called the nil-Hecke algebra of G over R.

Remark 2.54: The nil-Hecke algebra H(G) has a basis over R given by {b(w) |w € G}.

As before, let S = 57 U -+ S where S; are different conjugacy classes of S. Let R = R(q1,---,qx)
and @ = {q1,...,qr} so that we obtain the Hecke algebra Hq (G, S). A different way we will want to
consider specialization is to evaluate ¢; to some element in %. In this way, we have to define elements

of Ho(G, S) which are specializable.

Definition 2.55: Let R = R(q1,...,9,) and @ = {q1,...,qx} be the choice of parameters for a
Hecke algebra Hqg(G,S) consider P = {ri,...,7} € R, and an element z € Hg(G,S) so that
T =2 cqCob(g) for ¢y € R(qr,. .., qu). Let ¢y = ag/by where ag,by € g1, ..., qr]. We say that z is
specializable at P if by(r1,...,7r;) # 0 for all g € G.
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For a given g € G we have that b(g) is always specializable to any set P = {rq,...,7}. Furthermore,
if s € S and g € G such that s € S; then b(s)b(g) is always specializable and their multiplication is
given by

b(sg) if I(sg) = I(g) + 1

(ri — 1)b(sg) +rib(g) if l(sg) =1(g) — 1

b(s)b(g) =

A similar equation can be produced for b(g)b(s). These equations match the multiplication of the
Hecke algebra Hp(G, S). Therefore, if we have specializable element x € Ho(G, S) and let y be the
specialization of x at P then we may consider y € Hp(G,S). This specialization argument will be

very important to prove results about Hecke algebra modules, as we will see in the upcoming section.

Subsection 2.2: Hecke Algebra Modules

We will finish this section with some basic properties of representations of the Hecke algebras. Let
(G, S) be a Coxeter system and assume that S can be split into r conjugacy classes. Let R =
#(q1y...,qr) with @ = {q1,...,¢-} where & is a field of characteristic 0. We will classify all one-

dimensional representations of Hqg(G, S).

Definition 2.56: Let M be a left Hg(G, S)-module where M is a finite-dimensional vector space
over R. For each s € S consider the matrix obtained by the linear homomorphism ¢, : Hg(G, S) —
Ho(G, S) defined by ¢s(x) = b(s)z. We say that M is integral if there exists a basis of M over R
such that the matrix obtained by ¢, has entries in %[q1,...,q.] for all s € S.

Example 2.57: The Hecke algebra Ho (G, S) is integral as a left Hg (G, S) module. Note that for each
s € S and w € W we have that either b(s)b(w) = b(sw) or b(s)b(w) = (gs — 1)b(w) + ¢sb(ws). In either
case b(s)h(w) has coefficients in £[q1,...,q-|. Thus, the matrix obtained by the left multiplication is

integral.

It is clear that if a module M is integral, then we may specialize ¢1,...,q. — 1 to obtain a repre-
sentation of G. This specialization argument will be very important, as we will see later that for the
Hecke algebras of Type A all modules are integral. In Corollary 2.9 we classified all one-dimensional
representations of a Coxeter group. We can generalize that argument to classify all one-dimensional
representations of H(G). We will show from this classification that all 1-dimensional representations

of H(G) are integral.

Proposition 2.58: Let S = S; U --- U S, where S; are distinct conjugacy classes of S. Consider a
choice of representatives C' = {s1,...,s,}. There is a one-to-one correspondence between the one-
dimensional representations of Hg (G, S) and functions {F' : C — R|F(s;) € {—1,¢;}}. Given such

a function F' there exists a unique one-dimensional representation ¢ such that for all s € S; we have
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that p(b(s)) = F(s,).

Proof: This is a well known result (see [3, Section 2]), we will give a proof here. Let s € S; and
consider a representation ¢ : Hg(G,S) — R = k(q1,...,¢). Consider ¢(b(s)) = a € R. Then note
that ¢(b(s)?) = a? and since b(s)? = (¢; — 1)b(s) + ¢; then a®> = (¢; — 1)a + ¢;. This means that
(a — ¢;)(a + 1) = 0 and therefore there are only two choices for a € {g;,—1}. Since s € S; then s;
and s are conjugates, meaning that there exists w € G such that b(w)b(s)h(w)~! = b(s;) therefore
o(b(si)) = ©(b(s)) this shows that all one-dimensional representation gives a function F' : C — R
given by F(si) = ¢(b(si)) € {1, a:}-

Now consider a function F' : C — R where F(s;) € {1,q;}. Consider s € S; and define a map given
by ©(b(s)) = F(s;). We claim that ¢ can be extended to a homomorphism. Note that Ho(G, S) is
generated by {b(s) | s € S}, thus it is enough to show that ¢ (b(s)b(t)) = ¢(b(s))e(b(t)) for all s,t € S.
Note that if s # ¢ then b(s)b(t) = b(st), therefore p(b(s)b(t)) = ©(b(s))p(b(t)). Therefore, we only
need to check the case that s = t. Assuming that s € S; then b(s)? = (¢; — 1)b(s) + ¢;. Note that

o(b(s)?) = F(s;)? and ¢((q; — 1)b(s) + ¢;) = (¢: — 1)F(s;) + q;. Since F(s;) € {—1,¢;} then it is easy
to see that (q; — 1)F(s;) + ¢; = F(s;)?. Therefore p(b(s)?) = p(b(s))e(b(s)). [ ]

Corollary 2.59: All one-dimensional representations of Hg(G, S) are integral.

Proof: Note that from Proposition 2.58 we have that if ¢ is a one-dimensional representation then

o(s) e {—1,q4;} € &[q1,-..,qn]. Therefore ¢ is integral. |

Example 2.60: Let G = S, and S = {s1,...,8,_1}. Since all elements of S are conjugate to
each other, the base field of H(S,) is R = #%(q). Therefore, we obtain only two one-dimensional

representations of the Hecke algebra:
e 1(q) : b(s) > ¢ for all s € S is called the trivial representation.
e 5(q) :b(s) > —1 for all s € S is called the sign representation.

Note that if we let ¢ — 1 we obtain the original 1 dimensional representation of S,, as discussed in

Example 2.10.

Example 2.61: Let G = W,, with S = {wy,...,w,—1}. Then there are two conjugacy classes
splitting S. Thus the base field of H(G) is £(q, p) where for b(wg)? = (p — 1)b(wg) + p and b(w;)? =

(¢ — 1)b(w;) + ¢ for i > 0. Thus we obtain 4 one-dimensional representations:
e 1(q,p) : b(wy) — p and ¢, : b(w;) — ¢ for i > 0.
® <o(q,p) : b(wo) — —1 and o(p, ) : b(w;) — ¢ for i > 0.

e ci(q,p) : b(wo) — p and 1 (p, q) : b(w;) — —1 for i > 0.
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e 5(¢q,p) : b(wo) — —1 and ¢(p,q) : b(w;) — —1 for i > 0.

There are two fundamental questions involving the representations of Hecke algebras.

e The first question is, for which choice of a ring R and parameters () € R is the Hecke algebra

Mo (G) semisimple?
e What are the irreducible modules of Hq(G)?

A theorem due to Jacques Tits partially answers both questions. This theorem shows that if R = C
then there exists a finite set A < C such that if @ € C — A then Hg(G) = CG. (see [11, Theorem
68.17 and 68.21]). Later, George Lusztig proved [18, Theorem 3.1] the following theorem.

Theorem 2.62: Let % be a field of characteristic 0 and let R = %(z). Choose g, = 22 for all s € S
so that @ = {z?}. We then have H = Hq(G, S) =~ RG.

This means that if we choose all parameters to be the same, and extend the scalars to include the
square root of the parameter, then we have that the Hecke algebra is isomorphic to the group ring. In
this case Hg(G, S) is semisimple, and it has as many irreducible representations as G. In this thesis,
we will only need the irreducible representations of #,4(S,,) and the one-dimension representations
of H,,(Wy). We already defined the one-dimensional representations H,(S,) and H, ,(W,). For
G = S, we have the following result due to Richard Dipper and Gordon James [13, Theorem 5.2,
Corollary 5.3]

Theorem 2.63: Let R = %(q) where % is a field of characteristic 0. Consider H = H,(S,). Then
the following hold:

e H is semisimple.

e There is a one-to-one correspondence between partitions of n and irreducible representations of

H.

e Given a partition A - n the irreducible representation associated with A has dimension hy (here

hy is the hook-length number for D(A) defined in Theorem 1.8).

e Consider a specialization ¢ — a € Q € % where 0 < a. Then H,(S,) = QS,

In fact, Dipper and James in the same paper compute the irreducible representations of #,(Sy,) for
a general ring R and choice of parameter ¢ € R. In the next section, we will compute the irreducible
representations based on a g-generalization of the Specht module. Before we finish this section, we

will introduce a special notation for the specialization of the Hecke algebras of S,, and W,,.

Remark 2.64: Let R = %£(q) and consider the Hecke algebra H,(S,). Consider x € H,(S,) such
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that x is specializable to y when evaluating g at a € #. We denote

limz =y € Ha(Sn)-

qg—a

Remark 2.65: Let R = £(q,p) and let x € H,,(W,,). If evaluating (¢, p) at (a,b) € £? specializes =
to y then we denote

lim x=vy€H,p(W,).
(s By ® = Y € Han(W)

Section 2.3: Specht Modules for Hecke Algebras

In this section, we will present a generalization of the Young symmetrizer. Using this generalization,
we will construct g-variant of the Specht modules. The results in this section are due to Akihiko
Gyoja [19]. For this section & is a field of characteristic 0 and R = %(q) and we will consider the
Hecke algebra H = H4(Sy,). The following theorem is given in [19, Section 1]

Theorem 2.66: Let V be a finite-dimensional representation of #,(S,) over R. Then the following
hold:

e V is integral.

e Let V'’ be the S, representation obtained from specializing ¢ — 1. Then V is irreducible if and

only if V is irreducible.

The above theorem will prove very useful, since for any representation of H,(.S,,) over % is specializable
q — 1. Furthermore, if the specialization ¢ — 1 gives a irreducible module over .S,, then we have found
an irreducible representation of #H,(.S,). Before we begin describing the irreducible #(S,)-modules,

we will need one last result.

Lemma 2.67: Let X = {x1,...,2,} be a subset of #H,(S,) such that the specialization ¢ — 1 of z;
is y; € RS,. So we obtain a set Y = {y1,...,y,} € RS,. If Y is linearly independent over # then X

is linearly independent over %(q).

Proof: If Y is linearly independent, then we may assume that y; # 0 for all i. Assume that X
is linearly dependant. Then there exists ¢i,...,¢. € £(q) such that cix1 + -+ + ¢,z = 0. Note
that we may write ¢; = (¢ — 1)%c} so that d € Z and (q — 1) does not appear as a factor in ¢}.
Let m = max{d;|1 < i < r}. We define h; € £(q) to be h; = gty Therefore, by construction
hixy + -+ hyz, = 0 and there are no factors of (¢ — 1) in the denominator. Furthermore, there
exists 1 < j < r such that h; has no factor of (¢ — 1) in both the denominator and nominator.
Therefore, the specialization of ¢ — 1 gives h; ¢ #*. This means that the specialization ¢ — 1 gives

Riy1 + - - hly, = 0. We know that since Y is linearly independent, then h, = 0 for all i. However,

39



by construction we have that h; # 0. Thus we have a contradiction. |

Subsection 2.3: g-Generalization of the Specht Module

Recall that for a given partition, A - n we have that R(T)) and C(T*) are parabolic subgroups of S,,.
Also recall that for two tableaux T and V' of the same shape, we defined the permutation = (7, V) to
be the permutation such that 7(T,V) - T =V (see Definition 2.32).

Definition 2.68: Let I = S n R(T)) and define H, = {b(s)|s € I}. Similarly, let J = S n C(T?)
then H* = {b(s)|s e J}.

Definition 2.69: Given a partition A — n we define the following elements of H,(Sy,).

= Y () =Y b0 (2.1)
ceC(T™) reR(Tx)

For simplicity, in this section we will consider ¢ = r% and ¢ = ¢%,. Furthermore, if we specialize
? A T)\ A T ’

¢ — a # 0 then we will denote elements ¢} and r{ under this specialization as ¢§ and 7.
Lemma 2.70: We have that ¢} = ¢(T?*) and r} = r(Ty) (see Definition 1.14).

Proof: [19, Section 2] Note that by the definition of r{ = ] ger(Ty) D(9) the coefficient of each b(g) is
1 € R. Therefore, taking the specialization ¢ — 1 we obtain r}\ =3 geR(Ty) 9 Similarly, the coefficient
of b(g) is (—q)~19) = (=1)719g=19) Tt is easy to see that (—1)!9) = sgn(g) and setting ¢ = 1 we
have (—1)~19)¢=19) = sgn(g). [ ]

Proposition 2.71: For any g € R(T)\) we have b(g)r{ = ¢"9r{ and for any g € C(\) we have

b(g)c] = (—1)!@¢5.

Proof: [19, Section 2] Note that for all g € S,, and s € S by Corollary 2.18 we have I(sg) = l(g) = 1.
If g = s1--- s where I(g) = k then using the exchange condition (Theorem 2.19) we have that if
l(g) < l(sg) then g < sg since otherwise we have that g = s;, ---s;, where s;, = s. This means that

for any given s € S n R(Th)

ri= >0 (b(1) +b(s))b(x).

:L’GR(T)\)
r<sx

Therefore we may decompose r{ = (1 + b(s))A for some A € Hy(S,).Since b(s)(b(1) + b(s)) =
a(b(1) +B(s)) we have that b(s)rd = b(s)(1 +b(s))A = g(1 +b(s)) A = grf, for any s € S A R(T). In
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the same way we can show that we may write

=D (1—q'b(s))b(x).

zeC(T™)
r<SsT

It is easy to see that b(s)(1 — ¢ 'b(s)) = (—1)(1 — ¢~ 'b(s)). Therefore b(s)c} = —ci for all s €
S nC(T?). The proposition follows from these computations by an induction argument on the length

I(g)- n

Corollary 2.72: The left ideals 7r{ and H)‘cg{ are one-dimensional representations of H, and H*

respectively.

Proof: [19, Section 2] This follows immediately from the Proposition 2.71 as the representation
¢+ Hx — End(Hard) given by ¢(b(w)) = b(w)r{ has the image p(H) < Rr{. A similar argument

can be given for H*ci. [ |

Corollary 2.73: Let Q) = ZweR(TA)pl(w) and Q* = Zwec(p)(—p)fl(“’). Then (r{)? = Qxr{ and

()7 = @\,

Proof: [19, Section 2] From Proposition 2.71 we have that if g € R(Ty) then gr{ = ¢!9r{. Then we

can compute (r{)? in the following way
(= Y bapd= Y a9 = Qu
geR(Ty) geR(Tx)

A similar computation can be done for (cf)?. [ |

Theorem 2.74: Recall that ST(A) is the set of standard tableau of shape A, as defined in Section
1.1. Given standard tableau T' € ST(A). We have that

dimy homyg, (£S,c(T), RS,r(T)) = dimy homyg, (RS, r(T), #S,c(T)) = 1.

Proof: [19, Proposition 1.3] Consider f € homgg, (£5,7(T), #Snc(T)). Then f is determined by
f(r(T)) € S,c(T). Note that by Proposition 1.15 we have that r(T)? = |R(T)|r(T) and ¢(T)?* =
|C(T)|e(T). Furthermore, for any given = € H,(S,) we have that f(zr(T)) = zf(r(T)), therefore we

may write

oy = g (A ) (DI

R(D)[ ) [C(D)] ~  RD)[C(D))]

Since z € R(T') then r(T)x = r(T) and similarly if y € C(T') then ye(T) = sgn(y)c(T). If g € R(T)C(T)
then r(T)gc(T) = sgn(g)r(T)c(T). Furthermore, if g ¢ R(T)C(T) then in Lemma 1.21 we showed
that there exists a transposition ¢ € R(T") n C(¢T"). This means that

r(T)ge(T) = r(T)e(gT)g~" = r(T)tc(gT)g~" = —r(T)e(gT)g " = —r(T)ge(T).
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This shows that 7(T)ge(T) = 0 if g ¢ R(T)C(T). Combining our results, we have then following:

sgn(g)r(T)e(T) if R(T)C(T
H(T)gel(T) = gu(g)r(T)e(T) if ge R(T)C(T)

0 otherwise

Therefore, since f(r(T")) can be expressed as a linear sum of terms with the form r(7T")ge(T), then
there must exist k € & such that is that f(r(T)) = ke(T)r(T). Since ¢(T) € C(T) and r(T) € R(T)
and C(T) n R(T) = {1} then ¢(T)r(T) # 0. Thus showing dimy homyg, (RS,r(T), RS,r(T)) =1. A
similar proof can be made for f € homyg, (£S,c(T), BS,r(T)). [ |

Consider f € homyg, (BSnc(T), £S,r(T)) and note that the image of f must lie in RS, c(T)r(T).
In fact, this image is exactly the Specht module where £(T) = ¢(T)r(T). We have constructed the
g-generalizations of ¢(T?*) and r(T)). We will see that the Young idempotent will be the image of a

similar map in H.

Proposition 2.75: Let T € ST(\) and consider x = b(7(Ty,T)) and y = b(x(T*,T)). Let 0 # f €

homy, (Hcl, Hr{) and 0 # g € homy (Hr{, HcS). Then for some choices a,b € R we have that

flen) = ac‘}\yflscr/q\ and g(ry) = brixilycg‘\

Proof: [19, Section 2] We begin with a similar computation to the proof of Theorem 2.74. We have
that f is determined by f(c}). From Corollary 2.73 we have that

1
f(ed) = mcgf(ci)ri'

Therefore, by expressing f(c}) as a linear combination of elements of H4(S,), it follows that there

exist a4 € R for all g € §,, such that

Fed) = > agelbg)rs. (2.2)

gESnH

The strategy is to show that a, = 0 for almost all g € S,,, with only one exception. This would show
that there is only one choice for f. Define I = S nR(Ty) and J = S n C(T?). By Proposition 2.71,
if se I and t € J then

4 end _ 0 q4.0.9 _ 9.4
cygsry = qcygry and cytgry = cygry.

This means that if g € S, has the property that g € C(T*)wR(T)) where w is minimal (see Theorem
2.29). For g = zwy for x € C(T*) and y € R(Ty) with lengths a and b respectively, then

4.9 _ b.d,.4
cigrs = q*(=1)"cjwrg.

Therefore if we define A :={g€ S, |g <tg, g <gs,te J, se I} then we can reduce Equation 2.2 to
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the following

F(ed) = > agelbg)r.

geA

To see this by assuming g ¢ A, then there exists y € C(T?) and € R(Ty) such that g = zwy where
I(g) = l(z) + l(w) + l(y) by Theorem 2.29. Furthermore, for any s € I and ¢t € J then w < sw and
w < wt by Proposition 2.37. In other words, w € A. Computing cib(g)r{ = ¢"@ (=1)"®cib(w)r]
the summation can be reduced to one only on the elements of A. What remains to show is that
there is only one element in A. For this, consider o = 7(Ty,T?). Then since both Ty and T* are
standard, then for any (i,i + 1) = s € I we have that 7(T\,T*)(i) < 7(Tx,T*)(i + 1). Therefore
o < os by Proposition 2.24 and Corollary 2.25. A similar argument shows that 0! < o~ !t fort € J,
thus o < to. This shows that o € A. Note that any element g € S, is of the form o7 by picking
7 = (07 1)g. This means that all elements of A may be obtained this way. Now consider o7 € A such
that 7 # 1. Note that since o € A we have that o7 ¢ C(T*)oR(T)), since the only way for this to be

true is to have 7 € R(Ty), which would contradict o7 € A. By Lemma 2.34 we have that
TR(T\)7 ! n o™ 1C(TY)o # {1}.

Therefore we may find z; € R(T)) and 2, € C(T?) where 21, 20 # 1, since the intersection contains

elements which are not identity. These elements satisfy
7'217'71 = 071220 <= 0TZ| = 290T.
Therefore note that we have the following:

cSb(orz)rs l(zl)cib(oT)r;{

s =4q
{b(za0m)r] = (—1)' 2 edb(oT)r]
Therefore since o721 = 2907 we have the following equation
I(21) -9 9 _ (1)l w2)q q
¢ Ab(or)ry = (1)1 Ab(oT)ry
Since either z; # 1 or z; # 2 then the equation on top implies that ¢{b(o7)r§ = 0. This means that
f(cf) = cib(o)ri.

It is clear that cib(o)r{ # 0 since the limit ¢ — 1 gives ¢(T*)or(Ty) = (TM)r(TM)o~! # 0.
Furthermore note that 7(T*, T)m(Ty,T) = o and thus ¢y 'ar{ # 0 by a specialization argument.
This shows that f = acq/\yflxrf\. To show the same for the map g, one would simply repeat these

steps. |
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Theorem 2.76: Let A - n then

dimp homy (Hcl, Hri) = dimp homy (Hr{, Hcl) = 1.

Proof: This is a direct result from Proposition 2.75. In that proposition we showed that there are
non-trivial elements in M = homy (Hcl, Hr). Furthermore, let o = 7(T),T*) and a € R, then all

maps f € M are of the following form:
f(z) = zac§ory

Thus if there are two different, non-trivial maps f,g € M then f = ag for some a € R. This shows
that dimgp M = 1. Let N = homy(Hri, Hc), then by a similar argument one may show that
dimgp N = 1. |

Definition 2.77: Let T € ST()\) then we define the ¢-Young symmetrizer to be
et = b(r(TA, T))e{b(n(T*, 7))~ b(m (T, T))rib(n(Tx, T)) ™"
Lemma 2.78: The element €7, is specializable at ¢ = 1 and 1. = e (See Definition 1.16).

Proof: This is a direct consequence of Lemma 2.70. Note that by setting ¢ — 1 we have that

¢ — ¢(T) and r{ — r(T)). Since all elements of the forms b(w) specialize w, then we have that
lim e = w(T*, T)e(T) (n(T, T (T, T)r(D)w (T, Tn) = e(T)r(T) = er
q%

Which shows exactly what we needed. |

Definition 2.79: Let A - n and define € = eZ.,. Then we define the ¢-Specht module of # to be

the representation of H given by SY := Hel

Theorem 2.80: The Specht module SY is an irreducible #-module. As an R-module, it has a basis

given by
B = {b(n(T*,T))ed | T e ST(N)}.
Furthermore for different partitions A\; # Ao we have that Sy 2 SY .

Proof: Note that since e{ — epx as ¢ — 1 the module S{ — Sy. Therefore, by Theorem 2.66 we
have that SY is an irreducible representation of . If there exists Ay # A2 such that Sgl > ng then let
@S5, — S5, be such isomorphism. Then ¢(e ) = x5, for some 2 € H. Note if 0 # k € R = %(q)
then ¢y : 2 — kop(z) is also an isomorphism. Thus let © = > o agb(g) such that ay € £(q) then
ag = (¢ — 1)™sa; where m, € Z and aj has no factor of (¢ — 1) in both the denominator and nu-

merator. Let M = min{mgy|g € S,} and define b, = (q_aﬁ. This guaranties that for all g € G
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there are no (¢ — 1) factors in the denominator. Furthermore, it guaranties that there exists one
g € Sy such that there are no factors of (¢ — 1) in the nominator as well. Let k = W then
kx = desn bgb(g) is specializable by setting ¢ = 1. Also, ks‘f\l is not 0 at the specialization, since
there exists a g € G such that b, has no (¢ — 1) factors. By this construction, the map ¢, defines a

map ¢}, : S, — S, by a specialization ¢ # 1. Furthermore ¢}, is non-trivial, which is a contradiction.

So far, we proved that S{ is an irreducible representation of H4(S,). Furthermore, for different
partitions A\; # Ag of n we proved that S} 2 S§ . It remains to show that B is a basis for SY.
Note that, if we specialize ¢ — 1, then the elements of B gives us B’ = {m(T,T)\)ex |T € ST(\)}. By
Theorem 1.37 we have that B’ is in fact a basis for Sy. Therefore by Lemma 2.67 we have that B is
linearly independent as B’ is. This means that for every A = n we have that dimp S > dimg Sy. It
will then be enough to prove dimp S§ = dimy Sx. To do this, we recall Theorem 2.63 which tells us
that H is semisimple. This means that

H o~ (_B (Sg\)dim(sg).
AN

Since dimy, £S,, = dimg H = n! we obtain the following;

nl = ) (dimy S))* < ) (dimp S§)* = n!

AN AN
Which proves the equality as we needed. |
Subsection 2.3: Structure of the Hecke Young Symmetrizer

So far, in Theorem 2.80 we have shown that S = He{ is an irreducible representation of 7. In the
same theorem, we also have constructed a basis of S§. We will finish this chapter by showing that £
is an idempotent. We also recover some relations for the g-generalization of the Young symmetrizer.
Namely, we determine for which 77 and T one has €7, €7, = 0. Lastly, we will give all the Specht

modules for Hy(Ss).
Proposition 2.81: For each A - n there exists k) € R such that (1) = kyel..

Proof: Consider f € M = homy(Hcl, Hri) and g € N = homy (Hr{, Hcl) such that f,g # 0. By
Theorem 2.76 we have that dimg M = dimg N = 1. This implies that there exists a k such that

We will use Proposition 2.75 to expand the above with 2 = b(7(T),T) and y = b(7(T*,T)). Then

we obtain the following

Flg(F()) = flglely ™ arf)) = f(ly larfa™ye}) = Sy~ arfa™yely ™ ar]
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This means that we have the relation

1 1,..9

Lord xry = kcly wry.

q,— -1, .9, —
c\y TryTT yc\y

1,.,.9

Recall that e%. = ycly~tzr{z~! which means that

1 1 1 1 1

(5%)2 =y(cly~ mrf\x_lyciy_ zri)a™ = y(kcSy  ari)e™ = kel.

Since the specialization at ¢ — 1 of (¢1)? is (e1)? and we know by Proposition 1.28 that (e7)? # 0

meaning that k& # 0. [ |
Corollary 2.82: For A\, Ay - n such that A\; # Ay we have 6&153\2 = 0.

Proof: Note that S:{l and Sf\z are two inequivalent irreducible representations of ‘H and therefore we
have that S§ NSy = {0}. Furthermore by Proposition 1.28 the elements 5 and €5 are idempotents.
This means that A = He e} is a submodule of S . Therefore either A =0 or A = S} . Since S,

and Sf\z are inequivalent the latter cannot be true, therefore A = 0 meaning that Eile‘iQ =0. |
Lemma 2.83: For a given Ty, Ty € ST(A) if Ty # Ts and I(x(T*, T1)) = I(n(T*,T2)) then €7, f, = 0.

Proof: Let z; = b(Ty,Ty) and y; = b(Ty,Ty). Similarly define x5 = b(T*,T3) and yo = b(T*, T3).

Thus we may write
g 9 _ , 4,-1, .49 -1 g -1, q —1
ETET, = TICA\T] YITXY] T2C\Ty Y2T\Yy -

Therefore it would be enough to show that r{y; 19020?\ = 0. First, we have proven in Proposition 2.33
that for any T € ST(A) we have l(z2) +(y2) = l(y1) + l(z1) = I(7(T, T?)). Furthermore, by Lemma
2.16 we have that I(y; '22) < I(y1) +1(x2) and our assumption of the lemma is that I(y;) = I(x2) and

hence
Uy "2) < U(yr) + U(wo) < U(m(Th, T)).
Let A= {abla <b(Ty,T1) and b < b(T*, T)} then by Proposition 2.47 we have that

yf1$2 = Z agb<g)-

geA

Note that for all y 'z # g € A we have that g < yl_lacg. Since yl_lxg # (T, Ty) then we have
A Hb(r(TY, TOH = &.

Therefore we for any g € A we use Lemma 2.34 and repeat the same proof for Proposition 2.75.
Namely we assume b(m(Ty,T*))g € A and we show that r{b(m(Ty,T*))gc? = 0. Which shows that

for any r{y; 'wacd = 0. [ |
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In Chapter 1 we ordered ST(A) such that if Ty < T then ey er, = 0. Lemma 2.83 shows that we
may order ST()) similarly with 7, 7, = 0. We will finish this section by computing all the Specht
modules for Hy(Ss).

Example 2.84: For the case for S3 we have three partitions of 3. They are given by A1 = (3),
A2 = (2,1), and A3 = (1,1,1). We give T and T for all all of these partitions below:

We will compute S5 , S§ , and S§ in this order. For each of these let T = T), z = (T, T),
s1 = (12) and sp = (23) .

1. For S, note that R(Th) = S3 and C(T*) = {1}. Therefore ¢} = 1 and r} is given by
= Dges, b(g). In this case = 1 as Ty, = T** which gives us €f = r{. Since dimp 5] =
dimy Sx, = 1 then we have that S§ = Re = Rr{. By Proposition 2.71 we have that for
any g € Sz we have b(g)r{ = ¢'@r{. This gives us the trivial representation for H(S3) as

expected.

2. Similarly for S§ we have that + = y = 1 and R(T)\) = {1}. Therefore we have c} =
Y ges, (—0) '@ which gives ] = ¢f. Since S}, has dimension 1 this gives us the sign repre-

sentation for H(S3) as gcf = (—1)"9¢f.

3. For the last representation we have two standard tableaux over A\o. This means that dimp Sf\lz =
2. Here x = 7(T*,T\) = s2. Furthermore C(T?*) = R(T)\) = {1,s1}. We compute c{ =
1— ¢ 'b(s1) and 7{ = 1+ b(s1) giving us

el = b(s2)(1 — g 'b(s1))b(s2) "' (1 +b(s1)) = 2+ (1 — ¢~ ")b(s1)
Furthermore by Theorem 2.80 we have that a basis for Sy, is given by B = {e]  b(s2)ef,}.

We give the matrix associated with b(s1) and b(sz) bellow.

2 PP tg-1 0
b(s1) = T q q q b(s2) = q

-q —¢+q-1 1 g—1
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Chapter 3

symmetric polynomials and

Symmetrizing Operators

We will dedicate this Chapter to studying the structure of a polynomial ring % = B[z1,...,2,] as a
module over the ring of symmetric polynomials. As an application, we present a known polynomial
representation of the Hecke algebras of type A (see [21]). Using the machinery obtained from these
constructions, we will obtain a representation of the Hecke algebra of Type B over the ring of Laurent
polynomials. Beginning with Section 3.1 we will define pseudo-reflection groups and their actions on
9. We state the Chevalley-Shephard-Todd Theorem on the structure of % as a module over 2,
where G is the reflection group. We also define the coinvariant algebra s and study its structure as
a G-module. In Sections 3.2 and 3.3 we study the special case G = S, where the subring of invariants
is called the ring of symmetric polynomials, denoted by Gym. We give a basis for &% as a Gym-
module, and we discuss various symmetrizing operators such as the divided difference and Demazure
operators. We will be generalizing all results obtained in the case where G = S,, acting on 9, to the
case where G is the Hyperoctahedral group W,, acting on the ring of Laurent polynomials. We will
be generalizing the coinvariant algebra, and the symmetrizing operators to the Laurent polynomials.
Using this material in Section 3.4, we construct a representation of the Hecke algebra H,(S,) over

9. We also discuss a way to represent the Hecke algebra H, ,(W,,) over the Laurent polynomials.

Section 3.1: Reflection Groups

Throughout this Chapter we fix a field £ of characteristic 0. Consider a vector space V over %. Given
a linear map r € GL(V), we call r a pseudo-reflection if dimker(r — I) = dimV — 1 and r¢ = [ for
some d > 2. A pseudo-reflection R is called a true reflection if 72 = I. If a subgroup of GL(V) is
generated by pseudo-reflections we call it a pseudo-reflection group. If the subgroup is generated

by true reflections then we call it a reflection group.
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Example 3.1: Let {v1,...,v,} be a basis for V. Then one can consider S,, as a subgroup of GL(V)
composed of permutations of the basis of V. Consider a transposition s; which swaps v; and v;1.

We can show that s; is in fact a reflection. First we compute what s; — I does to the basis elements:
0 ifj#4d,i+1
(s = D)(vj) = S w41 —v; ifj=i
vi—vig ifj=i+1
From the above computation ker(s; —I) = {{v;|j # 4,4 + 1} |{vi + vi41}) thus dimker(s; — I) =
n—1=dimV — 1. Since S, is in fact generated by transpositions, it follows that S, is a reflection

group.

Pseudo-reflection groups have been extensively studied, and they have important connections to the
theory of polynomial invariants. The structure of the subring of invariants under a pseudo-reflection
group is given by a really powerful theorem due to G. C Shephard and J. A. Todd in [28] which was
further expanded by C. Chevalley in [9]. To state this theorem, we first introduce some notation.
Let V be the vector space spanned by the variables {z1,...,z,} of P. For a given v € V and p € &
where v = (v1,...,v,), we have that p(v) = p(v1,...,v,). For a given matrix g € GL(V) we can
define the action of g on a polynomial via the formula g - p(v) = p(¢~!v). Thus, for a given subgroup

G < GL(V) we define its invariant ring to be

PC ={peP|g-p=pVgeG}.

Definition 3.2: Let Mg be the ideal generated by all the polynomials f € 2% with no constant
term. Then the coinvariant algebra of G over % is defined as P := % /M.

The following result, known as the Chevalley-Shephard-Todd Theorem (CST), shows the connec-

tion between invariant subrings and pseudo-reflection groups:

Theorem 3.3: If G is a finite subgroup of GL(V') then the following are equivalent:

1. G is a pseudo-reflection group.

2. 9C is isomorphic to a polynomial algebra with n variables.

3. 9 is a free module of finite rank over €.

4. P =~ PCRPg
Now let G be a pseudo-reflection group. By Theorem 3.3 we may find algebraically independent
homogeneous polynomials fy, ..., f, € 2 such that 2 = £[f1,..., fn]. Therefore, by the definition

of the coinvariant algebra we can see that ¢ = 2 /(f1,..., fn). Recall that for a commutative ring

R and a group G we use RG to denote the group ring of G over R. Let d; := deg f;.

49



Theorem 3.4: Let G be a finite pseudo-reflection group in GL(V'). Then the following hold:
1. |G| =dy---dy

2. As G-representations we have 2 ~ ¢ ®, A£G and P¢ ~ RG.

For a proof of the above theorems see [3, Chap. 4.1]. Given a pseudo-reflection group G over V we may
ask two important questions: what invariant algebraically independent polynomials fi,..., f, € 2?¢
do satisfy 2% = E[f1,..., fn], and what is a basis for % as a % “-module? In Section 1.2 we aim at

answering these questions when G is the permutation group S,, as realized in Example 3.1.

Section 3.2: Ring of Symmetric Polynomials

We discussed in Example 3.1 that S, is a reflection group acting on an n-dimensional vector space
V. This defines an action of S, on 22 in the following way: for a given permutation o € S, and
a polynomial p € 2 we define o - p(x1,...,2,) = p(To(1);--+,To(m)). We denote the subring of
polynomials which are invariant under this action of S,, by &ym = {p € P |op = pVo € S,,} and we
will call this the subring of symmetric polynomials. Thus, we can apply Chevallay-Shephard-Todd
(Theorem 3.3) to obtain the following result:

Corollary 3.5: The following hold for % and Gym.

e There exist algebraically independent f1,..., f, € 2 such that Sym = &[f1,..., fn].

e 92 is a free and finitely generated Gym module.
There are multiple ways to choose f1, ..., fn, € 2 satisfying the properties given in Corollary 3.5. As
well as to choose a basis of & over Gym. This study of symmetric polynomials and their relationship
to the structure of the polynomial ring has been well studied, with considerable applications to and

from the combinatorics of S,, and partitions. We will present in this section a study on the structure

of Gym and its relation to 9.

Subsection 3.2: Polynomial Ring Structure of Gym

We begin this section by studying a particular generating set of &Gym and its connection to combi-
natorics. Consider the polynomial ring %[t,z1,...,z,] and the element F = (¢t + 1)+ (t + x,,).
Then clearly F' is invariant under permutations of the variables {z1,...,z,}. We can expand F as a
polynomial with variable ¢ and coeflicients in %[z1,...,2,]. For each 0 < i < n we denote e; to be

the coefficient of ¢* such that:

n
F= Z ei(xh...,:lcn)t"_i
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Since F is invariant under permutations of the variables {z1,...,z,}, the polynomials e;(z1,...,z,)
are symmetric for each 0 < 7 < n. These symmetric polynomials are called the elementary sym-
metric polynomials and they serve the purpose for Corollary 3.5. Let S(m,n) be the set of all
subsets of {1,...,n} of cardinality m. By expanding F' we can give an explicit formula for each

elementary symmetric polynomial e; for 1 < j < n:

ej(x1,...,2pn) = Z (n%) (3.1)

AeS(j,n) \i€A

It is known that the elementary symmetric polynomials do satisfy the conditions in Corollary 3.5 as
a consequence of the Fundamental Theorem of symmetric polynomials. We give this theorem
and an algorithmic proof due to Gauss, as is found in [10, Chapter 7.1, Theorem 3]. However, to
show the uniqueness part of the proof, we will make a simpler and more conceptual argument than

the proof found in [10].

Theorem 3.6: Given a symmetric polynomial f € Gym there exists a unique polynomial F' € % such

that f = F(eq,...,en).

Proof: First, consider the lexicographical ordering on the monomials of ? = %&[x1,...,2,] where
x; > x; if © < j. Recall that the lexicographical order is a well ordering of the monomials of
l

dn and my = xlf ---x;» we have that m; < mq if

% where given two monomials m; = z' - .- z%

(di,...,dn) < (Iy,...,1l,) according to the lexicographical ordering of N™. Using this, consider any
symmetric polynomial f € Gym, denote LT(f) to be the leading term of f under this lexicographical
ordering. Note that LT(f) = ca® -..2% where d, > --- > d,. Otherwise, there would be a
permutation o € S, where dy(1y) = -+ = d, (1) and since f is symmetric then o(LT'(f)) is a term in

f with o(LT(f)) > LT(f) which is a contradiction. Now define a symmetric polynomial g given in

the following way:

— dp_1—d
_ce(fl dg...enl n

d
g= n—1 enn

Then we have LT(cg) = c¢LT(e1)™ % ... LT (e,)% = ca{* ---x% = LT(f), since the leading term
of polynomials is multiplicative, we have Next, consider a new polynomial f; = f — g. Since both f
and ¢ have the same leading term then deg(f;) < deg(f). Furthermore, both f and g are symmetric,
so fi must also be symmetric. Continuing this process and constructing g; for each f;, we obtain

a sequence of symmetric polynomials (f, f1, fo,...) and (g,91,92,...). Since deg(fi+1) < deg(fi)

it must be the case that this sequence stops at some value k£ so that fpy1 = 0 and we obtain
f=cg+c1g1 + -+ cxgr. By construction, each g; is a polynomial in ey,..., e and thus f must
also be a polynomial in eq,..., €.

Now we show uniqueness. Consider another polynomial ring %’ = &[yi,...,yn] and consider the
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map ¢ : y; — ¢; which gives a homomorphism from 2’ to 9. The argument above shows that all
symmetric polynomials lie in the image of this morphism, we show uniqueness by showing this map is
in fact injective. We will prove this by contradiction. Consider two polynomials g1, g2 € %’ such that
©(g1) = ¢(g2) with g := g1 — g2 # 0 in 2’ however the image of g € ker ¢. The polynomial g induces
amap g : B — % where g(ei(t1,...,tn),...,en(t1,...,tn)) = 0 for all points (t1,...,t,) € R™.
Since g # 0 then g # 0. We can give a geometric argument will lead to a contradiction. First let
f:#™ — R™ be defined by f(T) = (e1(T),...,en(T)), where ¢;(T) is the evaluation of e; at a point
T € ™. Let k be the algebraic closure of %, what we will show is that the image Im(f) < %" has
the property that the Zariski closure C'(Im(f)) = % . First, we consider an extension f* : SR
of f where f*(T) = (ey(T),...,en(T)) for all T € %". Next we show that f* is surjective. Consider

any point (ag,...,an—1) € k" and consider the polynomial:
F=t"+an 1" '+ +ag

Since % is algebraically closed, then F' completely splits with F' = (t —r1)--- (t —r,). However, it is
easy to see that e;(rg,...,rn—1) = a;. This means that f*(ry,...7,) = (ag,...,an—1). This shows
that Im(f*) = %". Since g vanishes on the image of f, hence § vanishes on all of C(Im(f)) = k" In

other words g = 0, therefore g = 0, which is a contradiction. |

Corollary 3.7: The set of elementary symmetric polynomials is an algebraically independent set,

and it forms a generating set for Gym.

The result above gives a concrete description of the first part of Corollary 3.5. More specifically, it gives
a concrete description of the polynomials f1,..., f,. We can state that 2% = Gym = %[ey, ..., e,].
There are other known choices for a generating set of Gym, an example of which is the power sum

symmetric polynomials. We define the j’th power sum as the following:

Lemma 3.8: Define the ey = 1 as the 0’th elementary symmetric polynomial. For any 1 < j < n

the following formula holds
J
& = Z €j—iPi (3.2)
i=1

The set of equations above relating both polynomials is known as Newton’s Identity. This result
is well known, (see [10, Chap. 7, Thm. 8]). These identities show that one may use {p1,...,pn} as
a generating set for Gym. So far, we have discussed two generating sets for the ring of symmetric
polynomials. We will next give a generalization of both elementary symmetric polynomials and power

sums which will serve as a basis of Gym over k.
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Definition 3.9: Define a word of length n to be a sequence a = (ay, . .., a,) of non-negative integers.

An,

We define the monomial 2% = x* - - - 2%

Definition 3.10: Given a word a let O(a) be all the distinct permutations of a. In other words
O(a) = {(arqy;- -+, arn)) | ™€ Sn}. We define the monomial symmetric polynomials indexed by
a as the following:

ma= Y ot

beS(a)

Example 3.11: Given a = (3,3,1) then O(a) = {(3,3,1),(3,1,3),(1,3,3)} which is the orbit of a

under the action of S,,. Thus the monomial symmetric polynomial indexed by « is:

3.3 3. .3 3,3
M(3.3,1) = T1T2T3 + T]T2T3 + T1T5T3
Proposition 3.12: The elementary symmetric polynomials and the power sums are monomial sym-

metric polynomials.

Proof: Let v, = (1¥,0"%) consisting of k consecutive ones and n — k consecutive zeroes, and let
O(vi) be the orbit of vg. Furthermore, consider the set S(k,n) = {s < {1,...,n}||s| = k} as
in Formula 3.1 for the elementary symmetric polynomials. We can show that m,, = e, with the
following computation:

— ai An __ —
my, = Z ity = Z Ty "+ T, = €k

aeO(v) seS(k,n)

For the power sums, consider the partition I = (k,0"~!). We follow a similar computation as above:
my, = Z :L‘f: = Pk n

Lemma 3.13: The monomial symmetric functions span Gym over %.

Proof: Consider f € Gym and let M(f) be the set of all monomials appearing in f. This means
that f =2 crr(p) cmm. Pick a monomial my € M(f). Since f is symmetric, given 7 € S, we have
that c1(m(m1)) is also a term in f. If m; = 2t for some word A, then the orbit of S,, on m; is by
definition m4,. Define f; = f and g1 = 0, define fo = fi —cima, and g2 = g1 + cima,. We may
repeat the same process for fo and gy creating a fo = f —cima, —coma, and g2 = cimy, + camy,.
Repeating this process, we note that |M(f;)| > |[M(fi+1)| if f; # 0. Because of this, there must exist

a minimal integer j > 0 such that f; = 0. This way we have that
g; = cimy, + - +ijAj and fj—l 7ijAj = f —g; = 0

This means that f = g;. However, as g; is by construction a combination of monomial symmetric
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polynomials, then so is f. |

We have now three families of symmetric polynomials; the elementary symmetric polynomials, the
Power sum polynomials, and the monomial symmetric polynomials. Next we will construct a basis
of & as a free Gym-module called the descent monomials. We will be making use of the monomial

symmetric polynomials to show that the descent monomials are in fact a basis of 2.

Subsection 3.2: Basis of P over Gym

So far we have found two generating sets of Gym, which give specific instances of the polynomials
fi,..., fn in Corollary 3.5. We use these to explicitly define the coinvariant algebra of S,,. Consider
the ideal &Gym, of % generated by all symmetric polynomials with no constant term. Using the
elementary symmetric polynomials or the power sums we obtain Gym, = (e1,...,€,) = (P1,...,Dn),
which implies that the coinvariant algebra for S, is given by € = % /&ym . By the Chevalley-
Shephard-Todd (see Theorems 3.3 and 3.4) we have that € is a finite dimensional vector space over
% with dimg(€) = nl. There is a well known monomial basis called the descent monomial basis
for the coinvariant algebra. An elementary proof that this set of monomials are a basis is given by

E. Allen in [2, Section 1].

Definition 3.14: For a permutation o € S,, the descent set of ¢ is defined as
Do)={1<i<n—1|o@)>0o(i+1)}.

We define the descent monomial associated with o in the following way:

Lo = n n Lo (4)

ieD (o) 1<j<i

We will later prove that the set {z,|o € S,} does indeed form a basis for & over Gym and conse-
quently a basis for € over %. If we assume this is true for now, we can explicitly compute the cases

for Sy and Ss.

Example 3.15: For S5 it is clear that there are only two permutations {e, o}, whose descents are
D(e) = & and D(o) = {1}. We conclude that the following is the descent basis for £[z1,x2] over its

ring of symmetric polynomials &[z1 + z2, z122].

Te =1 Ty = To

Example 3.16: When considering S3 we have 6 permutations. Thus similar to the calculation above,

we compute the descent set and basis elements below:

In order to prove that the descent monomials do indeed form a basis we will need to define an
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permutation | descents Ty
(1,2,3) (%] 1
(2,1,3) {1} T2
(15 3, 2) {2} 123
(3,2,1) {1,2} | w2}
(2,3,1) {2} | o3
(3,1,2) {1} T3

operation on words of length n called the charge, which we will use to relate any given monomial to

a descent monomial.

Definition 3.17: For a given word a = (a1,...,a,) let by < --- < b, be a sorted list of all integers
in a. Let p(j) be the integer where a,;) = b; such that if b; = b; ;1 then p(j) > p(j 4+ 1). This
means that if there are repeated values b; = bj41 = -+ - = bjy) then p(j) is the rightmost position in
a such that the value b; occurs. With this enumeration, define the co-charge J(a) = (J1,...,J,)

recursively in the following fashion.
1. Jp(l) = 0

2. if p(i + 1) < p(i) then Jp(i+1) = ']p(i)7 otherwise Jp(i+1) = Jp(i) + 1.

Example 3.18: Consider a = (5,2,1,3,1,2). The sorted list of integers in a is given by b =
(1,1,2,2,3,5). Note that 1 and 2 appear repeatedly and we account for this in our enumeration p of
a. The first instance of the number is the rightmost position that it is written in, making the enu-
meration p = (5,3,6,2,4,1). So that a,(;) = as = 1 = b; where this is the 5 is the position of the first
instance of 1 on a, reading from right to left. Therefore, J(a) is the list (J1,...,Js) = (2,1,0,2,0,1)

Definition 3.19: Given a word a = (ay,...,a,) and cocharge J(a) = (J1,...,Jp), we define the
charge I(a) :=a— J(a) = (a1 — J1,...,an — Jp).

The pair of the charge and co-charge splits a word a into two components a — (I(a),J(a)). This
map is in fact injective, since if a # b then the pairs (I(a), J(a)) and (I(b), J(b)) have the property
that I(a) + J(a) = a and I(b) + J(b) = b (here the addition is entry-wise addition between the two
words of same length).Thus the pairs are not equal. This splitting of a pair will be useful to relate
monomials to descent monomials and symmetric polynomials. Before we show this, we must first
define an ordering on the words of a fixed length. Given a word a = (ay,...,a,), define @ to be a

permutation of a such that a; > a;y1. Given a and b, we say that a < b if:

1. @ < b (here < refers to the lexicographical ordering)

Ql

2. ora=banda<b.

Proposition 3.20: The ordering “<” is a total ordering on the set of words of a fixed length.
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Proof: The proof of the above is almost trivial as the lexicographical ordering is a total ordering,
and we would only fall into three cases @ = b, @ < b or b < @. In either case we would be able to

compare a and b using the < ordering. |

J(a)

Proposition 3.21: For any given word a, the monomial x is a descent monomial.

Proof: [2, Th 2.1] Let J(a) = (J1,...,J,). Since the co-charge is built by adding 1 consecutively,
starting from 0, and the addition only depends on the position of the next integer it is easy to see
that 0 < J; < n—1 for any i. Let k = max{Jy,...,J,} and define B(j) = {i|J; = j}. Consider
B(j) = {l1,...,lx} where I; < l;41 then define B(j) = (I1,...,lx). Now for each 1 < j < k we
have constructed the ordered list B(j) of elements in B(j). Define B = B(k)U---UB(0), where
B(i)UB(i + 1) means joining both lists via concatenation in this particular order. Note that B is a
re-ordering of the positions in J(a). Let 7 be the permutation such that (Jr(1y,. .., Jrm)) = B. Our

goal is to show that z7/(®) =

T
Let B(i) = (I1,...,l,) and B(i — 1) = (wi,...,w,). Note that w; corresponds to the left-most
position such that J(a),, =i — 1, and I, corresponds to the right-most position where .J(a);, = i.
By the construction of the co-charge it must be that w; < l,. Define b(i) = max B(i) and let
1 < p; < n be the integer such that m(p;) = b(i). Then by the above argument the descent set
D(m) = {pi |k = ¢ = 1}. This guarantees that if [ € B(¢) then the exponent of z; in =, is i. We can

see this from the definition of the descent monomials that
Ty = n (xﬂ'(l) xﬂ_(b)) = H (xﬂ'(l) xﬂ'(p-b))
beD () 1<i<k

Let p;—1 < j < p; then the number of times 7(j) appears is exactly ¢ times in x,. Since if [ € B(%)
then there exists p;—1 < j < p; where m(j) = [, which shows that we needed. It is easy to check that
the same applies for z7(®) | since [ € B(i) then the exponent of x; must be i. Therefore, since the

exponents match for each variable in both z/(®) and z, then z/(® = z. |

Theorem 3.22: For any word a we have the following:

ml(a)x‘](“) =%+ Z ez

b<a

Proof: [2, Proposition 2.1] Denote fix(a) to be the stabilizer of a under the action of S,. We will
further set C(a) to be a set of right coset representatives of S, /fix(a). Using C(a) we describe the
orbit of a by the action of S, as O(a) = {r(a) |7 € C(a)}. Set J = J(a) and I = I(b) = a— J. Then

clearly m; = ZWGC’(I) ™D Using this description of m; we may write m;z” in the following way;
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meJ _ Z ljr([)xJ _ Z l,TF(I)+J
weC(I) weC(I)

Therefore, to prove our statement, it suffices to show that if 7 € C(I) is not the identity then
w(I) + J < a. We may then assume that 7 is not in fix(I). There are two cases to consider: either
7 € ofix(J) for some o € fix(I) or not. If we assume that 7 € ofix(J) then # = ov where v € fix(J).
Then we may decompose 7(I) +.J = o(I +.J) = o(a). Therefore, 7(I) + J = @ as n(I) 4+ J and a are
a permutation of each other. By the definition of the co-charge, if ¢ < j and J; = J;, then a; > q;
and I; > I;. Since o does not fix I there must exist elements a; and a; described as above but a; < a;
such that m(a;) = a;. This means that 7(I;) = I; and thus (7(J) + I); < (a); and this means that

(m(J) + I) < a lexicographically proving that (7(J) + I) < a.

The second case gives m ¢ ofix(I) for any o € fix(J). This means that 7 must permute entries
in a which have different values in the co-charge J. Counsider ar = max{a; |7 (J;) # J;}. In other
words, ay, is the largest integer occurring in a where ay and mw(a) have different corresponding co-
charge values. We let a; and a; be such that 7(a) = a; and w(a;) = ay. Since ay, is the largest integer
for which aj and 7(ay) have different co-charge values, it is clear that ay > a;,a; and I, > I, I;.

With this we obtain the following;:
(7T(I)+J)k:(aj—Jj+Jk)<ak—J;€+Jk:ak

Consequently it is easy to see that on the cycle containing aj all elements are less then ag. This

means that 7 (I) + J < @ lexicographically. Therefore (7(I) + J) < J as desired. |
Corollary 3.23: The set {myz, |I(A) =n and o € s,,} spans & as a vector space over %.

Proof: This is a known result (see [2, Section 2]) we give a proof here. Consider an enumeration
{a1,az,as, ...} of words of length n where if ¢ < j then a; < a;. Using this, we consider an ordering
of the monomial of %, given by x% < z% if and only if i < j. Clearly a; = (0,0,...,0). Using this
enumeration we can show this via induction on index of {aj,as,...} given above. For our base case,
™ =1 = mg, x. where e is the identity permutation. Thus, let us assume that the claim works for

all monomials up to % . Note that we may write %+ in the following way using Theorem 3.22.
k
L0k — mI(akH)wJ(akA) _ Z c;x%
=1

From Proposition 3.21 and the induction hypothesis, we have that the right-hand side is a linear

combination of elements of the form myz, for o € S,, and A a word of length n. [ |

Corollary 3.24: The set {e{* --- ¢lna, |0 € S, and aq,...,a, = 0} is a spanning set for % over &.
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Proof: This is trivial from Corollary 3.24 using fact that {e]* - -- €%~ |ay,...,a, = 0} and {my |I(A) =

n} are spanning sets for Sym over R.

Definition 3.25: Let R be a graded ring over £ where R = @ ,R; and dimy(R;) = d;. Then the
Hilbert series of R is the following power series h(R) = Y., ; d;t'.

To show why the above result is important, we present a theorem presented by E. Allen in [2], the

proof of which is given by A. Garcia in [17, Proposition 1.2].

Theorem 3.26: Let R be a graded ring over £ and fix homogeneous elements f1,..., f, € R with
deg(f;) > 0 and define H := R/(f1,..., fn).Assume that there are elements b1, ...,b; € R that satisfy
the following;:

h(R) — <i tdeg(ln)) /ﬁ (1 _ tdegfi)

Then the following statements are equivalent:
1 {ff" - fonb; |1 <i<kanday,...a; =0} spans R over %.

2. fi,..., fn are algebraically independent over %, and R is a free module over R[f1,..., fn] with

basis {b1,...,bx}.

3. by,...,b is a basis of H over %.

If we can show that the elementary symmetric polynomials {ej, ..., e,} and the descent monomials
{xs |0 € S,} satisfy the condition of the Hilbert series in Theorem 3.26 then using Corollary 3.24 we
can deduce that the descent monomials are a basis for & over Gym. We will present one last result

before continuing with this proof. this is a classical result by P. A. MacMahon (see [27, Formula 1.2]).

Proposition 3.27: For a permutation o € S,, we define d(o) = ZZ-GD(J) i. The following equation

holds

n—1
Dt =TT+t 41,
TES, i=1

Theorem 3.28: The set {z, |7 € S,} is a basis for  as a module over Gym and for € as a vector

space over R.

Proof: (See [2, Section 2]). First we show that it satisfies the conditions for the Hilbert series
as stated in Theorem 3.26. It is clear that for an elementary symmetric polynomial e; the degree

deg(ej) = j. Let o € S,, with descent set D(c) = {i|0o(i) > o(i + 1)} then
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deg(y) =deg | [ (@oqy - 20) | = D, i=d(0).

i€D(o) €D(o)

Now using Proposition 3.27 we show the Hilbert series condition:

<theg($a)>/ - (1_tdeg€z‘) — <2td(0)>/
o =1

3 [ea

K2

= (ﬁ(1+t+...+ti))/<(1t)nﬁ(1+t+...+ti)>

i=1 i=1
1
(1=t

Ta-m
=1

The Hilbert series of & is known to be 1/(1 — t)™. Therefore, the above computation shows that
using the elementary symmetric polynomials and the descent monomials, we satisfy the conditions for
Theorem 3.26. With Corollary 3.24 satisfying one of the equivalent conditions we obtain the result

we needed. |

Subsection 3.2: W,, Action on Laurent Polynomials

So far, by making use of the action of S,, on % and the Chevalley-Shephard-Todd Theorem (Theorems
3.3 and 3.4), we have proven strong results involving & as a Gym-module. We may summarize these

results in the following points:
1. Sym = %£[eq,...,e,], where ¢; is the i’th elementary symmetric polynomial.
2. 9 is a free module of finite rank over Gym.
3. We constructed a basis {z, | o € S,} for & over Gym (and € over %).

We would like to generalize some of these results to the action of the Hyperoctahedral group W,, on

the ring of Laurent polynomials € = £[z]',...,2t']. In this section we define an action of W,, on

1 Ly
£ and define its invariant subring £&6ym := {f € £|w - f = f for w € W,,} which we will call the
symmetric Laurent polynomials. We claim that the relation between £ and £&Sym is similar to
% and Gym, where £ is a free module of finite rank over £&ym. In this section, we will describe a
generating set of £&ym, using a generalization of the elementary symmetric polynomials. We will
also construct a basis of £ over £6ym using the descent monomials. Furthermore, we will be able
to construct a version of the coinvariant algebra £€ for the W, action over £. Before we start with

this, we must discuss a generalization of the earlier results in this Chapter. This will help us build

the results for the Laurent polynomials.

Definition 3.29: Let S, act on [1,n] = {1,...,n} and partition [1,n] into k& non-empty, pairwise
non-intersecting sets I, ... Ip. We define St; as the set of permutations that only permute elements

of I;. We call the subgroup G = S, x --- S, a Young subgroup.
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Proposition 3.30: Let I4,...,I; be a partitioning of the set [1,n] with n; = |I;|. Then the Young

subgroup Sy, X -+ x S, =S, X - x Sy,

The proof for the above claim is trivial, as each component is defined as all possible permutations
of the set I;. Clearly any Young subgroup G is a reflection group and thus 9% is isomorphic to a
polynomial ring with % a free module of finite rank over 2¢. We will briefly mention how to find a

generating set of 2 and a basis for % over P .

Definition 3.31: Let X < {z1,...,2,} be a subset of the variables. We define Gym(X) as the

polynomials in % which are invariant under the permutation of elements in X.

Remark 3.32: We may drop the set notation when referring to Gym(X). So that if we consider

{z1, 23} < {x1, 22, 23} then Sym(x1,z3) = Sym({z1,z3}).

Example 3.33: Consider X = {1, 23} < {x1, 22, 23}. Then Sym(X) = Gym(x1,x3) are polynomi-
als which are symmetric in the x; and x3 variables. Clearly if we let ¢ : R[y1,y2] — R[x1, 22, x3]
with ¢(y1) = 21 and ¢(y2) = z3 then Sym(y1, y2) = R[y1 + Y2, y1y2] using the elementary symmetric
polynomials over y1,ys. Using ¢ we can uncover that Sym(zq,23) = £[x1 + x3, £123,22]. One can

easily generalize this example into actions of any Young subgroup.

Lemma 3.34: Let Iy, ... I be a partition of {1,...,n} and G be the Young subgroup associated with
it. Let d; = |I;| and X; = {z;|j € I} so that Sy, can be identified with the subgroup of S,, which
only permutes variables in X;. Then we have the isomorphism ¢ =~ £[X;]%4 ® - ® A[X}]%%.

Furthermore, define egd") to be the j'th elementary symmetric polynomial on the ring #[y1, ..., yd4,].
(di)
J

ﬁ/[Xi]Sdi is generated by {e§.di)

We write e;""/(X;) to be the evaluation of the polynomial eédi) at the variables from X;. Then

1<j<d}.

Proof: Part of this result is well known (see [4, Section 1]). We give a proof for this here. It is
well known that there exist an isomorphism ¢ : £[X1]® - ® [ Xi] — % defined by ¢(f1 ® -+ ®
f&) = fi-+ fr. It is clear that Sy, can be identified with the subgroup of G which only permutes
the variables in X; and acts like the identity on all other variables. Therefore, one can see that
e(R[X1]%1 ® -+ ® R[X}]%%) € PC. To see it in the other direction, pick any polynomial f e ¢
and consider a monomial z® which appears in f. Note that we may factor this monomial in the
following way x® = mj - - - my, where each m; only contain the variables in X;. Using this factorization

is easy to see that the orbit of ® over the action of G gives that the following term is a part of f:

k
ma :H Z a(m;)

D'GSdi
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One can see that mg = f1--- fr where f; € /‘%[Xi]sdi. This shows the first statement. The second
statement is an immediate consequence of Theorem 3.6, since the £[X;]%% is generated by elementary

symmetric polynomials using the variables in Xj. |

We have constructed an instance of a generating set for the subring invariant under the action of
any given Young subgroup G < S,,. The next question is to find a basis for % as a module over
9 G This is surprisingly easy to find. First, consider the following well known result [7, remark after

Proposition 2.12].

Lemma 3.35: Let Ry,..., Ry be a family of A-algebras with S; € R; such that R; is a free module
of rank d; over S;. Let B; be a basis for R; over S;. Let R = R1®y---®s R and S = S1®z - - -Qp Sk,

then R is a free module over S with basis {a; ® - - - ® ay | a; € B;}

Corollary 3.36: Consider a Young subgroup G with X; and d; defined as in Lemma 3.34. Then 2[X;]

Sa,

is a free module of finite rank over £[X;]°¢% with the descent monomial as basis M; = {m’ |0 € Sy, }.

Then the set M = {m; ---my, | m; € M;} is a basis for #¢

Lemma 3.34 and Corollary 3.36 provides a generalization of our results about % as a Gym-module.
We may summarize these results in the following way; partition {z1, - ,z,} into the disjoint sets

X1,..., Xk, where | X;| = n;. Consider the action of G =~ S, x --- x S, € S, on & where S,
(

permutes the variables X;. For 1 < i < k we define eji) to be the j’th elementary symmetric
polynomial on the subring £[X;]. Similarly for 1 < i < j we consider M; = {m! |0 € Sy,} as a basis

of £[X;] as a Gym(X;)-module. Then we have the following:
L. @G = ﬁ/[egl)v T 76%11)7 T 76§k)7 T 76;4]1)]

2. {my---my|m; € M;} is a basis of 2 as a 2 “-module.

Example 3.37: Let R = %[z1,y1,...,Zn,Yn] and let G = Sy x --- x Sy act on R where the i’th
copy of Sy permutes x; and y;. Then by Lemma 3.34 we have that R¢ = flry +y1, 2191, oo, T +
Yn, Tnln]. Furthermore, A[z1,y1] is a free and finite rank module over &[x1,y1]%? with basis {1, z1}.

Consequently by Corollary 3.36 we have that {[[,.qzs|S € {1,...,n}} is a basis for R as a R®-

seS

module.
Definition 3.38: The ring of Laurent polynomials is defined as the following quotient:
+1 J_rn].

Li=R[z1,y1, -y Tn, Yn) /(191 — 1, .. Tpyn — 1) = Rlzy, ... 2

Remark 3.39: Recall that the Hyperoctahedral group W, is the subgroup of permutations on the
set {£1,...,+n} such that if 7 € W,, then w(—k) = —7 (k).
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Proposition 3.40: For a given w € W,, and x; a generator of £ we define

T (i) if 71'(2) >0
m(x;) =

z~ L otherwise.
—m (1)

This map extends to an action of W,, on £

Proof: By Proposition 1.42 there exists a subgroup G € Ss,,, such that G = W,,. Using the action of
San, over R we immediately obtain an action of W,, on R = R[x1,y1,...,Zn,Yn|. For a given w € W,
and 1 < i <n We may describe this action in the following way; if w(i) > 0 then w(x;) = ;) and
W(Yi) = Yw(s)- I w(i) <0 then w(z;) = Y and w(y:) = Tjw()- Let I = (z1y1 —1,..., 20yn — 1),
it is easy to see that W,,(I) € I. This means that the action of W,, on R extends to R/I =~ £. This

action of W,, on £ is equivalent to the action described. |

Our goal is to find a normal subgroup N <« G =~ W,,, such that N is a Young subgroup of So,. If we
find such a group then we may use Lemma 3.34 and Corollary 3.36 to find a generating set for RN
and a basis for R over RY. These results will extend to the quotient (R/I) =~ £ as a module over
(R/T)N ~ £N. We will then be able to show that (R/I)Y is isomorphic to a polynomial algebra.
This implies that there exist elements fi,..., fx € £~ such that €Y = &[f1,..., fi]. Lastly, we will
show that the quotient group G/N acts on £V as a reflection group. Combining these results, we will
be able to generalize our results from % as a Gym-module to £ as a £"»-module. For the following

results, unless cited, the author has not found in literature and the proofs are original.

Proposition 3.41: Let N be the subgroup of W,, generated by the negative transpositions (i, —1)
(see Section 1.3). Let fi = x; + x;* then have that €N = &[f1,..., f,] and f; are algebraically

independent. Furthermore, £ is a free module of finite rank over £V with basis given by the set

{HSESxS|Sg {17"'7n}}

Proof: Since we may identify W,, as a subgroup of Ss,, then N is identified as the subgroup consist-
ing of permutations of the form (k,k +n + 1) for 1 < k < n. Consider the action of N on the ring
R = R[x1,9y1...,%n,Yn]. From Example 3.37 we see that RY = A[x1 + y1, 2191, -, Tn + Yn, Tn¥n]-
Let I = (x1y1 — 1,...,2pyn — 1) € R, so that £ =~ R/I. For any commutative ring H, if hy,..., hy
generates H, then for any ideal J of H the elements hy + I,..., hy, + I generate H/J. Thus,
{x1+y1+1, z1y1+1, ..., Tp+Yn, Tnyn+1} must generate R/I. Consider the isomorphism ¢ : R/I — £.
Then o(z; +y; + 1) = z; + x;l and o(z;y; + I) = 1. Set f; = x; + :ri_l. This argument show that

{fi|1 <i < n} generates £V.

Since £ has no zero divisors. Pick any polynomial f € R[z1,...,z,] and consider its evaluation
at g = f(x1 + 27", ..., 2, +2,') € £. Let d be the degree of f in £[z1,...,x,] then if we assume
f # 0 then the highest degree component of g is d. This means that g # 0. However, this implies that
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there are no polynomials with roots x; + x;l in 9. Therefore, the elements x; + x;l are algebraically

independent.

Note that the set {1,z;} is a basis of %[z;,v;] as a %[z;,y;]%2-module. This means {1,z;} spans
RlzF'] as a £[zF!]%2-module. We must show that 1,2, are linearly independent over £[zF']%. By
the previous arguments in this proof, we have that &[z]% = &[z; + 2;']. Let f,g € Rlz; + ;]
be polynomials such that fx; + g = 0. In this case, we have that fz; = —g € fa[:c;—r]‘% meaning that
fr; = fa; ' Since z; + ;' # 0 and (2; + 2;')f = 0 then f =0 and g = 0. Thus, fz; +g = 0 if
and only if f = g = 0. This means that z; and 1 are linearly independent over &[z; + x;l]. Using
Lemma 3.35 and the fact that £ ~ ®? , A[z'] we have that {[],.¢
£ over £V, |

xs| S € {l,...,n}} is a basis for

These next two results, Lemma 3.42 and Lemma 3.43, can be found in literature under Galois theory

over commutative rings. These two results can be found in [30, Theorem 3.1].

Lemma 3.42: Let R be a commutative ring and consider groups N € G < Aut(R) where N is a
normal subgroup of G. Then there is a natural action of G/N on the invariant ring R, and we have

equality R = (RN)G/N,

Proof: Consider f € RV and g1, g2 € G such that g; N = goN. There exist ny,ny € N we have that
gin1 = geng. Thus g1 - f = g1ny - f = gana - f = go - f. This means that the action of G/N over RN
defined by gN - f = g - f is well-defined, as it is not dependent on the coset representative. With this
action, it is clear that RS < (RN)S/N. Now pick f € (RY)%/YN and g € G. Since N is normal there
is a coset representative h and n € N such that g = hn. By our assumptions, f is invariant under n

and h, since it is invariant under N and G/N. Therefore g- f = (hn) - f = f. [ |

Lemma 3.43: Let R be a commutative ring, G be a finite group subgroup Aut(R) and N € G a

normal subgroup. Assume that the following holds:
e Ris a free RVN-module with basis {b1,..., b}
e RV is a free (RV)/N-module with basis {c1,...,cx}.

Then {b;c; |1 <i<kl<j<I}isa basis of R over R,

Proof: Let f € R. Then there exists fi,..., fu € RY such that f = fib1 + - fxby. Furthermore,
for each i there exists g, ...,gf € (RN)¥/N = R® such that f; = gic; + -+ + gic;. This means that

we have the following equation:

f=

!
Z g§cjbi.

i=1j=1

D=

Thus, we have shown that the set {b;c; |1 <i < k1< j <!} spans R as a R%-module. We must now
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show it is a basis. Assume that there exists gf € RY such that ), 2 gfcjbi =0. Let p; = Z?Zl g;»cj.
Since the elements b1, ...,b, is a basis of R over RY and > pibi = 0 then p; = >, gfcj = 0 for
all 1 < i < k. Since c1,...,¢ are a basis of RV, then by a similar argument we have that gg =0

for all 1 <4 < k and 1 < j < [. This means that the set {bic; |1 < i < k1 < j < I} is linearly

independent. L
Theorem 3.44: Define ¢* = ¢;(xy + 7%, ..., 2, + 2, ') where ¢; is the i’th elementary symmetric
polynomial on n-variables. Then £W» = £[ef, ..., ¢f]. Furthermore, given a permutation 7 € S,, let

br = xp(x1 + :rl_l, e T+ xrjl) so that b, is the descent monomial associated with 7 evaluated at

x; — x; + x; ', Then the set {b; [[,.q¥s |7 € S, and S < {1,...n}} is a basis of £ over £V».

Proof: The author has not found this result in literature, we give a proof of this result here. Note
that N as defined in Proposition 3.41 is a normal subgroup of W,, generated by (i, —). Furthermore,
by Theorem 1.39 we S,, =~ W,,/N. From Proposition 3.41 we have that

{HmS|S§{1,...,n}}

seS

is a basis of £ over £V. Furthermore, we have proven that £V = £[f,..., f,] where f; = z; + x;l.
Note that as in Lemma 3.43 and Lemma 3.42 there is a natural action of W,,/N over £V. Let
S, = W, given by ¢(s;) = (i,i+1)(—i,—i—1). It is clear that for each m € S,, we have a different
coset o(m)N. Therefore, we compute the action of W,,/N over %&[f1,..., fn]. Let o(7)N € W,,/N we

have
P(m)IN fi = o(m) (@i + 27) = Ty + 25 = Frgo)-

The action of W, /S? on £V is then equivalent to the action of S, permuting the polynomials
fi,-- s fn. Therefore W, /N acts as a reflection group on £¥. We apply Corollary 3.5 to £V as an

(&NYWn/N_module and deduce two results:

e The set {ef |1 <i < n} where ef = ¢;(f1,..., fn) is a generating set for (€)%, Meaning that

(EN)Sn = Rlef, ... €]

rn

e The set {b; |7 € S,} is a basis for £ as a (£V)%-module.

Using Lemma 3.42 we have that (£52)5» = £Wn meaning that £ = £[ef,..., ¢]. Furthermore,
since {[J,eq s | S S {1,...,n}} is a basis of £ as a £¥-module, by Lemma 3.43 we have that the set
{br [Toes®s|me S, and S < {1,...n}} is an basis of £ over £V, [ |

Definition 3.45: The polynomial € as defined in Theorem 3.44 above is called the i’th Laurent

elementary symmetric polynomial.
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Definition 3.46: We will call the invariant subring £%» the symmetric Laurent polynomials

and we will denote £&ym = £Wn,

Note that £"» = £[ef, ..., €] which is isomorphic to a polynomial ring. Therefore, we may generalize

the coinvariant algebra in the following way:

Definition 3.47: The Laurent coinvariant algebra is defined as £¢€ = £/(ef, ..., k).

r n

Theorem 3.44 gives an £-version of the results we obtained for the S, action on % case. It follows
that the ring of symmetric Laurent polynomials £&ym = £W» is isomorphic to a polynomial ring.
We have a generating set of £&ym which are the Laurent elementary symmetric sums. Furthermore,
we have that £ is a free module of finite rank over £&ym. Before we end this section, we will compute

the case in which n = 2.

Example 3.48: For W5 acting on £ = k[xfl,x;ﬂ] the Laurent elementary symmetric polynomials
are given by e¥ = (z1 + 7)) + (2o + 23 ') and ef = (21 + 27 ) (22 + 25 "). The ring of symmetric
Laurent polynomials is then £&ym = A[ef, e5]. The subsets of {1, 2} are given by {&F, {1}, {2}, {1, 2}}.
These correspond to the basis elements of £ over £52%52 which are {1,x1, 72, z122}. A basis for £52

Wn comes from the descent monomials b, where m € Sy. Let So = {e,0}. Then b, = 1 and

over £
by = fo = (x2 + x;l) from Example 3.15. Thus using Theorem 3.44 a basis for £ over £&pm can be

computed as shown below.

subset | permutation | descent monomials b, | subset basis | basis element
(%] e 1 1 1
%) o Ty +xg 1 (g + x5 0)
{1} e 1 X1 x1
{1} % To + a5 x1 (z2 + x5 1)z)
{2} e 1 X9 xo
{2} o To + a5 To (T2 + 25 1)y
{1, 2} & 1 T1X9 T1T2
{1,2} o To +a:51 T1To (22 +x;1)x1x2

Section 3.3:

Symmetrizing Operators on the Polynomial Ring

We will exploit the structure of % as a Gym module to define certain operators which will allow us to
construct polynomial representations of the Hecke algebra. Most of the material introduced in this
section is due to A. Lascoux in [22]. We start with the divided difference operators on % and we

verify some relations that they satisfy.

Proposition 3.49: Recall that s; is the transposition (i, 4+ 1). For any polynomial f € % we have
that x; — x;41 divides f —s; - f.
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Proof: Let j =i+ 1 and consider m = :E‘le? Then m —s;-m = xamg’ z? z%. Let ¢ = min{a, b} then

we have two cases, either @ < b or b < a. In the first case, we have that m = (xixj)c(ngc — xb7e).

Note that for any variables x,y and integer k, we have that

This means that (x; —z;) divides m—s;-m. Thus, for any given monomial 0;(m) is well-defined. Note

that since the action of S, is linear over £ then (z; — x;,1) must divide f — s; - f for any polynomial

fer. |

Definition 3.50: The divided difference operator 0; € homg(?,%) is defined in the following

way:

f=si-f

Tj — Ti41

(}zf’_’

Proposition 3.51: Recall that for a subset X < {z1,...,2,} the ring Gym(X) is the subring of %
consisting of polynomials which are symmetric over the variables in X (see Definition 3.31). For a

given polynomial f € Sym(z;,z;11) and g € 2» we have that ¢;(fg) = f0:(g).

Proof: This is easy to show from the formula given for ¢;. Given f € % such that f = s; - f and

g € % we compute the following:

(fg) =si-(f9) _ fg—f(si-9)

Ti — Ti4+1 Tj — Ti41

0i(fg) = = fai(g) L

Corollary 3.52: The divided difference operator 0; is ©ym-linear.

Proof: This is an immediate consequence of Proposition 3.51 and the fact that Spym < Sym(X) for
any X < {z1,...,2,}. [ ]
Proposition 3.53: The divided difference operator satisfies the following relations:

1.02=0

2. 6i6j = (3j6i for |Z —j| >1

3. 0i0i410; = 0i4+10;0i41

Proof: We can check each relation individually. Consider f = z%¢z? 1™ where m is any monomial

which does not contain the variables x; and x;;1. Then from the Proposition 3.51, it is easy to see

that If [i — j| > 1 then 0;(f) = md;(x¢a?, ). Consequently

0;0u(atal, ym) = 2;(m)dy(afat, ;) = 0,0 (afal, 1 m)
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By Corollary 3.52, to check the first equation, we only need to show that it is true for the generators
of & as a Gym(z;, x;11)-module. We may use the descent monomials computed in Example 3.15 in
order to check this. The descent monomials are {1,z;}. When we apply 02 to both we obtain the

following:

201) = =1 _ 0 and 2(z) = 8,5 %L _ g,

Ti — Tit+1 Ti — Tit1

This shows the first equation is true. For the last equation, since we are using both ¢; and 0;.1, we may
use a similar strategy. However, since 0; is Gym(z;, x;11)-linear and ;41 is Gym(z;41, T;42)-linear,
we will need to check if 0;0;4+10; = 0;4+10;0;+1 on P as a Sym(x;, i1, ;o) module. Repeating the
technique above we only need to show this for the basis of % over Sym(z;, z;41,Z;1+2). Using the
descent monomials computed in Example 3.16 one can show this equation to be true. The descent
monomial basis is B; = {1, Tit1, Tit2, TiTit2, Tit1Tit2, minerz} and we compare the operators

below:

Basis 0i0i+10; | 0i+10i0i41
1 0 0
Tit1 0 0
Ti4+2 0 0
TiTi+2 0 0
Tit1Ti42 0 0
xiﬂmzﬂg -1 -1

By Corollary 3.36 the set B; is a basis for & as a &ym(z;, T;41, T;4+2)-module. Furthermore, d; and
0Oi41 is Gym(x;, 41, T;42)-linear. The computation above shows that 0;0;410; - b = 0;410;0;41 - b for

all b € B;. Therefore, these operators are the same, proving the third relation. |

Proposition 3.54: Let X; : 2 — % be the operator X; € homy(%,%) defined by X; : f — z;f.
The following relations between X; and ¢; hold:

1. (?lXZ - Xi+1(31' =1
2. Xzaz — 6iX,»+1 =1
3. ain—Xjai=0fOI‘ |’i—j|>1

Proof: 1t is easy to see that equation 3 holds since the variable z; € Gym(z;, z;41). Equation 1 can

be checked with the following computation below:
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(0:X: — Xi1105) - f Tif —ip18i - f B Tiv1f — Tiv18i - f

Ti — Tit+1 Ty — Tit+1
Cwif —wiasi [ = @i f —wigasi - f
Ti—i+1
zif — @it f
=t ) Ly
Ti — Ti+1
Equation 2 can be checked with a very similar computation as above. |

Lemma 3.55: Given 1 < i < n we have the following:
1. 61-X,» — X,»é’i = 8;
2. Siai = —aisi

3. (6:X))? = 0 X,

Proof: For the first relation described, we can do the following computation:

zif —wiyasi- [ xf —wisi- f Ti — Ti+1
0;x; — 1:0; = = - —g . L o
(i 0:)(f) Ti — Tit1 Ti — Tit1 fil?i — Tit+1 oS

The second relation described can be seen easily as s; is just a transposition of {z;,x;4+1}. Thus, we

prove this relation with the following computation:

_sicf—-fF _ s f-f _

= —0;$;

5:0;(f)

Ti+1 — T4 Ty — Ti41

Lastly, for the third relation we use the relations found for 0; in the following way:

(ale(’)le) = 61(1 + ﬁlXZH)XZ = 0; X; + 812X2+1X1 = 0; X;

Which shows exactly what we needed. |

Definition 3.56: The isobaric divided difference also known as the Demazure operator is the

operator in homy (2?,2) defined by

Proposition 3.57: The operators §; satisfy the following relations:
1. 62 = §; for all 4.
2. 8;6; = 0;6; if |i — j| > 1
3. 0;0i410; = 6;04416;
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Proof: These relations can be computed directly from Propositions 3.53 and 3.54, and Lemma 3.55.
Note that, as §; = 0;X; then equation 3 from Lemma 3.55 shows the first relation. For the second
relation, recall that the maps ¢; and X; are endomorphisms of &[z;, z;1+1], therefore X;0; = 0,X; if

|i — j| > 1. Thus we obtain the following:
57;5j = @Xi&ij = 6ijﬁiX¢ = (;jtsz

The third and final we repeat the technique used in Proposition 3.53. Note that both §; and J;,; are
Gym-linear endomorphisms of &[x;, x;+1, x;+2], as they are a composition of §; and X;. Furthermore,
from Corollary 3.5 we have that R[z;, 2,11, T;12] is a free module of finite rank module over the ring
of symmetric polynomials over {x;, z;+1,2;+2}. A basis for this module called was given in Example

3.16:
1. 1: . e . ) )
{ 7xz+1>xz+2>xzxz+27$z+1xz+27$z+lmi+2}

Thus we compute the maps 0;6;416; and 9;119;0;11 on the basis above, and show that they do in fact

match.

Basis 52514_151 (;7;4_151'51'_;,_1

1 1 1

Ti+1 0 0

Tit2 0 0

TiTiy2 0 0

Tig1Tiq2 0 0

Tit127 1o 0 0

Since both columns match above, it shows that both operators d;0;116; and §;416;;41 are the same.
More surprisingly, both operators zero all non-symmetric polynomials, which would be hard to show

if we were to do a direct computation. This shows that equation 3 does in fact hold. |

Remark 3.58: The relations given in Proposition 3.57 match the relations for the nil-Hecke H(S),)
algebra for S,, (see Definition 2.53 in Chapter 2). Therefore, the algebra generated by the Demazure
operators ¢; is isomorphic to Ho(Sy). This gives us a polynomial representation of the nil-Hecke

algebra.

Theorem 3.59: Let f € 2. Then the following are equivalent:
1. f is a symmetric polynomial.
2. f is invariant under 0; (meaning that 6; - f = f) for 1 <i<n— 1.

3. feker(o;) foralll <i<n-—1

Proof: First, we show that (1) implies (3), for that let f € 2 be a symmetric polynomial. Then
si - f=fforall 1l <i<n—1implying that d; - f = 0 by the definition of 0;.
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Next, we show that (3) implies (2). Assume that ¢;f = 0 for all 1 < ¢ < n — 1. Then using
Proposition 3.54, specifically relation 1, we see that §;f = 0; X, f = (1 — X;410;)f = 1f. Thus apply-

ing §; f is the same as multiplying by 1, meaning f is invariant.

Lastly, we show that (2) implies (1). We can easily see this from the following

Tif —xig18:- f

Ty — Ti41

=f=uaif-si-(@if)=@—zin)f=s f=f

This shows that if §; - f = f then s; - f = f, since this is true for all 1 < i < n — 1 then f must be

invariant. u

Subsection 3.3: Symmetrizing Operators of £

We have defined three operators s;, 0; and o; which are Gym(x;, z;41)-linear. Each operator gives an
equivalent condition for a polynomial f to be symmetric in the variables x; and z;1; in Proposition
3.59. We will generalize these operators to £&ym-linear operators over £. The author has not found
this material in literature, therefore these results and their proofs presented are original. First, recall
that W, is generated by {wo,...,w,_1} where wy = (1,—1) and w; = (¢, + 1)(—i,—i — 1). The

action of w, on £ as discussed in Section 3.2.3 can be explicitly written in the following way:

xy Ml ifi=0
w(x]t - xen) = (3.3)

n
ar . Qi+l .a; ] 1Q
xyt el - xie otherwise

Definition 3.60: We define the divided difference over £ to be the following %-linear operator.

(f—wo~f)/(9c1_1—x1) ifi=0

(f —w; - f)/(xi —x41) otherwise

(3i(f) =

Proposition 3.61: The operator 0; € homy (£, £) is well-defined.

Proof: In the case that ¢ > 0 then the action of w; is the same as permuting the variables x; and
x;4+1. Therefore, a similar computation can be made as in Proposition 3.49. What we must show is
that dp is in fact well-defined over the monomials and %-linear. Consider m = z¢m’ where m’ is a

monomial which does not contain x7. Then we may compute the following:
a /

m—wp-m = (zf —z74)m’.

Thus xfl — x1 divides m — wq - m. Since division by a constant is %-linear and so is the action by wyq

then we have that 0y is well-defined. |

In the previous section, given a subset of the variables X < {z1,...,z,} we defined Gym(X) to be the
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polynomials which are symmetric under the permutations of the variables in X. We may generalize

this to the ring of symmetric Laurent polynomials.

Definition 3.62: Given X = {z;,, -+, z;,} we define £&ym(X) to be the polynomials in £ which are

invariants under the elements of W,, which only permutes elements of the set {i1, ..., ik, —i1,..., —ir}.

Proposition 3.63: The operator 0; is £&ym(z;, x;41)-linear for 1 < ¢ < n — 1. The operator dy is

L£6ym(z) linear.

Proof: Let 1 <i < n—1 and consider the polynomials f € £ and g € £&ym(x;, ;1) then w;(g) = g.
Therefore gf — w;(gf) = g(f — w;f) which shows that 0; is £&ym(z;, 2;41)-linear. For the second
statement, wy = (1,—1) so for any polynomial g € £&ym(z;) we have that wo(g) = g. Thus we

repeat the same argument as fg — wo(fg) = g(f —wof). [ |

Definition 3.64: Let X; : £ — £ be the linear operator over £ defined by X; : f — x;f. The
Laurent isobaric divided difference or Laurent Demazure operator is defined to be the

following linear operator over £:

0y =
00X, otherwise

Proposition 3.65: The Laurent Demazure operators §; are £&ym(z;, x;11)-linear for ¢ > 0. Like-

wise, the operator §p is £&5ym(z1)-linear.

Proof: This follows immediately from Proposition 3.63. Since 0; and X; are £&ym(x;, x;1)-linear

for ¢ > 0, then §; = 0;X; must be £&ym(z;, x;41)-linear. The same argument applies for . [ ]

Proposition 3.66: The operators d; satisfy the following relations for 0 <i,7 <n — 1:

1. 62 = 9;.

2. (525] = 5351 if |Z —]| >1

3. 62514_151 = 5i§i+15i if 4 > 0.

4. (8061)% = (6109)?
Proof: For a given polynomial f € £ there exists an integer d > 0 such that (z;---2,)%f €
Rlz1,...,2,]. Denote My = (x1---2,)% For i > 0 we have that 0; and §; act on polynomials
f € Blx1,...,2z,] equivalently to their counterpart in 9, since the action of w; is to transpose the

variables (x;,2;4+1). Furthermore, 0;(Myf) = Mqd;(f) and 6;(Mgf) = Myd;(f). This means that

all relations involving only ¢; where ¢ > 0 can be immediately checked from Proposition 3.53. For
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example, if ¢ > 0 then for any f € £, let d be an integer such that Myf € &[z1,...,z,] then
07 (f) = My 07 (Maf) = 6i(f).

Thus, we only need to check the relations involving the case that ¢ = 0. To check the first relation,
it suffices to check if it holds over fe[mlﬂ], since §y only acts nontrivially on 7. Note that, from
Theorem 3.44 we have that %[z7'] is a free module of finite rank module over £&ym(z;) with basis

{1,21}. Thus, it suffices to check if the equation §3 = &y holds for 1 and z;. Note that

71 _
So(1) = 21— 1 and Go(a) = L1
T — T Ty —T1

xflxl — xlel —0
In both cases we can see that 62(1) = do(1) = 1 and §?(x1) = 61(0) = 0. This proves the first relation.
To prove relation 2, let ¢ > 1 and let m = x¢m’ where m’ € £ is a monomial not containing x1. Then
since ¢ is £&ym(z)-linear and §; is L&ym(z,, z;41)-linear where. Since z; € £&ym(z;,2;41) and

{xi,xi41} € LSym(x) then:
800;(m) = o(x)d;(m') = 6;(m")do(z$) = 6;50(m)

Relation 4 involves the operators dg and d;. Both operators are £&9ym(x1, 2, x3)-Linear. Thus, we
only need to check this equation using the basis obtained in Example 3.48. We apply the operators
to (6001)? and (0180)? and see that they do in fact match.

Basis (50(51)2 (5150)2
1 1 1
X1 0 0
T2 0 0
T1T2 0 0

To + 15 Ty ao+x Ayt | o ety gt
x1(z0 + x;l) 0 0
To(ze + 15 ) 1 1
1o (xo +;1:2_1) 0 0
This shows that (6001)% = (6160)? as desired. [ |

Theorem 3.67: Let f € £, then the following are equivalent:
1. fe £L&Sym.
2. f is invariant under J; for all 0 < i< n —1.

3. fekerg; forall0<i<n-—1

Proof: We may prove this with two if and only if proofs. First we will show that f € £&ym if and
only if f € ker ¢; for 0 < i < n — 1. Recall that the numerator of ¢; - f is f —w; - f. Thus f € ker(d;)
if and only if f —w; - f = 0. With this we have the following

feLéyme f=w,-fef-w -f=0<0--f=0.
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This shows that conditions 1 and 3 are equivalent. Now we show that (3) and (2) are equivalent. We

will do this in two cases, the first case is that ¢ > 0. In this case we have the following:

di-f=feaf—zipw - f=f(xi—2it1)
< zis1(f —wi(f) =0
< f—wi(f)=0

Thus 6;(f) = f if and only if ¢;(f) = 0. With a similar computation, we may show this same case
for 50 and (30.

So(f) = fear' f—zwo(f) = flay' — x1)
< x1(f —wi(f) =0

Which shows that §;(f) = f if and only if f € ker dp. |

Section 3.4: Representations of the Hecke Algebras

For this section, we consider £ = F(gq) where F is a field of characteristic 0 and ¢ is an indeterminate,
and % = £[z1,...,z,]. Recall from Example 2.49 that the Hecke algebra 7,(S,,) is the algebra over

% with generators {b,...,b,_;} and the following relations:
L.b2=(q—1b, +qforall 1 <i<n-—1.
2. b;b; = b;b; for [j —i > 1.
3. bbb, =D, bb;, for 1 <i<n-—2.

Our goal is to describe a polynomial representation ® : H,(S,,) — homy (%,2). This representation
is described by A. Lascoux in [21] and it will make use of the operators §; and 0; described in
Section 3.3. We will describe some properties of this representation, and prove that it is a faithful

representation of Hy(Sy).

Definition 3.68: Define the operator (; : % — % given by
G:=0i(g—1)+s

Lemma 3.69: The operator (; is Gym-linear.

Proof: From Proposition 3.59 we know that the operators d; and s; are Gym-linear. Since (; is the

linear sum of two Gym-linear operator, it must too be Spym-linear. |
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Proposition 3.70: The operators ¢; satisfy the same relations as the Hecke algebra H,(S,,). Meaning
that the following holds true.

1. ¢ =(q—1)¢+qforalll<i<n-—1
2. GGy = (G ifli—j| > 1

3. GiCir1G = CGir1GiGit1

Proof: We will begin with the first relation, for which we can give a direct computation below:

(¢ =07(a 1)+ (q—1)(disi + 5:0i) + s
=(q—1)%5 + (¢ —1)(s5:(0:Xi — 0 Xi31)) + 1
=(q¢—1)%5 + (¢ —1)(s:(0:X; — X30; + 1)) + 1

(g —1D)(si(si +1)) + 1

For the second relation, we recall from Proposition 3.57 that 0;0; = §;0; for |i — j| > 1. Furthermore,

it is known that s;s; = s;s; for |i — j| > 1. Therefore, we may compute the following:

Ci(j = (q — 1)26i6j + (q — 1)((5i8j + sléj) + $iS;
= (¢ —1)%6;0; + (¢ — 1)(0;8; + 8;0;) + 555
= GG
To show the third and final relation, we utilize the same strategy in the proof of Proposition 3.57.

We know that (; and ;41 are Gym-linear maps on R[z;,2;11,T;12]. We then compute (;(;41¢; and

Ci+1GiCi+1 on the basis of Bx1, zi1,2i42] over Sym(x;, x;41,2;42). We obtain the following result:

Basis 030; 4104 0i+10i0511
1 ¢ ¢
V) V) p) p)
Tit1 (¢° — Q)i + " i (¢ —q)x + ¢°wipa
Lit2 qr; qx;
o 2 o 2 2 o 2 o
LiLi+2 (q — Q)mzxwl +q°T;Tito (q — Q)xzmz-&-l + Q@ TiTiy2
Li41Ti42 qTiTi+1 qTiTi+1
) 2 2. — 2\ } 2. — a2\ ]
Tit1Ti1o | TiTig1 + (q q )xzzz+1xz+3 T;Tip1 + (q q )zzxz+1xz+3

Since both columns are the same, then the maps (;(;+1¢; and (;(;+1(; are the same. |

The following corollaries follow immedately from Proposition 3.70.

Corollary 3.71: There exists a representation @, : H,(S,) — homy(2?,%) given by ®,(b;) — .

Corollary 3.72: The representation @, is integral (see Definition 2.56).
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Remark 3.73: The fact that ®, is integral means that if we pick any a € F we obtain a representation
®, given by evaluating g — a. Particularly, by definition of (; we have that ®; gives the representation

of S,, over & by permutation of the variables.
Theorem 3.74: The map ®, is a faithful representation of the Hecke algebra #,(S,,).

Proof: We proceed via contradiction, assuming a non-zero element x € Hq(S5) is in the kernel of ®.
Recall that H,(S,,) has a basis of {b(c)| |0 € S,,} where b(c) = b(s;,)---b(s;,) where s;, ---s;, =0
is a minimal word. Thus, we express = as a linear combination of this basis. For notation purpuses,

given a reduced word s;, - --s;, = o we deinte ((0) = (;, - Gy -

k

d,(z) = B, ( > cgl)(a)> = > (o) =0

oeS, oESy,

We have in fact obtained a relation between the  operators above. However, since the specialization
of ¢ — 1 gives (; — s; then clearly {(0) — o under this specialization. By evaluating ¢ = 1 we obtain
the following
Z ceo =10
oES,

This can only happen as ¢, = 0 for all o € S,,. This is a contradiction, as this shows x = 0. |

Proposition 3.75: The representation ®, extends to a representation of the Hecke algebra on the
coinvariant algebra €. Specifically I = (eq,...,e,) so that € = % /I. Furthermore, there is an action

of Hy(Sy) on €, defined in the following way: Given x € H,(S,) and f+ 1€ C:
Dy (2)(f + 1) = Py(2)(f) + .

Proof: Since (; is Gym-linear we immediately obtain that ¢(I) € I. This shows that the represen-
tation of H,(Sy,) given above is well-defined. To see this consider a,b € % such that a + I = b+ I.

This means that for some x,y € I we have that a + x = b + y. We compute then

Gi(a) + Gi(x) = Gi(b) + Ci(y)-

Therefore (;(a + x) and (;(b + y) maps to the same element in the quotient % /I. |

So far, we have obtained one example of a faithful representation of the Hecke H,(.S,) over &. This
representation gives an action of H,(S,) on the coinvariant algebra €. A. Lascoux makes use of this
representation in [21] to build a sub-representation of & (or €) isomorphic to the ¢-Specht module
SY. We will further generalize these g-Specht modules to decompose € into irreducible modules of
the Hecke algebra H,(S,,). These will be a generalization of the higher Specht polynomials, originaly

constructed in [4].
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Subsection 3.4: Representations of the Hecke Algebra of Type B

In the previous section, we built a representation of the Hecke algebra H,(S,) using the divided
difference and Demazure operators. In Section 3.3 we generalized these operators to the ring of
Laurent polynomial £. The goal of this section is to use the generalization of the operators 0;, J;,
and w; to build a representation of the Hecke algebra H, ,(W,). The results of this section were
not found in literature by the author. These results are proven by the author in this section. For
this section, we will consider # = F(p, ¢). Recall that the Hecke algebra H, ,(W,,) has generators

{bg,.-.,b,_1} and the following relations:

1. b? = (¢ —1)b; +qfori>0. 4. b;b;1b; = b, 1b;b; for i > 0.
2. I)(Q) =(p—1)b, +p. 5. (boby)? = (byby)?

3. b;b; =b,b, for i —j| > 1
Definition 3.76: Define the operator &; € homy (£, £) in the following way:

5 5,’((]71)‘}'11)1' if i >0
do(p—1) +wy otherwise

Lemma 3.77: The operators (; are £&ym-Linear.
Proof: This is a direct consequence of the fact that ¢; and w; are £&ym-linear for any 0 <i <n-—1.

Theorem 3.78: The map given by V,, : b, — & for 0 < ¢ < n — 1 induces a representation of

Hqp(Wy,) into homy (£, £).

Proof: All we must show is that the operators & have the same relations as the Hecke algebra
generators by, ..., b, _; as shown in 3.4.1. Note that if i > 0 and f € R[x1,...,2,] S £, the operators
i, and 0; act the same as their counterparts in 2. This is due to the fact that w;(z;) = @, if
i > 0. Therefore, for f € R[x1,...,2,] the operator &(f) = ¢(f) for ¢ > 0. Furthermore, using
the same technique as in proof of Proposition 3.66 we consider My = (21 ---z,)%. One can see that
&(f) = M;lgi(Mdf). This means we can prove relations 1 and 4 in the following way. Let f € £
and let d be a positive integer such that Myf € R[z1,...,2,]. Then the following hold:

§(f) = MG (Maf) = My (g — 1)¢G(Maf) + qMaf] = (¢ — 1)&(f) + q

This shows that £2 = (¢ —1)¢ + q. With a similar argument, we show relation 4 in the following way:

Gilir1&(f) = M7 i1 Gi(Maf) = Gir1GiGivt (Maf) = &iv1&&is1(f)

Which shows that &;&;01& = &41&:&+1. Now we proceed with the relations involving (g. Using
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the fact that g and wy are £&ym(xq)-linear by Proposition 3.65, then we may use the free basis
computed in the proof for Proposition 3.66 of £[z3'] over £&ym(x1). We must check if the claim is

true on {1, xz1}.

&) =& (p—1)+1)=p* = (p—1&(1) +p (34)

& (x1) =& = (p— Dy + pr1 = (p— Déo(a1) + plar) (3.5)

This shows that the basis elements satisfy relation 2, and &2 and (p — 1)&, + p are the same on the
basis {1,21}. For relation 3 consider ¢ > 1 and m = z{m’ with m’ a monomial that does not contain

x1. From Proposition 3.65 and the fact that wq(x;) = z; for ¢ > 1 then
wow; (m) = wo(z1)w;(m') = wjwe,(m) and dod;(m) = do(x5)d;(m’) = 6;50(m).
Then relation 3 must hold:
€o&i(m) = ((p — Ddo (1) + wo)((q — 1)d:(m") + w;) = &&o(m)

Lastly, the relation (£0&1)? = (£1€0)? can be checked with the basis for £ over £&ym(z1, x2) computed
in Example 3.48. We compare (£&1)? and (£,&0)? over the basis

-1 -1 .2 2
{1, Ty, T2, T1T2, T2+ Xy, T1T2 + T12Ty , To + 1, 125 +x1}

We present the result of applying both (£,&1)? and (£1&5)? in the same column.

Basis (£061)? or (£10)?
1 *p?
1 qpxy " + (gp —p)zy '
X9 pIQ_I

7122 qry 'z = ¢*p+qp

zy + 25! (@*p* — ap®)z1 + ¢*pPa2 + (2p* — ap®)aT + (0> — p® —qp + p* + p)ay!
1 1

T1T2 + T2y Ppxaxy + (¢*p —qp) ;azy ' + (¢Pp— ¢ + q) a7 2y

x3 + 1 (—qp+p)zizy + (—qp+p)ay ey + 2> + PP+ *p—qp  —qp+p

173 + 71 o7ta?, + (—qp+p) oy + qay?

One could check that applying (£0€1)? — (£1&0)? on the matrix, all entries are 0. Meaning that both

operators are the same. |
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Chapter 4

Higher Specht Polynomial for the
Hecke Algebra

So far we have seen that the polynomial ring % is a free module of finite rank over the ring of
symmetric functions &Gym via the Chevalley-Shephard Todd Theorem (see Theorems 3.3 and 3.4).
In Chapter 3 we have constructed a descent monomial basis of % over Gym and of the coinvariant
algebra € = % /Gym_ (see Definition 3.14). In Section 4.1 we will construct a basis of €, called
the higher Specht polynomials, which respects the decomposition of € into the different irreducible
Sp-modules. This basis was constructed by S. Ariki, T. Terasoma, and H.F. Yamada in [4]. We will
give their constructions and a brief version of their proof in Section 4.1. We will then generalize
the higher Specht polynomials in Section 4.2 using the Hecke algebra H,(S,). Using the action
of Hq(Sn) we will see that these g-deformations of the higher Specht polynomials form a basis of
€. Furthermore, they decompose € into the irreducible #4(S,) modules. In fact, Alain Lascoux
described a class of submodules of & (and consequently submodules of €) which is isomorphic to
irreducible representations of H4(S,) in [21]. The decomposition of € obtained by the g-version of
the higher Specht polynomials will contain the modules described by Lascoux in [21] as a special case.
The construction of the g-Higher Specht polynomials have not been found in literature by the author.
Their construction, and proof that they indeed generalize the original higher Specht polynomial is

original work by the author.

Section 4.1: Higher Specht Polynomials

Let % be a field of characteristic 0. Recall from the Chevalley-Shephard-Todd Theorem (i.e. The-
orems 3.3 and 3.4) that as an S,-module we have € >~ £S,,. Furthermore, recall that the regular
representation G contains each irreducible module V of G exactly dim(V') times [16, Cor. 2.18]. In

Theorem 1.27, it was shown that the set of Specht modules {S) | A - n} was a full set of irreducible,
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and nonequivalent representations of S,,. Thus, we have

kS, = @ SPImE,
AN

Since € =~ £.S,,, this means that it is possible to find a basis of € which decomposes it into different
copies of the Specht module S). A sub-representation of % isomorphic to Sy, spanned by polynomials
called Specht polynomials, is well known (see [16, Chapter 4]). However, Ariki et al. in their paper
[41] were able to generalize this to a basis of €, called the higher Specht polynomials, which respects
the decomposition mentioned above. In this section we introduce the higher Specht polynomials as
originally defined by S. Ariki, T. Terasoma, and H. Yamada in [4]. In order to do this, we will first
generalize the concepts of charge and cocharge (see Definitions 3.17 and 3.19) to Young tableaux.
Then we will define alternating polynomials and a bilinear form over €. This bilinear form will then

be used to show that the higher Specht polynomials are a basis of €.

Subsection 4.1: Tableaux Words and the Charge of a Tableau

Recall that for a sequence of integers a = (ag, ..., a,) we defined the charge I(a) and cocharge J(a)
(see Definitions 3.17 and 3.19). These were defined by a procedure done by comparing the positions
of the sequence. The charge was fundamental in our proof that the descent monomials where in fact
a basis for % over Gym, and for € over %. Recall that a Young tableau T of shape A - n is a function
T :D(N) — {1,...,n}, where D()) is the young diagram of A. We will need to define the charge and
cocharge of a Young tableau in order to define the higher Specht polynomials.

Definition 4.1: For the tableau 1" let C; be a list of numbers appearing in the j’th column of T'
from left to right. Thus C; = (cj,--- ,c}” ) with the entries of the column written from bottom to

top. Let k be the number of columns of T', we define the tableau-word of T' to be the following list
w(T) = (cf —1,...,cf" = 1,...,¢f* = 1).

In other words w(T') lists the entries from each column (subtracted by 1), reading from left to right,

and from the lowest cell in the column to the highest cell.

Example 4.2: Consider T of shape A = (3,2,1) as shown below. According to Definition 4.1, the
columns read (6,3,1), (5,2), and (4). These are read from number written in the last row in that

column, to the first row. Therefore, the word w(T) is given by (5,2,0,4, 2, 3).

4]

—  w() = (5,2,0,4,1,3)

)ﬂ
Il
’@w»—t

Remark 4.3: The construction 7" — w(T") is reversible if we know the shape of T'. This means that
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if we have a word w = (wo, ..., w,—1) with {wo,...,w,—1} = {0,...,n — 1}, then we may construct

a unique tableau Tab(w, A) given a shape A\ by following the reverse process.

Definition 4.4: Consider a tableau T of shape A. We define the charge of T' denoted by I(T) to be
the tableau Tab(I(w(T)), \).

Definition 4.5: Define the co-charge of T to be J(T') := Tab(J(w(T)), A).

Example 4.6: Following the same tableau as in Example 4.2 we compute I(7') and J(7T) below:

I(w(T)) = (3,1,0,2,0,1) J(w(T)) = (2,1,0,2,1,2)
0o 1\ 01 2\
I(T)=]1]2 J(T)=[1]2
13 2]

Recall that a tableau T is said to be standard if its rows and columns are written in increasing order.
The set of standard tableaux of shape A is denoted by ST(\). We will next discuss some properties

of the charge and co-charge of standard tableaux.

Proposition 4.7: Let T be a Young tableau of shape A and (r, ¢) be the cell in the r’th row and ¢’th
column of D(X). Then J(T)(r,c) + I(T)(r,c) = T(a,b) — 1.

Proof: |1, Lemma 1] Let a = w(T') with a = (ag,...,an—1). Using the fact the the set of entries
appearing a Young tableau is {1,...,n} we see that {ag,...,an—1} ={0,...,n —1}. Consider a; = k
then by the definition of the cocharge we have that J(a); = k — I(a);. Therefore I(a); + J(a); = k.
Recall that for a given tableaux T" and cell (r, c¢), we denote T'(r, ¢) to be the entrie of T' appearing in
that cell. Therefore, consider the cell (r, ¢) such that T'(r,¢) = k + 1 then I(T)(r,c) + J(T)(r,c) = k

which shows what we needed. |

Proposition 4.8: Let a = (ag, - ,a,—1) such that {ag,...,an—1} = {0,...,n — 1}. The co-charge
J(a) can be built by following the reverse process as the charge. In other words, let p(i) be a number
such that a,;) = i for 1 < i < n. Then the co-charge J = (Ji,...,J,) is built recursively in the

following way:
1. Jp(l) = 0

2. If p(i) < p(i 4+ 1) then J,;) = Jpi41) + 1 and otherwise Jp;) = Jp(is1)-

Proof: |1, Lemma 1] Consider I = I(a) and let J be the word (J1, ..., J,,) defined by the construction
above. Let 1 < k,l < n be two integers such that a; = a + 1. If kK <l then I; = I, and J; = J + 1,
otherwise I; = I + 1 and J; = J. In either case, we have that I; + J; = I + Ji + 1. With this
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formula, it is easy to show that I; + J; = a; inductively on the position p(i) such that a,y = i. Note

that this matches with the original definition of J(a) as J(a); = a; — I(a); |

Lemma 4.9: For a given standard tableau T and 1 < i <i+ 1 < n, let (r1,¢1) and (r9, c2) be the
cells in which ¢ and ¢ 4+ 1 are written in T respectively. Then either ro < r; and ¢; < ¢g or 1 < 719

and ¢co < ¢y

Proof: Let T} be the tableau T' with the cells containing entries in {i+2,...,n} removed. Let (r1,¢1)
and (79, c2) be the cells of T with entries ¢ and 7 + 1 respectively. If ¢ and 7 + 1 belong to the same
row (or the same column) then the claim is trivial. We may then assume that ¢ and ¢ + 1 does not
belong to the same row or column. If we assume that the claim above is false, then we obtain two

cases: Either r; < ry and ¢y < ¢g or 79 < 11 and ¢3 < ¢1.

For the first case, assume that 7 < 79 and ¢; < co. Therefore, there either exists a cell (r1,c2)
or (rg,c1) in Th. In either case, this implies that there exists a number written directly to the right,
or below ¢ which is not ¢ + 1. This contradicts the fact that T3 is standard, since ¢ + 1 is the largest
entry in 7. In a similar argument, one can show that if ro < r; and ¢y < ¢; then there exists a cell,
either directly to the right or below (r3,co) which contains an entry less than ¢ + 1. This contradicts

the fact that T is standard. |
Corollary 4.10: For any given standard tableau T we have that I(T) = J(T")’

Proof: [4, Lemma 1] Assume that T has size n. Let 1 < i < n — 1, we must show that the order
in which ¢ and ¢ + 1 appear in w(7T') and w(7”) are reversed. This would show that w(7”) is the
reverse of the word for w(T') which would show that I(w(T)) = J(w(T")) using Proposition 4.8. Fix
1<i<i+1<n-—1,andlet (r,c;) and (re,c) be the cells in which ¢ and 7 + 1 is written in T
respectively. Since T is standard, then we have that 1 < ro and ¢; < ro. Consider integers p; (i) and
p1(i + 1) so that w(T),, ;) =i and w(T),, (;+1) = i + 1. Likewise, let pa(i) and po(i + 1) be integers
satisfying w(T")p, ;) = i and w(T"),,(i+1) = @ + 1. Our goal is to show that the order of p;(i) and
p1(i + 1) is the opposite of pa(i) and pa(i + 1). By Lemma 4.9 there are two cases to consider; either

ro <ryandcy <cgorry <ryand ey <cy.

If 1 < 79 and co < ¢; then ¢ 4+ 1 is written in a column before i or directly below ¢ in 7. This
implies that p; (i) < p2(i + 1) by the construction of the tableaux word. Similarly p2(i + 1) < p2(4),
since i 4+ 1 is written in a column to the right of i. This shows that the orders of p; (¢) and po(i + 1) is
the opposite of p2(i) and pa(i + 1). Note that the case in which r1 < r3 and ¢3 < ¢1 can be addressed
by lettering U = T and applying the first case to U. Therefore, the order in which ¢ and 7 + 1 appear
in w(T) is the opposite to the order in which they appear in W (T"). |
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Recall the definition of the last letter ordering on standard tableaux (1.32). For standard tableaux
Ty and Ts of shape A, let m be the maximum integer that is written in different places for 77 and T5.

Let T1 (7’1, Cl) = TQ(T‘Q, CQ) =m. We say Tl < T2 if r <ro. (See Definition 132)

Proposition 4.11: Let T} and T, be standard tableaux of shape A such that T7; < Ts. Then we have
T < TY.

Proof: Since T1 < T3, there exists an integer m such that for all ¢ > m we have that the positions
of i in 77 and T5 are the same, and m is written in different positions in 77 and T5. If m < n then
consider V7 and V5 to be the tableaux T7 and T, with the cells containing m + 1, - ,n removed. Let
Vi(r1,c1) = m and Va(rg, co) = m. Since Ty < T3 then ry < rg, furthermore since both V; and V, are
standard, this means that ¢y < ¢;. Therefore, since T (c1,71) = m and T4(ca,72) = m and ¢3 < ¢;

then Ty < T7. [ |

Subsection 4.1: Alternating Polynomials

One more important concept to introduce before the higher Specht polynomials is the alternating
polynomials. We will use the structure of alternating polynomials to construct a bilinear form over

the coinvariant algebra.

Definition 4.12: We call a polynomial p € % an alternating polynomial if o - p = sgn(p)p for all

o€eS,.

Definition 4.13: The Vandermonde determinant A € & is given by

A= H(LUZ — xj).

i<j

Theorem 4.14: If p € 9 is an alternating polynomial then there exists o € Gym such that p = g A.

Proof: This is a well known result (see [24, Section 6.2 and 6.3]), we give a quick proof. It is
easy to see that A is in fact an alternating polynomial. Note that any transposition of the form
t = (4,7 4+ 1) will permute the factors of the form ¢ : (zr — x;) « (x; — x;41) for j < 4. Simi-
larly, t : (z; — x;) < (zi41 — ;) for i + 1 < j. Since the factor ¢ : (z; — x;—1) = (—1)(x; — ®it1)
then tA = —A. We may conclude by an induction argument that for any o € S,, we have that

oA = (—1)IA = sgn(0)A.

Now consider any f such that for all o € S,, we have that o - f = sgn(c) - f. Then for a trans-
position of the form ¢ = (4, j) we have that ¢t- f = —f. Thus, if we evaluate f at x; = x; we get that
f=t-f=—f. This implies that f = 0. Meaning that (x; — x;) must be a factor of f. Since we can
do this for any pair (,5) for ¢ < j we obtain that f = gA for some g € %. It remains to show that
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g € Gym. To do this, consider the action of S,, on rational functions. Let o € S,

9 _ (DgA _gA
A (—D)A A

The above shows that for any ¢ € S,, we have o - g = g, meaning that g € Gym. |

Theorem 4.14 completely classifies all possible alternating polynomials. It implies that if f is alter-
nating then deg(f) > deg(A). This is an extremely useful classification. We will see that we may

obtain all alternating polynomials using an operator from the group algebra
2 sgn(o)o € R[Sy,].
g€ES,

It is quite clear that if we apply this operator to any polynomial, then we obtain an alternating
polynomial. The following result shows how one can build A from this operator. Then we will use

this operator to construct a bilinear form for €.

Definition 4.15: The Vandermonde matrix v is the following n x n matrix with entries in 2.

1 T . x?71
v =
1 =z, !

Proposition 4.16: The following hold for the Vandermonde determinant:
1. det(v) = A.
2. deg(A) =n(n—1)/2.

3. A= desn sgn(a)a(gc?*1 sl )

Proof: This is a well known result (see [1, Section 2]), we give a quick proof here. For the second
assertion is quick to check, as n(n—1)/2 = |{(¢,j) |1 <4 < j < n}|, proving that deg(A) = n(n—1)/2.

For the first assertion, note that det(v) € 2. For a given transposition ¢ we have that
t-det(v) = det(t - v) = —det(v).

This means that det(v) is an alternating polynomial, and by Theorem 4.14 we have det(v) = gA for

some g € Gym. Furthermore, we can show that det(v) is a homogeneous polynomial.

DV D L
det(v)(Az1, ..., Azy,) = det S : — det(v).

1 Az, - ATt

This proves that det(v) is a homogeneous polynomial of degree n(n — 1)/2. Note that degdet(v) =

deg(A) therefore det(v) = A. To show the final assertion, we use the Leibniz formula for the
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determinant. Let E; ; be the entry of v” in row i and column j. Note that E; ; = x;‘-*l

A= det(vT) = Z sgn(w)Elm(l) By ) = Z sgn(w)x?r(l) . Z(nl [ |

TES, TESy

Proposition 4.17: Counsider the ring homomorphism N : % — % given by N(z;) = 0 for all
1 <i < n. This way, N is the same as evaluating all variables at 0. Consider f,g € €. Denote f and
g to be a lifting of f and g to . The map (—,—): € x € — R, defined below, is well-defined and a

bilinear form:

gy =N (i > sgn(o)o—(fg>> .

o€eS,

Proof: This result is used in [1], we give it a quick proof here. Denote the operator § = > sgn(o)o
% — 9. Then it is easy to see that 0(f) is alternating, therefore A divides (). Furthermore, it is
easy to see that if f, g€ % and a,b € Gym we obtain

O(af + bg) = ab(f) + b0(g).

Therefore, the operator 0 is Gym-linear. Note that NV is definitely %-linear and division by A is also
%-linear, then if we fix ¢,d € # and f,g,h € % we obtain

(ALY _ oy (U0 (201,

This proves that (—, —) is A-bilinear. It remains to show that the value of (—, —) does not depend
on the choice of lifting. Let f € € and F} and F, be two choices of lifting of f. Consider the ideal
generated by the elementary symmetric functions I = (ej,...,e,) € % so that € = % /I. There
exists polynomials {by,...,b,} € % such that {b; + I'|1 < i < nl} is a basis of € (see Theorem 3.5).
This means that there exists hi, hy € I such that

F1=Zcibi+h1 F2=Zcibi+h2

Note that since hi, hy € I then neither h; or he have a constant term. Note that for any h € I there
exists polynomials hq,...,h, € % such that h = hie; + - -+ + hpe,. Therefore, since N is equivalent

to evaluating all variables to 0, and 6 is Gym-linear, we have
N(0(h)) = N(e1)N(0(h1)) + - + N(en)N(0(hn)) = 0.

Thus for any choice p € % we have that N(6(h1p)) = N(0(h2p)) = 0. Therefore we obtain the

following

N(O(Fip) (2 b ) 0(hp)) <2 e ) 0(hp)) = N(O(F2p).

This shows that (f, g) does not depend on the choice of lifting for f. A similar argument can be made
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for two different liftings of g. |
Proposition 4.18: For any o € S,, we have that (o f, g) = sgn(o){f,071g)

Proof: [1, Lemma 2] Let A and B be liftings of f and g respectively. Then we have the following:

2 sgn(m)m((cA)B) = 2 sgn(m)m(oo™ (0 A)B)

TESH TESn
= sgn(o) Z sgn(p)p(A(c™'B)) where p = 7o
PESH
The computation above proves the assertion. |
Definition 4.19: For a sequence of non-negative integers a = (a1, ..., a,) we denote a the sequence

obtained by ordering a in a weakly increasing way. We also denote |a| = a1 + - - - + a,,. Furthermore,
for two sequences a and b of equal length, we denote a + b to be the componentwise sum of both

sequences.

Lemma 4.20: Let a = (ag,...,a,-1) and b = (b, ...,b,_1) be two words such that (z%,z%% # 0
then the following holds:

L a| + o] = 21 and {ag + bo, .-+, an_1 + bp_1} = {0,...,n — 1}.

2. Ifa+b=(0,...,n— 1) then there exists a unique 7 € S,, such that 7(a +b) = (0,...,n — 1)
with 7(a) = @ and 7(b) = b

Proof: [, Lemma 3] Let h = x$ott. g Tt and let 0 = >, sgn(o)o. It is clear that D(h)
is an alternating polynomial of degree deg(6(h)) = deg(h) = |a| + |[b]. If |a|] + |b] < n(n — 1)/2
then 6(h) is an alternating polynomial of degree deg(f(h)) < deg(A) therefore 8(h) = 0 by Theo-
rem 4.14 and Proposition 4.16. Otherwise, if |a| + |b] > n(n — 1)/2 then there exists homogeneous
0 # g € Gym such that §(h) = gA. This means that £60(h) = g. However, since g # 0, setting
all variables x; = 3 = --- = z,, = 0 would make g = 0. This means that (x2,2%) = 0. If it is
the fact that |a| + [b| = 0 then by Proposition 4.16 we have that h = (2} ~"---2%) meaning that

n

{a0+b0,...,an_1+bn_1} :{O,...,n—l}.

To prove the second part, if @ +b = (0,...,n — 1). Then by the first part we also have that
{ap + bo, ..., an—1 +bp—1} = {0,...,n — 1}. This means that there exists a permutation 7 € S,, such

that ar ) + bq;) = ¢ Since @; + b; = i this means that 7a = @ and wb = b as desired. |

Subsection 4.1: Higher Specht Polynomials

We now introduce the higher Specht polynomials and show that they are indeed a basis of the

coinvariant algebra. We will first define the Specht polynomials, then use the bilinear form (see
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Definition 4.17) to show that the Specht polynomials are indeed a basis. We will also generalize

alternating polynomials in order to describe the structure of the higher Specht polynomials.

Definition 4.21: Fix two tableaux standard T" and V of shape A - n. Let w(T) = (a4, ...,ay) then
let @« = (a1 +1,...,an, +1) and b = w(V). Then the charge monomial of 7" and V is defined as

Vv _ b1 . . ..b
xT_xal ‘raz

Example 4.22: Let T = 12 and v = 3] then w(T) = (2,0,1) and w(V) = (1,0,2). Computing

a = (3,1,2) we give the charge monomial is given by
xY = x2alx) = xoa?

Recall the definition of the Young symmetrizer of a tableau T' (see Definition 1.16). If C(T") and R(T)

are the column and row symmetrizers (respectively) then we define
er = 2 sgn(c)c Z r
ceC(T) reR(T)

Furthermore, recall Definition 1.5. Given X\ - n the tableau T? is constructed by enumerating each
cell from left to right, for each consecutive row. Similarly, T7* = (T))’ is constructed by enumerating
each cell, from top to bottom, for each consecutive column. We have seen in Definition 1.17 and

Theorem 1.27 that the irreducible representations of S, are the Specht modules Sy = C[S,]epx.

Definition 4.23: Consider a partition A - n and let T, W € ST(\). We define the higher Specht
polynomial indexed by T and V to be

F}/ =er- xgp(v).

Example 4.24: Following the same tableaux in Example 4.22, let T = and V = . Then we
know that x¥. = xaz3. Furthermore er = (1 — (13))(1 + (12)) = 1 — (13) + (12) — (123). Therefore

Ffl‘ﬂ/ = ET - X2X3 = l‘2<$3 — 561).

Lemma 4.25: For any V € ST()) the subspace of 2 spanned by {F} | T € ST(A)} is isomorphic to

the Specht module S as a representation of .S,.

Proof: [1, Lemma 5] For M € ST(A) let mr be the permutation such that 77 (7y) = M. In Theorem
1.37 it was proven that {mpeq, |T € ST(A)} is a basis for S,,. Therefore, let o € S, and T' € ST()\)
then there exists cys € & for every M € ST(A) such that

OTTeET, = Z CMTMET, = Z CMEMTM-
MeST(X) MeST(X)
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Considering that F}/ = ET:B¥ = TTreT, x% then we compute

oF) = awTsTmﬂ% = Z e By
MeST(X)
This shows that the space spanned by {F) | T € ST())} is isomorphic to a sub-representation of S.
Since this space is non-zero, this means that it must be isomorphic to S since the Specht modules

are irreducible. |

So far, we have that proven that the higher Specht polynomials respects the irreducible S,-module
decomposition of €. We will now show that they do indeed form a basis of € by making use of
the bilinear form defined in Definition 4.17. We will show there is an ordering of the higher Specht
polynomials, in which the Gramian of the bilinear form computed at the Specht polynomials forms
an upper triangular matrix with nonzero diagonal. This would show that the Gramian is invertible,

thus the higher Specht polynomials are a basis of €.
Proposition 4.26: For any tableau T' and f, g € € we have {erf,g) = {f,erg)

Proof: |1, Lemma 2] Note that R(7”) = C(T') and C(T") = R(T'). We show this statement with the

following computation:

Crfp= Y seu(e)erf,g)

ceC(T) reR(T)
Z sgn(c)sgn(re)f,r e lg) by Proposition 4.18

ceC(T) reR(T)

> sen(r)(f,reg)

ceR(T") reC(T")

= <fa€T'g> u

Corollary 4.27: [1, Lemma 4] Consider standard tableaux 71,75, Vi, Vo € ST(A). If T4 > T3 in the

last letter ordering, then <F7“?11,F$? =0
2

Proof: This is an immediate consequence of Proposition 4.26 and Proposition 1.36 together with
Corollary 1.36. Using these results, we know that if 73 < T5 then e, er, = 0. Furthermore, since

Ty > Ty implies 7] < Ty then we obtain {er, f,e1;9) = {f,eren,9) = 0. |

For the next few results, we will fix some notation. Consider two sequences of length n, a and b, of
non-negative integers. We say a < b if there exists m such that for all m + 1 < j < n the sequences
match a; = b; and a,, < by,. We will call this ordering of sequences the reverse-lexicographical

ordering. Recall that for T" of shape A the Young idempotent given e% = an!SA er (see Proposition

1.28). This can be used to prove the following lemma.
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Lemma 4.28: Consider T, V;, V5 € ST()A) and let C' = C(T) and R = R(T). Then

Vi Ve n! (Vi I(Ve
(Fpt, Fp? = dimsS Z <7'33T( )7C'xT( )>-
A ceCreR

Proof: [1, Section 2] Recall from Corollary 4.10 that I(V3) = J(V4)" we have

<F¥1,F¥"‘/> = <5Tx¥V1), sT/:E;(,T/)> = <€T/€T£U§w Vl), xé(v2)>

n! (Vi) J(Va)
= — 2 sgn(c)er-xp VL xp )
dim S)‘ ceCreR
n! 1) |, J(V)
= — Z {rozp Ve-xy ). [ |
dim S)‘ ceCreR
Remark 4.29: For the next results, we will fix some notation given in [4]. For a given sequence of
non-negative integers a = (ay,...,a,), we say @ is a reordering of the word a in a weakly increasing

order.

Proposition 4.30: Consider T, Vi, Vs € ST(A). If I(w(V1)) < I(w(Vz)) then (F}, Fgé} =0

Proof: [1, Theorem 1] Denote C = C(T) and R = R(T) then from Lemma 4.28 we obtain

Vi Vi n! (Vi J(V;
<FT ’F‘T/2 = dim S, Z <r'$T( ),C'ZL'T( 2)>
ceCreR

Furthermore, since I(w(V7)) < I(w(V3)) this means that I(w(V1)) + J(w(V2)) < (0,...,n—1). We
can see this as I(w(V2)) + J(w(V2)) = (0,...,n —1). Particularly this means that if a = w(r - I(V7))
and b = w(c- J(V2)) for r € R and ¢ € C we have that |a| + |b] < |(0,...,n —1)] = n(n —1)/2.

Therefore, we obtain by Lemma 4.20

{r- m§(vl), c- x%<v2)> =0. [ ]

Proposition 4.31: Let T, V;, Vo € ST(A) with I(w(V1)) = I(w(V2)) and Vi < V, (according to the
last letter ordering). Then <F¥1,F¥?,> =0.
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Proof: [1, Proposition 1] We will prove this via contradiction. From Lemma 4.28 we have

n! I(Vy J(Va
EFr T = gy 2, SO e )
ceCreR

Before we continue the proof, notice that T" assigns each cell of D(\) a unique number from 1 to n.
This means that for any particular tableau M of shape A\, and permutation 7w € S,, we can define
an action of m on M by permuting the cells corresponding to the numbers of 7. This means that
if (i) = 7 and (r1,c1) and (rq,c2) are the cells corresponding to ¢ and j in T respectively, then
m-M(r1,c1) = M(rq, c2). We will use this particular action of S,, on tableaux of shape A using T for

this proof. Particularly if r € R(T") and ¢ € C(T") then

<T . x;(Vl) V2)> <xr I Vl C ](V2)>

Let us assume that for some 7 € R(T) and ¢ € C(T) we have that (zr,. ), C‘J(V2)> # 0. Let
a = w(r-1(Vy)) and b = w(c- J(V3)). By Proposition 4.7, Lemma 4.20 and our assumption that
I(Vy) = I(Va) we have that @+ b = (0,1,...,n — 1) and {ag + bo,...,an_1 +bp_1} ={0,...,n —1}.
Furthermore, there exists a permutation o such that ca = @ and ob = b. Since V; < V5, there exists
1 < m < n such that if & > m then the number k is written in the same cell in both V; and V5.
Furthermore, m is written in a row above in V7 then V5. Assume that m = n, meaning that n is
written in a row p; in V4 and ps in V5 such that p; < ps. By Lemma 4.20, since <3:T Vl) xr J(V2 »#0
then r - a + ¢ b is a permutation of (0,...,n —1) and @+ b = (0,...,n — 1). This means that there
should exist 1 < k < n such that (r-a), + (¢ b), = n — 1. However, since n is written in a row p; in
V1 and row p; in V5 with ¢ > j then there are no positions ! in which (7 - a); + (¢- b) = n — 1 which

contradicts our assumptions.

The above argument addresses the case that m = n. However, we must show that this holds for
m < n. To do this let Py41,..., P, be the cells in V; and V, such that Vi (Py) = Vo(Py) = k for
m < k < n. We will argue that (r- I(V1))(Px) = (¢- J(V2))(Px) for m < k < n. By our assumption
that (zh:%, 25b) # 0 and that @+ b = (0,1,...,n — 1) we have that the cell P, is the only cell such
that I(V1)(P,) + J(Va)(P,) = n — 1. This means that in order for the bilinear form to not be zero,
P,, must be the only position that satisfies (r - I(V1))(P,) + (¢- I(V2))(P,) = n — 1. However, this
means that (r-I(V1))(P,) = (¢- J(V2))(P,). Next, let V(l) and V( ) be the tableaux V; and Vi with
cell P, removed. We repeat the same argument until we obtain Vl( ™) and V( ™) Note that m is the
greatest integer that is written in different positions in V ) and V( ™), Therefore, by the argument

in the first paragraph, we have a contradiction with Lemma 4.27. |

Proposition 4.32: For T,V € ST()) the bilinear form (F} Fq‘f//> # 0.
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Proof: [1, Propostion 1] We begin again by writing the bilinear form as in Lemma 4.28. Let R = R(T)
and C = C(T'). Then

\4
<F¥’FT/ _dlmS Z p- xT ’W'mT( )>
weC peR

By the argument in Proposition 4.31 we saw that there exists an action of S,, on the diagram D()),
by using the index of each cell given by T. Assume that for given p € R and m € C' we have that
p-I(V1) # I(Vq) and w- J(Va) # J(Va). Let a = w(p-I(V)) and b = w(w - J(V)). For all integers
1 <i<mn,let (ri,¢;) € D(A) be the cell that ¢ is written in V. With this notation, define m to be
the largest integer such that the cell (rm, ¢m) 1s not fixed by p or 7. Since p does not fix (V) and 7
does not fix J(V), then for any 1 < i < m we have that

(p- I(V)) (risci) + (p- I(V)) (riy ci) <m — 1.

This means that there are no integers 7 such that a; + b; = n — 1. This contradicts 4.20 as {a; +
bi, -+ ,an + by} = {0,--- ,n —1}. Therefore (p -z ) x. x%(w)} = 0 unless p- I(Vy) = I(V}) and
- J(Va) = J(V3). Consider the following subgroups of Sy;

={peR|r-IV})=IV1)} and B={reC|c-J(Va) = J(Va2)}.

Let M = <:c§(v1), xijp(vz)} Then we obtain

TL' (V1) V2) n'
. . = M = Al|B|M |
dim S)‘ ceCZr:eR<r o ' > dim SA ce BZ’I‘GA dim S | || |

Theorem 4.33: The set {F) | T,V € ST(A\)} is a basis for €.
Proof: [, Theorem 1] First, let A be the ordered list containing all partitions of n. Assume that
there are k partitions of n so that we may list A = (Ay,...,A), where each A; is a partition of n.

Now we order the set of higher Specht polynomials. For a given F; = F}/ll and Fy = FTV; we say that
F) < F5 if any of the following applies:

1. If Tl,‘/l € ST(Al) and TQ, va € ST(AJ) with 7 < ]

2. U Ty, T3, V1,V € ST(A;) and Ty > T5 by the last letter ordering.

3. If Ty =T, and I(w(Vy)) < I(w(V3)) by the reverse lexicographical ordering

4. If Ty =T and I(w(V7)) = I(w(V3)) with Vi <V, by the last letter ordering.

Using this we see that if /' < F2 then by Propositions 4.27, 4.30, and 4.31 then (Fj, F"2> =0.

Consider the Gramian matrix
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vi V% Ve Vi
< FTll ; FT{1> - <FTn , FTI’1>
M=
Vi gV Vo 12Vn
<FT11 , FT{l Ce <FTn , Fsz,
Note that M is upper triangular, with non-zero elements of # in the diagonal entries. This means

that M is invertable, which shows that the set {F} |7,V € ST()) for A - n} is a basis of €. |

Subsection 4.1: Structure of Higher Specht Polynomials

We will finish this section by defining a generalization of the alternating polynomials. Consider a
partition A = (A1,...,Ax). It is natural to consider Sy, x --- xSy, € S, by identifying the subgroups
S, as groups which permute a subset of {1,...,n} of size \;. Thus, we can arrange the elements
that each subgroup permutes in the columns of a tableau of shape \’. This motivates the following

definitions:

Definition 4.34: Let T be a tableau of shape A and C(T') be the subgroups of column permutations
of T. Then we define the T-symmetric functions as Gymy := {f € P |of = f for all o € C(T)}.

It is easy to see that C(T') is a reflection group acting on 2. By the Chevalley-Shephard-Todd

theorem (see Theorems 3.3 and 3.4) we have that % is free-module of finite rank over % (7)),

Definition 4.35: For a tableau T of shape A, we say that f € % is T-alternating if o f = sgn(o)f
for all o € C(T).

We may classify all T-alternating polynomials by modifying the definition of the Vandermonde de-

terminant in the following way:

Definition 4.36: Let T be a tableau of shape \. Let C1, ..., Ck be the set of numbers appearing in

each column of T. We define the T-Vandermonde determinant to be

Example 4.37: Consider the standard tableau T' = of shape A = (2,2). Here we have
{a,b,c,d} = {1,2,3,4}. The columns of T are C; = {a,c} and Cy = {b,d}. Therefore, we may

compute the T-vandermonde determinant as
Ar = (1, — ze)(Tp — T4q)-

Proposition 4.38: If f is T-alternating, then there exists g € Gymy such that f = gAr.
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Proof: The fact that A is T-alternating is immediate from Theorem 4.14. Let C1,...,Ck be the
set of numbers appearing in the columns of 7. Then C(T) = S¢, X -+ x S¢,. If 0 € S¢, then o
leaves all components of d7 with elements not in C; invariant. By Theorem 4.14 we have that

g H (zi — x;) = sgn(o) n (zi — x5)

I<leC; Jj<leC;

This shows that cAr = sgn(o)Ap. Therefore, Ar is in fact T-alternating. Now, consider f a
T-alternating polynomial. By evaluating f at x; = x; for < and j in the same column of T', that
flz;=z; = 0. This means that if s and j are in the same column, then (z; — ;) divides f. This means

that if f = Arg. To show that g € Gymy is identical to the proof in Theorem 4.14. |
Lemma 4.39: For a given, T,V € ST(\) there exists g € Sym, such that FY = gAr.

Proof: This is almost trivial to check from the definition of the higher Specht polynomials.

FY =epa = 2 sgn(c)e Z |-y
ceC(T) reR(T)

It is clear that for any o € C(T) that oer = sgn(c)ep. Therefore, e - z¥ is an T-alternating

polynomial. By Proposition 4.38 we have that there must exist g € Gymy such that FY = gAr. W

Example 4.40: We compute all higher Specht polynomials for S3. First, we compute all standard
tableaux of size 3 and compute their charge and Young symmetrizer. Here we denote 7;. and T, to be
the standard tableaux corresponding to the trivial and alternating representations of .S,, respectively.
In addition to this, we consider 77 and T5 to be the two standard tableaux of shape (2,1). We give

the following list of tableaux, their charge, and their corresponding Young symmetrizers.

Young Tableaux ' Tableaux Charge I(T') Young Symmetrizer er
T, + (12) + (13) + (23) + (123) + (132)
Ty e (e — (13)) (e + (12))
T (e — (12)) (e + (13))
T, e — (12) — (13) — (23) + (123) + (132)

There is only one copy of the trivial representation and the signed representation of S3 as sub-

representations of €. The higher Specht polynomials that give a basis for each in € are the following;:

FTTT = eTr(l) =6 FZT“ =eT, (J:garg) = (—1)(961 - 362)(3?1 - $3)($2 - 1‘3)

There are two copies of S(3 1) in €. These are given by the following higher Specht polynomial basis:
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. qu:ll =ep, (z3) = 2(z3 — x1) . qu:f = ep, (vaw3) = x2(23 — 1)

° F% =ep,(z2) = 2(z2 — 21) ° FTT; = ep, (raws) = x3(22 — 1)

This means that spaces spanned by {2(x3 — x1),2(x2 — x3)} and {z2(z3 — x1),z3(xe — x1)} are
isomorphic to S(2,1) as a S3-representation. Note that for all higher Specht polynomials we computed
were of the form F). = gAr for some g € Gymy. This is in fact a true statement for all higher Specht

polynomials.

Section 4.2: g-Deformation of Higher Specht Polynomial

For this section, we consider £ = F(q) for an indeterminate ¢q. Like the previous section, consider
P = Rlx1,...,2,] and Gym be the subring of % of symmetric polynomials. Consider the Hecke
algebra of type A over F given by H = H,(S,). The generators of H are given by {b; |1 <i<n—1}
with the following presentation (see Example 2.49)

L b =(g—1)b;+qfor 1 <i<n-—1.
2. b;b; =b,b, for |[i —j| > 1.
3. I)inlI)i = bi+1bibi+1 forl<i<n-—2.

These represent g-deformation of the transpositions si,...,s,—1 which generate S,,. In Chapter 3
we constructed a faithful representation of H over & (subsequently over €, see Proposition 3.70 and

Corollary 3.74). This representation was given by the operators (;
b~ G i=0i(¢—1) +s; (4.1)

This representation is a 1-parameter version of the 2-parameter presentation given by Alain Lascoux
in [22, Section 2]. In Chapter 2 we built a ¢g-deformation of the Young symmetrizers which gave us
the Specht modules. Recall that for a partition A\ we defined two elements of H,(S,) given by (see
Definition 2.69)

A= Y (O = S 1) (12)
ceC(T?) reR(Ty)

For tableaux T and V of the same shape, we define 7(T,V) € S,, to be the permutation such that
w(T,V)-T =V (see Definition 2.32). Using this notation, we defined the Young symmetrizer as the
following element of #,(S,,) (see Definition 2.77):

el = b(n (T, T))cib(m (T, T)) " b(7 (T, T))rib(n(Ty, T))

The g-deformation of the Young symmetrizers were central to our generalization of the Specht modules

to Hy(Sy). These modules are given by

S5 i=Mq(Sn)emn-
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To keep the notation simple, denote €§ = €7, and b(T,V) = b(n(T,V)). We proved that S§ are
irreducible modules of H,(S,,) (see Theorem 2.80) with the following basis

{b(T*, T)ed | T e ST(\)}

Definition 4.41: For a given T,V € ST()\) we define the ¢g-higher Specht polynomials as the

following polynomial:
I = (T T)ef - wpn
Proposition 4.42: Specializing ¢ = 1 we obtain that F¥. = F¥

Proof: 1t is easy to see from Lemma 2.78 that as ¢ — 1 we have that € — ¢\ and b(T*,T) —

7(T*,T). This means that specializing ¢ — 1 we obtain

F¥ = (TN Teps - why = epxy. = FY. [ |
Theorem 4.43: The set {F¥. | T,V € ST()) for all A - n} is a basis of € as a F-vector space.

Proof: Note that by the Chevalley-Shephard-Todd Theorem 3.5 we have that € is a vector space of

dimension n!. Furthermore by specializing ¢ — 1 we have that
{S¥ | T,V e ST(\) for all A - n} — {FX | T,V e ST()) for all A - n}.

From Theorem 4.33 we know that the higher Specht polynomials are a basis of over €. Therefore, by
Lemma 2.67 the set {§Y. | T,V € ST()) for all A - n} must be linearly independent of size n! = dim €.

Therefore, they are a basis of €. |

Theorem 4.44: Let V € ST()\). Then the space spanned by {§¥ |7 € ST(A)} is isomorphic to S{

as an H4(S,) representation.

Proof: Recall that Theorem 2.80 proves that S§ = He$ has a basis given by
{b(T*,T)ed | T € ST(N).}
Therefore for any h € H,(S,) and T € ST()), there exists ¢y € F for all U € ST(A) such that

h§p = hb(Tx, T)el - zy, = Y. cuFy-
UeST(X)

This shows that {§¥. | T € ST(\)} spans a non-trivial submodule of S{. This implies that the space

it spans is isomorphic to S{ as the Specht modules are irreducible. |

Both Theorems 4.44 and 4.43 imply that we have indeed generalized the higher Specht polynomials
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to Hy(S,). We now want to obtain a good description of the polynomial F¥ in order to compute
them. In Lemma 4.39 we related the Specht polynomials with T-alternating polynomials. In order to
obtain a similar description, we must generalize alternating polynomials to the Hecke algebra ()
action on &. Recall that the trivial representation ¢ and sign representation ¢ of H4(S,) are defined

in the following way (see Example 2.60);

Definition 4.45: A polynomial f € & is g-alternating if (;f = —f forall 1 <i<n — 1.

Definition 4.46: The ¢-Vandermonde determinant is defined as the following polynomial
Ag = H(xz - qzj).
1<j
Proposition 4.47: Assume that f is g-alternating in F[z1,...,2,]. Let s; = (4,7 + 1). Then s;(f)
is given by:

qTi41 — X4

si(f) = f

Proof: If we assume (;(f) = —f then we obtain that

i f —xip18:(f)

T; — Tj41

(q—1)+s(f) = —f = [qzi — xis1]f = s:(f)grit1 — x4] u

Corollary 4.48: If f is a g-alternating polynomial and 0 = si_1---s; for some 1 < ¢ < k < n then

we have the following formula for o(f).

o (qwg = ap)(qripy — wx) - (qTr—1 — xk)
) = e —an1)(aan —2n ) (qor )

Proof: We shall prove this inductively over k. The base case is k = i+ 1 which is done in Proposition
4.47. Thus we assume it works for k—1, consider ¢’ = sj_o -+ - s; thus ¢ = s,_10’. Then via induction

we know that

o (f) = (qr; — xp—1)(qTit1 — Th—1) -+ - (qTp—2 — Tp—1)
(qrr—1 — Th—2)(qTr—1 — T—3) - - - (qTp—1 — T;)

We compute a formula for o(f) by applying sx_; to this equation.

(1) = ser(Psen (s Bl — o)l — i) )

(quq - xkf2)(qu71 - xk73) s (quq - 901)

_y (qwk_l - xk) ((qmi — %) (qTit1 — k) - - (qTh—2 — xk)) -

qTr — Tk—1 (qu - $k—2)(ql’k - l'k—S) s (qiﬂk - 361)
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Corollary 4.49: If f is q-alternating, then for 1 < i < k < n we have that (z; — qz;1) divides f.

Proof: In Corollary 4.48, we consider ¢ = 0 = s;_1 - -+ s; which gives us

(qzi — 21)(qiz1 — xk) - (qTr—1 — k)
(qer — p—1)(qer — Tp—2) - (qrr — x;)

o(f) =1

Note however that o(f) is a polynomial, thus all polynomials of the form (gzy—x;) in the denominator
must divide the nominator. More specifically, this means that (gzy — x;) must divide the nominator.
However, note that (¢, —2;) does not divide any polynomial of the form (z; —qzy) therefore (g —z;)

must divide f. ]

Theorem 4.50: For a given polynomial f, we have that f is g-alternating if and only if f is of the

form f = A%g for a symmetric polynomial g.

Proof: In direction is trivial; if f = A%g where g is symmetric, then 7;(f) = g7;(A?) = —gA? = —f
and thus f is g-alternating. On the other hand, if f is alternating, then (x; — gx;) divides f for all
1 < < j < n, meaning that A? divides f. Since this has to be true for all g-alternating polynomials,
then f = A9g for some polynomial g. It remains to show that ¢ is symmetric. Consider another
g-alternating polynomial p # 0, and consider the ratio f/p. Note that if we apply s; to this ratio, we

can use Coronary 4.49 in the following way:

Ti — Tj41

qT; — Ti+1 , q
si(f/p) = f—/p
qTi+1 — Ti  qTi41 — T4

=f/p

The ratio f/p is a symmetric function. In fact the ratio of any two g-alternating function is a
symmetric function. Thus of we consider p = A9, since f = A%g then the ratio f/p = g this shows

that g is in fact symmetric. |

Definition 4.51: Let A - n. Then we define f € % to be A-symmetric if for all ¢ € C(T?) we have

of = f. We will denote the subring of A-symmetric polynomials by Gym,

Let S = {s1,...,5,_1} be the transpositions generating S,,. By the way that T is defined, it is clear
that C(T?) is generated by a subset of S. Since the operators (; are Gym-linear, they must also be

Ghm,-linear.

Definition 4.52: Let A - n then f € % is (¢, \)-alternating if for all s; € C(T?), the corresponding
Hecke algebra element satisfies b, - f = (;(f) = —f

Definition 4.53: Let C,...Cy be the set of numbers appearing in the columns of 7*. We define
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the (¢, \)-Vandermonde polynomial to be
k
QUMK
i=1j

Proposition 4.54: If f € & is (¢, A)-alternating, then there exists a polynomial g € Sym, such that
f=9A%.

Proof: This is almost immediate by applying Theorem 4.50 and restricting the group to C(T?).
Since C(T?) is parabolic, then we just compute AY on each set of variables appearing in the columns

of TH. |
Lemma 4.55: Given V € ST()) there exists g € Sym, such that F., = gA%.

Proof: Because b(T*,T*) = 1, then epx = cib(T,\,T’\)rg\b(TA,T)‘)_l. Recall that for any permuta-
tion p € C(T?*) we have b(p)cl = (—1)"®)cl. This gives the following

p8Ya = pelb(Tn, TMrib(Tx, TY) oy = (—1)!Pepas.

This shows that FY, 7 is a (g, A)-alternating polynomial. Therefore, there must exist g € Gym, such

that F), = gAY. [ |

Example 4.56: Given H = H,(S3) we compute all possible higher Specht polynomials. From the
description of the higher Specht polynomials, for a given V' € ST()) all higher Specht polynomials

JY are given as the following
31 = b T)Fpn.

Therefore for each partition, we only need to compute € and S%. Then for each tableau T we
compute b(T*,T) and let it act on 8’%. Since H4(S3) has two one-dimensional representations,
we compute their higher Specht polynomials first. The partition giving the trivial representation is

A+ = (3) and the partition giving the signed representation is A\, = (1,1,1).

€x, = L +by +by +biby + boby + byboby
1 1 1
Exg =1 — 5[1)1 +bo] + ?[1)1[72 +boby] — q§b1bzbl

Let T; and T, be the only standard tableau of shape A; and A\, respectively. Then we compute the

higher Specht polynomials as follows:
2 3 T, —1
31 =ex (1) =1+2¢+2¢° +¢ S = qT(xl — qz2)(T2 — q13) (T2 — q73)

Next let A = (2,1) and consider T = and Th = . It is easy to see that Ty = T and T, = T>.
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Then (T2, Ty) = (2,3) then b(T*,T)) = b(s2) = b,
Epr =€, = (1 - ;[)1) by (1+by) by .

Using this we compute the polynomials 5?& and S;'i They will generate the different copies of SY.

T T q T T
Sa = emaxph = . (71 — qx2) S = EPATh = ?xs(fﬁ — qz2)

Note that for V € ST()) a basis for the Specht module S in € is given by {FV,b(T2,T1)3¥.}. We

may use them to compute the remainder of the higher Specht polynomials.

o 81, = 7@ - qe2) * 815 = walar — ga2)
o« 3 = (1— )@ + (1 - q)wz — qu3) * §r = Fealar —qus)

Note that not always does the higher Specht polynomials factor into g-Vandermonde determinants.
In the ¢ = 1 case, this is always true from Lemma 4.39. This is a property that has been lost in this
generalization of the higher Specht polynomials to H,(S,). As we see from the computed example,
.7-'sz11 does not have a A{ factor. However, as we see from the computations above, all higher Specht
polynomials are obtainable by applying an appropriate Hecke algebra element to the polynomial S%

which does indeed always factor.
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