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Abstract

The present study investigates the lateral-torsional buckling of wide flange steel members
strengthened by a Glass Fiber Reinforced Polymer (GFRP) plate bonded to one of the flanges
through an adhesive layer. A variational formulation and two finite elements are developed for the
problem. The formulation captures global and local warping effects, shear deformation due to
bending and twist, and partial interaction between the steel and GFRP provided by the flexible
layer of adhesive. The destabilizing effects due to strong axis bending, axial force and load height
effect are incorporated into the formulation. The first element involves two nodes and 16 buckling
degrees of freedom (DOFs) while the second element involves three nodes and 14 DOFs.
Comparisons of present model results against those based on 3D finite element analysis based on
solid elements demonstrate the ability of the present models to accurately predict the buckling
loads and mode shapes at a fraction of the modelling and computational efforts. Practical examples
quantify the gain in elastic buckling strength achieved by GFRP strengthening, and characterize
the moment gradient factors and load height effects. Elastic buckling interaction diagrams are
developed for beam-columns and comparisons are provided to interaction diagrams of un-

strengthened beams.
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1. Introduction

GFRP is a lightweight, durable, and economic material that can be formed into thick plates capable
of resisting tensile, shear and compression stresses [1]. Strengthening existing steel structures
using adhesively bonded GFRP plates has become a viable option in recent years given the
advantages it offers; when compared to traditional strengthening methods using either welded- or
bolted-steel plates [2], GFRP installation is relatively easier and faster. When compared to bonded
carbon-FRP (CFRP) plates with relatively high elasticity modulus [3,4], GFRP plates possess a
lower stiffness. However, this drawback can be compensated for by using thicker plates [1]. This
provides the added advantage of achieving a higher flexural stiffness compared to stiffer but
thinner CFRP plates and thus can be advantageous when strengthening thin compression flanges
to increase their local and global buckling strengths [5, 6]. Additionally, when in contact with steel,
GFRP do not induce galvanic corrosion.

Strengthening applications involving GFRP plates were investigated in a number of studies. El
Damatty et al. [1] conducted an experimental study for W-shaped steel beams strengthened with
GFRP plate bonded to the tensile flange to increase the ultimate load capacity of the system.
Youssef [7] experimentally investigated the ultimate load capacity of W-steel beams strengthened
with two GFRP plates bonded to the compressive and tensile steel flanges. Accord and Earls [5]
numerically investigated the enhancement of local buckling capacity and ductility of W-section
cantilever steel beams with four GFRP plates bonded to the compression flange. Harries et al. [§]
conducted experiments on WT steel columns strengthened with GFRP plates bonded to the web
to delay local buckling. Other GFRP strengthening arrangements were investigated on members
with cruciform cross-sections [9]. Aguilera and Fam [6] reported an experimental study on T-joints
made of hollow steel sections strengthened with GFRP plates. Siddique and El Damatty [10]
developed a finite element technique to characterize the enhancement in local buckling capacity
for steel beams strengthened with GFRP plate bonded to the compression flange. The model was
based on a 13-node consistent degenerated triangular sub-parametric shear-locking free shell
elements. Each layer (GFRP, steel) was modelled by a shell element while the adhesive layer
joining them was idealized as 2D distributed springs with zero thickness to represent the shear
stiffness and a distributed transverse spring to represent its compressibility. Zaghian [11]
developed a non-conforming four-node finite shell element for the buckling analysis of steel plates

strengthened with GFRP plates. While the above studies focused on developing models for



predicting the local buckling strength or ultimate load capacity of steel-adhesive-GFRP systems,
none of them tackled their lateral torsional buckling strength.

Buckling solutions for composite systems in general include the work of Girhammar and Pan [12]
who developed a Euler-Bernoulli buckling theory for two-layer members with deformable shear
connectors. Xu and Wu [13] developed a shear deformable buckling theory for two-layer members
with partial interaction. Challamel and Girhammar [14] formulated a non-shear deformable theory
for the lateral torsional buckling analysis of layered composite beams that captures the effect of
partial interaction between the layers. Zaghian [11] developed a non-conforming four-node finite
shell element for the buckling analysis of steel plates symmetrically strengthened with GFRP
plates. The previous models are limited to members with rectangular sections, and thus do not
incorporate warping effects which are significant in beams of wide flange cross-sections of interest
in the present study. Also, most studies neglected shear deformations in their formulations. Shear
deformation effects were shown to influence lateral torsional buckling predictions in short span
beams with homogeneous materials [15, 16, 17, 18, 19].

Pham and Mohareb [20] developed a non-shear deformable theory for the static analysis of steel
beams strengthened with GFRP plates and formulated a closed solution. A shear deformable theory
was developed in [21] and the field equations were solved using the finite difference technique.
Finite element formulations based on shear and non-shear deformable theories were developed in
[22]. Pham et al. [23] developed a model that captures the effect of pre-existing stresses induced
in steel beams prior to GFRP strengthening. A common theme in the studies in [20-23] is that they
are limited to linear static analysis and has not tackled buckling problems. In this respect, the
present study complements past work by developing a lateral torsional buckling solution. The work
of static analyses in Pham and Mohareb [20, 21] has shown that shear deformation effects are more
important than in homogeneous beams. As such, the present study benefits from past knowledge
by incorporating the effect of shear deformation due to bending and warping into the lateral
torsional buckling analysis formulation sought.

Additionally, because the modulus of elasticity of adhesives is orders of magnitude lower than
those of steel or GFRP, it may provide only partial interaction between both materials. As a result,
throughout pre-buckling bending, a plane cross-section for the system before deformation may not
remain plane after deformation [14, 24]. Traditional analysis methods based on the plane section
assumption (e.g., the transformed section method) are thus expected to under-predict the
displacement response [25]. Hence, the present formulation incorporates the effect of partial
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interaction by relaxing the plane section assumption, both throughout pre-buckling and buckling.
Also, global and local warping effects are included in the present formulation owing to their
importance in buckling analysis of beams with open sections.

In summary, the present study develops finite element formulations for the lateral-torsional
buckling analysis of beams with wide flange steel sections strengthened with a single GFRP plate
adhesively bonded to one of the flanges. Distinctive features of the theory include: (1) it is based
on a 1D beam solution, (2) it captures partial interaction between steel beam and GFRP plate, (3)
it includes the contribution of shear strains within the adhesive layer, and (4) it includes the effect
of shear deformations due to bending and warping.

2. Statement of the problem

A wide flange steel beam with a doubly symmetric cross-section is strengthened with a GFRP

plate bonded to one of the flanges through a thin adhesive layer (Figure 1). The beam is subjected

to general transversely distributed load ¢, (z, y) acting along the curve y, (z)within the web
middle surface and/or a longitudinally distributed load g, (z,y) acting along y,_ (z). The loads

are increased to Aq (z, y) and/or Aq, (z, y) at which the member is assumed to buckle in a lateral

torsional mode. It is required to determine the buckling load level A and the corresponding

buckling mode by developing one-dimensional finite element formulation.

GFRP plate Adhesive

V(2 _°|layer
|

Figure 1. A GFRP-reinforced steel beam under the application of distributed loads
3. Assumptions
The assumptions of the present theory are an extension of those adopted under Vlasov [26] and
Gjelsvik [27] beams to the composite beam, i.e.,
(1) Inline with Vlasov theory, the section contours for the beam and the GFRP plate are assumed

to remain un-deformed in their own plane,



(i)

(iii)

The displacement fields are expressed according to the Gjelsvik beam theory [27] which
captures global and local warping effects,
The steel beam and the GFRP plate are assumed to act as Timoshenko beams, i.e., their

rotations about the x,y axes are considered distinct from the derivatives of the transverse

and lateral displacements. The assumption is further extended to warping which is assumed

to be distinct from the derivative of the angle of twist.

The following additional kinematic assumptions are also made:

(iv)

(v)

(vi)

(vii)

Perfect bond is assumed at interfaces between the adhesive-GFRP and adhesive-steel
interfaces,

The adhesive is assumed to act as a flexible elastic material with a small modulus of elasticity
relative to those of the beam or GFRP. As a result, the adhesive internal strain energy due to
longitudinal normal stresses is considered negligible compared to that of the GFRP and steel,
The compressibility of the adhesive layer in the transverse direction is assumed negligible
compared to the transverse displacements of the GFRP and the steel section, i.e., the
transverse displacement of the steel beam and the GFRP can be assumed to be nearly equal,
The displacement fields within the adhesive are assumed to have a linear variation across the

thickness,

(viii) Within the steel and GFRP, only the longitudinal normal stresses and the shear stresses in

the tangential plane are assumed to contribute to the internal strain energy while

contributions of all other stress components are assumed to be comparatively negligible.

Finally, the following assumptions are made regarding the materials and buckling configurations

(ix)

The steel, GFRP and adhesive are assumed to be characterized by two material constants;
the Young modulus and the shear modulus in a manner akin to linearly elastic isotropic
materials. The time-dependent properties of the adhesive are omitted in the present pre-
buckling analysis. If such properties are known, proper modifications can be made to the pre-
buckling analysis while the present buckling analysis remains applicable to assess the
stability of the system at any point on the equilibrium path.

The two-constant constitutive model adopted for the GFRP is applicable for isotropic GFRP
plates made of chopped random fibers, and for orthotropic GFRP plates with fibers oriented
in the longitudinal direction. Past 3D FEA analyses [28] have shown that the critical loads

are sensitive only to the Young modulus £ in longitudinal direction z (Fig. 1) and the shear



moduli G _,G,_for stresses acting on the transverse plane and insensitive to remaining

properties. In such cases, it was possible to accurately predict the buckling loads for
orthotropic beams using an isotropic-like two-constant models (e.g., [29,30]). Other GFRP
constitutive representations such as anisotropic or orthotropic materials where the fibers are
not oriented longitudinally, are outside the scope of the present model.

(x) The member buckles in an inextensional mode. This means that during buckling, the
centroidal strain and the curvature in the principal yz-plane remain unchanged, so that the
member buckles under constant axial force and bending moments [16,17,31], and

(xi) Pre-buckling deformation, distortion and P-delta effects are neglected.

4. Kinematics

Figures 2a and 2b present four configurations which describe the strengthened beam starting from

an un-deformed state (Configuration 1) to a lateral-torsional buckling state (configuration 4).

Under the application of transversely distributed load g, (z) and longitudinally distributed load
q. (z) , the beam is displaced from Configuration 1 to 2. The displacement fields throughout this
step are shown in Fig. 2b, in which w,, (z)is the longitudinal displacement at the wide flange
beam centroid, w;, (z) is that of the GFRP plate centroid, v, (z) is the transverse deflection for the

entire system (the beam, the GFRP plate and the adhesive), and 6, (z) is the rotation angle about

the strong bending axis ( X ) for the GFRP plate and the steel section. Subscript p is used to imply
that displacements take place in the pre-buckling state.

The applied reference loads are increased to Ag, (z) , Aq, (z) until the system attains the point of
onset of buckling (Configuration 3), in which the unknown load multiplier A is to be determined

from the buckling analysis. As a result, the associated pre-buckling displacements are assumed to

linearly increase with the reference loads (Assumption x) and the corresponding displacements
become Aw,,(z),Aw,(z), Av,(z)and A6, (z).
Throughout buckling (from Configuration 3 to 4), the applied loads Aq,(z), Aq, (z)are assumed

to remain constant in direction and magnitude while the steel beam and the GFRP plate centroids

undergo lateral displacements u,, (z) and u,, (z), respectively. In Configuration 4, the steel beam

and GFRP plate undergo weak axis rotation 6,, (z)and 0,3, (z), respectively, while the entire



strengthened cross-section is assumed to undergo a twisting angle 6, (z). The global warping
deformation of the steel beam is y/,, (z) while that of the GFRP plate is denoted asy;, (z) . Global
warping deformation of the GFRP plate vanishes. The local warping deformations for both the
GFRP plate and the steel beam are assumed to be linearly proportional to sz' (z) in a manner that

is consistent with the Gjelsvik theory.
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Figure 2. Beam configurations (a, b) and cross-sectional dimensions (c)

As a matter of convention, rotations @, 6, (z)and 0,3 (z) are assumed positive when rotating

in the same direction asV/,(z), u/,(z) andu;, (z), respectively, while twisting angle 6, (z)is
assumed positive when rotating clockwise [29]. The sign convention for other displacement fields
are shown in Figs. 2a,b. Also, all field variables with a subscript p denote fields (displacements,
strains, stresses, or stress resultants) arising during the pre-buckling stage (from Configuration 1
to 2) and variables with a subscript 5 denote fields arising during buckling (from Configuration 3
to 4). Total fields arising in going from Configuration 1 to 4 are denoted by the superscript *, while
fields with no subscripts p,b nor a superscript * are generic and are considered valid for pre-

buckling, buckling, or total responses.



Figure 2¢ shows the geometric parameters for the cross-section. The steel beam has a total depth

h, an centerline depth /%, , web thickness w, flange thickness ¢, and flange width b, while the
thickness of the adhesive layer is 7, and that of GFRP plate is 7,. Material elasticity and shear
moduli of steel are denoted as E, and G, respectively while those of GFRP are E, andG,. The
shear modulus of adhesive is assumed as G, .

5. Coordinate systems and displacements at an arbitrary point lying on sections
Three global coordinate systems OX.Y'Z (i=1,2,3) are defined for the wide flange steel beam,
adhesive layer and GFRP plate, respectively, in which O, are centroids of each material (Fig. 3a)
and subscripts i =1,2,3 respectively denote the steel section, the adhesive, and the GFRP plate.
In a manner consistent with the Gjelsvik thin walled beam theory, the local coordinates of a point
A offset from the section contour (Fig. 3b) are determined by three local coordinates (sl.,ni,z) in
which s, is a curvilinear contour coordinate measured from Origin O, while #, is normal distance
measured from contour line. As a matter of sign convention, positive signs of 7., z and the contour
tangent follows a right-handed coordinate system. Angle a(sl.) between the positive directions of

the tangent to the contour at the point of interest and global X — direction is taken positive in the

clockwise direction from the X — axis. When the beam deforms under the application of loads, a

Point 4, undergoes displacements (g‘[,n[,g“ l.)along the tangent, normal, and longitudinal

directions, respectively.
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Figure 3. Coordinate systems and local displacement fields



6. Pre-buckling displacement fields

Based on Gjelsvik [27], the expression of the pre-bucking displacements (gip,ryip,cj . ) of Point

)

A (sl.,nl.,z) along the local directions (Figs.3a,b) can be related to the global displacement fields

w, (2), w;, (z), v, (z) and 0, (z). For the steel beam (i =1), the displacements of 4, (s,,n,,z)

are given by

&, (s,m,z)| [0 sina(s) 0 w, (2)
m, (s,n,z)p=|0 —cosa(s,) 0 v, (2) (1)
glp(sl’nl’z) 1 ”10050‘(51)1) —yl(sl) Qrp(z)

where ¢, (s) =0 for the flanges, ¢, (s) =90’ for the web and D denotes the derivative operator
0 [0z . Also, for the pre-buckling displacement fields of Point 4, within the GFRP plate and noting
that & (s,) =0, one obtains &, =0 and
m, (spom,z)] [0 =1 0 )™ (=)
¢y, (85,m5,2) 1 Dy (s;) v, (2) (2)
’ 0,(2)
For the adhesive layer, the displacement fields of a point 4, are linearly interpolated from the

displacements at the top surface of steel flange and the bottom surface of the GFRP plate

(Assumption vii), i.e.,

fzp(sz,nz,z) | §3p(s3,—tg/2,z) | flp(sl,t/Z,Z)
1, (8,,1,,2) :(5+%] 773p(s3,—tg/2,z) +[E_%J m,(s1,1/2,2) (3)
§2p(s2,n2,z) g“3p(53,—tg/2,z) ’ éle(svt/zoz)

By noting that &(s,) =0 for the top flange, Eq. (3) simplifies to &, = 0and

( ) O 0 —1 O Wlp
n S,,Nn,,Z w.
VPTIA_N n)) (1m 1 n )t (1 ), 1 om k1 Tt @
é/z (sz,nz,z) - —+— ———=|==|=+—=|=1|D —_— == Vp
, 2 1) (2 2 1, )2 (2 ¢ )2 2 1, )2]|,

7. Total displacement fields

Under the application of loadsAq, (z) and /qu(z), the strengthened beam deforms from

Configuration 1 to 4. The associated total displacement fields (5,-*,77,-*,4“ ) of Point A4, (s,,n,,z)

i
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(Figs. 3a,b), where i =1,2,3 respectively, denotes steel, adhesive, and GFRP, can be expressed in
terms of displacements Aw,, (z),4w;,(2),Av,(2), 460,(z) and w,(z), u,(z), 6,,(z),

0

) (2), 0,4(2), w,, (). For the steel beam, one can express the displacements of point 4, as:

& (s,m,z)=sina(s)Av, (z)+cosa(s)u, (z)+[r(s,)+nq'(s,)]0,(2)

' (s,m,z)=—cosa(s,)Av, (z)+sina(s )u,(z)—q(s,)0.,(z)

é’l*(sl,nl,z)=[/1w1p(z)+n1cosa(sl)/%v;(z)—yl(sl)ﬂﬁxp(z)]—nl sina(sl)ul'b(z)
—x(8,)0,,,(2)+mq(s,)0,, (z)-o(s,)w, (2)

in which ¢q(s,)=x,(s,)cosa(s,)+y, (s)sina(s,), r(s,)=x(s )sina(s)-y (s)cosa(s,), and

)

51

w(s)= I r(s,)ds, are defined. Also, the displacement components of Point 4; within the GFRP

0

plate (a(s;)=0) can be expressed as:
6:3*(S3=’73’ ) ”( )+”3 ( )
n;(s3,n3, ) —Av ( ) x3(s3)02b(z) (6)

<5 (s3,n3,z)=ﬂw3p( )+n3/7,vp (z)+n3x3(s3)¢92'b (z)—x3(s3)0y3b (Z)
For the adhesive layer, the displacement fields of point 4, within this layer are linearly

interpolated between the displacements at the top surface of steel flange and the bottom surface of

the GFRP plate (Assumption vii), i.e.,

& (85,0,,2) 5317(33’ 1, /2 Z) . &y (50,1/2,2)
77;(32’”2’2) [ ] 773b(5 — /2 Z) +(5_’:_2] My (5151/2,2) (7)
gz*(szanzaz) 4’3[)(33, t/2 Z) ‘ glh(slﬂt/z’z)

It is noted that in Eq. (7), one has «(s)=0 and y(s)=—h,/2 for the top flange and

x(8)=x,(s,)=x(s;)=x(s). From Egs. (5) and (6), by substituting into Eq.(7), one obtains:
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g;:E—%)ulb(m(h”2]u3,,(z)+(h;tg_h; n] ()

=, () +()0,(2) |

e e T o N B e e O P X
_(%_’;‘zj (5)6,,, () (%+’:—2jx(s)6’y3b(z) (%—Hf nz)X(S)%(Z)
_%{%:%}dﬂWw@) | |

(8)a-c
8. Strain-Displacement Relations
8.1. Total strains
The nonlinear strain-displacement terms are retained throughout lateral torsional buckling. For the

steel beam (i =1) and the GFRP (i =3), the non-vanishing strains take the form:

2 2
g =g " +¢g" = o 1 an_ + %o
0z 2 0z 0z
_og 8¢ og o5 ogeg om on)
oz ﬁsi 0z Os, 0Os, Oz Os, Oz

in which & and ¢ " are the linear and the non-linear strain components of ¢, , and 7",y " are

(9)a-b

vi=vii "

the linear and the non-linear strain components of y; . From Egs.(5)-(6) by substituting into Egs.
(9)a-b, and introducing symbols ' and " to respectively denote for derivative operators 6/0z and

2 2 . . .
0 / 0z, the linear and non-linear strain components are expressed as

&' =aw, (z)+ncosa(s) v (z)-y(s) A0, (z [lv ]2 —msina (s, )u,(z)
—-X, (51)‘9;11; (Z)+2,V;(Z){xl (sl)+nlq'(sl)sma(sl)}ﬁzb( )+n1q(sl)6?z'z',(Z)—a)(sl)l//l'b (Z)
) 1 1 (10)a,b
g :Eu (z)+[mq'(s,)cosa( (s,)]ul, (2) +2 +=q°(5,)0,°(2)

Ars)ena ()T 22 ()
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it =zsina(s)|v, (2)-0,, ()] w, ()= 21 ()26, ()]0, ()] + cosar (s, (2)
)i sin’ a (s, )uiy () = cosa(s, )| 1+2w, (=) +m cosa(s) v (2)= v, (5) 26, (2) |6, (2)
+20,,(2)xsine ()05, (2)+ v, (2)q (5 )eosa ()0, () =26, (2)ng (5 )sina(5) &5 (2)
#lr(s)+ 20 (5)+ 2w, (2)+m, 05 (597 ()3 (5)) 8, (2) g ()] €4, (2)
~0!(5) {1+ 2], (2) #m cosea () (2) -3, (5)8 (2 >}}wlb<z>+w@<z>w<sl>sina(sl>w;b<z>
7 ==d(s))sinet (s, )u, ()0, () - n1q<s1>sma<slzu'<> () mf (5, )sinee (5, ) (2) i (2)

+x(s;)cosa(s,)0,,(2)8., (z2)-mq (s )cosa(s,)6,,(2) 0, (z)+w(s )cosa(s,)0,, (z)w, (2)
+q(,)4'(51)0,, (2) 0, (2) = x(s:)mq'(5) 0,1, (2) &5 (2) + x(51) @' (5) 6,1, (2) w1, (2)
+1q(5,)4' (5,)0% (2) 05 (2) = (s, )mg' () 0%, (2)y3, (2) = @ (51) ma (5) 05 () v (2)
+o(s,) @' (s)v1, (2) v, (2)

+M9Xp (z

(11)a,b

53L:lw;p(z)+n3/1v;'(z)+%(/1v' (z))2—x3(s3)9y'3b(z)+n3x3(s3)9"( )+/1x3(s3) ( )Hz'b( )

(12)a,b
and
y;Lzu;b( )—[l+ﬂ,w3’ (z )+n3zv"(z)]9y3,,(z)+n3[2+/1w3p (2)+mav)(2)]0, (2)+ v, (2)0,,(2)
[ '3 (2)0,5 (2) =105, (2) 0., (2)—130,5, (2) 01 (2)+ 6., (2) 0, (2) + 136, (=2 )egg(z)]
(13)a,b

For the adhesive layer, normal strains are neglected (Assumption v) while all three shear strains

are retained. The total shear strains are

ons 06, mL om0 03 | 38 o8]

0z 0On, 0z On, Oz 6n2 oz on,’

on,  0& , om om; |, 06 08 9C 08, (4yac
0s, oOn, 0s, on, O0s, on, Os, On,

08, , 0L, 0508 | 3, 3, o) o),

0z 0Os, 0z 0Os, Oz Gsz oz 0Os,’

* _ *L *N _
j/Zzn _j/Zzn +}/22n -

* _ *L *N _
j/an _7/25n+7/25n -

* _ *L *N_
7/252_7/252+}/232_
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in which ;" and y," are the linear and non-linear shear strain components of y,_ . Also, y," and
7, are those of y,,, while ;" and y," are those of y,_. From Egs. (8)a-c, by substituting into
Egs. (14)a-c, components for shearing strains are obtained as
Voo ==A(14 ¢ )V (2) = Aesw, (2)+ Acswy, (2) - Aese,6,, (2)+ A°B,, (z,n,) B, (2)

e (5)8, (o) By () (1) (5) 8oy (216, (2)=Aesr() B, (2110, (2

Ay (m,)x(5) By, (2) 0,3, (2) = Acgx(s) By, (2.1,) 0., (2) + Acy (my) x(s) By, (2) 65 (2) (15)
()8, (2o (2) - s (1) (5) B (20 (2
()0, (2 (510, (2)—(5) . (2)ox(5) (2)+ csex(s) (2

in which

and

7;2/1 =66 (nz)x2

(S) Hylbleylb — GG (nz )x2 (S) 1503 T+ Cs5C5 (nz ) x’ (S) ‘9;1’;‘9;711;
—C5C4C (nz )x2 ( )Wlb vip T CsC (nz)xz (S) 0) 1b ‘9y3b +¢sC (”2) ? (S) 0);317'6;31;
) )XZ (S) '//uﬁy% +C6C (nz ) (S) eylblez’b

)

HySb 0., — s (”2 )x2 (S) 0.,0., +c.cic, (”z )x v,0.,

—0503(n2)x2 (s 6’2'};6?y3b+csc7cl( n,

+C4C, (nz)xz (S
2

—csey6,(,) 57 (5) 0, Wiy — 50,0, (1) X7 (8) 0,5, Wiy + 050,65 (1) %7 () Dy o
—cseie, ()X (s)wiw, —cse, (my )uyuy, —cse, (ny Yuyuy, —csey (ny)u,6.,
+ese, (my )y, s, + s, (1, )ttty +cse, (my )uy, 8, —(c +esey e, (ny)uy, 0,
—(cs +¢5¢; )y (my))usy 0, — (s + 56, ) ey (n,) 6,0,
in which
1 n 1 n t—t, t+t h—t, h+t,
cl(nz)za—t—j; cz(nz):5+t—j; c3(n2):Tz’—7agn2; c4(n2)=Té’— 2;
¢ =i; Co= t;:g ; ¢ :%”; ¢sc; :2h_lba; (cs+ese;) = h;:g

Also, one has
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)/;SLH =—0, —cu,, + Cly, —(c6 +cyc, )492,, +48B,, (z)[—c1 (nz)Hylb ( )0y3b +c, (nz)HZ'b
_6701(”2)%;,]

)/;?fq =—ci( (nz)x(s)é’}lb2 —csc, (nz)x(s)e}“ﬁy% +c504 (nz)x(s)ﬁ}lbé’z'b — 560, (nz)x(s
+csc1(n2) ( )0}1b9y3b+c502 (nz)x(s)é’ﬂb —csc3(n2) ( )0)3,)02,)+csc7cl (nz)x )3,71//1,7 (18)
+cc( ) (s)é’yuﬁ +cqc ( ) ( )9}3[19 (n) ( )6’ +ccc( ) (S)szl/llb

e (m

—CsC;G (nz )x (S) WisWip — €566, (n2 )x (S) ‘9))31#/”; 65,64 (”2 ) ( ) W —

(17)

¥

[
\_/K<

7;; =G (nz)uw' tc, (nz)qu' +c, (n2)gzb! -G (nZ)eylb -G (nz )'9}317 +6G (nZ)Hz'h + (19)

—c,¢,(ny))w,, + 2B, (z,n, )[—cl (7,)0,,, —c,(ny) 0,5, + ¢ (n,) 0l — e, (n, )l//lb:l +av, (2)6,
and

I

Yoy =C1 (”2 )x(s)eywrgylb ¢ (”2 )Cz (”z)x(s) 0,15 0,3, = C5 (”2)Cl (”2 ) x(S)eylbrez'b
+e,cf (”2 ) x(s) gylb'l//lb TG (”2 ) ¢ (”2 ) x(s) Hvuﬁwb +6 (”2 ) (S) gy3b'0y3b
—G (”2 )C2 (”2 )x(s)eysbygz,b +c6(n ( )Cz (” ) ( ) v3b V= (”z)cl (”Z)X(S)gylbgz,l; (20)
¢y (m) ey (m,)x(5)0,5,0% + 3 (n,) x(5) 0430%, = csc5 (my ) ¢, (m,) x(5) Oy
+c7cl2 (nz)x(s) Hylbl//lb +¢,0, (n2 )02 (n2 )x(s) Hﬂbwl'b — 56, (n2 )c1 (nz) ( )G'by/lb
+cief (ny)x(s)wiw,, +x(5)0, 0,
8.2. Strain fields throughout Pre-buckling
When the beam is displaced from Configuration 1 to 2, the strains are assumed small and thus only
the linear terms are retained. From Egs. (10) through (20), by omitting the nonlinear terms and the

buckling displacements, and setting A =1, the pre-buckling strains are obtained as

g,=w,(z)+ncosa(s)v)(z)-y(s)6,(2); ;/lp:sina(sl)[v; (z)- 6, (z)] (21)a-b

&y, =W, (z)+ny)(2); V5, =0 (22)a-b
1 I t+1) ,, \ h
=0 iy =0 Py = (L, (1S @) R0, () e

Equations (21-23) are similar to those reported in [22].

9. Stress-Strain Relations

All materials are assumed linearly elastic and isotropic (Assumption ix) throughout the pre-
buckling and buckling analyses. As a result, the pre-buckling stress-strains at Configuration 2 are

o,=E¢,, 1,=Gy,, 0,,=E¢,,, 1;,=Gyy,, and 7, , =G,y,,,, while those at the end of

zn2p
the buckled state at Configuration 4 are o, = E&,, 7, =G, , 0, =Es&,, 7, =G,y5, 1., =G, 7.,

T* = GZ}/an and T G2}/SZZ

> Ysn2
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10. Pre-buckling Stress Resultants

From Eq. (21), the stress fields within the steel beam can be expressed as
w, (2)

o,=Eé&,=E <1 | ncosa(s) -y (s1)> Vi(2)
0, ()

7, =Gy, =G, [v;, (z)- 0, (z)] sina (s,)

The stress resultant-displacement relations [32] are N, , (z) = EAw], (z): M, (z)=EI V) (z);

s p

(24)a-b

and M, (z) =EI 0O (z) . From Egs. (24)a, by substituting from the stress resultant-displacement

xx 7 xp

relations for the steel beam, one obtains

7 =N, () gy () 2By )

in which/ = 2bt3/12 + bt;’, /12; I =th /12 + 2h§bt/4 are defined. The shear stress component in

wow

Eq. (24)b can be related to the shear force also by integrating over the cross-section area to yield

7,

= %sina(sl) (26)

w

in which the shear force O, = jrl ,dA=G, [v; (z)- 6, (z)] A, has been defined. Also from Eq.

A
(22), the stress functions within the GFRP plate can be obtained as:

w,(2)
oy, =Eey, =E (1 n, —y,(s)))] vi(2) 3 7, =G5, =0 (27)a-b

P
0, (2)
From Eq. (27)a, by substituting from stress-resultant displacement relations

N,,(z)=E AW, (2); M, (z) = E,I,,0,,(z) [32], one obtains
1 n
o,,=—N,, (z)+—=M_ (z) (28)
3p Ag 3p ]xxp P

The pre-buckling shear strain y,_ can be related to the shear force resultant Q,, (z) for the

adhesive by integrating the shear stresses over the adhesive area. From Eq. (23)c, by integrating

the shear stress 7,_,, = Gy,.,, within the adhesive over the adhesive cross-section yielding

sz (Z): J-GZj/Zznp (Z)dAa :AaTZan (Z) (29)
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11. Second Variation of Total Buckling Potential Energy
The total potential energy 7 of the system is the summation of the internal strain energy U and
total load potential loss V. The buckling load can be mathematically obtained when the variation

of the second variation of the total potential energy vanishes, i.e.,
1 — /= =
5(7)_5[5@”/)}_0 (30)

in which () and ( )respectively denote the first and second variations with respect to the

argument function (e.g., U =6U and E =8°U). The total internal strain energy is obtained by

summing the contributions of the steel beam, the GFRP plate, the adhesive, i.e.,

L L L
u =%”(01*51* + 71*71*)dA1dZ+%_[ I (o';g; +T;7:)dA3dZ+%I I (T:n27:n2 + T ooV o +T:z27:zz)dA2dZ

0 4 0 4 0 4,

(1)
The total internal strain energy U contributed by the normal strains and transverse shear strains
within the steel beam and GFRP plate, and the shear stresses within the adhesive layer. At buckled
configuration (Configuration 4), Eq. (31) takes the form:

v :%IOL Ll [(Glb +/101p)(81b +/181p)+(rlb ""171,,)(711, +47, )] dAdz +

+%J‘OLL3 |:((73b + 103,,)(83,, +ﬂs3p)+(r3b + ﬂr3p)(;/3b + 47, )] dAdz + o)

_}_%LL Lz |:(2-2an +A7,, )(7zznb + Y 2mp ) + (T2snh + A7y, ) (7zsnb + A7 250 ) +

+ (TZan + ﬁ“TZznp )(}/Zan + /’i“}/Zznp ):| dAZdZ
From Egs. (32), by neglecting all zero pre-buckling strains as indicated in Egs. (22)b and (23)a-b,

(1-€.,73, = Vo = Vaspp = 0), and noting that all materials are linearly elastic isotropic (Assumption

ix), the second variation of the total strain energy can be expressed as

%5 _ % X B [Efb ; ﬁelpzledAldz +% X J.G [}fb ; Z;/lp;lb}dAldz ;
+% IR [Eib " /153;31,}1143612 n % i 1, Gorudadz+ (33)
+% ;1,6 [Zzn,, v Vo } dA,dz+ % i 1, ez + % i 1, ez

The load potential energy is contributed by transverse and longitudinal distributed loads Aq, (z) ,

4. (z)and concentrated loads P,

yi?

P, applied at both member ends i.e.,
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57:-”!“%(2 ) Z [ e

(34)
__I q.(z Zbé?ylbdz—— Z ézb (Zi)gylb(zi)

z;=0,L
11.1. Expression of the first variation of buckling strains

By omitting pre-buckling deformation effects in line with the classical buckling treatment and
omitting the non-linear terms, the first variation of the total strains expressions [Egs. (10)-(20)]

take the form

_),/ le(Sl)‘g a)(51)‘/71’b;
5 { (S1)+2n1}§z’b_r(sl)‘/71b;

.,

&, ~—nsina(s )i, —x, (s,

\_/v

7, ~cosa(s, )i, —cosa(s,
&y ==, (5,) 05, + 133, (5,) 0
Vi R ity =0, + 21,0, (35)a-g
Voo = Csx(s)e_ylb _Csx(s)gyzb —(1+¢4)x(5) 8., +csex ()7,

Vaosp = TCslhyy, + Cslhyy, — (1 + ¢ +6s¢ ) 0.5

Vs € (”2 )7’71,1) -G (”2 ) gylb +c, (nz)ﬁ;h -G (”2 ) §y3b + [03 (nz ) +c, (”2 )} gz,b — 6,6 (nz )‘/71;;
11.2. Second variation of buckling strains

Again, by neglecting pre-buckling terms, the second variation of the buckling strains in Egs. (10)
through (20) take the form
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£ (70 ) +2[meosa(s) -, () J@ L +{a +r2 4 2mm 402},

Vip = =2sina (s, )i, 0,, —2n sina (s, )iy, 0, + 2mr (s, )sin e (s, )7,
2x(s,)cosa(s,) .., — 214 (s, )cos et (s,) 8,0 + 20(s, ) cos (s, B, 7,
+2q(s,)0,,0., —2x(s,)n0.,,0., +2x(s,) r (s,) 0.7, + 20 q(s,) 6., 0.
=20(s, ) m, 7, —2r (s,)mq (s,) 047, +20(s,) r (87,7,

P~ (7 ) on @, B, + [+ (,)](8, ) s

T = =200, (1) (5) 8,80, — 25, (1) ()8, 8y + 2656 () (5 )5;5

eiere (1, )3 (8) 7B + 2650, (1, )67 (5) 80,0 + 2650, (1, )3 (5) 85,y

e, (my)x )9”49}3b+2csc7cl( 1) ()78, + 200, () x (S)Hylbﬁzb

)0,

=y

“(s
+2¢4c, (n2 ) (S y3b —2c¢c, (n2 )x2 ( )52’ 5 +2¢,coc, (n2 )le/71'b02b
2 2

2CSC7CI (nZ )x S) ylbwlb 205c702 (nZ) ( ) yShl//lb + 2CSC7c3 (nZ) ’ (S) 52';,1/71[,

(
_20507 G (nz ) x* ( )l//lbl//lb 2¢ic (”2 )I’_llhz’_llh —2¢5c, (”2 )”1h”3b —2¢s¢, (nz )I’_llbgz’b

+2¢4¢, (”2 )ulhqu +2¢5¢, (nz )1’_‘3/;”73'/; +2¢4¢, (nz )1731)5;/) - 2(Ce +C5¢ )Cl (”2 )’/71’/;‘921;

—2 (Ce 656 ) ) (nz ) 0,0, —2 (Ce +e5¢; )y (”2 )ébgz'b
11.3. Second variation of internal strain energy

(36)a-d

From Eqgs. (25), (26), (28),(29), (35)a-g and (36)a-d, by substituting into Eq. (33), the second

variation of the total strain energy can be expressed as

18



1= 17 o
EUZEJ-IE[ nysina (s, )iy, —x,(s,)0,, +mq(s,) 0, w(»‘n)‘/’w} dAdz
04
250N Z ncosas v, (s 2 o
+5J' {  ( | ; (1)Msp(z)_ I;I)Mxp(z)}{(ulb) +2[n cosa(s,)-y (s,)]u,0,
04 1 S8 XX
+[C]2(Sl (s1)+2r(sl)nl+nf}(§z'b)2}dAldz
f 2
+%M:G {cosa 5,)ity, —cosa(s,)0,, +[ r(s,)+2n, |0, ”(Sl)‘/71b} dA,d=
A
+—
2

4

2x(s,)cosa(s,)0,,0.,, —2nq(s,)cosa(s,),,0 +2m(s, )cosa(s,) 0,7, +24(s,) 0,0,

L

Q“’ s1na s 2sina(s )i, 0, —2n’sina(s u, 6 +2nr(s,)sina(s U,
J- 1 1 1" zb 1 1 zb 1 1 lbl//lb
0
( ,
(

—2x Sl)”lgy’lbgz'b +2x(s,)r(s )é;lblplb +2”12‘I(Sl)9z’b9” _2w(sl)”9b‘/’1b 2”(%)”1‘1(31)5:’;‘/711;

B
+2a)(s1)r(sl)t//lbl//1b}dAdz+ IIE =y (83) 0., +myxy ( 3)9;;] dA,dz

OA3

N N
+% J ﬁ+iMsp(z)}[(ﬁ3b) +2n3u3b9z'b+[n32+x32(s3)](l92'b) }dAdz+ IIG (ugb 93b+2n3€ ) dA,dz

L
?')‘ Ag xxg 0 4
1 L - - = — 2
+EJ‘ I G, [cjx(s)ﬁylb —cjx(s)Hﬂb —(1+cé)x(s)¢92b +csc,x (S)l//lb:| d4,dz
0 4,
/1 r Q z =y = - =
+5J‘J‘ 2;( ){—265c1 (nz)x2 (S)lebé?ylb -2¢c, (nz)x2 (S)H 19,3
04 a

)xz( )Wle}Ib +2¢4c (nz) ( )ameﬂb +2c5c, (nz)x2 (s)9y3b9y3b
)xz( )1//1}7 )3b+2c(ycl(n ) ( )9}11; b
5,13 —2¢404 (nz)xz( )Hz’}iezb +2¢46:¢ (nz)x ‘//11:9

’

zb” y1b 2c5c7cl(n2
)
0,03, 205c7cl( n,
zb

e}lbl//lb 26‘50762 (nZ) ( ) )3hl//lb + 2C5C7C3 (nZ) (S)e_z,};l/71b

\_/\./

S)W W, — 2056, (nz )L_llbﬁlb —2c5c, (”2 ) ”wu3b —2csc, (”2 )L_llbéz’b

+2¢5¢, (”2 )“lb 3 +2¢5¢, (”2 )”3b”3b +2e5c, (”2 )”31;‘9:1; 2(C6 +¢s5¢; )Cl (”2 )E;bgzb

—2(cs+c5¢)c (nz)L73bt92b —2(cs+ese; )ey(ny) 0,0, } dA,dz

L
+%H.G[ Cslty,, + Csilyy, — (1+cé+05c7) J d4,dz
04,
1 = _ P
+E_[_[G [Cl m,) iy~ cl(”2)9y1b+cz(”2)”3b Cz(”2)9‘2b+|:c3 ”2)+C4(”2):|9zb_6701(”2)‘//1b:| dA,dz
01

(37)
11.4. Second variation of total potential energy
From Egs. (34) and (37), by substituting into Eq. (30), the second variation of the total potential

energy of the system can be expressed as
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6%7? = 5%(54_ E) = 5%(56}’!1 + :esl + :en3 + :es3 + :eznZ + :ean + :(3322 :gNl
- B B B B B B _ (38)
+Vng + Vgﬁ,. + VgQ1 + VgQZ + 8qy + 8P, + ngz + gk ) =0

in which (76”1 is the second variation of elastic strain energy contributed by the longitudinal normal

strain within the wide flange beam (Appendix A) and can be evaluated over the steel section as

w000 |,

= - — 0o 27, O 0 o'
U, =E <1’71b 0,, 0. '/71Ib> - vz (39)

v([ ! 0 0 I,., 0 9—;

0 0 0 Imwg _,

Vi

inwhich 7 =ht /12,1 =t'/12; 1, =26 144+ 1)1 [144; I, =h'b't[24 are defined.

Also,U,, is the second variation of the elastic strain energy contributed by the transverse shear

strain within the steel beam (Appendix A) and can be is evaluated over the steel section as

24, 24, 0 0 ity

— L _ 24, 24 0 0 0,
g.-G <L7’ g, @ :/7> s el gy (40)

1 l'([ 16 y1b b 16 0 0 Jl _ thAj /2 gz,b

0 0 —iA )2 WA [2 |5

‘ 1b

t3/3 are defined and (:]m3 and l:]es3 are the second

ww

in which 4, =bt; Jy=h A, [2+2b8[3+h
variation of the elastic strain energies contributed by the longitudinal normal strain and shear strain

within the GFRP plate (Appendix A) and are expressed as

= N 0 |[o
U,;=E\(0, &, { . }{ 1,3,})}512
A K
4, -4, 0|, (41)a-b
oz

<L73:b §ySb 6_’;17> _A3 A3

es

Q
w||
Q

S et~

in which the section properties 1, = tgb3/12, 1 :t§b3/l44, A;=bt, and J, = btz, /3 are

wog

defined and U and (7

Uesn 2 esz2

are the second variations of the internal strain energies within the

ezn

adhesive layer (Appendix A) and are expressed as
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— L _ _ _
UeznZ = GZIyyaI<9ylh 0y3b g, W1b>x

0

c —c? —cs (1 + cé) cic, E’y "
—c? c: Cs (1 +¢) —clc, g_y ay
—cs(1+¢5) o (1+¢) (1+c6)2 —cs¢; (1+¢4) g,
cie, —cic;  —cse; (1+¢4) e [
= L p—
Uer = GZAa.[<I’71b Uy, 9zb>x
0
c —c? Cs (1+c6 +csc7) uy,
—c? c: —cs(1+ ¢ +csey ) | ity pdz
c5(1+c6+csc7) —C; (l—i-c6 +csc7) (1+cé+csc7)2 zb

(42)a-c

- !

= 1 —r - — —
U __GZAaI<ulb Hylb Uy €y3b 0., l//1b>x

4 -4 2 2 2 e ||y
4 4 2 2 2 4 ||Ow

2 -2 4 4 Gy —2¢; ||, p
z
-2 2 -4 4 —C, 2c, E’y W
2c, 2¢; ¢y —cy ¢y 2050 7'
zb

e, 4e,  “2¢; 2¢, 2c60 4G || -

in which IW:J.x2(s)dA2:tab3/12; e =1/t,; c6:(t+tg)/2ta; c; =h, /25 ce, =h,[2t,;

4

Cotese, =(h+t,) /2t co=hti—t,5 co=h+i—4t,; co=h +0+41," +2ht—2ht,~211, .
Also, IZNI is the second variation of the load potential energy contributed by pre-buckling axial
force AN, (Z) (Appendix A) and takes the form

L
I +1

o =N, (z){(ﬁ{b)z +(A—”)(5;b )zldz 43)

~

0
in which I, =hbt/2+t ) [12+2b6)12; 1, =2tb"12+h,t) [12; V7, is the second variation
of the geometric potential energies contributed by pre-buckling bending moment M, of the steel

beam (Appendix A) and can be evaluated as
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L

. =24 M (2)ir, 0, dz (44)
0

17ng is the second variation of the geometric potential energies contributed by pre-buckling

o I

bending moment M, of the steel beam (Appendix A) and can be evaluated as

21 L L
v =2 ,le )ity By dz + 2 =% Lo [m,,()u,60,dz (45)
XX XX 0

where [, =bt’ /12; I, :bt; / 12. Also, the second variation of the pre-buckling shear force

potential energy IZQI within the steel beam (Appendix A) can be evaluated as

[ w —” ’
Vi = uj 0,(z (ulbé’ +2 0] ]dz (46)

in which 7, =h, r /1215 defined. For the GFRP plate, the second variation of the potential

energies contributed by axial force AN;, (z) (Appendix A) can be evaluated as

= L ) 2 [x'c + ] , - 2

7, =2J‘N3p(z)|:(u3b) P () :|dz 47)
4

inwhich /7, = =bt’ / 12,1, =1, b’ / 12 are defined. Also, the second variation of the potential energy

contributed by shear force A0, , (z) (Appendix A) can be evaluated as

VgQZ ﬂ'_.-sz (Z){<1’71b ; g}lb ; Uy, ; 6_’)317 ; 5 ; g_z ; V71b>
0
_r
I 0 —c; 0 —c50), 0 0 | f.lT”L
0 —6Q, 0 -6, 0 e,  —6Ga, gili (48)
Cs 0 Cs 0 CsCpy 0 0 ﬁ;b
X 0 ca, 0 ca, 0 —csc,Q, GG, ;?7; dz
—(06 +csc7) 0 —(c6 +csc7) 0 —(c6 +cic, )c12 0 0 "é_}",“
0 ¢, 0 ¢, 0 -0, Ca, —g—fi’—
i 0 —csc,a, 0 —csC,0, 0 cse0hQ, —csoa, | —l/-;,b—
16

in which ¢, = (t t )/2 Cpy (h—tg)/Z; 1,,=a,4, are defined.

12. Finite Element Formulation

12.1. Interpolation of pre-buckling stress resultants

The pre-buckling stress resultants N, (z),0,,(z),M,,(z),N;,(z),M;,(z) and Q,,(z)are
related to nodal stress resultants obtained from the pre-buckling analysis by adopting linear
interpolation functions <L(z)>1TX2 = <L1 (z) L, (z)> with L, (z)=1-z/L and L,(z)=z/L:
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M, (z)=(L(2)) M, ), =(M,(0)]-M,(L))
M, (2)=(L(2)),, (M}, (M), = (M, (0) | -0, (L)
N, (2)=(L(z >:<2{N3p}2x1’ <N3P>1sz :<N3P(O) | =N, (L)>

T

b {Qul,, (@), =(0,,(0) -0, (1))

1x2

12.2. Displacement Interpolation

Two finite elements are developed for the problem, a two-node element and a three-node element.

The relevant nodal degrees of freedom are depicted in Fig. 4. When interpolating the displacement

fields u,, (z) and @, (z) , cubic Hermitian shape functions are adopted in the case of the two-node

element and quadratic Lagrange interpolation functions are used in the case of the three-node

element. For the remaining displacement fields 6,,,(z),ify,(2),6,,,(z)and,, (z), linear

interpolation is adopted in both elements. The two-node element possesses 16 degrees of freedom

(DOFs), while the three-node has 14 DOFs.

ZfO Zf ZfO
i, (0) i, (L) ,(0)
i, (0) i, (L) 0,1,(0)
0,15 (0) 0, (L) i, (0)
I’_l3b(0) 1’7317 (L) §y3b (O)
0,5 (0) 0,5 (L) 0.,,(0)
0.,(0) 0, (L) 7, (0)
9.,(0) 9., (L)

7, (0) v (L)

2-node element

3-node element

Figure 4. DOFs for Two and Three-node elements

12.2.1. Two-node element

The displacement fields u,,(z),8,,(z).i,(2).0,5,(2).6,,(z).%,(z) are related to the nodal

displacement vector <Z>1TX16 = <H(o)fx8 i a(L)j;8> where



A=) =(7 (2) @(2) 1800 (2) | 0(2) | 8(2) [ 2,(2) 2(2) |7 (2)) and

z, =0 or L through

(7 (20,8 (2), 7 (0,800 (2),8 (2), 7 (2))

(50)
=(B)L (b ot Sus b 0o Suc b (b
in which the shape function vectors are defined as
(Sudpue =(H,(2) Hy(z) 0 0 0 0 0 0}H,(z) Hy(z) 0 0 0 0 0 0)
Sor)ps=(0 0 L(z) 0 0 0 0 0/0 0 L(z) 0 0 0 0 0)
Sus s = (0 L(z) 0 0 0 010 0 0 L(z) 0 0 0 0) s

0 0
000 L(z) 000/0 000 L(z) 00 0)
000 0 H(z) H(z) 00 0 00 0 H/(z) H(z) 0)
000000 L(z){0000000 L(z))

and H,(z)=1-3(z/L) +2(z/L)’, H,(z)=2-2(2’/L)+(2’/1*), H,(z)=3(z/L) -2(z/L)’,
H,(z)=2’/’ - 2’/L . From Egs.(50), by substituting into Eqs. (39) through (42)a-c, and from
Egs. (49) and (50) by substituting into Egs. (43)-(48) and (34), the second variation of the total
potential energy in Eq. (38) is obtained as

1= 1 /—\1 _
557[ - 55<A>1x16 ([Ke ]16><16 + i I:Kg :'16><16 ){A}16Xl - 0 (52)
in which [Ke ]1 o1 and [Kg ]Mé are elastic and geometric stiffness matrices, respectively as defined

in Appendix B. A non-trivial solution of Eq. (52) leads to the eigenvalue solution

{[Ke]16xl6 + A[Kg ]lmé} {Z}IM = {O}W1 which is solved for the critical load multiplier A and the

corresponding buckling mode {Z}16 -

12.2.2. Three-node element

The displacement fields i, (z),8,,(z).u,(2).0,5,(2).6,,(z).%,(z) are related to the nodal

~(a(0), a(z/2)L, 1AL, ) where

T

~

displacement vector <A>
1x14
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(z )1><6 <”1b( ) éylb(zi)ib_’ab(zi) @ab(%)ﬁb(%) ‘/71b(zi)>> and  z;=0orL and
(z/2),, =(m,(L/2) 0,(L/2)) through
<L71b(z)’§y1b(z)’”_‘3b( )’5 (z )gzb(z)aﬁb(z»

d
d

T

S (O R O o R A I
in which the shape function vectors are defined as
(Su) . =(R(z) 00 0 0 0[R(z) O[R(z) 0 0 0 0 0)
S€1>M4:o L(z) 0 0 0 0/0 0]0 Lz(z) 00 0 0)
Sw) =(0 0 L(z) 0 0 0[0 0]0 0 L(z) 0 0 0) "
0)

X ()OOOOR(z)O>

(Sn),.. =

(80),., =

<Sg3>m4=<0 00 L(z) 0000000 L
< < |

(S,1) =(0 0000 L(z)}0 0[0 00 0 0 L))

Egs. (53), by substituting into Eqgs. (39) through (42)a-c, and from Egs. (49) and (53) by
substituting into Eqgs. (43)-(48) and (34), the second variation of the total potential energy in Eq.
(38) is obtained as

5%; - 5%<A>114 ([Ke]mm * A[Kg]mm){ﬁ}ml =0 (33)

in which[f(e} and [Kg} are elastic and geometric stiffness matrices, respectively as
14x14 14x14

defined in Appendix C. A non-trivial solution of Eq. (55) leads to the eigenvalue solution

{[Ke]mm 4 [Kg]l4xl4 } {A}IM - {0}14><1 .

13. Validation and Examples

The elements developed in the present study are adopted to predict the buckling capacities of
beams and columns and validated through comparisons with 3-dimentional finite element analyses
(3D FEA) under ABAQUS software (and classical solutions for the degenerate case of no GFRP).
Although these formulations are developed to apply for GFRP-strengthened beams, they can be
also applied for steel beams alone by setting to zero the mechanical properties and/or dimensions

of GFRP and adhesive materials.
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13.1. Example 1 — Simply supported composite beam under a mid-span point load

A simply supported steel beam is subjected to a point load P applied at mid-span (Fig. 5a). The
beam cross-section is W250x45 with the dimensions shown in Fig. 5b. One flange (i.e.,
compression flange or tension flange) is bonded to a 19mm-thick GFRP plate through a 1-mm
thick layer of adhesive. Three span are considered; 4.0, 6.0 and 8.0m. Elasticity modulus of steel
is 200GPa, that of GFRP is 17.2 GPa [10] and that of adhesive are 3.18 GPa [4]. Poisson’s ratio
for all materials is taken as 0.3 and the yield strength of steel is selected as 350 MPa. The buckling

load P, and corresponding mode shapes for both the strengthened beam and the bare steel beam

are determined from the present model and comparisons are made to 3D FEA results based on

ABAQUS and standard equations based on the Eurocode Guide moment gradient factor [33].

GFRP plate i 3]: I
i S 7.6 1
C!eatf%% _____________ J’f _____________ F ~Cleat ___ 2T6
angle 7| & @ | angle
- £ 2 I—
| L 48—
(a) (b)

Figure 5. Simply supported beams under a point load (a) beam profile and cross-section and (b)
dimensions of W250x45 section

Based the given yield strength, the bare beam is found to meet Class 1 requirements of CAN-CSA
S16 [34]. The corresponding plastic momentis M , = Z F, =210.7kNm . Also, the nominal elastic

buckling moment is M, = (Cbn/L)\/GJEIyy +1

wl o (7zE/L)2 where the moment gradient C,

depends on the standards adopted and ranges from 1.265 in CAN-CSA S16 [34] to 1.388 in
Australian code AS4100 [35] and takes the value of 1.365 in the Eurocode guide [33] which is
closest to FEA predictions [36]. In CAN-CSA S16 [34], when M, <0.67M ,, the elastic LTB

resistance is deemed to govern the resistance and the nominal resistance is M, = M, while when
M, >0.67M , the inelastic LTB capacity is M, =1.15M (1—0.28MP/MM) and 1s deemed to

govern the design M, =M, whenM, <M . Otherwise, the plastic resistance is concluded to

govern the design and the beam nominal resistance is governed by its plastic resistance, i.e.,

M, =M. For the present section, the plastic resistance is found to govern the resistance of the

beam when L <2580mm, the elastic LTB capacity to govern the resistance when L > 5490mm,

while the inelastic LTB buckling governs the resistance when 2580 < L <5490mm . For the present
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example, three spans are selected; L=4.0, 6.0, and 8.0m so that the smaller value lies in the inelastic
LTB range, while the other two spans correspond to the elastic LTB failure mode.

Mesh study for present element: A mesh study is conducted by modeling the 6m span beam using

both elements developed in the present study. Meshes consisting of 16, 32, 40, 80, 160 and 320
elements were considered (Fig. 6). For the three-node element, when adopting coarser meshes
involving 16-40 elements, the critical loads predicted are found to decrease with the number of
elements, afterward the solution stabilizes as meshes with 80- 320 elements provide identical
buckling load predictions of 127.0 kN, suggesting that convergence is achieved when 80 elements
are taken. The buckling load of 127.0 kN is taken as a reference value for comparison with
solutions based on the two-node element. For the two-node element, the buckling loads based on
16, 32, 40, 80, 160, and 320 elements of the two-node elements are 409, 159, 142, 129, 127.9 and
127.5 kN, respectively and the corresponding differences from the reference critical load are
222%, 159%, 11.6%, 1.7%, 0.7% and 0.4%. The results suggest that the convergence rate is
somewhat slower than that of the three-node element and hence the three-node element will be

adopted in subsequent analyses.

450

—O— 2-node element

—O0— 3-node element

16 32 64 128 256 512
Number of elements

Figure 6. Mesh study of the present finite element formulation

Mesh study for the 3D FEA: The 3D FEA is conducted as a benchmark solution against which the

results of the present theory are compared. The 8-node brick element C3DS8R is selected from the
ABAQUS library. The element has 8 nodes with three translations at each node, totaling 24 DOFs.
The element uses reduced integration to avoid volumetric locking, and thus has a single integration
point located at the centroid. A mesh study is performed to determine the mesh beyond which no
improvement is attained in the solution. The mesh is fully characterized by seven parameters

n,,...,n, as shown in Fig. 7. For the 6m span, the study showed that convergence is attained when
amesh with n, =12, n, =n, =n, = n, /2 =4; n, = 60; n, = 600 is taken, corresponding to 1,682,199
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DOFs. Initially, the 3D FEA model exhibited web distortion and hence under-predicted the critical
moments. To control distortional effects, transverse stiffeners were added to the model. Three
stiffening arrangements were considered; (a) two stiffeners at both ends of the beam, (b) three
stiffeners (two at the ends and one at mid-span), and (c) five stiffeners along the span L (at 0, L/4,
L/2,3L/4, and L). A comparison of the buckling loads for spans L.=4.0, 6.0 and 8.0m are shown
in Table 1. The addition of more web stiffeners is found to increase the buckling loads, and make
the 3D FEA solutions approach the predictions of the present model. The beam with five-stiffener
arrangement is found to yield the closest predictions to those of the present study.

The three-stiffener arrangement is adopted in subsequent runs.

Table 1. Comparison of buckling load (kN) for different stiffener arrangements

Span Nurznber of stl?ffeners adoSpted: Present study | (d)/ | (d)/ | (d)/

(m) (d) (@ | b)) | (©
(a) (b) (c)

4 271 296 305 314 1.16 | 1.06 | 1.03

6 117 121 125.2 127 1.09 | 1.05 | 1.01

8 65.3 65.4 67.6 68.5 1.05]1.05 | 1.01

S
o
T 1T

ny

Figure 7. Number of elements defining the 3D FEA mesh

Verification of buckling loads: Table presents the buckling loads as predicted by the present

model, the 3D FEA, and the critical moment based on the Eurocode guide moment gradient factor.
For the bare steel beam, the present model respectively predicts buckling loads of 227, 8§9.0 and
47.8 kN, for the 4, 6 and 8m spans. These values compare to 3D FEA predictions of 223, 87.1 and
46.7 kN which correspond to 2.0%, 2.1 % and 2.3% differences. In comparison, the solution based
on the critical moment gradient based on the Eurocode moment gradient factor overestimates the
buckling loads by 4.1%, 3.5% and 2.9%.

For the case where the compression flange is strengthened, the buckling loads based on the present

solution are 314, 127 and 68.5 kN for 4, 6, and 8m spans, respectively, while those based on the
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3D FEA predictions are 296, 121 and 65.4 kN, corresponding to 5.9%, 4.9% and 4.5% differences
(Table 2). For the case where the tension flange is strengthened, the buckling loads predicted by
the present solution are 291, 121 and 66.0 kN for 4, 6, and 8m spans, respectively while those
predicted by the 3D FEA solution are 274, 114, 62.6 kN, corresponding to 6.1%, 5.5% and 5.2%
differences. The difference between the predictions of both models is attributed to minor web
distortions between the stiffeners, which are captured in the 3D FEA solution but not in the present
model. The differences between the non-distortional solution in the present model and the 3D FEA
solution based on the Abaqus model is slightly larger than the bare beam results. The observation
is qualitatively consistent with past research on bare steel beams sections (e.g., [36]) which suggest
that webs for sections with thicker flanges exhibit more pronounced distortional effects. In this
respect, the GFRP plate can be conceived to “thicken” the compression flange.

For the 6m span beam with the compression flange strengthened, when the load is moved to the
top flange, the present model was found to predict a buckling load of 102 kN, which compares to
96.8 kN as predicted by the 3D FEA model, a 5.1% difference. Also, when the load is moved to
the bottom flange, the present model predicted a buckling load of 154 kN which compares to150
kN as predicted by the 3D FEA, a 2.7% difference.

Table 2. Buckling loads P, (kN) for bare and strengthened W250x45 simply supported beam

Bare steel beam Compression Flange Tension Flange
Span Strengthened Strengthened
(m) PS E" 3DFEA (1)) () PS 3DFEA (4 PS 3DFEA (6)/
O @) B 3 G @ () 3 (6 QN
4 227 232 223 1.02 1.04 314 296 1.06 291 274 1.06
6 89 90.3 87.1 1.02 1.04 127 121 1.05 121 114 1.06
8 478 48.1 46.7 1.02 1.03  68.5 65.4 1.05  66.0 62.6 1.05

* PS=Present study, "E= classical solution based on moment gradient factor of Eurocode Guide [33]

Verification of buckling mode: The buckling configuration for the 6m span beam as predicted by

the present solution are found to nearly overlap on that predicted by the 3D FEA in Figs. 8a-f

which depicts the buckling displacements u,,us,,0,,,0,,,,0 ., andy,, . In a strict sense, owing to

cross-sectional distortion, the angle of twist @, in the 3D FEA would slightly vary within a given

cross-sectionz . Thus, a representative angle of twist was computed based on the lateral
displacements extracted from the buckled configuration of the 3D FEA model at the web-to-flange

junctions. In a similar manner, an estimate of the weak axis rotation 6, for GFRP is computed
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from the longitudinal displacements at the plate ends, as extracted from the buckled FEA

configuration.

Also, at a given sectionz, in order to characterize the weak axis rotationd ,,and warping

deformation,y/,, as predicted by the 3D FEA model, the longitudinal displacements are extracted

at four sampling points within the cross-section and the procedure introduced in [28,37] was

adopted to estimate the weak axis rotation, warping deformation, (along with the longitudinal

displacement at the section centroid, and strong axis as a by-product). Again, the predicted values

would slightly vary within a cross-section depending on selection of the sampling points. In the

present study, the four sampling points were selected at the tips of the flanges and the details are

pro
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(e) 6, (Z) ® vy, (Z)

Figure 8. Comparison of mode shape for span L=6m between present study and 3D FEA solutions

Effectiveness of strengthening: When the compression flange of the present problem is

strengthened, the present model predicts respective increases in the elastic critical loads of 38.4%,
42.8%, and 43.3%, for the 4, 6, and 8m spans, above the corresponding elastic critical loads of the
bare beams. As expected, strengthening the tension flange leads to less gains in the elastic critical
load of 28.2%, 36% and 38.1%, respectively.

Investigating the possibility of material failure prior to buckling: A common concern in beams

strengthened with GFRP plates is the possible delamination induced by peeling and/or shear
stresses near bond ends. For the 4, 6 and 8m spans investigated, the 3D FEA solution predicts peak
peeling stresses near beam ends of 1.3, 0.52, and 0.24 MPa and peak shear stresses of 1.6, 0.67,
and 0.37 MPa, respectively. These stresses are significantly smaller than typical adhesive and shear
strengths of 33 MPa and 15 MPa, respectively [4]. Also, the peak longitudinal compressive stresses
within the GFRP plates occur at mid-span and take the values 57.6, 34.8, and 24.4 MPa for 4, 6
and 8m spans. These values are much smaller than typical GFRP longitudinal strengths of 207
MPa [10]. The analysis suggests that material failure of GFRP and adhesive do not govern the
capacity of the beams in a manner consistent with assumption (ix).

Effect of the load position: Table 3 shows the predicted critical loads when the load position is

moved to the top and bottom flanges of the 6m and 8m span beams. The percentage
gains/reductions due to the effect of load position are compared to the case of shear center loading
for each span and each strengthening arrangement (i.e., bare beam, strengthened beams). When
applying the load at the top flange of the 6m span bare beam, the buckling load is 75.4% of that of
the shear center loading. For the beam strengthened at the compression flange, the buckling load
for top flange loading is 80.3% of that of shear center loading. A comparable fraction of 80.4% is
attained for tension flange strengthening. When applying the load at the bottom flange of the bare
beam, the buckling load was found to increase to 132% of that of the shear center loading. For the
strengthened beams, the buckling load increases to 123% for top flange strengthening, and 124%
for bottom flange strengthening. Similar results are observed for the 8m span beam.

The limited set of results investigated herein suggests that adopting the load height reduction
factors for top flange loading of the bare beam consistently yield conservative buckling strength

predictions in the case of strengthened beams. Conversely, adopting load height gain factors for

31



bottom flange loading for the bare beam would consistently lead to un-conservative buckling load
predictions.

Table 3. Effect of load height and Load height factors for W250x45 beams

Compression Flange = Tension Flange
Bare steel beam Sl‘zrengthened ¢ Strengthenei
Span Load Critical Load Critical Load Critical Load
(m) position load height load height load  height
(kN) factor*® (kN) factor (N)  factor
Top 67.1 75.4% 102 80.3% 973 80.4%
6 Shear center = 89.0 100% 127 100% 121 100%
Bottom 117 132% 157 123% 150 124%
Top 37.2 77.8% 57.5 83.9% 553 83.8%
8 Shear center = 47.8 100% 68.5 100% 66.0  100%
Bottom 59.4 124% 80.5 118% 777  118%

*: Load height factor =buckling load for the given load position/ buckling load for shear center loading for the specified span

and strengthening arrangement as applicable

Effect of GFRP and adhesive thicknesses on buckling strength: The 6m-span steel beam with the

compression flange strengthened is considered under the effect of a mid-span point load acting at
the shear center. The thickness of the GFRP plate first is varied from 0.0 to 30mm while keeping
the adhesive layer thickness as 1.0mm and then thickness of the adhesive is varied from 0.5 to
4.0mm while keeping the GFRP plate thickness as 19mm. As observed in Fig. 9a, the buckling
load increases in a nonlinear fashion with the GFRP thickness. While the buckling load for the
bare beam is 89 kN, that corresponding to a 30mm thick plate is significantly increased to 173 kN,
a 94.4% difference. In contrast, Fig. 9b shows that the buckling load increases only marginally
with the thickness of the adhesive. The increase is attributed to the slightly deeper overall cross-
section in the case of a thicker adhesive. While the buckling load for the 0.5mm thick adhesive is

126.9 kN, that corresponding to 4.0mm is marginally increased to 133 kN, a 4.6% difference.

200 200
2 170 160 Reference
z 17 - case
A.{’ Reference case é
£ B o P e tiaslessssesssschoescnsinse re)
2 140 2120 O eeressOrenernescncscscccaccccccccs
Z =
3 110 ——3 80
S 80 5 40 Present study

«eesO--+ 3D FEA
50 0
0 6 12 18 24 30 0.5 1.2 19 2.6 3.3 4.0
Thickness of GFRP plate (mm) Thickness of adhesive layer (mm)
(a) (b)

Figure 9. Critical loads P, (kN) against (a) GFRP plate thickness and (b) adhesive layer thickness
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Effect of the steel section dimensions on buckling strength: The steel beam with the compression

flange strengthening considered in Example 1 is re-considered while keeping all geometric

parameters, material properties, boundary conditions, and loading unchanged. The W250x45

cross-section with dimensions (/4,, b,, ¢., w.) is taken as a reference case. Only one of the cross-
sectional parameters (/, b, t,w) is varied one at a time in the ranges 0.5 <R, = (h/ hr) <1.5;
0.5 <R, =(b/b,)<15; 0.5 <R, =(w/w,)<1.5 and 0.5 <R, =(¢/t,)<1.5, while keeping the

three remaining parameters unchanged from the reference values. The critical loads were extracted

for all the cases (Fig. 10). It is observed that the flange width bis the most influential on the

predicted critical load. The buckling load corresponding to R, =0.5 is 30 kN while that

corresponding to R, =1.5 is 314 kN, a tenfold increase. The flange thickness is also observed to

have a significant influence on the critical load while the section depth and the web thickness are
found are less influencial. This finding is consistent with the CAN-CSA S16 solution [34] for steel

sections in which the critical load is largely dependent on the moment of inertial /, about the

weak axis and the warping constant /.
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Figure 10. Critical loads P, (kN) against the changed dimensions of the reference section

W250x45

13.2. Example 2 — Simply supported beam under linear bending moments

The steel beam with top flange strengthening in Example 1 is re-visited here under the action of
strong axis linear bending moments induced by two end moments M ,xM _with —1 <k <1, where
x =—1 indicates uniform moments and k¥ =1 denotes full reversed moments (Table 4). Span is

taken as S5Sm. The end moments were applied as two equal and opposite axial unit forces acting at

the flange-web junctions.
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Critical moments: Table 4 provides the buckling loads for loading cases

x=-1.0,—-0.5,0.0,0.5,and 1.0 . For the bare beam, differences within 0.6% are observed between

predictions of the present model and the 3D FEA solutions. For the strengthened beam, the
differences between both solutions are found to lie within 5.7%. As discussed in previous
examples, the difference is attributed to web distortion. A comparison between the critical
moments (Table 4) for the bare and strengthened beams shows an effectiveness of strengthening

of 38.9%, 36.5%, 38.2%, 35.7% and 35.5%, for loading Cases 1 through 5, respectively.

Moment gradient effect: For a given loading case k', the moment gradient factor C, evaluated
from a buckling analysis can be obtained by dividing the predicted critical moment M, (K‘) by

the critical uniform momentMC,(—l). Adopting this definition, one can obtain the moment

gradient factors based on either the 3D FEA analysis, the present model, or the beam buckling
element of Barsoum and Gallagher [39] and comparisons are made against moment gradient

expressions  provided in  various  standards. @ The  relevant  equations  are

C,(CAN)=4M / \/ M +4M>+7TM] +4M? <2.5 based on the Canadian Standards CAN

CSA S16 [34], C,(4ISC)=12.5M, [(2.5M ,, +3M,+4M, +3M_ )based on American

standards AISC [40], and C,(A4US)=1.7M / \/Mj +M; +M? <2.5 based on the Australian

standards AS4100 [35], and those based on Eurocode Guide [33] (Table 4).

The 3D FEA results are taken as a benchmark solution against which other solutions are compared.
As observed in Fig. 11a, the present solution is in excellent agreement with the predictions of the
3D FEA model with the differences between both solutions within 0.6%. The Barsoum and
Gallagher [39] and Eurocode Guide solutions slightly overestimate the moment gradient factors,
while the CSA, AISC and AS solutions under-predict the results. For instance of the case of fully
reversed moments x =1, the BG and EG solutions overestimate the moment gradients by 1.7%
and 2.8%, while the CSA, AISC and AS underestimate the moment gradients by 14%, 15% and
9.1%, respectively. For the strengthened beam (Table 4 and Fig. 11b), the moment gradient factors
are provided based on the present study and 3D FEA. As observed, the present study and the 3D
FEA solutions are in close agreement. The maximum difference between the two solutions is 2.4%
for the case of fully reversed moments x =1. Also shown on Fig. 11b is a comparison of the
moment gradient factor for the strengthened beam overlaid on that of the bare beam. The moment

gradients for the bare beam are observed to be marginally lower than those of the strengthened
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beam in the case double curvature. Otherwise, the moment gradients of both beams nearly coincide

for single curvature. The results suggest that moment gradients for bare beams can safely be

applied to the design of strengthened beams.

Table 4. Comparison of buckling moments and moment gradient factors for beam W250x45

Cross- _ BHCkle§$; ment Cp of Ratio of Moment Gradient Factor
section | L-oading Case ps 3D % .. PS/ BG/ CSA/ EG/ AISC/ ASJ
FEA Diff. 3DFEA 3DFEA 3DFEA 3DFEA 3DFEA 3DFEA
A My -Mxa
1\/‘—‘ 126 126 0.00: 1.000 : 1.000 1.000 1.000 1.000 1.000 0.982
AMx 0. 5MA
2 (&4 ) 167 166 0.60: 1.318 : 1.006 1.007 0.981 1.004 0948 0.984
Bare M 00—,
beam 3 f\\A—ﬁ/S 228 227 0.44 1.802  1.004 1.029 0969 1.043 0.925 1.009
,w”‘ M« 0.5M« N
4 { g4/ ) 317 316 0.32: 2508  1.003 1.019 0912 1.078 0.867 0.990
Y »
"‘Mx Mx/"\
5 (A—A ) 338 337 0.30 2.675 1.003 1.017 0.863 1.028 0.850 0.899
. \
AM.  -Mya
1(\‘—1/\1 175 169 3.4 1.000 @ 1.000
A M 0.5MaA
2 (UM 028 221 3.0 1308 1.000
GFRP- o~ Mo 0—.
strengthened: 3 ’\A—A )1315 303 3.8 1.793 1.004 N/A
beam ; «
AMe 0.5Mx—
4 A—A) 430 411 4.4 2432  1.010
~ <
/*Mx Mx'/‘\
54— ) 457 431 57 2550 1.024

PS=Present study, BG= Barsoum and Gallagher, CSA=Canadian code, EG=Eurocode guide, AISC=American code,

AS=Australian code.
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Figure 11. Moment gradient factor against moment ratio x for (a) bare steel beam and (b)

strengthened steel beam with comparison to bare beam results
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13.3. Example 3 — Fixed-free column
A fixed-free column is subjected to a compression force P acting at the steel section centroid. The
column cross-section and the specifics of the strengthening GFRP and adhesive are identical to
those in Example 1. The span is taken as 3m and 5m.

Table 5 presents the buckling loads for the bare columns and strengthened columns based on the
present solution, the 3D FEA and the classical solution. The buckling load predictions for the bare

column by the present solution are in nearly perfect agreement with the classical solution

P, =n*EI/AI’ and 3D FEA solution. Also, excellent agreement is obtained between the present

solution and the 3D FEA solution for the strengthened column. Small differences (i.e., less than
0.7%) between two solutions are observed, showing the validity of the solution and correctness of
implementation. A comparison of the critical loads of the bare and strengthened columns shows a
minor increase in buckling strength of 6.8% for the 3m span and 6.5% for the Sm span. The
strengthening effectiveness for the present column is significantly lower than that attained for

beams in Examples 1 and 2.

Table 5. Comparison of critical buckling load P, for columns

Bare steel column GFRP-strengthened column
Span Buckling load (kN) Buckling load ratio Buckling load (kN) Buckling load ratio
(m) PS CS 3DFEA (1) (2)/ PS 3D FEA (4)/
A @ 3) 3) A3) 4 (©) )
3 385 386 384 1.003 1.005 411 408 1.007
5 139 139 139 1.000 1.000 148 147 1.007

* PS=Present study, CS=Classical Solution

13.4. Example 4 — Simply supported beam-column
The W250x58 4m span steel beam-column in Wu and Mohareb [17] is re-visited. In the present
paper, in addition to the steel section, one of the flanges is bonded to a 19mm-thick GFRP plate
through a 1-mm thick adhesive layer. Two scenarios are considered, where the strengthening is
provided to the top flange (Fig. 12a) and to the bottom flange (Fig. 12b). The member is subjected
to a compressive force P and a uniform strong axis bending moment M . Material properties for
steel, GFRP, and adhesive are identical to those of Example 1.

—{4 o

GF; RP plate

M

CE D)

—>|4

=="F:

GFRP plate

e|B

-B
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(a) (b)
Figure 12. Simply supported beam column (a) top flange strengthened (b) bottom flange
strengthened

Table 6 presents the critical force F, in the absence of bending moments M and the critical

moment M, in the absence of axial force P as predicted by Wu and Mohareb [17] (subsequently

referenced as WM2011b), 3D FEA and by present study. The critical loads for the bare beams as
predicted by the present solution are nearly identical to those of WM2011b solution. For the

strengthened beams, the critical load F, as predicted by the present solution nearly coincides with

the 3D FEA prediction while the critical moment M|, predictions differ by about 3%.

Table 6. Critical buckling loads F)(kN) and M, (kNm) for the beam-column in Example 5

o Top Flange Bottom Flange
bi?l?lﬁl Hare siecl beam Strengthened with GFRP | Strengthened with GFRP
load g WM2011b PSS (1)) 3DFEA PS (3)/ 3D FEA PS (5)/

(1) 2 2 (€) 4 @ ) © (6
B, (kN) 2311 2321 1.00 2440 2475 0.9 2440 2475 099

M, (kNm) 378 377 1.00 477 486 0.98 448 460 0.97
* PS=Present study, WM2011b=Wu and Mohareb [17]

The critical load combinations /1(P,M ) were sought for different eccentricities M / P to generate

the interaction diagrams. The results for the bare and strengthened beams were then normalized

by dividing the obtained compressive force AP and moments AM respectively by F, and M, of

the bare beam (Fig. 13). For the bare beam, the normalized interaction diagram obtained from the
WM2011b solution essentially coincides with that based on the present study. For the strengthened
beams (with top or bottom flange strengthening), the interaction diagrams based on the present
study are found nearly identical to those based on 3D FEA solution. As expected, strengthening of
the compressive flange is observed to be more effective in increasing the lateral torsional buckling
strength than does the strengthening the tension flange. For instance, at a compressive force ratio
of 0.557, the critical moment ratio predicted by present study is 0.557 while that predicted for the
case of compression flange strengthening is 0.801, a 43.8% increase. This compares to a ratio of

0.719 when the tension flange is strengthened, a 29.1% increase.
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Figure 13. Normalized interaction diagram of a beam-column

14. Summary and Conclusions

The present study has successfully developed a shear deformable beam theory for the buckling

analysis of GFRP-strengthened beam-columns. The principle of total stationary buckling energy

was adopted to formulate a two-node finite element based on Hermitian shape functions and a

three-node element based on Lagrangian shape functions. The three-node element is more

favorable regarding shear-locking effects and possesses fewer degrees of freedom than the two-
node elements. It is found to converge faster to the solution while involving less computational
effort than the two-node element.

The following conclusions can be drawn from the examples investigated.

(1) The present study is able to reliably predict the buckling loads of GFRP-strengthened
beam/column subjected to general load/boundary conditions, load height effects, moment
gradient predictions and it accurately predicts mode shapes. Also, the buckling strength
predictions of the present model for bare beams were shown to be consistent with other
established solutions and equations in various standards ([33], [34], [35], [39] and [40]).

(2) Examples 1 and 2 suggest that GFRP strengthening is most effective in increasing the LTB
strength of a beam when applied to strength compression flanges of laterally unsupported
flexural members and moderately effective when strengthening their tension flange. For
W250x45 beams strengthened with a 19-mm thick GFRP plate in Examples 1-2, the buckling
loads were found to increase by 35.5%-43.3% when the compression flange was strengthened

and by 28.2%-38.1% when the tension flange was strengthened. In contrast, the effectiveness
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3)

4

)

(6)

(7

for a strengthened column, as evidenced in Example 3, is found small (i.e., 6.8%) as the gain
in the flexural stiffness about weak axis is negligible.

Example 1 suggests that the effectiveness of strengthening on lateral torsional buckling
strength significantly depends on the GFRP plate thickness but is nearly independent of the
adhesive thickness. The findings apply only to combinations of thicknesses and material
properties of the adhesive investigated in this example and do not necessarily apply to other
thicknesses and material properties.

Example 1 suggests that load height factors for bare beams consistently yield conservative
buckling strength predictions for strengthened beams. Conversely, adopting load height
factors of bare beams to cases of bottom flange loading for the bare beam would consistently
overestimate buckling load predictions. The observations are valid both for compression or
tension flange strengthening.

Example 2 suggests the possibility of adopting moment gradient factors for bare beams when
designing strengthened beams subjected to linear moment gradients.

The present solution is capable to generate moment-axial force interaction diagrams for beam-
columns that account for beam and column stability effects. Example 4 shows that the
interaction diagrams are non-linear. The size of the interaction diagrams was found to grow
beyond that of the bare beam when the steel beam is strengthened by GFRP at the tension
flange and to further grow when GFRP strengthening is applied at the compression flange.
The computational effort involved in the present solution is orders of magnitudes less than
that of 3D FEA analysis, particularly for the analysis of GFRP-strengthened beams. The
present solutions, implemented in non-compiled MATLAB script files, typically took 40
seconds per run for examples 1-4 on a computer with two Intel(R) Xeon(R) CPU E5-24300
processors at 2.20 GHz speed, and 64.0 GB memory RAM. In comparison, the 3D FEA under
ABAQUS took about 1.2 - 3.9 hours per run on the same computer. The present solution also

involves less effort in modelling and post-processing compared to the 3D FEA solutions.
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Appendix A: Second variations of total potential energy expressed in Eq. 38
The elastic strain energies are defined as
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Also, the geometric potential energies are defined as
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Appendix B: Elastic and geometric stiffness matrices of the two-node element

The elastic and geometric stiffness matrices are defined as

dz
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Appendix C: Elastic and geometric stiffness matrices of the three-node element

The elastic and geometric stiffness matrices are given by
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in which the elastic stiffness matrices are
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