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Abstract

The faithful dimension of a finite group G over C, denoted by mgitnsu(G), is defined to
be the smallest integer m such that G can be embedded in GL,,(C). We are interested
in computing the faithful dimension of nilpotent p-groups of the form exp(f, . ®z R),
where §, . is the free nilpotent Z-Lie algebra of class ¢ on n generators, and R is a
finite truncated valuation ring. In the special case of R being a finite field with a
sufficiently large characteristic, we obtain a sharp result for the faithful dimension
associated with free nilpotent Z-Lie algebras of class ¢ = 4. For a general finite
truncated valuation ring R, we obtain asymptotically sharp upper and lower bounds.
Our lower bound improves previously known results. Additionally, when R = F, and
¢ = 5 we compute an upper bound for the faithful dimension of magnitude n°q¢*, and

a lower bound of magnitude ¢°.

i



Dedications

To my family, husband and son Abdulaziz.

il



Acknowledgement

I would like to express my sincerest gratitude to my supervisor, Prof. Hadi Salmasian,
whose expertise and guidance have supported me during my graduate experience at
the University of Ottawa. I am also thankful to Imam Abdulrahman Bin Faisal Uni-
versity and the Saudi Arabian Cultural Bureau in Canada for providing the schol-
arship that allowed me to pursue my Ph.D. degree. I am sincerely grateful to my
husband, Mohammad, and son, Abdulaziz; this thesis would not have been possible
without their unwavering support, encouragement, and patience. Special thanks are
extended to my parents, Muhammad and Fawziah, and siblings, Sarah, Amal, Asma,
Ahmad, and Lina; their constant support and encouragement served as a driving force

throughout this journey.

v



Contents

List of Figures viii
List of Tables ix
1 Introduction 1
2 Background 4
2.1  Very Basic Lie Theory . . . . . .. .. .. ... ... .. ... 4
2.2 The Formal BCH Product . . . . . ... ... ... ........ 7
2.3  Lazard Correspondence . . . . . . ... ... ... ........ 12
24  Kirillov’s Orbit Method . . . . . . ... ... ... ... ..... 17
2.5 Commutator Matrix . . . . . ... ... ... ... ... ..... 20
3 Faithful Dimension of Finite Groups 23
3.1  Qualitative Results on The Faithful Dimension . . . . . . .. .. 23
3.2 A Combinatorial Formula in the Case of Pattern Groups . . . . . 26
3.3 Nilradicals of Parabolics . . . . . . . ... ... ... ... .... 30
4 Free Nilpotent Lie Algebras 33
4.1 Hall Sets . . . . . . . . . . . . 33
4.2 Hall Bases of Free Nilpotent Lie Algebras . . . . . ... .. ... 35
4.3  Rank Minimization Problem . . . .. . ... ... .. .. ... 38



CONTENTS Vi

5 Free Lie Algebras of Nilpotency Class 4 42
5.1  Entries of Reduced Commutator Matrix and Hall Basis . . . . . 42

5.2 Proof of Proposition 5.1.1 . . . . .. .. ... L. 46

53  Computing Foo(TW) . . .. . .. ... 51

5.4  Explicit Description of Reduced Commutator matrix F(T®) . . 53

6 Faithful Dimension of Nilpotency Class 4 78
6.1 Preliminaries . . . . . . . . . . ... oo 78

6.2  Left-Aligned Two-Letter Words . . . . . . ... ... .. .. ... 85

6.3  Left-Aligned Three-Letter Words . . . . . . ... ... ... ... 91

6.4  Left-Aligned Four-Letter Words . . . . . .. .. ... .. .... 112

6.5  Balanced Three-Letter Words . . . . . . . .. ... .. .. ... .. 123

6.6  Balanced Four-Letter Words . . . . . .. ... ... ... .... 129
6.6.1 Proof of Proposition 6.6.1 . . . . . . ... ... ... .... 136

6.6.2 Proof of Proposition 6.6.2 . . . . . ... ... ... ... .. 139

6.6.3 Proof of Proposition 6.6.3 . . . . . ... .. ... ... ... 141

6.7  The Faithful Dimension of exp(f,4 ®zF,) . . .. ... .. ... 144

6.8  The Faithful Dimension of exp(f,4a ®z R) . . . . . . .. .. ... 147

7 Free Lie Algebras of Nilpotency Class 5 158
7.1  Entries of Reduced Commutator Matrix and Hall Basis . . . . . 158

7.2 Explicit Description of Reduced Commutator matrix F(T®) .. 164
7.2.1 Two-Letter Words Occurrences . . . . .. .. ... .. ... 167

7.2.2  Three-Letter Words Occurrences . . . . . . .. .. .. ... 168

7.2.3 Four-Letter Words Occurrences . . . . . . ... ... .... 173

7.2.4  Five-Letter Words Occurrences . . . . .. ... ... .... 182

8 Faithful Dimension of Nilpotency Class 5 187

8.1 Bounds for The Faithful Dimension of f,5 . . . . . . .. ... .. 187



CONTENTS vii

8.2 Rank Computations . . . . . . .. ... ... .. ... ...... 193
A Python Codes for Nilpotency Class 4 212
A.1  Implementation of Basis Expansion Algorithm . . . . . ... .. 212
A.2  Hall Basis Occurrences . . . . . . . .. . . ... ... ...... 216
B Python Codes for Nilpotency Class 5 219
B.1 Hall Basis Types . . . . . . . . . . .. ... . 219
B.2  Hall Basis Occurrences . . . . .. ... ... .. .. ....... 223

Bibliography 234



List of Figures

5.1
5.2
5.3

6.1
6.2
6.3
6.4
6.5

7.1
7.2

Possible positions of ¢ with respect to 5, k,¢.. . . . . . ... ... ..
Hall basis expansion algorithms. . . . . .. ... ... ... .. ...

Possible positions of j with respect to ¢, k,¢. . . . . . . . ... ...

Occurrences of Ty in Fi3(T*), { = zywx €. . . o o o oo oo L.
Color-coded representation of ay, { = zywx € a7y . . . . . . ... ..
Occurrences of Ty in Fi3(T*), { = (wx)(yz) Eva. o o o o o oo oo L.
Occurrences of Ty in Fi3(T%), £ = (wy)(xz) €Evge o o oo oo L.

Occurrences of Ty in Fi3(T*), { = (wz)(zy) €ve. « o - o o o o oo ..

Hall basis algorithm for words of type labede. . . . . . . . . . .. ..
Hall basis algorithm for words of type 2abcde. . . . . . . . . . .. ..

viii

119
119
131
132
134

162
163



List of Tables

5.1
5.2

6.1
6.2
6.3
6.4
6.5
6.6

7.1

8.1
8.2
8.3
8.4
8.5

Occurrences of left-aligned basis elements in F(T@W). . . ... . ..

Occurrences of balanced basis elements in F(T®W). . . .. ... ..

Representatives of left-aligned equivalence classes of Ry. . . . . . .

Representatives of balanced equivalence classes of Ry. . . . . . . ..

Table of labels. . . .

Rank summary for left-aligned equivalence classes of Ry. . . . . . .

Rank summary for balanced equivalence classes of Ry. . . . . . ..

Rank summary for Ry. . . . . . . . ...

Positions in commutator matrix. . . . . . . . . . .. ...

Ranks summary for Rs. . . . . . . . . .. ...

Ranks of B2 words.
Ranks of B3 words.
Ranks of B4 words.
Ranks of B5 words.

X

76
77

82
83
86
144
145
145

167

190
193
194
199
207



Chapter 1

Introduction

Character theory is an essential component of finite group representations, with ap-
plications in various areas of mathematics such as number theory, combinatorics,
analysis, and quantum computation. In the case of nilpotent p-groups, characters
of irreducible representations can be obtained using Kirillov’s orbit method |Kir62|.
Originally, Kirillov’s approach was developed for connected and simply connected Lie
groups. Since then, it has been extended to different classes of nilpotent Lie groups,
including p-groups [BS08, Kaz77, How77|. The main ingredient of Kirillov’s method
is the concept of coadjoint orbits, which arises from the action of the group on the
dual of its Lie algebra. In the case of nilpotent p-groups, the associated Lie algebras
are obtained by the Lazard correspondence [Khu98|.

In this thesis we will be working with nilpotent p-groups of the form G :=
exp(g ®z R), where g is a finitely generated nilpotent Z-Lie algebra, and R is a finite
local ring with a nilpotent and principal maximal ideal. This ring is referred to as a
finite truncated valuation ring [BMKRS23, McL73|. In particular, we are interested
in determining the faithful dimension of G over a field K, denoted by miaithu i (G),
which is defined to be the smallest integer n such that G embeds into GL, (K). The

faithful dimension of p-groups is closely related to the theory of essential dimension
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of algebraic groups [Rei2l]. In fact, Karpenko and Merkurjev [KMO8| proved that
the essential dimension of a p-group G over a field K containing a primitive p** root
of unity is equal to Meitnur i (G).

Using Kirillov’s orbit method, Bardestani et al. [BMKRS23] expressed the faith-
ful dimension of G over C as a minimization problem that depends on the concept
of the commutator matriz, which is a skew-symmetric matrix of linear forms associ-
ated to the nilpotent Z-Lie algebra g [OV15]. In the case where R is a finite field of
order p/, there exists a partition {Z2;,..., Z,} of sufficiently large prime numbers
into Frobenius sets, as defined in Definition 3.1.4, and a partition {Z#,..., %} of
natural numbers into sets that belong to the Boolean algebra generated by arith-
metic progressions, and polynomials ¢;;(7") with non-negative integer coefficients for
all 1 <i <rand1l <j <s, such that if the pair (p, f) belongs to some Z; x .%;,
then the faithful dimension is given by mgitntuc(G) = fi; (p”). This polynomiality
property has not yet been extended to any truncated valuation ring R, but it has
been proven in the special case of pattern groups [BMKRS23, Thm. 1.5].

The minimization theorem presented in [BMKRS23| will be our main tool in this
thesis for the computations of the faithful dimension of various classes of nilpotent
p-groups. We consider first the family of groups given by exp(g< ®z R), where g is
a pattern Lie algebra associated to the partial order < [BMKS19|, and we provide
an explicit formula for the faithful dimension of groups associated to nilradicals of
parabolic subalgebras of the general linear Lie algebra gl(n). Our main result concerns
groups of the form exp(f, . ®z R), where f, . is a free nilpotent Z-Lie algebra of class
c on n generators. The faithful dimension for nilpotency classes ¢ = 2 and ¢ = 3 has
been computed when R = F,; by Bardestani et al. in [BMKS19|. Furthermore, for the
case when f = 1 and ¢ = 4, the faithful dimension was determined by Tielker [Tiel8].
We systematically approach the problem of computing the minimal faithful dimension
of f,. by providing an explicit description of the commutator matrix in terms of Hall

basis elements [Ser92|. We use programming tools to efficiently handle the tedious
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computations involved. For nilpotency class ¢ = 4, we are able to extend the work
of Tielker [Tiel8| to any finite field R = IF,;. This is established in Theorem 6.7.1.
To this end, we develop algorithms to describe the commutator matrix that can be
adapted to higher nilpotency classes. Our next main result, stated in Theorem 6.8.12,
proves explicit upper and lower bounds when R is a general finite truncated valuation
ring and ¢ = 4. This result improves the lower bound obtained in [BMKRS23|.

Finally, in Theorems 8.1.3 and 8.1.5 we establish concrete upper and lower bounds
for the faithful dimension for nilpotency class ¢ = 5 and R = F,s. To the best of
our knowledge this is the first time nilpotency class ¢ = 5 has been studied in a
quantitative way.

The work initiated in this thesis opens the door towards further interesting di-
rections to explore in the future. A natural next step would be to improve the bounds
for the faithful dimension of exp(f, . ®zF,) for nilpotency class ¢ = 5, or even better,
establish a precise result for the faithful dimension given that an explicit description
of the commutator matrix has been obtained in this case. As observed in nilpotency
class ¢ = 5, the computations involved grow enormously compared to the case of
¢ = 4. Hence, for a general ¢, new approaches are needed to bypass these issues. An-
other problem to consider would be to study the faithful dimension of exp(f,.. ®z R)
over a general finite truncated valuation ring R. A final direction we suggest would be
to look into the faithful dimension associated with other finitely generated nilpotent

Z-Lie algebras.



Chapter 2

Background

Our starting point is a review of an approach to the representation theory of finite p-
groups that is inspired by techniques from Lie theory and symplectic geometry. Given
a finite nilpotent Z-Lie algebra g with a cardinality that is a prime power p", where
p is strictly larger than the nilpotency of g, we first associate a p-group exp(g) to g.
Next, we provide a brief overview of Kirillov’s orbit method. Finally, we introduce
the commutator matriz of a Z-Lie algebra. This tool is of great importance in this

thesis and we will heavily rely on it in the proof of our results.

2.1 Very Basic Lie Theory

We begin this section with the following basic definition from group theory.

Definition 2.1.1. [DF04, Ch. 6] The upper central series of a group G is the following

chain of subgroups

Zo(G) < Z1(G) < Zo(G) < ...
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where Zy(G) =1, Z1(G) = Z(G) and Z;11(G) is defined inductively by

Zin(Q)/Zi(G) = Z(G ] Z:(G)).

A group G is nilpotent if Z.(G) = G for some ¢ € N. The smallest ¢ where Z.(G) = G

is the called the nilpotence class of G.

It will turn out later in this section that there is a strong connection between
finite p-groups, which are automatically nilpotent, and finite nilpotent Z-Lie algebras
with cardinality a power of p. Therefore, for the sake of completeness, we provide the
definition of a Lie algebra over a general commutative unital ring.

Let K be a commutative ring with a unit element. Recall that a K-algebra is a

K-module with a K-bilinear binary operation.

Definition 2.1.2. [Ser92, Ch.1| A K-Lie algebra is a K-algebra g with the binary
operation expressed by a bracket (or commutator),

gxg—9

(z,y) = [z, 9],

that satisfies the following axioms:
i. [x,z] =0 for all x € g.

. [z, [y, 2] + [, [z, z]] + [z, [y, 2]] = 0 for z,y,z € g. This is known as the Jacobi
rdentity.

Remark 2.1.3. Throughout this thesis g will denote a Z-Lie algebra. In the litera-
ture, Lie algebras over Z are sometimes called Lie rings.

Definition 2.1.4. [BMKS19, Sec. 2| The lower central series of g is defined induc-
tively as g' = g, and g**! = [g, g‘] for £ > 1. The Lie algebra g is said to be nilpotent

if g* = 0 for some ¢ € N. Moreover, g is called c-step nilpotent or nilpotent of class c

if ¢ is the smallest integer such that g™t = 0.
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Remark 2.1.5. The commutator subalgebra of g will be denoted by g’ := g°.

Definition 2.1.6. The upper central series of the Z-Lie algebra g is given by

Zo(g) < Z1(g) < Za(9) < - ..

where Zy(g) =0, Z1(g) = Z(g) :=={zr € g:[zr,y] =0 Yy € g} and Z;;1(g) is defined
inductively by
Zi11(0)/%i(9) = Z(9/Zi(9))-

Lemma 2.1.7. If g is nilpotent of class ¢, then both the upper and lower central series

have equal lengths. In particular, ¢ =% < Z;(g) fori=10,1,...,c.

Proof: Note that = € Zi(g) if and only if [x,y] € Zx_1(g) for all y € g. By this

fact and induction on 7 we obatin the result. |

Proposition 2.1.8. g is nilpotent of class ¢ if and only if Z.(g) = g.

Proof: Suppose that g is nilpotent of class c¢. If we set ¢ = ¢ in Lemma 2.1.7,
we get that g = Z.(g). Now, suppose that Z.(g) = g. From Definition 2.1.6 one can
show that if z € Z.(g), then

o [y, [ ey [, 9e] - T =0,

for any yi, Y2, .-, Yc € 9. Since Zc<g) =g, we have gC-i-l = 0. I
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2.2 The Formal BCH Product

In this section we construct a group operation called the Baker-Campbell-Hausdorff
formula (BCH) on a free nilpotent Lie algebra, which will be used in the Lazard
correspondence between finite p-groups and a well-defined class of finite Lie rings. In
the construction of the BCH formula we use the concept of a free Lie algebra. We
remark that in this thesis we need to work with free Lie algebras from two different
viewpoints: as a (Lie)-subalgebra of a free associative algebra, and as a quotient of a
free nonassociative algebra. We recall the first viewpoint in the rest of this section.
The second viewpoint will be deferred to Chapter 4.

This section follows [Khu98, Sec. 5, Sec. 9]. Let A be a free non-unital associative
QQ-algebra on infinitely many generators x1, o, .... Hence, the basis of A consist of

all monomials z;, z;, . .. x;, of degrees k € N, and the multiplication is juxtaposition:
(-Tilxig . xik>(xj1xj2 . xjé) =T Lig « + - L Ljy Lo+« - Ty

Also the Q-algebra A is a graded algebra where A = P, 5, Ay, and A, is the Q-
linear span of the monomials of degree n. The bracket [z, y] = xy —yz defines a Q-Lie
algebra structure on the additive group of A. This Q-Lie algebra will be denoted by
A) . Let £ be the Z-Lie algebra generated by the z;’s in A7), ie. the additive
group of L is generated by the z;’s and their commutators of arbitrary length. The

following result is a standard construction of free Lie algebras.

Theorem 2.2.1. [Khu98, Thm. 5.39 (b)| £ is a free Z-Lie algebra on the free gen-

erators Ty, To, T3, .. ..

Let QC = {rl :r € Q,¢ € L} be the free Q-Lie algebra generated by the z;’s.
Note that QL # A7) since for example z,z5 € A7) but z125 ¢ L.
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Let At := @5, Ai. Then A := A/A“"" is a free nilpotent associative Q-
algebra of nilpotency class ¢ with free generators xi,xo,.... The algebra A has a

natural basis consisting of all monomials x; z;, ... z;, where k < c.

k

Lemma 2.2.2. [Khu98] £ = LN AT where L = [L, L7].

Proof: Let wy, wy € A such that w; € A, wy € A2, for some ¢y, co € N. Since A
is graded, the commutator [wy, ws] € A“+e2. Also, note that £L¥ C A*, for all k > 2.
This can be shown by induction. First, note that for any generators z;,z; € L,
[z, 2] = zx; — xjx; € A% Hence, £? C A% Now, suppose that z; € £,y € LF. By
the induction hypothesis, y € A*. So, [x;,y] € A*™L. As a result, LF1 C AFL
From the above observation, it is clear that £ C £ N A“*t. To prove the
other inclusion, let z € £ N A°TL. Since z € £, by [Khu98, Lemma 5.6] we can write
z = y_.ri[u;,v;], where r; € Z, u; is one of the generators x; and v; € L' for some
t; > 1. Since [£, Ll] = LU C A%TL for all i and 2 € AT, we must have t; = ¢ for

all . As a result, z € £, Hence, £ N At C Lot 1

Let L:=L/LT = L/(LN AT,

Proposition 2.2.3. L is a free nilpotent Z-Lie algebra of class ¢ with free generators
x;, where i = 1,2,3,.... Also, QL = {rl : r € Q,¢ € L} is a free nilpotent Q-Lie

algebra.

Proof:  This follows from universality of £, which is what Theorem 2.2.1 asserts. |l

Now we will construct a free nilpotent group within A. We start by adjoining an
outer unity 1 to A by forming the associative Q-algebra A = Q®A, with multiplication
given by:

(r,a)(r',d’) = (rr',ad’ + ra’ +r'a).
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Let 1+ a:= (1,a), and consider the group 1+ A = {1 +a:a € A} C A, where the
identity element is 1, and 1 — a + a® — a® + - - - + (—1)“a° is the inverse of 1 + a. We

define the exponential and logarithm maps as follows:

2 CL3 a

exp: A—=1+A4, a'—>1—|—a+a—+_+...+_:€a’
2 3l c!
2 43 o
log: 1+ A — A, 1+a'—>a—?+§—'--+(—1)071—zlog(l—i-a)
c

By direct calculations we can show that log(e®) = a and €°#(!¥%) = 1 4 qa. Since these
maps are mutual inverses, we have a bijection between A and 1 + A. Hence every
element of 1+ A is expressible as e* for some a € A, with its inverse being e~®.

For 2,y € A, let H(x,y) € A be defined by e/@¥ = ee¥ in other words

H(z,y) = log(e*e?).

Theorem 2.2.4. [Khu98, Thm. 9.11| Let z,y € {x1,29,...}, then H(z,y) € QL.

In particular,

H(z,y) =  Hu(z,y),

where each H,(x,y) is a linear combination of brackets of length n in x and y.

More specifically, for generators = and y, we have

H(z,y) =) _(_12%1 )3 SPEELEL) [2™y"], (2.2.1)

1h! 1p 1
>0 (a1,b1), o (amsbn) al.bl. .. Cln.bn.
aJ +b] >1
where a = (aq,...,a,) and b = (by, ..., b,) are n-tuples of non-negative integers, and

the left-aligned bracket above is defined in the following manner:

Observe that if b, > 1, or if b, = 0 and a,, > 1, the corresponding term in Equation
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(2.2.1) vanishes. Also, note that any term which is a bracket of length at least 2 has
at least one x and one y. The expression in Equation (2.2.1) is called the Baker-

Campbell-Hausdorff formula (BCH).

Remark 2.2.5. Since A is nilpotent of class ¢, any bracket of the form in Equation
(2.2.2) with length at least ¢ + 1 becomes zero. As a result, the sum in the Baker-
Campbell-Hausdorff formula H(z,y) in Equation (2.2.1) is finite.

Corollary 2.2.6. For any a,b € A we have:
i. H(a,H(b,c)) = H(H(a,b),c).
. H(a,b) =5 _, Hy(a,b) € A.

Proof: It is straightforward to check part 7. as follows:

H(a,H(b,c)) = log(e“eH(b’c)) = log(e"ee”)

= log(eH(“’b)ec) = H(H(a,b),c).

From functoriality of exponential and logarithm, it follows that for any algebra mor-

phism ¢ : A — A we have

H(o(x),6(y)) = ¢(H(w,y)) = > Ha(d(x), 6(y)),

where x,y as in Theorem 2.2.4. To prove part 4i., we pick ¢(z) = a and ¢(y) =b. 1

Remark 2.2.7. Note that in Equation (2.2.1) no prime divisor of the denominators

exceeds the nilpotency class ¢. More specifically, if we set

m
Lice = {— € Q: (m,n) =1, every prime divisor g of n satisfies ¢ < c} ,
= n
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then H(x,y) € Z<. ®z L for any generators z,y.

We define an action of 1 + A on A as follows. Let g € 1 + A, and b € A. Recall
that each element of 1 + A can be expressed as e® for some a € A, so we can write
g =e. We set

g-b:=e%be .

It is straightforward to check that exp(g - b) = e®’e™¢. Also, note that this action
can be expressed in terms of the BCH formula as follows:

g-b=e%e" log(exp( “be‘“)) = log(e“ebe_“) = H(H(a,b),—a). (2.2.3)
Thus, g - b € QL when a,b are generators. In this case the bracket expression in
Equation (2.2.3) can be simplified to the following form.

Proposition 2.2.8. Let a,b be generators of A and set g = e € 1+ A. Then the
following hold in Z<. @z L:

1
g- b= %adgl(bL
m=0
where ad]'(b) = [a, |a, ..., [a,b]]...].
————
Proof: For any generator a € A, we define the operator of left multiplication by

a as L,(x) := ax, for € A. Similarly, the operator of right multiplication by a is
given by R,(x) := za, for x € A. Tt is clear that L,R, = Ry,L,, and LS = R¢ = 0.
Also, note that ad,(z) = [a, 2] = (Ls + R_,)(z). Then we have

g-b=e szw szmm b)

m>0 n>0 m>0 n>0
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1 1
=> H(La +R_G)FB) =D Hadﬁ(b)-
k>0 k>0
Since QL is nilpotent of class ¢, we obtain g-b = 3¢_{ Ladl(b). i

2.3 Lazard Correspondence

Suppose that g is a finite Z-Lie algebra with cardinality a power of p. Moreover,

assume that g is nilpotent of class ¢ < p. We set

exp(g) = (g, %),

to be the finite p-group obtained by equipping g with the group operation induced
by the BCH formula in Equation (2.2.1). In particular, for z,y € g,

wxy=H(z,y) =Y Hilz,y),
k=1

where Hy(x,y) is the linear combination of brackets of length k from Equation (2.2.1).
It is straightforward to check that the identity element is 0 and 2! = —x for any
x € g. The associativity of this group operation follows from Corollary 2.2.6. The
key point is that the BCH formula is well-defined in g because its denominators are

invertible mod p, as noted in Remark 2.2.7. For nilpotency class ¢ = 2 and p > 3,

the group operation * is given by

1
x*y:$+y+§[x,y].

Observe that [z,y] = k[z,y] € g for some value of k. Indeed, since (2,p) = 1 for

p > 3, there exists a unique value of k such that 2k = 1 (mod p?), where p? is divisible
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by the order of [x,y] in the additive structure of g. Another example of the BCH

formula is for nilpotency class ¢ = 3 and p > 5, as shown below:

oy 2le gl + sl o))+ o[y,
* = — —_— J— .
rry=a+y+lryl+ Sl leyll+ Sy

Corollary 2.3.1. Forz,y€g, xxyxa =" L ad'(y).

Proof: First, note that
rxyxr ' =H@wxy,o )= HH(z,y),z ) = H(H(z,y), ). (2.3.1)

From Equation (2.2.3), we see that this corollary is equivalent to Proposition 2.2.8
but in the setting of the finite nilpotent Z-Lie algebra g. By the universal property of
the free nilpotent Z-Lie algebra L on the set of generators X = {x, 2, ...} [Khu9s,
Sec. 1.3|, the identity in Proposition 2.2.8 holds in the finite nilpotent Z-Lie algebra
g. More specifically, given any map ¢ : X — g, there exists a unique homomorphism
v L — g extending ¢. We can extend the scalars in both L and g to include the

ring Z<., and obtain a homomorphism extending v given by:

X1 l<e®@z L — 2Rz 9

TRre T Ry(x).

Since g is finite with cardinality a power of p, we can show that Z<. ®z g = g with
the isomorphism being the map g — Z<, ®z g, which sends z — 1 ® x. Surjectivity
of the latter map can be checked as follows: Let ™ ® = € Z<. ®z g. Since (n,p) = 1,
then there exists a value of k € Z such that nk =1 (mod |g|). As a result,

m®9c:@®nk‘9€:1®mlm.
n n

Hence, the map is surjective, and as a result Z-, ®z g = g.
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To be precise, let z,y € g such that ¢(z;) = z, ¢(r2) = y and ¢(x;) = 0 for any
i # 1,2. First note that from Corollary 2.2.6 we have

X (H(H (21, 73), —21)) = H (H (x(21), x(22)) , =x(21)) = H(H(z,y), —).

Also, from Equation (2.2.3) and Proposition 2.2.8, the following equation holds in

ZSC Rz L:

c—1
1
H(H(x1,22), 1) = » —ady (2).

m=0 )

By applying x on both sides of the above equation we obtain the following equation

in g:
c—1 1
m=0
By Equation (2.3.1), the proof of the statement is complete. |

Proposition 2.3.2. The group exp(g) is a p-group of nilpotency class c.

Proof:  The group exp(g) is a p-group because its underlying set, g, has cardinality
a power of p. Consequently, exp(g) is nilpotent, as every finite p-group is a nilpotent
group.

Let G := exp(g). To show that the nilpotency class of G is equal to the nilpotency
class of g, we will prove that Z;(g) = Z;(G) as sets, for all i € {1,...,¢c}. This will
be proven by induction on %.

We start by showing that Z(g) = Z(G) as sets. Let z € Z(g). So, [z,y] = 0 for
any y € g. We want to show that z € Z(G), i.e. xxy =y=*x for all y € g. From
Corollary 2.3.1, and the fact that x € Z(g), we obtain

c—1

_ 1
THY*T 1:Z%ad;”(y):y.

m=0
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This shows that Z(g) C Z (G). Now, suppose that x € Z (G). Our goal is to show
that © € Z(g). Note that since g is nilpotent of class ¢, any left aligned bracket of
length ¢ + 1 vanishes. Hence, [z,w] = 0 for any w € g°. To show that = € Z(g),
we need to show that [z, w] = 0 for any w € g. Let us assume that [z,w] = 0 holds
for all w € g*, where k < c is fixed. We will prove that the same holds when k is
replaced by k& — 1. Suppose that y € g¢~!. Using Corollary 2.3.1, and the fact that

rxy*xz ' =y for x € Z(G), we obtain

oyl 4+ %[x, @, y]] + é[m, @yl 4+ (2.3.2)

—

Note that since y € g€~1, the bracket [z,y] € gF. From the induction hypothesis we
obtain that [z, [z,y]] = 0. Thus, ad}'(y) = 0 for all m > 2. From (2.3.2), we get that
[z,y] = 0 for any y € g1, As a result, [z,y] = 0 for all y € g, i.e. x € Z(g). Since
Z (G) C Z(g), we conclude that Z (G) = Z(g).
Now, suppose that Zy(g) = Zx(G) where k > 1 is fixed. We claim that Zy,1(g) =
Z+1(G). First, note that
xx ZK(G) = x + Zi(g), (2.3.3)

where z x Z(G) € G/Zx(G), v+ Zy(9) € G/Zi(g) and = € g. To prove this, suppose
that z € Z,(g) = Zx(G). Then,

vxz=H(z,2z) =2+ 2+ H(x,2),

where H'(z, z) is a linear combination of left-aligned brackets as in Equation (2.2.2).
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Since each bracket in H'(z, z) has at least one z and since z € Z,(g), we have

H'(z,2) € Z—1(9) < Zi(9).

Since z + H'(z,2) € Zk(g), we get x x z € v + Zi(g). Thus, x * Z;(G) C = + Zx(g).
Since |G| = |g| and |Zx(g)| = |Zx(G)|, we must have |z x Zx(G)| = |z + Zx(g)|. As a
result, © x Zx(G) = x + Zi(g).

Now, suppose that x € Z;,1(g) and y € g. From Corollary 2.3.1,

Txyxa = i %ad?(y) =y+ [z, Y]+ %[w, [z, Yl + =, [z, [z, y])] + - ...

Note that K(z,y) € Zi(g) since x € Zx;1(g). From Equation (2.3.3), there exists
K' € Z(G) such that y + K(x,y) = y x K’. Hence,

vxy*xz  x Z(G) =y x K '+ Z,(G) = y * Z,(GQ).

So, x € Zk41(G). Thus, Zy11(g) € Zk+1(G).
The next step is to demonstrate that Z,1(G) C Zki11(g). Let x € Zx41(G). To
show that = € Z;.1(g), we need to show that [z, w] € Z,(g) for all w € g. Note that

if w e gc*, then [z,w] € Z(g) since g has nilpotency class ¢ and

s 2, [ [yws [, w]] - ]] =0,

for any y1,...,yx € g. Let us assume that [z, w] € Zx(g) holds for all w € g°, where
s < ¢ — k is fixed. We will prove that the same holds when s is replaced by s — 1.
Suppose that y € g*~'. Using Corollary 2.3.1, and the fact that x € Z,; (G), we
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obtain

Hence,

So, we have

(i % adé"(?J)) —y = [yl + %[:L‘, [z, ] + é[fv» [z, [z, 9]l +- - € Zi(g)-

Note that since y € g*~!, the bracket [z,y] € g*. From the induction hypothesis
we obtain that [z, [x,y]] € Zx(g). Thus, ad)'(y) € Zx(g) for all m > 2. So, we get

s—1

that [z,y] € Zk(g) for any y € g* . As a result, [z,y] € Zi(g) for all y € g, ie.

x € Zri1(g).

Finally, after defining the group exp(g) and discussing some of its properties, we
conclude this section by presenting the Lazard correspondence, which states that any
nilpotent p-group is isomorphic to a group of the form exp(g) for some finite nilpotent

Z-Lie algebra g.

Theorem 2.3.3. [Khu98, Ch.10| Suppose that G is a p-group of nilpotency class
¢ < p. Then there exists a unique (up to isomorphism) finite Z-Lie algebra g of

nilpotency class ¢ such that G = exp(g).

2.4 Kirillov’s Orbit Method

The Kirillov’s orbit method for classifying representations was initially introduced

for connected and simply connected nilpotent Lie groups |Kir62|. However, from the
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works of Kazhdan [Kaz77|, Howe [How77|, etc. it turns out that an analogous idea is
a powerful tool in finite group theory. For more details, we refer the reader to [BS08|.
Let G be a p-group of nilpotency class ¢ < p, and let g be the Z-Lie algebra associated
to G by the Lazard correspondence. Consider the action of G on g := Homgz(g, C*),
defined as

C

0"(y) =0 (v xy xa7) :9<ZM>,

n!
n=0

where z,y € g and 6 € .

Theorem 2.4.1. [BS08, Thm. 2.6] There exists a bijection between G-orbits © C g

and irreducible representations pg of G such that Kirillov’s character formula holds:

Xo(x) = Xpo(z) = [0] > 0(z), z€G.
00
Here, xo(z) = tr(po(z)). We will not explain the details of this correspondence

but we will demonstrate it with some examples.

Example 2.4.2. Suppose that G is an abelian p-group, and § € g. Then the G-orbit
of 0 is © = {#}. In this case G is just g as an abelian group. The representation of
G associated to © is just 6. As a result the character of the associated irreducible

representation pg of G is x,, = 0.

Example 2.4.3. Let

1 a b
G = Heiss(F,) = 01 ¢|:abceF,,,
0 0 1

be the 2-step nilpotent Heisenberg Group, and # € g. Then, the elements of the
G-orbit of 8 are given by

0" (y) = 0(y)0([z,y]),
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for x,y € g, where
0 a b

g= 0 0 c|:abcel,
0 0O

Consider the following cases:

o If 0z = 1, then the G-orbit of 6 is © = {0}, since [g,g] = Z(g). As in

Example 2.4.2, the character of irreducible representation pg of G is x,, = 0.

o If 0|4 # 1, then by linear algebra computations the G-orbit of ¢ is given by
O ={0:0120) = 0lz)} Let

0 a b
b=<¢10 0 0]:a,beF,; <g,
0 00
and v = 6|,. Let
1 a b
H =exp(h) = 01 0f:abeF,,; <G.
0 0 1

Note that H is an abelian subgroup. As in Example 2.4.2, ~ corresponds to
a one dimensional representation of H (which is still v if we identify h and
H). The representation of G corresponding to the G-orbit of 6 is the induced
representation of G from ~ on H. This is a standard example, for more detail

see [BMKS16].
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2.5 Commutator Matrix

This section introduces the concept of the commutator matrix, an essential tool in
this thesis. Let g be a Z-Lie algebra which is free as a Z-module. The commutator
matrix was first introduced by Grunewald and Segal [GS84|. Tt has proved to be an
effective and versatile tool in representation theory [OV15, SV14]. For convenience

we further assume the following:
i. g/Z(g) is a free Z-module with basis represented by vy, ...,v, € g.
ii. Z(g) Nlg,g| is a free Z-module with basis wy, ..., w;, € g.

iii. [g,9]/Z(g)N[g, g] is a free Z-module with basis represented by wy, 41, ..., W, € g,

after passing to the quotient.

Note that the elements wy, ..., w,, form a Z-module basis of [g, g], and thus for any

pair of representatives v;, v; of the basis elements of g/Z(g) we have:

[, 03] = Y M, (2.5.1)
k=1

where \;; € Z.

Remark 2.5.1. The freeness conditions on the Z-Lie algebra g can be relaxed so
that g as an abelian group is any finitely generated abelian group. This is done in
[BMKS19, Sec. 5|. However, the Lie algebra examples studied in this thesis satisfy

the above freeness assumptions.

In the following definition, let n and m be as in i. and iii. above, and let \;; as

in Equation (2.5.1).

Definition 2.5.2. [OV15, Def. 2.1] The Commutator Matriz of the Z-Lie algebra g
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is a matrix whose entries are linear forms in the parameters T1,...,7T,, given by

F(Ty,...,Ty) = (Z )\ijk> € Mpsn(Z[Ty, ..., Tn)),
k=1

where \;; € Z, for all 1 <1,5 < n.

The following example is taken from [BMKS19, Ex. 2.2]. We will use it through-
out this thesis as a toy example to demonstrate constructions and various phenomena

that occur in a more general setting.

Example 2.5.3. Let g be a Z-Lie algebra spanned as a free Z-module by {v1, ..., vs}
such that :

[V1, Vo] = [vs,v4] = V5, [v1,04] = [V2,v3] = v, [Vi,v;] =0 for all otheri < j.
Note that the commutator of any u = Zle a;v; and w = Z?Zl bjv; in g is given by:
[U, ’LU] = (a1b2 - a261 -+ &3b4 — a4b3) Us + ((1164 — Cl4b1 -+ a2b3 — (13(?2) Vg, (252)

where a;,b; € Z. From Equation (2.5.2), its clear that the axioms of the Z-Lie algebra
holds and that [g, g] = spany{vs,vs}. We claim that Z(g) = [g,g]. It is clear that
l9,0] < Z(g) as vs,vs € Z(g). Suppose that u = S0 a;u; € Z(g). If we choose

w = vy, vy in Equation (2.5.2), we obtain the following:

[u,v1] = —agvs — agvg =0

[u, vg] = ajvs — agvg = 0.

As a result, a; = ay = a3 = a4 = 0. Thus, u = asvs + agvg € [g,g]. Since

Z(g) = [g, 9] = spany{vs, vs}, we have n = 4 and m = 2. As a result the commutator
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matrix is given by

-7y 0 T, 0
0 -1, 0 Ty

FQ(T17T2) =

Later on, we will see that the faithful dimension is closely related to the rank of such

matrices.



Chapter 3

Faithful Dimension of Finite Groups

In this chapter, we first introduce the concept of the faithful dimension of finite
groups over a field. Then we review the existing qualitative results regarding the
polynomiality of the faithful dimension [BMKRS23|, and a combinatorial formula
for the faithful dimension of Pattern Groups [BMKS19]. The latter class of groups
includes the Heisenberg group and the group of unitriangular matrices. Finally, we
conclude this chapter by giving an explicit formula for the faithful dimension of the

nilradicals of parabolics in GL,(R), where R is a finite truncated valuation ring.

3.1 Qualitative Results on The Faithful Dimension

Let G be a finite group and let V' be a finite dimensional vector space over a field K.
Recall that a representation of G in V is a homomorphism from the group G into
GL(V). Here GL(V') denotes the group of invertible linear maps on V. Moreover,

the dimension of V' is called the dimension of the representation.

Definition 3.1.1. [BMKS19, Sec. 1| The faithful dimension of G over K, denoted

by Miaitntar x (G), is the smallest possible dimension of a faithful representation of G.

In this thesis we will mainly focus on the faithful dimension of groups over the

23
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complex numbers K = C. So, for simplicity we write

Meaithful (G) := Mfaithful,C (G) .

Our main interest in this thesis is computing the faithful dimension of groups
associated by the Lazard correspondence to finitely generated Z-Lie algebras of nilpo-

tentcy class c. From now on, we set the following notation

9 =9 RzF,,

9, = exp(gy) = exp(g @z Fy).

where ¢ := p/, p > ¢, and g is a Z-Lie algebra of nilpotentcy class ¢ that is finitely

generated as an abelian group.

Example 3.1.2. Let g be the Z-Lie algebra in Example 2.5.3, which was spanned as
a free Z-module by {v1,...,v6}. In Example 4.3.3 from Chapter 4, we will show that

for f =1 and p an odd prime we have

2p if p=1(mod 4)

mfaithful<gp) = mfaithful(exp(g Xz Fp)) =
2p? if p = 3(mod 4).

Note that in the example above, the set of prime numbers

P=1{23,5,...}

larger than 2 is partitioned in a way that the faithful dimension is expressed as

a polynomial in p. This partition of primes arises from Frobenius sets, which are

defined below.
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Definition 3.1.3. Let g(7") € Z[T]. We define an elementary Frobenius set to be
V,:={p€P:g(T)=0 (modp) has a solution}.
Definition 3.1.4. A Frobenius set is a finite union of sets of the form

Vo NNV, NV NNV

9k+1 a’

for some ¢;(T),...,9:(T) € Z[T].
Example 3.1.5. The sets of primes from Example 3.1.2 are expressed as Frobenius

sets as follows:

Pr={peP:p>3, p=1 (mod4)} =V,NVy,

Py={peP:p>3, p=3 (mod4)} =V,
where g(T) = T? +1,¢/(T) = 2. This is because T? +1 = 0 (mod p) has a solution if
and only if p =1 (mod 4), for p > 2 [IR90, Ch.5|.
Now we can present the polynomiality result of [BMKRS23|.

Theorem 3.1.6. [BMKRS23, Thm. 1.1] Let g be a nilpotent Z-Lie algebra which is

finitely generated as an abelian group. Then there exist:
i. a constant M = M(g) only depending on g,

ii. a partition {1, ..., P} of the set of prime numbers larger than M into Frobe-

nius sets,
iii. a partition {F1, ..., Fs} of natural numbers into arithmetic progressions, and

w. polynomials ¢;;(T), for 1 < i < r and 1 < j < s, with non-negative integer

coefficients,
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such that for all q :== p’ where (p, f) € P; x F; for some 1 <i<r and1<j<s,

we have

Mpaitnfut(Yq) = f9i5(q).

The computation of the sets &; and .%; is related to questions in number theory.
For a concrete example of the computations involved in Theorem 3.1.6 see Example

4.3.3.

3.2 A Combinatorial Formula in the Case of Pattern
Groups

Let ([n],<) be a partially ordered set, where [n] := {1,...,n}. As presented in
[BMKS19]|, we define the pattern Lie algebra associated to the partial order < to be

g~ := Spang{e;; : i < j} C gl(n,Z)

where e;; is the n x n matrix whose unique nonzero entry is 1 in the (4, j) position,
and the Lie bracket is induced from gl(n,Z). In particular, for all i < j and k < ¢ we

have

[eija €kz] = 0jkCig — 5&61@‘7
where 01, 0; are the Kronecker delta functions.

Example 3.2.1. The Heisenberg Lie algebra b is defined to be the pattern Lie algebra

associated to the following partial order on [k + 2J:

1<2,3,... k+1<k+2.
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In particular, the Heisenberg Lie algebra b is given by:

0 a1 a2 ag c )
0 O 0 0 b1
0 O 0 ... 0 b2
h:g<:< : : : : : :a17a27"'7ak7c7b17b27"'7bkGZ
0 O 0 0 b
L \0 O 0 0 O Y,

Example 3.2.2. The Lie algebra of strictly upper triangular matrices uy, is the pat-

tern Lie algebra associated to the following partial order on [k]:

1<2<3<- =<k

Specifically, the Lie algebra of strictly upper triangular matrices u; is given by

0 a2 a3 a1k—1 alk
0 0 a23 ... agk_1 a2
0 0 0 ... ask-1  ask
Uy =go = o : : : tai € 7L
0 0 0 0 Qk—1k
L\o 0o o 0 0 J

Definition 3.2.3. Recall that ([n], <) is a poset.
i. For i < j, define (i, j) :=#{k € [n]: i <k < j}.

ii. The length of ([n], <), denoted by A<, is the maximum value 7 such that a chain

Qg < -0 < i,

exists in ([n], <).
iii. An ordered pair (i, ) is called an extreme pair if:

e | is a minimal element in ([n], <).
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e j is a maximal element in ([n}, <).
® i < 7.
The set of extreme pairs will be denoted by I.,.

Note that the pattern Lie algebra g associated to the partial order < is nilpotent,

since it is a subalgebra of u,, (the algebra of strictly upper triangular matrices).
Proposition 3.2.4. The nilpotency class of g~ is equal to \..

Proof: For the proof, refer to [BMKS19, Lemma 4.1]. |

Example 3.2.5. From Example 3.2.1, the Heisenberg Lie algebra h has nilpotency
class 2 since A\, = 2. Also, from Example 3.2.2, the Lie algebra of strictly upper

triangular matrices u; has nilpotency class k — 1 since A\, =k — 1.

We are now going to introduce the p-groups ¥z := exp(g<x ®z R), where R is
a finite truncated valuation ring. These groups naturally extend the family ¢, =

exp(g< ®z F,). The following definitions follows [BMKRS23].

Definition 3.2.6. A finite truncated valuation ring R is a finite local ring with a

nilpotent and principal maximal ideal m.

Remark 3.2.7. It is an elementary statement to verify that in any ring as defined

in Definition 3.2.6, every principal ideal is a power of the maximal ideal.

Definition 3.2.8. The associated parameters of the finite truncated valuation ring

R are given by a quadruple of integers (d, p, e, f) defined as follows:
- d is the smallest positive integer satisfying m¢ = 0,

- p = char(R/m),
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- e > 1 satisfies pR = m°®,
- f > 1 satisfies R/m = F,r

Example 3.2.9. The finite field F,s is an example of a finite truncated valuation
ring, where the maximal ideal m = (0), and the quadruple is given by (d,p,e, f) =
(1,p, 1, f). Another example of a finite truncated valuation ring is R = Z/p"Z, where
m = pZ/p"7Z and the quadruple is given by (d,p,e, f) = (n,p,1,1).

The faithful dimension of the pattern groups ¢z can be computed using the
following result of [BMKRS23|, which depends on the associated parameters of R,

and the set of extreme pairs of the partial order.

Theorem 3.2.10. [BMKRS23, Thm. 1.5 Let g< be the pattern Lie algebra as-
sociated to the partial order <, and let R be a finite truncated valuation ring with

associated parameters (d,p,e, ) such that
p>max{a(i,j): i < j}+ 1.

Then

e—1

Miaithtal(TR) = Miaitnea (exp(g< ®z R)) Z Z f pfld=0alid).

=0 (i,j)€Iex

Example 3.2.11. The Heisenberg Group is given by

( 1 a1 a2 ... ap c )
0o 1 0 0 b
0 0 1 ... 0 b
Heisor11(R) = exp(h ®z R) = Lo .| ranc bR,
0 0 o0 1 by
L\0o 0 o0 0 1 )

where b is the Heisenberg Lie algebra. From Example 3.2.1, we assume that

p>max{a(i,j) i <jt+1=k+1.
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Since I, = {(1,k +2)} and «(1,k + 2) = k, from Theorem 3.2.10 it follows that

Miaithful (Heisar41(R)) = Mpithu (exp(h ®z R)) Z fpl Ok,

Example 3.2.12. The group of Unitriangular Matrices is given by

(/1 a2 a3 ... aip a1k )
0 1 a2z ... azk—1 agk
0 0 1 co. A3k—1 asg
Uk(R) = exp(uk K7 R) = : : : : : 1 € R s
0 0 0 1 ap_1k
L\0 0 o 0 1 J

where 1, is the Lie algebra of strictly upper triangular matrices. From Example 3.2.2,

we assume that
p>max{a(i,j):i<jt+1=(k—2)+1=k— 1.

Since I, = {(1,k)} and «(1, k) = k — 2, by Theorem 3.2.10 we get that

Miaithful (Uk (R)) = Miaithiu (exp(ug @z R)) Z fpfd=0k=2),

3.3 Nilradicals of Parabolics

In this section we extend the explicit result on the faithful dimension of the p-groups
associated to the Heisenberg and the unitriangular algebras to a general class of
nilpotent Lie algebras that in technical terms can be characterized as nilradicals of

parabolic subalgebras of the general linear Lie algebra gl(n). Let n € N, and let
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di,ds,...,d, € N, such that ) ._, d; = n. Define a partial order < on [n] as follows:

~~
d 1 d2 ~~
dyr

r—1 T
1,,d1—<d1+1,7d1+d2'<%Zdz—f—l,,zclz (331)
\i:l =1 P

Note that A\, = r — 1. The pattern Lie algebra associated to this partial order is

given by
(/0 Ais Az ... A A1y )
0 0 Aoz ... Agpr_q Az
0 0 0 Azr_1 Asy
0 0 0 0 A'r‘—lr
(\0o 0o o 0 0 )

Whereas, the pattern group associated to this partial order is given by

(/I Az Az ... Ao Arr
0 I Az ... Ag_1 Ay
0 0 Iy ... As_1  As
N(R)=expn@zR)=4q1]. . . : U | Ay € My (R)
0 0 0 Ir—l Ar—lr
L\o o o .. o0 I, )

Note that this partial order generalizes both Heisenberg group and unitriangular
matrices as follows:
e Forr=nandd, =dy=---=d, =1, we have N(R) = U,(R).
e For r =3,d; =d3 =1 and dy = n — 2, we have N'(R) = Heisy,,_3(R).
Using Theorem 3.2.10, we can find the faithful dimension for N'(R).
Proposition 3.3.1. Let p > max{a(i,j) :i < j} + 1. Then,
e—1

Mgitngul (N (R)) = did, Z  pfd=0(=(di+d.)

=0



3. FAITHFUL DIMENSION OF FINITE GROUPS 32

Proof:  From the generalized partial order in Equation (3.3.1), we get the following

set of extreme pairs:

r—1 T
Ly = {(i,j) :Z'E{1,...,d1},jE{Zdri-l,---azdi}},
=1 =1

Since

ali,j)=dy+dz+ -+ +do_y =n— (dy + d,),

for any pair (7, j) € I.,, we can compute the faithful dimension using Theorem 3.2.10

as follows »

Meaithtal (N (R)) = did, Z £ pf(d=Dn—(dr+dr)
(=0

Corollary 3.3.2. mygimu (N(Fp)) = Mpimpu(exp(n @z F,)) = did, pm—(dFdr),

Example 3.3.3. Recall that for N(F,) = U,(F,), wehaver =nand dy =dy = --- =
d, = 1. Using Corollary 3.3.2, we get mpieniu (N(F,)) = p™ 2, which is consistent

with our result in Example 3.2.12.



Chapter 4

Free Nilpotent Lie Algebras

This chapter presents the main tool for computing the faithful dimension for a more
general class of groups associated to nilpotent Z-Lie algebras. More specifically, we
are interested in free nilpotent Z-Lie algebras. We start by describing the Hall basis
of these free nilpotent Z-Lie algebras. Then we explain how the problem of computing
the faithful dimension can be reduced to a rank minimization problem for a matrix

of linear forms.

4.1 Hall Sets

In this section we define Hall sets which will be used later to describe a basis for
the free nilpotent Z-Lie algebra of class ¢ on n generators. The presentation of this

section follows [Ser92, Chapter 4].

Definition 4.1.1. [Ser92, Def. 1.1] A set M is called a magma if it is equipped with

a map

MxM— M, (x,y) — xy.

33
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Definition 4.1.2. Let X be a set. The free magma on X is defined to be the disjoint

union o
M(X) =[] Xa,
n=1
where the family of sets {X,, : n > 1} is defined as follows :
L X;1=X.
ii. Forn>1, X, =]] X, x X,

n=p+q “*P

Note that the binary operation on the free magma M (X) is defined to be

M(X) x M(X) — M(X)

(Xp, xq) > Tpxy i= (Tp, T4) € Xp X Xy C Xpig,
where z, € X, z, € X, for any p,q > 1.

Definition 4.1.3. Let w € M(X). The length {(w) is the unique n such that w € X,,.

Definition 4.1.4. [Ser92, Def. 5.1 A Hall set relative to X is a subset H of M(X)
that is equipped with a total order and has the following properties:

i. If u,v € H and {(u) < ¢(v), then u < v.
ii. For u e M(X):
a. If {(u) =1, then u € H, ie. X C H.
b. If {(u) =2, then u € H if and only if u = vw with v,w € H and v < w.

c. If {(u) > 3, then u € H if and only if the following conditions hold:

ci. u=vw with v,w € H and v < w.

cii. w=w'w" with w',w”" € H, v <w” ,and v >w'.

Remark 4.1.5. In [Ser92, Def. 5.1], these Hall sets are called P. Hall families .
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Notation 4.1.6. The subset of a Hall set ‘H containing all elements of length i will
be denoted by H’ := H N X;. Note that one needs to make a choice of ordering on
each H’.

From [Ser92, Lemma 5.2] it follows that a Hall set H exists (even though not

unique) for any set X. This is demonstrated in the following example.

Example 4.1.7. Let X = {x,y} such that = # y. To find H, we need to find its
subsets H;, which can be done successively using Definition 4.1.4 and assigning a total
order to each subset (a lexicographical order for example). This process is explained

in the proof of [Ser92, Lemma 5.2|. As an example we can get the following subsets

of H:

H' =HN X, = {z,y}, (total order given by z < y)
H? =HN Xy =HN{zy,yz} = {zy},
M =M N0 X5 =H0{z(xy), 2(yx), y(2y), y(y2), (zy)z, (zy)y, (yz)z, (y2)y}

= {z(zy),y(zy)}, (total order given by z(zy) < y(xy) )

and so on.

4.2 Hall Bases of Free Nilpotent Lie Algebras

From now on let X be a set of n elements, and suppose that the binary operation on

M (X) is denoted by brackets.

Definition 4.2.1. [Ser92, Def. 2.1| The free Z-algebra on X (or simply the free
algebra on X) is the Z-algebra of the free magma M (X). It is denoted by A(X).

This means that A(X) is a free Z-module with basis M (X). So, an element
a € A(X) is a finite sum o = 3/ x) cmm, where ¢, € Z. Note that A(X) is a

free nonassociative algebra.
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Definition 4.2.2. [Ser92, Def. 3.1| The free Z-Lie algebra on n generators is defined
to be
fn = A(X)/1,

where [ is the ideal generated by elements of the following forms:
i [u,ul.
i J(u,v,w) = [u, [v,w]] + [v, [w,u]] + [w, [u, v]].

where u,v,w € A(X).

Definition 4.2.3. [BMKS19, Sec. 7| The free nilpotent Z-Lie algebra of class ¢ onn

generators is defined to be

fr,e = fn/ffj_l?

where f¢™ = [f,, f¢], for all ¢ > 1, and f} = f,..

Remark 4.2.4. The definition of the free nilpotent Z-Lie algebra of class ¢ on n gen-
erators in Definition 4.2.3 agrees with the previous definition in Proposition 2.2.3 by
considering a finite set of generators. In other words, Proposition 2.2.3 and Definition

4.2.3 provide two different ways of realizing the same algebra.

Remark 4.2.5. The image of H* under the natural projection f* — §* /§**! forms a

Z-basis of & /§¥+1 |Ser92, Thm. 5.3]. Furthermore, we have Witt’s Formula:

ra(k) = |HE| = ko (/1) = Zu )/, (4.2.1)

dlk
where p is the Mdbius function [Ser92, Thm. 4.2].
Proposition 4.2.6. [BMKS19, Prop. 7.2| Forn > 2 and ¢ > 2,

i. The image of US_H" under the natural projection f, — fn. is a basis of §,...
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i. The image of U;_yH" under the natural projection f,, — fn is a basis of f, .

iii. The image of H® under the natural projection f, — fn. is a basis of Z(fn..).

From Definition 2.5.2, the commutator matrix of f,. is an m; X m; skew-

symmetric matrix in m variables given by

Fu(T®)  Fi(T®) ... Fyey(T)
Fo(T®)  Fy(TW) ... 0
F, (T) = : | | € Mo, sm, (Z(T)),  (4.2.2)
Fle_1(T©) 0 . 0

where:

- m =rkg(f, ) = 2o a(k),

- my = kg (Fue/Z (Fae)) = S4c T(R),

- T = (T™)yepee, where T® = (1Y, 7)),
and for 1 <1i,5 <c¢—1 we have:

- F;(T0)) is the zero matrix if i +j > ¢,

- F (T(iﬂ')) — _Fﬂ(T(iﬂ))‘

We can construct a simplified form of the commutator matrix by substituting
F;(T0)) = 0 whenever i + j # c as follows:

Definition 4.2.7. The reduced commutator matriz of f, . is

0 0 . 0 Fi(e—1)(T())
0 0 o Foe_0y(T9) 0

Fie (T = : : :
0 Flo—g)o(T©) ... 0 0

Fle—1y (T9) 0 . 0 0
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4.3 Rank Minimization Problem

Let g be Z-Lie algebra which is nilpotent of class ¢ and finitely generated as an
abelian group. The following key result of Bardestani, Mallahi-Karai and Salmasian
[BMKS19] expresses the faithful dimension of ¥, = exp(g ®z F,) as a solution to a

rank minimization problem.

Theorem 4.3.1. [BMKS19, Thm. 5.3] For sufficiently large p, we have

11 - Ty
7'k,]Fq(Fg(:cel ..... Zpm))

£
mfaithful(gq) = min Z fq 2 : € GL& (Fq) + f€27
/=1

Tyt oo Tppy

where m := rkz([g, 9]), (1 := rkz([g, 9] N Z(g)), and &> :=rkz(Z(g)/[g. 0] N Z(g)).

Remark 4.3.2. The rank of a Z-module b, denoted by rkyz(h), is the maximum

number of Z-linearly independent elements of b.

Example 4.3.3. Let g be a Z-Lie algebra in Example 2.5.3. Recall that it is spanned

as a free Z-module by {vy, ..., v}, such that :

[U17U2] = [U37U4] = Us, [U17U4] = [U27U3] = Vs, [Ui7vj] =0 for all 4 < ]

Since
m = rky([g, g]) = 2,
0 = rkz([g, 9] N Z(g)) = 2,

ly = 1kz(Z(g)/19,81 N Z(g)) = 0,

we get the following rank minimization problem from Theorem 4.3.1:

) rkg, (Fg(z11,212)) rkp, (Fg(@21,222)) T11 12
Mfaithful (gq) = min fq 2 + fq 2 : € GL2 (Fq)
To1 T22
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Recall from Example 2.5.3, the commutator matrix was given by

FQ(T17 T2) =

Note that rkg, (Fg(T7,T%)) is even since Fy(T7,T5) is skew symmetric, and
det(Fy(T1, T2)) = (T7 + T3)*.

It follows that

rk]Fq (Fg(a,l)) rk]Fq (Fg(—a,l))

faq 2 + fq 2 =2fq if p = 1(mod 4)
rqu(Fg(a,l)) rk]Fq(Fg(—a,l))
Miaithiul () = fq 2 + fq P =2fq if p=3(mod4), feven
rkp, (Fg(a1,01)) rkp, (Fg(ag,b2))
fa 2 + fq P =2fq¢®> if p=3(mod4), fodd

where
e o € Fy and a? = —1. Here we have rkp, (Fy(a, 1)) = rkg, (Fg(—a, 1)) = 2

o (a;,b;) #(0,0) € F,. Here we have

det(Fy(ai, b;)) = (a? +b})* #0 = rkg,(Fy(ai, b;)) = 4

As in Theorem 3.1.6, we have

fau(q) = foiaq) if (p, f) € (P21 x F1) U (1 x F)
mfaithful(gq) = fg22(q) if (p, f) € 92 X gg

f921(q) if (p, f) € P x F

where g11(T) = g12(T) = goo(T) = 2T, g11(T) = 2T, and &, P, are the Frobenius

sets from Example 3.1.5, and the arithmetic progressions %1, .%, are given by

F1={feN: f=1(mod2)},
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Fo={feN: f=0(mod?2)}.

Now let g = f, ., the free nilpotent Z-Lie algebra of class ¢ on n generators, as in
Definition 4.2.3. Using the concept of the reduced commutator matrix in Definition

4.2.7, the rank minimization problem in Theorem 4.3.1 can be reduced as follows:

Proposition 4.3.4. [BMKS19, Prop. 7.4| Let F' = Ff’f‘j be the reduced commutator

matriz of §.c. Then, the faithful dimension of exp(f,,. ®z F,) is given by

n(c) a11 s A1r,(c)
min Z fq%’!‘kJFq (F(am ..... af'rn(c))) . c GLrn(c) (Fq) ,
=1
arn(c)l cee arn(c)rn(c)
where r,(c) is as in Equation (4.2.1).
Proof: To compute the rank using Theorem 4.3.1, we need to find r,(c) vectors
of the form
k 2 2 3 3 c c
ay = (aE ))2§k§c = (a§1)7 . ’aETBL(2)7 a§1)7 o 7a§7’l(3)’ . ,agl)’ RV éri(c))’
— 7n(c) %rk}F (an cla )) 1 mimi
where £ =1,...,7,(c), such that >, fq2"Fa""inc@)) is minimized and
& d
: S GLTH(C)(IF,]). (4.3.1)
(o) (c)
arn(c)l to a’rn(c)rn(c)
Note that
ke, (Fj,..(ar)) > > rke, (Fii(ag”)). (4.3.2)
i+j=c

Suppose that the vectors a,, £ = 1,...,r,(c), are the solution to the rank minimiza-
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tion problem. We can assume that a%) =0forall2 <k <candi=1,...,7(k).

This is true since the condition in Equation (4.3.1) still holds, and the rank does not
increase as shown in Equation (4.3.2). So, by Equation (4.3.2), we get same mini-
mum value for both the reduced and the nonreduced cases. Thus, it suffices to use

the reduced commutator matrix for the rank computation. |

For nilpotency classes ¢ = 2, 3, the faithful dimension was computed in Theorem

2.13 of [BMKS19], as follows

Theorem 4.3.5. [BMKS19, Thm 2.13] Let n > 2 and let F, be the finite field with
q = p’ elements. Then

i. Mpwinu(exp(fnz @2 F,)) = 252 fq = r,(2) fq for p > 3.

3

i Miaithful(€XP(Frz @z Fy)) = "5 fq =1a(3) fq for p>5.




Chapter 5

Free Lie Algebras of Nilpotency
Class 4

The goal of this chapter is to use the machinery of the Hall basis to compute the
reduced commutator matrix of f,4, as defined in Definition 4.2.7. For an explicit
description of the reduced commutator matrix, we divide this chapter into two parts.
In the first part, namely Sections 5.1, 5.2 and 5.3, we describe the entries of the
commutator matrix as linear combinations of variables indexed by Hall basis elements.
In the second part, Section 5.4, we determine the number of occurrences and the exact

entries of each Hall basis indexed variable in the commutator matrix.

5.1 Entries of Reduced Commutator Matrix and Hall
Basis

Let X = {xy,...,2,}. From Proposition 4.2.6(i) we see that the natural projection

of H' UH?* U H3 UH? is the basis of f, 4. These Hall sets are described as follows:
H = {z1,...,7,}.

42
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H? = {wy; = [zi, 25 11 < g}

H? = i = [, [, 2] 1 5 <4, J <k}

HY = {wijne = [, [y, [on, 2] b < J <, k<)
U{wijae = [[ws, m5], [, 2] | 1 < j < 0}

U{ijpe = [ [zi, 2], [wn, o] | 1i < g, i<k <L},

Recall that Hall sets must be equipped with a total order. We use the natural
order of indices for H! and the lexicographical order of the indices for H?, for i = 2, 3.
The total order on H* is defined as follows: First, H* is the union of the three sets
given above, and we order their elements linearly. In other words, each element of the
first set is less than each element of the second set, and so on. Then, within each of
the three sets, we order elements according to the lexicographic order on the indices.

For simplicity, we will use the sets R, Ry, R3 and R, to parametrize the sets

HY H?, H? and H?, respectively, by their indices as follows,

Ry ={1,...,n}.

Ry = {ij :i < j}.

Ry ={ijk:j<i, j<k}.

Ry={ijkt : k<j<i, k<l}U{(ij)it):i<j</l}
U {(ig)(k0) :i < j, i <k <[},

where all the parameters ¢, j, k, ¢ € {1,...,n}. For example ijk stands for the bracket
Tijk = %, [z, xx]], and (ij)(k¢) stands for the bracket x;; xe = [[z4, 7;], [Tk, z¢]]. From
Proposition 4.2.6(ii) we see that the natural projection of H?2UH3UH* is the basis of

nds n4|- ence € entries o € commutator matrix ave € varlables
4,§n4]. Hence the entries of th tat trix Fj, ,(T™) have the variabl
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T = (T(k))ggk§4, where

T = (17, T})y) = (Tu s € Ry),
T = (10, T0) = (T, s € o).
TO = (1", T")) = (T.:s € Ry).

where r,(2),7,(3) and 7,(4) are as defined in Equation (4.2.1). As a result, we get
the following reduced commutator matrix F(T®) := Fred(T®)

H] H2 7_[3
H! 0 0 Fis(TW)
F(TW) = 22 0 Py (T) 0 (5.1.1)
HP\=Fl5(TW) 0 0

Our goal is to explicitly describe the reduced commutator matrix F(T™®), which

can be done as follows:

1. We write the entries of F(T™) as a linear combination of variables 7} indexed

by ¢« € R4. This is done in this section.

2. For each variable T}, where i € R, we find how many times it appears in F(T™®)

and in which entries. This is done in Section 5.4.

Let us start with the entries of Fi3(T™®). From Equation (2.5.1) and Definition
2.5.2 we know that the entries of Fi3(7™) correspond to brackets of the form

[$i’ xﬂd] = [mi’ [xj> [xk” xémv

where z; € H' and x5, := [}, [xg, x(]] € H?, such that j > k and k < £. As in Section

2.2, we call brackets of this form left-aligned brackets. We want to write the bracket
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[z, xjke] as a linear combination of elements in H*. Since i € R, and jkl € Rs, we

will start with partitioning R3 into the following subsets

a={jkl € Ry : k <l<j},
B={jkl € Rs: k< j <UL}
y={jkl € Ry :k=j, k</(}={jjle Ry:j<{l}
S=1{jkl € Ry:k<j, (=j}=1{jkj€Ry:k<j}

Then, we consider all possibilities for the position of ¢ with respect to the order of

jkl € R3. This is demonstrated in Figure 5.1.

Q) Qug (v3 Quy (ts Qg QU7 B1 B2 B3 Ba Bs Bs Br Y12 Y3 V4 Vs 01 0y 03 04 05
k¢ 3 kg L k=j ¢ E oj=¢
o B Y 0

Figure 5.1: Possible positions of ¢ with respect to j, k, /.

For example, in Figure 5.1, the a4, ..., a7 represent the 7 possibilities of the posi-
tion of ¢ with respect to k < £ < j, which is equivalent to jk¢ € . The ,’s, v,’s and
0,’s are defined analogously. Now, for each of the 7+7+545 = 24 resulting cases we
apply the Jacobi identity and the Hall basis conditions to express each bracket as a
linear combination of elements of H* (or equivalently, R4). The description of these
cases, and the basis expansion of their elements can be obtained by tedious calcula-
tions but it is also amenable to computer-assisted symbolic computation. Indeed we
have done both. First we did the tedious calculation by hand (they are presented in
Section 5.2). Then wrote a Python code based on the flowchart in Figure 5.2, which

we will discuss further at the end of Section 5.2.
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Proposition 5.1.1. Ifi € Ry, jkl € R3 , then

[ ijke ikl € ag Uy U By,.r U5 Uy Uds
kil — ik + (i) (k0) ikl € as, 8,
igkl = ¢ jkil — 0jik + (ik)(50) + (i) (k) ijkl¢ € Br,m
ikl + (i) (kO) ikl € By
| Jikl — (k0)(ij) 0. w.
where By, 7= Ul _4Bn and 7o, 5 = U2 _yVm

Proposition 5.1.1 has the following corollary:

Corollary 5.1.2. Ifi € Ry, jkl € R3 , then

/

Tijne ijkt € ag Uz U By 7 U, 5UdsU0ds
Tikie — Thoir + Tijre ijkl € oy, 01
Fis(TW)i jre = Tikie — Tyjie + Tik je + Tijre 17kL € Bri,m
Tiike + Tij ke ijkl € By
Tiike — Theij 0.w.

\

where F13(T(4))Z'7jkg is the entry in row i € Ry and column jk¢ € R3.

5.2 Proof of Proposition 5.1.1

The proof of Proposition 5.1.1 is a lengthy case-by-case argument. Note that in each
case, we apply the Jacobi identity on a commutator [z;, [z}, [xy, z¢]]], where i € R;

and jk¢ € R3. For simplicity, we suppress the x’s in commutators by writing

(6, [k, )] += L, [, [aog, ]
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It is straightforward to verify that the last line of each case is a linear combination of

elements of Ry.
1. Let oy :={ijkl :i < k <{ < j}. Then
(@, [, [k, A1) = =[5, [[k, 41, 4]] = [[k, €], [¢, 1]
=[5, li; [k, A1) + [[4, 41, [, €]
= [jv _[kv [67 ZH - [f, [iv km + [[Zuﬂ’ [kvg]]
= g, [k, 12, 4011 = 1, 16, L2, K1)+ (02, 71, [Tk €1])
So, ijkl = jkil — jlik + (if)(k).
2. Let ag :={ijkl: k=i <{<j}. Then
(&, 5, 6, A1) = =[5, [l2, ], 4]) = [[4, €], [¢, 1]
=[5, [0, [, )] = [l2, 4, [¢, J1]
So, ijil = jiil — (il)(ij).
3. Let a3 :={ijkl: k <i<{<j}. Then
[0, 5, [k, 001) = =[5, [k, 41, 4] = [k, €1, 2, J1]
= 7, [i; [k, 1] = [[k, ], [4, 7]
So, ijkl = jikl — (k€)(i).
4. Let oy := {igki: k <i < j}. Then

(& 1, [k all) = =1, ([ ], al] = [k, 4], 12, 7]]
=[5, [6, [k, al)] = [k, 4], [2, 1]
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So, ijki = jiki — (ki)(ij).

5. Let a := {ijkl : k < { <i<j}. Then

[0, 5, [k, A1) = =[5, [k, 41, 4] = [[k, €1, [i,

So, ikt = jikl — (k0)(ij).
6. Let ag := {iik(: k < ¢ < i}. Then iik( € Ry.
7. Let ar := {ijkl: k < < j <i}. Then ijkl € Ry.
8. Let By := {ijkl :i <k < j < (}. Then
—[5, [k, £, 4]] = [[%, €], [i, 1]
(i, [k, £)]] + [[2, 41, [k, ]

=1,

s =k, 16 a]] = 16 [, K] + [[4, 71, [, €]
= g, [k, 12, 0011 = 17, 16, L2, K1) + 102, 7], [k, 4]
[
j

(@, [, [k, 1]

gy [k, [2, 00]) = [€, [4, [2, K])) + [[4, &1, [4, €])
So, ijkl = jkil — (jik + (ik)(50) + (i5) (k).

9. Let By := {ijil : i < j < (}. Then

[i7 []a [2,5]“ = —[j, [[176]72” - Hiag]a [ia
=[5, [&, [, )] + [[2, 51, [¢, 4]]

So, ijil = jiil + (ij)(il).

il
=[5, li; [k, 1] = [[k, 4], 14, 7]

gy [k 16, €011 = (=16, [[2, k1, 511 = (14, &1, [, 1) + [[2 41, [k, 4]
+[[4, 5], [k, ]

il
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10.

11.

12.

13.

14.

15.

16.

17.

Let 3 := {ijkl¢ : k <i < j < (}. Then

(i, 17, [k, A1) = =[5, [k, €], ] — [[&, 4], [2, j]]
=[5, [6, [k, €]]] = [k, 4], [i, 5]
So, ijkl = jikl — (k€)(ij).
Let 4 := {iikl : k < i < {}. Then iikl € R,.
Let Bs := {ijkl: k < j < i < (}. Then ijkl € Ry.
Let Bg := {ijki: k < j <i}. Then ijkil € Ry.
Let 87 := {ijkl : k < j < { < i}. Then ijkl € Ry.
Let 71 :={ijjl :i < j < {}. Then

s L2, 15, A1) + 112, g1 [, 4]

= g, =0 6] = 16 12, 1)) + {12, 31, 15, 41)

=5, 15, [, A0 = [, 16, [, 1] + 14, 41, [5, 41]

=5, 10, [, A1 = (=16, 113, 51, 910 = (12, 91, 1, D) + (12, 1, 19, 4]
=12, 10, [ A1 = (06, 1, 6, 0] = [l 31, 1, 400) =+ (L2, 31, 15, 4]]
= 17,17, 16, 0]] = 16 15, L2, 1)) + {12, 91, 19, ) + 112, 5, 15, 4]

= [, 19, [6, 2011 = [6, 15, [2, g11] + 2[[2, 41, 5, 4]}

So, ijjl = jjil — Lyij + 2(ij)(jL).
Let g := {itil : i < £}. Then iiil € Ry.

Let v3 :={ijjl : j <i < (}. Then ijjl € Ry.
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18.

19.

20.

21.

22.

23.

24.

Let 4 :={ijji : j <i}. Then ijji € Ry.
Let 75 :={ijjl : j < ¢ < i}. Then ijjl € Ry.
Let &y := {ijkj :i < k < j}. Then
= [, [, [k, 1] + (14, 5], [k, 5]
= [, =[k [, 4) = [, 6, K] + [l4, 51, & 1]
=[5, [k, [&,91) = [, 5, [, K1)+ 112, g1 [, )
So, ijkj = jkij — jjik + (i7)(kj).
Let 0y := {ijij : i < j}. Then
=[5, [4, [2, 4]]]
So, ijij = jiij.
Let 03 := {ijkj : k <i < j}. Then
= [, [, [k, 91] = [[k, 51, 12, 5]
So, ijkj = jikj — (kj)(ij).
Let 64 := {iiki : k < i}. Then diki € Ry.

Let 05 := {ijkj : k < j <i}. Then ijkj € Ry.
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Let us now give an algorithmic flavour to the above proof. In Figure 5.2 we give
a flowchart version of the strategies used throughout the computations in this section.

We describe the different ways we can apply the Jacobi identity as follows:

I abed = bacd — (cd)(abd),
II  abcd = acbd — adbe.

The Python code for this flowchart appears in Appendix A.1.

5.3 Computing Fyy(T™)

Let us move on to the computation of the entries of Fyy(T™). From Equation (2.5.1)
and Definition 2.5.2 we know that the entries of Fyy(T™) correspond to brackets of
the following form

[ij, Tre] = [[2i, 5], [T1, 0],

where x;;, 10 € H?. We call brackets of this form balanced brackets. We want to write
[2ij, k] as a linear combination of elements in H*. From Definition 4.1.4 and the
lexicographic order H? is equipped with, we see that if ¢ < k, then [[z;, z;], [z, z4]] €
H*. Otherwise, if i > k, then

[, 5], [w, we]] = —[lan, e, [, 23],
and [[zg, 2], [25, ;)] € H*. As a result, we obtain the following proposition, where we
continue using the notation of Proposition 5.1.1.
Proposition 5.3.1. Ifij € Ry, kl € R,, then

(i) (k6) — (i)(kf) € pUn,_s

(i5)(k€) = 3
—(i7)(k0) o.w.
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where p = {(ij)(il) : i < j < ({}, and
vis=U _ v ={(i5)(k0) :i < j,i <k <}

-----

The vy, ’s are described in Figure 5.3 below.

f abed ;

a>c Yes a=c Yes d<b Yes ’ baad — (ad)(ab) /

No

bacd — (cd)(ab)

No No
Apply 1I baad + (ab)(ad)
Apply I No b>d Yes bead — bdac + (ab)(cd) /

Yes

/ bead — dbac + (ac)(bd) — (cd)(ab) /

Figure 5.2: Hall basis expansion algorithms.



5. FREE LIE ALGEBRAS OF NILPOTENCY CLASS 4 53

vy, V2 V3 V4 Us
Jj 3 3 3 J

i k 14

Figure 5.3: Possible positions of j with respect to ¢, k, ¢.

Corollary 5.3.2. Ifij € Ry, kl € R,, then

Tijrwe  (ig)(k0) e pUvy, 5

_Tké,ij 0.W.

F22(T(4))¢j,u =
where FQQ(T(“))M,M 1s the entry in row ij € Ry and column kl € Rs.

5.4 Explicit Description of Reduced Commutator ma-
trix F(TW)

Recall from Section 5.1 that for each ¢ € R4, we want to find how many times 7;

appears in F(T™®) and in which entries. Note that from Figure 5.1 we have
Ry = (agUazr) U (U _yBm) U (U2 _g¥m) U (04 U ds5) U U (U2 _ 1), (5.4.1)

Depending on which part of the above partition ¢ belongs to in Ry, the word ¢ falls
into one of the following types: The First Type is when t = abcd, and the Second
Type is when t = (ab)(cd).

Remark 5.4.1. By Corollary 5.1.2 and Corollary 5.3.2, when ¢ is of the first type,
T, can only appear in Fy3(T™) entries, whereas in the second type, T; can appear in

both Fi3(T™) and Fy(T™) entries.
To find all the occurrences of T} in F(T™), we consider the type of ¢ as follows:

o First Type: We need to find all possible ¢ € R; and jk¢ € R3 such that t = abed

is part of the expression of ¢jk¢ in terms of elements from R,.
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e Second Type: As in the first type, we need to find all possible i € R; and
jkl € Rz such that ¢ = (ab)(cd) is part of the basis expansion of ijkl. As
mentioned in Remark 5.4.1, we also need to find all ij € Ry and kf € Ry
such that t = (ab)(cd) is in the basis expansion of (ij)(k¢). Proposition 5.3.1
shows that the only possibilities are {ij, k¢} € {ab, cd}, since (ab)(cd) =t and
(cd)(ab) = —(ab)(cd) = —t.

Therefore, we need to analyze each basis element ¢t € R4;. We consider the cases in

the order that the parts appears in the partition in Equation (5.4.1) as follows:

1. If t € ag, then t = bbed with ¢ < d < b. Thus, t belongs to the First Type, and the
choices for + € Ry and jkf¢ € R3 are as follows:
e i,j, k0 €{bcd}, with only b allowed to be repeated twice.
e Since jk¢ € R®, then we must have k < ¢ and k < j. So,

— If k = ¢, then we can take ¢ € {d,b} and j € {c,d,b}. Since only b can
be repeated twice, we must have (¢, j) € {(d,b), (b,d), (b,0)}.

— If k = d, then we can take { = b and j € {d,b}. Since only b can be

repeated twice, we only have ¢ = j = b.

So, we have the following possibilities

ijk € {bbed, bdch, dbcb, chdb}.

Now, using Proposition 5.1.1, we write ¢jk¢ in each of the above cases as a sum of

Hall basis elements:

(a) ijkl = bbed =t € ag.

(b) ijk¢ = bdcb € . Since 5 C R4 and bdcb # t, this case does not lead into an

occurrence of Tj.
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(c) ijkl = dbcb € 63. Then, dbcb = bdcb — (¢b)(db). Since t is not in the basis

expansion of dbcb, this case does not lead into an occurrence of 7.

(d) ijkt = cbdb € 61. Then, cbdb = bdch — bbed + (cb)(db) = bdcb — t + (cb)(db).

So, Ty appears 2 times in Fi3(T™®); once with coefficient +1 and once with coeffi-

cient —1, as shown below:

row column entry
1 b bed Topea = T3
2 ¢ bdb Toacs — Tt + Tcv)(an)

As aresult, T, appears 4 times in F((T™): two times in each of the blocks Fy3(T™)
and —F5(T™).

2. If t € a7, then t = abed with ¢ < d < b < a. Thus, t belongs to the First Type,

and the choices for © € Ry and jkl € R3 are as follows:

e i,j, k.t €{a,b, c,d}, with no repetition allowed.
e Since jk¢ € R3, then we must have k < ¢ and k < j. So,

— If k = ¢, then we can take ¢ € {d,b,a} and j € {c¢,d,b,a}. Since no

repetition is allowed, then we must have

(¢,7) € {(d,b), (d, a), (b, d), (b, a), (a,d), (a,b) }.

— If k = d, then we can take £ = {b,a} and j € {d,b,a}. Since no repetition
is allowed, we must have (¢, j) € {(b,a), (a,b)}.

So, we have the following possibilities

ijkl € {abcd, bacd, adcb, dacb, bdca, dbca, cadb, cbda}.
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Now, using Proposition 5.1.1, we write ¢jk¢ in each of the above cases as a sum of

Hall basis elements:
(a) ijkl = abcd =t € as.
(b) ijkl = bacd € as. Then, bacd = abed — (cd)(ba) =t — (cd)(ba).

(c) ijkl¢ = adcb € P7. Since f; C Ry and adch # t, this case does not lead into

an occurrence of T;.

(d) ijkl = dacb € az. Then, dacb = adcb — (¢b)(da). Since t is not in the basis

expansion of dacb, this case does not lead into an occurrence of T;.

(e) ijkt = bdca € B5. Since f5 C Ry and bdeca # t, this case does not lead into

an occurrence of T;.

(f) ijkl = dbca € Ps. Then, dbca = bdca — (ca)(db). Since t is not in the basis

expansion of dbca, this case does not lead into an occurrence of T;.
(g) ijkl = cadb € ay. Then, cadb = adcb — abed + (ca)(db) = adcb —t + (ca)(db).

(h) ijkl¢ = cbda € 3. Then,
cbda = bdca — abed + (cd)(ba) + (¢b)(da) = bdca — t + (cd)(ba) + (c¢b)(da).

So, T; appears 4 times in F13(T(4)) in the following entries:

row column entry
a bed  Tapea = Ti
b acd T} — Ticayva)
c adb  Toaer — Tt + Tica)(ab)

[ S

c bda  Tyaca — Ti + Ticayva) + Tcb)(da)

As a result, T, appears 8 times in F'(T): 4 times in each of the blocks Fy3(T™)
and —F5(T®).
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3. If t € B4, then t = aacd with ¢ < a < d. Thus, t belongs to the First Type, and
the choices for i € Ry and jk{ € R3 are as follows:
e i.j,k,t€{a,c,d}, with only a allowed to be repeated twice.
e Since jk¢ € R3, then we must have k < ¢ and k < j. So,

— If k = ¢, then we can take ¢ € {a,d} and j € {c, a,d}. Since only a can
be repeated twice, we must take (¢, 7) € {(a,a), (a,d),(d,a)}.

— If k = a, then we can take ¢ = d and j € {a,d}. Since only a can be

repeated twice, we only have (¢, 7) = (d, a).

So, we have the following possibilities

ijkl € {daca, adca, aacd, caad}.

Now, using Proposition 5.1.1, we write ijk¢ in each of the above cases as a sum of

Hall basis elements:
(a) ijkl = daca € d5. Since 05 C R4 and daca # t, this case does not lead into
an occurrence of T;.

(b) ijkl = adca € a4. Then, adca = daca — (ca)(ad). Since t is not in the basis

expansion of adca, this case does not lead into an occurrence of T;.
(c) ijkt = aacd =t € By.

(d) ijkl¢ = caad € ;. Then, caad = aacd—daca+2(ca)(ad) = t—daca+2(ca)(ad).
So, T; appears 2 times in Fi3(T™) in the following entries:

row column entry

1 a acd Toaca =13
2 c aad T;f — Tdaca + 2T(Ca)(ad)
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As aresult, T, appears 4 times in F((T™): two times in each of the blocks Fy3(T™)
and —Fi5(TW).

4. If t € 55, then t = abed with ¢ < b < a < d. Thus, t belongs to the First Type,

and the choices for i € Ry and jk{ € Rs3 are as follows:
e i,j,k,{ €{a,b,c, d}, with no repetition allowed.
e Since jkf € R3, then we must have k < ¢ and k < j. So,

— If k = ¢, then we can take ¢ € {b,a,d} and j € {¢, b, a,d}. Since no repeti-
tion is allowed, we must have (¢, j) € {(b,a), (b,d), (a,b), (a,d), (d,b), (d,a)}.

— If k = b, then we can take ¢ € {a,d} and j € {b,a,d}. Since no repetition
is allowed, we only have (¢, j) € {(a,d), (d,a)}.

So, we have the following possibilities
ijkl € {dacb, adcb, dbca, bdca, abed, bacd, cdba, cabd}.

Now, using Proposition 5.1.1, we write ijk¢ in each of the above cases as a sum of

Hall basis elements:

(a) ijkl = dacb € a7. Since a; C Ry and dacb # t, this case does not lead into

an occurrence of T;.

(b) ijkl = adcb € as. Then, adcb = dacb — (¢b)(ad). Since t is not in the basis

expansion of adcb, this case does not lead into an occurrence of T;.

(c) ijkt = dbeca € B;. Since B; C Ry and dbeca # t, this case does not lead into

an occurrence of T;.

(d) ijkl = bdca € az. Then, bdca = dbca — (ca)(bd). Since t is not in the basis

expansion of bdca, this case does not lead into an occurrence of T;.

(e) ijkt = abed =t € Bs.
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(f) ijk¢ = bacd € Ps. Then, bacd = abed — (cd)(ba) =t — (cd)(ba).

(g) ijkl = cdba € ay. Then, cdba = dbca — dacb + (cd)(ba). Since t is not in the

basis expansion of cdba, this case does not lead into an occurrence of T}

(h) ijkl = cabd € B;. Then,
cabd = abed — dacb + (¢b)(ad) + (ca)(bd) =t — dacb + (cb)(ad) + (ca)(bd).

So, T; appears 3 times in Fi3(T™) in the following entries:

row column entry
1 a bed Tobed = 13
2 b acd Ty — Ticd)(ba)
3 ¢ abd Tt — Taach + Tieb)(ad) + T(ca)(ba)

As a result, T} appears 6 times in F(T“): three times in each of the blocks
Fi3(TW) and —Fi(TW).

5. If t € B¢, then t = abca with ¢ < b < a. Thus, t belongs to the First Type, and the
choices for 7+ € Ry and jk¢ € R3 are as follows:
e i,j, k0 €{a,b,c}, with only a allowed to be repeated twice.
e Since jkf € R3, then we must have k < £ and k < j. So,

— If k = ¢, then we can take ¢ € {b,a} and j € {c,b,a}. Since only a ca be
repeated twice, we must have (¢, j) € {(b,a), (a,b), (a,a)}.
— If k = b, then we can take ¢ = a and j € {b,a}. Since only a ca be

repeated twice, we only have j = ¢ = a.

So, we have the following possibilities

ijkl € {aacb, abca, baca, caba}.
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Now, using Proposition 5.1.1, we write ¢jk¢ in each of the above cases as a sum of

Hall basis elements:
(a) ijkl = aacb € ag. Since ag C Ry and aacb # t, this case does not lead into
an occurrence of Tj.
(b) ijkl = abca =t € [e.
(c) ijkl = baca € 3. Then, baca = abca — (ca)(ba) =t — (ca)(ba).

(d) ijkl¢ = caba € §;. Then, caba = abca — aach + (ca)(ba) =t — aacb + (ca)(ba).
So, T; appears 3 times in Fi3(T™) in the following entries:

row column entry
1 a bca Tobea =Tt
2 b aca Ti — Tica)(ba)
3 ¢ aba  Tp — Thach + Tca)(ba)

As a result, T} appears 6 times in F(T™): three times in each of the blocks
Fi3(TW) and — Fiz(T®W).

6. If t € B, then t = abed with ¢ < b < d < a. Thus, t belongs to the First Type,
and the choices for © € Ry and jkl € R3 are as follows:
e i,j, k.t €{a,b, c,d}, with no repetition allowed.
e Since jk¢ € R3, then we must have k < ¢ and k < j. So,

— If k = ¢, then we can take ¢ € {b,d,a} and j € {c,b,d,a}. Since no repeti-
tion allowed, we must have (¢, j) € {(b,d), (b, a), (d,b), (d,a), (a,b), (a,d)}.

— If k = b, then we can take ¢ € {d,a} and j € {b,d,a}. Since no repetition
allowed, we only have (¢, j) € {(d,a), (a,d)}.
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So, we have the following possibilities
ijkl € {adcb, dacb, abcd, bacd, dbca, bdca, cabd, cdba}.

Now, using Proposition 5.1.1, we write ¢jk¢ in each of the above cases as a sum of

Hall basis elements:

(a) ijkl = adcb € a7. Since ay C Ry and adcb # t, this case does not lead into

an occurrence of T;.

(b) ijkl = dacb € . Then, dacb = adcb — (¢b)(da). Since t is not in the basis
expansion of dacb, this case does not lead into an occurrence of T;.

(c) ijkt = abed =t € Br.

(d) ijkl¢ = bacd € az. Then, bacd = abed — (cd)(ba) =t — (cd)(ba).

(e) ijkt = dbca € B5. Since f5 C Ry and dbeca # t, this case does not lead into

an occurrence of T;.

(f) ijkl = bdca € B3. Then, bdca = dbca — (ca)(bd). Since t is not in the basis
expansion of bdca, this case does not lead into an occurrence of T;.
(g) ijkl = cabd € ay. Then, cabd = abed — adcb + (ca)(bd) =t — adcb + (ca)(bd).

(h) ijk¢ = cdba € By. Then, cdba = dbca — adcb + (¢b)(da) + (cd)(ba). Since t is
not in the basis expansion of cdba, this case does not lead into an occurrence

of T;.

So, T; appears 3 times in F13(T(4)) in the following entries:

row column entry
1 a bed  Tapea = Ti
2 b acd Ty — Ticayva)
3 ¢ abd Ty — Toger + Tcay(va)
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As a result, T} appears 6 times in F(T™): three times in each of the blocks
Fi3(TW) and — Fiz(TW).

7. If t € 5, then t = aaad with a < d. Thus, ¢t belongs to the First Type, and the

choices for ¢ € Ry and jk¢ € R3 are as follows:

e i,j,k,{€{a,d}, with only a allowed to be repeated three times.

e Since jk¢ € R3, then we must have k < ¢ and k < j. This implies that we
must take k = a, { = d and j € {a, d}. Since only a is allowed to be repeated

three times, we can only take j = a.

So, the only possibility is ijk¢ = aaad = t. Thus, T} appears only once in Fy3(T®)

in the following entry:

row column entry

1 a aad Tovad = 1

As a result, T} appears 2 times in F/(T™): once in each of the blocks Fi3(7™") and
R (T).

8. If t € 73, then t = abbc with b < a < ¢. Thus, t belongs to the First Type, and the

choices for : € Ry and jk¢ € R3 are as follows:
e i,j,k,{€{a,b,c}, with only b allowed to be repeated twice.

e Since jk¢ € R3, then we must have k < ¢ and k < j. So,

— If k = b, then we can take ¢ € {a,c} and j € {a,b,c}. Since only b can
be repeated twice, we must have (¢, j) € {(a,b), (a,c), (¢,a),(c,b)}.
— If k = a, then we can take ¢/ = ¢ and j € {a,c}. Since only b can be

repeated twice, there is no possible choices for ¢ or j.
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So, we have the following possibilities
ijkt € {cbba, bcba, babe, abbe}.

Now, using Proposition 5.1.1, we write ¢jk¢ in each of the above cases as a sum of

Hall basis elements:
(a) ijkl = cbba € 7s5. Since v5 C Ry and cbba # t, this case does not lead into an
occurrence of Tj.

(b) ijkl = bcba € ag. Then, beba = cbba — (ba)(be). Since t is not in the basis

expansion of bcba, this case does not lead into an occurrence of T;.
(¢) ijkl = babc € 5. Then, babc = abbe + (ba)(be) =t + (ba)(bc).

(d) ijkl = abbc =t € ~;.
So, T; appears 2 times in Fi3(T™) in the following entries:

row column entry
1 b abe T, + T(ba)(bc)'
2 a bbc Tabbc = 1—;5

As a result, T} appears 4 times in F(T™®): twice in each of the blocks Fy3(T™)
and —F5(T®).

9. If t € 74, then t = abba with b < a. Thus, t belongs to the First Type, and the

choices for + € Ry and jkf¢ € R3 are as follows:

e i.j, k0 € {a,b}, with both a and b allowed to be repeated twice.

e Since jk¢ € R3, then we must have k < ¢ and k < j. This implies that we
must take k = b, { = a and j € {b,a}. Since both a and b are allowed to be

repeated twice, we must have (¢, j) € {(a,b), (a,a)}.
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10.

So, we have the following possibilities
ijktl € {abba, baba}.

Now, using Proposition 5.1.1, we write ¢jk¢ in each of the above cases as a sum of
Hall basis elements:
(a) ijkl = abba =t € 4.

(b) ijk¢ = baba € 5. Then, baba = abba = t.
So, Ty appears 2 times in Fi3(T™) in the following entries:

row column entry
1 a bba Tabba = E
2 b aba Tabba = T;g

As a result, T} appears 4 times in F(T™®): twice in each of the blocks Fy3(T™)
and —F/5(T®).

If t € 5, then t = abbc with b < ¢ < a. Thus, t belongs to the First Type, and the
choices for 7 € Ry and jk¢ € R3 are as follows:

e i,j,k l€{a,b,c}, with only b allowed to be repeated twice.

e Since jk¢ € R3, then we must have k < ¢ and k < j. So,

— If kK = b, then we can take ¢ € {c¢,a} and j € {b,c,a}. Since b is allowed
to be repeated twice, we must have (¢, ) € {(c,b), (¢,a), (a,b), (a,c)}.
— If k = ¢, then we can take £ = a and j € {c,a}. Since only b is allowed

to be repeated twice, there are no possible choices for (¢, j).

So, we have the following possibilities

ijkt € {abbc, babe, cbba, beba}.
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Now, using Proposition 5.1.1, we write ¢jk¢ in each of the above cases as a sum of

Hall basis elements:
(a) ijkl = abbc =t € 5.
(b) ijkl = babc € ay. Then, babc = abbe — (be)(ba) =t — (be)(ba)

(c) ijkl = cbba € 73. Since v3 C Ry and cbba # t, this case does not lead into an

occurrence of Tj.

(d) ijkl = beba € By. Then, beba = cbba + (be)(ba). Since t is not in the basis

expansion of bcba, this case does not lead into an occurrence of T;.
So, T} appears 2 times in F13(T(4)) in the following entries:

row column entry
1 a bbc Tabbc = T;g
2 b abc Tt — T(bc)(ba)-

As a result, T} appears 4 times in F(T™®): twice in each of the blocks Fy3(T™)
and —F5(T™).

11. If t € ¢4, then t = bbeb with ¢ < b.Thus, t belongs to the First Type, and the

choices for i € Ry and jkl € R3 are as follows:

e i,j, k0 €{b,c}, with only b allowed to be repeated three times.

e Since jk¢ € R3, then we must have k < ¢ and k < j. This implies that we
must take k = ¢, ¢ = b and j € {b,c}. Since only b is allowed to be repeated

three times, we must have (¢, j) = (b,b).

So, the only possibility is ijk¢ = bbcb = t. Thus, T, appears only once in Fy5(T®)

in the following entry:

row column entry

1 b beb Tbbcb = ﬂ .
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As a result, T} appears 2 times in F/(T™): once in each of the blocks Fy3(7™") and
—Fy(T).

12. If t € 05, then t = abeb with ¢ < b < a. Thus, t belongs to the First Type, and the
choices for ¢+ € Ry and jk¢ € R3 are as follows:
e i,j,k,{€{a,b,c}, with only both b allowed to be repeated twice.
e Since jkf € R3, then we must have k < ¢ and k < j. So,

— If k = ¢, then we can take ¢ € {b,a} and j € {a,b,c}. Since b is allowed
to be repeated twice, we must have (¢, j) € {(b,a), (b,0), (a,b)}.

— If kK = b, then we can take ¢ = a and j € {a,b}. Since b is allowed to be

repeated twice, there is only one possible choice for (¢, j) = (a,b).

So, we have the following possibilities
ijkl € {bacb, abcb, bbca, cbba}.

Now, using Proposition 5.1.1, we write ijk¢ in each of the above cases as a sum of

Hall basis elements:

(a) ijkl¢ = bacb € ay. Then, bacb = abchb — (¢b)(ba) =t — (cb)(ba).
(b) ijkl = abchb =t € 5.

(c) ijkl = bbca € By. Since By C R4 and bbca # t, this case does not lead into an

occurrence of T;.

(d) ijkl = cbba € ;. Then, cbba = bbca — abeb + 2(cb)(ba) = bbca — t + 2(cb)(ba).

So, T; appears 3 times in Fi3(T™) in the following entries:
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row column entry
I b acb  Taper = Ty — Tict)(ba)-
2 a beb Tover = Tt
3 ¢ bba  Typea — T + 2T ) (ba)-

As a result, T; appears 6 times in F(T™): three times in each of the blocks
Fi3(TW) and — Fiz(T®).

13. If t € vy, then t = (ab)(ad) with a < b < d. Thus, t belongs to the Second Type,
and the choices for ¢ € Ry and jkl € R3 are as follows:
e i,j,k,t€{a,b,d}, with only both a allowed to be repeated twice.
e Since jkf € R3, then we must have k < £ and k < j. So,

— If k = a, then we can take ¢ € {b,d} and j € {a,b,d}. Since a is allowed
to be repeated twice, we must have (¢, j) € {(b,a), (b,d), (d,a), (d,b)}.
— If kK = b, then we can take ¢/ = d and j € {b,d}. Since a is allowed to be

repeated twice, there is no possible choice for (¢, 7).

So, we have the following possibilities
ijkl € {daab, adab, baad, abad}.

Now, using Proposition 5.1.1, we write ¢jk¢ in each of the above cases as a sum of

Hall basis elements:

(a) ijk¢ = daab € 5. Since 5 C Ry and daab # t, this case does not lead into

an occurrence of T;.
(b) ijk¢ = adab € ag. Then, adab = daab — (ab)(ad) = daab — t.

(c) ijkt = baad € ~y3. Since v3 C R4 and baad # t, this case does not lead into

an occurrence of T;.
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(d) ijkl = abad € By. Then, abad = baad + (ab)(ad) = baad + t.

So, T; appears 2 times in Fi3(T™) in the following entries:

row column entry
1 a dab Tdaab — 7—;5
2 a bad Tyaaq + 1.

Since t = (ab)(ad) falls into the Second Type, T; also appears in the following
entries of Fhy(T™):

row column entry
1 ab ad T(ab) (ad) = T;5
2 ad ab —T.

As a result, T} appears 6 times in F(T®): twice in Fyy(T™), twice in Fy3(T™)
and twice in —Fi5(T®),

14. If t € vy, then t = (ab)(cd) with a < b < ¢ < d. Thus, t belongs to the Second
Type, and the choices for « € Ry and jk¢ € R3 are as follows:
e i,j, k.t €{a,b, c,d}, with no repetition allowed.
e Since jk¢ € R3, then we must have k < ¢ and k < j. So,

— If kK = a, then we can take £ € {b,c,d} and j € {a,b,c,d}. Since no

repetition is allowed, we must have

(£,7) € {(b,¢), (b, d), (¢,0), (¢, d), (d,]), (d, c)}.

— If k = b, then we can take ¢ = {¢,d} and j € {b,¢,d}. Since no repetition
is allowed, we must have (¢, j) € {(¢,d), (d,c)}.
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So, we have the following possibilities
ijkt € {dcab, cdab, dbac, bdac, cbad, bead, adbe, acbd}.

Now, using Proposition 5.1.1, we write ¢jk¢ in each of the above cases as a sum of

Hall basis elements:

(a) ijk¢ = dcab € a7. Since a; C Ry and deab # t, this case does not lead into
an occurrence of Tj.

(b) ijkl = cdab € as. Then, cdab = decab — (ab)(cd) = dcab — t.

(c) ijkt = dbac € B;. Since B; C Ry and dbac # t, this case does not lead into

an occurrence of T;.

(d) ijk¢ = bdac € az. Then, bdac = dbac — (ac)(bd). Since ¢ is not in the basis

expansion of bdac, this case does not lead into an occurrence of T;.

(e) ijkl¢ = cbad € P5. Since 5 C Ry and cbad # t, this case does not lead into

an occurrence of T;.

(f) ijkl = bcad € P3. Then, bead = cbad — (ad)(bc). Since t is not in the basis

expansion of bcad, this case does not lead into an occurrence of T;.

(g) ijkl¢ = adbc € ay. Then, adbc = dbac — dcab + (ad)(bc). Since t is not in the

basis expansion of adbc, this case does not lead into an occurrence of T;.

(h) ijkl = acbd € B;. Then,

acbd = cbad — dcab + (ab)(cd) + (ac)(bd) = cbad — dcab + t + (ac)(bd).

So, T, appears 2 times in F3(T™) in the following entries:
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row column entry

1 C dab Tdcab - E
2 a de chad - Tdcab + th + T(ac)(bd) :

Since t = (ab)(cd) falls into the Second Type, T; also appears in the following
entries of Fy(TW):

row column entry
1 ab cd T(ab) (cd) = Tt
2 cd ab —T;.

As a result, T} appears 6 times in F(T™W): twice in Fyy(T™), twice in Fy3(T™)
and twice in —F%(T™).

15. If t € vs, then t = (ab)(bd) with a < b < d. Thus, ¢ belongs to the Second Type,
and the choices for i € Ry and jkl € R3 are as follows:
e i,j, k0 €{a,b,d}, with only b repeated twice.
e Since jk¢ € R3, then we must have k¥ < ¢ and k < j. So,

— If k = a, then we can take ¢ € {b,d} and j € {a,b,d}. Since only b is
repeated twice, we must have (¢, j) € {(b,b), (b,d), (d,b)}.
— If k = b, then we can take ¢ = {d} and j € {b,d}. Since only b is repeated

twice, we must have (¢, j) = (d, b).

So, we have the following possibilities
ijkt € {dbab, bdab, bbad, abbd}.

Now, using Proposition 5.1.1, we write ijk{ in each of the above cases as a sum of

Hall basis elements:
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(a) ikl = dbab € 05. Since 05 C Ry and dbab # t, this case does not lead into an

occurrence of Tj.
(b) ijkl = bdab € ay. Then,bdab = dbab — (ab)(bd) = dbab — t.

(c) ijkt = bbad € By. Since By C Ry and bbad # t, this case does not lead into

an occurrence of Ty.

(d) ijkl = abbd € ~,. Then, abbd = bbad — dbab + 2(ab)(bd) = bbad — dbab + 2t.
So, T; appears 2 times in F13(T(4)) in the following entries:

row column  entry
1 b dab Tdbab — ﬂ
2 a bbd Tbbad - Tdbab + 2Tt.

Since t = (ab)(bd) falls into the Second Type, T, also appears in the following

entries of Fhy(T™):

row column entry
1 ab bd T(ab) (bd) = T;g
2 bd ab =T.

As a result, T} appears 6 times in F(T™): twice in Fa(T™), twice in Fy3(T™)

and twice in —F%(T™).

16. If t € vy, then t = (ab)(cd) with a < ¢ < b < d. Thus, t belongs to the Second
Type, and the choices for ¢ € Ry and jk¢ € R3 are as follows:
e i,j,k t€{a,b,c,d}, with No repetition allowed.
e Since jk¢ € R®, then we must have k < ¢ and k < j. So,

— If kK = a, then we can take ¢ € {b,c,d} and j € {a,b,c,d}. Since no

repetition is allowed, we must have

(£,3) € {(b,¢), (b,d), (¢, b), (¢, d), (d,]), (d, c) }.
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— If k = ¢, then we can take ¢ = {b,d} and j € {c,b,d}. Since no repetition
is allowed, we must have (¢, j) € {(b,d), (d,b)}.

So, we have the following possibilities
ijkl € {dcab, cdab, dbac, bdac, cbad, bead, adcb, abed}.

Now, using Proposition 5.1.1, we write ijk¢ in each of the above cases as a sum of

Hall basis elements:

e ijk{ = dcab € (7. Since B; C Ry and dcab # t, this case does not lead into
an occurrence of T;.

e ijkl = cdab € ag. Then, cdab = dcab — (ab)(cd) = dcab — t.

e ijkl = dbac € ay. Since a; C R4 and dbac # t, this case does not lead into

an occurrence of 1.

e ijkl = bdac € as. Then, bdac = dbac — (ac)(bd). Since t is not in the basis

expansion of bdac, this case does not lead into an occurrence of T;.

e ijkl = cbad € P5. Then, cbad = bead — (ad)(cb). Since t is not in the basis

expansion of cbad, this case does not lead into an occurrence of T;.

e ijkl = bcad € (5. Since f5 C R, and bcad # t, this case does not lead into

an occurrence of T;.

e ijkl = adcb € oy. Then, adcb = dcab — dbac + (ad)(cb). Since ¢ is not in the

basis expansion of adcb, this case does not lead into an occurrence of T;.

e ijkl = abcd € B;. Then,

abed = bead — dbac + (ac)(bd) + (ab)(cd) = bead — dbac + (ac)(bd) + t.

So, T, appears 2 times in F3(T™) in the following entries:
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row column entry

1 ¢ dab Tacay — Tt
2 a bed Tbcad - Tdbac + T(ac) (bd) + E

Since t = (ab)(cd) falls into the Second Type, T; also appears in the following
entries of Fy(TW):

row column  entry
1 ab cd T(ab) (cd) = Tt
2 cd ab —T;.

As a result, T} appears 6 times in F(T™W): twice in Fyy(T™), twice in Fy3(T™)
and twice in —F%(T™).

17. If t € vs, then t = (ab)(cb) with a < ¢ < b. Thus, t belongs to the Second Type,
and the choices for i € Ry and jkl € R3 are as follows:
e i,j, k0 €{a,b,c}, with only b repeated twice.
e Since jk¢ € R3, then we must have k < ¢ and k < j. So,

— If £ = a, then we can take ¢ € {c¢,b} and j € {a,b,c}. Since only b
repeated twice, we must have (¢, j) € {(c,b), (b,b), (b,c)}.
— If k = ¢, then we can take ¢ = {b} and j € {c,b}. Since only b repeated

twice, we must have £ = j = b.

So, we have the following possibilities
ijkt € {bbac, cbab, bcab, abcb}.

Now, using Proposition 5.1.1, we write ijk{ in each of the above cases as a sum of

Hall basis elements:
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(a) ikl = bbac € ag. Since ag C Ry and bbac # t, this case does not lead into

an occurrence of T;.
(b) ijkl = cbab € 03. Then, cbab = bcab — (ab)(cb) = bcab — t.

(c) ijkl = bcab € Pg. Since fg C R4 and beab # t, this case does not lead into an

occurrence of 1.

(d) ijk¢ = abcb € §;. Then, abch = beab — bbac + (ab)(cb) = beab — bbac + t.
So, T; appears 2 times in F13(T(4)) in the following entries:

row column  entry
1 C bab Tbcab — E
2 a beb  Tyeap — Tobac + Ti

Since t = (ab)(cb) falls into the Second Type, T; also appears in the following entries

of F22 (T(4) ) .

row column entry
1 ab cb T(ab)(cb) = T;g
2 b ab —T;.

As a result, T} appears 6 times in F(T™W): twice in Fyy(T™), twice in Fy3(T™)
and twice in —F%(T™).
18. If t € v, then ¢t = (ab)(cd) with a < ¢ < d < b. Thus, t belongs to the Second
Type, and the choices for i € Ry and jkl¢ € Rj3 are as follows:
e i,j,k t€{a,b,c,d}, with No repetition allowed.
e Since jk¢ € R®, then we must have k < ¢ and k < j. So,

— If kK = a, then we can take ¢ € {c,d,b} and j € {a,b,c,d}. Since no

repetition is allowed, we must have

(£,3) € {(¢,0), (¢, d), (d,b), (d, ), (b,c), (b, d)}.
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— If k = ¢, then we can take ¢ = {d, b} and j € {c,d,b}. Since no repetition
is allowed, we must have (¢, j) € {(d,b), (b,d)}.

So, we have the following possibilities
ijkt € {dbac, bdac, cbad, bcad, dcab, cdab, abed, adcb}.

Now, using Proposition 5.1.1, we write ijk¢ in each of the above cases as a sum of

Hall basis elements:

(a) ijkl = dbac € as. Then, dbac = bdac — (ac)(db). Since t is not in the basis

expansion of dbac, this case does not lead into an occurrence of T;.

(b) ijkl = bdac € . Since a; C Ry and bdac # t, this case does not lead into

an occurrence of T;.

(c) ijkl = cbad € a3. Then, cbad = bead — (ad)(cb). Since ¢ is not in the basis

expansion of cbad, this case does not lead into an occurrence of T;.

(d) ijk¢ = bead € B7. Since f; C Ry and bead # t, this case does not lead into

an occurrence of T;.

(e) ijkl = dcab € B5. Since B5 C Ry and dcab # t, this case does not lead into

an occurrence of T;.
(f) ijk¢ = cdab € Ps. Then, cdab = dcab — (ab)(cd) = dcab — t.
(g) ijkl = abcd € ;. Then, abed = bead — bdac + (ab)(ed) = becad — bdac + t.

(h) ijkl = adcb € py. Then, adchb = dcab — bdac + (ac)(db) + (ad)(cb). Since t is
not in the basis expansion of adcb, this case does not lead into an occurrence

of T;.

So, T; appears 2 times in Fi3(7T™) in the following entries:
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row column

1 c dab
2 a bed

entry

Tdcab - E
Tbcad - deac + ZFt

Since t = (ab)(cd) falls into the Second Type, T, also appears in the following

entries of Foy(TW):

row column

1 ab
2 cd

cd
ab

entry

Tiab)(ca) = T

~T,.

As a result, T} appears 6 times in F(TW): twice in Fy(T™), twice in Fy3(T™)
and twice in —F%(T™).

We summarize the results of the previous 18 cases in Table 5.1 and Table 5.2,

where the cases are ordered with respect to the number of occurrences.

Ry
2
04
V4
Qg
Ba
3
s
B
05
Bs
Br

(044

Table 5.1: Occurrences of left-aligned basis elements in F(T™).

abcd
a=b=c<d
c<a=b=d
b=c<a=d

c<d<a=b
c<a=b<d
b=c<a<d
b=c<d<a
c<b<a=d
c<b=d<a
c<b<a<d
c<b<d<a

a<b<e<d

Occurrences in Fg(T™)

1

—_

[ R N o S S S I V]
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R, (ab)(cd) Occurrences in Fi3(T™)  Occurrences in Fop(T™)
vy a=c<b<d
v, a<b<ec<d
v3 a<b=c<d
vy, a<c<b<d

vs a<c<b=d

N NN N
N N NN NN

vg a<c<d<b

Table 5.2: Occurrences of balanced basis elements in F(T™®).

We can also obtain these occurrences using a Python code based on the flowchart

in Figure 5.2. The details are presented in Appendix A.2.



Chapter 6

Faithful Dimension of Nilpotency
Class 4

Our goal in this chapter is to compute the faithful dimension of exp(f, 4 ®zF,) using
the rank minimization problem presented in Proposition 4.3.4. Using the results from
Chapter 5, we assign a vector to each basis element of Rj5 such that these vectors are
linearly independent and produce minimal rank. This process is explained for each

type of basis element in Sections 6.2, 6.3, 6.4, 6.5 and 6.6.

6.1 Preliminaries

The partition of Ry in Equation (5.4.1) induces an equivalence relation, where we
declare two words of R4 to be in the same equivalence class if they can be converted
to each other by an order preserving labeling of the letters. For example, suppose that
r < s and u < v, then the words rrrs and uuuv are in the same equivalence class 7»,
by the relabeling r — s and u +— v. Throughout this chapter we set w < z <y < z,
where w, z,y,z € {1,...,n}. We represent a general element of each equivalence class

by a word in w, x,y and z that meets the following conditions:

78
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e [f the words in the equivalence class contain only two letters, the representative

must contain the letters w, x.

e [f the words in the equivalence class contain only three letters, the representative

must contain the letters w, z, y.

The representatives of the equivalence classes of R, are given in the last column of
Table 6.1 and Table 6.2.
Recall that Proposition 4.3.4 provides a tool for computing the faithful dimension

of exp(fn4 ®z F,). Therefore, our goal is to find
Loy o
() = [Ri] = (n* — )

linearly independent vectors that minimize the ranks in a suitable sense. More pre-
cisely, we need to find a set of vectors {a, : £ € R4} which is linearly independent and

the sum

rn(4)
Z fq%rqu (F;:i (ai))
i=1

is minimized. Our next goal is to prove that this can be achieved by the follow-
ing greedy algorithm: having chosen vectors aq,...,a,, we choose a,,; such that
rkp, (ﬁ}fi(arﬂ)) is smallest possible, subject to the condition that {ay,...,a,11} is

linearly independent.

Definition 6.1.1. [KV06, Def. 13.3.] A Matroid is a set system (E, F), where E is

a finite set and F is a collection of subsets of E, such that
i. o € F.
ii. f X CY € F, then X € F.

iii. If X,Y € F and | X| > |Y], then there is an x € X — Y with Y U{z} € F.
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Lemma 6.1.2. Let E = {(a(1),...,a(r,(4))) : a(i) € F,}, and F = {F C E :
F linearly independent}. Then, (E,F) is a Matroid.

Proof: Properties i. and ii. from Definition 6.1.1 are clear. To show property
iii., suppose that there is no € X — Y such that Y U {z} € F, ie. Y U{z} is
linearly dependent. Thus, X is in the span of Y. Since |X| > |V, then X is linearly

dependent, which is a contradiction. |

Proposition 6.1.3. The greedy algorithm produces the optimal solution to the rank

mainimaization problem.
— lrk]y‘ <Frcd a))
Proof:  Let F(a) = fg> "1\"in<'"’) and suppose that:

- the set of vectors {ai,...,a,, )} is the optimal solution to the rank minimiza-

tion problem and without loss of generality we can assume that

Flay) <+ < Far, )

- the set of vectors {by,...,b,, 1)} is the greedy algorithm output.

We claim that
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for some 1 <k <r,(c) — 1. If

then
F(b}ﬁ.l) > F(CL}H_l) > > F(al).

Note that [{b1,...,bx}| < [{a1,...,ak,ars1}|. So, by Lemma 6.1.2 there exists a €
{ai,...,ar, ap1} such that the set {by, ..., bg,a} is linearly independent. In this case

the greedy algorithm could have chosen the vector a instead of by, 1. Hence,

F(bysr) = F(a) > Fla),

which is a contradiction. So, we must have

k+1 k+1
Y Fb) <) Fla),
i=1 i=1
which completes the inductive argument. |

Our approach to the rank minimization problem using the greedy algorithm
will be as follows: first we choose an order on the equivalence classes of R,. Then,
we sequentially assign a vector to each element of the equivalence class of R, that
minimizes the rank of F'(T™) subject to the condition that it is linearly independent
from previously chosen vectors. The order we chose on R4 depends on the type of
the representative word (left-aligned or balanced) and number of distinct letters in

it. The order on R, is as follows:

i. Left-aligned two-letter equivalence classes: 7o, d4, V4.
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ii. Left-aligned three-letter equivalence classes: ag, 84,73, V5, B6, O5-
iii. Left-aligned four-letter equivalence classes: S5, 87, ar.
iv. Balanced three-letter equivalence classes: vq, v3, vs.

v. Balanced four-letter equivalence classes: vy, vy, 4.

R, abed w<r<y<z
ag c<d<a=b Yywx
ar a<b<c<d 2ywx
By c<a=b<d TTWY
b5 c<b<a<d Yrwz
Bg c<b<a=d yrwy
Br c<b<d<a zrwy
Yo a=b=c<d wWWwWT
73 b=c<a<d TWWY
vy b=c<a=d TWWIL
v b=c<d<a ywww
0y c<a=b=d TXWL
05 c<b=d<a yrwe

Table 6.1: Representatives of left-aligned equivalence classes of Rjy.
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R, (ab)(cd) w<r<y<z
v a=c<b<d (wz)(wy)
wx

vy, a<b<e<d yz

(wx)(yz)
v3 a<b=c<d (wz)(zy)
vy a<c<b<d (wy)(z2)
vs a<c<b=d (wy)(zy)

(wz)(zy)

wy)\xry

Vg a<c<d<b wz

Ty

Table 6.2: Representatives of balanced equivalence classes of Ry.

We will refer to the following lemma often in the upcoming sections to prove

linear independence.

Lemma 6.1.4. Let {uy,...,u,} and {vi,...,vs} be sets of vectors in FYN, where F

s a field and N € N, such that
o The set {uy,...,u.} is linearly independent.

o [For each 1 < k <'s, the vector vy, = (vg(i) : 1 <@ < N) has a position i), such
that :
— (i) # 0.
— up(ix) =0 for 1 <k <s, k' #k.

— up(ig) =0 for 1 <K <r.
Then, the set {uy, ..., up,v1,...,0s} is linearly independent.

Proof: Suppose that

Zazuz—i-Zb v; =0, (6.1.1)

i=1
where a;,b; € F. Let 1 < ko < s, and iy, be the position of vy, where vy, (i,) # 0.
From Equation (6.1.1), we get by, = 0. Thus, by = 0 for all 1 < k < s. Since
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{uy,...,u,} is linearly independent, we get that a; = 0 for all 1 <1 < r. As a result,

the set {uy,...,u,,v1,...,vs} is linearly independent. |

Let a = (a(t) : t € Ry) € F;"™ . From the reduced commutator matrix F (TW)

in Equation (5.1.1), the rank F(T™) evaluated at a is given by the following formula:
rk(F(a)) = 2rk(Fiz(a)) + rk(Fa(a)). (6.1.2)

Lemma 6.1.5. If a € IFZ"(4) has a nonzero entry at a left-aligned postion, then

rk(F(a)) > 2.

Proof: Suppose that the aforementioned nonzero entry of a = (a(t) : t € Ry)
is a(tp) such that tq is left-aligned. From Corollary 5.1.2 there exists an entry in
Fi3(T™) consisting solely of the monomial T},. Hence, 7k(Fy3(a)) > 1. However, T,
does not appear in Fyy(T™) as shown in Corollary 5.3.2. So, rk(Fh(a)) = 0. As a
result,

rk(F(a)) = 2rk(Fiz(a)) > 2,

which completes the proof. |

Lemma 6.1.6. Ifa € IFZ"(4) has a nonzero entry at a balanced position, then we have

rk(F(a)) > 4.

Proof: Suppose that the nonzero entry of a = (a(t) : t € Ry) is a(tp). such
that ¢, is balanced. From Table 5.2, we see that T}, appears in both Fi3(T™) and
Foo(TW). In Fi3(T™), T,, appears in an entry of the form T, — T},, for some left-
aligned t € Ry. If the value of this entry in Fi3(a) is zero, then the value of the entry

T; in Fi3(a) is nonzero. So, in both cases Fi3(a) has a nonzero entry that grantees
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that rk(Fi3(a)) > 1. Since Fyy(T™) is skew-symmetric, the rk(Fy(a)) is even. From
Corollary 5.3.2, there exists an entry in Fh(T™®) consisting solely of the monomial

Ti,- Since Fyy(a) has a nonzero entry, rk(Fa(a)) > 2. As a result,
rk(F(a)) = 2rk(Fi3(a)) + rk(Fn(a)) > 4,

Which completes the proof. |

We conclude this section with Table 6.3, which provides labels for the 4-letter
words in the subscripts of the 7”s in the commuator matrix F(T™®). We introduced
this labeling for better readability, as we represent words (e.g. wwwz, xzwz, ...)
using capital letters (e.g. A, B, ...). Note that in Table 6.3 we are labeling some
words of R4 not equivalence classes, for example A = wwwx and J = zxxy are in the

equivalence class 7,.

6.2 Left-Aligned Two-Letter Words

In this section we consider left-aligned words with only two letters w and x such
that w < x. According to Table 6.1, these words are: wwwz € v, rwwx € 74 and

rxxwz € d4. From Table 5.1, the number of occurrences of each type is given below:

Type  Word — Occurrences in Fy3(TW)

Yo o WWWZT 1
04 TXWL 1
Y4 TWWIL 2

We analyze each case in the above table as follows:

1. Let £ = wwwz € ;. From Case 7 in Section 5.4, T, appears once in Fi3(T™®) in

the following position:
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Fiy(T) = T,

A = wwwz B = zxwz C = zwwx D = yywx
F = ywwzx F =yyxy G = zazwy H = wwwy
I = zwwy J = zxxy K = yywy L = ywwy
M = yxwy N = yzxxy O = yzwzx Py = wwwz
P = zwwz Py = ywwz P; = zxwz Py = yrwz
Ps = xxaz Ps = yxxz P = yywz P =yyxz
Py = yyyz Qo = zwwy Q1 = zrwy Q2 = zxTy
Q3 = zzwy Q4= zzxy Qs = z2yz Ry = zwwz
R = zwwz Ry = zazwx R3 = zawz Ry = zzxz
Rs = zywx Rg = zywz R; = zyxy Ry = zyxz
Ry = zyyz So = zzwz S1 = zzwz So = zzx2
Ty = zywy Vi = (wz)(wy) Va=(wzr)(yz) V= (wz)(zy)

Vi=(wy)(zz) Vs = (wy)(zy) Ve = (wz)(zy)

Table 6.3: Table of labels.
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If we choose the vector ay = (as(i) : i € Ry), such that

1 i=¢
0 ¢,

ag(i) =

we get rk(Fi3(ag)) = 1. As a result, r7k(F(ay)) = 2.

We visually represent the vector a, constructed above by highlighting the nonzero

entries as follows:

where A = wwwzx as labeled in Table 6.3.

Next we prove that the set of vectors {ay : ¢ € 72} is linearly independent. Let
b= e, cear = (b(i) : i € Ry). Then, for i € Ry we have

i 1LE Y

b(i) = ,
0 ¢y,

If b =0, then b(i) =0 for all i € Ry. As a result, ¢; =0 for all i € 7».

2. Let ¢ = zzwx € 6,. From Case 11 in Section 5.4, T; appears once in Fi3(T™) in

the following position:

TWwx
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If we choose the vector ay = (as(i) : i € Ry), such that

1 i=¢
0 ¢,

ag(i) =

we get rk(Fi3(ag)) = 1. As a result, r7k(F(ay)) = 2.

We visually represent the vector a, constructed above by highlighting its nonzero

entries and comparing it to the vectors produced so far as follows:

AB
Y2 (+++10---)
64 (+-0 1)

where the nonzero positions are labeled by A and ¢ = B as in Table 6.3.

Next we prove that the current set of vectors associated with ~, and d, is linearly
independent. Let u be a vector associated to an element of ,. Then, for some

position £y = xgxroworg € 04, where wy < xy, we have

1 Q=4
0 i/

u(i) =

We will show that v(¢y) = 0 for any vector v associated to d4 when v # u, or for

any vector v associated to .. This will be demonstrated as follows:

(a) Let v be a vector associated with d, such that v # w. We claim that
v(xoxoworg) = 0. Otherwise, xorowory = r1r1WwiT, for some wy; < x1. So
must have v = u, which is a contradiction.

(b) Let v be a vector associated with 5. We claim that v(zozowoze) = 0. Oth-

erwise, we must have xorowory = wowswsxs, for some wy < 9. So, we must

have x¢y = wy = wq, but wy < xg. So, we have a contradiction.
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By Lemma 6.1.4, the vectors associated with 5 U d4 are linearly independent

3. Let £ = zwwzx € 74. From Case 9 in Section 5.4, T, appears twice in Fi3(T™) in

the following positions:

where both T, and T, occur once in F13(T(4)), as seen in Section 5.4. If we

choose the vector a; = (ae(7) : i € Ry), such that

' 1 ie{wwwe, zowx, {=zwwr}
a(i) =
0 ew.,

we get rk(Fi3(ag)) = 1. As a result, rk(F(a,)) = 2.
The color-coded representation of the nonzero entries of a,, labeled by A, B, ¢ = C

as in Table 6.3, is as follows:

ABC

Remark 6.2.1. Note that the vectors associated with elements of 9,0, and 4
have nonzero values only in positions of words of consisting of two letters, as seen

in the color-coded representation of vectors.

Next we prove that the current set of vectors associated to 7., d, and 7, is linearly

independent. Let u be a vector associated to an element of 4. Then, for some
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position £y = xowowory € Y4, Where wy < xg, we have

. 1 i e {wowowoxy, TorowoTo, Lo}
u(i) =

0 elsewhere

We will show that v({y) = 0 for any vector v associated with 74 when v # u, or

for any vector v associated to 7,4 or 74. This will be demonstrated as follows:

(a) Let v be a vector associated with 4 such that v # u. We claim that v(¢y) = 0.
Otherwise,

Uy € {wywiwixy, T1TIWITY, TWLWT

for some w; < z1. So we have the following possibilities:
i. If xqwoworg = wiwiwixy, then xo = wi; = wy, but wy < xy. So, we have
a contradiction.
ii. If rowoworg = r127W121, then o = x1 = wy, but wy < xg. So, we have
a contradiction.
iii. If zqwowoxrg = T1w w1z, then ro = x1 and wy = wy. So, v = u, which is
a contradiction.

(b) Let v be a vector associated with v,. We claim that v(¢y) = 0. Otherwise,
ToWoWoLy — Wa2WaWoT9 for some Wy < To. SO, we must have Ty = Wy = Wy,
which contradict wg < xg.

(c) Let v be a vector associated with d,. We claim that v(¢y) = 0. Otherwise,
ToWoWoTo = T3r3wsrs for some ws < x3. So, we must have o = x3 = wy,

which contradict wy < .

By Lemma 6.1.4, the vectors associated with vo U d4 Uy, are linearly independent.
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6.3 Left-Aligned Three-Letter Words

In this section we consider left-aligned words with only three letters w, z and y such
that w < x < y. The following table lists these three-letter words and the number of

their occurrences, as shown in Table 5.1.

Type  Word — Occurrences in Fy3(T™)
ag  yywa
Ba TTWY
Vs Twwy

Y5 ywwr

Bs  yrwy

W W N NN

05  yrwx

We analyze each case in the above table as follows:

1. Let £ = yywz € ag. From Case 1 in Section 5.4, T, appears twice in Fi3(T™®) in

the following positions:

wwr Ywr YTy
Fis (T(4)) = W (Twwwx Tywwx - T(w:v)(’wy) Tyxwy_TE + T(wy)(:py)) .
Y Tywwx Tl Tyymy

Remark 6.3.1. Based on Section 5.4, we construct such submatrices of F13(T(4))
in a way that guarantees the consideration of all the occurrences of T’x, where X

is left-aligned.

If we choose the vector ay = (as(i) : ¢ € Ry), such that

1 i € {ywwzx, wwwz, (= yywzr}
a(i) =14 —1 i=yyxy

0 elsewhere
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we get rk(Fi3(ap)) = 1. As a result, rk(F(as)) = 2. Note that since p is assumed

to be sufficiently large, we have 1 # —1.

Remark 6.3.2. In our selection of vectors associated with left-aligned words, the
positions of balanced words have zero values. This means that vectors with at
least one nonzero balanced position will not produce a minimal rank, as, in this

case, Tk(Fya(ar)) > 2 instead of zero.

The color-coded representation of the nonzero entries of a,, labeled by A,¢ =

D, E| F as in Table 6.3, is as follows:

ABCDEF
72 (---1000000000000000000000000000000000000000000---)
04 (~--0100000000000000000000000000000000000000O00O0---)
Y (---1110000000000000000000000000000000000000000---)
a (---10011-10000000000000000000000000000000000000---)

Next we prove that the current set of vectors associated with 7, 4,74 and ag is
linearly independent. Let u be a vector associated to an element of ag. Then, for

some position £y = yoyowoxg € g, where wy < xy < 1o, we have

1 1€ {yowo’woxm WoWoWoT, Ko}
u(@i) =19 =1 = yoyoToYo
0 elsewhere

We will show that v({y) = 0 for any vector v associated with oy when v # u, or

for any vector v associated to 7y, d4 or v4. This will be demonstrated as follows:

(a) Let v be a vector associated with ag such that v # u. We claim that v({y) = 0.

Otherwise,

Uy € {yywwizy, wiwiw Ty, YL1YWIT1, Yr1Y1T1Y )



6. FAITHFUL DIMENSION OF NILPOTENCY CLASS 4 93

for some wy < x1 < y;. So, we have the following possibilities:
i. If yoyowoxry = y1wiwyixy, then y; = yo = wy, but wy; < y;. So we have a
contradiction.
ii. If yoyoworg = wiwiwixy, then yo = wy = wy, but wy < yy. So we have a
contradiction.
iii. If yoyoworo = y1y1w121. So, we must have v = u, which is a contradiction.
iv. If yoyowoxro = yhy171y1, then yo = y1 = xy, but xg < yo. So we have a

contradiction.

(b) Let v be a vector associated with 72 or 4. As observed in Remark 6.2.1,

’U(fo) =0.

By Lemma 6.1.4, the vectors associated with v, U d4 U4 U ag are linearly indepen-

dent.

2. Let ¢ = zxwy € B4. From Case 3 in Section 5.4, T, appears twice in Fi3(T™) in

the following positions:

wwy Ty Txry
F13(T(4)) = W Twwwy wawy + T(w:c)(wy) Ty — Tymwm + 2T(w:c)(xy) .
xr wawy Té Trxxy

If we choose the vector ay = (as(i) : ¢ € Ry), such that

. 1 e {wwwy, zwwy, zxzy, (= rzwy}
a(i) =
0 elsewhere,

we get rk(Fi3(ag)) = 1. As a result, rk(F(ay)) = 2.

The color-coded representation of the nonzero entries of ay, labeled by H, I, J, { =

GG as in Table 6.3, is as follows:
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ABCDEFGHI J

72 (~--1000000000000000000000000000000000000000000O0---)
04 (~-010000000000000000000000000000000000000000O0---)
7 (+--1110000000000000000000000000000000000000000---)
o (---10011-10000000000000000000000000000000000000---)
Bs (+--0000001111000000000000000000000000000000000---)

Next we prove that the current set of vectors associated to s, d4, V4, g and [y is
linearly independent. Let u be a vector associated to an element of ;. Then, for

some position {y = xorowoyo € P4, Where wy < xg < Yy, we have

uli) = 1 i € {wowowoyo, ToWoWolo, ToToZoYo, Lo}

0 elsewhere.

We will show that v({y) = 0 for any vector v associated to 54 when v # u, or for

any vector v associated to 7ys, d4, 74 or ag. This will be demonstrated as follows:

(a) Let v be a vector associated with /34 such that v # u. We claim that v({y) = 0.

Otherwise, we must have

by € {wwrwiyr, Trw WYL, T1T1T1Y1, T1T1WIY1 )

for some wy < x1 < y;. So, we have the following possibilities:
i. If zozowoyy = wiwywyyy, then xg = wy = wy, but wy < xy. So we have a
contradiction.
ii. If xgrowoyg = x1wiwyyy, then 1 = o = wy, but wy; < x1. So we have a
contradiction.
iii. If xorowoyo = T12121Y1, then xg = 1 = wy, but wy < xy. So we have a

contradiction.
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iv. If zoxowoyo = x121w1Y1, then zog = 1 and wy = wy and yy = y;, but

u # v. So we have a contradiction.

(b) Let v be a vector associated to ag. We claim that v({y) = 0. Otherwise,

Uy € {Yawawas, WowoWala, YaY2TaYa, YaY2Walka},

for some wy < xy < yo. S0, we have the following possibilities:
i. If xorowoyo = Yowewsoxs, then yo = xo = wy, but wy < yo. So we have a
contradiction.
il. If zozowoyo = wowowsexo, then o = wy = wy, but wy < xy. So we have a
contradiction.
iii. If zoxowoyo = Yo2y2aye, then xy = yo = 1o, but xy < y9. So we have a
contradiction.
iv. If xoxowoyo = Yoyowsxo, then xg = yo and wy = wy and yg = x5. Since

o < 1o, we must have yg < xg, but rg < yg. So we have a contradiction.

(c) Let v be a vector associated with d4,72 or 4. As observed in Remark 6.2.1,

U(éo) =0.

By Lemma 6.1.4, the vectors associated with elements of v U d4 U y4 U g U B4 are

linearly independent.

3. Let £ = zwwy € 3. From Case 8 in Section 5.4, T; appears twice in Fi3(T™) in

the following positions:

wwy Ty TxrYy
Flg(T(4)) = w (Twwwy Ty + T(wz)(wy) szwy - Ty:}cwx + 2T(wz)(my)) .
xXr Tf Tzzwy TmiElEZ’J
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If we choose the vector ay = (as(i) : i € Ry), such that

1 i € {{ =zwwy, zrry}

ar(i) = —1 i€ {zrwy, wwwy}

0 elsewhere,

we get rk(Fi3(ag)) = 1. As a result, rk(F(ay)) = 2.

The color-coded representation of the nonzero entries of a,, labeled by G, H,/ =

I, J as in Table 6.3, is as follows:

ABCDEFGHI J

72 (---1000000000000000000000000000000000000000000---)
04 (~--010000000000000000000000000000000000000000O0---)
7 (---1110000000000000000000000000000000000000000---)
a (---10011-10000000000000000000000000000000000000---)
Bs (+--0000001111000000000000000000000000000000000---)
7 (---000000-+=111000000000000000000000000000000000---)

Next we prove that the current set of vectors associated to s, d4, V4, g, 54 and 3
is linearly independent. In this case the argument is not an immediate consequence

of Lemma 6.1.4. Rather, there is another twist. Let
b= rvi+ Y sy (6.3.1)
1€S] J€V3

where 81 = 7, U ds U 4 U g U By, v; are the vectors associated with §; and u; are

the vectors associated with 3. We claim that r; = s; = 0 for all 4, j, when b = 0.

Let u be a vector associated to an element of «3. Then, for some position ¢4 =
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ToWoWoYo, Where wy < xy < Yo, we have

1 i € {lo, xoToToYo}
u(i) =19 —1 i€ {Tozowoyo, WowowoYo}

0 elsewhere.

We will start by showing that v({y) = 0 for any vector v associated with 3 when
v # u, or for any vector v associated to 7s,d4, 74, ag. This will be demonstrated

as follows:

(a) Let v be a vector associated with 3 such that v # u. We claim that v(¢y) = 0.

Otherwise,

by € {mywiwiyr, T1T1T1Y1, T1TIWIYL, Wi W WY ),

for some wy < x1 < y;. So, we have the following possibilities:

i. If xowowoyo = r1wiwyy,, then u = v, which is a contradiction.
ii. If xowowoyo = r12121Y1, then o = 1 = wg, but wy < xg. So, we have a
contradiction.
iii. If zogwowoyo = x1x1w1Y71, then o = 11 = wyp, but wy < xy. So, we have a
contradiction.
iv. If zqwowoyy = wrwiwy1, then xg = wy = wy, but wy < xy. So, we have

a contradiction.

(b) Let v be a vector associated with ag. We claim that v(¢y) = 0. Otherwise,

Uy € {Yawoway, WowoWala, YaY2XaYa, YoY2Walka},

for some wy < x93 < 9. We have the following possibilities:



6. FAITHFUL DIMENSION OF NILPOTENCY CLASS 4 98

i. If xpwowoyo = Yowswsoxs, then xg = yo and wy = we and yg = 9. Since
To < Yz, we must have yy < xg, which is a contradiction.
ii. If xogwowoyy = wowswsxs, then xy = wy = wy, but wy < x¢. So, we have
a contradiction.
iii. If zowowoyo = Y2y22ys, then xo = yo = wp, but wy < xy. So, we have a
contradiction.
iv. If xowowoyo = yoyowoxs, then xy = yo = wy, but wy < xg. So, we have a

contradiction.

(c) Let v be a vector associated with 4,72 or 4. As observed in Remark 6.2.1,

v(ly) =0 .

Up to now, we can use Lemma 6.1.4 to infer that all the vectors excluding the
ones associated to (4, i.e. s, 04,74, ¢ and -3, are linearly independent. Next ,
we prove that linear independence holds after including the £,. Let v be a vector

associated with f,. If v({y) # 0, we must have

by € {wswswsys, T3wswsys, T3T3T3Ys, T3T3WsYst,

where w3 < x3 < y3. So, we have the following possibilities:
i. If zowowoyy = wswswsys, then rqg = ws = wy, but wy < xy. So, we have a
contradiction.
ii. If zowowoyo = r3wswsys, then xg = x3, wyg = wsz and yg = y3
iii. If xowowoyy = x3w3x3y3, then o = w3 = wp, but wy < xy. So, we have a
contradiction.
iv. If zowowoyo = x3r3w3ys, then ro = x3 = wy and wy < xg. So, we have a

contradiction.
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So the only case where v({y) # 0 is when v is the vectors associated with the word

U = zoTowoYo € Pu, given by

. 1 i e {wowowoyo, Co, ToToToYo, {1}
v(i) =

0 elsewhere.

From the analysis above, we showed that the only vectors with nonzero entries at
the position ¢y = zowowoye are u and v. Moreover, these vectors are also the only
vectors with nonzero entries at the position ¢; = zozqwoyo, since v'(¢;) = 0 for any
vector v associated with v, U 04 U4 U ag. This can be visualized by the color-
coded representation of the nonzero entries, where the positions ¢y = xqwowoyo
and ¢; = xoroweyo correspond to I and G, respectively. From Equation (6.3.1),

we have

1€S1 JEY3
where k € R,. In particular,
- if k = £y, then b(ly) = rv(ly) + su(ly) =r+s=0.
- if k = ¢4, then
b(ly) =rv(ly) +su(ly) =r—s=0.
As a result, s =7 = 0. Hence, s; = 0 for all j € 73 in Equation (6.3.1).
Since the vectors associated with &; = v,Ud,Uv,UagUB, are linearly independent,

we must have r; = 0 for all ¢ € §; in Equation (6.3.1).

4. Let ¢ = ywwzx € 5. From Case 10 in Section 5.4, T, appears twice in Fi3(7™®) in

the following positions:
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W Yywx yxry
Fis(TW) = ”<ﬂmm D—Twmw>7hw—%wm+ﬂwmm>
Yy Tyywa) Tyyfﬂy

If we choose the vector ay = (as(i) : ¢ € Ry), such that

ag(i) =

1 i € {yywzx, wwwzx, yyry}

-1 i=/{0=ywwx

0 elsewhere,

we get rk(Fi3(ag)) = 1. As a result, rk(F(ay)) = 2.

The color-coded representation of the nonzero entries of a,, labeled by A, D, ¢ =

E, F as in Table 6.3, is as follows:

V2
04
Y4
ag
Ba
73

5

ABCDEFGHIJ

1

-0

1

000000O0COO0OO
1000000000
1100000000
0011-100000
0000011110
00000-+1110

001-1100000

o
[e=]
o
[e=]
o
=]
o
=]
[e=]
o
[e=]
o
[en]
[e=]
o
[e=]
o]
[e=]
o
=]
o
o
[e=]
o
[e=]
o
[e=]
o
=]
o
—_— — — — — ~—  ~—

Next we prove that the current set of vectors associated to 7o, d4, V4, g, B4, 3 and

~s5 is linearly independent. Again, the proof is not immediate from Lemma 6.1.4

and therefore we give the details. Let

b= rvi+ > sy (6.3.2)

1€Sa J€Ys
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where Ss

= v Uds Uys UagU By Uns, v; are the vectors associated with Sy and

u; are the vectors associated with v5. We claim that r; = s; = 0 for all ¢, j, when

b=0.

Let u be a vector associated to an element of «5. Then, for some position ¢4 =

YoWoWoTo, Where wy < xy < Yo, we have

1 i € {yoyowoTo, WowWoWoTo, YoYoToYo}
u(i) =4 -1 i=/
0 elsewhere

We will start by showing that v({y) = 0 for any vector v associated with 5 when

v # u, or for any vector v associated to Sy — ag. This will be demonstrated as

follows:

(a) Let v be a vector associated with 5 such that v # u. We claim that v(¢y) = 0.

Otherwise,

Uy € {pyrwizy, wiwwITy, YIY1IT1Y1, YW WLy}

for some wy < x1 < y1. So, have the following possibilities:

1.

ii.

iii.

1v.

If yowowoxg = Y1y w11, then yo = y; = wy, but wy < yy. So, we have a
contradiction.

If yowowoxrg = wiwiwixy, then yy = w; = wy, but wy < yo. So, we have
a contradiction.

If yowowoxrg = Y1y171Y1, then yo = y; = wy, but wy < yg. So, we have a
contradiction.

If yowowoxrg = yrwrwyx1, then yg = y; and wy = wy and xg = 1. So, we

must have u = v, but this is a contradiction.
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(b) Let v be a vector associated with 4,7, or 74. As observed in Remark 6.2.1,
’U(go) =0.

(c) Let v be a vector associated with ;. We claim that v(¢y) = 0. Otherwise,

by € {wawaways, TowoWals, ToZoTols, TaToWays}.

for some wy < x93 < yo. So, we have the following possibilities:

1.

il

1il.

1v.

If yowoworg = wWowswsys, then yg = wy = wy, but wy < yy. So, we have
a contradiction.

If yowoworg = Towswoys, then yy = x2 and wy = wy and zy = yo. Since
g < Yo, then we must have yy < x(, which is a contradiction.

If yowowoxrg = x2w2x2Yys, then yy = x5 = wy, but wy < yy. So, we have a
contradiction.

If yowowoxrg = wox2wsys, then yy = x5 = wy, but wy < yo. So, we have a

contradiction.

(d) Let v be a vector associated with 73, We claim that v({y) = 0. Otherwise,

by € {r3wswsys, T3T3T3Y3, T3T3WsY3, WsW3W3Ys3}.

for some w3 < x3 < y3. So, we have the following possibilities:

1.

il.

iii.

1v.

If yowowoxrg = x3w3wsys, then yy = x3 and wy = ws and xy = y3. Since
xr3 < Y3, then we must have yy < ¢, which is a contradiction.

If yowowoxrg = w3x313Y3, then yy = x3 = wyp, but wy < yy. So, we have a
contradiction.

If yowowoxrg = x323W3Y3, then yo = x3 = wy, but wy < yg. So, we have a
contradiction.

If yowoworg = wswswsys, then yg = ws = wy, but wy < yy. So, we have
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a contradiction.

Finally, let v be a vector associated with ag. If v(fy) # 0, we must have

by € {yaswswyzy, WaWIWITY, YaYsTaYa, YaYaWaTy}.

for some wy < x4 < y4. So, we have the following possibilities:

i. If yowowory = yswswazy, then yo = y4 and wy = wy and xy = x4.

ii. If yowowory = wawswyxy, then yo = wy = wy, but wy < yo. So, we have a

contradiction.

iii. If yowoworo = Yaysrays, then yo = ys = wp, but wyg < yo. So, we have a

contradiction.
iv. If yowoworg = yayswsry, then yy = y4 = wo, but wy < yg. So, we have a

contradiction.

So the only case where v({y) # 0 is when v is one of the vectors associated with

the word /1 = yoyowory € g, given by

1 1€ {E(), WoWoWoIo, 61}
v(i) =<4 —1 i=yoyoToyo
0 elsewhere.

From the analysis above, we showed that the only vectors with nonzero entries at
the position £y = yowoworo are u and v. Moreover, we claim that the vectors u
and v are also the only vectors with nonzero entries at the position ¢1 = yoyowoxg.
This can be visualized by the color-coded representation of the nonzero entries,
where the positions gy = yowowoxrg and {1 = yoyowoxy correspond to K and D,

respectively. Indeed, we will show that v/(¢;) = 0 for any vector v' associated
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with ~5 when v/ # wu, or for any vector v associated to Sy — . This will be

demonstrated as follows:

(a) Let v/ be a vector associated with d4, 7y or 74. As observed in Remark 6.2.1,
’Ul(gl) =0.

(b) Let v be a vector associated with 75 such that v" # u. We claim that
v'(¢1) = 0. Otherwise,

0y € {phyrwizy, wiwwITy, PBTIYL, YrWIwWiTy ).

for some wy < x1 < y;. So, have the following possibilities:

i. If yoyoworo = y1y1w1x1, then uw = v, which is a contradiction.
ii. If yoyowore = wiwiwix1, then yy = w; = wy, but wy < yo. So, we have
a contradiction.
iii. If yoyoworo = y1y12191, then yg = y1 = xo, but g < yo. So, we have a
contradiction.
iv. If yoyoworg = y1wiwyx1, then yg = wy = wy, but wy < yy. So, we have a

contradiction.

(c) Let v’ be a vector associated with 8;. We claim that v'(¢1) = 0. Otherwise,

U1 € {wawawslYo, ToWrWala, TaXaTol, LaloWalya}.

for some wy < x5 < 5. So, we have the following possibilities:
i. If yoyowory = wowswsys, then yg = we = wy, but wy < yo. So, we have a
contradiction.
ii. If yoyoworg = Towswsys, then xo = 19 = wy but wy < x9. So, we have a

contradiction.
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iii. If yoyowoxry = To2x2x2ys, then yog = xo = wy, but wy < yy. So, we have a
contradiction.
iv. If yoyowoxry = Toxowoys, then yyg = x5 and wy = wy and xg = y,. Since

To < Yo, we must have yy < xo, which is a contradiction.

(d) Let v’ be a vector associated with 3, We claim that v'(¢;) = 0. Otherwise,

Uy € {xswswsys, T3T3T3Y3, T3T3WsY3, WsW3Ws3Ys ).

for some w3 < x3 < y3. So, we have the following possibilities:

i. If yoyowoxro = x3w3wsys, then x3 = yo = wz but wz < x3. So, we have a

contradiction.

ii. If yoyowory = w3w373Y3, then yo = xr3 = wy, but wy < yo. So, we have a
contradiction.

iii. If yoyoworo = w3x3W3Y3, then yo = xr3 and wy = ws and xy = y3. Since
xr3 < y3, we must have yy < x(, which is a contradiction.

iv. If yoyoworo = wiwswsys, then yog = ws = wy, but wy < yo. So, we have a

contradiction.

From Equation (6.3.2), we have

1€S2 JEYS
where k € R,. In particular,
- if k = £y, then b(ly) = rv(ly) +su(ly) =r—s=0.

- if k=4, then b(4y) =rv(ly) +su(ly) =r+s=0.

As a result, s =7 = 0. Hence, s; = 0 for all j € 75 in Equation (6.3.2).
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Since the vectors associated with Sy = 75 U 04 U 74 U ag U B4 U 43 are linearly

independent, we must have r; = 0 for all ¢ € Sy in Equation (6.3.2).

5. Let ¢ = yzwy € fs. From Case 5 in Section 5.4, T, appears 3 times in Fy3(7™) in

the following positions:

wwy TWY TTY ywy YTy

W Twwwy  Towwy + Tiwa)(wy) ~ Tyowe + 2T (wa) (zy) Te = Tyywe + T(wy) (ay)
Y Ty Tyzay Tyywy Tyyay

If we choose the vector ay = (as(i) : i € Ry), such that

1 1 e {wwwy, zwwy, rzwy, ywwy, = yrwy,

a(i) = TITTY, YTTY, Yywy, yyry}

0 elsewhere,

we get rk(Fi3(ag)) = 1. As a result, rk(F(ay)) = 2.

The color-coded representation of the nonzero entries of ay, labeled by H, I, G, L, ¢ =

M, J, N, F, K as in Table 6.3, is as follows:

ABCDEFGHI JKLMN

72 (~--1000000000000000000000000000000000000000000---)
04 (~--010000000000000000000000000000000000000000O0---)
Y (~--1110000000000000000000000000000000000000000---)
a (---10011-10000000000000000000000000000000000000---)
Bs (+--0000001111000000000000000000000000000000000--)
Y (~--000000-+111000000000000000000000000000000000---)
Y5 (+--1001-110000000000000000000000000000000000000---)
Be (--0000011111111100000000000000000000000000000---)
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Next we prove that the current set of vectors associated to ~s, d4, V4, g, Ba, V3, V5
and fg is linearly independent. Let u be a vector associated to an element of fg.

Then, for some position ¢y = yorowoyo € B4, where wy < xy < Yo, we have

1 i e {wowowoyo, ToWwoWoYo, ToToWoYo, YoWoWoYo, Lo,
u(i) = ToToZoYo, YoToToYo, YoYoWoYo, YoYoToYo}

0 elsewhere.

We will show that v(¢y) = 0 for any vector v associated with fg when v # w, or
for any vector v associated to s, d4, V4, g, B4, ¥3 OF ¥5. This will be demonstrated

as follows:

(a) Let v be a vector associated with g such that v # u. We claim that v({y) = 0.

Otherwise,

ly E{Uflwﬂuhyh Ty, 11wy, Yiwiwiyi, Yiriwiyi,

T12121Y1, Y1T1T1Y1, Y1Yy1wWiyi, 3/13/1551%}
for some w; < x1 < y;. Note that each word in

{w1w1w1y17 1wy, T1T1W1Y1, Y1wiwiyi, T1T121Y1,

Y1T1x1Y1, Yiyiwiyi, ylylxlyl}

has a letter in two consecutive positions, which leads to a contradiction since
o = yoxowoxo does not have any letter in two consecutive positions. The last
possibility is when {y = yorowoyo = y1x1w1y1. So, we must have yy = i,

ro = x1 and wy = wq. As a result, u = v, which is a contradiction.

(b) Let v be a vector associated with d4, 7, or 74. As observed in Remark 6.2.1,

U(é()) = 0.
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(c)

Let v be a vector associated with ag. We claim that v(¢y) = 0. Otherwise,

Uy € {Yowoway, WoloWaela, YoY2ToYa, Y2Y2Wals}.

for some wy < x9 < 7. Since each possible word from the set above has
a letter in two consecutive positions and ¢y does not have any letter in two

consecutive positions, we get a contradiction.

Let v be a vector associated with §,. We claim that v({y) = 0. Otherwise,

by € {wswswsys, T3Wswsys, T3T3Tsys, T3T3WsYs}.

for some w3 < x3 < y3. Since each possible word from the set above has
a letter in two consecutive positions and ¢y does not have any letter in two

consecutive positions, we get a contradiction.

Let v be a vector associated with v3. We claim that v(¢y) = 0. Otherwise,

b € {934104104?/4, TaZalalYs, T4TaW4Y4, w4w4w4y4}.

for some wy < x4 < y4. Since each possible word from the set above has
a letter in two consecutive positions and ¢y does not have any letter in two

consecutive positions, we get a contradiction.

Let v be a vector associated with 5. We claim that v(fy) = 0. Otherwise,

ly = YoTowoyo € {y5y5w5x5, WsWsWsT5, YsY5X5Ys, y5w5w5x5}.

for some wy < x5 < ys. Since each possible word from the set above has a
letter in two consecutive positions and ¢y does not have any letter in two con-

secutive positions, we get a contradiction. We have the following possibilities:
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By Lemma 6.1.4, the vectors associated with 4 U ~vs U~v4 U ag U By U3 U v5 U Bg

are linearly independent.

6. Let ¢ = yrwz € d5. From Case 12 in Section 5.4, T, appears 3 times in Fy5(7®)
in the following positions:

wwax TWT

T’LU'LUU)I TIE'LUT.UI
T.’I]UJT.U.’E TIZ'LUCL‘
Ty

Txy
Tzzwy 77—‘(’ + 2T(wz)(zy)

szzy

Tyawy

ywzx yxy
- T(zw)(wy) T’HI'LU'H + T(wy)(zy)
Ty — T(w:c)(xy) Tyzzy

Tyy:cy

If we choose the vector ay = (as(i) : ¢ € Ry), such that

ag(i)

1 i € {wwwz, rrwr, {=yrwr, rIrTY, YTTY, YYwr, yyry}

-1 i€ {zwwz, ywwz}

0 elsewhere,

we get rk(Fi3(ag)) = 1. As a result, rk(F(ay)) = 2.

The color-coded representation of the nonzero entries of a,, labeled by A, B, { =

O,J,N,D,F C, FE as in Table 6.3, is as follows:

72
04
Y4
ag
Ba
3
V5
Bs
05

ABCDEFGH I

-1

0

0

0

00000O0O
0000000O0
1000000
011-1000
0000111
0000—-F11
01-11000

0001111

1-11-11 000

[en]
[e=]
[e=]
[e=]
[e=]
[e=]
[e=]
[en]
[e=]
[en]
[e=]
[en]
[e=]
[e=]
[en]
[e=]
[en]
[e=]
[e=]
[e=]
[e=]
[en]
— — — — — — Y~ ~— ~—

Remark 6.3.3. Note that the vectors associated with elements of ag, B4, 73, 75, Bs

and 05 have nonzero values only in positions of words consisting at most three
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letters, as seen in the color-coded representation of vectors.

Next we prove that the current set of vectors associated to 7, d4, V4, s, B4, V3, V5, 6
and d5 is linearly independent. Let u be a vector associated to an element of ds.

Then, for some position o = yoroworo € d5, where wy < o < Yo, we have

1 i € {wowowoxo, ToTowoTo, Lo, ToToZoYo,

YoZoToYo, YoYoWoTo, yoyoﬂcoyo}

—1 1€ {$0w0w0$0, yowowoxo}

| 0 elsewhere.

We will show that v({y) = 0 for any vector v associated with §5 when v # w, or for
any vector v associated to 7o, d4, V4, g, B4, V3, V5 Or Bg. This will be demonstrated

as follows:

(a) Let v be a vector associated with 05 such that v # u. We claim that v({y) = 0.

Otherwise,

by € {wiwiwixy, TiTWIT1, YPLITIUNTY, T1T1T1Y1, Y1T1TYA,

YNY1wW1T1, Y1Y121Y1, T1W1W1T1, y1w1w1$1}

for some w; < x1 < y;. Note that each word in

{wlwlwﬂ?l, T1x1W1T1, T1X1T1Y1, Y1X121Y1,

YPWIT1, YIY1T1Y1, T1WiW1T1, Yrwiwily )

has a letter in two consecutive positions, which leads to a contradiction since
by = yoroworo don’t have any letter in two consecutive positions. The last
possibility is when ¢y = yoxroworg = y1x1wir1. So, we must have yg = ¥y,

xo = x1; and wy = wy. As a result, u = v, which is a contradiction.
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(b)

()

Let v be a vector associated with d4,v2 or 74. As observed in Remark 6.2.1,

’U(fo) =0.

Let v be a vector associated with ag. We claim that v(¢y) = 0. Otherwise,

Uy € {Yawaway, WowoWaa, YaY2TalYa, YaY2Walks},

for some wy < xy < 7. Since each possible word from the set above has
a letter in two consecutive positions and ¢y does not have any letter in two

consecutive positions, we get a contradiction.

Let v be a vector associated with 8,. We claim that v({y) = 0. Otherwise,

by € {wswswsys, T3wswsys, T3T3T3Ys, T3T3WsYs},

for some w3 < x3 < y3. Since each possible word from the set above has
a letter in two consecutive positions and ¢y does not have any letter in two

consecutive positions, we get a contradiction.

Let v be a vector associated with 3. We claim that v(fy) = 0. Otherwise,

by € {TywawyYs, T4T4T4Ys, T4T4WAYs, WiW4WY4 T,

for some wy < x4 < y4. Since each possible word from the set above has
a letter in two consecutive positions and ¢y does not have any letter in two

consecutive positions, we get a contradiction.

Let v be a vector associated with v5. We claim that v(¢y) = 0. Otherwise,

Uy € {YsyswsTs, WsWsWsT5, YsYsTsYs, YsWsWsTs ),

for some ws < x5 < ys. Since each possible word from the set above has
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a letter in two consecutive positions and ¢y does not have any letter in two

consecutive positions, we get a contradiction.

Let v be a vector associated with 5. We claim that v(fy) = 0. Otherwise,

by € {weweweys, TeWeWeYs, TeTeWels, YsWeWels, Y6TeWeYs,

T6TeTeYs, Y6T6Tels, YeYsWeYs, Y6YsTeYs )

for some wg < x¢ < yg. Note that each word in

{w6w6w6y67 TeWeWelY6, TeLoWelYs, YeWeWelY6, LeLeL6Y6,

Y6T6TeYss YsYsWeYs, YeYsTels )

has a letter in two consecutive positions, which leads to a contradiction since
ly = Yyoroworo don’t have any letter in two consecutive positions. The last
possibility is when £y = yoxoworo = Ysrewsys. Then we must have yy = yg =

xo, but xg < yo. So we have a contradiction.

In conclusion, by Lemma 6.1.4, the vectors associated with d4 U vo Uy, Uag U 54U

v3 U5 U Bg U d5 are linearly independent.

6.4

Left-Aligned Four-Letter Words

In this section we consider left-aligned words with four letters w, z, y and z such that

w < x <y < z. The following table lists these four-letter words and the number of

their occurrences, as shown in Table 5.1.
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Type Word  Occurrences in Fiz(T™)

b5  yrwz 3
Br  zaxwy 3
ar  2yww 4

We analyze each case in the above table as follows:

1. Let £ = yzwz € PB5. From Case 4 in Section 5.4, T, appears 3 times in Fi3(T™®) in

the following positions:

WWZ TWZ xrrz Yywz YTz yyz

" W A Tpwwz  Towws g Ty — Toywy

F13 (T ) - T:muwz Tx:pxz TZ TI/JI‘(I‘L’ Tyy:rz - sz:ry
Y Té T;!/:r:rz ﬂJyzz Tyyyz

Remark 6.4.1. Note that the variables Tx where X € Uy 5, i.e. variables

indexed by balanced words, will be omitted in the commutator matrix Fy3(7®)
for better visibility. This will not affect the rank computations as the vectors we

will assign to left-aligned words will have zero entries in balanced words positions.
If we choose the vector ay = (as(i) : ¢ € Ry), such that

1 i e{wwwz, zwwz, ywwz, rrwz, { =yrwz, rrrz, yrrz,

ag(i) = yywz, yyrz, yyyz}
0 elsewhere,
we get rk(Fis3(ar)) = 1. As a result, rk(F(ay)) = 2.

The color-coded representation of the nonzero entries of ay, labeled by Fy, Py, Py, Ps, { =

Py, Ps, Ps, P;, Py, Py as in Table 6.3, is as follows:
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ABCDEFGHTI JKLMN OPyP1PoP3PyPsPsP7;PgPy

72 (~--1000000000000000000000000000000000000000000---)
04 (~--010000000000000000000000000000000000000000O0---)
7 (+--1110000000000000000000000000000000000000000---)
o (---10011-10000000000000000000000000000000000000O0---)
Bs (+--0000001111000000000000000000000000000000000---)
Y (+--000000-+111000000000000000000000000000000000---)
Y (---1001-110000000000000000000000000000000000000---)
B (--0000011111111100000000000000000000000000000---)
05 (-~+11-11-110001000110000000000000000000000000000---)
Bs (~-~-0000000000000001111111111000000000000000000--)

Next we prove that the current set of vectors associated to 7o, d4, V4, 6, Ba, V3, V5, B, 05
and f5 is linearly independent. Let u be a vector associated to an element of 5.

Then, for some position £y = yorowozo € B5, Where wy < xo < yo < 29, we have

1 i€ {wowow(ﬂo, ToWoWo20, YoWoWpR0, LoToWpZ0, lo,

u(i) = LoZoZoZ0, YoToZToZo, YoYoWoZ0, YoYoZLozo, ?Joyoyozo}

0 elsewhere.

We will show that v(¢y) = 0 for any vector v associated with 5 when v # wu,
or for any vector v associated to s, d4, V4, g, 84,73, 75, B Or 05. This will be

demonstrated as follows:
(a) Let v be a vector associated with 5 such that v # u. We claim that v({y) = 0.

Otherwise,

4y E{7~01UJ17~U121, T1W1 W21, YW1, T1T1W121, Y1r1W121, T1T1T1271,

Y121T121, Y11Wiz1, Y1Yi1Z121, ylylylzl}
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for some wy < 1 < y; < z;. Note that each word in

{w1w1w121, T1wwi121, wWiwizy, T1Ti1wWizy, T1T1T1%1,

Y121T121, Y1Yy1wWiz1, Y1YiTiz, ylyly1z1}

has a letter in two consecutive positions, which leads to a contradiction since
o = yorowozo does not have any letter in two consecutive positions. The last
possibility is when fy = yoxowozo = Yy1r1w121. S0, we must have yy = y1,

To = x1, wo = wy and zg = z;. As a result, u = v, which is a contradiction.

(b) Let v be a vector associated with d4,v2 or 4. As observed in Remark 6.2.1,
’U(go) =0.

(c) Let v be a vector associated with g, B4, V3,75, B or d5. As observed in Re-

mark 6.3.3, v({y) =0 .

By Lemma 6.1.4, the vectors associated with d4U~sU~4UagUB4Uy3UvsU B UdsU B

are linearly independent.

2. Let £ = zxwy € B;. From Case 6 in Section 5.4, T; appears 3 times in Fy3(T™) in

the following positions:

wwy TwY Ty ZWY zZxY 2Yz
W w Twwwy wawy - Tyxwx Té’ szwz
F13(T ) - € wawy szmy 1y T:wruz',l/ szmz_Tzzwy
z Tf T;,,r,p!/ Tzz.ry Tzzyz

As in Remark 6.4.1, the variables indexed by balanced words in Fj3(7T™®) are
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omitted. If we choose the vector a, = (ac(i) : i € R4), such that

1 i € {wwwy, rwwy, zwwy, rrwy, = zzwy, Ty,
zxxy, zzwy, zzZry}

-1 ©=zzyz

\ 0 elsewhere,

we get rk(Fi3(ag)) = 1. As a result, rk(F(a,)) = 2.

The color-coded representation of the nonzero entries of ay, labeled by H, I, Qo, G, { =

Q1, J,Q2, Q3, 4, Q5 as in Table 6.3, is as follows:

ABCDEFGH I JK LMN OPoP1P2P3P1PsPsP7PsPo) 2104042425
V2 100000000000000000000000000000000000000000 0"
b4 ~0100000000000000000000000000000000000000000---
V4 1110000000000000000000000000000000000000000--
(675}

Ba

(

(

(

(++10011-10000000000000000000000000000000000000---

(
3 (~--000000-=111000000000000000000000000000000000---

(

(

(

(

(

--000000111100000000000O0O0OO0OO0O0OO0O0ODODODODODODODODOODODODODOODOO--+
5 c1001-11000000000000000000000O0O00O0DO0DODODO0O0DO0OO0ODOOO0O0O0-~-
Be
05

--000001111111110000000000000000000000000000¢O0---

-11-11-110001000110000000000000000000000000000---
Bs
B7

--0000000O0O0O0O0O0O0O00011111111110000000000000000080---

-+000000111100000000000000011111-10000000000020---

—_— — — — —  —  —  — o~ o~

Next we prove that the current set of vectors associated to ¥, d4, V4, @6, B4, V3, V5,
Be, 05, B5 and B is linearly independent. Let u be a vector associated to an element

of B;. Then, for some position ¢y = zqzowoyo € B7, Where wy < o < Yo < 2o, We
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have

1 i € {wowowoyy, ToWoWolo, ZoWoWolYo, ToToWoYo, Lo,
ToZoToYo, Z0T0ToYo, Z0Z0Wolos Z0Z0ToYo}

—1 i = z020%0%0

0 elsewhere.

We will show that v(fy) = 0 for any vector v associated with 87 when v # u,
or for any vector v associated to 7o, d4, V4, 6, B4, V3, V5, Be, 05 or [5. This will be

demonstrated as follows:

(a) Let v be a vector associated with /37 such that v # u. We claim that v({y) = 0.

Otherwise,

4y 6{7~01w1wly1, T1wWi1w1Y1, Z1W1wW1Y1, T1r1W1Y1, 211W1Y1, T1T121Y1,

21T121Y1, R121W1Y1, Z12121Y1, 21213/121}

for some wy < x1 < y; < z;. Note that each word in

{w1w1w1917 w1y, Z1W1W1Y1, 11wy, T1x101Y1,

2101T1Y1, R12Z1W1Y1, 2121T1Y1, Z1Z1y121}

has a letter in two consecutive positions, which leads to a contradiction since
ly = zprowoyo don’t have any letter in two consecutive positions. The last
possibility is when fy = zorowoyo = z1x1w1Y1. So, we must have yy = w1,

To = x1, wog = wy and zg = z1. As a result, u = v, which is a contradiction.

(b) Let v be a vector associated with d4, 7, or 74. As observed in Remark 6.2.1,
U(éo) =0.

(c) Let v be a vector associated with ag, 54,73, 75, O or J5. As observed in Re-
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mark 6.3.3, v(¢y) =0 .

Let v be a vector associated with 5. We claim that v({y) = 0. Otherwise,

by €{wawawazy, ToWalWaZa, YoWolWaZa, TaToWaoZa, YoTaWaZa,

ToXoXozZa, Y2XoXoZo, Y2Y2WaZo, Y2Ya2X2z2, y2yzy222}-

for some wy < w9 < Y9 < z9. Note that each word in

{w2w2w222, ToaWoWa22, Y2WolW2Z9, XT2TaWoZz, T2T2X2Z2,

Y2XoZ222, Y2Y2W2Z2, Y2Y2T222, 92y29222}

has a letter in two consecutive positions, which leads to a contradiction since
ly = zoxowolyo don’t have any letter in two consecutive positions. The last
possibility is when ¢y = zoxowoyo = yoxows2s. S0, we must have zy = yo and
To = T9 and wy = we and Yy = 29. Since ys < 2o, we get that zy < yo, which

is a contradiction.

By Lemma 6.1.4, the vectors associated with d4 U ~vo U4 UagU B4 U~y3 U5 U Bg U

05 U B5 U B7 are linearly independent.

3. Let £ = zywx € ay. From Case 2 in Section 5.4, T, appears 4 times in Fi3(T™) as

shown in Figure 6.1, where the indices are labeled as in Table 6.3. As in Remark

6.4.1, the variables indexed by balanced words in Fi3(7™) are omitted.
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wwx wwz TWX Twz rry Trz ywx ywz yry Yyrz yyz ZWr Wz zxry ZXZ zZYyz

w Ta TH, Te Tp —To TH;*TRZ Tk TP2 =Tp Tm*Tﬁ Tp Tm, T1c1 =Ty TR,;;*TSU Tm;

1 7

| Te Te Ty Te Ty Tm To Te Tn  Tr Tn-Tn Tno T To, Tno  Tro—To,
vyl Te T, To Tp Tn Tr, Tp Te, Tr Tp, Tr, Ty Try Tg, Trs TR,
“\Tr, Tr, Tr, Tr, T Tr, T, Try Tr,  Tr Try Ts, Ts To, Ts, T,

Figure 6.1: Occurrences of T, in Fi3(T%), ¢ = zywx € ay.
If we choose the vector ay = (as(i) : ¢ € Ry), such that

2 i € {Py, Ps, R3, P, Rg, Ry, S1, Ry, Qs, Pr, Py, P2, Py}
1 i€ {{ =Rs, Ps, Ro, Ps, Ps, Ry, Ry, Rg, So, So, D, E, O,
ap(i) = < A, C, B}

1 i€{Rs, Qs, Qu, N, F, J}

0 elsewhere,

we get rk(Fi3(ar)) = 1. As a result, rk(F(a;)) = 2. The rank computations for

this case were checked through the use of a code.

ABCDEFGH I JKLMN OPoP1PoP3PyPsPsPrPsPoQd Q4042 QsRoRARoR 3R Rsl6l7R8R9S05152
2 100000000000000O0O0O0DO0ODODODODODODODOODODODODODODODODODOODOODODODOO:-+
04 -r010000000000000O0O0O0O0DODODODODODODODODODOODODODODODODODOODOODODODODOOO:~+
V4 111000000000000000000000000000O0O0O0OODODODODODODODODODO0O:-+
a6

Ba

-10011-10000000000000000000000000000000000000O0---
--00000011110000000000000000000000000000000000--+

73

Be
05

-e00000111111111000000000000000000000000000000°--

+11-11-1100010001100000000000000000000000000000---
Bs
B7

a7

--00000000O0O0O0O000011111111110000000000000000000---

)
)
)
)
)
~000000-+1110000000000000000000000000000000000---)
)
)
)
)
~000000111100000000000000011111-10000000000000---)

)

(
(
(
(
(
(
Y (-+1001-1100000000000000000000000000000000000000:--
(
(
(
(
(

-11111-1000-1000-11222221121200-10-121212112-112121:--

Figure 6.2: Color-coded representation of as, ¢ = zywx € ay



6. FAITHFUL DIMENSION OF NILPOTENCY CLASS 4 120

Next we prove that the current set of vectors associated to d4, V2,74, ag, B4, 73,
s, 86, 05, B5, 7 and a7 is linearly independent. Let u be a vector associated to
an element of a;. Then, for some position ¢y = zgyoworo € a7, where wy < xy <

Yo < 20, we have

2 1€ {yol’owozo, ToToWpco, <oLoWocp, ToWoWoZp, <oYoWop<o,
20WoWoz0, <020Wo<0, <0YoYo<0, <0<0Y0<0, YoYoWoZ0,
YoYoloZo, YoWoWoZo, WoWoWoZo )

1 i € {o, YoYoToZo, Z0ToWoTo, YoToZoZo, ToLoToZo,

U(Z) = 20T0pTo<0, <oWoWoLo, <0YoToz0, <0<0WoLo, <0%20L0<0, YoYoWoTo,
YoWoWoTo, YoToWoLp, WoWoWpLo, ToWoWoTo, $0900w0900}

-1 i€ {2Y%oYo, Z0T0ToYo; Z0%0T0Y0, YoToToYo,
YoYoToYos ToToToYo)

0 elsewhere.

We will show that v({y) = 0 for any vector v associated with a; when v # u, or
for any vector v associated to d4, V2, V4, ¥, B4, V3, V55 56, 05, B5 or B7. This will be

demonstrated as follows:

(a) Let v be a vector associated with a; such that v # u. We claim that v(¢y) = 0.

Otherwise,

by €{ yiriwiz1, T W21, 2TIWIZe, TIWIWIZ1, Z1Y1W 20,
fWi1wWiz1, 2121W1%1, Z1Y1Yi121, 21214121, Y1Yiwiza,
Y1y1y121, Yrwiwizy, wWiwWiWiz1, 21Y1W1T1, Y1yirizi,
21111, Y1T1X121, 11121, 211121, ZS1W1W1Tq,
21Y1T121, Z121W1x1, 21210121, Y1Y1wily, Yi1wiwWily,

Y1r1W1T1, W1WIWIT1, T1WW1T1, T11W1T1, 21Y1T1Y1,
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Z21T121Y1, R1R1T1Y1, Y1T121Y1, Y1yiZ1yr, T1T121Y1 }

for some w; < x1 < y; < z;. Note that each word in

{xﬂlwlzl T1w1wi21, Z1W1W121, 2121W121, 21Y1Y121, <121Y121, Y1yi1wiza,
119121, Y1w1wizy, wWi1Wi1W1R1, Y1YiTici, Y1111, T1T1T121, 2117121,
Z1W1W1T1, 2121W1T1, 21217121, Y111y, Y1w1wW1T1, WiW1W1T1, T1W1W1Tq,

T1x1W1T1, 21T121Y1, 212121Y1, YiX1Z1Y1, Yi1Yi121Y1, $1$1131Z/1}

has a letter in two consecutive positions, which leads to a contradiction since
ly = Zpyowoxo does not have any letter in two consecutive positions. We check
the rest of the possibilities as follows:
i. If by = zoyoworo = Yy1x1W1 21, then 2o = y; and zg = 2z;. Since y; < 21,
then we must have zy < x(, which is a contradiction.
ii. If by = zoyowory = z177W1 21, then zg = 21 = xg, but xg < z9. So, we get
a contradiction.
iii. If 4y = zoyowoxro = z1y1w121, then zg = 21 = xg, but g < 2y. So, we get
a contradiction.
iv. If by = zoyowoxrg = z1y7w1x1, then 2o = 21, Yo = y1, wo = wy and xg = 7.
So, u = v, which is a contradiction.
v. If by = zpyowoxo = z177W1 21, then yg = 11 = xp, but ¢ < yo. So, we get
a contradiction.
vi. If by = zoyoworo = 2112121, then zy = 21 = xg, but x¢ < z5. So, we get
a contradiction.
vii. If 4y = zpyowoxrg = y1T1W121, then yog = 11 = x0, but x¢ < yo. So, we get
a contradiction.

viil. If 4y = zoyoworo = 21y121Y1, then yg = y1 = xo, but x¢ < yo. So, we get
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(b)

a contradiction.

Let v be a vector associated with d4, 79 or 74. As observed in Remark 6.2.1,

’U(EO) =0.

Let v be a vector associated with ag, B4, ¥3, 75, 06 or 05. As observed in Re-

mark 6.3.3, v(¢y) =0 .

Let v be a vector associated with 5. We claim that v({y) = 0. Otherwise,

Uy € {wawawszy, ToWworWaza, YoWoWaZo, TaToWsZ, YaToWaZa,

LoXolozZy, YaXoX2oZ2, Y2YaWaz2, Y2Y2T2Z2, yzy2y222}7

for some wy < x5 < Yo < z5. Note that each word in

{w2w2w2Z2, ToaWaWa22, Y2WoW2aZ9, XT2TaW2Zz, XT2X2X2Z2,

Y2XoZ222, Y2Y2W2Z2, Y2Y2T222, 92929222}

has a letter in two consecutive positions, which leads to a contradiction since
o = Zoyowoxo does not have any letter in two consecutive positions. The last
possibility is when ¢y = zgyowoxo = yYoxows2s. S0, we must have zy = yo and
Yo = T2 and wy = wo and xy = 2. Since Yy < 29, we get that zg < xg, which

is a contradiction.

Let v be a vector associated with ;. We claim that v(fy) = 0. Otherwise,

by € {w3w3w3y3, T3wWswsys, z3W3swWsys, T3r3W3Yy3, Z3X3W3Y3,

T3T3T3Y3, Z3T3T3Y3, <323W3Y3, Z323T3Y3, 23232/323}

for some w3 < x3 < y3 < z3. Note that each word in
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{w3w3w3y3, T3W3W3Y3, 2Z3W3W3Y3, T3T3W3Y3, T3T3T3Y3,

23X3T3Y3, Z323W3Y3, <Z323T3Y3, 2’3239323}

has a letter in two consecutive positions, which leads to a contradiction since
ly = zoyowoxy don’t have any letter in two consecutive positions. The last
case is when fy = zoyowoTo = 23x3w3Y3. S0, we must have zp = z3 and yg = x3
and wy = ws and zy = y3. Since x3 < y3, we get that yy < xp, which is a

contradiction.

By Lemma 6.1.4, the vectors associated with d4 U~vo U4 UagU B4 U~y3 U5 U Bg U

05 U B5 U B7 U a7 are linearly independent.

6.5 Balanced Three-Letter Words

In this section we consider balanced words with only three letters w,x and y such
that w < x < y. The following table lists these three-letter words and the number of

their occurrences, as shown in Table 5.2.

Type Word Appearances in Fas(T™®)  Appearances in Fi3(T™)

v (wz)(wy) 2 2
vy (wr)(zy) 2 2
vs  (wy)(xy) 2 2

Before analyzing the cases in the above table, note that, at this point, the greedy
algorithm has exhausted all possible linearly independent vectors a that produce a
minimal rank of rk(F(a)) = 2. This is because the algorithm has constructed N
linearly independent vectors lying in an N-dimensional subspace of F2*)| where N is
the number of left-aligned words. To ensure linear independence, the greedy algorithm

is forced to choose vectors a with nonzero balanced entries. Thus, the minimal rank
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will be rk(F(a)) > 4, as shown in Lemma 6.1.6. With this in mind, we proceeded

with the case by case analysis as follows:

1. Let £ = (wz)(wy) € v1. From Case 13 in Section 5.4, Ty appears 6 times in F(T™)

in the following positions:

w x 74 rw wy wwx wwz Twz W

w Toww:+Ti e

Tw 0 T
wy =T, 0

wwr
wwz 7T‘T‘LL'1L'Z

rwz —Toww=—T}

If we choose the vector a; = (as(i) : i € Ry4), such that

. 1 i={=(wz)(wy)
ag(i) =
0 elsewhere,

we get
rk(F(ap)) = rk(Fae(ap)) + 2 rk(Fig(ar)) =2+ 2 x 1 =4.
The color-coded representation of the nonzero entries of a, is given below:

Vi

where V; = (wzx)(wy) as labeled in Table 6.3.

Next we prove that the current set of vectors associated to d4, Vo, V4, g, Ba, 73,

s, Be, 05, Bs, Br, ay and vy is linearly independent. Let u be a vector associated
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to an element of v;. Then, for some position ¢y = (woxo)(weyo) € v1, where

wo < Ty < Yo, We have

1 i=¢
u(i) = e

0 elsewhere.

We will show that v({y) = 0 for any vector v associated with v; when v # u, or
for any vector v associated to d4, 2, V4, g, Ba, V3, V5, B, 05, 5, B7 or arr. This will

be demonstrated as follows:

(a) Let v be a vector associated with v such that v # u. We claim that v({y) = 0.
Otherwise, o = (wyz1) (w1, ) for some wy < z1 < y;. Then, wy = wy, xg = x;
and yo = y;. So, u = v, which is a contradiction.

(b) Let v be a vector associated with 04, Vo, V4, 6, B4, V3, V5, B6, 5, B5, b7 Or
a7. As observed in Remark 6.3.2, v(¢y) =0 .

By Lemma 6.1.4, the vectors associated with d4 U vo U4 UagU B4 U3 U5 U Bg U

05 U B5 U By U ay U g are linearly independent.

2. Let ¢ = (wz)(xy) € v3. From Case 15 in Section 5.4, T, appears 6 times in F/(T™®)
in the following positions:

u xr y wx Ty Twr rwy rxry ywa

w Towuwy— +2T
& Tozwy =T

wx 0 —Ty
Ty Ty 0

rwr —
Twy ~Trzwy

TTY ~Twwy+ =27y

Ywa — +Ty
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If we choose the vector ay = (as(i) : i € Ry), such that

1 i =0 = (wx)(zy)
a(i) = —2 i=zrwy

0 elsewhere,

we get

rk(F(ag)) = rk(Fas(ap)) + 2 rk(Fis(ar)) =2+ 2 x 1 =4.

The color-coded representation of the nonzero entries of ay, labeled by G,¢ = V3

as in Table 6.3, is as follows:

ABCDEFGH I JK LMN OPoP1P2P3P1PsPsP7 P3P Q442 4LsRoR1R2R3RaR5R6R7RsR9S05152V1 VaVa Vi Vs Vi
v (-~-~00000000000000000000000000000000000000000000100000--+)

v3 (---000000-20000000000000000000000000000000000000001000---)

Next we prove that the current set of vectors associated to &4, Vo, V4, g, D,
Y3, V5, B6, 05, Bs, B7, a7, 1 and v is linearly independent. Let u be a vector
associated to an element of v3. Then, for some position ¢y = (wozo)(Toyo) € V3,

where wy < z¢ < Yo, we have

1 1= go
u(i) =19 =2 i=zeTowolYo
0 elsewhere.

We will show that v(¢y) = 0 for any vector v associated with v3 when v # u, or for
any vector v associated to 647 V25 V4, As, 647 V3, Vs 667 557 657 677 Q7 Or 7. This

will be demonstrated as follows:

(a) Let v be a vector associated with v3 such that v # u. We claim that v({y) = 0.
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Otherwise,

by € {(wiz1)(z191), T121W1 Y1 }

for some w; < x1 < y;. Since {; is a balanced element, then we must have

ly = (wyz1)(2191). So, u = v, which is a contradiction.

(b) Let v be a vector associated with 04, vo, V4, 6, B1, V3, V5, B6, 5, B5, B7 Or

a7. As observed in Remark 6.3.2, v({y) = 0.

(c) Let v be a vector associated with v1. We claim that v(fy) = 0. Otherwise,

lo = (woxo)(xoyo) = (waz2)(ways) for some wy < x9 < ya. Then, wy = wy =

To, but wy < xg. So, we get a contradiction.

By Lemma 6.1.4, the vectors associated with d4 U~vo U4 UagU B4 U~y3 U5 U Bg U

05 U B5 U B7 U ay U vy U g are linearly independent.

3. Let £ = (wy)(zy) € vs. From Case 17 in Section 5.4, T, appears 6 times in F/(T™)

in the following positions:

w M)

Y wy  xy Twy Yywx

Tyyws

ywy

T,

yxy

—TyywatTi

wy

Ty

0T
-7, 0

Twy
ywx
ywy
YTy - +yyuwa—T0

+7

—Lyywzx

If we choose the vector ay = (as(i) : ¢ € Ry), such that

ag(i) =

1
2
0

i € {l = (wy)(zy), yrwy}
1 = Yyyww

elsewhere,
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we get

rk(F(ap)) = rk(Fae(ap)) + 2 rk(Fig(ar)) =2+ 2 x 1 =4.

The color-coded representation of the nonzero entries of a,, labeled by D, M, { = V5

as in Table 6.3, is as follows:

ABCDEFGH I JK LMN OPyP1P2P3P,P5PsPrPsPofdd QA4 LsRoR1RaR3R4RsReR7AsR9S05152V1 VaVaVaVs Ve

vi (-~--00000000000000000000000000000000000000000000100000---)
vz (-~--000000-20000000000000000000000000000000000000001000---)
vs (~--00020000000010000000000000000000000000000000000010---)

Remark 6.5.1. Note that the vectors associated with elements of 14, v3 and vs
have nonzero values only in positions of words of consisting of at most three letters,

as seen in the color-coded representation of vectors.

Next we prove that the current set of vectors associated to d4, Vo, V4, g, Ba, V3,
vs, B6, 05, Bs, B7, a7, 11, 3 and vy is linearly independent. Let u be a vector
associated to an element of v5. Then, for some position ¢y = (woyo)(zoyo), where

wo < xg < Yo, we have

1 e {ly = (woyo)(ToYo), YoTowoyo }
u(i) =9 2 i = yoyowoo

0 elsewhere.

We will show that v({y) = 0 for any vector v associated with v5 when v # u, or
for any vector v associated to 04, 2, 71, a6, Ba, V35 V55 P65 05, B5, Pr, @7, 11 OF V.

This will be demonstrated as follows:

(a) Let v be a vector associated with v such that v # u. We claim that v({y) = 0.

Otherwise,

by € {(wiy)(1vh), mT1wiyr, Yyiyiwies ),

for some w; < x; < y;. Since {y is a balanced element, we must have

ly = (wiy1)(x1y1). So, we must have u = v, which is ac contradiction.
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(b) Let v be a vector associated with 04, Vo, V4, 6, B1, V3, V5, B6, 5, B5, Br or
az. As observed in Remark 6.3.2, v({y) = 0.

(c) Let v be a vector associated with v1. We claim that v(fy) = 0. Otherwise,
lo = (woyo)(zoyo) = (wams)(ways) for some wy < xo < yo. Then, wy = wy =

To, but wy < xg. So, we get a contradiction.

(d) Let v be a vector associated with v3. We claim that v(¢y) = 0. Otherwise,

by € {(wsxs)(x3ys), x3T3WsYs3},

for some w3y < x3 < wy3. Since fy is a balanced element, we must have
lo = (woyo)(zoyo) = (w3r3)(w3ys). Then, yo = x3 = x0, but 7o < yo. So, we

get a contradiction.

By Lemma 6.1.4, the vectors associated with d4 U vy U~y UagU B4 Uy3 Uy U Bg U

05 U s U By U oy U vy Uz Uws are linearly independent.

6.6 Balanced Four-Letter Words

In this section we consider balanced words with four letters w, x,y and z such that
w < x <y < z. The following table lists these four-letter words and the number of

their occurrences, as shown in Table 5.2.

Type Word — Appearances in Fo(T™W)  Appearances in Fyz(T™)

ve  (wz)(yz) 2 2
vy (wy)(z2) 2 2
ve  (wz)(zy) 2 2

From now on, the greedy algorithm is forced to choose vectors with nonzero entries in
balanced four-letter positions to ensure linear independence. Recall that in the proof

of Lemma 6.1.6, we showed that if a is a vector with a nonzero entry in a balanced
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position, then the rank of Fi3(a) is at least one. In Subsections 6.6.1, 6.6.2 and 6.6.3,

we will prove the following results:

Proposition 6.6.1. If a(f) # 0 for some £ € vy, then rk(Fi3(a)) > 2.
Proposition 6.6.2. If a(f) # 0 for some £ € vy, then rk(Fi3(a)) > 2.
Proposition 6.6.3. If a(f) # 0 for some £ € vg, then rk(Fi3(a)) > 2.

Hence, all the vectors a chosen by the greedy algorithm from now on satisfy
rk(F(a)) = 2rk(Fis(a)) + rk(Fy(a)) =2 x2+2 > 6.

Consequently, it is enough to complete our list of vectors into a basis with vectors a

such that rk(F(a)) = 6, as shown in the following case by case analysis:

1. Let £ = (wz)(yz) € vo. From Case 14 in Section 5.4, T; appears 6 times in F(T™).

It appears two times in Fyy(7?) in the following positions:

F22<T(4)): W 0 Ty :
Yz —Tg 0

and two times in Fi3(7T*) as shown in Figure 6.3. Note that in Figure 6.3 the T’s
in the variables are suppressed for simplicity (e.g. A instead of T4, etc.), and the

indices are labeled as in Table 6.3.

If we choose the vector ay = (as(i) : ¢ € Ry), such that

. 1 i=10=(wr)(yz)
ap(i) =
0 elsewhere.
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wWWr  WWzZ TWT TWZ  TTY Tz ywr Yywz yry Yrz Yy z ZWA zwz  ZxY 22 2y

Py, —D P,—Rs+l P; Ry Ry —R; R3—S R

w A R C P -0 P—R, E

e p B P J B 0 P N P, P—R:. Ry Ry Q» Ry Re—Qy

Y E Py 0] Py N Fs D Py F Py Py Rs—( Rg R; Ry Ry
Ry R Ry Rz @ Ry Rs Rs Ry Ry Ry So S1 @ Sy Qs

Figure 6.3: Occurrences of Ty in Fi3(T?), { = (wz)(yz) € vy.

we get

rk(F(ap)) = rk(Fa(ap)) + 2 rk(Fis(ar)) =2+ 2 x 2 =6.

The color-coded representation of the nonzero entry of ay, labeled by ¢ = V5 as in

Table 6.3, is as follows:

ABCDEFGH I JK LMN OPoP1P2P3PyP5PsPrPs PyQd21Q 4242 £25RoR1RaR3R4R5R R 7RsR9S05152V1 Va VaVa Vs Ve
vy -~00000000000000000000000000000000000000000000100000---)
v3 --000000-20000000000000000000000000000000000000001000---)

-000200000000100000000000000000000000000000000000°10---)

—~ o~~~

v2

-00000000000000000000000000000000000000000000010000---)

Next we prove that the current set of vectors associated to d4, Vo, V4, g, Ba, 73,
s, b6, 05, Bs, b7, a7, 11, U3, s and vy is linearly independent. Let u be a vector
associated to an element of v,. Then, for some position ¢y = (wexo)(yoz0), where
wo < To < Yo < 29, we have

1 i=4¥

u(i) =

0 elsewhere.

We will show that v({y) = 0 for any vector v associated with v when v # u, or

for any vector v associated to 04, V2, V4, 6, Ba, V3, V5, B6, 05, Bs, B, o7, 11, U3,

or vs. This will be demonstrated as follows:

(a) Let v be a vector associated with v5 such that v # u. We claim that v(¢y) = 0.

Otherwise, ¢y = (woxo)(Yoz0) = (wi1)(y121) for some wy < 1 < y; < 2.



6. FAITHFUL DIMENSION OF NILPOTENCY CLASS 4 132

So, we must have v = v, which is a contradiction.
(b) Let v be a vector associated with 04, Vo, V4, 6, B1, V3, V5, B6, 5, B5, B7 Or
a7. As observed in Remark 6.3.2, v(¢y) = 0.
(c) Let v be a vector associated with v, v3 or v5. As observed in Remark 6.5.1,
v(y) = 0.
By Lemma 6.1.4, the vectors associated with d, U~y U~y U agU By Uy3 U5 U B U

05 U Bs U By Uy Uy Urs Urws Uy are linearly independent.

2. Let £ = (wy)(zz) € vy. From Case 16 in Section 5.4, T; appears 6 times in F(T™).

It appears two times in Fyy(7T?) in the following positions:

wy Trz

F22(T(4)) _ wy 0 Ty
=T, O

and two times in Fy3(7T?) as shown in Figure 6.4. Note that in Figure 6.4 the T’s in

the variables are suppressed for simplicity, and the indices are labeled as in Table

6.3.
wwr wwy Twr TwYy rry rrz ywx ywy yry yrz yyz ZWr 2wy ZrY ZXZ ZYz
w{ A H ¢ I G-O -Ry E L M-D —Rs+{ -Ty, Ry, Qo 1—Rs —Sy —Qs
«l¢c 1 B @ J P O M N Ps PR Ry Qi—( Q@ Ry Rs—Qu
vyl B L o M N P D K F P P, R T R, Ry R
2 R[] Q[] RZ (2 1 Q2 R/l RS Tb R7 RS R9 S[] QB Q/l SZ QS

Figure 6.4: Occurrences of T in Fi3(T%), ¢ = (wy)(z2) € vy.

If we choose the vector ay = (as(i) : ¢ € Ry), such that

ar(i) = 1 i=/{=(wy)(zz)
0 ew.
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we get

rk(F(ap)) = rk(Fa(ap)) + 2 rk(Fiz(ar)) =2+ 2 x 2 =6.

The color-coded representation of the nonzero entry of ay, labeled by ¢ =V} as in

Table 6.3, is as follows:

ABCDEFGH I JK LMN OPoP1P2P3PyP5Ps Pt P3Py Q4242 L2 sRoRRoRsRaRsReR#RsR9S0S5152V1 VaVaVaVs Ve

V1 --+000000000000000O00OO00O00OO0OOOOO0ODOODODOOOODOOOOODODODOOOO01TO00O0OO0O--+

v3 ++000000-20000000000000000000000000000000000000001000---

v2

(
(

vs (~--00020000000010000000000000000000000000000000000010---
(~--00000000000000000000000000000000000000000000010000---
(

—_ = = — —

V4 --+0000000000000O000O0OOO0ODO0OOOOOODODODOOODOODOODOOODOODOOOOODOOT1OGO:---

Next we prove that the current set of vectors associated to d4, Vo, V4, g, Ba, 73,
s, B¢, 05, B5, b7, a7, V1, U3, Vs, V5 and vy is linearly independent. Let u be a vector
associated to an element of v4. Then, for some position ¢y = (woyo)(z0z0), Where

wo < To < Yo < 29, we have

0 elsewhere.

We will show that v({y) = 0 for any vector v associated with vy when v # u, or
for any vector v associated to ds, Y2, Y1, %, Pa; 35 V55 B, 05, B5, Pr, a7, 11, v,

vs or vy. This will be demonstrated as follows:

(a) Let v be a vector associated with vy such that v # u. We claim that v({y) = 0.
Otherwise, ¢y = (woyo)(z0z0) = (w1y1)(x121) for some wy < 1 < Yy < 2.

So, we must have v = v, which is a contradiction.

(b) Let v be a vector associated with o4, Y2, Y4, 6, Ba, V3, V5, B6, 05, b5, Br Or
az. As observed in Remark 6.3.2, v({y) = 0.

(c) Let v be a vector associated with vy, v3 or v5. As observed in Remark 6.5.1,

’U(éo) = 0.
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(d) Let v be a vector associated with 5. We claim that v({y) = 0. Otherwise,

by = (woyo)(Toz0) = (waems)(ya22) for some wy < xy < Yo < z9. So, we

must have yy = x5 and z¢o = ys. Since x5 < Yz, We get yo < xg which is a

contradiction.

By Lemma 6.1.4, the vectors associated with d, U~y U4 U ag U By U3 U5 U Bg U

05 U Bs U By Uy Uy Urs Urws Uy Uy are linearly independent.

3. Let ¢ = (wz)(zy) € vs. From Case 18 in Section 5.4, Ty appears 6 times in F(T™).

It appears two times in Fyy(7T?) in the following positions:

Foo(T™)

wz Ty

wz 0 Ty
ry \=1y O

and two times in Fi3(T*) as shown in Figure 6.5. Note that in Figure 6.5 the T’s in

the variables are suppressed for simplicity, and the indices are labeled as in Table

6.3.

wwy wwz TWY rTwz rry Trz ywy
w({H P I P G P L
T I P G Ps J Ps M
y L P, M Py N Fs K

Q R @ Ry Q Ry T

Py—t

Yywz

P

Py
Ry

yry Yyrz Yy zwy
M P, P-Ty, Qo

N B RB-R; @

F Py Py To

R Ry Ry Qs

Wz

Ry
R
R
S

zry
Q141
Q2

Q4

2XZ

R
Ry

Sa

Figure 6.5: Occurrences of Ty in Fi3(T?), { = (wz)(zy) € ve.

If we choose the vector ay = (as(i) : ¢ € Ry), such that

ag(i) =

1
0

i == (wz)(zy)

elsewhere.

Re—Q3
Rg—Q4
Ry
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we get

rk(F(ap)) = rk(Fa(ap)) + 2 rk(Fiz(ar)) =2+ 2 x 2 =6.

The color-coded representation of the nonzero entry of ay, labeled by ¢ = Vg as in
Table 6.3, is as follows:

ABCDEFGH I JK LMN OPoP1PyP3PyPsPsPrPsPdd2 1244 L5l RaR3sRaRsRelt el sR9S0.5152V1 VaVaVa Vs Ve
V1 --0000000000000000O0O00O0OD0ODO0D0ODODODODODODOOOOODODODODODODODODOOOOO1IOOOO0O-+
v3 --000000-20000000000000000000000000000000000000001000---
Vs --0002000000001000000000000000000000OOD0OD0OOODODOODOODOOD0O0O01O---
v2 --000000000000000000O0OO0O0OD0OOOODOOODODOODODODOODODOOOODOODOOO100O0®O---

12 --00000000000000000000000000O00O00O00OD00000O00O00O0OD0O00O0O00O00O00O0000100:--

~ o~ o~~~ o~
— — — — — —

Ve --00000000000000O0000O00O0OO0OO0OO0OOO0OOODOOOOODOOOOOOOOO0O0O0O 1+-+

Next we prove that the current set of vectors associated to d4, Vo, V4, g, Ba, 73,
s, B6, 05, Bs, Br, a7, V1, V3, Vs, Vo, V4 and vg is linearly independent. Let u be a
vector associated to an element of 5. Then, for some position ¢y = (wozo)(xoyo),
where wy < z¢ < Yo < 29, we have

1 1=/

u(i) = )

0 elsewhere.

We will show that v({y) = 0 for any vector v associated with v when v # u, or

for any vector v associated to 04, V2, V4, @, Ba, V3, V5, B6, 05, Bs, Br, o7, 11, U3,

Vs ,v5 or v4. This will be demonstrated as follows:

(a) Let v be a vector associated with v such that v # u. We claim that v(¢y) = 0.
Otherwise, ¢y = (wozo)(zoyo) = (w121)(x1y1) for some wy < 1 < y; < 2.
So, we must have v = v, which is a contradiction.

(b) Let v be a vector associated with 04, Vo, V4, 6, B1, V3, V5, B6, 95, B5, Br or
ay. As observed in Remark 6.3.2, v({y) = 0.

(c) Let v be a vector associated with vy, v3 or v;. As observed in Remark 6.5.1,

’U(éo) = 0.
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(d) Let v be a vector associated with 5. We claim that v({y) = 0. Otherwise,
by = (wo20)(Toyo) = (wama)(ya22) for some wy < gy < Yo < 2z9. So, we
must have zp = x9 and xy = ys. Since x5 < ys, We get 29 < xg which is a
contradiction.

(e) Let v be a vector associated with v4. We claim that v(fy) = 0. Otherwise,
by = (woz0)(Toyo) = (wsys)(z3z3) for some wy < x3 < y3 < z3. So, we
must have 2y = y3 and yg = 23. Since y3 < 23, we get 2y < yp which is a

contradiction.
By Lemma 6.1.4, the vectors associated with d4 U vy U4 UagU B4 Uy3 Uy U Bg U
05 U Bs U By Uy Uy Uz Uws Uy Uy U g are linearly independent.

Before proving Propositions 6.6.1, 6.6.2 and 6.6.3 in the following subsections,

let us note the following simple facts.
Lemma 6.6.4. The determinant of any 2 X 2 submatriz of a rank one matrix is zero.

Proof: Since the submatrix has rank at most one, it is not invertible. |

Lemma 6.6.5. If a rank one matriz has a zero entry, then either the row or the

column containing it has all zero entries.

Proof: Suppose that some of the entries of the row and the column containing
the zero entry are nonzero. Then, there exists a 2 x 2 upper (or lower) triangular

submatrix with nonzero diagonal (or anti-diagonal), contradicting Lemma 6.6.4. 1

6.6.1 Proof of Proposition 6.6.1

Suppose that rk(Fi3(a)) = 1. For simplicity let ¢ denote a(f). So, ¢ # 0. Consider

the following submatrices from Figure 6.3:
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wwr ywx ywx WX
Y E D LW E Ry '\
Z RO R5 Yy D R5 —/

From Lemma 6.6.4, we get:

ERs = DR,.
E(Rs — () = DRy

As a result,
ERs = E(Rs —?).

Note that we must have £ = 0. Otherwise, R5; — ¢ = Rj5, which implies that ¢ = 0.
Since we are assuming that ¢ # 0, we get a contradiction. Since £ = 0 and appears

two times in Fi3(ay), from Lemma 6.6.5 we have the following possibilities:

i. If the first row of Figure 6.3 is zero, then Ry = 0, P, = 0 and Ry = 0. So,
Rs — ¢ = —{ # 0. From submatrix

YWz 2WT
xr P 4 RQ
y \Pr Rs—¢

we get Py(Rs — {) = RoP;. Since Pr = 0 and Rs — ¢ = —{ # 0, we get that

Py = 0. Also, from submatrix

Yrz ZWx

w P4—R5+€ RO ,
Y I Ry — ¢
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we get (Py — Rs + {)(Rs — {) = RyPs. Since Ry = 0, then
(Py—Rs+0)(Rs —£) = (0 =0+ £)(0—£) = —£* =0,

which implies that ¢ = 0. Since ¢ # 0, we get a contradiction.

ii. If the third row Figure 6.3 is zero, then R5 — ¢ = 0. So, Rs = ¢ # 0. From

submatrix

ywr — zZxy
w ( FE —R5>
< R; o

we get EQ4 = —RZ. Since E = 0, we get Rs = 0, which is a contradiction.

iii. If both columns containing F in Figure 6.3 are zero, then R; = 0 and Ry = 0.

From submatrix

Yyyz  Zwr
w P. 7 Ro
y \ Py Rs—V/

we get Pr(Rs — () = RoPy. Since Ry = 0 and Ry — ¢ =0 — ¢ = —( # 0, then

P; = 0. From submatrix

YWz 2WX
X P4 R2
Y P, Rs—1{

we get Py(Rs — ) = RoPr. Since Pr =0 and Ry — ¢ =0—{ = —{ # 0, then

P, = 0. From submatrix
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yrz ZWIT
w [Py — Rs+ /¢ Ry ),
Y Py Rs —/(
we get (Py — Rs + 0)(Rs — {) = RoPs. Since Ry = 0, then
(Py—Rs+0)(Rs—0) = (0—-0+£0)(0—¢) = —*=0,

which implies that ¢ = 0. Since ¢ # 0, we get a contradiction.

As a result, rk(Fi3(a)) # 1 when a(f) # 0.

6.6.2 Proof of Proposition 6.6.2

Suppose that rk(Fi3(a)) = 1. For simplicity let ¢ denote a(¢). So, ¢ # 0. Consider

the following submatrices from Figure 6.4:

wwy 2wy TWY 2wy
z ( I Q- z) w ( I Qo > .
Qo o5 < @1 Qs
From Lemma 6.6.4, we get:

1Qs = (@1 — 0)Qo.
1Q3 = Q1Qo

As a result

(@1 = O)Qo = Q1Qo.

Note that we must have Qg = 0. Otherwise, ()1 — ¢ = 1, which implies that ¢ = 0.
Since we are assuming that ¢ # 0, we get a contradiction. Since Qg = 0 and appears

two times in Fi3(T*), we have the following possibilities from Lemma 6.6.5:
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11.

1il.

. If the fourth row in Figure 6.4 is zero, then J; = 0. Since )y appears in the

first row also, then the first row must also have zero entries, as the column
of @)y contains the entry Q1 — ¢ = ¢ # 0. As a result, —R5 + ¢ = 0 and
Q1 — R5 = 0, since they are entries of the first row. So, / = R5 = (1 = 0, which

is a contradiction.

If the first row in Figure 6.4 is zero, then —R5 + ¢ = 0 and Sy = 0. So,
Rs = /¢ # 0. From submatrix

ywr 2wx
) D R
z R5 S()

we get DSy = R2. Since Sy = 0, we get R5 = ¢ = 0, which is a contradiction.

If both columns containing () in Figure 6.4 are zero, then I = 0 and ¢); —¢ = 0.
As a result, @Q; = ¢ # 0. From submatrix

TWY Yz
w ( I —Rs + f) :
Q@1 Rs
we get IRy = (—Rs5 + ¢)Q;. Since [ = 0 and @1 # 0, we get —R5 + ¢ = 0. So,
Rs = ¢ # 0. Since Tj is an entry of a the second column containing @)y, then
Ty = 0. Since T, appears also in the last row, then the column containing it

must be zero, since the row contains the nonzero entry ;. Since M is an entry

in this column we must have M = 0. From submatrix

ITwy 2wr

y (M 35)7
< 1 So
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we get MSy = R5Q:. Since M = 0 and @)1 # 0, we get R5 = ¢ = 0, which is a

contradiction.

Thus, rk(Fi3(a)) # 1.

6.6.3 Proof of Proposition 6.6.3

Suppose that rk(Fiz3(a)) = 1. For simplicity let ¢ denote a(¢). So, ¢ # 0. Consider

the following submatrices from Figure 6.5:

yrz  Zxy TWYy YTz TTY YTz
w ( P4 Ql -+ é) T < G P6 > w ( G P4 ) .
v\ s Q2 2 \ Q1 Ry > \Q2 Ry

From Lemma 6.6.4, we get:

PyQy = Ps(Q1 + 1),
GR8 - PGle
GRg = PyQ)s.

As a result

Ps(Q1+{) = P,Qy = GRg = PsQ;.

Note that we must have Pg = 0. Otherwise, Q)1 + ¢ = ()1, which implies that ¢ = 0.
Since we are assuming that ¢ # 0, we get a contradiction. Since P = 0 and appears

two times in Fi3(T*), we have the following possibilities from Lemma 6.6.5:

i. If the third row in Figure 6.5 is zero, then Py = 0, Rg = 0 and P, = 0. From

submatrix
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ii.

iii.

TwyY ywz
x < G P— 5)
o R
we get GRg = Q1(Py — (). Since Rg = 0 and Py — ¢ = —¢ # 0, then @; = 0.

From submatrix

ywz zZxry
w P2 Ql + 14
T P4 4 Q2

we get PoQe = (Py — £)(Q1 + £). Since P, = 0, then (Py — )(Q1 + {) =
(0 —£)(0+¢) = =2 = 0, which is a contradiction since ¢ # 0.

If the second row Figure 6.5 is zero, then P, = 0 and P,—/¢ = 0. So, P, = { # 0.

From submatrix

TWzZ  Yrz
w P1 P4
) Py P

we get PPy = P}. Since P, = 0, then Py = ¢ = 0, which is a contradiction.

If both columns containing Py Figure 6.5 are zero, then Ry = 0 and P, = 0.

From submatrix

Yywz T2

w P2 R3
i P4 - f R4
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we get PoRy = R3(Py — ). Since Ry = 0and Py — ¢ =0—{ = —{ # 0, then
R; = 0. From Lemma 6.6.5, we see that either the second row or the column of
R3 is zero. Since Py — ¢ = —{ # 0, then the the column containing R3 is zero.

Since Rg is in this column, we have Rg = 0. From submatrix

rTrYy  Yywz
T ( J P4 — €>
Q2 Rg
we get JRg = Qo(Py — (). Since Rg = 0 and Py — ¢ = —{ # 0, then Q5 = 0.

From submatrix

2wy Zxy
w ( Qo Q1+ 5)
€ 1 Qo
we get QpQ2 = Q1(Q1 + ¢). Since Q3 = 0, then either @ = 0 or @Q; + ¢ = 0.
We consider each case as follows:

e If )1 =0, then from submatrix

Ywz 22y
w ( P2 Ql + E)
s \P—t 0
we get P,y = (Q1 + £)(Py — £). Since Q2 =0, @1 = 0 and P, = 0, we get
(Q1 + 0)(Py — () = —£? = 0. So, £ =0, which is a contradiction.

o If Q) + ¢ =0, then )1 = —¢. From submatrix

TWwY ywz

T ( P4 - €>
Z Q1 R
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we get GRg = Q1(P; — (). Since Rg = 0, P, = 0 and Q; = —/, we get
Q1(Py— ) =1(?=0. So, ¢ =0, which is a contradiction

Thus, rk(Fi3(a)) # 1.

6.7 The Faithful Dimension of exp(f,4 ®z F,)

We have successfully found r,,(4) = | R4| linearly independent vectors that yield min-
imal rank. The minimal ranks for each type are summarized in Table 6.4 and Table
6.5. Now, we can compute the faithful dimension of exp(f, 4 ®zF,) using Proposition

4.3.4.

Type in Ry w<zx<y<z rk(F)

g YYwx 2
o4 ZYwx 2
B4 TTWY 2
Bs Yrwz 2
Be yrwy 2
B7 zrwy 2
Y2 WWWI 2
V3 TWWY 2
Y4 TWWT 2
V5 YWWIL 2
04 TTWET 2
05 Yyrwe 2

Table 6.4: Rank summary for left-aligned equivalence classes of R,.
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Type in Ry w<z<y<z rk(F)

2 (wz)(wy) 4
V3 (wzx)(zy) 4
Vs (wy)(zy) 4
V) (wz)(yz) 6
Vi (wy)(x2) 6
Vg (wz)(zy) 6

Table 6.5: Rank summary for balanced equivalence classes of R,.
Theorem 6.7.1. For n > 2 and p sufficiently large,

1
Maithful(€XP(Fna ®@z Fy)) = §f ((n4 +2n* — n? — 2n)q + 4(n® — 3n* + 2n)¢?

+(n* — 6n® + 11n* — 6n)¢°)

Proof:  Let {as: £ € R4} be the set of r,,(4) linearly independent vectors associated

with the elements of R, obatined in the previous sections. From Proposition 4.3.4,

1, “
Meaitnsur (€XP (4 @z Fq)) = Z fq? kg (F(ag))
lERy

We can calculate this sum using the results from Table 6.4 and Table 6.5, which can

be summarized in terms of ranks and number of letters as follows:

rk(F) Two-Letter Types Three-Letter Types Four-Letter Types
72774754 056754766773775755 047755757

2
4 V1,V3, Vs
6

Vo, Va4, Vg

Table 6.6: Rank summary for Ry.
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Now, we need to find the number of elements in each type. The size of each type

depends on the number of letters in its representative. Let

Thus, for representatives with 2, 3, or 4 letters, the number of words in each corre-
sponding type is X5, X3, and Xy, respectively. So, from Table 6.6, we see that there
are 3Xs + 6 X3 + 3X, vectors with rank 2, 3X3 vectors of rank 4, and 3.X, vectors of

rank 6. As a result,

1, a
Meaiohtul (eXP(fra @z Fy)) = Y fg2ealFee)
lERy

= (3X4 +6X5+3Xs) fq+3Xsfq* +3Xyufq®

= én(n —D(n+1)(n+2)fq+ %n(n —1)(n—2)fq’

1
4 Inn = )0 = 2)(n - 3)f4’

1
= gf ((n* 4 2n° — n* = 2n)q + 4(n’® — 3n* + 2n)q¢*
+(n* — 6n® + 11n* — 6n)¢°) ,

which completes the proof of the theorem. |
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6.8 The Faithful Dimension of exp(f,4 ®z R)

In this section we are interested in p-groups of the form exp(f, 4 ®z R), where R is a
finite truncated valuation ring as in Definition 3.2.6, with the associated parameters

(d,p,e, f) given in Definition 3.2.8.

Proposition 6.8.1. [McL73| R = O/p?, where O is the valuation ring of a local field
and p is the prime ideal of O.

So, we can assume that R = O/p?. In the notation of Definition 3.2.6, m = p/p?,

and the associated parameters (d, p, e, f) are given as follows:
- p = char(O/p), and #0/p = p/ for some f > 1.
- pO/pd = p¢/p? for some e > 1.

The rank minimization problem in Theorem 4.3.1 was extended to finite trun-
cated valuation rings in [BMKRS23, Prop. 3.2]. Let g be a nilpotent Z-Lie algebra
which is finitely generated as an abelian group, with m, ¢;, {5 as in Theorem 4.3.1.

Define the map

proj: (O0/p)" — (O/p)*
(a(1), ..., a(m)) — (@(D),....a(6),

where a +— @ is the natural projection O/p? — O/pe.

Let O(d,m,e, (1) denote the set of feli-tuples (as,...,afy, ) such that a; €
(O/pH)®™ for all 1 < i < fely, and the projections {proj(a;)}/“" form a basis of the
IF,-vector space (O/p®)®.

Proposition 6.8.2. [BMKRS23, Prop. 3.2| Then there exists a constant M > 0
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such that for p > M the faithful dimension of exp(g ®z R) is given by

(L prdeke—t—t) N 2
i ; (#kero/pd(Fg(al>>> : (a17"'7a“f6£1> € O(d,m, e,gl) —|—f€26’

where Fy is the commutator matriz of g.

Let g = fn.. As in Proposition 4.3.4, using the reduced commutator matrix,
defined in Definition 4.2.7, the minimization problem in Proposition 6.8.2 can be

reduced to the following:

Proposition 6.8.3. Let F' = Fff‘f be the reduced commutator matriz of f, .. Then,

the faithful dimension of exp(fn.. ®z R) is given by

fely pfd(rk(fnyc)fgl) 1
. N . e e d7 g s 76 ,
min Z (#kero/pd(F(ai))) (Cl1, ,ag 41) c (9( Le 1)

=1

where k() = > n_ Ta(k) and €1 = r,(c).

Proof:  The proof follows that of Proposition 4.3.4, with the following observation
in mind. Recall that from Proposition 4.2.6, we have ¢; = r,(c), o = 0 and m =
> o rn(k). Thus, for any a; € (O/p?)®™ where 1 < i < fely, we can express the

entries of a; as follows:

k 2 2 3 3 c c
a; = (a§ ))nggc = (agl), . ,az(.n)l@), agl), . ,agri@), . ,al(-l), . ,agri(c)).

As in Equation (4.3.2), we have
rk]Fq (F‘fn,c (a'L)) 2 rk]Fq (F;:j(al))

where kg, ( Ffrf’f(al)) =3 rk]Fq(Fl-j(al(c))). From the rank-nullity theorem, if we

i+j=c
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set C'=>¢"" 7, (k), then

C — kg, (F,  (a:)) < C — rke, (@),

ie.
#kero i (Fy, () < #kerojpa (Fr(a;)).
As a result,
1 1
( pfd(rk(g)—el) ) 2 pfd(rk(g)—h) 2
> .
#keropa(Fy, . (ai)) )~ \ #kerg pa(Ff*4(a;))

The rest of the argument is similar to that of Proposition 4.3.4 i

As mentioned earlier, we are mainly interested in p-groups of the form exp(f, 4 ®z R),
where R = O/p?. Suppose that the vectors a; € (O/p?)® =@ where 1 <i < fer,(4),

are the optimal solution to the minimization problem in Proposition 6.8.3. So,

fern(4) pldK(nc)=61) 3
Mai hful(eXp(fn,c Xz R)) - < ) y (681)
’ ; # ket (F(a;))

and the projections {proj(a;)}/%" form a basis of the F,-vector space (O/p¢)&®).

Lemma 6.8.4. [BMKRS23, Lemma 4.5 Let V' be a finite dimensional vector space
over an arbitrary field and let S be a basis for V¥ where k > 1. Then S can be

partitioned into subsets Sy, ..., Sk such that each of the sets {m)(w) : w € Sy} is a
basis of V' for 1 < € <k, where mp(w(1),...,w(k)) := w(l).

As a consequence of Lemma 6.8.4, the set of vectors
S :={a; € (O/pH¥W 11 <i <efr,(4)}

can be partitioned into r,(4) subsets Sy, where ¢ € Ry, such that |Sy| = ef and the
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set

{mi(proj(a)) = a(l) : a € S}, (6.8.2)

forms an F,-basis for O/p°. Furthermore, for each ¢ € R,, the projection of the
elements of the set in Equation (6.8.2) to O/p forms a spanning set since O/p is a
quotient of O/pc. Hence, there exits a subset T, C Sy for each ¢ € Ry such that the
projections of Uyeg, Ty forms an F,-basis for (O/ p) &),

Define the following subsets of S:
T = U46R4Tg, Spi= U(Ep%_’ISg — Tg, Sp = UZeR47HS£ — Tg,

where

Ry1 = {l € R, : { left-aligned},
Ry = {¢ € Ry : ¢ balanced 3-letter}.

In the the following we use basics of valuations of local fields, for more details

we refer the reader to [Ser79|.

Remark 6.8.5. Note that if a € S, — T; C &1 U Syy, then v(a(f)) > 1 since we are
excluding the vectors of T, which forms a basis for the units O/p.
Proposition 6.8.6. Let

pfd(rk(anC)_rn (4))

Ka) = S erom (F(@)’

for a € (O/ph)&™ . Then,
i. Fora € Sy—T,C Sy, if 1 <v(a(t)) <e—1, then K(a) > p*d-val®)),
ii. Fora € Sy —T, C Sy, if 1 <v(a(l)) <e—1, then K(a) > pifld—va®)),

Proof: To obtain a lower bound for K'(a), we aim to find an upper bound for the
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size of the kernel of the reduced commutator matrix Fj, .(a), given by
®(k(fn,c)—Tn(4))
kero/pd(F(a)) = {ZL‘ € (O/pd) ) ( ) : F(CL)(L‘T _ O}

Let x = (x(4) : 1 <14 <1k(f,.) —70(4)). We prove the required upper bound for each

case as follows:

i. Let a € Sy — T, € &. Since 1 < v(a(l)) < e—1 < d—1, we know that
a(f) # 0 in O/p?. As in the proof of Lemma 6.1.5, there exists an entry of
Fi3(a) consisting solely of a(¢). Then, from the vector equation that defines the

kernel we have

a(O)z(i) = > —su(i) (6.8.3)
1€ER3
i#i1
—a(O)x(iz) = —t(i), (6.8.4)
i€ERy
iFi
where s;,t; € O/p?. Note that the first equation is obtained from the submatrix
Fi3(a), whereas the second equation is obtained from the submatrix —Fj5(a).

Let f: O/p? — O/p?, such that x — a(f)z. We claim that # ker f < p/(@(®),
To see this, let x € ker f, then

v(a(l)x) =v(a(l)) +v(z) > d.

So, we must have v(z) > d—v(a(f)), i.e. z € p?=@®) /pd. Since #pd—(@0) /pd =
@) we proved our claim. Note that for any choice for the variables (i),
where i # R3 and i # iy, in the right hand side of Equation (6.8.3), there are
at most p/(@®) choices for x(i;) such that Equation (6.8.3) holds. Similarly,
since v(—a(f)) = v(a(f)), we can show that for any choice of the variables x(7),

where i # Ry and i # s, in the right hand side of Equation (6.8.4), there are
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at most p(@®)) choices for z(iy) such that Equation (6.8.4) is satisfied. As a

result, we obtain the following upper bound
#kero/pd(F(a)) < pfd(rk(fn,c)_rn(4)_2)p2f’/(a(£))'

Consequently, K (a) > p?/(d=v(ac),

ii. Let a € Sy—T, C Sip. Since 1 < v(a(f)) <e—1<d—1, we know that a(¢) # 0
in O/p?. From Table 5.2, we see that T, appears twice in both Fy3(T™) and
Foyo(TW). In particular, a(f) appears twice in the submatrix Fh(a) as entries
of the form a(¢) and —a(¢), and it appears in the submatrix Fj3(a) in an entry
of the form 7 + a(¢), where r € O/p? and there exits an entry of Fi3(a) that
consists solely of r. If r # —a(¢), then r+a(¢) # 0 and we consider the following
4 equations that define the kernel:

(r 4+ a(0)) z(iy) = Z —bix(i),
B

a(O)z(iz) = Y —si(i),

1€ERo
i3
—a(O)x(is) = Y —tw(i),
1€ERo
1F£12,13
—(r+a(l))z(iy) = Z —u;x(i),
i€ERy
1#£i4
where b;, s;,t;,u; € O/p?. Note that s;, = t;, = 0 since Fy(a) is skew-symmtric.

Following the argument in proof of part i., we obtain the upper bound
# kerp jpa (F(a)) < pfd(rk(fn,c)—rn(4)—4)p4fV(a(f))‘ (6.8.5)

On the other hand, if r = —a(¢), then we can instead consider the equation that
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involves the position where r shows up solely, and by the same reasoning we

obtain the upper bound in Equation (6.8.5). As a result, K (a) > p*/(d-¥(a0),

So far, we were able to find lower bounds for K (a) when a € St U Spr. Our next
step is find a lower bound when a € T = Upcpg,Ty. To achieve that, we need the

following lemmas.

Lemma 6.8.7. Let g(z) = Zj:o g;x? € Zx] be a polynomial with nonzero integer
coefficients, and let yi, ..., Yrm nonzero integers such that Z{;”l p/i > fq(p/). Then,

for p > max{m, 335, ¢;}, we have 7, p¥ > fg(p!?).

Proof: The argument is identical to the inequalities used for the lower bound of

[BMKRS23, Thm. 1.3] and therefore we do not repeat it here. i

Lemma 6.8.8. [BMKS19, Lemma 4.6 Let V' be an m-dimensional F,-vector space.
Suppose that B = {v1,..., v} is a basis of V viewed as a vector space over the
subfield IF,,. Then there exists a partition By, ..., By of B into f sets of size m such

that each B; is a basis of V' as an [F -vector space.

Proposition 6.8.9. Let

1
g(x) = 5 (' +20° —n® = 20)z +4(n* — 3n® + 2n)a”

+(n* — 6n® 4+ 11n?* — 6n)x3) .
Then, ZGGT(K(G))% > fg(p'?).

Proof: Recall that the projections of the vectors of 7 form an IF,-basis of

(O/p)* ™ From Lemma 6.8.8, there exists a subset Ty C 7 of size |Tg| = r,,(4) that
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forms an F-basis of (O/p)* ™. Let

Ak i) =ra(4) ) 3

Tigq = (K(Clz))§ = (#kero/pd(F(ai))

Note that x; 4 > mf{l, and z; 4 = p/¥+ for a non-negative integer y; 4. By Proposition

4.3.4,
rn(4) Tn(4)
Z prt = Z zin > fo(p’),
i=1 i=1

where

g(x) = é

+(n* — 6n® + 11n* — 6n)z?) .

By Lemma 6.8.7,

As a result,

which completes the proof.

((n* 4 2n° — n® = 2n)z + 4(n® — 3n® + 2n)2”

Remark 6.8.10. The polynomial g(x) in Proposition 6.8.9 is the polynomial of the

faithful dimension in Theorem 6.7.1. In particular, Mmgitheu (exp(fra @z F,)) = fa(q).

Lemma 6.8.11. [BMKRS23, Lemma 4.6] Let ag,...,a,_1 be non-negative real

numbers with ZZ:(} ap = m. Assume that for any 0 < k < m — 1 we have

ap + -+ am1 < m — k. Then for any decreasing sequence xy > ---

Z Tm—1,
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-1 -1
we have 3 7y axTr 2 Y kg Tk

Theorem 6.8.12. Let R be a finite truncated valuation ring with associated param-

eters (d,p,e, f). Then,

e—1
Z g’ ") > Maithful(€XP (Fr,a @z R))
=0
1 e—1
> = f(n* =60 + 11n? — 6n)p** + 3 "1 (p7),
; 1=0

where g (x) = g f(n* + 2n® —n® — 2n)z + 5 f(n® — 3n® + 2n)2?, and g(z) = g1(z) +

$f(n* —6n® 4 11n? — 6n)2®.

Proof: As a consequence of Propositions 6.8.6 and 6.8.9, we can write Equation

(6.8.1) as follows

fera /o faek(ine)—t1) 2

p )

Miaithiul (€XP(fna @z R)) = E : (#ker@/ d(F(@')))
p K3

Y (K(a)+ Y (K(a)F+ Y (K(a))

acdy a€Sit acT

Z Z pfld=v(a®) 4 Z Z p2f(d=v(a®)

LeER, 1 a€S,—T, LeRy 11 a€ES—Ty

+ fg('Y),

N|=

v

v

where

1
g(x) = 5 (' +20° = n® = 2)z +4(n* — 3n® + 2n)a”

+(n* — 6n® 4+ 11n* — 6n)z?) .
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We can simplify the sums in the above expression using Lemma 6.8.11. Let

ag := %#{w €O/p: vw)=k+1},

for 0 < k < e —2. Note that ) ;_ 1ak—e—1 and ap + -+ ae2 < (e—1) — k.
Then,

S p/EO)  f,p @) fappl-D) 4 fq, ppfti—(e-d)
a€Sy

> ppll=1 | ppf=2) o ppld(e-2)
e—1

D
i=1

Similarly, we can show that
e—1
Z p2f(d*l/(a(€))) — Z fp2f(d*%)_
a€Sy—T) =1
As a result,
mfalthful(exp(fn 4 ®Z R Z Z fpf(d g + Z Z fpzf =) + fg( fd)'
£€R41 =1 £€R4 =1

In Section 6.7, we found that
9 1
|Ry1| = (n +2n* — n? — 2n), |Ryn| = (n —3n* +2n).

As a result, the lower bound is given by

e—1
f(n* —6n® 4+ 11n? — 6n)p*/* + Zgl (p’),
i=0

ool —

Miaithtul (€XP (frna Xz R)) >
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where g1(z) = £ f(n* +2n® —n? — 2n)z + 5 f(n® — 3n® + 2n)z*. An upper bound can
also be obtained by [BMKRS23, Thm. 1.3]. Note that

1
g(z) = g1(x) + gf(n4 — 6n® + 11n* — 6n)2?,

then
e—1
Z g(p" ) > mpginen (exp(fna ®z R))
i=0
1 e—1
D )

1=0

which completes the proof. |



Chapter 7

Free Lie Algebras of Nilpotency
Class 5

In this chapter, we present a comprehensive description of the reduced commutator
matrix of §, 5, as defined in Definition 4.2.7. As in Chapter 5, we first start in Section
7.1 with describing the entries of the commutator matrix as linear combinations of
variables indexed by Hall basis elements. Then, in Section 7.2, we use computer-
assisted symbolic computations to find the number of occurrences and the exact

positions of each Hall basis indexed variable in the commutator matrix

7.1 Entries of Reduced Commutator Matrix and Hall
Basis

Let X = {zy,...,2,}. From Proposition 4.2.6(i) we see that the natural projection

of H'UH2UH3UH* UH? is the basis of f, 5. These Hall sets are described as follows:

Hl = {xl,...,xn}.

H = {.’L’ij = [in,xj] 1< ]}

158
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HP = {wijp = [ [eg, ] -5 < a0 j <k}
H = {ijne = [, [y, [og, 2] k<G <4, k< 0}
Ui = [[n, ), [on 2] | i < § < €}
U{zijke = [[mi, 2], [wg, we] | 10 < g, i<k </{}
H® = {Tijeem = [, [25, [2n, [ve, 2]l € <k <5 <, £<m}

U{zijkem = [ @i, 2], [2h, [To, zm]] ] cd < g, £<m, £<k}.

The total order on H?, for i = 1,2,3,4 is given in Section 5.1. Whereas the total
order on H? is defined as follows: First, H° is the union of the two sets given above,
and we order their elements linearly. In other words, each element of the first set is
less than each element of the second set. Then, within each of the two sets, we order
elements according to the lexicographic order on the indices. As in nilpotency class
4, we will use the sets Ry, Ry, R3, R4 and Rjs to parametrize the sets H', H?, H3, H*

and H?, respectively, by their indices as follows:

Ry ={1,...,n}.

Ry = {ij :i < j}.

Ry = {ijk:j <i, j<k}.

Ry={ijkt :k<j<i, k<C}U{(ij)(il):i<j</l}
U {(ij)(kl) i< j, i <k</l}

Ry = {ijktm 0 <k <j<i, £<m}U{(ij)(klm):i<j, {<m, (<k}.

From Proposition 4.2.6(ii) we see that the natural projection of H2UH3>UHIUH?
is the basis of [f,5,fn5). Hence the entries of the commutator matrix Fj, , (7)) have
the variables T' = (T"))y<;<5, where

10— (20, 1%,) = (T.: s € o)
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T = (1), TP,) = (I, : s € Ry),
TG = (1Y, T,) = (T, : s € Ra).

76 — (T1(5)7 o T(5)5)) = (T, : s € Rs).

As a result, we get the following reduced commutator matrix Ff‘;fi(T@), which will

be denoted by F(T®)):

H! H? H3 H
H! 0 0 0 Fiy(T®)
Py = "’ 0 0 Foy(T®) 0 (7.1.1)
H? 0 — B (T®) 0 0
HY\—Ff(T®) 0 0 0

T7G) — (T1(5)? o T(5)5)) = (TZ 11 E R5)

These linear combinations are given in Definition 2.5.2. The scalars in these entries
are obtained from brackets of elements from H! UH?UH3UH?, as shown in Equation

(2.5.1).

Proposition 7.1.1. The entries of the submatriz Fos(T®)) are monomials of the

form Ti;jykem), where (i5)(kfm) € Rs.

Proof:  For u € H? and v € H? the bracket [u,v] is an element of H5. Hence, all

of the entries of the submatrix Fy3(7®)) are of the form Tij)(kem), Where (ij)(kfm) is
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a basis elements from Rj. |

For the submatrix Fi4(7), the basis expansion of the bracket [u,v], where
u € H' and v € H*, depends on the type of v. There are two types of brackets to

consider:
i. Left-aligned brackets, which are brackets of the form [a, [b, [c, d]]].
ii. Balanced brackets, which are brackets of the form [[a, ], [¢, d]].

If v € H* is left-aligned, then the algorithm described in Figure 7.1 produces the basis
expansion of the bracket [u,v]. In this algorithm, we use the following notations to

express different types of brackets:

labede = la, [b, [c, [d, €]]]],
2abede = [a, [[b, c], [d, €]]],
3abede := [[a, b], [c, [d, €]]].

Moreover, the numerals I, II and III in Figure 7.1 refer to the way the Jacobi

Identity in Definition 4.2.2(ii) is applied on a given bracket, which is described below:

I labede = —1labdec — labecd
II  labede = lacbde + 2abcde
IIT 1labede = lbacde + 3abcede

On the other hand, if v € H* is balanced, then the algorithm described in Figure

7.2 produces the basis expansion of the bracket [u,v].
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Apply TIT
lbacde + 3abcde

Apply IT on First Term

Yes 1bcade — 3debac + 3acbde + 3abede /

@_

No

‘ Apply T on First Term ‘

Yes 1bedae — 1bcead — 3debac + 3acbde + 3abede /

Qh

No

Apply II on Second Term ‘

!

Yes / 1bcdae — 1becad + 3adbce — 3cebad — 3debac + 3acbde + 3abede /

No

‘ Apply III on Second Term ‘

J

/ 1bcdae — lebcad — 3becad + 3adbce — 3cebad — 3debac + 3acbde + 3abede /

Figure 7.1: Hall basis algorithm for words of type labcde.
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Apply Jacobi Identity

3bcabe — 3beabe

3bcade — 3deabc

No

No
‘ Apply Jacobi Identity on first term }AYL a>b ‘ Apply Jacobi Identity on both terms
/ 3bcdae — 3bcead — 3deabe / / 3bcbae — 3bceab — 3bebac + 3becab /
No

‘ Apply Jacobi Identity on both terms

l

/ 3bcedae — 3bcead — 3debac + 3decab /

Figure 7.2: Hall basis algorithm for words of type 2abcde.

Note that, in Figure 7.2 we apply the Jacobi identity depending on the type of

the word as follows:

2abcde = 3bcade — 3deabe

3abcde = 3abdce — 3abecd.
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7.2 Explicit Description of Reduced Commutator ma-
trix F(T®)

Let a,b,c,d,e € {1,...,n}, such that a < b < ¢ < d < e. The set of basis elements
Rs5, which is defined as

Ry = {lijktm 0 <k <j<i, L<m}U{3ijklm:i<j, £<m, { <k}, (7.2.1)

can be partitioned into different equivalence classes, where we declare two words to
be in the same equivalence class if they can be converted to each other by an order
preserving labeling of the letters. For example, the words laaaab and lcceed are
in the same equivalence class by the relabeling a + ¢ and b — d. Consequently,
the representative of each equivalence class will be a word that meets the following

conditions:

e [f the words in the equivalence class contain only two letters, the representative

must contain the letters a, b.

e [f the words in the equivalence class contain only three letters, the representative

must contain the letters a, b, c.

e If the words in the equivalence class contain only four letters, the representative

must contain the letters a, b, ¢, d.

Let x be the representative of an equivalence class. Its equivalence class will be
denoted by [z], and the elements of [x] are said to be of type x. For example, [laaaab
denotes the equivalence class containing lcceed, and 1cceed is of type laaaab.

We are able to show that there are 108 types of basis elements in R5. This is
obtained using the code in Appendix B.1. Let @) be the set of types of basis elements
in Rs5. Thus, we have |Q| = 108. Since () is lexicographically ordered, each type
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can be identified by its position in (), as seen in Listing 7.1. As a result, Rs can be

described as follows:

Rs = UiZ[QLil], (7.2.2)

where Q[i] denotes the i-th element of the lexicographically ordered set (). We can
divide () into subsets with respect to the number of different letters in each word. Let
B2, B3, B4 and B5 be sets of basis element types with 2,3,4 and 5 letters, respectively.

Then, we get the following sets:

B2 ={laaaab, 1baaab, 1bbaab, 1bbbab, 3abaab, 3abbab} (7.2.3)

B3 ={1baaac, 1bbaac, 1bbbac, 1caaab, 1cbaab, 1cbaac, 1ebbab, 1cbbac, 1ccaab, 1ecbab,
lecbac, 1ccecab, 3abaac, 3abbac, 3abbbe, 3abcab, 3abcac, 3abebe, 3acaab, 3acbab,

3acbac, 3acbbe, 3accab, 3accbe, 3bcaab, 3bcaac, 3bcbab, 3bcbac, 3bccab, 3bccac}
(7.2.4)

B4 ={1cbaad, 1¢bbad, 1ccbad, 1dbaac, 1dbbac, 1dcaab, 1dcbab, 1dcbac, 1dcbad, 1dccab,
lddbac, 1ddcab, 3abcad, 3abcbd, 3abceed, 3abdac, 3abdbe, 3abdced, 3acbad, 3acbbd,
3accbd, 3acdab, 3acdbe, 3acdbd, 3adbac, 3adbbe, 3adcab, 3adcbe, 3adcebd, 3addbe,
3bcaad, 3bcbad, 3bccad, 3bcdab, 3bcdac, 3bcdad, 3bdaac, 3bdbac, 3bdcab, 3bdcac,
3bdcad, 3bddac, 3cdaab, 3cdbab, 3cdbac, 3edbad, 3cdcab, 3eddab} (7.2.5)

B5 ={1dcbae, lecbad, 1ledbac, ledcab, 3abdce, 3abecd, 3acdbe, 3acebd, 3adcbe, 3adebc,
3aecbd, 3aedbe, 3bcdae, 3bcead, 3bdcae, 3bdeac, 3becad, 3bedac, 3cdbae, 3cdeab,
3cebad, 3cedab, 3debac, 3decab} (7.2.6)
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1 QLO] = 1aaaab 1 Q[27] = 1ddbac 1 Q[54] = 3accab 1 Q[81] = 3bcdab
> Q[1] = 1baaab > Q[28] = 1ddcab > Q[55] = 3accbc > Q[82] = 3bcdac
3 Q[2] = 1baaac 3 Q[29] = lecbad 3 Q[56] = 3accbd 3 Q[83] = 3bcdad

1+ Q[3] = 1bbaab 1+ Q[30] = 1ledbac 1+ Q[57] = 3acdab 1+ Q[84] = 3bcdae

5 Q[4] = 1bbaac 5 Q[31] = 1ledcab 5 Q[58] = 3acdbc 5 Q[85] = 3bcead
s Q[5] = 1bbbab 6 Q[32] = 3abaab 6 Q[59] = 3acdbd s Q[86] = 3bdaac
7 Q[6] = 1bbbac 7 Q[33] = 3abaac 7 Q[60] = 3acdbe 7 Q[87] = 3bdbac

¢ QL7] = 1caaab ¢ Q[34] = 3abbab ¢ Q[61] = 3acebd = Q[88] = 3bdcab

9 QL8] = 1cbaab 9 Q[35] = 3abbac 9 Q[62] = 3adbac 9 Q[89] = 3bdcac
o QL[9] = 1cbaac 10 Q[36] = 3abbbc 10 Q[63] = 3adbbc 10 Q[90] = 3bdcad
1 QL10] = 1cbaad 11 Q[37] = 3abcab 11 Q[64] = 3adcab 11 Q[91] = 3bdcae
> Q[11] = 1cbbab 12 Q[38] = 3abcac 12 Q[65] = 3adcbc 12 Q[92] = 3bddac
3 Q[12] = 1cbbac 13 Q[39] = 3abcad 13 Q[66] = 3adcbd 13 Q[93] = 3bdeac
1 Q[13] = 1cbbad 14 Q[40] = 3abcbc 14 Q[67] = 3adcbe 14 Q[94] = 3becad
5 Q[14] = 1ccaab 15 Q[41] = 3abcbd 15 Q[68] = 3addbc 15 Q[95] = 3bedac
6 Q[15] = 1ccbab 16 Q[42] = 3abccd 16 Q[69] = 3adebc 16 Q[96] = 3cdaab
7 Q[16] = 1ccbac 17 Q[43] = 3abdac 17 Q[70] = 3aecbd 17 Q[97] = 3cdbab

¢ QL17] = 1ccbad 1z Q[44] = 3abdbc 15 Q[71] = 3aedbc 1zt Q[98] = 3cdbac

9 Q[18] = 1cccab 19 Q[45] = 3abdcd 19 Q[72] = 3bcaab 19 Q[99] = 3cdbad

20 Q[19] = 1dbaac =20 Q[46] = 3abdce 20 Q[73] = 3bcaac 20 Q[100] = 3cdbae
21 Q[20] = 1dbbac 21 Q[47] = 3abecd =21 Q[74] = 3bcaad =21 Q[101] = 3cdcab
22 Q[21] = 1dcaab 22 Q[48] = 3acaab 22 Q[75] = 3bcbab =22 Q[102] = 3cddab
23 Q[22] = 1dcbab 23 Q[49] = 3acbab 235 Q[76] = 3bcbac 23 Q[103] = 3cdeab
24 Q[23] = 1dcbac =24 Q[50] = 3acbac 24 Q[77] = 3bcbad 24 Q[104] = 3cebad
25 Q[24] = 1dcbad 25 Q[51] = 3acbad 25 Q[78] = 3bccab 25 Q[105] = 3cedab
26 Q[25] = 1dcbae 26 Q[52] = 3acbbc 26 Q[79] = 3bccac 26 Q[106] = 3debac
27 Q[26] = 1dccab 27 Q[53] = 3acbbd 27 Q[80] = 3bccad 2r Q[107] = 3decab

Listing 7.1: Basis Element Types in Rj

Our goal in this section is to find the number of times T} appears in F (7))

for each t € Rs, and in which positions. This is achieved using the Python code in
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5 1. labaab
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Appendix B.2. The output of this code is presented in Listings 7.2, 7.3, 7.4 and 7.5 in
Subsections 7.2.1,7.2.2,7.2.3 and 7.2.4, respectively, where types of basis elements are
divided by the number of different letters. Note that in the listings below if the basis
element ¢t € R5 appears in a basis expansion of certain bracket, then the position of

the variable T; will depend on the type of the bracket as follows:

row column
labcde a bede
2abcde a  (be)(de)
3abcde ab cde

Table 7.1: Positions in commutator matrix.

7.2.1 Two-Letter Words Occurrences

From the set B2 in Equation (7.2.3), there are 6 types of basis element words in Rj
with only two letters, 4 of them are left-aligned and 2 are balanced. Listing 7.2 shows

the number of times they appear in F(T®)) and in which entries.

Listing 7.2: Python Code Output for B2

1) laaaab:Q[0] appears 1 times in:

1. laaaab = 1laaaab

2) 1baaab:Q[1] appears 2 times in:
lbaaab+3abaab

2. 1lbaaab = 1baaab

3) 1bbaab:Q[3] appears 2 times in:

1. 1abbab lbbaab -3abbab+3abbab+3abbab

2. 1bbaab 1bbaab

4) 1bbbab:Q[5] appears 1 times in:
1. 1bbbab = 1bbbab



N
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5)

3abaab
labaab
3abaab

3abbab
labbab
3abbab

:Q[32] appears 2 times in:
lbaaab+3abaab

Il

3abaab

:Q[34] appears 2 times in:

1bbaab -3abbab+3abbab+3abbab

3abbab

7.2.2 Three-Letter Words Occurrences

From the set B3 in Equation (7.2.4), there are 30 types of basis element words in Rj

with only three letters, 12 of them are left-aligned and 18 are balanced. Listing 7.3

shows the number of times they appear in F(T®)) and in which entries.

1)

7 5)

lbaaac
labaac

lbaaac

1bbaac:

labbac
1bbaac

1bbbac:

labbbc
1bbbac

lcaaab:

lacaab

lcaaab

1cbaab

Listing 7.3: Python Code Output B3

:Q[2] appears 2 times in:

lbaaac+3abaac

lbaaac

Q[4] appears 2 times in:

lbbaac -3acbab+3abbac+3abbac

1bbaac

Q6] appears 2 times in:

1bbbac -1cbbab-3bcbab+3abbbc -3bcbab-3bcbab+3abbbc+3abbbc
1bbbac

QL[7] appears 2 times in:

lcaaab+3acaab

lcaaab

Il

:Q[8] appears 3 times in:



; 1. lacbac

25 3. 1lcbaac
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1. lacbab = 1cbaab-3abcab+3abcab+3acbab
2. 1lbcaab

I

l1cbaab+3bcaab

3. 1lcbaab 1cbaab

Il

6) 1lcbaac:Q[9] appears 3 times in:

lcbaac-3accabt+3abcac+3acbac

2. 1lbcaac l1cbaac+3bcaac

lcbaac

7 7) 1cbbab:Q[11] appears 3 times in:
1. 1abbbc = 1bbbac-1cbbab-3bcbab+3abbbc-3bcbab-3bcbab+3abbbc+3abbbc
2. 1bcbab

l1cbbab+3bcbab

3. 1lcbbab 1cbbab

8) 1cbbac:Q[12] appears 3 times in:

1. lacbbc = 1cbbac-1ccbab+3abcbc-3bccab-3bccab+3abcbc+3acbbc
2. 1bcbac = 1cbbac+3bcbac
3. 1lcbbac = 1cbbac

7 9) 1ccaab:Q[14] appears 2 times in:
1. laccab = 1ccaab-3abcact+3accab+3accab

2. 1ccaab = 1ccaab

10) 1ccbab:Q[15] appears 3 times in:

1. lacbbc = 1cbbac-1lccbab+3abcbc-3bccab-3bccab+3abcbc+3acbbc
2. 1bccab = 1lccbab-3abcbc+3bccab+3bccab

3. lccbab = 1lccbab

11) 1ccbac:Q[16] appears 3 times in:

1. laccbc = 1ccbac-1cccab-3bccac+3accbc+3acchc

s 2. 1bccac = 1ccbac-3accbc+3bccac+3bccac

3. 1lccbac = 1lccbac
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12) 1cccab:Q[18] appears

2 times in:

1. laccbc = 1lccbac-1cccab-3bccac+3accbc+3acchc

2. 1lcccab = 1cccab

13) 3abaac:Q[33] appears
1. labaac = 1lbaaac+3abaac

2. 2aabac

3abaac-3acaab

3. 3abaac

3abaac

14) 3abbac:Q[35] appears

3 times in:

4 times in:

1. l1labbac = 1bbaac-3acbab+3abbac+3abbac

15) 3abbbc:Q[36] appears

7 1. 1labbbc =
2. 2babbc = 3abbbc-3bcbab
3. 3abbbc = 3abbbc

16) 3abcab:Q[37] appears

2. 2aabbc = 3abbac-3abcab-3bcaab
; 3. 2babac = 3abbac-3acbab
4. 3abbac = 3abbac

3 times in:

2 times in:

1. 2aabbc = 3abbac-3abcab-3bcaab

2. 3abcab = 3abcab

17) 3abcac:Q[38] appears

4 times in:

1. lacbac = 1cbaac-3accab+3abcac+3acbac
2. laccab = 1lccaab-3abcac+3accab+3accab
3. 2cabac = 3abcac-3accab

4. 3abcac = 3abcac

18) 3abcbc:Q[40] appears

4 times in:

1. lacbbc = 1cbbac-1ccbab+3abcbc-3bccab-3bccab+3abcbc+3acbbce

2. 1bccab = 1lccbab-3abcbc+3bccab+3bccab

1bbbac -1cbbab-3bcbab+3abbbc-3bcbab-3bcbab+3abbbc+3abbbc
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3. 2cabbc 3abcbc -3bccab

4. 3abcbc 3abcbc

I

19) 3acaab:Q[48] appears 3 times in:

1. l1acaab = 1caaab+3acaab
2. 2aabac = 3abaac-3acaab
3. 3acaab = 3acaab

2 20) 3acbab:Q[49] appears 4 times in:
3 1. labbac = l1bbaac-3acbab+3abbac+3abbac

2. lacbab = 1cbaab-3abcab+3abcab+3acbab
5 3. 2babac = 3abbac-3acbab
4. 3acbab = 3acbab

21) 3acbac:Q[50] appears 3 times in:
1. lacbac = 1cbaac-3accab+3abcac+3acbac

2. 2aachbc 3acbac-3accab-3bcaac

3. 3acbac

3acbac

22) 3acbbc:Q[52] appears 3 times in:

1. lacbbc = 1cbbac-1ccbab+3abcbc-3bccab-3bccab+3abcbc+3acbbce
5 2. 2bacbc = 3acbbc-3bcbac

3. 3acbbc

3acbbc

23) 3accab:Q[54] appears 5 times in:
1. lacbac = 1cbaac-3accab+3abcac+3acbac

laccab = 1ccaab-3abcac+3accab+3accab

I

2aacbc 3acbac-3accab-3bcaac

2

S

4. 2cabac 3abcac-3accab
5

3accab = 3accab

5 24) 3accbc:Q[55] appears 4 times in:

1. laccbc = 1ccbac-1cccab-3bccac+3accbc+3accbc
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2. 1bccac = l1lccbac-3accbc+3bccac+3bccac

3. 2cacbc = 3accbc-3bccac

4. 3accbc = 3acchbc

25) 3bcaab:Q[72] appears 3 times in:

1.
3 2.
3.

lbcaab
2aabbc
3bcaab

l1cbaab+3bcaab
3abbac -3abcab-3bcaab
3bcaab

26) 3bcaac:Q[73] appears 3 times in:

1.
2.
3.

lbcaac
2aacbc

3bcaac

lcbaac+3bcaac
3acbac-3accab-3bcaac

3bcaac

27) 3bcbab:Q[75] appears 4 times in:

1.
2
3.
4
1.

2.
3.

labbbc
1bcbab
2babbc

3bcbab

1bcbac
2bacbc
3bcbac

1bbbac -1cbbab-3bcbab+3abbbc -3bcbab-3bcbab+3abbbc+3abbbc
l1cbbab+3bcbab
3abbbc -3bcbab

3bcbab

7 28) 3bcbac:Q[76] appears 3 times in:

lcbbac+3bcbac
3acbbc -3bcbac
3bcbac

29) 3bccab:Q[78] appears 4 times in:

1.

2
5 3.
4

lacbbc
1bccab
2cabbc

3bccab

I

l1cbbac-1ccbab+3abcbc-3bccab-3bccab+3abcbc+3acbbce
lccbab-3abcbc+3bccab+3bccab
3abcbc -3bccab

3bccab

30) 3bccac:Q[79] appears 4 times in:

1.

laccbc

lccbac-1cccab-3bccac+3accbc+3acchc
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2. 1bccac = l1lccbac-3accbc+3bccac+3bccac
3. 2cacbc = 3accbc-3bccac
4. 3bccac = 3bccac

7.2.3 Four-Letter Words Occurrences

From the set B4 in Equation (7.2.5), there are 48 types of basis element words in Rj
with only four letters, 12 of them are left-aligned and 36 are balanced. Listing 7.4

shows the number of times they appear in F(T®)) and in which entries.

Listing 7.4: Python Code Output B4

1) 1cbaad:Q[10] appears 3 times in:

1. lacbad = 1cbaad-3adcab+3abcad+3acbad
3 2. 1bcaad = 1cbaad+3bcaad
3. 1lcbaad = 1cbaad

2) 1cbbad:Q[13] appears 3 times in:

1. lacbbd = 1cbbad-1dcbab-3cdbab+3abcbd-3bdcab-3bdcab+3abcbd+3acbbd
2. 1bcbad = 1cbbad+3bcbad
3. 1lcbbad = 1cbbad

3) 1ccbad:Q[17] appears 3 times in:
1. laccbd = 1lccbad-1dccab-3cdcab+3abccd-3cdcab-3bdcac+3accbd+3accbd

lccbad -3adcbc+3bccad+3bccad

3. lccbad

lccbad

4) l1dbaac:Q[19] appears 3 times in:
1. ladbac = 1dbaac-3acdabt+3abdac+3adbac
2. 1bdaac

l1dbaac+3bdaac

3. 1ldbaac ldbaac

5) 1dbbac:Q[20] appears 3 times in:
1. 1adbbc = 1dbbac-1dcbab+3abdbc-3bcdab-3bcdab+3abdbc+3adbbc
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7)

(2 I S VA \V)

Sw N

1bdbac
l1dbbac

ldcaab
ladcab
lcdaab
ldcaab

ldcbab:

lacbbd
ladbbc
1bdcab
1cdbab
ldcbab

ldcbac:

ladcbc
lbdcac
lcdbac
ldcbac

ldcbad:

ladcbd
lbdcad
lcdbad
ldcbad

1dbbac+3bdbac
l1dbbac

I

:Q[21] appears 3 times in:

ldcaab -3abdac+3acdab+3adcab
ldcaab+3cdaab

ldcaab

Q[22] appears 5 times in:

= 1cbbad-1dcbab-3cdbab+3abcbd-3bdcab-3bdcab+3abcbd+3acbbd
= ldbbac-1dcbab+3abdbc-3bcdab-3bcdab+3abdbc+3adbbc

= ldcbab-3abdbc+3bcdab+3bdcab

= ldcbab+3cdbab

= 1ldcbab

Q[23] appears 4 times in:
ldcbac-1dccab-3bcdac+3acdbc+3adcbc

ldcbac -3acdbc+3bcdac+3bdcac

ldcbac+3cdbac

ldcbac

Q[24] appears 4 times in:

ldcbad -1ddcab+3abdcd -3cddab-3bddac+3acdbd+3adcbd

ldcbad -3addbc+3bcdad+3bdcad

ldcbad+3cdbad

ldcbad

10) 1dccab:Q[26] appears 4 times in:

1.

2
3.
4

laccbd
ladcbc
lcdcab
ldccab

lccbad-1dccab-3cdcab+3abccd -3cdcab-3bdcac+3accbd+3acchbd

ldcbac-1dccab-3bcdac+3acdbc+3adcbc
ldccab+3cdcab

= 1dccab
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11) 1ddbac:Q[27] appears 3 times in:

1.
2.
3.

laddbc
1bddac
lddbac

I

Il

1ddbac -1ddcab-3bcdad+3addbc+3addbc
l1ddbac -3acdbd+3bddac+3bddac
lddbac

12) 1ddcab:Q[28] appears 4 times in:

2 1.

2
3.
4

ladcbd
laddbc
l1cddab
lddcab

ldcbad -1ddcab+3abdcd -3cddab-3bddac+3acdbd+3adcbd
lddbac-1ddcab-3bcdad+3addbc+3addbc
lddcab-3abdcd+3cddab+3cddab

lddcab

13) 3abcad:Q[39] appears 4 times in:

1.

2
3.
4

lacbad
2aabcd
2cabad

3abcad

lcbaad -3adcab+3abcad+3acbad
3abcad -3abdac -3cdaab
3abcad -3adcab

3abcad

14) 3abcbd:Q[41] appears 4 times in:

1.

2
3.
4

lacbbd
2babcd
2cabbd
3abcbd

l1cbbad-1dcbab-3cdbab+3abcbd -3bdcab-3bdcab+3abcbd+3acbbd
3abcbd -3abdbc -3cdbab

3abcbd -3bdcab

3abcbd

15) 3abccd:Q[42] appears 3 times in:

1.
2.
3.

lacchd
2cabcd
3abccd

lccbad-1dccab-3cdcab+3abccd -3cdcab-3bdcac+3accbd+3acchbd
3abccd -3cdcab
3abccd

16) 3abdac:Q[43] appears 5 times in:

5 1.

2
3.
4

ladbac
ladcab
2aabcd
2dabac

ldbaac-3acdab+3abdac+3adbac
ldcaab-3abdac+3acdab+3adcab
3abcad -3abdac -3cdaab
3abdac-3acdab
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5.

3abdac

3abdac

17) 3abdbc:Q[44] appears

2 1.

2
3
5 4.
5

ladbbc
1bdcab
2babcd
2dabbc
3abdbc

1dbbac -1dcbab+3abdbc -3bcdab-3bcdab+3abdbc+3adbbc

5 times in:

l1dcbab -3abdbc+3bcdab+3bdcab

3abcbd -3abdbc -3cdbab

3abdbc -3bcdab
3abdbc

18) 3abdcd:Q[45] appears

1.

2
3.
4

ladcbd
lcddab
2dabcd
3abdcd

ldcbad-1ddcab+3abdcd -3cddab-3bddac+3acdbd+3adcbd

4 times in:

l1ddcab -3abdcd+3cddab+3cddab

3abdcd -3cddab
3abdcd

19) 3acbad:Q[51] appears

1.

2
7 3.
4

lacbad
2aacbd
2bacad
3acbad

4 times in:

lcbaad -3adcab+3abcad+3acbad

3acbad -3acdab-3bdaac

3acbad -3adbac
3acbad

20) 3acbbd:Q[53] appears

1.
2.
3 3.

1.

2
3.
4

lacbbd
2bacbd
3acbbd

laccbd
2baccd
2cachbd
3acchbd

I

3 times in:

l1cbbad-1dcbab-3cdbab+3abcbd -3bdcab-3bdcab+3abcbd+3acbbd

3acbbd -3bdbac
3acbbd

5 21) 3accbd:Q[56] appears

4 times in:

lccbad-1dccab-3cdcab+3abccd-3cdcab-3bdcac+3accbd+3acchbd

3accbd -3acdbc -3cdbac

3accbd -3bdcac
3accbd

22) 3acdab:Q[57] appears

5 times in:
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©
a S W N

ladbac
ladcab
2aachbd
2dabac

3acdab

ldbaac -3acdab+3abdac+3adbac
ldcaab-3abdac+3acdab+3adcab
3acbad -3acdab-3bdaac

3abdac -3acdab

3acdab

128 23) 3acdbc:Q[58] appears 5 times in:

129 1.

2
3
132 4.
5

ladcbc
lbdcac
2baccd
2dacbc

3acdbc

ldcbac-1dccab-3bcdac+3acdbc+3adcbc
ldcbac-3acdbc+3bcdac+3bdcac

3accbd -3acdbc -3cdbac

3acdbc -3bcdac

3acdbc

135 24) 3acdbd:Q[59] appears 4 times in:

136 1.

2
138 3.
4

ladcbd
1bddac
2dacbd
3acdbd

ldcbad-1ddcab+3abdcd -3cddab -3bddac+3acdbd+3adcbd
lddbac -3acdbd+3bddac+3bddac

3acdbd -3bddac

3acdbd

141 25) 3adbac:Q[62] appears 4 times in:

142 1.

2
144 3.
4

ladbac
2aadbc
2bacad
3adbac

ldbaac-3acdab+3abdac+3adbac
3adbac-3adcab-3bcaad

3acbad -3adbac

3adbac

147 26) 3adbbc:Q[63] appears 3 times in:

148 1.
149 2.
150 3.

ladbbc
2badbc
3adbbc

I

I

1dbbac -1dcbab+3abdbc -3bcdab-3bcdab+3abdbc+3adbbc
3adbbc -3bcbad
3adbbc

152 27) 3adcab:Q[64] appears 5 times in:

153 1.
154 2.

lacbad
ladcab

lcbaad -3adcab+3abcad+3acbad
ldcaab-3abdac+3acdab+3adcab
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3. 2aadbc = 3adbac-3adcab-3bcaad

4., 2cabad = 3abcad-3adcab

5. 3adcab = 3adcab

28) 3adcbc:Q[65] appears 4 times in:

1.

2
2 3.
4

ladcbc
1bccad
2cadbc

3adcbc

ldcbac-1dccab-3bcdac+3acdbc+3adcbc
lccbad -3adcbc+3bccad+3bccad
3adcbc -3bccad

3adcbc

29) 3adcbd:Q[66] appears 4 times in:

1.

2
3.
4

ladcbd
2badcd
2cadbd
3adcbd

ldcbad -1ddcab+3abdcd -3cddab -3bddac+3acdbd+3adcbd
3adcbd -3addbc -3 cdbad

3adcbd -3bdcad

3adcbd

30) 3addbc:Q[68] appears 5 times in:

1.

2
3
75 4.
5

laddbc
1bdcad
2badcd
2dadbc
3addbc

lddbac -1ddcab-3bcdad+3addbc+3addbc
ldcbad -3addbc+3bcdad+3bdcad

3adcbd -3addbc -3cdbad

3addbc -3bcdad

3addbc

31) 3bcaad:Q[74] appears 3 times in:

1.
2.
3.

1.

2
3.
4

lbcaad
2aadbc
3bcaad

1bcbad
2abcbd
2badbc
3bcbad

I

l1cbaad+3bcaad
3adbac -3adcab-3bcaad
3bcaad

3 32) 3bcbad:Q[77] appears 4 times in:

lcbbad+3bcbad

3bcbad -3bcdab -3bdbac+3bdcab
3adbbc -3bcbad

3bcbad
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33) 3bccad:Q[80]
1.

2
3.
4

34) 3bcdab:Q[81]
1.

35) 3bcdac:Q[82]
1.

36) 3bcdad:Q[83]
1.

2
3.
4
1.
7 2.
3.

38) 3bdbac:Q[87]

2
3
4.
5

2
3.
4.
5

lbccad
2abccd
2cadbc
3bccad

ladbbc
1bdcab
2abcbd
2dabbc
3bcdab

ladcbc
lbdcac
2abccd
2dacbc
3bcdac

laddbc
lbdcad
2dadbc
3bcdad

1bdaac
2aachbd
3bdaac

5 37) 3bdaac:Q[86]

appears

lccbad -3adcbc+3bccad+3bccad
3bccad -3bcdac -3cdbac+3cdcab

3adcbc -3bccad
3bccad

appears

1dbbac -1dcbab+3abdbc -3bcdab-3bcdab+3abdbc+3adbbc
ldcbab -3abdbc+3bcdab+3bdcab
3bcbad -3bcdab -3bdbac+3bdcab

3abdbc -3bcdab
3bcdab

appears

ldcbac-1dccab-3bcdac+3acdbc+3adcbc
ldcbac -3acdbc+3bcdac+3bdcac
3bccad -3bcdac -3cdbac+3cdcab

3acdbc -3bcdac
3bcdac

appears

l1ddbac -1ddcab-3bcdad+3addbc+3addbc

ldcbad -3addbc+3bcdad+3bdcad

3addbc -3bcdad
3bcdad

appears

ldbaac+3bdaac

4 times in:

5 times

5 times

4 times

3 times in:

3acbad -3acdab-3bdaac

3bdaac

appears

4 times

in:

in:

in:

in:
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1. 1bdbac = 1dbbac+3bdbac

2. 2abcbd = 3bcbad-3bcdab-3bdbac+3bdcab

3. 2bacbd = 3acbbd-3bdbac

4. 3bdbac = 3bdbac

39) 3bdcab:Q[88] appears 5 times in:

1.

1.

2
3.
4

2
3
4.
5

lacbbd
1bdcab
2abcbd
2cabbd
3bdcab

laccbd
1bdcac
2cachd
3bdcac

lcbbad-1dcbab-3cdbab+3abcbd -3bdcab-3bdcab+3abcbd+3acbbd
ldcbab-3abdbc+3bcdab+3bdcab

3bcbad -3bcdab -3bdbac+3bdcab

3abcbd -3bdcab

3bdcab

; 40) 3bdcac:Q[89] appears 4 times in:

lccbad-1dccab-3cdcab+3abccd-3cdcab-3bdcac+3accbd+3accbd
ldcbac-3acdbc+3bcdac+3bdcac

3accbd -3bdcac

3bdcac

41) 3bdcad:Q[90] appears 4 times in:

1.

2
3.
4

1.

a S W N

1bdcad
2abdcd
2cadbd

3bdcad

ladcbd
1bddac
2abdcd
2dacbd

3bddac

I

I

ldcbad -3addbc+3bcdad+3bdcad
3bdcad -3bddac -3cdbad+3cddab
3adcbd -3bdcad

3bdcad

5 42) 3bddac:Q[92] appears 5 times in:

ldcbad -1ddcab+3abdcd -3cddab -3bddac+3acdbd+3adcbd
lddbac -3acdbd+3bddac+3bddac

3bdcad -3bddac -3 cdbad+3cddab

3acdbd -3bddac

3bddac

43) 3cdaab:Q[96] appears 3 times in:

lcdaab

ldcaab+3cdaab
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2aabcd = 3abcad-3abdac-3cdaab

3cdaab 3cdaab

I

44) 3cdbab:Q[97] appears 4 times in:

1. lacbbd = 1cbbad-1dcbab-3cdbab+3abcbd-3bdcab-3bdcab+3abcbd+3acbbd
2. lcdbab = 1dcbab+3cdbab

3. 2babcd = 3abcbd-3abdbc-3cdbab

4. 3cdbab = 3cdbab

45) 3cdbac:Q[98] appears 4 times in:
1. 1lcdbac = 1ldcbac+3cdbac

2. 2abccd = 3bccad-3bcdac-3cdbac+3cdcab
3. 2baccd = 3accbd-3acdbc-3cdbac
4. 3cdbac = 3cdbac

46) 3cdbad:Q[99] appears 4 times in:

1. 1cdbad ldcbad+3cdbad

2. 2abdcd 3bdcad -3bddac -3cdbad+3cddab
3. 2badcd = 3adcbd-3addbc-3cdbad
4

3cdbad = 3cdbad

75 47) 3cdcab:Q[101] appears 5 times in:

1. lacchbd lccbad-1dccab-3cdcab+3abccd -3cdcab-3bdcac+3accbd+3accbd

lcdcab ldccab+3cdcab

2abccd 3bccad -3bcdac -3cdbac+3cdcab

2

3

4. 2cabcd 3abccd -3cdcab
5

3cdcab 3cdcab

I

48) 3cddab:Q[102] appears 5 times in:
1. l1adcbd = 1ldcbad-1ddcab+3abdcd-3cddab-3bddac+3acdbd+3adcbd
l1cddab = 1ddcab-3abdcd+3cddab+3cddab

2
5 3. 2abdcd = 3bdcad-3bddac-3cdbad+3cddab
4

2dabcd

3abdcd -3cddab
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287 5. 3cddab = 3cddab

7.2.4 Five-Letter Words Occurrences

From the set B5 in Equation (7.2.6), there are 24 types of basis element words in Rj
with five letters, 4 of them are left-aligned and 20 are balanced. Listing 7.5 shows
the number of times they appear in F(7®)) and in which entries.

Listing 7.5: Python Code Output B5

1 1) 1dcbae:Q[25] appears 4 times in:

2 1. ladcbe = 1ldcbae-ledcab-3decab+3abdce-3cedab-3bedac+3acdbe+3adchbe
3 2. lbdcae = 1ldcbae-3aedbc+3bcdae+3bdcae

1 3. lcdbae = 1ldcbae+3cdbae

5 4. ldcbae = 1ldcbae

7 2) lecbad:Q[29] appears 4 times in:
s 1. laecbd = lecbad-ledcab+3abecd-3cdeab-3bdeac+3acebd+3aechbd

9 2. 1lbecad = lecbad-3adebc+3bcead+3becad
10 3. 1cebad = lecbad+3cebad
11 4. lecbad = lecbad

13 3) ledbac:Q[30] appears 4 times in:

14 1. laedbc = ledbac-ledcab-3bcead+3adebc+3aedbc
15 2. lbedac = ledbac-3acebd+3bdeac+3bedac

16 3. ldebac = ledbac+3debac

17 4. ledbac = ledbac

19 4) ledcab:Q[31] appears 6 times in:

20 1. ladcbe = 1ldcbae-ledcab-3decab+3abdce-3cedab-3bedac+3acdbe+3adcbe
21 2. laecbd = lecbad-ledcab+3abecd-3cdeab-3bdeac+3acebd+3aechbd

22 3. laedbc = ledbac-ledcab-3bcead+3adebc+3aedbc

3 4. 1lcedab = ledcab-3abecd+3cdeab+3cedab

24 5. 1ldecab = ledcab+3decab
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6.

5)
1.

W N

=W N

ledcab

3abdce
ladcbe
2cabde
2dabce
3abdce

3abecd:

laecbd
lcedab
2cabde
2eabcd
3abecd

3acdbe:

ladcbe
2bacde
2dacbe
3acdbe

3acebd:

laecbd
lbedac
2bacde
2eacbd
3acebd

3adcbe:

ladcbe
2badce
2cadbe
3adcbe

ledcab

:Q[46] appears 4 times in:

I

ldcbae -ledcab-3decab+3abdce -3cedab-3bedac+3acdbe+3adcbe
3abdce -3abecd -3decab

3abdce -3cedab

3abdce

Q[47] appears b5 times in:

lecbad-1ledcab+3abecd-3cdeab-3bdeac+3acebd+3aecbd
ledcab-3abecd+3cdeab+3cedab

3abdce -3abecd -3decab

3abecd -3cdeab

3abecd

Q[60] appears 4 times in:

ldcbae-1ledcab-3decab+3abdce -3cedab-3bedac+3acdbe+3adcbe
3acdbe -3acebd -3debac

3acdbe -3bedac

3acdbe

QL[61] appears 5 times in:

lecbad-1edcab+3abecd-3cdeab-3bdeac+3acebd+3aecbd
ledbac -3acebd+3bdeac+3bedac

3acdbe -3acebd -3debac

3acebd -3bdeac

3acebd

QL67] appears 4 times in:

ldcbae -1edcab-3decab+3abdce -3cedab-3bedac+3acdbe+3adcbe
3adcbe -3adebc -3cebad

3adcbe -3becad

3adcbe
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10) 3adebc:Q[69] appears 5 times in:

1.

2

3
4.

5

laedbc
lbecad
2badce
2eadbc
3adebc

ledbac-1ledcab-3bcead+3adebc+3aedbc
lecbad -3adebc+3bcead+3becad

3adcbe -3adebc -3cebad

3adebc -3bcead

3adebc

11) 3aecbd:Q[70] appears 4 times in:

7 1.

2
3.
4

laecbd
2baecd
2caebd
3aechbd

lecbad-1ledcab+3abecd-3cdeab-3bdeac+3acebd+3aecbd
3aecbd -3aedbc -3cdbae

3aecbd -3bdcae

3aechbd

12) 3aedbc:Q[71] appears 5 times in:

1.

2
3
4.
5

laedbc
lbdcae
2baecd
2daebc
3aedbc

ledbac-1edcab-3bcead+3adebc+3aedbc
ldcbae -3aedbc+3bcdae+3bdcae

3aecbd -3aedbc -3cdbae

3aedbc -3bcdae

3aedbc

13) 3bcdae:Q[84] appears 4 times in:

1.

2
3.
4

1.

2
3
4.
5

lbdcae
2abcde
2daebc
3bcdae

laedbc
lbecad
2abcde
2eadbc
3bcead

ldcbae -3aedbc+3bcdae+3bdcae
3bcdae -3bcead -3debac+3decab
3aedbc -3bcdae

3bcdae

5 14) 3bcead:Q[85] appears 5 times in:

ledbac -1ledcab-3bcead+3adebc+3aedbc
lecbad -3adebc+3bcead+3becad

3bcdae -3bcead -3debac+3decab

3adebc -3bcead

3bcead
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2 15) 3bdcae:Q[91] appears 4 times in:
s 1. 1lbdcae = ldcbae-3aedbc+3bcdae+3bdcae

2. 2abdce = 3bdcae-3bdeac-3cebad+3cedab
5 3. 2caebd = 3aecbd-3bdcae
4. 3bdcae = 3bdcae

16) 3bdeac:Q[93] appears 5 times in:

1. laecbd = lecbad-ledcab+3abecd-3cdeab-3bdeac+3acebd+3aecbd
lbedac = ledbac-3acebd+3bdeac+3bedac
2abdce = 3bdcae-3bdeac-3cebad+3cedab

3acebd -3bdeac

2
3
4. 2eachd
5

3bdeac 3bdeac

17) 3becad:Q[94] appears 4 times in:

1. 1becad = lecbad-3adebc+3bcead+3becad
2. 2abecd = 3becad-3bedac-3cdbae+3cdeab
3. 2cadbe = 3adcbe-3becad

4. 3becad = 3becad

18) 3bedac:Q[95] appears 5 times in:
1. ladcbe = 1dcbae-1ledcab-3decab+3abdce-3cedab-3bedac+3acdbe+3adcbe

lbedac ledbac -3acebd+3bdeac+3bedac

2abecd 3becad -3bedac -3cdbae+3cdeab

2
3

5 4. 2dacbe 3acdbe -3bedac
5

3bedac

3bedac

19) 3cdbae:Q[100] appears 4 times in:
1. 1cdbae

ldcbae+3cdbae

2. 2abecd = 3becad-3bedac-3cdbae+3cdeab
3. 2baecd = 3aecbd-3aedbc-3cdbae

4. 3cdbae = 3cdbae
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20) 3cdeab:Q[103] appears 5 times in:

1. laechbd lecbad-1edcab+3abecd -3cdeab-3bdeac+3acebd+3aechd

I

l1cedab ledcab-3abecd+3cdeab+3cedab

Il

2abecd

3becad -3bedac -3cdbae+3cdeab

2

3

4. 2eabcd 3abecd -3cdeab
)

3cdeab 3cdeab

21) 3cebad:Q[104] appears 4 times in:
1. 1cebad = lecbad+3cebad

2. 2abdce = 3bdcae-3bdeac-3cebad+3cedab
3. 2badce = 3adcbe-3adebc-3cebad
4

3cebad

3cebad

7 22) 3cedab:Q[105] appears 5 times in:

1. ladcbe = 1ldcbae-1ledcab-3decab+3abdce-3cedab-3bedac+3acdbe+3adcbe
lcedab = ledcab-3abecd+3cdeab+3cedab

2abdce 3bdcae -3bdeac -3cebad+3cedab

2

3

4. 2dabce 3abdce -3cedab
5

3cedab

3cedab

23) 3debac:Q[106] appears 4 times in:

5 1. 1debac = ledbac+3debac

2. 2abcde = 3bcdae-3bcead-3debac+3decab
7 3. 2bacde = 3acdbe-3acebd-3debac
4. 3debac = 3debac

24) 3decab:Q[107] appears 5 times in:

1. ladcbe = ldcbae-ledcab-3decab+3abdce-3cedab-3bedac+3acdbe+3adcbe
2. ldecab = ledcab+3decab

3. 2abcde = 3bcdae-3bcead-3debac+3decab

4. 2cabde = 3abdce-3abecd-3decab

5. 3decab = 3decab



Chapter 8

Faithful Dimension of Nilpotency
Class 5

In this chapter, we provide upper and lower bounds on the faithful dimension of
exp(fns ®z F,) using the rank minimization problem presented in Proposition 4.3.4

and the results from Chapter 5.

8.1 Bounds for The Faithful Dimension of §, 5

In the computation of the faithful dimension of f, 4 the greedy algorithm provided an
optimal result as seen in Chapter 6. However, for the case of f, 5 using the greedy
algorithm appears to be a substantially more difficult task because of the larger size
of the commutator matrix and the presence of more vectors to analyze.

Proposition 4.3.4 provides a method for computing an upper bound for the faith-
ful dimension of f, 5 using the standard basis vectors e;, where for each ¢ € Rj the

only nonzero coordinate is in the i*® position, that is

e;=(0,...,0,1,0,...,0).

it" position

187
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An upper bound is obtained by computing the rank of the commutator matrix

evaluated at the vectors e;, where i € Rs.

Lemma 8.1.1. Fori € Rs,

2 rk(Fi4(e;)) if i = labcde,
2rk(Fia(e;)) +2 if i = 3abede.

rk(F(e;)) =

Proof:  From the commutator matrix in Equation (7.1.1), we have
rk(F(e;)) = 2rk(Fia(e;)) + 2 rk(Fas(e;)).

As a consequence of Proposition 7.1.1, 7k(Fbs(€1apcde)) = 0 for labede € Ry since
Thapede is not an entry of Fos(T®). Hence, 7k(F(e1apede)) = 2 rk(Fia(€1apede)). Also,
from Proposition 7.1.1 we have rk(Fy3(€3apeae)) = 1 for 3abede € Rs, since Tiapede
appears only once in Fy3(T®)), specifically in row ab € Ry and column cde € Rs. As

a result, rk(F(esapede)) = 2 Tk (Fra(€3apede)) + 2. |

To compute the ranks of the commutator matrices Fiy(e;) for all i € Rs, it is
enough to compute the ranks of Fiu(egy), for 0 < ¢ < 107, since Ry = U2([Q]4]].
Since the vectors egp for 0 < i < 107 are nonzero only in the position Q[i], we are
only interested in the entries of Fi4(T®) containing the variable Tgp;. These entries
are explicitly described in Listings 7.2, 7.3,7.4 and 7.5. The following is an example

of the rank computation process.

Example 8.1.2. Consider the four letter word Q[44] = 3abdbc. From line 91, in
Listing 7.4, the variable T3, appears 4 times in F' (T(5)). More specifically, the
variable Tsuq. appears only one time in Fys(7®)), which follows from Proposition

7.1.1, and 3 times in Fy4(7®) in the following positions
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dbbe decab  (ab)(bc)  (ab)(cd)

where

A = Thavbae — Trdevab + 2T 30bdbe — 2T 30cdab + T3adbbe,
B = Tacbab — T3abdve + T3bcdab + T3bdcab

C = Tsapebd — T3apabe — T3edbab,

D = T34pdbe — T3bcdab-

Since we are interested in the vector e = €3abde, Which has the value 1 in the

position 3abdbc and 0 elsewhere, we get the following matrix.

dbbc deab  (ab)(bc)  (ab)(cd)

a 2
F14(€Q[44]) = F14(63abdbc) = -1 -1

From Lemma 8.1.1,
Tk(F(GSabdbc)) =2 T]{?(Fm(egabdbc)) +2=2%x3+2=8.

In a similar fashion we can continue the rank computation of the matrices
F14(6Q[i]), for 0 < ¢ < 107. The computation results are presented in Tables 8.2,
8.3, 8.4 and 8.5 in Section 8.2. These calculations are summarized in Table 8.1,
where the entry in row i € {1,2,3,4} and column Bj, for j € {2,3,4,5}, is the

number of words in B; with rank 2i.
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irk(F(e;)) By By By Bs
1 2 0 0 0
2 4 11 0 0
3 0 15 24 0
4 0 4 24 24

Table 8.1: Ranks summary for Rj.

From Proposition 4.3.4, we can find an upper bound for the faithful dimension

using the standard basis vectors e;, where i € R5.
Theorem 8.1.3. For n > 2 and p sufficiently large, we have
Mfaithful(€XP(frs @7 Fy)) < fn(n—1) |¢+ %(Hn —10)¢* + %(n —2)(2n — 1)¢*
+1—15(n —2)(3n* — 6n + 1)¢*

Proof: From Proposition 4.3.4,

Mfaithful (exp(fn 5 ®Z Z f QYqu BQ[Z )) (811)

where egq is the standard basis vectors for 1 < ¢ < r,(5). Using Table 8.1, we get

rn(5)

Z Fat TS Com) _ f o, x g+ F(AXs + 11Xp)g + F(15X; + 24X,)¢°

+ f(4X5 4+ 24X, + 24X5)q, (8.1.2)

where X; = (7) = Z(n o for i = 2,3,4,5. Each term in Equation (8.1.2) can be

simplified as follows:

2Xs =n(n—1)
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11 1
4Xo 4+ 11X3=2n(n—1) + En(n —1)(n—-2) = én(n —1)(11n — 10)

15X + 24X, — gn(n ) —2) + n(n—1)(n—2)(n—3)

= %n(n —1)(n—2)2n—-1)

AX5 + 24X, + 24X — gn(n (= 2) + n(n—1)(n—2)(n—3)

24
+ mn(n —1)(n—2)(n—3)(n—4)
_ %n(n ~1)(n - 2)[10 + 15(n — 3) + 3(n — 3)(n — 4)]
= %n(n —1)(n —2)(3n* — 6n + 1)

Therefore,

Tn(5) 1 red ]-
Z fqirk]pq (Ffms(eQ[l])) = fn(n—1)g + gfn(n —1)(11n — 10)¢?
(=1

+ 3 fn(n = 1)(n—2)(20 ~ 1)’
+ 11—5fn(n —1)(n - 2)(3n% — 60+ 1)q"
= fn(n—1) [q + é(lln —10)¢* + %(n —2)(2n — 1)¢°

1
+1—5(n —2)(3n* — 6n + 1)q4] :

As a result of (8.1.1), we obtain an upper bound for the faithful dimension. |1

We conclude this section with the following lower bound result. This result
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improves the lower bound obtained in [BMKS19|, which was given by

mfaithful(exp(fn,S Xz ]Fq)) Z rn(5)fq

Lemma 8.1.4. Let vy,...v,. € F", where F' 1s a field. If the vectors vy,...v, are

linearly independent, then for all i € {1,...,r} there exits a vector v; such that
v;(@) # 0.
Proof: Suppose that there exists ¢ € {1,...,7} such that v;(z) = 0 for all

j € {1,...,r}. So, these r vectors can be imbedded in F"~!. Thus, they must

be linearly dependent, which is a contradiction. |

Theorem 8.1.5. For p sufficiently large, we have

Myaitnfu(€xp(Fus @2 Fy)) > fq°.

") are the optimal solution to

Proof: Suppose that the vectors vy, ..., v, 5) € Iy
the rank minimization in Proposition 4.3.4. By Lemma 8.1.4, for any ¢ € Rj5 there
exists j € {1,...,7,(5)} such that v;(i) # 0. Let ¢ = 3abacc = Q[33] and v be the
vector where v(i) # 0. From Listing 7.3, we see that T; appears 3 times in F(7),

twice in F14(T®) and once in Fy3(T®). In particular, the occurrences of T; can be

summarized in the following table:

row column  entry
a baac  Tipaaac + 1
a  (ab)(ac) Ti— Tsacaas
ab acc T;
Since v(i) # 0 and the entries of Fy3(7(®) are monomials, we have rk(Fys(v)) > 1.

Furthermore, if v(lbaaac) # —v(i), then Fi4(v) has a nonzero entry in row a and
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column baac. Otherwise, we must have v(lbaaac) = —v(i) # 0, which means that
F14(v) has a nonzero entry since lbaaac is a basis element. So, in both cases we have

rk(Fia(v)) > 1. As a result,
rk(F(v)) = 2F14(v) + 2F3(v) > 4.

From Proposition 4.3.4,
rn(5)
! - Like, (F(v
Miaithial (€XP(Frs @z Fy)) = Z Fqatkea(Fw) > ootk (F@) — fo2

=1

which completes the proof. |

Remark 8.1.6. The bounds in Theorem 8.1.3 and Theorem 8.1.5 provide a large
interval for the exact value of Mygienul(exp(fr,s ®z Fy)). It is an interesting problem

to prove a sharp asymptotic formula for this faithful dimension.

8.2 Rank Computations

Listings 7.2, 7.3, 7.4 and 7.5 provide the exact entries of F14(T®)) containing the
variable Tpyp;) for each 0 <4 < 107. A case by case computation is presented in the

following tables.

Table 8.2: Ranks of B2 words.

aaab
Tk(FIZL(elaaaab)) =1
1) Q0] = laaaadb ( 1
Tk(F(elaaaab» =2

Continued on next page
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Table 8.2: ranks of B2 words (cont’d)

aaab baab

2) Q[l] = lbaaab a < 1 ) Tk(Fl‘l(elbaaab)) =2
1

b rk(F(e1baaar)) = 4

baab bbab

3) Q3] = 1bbaab a ( 1 ) rk(F14(etpbaar)) = 2
4 1 rk(F(eippaar)) = 4

bbab rk(F14(€1bbbab)) =1

4)  QI[5] = 1bbbab b( ) ) S Flem)) — 2

baab rk:(F14(€1bbbab)) =1

= 3abaab
e ”< ! ) 7k (F (e1ppbab)) = 4

bbab rkj(F14(€1bbbab)) =1

= 3abbab
Yo ' ( ! ) rk(F (e1pbbab)) = 4

Table 8.3: Ranks of B3 words.

aaac baac

Q[2] = lbaaac a 1 rk(F14(elbaaac)) =2
< 1 ) rk(F(elbaaac)) =4

Q[4] = 1bbaac a 1 rk(Fia(eibbaac)) = 2
< 1 > rk(F(€e1pbaac)) = 4

Continued on next page
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Table 8.3: ranks of B3 words (cont’d)

Q[6] = 1bbbac

Q[7] = lcaaab

Q[8] = 1cbaad

Q9] = 1cbaac

Q[11] = 1cbbadb

Q[12] = 1cbbac

bbac

" ( 1)
b 1

aaab

)

baab

baac

bbab

bbac

bbbc

rk(Fia(e1pbbac)) = 2

rk(F(e1bbbac)) = 4

caab

caab

caac

bbbc

cbac

Tk(F14(elcaaab)) =2

rk(F(elcaaab)) =4

cbab

1 Tk(F14(elcbaab)) =3

Tk(F(elcbaab)) =06

cbac
1 rk(F14(elcbaac)) =3
Tk(F(elcbaac)) =6

cbab

rk(Fia(eicbbay)) = 3

1
rk(F(€eicbbap)) = 6

cbbe

Tk(Flél(elcbbac)) =3

Tk(F(elcbbac)) =6

Continued on next page
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Table 8.3: ranks of B3 words (cont’d)

10)

11)

12)

13)

14)

15)

Q[14] = lecaab

Q[15] = lecbadb

Q[16] = lccbac

Q[18] = leccadb

Q[33] = 3abaac

Q[35] = 3abbac

Q[36] = 3abbbc

a

a

c

a

caab

ccab

()

cbab

cbac

ccab

baac

C(

bbac

cbbe

ccac

(ab)(ac)

ccab

cebe

ccbe

(ab)(bc)

T'k(F14(elccaab)) =2

rk(F(elccaab)) =4

rk(Fia(€icchab)) = 3

Tk(F(elccbab)) =6

Tk(F14(€1ccbac)) =3

Tk(F(elccbac)) =6

Tk(F14(€1cccab)) =2

Tk(F(elcccab)) =4

Tk(F14(€3abaac)) =1

rk(F(e3abaac)) =4

Tk<F14(63abbac)) =2

Tk(F(eiiabbac)) =6

rk(Fia(esapbbe)) = 2

rk(F(e3abbbe)) = 6

Continued on next page
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Table 8.3: ranks of B3 words (cont’d)

16)

17)

18)

19)

20)

21)

22)

23)

Q[37] = 3abcab

Q[38] = 3abcac

Q[40] = 3abcbe

Q[48] = 3acaab

Q[49] = 3acbab

Q[50] = 3acbac

Q[52] = 3acbbc

Q[54] = 3accab

(ab)(be)

-

cbac
. ( 1
C

cbbe

a 2

caab
a ( 1

bbac

-1

C(

cbac ccab

" (-1 2

ccab

1)

(ab)(ac)

t)

ccab

cbab

1

(ab)(be)

(ab)(ac)
1)

(ab)(ac)

(ac)(be)

)

(ac)(be)
-1

(ab)(ac)

)

7ak(-FM(ei%abcab)) =1

Tk(F(eiiabcab)) =4

Tk(F14(€3abcac)) =2

Tk(F(GSabcac)) =6

rk(Fia(esapebe)) = 3

rk(F(e3abcbe)) = 8

rk(F14(€3acaab)) =1

Tk(F(e?)acaab)) =4

rk(F14(63acbab)) =2

Tk(F(eiiacbab)) =6

rk(F14(63acbac)) =1

rk(F(eISacbac)) =4

Tk(F14(e3acbbc)) =2

Tk(F(e?)acbbc)) =6

rk(Flél(eSaccab)) =2

rk(F(e?)accab)) =6

Continued on next page
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Table 8.3: ranks of B3 words (cont’d)

24)

25)

26)

27)

28)

29)

30)

Q[55] = 3acchbe

Q[72] = 3bcaab

Q[73] = 3bcaac

Q[75] = 3bcbab

Q|[76] = 3bcbac

Q[78] = 3bccab

Q[79] = 3bccac

(ac)(be)

ccac ccbe

a 2
b -1
c 1
caab (ab)(be)
b 1
caac (ac)(bc)
b 1

bbbc cbab

(ab)(be)
b 1 -1
(ac)(be)
1)

(ab)(be)

cbac
b ( 1

cbbe ccab

a -2

b 2

( -1
ccac  ccbe  (ac)(be)

a -1

b 2

Tk(Flll(eBaccbc)) =3

Tk(F(eZSaccbc)) =38

7ak(-FM(e3bcaab)) =2

Tk(F(eiibcaab)) =6

rk(F14(63bcaac)) =2

rk(F(e?)bcaac)) =6

rk(F1a(espebay)) = 2

rk(F'(esbeban)) = 6

Tk(F14(e3bcbac)) =1

Tk(F(e?)bcbac)) =4

’l“k'(F14(€3chab)) =3

rk(F(eBbccab)) =38

Tk(F14(e3bccac)) =3

Tk(F(eiibccac)) =38
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Table 8.4: Ranks of B4 words.
baad caad  cbad
“ 1 Tk(F14(€lcbaad)) =3
1)  QI10] = 1cbaad , 1
Tk(F(elcbaad)) =6
bbad cbad  cbbd
. 1 rk(Fa(e1chbad)) = 3
2)  Q[13] = lcbbad , 1
7"k(-F(elcbbad)) =06
c 1
cbad ccad  ccbd
“ 1 Tk(F14(elccbad)) =3
3)  Q[17] = lecbad , 1
rk(F<elccbad)) =6
c 1
baac daac  dbac
. L rk(Fia(€1dbace)) = 3
4)  Q[19] = ldbaac , 1
Tk(F(eldbaac)) =6
d 1
bbac dbac  dbbc
: rk(F1a(e1dpbac)) = 3
5)  Q[20] = ldbbac ,
rk(F(e1dpbac)) = 6
d

Continued on next page
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Table 8.4: ranks of B4 words (cont’d)

caab daab  dcab

“ 1 T'k(Flél(eldcaab)) =3
6) Q[21] = ldcaab ( 1
Tk(F(eldcaab)) =6
d 1
cbab cbbd  dbab  dbbc  dcab
a -1 -1
rk(Fia(€1debap)) = 4
7)) Q[22] = ldcbab b 1
. 1 rk(F (e1debab)) = 8
d 1

cbac dbac  dcac  dcbe

a 1
8)  Q[23] = ldcbac b 1 rk(F14(e1debac)) = 4
¢ 1 rk(F(eldcbac)) =38
d 1
cbad dbad dcad dcbd
a 1
9)  Q[24] = ldcbad b 1 rk(Fia(etdebad)) = 4
= ldcba :
‘ 1 rk(F (e1dcbaa)) = 8
d 1
ccab cebd  deab  dcbe
10 26] = 1dccab (, B ! rk(Fia(e1deeab)) = 3
) Q[26] = ldcca ) .
Tk(F(eldccab)) =6
d 1

Continued on next page
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Table 8.4: ranks of B4 words (cont’d)

11)

12)

13)

14)

15)

16)

Q[27] = 1ddbac

Q[28] = 1ddcab

Q[39] = 3abcad

Q[41] = 3abcbd

Q[42] = 3abced

Q[43] = 3abdac

d

a

dbac ddac  ddbc
¢ 1 rk(Fia(€1ddbac)) = 3
b 1
rk(F(e1ddbac)) = 6
d 1
dcab debd  ddab  ddbe
-1 -1 k(F =3
rk(F1a(€1ddeab)) =
1
7ak‘l(F‘(elddcab)) =06
1

cbad (ab)(ad)  (ab)(cd)

1 1 rk(F14(esabead)) = 2
( 1 ) rk(F(€3abcad)) = 6

cbbd (ab)(bd)  (ab)(cd)

’ rk(F1a(ezabeba)) = 3
1
7k (F (€3abebd)) = 8
1
cchd (ab)(cd)
a 1 rk(F14<e3abccd)) =2
¢ < 1 ) rk(F(e?)abccd)) =6

dbac  dcab  (ab)(ac)  (ab)(cd)

a ( 1 -1 -1 > Tk(F14(€3abdac)) =2
1

Tk(F(e3abdac)) =6

Continued on next page
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Table 8.4: ranks of B4 words (cont’d)

dbbc dcab  (ab)(bc)  (ab)(cd)

‘ 2 rk(Fia(€3abdve)) = 3
17)  Q[44] = 3abdbc , 1 1
rk(F (e3abdbc)) = 8
d 1
dcbd  ddab  (ab)(cd)
ot rk(Fia(€sabdcd)) = 3
18) Q[45] = 3abdcd ( 1
rk(F (e3abded)) = 8
d 1
cbad (ac)(ad)  (ac)(bd)
1 1 Tk(Flll(eSacbad)) =2
19) QI51] = 3acbad .
b 1 Tk(F(e?)acbad)) =6
cbbd (ac)(bd)
1 Tk(F14(€3acbbd)) =2
20) Q[53] = 3acbbd “
b 1 rk(F(€e3qcbbd)) = 6
ccbd (ac)(bd)  (ac)(cd)
“ 2 Tk(F14(e3accbd)) =3
21)  QI56] = 3accbd , 1
rk(F(eQSaccbd)) =38
( 1

dbac  dcab  (ab)(ac)  (ac)(bd)

22)  Q[57] = 3acdab a (-1 1 B ) rk(F1a(esacdab)) = 2
-1

Tk(F(e3acdab)) =6

Continued on next page
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Table 8.4: ranks of B4 words (cont’d)

23)

24)

25)

26)

27)

28)

Q[58] = 3acdbe

Q[59] = 3acdbd

Q[62] = 3adbac

Q[63] = 3adbbc

Q[64] = 3adcab

Q[65] = 3adcbc

a

b

d

dcac

dcb

1

debd

dbac

cbad

dcab

¢ (ac)(bc)  (ac)(cd)

7“]<3(J{:114(‘33acdbc)) =3
-1
Tk(F(e&zcdbc)) =38
1
ddac  (ac)(bd)
rk(F1a(esacdba)) = 3
-1
7k(F (€3acdbd)) = 8
1
(ac)(ad)  (ad)(bc)
1 rk(F14(e3adbac)) = 2
) Tk(F(e?)adbac)) =6
dbbe (ad)(bc)
7k (F14(esadbbe)) = 2
1 > rk(F (esadbbe)) = 6
(ab)(ad) (ad)(bc)
1 rk(F14(€3adcab)) = 2
-1 ) Tk(F(ei‘Iadcab)) =06

ccad

dcbe (ad)(bc)

1 rk(Fia(€3adebe)) = 3

rk(F(e3adebe)) = 8

Continued on next page
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Table 8.4: ranks of B4 words (cont’d)

29)

30)

31)

32)

33)

34)

Q[66] = 3adcbd

Q[68] = 3addbc

Q[74] = 3bcaad

Q[77] = 3bcbad

Q[80] = 3bccad

Q[81] = 3bcdab

b

debd (ad)(bd) (ad)(cd)

1 rk(Fia(€sadeba)) = 3
1
rk(F(esadeba)) = 8
1
dead  ddbc (ad)(be) (ad)(cd)
2 rk(F14(esaddve)) = 3
-1 -1
rk(F (esaddbe)) = 8
1
caad (ad)(be)
B -1 rk(Fia(€3peaad)) = 2
b 1 rk(F (€3bcaad)) = 6

a

cbad (ad)(bc)  (be)(bd)

1 rk(F1a(espebad)) = 2
( 1 -1 > rk(F (e3bcbad)) = 6

ccad (ad)(bc)  (be)(cd)

1 rk(F1a(esbecad)) = 3
2 rE(F(€3becad)) = 8
-1
dbbe  deab  (ab)(bc)  (bc)(bd)
-2 -1 rk(Fia(€spedab)) = 3
! 1 7k(F(e3pedab)) = 8

Continued on next page
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Table 8.4: ranks of B4 words (cont’d)

35)

36)

37)

38)

39)

40)

Q[82] = 3bcdac

Q[83] = 3bcdad

Q[86] = 3bdaac

Q[87] = 3bdbac

Q[88] = 3bdcab

Q[89] = 3bdcac

dcac dcbe

dead

daac

(ac)(be)  (be)(ed)

-1 Tk(F14<e3bcdac)) =3
T’k(F(€3bcdac)) =38
-1
ddbe  (ad)(bc)
-1 rk(Fia(€3pedad)) = 3
T‘k’(F(GSbcdad)) =8
-1
(ac)(bd)
1 T]{(F14(€3bdaac)) =2
) T]f(F(e?,bdaac)) =0

dbac (ac)(bd)  (be)(bd)

cbbd

-2

dcab

ccbd

rk(Fia(espdbac)) = 2

rk(F(e3pdbac)) = 6

(ab)(bd)  (be)(bd)

1 rk(Fia(esbdeas)) = 3

rk(F(espdcab)) = 8

dcac  (ac)(bd)

Tk(F14(e3bdcac)) =3

Tk(F(e?:bdcac)) =38

Continued on next page
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Table 8.4: ranks of B4 words (cont’d)

41)

42)

43)

44)

45)

46)

Q[90] = 3bdcad

Q[92] = 3bddac

Q[96] = 3cdaab

Q[97] = 3cdbab

Q[98] = 3cdbac

Q[99] = 3edbad

dcad

debd

-1

(ad)(bd)

-1

(bd)(cd)

1

ddac  (ac)(bd)  (bd)(cd)

-1

-1

daab (ab)(cd)

)

cbbd dbab
-1
1
dbac  (ac)(cd)
-1
1
dbad (ad)(cd)
-1
1

(ab)(cd)

(bd)(cd)

-1

rk(Fia(esbdcad)) = 3

rk(F (e3pdcad)) = 8

rk(Fia(espddac)) = 3

rk(F(espddac)) = 8

Tk(Flﬁl(eScdaab)) =2

Tk(F(e?)cdaab)) =6

rk(Fia(escdbap)) = 3

rk(F(e3cdbab)) = 8

rk(Fia(esedbac)) = 3

rk(F(e3cdbac)) = 8

rk(Fia(escdbad)) = 3

rk(F(e3cdbad)) = 8

Continued on next page
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Table 8.4: ranks of B4 words (cont’d)

cebd  deab  (ab)(ed)  (be)(cd)

47)  Q[101] = 3cdcab a [ -2 1 ) rk(Fia(€3edead)) = 2
1 -1 rk(F<e3cdcab)) =6

C

dcbd  ddab  (ab)(cd)  (bd)(cd)
a -1 1 L(F -3
rk(Fia(€scadab)) =

rk(F(€e3cddab)) = 8

48)  Q[102] = 3cddab

Table 8.5: Ranks of B5 words.

cbae dbae  dcae  dcbe
a 1
rk(F14(e1dcbae)) = 4
1)  Q[25] = ldcbae b 1 chae
¢ 1 Tk(F(eldcbae)) =38
d 1
cbad ebad ecad ecbd
a 1
rk(Fia(etechad)) = 4
2) Q[QQ] = lecbad b 1 ecba
‘ 1 7nk(F(elecbaol)) =38
€ 1

Continued on next page
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Table 8.5: ranks of B5 words (cont’d)

Q[30] = ledbac

Q[31] = ledcab

Q[46] = 3abdce

Q[47] = 3abecd

Q[60] = 3acdbe

dbac ebac edac  edbc
a 1
b 1
d 1
€ 1
dcab dcbe ecab ecbd edab edbc
-1 -1 -1
1
1
1
debe  (ab)(ce)  (ab)(de)
a 1
c 1
d 1
ecbd edab  (ab)(cd)  (ab)(de)
a 1
c -1
e 1
debe  (ac)(be)  (ac)(de)
a 1
b 1

Tk(F14(eledbac)) =4

Tk(F(eledbac)) =38

Tk(F14(eledcab)) =4

Tk(F(eledcab)) =38

Tk(F14(€3abdce)) =3

7ﬁki(-F(GSabdce)) =38

rk(F14(€3abecd)) =3

Tk(F(e?)abecd)) =38

Tk(F14(e3acdbe)) =3

7ﬁki(-F(GSacdbe)) =38

Continued on next page
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Table 8.5: ranks of B5 words (cont’d)

10)

11)

12)

13)

Q[61] = 3acebd

Q[67] = 3adcbe

Q[69] = 3adebe

Q[70] = 3aecbd

Q[71] = 3aedbe

Q[84] = 3bcdae

a

ecbd edac  (ac)(bd)  (ac)(de)

1

dcbe (ad)(be)  (ad)(ce)

1

ecad  edbc (ad)(bc)  (ad)(ce)

1

ecbd (ae)(bd)  (ae)(cd)

1

dcae edbc  (ae)(be)  (ae)(cd)

1

dcae (ae)(be)  (be)(de)

1

rk(F14(€3acebd)) =3

Tk(F(efiacebd)) =38

Tk(F14(€3adcbe)) =3

Tk(F(e3adche)) = 8

Tk(F14(€3adebc)) =3

7’k(-F(efiadebc)) =38

Tk(F14(€3aecbd)) =3

rk(F(eSaecbd)) =38

Tk(F14(63aedbc)) =3

7’k(‘F(efiaedbc)) =38

Tk(F14(€3bcdae)) =3

rk(F(eZ%bcdae)) =38

Continued on next page
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Table 8.5: ranks of B5 words (cont’d)

14)

15)

16)

17)

18)

19)

Q[85] = 3bcead

Q[91] = 3bdcae

Q[93] = 3bdeac

Q[94] = 3becad

Q[95] = 3bedac

Q[100] = 3cdbae

ecad

dcae

ecbd

-1

ecad

dcbe

-1

dbae

edbc  (ad)(bc)  (be)(de)

-1

-1

(ae)(bd)

-1

-1 rk(F14(€3bcead)) =3

Tk(F(efibcead)) =38

(bd)(ce)
L rk(Fi4(€sbcac)) = 3

rk(F(edecae)) =38

edac  (ac)(bd)  (bd)(ce)

-1

(ad)(be)

-1

edac  (ac)(be)

-1

(ae)(cd)

-1 Tk(F14(€3bdeac)) =3

7’k(-F(efibdeac)) =38

(be)(cd)
1 Tk(F14(€3becad)) =3

rk(F(ei%becad)) =38

(be)(cd)
-1 Tk(F14(63bedac)) =3
7’k(‘F(efibedac)) =38
(be)(cd)
-1 rk(Fia(€sedbac)) = 3

Tk(F(e3cdbac)) = 8

Continued on next page
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Table 8.5: ranks of B5 words (cont’d)

20)

21)

22)

23)

24)

Q[103] = 3cdeadb

Q[104] = 3cebad

Q[105] = 3cedab

Q[106] = 3debac

Q[107] = 3decab

echd edab  (ab)(cd)  (be)(cd)

-1 1

-1

ebad (ad)(ce)  (bd)(ce)

-1

dcbe edab  (ab)(ce)  (bd)(ce)

-1 1

-1

ebac (ac)(de)  (bc)(de)

-1

dcbe ecab  (ab)(de)  (bc)(de)

-1 1

rk(F14(630deab)) =3

Tk(F(eficdeab)) =38

Tk(F14(€3cebad)) =3

rk(F(eSCebad)) =38

Tk(F14(€SCedab)) =3

7’k(-F(eficedab)) =38

rk(Fia(esdebac)) = 3

rk(F(eSdebac)) =38

Tk(F14(63decab)) =3

7’k(‘F(efidecab)) =38
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Appendix A

Python Codes for Nilpotency Class 4

A.1 Implementation of Basis Expansion Algorithm

The following Python code is created as another approach for finding the basis expan-
sion for left-aligned words in Section 5.2. The list L consist of w,z,y,z € {1,...,n}

where w < x <y < z.
L=[)W),7X)’)y),727]

The list W represents all the 24 possible four-letter left-aligned word types as in
Figure 5.1.

w=[]
for i1 in L:
for i2 in L:
for i3 in L:
for i4 in L:
if i2 >= i3 and i3<ié4:

st =%’
IL=[]
cl= L.index(il)
c2 = L.index(i2)

c3 = L.index(i3)

212
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print ("length of W =

Output:

length of W = 24

c4 L.index (i4)
IL = [c1,c2,c3,c4]
IL.sort ()
for j in range(3):
if IL[§] < IL[j+11-1:
st= ’f°
if IL[0] !'= O:
st = 2f°
if st == ’t’:
it = il + 12 + i3 + i4

W =W+ [i_t]

", len(W))

The elements of the list W corresponds to the types of Figure 5.1 as follows:

=

The algorithm presented in Figure 5.2 is implemented to obtain the basis expan-

sion for each element of the list W. The resulting list is denoted as H.

def inner(a,b,c,d):

return([a,c,b,d],’-",

def Convert(string):
list1=[]
list1[:0]=string

return listil

[a,d,b,c])
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o H=[]

10 for w in W:

11 ul = Convert (w)

12 if u1i[0] >= ui[1]:

13 H=H+[ul1 [0] + ul[1]+ul[2] + ul[3] ]

14 else:

15 if uwi[2] + ui1([3] !'= u1[0] + ui[1] and uwil[1] + uil([0] !'= uil[2]
+ ul[3]

16 u2 = ul[1] + uwl[0] + uwl[2] + wl[3] + ’-°> + >(°> +ul[2] +

ul [31+2)2 + (> +u1[0] + ui[1] + )’

17 allea g

18 u2 = uil[1] + u1[0] + uil[2] + u1l[3]

19 k1 = ui[1] + wu1[0] + w1l[2] + ul[3]

20 if k1[1] == k1[2]:

21 if k1[3] < k1[0]:

22 if ki1[1] + k1[3] !'= ki1[1] + k1[0] and k1[3] + ki
[1] '= k1[1] + k1[0]:

H=H+ [ k1[0]+ k1[1]+ k1[1]+ %x1[3] + >-2 + >(>

V)

+ k1[1] + k1[3] +°)° + >+ k1[1] + k1[0]+7) "]

24 else:

25 H=H + [k1[0] + k1[1] + k1[1] + k1[3] ]

26 else:

27 if k1[1] + k1[3] !'= k1[1] + k1[0] and k1[3] + ki[1]
'= k1[1] + k1[0]:

28 H=H +[k1[0]+ k1[1]+ k1[1]+ k1[3]+ ’+°+ > (’ +
k1[1] + k1[0] + ?)> + > (> + k1[1] + k1[3] + ?)°]

29 else:

30 H=H + [k1[0] + k1[1] + k1[1] + k1[3] ]

31 elif ki1[1] > k1[2]:

32 H= H +[u2]

33 elif k1[1] < k1[2]:

34 u3 = inner(k1[0], k1[1], k1[2], k1[3])
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if k1[0] >= k1[3]:
if k1[1] + k1[0] '= k1[2] + k1[3] and k1[0] + ki
[1] '= k1[2] + k1[3]:
H= H + [k1[0]+ k1[2] + k1[1] + k1[3] + ’-’+ ki1
[0] + k1[3] + k1[1] + k1[2] +°+°> +°(°> + k1[1] + k1[0] +°)°> + >(°
+ k1[2] + k1[3] +2)’]
else:
H=H+ [ k1[0] + k1[2] + k1[1] + k1[3] + ’>-’ +
k1[0] + k1[3] + ki1[1] + k1[2] 1]
else:
ub5 = u3[2]
ud = ub[1] + uw5[0] + ub[2] + ubB[3] + ’-’> +7(° + ub
[2] + uwb[3] +2)? +’(’> +u5[0] + ub[1] +7)°

isg = "o
is2 = " "
if ub[2] + u5[3] !'= u5[0] + ub[1] and wub[2] + ub
[3] != ub[1] + ub[0]:
ist = (> + ub[2] + uwb[3] +’)’ +’(’ +ub[0] +
us[1] +2)°
if k1[1] + k1[0] '= k1[2] + k1[3] and k1[1] + ki
(0] !'= k1[3] + k1[2]:
is2 = (> + k1[1] + k1[0l +°)’> + >(°> + k1[2] +
k1[3] +7)°

H=H + [k1[0] + k1[2] + k1[1] + k1[3] + -’ + ub
[1] + u5[0] + ub[2] + ub[3] + '+’ + isl + 4+’ + is2 1]

52 for i in range (24):

print (£°W[{i}]:>, w[il, "=", H[il)

Output:

W[O0]: wwwx = wwwx

W[1]: wxwx = XWwx



A. PYTHON CODES FOR NILPOTENCY CLASS 4 216

W2]: wxwy = xwwy+(wx) (wy)
W[3]: wxxy = xxwy-yxwx+(wx) (xy)+(wx) (xy)
Wl4]: wywx = ywwx-(wx) (wy)
W5]: wyxy = yxwy-yywx+(wy) (xy)
W[6]: wyxz = yxwz-zywx+(wx) (yz)+wy) (xz)
W[7]: wzxy = zxwy-zywx+(wz) (xy)
W[8]: xwwx = xwwx

W9l: xwwy = xwwy

W[10]: xxwx = XXWX

Wl11]: xxwy = xxwy

Wl12]: xywx = yxwx-(wx) (xy)
W[13]: xywy = yxwy-(wy) (xy)
Wl14]: xywz = yxwz-(wz) (xy)
W[15]: xzwy = zxwy- (wy) (xz)
W[16]: ywwx = ywwx

W[17]: yxwx = yxwx

W[18]: yxwy = yxwy

W[19]: yxwz = yxwz

W[20]: yywx = yywx

W[21]: yzwx = zywx-(wx) (yz)
W[22]: zxwy = zxwy

W[23]: zywx = zywx

A.2 Hall Basis Occurrences

The list @ in the code below represents left-aligned Hall basis words.

1 Q = [w[20], w(23], w[11], w[19], w([18], w[22], w[o]l, w[9], w[8], W
[16], w[10], wW[17]]
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Q1 = [20, 23, 11, 19, 18, 22, 0, 9, 8, 16, 10, 17]
print ( "length of Q =", len(Q))

Output:
length of Q = 12

The following code finds the occurrences of each variable T} in Fi3(T™), where
t is a left-aligned Hall basis element. Note that if the basis element ¢ appears in a
basis expansion of a word abced, then the variable T; will be in row a column bed.
for j in range (12):
T= 0
M=[]
N=[]
for k in range (24):
if Q[j] in HIx]:
T =T+ 1
M= M + [W[k]]
N= N + [H[k]]
print (£°W[{Q1[j1}]: {Q[j]} appears ’, T, ’times in :’, M, "=", N
)

Output:

W[20]: yywx appears 2 times in basis expansion of:
[wyxy”, >yywx’]
= Dyxwy-yywx+(uy) (xy)?, yyux’]
W[23]: zywx appears 4 times in basis expansion of:
Dwyxz?’, ’wzxy’, ’yzwx’, ’zywx’]
= [yxwz-zywx+(wx) (yz)+(wy) (xz)’, ’zxwy-zywx+(wz) (xy)’,
Yzywx- (wx) (yz)’, ’zywx’]

W[11]: xxwy appears 2 times in basis expansion of:
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Dwxxy?’, xxwy’]
= [ xxwy-yxwx+(wx) (xy)+(wx) (xy)’, ’xxwy’]
W[19]: yxwz appears 3 times in basis expansion of:

[Pwyxz?’, ’xywz’, ’yxwz’]

= [Dyxwz-zywx+(wx) (yz)+(wy) (xz)°, ’yxwz-(wz) (xy)’, ’yxwz’]

W[18]: yxwy appears 3 times in basis expansion of:
Dwyxy?, *xywy’, ’yxwy’]

= Dyxwy-yywx+(Quy) (xy)?, yxwy-(uy) (xy)?, *yxwy’]

W[22]: zxwy appears 3 times in basis expansion of:
[Pwzxy’, ’xzwy’, ’zxwy’]

= [ zxwy-zywx+(wz) (xy)’, ’zxwy-(wy) (xz)’, ’zxwy’]

W[0]: wwwx appears 1 times in basis expansion of:
Dwwwx’] = [Pwwwx’]

W[9]: xwwy appears 2 times in basis expansion of:
Dwxwy?’, ’xwwy’]
= [ xwwy+(wx) (wy)’, ’xwwy’]

W[8]: xwwx appears 2 times in basis expansion of:
Dwxwx’, ’xwwx’]
= [xwwx’, ’xwwx’]

W[16]: ywwx appears 2 times in basis expansion of:
Dwywx?’, ’ywwx’]
= [ ywwx-(wx) (wy)’, ’ywwx’]

W[10]: xxwx appears 1 times in basis expansion of:
Dxxwx’] = [Pxxwx’]

W[17]: yxwx appears 3 times in basis expansion of:

Dwxxy?’, ’xywx’, ’yxwx’]

= [xxwy-yxwx+(wx) (xy)+(wx) (xy)?, ’yxwx-(wx) (xy)’, ’yxwx’]



Appendix B

Python Codes for Nilpotency Class 5

B.1 Hall Basis Types

The following Python code is created to find all types of basis elements in R5. The

list L consists of a,b,¢c,d,e € {1,...,n} where a <b<c<d<e.
L:[’a),’b’,?c”7d7’?e7]

The list W1 contains all possible words of the form 1rstuv, where r € R and stuv € Ry

is left-aligned.

Wi=[]
for il in L:
for i2 in L:
for i3 in L:
for i4 in L:
for i5 in L:
if i2 >= i3 >= i4 and i4<ib:

st =t
IL=[]
cl= L.index(il)
c2 = L.index(i2)
c3 = L.index(i3)

219
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c4 = L.index(i4d)

cb = L.index(ib)

IL = [c1,c2,c3,c4,c5]
IL.sort ()

for j in range(4):

if IL[§] < IL[j+1]-1:

st= ’f°
if IL[0] != O:

st = £’
if st == t’:

it =’1°+ i1l + i2 + i3 + i4 + ib

Wi = Wi + [i_t]

The list W2 contains all possible words of the form 2rstuv, where r € Ry and (st)(uv) €

R, is balanced.

w2=[]
for il in L:
for i2 in L:
for i3 in L:
for i4 in L:
for i5 in L:
bl= bool(i2<i3)
b2= bool (i4<ib)
b3= bool (i2==i4)
bd= Dbool (i3<ib)
b5= bool (i2<i4d)
if bl and b2 and ((b3 and b4) or bb):
st =’t’
IL=[]
cl= L.index(il)

c2 L.index (i2)

c3 L.index (i3)

c4d = L.index (i4)
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ch L.index (i5)

IL = [c1,c2,c3,cd4,c5]
IL.sort ()

for j in range(4):

if IL[j] < IL[j+1]-1:

st= ’f°
if IL[0] !'= O:

st = £’
if st == ’t’:

i_t =’2’+ il + i2 + i3 + 14 + ib

W2 = W2 + [i_t]

The list W3 contains all possible words of the form 3rstuv, where rs € Ry and tuv €

Rs.

w3=[]

for i1 in L:

for i2

for

in L:

i3 in L:

for i4 in L:

for ib
bl=
b2=
b3=

in L:

bool (i1<i2)
bool (i3>=1i4)
bool (i4<ib)

if bl and b2 and b3:

st =’t?
IL=[]
cl= L.index(i1)

c2 = L.index(i2)
c3 = L.index(i3)
c4 = L.index(i4d)
cb = L.index(ib)

IL = [c1,c2,c3,cd4,c5]
IL.sort ()
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for j in range (4):

if IL[j] < IL[j+1]1-1:

siti=l £
if IL[0] != O:

st = ’f°
if st == ’t’:

i_t =’3’+ il + i2 + i3 + 14 + ib

W3 = W3 + [i_t]

W= W1l + W2 + W3

The list Q1 contains all Hall basis types of the form 1rstuv.

Q1=[1

for i1 in L:

for i2

for

in L:

i3 in L:

for i4 in L:

for i5 in L:
if i1 >= i2 >= i3 >= i4 and 1i4<ib:

st =t
IL=[]
cl= L.index(il)

c2 .index (i2)

c3 = L.index (i3)

c5 .index (i5)

1L
1L
c4 = L.index(i4)
1L
IL = [cl1,c2,c3,c4,c5]
IL.sort ()
for j in range (4):
if IL[j] < IL[j+1]-1:
st= ’f°

if IL[0] != O:
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if st

i_t

Q1

?t?:
=’1’+ i1 + i2 + i3 + i4 + 1ib

Q1 + [i_t]

The list Q contains all Hall basis types in Rs.

Q= Q1 + W3
print (’Length of Q =’,len(Q))
Output:

Length of Q = 108

1 for i in range(len(Q)):

print (£°Q[{il}]

2

1

{Qlil})

The output is presented in Listing 7.1.

B.2 Hall Basis Occurrences

The algorithms presented in Figure 7.1 and Figure 7.2 are implemented to obtain the

H=[]
for u in W:
if uf0] ==
wO=u[1]
wil=u[2]
w2=u[3]
w3=u[4]
w4=u[5]

if w0 >= wil:

H =

else:

if w0 >= w2:

J17:

basis expansion for each element of the list W. The resulting list is denoted as H.

H+ [21° + wO + w1 + w2 + w3 + w4d]

H

H

+

C
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’1°+ w1l + wO + w2 + w3 + w4 + ’+° + 37 + w0 + wl
+ w2 + w3 + wd ]
else:
if wO >= w3:
H=H+ [
’1°+ w1l + w2 + wO + w3 + w4 + -’ + 237 + w3
+ wd + wl + wO + w2 + ’°+7 + ’3° + wO + w2 + wl + w3 + wd + °+7
+ 732 + w0 + wl + w2 + w3 + w4l
cHiSIcE:
if w2 >= w4:
H=H+ ["1°+ wl + w2 + w3 + w0 + w4 + ’-° +
12 + w1l + w2 + w4 + wO + w3+ -7 + ’3’ + w3 + w4 + wl + wO + w2
+ 4+ + 37 + wO + w2 + wl + w3 + wéd
+ 2+2 4+ 232 + w0 + wl + w2 + w3 + w4l
else:
if wl >= wé:
H=H+ [
’1°+ w1l + w2 + w3 + wO + wéd
+ 2-7 4712 + w1l + w4 + w2 + wO + w3
+ 2+’ 4+ 37 + wO + w3 + wl + w2 +
wé
+ -7 4+ 37 + w2 + w4 + wl + wO + w3
+ 2-7 4+ 37 + w3 + w4 + wl + wO +
w2
+ 2+’ + ’37 + w0 + w2 + wl + w3 + w4
+ 2+7 4+ 37 + w0 + w1l + w2 + w3 + w4
]
else:
H=H+ [
12 + w1l + w2 + w3 + w0 + w4
+ -7 4+ 717 + w4 + w1l + w2 + wO + w3
+ -7 4+ 7’37 + wl + w4 + w2 + wO +

w3
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37 + ul2] + ulb]+ ul1l+ul2]+ul3]]

else:

H=H+ [’3> + ul2] + u[3] + u[2] + ul1] +

>+ 232 + ul[2] + ul[3] + ulb] + ul1l] + ufl2]

+ 7-2 4+ 232 + u[2] + u[B] + ul2] +

[3] + °+7 + 23> + u[2] + ul5] + ul3] + ul1] + ul2] ]

if ul2] < ul4]:
if u(l1] >= ul4]:

H=H+ [23> + ul[2] + ul3] + ul1] + ul4] +

>+ 237 + ul4] + ulb] + ul1] + ul2] + u[l3]]
else:
if ul1] >= ul2]:
H

I

+ -2 + 232 + ul2] + ul[3] + ulb] + ull]l + ul4]

ulb] +

. PYTHON CODES FOR NILPOTENCY CLASS 5 225
+ 7+2 + 73 + w0 w3 wl w2 +
w4
+ -7 + 237 + w2 w4 wl w0 +
w3
+ -7 + 237 + w3 w4 wil w0 +
w2
+ 7+ + 237 + w0 w2 wl w3 +
w4
+ 7+ + 237 + w0 wl w2 w3 +
wa]
if ul0]=="2":
if ul[2] == ul4]:
if ul1]l >= ul2]:
H=H+ [>3°> + ul2] + ul3]+ uli1l+ul2]+ulb] + ’>-°> + °

ul1] + u

ulb] + -

H+ [’3> + ul[2] + ul3] + ul4] + ul1] + ul[5]

+2-2 + 237 + ul4] + ul[b] + ul1] + ul2]

dh

ul3]]

else:

H

+ -2 + 232 + ul[2] + ul[3] + ulb] + ull]l + ul4]

H+ [’3> + ul[2] + ul3] + ul4] + ul1] + ul[5]
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+ ul3]

+ ul2]]

if ul[0]== °3°:

+ -7 + 23> + ul4] + ul5] + ul2] + ul1l

+ 242 + 232 + ul4] + ul[b] + ul3] + ul1]

H = H+[ul0]+ul[1]+u[2]+u[3]+ul4]+u[5]]

The lists B2, B3, B4 and B5 contain elements of Q with 2,3, 4 and 5 letters, respectively.

B2=[]
B3=1[]

3 B4= []

5 for m in

B5=[]

t0
t1
t2
t3
t4
e

e

if

if

if

if

T2=[]

3 82=[]

.index(m[1])

.index (m[3])

Q
1L

= L.index(m[2])
L
L.index (m[4])
L

.index(m[5])

[tO, t1, t2, t3,

list(dict.fromkeys (e))

len(e) ==
B2= B2 + [m]
len(e) ==

for i in B2:
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if i[0] == 1’

T2 = T2 + [i[0]]
if i[0] == °3°

S2 = 82 + [i[0]]

print (’Length of B2 =’, len(B2))
print (f’Left aligned words in B2: {len(T2)}’)

2 print (f’Balanced words in B2 :{1len(S2)}’)

Output:

Length of B2 = 6
Left aligned words in B2: 4

Balanced words in B2 :2

for b in B2:
j = Q.index(Db)
X=0
M=[]
N=[]
for k in range(len(H)):
if b in H[k]:

X1 = [i for i in range(len(H[k])) if H[k].startswith(b,

i)]
X2=[]
if X1[0] == O0:

X3 = [H[k][X1[jl-1] for j in range(l,len(X1))]

X2 = X2 + [’+°] + X3

else:

X2 = [H[k][X1[j]l-1] for j in range(len(X1))]

PX2 =0
NX2 =0

for i in range(len(X2)):
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19 if X2[i] == ’+7:
20 PX2 = PX2 +1
21 elif X2[i] == >-°:
22 NX2 = NX2 + 1
23

24 if PX2 != NX2:

25 X =X+ 1

2 M =M+ [W[k]]

27 N = N + [H[k]]

28 else:

29 X=X

30 M=M

3 =

32 print ("")

33 print (£°{B2.index(b)+1}) {b}:Q[{j}] appears ’,X, f’times in:’)
34 for i in range (X):

35 print (£°{i+1}. {M[i]l} = {N[i]}?)
The output is presented in Listing 7.2.

1 T3=[]
2 83=[]
3 for i in B3:
if i[0] == °1°
T3 = T3 + [i[0]]
6 if i[0] == °3°
7 S3 = 83 + [i[0]]
8
o print (’Length of B3 =’, len(B3))
10 print (f’Left aligned words in B3: {len(T3)}’)
11 print (f’Balanced words in B3 :{len(S3)}’)

Output:

Length of B3 = 30
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Left aligned words in B3: 12

Balanced words in B3 :18

for b in B3:
j=Q.index (b)
X=0
M=[]
N=[]
for k in range(len(H)):
if b in H[k]:

X1 = [i for i in range(len(H[k])) if H[k].startswith(b,

)]
X2 = []
if X1[0] == O0:
X3 = [H[k][X1[j]l - 1] for j in range(l, len(X1))]

X2 = X2 + [’+°] + X3
else:

X2 = [H[k]J[X1[j] - 1] for j in range(len(X1))]

PX2 =0
NX2 = 0
for i in range(len(X2)):
if X2[i] == *+7:
PX2 = PX2 + 1
elif X2[i] == °’>-’:

NX2 = NX2 + 1

if PX2 !'= NX2:
X=X+ 1
M =M+ [W[k]]
N =N + [H[k]]
else:
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print (Il Il)
print (£’{B3.index(b)+1}) {b}:Q[{j}] appears
for i in range (X):

print (£°{i+1}. {M[il1} = {N[il}?)

The output is presented in Listing 7.3.

T4=[]
sa=[]

3 for i in B4:

if 1[0] == 1’
T4 = T4 + [i[0]]
if i[0] == ’3°
S4 = S84 + [i[0]]

print (’Length of B4 =’, len(B4))
print (f’Left aligned words in B4: {len(T4)}’)

print (f ’Balanced words in B4 :{len(S4)}’)
Output:

Length of B4 = 48
Left aligned words in B4: 12

Balanced words in B4 :36

for b in B4:
j = Q.index(b)
X=0
M=[]
N=[]
for k in range(len(H)):
if b in H[k]:

)
,X7

f’times in:’)

X1 = [i for i in range(len(H[k])) if H[k].startswith (b,

i)]
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X2 = []
if X1[0] == 0:

X3 = [H[k][X1[j]

- 1] for j

X2 = X2 + [’+’] + X3

else:

X2 = [H[k][X1[j]

PX2 =0
NX2 = 0

in range (1, len(X1))]

- 1] for j in range(len(X1))]

for i in range(len(X2)):

if X2[i] == ’+:

PX2 = PX2 +

elif X2[i] == 7

NX2 = NX2 +
if PX2 !'= NX2:
X =X + 1

M =M+ [W[k]]

N = N + [H[k]]
else:

X =X

M =M

N =N

32 print ("")
33 print (£’{B4.index(b)+1}) {b}:Q[{j}]

34 for i in range(X):

35 print (£°{i+1}. {M[i]}

The output is presented in Listing 7.4.

1 T5=[]
> 85=[]
3 for i in B5:

4 if i[0]

== 21"

{N[i1})

appears

)
,Xy

f’times in:?)
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T5 = T5 + [i[0]]

86 = s5 + [i[0]]

print (’Length of B5 =’, len(B5))
print (f’Left aligned words in B5: {len(T5)}’)
print (f’Balanced words in B5 :{len(S5)}’)

Output:

Length of B5 = 24
Left aligned words in B5: 4

Balanced words in B5 :20

for b in Bb5:
j = Q.index(b)
X=0
M=[]
N=[]
for k in range(len(H)):
if b in H[k]:

X1 = [i for i in range(len(H[k])) if H[k].startswith(b,
i)]

X2 = []

if X1[0] == O:
X3 = [H[k]I[X1[jl - 1] for j in range(l, len(X1))]
X2 = X2 + [’+°] + X3

else:
X2 = [H[k][X1[j]l - 1] for j in range(len(X1))]

PX2 =0

NX2 = 0

for i in range(len(X2)):
if X2[1i] == °’+’:
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PX2 = PX2 + 1
elif X2[i] == ’-7:
NX2 = NX2 + 1

if PX2 != NX2:
X=X+ 1
M =M+ [W[k]]
N = N + [H[k]]

cIISICH:
X =X
M =M
N =N

print ("")

print (£°{B5.index (b)+1}) {b}:Q[{j}] appears ’,X, f’times in:’)
for i in range (X):

print (£°{i+1}. {M[il} = {N[il}?)

The output is presented in Listing 7.5.
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