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Abstract

The problem of supervised learning can be phrased in terms of finding a good approx-
imation to some unknown target function f, based on observing f’s values on some
examples drawn randomly according to some underlying distribution. Unfortunately,
finding an algorithm that efficiently learns simple classes of neural networks under any
distribution has proven to be very hard. In this thesis, we propose learning algorithms
that provably and efficiently learn simple classes of neural networks under simple distri-
butions within the rigorous framework of computational learning theory. We therefore
propose some restrictions on both the neural network class and the underlying distri-
bution that generates the examples because, otherwise, the learning problem becomes

intractable.

In the first part of the thesis, we present an algorithm that provably learns the
class of stochastic perceptrons with arbitrary monotonic activation function and binary
weights when the probability distribution that generates the input examples is member

of a class that we call k-blocking distributions.

The problem studied in Second part of the thesis is much more involved. Whereas
in the first part, the target function consists only of a single perceptron, in the second
part, it consist of a nonoverlapping network of perceptrons. We provide an algorithm
that provably finds both the binary-valued weights and the network connectivity of
the target function when the distribution is such that each variable is statistically

independent of all the others.
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Chapter 1

Introduction

Research in artificial neural networks now constitutes a significant portion of the cur-
rent research in artificial intelligence. Successes in applications as diverse as financial
forecasting, optical character recognition, and robotics are now numerous. In most of
these applications a finite training set {< x;,y; >}, of m examples is first gathered.
Here x; refers to a n-dimensional input vector of values for which the desired scalar out-
put is y;. In other words, y; is the output value of some unknown function f evaluated
on input example x; i.e. y; = f(x;) for i = 1---m. A learning algorithm then reads
this training set of examples and eventually produces a neural network function A(x).
For now it suffices to say that this hypothesis function h(x) is represented as a network
of simple computing elements that are called neurons. Given any input vector x, the
neural network computes an output value h(x). The goal of the learning algorithm
is to produce a hypothesis neural network function ~(x) which will agree most of the
time with f(x) on future examples x not present in the training set. If this is the case
we say that h generalizes well on new examples. Designing learning algorithms that

achieve good generalization is a major objective of both this thesis and all of neural

network research.
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The methods used to evaluate the generalization performance of a neural network
learning algorithm are mainly empirical. Typically, a set of examples is split into two
disjoint subsets: the training set used by the learning algorithm and the testing set used
to test the accuracy of the hypothesis A that was returned by the learning algorithm
ran on the training set. To obtain a better estimate of the algorithm’s performance,
the k-fold cross-validation method (see [27] for example) is usually performed. For
this, the entire set of data is first split into & disjoint subsets. The learning algorithm
is trained on the union of & — 1 subsets and the returned hypothesis h is tested on
the remaining subset. The generalization scores are then averaged over the k different
testing sets to obtain an estimation of the algorithm’s generalization ability. In this
way, the application developer can test different learning algorithms and pick the one
which performs best on his data. However, satisfactory this might be for the application
developer, such empirical evaluations provide no information on the performance of a
learning algorithm outside the scope of the application: we simply cannot predict how
the algorithm will perform outside the domain in which it was tested. Hence, what
we need from a scientific point of view is a precise characterization of the conditions

under which a given learning algorithm will give a certain level of performance.

Judging from the overwhelming number of different neural network learning al-
gorithms that currently exist compared to those very few for which we can prove
something about them, we can say that it is quite easy to design a learning algorithm
which is based on “sound principles® that “make sense in practice” but it is much
more difficult to obtain a quantitative characterization of the conditions under which
this algorithm will work satisfactorily. Since this thesis is concerned only about neural
network learning algorithms for which we can provide a precise characterization of the

algorithm’s performance, we will restrict the discussion to these. But before we can
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state the relevant results on to which this thesis is built upon, we need to introduce

some basic notions of learning theory.

A learning algorithm is an algorithm that takes as input a set of m training examples
{< xi,4i >}, and returns a function A(x) called the hypothesis function. Each x; is a
n-dimensional vector whose components are restricted to be Boolean valued throughout
this thesis. Each y;, known as the class label of input example x;, is also restricted
to be Boolean valued throughout this thesis. Each input example x; is generated
independently according to some unknown distribution D and then classified according
to some unknown function f that we call the target function. Hence, the learner is
provided only with the values of f on m points. To simplify the discussion, let us
assume for now that the function f to learn and the hypothesis A returned are always
deterministic functions, i.e. their output value on any input x is uniquely determined
with probability one. In these circumstances, the error err(h, f) that h makes with f
is defined to be the probability that h disagrees with f on a new example x drawn
randomly according to the same (but unknown) distribution D that generated the
training set

err(h, f)EPreep {h(x) # f(x)} (1.1)

Given a set of m examples, the goal of the learner is to return a hypothesis for
which err(h, f) is as small as possible. However, A depends on the training set that
was used by the learner: if we change the training set, & will generally change (for the
same learning algorithm). Hence, a reasonable goal for the learner will be to return
with high probability (over the different training sets) a hypothesis that makes small
error. Moreover, we should not expect that a learning algorithm will achieve that goal
for any target function f and any distribution D but rather only for a restricted class

F of functions and a restricted family D of distributions. By identifying F' and D, we
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are in fact providing precise conditions under which a learning algorithm will perform
satisfactorily. These considerations have led us to adopt the Probably Approximately

Correct (PAC) learning criteria that was proposed by Valiant [30].

Definition 1.1 A learning algorithm A is said to PAC learn a class F of functions
under a family D of distribution iff for any f € F, any D € D, any 0 < € < 1, and
any 0 < 0 < 1, we have that A returns h such that err(h, f) < € with probability at
least 1 — & over the different training sets of size m. The smallest m(e,8) satisfying

this property is called the sample complezity of algorithm A.

Any learning algorithm must choose the returned hypothesis A among a set H of
functions that it is capable of implementing. Vapnik [32, 33, 34] has made an enormous
contribution to learning theory by identifying a key property of H, called the VC-
dimension of H, noted by V'C(H), which affects the sample complexity of learning
algorithms. The V'C(H) is the maximum number d of points {x;}&, for which we are
capable of producing all the 2¢ different Boolean vectors (h(x;), h(x2), -, h(x4)) by
using only the functions 4 in the hypothesis space H. Indeed, from Vapnik’s work it
is possible to show [1] that any learning algorithm that can always find an h€e H D F
that makes zero empirical error on the training set (i.e. h(x;) = f(x;) fori=1,---,m)

will need at most that number of examples

m(e,8) = —f- <ln (;) +VC(H)In (%‘5))

to PAC learn the class F' with the hypothesis class H.

A learning algorithm that can always return an h that makes zero empirical error
with a training set is said to be consistent. Hence, if F C H and if the VC(H) is finite,
then any consistent learning algorithm that uses H is a PAC learning algorithm for F

and the number of examples needed just grows linearly with VC(H).
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A neural network learning algorithm usually restricts itself to a class H of functions
that are representable as a restricted set of neural networks. The most restricted set is
the class of functions representable as a single neuron. Here by neurons, or perceptrons,
we mean linear threshold devices. Hence, a perceptron h on x with weight vector w
and threshold 6 outputs h(x) = 1 if ) 7, w;jz; > 6, otherwise A(x) = 0. Figure 1.1
illustrates the computation performed by a single perceptron. The VC-dimension of
a single perceptron with n real valued weights and a threshold is n + 1 (see [1] for a
simple proof). Hence, the number of examples sufficient to PAC learn a perceptron is

linear in n.

y=sgn(Zwix -6)

X1 X2 Xn

Figure 1.1: A single perceptron. The function sgn(z) is 1 if z > 0 and 0 otherwise.

A neural network is a network of perceptrons. A feedforward neural network is

a network of perceptrons with no feedback connections. Figure 1.2 illustrates the
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computation performed by a multi-layered feedforward neural network. Such a network
consists of input units (shown in black), hidden units, and a single output unit. Every
unit is a perceptron and performs the computation stated earlier (i.e. as in figure 1.1).
When an input example is presented to the input units. The ouput values of the
(hidden) perceptrons in the first layer is first computed. Then the ouput values of the
perceptrons in the second hidden layer is computed; and so on, until the output unit
can compute its output value. This last value is the output value of the whole network

for the given input example.

Baum and Haussler [4] have shown that the VC-dimension for such networks with
W variable weights and thresholds is less than 61 log . Hence, the sufficient number
of examples needed for any consistent feedforward neural network learning algorithm is
obtained by substituting 611" log W in place of VC(H) in the above formula for m(e, d).
The problem we are facing here is that we need a consistent algorithm: one that can
always find the values of all the weights (and thresholds) such that the neural network
is consistent with the training set. The standard algorithm used by the practitioners
to train feedforward neural networks is a gradient descent algorithm known as back-
propagation [33, 26]. However, with gradient descent, one might get trapped in some
local minima where consistency does not occur. In addition, it is possible to have expo-
nentially many local minima even for a single perceptron [3]. Hence, gradient descent
(and variants) might take a prohibitive amount of training time even for the simplest

feedforward neural nets.

Hence, the above discussion shows that we want more for an algorithm than just
being able to PAC learn, we want it to be efficient, i.e. we want its training time
to increase no more than a polynomial in terms of all the relevant parameters that

characterize the hypothesis class H used by the algorithm (like VC(H)), the precision
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X1 X2 Xn

Figure 1.2: A multi-layered feedforward neural network.



CHAPTER 1. INTRODUCTION 8

¢ that we require for h and the confidence parameter 8. If this is the case we will say

that algorithm A is an efficient PAC learning algorithm for class F under H.

Training a single perceptron with real weights is a sub problem of Linear Pro-
gramming. Hence, we can use any polynomial time linear programming algorithm to
efficiently PAC learn the class F of real weight perceptrons with the same hypothesis
class H = F. But this is basically using a “jack-hammer to push a nail”. In fact, there
exists a very simple, on-line, adaptive rule known as the Perceptron Learning Rule,
originally proposed by Rosenblatt [23]. which takes at most (R/+)? additive updates in
order to find a weight vector and threshold that is consistent with any given training
set of m examples which are enclosed in a ball of radius R and for which there exists a
consistent separating hyperplane with margin « (see Block [3]). Hence, for this simple
learning rule the time is not polynomial in the number n of weights but deteriorates

polynomially in terms of R/~.

Suppose that the function to learn is a perceptron with “binary” weights, i.e. the
weights are restricted to be in {—1,0,+1}. From the above discussion, we know that
we can certainly efficiently PAC learn this class with the hypothesis class consisting of
real weight perceptrons. But can we learn binary perceptrons with binary perceptrons?
To answer this, we note that the consistency problem of determining a set of binary
weights that will linearly separate a training set of examples is an Integer Programming
problem. Hence, unless P = NP, we cannot efficiently PAC learn binary perceptrons
with binary perceptrons under an arbitrary distribution D. But the hardness of the
problem changes substantially if the distribution D that generates the examples is
restricted to some well defined class. Indeed, Golea and Marchand (7] have shown that
a simple adaptive rule, known as the clipped-Hebb rule, is able to efficiently PAC learn

binary perceptrons under the uniform distribution. Moreover, they have shown that a
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simple modification of this rule can handle the case of binary perceptrons when D is a
member of the family of product distributions: i.e. distributions for which each input

variable is statistically independent of all the others.

In the next chapter, we show how a modification of the clipped-Hebb rule can learn
stochastic perceptrons with binary weights under a larger family of distributions that
we call k-blocking distributions. By a stochastic perceptron, we mean a perceptron
whose Boolean output value is determined stochastically: given an input vector x,
the output is equal to one with the probability given by f(3 I, wiz;) where f(.) is
an arbitrary monotonic function usually called the activation function. However, it is
clear that we cannot find a hypothesis whose accuracy can be arbitrarily close to such a
stochastic function. In this case, we can only hope to find a good model of probability
of its stochastic behavior. Hence, as we will discuss in the next chapter, we need to
extend the above mentioned PAC learning criteria to the one proposed by Kearns and

Schapire [20]. We have already published elsewhere [22] the results of this chapter.

The third chapter of the thesis is devoted to the harder problem of learning networks
of perceptrons. In that respect, Blum and Rivest [6] have shown that the consistency
problem of training an AND (or an OR) of just two perceptrons is NP-complete. Al-
though this result does not rule out that such simple networks might be learnable by
networks containing more perceptrons. to our knowledge, no efficient algorithm exists
for this problem. However, we can simplify the network class by removing the overlap
between the receptive fields of the perceptrons. By using the techniques of Kearns et
al. [17], Golea and Marchand (8] have shown that the consistency problem of learning
an AND/OR. of two nonoverlapping perceptrons is as hard as that of an AND/OR
of overlapping perceptrons. More generally, this shows that, under arbitrary input

distributions, the problem of learning nonoverlapping networks is as hard as learning
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completely overlapping networks. But again, restricting the input distribution changes
the difficulty of the learning problem. Indeed, Golea, Marchand and Hancock [10] pro-
vided algorithms to efficiently PAC learn, under the uniform distribution, AND/OR
of nonoverlapping perceptrons and generalized decision lists of nonoverlapping percep-
trons. In the remaining chapters of this thesis, we give a polynomial time algorithm
that PAC learns the general class of nonoverlapping perceptrons under the family of
product distributions. This is the general class of loop free neural networks where each
node has only one outgoing weight. In analogy with the class of u-formulas originally
studied by Valiant {30], these nonoverlapping neural networks constitute the class of
p-perceptron networks. An algorithm for learning the restricted case of constant depth
p-perceptron networks with no weakly relevant variables has already been published
by us elsewhere [23]. In this thesis, we presents an algorithm that can handle all
these simpler cases [23, 10] in addition to the more complex case of arbitrary depth

p-perceptron nets with weakly relevant variables.



Chapter 2

Learning Stochastic Perceptrons
Under K-Blocking Distributions

In this chapter, we first introduce a new family of distributions that we call k-blocking
distributions. Such distributions represent an important step beyond product distribu-
tions since the 2k-blocking family contains all the Markov distributions of order k. We
then present a statistical method that PAC learns the class of stochastic perceptrons
with arbitrary monotonic activation function and binary weights when the probability

distribution that generates the input examples is a k-blocking distribution.

2.1 Introduction

The PAC learning criterion [30] has recently been extended [13] to analyze the learn-
avility of probabilistic concepts [20, 28, 31]. Such concepts, which are stochastic rules
that give the probability that input example x is classified as being positive [20, 28, 31],
are natural probabilistic extensions of the deterministic concepts originally studied by

Valiant [30].

11
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Motivated by the stochastic nature of many “real-world” learning problems and
by the indisputable fact that biological neurons are probabilistic devices, some pre-
liminary studies about the PAC learnability of simple probabilistic neural concepts
have been reported [7, 9] recently. However, the probabilistic behaviors considered in
these studies are quite specific and clearly need to be extended. Indeed, only classi-
fication noise superimposed on a deterministic signum function was considered in [7]-
The probabilistic network analyzed in [9], consists of a linear superposition of signum
functions and is thus solvable as a (simple) case of linear regression. What is clearly
needed is the extension to the non-linear cases of sigmoids and radial basis functions.
Another criticism about [7, 9] is the fact that their learnability results was established
only for distributions where each input variable is statistically independent from all the
others (product distributions). In fact, very few positive learning results for non-trivial
p-concepts classes are known to hold for larger classes of distributions. Therefore, in
an effort to find algorithms that will work in practice, we introduce in this research
a new family of distributions that we call k-blocking distributions. As we will argue,
this family has the dual advantage of avoiding malicious and unnatural distributions
that are prone to render simple concept classes unlearnable [21] and, of being likely to

contain several distributions found in practice.

Our main contribution is to present a simple statistical method that PAC learns
(in polynomial time) the class of stochastic perceptrons with monotonic (but otherwise
arbitrary) activation functions and weights w; € {—1,0,+1} when the input examples

are generated according to any distribution member of the k-blocking family.

In the next section, we will introduce some preliminary definitions and present the
extension [20] of the PAC learning criterion for learning stochastic perceptrons. In the

following sections, we will introduce the notion of k-blocking distributions and then
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provide the learning algorithm for stochastic perceptrons.

2.2 Preliminary definitions and
the criterion for learning

The input space, ", is the Boolean domain {—1, +1}". The set of all input variables
is denoted by X. Each input example x is generated according to some unknown
distribution D on I". As usual, we will use pp(x), or simply p(x), to denote the
probability of observing the vector value x under distribution D. If U and V are two
disjoint subsets of .X', xy and xy will denote the restriction (or projection) of x over
the variables of U and V" respectively and pp(xy|xy) will denote the probability, under
distribution D, of observing the vector value xy (for the variables in U) given that the

variables in V" are set to the vector value xy.

Following Kearns and Schapire [20], a probabilistic concept (p-concept) is a map
c:I™ = [0, 1] for which ¢(x) represents the probability that example x is classified as
positive. More precisely, upon presentation of input x, an output of o = 1 is generated
(by an unknown target p-concept) with probability ¢(x) and an output of o = 0 is

generated with probability 1 — ¢(x).

A stochastic perceptron is a p-concept parameterized by a vector of n weights w; and
a activation function f(-) such that, the probability that input example x is classified

as positive is given by

Prc=1lx) = f (i wiz,-) . (2.1)
i=1

We restrict ourselves to the case where f(-) is monotonic i.e. either nondecreasing or

nonincreasing. Moreover, the learner can assume without loss of generality that the
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target stochastic perceptron has a nondecreasing f(-). Indeed, any stochastic percep-
tron with a nonincreasing f(-) and weight vector w can always be represented with a
nondecreasing activation function and weight vector —w. Hence, we allow any sigmoid-
type of activation function (with arbitrary threshold). Also, since our instance space
I" is on an n-sphere, eq. 2.1 also includes any nonincreasing radial basis function of
the type ¢(z?) where = = |x — w| and w is interpreted as “center” of ¢. The only

significant restriction is on the weights where we allow only for w; € {~1,0, +1}.

As usual, the goal of the learner is to return a hypothesis h which is a good approx-
imation of the target p-concept c¢. But. in contrast with decision rule learning which
attempts to “filter out” the noisy behavior by returning a deterministic hypothesis, the
learner will attempt the harder (and more useful) task of modeling the target p-concept
by returning a p-concept hypothesis. As a measure of error between the target and the

hypothesis p-concepts we adopt the variation distance d,(-,-) defined as:

o
no
~—

err(h,c) = dy(h,c) < ZPD(X) [h(x) — c(x)] (

Where the summation is over all the 2" possible values of x. Hence, the same D is used
for both training and testing. The following formulation of the PAC criterion [30, 13, 20]

will be sufficient for our purpose.

Definition 2.1 Algorithm A is said to PAC learn the class C of p-concepts by using
the hypothesis class H (of p-concepts) under a family D of distributions on instance
space I™, iff for any c € C, any D € D, any 0 < €,6 < 1, algorithm A returns in a
time polynomial in (1/¢,1/4,n), a hypothesis h € H such that with probability at least

1-4, err(h,c) <e.
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2.3 A reasonable distribution class:
the k-blocking family

To learn the class of stochastic perceptrons, the algorithm will try to discover each
weight w; that connects to input variable z; by estimating how the probability of
observing a positive output (¢ = 1) is affected by “hard-wiring” variable z; to some
fixed value. This should clearly give some information about w; when z; is statistically
independent from all the other variables as was the case for {7, 28]. However, if the
input variables are correlated, then the process of fixing variable z; will carry over
neighboring variables which in turn will affect other variables until all the variables are
perturbed (even in the simplest case of a first order Markov chain). The information
about w; will then be smeared by all the other weights. Therefore, to obtain information
only on w;, we need to break this “chain reaction” by fixing some other variables. The

notion of blocking sets serves this purpose.

Loosely speaking, a set of variables is said to be a blocking set! for variable z; if the
distribution on all the remaining variables is unaffected by the setting of z; whenever

all the variables of the blocking set are set to a fixed value. More precisely, we have:

Definition 2.2 Let B be a subset of X and let U = X — (BU{z;}). Let xg and xy be
the restriction of x on B and U respectively and let b be an assignment for xg. Then

B is said to be a blocking set for variable z; (with respect to D), iff:
pp(xy|xs =b,z; = +1) = pp(xv|xg = b,z; = —1) for all b and xy (2.3)

In addition, if B is not anymore a blocking set when we remove anyone of its variables,

!The wording “blocking set” was also used by Hancock & Mansour (Proc. of COLT’91, 179-183,
Morgan Kaufmann Publ.) to denote a property of the target concept. In contrast, our definition of
blocking set denotes a property of the input distribution only.
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we then say that B is a minimal blocking set for variable z;.
We thus adopt the following definition for the k-blocking family.

Definition 2.3 Distribution D on I™ is said to be k-blocking iff |B;| < k fori=

1,2---n when each B; is a minimal blocking set for variable z;.

The k-blocking family is quite a large class of distributions. In fact, we have the

following property:

Property 2.1 All Markov distributions of kth order are members of the 2k-blocking

family.

Proof: By kth order Markov distributions, we mean distributions which can be ex-
actly written as a Chow(k) expansion (see [14]) for some permutation of the variables.
We prove it here (by using standard techniques [2]) for first order Markov distribu-
tions, the generalization for A > 1 is straightforward. Recall that for Markov chain
distributions we have: p(z;lzj_,,---21) = p(zj|zj-,) for 1 < j <nand 1 <r < j.
Hence:

P(xl"'Ij-2,$j+2°"l'nll'j-hxj,fjﬂ)
= P(Il)P(12|fl)"'P(Ijlzj-l)li(l'j+1|$j)"'P(xnlfn—l)/l’(-’fj—lvxj:xjﬂ) (2.4)
= p(z1)p(z2lz1) - - - p(z)-1]Tj=2)P(Tj12|T541) - - - P(Zn|Tn1) /(1) '
= p(T1° Tj_2, Tjs2 " TnlTjo1, 5, Tjt1)

where Z; denotes the negation of z;. Thus, we see that Markov chain distributions are
a special case of 2-blocking distributions: the blocking set of each variable consisting

only of the two first-neighbor variables. ]

The proposed algorithm for learning stochastic perceptrons needs to be provided

with a blocking set (of at most k variables) for each input variable. Hoeffgen [14] has
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recently proven that Chow(1) and Chow(k > 1) expansions are efficiently learnable;
the latter under some restricted conditions. We can thus use these algorithms to
discover the blocking sets for such distributions. However, the efficient learnability of
unrestricted Chow(k > 1) expansions and larger classes of distributions, such as the
k-blocking family, is still unknown. In fact, from the hardness results of Hoeffgen [14],
we can see that it is definitely very hard (perhéps NP-complete) to find the blocking
sets if the learner has no information available other than the fact that the distribution
is k-blocking. On the other hand, we can argue that the “natural” ordering of the
variables present in many “real-world” situations is such that the blocking set of any
given variable is among the neighboring variables. In vision for example, we expect
that the setting of a pixel will directly affect only those located in it’s neighborhood;
the other pixels being affected only through this neighborhood. In such cases, the

neighborhood of a variable “naturally” provides its blocking set.

2.4 Learning stochastic perceptrons

We first establish (the intuitive fact) that, without making much error, we can always
consider that the target p-concept is defined only over the variables which are not

almost always set to the same value.

Lemma 2.1 Let U be a set of u variables z; for which Pr(z; = a;) > 1 — a for some
a; € {0,1}. Let ¢ be a p-concept and let ¢ be the same p-concept as c ezcept that the
reading of each variable z; € U is replaced by the reading of the constant value a;. Then

err(cd,c) < u-a.
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Proof: Let a be the vector obtained from the concatenation of all a;s and let Xy be

the vector obtained from x by keeping only the components z; which are in U. Then:

err(c,c) = err(c,c|xy = a)Pr(xy = a)
+err(c, clxy # a)Pr(xy # a)
Pr(xy # a)

> Pr(z; # a;)

el
u-a. (2.5)

IN A

IA

For a given set of blocking sets {B;},, the algorithm will try to discover each

weight w; by estimating the blocked influence of z; defined as:

Binf(z;|b;) % Pr(oc = 1|xg, = b;, z; = +1)

—pl'(O’ = lle; = bi,l‘i = —1) (26)

where x g, denotes the restriction of x on the blocking set B; for variable z; and b; is an
assignment for xg,. The following lemma ensures the learner that Binf(z;|b;) contains

enough information about w;.

Lemma 2.2 Let the target p-concept be a stochastic perceptron on I having ¢ non-
decreasing activation function and weights taken from {—1,0,+1}. Then, for any as-
signment b; for the variables in the blocking set B; of variable z;, we have:

20 ifw;=+1
Binf(x,—lb;) =0 if w; = 0 ( .
S 0 if w; = -1

o
~1
~—

Proof: Let W = X — (BiU{z:}), s = 3., ew wjz; and ((b;) = 3, p wiby. Let
p(xw|b;) denote the probability of observing the restriction xy (under D) given b;.
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Then:
Binf(z:[bi) = ) p(xwlb) [f(s +C(bi) +we) — f(s +((b) —wy)];  (28)

from which we find the desired result for any nondecreasing f(-).

c.

In principle, lemma 2.2 enables the learner to discover w; from Binf(z,|b;). The
learner, however, has only access to its empirical estimate Binf(z;|b;) from a finite
sample. Hence, we will use Hoeffding’s inequality [15] to find the number of examples

needed for a probability p to be close to its empirical estimate p with high probability.

Lemma 2.3 ([15]) Let Yi,...,Y, be a sequence of m independent Bernoulli trials,

each succeeding with probability p. Let p=3 - Y;/m. Then:

Pr(lp—p| >¢) < 2exp(—2mé?) (2.9)

Hence, by writing Binf(z,|b;) in terms of probabilities that can be estimated from all
the training examples, we find from lemma 2.3 that the number my(e, , n) of examples

needed to have |Binf(z;|b;) — Binf(z;|b;)| < € with probability at least 1 — § is given

” mole,d,m) > %(%)% (g) (2.10)

where k = a**! is the lowest permissible value for pp(b;,z;) (see appendix A for
details). So, if the minimal nonzero value for |Binf(z;|b;)| is 8, then the number of
examples needed to find, with confidence at least 1 — 4, the exact value for w; among
{-1,0,+1} is such that we need to have: Pr(|Binf(z;|b;) —Binf(z;|b;)| < 8/2) > 1-34.
Thus, whenever S is of Q(e™"), we will need of O(e?") examples to find (with probability

> 1 — §) the value for w;. So, in order to be able to PAC learn from a polynomial
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sample, we must arrange ourselves so that we do not need to worry about such low
values for |Binf(z;|b;)|. We, therefore, consider the mazimum blocked influence defined
as:

Binf(z;) ¥ Binf(z;|b}) (2.11)
where b} is the vector value for which |Binf(z;|b;)| is the largest. We now show that

the learner can ignore all variables z, for which |Binf(z;)| is too small (without making

much error).

Lemma 2.4 Let X be the set of all the input variables. Let ¢ be a stochastic perceptron
with nondecreasing activation function f(zj w;T;) and weights taken from {—1,0, +1}.
Let U C X and let ¢y be the same stochastic perceptron as ¢ ezcept that w; = 0 for all
z; € U and its activation function is changed to f(Zje(X—-U) wjz; +0). Then, there
always ezists a value for 8 such that:

err(cy,c) < ) _ |Binf(z;)| (2.12)

iU

Proof: Let n be the total number of variables. Let |U| denote the total number of
variables in U. Let ¢y be the same stochastic perceptron as c except that w; = 0 for all
z; € U and its activation function is changed to f(3°7_y 41 wiZ; Z -, w;a;) where

a; € {-1,+1}.

Now to prove the lemma, we will show that there always exists a setting of values
for each a; € {—1,+1} such that it satisfies inequality 2.12. Therefore, the lemma will

be established if we define: 8% Z'Ull wja; for such a setting.

By the definition of the error, we can write:

4!

err(c, cy) ZPr f(z w;z;) — f( Z w;T; + X‘wJaJ (2.13)

J=UI+1 j=1
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where the sum is over all the possible value of x. Now, let's add and subtract terms

like f(z;.’m. w;jT; + Z;;ll wjaj) for ¢ = 2 to ¢ = |U| — 1. Therefore, we will have:

".’L'J') — f(z ’LUJ'.’L’J' -+ wlal)

err(c,cy) = ZPr(x) f(

j=2
-t 14
Z wjl; + Z wja;) Z wiLi + Z wja;)
i=|U] J=lUl+1
< ZPr(x) { f( “f(zwjl‘j-'r-wlal)
x = =2
-1 U
Z wjx; -+ Z w]a‘J Z W;T; +Zu,a1 }
J={Ui J=|Ul+1
It i-1
= Zzpl ijxj-i-ijaj) Z lLJ.’L‘J-i-Zu,JaJ
=l x J=i Jj=1 j=i+l
def

Now let B; be z;’s blocking set and let IV = X — (B; U {z;}). Then, we can write:

14

err(c,cy) < ZZZ Z Pr(xw|B; = b;)Pr(B; = b;|z; = d';)Pr(z; = d';)

=1 xy by o e{a;:,a;}

E W;iT; + Wik + E wja;) Z w;iz; -+ wia; + E w;ay)

J=t+l Jj=i+l
U1
= Z Pr(z; = @) Z Pr(B; = b;|z; = @)
=1 b,
XBinf(l'ilB,' = b,;,.’L'i_l =Qi-1,""",T) =0.1) (214)

where the last line is obtained from the definition of the block influence.
Now let’s define:

. def .
[Binf(z:|zi—1 = ai-1,- -+, 1 = a1)| S=maxy, |Binf(z:|B; = b, 7im1 = @iy, - -+, 71 = a1)],
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then:
U}
err(c,cy) < Z Pr(z; = @) [Binf(zi|ziy = @im1, -+, 21 = 1) %

=]

Z PI'(Bi = b,’lIi = E{)
b,
= Pr(z; = @) |Binf(zi|zi-1 = ai-1, -+, 71 = ay)] .
Since there always exists a set of values {a;_1,a;-s,"--,a,} such that:
|Binf(xi’$i—1 =0i-1, ", I = al)l S IBlnf(Il)l :

For such a setting of the a;s, we will find:

1]
err(c.cy) < Zpr(lfi = @;) |Binf(z;)|

Therefore, as we mentioned, the lemma holds for § = Eit_i_ll w;a,.

[AV]
(V]

(2.16)

(2.17)

a

After discovering the weights, the hypothesis p-concept h returned by the learner

will simply be the table look-up of the estimated probabilities of observing a positive

classification given that ) [ w;z; = s for all s values that are observed with sufficient

probability (the hypothesis can output any value for the values of s that are observed

very rarely). We thus have the following learning algorithm for stochastic perceptrons.

Algorithm LearnSP(n,¢,§, {B;}X,)

1. Call m = 128 (;_;_:)2k+4 In (322) training examples (where k = maz;|By|).

2. Compute l5r(z:‘- = +1) for each variable z;. Neglect z; whenever we have P;r(x,- =

+1) < 3¢/(4n) or Pr(z; = +1) > 1 - 3¢/(4n).
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3. For each variable z; and for each of its blocking vector value b;, compute Binf (z;|b;).
Let b} be the value of b; for which |Binf(z;|b;)| is the largest. Let Binf(z;) =
Binf(z;|b}).

4. For each variable z;:
(a) Let w; = +1 whenever Binf(z,) > 3¢/(4n).
(b) Let w; = —1 whenever Binf(z;) < —3¢/(4n).
(c) Otherwise let w; =0

5. Compute I51'(Z:.1=1 wiz; =8) for s =-n,... +n.

6. Return the hypothesis p-concept A formed by the table look-up:

n
E WiT; =38

i=1

hx) = R(s) = f?r(o—: 1

for all s for which Pr(Z:‘___l wir; = 5) > €/(8n + 8). For the other s values, let

h'(s) = 0 (or any other value).

Theorem 2.1 Algorithm LearnSP PAC learns the class of stochastic perceptrons on
I™ with monotonic activation functions and weights w; € {-1,0,+1} under any k-
blocking distribution (when a blocking set for each variable is known). The number of
ezamples required is m = 128 (%—:)%H In (322) (and the time needed is O(n x m)) for

the returned hypothesis to make error at most € with confidence at least 1 — 6.

Proof: From Hoeffding’s inequality (lemma 2.3) we can show that this sample size is

sufficient to ensure that:

o |Pr(z; = +1) — Pr(z; = +1)| < ¢/(4n) with confidence at least 1 — d/(4n)
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e |Binf(z;) — Binf(ri)( < €/(4n) with confidence at least 1 — §/(4n)

o [Pr(Y 1 wiz; =s) — Pr(3 L, wir; = s)| < €?/[64(n+1)] with confidence at least

1—6/(4n +4)

e Pric=1 |3 wizi =s) — Pr(o = 1|0, wiz; = s)| < ¢/4 with confidence at

least 1 — 6/4

If we choose m in order to satisfy the second inequality with the required confidence,
all the inequalities above will be satisfied (with the required confidence). That value

of m can be found by using Hoeffding’s inequality (see appendix B for details). a

2.5 Conclusion

We have presented a simple polynomial time algorithm for PAC learning stochastic
perceptrons under the family of k-blocking distributions. This family of distributions
represent an important step beyond the case where each input variable is statistically
independent (i.e. product distributions) since the 2k-blocking family distribution con-
tains all the Markov distributions of order k. However, we restricted ourselves to the

case where the learner had information about the blocking set of each variable.



Chapter 3

A Statistical Method for Learning
Nonoverlapping Neural Networks

In this chapter, we present a statistical method that PAC learns, under product dis-
tributions, the class of nonoverlapping perceptron networks of arbitrary depth, with

weights taken from {—1,0 + 1}, and arbitrary thresholds.

3.1 Introduction

From a theoretical perspective, it is well known that efficient learning of non simple
neural network classes is possible only when either the learner is able to use membership
queries or when the distribution that generates the input examples is restricted to some
well defined class. Following several positive learnability results on different classes of
read-once Boolean formulas. a membership query algorithm has been proposed [12] for
learning the class of nonoverlapping perceptron networks (here and henceforth NPN).
These networks, also known as u-perceptron networks or read-once formulas over a
weighted threshold basis, are loop-free neural nets in which each node has only one

outgoing weight. If membership queries are not permitted (as we assume throughout

25
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this thesis), learning this class becomes intractable [17] under arbitrary input distribu-
tions. Under the uniform distribution. however, a PAC learning algorithm has been
proposed [10] for a quite restricted subclass called generalized u-perceptron decision
lists. Inspired by [29], we have found more recently [23] an algorithm that exactly
learns the class of constant depth u-perceptron networks under product distributions,
i.e. distributions in which the setting of each input variable is chosen independently
of the other variables. In the above work however, “weakly relevant” variables such
as those that occur deep in the target network had to be maintained in the hypothe-
sis network to be assured to find the correct network connectivity. As a consequence,
learning from a polynomial size sample could be achieved only for fixed depth networks.
Here, we show how to construct an hypothesis network only from the “relevant” vari-
ables in order to PAC learn (in poly-time) the class of NPN of arbitrary depth under
product distributions. Despite the fact that we still exploit the strong unimodality [16]
property of sums of independent random variables to find the network connectivity,
the statistical tests used for this purpose are different and leads to a simpler learning

algorithm.

Because of its statistical nature [18], the proposed algorithm can tolerate a classi-

fication noise rate n up to the information theoretic limit of n = 1/2.

3.2 Preliminary definitions

The NPN function class is the set of all Boolean functions of the Boolean domain
{0,1}" that can be represented as a loop-free network of perceptrons where each node
(including input units) has only one outgoing weight (see fig 3.1 below for an example

NPN function). Let X" = {z),Zs,---,2,} be the set of n input variables and x € {0, 1}"
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be some "assignmérit of these n variables, we denote 5y Xy the restriction of assignmeﬁt
x on the variables in V' C X. A perceptron g on 1" is defined by a vector of v = |V]|
weights w; and a single threshold 6. For any xy € {0,1}?, the output of g(xv) is 1
whenever ... w;z; > 6 and 0 otherwise. We restrict ourselves to the case where each
w; € {—1,0,+1} but the thresholds are arbitrary so that, without loss of generality

(wlog), e {-v—1,-1v, -, +t}

Each perceptron can have variables and/or other perceptrons as inputs. Hence, a
node will denote either a variable or a perceptron. The output unit of a network will
often be referred as the root node. We say that a node is a child of the parent perceptron
g if it is an immediate input to perceptron g. Children of the same perceptron are
called siblings. A perceptron is said to be a bottom level perceptron if all its children

are variables.

We consider that each example x is generated by an unknown product distribution
D on {0,1}" so that all probabilities are defined with respect to D. If f denotes the
target NPN and h denotes an hypothesis NPN returned by the learner, the error that
h makes with f, denoted by err(h, f), is defined as Pr{h(x) # f(x)}.

The learning algorithm will satisfy the PAC learning criteria [30] which, in our case,
can be stated in the following way. For any target NPN function f and for any €,d,n
given to the learner, the probability will be at least 1§ that the returned hypothesis h
satisfies err(h, f) < e. The number of examples needed by the algorithm to satisfy this

criteria and it’s running time will be both bounded by a polynomial in (n,1/¢,1/4).
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3.3 Finding the weights of the relevant variables

To construct an hypothesis which achieves PAC learnability, the learner needs only the
variables which are significantly relevant. Variables which are (almost) irrelevant can

be classified as being either sticky or weakly influential.

Following Schapire [29], a variable z, is said to be eg-sticky if there exists a; € {0,1}
such that Pr(z; = a;) > 1 — €s. It follows that if U is a set of eg-sticky variables, then
there exists a function fy which is obtained from f by replacing the reading of each
es-sticky variable z; by a constant value a; such that err(fy, f) < 3, Prizi # a;) <
|Ules. Hence, after choosing a value for €5 which is small enough, the learner will build

his hypothesis only from the non sticky variables.

To find the weights, note that we can assume, w.l.o.g., that only input variables
have a negative outgoing weight. Indeed, if a perceptron g has a —1 outgoing weight,
we can replace it by a perceptron which has all its incoming weights negated and a
+1 outgoing weight; this leaves the computation by f unchanged when we add +1 to
the threshold of g's parent. In this manner, all —1 weights are pushed to the input
variables. To identify the weight w; that springs out of each input variable z; we will

estimate its influence, defined as:
Infi(z;) & Pr(f = l|z; = 1) = Pr(f = 1|z; = 0)

We will also use, Infl;(z;) to denote the influence of z; on the subformula of f which is
rooted at perceptron g. Also, Infl(z;|x; = a) will denote the influence of z; given that

variable z; is fixed to value a. To find each w; we use:

Lemma 3.1 Let f be any NPN with weights taken from {—1,0,+1} and arbitrary
thresholds. Let D be any product distribution on {0,1}*. Then for any input variable
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z; with outgoing weight w;:

20 ifw;=+1
Inﬂ(xi) =0 if w; = 0
< 0 if w; = -1

Proof idea: The proof follows directly from the definition of Infi(-) and of u-perceptron

networks (under product distributions) when all the —1 weights are outgoing from the

input variables only. a

Lemma 3.1 tells us that the weight outgoing from z; is obtained from the sign of
Infl(z;). In the advent that |Infi(z;)| is too small to estimate the sign of Infi(z;) from
a poly-size sample, the next lemma will tell us that we can ignore such z; without

making much error.

Lemma 3.2 Let the target NPN function f be such that there does not ecists a value
a € {0,1} such that Pr(f =a) > 1 —¢;. Let U C X be a set of u variables such that
forallz; € U, |Infl(z;)| < €. Let fi- be the function obtained from f by replacing the
reading of each T; € U by the reading of a constant value a; € {0,1}. Then, for any

set of values {a,,as,---,a,}, we have:
err(fu, f) < 2uer

whenever € < e;/(8n).

Proof: see appendix C. O

Given a target NPN f, lemma 3.2 tells us that there exists another (hypothesis)
NPN h of equivalent connectivity that depends only on variables z; having |Infl(z;)| >

€7 and which makes a small error with the target NPN f.
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After eliminating sticky and weakly influential variables, we now transform the
target function f into its positive form simply by changing z; to 1 —z; (and adding +1
to the threshold of z;'s parent) whenever w; = —1. The target function f expressed
in terms of the remaining variables is now stochastic. We will refer to these remaining

variables as the relevant variables.

3.4 Overview on how to construct the skeleton

To describe the algorithm used by the learner for building a skeleton of the hypothesis

function A, we need to introduce more definitions.

Recall that a node refers to either a variable or a perceptron. The depth of a node
is defined as the number of perceptrons (including the parent of the node and the root
node) on the path from the parent of the node to the root. The perceptrons on this
path are called the ancestors of that node. The descendants of perceptron g, denoted
by desc(g), is the set of nodes that have perceptron g as an ancestor. The depth of a

network is defined as the depth of the deepest variable in the net.

The least common ancestor of a set V' of variables, denoted by lca(V’), is defined
as the deepest perceptron ancestor which is common to every variable in V. A set
of three or more variables is said to be meeting, iff there exists a perceptron g such
that for any triple {z;,z;,z+} € V" we have: lca(z;, z;) = lca(z;, o) = lca(z;, i) = g.
If there does not exist a perceptron g having this property, then V is said to be not

meeting. Any set containing 2 variables is said to be meeting.

A meeting set V' is said to be complete with respect to a reference set W 2 V iff

there does not exist = € 1" — V such that V U {z;} is meeting. A complete meeting
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set V w.r.t. 1V is said to be a complete meeting set at the lowest level (CMSLL) w.r.t.
W iff there does not exist another complete meeting set U # V w.r.t. the same W

such that lca(U) is a descendant of lca(V').

A perceptron ¢ can happen to be either an OR gate or an AND gate. Such a
perceptron is referred to as a G-perceptron. Any perceptron which is not a G-perceptron
is referred to as an NG-perceptron.® A CMSLL that meets at a G-perceptron is called

a G-CMSLL and a CMSLL that meets at an NG-perceptron is called an NG-CMSLL.

Figure 3.1: An example NPN used to illustrate the various definitions (see text). The
dashed lines indicate variables which have been removed.

Figure 3.1 illustrates these various definitions. Set {2, z3, 4} and set {zg, T10, Z11}
are two examples of sets which are meeting. However, set {z|, 2,23} is not meeting.
The sole purpose of the various statistical tests that we introduce below is to permit the
learner to identify all the CMSLL w.r.t. any given set W of variables. If 1V consists of

all the relevant variables, then each CMSLL w.r.t. W identifies a bottom level percep-

!The letters G and NG, respectively, are abbreviations for gate and for non-gate.
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tron. Referring again to Fig. 3.1, the following sets {z, 2}, {z4, 25}, {z7, 25}, {Z9, T10, 711}
are the only ones which are a CMSLL w.r.t. TV when W consist of all the relevant
variables. The learner will associate each CMSLL with a bottom level perceptron. But
note that it has missed the bottom level perceptron g; since it contains only one rele-
vant child, zg, which we call a singleton. This is of no consequence to a learner whose
task is not to model the probabilistic behavior induced by ignoring “weekly relevant”
variables but to try to find the best deterministic hypothesis. For this goal, it is better
to connect a singleton to his next ancestor (i.e. here to connect zs to g3). We will
describe later other examples where the learner does not identify the exact skeleton of

the target function but an equivalent one with respect to the relevant variables.

Let us now update 1¥" by removing all the variables, except one that we call a
group representative, per each CMSLL so that W becomes {z),z3,zy,z¢, 27,29} in
Fig. 3.1. Then the only CMSLL w.r.t this new W is {z,z3,z4,z¢} which the learner
will associate with the perceptron gs, parent of z; and (now) zg and of the bottom

level perceptrons that were associated previously with {z,,z>} and {z4,z5}.

Finally, after removing from 11" every variable (except one representative) of this
CMSLL, we are left with 1V = {z,, 27,19} which is a CMSLL w.r.t. 1¥". This last CM-
SLL which equals to 11" identifies the root and terminates the algorithm for building
the skeleton. The last task of the learner should then be to compute good threshold
values for each identified perceptron, but, as we will describe later, we will instead pro-
vide for each of them an activation function that provides a good model of probability
of the underlying perceptron. Since w; € {—1,0, +1}, each of these perceptrons has at

least two children. This implies that 2 has at most n — 1 perceptrons.

Another strategy, used in [23], to construct the skeleton would have been to com-
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pute the threshold of a perceptron immediately after its discovery and then use this
perceptron as a new “meta-variable” (that replace its children) to discover its parent.
But this strategy has no guarantee of success here. Indeed, in contrast with [23], we
are now forced to build an hypothesis on a possibly smaller set of (relevant) input
variables. In doing so, each perceptron ¢’ of the hypothesis will possibly be a noisy
approximate of the “true™ perceptron g of the target function. The statistical tests
that we use below will provably construct the correct skeleton only when using them
on noiseless variables. This is why the learner uses only the true input variables in the

statistical tests to build the skeleton.

3.5 Main statistical tests for finding CMSLLs

We now describe the statistical tests that the learner will use to identify all the CMSLLs
w.r.t. any given set of variables. The key quantity to estimate is what we define as the

coinfluence of a triple of variables:

ger Infl(zjlzi = 1.2 = 0)  Infl(zjlzi = 1,24 = 1)
Infl(z;)Infl(z|z¢ = 0) Inﬁ(x,)Inﬂ(:z:jI:z:L =1)
Infl(zjlzi = 0.2 =1)  Infi(zj[z; = 0,zx = 0)
Infi(z;)Infl(z,zx = 1)  Infi(z;)Infi(z;]z; = 0)

k
Ci;

4+

We will see below that the denominators Infl(z;|zx = @) may vanish whenever zj is
a child of a G-perceptron. Hence, before estimating C,-fj, we must make sure that z; is

not a descendant of the parent of z; when this parent happens to be a G-perceptron.

Before stating the relevant lemmas we recall the strong unimodality property of

sums of independent random variables:
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Lemma 3.3 ([28]) Let {z\,22---,z,} be v independent random Boolean variables,
each with Pr(z; = 1) = ¢; and let Sdéfz;;lx,-. Then for any {q\---,q,} and any

ke{l,---,v}:
Pr(S=k-1) Pr(S=k-2) > 1
Pr(S = k) Pr(S=k-1) — v<a>,

where a,vdéfqi/(l - q;) and < @ >, défz:;l a;fv.

moreover,
Pr(S=k) 1
Pr(S§=k-1) — v<i/a>,

where < 1/a >, d=eer=1 CYi_l/'U-

proof: see appendix D. a

Hence, we define the strong unimodal gap ~, to be:

def . 1 1
“n = min , .
n<a>;, n<l/a>,

To identify the children of G-perceptrons we will use the following coinfluences of

pair of variables:

n ‘d—i.f]:nﬁ(l'j|l'i =1) d 40 _qéflnﬂ(lexi =0)
2t Infl(z;) 2 Infl(z;)

Lemma 3.4 If a variable x; is a child of an OR gate then there ezists z; such that

A}_,— = 0. Otheruwise, A]l-yi > v, for all z, # z;.

This lemma is valid when we replace OR by AND if A}, is replaced by AY,.

proof: see appendix E. m|

Hence, by the presence of the strong unimodal gap in the coinfluences, we can

identify the children of G-perceptrons (i.e. OR/AND gates) from A%; (a € {0,1}).
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However, the learning algorithm has access only to the empirical estimates ;13‘, obtained
from the training examples. Nevertheless, the well known bounds of Chernoff and
Hoeffding [11] tell us that a poly-size sample is sufficient in order to have .;13?‘,. close

enough to Aj; with high probability.

3.6 Finding children of OR/AND gates

By exploiting lemma 3.4, the algorithm FindOR (see next) will identify all variables
which are children of some OR gates. It will be used only once, at the beginning of the
building process for the skeleton to identify groups of variables which cannot be used

jointly for estimating coinfluences of triples of variables.

Following the definition of a CMSLL, a set V' of siblings to some perceptron is
said to be complete w.r.t. the set of all relevant variables VW if there does not exist
z € W —V such that VU {z,} is a set of siblings. The algorithm FindOR . will output
all the complete sets of siblings of OR gates. Each of these sets will be classified either
as a complete set of siblings of a bottom level OR gate or as a complete set of siblings
of a non-bottom level OR gute depending on whether or not the OR gate is bottom
level. In the latter case, a set will contain only one variable whenever all its siblings
are perceptrons. The algorithm Find AND will perform the same task as FindOR

but for AND gates and by using A9, instead of A} ;.
Algorithm FindOR

Input: The set TV of all relevant variables; |W| must be 2 or more.

Output: A set Ty = {By, Ba,---}, a set Ty = {(Ny, D1), (N2, Ds),---}. Each B;

is a complete set of siblings of a bottom level OR gate. Each NV, is a complete set of
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siblings of a non bottom level OR gate. Each D; is the set of variables, excluding those

in IV;, which are descendants of the parent of V;.

Initialization: Set Tp = 0, T, = 0.

1. If |IV| < 1, then return; else P = IV.
2. If P = {, then return: else Choose any z; € P.

3. Set Vy = {z;(e W) # 2, : ‘ijl; < 7/2}

and set V. = {z; € 1 fiil,j > 7n/2}

4. If {Vy| 2 1, then set 1, = ViU {z;};
else Set P = P — {z;}, and goto 2.

5 If [Vye| <1, then { Set T, =T, U {Vy}, set P = P —V,, goto 2};
else { Set Vo = V3 = Ve, Ty = Tuy U {(Vi, Vye) L, P= P — V,, goto 2 }.

To make this algorithm more transparent, note that 17, v}, and Vye refer respectively
to the set of children, the set of descendants, and the set of grandchildren of the parent
of a given variable z,. We have that V; = V.U Vier VeNVge = 0 and do not discriminate

between grandchildren and great grandchildren.

Note that when |V5.| = 1, we consider, in step 3, that Vj is a complete set of siblings
of bottom level gate. Indeed, in this case V. contains a singleton and, as explained
before, it is better for the learner to connect it to the parent of z;. As we will see,
the case where V. contains two or more singletons is handle correctly by the next

algorithms FindNG-CMSLL and FindG-CMSLL.
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3.7 Finding NG-CMSLLs

After running FindOR and Find AND on the set W of all relevant variables, we will
update I} in the same way as we have described for the CMSLLs. For each complete
set of siblings of a bottom level G-perceptron, we are going to delete from W and each
D; all the variables except one (the group representative). Furthermore, we are going
to remove from I all the variables which are in some set IV; (a complete set of siblings
of a non bottom level G-perceptron). Then, W will have the property that no subset
U = {zj,z;} of two variables exists in IV such that z is a child of a G-perceptron
and z; is a descendent of the parent of z;. Hence, we are going to use the following

definition:

Definition 3.1 C-safe set
A C-safe set V' is a set that does not have any subset U = {z;,zx} C V of two variables

such that x;. is a child of a G-perceptron and z; is a descendent of the parent of .

From Definition 3.1, a C-safe set 1™ has a property that no denominator of C,-‘fj on
any triple of variables {z;, x;, 2;} will vanish when {z;,zx} € V. In other words, it is
safe to estimate C'i’fj on any triple of variables {z;, z;, zx} where z; and z; are members
of a C-safe set V. Hence, the updated set IV, obtained after running FindOR and
Find AND on the original set of all relevant variables, will be a C-safe set. For such

a C-safe set IV, here are the key properties of C'{‘J that the learner is going to exploit.

Lemma 3.5 Let V' = {z,z;,z} be any C-safe set of three relevant variables. Let

wqéfen,zl. Then, the following properties hold:
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1. Cfd > w if {zi,zj,ar} are siblings of an NG-perceptron or meet at an NG-

perceptron.

2. CEi =0 if z ¢ desc(lea(zi,z;)), or z; ¢ desc(lea(zj, zx)), or {zi,zj, 74}

meet at a G-perceptron.

3. C'{fj >w if z; ¢ desc(lca(z;. z4)) and lca(z;, z;) = lca(z;, zx) is a G-perceptron.

Proof: See appendix F. O

The next lemma exploits the properties of lemma 3.5 and yields tools to the learner
so that it can perform the crucial task of deciding whether or not a set V' of three or
more relevant variables is an NG-CMSLL w.r.t. a C-safe set 1. The NG-CMSLLs of

two relevant variables will be discussed in the next section.

Lemma 3.6 Let V" be a C-safe set of at least three relevant variables. Then, a set
V C W, containing at least three variables, is an NG-CMSLL w.r.t. W iff the following

conditions are satisfied simultaneously:

L C,-'fj > w for all {z;,x;. 2.} CV

2. Cf,j =0 for all {z;,z;} CV and 2, € W - V.

Proof: Proof directly follows from the first two properties of Lemma 3.5. O

By exploiting lemma 3.6, the algorithm FindNG-CMSLL (next) will find all NG-
CMSLLs of three or more relevant variables w.r.t. a C-safe set ¥". The algorithm
will terminate when all NG-CMSLLs in W are found. As usual, in the algorithm, C’{f g

denotes the empirical estimate of C¥;.



CHAPTER 3. A Statistical Method for Learning NPN 39

Algorithm FindNG-CMSLL

Input: A C-safe set 11" of at least three relevant variables.
Output: The set T = {17, V5,-- -} where each V; is an NG-CMSLL w.r.t. IV.

Initialization: Set T = 0.

1. Let P be the set of all pairs {r;,z;} C W.

o

If P =0, then return;
else {Choose 1" = {z;,z;} € P and set P =P — {V}}.

3. 8et V=VU{zr,eW -V:CF>w/2}.

4. If {|V] = 2 OR C¥, < w/2 for any permutation of {z,z;,z;} C V}, then

{goto 2};
else { Set T =T uU {1}, set ¥ =W -V, and goto 1}.

3.8 Finding G-CMSLLs

To find the G-CMSLLs, we will first need to identify all the NG-CMSLLs. To do this,
we need to run the algorithm FindNG-CMSLL on the updated set W until no NG-
CMSLLs can be found. After each run, we update the set W in the usual way, i.e. by
keeping only one group representative within each of the NG-CMSLLs. If the updated
W contains only two elements, they must meet at the root and the skeleton is found.
Hence, throughout this section we suppose that the updated set W, inside which we

are going to look for G-CMSLLs, contains three or more variables.
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Lemma 3.5 states that a G-CMSLL will give C{Z- = 0 for all of its triples of variables.
However, it also leaves the possibility that we have Cikj = 0 for all permutations of
a triple of variables which does not meet (when the lca of this triple is not a G-
perceptron). Unfortunately. we have identified such cases. Hence, the fact that C'i‘,'j =0
for all permutations of a triple of variables does not determine by itself that this triple

of variables meet at a G-perceptron.

To motivate the additional lemmas and tests that will be needed to find the G-

CMSLLs, consider the different cases illustrated on Fig. 3.2.

X, X
(d1) (d2) (d3)

Figure 3.2: (a) is the case where we always have Cf; = 0 (Lemma 3.5). (b), (c) and (d)
are the cases where we might have C}; = 0 (see the text). The dashed lines indicate
variables which have been removed.

In case (2), i, z;, and I, are group representatives of perceptrons g;, g;, and gy,
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respectively. These variables meet at a G-perceptron and Lemma 3.5 states that we
have C’i’fj = 0 for all permutations of these variables. However, we might also have this

property for all the other cases of Fig. 3.2 where these variables do not meet.

Consider case (b). Since all the variables that we are considering in this section
must belong to a C-safe set, both g; and g; must be NG-perceptrons. This implies that
some (weakly relevant) variables were removed from both g; and g; (otherwise, they
would be G-perceptrons). However, in this case, Lemma 3.2 tells us that g; and g; can
be replaced in the hypothesis by either OR or AND gates without introducing much
error. In turn, this implies that this whole structure for case (b) can be replaced by a
G-perceptron (either an OR or an AND gate) of {z;, z;, zx} without introducing much
error. Hence, we say that in such case, the learner can consider (without introducing
much error) that {z;,z;,z;} is a G-CMSLL. Therefore, this case does not, by itself,

motivate the introduction of another test.

Considering again case (b), note that there cannot exist in V" another (relevant)
variable, say z;, which would be a child of g; since, otherwise, {z;, s, z;} would be an
NG-CMSLL meeting at a NG-perceptron and these sets have been removed from V.
However, g; could have another relevant child, call it z;, but then we would have (from

Lemma 3.5) C} ; > w. Hence, for this reason, we state that:

A set V can be considered as a G-CMSLL w.r.t. a C-safe set W that contains no
NG-CMSLL of three or more relevant variables only if Ci; = 0 for all {z;,z;} C V

and z; € W — {z;, z;}.

From Lemma 3.5, it is clear that any CMSLL w.r.t. a C-safe set IV that contains
no NG-CMSLL of 3 or more relevant variables satisfies this condition. Hence, all such

CMSLLs can be considered as a G-CMSLL in the hypothesis.
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To determine if this condition is sufficient for a set V' to able to be considered as
a G-CMSLL, let us consider the situations illustrated in cases (d1), (d2), and (d3) of
Fig. 3.2. These are similar to the case (b) except that g; now feeds g; through another
perceptron g;. Note that g; can be an NG-perceptron which is fed by one variable z;
(beside z; and z; through g;) and some removed variables. This is illustrated in the
case (d1). As illustrated in the case {d2), g; can also be an NG-perceptron of three or
more variables. Also g; can be a G-perceptron as in the case (d3). But in the latter
case, r; cannot be a child of g since algorithm FindOR/AND has removed such
children. Instead, z; can be a singleton or a group representative that has remained at
this stage. Note that the set 1" = {r,. r;, 4, 2;} may satisfy the condition mentioned
above for only the case (d1), then indeed, the set V' can be considered as a G-CMSLL
without introducing much error. We also note that the set V' = {z;, z;, 2+, 1} cannot
satisfy the above condition for the cases (d2) and (d3). For the case (d2), there exists

Tm € W — V which feeds g, so that C7} > w, and for case (d3), Cf, > w from Property

t.

3 of Lemma 3.5. Hence for now, the above condition may seem to be sufficient for a

set to be able to be considered as a G-CMSLL.

However, for all three cases (d1), (d2), and (d3), let us now suppose that for the set

V' = {zi,z;, zx}, we have Cf'j =0 for all {z;,z;} CV and z; € W - {z;,z;} and that
f‘, > w. By using the above criteria, the learner would incorrectly conclude, in these
three cases, that {z;,z;, 2} is a G-CMSLL. Therefore, the above condition is clearly
not sufficient and we must supply another necessary condition. But for this recall that
we have, by hypothesis, for all 3 cases: C}; > w while C¥, = 0. Hence, for this extra

condition, we propose that:

A set V' can be considered as a G-CMSLL w.r.t. a C-safe set W that contains no
NG-CMSLL of three or more relevant variables only if CTy = CT} for all {z;,z;} € V
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and all {z;,zn} C W — {2, 2;}.

Hence, we can use this condition only when the C-safe set ¥V has at least four vari-
ables. The Lemma 3.7 below implies that this condition is always satisfied by CNSLLs

w.r.t. a C-safe set that contains no NG-CMSLL of 3 or more relevant variables.

Unfortunately, these two necessary conditions taken together do not constitute a
sufficient set. Indeed, consider the case (c) illustrated in Fig. 3.2. Since g is now a
G-perceptron and 11" is a C-safe set, z; and zx cannot be children of g. Instead, they
can be singletons or group representatives that have remained at this stage. We may
find that the two conditions above are satisfied for the set V = {zi,zj,z¢} e C'f,j =0
for all {z;,z;} C V" and 7 € W = {z;. z;}, and C7} = CJ} for all {z;,z;} € V and all
{zi,zm} € W — {zi,z;}. Again, Lemma 3.2 tells us that g; can take either an OR or
an AND gate without introducing much error but this is not true for the fixed gate g.
Hence, unlike the case (b) of Fig. 3.2, the set V = {z;, z;, 7} cannot be considered as
a G-CMSLL to either an OR gate or an AND gate. For this reason, we settle for the

following definition:

Definition 3.2 G-CMSLL candidate
Let WV be a C-safe set of three or more relevant variables in which there is no NG-
CMSLL of three or more relevant variables. Then, V C W is called a G-CMSLL

candidate w.r.t. VW, iff:

1. C{; =0 for all {z;,z;} CV and z; € W — {z;,z;}.
2. If|W| > 4, then: Cf} = CT}; for all {z;,z;} CV and all {z;,zm} C W ~ {z;, z;}.

3. There does not ezist . € W — 1" such that (1) and (2) are satisfied for VU {z\}.
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Furthermore, we will say that the condition (1) fails if, for any {z;,z,;} C V, there
exists z; € W —{z;, z;} such that C} ; > w. Also, we will say that the condition (2) fails
if, for any {z;,z;} C 17, there exist {2, 2,,} C W — {zi,z;} such that l = C’J"}l > w.
Note that we have added a third condition to ensure that a G-CMSLL candidate
w.r.t. W is a complete set satisfying conditions (1) and (2). Consequently we have the

following lemma:

Lemma 3.7 Let W be a C-safe set of three or more relevant variables in which there
is no NG-CMSLL of three or more relevant variables. IfV is a CMSLL w.r.t. W, then
there ezists a set U which is a G-CMSLL candidate w.r.t W such that V C U.

Proof: See appendix G. O

In other words, Lemma 3.7 says if a set U is a G-CMSLL candidate w.r.t. 1},
it may or may not be a CMSLL w.r.t. V. However, any CMSLL w.r.t W must be
contained in a G-CMSLL candidate w.r.t W.

To identify the different CMSLLs that are contained in a G-CMSLL candidate, we
will need to perform another statistical test. Indeed, consider the case (c) of Fig. 3.2
where the set V' = {x;,z;.2:} is a G-CMSLL candidate whereas only {z;,z:} Cc V/
is a G-CMSLL. Since V" is a G-CMSLL candidate, then C{fj = 0. This occurs iff
Infi(zj|z; = 1) = Infl(z;|z; = 0) while Infl(zk|z; = 1) # Infl(z¢|z; = 0) since lca(z;, zx)
is a G-perceptron. This suggests to consider the following function:

i1 0
- def ‘4i,j - ‘41',]'
b Inﬂ(xj) '

Note that I'y; = T'ji. The above observation leads us to the fact that Cf; = 0 iff
['i; =Tk; =0 while |T'; x| > 1 since lca(z;, zx) is a G-perceptron. (For details, see the

proof of the next lemma.)
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The next lemma will find out whether or not a G-CMSLL candidate is (or can be
considered as) a G-CMSLL and, if not, how to find a G-CMSLL from a G-CMSLL

candidate.

Lemma 3.8 Let W be a C-safe set of three or more relevant variables in which there
ts no NG-CMSLL of three or more relevant variables. Let V be a G-CMSLL candidate

w.r.t. W. Then, we always have one and only one of the following cases for V' :

(a) V is not a G-CMSLL w.r.t. W if there ezists a triple {zi,zj,zx} C V such that
ITigl >1 and [Tix] < 7.

In this case, z; ¢ desc(lca({z;,z})) whenever Tix # Ti; = Tjx. Thus z; does not

belong to the same CMSLL that contains {z;, Ty}

(b) V' can be considered for the hypothesis as a G-CMSLL w.r.t. W if the condition

in (a) does not occur.

Proof: See appendix H . ]

When a G-CMSLL V" has been found, the gate type of the lca(V") is identified from

this corollary (which follows directly from the proof of Lemma 3.8):

Corollary 3.1 Let V" be a G-CMSLL (or being considered as a G-CMSLL in the hy-
pothesis). Let a G-perceptron g, be the lca(V'). Then:

i) g is an AND gate if ';; > 1 for all {z;,z;} € V.
it) g is an OR gate if T';; < =1 for all {z;,z;} € V.

i) g can be considered as either an AND or an OR if neither (i) nor (ii) occurs.
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By exploiting lemmas 3.7 and 3.8, the algorithm FindG-CMSLL (next) is able
to find all G-CMSLLs (including NG-CMSLLs that have two variables). But note
that the algorithm builds only one G-CMSLL per G-CMSLL candidate at a time.
We could have made the algorithm more efficient by constructing several G-CMSLLs
per G-CMSLL candidate but this would have made the algorithm more difficult to
follow. We have thus decided to present this simpler version. Indeed, this does not
change the correctness of the algorithm since the algorithm returns all the G-CMSLLs
eventually. As a matter of fact, the algorithm always finds a G-CMSLL candidate
from the remaining variables and returns one G-CMSLL in the G-CMSLL candidate
until no G-CMSLL candidate remains in the remaining variables. In this way, all the
G-CMSLLs will be returned. For example, let the algorithm find U as a G-CMSLL
candidate in which V] and 15 are two G-CMSLLs w.r.t. V. At first, the algorithm
returns V; and removes V] from U and from W. Next, the algorithm will find that
U — V1 is a G-CMSLL candidate in which V; is a G-CMSLL w.r.t. W — V;. So the
algorithm returns 15. Hence, the algorithm will terminate when all G-CMSLLs in

IV are found. As usual, C'fj and T ij denote the empirical estimate of C’{fj and I';;

respectively.
Algorithm FindG-CMSLL

Input: A C-safe set 1™ of at least three relevant variables in which there is no

NG-CMSLL of three or more relevant variables.

Output: A set T = {(171,¢,)(V3,t2) - - -} where each V; is (or can be considered as)

a G-CMSLL w.r.t. 11" and ¢; is the gate type associated with the lca(V}).

Initialization: Set T = @ and set 11”7 = WV.
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"]

=1

10.

11.

Let P be the set of all pairs {z;,z;} C W'

If {|P| = 0}, then {return};
else {Set V' = {z;,z;} € P,and set P =P — {V'}}.

Goto 2 if this condition is satisfied:
In eW -V :C>w/2
OR

3 {zi e} SV = V2|00 - C| > w/2

Let Qdér{zk crr € W -V} and
Let V= V.

. If {@Q = 0}, then {goto 9}.

. Choose z € Q, set V" =V U {z\}, and set Q = Q — {z«}.

Goto 5 if for any {z;,z;} C V", this condition is satisfied:
Jz €W - {z;,2;}: C'fJ > w/2
OR

3 {zi,zm} C W = {zi, 25} : ,",‘ - C’;’;l > w/2.

Set V' = V" and goto 5.
If {|V| = 2}, then {set IW/ = W’ -V, and goto 13}.
Choose {z;,z;} C V" and let U = {z;,z;}.

If{a.’l:kEV—U:
|Pr = o] > (1= 7)/2, AND [T~ T
[Bor = Por| < n/2}, for {2z 50} = U U {ma}
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then {set r; = z,,z, =z, zx = 2., V =V — {z,.},

U = {z;,z;}, and goto 9};
12. Else {set W' =11" - 1"}

13. If { [\, > 1/2 for all {zi,z;} C 1}, then {set T =T U {(V. AND)} and goto 1}
else {set T =T U {(1.OR)} and goto 1}.

Note that the first 8 steps of the algorithm are for constructing a G-CMSLL candi-
date V. Step 9 considers this V" as a G-CMSLL whenever it contains only two variables.
Whenever the G-CMSLL candidate V™ contains three or more variables, if the condi-
tion in step 11 is satisfied, then the sequence of steps 9, 10, and 11 identifies a subset
of V" that can be considered as a G-CMSLL. Moreover, if the condition in step 11 is
not satisfied, then step 12 considers the G-CMSLL candidate V' as a G-CMSLL. For
the G-CMSLL found in step 9 or 12, step 13 constructs a G-perceptron. Note that,
in step 13, we have chosen an OR gate type for the G-perceptron whenever it can be

either an AND or an OR gate.

3.9 Constructing the skeleton

Let us now describe how we are going to use our different algorithms to build the
skeleton. First we need to run once FindOR and Find AND over the set of all relevant
variables I". Recall that these algorithms will return the set T, = {B,, Bs, - - -} of all
bottom level siblings of an OR gate and the set T; = {B{, Bj,- -} of all bottom level
siblings of an AND gate. They will also return the sets T, = {(Ny, D;), (Va, D), - - -}
and T7, = {(N{,D}), (N, Dy),---} where each N; is a non-bottom level siblings to

an OR or an AND gate and D; is the set of all the descendents of the parent of V;
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(excluding N;).

We now need to build the corresponding gate for each B;. But recall that whenever
we build a gate (or a perceptron) g, we need to remove from IV" and each D; all the
variables that feed g except one (denote it by z;) which we call a group representative.
If g happens to be the child of a gate g'. then the D; associated with ¢’ will now contain,
after the update, only one variable which is the group representative z; of the newly
formed gate. Hence, after building a perceptron (or gate) g, whenever we find a D;
that contains only a single variable z;. we will need to build a gate ¢’ whose children
consist of \V; and the newly formed perceptron (or gate) g. This is an example of what
we call a skeleton fragment and, whenever we build one, we will bind (i.e. associate) a
group representative (here z;) with that skeleton fragment. Previously, z; was bound
to g; it is now bound at the skeleton fragment rooted at ¢’. Finally, we will also need

to remove this (V;, D;) from Ty, U T, and update IV and the other D;s accordingly.

In fact, it is only when D; contains a single variable that we will build a gate for that

(Ni, Di). This is justified by the fact that we can replace (without changing f) any gate
g’ whose children consist of a set NV; of variables plus two or more perceptrons/gates
91, 92--gx by the same gate ¢' having as children the same set NV; of variables plus only
one gate g, of the same type as g’, that has g,, g»..gx as children. If we now denote by
z; the group representative of the variables meeting at g;, our previous lemmas show
that FindG-CMSLL will identify the set V' = {z|, z;,..zx} as a G-CMSLL. Hence, the
D; associated with ¢’ will contain only one variable as soon as the skeleton fragment

associated with V" will be formed.

Hence, whenever a CMSLL V" has been identified (by FindG/NG-CMSLL or
FindOR/AND) we will need a procedure GrowFragment that will choose a group
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representative z; € V' and bind z; with the gate type and the skeleton fragment rooted
at that gate. Moreover, as explained above, GrowFragment will test if building such
a fragment has left a D; containing only z;. If so, it will create a new gate (and thus
a larger fragment) whose children consist of V; and the previous skeleton fragment. It
will continue growing this fragment in the upward direction until there does not exist

any D; containing only z;.

Algorithm GrowFragment

Input: A CMSLL 1 and a gate type t € {NG,OR, AND} associated with V". The
other inputs are the sets T,; and T, initially produced by FindOR and Find AND

respectively and a set W D 17 of relevant variables.

Output: A skeleton fragment and a variable bound to that fragment that we call the
group representative of all the variables feeding that fragment. The set 11" is updated so
as to contain no variable feeding the returned fragment except its group representative.
T, and T, are updated so to contain only pairs (V, D) for which D do not contain

only the group representative.
1. Choose a group representative x; € 1V and bind z; with the skeleton fragment
made of this perceptron of gate type ¢t and all its descendents.
2. Set W= W -V)uU{z:}.
3. Set D= (D~ V)U{r;} forall (NV,D) € (T, UT),) : =; € D.

4. While (3 (N,D) € (TuUT,): D= {z}), do
{
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e Build an OR gate for (N, D) € Ty, or an AND gate for (V,D) € T,, and

bind z; with the skeleton fragment made of this gate and all its descendents.

Set T,y = Ty — {(N, D)}

Set Tp, = Ty — {(N, D)}.

Set D')=D'—-Nforall D' : z; € D

Equipped with growFragment, the procedure for building the complete skeleton
should now become clear. After running FindOR and Find AND, we run GrowFrag-
ment on each B € T, U T; to grow several skeleton fragments consisting of only AND
and OR gates. There is a variable (a group representative) associated to each of these
skeleton fragments. The sets 1Ty, and T, will have been updated as described
previously but we need, in addition. to remove all \V;s from the remaining set W~ of
relevant variables so that 1} constitutes a C-safe set on which we can run FindNG /G-
CMSLL. Before running FindG-CMSLL, we will need to run repeatedly the sequence
FindNG-CMSLL and GrowFragment up to the point where the remaining set IV
of relevant variables do not contain any NG-CMSLL of three or more variables. This
algorithm, BuildSkeleton, will return the complete skeleton of the target function f

when there is at most two relevant variables that remain in .

Algorithm BuildSkeleton

Input: The set I} of all relevant variables.

Output: The skeleton S of the target function f.
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o

it

FindOR(W)
It outputs Ty = {By, -+, B, } and Ty = {(Ny, Dy), - - -, (N, D,)}.

Find AND(W)
It outputs T, = { By, -+, B} and Ty, = {(NV}, DY), - - -, (IV,, D})}.

Set W =TV — [(UL, N) U (UL, N))).
For all B € T;, do GrowFragment(B, OR, W, T,;, T%,)
For all B € Ty, do GrowFragment(B', AND, W, Ty, T!,)

While |I| > 3, do
{
repeat
{
FindNG-CMSLL(W)
It outputs T = {11,---, Vi }.
For all V" € T, do GrowFragment(V,NG, W, Tp, T%,)
} until T =0.
FindG-CMSLL(W)
It outputs T = {(Vi,¢1) -, (Vi, ) }-
For all (V,t) € T, do GrowFragment(V,t, W, T, T?.,)

}

If [W| = 1 contains only one variable z;, then return the skeleton fragment

associated to z; as the complete skeleton.

If || = 2, then build a NG-perceptron for W and return the skeleton fragment

made of this NG-perceptron and all its descendents as the complete skeleton.
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After finding the skeleton, we need, in principle, to find a good threshold value for
each NG-perceptron. However, we need to realize that, after removing some variables,
the output of each NG-perceptron will generally be a stochastic function in terms of
its remaining children. In these circumstances, we have chosen to model the stochastic
behavior of each NG-perceptron with enough precision to ensure that the returned

hypothesis will make a small error with high confidence.

3.10 Building stochastic NG-perceptrons

In this section, we introduce an additional statistical test that provides a good stochas-
tic model for each of NG-perceptron from bottom up. We will then discuss that this

leads to a PAC learning algorithm for NPN target functions.

Let us first consider a bottom level perceptron g (from now on, perceptrons refer
only to NG-perceptrons of three or more variables) for which some of its children have

been removed. We then have the following lemma.

Lemma 3.9 Let g be a bottom level perceptron that has a set V' of relevant children
and a set U of irrelevant children. Let § be the stochastic (or p-concept) perceptron
obtained from g by ignoring all z; € U. Then, we have:
14
err(g.9) <2 Z Infly(z;)Pr(z; = 1)Pr(z; = 0)
i=1
Proof: From the definition of §, we have:

Pl‘(ﬁ = ].ISV = l) = Pr(g = ]-ISV = l)

where Sy % > _icv Ti- Hence, we have Pr(§ = 1) = Pr(g = 1) and Inflj(z;) = Infl,(z;).
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To prove the lemma, we are using the fact that the variation error is the samé'
as the (usual) error Pr(g # §) whenever at least one of the two functions involved is
deterministic over the set of variables that is used to compute the variation error.

err(g,3) = ZPr(S Z Z Pr(z, =a) - Pr(zy = ay) x
]

ey €{0,1}
|Pr(g = 1|Sy = l.,u =a; - Ty = ay) - Pr(§ = 1Sy = 1|

ZPr(Sv =) Z S Z Pr(z;, = a,)-- - Pr(zy = ay) x
]

ay ay €{0,1}
|Pr(g =1|Sv =1Lz, =0a, -2y = ay) - Pr(g = 1|Sy = D]

By adding and subtracting terms like Pr(g = 1Sy = l,z; = a;- -2y = ay) for

i=2,---,|U] — 1 inside the absolute value, we find:
err(g, §) ZPr =) Z Y Pr(zi=a)---Pr(zy = ap) X
ap€{0,1}

14l
IZ{PrJ—lIS‘ —1-13;——(1'~--:z,‘U=aU)

=1

—Pr(g = 1Sy =L zi11 = @iy zp = ay) } |

< ZPr (Sy =) Z Z Pr(z; = a,) - -Pr(zy = ay) x

ay €{0,1}
iU}
Z {IPr(g=1|Sv =l zi=a;---z¢y = ap)
=1
_Pl'(g = IISV = lin-i-l =Qip Iy = aU)l}
U

Zpr Sy =1) Z{
Z Z Pr(z; = a;)---Pr(zy = ay) x

& ar€{0,1}
IPI‘(g = ].ISV = l,:L‘i =a;---Iy =aU)

-Pr(g = 1|5y = Lzigg =aipy -2y = GU)|}
U1

Y Pr(Se=1)) {
{ i=1
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Z Z Pr(ziy1 = ai1) -+ - Pr(zy =ay) x {
ait1 e¢€{0,1}
Pr(z; = 1)|Pr(g = ISy = L,z; = 1,Zi41 = Qi1 - Ty = ay)
—Pr(g=1|Sv =Lz = a1 -+ -2y = ay)|
+Pr(zi = 0)|Pr(g = 1|Sy = l,2; = 0,2i41 = @i1 -+ - Ty = ay)
—Pr(g = 1|Sv =, zi41 = iy - -~ Ty = ap)|}}
|
= > Pr(Sy=0> {
{ i=1
Y - > Pr(zic =) Pr(zy = ag) x {
Qi+ ay<{0,1}
Pr(z; = 1)|Pr(z; = 0)Infly(z:|Sy =, zix1 = @iy -+ 20 = ay)| +
Pr(z; = 0){Pr(z; = 1)Infly(zi|Sv =1, i1 = tiy1- - 20 = ap)|}}
|1
= QZ Infly(z;)Pr(z; = 1)Pr(z; = 0)
=1
O

Unfortunately, we generally do not have enough information from the examples to
find Pr(g = 1|Sy- = {) for all values of {. However, we can use an approximation §'
of g which is good enough to satisfy the PAC criterion. We could define §' to be the
stochastic perceptron with the activation function given by:

Pr(f=1Sy=0) =Pr(f = 1Sy =0) _  Pr(g=1|Sy =1) - Pr(g = 1|Sy = 0)
Pr(f =1[Sv = |V]) =Pr(f = 1|S-=0) = Pr(g=1|Sy =|V]) - Pr(g = 1|Sy = 0)

However, since we have only access to a finite set of examples, let us instead define §’

by:
def Pr(f =1[Sy =1) — Pr(f = 1|Sy = s7)
- Pl’(f = IISV =S+) - Pl’(f = ].ISV = S")

where s* and s~ are, respectively, the maximum and minimum value for [ for which

Pr(g = 1|Sy = 1) (3.1)

we have Pr(Sy =1[) > €5 for s~ <1 < s™.
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Let aiﬁfpr(g = 1|Sy = s7) and ﬁdéfPr(g = 0|Sy = s*). Then:

Pl‘(g = ].ISV = l) -

P =S =0 = =0 )

For o = § =0, we have Pr(§’ = 1|5y =) = Pr(§ = 1|Sy =) i.e. the desired one. For

general values of @ and §, we can express err(g, §') in terms of err(g, §) and Pr(g = a):

-1

err(g,§) = Pr(g=1.§'=0)+Pr(g=0,§=1)
= Y Pr(Sy- =1)[Pr(g = 1Sy = [)Pr(3' = 0|Sy = [)
| +Pr(g = 0|Sv = )Pr(§' = 1|Sy = 1)]
= Pr(g=1)
+> Pr(Sy =)Pr(§’' = 1|Sy = )[1 - 2Pr(g = 1Sy = 1)]
{

= Pr(g=1)
+Y Pr(Sy = Z)Pr(g 1=_1|(iv-*-=ﬂl)) —[1-2Pr(g = 1|8y = 0]
l
= Pr(g=1)

, Pr(§ =1|Sy =1)
+ ; Pr(Sy = 1) rlg_ = +L,3) [1-2Pr(g = 1|Sy = {)]

a ¢ —_— —
Lo =Prg=1) o
= Ple=U+r =" —(@+0)
2c
+'1—_(a—+ﬂ)Pr(g =1)
1

= m {err(g.§) — BPr(g = 1) — aPr(g = 0)}

When err(g,§) < Pr(g = 1) and err(g, g) < Pr(g = 0), we have err(g, §') < err(g, 3).
When err(g,gj > Pr(g = 1) or err(g, ) > Pr(g = 0), we may not have err(g,§') <
err(g, g). However, we will show that replacing each perceptron g by the approximation

g’ will give an hypothesis that does not make much error with the target function f.
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The above argument can be applied to any non-bottom level perceptron. For this
purpose, let us now consider a non-bottom level perceptron G having r children g; for

t=1,---,7. We then have the following lemma.

Lemma 3.10 Let G be a non-bottom level perceptron. Let V' = {g|, g2, --,9:} be its
children. Let G be the stochastic (or p-concept) perceptron obtained from G by replacing

each g; by the approzimation §! defined earlier. Then we have:

err(G, G) < ZInﬂc(gi)erf(gi,fJﬁ)

i=1
Proof: By the definition of G, we have:
Pr(G = 1|S- = 1) = Pr(G = 1|Sy =)
where now Sy & $°7_ ..

=1 Ju

The set of all the variables that feeds G is represented by the vector (xv, xy), where
Xy represent the irrelevant variables and xy the relevant (visible) variables. Since the

output of G is deterministic over (xy-, X¢-), we can write:
err(G,G) = Z Pr(xy) Z Pr(xy) IPr(G = 1|xy,xy) — Pr(G = 1|xy")
Xy X

where the sums are over all possible values of x- and xy. Note that G depends on

(xv,x¢) while G depends only on x;- through the gjs.
Let V; be relevant children and U; be irrelevant children of a perceptron g;. Let
Sidéf Zj z; for z; € 15 and Sfdéf Zj z; for z; € U;. Then, we have:
err(G,G) = IIj_, ZZPr L)Pr(S! = 1) | x

|PI’( =1|51—llxsi—'l]_:"',Sr:lr,S,,.:l:.)
—Pr(G=1|S,=1l1,--,5 =)
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Let G; be obtained from Gio1 by replacing g; by g;. Then, by adding and subtracting

terms like
Pr(Gi=1S, =11, -, Si=1;, Sz, = v, Sip =l .85 =1,S. =)
for i=2,---r — 1 inside the absolute value and expanding over g; and §!, we find:

err(G, G) < ZInﬁé‘_l(gi)err(ghgx{)

=1

By the definition of G, we have Inflz _ (g:) = Inflg(g;). Therefore,

err(G,G) < > Inflg(g:)err(g:, §)).

=1

a

Like bottom level perceptrons, we are generally not able to find Pr(G = 1|Sy = [)

for all values of [; instead, we will use a similar approximation:

gt Pr(f=1|Sy =1) —Pr(f =1|Sy =s7)
~ Pr(f=1|Sv =s%)-Pr(f = 1|8y = 57)
Pr(G =1|Sy =1) - «
I ={a+0)

Pr(G' = 1|8y = {)

(3.2)

where, here, we have SV“éfZ,.g;, adé[Pr(G =1|Sy =s7), and ﬁngr(G = 0|Sy = s7).

Also, by using the same method as above, we can simply show that:

err(G, G') = ——1—'*'/57 {err(G, G) - BPr(G =1) — aPr(G = 0)} i

1-(c

Similarly, when err(G,G) < Pr(G = 1) and err(G,G) < Pr(G = 0), we have:
err(G, G') < err(G,G). But when err(G,G) > Pr(G = 1) or err(G,G) > Pr(G = 0),
we may not have err(g, §') < err(g,7). But as we mentioned, replacing G by G’ will

give an hypothesis that will not make much error with the target function.
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Hence, to build the hypothesis from an NPN target function, we replace each per-
ceptron by the above-defined approximation over its relevant children, from the bottom
level perceptrons to the root. The next lemma ensures that the returned hypothesis

will not make too much error with the target function.

Lemma 3.11 Let f be an NPN target function. Let f be a stochastic function obtained
from f by replacing each perceptron g of the network by its epprozimation §' as defined

by egs 3.1 and 3.2. Then:
err(f, f) < 2 Zlnﬂ(r, Pr(z; = 1)Pr(z; = 0)

where T s the total number of variables that hate been removed.

Proof: See appendix [ . O

Lemma 3.11 tells us that such a f makes a small error with f whenever the removed

variables are either sticky or weakly influential.

The next algorithm formally describes the procedure used to approximate each

NG-perceptron by a stochastic perceptron.
Algorithm Build-Stochastic-NG-Perceptrons

Input: The set 11" of all relevant variables and the skeleton S of the target function.
Output: The hypothesis function h containing a stochastic model of each NG-
perceptron.

From the bottom-level perceptrons to the root, do the following steps for each

NG-perceptron g in the skeleton S:
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1. Let S¥ > T: where the z;s are g’s children Let s~ and s* be respectively the
minimum and the maximum value for ! for which we have Pr(S = () > €s/2.

2. If g is not the root node, then build the stochastic model § of g by computing

foreachle {s=,s7+1---sT}:

Pf(§’=1‘5-=l) — Ijl'(lels"‘:l)_Isr(f=IISV=3“) .
1~ P;I'(f=]-lsvzs'f)_Isr(f=lISV=S_)y

else build the stochastic model of f by computing for each ! € {s7, s~ +1---s*}:
Pr(h = 1Sy = 1) = Pr(f = 1|Sy = ). Return this h has the hypothesis

function.

3.11 The Learning Algorithm

Combining all the steps of the previous sections, we now have the following learning

algorithm for learning u-perceptron networks under product distributions.
Algorithm: LearnNPN (n,¢,d)

Input: The set X' of n input variables.

Output: The hypothesis function A

3 6 9 3
1. Callm = 1re s In( 12(4n) ) training examples.
3 €s 36["/,1 )

2. Remove every z; from X for which either Pr(z; = 1) < 3¢/(4n) or Pr(z; = 1) >
1 — 3¢/(4n). Remove every z; from X for which 'Iﬁﬂ(zi)‘ < 3e¢/(16n). Let W be

the remaining set of variables.
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3. For every z; € 11", let w; = +1 if Infl(z;) > 3¢/(16n) and let w; = —1 otherwise.
Let z; = 1 — z; whenever w; = —1 (conversion into the positive form).
4. § = BuildSkeleton(11);
5. h = Build-Stochastic-NG-Perceptrons (W, S)

6. Convert h from positive to normal form and return the resulting .
Finally, we have the following theorem:

Theorem 3.1 Algorithm LearnNPN PAC learns the class of nonoverlapping percep-

trons under product distributions. The number of ezamples needed is:
m = (1/3) (6/¢s)” (8/(3€r7a))° In(12(4n)°/4)
for the returned hypothesis to have err(h, f) < € with probability > 1 — §. The running

time of LearnNPN is of O(m x n3).

Proof: If us sticky variables and «; weakly influential variables have been removed
from the target function f, the previous lemmas indicate that the returned hypothesis
h will make an error of at most uges+2u;e; with a confidence of at least 1 —§ whenever

m is sufficiently large to have simultaneously:

e [Pr(z; = b)—Pr((z; = b)| < es/2 for b € {0, 1} with confidence at least 1—4/(4n)
e [Infi(z;) — Infl(z;)| < €;/2 with confidence at least 1 — §/(4n)
) |.4§4,i — A%| < 7va/2 with confidence at least 1 — §/(16n?)

o [C’:’“J — CF;| < /72/4 with confidence at least 1 — &/(8n%)
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e |I%; — Tij| < 7a/2 with confidence at least 1 — §/(16n?).

If we choose m in order to satisfy the fourth inequality with the required confidence,
all the inequalities above will be satisfied (with the required confidence). That value of
m can be found by using Chernoff bounds [11] (see appendix J for details). By choosing

er = €;/(8n), es = €;/(2n). and €; = ¢ the error will be at most ¢ with confidence at

least 1 — 4. a



Chapter 4

Conclusion

In this thesis, we have investigated different ways to overcome the difficulties of learning

in some restricted neural networks.

In chapter 2, we came up with a PAC learning algorithm for a single stochastic
perceptron under k-blocking distributions. Although this class of distributions is quite
large, the learner had to have some prior knowledge about the distribution: the blocking
set of each variable. Of course, we would like to have an algorithm that does not need
this prior knowledge but the hardness result of Hoeffgen [14] implies that this is not

likely to happen.

In chapter 3, we presented a statistical method that PAC learns the class of u-
perceptron networks with binary weights under product distributions. The next log-
ical step would be to try to extend the learning algorithm either to a larger class of

distributions or a larger class of functions.

On the distribution side, there is hope that this method extends to k-blocking
distributions. But even the restricted case of product distributions can find applications

in practice. Indeed, many practitioners often perform a Principal Component Analysis

63
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on the training set to obtain new variables which are only weakly correlated. Since
the resulting components are generally real valued, we would then need to extend our
methods from the Boolean to the Real domain. We have good hope that this is indeed

possible.

On the function side. we have good hope that our methods could be extended
to nonoverlapping networks of stochastic perceptrons. Indeed. by removing weakly
relevant variables, the target function hecame stochastic. Hence, we would need to see
if it would be possible to adapt our methods to the case where the stochastic behavior
does not come from hidden variables. Also. it would be interesting to extend to the
case of real valued weights but this secmns to be a very hard problem for the network

case.

Finally there is always this relevant criticism about much of the research in Compu-
tational Learning Theory: how can we use in practice these theoretical PAC-learning
algorithms? Indeed. the number of examples needed by our algorithms. although poly-
nomial. is too large to be of any use in practice. Moreover, we did make a substantial
effort to reduce our bounds but the ones presented in this thesis are the smallest we
have been able to find. Hence, perhaps we simply cannot reduce them (significantly)
further. Does anyone have (provably) better learning algorithms for these function

classes?
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Estimation of mg(¢,d,n) in Chapter 2

Here, we present an estimation of the number my of required examples discussed in

Chapter 2 to have lenf(a:ilb‘) - Binf(r,-lb,-)l < € with probability at least 1 — §.

From the definition of Binf(z;|b;) in terms of probabilities, we can see that we need
to have:

‘F;r(a = 1|b;,z;) — Pr(o = 1|b;, 1;)| < €/2 (A1)

with probability at least 1 —§/2 .

Now let [Pr(c = 1Ab;.z;) —=Pr(c = 1Ab;, z;)| < € and |Pr(b;, z;) ~Pr(b;, z;)| < ¢
each with probability at least 1 — ¢”. Then, by using the same method as Pagallo and

Haussler [24], we have:

-

- P =1ADb;,z;
Prlg =1lb,z) = ST

PI’(O’ =1A b;,l’,’) +¢€
Pr(b;.x;) — ¢

4 ¢ -
= (Pr(a = 1|b;, ;) + M) (1 - Pr(bi,zi))

¢ ¢
< =libuz) + g~ | | 1+ 25—
< (PI’(U 1|bu$1) + Pr(bi,zi)) < * 2Pr(bi,$i))

65
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4¢
< Pr(o =1/by, 7) + 5 A2
< Prlo =12 + g (42)
where we have used the fact that for = = Wl::-ﬂ-'_i) we have both (1 —2)"! <1+ 2z and
2z2 < z whenever z < 1/2 . Hence, it follows that we need to have:
EI S Pl'(b,', Ii)/Q. (.‘\3)

Similarly, we also need to have:

!
Pr(o = 1|b;, ;) > Pr(o = 1|b;, ;) — Pr(: i)

That is:
4¢'

r(o = 1|b;,2;) — Pr(c = 1|b;, z; 5
Pr(o = 1|b;,z;) — Pr(oc = 1|b;, 2;) <Pr(bi,x,~)

provided that ¢’ < Pr(b;, z;)/2 .

Both conditions in egs. A.1 and A.3 will be satisfied if we set:

"y < €
Pr(biyl.i) 2

that is:

€ <

Epl’(b,‘, .’L'i)
3 .

From lemma 2.1, since the lowest permissible value for Pr(b;, z;) is k = a**+!, then

we set:

On the other hand, since we want 1 —§/2 confidence for |Pr(c = 1b;,z;) — Pr(o =
1|b;, z;)| < €/2, we need to have §' = J/4. By using lemma 2.3 and the bound on ¢,

we now have:

Pr (|15r(b,-,:r,-) — Pr(b;, z;)| > e') < 2exp (—2mqe?) < 6/4
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Hence, the value of my needed to satisfy the last inequality is:

mo(e,6,n) > 1(%)2111 (;)

(8
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Sample Complexity of Algorithm
LearnSP (Chapter 2)

Here, we present the details on how to find the number of examples, m, needed by

LearnSP, to have err(h,c) < e with probability at least 1 — §.

Let cy- be obtained from ¢ by deleting the variables z; € V] that have Pr(z; = q;) <

a (lemma 2.1) and z; € V3 that have |Binf(z;)| < o/(lemma 2.4), then:
err(cy,c) < [Vila+ |Vale!

and without loss of generality, we can assume o' = @ and V| + V5, = V. Hence, we can
write:

err(cy,c) < |V]e

On the other hand, by the triangle inequality, we have:

err(h,c) < err(h,cy)+ err(cy,c)

< err(h,cv) + |V]a

68
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where the same variables remain in & and ¢y. We can now explicitly write:

err(h,cy) = ZPF(Z‘UJHI‘:‘ =g) X

Pr(o = 1 Zwix,- =s)—Pr(c= 1[Zw,-x,- =s)|.

Let us now divide the set of s values in two disjoint sets S, and S, such that
Pr(d", wiz; = s) def Pr(s) < v for s € S; and Pr(s) > 7, for s € S, . Let also

Pr(c = 1|s) = Pr(o = lls)‘ <7 for s € S;. Then:

err(h,c) < Z Pr(s)|Pr(o = 1]s) — Pr(c = 1]s)| +
SESY
Y " Pr(s)|Pr(o = 1]s) = Pr(o = 1|s)] + |V|a
3585,

ISi7 + 7+ Ve

IN

< (n+ 1)1 + 7 +na.

We now want err(h,c) to be less than e. Therefore, it is sufficient to choose:

€ ,_6 o
Hn+1) =Yoo

B

"=

Moreover, since we want to have at least 1 — J confidence for err(h, ¢) < €, we can

choose a reasonable confidence for each separated region (bounded by «,7;,and 7,).

Now, from lemma 2.1, the variables that remain in the hypothesis must have either

Pr(z; = +1) > @ or Pr(z; = —1) > a. To have this, it is sufficient to have:

and
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By using the value of ¢, we find:

Pr(z; = +1) > -_::% (step 2 in algorithm)
and
Pr(z; = +1) — Pr(z; = +1), < = with confidence at least 1— Ll
bo4dn 4n

where here we have chosen 1—4/(4n) confidence which reduces to 1 —-4¢/4 for n variables.

Then, from lemma 2.3, it can easily be seen that the sample size must be:
o5 L(dn\? (8n
m, ~2 5 "'e— n -5— .

From lemma 2.4, we need to have |Binf(z;)| > «. To have this, it is also sufficient

to have:

‘Bfnt’(ri)l > ?’23

and
]Bi‘nf(x,) _ Binf(a:,-)l <

)R

Again by using the value of ¢, we find:

)Bfnf(xi) > j_e (step 4 in algorithm)
n

and

€ )

lef (z;) — Binf(z;)| < ™ with confidence at least 1 — ™

where we have chosen again 1 — d/(4n) confidence which reduces to 1 — §/4 for n

variables. From appendix A, this is achieved whenever the sample size satisfies:

mg > 128 (%) In (3752) .
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Since we must also have |Pr(c = 1[s) — Pr(c = 1]s)| < 72 = /4 (with confidence

at least 1 — §/4) and Pr(s) > v,, from appendix A, we need to have:

’/1‘/’2)
< ( 4

€ €
Bin+1) " 6i(n+ 1)

n

ﬁr(i wiT; = S) — Pr(z wiT; = 8)
i=1

i=1

(with confidence at least 1 — §/[4(n + 1)] which reduces to 1 — /4 for n + 1 possible

values for s). From lemma 2.3 again, the number of examples needed to satisfy this

my > % [64(n€+ 1)}2ln (S(n;- 1)).

equation is:

Also to have Pr(3"I_, wiz; = s) > ¢/[4(n + 1)], we must have:

€ € 17e

> uT: = -+
pr(;“‘ D> s D) T HmT D) - D)

(step 6 in algorithm).

Thus, by choosing the sample complexity m = m, (the largest one), we have an
algorithm (LearnSP) that returns a hypothesis which makes an error at most ¢ (with

the target function) with confidence at least 1 — 4.
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Proof of Lemma 3.2 in Chapter 3

Here, we present the proof of Lemma 3.2 in Chapter 3. If there is a constant value
a € {0,1} such that: err(f,a) = Pr(f #a) < ¢r, then f can be replaced by a without

making error more than €;. Hence, we let ¢f < Pr(f = a) < 1~¢; for any a € {0,1}.

Let f; be the function obtained from f;-; by replacing the reading of z; by the

constant value q;. Let foqéf f and f,,déf fuv. Using the triangle inequality, we have:
err(fi? f) S err(fi-—la f) + el'l'(fi, fi—l) fori= 1727 LU

To prove lemma 3.2, we will first prove the two following claims:

err(fi, fi-1) = Pr(x; # a;) |Infl;,_, (z:)| (claim 1)

|Infly (z:)|

A R (i) (claim 2)

|Inﬂf__,(1:,«)| <

The proof of the first claim is the same for each value of 7. To shorten the notation

we set, w.l.o.g., ¢ = 1 and use the following definitions:

def

F ()= fo(x|z = 1)
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def

RX)= fo(x]zy = 0)

Recall that f, is obtained from f; by replacing z, by a;. Then,
err(fi, fo) = err(fy, folz, = a,)Pr(z; = ay)
+err(f1, folzi # a1)Pr(z) # a1)
= O+ewr(fi, folzy # a1)Pr(z; # a))
= err(f!, fL)Pr(z, # ay)

and

err(fy, f) = Pr(fi = 1If} = O)Pr(f = 0) + Pr(f} = 0|f) = 1)Pr(f =1).

Since these functions are monotonic, we have:
Pr(fi =0|ff =1)=0if w, = +1

and
Pr(fi=1f2=0)=0if w; = -1.

Let w; = +1. Then,

err(f{, f{) = Pr(fl =1|ff =0)Pr(f{ =0)+0
= Pr(fl =0fl = )Pr(fl =1)
= Pr(fl = 1) = Pr(f] = 1|f{ = )Pr(f} = 1)
= Pr(fi = 1) =Pr(f} = 1|f) = )Pr(f] = 1)
= Pr(fl =1)-Pr(ff =1)
= Pr(fo=1lz; =1) - Pr(fo =1|z; =0)

= Inflg(z,) .
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Let w; = —1. Then,

err(fl, fl) = 0+Pr(fl =0|f) =1)Pr(f’ =1)

I
e
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li
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§=X

&,’
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)
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e
e
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e
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e

So,
err(fy, fo) = Pr(zy # a)) |Inflg, (z,)]

and in general:

err(f., fi-1) = Pr(z; # a;) lInﬁf'_l(xi)l .
This proves claim 1.

To prove claim 2. we exploit again the fact that f is monotonic. Then:
wiInflf(z;) = wi [Pr(f =1ljzi =1) - Pr(f =1|z; =0)] > 0.
For any monotonic function f;_;:

wilnfiy(z;) = wilPr(f = Ufiot = 1,25 = 1)Pr(fiey = Ljzi = 1)
+Pr(f = 1lfiet = 0,25 = 1)Pr(fiuy = Olz; = 1)
=-Pr(f =1|ficy = 1,2: = 0)Pr(fi-y = 1[z: = 0)
—Pr(f = 1|fi-1 = 0,z; = 0)Pr(fi-1 = 0|z; = 0)]
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Since Pr(f = 1{fi-i = 1,2: = 1) > Pr(f = 1|fic; = 1,z; = 0) and Pr(f = 1|f;_, =
0,z; =1) 2 Pr(f = 1| fi-y = 0,z; = 0), we then have:

w‘-Inﬁf(;L'i) 2 ’wiIHﬂf(fi_lliL'i = l)Inﬁf‘._l(:ri)
and

wilnflp(z;) > wInfly(fioi|z; = 0)Infly,_ (z:).
By multiplying these two equations by Pr(z; = 1) and Pr(z; = 0) respectively, and
adding them together, we establish claim 2.

Returning to the triangle inequality, we then have:

err(fi, f) < err(fier, f) + Pr(z; # @) [Infly,_, (z))]

fi(z;
< err(fioi, f) + Pr(z; # “")Ilrlliﬁ(}(’-x__)fl)

We also have:

Infi(fio) = Pr(f=1]ficy =1) = Pr(f = 1|fi-, = 0)

= 1= [Pr(f = 0lficy = 1) + Pr(f = 1| iy = 0))

1 - err(f?fi—l)
min [Pr(fi—1 =1),Pr(fi-, = 0)]

v

Let us assume for now that:
min [Pr(fi-; = 1),Pr(fi-; =0)] > %f fori=1,2,---,u.

We will show later that, otherwise, we have: Pr(f = a) < ¢; for some a € {0, 1} which

is not true by the hypothesis.

So if we assume that min[Pr(fi_; = 1),Pr(fi-.; =0)] > ¢;/2 fori=1,2,---,u, we
have:

IA(fier) > 1 — —err(f, fio)-
€f
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Therefore,

[Infi(z;)]
1- %err(f: fi—l)

err(fi, f) < err(fioy, f) + Pr(z: # a;) (C.1)
This inequality along with the fact that err(f,, f) = Pr(z; # q,) [Infi(z)] < 2¢
hints us to complete the proof by induction. So, let the lemma hold for i = & i.e.

err(fx, f) < 2ke;. Then, for the lemma to hold for i = k + 1, we need that:

err(frr1, fi) < 2¢;

But since we have:

Infl(Zpe+1)]
1- %err(fv fk)
€r
1- (—';-(2/(761)

err(frsr. fi) < Pr{zps; # ags1)

< Pr(zes # apsr)

the desired result is obtained whenever ¢; < €,/(8n).

To finalize the proof we now show that if min [Pr(fi.; = 1), Pr(fi_, = 0)] < €/2

for some 7 € {1,2,---. u}, then we must have Pr(f = a) < ¢, for some a € {0, 1}.

Todoso, let{ € {1,2,--, u} be the first number for which we have min [Pr(fi = 1),Pr(fi = 0)] <

¢r/2. This means that for any i € {1,2,---,[}, we have:
. s
min [Pr(fi-, = 1), Pr(fi-; = 0)] 2 9

Therefore, equation C.1 holds for i = 1--./. Hence, we have err(f, f;) < 2le;.

Now let a € {0,1} and let @ be the negation of a. Then, we find:

Pr(f=a) = err(f,a)
< err(f, fi) +err(fi,a@)
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= err(f, fi) + Pr(fi = a)

€
< 216{‘*‘5]

IN

s

while, by hypothesis, Pr(f = a) > ¢, for a € {0,1}. This contradiction shows that we
must have:

min [Pr(fl—l = 1)7 Pr(fl—l = 0)] Z E‘)I' fOI‘ Z = 1,2,' . ’,'U

as we assumed.
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Proof of Lemma 3.3 in Chapter 3

Here, we present the proof of lemma 3.3 in chapter 3.

Let {r),z2---, 1.} be v independent random Boolean variables, each with Pr(z; =

1) = ¢q; and let Sd=efzz’=l x;. Then, we first want to prove that:

(D.1)

for any {qi,---,¢,} and any k € {2,---,v}.

This can easily be proven by induction on v. To do so, we first prove it for v = 2

and k£ = 2.

Let qu-—e-f:cl + 3. To prove for v = 2 and & = 2, it is sufficient to show that:
[Pr(S:=1)]* > 2 Pr(S, = 0)Pr(S, = 2).

This is indeed the case since:

[01(1 = @) + (1 = q1)ge]?

o
]
—
A2
i
[
~—
“w
W

= @(l-q)?+(1-q)%¢+200(1—-¢)(1l-q)

78
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79
and
2-Pr(S; =0)Pr(S: =2) =2(1 — ¢2)(1 — q1) 19
where ¢, = Pr(z; =1) and ¢» = Pr(z, = 1).
We now assume that inequality D.1 holds for v and any k € {2,-- -, U}, we now

prove it for (v + 1) and any k € {2.---,v + 1}. To do so. let SEs 4+ T.+; where

S =3/, z;. Hence, we need to show that:

1L P(§=k-1)_ 1 PrS'=k-2
k' Pr(S=k) “k-1 Pr(S=k-1)

for any £ € {2,---,v + 1}, inequality D.2 holds if we show that:
k
Pr(S'=k-1)2> I Pr(S' =k —2)Pr(S' = k)
for any k£ € {2,---, v+ 1}.

Note that we can write:

(8]

Pr(S' =k —1)° = (1-qu)Pr(S=k—1)2+¢%,Pr(S=k-2)
+2¢21(1 — qu+1)Pr(S =k - 1)Pr(S = k - 2)

and

Pr(S'=k)Pr(S'=k=2) = (1= quu1)*Pr(S=k)Pr(S=k~2)
+ ngPr(S =k-1)Pr(S=%-3)

+ quet(l = g1) X [Pr(S =k — 1)Pr(S = k — 2)

+ Pr(S = k)Pr(S = k - 3)].

By using the fact that inequality D.1 holds for v and any & € {2,-- -, v}, we have:

Pr(S=k—-1)°> %-Pr(S:k— 2)Pr(S = k)
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and
) k-1 ,
Pr(S=k-2)* > k__)-Pr(S::k—-l)Pr(S =k-3)

forany k € {2,---,¢}.
Therefore, inequality D.3 holds for (v + 1) and any & € {2,---,v} if we have:
k

Pr(S=k-1)Pr(S=k~-2) > m-[Pr(S: k—1)Pr(S =k -2)

+ Pr(S = k)Pr(S = k - 3)]
or if we have:
[2(k — 1) = &]Pr(S =k — DPr(S=k—-2) 2 kPr(S=k)Pr(S=k - 3)

or

Pr(S=k—1) 1 Pr(S=k-3)
P

1
—_ > .
K Pr(S=k) “k-2Pi(S=k-2)

But, the above inequality is satisfied by our assumption, since we have:

1Pr(S=k-1) 1 Pr(S=k-2)_ 1 Pr(S=k-3)
Pr(S=k) “k-1Pt(S=k-1) - k-2Pr(S=k—2)

for vand any k € {2,---,¢}.

Hence, we have proven that inequality D.2 holds for (v+1) and any k € {2,-- -, v}.

To complete the proof, we also need to show that:

1 Pr(8'=v) > 1 Pr(8'=v-1)
v+1 Pr(§'=v+1) “v Pr(§=v)
or
Pr(s'=v)? > 251 pr(s" = v - 1)Pr(§ = v + 1) (D.5)
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where £ = v + 1 in inequalities D.2 and D.3.
Again by expanding Pr(S’ = -), we will find:

Pr(S' =)’ = (1-que1)?Pr(S =)+ g2, Pr(S = v — 1)’

+2¢y41(1 = @uy1)Pr(S = v)Pr(S = v — 1)
and

Pr(§'=k)Pr(S'=k—-2) = (1-guu)*Pr(S=v+1)Pr(S=v-1)
+ @2 Pr(S = v)Pr(S = v - 2)
+ gor1(1 = ust) X [Pr(S = v)Pr(§ = v - 1)
+ Pr(S=v +1)Pr(S = v — 2)]
= ¢’,Pr(S=v)Pr(S=v-2)

+ qes1(l = @uy1)Pr(S = v)Pr(S =v - 1).
since Pr(S =v + 1) =0.
Now the rest of the proof is trivial since we have:

v

Pr(S=uv-1)? >

T Pr(S =v)Pr(S' =v —2)
l — .
v+l

Pr(S =v)Pr(S'=v—-2)
forv > 2.

By induction on v we have proven that:

1 Pr(S=k-1)_ 1 Pr(S=k-2)

E PiS=k k-1 PrS=k-1) (D.6)

for any value of £ € {1,2,---,v} and thus:

Pr(S=k-1) Pr(S=k-2) > 1 Pr(§=k-2)
Pr(S =k) Pr(S=k—-1) = k-1 Pr(S=k-1)
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1 Pr(S=k-3)

k—2 Pr(S=k-2)

v

Pr(S = 0)

r 0
Pr 1)
(

v

(§ =
Hg:l 1— Ql)
Hf;.‘j(l - q) Z;:l gj
1
V< >y

Since Eq. D.6 is valid for any k, we can write:

Pr(S =k) S k+1 Pr(S=k+1)
Pr(S=k-1) — &k Pr(S = k)
k+2 Pr(S=k+2)

2 T P S =kF 1)
> ...
S5 U Pr(S =v)
- k Pr(S=v-1)
_ v I g
koI a Z;:l(l - q;)
11
T k< l/a >,
> L
- v<1l/a>,

Therefore, the lemma is proven.
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Proof of Lemma 3.4 in Chapter 3

We present the proof for the OR case. The AND case proof follows from this one by

symmetry.

If a variable z; is a child of an OR gate g, then recall that we can assume, w.l.o.g.,
that there must exists another variable z; which is a descendent of g (otherwise z; is

a singleton).

In this case, we have that Infl(z;|2; = 1) = Infl(¢)Infly(z;|z; = 1) = 0 and, conse-

quently, 4}, = 0.

Now, if z; is not a child of an OR gate, we have:

Inﬁ(l'j,l'i = 1)
Infl(z;)

AL,
Inﬁ(:z:j|z,- = 1)
Infl(z;|z; = 1)Pr(z; = 1) + Infi(z;|z; = 0)Pr(z; = 0)

e Infl(zj|z; = 1)
> min "Infl(z;]z; = 0)

There exist two different cases.
Case 1: z; and z; be siblings to a perceptron g with a threshold §. Then, let S be
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the sum of g’s children except z; and z;. We have:

Inﬁ(z:j{r,- = 1) _ PI(S =60 - 1)
Infi(z;le; =0) =~ Pr(S=6)
> Y from lemma 3.3

Case 2: z; and z; meet at a (higher level) perceptron g. Let g; and g; be the
children of g through which z; and z; (respectively) feed g. Let 8 be the threshold of
g. Let P;bd-i-f Pr(g; = alz; = b). Let S be the sum of g's children except gi and g;.
Then:

Infi(z;lz; =1) _ Infi(gjlg; = 1)Pf1 + Infl(g;lg: = O)Pcfl
Infl(z;]z; = 0) Infl(g;]9: = 1) Pjy + Infi(g;]g: = 0) P,
min{Infl(g;|g; = 1), Infl(g;lg; = 0)}

z max{Infl(g;|g; = 1), Infl(g;|g; = 0)}
_ mm{lnﬂ(gjlgf =1) Infi(glg: = 0)}
Infl(g;|g: = 0)" Infi(g;lg: = 1)
_ min{Pr(S’=9—1) Pr(S =6) }
Pr(S=6) "Pr(S=6-1)
> n from lemma 3.3

Thus, A4}, > 7, whenever z, is not a child of an OR gate.
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Proof of Lemma 3.5 in Chapter 3

The proof directly follows from the definition of C{‘_'j and lemma 3.3. Here, we give the

proof for the property 1; the proof for the rest is similar.
Let {z;,z;, zx} be a triple of variables siblings to an NG-perceptron ¢ with a thresh-
old 8 and let S Z,#i’j‘k z; where z; is a child of g. Then, we have:

ok _ Infly(z;]z; = 1.2 = 0) B Infly(zj|zi = 1,24 = 1)
ha Infi(z;)Infly(z;|ze = 0)  Infi(z;)Infly(zj|zr = 1)
) _ )
) )

Infly(zjlr; =0, zc =1 Infly(zj|lz; = 0,2, =0
Infl(z;)Infly(zj|lze = 1)  Infi(z;)Infly(z;|ze = 0
Infly(z;]z; = 0, zx = 1)Infly(z;]|z; = 0,z = 0)
Infi(z;)Infly(z;lzx = 1)Infly(z;|ze = 0)
Infly(z;|lz; = 1,z =0)  Infly(z;lzi =1,z = 1)
[Inﬁg(zjlxi =0,z =0) Infig(z;|z; =0,z = l)]
Pr(S =6 - 1)Pr(S =6)
Infi(z;)Infly(z;|ze = 1)Infly(z;]zx = 0)
Pr(S=6-1) Pr(S=6-2)
[ Pr(S=6) Pr(S=6- 1)]
Pr(S =6 - 1)Pr(S =9) 8
Infi(z;)Infly(z |z = 1)Infly(z;|ze = 0)
1 Pr(§=6-2)
6—1Pr(S=6-1)

from lemma 3.3
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> ! pd
6-1
Pr(S =6 — 2)Pr(S =6)
max[Pr(S =60 — 2),Pr(S =0 - 1)] - max[Pr(S = 6 — 1), Pr(S = §)]
> v >w from lemma 3.3

Now, suppose that z;, z;, and r; meet an NG-perceptron g. Let g;, g; and g be
the children of g through which z;, z; and z; (respectively) feed g. Then, we can show

that:

k= Inflg(z;lr; = 1. 24 = 0) Inﬂg(;z:jlzi =1,z =1)
b Infi(z;)Infly(x|r =0)  Infi(z;)Infly(z;]zx = 1)
) )
) )

Infly(zjlri =0,2¢ =1)  Infly(z;lzi = 0,2, =0
Infl(z;)Infly(z;|ee =1 Infl(z;)Infly(zj|z = 0
Infly(rj]z; = 0,2 = 1)Infly(z;]z; = 0,z = 0)
Infi(z;)Infl,(r|xe = 1)Infly(z;|zs = 0)
Infly(zjlz; =12, =0) Infl(zjlzi=1,2, = 1)
[Inﬁy(rjlwi =0,0,=0) Infly(z;|zi = 0,24 = 1)]
Infly, (z;)Infly, (k)
I[lﬂ(l‘i)
Infly(g,lg: = 0. gx = 1)Infly(g;lg;: = 0, gx = 0)
Infiy(g;|xx = 1)Infly(g;|zi = 0)
[Inﬁg(gjlgi =1.g:=0) Infly(gjlgi =1,9x = 1)}
Infly(gjlgi = 0.9x =0)  Infly(g;lgi = 0,9 = 1)

Let S% Zl,‘z]kg, where g; is a child of g with the threshold 8. Then:

Infl, (zx) 1 Pr(S =6 -2)Pr(S =9)
Infi(g;) 8 — 11Infl,(glzi = 1)Infl,(g;]z; = 0O)
Inﬂgk (:L‘k) . 1 %
Infi(g;)) 6-1
Pr(S=6—-2)Pr(S=6)
max(Pr(S =60 — 2)2, Pr(S =60 — 1)?, Pr(S = 6)?]
> Infl,, (x)7v? from lemma 3.3

k
Ci.j

v

2 _
6[’711, =w
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So this proves property 1.
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Proof of Lemma 3.7 in Chapter 3

Here, we present the proof of Lemma 3.7 in Chapter 3. To prove this lemma, it is
sufficient to show that any CMSLL 1" w.r.t. to a C-safe set W (in which there is no
NG-CMSLL of three or more relevant variables) must satisfy conditions (1) and (2)
of a G-CMSLL candidate. Indeed, if there exists another zx € 1" — V" such that (1)
and (2) are satisfied for U = V" U {z}}, then U is a G-CMSLL candidate w.r.t. 1" and
VclU.

Recall that, at this point, if 1" is a CMSLL w.r.t. I, then V is either an NG-
CMSLL of only two variables or a G-CMSLL of two or more variables. For both of
these cases, property 2 of Lemma 3.5 states that condition (1) is satisfied. For condition
(2), we consider separately the case where V' contains two variables and the case where

V" contains at least three variables.

i) The set V' = {z;,z;} is a G-CMSLL or an NG-CMSLL containing only two
variables meeting at g. Then, for any {z;,z,} C IV — {zi,z;}, we will have one and

only one of the following cases:

(1) {zi, 21,2} is meeting at ¢’. This implies that {g,z;, 2} and {zj, z1,zm} are
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also meeting at g’ since z; feeds ¢’ through g and z; feeds g. Then, from the definition

k m _ /m
of C7;, we have that C7} = C7y = CTy.

(2) zm & desc(lca(z;,z;)). Note that lca(z;,z;) = lea(z;, ;) = lea(g, ;) since z;

and z; feed z,’s parent through g. Then, CT} = CT; = 0.

(3) z; ¢ desc(gs) and gy, is lea(z;, r,). Note again that lea(z;, ) = lea(zj, zm) =

lca(g, zrm) since z; and z; feed z,,’s parent through g. Then:

m Infi(z)|z; =1,2,, =0

)
BT Infi(x)InA(z|z, =0)
Infl(z)|z; = 0,z,, = 1) Infl
)
(

Infl(z;)Infl(z/|x, =1
= [Infl(z/|gn = 1) = Infi(zi|gn = 0) ] X
Infly, (zi[t:m =0)  Infly,. (zilzm = 1) J
| Infl(x;)Infi(ay |2y = 0)  Infl(z;)Inf(z)|z, = 1)
= [Infi(z(|gm = 1) = Infl(zi|gm = 0)] x

Inﬂgm (glxm = O) - Inﬂgm (gl-'rrn. = 1)
| Infl(¢g)Infi(z| L, = 0)  Infl(g)Infi(z)|z, = 1)
= Gy = Cj

i)) The set V" = {z,,z;,24,---} is a G-CMSLL containing three or more variables
meeting at g. Since 1™ is a C-safe set, each z; € V must feed g through g; (an
NG-perceptron or a G-perceptron). Then, for any {z;,zm} € W — {z;,z,}, we first
might have cases identical to those of (i) except that g now has at least three children
{9, 9;. g} fed correspondingly by {z;..r;, z}. For these cases, the same proofs as in

(7) apply. In addition, we might have the following cases:
1) {z;,zm} € V. Then. we have that C7} = C7} = 0 from Property 2 of Lemma 3.5.

(2) {z:} € V and {zn} € V. Then, we have again that Cj} = CT; = 0 from

property 2 of Lemma 3.5.
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(3) {z} ¢ V and {z,,} € V. Then:

m

il =

Infl(z)|2; = 1,2, =0) Infl(zy|z; = 1,20 = 1)
Infl(z;)Infl(z, |z, =0) Infi(z;)Infl(zi|zn = 1)
( )
(

Infl(zi|z; = 0,2, = 1) Infi(z)|z; = 0,2, = 0)

Infi(z;)Infl(z)|z = 1) Infi(z;)Inf(z|z, = O)

(Infl(zilg = 1) - Infi(zlg = 0)] x

[ Infl,(zilzm = 0) Infl, (zilzym = 1)

Infl(z;)Infl(z|zm = 0) Infi(z;)Infi(z)|zm = l)J

[Infi(zilg = 1) — Infi(z;|g = 0)] x

[Infl,, (2;)Infl,(gi|gm = 0)Pr(gm = 0|z, = 0)

i Infl(z;)Infl{z)|z,, = 0)

_ Infly, (z:)Infl4(g:lgm = 0)Pr(gm = Oz = I)J
Infl(z;)Infi(z)|z,, = 1)

(Infi(zlg = 1) - Infi(zg = 0)] x

Pr(g, = Olxm = 0) Pr(gm = 0|z, = 1)
Pr(gm = 0)Infl(z)|z,, = 0) Pr(gn = 0)Infl(z)|zn = 1)}

7mn
Cj,l'
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Proof of Lemma 3.8 in Chapter 3

First note that if 1" contains only two variables, we trivially have (b) since (a) can only
occur with a set of at least three variables. Hence, we now consider that V" has at least

three variables.

Let V = {z;, zj, 2, - -} be a G-CMSLL w.r.t. W containing three or more variables
meeting at g. Let z; and z, € 1" feed g through its children g; and g;, respectively. We

consider first g to be an AND gate. Then, for any {z;,z;} C V we have:

ALy = 4
Infi(z;)

Infl(z;|z; = 1) — Infi(z;|z; = 0)
Infl(z;)Infl(z;)
Infi(gilg; = 1) — Infl(gilg; = 0)
oA (6 TA(g;)

Infi(gilg; =1) -0
Infi(g;)Infl(g;)
Infl{gi|lg; = 1)
Infi(gilg; = 1)Pr(g; = 1)Infi(g;)
1
Pr(g; = 1)Infl(g;)
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> 1
If g is an OR gate, we have Infi(g;|g; = 1) = 0. In this case, we will find:
[i; <-L
This proves that (a) is never held if V" is a G-CMSLL;: therefore, (b) is held.

Now, suppose that 1" is not a G-CMSLL w.r.t. . Since V is a G-CMSLL candi-
date, the substructure emanating from the lca(V) has to be of a simple form. Indeed,
for any {z,z;} C V', the lca({z;,2;}) must be either an NG-perceptron of two (rel-
evant) children or a G-perceptron of two or more children. If the lca({zi,z;}) is a
G-perceptron, then (from the condition (1) for a G-CMSLL candidate) it cannot be
fed by an NG-perceptron (of two relevant children). Hence, G-perceptrons occur only
at the lowest level in the substructure emanating from the lca(1”). For the rest of the
proof, we consider separately the case where there exists at least one G-perceptron in
the substructure emanating from the lca(V’) from the case where there does not exist

a G-perceptron in that substructure.

Suppose that there exists a G-perceptron in the substructure emanating from the
lca(17). Since V', by hypothesis, is not a G-CMSLL and since a G-perceptron can only
occur at the lowest level in the substructure emanating from the lca(}), then there
exists {z;,z;,zr} € V" such that the lca({z;, z;, zx}) is an NG-perceptron and that
the lca({z;, z+}) is a G-perceptron (an example is illustrated in Fig. 3.2 (c)). Let us
consider that lca({z;, zx}) is an AND gate g; therefore, I';x > 1 (the OR gate case is
similar but, for that, we have I';; < —1). Now, let z; and zx € V" feed g through its

children g; and g, respectively. In this case, we find:

Infl(z;|z; = 1,z = 0) — Infl(z;|z; = 0,z = 0)
Infl(z;)Infl(z;|zx = 0)

k
Ci J
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Infl(z;|z; = 1.2 = 1) — Infi(zj|z; = 0,2, = 1)
- Infl(z;)Infl(z;|z, = 1)
= [Infl(zjlg = 1) - Infi(z;]g = 0)] x
Infly(z;jzr = 0) Infly(zi|ze = 1)
{Inﬂ(x,-)Inﬁ(l'jlrk =0) Infi(z,)Infl(z,|z, = 1)}
= [Infi(z;lg = 1) - Infi(z;]y = 0)] x
{Iﬂﬁg(gzlgk = 0)Pr(ge = Olzy = 0)
Infi(g;)Infl(z;|zx = 0)
_ Infly(gilg = 0)Pr(gx = Olz¢ = 1)} '
Infi(g;)Infl(z;|ze = 1)

Infly(g:lgx = 0)
Inﬁ(gi)
Pr(gi = 0lzx =0)  Pr(ge =0z = 1)}
Infl(z;]|z; = 0) Infl(z;|zr = 1)
Infly(gilgx = 0)
Infi(g;)

= (Infl(z;lg = 1) - Infi(z;|g = 0)]

= [Infi(x;lg = 1) - Infl(z;|g = 0)]

Infly, (z)Infl(z;lg¢ = 1
{Inﬂ(l'jlzk = 0)[nfl(z;|zx = 1)}
(Infi(r;lg = 1) - Infl(z,]g = 0)] Infly(g:[gx = 0)
Infl(z;)Infl(g) Infl,(g:)
Infly, (z¢)Infi(xj|gx = 1)Infi(z;)
{ Infl(zj|zy = 0)Infl(z;|zx = 1) }

= L Infl, (z)Infl(z;]gx = 1)Infl(z;) }
Pr(gi =0) | Infl(zj|ze = 0)Infl(z;]zx = 1) [~

To have the condition (1) of Definition 3.2 satisfied for {z;, z;,zx}, we need to have

Cffj = 0. However. since we will have access only to the empirical estimate of C'i'fj, let
us be conservative and consider that the condition (1) of Definition 3.2 is satisfied for

ij < w. The last equality tells us that to have Ci’fj < w, it is necessary to have:

. Infly, (z)Infl(z;|gx = 1)Infl(z;) }
o < w.
Ly min {Pr(gk = 0)Infl(z;|z¢ = 0)Infl(zj|zi =1) § — “

Note that:

Infl(z;) » i 1 L,
Infl(z;|zy = 0)Infl(zj|ze = 1) = Infl(z;]zx = 0)" Infl(z;]z) = 1)
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and
Infi(z;]|ge = 1)
"Infi(z,|gi = 0)

. Infi(z;lgx =1) Infi(z;lge = 1)
mm{Inﬂ(a:jlark =0)’ Infl(z,|z; = 1)

Therefore,

} > min{l

} > .

Infly, (z¢)Infi(z;|gx = 1)Infi(z;)
Pr(gk = O)Inﬂ(l‘jll'k = O)Inﬂ(:rjlsck = 1) -

€r°Tn-

Since wdéfer/?,. we find that [';; < v,. On the other hand. I';x > 1 (for an AND gate)
and I';; = T';, = ['jx (from the definition of ';;). Here, I'ix # I'i; = ;4. So, this
shows that the case (a) of the lemma is held here and, also, that z; has been correctly

identified as not feeding the lca({z;, z\}).

Now, suppose that there does not exist a G-perceptron in the substructure ema-
nating from the lca(l”). Examples of this case are shown in Fig. 3.2 (b) and (d1).
Because each NG-perceptron of two relevant variables has at least one irrelevant child,
Lemma 3.2 implies that each of these perceptrons can be replaced in the hypothesis
by either an OR or an AND gate without making much error. Moreover, we can find
cases where case (a) would not hold, then this would be of no consequence since the
whole substructure can be replaced by a single G-perceptron without making much
error. In addition, we can also find cases where the case (a) holds. Then the only thing
we need to guard against in these cases is the fact that we will always identify correctly
the variable z; which does not feed the lca({z;, zx}). We can easily see that this will
always be the case directly from the definition of I';;. Indeed, consider w.l.o.g. that
r; ¢ desc(lca({z;, z«})), then (from the definition) we must always have I';; = T';; so

that it is only possible to have T';x # i ; = [jx.
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Proof of Lemma 3.11 in Chapter 3

Here we are going to show that whenever f is a stochastic function obtained from the
target function f by replacing each perceptron g of the network by g’ where each & is
obtained from g by the definitions given in 3.1 or 3.2, we then have:

err(f, f) < Qilnﬂ(xi)Pr(z,— = 1)Pr(z; = 0)

i=1

where 7 is the total number of variables that have been removed.
To doso, let 1" = {G,,---,G,} be the set of children of f. Let G; be obtained from
G; by replacing its children by its approximated children as described in section 3.10.
We divide I} into two disjoint subsets V" and U. Set V contains the G;s for which
err(Gi,éi) < Pr(G; = 1) and EI'I'(G",G',') < Pr(G; = 0). Set U contains the G;s for
which Pr(G; = a) < err(G, G;) < Pr(G; = @) where a € {0,1} and a is the negation

of a.

Note that f is a stochastic function obtained from f by replacing each perceptron
G; € W by C-?: where each @i is obtained from G; by the definition given in 3.2.

Therefore,

Pr(f=1S=1)=Pr(f=1|S=1)

95
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where § & SWG
Let fi be the stochastic function obtained from f by ignoring all G; € U and by
replacing each perceptron G; € V' by C;”;. Therefore,
Pr(fi- =1|S¢- =1) =Pr(f = 1|Sy = 1)
where Sy def Z'Vl G'
Now to prove the lemma, we first show that:
err(f, f) < ert({, fv)

then, we show that:
[y

err(f, fir) <ZInﬂ Jerr(Gi, Gi)

To prove that err(f, f) < err(f, fi-), we can prove it w.l.o.g. for the case where

Ul =1.
err(f, f) = Pr(f=1,f=0)+Pr(f=o,f =1)
= sz (f=1S =1)Pr(f =0|S =)
+Pr(f = 0[S = [)Pr(f = 1|S = )]
= Pr(f=1)+) Pr(S=U)Pr(f=1|S =)
x[ll —2Pr(f = 1|S =)
= Pr(f=1)+) Pr(S=1)Pr(f=1|S=1)
x[ll ~2Pr(f = 1|S =1)]
where, as before, S = 31"/ G/, Similarly:
er(f, frr) = —1)+ZPr(SV DPr(f =1iSy =1)
x[l —2Pr(f = 1|Sy = 1))
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where Sy & Zl‘:'l G'. Note that § — Sy = G, where G is obtained from G, € U.

To show err(f, f) < err(J, fv), we show that err(f, f) — err(f, fir) <0.

err(f, f) —err(f, fv)
= Y, Pr(S=0Pr(f = 1S =1 - 2Pr(f = 1|S = )]
- Pr (Sv = 1)Pr(f = 1S ={)[1 - 2Pr(f = 1|Sy = 1)]
= X Pr(Sy- = [){
Pr(G) = 1)Pr(f = 1|Sy = L.G| = 1)[1 = 2Pr(f = 1|Sy =1, G} = 1)]
+Pr(GY = 0)Pr(f = 1Sy = 1. G} = 0)[1 — 2Pr(f = 1Sy =, G, = 0)]
[Pr(G' =1)Pr(f =1|Sy- =[,G| =1)
+Pr(G, = 0)Pr(f = 1|Sy- =1, c':g =0)]x
(1 -2Pr(G, = 1)Pr(f =1|Sy- =,G, =1)
—2Pr(G} = 0)Pr(f = 1|8y =, G, = 0)]}
—2Pr(G = 1)Pr(G} = 0) 3, Pr(Sy = )[Infi(G}|Sy = I)]?
0

IA

We now prove that err(f, fy) < E’” 'Infl(G:)err(G;, G;). For this, note that since

Pr(f = 1|x) is either zero or one, we can write:
err(f, fi)= Y Pr(x)|Pr(f = 1]x) - Pr(fy = 1jxv)|
X

where x is the setting of all the variables, xy- is the setting of the relevant variables

that meet each G; € 17, and the sum is over all the possible values of x.

Using the same techniques as for Lemmas 3.9 and 3.10, we can show that:

193] iV
err(f, fv) < Y Infl(G:)Pr(G; = 1)Pr(G; = 0) + »_ Infl(Gy)err(Gy, GY)

Note that G; € U in the first term and that G; € V in the second term.

Since err(G;,G;) < Pr(G; = 1) and err(G;, G;) < Pr(G; = 0) for all G; € V, we
have that err(G;, G~§) < err(G;, C-?i) for all G; € V. Also, we have:

Pr(G; = 1)Pr(G; = 0) < err(G;, G;)
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forall G; e U.

Therefore,
(W]

err(f, fi) < Zlnﬂ Jerr(Gy, Gi)

and thus
1|

err(f, f) < ZInﬂ Derr(Gi, Gi).

We can perform the same analysis for each G;, we thus find:

[Wil
) err(Gi,@,-) < Zlnﬁci(gj)err(gj,ﬁj).

J=l1
where g; is a child of G; and continuing this to the bottom level perceptrons for which

we have:

err(g,g) < 7ZInﬁ :)Pr(z; = 1)Pr(z; =0),

we will find:

err(f, f) < 2 ilnﬂ(zi)Pr(:ri = 1)Pr(z; = 0)
i=1

where now z; belongs to the set of all removed variables and r denotes the total number

of removed variables.
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Estimation of m in Chapter 3

The number m of required examples is such that all the probabilities given in the proof
of theorem 3.1 must be estimated with the given precision and confidence. This will

be the case if we choose m to satisfy:

2
-. k elnln 5

which is equivalent to:
2
€1z ]
Pr <—=5>>1- .
' { 16 } 32n3
def

Let [, Infl(z;|z; = 1,2; = 0), L% Inf(z;), LEInf(z;)zs = 0), €% (e,72)/16, and

Iﬁﬁ(:rjlx,- =1,z =0) B Infl(z;|z; = 1,24 = 0)
Infi(z;)Infl(z,| = 0)  Infl(z;)Infl(z;|zx = 0)

§'5/(32n3). Now. since we have:

AR L-5L Ll - L)
.fgf;; IZI3I j-_)f_"; fgf3.[213
|, — 1] L4 |LI; — LI
= L LI LI,
< |ILA—.11| +Il|{2_l2l _*_11[{3:' I3 ,
I,I; LI I; I 1315
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in order to have:

< e'} >1-4¢", (1.1)

it is sufficient to have:

ro_ / NG :)__ } cr
Pr{l‘r1 III<€}>1-—O , Pr{II—I.I‘—IQI<6—}>1—O—,

LI, "2 3 LLI, 4 3
o ! ’
and [Il.ls- Ll e 1- 6— .
LI 4 3

These are equivalent to have:

- CI . oa (5' . /
Pr{IIL_III<§'[JIS}>1"§ , PI{IIQ—IQI<Z Il }>1—§,
I

and pl‘{'f3—[;;l<

Hence, we now have the following bounds:
L > 3¢//2 in order to have I, > ¢, I3 > vueq, Ly > (9vn€7)/4 in order to have
I3 > €1, (Il3)/1, > ~p(from Lemma3.3), and (fgfg)/ll > 37a/4. Hence, to satisfy

inequality J.1, it is sufficient to have:

X ' ,,n'z 5 ) ! o /
PF{III—II|<E 9/6[}>1—'_— R PI'{IIQ—-[2|<%-3€[’Y })1-—6_

2 Ty 3 2 3’
- € 3erva d
and Pr{][s Ll < yi— } >1 3

Let €; < 7,/6. In that case, satisfying the first inequality, implies that the second and

third inequalities will be satisfied.

Now, to have:

2 2 'y
;o €17 Yn€s _ 0
Pr{]h Ill<—16 ——8 }>1 9673

we need to have:

) 9¢i1
Pr lPr(f =lzy=zi=lLae=0)-Pr(f=lz; =z = 1,2 = O)I < 236
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)

>1- .
192n3

Following Pagallo and Haussler [24], to satisfy this inequality, it is sufficient to have:
- 9 3.3 3
Pr{!Pr(zj=xi=1,:rk=0)—Pr(:z:j=g;i=1,1;k=-_0) <%%}

3 )
384n3

>1

Using the multiplication form of the Chernoff bounds [11]:
Pr{lp—pl> 7 p} <22 <5,

we find that, to satisfy our last inequality it is sufficient to have:

1/6\°/ 8 \° 12(4n)3,
> | = )
"= 3<€s> (361%) tn( 5
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