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It is by logic that we prove, but by

intuition that we discover.

L8
- Henrji.Poincaré (1854-1912)
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ABSTRACT

An alternative approach to the inverse sc%}tering problem.
~as applied to electromagnetic imaging is proposed.

An algorithm, based on the amethod of moments for
reconstruction of the permittivity distribution of infinite
cylinders with arbitrary cross-section, from scattered
field measurements is derived. Computer simulations show
that the problem is il;Tconditioned ‘and therefore highly
noise sensitive. | |

A new* alternative method using the pseudoinverse
transformation in conjunction with image filtering
techhiques is presented. Computer simulations demonstrate
that this technique yields good results especially in the

case of slowly varying permittivity distributions.
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Chapter 1

. INTRODUCTION

The'ability to view internal structures nondestructively
héé long been a.goal in many disciplines. Rapid advances
toward this goal have been achieved in medicine with a
techniqué known as Computerized AxialtTomogﬁaphy (car) [i].
The basic 1idea of this method is to reconstruct a
two-dimensional image of -a slice of an object from
projécﬁions at different angles. Projectioﬁs can be obtained
with various types of radiation. 1In medicine, X-rays are
most commonly - used. Many X-ray CAT scannef machines are
presently ‘in operation and have demonstrated their
usefulness as powerful diagnostic tools. The reconstructed
image represents the attenuation properties (density) of the
various tissues in the body. Emission Computerized
Tomography (ECT) [2] wutilizes Y-ray photon or positron .
emissions from radioisotopes which are administraged to the
patient either by .inhalation or by, 6 injection. The
cross-sectional image yieidg/’ information about the
radioactive‘isotope distribution within the body. Intensive
work is being carried out on apblications of ultrasound in

tomography [3,4,5]. In medical applications ultrasound



2
creates( less poféntial hazard to the patient. and the
feconstructed image yields information about acoustic
properﬁies of the tissues and may provide additional
i;formation for clinical diagnostics. Electromagnetic waves
are used in geophysics to im%ge geologica1 structures from
their propagation velocities or attenuation bharacteristicﬁ
6. | o

Reconstruction algbrithms gEﬁE?élli used in £omography
are based upon the assumpti&h of nearly straight-line
propagation {7,8]. However, 1in the .case of ultrasound and
electromagnetic waves, this assumption 1is generally not
valid. Rays undergo {;;;;Etion at interfaces between media
with different refrActive indices. Furthermore, variations
in the refractjte index within the_ tissue resuit Adn
significant rag/iending. A further level of complexity, 1in
the case of e{éctromagnetic imaging, results from relatively

long waveyéngths which are employéd in order to obtain

te levels of transmission [9].

ELECTROMAGNETIC IMAGING : A REVIEW

Electromagnetic imaging r rs to any noninvasive
technique which allows visuald ation of certain parameters
1nherent to electric propertles of the 1nternal structure of
an opject, by using wave 1rradlat1ons wvhose wavelength is of

the order of magnitude of the size of the object under test.
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Detection of buried objects received some attention in
the past. Lytle et al. [10] attempted to locate buried mine
shafts by lowering a radiofrequency (RF) source into a
borehole, and a detector into another one, and by using the
cross—-borehole -transmission ~ data to  reconstruct the:
conductivity distribution of the ‘medium which was known to
contain a tunnel. By selecting a proper frequency and
analyzing the diffraction patterns at the receiving end,
they were able to l&cate the tunnel, Microwave ﬁolography
was also used to image buried dielectric anomalies [11]. The
ground was scanned perpendicularly to the surface. An
hologram was computed from the phase and intensity of waves
back-scattered by the medium containing the buried object.
Surface-reflected-wave components  were estimated and
subtracted Erom the original data. Satisfactory results were
obtained with simple buried structures. One of the first
attempts to use reconstruction algorithms used in X-ray
tomography was pfoposed for imaging éeological structures
{6]. Linear arrays of transmitters and detectors were placed

in two boreholes separated by a distance of several

wavelengths. Straight-line propagation was assumed.
. T .

Simulated reconstructions showed that ray-bending

corrections wvere required to obtain accurate

reconstructions,
In recent years, there has been a growing interest in
using electromagnetic waves for medical imaging. It 1is

g
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generaily recogniz \that electromagnetic -imaging has
several potential advantages over other imaging techniques.
Of particuliar intérest‘ is the superior contrast of the
electomagnetic médical diagnostic techniques, especially in
applications‘ involving organs such as lungs, where
ultrasound is highly attenuated (due to the presence of air)
and X-ray technigues have very low confrast. Many parameters
can be imaged with electromagnetic waves such as
attenuation, conductivity and dielectric constant. These
parameters are generally frequency depenéent and 1imaging
over a wide range of frequencies may be possible with
electromagnetic lsources, to obtain more information for
clinical diagnostics. Finally, continuous real-time
monitoring is potentially feasible since, at the reguired
level of radiation, electromagnetic waves are not known to.—
fepresent a hazard to the patient.

Unfortunatel§, electromagnetic imaging is still in its
preliminary stage basically because of the difficulties in
developing adequate reconstruction algorithms. These
difficulties occur because the paths between transmitters
and receivers are object dependent, which reveals the effect
of diffraction, In addition, practical difficulties arise
when fields are measured because of reflections from the
surroundings. Finally, reducing coupling effécts betﬁ%en
detectors and the scatterer is generally ‘difficult.

Henderson and Webster [12] designed an impedance camera to
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- ~

generate eleqtriEal impedance™ images of the thorax. One
hundqu spatially specific adm{ttance measurements per frame
were recﬁrded at rates uﬁ to 32.frames per second. Data were
presented» in a form of isoadmittance contour maps.
Difficulties grése in correlating images with lung
pathologies, owing to the poor resolution of the system.
Electrical Impedance Computed Tomography was proposed bx
several authors [13,14]. A transaxial image representing the
conductivity of tissues was attempted. Reconstruction
algorithms utilized 1in X-ray tomography were applied. 1In
general, results turned out to _be unsuccessful because
current stream-lines cannot usually be forced to be straight
and parallel. Gregg [16] used Algebraic Reconstruction
Technigues (ART) [7] to reconstruct cross-sectional
distributions of the attenuation of wvarious objects from
10-GHz microwave transmission data. Artifacts due to
scatteging are clearly visible in the final reconstruction.
Larsen and Jacobi [17] performed microwave imaging of a
canine kianey. The organ was immersed in water to match the
properties of the surrounding mediuh to that of the object.

A scan .of 64x64 sample points was performed by moving

transmitting and receiving antennas correspondingly.

Relative phases and amplitudes of the transmitted waves -at

3.9 GHz were recorded. Images whosé gray level is
proportional to the relative phaser or amplitude showed many

artifacts due to diffraction effects.

i -



1.2 ELECTROHAGNETIC IMAGING : DIFFRACTION EFFECTS

Desbite the  fact that many _results indicate - that
difffaction effects cannot be gener&ily neglected, .umany
authors [18,19,20] are still proposing linear reconstruction
algorithms for electromagnetic imaging. In reality, .the
measured transmitted or reflected waves are no longer.
projections, but are .scattéred waves generated by the
object superimposéd on tﬁé incident field. Consequently, the
reconstruction of the electrical parameter distribution of
an iject, " using electromagnetic waQes, should rather\EE/
considered as an inverse scattering problem and this topic
is addressed in this:thesis;

Perturbation methods [le were proposed in acoustic

tomography to reconstruct the vélocity distribution of a

small disturbance from .complex data taken at different

observation angles. It wa® one of the~firs£ attempts to

include diffraction effects in algorithﬁs applied .to

tomography. Adams and Anaerson [22] used a technique. of

reconstructing a three-dimensional image of an .object from

.complex microwave field data taken 'in three different

planes. Experimental results of' independent, non-coupled
point scattereré.at”32 GHz are 'repofted. It was found that
when the scatterers were closely spaceé or when the viewing
éireétions were not propgfly chosen {which reguires some a
priori knowledge of the object), severe artifacts were

present.

[3]
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Although [intensive investigations are being carried out
in inverse scattéring theory, very few solutionijﬂhve been

reported for . dieiect:ic scatterers. Among £hgorétical'

| Do | U :
_~~works, Borjarski [23] derived an integral equation for

unknown fields and Sources in the interior of a closed
surface on which fémotély sensed,‘ffeldé are known.  An
analytic closed form solution of this integral eguation was
obtained using & modifigd Fourier transform. Stone [24]
used- a'similar approach to determine the scattered-field

source? dispfibution by méasuring fields and their normal

derivative on a surface enclosing the scatterer.

.There is ‘a controversy'about the unigueness of the

solution in inverse source problems. Some authors [25,26],

" "claim that the solution of that problem is not unigue due to

the fact that there exist nonradiating sources [27] that do
not radiate .outgide the volume lin which they are confined.
Althoughﬂthb#e gourceé are not —physically realizablé and do
not satiéfy the minimum ehergy p;incip}e [28], they however
mathematicaily éxist\and it is not possible to find a unique
solhtiqn to ;he inverse source problem if some cqnstraints‘
are not enforced on ;hé sought solution. The nonunigueness
of "'the inverse source solﬁti;n is clearly demonﬁtrated for
few simple cases- in [29]. It is mentioned that the ambigﬁity

can be alleviated by takiﬁg-measuréments at different angles

'Sources in.scattering theory refer.” to currents- (either
polarization or conduction currents) induced inside an
object by irradiation or other means, which generate
scattered fields. ° ' ‘

O
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6f irradiation or when some a priori information about the
scatferer‘-is available. The problem of nénuniqueness is
analyzed in some detail in Secfions 2.4 and 3.3.

An  early theoretical -attempt to reconstruct the
dielectric distribution using holography was'proposed by
Wolf [30]. Holograms of a'weakly;scattering semi-transparent
object were taken at different angles of irradiation. It was
shown that the three-dimensional Fourier transform of the
complex diéleqtric distribution of the "object can be
approximately determined from the two-dimensional Fourier
components of the 'scattered fields inl two well specified
planes; The scattered fields were determined from the
holograms. ' It was suggested that the limit of resolution to
which the details of the unknown structure could be
~determined, was about half-a wavelength of the irradiating
wave. A technique using microwave hdldgraphy was presenfed
in [?1,32] for visualization of internal structures witﬁin a
dielectric. The object was irradiated with microwaveé and

the object was reconstructed from its microwave hologram

optically. Many artifacts appeared 1in the reconstructed
image. - g
In a recent work [33], an itef%:éve technique was

. Ve
proposed for one-dimensional dielectric distributions within
infinite 'slabs. °~ The .constitutive parameters of a lossy
diéiectric slab were computed from the diffracted field,

when irradiated by a sine-squared-impulse-like wave, in the



.

"time domain, The unknown parameters were iteratively

9

determined by solving a space-time discretized field

integral equation for direct and inverse scattering

problems. Both problems piekded a system of linear

equations that were solved ip/each iteration loop. The order
of the systems was egual te the number of intervals into
which the slab was divided.. esults sﬁowed'good—fidelity

reconstructions  for va;ious, dielectric profiles!? for
noiseless’ input data., A multi-projection technique was
presented in {34] for re;onstruction of various objects
using an algorithm similar to the one utilized in X-ray
tomography. The object was assumed to be weakly-scattering
so that the Born appréximation could be used in the analysié
i.e. the obj?Qt could be represen;ed by an ensemble of
indeﬁendent sc$t£erers. A microwave source irradiated the
object at various angles of incidence. At each angle, the
magnitude and phase- of the scattered field on an observation
plane - located behind - the object were recorded. A
back-projection method using the decoﬁvolution technique
with inverse diffraction filtering was applied to
reconstruct the ;ObjBCt. The results showed that for the
Fwo—dimensional case a resolution of half a wavelength

could be achieved although artifacts indicated that the

assumption of independent scatterers was not accurate, A

_-Bimilar technique was used by Bolomey et al. [35] to image

iThe term dielectric profile is wused when a one-dimensional
dielectric distribution is under consideration.
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the"polarization current amplitude of two-dimensional
dielectric bodies. The reconstructed image depended on both
the observation aﬂa the incident wave: Consequently, in
order to obtain wuseful information in the reconstructed

image it was necessary to assume the! field-as wuniform as

possible in the scatterer location,

1.3 MOTIVATION

Through the above sections it is shoﬁn thél long-wave
imaging 'is an 1inverse scattering problem. The approach
presented in this work makes use of a formidable tool which
has been uéed with great success to solvq many
electromagnetic problems namely the method of moments. This
powerful method can be used to ‘solve numerically .
ihtegro—differential equations which -are freqpentlj
encountered in electromagnetic theory. The method yields a
system of linear equations that can be solved using modern
digital computers by means of appropriate algérithms; The
level of difficulty in this work.is reduced by consjdering
only one- and two-dimensional cases. One of the'attrac;ive
features of the method described in the next chapter is that
it can ~be  extended to three-dimensional dielectric
distributions . A motivation to attack'thg case'of infinite
éylinders is that experimental verificapion of.the algorithm
can be performed in a controlled énvironmegt sﬁch as a

parallel-plate chamber [9]. ~This configuration makes
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finite-length objects appear electrically infinitely long
and the transverse electromagnetic (TEM) mode can easily be

generated in such a structure.



Chapter II

THEORY

First, the derivation of 'the integral equations
pertaining. to the problem of the field diffracted by
infinitely long cylinders with arbitrary cross-section 1is
presented. Then a brief description of the moment method is
given and its application in the framework of the scattering
of infinitely long dielectric cylinders is described. A new
algorithm for reconstructing the dielectric distribution of
infinite cylinders is presented as a solution of an 1inverse
scatéering problem. The difficulty regarding the unigueness
of the solutiop of the 1inverse scattering problem is also

discussed.

2.1 SCATTERING THEORY

.. . . . i
Let an incident wave, with an electric field E (x,y)?,
irradiate an infinitely long dielectric cylinder? with
arbitrary cross-section. The only limitation about the

incident wave is that the electric field is polarized along

1The time-factor exp(jut) is - understood.

iCylinder always refers to infinitely long structures with
arbitrary cross-section throughout the discussion. ‘

- 12 -
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l Y

elx’,y")

s ot ol
Ez(x,y)—E‘z(x,y) Ez(x,y)

Cylinder
Cross—section

Figure 1: Geometry pertalnlng to the scattered f1e1d
: produced by dielectric cylinders.

The figure depicts the top view of the cylinder cross-
section irradiated by an arbitrary wave whose electric
field is polarized along the cylinder axis. The medium
surrounding the cylinder has the permittivity of vacuum,

the cylinder axis and does not depend upon the z-coordinate
{see Fig. 1). ‘The dielectric scatterer may be lossy!', but
its -permittivity is a. function of x,y4coordinates only.
Because of symmetry, tﬁe total field EF(x,y) and the

scattered field és(x,y) do not depend on the z-coordinate

and are also polarized along the z-axis i.e. along the
cylinder axis. The total field at any point. . can be
&

'However, the medium is assumed to be linear and isotropic.
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expreésed by?* :
t s i '
E"(x,y)=E" (x,y)+E (x,y) . : (2.1)
The field produced by an elementary electric current -
filament dI directed along the z-direction in free-space,

is given by the following cylindrical wave function [36] :

dE =~(k§d1/4w€g)l¢1[{]2).(kup) ' . (2.2)

where

p= /Qx—x')2+(y-y')2 ,
52) is the Hankei function‘of the second kiﬁd.of order
zero, o, is the distance from the current filament to the
observation point, kog=27 /Ay where Ao 1is the free—sﬁace
wavelength, w is the angular frequency of the signal and ¢
is the perm1tt1v1ty of vacuum.
The filament current dI bears a volume current density P

i}

such that :

»

31=pds |, | W (2.3)

where dS is the infinitesimal c¢ross-section area of the
filament current. The .volume current density P is called

the polarization current density and is related to the total

*The subscript z is omitted.
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field E* inside the filament by :

p=jueg (e~1)EC , , o (2.4)

where ¢ is the relative permittivity of the medium in which
P is flowing and j=/-1 . A cylinﬁer ir;adiated under the
conditions previously stated can be seen as a distribution
of current filaments directed along 1its axis and whose
cross-section infinitesimal area ds prqduces an
infinitesimal increment in the radiated .scattered field
which, according to {2.2),(2.3) and (2.4), is given by :

o
aB°=-(§k2/8) (s-1)E"Hg (k 0)dS . (2.5)

To determine the total scattered field at any  point in
the surrounding space, (2.5) is integrated throughout the

cross-section of the cylinder :

2 ’ t (2)
Es(x.Y)=-jk0/4II[=(x',y')—llE (x',y")H, '(koo)dx'dy' ,
o ,
(2.6)

where S is the cross-section of the cyliﬁder: It should be
kept in mind that the term j(a—l)Et is proportional (within
a mulfiplicative constant weg) to the polarization current
density P given by (2.4). The;eforé (2.6) can be written

as 3
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Esgx,y)=-k-§/qmeoffp(x',y'méz’(kop)dx'ay-. L2
) oco] |

From (2.6)  and (2.7) 'it .is evident that‘tﬁe integration
pertains to the primed variables regarding the coordinates
of the polarization current density {source of the scattered
fields), which is identically zero outside the cylinder
cross-section since it is éssumed that the medium outside
the cylinder has dielectric constant eqgual to 1. To perform
the integsgtion (2.7) one must first deéermine P, which
. cannot generally be probed since it flows inside the
cylinder. One way to compuﬁe the polarization current
density is to apply (2.6) over the cylinder cross-section
which with (2.1) yields : '

Et(x,y)+jk§/4ff[e(x‘,y')-l]Et(x',y')Hézi(kop)dx'dy‘
° _ =Ei(x,yi . : (2.8)

The integral equation (2.8) can be solved by numerical
technigues. A  numerical method which is used in this work
is called the method of moments and is descrised in the next
section. Once the current density is computed, the scattered
'tfield can be determined at ANY POINT outside the scatterer

using (2.7).
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2.2 THE METHOD OF MOMENTS

Consider the following inhomogeneous equation cofresponding
to a deterministic problem :

’ L{f)=u - S

' (2.9)

where L is any linear: operator {such as
integrator,differentiator,etc...), u is a known function and
f is the function to be determined. The range of L is the .
space spanned by all functions u ‘fesulting from the
operation. The set of all possible functions satisfying
the boundary conditions accompanying the operator L is
called the domain of L. The method of moments consists of
transforming {2.9) 1into a set of linear eguations that can
be solved numerically.

Let the wunknown function f be expanded 1in a series of

BASIS FUNCTIONS or EXPANSION FUNCTIONS fl ' f2 s oe ey fj yeee. 1R
the domain of L such that :
f= ¢ a,f. . (2.10)
3 173 ’
where aj are constants. For exact solutions, (2.10) may be

a finite or infinite summation depending upon the choice of
the fj. In that case, the fj form'a complete set of basis
functions. Using the linear property of the operator L and

-~

substituting (2.10) in (2.9) yields :
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; N ACI P (2.11)

A suitable inner scalar product < , > is determined for a

< “given problem satisfying :

*
<f,u>=<y, f>

< af+ Bu,g>= .a<f,g>+ B<u,g.>

_ * . (2.12)
1#’ N <f ,f> >0 for £ =2 O
C =0 for £ =0 ,
o
where o and g 'are scalars £f,g,u any functions and * denoctes
the complex &onjugate. A set of WEIGHTING or TESTING

functions w «¢¥.,... is chosen in the range of L. The

1V nee¥y

inner product of (2.11) is taken for each W giving

§0j<wi,L(fj)>=<Wi,u> .- (2.13)

This produces a set of linear equations which can be

written in a matrix form as :

[L)[a)l={u] , (2.14)

where



19N\,

<"1'L(fr)> <wy,L({f,)> ceesas

[L]= <w2,Ll(fl)> <w2n,L(.52)>

® 5 8 5 S B S SRS S S SRS RS SRS ’

4T
[a]-[al PYCRREREELISERTEE ]
and
[u]=[<wl,u> <w2,u>.;...<wi,u>........ ]T '
where | indicates transposition. I1f the matrix [L] is
nonsingular, its 1inverse [L]-l exists and the ay are
therefore given by :
g
-1 :
[a)=[L] " [ul (2.15)

and the solution for f is found using (2.10).

.There are infinitely many possible setgg of basis
functions and weighting functions. One of the main tasks in
any particular problem is the selection of an appropriate
set of wj and fj. They should be chosen to form sets of
independent functions. Some additional factors ' may
influence the selection, such as the accuracy of the
solution desired, the size of the matrix that can be
inverted and the realization of a well-behaved matrix [L].
Different schemes lead to various methods whose complete

description can be found im [37].

\
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Let <f,u> be the inner product defined in the complex

function space by e

<f,u>=/sf"u da', . (2.16)
) ‘Q‘.& . .
where f and u are defined in the domain @ . It is easy to
prove that (2.16) satisfies the conditions (2.12). Thus the
elements 1ij and u, éreigiven by :
- T qat
<wi’L(fJ)>—;{;wiL(fj)dn
(2.17)

-ty

<w,.,u>=Swiu dA'.
i ) i

The integrals involved in (2.17) are often difficult to
evaluate even numerically. One way to.reduce the amount of
computation is to choose the w, as alfset of iﬁpﬁlse,or Diréc
functions at différent points of th region of -interest.
Therefore (2.17) can be solved in'a trivial manner using the

property of the Dirac function :

_,.
<wl'L(fj)>=L[fj(ri)]

(2.18)

. <w.,u>=u(?.) '

i i
where T is the éoo:dinate vector. One would obtain the éam%Q,'

. ) & :
result by enforcing (2.11) at peints of -the region of *»

interest. Using Dirac functions as testing functions is
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called the point matching or collocation method. Again the

21

. convergence of thelsglupion,depéndg on. the choice of the set
of basis functions.. The aécurgcy_ of the solution is also
sensitive to the points of match.

'Anofhef possibiiity is to select a finite set of basis
‘fpnctiong fj which are different from zero only over
selectéd_ subsections of the .domain of f. Hence, each
coefficient @ of the expansion (2.10) affects the
approximatiofn of the unknown function f only over a
5ubsecti6n of ;he region of interest. This ié called the

subsection method. Using this method does not generally
—

-

%Eeld an exégt " golution for f since few basfs functions
abroximatef the -pnknown function over a given region.
However, fé} sufficiently small subsections a reasonable
degree of accuracy may be obtained. Care must be taken in
choosing the basis functions. For instance, when
differential operators are involved, they must be in éhe
domain of theée: operétbfé. In particular, if pulse
functions are selected, they may not be in thé domain of L
and the operator must Be - extended or approximated [37].
However, for‘%ntegral'opérators the use of pulse or triangle
functions g;g;entg no such problém.

The metthod of éubsections in conjunction with collocation
furthef/;implifies the evaluation of the matrix elements li'

]

d * -
and u \
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2.3 + SOLUTION TO SCATTERING PROBLEMS USING THE MOMENT
‘ METHOD . '

By inspecting (2.8), it is relatively easy to make the

incident field E (x,y) correspond to the function u, the
. t b
total field E (x,y) to the unknown function f and the
following expression :
V2 ‘

Et(x,y)+jk0/4ff[e(x',y')—l]Et(x',y')Héz)(kop)dx'dy' (2.19)
S, . .

! ¢

to the operation L(f). One must remember that the region of
interest for the .operator (2.19) is the cylinder
cross-section S. To make use of the collocation method one
chooses a set of Dirac functions defined at discrete points
(xi,yi) throughout the cylinder cross-section. according to
(2.18) and (2.19), the elements of [L] and [u] can be

written as

: t '.2. v t, ., ., 2 Y e
lij=Ej(xi,yi)+3k0/4éf[e(¥ LY )-11IE (x',y )Hé )(kopi)dx dy
(2.20)

i
u,.=E . .
; (xl,yl)

where -

o= Mix =x")Ply,-y")?

and E§ are the basis functions, The integral (2.20) is

often difficult to evaluate. Using the subsection method
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usually 51mp11f1es the evaluvation of the matrix elements.

Let us define a set of basis functions as follows :

|
=

within AS. .
| ] (2.21)
=0 elsewhere , .

t
Ej (x,Y)

where. Asj- is a subarea of the cylinder cross-section

containing a point of interest (xj,yj) (see Fig. 2). Thus by
(2.10), ~°~ the unknown function Et(x,y) is stepwise
! approximated.

The physical meaning of (2.21) is that the total electric
field is assumed to be constant within ASj. 1t is further
assumed that the relative permittivity & 1is also constant
within Asj. Consequeﬁtly, from (2.4) the polarization
current den51ty is constant within each subarea. . The above -
considerations permit one to write (2.20) as :

L2 {2) . .
1. .=1+ .= i) . ! ! =
i 1 ]ko/g[gj llisﬁo (kopl)dx dy for i=j

) |
=3k 2/ale -1]fm( (ko Vax'ay’ for i%j (2.22)

J

i i

The surface integral of the Hankel function can be
evaluated using numerical methods. Care must be taken when

the obervation point 1is 1inside 88, in which case a
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Yy
Scatterer cross—section
divided into N cells
. X E
-z O - o
Figure 2: Geometry for subsectional bases of the cylinder
' cross-section,
The scatterer cross-section is divided into N subareas
of arbitrary shape. The relative permittivity € and the
total field E' are assumed to be constant within each
subarea. :
" - (2) . .
singularity occurs for Hy when 1its argument 1s zero.

However, a closed form solution can be obtained when the
subareas Asj are chosen to be circular and centered around

the points«(xj,yj) [38], for which (2,22) becomes :



)

_ _ . (2) s s
lij l+(gj 1)(3/2)[nk0ajH1 (koaj) 23] for i=j

»

=\(sj-l)(jnkoaj/Z)Jl(koaj)Hé‘z)(kopij) fo'r ix7 (2.23)

u =E;
1 1l

vhere :

/T TR
57 Mxgmx )2ty -y )7

Jq is the Bessel function of first order,- a. is the radius

J
of the circular subarea ASj and Hiz) @s the Hankel function

of the second kind of first order. The subscript i refers éo
the observation points within the cylinder cross-section at
coordinates kxi;yi) and j to the suﬁarea_asj at coordinates
(xj,yj). The total internal field E;Awithin‘éach‘cell can be
determined by solving the linear system (2.14) for «, and

then using (2.10). The latter expression indicates fhatjeach
subarea rep;ésentiné the cross-section of a thih radiating
cylinder cannot be taken as an independent scéttérer since
the polarization current density which flows into it is a

linear combination of all other currents which exist

elsewhere in. the cylinder.

A similar reasoning applies to the scattered fields at
observation points outside the c¢ylinder <cross-section.

Suppose that the scattered fields E° (x,y) are known at
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certain poidts located outside the scatterer. us, by
virtue of :(2.6), the unknown function is also the total
field within the ’cylinder and the operation L(f) 1is Hiven

by : .

-L(f>=—jk§/4éf[ekx',y')—llEt(x-,y')Hé2)(kop)ax-dy- . (2.24)
N

Using the.same reasoning as for observation points located

within the cylinder cross-section, the operation (2.24) can

be linearized and the matrix eleménts become :

(= - (2) (x
lmj_ (kaoaj/Z)(ej l)Jl(koaj)Ho ( gpmj)

(2.25)
&
Llrn:Ern I

where the ‘subscript m refers to points outside the
scatterer and j to the subarea Asj within the scatterer.
Therefore, once the total field within each subarea ' is
computed, the scattered fields at points outside the
scatterer are found using (2:14) with (2.25). The scattered
field at any location outside the cylinder is shown as the

" linear combination of polarization currents in all subareas. .

To summarize, the cylinder cross-section is first divided
into a number N of subareas (cells) within which the total
field, the relative permittivity and consequently the

poiipization current can be assumed constant, The total
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field within eéch cell is found using the matrix eqguation
(2.14) whose elements are giveﬁ by (2.23). The oy are the
coefficients of the step basis functions which approximate’
the total internal“field; Then, the scattered field Eﬁ at
ANY POINT outside the écatterer can also be found from
(2.14), with 1mj given by (2.25); which cﬁn be written as :

N

S__ .
E_= jwho/Z.Z

(2)
. . . k N (2.26)
3=1a3(€3 l)ale(koaj)H0 ( . )

]
where N indicates the number of cells into  which the
scatterer cross-section is divided.

1t has been found numerically [38] that the result of
the integrals in (2.22) does not vary significantly with the
shape of the cell. For sguare cells for instance, aj should
be taken as the eqguivalent radius i.e. the square root of
the subarea divided by . |

Richmond [38] has shown excellent results regarding
computations of scattered fields produced by wvarious
structures, The accuracy of the solution increases with the
number of cells, however the order of the matrix is equal to
the number of cells N which may imply someC?omputationél

~difficulty for large scatterers,
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2.4 ALGORITHM FOR DIELECTéfC DISTRIBUTION RECONSTRUCTION

The objective of this work is to image the dielectrié
distribution.of cylinders from the diffracted field observed
outside the cylinder. The quantitj' whichﬁ is in fact

measured is always the totdl field at-poinﬁs located outside
the structure. Indeed, the | incident field always
superimposes upon scattéred fields, consequenfly the lattér
cannot be probed directly and should be determined from
(2.1) since the incident field (the fieid at any point in
the space without scatterer) ié_ known. The - unknown
quantities are the total electric field inside the
scatterer, .the relative permittivity and the polarization
current density. Therefore three equations are required to
determine these three unknowns. Ey inspection of the matrix
equations'involved in the solution of the direct scattering
problem described in Section 2.3, it appears that a solution
of the inverse scattering problem can be obtained by simple
manipulations.

Let us first define the following quantity :
D.= =1 . ’ . 2.27
5 (eJ )qj . ( )

where o is the weighting coefficient of the total field
inside the cell j. By virtue of (2.4), the quantity D, is
proportional (within‘ the multiplicative constant Jjwey) to

the polarization current density in the cell j. Consider a
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number of observation points equal to the number of cells N
into  which the cylinder ' cross—section ~is divided.
Conseqﬁently, writing (2.26) for each observation point

p—
yields a NxN-set of linear equations :

[T1[d)=[e®] . (2.28)
where '
(s . (2) (k
| trnj ,-(J“koaji,z)Jl(ko.aj)HO ( opmj) ; -
[dl=[D; D,....D 1 =[(e -V (e,7La,..(eg"1ay]

~and
S]T

5 s _S
[e ]‘[?1-32--*-°EN
Therefore, if the matrix [T]'—l exists, the vector [d] can

be computed as :

[a)=[TI ' | - (2.29)
The matrix equation, (2.14) which determines the total

field within each cell can be written in terms of the vector

[a] :

[a)+cllal=[e" ] | C (2.30)
where '
.—(3/2)[nk a]H(z)(k a.)-2j] for i=j
=(ivk a,/2)3,(k a. )H(z)(k 034 for is]
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and

Substituting (2.29)‘into (2.30) yields
[al=[el1-[cIIT) LeS] _ (2.31)

The dielectric vector.[e] is easily found from (2.27) and

(2.29):

[el=lal"10T) [eS1+[1] | . (2.32)
vhere

[11=01 1.......117

and [ct]_'l is a diagonal matrix NxN whose elements are given
by :
ayi= 1l/a, . for i=j

= 0 for i=q .

The algorithm described above seems to be very
attractive. 1Indeed, the matrices [T]—l and [C] are computed
once and stored. They can be Vused for : any dielect?ic
distribution provided that the geometry and the frequency of
the the signal remain the same. Then, the computation of [e]

requires only matrix multiplicationé and vector additions
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(the computation of [;]_l is straightforward). Another
interesting feature 1is that, for a given number of cells
which approximate the c¢ylinder cross-section, there is
theoretically no lower 1limit for the frequency of the-
incident wave since the assumption of an uniférm electric
field inside the cells becomes better as the frequency
decreases. Howevef;ahnmmrical problems inherent to the
behavior of Hankel functions with small arguments must be
considered.

Hagmann et al. [39], proposed an upper bound on cell-size
for the moment method solutions using pulse functions as
basis functions. It is stated that significant errors occur
in scattering field calculations when the size of the cells
is greater than 2/[(kl', . where k is the wave. factor in the
cell medium. For 105515;; dielectric scatterers, the upper

bound is given by :

on
{7

b:] < ;\0/11"‘ Ej ) (2.33)

where bj is the biggest dimension of the cell j. The
condition (2.33) requires some knowledge a priori of the
scatterer dielectric distribution. Another feature
demonstrates the versatility of the method. Indeed, the
cells need not be the same size. Therefore, - a £first
reconstruction may be attempted with equal cell size and

then the cross-section may be resampled using smaller cells
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in\areas where the dielectric distribution is suspected to
haze larger values or to vary significantly. éare must be
taken that the condition (2.33) is always met. ‘

Obviously the greater the number of cells, the better the
resolution. However, for a given freguency, the arguments
of the Hankel functions involv-, in the matrix coefficients
become smaller when the dimensions of the cells are reduced
and for the reasons stated above, numerical complications
may arise., The number of cells may also give rise to
computational problems since the size of the matrices 1is
proportional to Nz, which implies a significant increase of
required memory locations and computational time.

The matrix [T] has to be inverted or a solution to (2.28)
has to be found., At this point some consideration should be
given to the unigueness of the solution. Indeed, if the
solution of (2.28) 1is not unigue, matrix [T] cannot be
inverted. This would imply the existence of polérization
current densities which do not radiate.  Such nonradiating
sources may be added to the current density which
effectively produces the scattered field (radiating
source’), without affecting fields observed at discrete
points outside the cylinder. In other words, the solution to
zero .scattered field at discrete locations is not

necessarily a trivial solution i.e. a cylinder with uniform

!Two distinct radiating sources necessarily  produce
different scattered fields. Indeed, suppose that they
produce identical scattered fields, they would differ only
by a nonradiating component according to (2.28}.
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dielectric constant equal to 1. The guestion about whether
or not such nonradiating sources phys%cally exist 1is
irrelevant gincé the matrix inversion does not involve any
physical considerations. However, it can be easily seen
that for a small number of cells, and distinct observation
points, the nonradiating source. is only a cylinder with zero
polarization current ‘density. It should be borne in mind,

that the solution‘ using the moment method, #ith pulse
‘ functions as basis functions, 1is an approximation and
therefore the approximation to the homogeneous solution of

(2.28) which gives the nonradiating source vector may be
only a trivial solution. However, when the number of cells,
and consequently the number of observation points, increases
it is difficult to ascertain whether the solution is.unique.
This important question 1is discussed in more detail in

Section 3.3 .



* Chapter III

METHOD OF SCOLUTION

The objectivé in the first section of this chapter.is to
explore the feasibiiify:of the aléo%ithm of reconstruction
using computer simulations. There is a great concern about
the efficienc§ of the method when some noise (computational
or/and measurement noise) 1is present- in the process. 1In

practical situations,l' it is expected‘that some noise 1is
| contained in the measurements. Therefore, éimulations must
include the presence of noise in the scattered field.values.
In addition, the problem bears mahy_parameters such as the

a :
position of the observation  points ({(detectors) and the

frequency of the incident wave which influence the accuracy

of the reconstruction since both are involved in the [T}

matrix elements and have some impact on the behaviour of [T]

during its inversion process.

First, the reconstruction of the dielectric distribution
of a thin lossless homogeneous cylinder is analyzed. These
.preliminary results 1illustrate the ill-conditioned nature

Q

of the problem. '.

>~

It is found that the solutlon of the problem \ ecomes

hopeless if direct inversion of the matrix [T] is attemp pted

o w

._‘. 34_

-
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even when , noise levels. are below rggiistic values.
Therefore, the problem must be attacked using 6ptimization
techniques similar to those utilized in other fields (image
restoration, optics, etc.) “namely the least-square
minimization. An estimate of the'polarizatioﬁ-cufrent vector
is fopnd_‘such tha£ its maénitude is minimum with the
constraint that the norm of the- difference (error) between
the scattered field vector- obtained from the measurements
aﬁgﬁ_;he-scattered field vector that would produce phat'
"¢s£imate is minimum. The. procedure known as the
pseudbinverseltransformation generates a unique solution for
that estimate. |

Finally, the pseudoinverse operator is introduced in the
algorithm and :;the reconstruction of the same simple
structure 1is performed. In addition, the use of the
pseudoinverse operator gives some iﬁsight into the

unigueness problem which was discussed in previous sections.

3.1 FIRST ATTEMPT :; RECONSTRUCTION OF A THIN HOMOGENEOUS
' RECTANGULAR CYSPNDER

The behavior of the aigorithm, described in the pgevious
chabter, ' is analyzed through ~dielectric-profile
reconstrucéions of a thin homogeneous c¢ylinder with
rectangular | crossisection and uniform dielectric
distribution. This simple structure has been selected

because of the simplicity of representing one-dimensional
L] a .
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functioﬁs. The choice of one-dimensional problems also
limits  the size of the matrices and consequently
considefably reduces the computation time. Nevefzﬁeless,
this éiﬁBle example 1is sufficient to  illustrate the
principal features of the method and' to permit discussion of
different possibilities to improve the reconstruction when
.some noise is added to the measurement values.

The simulation geometry is shown in Fig. 3 . The incident
wave is a plahe wave‘hwith a wavelength Ag. The dielectric
distribution of the scatterer is wuniform and arbitrarily
chosen egual to 2 (lossless  case). The cylinder
cross-section is divided into 16 square cells of 0.05-},
size. The condition (2.33) is certainly satisfied. .An array
of detectors is located at a distance d from the cylinder
axis. The frequeﬁcy of the incident wave should be selected
such that the cylinéér cross-section dimensions and the
wavelength are of the same order of magnitude. Indeed, the
scattered field contains the information about the\electric
parameter distribution of the scatterer..Consequently} large
contributions from the-diffraction effects are needed.

The scattered field at the observation points outside‘the‘
cylinder 1is computed using the procedure described 1in

Section 2.3. The dielectric profile.is recanstructed by

solving (2.28) and introducing the solution into (2.30) and

It is important to remember that it 1is not necessary to
irradiate the structure with a plane wave. However, this
choice pertains to the possibility of propagating TEM waves
in a parallel-plate structure for future experimental work.
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Figure 3: Simulation geometry pertaining to the case of a
thin homogeneous cylinder dielectric-profile
reconstruction.

’

A plane wave with 1 V/m peak amplitude (wavelength 2Aqa)
propagating along the x-direction, irradiates a cylinder
whose rectangular cross—-section {dimension :
0.05x0.8 2y) is divided into 16 identical square cells
of 0.05 g each. The dielectric distribution of the
cylinder is uniform (e=2~lossless medium). An array of
16 equally spaced detectors is located at~{a distance d

" from the origin of the coordinate system symmetrically
with respect to the x-axis. :

(2.27). Therefore matrix ['I‘]"l is not calculated in this
example, Computations are carried out with double precision
to minimize the round-off error propagation.

“The phase and amplitude of the scattered field in the

plane located at a distance of 0.15 Ag {near field) from the
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z,y-plane, 1is shown in Fig. 4 . The phase of the incident
field is taken arbitrafilf equal to zero at the origin of
the coordinate system;

Theoretically, for noiseless input data (measured
values), it should be possible to reconstruct the dielectric
profile of fhe scatterer with errors no greater than those
produced by computatigns. Figure 5 shows the reconstructed
real part?®! of fhe dielectric profile when some noise is
aqged to calculated scaftered field values, for different
noise levels. As expected, the signal-to-error ratio in the
reconstruction? is very high for 1low noise input data ogind
to the fact that the relatively small size of matrices
involved 1in the calculations makes the computational
round-off errors negligible (see Fig. 5 a) }.

The situation worsens dramatically when some noise is
introduced to the input data, i.e. to the scattered field
values. For a signal-to-noise ratio in the measurements (se
footnote p. 40) lower than 85 dB (equivalent to noise level:\//d\\
belgﬂ»&ﬁappm), the fidelity of the reconstruction degrades
rapidly as shown 'in Fig. 5 b} and c¢) . A noise levél as low

as 1 ppm is required in the present case to reconstruct the

=

1The imaginary part presents the same type of discrepancy
and is not discussed unless it is clearly mentionned.

*§ignal-to-error ratio in the reconstruction in dB .is
calculated as :

5220 log{ |z} /NIE]-Lel]

where [e] i$ the original dielectric distribution vector.
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Figure 4: Amplitude and phase of the scattered field
produced by the thin homogeneous cylinder
depicted in Fig. 3 . '

The scattered field is represented 1in a plane located
0.15 A; from the y,z-plane and containing an array of
detectors. The field is computed using the moment method
described 1in Section 2.3 . Triangles and circlestEl
indicate the spacing between the detectors : 0.05 %o and
0.1 Ag, respectively. o
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dielectric profilé with<a signal-to—error ratio of 38 dB
(the imaginary part is ignored). Obviously; such a noise
level is far below practical values. The noise present in
the input data simply propagates (as expréSSed in dB)-fa the
reconstructed dielectric profile and no filtering is evident
in the inversion process. It was also found that the
reconstructed dielectric profile (including the imaginary
part) produces scattered field values identical to noisy
input values (negl&cting small errors due to computations)
in all cases shown by Fig. 5 . In other‘words, the
signal-to-error ratio for the reconstructed scattered field
with respect to the inpht'scattered field (see footnote p.
42) is very high. This indicates that the inversion of the
matr}x [T] is correctly performed. ' .

The position of the detectors is also an important factor
that influences the reconstruction fidelity of the
dielectric profile. _Table 1 a) shows SZ vSs. spacing s
between detectors. The ‘signai-to—erqor ratio ' for the
reconstructed scattered field with fespect to noiseless

input data (see footnote p. 42) 1is also presented. Values

show that there is an optimum spacing equal to s=0.05 %y for

Signal-to-noise ratio in the measurements in dB is given
by : ’

s2-20 10g{11e°} /ItnI] } B

where [e®] and [n] are the noiseless scattered field vector
and the noise vector respectively. : i
Noise level (nl) is expressed in part per million .(ppm) of
the incident wave peak amplitude.

. . . . N T .
Noise generation process 1S descibed @# Section 4.1 .
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* Figure 5: D1electr1c prof11e reconstruction from noisy

input data us1ng direct solution of (2.28).

The geometry pertalnrng to the ° reconstruction is
illustrated in Fig. 3 . * Dielectric reconstructions are
shown for different noise' levels expressed in ppm of the
peak amplitude of the incidént wave (1 V/m). Spacing s
between detectors is 0.05 Ao and the array of detectors
is located at distance d=0.15 }g. The original
dielectric distribution is equal to 2 and is represented

by a solid line. Circles represent the reconstructed:

values of the dielectric constant at the center of each
cell. R
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which the reconstruction of the dielectric profile is the

most accurate. However, this spacing is not optimum for

other array locations. Even forfa noise level as low as 0.01
ppm, the fidelity of the reconstruction decreases rapidly
'when the detector array 1is moved further away from. the
scatterer as shown in Table 1 b). .

It is expected that if the freguency of the incident
signal 1s increased for a given size of the scétterer, the
fidelity of the reconstruction can be improved maintaining
the same detector location. Figure 6 illustrates
dielectric-profile reconstructions for different noise
levels but with the incident wave frequency increased by a

factor two. This corresponds to doubling s and d values and

the scatterer cross-section dimensions relative to the

wavelength. The condition (2.33) is also certainly
satisfied. Comparison between Fig. 5 and 6 yields a slight
improvement of 6 dB in the reconstruction fidelity for the
shorter wavelength taking into account the fact that Si is
about 6 dB above the corresponding values for to the case

illustrated in Fig. 5 .

Signal~to-error ratio for the reconstructed scattered field
in dB is calculated as :

— s2=20 log{ |1} /I [e®I-[e" 1)},

where [e®) is the. input scattered field vector
(measurements) and [e”] 1is the reconstructed scattered
field from the reconstructed dielectric vector using (2.27)
and (2.28).

5SS denotes the signal- to-error ratio ;oi\the reconstructed
scattered field relative to the noise .T‘QQUt data.

\/-"
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\ TABLE 1

}\/ Reconstruction fidelity vs. detector location using direct
solution .of (2.28).

s/\q sc[dB] . s;[aB) S [aB)
0.03 - 88 146 146
0.05 - 78 145 ~1a5
0.10 13 142 142
0.20 -32 139 139

a) s variable ; d=0.015 Ag

d/x, s [aB) s- [4B] S; [aB]
0.10 102 145 145
0.15 78 145 145

©0.30 6 122 144
0.60 -40 143 143

vy

b) d variable ; s=0.050 2,

The signal-to-error ratio pertaining to the
dielectric-profile reconstruction (s§), scattered field,
reconstruction (S3) and signal-to-noise ratio in the

measurements (S3) are tabulated as a function of the
spacing between detectors s and the distance of the
detector array from the y-axis d. The geometry

pertaining to the reconstruction is illustrated in Fig.
3. The noise level added to scattered field values 1is
0.01 ppm (relative to 1 V/m). s

The signal-to-noise ratio in the measuremen Sn varies
as little as 7 dB for the different detecto¥ locations
whereas S; fluctuates as much as 142 4B !

At this stage, the solution of an inverse scattering

~problem using the moment method seems totally'hopeless under
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Figure 6: Dielectric profile reconstruction for

higher

frequgacy of the incident wave using direct

solution of (2.28).

illustrated for two different noise levels. The
is the same the one used for the case shown in
except that the frequency of the incident
doubled. Conseqguently s=0.1 Ap, d=0.3 2g
scatterer cross-section dimensions are 0.1x1.6

The real part of the reconstructed dielectric profile is

geometry

Fig. 5,

wave 1is

and the
Ag .

realistic conditions. - The scattering pattern sh
4, - .indicates that there are no significant
lpoints affected by a large"eEror resulting f

Reasonable fidelity reconstructions can be obtain

own in Fig.
observatidén
rom noise.

ed when the

detector array 1is placed at distances well within 0.1 Ag,

from the scatterer, but practical difficulties would arise

as a result of coupling effects between the detectors and

the scatterer. Computations show that when the array of
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detectors is moved further away from the. scatterer, the
determinant of the matrix [T] is vefy small even if a
scaling factor is wused. As a result,  the matrix becomes
nearly‘singularf Indeed, at relativel& large distances,
columns of the matrix [T] which pertain to close adjacent
observation‘points are almost identical owing to the fact
that the relative distances from these points and the cells
of thé scatterer have nearly the same values rendering their
elements £y alﬁost identical. The effect of different
spacings upon the behaviour of [T] is not as easy to
explain. However, “it was found that thexdeterminant of [T]
was maximum when spacing s yielded the best fidelity of
reconstruction. | It turns out that the degree of
'ill-conditioning of a matrix is somehow related to its
determinant [40]. |

From these preliminary results, one can conclude that
"except for a few cases, the matrix [T)] 1is generally
ill-conditi&ned. One faces the problem of dealing witﬁ
matrices with .a high condition number defined as a square
root of the eratio of its highest and lowest eigenvalues
[40]. Near-singularity of a matrix is associated with a
very high condition number and the solution of the resplting
system of linear equations becomes. difficult. In the
presence of noise ' (whether measurement noise or

computational noise) the matrix featuring a high condition

number can become singuiar within the bounds of uncertainty

(3]



46
imposed by the noise. - In the next section, an optimization
procedure is described to overcome the difficulties

4
associated with noise sensitivity of the solution.

4

3.2 LEAST-SQUARES OPTIMIZATION TECHNIQUES

The poor fidelity of the reconstruction 1illustrated in
Fig. 5 ¢), can be explained as follows :
Suppose that a noisy vector [n] is added to the scattered

field vector [e°]. Thus (2.28) can be' written as :
[eS1=[T)[al+[n] . (3.
"An estimate of [d] can be generated by
[al=lri T (3.2)
and from (3.i3 :
[al=al+tr1 tnl . AR € )

The above estimate consists of two pargs, the noiseless
‘'solution [d] and a term involving gﬁ inversaigf T} acting
on the noise., It turns out that the matrix [T] has a lérgé
condition numbér, except when a small number of.'cells is
considered. Thus, the inverse [T]—l has very large

entries, and consequently the term [TI™1[n] can
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significantly dominate the noiseless splutién [d]. One faces
a Qroblem of solving an ill-conditioned system. There is no
unigue solution in view of noise and ill-condi ioning. Some
meaningful rationale must be employed tgr;iék- a better
solution than that, for instance, shown in Fig. 5 c). The
linear nature of (2.28) permits one to employ various
techniques, which are used in 1image restoration. An
excellent review of those techniques can be found -in [40].

Consider the model posed by (3.1). Withou? any knéwledge
about [n], a criterion for solution wouiq be based (ii}ii

estimate of the vector [d] such that

frndl % =reS 1-rr1ra? (3.4)

A

~

is minimum. This- is called the least-squares solution
philosophy. The operator which minimizes (3.4) 1is known as
an inverse filter. The major inconvenience of that filter is
iEP'lack of capability of handling ill—conditiqned problems.

Another criterion is to construct an estimate [d] such

~that the gquantity

prar-rail® (3.5)

is minimum. The stochastic nature of this approach, involves

some knowledge of the statistical properéies of both the
oiég/anﬂ the original vector [d]. If the minimization of

(3.5) is .subject to
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- ‘k"-’

~

[al=[L1[e®]

where L is a linear operator, this technique leads to the
Wiener filter. There 1is no ill“conditioned behavior
associated‘ with the' Wiener estimate (or miﬁimum
mean-square-error estimate). However, for ill-conditiened
problems, it has genefally unacceptable smoothing efﬁecté?,
Additional control over the restoration process, leads to
another type of techniques, namely, the constrained
least-sguares techniqueé. They, more or less, combine the
two previous approaches in different manners. For insiance,
the norm “wI the noise [n] may be known or measurable a

posteriori. Thus, the problem could be formulated as -

minimize H{L][é]“2
. _ - (3.6)
| subject to "[eslﬁ[T][a]|2=ﬂi03“2
where L is a 1ihear operator. The generality of the matrix
[L], allows the development of a variety of constrainﬁs; For
instance, if [L] pertains £o the statistical properties
(covariance matrix? -of the noise and Fhe original vector,
the constrained least-squares technique generates the
parametric Wiener filter. It is not always possible to find

an adequate model of noise, especially when part ./f he

3N

L

ey
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6§éfall noise is dqg.¢o round%éff errorfgpropagation during
computations. In addition, the\ﬁn$nown vec%o& [d] may not be
positive and  consequently a stochastic agppdhch is nof
appropriate. |

A deterministic app:oacﬁa‘séems more suitable for the
problem - under consideration. ‘Iﬁdegéj the unknown is a
complex quantity and for reasons mentioned before, one wants
“to obtain an estimate withbu; introducing any statistical
behaviour of the noise 1in the measureﬁents or of the

original vector [d]. Rather than Solving directly the

system ‘of linear equations (2.28), an estimate [d] is

- ggﬁerated‘ such that the norm of the difference (error)

‘between the’éééttered field vector producedlbf'this estimate

and the scattered field input vector (containing the

scattered field values measured by the detectors) is minimum

with a supplementary condition that the norm of [d] is

minimized. This can be summarized as follows :

© -Among allufé] which minimize "[es]—[T][d]HZ,
| . (3.7)

find a vector [d] for which || ]Hzis minimum ,

withl : “ ,
Nre®1-tr3teMl 2=t (1e®1-1711a1) 1T (1e)-[T1[a])
and ' .

‘ ; x '3 .
fill 2=(1a15)7ta)” . -



T —
TR T

-
50

The céndition (3.7? yields a unique solution of (2.28) if
the matrix [T] is not singular. In order to take advantage
of the optimization expressed by (3.7), the matrix [T] which
generally has a high condition number, is set to be

singular, i.e. 1its nearly dependent column vectors are

purposely considered as linearly dependent. The solution of

(3.7) is given by [40,41] :
[al={r1%[e5] _, o (3.8)

t, o . N
where [T] is the pseudoinverse! of the matrix [T].
The pseudoinverse ‘transformation (or pseudoinverse
filter) has demonstrated its usefulness in many fields

facing. ill-posed proﬁlems such as 1image restoration

technigues‘[42], optics [43] and recently tomographic image .

reconstruction [44]. It has the merit of handling problems
not only when they are characterized by an.ill-conditioned
behavior, ~but also when the matrix of the operator

describing the process is singular.

EAN

\ N

*The pseudoinverse is sometiime .referred -to as the
Moore-Penrodse inverse. .

~

. .
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-

3.3 THE PSEUDOINVERSE OPERATOR

A veéctor space aéproach is utilized to give a description:
of the pseudoinverse transformation applied to the framework
of the inverse scattering problem :

The matrix [T] represents a bounded linear transformation :

T ¢« [ —ei (CNX]'——- CNXl) Y

!

. Nxl . . > :
in the complex space C ', An adjoint tranformation : i

Cle

T ow—ev (VN
is defined such that :
~ ) * T
[TI=([T] ) . (3.9)

~

The existence of T is guaranteed by the bounded® linear

nature of T.

Let tj be the column vectors of the matrix [T]. The set

of vectors tj spans a ‘subspace of W ‘called the range of the

operator T (rangé(T)). One also defines the nullspace of T’

(nullspace(T)) as a subspace of V ‘'spanned by a set of

N . . . . .
ielNx1 is a complete linear inner product space called
Hilbert space. '

3p11 transformations on finite-dimensional . spaces are
bounded [41].
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vectors which are the sclutions of :
[ri[al=0 . (3.10)
Physically, nullspace(T) is spanned by the set of

nonradiatiﬂg'sourée vectors since [d] is proportional to the
polarization current density vector.

, If the tj are linearly independent, they complete a basis
for range(T). The transformation T is said onto . 1In the

. s . .

present case, any input vector [e"] in ¥ is expressed by a
unigue linear combination of the tj'
solution of (2.28) 1is unique. The transformation T is said

implying that the

to be one-to-one. Nullspace(T) in V contains only the zero

vector [0].

In the case of ill-posed problems,‘ some of the tj are

nearly dependent. The manner of treating near-singularities
S
is to set all nearly-dependent column vectors of the matrix

[T] to be dependent. Consequently, range(T) is no more W and
nullspace(T) does not contain only [0]. The input vector

s e . .
[e”] cannot be expressed as a linear combination of the tj
any more, except if it is contained in range{(T) in which

case the combination-is generally not unique. The system is
~

said to be incompatible.™ However, a least-error solution is
possible,. .
. . . 3x1 ‘ T

Consider the following examplg in R for which

range(T), defines a plane (there aréﬁtwo-linearly dependent

.J

@
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tj)‘. The input vector [e®] is not contained in range(T).
Considering a prdjecfion of [e®] onto range(T) (see Fig. 7),
the norm of the _error [-es]—[eS]p is minimum when the
projection is 'orthogonal, Then, finding the least-error
solution of (2.28) is eguivalent to solving :

A & 31 5 B O (3.11)

when éome}column vectors of [T] are set to be dependent and
where [es]p is the ORTHOGONAL PROJECTION oé [esJ onto the
range of T. There exists an infinite set of vectors [d] in
R3*1 that satisfies (3.11). The system is underdetermined.
Indeed, 1if it is supposed that the second and third columns
of the matrix [T] are dependent, one can transform the‘
linear system‘(Blll) such that the third column.is a 'zéro

vector, Therefore the third coordinaée of the wvector,

solution of (3.11) can be arbitrarily chosen.’

One wants to find, amoﬁg all possible solutions, a vector
[a]l, which has the "smallest norm. The ~adjoint
transformationl concept is wutilized to explain how the
smallest least-error soiution of a problem can be found and

at .thé same time describes the pseudoinverse operation.

e

'For the sake of simplicity, all vectors in this example are
real.

]
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L2
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ICHEIG ]p||

rarnge(T) ¢

1

. . . 3x
Figure 7: 1Illustration of a least-error problem in R

The figure illustrates the vegctor approach in the search
of the least-error solution of a problem described by a
matrix equation : e

[T][a]=[e51p ‘ '

when the system is incdmpatible. The input vector [e"]
is not contained in range(T), but the minimum error
occurs for an estimpte of [d] when the \@nput vector is
replaced by its( OPRTHOGONAL projection. [eS]p onto
range(T). TN

~
LN A
o .

)

I% order to find the nullspace‘bomponent of gﬂg/vector of

V-and using the properties of the operator shown before,

one can utilize the orthogonal decomposifion b%eorem [41] :
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l ~
V=nullspace(T)®range(T)

w=nullspace(%)$tange(T)
. L
where the symbol ® indicates that these direct sums are
brthogoﬁal. The nullspaces qﬁd ranges are orthogonal
complements, éxpressed in terms of polarization current
densities pertaining to the inverse scattering pfoblem, the
theorem (3.12) states that the space defined by  the
nénradiating source vectors is ORTHOGONAL . to range(T)
spanned by .the radiating _source vectors. |
Let [a] be a solution of (3.11). Thus, éccording to

(3.12), it can always be decomposed as :
“[d]=[d]N+[d]R (3.13)

‘where [d]N_ and’[d]R are the orthogonal projections of [8]
onto nhllspace(&) and range(%), rquectively. An important
corollary of this theorem is that any solution of the linear
system produéed by (2.28) <can always be decomposed into a
radiating source (in range{T)) and a nonradiating one (in
nullspace(T)). By virtue of the Pythagorean theorem and the

orthogonality property (3.12) :



56

nullspace(T)

nullspace(%)

Figure 8: Construction of the pseudoinverse.

The pseudoinverse transformation T+ determines the
smallest solution [d], to [Tl[d]={e®] which minimizes
the error fl{e®]-[e%] H when T 1is neither one-to-one nor
onto. Dashed lines 1nd1cate orthogonal projections,

fral) = prarJ®+hralh® . (3.14)

In order to miﬁimiée "[a]“ one has to <choose a solution
with [d]N=[O]. Therefore, the minimum norm solution [dl, of
(3.11) 1is an orthogonal projection of any particular vector
of the solution (3.11) onto fange(%). The solution [d]_ is
indeed unique since any two solutions of (3.11) have the

same projection onto range(7).
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The important conclusion from the above discussion
pertains to the  unigueness of the solution to the inverse
scattering problem using the mément method. Indeed, the
smallest least-error solution using the pseudoinverse
operator cannot contain any nonradia;ing components whose
presence would imply more than one solﬁfion to the problem.
One mighﬁ suggest that although the @olarization current
density is uniquely determined, both total internal field
and relative permittivity may be chosen arbitrarily since P
is proportional to the product of‘thesg quantities. Howevef,
(2.30) precludes any other solution for [;] and by virtue_of

(2.27), the dielectric vector [e] is unique.

To summarize, given an operatgor T which is neither
-one-to-one nor onto, the vector [e°] is orthogonally
projected onto range(T) yielding the matrix equation (3.11)
whose solutions minimize the error “[es]—[eslp". Thén the
hyperplane containing the solutions of (3.11)7 is projected
orthogonally onto range(T) yielding the unigue smallest norm
least-error solution [&]_ (see Fig. 8). .

The pseudoinverse operation is based upoh two ORTHOGONAL
projections., ' However, one could solve the same problem hy-
projecting [e®] onto range(T) along any subspace X and [é]

onto range(%) along any subspace Y such that :
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V=V9range(§)

(3.15)
w=nullspace($)ex

_ However, this process® does not possess the minimization

properties of the pseudoinverse.

Numerous techniques have been proposed for computing the
pseudoihvefse of an arbitrary matrix [45-48]. The technique
proposed in this work utilizes a projection method based on
the Gram-Schmidt orthogonalization and is déscribed in
detail in Appendix ‘A, An attractive feature of this method
is its Simplicity and the fact that computational errors ére
‘reduced by using pivoting in the Gram~-Schmidt

‘orthogonalization procedure.

3.4 PSEUDOINVERSE OPERATOR APPLIED TO THE CASE OF THE THIN
HOMOGENEOUS RECTANGULAR CYLINDER

When the matrix [T] is computed, it is not known a
priori which one of its column vectors have to be taken as
dépendent. The orthogonalization of the matrix [T] yields
column vectors which have a norm relatively small compared

’N}
with the remaining column vectors when the matrix has an

iProjecting onto any particular subspaces satisfying (3.15)

to ?bﬁain [eS]1, and then [d], defines a GENERALIZED INVERSE
of (T]. “ .

@é . .
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high condition number. These small vectors are set to a [0]
vector and the minimum least-error solution of (2.28) is
calculated. Then [d] is introduced into (2.30) and the
solution is found wusing (2.27). The reconstrﬁction of the
dielectric profile of the homogeneous thiﬁ cylinder is shown
in Fig. 9 for different noise levels in the measﬁrements.
The geometry-is the same as the one illustrated in Figs 5 .
There are  great differences between these two figures.
Whereas the solution diverges completely for noise levels
greater than 100 ppm using direct inversion of (2.28), SZ as
large as 32 dB (see Figq. 9 ¢} ) is feasible with
pseudoinverse trensformation for noise levels as high as
10,000 ppm (equivalent td about 10 per cent average error in
the measurements}. The pseudoinverse operato; acts' like a
low-pass filter and removes noise components during the
transformation at a price of . reducing the spatial bandwidth
of the algorithm as depicted in Fig. -9d) . Bandwidth
limitations of the method are further discussed in Chapter
iv. ‘ |
The position of the detectors is not as critical as in
‘the direct solution of (2.28). The signal-to-error ratio in
the reconstruction for the real part of the diélectric
profile and the scattered field vs. detector spacing and
distance of the detector array_from‘;;sgyjaxis are listed in

Table 2 a) and b) respectively. The glrameters pertaining to

the geometry are the ones used in Table 1 for the same noise



60

. . S -,
)
v

a) nl=10” pgm ;. S3=65 B b) nl=10> pem ; 5%=45 aB

L r— pr—

S

g
e st=48 aB s€=37 aB
| e :
¥
_1nd - 5 s
.€) nl=10" ppm ; S =25 dB d) nl=3.2x10" pgm ; S =5 dB
0 o
_ . o - %o
l o | 0°° %o
st=32 a8 s=13 dB .
e e
L E
2
1

B —— Y/)\U

Figure 9: Dielectric profile reconstruction from noisy data
‘using the pseudoinverse operator. .

The real part of the dielectric  distribution
reconstruction is represented for different noise levels
in the measurements. The parameters pertaining to the
geometry are the same as the ones used in Fig, 5 . _Both
t%e/gig al-to-error ratio in the reconstruction S§ and
tHe Ssignal-to-noise ratio in the measurements S; are
indicated. ‘ ’
The bandwidth of the reconstruction algorithm is greatly
reduced gor relatively high noise levels as shown by
Fig. 9 d) . '
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level, A coﬁparison of the values in Table 1 b) and Table 2
b) shows that the pseudoinve}ée operator is significantly
less sensitive to the arfay location than 1in the situation
in which ihe direct solution of (2.28) ‘was wutilized.
Indeedl ‘excellent fid;lity of reconstruction is achieved
even for -an array located as far as 0.6 Ap from the
scatterer axis, However, SZ is slightly smaller when the
array of detectors is moved further away from the scatterer,
even though the signal-to-noise ratio in the measurements
remains pratically constant. As explained before, the number
of nearly dependent columns of the matrix [T] increases when
the detectors are moved further away from the scatterer,
increasing the ill-conditionning of [T], limiting th%
spaéialabandwidth of the method and consequently.introducing
some distortion in the reconstructed dielectric profile.
Table 2 a) é;so identifies an optimum spacing around
0.10 io for which tﬁe matrix [T] has a rélatively good
behavior. = This.optimum value of s changes when other
paramete®rs such giﬁl:gé detector array‘ location, the
frequency of'the incident wave of the size of the scatterer,
are’gpdified but remains constant_when only thg dielectric .
distribution of the scatterer is modified. Ind;ed,‘ the
permittivity is not /invélved in .matrix-[Tj element
calculations. ’ This impor;ant—dbservation pbints out a
possibilify.of finding aﬁ optimum geometry using coﬁpﬁter

simulations before proceeding to practical experiments.
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‘TABLE 2

Reconstruction fidelity vs. detector location using the
pseudoinverse transformation.

=5
s/Ac  sglaB} S.ldB] S [aB]
0.03 ‘ 48 147 146
0.05 84 145 145
0.10 101 14¢ 142

0.20 ‘ 67 141 139

a) s variable; d=0.015 X,
v T

a/A sclaB] So[dB] soldas]

. 0.10 84 - 145 - 145
0.15 84 145 145

0.30 74 47 144

0.60 70 147 143

A

b) @ variable; \g=0.005 A,

The signal-to-error ratio pertaining to the
dielectric-profile reconstruction (s§), scattered field
reconstruction (3%) and signal-to-noise ratio in the
measurements (Si) are tabulated as a function of the
" spacing between the detectors 5 and the distance of the
detector array from the .y-axis d. The geometry
pertaining to the reconstruction 1is illustrated in Fig.
3. The noise level added to scattered field values is
0.01 ppm. Comparison with Table 1 shows that the
pseudoinverse operation effectively attenuates - Sg
fluctuations when the detector location is changed.

A maﬁor parameter "which has a great impact on - the
reconstruction fidelity isv the number of column vecxoré.Ni,
of the matrix [T] taken as independent during the
reconstruction process. Indeed, N, is related to some extent

to the spatial <cutoff freguencies inherent to  the
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Figure 10: The fidelity of the reconstruction vs. the.
number of independent column vectors of [T]. .

The norm O¥ an estimate vector [d] (normalized to the
noiseless solutioft) represented by dots and the signal-

. torerror ratio in the reconstruction (Sf) represented by
circles, are illustrated as a function of the number of
SR column vectors N; of the matrix [T] taken as independent

for four different noise levels. ° Dashed lines indicate

N, values for the best dielectric-profile reconstruction
fidelitdd, . ) B

Diagrams pertain to the case illustrated in Fig. 9
(s=0.05 Xy and d=0.15 Ag% . '

i
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" pseudoinverse transformétion. Figure 10 shows the norm of
‘the , vector ([d] "and the’ signal-to-error ratio in the
recoﬁstrﬁction as a function of N; for four‘éifferent noise
levels in thé situation,illustrated -in Figl 8 . The figure
reveals the existence of a plateau followed by an abrupt
increase of "[a]" (dots); accompanied by a rapid decrease of
SZ. (circles) above a critical value of N; . For low
signal-to-noise ratios, the plateau does not"appedr clearly
as gepicted in Fig. 9 c) and 4d). In practical situations,
the dielectric distribution is indeed not known é priori'and
consequently SZ cannot be calculatgd. The sole gquantity
that can be determinéd during fhe ca}culations is the norm
of the estimate vectér [a]. As a result, it is the only
parameter that can give some informatipn:aboﬁt which valpe

-

of Ni should_be_sefécted.

A physical interpretation of the above observations cap
be given if one considers that at¢ording to (2.27), the norm
of [d]) represents a discretized value of the "following

surface integral (within the multiplicative factor juep) :,‘

i

fTﬁ&‘gs' ; ' . (3.16)
S ) ’ ' i ..

: + . ‘ - - : . - . . -
vhere P is the polarization current - Qen51ty vector and S is

the scatterer cross-section, Consequently, finding .the
absolute minimum norm of [d] which minimizes the error

between the input. scgttering. field values and the ones
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] 1 ' - 16
Figure 11: .The input data reconstruction error vs. ‘the

number of independent column vectors of the
. matrix [T]. : '

The signal-to-error ratio of the reconstructed scattered
field 2 with respect to the noiseless input data is
illustrated as a function of the number N, of [T]
independent column vectors for 4 different noise levels
(circles). The signal-to-error ratio - for the
reconstructed scattered field computed with respect to
noisy input data is also represented as a function of Ny
(dots). Dashed lines indicate Ny values for the best
dielectric-profile reconstruction fidelity. - Diagrams
pertains to the case illustrated in ‘Fig. 9 (s=0.05 aq
and d4=0.15 Ao0). ' . -1

For N;=16, the pseudoinverse is equivalent to [T] ~.

A LY
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produced by the estimate (equivalent to mékimizing SZ)' is
eduivalent to minimizing the polarization current

_distribution across the cylinder <cross-section takeﬁ
:Eogether with the constraint of obtaining a least error of

- the reconstructed scattered field. The minimization of the

volume. current distribution magnitude was proposed by Muller

1491 to

vercome the problem of uniqueness for an inverse. -
. E )
scatteryng soluti A similar condition on the energy
source was proposed by Porter and Devanay [28]) for solvin

the inverse source problem in holography. 'According to Fig/

£y

10, the absolute minimum pf [[&1|l appears for N; equal to 1

: a
would reduce  considerably {the

and severe distortions wdﬁiafap ear

The selection of N.=
=Y

bandwidth eof the systé
X &

in the reconstructiok especially 1in the case of original

dielectric distributio withs a wide spatial frequency
9 4d). { on fhe other hand,
Y } ~taking Ni too large does not\ optimize the solution
_ . . 1

<j’d—f//.efficient1y and the constructed profile would be

N

spectrum as illustrated in Fig

.overhelmed by ise and would require some additional

filtering. ractical situations, different

must be performed and compared. " The N,

values should be selected on the plateau of the "[E]"“VS.‘Ni

reconstruction

curves. The norm of [d] is not absolutely minimum but it
‘turns out to be close to the noiseless solution for [d] and
. & - .

the error on reconstructed data is smaller than for Ni=l as

illustrated in Fig. 11 . _ In this figure, the
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signal-to-error ratio in the reconstruction’ computeé
relative to the noiseless data (§2) and noisy data (S:) is
representea as a function of N.. A comparison'with Fig. 10
shows that the best reconstruction of the scattered field
(with respect to the noiseless data) generally occurs for

max imum Sg . In addition, <S: is, always larger than the
signal-to-noise ratio Si in the measurements. For Ni=16) the
pseudoinverse acts as [T]Fl and the reconsgructed ;caftered
field vélues are, within small computation errors, identical

to noisy input data.

These observations show that seeking the opt imum.

»
smallest least-error solution of an ill-conditioned problem

is a coﬁpromise between the fidelity of the solution and ‘the

error of the reconstructed input data with respect to the

noisy input vector for a given level of noise. This
rd

( N
comp;gaéggaTgﬁaétetm%néa\by/bhe selection of N;. , -

"3.5 CONCLUDING REMARKS

A simple example of reconstruction proved that a solution.

of the probiem is generally'impossible if the polarization
éurreht vector is determined'diréctly using matrix!?nvgrsibn
from the: input  scattered field wvector when the ;atﬁey
contains some noise. Takiﬁg‘ a gombromiﬁeygbetween thé

. .

scattered field values produced by 'an estimate solution an

the;sbattered-field effectively, méasured, yields excellent’

results even for relatively high noise levels in the

N : - . =~

el
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measurements. This'comgromise can be easi}y realized by the
pseddoinverse operator instead of direct inversion.

The pseudoinverse of a matrix involves a choice of a
certain number ©of column-vectors of that matri% that have to
be" taken as lineariy - dependent., This selection is a
compromise between the gquality of the solution and the
difference between the reconstructed scattered field vector
from an ebﬁimaie of the dielectric vector and the noisy
input vector (containing the measured scatteﬂqgkufield
values), The selection of the numberopf‘inéépendent column
vectors of the matrix [T] also affeéts the spatial frequency
bandwidth capabiiity‘df the system. For any number of
'indépendent'column vectors of [T}, the olution for the
polarization®vector (and consequently the dielectric vector)
is unique and do not imply any nonrad}ating cqmbonents which
alleviates ambiguities‘about the uniqueness of the solution.
This prbperty is inher?nt to . the pseudoinverge

transformation.

Pt ]

g



Chapter 1V

COMPUTER SIMULATIONS AND RESULTS
.

of
»

in the previous chapter, the pseusoinverse transformation
was'found tb be an effective tool in seeking a solution of
an ill-conditioned problem. However,-the'ut}lization of the
pseudoinverse operator in the algorithm for dielectric
profile reconstructions generally results'in a significent
spatial bandwidth limitation when some noise (computational

and/or measurement noise) 1is present in tge process. In

addition, many parameters pertaining to the probleﬁtsuch as

the position of detectors (observation points) and_freqﬁency

of the inc'ident‘_wavex play an’. 1mportant role in the degree

v

of ill- condltlonzng of the matrix [T] whlch is directly
involved in the bandw1dth performance of the operator.
. The object1ve of this chapter 1is to f1hvest1gate‘ the

spetial resolution capability of the algorithm. ;]éirﬁt}

-

various reconstructions of dielectric profileb of 'thiﬁ
rectangular cross-section cylinders: are presented to deplct'

the impact of different parameters of the problem on. thef-‘

figelity of the reconstructlon. The selection of thes&

one-dimensional dielectric‘Fistributions is inherent to the :”

. wavelength.

'The ‘dimensions of the scatterer are constant throughout-
51mulatlons but may change if expressed relatively to the

¢
!
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f361llt{ of d1splay1ng such functlons as mentioned in the
previou chapter. Then, - various. dielectric distributions
with (éffferent spetiai. fréduency spectra (including soms
two-dimensional dielectric distributions) are presented and

the spatial‘resolution-of the system is evaluated. Finally,

the feasibility of the algorithm is d1scussed and some steps

a' . proposed to ;mprove the spat1al reésolution of the
meﬁhqﬁ. '
- - ' . .
4.1 SIMULATION GEOMETRY (1-D CASE) .- 3
O ) v ' .

The ‘simulation geometry .is _shown in Fig. 12 . The

situation is the same as in  Chapter III except that the

T W . s .
cylinder cross-section can be divided into more than 16

cells., & distin the number of cells N and the

' number of detecto¥s—sN; is jntroduced. The dielectric

‘scatterer may be lossy and i dimensions may vary relative

to the'wavelength

\

i.e, measurement valu 5 from the detectors should include
¥

some noise which is caused mainly by interference due to

",

Slmuljtlons must be rformed under realistic conditions

multiple reflections. The presence of noise in the

measurements is simulated by adding a random complex vector

. before each reconstruction to the noiseless scattered field.

vector. The real and imaginary parts of "this noise- vector '
¢ _

. : . S . ’ .
are generated by. two independent - gaussian sequences w1Fh
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Scattérer cross-section i
divided into N cells E"(x)

"""""" BEARIAN
o . Arnnroft%ldeuxxbfé
- {phase and magnitude)

B

Figure 12: Simulation .geometry for the one-dimensional
. case.

A plane wave with 1 V/m peak amplitude (wavelength Ao )
propagating along the x-direction, irradiates a cylinder

whose rectangular = cross-section (dimension :
0.05x0.8 Ap) is divided into N identical cells
(dimension : 0.05 2¢g x h). An array of Ng¢ equally

spaced detectors is located at a distance d from the

origin of the coordinate system symmetrically with
respect to the x-axis, -

H .
zZzero mean value¢ The orthogonal combination of these two
sequences yields components e noise vector. One can

show that the amplitude and p'ase of each component are also

independent and th#t they have a Ragleigh and uniform

proBability densitfl functién, respectively. This. model”

simdlatgs adequately the random énvelope of a signal with

N
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interference - components [50]. This process 1is known as

multiplicative noise. ) -

Computations of the dielectric vector solution. are

carried out with double-precision® to minimize round-off

error propagation,: In order to minimize the CPU time and
the memory storage requiremehts, the minimum ieastﬂerrbr
solution of (2<28) was  Galculated rather than the
pseudoinverse, .

The reconstruction Ffidelity depends on the selection of

the number of columﬁ vectors of the matrix [T] taken a§

_independant. Consequently, solutions of (2.28) where found

for various values of N;, and the corresponding curve
H[E]“-vs.-Ni was plotted (see Fig. 10). Then, the dielectric

vector for each N; value was reconstructed using (2,31) and

(2.37). Finally, the the solution which yielded the best SZ

was selected. Obviously, the last part of the above

procedure does not reflect any practical situation. Indeed,

the original distribution is generally not known and

consequentlj, S: cannot be calculated.

164 bit precision on the Amdahl 470/V7A computer..

) . T -
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4.2 POSITION OF THE DETECTORS.

From the results in the previous éhapter it is found that
the fidelity of reconstruction is affected to some extent by
the spacing between the detectors (see Table 1); In
addition, there is an optimum spacing (for.a.given.locatién
ofithe detector arrayf which yieldé the best reconstructioﬂ
fidelit&.' Likewise in pactical situations, the optimum
spacing is determlned by a series of reconstructions 6%
known dielectric d1str1but10ns. The values peftgining to
tﬁé,optimum spacing evaluation are listed in Table 3 . The
iaielectric'distribution used for this test is an asymmet;ic.
triangle function }epresented' by scolid lines in Fig., 13 .
The distance of the detector array from‘the origin of the
system of coordinates is .0.3 Ap. By inspection of Table 3
an optimum l;pacmg s=0.1 Ay was selected and used in
subsequent experiments when d=0.3 AQ. As already observed
in Section 3.3, the pseud01nverse‘  transformation is
%elatively insensitive to s variatiqn; as far as S; values
are concérﬁed. preverup the parqmefér Ny is important for
the spatial bandwidth capability of the algorithm and®should
be chosen as, large as possible. Therefore s=0 1 xg should be'
selected for thlS geometry since it yields the best f1de11ty
reconstruct1on and tbaxkargest N for a given S _

The test$ descrlbed'above should always be performed when
the geometry of the .problem is modified. %iis' assures
optimum conditions‘for_'any oriéinal dielectric-distribution

reconstruction.
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R TABLE 3 _ - -

Reconstruction fidelity vs. detector location.

. "™ eE

s/g .S laBl s® [aB] N,

0.03 36 144 v, 10

0.05 37 144 12

0.10 37 142 12

- Qs 32 181 10

e 0.20 .. 34 140 11

Yoo 0,30 ] 33 139 ' 9
' .0.40.0° . 33 138 . ‘9
) ;

Valﬁes of 8§, 83 and N are tabulated vs. the spacing
- between detectors. The ireal) dielectric distribution of

the scatterer is an -asymmetric triangle function
.represented by solid lines in Fig. 13 . Calculations of
8¢ include real part of only. The number of cells and

detectors is  16. The detector array 1is placed at a
distance of 0.3 Ag from the origin and the noise level
in the measurements is 0.01 ppm. -3

The optimum spacing is s=0.1 Ap.

NOISE IN MEASUREMENTS

The influence of noise in the measurements is illustrated
in Fig. 13 for an’ asymmetric triangular

"dielectric-distribution function. A very .strong low-pass

filtefing effect is dbserved for relatively high noise .

levels as shown in Fig. ‘13 ¢) and d). The pseudoinverse

transformation removes completely noise components if -an
AL e !

appropriéte'valuei of Ni-is selected. For relatively high

noise levels (low si values), low values of N; should be-

L]

selected for an optimum reconstruction fidelity. These low

.

. N; values reduce the spatial frequency bandwidth of the

L

Mooy
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algorithm which results in some distortions of the
reconstructed proflles.

The spatial bandwxdth of the algorithm can be adjusted
accordingly with. the  levél of noise -present in the

-measurements or generated by round-off error propagation

during computations.  The adjustment of the bandwidth"

capability of the algor1thm depends on various factors for a
given level of noise namely the ﬂﬁpnt1on of the detector
(section 4.2) and the frequency of the incident wave for a
given geometry (section 4.4). Figure 14 shows the effect of
the selection of Ni on the spatial frequency bandwidth
capabilitiabf the algorithm when no measurement noise. is

preeent. This figure is almost a replica of Fig. 13 which

indicates the lack of sensitivity to measurement noise below

a certain level, -for a selected value of N;,. For instance,
Si above 42 dB results in a reconstructiénﬁfidelity shown - in
Fig, 14 b) " for the case under discussion and N;=4. The
effect of computational noise is shown in Fig. 14 ¢) for
which 15 out of 16 column vectors of the matrix [T] should

e taken as independent for optimum reconstruction. Some

.o ) b
improvement seems feasible by selecting higher values foo‘Ni-

implying the presence of . noisy oscillations in the

reconstructed prQEgle. Such’ ‘oscillations, if their amplltude

is relatlvelgggﬂéll can be removed by approprlate f11ter1ng _

techniques other than lowgpass-like ones. ‘This p0551b111ty
L 2
is further investigated 1in_Sectiord 4.9 .for a selected

%

i/

BN

i

e’

&

'
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Figure 13: Reconstructlon fldellty vs., the 1nput noxse

level
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2

The real part of:the reconstructed dielectric proflle is
depicted’ for different noise levels present in the
measurements. The original dielec&ric -distribution is
represented by a solid line. ’ o c
The geometric parameters are s=0.1 Ao, d=0.3 *g and

‘N=Ng=16. = .
A strong spatial bandwidth limitation is'evident ﬁqingéi'

greater 7 than 1000 ppm (relative to 1 V/m) in
example. . _ ) - ;

—

i,



Figure 14: Reconstruction fidelity vs. N, as illustrated in
Fig. 13 but with noiseless input data. .

The real part of the reconstructed dielectric profile is
shown for the case depicted in Fig. 13 but for noiseless
input data and the corresponding N; values . This figure
reveals the band-limiting effect o% the algorithm due to
the decreasing values of N,. '
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dielectric brbfiie for which band—limitihg=éffécﬁs afg more

apparent than in the case presenbed in Flg 13 .

In add1t10n to the n01se . resQ}tlng from the

rad1ofrequency 1Aterference, “which is ‘most likely to be Ehé

L]

of the detectors and other electron1c components may -also
¢
‘contribufe to the overall noise.- Such n01sq has dlfferent
T ) ' o C
stétistical characteristics than the noise utlllzed\ in the

present simulations. However, its effects upon the

performance of the  algorithm should be. qualitatively

"similar.

4.4 -+ RELATIVE SIZE OF THE SCATTERER CROSS-SECTION-

The frequency of the inecident signal plays an

important role. As mentioned before, imaging o%er a range’

of frequencieé, ﬁay provide additional inférmation for
diagnostic purposes. However, .some criteria should
considered before selecging these'frequencies.
that the dimensions of the'scatterer crossg

size of the cells are' given. In practical situdtions, the

raﬁge of sg;tteren permittivity - values aré‘ approximately
known and thgrefore the highest frequency of the incident
wave that can be used iy determined by the condition (2.33)
for }ossless cases. At'lower‘frequencies, another factor

arises ' inherent to the relatively small size of the

scatterer and. cells which renders the matrix [T] more

o

malg,cause of- uncertalntles in the measurements, the n01se';;:-
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.”illrconditioneé than at,higher frequencies. The advaﬁtage of
.using low -frequencies pertains to lossy scatterérs in wh1ch
\ the electrlc field and consequently the polatlzat1on current'

] 'ere less attenuated {56,57]. Consequently,ﬁ a better”
"‘\<i53¢smiesion of the wave through' the scatterer ie obtained
and tﬁis should“resultt in some--iﬁptpvegent .in;:the )
feconstraction fidelity - The influence.of the ffequency-of
ﬂ»wthe incident wave on the reconstruct1on fadel1ty is deplcted”

™

“in Fig. 15 . The or191na1 d:electr1c dlstrlbutlon 1s an

=asymmetr1c triangle function with a peak ampl1tude of 2,8 .

For long wavelengths, — the electric dimensions of the

scatterer cross-sect1on becomes small and . therefore
K] hd .

scattering effects are reduced. This is expressed in a
' . .- . ! .
drastic ®Wdrop of S, - The pseudoinverse transformation

band<limits the reconstruction algorithm in such a way that
only one column vector of the matrix [T] should be taken as
independent for an optiﬂum reconstruction. . As evreSult,
only the DC-component of the 6riginal dielectric
distribution (meanr»alue) is restored as shown in Fig. 15 c)h
The spacing used for this case 1is not c;ptimum1 and further
tests would most likely improve the results._

The distance of the detector array from the scatterer,

for the case shown in Fig. 15 ¢}, 1is 0.1 *p and accordiﬁg

to previous observations a better reconstruction fidelity

The position of the detectors and the size of the scatterer
were fixed such . that the spacing between detectors is
optimum only for the case illustrated in Fig. 15 b) .
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Figure 15: Reconstruction fidelity vs. wa@élength;

.@0

The dielectric constant reconstruction is shown for
different irradiation wavelengths. The dimensions of the
scatterer and the position of the detectors are fixed.
The noise level present in the input data is 10,000 ppm
and N=Ng=16.

For relatively long wavelength the ‘band-limiting effect
is so high that only 'the DC-component (mean value) of
the original leyblectric distribution 1is restored (see
Figf/ig\ulx_ ) ,

_——
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.shdbuld be obtained. The reason for this discrepancy is that
_the spacing between deﬁeétors~is 50 smail (with respect to
the wavelength) that- the observation points are almost
equivalent for every cell of _the"écatterep cross-section
implying a very high ill-conditioning of the'matrix [T).
¢ N\_ - " On the other hand, the fidelity of reconstruction is

slightly improved when the wavelength is shortened as shown '
ﬁ?n Fig. 15 a). Although S 15 4 dB larger than in the case
1llustrated in Fig.. 15 b}, the reconstructlon fidelity is
improved by 8 dB. This suggests that for a glven s1ze of the
scatterer, the freguency range of the incident wave SILuld
be selected as high as possible (within the condition
(2.3é)), when ‘low-loss structures aée concerned. .For
relatively high-loss media (biological tissues for
instahce), the selection of the incident wave frequency
' ~ range should - be a compromise between an adequate
transmission of the wave through the body and the VYsize of

the scattérer cross-section which should be at leést of the

order of the wavelength.

4.5 CONTRAST

A

In this section, the ' reconstructions of identical
dielectric profiles with different amplitude factors are

presented. The objective is to determine the effect of the

-
distribution contrast, on the reconstruction fidelity. -

&

-
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The reconstryction of three asymhetric triangle-like
dielectric profiles with different dielectric constants
(varying contr;st) are shown by Fig. 16 . The relative
reconstruction fi&elity;dpes not vary significantly for the
three cases ’ dgspite ~widely Qifféreni values of Si.
Comparisons‘ of the s&gnal—to-error ratios of the
reéépétruction are difficult in this ‘case because fhe
computation of this guantity favosﬁ high-contrast
disf?ibupions. This can be observed in Fig. 16 b) and cJ).
Indeed, the reconstruction fidelity is similar in both cases
but _tﬁeir S: differs by 18 dB. - However, - better
Eégonstruction : fidelity‘ would occur for low—-contrast
distributions if Eomparable Si values were assumed. This is
demonstrated by csmparing Fig. ‘ 16 b) and c}. 1t turns out
. that the fidelity of reconstruction pertaining to thesé two
cases is comparable, yet a much higher Si value (36 dB) is
obtained for the high-contrast distribution. Consequeptly,
augmenting Si by a corresponding value, in the case of the
low-contrast dielectric distribution, would considerably
enhance its reconstruction fidelity.
The - relatively high Si values for the high-contrast
dielectric distributions resdlt in a wider spatial frequency
bandwidth of the algorithm. This 1is translated to a higher

value for N, as shown in Efg. 16 b) in which higher spatial

frequency components are visible.
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Figure 16:

of the scatterer {(effect of trast).
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Reconstruction fidelity vs. dielectric constant

The reconstruction of the real part é?\\p iangle-like
dielectric distributions is shown fo different
dielectric constants (amplitude factors). The scales
are adjusted to the same magnitude for the sake of
comparison. The geometric parameters are s=0.1 Ag,
d=0.3 Ag, N=Ng=16 and the noise level present 1in the
input data is 10,000 ppm. )

The fidelity of reconstruction is comparable,in all.

cases but. when an extremely low S§ is considered for

the case shown in Fig. 16 c}, better feconstruction

fidelity is obtained for low original contrasts.

s
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In conclusion, low-contrast dielectric distributions are
‘ better reconstructed than high-contrast ones for comparable
signal—té-noise ratios in .the measurements, However,
low—contragt dielectric distributions scatter weakly and
ﬁ:onsequently low Si values are obtained for a given incident
wave amplitude,  which results in severe band-limiting
effects of the algorithm. Increas;ngﬂ_the amplitude of the
incideﬁt wave is inefficient since the level of reflecgions‘
would increase correspondingly and no significant
improvement. in Si w;uld be achieved. Decreasing the
contrasts by increasing the background permittivity' can be
considered. For instance, this can be achieved bi immersing
the scatterer in a matching medium {(in water for biological
scatterers). Howéve;, relatively long'ygvelengths sh?uld be
used because of the very high attenuation 6ccuring iﬂ\WBtgi
at high frequencies. - '

-

4.6 SPATIAL FREQUENCY SPECTRUM OF THE ORIGINAL
DISTRIBUTION

Due to the bandwidth limitation introduced by the

s

pseudoinverse transformation, reconstructed dielectric -

distributions are, for a given geometry, distorted depending
mainly on the "noise level present in -.the measurements.
Consequently, it is ' expected that the dielectric

distributions with a wide spatial frequency spectrum will

'In this case, equations pertaining to the scatﬁering theory
must be modified.

LR

Tt
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be, for a giéen level of noise and geometry, subject to
gréater distortions. This is illustrated by Fig. 17 and 18
‘which show _ the feconsﬁruction of three different
dielectric-profiie functipns for d=0.3 A9 and 0.15 Ag,
- respectively. Ip Fig. 17} the value of Ni=3 severely limits
the bandwidth of the algorithm for all cases considered.
Signal?to—error ratios differ significantly despite
comparable'si values.

The reconstruction fidelity si;nificantly improves when
the detector array is located closer to the scatterer as
shown 1in Figq. 18 . The signal-to-noise ratios,in the
measurements are comparable with the cases 1illustrated in
Fig. 17 but SZ impfbves by up to 11 dB. This is caused by a
wider algorithm spatial frequency bandwidth resulting from
higher ﬁi values‘éelected for optimum reconstructions. The
spacing between the detectors used in Fig. 18 is optimum and
equal to O.Q§ Ap. This value was determined from the tesés
carried out En Section 3.3 (see Table 1 a) ‘)..

The effect of the number N, of.the column vectors of :the
matrix [T]Itaken as independent is shown in Fig. 19 . LThe
reconstruction of the real part\of a pulse-like dielectric
profile is iiiustrated for noiseless input data. The best
reconstruction 1s achieved when 14 out of 16 column vectors
of the matrix [T] are taken as independent and is

illustrated in Figqg, 19 «¢). This demonstrates the

band-limiting effect due to computational noise only and

.
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Figure 17: Reconstruction fidelity for different original

dielectric-profile spatial frequency spectra
(d=0.3 )\0)-

The real part of the reconstructed dielectric profiles
(circles) is shown for various original distribution
functions (solid 1lines). The geometric parameters are
s=0.1 X3,8=0.3 Ap and N=Nda=16. The noise level in the
measurements is 10,000 ppm. ) '

Severe distortion effects are visible for original
dielectric distributions with a wide spatial frequency
spectrum such as illustrated in Fig. 17 b) and c).

« »
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Figure 18: Reconstruction fidelity for different original

dielectric-profile spatial frequency spectra
(8=0.15 Ag).

‘\J-

The real part of the reconstructed dielectric profiles
(circles) is shown for various original distribution
functions {solid 1lines). The geometric parameters are
s=0,05 %5,d=0.15 Ay and N=N3=16. The noise level in the
measurements is 10,000 ppm. _

Comparison with Fig. 17 shows that the bandwidth of the
algorithm improves when the array of detectors is
located closer to the scatterer.
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a) Ni=3_ . ' b) Ni=5
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Figure 19: Reconstruction- fidelity for pulse-like
dielectric profiles for noiseless input data.

The real parts of reconstructed pulse-like dielectric
praofiles are -‘shown for different numbers of column
vectors of the matrix [T] taken as independent and for
~lossless input measurements.

The geometric parameters are s=0.1 X;, d=0.3 A, and
N=N; =16, ' '

The effect of computational noise can be observed in

Fig. 19 d} which gives the best reconstruction with no
noise in the input data.
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reflects the degree of ill-conditioning of the matrix [T]

for this geometry. ' »

4.7 REDUNDANT ﬁ .

The . pseudoinverse transformation allows a minimum

least-error solution even for a larger number of observation
po}nis than cells into which the scatterer cross-section is -
divided. It is‘ expected that using redundant 4nput data,
one can- improve the quality of the reconstructiqn. Indeed,
the smallest least-error | solutﬁon generaﬁed by the
ﬁseﬁdoinvese - transformation ' takes into *+ account . all
coﬁponents of the vector [esl. Using reduﬁdant data is,‘to
some extent, similar t6 utilizihg the data féom different
"projectibn;“. - s |

Figure 20 shows the reconstruction of the
asy;metqic—tréangléjlike diéiigtric profi%p for two
different numbers of detectors. There is no noticeable
improvement in the réconstruction fidelity. The bandwidth
of.the ;lgorithm turns out to be s;idhtly wider for the case
shown in Fig. 20 a), although N, values are the same for
both casés, This is due to the fact that the matrices [T]
.aré different and the same N, value does not necessarily
yield the same spatial frequency bandwidth limitation. The
addition of redundant obsefvaﬁion points doeé not change the

degree of dependence of the column yectors of the matrix {T]

for this geometry. The failure of obtaining a significant
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b) N=24 ‘ * . s%=22.a

Figure 20: Reconstruction of an asymmetric- triangle- llke'
. dielectric profile using redundant data.

The real part of the dielectric-profile reconstruction
is shown in two cases o

a) Ny=16 observation points.

b) Nd—24 observation points.

The geometric parameters are s=0.01 g, d 0.15 Ay, N=16,
and the noise level is 10,000 ppm. '
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Figure 21:
numbers of detectors.
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Dielectric-profile reconstructions for different

The real part of the dielectric-profile reconstruction
is shown for different numbers of detectors located on
two parallel arrays.

The geometric parameters pertaining to the first array
are d=0.015 Ap, s=0.01 Ao, N=16 for all cases.

The geometric parameters for the second array are
d=0.02 Ay, 5=0.015 Aq.

The noise level is 10,000 ppm.
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improvemept by using redundant data, can be explained by the
fact that the detectors bearing ther redundant information,'
are located at the extremities of the array and conseguently
far away from -the scatterer. In Fig. 21, the redundant
observation points are located on a linar array, placed
parallel to-kthe'y~axis. at a distance of 0.02 Ap from the
prigin 6f the coordinate system;q An improvement as great és
5 dB is obtained by using 20 or 24 detectbrs. Howeﬁer, for
Nd;ZB the value of SZ decreases. Again, the geometry of the
detectézf may Qlay a significant role. For a number of
redun ;nt\bgiiﬁ;ation points as Jlarge as 28, the & extra
dete!ib%g (relative to the case Ny=24), should be placed in
some other locations for which the geometry would be

optimum. Some numerical problem may also be considered, due

to the relative increase of the size of the matrices.

4.8 CROSS-SECTION DIVIDED INTO MORE CELLS

For rapidly varying dielectric distributions, dividing
the cross-section into a larger number of cells may improve
the reconstruction fidelity. ~Ca;é must be taken to satisfy
the condition (2.33) pertaining to the size of the cells. It
was found [37,38] that the shape of the cells does not play
an important role in scattered field ;alculations.
Therefore, it is possible in the preseht case to subdivide
the cylinder cross-section into mo}e "than 16 cells. It was

verified that 25 (0.05%0.032 Ao) rectangular cells yielded

~.

‘
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ag%att'ered field values within 0.1 per. cent of the ones
calculated with i6 cells. This is well within uncertainties
resulting from‘the noise in the measurements for the inverse
process. ' _

Figures 22 a) and b). show the reconstruction of the real
part of a pulse-like dielectFic profile for N=16 and N=25,
reépectively. The level of noise is 10,000 ppm and Si'valﬁes
differ by 1 dB. There is no significant increase 1in the
reconstruction fidelity when the scatterer cross-section is
divided into more cells for this geometry. .This can be
explained by the same number of independenf column vectors
(Ni=5 in both cases) of the matris [T] required for optimum
reconstruction. Sampling the scatterer cross-section with
more cells implies a reduction of the cell size.

[T] increases. Indeed, ther

Consequently, the degree of Hll-conditioning of the matrix
2 are 5 out of 16 independent

column vectors in the case N=16: whereas only 5 out of 25
should be considered as independent in the case of N=25.
'Theréfore, dividing the .cylinder cross-section intc more
cells does not give any advantage unless a detector
configuration 1is found such that .a - higher number of
independent column vectors can be selected. An increase 1in
the size of matrices involved in the élgorithm does not seem
to affect the fidelity of the reconstructién.‘ 'However,
thére is a potential advantage in using a larger number of

cells (consequently a larger number of observation points),
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Figure 22: Reconstruction, of the pulse like dielectric
profile for N=25, K
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The real part of the recohq&;ggﬁed dielectric profile is
shown for two different mbers of cells of the
scatterer cross-section (cell size : 0.05x0.032<2g71¥
The geometric parameters pertaining to the etettor
location are s5=0.05 Ag, d=0.15 *g, h=0.032 Ro, Ny =25 and
the noise level is 10,000 ppm.

=y
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that improves the efficacy of additional filtering of both
the scattered field values and the reconstrucf!h dielectric

profiles.

4,9 ADDITIONAL FILTERING.

Additional filtering may improve the reconstruction
fidelity in certain cases. The first possible filtering can
be introduced by truncating the reconstructed dielectric
constant values below or above certain thresholds. In
practical situations, the maximum and minimum possibie
values of the dielectric constant are -generally known a
priori. As. mentioned previgusly, " the pseudoinverse
transformation is essentially equivalent to lpw—pass
filtering and severely distorts wide spatial frequency
spec trum dielectric distributions. A method knéwn as the
Median Wipdow Restoration (MWR) technique conserves.steps
buf—qbliterates ‘oscillations with a period less than half
the window.length [51,52)]. This technique is based upon the
following scheme : The sampled values within a window
centered at thélpoint under .consideration, are gorted in
increasing or"decrgasing é}der. The besﬁ estimaté' qf the
sample ‘undec consideration -LS\taken as the value at the
mid-location in the window (after sorting). _

To evaldate the effectiveness of the MWR technique,

different dielectric-profile reconstructions were performed

for N, values selected on the plateau which occurs on the

@.

=
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Figure 23: Pulse-like function reconstructions for various
N
i-

The real part of the reconstructed pulse-like dielectric
profile is shown for different selections of the number
of independent column vectors of the matrix [T]. These
Ni values are located on the plateau occuring in the
characteristic H[dlll-vs.-Ni (ref. Fig. 10). ‘The
geometric parameters are s=0.1 *p,d=0.3 Ag and N=Ng=25.
The noise level present in the input data is 10,000 ppm
(s5=21 aB). ’_“

‘Higher spatial frequency components are visible when Nj
increases.
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Figure 24: Reconstructed dielectric profiles with post-
Median Window Restoration.
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the MWR techniques. This nonlinear filtering conserves
steps but removes high spatial freguency oscillations.

after filtering (see Fig. 24 c) ).

a

The reconstructed profiles of Fig. 23 are filtered using

The best reconstruction fidelity still occurs for N;=5
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characteristic  ||[[dll-vs.-N; (see. = Fig. 10). _ These
reconstructions are illustrated in Fig. 23 . Some
éscillations are evident when N;' becomes larger. Generally,
the MWR filter is, for a given window length, effective for
images containing large high spatial .frequency components.

This suggests the selection of even larger N; values.

However, for N, .greater thﬁn 6, the recpnstrbcted values
.diverge completely resulting in a SZ valﬁe‘below —fQ dB iq
the case undeér consideration. This corresponds to a N; value
beyond the sharp turning point in the characteri;tic
iilustrated in Fig., 10 . For a such low SZ, filtering
techniques are difficult to apply- without removing the
usefull information.

Figure 24 illustrates the reconstructed profiles shown in
Fig. 23 after MWR filtering with a window léngth equal to 9.
In order to avoid additional distortions caused by edge
effects, the knowledge of dielectric constant values 6utside
the scatterer cross-section is utilized in such a way that
the reconstructed sampled dielectric profile is extended by
a half of the window length on each side with the background
berﬁittivity values. There is a slight improvement {1 A4B)
in the reconstruction fidelity (Fig. 24 %l//) as compared
with the best noﬁfiltergg‘reconstructidn shown in Fig. 23
. ¢). These results are not exceptional but the§ show that
the selection of N; values on the plateau of the

characteristic displayed in Fig. 10 may have a great

influence on the reconstruction fidelity. .
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‘Figure 25: Phase and magnitude of the scattered field

pertaining to the cases'illustrated in Fig. 23
and 24 .

Phase and amplitude of the scattered field along the
detector array computed using the moment method. Dots
and circles represent the detector position. Solid and
broken lines represent the magnitude and phase of the
noiseless scattered field, respectively.

Geometric parameters, are the same as the cases
illustrated in Fig. 23 and 24 : s=0.1 49,d=0.3 Ag and
N=N4=25. _ ' :

The noise level is 10,000 ppm (relative to 1 V/m)
corresponding to S5=21 dB.
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Other improvements in the reconstruction fidelity can be
achieved by considering the scattered field phase -and
magnitude values measured by the detecﬁors depicted in Fig.
25 . In practice, the phase gndrmagnitude of the total field
would be recorded and presented in a form of complex
numbers. Then, the incident field wvalues would be
subtractéd from the measured values yielding the noisy
scattered field. Drawing real and imaginary'parts ”of the
scattered field as a function of the detector locatioé would
result in similar characteristics as those shown in Fig. 25.
Obviously there ‘are higher spatial freguency components in
the measured fields than in the noiseless scattered fields.
Therefore, some filtering is justified in order to increase
Si before applying the .feconstruction algorithm. A simple
1ow—p$ss filtering of‘the experimental- data is generally
sufficient to improve Si appréciably, especially for low
original Si values. Low-pass filtering of the measured
data illﬁstrated in Fig. 25 yielded 5 dB improvement in the
Si value,.

Figure 26 a) reveals an improvement in the reconstruction
fidelity obtained by filtering the séattered field values
before applying the reconstruction algb{ithm. There 1is a
3-dB increase 1in the SZ value as compared with the case
illustrated in Fig. 23 ¢). Subsequently, MWR filtering with
a window length equal to 9 was performed yielding an
additional 1-dB increase in the SZ value as shown ih Fig.

26 b).
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Figure 26: Low-pass filtering of the input data followed by
MWR filtering of the reconstructed profile.

The real part cof the reconstructed pulse-like dielectric
profile is illustrated.

a) measured scattered field values are low pass f11tered
yielding an improvement of 3 dB in the S§& value. )

b) the reconstructed profile (Fig. 26 a) ) is filtered
using the MWR technique, resultlng in an additiocnal
improvement of 1 dB in the S: value. :
The geometric parameters are the same as for the cases
illustrated in Figq. 23 and - 24 : s=0.1 Aq, d=0.3 A
ang N=N43=25. The noise level is 10,000 ppm
corresponding to SZ=21 4B before 1nput data fllterlng.

Y
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The objective of this section was to demonstrate that
filtering can be performed on both the méasured scattered
field and the recénstructed values of. the dielectric
constaht. in coﬁjunction with the algorithm wusing the
pseudoinverse transformation. More sophisticated filtering
technigues are available and may provide further improvement
in the reconstruction fidelity. These methods however, will

not be discussed here.

4.10 LOSSY SCATTERER

The method presented here also allows one to reconstruct
lossy structures. In this case the permittivity has a
non-zero imaginary\part pertaining to the lossy character of
the dielectric medium. The condition (2.33) should be

written for the general case :
. bs> 2/1k| . (4.1)
In lossy media, the wave number is given by :
: 1/2 .
k=[joug(o+juege’)] - : (4.2)
where g is the vacuum magnetic permeability, €' the

dielectric constant and o, the conductivity of the lossy

dielectric which is given by :

N
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g = Qeoéd . . ; o (4.3)
where ¢ " ié‘:ﬁ?‘i ginary part of the relative permittivity
called thelrelative,;oss—factar. ’

A recoﬁstruction of a thin slab of human fat in shown in
Fig;-27_. The,pe}mittivity of the human fat was taken from
[53]. The résulting vave factor is pfactiéail§ the same as
that of lossless medium for the incident wave frequency of 3
' GHz, indicating small attenuation in the medium. For
d=0.3 2, spatial oscillations wiﬁh relatively high
amplitude appear in the reconstfuction of the loss faétor
whereas @ the real part ‘of Fpe dielectric . constant
distribution exhibits the séme type of spatial bandwidth
limitation as for the lossless cases. These ééciliations are
attenuated when the detector array is placed closer to the
scatterer as shown in Fig. 27 b). The optimum value of N, is
identical in both cases illustrated in %ig._ 27 . However,
different reconstruction fidelities are obtaipéd because the
matrices [T] are diffefent. ‘The S: is slightly larger (by 3
dB) for the case in Fig. 27 b) than in Fig. 27 a). The
criterion for éelection fo£ N valuesvpértains to the one
that yields the best*sz value, which is calculated by taking

“the rms value of the relative pefmittivity.
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Figure 27: Reconstruction of a thin slab of human fat.

The reconstructed real and imaginary parts of the
permittivity of a ‘thin slab of human fat are shown for
two different detector array locations. Other geometric
. parameters are N= Nd—25 The relatlve"noise level 1is
10,000 ppm.
%he]values of €¢'=5 and ¢ -0 6 (0=0.1 S/m) are ‘taken from
53

r
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4,11 EVALUATION OF THE SYSTEM SPATIAL RESOLUTION

,

In this section, the spatial resolution of the
reconstruction algorithm is evaluated. First, a test to
determine the two-point spatial resolution of the method is
defined. Then, a criterion to evaluate guantitatively the

spatial resolution is clearly stated to provide a possible

comparison with other methods. The test consists of

reconstructing two rods of the dimensions of the cells, with
a dielectric constant equal to 2.8 (lossless) and separated
By a certain distance (taken from center to center). The
criterion to evaluate the two-point spatial resolution,
relative to the test previously described, 1is the minimum.
distance for which the two rods (they may be distorted) are
reconstructed with all other spurious oscillations or
artifactﬁ/amplitﬁde at least 50 pef;cent (3 dB) below the
peak a&biitude of both reconstructegd rods tevaluated
relative to the background permittivity i.e. e=1)?.
Theoretically, the spatial }eSolution.of- the algorithm

should be of the order of the cell size into which the

scatterer cross-section is divided, However, the first

limitation' results from comput&JiOnal noise which gives rise

to some spatial frequency bandwidth. limitations and

consequently decreases the spatial resolution of the

~

1In image processing,  the resolution is quinedlas the
degree=of discernable detail [55]. This criterion may be
subjective and a comparison between different methods may
be Qifficult. :
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algorithm. In addition, one cannof‘ignor; an additional
noise which is always present in Ehe.measurements and which
further reduces the algorithm spatial resolution capability.

Figures 28 and 29 show the reconstruction .of two

dielectric rods (e=2.8) separated by a distance of 0.5 i

and 0.2 x, respectively, for four different noise levels. A

S
n

values larger or equal to 10 dB, when the detector array 1is

0.5-Ag two-point spatial resolution is - feasible for S

placed at distances within 0.1 A\q from the scatterer
cross-section as shown by Fig. 28 a). As mentioned before,
some practical difficulties may arise due to the proximity
of some of the detectors, .which would result in a coupling
effect with the scatterer and produce some additional errors
in the measurements.

A spatial resolution of 0.2 Az, is feasible for Si above
35 dBu as shown in Fig. 29 b). For lo;er siglal-to-noise
ratios in the measurements, Fig. 29 a) illustrates that the
algorithm is not capable of detecting the two rods as
Sepéréte elements. The signal-to-noise ratio in the
measurements significantly affectg- the spatial resolution
capability of the algorithm. Less-sig&?ficgnt, but not '
=negligible,‘ is' the  computational noise which also
contributes to the bénd—limiting effect of the pseudoinverse
transformation. For instance, Fig. 28 c) and 29 c)
illustrate the band-limiting effqét due to computational

noise only, demonstrating that the “maximum theoretical
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two dielectric rods distant by 0.5 i, as

! ) X 3 - - - .
Figure 28: Reconstruction algorithm capability of detegting
separate elements.

The reconstruction of two 0.05x0.05-32,° dielectyic rods
(e=2.8) separated by a distance of 0.5 43 is ghown for
four different noise levels. .
The geometric parameters are s=0.05 Ay, d=0.1 Ap and
N=N4=25. Fig. 28 c) shows the effect of compuhational
noise only. ’ ]

A two-point spatial resolution of 0.5 A, is feasible for
S% larger or equal to 10 4B, ‘
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a) n1=10% ppm ; 55=7 aB b) n1=10" ppm ; S5=35 B
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Figure 29: Reconstruction algorithm capability of detecting
. two dielectric rods distant by 0.2 Ay as
separate elements.

The reconstruction of two 0.05x0.05-; dielectric rods
(e=2.8) separated by a distance. of 0.2 X; is shown for
four different noise levels. The geometric parameters
are the same as those in Fig. 28 .

A spatial two-point resolution of 0.2 A, is-feasible for
S; values larger or equal 35 dB.
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spatial resolution capability of the algorithm (cell gize)
may not be realized. '

The resolution capability of - the algorithm may be
augmented bygfilter}ng the input data. However, because of
the wide spatial frequency spectrum of the original profiles
illustrated by sélid lines in fiqg. 28 and 29, filtering
after recpnstructioh'ﬁould‘be very difficult. ‘

One can conclude that according 'to 'the criterion defined
before, the algorithm yields a spatial resolution capability
of at least 0.5 X; for realistic signal-to-noise ratios in
the measurements (10 8B), when the detector array is located
at 0.1 A9 from ‘the scatterer. It was stated in [54] that for
separations eﬁual to or iarger than 0.1 A3 the coupling
between the detectors and the scatterer can be neglected.

The spatial resolution of the .algorithm was evaluated by
~sampling the space in one dimension. Two-dimensional spatiél
resolution of the algorithm is investigated in the next

point.

4.12 SIMULATION GEOMETRY (2-D CASE)

b

The properties of the reconstruction algorithm revealed

in the previous sections, are expected to remain similar for
the two-dimensional case. For instance, there is an optimum
configuration of the detectors and the detectors have to be
placed as close as possible to the scatterer in order to

. have optimum conditions for reconstruction. However, the



' 110
two-dimensional grid that represents the scatterer
cross-section (see Fig. 30) suggests that the detectors
should not form a l%near array but rather a circular array
centered 1in the origin ofJ the c&%rdinatg system. This,
rather intuitive reasoning, pertains to the fact that with a
linear array a significant number of detectors would be at
remote locations (those which are close to the end of the
array) and that would effectively increase the deéree of
ill—conditidning of the matrix [T]. Two-dimensional
dielectric distributions generally imply a larger number of
cells, Conseqﬁently, the size of the matrices increases
-significantly and some problems related to memory size and
computational noise begin to appear.

The simulation geometry for- two-dimensional
dielectric-distribution recons£ructions is shown in Fig. 30.
The scatterer crosstsection is’ divided into 64 0.1x0.1-},
square cells. This implies a manipulation of 64x64 matrices.
On each circular array centered at the origin of the
coordinates and located at a distaﬁce of 0.8 and 1.0 Agp,
respectively, 32 detectors record phase and amplitude of the
diffracted field._The cylinaer is irradiated by a plane wave
(1 V/m peak amplitude) propagating along the =x-axis. No
detectors are located closer than 0.1 Xy from the scatterer
to prevent any signifidant coupling effects.

The procedure for two-dimensional-dielectric-distribution

reconstructions is identical to,the one described in Section
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Detectors (phase and magnitude)

/ ’/

/s ///
10° . - Cylinder cross-section
\ B syl .
- . ,,// ~divided into 64 identical
\ / L i
s —t- square cells
LI
¥y

N

Figure 30: Simulation geometry for the two-dimensional
case. '

A plane wave with 1-V/m electric field peak amplitude
and a wavelength Ay, propagates along the x-direction
and irradiates a dielectric cylinder with a square
cross-section (0.8x0.8 Ap) which 1is divided into 64
cells 0.1x0.1 Ag. Two concentric circular arrays
containing 32 equally spaced detectors each are located
at a distance of 0.8 and 1.0 Ay from the origin of the
coordinates, symmetrically with respect to the x-axis.
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4.1 . Because of g&e relativqu large size of the matrices
involved in the computations and the numerous possibilities
"to arrange the detectors, only limited tests to determine an
optimum geometry were performed by varying the spacing
between the dekectors. Consequently, reconstructions are
not necessarly performed in optimum conditions which may

result in some limitations in the algorithm performance,

4.13 SOME EXAMPLES OF TOMOGRAPHIC VIEW RECONSTRUCTIONS

In this section, some examples of dieléétric—distribution
reconstructions {tomographic views) afe presented‘ for the
original distributions illustrated in Fig. 31 . 1In order to
obtain finer three-dimensional representations of the
vgrious distributions, .the original Qé%:ilids are lingarly
'interpplated and transformed to 15x15 grids. '

Figure 32 shows the reconstructed . dielectric
distributions of the sine-squafe-like and the pulse-like
dielectric constang. distributions for two differen; levels
of noise. For smocoth dielectric distributions a relétively
good reconstruction fidelity can be obtained leven for a
relative noise level as high as 100,000 ppm. In this case
the number of independent columns N, is equal to 4 (for an
optimum reconstruction) which indicates a strong limiting
effect on the spatial-frequency bandwidth‘of the algorithm,
However, for narrow-band ofiginal frequency spectra,

distortions due to band-limitation are not significant., On

“
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Figure 31: Original two dimensional dielectric
distributions. S '

Four d;?%erent original dielectric distributions are :
a) Sinus-square-like dielectric distribution.

b) Pulse-like dielectric distribution.

c) Four rods separated by 0.5 i,.

d)} Four rods separated by 0.3 XA,.

‘The peak amplitude of all die&ectric distributions is
2.8 (lossless cases). 0dd lines parallel to both x and
y-axis indicate the position of the center of the cells-
of the original BxB grids. The distance between grid
lines is 0.05 A;. s '
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the other hand, the band-limiting process severely distorts
the pulse-like- dielectric - distributions and some
oscillations appear  even for a relatively high
signal-to-noise ratio in the measurements. Unfortunately,
because of the relatively small number of cells, filtering
turﬁs out to be inefficient for rapidly varying dielectric
‘distributions.

The criterion for evaluating the two-point spatial
resolution of the algorithm was presented in Section 4.11 .
For the two-dimensional case, however, the two-point
resolution may be different depending upon the alignment of
the rods with respect to the coordinate system.
Conseqeently, the spatial resolution should be evaluated
along the y and x-directions. Thus, the tesg:}onsists of
reconstructing four' rods located@at the cornérs of a square,
as illustrated in Fig. 31 ¢) and d).

Figures 33 a) and b) show the reconstruction of four reds
separated by.a distance of 0.5 Ap and 0.3 % respectively,
and” for two values of N; corresponding to the beginning and
the end of the plateau on the I[E]”—vs.-Ni characteristics.
Figure 33 a) shows that a spatial resolution of 0.5 Xy is
feasible in both directions. However;' there is a stronger
spatiai bandwidth limitation in the y-direction than in the
x—-direction which corresponds to the difeetion of
propagation of the incident wave., On the other hand, Figure

33 b) shows that a resolution of 0.3 Ay cannot be obtained

“+



" .| effect of the algorithm are visible in Fig. 32 b).
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n1=10% pm ; s°=35 aB n1=10° ppm ; s%<15 an

5

~ nl=10" pmm ; s§=14 dB

Figu 32 Reconst t of -1lik da 1
. like dielect distribut for t diff t
levels of .
Th re structi f th dielectric t
distribution represented in Fig 31 a) and b)
llustrated 1in th 5 of t diffe t level f
noise. The distance bet grid lines is 0.05 4.
) e-square-like distribution. .

a) sin q b
b} pulse-like distribution.
" | Severe distortions caused by a strong band-limiting




Figure 33: Reconstruction-algorithm capability of
separating four rods. A

The reconstruction of four rods of the dimension of the
cells (0.1x0.1 Ap) and dielectric constant 2.8 are
represented in two cases :

a) separation=0.5 Ay S3=23 @B (10,000 ppm).

b} separation=0.3 *g $$=24 4B (10,000 ppm).

The N; values are selected at the beginning and at the’
end o% the plateau of the I[d]ll-vs.—Ni characteristic
for each case. : .
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in either direction when the noise level present in. the

measurement is egual ox above 10,000 ppm.

A two- po1nt spat1al resolutlon better than 0.5 2 cennot
be obtalned even when the sxgnal to-noise ratio ‘in the
measurements is increased by 20 dB as Shown in Fig. 34 a),b)
and c) which illustrate different selections of N;. For
instance, Fig. 34 c¢) 'shows the reoonst;uction for N, =28,
just before the turning point of the.'[a}u—vs.—ﬁi curve for
which higher spatial oscillation amplituaes appear -but the
four rods even distorted cannot be detected. For reldtivel}
large matrix sizes, computational - noise is sufficient to
severely 1limit the spatial 'reéoiﬁﬁion' capablllty of the
method. This is illustrated in Fig. 34 @) in -which the

reconstructed rods are shown for noiseless.. input data.

Thus, a spatial resolution of 0.3 Xp cannot be reached even

P

for ideal measurement conditions in“thiéféase{f y
Two-dimensional 'dieleeﬁfip‘djépribﬁﬁioh  recoﬁ;tructions
adequately illustrate the 1imitetiooiofi‘fhe method fat.its
preéent stege of development. Thieiityoe of distribution_
generally involves large matrix sizeszrend combotationaln
noise becomes preponderant ] A two- polnt 5pat1al resolutlon
of 0.5%p with a realistic n01se level of 10, 000 ppm can be
obtained with the detector conf1gurat10n shown in F1g. 30 ..
Some improvement may be p0551ble for other conflgurat1ons of
. the detectors. For. 1nstance,‘$he frequency of the;1nc1dent
signal may be chosen such hhefﬁ thef,éimeneionéulof the

scatterer cross-section are'othhe order of the wevelength,

(o]



Figure 34: Reconstruction of four rods separated by 0.3 Ag

for di{;gkent noise levels.

The reconstruction of four rods represented in Fig. 31 .
c) 1is illustrated for a noise level equal to 1000 ppm
corresponding to $5=43 dB, for different values of Ny
(Fig. 34 a) to c) 3

Figure 34 d) . shows the reconstruction for noiseless | -

“input data and illustrates the effect of computational
noise only which limits the two-point spatial resoclution

| ©of the algorithm to 0.5 Ag.
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ur eco ruc n of a one-half-p d q
like dielectric distribution.
The constructions of the real part of q
type dielect distribution shown h t
rotated by gle of 90-degre
The noise 1 1l is equal to 1000 .ppm corresponding to
58=41 4B in both cases.
—
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in ordd4r to obtain strong diffracti ects which result

in‘high s> Unfortunately,

distance greater X9 from the
scatterer, some detectors are located at distanceé as far as
one wavelenéth. This certainly increases the degree of
ill-conditioning of matrix. [T]. A betéer detector ’
confiquration would consist of linear arrays placed parallel
to each side of the grid.z In this éase, all detectors would
be relatively close fo the scatterer and would ’certainiy
reduce significantly the degree of ill-conditioning of the
matrix [T].

The res;iution of the algorithm turns out to be better in
the direction ,of arradiation of the cylinder. This
indicates that at least for two-dimensional distributions,
the direction of the 1incident wave 1is alsc a parameter
involved in the reconstruction fideli%y. " This 1s confirmed
by Fig. ~ 35 and 36, which show the reconstruction' of

dielectric distributions of the sine-square type function.

The original dielectric distribution shown in Pig 35 b) is

" the same as the one shown in Fig 35 a) but rotated by an

angle of 90 degrees, Fairly good signal-to-error ratios in
the reconstruction are obtained in both cases, although the
reconstruction shown in Fig. 35 b) indicates ﬁore
distortions. The adopted method " of graphical presentation

amplifies, the .distortions since the plotti 37 subroutine
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performs an automatic scaling?!. It should be mentioned that
there is a slight atéenuation factor between the original
and reconstructed dielectgic profile introduced sy' the
pseudoinverse operator. The same remarks apply to the
example of reconstructions shown in Fig.36 . However, the
difference in the reconstruction fidelity between the two

. . . 14
cases is slightly more apparent in terms of S,.

4.14 COMMENTS AND FURTHER DEVELOPMENTS

The algorithm is found to yield good results when the
number of cells is relatively small. This implieé that it is
efficient for thin cylinder and slowly-varying djelectric
distributions, which Irequire a relatively small numper of
cells. Regarding two-dimensional dielectric di;tributiqns,
’the method is limited, at its bresent stagé of developmént,
by the ' size of the matrices involved in the calculations.
Stable solutions can be obtained, but details in the
reconstructions are blurred by the band-limiting effect
produceé by: the pséudoinve:se-'transformation. . This
bandwidth limitation is controlled by the—selection of the
number N. of column vectors of the matri; [T] which are
taken as independent. That number is dictated by the degree
of ill-conditioning of that matrix and the noise
(computational and measurement noise) present in the

. process. However, the degree of ill-conditioning of the

1SAS/GRAPH system.

o
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obtain better reconstruction fidelities,

P
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matrix [T] depends on the detector configuration. Further
investigations should be carried out in order to determine

an optimum detector configuration pertainiiny to a given grid

(subdivided scatterer cross-section) and-a given freguency.

However, it has been found that 1in general, in order to
‘he detectors must
be placed as close as possible to the scatterer.

The differgénce in the spatial resolution aléng different
directions indicates that more information cquld be géined
by combining mesurements performed under different
irradiation angles, This technique is similar to the one
used‘in.x—ray tomography (back-projection method}. However,

it should be borne in mind that the relationship between the

scattered field vector and the unknown dielectric vector is

‘a nonlinear one. In a recent paper [58], attempts to

reconstruct thin cylinder dielectric distributigné, using
measurements at different irradiation angles, were
presented. The application of the moment method yielded a
system of nonlinear equations which was solved iteratively
by using linear approximations. The siie of the system was

¢
equal to the product of the number of cells times the number

of irradiations. The results indicated that no more than

two irradiations could be used (even for relatively small
scatterers) because of computational problems. This clearly
indicates that the combination of measurements at ‘different
angles of irradiation is difgicult to implemenf due to the

nonlinear nature of the probiem.
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By consider{ng (2.28) which relates, in a linar manner,

the polarization current density vector and the scattered

field vector, a possibility resides in solving (2.28)

iteratively usihg different irradiation angles. However, the

unknown vector [dj depends on the irradiation angle and N
more unknowns are introduced at each iteration. .

The technique of using redundant data explored in Section

H

4.7 seems to be more attractive and generally yields better
results., The introduction of redundant data in the
algorithm is similar to  introducing . measurements at
different irradiation angles. Although this techniqﬁe
increases the number  of rows of the matrix [T]
correspondingly to the number of redundant measurements, it
has the advantage of not augmenting the number ogxﬁhknowns.
‘Some image processing techniques such as inverse
filtering [55] can be applied to the reconstructed
dielectric distributions. The idea 1is to assume tha the
reconstruction algorithm contains a linear filter blurring
the original distributions. The point—spréad—function [55]
of the algorithm can be evaluated by wusing the Fourier
transform. Then, the inverse filter (deblurring filter) can
be deduced and applied to the recoﬁstructed dielectric
distributions. This procedure is expectéﬁ to enhence high
spatial fregquency component amblitudes, without introducing

any significant amount of noise.
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Finally, the pseudoirverse transformation turns out to be

a formidable tool for ill-conditioned problems but the
technique used in this work to compute the smallest
lgast—error solution, cannot prevegt the round-off error
propagation, even with .the use of pivoting. Further

investigations are necessary to implement an algorithm which

13 . - # 13 .
minimizes round-off errors during the computations.

* .

%



Chapter V
CONCLUSIONS

Long-wave imaging for dielectric cylinders has- been
proposed. It wutilizes the method of moments and the
knowledge of the scattered fields at discrete locations
close to the scatterer when the latter is irradiated by a
known wave. The problem is ill-conditioned End an advanced

least-error technigue, namely the - pseudoinverse

transformation, is reqguired to obtain satisfactory results.

The method has some attractive features. Indeéa, once an
optimum geometry is found, the matrix [C] and [T]Jr in§olved
in the reconstruction algorithm are computed once and
stored. Then, the computation of any dielectric vector
reguires only matrix multiplications and vector ad%@t'ons.
Furthermore, the method does not make use of sigll
perturbation technigues and can be potentially applied to
high-contrast distributions. However, the introduc{ion of
the pseudoinverse transformation in the algorithm limits the
spatial bandwidth capability of the method. This limitation
becomes more significant when the level of noise present in
the measurements increases. In addition, computational noise
plays an important role in the bandwidth 1limitation of the
algorithm and can even be preponderant when the size of the

cylinder becomes larger which implies larger matrix sizes.

-1
P
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Computer simulations show that with- a realistic level of
noise (5 per cent uncertainties in scattered field values),
a two-point spatiél resolution of 0.5 Ay 1is feasible.
However, at its present stagé of_developmené, there is a
limitation of the method due to the -size of the matrices
which findlly becomes the major factor involved in the
bandwidth capability of the algorithm. Consequently, the
methoq is applicable for sﬁall structures with
slowly-varying dielectric distributions which reéuire a
:elatively small number of cells. For | these cases,
satisfacfory results can be obtained even with relatively

high noise levels preseht in the measurements.



Appenéix A

>

PSEUDOINVERSE COMPUTATION

A projection method [41] for £finding the smallest
least-error solution of a system of linear equations given

by the matrix equation :
[TI[al=[e"]

is deséribed in this appendix. It utilizes a Gram-Schmidt
orthogonalization which is performed on the column vectors
of a matrix before applying the different steps yielding the
smallest least-error solution as depicted in Fig. 8 .

It is well known that if two nearly équal guantities are
subtracted, the relative error in the difference is far
greater than the relative error in the guantities before
subtraction. Thus, a sequeﬁce of computations can magnify
and propagate errors to suchlan extent that the results are
meaningless. The same reasoning applies when two nearly
equal vectors are subtracted. 1In this case, the error is
likely to be significant in both magnitude and direction.
The Gram-Schmidt orthogonalization procedure applied to
nearly dependent vectors invariably results in subtractions

of nearly equal vectors.

- 128 -
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assume for instance, that tﬁo nearly dependent vectors
are to be orthogonalized. The Gram-Schmidt procedure
consists of projecting one vector, say [t2], on the oth;r
[t;]. Then this projection is subtracted from [t,) yielding
a vector perpendicular to [ti]; This vector resulting from
the orthogalization can be obtained‘ from the following

vector expression :
C e 2
[z,] =lty]-<t,,e0>/00e MLty T, (A.1)
where < , > denotes the inner scalar product given by :

<ty =t 17T IE,)
The projection of [tZ] on [tl] are automatically nearly
egual if [t2] and [tll-are nearly dependent or collinear.
From the above discussion, the application of the
Gram-Schmidt procedure 'on the column vectors of an
ill—qonditioned matrif (characterized by a presénce of
nearly dependent column vectors), results in propagation and
magnification of errors yielding inconsistent results. Yet
the Gram—échmidt orthogonalization is the primary
computational tool for solving practical least-square
problems. ' o
A way of handiing such prbblems is to utilize scaling and

pivoting in conjunction with double-precision arithmetic. At

C\
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each stage of the orthogonalization, a vector of small norm
is likely' to be an inaccurate result of a previous
subtraction. Error propagation can be ‘avoided if these
vectors are not used until the end of th; procedure. The
following procedure is recommended  in .[48] ~ for
6rthogonalizing a set of vectors {tl'tz""ﬁ'tN}: Begin with
the vector of largest norm (the pivot vector), say,
[zp]=[tp] and make all other vectors orthogonal using ﬂA.l).'
From the now modified vectors (excluding [z;]), choose the,
vector of the largest norm . {the second pivot vector), say,
[zq]=[Eq] and make ail- other vectors (excluding [zp])

orthogonal using (a.1) :
[t; 1-<t; ,z >/|[z Wz, 1  izp,q (a.2)
i1 %y g’ g rd _ :

In order to keép a record of Ehe, ope;ations on the’
columns of [T], the same operations given by (A.2) are
performed on -the columns of an idéhtity matrix [I]. The
procedure is continued until, at the (ﬁ+1)th stage, the
search for '[zm+l] f£inds no vectors whose " norm is above a
certain threshold. Another criterion to interrupt the
procedure is to set the number m=N; of independent column
vectors of ‘the matrix [T)]. Then, it is assumed that the
remaining (N-N;) column vectors are.[0]. At this étage, the

original matrices [T] and [I] have been transformed to two

[



. '..:’_:-' ) ‘ . .
[T "'41-2125"'1"zm!° 0...0 o
——m || s m e e SR (A.3)
[I1] L L ST qm[qﬁ4l..qN -

Because [Q] recordé_.the operations ‘performed.on [T] one

has :

« [T1[Ql=[B] . - (A.4)
Thus, multipying any vec}or-qf the set {qm+l,....qN} by [T]
yields a zero veoctor. Cdn$€duént1y, the set of .vectors
{qm+l,.{.;qN} is a basis for nul}sp?éF(T) which.;s then
orthogonalized. In _.addition,' the - set of vectors
{21'22"""2m} forms an orthogonal basisifd;-rgnge(T). One

defines the vector : L Idu

‘ " . ‘ -.. .'—- T
[wi=l<e®z,>/I[z,01% ... <e%z >/l[z ]I ?_,o,o. .0] (A.5)

The i-th comﬁonent of [w] is the orthogonal projection value

of the input'vector.[esl on theﬁyectof [ziJ,i tbﬁsequently,'
the projection of the input vectdr-[esj-pﬁtq range(T) can be

written as : ' A )

° -. /—-’/_\.»\

"

'The seguence of orthogonalization is not cessary from
left to right but depends on [T]. For \the sake of
simplicity, z, and consequently q; appear invjorder in this
~example, - . L

2
¢
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(° L, =(81wl=[TIlQ) W] . (5.6)

" The vector [w] is easy to compute, and a solution to the

“equation :

[rllal=1e° 1

is clearly [d)=[Q][w] by virtue of (A.6).

Only the orthogonal projection of [d] onto range (T)
remains to be carried’  out. The set of vectorsi'
{qm+1.qw+2,....,qq} constitzfes a basis for the orthggdﬁél
¢complement of range(T) by virtue of the decomposition
theorem (3.12). Consequéntlyr the smallest’ least-error
solution is given by :

: N
A -~ 2
=[d}~ & ) . _
[dlg=[d] i=mi§rql>/llfqllll a . (A.7)

The second term of the right-hand-side of (A.7) represents
°
the orthogonal projection of the vector given by (A.6) onto

nullspace(T).

The above procedure is easily automated.. The matfix [T)
needs to be orthogonalized only' once for a given problem.
This is an ad§antage since most of the computational time
involved in the whole procedure takes place during the

Gram-Schmidt orthogonalization. The remaining dperatfons are

N

.

o / |
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simple. Note that the adjeint operator need not -be
determined in this method. If one wants the pseudoinverse
explicitly, the input vector [eST is replaced by a standard
basis vector for CNXl and the steés from (A.3) to (A.7)- are
sequentially repéated for the N standard baéis vectors
yielding each time a column of the pseudoinverse of [T]. The
._orthogonalization of [T] has to be performed only once.

In c&nclusion, the procedure described above is, by its
simplicity, very ‘attractive. Héwever, even‘ with careful
computing, significant errors will result for nearly
dependent sets of vectors. To prevent meaningless results,
the orthogonalization procedure has to be interrupted whén
the norm of the remaining column vectors 'of the matrix [T]

to be orthogonalized is too small.




Appendix B
FORTRAN PROGRAMS

The listings of the subroutines PSEUDO and SCAT are given
in this appendix. They are written in FORTRAN IV and
constitute the major and important part of the subroutines
that are utilized in the reconstruction algorithm and in the
scattered field computations, respectively. The subroutines
which compute the [C] and [T] matrix elements-‘éhd the

reconstructed dielectric vector are not presented.

- 134 -
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B.1l SUBROQUTINE PSEUDO

The subroutine PSEUDO computes the smallest least-error
solution of the matrix eguation :

[T][D]=[ES]

An option allows the computation of the psehdoinverse of the
matrix T. The system of linear eqhations defined by the
above expression can be over-détermined (NO greater than NC)
or under-determined (NO‘ less than NC), where NO is the

number of observation points and NC is the number of cells.

C CCCCCCCCCCCCCCCeCCeeceeeececccecceccececccecccccecceecece

[}

SUBROUTINE PSEUDO (NO,NC,IORT,T,Q,QN,D,W,ES,RMAG, INDEX
# ,NS,DS,RM,IST,NI)

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeceeeeeeccceccceecce
INPUTS/OUTPUTS :
IORT : 1 THE MATRIX /T IS ORTHOGONALIZED (FIRST CALL)

¢+ 0 FOR SUCCESSIVE CALLS WHEN Y THE INPUT ES

IS CHANGED NOT TO BE USED|WHEN THE PSEU-
DOINVERSE OF T IS WANTED).

T(NO,NC)} : COMPLEX*16 MATRIX ([T]}[DI=[ES]). ,
IN ANY CASE T WILL BE DESTROYED.

NS=1 : - THE COMPLEX*16 VECTOR DS(NC,l) GONTAINS THE
SMALLEST LEAST-ERROR SOLUTION OF
(T][D]=[ES].

NS=NO : DS(NC,NS) WILL BE THE PSEUDOINVERSE OF T.

ES(NO) : COMPLEX*16 VECTOR CONTAINING THE INPUT.

5 ES I$ USED ONLY IF NS=1.
RM : REAL*8 . ALL COLUMN VECTORS OF T AFTER
' ORTHOGONALI ZATION WHOSE MAGNITUDE IS
RM TIMES LESS THAN THE BIGGEST T COLUMN-
VECTOR MAGNITUDE ARE SET Jfo [0].
IST : IST COLUMNS OF T HAV EN ORTHOGONALI ZED.
NI : NO. OF COLUMNS OF T~TO BE ORTHOGONALIZED,

(NC-NI) COLUMNS WI BE CONSIDERED AS [0].
THEIR MAGNITUDE ARE\ RM TIMES LESS THAN THIS

nnnnnnnononngnnnnnnnnnnoo
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_ OF FIRST ORTHOGONALIZED T COLUMN VECTORS.
OTHER QUANTITIES : -

COMPLEX*16 MATRIX Q{(NC,NC)
COMPLEX*16 VECTOR D{NC) :
COMPLEX*16 VECTOR W{NC)
COMPLEX*16 MATRIX QN{NC,NC)
REAL*8 VECTOR RMAG(NC)

. INTEGER INDEX(NC)

AUTHOR : MIGHEL NEY MARCH.1982 (REVISED FEB. 1983).
CCCCCCCCCCCCCCCCCCCCCCCCCCECCCCCCCCCCEeCCCCCeCCCeeeeee
COMPLEX*16 T(NO,NC),Q{(NC,NC),QN(NC,NC),

#D(NC) ,W(NC) ,ES(NO) ,DS{NC,NS) ,CSUM

99

198 %,

REAL*B RMAG(NC),RM,SUM,BIG,BIGST
INTEGER INDEX(NC)

IF (IORT.EQ.0) GO TO 199

IF (IST.NE.1l) GO TO 198

DO 99 I=1,NC

DO 99 J=1,NC

©(1,3)=(0.D0,0.D0)

DO 1 1=1,NC

0{1,1)=(1.D0,0.D0)

RMAG(1)=0.D0 .
INDEX(I)=0 ,
FIND THE BIGGEST MAGNITUDE AMONRG T COLUMN VECTORS
NOT IN RANGE(T) (PIVOT) :

a \

DO 100 K=IST,NI

‘DO 2 I=1,NC

IF (INPEX(I).EQ.1l) GO TO 2
IF0=1 .

.-GO TO 3

W N

11

CONTINUE .

SUM=0.D0

DO 4 I=1,NO
SUM=SUM+T(I,IF0)*DCONJG(T(I,IF0)}
BIG=SUM ]

ITEST=IF0 S

IF (ITEST.EQ.NC) GO TO 19
I0=1F0+1

DO 10 J=I0,NC

IF (INDEX(J)}.EQ.1) GO TO 10
SUM=0,D0

DO 11 I=1,NO
SuM=SUM+T(I,J)*DCONJIG(T(I,J))
IF (SUM.LE.BIG) GO TO 10

" BIG=SUM

10

ITEST=J
CONTINUE
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19

100

45
40

52
53

54

61

60
65

IF (K.EQ.1l) BIGST=BIG
INDEX(ITEST)=1
RMAG(ITEST}=BIG
RM=DSQRT(BIG/BIGST)
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T COLUMN VECTORS NOT IN RANGE(T) ARE OTHOGONALIZED :

CALL ORTHO (NO,NC,T,Q,INDEX,BIG,ITEST)
CONTINUE .

THE BASIS OF NULLSPACE(T) IS ORTHOGONALIZED

FIND THE BIGGEST MAGNITUDE OF THE COLUMN VECTORS OF Q

SPANNING NULLSPACE(T) (PIVOT) :

NQ=NC-NI

IF (NQ.EQ.0) GO TO 199

DO 40 I=1,NC

IF (INDEX(I).NE.0) GO TO 40
DO 45 J=1,NC’

ON(J,1)=0{(J,1).

CONTINUE

DO 50 K=1,NQ

DO 52 I=1,NC

IF (INDEX(I).NE.O0) GO 'TO 52
IF0=I

GO TO 53

CONTINUE

SUM=0.D0

DO 54 1=1,NC
SUM=SUM+QN (I ,1F0)*DCONJG(QN(I,IF0))
BIG=SUM

ITEST=1F0

IF (ITEST.EQ.NC) GO TO 69
T0=IF0+1

DO 60 J=I10,NC

IF (INDEX(J).NE.0) GO TO 60
SUM=0.D0 .

DO 61 I=1,NC

SUM=SUM+QN(I ,J)*DCONJG(QN(I, J)})}
IF (SUM.LE.BIG) GO TO 60
BIG=SUM

ITEST=J

CONTINUE

INDEX{ITEST)=2
RMAG(ITEST)=BIG

ORTHOGONALIZATION :

Do 72 J=1,NC ‘

IF (INDEX(J).NE.0) GO TO 72
CSUM=(0.D0,0.D0) .

Do 74 1=1,NC ‘

S0

b

r
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CSUM=CSUM+QN(I,J)*DCONJG(QN(I,ITEST))
CSUM=CSUM/BIG

DO 76 KK=1,NC

QN (KK ,J)=QN(KK,J}-ON (KK, ITEST)*CSUM
CONTINUE

CONTINUE

AT THIS STAGE NI COLUMN VECTORS OF THE MATRIX T ARE
ORTHOGONALI ZED AND SPAN RANGE(T).

NC-NI COLUMN VECTORS OF THE MATRIX Q WHICH SPAN
NULLSPACE(T)} ARE ORTHOGONALI ZED.

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeCceceeeceecee
v .
PROJECTION OF INPUT VECTOR ES ON RANGE(T) :

t
A1)

DO 200 K=1,NS

IF (NS.NE.1l) GO TO 250

DO 202 J=1,NC
CSUM=(0.D0,0.D0) .

IF (INDEX(J).NE.0) GO TO 204
Ww(J)=(0.D0,0.D0)

GO TO 202

DO 206 I=1,NO
CSUM=CSUM+ES (1) *DCONJG(T(I,J))
W(J)=CSUM/RMAG(J)

CONTINUE

GO TO 300

FOR FULL PSEUDOINVERSION OF T THE INPUT VECTOR ES IS
THE COLUMN 'VECTOR OF THE INDENTITY MATRIX WHICH
CORRESPOND TO THE PSEUDOINVERSE COLUMN BEING COMPUTED.

DO 252 J=1,NC

IF (INDEX(J).NE.0) GO TO 254
w(J)=(0.D0,0.D0)

GO TO 252

wW(J)= DCONJG(T(K J))} /RMAG(J) -
CONTINUE

SOLUTION OF [T][D}=[ESP] WHERE ESP IS THE ORTHOGONAL
PROJECTION OF ES ONTO RANGE(A) :

DO 302 I=1,NC
CSuM=(0.D0,0.D0)
DO 304 J=1,NC
ps{(J,K)={0.D0,0.D0)

CSUM=CSUM+Q(1I,J)*W(J)
D(I)=CSUM

ORTHOGONAL PROJECTION OF D ONTO RANGE(ADJOINT OF T)
GIVES THE 'SMALLEST LEAST-ERROR SOLUTION OF THE SYSTEM
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[Tl[D]=[ES] OR A COLUMN OF THE PSEUDOINVERSE OF A :

DO 400 J=1,NC )

IF (INDEX(J).NE.2) GO TO 400
CSUM=(0.D0,0.D0)

DC 402 I=1,NC
CSUM=CSUM+D{I1)*DCONJG(QN(I,J))

DO 404 1I=1,NC
DS{I,K)=DS(I,K}+QN(I,J)*CSUM/RMAG(J)
CONTINUE

DO 406 I=1,NC

DS(I,K)=D(1)-DS(I,K)

CONTINUE '

1F (IORT.EQ.0) GO TO 599

DO 500 I=1,NC .
IF (INDEX(I)}.NE.2) GO .TO 500

INDEX(1)=0

RMAG(I)=0.D0O

CONTINUE

RETURN

END
CCCCCCCCCCCCCCceCCCeeCCCCCCCCCCCCccccccceeeceececeeecece

SUBROUTINE ORTHO (NO,NC,T,Q,INDEX,BIG,JTEST)
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCee

THIS ROUTINE SETS ALL REMAINING COLUMN VECTORS OF T
WHOSE MAGNITUDE IS SMALLER THAN THIS OF THE COLUMN
WITH INDEX=ITEST ORTHOGONAL TO IT.

COMPLEX*16 T{NO,NC),Q{(NC,NC),CSUM

"INTEGER INDEX(NC)

REAL*B BIG

DO 2 J=1,NC

IF {(INDEX(J).NE.O0) GO TO 2
CSUM={(.D0,0.D0)

DO 4 I=1,NO
CSUM=CSUM+T(I,J)*DCONJG(T(I,ITEST))
CSUM=CSUM/BIG

DO 6 K=1,NO . ]
T(K,J) T(K J)-T(K, ITEST)*CSUM

DO 8 K= 1, NC

Q(K,J) Q(K J) -Q(K, ITES *CSUM

CONTINUE -

" RETURN

END ' _ .,
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B.2 SUBROUTINE SCAT

N

The subroutine SCAT computes the scattered field produced

by an infinite dielectric cylinder with arbitrary
cross—-section. Various options are available and are

described in the program listing. Part of this program was

' graciously provided by Prof. J. Richmond from the Ohic State

Y

University.

~

CCCCCCCCCCCLCCCececceceeeeeeecceeceeeceececececcceceeeceececee

(oke!

SUBROUTINE SCAT(EO FI1,T,F,AE,NO,X,¥Y,NC,XC,YC,CH,NE,EP,
# iF,IC, IP EC NA CWA CWK ESCA IE)

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeececccccceecececcee
INPUT :

o
EO INCIDENT FIELD AMPLITUDE (TEM WAVE) [V/M]

F1 PHASE OF THE INCIDENT FIELD AT THE ORIGINE [DEG].
T = ANGLE OF INCIDENT WAVE [DEG].

'F = FREQUENCY OF THE SIGNAL [HZ].

0o

THE INCIDENT FIELD IS A PLANE WAVE TRAVELING ALONG
THE DIRECTION GIVEN BY THE VECTOR [COS(T),SIN(T)].

AE CELL EQUIVALENT RADIUS [M] (AE= SQRT(AREA/PI))
NO NUMBER QF OBSERVATION POINTS.
X,Y = VECTORS (N0} OF THE RECTANGULAR COORDINATES
OF THE OBSERVATION POINTS [M].
NC = NUMBER OF CELLS.
XC,¥YC = VECTORS (NC) OF ‘THE RECTANGULAR COORDINATES
OF THE CELLS [M].

NE = 1 : HOMOGENEQUS DIELECTRIC,
=NC : GENERAL CASE.
"EP = COMPLEX VECTOR (NE) OF DIELECTRIC CONSTANT OF
) THE CELLS.
IF = 1 : FAR FIELD CALCULATION.
= 0 : NEAR FIELD CALCULATION.
IC = 0 : POLAR COORDINATES OF OBS. POINTS PRINTED OUT,
= 1 : RECTANGULAR COORDINATES.
IP = 1 : ALL QUANTITIES ARE PRINTED OUT.
0 : NO PRINT OUT.
IE = 1 : THE TOTAL FIELD INSIDE THE CELLS IS COMPUTED.
0 :

FOR SUBSEQUENT CALLS WHEN THE TOTAL FIELD IN-
. SIDE THE CELLS DOES NOT CHANGE '

NnOoONOOO0OOONNOOAcONONONaANNOOOOON0O00N0
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OUTPUT : : J
EC

I}

COMPLEX MATRIX (NC,l) OF TOTAL FIELD INSIDE
THE CELLS. _ -
HC = COMPLEX MATRIX (NC,NC) FOR INTERNAL USE.
ESCA{NO) = COMPLEX*16 SCATTERED FIELD VECTOR.

REMARK :

ALL REAL AND COMPLEX VARIABLES IN DOUBLE PRECISION !!!

REQUIRED ROUTINES :

MMBSJO0,MMBSJ1 ,MMBSYN,LEQ2C (IMSL)

USING

CWA(NA),cwxiNc) - WITH NA=NC*(NC+2)

AUTHOR : J. RICHMOND (MODIFIED BY M. NEY) JUNE 1981.
CCCCCCCCCCCCCCCCCCCCECCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeee

REAL*8 MMBSJO,MMBSJ1,BY(2),AC,R,ORDER,PI,F,FI,EQ,DR,B(
REAL*8 X{(NO),Y(NG),XC(NC),¥C(NC),T,XX,YY,AE,ANGLE,RD
$,AG,BJ

COMPLEX*16 .CH{NC,NC) ,EC{(NC,1) ,EP{(NE),C,CSUM,CA,CE
COMPLEX*16 CEINC,CWA(NA),CWK{NC),ESCA(NO)

INCIDENT FIELD :

CEINC(EO,FI,T,B0,XX,¥YY)=E0*CDEXP((0.D0,-1.D0)*
# (BO* (XX*DCOS{T*DR}+YY*DSIN(T*DR) )-FI*DR})
ORDER=0,D0

PI=2,.DO*DARSIN(1.D0)
DR=PI1/180.D0

C=(0.D0,1.D0)

B0=2.D0*P1*F/3.D8 —
AC=BD*AE ‘

DO 5 I=1,NE
EP(I)=EP(I)-(1.D0,0.D0)

IF (IP.EQ.0) GO TO B

PRINT 1,T,F,AE

1F (IC.EQ.1} PRINT 2 .
IF (IC.EQ.0) PRINT 3 v

N=2

CALL MMBSYN (AC,ORDER,N,BY,IER)

BJ=MMBSJ1 (AC,IER)

CE=PI*AC*(0.D0,0.5D0)*BJ

IF (NE.EQ.1l) CE=CE*EP(1) .

IF (IE.EQ.0) GO TO 40
CA=(0.D0,0.5D0)*(PI*AC*(BJ-C*BY(2))-(0.D0,2.D0})
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15

10

35
30

40

55

IF (NE.EQ.l) CA=1.DO+CA*EP(1)

DO 10 I=1,NC

IF (NE.EQ.1) GO TO 15. 7
CH(I,I)=1.D0+EP({I)*CA

GO TO 10

CH(I,I)=CA

CONTINUE

N=1

DO 30 I=1,NC

EC(I,1)= CEINC(EO F1,T,B0,XC(1}, YC(I))

DO 30 J=I ,NC ~

IF (1.EQ. J) GO TO 30 \\ﬁnf
R= DSQRT((XC(I) ~XC{J))**2+(YC(I)-YC(J))**2)*
CALL MMBSYN (R,ORDER,N,BY,IER)

BJ=MMBSJO (R, 1ER)
CA=CE*(BJ- C*BY(l))

IF (NE.EQ.1) GO TO 35
CH(I,J)=CA*EP(J)
CH(J,I)=CA*EP(I)

GO TO 30

«CH(I,J)=CA

CH(J,I)=CA

CONTINUE

L-U DECOMPOSITION OF CH

1JOBE1
CALL LEQ2C {(CH,NC,NC,EC,M,NC,IJOB,CWA,CWK,IER)

TOTAL FIELD IN EACH CELL (CONTAINED IN EC)

IJOB=2
M=1

FIELD CALCULATIONS

- \
IF (IF.EQ.1) CE=CE*CDSQRT{({(0.D0,2.D0)/PI)
DO 50 K=1,N0 °
CSUM=(0.D0,0.D0)
IF (IF.EQ.0.AND.IC.EQ.1) GO TO 55
RO=DSQRT(X(K)*X(K)+Y(K)*Y(K))

AG=ANGLE(X(K)},Y(K},DR) . z
IF {IF.NE.1) GO TO 55
R=RO*B0

CA=CE*CDEXP(-C*R) /DSQRT(R)

DO 60 I=1,NC’ '

IF (IF.EQ.1) GO TO 100

R=DSQRT ( (XC(I)-X(K) )**2+(¥YC(I) Y(K))**2)*B0
CALL MMBSYN (R,ORDER,N,BY,IER)

BJ=MMBSJO (R, IER)

CA=CE*(BJ- C*BY(l))

IF (NE.EQ.1) GO TO 70
CSUM=CSUM-CA*EP(I)*EC(I,1)

CALL LEQ2C (CH,NC,NC,EC,M,NC,IJOB,CWA,CWK,IER)
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GO TO 60 f
70 CSUM=CSUM-CA*EC(I,1)
GO TO 60 . :
100 IF {(NE.EQ.1l) Go To {10
CSUM=CSUM-CA*EC(I,1)*EP{1)*
#caxnc(l.no,o.Do,AG,Bo,xc(ﬁ),YC(I))
GO TO 60
110 CSUM=CSUM-CA*EC(I,1)*
#CEINC(1.D0,0.DO, AG BO,XC(1), YC(I))
60 CONTINUE
ESCA(K)=CSUM “
IF (IP.EQ.0} GO TO 5C
CA=CSUM+CEINC(EO,FI,T,B0,X(K),Y(K))
IF (IC.EQ.1) PRINT 200 x(K) Y(K) CA,CSUM
IF (IC.EQ.0) PRINT 201,RO, AG CA, CSUM
50 CONTINUE
DO 290 I=1,NE
290 EP(I)= EP(I)+(1 D0,0.D0)
IF (IP.EQ.0) RETURN t
IF (IF.EQ.1) PRINT 330 -
f‘?gzpw 300 '
DO310 1=1,NC
IF (NE.EQ. 1) PRINT 200,XC(I),¥YC(I1),EP(1),EC(1,1)}
IF (NE.NE.1l) PRINT 200,XC(I), YC(I) EP(1), EC(I 1)
310 CONTINUE
RETURN
1 FORMAT(/' PLANE WAVE INCIDENT AT ',D11. 4~ [DEG], F= "'
4,D1,4,' [HZ], EQ. CELL RADIUS= Dll 4,' [M]')
2 FORMAT(/' RECTANGULAR COORDINATES' 7X,
4'TOTAL FIELD [V/M]' 9X, ' SCATTERED FIELD [v/M]'//
' X [M]',6X,'Y [M]" /)
3 . _FORMAT(/’ POLAR COORDINATES' ; 8X,
#'TOTAL FIELD [V/M]' 10X, 'SCATTERED FIELD [v/M1t//
4 R [M]' 4%, 'PHI [DEG] /)
200 FORMAT(' DlO 3,1X,D10.3,3%X,'(',D11.4, ,D11,4,") ("',
$D14.7, ,D14.7,°)')
201 FORMAT(' ',D10.3,2x,F7.2,4x,'(',D11.4, , ,D11.4,')(',
$D14.7, ,D14.7,'})")
300 FORMAT(/' CELL RECT COORDINATES ', 7X,
$'REL. DIEL. CONST.',9X,'TOT. INT. FIELD [v/M]! //
4 XC [M]',Gx,'YC[M]'/)
330 FORMAT(/' FAR FIELD VALUES !!'/)
END '
CCCCCCCCCCCCeeceeeceeeeeececec - &
* FUNCTION ANGLE (X,Y,DR)
CCCCCCCCCCCCCCCCCCeeeeeceeecee
ANGLE COMPUTES THE PHASE OF A
VECTOR (X,Y) IN DEGRE (0-360)
DR=PI1/180.D0.
CCCCLECCCCCCCCCCCCCCCeeceeece
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20

REAL*8 ANGLE,X,Y,DR

IF (X.NE.0.D0O) GO TO 10
IF {Y.NE.0.DO) GO TO 5
ANGLE=0.D0

RETURN

IF (Y.LT.0.D0) GO TO 6
ANGLE=90,D0

RETURN -
ANGLE=270.D0

RETURN
ANGLE=DATAN(Y/X) /DR

IF (X.LT.0.D0) GO TO 20
IF (Y.GE.0.D0) RETURN
ANGLE=ANGLE+360,D0
RETURN '
ANGLE=ANGLE+180.D0

_ RETURN

END

-
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