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Abstract 

We report on experiments and modeling of the interactions between delayed visual feed­

back and postural control in human quiet stance. A heuristic model is derived based on 

physiological and psychophysical parameters. The level of agreement found between the 

data and the model was found to be very good for power spectral densities, probability 

density functions and mean-squared displacements (or Hurst exponents). The stochastic 

delayed differential model identifies critical time scales of postural corrections. We also 

investigate properties of the model such as stability, small delay approximations and the 

power spectral density. Lastly, we use nonlinear time series techniques to investigate 

the temporal structure of the experimental postural dynamics. We propose the first 

dynamical model of visually assisted posture control. 
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Chapter 1 

Introduction 

Sensory feedback is an integral part of most biological systems. It allows for more 

accurate decision-making by updating its state, given its environment thereby enabling 

appropriate motor actions. In living organisms, in particular humans, these functions are 

executed by the central nervous system (CNS), composed of the brain and spinal cord. 

There are many levels of structural organization in the brain and a common point of view 

is that the basic building block is the neuron or nerve cell. These cells assemble into 

functional spatially separated areas. The connectivity that links these spatially defined 

brain areas and their functional cooperation is not well understood. 

In this thesis we are particularly interested with how the brain executes a specific 

sensorimotor task: upright standing. This task is not as trivial as it would initially seem 

since the body is never fully at rest, constantly being perturbed by internal and external 

forces. A few senses are used to accomplish this task and it is not well understood 

how each of them contribute to standing given that the brain must control an unstable 

physical configuration. In the elderly population, this intrinsic physical instability along 

with decreasingly sensitive sensory neurons in the joints and feet degrades the information 

sent to the central nervous system, which eventually leads to an increased fall rate. As 

a result, falls are the most common cause of trauma and the largest single cause of 

accidental death in that age group [54]. To amplify the problem, an increasing proportion 
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of the population is entering the elderly category in the Western world. Therefore, more 

fundamental research is warranted into determining how the central nervous system 

controls standing posture. 

Despite the lack of knowledge about the integration by the brain of sensory informa­

tion to make decisions on how to control the body, there is overwhelming evidence which 

suggests that upright posture is better controlled when eyes are open [63] compared to 

when eyes are closed. Therefore, to better understand the possible visual control loops in­

volved in postural control, recent experiments on humans standing upright have delayed 

the visual stimulus in a visually guided postural task by 0-1000 milliseconds [67, 79]. The 

goal of such experiments was to determine the relative contribution that visual feedback 

has on postural control. By experimentally manipulating the arrival time, or the delay, 

of the visual stimulus, the time scales relating to slower and faster components of the 

control could possibly be disentangled. Amongst many possible questions, the following 

one has been front and center: will behavior entirely destabilize at some given delay and 

will there be a delay where balance becomes more stable? The authors in [67, 79] sug­

gested that when complete destabilization does not occur, however, in a range of delays, 

namely 250-750 milliseconds, the standard deviation of postural sway was slightly lower 

relative to the other delay conditions. The slow components of postural sway appeared 

to be largely a function of the inertial mass of the participant, whereas the fast compo­

nents were the consequence of both voluntary and involuntary muscle activity and the 

integration of multisensory feedback. 

Since perturbing the proprioceptive system cannot be achieved without invasive treat­

ment, in this thesis we use a similar experimental approach as [67, 79] with human sub­

jects to study the visual contribution of postural control by varying the time delay of 

postural feedback for visual input. However, we obtain longer recordings (two minutes, 

instead of thirty seconds). We also capitalize on the groundwork that has accumulated 

in terms of simple models [19, 53, 86] of delayed feedback of postural sway. Since it is 

well established that the physical properties of the human body in rigid upright stance 
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may be characterized as a stabilized inverted pendulum [24, 83], we focus on finding an 

appropriate controller of the body, and consequently propose a model which produces 

similar dynamics as the human postural control system with an explicit inclusion of vi­

sual input. This is the first combined experimental and modeling effort undertaken to 

explain the relative effects of two sensory inputs in the postural control system, visual 

and proprioceptive, as well as of the delay of visual feedback. 

To assess the plausibility of a model, we compare it to the experimental data collected 

from human subjects using a series of numerical tests. These numerical tests are well 

established in the postural community: power spectral density and probability density 

functions of solutions. Another test, namely the mean-squared displacement [12] has 

shown that postural data contains two distinct diffusive regimes which have been linked 

to two different aspects of the control system: open-loop and closed-loop. Whereas [79] 

used linear filtering to find two different time scales of control of errors, [12] does not 

assume linearity of the system. The separation of the regimes is characterized by a critical 

time and each regime is characterized by a distinct Hurst exponent which quantifies the 

level of diffusion, which in turn relates to the level of control. 

The use of dynamical systems theory allows for a systematic investigation of the 

stability of the postural model, and in particular to test what parameters influence the 

model's behavior and how. Time series analysis techniques derived from phase space 

reconstruction, typically used in the postural community, are also employed to investigate 

the underlying structure of the experimental data. 

The organization of this thesis is as follows: in Chap. 2 we present notions of postu­

ral control models, dynamical systems theory, and stochastic processes which are used 

throughout. In Chap. 3, we give a derivation our postural control model and show how it 

can reproduce experimental data. In Chap. 4, we explain the experimental and numerical 

methods. Chapter 5 contains further analyses of our model, and in Chap. 6 we analyze 

our experimental data with nonlinear time series techniques. Finally, we conclude and 

lay out directions for future research in Chap. 7. 
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Chapter 2 

Background 

2.1 Human Postural Kinematics 

2.1.1 Mechanics and Physiology 

Postural sway occurs in two dimensions: antero-posterior (AP) and medio-lateral (ML), 

yet we focus in this thesis on sway in the antero-posterior plane which is the side or profile 

view with movement from front to back and vice versa. We chose this focus because it 

has been shown that trajectories of postural sway in each dimension are independent and 

show similar dynamics [63]. The mechanical (bone and joint) structure of a human in this 

plane consists of a series of segmented links which are composed of limbs and connecting 

joints. Yet, for the small range of motion we are interested in, the multi-segmented or 

polymer-like chain of limbs moves negligibly. Therefore, the entire structure in the AP 

plane may be reduced to a pendulum with a joint between the attaching surface (floor) 

and the body [24]. 

The physiology of the human ankle is complex since it is composed of bones, tendons, 

muscles and cartilage (see Figs. 2.1(a) and 2.1(b)). The major muscles responsible for 

control of the lower leg are the soleus, gastrocnemius and tibialis anterior [39, 38]. The 

soleus is proximal to the tibia and the gastrocnemius, distal to the tibia, is also known 
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(a) Anterior view 
[26]. 

(b) Posterior view 
with the gastroc­
nemius removed 
[26]. 

Figure 2.1 - Lower human leg. 

as the calf muscle; both muscles are located on the posterior portion of the lower leg. To 

allow for postural equilibrium by opposing contraction to the posterior muscles, in the 

anterior portion of the lower leg resides the tibialis anterior. However, in efforts to model 

the ankle's response to perturbations relative to the rest of the body, the ankle has often 

been reduced to a hinge joint supporting an inverted pendulum [24, 39, 38, 83, 82] (see 

Fig. 3.7). This pendulum has been characterized by a damping and a stiffness coefficient. 

In some studies, further simplification of the ankle joint has been pursed by neglecting 

ankle stiffness [19, 53, 86] since it is not a passive property of its physiology; active or 

control properties will be covered in Sect. 2.1.2. 
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With eyes open, compared to eyes closed (EC), it was found that the center of pressure 

(COP) (which is the sum of the ground reaction forces divided by the torques felt by the 

ground, exerted by the feet; also see Sect. 4.1.1 for an in-depth definition of the COP) 

motion was overdamped [81]. Experimental estimates of the damping coefficients have 

been reported [83] which we use later for modeling. 

2.1.2 Neural Sensory Information and Control 

In general, sensory information for a neural control system is provided by afferent inputs 

[33]. These inputs are captured by neurons at the periphery and transmitted to the 

central nervous system (CNS) which includes the brain, brain stem and spinal chord. 

After the CNS has processed and made decisions on the afferent inputs, the CNS gener­

ates motor commands and efferent signals are propagated in the opposite direction along 

separate "motor" neurons, from the CNS to the periphery. These signals execute motor 

commands. 

The postural control system makes use of three main afferent inputs: proprioception, 

vestibular perception and vision [9, 57, 33]. The first, proprioception, in terms of quiet 

stance in humans, is mostly provided by mechanoreceptors (which are typically nerve 

endings that respond to pain, pressure or light touch) some of which are located in the 

sole of the foot [16]. Other mechanoreceptors include stretch receptors in muscles called 

muscle spindle receptors; Golgi tendon organs, which are receptors in the tendon that 

sense contractile force or effort exerted by a group of muscle fibers; and receptors located 

in joint capsules that sense flexion or extension of the joint [33]. 

The second sensory system which offers vestibular perception, is provided by the 

otolithic organs and the semicircular canals in the inner ear or labyrinth. The otolithic 

organs are composed of the utricle which detects gravity and the saccule which detects 

linear acceleration in the vertical orientation. Since quiet standing has a zero acceleration 

in the vertical orientation, the saccule does not provide useful information. The otoconia 

crystals in the utricle rest on a viscous gel layer and are heavier than their surroundings. 
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Consequently, the crystals get displaced during linear acceleration, and therefore, bend 

the ciliary bundles of the hair cells, producing an afferent sensory signal [60]. As a result, 

this type of afferent input is acceleration-dependent. However, for zero acceleration (or 

constant velocity), the contribution of this portion of the vestibular perception is below 

threshold for detection [20]. If acceleration of the head is detected, then the utricle may 

detect angles from the completely upright head position as small as 0.5 degrees [28]. 

However, as the head angle increases, the accuracy of determining this angle degrades. 

The orientation of the semicircular canals is such that they are approximately orthogonal 

to each other. The semicircular canal afferents are exclusively sensors of rotational forces 

and therefore do not contribute to postural control, in quiet standing. It has also been 

reported form multisensory postural experiments that when proprioception and vision 

are present, vestibular perception is not reliable [57]. Therefore, the contribution of 

the vestibular system is not well known for postural control in the context of quiet 

stance. Because of this, we will not explicitly model vestibular feedback. Any possible 

contribution attributed to the vestibular system will be lumped with proprioception. 

Lastly, vision, involves photons captured though the eyes, projected onto the retina, 

transmitted down the optic nerve to the lateral geniculate nucleus and perceived in 

the hindbrain, mostly composed of the visual cortices (V1-V5) [33], see Fig. 2.2. Hence, 

vision is a much higher-brain-level function than proprioception and vestibular perception 

since after optical input has been rendered by the the visual cortices, this information 

projects to multiple cortical areas. Because of this, from a neural pathway perspective, it 

is not clear what effects this has on the postural system. Despite this, behavioral postural 

studies have shown that postural sway is reduced when eyes are open compared to when 

eyes are closed [14, 69, 17]. Also, some studies [67, 79] have shown that lengthening 

the visual-loop delay gives rise to two distinct time scales (as a function of the delay) 

apparent in the center of pressure trajectories of postural sway. 
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(a) Optic tract, [26]. 

Figure 2.2 - The visual system. 

2.1.3 Postural Control Models 

Linear Control Theory Models 

The postural control literature admits to two main classes of control models. The first 

are the type of postural models that are derived from a more general class of sensorimotor 

models that make use of linear control theory and internal models [9, 84, 76, 31, 30, 34, 

57]. An internal model is a hypothetical central neural representation of the dynamics and 

kinematics of movement, which is believed to underlie the nervous system's remarkable 

ability to discern unknown or underdetermined changes in the environment. There are 

many variations of these types of models, however, the main concept is as follows. Sensory 

information (proprioception, vestibular perception and vision) is the input to the system. 

Prom here, the internal model translates the sensory information into a kinematic state 

(b) Base of the brain showing the occipital 
lobe—the visual processing area [26]. 
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(position, velocity and acceleration). From this current state, the internal model predicts 

the future iteration of the state given its knowledge about the plant (the subsystem-to-

be-controlled). It compares the future state with how the system executes this state and 

uses the difference between the two signals as an error which is considered to predict the 

next state in the next iteration. 

For example, Kiemel et al. [34] analyzed the stochastic structure of postural sway with 

optimal estimation theory based on the inverted pendulum. They have demonstrated 

that this structure imposes constraints on postural control models. Experimentally, for 

each subject and sensory condition, a model of appropriate order was determined, and 

this model was characterized by the eigenvalues and coefficients of its auto-covariance 

function. Linear stochastic models of various orders were fit to the center of mass tra­

jectories of subjects during quiet stance in four sensory conditions: (i) light touch and 

vision, (ii) light touch, (iii) vision, and (iv) neither touch nor vision. In most cases, 

postural-sway trajectories were similar to those produced by a third-order model. 

The system's variables are composed of the state vector, whose components are po­

sition Xi and velocity £2 

x = 
Xi 

X2 

(2.1) 

The internal state estimate vector is 

x = 
Xi 

X2 

(2.2) 

The control signal vector is u and finally, the sensory measurements are 
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computer-gen@ratei 
visual displa; 

center-of-mass 

Figure 2=3 - Experimental setup for Kiemel et al. 

(2.3) 

Estimates of the state are computed based on a Kalxnan filter [32] (or linear quadratic 

estimation) which is an iterative filter that estimates the state of a linear discrete-time 

system from noisy measurements and the system's control. Using a predict and update 

rule, the Kalman filter returns the optimal estimate of the state assuming that all of the 

noise present within and outside the system is GWN. The full model may be written as 



2 Human Postural Kinematics 12 

x = Fx - GCx + w (t) 

x = (F - GCx) + K (z - Hx) 

z = H x + v ( t ) 

u = — Cx. 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

The control coefficient matrix is 

C = C\ C2 (2.8) 

The state transition matrix is 

F = 
0 1 

7 0 
(2.9) 

and 

G = (2.10) 

The observation or measurement matrix is 

H = 

1 

0 

7 

0 

1 

0 

(2.11) 
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and the covariance matrix of the process noise is 

Q 
0 0 

0 a2 
(2.12) 

The covariance matrix of the measurement noise is 

R = 

o\ 0 0 

0 a\ 0 

0 0 o2 + al 

(2.13) 

The computational noise covariance matrix is 

Rc — 
a2

cl 0 

0 o2
c2 

(2.14) 

Additional matrices defining the system are 

0 0 0 

0 0 a2 
(2.15) 

U 
F-KH 0 

0 F-GC 
(2.16) 
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Z = 
Q + K R K T - T K T - K T T + Rc T K T - K R K T - R, 

K T T - K R K r - R c K R K T + R 

c (2.17) 

where T denotes the transpose and K is the Kalman gain matrix chosen to minimize the 

error form the vertical position 

J = (d! (xi - xx)2 + d2 {x2 - x2f) . (2.18) 

The noise variables are w (£), the process noise, v (t), the measurement noise and z (t), 

the sensory measurement noise, which are assumed to be Gaussian and satisfy 

(^(t1)w
T(t2)) = 6(t1-t2)Q (2.19) 

(v(t1)v
T(t2)) = 6(t1-t2)K (2.20) 

(v(ti)vT(t2)) = 5(t1-t2)T (2.21) 

(z{t1)z
T(t2))=S(t1-t2)Z. (2.22) 

The findings from Kiemel et al. [34] suggest that computation noise is responsible for 

most of the variance observed in postural sway, and the postural control system under 

the conditions tested resides in the regime of accurate velocity information. However, 

from the large set of parameters, given in the above model, it is not surprising that it is 

capable of accurately fitting a complex process such as postural sway with sensory inputs. 

Yet, it is not easy to study properties of this system analytically, and further there is a 

strong assumption that the system is linear. Therefore, if the system is nonlinear, this 

state estimation process becomes even more complicated than it already is. Hence, it is 

difficult to develop an intuition for the complex processes at hand. 
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Dynamical Systems Models 

The second class of models [6, 10, 19, 52, 51, 53, 71, 86] use the approach of dynamical 

systems by focusing solely on the observable kinematics to hypothesize a neural control 

mechanism, since the actual control mechanism is to a large degree unknown. Typically, 

a simple control rule is used and the "plant" (the subsystem-to-be-controlled) is assumed 

to be known. For example, in simple postural control models, the plant is usually the 

inverted pendulum, which is a second order nonlinear oscillator. The controller is usually 

a time-delayed function of the state. The advantage of this approach is that properties 

of the system's behavior i.e., stability, are easier to compute due to the accumulated 

theory of dynamical systems. 

Chow and Collins [10] have proposed a model of postural sway using a continuous 

pinned polymer as a "body", embedded in an elastic force field, as an attempt to explain 

the underlying fluctuations in transverse motion y = y(z, i) of standing posture, where 

z is the height of the polymer and t, the time. Their model is governed by 

where p is the mass density, \i is the friction, T is the tension, K is the elastic restoring 

force and F(z,t) is the stochastic (thermal) driving force. This equation reproduces the 

proper Hurst exponents and shape of the PSD, yet makes no claims about a possible 

human control system and does not take into account physical human properties. 

Eurich and Milton [19] have shown that the mean-squared displacement of experimen­

tal data may be represented by assuming that human postural sway may be controlled 

in a switch-like behavior. Movement inside a boundary of support defined by the region 

— 1 ^ x ^ 1 tends to drift outwards to a boundary without corrective steps. If the tra­

jectory moves beyond ± 1 , it may only be detected after a delay of r , to account for finite 

neural conduction, processing and neuromuscular response times. At this point, negative 
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feedback is used in a discontinuous fashion by reversing its trajectory with magnitude 

C. The first-order position-based dynamical model is given as 

x= < 

x + y/2D£(t) + C i f x ( * - r ) < - l 

x + y/2D£(t) if —1 < x ( t - r ) < 1 (2.24) 

x + /̂2~D£ (t)-C if x [t - T) > 1 

where x, t, \/2D (the GWN intensity), C, the feedback strength, and the delay r have 

been rescaled (as an overdamped pendulum). 

Yao et al. [86] have used a similar approach to modeling human postural sway as 

Eurich and Milton [19], except for one crucial difference. Instead of discontinuous control, 

continuous negative feedback is used. The form of the model is shown below 

x (t) = ax (t) + (3 tanh [x (t - r)] + 777 (t) (2.25) 

where a ~ y/mgl/2I and m is the mass, I is the center of mass and / is the moment of 

inertia. The feedback strength is f3 < 0, while tanh, the hyperbolic tangent function, a 

sigmoidal function, which is widely used in neural networks and psychophysics where it 

represents a smoothed switch for feedback when displacement occurs. The perturbations 

are modeled by GWN, r\ (t), with intensity 7. 

This modeling approach is also used for related human control tasks. An example of 

balancing a stick at the fingertip by Cabrera [6] is 

d + T6-qsmd + R(t)0(t-l) = O. (2.26) 

All variables and parameters have been rescaled. The angle formed by the two end points 
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of the stick is 9, T is the damping term, q is the lmgU term, R(t) = [RQ + £ (t)] is the 

stochastic restoring force, where Ro is a nonzero constant force, £ (t) is GWN and the 

delay is 1. 

2.2 Phase Space, Flow and Vector Fields 

Dynamics is a word often used to refer to the change in the state of an object over time. 

Any dynamical system consists of a set of variables, which are functions of time, that 

evolve according to a specific set of rules. In this text, time derivatives will be written 

in Newton or dot notation shown below 

dx 
x = —-

dt 

where x is the variable. A mathematical description of a dynamical system may be 

written as a set of ordinary differential equations (ODE). In fact, any n-th order ODE, 

or system, may be written as a set of n first-order ODEs such as x = f(x), also known 

as a vector field. The flow is the ensemble of all possible trajectories formed by all state 

variables in phase space, in a time-continuous dynamical system. The basis of the phase 

space is spanned by unit vectors associated with each state variable. 

For example, the series resistor-inductor-capacitor (RLC) circuit may be described 

as a second-order differential equation 

d2q Rdq 1 _ 1 

d£2 + I dt + ICq ~ L 

where q, the charge, and v, the voltage, are both functions of time; R is the resistance, 

L is the inductance and C, the capacitance. We can define a new quantity, the current, 

i which is related to the charge by 

(2.27) 
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and rewrite Eq. (2.27) in terms of the current to reduce it to a first-order equation 

di R 1 1 

dt+r+wq=Lv 

such that the second order RLC circuit equation may be written in terms of two first 

order differential equations 

q = i 

R 1 1 
l = -T-LCq+LV-

2.3 Attractors 

An attractor, A, is a closed set of points such that any trajectory x(t) that begins in A, 

stays in A for all t. The set of initial conditions, {x(0)}, which A attracts, or converges 

to as t —> oo, is known as the basin of attraction. The final criterion describing any 

attractor is that there is no subset of A that satisfies the above conditions. An attractor, 

therefore, is a stable set. 

Attractors are known to exist in four varieties: the (i) fixed point, (ii) limit cycle, 

(iii) torus and (iv) strange attractor. In this thesis we will only consider (i) and (ii) 

for now. Later in this chapter, and in Chap. 6 we will return to (iv). A fixed point, 

also known as an equilibrium point, x*, satisfies f (x*) = 0, and is the point where the 

flow moves toward or away from. A simple test to determine fixed point stability is 

via linear stability analysis. For the system x = f (x) of dimension n, where the fixed 
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points are known, the system may be linearized in the form x = Ax, by computing its 

Jacobian J (which is the matrix of all first-order partial derivatives of a vector-valued 

function) and evaluating it at each fixed point, so A = J(x*) . After the system is 

linearized, the eigenvalues of the system Afc (where k = 1 , . . . , n) are computed by using 

the trial solution x = x (0) exp (Xt) and solving for A. In general, the eigenvalues take 

the form A = \i ± iu (where A is a complex number, since i = yj— 1) and are obtained 

by solving det (A — AI) = 0 for A. If K{A} < 0, where 3? denotes the real part of the 

complex-valued eigenvalue, then the flow is convergent, and hence stable, therefore it is 

an attractor. If, however, 3f?{A} > 0, then the flow is divergent, and the fixed point is 

unstable, consequently it is a repeller. Otherwise, 3^{A} = 0, linear stability analysis 

fails and one must perform nonlinear stability analysis by considering higher order terms 

rendered by the Taylor expansion of f (x) around x*. If there are many fixed points, linear 

stability analysis can be done around each of them to yield multiple local information, 

i.e., the flow about each point. From this, the local flows may sometimes be connected 

together to give the global picture of phase space flow. 

For example, the RLC circuit from Eq. (2.27) in an overdamped configuration (where 

^JL/C < R/2) and with v = 0 has the trivial stable fixed point (<?*,i*) = (0,0). The 

matrix A for this system is 

[ 0 1 
A = _^L_ _R 

- LC L-

and therefore, the eigenvalues are computed by 
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det (A - AI) = 0 

-A 1 
= 0 

LC L X 

. o R. 1 
A + I A + L C = ° 

which yield 

R JB?- 4L/C 
* i . 2 - - 2 ± 2 • 

Recall that the fixed point is stable if 3fJ{A} < 0. Considering the overdamped case where 

y/LjC < R/2, or R/2 > y/R2 - AL/C > 0, then K{Ai,2} = Ai,2 < 0, hence, the system 

is stable. 

The limit cycle is relatively harder to define. It implies that trajectories converge to 

or away from self sustained oscillations, whereas the fixed point refers to a convergence 

to one point only. Establishing the existence of limit cycles may be treated with the 

Poincare-Bendixson Theorem [72] below, where a closed orbit is just a periodic (with 

period T) trajectory in phase space, i.e., x(i) = x(£ + T). 

Theorem 1 (Poincare-Bendixson [72]). 

(i) R is a closed, bounded subset of the two-dimensional manifold, or plane; 

(ii) x = f (x) is a continuously differentiable vector field on an open set containing R; 

(iii) R does not contain any fixed points; and 

(iv) There exists a trajectory C that that is "confined" in R, in the sense that it starts 

in R and stays in R for all future time. Then C is either a closed orbit or spirals 

toward a closed orbit as t —̂  oo. 
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An example of a stable limit cycle (certain parameter values) is the Van der Pol 

oscillator which takes the form x — fi(l — x2)x + x = 0. Let us use the Poincare-

Bendixson Theorem to confirm that the Van der Pol oscillator is indeed an limit cycle, 

when // = 1. We may rewrite the Van der Pol equation as the 2-dimensional system 

0.01 

x = y 

y = fi (1 - x2) y - x. 

0.005 

-0.005 

-0.01 
-0.01 -0.005 0 0.005 0.01 

X 

(a) Unstable fixed point, fi = —1. 

- 3 - 2 - 1 0 1 2 3 
x 

(b) Limit cycle attractor, /x = 1. 

Figure 2.4 - Van der Pol oscillator. 

It is obvious that the system admits to the trivial fixed point (x*,y*) = (0,0). Therefore 

the Jacobian of the linearized system, evaluated at its fixed point is 

0 1 

- 1 M 

The linear stability analysis in two dimensions is determined by computing the trace 

and determinant of A. In this case, tr A = /i and det A = 1. According to theory [72], if 
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tr A > 0 and det A > 0 the fixed point is an unstable spiral, since fj, = 1 (also seen in Fig. 

2.4(a)). The Poincare-Bendixson Theorem can be used by defining R as an area around 

this unstable fixed point that excludes the fixed point itself (e.g., the annulus R). Since 

the Van der Pol system is a continuously differentiable vector field, it is then clear from 

Fig. 2.4(b) that the system satisfies the remaining conditions of the Poincare-Bendixson 

Theorem, proving the existence of a limit cycle. 

2.4 Bifurcations and Nonlinear Dynamics 

Linear systems explain a large subset of observed phenomenon very easily. Properties 

of linear ODEs, such as linear superposition, make analysis much simpler than with 

nonlinear ODEs. While linear systems provide adequate approximations to the flow, 

especially in the vicinity of hyperbolic fixed points (for which 3£{A} ^ 0), they are only 

capable of providing fixed point and oscillatory solutions. In general, the solutions of all 

linear systems converge to a constant or ±oo, either monotonically (S{A} = 0, where 

S denotes the imaginary part) or in an oscillatory fashion (^{A} ^ 0). To explore the 

larger spectrum of dynamics such as limit cycles and chaos, we must turn to nonlinear 

dynamics. In the context of nonlinear ODEs, the term nonlinear refers to the nonlinearity 

in the functions of the state vector, x. A set of nonlinear ODEs may be written as follows 

x = A ( a ) x + g ( x , a ) (2.28) 

where A is a matrix of constant coefficients of the linear portion, g is a vector of nonlinear 

functions of x and a is a set of parameters. For example, the Van der Pol equations may 

be rewritten in the form 
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X 

y 
= 

0 1 X 

y. 

+ 
0 

-Hx2y 

where, comparing with Fig. 2.5, gx (x, 0) = 0, and gy (x, /J.) = —\ix2y. The variation of a 

can cause, past certain critical values, the system to undergo qualitative changes to its 

phase space structure. This change is known as a bifurcation. Some common bifurcations 

are the saddle-node bifurcation which happens when two distinct fixed points (one stable, 

the other unstable) collide into one another and mutually annihilate. The transcritical 

bifurcation is an example of two fixed points of opposite stability colliding; after the point 

of collision, the fixed points exchange stability. The pitchfork bifurcation is abundant in 

systems with spatial symmetry. It describes the appearance or disappearance of fixed 

points in pairs, stable or unstable (supercritical or subcritical, respectively). However, 

probably of most interest to this thesis is the Andronov-Hopf bifurcation. This bifurca­

tion occurs when the eigenvalues of the Jacobian at the fixed point become imaginary, 

i.e., of the form A = ±iu>cr\t, where u;crjt is the frequency of oscillation at the bifurcation. 

Therefore, the Jacobian at the fixed point in this case is A with eigenvalues are 

Hence, for a Andronov-Hopf bifurcation to occur, /xcr;t = 0, and therefore, \\t2 = ± i , 

so LoCTit = 1. If \i > 0, the fixed point at the origin becomes unstable since 3R{Aii2} > 0 

and all flow moves onto the limit cycle. However, if [i < 0, then KjAi^} < 0 and the 

fixed point becomes stable, and the limit cycle no longer exists (see Fig. 2.5). This is the 

case for the so-called supercritical Andronov-Hopf bifurcation. 
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( a ) / z = - l < 0 (b)/x = 0 ( c ) / i = l > 0 

Figure 2.5 - Andronov-Hopf bifurcation of the Van der Pol oscillator. 

2.5 Time Delays in Dynamical Systems 

Time delays are relevant in systems where the state is dependent on one or more past 

states. In fact, in more recent years, there has been an increase in the use of delay 

differential equations (DDE) in an attempt to model such systems more realistically. 

Delays typically arise when feedback to the system can only be obtained after a nonzero, 

finite time. Usually physical systems involving a finite transmission velocity may be 

modeled with a delay. A general form of a DDE with one degree of freedom and one 

delay is 

x(t) = f(x(t),x(t-r)) 

where r is a constant delay. 

Their solutions, however, are far from trivial. First, analogous to the initial condition 

required for ODEs, an initial history function, cf)(t) where t € [—r, 0] must be chosen, 

which may produce a discontinuity at t = 0. However, as we will soon learn, this is 

not the biggest problem. Most linear DDEs assume the ansatz (or trial solution) to be 

x(t) = x(0) exp(Ai), from which a characteristic equation may be found. For example, 
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let us choose the DDE, x(t) = ax(t) + bx(t — r ) . Then the corresponding characteristic 

equation around the fixed point (0,0) is 

A — a — 6exp(—AT) = 0 

which is a transcendental equation that implies an infinite number of complex roots. 

These roots come in complex conjugate pairs. Hale et al. [29] commented on this problem: 

For the autonomous matrix equation... x(t) = Ax(t) + Bx{t — r) ...the exact 

region of stability as an explicit function of A, B and r is not known and 

probably will never be known. The reason is simple to understand because 

the characteristic equation is so complicated. It is therefore worthwhile to 

obtain methods for determining approximations to the region of stability. 

Therefore, analytical solutions for the vast majority of DDEs do not exist. As a con­

sequence, we shall resort to numerical methods for the solution of DDEs. Numerical 

methods will also be used to obtain the roots Afc of the characteristic equation. If the 

DDE is linear, the solution can be obtained as a sum over the infinite number of linear 

modes, 

x(t) = J2ck^P(ht) (2.30) 
fc=i 

where the coefficients Ck are determined by the initial history function. The real part of 

these eigenvalues dictate the local stability. 
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2.6 Stochastic Processes 

2.6.1 Quantification of Stochastic Dynamics 

Dynamically, the dimensionality of stochastic processes is relatively high compared to 

deterministic processes. Some types of noise, or stochastic processes such as Gaussian 

white noise (GWN) are of infinite dimension because it is an infinite collection of inde­

pendent and identically distributed random variables along the time axis. Yet, noise may 

exist in a dynamical system, that is, a system may have a deterministic component as 

well as a stochastic one. Hence from now on, dimensionality will refer to the determinis­

tic part of the system. There are numerous reasons for including noise into a dynamical 

system, the simplest being uncertainty. 

Stochastic processes, which are functions of time, may be viewed from two perspec­

tives. First, since the inherent nature of noise is random, and given a large set of possible 

outcomes to an event, for a finite period of time, any noisy or truly random sequence of 

numbers will never repeat itself. This view is based on that of realizations of a process, 

or individual trials of a stochastic process. The other view is based on the statistics of 

the process. A one dimensional stochastic process is a case with one random variable X, 

with corresponding realizations x(t), where x E M. The ensemble average is the mean 

value of the process over all realizations and may be a function of time (x(t)). The other 

type of average for stochastic processes is the time average measured over time with one 

realization. For an ergodic process, the time and ensemble average of x(t) are equal: 

(x(t))= lim ^ f x(t)dt. (2.31) 

Note that all stochastic measures mentioned in this thesis are generalizable to higher 

dimensions. If the probability distribution function (PDF) px (x) is known, then the 

mean of the distribution of random variable X is given by 
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r>oo 

fJ-x 
/

oo 

xpx (x) dx. (2.32) 
-oo 

Similarly, the variance of X is 

/

oo 

( x - / i x ) 2 p x ( x ) d : r . (2.33) 

-oo 

Mean-Squared Displacement 

The mean-squared displacement (MSD), or two-point correlation of x[t) is 

K(r) = ([x(t + r)-x(t)}2), (2.34) 

which depends only on r = if — t, where if ^ t. 

Autocorrelation 

The autocorrelation of x(t) with mean /j,x and variance o~x is the mean value of the 

product of a random variable realization with a time-shifted version of itself 

Rxx(t, t') = « * ( * ) - ^ H f + T ) - * * ] ) . (2.35) 

The autocorrelation depends only on the difference between two times, r , if the process is 

wide sense stationary (WSS), that is if the mean and variance do not vary as a function of 

time. The autocorrelation is also the auto-covariance normalized by the variance of x(t). 

Another fundamental property of the autocorrelation function is that it is symmetric 

about t = 0. 
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Power Spectral Density 

The Fourier Transform (FT) is used to transform x(t) into x(u), where x is a complex-

valued function of angular frequency u. This transform is defined by 

/

oo 

x{t) exp (-icut) dt (2.36) 

-oo 

and the Inverse Fourier Transform (IFT) is 

1 f°° 
x(t) = — / x(co) exp (iuit) dw. (2.37) 

2TT J.oo 

Since the FT is complex-valued, it may be written in polar coordinates. Then, both 

an amplitude and phase spectrum may be derived from it. However, here we are only 

concerned with the amplitude or more specifically, the power spectral density (PSD), 

given by 

SrxM = {x(u)x*{u)) (2.38) 

where * denotes the complex conjugate. Additionally, if x(t) is WSS, then the PSD is 

just the FT of the auto-covariance, CT2RXX(T) (Wiener-Khintchine theorem) 

/

oo 

RXX(T) exp (-icur) dr. (2.39) 

-oo 
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2.6.2 Gaussian Whi te Noise 

The probability density function of Gaussian White Noise (GWN), £(£), is the Gaussian 

distribution where //£ is the mean and (£(£)£(£')) = cr|5(t — t') is the autocovariance. To 

compute the following properties of GWN, without loss of generality, we assume ^ = 0 

and r = t' — t. First we have the autocorrelation 

Ktt (T) - ~2 

_ a\8 (t - t') 

= S(t' - t) 

= S ( T ) . (2.40) 

Next the mean-squared displacement (see Sect. 2.6.1) is computed in a straight-forward 

manner 

= a\ - 2af <5 (r) + a\ 

Ki{r) = 2a\\\-b{r)\. (2.41) 

Finally, the power spectral density of GWN is computed via the Wiener-Khintchine 

theorem and has a trivial value, namely its variance, independent of frequency 
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/

oo 
i?^( r )exp (—IUJT) dr 

•oo 
/ o o 

<5(r)exp(—iwr) d r 
-oo 

5K(w) = crf. (2.42) 

2.6.3 Ordinary Brownian Motion 

The probability density function of ordinary Brownian motion (oBm), also known as the 

Wiener process, W(t), is also the Gaussian distribution 

Pw(x,t) = 
1 

VATTDI 
exp 

1 x2 \ 

2 2Dt) 
(2.43) 

Figure 2.6 - Probability density of the Wiener process shown with five independent realiza­
tions. Notice how the variance increases linearly with time. 

where the mean is nw = 0 and the variance is a^ = 2Dt. In other words, the variance of 

oBm increases linearly with time. Equation (2.43) is a solution of the partial differential 

equation (PDE) 
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dpw{x,t) = Dd2pw{x,t) 

dt dx2 

which describes the time evolution of the Gaussian probability density which is a pure 

diffusion process without drift. Some elementary properties of the Wiener process are 

that it starts at the origin, W(0) = 0, and the mean increment is (W(t') — W{t)) = 0. 

In general, it may be shown that the auto-covariance is (W(t)W(t')) = 2Dmin(t,t'). 

However, if t ^ t' 

(W (t) W {?)) = ([W ( 0 -W(t) + W (t)} W (t)) 

= (W(t')~W(t)) + (W2(t)) 

= 2Dt. (2.45) 

Similarly, we may compute the mean-squared increment of the Wiener process as 

Kw{r) = {{W{t + r)-W{t)f) 

= (W2(t + r)> - 2 (W(t + r)W{t)) + (W2(t)) 

= 2D{t + r)- ADt + 2Dt 

KW{T) = 2DT. (2.46) 

Next we focus on the PSD of ordinary Brownian motion. However, since oBm is not WSS 

because its variance a^ = 2Dt is not constant, the application of the Wiener-Khintchine 

theorem is invalid. We will revisit this in the next section. 
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2.6.4 Fractional Brownian Motion 

A generalization of oBm is fractional Brownian motion (ffim) denoted Wn{t). It is 

a generalization in that it is self-similar, or exhibits fractal properties. By definition, 

fractals are self-similar across a range of scales and Eq. (2.48) below will describe this 

property. The scaling exponent, H, also known as the Hurst exponent, is defined in the 

region 0 ^ H ^ 1. Ordinary Brownian motion is the special case where H = 1/2 which 

is the boundary of two qualitatively different Brownian motions. Where 0 ^ H < 1/2, 

fBm is described as negatively correlated, anti-persistent, or sub-diffusive. Conversely, 

where 1/2 ^ H < 1, fBm is positively correlated, persistent, or super-diffusive. Below is 

a summary of some important properties of fBm. The derivations of the properties are 

beyond the scope of this thesis [42], however, the definitions are shown since they are 

important to later sections. All expressions and properties given below may be referred 

to the oBm equivalents when H — 1/2. 

• Initial position, without loss of generality 

WH(0) = 0. (2.47) 

• Time scaling is 

WH{ct)=cHWH(t). (2.48) 

• The PDF, similarly derived from the fractional FPE [40] is 

PWHM = v^P e x p {~\wes)- (2-49) 

• The mean of the fBm process (obtained from Eq. (2.49)) [40, 42] is 

f*wH
 = 0- (2.50) 
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The auto-covariance [42] is given by 

(WH(t)WH(t')) = D (t2H + t'2H - \ t - t'\2H^j (2.51) 

The mean-squared displacement [42] is 

KwH{r) ~ r 2H (2.52) 

The PSD [21] via the Wigner-Ville spectrum (which is a time-frequency distribution 

that considers non-stationarity), averaged over time is 

~>wHwl i » = 
2D 

M 
|2if+1 ' 

(2.53) 

time 

Figure 2.7 - Fractional Brownian motion, WH(t), for H = 0.2,0.5, 0.8. 

In Fig. 2.7, we present three realizations of ffim, one is anti-persistent, another one 

is ordinary and the last one persistent fBm. All three fBm realizations were produced 

with a wavelet-based algorithm [3], all using the same random Gaussian sequence of 

numbers. The only difference between all three fBm realizations is the Hurst exponent, 

as an attempt to show its effect. Notice that the degree of non-stationarity increases 
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with H. This is obvious if one considers the the mean-squared displacement given by 

Eq. (2.52). 

2.7 Stochastic Calculus 

Stochastic calculus extends the methods of calculus to stochastic processes such as or­

dinary Brownian motion (Wiener process). There exists two formulations of stochastic 

calculus based on two different integrals: Ito, named after Kiyoshi Ito, and Stratonovich, 

after Ruslan Stratonovich. We consider the Ito formulation of stochastic calculus since 

it is the most useful for general classes of processes. The general form of a first order 

autonomous stochastic differential equation (SDE) [36] is 

-£ = f(x,t) + h{x,t)Z{t) (2.54) 

where x and £ are functions of t. The noise intensity h, is a function of x, and £ 

is a Gaussian white noise process whose mean is (£(£)) = 0 and autocorrelation is 

(£(*)£(*')) = S(t-tf). Then, the Ito interpretation of Eq. (2.54) in differential form 

is 

dXt = f (Xt) dt + h (Xt) dt£t (2.55) 

where Xt = x(t) by following the convention for variables in stochastic calculus, therefore 

we also have £t = £(£). Defining dWt = dt£t, Eq. (2.55) becomes 

dXt = f(Xt)dt + h(Xt)dWt. (2.56) 
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As an example, we choose a simple SDE such as the one-dimensional Langevin equation 

(ordinary Brownian motion of a particle in a parabolic potential, also known as the 

Ornstein-Uhlenbeck process) 

dx 
— = -ax + &£ (2.57) 

where x is the position, a is the damping term and b is the intensity of the noise. If we 

consider the Ito formulation of stochastic calculus, then Eq. (2.57) becomes 

dXt = -aXtdt + bdWt. (2.58) 

Equation (2.58) is exactly solvable [36] as follows 

i-at) f 
Jo 

Xt = X0 exp (-at) + b exp (-at) / exp (as) dWs (2.59) 
Jo 

where 0 ^ s ^ t. In this description, stochastic dynamics may be viewed from the 

perspective of Brownian or Wiener paths, also known as realizations. For given initial 

conditions, the solution will depend on the random numbers chosen to implement the 

Wiener process, i.e., on the Wiener path. Comparisons to experiment are done by 

averaging trajectory statistics, such as solution means and moments, across multiple 

realizations. However, instead of treating stochastic dynamics from the path point of 

view, we may equivalently describe them with an evolving probability density. Such an 

approach is given by the Fokker-Planck equation (FPE) (or the forward Kolmogorov 

equation) (2.60) 
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-p(x, *) = -fc {Di(x, t)p(x, t)} + — {D2(x, t)p(x, t)} (2.60) 

where p(x,t) is the probability density, Di(x,t) is the drift function and D2(x,t) is the 

diffusion function. Recall Eq. (2.44), which is a linear case of the FPE, more specifically, 

one where the drift and diffusion functions are D\ = 0 and D2 = D, respectively. It also 

has an analytic solution given by Eq. (2.43). It is possible to transform an Ito SDE into 

a FPE [35] by using D\(x,t) = f(x,t) and D2(x,t) = \g{x,t) (this is easily generalizable 

for an iV-dimensional system). Let us use Eq. (2.58) as an example 

dp(x,t) dp{x,t) bd2p(x,t) 

—dT = -a^x-+2-^- (2-61) 

where Di(x,t) = a and D2(x,t) = b/2. The drift and diffusion functions, respectively 

Di(x,t) and D2(x,t), may be placed in front of the partial derivatives since they are 

homogenous with respect to x. While Eq. (2.61) is solvable, generally for nonlinear 

SDEs the FPE is not exactly solvable, even for the steady solutions p(x,t = oo). 

2.8 Nonlinear Time Series Analysis 

2.8.1 Phase Space Reconstruction 

The first recurrence plots (RP) [18] were introduced over two decades ago. This method 

makes use of a dynamical technique known as phase space reconstruction (PSR) (or 

attractor reconstruction) [2] which we first describe. The concept of PSR is quite simple: 

deterministic dynamical systems represented as x ( i ) = / ( x ( t ) ) , linear or nonlinear, 

and of any finite dimension, may be reconstructed from a single dynamical observable. 

Stochastic systems may use PSR, albeit the reconstruction will be degraded. A one-
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dimensional time series, obtained at times, t = iAt which gives a set of state values {xi} 

where i = 1,... ,N can be used to reconstruct the entire set of state variables by using 

Taken's embedding theorem [73]. The idea is that vectors made up of the same scalar 

variable but sampled at different time can be used: 

x,: = 
i T 

•Ei %i+T ' ' * •Ei+(d— 1)T (2.62) 

where Xj G Rd, i = 1 , . . . , M, M = N — (d — 1) r , d is the embedding dimension, and 

r is the lag. The optimal lag, r , is determined from the first minimum of the average 

mutual information (AMI) of the time series {x^} [23, 1]. In the most general case, 

AMI is needed since it is a nonlinear measure of correlation between a variable and 

a time-delayed version of the same variable. The dimension d is chosen by observing 

the percentage of false nearest neighbors (FNN) as a function of embedding dimension. 

Trajectories cannot intersect in phase space since trajectories have a unique future for 

each phase space point. However, if the embedding dimension is too low intersections 

can arise within the embedding space, causing false nearest neighbors. With increasing 

dimension, the percentage of FNN decays, and eventually saturates at some level. The 

minimum dimension which has this percentage is usually chosen as d. Thus, with these 

values for r and d, PSR is performed via Eq. (2.62) and we may proceed to the RP. 

2.8.2 Recurrence Quantification Analysis 

Due to the stochastic nature of postural sway data, microstates are not as predictable 

as a completely deterministic system even if the statistics (macrostates) are known. 

Yet, small features in the time series may eventually repeat themselves even though 

such systems do not display strong periodicity. In other words, there could be some 

underlying determinism to some degree. With relatively high noise levels, the more 

traditional methods of Fourier analysis do not perform as well at identifying time series 
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frequency components. Fourier analysis for the PSD only gives reliable results when 

averaging over realizations since errors on estimates are large [58]. Further, the PSD 

discards phase information. 

To find recurrent structures in the reconstructed phase space, we use the recurrence 

plot [48], R j j which is a square matrix representing recurrences of x, and Xj within some 

neighborhood given by a Euclidean d-dimensional hypersphere with radius e. If x^ is 

inside the sphere centered at Xj, then Rj j = 1, otherwise, 0. In mathematical terms 

R i J - = / f ( e - | | x i - x J - | | ) (2.63) 

where H is the Heaviside function and ||.|| denotes the Euclidean distance (L2-norm). 

Figures 2.8, 2.9 and 2.10 explain the variety of recurrence plots for their respective 

systems. 

Time Time Time 

Figure 2.8 - Recurrence plots of known dynamics, (a) Periodic motion with one frequency, 
(b) the chaotic Rossler system, and (c) uniformly distributed noise [48]. 

From the RP matrix, many dynamical measures may be computed [88, 80, 77, 49, 

44, 48]. Among these measures, recurrence rate (RR) is the ratio of recurrent elements 

in Rj j to total elements in R j j (excluding R,=,-) 
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Figure 2.9 - Chaotic Rossler system in 3 dimensions and its recurrence plot, (a) Segment 
of the phase space trajectory of the Rossler system, with a = 0.15, b = 0.20, 
c = 10, visualized by using its three components and (b) its corresponding re­
currence plot (a zoomed portion). A phase space vector at j which falls into the 
neighborhood (grey circle in (a)) of a given phase space vector at i is considered 
as a recurrence point (black point on the trajectory in (a)). This is marked with 
a black point in the RP at the position (i, j). A phase space vector outside the 
neighborhood (empty circle in (a)) leads to a white point in the RP. The radius 
of the neighborhood for the RP is chosen here as e = 5; L2-norm is used [48]. 

A B C D 

Figure 2.10 - Characteristic typology of recurrence plots, (a) Homogeneous (uniformly dis­
tributed white noise), (b) periodic (super-positioned harmonic oscillations), (c) 
drift (logistic map corrupted with a linearly increasing term Xj+i = 4XJ(1 — 
Xi) + O.Olz (d) disrupted (Brownian motion). These examples illustrate how 
different RPs can be. The used data have the length 400 (a,b,d) and 150 (c), 
respectively; RP parameters are d = 1, e = 0.2 (a, c, d) and d = 4, r — 9, 
e = 0.4 (b); L2-norm. [48]. 
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„ M M 

2.8.3 Largest Lyapunov Exponent 

The largest Lyapunov exponent (LLE), Ai, characterizes the average rate of divergence 

of trajectories in a dynamical system. If the system is known and assuming its global 

behavior is not divergent (i.e., motion is confined to a bounded part of phase space), Ai 

is computed by letting two trajectories of the system initially begin near one another 

in phase space. As the system moves forward in time, and if the system is chaotic, the 

two trajectories will diverge exponentially from one another until they have reached the 

characteristic size of the attractor. The divergence is given as 

div(t) = Cexp(A!i) (2.65) 

where C is a constant. 

Therefore, the average logarithmic divergence, (ln(div)), plotted against time will 

have a positive linear slope from time t ~ 0 to t = tc (scaling region), where tc denotes the 

time when (In (div)) plateaus (i.e., takes on a mean slope of zero), due to the trajectories 

reaching the bounds of the attractor. For example, the Lorenz equations are given by 

x = a(y — x) 

< y = x(b-z)-y (2.66) 

z = xy — cz 

where a, b, c are constants. If we choose a, b, c such that the system is chaotic, then it 

has an attractor as shown in Fig. 2.11. The system's trajectory moves from one lobe 

to the other in a 'twisted' figure-8. Yet, the trajectory never crosses itself since it is 
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nonper iodic. 

Figure 2.11 - Lorenz system in chaotic regime (from Eq. (2.66)) where a = 16, 6 = 45.92 and 
c = 4, shown for 50 seconds. Color indicates time evolution where it begins as 
black, to red and ends as yellow. 

J
 x t [seconds] 

(a) Two chaotic Lorenz attractors. (b) Exponential divergence of the chaotic 
Lorenz attractor. 

Figure 2.12 - Exponential divergence of the chaotic Lorenz attractor. (a) Two different tra­
jectories of the Lorenz attractor (one blue, the other red) beginning very close 
to each other yet occupying different areas of phase space, (b) The blue line 
displays (In (div)) and the slope of the black dashed-dotted line is obtained by 
the linear regression of (In (div)) from t — 0.5 to tc = 4 seconds (the "scaling 
region"). It is here Ai « 1.52. 
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If the system is unknown and we are given only experimental data, the computa­

tion is significantly more involved; nevertheless, the concept is similar. After completing 

PSR, one may use an algorithm [66] to compute Ai. This is valid insofar as the data are 

relatively long (many data points), the dimension of the attractor is relatively low, and 

there must be low noise. However, in general, as the embedding dimension increases, 

Xi decreases until it becomes constant, for larger dimensions. The dimension at which 

Ai seems to reach a constant is the proper embedding dimension as the dynamics have 

completely unfolded. 

Due to their high dimensionality, the divergence of stochastic systems cannot be com­

puted by the method reported in [66]. As they have reported, the scaling region becomes 

larger and generates a Ai that decreases as the embedding dimension increases. This 

may be understood intuitively since stochastic systems are simply random fluctuations, 

and similarly to the probabilities of their trajectories which may go one way or another 

equally, so does the divergence, whereby the mean is close to zero. Stochastic systems 

do not diverge exponentially but more diffusionally. Furthermore, Lyapunov calculations 

cannot reveal the underlying determinism if noise is moderate or strong. 

In the next chapter we will describe our experiment and model of delayed visual 

feedback based on the work described in Sect. 2.1.3. 
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3.1 Abstract 

We report on experiments and modeling involving the 'visuo-postural control loop' in 

upright stance. We experimentally manipulated an artificial delay to the visual feedback 

during standing, presented at delays ranging from zero to one second in increments of 

250 milliseconds. Using stochastic delay differential equations, we explicitly modeled the 

center-of-pressure (COP) and center-of-mass (COM) dynamics with two independent 

delay terms for vision and proprioception. A novel 'drifting fixed point' hypothesis was 

used to describe the fluctuations of the COM with the COP being modeled as a faster, 

corrective process of the COM. The model was in good agreement with the data in 

terms of probability density functions, power spectral densities, short and long-term 

correlations (Hurst exponents) as well the critical time between the two ranges. 

3.2 Introduction 

Delays are an important feature of any biological control system. The feed forward prop­

agation of neural activity from sensors to the central nervous system, as well as from the 

central nervous system to muscles, can involve delays of hundreds of milliseconds. Delays 

complicate all control tasks involving sensors and effectors in any feedback configuration. 

This is because the controller, even if it is distributed, typically has a delayed response 

to errors detected between the desired and current states of the system. The study of 

such control systems with one or many feedback loops, and their robustness to sources 

of random fluctuations, is receiving ever more attention [71]. 

The postural control system is a canonical example of a neurological control system. 

Understanding its function is particularly important in the clinical realm, e.g., in the 

context of aging. In fact, the control of posture degrades as we get older, and an un­

derstanding of the components of this control system and how they change with age is 

of paramount importance. In addition to delays in visual processing, there are delays 

on the order of hundreds of milliseconds in the purely proprioceptive control of posture 
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based on mediated feedback from the muscles that apply torque to the ankle and other 

joints of the lower limb. Visual cues are also important for stabilizing what is essentially 

an inverted (multi-segmented) 'pendulum', and this visual processing also involves large 

delays. 

It is essential to be able to perturb the healthy postural control system to gain a better 

understanding of its function, and of its dysfunction under pathological conditions. While 

it is not readily possible to extend or shorten the proprioceptive delay, it is possible 

to extend the visual delay, as has been done in two recent studies of posture control 

[67, 79]. This same strategy has also been used to study finger position control [25]. 

It is known that symmetric systems with an unstable equilibrium, such as the inverted 

pendulum, can exhibit many different behaviors as parameters are changed. This is 

because their dynamics are organized around a co-dimension two bifurcation known as 

a Takens-Bogdanov bifurcation (in its symmetric version; see [61]), which arises when 

a pitchfork bifurcation meets a Hopf bifurcation. That same work showed how chaos 

may develop as non-linearities are changed, adding a potential deterministic source of 

variability in the associated control problems. The addition of a second delay, as we do 

here to account for visual feedback, brings us into unexplored dynamical territory. 

In this paper, we first report new experimental measurements of posture control 

in healthy humans in which the visual delay is artificially increased by as much as one 

second. The variable that was measured and treated to extensive analysis was the center-

of-pressure (COP) recorded using a force plate. We computed the probability densities of 

the fluctuations in anterio-posterior (AP) deviations from an upright position, as well as 

their spectral properties and Hurst exponents across delay conditions. This goes beyond 

[79], which concentrated on how the low- and high-frequency components of the sway 

behaved as a function of delay. Additionally, we summarize a novel dynamical model 

of postural control mediated by proprioceptive and visual feedback, which is based on 

the inverted pendulum. The model incorporates thus two delays associated with the 

corresponding control loops: proprioception and vision. The model also includes noise, 
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which appears essential to simulate the 'random walk' executed by the COP. More noise 

is added to the slowly and randomly wandering fluctuation of the equilibrium position of 

the model to replicate the ongoing corrections to the position as the body shifts position 

during postural tasks. By making these fluctuations state-dependent, a better qualitative 

agreement between model and data is found. Postural fluctuations are known to exhibit 

different short and long-term correlations [13]. Here, our model was thus used to explore 

the stability of the system as a function of its delays, especially in terms of the cut-off 

between regimes of short and long-range correlations. 

Numerous models of postural dynamics have been proposed over the past two decades. 

[10] used an elastic pinned polymer, modeled with a stochastic partial differential equa­

tion. Their model accounted for the characteristic mean-squared displacement and cor­

relation functions typically seen in postural sway; however, it lacked an explicit control 

mechanism, which is our primary interest here. [34] used high order linear and optimal 

control theory models to estimate postural states. Higher order models require many 

parameters and thus are very complex. These models make use of Kalman filters and 

therefore, states are evaluated instantaneously, lacking any minimal processing delay. 

Moreover, [22] adopted the so-called vector-integration-to-end-point model to describe 

the COP dynamics, which was originally proposed by [5] to explain the emergence of typ­

ical properties of reaching such as a speed-accuracy trade-off and a bell-shaped velocity 

profile. They identified the COP as to-be-controlled (or to-be-minimized) difference be­

tween actual position and the target position (in quiet stance the origin) and implement 

the distinction between short- and long-term correlation by letting the drift coefficient of 

its dynamics depend on its correlation function (which led to a super-diffusive short-term 

regime). 

A simpler approach to modeling postural control has been based on the dynamics of 

the inverted pendulum. The validity of the inverted pendulum as a model for upright 

quiet stance has been studied by [24, 83], showing the relationship between COP and 

the center-of-mass (COM). [19, 53] have extended this approach to include noise, i.e., 
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they treated the system as a stochastic delay differential equation. In both cases, con­

trol was delayed, and discontinuous since it was dependent on a constant threshold of 

'displacement'. This produces co-existing oscillations around each threshold, which were 

not evident in the data, but the more realistic global fluctuations due to noise-induced 

switches had Hurst exponents that agreed with experiment. In the same context, a sim­

ple continuous control model was proposed by [86]. More recently, [71] has worked on 

delay effects in the human sensory system while balancing. More recent developments 

show stabilizing effects of noise [51], [7]. The analysis of stochastic delay differential 

equations in the context of posture control may benefit from techniques such as small 

delay approximations [27], or two-state approximations if and when bistability is present 

[78]. 

To summarize, we focus on a two-delay stochastic differential equation to understand 

how generic features of postural sway are related to several system parameters. Apart 

from providing a proper testing ground for the potential impact of vision on posture 

control, this approach allows for probing more deeply the boundary between short-term, 

persistent (non-corrective) and more long-term, anti-persistent (corrective) fluctuations, 

e.g., determining how it depends on delays in the control loops and on the noise sources. 

Section 3.3 describes the experimental methods (data acquisition and analysis). Section 

3.4 presents the empirical findings as a function of delay conditions: time series, standard 

deviations, power spectra, probability density, and Hurst exponent estimates. Finally, 

the model is developed and analyzed in Sect. 3.5 and we conclude in Sect. 3.6. 

3.3 Methods 

3.3.1 Experiment 

Eight males and six females aged 25.6 ± 3.0 years with masses and heights of 72 ± 11 kg 

and 173 ± 9 cm, respectively, participated in the experiment approved by the University 

of Ottawa ethics review board. They signed an informed consent prior to participation. 
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Participants had no cognitive or physical impairments. A participant's task was to 

stand on a force plate (Advanced Mechanical Technology, Inc., AMTI) with feet at a 

comfortable separation as straight as possible with hands at their side in an upright 

stance. For visual conditions they looked at a 19 inch display, which showed a black 

background and a red dot at the center representing the fixed target. A smaller white 

dot represented their COP and was displayed in real-time or with additional visual delay 

under experimental control. The experiment consisted of six conditions: eyes closed, and 

eyes open with delayed visual feedback of 0, 250, 500, 750, and 1000 milliseconds (ms). 

There were five trials for each condition, with a total of thirty trials per subject. Each 

trial lasted 120 seconds. 

All footwear other than ones with elevated heels or ankle-constrictions were allowed. 

Participants stood on the same area on the force plate for all trials. Markers were placed 

on the force plate to remember foot positions from trial to trial. Initial foot positions were 

determined before the first trial by finding the area on the force plate where participants 

stood upright and maximized the overlap of their COP with the target with minimal 

effort. Previous studies [79, 67] used instead the mean position of the COP's first second 

of the trial as the target. The problem with that approach is that one second may not be 

enough time for initial COP transients to settle and consequently a less 'balanced' target 

might be used. That is, our technique aimed to find a better centered subject-specific 

target. 

3.3.2 Da ta analysis 

Force plate data was sampled at 1000 Hz for AP and medio-lateral (ML) components. 

We will only consider the AP data for this article. These data were down-sampled 

offline to 100 Hz for analysis in Matlab (The Mathworks, Natick, MA). Afterwards, 4 

seconds at the beginning and 1 second at the end were removed to discard transients 

for a total of 115 seconds. Probability density functions (PDF) were computed on the 

first three consecutive 30 second blocks, each with its mean removed. For every one 
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of the six conditions, the PDFs were averaged over the 3 blocks for each subject, then 

across trials and finally across all participants. Power spectral densities (PSD) were 

computed similarly via the Welch periodogram function with a non-overlapping Hamming 

window. Standard deviations were computed with the same partitioning. Mean-squared 

displacements were computed in 10 second blocks and averaged over 10 blocks per trial. 

They were averaged over all trials per participant and then over participants. A similar 

treatment of mean-squared displacement was given by [12]. The first quantity estimated 

from the mean-squared displacement was the critical time rc defined by the first time 

that the Hurst exponent crosses H = 0.5. We note that this also defines the boundary 

between the aforementioned two regimes of persistent and anti-persistent behavior. A 

linear regression was then applied to the log-log of the mean-squared displacement K (r) 

vs. lag r on [0.1, rc] and [rc, 10] seconds, where the slopes of the fit were divided by 2 

to give Hs and Hi respectively. The slopes were divided by 2 for fractional Brownian 

motion (fBm) since, ( [ A r ( r ) ] 2 ) o c r 2 H [43,55]. 

3.4 Results 

For the sake of legibility, results for the data and model are presented simultaneously in 

the figures below, even though the model will only be presented in Sect. 3.5. First, let 

us refer to Fig. 3.1, which shows the COP for (a) no-vision, (b) 0 ms delay and (c) 750 

ms delay, where all time series were mean-centered. The condition with no-vision was 

noticeably less stationary than the conditions with visual feedback, which suggested that 

visual feedback acted as an additional stabilizing, and likely, a corrective mechanism. By 

and large, Fig. 3.2 confirms this observation by displaying the mean (across participants) 

standard deviation of the COP time series for all experimental conditions; error bars 

represent the standard deviation over all participants and trials. It is interesting to note 

that, within error, the standard deviation varied little across visual delays. 

To disentangle effects in different time scales, Fig. 3.3 presents the mean power spec-
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Figure 3.1 - COP time series for (a) No-vision, (b) 0 ms delay and (c) 750 ms delay. 
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Figure 3.2 - Standard deviation of COP time series for all conditions. 

tral density PSD, Srr ( / ) , averaged over participants for the same conditions as in Fig. 

3.1. There was more power at lower frequencies for the no-vision condition, since there 

appeared to be a slow, drift-like process; cf. also Fig. 3.1. A feature seen across all 

conditions was the 'elbow' in the middle of the curve, which divided the spectrum into 

two l / / a - t ype regimes. This is characteristic of a multi-fractal [43]. If we proceed by 

assuming that the no-vision condition has more drift, as suggested by the time series 

and the PSD, then its PDF, Pr, should have a relatively larger variance. Fig. 3.4 clearly 

demonstrates this fact, whereas the two PDFs for visual feedback conditions were ap­

proximately the same regardless of delays (only two are shown here). We then computed 
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Figure 3.3 - PSDs for (a) No-vision, (b) 0 ms delay and (c) 750 ms delay. 
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Figure 3.4 - PDFs for (a) No-vision, (b) 0 ms delay and (c) 750 ms delay. 

the mean-squared displacement K (r) , and from it, the short- and long-term correlations 

quantified via the corresponding Hurst exponents, Hs and Hi, as well as the critical 

time, TC. We note that for ordinary Brownian motion (oBm) H = 0.5 holds, since 

([Ar (T)] ) OC T ( OC r2Hy Fig. 3.5 shows a schematic representation of the calculation of 
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these quantities. Not only did we see mutli-fractal behavior in the PSD, but in the mean-

squared displacement as well. Therefore, it can be detected from the time and frequency 

domains. Fig. 3.6 shows the average values of Hs, Hi and rc across all participants. In 

10 1 10° 10 
T fsl 

Figure 3.5 - Mean-squared displacement for the no-vision condition. 

fact, the Hurst exponents agreed with previous studies; i.e., Hs is between 0.5 and 1 and 

the range of Hi is from 0 to 0.5 for all conditions. Collins and De Luca [14] have shown a 

significant difference between eyes open and eyes closed conditions for Hi. Similarly, Fig. 

3.6 reveals a clear difference in the long-term Hurst exponent for the no-vision and visual 

feedback conditions. The critical times, however, were the quantities of most interest 

since they define the boundaries of distinct control regimes [12]. Across all conditions, 

even without vision, the critical times are ~ 0.5 seconds. Therefore, it appears that the 

artificial visual delay was not a major contributor to the value of rc. 

3.5 Model 

3.5.1 Inverted pendulum dynamics 

In the models [86, 19] for postural sway along the AP direction, the body is likened to an 

overdamped, inverted pendulum, which is considered as the 'plant'; see also below and, 

e.g., [81]. From Fig. 3.7, the inverted pendulum is a rigid mass-less rod connected to a 

point of mass m, and L is the distance from the origin to the COM. From this, one can 

obtain the moment of inertia I = mL2. There also exists a viscous damping force at the 
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Figure 3.6 - (a) Short- Hs and (b) long-range Hurst exponents Hi and (c) critical times. 

origin (not shown) proportional to the angular velocity. In combination, this leads to 

an equation for rotational equilibrium in the yz-plane where 0 is the angle in that plane 

measured from the vertical direction 

I6 + (36-mgLsm9 = 0. (3.1) 

One can simplify Eq. (3.1) by assuming that the sway angle 9 does not deviate any 

Figure 3.7 - Inverted pendulum free-body diagram where x represents ML and y, AP. 

greater than 5 degrees, rendering a small angle approximation to first order from the 

Taylor expansion proper: sin# m 9 + 0(93), which yields 

16+ (39- mgL9 = 0. (3.2) 
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As indicated above, [81] stated that postural sway is overdamped for healthy participants 

with eyes open that here provided the condition @9 ^$> 16. Because of 9 = y/L, Eq. (3.2) 

reduces to y = mgLyjfi. Henceforth, we will replace y with r and e = mgL/'j3 and write 

r = er. (3.3) 

Since we were restricting the dynamics to a first order system, the potential function 

can be given as V (r) = ar2, that is, the only stable position can be r = 0, otherwise 

r diverges. This type of stability may generally be referred to as unstable equilibrium 

where any perturbation from the equilibrium will move the system away from this point. 

In terms of the inverted pendulum, the only stable state refers to the completely upright 

state. 

3.5.2 Noise 

Postural perturbations for quiet standing is traditionally modeled with Gaussian white 

noise denoted as £ (£), which is a wide sense stationary process. This means that the first 

and seconds moments remain constant over time. Mathematically, its mean is (£ (£)) = 0 

and autocorrelation function is R^ (t — £') = (£ (t) £ (£')) = S (t — t'), whereas the PSD 

is Stf (/) = 1; the latter follows via the Wiener-Khintchine relation. To avoid confusion 

with other works, it should be noted that in this paper, all Gaussian white noise processes 

have a variance equal to 1. 

3.5.3 Feedback 

The previously described inverted pendulum dynamics is intrinsically unstable at its fixed 

point. However, when observed experimentally, quiet standing appears fairly stable, and 

suggests that there must be a stabilizing mechanism, which exists to counteract this 

phenomenon [19]. In the framework of continuous stochastic delay equations (see also 
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[86]), a self-stabilizing model should be of the form 

f = £r + f{r) + y/W^ (3.4) 

where Dr is a one-dimensional diffusion constant. In the same context, for eyes open, 

[86] proposed that the feedback function / (r) should take the form of a smoothed on-off 

switch at some delayed time Tprop for proprioception at the ankles, and therefore, Eq. 

(3.4) becomes 

r = er - K tanh [r (t - rprop) / p] + ^2Dr£r (3.5) 

where K is the strength of the proprioceptive feedback and p is a characteristic length 

scale (which we set equal to 1 m). Since r <C p, we may linearize Eq. (3.5) about its 

fixed point r* = 0, which gives 

r = er - nr (t - rprop) + y/2Dr^r. (3.6) 

Redmond et al. [61] showed that the deterministic part of such systems have a Takens-

Bogdanov bifurcation as their core organising center. In addition, the stationary solution 

regime of Eq. (3.6) can be described in terms of e, K and rprop (where Dr ^ 0) [37] where 

all parameters are positive (for the remainder of the paper as well) and K > e as follows: 

cos - 1 (e /«) . . 
r prop < 7~crit — / „ 0 ~ - ( 3 . 7 ) 

If this condition is not satisfied, a sub- or supercritical Hopf bifurcation will appear 

with angular frequency wcrit = \ / K 2 — e2 [41]. In fact, since such oscillations are not 

manifested in the time series or PSD of the experimental data, it is likely that this 

condition is satisfied. Equation (3.6) however, cannot reproduce both eyes-closed and 

eyes-open conditions since the eyes-closed condition is non-stationary due to a slow drift 
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process as seen from the time series and PSD in Figs. 3.2 (a) and 3.3 (a). To explain this 

drift process, we turn to Zatsiorsky and Duarte [87] who make reference to a migrating 

reference point (rambling), which we shall refer to dynamically as a 'drifting fixed point'. 

This drifting fixed point may be modeled as an independent Wiener process, which is 

also a position, by adding it onto Eq. (3.6) 

r = er-Kr(t- rprop) + y/2D~r£r + s (3.8) 

s = y/2D~sZs (3.9) 

where Ds is a second diffusion constant and £r (t) and £s (t) are independent Gaussian 

white noise processes. 

We further wished to include visual feedback to explain both eyes closed and eyes open 

data in a single model. Comparing Figs. 3.2, 3.3 and 3.4, we noticed that the drift process 

seemed negligible for eyes open compared to the case of eyes closed. Hence, we proposed, 

as earlier, to model visual feedback similarly to the proprioceptive feedback. The visual 

feedback, however, must be corrective, i.e., directed towards the origin. Including this as 

part of Eq. (3.9) to minimize drift results in a doubly-delayed Langevin equation. This 

inclusion reduces power in the PSD at low drift frequencies, and the variance of the PDF 

decreases, as seen experimentally. Equation (3.9) then becomes 

s = - 7 t a n h [ r ( £ - r v i s ) ] + x / 2 A ^ s . (3.10) 

We note that this equation is still valid for eyes closed since we may simply choose 7 = 0. 

As for the visual delay TV-1S, it is composed of two parts: an intrinsic minimal visual delay, 

and the experimental perturbative delay which is 0, 250, 500, 750 or 1000 ms. For all 

simulations we used 200 ms for the minimum visual processing delay. A further reduction 

can be made to Eq. (3.10), again by the linearization of the hyperbolic tangent function 

using the similar argument i.e., s <C 1 m, and upon redefining ar = y/2Dr and as = \/2Ds 
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the final form of the model is 

r = er — nr(t — rprop) + a r£ r + s (3.11) 

s = -jr (t - rvis) + as£,s. (3.12) 

Figures 3.1 to 3.6 refer to these equations as the 'model'. Again, s is the drifting fixed 

point. It is called as such because (deterministically) when s = 0, r* = 0, but if, 

temporarily, s ^ 0, r* = S/(K — e). Hence, the fixed point of r drifts as a function of the 

slow fluctuations of s. When 7 = 0 (no visual feedback), 5 is just the Wiener process and 

thus, non-stationary; otherwise, vision acts as a corrective mechanism which keeps the 

drifting fixed point stationary. As one would expect, with relatively small visual delays, 

compared to the large delays, the system is more corrective as seen by the lower long-

range Hurst exponents (see Figs. 3.6 (a) and (b)), yet the short-term Hurst exponents 

do not vary significantly across all visual delay conditions as well as without vision. 

3.5.4 Comparison of model with da ta 

Figure 3.1 shows how the model replicates the experimental data in terms of the fast 

corrective r-dynamics and the s-dynamics for the no visual and delayed visual feedback 

cases with non-stationarity and stationarity, respectively. The standard deviations of the 

realizations of r in Fig. 3.2 show a similar pattern to the data as well. All PSDs of the 

model in Fig. 3.3 display the same two regimes similar to the data, and although the 

quantitative agreement is not strong, it is acceptable for this coarse level of modeling. 

Figure 3.4 shows that the model has the same PDF as the data for the no-vision case 

and for the delayed visual feedback. In particular, the variance is similar except for a 

higher peak at the origin. 

Further, as Figs. 3.5 and 3.6 illustrate, the addition of the delayed visual feedback 

term to the s-dynamics produces lower values of the anti-persistent Hurst exponents (Hi) 

with respect to the no-vision condition as seen in the experimental data. Additionally, 
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in Fig. 3.6 the short- and long-term Hurst exponents are all in the same range for the 

model and data. However, this is not true for the critical times, where the model has 

larger values than the data. Nevertheless, the values of rc for the model are less than 1 

second which agrees with previous studies. Moreover, the critical times are flat across 

all visual delays, similar to the data. 

3.5.5 Range of parameters 

When simulating the model, we used subject-specific parameters for e, K and rprop. 

We attempted to model each participant in the experiment individually: e = mgL/P, 

where m denotes the participant's mass, L represents the distance from the force plate 

to the COM, which is approximated by dividing the participant's height by 2 and the 

damping coefficient /3 could be given by [83]. To fulfill K > e, we fixed K = 1.5e and 

rprop = 0.6rcrit. As stated earlier, rvis = 200 + {0, 250, 500,750,1000} ms and 7 = 0.2 s _ 1 

for all participants. Lastly, the noise coefficients were ar = 1.8 x 10~3 and as = 1.2 x 10~3 

m s^1/2. The choice of these parameters was made simply to fit the model to the data 

in terms all results shown earlier. The stability of the two-delay model was, however, far 

from being known in any detail. Therefore, we performed a numerical stability analysis 

on r (t) in terms of Tprop and TVJS, where solutions with a standard deviation greater that 

1 m are unbounded. Otherwise, we attempted to detect a fixed point or a marginally 

stable oscillation (since the system is linear). To detect a marginally stable oscillation, 

we computed the mean of the PSD in range of wcrjt/27r ±0 .1 Hz. If this value was greater 

than the mean of the PSD in the range [0,u;crit/27r — 0.1] Hz, and greater than some 

threshold value of 10~4 m2/Hz, it was labeled a marginally stable oscillation; otherwise 

it was a fixed point solution. 

Fig. 3.8 shows the resulting numerically-determined stability diagram. We chose 

typical parameter values for e = 2 and K = 1.5e = 3 Hz, and the noise coefficients were 

ar = as = 0 m s - 1 / 2 since we were investigating the deterministic case. Solutions were 

computed for 1210 seconds and the first half of each solution is discarded to remove 
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Figure 3.8 - For all time series rvjS = 0.5 s and (a) Tprop — 0.2 s, (b) Tprop = 0.365 s and 
(c) TpIop — 0.450 s. (d) Stability diagram: white, fixed point solution; black, 
marginally stable solution; grey - unbounded solution. 

transients. Initial history functions were constant and lasted for 1 second; where TQ = 

0.001 and SQ = 0 m. We then decided to investigate the stability of the two-delay 

subspace within the experimentally realistic range of rprop = [0,0.5] and rvjS = [0,1.2] 

seconds. It is clear that the model was stable in our experimental regime, since rprop did 

not exceed ~ 0.35 s and the maximum value of rv;s was 1.2 seconds. One may also notice 

that the marginally stable oscillatory regime acts as a small boundary region separating 

the stationary and unbounded solution regimes. 

3.5.6 Further analysis 

Dependence of the critical t ime on delays 

Let us recall Fig. 3.6 (c) where we have the critical time rc in relation to the experimental 

visual delay. This Fig.shows that rc is almost constant, however, we used the model to 

gain a better understanding of rc in terms of rprop and TV1S. We averaged the values of rc 

over 25 realizations. Fig. 3.9 reveals that the critical time is predominantly a function 
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Figure 3.10 - (a) A sample realization of s (t) for experimental visual delay of 750 ms and its 
(b) corresponding PSD. 

We next compared the model's outcome to the empirical time series. Shown in 
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Fig. 3.10 (a) is a single realization of s(t). Contrasting this to a typical realization 

of r (t) in Fig. 3.1 (a), one may notice that s(t) does not oscillate as fast as r(t). If 

comparing the respective PSDs in Figs. 3.10 (b) and 3.3 (c), Srr ( / ) appears greater than 

Sss{f) between approximately 0.1 and 1 Hz. Hence, it seems that s(t) is a low-pass 

filtered version of r (t). 

If we assume that r (t) represents the COP and s (t), the COM, then, this phenomenon 

has already been reported by [83, 8] and [87] from a biomechanical perspective. Yet, our 

model is defined in the time domain by Eqs. (3.11) and (3.12). Thus, because of the 

time-delayed term in Eq. (3.12), one may interpret s(t) as a exponentially decaying 

memory process of r (t). 

Alternative models 

During the process of model identification, we have tried numerous models including the 

following 

r = er- nr(t- Tpiop) - jr (t - rvls) + ar£r (3.13) 

where all variables and parameters have the same meaning as above. One problem with 

this model is that it undergoes large oscillations as rvjS increases. The other problem is 

that there exists no mechanism to produce the drift-like process for eyes closed conditions. 

Another alternative is 

r = er - K,r(t- rprop) -jr(t- rvis) + ar£,r + s (3.14) 

s = — es + as£s (3.15) 

where e <C ar,as. Even when e is this small, the PDFs remain very narrow relative to 

the data and the power is much lower at low frequencies than in the data when there is 

delayed visual feedback. 



3 Concluding remarks 62 

3.6 Concluding remarks 

We have presented new experimental data on posture control in healthy subjects in the 

presence of visually delayed feedback. The data reveal that visual feedback reduces the 

standard deviation of the postural sway, as expected [14], but it is not sensitive to the 

visual delay in the range investigated. This contrasts with the low frequency behavior 

[79]. We have also shown how the critical time separating persistent and anti-persistent 

behavior is well defined in the data, and furthermore, that it is not very sensitive to 

the visual delay. Moreover, the model shows the general phenomenon that achieves the 

short- and long-term corrections. We have proposed a novel modeling approach to such 

two-feedback posture control using a system of stochastic delay differential equations 

with two delays and noise, as well as a drifting fixed point meant to represent the slower 

fluctuation of the COM. The model qualitatively reproduces the main characteristics 

of our empirical findings with physiologically motivated parameter choices. The model 

further shows how, generically, the combination of delayed feedback and noise produces 

the proper diffusive short- and long-term fluctuations. Finally, it enables us to show how 

the critical time is mainly a function of proprioceptive delay. 
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Chapter 4 

Methods 

4.1 Experimental Methods 

4.1.1 Equipment 

When a human subject stands on force plate (FP), stresses are applied to four strain-

gauge transducers (one in each quadrant of the force plate) which change the resistance 

of the coils they are made of. Every coil is located on a Wheatstone bridge. Compression 

due to applied stress, increases the length of the coil and thereby increasing its resistance 

which decreases the voltage over the coil. Depending on the configuration of the Wheat-

stone bridge, this corresponds to an increase or decrease in voltage. Consequently, these 

voltages on six channels may be converted to corresponding forces F and torques T as 

a function of time for the orthogonal x, y and z components. The force place used is 

manufactured by Advanced Mechanical Technology, Inc. (AMTI) (OR6-7, 2000 pound 

capacity). This force plate is connected to an amplifier (Amp) (AMTI MSA-6). For our 

force plate and amplifier, the conversion goes as follows. The gain factor is 

GF= ( l x H T ^ K x G s ) " 1 
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where the excitation voltage is Vex = 10 V, the amplifier gain is G = 4000, the sensitivi­

ties are S = 0.0878 (/iV/N)Vjx
1 for Fz, S = 0.7913 (//V/NmjV^1 for TX and S = 0.7905 

(/xV/N m)V^.1 for ry. Once we have the gain factor for each channel, we only need the 

voltages at the output of the amplifier, {K,mp} to compute the respective vertical force 

and antero-posterior (AP) and medio-lateral (ML) torques: {FZ,TX,TV} = {Vamp}GF. 

After amplification, the signal is routed to an analog serial connector (National Instru­

ments BNC-2111 board). At this stage, the signals are still analog and unfiltered, how­

ever, we must collect them in a computer, which requires digitization (quantization and 

discretization). To achieve this we use an analog to digital converter (ADC) (National 

Instruments PCI 6220 board, 16-bit, 100 KS/s) at a sampling frequency of Fs = 1000 

samples/second placed within a personal computer (PC) (2.4 GHz Pentium™, 1 GB 

RAM). From here, real-time computation and collection of the force and torque data is 

stored to disk and retrieved (also, in real-time) to compute the center of pressure (COP) 

(shown below) and display it on a 19 inch LCD panel (resolution: 1280x1024 pixels, 

refresh rate: 60 Hz) via the Matlab™ Data Acquisition toolbox and a custom code and 

graphical user interface (GUI) (see A.2.1). The COP displayed on the LCD was amplified 

by a factor of 5 for better visibility. The effects of amplifying the COP on a display in 

the context of DVF experiments has been studied [68] and revealed no significant effects 

on any characteristic postural control measures (see Sect. 2.6.1). The LCD display was 

placed 80 cm away from the subject, at eye-level. Within our code, the COP coordinate 

Ti = (xi,yi) is computed component-wise by 

*i = f1 (4-1) 
rz,i 

V, = ^ - (4.2) 

where i = Fst is the discretized time index. Once the COP coordinate is computed it 

is delayed by the experimental visual delay time rv, (where the discretized visual delay 
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is j = FSTV) to give rj_j = (XJ_J , j/i_j), then displayed onto the LCD as a small white 

dot upon a black background. This dot is only displayed at the maximum refresh rate 

of the LCD, 60 Hz. Drawn simultaneously onto the LCD is a slightly smaller red dot 

representing a stationary target at the origin. In terms of precision of the COP, we 

placed a mass on the FP, three different times in three different locations and recorded 

for two minutes. These gave us stationary times series for the x and y COP coordinates. 

The standard deviations for each time series were averaged to give ax = ±0.568 mm and 

cr„ = ±0.564 mm. 

{Fz,rx,ry}(t) 
FP Amp (W(0 ADC/PC 

\ ' a m p j i 
Matlab/Code 

' J - J 
LCD 

Figure 4.1 - Circuit diagram for experimental devices where FP is the force plate and Amp 
is the amplifier. 

4.1.2 Human Subjects 

For this study, we were interested in postural control in a healthy population. We selected 

our participants from a pool of university students. Their measured data is given in Table 

4.1. 

4.1.3 Procedure 

Task 

The experimental task assigned to each participant is to perform postural control. Par­

ticipants were asked to conform the body to a straight, upright and rigid configuration 

with their hands at their sides, only using their ankles for any postural adjustments. 

There were six types of postural control tasks, each of which lasted for two minutes. The 

first was to stand on a force plate with eyes closed (no vision task) and to attempt to 

remain as stationary as possible. The last five tasks consisted of standing on a force plate 
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Figure 4.2 - Image of a subject standing on the force plate while maintaining a rigid stance. 
The LCD monitor shows the fixed target as well as the COP point. The subject 
tries to maintain the COP on the target. 

and looking at a visual display which showed their COP in real time, represented as a 

white dot. The aim of these tasks was to maintain their bodies in the same rigid fashion, 

such that they aligned or overlapped their visual COP white dot onto the slightly larger 

red stationary target dot for the length of the trial. Unbeknownst to the participant 
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Table 4.1 - Human subject parameters: sex, age, mass and height. 

Subject 
AJ 
AK 
AT 
BR 
CB 
DA 
DG 
EH 
JS 
JW 
KT 
MN 
TC 
TK 
Mean 
Standard deviation 

Sex 
F 
M 
F 
M 
F 

M 
M 
M 
F 
M 
F 
F 

M 
F 
-
-

Age [yr] 
23 
23 
22 
26 
24 
29 
28 
33 
25 
24 
28 
23 
24 
27 

25.6 
3.05 

Mass [kg] 
63.6 
84.1 
59.1 
73.2 
61.4 
77.3 
81.8 
75.0 
57.7 
88.6 
54.0 
75.0 
85.0 
71.8 
72.0 
11.1 

Height [cm] 
170 
183 
163 
172 
152 
178 
178 
178 
168 
185 
173 
180 
174 
168 
173 

8.64 

was that each of these five tasks were different in the sense that the visual white dot 

was delayed by 0, 250, 500, 750, or 1000 milliseconds. These types of trials were called 

"delayed visual feedback" (DVF). 

Protocol 

Prior to the start of experimentation, each participant was required to read and accept 

the ethical consent form (Appendix C) reviewed by the University of Ottawa Research 

Ethics Board. Participants were allowed to wear shoes except for those with elevated 

heels and/or ankle constricting structures. 

Each task was repeated five times for a total of thirty trials. In an attempt to 

remove possible effects of learning, the serial organization of trial execution used a block 

uniformly-distributed pseudo-randomized order. A block consisted of one trial of each 

type of task. Hence, in each block, all trials were randomly permuted. Therefore, in 

total, there were five blocks, each with a unique permutation of trials. 

Participants were allowed to familiarize themselves with an instantaneous visual con-
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dition (0 ras delay) trial with feet at a comfortable distance in a fixed position and with 

a rigid body, hands on their side on the force plate. After practicing for a few minutes, 

they were asked to move their feet on the force plate and observe their COP trajectory 

onscreen while trying to place their COP marker on the target, in a effort to find a 

location on the force plate that minimized their effort to keep their marker on the target. 

Once this approximate location was found, it was marked on the force plate and all trials 

were performed here. This placement was done for each participant. 

Before each trial, participants were asked to step off the force place to allow the 

experimenter to clear the electrical charge accumulated by the force plate during the 

previous trial. Participants were then asked to step back onto the force plate, when 

ready, to perform the next trial. If the trial was a no vision task, subjects were asked to 

close their eyes and they were told to reopen them at the end of the trial. If the trial type 

was DVF, the subjects were asked to place the white dot on the red target dot onscreen. 

After each trial was completed, the experimenter viewed the recorded COP time series 

to verify proper collection and writing to the disk of the COP data. 

4.2 Numerical Methods 

Initially, all of our data, whether simulated or experimental, had 121000 data points per 

trial since trials lasted 121 seconds and were collected at 1000 Hz. To remove possible 

transients, we discarded the first five seconds of each trial and the last second. Also, 

we downsampled the data by a factor of ten, which left us with N = 11500 data points. 

Downsampling by a factor F refers to removing the last F — 1 data points for every F 

data points. 

4.2.1 Integration of Mathematical Models 

In our work, we need to numerically integrate linear and nonlinear SDEs. For the Ito 

SDE (2.56) the Euler-Maruyama SDE integration scheme [36] was used, which is: 
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Yn+1 =Yn + f(Yn)At + g(Yn) AWn. (4.3) 

where AWn is the difference of two sequential samples of the Wiener process. To compute 

AWn, we generate a sequence of independent ("^-correlated") Gaussian noise samples £n 

with mean \x = 0 and variance a2 = 1 via the Ziggurat algorithm [45]. The increments 

of the Wiener process are then simply AWn = vAi£ n , which is due to the fact that the 

stochastic differential (dW t) behaves as dt in the mean squared sense [36]. Since the 

Euler-Maruyama scheme is an approximation of an SDE, the absolute error criterion 

[36] is evaluated as 

e = E(\Yn-Xn\) (4.4) 

where E denotes the expectation, n = t/At is the sample at time t, Yn is the approxi­

mation of the solution from the Euler-Maruyama method, and Xn is the exact solution 

at sample n. An approximation of a SDE, Yn converges with strong order x > 0 where 

At G [0,1] if there exists a constant C > 0 such that 

e{At) = CAtx. (4.5) 

We wish to validate the Euler-Maruyama scheme by performing an error analysis for 

time steps At = 2 _ m s, where m = 1, 2 , . . . , 10. As a test function we used the 

Ornstein-Uhlenbeck process since its exact solution is known (see Eq. (2.59)). The 

Euler-Maruyama form of this process is 
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Yn+1 = Yn- aYnAt + bAWn (4.6) 

x10~ 

Figure 4.3 - One realization of the exact solution and Euler-Maruyama approximation of the 
Ornstein-Uhlenbeck process for 10 seconds, where At = 0.01 seconds. Notice 
how the exact and approximate solutions are indistinguishable. 

One realization and exact solution of the Ornstein-Uhlenbeck process for a time step 

of At = 0.01 seconds is shown in Fig. 4.3. Numerically, we evaluate the absolute error 

criterion of the Euler-Maruyama scheme by simulating Ornstein-Uhlenbeck process for 

NR — 1000 realizations from U = 0 and tf — 10 seconds for each time step as follows 

NR N 

R 
(4.7) 

fc=l n = l 

where N = (tf — t^/At, is the total number of samples per realization and k denotes the 



4 Numerical Methods 71 

number of the realization. Figure 4.4 shows the results of this analysis. 

< 

-^ - 2 -1 

10 10 10 
At 

Figure 4.4 - Global truncation error per sample of the Euler-Maruyama scheme (simulated). 
This was averaged over 1000 realizations per At for ten seconds. Error bars show 
standard deviation over all realizations. 

From the slope of Fig. 4.4, the Euler-Maruyama integration scheme converges with strong 

order x = 0.5 which means it has slower convergence than the standard Euler method 

which converges with strong order x = 1-0- Therefore, a requirement to use the Euler-

Maruyama method is a relatively small time step. 

Time Step 

For all numerical computation of stochastic differential equations (SDE) with the Euler-

Maruyama integration scheme we have chosen a time step of At = 0.01 seconds since 

from Fig. 4.4, the absolute error criterion is less than 10 - 4 per sample. From sampling 

theory, it is known that the sampling frequency (in samples per unit time) is Fs = 1/ At. 

The maximum possible detectable frequency of a discretely sampled signal to allow for 

perfect reconstruction is called the Nyquist frequency, F^ [59], which admits to the 
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condition, 2FN ^ Fs. This is of specific interest for our data and numerical integration 

of SDEs since the Nyquist frequency FN = Fs/2 = 2/At = 50 Hz is at least one order of 

magnitude greater than the phenomena we are interested in. 

Initial Conditions for Stochastic Delay Differential Equations 

Just as a first order ODE requires one initial condition to determine its time evolution, the 

delay differential equation needs a history function which, in discrete time, is a vector 

spanning the discretized time interval [—r, 0]. To approximate an unbiased random 

walk, we used the Wiener process as the initial history functions for any stochastic delay 

differential equation (SDDE). 

4.2.2 Power Spectral Density 

For the PSD and PDF estimation, each trial of 115 seconds, r(t) which from now on 

is the x component of the COP, underwent a mean-removal (or mean-centering) for 

every 30 seconds. This form of 'constant-piecewise-detrending' removed some of the non-

stationarity. We used the first three, thirty second intervals of r(t), and independently 

computed the PSD and PDF of each interval and then averaged them over these intervals, 

to obtain an average PSD and PDF for every trial. 

For input data rn (which is the discrete version of r(t)) of length N, PSDs were 

computed using the Matlab™ periodogram function. In order ideally interpolate the 

PSD, we zero padded rn [59] which is defined as 

( 
rn, \n\ < N/2 

fn(M) = { ' (4.8) 
0, otherwise 

where M = lOiV which was also the length of the data used to compute the fast Fourier 

Transform (FFT) as required for a PSD. A Hamming window of that length (M) was 
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used to reduce spectral leakage. The Fourier Transform expects truly periodic measured 

signal intervals in order to build the frequency domain representation of a perceived-

repetitive signal of infinite length. When the signal is not periodic in nature, the Fourier 

Transform will introduce sharp discontinuities into the signal which are then processed 

into sinusoids. The spectral energy from these sinusoids spreads across FFT bins from 

the fundamental frequency peak. Hence, by choosing an appropriate window, the am­

plitude of the discontinuities at the beginning and end of the window are attenuated, 

thereby reducing spectral leakage. The periodogram [59] is a non-parametric method of 

estimating the PSD of a random signal, and in discrete form is given by 

Off I Tl I — 

2 M 

y^jwnfnexp(-i27rfn) 
71=1 

1 M 

-Y \wn 
n = l 

(4.9) 

and the Hamming window is 

wn = 0 .54-0 .46 cos 
2yrn\ 

~~M) ' (4.10) 

where 1 ^ n C M. 

4.2.3 Probabili ty Density Functions 

The PDFs for r{t) were computed by the Matlab™ histogram function with 201 bins 

on a fixed r-axis with the range of [—0.04,0.04] meters. 
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4.2.4 Mean-Squared Displacement and Hurst Exponent 

We use stabilogram-diffusion analysis [12] to compute the mean-squared displacement 

(see Sect. 2.6.1) and consequently, Hurst exponents, which we outline in detail below. 

The plots used in this analysis display the mean-squared displacement of the time series 

as a function of lag. This is done as follows in a discrete manner 

.. N-m 
K ( m ) = A T T ^ ^2[r(n + m)-r (n)]2 , (4.11) 

7 1 = 1 

where m is the discrete lag time. It should be noted that as m increases, the length of the 

sequence being summed decreases. The variance of K(m) increases with m because less 

data is used in the average of Eq. (4.11) (this is why we divide by N — m, the number of 

points left, instead of N). From now on we will refer to the continuous analog of K(m) as 

K(T), where r = mAt is the lag time in seconds. Our data spans from 0 to 115 seconds, 

therefore, r could also span this time. However, in practice, similar studies [12, 50] use 

the range r = [0,10] seconds, since after 10 seconds, K(T) approaches a constant, or 

on average, the COP trajectory has reached its outer bounds and therefore, the MSD is 

saturated. 

From the stabilogram-diffusion plot, there are some quantities of interest we wish 

to compute. First, the stabilogram-diffusion plot is usually shown on a log-log scale 

where the general shape of the MSD is K[T) OC T2H, where H is the Hurst exponent, 

for fractional Brownian motion (see Sect. 2.6.4). From this plot, there are typically two 

regimes of slopes of the mean-squared displacement for COP data which are usually 

0.5 < Hs ^ 1 on the short time scale, and on the long time scale we have 0 ^ Hi < 0.5. 

The different slopes are separated by a critical time, rc, that separates the two regimes 

which is defined as the first time when H = 0.5. 

Therefore, the quantities of interest are Hs, Hi and rc. To compute these quantities, 

we begin by partitioning r into 10 sections of equal length in a serial fashion. We then 
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compute K{r) on each section and average over each section to obtain (K(T)), which 

will be referred to herein simply as K (r) . The lag axis r spans from 0 to 11.5 seconds 

since we chopped up r into 10 pieces, however, all points before 0.1 and after 10 seconds 

are discarded due to end effects. To detect the critical time rc, we must find the time at 

which H = 0.5, therefore we must differentiate K(T) on a log-log scale, hence 

idNsM*(T)] ( 4 1 2 ) 

We then apply a centered moving average of order 5 to H to remove the noisy effects of 

numerical differentiation. An algorithm then starts at r = 0.1 seconds and moves forward 

in time until it detects two points that satisfy the following condition: H(m) > 0.5 and 

H(m + 1) < 0.5. The critical time is then the average of the two discrete lag times 

Tc=(m+^jAt. (4.13) 

Once we determine rc, we simply perform a linear regression and extract the slope 

from [0.1, rc] seconds and divide it by 2, (since K{r) oc T2H, see Sect. 2.6.4) to determine 

Hs and likewise on [rc, 10] seconds for Hi. 

4.2.5 Recurrence Quantification Analysis 

We computed the phase space reconstruction parameters, namely the optimal lag r 

and embedding dimension d, for every trial. The lag was found by computing the first 

minimum of the average mutual information for each trial. Recurrence Quantification 

Analysis was performed for individual trials using the median lag determined for each 

condition (table 4.2). After calculating the percentage of False Nearest Neighbors as a 

function of embedding dimension, we chose the first embedding dimension that had the 
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percentage of FNNs less than or equal to 3 percent. Again, the median values of the 

embedding dimensions per condition are shown in table 4.3. For every trial, we computed 

R j j for a set of threshold values. These values of e were 1 to 20 percent (with increments 

of 1 percent) of maximum Euclidean distance of the reconstructed phase space. After this 

process was done for all trials in a particular condition, we computed the mean recurrence 

rate of all trials that were between 0.01 and 2 percent and chose the closest associated 

threshold value (rounded to the nearest positive integer), e for RQA for that condition, 

as shown in table 4.4. We used the fastest and most robust algorithms for these relatively 

computationally intensive calculations. For RQA, we used the Commandline Recurrence 

Plots algorithm (www.agnld .uni-potsdam.de/~marwan/6 . download/ rp .php). 

Table 4.2 - Lag, r [ms], averaged across all trials and subjects. 

Condition 
EC 
0 
250 
500 
750 
1000 

Median 
129 
78 
94 

107 
113.5 

99 

St. deviation 
28.8 
21.9 
21.9 
25.0 
30.8 
36.2 

Minimum 
67 
49 
60 
46 
57 
53 

Maximum 
204 
157 
194 
174 
175 
237 

Table 4.3 - Embedding dimension, d, averaged across all trials and subjects. 

Condition 
EC 
0 
250 
500 
750 
1000 

Median 
4 
4 
4 
4 
4 
4 

St. deviation 
0.5 

0 
0 
0 
0 

0.2 

Minimum 
3 
4 
4 
4 
4 
3 

Maximum 
4 
4 
4 
4 
4 
4 

4.2.6 Largest Lyapunov Exponent 

The mean logarithmic divergence of time series (see Sect. 2.8.3) was computed as a func­

tion of time by using the Time SEries ANalysis (TISEAN) package, notably the l y a p _ r 

http://www.agnld.un
http://i-potsdam.de/~marwan/
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Table 4.4 - Percent threshold of the maximum Euclidean distance, e, averaged across all trials 
and subjects. 

Condition Mean Rounded mean St. deviation 
"EC 5^33 5 2.07 

0 5.98 6 2.07 
250 6.09 6 2.15 
500 6.12 6 2.20 
750 6.22 6 2.16 
1000 5.82 6 2.08 

algorithm (www.mpipks -d re sden .mpg .de / - t i s ean / ) . The TISEAN algorithms were 

provided by the Nonlinear Dynamics and Time Series Analysis Group at the Max Planck 

Institute for the Physics of Complex Systems in Dresden, Germany. The linear scaling 

region's slope, Ai was extracted from time 0 to 0.5 seconds by performing a linear re­

gression on that region for all trials. Chapter 6 shows the graphical details of why the 

scaling region is chosen to be [0,0.5] seconds. This process was repeated from dimension 

1 to 8 to find the proper embedding dimension to use for computing the LLEs. 

In the next chapter we present the development and analysis of the model presented 

in Chap. 3. 

http://www.mpipks-dresden.mpg.de/-tisean/


Chapter 5 

Model Analysis 

5.1 Introduction 

In this chapter, we address the modeling attempts that led to the final model in Chap. 3. 

We discuss the success and failures of these preliminary models in reproducing features 

of the experimental data. We also explore the stability of the linear model of Chap. 3 

as well as its nonlinear counterpart through multiple methods: numerical eigenvalue de­

termination, delay-space stability via envelope detection and small delay approximation. 

Finally, we consider the effect of noise on the probability distribution of the linear model 

and we show that in the experiment's range of parameters, the linear and nonlinear 

models are in good agreement in terms of the power spectral densities. 

5.2 Alternative Models 

We have given validation to a model when it has been in close agreement with the data's 

(i) power spectral density, (ii) the probability distribution and (iii) the mean-squared 

displacement or corresponding Hurst exponents. However, throughout the course of 

model-building, it has become obvious just by the visual comparison of enough realiza­

tions of the model to the time series of the COP data that, if they are too different at 
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this stage, then the model will not satisfy (i), (ii) and (iii). The easiest measures with 

which to assess agreement are the PSDs and PDFs. From Chap. 3 it should be clear 

that the data shows relatively high power at low frequencies for the conditions with no 

vision. The reason for this can be seen from Fig. 3.1. The scale is larger in Fig. 3.1(a), 

which shows the no vision condition than for Figs. 3.1(b) and 3.1(c), where there is visual 

feedback. There appears to be more drift or non-stationarity when vision is not present 

than for the DVF conditions. Consequently, the probability densities will be broader, 

and have larger variance. With this in mind, we will consider the alternative models 

shown in Chap. 3 to show the development of model iterations which led to the final 

model. 

The first of these alternative models is given by Eq. (3.13) shown below 

r = er- Kr(t- Tprop) - 77- (£ - Tvis) + a r£ r . (3.13) 

We first attempted this model since it is a direct extension of Yao et al. [86] through 

the addition of delayed visual feedback. However, the main drawback of this equation is 

that it could not produce the large drifts found in the no vision condition (7 = 0). In 

Fig. 5.1, we show one simulation (one realization each) of three experimental conditions. 

The no vision condition, does not lead to larger variance and low frequency fluctuations 

(this is supported by PDF and PSD analyses, not shown). Therefore, it did not satisfy 

(i) and (ii), and hence could not be used to describe the experimental dynamics. 

As a next iteration to the model, we attempted to add a weak drift-like behavior to 

the dynamics by introducing an additive (with respect to r) Ornstein-Uhlenbeck process 

with e <C ar,as which resulted in Eqs. (3.14) and (3.15): 
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120 

Figure 5.1 - Sample realizations of alternative model 1, Eq. (3.13), where the conditions are 
(a) no vision, (b) the 0 ms visual delay and (c) the 750 ms. 

r = er - nr (t - rprop) - >yr (t - rvis) + ar£r + s 

s — -es + as£s. 

(3.14) 

(3.15) 

From Fig. 5.2, in all conditions it is apparent that there is more drift than in Fig. 5.1 

and due to the damping term, —es, the drift must be bounded. However, the delayed 

visual feedback is not contributing to reducing the level of drift as we have observed 

experimentally since drift is added irrespective of the state of the variable r and the 

experimental condition. 

To improve on this situation, we used drift as a condition-dependent dynamical vari­

able. That is, drift was turned on for all conditions, however, it was modulated by 

negative feedback directly when vision was available. This reduced the scale of postural 

sway for DVF conditions, and as a result, (i) and (ii) were satisfied, giving Eqs. (3.11) 

and (3.12) 
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20 40 60 80 100 120 
t [si 

Figure 5.2 - Sample realizations of alternative model 2, Eqs. (3.14) and (3.15), where the 
conditions are (a) no vision, (b) the 0 ms visual delay and (c) the 750 ms. 

r = er — nr (t — rprop) + a r£ r 4- s (3.11) 

s = -jr (t - rvis) + as£s. (3.12) 

Mathematically, when eyes are closed, the visual feedback strength 7 = 0, and there­

fore, s = as£s which means s is the Wiener process. This is the model that was deemed 

most satisfactory to reproduce the main data features without adding too many "fitting" 

parameters. It is thus a useful parsimonious dynamical systems model of visually guided 

postural sway. Nevertheless, when eyes are closed, the variance of s increases linearly 

with time, and is thus a non-stationary process driving r. As a consequence, the variance 

of r grows proportionally to how much time has elapsed (see Sect. 2.6.3). Therefore to 

keep s stationary, as an extension to this model, we may introduce a restoring force term 

—es to Eq. (3.12) which gives 
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r = er — Kr(t — rprop) + ar£r + s (3.11) 

s = -es - jr (t - rvis) + as£s. (5.1) 

There exists another possibility such that the process driving r obeys stationarity. In­

stead of simply adding s to Eq. (3.11), a nonlinear saturating function, f(s) could be 

added instead 

r = er - K,r(t- rpr0p) + ar£r + f(s) (5.2) 

s = -jr (t - rvis) + as£,s. (3.12) 

Again, the saturation function could be f(s) = tanh(s/y?) where ip > 1. 

5.3 Linear Model 

5.3.1 Stability of the Linear Deterministic Model 

In this section, we compute the eigenvalues of the linear model used in Chap. 3 to 

determine the boundaries of stability. This refers to regions in parameter space in which 

the solutions will be bounded (stable). Let us first consider the deterministic versions 

(ar = as = 0) of Eqs. (3.11) and (3.12) below 

r = er - nr{t- rprop) + s (5.3) 

s = - 7 r (t - r v i s ) . (5.4) 

with the positive set of parameters {e, K, 7,rprop, rv ; s}. A list of parameters used to 
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simulate the COP of each participant is shown in Appendix B. Equations (5.3) and 

(5.4) may be rewritten by differentiating Eq. (5.3) once with respect to time, and then 

combining with Eq. (5.4) to yield 

r = er - nr (t - rprop) - jr (t - r v i s ) . (5.5) 

From this, we may use the ansatz r(t) — r(0)exp(A£), where A € C to obtain the 

corresponding characteristic equation: 

A2 - eA + KAexp (-Arpr0p) + 7exp (-Arvis) = 0. (5.6) 

This characteristic equation does not have an analytical solution since it contains a 

transcendental function, namely the W-Lambert function W(z) defined implicitly as 

z = W(z) exp [W(z)]. If we consider the eigenvalues that are purely imaginary, A = ioj, 

which usually lie at the boundary between stability and instability (see Sect. 2.3), then 

we may separate the real and imaginary parts of (5.6), obtaining equations for u: 

id2 — KOJ Sin WTpr0p — J COS UTvis = 0 (5-7) 

eui — KUO cos 0JTpiop + 7 sin a;rviS = 0. (5-8) 

Solutions to these equations define curves in parameter space across which stability 

changes may occur. There exists no analytical solution to Eqs. (5.7) and (5.8) either. 

Therefore, we must resort to numerical solutions. Conveniently, TRACE-DDE [4] is a 

Matlab™ toolbox for numerical stability analysis of linear DDEs. We use this public 

domain software to compute eigenvalues for our linear model, which may be written in 

matrix from as: 
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m 
m = 

e 1 

0 0 

r(t) 

m + 
- « 0 

0 0 

r(t 

s(t 

'prop) 

'prop 
+ 

0 0 

- 7 0 

r{t - rvis) 

s(t- rvis) 
(5.9) 

Figure 3.8(d), considers the delay-space stability diagram—i.e., the stability bound­

ary confined to a 2-dimensional subspace (Tprop,Tvis). We shall confirm the stability in 

these regions by computing the respective eigenvalues. For Fig. 3.8(a), we have the fixed 

point solution regime. If we choose e = 2, K = 3, 7 = 0.2, rprop = 0.2, TV-1S = 0.5, 

we obtain the eigenvalues shown in Fig. 5.3(a). Notice how all eigenvalues have nega­

tive real parts, confirming the globally stable fixed point solution. Now, if we change, 

' prop 
0.45, and keep all other parameters constant, we obtain the eigenvalues in Fig. 

5.3(b), which shows two dominant eigenvalues with positive real parts, making the solu­

tion globally unstable, or unbounded. Therefore, as the proprioceptive delay increases, 

posture becomes unstable (see Fig. 5.3). 

50h 

« oh 

-50r 

50 

a ° 

-50 

; 0 : q, 

; ° ; 0 
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: : O 

: : O 

: : ° 
: : O 

1 0 i ° 
0 \ & 

8-

-20 -10 -20 -10 0 

(a) rprop = 0.2 s (b) rprop = 0.45 s 

Figure 5.3 - Eigenvalues for regions of stability in Fig. 3.8 (a) and (c). 

The boundary separating the fixed point and unbounded regimes has marginal sta­

bility. This means that on one side, we have stability and on the other, instability. In 

this system, the instability emerges through two dominant eigenvalues with the negative 

real part becoming positive. Therefore, the eigenvalues corresponding to the boundary 
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of marginal stability are completely imaginary as shown in Fig. 5.4 where Tpr0p = 0.365. 

50 
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(a) 20 eigenvalues 

» ° 

o 
»A 

(b) zoom to origin 

Figure 5.4 - Marginally stable oscillations: subcritical Andronov-Hopf bifurcation where 
where the parameters for Eq. (5.9) are s = 2, K = 3, 7 = 0.2, Tprop = 0.365, 
Tvis = 0.5; stability region shown in Fig. 3.8 (b). 

Another set of parameters, e = 2, K = 3, 7 = 1.85, rprop — 0.2, TVJS = 0.5, shows 

marginally oscillatory behavior as evidenced by the eigenvalues of Eq. (5.9) shown in 

Fig. 5.5. Therefore, increasing the visual feedback strength, 7, and keeping all other 

parameters constant, also results in destabilization if 7 > 1.85 Hz. 
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Figure 5.5 - Marginally stable oscillations: subcritical Andronov-Hopf bifurcation where 

' p r o p 0.2 s, 7 = 1.85 Hz 

Therefore, we have found that there exists two independent possibilities for which the 

linear system will become unstable: (i) increasing the proprioceptive delay, rprop, beyond 
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some critical value which is parameter-dependent, similar to [37], and (ii) increasing the 

visual feedback strength, 7. 

5.3.2 Power Spectral Density 

From Chap. 3, the linear model describes the data very well. However, to confirm the 

validity of the linear model over the experimental range, we may obtain an analytical 

expression for the PSD of Eqs. (3.11) and (3.12). We then compare it to the PSD of the 

simulated linear model, then to the PSD of the simulated nonlinear model. We show 

the PSD for a range of visual feedback strengths. To begin, let us compute the Fourier 

Transform of Eqs. (3.11) and (3.12): 

iu)f = ef — Kexp (—iwrprop) f + a r£ r + s (5.10) 

ious = — 7exp (—iuirvis)r + as£s (5.11) 

we then multiply Eq. (5.10) by iui which gives 

—u2f = iuier — icunexp (—iuTwop) r + iuiar^r + iuis. (5.12) 

Now we may substitute Eq. (5.11) into Eq. (5.12) which returns an expression in terms 

of r only 

—uj2f = iuief — iuj /texp (—icoTprop) r — 7exp (—ZWTV;S) f + iojar^r + as£s (5.13) 

and after collecting all f terms we are left with 
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[—a;2 — ioje + iconexp (—iooTpTop) + 7exp (—icoTViS)] f = iuiar^r + as£s. (5-14) 

Therefore, the Fourier Transform of r is 

. ^ + ^ — -. (5.15) 
—UJZ — icoe + luiKexp {—iu)TpTOp) + 7exp (—iujrviS) 

Knowing that the PSD of r may be expressed as Srr (u) = (rr*) and (£rC) = (^rC) = 

(£sC) = V^Ti", we obtain 

Srr H = ^ " K ^ 2 • 
2TT (O;2 — KLO sin uiTpvop — 7 cos U;TVJS) + (ew — KUJ cos cjrprop + 7 sin wrVjS) 

(5.16) 

From Figs. 5.6 (the 0 ms DVF condition) and 5.7 (the 750 ms DVF condition), the 

analytical PSDs of the linear model (a) are similar the numerical PSD of the linear model 

(b). Here, all numerical PSDs have been averaged over 1000 realizations. Furthermore, 

by comparing the numerical PSDs of the linear (b) and nonlinear (c) models, they appear 

to be very similar. With this progression, it should be clear that the spectral components 

of the linear and nonlinear models are identical for the parameters, e = 2, K = 3, and 

Tprop = 0.2. Therefore, in terms of frequency components, the linear model is equivalent 

to the nonlinear model. 

5.3.3 Effect of Noises 

To ascertain the effect of both noise intensities, ar and as, we compute the probability 

densities (for 1000 realizations) of the linear model as a function of one noise intensity 
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(b) Numerical PSD of linear model 
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F i g u r e 5 .6 - P S D for r v i s = 0 ms while varying 

7 from 0 to 1 s _ 1 . 

F i g u r e 5 .7 - P S D for rv iS = 750 ms while vary­

ing 7 from 0 to 1 s _ 1 . 
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while holding the other constant for the following experimental conditions: no vision, 

0 ms DVF and 750 ms DVF. Figure 5.6 shows the probability density p(r) of r while 

varying the noise intensity ar and Fig. 5.7 shows p(r) as a function of as. There does not 

appear to be much difference within Figs. 5.6 and 5.7. However, if we compare both of 

these figures, i.e., the probability densities as functions of both types of noise intensities, 

then it may appear that the variance of p(r) as a function of as (in Fig. 5.7) has a larger 

variance, yet the probability density decreases as the noise intensity increases relative to 

Fig. 5.6. Perhaps a direct way of illustrating this is to plot the standard deviation ar, of 

r, as a function both noise intensities. 

Figure 5.10 shows the standard deviations of the probability densities of r while co-

varying noise intensities ar and as, shown in Figs. 5.8 and 5.9. It is now clear that in all 

experimental conditions (even without vision) that the noise intensity ar, responsible for 

musculoskeletal noise is more dominant than as, the noise intensity responsible for drift. 
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As we have shown earlier, an analytical representation of the stability boundaries cannot 

be found since there exists no analytical expression for the eigenvalues of the linear 

model. We have found eigenvalues via numerical methods, however, we lack a systematic 

approach to solving for the eigenvalues of the system. However, there is a method of 

approximating DDEs by converting them into ODEs by removing higher-order terms 



5 Hyperbolic Tangent Model 92 

via the Taylor expansion. This works when delays are smaller or equal to other time 

scales of the deterministic system. It is not clear which modes are kept exactly, but in 

2 dimensions as we have here, complex eigenvalues are still possible whereas, only real-

valued eigenvalues may arise in a 1 dimensional system. Hence, following the treatment 

of the small delay approximation of SDDEs by Guillouzic et al. [27], we will apply the 

technique to the general from of our nonlinear model 

f = £r - nf (rrprop) + a r£ r (t) + s (5.17) 

s = -7h(rTv.J + a4s(t) (5.18) 

where rTprop = r (t — Tprop) and rTvis = r(t — TV-1S). We may do a Taylor expansion of / 

and h about rT and rTvia respectively 

/ (r (t - V o p ) ) - / (r (t)) + [rTprop - r (t)] ?^lM + Q ( 2 ) 

h(r (t - rvis)) - h (r (t)) + [rTv, - r (t)} ^ - ^ + O (2). 

Similarly, rTprop and rTvis may be expanded by the Taylor expansion around Tprop and rv 

respectively, shown below 

r (t - rprop) = r (t) - rpTopr (t) + O (2) 

r(t- rvis) ^ r (t) - rvisr {t) + O (2). 

From this we have the general approximate expressions of / and h around their respective 

delays 
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/(0«/(r(t))-wr(t)M 
Tprop 

dh(r(t)) 
h(rTvis)^h(r(t))-rvisr(t) 

drT 

We may obtain similar expressions for / and h without explicit time-dependent delays 

and derivatives by substituting the model (Eqs. (5.17) and (5.18)) as follows 

/ K r o p ) « / (r (t)) - rprop
df[r{t)) [er (t) - nf (rTprop) + ar^r (t) + a (t)] 

0rTpI0p 

h (rTvJ « h (r (t)) - Tv.s^(rW) [er (t) _ Kf ( r r p r Q p ) + a^r (i) + s (i)] . 
''"vis 

Approximate Model Equations 

After substituting the above approximate expressions for / and h into r and s, we obtain 

approximate expressions for r and s given below 

r « er (£) - nf (r(t)) 

+ ^ V o p
9 { ( r [^ (*) - « / (r (*)) + Or̂ r («) + s {t)\ + ar£r (*) + s (t) (5.19) 

dh(r(t)) 
s « -7/1 (r (0) + 7 ^ ^ [er (t) - Kf (r (*)) + a r£ r (i) + s (*)] + as£s (*). (5.20) 

'v is 

After grouping terms we have 
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r RS er (£) 1 + «r, prop 
0 / ( * • ( * ) ) ' 

<9rT 
« / ( r ( t ) ) 1 + KT, prop 

g/(rft))" 
<9rv 

+ /cr^n { ^ ^ [ar£r (t) + s (t)] + ar£r (t) + s (t) 'prop dr 
(5.21) 

Tprop 

s « - 7 / * (r (*)) + 7Tvis g ^ [er (t) - Kf (r (£)) + a r£ r (t) + s (*)] + as^s (t). (5.22) 
T vis 

With the removal of the noise terms we are left with the deterministic dynamics in the 

small-delay approximation: 

r ~ er (t) 1 + KTr prop 

df(r(t)Y 
9rTpTop _ 

df (r (t)) , , 

« / ( r ( t ) ) 1 + KT. 
df(r(t)) 

prop dr rprop J 

'prop drTD 

s « -7h (r (*)) + 7 T v i s ^ ( r ( t ) ) [^ (*) - « / (r (t)) + s (*)]. 

(5.23) 

(5.24) 

Linearization 

The original system (Eqs. (5.17) and (5.18)) has the fixed point (r*,s*) that satisfies 

r = er - nf (rTprop) + s = 0 = er* - nf (r*) + s* 

s = -jh (rTvJ = 0 = -7/1 (r*) 

(5.25) 

(5.26) 

but as / and h are tanh functions, we get (r*,s*) = (0,0). Since / and h are functions 

of only one argument, we can simplify using the notation 
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df(r(t)) ; df 

drTpiop dr 

dh(r(t)) dh 

drT..,„ dr 

r(t) 

r(t) 

where f (r (t)) ~ h (r (£)) = tanh (r (£)). We then have: 

9 / 
<9r r(t) 

<9tanh(r(£)) 

dr 

= F(r(t)) 

= F(r*) + [ r ( £ ) - r * ] ^ 

df 
dr 

dh 
dr 

_ d / 

r(t) d r 

d/i 

r ( t ) _ d r 

= F (0) + r (£) 

+ r(£) 

d F 

dr 

d 2 / 

a ! = ^ T + r ( * ) 

dr2 

d2/i 

dr2 

(5.27) 

(5.28) 

Combining these truncated derivatives of the hyperbolic tangent function with the ap­

proximate model Eqs. (5.23) and (5.24) we then have 

r « er + £KTwopr 
d / 
dr 

d 2 / 
dr2 

OJ 

/ (0) + r 
dr OJ 

1 + KT, prop dr 
d 2 / 
dr2 

o 

(5.29) 

+ KT, prop 
d / 
dr 

+ r 
d 2 / 
dr2 s + s 

s « —7 
, /„\ d/i 
/ i 0 + r — 

dr OJ 
+ 7rv 

d/i 

dr 
+ r 

d2/! 

dr2 e r - « ( / ( 0 ) + r ^ + s 

(5.30) 
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Keeping O (r), O (Tprop) and O (TV;S) only, where / (0) = /i(0) = 0 and defining 

Au=V 
dr 

dh 
A2i= -r-

dr 

the approximate model equations become 

A12 

A22 

d 2 / 
dr2 

d2h 

dr2 

r « er + e/tTpropr^n - KTAH (1 + /tTpropylii) + KTpropAnS + KTpropAurs + s 

s « - 7 r A 2 i + 7Tvis (-421 + rA22) [r (e - KAU) + s]. 

However, since Krprop^4i2rs, (e — KAU) A22r2 and A22TS are 0(2) , we have to 0(1) : 

r « er + eKTproprj4ii - /crAn (1 + 

s?z-jrA2i+JTvisA2i[r(£-KAU) + S] 

and after grouping terms we are left with 

r ^ [e + eKTpTOpAu - KAU (1 + KTpiopAn)] r + (1 + KTPIOPAU) S (5.31) 

s RJ [-7^21 + 7Tvis-42i (e - K-4n)] r + 7Tvis-42iS. (5.32) 

If however, f (r (t)) = h(r(t)) = r (t) (as in Sect. 3.5), then An = A2i = 1 and Eqs. 

(5.31) and (5.32) reduce to 
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r « (e - K) (1 + KTprop) r + (1 + Krprop) s (5.33) 

s « 7 [(e - K) rvis - 1] r + 7TviSs- (5.34) 

Finally, we have reduced our original nonlinear DDE to a second-order linear ODE. At 

this point we may perform ordinary linear stability analysis. 

Linear Stability Analysis 

Equations (5.33) and (5.34) may be rewritten as 

r^Ar + Bs (5.35) 

s^Cr + Ds (5.36) 

where the coefficients are 

A = {e-K)(l + KTPTOP) < 0 

B = (l + KTprop) > 0 

C = 7 [(e - K) rvis - 1] < 0 

D = 7rvis > 0 

since, s < K. From this, we may use linear stability analysis to give an estimate, in terms 

of our parameters of where the system will become unstable, i.e., the set of parameters 

where the eigenvalues of the system cross the imaginary axis. The Jacobian of the system 

is 
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A = 
A B 

C D 

To find its eigenvalues we compute the characteristic equation 

so the eigenvalues are 

det (A - AI) = 
A - \ B 

C D-X 
= 0 

(A-X)(D-X)-BC = 0 

A2 - (A + D)X + AD-BC = 0 

(5.37) 

A + D y/{A + L»)2 - 4 {AD - BC) 
Ai,2 - —7,— ± o • 

Since we are interested in purely imaginary eigenvalues only, A + D = 0 must be true, 

which gives 

Ax 2 = ±iujcrit = ±i\jBC - AD. 

To satisfy this condition, we must have BC — AD < 0 or BC < AD. The expansion of 

this inequality results in 
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(1 + KTpr0p) 7 [(£ - K) Tvis - 1] < (e - K) (1 + KTpI0p) 
7^vis 

[(e - K) rvis - 1] < (e - K) rvis 

- 1 < 0 

which is always true, therefore the critical frequency is 

^crit = Y ( 1 + /CTProp)7-

This is critical frequency condition satisfied by the parameters of the stability boundary 

For the typical parameter values of K = 3, rpr0p = 0.2 and 7 = 0.2, wcrit ~ 0.565 rad/s or 

/crit ~ 0.0900 Hz. Returning to the condition ^R,{X12} = 0 = A + D, gives 

Tv j s = — [K — £) [1 -\- KTpT0p) . 

7 

This is the condition satisfied by all the parameters at the stability boundary. Figure 

5.11 shows the delay-space stability diagram of the small-delayed approximation (without 

noise), where the feedback functions are linear, for the fixed set of parameters e, K, and 

7. In each subfigure of Fig. 5.11 ((a), (b), and (c)), only e is varied. As e approaches 

K, the stable regime becomes smaller and therefore, the unstable regime grows, which is 

expected [37]. However, this contrasts with the regions of stability found in Sect. 3.5.5 

that are mostly dependent on the proprioceptive delay rprop. It is important to note that 

even with the small delay approximation which removes the explicit time dependence of 

the delay, it is still possible to obtain oscillatory solutions, i.e., Xi>2 G C 
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(a) e = 2.8, K = 3,7 = 0.2 

| 0.6 

(b) e = 2.9,/c = 3,7 = 0.2 

•; 0.6 

(c) e = 2.95, K = 3,7 = 0.2 

Figure 5.11 - Stability of the model in delay-space via the small delay approximation. White 
represents the stable regime whereas black represents unstable regime. 

5.4.2 Stability of the Nonlinear Deterministic Model 

Recall Fig. 3.8(d) in which the stability region was shown in terms of the proprioceptive 

and visual delays. We will explore this stability region in a larger range of the parameters 

K and 7, the proprioceptive and visual strengths, respectively. To detect unbounded 

solutions, we assumed divergence of the solution, or an increasing envelope. Similarly, 

we assumed a decreasing envelope for the fixed point solution, and a constant envelope 

for the oscillatory or limit cycle solution. 

All combinations of parameters in Fig. 5.12 return a stability region similar to the one 

displayed in Fig. 3.8(d) except for Fig. 5.12(b) where the stability region becomes smaller 

as the proprioceptive strength K gets closer to the rescaled inertial term e. Another 
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difference is that the oscillatory solution region is thicker in Fig. 5.12 due to the hyperbolic 

tangent nonlinearity. In other words, since the nonlinear terms are included, the system 

admits bounded oscillatory solutions (for limit cycles, see Sect. 2.3). These are seen over 

a larger are of parameter space compared to the marginally stable oscillatory solutions 

determined numerically for the linear system. 

5.5 Summary 

This chapter has extended the analysis of the model (Eqs. (3.11) and (3.12)) put forth 

in Chap. 3. Alternative models have been explained to show the development of the 

final model. Aspects of analysis of the linear and nonlinear model have also been given. 

For the linear model, numerical solutions to the eigenvalues have been found, supporting 

the results from the stability regime given in Chap. 3. The power spectral density has 

shown that the linear and nonlinear model contain the same frequency components in 

the stable experimental operating range. We have also shown that the musculoskeletal 

noise intensity is more dominant than the 'drift' noise intensity across all experimental 

conditions. For the nonlinear model, we have performed a small delay approximation to 

remove the explicit inclusion of the delay terms. This analysis yielded a two approximate 

SDEs of two SDDEs (Eqs. (3.11) and (3.12)). Upon linearization of the SDEs, linear 

stability analysis of Eqs. (5.35) and (5.36) (for the deterministic case, where ar = as = 0) 

showed that there exists a boundary between the fixed point and unbounded regimes (in 

terms of the proprioceptive and visual delay space), yet the eigenvalues do not completely 

agree with the numerical results of Chap. 3. The results of a center manifold analysis of 

Eqs. (3.11) and (3.12) (where ar = as = 0) may return evidence of the existence limit 

cycle solutions, however, such an analysis is not trivial. Yet, the added complexity of the 

nonlinear model is not needed for the experimental set of parameters (shown in Appendix 

B), hence, such analysis is deemed unnecessary for understanding the theoretical basis of 

this experiment. Finally, we presented the stability boundaries (via numerical techniques) 
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0.4 0.5 

(b) K = 2.4,7 = 0.2 Hz 

(a) K = 3,7 = 0.35 Hz 
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0.2 

0.1 0.2 0.3 0.4 0.5 

(c) K = 3 , 7 = 0.2 Hz 
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(d) K = 3.2,7 = 0.2 Hz 

0 0.1 0.2 0.3 0.4 0.5 
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(e) K = 3,7 = 0 Hz 

Figure 5.12 - Delay-space stability diagrams of the nonlinear model, Eqs. (3.5) and (3.10). 
Fixed point solutions are shown in white, marginally stable oscillatory solutions 
are black and unbounded solutions are shown in grey. 

of the nonlinear model which differ with the stability boundaries of the linear model (cf. 

Sects. 3.5.5 and 5.4.2) by having a larger regime of marginally stable oscillatory solutions. 



Chapter 6 

Results of Nonlinear Time Series 

Analysis 

6.1 Introduction 

The postural system has many degrees of freedom (DOF) given by the space of joint 

positions (which is equal to the number of joints times the number of spatial dimensions, 

i.e., approximately 27). However, not all possible DOF must be recruited to complete a 

postural task with a relatively small range of motion. Furthermore, it is not trivial to 

determine the number of active DOF used in such a task from the COP trajectory since 

all active degrees of freedom are projected onto the anteroposterior-mediolateral (xy) 

plane. Nevertheless, it is possible to estimate the number of active DOF using phase 

space reconstruction when the data are relatively noise-free and the dimension of the 

underlying dynamics is small. 

If DOF ^ 3, deterministic chaos may be present given the combination of nonlinearity 

of the dynamics and the presence of time delays. Another problem inherent to the 

analysis of finite COP datasets is the distinction between high dimensional chaos and 

noise. This consideration arises from the fact that chaos is sometimes indistinguishable 

from noise (given the high dimensionality of noise) if the embedding dimension is too low 
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(see Sect. 2.8.1). This distinction is crucial because chaos may ensue from a deterministic 

control mechanism. 

Further, there is always some noise present. To address these issues, we began prelim­

inary examinations into the dynamical structure of experimental COP trajectories with 

visual feedback manipulations via recurrence quantification analysis (RQA), largest Lya-

punov exponent (LLE) and mean-squared displacement (MSD) analyses to quantify the 

influence of DVF on the dynamical structure present in time series and the complexity 

of COP dynamics. 

RQA is not a new technique in the realm of COP data analysis as numerous experi­

ments [11, 64, 62, 70] have made use of it. The Largest Lyapunov Exponent, traditionally 

the indicator of chaotic behavior (if it is positive), is also prominent in the postural con­

trol literature [17, 56, 65, 85]. These studies have shown that experimental LLEs are 

positive, implying the presence of local exponential divergence in postural dynamics. 

Finally, the MSD has been used in quantifying the level of sub- and super-diffusion for 

postural dynamics [12, 14]. 

6.2 Results 

6.2.1 Phase Space Reconstruction 

Since phase space reconstruction is required for RQA and LLE, it is important to visually 

understand the concept. Figure 6.1 shows the COP embedded in three dimensions, for 

three trials, each corresponding to a different experimental condition for one participant. 

Notice how the trajectories overlap onto themselves and there is no clear structure, 

therefore the embedding dimension of 3 is not high enough to enable complete unfolding 

of the COP—if such an unfolding exists. Similar results are seen across conditions and 

across participants. 
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(c) DVF at 750 ms. 

Figure 6.1 - Phase space reconstruction of COP in three dimensions where ki = 1,... ,N — 2T, 
k2 = r + 1 , . . . , JV - r and fc3 = 2r + 1 , . . . , N. For the lags, see Table 4.2. 

6.2.2 Recurrence Quantification Analysis 

Next we show the recurrence plots (see Sect. 2.8.2) of one participant for trials three 

and five of all conditions in Figs. 6.2 and 6.3 respectively. The recurrence plots in Figs. 
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6.2(a) and 6.3(a), representing the no vision condition, are typically more sparse than 

the other conditions. Indeed, since reconstructed space is normalized by the maximum of 

its Euclidean norm, and since there is more drift in this condition which results in larger 

and less frequent corrections, only the neighborhood surrounding these resultant large 

excursions are deemed "recurrent". However, for the DVF conditions, shown in Figs. 6.2 

and 6.3, (b)-(f), there appears to be more frequent recurrences, in smaller clusters. The 

bounds of the reconstructed COP are smaller and therefore there is a higher density of 

points in the space, hence more recurrent points. We also see that the DVF conditions 

display a more 'periodic' behavior due to the many small clusters of recurrent points 

than the no vision condition, whereas the power spectral density does not reveal such 

features (see Sect. 2.8.2). 

In Fig. 6.4 we show that the mean recurrence rate is within the allowed range of 0.01 

to 2 percent, even within the bounds of error. This is the only measure we present here 

since other detailed measures and their interpretation are beyond the scope of this thesis. 

Yet, much more information is contained in these recurrence plots about the COP data. 

The term RQA, or recurrence quantification analysis refers to a set of approximately 

fifteen measures derived from the recurrence plot [49, 46, 48, 47, 74]. 
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(d) DVF at 500 ms, e = 6 percent(e) DVF at 750 ms, e = 6 percent(f) DVF at 1000 ms, e = 6 per­

cent. 

Figure 6.2 - Recurrence plots of postural sway from subject KT where black dots represent 
1 and white, 0 (see Eq. (2.64) for TU,j)- These plots are for the third trial of 
each condition. All recurrence plot axes are in units of time for 0 to 115 seconds, 
for a total of 11500 data points. The data used to generate each recurrence plot 
appear below. 

6.2.3 Largest Lyapunov Exponent 

We use the same PSR parameters that we used for RQA to reconstruct the COP in 

embedding dimensions 1 to 8. Notice how Fig. 6.5 shows that the slope of (ln(div)) in 

the range 0 to 0.5 seconds decreases with increasing embedding dimension. 
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Figure 6.3 - Recurrence plots of postural sway from subject KT where black dots represent 
1 and white, 0 (see Eq. (2.64) for Rij)- These plots are for the fifth trial of each 
condition. All recurrence plot axes are in units of time for 0 to 115 seconds, for 
a total of 11500 data points. The data used to generate each recurrence plot 
appear below. 

Figure 6.6 shows the largest Lyapunov exponents for all conditions. It is clear that for 

all conditions, Ai does not saturate even at dimension ^ 8. This is typical of stochastic 

systems, due to the high dimensionality, or of deterministic systems with a strong noise 

component. In such cases, a suitable low dimensional embedding space is a hard criterion 

to satisfy. As shown in Fig. 6.6, there exists no convergence of the LLE, so this type 
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1 1 1 1 1 1 

Aid 
EC 0 250 500 750 1000 

Condi t ion [ms] 

Figure 6.4 - RQA measure RR for all conditions where error bars denote inter-subject stan­
dard deviations. 

of analysis for this data set is inconclusive in terms of revealing low-dimensional deter­

ministic behavior. Rather it suggests the involvement of a significant noise component. 

Not only is there is a lack of convergence as the embedding dimension increases, there 

is also a lack of significant differences between experimental conditions of Ai, a pattern 

emerges which shows that the condition with the lowest LLE is the eyes closed or no 

vision condition. In contrast, the 250 ms DVF condition has the highest LLE. 
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1 

a 
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a; 
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(a) Eyes closed. 

(b) DVF at 0 ms. 

(c) DVF at 750 ms. 

Figure 6.5 - Exponential divergence of subject KT for embedding dimensions d G { 1 , . . . , 8}. 
These plots are for the fifth trial of each condition. 
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Figure 6.6 - Largest Lyapunov exponent as a function of embedding dimension; error bars 
denote inter-subject standard deviations. 

6.2.4 Mean-Squared Displacement 

Finally, we elaborate on the mean-squared displacement data to show its reliability across 

all trails and participants. Figure 6.7 shows the MSD for the fifth trial of one subject 

for experimental conditions: no vision, 0 ms and 750 ms DVF. There is a clear linear 

portion before rc, responsible for the short-time scale Hurst exponent Hs. However, past 

rc, more varied patterns are found. 

We then averaged all five trials for each condition separately, for the same participant 

and display the MSD of each trial along with the average MSD of these trials in Fig. 6.8. 

Notice how the average MSD shows more regularity beyond rc than it did for individual 

trials and approaches linearity. Some information is lost in averaging the MSDs since 

in the DVF conditions, a few MSDs show oscillatory behavior beyond rc. This pattern 

has been found in another work (experiment and model) [53], in which the model of the 

postural controller was of a delayed, discontinuous nature rather than of a continuous 

nature as in our model (see Sect. 3.5). 

Finally, we lumped all average-subject MSDs into an average MSD across all partic-
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(a) Eyes closed. 

(b) DVF at 0 ms. 

(c) DVF at 750 ms. 

Figure 6.7 - Mean-squared displacement for one trial of subject KT. 

ipants in Fig. 6.9. The average MSD of all participants is linear before rc and almost 

linear after rc. From this curve, we extract the slopes of K{r) on either side of rc to give 
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(a) Eyes closed. 

(b) DVF at 0 ms. 

Figure 6.8 - Mean-squared displacement for subject KT displayed for all five trials and for 
the conditions (a) eyes closed, (b) DVF at 0 ms and (c) DVF at 750 ms. The 
thick blue corresponds to the MSD averaged across all trials. 
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2HS and 2Ht, respectively. These results are given in Chap. 3. 

(a) Eyes closed. 

(b) DVF at 0 ms. 

'—• " ' VN 

(c) DVF at 750 ms. 

Figure 6.9 - Mean-squared displacement displayed for all subjects displayed and for the con­
ditions (a) eyes closed, (b) DVF at 0 ms and (c) DVF at 750 ms. The thick red 
line corresponds to the MSD averaged over all subjects. 
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6.3 Discussion 

This chapter has applied a few methods of time series analysis applied to COP data. 

RQA generally shows promise in the presence of noise since [75] has given criterion for 

selecting the optimal threshold (e) value to determine if recurrence occurs. Whether this 

is applicable to our data is yet unknown since the full nature of 'noise' is not yet known 

for our system. Future investigations will include more RQA measures to estimate the 

deterministic structure of the COP data. 

The largest Lyapunov exponent has been shown to be, for the large part, unreliable for 

our COP data. Perhaps, when the structure of the noise is better understood, a nonlinear 

filter may be applied to the data to remove the noise so that more valid estimates of the 

LLE may be obtained. 

A future possibility that may apply to these data directly is to validate the measure 

of any statistic (RQA, LLE, and MSD) by performing surrogate analysis to the data. 

Essentially, this provides a null hypothesis, whereby the statistical significance of the 

measure may be tested. This is done by randomly shuffling the phase and preserving the 

variance of the data before computing the RQA measures and LLE and then repeating the 

analysis and deciding on wether there is a statistically significant difference. Since RQA 

and LLE analysis are computationally intensive processes, only the COP data have been 

processed; it would take a lot more computational time to perform surrogate analysis. To 

further validate our model from Chap. 3, we will analyze it using the measures described 

here as well as surrogate analysis. 

Finally, using PSR to estimate the dimensionality (embedding dimension) of COP 

data is a bottom-up approach to the problem. A top-down solution to gather more 

information about the dimensionality of the postural system would be to experimentally 

use a motion capture device to record the position (in three dimensions) of markers placed 

at all joints (and the head). After this, we would construct an orthogonal space of the 

dimension of the number of time series by computing a covariance matrix. This could be 
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done by computing the covariance of the permutation of all time series. All elements of 

the covariance matrix are then normalized by the trace of the matrix. Finally, a singular 

value decomposition would be done on the covariance matrix to return the corresponding 

eigenvalues. After ordering the magnitude of eigenvalues in a descending fashion, the sum 

of eigenvalues (starting from the first) that equal 90 percent of the summed eigenvalues, is 

the effective dimension of the system i.e., the number of degrees of freedom that underlie 

most of the system's motions. This algorithm is known as principal component analysis 

[15] and may yield an interesting lower dimensional projection of the postural dynamics 

influenced by delayed visual feedback. 



Chapter 7 

Conclusions 

This thesis presents a framework for sensory-postural experimentation, modeling and 

analysis. In particular, we focused on modulating input to the visual system to perturb 

the postural control system since experimentally, it is difficult to perturb propriocep­

tion. We have modulated visual input experimentally by varying the time delay of the 

visual feedback, which is center of pressure information. We have also removed visual 

feedback in some instances. We have also modeled the human postural system using 

simplified nonlinear delay-differential equations. Since the human postural system is 

unstable without sensory feedback, because we are essentially inverted pendula, it is im­

perative to know how much feedback is necessary for stability and what the boundaries 

of stability are. The last part of the thesis contains preliminary nonlinear time series 

analysis on the COP time series. These revealed the dynamics to be rather noisy and/or 

high dimensional. 

Based on sensory information, the brain makes decisions on how to move the body 

in a postural task. These decisions translate into movements of body segments. Ex­

perimental work on postural sway is usually limited to force plate recordings which are 

center of pressure measurements. These recordings are just the kinetics of all joints, pro­

jected downwards. Therefore if we consider the difference between recorded information 

(COP) and high-level commands generated in the brain, there is certainly some error. 
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However, it is not feasible to directly record brain signals due to ethical reasons, and due 

to the vast density of brain matter which makes it difficult to remove the contribution 

from neighboring parts. It is easier to change the sensory inputs in a systematic fashion 

and record the postural output to gain insight into the brain's control. Here we have 

been concerned with two types on sensory input or feedback, namely proprioception and 

vision. Since small sensors located in joints and in the feet are used for proprioception, 

it is difficult to change this sense without drugs or some invasive technique. Therefore 

the only sensory input that may be exploited non-invasively is vision. This may require 

special implementation when applied to subjects whose postural control is already im­

paired, such as the elderly. 

In an attempt to model this experimentally recorded COP given the state of visual 

feedback, we have extended the continuous control model by Yao et al. [86] which does 

not explicitly account for the differential visual inputs. Additionally, we used a novel 

slow-moving 'drifting fixed point' to account for the large difference in spectral power at 

low frequencies observed for cases with no visual feedback relative to cases with visual 

feedback. 

The Hurst exponents, quantify the level of corrections or correlations (positive or 

negative) in the data. We have found that our model generates short- and long-range 

Hurst exponents that agree well with the behavior of the data. Also, the short-range 

Hurst exponents do not vary significantly over any of the experimental conditions, an 

observation that is reproduced by our model. In particular, the long-range Hurst expo­

nents show the same qualitative pattern between the data and model: for no vision, the 

exponent is higher, indicating there is less control of negative corrections. This is logical 

given that there is less sensory information due to the lack of vision. For the conditions 

in which there is delayed visual feedback, the long-range Hurst exponents increase as a 

function of the delay. And although the trend is not significant, it implies that since 

there are less corrections at larger visual delays, the visual information is less reliable. 

The comparative difference between vision and no vision long-range Hurst exponents 
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agrees with experimental data by Collins and DeLuca [14] (even though they did not 

consider delayed visual feedback). The model has shown that proprioceptive delay is the 

dominant delay for postural control, probably since proprioception alone must stabilize 

upright human stance when vision is not available or reliable. 

However, it is not as straightforward to assume that more sensory information will 

better stabilize the system. We have shown by theoretical analysis that more visual 

feedback destabilizes the model when it is greater than a critical value. We have also 

numerically shown that proprioceptive delay may destabilize the system by exceeding 

certain values as well, assuming a constant set of parameters. 

Future work will be done on comparing RQA results obtained for models and exper­

imental data. Another problem left unsolved is that of the complete bifurcation analysis 

of the nonlinear (hyperbolic tangent) model. Once sensory information has passed a 

linear stability boundary, more input will allow the system to remain stable, but perhaps 

in an oscillatory state. Therefore, for larger sensory perturbations which move the sys­

tem outside the fixed point regime, the hyperbolic tangent functions are likely to play a 

significant role to constrain the resulting motion. 

On the experimental front, we must obtain as much information as possible to cor­

roborate and hopefully ameliorate our postural control model. For this thesis, we have 

only used center of pressure data provided by a force plate. To establish better estimates 

for proprioceptive and visual delays, recordings from the activation of the human cor­

tex, specifically the motor cortices and the muscles along with joint kinematics should 

be compared. Good candidates for cortex recordings comprise magnetoencephalography 

(MEG) and electroencephalography (EEG). As for the body recordings, for muscle ac­

tivation we have electromyography (EMG) and joint kinematics may be recorded via a 

motion capture system to obtain better estimates for the behavior of the more realistic, 

higher-dimensional system. Due to decreased receptor sensitivity with age, the proprio­

ceptive delay increases, therefore, measurements should take this into account. However, 

the same is not true for the visual delay. 
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Finally, it would be interesting to perform special investigations of disruption of motor 

control loops on patients with neural deficiencies or brain lesions. Patients with anterior 

cruciate ligament deficiency have an effective lack of proprioception. This deficiency can 

be quantified by measuring the neural conduction velocity from foot to spinal chord. 

Lesions of the supplementary motor area, a specific area of the cerebral cortex known for 

planning motor trajectories, could also be monitored by recording electrical and magnetic 

fields with EEG and MEG, respectively. The analysis of postural control data from such 

patients, using the methods presented in this thesis, would provide valuable information 

to deepen our understanding of how we stand up, and how we fall. 



Appendix A 

Code 

A. l Model 

A.1.1 Eqs. (3.11) and (3.12): model2DparOBMsepRS .m 

l function [r,s] = model2DparOBMsepRS(N, h, d, dv, a) 

%% PARAMETERS 

3 %% DELAY CONDITIONS 

%% Proprioceptive delay 

5 M = d(l) ; 

%% Artificial visual + visual respone delay 

7 L = d(2) + dv; 

%% Determining largest delay 

9 K = max(M,L) ; 

%% CREATING NOISE VECTORS 

11 nr = a (4) *sqrt (h) *randn(1,N+K+l) ; 

ns = a(5)*sqrt(h)*randn(1,N+K+l); 

13 ** INITIAL (HISTORY) FUNCTIONS 

% Positions (Brownian) 

15 r(K+l:N+K) = 0; 

r(l:K) = cumsumfnr (1 :K) ) ; 

17 s (K+1:N+K) = 0; 

s(l:K) = cumsum(ns (1 :K) ) ; 

19 %% Euler Maruyama Integration 

for i = K+1:N+K, 

21 r(i + l) = r(i) + ( a(l)*r(i) - a(2)*r(i-M) + s(i) ) *h + nr(i); 

s(i + l) = s(i) + ns(i) - a (3) *r (i-L) *h; 
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23 e n d 

s = s ( K + 1 : N + K ) ; 

25 r = r (K+1:N+K) ; 

e n d 

A. 2 Experiment 

A.2 .1 GUI.m 

f u n c t i o n v a r a r g o u t = G U I ( v a r a r g i n ) 

2 * GUI M-file for GUI. fig 

% GUI, by itself, creates a new GUI or raises the existing 

4 % s i n g l e t o n * . 

6 % H = GUI returns the handle to a new GUI o r the handle to 

% the existing singleton*. 

8 % 

% GUI('CALLBACK' ,hObject, eventData, handles, . . . ) calls the local 

10 % function named CALLBACK in GUI.M with the given input arguments. 

12 % GUI('Property','Value',...) creates a new GUI or raises the 

% existing singleton*. Starting from the left, property value pairs are 

14 % applied to the GUI before GUI_OpeningFcn gets called. An 

% unrecognized property name or invalid value makes property application 

16 * stop. All inputs are passed to GUI_OpeningFcn via varargin. 

18 % *See GUI Options on GUIDE'S Tools menu. Choose "GUI allows only one 

% instance to run (singleton)". 

20 % 

% See also: GUIDE, GUIDATA, GUI HANDLES 

22 

% E d i t the above t e x t t o modify the response to help GUI 

24 

% L a s t Modified by GUIDE v2.5 02-Mar-2009 12:03:15 

26 

28 * Begin initialization code - DO NOT EDIT 

g u i _ S i n g l e t o n = 1; 

30 g u i _ S t a t e = s t r u c t ( ' g u i _ N a m e ' , m f i l e n a m e , . . . 

' g u i _ S i n g l e t o n ' , g u i _ S i n g l e t o n , . . . 
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32 ' g u i _ O p e n i n g F c n ' , @GUI_OpeningFcn, . . . 

' g u i _ O u t p u t F c n ' , @GUI_OutputFcn, . . . 

34 ' g u i _ L a y o u t F c n ' , [] , . . . 

' g u i _ C a l l b a c k ' , [ ] ) ; 

36 i f nargin && i s c h a r ( v a r a r g i n { l } ) 

g u i _ S t a t e . g u i _ C a l l b a c k = s t r 2 f u n c ( v a r a r g i n f 1 } ) ; 

38 end 

40 i f nargout 

[varargout{1:nargout)] = gui_mainfen(gui_State, varargin{:)); 

42 else 

gui_mainfen(gui_State, varargin{:}); 

44 end 

% End initialization code - DO NOT EDIT 

46 

% Executes during object creation, after setting all properties. 

48 function figurel_CreateFcn(hObject, eventdata, handles) 

% hObject handle to figurel (see GCBO) 

50 % eventdata reserved - to be defined in a future version of MATLAB 

% handles empty - handles not created until after all CreateFcns called 

52 

% Executes just before GUI is made visible. 

54 function GUI_OpeningFcn(hObject, eventdata, handles, varargin) 

% This function has no output args, see OutputFcn. 

56 * hObject handle to figure 

% eventdata reserved - to be defined in a future version of MATLAB 

58 % handles structure with handles and user data (see GUIDATA) 

% varargin command line arguments to GUI (see VARARGIN) 

60 

% Choose default command line output for GUI 

62 handles.output = hObject; 

64 INITDATA; 

66 % UIWAIT makes GUI wait for user response (see UIRESUME) 

uiwait(handles.figurel); 

68 

% Outputs from this function are returned to the command line. 

70 function varargout = GUI_OutputFcn(hObject, eventdata, handles) 

% varargout cell array for returning output args (see VARARGOUT); 

72 % hObject handle to figure 

% eventdata reserved - to be defined in a future version of MATLAB 
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74 % handles structure with handles and user data (see GUIDATA) 

76 % Get default command line output from handles structure 

varargout(l) = handles.output; 

78 

% Executes on button press in pushbuttonl. 

80 function pushbuttonl_Callback(hObject, eventdata, handles) 

% hObject handle to pushbuttonl (see GCBO) 

82 % eventdata reserved - to be defined in a future version of MATLAB 

% handles structure with handles and user data (see GUIDATA) 

84 

set(handles.pushbuttonl, 'Enable', 'off'); 

86 STARTDEVICE; 

88 function editl_Callback(hObject, eventdata, handles) 

% hObject handle to editl (see GCBO) 

90 % eventdata reserved - to be defined in a future version of MATLAB 

% handles structure with handles and user data (see GUIDATA) 

92 

% Hints: get (hObject, 'String') returns contents of editl as text 

94 % str2double(get (hObject,'String')) returns contents of editl as a double 

96 * Executes during object creation, after setting all properties. 

function editl_CreateFcn(hObject, eventdata, handles) 

98 * hObject handle to editl (see GCBO) 

% eventdata reserved - to be defined in a future version of MATLAB 

100 * handles empty - handles not created until after all CreateFcns called 

102 % Hint: edit controls usually have a white background on Windows. 

% See ISPC and COMPUTER. 

104 if ispc && isequal(get(hObject,'BackgroundColor'), get(0,'defaultUicontrolBackgroundColor')) 

set (hObject,'BackgroundColor',' white') ; 

106 end 

108 % Executes on button press in pushbutton2. 

function pushbutton2_Callback(hObject, eventdata, handles) 

no % hObject handle to pushbutton2 (see GCBO) 

% eventdata reserved - to be defined in a future version of MATLAB 

112 % handles structure with handles and user data (see GUIDATA) 

CLOSEDEVICE; 

114 

% Executes when user attempts to close figurel. 
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116 function figurel_CloseRequestFcn(hObject, eventdata, handles) 

% hObject handle to figurel (see GCBO) 

118 % eventdata reserved - to be defined in a future version of MATLAB 

% handles structure with handles and user data (see GUIDATA) 

120 

CLOSEDEVICE; 

122 

% Hint: delete (hOb ject) closes the figure 

124 delete (hOb ject) ; 

126 function edit2_Callback(hObject, eventdata, handles) 

* hObject handle to edit2 (see GCBO) 

128 % eventdata reserved - to be defined in a future version of MATLAB 

% handles structure with handles and user data (see GUIDATA) 

130 

% Hints: get (hObject, 'String') returns contents of edit2 as text 

132 % str2double (get (hObject, 'String')) returns contents of edit2 as a double 

134 % Executes during object creation, after setting all properties. 

function edit2_CreateFcn(hObject, eventdata, handles) 

136 % hObject handle to edit2 (see GCBO) 

% eventdata reserved - to be defined in a future version of MATLAB 

138 % handles empty - handles not created until after all CreateFcns called 

140 % Hint: edit controls usually have a white background on Windows. 

% See ISPC and COMPUTER. 

142 if ispc && isequal(get(hObject, 'BackgroundColor'), get(0,'defaultUicontrolBackgroundColor')) 

set (hObject,'BackgroundColor','white'); 

144 end 

146 % Executes on button press in pushbutton3. 

function pushbutton3_Callback(hObject, eventdata, handles) 

148 * hObject handle to pushbutton3 (see GCBO) 

% eventdata reserved - to be defined in a future version of MATLAB 

150 % handles structure with handles and user data (see GUIDATA) 

[FileName, PathNarae, Filterlndex] = uiputfileO; 

152 handles.FileName = FileName; 

handles.PathName = PathName; 

154 set (handles.edit3, 'String', [PathName FileName]); 

guidata (hObject, handles); 

156 

function edit3_Callback(hObject, eventdata, handles) 
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158 % hObject handle to edit3 (see GCBO) 

% eventdata reserved - to be defined in a future version of MATLAB 

160 % handles structure with handles and user data (see GUIDATA) 

162 % Hints: get (hObject, 'String') returns contents of edit3 as text 

% str2double (get (hObject, 'String')) returns contents of edit3 as a double 

164 

% Executes during object creation, after setting all properties. 

166 function edit3_CreateFcn(hObject, eventdata, handles) 

* hObject handle to edit3 (see GCBO) 

168 % eventdata reserved - to be defined in a future version of MATLAB 

% handles empty - handles not created until after all CreateFcns called 

170 

% Hint: edit controls usually have a white background on Windows. 

172 % See ISPC and COMPUTER. 

if ispc && isequal(get(hObject,'BackgroundColor'), get (0,'defaultUicontrolBackgroundColor')) 

174 set(hObject,'BackgroundColor','white'); 

end 

176 

* Executes during object creation, after setting all properties. 

178 function axesl_CreateFcn(hObject, eventdata, handles) 

* hObject handle to axesl (see GCBO) 

180 % eventdata reserved - to be defined in a future version of MATLAB 

% handles empty - handles not created until after all CreateFcns called 

182 

% Hint: place code in OpeningFcn to populate axesl 

184 

% Executes when figure! is resized. 

186 function figurel_ResizeFcn(hObject, eventdata, handles) 

% hObject handle to figurel (see GCBO) 

188 % eventdata reserved - to be defined in a future version of MATLAB 

% handles structure with handles and user data (see GUIDATA) 

A . 2 . 2 STARTDEVICE.m 

l ai = handles.ai; 

set(ai,'LogFileNarae', [handles.PathName handles.FileName]); 

3 set (ai,'LoggingMode','Disk' ) ; 

5 delaytime = str2num(get(handles.edit2, ' String'))/1000; ^convert from ms to s 

handles.delaytime = delaytime; 



A Experiment 

7 handles.timestarted = now; 

9 guidata (hObject, handles); 

start (ai) ; 

A.2.3 CLOSEDEVICE.m 

try 

2 ai = handles.ai; 

if isrunning(handles.ai), 

4 stop (handles.ai); 

delete (handles.ai); 

6 clear handles.ai; 

elf (1); 

8 end 

set (handles.pushbuttonl, 'Enable', 'on'); 

10 catch 

end 

A.2.4 INITDATA.m 

l %const 

samplingrate = 1000; 

3 displayrate = 100; 

totaltime = 121; 

5 displaysamples = samplingrate/displayrate; 

handles.PathName = ''; 

7 handles.FileName = 'data.txt'; 

9 ^create an analog object 

ai = analoginput('nidaq','Dev2'); 

11 addchannel (ai, 0, ' Fz') ; 

addchannel(ai,1,'Mx'); 

13 addchannel(ai,2,'My'); 

15 handles.samplingrate = samplingrate; 

set(ai, 'InputType', 'SingleEnded'); 

17 set(ai,'SampleRate', samplingrate); 

set(ai,'SamplesPerTrigger', samplingrate*totaltime); 
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19 ai.SamplesAcquiredFcnCount = displaysamples; 

handles.ai = ai; 

21 ai.SamplesAcquiredFcn = (SSamplesAcquiredFcn, hObject}; 

handles.ai = ai; 

23 set(handles.figurel,'position', [1180+28 0 1280+74 1024]); 

set (handles.axesl, 'Position', [74 0 1280 1024]); 

25 

% Update handles structure 

27 guidata(hObject, handles); 

A.2.5 m a x i m i z e .m 

1 function maximize(hObject, eventdata, handles) 

set(hObject,'Poisition',[0,0,1280,1024]); 

A.2.6 S a m p l e s A c q u i r e d F c n . m 

function SamplesAcquiredFcn(hObject,eventdata,hObjectGUI) 

2 

handles = guidata(hObjectGUI); 

4 

if (now - handles.timestarted)*100000 > handles.delaytime, 

6 

ai = handles.ai; 

8 delaytime = handles.delaytime; 

samplingrate = handles.samplingrate; 

10 

dd = samplingrate * delaytime; 

12 datavec = peekdata(ai, dd) ; 

14 Fzd = datavec (1, 1); %channell 

Mxd = datavec (1, 2); %channel2 

16 Myd = -datavec (1, 3); %channel3 

xd = Mxd/Fzd; 

18 yd = Myd/Fzd; 

20 set(handles .editl, 'String', num2str( round((now - handles.timestarted)*100000) )); 

22 lim = 1; 
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hLinel = plot (xd,yd,'o'); 

set (hLinel, 'Parent',handles.axesl); 

set (hLinel, 'XDataSource','xd','YDataSource','yd'); 

set (hLinel, 'XData', [xd], 'YData', [yd]); 

set (hLinel, 'MarkerEdgeColor','w','MarkerFaceColor','w','MarkerSize',20); 

set(handles.axesl, 'Position', [74 0 1280 1024]); 

set (handles.axesl, 'XLim', [-lim lim], 'YLim', [-lira lim], 'Color', [0,0,0]), 

set(handles.axesl,'XTick', [],'YTick', []) ; 

drawnow; 

set(hLinel, 'XData', 0, 'YData', 0); 

set(hLinel, 'MarkerEdgeColor','r','MarkerFaceColor','r','MarkerSize',30); 

drawnow; 

end 

A.2.7 p lotConvertWrite .m 

l clc; 

clear all; 

3 

trial = '1000_5'; 

5 

trialNameln = ['data.txt']; 

7 trialNameOut = [trial, '_XY.txt']; 

filepathin = ' C: WexperimentXYW ; 

9 filepathout = ' C: WexperimentXYWJSW ; 

n fileNameln = [filepathin, trialNameln]; 

fileNameOut = [filepathout, trialNameOut] 

13 

data = daqread(fileNameln); 

15 

x = d a t a ( : , 2 ) . / d a t a (: , 1) ; 

17 y = - d a t a ( : ,3) . / d a t a ( : , 1) ; 

c l e a r d a t a ; 

19 

L = 121*1000; 

21 

f i g u r e ( 1 0 0 ) 

23 s u b p l o t ( 2 ,4 , [3 ,4] ) ; 
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p l o t ( l :L ,x ) ; 

25 subplot ( 2 , 4 , [7 ,8] ) ; 

p l o t ( l :L ,y ) ; 

27 subplot ( 2 , 4 , [ 1 , 2 , 5 , 6] ) ; 

p l o t (x,y) ; 

29 a x i s e q u a l ; 

31 xy = [x, y ] ; 

save( f i l eNameOut , ' x y ' , ' - A S C I I ' , ' -TABS ' ) ; 

33 

c l e a r x; 

35 c l e a r y; 

c l e a r xy; 

37 

d i s p ( ' F i n . ' ) ; 
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Model Parameters per Subject 

Table B . l - Model parameters for each subject: lumped inertial and damping term e, propri­
oceptive feedback strength K, visual feedback strength 7, critical or Andronov-
Hopf bifurcation delay rc r i t , proprioceptive delay Tprop and minimum visual delay 
min{Tvis}. 

Subject 

AJ 
AK 
AT 

BR 
CB 
DA 

DG 
EH 
JS 
JW 
KT 
MN 

TC 
TK 

e [Hz] 
1.53 
2.18 
1.37 
1.78 
1.32 

1.95 
2.06 
1.89 
1.37 
2.32 
1.32 

1.91 
2.10 
1.71 

K [Hz] 

2.30 
3.27 
2.05 
2.68 
1.98 
2.92 

3.10 
2.84 
2.06 
3.49 
1.99 
2.87 
3.15 
2.57 

7 [Hz] 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 

Tcrit [SJ 

0.491 
0.345 
0.551 
0.421 
0.569 
0.386 
0.364 
0.397 
0.547 
0.323 
0.568 
0.393 

0.359 
0.440 

Tprop p] 

0.294 
0.207 
0.331 
0.253 
0.341 
0.231 
0.219 
0.238 
0.328 
0.194 
0.341 

0.236 
0.215 
0.264 

min{Tvis} [s] 

0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 
0.2 

0.2 
0.2 



Appendix C 

Consent Form 

Informed consent to participate in a study entitled: 

Interaction between standing balance and visual feedback. 

I, the undersigned, , consent to participate in the 

research study entitled Interaction between standing balance and visual feedback. 

Researchers 

Ramesh Balasubramaniam, Associate Professor, University of Ottawa, 

Jason Boulet, Student, University of Ottawa 

Funding Organization 

N/A 

Objective of the research study 

The primary objective is to investigate the effects of visual feedback on balance. 
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Participation in the study 

My participation will require attending a ninety minute session at the Sensorimotor Neu-

roscience Lab. I will be required to look at a visual target placed at eye level. 

Advantage for participation in this study 

There will be no immediate benefit to me resulting from participation in the study. This 

study may help further our understanding of balance control. 

Risks 

There are minimal risks associated with my participation in this study. 

Compensatory Indemnity 

N/A 

Confidentiality of information 

Information from the testing and training sessions will be held in strictest confidence 

and will not be used except for research purposes. It is understood that my data from 

will be coded in a way that will ensure anonymity. All data will be associated with a 

numeric code only. I understand that any published results will be presented with com­

plete anonymity. Data will be pooled for analysis, and all identifying documents will be 

kept separate from data. I understand that any personal data (e.g., address, telephone 

number) will be kept in a separate file folder, securely stored and accessible only by the 

researcher responsible for the project in the laboratory. I understand that all experi­

mental data will be kept in a CD, securely stored and accessible only by the researcher 

responsible for the project in the laboratory. This information may be kept for up to 

5 years once the data have been published and will be destroyed at the end of this period. 
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Questions concerning this study 

I understand that I may ask all my questions regarding this study and they will be an­

swered. These questions may be addressed to Ramesh Balasubramaniam (905.525.9140 

ext. 21208), principal investigator or Jason Boulet, student investigator. 

Contact person 

If I have any questions with respect to the ethical conduct of this study, I may con­

tact the Protocol Officer for Ethics in Research, University of Ottawa, Tabaret Hall, 

550 Cumberland Street, Room 159, Ottawa, ON KIN 6N5, tel.: 613.562.5841, email: 

ethics@uottawa.ca. 

Withdrawal from the study 

I understand that participation is voluntary, and that I may withdraw at any time for 

any reason, without prejudice. In the event of withdrawal, all of the information gathered 

will be destroyed and will not be used. 

Consent 

I declare that I understand this project, the nature and the degree of my participation 

and the possible disadvantages and risks of the project as listed in this consent form. I 

have had the opportunity to ask all my questions concerning the different aspects of the 

study and received responses to my satisfaction. 

I, the undersigned, , voluntarily accept to partici­

pate in this study. I can withdraw from the study at any time for any reason. I have 

had adequate time to make my decision. 

Two copies of this consent form have been signed and I have received one signed copy. 

mailto:ethics@uottawa.ca
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Name of participant 

Signature of participant Date 

Name of investigator 

Signature of investigator Date 

University of Ottawa, Faculty of Health Sciences 
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