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Abstract

Given a UFD R containing Q, we study R-elementary derivations of B = R,..., Y],
i.e., R-derivations satisfying D(Y;) € R for all 4; in the particular case of m = 3, we
will show that if R is a polynomial ring in n variables over a field k (of characteris-
tic zero), and a,,a3,a; € R are three monomials, then the kernel of the derivation
Z?:x a;8/9Y; of B is generated over R by at most three linear elements in the Y;'s.
This gives a partial answer to a question of A. van den Essen ([27]) about the existence
of elementary derivations in dimension six whose kernels are not finitely generated. A
set of generators is given for the kernel of R-elementary fixed point free derivations of
B. Also, some interesting examples of elementary derivations in dimensions six and
seven are provided as well as a criterion for a derivation of R1? (i.e., a polynomial
ring in two variables over R) to be R-elementary.

Given a field k of characteristic zero, it is well-known that the kernel of any linear
derivation of k[X), ..., X,] (that is, a k-derivation which maps each X, to a linear
form in X,,...,Xy) is a finitely generated k-algebra (see [28]). All known proofs
of this result are non-constructive in the sense that we do not know a generating
set for the kernel. Nowicki conjectured in [25] that the kernel of the derivation d =

i1 Xi0/8Y; of k[Xy,... , Xp,Y1,...,Y,] is generated over k by the elements uy; =
XiY; — X;Y; for 1 < i < j < n. Using the theory of Groebner bases, we prove
this conjecture in the more general case of the derivation D = Y"" | X%9/3Y; where
each t; is a nonnegative integer. Note that in the case of the derivation D, the finite
generation of the kernel is no longer evident. Note also that the generators of ker D
are linear in the Y;'s over k[X\,...,X,]; we will show that this is not always the
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case for elementary derivations by giving an example of an elementary derivation in
dimension seven whose kernel is finitely generated but cannot be generated by linear
forms.
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Introduction

Throughout this thesis, all rings are commutative and have an identity element. If A
is a ring, the notation B = A™ means that B is A-isomorphic to a polynomial ring
in n variables over A. The symbol k denotes a field of characteristic zero.

One of the problems related to the study of A?, the affine space of dimension n
over k, is the description of the algebraic structure of its group GA, (k) of automor-
phisms. This problem, often referred to as the Automorphism Proi;lem, is equivalent
to studying the k-algebra automorphisms of k™.

Very little is known about the structure of GA, (k) for n > 2.

One way to approach the Automorphism Problem is to study how various algebraic
groups act on A¢. In particular, consider the algebraic actions of G, on A}, where G,
is the additive group of k. Each such action f : G, x A} — A} determines a subgroup
{f. | t € k} of GA,(k) isomorphic to (k,+). It is a well-known fact (see Chapter
1) that algebraic G,-actions on A} are equivalent to locally nilpotent derivations of
k" (see definition 1.1.1 below). In other words, locally nilpotent derivations are the
algebraic interpretation of G,-actions.

Given a locally nilpotent derivation D : B — B of an integral domain B containing
k, an interesting object of study is the k-algebra ker D = {z € B | Dz = 0}, called
the kernel or the ring of constants of D. In fact it is known (see [3]) that the study
of locally nilpotent derivations essentially reduces to that of their kernels.

An important question to ask, when studying a derivation of k(" is whether or not
its kernel is finitely generated as a k-algebra. This question was answered positively
by Nagata and Nowicki ([23]) in the case n < 4. In higher dimension, many examples
of locally nilpotent derivations having non finitely generated kernels have been found,
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and each of these examples gives (by letting L = qt(ker D)) a counterexample to the
Fourteenth’s Problem of Hilbert, which can be stated as follows:

If L is a subfield of k(Xj,...,Xy,) containing k, is L N k[X;,... ,X,] a
finitely generated k-algebra?

The first counterexample to Hilbert’s problem was given by Nagata ([13]) in 1958,
with n = 32. It is now known that, for each n > 4, there exists a locally nilpotent
derivation of k["! whose kernel is not finitely generated. This leaves Hilbert’s problem
open only in dimension four. For more details, refer to section 1.4.

Of particular importance for this thesis is a counterexample found by Roberts in
1990 ([12]) in dimension seven, and which was used by Deveney and Finston ([11])
to show that, for any ¢ > 2, the kernel of the derivation

d a d o
= Y+ _ 2 t+1_~ t+1_= e
D= X; Y, + X, oY, + X3 oY, + (X1 X2X3) 3Y, (1)

of k[Xy, X2, X3, 11,72, Y3,y is not finitely generated as a k-algebra. This Robert-
Deveney-Finston example suggests that we study a special type of derivation of poly-
nomial rings, called elementary derivations (see below). In fact, most of this thesis is
devoted to the study of elementary derivations and of their kernels.

Let D be a k-derivation of the polynomial ring k[Z,,...,2Zx] (N > 2). We say
that D is elementary if for some partition

{Zy....Zx} = {X1,.... X} U{V,,..., Y}

D is of the form

0 i)
D=01(X1,... ,Xn)g'ﬁ+"'+%(xl,... ’XR)W

where each q; is in k[X), ... , X;]. Elementary derivations are easily seen to be locally

nilpotent. We say that D is a monomial derivation if it is of the form

a G
D—Ml-a-zl-+"'+MN52;

where each M; is a monomial in Z,,...,2n.
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Note that (1) is an elementary monomial derivation of k{"! (i.e., a derivation which
is both elementary and monomial). We will show in Chapter 2 that every elementary
monomial derivation of k(% has finitely generated kernel. Moreover, a corollary of the
main result in section 2.3 states that the kernel of any elementary monomial derivation
of k[X,...,Xa,Y1,Y2,Ys] is generated over k[X,,...,X,] by at most three linear
elements in the Y;’s (this holds for any n).

Elementary derivations of polynomial rings were studied in [13], where it was
shown (in particular) that the kernel of any elementary derivation of the polynomial
ring B = k[X,,... ,X;,,..., Y] is a finitely generated k-algebra whenever n+m <
5. It was also shown in [27] that if n > 3 and m > 4, then the kernel of any derivation
of type (1) is not a finitely generated k-algebra. There remains the case where m = 3
and n > 3, about which little is known (see Question 4.3 in [27]). In Chapter 2,
we will prove some results for the case m = 3 in the more general case where the
subalgebra k[X,,. .., X,] of B is replaced by a UFD.

Once we know that the kernel of a given derivation D : B — B is finitely gen-
erated over k, one may ask for a set of generators of the kernel. Indeed, one of the
standard techniques for investigating a G,-action is to study the scheme Spec A and
the morphism of schemes Spec B — Spec A, where A = ker D. If we know a set
{fi,...,f+} such that A = k[fy,...,f,], then we readily have a closed immersion
Spec A — A}, which is very helpful for investigating these geometric objects.

The problem of finding a set of generators for the kernel seems to be hard even for
some derivations that look (at least at the first glance) easy to deal with. For instance,
a well-known result of R. Weitzenbock ([30]) states that any locally nilpotent linear
derivation, i.e., a locally nilpotent derivation of the form

n
d .
Z(a,-le + -4 aian)a—X; . k[Xl, e ,Xn] -_ k[kl, e ,Xn]
i=1 '
(aij € k for all 4, j), has a finitely generated kernel. In his proof (as well as in all the
others that appeared later), Weitzenbock gave no set of generators for the kernel. It

is interesting to note that even for the simplest linear derivation
- 0
= 2 : X:— 2
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of k[Xy,... ,Xn, Yi,...,Yy], the problem of finding a set of generators for the kernel
doesn’t seem to be easy. In fact, for the derivation (2), Nowicki ([25]) found explicitly
a set of generators for the kernel in the case n < 4, and gave a finite set of elements of
k[Xi,...,Xn,Y,,...,Y,] that he conjectured to be a set of generators for kerd,, for
arbitrary n (see Conjecture 6.9.10 in [25]). The same set was claimed by H. Kojima
and M. Miyanishi ([20]) to be a set of generators for kerd,; but, as we will show
in Chapter 3, their proof fails at one point. In Chapter 3, we will prove Nowicki's
conjecture in the more general case of the derivation

n ‘,a
6,.=ZX{57‘

i=1
of k[X,,... ,Xp, Yi,...,Y,] where ty, ... ,t, are nonnegative integers. Our main tool
for this will be the theory of Groebner bases.
Another interesting linear derivation is A, defined on k[X), ... , X,] by A (X)) =
0 and A,(X;) = X;_; for i > 2. When n < 5, sets of generators for ker A, can be
found in [25]. For arbitrary n, [15] proposed a finite set of generators for ker A,, but
it was shown later (see {29]) that this wasn’t a generating set.

This thesis is divided into three chapters. Chapter 1 presents some known facts
about locally nilpotent derivations, facts that will be used in the rest of the work.
Section 1, however, which explains the equivalence between locally nilpotent deriva-
tions of k" and G,-actions on A?, will not be needed in later parts of the thesis.
The last section explains the connection between kernels of derivations of k™ and
the fourteenth problem of Hilbert and gives a brief description of the recent progress

concerning this problem.

Given a UFD R containing Q, we study in Chapter 2 the class of R-elementary
derivations of B = R[Y},...,Yy], i.e, R-derivations of the form

Zaia—i—_ : RW,...,Ya] — R[Y,..., Y] where ay,... ,a,, € R. (3)

=1
This study was inspired by a question of van den Essen (see question 4.3 in [27]), ask-
ing whether there exist k[X, X2, X3]-elementary derivations of k[ X}, X;, X3, Y}, Y3, V3]
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whose kernels are not finitely generated over k. The derivation (3) is said to be fired
point free if 1 belongs to the ideal of R generated by the elements a,, ... ,a,,. We say
that (3) is a standard derivation if its kernel is generated over R by standard linear con-
stants L;;, that we define as follows: given ¢,j € {1,...,m}, define L= i;-Y,- - %Y,-
where:
_ ) gcd(ay,0;) ifa;#0o0ra; #0
ij-{l if a; =0 = a;.

We start in section 1 by proving a (well-known) sufficient condition for finite gener-
ation of the kernel of a locally nilpotent derivation. Section 2 shows that if (3) is
fixed point free, then it is standard. Note that it was shown in [27] that, if R = k™),
then the kernel of any R-elementary fixed point free derivation of R™ (m > 1) is a
polynomial ring in n +m — 1 variables over k. In Section 3, we are mostly concerned
with the case m = 3. In this case we will give (under certain assumptions) a nec-
essary and sufficient condition on the elements a;, a;, a; of R so that the derivation
(3) is standard. As a corollary, it is shown that if R = k[X),... , Xn], then every
R-elementary monomial derivation of RP! is standard; this gives a partial answer to
van den Essen’s question. Section 3 also investigates some situations where one can
show the finite generation of the kernel of R-elementary derivations. The case of
elementary derivations of k!¢ is studied separately in section six where it is shown
that if R = k{ then the kernel of any monomial R-elementary derivation of R4 is
a polynomial ring over R. In section five, a criterion for a derivation of R? to be
R-elementary is provided in the form of necessary and sufficient condition. Some
interesting examples of elementary derivations of k® are studied in section 4, giv-
ing further partial answers to van den Essen’s question. We finish Chapter 2 with
some results concerning monomial elementary derivations in dimension seven (see (1)

above).

Chapter 3 is mainly devoted to the solution of a generalization of Nowicki’s con-
Jecture. As mentioned earlier, our main tool for that is the theory of Groebner bases.
A self-contained introduction to this theory is included in section 1, together with
some of its interesting applications. Elimination theory (Theorem 3.1.28) is of crucial
importance for the proof of the conjecture. In section 2 we develop some techniques



that are helpful, in some cases, for determining the primeness of certain ideals of A",
where A is a domain but not necessarely a UFD; in particular, we give a necessary
and sufficient condition for the primeness of the principal ideal (a; X; + - - - + an Xp)
of A[X,...,X,], where a,,...,a, € A. With the help of those techniques, we then
examine the proof of Nowicki’s Conjecture which is given in ([20]) and show that one
step of that proof is incorrect. It is because we were unable to fix that mistake that
we wrote our own proof, which we give in section 3. The generalization of Nowicki’s
Conjecture is stated as Theorem 1, which is the main result of Chapter 3. The proof
of that theorem is not very long, but one step in the proof requires Proposition 3.3.4,
whose proof fills more than 50 pages.

Regarding the nature of the proof of Proposition 3.3.4, some comments are in
order. The proposition asserts that, for every positive integer n, a certain finite set
Gh, is a Groebner basis of a certain ideal of k[*™+5)/21_ For a given value of n, deciding
whether G, is a Groebner basis is done by carrying out, for each pair (f, g) € G, X Gy,
a finite computation whose outcome is either YES or NO; in other words, we have to
evaluate a certain function F, : G, x G, = {YES, NO} at each element (f, g) of its
domain (then G, is a Groebner basis if and only if F,(f, g) = YEs for all (f,g)). So
the proof of Proposition 3.3.4 by brute force would require the evaluation the function
F : G — {YEs, NO} at each element of its domain, where G = U, (G x G,) and
F = UpF,. However, this cannot be done because the domain of F is an infinite
set. In essence, our proof of Proposition 3.3.4 consists in finding a finite partition
P, U --- U Py of dom(F), proving that F is constant on each P; and, for each i,
verifying that F(f,g) = YES for some (f,g) € P.. The number N of sets in the
partition is initially quite large but, after many simplifications, the number of pairs
(f,g9) at which F has to be evaluated is brought down to 106. All computations are
displayed in the proof of the proposition.

The thesis closes with an interesting example of a derivation of the polynomial ring
k[X1, X2, X3, 1, Y, Vs, Yy] which is monomial, k[X,, X, X;3]-elementary and whose
kernel is finitely generated over k but cannot be generated over k[X, X2, X3] by linear
forms (i.e., polynomials of the form ), a;Y: with a; € k[X}, X3, X3]). This shows that
Question 2.7.6, proposed at the end of Chapter two, is not true in dimensions higher
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than six. Again, we use the theory of Groebner bases to show the finite generation
of the kernel.
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Chapter 1

PRELIMINARIES

In this chapter we study some basic facts and properties of locally nilpotent deriva-
tions that will be needed in the coming chapters. In the first section we introduce the
relation between locally nilpotent derivations on a domain B (containing k) and the
algebraic actions of G, (see definition 1.1.7 below) on the affine scheme X = Spec(B).
From a geometrical point of view, this relation is one of the main motivations for
studying locally nilpotent derivations on B. In the second section, we study basic
properties of locally nilpotent derivations of integral domains in general. Although
these basic properties are well known, we include the proof of each of them for the sake
of completeness. The important case of polynomial rings will be studied in section
three where we present the most recent progress in this case. Finally, a brief history
of Hilbert’s fourteenth problem and its connection to locally nilpotent derivations of

polynomial rings is given in section four.

This chapter does not contain new results. Most of the content of sections 1 and
2 is “folklore”; for this type of material, we included the proofs but (in many cases)
could not find references. The treatment of 1.1.10 is a suggestion of my supervisor.

The results given in sections 3 and 4 are properly referenced.



CHAPTER 1. PRELIMINARIES 2

1.1 G.-actions on affine spaces

In this section, and unless mentioned otherwise, B always denotes a k-domain, i.e.,

an integral domain containing the field k.

Definition 1.1.1. Let B be any ring.
(a) A derivation of B is a map D : B — B satisfying:

1. D(z +y) = D(z) + D(y)

2. D(zy) = zD(y) + yD(z)
for all z,y € B.
(b) A derivation D of B is called locally nilpotent if for every z in B there exists
n > 0 (depending on z) such that D*(z) = 0.
(c) If A is any subring of B, then the derivation D of B is called an A-derivation if
D(a) =0 for all @ in A.
(d) We denote by LND(B) the set of locally nilpotent derivations of B.
Example 1.1.2. If B = A[X;; i € I]is a polynomial ring over a ring A with variables
indexed by an arbitrary set I, then for each ¢ € I, the usual partial derivative with
respect to X;, denoted by ﬁ:, is an A-derivation of B which is locally nilpotent.

Proposition 1.1.3 (The Leibnitz’ identity). Let B be an integral.domain of char-
acteristic zero and D : B — B a derivation. Then, for alln € N and z,y € B,

n

D'zy) =Y (’:) Di(z)D"(y).

=0
Proof
By inductionon n. g

Proposition 1.1.4. Let B be a subring of a Q-algebra C, let D : B — B be a locally
nilpotent derivation and let v € C. Then
exp(hD):B — C
1 n n
b — 3 —D"(b)y
neN
is a homomorphism of A-algebras, where A = ker(D).
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Remark 1.1.5. We are not claiming that the homomorphism exp(vD) coincides
with the exponential of the derivation vD. However, the two concepts are the same
whenever 4D is locally nilpotent.

Proof
It is clear that exp(yD) preserves addition and restricts to the identity map on A, so
it's enough to verify that

(Z il!D‘(z) 7‘) (Z ;—!D’(y) 7’) =) %D"(zy) 7" (4)

ieN jeN neN

holds for all z,y € B. Now the coefficient of 4" in the left hand side of (4) is

> FP@P6=5 Y 5HP@D),

i+j=n *itj=n

and this is equal to X, D"(zy) by the Leibnitz’ identity. @

1.1.6. We recall some of the properties of the contravariant functor Spec, which goes
from the category of k-algebras to that of affine schemes over k.

1. If A is a k-algebra then Spec A is the set of prime ideals of A, endowed with
extra structure so as to make it an affine scheme over k. (The “extra structure”
consists of a topology, a sheaf of rings and the morphism Spec(v) : Spec A —
Speck, where v : k — A is the inclusion map.)

2. Every affine scheme over k is isomorphic to Spec A for some k-algebra A.

3. If A = k™!, then Spec A is denoted A? (or simply A") and is called the n-
dimensional affine space over k. When k is algebraically closed, A} may be
identified with the algebraic variety k™.

4. If A, B are k-algebras then Spec gives a bijection from the set Hom, (A4, B) of
homomorphisms of k-algebras to the set Hom,(Spec B, Spec A) of morphisms
of schemes over k. If ¢ : A — B is a homomorphism of k-algebras then, as a
set map, f = Spec(¢) : Spec B — Spec A is defined by f(p) = ¢~*(p) for each
prime ideal p of B.
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5. If A, B are k-algebras then the product Spec(A) x Spec(B) (in the category of
affine schemes over k) is isomorphic to Spec(A ®; B). For example, A™ x A" =
A™". Another important example is A! x Spec B 2 Spec (Bl!).

Definition 1.1.7. If k is algebraically closed, the symbol G, (or G,(k)) denotes the
group (k, +) viewed as an algebraic group. For arbitrary k, one defines G, = A! as
an algebraic variety and the group operation is the morphism

Gq, ¢~ G, x G,

which corresponds to the k-algebra homomorphism
KT] —  k[T)®klT] — KX,Y]
T — T®1+10T — X+Y
Definition 1.1.8. Let B be a k-algebra and X = Spec B. An algebraic action of
G, on X (or simply a G,-action on X) is a morphism
f:GaxX—oX
(of schemes over k) satisfying the following two conditions:
1. The composition X — G, x X Lixisi x, where € is defined by:
G, xX & X
B[T] = B
T — 0.

2. The diagram:
GoxGgx X A6ax], Gox X

e | I

G, x X N X

is commutative.
Remark 1.1.9. If k is algebraically closed, G, can be identified with the additive
group (k,+) of k and note that a G,-action on X is a morphism f : k x X — X

which satisfies:
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1. f(O,z)=zforallze X
2. fla+b,z) = f(a, f(b,x)) for all a,b € k and z € X.

1.1.10. Let B be a k-domain. We show that the concept of a G,-action on Spec B
is equivalent to that of a locally nilpotent derivation B — B. Since G, x SpecB =
Spec B[T}, there is a bijection between the set of morphisms

Spec B «— G, x Spec B
and the set of k-algebra homomorphisms
B — B[T].

Fix a morphism f : G, xSpec B — Spec B and let ¢ : B — B|T] be the corresponding
k-homomorphism. Then f satisfies the conditions (1) and (2) of 1.1.8 if and only if
¢ satisfies the following conditions (1’) and (2'):

(1') The composition
B-% B[T| =5 B

is the identity map of B. In other words, for each b € B the constant term of

o(b) € B[T} is b itself.

(2') Given indeterminates T;,T> over B, each element g(T') = 3_,b,T" (b; € B) of

the image of ¢ satisfies
9(Ty + T) = g¥n)(Tp),

where gn)(T;) = ¥, o7, (b;) T} and where ¢7, : B — B[T\] is the k-homomorphism
determined by f. In other words, ¢r, is the composition

B % B[T] = BT
T — Tl-
Hence, ¢ — Spec(¢) is a bijection from

T % set of k-algebra homomorphisms B N BT satisfying (1') and (2')
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to the set of G,-actions on Spec B. We now proceed to define bijections ¥ — LND(B)
and LND(B) — ¥ which are inverses of each other. Given ¢ € £, let D : B — B be
the composition B 2+ BT ALY B[T] = B, where d/dT is the usual T-derivative.
Since the two maps evq and d/dT are additive, D is also additive. Also, if a,b € B,
then

D(ab) = evq[d/dT(¢(ab))]

= evg[d/dT(¢(a)é(b))]

= evo [¢(a)d/dT((b)) + #(b)d/dT(¢(a))]

= evo(¢(a))evo [@/dT(4(b))] + evo(d(b))evo [d/dT (4(a))]
= aD(b) + bD(a) by condition (1) above.

This proves that D is indeed a derivation of B. Next, we prove that D is locally
nilpotent. For this, we will use condition (2'). Let T, T),T: be three indeterminates
over B, then for any b € B, ¢r(b)(T; + T2) = ¢1(b)®™)(Ty) and so if we write

[ 4
ér(b) = Y _bT*
1=0
then we have
t t
S b+ T) =) ér(b)T. (5)
=0 =0

Now by comparing the coefficients of T5' in both sides of equation (5) we get that

i .
> i b ( | )Tl"‘ = én(b) (6)
for any I. Comparing the coefficients of T} in both sides of (6) we get that
D(b) = (I + )b+ (7)
for any [. Taking | = 0 gives that D(b) = b, (since by = b by (1')). Consequently,

Di(b) = i (8)
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for any i. Since b; = 0 for any i > t, then D'(b) = 0 for any ¢ > ¢, and D is locally
nilpotent. So D € LND(B).

Conversely, let D € LND(B) and consider

¢=exp(TD):B — B[T]
b — Z —D"(b
nen "t
which is a homomorphism of k-algebras, by Proposition 1.1.4. Obviously, it satisfies
condition (1’). For condition (2'), let b € B and let T, T, be two variables over B,

then if g = }:f_o ®Ti (b € B) is in the image of exp(T D) with s = max{r > 0 |
Dr(b) # 0} we have that
Di(b -
om+7) = 32 ny
1=0

- B ()

= Z Z u(, |TITH

i=0 =0

On the other hand,

g©PTDN(Ty) = Zexp(ﬂ (D(b)) T;

i=0

-3 (Z ;-!Diﬂ'(b)T{) T

i=0 3>0

Dt+J b
Sy e

=0 j>0

Let | =7 + j, then the above calculation shows that

g&PTD)(T,) = 21—021-0]' - T’Tg'J =9(T\ + T3).

So, exp(TD) € L.
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It remains to show that the two maps £ = LND(B) and LND(B) 4 S defined
above are inverses of each other. Fix b € B. If ¢ € ¥, write ¢(b) = ijo b;T7,
where b; € B for all j with b = b by condition (1'). Let D = a(¢), then 3(D)(b) =
Y50 ST, But D¥(b) = j'b; (by (8)) for any j and hence B(D)(b) = 5,077 =
#(b). This shows that 8o a(¢) = ¢. Conversely, if D is a locally nilpotent derivation
on B, then by definition of exp(T D), we have that d/dT (exp(TD)(b))|ir=o = D(b).
In other words, a o 3(D) = D.

To summarize, we have shown that the following are well-defined bijections:

ILND(B) — X — set of G,-actions on Spec(B)
D — exp(TD)
¢ —  Spec(¢)

where I is the set of k-homomorphisms B — B[T satisfying (1') and (2).

1.2 Properties of locally nilpotent derivations

In this section, B denotes a domain of characteristic zero, D : B — B is a nonzero
derivation of B, and A = ker D.
Note that A is a subring of B, so in particular D(v) = 0 for every v € Z.

Definition 1.2.1. An element b of B is called a local slice of the derivation D if
D(b) € ker(D)\{0}. It is called a slice if D(b) = 1.

Remark 1.2.2. If D is a nonzero locally nilpotent derivation, then it has a local slice.
Indeed, choose by € B such that D(by) # 0, and let F = {m € N | D™(b) = 0}. Let
n = inf F (since D is locally nilpotent, we know that F is not empty), so D"(by) = 0,
and 1 < n < m whenever D™(bo) = 0. Note that n > 2 and let b = D"~%(h) € B,
then D(b) = D"~'(b) # 0 and D?(b) = D"(by) = 0, so b is a local slice for D.

Proposition 1.2.3. Let R be a domain, E = R[Y;,... Y;]| & R" @ polynomial ring
in n variables over R. If D : E — E is an R-derivation of E satisfying D™(Y;) =0
for some n; > 1, then D is a locally nilpotent derivation of E.
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Proof
Using the Leibnitz’ identity, it is easy to prove that the set C of elements of E killed
by some power of D is an R-subalgebra of E. Since C contains all the Y;'s, it is equal

toFE. g

Definition 1.2.4. A subring C of B is called factorially closed if for all z,y € B, we

have
zye C\{0} =z,yeC.
Definition 1.2.5. A degree function on a domain B is a map
v:B > ZU{-}
satisfying the following properties:
1. v(b) = —oo if and only if b = 0;
2. v(z +y) < max(v(z), v(y)) for every z,y € B;
3. v(zy) = v(z) + v(y) for every z,y € B.
If D: B — B is a locally nilpotent derivation, one can associate to D the map
vp: B — NU {~o0}
defined by the formula

vp(z) = { max{n > 0 | D"(z) # 0} ff;,; #0
-0 ifxr=0

Lemma 1.2.6. If D : B — B is a locally nilpotent derivation of B, then the map
vp : B - NU {—o0} is a degree function on B satisfying condition
4. vp(D(z)) = vp(z) = 1 if D(z) # 0.
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Proof
We prove first that the three conditions of definition 1.2.5 are satisfied for vp. Con-

dition 1 is clear from the definition of vp. For conditions 2 and 3, let T be an
indeterminate over B, K = Frac B and consider the homomorphism

exp(TD): B — K([T)
b= s D’J,b T?

defined in section 1. It is clear that vp is the composition
B 2P k111 9% NU {~00}

where deg is the usual T-degree on B[T]. Since exp(T D) is a homomorphism (Propo-
sition 1.1.4), conditions 2 and 3 follow. For condition 4, let z € B\{0} such that
n = vp(z) > 0, then D"~}(D(z)) = D*(z) # 0 and if p > n — 1, then DP(D(z)) =
DP*Y(z) =0 since p+1 > n. Hence vp(D(z)) =n—1=vp(z)-1. & :

It turns out that the degree function associated to a locally nilpotent derivation
D is very useful to prove some of the properties of D, as we will see in the following

Propositions.

Proposition 1.2.7. If D : B — B is locally nilpotent, then its kernel is a factorially
closed subring of B.

Proof
If z,y € B\{0} with D(zy) = 0, then vp(zy) = 0. Lemma 1.2.6 gives that vp(z) +
vp(y) = 0 and consequently vp(z) = vp(y) =0,s0 z,y € kerD. u

Corollary 1.2.8. If B is a k-domain and D : B — B is locally nilpotent, then
B* C ker D and consequently D is a k-derivation.

Proposition 1.2.9. Let D : B — B be a derivation of B, A = kerD and S a
multiplicatively closed subset of B\{0}. Then:

1. D can be extended to a derivation S™'D : S~'B — S™1B.
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2. S7'D is locally nilpotent if and only if D is locally nilpotent and S C A.
3. IfSC A, thenkerS™'!D=S5"1'4 and S"'ANB = A.
Proof

1.Ifbe B and s € S, define S~'D (¢) by the formula
b) _ sD(b) - bD(s)

3 o (the quotient rule of derivation).

1o

It is easy to see that S™'D is indeed a derivation on S~!B that extends D.

2. If S7'D is locally nilpotent, then clearly D is locally nilpotent. Moreover, if s € S,
then S~'D(1s) = S~'D(1) = 0, and so S™'D(}) = 0 = S~'D(s) by Proposition
1.2.7. This shows that s € BNker(S™1D) = A, and hence S C A. For the converse,
assume that D is locally nilpotent and S C A and let b € B, s € S. We claim that
(S-'D)* (%) = 1D"(b) for all n € N. Indeed, the claim is obviously true if n = 0.
Assume n > 1, then

wor(() = sofeor ()

= S°'D (%D"“(b)) (by the induction hypothesis)
-1 1 n—1 1 n
= S7'D A D (b)+;D(b)
1 . ) -1 1
= ;D (b) since ST'D 5 =0 (SCA).
This proves the claim. Choose n > 0 such that D*(b) = 0 (D is locally nilpotent),

then (S'D)" () = LD™(b) = 0 and so S~ D is locally nilpotent.
3. Assume that S C A, and let 2 € ker S~'D, then

S-1p (b) —0= sD(b) — bD(s) _ D(b).

s s2 s
Hence D(b) = 0 (B is a domain) and b € A. So ker S™!D C S~'A. Conversely,
if £ € S~1A, then b € ker D, and hence D(b) = 0, so S~'D (%) = 208 = 0, and
® € kerS~'D. Thus, ker S™'D = S~'A. In particular,

ST'ANB=kerS'DNB=A.
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Proposition 1.2.10. (Proposition 2.1, [32]) Assume that Q C B and let D :
B — B be a locally nilpotent derivation. If b € B is a slice of D, then

1. ker D is the image of the homomorphism exp(—bD) : B — B.
2. B = A[b) = A" where A = ker D.

Proof
Write ¢ = exp(—bD).
(1) If z € ker D, then {(z) = z and z € im (. Conversely, suppose that y = {(z) for
some z € B, then

v=3 (-t D) ©

=0

where n = vp(z). If n =0, then y =z € ker D. If n > 1, applying D to (9) gives
that

D(y) = D(z) - D(z) — bD?*(z) + bD*(z) + - - - + (=1)*"! (nb:),p"(z) +
n—1 n
(-1)" (nb_ D) + (-1)"%0"“(3,-) =0.

So y € ker D.
(2) If B # A[b}, then one can choose z € B\A[b] such that vp(z) is minimal. Since
vp(D'z) < vp(z) for all i > 1, the minimality of vp(z) implies that the element

2.1

Y =(-b)'D'z
7!
i=1

of B is in A[b]. Part (1), together with the fact that

— 1 ipi

((z) = z+ZE(_b) D'z

=1
imply that £ € A[b]. This is a contradiction. So B = A[b] and since A is algebraically
closed in B (easily verified), B = A[b] = Al!. &
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Corollary 1.2.11. Assume that Q C B. Let D : B — B be a locally nilpotent
derivation, and b € B a local slice for D. Put S = {(D(b))";n > 0}, then S~!B =
(S1A4)[b] = (S~rA)H.

Proof

Clearly, S is a multiplicatively closed subset of A = ker D, hence D can be extended to
a locally nilpotent derivation S~'D on S—!B with kernel equal to S~'A (Proposition
1.2.9). On the other hand, it is clear that 3%'5 is a slice for S™'D, hence Proposition
1.2.10 implies that S~'B = (S~'A4)[b/D(b)] = (S~*A)1l. @

Corollary 1.2.12. If D : B — B is a locally nilpotent derivation, A = ker D and
S = A\{0}, then S—'B = (Frac A)l!l and (FracA) N B = A.

Proof
Note first that S is a multiplicatively closed subset of B\{0}. Choose a local slice
bof D, and let T = {(D(b))";n > 0}, then T C S. Now, S~'B = (TS)"'B =
S-1((T-'A)M) (Corollary 1.2.11) = (S-}(T-14)M = (TS)-'A)M = (S14)ll =
(Frac A)!l. Also, by propostion 1.2.9, we have that S"'ANB = A and hence (Frac A)N
B=A. n

Another corollary of proposition 1.2.10 is the following

Lemma 1.2.13. Let R O Q be an integral domain, B = R™ agnd D: B — Ba
locally nilpotent R-derivation. If D admits a slice which is a variable of B over R,
then there ezists a coordinate system (2,,...,2Zy,) of B over R such that D = 8/0Z,,.
In particular, ker D = R™-1.

Proof

Let A = kerD. If s is any slice of D then B = A[s] = AlM (Proposition 1.2.10),
so B/sB = A. If s is also a variable of B over R then B = R[sy,...,Sm-1, 5}, 50
B/sB = Rm-11_ [t follows that A & R™-! i.e., we may choose Z,,...,Zn_; such
that A = R[Z),...,Zn-1]. Let Zy, = s, then B = A[Z], so we are done. B

Let b € B, and define the map bD : B — B by (bD)(z) = bD(z) for all z € B.
It is easy to see that bD is a derivation of B whenever D is one. A less obvious fact

is the following.
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Proposition 1.2.14. Let D : B — B be a derivation of B. For b € B\{0}, the
derivation bD of B is locally nilpotent if and only if D is locally nilpotent and b €
A =kerD.

Proof

Assume that D is locally nilpotent, and that b € A. Using an easy induction argument
(and the fact that b € A), one can see that (bD)"(z) = b"D"(z) for all z € B and all
n > 0. This proves in particular that bD is locally nilpotent. For the converse, assume
that bD is locally nilpotent; we need to show that D is locally nilpotent and that b € A.
We may assume that D # 0. Then (Remark 1.2.2) bD has a local slice s € B, i.e.,
0 # (bD)(s) € ker(bD), so bDs € ker(bD)\{0} and so b € ker(bD) = ker D = A since
ker(bD) is factorially closed in B. If z € B then (for some n € N) (bD)*(z) = 0, but
b € A implies that (bD)"(z) = b"D"(z), so D*(z) = 0. Hence, D is locally nilpotent.
a

Proposition 1.2.15. Let D : B — B be a derivation, f € B[T] < Bl!l. There ezists
a unique derivation D, of B[T)| extending D and satisfying D,(T) = f. Moreover,
D, is locally nilpotent if and only if D is locally nilpotent and f € B.

Proof
The vproof requires some work. Let D, : B[T| — B[T] be the map defined by

D, (i b,T) = i[D(b,)Tl + ibifTi-l].

=0 =0

It is straightforward to check that D, is indeed a derivation of B|T] extending D, and
that D; is the unique derivation of B[T) sending T to f.
Now, assume that D is locally nilpotent, and f € B. Then the set

{z € B[T)|D}(z) = 0 for some n € N}

is a subring of B[T] containing B and T'; hence equal to B[T]|. So D, is locally

nilpotent.
Conversely, assume that D, is locally nilpotent, then D is also locally nilpotent since
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D, is an extension of D. It remains to prove that deg f = 0. Let g = Y"1 b,T" be
an element of B[T], then

Di(g) = ¢'®/(T) + f4'(T) (10)
where
¢P(T) = D(b) + D(b,)T + - - - + D(bs)T".

If deg f > 1, then deg f¢'(T) > degg and since degg®)(T) < degg, equation (10)
gives that deg D,(g) = deg f¢’'(T') > deg g, and this contradicts the assumption that
D, is locally nilpotent. If now we assume that deg f = 1, then equation (10) becomes

Di(g) = ¢'”/(T) + ¢'(T)(aT +1)

for some a,b € B with a # 0. So the coefficient of T" in D,(g) is D(b,) + nab,. We
prove now that this coefficient is not zero. If D(b,) = —nab,, then we can apply the

map vp to both sides of this equality and get that
vp(bs) — 1 = vp(a) + vp(bs).

This means that vp(a) = —1, which is not possible. So D(b,) + nab, # 0 and
deg D;(g) = degg, this also contradicts the assumption that D, is locally nilpotent.
We conclude that deg f(T) =0,and f€ B. B

A special type of derivation we will often look at called an irreducible derivation.

Definition 1.2.16. A derivation D : B — B of a domain B is called irreducible if
the only principal ideal of B containing D(B) is B itself.

Proposition 1.2.17. Let B be a UFD, D : B — B a nonzero derivation of B.
Then:

1. D = aDy for some a € B and some irreducible derivation Dy of B. Moreover,

a and Dy are unique up to multiplication by units of B.

2. D is locally nilpotent if and only if Dy is locally nilpotent and a € ker D.
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Proof

Part (2) is clear from Proposition 1.2.14. Part (1) is clear if D is irreducible, so we
may assume that (DB) C a;B for some a; € B\B*. In other words, D = a,D,
for some derivation D; of B. If D, is irreducible, we are done. If not, we can find
az € B\B*, and a derivation D, of B such that D = a,a;D5,s0on --- . If D, is
not irreducible for all n, then for b € B with Db # 0, we can construct an infinite
sequence of principal ideals

(Db) Cc (Dib)C...Cc(Dab) ...

of B. This is not possible since B is a UFD.

For the uniqueness (up to a multiple by a unit) of @ and Dy, assume that D = a, D, =
a2 D, for some a,;, a; € B and irreducible derivations D;, D,, and let d = ged(ay, a3)-
Then (a,/d)D, = (az/d)D; and D(B) C (a;), D(B) C (az). Now, since a,/d and
ay/d are relatively prime,

D,(B) C (az/d) and D,(B) C (a;/d).

But D, and D, are irreducible, so (a;/d) and (a;/d) are units. Hence a; and a; are
associates. This finishes the proof. g

1.3 Case of polynomial rings

One case of special interest for us is the case of derivations of polynomial rings. In this
case, we have, among other attractive properties, a nice expression of the derivations.
We start with a general setting.

For any ring B, recall that Der (B) and LND(B) are respectively the sets of deriva-
tions and locally nilpotent derivations on B. It is clear that if d,, d; are two deriva-
tions of B and b € B, then d; + d;, bd; are also derivations on B. This gives
Der (B) the structure of B-module. Also, if d,,d; are elements of Der (B), then
[d1,d3] := d\dy — dad, is also a derivation on B. This means that Der (B) is also a
Lie algebra. If A is a subalgebra of B, then Der, (B) will denote the submodule of
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Der (B) consisting of all A-derivations of B. If B = A[X],...,X,] is a polynomial
ring over A, we will show that Der, (B) is a free B-module. This result will be often

used in the coming chapters.
Proposition 1.3.1. Let B = A[X,,..., X,] be a polynomial ring over a ring A.

1. 3%,... ., 3% is a basis of the B-module Der, (B).

2. If f € B and d € Dery (B), then d(f) = %, d(X.) &
Proof

(1) Let d € Der4 (B), and let a; = d(X;) foreachi € {1,... ,n}. Put D=Y"_ aiaix.-’
then it is clear that D is an A-derivation and d(X;) = D(X;) = a;. Hence d = D,

and the set {8"7!, ... 5%} generates Der4 (B) over B. For the uniqueness of the
coefficients, assume that d € Der (B) is such that d = 377, aiz% = 30, big% for

some a;, b; € B, then evaluting both sums at X; gives that a; = b; for all i.
(2) Clear from the proof of (1). ®

In the case of polynomial rings one can also classify locally nilpotent derivations

according to their ranks. First a definition.

Definition 1.3.2. Let B be a ring and R a subring of B such that B = R™. A
coordinate system of B over R is an ordered m-tuple (Y;,...,Yn) of elements of B
satisfying B = R[Y},...,Yn).

Note that if B = kl™ (where & is a field) then we may simply speak of a “co-
ordinate system of B”, without mentioning k, since k is uniquely determined by B
(k = B* U {0}).

Now we define the notion of “rank”:

Definition 1.3.3. (/18]) If B = ki is a polynominal ring in n variables over k and
D is a locally nilpotent derivation of B, we define the rank of D to be the least
integer r > 0 for which there exists a coordinate system (X, ..., Xn) of B such that

k[X1, ... Xnr] C ker D.
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If B = kl"l, then locally nilpotent derivations of B of low ranks are easy to
understand. For instance, it is clear that if D : B — B is of rank zero, then it is the
zero derivation. Also, it was shown in [18] that locally nilpotent derivations of rank
one of B = k™ can be characterized by the two conditions

ker D = ki*~Y and B = (ker D)!.

Also, the locally nilpotent derivations of polynomial rings of low dimensions are
understood. For instance, any nonzero locally nilpotent derivation of k[T is of the
form a(d/dT’) for some a € k. As for locally nilpotent derivations of kl?, the following
theorem of Rentschler ([26]) provides a full description of them.

Theorem 1.3.4. (Rentschler) If L is a field of characteristic zero and D is a
nonzero, locally nilpotent derivation of L|{X,Y] = LI then there ezists P,Q such that
L[X,Y] = L[P, Q] and ker D = L[P]. Moreover, there ezists a € L|P) such that

Px Py
hx hy

Dh=a forallhe L[X,Y].

Remark 1.3.5. With the notation of Theorem 1.3.4, we have D = a%.

D. Daigle and G. Freudenburg gave the following nice generalization of Rentschler’s
Theorem for locally nilpotent derivations of higher dimensions.

Theorem 1.3.6. (Theorem 2.4, [7]) Let R be a UFD containing the rationals, let
B = R[X,Y] = R?® and let K = FracR. For an R-derivation D # 0 of B, the

following are equivalent:
1. D 1is locally nilpotent

2. D = alp, for some P € B which is a variable of K[X,Y] and satisfies
gcdg(Px, Py) = 1, and for some a € R[P)\{0}.

Moreover, if the above conditions are satisfied then ker D = R[P)].
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Here, Ap is the R-derivation of B = R[X, Y] defined by the formula

Px Py

Ap(h) =
p(h) he hy

for all h € B.

As a consequence of the above Theorem, one can get a full description of rank two
locally nilpotent derivations of k. First some notation:
Given a coordinate system v = (Xy,... , X,) of k"l and an element P € k[X,,... , Xy),
define a derivation A}, of k[ by

0 d
T = — —— —_—
AP = Px,_ 6X,.-1 -+ Pxn_l axn

Corollary 1.3.7. (Corollary 3.2, [1]) For a k-derivation D # 0 of R, = k", the

following are equivalent:
1. D is locally nilpotent and rankD < 2;
2. D = aA}, for some %, P and a satisfying

e v=(Xy,...,Xn-2,Y,2Z) is a coordinate system of R,,

e P € R, is a variable of k(X,, ... , Xn-2)[Y, Z] satisfying gcdp_(Py,Pz) =
1.

® a is a nonzero element of k[X,,... , Xn_2, P).
Moreover, if the above two conditions are satisfied then the following hold:
1. ker D = k[X,,... ,Xn-2, P};
2. A} is irreducible;
3. AL(R,) contains a nonzero element of k[X,, ... , Xn_2).

Another class of derivations special to polynomial rings are the triangular deriva-

tions.
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Definition 1.3.8. Let B = k™ and D : B = B a derivation of B.

1. D is called triangular with respect to the coordinate system (Xi,... ,X,) of B
if D can be written as

D=a i++
= M3x, 53X,

with a; € k, and q; € k[X;,... , Xij]for2< i< n.

2. D is called triangulable if there exists a coordinate system of B with respect to
which D is triangular.

In the next section we will see that most counterexamples to Hilbert’s fourteenth
problem found till now are quotient fields of kernels of triangular derivations. Note
that one can see easily that triangular derivations are in particular locally nilpotent.
The converse is not true, as was shown in [1], where H. Bass gave the first example
of a non-triangular locally nilpotent derivation of k. In [8], Daigle gave a criterion
for triangulability of derivations of k[X,Y, Z] in the form of a necessary and sufficient

condition.

1.4 Derivations and Hilbert’s fourteenth problem

Derivations of polynomial rings and the fourteenth problem of Hilbert are closely
related as we will see in this section. This gives another interesting aspect of deriva-
tions. Recall that one form of the fourteenth problem of Hilbert can be stated as

follows:

(H14) If L is a subfield of k(Xi,...,X,) (the quotient field of k["), is
LN k[Xy,..., Xn] a finitely generated k-algebra?

By a counterexample to (H14) in dimension n, we mean a subfield L of k(Xj, ..., X,)
such that LN k[X], ..., Xy] is not a finitely generated k-algebra. We also consider the

following important special case
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(AC-H14) If L is a subfield of k(X\, ..., X;) and L N k[X), ..., X,] is alge-

braically closed in k[X\, ..., Xy], is L Nk[X],..., X,] a finitely generated

k-algebra?

Relationship

Derivations of polynomial rings and Hilbert'’s fourteenth problem are related in the
following way: if one has a derivation of k[® whose kernel is not a finitely generated k-
algebra, then one obtains a counterexample to (AC-H14) Hilbert’s fourteenth problem
by taking the quotient field of ker D. Conversely, Nowicki showed the following.

Theorem 1.4.1. (Theorem 5.4, [24]) Let B be a domain which is a finitely gen-
erated k-algebra. For a subalgebra A of B, the following are equivalent:

1. There ezists a k-derivation D of B such that A = ker D

2. A is algebraically closed in B.

This implies that every counterexample to (AC-H14) can be realised as the quo-
tient field of the kernel of a derivation. A similar result was also proved by Derksen

()2

Progress
There has been substantial progress in Hilbert’s fourteenth problem in the last decade.

In what follows, we list the important stages of this problem.

1. In 1958, Nagata ([13]) solved the problem by finding the first counterexample
to (H-14), and it was in dimension 32.

2. In 1993, Derksen ([21]) proved that Nagata's example can be realized as the

kernel of a derivation of k32,

3. Another counterexample to Hilbert’s fourteenth was found by Roberts in 1990
([12]) in dimension seven, and it was used by Deveney and Finston ([11]) to

show that the kernel of the derivation

D= X{‘“i +X;+li +X;+1_a_ + (X1X2X3)ti (11)
oY) Y, 9Y; Y,

of k[X1, X2, X3, Y1, Y2, Y3, Yy] is not a finitely generated k-algebra for any t > 2.
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4. In 1998, a counterexample in dimension six was constructed by Freudenburg
([17]) as the field of fractions of the kernel of the derivation

d=Xi‘£, o +X§.’Y2—(?-—+X%\’2 0

gy, t XYy, HiXigy, (12
of k[le X2a )/h },Zv 1,3’ },4]'

+X3

5. In the same year, Daigle and Freudenburg ([6]) constructed a counterexample
in dimension five as the field of fractions of the kernel of the derivation

3 P 9 8
3
'ax; T Xeax; t Kok, +Xiax,

of k[X;, Xz, Xs, X4, X5].

T =X (13)

For n < 4, Nagata and Nowicki ([23]) showed the following important fact.

Theorem 1.4.2. (Theorem 7.1.3, [25]) If D is a k-derivation of k[X,, ... ,Xqu],
where n < 3, then the ring ker D is finitely generated over k.

This leaves Hilbert’s problem open only in dimension four. Note that the deriva-
tions (11), (12), and (13) above are all triangular and monomial in the sense of the

following definition.

Definition 1.4.3. A derivation D = Y7 a;0/0X; of B = k[X,,...,X,] is called
monomial if a; is a monomial of B for all .

Attempts to answer Hilbert’s fourteenth problem in dimension 4 resulted in the

following important results.
1. Maubach ([22]) proved the following result in dimension 4:

Theorem 1.4.4. Let A = k[X;, X3, X3, X4|. Then the kernel of every mono-
mial triangular derivation D : A — A is generated by at most four elements.

2. In an attempt to prove that the triangular hypotbhesis for a derivation in dimen-
sion four is enough for the finite generation of its kernel, a work of Daigle and

Freudenburg ([5]) resulted in the following interesting Theorem
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Theorem 1.4.5. Given any integer n > 3, there ezists a triangular derivation
A of the polynomial ring k[X,, X,, X3, X4] whose kernel cannot be generated by
fewer than n elements.

3. Finally, Daigle and Freudenburg were able to prove that the kernel of every
triangular derivation of kM is a finitely generated k-algebra ([4]).

A consequence of the main result in chapter 2 will state that we cannot construct
a counterexample to Hilbert’s fourteenth problem in dimension six which is of type
(11) above.



Chapter 2

ELEMENTARY DERIVATIONS
OVER A UFD

Definition 2.0.1. Let B be a ring and R a subring of B such that B = RI™. A
derivation D : B — B is R-elementary if D(R) = {0} and if there exists a coordinate
system (Y},...,Y;,) of B over R (see definition 1.3.2) such that DY; € R for all i.

In this case we have:

=~ 3
D = Z a; 3_Y; (where a; € R).

Definition 2.0.2. Let B = k¥ A derivation D : B — B is elementary if, for
some integers m,n > 0 such that m + n = N, there exists a coordinate system
(X1,...,Xa, 11, ..., Yn) of B satisfying:

kK[Xi,...,Xa]CkerD and Vi DY € k[X,..., X,

In this case, D is k[X], . .., Xy]-elementary:

= ij
D = ; a; 3 (where a; € k[X},..., Xy)).

An immediate consequence of the above definition is that all elementary deriva-

tions are locally nilpotent.

24
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Here are some facts that make elementary derivations interesting to study:

e In[12], A. van den Essen and E. Hubbers showed that a large class of polynomial
automorphisms of k["! can be written as a finite product of automorphisms of

the form exp(D) where D is an elementary derivation of k",

e It was shown in [26] that after a change of variables, any locally nilpotent
derivation of k[X, Y] is an elementary derivation.
e In [12], P. Roberts showed that the kernel of the following elementary derivation

d d 3
D=X3 + X3 - X3
13y, T 2o, TG, |

a
(X1X2X3)23?; (14)

of kl” is not a finitely generated k-algebra.

Given a ring R, and an R-elementary derivation D = a,8/8Y; + - - - + a,8/8Y, of
B = R[Y,,...,Y,] (a; € R for all i), one would like to describe ker D. For a general
ring R and an arbitrary n, the problem of finding ker D seems to be hard; however, if
R is a field or if R is a UFD containing Q and n = 2, then one can prove that ker D
is finitely generated over R and even give a set of generators (see Corollary 2.2.5 and

Proposition 2.5.5).

Let T = k[X,,...,Xn, V1,... ,Yn] (m,n > 1), and let D be an elementary deriva-
tion, D=3  ai(X)g% : T—T. In [13], A. van den Essen and T. Janssen proved
that ker D is a finitely generated k-algebra in each of the following cases

1. Dis a fixed point free derivation of T (see definition 2.2.1)
2. n <2, m arbitrary

3. m < 2, n arbitrary

4. n+m<35.

This means that if n + m < 6, then the only possibility for an elementary derivation
of T to have a kernel which is not finitely generated over k is when n =m = 3. On
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the other hand, it was shown in [13], using a generalization of the derivation (14)
above, that if n > 3 and m > 4, then there exists an elementary derivation of T
whose kernel is not finitely generated. The case m = n = 3 was the subject of the
following question raised in [13] (Question 4.3):
Question 2.0.3. Does there exist an elementary derivation D of T withm =n=3
whose kernel is not a finitely generated k-algebra?

In this chapter, we investigate R-elementary derivations of R[Y}, ..., Ym] where R
is a UFD. Although we are mostly concerned with the case m = 3, some concepts

and questions can be stated in general:
Definition 2.0.4. Let R D Q be a UFD, B=R[Y,,...,Y,] = R™ and consider an
R-elementary derivation

D=ia,-a,- . B— B
1=1

where a; € R and 9; = 3/dY; for all 7.
1. Any element of ker(D) of the form
nYi+---+rn¥m (where r; € R)
is said to be a linear constant of D.
2. Giveni,j € {1,...,m}, define L;; = 93:}’, - %Y,- where:

{ ged(ai,a;) ifa; #0o0ra; #0
ij =

1 ifa;=0=a;

It is clear that L;; € ker(D), Li; = 0 and L;; = —L,; (for all 7, j). We call the
elements L;; the standard linear constants of D.

3. If ker(D) is generated as an R-algebra by the standard linear constants, we say
that D is a standard R-elementary derivation.

Consider R-elementary derivations D : B — B, where R and B = RI™l are as in the
above definition. Then this chapter seeks ertra hypotheses that would imply that D

satisfies one or the other of the following conditions:
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(i) D is standard
(ii) ker(D) is generated by linear constants
(iit) ker(D) is finitely generated as an R-algebra.

[Note that (i) = (ii) is trivial and that (ii) = (iii) is easy to see if we assume
that R is noetherian. However, (iii) =& (ii) (Theorem 3.4.1) and (ii) =% (i) (example
2.4.2).]

In the first section we prove a sufficient condition for finite generation of the kernel
of an elementary derivation. This result will be our main tool for the proof of the
majority of the results of this chapter. In section 2 we study elementary fixed point
free derivations of R™ (R is a UFD). In section 3, we look at some cases where
the kernel of an R-elementary derivation of RI® is a finitely generated R-algebra.
In particular we show that any monomial R-elementary derivation of R[Y;, Y2, Y3] is
standard in the case where R = k[X},... , X,], n > 1. Section 4 studies some specific
examples of elementary derivations of k% to which none of the results of section 3 can
be applied. A criterion for elementariness of irreducible derivations of R[X, Y] (R is
a UFD containing Q) in the form of necessary and sufficient condition will be given
in section 5. In section 6 we show that monomial elementary derivations of k® are
standard; in particular, it will be shown that if R = k[U,V] = k%, then the kernel
of every R-elementary monomial derivation of R™ (m > 1) is a polynomial ring in
m — 1 variables over R. Finally, we investigate in Section 7 the case of elementary

monomial derivations in dimension seven (see derivation (14) above).

2.1 A condition for finite generation and some ba-
sic facts

We begin this section by describing the algorithm presented by A. van den Essen in
[14] to compute the kernel of a locally nilpotent derivation of polynomial rings over
k. Note, however, that the algorithm will not be used in this thesis.
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Let B := k[X},... ,Xn] be a polynomial ring in n variables over k, let D be a
nonzero locally nilpotent derivation of B and put A := ker D. Fix a local slice s of
D and let d := D(s). Consider the n elements

1 S\J .
=35 (-3) PO
j20
of the localization B4 of B at d. Since D is locally nilpotent, this sum is finite,
so b; € By and we can choose n; € N such that f; := d™b; € B for all i. Let

R := k{f1,..., fa,d], then a straightforward calculation shows that Ry C A. Also it
was shown in [14] that

Ry C A C Rold™'] (15)

as subrings of B;. Next, we define R,, (m > 1) inductively as the k-subalgebra
of B generated by the elements h € B satisfying dh € Rpy—;. Then each R, is a
finitely generated k-algebra and can be computed inductively as follows. Assume
that Ry,_; = k[fi, ... , f] for some f; € B and r > 1, and consider the ideal

I:={PeklT,..., T,)= k" P(f,,..., f) = 0 mod(d)}

of k[T3,... ,T;]. Since k"l is a noetherian ring, I is generated by a finite number of
elements P,,...,P, of k[T},... ,T,]. Foreach i € {1,...,s}, let g; € B be such that
P(fi,---,fr) = dg;. It was shown in [14] that

R =k[f1,... , frs91,--- , 93] (16)
and that
RyCR C---CkerD and kerD = ;R (17)
The essence of the algorithm is the following Proposition:

Proposition 2.1.1. With the above notation, ker D is a finitely generated k-algebra
if and only if there ezists ng € N such that R,y = Rpo41. In this case ker D = Ry,,.
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Proof
Assume that ker D is finitely generated as a k-algebra by g,,. .. ,gr,7 > 1, and choose
no € Nsuch that g; € Ry, foralli € {1,...,r} (this is possible since ker D = U;>oR;),
then ker D = k[gy, ... ,gr] C R, and hence ker D = R,, and R, = Ry, for alln > n,.
Conversely, assume that R,, = Rp,+) for some ng € N. If R,,, # ker D, then we can
choose z € ker D\R,, such that dz € R,, (this is because (ker D)4 = (R,,)a). Then
I € Rp,41 (by the definition of R, ) and this contradicts our hypothesis that
Rp, =Rppt1- B

As we mentioned before, the above algorithm will not be used in the text. What
we will use instead is the following:

Proposition 2.1.2. Let E C Ay C A C C be integral domains, where E is ¢ UFD.
Suppose that some element d of E\{0} satisfies:

o (Ao)da = Ag
e pC N Ay = pAy for each prime divisor p of d, (in E)
then Ay = A.

Proof

The assumption pC N Ay = pAo implies (by an easy induction argument) that if
q is a finite product of prime factors of d, then ¢qC N A4y = qAo. In particular,
d"C N Ag = d"Ap for all n > 0. Now if y € A, then d"y € A, for some n > 0, so
d'yed’'CNAy=d*Agand y € A;. B

Corollary 2.1.3. Let R be a UFD, B an integral domain containing R, and D :
B — B a locally nilpotent R-derivation. Assume that s € B satisfies D(s) € R\ {0}.
Let d = D(s) and let A be an R-subalgebra of ker(D) satisfying Ag = (ker D)y4. If
ANpB = pA holds for each prime factor p of d in R, then ker D = A.

Proposition 2.1.4. Let a;,... ,am, m > 1, be elements of a UFD R containing Q,
and let A be the kernel of the corresponding R-elementary derivation D = a,0,+-- -+
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@mOm of B := R[Y\,... ,Yn). Fizi€ {1,...,m} such that a; # 0 and consider the
R-algebra A; generated by the m — 1 elements
Lij:= &Y; - %Y.-, Je{1,... m}\{:}

9sj

where 9i; = gcd(a,-,a,-). Then Aa‘- = (A,')a'. .

Proof

For the proof, we may clearly assume that i = 1 (so a; # 0)." Note that if i # j, then
D(L;;) = 0 and hence A, := R[L;; : j > 1] € A. Let S := {a};n > 0}, then S is
a multiplicatively closed subset of R C A, and hence D induces a locally nilpotent
derivation S7!D : S~!B — S~ B (defined by the quotient rule of differentiation)
satisfying A, = S~'A = ker S™'D. On the other hand, 4 is a slice for S~!D (i.e.,
S-D ( al) = 1) so (Proposition 1.2.10) ker S™'D is equal to im { where ( is the

homomorphism
S-'B — S°'B .
¢ = Tpe(-B) 570y

We have ((Y)) =0and, fori > 1, {(V}) =Y, - 2V, = 9 Ly;, where & is a unit of
R,,. So, As, =im ¢ = Rq,[L12, .- , Lim] = (A1)a,, which proves the proposmon s

We end this section with a proposition that allows us, for the purpose of proving
that the kernel of a certain derivation of kI is a finitely generated k-algebra, to as-
sume that k is an algebraically closed field.

Let k C k' be a field extension, B a k-algebra, and let D be a k-derivation of
B. Let B' = B®:k' and consider the k'-derivation D' = D® 1 of B’ (D’ is the map
defined by D'(z ® a) = D(z)®a for all z € B and a € k'). Let A = kerD and
A’ = ker IV, then we have the following

Proposition 2.1.5. (Proposition 4.1, [13]) A is a finitely generated k-algebra if
and only if A’ is a finitely generated k'-algebra.
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Proof
We start the proof by claiming that A®.k’ and ker D’ are isomorphic as k’-algebras.
Indeed, since —®;k’ is an exact functor, the exact sequence

0-A5B3B
of k-modules induces the exact sequence
0 = AQik' S Bk’ L4 B®k'

of k'-modules. Consequently ker D' = Im(i ® 1) = A®ik' and the claim is proved.
Next, assume that {fi, ..., f.} generates A over k, then clearly {/®1,...,f, ®1}
generates A’ over k'. Conversely, assume that A’ = A®,k’ is finitely generated over
k', then one can choose a finite subset F' of A such that {f ® 1, f € F} generates
A' over k' (this is because {a ® 1 | a € A} generates A®,k' over k'). Since k[F] is a
k-submodule of A, we have the following exact sequence of k-modules

0 k[F]<» A5 A/k[F] >0
(7 is the natural epimorphism) which yields the following exact sequence of k’-modules
0 — k[F|®ck' B Ak’ ™S (A/K[F]) @ k' — 0.

Thus, 7®1 is onto and (A/k[F]) @k = (A®kK')/Im(i®1) = (ARcK')/(K[F|®:k') =
0. We conclude that A = k[F] is a finitely generated k-algebra. @

Remark 2.1.6. We also see that if F is any subset of A then the condition A = k[F]
is equivalent to A’ = k'[F].

2.2 Elementary fixed point free derivations over a
UFD

Let B be an integral domain containing Q, and let D : B — B be a locally nilpotent

derivation.
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Then (see Chapter 1) there is an associated G,-action, a : G, x Spec B — Spec B,
and it turns out that the set of fixed points of a is the closed subset V(I) of Spec B,
where I denotes the ideal (DB) of B generated by DB (the image of B). In particular,
a is fixed point free if and only if (DB) = B. This motivates:

Definition 2.2.1. The locally nilpotent derivation D : B — B is called fized point
free if the ideal of B generated by the image of D is equal to B.

Obviously, if D admits a slice (i.e., if there exists s € B such that Ds = 1) then
D is fixed point free. It is well-known that the converse is not true in general, but
that it does hold for elementary derivations:

Lemma 2.2.2. Let R D Q be a domain, B=R[Y;,...,Yn]=R™, and D: B> B

an R-elementary derivation.
1. If D is fized point free, then it admits a slice.

2. If D is fized point free and R = k", then there erists a coordinate system
(Z1,...,2m) of B over R such that D = 8/8Z,,.

Proof

Write D = "7, a;0; where a; € R and ; = §/8Y;. If D is fixed point free then
B = (DB) = (a,...,am)B, so (aj,...,an)R = R, and Y - a;r; = 1 for some
Tl,---»Tm € R. Then s = Yr | r;Y; is aslice of D. If R = k[ then, by the Quillen-
Suslin theorem, (r; ... rp,) is the first row of a matrix U € Gln,(R) and it follows
that s is a variable of B over R. The result follows from Lemma 1.2.13. g

Remark 2.2.3. The use of Quillen-Suslin theorem in the above lemma appeared in
the proof of Theorem 2.1 of [13].

Proposition 2.2.4. Let Q C R C B be domains and let D : B — B be a locally
nilpotent R-derivation with a slice s. Then
(: B — B
T = Yo #(—s)'Di(z)
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is @ homomorphism of R-algebras with image equal to ker D. In particular, if B is
finitely generated over R, B = Rle,,. .. ,ey), then ker D is finitely generated over R

and

ker D = R[((e1), .- ,((em)]-

Proof
The result follows from Proposition 1.2.10. &

As a consequence we have the following:

Corollary 2.2.5. Let RO Q be a UFD, B=R[Y,,...,Yn] =R™ and D: B - B
an R-elementary derivation. If DY; € R* for some i, then ker D is generated by m —1
standard linear constants.

Proof

We may assume that DY; € R*. Define s = (DY;)'Y], then s is a slice of D and
consequently the map B -5+ B, ¢ () = Xjx Tl!(—s)ij (z), is a homomorphism of
R-algebras with image equal to ker D. Thus ker D = R[£(Y}), ..., £(Ym)] and we are
done because £(Y;) = Y; — (DY;)s = L, foreach j. m

We prove now the main result of this section.

Theorem 2.2.6. Let R2 Q be e UFD, B=R[Y;,...,Yp|=R™ and D: B+ B
an R-elementary derivation. If D is fized point free, then it is standard.

Proof
Write D = }_7" | a,8;, where o; € R and 8; = 8/8Y;. Since D is fixed point free, there

exist r,...,Tm € R such that } .~ r;a; = 1. Hence, s = Y1, 7;Y; is a slice of D and
consequently the map B — B, £(z) = >0 ﬁ(-s)ij (z), is a homomorphism of
R-algebras with image equal to ker D. Therefore ker D = R[£(Y}),. .., &(Ym)], where

each £(Y;) = Y; — a;s is a linear constant. We obtain:

ker D is generated as an R-algebra by m linear constants. (18)
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So it suffices to show that each linear constant is a linear combination (over R) of the
standard linear constants. In other words, we have to show that the R-module T'(D)

is trivial, where:

LCc(D) = set of linear constants of D (an R-submodule of ker D),
sLc(D) = R-submodule of Lc(D) generated by the standard linear constants,
T (D) = Lc(D)/ suc(D).

Let m be a maximal ideal of R and consider the derivation Dy, : By — Bm obtained
by localization at the set R\ m. Now Ry is a UFD, By = Rn[Y),...,Ym] = R
and Dy = Y%, a;0; is an Ry-elementary derivation. Since D is fixed point free,
we have (a,,...,am)R € m so, for some %, a; is a unit of R,. By the previous
result, Dy, is standard, so T(Dy,) = 0. It is immediate that LC(Dy) = LC(D)m and
SLC(Dy) = SLC(D)m, 50 T(Dy) = T(D)m and we have shown:

T(D)m =0 for all maximal ideals m of R.

We conclude that T(D) = 0 and the result follows. @

Corollary 2.2.7. If R is a PID containing Q, then any nonzero R-elementary deriva-
tion of R[Y] = R[Y1,---,Y,] = RI? is standard.

Proof

Let D=3, a,;'}’,; be such a derivation of R[Y] (a; € R for all 7). For the purpose
of proving that ker D is generated over R by standard linear elements, we may clearly
assume that D is irreducible, and hence we have that (a,,... ,a,)R = R (Ris a PID).
This implies that D is fixed point free, and the Corollary can be now deduced from
Theorem 2.2.6. B

In particular, the kernel of any k[X]-elementary derivation of k[ X, Y}, - ,Ya_1] =
ki is a finitely generated k[X]-algebra.

Remark 2.2.8. The results of Theorem 2.2.6 and Corollary 2.2.7 remain true if B
is replaced by any polynomial ring over R (not necessarily of finite type over R).
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Remark 2.2.9. In section 2.4, we will show that the kernel of the k[X), X, X3]-
elementary derivation

0 0 0
D= (X} -sza)a—yl +(X3 - XlXS)ET,; + (X2 -X1X2)573

of B = k[X), X3, X3, Y1, Y2, Y] is generated over k[X;, X,, X;] by the two elements
[=X1 + XiV2 + XoYs, g = XoYh + XaYe + X1 Vs

We claim that D is not standard in this case. To see this, it is enough to notice
that f is homogeneous of degree 2 in the X;’s and the Y;’s while each standard linear
constant is homogeneous of degree 3. In other words, f € ker D\R[L,, L,, L] where
L,, L,, L3 are the standard linear constants of D. This shows that the condition
“fixed point free” of Theorem 2.2.6 is not superfluous (clearly, D is not fixed point
free).

2.3 Main Theorems

Let n,m > 1, k[X,Y] := k[X,,... , Xn, Yh,... , Yin] = k™™, A corollary of the main
result of this section (Theorem 2.3.3) will state that for n arbitrary and m = 3, any
monomial k[X\, ... , X,]-elementary derivation of k[X, Y] is either zero or standard.
This will give a negative answer to Question 2.0.3 in the particular case of monomial

derivations.

Elementary derivations will be studied in the more general case where we re-
place k[X),...,Xy] by a unique factorization domain which is a finitely generated

k-algebra.

In what follows we introduce some notation and prove some facts which will be
used in the proof of the main result in this chapter. Let R be a UFD which is a finitely
generated k-algebra, and B = R[Y;, Y;, ¥3] = RBL For i € {1,2,3}, let §; denote the
partial derivative with respect to Y;. If a,,ay, a3 are relatively prime elements of R,
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define g; := ged(aj,ax) for i = 1,2,3 and {i, 5, k} = {1,2,3}, and fix three elements
of B

Ll=§%),2-§lz},31 L2=—§:’Yl+§§)f31 L3=§§)fl-§:)/27

with the understanding that g; = 1 and L; = 0 when a; = a; = 0. In other words, L,,
L,, L3 are the standard linear constants. Then we have the following easy lemma.

Lemma 2.3.1. (1) g1, 92, 93 are pairwise relatively prime in R.

(2) If {1,4,k} = {1,2,3}, then g;g; is a divisor of a; in R.

(3) Write ax = argig; for {i,j,k} = {1,2,3}, then a), aq, a3 are pairwise relatively
prime ‘n R.

(4) L; € ker D for alli € {1,2,3} where D is the elementary derivation a0, + a8, +
a3d; of B.

Proof

(1) Leti # j € {1,2,3} and let d = ged(g;, g;), then d is a common divisor of a,, a2, a3
and so d = 1 since the a;’s are assumed to be relatively prime.

(2) If {z,5,k} = {1,2,3}, write

ax = exg; = brg; (19)

for some e, by € R. Since g;, g; are relatively prime by part (1), equation (19) implies
that e = axg; for some o} € R. Hence a; = erg: = axgig;.

(3) For {i,5,k} = {1,2,3}, write a; = Bigx, a; = Bjgx for some relatively prime
elements §; and §3; of R. By part (2), a; = ag;9« and a; = a;g;gx and so f§; = a,9;
and B; = a;gi. If now d is a common divisor of a; and a;, then d is also a common

divisor of §; and 3; and henced€ R*. B
As a corollary of Proposition 2.1.4, we also have:

Corollary 2.3.2. With the above notation, (ker D)o, = (R[Ly, L2, L3))s, for any i €
{1,2,3}.

The main result of this section gives a necessary and a sufficient condition for D
to be standard in the case where one of the a; is such that R/pR is a UFD for every

prime divisor p of a;. Namely we have the following
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Theorem 2.3.3. Let R be a UFD which is a finitely generated k-algebra, and let
B =R[1, Y, Y;) = RB). Let D = a,8, + a202 + a30; be an irreducible R-elementary
derivation of B (i.e. gcd(ay,az,a3) = 1) and let g;,a;, L; (i = 1,2,3) be as above.
Assume that az # 0 and that for every prime divisor p of a3, the ring R := R/pR is
a UFD. Then ker D = R[L,, Ly, L3] if and only if gcd(Gr,03,a3) = 1 in R for every
prime divisor p of a3.

Remark 2.3.4. With the notation of Theorem 2.3.3, if only one of the a;’s, say a3,
is zero, then theorem 2.4 of [7] implies that the kernel of the derivation a,0; + a20, of
R[Y1,Y,) is Rla; Y2 —aY;] = R[Lj], and so ker D = R[L3, Y3] = R[L,, L,, L3 (since in
this case L; = -Y; and L, = Y3). If two of the ¢;’s are equal to zero, say a, = a; =0,
then clearly ker D = R[Y},Y2] = R[L;, L2, L3] (since L, = Y, L, = -Y; and L3 = 0
in this case). So if one at least of the a;’s is zero, kerD = R[L,, L,, L3].

For the proof of Theorem 2.3.3, we need the following lemma.

Lemma 2.3.5. With the notation of Theorem 2.3.3, if p € R is a prime element
such that R := R/pR is a UFD, then pB N R[L,, Ly, L3] = pR[L,, L2, L3] if and only

if the elements @y, @;, @3 of R are relatively prime.

Proof

If one of the a;'s is zero, then Remark 2.3.4 implies that ker D = R[L,, L,, L]
and hence R[L,, L,, L;) is a factorially closed subring of B; then the equality pB N
R[Ly, Ly, L3} = pR[Ly, L2, L3) is true. On the other hand, it is easy to see that one of
the a;’s is invertible in this case, and so ged(@r, @z, @3) = 1. Thus, we may, and will
assume that a; # 0 for all 7.

Let Ry = R[L;, Ly, L3] C ker D. Assume first that @i, @z, a3 are relatively prime in
R, we need to prove that pB N Ry C pR, (the other inclusion being clear). To see
this, consider the ring homomorphism

¢ : E[Sy Tv U] — E[L—la L_27 r:;]

sending S,T,U to L;, L3, L3 respectively (here R[S,T,U] = ﬁm), and let p be the
kernel of ¢.
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Claim p = gR[S, T, U] where § = &S + &;T + a3U.

Indeed, modulo p we have that L, = G3g2Y2 — @353Y3, L2 = —a3g1Y: + @1G3Ys, L3 =
0291Y) —@103Y> and since a; Ly +asLa+a3Ls = 0in R (in fact oy Ly +asLa+a3L; = 0
in R), then trdegz R [L;, L2, L3] < 2. Next we prove that trdegg R [L,, L2, L3] > 2.
Since we assumed that a; # 0 for all 7, the coefficients 4;} and 4;511 of L; are relatively
prime in R. So, L; # 0 and, similarly, L, # 0 and L3 # 0. This means that every
row of the following matrix (with entries in the field of quotients of R)

0 a3g2 —Q0203
@=| -@mgr O a19;
g -0z 0
is nonzero. Now any matrix
0 a b
Q@=]c0d
e [ O

with entries in a field and with no zero row has rank at least 2. Hence, rank Q = 2

and consequently
trdegg B [L1, L2, L3) = 2.

Thus, the height of p is one, and p is a principal ideal of R[S, T, U], since R is a UFD.
Consider the element § = @S + @7T + a3U € R[S, T, U], then clearly ¢(g) = 0, and
since ged(ay, @z, @3) = 1 by assumption, § is irreducible. Thus p = gR([S,T, U] as

claimed.

From the claim, it follows easily that the kernel of the homomorphism
d} : R[Sv T, U] — R[le L21 LS] — -E[-L_ly Z;y L—3]

is the ideal (o,S + aT + a3U,p) of R[S,T,U]. Now we prove the inclusion pB N
Ry C pRy. Let £ € pB N Ry and choose ® € R[S,T,U] and b € B such that
z = pb = &(L,, Ly, L3), then clearly & € ker(y) and hence we can write ¢ =



CHAPTER 2. ELEMENTARY DERIVATIONS OVER A UFD 39

(1S + aeT + a3U)®, + pP, for some &,,d, € R[S, T,U]. This shows that z =
p®2(L1, Ly, L3) € pR,.

Next, we prove the other direction. Assume that pB N Ry = pRy, we show that
ged(ay,@3,@3) = 1 in R. Let g € R be such that § = ged(ar, @z, @) in R and write
@; = B;g for some f; € R, and ged(By, Bz, Bs) = 1 in R. Also, choose (; € R such that

o = Big+(p (20)

for 7 € {1,2,3}. Now since a,L; + asLz + a3L; = 0, then either § = 0 or 5,L; +
B2L; + BsL3 = 0. If ever § = 0, then g = rp for some r € R, and equation (20)
implies that p|a; for all ¢, which gives a contradiction to the fact that the a;’s are
relatively prime (Lemma 2.3.1). We deduce that §,L, + B2L2 + BsL3 € pBN Ry =
pRo. Choose ® € R[S,T,U] such that 8L, + BoL, + B3Ls = p®(Ly,L,,L3) and
write @ = ¥y + ®; + --- + P, where ®; is the homogeneous component of & of
degree i. Since each L; is homogeneous of degree 1, then each ®;(L,, Ly, L3) is also
homogeneoous of degree 7, and this means that ®;(L,, L2, L3) = 0 for all i # 1. Thus,
BrLy + oLy + B3L3 = p®,(Ly, L2, L3) = p(m Ly + v2L2 + v3L3) where v; € R for all i
and this gives the equation

(Br = pn)L1 + (B2 — pr2) L2 + (B3 — py3)La = 0.
Let A; := B; — p; for all i € {1, 2,3}, then we have the equations
ML+ ALy +M3L3 =0 (21)

a1y + asls + azL3 = 0. (22)

Let K be the field of fractions of R, then clearly L;, L; are linearly independent over
K as vectors of the K-vector space

V = {P € K[, Y,, Y3]| P is homogeneous of degree one} U {0}

Also, since B; # 0 for at least one i € {1,2,3} (otherwise, the 8;'s would not be
relatively prime), we deduce that \; # O for at least one i. Assume that \; # 0, then
from equations (21) and (22) above we can deduce that

Qa2 Q3 /\2 /\3
— —L;=-—= —L
011L2+ a /\1L2+ A
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as elements of V. This gives the two equations
a,-)q = (11/\,', i= 2, 3 (23)

Now since a;, a; are relatively prime for i = 2,3 (Lemma 2.3.1), then equation (23)
shows that a; divides A; for ¢ = 1,2, 3, and equations (23) imply that ; = ua; for
1=1,2,3, where = 7:{ € R. Hence §; — py; = pa; = u(Big + ¢p) for all : = 1,2, 3.
In other words, F;(1 — &zg) = 0 for all i € {1,2,3}. Choose i such that B; # 0, then
%g = 1 and hence § € K. This shows that @, @3, @; are relatively prime in R and

the Lemma is proved. @

The main Theorem of this section can now be deduced easily from the above
Lemma.
Proof of Theorem 2.3.3 If ker D = R[L,, L, L3), then in particular, R[L,, L,, L] is
factorially closed in B (as the kernel of a locally nilpotent derivation of B). Let
p be a prime divisor of a3 and let z € pB N R[L,, L,, L3}, and write z = pb for
some b € B, then b € R[L;,L,,Ls] since the latter is factorially closed, and so
pBNR[L,, L,, L3) = pR[L,, L3, L3]. Then Lemma 2.3.5 gives that ged(a7, a3, a3) = 1.
Conversely, assume that for each prime divisor p of a3, the elements @i, @3, a3 of R :=
R/pR are relatively prime, then by Lemma 2.3.5, pBN R[L,, L,, L3] = pR[L,, L,, L)
for all prime divisors p of a;. By Corollary 2.3.2 and Proposition 2.1.2, we deduce
that ker D = R[L,,L;,L;3] . ®

Example 2.3.6. Consider the derivation

a a C a a
D = (X} + X 70 + (X5 + X gp + XXX o0

of C = k[X,, X2, X3, 1, Y2, V3], where t,13,13,0,b,c,d € N. It is clear that the ring
k[X1, X2, X3]/pk[ X1, X2, X;)

is a UFD for every prime divisor p of a3 = X' X;*X3?, and that a,, a,, a3 are pairwise
relatively prime in k[X;, X3, X3]. Moreover, for any i € {1,2, 3}, taking X; =0 in
the expressions of a; and a; (that is taking a,,a; modulo X;) clearly yields relatively
prime elements in k[X;, Xi] where {1,2,3} = {i,j,k}. Theorem 2.3.3 implies that
ker D is generated over k[X;, X, X3] by Ly, Ly, L.
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An important consequence of Theorem 2.3.3 is the following.

Corollary 2.3.7. If R = k[X,,...,X.] is a polynomial ring in n variables (n >
1) over k, then every nonzero R-elementary monomial derivation of R[Y},Y3,Y)] is
standard.

Proof

Let D = a,8,+a,8,+4a33; be an elementary monomial derivation of B = R[Y}, Y2, Y3].
We may assume that D is irreducible and (by Remark 2.3.4) that a; # 0 for all i. Let
@;, L; be as above. For any i € {1,... ,n}, we can choose j # k such that a;, a) are
not divisible by X; (since the a;’s are pairwise relatively prime). This means that

a,-,a,, € k[Xl, ,X;_I,Xg+1,. . ,Xn] = k[Xl,. .. ,Xn]/(X,)

and therefore the a;’s are relatively prime modulo X; for any i. The result now follows
now from Theorem 2.3.3. g

Example 2.3.8. The kernel of the derivation

a a b a c 3
Xla—yl'*'xz‘avz*' (X1 X2Xs) £

of k[ X1, X5, X3, Y1, Y2, Y] is a finitely generated k-algebra for any nonnegative integers

a, b, ¢ (see derivation (14) above).

Remark 2.3.9. The above corollary can be generalized as follows: let R = k[X|,i €
I] be an arbitrary polynomial ring over k, and let B = R[Y;, Y, V3] = RBl Let
D be the k-derivation of B sending X; to zero for all ¢ € I, and Y},Y, and Y; to
monomials a;,a; and a3 respectively of R. Choose a finite subset Iy of I such that
a,,az,a3 are elements of Ry = k[X;;i € Iy] C R and let Dy be the restriction of
D to Ry[Y1,Y.,Ys). Clearly, ker D = (ker Dg)[X;;i € I\Iy], and by Corollary 2.3.7,
ker Dy = Ry[L,, L2, L3); so ker D = R[Ly, Ly, L3).

Corollary 2.3.10. Let R = k[X),... , Xx] be a polynomial ring in n variables (n >
1) over k, and let a,,a;, a3 be relatively prime elements of R satisfying the following

properties:
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® a3 is a polynomial in only one variable, say X,, over k
o Ifb is any root of a3 in k (the algebraic closure of k), then the elements
ai(b, Xy, ..., X,), 1=1,2,3
of k[Xa, ..., Xy,] are relatively prime.
Then the kernel of the derivation D = a,0, + a20; + a30s of R[Y,,Y,,Y3] is equal to
R[L,, L,, Ls).

Proof
By Proposition 2.1.5, we may assume that k = k. In this case

a3z = H(Xl - bs)t.v ts Z 11
s=1

where {by,...,b,} is the set of distinct roots of a3 in k. Clearly, R/(X; — b,) is a
UFD for each s and the image of a, in the quotient ring R/(X, - b,) is nothing but
ai(bs, Xz, ... ,Xn). The Corollary can now be deduced from Theorem 2.3.3. &

Example 2.3.11. The derivation

4 4 3 4 -2
3Y, +(_3X1X3+5X2X3+2)ay2 + (X7 - 3X1 +2)8Y3

of k[X,, Xs, X3,Y), Y2, Y] is standard. Indeed, it is clear that a;, a; a3 are pairwise
relatively prime in this case (so a; = a; for j = 1,2,3), and a3 = (X; — 1)(X; - 2).
On the other hand, we have that

01(1, XQ,X:)) = X0 X3+ 2Xg, az(l, X, Xa) =-3X;+ 5X2X3 +2

0.1(2, Xz,Xs) =4X,X; + 41\?, 02(2, X,, X3) = —48X;3; + 5X-3X3 + 2,
and hence ged(a,(Z, X2, X3),a2(, X2, X3)) = 1 for ¢ = 1,2, and the result can be
deduced from Corollary 2.3.10.

D = (X2X, X3 + 2X,.X3) 9

With the notations of Theorem 2.3.3, if a; = p for some prime element p of R
satisfying R/pR is a UFD, then the assumption “gcd(ary, @z,a3) = 1” can be dropped
and ker D will remain finitely generated over R by some linear constants. But the
fact that D is “standard” is no longer evident. More precisely, we have the following
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Proposition 2.3.12. Let R be a UFD which is a finitely generated k-algebra, and let
B = R[Y},Y,,Y3] = RCL. Ifp € R is a prime element satisfying R/pR is a UFD, then
for any a,,a; € R, the kernel of the R-elementary derivation D = a;,0; + a,8; + pds
of B is generated as an R-algebra by at most three linear constants.

Proof

For the proof, we may assume that D is irreducible. This implies that either the two
elements a,, a; are in R\pR or exactly one of them is in the ideal pR. We will treat
each of these two cases separately.

Case 1. a;,a; ¢ pR. In this case, let d € R be such that d = ged(a@r, @) in R = R/pR,

and write

a; = Bid+flp, i=1,2
for some f3;, B! € R with ged(B;,5;) = 1 in R. Consider the elements
f=pYs—arYs, g=-pY1+a\Ys, h=-LY+6Y, - (615, - 58
of B. Clearly, f,g € ker D and

D(h) = =—fha1+ prax — (5152 — BB)p
=B2(Brd + B1p) + 51 (B2d + Bop) — (5153 — B2B1)p
= 0.

So Ry := R|[f, g, h] C ker D. By Proposition 2.1.4, we also have that (Ro), = (ker D),.
Consider the homomorphism of R-algebras

¢: R[S, T, U =R” - R[f,5,7

sending S, T, U to f, 3, h respectively. Since f = —-@;Y3, § = @;Ys, and h=-5Y, +
B1Ys— (B 55 — B2B,)Ys, the ring R, has transcendence degree two over R, and so the
height of the kernel p of ¢ is one. Let ¢ = BiS+ BT € E[S, T, U], then g € p since
#(dg) = ¢(a;S + @zT) = 0 and d # 0. Also q is an irreducible element of R[S, T, U]
since ged(By, Bz) = 1 in R. We deduce that p = ¢R[S, T, U].
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Now we prove that pRy = pBNR,. Let z € pBN Ry, and write z = &(f, g,h) = pb
for some ® € R[S,T,U)] and b € B. The image ® of ® in R[S, T, U] is in p and hence
® = (6,S + (oT)¥ + Qp for some ¥, € R[S, T,U]. This shows that

z = ®f,9,h)
= (Bif + 529)¥(f,9,h) +Q(f,9,h)p
= ¥(f,9,h)ph + Q(g, f,h)p (since B\f + g = ph)
(¥(f,9,h)h + 2(f,9,h)) p € PRy

and we are done by Proposition 2.1.2.
Case 2. a; € pR Write a; = f,p" for some 3, € R\pR and r > 1. Note that in

this case g, = ged(az,a3) = 1, g = ged(ay,a3) = p and so a3 = = E=1
Thus, @y, a3, a3 are relatively prime in R. Theorem 2.3.3 shows now that ker D =
R[Ly,L;,L;). ®

We continue in what follows to investigate some particular situations where the
kernel of an R-elementary derivation of B is finitely generated over R. For the next
result, we need the following

Lemma 2.3.13. Let A be any domain, e € A* and b € A, then the ring A[X]/(aX +

b) is a domain, where A[X] is the polynomial ring in one variable over A.

Proof
Consider the homomorphism of A-algebras

[:A[X] — A
X—= -a'b

Clearly aX + b € ker f and hence the ideal (aX + b) of A[X] generated by aX + b
is contained in ker f. Conversely, let F € A[X] satisfying f(F) = 0, and write
F = G(aX +b) + r for some G € A[X], r € A (division algorithm in the ring A[X]),
then r = f(F) = 0, and hence F € (aX +b), so ker f = (aX + b) and consequently
A[X]/(aX +b) is a domain. m

Theorem 2.3.14. Let R be a UFD which is a finitely generated k-algebra, and let
B = R[Y1,Y:,Y3] = RB. Let a),a,,a; be three relatively prime elements of R and
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assume that there ezist by, by, b3 € R such that the element a := a1b, + azby + azbs of
R is nonzero and is either a unit or for every prime divisor p of a, the following are

true:
1. R/pR is a UFD, and
2. ged(@r, @) =1inR=R/pR andb; € R .

Then the kernel of the R-elementary derivation D = z;la%% of B is generated
over R by at most four linear constants.

Proof

If a or one of the a;’s is a unit, then the derivation D is fixed point free, and the
result can be deduced from Theorem 2.2.6. So we may assume that a, a; are not
units of R for i = 1,2,3. Let s := bY; + b Yo + b3Y; € B, then D(s) = a\b, +
az2by + azb; = a € ker D\{0}, and so s is a local slice for D. Let f; = —aY; + a;s,
t = 1,2,3 and g = a;Y) — a,Y; and let Ry be the subalgebra R[f;,g : i = 1,2,3]
of B. Since D(f;) = —aa; + a;a = 0 and D(g) = 0, we have that Ry C ker D.
Also, (Ry), = (ker D),. Indeed, one can show that (R[fi, f2, f3])a = (ker D), using a
technique similar to the one used in the proof of Proposition 2.1.4. Thus, it is enough
(Proposition 2.1.2) to show that pB N Ry C pRy for any prime divisor p of a. So, let
T € pB N Ry, and write £ = ®(fi, f,, f3, g) for some ® € R[T},T5, T3, T;) = R, Let
¢ be the homomorphism of R-algebras

¢ : R[Th T21 T37 T4] — ﬁ[ﬁ'l ._f;, 7;1 y]

sending T; to f;, i € {1,2,3}, respectively, and Ty to §. Then the image ® of & in
R[T, T, T3, T,) belongs to p = ker ¢. Consider the two elements g = b; T} +5:T>+5;T;
and r = @1} — &;T; of R[T}, T3, T3, T,]. We will show that p is generated by ¢ and
r over R. First note that it is easy to verify that b; f; + byfo + b3 f3 = 0, and hence
@¢(q) = 0; also it is easily seen that ¢(r) = 0. Hence the ideal (g,r) of RT\, 1>, T3, Ty
is contained in p. Moreover, since @; and @; are relatively prime in R, r is a prime
element of R[T), T>, T3, T;]. We claim that the following sequence of ideals

0c(r)c(rne)Cp (24)
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is a prime chain in R[T}, T3, Ts, T,]. Indeed, note that r # 0since @7, @z # 0 (otherwise,
ged(ar,a@;) # 1), and if g belongs to the ideal generated by r, then we would be able
to choose ¥ € R[T\, T3, T3, T}] satisfying

Ty + b + 5T = (@1 - GTe)9. (25)

Sending T}, T; to zero in (25) will give that b3 = 0 which contradicts the assumption
bs € R'. This shows that the first two inclusions in (24) are indeed strict. It remains to
show that the ideal (r, ) of R[T}, T3, T3, T is prime. To see this, let A be the quotient
ring R[Ty, T,/ (r) = R[t1,t;] (where t,,t, are the images of T}, T, respectively, in A),
then A is a domain since r is prime, and we have

R\, Ty, T5, T}/ (q,7r) = A[Ts, T/ (bsTs + byt + bots)
= (A[T3)/ (03T + byt + Etz)) (T3]

Since b; € R C A*, Lemma 2.3.13 gives that E := A[T3]/(bsT; + bity + bat,) is a
domain, and hence R[Ty, T2, T3, Ti}/(q,r) = E[T,] is also a domain. This proves the
claim. Now, the transcendence degree of R[fi, f2, f3, g] over R is two since f; = @ 5
fori=1,2,3 and g = @;Y; —a;Y; and since at least one of @y, @; is not zero (otherwise
their ged is not one), and b3 # 0; thus the height of p is two and sequence (24) implies
that p = (r,q).

To finish the proof of the theorem, find a, 8,7 € R[T\,T;, T3, Ty] such that
b= (blTl + b T, + baTs)a + (ale - ang)ﬂ + py.

Then z = ®(f1, f2, f3,9) = —aB(f1, f2, 3, 9)9+PV(f1, f2, f2,9) € PRy (since 3o, bif; =
0 and a,f; — a, f = —ag). This finishes the proof. @

Remark 2.3.15. The condition “b; € (R/pR)" for every prime divisor p of a” is
equivalent to the condition “b; is a unit modulo a”. Indeed, let a = pi' - - - pi* be the
prime decomposition of a, and let R = R/aR and R(i) = R/piRfori=1,...,r. If
T € R, denote by T, T* the images of z in R and R(i) respectively. If T € R, then
we can choose a, § € R such that az = 1 + Ba, and so for each i, ax = 1 + G;p; for
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some f; € R; this means that T* € R(i)* for all i = 1, ..., r. Conversely, if T* € R(t)"
for all i, then for each i, we can choose a;, 5; € R satisfying a;z = 1 + §;p; and so
(aiz — 1)% = ~;p% for some v; € R. Thus []}_,(asz — 1)% = ~a for some v € R. Now
IT;_,(aiz — 1)% = 6z + (—1)" forsome 6 € R. Hence 1 € (z,a) andZ € R .

If in the above theorem we assume that a is a prime element of R such that R/aR is
a UFD, then we can (as in Proposition 2.3.12) drop the assumption “gcd(a;,az) =17
and we will have the following.

Proposition 2.3.16. With the notation and assumptions of Theorem 2.3.14, ifa=p
is a prime element of R such that R/pR is ¢ UFD, and b; is a unit in R/pR, then
ker D is generated by at most four linear constants.

Proof
Let d € R be such that d = ged(a7, a3), and write
a; = ﬂ:d'*'ﬂ:l’, 1= 112
for some ;, 8! € R, for i = 1,2, with gcd(B;, B2) = 1 in R. Consider the elements

g= _52},1 + ﬂln + (ﬂlﬂé - b2ﬂé) S, fi = —pY! + a;s, 1= 1a213
where s = b,Y; + b;Y; + b3Y3. An argument similar to the one in Proposition 2.3.12
allows us to prove that ker D = R[f,, f2, f3,9]- ®

Proposition 2.3.17. Let R be a UFD containing Q, B = R[Y,,Y,, Y3}, anda,,a;,a3 €
R be three relatively prime elements of R and D = Z?:x a;0/0Y;. If a3 is in the ideal

of R generated by a; and az, then ker D = R[Y; — iy Y) — u2Ys, L3] = R® for some

M1, p2 in R.

Proof
Choose p,, u; € R such that a3 = u,a; + psaz, and let

Y; =Y - mY; — woYo.

Let R' = R[Y;), then R’ C ker D is a UFD containing Q, B = R'[Y},Y,] and D is an
R'-elementary derivation of B. We conclude that ker D = R'[L;,]. &

For the next result, we need the following known Lemma.
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Lemma 2.3.18. Let A be any ring, B = A[X},...,X,] = A™ (n > 1), and let f be
a nonzero element of B. Then f is a zero divisor of B if and only if af = 0 for some
a € A\{0}.

Proof

If af = 0 for some a € A\{0}, then f is a zero divisor of B. Conversely, if f is a
zero divisor of B, we prove that af = 0 for some a € A\{0} by induction on the
number of variables. For n = 1, write f = Y " a;X} (a; € A, m > 0), and choose
9= i0biX} € A[X,]\{0} (b € A, r > 0) of minimal degree r such that fg = 0. If
bo = 0, then g = g, X, for some g, € A[X;]\{0} and so (fg,)X; = 0. This implies that
fg1 = 0 since X; is not a zero divisor of A[X,}; this contradicts the minimality of r.
So by # 0. Next we claim that a;g = 0 for every i = 0, ... ,m. Indeed, since fg = 0 we
have that a,,b, = 0 and hence apg has degree strictly less than . But (a,g)f = 0 and
SO @ g = 0 by the minimality of r. Assume now that ap,—jg = 0 for some 0 < j < i—1,
and let f; = ag+a; X1+ - -+em—i X", then f = fi+ameir1 X 1+ - +an X" and
fg = fig = 0. This means that a,,_;b, = 0, and a,,_;g has degree strictly less than r.
The minimality of r gives once again that a,,—;g = 0 and the claim is proved. As a
consequence of the claim, we get that bya; =0 for all i =0, ... ,m (since a;g = 0 for
all 7) and hence b f = 0. Since by # 0, the proof in the one variable case is complete.
Next, assume that m > 2, and let A’ = A[X), ..., Xm-1), then B = A'[X;]. Choose
g € B\{0} such that fg = 0, then by the one variable case, we have that hf = 0
where h = g(X1, X3,... , Xm-1,0). Write f = Y_I_, fiX_, where f; € A’, then f;h =0
for all i. By the induction hypothesis af; = 0 for all i where a = (0, ... ,0) € A\{0}.
We conclude that af = 0. m

Corollary 2.3.19. Let A be a ring, f € A[X),...,Xm|\{0}. If f is a zero divisor
of A[X1,... ,Xm] then every nonzero coefficient of f is a zero divisor of A.

Definition 2.3.20. (/21]) A sequence of elements ay,... ,a, of a ring A is called
regular if the following conditions are satisfied:

1. (a1,...,a,)A# A
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2. a, is not a zero divisor of A, and for i > 2, a; is not a zero divisor in

Al(ay,... y@i—1)A.

Proposition 2.3.21. Let R be a UFD containing Q, B = R[Y,,Y>,Y3], and let
a1, ap, a3 be three pairwise relatively prime elements of R such that for every prime
divisor p of a3, the sequence (@1,@;) of R = R/pR is reqular. Then the derivation
D= Zi-;l a,-aiy'_ of B is standard.

Proof
Consider the standard linear constants

Ly =aY2~aY:, Ly=aY3-a3Y), L3 =aY;—a3);

and let Ry = R[L,, L, L3] (clearly, (ker D),, = (Rp)a,). Let p be a prime divisor of a3,
R = R/pR and & be the field of quotients of E. We need to prove that pBNR, C pRy.
For this, consider the commutative diagram

E[Tl ) T21 T3] l) E[fl-’ Es L3]
t t
E[TI ' T21 TS] l’ R[L—la -L—21 14—3]
where ¢(T;) = L; for i = 1,2,3 and ¢ is the extension of ¢ to k[T1,T»,T;]. Since
G3L; — a1L; = 0, it is clear that ker @ is generated by a;7> — @;13. Let F' € ker ¢,
then

F = (a;1; —aiT3)G (26)

for some G € F[Tl, T>,T3]. On the other hand, the polynomial @;T, — @173 is monic
as an element of the polynomial ring Ra;{T}, T5][Ts] (both @; and @; are nonzero in

R), and so the division algorithm in this ring allows us to write
F = (@ - @h)G, +1 (27)

for some G € Rg{T1, T2, T3] and 7 € Rg;[Th, T2). Comparing the two equations, (26)
and (27), gives that

ar'F = (T2 - oT:)p (28)
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for some ¢t > 0 and p € R[T}, Ty, Ts]. Now (@r%,@;) is a regular sequence of R, so a;
is not a zero divisor in the ring R/(@i*R), then a3T; — @;T; is not a zero divisor in
the ring (R/@*R)[T1, T2, T3], by Corollary 2.3.19. Thus, taking equation (28) mod-
ulo @* gives that p = 0 (mod @;*) and, hence, @;* divides p in R[T},T>,Ts). This
implies that F € (@27, ~a;T3) and ker ¢ is the principal ideal generated by @;T> —a@;7T5.

Let z = ®(L,, Ly, L3) € pPBN R, (® € R[T\,T,,T3)), then ® = a(a;T> —a,T3) + Bp
for some a, 8 € R[Ty, T, T3), and
z = a(Ly, Ly, L3)asLy + B(Ly, L2, L3)p € pRy

andso pBN Ry CpRy. ®

2.4 Some examples

In this section, we will prove the finite generation of the kernels of some elementary
derivations of k!®! to which none of the results of the previous sections can be applied.
‘We will assume in this section that k is an algebraically closed field (see Proposition
2.1.5).

Proposition 2.4.1. Let D be the elementary derivation

a d
2 __ y3 t__—_ —_
(Xi— X5 +X2) oY, +026Y2

OfB = k[Xl,Xg,X;;,),l, )/2, Y;;] > klﬁ] with Go € R= k[xl,XQ.X;;] satisfying:

+ (X3 - Xlxz)hga{,;, (t1,t2 2 0)

1. (X% - X3 + X2) and (X2 - X,X;) do not dividea, in R
2. X? — X3 + X, does not divide a; in R/(X? — X, X,)R.
Then D is standard.

Remark 2.4.2. Note that p:= X? — X? + X, and ¢ := X2 — X, X, are both prime
elements of R = k[X1, X,, X3] but R/pR and R/qR are not UFD’s. Indeed, it is
straightforward to prove that p and ¢ are prime. The fact that R/pR is not a UFD
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is the subject of Exercise 6.2 in the first chapter of [19]. To see that R/gR is not a
UFD, it is enough find a prime ideal of height one which is not principal in this ring.
Indeed, let z,,z,,z; be the images of X, X, X3 respectively in k[X;, X,, X3]/(p),
and let p be the prime ideal (z;,z;) of R/(q), then p has height one (because of the
relation z2 = z,1,), but it is not difficult to see that p is not principal.

Proof of Proposition 2.4.1. Let a; = p*, a3 = ¢** where p and ¢ are as in Remark
2.4.2. By Theorem 2.2.6, we may assume that ¢;,¢; > 1. Let A be the coordinate
ring of the plane curve (C) defined by p, i.e., A = k[X1, Xp]/(X? - X3 + X3). We
claim that A is an integrally closed domain. To see this, it is enough to prove that
(C) is a nonsingular curve of the affine plane A? over k. For this purpose, note that

the solution of the system

o =2X;=0
o =-3X}+1=0

consists of the two points (0, 33@) and (0, -33@). Since these points are not on the
curve, we deduce that (C) has no singular points and the claim is proved. Next, let
T := I,Z, € A, K be an algebraically closed field containing A, and let z = \/7 € K.
We claim that z ¢ A. Indeed, assume z € A. Then we can choose & € k[X), X;]
such that z = ®(z,, 1;). So r = (¥(z;,z,))? and consequently

o2 = XiXo + (X12 - Xg + Xz)\l’

for some ¥ € k[X,, X,]. The division algorithm in k[.X,, X>] allows us to find ®,, P, €
k[X\, X;] with degx, ®; < 1 and such that & = ®, + p®,. This means that

®? = ®% - 20%,p + p?®2 = X\ X, + pl' (29)

for some I' € k[X,, X;]. Since degy,®, < 1, we can find o, € k[X;] such that
®, = a + fX,. Then equation (29) gives that

A+ (X3~ X)) =T (30)

where T = X;(X2 — 2a8) + p(T — 8%) € kX1, X3). If T # 0, then its degree in X,
is clearly greater than or equal to one (since X; — 2af € k[X,]), and hence equation
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(30) is not possible since a? + §%(X3 — X3) is an element of k[X,]. Thus T = 0, and
in particular

X, =2af; (in particular a,f # 0) (31)
and I' = 2. But the fact that T = a? + #%(X} — X,) = 0 impliesthat a = 8 = 0

since degy,a? is even and degy,3%(Xs — X) is odd; this is a contradiction to (31).
We conclude that = ¢ A.

Let £ = X2 — r € A[X;3]. We will show next that £ is a prime element of A[Xj).

To see this, consider the homomorphism of A-algebras:
¢ : A[X3] - A[I]
X3 — I.

Clearly, £ € ker ¢, and conversely, if F € ker ¢, write F = v(X? —r)+aX3+0b for some
v € A[X3] and a,b € A, then ¢(F) =ax+b=0. Ifa # 0, then z = —% € qt(A),
and consequently z € A since A is integrally closed and z is integral over A; this
is a contradiction. Thus a = b = 0, and F = y(X? — r). This shows that ker ¢ is
generated by £ in A[X;] and so £ is a prime element of A[Xj).

As a consequence, the image p’ of p in R' = R/qR is a prime element of R' since

R/pR = (k[X1, X2 X3)/(p)) /(X3 —T)
> AlXs)/(X3-T)

and A[X;]/(X? - r) is a domain.

Using Proposition 2.1.2, we can finish the proof if we show that gBN Ry C qRp
where B = R[Y},Y,,Y3), Ry = R[Li, Ls, L3} and Ly, Ly, L3 are the standard linear
constants as above. So let £ € ¢B N Ry, and write £ = ®(L,, Ly, L;) for some
® € R[T}, T3, Ts) = RV, then the image @' of & in R'[T}, T3, T3] is in the kernel p of
the homomorphism

R[T, T Ts) - R[L/ Ly, L]
T; — L/
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sending T; to L = L; +¢B, i = 1,2,3. If k' is the field of quotients of R’, then ¢
can be extended to a homomorphism ¢’ : k'[Ty, T2, T3] = k’[L,’, L,’, L3'] such that the
diagram

KT, T T3] 25 KL, Ly, Ly
t 1 (32)
R[N,T, T - RIL/,LY, Ly

is commutative. Since a] and a) are nonzero elements of R', it is clear that the
transcendence degree of k’[L,’, L,’, L;'] over k' is two, and hence the height of p' =
ker ¢’ is one. The element u = a|T| + a,T;, of ¥'[T,,T>, T3} is a generator of p' since
it is prime and ¢(u) = 0. Let F € R'[T}, T2, T;] be an element of p, then F is also in
¢’ and so we can write

F =Gu (33)

for some G € k'[T},T>,T;). In the ring R;,l (T3, T3, T3}, u is monic in T}, and so the
division algorithm in this ring allows us to write

F=Hu+r (34)

for some H € R’a,l [T\, T, T3] and some r € R:;', [T2, T5]. Comparing equations (33) and
(34), we can see that G = H € R’a,l [T1,T>,73) and r = 0. Thus, there exists t > 0
such that

p"F = (mel + a’sz)g (35)

for some ¢ € R'[T,T,,T;). Since p’ is a prime element of R', then equation (35)
shows that p’ divides either p'T; + a3T; or g. By assumption, p' is not a divisor
of @) in R'/p'R', and so p’ cannot divide p**T} + a3T: in R'[T}, T3, T3}; consequently
F € uR'[T,T>, T3], and p is generated by u. Write ® = (a,T) +a,T2)¥ +¢T for some
v, T € RTh,T,T3|, then £ = —a3L3¥(L,, Ly, L3) + qY(Ly, L, L3) € qRo. w

Example 2.4.3. The derivation

0 0 9
D= (X} - X3 +X2)“3—Y: + (X3 - X7 + Xl)‘za—y2 + (X3 - X1X2)t3'6'}73
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of k[X, X2, X3, 11, Y2, Y3 is standard for all nonnegative integers ¢, t,,t;. Indeed,
it is not difficult to prove that the two conditions of Proposition 2.4.1 are satisfied
for a; = (X7 — X + X1)". Note that in the above example, D = ¥°7_, a;33- with
k[X1, X3, X3]/(a;) is not a UFD for all i = 1,2, 3.

So far, all the kernels of elementary derivations of B = R[Y,, Y5, V3] that we have
seen are generated by three elements over R. The following proposition gives an
example of an elementary derivation of B whose kernel is generated by only two
linear elements over R.

Proposition 2.4.4. The kernel of the elementary derivation

0 d d
D= (X12 - X2X3)a—yl + (X22 - X1X3)a—1/2 + (Xg - X1X2)a—)/3

of B = k[Xy, X2, X3, 1, Ya, 3] is a polynomial ring in two variables over k[ X, X2, X)-

Remark 2.4.5. The derivation D of proposition 2.4.4 is not standard but its kernel
is generated by two linear constants.

Proof

Let a; = X} — X3X3, a2 = X} — X, Xy, a3 = X? — X1 Xy, and let R = k[X,, X5, X3
Then a,, a3,a3 are pairwise relatively prime elements of R and R/a;R is not a UFD
for i € {1,2, 3}. Consider the two elements of B

f=Xh + X\ + XoY;, g=XY1+X3Yo + X1 Y5

and the usual standard linear constants

L = aYa-aY; = XIYo-XiXpYe- X3+ X1 X5Ys
Ly, = —-agY1+a1Y; = —X3¥Y) + XiXoY + XPYs - X, X3Ya
Ly = aY1-a)Y; = XIY; - X1 X3V, - XY, + X, X,Y,.

It is immediate that D(f) = D(g) = 0 and that the following relations are true
Ly = -Xof + X39, Ly =—Xof + X19, L3 =-X,f+ Xag.

Let Ry := R[f,g], then R[L,,Ly,L3] C Ro and since (R[L, L2, L3]),, = (ker D),
(Proposition 2.1.4), then (Rp),, = (ker D),,. We will show that ker D = R|[f, g]; so,
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it is enough (Proposition 2.1.2) to show that a3B N Ry C a3Ry. Let R = R/a3R and
consider the ring homomorphism

¢:R[T1,T;] — R[f,7]

sending T} to f and T» to §. We claim that ¢ is an isomorphism. Indeed, since the
elements f and g are not algebraic over R, the transcendence degree of R[f,g] over
R is either one or two. If it is one, then |, are linearly dependent over K := qt(R)
and so there exists an @ € R such that z3 = @z,, 7, = @r;, T, = @z;; in particular,

z2 = 1,73 in R and so
X; = X1X3 + (X; - X1X2)T

for some T € R. This is absurd. Thus, trdegzR[f,g] = 2, and so the height of ker ¢
is zero. This shows that ¢ is injective, and hence an isomorphism. To finish the proof,
consider an element z = ®(f, g) = asb of a3B N Ry (® € R[T},T,} and b € B), then
the image ® of & in R[T}, T3] is in the kernel of ¢, and consequently it is zero, so
® = a3k for some h € R[T), T|, and hence z = ®(f, g) € a3Ry as desired. @

2.5 A criterion for elementariness in R[X,Y]

Given a UFD R containing Q, we try in this section, to understand under what
conditions a locally nilpotent R-derivation of B = R® is R-elementary. Recall that
a derivation D of RI™ is called R-elementary if there exists a coordinate system vy =
(X1,--.,Xy) of R™ such that D(X;) € R for all i. Since R-elementary derivations of
R? are now fully understood, such a criterion would help to find the kernel of some

derivations of R[?. We begin with a Proposition from [7].

Proposition 2.5.1. (Proposition 2.1, [7]) If D # 0 is a locally nilpotent R-
derivation of R[X,Y] then ker D is a polynomial ring in one variable over R.

Lemma 2.5.2. Let E be a domain, and L = E[T] = E!Y, a polynomial ring in
one variable over E. If E[f] = E|g| for some f,g € L transcendental over E, then
f=ag+Db for somea€ E* andbe E.
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Proof

Write f = ¢(g) for some ¢ € E[T). Since f, g are both transcendental over E, we have
that ¢ = aT + b for some a,b € E. Similarly, g = y(f) for some ¥ = aT + 3 € E[T).
So f =a(af + B) + b, and aa = 1 (since f is transcendental over E). g

Lemma 2.5.3. Let E be a domain, and V = E[X,,...,X,] be a polynomial ring
in n variables over E. If v = (F,---,F,) is a coordinate system of V, then the

0X; 1<ij<n

determinant of the matriz

is a unit of E.

Proof

Fixi€ {1,...,n}. Since E[X),...,X,]| = E[F,..., F,], we can find an element G;
of E[Ty,...,T,) = EM™ such that X; = Gi(F,, ..., F,). The chain rule of differentia-
tion gives then the two edua.tions

&G, 0F
L= 2 3Rax

= dG; OF; .
0 = kE::la—Fkgz for any j # 1.

(5)
OF; 1<ij<n

is the inverse of A, and the Lemma follows. g

This means that the matrix

Given an R-elementary derivation D if B, the following Lemma gives us all the
R-elementary derivations of B of the form bD, b € B.

Lemma 2.5.4. Let R be a UFD, B = R and let D be an R-derivation of B. For
any b € B\{0}, we have

bD is R-elementary < D is R-elementary and b € R.
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Proof

If D is R-elementary and b € R, then we can choose a coordinate system v = (X, X,)
of B such that D(X,), D(X;) are in R. Hence bD(X,) and bD(X,) are also in R and
bD is then R-elementary. Conversely, if bD(U,), bD(U,) € R for some coordinate
system (Uy,U,) of B, then b, D(U;) are elements of R for i = 1, 2. In particular, D is
R-elementary. g

Proposition 2.5.5. Let R be a UFD containing Q and which is a finitely generated
k-algebre, B = R® be a polynomial ring in two variables over R. An irreducible
R-derivation D of B is R-elementary if and only if there ezists a coordinate system
v = (U, V) of B with respect to which ker D is generated over R by an element of the
form F = aU + bV for some relatively prime elements a, b of R.

Proof

Assume first that D is R-elementary and let (U, V) be a coordinate system of B such
that D(U) = a and D(V) = b for some relatively prime elements a,b of R. Let
F = bU — aV, then R[F] C ker D and for any prime divisor p of b, the equality
pB N R[F] = pR[F) is easily verified. This shows that ker D = R[F]. Conversely,
suppose that ¥ = (U, V) is a coordinate system of B such that ker D is generated over
R by an element of the form F = aU + bV where a, b are relatively prime elements

of R. Since D is an R-derivation, we have that
aD(U) = -bD(V). (36)

If D(U) and D(V) have a common divisor f € B, then the ideal (DB) of B would be
included in the ideal fB of B, and so f is a unit by the irreducibility of D. So D(U)
and D(V) are relatively prime in B, and equation (36) implies that D(U) divides b
and D(V) divides a and hence D(U), D(V) are both in R. Thus D is R-elementary.
a

Lemma 2.5.6. Let E be a UFD, C = E[X,Y] = EP. Let F = aX +bY € C where
a,b € E. The following are equivalent:

1. F ts a variable of C over E;
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2. the ideal (a,b)E of E generated by a,b is equal to E.

Proof
If F is a variable, we can choose G € C such that C = E[F, G|, and the determinant

of the matrix
A= a b
Gx Gy

is an element of F* by Lemma 2.5.3. This means that we can find a,5 € E with
aa+fBb = 1, and hence (a,b)E = E. Conversely, assume that (a,b)E = E and choose
a, € E with

aa+ pb=1.
Let

_ﬂa

b
A= ( ¢ ) € M(2x2,R)
then A is an invertible matrix with inverse

B=(°‘ 'b).
g a

Let G=-8X +aY €C, then

and so

= aF -G
= PF +aG.

——
<™
|

Thus (F,G) is a coordinate system and F is a variable. &

Proposition 2.5.7. Let R be a PID containing Q, B = R?, and let D # 0 be an
irreducible locally nilpotent R-derivation of B. Then the following are equivalent:
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1. D is R-elementary;

2. every generator of ker D is a variable of B over R;
3. D is surjective;

4. D has a slice.

Proof

We prove that (1) = (2) = (3) = (4) = (1). If (1) is true, one can choose a
coordinate system (U,V) of B over R such that ker D is generated over R by an
element of the form F = aU + bV for some a,b € R relatively prime (Proposition
2.5.5). Since R is a PID, (a,b)R = R and so F is a variable of B over R by Lemma
2.5.6. Now if F’ is another generator of ker D, then we have that

F'=aF + 8

for some a € R* and 8 € R (Lemma 2.5.2) , and so F' is also a variable of B over R.
This proves (2).

Next assume (2) is satisfied, then Theorem 1.3.6 and the fact that D is irre-
ducible imply that there exists a coordinate system (F,G) of B over R such that
D = Fy3/0X — Fxd/3Y and ker D = R[F]. Write D = f3/8F + g8/dG for some
f,g € B, then D(F) = f =0, and

Fx Fy

g = D(G) Gx Gy

€ R*,

since (F,G) is a coordinate system of B. Thus D = gd/dG and the latter is clearly
surjective. This proves condition (3).

Condition (3) implies condition (4) trivially. So assume that (4) is true, we need
to prove that D is R-elementary. Let G € B such that D(G) = 1, then for any
generator F of ker D, we have that B = R[F}[G] and hence (F,G) is a coordinate
system of B with respect to which D is elementary, and (1) is proved. @
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Remark 2.5.8. Conditions (3) and (4) of the above proposition remain equivalent
if we replace the assumption that R is a PID containing Q by the weaker assumption
that R is a domain containing Q. Indeed, we only need to prove (4) = (3). If G € B
is such that D(G) = 1, then B = (ker D)[G] = R|[F][G] for some F € B. If ¢ € B,
then D(¢) = 32 D(F) + 53¢ D(G) = &. So D = &, which is clearly surjective.

Corollary 2.5.9. Let B = k[X,Y,Z] = kB, D : B = B be a rank two locally
nilpotent k-derivation of B such that D(X) = 0. Then D is k[X]-elementary if and
only if its kernel is generated by a variable of B over k[X].

Proof
Follows immediately from Proposition 2.5.7. @

Example 2.5.10. Consider the k-derivation D of k[X,Y, Z] defined by D(X) =
0,D(Y) = X,D(Z) = Y. We claim that there exists no coordinate system y =
(X,U,V) of B such that D is k[X]-elementary with respect to v. Indeed, note first
that D is triangular and hence locally nilpotent. Also, its kernel is clearly generated
over k[X] by the element

F=X7- %Yz.

If F were a variable of k[X,Y, Z] over k[X], then we would be able to choose G €
k[X,Y, Z] such that k[X][F,G] = k[X][F,G], and hence

v | % ‘_ =Y X |_ _,8G _,8G
9 3G 8 4G aYy oz’
8Y 08z & oz

which is clearly not true. So F is not a variable of k[X,Y, Z] over k[X], and the
derivation D is not k[X}-elementary.

2.6 Elementary monomial derivations in dimen-
sion six

If B=R[Y,,...,Y,] = R™, denote by &, the partial derivative ;- of B.
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Recall that Robert’s counterexample to Hilbert’s fourteenth problem in dimension
seven can be realized as the field of fractions of the kernel of the elementary monomial

derivation
D= Xi’al + xgaz + X;:‘B; + XfX§X§64

of k[X1, X2, X3, 11, Y2, Y3, Y] (although he did not present it as such).

The purpose of this section is to show that we cannot construct a counterexample
to Hilbert’s fourteenth problem in dimension six which is of Robert’s type. More
generally, we will prove the following.

Theorem 2.6.1. Let R = k[X),...,X,] 2 k", B = R[Y;,... Y, = R™ and
0 # D : B — B an R-elementary monomial derivation. If n < 2 orm < 3, then D
is standard.

Note the following two corollories to Theorem 2.6.1.

Corollary 2.6.2. Every monomial elementary derivation of k' is either zero or
standard.

Proof
n + m = 6 implies that either n < 20orm<3. g

Corollary 2.6.3. With the notation of the above Theorem, let D : B — B be an
R-elementary monomial derivation of k") whose kernel is not finitely generated as an
R-algebra. Thenn=3 andm =4. ®

With the notations of Theorem 2.6.1, it is known ([13]) that if n < 2 (m arbitrary)
or m < 2 (n arbitrary), then ker D is a finitely generated k-algebra. If in addition
we assume that D is monomial, then we show that it is standard. For n = 2, we will
show (Theorem 2.6.6) that the kernel of any R-elementary monomial derivation of
RI™ is in fact a polynomial ring in m — 1 variables over R. As for the casen =m =3,
even the fact that the kernel is a finitely generated k-algebra seems to be a new result.
Note also that for the proof of the Theorem 2.6.1 we may clearly assume that the
derivation D is irreducible. Moreover, if a; = o, X7' X3?... X" (e; € Nand o; € &k
for all 7), then we may assume that a; = 1. We start with a proposition.
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Proposition 2.6.4. Let R be a UFD containing Q, a,,... ,a, € R, and D the R-
elementary derivation a;0, + - -+ + amdm of B:=R[Y\,... ,Yy]. If a; € R* for some
t, then ker D is generated by m — 1 standard linear constants (in fact kerD is a

polynomial ring in m — 1 variables over R).

Proof
We may clearly assume that a; = 1. In this case consider the elements

fl=02},1-},2’1f2=03),1-l,Sa"'afm—l=avn),l-Ym

of B. Clearly A’ := R[f1,..., fm—1] C C := ker D, and since Y; = a;¥; — f;_; for all
J 2 2, we can easily see that B = A'[Y;]. Since A’ € C C B and C is algebraically
closed in B, it follows that A'=C. g

Corollary 2.6.5. Theorem 2.6.1 is true if n =1 or if a; = 1 for some i.

Proof
Ifn =1, then D = X['3,+...4+ X["0,, and by the irreducibility of D we may assume

that e; = 0 and we are done by the above Proposition. g
By Corollary 2.3.7, Theorem 2.6.1 is true in the case m = 3. We study next the
case n = 2. In this case, we will prove a more general result. Namely we have the

following.

Theorem 2.6.6. If R = k{U,V] = k®® and a,, ....,am, m > 1 are monomials in U,V
(not all zero), then the kernel of the elementary derivation D = Y- ,a:8; (D #0) of
B = R[Y), ..., Y] is generated by m — 1 standard linear constants and is a polynomial

ring in m — 1 variables over R.

The proof uses Lemma 2.6.7 (see below) which holds in the following more general
situation: Risa UFD, B = R[Y}, ..., Y] and D : B — B an R-elementary derivation
of B, i.e., of the form
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where a; € R and 3; means the partial derivative with respect to Y;. Recall the
definition of the standard linear constants of D: for each pair (i, ;) € N? with 1 <
1 < j < m, define

L.-,,-:{ (m)l’.-(m)n ifa; #0o0ra; #0
’ ifo =a;=0

For any integer k > 0, we say that “D has the property P(k)” if D = 0 or ker D can
be generated (as R-algebra) by k-elements of the L; j's- With this terminology, we
have the following.

Lemma 2.6.7. Suppose that for some i € {1,... ,m}, we have

1. The restriction D; of D to B; = R[Y\,...,Yi_1,Yi41,... , Y] has the property
P(k);

2. a;j | a; for some j # .
Then D has the property P(k + 1).

Proof
If D = 0, there is nothing to prove, so we may assume D # 0 and consequently, we
may choose j # 7 such that a; # 0 and a; | ;. The element L = Y; — a-Y; belongs
to ker D and clearly B = B;[L], so ker D = (ker D;)[L] and D has the property
Pk+1) =

Proof of Theorem 2.6.6. We proceed by induction on m, the case m = 1 being
obvious. By the induction hypothesis and Lemma 2.6.7, we may assume that a; does
not divide a; whenever i # j; in particular a; # 0 for all 1, so, multiplying each a; by
a unit if necessary, we may assume that a; = U%V" for all i. We may also relabel

the Y;'s in such a way that
U >...>u, and v <...<vn,.

Note that L;; = V¥%~"Y, — U%~%Yj, where L;; is as above. Let A = R[L;;4+1,1 <
i < m - 1], we will show that ker D = A.
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A simple calculation shows that
Lij =U"""* Lig1j + V™" Lijn

whenever j — ¢ > 1. In particular, L;; is in the R-module generated by L;,,; and
L;;+1, and hence is in R-module generated by the set {L;;,; | 1 <i < m —1}. This
shows that L; ; € A for all ¢, j satisfying i < j. Also, it follows from Proposition 2.1.4
that Ay = (ker)y (by the irreducibility of D, we can find i € {1,... ,m} such that
a; = U* for some u > 1), and consequently, it suffices (by Theorem 2.3.3) to prove
that

ANUB=UA. (37)

Clearly, UA C ANUB. Conversely, let € ANUB and writez = ®(L,3,... , Lyn-1.m)
where & € R[T\,...,Tm-1] is a polynomial in m — 1 variables. Let R = R/UR,
B = BJ/UB = R|Y),...,Yn] and let us take the images via B — B. Since z — 0
and L; ;4 — VUi+1—%Y, this gives

(VY. , VIm Tty ) =0

and consequently ® = 0. This means that each coefficient of & is divisible by U, and
soz € UA and (37) is proved. g

In particular, Theorem 2.6.6 shows that D has the property P(m — 1), and this
means that if n = 2, then D is standard. It remains now to consider the cases m = 2
and m = 1. In the first case, the derivation has the form D = 4,8, + a28; where
a; € k[X,, ..., X,] and in this case, Theorem 4.1 of [13] shows that the kernel of D is
k[X1,...,Xn,a2Y] — a,Ys]. In the case m = 1, it is easy to verify that the kernel is
simply k[Xi, ..., Xs). This finishes the proof of Theorem 2.6.1.

We finish this tour of elementary derivations in dimension six with a self-contained
proof of the fact that every linear (see definition below) and elementary derivation of
k!l has a finitely generated kernel over k. Note that a well known result of Weitzen-
bock ([31]) stated that every linear and locally nilpotent derivation of k" has a
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finitely generated kernel. A modern proofs of this fact is due to Seshadri ([28]). All
the known proof of this fact are non-constructive in the sense that it is not easy to
describe the ring of constants of a given linear elementary derivation.

Definition 2.6.8. A derivation D of k[X, ..., X}] is called linear if it is of the form

" 2
D=) (@aXi+- +ainXn) 53

=1

where a;; € k for all ¢ and all j.
Locally nilpotent linear derivations of ki satisfy the following nice property.

Proposition 2.6.9. (Lemma 3, [18]) If D is a linear locally nilpotent derivation of
k[X1,...,Xn] 2 k[P, then the rank of D (see Definition 1.3.3) is equal to the rank of

D as a vector space map on V =< X,,... , X, >.

Proposition 2.6.10. Let A = (a;;)};_, be a 3 x 3 matriz with entries in k, then the

elementary derivation

3
0
D= Z(ailxl + a2 X7 + aiaxs)a—yi

=1

of E = k[X,, Xs, X3, Y1, Ya, Y] is either zero or standard.

Proof
By Proposition 2.6.9 above we have that the rank of D is equal to the rank of the

matrix .
(0 0 o
0 0 0
0 0 0
a1 a2 a3
azy ax» axp

\asl Q32 as33

o O O O O O

©c O O O O O
o O O o0 o o
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which is clearly equal to rank (.A), hence rank D < 3. If rank D < 2, then we are
done by Corollary 1.3.7. If rank D = 3, then A € GL3(k), and so (a;,a;,a3) is a
coordinate system of R = k[X, X2, X3], where

a; = @i X) + a2 X2 + a3 X3 (i=1,2,3).

So we may regard D as an elementary monomial derivation: Each DY; is a monomial
in R = k[a,,a,,a3]. So D is standard. ®

2.7 Elementary monomial derivations in dimen-
sion seven

Let C = k[X1, X2, X3, Y1,Y5, Yz, Ya] = kl7). Recall that the kernel of the elementary
derivation

9
oY,

E E; )
t+1 t+1 t+1 t
X gpr + X8 g + Xi 5 + (i X Xo)

of C is not a finitely generated k-algebra for any value of ¢ > 2. It is then natural to

(38)

ask the following

Question 2.7.1. Do there exist other elementary monomial derivations of C' whose

kernels are not finitely generated over k?

The purpose of this section is to investigate a little further the family of monomial
elementary derivations of C. Although this type of derivation looks easy to handle at
the first glance, in fact, even in some simple cases, the question of finite generation of
the kernel seems to be very hard to answer. We will look at some cases of elementary

monomial derivations of C where we can prove the finite generation of the kernel.

First some notation.

Let R be a UFD containing Q, and let a,,a,, a3, a4 be four nonzero elements of
R. Let B := R[Y},Y:,Y;, Y] be a polynomial ring in four variables over R. For
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1 < i< j <4, write g;; for the gcd of a; and a; and recall that the standard linear
constants Li; of D = Y_;_, a;;5- are defined by:

a; a; ..
Ly = Y, - =Y. 39
1S 0 ot (39)

Proposition 2.7.2. Let R be a UFD containing Q which is a finitely generated k-
algebra, and B = R[Y),Y;,Y3,Y,] e polynomial ring in four variables over R. Let
a,, az, a3, a4 be four nonzero relatively prime elements of R satisfying a4 € (a,,a3,a3)R

and the following conditions for every prime divisor p of a,:
e The ring R = R/pR is a UFD;
e ged(an, a3, @3) = 1 where

- 5 U — 82 — _aL.
a 912913’ a2 912923° a3 913923

Then the kernel of the R-elementary derivation
0

+ @y + U + Ay

D=a2-
=43y, T ey, T oy, T Moy,

of B is equal to R[Ly2, L13, L33, L] for some linear constant L of D.

Proof
Write a4 = a,u, + a2 + azuz for some elements p), u2, u3 of R. Let

L=Y; —mY) — peYo — pu3Ys

and R = R|L]. Clearly L € ker D and B = RY},Y2,Y3] = R® and D is R
elementary, so the result follows from Theorem 2.3.3. @

Corollary 2.7.3. Let R = k[X,, ..., Xqn] be a polynomial ring in n variables (n > 1)
over k, and let a,, ap, as, a; be four monomials of R satisfying a; | a; for some i # j.

Then D is stendard.
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Proof
We may clearly assume that D is irreducible and that a; # 0 for all i. Assume q, | a4.
By the above Proposition, one has only to show that

ged(an, @z, 03) = 1 (40)

for every prime divisor of a;. Since the a;'s are pairwise relatively prime, for each
i € {1,...,n} we can choose distinct j, k € {1, 2,3} such that a;, a; are not divisible
by X;. In this case a;,ax € k[Xy,...,Xic1, Xis1,..., Xa] = k[Xy,---, Xa]/(X),
and relation (40) follows. ®

Example 2.7.4. The kernel of the derivation
d 7] 0
Xy g + Xz F) 2 *X5m aYs * Y,
of k[X1, X5, X3,11,Y3,Y3,Y,] is finitely generated over k whenever ¢; < t for some
i € {1, 2,3} (see derivation (38) above).

X1X2X3)t

The obvious question now is what can be said about the kernel of the elementary
monomial derivation d = Y i_, 0;0/8Y; of B if a; does not divide a; for all i #
j (clearly, derivation (38) is of this type). The following Proposition answers this

question in some particular cases.

Proposition 2.7.5. The kernel of the derivation

) 8  veus @ vewa @
D=Xizo+Xigm +XiXip + XsXi o

is generated by at most siz linear elements in the Y;’s for all nonnegative integers

ti,t2,a,b,c,d withb < c.

Proof
Let R = k[X), X,, X3] and B = R[Y,Y>,Y3,Ys]. By Proposition 2.1.2 above we may
assume that t; > a >0and 0 < b < ¢ < t; > b. In this case, the standard kernel

elements of D are
Lip=X"Y, - X2Y),, Lu=Xp""Y:-X%, Lu= XY, - X5X3Y,
Ly = X£7, - XtYa, La = X3 Ya— X§Ya, Lu = XiYa— X;7°X{Va.
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Let R[T;; : 1 < i < j < 4] be a polynomial ring in 6 variables over R, R = R/X,R,
and let L;; be the image of L;; in R[Y,,Y,, Y3, Yy]. Then we have:

Liz = -X3*Y1, Lu=-XY,, L = - X5X3Y,
In= X2, Du= XY - X$Y,, Ly = -X5°X3Ys

and hence the transcendence degree of R[L;; : 1 < i < j < 4] over R is three. Consider
the following homomorphism of R-algebras:

¢:R[T;:1<i<j<4—-RL;:1<i<j<4
sending T;; to L;;. It is clear that the elements
X3Ts + X3 Tas, Tia — X3 T3, Tha - X570 X2Ths
of R[T;; : 1 <i< j<4]arein p=ker ¢. Since X§Toy + X3* T34 is clearly prime,
the ring S := R[T}; : 1 < i < j < 4]/(X8T + X737 °Ty,) is an integral domain. Now
RT;:1<i<j<4)/(X§Tu+ X5 Tay, Th2 — X532 "T13, Tha — X578 X3T13) =
S[Ti2, Tis, Tua, Taa)/(Thz — 2 ~*Ti3, Tha — 25T13)

(z; is the image of X; in S) and the latter ring is clearly an integral domain. This
shows that the ideal

(X8To + X3 Tas, Th2 — X2 T3, Thg — X570 X2T13)

of R[T;; : 1 < i < j < 4] is prime of height 3. On the other hand, htp is also three
since the transcendence degree of R[L;; : 1 < i < j < 4] over R is three and the
dimension of R[T;; : 1 < i < j < 4] is six. This proves that

p = (X3Tp + X2 Tay, Tia — X5 T3, Tua — X5~ X§Tha)
and the relation X;BNR[L;j; : 1 <i<j <4 =XiR[L;;:1<i<j< 4] follows
from the following relations:
XgL23+X;2_cL34 = X?qu
Lip— XLy = X1 Ly
Lu "X;_bngls = X:l—GL:M.
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We conclude, by Proposition, 2.1.2 that ker D=R[L;;: 1<i<j<4]. ®

Note that the elementary derivations encountered in this chapter satisfy the fol-

lowing condition.

Question 2.7.6. If the kernel of an R-elementary derivation D of B = R[Y}, Y>,Ys]
is a finitely generated R-algebra, is ker D generated by linear constants?
Remark 2.7.7. Theorem 3.4.1 will show that the derivation
0 7] (7] d
xX2_—_ 2_~ 2 i
¥ +X26Y2 + X; + X5X;3

3Ys aY,
of k[X,, X2, X3,11,Y,,Y3,Y,] has a finitely generated kernel which cannot be gener-
ated by linear elements in the Y;’s (see derivation 38 above).



Chapter 3
On a Conjecture of Nowicki

The following is the main result of this chapter:

Theorem 1. Let n and t,,... ,t, be positive integers, and consider the derivation
n
.0
D= X5 —
i ax

=1

of the polynomial ring k[X,,... , X, Y1,...,Ys]. Then
kerD=k[X1,...,X,.,L.-,-: 1$i<j5n], (41)

where L;; = X1Y; — X}Y..

The special case where all the ¢;’s are equal to 1 was considered by Nowicki in [25].
Since, in that case, D is a linear derivation (that is, a derivation which maps each X;
and Y; to a linear form in X),..., X,,Y;,...,Y,), it is known (see [28]) that ker D
was a finitely generated k-algebra, but no set of generators was found for arbitrary
n. Nowicki conjectured (41) in that case (¢; = 1 for all i), basing his conjecture on
his computation of the cases n = 2,3, 4.

It was argued in [20] that (41) holds in the case where all the t;'s are equal to each
other and are greater than or equal to 3. However, we will show in Section 3.2 that
the proof presented in [20] contains an error. Note that in the case where the ¢;’s are
not all 1 (i.e, D is not linear), it is no longer evident that ker D is finitely generated

as a k-algebra. However, we will show in Section 3 that we can restrict ourself to the

linear case.
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In the first section, we present an overview of the theory of Groebner bases and
some of its applications. The elimination theory (Theorem 3.1.28) will play a cru-
cial role in the proof of Nowicki’s Conjecture. In the second section, we look at the
argument of H. Kojima and M. Miyanishi presented in [20] and we develop a tech-
nique which, in some cases, can help decide whether a certain ideal is prime. In
Section 3 we present the solution to Nowicki’s Conjecture, i.e., the proof of Theo-
rem 1. In Section 4 we give an example of a k[X,, X,, X;]-elementary derivation of
k[X1, Xa, X3, 11, Y2, Y3, Yy] whose kernel is finitely generated over k£ but cannot be
generated by linear elements in the Y;'s.

Remark 3.0.8. After finishing the proof of Nowicki’s Conjecture using the theory
of Groebner bases, it was brought to our attention by Harm Derksen that one can
give a shorter proof of this Conjecture by extending the G,-action to an SLj-action.
As far as we know, the short proof has not been published.

3.1 Groebner bases

Groebner bases were first introduced in 1965 by Bruno Buchberger who was a student
of Wolfgang Groebner. The basic idea behind this theory can be described as a gener-
alization of the division algorithm for polynomials in one variable. In particular, one
can use the Groebner basis of the ideal of k[X],... , X,] generated by the elements
f1,-.., fs to define the remainder of the division of an element f € k[X;,---, X,]
by the f;’s. In the multivariables case, we have to define, of course, the appropriate
concept of division. Another important concept of Groebner bases is the elimination
theory that we will also look at in this section. It is important to bear in mind that
the notion of Groebner bases depends on the choice of variables and on the choice
of a “monomial ordering” on k[X,..., X,], so for a given ideal, different monomial

orderings may give different Groebner bases.

In this section, the letter k stands for an arbitrary field (not necessarily of charac-
teristic zero), and k[X] will be an abreviation for the polynomial ring in n variables
k[X\,...,Xqa) over k for n > 1.
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Consider the following problem:
Ideal Membership Problem Given fi,. .., fs € k[X], let I be the ideal of k[X] gener-
ated by the f;'s. For g € k[X], decide if g € I.

In the case of a polynomial ring in one variable k[X,], the solution to the above
problem can be given easily: let f € k[X] be the greatest common divisor of the
fi's, then I = (f) since k[X,] is a PID in this case. Now use the division algorithm
in k[X,] to find unique g,r € k[X] such that g = gf + r where r is either zero or
degx,r < degy, f. So g € I if and only if r = 0.

If we properly define the notions of division algorithm and remainder in k[X],
then Groebner bases will be the analog of greatest common divisor for the elements
fi in the sense that if {f},..., fs} is a Groebner basis for the ideal I = (fi,..., fs),
then an element g of k[X] is in I if and only if the remainder of the division of g by

the f;’s is zero.

Before we can state the division algorithm of k[X], we need to define the notion
of monomial ordering in k[X].

Monomial ordering in k[X]

Let R = k", ie, R is k-isomorphic to a polynomial algebra in n variables over k.

Recall that a coordinate system of R means an ordered n-tuple X = (Xj,... ,X,) €
R" satisfying '

R =k[X,,..., Xy

We write R = k[X] to indicate that the coordinate system X = (X),...,Xys) has
been chosen. Note that this choice includes, in particular, the ordering of the variables
(X is an ordered n-tuple). In that situation, we make the following definitions.

1. Given a € Z3,, X2 := X" --- X3~
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2. The elements of M = My = {X® | a € Z3,} are called monomials. Note that
a — X% is an isomorphism from the additive monoid Z3, to the multiplicative
monoid M.

3. A monomial ordering on k[X] is a relation > on M satisfying

o If M,N € M with M < N, then for all P €¢ M we have MP < NP.

e > is a well ordering of M.

In view of the isomorphism Z3, & M, we may also say that a monomial ordering
on k[X] is a well ordering of 23, satisfying

a<fB=2>a+y<fB8+7y
for all @, 8,7 € Z3,.
In what follows we give two examples of monomial orderings on k[X].

(1) Lexicographic ordering Given ¢, § in 23, we say that o is greater than [ in the
Lexicographic order, and we denote a >}qy B, if the first nonzero entry from the left

in @ — § is positive.
Proposition 3.1.1. The lericographic ordering on 2%, is a monomial ordering.

Proof

The first part of the definition of a monomial ordering is clearly verified. For the
second part, assume that >lex Were not a well ordering on Z’go, then we can find a
nonempty subset S of 23, which has no smallest element. If a, is a fixed element
of S, then one can find @, € S with @, >jox @,. Also, since g, is not the smallest
element of S, we can find g3 € S with @, >jey @3. Continuing this way, we obtain a

strictly decreasing infinite sequence

Q) >lex 22 Zlex X3 Zlex - (42)

of elements of S. Write a; = (ay;, @2, ... , i) for all i > 1. Using the definition of

>lex» We have that the sequence (ay;); of Z3, is nonincreasing; hence there exists k
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such that a,; = ay; for all i > k. Now consider the sequence

A lex Xe+1 Vlex Ue+2 lex - - (43)

Using the same argument as before, one sees that the sequence of the second entries
of elements in (43) will eventually stabilize. Continuing the same way, we will be able
to find s such that a; = g, for all i > s, contradicting the fact that (42) is a strictly

decreasing sequence. g

Remark 3.1.2. Because, say, k[X,Y, Z] = k[Y, X, Z], the expression “Lexicographic
ordering on k[X,Y, Z]" is ambiguous. A convenient way to specify that the chosen
coordinate system is (X,Y, Z) (not (Y, X, Z) or some other permutation) is to write

“lexicographic ordering on k[X,Y, Z] with X > Y > Z”.
Example 3.1.3. In k[X,Y, Z] with X > Y > Z, we have |
® X?YZ >y XY325
® X >)ox Y2Z° for any a,b€ N.

Given a = (aj,...,ay) € Z'éo, define the total degree | a | of @ to be Y|, a;.
One can show that the following is a monomial ordering on Z3,.
(2) Graded Lexicographic ordering Given a, 8 in Z3,, then

la|>| 8|
@ >prlex B | or
la|=|B| anda >y B
Example 3.1.4. In k[X,Y, Z] with X > Y > Z, we have
o XY?22783 >grlex X2y 2?
o X273 >grlex Y3Zz2

Remark 3.1.5. One can easily verify the following two facts:
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1. The total degree is not a monomial ordering on k[X] since one could have that
| @ |=| B | even if X2 and X2 are two different monomials.

2. For the lexicographic and the graded lexicographic orderings defined above,
X2>1forany a € Z3,.

From now on, we will assume that 2 monomial ordering > on Z3, is fixed, and all
the notions and results that will follow in this section will be relative to this ordering.

Definition 3.1.6. Let f = 3_, a, X be a nonzero element of k[X].
1. The multidegree of f (denoted mdeg(f)) is

mdeg() = max{a € 23;aq # 0}.

2. The leading coefficient of f (denoted LC(f)) is

LC(f) = Smdeg(s) €k*.

3. The leading monomial of f (denoted LM(f)) is

LM(f) = xmdeg(n

4. The leading term of f (denoted LT(f)) is

LT(f) = LC(f) LM(f).

As in the one variable case, one can prove easily the following lemma.
Lemma 3.1.7. Let f,g € k[X]\{0}, then we have the following

1. mdeg(fg) = mdeg(f) + mdeg(g)

2. If f+ g # 0, then mdeg(f + g) < maz{mdeg(f), mdeg(g)}, and the equality
holds if mdeg(f) # mdeg(g).
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We now return to the ideal membership problem, this time for k[ X, ... , X,), n >
2. Recall that in the one variable case, a division algorithm was used to determine if an
element of k[X] is in the ideal generated by fi, ..., f, or not. A less efficient version
of this algorithm exists in the multivariable case. Namely, we have the following

theorem.

Theorem 3.1.8. (Division Algorithm, Theorem 3, page 63 of [2]) Let F = (f1, ..., fs)
be an s-tuple of elements of k[X], and let f € k[X]. Then there erist elements

ay,...,an,r of k[X] with the following properties
L f=afi+--+anfa+r
2. either r =0 or no term of r is divisible by any of LT(f;)
3. mdeg(a; f;) < mdeg(f) whenever a;f; # 0.

The most remarkable difference between the above theorem and the division algo-
rithm in the one variable case is that the remainder is no longer unique in Theorem
3.1.8. To see this, consider the example

Example 3.1.9. Consider the three elements fi = X2 - 1,f, = X;X; + 1 and
[ = XiX? - X, of k[X;, X;] equipped with the lex order with X; > X;. On one
hand, f = X, f, (so the remainder is zero), and on he other hand f = X, f, + (—X; —
X3) (so the remainder is (—X; — X;)). This example shows also that the fact that
the remainder in the division algorithm of f by f,... f. is zero, is not a necessary
condition for f to belong to the ideal generated by the f;'s (it is clearly sufficient
though).

To solve the ideal membership problem, one hopes to find “nice generators” for
the ideal I = (f},..., fa), in the sense that every f € k[X] has a unique remainder
upon division by the f;’s. These “nice generators” will be provided by the elements

of a Groebner basis for I.

Theorem 3.1.10. Let G = {g1,.-.,9-} be a finite subset of k[X| and suppose that
I is an ideal of k[X] containing G. The following are equivalent:
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1. The ideal (LT(f); f € I\{0}) of k[X], generated by the leading terms of nonzero
elements of 1, is equal to (LT(g;),...,LT(g,))-

2. If f € I\{0}, then there exists i € {1,...,r} such that LT(g;) | LT(f).

3. For every f € I\{0}, there exist a,,... ,a, € k[X] with the following properties

(a) f=3_,aig
(b) mdeg(a;g;) < mdeg(f) whenever a;g; # 0.

Proof

(1) = (2). Let f € I\{0}, then by (1), LT(f) = Y., b: LT(g:) for some b,’s in
k[X). This can only happen when LT(f) = hLT(g;) for some h € k[X] and some
i€{1,...,r}. Hence LT(g;) | LT(f).

(2) = (3). If (3) is not true, we can choose f € I'\{0} of least multidegree such that
f does not have the specified representation in (3). By (2), there exist i € {1,... ,r}
and a monomial ¢ € k[X] such that LT(f) = cLT(g;). Write f = LT(f) + f, and
9i = LT(g:) + gio where fo,g:0 € k[X] with mdeg(fy) < mdeg(f) and mdeg(gio) <
mdeg(g;). Let h = f — cg; = fo — cgio, then mdeg(h) < mdeg(f) (since h = f — cg;
and f and cg; have the same leading terms). But h € I, so the minimality of the
multidegree of f implies that either A = 0 or

h= Zajgj with mdeg(h) > mdeg(a;g;) whenever a;g; # 0. (44)

=1
If h =0, then f = cg; and we get a contradiction to our choice of f. Hence h must
satisfy (44), and then
f= (Z a,-gj) +(c+ai)gi (45)
J#i
where mdeg(f) > mdeg(h) > mdeg(a;g;) whenever a;g; # 0 and ¢ # j. Moreover,

we have that
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mdeg ((c + a;)g;) = mdeg(cg; + a;g;)

IN

max{mdeg(cg;), mdeg(a;g;)}
max{mdeg(f), mdeg(a;g;)}
max{mdeg(f), mdeg(h)}

mdeg(f)-

Nl

Relation (45) then gives a contradiction to our choice of f. So (3) is true.

(3) = (1). Let f € I\{0}. By (3), f = Y_[_, aig: for some @;’s in k[X] with mdeg(f) >
mdeg(a;g;) whenever a;g; # 0. Choosei € {1,... ,r} such that mdeg(f) = mdeg(a;g;),
then LT(f) = uLT(a;g:) = #LT(a;) LT(g;) for some u € k°. So (1) is true. @

Definition 3.1.11. For a nonzero ideal I of k[X], a subset G = {g;,... ,g-} of I is
called a Groebner basis for I if one (hence all) of the three statements of theorem
3.1.10 is true for G.

Remark 3.1.12. (1) By property (3) of Theorem 3.1.10, we can see that a Groebner
basis for an ideal ] is in particular a set of generators for 1.

(2) Given any nonzero ideal I of k[X], consider the ideal J of k[X] generated by the
leading terms of nonzero elements of /. Since k[X] is noetherian, we can find g,. .. , gr
in I such that J = (LT(g1),...,LT(g,)). This simply means (by condition (1) of
Theorem 3.1.10) that {g;,...,9:} is a Groebner basis for I. Using the convention
that the empty set is a Groebner basis for {0}, this shows that every ideal of k[X]
has a Groebner basis.

(3) A Groebner basis for an ideal depends on the choice of a monomial ordering on
k[X]. Hence, different monomial orderings may give different Groebner bases for I.

Definition 3.1.13. Let G = {g1,...,9-} C k[X], and let f € k[X]\{0}. We say
that f is in standard form relative to G if f = 3_;_, aig; for some a,,... ,a, € k[X]
with mdeg(f) > mdeg(a;g;) whenever a;g; # 0.

Theorem 3.1.10 asserts then that G = {g,... , gr} is a Groebner basis for I = (G)
if and only if every element of I is either zero or in standard form relative to G.
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Example 3.1.14. In Example 3.1.9, {fi, f2} is not a Groebner basis for I = (fi, f2)
for the lex ordering with X; > X,. Indeed, let f = X; + X € I and suppose that

Xi+Xo=a (X22 - 1) + ag(Xle + 1) (46)

for some a;,a; € k[X;, X,] with mdeg(a, fi) < mdeg(f) and mdeg(azf2) < mdeg(f).
Then (46) implies that a; = 0 since mdeg(f;) > mdeg(f) and so X;+X; =a,(X2-1)
which is clearly not possible. Thus, f cannot be written in standard form relative to

{fu, f2}.

We now can prove the uniqueness of the remainder in Theorem 3.1.8 for Groebner

bases.

Proposition 3.1.15. Let G = {qi,.-- ,gs} be a Groebner basis for I = (gy,... ,9s),
and let f € k[X]\{0}. If ry,r2 are two remainders of f upon division by G, then

Ty =Ts.

Proof

Write f = hy + 1, = hy + 1, where hy, hy € I and 1,72 € k[X] such that either r; = 0
or no term of r; is divisible by any of LT(g,),... ,LT(g,), for ¢ = 1,2. Assume that
Ty # 19, then r; —~ o = hy — hy € I\{0}, and so LT(r, — r2) is divisible by LT(g;) for
some i, since G is a Groebner basis for I. But LT(r; — r2) is a term of either r; or

ro. This is a contradiction. @

Definition 3.1.16. Let G be a Groebner basis for a nonzero ideal I of k[X]. If
f € k[X]\{0}, then the remainder of f upon division by G (denoted by TG) is the
unique 7 of the above proposition.

Remark 3.1.17. With the notation of Propesition 3.1.15, if f = a,91+---+a,g,+T,
where r is the remainder of f upon division by G, r is unique but the a;’s are not.

Now the solution of the ideal membership problem becomes easy using the notion
of the remainder defined above. Namely let I be a nonzero ideal of k[X], and f €
k[X]\{0}. Compute a Groebner basis G for I with respect to the fixed monomial
ordering on k[X]. Then f € I if and only if 76 = 0. (There are algorithms for

computing a Groebner basis, but we will not discuss this aspect.)
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Buchberger’s criterion

The question that we will answer next is the following:
Question: How can we decide if {g;,...,9-} is a Groebner basis for the ideal

I={(q,...,9/)7

We already have an answer to this question given by Theorem 3.1.10: G is a
Groebner basis for I = (G) iff every nonzero element of I is in standard form relative
to G. The problem is that this criterion is not usually practical. Buchberger proved
a similar criterion that consists of doing the same thing but only for a finite number

of elements of I.
Definition 3.1.18. (The S-polynomials) Let f, g € k[X]\{0}.

1. 1If mdeg(f) =a= (alv‘“ :aﬂ) and mdeg(g) = é = (ﬁla"' ,.Bn): let Y=
max(a;, §;) for i € {1,...,n} and v = (1,..., 7). We call X2 the least
common maultiple of LM(f) and LM(g).

2. The S-polynomial of f and g is defined as follows

X2 P, ¢
9= ! T e

Example 3.1.19. In k[X,Y, Z], let f =2X2?YZ -3Y? and g = 3Y3Z + Z2. Using
the lex order on k[X,Y, Z] with X > Y > Z, we have

X3z X3z

5(£,9) = T5apz(RXYZ-3Y?) - 5 (3Y?Z + Z°)
= _§ 4___1_ 2 2
= V- X2

Remark 3.1.20. (1) It is clear (see the above example) that an S-polynomial is
designed to produce cancellation of leading terms, so it is not difficult to check that

mdeg(S(f,g)) < mdeg(LCM(LT(f), LT(g)))

(2) S(f,9)=-5(9,f)
(3) 8(f,.f)=0
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(4) if h is the greatest common divisor of LT(f) and LT(g), it is easy to check that

Tg), _ 1I(),

Lemma 3.1.21. Let f, g € k[X]\{0}, and let a, b be two nonzero monomials of k[X].
If LT(af) = LT(bg), then af — bg = A GCD(a, b)S(f,g) for some ) € k*.

S(f1 )‘

Proof
Let ¢ = GCD(a,b), and h = GCD(LT(f),LT(g)). Since a LT(f) = bLT(g), we have

that
0 (5)- () (%)

Since GCD (¢, %) = GCD ( L—'I,:m, Elhlﬂ) = 1, equation (47) implies that there exists
A € k* with

(%)
()
So,
of -0 = 2e (00 1T0)
= AeS(f,9)
|

Definition 3.1.22. Let G = {g;,...,9-} be a finite subset of k[X], and let f €
k[X]\{0}. For a monomial t € k[X]\{0}, we say that f has a t-representation with
respect to G if f = Y_[_, a:g; for some a;, ... ,a, € k[X] with mdeg(a;g;) < mdeg(t)
whenever a;g; # 0.

In particular, if f is in standard form relative to G, then f has an LM(f)-

representation with respect to G.
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We can now give Buchberger’s criterion for a set of generators to be a Groebner
basis. This criterion, together with its two improvements, will be our main tool to
detect Groebner bases for some ideals in the coming sections.

Theorem 3.1.23. Let G = {g,... ,9r} be a finite subset of k[X] such that 0 ¢ G.
Then G is a Groebner basis for I = (G) if and only if for every1 < i < j <,
either S(gi,g;) = 0 or there ezists a monomial t;; € k[X|\{0} such that mdeg(t;;) <
mdeg(LCM(LM(g;), LM(g;))) and S(g:, g;) has a t;;-representation with respect to G.

Proof

If G is a Groebner basis, then for every 4, j with 1 < i < j < r, either S(g;,9;) =0or
it is in standard form relative to G (Theorem 3.1.10). In the second case, S(g;, g;) has
a LM(S(gi, g;))-representation with respect to G, and we know that mdeg(S(gi, g;)) <
mdeg(LCM(LM(g:), LM(g;)))-

Conversely, assume that for every 1 < i < j < r, either S(gi,g;) = 0 or it has a
t;j-representation with respect to G for some monomial ¢;; with

mdeg(t;;) < mdeg(LCM(LM(g:), LM(g;)))-

If G is not a Groebner basis for I, then we can choose f € I\{0} which is not in
standard form relative to G (theorem 3.1.10). Choose a representation

f=Y o (48)

=1
of f (a: € k[X]) satisfying the following conditions:

1. M := max{LM(a;g;); 1 < i < r} has the least multidegree o among all repre-
sentations of f of the form (48) (of course, the “maximum” ccnsidered in the
definition of M is with respect to the monomial ordering fixed earlier).

2. f has the fewest possible i such that mdeg(a;g;) = a : since f is not in standard
form relative to G, we have that ¢ > mdeg(f) and so at least two terms in the

representation (48) of f must have multidegree a.
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We will get a contradiction by finding another representation of f having fewer terms

with multidegree a.

Rearrange the g;’s if necessary to assume that
mdeg(a19:) = mdeg(azg;) = a. (49)

Let m; = LT(a;) for ¢ = 1, 2, then mdeg(m,g,) = mdeg(m2g2) = a and so LT(m,g,) =
ALT(mag;) = LT(Am,g;) for some A € k*. By Lemma 3.1.21, there exists u € k*
such that m;g, — Amag, = um3S(g, g2) where m3 = GCD (L—é';h, ﬁﬁz—)) Now by
our assumption, S(g1, g2) = Y ., digi for some d,, ... ,d, € k[X] and mdeg(d;g;) <
mdeg(t,,) for some monomial ¢,, satisfying mdeg(¢,2) < mdeg(LCM(LM(g;), LM(g,)).

Let t = mat1p, ¢; = umad; for i € {1,...,r}, then

r
myg; — Amyg, = Z Cigi

=1

with

IA

mdeg(t)
mdeg(LCM(LM(m3g,), LM(mags)))
mdeg(LCM(LM(m, g;), LM(Am2g,)))

mdeg(c;g;)

IN A

a.
So mdeg(c;g;) < a for all . Now we have the following representation of f:
f=(@m-m+ca)g+(a2+Imy+c)g+ (a3 +ca)gs+ -+ (ar +c)gr  (50)

with

mdeg(a; — m; +¢1)q1 mdeg((a; — m1)g1 + C141)

IN

max{mdeg((a; — m;)g:), mdeg(c,9:)}
max{mdeg(m,g,), mdeg(c19:)}

A

a
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and

mdeg(az + Amz + ;)92 < max{mdeg(azg;), mdeg(c2g:), mdeg(Am.g,)}

= a.

Also, for i € {3,... ,r}, we have
mdeg(a; + ¢;)g; < max{mdeg(a;g;), mdeg(c;g;)} < a

whenever mdeg(a;g;) < a. This shows that (50) is a representation of f with fewer
terms having multidegree equal to a. This contradicts the assumptions on f and

finishes the proof. m

Corollary 3.1.24. G = {g),... ,gr} is a Groebner basis for I = (G) if and only if
S(gi, g;) is in standard form relative to G whenever i,j satisfy 1 <1 < j<r.

The proof follows immediately from the above theorem.
Improvements on Buchberger’s criterion

Although Corollary 3.1.24 has a finite number of cases to treat, it is still not very
efficient in many cases. In what follows we will discuss two improvements of Theorem

3.1.24 that can speed up greatly our calculations.

Proposition 3.1.25. (Buchberger’s First Criterion) Let G be a finite subset of
k[X]. Suppose that for some elements f,g € G, we have GCD(LM(f),LM(g)) = 1,
then S(f, g) is in standard form relative to G.

Proof

Let [ := LT(f) and m := LT(g) and write f =l + fo, g = m + go where mdeg(fo) <
mdeg(f) and mdeg(go) < mdeg(g). If a = LC(f) and b = LC(g), it is easy to
check that S(f',¢') = S(f,g) where f' = f/a and ¢’ = g/b. So we may assume that
LC(f) = LC(g) = 1. In this case,

S(f.g) =mf-lg=(9—90)f = (f - fo)g = fog — 9of- (51)
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If LM(fog) = LM(gof), then LM(fo) LM(g) = LM(go) LM(f) and so LM(f) must
divide LM( fy) since it is relatively prime with LM(g). But this is not possible since
mdeg(fo) < mdeg(f). Thus the leading monomials of fog and gof are distinct, and
consequently,

mdeg(S(f, 9)) = max{mdeg( fog), mdeg(gof)}. (52)

Relations (51) and (52) show that S(f, g) is in standard form relative to {f,g} C G.
a

Proposition 3.1.26. (Buchberger’s Second Criterion) Let G = {f1,..., f} C
k[X], and let g,,p, g2 € k[X] with the following properties:

1. LM(p) divides LCM(LM(g,),LM(g2))

2. S(gi, p) has a t;-representation with respect to G for some monomial t; satisfying

mdeg(t;) < mdeg(LCM(LM(g;), LM(p))) fori = 1,2.

Then S(g1,92) has a t-representation with respect to G for some monomial t with

mdeg(t) < mdeg(LCM(LM(g1), LM(gz))).

Proof
By condition (2), we can choose ay,... ,a,,by,...,b, € k[X] such that
S(g1,p) =3 aifi and S(g2,p) =), bif:
with
mdeg(a; f;) < mdeg(t,) < mdeg(LCM(LM(g:), LM(p)))
and

mdeg(b; f;) < mdeg(t,) < mdeg(LCM(LM(g2), LM(p)))
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for some monomials t;,t; of k[X]. Since LM(p) divides LCM(LM(g;), LM(g2)), it is
not difficult to check that LCM(LM(g,), LM(g2)) is divisible by both LCM(LM(g,), LM(p))
and LCM(LM(g2), LM(p)), and so we can find monomials s,, s; such that

LCM(LM(g1), LM(gz)) = s1 LCM(LM(g1), LM(p)) = s2 LCM(LM(g), LM(p)). (53)

Now, using the definition of the S-polynomials, it is easy to check that

515(g1,p) + 325(p, 92) = S(g1. 92)-
Thus,

S(91,92) = Z(slai + S2b;) fi. (54)

i=1
Let t = max{s; LM(a;f:), s2 LM(b;f;),i = 1,... ,r}, then clearly ¢ is a monomial of
k[X] with mdeg((s)a; + s2b;) fi) < mdeg(t) for all ¢ and

max{mdeg(s,a; f;), mdeg(s2b; f;)}
max{mdeg(s,t, ), mdeg(szt2)}
max{mdeg(s; LCM(LM(p), LM(g:))),
(s2 LCM(LM(p), LM(g2))) }
mdeg(LCM(LM(g1), LM(g2))).

mdeg(t)

IA

A

Equation (54) is then a t-representation of S(g:, g2) with respect to G. @

Given a set of generators G = {g,,... ,g,} for an ideal I of k[X], the two criteria
above suggest the following strategy for deciding whether or not G is a Groebner basis
for I : denote by N the set of all pairs (i, j) of integers satisfying 1 <i< j<n. A
given pair in \ is marked “treated” if S(g;, g;) has a t-representation with respect to G
for some monomial ¢ with mdeg(t) < mdeg(LCM(LM(g;), LM(g;))). Theorem 3.1.23
says that G is a Groebner basis for I if and only if every pair in N is marked “treated”.
For a given pair (i,j) € N, if LM(g;) and LM(g;) are relatively prime, S(g, g;)
is “treated” by the first criterion. If not, we look for k € {1,...,n}\{%,j} such
that LM(gi) divides LCM(LM(g;),LM(g;)) and S(gi, gx), S(g;,9x) are both marked
“treated”. If such k exists, then S(g;, g;) is “treated” by the second criterion, and if

not we carry on with our calculation of S(g;, g;)-
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Elimination theory

Among the wide range of applications of the Groebner basis theory is its effective
contribution to solve the ideal membership problem we discussed earlier. Another
important one we will look at is its application to elimination theory. In fact this
application is the main reason for us to study this theory.

Given an ideal I of k[X] and a subset Y of X, we want to find a set of generators
for the ideal J = I N k[Y]. Actually we will find a Groebner basis for J.

Definition 3.1.27. Let I be a nonzero ideal of k[X),... ,X,], n > 2. If k €
{1,...,n—1}, the k**-elimination ideal of I is the ideal

Ik =Ink[Xk+1,--. 7Xn]

of k[Xk+1,-- . , Xa]-

Theorem 3.1.28. (Elimination Theorem) Let I be a nonzero ideal of k[ X, ... , X,
n > 2, and let G be a Groebner basis for I with respect to a monomial ordering > on

k[X1,...,Xn] satisfying the following property for some k € {1,... ,n —1}:

Any nonconstant monomial in k[X,,... , Xi] has a strictly larger multidegree than

any monomial in k[Xx41, ... , Xn].(53)

Then Gy = G N k[Xgk41,- .-, Xn] is @ Groebner basis for the kth-elimination ideal
I of I with respect to the monomial ordering on k[Xy41,...,X,] induced by >. In

particular, G, generates Ij.

Proof
Write G = {g1,...,9-} and rearrange the g;’s if necessary to assume that G, =
{g1,---,9,} for some s < r. By Corollary 3.1.24, it suffices to show that every

nonzero element of Ii is in standard form relative to G. Let f € I;\{0}, then there

exits a,, ... ,a, € k[X] such that

f=algi+“‘+argr (56)
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and

mdeg(f) > mdeg(a;g;) (57)

whenever a;g; # 0 (G is a Groebner basis for I). By property (55), and since
f € k[Xi41, ... , Xa), any polynomial of k[X] containing any of Xj,... , X; has mul-
tidegree strictly greater than the multidegree of f. So, in equation (56), a; = 0 for
alli€ {s+1,...,n}. For the same reason, either a; = 0 or g; € k[Xi41,. .., X,] for
alli € {1,...,s}. This shows that G; is a Groebner basis for I, with respect to the
monomial ordering induced by > on k[Xi41,... ,X0]- B

Remark 3.1.29. If we use the lex ordering on k[Xj,...,X;] with X; > ... > X,
then property (55) of the above theorem is true for any k € {1,... ,n — 1}.

Remark 3.1.30. If in Theorem 3.1.28, G is any set of generators for I (not necessar-
ily a Groebner basis), then the result of the theorem is not true. To see this, consider
the ideal I = (X + Y, X) of k[X,Y]. With respect to the lex ordering on k[X,Y]
with X > Y, {X + Y, X} is not a Groebner basis for I since Y cannot be written
in standard form relative to {X + Y, X}. If Theorem 3.1.28 were true in this case,
{X +Y,X}nk[Y] =0 would be a Groebner basis for the ideal I N k(Y] of kY] and
hence the latter would be the zero ideal. But note that I = (X,Y), so INk[Y] = (V).

3.2 On the derivation Y ., X!*19/9Y;

In [20], after giving a sufficient condition for the G,-invariant subring to be finitely
generated over k, H. Kojima and M. Miyanishi propose a proof of the following
Theorem 3.2.1. (Theorem 1.2, [20]) Letm > 2, let A=k[X,,... , Xm,Y1,... Y]
be a polynomial ring in 2m variables and let A = Y- | X}*18/8Y; be a locally nilpo-
tent k-derivation of A, where t > 2. Then the invariant subring Ag := A~!(0) is
given as

Ao = K[Xioo , Xm XY - XYY 11 <0 <5 < m

k[Xl,... ,Xm,U,’jZISi<j<kSm]
(X:'HUjk —X;“U.-k+X,‘¢“U‘-,~ :1<i< )< k< m)

(=4
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Here, in the second presentation of the ring Ay, we adjoin variables U;; to the polyno-
mial ring k[X,, ... , Xm] for all possible pairs (i,7) with 1 <i < j < m and consider
the residue ring modulo the ideal generated by the elements

XiH-lUjk - X;-+1U.'k +X:+1U'..
for all possible triplets (i,j,k) with1 <i<j<k<m.

In this section, we will show that the proof of the above theorem, as it is given
in [20], fails at one stage. In our argument we use m = 4 for simplicity. Note that
the fact that Ao = k[X1,..., Xm, X{*'Y; — X{*1Y; : 1 < i < j < m] is a special
case of Theorem 1. Before discussing the proof given in [20], we will establish some
preliminary results.

Lemma 3.2.2. Given positive integers t,,t,,t3 ,the ideal
I = (XU = X2Uy, X9Us — X83Uy, X32Us — X3Us)
Of k[le X21 X3s Uh U2s U3] s pﬁme'

Proof
Consider the N*-gradings on the polynomials rings

k[Xh X21 X37 Ulv U21 U3] and k[le X21 X3; W]

defined by
(1) (o) (o) “
deg X; = g deg X, = (1) deg X5 = (1) degU, = :))
\ 0 \ 0/ \ 0/ 1
[0) (0 (o)
degl, = t(: degUs; = Z degW = g
\ 1/ \ 1) \ 1/
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(where each element of k* is homogeneous of degree zero). Then the homomorphism
& : k[X1, X3, X3,Uy, Uy, Us] = k[X1, X2, X3, W] sending X; to X; and U; to XFW
(i = 1,2, 3) is homogeneous of degree zero with respect to the above gradings. Also,
it is clear that the ideal I is contained in the kernel P of ¢. To prove that P is
contained in I , it suffices to show that every homogeneous element of P is contained
in I. So let

F=3 wXIX3X{UNUSU;
(u4i € k) be a homogeneous element of P of degree (d,, d2,d3,dy), then
0= Zme‘+"“Xg"*"'"Xf‘*"“’W"*"“""’. (58)

Since F is homogeneous, we have that

a; + 1ty = d
b; + sitp = dy
¢ + uity = dy

rTi+si+u = dyg
and so relation (58) becomes

0= mXPXXPWwe

which is equivalent to 3", u; = 0. Hence,

F =" i (XEXSXSUPURUS — XEXEXSUTURUR) (59)

for some fixed monomial X? X2 XSUTUSU® of degree (d),d3, ds3,dy).

Let M- M, be a difference of the two monomials appearing in a term of the expression
of F given in (59) (in particular the degrees of M; and M; are equal to the degree of
F), then it is not difficult to see that

My _ (xflug)’ (Xf‘Us)” (60)
M, ~ \ X2U, X2U,

where z = s; — s and y = u; — u. Two cases are then to be considered.
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1. >0, y > 0. In this case:
Ml = X:l(z+y)Ung, M2 = X;sz;:;zU;:-w

and so

(Xi'ls)" (X3°Uy)°

M, - M.
S (X2U)® (XBUs)

(X3'02)" - (X3Uh)* (X2Uh)Y — (X1'Us)*
(X32Uh)* (X1Us)?

So M, — M, € I in this case, because the entries of the first row belong to J.

2. £2>0, y <0. In this case, we consider two subcases:
(i) z £ —y. In this case:

M, = Xa—thl-z—vUzz’ M, = Xl-lx(!H-t) X2U;v .

So
Mo = | KPU) T (XU)
1 — M2 = -y—z t3 E
(X 3) (Xs U2)
_ | o) - () (k) - (KB,
(X1'Us) ™" (X32Us)*
(i) z > —y. In this case
My = XPEWXTOUE, My = XPEUTHURY
and so
(XPUR)™ (X3Us) ™
M -M, = z -
1 2 (X 1) +y (X::;Uz) Yy
_ | xwy - ey (g - (k00|
(X2U,)™" (X2U,)™"

So M; — M, € I in this case.
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The cases (z <0,y< 0) and (z < 0, y > 0) are reduced to the above two cases
by considering 4 instead of 4. This proves the lemma. @

Given elements a,, . .. , a, of a domain R, we give next a criterion for the primeness
of the element a; X; + - - - + ap Xy, of R[X),...,X,] & R First a definition.

Definition 3.2.3. Given a domain R, we say that the elements a,,-- - ,a, of R are
strongly relatively prime if for every a, 8 € R, the condition (3 | a;a for all 7) implies
that § | a.

Remark 3.2.4. 1. If ay,---,a, are strongly relatively prime and if 3 € R is a
common divisor of a;,- - - ,a,, then 3 is a unit of R (take a = 1 in the definition); in

particular, at least one a; is nonzero.
2. If R is a UFD, then “strongly relatively prime” is equivalent to “relatively prime”.

Lemma 3.2.5. For elements a,,--- ,a, of a domain R, the following are equivalent.
1. a;,--- ,an are strongly relatively prime.

2. For all positive integers e,,--- ,e,, the elements a}',--- ,at" are strongly rela-

tively prime.

3. For some positive integers e),- - - , €n, the elements a}', - ,as" are strongly rel-

atively prime.

Proof
Let P be the set of positive integers and let

E ={(e1, - ,ea) € P"|a,--- ,al" are strongly relatively prime in R}.

Suppose (1) holds; then (1,---,1) € E. We will show that if (e;,--- ,en) € E, then
foreaChj= 1,"' ' T,

(81,"',Cj_l,ej+l,ej+1,"',en)eE- (61)

Consider a, 3 € R such that 8 | a7*'a and for all i # j, 8 | af'a. Then for all
i, 8 | afa;a, so the fact that (e),--- ,en) € E implies that § | a;a. In particular,
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B |4} a, so for all i, 8 | af'a and hence B | a. This shows that relation (61) holds for
all j and it follows that E = P*. Hence (1) = (2).

(2) = (3) is trivial, so we show that (3) = (1). Assume that (e, --,e,) € E and
consider a, § € R such that 3 | a;a for all i. Then clearly 5 | ai*a for alli and so § |
since a}', ... ,at" are strongly relatively prime. So, a,,... ,a, are strongly relatively
prime and the proof is complete. g

Lemma 3.2.6. Let R be an integral domain and K = Frac(R). If f,g € R[X] satisfy
[ | g in K[X] and if the leading coefficient of f is a unit of R then f | g in R[X].

Proof

Since the leading coefficient of f is a unit of R, we may use the division algorithm in
R[X] to find ¢,r € R[X] satisfying g = fq + r and deg(r) < deg(f) . Interpreting
9= fqg+rin K[X] givesr =0, since f | g in K[X]. »

Proposition 3.2.7. Let R be a domain, a,,--- 6, € Rand L = a; X1 +---+a, X, €
S=R[X,,--- ,Xpn] (n 2 1). Then the following are equivalent:

1. L is a prime element of S.

2. a,,...,aqn are strongly relatively prime in R.

Proof
Let us also consider the condition

3. a,,...,a, are strongly relatively prime in S.
We will show that (1) = (2) = (3) = (1).

Suppose that L is a prime element of S and consider a, 8 € R satisfying
Vi (B | eia); (62)

we show that 8 | a. Note that at least one of the a;’s is nonzero; so if 8 = 0 then
condition (62) implies that @ = 0, so § | a is clear. Suppose now that g # 0.
Then condition (62) implies that aL is divisible by 3 in S, so aL = SL’' for some
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L' € S. Since L is prime and does not divide 8 (because 3 # 0), it must divide L’
and % = LT' € S. It follows that SER and that 8 | a. Hence ay,... ,a, are strongly
relatively prime in R.

Next, suppose that a,,...,a, are strongly relatively prime in R and consider
f,g9 € S such that

Vi(g | aif); (63)

we show that g | f. Again, we note that at least one a; is nonzero and that, conse-
quently, g | f is clear if g = 0. Assume that g # 0. Note that ¢ | f in K[X),..., X,]
where K = Frac(R), so gh = f for some h € K[X,,...,X;]. For each i we have
a;h = 9;1 € S, so each coefficient c of h satisfies a;c € R, for all i. Write c = % with
a,3 € R and 8 # 0; then 8 | a;a for all 7 and consequently 8 | @ in R. This means
that each coefficient ¢ of h belongs to R, i.e, h€ Sand g | fin S. Thus a4,... ,a,
are strongly relatively prime in S.

Finally, suppose that a,,...,a, are strongly relatively prime in S and consider
frg€ Ssuch that L | fgin S,so L | f or L | g in K[X,,...,X,]; we may assume
that L | f in K[X},...,X,]). Then Lemma 3.2.6 implies that, for each i = 1,... ,n,
L|fin Ry[Xy,...,Xs) and consequently L | af*f in S for some positive integer e;.
Since af',...,a¢" are strongly relatively prime in S by lemma 3.2.5, it follows that
L|fin S. Hence L is a prime element of S and the proof is complete. ®

We describe roughly now the proof of Theorem 3.2.1 given in [20).

Let D = k[X,, X2, X3,X, 11,Y>,Y3], then with the notation of theorem 3.2.1,
A = D[Y,], and

8
_ t+1
A=+ Xo

where

2 d
5_;)(; A
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Using an induction hypothesis (or a result from Chapter 2), we have that the kernel
Dy of 6 has the form described in the theorem, i.e,

Dy = k[Xy, Xa, X3, X4, X{H'Y; - XiPY;:1<i<j < 3
and the isomorphism
Dy = k[X), X2, X3, X4, Ur2, Uz, Uas) /(X1H Uz — X5 U3 + XEHIUL,) (64)

follows easily. For the passage from m = 3 to m = 4, the authors need to know that

the following quotient ring:

B := Do[Uy, Uy, U}/ (X}H'U; = XU, + XD : 1< i< 5 < 3)
is isomorphic to
A= D[ XY, - X{HY;:1<i <3
via the natural Do-homomorphism ¢ : B — A’ sending U; to X{*'Y; — Xi+'Y; (1 <

t < 3). Clearly ¢ is onto, and to show that it is injective, the authors argue first that
B is an integral domain and then use the relation

height(ker ¢) + dim(B/ ker ¢) = dim B

together with the fact that dim A’ = dim B to deduce that ker¢ = 0. So, the only
detail that remains to be checked is the fact that B is indeed a domain. To do this,
the authors argue that the image z, of X, in B is a nonzero divisor of B and that
the quotient ring B/z4B is a domain. It is this latter assertion that fails in the proof.

To be more precise, we will show that the ring B/z4B is not a domain.

Note that B/z4B in this case is the quotient of the polynomial ring in nine vari-

ables

C = k[Xy, X3, X3, Uz, Una, Uas, U, U, U3
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by the ideal
(XHU, — XS, XU = X3Py, XEH U - XGHMU,,
XUy — X3 s + X5 UL).
Now, let Q be the quotient ring of k[X,, X,, X3, Uy, Uz, Us] by the ideal
(XU, — XU XU - XU, X5 U - XATMD,)
then @ is an integral domain by Lemma 3.2.2 and
B/z4B = Q[Uy2, Uya, Uns) /(x4 Uas — 25t U3 + 2471 1)
where z; is the image of X; in Q. Let s = t+1, we will use the criterion of Proposition
3.2.7 to prove that the quotient ring
Q[Ur2, Uz, Uns)/(ziUss — 25Ur3 + 23Uh2)

is not a domain.

In Q, we have that
Tiuy = Tou;
iU = T3U;
Toly = ZT3Uj.
Let @ = u; and 8 = z3, then
Vi, (B | zia).
Now, z} is not a divisor of v, in Q. Indeed, if z{ divides u, in @, then one has a
relation of the form
U = X310 + (X{Uz - X3U1)®, + (X7Us — X3U1) @, + (X3Us — X3U,)®;

for some ®,®; € k[X,, X2, X3,U1,U,,Us). But this would mean that U, belongs to
the ideal of k[X,, X2, X3, Uy, Uz, Us] generated by X, Xz, X3; this is absurd. Hence,
the elements z}, z3, =5 of Q are not strongly relatively prime, and by Proposition
3.2.7, the element z}Usz; — 23Uy3 + z3Uh, of Q[Ur2, Una, Uys] is not prime. We conclude
that the ring B/z4B is not a domain.
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Remark 3.2.8. Of course, one may find an easier way to prove that the ring B/z,B
is not a domain, but we think that both the technique used in lemma 3.2.2 and the
criterion of proposition 3.2.7 are worth mentioning since they can be useful in some
cases to answer the hard question of the primeness of an ideal.

Remark 3.2.9. With the above notation, we still do not know if the quotient ring
B := Dy[Uy, Uz, Us}/(X{H'U; - XJ‘-“U,- +X0;:1<i<j<3)

is a domain or not.

3.3 The solution of Nowicki’s conjecture

Let k[X,Y] :=k[X,,... ,Xn,Y1,...,Y,] be a polynomial ring in 2n variables over k.
Recall that we are interested in finding a set of generators of ker D where D is the
derivation Y_0_ | X[*8/8Y; of k[X,Y] (t1,... ,tn € N). We begin by showing that it is
enough to treat the case where all the ¢;’s are equal to 1.

Proposition 3.3.1. Let R be a ring, R' a subring of R such that R is a free R'-
module. Then every polynomial ring R[Y,,...,Y:] over R is a free R'[YA,... ,Yi)-
module. Moreover, if B is a basis of R over R', then B is also a basis of R[Y},... Y]
over R'[Yy,... Y]]

Proof
Clearly, it is enough to assume that ¢t = 1. Let f = ¥ a;Y} € R[Y}] (a; € R). Since
each a; can be written uniquely as Y a;b; with a; € R' and b; € B, then f can be
written uniquely as a finite sum
f=Y fi(nb

where f;(Y)) € R'[Y)] and b; € B for all i. This shows that B is a basis of R[Y}] over
RY). =

With assumptions and notations as in Proposition 3.3.1, let D = Y°%_, 0:5/8Y; be

an R-elementary derivation of R[Y),... ,Y;] such that a; € R' for all 7 and let D' be
the restriction of D to R'[Y),...,Y;]. We have the following.
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Lemma 3.3.2. If B is a basis of R over R', then ker D is a free ker D’-module with
basis B. In particular, if G C R'[Y},... ,Y,] generates ker D' as an R’ ;algebra, then
G generates ker D as an R-algebra.

Proof
Let f € R[Y4,...,Y;] and write f = ¥ f;b; where f; € R'[Y;,...,Y] and b; € B.
Since b; € R, we have that D(f) =3 D(f;)b; = 3_ D'(f:)b;. Therefore,

fe€kerDSVYVi,D'fi=0& Vi, f; € ker D',

In our case, let R = k[X),...,X,) and R’ = k[X}',...,X!]. Then R is clearly
a free R'-module, and R’ = k. Now let Z; = X%, then the restriction D' of D to
R'[Y:,... Y] is the derivation Y _ Z,8/8Y;. If {Z,Y; -Y:Z;: 1 < i< j<n}
generates ker D’ over R', then Lemma 3.3.2 implies that the same set generates ker D
over R. Thus the proof of Theorem 1 reduces to that of:

Theorem 3.3.3. Let n be a positive integer and consider the derivation

D= gx‘aiy,-
of the polynomial ring k[X,,... ,X,, Y;,...,Y,]. Then
ker D = k[X,,... ,Xp,Lij; 1<i<j<n]
where L;; = X;Y; — X;Y;.

Before proving Theorem 3.3.3, we have to establish Proposition 3.3.4 below.

Let n be an integer greater than or equal to 2 and k[X,Y,T] the following poly-

nomial ring over k:
k[X1,... . Xo V1o Yo, T, T T 1<4,5 <.
Let < denote the lexicographic ordering on k[X, Y, T] with

Xi>...>2Xo>N>..>Ya>Th >...>5T, > T,
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for all 7,5 with 1 <i,j < nand
i<k
T;i>Tu < or
i=kand j<l
For 1 < i < j < n, we consider the element
L.’j = X,}/J - XJK
of k[X,Y,T]. Let I be the ideal of k[X,Y, T generated by the elements

Xl,T,-—X,',Tjk—ij, forl1<i<nand1<j<k<n.

In what follows we will give a Groebner basis for the ideal I with respect to the
monomial ordering on k[X,Y, T] defined above. Namely, we have the following

Proposition 3.3.4. With respect to the monomial ordering < on k[X,Y,T)| defined
above, a Groebner basis for the ideal I is given by the union of the following nine
families of elements of k[X,Y, T]:

Fi={X1,,I}U{-Ti + X;; 2<i<n}

Fr={T; +YT; - Y;T;; 1<i<j<n}
Fs={YTy - Y;Tu + YaiTij; 1<i<j<k<n}

Fo ={TijT — TuTj + TuTjx; 1<i<j<k<l<n}
Fs={T);-T;Ty;; 2<i<j<n}

Fo = {T:Tju - T;Tu + T Tij; 1<i<j<k<n}

T,; T, Ti
Fr=Q|Tyj Typ Teq |3 1S7<s<k<j<p<gs<n
Tii Tep Tig
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Fs

I
>
s
2

1 2<i<j<r<s<u<sny

Fo=R|Ty Ty Tiw |;1<i<j<r<s<usn).

Remark 3.3.5. The element T,z should be interpreted as zero whenever a = 3.

Remark 3.3.6. For families F7, Fg, F9, the lexicographic order considered above
is “diagonal” in the sense that the leading monomial of each element f = det(A)
(A € M3x3(k[Y,T)) of these families is simply the product of the entries of the main

diagonal in the matrix A.

Proof of Proposition 3.3.4
First we prove that the ideal I can be generated by the elements of the families ¥;,
i€ {1,...,9}.
Lemma 3.3.7. With the above notation, I is generated (as an ideal of k[X,Y,T)]) by
G :=UL %

Proof
Let I; be the ideal of k{X, Y, T} generated by G.
ICI: Clearly, T; - X;€ Fy CI, forallie {1,... ,n}. For1 <i<j<n, we have

T, - L; = T;-XiY;+ XY
= (T + YT, - ¥iT) - KT+ X0 + ¥i(-T; + X;)
€ I.

I, € I: This can be shown using the following identities:
1. —n+Xi=—(Ti—Xi); 2_<_1$71, T1 =(T1 —X1)+X1
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2T+ YT, -Y;Ti=(T;; - Lij) + Yi(Ti - Xi) - Y5(T; — X;); 1<i<j<n

3.Y.Tj - YTy + YaTyj = Yi(Tje — Lix) — Yi(Tie — L) + (T35 — Lyj);
1<i<j<k<n

4.T;Ty — TuTj + TaTje = Tu(Ti; — Lij) — Tjo(Tie — Lix) + Tje(Ta — La) + Lij (Tt —
Lu) — Li(Tj — L) — La(Tjk — Ljx); 1<i<j<k<l<n

5. TiTh; - T;Tyu = Thj(Ti— Xi) = Thi(Tj— X;)+ Xi(Tyj— L) = X (Thi— L)+ X1 Lij; 2 <
i<j<n

6. T;Tjx — T;Tuc + T Tij = Te(Tij — Lij) — Tj(Tix — Laa) + Ti (T — L) + Lin(T; — Xi) —
La(Tj - X;) + Lij(Te — Xi); 1<i<j<k<n

T.; T,p Ty
7| T Ty Ty
Ti; Ty Ti
= Tij (TesTpg — TopTaq + TrgTop) +Tip (TeaTyg = ToiTog + TrgT)
34 l;' (4) el bvy @)
— Tiyq !T,,I}, =TTy + T,,,T,ﬂ +T, STk,-T,,, = TipTjq + quTj,,l;
34 lg' (4) el bvy (1)

1<r<s<k<j<p<q<sn

T, T, T,
8. T Ty T |=
Ty Tis T
— Ty (TTou — TTou + TuTia) +Tja (TTou = T, + TuTir)
elbvy(s) etbvy(s)
— Ty (TTys = T, + T.Ti) =T (Tjr T = T5sTou + TiuTo);
elb}(s) euS:m

2<i<j<r<s<u<sn.
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Y. Y, Y,
91T Tis Ty |=
rir T:fs T}u
- Tjr iifiTau - ),.sTiu + Y;aT;'s)"*'Tjs iKTru - Ythu + },uT;rZ
erby@) erby(3)
- Tju !KTrs -Y. T + YaTirl +Y; ST}rTlu - T:isTru + TjuTrs)j
34 bvy 3) GE(“

1i<j<r<s<u<n.

This shows that the set G generates the ideal /. @

Next we show that G is indeed a Groebner basis for I with respect to the lexi-
cographic ordering considered above. This part of the proof fills the next 51 pages.
Our main tool for that objective will be Corollary 3.1.24. We will proceed as follows:
given ,j € {1,...,9}, we take two distinct elements f; € F; and f; € F; and we
prove that S(f;, f;) is in standard form relative to G. This process will be denoted
by case “(F;, F;)". Buchberger’s first and second criteria will be used frequently to
eliminate many unnecessary computations of the form S(f;, fj). The following table
shows which cases “(F;, F;)" can be eliminated, either by using Buchberger’s first

criterion or some other techniques.

Family | A, | R | F|Fa|lFs| Fo | F2 | Fs | Fo
F Bl1{B1{B1|Bl|B1 ? Bl Bl | Bl
Fa2 | 2?21?72 |Bl1}? ? B1 ? ?
F3 e|lef| ?2 |72 B ? ? ? ?
Fa Glele{ 22716491 7 (497
Fs Gle|eole ) ? ? ? ? ?
Fe dleleoleo|le 3367397
Fq Ole|lelaole| o ? (79| ?
Fs leoelelele| o « (99| ?
Fq Gleleoeje|leol o o © ?

The following notation have been used in the above table :
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e If a box contains the symbol “B1”, then the corresponding case can be disre-
garded by Buchberger’s first criterion.

e If a box (F;, F;) contains “<” then this means that the corresponding case can
be deduced from the case (F;, F;) using the relation S(f,g) = —S(g, f).

e If a box (F;, F;) contains a pair “(¢', j')" then this means that case (F;, F;) can
be deduced from the case (i, F;+). In each case, the reduction is straightfor-
ward and is left to the reader.

e The symbol “?” in a box (F;, F;) means that we have to do the case (F;, F;).

For simplicity we will adopt the following notation in our calculations:
fl<r<s<k<j<p<q<m,let

T; Tp Ty L, T, T , I, Y,
IT'J'TSPTM' =T, Ty Ty |s |T;TspTiq| := T,j Typ Ty Y TupThql == T,; Ty Ty
Tkj Tkp qu Tkj Tkp qu Tkj Tkp qu

Also we will in some cases indicate the leading monomial of an element f by under-
lining it. Another helpful remark is the following:

Remark 3.3.8. Given an element f of k[X,Y,T], we denote by TERMS(f) the set
of all monomials appearing in f. The greatest element of TERMS(f)\{LM(f)} (with
respect to the above monomial ordering on k[X, Y, T)) is called the “trailing element
of f” and denoted by TR(f). So, if f, g € k[X,Y,T], their S-polynomial has the form
S(f,9) = Af — Ag, and if ATR(f) # ATR(g), then the leading monomial of S(f, g)
is the maximum of ATR(f) and ATR(g).

Case (.7'.1 ’ ]:6)

It is clear that the leading monomials of an element f of F; and an element g of F; are
always relatively prime except in the case where f =T and g = T\ Tjx — T;T1« + Ti T,
for some j, k satisfying 2 < j < k < n. In this case,

S(f, g) = Tjle - Tlej € Fs

is in standard form relative to G.
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Case (.7:2, .7:2)

Let
f=Ti+YT;-YT, g¢=Tu+Y%Ti-YT
1<i<j<n 1<k<l<n
be two distinct elements of F,. By Buchberger’s first criterion, two cases need to be

considered:
(1) 2=k In this case, we may clearly assume that 1 <i=k < j <! < n and so
S(f.9) = T(Ti;+YT; -YT) - Tj(Tu + Y;T, - Y\T;)
= TTy; - Y, T[T - T,Ty + YiT.T;
= (TTy - T,Tu+TTy) - T(Ty + VT - YiTy).

(2) 7 = ! In this case we may assume 1 <i< k< j=1!<nandso

S(f,9) = Yu(Ti; +YT; - YT,) - Yi(T; + YaT; - ViTi)
= YiT;; - VWY1, - YT + .Y T
= Yj(Tu + YTk - YiT) — (YiTi; + Y;Ta — YiT55).

This proves that S(f, g) is in standard form relative to G in this case.

Case (.7:2, .7"3)

Let
[=Ts+ YT, - Y.T; € o, 9=YTu - Y;Tu + Y, T;; € F3
1<r<s<n 1<i<j<k<n
We need to show that S(f,g) is in standard form relative to G. For this we use
Buchberger’s first criterion to restrict to the case where r = i. In this case, S(f,g) =
Tjxf — T,g and the leading monomial of S(f, g) is either Y,T;T;; (if s < j) or Y;T, T
(if 7 < s). Consider the following possibilities:
(1)1<r=i<s<j<k<n
(12)1<r=i<j<s<k<n
(13)1<r=i<j<k<s<n
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The leading monomial of S(f, g) is Y,T,Tj in case (i1) and Y;T,T; in cases (i2) et
(23). In case (i1), one can easily verify that
S(f, g) = ﬂj(Tak + YT — },kTs) - Tik(Taj + YsT_'y - K}Ts)
+ (TisTjx — Tii Tk + TueTy;) = Yo(TiTj — T; T + T T5) (65)

which proves that S(f,g) is in standard form relative to G in this case. One can
verify that S(f, g) is also in standard form relative to G in cases (i2) and (i3).

Case (F;, Fs5)

Let
=T+ YiT; - YT, € Fy, 9=T;T\, -T,T\; € Fs
1<i<j<n, 1<j<r<n
So,1<i<j<r<n and S(f,9) = YiT,Ty; - Y;T; + T}, T;;. One can also verify
that
S(f,9) = (TuTj — )T + ), T;5) + Tvj(Tir + YT - Y. T3)
~ Tu(Tjr + YT, - Y.T}) - Y;(TTir - TTs)
+ Y.(TiTh; — T;Tv).
This proves that S(f, g) is in standard form relative to G in this case.

Case (fz, -7:6)

Let

[=Ts+ YT, -Y,T. € F 9=TTy — T;Ti + TiT;; € Fs
1<r<s<n, 1<i<j<k<n.

The leading monomials of f and g are relatively prime except in the case
1<r<s=i<j<k<n
In this case, the leading monomial of S(f, g) is Y;T;T, and one can verify that

S(fr g) = (TrsTjk - Troak + TrkTsj) + Tsk(Trj + YrTJ - Yij)
~ Ty(Tu + Y Tx - YiTy) = T.(Y,Tje — Y;Tuk + YiTs)).
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Case (.7:2, fs)

Let

f=7;j+ﬁ-YjTi€~r27 g=|TrT¢sTbu|€f8
1<i<j<n 2<a<b<r<s<u<ln

By Buchberger’s first criterion, it is enough to consider the case where j = r. This
leaves us with the following possibilities:

(1)1<i<a<b<r=j<s<u<n
(2)2<a<i<b<r=j<s<u<n
(3)2<a<b<i<r=j<s<u<n.
In all three cases, the leading monomial of S(f, g) is Y;T;T,uTps. For (i1), we have
that S(f, g) is equal to

TauTsos(Tir + YT, = Vo) + (Tar Tow — TauTior)(Tis + YiTs — YST3)
= (TarTos — TasTor)(Tiu + YiTo, — YaTo) + (TiaTou — TisTau) (Trs + Yo T, — Yo T7)
= (TiaTos — T Tos)(Tru + Yo T, = YoT) + (TiaTir = TipTor ) (Tou + Y5 T — YaT5)
= Tou(TiaTor — TisTar + Tis Tap) + Tru(TiaTies — TisTas + TisTas)
= Trs(TiaTow — TisTou + TiuTab) + Tab(Tir Tou — TisTru + T Trs)
(YsTou — YoToo)(TiTar — TuTir + T, Tia) — (Yo Tow — YoTor )(TiTas — TuTis + ToTio)
(YeThs — YiTy )(TiTou — ToTiw + TuTia) — (YsTow = YuT)(TaTor — ToTar + T3 Tas)
(YT — YuTir ) (TaTis — ToTas + ToTas) — (Yo Tis = YoTie ) (TaTou — ToTau + TuTos)
Tir TasToul = Yu | T6Tir Tas| + Y5 [T6Tir Tau| — Yr |T6Tis Tau| -

+ + + +

One can also show that S(f,g) is in standard form relative to G in cases (i2) and
(i3).
Case (F, Fo)

Let

[=Tu+ Y Ii - Vi1, € F, g=|ansTju|€}-8
1<a<k<n 1<i<j<r<s<u<ln



CHAPTER 3. ON A CONJECTURE OF NOWICKI 108

The leading monomials of f and g are relatively prime except when a = r, in which
case S(f, g9) = T;sTjuf — Tig with leading monomial equal to Y;7;T;,Tj,. One has the
following possibilities:
(M1<i<j<r=a<k<s<u<n
(2)1<i<j<r=a<s<k<u<n
(B)l<i<j<r=a<s<u<k<n

For (i1), one can verify that

S(f1 g) = T;'uris(Trk + Yer - YkTr) - (TirTju - TiuTjr) (Tks + YkTs - YsTk)
+ (T;rT:js - Tisl}r) (Tku + },kTu - K;Tk) + T_‘ju (T;'rTlca - T;kTrs + TisTrk)
- T_'ia (Tieru - T;'kTru + T;uTrk) - I'jr(T'ikTau - TisTku + TiuTks)
+ Tik(TirTau - T_.;'aTru + T}'uTn) = Yk ITrTisTqu . (66)
This proves that S(f,g) is in standard form relative to G in this case. Using (66)

and homomorphisms of type ¢,9, one can also show that S(f, g) is in standard form
relative to G in the other two cases (i2) and (i3).

Case (fa, f3)

Let

[ = YTy - YTy + Y, T35, 9=YT,, - YT + YT,
1<i<j<k<n, 1<r<s<u<n

be two distinct elements of F;. The leading monomials of f and g are relatively prime

if and only if exactly one of the two following cases occurs
Di=r (2) (4, k) = (s,u)
(1)2 =t In this case S(f, 9) = Tof — Tjrg and we have the following six possibilities

(1)j<k<s<u (12)j<s<k<u (3)j<s<u<k
(d)s<u<j<k (B)s<j<u<k (6)s<j<k<u
Using the relation S(f,g) = —S(g, f), one can see that if S(f, g) is in standard form
relative to G in the cases (il), (2), (i3), then it is also in the cases (i4), (i5), (i6).
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Hence one can restrict to the first three cases.
In case (i1), the leading monomial of S(f,g) is Y;TuT, and one can verify that
S(f,g) has the following expression

—Ta(YiTou = YsThu + YuT5e) + Ya(TiiTeu — TisTju + TiuTs) + YT Thu|  (67)

which proves that S(f,g) is in standard form in this case. For cases (i2) and (i3),
one can get a standard form of S(f, g) by interchanging columns in the determinant
of (67), and hence multiplying the determinant by —1.

(2) (j, k) = (s,u) In this case we may clearly assume that 1 <i<r<j=s<k=
u < n and hence S(f,9) = Y,f — Yig and the leading monomial of S(f, g) is clearly
Y:Y;T«. On the other hand,

S(f,9) = Yi(YiToe — YTy + YaTr) = Ya(YiTo; - Yo T35 + Vi Tor).

This proves that S(f, g) is in standard form relative to G in this case.

Case (F3, F4)

Let
=010 =Y T+, TeF;, g=TiTu—-Taljy+TyTi € Fy
1<p<g<r<n, 1<i<j<k<li<n

The leading monomials of f and g are relatively prime unless one of the following two

cases is true:
(M) (g,7) =(i,5) (2)(g,7) = (k,0)
(1) (¢,7) = (¢,7) In this case we have
1<p<i=q<j=r<k<li<n,

S(f,9) = Tuf — Ypg and the leading monomial of S(f, g) is YpTuTj;. One can verify
that

Tj(YoTik — YiTok + YaT) — Ta(YpTjx — YTk + YiTy;5)
+ Tu(YiTj - Y;Ti + YaTj) = Yi(TpiTha — Tok Tt + TouT )
+ Y(TpiTw — Tk T + TuTix) — Ye(TpiTjt — TuTpj + T Ti5)

5(f:9)
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(2) (g,r) = (k,!) In this case, S(f, g) = T;; f —Ypg and its leading monomial is Y, T3 Tj;.
Now according to the position of p relative to i < j, we have the following possibilities

(1)1 <p<i<j<k=q<l=r<n
(2)1<i<p<j<k=q<l=r<n
(BB)1<i<j<p<k=qg<l=r<n

For (i), one has:
S(f,9) = =Tu(YoTi — YiTo + YiTy;) + T (Yo Tt — YT + YiTy;) — |Y; T T
(68)

Applying ¢, to (68) one can also see that S(f,g) is in standard form relative to G
in case (i2). For (i3), S(f,g) has the following expression

YT T — Tip T + TaeTyp) — Ya(TyTpt — TipTin + TuTp) + [Yp T T
Case (F3, F¢)

Let

f=},iT1'k"1/j7}k+nnj€f3, 9=TrTau“nTru+TuTn€f6
1<i<ji<k<n, 1<r<s<u<n

By Buchberger’s first criterion, we may assume that (4, k) = (s, u). Also, by the case
(F3, F3), we may assume that i = r. In this case, the leading monomial of S(f, g) is
Y:T;Ti, and one can check that

S(f,9) = Tu(Ti+YT; - Y;T;) - T;j(Tu + YiTi - Y T).
Case (fa, .7'.7)

Let

1<a<b<c<n 1<r<s<k<j<p<g<n

By Buchberger’s first criterion, one has to look only at the following three cases

(1) (b,¢) = (r,5) (2)(b,c) =(s,p) (3)(b,c) = (k,q)
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(1) (b,c) = (r,7) In this case
1<a<r=b<s<k<j=c<p<qg<n,

S(f,9) = TpTief — Yag and the leading monomial of S(f,g) is Y,T;jT4Tkp. On the
other hand, one can verify that in this case S(f, g) is equal to the following expression:

quTkp(YaTrj YT+ YiTo,) + (TsJ‘qu — TqTij )(YaTrp =Y. T + Y, Tar)
= (TjTep — TpTij)(YaTrg = YV Tog + YoTor) + (TepTieg — TaqTi) (Vi T = YT + Vi Ts)
= (TajTiq — TogTij)(YeTop — YsTop + Y Tos) + (TojTip — TapTiej) (Y Toq = YTog + Yo Tos)
= (TapTrg — TagTrp)(YsTij — YaTsj + YiTak) + (TajTrg — TagTr;) (YsThp — YaTop + YpTak)
= (TojTep — TopTys)(YaTkg — YeTaq + YoTor) — Ya |TajTopTagl + Tae |Y;Top T
= T |YiTapTg| + Tar |V TspTiq| - (69)

This clearly shows that S(f, g) is in standard form relative to G in this case.
(2) (b,c) = (s,p) In this case, S(f,9) = T.jTiqf — Yog and its leading monomial is
always Y,T;;T,qTip. Now according to the position of a relative to r one has to look

at the following two cases:
(1)1<r<a<s=b<k<j<p=c<g<n
(12)1<a<r<s=b<k<j<p=c<qg<n

For the case (i1), we have that S(f, g) is equal to

(TrpThg = TrqTip) (YaTsj = YsTuj + YiTas) + TogTiej (YaTup — YiTop + Y1)
+ (T2iTip = TrpTie) (YaTsg = YsTag + YyTas) = (TrpTaq — TrgTap)(YeTij — YiTsj + Y;Tok)
+ (TriTaqg — TrqTaj)(YaTup — YaTop + Yo Tuk) — (TriTap — TrpTa;)(YsTkg — YiToq + YoT k)
— YT TapTeql + Tk YT rpTagl — Tas [YiTrpTiql (70)

In the case r = a, we replacing a by r in (70) and we obtain the following expression

of S(f,9):

S(fa g) = (Trkaq - Tqukp)(YrTsj - YsTrj + YjTrs) + Tqukj(YrTsp - Y,Tr,, + Y,,T,-,)
+ (Trokp - rkaj)(K-Taq - YsTrq + YqTrs) - Tas I},jTrkaqI (71)
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For the case (32), one can verify that S(f, g) can be written as

TiTip(YaTr = Yo Toj + YiTar) + (TsjTig — TogTiej) (YaTrk — YT + YaTor)
= (5T — TopTij) (YaTrg — Vi Tog + Yy Tor) + (TupTieg — TuTip) (VoI5 = Yo T, + Y;T,,)
+ Taglii(VTop = YTop + Yo T0g) + (TojTip — TapTij) (Vi Tog — YiTrg + Y, Tr)
= (TapTeg = TagTop) (YoTaj — YaTsj + YViTuk) + (TojTog — TogTo) (YoTip — YaTop + YpToi)
= (BTkg = YoTip)(Tar T — TasTrj + TajTrs) — YoTij(TuarTop — TayTrp + TopTos)
= YTy = Y310} (Tar Tag — TasTrg + Ty Tre) + (YT — YoTop) (T Tij — TaToj + ToTo)
= (Y5Trq = YoT0s)(TasTip — TarTop + Top k) — 2(Yy Tog — YoTop) (TrsTiej — Tk To; + T To)
+ 2(YjTo - YoTo;)(TrsTip — TuiT. o+ TrpTak) = (YiTop - YoToj)(TrsTig — TriTog + TrgTek)
+ Top [YaTojTegl — Tsj [YeTapTogl + 3Tk |Y;TupTrgl — Tok |Y;TapTiql (72)

(3) (b, ¢) = (k,q) In this case, S(f,g) = T;;T,pf — Yog with leading monomial equal
to Y, T;;TsqTip. We consider the following three possibilities:

((1)1<a<r<s<b=k<j<p<qg<n
(2)1<r<a<s<b=k<j<p<g<n
(B)l1<r<s<a<b=k<j<p<qg<n

For (i1), one can verify that
S(f,9) = —(TepTsq = TogTyp)(YaTij — YaTo; + Y;Tuk)

+ (T"jT-’q - T"qT-'j)(},ﬂTkp - )fkTap + ),pTuk)
+ ﬂpT‘j(Yaqu - Y"Tﬁq + Ychk) + Tk IYijquI - Y ITajTrstqI (73)

S(f,g) can be proven to be in standard form relative to G in cases (i2) and (i3) using

(73) and the following remark.

Remark 3.3.9. In (73), S(f,g9) = Yo, a:h; with a; € k[Y,T), hy, hy, b3 € Fs,
hs € Fq, hg € F7 with the following properties:

e The terms a;h; are uneffected by any permutation of the set {a,r,s} for i =
1,...,5.
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o Y, [T4;TapT,| is always smaller than the leading monomial of S(f, g) in any of
the cases (i1), (i2), (¢3) for {0, A, p} = {a,r, s}.

So to obtain an expression of S(f, g) in standard form relative to G in the cases (i2)
and (i3), we simply interchange rows in the last determinant of the right hand side
of (73) and multiply the resulting determinant by a suitable sign.

Case (F3, Fs)

Let

f=Yaly = YoTo + YTy € Fs, glerT;sTjulefs
1<a<b<ec<n 2<i<j<r<s<u<n.

The leading monomials of f and g are relatively prime except in the following two

cases

(1) (b,c) = (3, s) (2) (b, ¢) = (j, u).
(1) (b,c) = (i, s) In this case, the leading monomial of S(f,g) is Y,T,T;,T}s, and one
has the unique possibility
1<a<i=b<gj<r<s=c<u<n
in which case, one can verify that S(f, g) is equal to

TaTjs(Tar + YoT, — Y. 10) + (Tir Tju — TiaTr )(Tas + YaT, - Y, To)
= (TieTjs — T3sTe (Taw + YaTou = YouTo) — TasT5u(Tir + YT, - Y. T5)
= TaTii(Trs + YT, = YoTo) = (TaiTjs — TouTij)(Trw + Yo Ty - Vo T3
+ (TaiTjr — TarTi)(Tow + YTy — YaTs) — Tou(TaiTjr — TojTir + Tar T55)
+ Tru(TaiTjs — TojTis + TauTij) + Tis(Taj Tru — TarTiu + TauTyr)
= T (TojTou — TasTiju + TauTjs) + 2T55(Tar Tou — TasTru + TauTrs)
= Tau(TiiTrs = TirTjs + TiaTir) + (YoTju — YaT5:)(TaTir — TiTor + T:Tai)
+ VT (ToTis — TiTas + ToTai) + (YeTjs = YoT5r ) (TaTiw — TiTow + ToTai)
= (YoTou = WTa)(TiTyr — T;Tir + I, T55) + (Ve Tow — YoTor)(TiT5s — T;T + T,T5)
= (Y2Tas = YaTour)(TiTju — T;Ti + TuTij) — T Yo TaaTiu| + [ Tar Tis T -
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This proves that S(f, g) is in standard form relative to G in this case.
(2) (b,c) = (j, u) Here, the leading monomial of S(f, g) is always Y,T,T;,T;,, and one
has the following two possibilities:

((1)1<a<i<b=j<r<s<u=c<n

(i2)2<i<a<b=j<r<s<u=c<n.
In case (i1), one has the following expression of S(f, g):

TiuTjs(Tor + YoT, — Yo To) + (Tie Tju — Tiu T ) (Tas + YoT - Y. T,)
= (T Tjs — TisTe ) (Taw + YoTo, = Yo To) = Tou T (T + YT, — Y, T5)
TauTij(Tes + Yo T, = Yo T,) — ToiTs(Tou + Y. T, = Y, T)
(TaiTjr = TajTis ) (Tou + YaTou = YoTo) — Tou(TaiTyr — T Tir + Top T;)
Tru(TaiTjs — TajTis + TosTij) — YaTo (TaiTju — TojTiw + TauTsj)
Tis(TojTru — Tar Tju + TauTjr) + Tij(Tar Tou — TasTru + Tou Trs)
(YsTju — YuT3s)(ToTir — TiTar + T,Twi) + YT (ToTis — TiTo + T,T3;)
(YT — YoTr ) (TaTiuw — TiTau + TuTai) = (YsTou — YuTos)(TiTyr - ;T + T, T5)
(YeTou — VuTor )(TiTs — TTis + T,T35) + Y Tor (TiTju — T;Tiw + TLTy5)
YulT;T0r Tis| + Y5 | T T0r Tiw| + |Tar T T - (74)

+ + + + + +

This shows that S(f, g) is in standard form relative to G in this case. Replacing T;
by —T;, and interchanging rows a and 7 in the determinants of (74), one can also
show that S(f, g) is in standard form relative to G in case (¢2). This finishes case
(F3, Fe)-

Case (Fy, Fy)

Let

[ = TapTeq ~ TacToa + ToaThe, 9 =TjTu — TuTj + TyTi
l1<a<b<c<d<n 1<i<j<k<l<n

be two distinct elements of F;. We want to show that S(f,g) is in standard form
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relative to G. By Buchberger’s first criterion, one has to consider the following pos-
sibilities
(1) (e,b) = (i,5) (2) (e,8) = (k,1)
@3) (¢, d) = (3,5) (4) (¢, @) = (k, 1)
(1) (a,b) = (4,5) In this case S(f,9) = Tuf — T.ag. Using the relation S(f,g) =
—S(g, f), we can restrict ourselves to the following possibilities:
(1)1<a=i<b=j<c<d<k<l<n
(12)1<a=i<b=j<c<k<d<l<n
(3)1<a=i<b=j<c<k<l<d<n
For (i1), the leading monomial of S(f,g) is T;.T;4Ti and we have

S(f,9) = =Tja(TicTu — TixTa + TaTu) + Tje(TiaT — TixTa + TaTu)
= Ta(TieTlux — TjaTex + TikTea) + Te(TjcTa — TiaTer + TjiTea)
For (i2), the leading monomial of S(f, g) is also T;.T;4T}; and we have
S(f,9) = -Tja(TicTu — TiaTa + TaTw) + T3a(TjeTht — TieTa + TjiTwk)
= |TaT;4Ta|
For (i3), the leading monomial of S(f, g) is either T; T;4Ti (if ¢ < k) or T T Ty (if
¢ = k). In both cases we have
S(f,9) = -Tju(TicTu — TacTa + TuTek) + Tia(TjeTit — Tjx T + TjiTek)
+ |TTjiTeal
(2) (a,b) = (k,!) In this case we have the only possibility
1<i<j<a=k<b=l<ec<d<n
Also, S(f,g) = T;; f — T.ag and its leading monomial is T;;Tx.Ta. One can check that
S(f19) = -Tu(TiiTic — TuTjc + TicTji) + Tie(TijTea — TikTja + TiaTie)
+ Tja(TuTic — TaTke + TicTit) — T5e(TieTia — TuTka + TiaTwir)
+ Tju(TuTea — TicTka + TidTke) — Tik(TuTed — TicTia + TiaTic)
= |TaT;cTudl
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(3) (¢,d) = (i, 7) One can use case (2) above and relation S(p,8) = —S(6, p) to show
that S(f,g) is in standard form relative to G in this case.
(4) (c,d) = (k,1) In this case S(f,g) = T;; f — Tusg and as in case (1), we can restrict
ourselves to the following possibilities
()1<a<b<i<j<c=k<d=l<n
(2)1<a<i<b<j<c=k<d=Il<n
(B)l<a<i<j<b<c=k<d=Il<n
If @ = i, then we may clearly assume that b < j, and so the leading monomial of
S(f,g) in this case is T;,T;+T;i, and one can check that

S(f,9) = —Tu(TaTj — TijTu + TuTh;) + Tu(TaTj — T;;Tw + TuThj)

which proves that S(f,g) is in standard form relative to G in this case. Thus, for
the three cases (i1), (12), (i3) above, we may assume that a < i and obtain that the
leading monomial of S(f, g) is T4 TixTj: in all of the three cases.

For (i1), we have

S(f,9) = Tu(TawTik — TaiTox + TorTei) — Tin(TasTat — TaiTot + T Ti)
= Tu(TaiTje — TojTix + TarTi5) + Toe(TaiTj — Toi Ty + Tl Ts;)
+ Ta(ToiTje — TojTie + TorTi5) — Tak(TeiTj — To; Tt + TuiTis)
+ |TojToxTul -
For (i2), we have
S(f,9) = —Tu(TwTik — TajTox + TarTs;) + Tia(Tas Tt — TujTet + TuTh;)
+ |T¢jT,'kTu| .
And finally for (i3), we have
S(f,9) = Ta(TijToe — TuoTjk + TiTis) — Tar(TiiTee — T Tje + TuTjp)
+ |TaoTi T -

This shows that S(f, g) is in standard form relative to G whenever f,g € F,.
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Case (.7:4, .75)

Given an element f of F, and an element g of F;, we can (for the purpose of proving
that S(f,g) is in standard form relative to G) assume that they have the following

forms

[ = TjTe — T Tj + TuTi, g =TT, - T;Ty
2<j<k<l<n, 2<i<j<nmn

In thiscase 2<i< j<k<!l<n, and so

S(f,9) = TTuTy-TTuTiu — T;T1Tu
= Tj(TiTw — TeThi) — Ti(TiTy — TiTw)
- TNi(TiT — TiTj + TiTji)

which proves that S(f, g) is in standard form relative to G in this case.

Case (.7'-4, .7"7)

Let

[ = TapTed — TacTod + ToaThoe € Fus 9= |T;;TpTi4l € 7
1<a<b<ec<d<n, 1<r<s<k<j<p<g<sn

As usual our goal is to show that S(f,g) is standard form relative to G. By Buch-

berger’s first criterion, one has to look at the following possibilities:

(1) (a,b) = (r,5) (2)(a,b) =(s,p) (3)(a,b) = (k,q)
(4) (c,d) = (r,j) (5)(c,d) =(s,p) (6)(c.d) = (k.q)

(1) (a,b) = (r,j) In this case S(f,g) = TupTief — Tcag is of degree four since
(c,d) # (s,p), (c,d) # (k,q) and the leading monomial of S(f,g) is Tr;TsqTkpTca-
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According to the position of c, d relative to p, ¢, we have the following six possibilities

(A1)1<r=a<s<k<j=b<c<d<p<qg<n
(2)1<r=a<s<k<j=b<c<p<Ld<g<n
(BB)1<r=a<s<k<j=b<c<p<qg<d<n
(4)1<r=a<s<k<j=b<p<qg<c<d<n
(15)1<r=a<s<k<j=b<p<c<qg<d<n
(6)1<r=a<s<k<j=b<p<Lc<d<qg<n

For (i1), one can check that

S (f ’ g) = ankp(Trocd - TrcT:id + Trdec) + (Trkaq - Tqukp)(Tszcd - Tschd + Tsdrjc)
= (TrpTsq — ToqTop)(TijTea — TieTja + TiaTjc) = Tja | TrcTspTigl + Tic | TraTopTiql
(75)

This proves that S(f, g) is in standard form relative to G in case (z1).

Remark 3.3.10. Equation (75) above will remain true in the cases (:2),..., (i6)
provided that we interchange columns properly in the two determinants appearing in
the RHS of the equation and multiplying by a suitable sign while keeping the other
terms in the RHS of (75) unchanged. On the other hand, notice that the leading
monomials of the last two determinats appearing in (75) have the form T, T, Tio T,
for some o € {c,d,p,q} and so interchanging columns in the determinant will not
change the fact the the corresponding term is less than or equal to S(f,g). This
shows that S(f, g) is in standard form relative to G in each of the cases (z1), ..., (¢6).

(2) (a,b) = (s,p) In this case S(f,g) = T;jTiqf — Tcag is also of degree four and
its leading monomial is either T,; Ty TipTea (if ¢ > q) or T} T, TicgTpa (if ¢ < q). We

have the following possibilities

((1)1<r<s=a<k<j<p=b<g<c<d<n
(2)1<r<s=a<k<j<p=b<c<g<dsn
(B)1<r<s=a<k<j<p=b<c<d<qg<n
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For (i1), one can check that S(f, g) is equal to

TadTig(TrTpc = TepTje + TrcTip) — TacTig(TriTpa — TrpTia + TraTip)
+ ToqTip(TriTea — TreTja + TraTjc) + (TajTig — TogTii) (TrpTed — TreTpa + TraThpe)
= (T4iTep = TopTi) (TrqTea — TrcTqa + TraTyc) — TraTig(T;Tpe — TopTjc + TucTjp)
+ TrcTio(ToiTpa — TipTja + TeaTp) + TraTip(TesTye — ToqTje + TucTg)
= T eTip(TyiToa = ToqTja + ToaTjq) — TraTij(TopTye — ToqTpe + TocTpq)
+ TocTij(TopToa — TaqTpa + TeaTpg) = (TecToa — TaToc) (TejTpg — TipTiq + TigTip)
= Ty [T T T}l

For (i2), S(f, g) is equal to

TsaTig(TrTpe — TrpTic + TrcTjp) — T, Teo(T:5Tpa — TrpTa + TraTy)
+ T’QT"P(Tijcd - TrcT}d + TrdT_'jc) + (Takaq - ankj )(Tprcd - Trchd + TrdTpc)

= TeaTkg(TiTpc — TopTje + TueTiip) + TecTieg(ToiToa — TopTja + ToaTip)

= TrqTip(TsiTed = TuTja + TsaTje) — (TreTag — TrqTse) (TkiTpa — TipTia + TkaT5p)
— (TrqTea = ToaTog)(TejTye — TepTje + TeeTsp) + ToqTii(TopTea — TocTpa + ToaTie)
= Ta|TpTscTig| + Tip [ TreTsqgTkal — Tie | TrpTsqTjal + Tip | TrcTsq Tl

= Tal|TrpTicTjg| + Tra [ TopTic Tl

For (:3), we have the following expression of S(f, g)

Tsdiq (Tropc - TrpTJ'c + TrcT}'p) - Tschq(TfJ'Tpd - TrpTJ‘d + TrdT}p)
+ TaqTip(TrjTed — TreTja + TraTje) + (Ta5Tieg — TaqTii)(TrpTea — TreTpa + TraTpe)
= TaTig(TsiTpe — TopTjc + TocTjp) + TrcTig(Ts5Tpa — TspTia + TeaTjp)
— TgTip(TiiTea — TucTja + TaaTje) — (TeeToq — TeqTac) Tk Tpa — TipTja + ThaTjp)
+ (TraTsq = TrqTd)(TkjTpec — TipTic + TicTjp) + TrgTuj (TepTea — TseTpd + TeaTpe)
- TJ'd ITwTschq| + TJ'c |T¢T.¢qu| - 2ij |TrcTadiq| - qu |TrkacTJ’d |
+ Trg|TapTkeT5dl
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This proves that S(f, g) is in standard form relative to G in case (2).
(3) (a,b) = (k,q) In this case

1<r<s<k=a<j<p<q=b<c<d<nm,

S(f,9) = T,;Typf — Teag and its leading monomial is T, jTepTkcTqa- One can check
that S(f, g) is equal to
TopThd(TrjTgc — ToqTje + TreTiq) — TopTkel TriTga — TrgTia + TraTjq)
+ TqTip(TriTead — TocTja + TraTje) + (TsjTig — ToqTij) (TrpTea — TreTpa + TraTpe)
= (TsiTip — TupTj)(TrqTea — TrcTqa + TraTye) — TraTig(TsjTpe — TopTjc + TucTjp)
+ TreTig(TojTpa — TupTja + ToaTjp) + TraTip(TsiTqc — T Tje + TocTjq)
= TeTip(TsTqa — TaqTja + TeaTjq) — TraTj(TopTye — ToqTpe + TocTpq)
+ TocTiej(TopTod — TaqTpa + TaaTpg) — (TrcTud — TraTuc) (TiiTpg — TiepTiq + TioTsp)
= T |TrqTicTjdl

(4) (c,d) = (r,7) In this case we also have a unique possibility
1fa<b<r=c<s<k<j=d<p<qg<nm,

in which case S(f, 9) = T5pTiof — Tasg and its leading monomial is Ty T+ T5qTp- Here
one can check that S(f, g) is equal to the following expression
ToqTip(TarTrj — Tor Tij + TojTor) + (TiTieg — ToqTikj) (TasTrp — Tar Top + TupTir)
= (Ts;Thp — TspT; ) (TavTrq — Tar Tog + TagTir) + (TopTeg — TogTicp) (Tar Tsj — TasTrj + TajTrs)
= (T4jThg — ToqTij)(Tar Top — TosTrp + TapTss) + (TojTkp — TopTkj )(Tar Toqg — TasTrq + TagTss)
= (TwpTrg — ToqTip)(TasTkj = TarTsj + TojTox) + (TojTrq — TogTri ) (TasTip — TakTsp + TupTor)
= (TyjTep = TopTrj) TasTig — TakTog + TagTek) = (TapTiqg — TagTip)(TorTsj — TosTr5 + Tij Trs)
+ (TajTig = TaqTij)(TorTsp — TosTrp + TopTrs) — (TajTip — TapTij) (Tor Toq — TosTrg + TogTrs)
+ (TapTrq = TaqTrp)(TosTij — TorTsj + TojTuk) — (TajTrg = TagTri) (TosThp — TorTp + TopTok)
+ (TajTrp — TapTrj) (TosTkq — ToxToq + ToqTok) — 2(TapToq — TagTop) (TrsTks — TriTej + TriTuk)
+ 2(TajToqg — TaqTsj)(TrsTip — TriTop + TopTak) — 2(TajTop — TapToj)(TesTig — TriTsq + TrgTsk)
= T3 | TaxTojTrp| + Top |Tak T Trq| = Toj | Tak TopTrgl + 4Tk |Toj TopTrql — Tk |TajTepTsq] (76)



CHAPTER 3. ON A CONJECTURE OF NOWICKI 121

which proves that S(f, g) is in standard form relative to G.

(5) (c,d) = (s,p) In this case S(f,g) = T;jTigf — Tasg is always of degree four and

its leading monomial is T ;T4sT,qTsp. Three cases are to be considered
(i1)1<r<a<b<s=c<k<j<p=d<q<n
(12)1<a<r<b<s=c<k<j<p=d<qg<n
(3)1<a<b<r<s=c<k<j<p=d<qg<n

For (i1), one has the following expression of S(f, g)

(Tprkq - T;'qup) (Tabnj - Tunj + Taija) + Tqukj (Tastp - Taspr + Taprs)

+ (Trokp - Trkaj)(TabT:q - Tasqu + Taqns) - (Trprq = Tqubp) (TasTkj - TakTsj + Taj Tak)
+ (T,-ijq - Tqubj)(T“Tk, - TakT,,, + T”T,k) - (T,-ijp - Tmej)(Ta,qu - TakT,q + TaqT,k)
+ (TrpTag = TrqTap)(TosTij — TouToj + TojTox) — (TriTag — TrqTaj)(TosTip — TokTap + TopTk)

+ (T,-jTa,, - TrpTaj)(Tb,qu - Tka,q + TwT,k) - 2Ty ITroaprqI + T |T,-jT¢pT,q|

- Tu ITrobpnql
which proves that S(f, g) is in standard form relative to G. The cases (i2) and (i3)
follow from (77) and the following remark.
Remark 3.3.11. The equality in (77) remains true in cases (i2) and (:3) provided
that we interchange suitable rows (if necessary) in the three determinants appearing
in the RHS. A quick check shows that this would also preserves the fact that the
leading monomial of each of theses determinants remains less than T, ;T TqTkp. This
shows in particular that S(f,g) is also in standard form relative to G in cases (i2)
and (i3).

(6) (c,d) = (k,q) In this case S(f,g9) = T,,;Tspf — Tasg is of degree four and its

leading monomial is either T, T, Toi Tog (if 5 < @) or T;jTosT,q Ty (if @ < 5). We treat
first the case s = a where one has the following possibility:

1<r<s=a<b<k=c<j<p<qg=d<n

and one can check that in this case

(77)

S(f, 9) = -(Trstq - Tqusp)(stTkj - skaj + Tszbk) + Trstj(Takaq - skaq + quTbk)

+ (Troaq - T,.qT,j)(T,kap - Takap + Tsprk) — Tk ITroSPqul :

(78)
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This shows that S(f, g) is in standard form relative to G in this case. Assume next
that s # a and consider the following six possibilities

((1)1<r<s<a<b<k=c<j<p<g=d<n
(2)1<r<ae<s<b<k=c<j<p<q=d<n
(3)1<r<a<b<s<k=c<j<p<g=d<n
(4)1<a<r<s<b<k=c<j<p<g=d<n
(8)1<a<sr<b<s<k=c<j<p<g=d<n
(6)1<a<b<r<s<k=c<j<p<qg=d<n

For (i1), one can ckeck that

S(fv g) = ’(Trpnq - nqnp)(Takaj - Takaj + Tajnk) + Trstj (Takaq - Takaq + Taquk)
+ (T05Tsq — ToqTej)(TasTip — TarTop + TopTik) + T 1Tri TopTagl
= Tu|T,iTepTaql (79)

Which proves that S(f, g) is in standard form relative to G in this case. Now using a
remark similar to the one used in previous cases, one can deduce from relation (79)
that S(f,g) is also in standard form relative to G in all cases (i2),...,(¢6). This
finishes the case (Fy, F7).

Case (Fs, Fs)

Let

f=TT; - TiT\; € Fs, 9=T.T,-T,T\, € F5
2<i<j<n, 2<r<s<n

be two distinct elements of 5. By Buchberger’s first criterion, one has to consider

the following two possibilities
Ni=r (2Qj=s.

In the first case, we may assume that 2< i=r < j <s<n, and so

S(f,9) = ~T;TwT, + T,T1iTh; = -TW(T;Th, - T,T;)
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is in standard form relative to G.
In the second case, we may assume that 2 <i<r < j=s<mn, and so

S(f,9) = -T.T;Ti + T.T;T), = T;(TiTh, — T, Ty:)
is also in standard form relative to G. This finishes the case (Fs, Fs).
Case (F5, Fs)

Let
f =TT — T;Ty + T, T;; € Fe, 9=T.T,-TTi, € Fs
1<i<j<k<n, 2<r<s<n.

The leading monomials of f and g are not relatively prime only if i = r, which leads
to the following three possibilities:

(1)2<i=r<s<j<k<n
(12)2<i=r<j<s<k<n
(3)2<i=r<j<k<s<n

In all the above cases, we have
S(f,9) = -T;Th, Tk + T, T3 + T,T0i T
For (¢1), the leading monomial of S(f, g) is T,T1,Tj, and one can verify that

S(f,9) = T,(TuTj — T1;Ty + TuT;j) — Tij(T, T — TiThs)
+ T;'k(Tsle - TjTls)

For (22), the leading monomial of S(f, g) is T;T,Ti, and one can check that
S(f,9) = -Tu(T;T\, — T,Th;) — Tij(TTwe — TiThs)
+ To(ThiTe — T;Tie + T Ts;).
For (i3), the leading monomial of S(f, g) is also T;T},Ti, and here we have:

S(f.9) = -Tu(T;T\s — T,Thj) + Tij (T Ty — T,Tw)
+ Ty(TuTi — Ty;Ti + T Tsj).
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This finishes the case (Fs, Fs).

Case (Fs, F7)
Let
f = |TedToeTy| € F, 9=TT;-TiTu€ Fs
l1<a<b<ec<d<e< f<n, 2<i<j<n.

To prove that S(f, g) is in standard form relative to G, it is enough (Buchberger’s first
criterion) to suppose that a = 1 and j = d, which leaves us with the three possibilities
(11)2<i<b<c<j=d<e< f<n
(12)2<b<i<c<j=d<e< f<n
(13)2<b<c<i<j=d<e< f<n
For all the above three cases, the leading monomial of S(f, g) is T;T\;Ts;T., and one

has

S(f,9) = =ToyfTee(Thhj — T;Tii) + (TosTej — T Tes)(TiThe — T.Ti)
+ (TojTce — ToeT)(TiTy — Ty Thi) + Thi | T T3 T

which proves that S(f,g) is in standard form relative to G in all the above three
cases. This finishes the case (Fs, F7).

Case (Fs, Fs)
Let
[ = [T TedThe| € Fs, 9=TT; -TT\;eFs
2<a<b<c<d<e<n, 2<i<j<n

The leading monomials of f and g are relatively prime except in the case where ¢ = 1.

In this case, we have the following possibilities
(i1)2<a<b<c=i<j<d<esn
(i2)2<a<b<c=i<d<j<esn
(i3)2<a<b<c=i<d<e<j<n
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In all cases, the leading monomial of S(f, g) is T.T1;T4.Tsa- For (i1), one can show
that '

S(fr g) = "TaeTM(Tchj - TjTlc) + (Taijc - Tachj)(TdTlc - Tchd)
+ Tlc lTJTadTbcl - Te ITlcTaijdl + Td lTlcTaijel .
For (i2),
S(f,9) = —TToa(TThj — TiTie) + (TacToc — TacToe)(TuTh; — T;Tha)
+ (TaaToc — TacToa)(TiThe — TeThj) + T [T TaaThe| -
For (i3),
S(fr g) = —TacTM(Tchj - T}Tlc) + (TaeTbc - Tache)(Tdle - TjTld)

+  (TacToa = TaaToe)(TeThj — T;The) + T | T1cTaaTte| -
This finishes the case (Fs, F3).

Case (.7'-5,.7'-9)
Let
[ = Y TaTh| € Fo, g=TT; -T;T € Fs
1<a<b<c<d<e<n, 2<i<j<n.

The leading monomials of f and g are relatively prime except in the case where e = 1

and j = d. In this case, we have the following possibilities
(1)2<b<c<Li<j=d<e<n
(12)2<b<i<ec<j=d<e<ln
(i3)2<i<b<c<j=d<e<ln
The leading monomial of S(f, g) is Y.T;T}.Tpe. For (i1), one has:
S(f,9) (YaTbe = YeToa) (T Ths — TiThe) — YeToe(TiTha — TaThs)
+ (YaTie = YeToa)(TiThe — TeThi) + T1iToe (Tea + YTy — YaTo)
— TTea(Tee + YT = YeTo) + T1iToc(Tae + YaTe — YeT4)
= Ty(T1iTue — ThaTie + T1eTia) + Tre(TocTia — ToiTea + ToaTwi)
= Ta(TocTie = ToiTee + ToeTe) + |ThiToaTee| -
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For (i2), one can check that

S(f.9)

For (13),

S(f.9)

+

o+ 4+ 4+

(YeToa — YaToe(TiThe — TeThi) — YeToe(TiT1a — TaThi)

(YaThe — YeToa) (TiThe — TeTi) + ThiToe(Tea + YeTu — YaTo)
NiToi(Tee + YT, — YoTo) + T1iToe(Tae + YaTe — YeIu)
Tae(TwTic — ThiToe + TicTbi) — Tee(T16Tia — ThiToa + T14Twi)
Ted(TiwTie — T1iThe + TheThi) — Tie(T1oTea — TicToa + T1aToc)
Tia(TwTee — TicToe + TheTic) — Tic(T1oTue — T1dTbe + TieToa)
Toi(TicTue — ThaTce + TieTea) — [TicToaTie| -

(YeTba = YaToe)(TiThe — TeThi) — YeToo(TiTha — TaThi)

(YaToe = YeToa) (TiThe — TeTi) + T1iToe(Tea + YeTu - YaTo)
NiToa(Tee + YT, = YoT0) + T1iToe(Tae + YaTe — YeT4)
Tae(T1iToe — TioTic + TicTiv) + Tee(T1iToa — ThoTia + T1aTin)
Tea(T1iToe — TwoTie + TheTis) — Tie(T16Tea — TicToa + TiaTe)
Tia(TwTee — ThcToe + TheTbe) — Tic(T16Tae — T1dTbe + T1eTba)
Tio(TheTue — ThaTee + TeTea) + [ T1cTiaToe| -

This finishes the case (Fs, Fg).

Let

Case (Fe, Fo)

f‘—‘TaTbc-TbTac+TcTabe-r61 g=|‘/rTisT:1'u| €}.9
1<a<b<e<n, 1<i<j<r<s<u<nm

The leading monomials of f and g are relatively prime except in the following two

Cases:

(1) (b,c) = (i,5) (2)(b,¢) = (j,u)
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(1) (b,¢) = (i,s) In this case, the leading monomial of S(f,9) = Y;Tjuf — T,g is
Y,T.T:,Tjs, and one has the unique possibility

l1<a<i=b<j<r<s=c<u<ln.
In this case, one can verify that S(f, g) is equal to the following expression
(TaiTju = TauTi)(Tes + Yo T, = Y.T,) = (TaiTjs — TosTij)(Tru + Y2 T — VL T3)
+ (TaiTjr = Tar Tij) (Touw + Vs T = YuT) — Tou(TaiTyr — TojTir + Tar T5)
Tou(TaiTjs — TojTis + TasTij) — Tos(TaiTju — TojTiw + TauTij)
— Tau(TojTos = TarTjs + TasTje) + Tis(TojTru = Tar Tiu + TauT5r)
Tir (TojTow — TasTju + TauTjs) + 2T5i(Tar Touw — TasTru + TauTrs)
(YiTju = aTjs)(ToTi — TiTor + TeTai) + YoTr(TaTis — TiTas + TuTas)
(Y, Tjs = YoTe ) (TaTiu — TiTau + TuTwi) — (YsTouw — YuTao) (TiT5r — T;Tir + I, T55)
(Y,Teu = YuTur)(TTy0 — TyTiy + TTg) = (YT = YTar) (Gl — TiToa
+ TTy) = T; |YiTasTal + [Tur T Tl

+

+ 4+ +

This shows that S(f, g) is in standard form relative to G in this case.
(2) (b,c) = (j,u) In this case, the leading monomial of S(f, g) is always Y, T,T;, T},
and one has the two possibilities
(i1)1<i<a<j=b<r<s<u=c<n
(12)1<a<i<j=b<r<s<u=c<n
For (i1), one can verify that S(f, g) is equal to the following expression

~TauTej(Trs + YT, - Y.T;) + T3, Toj(Tr + Yo T — VuT3)
T Toj(Tou + Yo Ty = YuT3) + Toj(Tir Tow — TisTow + TiuTrs)
— (YiTou - YT ) (LT - TjTay + T.T;) + (Yo Tow = YuTir)(TuTjs = TiTas + T,To;)
+ YT (ToTju — TjTou + TuToj) — T; |V, TisTou| (80)
which shows that S(f, g) is in standard form relative to G in this case. Interchanging
the last two columns in the determinant appearing in (80) and multiplying it by a

negative sign allow us to confirm that S(f, g) is also in standard form relative to G
in case (¢2). This finishes case (Fs, Fo).



CHAPTER 3. ON A CONJECTURE OF NOWICKI 128

Case (F7, F7)

Let

f=IT".‘iT3Pqulv 9 = |TaiToaTee |
1<r<s<k<j<p<qg<n, l1<a<b<c<Li<d<e<n

be two distinct elements of ;. We need to show that S(f,g) is in standard form
relative to G. Using Buchberger’s first criterion we can assume that the leading
monomials of f and g are not relatively prime and this can only happen if one of the

following cases occurs:

(1) (r5) =(a,3) (2)(r,j) = (b,d) (3)(r.5) = (c,e)
(4) (s,p) = (a,3) (3)(s,p) = (b,d) (6)(s,p) = (c,€)
(7) (k.q) = (a,3) (8)(k,q) = (b,d) (9)(k.q)=(c,e)

Using the relation S(f,g) = —S(g, f), we can see that the cases (4), (7) and (8) above
can be obtained from cases (2), (3) and(6) respectively. So we look at the following

cases:

(1) (r,5) =(a,5) (2)(r,5) = (b,d) (3)(r,5) = (c,€)
(4) (s,p) = (b,d) (5) (s,p) =(c,€) (6)(k,q) = (c,€)

In each of the above cases, the degree of S(f,g) is either four or five depending on
whether the degree of the greatest common divisor of LM(f) and LM(g) is one or
two. We will treat these two possibilities seperately in each of the above six cases.

(1) (r,j7) = (a,7) In this case the degree of S(f,g) is four when exactly one of the

following possibilities occurs:

A.(b,d) = (s,p) B.(b,d) = (k,q)
C.(c,e) =(s.p) D.(c,e) = (k,q).
In case A, S(f,9) = Tcef — Tiqg and we may use the relation S(f,g) = —S(g, f) to

assume that k < ¢, so we are left with the two possibilities:

Al.1<r=a<s=b<k<c<j=i<p=d<g<e<n
A2.1<r=a<s=b<k<c<j=i<p=d<e<qg<ln
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For Al, the leading monomial of S(f, g) is T;;TsqTipTee, and one can check that

S(f,9) = —Tip|TjTeqTeel + Tij | TrpTaqTeel — Tie | T TipTeg| + Tre | T Tip g -
(81)

Case A2 can be treated similarly.

In case B, we have the only possibility
l1<r=a<s<k=b<c<j=i<p<qg=d<e<n,
S(f,9) = Tce f — Typg and its leading monomial is equal to 7, T,pTs.Teq. Also we have

S(f1 g) = ch |Troskac| - Tkp |Troqu¢¢| + Tkj ITrstchel
- le |Trkachc| + Toe lTszkaql - T,-q ITszkacel .

In case C, we have also a unique possibility
1<r=a<b<s=c<k<j=i<d<p=e<qg<n,

S(f,9) = Toaf —Tiqg with leading monomial equal to T;;T34T,qTkp, and one can check
that

S(fa g) = —'Tkp ITrodesql + T:d ITroprkql - Tsj |Trdprqu|
+ nj |Trdekaq| - Trq |TbjT,¢Tk,,| + T,p |TbjT,diq| .

For case D, S(f,g) = Tuaf — T,pg with leading monomial equal to T;;T; Ty Tiq. Also,
we may restrict to the following two possibilities:

DIl1<r=a<s<b<k=c<j=i<p<d<qg=e<n
D2.1<r=a<s<b<k=c<j=i<d<p<g=e<n

In case D1, we have

S5(f,9) = Tia|Tr;TpTogl + Tog |TeiTopTkal — Toj [ TepToaTkgl + Trq |Te;TopTial -
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Case D2 is treated similarly.

This shows that S(f,g) is in standard form relative to G in the case where it has
degree four. So we may assume next that S(f, g) is of degree five. We use the relation
S(f,9) = —S(g, f) to limit ourselves to the following cases:
(1)1<a=r<s<k<b<c<j=i<p<qg<d<e<n
(12)1<a=r<s<k<b<c<j=i<p<d<g<e<n
(3)1<a=r<s<k<b<c<j=i<p<d<e<qg<n
(d)1<a=r<s<k<b<c<Lj=i<d<e<p<qg<n
(5)1<a=r<s<k<b<c<j=i<d<p<e<qg<n
(6)1<a=r<s<k<b<c<j=i<d<p<g<e<ln

(M 1<a=r<s<b<k<c<j=i<p<qg<d<e<n
(8)1<a=r<s<b<k<c<j=i<p<d<qg<e<n
(9)1<a=r<s<b<k<c<j=i<p<d<e<qg<n
(10)1<a=r<s<b<k<c<j=i<d<e<p<qg<n
(11)1<a=r<s<b<k<c<j=i<d<p<e<qg<n
(112)1<a=r<s<b<k<c<j=i<d<p<g<e<n
(i13)1<a=r<s<b<c<k<j=i<p<g<d<e<n
((14)1<a=r<s<b<c<k<j=i<p<d<g<e<n
(115)1<a=r<s<b<c<k<j=i<p<d<e<qg<n

(i16) 1<a=r<s<b<c<k<j=i<d<e<p<qg<n

(A1) 1<a=r<s<b<c<k<j=i<d<p<e<qg<n

(118) 1 <a=r<s<b<c<k<j=i<d<p<g<e<n.

For (:1), S(f,9) = TeaTeef — TspTiqg and its leading monomial is T ;T,pTxqTbe Teq-
One can check that

S(f,9) = ToeTea|To;TopThql + (To;Tep — TopTej) | TrgTeaTikel — TogTee |Te;Tip Tl
+ TyqTed | T2 TipToe| — ToqTop | TriTkaTcel + ToqToj | TrpTkaTeel
= Ty Teq | TopToaToel + TraToe |TeiTipToal = ToqToa [ To; TipToe]
+ TrqTop |TsiTkdTee) — TrgToj | TopTkdTcel + TreTig | TsiTopTedl
= TaTiq |TsiTopTee| - (82)

This shows that S(f, g) is in standard form relative to G in this case.
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A closer look at expression (82) reveals the following observations:
1. 5(f,9) = Y TuzToyD where u,v € {r,s,k,b,c}, z,y € {j,p,q,d,e} and D € F;.

2. The leading term of each term in the RHS of (82) has the form T 9T sxTupTve Tuwpu:
where 0, x,p,&, 1 € {j,p,9,d,e} and u,v,w € {k,b,c} with 8 > j

3. Except for the first determinant, if the first entry of D is T;; then the leading
coefficient of the corresponding term has one variable of the form T, (< Typ).

So, to prove that S(f, g) is in standard form relative to G in each of the above cases
(22),...,(i18), we proceed as follows:

1. The equality in (82) will remain true provided that we interchange columns and
rows while multiplying with a suitable sign in the determinants of the RHS.

2. if h is an arbitrary term in the RHS sum, then the above observations will
guarantee that the relation & < LM(S(f, g)) will remain true.

This finishes case (1).
(2) (r,7) = (b,d) As in the previous case, we treat the cases deg(S(f,g)) = 4, and
deg(S(f,g)) = 5 separately. The first case can occur in either of the following two

cases
A.(c,e) = (s,p) B.(c,e) = (k, q).

In case A, S(f, 9) = Tuif — Tiqg. Since T4T}, is always a divisor of the least common
multiple of LM(f) and LM(g), Buchberger’s second criterion allows us to assume that
i > k because otherwise T;;T;, would be the leading monomial of an element of F,
and the case (Fy, F7) has been treated already. This leaves us with the following

possibility

1<a<r=b<s=c<k<i<j=d<p=e<qg<n
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in which case the leading monomial of S(f, g) is T4 T;;T,qTkp, and we have

S(f’ g) = -Tkr ITaiTroqu + Tkj lTaiTrstql -T, lTaijqul
+ T |TojTspThyl -

In case B, we also have the unique possibility:
l1<a<r=b<s<k=c<i<j=d<p<g=e<n,

in which case S(f, g) = T4i f ~ T,pg with leading monomial equal to 7,;T;;T;qTkp. One
can check that

S(fv g) = -Tkp ITaiTrosqI + Tkj ITaiTrstqI - Tsj ITaiTrkaql
- T;-q ITaiTszkpl + Tri |Tastkaq| + Taq ITriTszkpl

and this proves what we want in this case. So, we may now safely assume that
S(f,g) is of degree five. Hence S(f,g) = T4iTeef — TspTiqg with leading monomial
equal to T,T;;T,Tc.Tip- By Buchberger's second criterion, we may also eliminate
all possibilities where ¢ < k since in this case T;;T}, is the leading monomial of an
element of F; and the case (F4, F7) has been treated above. This leaves us with the
following possibilities

((1)1<a<r=b<s<k<c<i<j=d<p<qg<e<n
(i2)1<a<r=b<s<k<c<i<j=d<p<e<qg<n
(3)1<a<r=b<s<k<c<i<j=d<e<p<qg<n
(4)1<a<r=b<s<c<k<i<j=d<p<qg<e<n
(5)1<a<r=b<s<c<k<i<j=d<p<e<qg<n
(6)1<a<r=b<s<c<k<i<j=d<e<p<g<n
(7)1<a<r=b<c<s<i=k<j=d<p<g<esn
(i8)1<a<r=b<c<s<i=k<j=d<p<e<qg<n
(19)1<a<r=b<c<s<i=k<j=d<e<p<g<n
((10)1<a<r=b<c<s<k<i<j=d<p<qg<esln
(f(11)1<a<r=b<ec<s<k<i<j=d<p<Le<gsn
(112)1<a<r=b<c<s<k<i<j=d<e<p<gsn



CHAPTER 3. ON A CONJECTURE OF NOWICKI 133

For (21), one can check that

~TeeTip |Tai T iTsq| — TigTej | TaiTrpTsel + TijTee [TuiTrp T

+ TigTei |TojTrpTsel — (TsjTee = ToeTej) | TaiTrpTigl — ToeTei | TajTrpTial

= (TiTej = To5T5) | TopTrqThe| = TrgTee |TaiTsiTipl — TrqTej | TaiTopTice

+ TpqTei |TajTepTel + TriTee |TojTapTkg| — TrqTep | TaiTie; Tee|

+ TaqTee |TeiTo; Tapl + TogTej | TriTepTel — TagTei | Tri TopTie|

+ TogTep |T5iTk; Tee (83)

S(f,9)

Now, if (k,q) = (c, €), S(f, 9) = Taif —Tpg with leading monomial equal to T; T7;T5qTsp-
One can check that

S(f s 9) = "Tkr ITaiTrJ’qul + Tkj |TaiTrpnq| - Tsj ITaiTrerql
= Toq |TaiTsjTp! + Tri | TajTepTkgl + Tug |TriTi Tip - (84)

This shows that S(f, g) is in standard form relative to G. Now some observations
about relation (84) similar to those above allow us to draw the same conclusion for
the cases (i2),...,(i12). This finishes case (2).

(3) (r,5) = (c,e) In this case S(f,g) = TouToaf — TepTieg is always of degree five
since (a,i) # (s,p), (a,i) # (k,q) and (b,d) # (s,p), (b,d) # (k,q). As above,
Buchberger’s second criterion allows us to assume that £ < i, and hence we can

restrict to the unique case
l1fa<b<r=c<s<k<i<d<j=e<p<qg<n

The leading monomial of S(f,g) is TaiTsaT:;jTeqTkp and the following proves that
S(f,g) is in standard form relative to G in this case:

S(f,9) = ~TuTip|TaiToaTrj| — (T5;Tkg — ToqTis) | TaiToaTrpl + (TojTip — TopTics) 1 TaiToaTrql
+ TidTig | TaiTojTsp| — TraTkp [TaiTs;Tsq| + TraTkj | TaiTopTsql
= TiTug | TadT;Tsp| + TriTip | TadTbjToq| — TriTkj | TadTepTsql
+ (TriTsd — TrdTsi) |TajTopTkql + ToiTkq | TadTriTsp| — ToiTip | TadTr; T sql
+ T4iTuj | TaaTrpTsql = TiTed | TajTrpTig| + ToiTrd |Taj TopTiql



CHAPTER 3. ON A CONJECTURE OF NOWICKI 134

(4) (s,p) = (b,d) Using the relation S(g, f) = —S(f, g), one may assume that a < r.
Here S(f,g) is of degree four if one of the two cases occurs:

A.(a,?) = (r,j) B.(c,e) = (k,q).
In case A, we can assume that k£ < c and hence restrict to the following two subcases

Al.1{r=a<s=b<k<c<j=i<p=d<qg<e<n
A2.1<r=a<s=b<k<c<j=i<p=d<e<g<n.

In case Al, S(f,g) = T..f — Tieg with leading monomial equal to T;;T,(TipT.. and
one can verify that

S(fa g) = -Tkp Ianqucel + Tkj |TrpTachc| - T;c 'Trokacq|
+ T, ITsJ'TkPTqu . (85)

In case A2, the leading monomial of S(f, g) is T;;TseTkqTcp, and one can deduce from
(85) that

S(f, g) = Tkp I’I;jTuchl - Tkj ITrpTuchl - Tae ITrokach
+ Tre|TeTeTial -

In case B, S(f,g) = T,if — T:;g and one can restrict to the following possibilities:

Bl.1<a<r<s=b<k=c<j<i<p=d<qg=e<n
B2 1<a<r<s=b<k=c<i<j<p=d<g=e<n.

In both cases, the leading monomial of S(f, g) is Ty T;;T5qTkp. For Bl, we have

S(f1 g) = =T ITroasteI + T ITroa,szcl - T ITastiTkpl
+ Ty-p IchTaiTkeI . (86)

This proves that S(f, g) is in standard form in this case. Case B2 is easily deduced
from (86).
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Next we assume that S(f, g) is of degree five. Hence S(f,9) = TuiTeef — T;Tiq9,
and we use the relation S(g, f) = —S(f, g9) together with Buchberger’s second crite-
rion to restrict to the following possibilities:
((1)1<a<r<s=b<k<j<c<i<p=d<qg<e<n
(2)1<a<r<s=b<k<j<c<Li<p=d<e<q<n
(B)1<a<r<s=b<k<c<j<i<p=d<g<e<n
(4)1<a<r<s=b<k<c<j<i<p=d<e<qg<n
(5)1<a<sr<s=b<k<c<i<j<p=d<g<e<n
(6)l1<e<r<s=b<k<c<i<j<p=d<e<g<nm
(i7)1$a5r<s=b<c$i=k$j<p=d<q$e5n
(8)l1<a<r<s=b<c<i=k<j<p=d<e<q<n
For (i1), the leading monomial of S(f, g) is Ty T, ;TsqTceTip and we have

S(f, g) = Tijce ITaiTrstql - ance ITaiTrkaql + (T!kai - TsiTkj) ITGPT"ITCCI
- TfJ'TkP ITaiTachel + TriTkj ITapTachcl - Trosc lTaiTkacql

+ (Trosi - Trt'Taj) ITakachel + (Tapch - TaqTq,) lTrosiTkel + TuTc,' ITroskaql

= Tl |TiTopTeg| + Tae Ty | TriTip Ty -

This proves that S(f,g) is in standard form relative to G in this case. In all the
remaining cases (i2),...,(i8), one can use (87) to show that S(f,g) is in standard

form in these cases too.
(5) (s,p) = (c,e) In this case S(f, g) is of degree four if one of the following two cases

occCurs:
A.(a,2) =(r,7) B.(b,d) = (1, 7).
In case A, we have
1<r=a<b<s=c<k<j=i<d<p=e<qg<mn,

S(f,9) = Tuaf — Tieg with leading monomial equal to T;;T3aTsqTkp. Also one can
check that

S(f, g) = —Tkp IT,-J'TMT,QI + T,d ITroprkql - T,J' lTrdprqu|
+ T | TrdTspTigl = Trq | To;ToaTip| + Trp | TojTsaT gl -

(87)
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In case B, we use Buchberger’s second criterion to assume that k¥ < i and restrict to
the possibility

1<a<r=b<s=c<k<Li<j=d<p=e<qg<n.
Here S(f,g) = Tuif — Tieg with leading monomial equal to T5;T;,T,;Tkp, and

S(fv g) = "‘Tkp ITaiTroaql + Tkj ITaiTrpﬂql ~ T ITajTrkaqI
+ T, ITajTakaqI .

This proves that if S(f, g) is of degree four, then it is in standard form relative to G.
Assume next that S(f, g) = TaiTeaS — TrjTkqg is of degree five, and use Buchberger’s
second criterion to restrict to the following possibilities:

(1)1 <r<a<b<c=s<k<j<i<d<p=e<qg<n
(2)1<r<a<b<c=s<k<i<j<d<p=e<q<n
(B)1<r<a<b<c=s<k<i<d<j<p=e<qg<n
(4)1<a<r<bc<c=s<k<j<i<d<p=e<qg<n
(5)1<a<r<b<c=s<k<i<j<d<p=e<g<n
(6)1<a<r<b<c=s<k<i<d<j<p=e<qg<n

(71 <a<b<r<c=s<k<j<i<d<p=e<qg<n
(18)1<a<b<r<c=s5<k<i<j<d<p=e<q<n
(19)1<a<b<r<c=s<k<i<d<j<p=e<g<n.

For all the above nine cases, one can check that S(f, g) has a leading monomial equal
to T;;TaiTsaTsqTip.

For (i1), we have the following expression of S(f, g):

S(f1 g) = _(Tbt'Tad - deni) ITroakaql + (TaiTsd - Tadei) lTroprqu
4+ ToadThi IT,-J'T,,T)“,I - (Tr,,qu - Tqukp) |TaijiTad|
- quTkJ' |Taindnp| - (Trokv - T'PTkj) |T¢indeq| (88)
For (:2),
S(fa g) = —Tsiqu |Troadpr| + Tbl'qu |TroadTap| - (TbiTsj - Tbsti) ITrdTakaql

= ToiTip T jToaTsq| + TaiTsd T TopThg| — TajTei | TraTopTig
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+ TojToi |TraTepThgl + TrpTiq | TaiTojTsa|l — TraTip | TaiToiTsql
- Tqukj |Tm'deTap| + Trkaj ITaindan + Tquai ITaijdip|
- Tran’ ITaijdiqI - T,qu,' ITastdipl + T,,Tb.' ITajTadiql .

One can easily see that (:3) can be deduced from (88) using elementary operations.
For (i4), we have that

S(f,9) = ToaTij | TaiTrpTaq| — ToaTsj | TaiTrpTigl — TriTip |TaiToaT s
+ TriTea | TaiTopTkgl — TriToi TadTtpTkql + T Thi | Tad T spTiql
+ (TapTig — TaqTip) |TiT6iTua| + TaqTid | T2 iT6i Tap| — TapTka | TriT6i T gl
= TogTj | TiToaTsp| + TopTj | T3iTsaTsq| — TaqTei [T T0a Tyl
+ TopTei |TriToaTkq| + 2TaqTsj | TriToaTip| — 2TapTs; [TriToaTkql
+ (TapToq — TaqTop) | T TuiTkd| — TagToj |TriTeaTp| + TapTsj | TriTsaT kgl
— (TopTrq — TagTep) ITh; TeiTid| — ToqTra {TosTsiTipl + TapTra |T; Tsi Tl
(89)
For (35),
S(f,9) = —TuqTip|TaiTrjToal + TeaTkq [TaiTr;Topl — To;Tip TaiTraTsql

+ ToaTej (TaiTrpTag| + TsiTip [ TujTraTsq| + (T85Tea — ToaTs5) [Tai TrpTiql

— T0iTsa |TajTrpTq| — TriTkp | TajToaTeq| + TriToa |TajTopTiql

— T0iT5i |TaaTopTiql + TriTii | TadTspTil + TapTieq |TriTo; Tl

= ToaTip | T0iTojTag| — TagTwj | TriToaTup| + TapTij [ TriToaT sl

+ ToqTsi T ToaTipl — TapTsi |TviT0aTigl — TagTvi | TriTsaTipl

+ TopThi ITriTeaTkq| — (TapTrg — TagTrp) TeiTs; Tl (90)

For (i6), we have

ToaTiq | TaiTriTop| — TsiTkq | TaaTriTop|l — ToaTkp | TaiTr; Tuq)
+ TMTI:J' lTaiTrstql + Tbiqu lTadTrospl - (TMTsj e TbjTad) |TaiTrkaq|
+ (TuTe; — To5Tsi) | TadTrp Tkl — (2T0iTea — ToaTsi) [TojTepTigl — TrqTkp [TaiTaTsjl

S(f,9)
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+ (TriTsa — ToaTei) | TojTopTg| + TeaTsi | To; TopTigl — (TapTieg — 2TagTip) [T Toa T
= TuqTi (TTsaTopl = (TosTop = TapThs) [ ToiTia T
+ (TapTrg — TagTop) |T6i Tua s

For (i7),

S(f,9)

+

+ + +

For (i8),

S(f,9)

I+ + o+

+

For (49),

S(f.9) =

~(TsiTiq = T3qTij) | TaiToaTrp| + (TojTip — TopTkj) [ TaiToaTrq| — TriTip | TuiToaT gl
TaTi; | ToiTipTsg| — TriTkj | TaaTipTag| + (Tr5Tea — TraTs;) | TaiTopTigl

(Te;Tai — T0iT5) {ToaTopTieg| + T6iTij | TadTrpTagl — ToiTsj | TaaTrpTiql

T5i T | TaaTopThgl — TagTs 1 TiTraTop| + TupTiej | TeiTraTsq]

TooTy; | ToiTeaTip| — TopTj |T5iTraTigl — TagTrj | Toi TeaTip)

Top T | T5iTeaTiq| — TogToa |17 TsiTip| + TapTsa |TriTsiTiq| -

~(TsjTig — TaqTi;) | TaiToaTrp| + (TejTip — TapTij) | TaiToaTrq| — TrjTiep | TuiToaTsql
T 4T | ToaiTop Togl — TriTj | TadTopTeq| + (T15T0d — TraTsi) | Tai TopTigl

(TriTyj — TrjTsi) | ToaTopTiegl + ToiTj | TaaTrpTaql — ToiTsj |TaaTrpTig

T4 Ty | TaaTopTig| + (TapTkq — TagTip) | TeiTr i Tual + TaqTkd | ToiTr; Ty

TopTid | T5iTrTagl — TagTis | T5iTraTop| + TapTaj | T6iTraT sl

TaqT5i | To;TraTkp| — TapTsi |T5;TraTkgl — TagqTri | T TsaTipl

TopTri | To; TeaT kgl — (TapToq — TagTip) TriTs; Tkal -

~ToqTip | TaiTsaTri| — (TsjTiq ~ ToqTis) | TaiToalepl + (TsjTip — TupTi;) |TaiToaTrql
TiaTip | TaiTjTogl + TraThs | TaiTopTaq| + TriTiep 1 TadTe;Tsql

T T | TaaTopToql — (TraTsj — 11T ed) [TaiTopThgl + (TriTsj — T:5T5i) | TaaTopTkq|
ToqTip | TaiTraT ;| + ToiTkq | TadTri Tap| ~ ToiTip | TadTr; T g

T4iTij | TadTepTaql — ToiTea | TajTrpTigl + T6iTrd | Taj TopTiql

ToqTip | TiTraTsji + (TapTog — TaqTop) | TriTsaTkj -
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In all the above cases, S(f, g) is in standard form relative to G.
(6) (k,q) = (c, e) In this case the degree of S(f,g) is as usual either 4 or 5. It is 4
when exactly one of the following possibilities occurs:

A.(r,j) = (a,3) B.(s,p) = (a,1)
C.(r,j) = (bd) D.(s,p) = (b,d).

Using the relation S(f,g) = —S(g, f), we do not need to consider case C.
A.(a,i) = (r,j) Again we use relation S(f,g) = —S(g, f) to restrict to the two fol-

lowing cases

Al.1<r=a<s<b<k=c<j=i<p<d<qg=e<n
A2.1<r=a<b<s<k=c<j=i<d<p<g=e<n
In case Al, S(f,9) = Twaf — Tspg with leading monomial equal to T;;TspThgTid,
and one can ckeck that

S(fa g) = T lTrosprql + Taq ITroprkd| - Tsj ITrprdiql
= Ta|TTepTig

which proves that S(f,g) is in standard form relative to G in this case. Case A2 is
similar.
B.(a,i) = (s,p) In this case,

1<r<s=a<b<k=c<j<p=i<d<qg=e<n,
S(f,9) = Twaf — T;;g, its leading monomial is T;;T,,Tp,Tis and one can verify that

S(f,9) = Twa|TrjTepTogl = Tip 1 Tr;TeaTug| + Top | Tr TsaT el
+ Tuq|TjTopTeal — Toj | TepToaTq| — Trg | T TopTial -

D.(b,d) = (s,p) We may restrict to the following two possibilities:

Bl.1<r<a<s=b<k=c<j<i<p=d<qg=e<n
B2.1<r<a<s=b<k=c<i<j<p=d<qg=e<n.
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In both cases S(f, g) = Toif — T:jg, its leading monomial is T;;T4pT,;Tiy. In case Bl

we have

S(f, g) = —Tki ITroapTa;;I + Tsi ITroakaq, - Trq ITastiTkpl
+ T,-p ITaaniqul (91)

Case B2 follows easily from (91). This proves that if S(f, g) is of degree 4, then it is
in standard form relative to G in this case. Hence we may now safely assume that
S(f,9) = TaiToaf — T:;T4pg is of degree five.

Using the relation S(f,g) = —S(g, f), one can restrict to the following possibilities:
(1<r<s<a<b<k=c<j<p<i<d<qg=e<n
(2)1<r<s<a<b<k=c<j<i<p<d<qg=e<n
(B)1<r<s<a<b<k=c<j<i<d<p<g=e<n
(4)1<r<s<a<b<k=c<i<d<j<p<g=e<n
(B)1<r<s<a<b<k=c<i<j<d<p<g=e<n
(6)1<r<s<a<b<k=c<i<j<p<d<g=e<n

(M <r<a<s<b<k=c<j<p<i<d<g=e<n
(8)1<r<a<s<b<k=c<j<i<p<d<g=e<n
(9)1<r<a<s<b<k=c<j<i<d<p<qg=e<n
(10)1<r<a<s<b<k=c<i<d<j<p<g=e<n
((I1<r<a<s<b<k=c<i<j<d<p<g=e<n
(12)1<r<a<s<b<k=c<i<j<p<d<g=e<n
((3)1<r<a<b<s<k=c<j<p<i<d<g=esn
(M4)1<r<ae<b<s<k=c<Lj<i<p<d<g=esn
((15)1<r<a<b<s<k=c<j<i<d<p<g=e<ln
(16)1<r<a<b<s<k=c<i<d<j<p<g=esn
(N1<r<a<b<s<k=cLi<j<d<p<gqg=e<n
(118)1<r<a<b<s<k=c<i<j<p<Ld<g=e<n

For the case (i1) (as well as (:2),..., (i6)), the leading monomial of S(f, g) is equal
t0 T;;TspT4iToqTka and one can verify that in this case S(f, g) has the following ex-

presssion

— (T Tea — ToaTwi) | TriTspTaql + (TaiTkd — TadTki) | TriTepToql + TaaThi | TriTepTiql
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= TopToj | TaiToaTigl + (TrpTaq — TrgTup) | TujT6iTkal — (T Tiq - T,.T,;) | TapT6iTrdl
(92)

and this shows that S(f,g) is in standard form relative to G in this case. The
following remark allows us to deduce that S(f, g) is in standard form relative to G in
cases (i2),... , (i6) without doing any computation.

Remark 3.3.12. A closer look at equation (92) reveals the following observations:

e S(f,g9) has the form an=lu,,,i;,,. where u, € k[T; : 1 < i< j < nis
homogeneous of degree two, and h,, € F;

e For each m, the leading monomial of u,h,, has the form T,AT,,,T TwTk.; with
A, 4, k,0,6 are elements of {j, p,i,d,q}

o In each of the cases (i2), ..., (i6), the equality in (92) will remain true provided
that we interchance, some columns in hs and hg, if necessary, and choose a

suitable sign. A for the relation

mdeg(umhm) < mdeg(S(f,9)), (93)

it is certainly true for m € {1,2,3,4} and since the leading monomial of ushs
is a multiple of T,,, (93) is also true for ushs. For ughg, the leading monomial
is Tr;TsqTapT5iTia which is always less than the leading monomial of S(f, g) for
s < a. This proves that (93) is true for all m = 1,...,6 and S(f,g) is in
standard form relative to G for (il1),... , (i6).

For (i7),...,(¢12), the leading monomial of S(f,g) is T, 14T, TqTkq. For (i7),

one has
—TMTkp ITroaiTan + deTkj lTrpTaiqul - (Tbkap - prTkj) ITriTadTaql

+ Tskad lTroainqI - T:vaki ITroadquI - Tszkq ITrpTaindl
+ T,pr{ lTroadiql - T,J'Tb,' lTrpTadiql + T,ijp ITﬁTadiql

S(f.9)
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+  ToqTud |T1iTopTi| ~ TaqTip | T+ iTsiToa| + TagTkj | TrpTsiTnal

+  ToqTop |TriTsiTkd| ~ TaqThj | TrpTsiTka] + TagTea |Tr; Top Tl

= TopT,; |TiTeaTkgl + (TraTig — 2TvqTka) |Taj TapTil + TrqTki |TajTepToal
+ (TiTea = TraTi) |ToTupTogl + TrqTip 1 TaiTeiTod| — TrqTes | TapT i Toal
= 2TqTop | TojTuiTia| + TraTop |To; TeiThq| + 2ToqToj |TapTaiTia|

= TdTij | TapTsiTig| — TrqTod |Toj TopTiil + T3iTaq | TajTop Tkl

~ 2ATaTeq = TrqTua) | TsjTopTii| — TrqTai |TajTopThal

For (i8), one can check that

S(f,9) = (T6iTia — ToaTi) |T3iTapTsql + (TaiTka — TaaTki) (TriTopTog| + TadTbi |TriTspTkql
T qTa | Toj ToiTop| — TopTa | TajTeiToq] + TrqTui |To;TspToa

TepTki |Taj ToaTog)| — TrqToa | TaiTsiTipl + TrpToa | To;TsiTiq|

= TqTwi |Toj TspTkdl — TrpThi | Taj TsaTkql + TriTsq | Tai Top Tl

+ (TpTag = TrqTap) | T4jT5iTia| — TrqTuj | TsiTopTid| — TopTaj | TeiToaTkql

+
+

For cases (19), . .. , (i12), we always have that : < p and hence these cases follow easily
from (i8) by an argument similar to the one in remark 3.3.12.

For the cases (i13), ... , (i118), the leading monomial of S(f, g) is T,;TuiTpaTsqTkp- For
(:13),

-quTkp ITroaind | + Takad ITroainql - Tskai ITroadquI
= (T4iTiq — ToqTi) | TepTaiToal — (TeiTiep — TopTij |TriTagTog
- Th'Tkp IT,»J'TMT,qI + T(,,'Tkj IT,-,,T“T,ql + (TLkaP - prTkj) |T,-.-TMT,¢|

S(f.9)

+ TyTep |T7iTaaTkql — ToiTs; | TrpTaaTiql + TopTsj | T3iTaaTiq|

= ToqTip | T2 ToiTual + TagTij | TrpT6iTeal — (TajTip — TapTj) | TriToaT sl
+  ToqTop | TriT6iTkd| = TaqTsj [TrpTeiThal — TapTsj | T7iToaTkq)

+ ToToa|TosTpTeil + 2TyeTkp [Tas T Toal — TraTep | TaiToiTuq]

- 2Tqukj 'TapriTsdl + Trdij |TapriT:ql - 2Tqusp |Taijl'de|
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+ TrdT:p ITajTln’qul + 2Tqu:j lTapridel - Trdrlj |Tupriqu[
- T;'qud ITajTakail + Tﬂ'qu ITastkad, - (TrdTaq - T;'qTad) [anskaiI
- T;'qTai lanwdel + T;’dTai ITbstkaql .

This shows that S(f,g) is in standard form relative to G in this case. As for (i14),
S(f, 9) is also in standard form relative to G since it is equal to the following expression

(T4iThd ~ ToaTks) | T i TapTogl + TaaTsi |TriTapTkql — (TrpTig — TeqTp) | Toj Toi Toal
+ ankj lTainpndl - (T,-J'Tkp - T,,Tkj) IT,,,’TMT,,,I - T,-qT,d ITaijiTka
+ TpTed |TajT6iThgl — TrqTsi | Taj TopThal — TopTai |Taj ToaTky|
+ T, jToq |TaiTepTkd| — T3jTug | TsiTopThal - (94)
S(f,g) can be proven to be in standard form relative to G in the cases (i14),... , (118)

by interchanging columns in (94) and multiplying by a suitable sign.

This proves that S(f, g) is in standard form relative to G in case (6) and finishes
the proof of the case (F7, F7).

Case (.Fs, .7:9)

Let

f=|TcTadTbe|€f8a g=|},rnsTju|€-7:9
2<a<b<c<d<e<n 1<i<j<r<s<u<n

The leading monomials of f and g are not relatively prime only if one of the following

cases is true:
(1) (a,d) = (3,5) (2)(a,d) = (4,u) (3)(b,e)=(is) (4)(b,e) = (4, u)

In each of the above four cases, the degree of S(f,g) is either 4 or 5. We will treat
these two possibilities separately for each case.

(1) (a,d) = (%, s) In this case, the degree of S(f,g) is four if (j,u) = (b,e) in which
case LM(S(f,9)) = YT, T;.T;y. If r < c, then Y;T, would be the leading monomial
of an element of F;, Buchberger’s second criterion shows that S(f, g) is in standard
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form relative to G in this case. So we may assume that r > ¢, and this leaves us with

the unique possibility:
2<i=a<j=b<c<r<s=d<u=e<n.
In this case, S(f, g) is equal to:

= (LT — TauTe)(Tes + V2T, = VoTo) + (TicTys — TisTe)(Tru + Yo Ty — YaT3)
= (TicTjr - TioTe)(Tou + YoTou = YuTo) + Tu(TicTrs — Tir Tes + Ty Tor)

= To(Tilru — TirTw + TiuTer) + Tir(TicTouw — TisTew + TiuTes)

= Te(TiTow — TiaTru + TaTrs) = Ya |TLT5 Ts| + Y | Te T3 T

= T T T

which proves that S(f, g) is in standard form relative to G in this case. So, we may
safely assume that the degree of S(f,g) is five. In this case, S(f,g9) = Y:Tjuf —
T.Tig with leading monomial equal to either Y,T.T; Ty Toa or Y. T.T;yT;sTse. By
Buchberger’s second criterion, we may assume that r > ¢ and ¢ > j. This leaves us

with the following possibilities:

((1)2<a=i<j<b<c<r<d=s<e<u<n
(i2)2<a=i<j<b<c<r<d=s<u<esn
(3)2<a=i<b<j<c<r<d=s<u<esln
(4)2<a=i<b<j<c<r<d=s<egu<ln.

For (i1), the leading monomial of S(f,g) is Y;T.T;.T;uTba, and one can verify that
S(f,g) has the following expression

~ (TieTjuToe — TieTjuToc)(Trs + Yo T, = YiT7) + (TicTjuTos — TisTjuToc)(Tre + Yo Te - YeTo)
— (TaTicTor — TauTje Toc)(Tie + YoTo = YoT) — (TicTjr Toe — TirTicToe) (Tou + YoTu — YaTo)
= (T TjeTos — TicTje Tos) (Tew + YeTu = VuTe) + TjuToe(TicTrs — TirTes + TiaTer)

~ TjuTos(TicTre — TirTee + TieTer) + T Toe(TicTow — TisTew + TiuTes)

~ T3 Tos(TicTew — TieTeu + TiaTee) — TicToe(Tir Tow — TisTru + TiuTrs)

+ TjeTos(TirTew — TieTru + TiwTre) + TiuToe(TjeTrs — TirTes + TjoTer)
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= TaTos(TicTre — TjeTee + TjeTer) — (TisToe — TieTos(TjeTru — TirTew + TjuTer)

+ TiwTor(TjcTse = TjsTee + Tjeles) — TiuToe(Tje Toe — TjsTre + TeTss)

= (TieTju — TauTe)(TocTrs — TorTes + TosTer) + (TisTju = TiuTs) (ToeTre — Tor Tee + ToeTer)

= TTos Yo T Tjul + T Tie [Ys Tie Thul + TeTio |Y: TjsToe| — YuThe [TeTir T

+ VT |[TT Tie| + (YsToe — YeTos) [ TeTir Tju| — YuToe | Tr T35 Tje| + YuTjie | T, Tis T

= YT |TT; Tos| + YsTiu | TeTjr Toe| — YaTie T2 Tjs Toe| + YuTe [Tic T T

= W [TicTje The| — Tu | Tir TooTee| - (95)
This shows that S(f, g) is in standard form relative to G in this case. In case (2), the
leading monomial of S(f,g) is Y;T.T;uT;,Tp.. Note that relation (95) remains true if
one replaces the elements Ty, + YTy, — YT, T3 Tow — TieTew + TiwTeer TirTew — TieTru +
TiuTe, Yo TieTju| and |Y, T Tjy| with —(Toe+ Y, I, = Ye1,,), —(TicTue — TiuTee + Tie Teu),
—(TirTue = TisTre + TieTri), — |YeTiuTje| and — |Y,T;,T;| respectively. Also, one can
check that these changes give a standard form of S(f, g) relative to G in this case.
For (i3), the leading monomial of S(f,g) is Y;T.T;wT;sTs., and one can check that
S(f,g) is equal to the following expression in this case:

= (TicToeTju — TieToeTju) (Tes + Yo T, = YoT,) + (TicTos Tju — TisToeTju) (Tre + Yo Te — YeT3)

= (TicTorTju — Tis TyeTju ) (Tae + YT — YeIo,) + ToeTju(TicTrs — Tir Tes + Tis Tor)

= ToTju(TicTre = Tir Tee + TieTer) + TorTju(TicTue — TisTee + TieTes)

= TT5u(TieToe = T3 Tre + TieTrs) + TeT5s Yo Tiu Toe| — TeT5r |Yo Tiu T

= T |V, TosTju| = YeTis | TeTir Toul + YaTju | T Tir Toe| + YeTr |Te T3 Thu|

= YT [T T, Tjul + YeTic [T Tos Tiu| — Tee |Tir TosTiul — Tis |Tir TouTee|

+ Tjr |TisTouTeel = Toe |Tir TjsTeu| + Tie |Tor T Teul - (96)
This proves that S(f, g) is in standard form relative to G in this case. Case (i4) can
be obtained from (96) as in case (z2). This finishes case (1).
(2) (a,d) = (j,u) In this case S(f,g) = Y;T;sf — T.Tyg is always of degree five, and
its leading monomial is equal to Y, T.T;,T;.T,. By Buchberger’s second criterion, we
may assume that r > ¢, and hence we have the unique possibility

1<i<j=a<b<c<r<s<u=d<eln
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One can check that S(f, g) is equal to

= Lo(Tielie — TjeToe)(Tru + YT = YoT) + Tio(TicTou — TjuToc)(Tre + Y, T, - Y. T,)

= (Tu(Tjelir ~ 2T5eThe) + Tir (TisToe — TicTas) + Tic(TjeTos — TjsTir)) (Tue + YoTe — YoTo)
(TieTos = TsTor) (TicTue — TiwToe + TieTes) — (TieTis — TjsToc) TirTue — TiuTre + TicTru)
2(TjeTor = TjsToe) (TisTue — TiwTue + TieTou) + (TisToe + TieTos) (TjeTrs — Tje Te + TuTer)
= (TTou + TiuTos)(TieTre — TjeTee + TieT) — 2T Tor (T Tou = Tjs T + TjuTs)
2TuTor(TcToe — TjsTee + TjeTes) + 2TieTsc(Tjo Tou — TjsTru + TuTrs)

= 2TuTse(TeTue — TjsTre + TjeTrs) + 2(TisTe — TieTiu) (TocTrs — Tor Tes + T Ter)

= (TaaTje = TeeTio) (TocTru = Tor Tew + TouTer) + (TisTju — TiaTje) (TocTre — Tor Tee + T Ter)
=TT |Y:TiuThe| + TeT54 [V TiwToel — TeTje [V, TiuThe| + TeTir [YeTjuThe|

+ (YaTie - YoTo) ITLT, Tl + YeTos [ TLT: Tju| — Yo T, |TeTi T

= YT LT, T + YT T T Tl — YT |T.T5,Tou| + YuTiir | ToTis T |

+ 2V T T T Tou| — 2YoTe ITi T Tie| + (YaTie — YoTi) |TeT 50 T

= YL [T Tl + YaTic |TeTsToe| — YeT,, [TicTe Tou| + YuT, | Tic T Toe|

= 2T [T TjuToe| + Tor | Tis TjuTeel — Tje |Tis TouTeel + Tie | Te Tos T

- Tul|TiTh T, .

+ +

+

This shows that S(f, g) is in standard form relative to G in this case.

(3) (b, €) = (3, ) In this case S(f, g9) = Y;Tjuf — T.Toag is also always of degree five.
Its leading monomial is Y;T.T,4T;,Tjs- By Buchberger’s second criterion, we may
assume that r > c and d > J. This leaves us with the following possibilities:

(i1)2<a<i=b<j<c<r<d<s=e<u<n

(2)2<a<i=b<j<c<d<r<s=e<u<n

(3)2<a<i=b<c<j<d<r<s=e<u<n

(d)2<a<i=b<c<j<r<d<s=e<u<n.
For (i1), S(f,9) is equal to

Tju(Tacnd - Tathc) (Trs + YrTs - },sTr) - Tjs(TacT;‘d - TadTic)(Tru + YrTu - YuTr)
+ Tf"(TﬂcTﬁd - Todnc)(Tw + Y,Tu - KITS) - ndz}u(TacTrs - TarTca + TasTcr)
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+

-+
<+

+

TiaTs(TocTry = TarTew + TauTer) — TidTje(TacTow = TasTew + TauTes)

TicTju(Tar Tus — ToaTrs + TasTra) + TicTis(Tar Taw ~ TaaTru + TouTra)

T i (TodT oy ~ TosTau + TouTds) + (TasTju — TauTjs)(TicTra — TirTea + TiaTor)

(TarTju — TouTje )(TicTas — TiaTes + TisTea) = (TorTjs — TasTje)(TicTaw — TiaTew + TiuTea)
(TeTia — TuTic) |YeTas Tjul — TuTuc |YeTisTiu] + YoTr [TeToaTo|

(Y2T;5 - YT, ) ITToaTiu| — Tea | Tar Tis Tiu| — (YT — YuT5e) [TeTor Tid - (97)

This proves that S(f, g) is in standard form relative to G in this case. Using elemen-
tary operations on relation (97) shows that S(f, g) is also in standard form relative
to G in case (i2). For (i3), S(f, g) is equal to

+ 4+ 4+ o+ |

+
<+

(TacTiaTju — TaaTi Tjy — TaaTiuTei)(Tes + V.1, - Y. T,)

(TojTiaTes — TaaTijTes — TasTiaTe;) (Tru + Yo T - Y. T3)

(TarTidTej + ToaTiTer — TojTidTer) (Tew + Y. T, - Y, 1)

(Y2 T4Tis = Y I, Tia + T3aTs) (TacTju — TajTew + TauTej) — TiaTeu(TajTrs — TarTjs + TusTir)
TiaTes(TojTry = TarTju + TauTjr) = TiaTer(TojTou — TasThju + TauTys)

(TicTju + TiuTej)(TaaTrs = TarTas + TasTar) = TiiTes(TadTru — TarTau + TauTr)

T Ter (TadTsu — TosTau + TauTus) + TiaTej(Tar Tou — TasTru + TauTrs)

(Y TyTas ~ YT, Toa + TarTas — TasTar)(TicTju — TijTew + TiuTe5)

(TosTew = TouTos) (Ti5Tar — TiaTjr + TisTja) + (TarTew — TouTer) (TiiTas — TiaTys + TisTa)
(TarTes = TayTee /(T3 Taw — TiaTju + TiuTja) — Tad(YsTouw — YuTois)(TeTjr — T; T + T, 1)
Taa(YrTiu = VoI )(TeTs — T;Tes + ToTo;)

(Yo TosTia - YsToaTir )(TeTju — TiTew + Tu 1)

TuT.; |YeTosTiu| — (TiTia — TaTi) [Ye TasTeu| — TaTo; |Ye TisTeul

(YsTeu — YuTos) | TiTaaTir | + YoTor |TTadTis| + (YeTes — YsTor) |TTaa Tl

YoTe; |TaTor Tis| — YaTej | TaTar Tiu| — Tjd | Tar TisTcul - (98)

This shows that S(f, g) is in standard form relative to G in this case. Using expression
(98) with the roles of r and d interchanged, one can see that S(f, g) is also in standard

form relative to G in case (i4). This finishes case (3).
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(4) (b,e) = (j,u) In this case, the degree of S(f,g) is either four or five. It is four
if (i, s) = (a, d) in which case LM(S(f, 9)) = Y;T,T;.T},. One has the following two
possibilities:

({1)2<i=a<j=b<c<r<s=d<u=e<n
(12)2<i=a<j=b<r<c<s=d<u=e<n.

In case (i1), one has

S(£,9) = —(TicTju - TuTe)(Tys + Vo1, = Y, T,) + (T Tjs — T53Tje)(Tru + Y. To - Yo T)
= (TieTjr — T Tje)(Tow + Yoo = YaTo) + Tju(Tic Ty — Tip Tew + T, T
= Ts(TicTow = TirTew + TiuTer) + Tjo(TicTon = T3y Tew + Tin o)
= Le(TirTou - TiTru + TuTos) — Yu T T Tyl + Y, TLT5 T
— T TjsTwl - (99)

This shows that S(f,g) is in standard form relative to G in this case. Similarly,
one can also show that S(f,g) is also in standard form relative to G in case (i2).
So, we may safely assume that the degree of S(f,g) is five. In this case, S(f,g) =
Y:Tisf — T Taqg, and by Buchberger’s second criterion, we may assume that ¢ < r
(since Y;T, is always a common divisor of LM(f) and LM(g)). This leaves us with
the following possibilities:

(i1)1<i<a<b=j<c<d<r<s<u=e<n
(i2)1<i<a<b=j<c<r<d<s<u=e<n
(3)1<i<a<b=j<c<r<s<d<u=e<n
(4)2<a<i<b=j<c<d<r<s<u=e<n
(i5)2<a<i<b=j<c<r<d<s<u=e<n
(i6)2<a<i<b=j<c<r<s<d<u=e<n.

In cases (il), (¢2), (i3), the leading monomial of S(f,g) is Y;T.T;;TauTj4, and the
following expression of S(f, g) shows that it is in standard form relative to G in case

(21):
- T;u (Tacrjd - Tadrjc)(Trs + YrTa - YsTr) + T;J(Tacrfd = Tadrjc) (Tru + ),rTu - YuTr)
+ (T}c(Tch_‘jd - Tader) + nd(Tachr - Tarric) - 2nr(Tachd - TMI}'C))(Tsu + YsTu - YuTs)
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+ (TadTjr = TarTja)(TicTou — TisTew + TiuTes) = (TacTjr — Tar Tic) (TiaTow — TisTau + TinTas)
+ 2TocTja — ToaTe) (TieTou — TisTrw + TiuTrs) + TiuTe(TucTas — TaaTes + TasTea)

= TisTje(TacTay = TaaTew + TauTea) — TiuTa(TacTrs — TorTes + TasTer)

+ TiuTd(TocTru — TarTew + TauTer) + TiuTe(TaaTes — TarTas + TasTar)

= TuTie(TaaTru — TarTou + TauTar) + (TisTaw — TiuTos)(TjcTar ~ TjaTer + TrTea)

= (TeTja - TaTe) 1Yo TisTou| — TaTac Yo TisTiul + YoTq | T T Tos|

= VT4 |T.Ti Tau| — YaTe |TaTis Tas| + YsTje [TaTir Tau| — YuToa |TeTir sl

+ YiToa [TeTir Tju| + YoTuc | TaTis Tjs| = YiToe [TaT Tju| + Yo T | TeToaTs|

= NI TiTuTjsl + YT, | T Toa Tyl - (100)

Using (100), one can also show that S(f, g) is in standard form relative to G in cases
(#2) and (i3). For (i4), the leading monomial of S(f,g) is Y;T.T,4T;T;s, and one can
show that in this case S(f, g) is equal to the following expression:

—(TeuTicTja — TauTiaTic)(Trs + Yo Ty — YiT;) = Top (TicTja — TiaTjc)(Tou + YsTo - Yo T)
(TeceTisTja = TiaTjs) = Taa(TisTje — TicT5,)) (T + Vo T, = Y, T3)

(TiaTjs — TisTja)(TacTru = TarTew + TauTer) = (TicTjs = TisTie) (TadTru — TarTau + TouTar)
(TicTja — TiaTje)(Tar Tou — TasTru + TauTrs) + TauTjs(TicTar — TiaTer + Tir Ted)
TorTs(Tic Ty — TiaTew + TiwTed) + TasTja(TicTru — TirTew + T Tr)

= ToasTie(TidTru = TisTau + TiuTar) + (TasTiu — TauTis) (TjeTar — TjaTer + TjeTea)

(TarTis = TasTie )((TeTau — TjaTew + TjuTea) — TuToe | Yo Tis T

(YsTju = YuT5s) I TeTaaTir| + YuTjr [ TeTadTis| + (Y Tjs = YiTyr) [ TeTaaTil

= YTu|T.To Tj,| + Yy Tia | T Ty Tiul + YuTic [ TaTar Tjs| = YsTic | TaTar Tl

+ YTo [TTiqT5s| = YuTy [TacTiaTys| — Ted [ Tar Tis Tl - (101)

I+ + 4+

+ +

This proves that S(f, g) is in standard form relative to G in this case. For (25), the
leading monomial of S(f, g) is also Y;T.T44T;,T;s and one can use (101) to show that
S(f,9) is also in standard form relative to G in this case.

For (i6), the leading monomial of S(f, g) is either Y;T.T;4T;, T} in the case where
a < i or T, T.T;,T;,Tjq in the case where a = i. The first case (a < 7) can be treated
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as in the cases (i4) and (i5). In the case a = i, S(f,g) is equal to the following
expression '

-na(Tichu - T;'u:z}'c) (Trd + Yer - ),dTr) + Tis(Tichd - Tidrjc) (Tru + YrTu - YuTr)

= To(TicTjr — Tie Te)(Tau + YaT, — YoTa) + TisTju(TicTra — TirTea + TiaTer)
= TuTj(TicTru — Ty Tew + TiuTer) + TisTje (TicTau — TiaTew + TiuTea)

= TiuTe(TiTau — TiaTru + TiuTra) — Te T |V, T Tia| + TeTir |Y. Tia Tl

= NI |T.T Tia| + YaTis |T.T;: Tul — Tis |Tir TjaT |

which proves that S(f, g) is in standard form relative to G in this case. This finishes
case (Fs, Fy).

Preliminaries for cases (F3, Fg), (F4, Fo), (F7,Fg) and (Fg, Fo)

In what follows we develop some techniques that will allow us to use the above
computations to finish the proof of the cases (F3, Fq), (F4, Fs), (F7, Fo) and (Fy, Fo)
without computing the S-polynomials. We start with two remarks.

Remark 3.3.13. A closer look at cases “(Fy, F7)” and “(F7, F7)" reveals the follow-
ing important observations:

e With respect to the monomial ordering induced by < on k[T;; : 1 < i< j < nj,
F; is a Groebner basis for the ideal it generates in the ring k[T : 1 < i< j < nj.
In other words, if f, g € F7, then S(f,g) = Y i, ¢ih; for some ¢; € k[T;; : 1 <
i < j < n] and h; € F7 and ¢;h; < S(f,g) for all 7.

e If f € Fy, g € Fr, then S(f,9) = 3 i, ¥ipi forsome ¢; € k[T;; : 1 < i< j < n
and p; € F, U F; with, of course, ¥;p; < S(f, g) for all i.

Remark 3.3.14. Let (J, <) be a finite totally ordered set (with at least two ele-
ments), let m = minJ and M = max J. Let R(J) be the polynomial ring

k[th sXnymv'“ 1YM1Tm1"' 7TMvT;j tm S ( <J S NI]
= k[{X:}ies U {Yikies U {Ti}ies U {Tij}ijeo, i<s)-
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For each i € {1,...,9}, define a family F;(J) C R(J) by replacing, in the definition
of F; given in the statement of Proposition 3.3.4, each occurence of “1” by “m” and
each occurence of “n” by “M”. Then the above computations show the following

statement: Given f € F;(J) and g € F;(J), where ¢,5 € {1,...,7}, S(f,g9) is in
standard form relative to G(J) := UL, F(J).

Now, let J = {1,2,...,n}, J' = {0,1,... ,n} and consider the two homomor-
phisms of k-algebras:
¢:R(J) = R(J), v:R(J') - R(J)

where ¢ sends X;to X;, Y;to Ty, T;toT;and Ty to Ty fori > land 1<k <! < n.
As for 9, it sends Xy, Y5, To t0 0, X; to X;, Y;to Y;, T; to T, Ty; to Y; for i > 1, and
Ty to Ty for 1 < k <l < n. Clearly ¥ o ¢ = idg(y) and we have the following easy

Lemma:

Lemma 3.3.15. Leta,f € k[T;,Yi: 1<i<j<nml<k<n], Ap€kTy:0<

i < j < n] be four nonzero monomials, then
1. ¢ (LCM(a, B)) = LCM(¢(a), ¢(8))
2. if a < B, then ¢(a) < ¢(B)
3. if A< p, then (X)) < ¥(u).

Proof
(1) is straightforward. (2) and (3) follow from the fact that Y¥; < Yj if and only if

TI5:<{Ty m
As a Corollary, we have

Lemma 3.3.16. Let f,g € F3(J) U Fy(J) U F7(J) U Fo(J) then

¢ (S(f,9)) = S(8(f). 6(9)) -

Proof
This is a direct consequence of the definition of S(f, g) and the above Lemma. ®
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Using the properties of ¢ and ¥ and the above calculations, one no longer needs
to carry out the computations of S(f, g) in the case where f is an element of

F3(J)U Fa(J) U F2(J) U Fo(J)

and g € Fy(J). The following two paragraphs explain why.

Cases (.7"3, .7'-9) and (f.;,fg)

Let f € F3(J)U F4(J), g € Fo(J), we want to show that S(f, g) is in standard form
relative to G. We have ¢(f) € F((J') and é(g) € F7(J') so, by Remark 3.3.13 above,
we have

S(6(f), #(9)) = Z Aip; (102)

=1

where A; € k[T.J :0<1<j3< n] and p; € Fy(J') U F7(J') and
Aipi S S((¢(f)1 ¢(g)) ’ 1= 11 cee U (103)

Applying v to relation (102), we get (by Lemma 3.3.15):

S(f,9) =D v(8)v(p:) (104)

=1

Fs(J). Moreover, Lemma 3.3.15 applied to relation (103) gives that

w(A:)w(Ps) S S(fa g)v 1= 1’ cee U (105)

Now relations (104) and (105) show that S(f, g) is in standard form relative to G.

Cases (f7,.7:9) and (]'-g,}-g)
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Next, let f € F7(J) U Fo(J), g € Fo(J), we want to show that S(f, g) is in standard
form relative to G. Since both ¢(f), #(g) are elements of F7(J'), Remark 3.3.13 gives
that

S(¢(f). 6(9)) = Y_ Vihs (106)

=1

for some V; € k[T;; : 0 < i < j < n] and h; € F7(J') satisfying
Vih; < S((6(f), #(9)), i=1,...,m. (107)

Applying ¢ to equation (106) gives that

S(f,9) =D w(Va)w(h:) (108)

=1

where 9(V;) is now an element of k[Y;, Ty : 1 < k <! < n] and ¥(h;) is in F»(J) U
Fqo(J). Now part (3) of Lemma 3.3.15 applied to relation (107) gives

Y(Viy(hi) < S(f,9), i=1,...,m. (109)

Relations (108) and (109) show that S(f, g) is in standard form relative to G.

This finishes the proof of Proposition 3.3.4.

Remark 3.3.17. Most computer algebra systems give a reduced Groebner basis for
an ideal ] in the sense that if G is the Groebner basis, then for all g € G, no monomial
of g lies in (LT(G — {g})). Clearly, the Groebner basis given in Proposition 3.3.4 is
not reduced, and so it is different from a Groebner basis given by a computer algebra

system for a fixed value of the integer n.

Proof of Theorem 3.3.3

In this proof, the letters X,Y,T and L will stand repectively for the sets {X;, 1 <
i<n}, {¥,1<i<n}, {T;,Tir,1 <i<n,1<j<k<n}and {L;1<:i<j<n},
where L,‘j = X.)G - XJY,
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Let Ay = k[X, L], then Ay C ker D and Proposition 2.1.4 implies that (4o)x, =
(ker D)y, for each i € {1,...,n}. By Proposition 2.1.2, it is enough to show that
X1k[X,Y]NAg = X, A (since this would mean that ker D = A;). We only prove that
X 1k[X,Y] N Ag C X; Ay, the other inclusion being clear. So let z € X 1k[X,Y] N Ao
and choose z € k[X,Y], ® € k[T] such that z = (X, L) = X,z. This means that ¢
is in the kernel of the homomorphism

8 : k[T] — k[X, L] = k[X, Y] = k[X, Y]/(X))

sending T; to X; and Tjx to Lz for 1 <i < nand 1 <i < j < n, where T means
w + X1k[X, Y] for w € k[X,Y]. Also, consider the homomorphism

K KX, Y,T] 5 kX, Y] 5 kX, Y]/(X))

where 7 is the canonical epimorphism and o is the homomorphism sending X; to Xj,
YitoY;, Tito X;and Tjy to Ljx for 1 <i<nand 1< j<k<n. Itisclear that 6
is the restriction of « to k[T’] and hence

ker 8 = ker x N k[T). (110)

We claim that ker « is the ideal I (considered above) of k[X,Y,T] generated by the

elements
X1, Ti - Xi,Tjr — Ljx, 1 <i<n, 1<j<k<n
Indeed, let N = 22%3) and let T = (7i,... ,n) be the N-tuple
(Xiyee s X V1o Yo i = X1a o s Ta = Xao T2 = Liay . .. Tamet = Lun—1),

then I is clearly a coordinate system of k[X, Y, T (that is k[X,Y, T] = kv, ... ,T~])-
Let A: k[y,... ,Y~] = k[y2,- .. ,Yon] be the homomorphism of k-algebras defined by

the following commutative diagram
kKXY, T) S kX, Y]/(X1) Zklv,...,720)/ (1)

L= L
k(T] 3 k{v2; . Yan}-
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So
v if2<i<2n
Aw)=¢ ° .
0 ifi=lori>2n
This means that ker A = kerx = (71, Yan+1, Y2n+2,--- , ) = I, and the claim is
proved.

Since G = UL, F; is a Groebner basis for the ideal J, the elimination theory (Theorem
3.1.28) together with (110) imply in particular that the set

H = {Tl} UF U Fs UFeUF7U Fq
generates kerd as an ideal of k[T'] and hence
® = (&hi(T)) + Tip(T) (111)

for &, p € k[T] and h; € UL, F;. On the other hand, one can easily verify the follow-
ing identities '

L,’ijg—Liij1+L,'1ij=0, 1<i<j<k<i<n

X,‘Llj - XjL],' = XlLij € Xle, 2<i<j<n

X,'ij-XjL,'k-i-Xijk:O,1Si<j<k$n

L Lyp Ly {=0,1<7r<s<k<j<p<g<n

Lyj Ly Ly |=0,2<s<k<j<p<qg=n

This means that z = ®(X, L) € X; A, and the theorem is proved. g
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3.4 A “nonlinear” example

Let Dbeak[X), ..., X;]-elementary monomial derivation of K[X},... , X, Y;,..., Y]
and assume that ker D is a finitely generated k-algebra. One can ask the following
Question Can we find a set of generators for ker D consisting of linear elements in

the Y;’s?

All the results and examples we have seen so far answer this question positively.
In this section we will prove that this is not always the case. Namely, we will prove

the following

Theorem 3.4.1. The kernel of the derivation

g 7] 0 0
= X2 2 2 9

of k[ X1, X2, X3, 1, Yo, 13, Y] = kU is a finitely generated k-algebra which cannot be
generated over k[X,, X3, X3] by linear forms in the Y;’s.

As in the previous section, we will use the theory of Groebner bases to prove the

finite generation of ker D.

Consider the following elements of ker D

Ly, = XY, — X2Y, L3 = X{Ys - X321,
Ly = XY, — X2 X3Y, Ly = XoYy — X531,
L3y = X3Y, — XoYs

f=XIY? - XiaYa + XINY; + X3NYs — 2X,X511Y,.

We will prove that kerD = k[Xl,XQ,X;;,Ln,Lls, L“, L24,L34,f]. For thiS, let
k[X,Y,T] denote the polynomial ring

k[XI) X21 X31 }/11 },2y },31 },41 Th T23 T3a T4, Tl21 Tl39 Tl41 T241 T34]
in 16 variables and let I be the ideal of k[X,Y, T] generated by the elements

T - X1, I - X5, T3 — X3,Ty — f,Th2 = L2, T3 — Ly,
T4 — Ly, Tpq — Lgy, T34 — L3y, X;.
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Lemma 3.4.2. A Groebner basis for I with respect to the lericographic order on
k[X,Y,T) with

Xi>Xo>Xa> V1 >..0Y>T1>...5Tu>Ta>Tis > Ty > Tog > Ty

ts given by the elements

n=-L+X;
g2=-T3+ X3
g =X

9 =T +T,

95 =ViT{ + Ths

96 =N1LI3+ Ty

g=T

9 =-YiTr + Ty + T3Y:

99 =Y3T2 - Y T3 + T34

g0 = Yo2Th3 + YT — 2Yi T4 + T,

g = =TT + T T2

912 =TT3 — T31h4

g3 =Ty + V3T + YaTho - YiT1y

9u = =YoTiy + TToTog + YTy

915 = "WTTs — YaThz + YsTh4

916 = —=YsTy + ' IaTs + YiThs

917 = TzYaTiy — T3YsThy + ThT34

918 = YsT12Tsy + YaT14Toq — YaT13Toq — YaT14 T3y + TiT4
919 = =T% + T1oThs

920 = =T14Tsy + T3Ty — T13T4

921 = ToTy — T14T2q — Th2T54

922 = ~T3YyT3 + TiaTsy + Y3I3Th4

g3 = "T3 - Y231, — YT, + YT,
924 = Y1 T4 Tag + YaYoThy + Vi1, — YTy
925 = T3Y, — 2V, Tz + TuTh, + V3T,
g6 = V1 T} + YiTio — 2YsY Ty + YThs
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927 = T34YoTyy — T34 YT — TouYaTho + T YiThy
928 = T13YaT1 Ty + Y3T34T124 - Y4T123T24 = N3YaT14 T34 + 11374 T34.

Proof
We start the proof by showing that {g;,...,g:s} is a set of generators for the ideal
I. For this we use the following notation:

[hl, ooy th]
to denote the element

z = hl(Tl - Xl) + hz(Tz - Xz) + h3(T3 - X3)
+ hy(Ty = f) + hs(Ti2 — Ly2) + he(Tis — Ly3)
+  h7(Tia — La) + he(Tog — Lay) + ho(Tsq — L3g) + hy1o X

of I (k; € k[X,Y,T] for all 7).
The fact that the g;’s are in [ is given by the following identities:
o0 = [0y '-1, 01 07 0, Os 01 Oa 01 0]

g2 =10,0,-1,0,0,0,0,0,0,0]

g3 =1[0,0,0,0,0,0,0,0,0, 1]

g1 = [-XiYo, XY, + Y175, 0,0,1,0,0,0,0, Y,T3]

95 = [-X1Y3,0, X3Y; + Y17T5,0,0,1,0,0,0,Y3T7]

g = [-X1Y4, X311, Y173,0,0,0,1,0,0, Y,T]

g7 = (1,0,0,0,0,0,0,0,0,1)

gs = [0,-Y,,Y3,0,0,0,0,1,0,0]

g =10,Y;3,-Y4,0,0,0,0,0,1,0]

g10 = [X1¥? — X1Y3Y2,0,0,1,Y3,Y2, -2Y4,0,0,V3Yo Ty — Y2T1]

gu = [ X1 -TX Y, -G Xo-YTLG+ T X3V, Y1 T7,0,-T5,0, 12, 0,0, - T3 Y, Th +

T,Y 1)
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912 = [-13X; + T3:X1Y,, -T:X3Y,, T2 X3Y,0,0, T, - T3, 0,0, LY, T, — T3Y, T4

g13 = [0, Y. X3Y, - \TRY,, - X5 Y, + YT, 1, 3,0, - Y4, Y175, 0, 0]

g14 = [0, YY1 X5 - X311Y5,0,0,Y,,0, -Y2, Y1 73,0,0]

g1s = [-XiY2 + X1Y3Ys, - Y3 X0, + Y X31,,0,0, -Y3,0,Y, 0, Vi T, —Y3Yo T + Y2T]
916 = [0, -Y3 XY + Y\ TaY3, YaXaY) - V3Y113,0,0,Y,, - Y3, 0, i T5,0)

017 = [T X1Y3Ys + YT Xy, Y TYaTs + YTy — Vs XaY, + YoV Ts Xp, —YaYiTZ —
YZTIQ, 01 TS},31 01 —},EIT27 01 Tl41 T3Tl},3},2 - Y"T2),3Tl]

g18 = [0, YiT12+2Yy (- V3T — VsV T3 Xo -V Y3 o+ Vs T X3 Y + YT + Vi T3 X3 Y ) —
YiT13+ ;T - 23\ L XY, + 2Y3Y T3 X, Y + 2V, VY T - Y Th Yo Xa Y — YT X3 Y,
2Yi(YaT, + SiTZ - YoTus — T2 X3Y,) — Y21, — YaT12Ys - YTy + YaYoThy +
Y\ o XsY; - 23V TRY, + VTR X3YE + Yo YoThs, -VaTo + Yo T, - YT, + Y T3Ys,
Yi(-YiTz + T3Y2), 2Yy (Y31, — YaTs) — V3T3Ye + YT, - YyT3 + Va1, YaTho + Ty —
Y T14,0)

919 = [-YaT2 X1+ T X1 Ve - N T2 X1 -V T3 X\ Yy, T XaYi = YT X = YT T+
YT Xs, ThaY1 Xa + T Y1 Ts — Ti W T + YIT3T2,0, Y1 T2, Tha, ~Tia + Y1 T2 T35, 0,0,
T1.Y3T - TWWYiT - NTZY,T) + Y\ IZTLY, 7))

g = [0,-Y3Ty — V3V T3 Xo - NIYAT, + VYT, XY, + YaTs + ViTh XaY,, YaTe +
YaYiT? - YoTi3 — ' o X3Ys, T3, 0, =Y T, + T3Yo, V3T — Yy T, —Ths, —Th4, 0]

ga1 = [N XY, - VT3 XoY, - YN T3+ T3Yo XY, + YTy - VaThp, -1 T XY +
VNT?Y, - YoTy + VT2, T, 3T - YiT5,0, -V, T, + T3Y2, — T4, —Th2, 0]

g22 = [YaX1(YaTo-YiT3), T13Ys+ T3 XaN, =Yy 13- Y3 T2 X351, 0,0, - Ya T, T3Y3, 0, Ths,
- Y3 T (YT, - Y,T3))

g23 = [0, -V 1o Yy -2V Y Xa V1 + Vo Vi TR Y+ Y2V X, VI T Yo+ XV V2 - Yo Y Vi T, - Yo,
- ),2Y3 + },421 01 O, ),IT24 - }’1)’2T3 + KKT% 01 0]

g21 = [0, 1T Y3 + Y2 X3Y — ITRY? - V3V Vi Xo + V3 Xa N Yo, -V Tog Yy - VoY X5V +
},42},17'21 },41 01 Oa ),2Y3 - }/42, Y1T3Y4 - ),3},1T2a },1T241 0]
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g2s = N X1 (YT + T3Y2), = YT T3 X2 = Y2Tou o T3 + YT T2 X3 + YT Y X3 —
YiTY1 T -T Y Y1 Xo+ T Xa i Yo, YT T2 = T1o X3 Y Yo+ T2 Yo Y1 T2, Tho, -V T3 g+
YaT12 - Y114, 0, ' 5Ty — Yy T2+ Yo T4, T12 i T3 =T Y1 T, 0, = Y1 T Th (- Y T+ T3Y5))

926 = [-YaXi(V2Ys - V), T Ys + Y2 XoY) - 2Y3Y XY, + ViV ToY;, -NT5.Ys +
},42X3Y1 - 1,4),3},17’27 07 l/321 },42’ —2)/4}’31 0! },IT:M - }%)’IT2 + ),1T3},41 },3Tl(},2},3 - ),42)]

921 = [T X1 (Y2Ys — Y?), ~V1T54 XoYs + 1Ty X3Y2 ~ To4Ya XoY: + T4V X3Y4, 0,0,
= Ta4Yy — TnyYs,0, T5sYs + TogYa, =ViToToy, iTo Ty, = Tog T3 (Y23 — Y3)]

g8 = [=YaTuXi(-YsTh2 + YiThy + WYoT? - VY T T3), Ti3 YTy — TiYaTaYo XaY; +
Ti3YETha + YITE + T YT X3Y) + VsTau T XY + VaTa YT X2 + YaTa YRTET, -
YsTu Y2 T3To X5 ~ 2YyT13YaTw, —YaT13Ty + Y2T13Thy + T1a Vs i T XYz + T3 YaYo g —
YiT3Y3Tho = YiYoTh - TisVhi T XaYE — YaTa T1,Y X — Vi Ta T3 YaTha + YaTas T3 Y T —
V3T YT, -Y3ToThs + TisYaTs, ~TisY2Te + TiaYsYaTs + YaTad Vi T2, YT T +
YiTi3TzYs — Y3l T, —T3ThsY2Ys ~ YiT13Ts + ViT3y Thy — Vs Taa i T T + 2V, T3V T,
TaYsTyg — YoT3y, TisTy — YiTi3Ta + TisYaTho, sT T (Y3 T2 + YaThg + VIYRTZ —
Y\ T, Ty)).

The following identities prove now that that I C< g;,... , g2 >:
T - X1 =-g3+97
I, -X2=-g1
I3-X3=-g;

T, - f = (-YaXeY + 2YeXaYh - YaYiTo)g + (- XshYe — iYoTs + 2YYiTo)g, +
(X1YaY2 — X1Y?)gs — Yags — Yags + 2Yage + G0

Tiz — L1z = (Xohh + iT2)g1 — X1 Yag3 + g4

Ti3 — L13 = (X3Yh + Y1T3)g2 — X1Yags + g5

Tiy — L1y = X3Y1g1 + Y1T2g: — X1Yags + g6

Tp4 — Loy = -Yyg1 + Yog2 + g8

T34 — L3y = Yag1 — Yyg2 + go.

This shows that {g;,...,g2s} is a set of generators for the ideal . Next we prove
that it is in fact a Groebner basis for I with respect to the monomial ordering on
k[X,Y,T] defined above. Let I" be the set of all pairs (3, j) such that 1 < i< j <28
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and let S;; be the S-polynomial of g; and g;. We need to prove that S; ; is in standard
form relative to {gs,1 < k < 28} for all (4,5) in I'. To do this we use Buchberger’s
first criterion to eliminate the cases where LM(g;), LM(g;) are relatively prime. Also
we use Buchberger’s second criterion to avoid computing S(g;, g;) in the case where
there exists / such that LM(g,;) divides LCM(LM(g;), LM(g;)) and S;;, Si; are both
in standard form relative to {gy,...,g2s}. In the remaining cases, S;; is computed
and shown to be in standard form relative to {gi,1 < k < 28} as indicated in the
following identities:

S45 = T§Th, — T2Ths = —Tagny — Tagrz

S46 = T3Tha — ToTis = —gn

Ss9 = WYATT3 — T + YsThiz = Yags — 15

Sa1 = NT3The + ThaTiy = Thage

S412 = YIT3Tvg + ThoThs = Tigs + 19

Ss13 = =Y3T3Tha + YaTTiy — TETy + T3T12Toy = —ToTh2gs + (YaTz — Tos)gn1 — Togn
Ssq = YoToThg = YaToThg + ThoTog = Thags + Yagn

S415 = Y3ToThz — YaToTu + ThoTa = Ti290 — Yagu

S116 = YaT2Tu — YaT?Ti3 + 3Ty Tag = ToTiago — Taugny — YaTogiz

San1 = NI T1uTog + Y1 ToToT4 + TuThz = YiTaugu + Ti2g1s + Ti2g1s

Sa23 = YaVsTETho + YoT3Ty - Y2T2Ti2 + T12T = (YaToThz + T12T24) s + YaToTiage +
Y2Tougn + YoT2g2

Siu = =YoYaT2Ty + YTy — YaT2Ty + T12TuTsy = (=YaToTia + T12T34)gs —
Y2T2Thago + YoTa4g11 — YaTogn

Ss26 = YT+ 2Y3Ya T3 Ty YT 13+ T12 TG, = (-YaToTia+2Y T Ty - YaT3To+
T2T3)ge + (Y2T5 — 2YaTs)gu — YiTogro

Ss6 = ToTis — T3Twa = ga2

Ss.8 = WY4ToT3 — Y1T3T24 + YoThs = Yage + g10 — 913

Ss13 = —Y3T3Tyz + YaT3Thy — T3Ty + T1aT2e = =17 — g0

Ss4 = YoT?Ty — YaT2Th3 + ToTi3Toq = TsThags + YaTagn + Toagi2
Ss,15 = YaT2Tip — YaT3Ti4 + ToT13Tsq = Tasgi2 + Tagir
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Ss,16 = Y3T3Thy — YaI3Th3 + T13Ts = g22

Ss17 = =V1T3T14Tas + YsTio T3 + Y1 YaT3Thg = YaTiags — Tugis + Yagie

Ss520 = Y313 T4 + Y T3Tu Ty + TyThs = Thagis + Thagrs — Yaguo

Ss.22 = Y TiTs — YiT3ThaTas + YsTisThs

Ss23 = VoaYaTi T + VoIu T3 - VRT3 T+ Tha Ty = (YaT3T12)gs+YaT3Ti2ge + YaToagn +
YaTougra — Toagr7 + (YaT2 — Tog) g0

Ssau = ~YoYaT3Thg + Y2TETy — YaT2T, + TiaTouTay = —Y3T3T14gs — YaTsTiago —
YiT3920 + Tug22

Ss6 = ~YTiT2 + 2Y3YiTiTy — Y2T?Tha + T1aTE = —YsTagir + (YaTs + Tas)g2e

Ses = WY4T? — 'Toy + YoTiy = Yags — g1

Se9 = "TY, T} — \T3T34 + YsTyy = Yags — gi6

St = ViT3Th2 + T = Thiags — gus

Se12 = Y1T¢T4 + 13T = Tiags

Se,13 = =YaToThe + YiIoTiy — Ty + Th4Toq = —Thi2g0 + Yign — g2

Seu = YoI3Tyy — YaI3Tho + T1qToy = Tiags + Yagn

Se,15 = YaI3Thy — YaT3Thy + T1 Ty = g1z

Se,16 = Y3I2Th4 — YaToThs + T14Tsy = Tiago — Yagn2

Se17 = WYY LT3Tyy — V' ToT14T3q + Y3T12Thg = YiT1ags — YiTugn — Ti2gie + Yague
Se20 = Y T2TaTos + Y1 T2 T14 Taa + TiThg = Y1Taag11 + Y1 T24912+ Tiag13 + T12916 — Yaguo
Se.21 = " T3T12Ta4 + Y1 TI3T14Toq + TaTha = Thagis + Ti2g16 — Yaguo

Se22 = Y LT3 — Y ToT13Toy + YaTE = YiTiage — YiTsg12 — Thag16

Se23 = YoYs oIy Tio+ oI T - Y2 To T3 Tho + Tha TR = (YaToTio+ ToTy)gs+ (YaToTho—
T12T24)go + YsToagn + (YaTz2 — Tog) g

Se24 = Y2YsTo I3 T4 + Y2, T3y — YT T3 Ty + T14To4 T3 = = Y35 T14gs + (- Ya o Th4 +
T14T) g0 — YaT24912 — YaT292

Se26 = —Y2 T T3 T2+ 2YsY LT3 Tiy — Y2 T T3 T3+ T14TS = (=YaT3T12+2Y4T3T14) go—
Y2T3012 + (Tsa — YaTs) g1z
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Ss,10 = ~Y3T3Thy — Yoo T3 + 2Y4 3Ty — TsTy + TisTog = —Yag12 — g17 — 920

Ss13 = —~NWYALToy + V1T, — YoYaThp + VoY Ty — VoI = —Yig14 + g2

Ss16 = —N YTy + YTy Ty + YoY3Thy - YoYiTh3 = —Yagio ~ Yagis + 924

Ss,17 = YoYyTuTyy = YoT14 T — YaYeTo Ty + YaT12To4 = YaThags — YiT12g0 + Yiig11 — gor
Ss,20 = YoT13To4 + Y2T14 Ty — YaToTy + TyTq = Tag10 — Yagar + g2z

Ss.22 = YaYaT3Thz — YoTiaTay — Ya3YiToT4 + YaT14Tog = YiThage — YaT14g0 — Ta4gr0 +
Yig12+ g1s

Ss25 = =VaT3TR — YaTo T + 2Y, T3 To Ty — T3TyThe + T T2 = -YiTiagn — Th217 —
T24919 — Th2g20

Ss.21 = YaT3T12Toq — YaTo 114 Tas + YaT3T12 T4 — YaT3 T4 Toa + T1a T2 Tay = —YiT3a911 +
Toygrz

So1 = Y2T§Tha — YaT3Ty + ToTh4Toy = T3Ti2gs + (—YaT2 + Toa)gn

Son2 = YoTi Ty — YaT3Ths + ToT3Tog = TiTiags + (—YaT2 + Tu)gi2

Sos = ~ViYiT2Toy + Y\ 2T+ Y2T: Ty - YoYaTsTiz = —YiTougs+YaTiags + YaYagu +
Tougu

Soas = “NY4TiT3y + VDo Ty + YoYaTuThe — YoYiTsTyy = ~Y Taggs + (YaThz —
YT14)gs + YaT1290 — Y911 + Tasgra + g7

Soa1 = YoYiTsTiy — YaT14Taa — Y3Yi T2 + YaT12Toa = YaT149s — YaTh2go + Y11 — 927
So,18 = YaYaT3T14Tos + YoYaTTis Ty + Yo2Yi T3 T4 T3y — Yo T3Tu Ty — YaYaToTh2T34 +
YaT2TouTay = (=Y 14 T4 +YaT13Tog+Ya 114 T3s — T4 T34 ) gs+ (= YaT12 T34 = YiT14T24 ) 9o+
Y2Tugn + Y2Taugiz + Tosgas — YaTuugn

So21 = YoT3T12Tas + YaT3 Ty T2y — Vi T3 Ty + ToTuTog = (T12T34 + T1yToa) gs + (—Ya T2 +
To4)gn

So.22 = YaYyT3Th3 — YoT13Tay — Y3YiIoT4 + YaThaTos = YaThags — YeThugo — T34g10 +
Y2912 + 918

So 28 = —YoaV3 3T Tas + YoYiTaTE Ty + YaYaTsTiaT14Tas — Yo T3 T Th3Tsq —
YaVaToTi3T14Tos+YaT13TuTE = (-YaT4 T+ Ya T3 Toa+YaT13T14 Ty ) gs — (YeT13Tha Toe +
YaTE4Ta4)go+ Y13 Taagn +(Y2T1aTos = YaTiT34) 12+ Y T3 T34919~ YaT14 T34 920+ T24928
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S1012 = o3y + YaToThp — 2YaTo Ty + ToT = Thegs + T1290 — Yagn + g2

Si0,19 = YoTZ + V3T — 2YsTioThg + TyTha = g5

Sw,2s = —YsT4T13+ YaT1o T4 +2Y 112113 Thg — 2Ys TS — Ty T2 Tis + Ty T = (- YaTho +
2YyThy — Ti)gro

S10.27 = YaT12T13 T4+ Y3 T 14 Tau + YaTi2 T3 T~ Y T13 114 Tos —2Ya T3 Tau + Ty T4 Ty =
Tiugis + (YaTos + YiT34) 019

S = —Y2YaTiTay + YoYaT3Toy + YoYiT13T14Tas — YoTuTh3 Ty + YET12Tha T —
2Y3YaT1yTos + YsTuT14Toq = (YaTisTos + YaT14Tsy — TyTi)g10 + (YsTz — 2Yi T4 +
T4)g18 — YaTs925

Suge = ~TaTieThs + TTE = —Tagie

Sue = “NTDT Ty + V2T — YaTioThg = —Thiagis + g2s

Suas = ~NTaTpTy + YsT12T — YiTYy = —Ti2gi6 + Yagus

Sua = ~T3TiTi2 + TioTha T + T4 T2 = —Toagro — Thi2g20

Suz = =YsT0T? + YT TsThs — ToTisTay = (YaTs — Tu) 12 — Tagir

Su2r = =YoL3T Ty + s ThaToa + YaTo T Ta — Yo Tha T2g = —T12Taags +T12T2490 —
YiTougu

Suas = —YsToTiTy — V3T3TioT 13Ty + YaTo T3 Ty + YaToTi3TaTay — ToTy T3 T3 =
—TE4Tsago + YaTi3Taagn + (YaT13Toa — TaTai) g1z — TisToagnz + YaTsTaugro — T1aT3ag20

S12,4 = 1131 Ty + Y2ThsThy — YsTi2Thz = Tugio — T1a913 — Yague

S12,5 = V13T T3 + YaThoTha — YaThaTig = —Tigis + Yagus

Si2,49 = LT = TiT12Tha = Tugn

Si221 = —T3TTyy + T12T13T34 + T13T14T24

Siz2s = —“Y3LT4Ty — STuTiTos + Vi TTETo + YiTT13T14 Ty — Ty T1sTsw =
—T%T34gs + YaT13Taagn1 + (YaTisTas — TaTaa) 12 + YaT3T3ag1s — T1aT4920 — T14T24922

S13.14 = YoT3Tyy + Y313 — YaToTy = YaT3Thg + 0Ty = Thags + Th2go + 921
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S35 = YaToT1oTsy + YaT3 12Ty — YaToTha T — YaTsThyTog + ToTy Ty = T2 T34g0 —
YiTa4g11 + Tougn7 + Taugan

S1ane = YaT12Tay + YsT14Tog — YaT13Tog — YaT14Tos + T4 Ts = gis

Sis1r = WYL To — Y'1'ThiToaTs + YETh — V3VaTioTg + 3Ty Tha = YiTugrs —
Ty4924 + Yagos

S1320 = ViT1aTh + ViT14TouTsy + VsTyTiz - Yo TuTiy + T2 = (YsTi2 + Ti)g1o — Yig1o +
T13923 + T14g24 — Yagos

Si322 = WaTTi3Tyy — YiTiaToaTs + YT T — V3YA TR + YaTuTs = YiTigio +
YiTiag1a — YaYagis — Thagos

Si323 = YaYaT3Th, + YoIuTy + YaTioToy — YTy — YiTiaTos + TuToq = (YaTho +
Ts)gs + YaTi2g0 + Yaga

S1324 = —Y2YaT3Tiy + YsTioTay + YET3Toy — Vi3 Ty - YyT14 T3y + Ty Tay = —Y3T14gs —
YiT1499 + 18 — Yig2o

Suaze = —Y{T3T12Toy + 2YsYa T304 Toq + YaT12Th — Y2T3T 13T — YT TE + T, TS, =
=YsTo4917 + Taagis + YaToug2

Sz = V3BT Tu+ Y Y, 3TE T+ Y1 YBT3 T1y Tay — Vi T T3 Ty + Y T2 Tis Thg
= YaYaTis T + YaTuTisTu = YeTh01s + (-Y3TE + YaTisTwa — TyTha)gie + (YT —
Y3YiTia)g1o

Sus = —YoT1y Ty + YsT13Tog + Yy T1oTg — Y114 T2y = —g27

S, = Yo TsT1y T34+ Ys Lo T4 Tos — YaToT13 Ty + YaT3T12 T34 = —Th4T3a98 +Th4T24g0 -
YaToug11 — YaToug:2

Sua = Y1TioToy Ty + Vi1 TE — Y2TuTog + YaTu Ty = Tiag23 + Th2g24

Si23 = Y2YsToTio+ 2T Ty = Vo114 Tos = Yo Tz + YiT12Tos = YaTogs+YoTi2g0+ Yagn
Suz = =Y2Y3hoIiy = 2T Taa + YTy = i T Ty + Y T12T3y = — Y3 Thags — Yo Thage -
Yaga

Siz6 = —YaT T3, — YETT12Toy + 2Y3Y o114 Ty — YT T13Ts + YaT T =
(=YaT12To4 + 2YsT14To4) g0 — YiToagr2 = YaT2ag17 — Taagar

Sias = N3 LT T+ Y LTE T+ V1YL T3y T — Y1 T T13 T~ Y2YsTia T +
Y3YiT12TaTw = —YiTE4 Taage - YaTh 910+ V1YaTisTaagnu + (V1 YaTiaToa = Vi Ty T34 ) g1+
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YaTi3Twugs + (YaTi2Ths — YaT% — TaTia)gie + (YaYaTis — YTi3)g10 + T 926

Sis21 = YT1o T4+ YiThToaTaa = Vs Tu T + YaTuTiy = — Y2 g10+ T14924 — Yagos + T12826
Sis2s = YT + 2Y3Y Ty — YsT, Ty — Y2ToThs + YiTuTu = (-YsTi2 +
2Y T14)g9 — Yig12 — Yagr7

Si617 = VYaT3T14 T = Y1 T T3, - YT12T1 + YaYaT12Tis = YaTugie+YaYag1s — T14g26
Sieas = ~NVTuTos + IYaT3T13Tos + V1YiT3T14Tas — WL T3y — YT Tha +
Y3YiTi2Ths = (=YsTe + YaTh3)gus + (YaTu, — Ti)gie

Si620 = YiT13TTau + i1 T3 — VaTuThy + YaT Tiz = ~Y3T14g10 + Tiag2a + T14926
Sis.22 = V1YaT3T1aTsy — YiT1aTE — YT + YaYaTisThy = YiTiagie + Y g10 — T13g26
Si626 = =Y3T3Thz + 2YaYaTs Ty — YaT1 Ty — YET3Ts + YiT3Tay = =Yagir + Yage

Si718 = —YaT3T14Toq + YaT3T13Toq — TsT T34 + T14 T3 = —Tasg20 — Tou922

S1719 = YaT3T? — YiT3T13Ths + Ti3T1aTa = T14922

Si7,20 = YsT12T13 Do+ Ya T2 T1aTau —Ya 3T D14+ Ty T14 T3 = T1aG18+YaT24919— YaT14920
Si7.22 = YaT3T1oThs — YaTsTE — TioTaTag + T Tas = (YoTs — Taa) o

Sir.98 = =YaTsTy 2T Ty + YaTs 112 T3 Tog + YaT3Ti2 T3 T14Tas — YaTsTia T Tos —

T T3T1oTaTay + T T4 Toa Ty = —T4Tsagir+ (YaTsTisToa+ Ya T3 114 Tay — T3 T4 T34 ) 19 —
T124T34920

Sis19 = YaT13T14Tos + YaT4Tss — YaT 3Ty — YaT13T14Tas + TyT13T34 = gos

Sie24 = WaTi T3 — WYaT0aTE — iYaTuTou Ty + Vi TyTouTay — VoY T1o T —
YaY2T T~ YaYaTuTie = —(YaYaT1o+YiTy) gio+ Y 919+ (YaT1a—YsTha)gas+(—YaTha+
T4)gas + Y3Yagos

S1s26 = V1YaT1aTouTas = Y1 YaT1aTos Tas — YY1 T4 + VI TW T3, — YT+ 2Y2Y, 1o Tha —
YsY2ToTis = Y3YaTiagio — YaY2qe + (YsTua — YaT13)gas — Yigas + (= YaTua + T4)g26
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Sig27 = YzysTﬁTu-YzY‘aTmTMTu-Y2Y4T124T34+Y2T4T14T34+Y3KT122T34+Y32T122T24-
Y3Y T, T Ty = —YiThaTagro + 2YaTho01s + 2YToagne + (YsTos — YiTy)gas + Tugor

Sis,28 = —VaTo T4 TE +YaTus TE T + YaT1 2T Toa Tau + YaT12T13 114 T = Yo TA T T2, —
YaTa T T Ty — Ty T1o Tia T+ T 113 114 T2 Taw = — T Taag1s+(YaT13Tou Tag+YaT1a TS —
TiT2) 919 + T14T4g2s

S928 = —-YsT12T4Tsy — YaTTos + YaT12T3 Ty + YiTi2T13T 14T sy — T2 T3 Tay =
—Tig18 + (YaT13Toq + YaT14 T3 — TyTas) g1

S20.22 = —YaT13T14Toy — YaTETsy + YiT3TyThs — TyT13Ts4 = YiT13g20 — g2s

Snas = -V3T3TiTs + YiTsT13T1sTay — T3TTaTas + T3To4T50 = —TisTasgao0 —
T14T3492

Sx24 = =YoYaToTy — YaYsThToy — YoTuTag + YET12T4 + YiT1uToy — YT, Ty =
—YiT24910 — Y2018 — Yagor

Sa26 = ~Y2YsT12.T3 — oIy T2 — YT T2, + 2Y3Y T\ T3, + YT, TS, - Y2T1:TZ =
=Y T24Taugro + (—YoTss + YiTos)g1s + (YaToq — YaTa4)g27

S2328 = -nysT&TwTu + Y1Y4T123T§4 + VY 11314 1oy Tay — V' T4T13T4 Ty —
YoY2T12 13Ty~ Y2 YaTuT13Tha + YaY2T12T13 Ty = (<Y1 Ti4+ YaYaT0oTia - Y2V T4 +
YaTuTha)gio + (-Y2YaTiz + 3Ys YTy — 2Y5Y Ty — YTi3)g1e + VT2 + (-YaTE +
YiT1aTy — TyTh3)gaa + YiThag2s

S24,26 = YYaT\ T34 — Y§2T12T24 + 2Y3Y 14T — Y42T13T24 + YiTyT34 = Yig1s + Ysgor
Saa2r = WYaT1oTE + V1Y T2 TouTas - YiYa 0 T3, + YEVRTE - V.Y 2T + VoY, TW Ty =
(YaTi2 — YyTi4)g2s + YaTh2g24 + (YoY3 — Y ) 025
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S8 = —NVTETE + VY T3 T Tay + IYaT13T1 T — 'TiT1a T3, + Yo YT T2, —
YsYiTisTh+ VaYa T Ty = (Y2TE - YaYaT13Tha) g0+ Y Tugro+YaTh g2+ (- YaTA +
YiT13Th4 ~ T4Th3) 926

Sas.2r = YaTTau+YaT1oT14Tog = YaT12T14Tas — YaT4 Toy + Ty T2 Tas = Thi2g18+YaToa1o
Sas2 = =Y2YaT(Tay + VoY TE Ty + YVoYi T3 T Tay — YoTy T13 T4 Tag + Y2TE T3 Tos —~
2Y3Y 1213114 Tos + YaTyTioTiaTos = (YaTiaThaTos + YaTE T3y — T4T14T3s) 910 +

(YaT1oTg = 2Y4TE + TuT14)g1s + (YT 12T — 2YaYaT14Tos + YTy Tas)g1o — YaT14 Taagos

S2r = WYaT1oToa Ty + Y T2TZ — IYaT1 T2y Ty + Yo YT 12Ty ~ 2V, V3V, T2, +
Y2Y2Ti3Thg = (YaYaTia+ Y2Ti4+ YiTy) g0+ YiTougis — 2Y3 910 + (= YaTia + YaT13)gos —
Tygo4 — 2Y3Y4gas + YaT1299

Sor8 = —YaVaTLTE + VoYaTATouTay + YaYaTiaT1u Ty — Yo TuTa Ty — YETioTis T2, —
YaYaToTh3Toa Ty + YaYs T3 T4 T = (YaT13T24Toa + YaT14 T — Tu T2 ) g10 + (YaT12T34 —
YaT14To4 — YaTisTog — 2YyT14 Ty + T T34) 18 — YT E910 — YaT 2905 + YaToggos-

This finishes the proof of the lemma. ®

Let k[T] denote the polynomial ring [T}, T3, T3, Ty, Ti2, Ti3, T14T24, Tag]. Using
the elimination theory, we know that the set £ = {g7, 911, 912, 919, 920, 921} generates
the ideal I N k[T of k[T]. Let ¢ : k[X,Y,T] — k[X,Y,T] be the k-endomorphism
sending X; to X;, YitoY; (:=1,2,3,4), T to X; (i = 1,2,3), T} to f, and T;; to L;;,
then we have
Y(g7) = Xi
Y(gu) = —XsLia + XoLyy = X}Lo4
¥(912) = =XaLig + XoLyz = —~X? L3,
¥(g190) = =L}y + LioLys = Xif
¥(g20) = —LiqL3ag + Xaf — L13Lay = 0
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Y(gn) = Xof — LigLay — L1aL3y = 0.

This shows that there are no new generators and so
ker D = k{X), X5, X3, L12, L13, L4, L2q, Ly, f).

The next two lemmas show that ker D cannot be generated over k[X;, X2, Xj;] by

linear forms in the Y;’s.

Lemma 3.4.3. With the above notation, if L is an element of ker D of the form
L=ayYi+---+a4Yy

Jor some ay, ...a4 € k[ X1, X,, X3, then

L € k[X,, X3, X3, L12, L3, L14, L4, L]

Proof
If L is a linear generator for ker D over k[X\, X3, X;), then L has the form

L =Y + a2Ys + a3Ys + a4
where a; € k[X), X5, X3) i € {1,2,3,4}. Since L € ker D, we have
ale + azxg + a3X§ + as X X3 =0. (112)

Let ¢ = o, X? + @ X? + a3 X2, then equation (112) shows that both X, and Xj; are
divisors of ¢. Taking equation (112) modulo X gives that

X2a; + X203 =0 (113)

where aj; = @) |x,—0 and a3 = a3 |x,=0- Since X; and X; are relatively prime,
equation (113) implies that a; = — X203 + X206, and a3 = X352 + X,0; for some
b1, Bs € k[Xy, X,, X3) and B, in k[X), X3). After simplification we find

¢ = X2 X206, + X2 X263 + a2 X2 (114)
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Since Xj is a divisor of ¢, equation (114) implies that
X12X2ﬂl |X3=0 +X22C!2 |x3=o= 0.

Consequently, a; = X?u + X3v and §; = —X,u + X;w for some u € k[X, X;] and
v,w € k[X), X2, X3]. Replacing these values of a; and 3, in the expression (114) of
¢, we get

o= X2X3(Xl2‘w + X363 + sz)
and consequently ay = —¢/(X2X3) = —(X2w + X303 + Xov). Hence,

ay = —X2u — X263 + X2 X3w
a; = Xu+ Xav

as = Xfs + Xof3

ay = —(X?w+ X35 + Xov)

and so
L = aiYi +arY; +a3Ys + Y,
= u(X?Y: - X2Y1) + B (X1Ys — X3Y1)
+ o(XsYs - Xo¥s) — w(X2Ys — X2 XoY))
+ B3(X2Y; — X5Ya)
€ k[X1, X2, X3, L2, L3, L4, L2a, L]
a

Lemma 3.4.4. With the above notation, f ¢ k[X1, X2, X3, L12, L13, L14, L24, Las}-

Proof
If f € k[X,, X2, X3, L12, L13, L14, L2y, L34], we can choose a polynomial & € E :=

k[Xl, X, X3, Uy, Uy, Us, Uy, U5] such that

f = ®(Xy, X2, X, L2, L3, L14, Laa, Laa). (115)
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Consider the N*-grading on k[X, Y] defined by declaring k C k[X, Y](o0) and deg(X;) =
(1,0), deg(Y;) = (0,1) for i € {1,2,3} and j € {1,2,3,4}. Also define a similar N2-
grading on E' by k C E(g0) and deg(X;) = (1,0), deg(U;) = (2,1) for j € {1,2,3},
and deg(U;) = deg(Us) = (1,1). Write

Q=q’d;+¢d—;+"'¢d,

where @4, is the homogeneous component of ® of degree d; € N2. Since the elements
L2, L, L4, L2s, L34 are all homogeneous with respect to the N®-grading on k[X, Y]
defined above, it is easy to check that

deg (®q, (X1, X2, X3, L1z, L13, L14, Lag, L34))

is either zerc or homogeneous of degree d;, for all i € {1,...,r}. Also, since f is a
homogeneous element of degree (2, 2) of k[X,Y], equation (115) implies that

[ = B2.2)(X1, X2, X3, L1z, L3, L4, L24, L4)
and this can only happen if
f=alL3, +bL% +cLyLs, (116)

for some a, b, c € k. Indeed, a homogeneous element of degree (2,2) of E can only be
a linear combination of U?, U? and U Us because of the degrees of the X;'s and the
U;’s defined above.

Now equation (116) implies that f € k[X,, X3, Y5, Y3, Yy], which is absurd. =

Theorem 3.4.1 is now a direct consequence of the above two lemmas.
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