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Abstract 

When more than two treatments are compared for each gene in microarray experi­

ments, a good design should allocate the treatments in such a way as to collect more 

information on treatment comparisons of interest. We compared a balanced incom­

plete block design, a loop design, and a reference design in terms of power to detect 

a single differentially expressed gene, where each design uses the same number of 

slides to compare the same number of treatments. A simple 2-way model is applied. 

Using a standard F test statistic for each single-gene analysis, the efficiency of each 

design was related to the size of the non-centrality parameter of the F distribution 

under a specified alternative. In preparation for the simultaneous analysis of multiple 

genes, the exact density function of the p-values under the alternative hypothesis was 

computed. 

Microarray experiments consider thousands of genes simultaneously and thus the 

multiple testing issue arises. We can compute individual p-values for each gene, and 

both the False Discovery Rate (FDR) method and the Westfall-Young resampling 

method are multiple testing procedures based on ordered p-values. For the FDR 

method, we derive lower bounds for the probability of rejecting more than k genes, 

and for the probability that more than j out of m\ truly differentially expressed genes 

are rejected using the FDR method. We simplify the expression of the lower bound 

under certain conditions by applying results from the weak convergence of extremal 

processes: the number of p-values falling into a small neighborhood of 0 has an 

asymptotic Poisson distribution. These probability estimates can be used to estimate 

the number of slides needed in experiments. The Westfall-Young method adjusts 

the observed p-values which are then compared with a pre-determined a. Under the 

n 



independence assumption, the Westfall-Young method is equivalent to the step-down 

Sidak method. It involves time consuming simulations to use the step-down Sidak 

method in experimental designs. We apply results from the weak convergence of 

extremal processes and propose a way to speed up the simulation for the first few k 

adjusted p-values (where A; is a small number relative to the total number of p-values). 

Their asymptotic distributions are evaluated analytically. An alternative method to 

adjust p-values suggested by an anonymous reader is also discussed. 

We numerically illustrate the applications of the procedures discussed in this thesis 

on a small data set from a spotted microarray experiment. These results are also 

illustrated in planning a non-spotted Affymetrix array experiment where they help 

determine the sample size needed to achieve a given level of performance in the FDR 

or West fall-Young approaches. 
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Chapter 1 

Introduction 

In this thesis, we focus on microarray experiments and study several properties of 

multiple testing procedures. 

Chapter 2 provides an introduction to the biological background for microarray 

data, experimental designs, and statistical methods used on microarray data. The 

novel statistical feature of microarray experiments is that we can expect observations 

on ten to thirty thousand separate genes for each subject. 

In Chapter 3 we compare three different designs commonly used for microarray 

experiments from the point of view of a single gene. Current cDNA spotted microarray 

slides have a two-dye system and each slide can be used to measure the relative 

abundance of genes from only two treatment groups. When more than two conditions 

(treatments) are being compared for each gene, the issue arises of how to assign 

these treatments on the slides. We consider 2-way linear models on the microarray 

data for each single gene and compare the power to detect a single differentially 

expressed gene using three different but commonly-used designs - the BIB, loop, and 

reference designs. In testing the same alternative hypotheses with the same number 

of slides, the different designs we consider have F test statistics with different non-

centrality parameters. Consequently, in Chapter 4 the power of each design to detect 

a differentially expressed gene can be compared with that of the others. The exact 

density functions of p-values of the F statistics under the alternative hypothesis are 

developed. 

1 



CHAPTER 1. INTRODUCTION 2 

In microarray experiments, thousands of genes are tested simultaneously and mul­

tiple testing issues arise. Some multiple testing procedures, such as the FDR method 

or the Westfall-Young resampling method, have been applied to control the false dis­

covery or the family wise error rate. These two methods are both based on ordered 

p-values. In general these methods are conservative and the chance of detecting dif­

ferentially expressed genes is small. Further, the cost of microarry slides is such that 

microarray experiments have tended to be rather limited in terms of the number of 

subjects. Consequently, many of these experiments have been disappointing in terms 

of their capacity to discover underlying associations between genes and conditions. 

Therefore, it will be helpful in the planning stage of the experiment to know the 

anticipated probability of rejecting a certain number of hypotheses, say k, using these 

multiple testing methods. In Chapter 4 we derive a lower bound on the probability 

of rejecting k genes for the FDR method, under some assumptions. We also derive 

a lower bound for the probability that more than j rejections are true rejections 

(i.e. rejected genes are truly differentially expressed) given that a fixed number of 

hypotheses are false. These lower bounds could be used to estimate the number of 

required slides for a specified number of rejections or for a specified number of true 

rejections. One needs to determine the test statistic for each single gene to be used 

and to develop the distribution of p-values under the alternative hypothesis in order 

to calculate the lower bound. 

The Westfall-Young resampling method is popular but has the disadvantage of 

being very computationally intensive. Under the assumption that all single gene 

tests are independent, it becomes the step-down Sidak method. To apply the step-

down Sidak method in experimental designs, one needs to simulate all p-values a large 

number of times, which is time consuming. In Chapter 5, we apply results from the 

weak convergence of extremal processes and propose a way to quickly approximate the 

first k adjusted p-values by simulating only k exponential variables. Here A; is a small 

number relative to the total number of p-values and usually these are the p-values 

of interest. The asymptotic distributions of the first few adjusted p-values can be 

evaluated analytically. These distributions could be used to estimate the sample size 

needed at the design stage. An alternative adjustment suggested by an anonymous 
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reader is discussed. It is less conservative but could lead to a large number of false 

rejections. 

The results of each chapter are illustrated on a small data set of three spotted 

slides. In Chapter 6 we revisit that running example and provide a more complete dis­

cussion. We also consider planning a future experiment using non-spotted Affymetrix 

arrays and show how the results of this thesis can be employed to specify the number 

of subjects needed to achieve certain levels of performance of the multiple testing 

procedures. 

The results of weak convergence of extremal processes are applied on the first 

k ordered p-values and listed in Appendix A. Under certain assumptions, when 

the number of tests is large enough (which is reasonable to assume for microarray 

experiments), the number of p-values falling in a small neighborhood of 0 has an 

asymptotic Poisson distribution. These distributional results can be applied on the 

asymptotic performance of multiple testing procedures and simplify the expressions 

or simulations used. 

The contribution of this thesis comprises ways of evaluating the FDR method 

and the definition of criteria for use in planning experiments with high multiplicity 

of tests, ways of simulating the Westfall-Young method, and the implementation of 

such methods for realistic data sets. 



Chapter 2 

Introduction to Microarrays 

Microarray technology has been developed recently to examine thousands of genes 

simultaneously. It detects which gene is expressed in a cell through measuring the 

amount of mRNA associated with that gene. In this chapter, we briefly review some 

biological background, experimental design, and statistical analysis of microarray 

data. 

2.1 Biological Background 

This section provides a brief review of the biology needed to understand the goal of 

microarray experiments. The material of this section was drawn from Haggis [14], 

Clote [6], Sebastiani et al [30], and Dorman [32]. The reader wishing greater detail 

can consult these references. 

All living organisms are composed of one or more cells. Each cell is a complex 

system consisting of many different building blocks, such as a nucleus, smooth endo­

plasmic reticulum, rough endoplasmic reticulum, cytoplasm, cell membrane and so 

on. The nucleus of each cell contains all of the information the cell needs to per­

form specific functions, to grow and to divide. The chromosomes are the part of the 

nucleus that carries genes. Each gene is a functional and physical unit of heredity 

passed from parent to offspring. It occupies a specific locus on a chromosome. Genes 

are sequences of DNA and most genes contain the information for making a specific 

4 



CHAPTER 2. INTRODUCTION TO MICROARRAYS 5 

protein and thus cells. 

DNA is one kind of nucleic acids, which are polymers of nucleotides (Figure 1). 

Each nucleotide comprises a phosphate group, a sugar ring, and a base. Nucleotides 

are joined together by phosphate ester bonds between the phosphate of one nucleotide 

and the sugar of the next nucleotide. The sugar of a nucleotide is either ribose (for 

RNA) or deoxyribose (for DNA). They both contain 5 carbons and the carbons can 

be counted clockwise as CI', C2', C3', C4', and C5'. A nucleic acid has a free C3', 

which has a -OH group on it and the other a free C5' with a phosphate group on it. 

Therefore, nucleic acid always has a discernible orientation, which is conventionally 

depicted in the 5' to 3' direction. The phosphate groups and the sugars for all the 

DNAs (or RNAs) are the same and thus do not carry any information. They form 

the backbone of a nucleic acid and hold the bases in their proper places. On the other 

hand, nucleotides differ from each other because of the different bases they have and 

all the genetic information carried by a nucleic acid is encoded by the sequence of 

bases (or equivalently, the sequence of nucleotides). The bases found in naturally 

occurring nucleic acids are either purine or pyrimidine. Purines include adenine (A) 

and guanine (G), and pyrimidines include cytosine (C) and thymine (T) (in DNA) or 

uracil (U) (in RNA). Purines have a two-ring structure whereas pyrimidines have a 

single ring structure. A purine always pairs with a pyrimidine: A always pairs with 

T and G always pairs with C. 

Nucleic acids are of two kinds: deoxyribonucleic acid (DNA) and ribonucleic acid 

(RNA). A DNA molecule (Figure 2) is a helical double-stranded chain of nucleotides 

with a hydrogen ( -H, deoxyribonucleotides) group on each sugar ring. The sugar 

phosphate forms the backbone on the exterior and the bases are toward the interior. 

The bases guanine and cytosine are complementary and pair up using three hydrogen 

bonds, and the complementary pair of adenine and thymine only forms two hydrogen 

bonds. The two DNA strands are held together by hydrophobic interactions and 

hydrogen bonds between complementary base pairs. The strands are antiparallel in 

that they line up with one in the 5' to 3' direction and the other in the 3' to 5' 

direction. Two such strands are called complementary - that is, one can be obtained 

from the other by mutually exchanging A with T and C with G, and changing the 
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Nitrogen Base 

Phosphate Group 

Sugar 

Figure 1: Nucleotides unit 

direction of the molecule to the opposite. Since the DNA strands are complementary, 

each one of them fully determining the other, it is enough to give only one strand 

of the genome molecule for the purpose of information. Single-stranded DNA is the 

foundation for the microarray technology that will be described later. 

nucleotide 

Figure 2: Nucleotide unit and DNA structure. 

DNA is replicated before a cell can divide. Replication is the process by which 

an identical copy of DNA is made. Replication occurs every time a cell divides so 

that information can be preserved and handed down to offspring. DNA replication 



CHAPTER 2. INTRODUCTION TO MICROARRAYS 7 

begins with a partial unwinding of the double helix. An enzyme, DNA polymerase, 

binds to one strand of DNA and moves along it in the 3' to 5' direction. This DNA 

strand is used as a template, i.e. the DNA polymerase reads the sequence of bases on 

the template and then synthesizes the complementary strand and reforms a double 

helix. Another DNA polymerase binds to the other DNA strand as the double helix 

opens. However, it must grow in the opposite direction and is synthesized in small 

pieces as the original DNA stands are antiparallel and synthesis can only occur in the 

5' to 3' direction. Enzyme DNA ligase joins the pieces of DNA and reforms another 

double helix. Replication proceeds until copies of each strand are made. When the 

replication process is complete, two identical DNA molecules that are also identical 

to the original DNA have been produced. DNA replication is semi-conservative: each 

copy contains one of the original strands paired with a newly synthesized strand that 

is complementary in terms of A-T and G-C base pairing. 

DNA stores genetic information and passes it on to RNA. Like DNA, RNA is 

also constructed from nucleotides. However, the hydrogen (-H) group on each sugar 

ring is replaced by -OH, and the base T is replaced with pyrimidine Uracil (U). RNA 

is a single stranded chain. It can bind with a complementary single stranded DNA 

with U replacing T. The function of RNA is to read, decode and use the information 

received from DNA to make proteins. Typical types of RNA are messenger RNA 

(mRNA), transfer RNA (tRNA) and ribosomal RNA (rRNA). They differ in forms 

and structures. mRNA transcribes genetic information from DNA to a protein. tRNA 

carries amino acids corresponding to their codon (a sequence of three nucleotides bases 

that provides genetic code information for a particular amino acid) and is used in the 

translation of RNA to protein. Further, rRNA forms ribosomes for protein synthesis. 

As we have mentioned, genes are working subunits of DNA and most genes contain 

the information for making proteins. Protein is synthesized through transcription and 

translation and is the key to making our bodies function. To make a protein from a 

gene, first the DNA (gene) strands are separated. One strand acts as the template 

and is copied into a mRNA according to the rule of complementary base pairs with 

U replacing T. This process is called RNA synthesis and through it the DNA is 

transcribed. After transcription, the mRNA leaves the cell nucleus and carries the 
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message to the site of translation - cellular cytoplasm. 

Amino acid, which is the basic unit of a protein, is presented by a 3-nucleotide 

codon on the mRNA. Every tRNA has a specific 3-nucleotide sequence called an-

ticodon and a site to which a specific amino acid binds. The 3-nucleotide codons 

on mRNA can be recognized by the anticodon of a tRNA according to the comple­

mentary base pairing rule (i.e. A=U and C=G) . On the other hand, ribosomes, the 

cellular assemblies at which proteins are synthesized, are specialized in matching the 

anticodon of a tRNA to the corresponding codon on a mRNA and catalyzing the 

addition of the amino acids carried by individual tRNAs to the end of a growing 

peptide chain as well. As a result, proteins are synthesized at ribosomes according to 

the amino acid sequence encoded by the nucleotide sequence of an mRNA, which is 

copied from a DNA sequence via transcription. 

In summary, the information carried in a gene (DNA sequence) is expressed by 

first transcribing into mRNA and then translating into proteins. This process is called 

gene expression (Figure 3). The gene expression is assumed to be controlled at vari­

ous points in the sequence leading to protein synthesis and this control is thought to 

be the major determinant of cellular differentiation. 

DNA 

one strand as template 
to be copied 

mRNA 

transported out of 
the cell nucleus, 
to be read 

linked together 

tRNA protein 
transcription t translation 

attached an amino acid 

Figure 3: Protein synthesis. 

To find out which genes are expressed in a particular cell type of an organism, at 

a particular time, under particular conditions, traditional biological methods focused 

on a "one gene in one experiment" basis. Although it remains the best approach to 

obtain knowledge of a single gene function, it only provides very limited and isolated 

information and the "whole picture" of gene function is hard to obtain. In the past 

several years, a new technology, called the DNA microarray, was developed to attach 
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the whole genome on a single slide so that researchers can have a better picture of 

the interactions among thousands of genes simultaneously. The method is still not 

perfect since not all genes are equally active, and the activity can be turned on or off 

in response to stimulation. However, it provides a way to look at thousands of genes 

in one experiment. The idea of a microarray is to detect which genes are expressed 

through measuring the amount of mRNA associated with each gene. 

A spotted microarray (Figure 4) is typically a glass (or other material) slide, with 

thousands of DNA sequences attached on it as spots by a special robotic arm. Any 

given spot contains only one particular DNA strand sequence and each sequence may 

be spotted multiple times per array. Microarrays in current use measure from 1,000 

to 25,000 genes. The sample spot sizes are typically less than 200 microns in diameter. 

mRNA1 mRNA 2 
single DNA strand sequences (Sib <f5H> 

I reverse transcript I 

cDNA 1 <£§&> dS2> cDNA 2 /;,:"»:,»r«:»!»s| 
slides 

labeling * 

Figure 4: Microarray Experiment. 

To compare the relative abundance of each gene sequence in two mRNA samples 

under study, the mRNA samples are first reverse-transcribed to a complementary 

DNA (cDNA) clones and labeled with two different fluorescent colours (usually a red 

dye and a green dye). They are then mixed and washed over the arrayed DNA spots. 

Since complementary single stranded nucleic acid sequences tend to attract each other, 

the dye-labeled cDNA strands can hybridize to their complementary sequences in the 

spots following the base-pairing rule. The fluorescence for each dye in each DNA spot 

is measured. The properties of genes can be explored when they have differential 
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expression at the mRNA level: the sample that contained more transcripts should 

produce the higher signal. If the RNA from the red sample is in abundance, the spot 

will be red. If the RNA from the green sample is in abundance, the spot will be green. 

If two RNA samples are equally abundant, the spot will appear yellow. If no samples 

bind, the spot will appear dark. 

The DNA microarray technology provides a medium for matching known and 

unknown DNA samples based on base-pairing rules, and automates the process of 

identifying the unknowns. It is mainly applied to identify sequences of genes (for 

instance, to provide information for comparison of gene expression between normal 

and diseased cells), or to determine the expression level (RNA abundance) of genes. 

The whole microarray experiment process can be summarized as follows: given the 

biological questions of interest, researchers design experiments, print the microarrays, 

and hybridize them. The images are processed, and expression data are extracted 

and then analyzed. The results will be used to make some biological conclusions that 

might lead to more biological questions. Usually statisticians can be involved in the 

experimental design and data analysis steps. We will focus on the experiment design 

step in this thesis. 

Another major type of array is the Affymetrix array which uses Affymetrix tech­

nology. This technology incubates a series of deoxynucleotides on the surface of a glass 

one after another through photolithographic fabrication. Each series is a sequence of 

nucleotides (usually up to approximately 20 nucleotides) corresponding to a part of a 

gene under investigation. The synthesized nucleotides sequences are called probes and 

each sequence is represented by two probes: one with the exact sequence of the chosen 

fragment of the gene (perfect match or PM) and one with a mismatch nucleotide in 

the middle of the fragment (mismatch of MM). These two probes are always syn­

thesized adjacent to each other to control for spatial differences for hybridization. 

The sample of interest is hybridized to the array at a critical temperature when the 

PM hybridizes and even a single mismatch prevents the MM from hybridizing. The 

signals of both probes are measured and the average differences between the PM and 

MM is commonly used as the value that represents the expression level of the gene. 

This material has been taken from Draghici [10]. 
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These two types of arrays have their own advantages: Affymetrix arrays provide 

more reliable data, but only spot short known sequences due to the limitation of the 

technology. cDNA arrays are more flexible, allow spotting long sequences, and are 

easier to analyze with appropriate experimental designs. In this thesis we will focus 

on cDNA arrays. 

2.2 Da ta Acquisition 

Once the labeled mRNA is hybridized on the array, the array is scanned to measure 

the intensity of the spots for each dye. This is done in two steps. First, the array is 

illuminated with a laser light that excites one fluorescent (e.g. the red dye). An image 

is captured and theoretically, the intensity of each spot is proportional to the amount 

of the red mRNA with the sequence matching the given spot. Second, the array is 

illuminated again with a laser light, but this time the laser light has a frequency that 

excites the other fluorescent dye (e.g. green). Another image is captured and the 

intensity of each spot will be proportional to the amount of the green mRNA. These 

two images are black and white. They are colored to the corresponding color of the 

mRNA (red and green) by some software for visualization. Then these two images 

are overlaid to produce an image in which spots will have colors from green through 

yellow to red. See Figure 5, for example. The intensity of each gene on every spot 

for each color is measured and is used to represent the abundance of the gene in the 

mRNA sample. The difference in expression levels (abundance) of these two mRNAs 

is now translated to the difference in the intensities on the two images. 

An example of a microarray data set is listed below. This data is collected from 

an HIV experiment for illustration. It has genetic expression of Peripheral Blood 

Mononuclear Cells (PBMC) from HIV positive humans dyed in one colour and genetic 

expressions of PBMC from HIV positive monkeys dyed in another colour. It contains 

two parts and we have access to the first part of the data, which has 9358 genes. 

Each of 9132 genes (DNA sequence) is attached on two spots, and each of the other 

226 genes is attached on 4 or 6 spots. There are also some housekeeping genes on 
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The Full Yeast Genome on a Chip 

Figure 5: Microarray slide example. (From internet 
http://industry.ebi.ac.uk/~alan/MicroArray/IntroMicroArrayTalk by A.J. Robin­
son. Originally from DeRisi et.al. (Science 278: 680 686) 

each slide and we will exclude them from our consideration. Three replicate slides 

are produced and the dye colours are flipped in one of the slides. The intensity of 

each gene on every spot for each color is measured. Part of the data is listed here for 

illustration (table 1). 

2.3 Experimental Design 

The statistical principles underlying experimental design are replication, randomiza­

tion, and blocking. Replication makes it possible to estimate experimental error. 

The more replicates, the more accurate is the estimator. The probability that the 

hybridization of any single spot containing complementary DNA will not reflect the 

presence of the mRNA is about 5%, and the probability a spot can provide a substan­

tial signal even if the corresponding mRNA is not present is about 10% ( [10], page 

195). Therefore replication is very important and necessary in microarray experiments 

to provide a reliable estimator. However, more replication will cost more. Since mi­

croarray experiments deal with thousands of genes simultaneously, even adding one 

http://industry.ebi.ac.uk/~alan/MicroArray/IntroMicroArrayTalk
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1471.555542 

1345.82605 

699.666687 

785.470581 

Rdata2a 

609.073181 

845.844849 
774.742432 

761.050659 

1125.413086 

1008.359985 

846.486511 
463.038452 

Rdata3a 
613.302612 

602.855103 

654.435913 
638.322021 

3565.079346 
3409.746094 
2747.589844 

3136.142822 

Rbdatala 

178.947372 

165.10527 

168.39473 
144.236847 

115.315788 

125.552635 

145.815796 

126.736839 

Rbdata2a 

175.552628 

314.289459 
233.447372 

252.131577 

234.157898 

221.736847 

213.184204 
192.289474 

Rbdata3a 
192.526321 

176.289474 

116.052635 
69.789474 

89.421051 
134.921051 
115.631577 

116.368423 

Gdatala 

1175.157104 

1264.101685 
1568.447144 

1824 

2059.646484 

1889.042725 

1011.455444 

908.836548 

Gdata2a 

880.876404 

1026.802368 
1309.761475 
1584.677734 

1873.276733 

791.784485 

792.814148 
341.940002 

Gdata3a 

1962.490601 
2171.142822 

3049.305664 

2642.386475 

2284.054932 
1894.378174 
1401.654541 

1097.333374 

Gbdatala 

376.236847 

359.236847 

225.868423 
342.868408 

144.578949 

165.947372 

237.763153 

224.763153 

Gbdata2a 

230.39473 

337.394745 
344.368408 

400.605255 

187.052628 

161.131577 
132.342102 
152.184204 

Gbdata3a 

760.447388 

798.736816 

960.394714 

791.078918 

344.894745 
359.631592 

474.157898 
319.342102 

Table 1: Illustration of microarray data from a HIV experiment. Three slides were performed. 
The human sample was dyed green and the monkey sample was dyed red in slide 1, and the 
colour is reversed in slides 2 and 3. The columns Rdata and Gdata are gene intensities and 
columns Rbdata and Gbdata are background measures. 
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more replicate for each gene, thousands more spots are actually added in the exper­

iment. Thus, it is important to determine the suitable number of replicates for each 

experiment, which in turn is a sample size question. This thesis will address this 

question and provide a tool to calculate a reference sample size. 

Randomization requires the factors that are not of interest but influence the out­

come of the experiment to be randomly allocated in the experiment( [10], page 196). 

One example is that if there are replicates within a slide, they should be printed at 

random locations throughout the slide, so that the gene effect will not be confounded 

with location effect, if there is any. 

In a spotted microarray experiment, each spot is always a block. Usually each 

slide can also be treated as a big block and it is expected that the measurements of 

spots from a single slide will be more homogeneous than the measurements across 

slides. When genes of interest and replicates are across slides, block effects need to 

be considered, or careful normalization needs to be performed for data obtained from 

spots across slides. 

When more than two conditions are compared in a microarray two-dye system, 

how to assign two dyes to those conditions so as to achieve more information on 

interesting comparisons is an issue for discussion. Typical experimental designs used 

are the reference design and the loop design (Figure 6). 

A reference design uses a common reference sample for each slide, and the com­

parison between two treatments is through the differences of those treatments from 

the reference condition. Usually the reference condition is colored in one dye and all 

test conditions are colored with the other dye. Thus the dye effect is confounded with 

the condition effects. The advantage of the reference design is that it can be extended 

by adding additional slides: whenever extra experiments are performed for existing 

or new treatments, the data can be combined with the original data sets to obtain a 

bigger experiment size. The limitation of a reference design is that it always collects 

the most information on the reference condition, a case that is not of interest. 

Kerr et al. [21] suggested using a loop design - the first and second condition are 

compared on the first slide, the second and third on the second, and so forth, and 

the same conditions are labeled different colors in consecutive slides. The loop design 
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does not need a reference group, thus double the amount of data on the interesting 

test conditions for the same number of slides. However a loop design might cost more 

since each sample must be labeled in both red and green florescent colors. When the 

number of conditions of interest is larger than three, the loop design will not provide 

direct comparisons between all pairs of conditions. This can be improved by adding 

direct comparisons between conditions that are not neighbors on the loop but of sci­

entific interest. Some other designs like the 2*2 Latin square design are sometimes 

used. As Kerr et al. [21] have stated, microarray designs with the two-dye system with 

more than two conditions under study are always incomplete block designs and more 

research can be done to find efficient experimental plans addressing the questions of 

interest. They also suggested that each condition should be always labeled with both 

dyes to detect gene-specific dye effects if there are any. 

f \ VI *V2 

1 \ \ / VI V2 V3 V3 

Figure 6: (a) reference design, (b) loop design. V represent conditions of interest, R 
is a reference condition, and conditions connected by arrow are printed on the same 
slides. The condition in the arrow end is always dyed red and in the arrow head is 
dyed green. 

2.4 Statistical Methods 

2.4.1 Normalization 

For almost all microarray data, before analyzing the data, the first step is to check the 

validity of the data and then to normalize them if necessary. Normalization does not 

refer here to any statistical process, but rather to a numeric calibration of the data 

so as to adjust the raw data for known systematic effects. These steps are analogous 

to adjusting the values from separate samples for potential deterministic differences 
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in the measurement tools. Normalization techniques rely heavily on the expectation 

that the vast majority of the genes on the microarray do not express differentially. 

Consequently, for the bulk of the data, there should not be any difference from slide 

to slide. 

Currently there are no established standards for how the raw data should be 

normalized although some are emerging, eg. M1AME [4]. One can start by visually 

checking the colour map of the experiment (see Figure 5). A successful experiment is 

supposed to produce a slide with balanced colour and uniform hybridization in major 

spots, uniform spot distribution, and uniformly low background. Dust and scratches 

on the slide should be limited. Scatter plot, histograms, boxplots and spatial plots can 

be used to investigate if there are any specific experimental problems. For example, if 

the experiment is color-balanced, the scatter plot of log(Green) to log(Red) intensities 

should appear to be generally a straight line since only few genes are expected to be 

differentially expressed - most are expected to be equally expressed in both colours. 

On the other hand, if there is a strong dye effect, spots from even non-differential 

genes will nonetheless show high values in one dye and low values in the other dye 

and there will be a lot of points lying far from the straight line. In another process, 

the spots can be clustered as different groups according to their location on the slide 

and the boxplots of the log(green/red) per spot cluster will indicate skewed spot 

information if any exists. Such spatial effects can arise from the use of robots with a 

fixed low number of print tips to paint a large number of spots onto a slide. 

Normalization should be done to correct for systematic differences between sam­

ples on the same slide, or between slides, which do not represent true biological 

variation between samples. For instance, dye biases are found to vary with overall 

spot intensity, location on the array, and scanning parameters. It is necessary to nor­

malize the raw data to eliminate the bias. Genes to be used for normalization can be 

all genes on the array, housekeeping genes only, or control genes. A common method 

is to use all genes on the array. It is easy to perform but it assumes that only a 

relatively small proportion of the genes are expressed. Housekeeping genes are genes 

that have constant expression most of the time. The limitation of using housekeeping 

genes is that they may not be representative of genes of interest since they are always 
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highly expressed. Control genes are genes totally different from the genes of interest, 

perhaps genes from a completely different organism from the one under study. They 

are spotted on the array and also included in the two DNA samples at equal amounts 

for control purposes. 

Normalization algorithms include array normalization (e.g, all values are divided 

by the mean of the array from which they were collected, or among only control 

spots/genes), background normalization (e.g., the intensity of the background is cal­

culated from a local area around that spot or from all spots in a sub-grid area), and 

color normalization (a flip dye experiment can be conducted and then color distortion 

can be corrected through curve fitting on different color intensities for same genes). 

Intensity data are frequently ^^-transformed as part of the normalization step. 

It is usually the case that a histogram of intensities for a single slide is heavily skewed, 

and that a log transformation produces a more symmetric distribution. 

After the validation check and any normalization algorithms are executed, the 

microarray data is deemed ready for content analysis. This thesis will not pursue 

whether or not these normalization steps are valid or likely to be successful, but will 

accept them as being correct and having corrected for the systematic effects they 

have targeted. The main methods used to analyze microarray data content can be 

grouped into two categories: descriptive and inferential. A typical descriptive method 

is clustering. 

2.4.2 Clustering Methods 

A cluster method groups genes using their expression levels and defines clusters such 

that those genes within each cluster are more closely related to one another than 

genes from different clusters, according to some predefined distance measure (e.g. the 

correlation coefficients, the Euclidean distance, or Manhattan distance) between the 

data vectors associated to genes. Typical cluster methods are K-means clustering 

and hierarchical clustering. To perform K-means clustering, the number of clusters 

K is predefined. K points are arbitrarily chosen to represent the centres of clusters. 

Second, for each gene, the distances between it and the K cluster centres are calculated 
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and the gene is assigned to the closest cluster. In this way, genes are partitioned into 

K mutually exclusive and exhaustive groups. Third, the new centre of each cluster is 

calculated (e.g. the mean of the gene intensities for each cluster) and the second step 

is repeated so genes will possibly be reallocated to form a new set of clusters. These 

steps are repeated and genes are iteratively reallocated until some stopping criterion 

is met (e.g. the cluster centres have been found such that no genes move from one 

cluster to another in a subsequent step). The K-means method is easy to perform 

but it has several limitations. One is that the number of clusters K is subjectively 

defined. Another is if the initial centers are chosen differently, the resulting allocation 

of the genes might be different. Therefore, the cluster quality needs to be assessed 

before the result can be used. Different measurements, such as comparing the size of 

the clusters to the distance to the nearest cluster, can be used to assess the quality. 

Hierarchical clustering, which has a tree structure, avoids these shortcomings. 

It includes bottom up or top down clustering. The bottom up method starts with 

leaves. Each gene is a cluster. The distance between each pair of clusters is calculated 

and the closest two clusters are merged together to form a new cluster. This step is 

repeated until only one cluster is left. The top down method is the opposite, which 

is similar to growing a tree from the root. It starts with one cluster that includes all 

genes, and it splits the cluster into two using some distance measure. The process is 

repeated until each cluster only contains one gene. The top down method is usually 

faster than the bottom up, but the clusters produced tend to reflect less accurately 

the structure present in the data. The hierarchical clustering provides inference about 

the relationship among genes in the same cluster and also between clusters through 

the tree structure( [10], page 289). 

Clustering always leads to readily interpretable figures and can be helpful for 

identify patterns. However, genes can always be clustered whether there exist any 

patterns or not, and the clustering results are always highly dependent on the distance 

measure used. More repeated experiments are necessary to reach a reliable conclusion 

from clustering. To accelerate calculation speed, usually the uninformative genes are 

filtered out before clustering. 
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2.4.3 Inferential Methods 

Fold change 

Early analyses of these types of data looked at the ratio (red/green) of the fluorescence 

intensity between dyes for each spot, which used to describe the relative abundance 

of each specific gene in these two mRNA samples. The ratio is compared to an 

arbitrary cut off point, like 2. If the ratio is greater than 2, then it is concluded 

that this gene is judged to be differentially expressed for these two mRNA samples. 

Since log transformed values are more easily interpretable and more meaningful from 

a biological point of view, log transformation of dye intensity was also used so that 

the differences between log intensities described the relative abundance. However, 

both fold change or log transformed fold change methods are simple but not precise, 

and they are sensitive to variance heterogeneity across genes. 

Unusual Ratio 

The fold change method was updated to the unusual ratio - a gene is considered 

differentially expressed if the ratio (red/green) is a certain distance from the mean 

ratio. The distance typically used is ±2<r, where a is the standard deviation of the 

ratio distribution. The unusual ratio method adjusts for heterogeneity across genes 

since it uses thresholds related to the distribution of the ratios. However, there are 

always 5% of genes that are detected as differentially expressed no matter how many 

genes are really expressed. 

Hypothesis Testing 

The standard t-test was also applied separately by gene to the log ratios to test for 

differential expression. It was robust to variance heterogeneity across genes but had 

low power and unstable estimated gene specific variance due to the usually small 

number of replications of slides. To limit the effect of this shortcoming, one modifi­

cation was to use the pooled variance across all genes [7], but then the test is again 

sensitive to variance heterogeneity. Another modification was to add a small constant 

to the denominator of the gene specific t-test to stabilize the scores [13]. 
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Since huge numbers of comparisons (let m be the number of genes) are performed 

simultaneously, the probability of at least one Type I error increases dramatically. To 

control the overall probability of making a Type I error, some multiple test corrections 

need to be applied to the separate by-gene p-values. The traditional methods [18] are 

the Bonferroni correction (ac = aF/m) and Sidak correction (ac = 1 — (1 — ^/ap)). 

These methods are too conservative and the type I error for a single gene test ac is too 

small for practical use no matter how big the type I error of the whole family otp is, 

due to the large m. The Sidak single step adjustment method was less conservative. 

It adjusts the p-values to pi = 1 — (1 — pi)m and compare pi to a to make the decision. 

These methods all control the probability of making at least one Type I error - the 

familywise error rate (FWER). For very small p-values, there is apparently little 

difference between these methods [31]. 

Other alternative approaches for multiple testing, such as the False Discovery Rate 

(FDR) or the step-down method are frequently used. The FDR method was proposed 

by Benjamini and Hochberg [3], which tolerates some Type I errors but controls the 

expectation of false discovery rate and is less conservative. It makes decisions about 

the number of rejections based on comparing the ordered p-values with some cut­

off points. The cut-off points are related to the order of the p-value. It estimates 

the expected value of (# of falsely rejected / # of hypotheses rejected in total). 

The Westfall-Young step down method adjusts p-values based on observed ordered 

p-values. Details will be described later in Chapter 5. Dabrowski [8] suggested a 

method of using the likelihood test on the ordered p-values to test that at least k 

genes are expressed. The details will be discussed further in the following section. 

Global ANOVA Model 

The usual ANOVA model can be applied to microarray data for a single gene when 

more than two conditions are to be compared. A global ANOVA model treats all 

the data from all the genes in a single large ANOVA structure. Kerr et al. (2001) 

described this direction in more detail and it will be summarized in a later section. 

The ANOVA model uses the original intensity instead of log ratios and depending on 

experimental interest, a fixed model or mixed effects model can be applied. A fixed 
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model is simple while a mixed model accounts for multiple sources of variation. Kerr 

et al. (2001) claimed that the ANOVA model accounts for each source of variance 

once they are included in the model so that normalization is not necessary any longer. 

However, the use of an ANOVA model requires a careful design to ensure a sufficient 

number of degrees of freedom to estimate the error, and makes rather strong joint 

normality assumptions over the entire array. 

B o o t s t r a p 

For genetic data, frequently the replicate number is limited, and the accuracy of the 

estimate is questionable. Sometimes the distribution of the residuals is so heavily 

skewed, the ANOVA model cannot be used reliably to make statistical inferences 

about detecting differentially expressed genes. The bootstrap provides a solution to 

these problems. The bootstrap can be used to obtain confidence intervals for estimates 

of differential expression for individual genes. It can also be combined with clustering 

methods on gene data analysis and evaluate the reliability of clustering results. 

The bootstrap provides a direct computational tool for assessing statistical accu­

racy by sampling from the original data. It is available no matter how mathematically 

complicated the estimate may be. According to the resampling method, the bootstrap 

can be divided into the nonparametric bootstrap and the parametric bootstrap. The 

nonparametric bootstrap method is used when no mathematical model is available. 

This approach is based on the empirical distribution of the original data by randomly 

sampling from the original data set with replacement in an iid manner, each sample 

the same size as the original set. This is done a large number of times, say n. Then 

an estimate is calculated for each of these n data sets to examine its behavior over 

these n replications. For example, if the accuracy of the standard deviation (SD) of a 

sample (Xi, X2, • • • , X50 ) is the question of concern, then resample the data set with 

replacement 1000 times and calculate the standard deviation for each of them. These 

1000 standard deviations form an estimated distribution for the SD of the original 

da ta set and the variance of the estimated distribution can represent the accuracy 

of the original SD. However, if we know that the original sample (X\,X2, • • • ,Xso) 

came from a normal distribution N(0, a2), and a2 is unknown, we can resample 1000 
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size 50 data sets from N(0,SD2), and using the estimated distribution of SD from 

these 1000 samples to predict the accuracy of SD. This method depends on the spe­

cific parametric model and is called a parametric bootstrap. In general, a parametric 

bootstrap is available when the feature to be estimated is a component or a function 

of the parameter in a known family of distributions. 

The bootstrap method is based on the assumption that for large n the empirical 

distribution converges to the original true distribution, so that the variability of the 

bootstrap estimate around the estimate from the original data set is expected to 

be similar to the variability of the estimate from the original data around the true 

parameter. Therefore, more attention should be paid when applying the bootstrap 

to a data set with outliers or a large number of missing values. 

More details can be found in references: Brown & Botstein [5], Draghici [10], 

Hastie, Tibshirani, k Friedman [15], Kerr & Churchill [20], Dorman [32]. 

2.4.4 Key Papers 

We summarize a few papers in this subsection to illustrate the popular methods of 

statistical analysis on microarray data. 

Kerr, Martin, and Churchill [19] 

"Analysis of variance for gene expression microarray data" 

This paper applied the global ANOVA model (a global ANOVA model treats all 

the data from all the genes in a single large ANOVA structure) to microarray data 

to detect gene expression. It included several sources of variation in the model for 

adjustment: array effects(A), dye (D), variety (V), gene (G), interactions of array and 

gene (AG), and variety and gene (VG) effects. Kerr states that including A, D, and 

V effects "effectively normalize the data without the need to introduce preliminary 

data manipulation". The (VG)kg effect is the effect of interest and differential gene 

expression can be detected through non-zero differences of this effect across varieties 

for a given gene. 

This paper considered the Latin square design and the more common reference 
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Table 2: Latin Square design and Reference design used in Kerr et al. (2001) paper. 

dye 
Red 

Green 

Latin Square Design 
1 2 

liver Muscle 
Muscle liver 

Reference Design 
1 2 

Placenta Placenta 
liver Muscle 

design (Table 2) on two arrays as an illustration. A mRNA sample from liver tissue 

was compared to a sample from muscle tissue. In the Latin square design, the liver 

sample was assigned to red and the muscle sample to green in one array, and reversed 

in color in the other array. DG and AVG effects were not considered since they were 

completely confounded with each other and were orthogonal to all other effects, which 

in consequence did not alter the estimates of other terms if left out of the model. A 

model with effects A, D, V, G, AG, and VG was applied to this data and gene effects 

Gg and interactions (VG)kg were estimated. The difference (VG)ig — {VG)2g for each 

specific gene could be estimated by a simple formula. 

In the reference design, an extra placenta sample was used with red dye in each 

array and only one of muscle and liver samples were compared to it on any single 

slide. Here the varieties and dyes effects are completely confounded so dye effects 

were not included in the model. Also AG effects were not included so some degrees of 

freedom were saved to estimate the error. However, since the AG effects are partially 

confounded with the VG effects in this design, excluding AG from the model leads 

to potentially biased estimates of VG effects. A model with effects A, V, G, VG was 

applied and the difference {VG)\g — (VG)2g was estimated. 

To determine if the differences (VG)\g — (VG)2g are significantly different from 

zero and to avoid the normal distribution assumption, this paper used the parametric 

bootstrap method to estimate the confidence intervals of the difference: resample 

with replacement from the rescaled empirical distribution of the residuals from the 

original fit, add them to the fitted value from the original fit to generate a new set 

of observations. The model was fitted to 20,000 such bootstrap data and the 0.5th 

and 99.5th percentile of the 20,000 difference {VG)\g — (VG)2g estimates were used 
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as the lower and upper bound for its 99% confidence interval. 

The two designs were compared using two approaches: comparing only duplicates 

on each single slide or comparing common genes across all four arrays. Both results 

agree for most of the genes. In general, reference designs are readily extended but 

more and more data are collected on the uninteresting reference sample, i.e., the 

placenta alone. A Latin square design is better since it has narrower confidence 

intervals than reference designs. As Kerr & Churchill state, "In general, for a given 

number of arrays, designs that are balanced across the samples of interest will provide 

the greatest efficiency". 

Lee and Whitemore (2002) [25] 

"Power and sample size for DNA microarray studies" 

As its name indicates, this paper focuses on power and sample size calculation for 

different experimental designs and aims to find designs with high power while con­

trolling type I error. An ANOVA model with interaction terms is still applied and 

selected interaction parameters are used to measure differential expression of genes 

across experimental conditions. 

This paper using a fixed ANOVA model to test the null hypothesis Ho : (VG)g = 0 

(gene g is not differentially expressed) vs Ha : (VG)g = (VG)d (gene g is differentially 

expressed with difference (VG)d), under assumptions that (VG)g ~ Nd(0,a2) under 

H0, and (VG)g ~ JVd((VG)d, cr2) under Ha. Here the (VG)g is the vector of interac­

tion parameters for gene g. Instead of using each individual interaction effect under 

control or treatment group, the summary measures Sg = h((VG)g) are used for anal­

ysis, where Sg ~ fo{s) under Ho, and Sg ~ /i(s) under Ha are assumed. The function 

h can be any pre-defined function that captures the particular differential expression 

features. In this paper, a linear summary and a quadratic summary of differential 

expression are considered. The Sidak and Bonferroni multiple test corrections are 

used. The power calculation procedure was developed for each summary function 

for each gene, and for independent estimation error and dependent estimation error, 

respectively. Its application to matched treatment and control pairs designs, to com­

plete randomized designs, and to isolated effect design (differential gene expression 
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Table 3: Multiple Testing Framework 

test hypothesis 

True 
False 

total 

test declaration 
Not-Significant Significant 

U V 
T S 

m-R R 

total 

mo 

m 

exist in one of C experiment conditions, but without knowledge of which condition it 

is) were illustrated. Also power assessment was performed on two pilot studies. 

Benjamini, Y. and Hochberg, Y (1995) [3] 

"Controlling the False Discovery Rate: A Practical and Powerful Approach to Multiple 

Testing" 

This paper suggested a new multiple test procedure - the False Discovery Rate (FDR). 

Instead of controlling the family-wise error rate as do the classical multiple test meth­

ods, this procedure controlled the expected proportion of errors among the rejected 

hypotheses, which was termed FDR. It was less conservative than the traditional 

multiple test methods and it tolerates some Type I errors, provided their number is 

small in comparison to the number of rejected hypotheses. 

The FDR was defined as follows: consider the problem of simultaneously testing 

m null hypotheses H°, H%,- • •, H^, of which m0 are true (see Table 3). Parameters 

mo and mi (the number of false null hypotheses) are usually unknown. Denote the 

number of hypotheses that have been rejected as R. Ris random but observable. 

Define the proportion of the rejected null hypotheses which are erroneously re­

jected as Q = ^ . Then the FDR is the expectation of Q (denoted as E{Q)). 

The FDR is equivalent to the control rate of the classical multiple test - the 

Family-Wise Error Rate (FWER, which is equal to P(V > 1)) if all null hypotheses 

are true, and it is smaller than or equal to FWER when m 0 < m. 
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The paper defined the FDR multiple testing procedure as follows: Consider test­

ing Hi, H2, • • • , Hm based on the corresponding p-values Pi,P2, • • • ,pm- Denote the 

ordered observed p-values as p^ < p(2) < • • < P(m)i a n d denote the null hypotheses 

corresponding to p^) by H^). The FDR procedure is: let k be the largest i for which 

P(i) < ~cf, (2.4.1) 
m 

then reject each H^), i = 1, 2, • • • ,k. 

The paper proved that for independent test statistics, the FDR procedure controls 

the FDR at q*. The authors indicated that this method has greater power than FWER 

controlling methods such as Holm's step down procedure. 

This paper performed a simulation study to compare the performance (the pro­

portion of the false hypotheses which are correctly rejected) for the FDR methods 

and two other FWER controlling methods: the Bonferroni method and Hochberg's 

method. Simulations show that the FDR performs substantially better than the other 

two methods, in terms of the proportion of the false null hypotheses which are cor­

rectly rejected. 

Dabrowski (2006) [8] 

"Statistics for Comparison of Two Independent cDNA Filter Microarrays" 

This paper deals with the high multiplicity of tests generated by a microarray experi­

ment. Independence across genes is assumed and a parametric approach is developed 

to detect whether or not the k largest observed gene expression differences are real 

differences. This paper considers experiments with two filter microarrays - one from a 

control and one from a treated preparation. A filter microarray is the type of microar­

ray where only a single wash is applied to each slide, so that the original intensity is 

used. For this type of microarray, the difference from the previous papers discussed 

here is comparable to that between paired and unpaired experiments. It is assumed 

that there are 2 dots on each slide for each gene, and the data have been cleaned and 

normalized to remove slide surface effects, inter-slide scaling effects and other similar 

problems. 
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This paper focused on the distribution of p-values from each single gene test and 

developed a multiple comparison procedure for testing whether or not at least k + 1 

genes in the pool of genes exhibit differential expression or if a pre-determined group 

of genes show a cumulative significant effect even if individually no single gene test 

has a small p-value. It is assumed that the observations are statistically independent, 

the means and variances are fixed for a single gene on a single slide, but may vary 

between genes and between control and treatment slides. Continuous densities are 

assumed to exist. 

For each single-gene comparison, the usual two-sample statistical tests, like the 

t-test for normally distributed genes, can be used to detect the differential expression. 

The limitation is that only 2 duplicates are available to estimate the mean value of 

genes expression under each condition. 

When all genes in the experiment are considered, to test the hypothesis KQ: exactly 

k genes are differentially expressed vs Ka: at least k + 1 genes are differentially 

expressed, this paper proposed to build a likelihood ratio test on the density of p-

values. It is assumed that pg for testing of each single gene H0 : \ix — fiy vs 

Ha • (J>xg > Hyg, has continuous density f0 under HQ and / i under Ha. If a t-test is 

used for a single gene comparison, then /o is the uniform distribution on [0,1] and / i 

is monotone decreasing on [0,1]. Using a likelihood ratio test, KQ is rejected when 

the test statistic D = nse{/i(Pr )>i,r >k\ /i(Pr9) is big, where rg is the rank of the 

p-value for gene g. Note that the test statistic D is a function of / i . If we assume the 

normal distribution to have variance 1 for the single gene test statistic, the fi(prg) is 

sigmoid but can be approximated by a straight line. The linear decreasing function 

/ i = 2(1 — x) is used as an example for illustration. The null distribution of its test 

statistic D has a simple expression and can be easily simulated so that the test can 

be conducted for collected data. 

Any single gene test that generates a uniformly distributed p-value under H0 can 

be applied to this approach. If the above assumptions are not biologically tenable, 

another appropriate single gene test can be used to conduct the multiple comparison 

approach. This approach can also be used to compare the effects of more than two 

treatments conditions. 
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Dudoit et al (2002) [11] 

"Statistical Methods for Identifying Differentially Expressed Genes in Replication 

cDNA Microarray Experiments" 

This paper used a multiple test procedure to study the differential expression of genes 

in a cDNA microarray experiment. It first computed a test statistic for each gene, and 

then used adjusted p-values of the test statistics to conduct a multiple test procedure. 

No specific parametric distribution was assumed for the test statistics. A permutation 

procedure was used to estimate the adjusted p-values. According to the author, this 

procedure "strongly controls the family-wise Type I error rate and takes into account 

the dependence structure between the gene expression levels". 

This paper first plotted the intensity ratio M = log2R/G vs. the mean log in­

tensity A = log2\RG on data from a self-self microarray experiment, in which two 

identical mRNA samples were labeled with different dyes and hybridized to the same 

slide. It concluded that the MA plot revealed more than the corresponding log-

intensity plots in terms of identifying spot artifacts, and was useful for normalization 

purposes. It proposed normalization methods based on robust local regression to deal 

with intensity dependent dye biases. It also argued that normalization was important 

and could not always be addressed by relying on unverified modeling assumptions. 

To detect differentially expressed genes, this paper computed a two-sample Welch 

t-statistic for each gene. Then it drew a Q-Q plot with the ordered test statistics 

against the quantiles of a standard normal distribution, to visually identify genes 

with 'unusual' test statistics. It also drew plots of t-statistics, their numerators, and 

denominators, against absolute expression levels, to visually examine the features of 

genes with large absolute t-statistics. 

To detect differentially expressed genes analytically, a multiple test procedure -

the Westfall-Young step-down minP adjusted p-values method - is used. The authors 

claimed that this procedure took into account the dependence structure between the 

test statistics. In this procedure, the adjusted p-values are defined by 

prj =maxk=1,..j{Pr(minle{rkr..trm}Pi <prk\H^)}, 

where H^ = n™=1HQ (all null hypotheses in the family are true), P; denotes the 
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random variable for the unadjusted p-value of the /th hypothesis Hi, and pTk is the 

r^th ordered unadjusted p-values of the t-statistics. 

In this paper, a permutation algorithm was used to estimate adjusted p-values 

and to avoid parametric assumptions about the joint distribution of the test statistics. 

The details of the permutation method were described in the paper. Since the joint 

null distribution of Pi, • • • ,Pm still needed to be estimated to calculate the adjusted 

p-values, the additional resampling could be computationally intensive. For ease of 

computation, this paper used a multiple test procedure based on the step-down maxT 

adjusted p-values, which were defined in terms of the test statistics Tj themselves as 

prj =maxk=lt...J{pr{minle{rkt...trm}\Tl\ > \trk\ | # f ) } , 

where \tri\ > \tT2\ > • • • > | i r m | denote the ordered observed test statistics. 

The maxT p-values were equal to the minP p-values when the test statistics Tj 

were identically distributed, and it would lead to unbalanced adjustments ([31], page 

50) in the non-identically distributed case. 

The methods were applied on two microarray experiments. Both experiments 

used a reference design, with 8 treatment mice and 8 control mice against a pooling 

cDNA from the 8 control mice, on 16 slides. The experiments differed in a way such 

that the mice carried different gene types in both treatment and control groups. The 

adjusted p-values were much larger than the corresponding unadjusted p-values. The 

result produced by the adjusted p-values reflected the patterns seen in the Q-Q plots. 

In addition, the genes identified had meaningful biological links to the mouse types. 

Three single slide methods were also applied to individual slides. They could 

only identify part of the significant expressed genes detected by the adjusted p-value 

method, but with a large number of false positives. 

2.4.5 Work To Be Done 

We will start with single gene tests for different designs: Balanced Incomplete Block 

(BIB) design, reference design, and loop design. The distributions of p-values for 

each single gene test under both null and alternative hypotheses will be studied and 

the specific expression of the distributions will be calculated. 
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Here we assume that the data we used is already normalized and color balanced. 

That is, the data from different slides can be combined directly without any color 

adjustment. Slides are considered as blocks in each design. 

Two multiple test procedures, the FDR method and the Westfall-Young resam­

pling procedure, will be considered. For both methods, it will be useful to relate the 

sample size (number of slides) to the probability of rejecting a certain number of null 

hypotheses under different gene combinations; this will be useful in experimental de­

sign. We will study these relationships here. For the FDR method, notions of power 

will be developed, and lower bounds will be produced for the probability of rejecting 

a certain number of hypotheses and for the power of the FDR method. This could 

be applied to compare design efficiency. 

Under the assumption of independence, the Westfall-Young resampling procedure 

is coincides with the step-down Sidak method, which is conservative. Also, it is time 

consuming to apply the step-down Sidak method in experimental design. We will 

propose a way to speed up the simulation for the first few adjusted p-values and 

will develop their asymptotic distribution under different gene combinations. This 

could be used as a guide for sample size selection. We will also discuss a modified 

adjustment suggested by an anonymous reader. 



Chapter 3 

Tests Applicable To a Single Gene 

In this chapter we look carefully at the data for a single gene among the thousands 

of genes available in a microarray experiment. For an idealized setting we obtain 

expressions for the density of p-values under the null and alternative hypotheses. 

These expressions are too complex to employ directly in Chapter 4, so we propose 

simple approximate boundaries that will allow further theoretical development. 

3.1 The Model 

Each gene will appear on different spots on a single slide and on different slides. 

In full generality one would model all of those effects, but here we assume that the 

slides already have been adjusted, data has been background-corrected if required, 

and the intensities obtained from each slide are already normalized. Thus the data 

from all slides have had systematic effects removed and are ready to be combined 

and compared directly. In keeping with current practice in microarray data analysis 

we assume that the normalization procedures have provided data without systematic 

variation. 

We assume that b slides will be used to hybridize genes, the same set of genes ap­

pear on every slide, and each gene appears once on each slide. For each single gene, 

we have t treatment conditions to be compared, and each treatment appears on at 

31 
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least 2 slides. For each single gene, we will build standard models which include treat­

ment effects and will evaluate the F-test statistics for differential expression between 

treatments. The distribution of p-values of the F-test under HQ\ not differentially 

expressed vs Ha: differentially expressed will be studied. We will consider three ex­

perimental designs popular in current practice: Balanced Incomplete Block (BIB) 

design, reference design, and loop design. As discussed in Chapter 1, the reference 

design is a commonly used design in microarray experiments. It is easy to use, but 

it collects most of its information on the reference group. The loop design collects 

double the information on treatments groups using the same number of arrays as 

in reference designs. However, when the number of treatments to be compared is 

large, the loop becomes big and it is hard to obtain an accurate comparison between 

treatments which are located far apart in the loop. Theoretically, the BIB design will 

solve this problem, so we will consider it here also. 

In the case that genes are spotted more than once on a single slide, the intensities 

collected could be treated as replicates and we will have more degrees of freedom to 

estimate the error terms and the estimators are more accurate. However, the relative 

efficiency of the designs is the same for any given number of replicates. Hence, we 

will assume no replication here for simplicity. 

We will later develop a notion of power for False Discovery Method (FDR) and will 

use the distribution of independent p-values under alternative and null hypotheses 

for each gene to examine that notion, so the performance of the different designs can 

be compared. 

3.1.1 Simple 2-way Model 

We will employ the simple 2-way model 

Vij^li + Bi + Tj + eij, (3.1.1) 

where i = 1, • • • ,b, and j = 1 • • • t. Here, y^ denotes the observed intensity of the jth 

treatment on the ith. slide. Each slide is treated as a block. Bi denotes the i th block 

effect, Tj is the j t h treatment effect, and e^ is the error term. Here we assume both 

effects Bi and Tj are fixed effects. The error terms are assumed to be independent, 
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and have a centered normal distribution with common variance a2 > 0. This variance 

may change from gene to gene, but is assumed constant across (normalized) slides 

for a single gene. In this model, recall that we assume that a careful normalization 

has already been performed on the intensity measures y^ so that the intensities from 

different dyes can be compared on an equal basis. 

The contrasts between treatment conditions T^ — Tj2 are of interest here and will 

be used to evaluate whether a gene is differentially expressed under conditions j \ and 

h-
Assuming n^ is the number of observations for the ith block and jth treatment, 

denote n,- - zJi=i' J2i=inij> a n d n.. = Y^iY^ini3- Then n*. = 2 for all 

i = 1, • • • b, since each slide only contain 2 treatments. 

The model can be written as Y = X@, where /3 is the parameter vector (fj,, B\, • • • , Bb, 

Ti, • • • , Tt)', Y is the tb x 1 observation vector and X is the tb x (1 + b + t) design 

matrix. For notational simplicity, we will add rows with all 0 elements to X and Y 

to represent those pseudo observation for n^ = 0 . Ordering y^ by slide and then by 

treatment, we will have 

Y=l 

2/n 

2/21 

2/2t 

2/61 

Vbt 

X=l 

btxl 

n u 

"12 

nu 

0 

0 

0 

0 

0 

n 2 i 

n22 

u, btxl 

0 n2i 

0 

0 

0 

0 

0 

0 

0 

nu 

0 

0 

"21 

0 

0 

ni2 

0 

0 

^22 

0 0 0 

n M nbi 0 

™&2 0 nb2 

nu 0 0 

0 

0 

nu 

0 

0 

n2t 

0 

0 

«6t 0 0 

Uu-x.1 is a vector with element 0 for ntj = 0 and element 1 elsewhere. For n^ = 0, the 

corresponding y^ = 0. 
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Therefore, the matrix X'X is as follows: 

n.. 

ni. 

n2. 

nv 

0 

n2. 

0 

n2. 

X'X = { nb. 0 0 

n.i n n n2i 

n.2 ni2 n2 2 

v n.t nu n2t 

nb. n.i n.2 

0 n n n i 2 

0 n2i n22 

nb. nbl nb2 

n H n.i 0 

nb2 0 n.2 

nu 0 0 

n.t 

nu 

n2t 

nbt 

0 

0 

n.t 

The matrix X ' X has order 1 + b + t. The sum of the b columns after the first 

equals the first column, and the sum of the last t columns equals the first column also. 

Thus, the rank of X'X is b + t — 1. Therefore, the normal equations X'X(3 = X'Y 

has no unique solution. The general form of the solutions could be described through 

the generalized inverse of X'X. If /?° is a solution of the equations, then /3° has the 

representation /5° = GX'Y, where G is a generalized inverse of X'X. 

Searle [29, page 215] described a procedure for deriving (3° and G. We will follow 

this procedure to obtain a solution (3° and a generalized inverse G for our model: 

Since X'X has 1 + b + t rows and its rank is b + 1 — 1, we can delete 2 rows and the 

corresponding columns from X'X, to leave a symmetric sub-matrix (denoted (X'X)i) 

of full rank. Corresponding to the rows deleted from X'X, we delete elements from 

X'Y, and call the modified vector (X'Y)t. Then solve # = [(X'X)l}-1(X'Y)l. In 

P°, all elements corresponding to rows deleted from X'X are zero; other elements are 

those of /3f, in sequence. The generalized inverse G corresponding to the solution /3° 

can be obtained in the following way: in X'X, we replace all elements of (X'X)i by 

those of its inverse, and put all other elements zero. The resulting matrix is G. 

One of the easiest ways to do this for our model is to put u° = 0 and Tf = 0. The 
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equations left are 

< 

Til. 0 • 

0 n2. 

0 0 

nn n2i 

nn n22 

^ l ( t - l ) «2(t-l) • 

0 

0 

nb. 

nm 

• • nb(t-i) 

nn 

" 2 1 

nb\ 

0 

0 

" 1 2 • 

n22 • 

n&2 • 

0 • 

n.2 • 

0 • 

• « i ( t - i ) 

' «2 ( t_ l ) 

' «6(t-l) 

0 

0 

• nit-l) J 

> < 

f B ? 1 
£2° 

B°b 

n 

K 1 t - l J 

> = < 

2/2. 

Vb-

2 / 1 

y-a 

. y - t - i > 

The left-most matrix will be denoted as (X'X)i. We split it into submatrices as 

follows: 

(X'X)i 

where 

Dh 

nx. 

0 

0 

0 • 

n% • 

0 • 

• 0 

• 0 

• nb 

Db N 1 

N' A-i J 

1 n.i 
A - i = < 0 

o 

0 •• 

n.2 •• 

0 • 

0 

0 

• n - t - i 

and 

N 

nn n12 •••ni(t_i) 

n 2 i n 2 2 • • • n 2 ( t _ i ) 

, nb\ nb2 ••• n 6 ( i _ i ) 

> • 

Using the statement that 
- l 

A B \ _ I A"1 + A - ^ i y S ' ^ - 1 - A - ' M 

\ B' £> J ~ \ -WB'A-1 W 

where W = (D — .BM""1.^)-1, we can obtain the inverse of (X'X)i: 

W = (Dt-i-N'D^N)-1 = C-1, 

-C^N'D;1 C-1 (X'XV = 
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To solve (X'X)iPf = X[Yh we split X[Yi into 

X[Y = 

where 

V\-

yi = < 

v y»- , 

} , y2 

V-i 

y-t-i 

Then a solution to the normal equations is 

/?° = 

o i r o 
B° 

0 

> = < 
D~lyl - D^NT0 

C-1(y2-N'D^1yl) 

0 

>• 

Denote V = yl - N'D^yl = {VJ}. Then we have Vj = y.j - E*=i ^»-> f o r 

j — 1, • • • , t — 1. For C = {cjy } = Dt-x — N'Db
 lN, we have Cjj = n.j >6 n: 

E?-i — for 

•̂ —'1=1 n,. j = 1, • • • , t - 1, and cjr = - E l i = , ^ j ' ^ j . 

Denote by ŷ  the vector 

Vb= { 

ILL. 
n i . 

1/2-
n2-

2k. 
T l ; , . 

and so we have yb = Db
1yl. Then the solution (3° can be written as 

/5° 

0 

5° 

0 

> = < 

0 

y - D~lNC-lV 

0 

The generalized inverse of X'X corresponding to this solution is 

0 0 0 0 

G={ 
0 D-1 + D7lNC-xN'D71 -D7lNC~l 0 

0 

0 

-C~lND7l 

c-1 

0 

0 

0 
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Our goal of using this model is not to estimate a solution only, but to compare 

treatment effects through hypothesis testing. To test a testable linear combination of 

parameters H:S'P = s, denote Q = {S173°)'(S"GS)_1CS"'P°), then since 

Y ~ N(X0, a21), /3° = GX'Y ~ N(GX'Xp, a2GX'XG'), 

and by the fact that H : S'j3 = s is testable, we have 

S'(3° ~ N(S'fJ,S'GSa2), Q/a2 ~ X
2 > i , ^-2(S'Py(S'GSyl(S'f3)}, 

with v\ = rank(S), and where Q and SS-E are distributed independently. Therefore, 

F{H) = 
SSE/(N - rx) 

(S'ppyis'Gsy^s'p0)^! 
SSE/{N - rx) 

- F'{vuN - rx, (S'(3)\S'GS)-l{S'f3)/2a2) 

= F'{vuN -rx,s'(S'GS)-1s/2a2) under H. 

Here rx = ran£;(X), AT is the number of observations, SSE/a2 = ( F ' ( / - l G r ) ^ ) / f f 2 

Xw-ra;' a n d -^' is a non-central F distribution. 

In microarray experiments, slide effects are not of interest and contrasts between 

treatments effects are usually the focus of the experiments. Therefore, hypothesis 

tests are only related to T° when applying this model. The matrix 5" always has the 

form (0,0, K). The first 0 is a vector zero, it contains the coefficient for \i\ the second 

0 is a matrix zero, it contains the coefficients for B\, • • • , B\. Thus, S'P = K'T, and 

S'GS = K'[C ° \K. 
V 0 0) 

For example, to test the hypothesis that all treatments are same vs all treatments 

are different from the treatment t (e.g, only one treatment t actually has effect on a 

disease) by a constant, the hypothesis is: H0 : 7} - Tt = 0 vs Ha : 7} - Tt = a for 

j = 1, • • • , t — 1 with a constant a. If the matrix notation is used, the hypothesis is 
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H0 : K'T = 0 vs Ha : K'T = al t_i, where 

K' = < 

1 0 •• 

0 1 •• 

0 0 •• 
V 

• 0 

• 0 

• 1 

- 1 

- 1 

- 1 
> 

> l t - 1 = < 

( t - l ) x t 

1 

1 

1 
( t - l ) x l 

Substituting these values into the test statistic expression gives 

S' = (0 0 K') = (0 0 /«_! - l t_!), S'GS - It-XC-Ht_x = C"1, 

S'/3 = X T , 5'/3° = C_1Vi 

Q = (s'/pyis'Gsyis'/P = vc~lv. 

Thus, the test statistics for this hypothesis is 

Q/vi 
F{H) = ~ F'{uuN - rx, {K'T)'C{K'T)/2a2). 

SSE/{N - rx) 

It has a central F distribution under HQ, and a non-central F' distribution with non-

centrality parameter 5 = a2l't_1Clt-i/2a2 under Ha. Therefore, for large F{H) (i.e. 

for small p-values), the null hypothesis will be rejected and the gene will be concluded 

to be differentially expressed. 

Another commonly used hypothesis is HQ : K'T = 0 vs Ha : K'T = {a,} - under 

the alternative, the differences between treatments differ. The test statistic for this 

hypothesis is same as the one above, but it has an F' distribution with non-centrality 

parameter 6 = {aj}'C{a,j}/2a2 under the alternative. 

Other comparisons between treatments 7} — Ty can be estimated by the difference 

of the estimated values of 7) — Tt and Tj> — Tt, and their F-statistic can be calculated 

using the corresponding matrix K. 

3.1.2 Other Models 

There are other models which can be applied in microarray experiments. For exam­

ple, if multiple spots are used for one gene, and if we also want to adjust for spot 
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differences, then the model Y^ = fj, + Bi + Tj + S^k + e ^ can be used. Here, S^k 

is the kth spot effect nested in the ith slide. This model becomes more practical 

when the spots of replicates are located far from each other on the slides and/or have 

different locations on different slides. The analysis will be similar to that described in 

the preceding section. We will rename the BIB design the "modified BIB design" in 

this case, since now each block (slide) contains the same treatment more than once, 

while the regular BIB design requires that no treatment appears more than once in 

any block. However, the design is still balanced across slides and we cannot allocate 

more than two treatments on the same slide no matter how many spots are available 

due to the two dye system limitation in microarray experiments. This modification 

will be necessary for the definition of the BIB design when genes are multiply spotted 

on the same slide even without considering the spot effects in the model. However, 

this modification will not influence the method of analysis. 

A dye effect can also be added to the model, or we can use a mixed model -

i.e., treat some effects such as the slide effects as random. The procedure to obtain 

the estimators and the test statistic is similar to the preceding but more complicated. 

However, once the test statistic for treatment differences is determined and its p-values 

is calculated, the multiple testing procedures can be applied to detect the differentially 

expressed genes. We will discuss different multiple testing procedures and estimate 

the asymptotic distributions of the adjusted p-values in next few chapters. Model 

( 3.1.1) will be used in this thesis since we will focus on experimental design and this 

model is adequate for this purpose. Other more complicated models could be applied 

for data analysis. 

3.2 Non-centrality Parameters 

In this section we will consider three different designs - the BIB design, the ref­

erence design, and the Loop design. We will use model ( 3.1.1) and compare the 

non-centrality parameters of test statistics for different designs under the alternative 

hypothesis Ha : Tj — Tt = dj for j = 1, • • • ,t — 1. In general, if the non-centrality 
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parameter is larger, it will be easier to reject the null hypothesis and detect the differ­

entially expressed genes, and the corresponding design is better. We assume b slides 

will be used to compare t treatments, and each treatment will appear at most once 

on each slide for each gene. 

3.2.1 BIB Design 

For each single gene, a balanced incomplete block (BIB) design is used to compare t 

treatments. Each microarray slide is considered as a block, and each block contains 2 

treatment conditions. Assume we have b blocks, t treatments, each treatment appears 

r times, and each pair of treatments appears together A times. We know for a BIB 

design, those parameters are not independent and they must satisfy the following 

restrictions: 

N = txr = bx2, Xx(t-l) = r, b>t. 

To establish the second restriction, we consider any treatment T. It appears in r 

blocks, in each of which is also another treatment. The r blocks have to contain the 

remaining t — \ treatments exactly A times each. Hence, r = A x (t — 1). For r and A 

to be integers, it is equivalent to requiring that 2b/t and 26/(£ • (t — 1)) be integers. 

Under these restrictions, the number of observations of treatment j in each block i 

satisfies the following equations: 

flu, TIA "X]1 <"ij 

rii. 

riij — 0 or 1, n — n„ — VJ VJ \ 
i 3 

/ j i^ij = *>i IT>,J = y j Tijj = r, y ^ TiijUij* = A, 

and rank(X) = b + t — 1. To find the distribution of the test statistics, we need to 

first calculate the matrix C. Plugging the restrictions of ni;- into the definition of the 

matrix C, we have 

b 2 b 

cJi = n-j ~ Y^ ^7 = r ~ S3 i f = \ f°r i = 1]''' ' * ~ lj 
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^33 —E nijnij' J- x r • i •/ • •/ -, 

n,;. 2 
• , i - l . 

Therefore, 

Cere = 

-A ••• -A \ 

-A r 

\ -A -A 

here, r = 2b/t and A = 2b/(t • (t - 1)). 

A-, 

To test Ho : A"'T = 0 vs Ha : i f T = {a,-}, where X' = (/*_! - l t_i), the test 

statistic F(H) — SSE/m-rx) ~ F'(t — l,b — t + l,5) has a central F distribution under 

HQ and a non-central F' distribution with non-centrality parameter 

5 = (K'TyCBIB(K'T)/2a2 

= {aj}'CBIB{aj}/2a2 

i~[(r + A)f>5-A(f>)a] 
4CT2 

3=1 
t-i 

3=1 
t-l 

- sriffVE"?-(£<*>•] ( ( 4 - 1 ) ' 4 ? 
' 3=1 3=1 

under Ha. For the special case {a,,} = alt_i, we have under i/a , 

* - ^ - ^ E V < E V I 
y . 7 = 1 . 7 = 1 

3.2.2 Reference Design 

For each single gene, a reference design is frequently used in practice - an extra treat­

ment condition besides the t treatments is required. This condition is named the 

reference condition and is labeled with one color (e.g. red). Each of the t treatments 

is labeled in another color (e.g. green), and is hybridized to the slide together with the 
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reference condition, see Figure 6a (page 15). Thus, the reference condition appears 

in each slide and so it is repeated b times. For the other t treatment conditions, each 

slide only contains one of them. Assume each of the t treatments is repeated r times, 

then r = b/t, given that b/t is an integer. 

The number of observations n^ in this design has the following properties: 

= 0 or 1, n. 131 rii. = 2 , 

n., 

and 2_.'< 
0 

r 

for j = 1 • • • t, 

for j = t + l. 

for j = 1,.-. ,t, and f ^ t + l, 

for j = 1, • • • ,t, and j ' = t + 1. 

Now rank(X) = b + t. In this design, all treatments of interest are compared to 

the reference treatment only, and there are (t + 1) conditions in total. Change t to 

(t + 1) in the model, and let u = 0 and TJ+i = 0 to solve the normal equations. The 

same expressions can be used to estimate the parameters, with the size of matrices 

(or vectors) N, C, and V be modified respectively - N has size bxt, C has size txt, 

and V has size t x l . We will rename C as Ct to emphasize its size. The elements of 

Ct are: 

— = r - 2 ^ — = - , for 3 = l, 

b 

n; 
• , t , 

! = 1 

E Ui. 
0, for jjLj\ j,j'= !,••• ,t. 

That is, 

Ct 

2 

0 

\ 0 0 

0 
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To test H0 : K'T = 0 vs Ha : K'T = {aj}, where K' = {It-i - h-i 0), (the 0 is 

for the reference condition,) we have 

S> = (0 0 K') = (0 0 / t_! - l t _ X ) 0), 

S'GS = (/*_! - i t _ i ) - c ; 
- i / / t - i 

•il-i 

= - - (/*_! + l t_ l l j_^ 

/ 2 1 ••• 1 \ 

1 2 ••• 1 

1 1 ••• 2 / 

It is easy to calculate that 

/ t-1 - 1 

U = (S'GS)-1 = -

We have 

S'(5 = K'T, S'P° = (/t_! - l t . O C T ' V , 

-1 \ 

-1 t-1 ••• - 1 

V - l - l ••• t - i / 
\ ' t - 1 

Q = (S'f3°)'(S'GS)-1S'(50 = V'C-1 

= 1 V [ ^ ^ ] V tr y-V^ t-1 J 

Thus, the test statistic 

F(H) - 2M 

"£>" U-i)C^V 

SSE/(N-rx) 
F'(t-l,b-t,5) 
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has a central F distribution under H0 and a non-central F' distribution with non-

centrality parameter 

5 = {K'T)'U{K'T)/2a2 

3 = 1 3=1 

under Ha. Here, vx = rank(K') — t — 1, and N — rx = 26 — (6 + t) = b — t. For the 

special case {a,-} = al t_i, we have under ifa, 

1 a2b(t-l) 

3.2.3 Loop Des ign 

A loop design (see Figure 6b, page 15) can be used for each single gene between 

treatments. Ordering the t treatments in a list {1,2, • • • ,£}, the loop design requires 

that each treatment j is only hybridized with the preceding treatment (j — 1) and 

with the following treatment (j + 1). The 1st treatment is considered as the treatment 

following the ith treatment (the last treatment), so that a loop is formed. Treatments 

that are not next to each other will not be hybridized in the same slides. For a loop 

design with b slides and t treatments, if each treatment appear r times, then r is even. 

Each pair of consecutive treatments will appear together | times. 

Using the n^ notation, for t > 2, we have 

riij = 0 or 1, nfj- = n^, nt. = 2 , n.j = r, 

, v ^ / § */•?' =J + 1 or J - !' 
and 2_,nijnij' = \ 

; 0 otherwise. 
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and rank(X) = b + t — l. Here r = 2b/t is an integer, j — l = tiij = l, and j + 1 = 1 

if j = t. 

To calculate matrix C, plug these conditions of n^ into the definition of C: 

cw = n-J - 2 ^ — = 9' / o r j = 1, • • • , t - 1, 
i = i n,-. 

. . rii. 
i = l 

- | »/ (j > l , j ' = J + l o^ J - l ) 

or 0' = l , / = 2), 
0 otherwise. 

That is, 

a loop 

r r r 
"4 2 4 

r r r 
4 2 4 

"4 2 / t _ ! 

with r = 2b/t. 

To test H0 : K'T = 0 vs Ha : K'T = {aj}, where K7 = ( J ^ - l t _ i ) , the test 

statistic 

F(ff) QM F ' ( i - l , f c - i + l,<5) SSB/(iV-ra;) 

has a central JF1 distribution under H0 and a non-central F' distribution with non-

centrality parameter 

S = (KT)'aoop(KT)/2a2 

= {aj}'CiooP{aj}/2a2 

t - l t - 2 
1 r 

2 ^ ' 2 

1 6 

2CT2 ' t 

E aj2 ~ E °JaJ+i] 

t - l t - 2 

J = I J = I 
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under Ha. Here, ux = t — 1 and N — rx = 2b — (b +1 — 1) = b — t + 1. For the special 

case {dj} = a l 4 _i , we have under Ha, 

1 h t _ 1 t~2 

_I_ ^ 
2a2 ' i ' 

3.2.4 Illustration of The Three Designs 

In summary, to test H0 : K'T = 0 vs Ha : K'T = {%}, the test statistic SSE/(N-rx) 

has a central F distribution with parameters v\, and ^2 = (N — rx) under Ho, and has 

a non-central F distribution with parameters vx, v2, and non-centrality parameter 5 

under Ha. Table 4 summarizes these parameters for the three designs. To have the 

three designs comparable, the pair (t, b) has to satisfy the conditions that both b/t 

and 2b/t(t — 1) are integers. 

We consider a design better if it is easier to reject the null hypothesis and detect 

the differentially expressed genes, i.e. it has a better power function. If the degrees of 

freedom are the same, a design with a larger non-centrality parameter indicates that 

the test statistic under the alternative is more skewed; thus it is more likely to reject 

the null hypothesis and so is a better design. 

Define the non-centrality parameters of the BIB design, the reference design, and 

the Loop design to be 5\, 62, and 5s. Table 4 shows that 61 > 62 for any t. Since the 

degrees of freedom (y\ and 1/2) are almost the same, we can conclude that with the 

same number of slides and the same number of treatments, the BIB design is better 

than the reference design in terms of detecting a single differentially expressed gene. 

The comparison between the BIB design and the loop design depends on the 

number of treatments and the order of the treatments in the loop. For t = 2 or 3, 

they are the same. For t > 3, 2a2{5\ — 63) = {dj}'[CBiB — Qoop]{aj}. The matrix 

CBIB — Cioop is not positive definite, hence we cannot determine which one of the 

BIB or the loop designs is better. For example, for t = 4, the size of {a,} is 3 x 1, if 

{aj}' = ( 1 2 3), then ^ = §6 ><53 = §6; if {aj}' = ( 1 3 2), <$! = ffc ><53 = f b; but if 

{a,j}' = (2 1 3), 6\ = | 6 < ^3 = \b. In general, if the contrasts of each treatment to 
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the last t reatment Tj —Tt — a,j are not all the same (i.e., a,j ̂  ay for some j ^ f), 

the loop design is better than the BIB design provided that the treatments are not 

clustered; say the effects are distributed evenly in the loop. Tha t is, big effects are not 

clustered together and small effects are not clustered together either. For example, if 

the treatments are ordered in the loop to have effects such as {a} = ( 1 4 1 4 1 4 1 4 ) , 

the loop design will be better than the BIB design (Si = 2.946 < d>3 = 4.446); but if 

they are ordered so that {a} = ( 1 1 1 1 4 4 4 4), the loop design will be worse than 

the BIB design (Si = 2.946 > <S3 = 1.446). 

design vx u2 6 : K'T = {aj} 5 : K'T = alt-i 

BIB t - 1 b-t + 1 ^ ^ • ^ E S X - E ^ . ) 2 ] £ • * ? 

Reference t-1 b-t 52 = £ • U^%\ a? - ( E ^ i «i?\ h ' " ^ 

Loop t - \ 6-« + l 53 = ^-f[E;=i^-E;=iW+i] 
1 aH 

2a 2 ' t 

Table 4: The parameters in the F-statistics for testing Ha : K'T = {aj} of three 
designs. Here, both b/t and 2b/(t(t — 1)) should be integers. K' = (It-i — l t- i) in 
BIB and Loop designs, and K' = (It-i — lt-i, 0) in the reference design, where the 
0 is the coefficient for the reference condition. 

The same situation occurs when we compare the loop design to the reference 

design. When t = 2 or t = 3, the loop design is better since it is the same as the 

BIB design, which is better than the reference design. For t > 3, let us consider 

2a2(53 — S2) = {aj}'[Ci00p — U]{a,j}. When t = 4, the matrix 

/ 5 3 1 \ 

[Cloop — U] — 

V 
3 5 3 

1 3 5 
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l \ 

1 

4 

6 / 

These two matrices are positive definite, so that 83 — 82 > 0 for any {a,-}; thus the 

loop design is better. However, when t > 5, the matrix [Cioop — U] is not positive 

definite anymore. The loop design is sometimes better than the reference design but 

sometimes is worse. For example, if we order the treatments in the loop to have effects 

such as {a} = (14 14 14 14), the loop will be better than the reference design 

(<53 = 4.446 > 52 = 1.316), but if we order them so that {a} = (1 4 4 4 4 1 1 1), the 

loop will be worse than the reference design (83 — 1.11b < 82 = 1.316). 

For the special case {a,-} = al t_i, table 4 shows that the non-centrality parameter 

8 of the BIB design is the same as the 8 of the Loop design, and is bigger than the 8 

of the reference design. Therefore, with the same number of slides and same number 

of treatments, if all t — 1 treatments have the same effect and differ by a constant 

from treatment t, the BIB design is the same as the loop design, and better than the 

reference design, in terms of detecting a single differentially expressed gene. 

In conclusion, if there is no knowledge about the size of the treatment effects 

before the experiment, it can be assumed that only one treatment has a non-zero 

effect so it has a constant difference from all the other treatments. Alternatively, 

assume that there is a control group, and all other treatment effects differ by a 

constant from the control group. In this case, the test Ha : K'T — alt-i will be 

used. Both the BIB design and the loop design are better than the reference design. 

The BIB design may be a little more complicated than the loop design in practice 

since each pair of treatments needs to be hybridized together. However, if in fact, 

the treatment effects differ a lot (Ha : K'T = {OJ}, Oj — a,j are far from 0 for some i 

and j), the treatments with large effects might be clustered in the loop design. Then 

the BIB design is better than the loop design. If some knowledge about the size of 

the treatment effects is available and the sizes are different(e.g, based on literature 

review or previous experiments), then the treatments can be carefully located in the 

anu wnen 1 — o, 

[Cloop ~ U] — 

( 6 4 1 

4 6 4 

1 4 6 

\ 1 1 4 
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replicate r replicate r 
(t,b) 

(2,4) 
(2,6) 
(2,8) 
(3,6) 
(3,9) 
(3,12) 
(4,12) 
(4, 24) 
(4, 36) 

BIB/Loop 

4 
6 
8 
4 
6 
8 
6 
12 
18 

Reference 

2 
3 
4 
2 
3 
4 
3 
6 
9 

(t,b) 

(6,30) 
(6,60) 
(6,90) 
(8,56) 
(8,112) 
(8,168) 
(10,90) 
(10,180) 
(10,270) 

BIB/Loop 

10 
20 
30 
14 
28 
42 
18 
36 
54 

Reference 

5 
10 
15 
7 
14 
21 
9 
18 
27 

Table 5: Illustration of replicates per treatment for (t,b) pairs in different de­
signs. Simulations will be generated on these (t,b) pair in following chapters 
to demonstrate methods discussed there. 

loop evenly. In this case the loop design might be better than the other two designs. 

We will use the special alternative Ha : K'T = a l t - i as an example in the following 

chapters to illustrate the methods discussed there. Table 5 lists the (t,b) pairs we 

will use and the corresponding number of times (replicates) each treatment appears 

in the different designs. Table 6 illustrates the non-centrality parameter 8 for each 

(t, b) combination. Figure 7 shows the values of 5 with £ = 3, 6 = 6 or 12, cr = 1 and 

a 6 [0,4] for illustration. 

3.3 Density of The P-values 

We will discuss multiple comparison methods in the following chapters and the distri­

butions of the test statistics F(H) and their p-values under H0 and Ha are the keys 

to developing sample size estimates there. We will describe the distributions here. 

It is easy to show that under H0 : K'T = 0 for a specific gene g, the p-value p of 
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The non-centrality parameter 5 
a=0.5 a= l a=2 a=4 

(t,b) BIB/Loop Ref BIB/Loop Ref BIB/Loop Ref BIB/Loop Ref 

(2,4) 

(2,6) 

(2,8) 

(3,6) 

(3,9) 
(3,12) 

(4,12) 

(4,24) 

(4,36) 

0.25 

0.375 

0.5 

0.25 

0.375 
0.5 

0.375 
0.75 
1.125 

0.06 

0.09 

0.125 

0.08 

0.125 
0.17 

0.14 

0.28 
0.42 

1 
1.5 
2 

1 
1.5 
2 

1.5 
3 
4.5 

0.25 

0.375 

0.5 

0.33 

0.5 
0.67 

0.56 
1.125 

1.69 

4 
6 
8 

4 
6 
8 

6 
12 
18 

1 
1.5 
2 

1.3 
2 

2.67 

2.25 

4.5 
6.75 

16 
24 
32 

16 
24 
32 

24 
48 
72 

4 
6 
8 

5.33 

8 
10.67 

9 
18 
27 

Table 6: Illustration of the non-centrality parameter 5 for different (t,b) pairs under 
K'T = alt-i- Here a = 1 is assumed. 

the F test statistic is uniformly distributed on [0,1]: 

P\p<x] = P[(l - F0(F(H))) < x] 

= l-F0(F0-\l-x)) 

— x 

where Fo is the distribution function of central F, x € [0,1], and p = 1 — FQ(F(H)). 

Under the alternative, Ha : K'T = {aj}, where {dj} is a non-zero vector, the 

distribution of the p-value of the F-test statistic is 

D(x) = P\p < x] = P[l - F0(F(H)) < x] 
roo 

= / f(t,S)dt, 

for x G [0,1]. Thus, D{x) is related to 5 so we will rewrite it as D${x). In this calcula­

tion, F(t, 6) and f(t, 8) are the distribution function and density function respectively 
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— delta_BIB_b6 

' - delta BIB b12 
- delta_ref_b6 

delta ref bt2 

Figure 7: Illustration of the non-centrality parameter 6 for t=3, b=6 and 12, and 
cr = l, under K'T = alt-i. Here a is chosen in [0,4]. 

of a non-central F distribution with non-centrality parameter S — {aj}'(S'GS)~l{aj} 

(see previous sections for calculation). Under the alternative hypothesis specified 

above, the distribution of F(H) is actually F(-,8). 

We can calculate the density function d$(x) of p-values under the alternative 

hypothesis: 

d 
ds(x) 

dx 
Ds(x) 

-(f(F0-\l-x)),5) 
dF0~

l(l~x) 
dx 

= (f(F0-
1(l-x)),5)/(f0(F0-

1(l~x))) 

= e £ 
3=0 

X2SviF0-\l X) 

v2 + ViFa\l-x) 
{y\ + v*){y\ + v<i + 2) • • • (t/i + vi + 2(j - 1)) 

j ! 1/1(1/1 + 2 ) • • • ( i / i + 2 ( j - l ) ) 

for x G [0,1]. Here v\ and i/2 are the degrees of freedom of the numerator and 

denominator in the non-central F test statistics. The last equation is obtained di­

rectly from the non-central F distribution formula of [18, page 191]. As the den­

sity of a continuous random variable, dg(-) certainly exists on (0,1), and as a dif­

ferentiate monotone transform of an F distributed random variable (itself with a 



CHAPTER 3. TESTS APPLICABLE TO A SINGLE GENE 52 

smooth density), it will also be smooth. When x increases, -F0
_1(l — x) decreases and 

^iF0
_1(l — x)j{y2 + ^iF0

_1(l — x)) = VI/(V2/FQ1(1 — x) + v\) decreases. Therefore, 

ds(x) is monotonically decreasing on x € (0,1) for fixed 5, v\, and v2. Figure 8 il­

lustrates the plot of dj(x) for u\ = 2, v2 = 3, and different 5s. We can also find an 

upper bound of ds(x): since 

Oi + vi)(vi + vi + 2) • • • (i/i + v2 + 2(j - 1)) 
A3 = 

vl{v1 + 2)---(vl + 2(j-l)) 

1/1 + 2̂ î l + V2 + 2 I/! + V2 + 2(j - 1) 

V\ V\ vi + 2(j - 1) 

(i + Yl). ( 1 + _?!_) . . . (1 +
 v± > 

we have 

< (l + ^y , 

^ ( x ) 
_ £ 

e 2 E 
i=o 

3=0 

^F^jl-x) 
v2 + ^1F0"

1(1 - x 

IdvxF^jl-x^3 

UXFQ\\-X) 
Aj/j\ 

¥ 
~\3 

= e '2J2 
j=0 

* °° n ~ij 

^7J! 

(1 + ^)Vj! 

= e 2 • e 2 1 "i ; 

e 2 " i . 

Thus, for fixed 5, v\, and 1/2, ^ (x ) can be bounded above by a constant for all x in 

(0,1). 
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7 

6\ 

5J 

4-

3; 

2 

V 

0-, 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.6 0.9 1.0 

X 

Figure 8: The density function ds(x) of p-values under alternative hypothesis K'T = 
alt-i, for t = 3, b = 6. That is, v\ = 2, and v^ = 3. The S used here is chosen from 
the previous table for illustration. 

The asymptotic properties of extreme p-values will be dependent on the char­

acter of the left tail of the densities ds(x), in particular the rate at which D$(x) 

approaches 0 as a; decreases to 0. Since ds(x) is monotone and bounded, we can 

conclude that ds(0+) exists. However, due to the limitation of software, we cannot 

calculate the exact value of ^ (0+) since the number x we can use for SAS should be 

bigger than 0.000001. Consequently the exact limiting behaviour of minimal p-values 

is not accessible. However, we know when x decreases to 0, FQ1{\ — x) increases to 

oo, and d$(x) is a function of F0
_1(l — x). For large enough F0

_1(l — x), say 10000 

or 100000, dg(x) converges very quickly. Therefore, we could use the value of dg(x) 

with a large i*o-1(l — x) as an approximation of d$(0). Tables 7 and 8 illustrate d$(x) 

with i?
0~

1(l — x) = 10000 and 100000 for different t, b, a combinations and designs. It 

shows that for moderate b and a, which will lead to a moderate S, the value of d$(x) 

with F0
-1(l -x) = 10000 is very close to the value with F0

_1(l - a;) = 100000. Thus, 

the value of d&{x) at F0
_1(l — x) — 10000 could be used as a very good approximation 

for 0^(0). The difference becomes bigger for larger b or a (larger S). In this situation, 

a larger number than F0~ (1 — x) could be used to calculate d$(x) in case a good 

approximation of ds(0) is needed. 

In conclusion, this chapter has considered several standard experimental designs 

- deltas 0.08 -delta =0.33 della= 1 delta= 4 
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t 
2 

2 

2 

2 

2 

2 

2 

2 

2 

4 

4 

4 

4 

4 

4 

b 
4 

6 

8 

10 

20 

30 

4 

6 

8 

12 

24 

36 

12 

24 

36 

a 
1 

1 

1 

1 

1 

1 

2 

2 

2 

1 

1 

1 

2 

2 

2 

Fo-^l-x) 

10000 

100000 

10000 

100000 
10000 

100000 

10000 

100000 

10000 
100000 
10000 

100000 

10000 

100000 

10000 

100000 
10000 

100000 
10000 

100000 

10000 

100000 
10000 

100000 

10000 
100000 

10000 

100000 

10000 
100000 

8 
1 
1 
1.5 
1.5 
2 
2 
2.5 
2.5 
5 
5 
7.5 
7.5 
4 
4 
6 
6 
8 
8 
1.5 
1.5 
3 
3 
4.5 
4.5 
6 
6 
12 
12 
18 
18 

BIB desig 

ds(x) 
2.62 
2.62 

6.22 

6.22 
15.01 

15.04 

36.33 

36.42 

3009 
3042 

247816 
254041 

8.77 

8.78 

42.50 

42.59 
205.95 

206.77 
4.65 

4.66 

110.12 

110.43 

3539 

3563 

45.88 

45.95 

28566 

28769 
24014244 

24426698 

n 
g 
1.02 

1.02 

1.05 

1.05 

1.14 
1.14 

1.35 

1.35 
31 
31 
2479 

2541 

1.08 

1.08 
1.41 

1.42 

3.05 

3.06 
1.04 

1.04 

2.09 

2.09 

36 
37 
1.45 

1.45 

287 
289 

240143 

244268 

Reference design 

5 
0.25 
0.25 

0.375 

0.375 
0.5 
0.5 
0.625 

0.625 
1.25 

1.25 
1.875 

1.875 

1 
1 
1.5 
1.5 
2 
2 

0.563 

0.563 
1.125 

1.125 

1.688 

1.688 

2.25 

2.25 

4.5 
4.5 
6.75 
6.75 

ds(x) 
1.25 

1.25 

1.80 

1.80 
2.76 

2.76 

4.34 

4.35 
45.08 

45.28 
470.16 

475.09 

2.00 

2.00 

4.75 

4.75 
11.52 

11.53 
1.88 

1.88 

10.56 

10.58 

81.07 

81.36 

6.48 

6.49 

330.85 

331.97 

23169 
23367 

g 
1.00 
1.00 

1.01 

1.01 
1.02 

1.02 

1.03 

1.03 
1.44 

1.44 
5.69 

5.74 

1.01 

1.01 
1.04 

1.04 

1.11 

1.11 
1.01 

1.01 
1.10 

1.10 
1.80 

1.80 

1.05 
1.05 

4.30 

4.31 

233 
235 

Table 7: ds(x) with F0
_1(l - x) = 10000 and 100000 for different t, b, a combinations 

and designs. Column g will be explained and used later. 
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t 
6 

6 

6 

6 

6 

6 

8 

8 

8 

8 

8 

8 

10 

10 

b 
30 

60 

90 

30 

60 

90 

56 

112 

168 

56 

112 

168 

90 

180 

a 
1 

1 

1 

2 

2 

2 

1 

1 

1 

2 

2 

2 

1 

1 

F0-\l-x) 
10000 
100000 
10000 
100000 
10000 
100000 
10000 
100000 
10000 
100000 
10000 
100000 
10000 
100000 
10000 
100000 
10000 

100000 
10000 

100000 
10000 
100000 
10000 
100000 
10000 
100000 
10000 
100000 

s 
2.5 
2.5 
5 
5 

7.5 
7.5 
10 
10 
20 
20 
30 
30 
3.5 
3.5 
7 
7 

10.5 
10.5 
14 
14 
28 
28 
42 
42 
4.5 
4.5 
9 
9 

BIB design 
d5{x) 
41.95 
42.02 
34036 
34335 

4.8E4-7 
4.9E+7 

8346 
8385 

7.1E+9 
7.2E+9 
1.1E+16 
1.1E+16 
791.19 
794.34 
5.4E+7 
5.5E+7 

8.3E+12 
8.7E+12 
7.9E+6 
8.0E+6 
5.6E+16 
5.9E+16 
9.1E+26 
1.0E+27 

28640 
28853 

3.6E+11 
3.7E+11 

g 
1.41 
1.41 
341 
344 

478563 
488786 

84 
85 

7.1E+7 
7.2E+7 
1.1E+14 
1.1E+14 

8.90 
8.93 

544146 
554658 

8.3E+10 
8.7E+10 

78944 
79745 

5.6E+14 
5.9E+14 
9.1E+24 
1.0E+25 

287 
290 

3.6E+9 
3.7E+9 

Reference design 
5 

1.042 
1.042 
2.083 
2.083 
3.125 
3.125 
4.167 
4.167 
8.333 
8.333 
12.5 
12.5 
1.531 
1.531 
3.063 
3.063 
4.594 
4.594 
6.125 
6.125 
12.25 
12.25 

18.375 
18.375 
2.025 
2.025 
4.05 
4.05 

ds(x) 
6.52 
6.53 

357.05 
358.79 
33253 
33660 
167.85 
168.24 
1.1E+6 
1.1E+6 

1.3E+10 
1.4E+10 

36.99 
37.07 
37629 
38056 

8.2E+7 
8.5E+7 
13522 
13599 

4.4E+10 
4.6E+10 
3.3E+17 
3.5E+17 
324.61 
325.99 
1.0E+7 
1.1E+7 

g 
1.06 
1.06 
4.56 
4.58 
334 
338 
2.67 
2.67 

11206 
11338 

1.3E+8 
1.4E+8 

1.36 
1.36 
377 
382 

824649 
847745 

136 
137 

4.4E+8 
4.6E+8 
3.3E+15 
3.5E+15 

4.24 
4.25 

106583 
108861 

Table 8: Continue of table 7. 
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for comparing treatments in the context of microarray experiments, established non-

centrality parameters under a standard alternative, and related that non-centrality 

parameter to an upper bounds and an approximation on the rate of growth of Dg(x) 

at 0. 



Chapter 4 

Power Based on False Discovery 

Rate 

For high dimensional multiple tests involved in microarray experiments, the tradi­

tional multiple test corrections such as the Bonferroni or Sidak techniques become 

too conservative. The thresholds in these techniques are too small and many inter­

esting genes worthy of further attention will not be detected. Other less conservative 

techniques such as the false discovery rate have been developed in recent papers to 

overcome this high multiplicity problem. These methods generally belong either to 

permutation based methods or model based methods. Allison et al. [2, Chapter 5] 

summarized these techniques. 

Among the methods proposed in recent papers on microarray analysis, usually test 

statistics are computed for a single gene at a time in order to compare the differential 

expression of genes under different conditions. Then p-values are calculated by using 

either permutation or bootstrap procedures or by using an assumed model for the 

test statistics. The distribution of p-values could then be modeled by some density 

functions if possible. It is easy to show that under the null hypothesis the p-values 

based on a continuous test statistic have uniform distributions. Under the alternative, 

Hung et al. [16] illustrated that the distribution of p-values is a function of both 

sample size of the experiment and the true value of the parameter. They derived the 

exact distribution of p-values of t test statistics. Allison et al. [1] and Pounds and 

57 
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Monies [27] modeled a distribution of p-values using a mixture of a uniform and 

beta distributions. 

We derived the exact distribution of p-values of F test statistics under alternative 

hypotheses in Chapter 3. In this chapter, we will address the false discovery rate 

method and focus on the number of genes that are detected as differentially expressed. 

We review the definition of the FDR method in section 1 and list our questions in 

section 2. In section 3, we calculate lower bounds for the probability that at least 

k genes are detected using the FDR method, and for the probability that given mi 

truly differentially expressed genes, j of them are detected. Examples of how to apply 

our results to design problems are given. Section 4 gives numerical assessments of the 

lower bounds. In section 5, a Poisson approximation is developed as an alternate lower 

bound for the probability that at least k genes are detected as significant. Simulation 

results show that the Poisson approximation for the lower bound is good only for 

moderate mean values. 

A fundamental assumption of this chapter is that the p-values of tests for sepa­

rate genes are statistically independent. We know that the biological dependencies 

of differential expression levels among genes are present in every microarray study. 

Although in data analysis, applying resampling methods such as the bootstrap or 

permutation procedure allow us to preserve the dependence structure between the 

genes, it is virtually impossible to include these unknown dependencies at the design 

stage. Since our focus is on experimental design and not data analysis, we assume 

statistical independence for simplicity. 

4.1 False Discovery Rate 

The false discovery rate (FDR) was first introduced by Benjamini and Hochberg [3] as 

a procedure for multiple-hypothesis testing. The procedure was described in the first 

chapter, which we now summarize for convenience. We adopt a random mechanism 

for the number of genes coming from the alternative hypotheses. This random setting 

is as in Efron [12], despite the fact that we do not pursue a Bayesian approach. 

Assume that among m simultaneous hypotheses H°, H° ,• • •, H^, M0 of them are 
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test hypothesis 

True 
False 

total 

test declaration 
Not-Significant 

U 
T 

m-R 

Significant 

V 
S 

R 

total 

m0 

m i 

m 

Table 9: Multiple Testing Framework. 

"true null hypotheses" and TUQ is the value of MQ in a given experiment (see Table 9). 

Here, Mo ~ Binom(m,X): with A assumed to be a known constant. It would vary 

widely from one experiment to another. Since usually we don't expect to have a 

large number of differentially expressed genes, it is reasonable to assume A = 0.99 

for the purpose of illustration. Using the notation in Table 9, the false discovery rate 

is Q — V/R - the proportion of the rejected null hypotheses which are erroneously 

rejected. For the m independent tests denote the test statistics by J ^ , ^ , • • • ,Xm, 

with corresponding p-values pi,p2, • • • ,pm- Denote the ordered observed p-values as 

P(\) < P(2) < • • • < P(m)- The Benjamini and Hochberg procedure is: for 0 < q* < 1, 

let k be the largest i for which 

P(i) < -q*, (4-1.1) 
m 

then reject all of the corresponding null hypotheses H?^, • • • ,H?k-, . When the test 

statistics X\, X%, • • • , Xm are independent, among the k rejected tests the expectation 

of the false discovery rate E(Q) is less than or equal to q*. 

4.2 Questions To Be Studied 

The FDR method is less conservative than the Bonferroni or Sidak methods and is 

used in microarray data to overcome the high dimension testing problem. It can 

control the FDR at a given level q*, that is E(Q) < q*. But it is of interest to know 

first how likely it is to reject more than k hypotheses using this method for a given 

test, P[R > k]. If the probability of rejecting a moderate number of null hypotheses 
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is very small or very large, it would be helpful to know this fact before applying the 

method. 

Of course it is always of interest to know the power of a test. The power of a 

single test is defined as the probability of rejecting the null hypothesis when it is 

false. For several simultaneous tests, the direct generalization of power will be the 

probability P(reject at least j of them when there are mi false hypotheses). That is, 

P ( 5 > j | m i ) . 

Moreover, since both 5" and mi are unknown while R is observable, it will still be 

useful to predict the actual number of true positives for a given number of rejections. 

That is, P[S = j\R — k\. For example, 5 = 2 will be much better in a design with 

R = 10 than with R — 100. This leads to interest in the probability of rejecting 

exactly k hypotheses, P[R = k]. We will use the p-values generated from the F-test 

statistics in Chapter 3 and study these concerns: 

a) Given the number of slides to be used, how big is the probability that k genes 

are considered as differentially expressed if the FDR procedure is applied, i.e. 

P(R = k)l 

b) Given R apparently differentially expressed genes, what is the probability that 

the number of truly differentially expressed genes (i.e. true positive) exceeds a 

certain cutoff, say 2, 5, or 10? Given R = k, this probability can be expressed 

as P(S>j\R = k). 

The bigger this probability, the better the test, and P(S = k\R — k) = 1 would 

be the ideal case. 

c) If the alternative distribution is very skewed, the possible number of rejections k 

could have a large range and thus it would be more useful to consider P[R > k}. 

d) Given that mi genes are true differentially expressed, what is the probability 

P(S > j\mi) that the number of true positives exceeds a cutoff? 

We will establish an upper bound for P[R = k], an approximation for P[S > 

j\R — k], and lower bounds for P(R > k) and P(S > j\m\) for the case of M\ ~ 

Binom(m, 1 — A) genes from the alternative. 
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4.3 Bounds and Applications 

4.3.1 Bounds 
Assuming that the test statistics of the truly differentially expressed genes have a 

common non-central F distribution with non-centrality parameter 6, the following 

theorem gives an upper bound for P[R = k] and lower bounds for P(R > k) and 

P(S>j\mi). 

Theorem 4.3.1 Assume all single gene tests are independent, and that 

a. MQ ~ Binomim, X), for some 0 < A < 1, and 

b. the test statistics of the truly differentially expressed genes are determined by 

non-central F distributions with a fixed common non-centrality parameter 5, 

let D(x), ds(x) be the distribution and density functions of such p-values, (the 

subscript 8 in D{x) is omitted for notational simplicity) 

Let Mi = m — M0. For any integer I between k and m, that is, 0 < k < I < m, we 

have 

P{R = k) < „»[!, g (m _ k _ £i)m n> r<[ [AA,- + (1 - mLf)f 

•nV£+(i-A)(z>(^±v>-z>(^v)r 
2 = 1 

•[A(l - ^q*) + (1 - A)(l - ZJ(ig*))]—*"5>]; 

where SI = {0 < n < 1,0 < r2 < 2 - r 1 ; - - - ,0 < r(_fe_i < l-k-l-J2[~k~2 n}. 

u. 

P[S = j | R = k] « ( , 1 wi{\ - w)k-i-

where w = S^Wk; 
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p[R>k] > '-S^^i^+a-w^or 

.n^ + (i-A)W*±V)-D(*ii^o)r 

. [ A ( l - ^ 0 + ( l - A ) ( l - D ( ^ 0 ) r - E r i 

wftere 52 = {0 < ri < fc, 0 < r2 < A; + 1 - n , • • • , 0 < r,_fc < I - £'f fc-1 r j . 

w. Given Mi — m\, for j < I < mi, 

PlS>1lM1=mii > 1 _ ^ n _ ^ _ [ D ( ^ . ) r 

i _ J • _|_ • • _1_ • _ 1 / 
• J][£>(^V) - D ( ^ V)p • [1 - D(-q 
-LJ- m m m 

w/iere 53 = {0 < n < j , 0 < r2 < j + 1 - ru • • • , 0 < rM < Z - 1 - £ > i } . 

Proof. 

i. Define N(x, y) to be the number of p-values such that x < p < y. For k < I < m, 

P\R = k] = P\p(k) < —q*,P(k+i) > q*, • • • ,P(m) > —<?*] 
m m m 

< P\p(k) < —g*,P(k+i) > q*, • • • ,P(i) > —q*] 
w m m m 

= P[N(0, V ) = *, JV( V , ^ ± V ) = 0, iV(̂ ±^9*. ^±-V) < 1, 
m m m m m 

# ( — < / * , — < ? * ) < 2, • • • , i V ( — < f , - g * ) < / - fc - 1] m m m m 

—̂-̂  m rri rn m m 

iV g*, g* = r2, • • • , N( g*, - g * = r,_ f c_i 

m m m m 
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where 51 - {0 < rx < 1,0 < r2 < 2 - ru • • • , 0 < r,_fc_! < I - k - 1 - £i~fe~2 r j . 

Since the p-values either come from U(0,1) (with probability A) or from D(x) 

(with probability 1 — A), the m p-values can be considered as if they come from a 

mixed distribution with distribution function F(x) = Xx + (1 — X)D(x). Because all 

p-values are independent, the numbers of p-values falling into segments of [0,1] have 

a multinomial distribution. Thus, the probability of having exact k observations in 

(0, ^q*) is Fk(^q*), the probability of having exact r\ observations in (^q*, Ĵr<Z*) 

is [F(—q*) — F(—q*)]n, and so on. Plugging these probabilities into the last ex­

pression will give the result. 

ii. Given R = k, the first k smallest p-values are all smaller than -^q* and are 

either from the alternative or null hypotheses. The probability that pj comes from 

the alternative can be approximated as follows: 

Pbi is from "#i" and p, < —q*}/P\pj < -q*\ 
m m 

= P\PJ < —q*\Pj is from "H^Pfo is from "H^yPfo < —q*} 
Til lit 

= £ , ( L q l . (i _ X)/[D{-q*) • (1 - A) + X-q"} 
m m m 

« ^q*d5(0)(l - \)/[±q* • (d5(0)(l - A) + A)] 

d5(0)(l-X) ,= w_ 

d 5 (0) ( l -A) + A 

Therefore, we have P[S = j \ R = k] « ( J wj(l - w)k~j , and P[S > j\R = 

k] = l-Z£P[S = i\R = k}. 

iii. Since 

P[R < k] — P[at most k hypotheses are rejected] 

^ Dr k+l * k + 2 * l *i 
< P\pik+i) > —^-Q .P(fc+2) > —^-1 > • ' • >P(0 > —1 J 

= p[N(0,^±^q*)<k,---,N(0,-q*)<l-l] 
m m 
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Similar to part (i), we can obtain an upper bound for P[R < k}. Plugging it into 

1 — P[R < k] will give the result. 

iv. Let Wi be the p-values from the alternative and w^) be the corresponding 

ordered p-values. Then given Mi = mi, we have 

rn ^ -I 1 3 + 1 * ml * 

[S < J mi => w{j+i) > q , • • • , W(mi) > — q . 
m m 

Define N2{x, y) be the number of p-values Wi such that x < Wi < y, then 

P[S < j\mi] < P[w{j+i) > q*, • • • ,w{mi) > —q* | mi] 
m m 

= P[N2(0, 3-±lq*) <j,.-., N2{0, % * ) < mi - 1] 
m m 

< V P[N2(0, J—q*) = ruN2(^—q*, J~—q*) = r2, • 
S3 

N2(—q*,±-q*)=rl„J] 
m m 

m m 

Plugging the last expression into P[S > j\mi] = 1 — P[S < j\mi] will give a lower 

bound for P[S > j |mi ] . D 

Although the bounds in items i, ii, and iv have cumbersome expressions, simulation 

results show that they are quite close to the probabilities they bound even with a 

small I such as / = k + h for most (t, b, a) combinations, especially the lower bounds of 

P[R > k]. For such a small I, the number of terms in the summations are reasonable 

so that it doesn't take too long to calculate these bounds. Simulation results also 

indicate that the difference between bounds with / = k + 5 and / = k + 10 are very 

small. Likewise, we expect that the lower bounds for P[R > k] and P[S > j\mi] with 

/ = k + 5 should be close to the actual probabilities they bound in many microarray 

experiments. Consequently, they could be used in experimental designs to control 

P[R > k] and the power P[S > j\mi\-
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The bounds could be modified to accommodate p-values from different alterna­

tive distributions although the expression will be more complicated. For example, for 

t = 2, in some experiments it is more reasonable to assume that 1% of differentially 

expressed genes are 2 fold expressed in the treatment group while another 0.5% of 

genes are 4 fold expressed in the treatment group. The density function of p-values of 

genes in each group could be calculated and the expression of the bounds could be ad­

justed accordingly. Similar bounds could be developed for other test statistics, given 

that the distribution function of the corresponding p-values under the alternative has 

a finite first derivative at point 0. 

4.3.2 Applications 

A few applications of the lower bounds are illustrated in this section. The lower 

bounds can be referenced to design experiments so that the sample size is large enough 

to obtain useful findings; they can be used to compare the efficiency of designs and 

they can be used to determine the appropriate sample size for a given power. 

Estimating Sample Size for P[R > k] and Comparison of Designs 

The difference between the lower bounds of P[R > k] for different designs will demon­

strate the degree of gain/loss for each design in terms of the number of rejections, 

which would be a measure that a designer could use to select a design taking into 

consideration costs and other constraints. The lower bound of P[R > k] for different 

numbers of slides will provide a reference for sample size selection. 

Example 1. To test H0 : K'T = 0 vs Ha : K'T = alt-i. 

Table 10 lists different sample sizes (number of slides) and the corresponding lower 

bound with I = k + 5 of P[R > k] - the probability of rejecting more than k hypothe­

ses using the FDR method for t = 2, a = 2, and a = 1. In the table, it is assumed 

that M0 ~ Binom(10000, 0.99) of the genes in the experiment are truly differentially 

expressed genes, a = 2 indicates that these differentially expressed genes are four 

fold expressed in one group (treatment) than in the other group (control). The lower 
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bound of the BIB design is much bigger than the lower bound of the Reference de­

sign when b increases, which indicates that the BIB design is more efficient than the 

reference design in terms of detecting differentially expressed genes, as we expected. 

However, the lower bound is still very small in the BIB design, which indicates that 

the chance of rejecting a large number of genes using the FDR method is still small. 

For instance, if 100 of 10000 genes are truly differentially expressed genes, the table 

suggests that to compare two conditions using the FDR method even with 10 repli­

cates for each gene with the BIB design, the lower bound of detecting more than 1 

gene is only 0.36. The probability becomes large with 15 replicates. 

Example 2. To test an alternative with distinct treatment effects Ha : 

K'T = at-1. 

Table 11 illustrates the lower bounds of P[R > k] for testing K'T = {1,2,1} and 

K'T = {2,1,1}, with t = 4. To test alternatives with distinct treatment effects such 

as K'T = {1,2,1}, one needs to first calculate the non-centrality parameter 5 as in 

table 4 and use the corresponding D(x) to calculate the lower bounds of P[R > k]. In 

the table, it is assumed that Mi ~ Binom(10QQQ, 0.01) of the genes in the experiment 

are truly differentially expressed genes. 

For treatments with different effects, the order of the treatments has no effect 

on BIB design while it does affect the efficiency of the loop design. The BIB is 

better than the loop design in the K'T = {1,2,1} setting (loopl) and worse in the 

K'T = {2,1,1} setting (loop2). The table shows that for 36 slides, the probability 

of rejecting more than 10 genes is 0.45 for the BIB design, is 0.02 for the loop design 

which orders treatments in the loop such that K'T = {1,2,1}, and is 0.79 for the 

loop design which orders treatments such that K'T — {2,1,1}. 

Estimating Sample Size for P[S > j\mi] 

Sometimes the power of tests is of more interest and it is necessary to calculate the 

sample size needed to reject at least j false hypotheses, if the total number of false 

hypotheses mi could be roughly predicted. The lower bound of P[S > j\m-\\ can be 

tabulated and used for estimating the required sample size. Of course it could also 
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be used to compare efficiencies of different designs if a large number of true rejections 

is a goal. 

Example 3. To test H0 : K'T = 0vs Ha: K'T = al*_i. 

Table 12 illustrates the lower bound of P[S > j\m\] for the BIB design of t = 2, 

and a = 1 or 2, with m0 = 9900 p-values from U(0,1) and mi — 100 p-values from the 

alternative distribution D(x). The table can be used for sample size estimation. For 

example, when a = 1, even with 20 slides, the probability of rejecting at least 1 false 

hypothesis is only 0.33. In the case of a = 2, if one wants to reject more than 10 false 

hypotheses, 15 slides will be enough, and if one wants to reject 50 false hypotheses, 

20 slides will be needed. 

4.4 Numerical Assessments 

Simulations were performed and the probabilities P[R = k], P[R > k], and P[S = 

j\mi] calculated from the simulation results were compared to the bounds developed 

in Theorem 4.3.1. P[S > j\R = k] is not compared since it is approximately a 

standard Binomial mass function. 

The test HQ : K'T = 0 vs Ha : K'T = alt-i in Chapter 3 was employed in the 

simulation and the FDR method was applied to the p-values of these tests. Ten 

thousand simulations were performed for each (t, b, a) combination. The choices of t 

used are t = 2,3,4,6,8, and 10. For each t, the smallest three choices of b which are 

suitable for both the BIB and reference designs are chosen here. That is, the (t,b) 

choices used for simulations were among (2,4), (2,6), (2,8), (3,6), (3,9), (3,12), (4,12), 

(4, 24), (4, 36), (6, 30), (6, 60), (6,90), (8, 56), (8, 112), (8, 168), (10, 90), (10, 180), 

and (10, 270). For each (t,b) pair, three choices of a : 0.5,1, and 2 were applied, which 

corresponded to \/2, double, and four fold gene expression differences. Simulations on 

the BIB and reference designs are performed since the loop design has the same non-

centrality parameter as the BIB design in testing H0 : K'T = 0us Ha : K'T = alt-i, 

which would lead to the same distribution of p-values under the alternative. 

It is assumed that among a total of 10000 genes, M0 ~ Binom(W000, 0.99) of them 
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come from a normal (control) group and the rest of the genes come from groups where 

treatments have a common effect a. That is, the p-values of Mo = mo tests have the 

uniform distribution and the remaining p-values have the alternative distribution. For 

each simulation, the p-values of the 10000 genes were sorted and the FDR method 

was applied with q* = 0.1 to determine the value of k - the number of rejections 

based on the ordered p-values. For each specific (t,b,a), the proportion of the 10000 

simulations rejecting k hypotheses was used as the estimated probability of P[R = k]. 

P[R > k] was calculated from 1 — ̂ 20 P[R = i]. A set of parallel simulations were 

run for fixed mi , and the percentage of S = j was used to estimate P[S — j\mi\. 

Tables 13 to 16 illustrate for P[R — k] the simulation results (SR) and the esti­

mated upper bounds (UB) using theorem 4.3.1 with I = k + 5 for the BIB design. 

UB with I = k + 10 are slightly smaller than the UB with I = k + 5. They are equal 

using four decimal places for most cases and a few exceptions are listed in Table 16. 

Note that since the SR themselves are also estimates and the observed values are not 

exactly equal to the true probabilities, sometimes the UB are slightly smaller than 

the SR as the tables shown. Most of the time, the UB are close to the SR for a = 0.5 

or 1 and small (t,b) combinations even with I = k + 5. But the differences become 

larger with bigger t / b / a , especially with bigger a. For a = 2 and big b, the UB are 

too generous and are not very informative anymore. 

Tables 17 to 22 give the lower bounds (LB) with I = k + 5 for P[R > k}. They 

are very close to the SR - the difference is less than 0.01 for almost all cases listed 

here. Therefore, it is reasonable to use the lower bound LB as an approximation of 

P[R > k] in the experiment design. Again, sometimes the LB are slightly higher than 

the SR since SR are observed values instead of true values. These tables also give 

the LB estimated from a Poisson approximation which will be discussed in the next 

section. 

Tables 23 to 25 list the LB with I = j + 5 for P[S > j | m i ] - T a b l e 2 3 contains the 

LB and SR for different mi , and the same mi but with different m. It shows that 

the LB are quite close to SR most of the time and the differences become bigger for 

large mi , say 1000, and large m, say 100000. Moreover, as expected, for fixed mi , 

P[S > j\m\] decreases for larger m; for fixed m, P[S > j | m i ] increases with mi ; and 
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of course P[S > j\mi] increases with a. The LB have similar trends. 

Tables 24 and 25 show that the LB are quite close to the SR and they can be 

used as good approximations of P[S > j\mi]. They also indicate that for a — 0.5 

or 1, the probability of having at least one true hypothesis is very small unless the 

number of slides, b, is large. The LB in these tables are sometimes larger than the 

LB for P[R > k]. The reason is that they are calculated from different settings: for 

P[S > j\mi], mi = 100 is fixed; while for P[R > k], Mi ~ Binom(10000,0.01) where 

Mi might be smaller than 100. 

The comparisons for the reference design contain similar messages and are not 

shown here. 

4.5 Poisson Approximation 

The cumbersome lower bound expression of P[R > k] could be simplified with a 

Poisson approximation for moderate (t, b, a) as follows. The motivation is that the 

calculation in P[R > k] involves counting measures on distinct intervals. For each 

fixed interval, the number of p-values falling into it has a binomial distribution, which 

of course could be approximated by a Poisson distribution for large m and a small 

success rate (probability that a p-value falls into this interval). By Corollary A.0.4 

in Appendix A, the sequence of point processes Nn such that Nn(a) = Y^iZi I(Pi — 

^) converges weakly to a Poisson process with mean measure gji, where /i denotes 

Lebesgue measure and g = A + (1 — A)^(0). Here, dg(x) is the density function of 

D(x). Hence, the number of Pi < x/m fori — 1, • • • ,m has an asymptotic Poisson 

distribution with mean gx > 0. Therefore, we have 

P[R < k] 

< p[N{0,^±lq*)<k,---,N(0,-q*)<l-l} 
m m 

= ]T P[N(0, ^±V) = n, JV(£±V, k-^q*) = r2, • • • , iV(^V, i f ) = r,_fc] •*—' m m m m m 

= Y, piN(°> —v*) = ^ • • • m — < ? * , -?*) = n_fc] 
*—f m m m 
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E 
S2 

i9(k + l)q*Yl
c-a0'(k+1) . (ff<Z*)r2e-flg* . . . {m*Y-ke 

n\ r2\ r(_fe! 

9Q 
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-9Q*l e 

Here 52 was denoted in section 4.3.1. ^(0) could be approximated by a value of 

ds(x) at point x such that F^1^ — x) is very large as stated in the preceding chapter. 

The numerical assessment in Tables 17 to 22 shows that for moderate values of 

(t,b,a) (which lead to a moderate non-centrality parameter 5), this approximated 

lower bound is close to the actual P[R > k] with I = k + 5. The increase of the 

lower bound is very small from / = fc + 5toZ = fc+10 (not shown). For large 6 such 

that g — A + (1 — A) * cfo(0) > 1.5, this approximation is not good anymore since the 

error term 0{-^-) is large even for m — 10000. Thus, somewhat surprisingly for a 

small interval (0, —), the Poisson approximation is not good although m is big and 

the m • mean < 5 (m • (^ • g) = 1.5). Hence, caution should be used when applying 

the Poisson approximation. 

4.6 Example Data Set 

We applied the FDR method on the HIV data set (illustrated in Table 1). The details 

will be discussed in Chapter 6. Applying the FDR method, we conclude that 14 genes 

are differentially expressed controlling FDR at level q* = 0.05, and that 33 genes are 

differentially expressed controlling FDR at level q* = 0.1. This is a relatively large 

number of rejections in a microarray experiment with 6 replicates according to either 

the simulated P[R > k] or the lower bounds and these 14 genes are worthy of further 

study. 
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t 
2 

2 

2 

3 

3 

3 

4 

4 

4 

6 

6 

6 

8 

8 

8 

10 

10 

10 

b 
4 

6 

8 

6 

9 

12 

12 

24 

36 

30 

60 

90 

56 

112 

168 

90 

180 

270 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Simu 
UB: l=k+5 

Upper bound of P[R = k] with a = 0.5 
k=l k=2 k=3 k=4 k=5 k=6 

0.0804 0.0123 0.0023 0.0002 0.0002 
0.0817 0.0297 0.0091 0.0026 0.0007 0.0002 
0.0800 0.0158 0.0031 0.0009 0.0001 
0.0821 0.0300 0.0092 0.0027 0.0007 0.0002 
0.0764 0.0155 0.0030 0.0005 0.0001 
0.0827 0.0305 0.0095 0.0028 0.0008 0.0002 
0.0768 0.0152 0.0026 0.0012 
0.0816 0.0296 0.0091 0.0026 0.0007 0.0002 
0.0789 0.0153 0.0027 0.0007 0.0001 
0.0819 0.0298 0.0092 0.0026 0.0007 0.0002 
0.0841 0.0172 0.0027 0.0007 
0.0823 0.0301 0.0093 0.0027 0.0008 0.0002 
0.0825 0.0156 0.0030 0.0008 
0.0818 0.0298 0.0091 0.0026 0.0007 0.0002 
0.0873 0.0166 0.0033 0.0010 0.0001 0.0001 
0.0832 0.0308 0.0096 0.0028 0.0008 0.0002 
0.0873 0.0172 0.0027 0.0011 0.0004 0.0001 
0.0858 0.0327 0.0105 0.0031 0.0009 0.0003 
0.0834 0.0158 0.0022 0.0009 0.0002 
0.0823 0.0301 0.0093 0.0027 0.0007 0.0002 
0.0844 0.0176 0.0050 0.0007 
0.0852 0.0322 0.0102 0.0030 0.0009 0.0002 
0.0878 0.0212 0.0038 0.0011 0.0001 
0.0908 0.0362 0.0121 0.0038 0.0011 0.0003 
0.0847 0.0153 0.0035 0.0005 
0.0828 0.0305 0.0095 0.0027 0.0008 0.0002 
0.0837 0.0183 0.0041 0.0005 0.0001 
0.0872 0.0336 0.0109 0.0033 0.0010 0.0003 
0.0937 0.0201 0.0044 0.0010 0.0002 
0.0965 0.0404 0.0141 0.0046 0.0014 0.0004 
0.0812 0.0153 0.0033 0.0009 0.0001 
0.0833 0.0308 0.0096 0.0028 0.0008 0.0002 
0.0876 0.0164 0.0036 0.0012 0.0003 
0.0894 0.0351 0.0116 0.0036 0.0010 0.0003 
0.1001 0.0186 0.0049 0.0012 0.0004 0.0001 
0.1029 0.0454 0.0165 0.0056 0.0018 0.0006 

Table 13: Simulated values of P[R — k] and its upper bound with a = 0.5. The bound 
is calculated from theorem 4.3.1 with I = k + 5 for the BIB design. Ten thousand 
simulations were performed with m = 10000, a = 1, q* = 0.1, and A = 0.99 (only 1% 
genes are true differentially expressed). 
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m 
1000 

1000 

10000 

10000 

100000 

10000 

100000 

1000 

1000 

10000 

10000 

100000 

10000 

100000 

1000 

1000 

10000 

10000 

100000 

10000 

100000 

mi 

50 

100 

100 

500 

100 

1000 

1000 

50 

100 

100 

500 

100 

1000 

1000 

50 

100 

100 

500 

100 

1000 

1000 

t 
4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

b 
12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

a 
0.5 

0.5 

0.5 

0.5 

0.5 

0.5 

0.5 

1 

1 

1 

1 

1 

1 

1 

2 

2 

2 

2 

2 

2 

2 

simu 
LB: l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB: l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

lower bound of P[S > j\mi] 
j=0 j = l j=2 j=3 j=4 

0.0098 1E-04 0 
0.0078 0.0001 1.9E-06 3.1E-08 5.2E-10 
0.017 0.0008 0 

0.0155 0.0005 1.5E-05 5.2E-07 1.8E-08 
0.0016 0 
0.0016 0.0000 1.7E-08 6.1E-11 2.2E-13 
0.0094 0.0002 0 
0.0079 0.0001 2.1E-06 3.9E-08 7.3E-10 
0.0002 0 

5.1E-08 1.8E-11 6.4E-15 1.1E-16 
0.0192 0.0009 0 
0.0005 1.7E-05 6.2E-07 2.3E-08 
0.0017 

5.1E-06 1.8E-08 6.9E-11 2.7E-13 
0.0258 0.0010 0 
0.0197 0.0007 2.8E-05 1.1E-06 4.2E-08 
0.0468 0.0032 0.0002 0 
0.0394 0.0028 0.0002 1.7E-05 1.4E-06 
0.0049 0.0002 1E-04 
0.0042 3.4E-05 3.0E-07 2.7E-09 2.5E-11 
0.0236 0.0013 1E-04 0 
0.0211 0.0008 3.7E-05 1.7E-06 8.0E-08 
0.0006 0 
3.7E-07 3.5E-10 3.4E-13 6.7E-16 
0.0491 0.0042 1E-04 0 
0.0033 0.0003 2.6E-05 2.4E-06 
0.0048 0.0002 0 

3.8E-05 3.6E-07 3.6E-09 3.7E-11 
0.1674 0.0409 0.0104 0.003 0.0006 
0.1433 0.0319 0.0073 0.0016 0.0004 
0.3113 0.1371 0.0593 0.0257 0.0121 
0.2794 0.1137 0.0474 0.0197 0.0080 
0.0426 0.0047 0.0003 0 
0.0350 0.0022 0.0001 9.5E-06 6.3E-07 
0.1996 0.0655 0.0245 0.0076 0.0027 
0.1726 0.0487 0.0146 0.0044 0.0014 
0.0059 1E-04 0 
2.9E-05 2.3E-07 1.8E-09 1.5E-11 
0.3819 0.2054 0.115 0.067 0.0405 
0.1681 0.0879 0.0466 0.0249 
0.0437 0.0041 1E-04 0 

0.0028 0.0002 1.8E-05 1.5E-06 

Table 23: Simulated values of P[S > j\m\\ and its lower bound, for different m and 
different mi. For m = 100000, SAS cannot compute the lower bound of P[S > 0|mi] 
since it cannot compute finv(0.1/100000) which is involved in the calculation. 
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t 
2 

2 

2 

2 

2 

2 

4 

4 

4 

4 

4 

6 

6 

6 

6 

8 

8 

8 

8 

8 

8 

8 

b 
4 

4 

6 

6 

8 

8 

24 

24 

24 

36 

36 

30 

30 

60 

90 

56 

56 

56 

112 

112 

168 

168 

a 
1 

2 

1 

2 

1 

2 

0.5 

1 

2 

0.5 

1 

1 

2 

1 

1 

0.5 

1 

2 

0.5 

1 

0.5 

1 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

simu 
LB:l=j+5 

lower bound of P[S > j mi] 
j=0 j = l j=2 j=3 j=4 j=5 

0.0028 0.0001 0 
0.0026 0.0000 7.8E-08 4.7E-10 2.9E-12 2.1E-14 
0.0110 0.0002 0 
0.0088 0.0002 2.9E-06 5.8E-08 1.2E-09 2.4E-11 
0.0079 0.0001 0 
0.0061 0.0001 9.5E-07 1.3E-08 1.8E-10 2.5E-12 
0.0467 0.0044 0.0005 0 
0.0404 0.0030 2.5E-04 2.1E-05 1.8E-06 1.5E-07 
0.0158 0.0004 1.1E-16 
0.0136 0.0003 9.5E-06 2.7E-07 7.7E-09 2.2E-10 
0.1874 0.0526 0.0179 0.0054 0.0012 0.0005 
0.1569 0.0396 0.0104 0.0027 0.0007 0.0002 
0.0048 0 
0.0037 2.6E-05 1.9E-07 1.4E-09 1.1E-11 8.3E-14 
0.0403 0.0022 0.0002 1E-04 0 
0.0311 0.0016 8.1E-05 4.2E-06 2.1E-07 1.0E-08 
0.8199 0.6938 0.5769 0.4654 0.3668 0.2783 
0.7851 0.6462 0.5193 0.4053 0.3069 0.2253 
0.0098 0.0004 1.1E-16 
0.0078 0.0001 1.5E-06 2.1E-08 2.9E-10 4.0E-12 
0.1441 0.0296 0.0054 0.0009 0.0003 1E-04 
0.1268 0.0220 0.0037 0.0006 9.4E-05 1.4E-05 
0.0152 0.0005 0 
0.0132 0.0003 6.9E-06 1.6E-07 3.7E-09 8.5E-11 
0.4030 0.1940 0.0901 0.0398 0.0169 0.0064 
0.3629 0.1598 0.0680 0.0277 0.0108 0.0040 
0.1336 0.0230 0.0042 0.0006 0 
0.1235 0.0203 0.0032 0.0005 7.0E-05 9.6E-06 
0.5104 0.2798 0.1439 0.0712 0.0344 0.0145 
0.4704 0.2407 0.1159 0.0524 0.0223 0.0090 
0.0032 0.0001 0 
0.0031 0.0000 1.1E-07 7.0E-10 4.4E-12 2.9E-14 
0.0337 0.0017 0.0002 0 
0.0282 0.0012 5.4E-05 2.3E-06 9.8E-08 4.0E-09 
0.9138 0.8336 0.7405 0.6404 0.5415 0.4445 
0.8891 0.7948 0.6921 0.5850 0.4794 0.3806 
0.0112 0.0003 0 
0.0099 0.0002 2.7E-06 4.5E-08 7.4E-10 1.2E-11 
0.3070 0.1068 0.0348 0.0108 0.0025 0.0007 
0.2809 0.0920 0.0284 0.0082 0.0022 0.0006 
0.0272 0.0011 0 
0.0246 0.0009 3.3E-05 1.2E-06 4.2E-08 1.4E-09 
0.8496 0.7123 0.5816 0.4542 0.3336 0.2371 
0.8230 0.6763 0.5317 0.3990 0.2860 0.1960 

Table 24: Simulated values of P[S > j\mi] and its lower bound, with m = 10000 and 
mi = 100. 
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Chapter 5 

Application of Westfall-Young 

Method under The Assumption of 

Independence 

Multiplicity-adjusted p-values p are sometimes computed to adjust for the high dimen­

sion problem in multiple tests. Westfall-Young [31] give the mathematical definition 

of an adjusted p-values, pi, as pi = inf{a \ Ht is rejected at FWER — a}. Here 

FWER is the family-wise error rate - the probability of at least one Type I error in 

the family. The decision to reject a test is then made by comparing p directly to a 

predefined level a, to reach a family-wise error rate FWER=a. The reasons to use 

adjusted p-values are that the decision is very easily made once the adjusted p-values 

have been calculated, and the usual cumbersome table look-ups can be avoided. The 

adjusting methods generally belong to either single step methods and step down meth­

ods. Single step methods perform equivalent multiplicity adjustments for all tests, 

regardless of the ordering of the observed p-values [31]. Both the Bonferroni and 

Sidak methods are single-step methods: Bonferroni's method, which rejects hypoth­

esis Hi if Pi < a/m, leads to the adjusted p-values pi = min(mpi, 1); Sidak's method 

rejects H^ if pi < 1 — (1 — a)™, and its adjusted p-values are pi = 1 — (1 — Pi)m- In 

contrast, step-down methods consider the order of the p-values in the adjustment. 

Holm's sequentially rejective algorithm is the step-down adjustment based on the 

87 
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Bonferroni method: reject hypotheses #(i),- • • , H(i) if i is the biggest number sat­

isfying p(j) < a/(m — i + 1), where p(i), • • • ,P(m) are the ordered p-values. This 

algorithm leads to the adjusted p-values p^ = max^p^^, (m — i + l)p(i)). Holm's 

method is still conservative since it is based on the Bonferroni inequality. A slightly 

less conservative adjustment is possible by using the Sidak inequality, which leads to 

p(i) = max(p(i-i),l - (1 - P(i)){-m~i+l"1)- All these methods control FWER at level 

a. The FDR method we discussed in the preceding chapter can also be viewed as 

a step-down method which adjusts p-values similar to Holm's method - it compares 

P(i) to i/mq*. As we stated previously, it controls the FDR instead, which is smaller 

than or equal to the FWER. Thus, the FDR method is less conservative than both 

Holm's method and the step-down Sidak adjustment. 

In this chapter, we will consider another step-down method - the Westfall and 

Young resampling procedure. This procedure has aroused interest recently in mi-

croarray data analysis. It controls FWER and is also less conservative than both 

Holm's method and the step-down Sidak adjustment since it considers the depen­

dence structure among p-values using resampling. Unfortunately, it is impossible to 

involve an unknown dependence structure among p-values in experimental design and 

we will assume independence here. The Westfall-Young method is the same as the 

step-down Sidak method under the independence assumption. The p-values can be 

easily adjusted for the step-down Sidak method given the ordered observed p-values 

and thus the decision to reject can be made in a straightforward manner. How­

ever, during experimental design, there are no observed p-values. Simulations will 

be necessary to obtain the relationship between sample size (the number of slides) 

and the number of rejections. Thus, full sets of m p-values need to be simulated to 

calculate ordered p-values and a large number of full sets are needed to estimate the 

relation, which could be time consuming for large m. In section 1, we review the 

Westfall-Young method and propose a way to simulate the first few ordered p-values 

approximately but quickly. In section 2, we estimate the asymptotic distribution for 

the first few adjusted p-values. In section 3, we will discuss a method suggested by 

an anonymous reader which modifies the Westfall-Young adjustment. 
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5.1 West fall-Young Method Under The Indepen­

dence Assumption 

We will briefly describe the original Westfall-Young method. Westfall-Young [31, 

page 66] proposed a (free) step-down adjustment to p-values by incorporating the 

dependence characteristics of p-values. Denote the p-values of m simultaneous tests 

by P\,Pi, • • • ,Pm- Let the ordered p-values have indices r\, r%, • • • ,rm, so that p(i) = 

PriiP{2) = Pr2r ' ' iP{m) — Prm- Denote the random variable for the unadjusted p-value 

of the ith test H by P;. Define H$ = n ^ i f f = {H0 are true for all genes}. The 

Westfall-Young minP adjusted p-values can be calculated as follows: 

P(i) = Pr( min P , < p ( 1 ) | i # ) 

P(2) = max[p(i),Pr( min P, < p{2)\H$)} 

p{k) = max[p(fc_1),Pr( min P, <p{k)\H^)] 

p{m) = max[p(m_i),Pr(Prm <P(m)\H£)] 

The adjusted p-values are monotonic and will be compared with a common sig­

nificance level a to make the decision as to which to highlight. That is, let p^) be 

the first i such that p(i) > a, then reject all of the corresponding null hypotheses 

The Westfall-Young method improves the Sidak step-down method in the way 

that it considers the dependence among p-values. However, it is impractical to have 

a specific dependence structure assumption in experimental design in general. There­

fore, as in the preceding chapter, we assume that all p-values are independent of 

each other. Under this assumption, the Westfall-Young adjusted p-values are just the 

Sidak step-down adjusted p-values. The details are as follows. We will first quote a 

simulation algorithm from Westfall-Young [31, page 66] to illustrate the application 
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of their adjustment: 

"Algorithm 2.8 Free step-down resampling method 

0. Initialize counting variables: COUNTi = 0, i = 1, • • • , m. 

1. Generate a vector (p* , • • • ,p* ) from the same (or at least, approximately the 

same) distribution as the original p-values (Pri, • • • ,Prm) under the complete 

null hypotheses. Note that the sequence {r7} is fixed throughout the simula­

tions. Thus the p*. will not have the same monotonicity as the original p-values 

2. Define the successive minima: 

* # 

<&_i = rnin(q*m,p*rm_J 

q\ = min{ql,p*n). 

3. If q* < p{i), then COUNTi <- COUNTi + 1. 

4. Repeat 1-3 N times. Compute pjjj = COUNTt/N. 

5. Enforce monotonicity using successive maximization: 

fiN - f>N 

P(i) - P(i) 

p(2) <- max(p(1))p(2)) 

-TV /~YV -AT \ 
P(m) *~ maX(P(m-l),P(m)) 

Once monotonicity has been enforced, the simulation-based estimates p̂ L are reason­

able approximations of the actual values p(j), provided N is sufficiently large." 

According to this Algorithm, to calculate p~(fc), firstly the random variables P r i , 

• • •, Prfc_! which have the original observed values pn = p(i), • • • ,prk_1 — P(fc-i) are 
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discarded. Secondly, the probability that the minimum of the random variables P r . , 

j > k is smaller than p(k) will be calculated (P[mmj6{r.fc)...)7.m}P/ < p(k) \ Ho})- That 

is, the cdf of the first order statistic of p-values among rk, • • • , rm at point p^ under 

Hff. Finally, the maximum of this probability and the adjusted p(k-i) will be used 

as the adjusted p^)- Under Hff and the independence assumption, all p-values have 

i.i.d uniform distributions on [0,1]. Since the distribution function of the first order 

statistic of n i.i.d uniform random variable is F^(x) = J* n(l—yY'^dy = 1 —(1—a;)", 

we have for the kth adjusted p-values 

p(k) = max[p(fc_i), Pr( min P; < p{k)\Hfi)], 

the second term is actually 

Pr( min Ft < pw\H°) 

= Pr(the first order statistic of p-values among the (m-k+1) tests < P^)\HQ) 

= / (m-k + 1)(1 - x)m~kdx 
Jo 

= P[Beta(l,m-k + l) <p(k)] 

= l-(l-p(k))
m-k+1. 

These are the step-down Sidak adjusted p-values. The first k hypotheses would be 

rejected if P(k+\) is the first i such that p^ > a for a predefined FWER level a. 

The step-down Sidak adjusted p-values are calculated based on ordered observed 

p-values. As we mentioned before, to study the relation between the number of rejec­

tion and the number of slides to be used for each gene in an experiment, simulations 

could be used to obtain the ordered "observed" p-values. That is, one needs to simu­

late all m p-values a large number of times, calculate p(k), then make the adjustments. 

These steps are time consuming and could be speeded up under the independence as­

sumption. The key feature here is that the mp^'s converge to a standard Poisson 

process. For Mo ~ Binom(m, A) genes from H0 and m — M0 genes from H1} we know 

the MQ p-values have i.i.d U(0,1), and M\ p-values have i.i.d alternative distributions 

Dsip) (defined in Chapter 3). Under the independence assumption, the intervals be­

tween successive points m(p^ — P(i-i)) are asymptotically independent exponential 
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variables of mean \jg as m —> oo with g = A + (1 — A) • ds(0) ( A.0.4). Thus, for small 

k (relative to m) and independent Et ~ Exp(l/g), we have 

mp(i) -> # i , mp(2) ^ £ i + £2, • • • rnp{k) ^ Ex + E2-\ V Ek. 

We could simulate only k independent Ei from Exp(l/g) a large number of times, 

and calculate p^) « m o i ^ - i ) , 1 — (1 — ^ Ei/m)m - f c + 1]. 

One could start with a reasonable predefined value of k. If all p(fe) < a, one 

could simulate more Ei ~ Exp{l/g) and combine with the previous simulated data 

to calculate p(/) for / > k until p^ > a. This way, the simulation will be accelerated 

and the time saved becomes significant when m is large. 

A word of caution, as mentioned in the preceding chapter: the Poisson approxi­

mation with mean g of the mixed distribution is only good for moderate values of the 

non-centrality parameter 8, where the range of moderate values of 6 is relative to the 

value of t and b. In general, it is safe to use the Poisson approximation for g < 1.5. 

5.2 Distribution of The First k Adjusted P-values 

We will look at the marginal distributions of the step-down Sidak adjusted p-values 

for small k relative to m. Under HQ\ for x € [0,1], 

P\pW<x] = P[l-(l-p(1))
m<x] 

= P [ p ( i ) < l - ( l - a ; ) ™ ] 
1 — (1— x)rn 

m ( l - t ) * - 1 ^ 

= x. 

As expected, p^ has a uniform distribution on [0,1]. Of more interest is the distri­

bution of p~(k), and we will use the beta expression for simplicity: 

P\P{k) < x] = P[max(P(Beta(l, m) < P(i)), • • • , P(Beta(l,m — k + 1) < P(k))) < x] 

-L 



CHAPTER 5. APPLICATION OF W-Y METHOD 93 

Define q(x)i to be the x quantile of beta(l, m-i+1). That is, FBeta(i,m-i+i){q{x)i) = x. 

Thus, for 1 < i < k, P(Beta(l,m- i + 1) < p^) = FBeta(i,m-i+i)(P(i)) < x, which is 

equivalent to p^ < q(x)i. Therefore, we have 

P\p(k)<x] = P[P(Beta(l,m) <pw) <x,--- ,P(Beta(l,m-k + l) <p(k)) <x] 

= P\P(i)<q(x)u--- ,P(k)<q(x)k] 

Obviously, the distribution of p^) depends on the joint distribution of the observed 

ordered p-values p^, • • •, p^)- Even though under HQ, all the p»s have a marginal 

uniform distribution on [0,1], the joint distribution of the first k order statistics still 

has a cumbersome expression. It will be much easier to use an approximation. We 

know that the intervals between successive points are asymptotically independent 

exponential variables of mean 1, i.e. mp{\) —» Ei,m{p(2) — P(\)) —» E^, rn(p(k) -

P(k-i)) -^ Ek, as m —> oo, for Ei, • • • ,Ek independent exponential random variables 

with mean 1. Therefore, 

P\p(k) < x] =P[p(i) < q(x)i, • • • ,p(fe) < q(x)k] 

k 

&P[Ei < mq(x)u ••• , ̂  E{ < mq{x)k\ 

pmq{x)\ rmq(x)k-xi xk-i 

= ••• e-{xi+-+Xk)dXl • • • dxk. 

Jo Jo 

We will evaluate the integral for k < 4 for illustration: 

P\p(i) < x] « 1 - e - m ^ ) i 

P\P(2) < x] « 1 - e-
mq^ - mq{x)ie-

mq^2 

P\P(3) < x] « 1 - e~m9(x)l - m9(x) i e- ro9(a : )2 - m2q(x)ie-
mq(-xh{q{x)2 - g(x)i/2) 

P[P(4) < x] « 1 - e-
m<z(x)l - mg(x)ie-m9(x)2 - m2g(z)ie~m,(x)3(g(x)2 - g(x)i/2) 

- m3g(x)1e-m^(g(x)2 ( ?(x)3 - g(x)ig(x)3/2 + g2(x)i/6 - g2(x)2/2). 

(5.2.1) 

In general, we have the following recursion formula: 

J
i-mq(x)1 pmq(x)k-xi xk-2 

o Jo 
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x=0.01 
x=0.05 

x=0.1 
x=0.2 

k=l 

0.01 

0.05 

0.10 

0.20 

k=2 

0.00005 
0.0013 

0.0052 
0.0214 

k=3 

1.7E-7 
0.00002 

0.0002 

0.0016 

k=4 

4.2E-10 

2.8E-7 

4.7E-6 

0.0009 

Table 26: Estimation of P\p{k) < x\ using equation (5.2.1). It is assumed that 10000 
genes were tested simultaneously and the null hypothesis is true for all of them. 

Obviously, the distribution of p^) f°r large k will have a messy expression although 

the integrals are not difficult to evaluate analytically. Simulations could be performed 

for large k to obtain the distribution. Table 26 illustrates the approximate value of 

P\P(k) < x] for m = 10000 and k < 4 using equation (5.2.1). Of course, we anticipate a 

uniform distribution for all unadjusted p-values. The table shows that the probability 

P\P(k) < x] is small for even k=3. Figure 9 plots the estimated distribution function 

P\p(k) < x] for m = 10000, k = 1,2, 3,4. 

We can also compute an asymptotic joint distribution, e.g, for k = 3. Consider 

(P(i),P(2),P(3)), for xx < x2 < x3, we have: 

P\P(l) < Xi,p(2) < X2,P(S) < X3] 

=P\P(i) < q(xi)i,P(2) < q(x2h,P(3) < q(x3h] 

&P[Ei < mqix^uEi + E2 < mg(x2)2, Ex + E2 + E3 < mq(x3)3] 
mq(xi)i pmq(x2)i-x pmq{xs,)s,-x-y 

/ / e-x-y-zdzdydx 
o Jo Jo 

= 1 - e - ™ ^ 1 - rag(^1)1e-m«(I* - m2q(x1)lq(x2)2e-mq^3 + (mqix^fe-"1^3^^. 

Here q(xi)i is thexi quantile of Beta(l,m), q(x2)2 is the x2 quantile of Beta(l,m — 1), 

and q(x3)3 is the X3 quantile of Beta(l, m — 2). 

We can look at the distributions of p(k) under the alternative where Mo = mo of 

the genes are from H0 and the other Mi = m — M0 genes are from H\. Here MQ 

is random as in the preceding chapter. Again m can be observed but mo will be 
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Figure 9: The estimated distribution function P\p(k) < x] for m = 10000, k = 
1,2,3,4, using equation (5.2.1). 

unknown. As before we assume Mo ~ Binom(m, A) as m —» oo, and A is assumed to 

be a known constant. We know that the vector (mp(i), • • • , mp^)) has an asymptotic 

distribution given by the inter-point distance of a Poisson process with intensity 

function g = A + (1 — A) • ^(0) (ds(x) is the density function of the p-values under 

Hi). The asymptotic marginal and joint distributions of p(i),p(2), • • • ,p(k) will be 

similar to the expressions under Hfi, with the difference that Ei are independent 

exponential variables of mean 1/g. That is, 

pmq(x)i rmq(x)k-xi xk_2 

P\P(k) <X\* Plp^v <X\- g^e-™1^ / • • • / ldXl • • • dSfc-l. 
Jo Jo 

(5.2.2) 

As we mentioned before, the Poisson approximation of the mixed distribution is 

only good for moderate values of 6 and in general, it is safe to use the Poisson 

approximation for g < 1.5. 

Table 27 illustrates the relationship between the sample size (number of slides) and 

the number of rejections for p-values from a mixed distribution. It is assumed that for 

the m = 10000 p-values, MQ ~ Binom{m, 0.99) of them are from U(0,1) and the rest 



CHAPTER 5. APPLICATION OF W-Y METHOD 96 

a=l 

P\P(k)< 0.01} k=l 
k=2 
k=3 
k=4 

P\p(k) < 0.05] k=l 
k=2 
k=3 
k=4 

P\p(k) < 0.1] k=l 
k=2 
k=3 
k=4 

P[p(fc) < 0.2] k=l 
k=2 
k=3 
k=4 

a=2 

P[p(fc)< 0.01] k= l 
k=2 
k=3 
k=4 

F[p(fc)<0.05] k=l 
k=2 
k=3 
k=4 

P[p(fc) < 0.1] k=l 
k=2 
k=3 
k=4 

P[p(fc) < 0.2] k=l 
k=2 
k=3 
k=4 

b=4 b=8 b=10 b=15 
6 = 1 5 = 2 5 = 2.5 (J = 3.75 

g=1.02 g=1.14 g=1.35 g=4.30 
0.01016(0.0096) 0.0114(0.0106) 0.0135(0.0124) 0.0423(0.0246) 

0.00005 (0) 0.00007(0) 0.00009(0) 0.0009(0.0003) 
1.8E-7(0) 2.5E-7(0) 4.2E-7(0) 0.00001(0) 

4.5E-10(0) 7.1E-10(0) lE-9(0) 
0.0508(0.0519) 0.0568(0.0525) 0.0671(0.0659) 0.1979(0.1055) 
0.0013(0.002) 0.0016(0.0021) 0.0023(0.0019) 0.0210(0.0070) 

0.00002(0) 0.00003(0) 0.00005(0) 0.0015(0.0002) 
3.0E-7(0) 4.7E-7(0) 9.2E-7(0) 0.00008(0) 

0.1015(0.1036) 0.1132(0.1085) 0.1329(0.1274) 0.3642(0.2028) 
0.0053(0.0054) 0.0067(0.0060) 0.0093(0.0078) 0.0763(0.0226) 
0.0002(0.0002) 0.0003(0.0001) 0.0004(0.0002) 0.0111(0.0019) 

5.0E-6(0) 7.9E-6(0) 0.00002(0) 0.0012(0.0001) 
0.2029(0.2069) 0.2246(0.2253) 0.2607(0.2434) 0.6168(0.3661) 
0.0221(0.0207) 0.0274(0.0264) 0.0374(0.0307) 0.2493(0.0798) 
0.0016(0.0015) 0.0023(0.0024) 0.0037(0.0034) 0.0730(0.0121) 

0.00009(0) 0.0001(0.0001) 0.0003(0.0001) 0.0166(0.0009) 
6 = 4 6 = 8 6 = 10 6 = 15 

g=1.08 g=3.05 g=10.97 g=515 
0.0108(0.012) 0.0302(0.0285) 0.1044(0.0746) 0.9943(0.5855) 

0.00006(0) 0.0005(0.0006) 0.0057(0.0032) 0.9650(0.2215) 
2.1E-7(0) 5E-6(0) 0.0002(0) 0.8893(0.0573) 

5.7E-10(0) 3.6E-8(0) 0.00001(0) 0.7587(0.0128) 
0.0538(0.0539) 0.1448(0.1235) 0.4302(0.2842) 1(0.9375) 
0.0015(0.0018) 0.0110(0.0090) 0.1097(0.0457) 1(0.7624) 

0.00003(0) 0.0006(0.0004) 0.0196(0.0058) 1(0.5286) 
3.7E-7(0) 0.00002(0) 0.0027(0.0007) 1(0.3121) 

0.1073(0.1038) 0.2748(0.2369) 0.6851(0.4704) 1(0.9910) 
0.0060(0.0065) 0.0418(0.0323) 0.3212(0.1331) 1(0.9383) 
0.0002(0.0004) 0.0044(0.0038) 0.1110(0.0284) 1(0.8257) 

6.3E-6(0) 0.0003(0.0001) 0.0301(0.0045) 1(0.6578) 
0.2138(0.2121) 0.4936(0.4229) 0.9134(0.7075) 1(0.9993) 
0.0247(0.0235) 0.1491(0.1062) 0.7017(0.3481) 1(0.9929) 
0.0019(0.0019) 0.0318(0.0201) 0.4426(0.1269) 1(0.9743) 
0.0001(0.0001) 0.0052(0.0017) 0.2313(0.0036) 1(0.9279) 

Tab le 27: Estimated P\p{k) < x] with x = 0.01,0.05,0.1, and 0.2, for t = 2, m = 10000, A = 0.99, 
a = 1,2, and different b. It is assumed that mo ~ bino(m, A) genes are from the null distribution 
and the remaining m — mo are from the alternative distribution Ha : K'T = ol . Equation(5.2.2) was 
used with exponential variables Ei ~ Exp(l/g). Here g is the mean of the Poisson approximation 
for the mixed distribution. The numbers in the bracket are the probabilities estimated from 10,000 
simulations for the BIB design. 
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m—Mo are from the alternative distributions D$(x) (calculated under Ha : K'T = a\). 

Here t — 2 treatments were considered with a = 1,2. The probability of rejecting at 

least k p-values P\p(k) < xl is estimated from equation (5.2.2). It confirms that this 

method is conservative: for a = 1, the probability of rejecting at least one p-value 

at level 0.2 is about 0.2607 with b = 10. For settings with big g, we still listed their 

estimated probability here and we put the probability estimated from ten thousand 

simulations for the BIB design in the bracket for comparison. It shows that the 

approximation of equation (5.2.2) is reasonably good for even g = 3 in this case. 

5.3 Discussion of an Alternative Adjusting Method 

Sidak's method is still conservative and it only uses the information among m — k 

p-values in the second step. An anonymous reader of a preliminary version of this 

thesis suggested that we consider all m p-values and use P(fc) instead. That is, define 

the kth p-value p^) as 

p(k) = max(p(k-i), P(W(k) < P(k)\Ho)). (5.3.1) 

Again, under the independence assumption and Hfi, all p-values are iid U[0,1]. 

The second term above is 

P<P"»S «*>'-/„ ( » - l ) l ( , n - * ) • * " ' " - ' J - * * ' 

which is the cdf of a beta distribution with parameters k and m — k + 1 at point p{k)-

That is, P[Beta(k,m — k + 1) < P(k)}- Since it is the probability that at least k of 

the m independent uniformly distributed random variables are less than p^), it is a 

probability given by summing over the binomial distribution with success rate p^)-

That is, P[Beta(k,m — k + 1) < P(k)] = P[Bino(m,P(k)) •> &]• Thus, we have 

P{V{k)<P{k)) = P[Bino{m,p{k)) > k] 

== i-E(7)^)(1-p^ra_i 
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As before, the first k modified adjusted p-values could be approximated by 

fc-1 / \ k k 

i=0 V l J 3=1 3=1 

The original Westfall-Young adjusted p-values could be expressed similarly using 

Binomial variables: 

P(fc) = maaj(p(fe_i),P(mmi€{rfc>...)T.m}P(i) < p(fc))|#o) 

and under Hfi and the independence assumption, the second term is 

P (mm i 6 h . . , r m ) P ( l ) <p { f e ) ) = / {m - k + l)(l - x)m kdx 
Jo 

= P[Beta(l,m-k + l) <p(k)] 

= P[Bino(m —k + l,p(k)) >1] 

Numeric calculations suggest that P[Bino{m,P(k)) > k] is always smaller than 

P[Bino(m — k + l,p(k)) > 1] for fc > 1, and the difference is largest in a range of values 

of p(k) roughly close to k/{2m) (see figure 10 as an example). Hence, the modified 

adjusted p-values p(fe) are smaller than the original Westfall-Young p^) (equal for 

k = 1) and thus, less conservative. Obviously the modified adjusted p-values p^) 

control FWER at a. 

Since 

P\P(k) < x] = P[max(P(Beta(l,m) < P(i)),- • • ,P(Beta(k,m — k + 1) < P(k))) < x], 

defining q{x)i to be the x quantile of beta(k,m — i + 1), using equations (5.2.1) 

and (5.2.2), we will be able to calculate the asymptotic distribution of the modified 

adjusted p-values. Tables 28 illustrates the estimated P\p(k) < x] for m = 10000 with 

all p-values from U(0,1) and table 29 illustrates the estimated probability for M0 ~ 

bino(m,\) from U(0,1) and the remaining m — Mo from the alternative distribution 

Dg(x) (same setting as in table 27). Both tables confirm that the probability of 

rejection is larger for the modified adjusted p-values than the original step-down 

Sidak method. 
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Figure 10: The difference between P[Bino(m,p^)) > k] and P[Bino(m — k+l,p^)) > 
1] for m = 10000 and i = 2, 5,10,100. 

x=0.01 

x=0.05 
x=0.1 
x=0.2 

k=l 

0.0100 

0.0500 

0.1001 
0.2000 

k=2 

0.0013 

0.0140 

0.0381 
0.1021 

k=3 

0.0004 

0.0066 
0.0213 

0.0678 

k=4 

0.0002 

0.0039 
0.0142 

0.0507 

Table 28: Estimation P\p(k) < x] using equation (5.2.1). It is assumed that 10000 
genes are tested simultaneously and null hypotheses are true for all of them. 
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a= 

p\P(k) 

P\P(k) 

P\P(k) 

p\P(k) 

a= 

p\P{k) 

P\P(k) 

P\P(k) 

p\P(k) 

=1 

<o 

<o 

01] 

05] 

<0.1] 

<o 

=2 

<o 

<o 

<c 

<c 

.2] 

01] 

05] 

•1] 

•2] 

k = l 
k=2 
k = 3 
k=4 

k = l 
k=2 
k = 3 
k=4 
k = l 
k=2 
k = 3 
k=4 
k = l 
k=2 
k = 3 
k=4 

k = l 
k=2 
k = 3 
k=4 
k = l 
k=2 
k = 3 
k=4 

k = l 
k=2 
k = 3 
k=4 

k = l 
k=2 
k = 3 
k=4 

b=4 
6 = 1 

g=1.02 
0.01016(0.0096) 
0.0014 (0.0013) 
0.0004(0.0003) 

0.0002(0) 
0.0508(0.0519) 
0.0145(0.0140) 
0.0069(0.0068) 
0.0041(0.0032) 

0.1015(0.1036) 
0.0392(0.0374) 
0.0222(0.0196) 
0.0149(0.0119) 
0.2029(0.2069) 
0.1048(0.1075) 
0.0703(0.0703) 
0.0529(0.0505) 

5 = 4 

g=1.08 
0.0108(0.012) 

0.0015(0.0013) 
0.0005(0.0006) 
0.0002(0.0001) 
0.0538(0.0539) 
0.0161(0.0166) 
0.0080(0.0074) 
0.0049(0.0043) 
0.1073(0.1038) 
0.0433(0.0423) 
0.0254(0.0231) 
0.0176(0.0166) 
0.2138(0.2121) 
0.1148(0.1164) 
0.0795(0.0808) 
0.0616(0.0625) 

b=8 
<5 = 2 

g=1.14 
0.0114(0.0106) 
0.0017(0.0017) 
0.0006(0.0007) 
0.0003(0.0004) 

0.0568(0.0525) 
0.0178(0.0153) 
0.0092(0.0069) 
0.0058(0.0050) 
0.1132(0.1085) 
0.0477(0.0430) 
0.0290(0.0242) 
0.0207(0.0173) 
0.2246(0.2253) 
0.1252(0.1212) 
0.0893(0.0824) 
0.0709(0.0625) 

5 = 8 
g=3.05 

0.0302(0.0285) 
0.0107(0.0090) 
0.0072(0.0057) 
0.0060(0.0038) 
0.1448(0.1235) 
0.0919(0.0650) 
0.0789(0.0493) 
0.0742(0.0433) 
0.2748(0.2369) 
0.2113(0.1587) 
0.1950(0.1321) 
0.1894(0.1199) 
0.4936(0.4229) 
0.4385(0.3400) 
0.4248(0.3089) 
0.4204(0.2919) 

b=10 
6 = 2.5 
g=1.35 

0.0135(0.0124) 
0.0024(0.0012) 
0.0009(0.0004) 
0.0005(0.0002) 

0.0671(0.0659) 
0.0242(0.0192) 
0.0139(0.0106) 
0.0098(0.0067) 
0.1329(0.1274) 
0.0635(0.0544) 
0.0426(0.0328) 
0.0331(0.0236) 
0.2607(0.2434) 
0.1617(0.1445) 
0.1252(0.1024) 
0.1064(0.0825) 

5 = 10 
g=10.97 

0.1044(0.0746) 
0.0827(0.0427) 
0.0813(0.0359) 
0.0812(0.0331) 
0.4302(0.2842) 
0.4188(0.2349) 
0.4185(0.2182) 
0.4185(0.2109) 
0.6851(0.4704) 
0.6817(0.4227) 
0.6816(0.4091) 
0.6816(0.4025) 

0.9134(0.7075) 
0.9132(0.6783) 
0.9132(0.6686) 
0.9132(0.6645) 

b=15 
6 = 3.75 
g=4.30 

0.0423(0.0246) 
0.0195(0.0066) 
0.0154(0.0032) 
0.0142(0.0023) 

0.1979(0.1055) 
0.1500(0.0492) 
0.1407(0.0339) 
0.1384(0.0273) 
0.3642(0.2028) 
0.3182(0.1192) 
0.3100(0.0884) 
0.3082(0.0751) 

0.6168(0.3661) 
0.5891(0.2638) 
0.5851(0.2222) 
0.5844(0.1988) 

6 = 15 
g=515 

0.9943(0.5855) 
0.9943(0.5827) 
0.9943(0.5825) 
0.9943(0.5825) 

1(0.9375) 
1(0.9372) 
1(0.9372) 
1(0.9372) 
1(0.9910) 
1(0.9910) 
1(0.9910) 
1(0.9910) 
1(0.9993) 
1(0.9993) 
1(0.9993) 
1(0.9993) 

Table 29: Estimated P\p(k) < A with x = 0.01,0.05,0.1, and 0.2. Same setting as in table 27 
except that q(x)i are the x quantile of beta(k, m-i+1). 
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Both the step-down Sidak adjustment and the modified adjustment will reject 

hypotheses if their corresponding adjusted p-values are less than or equal to a. In 

order to illustrate the difference between the two methods, we consider two separate 

situations. In the situation that all null hypotheses are true, all p-values are from 

(7(0,1) and both methods compare the ordered p-values (miri{rkt... <rm}P(i) and P(fc)) 

with their corresponding observed ones p^) • In the second situation when some of the 

hypotheses are from the null and some are from the alternative, the p-values would 

have a mixture distribution and both methods have some shortcomings. We will 

illustrate heuristically the difference between these two methods through an example. 

Assume that 10 p-values are considered and 2 of them are from the alternative. 

Denote the p-values from the uniform by Xj and the p-values from the alternative by 

yj. Suppose we observe y\ < X\ < yi < x2 < • • • < x&. To calculate p^, the Sidak 

method will discard the first observed p-value y± and compare min^,- ,io}^(i) (which 

has mean 1/10) to x\ (which has mean 1/9). For j5(4), it compares min^...,io}IP(;) 

(mean 1/8) to x^ (mean 2/9). Both times the miriP^ has mean smaller than the 

mean of the x's, thus the adjusted p-values will likely be large. Therefore, this 

method is conservative but robust since usually p-values from the alternative have 

larger probabilities of falling among the first k — 1 observed p-values than p-values 

from [7(0,1) but they are discarded in the calculation of p^ky However, the modified 

adjustment considers all m p-values and used P(_k) to adjust p^)- That is, to calculate 

P(2), it compares P(2) of m = 10 (mean 2/11) to x\ (mean 1/9). For p(4), it compares 

P{\) of m = 10 (mean 4/11) to xi (mean 2/9). Both Pp) and P(4) have means larger 

than the means of the a;'s and thus the adjusted p-values will tend to be small. The 

more p-values among the first k — 1 that are from the alternative, the smaller the 

adjusted p-values p^ will be. Therefore, the modified adjustment is less conservative 

than the step-down Sidak method but it is highly dependent on the positions of the 

p-values from the alternative. Consequently, it is not robust to p-values from the 

alternative: once it rejects a hypothesis, it is likely to reject many more. Thus, it 

could yield a large number of false rejections. 

An example is given to illustrate the difference in the number of rejections between 

the step-down Sidak adjustment and the modified adjustment. Assume 10 p-values 
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number of rejections 

P(k) 
0 
1 
2 
3 
4 
5 

total 

0 
5606 

52 
29 
10 
8 
0 

5705 

1 

1261 

8 
3 
0 
1 

1273 

2 

566 
195 
5 
0 
0 
766 

3 

336 
165 
16 
1 
0 
518 

P(k) 
4 

248 
115 
23 
3 
0 
389 

5 

232 
110 
29 
8 
0 
379 

6 

174 
99 
27 
4 
1 
305 

7 

126 
90 
29 
6 
1 
252 

8 

123 
62 
35 
7 
1 
228 

9 

104 
61 
18 
1 
1 
185 

total 

5606 
3222 

934 
195 
38 
5 

10000 

Table 30: The number of rejections using p(fe) and p^)- Ten thousand simulations are 
performed for 10 p-values with M0 ~ Binom(l0, 0.8) from U(0,1) and the rest from 
alternative: t = 2, b = 10, 5 = 10. 

are considered, MQ ~ Binom(lQ, 0.8) p-values are iid U(0,1) and the rest are from 

a distribution Ds{x) with t — 2,6 = 10, a = 2, which leads to 5 — 10. That is, 

on average, 2 p-values are from the alternative distribution where the gene is 4 fold 

expressed under the treatment condition. Ten thousand simulations are performed 

to generate the p-values and table 30 lists the number of rejections at level a = 

0.05 using the step-down Sidak method and the modified adjustment. It shows that 

the modified adjustment not only rejects more p-values than the step-down Sidak 

method, but also rejects many more than the expected number of p-values from the 

alternative distribution. For example, the step-down Sidak method rejects more than 

2 hypotheses 238 times, while the modified adjustment rejects more than 2 hypotheses 

2256 times, which includes rejecting 9 out of 10 hypotheses 185 times. That is, the 

method leads to a large number of false rejections, and so cannot be recommended. 

5.4 Example Data Set 

The step-down Sidak method and the modified adjusted p-values 5.3.1 were applied 

to the HIV data set illustrated in Table 1. Details will be discussed in the next 
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i 

1 
2 
3 
4 
5 

gene 

R97915 
R69570 
R60223 
R78620 
R99977 

raw 
P(k) 

0.000002 
0.000002 
0.000003 
0.000007 
0.000010 

Sidak 

P(k) 

0.0135 
0.0152 
0.0270 
0.0628 
0.0829 

Modified 

P(k) 

0.0135 
0.0135 
0.0135 
0.0135 
0.0135 

i 

6 
7 
8 
9 
10 

gene 

R20409 
H12862 
H59825 
T82048 
R31076 

raw 

P(k) 

0.000015 
0.000022 
0.000024 
0.00004 
0.00004 

Sidak 

P(k) 

0.1321 
0.1848 
0.1967 
0.3058 
0.3062 

Modifiei 

P(k) 

0.0135 
0.0135 
0.0135 
0.0135 
0.0135 

Table 31: The first 10 raw and adjusted p-values of the HIV data. 

chapter. Table 31 lists the first 10 raw and adjusted p-values. The step-down Sidak 

method rejects 3 null hypotheses with controlling FWER at 0.05 while the modified 

adjusted p-values p^ rejects more than 8900 null hypotheses. Clearly, the step-down 

Sidak method is likely too conservative and leads to a large number of type II errors, 

while the modified method leads to too many type I errors and should not be used 

as a multiple testing procedure. 



Chapter 6 

Application 

6.1 Example Data 

A data set collected from a HIV experiment was used in the previous two chapters to 

illustrate the applications of these different multiple testing methods. We thank Dr. 

Diaz-Mitoma and Dr. Ikuri Alvarez-Maya from the Children's Hospital of Eastern 

Ontario for supplying this data. The experiment compared the genetic expression of 

Peripheral Blood Mononuclear Cells (PBMC) from HIV positive humans to genetic 

expressions of PBMC from HIV positive monkeys. The experiment was divided into 

two parts where each part contains half of the 19,000 genes. We will examine only 

the first part here. Three slides were produced for the genes in the first part of this 

experiment. In the first slide, human samples were dyed in green and Monkey samples 

were dyed in red, and in the other two slides, the color was flipped - human samples 

in red and monkey samples in green. Each slide contains 9358 genes: 9132 of them 

are attached on two spots, and 226 genes are attached on 4 or 6 spots. There are also 

some housekeeping genes and we exclude them from the data analysis. Intensities in 

two spots on slide 1 and one spot on slide 3 were measured twice (reason unknown), 

both measures are excluded from the analysis. The genes with different numbers of 

replicates will cause the degrees of freedom of the F-test statistics that will be used 

in the data analysis to be different. Although their corresponding p-values will still 

have uniform distributions under the null hypotheses (and thus the analysis method 
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will be same), to be consistent with our assumptions in the corollaries in Appendix A, 

we will apply our analysis only on the 9132 genes which have the same number of 

replicates for illustration. 

The intensity and background on every spot of every slide for each color are mea­

sured. Both intensities and background are log transformed with base 2. The contour 

plots of log transformed backgrounds and intensities indicate that background cor­

rection is necessary. Figure 11 illustrates the contour plots of the monkey sample 

from slide 1. The top left plot shows that the background measures at small x and 

y locations are high and the measures at large x and y locations are low. The top 

right plot of intensities gives a similar message. Therefore, background correction 

is necessary and we corrected the log transformed intensities by subtracting the log 

transformed background measure from it. The bottom plot of Figure 11 gives the 

background corrected intensities. It shows that the intensities after background cor­

rection are randomly distributed through the x and y locations and no specific pattern 

exists. The contour plots of other slides of both colors behave similarly. Consequently, 

background correction is performed on intensities on both colors and on all 3 slides. 

The color bias is then corrected through applying LOESS (Locally weighted poly­

nomial regression) fit with M = log2(intensities of Human sample) — /og2 (intensities 

of Monkey sample) on A = logi (intensities of Human sample) + log2(intensities of 

Monkey sample) for each slide. After that the slide normalization is performed: the 

medians are all set to 0 and the inter-quartile ranges are set to 1 for each slide. 

Now the data from the 3 slides are combined for analysis. For each gene the model 

Vijk — /•* + Bi + Tj + eijk is applied. The y^k is the log transformed intensities on spot 

k of slide i for sample j , /j, represents the overall mean, Bt is the effect of slide i on 

intensities, Tj is the effect of sample j (j=l for human sample and j=2 for monkey 

sample), and e^k is an error term. Here dye effect is not considered since the color 

bias is corrected already. 

To test the null hypothesis H0: a gene is not differentially expressed, the test 

statistic and the corresponding p-value for each gene is calculated. Both multiple 

test methods - FDR and Westfall-Young adjusted p-values - are applied on the p-

values to detect the differentially expressed genes. Table 32 list the first 20 smallest 
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Figure 11: The contour plots of log transformed background (top left), log trans­
formed intensities of the monkey sample from slide 1 (top right), and log transformed 
intensities after background correction (log(intensity)-log(background)) (bottom). 
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unadjusted p-values, their corresponding FDR threshold for q* = 0.05, adjusted p-

values using the step-down Sidak method p^, and modified adjusted p-values p^. 

The FDR threshold shows that the FDR method will reject 14 null hypotheses, which 

is a relatively large number of rejections in a microarray experiment with 6 replicates 

for each gene. The step down Sidak method rejects 3 null hypotheses with controlling 

FWER at 0.05, and the modified method rejects 8929 null hypotheses with controlling 

FWER at 0.05 since the first 8786 p(i) all equal 0.0135. The result clearly indicates 

that the modified method may lead to a large number of false rejections. Even under 

the assumption of independence, we have seen that the modified method can lead to 

an increased number of false rejections. This problem may be exacerbated when the 

genes are highly correlated. 

6.2 Example of Planning an Experiment 

We will illustrate an application of the FDR and adjusted p-values methods on plan­

ning an Affymetrix experiment involving the mobility of rats. 

A preliminary experiment was done by Dabrowski et.al [9] on 4 rats to obtain 

some prior information such as the error variance. Two rats were represented twice 

in the experiment, and the data were treated as having come from 6 separate rats. In 

this planning step, this simplification of the analysis was not a significant restriction, 

particularly in view of the limited number of subjects in the trial. In total 31042 genes 

were measured on each rat. The raw signal readings were integers from 0 to several 

thousand and they were transformed by the function X —> log2(l+X). The readings 

from each slide were normalized by applying linear adjustment to have medians 0 

and upper quartile point 1. Then the normalized data were collected into a single 

data set with 31042 rows, with each row corresponding to a single probeset. Each 

probset had 6 readings corresponding to the 6 slides of this experiment. The original 

datasets contained additional reading at additional Affymetrix probesets, but these 

are not retained since they are intended for quality control purposes only. The error 

standard deviation (i.e. the standard deviation of biological+measurement error) was 

estimated from the individual sample standard deviations computed for each of the 
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k 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

gene 
R97915 
R69570 
R60223 
R78620 
R99977 
R20409 
H12862 
H59825 
T82048 
R31076 
H10026 
R79387 
H71213 
H82521 
T93912 
H45241 
H17394 
R06552 
H82992 
H29063 

p-values 
0.000002 
0.000002 
0.000003 
0.000007 
0.000010 
0.000015 
0.000022 
0.000024 
0.00004 
0.00004 
0.00004 
0.00005 
0.00006 
0.00006 
0.00016 
0.00017 
0.00018 
0.00018 
0.00018 
0.00018 

FDR 
0.000005 
0.000011 
0.000016 
0.000022 
0.000028 
0.000033 
0.000038 
0.000044 
0.000049 
0.000055 
0.000060 
0.000066 
0.000071 
0.000077 
0.000082 
0.000088 
0.000093 
0.000099 
0.00010 
0.00011 

V 
0.0135 
0.0152 
0.0270 
0.0628 
0.0829 
0.1321 
0.1848 
0.1967 
0.3058 
0.3062 
0.3083 
0.3681 
0.4341 
0.4448 
0.7578 
0.7960 
0.7979 
0.8037 
0.8065 
0.8099 

V 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 
0.0135 

Table 32: The first 20 smallest unadjusted p-values, with corresponding FDR thresh­
old for q* = 0.05, adjusted p-values by step-down Sidak method p, and by the modified 
adjusted p-values p. 
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31042 probesets. The vast majority of the estimated standard deviations a are at 

most 1, and among probesets with a higher anticipated mean response, a is generally 

bounded above by 0.5. 

Dabrowski et.al [9] designed an experiment for a single gene to detect changes in 

gene expression due to mobility or immobility either overall or somewhere over 5 time 

points. A two factor analysis of variance (ANOVA) is used: Factor A has two levels; 

0-mobile and l-immobile, and factor B has 5 levels corresponding to measurements 

taken at 2, 4, 8, 16 and 32 weeks. The corresponding statistical model is: 

Yijk = A4 + ffl» + 6j + (ab)i:j + eijk. 

Here Y^k represents the kth rat in the treatment cell combining level i of factor 

A and level j of factor B. The fj, represents the overall mean response across all rats, 

a the deviation due to the level factor A, b the deviation due to the level of B, (ab) 

the interaction specific to having both level i of A and level j of B, and e^k is the 

random (biological+measurement) error for that specific measurement. There is one 

rat for each observation, I rats for each pair of A and B factor level combinations, 

and 10/ rats in total for the experiment. The null hypothesis is 

HQ: no A or AB effect, 

and the appropriate F-test is then 

Reject H0 : no A or AB effect 

if F = ({SSA + SSAB)/h)/MSE > F(a; 5,10(1 - 1)) . 

Alpha is the desired significance level (Type I error probability) for the test, and the 

test statistic distribution is F with 5 and 10(1-1) degrees of freedom under H0. If HQ 

is not true and A or AB effect exists, the test statistic distribution is non-central F 

with 5 and 10(1-1) degrees of freedom and non-centrality parameter 5 = 8A + 8AB, 

with 

^ = (5j>)2)/a2 

i= l 

5AB = ( ; £ 5 > ^ ) A T 2 . 
i=l j=l 



CHAPTER 6. APPLICATION 110 

Since the log-transformation is used on the intensity, a doubling of expression 

corresponds to a shift of the mean of the log-transformed data by 1. Dabrowski 

et.al [9] illustrated by applying the Bonferroni adjustment for 10 specific probesets, 

the sample size 10/ needed to achieve a solid probability of detecting a doubling in 

the probeset expression if it is present. 

We will employ the FDR and the adjusted p-values p[k) on the 31042 p-values 

to calculate the probability of detecting at least k genes with replications 10Z, / — 

1, • • • ,10, controlling FDR or FWER at 0.1. We assume on average 100 genes come 

from the alternative distribution - with doubling in the probeset expression and all 

other genes from H0: no A or AB effects. Thus, A = 1 - 100/31042 = 0.997. We 

will assume that observations across probesets are statistically independent, so that F 

statistics (and consequently the p-values they generate) obtained from each probeset 

are independent. A doubling of mean expression (independent of time) could be 

represented in this formula by a\ = 0.5 = — a-i, a\ = l,a2 = 0, etc. We will use 

the first one here for illustration, then 5A = 2.5/cr2. Similarly, if there is just one 

time point with a doubling of gene expression, then 5AB = 0.51/a2. Table 33 lists the 

non-centrality parameter 8 for a2 = 1 and number of rats 10/, / = 1, • • • ,10, and the 

corresponding g = A + (1 — A) * cfo(0). It shows that even with 100 rats, the non-

centrality parameter is only 7.5. Table 34 lists the estimated lower bound of P[R > k] 

by applying the FDR method. It shows that even using 100 rats, P[R > 1] is only 0.33. 

Table 35 lists the P[R > k] using the step-down Sidak method p(k). Ten thousand 

simulations were performed. Since the g is large for N > = 40, we simulated all 31042 

p-values, calculated the ordered p-values, and then made corresponding adjustment. 

The results show that the probability P[R > 1] is still very small (0.3193), which 

corresponds to a number of rats at around 100. Note that this experiment compares 

two treatments at five time points, thus n = 100 is not large relative to the number 

of comparisons under consideration. 
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number of rats 

20 
30 
40 
50 
60 
70 
80 
90 
100 

S 

3.5 
4 

4.5 
5 

5.5 
6 

6.5 
7 

7.5 

g = A + (1 - A) * ds(0) 

1.028 
1.243 
2.857 
14.764 

102 
744 

5471 
40385 
299204 

Table 33: The non-centrality parameter 6 for a2 = 1, m = 31042, A = 0.997, and 
I = 1, • • • ,10, and the corresponding g — A + (1 — A) * ds(0). The d$(0) is estimated 
by d5(x) with F0

-1(l - x) = 10000. 

P[R > k) 
k=l 
k=2 
k=3 
k=4 

P[R > k] 
k=l 
k=2 
k=3 
k=4 

N=20 
0.1022 
0.0193 
0.0041 
0.0009 

N=70 
0.1892 
0.0541 
0.0163 
0.0049 

number of rats N 
N=30 
0.1085 
0.0215 
0.0047 
0.0011 

N=80 
0.2280 
0.0739 
0.0247 
0.0083 

N=40 
0.1194 
0.0253 
0.0059 
0.0014 

N=90 
0.2759 
0.1017 
0.0381 
0.0142 

N=50 
0.1358 
0.0313 
0.0078 
0.0020 

N=100 
0.3330 
0.1397 
0.0587 
0.0243 

N=60 
0.1587 
0.0405 
0.0110 
0.0031 

Table 34: The lower bound of probability of detecting at least k genes P[R > k] 
calculated by the FDR method, with 100 genes which have doubling in the probeset 
expression and the other genes from HQ: no A or AB effect. Here q* = 0.1 and a = 1. 
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P[R > k] 

k=l 
k=2 
k=3 
k=4 

number of rats N 
N=40 N=50 N=100 
Step-down Sidak adjustment p^ 
0.1185 0.1277 0.3193 
0.0068 0.0080 0.0629 
0.0003 0.0006 0.0084 
0.0001 0.0001 0.0008 

Table 35: The probability of detecting at least k genes P[R > k] calculated by the 
step-down Sidak method, with 100 genes which have doubling in the probeset ex­
pression and the other genes from HQ: no A or AB effect. A hypothesis is rejected 
when its adjusted p-values is smaller than 0.1. Ten thousand simulations were per­
formed. Adjustment were made on ordered p-values calculated from simulated all 
31042 p-values. 



Chapter 7 

Conclusion and Discussion 

In cDNA microarray experiments, each slide compares gene sequences from two sam­

ples (treatments) under study. When the number of treatments is more than 2, how 

to arrange the treatment groups on slides becomes an issue. Different designs could be 

applied and this thesis compared the power of three different designs to detect a single 

differentially expressed gene. A two way model is used with the slide and the treat­

ment group as the factors. It is assumed that the data used in this model are already 

normalized so that the colour bias is removed. Kerr, et al [21] focused on data anal­

ysis through applying a model with more factors, and compare two treatments each 

time. Here, we focus more on experimental design, in terms of comparing different de­

signs and determining the sample sizes, so we used a simplified model. An F statistic 

is used to test a matrix of treatment contrasts: Hg : Tj — Tt = 0, for i = 1, • • • ,t — l, 

vs Ha:Ti — Tt = a,i. It is concluded that using the same numbers of slides to compare 

the same number of treatments t, the BIB design is always better than the reference 

design. There is no absolute conclusion regarding which one of the BIB or loop de­

signs is better for t > 3. In general, the loop design is better than the BIB design 

when the treatment differences a* are different and the treatments with large effects 

are distributed evenly in the loop. If the treatments with large effects are clustered in 

the loop, the loop design is worse than the BIB design. The loop design is better than 

the reference design when the number of treatments to be compared t is less than 5. 

There is no absolute conclusion that one of the loop or reference designs is better for 
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t > 5. For a specific number of treatments, we calculated formulas to compare the 

designs. The exact density function of the p-value of the F test statistic under Ha 

is calculated analytically and an approximation of the density at 0 is developed for 

later use. 

Different models could be applied in the same manner when necessary, such as 

a model with dye effects added, a model with interaction terms added, or a mixed 

model with some terms treated as random. However, these models make it more 

complicated to calculate the non-centrality parameters of the test statistics, which is 

the key used to compare the three designs in terms of power. 

Multiple testing procedures are then applied to the p-values obtained from the 

F test statistics to determine which genes are differentially expressed. This thesis 

considered the FDR method and the Westfall-Young resampling method under the 

assumption that all single gene tests are independent. The FDR method is very easy 

to apply and the expected false rejection rate is controlled at q*. We calculated lower 

bounds for the probability that at least k genes are detected P[R > k] and for the 

probability that given Mi truly differentially expressed genes, j of them are detected 

P[S > j\M\ = mi], assuming that the percentage of non-differentially expressed 

genes goes to a constant as the number of genes goes to infinity and the test statistics 

of the truly differentially expressed genes have an F distribution with a common fixed 

non-centrality parameter. The second assumption is not very practical, but it is not 

a severe restriction in terms of experimental design. Even if genes have different non-

centrality parameters, if they could be grouped into several classes such that each 

class has a common non-centrality parameter, the method of calculating the lower 

bounds will be similar. Our motivation to focus on the probability P[R > k] is that 

it would be helpful to have some knowledge of the chance of rejecting a moderate 

number of incorrect null hypotheses before applying the FDR method, especially if 

the chance is very small or very big. The probability P[S > j\M\ = m\] is treated as 

a notion of power in multiple testing and thus is of interest. These probabilities could 

also be used as references to determine the sample size of replications for each gene 

in the experimental planning stage. We also formulated a conditional probability -

the probability of the number of genes that are truly differentially expressed given k 
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genes are detected P[S = j\R = k], which turns out to have a binomial distribution 

with the chance of success depending on the density of p-values at point 0 under HQ. 

Under an independence assumption of single gene tests, the Westfall-Young minP 

adjusted p-values is actually the step-down Sidak method. For the first k adjusted 

p-values, we applied the results from extremal processes and proposed a way to speed 

up the simulation which is involved in applying the step-down Sidak method in exper­

imental designs. We also evaluated the marginal asymptotic distributions of the first 

k adjusted p-values. A modification on the adjustment of p-values is also discussed, 

which is less conservative but can lead to rejecting too many true hypotheses. 

Under the independence assumption, both the FDR method and the step-down 

Sidak adjusted p-values are still conservative. Experimental designs without the 

assumption of independence or which use other multiple testing procedures merit 

further study. 

The simplified lower bound of the FDR method using the Poisson approximation 

and the asymptotic distributions in the Westfall-Young adjusted p-values using ex­

ponential variables are still valid for p-values of other test statistics, given that the 

densities of the p-values under Ha have derivatives at point 0. The density may not 

be close to linear in a small neighborhood of 0, but the number of p-values that fall 

into a small neighborhood of 0 will still have an asymptotic Poisson distribution, 

although it is not homogeneous anymore and the calculation in the approximations 

will be complicated. 



Appendix A 

Weak Convergence of Extremal 

Processes 

Corollary 4.19 in Resnick [28] establishes the weak convergence of extremal point 

processes. We will apply this theorem to estimate the joint distribution of the ex­

treme p-values appearing in the FDR and the other methods listed previously. The 

asymptotics of these p-values are given by Resnick's result. We first quote the result 

in a form suited to our needs and then state our own versions. 

Corollary A.0.1 (Corollary 4.19, [28]) Let {Xn,n > 1} be iid with continuous 

strictly increasing distribution F on [0, oo]. Assume there exists a distribution func­

tion G, and for Mn = max(Xi, • • • ,Xn), there exist an > 0, bn e R, n > 1 such 

that 

P[a-\Mn - bn) <x] = Fn(anx + bn) -> G(x). (A.0.1) 

G(x) = { exp{-(-x)a}, ifx<0, 

1 1, if oo > 0 

a > 0, then XQ = sup{x : F(x) < 1} < oo. Set E = (—oo, 0], v(x, 0] = (—x)a, x < 0, 

and equation (A.0.1) is equivalent to: 

£„ := y /(I, A i Xo) =» ^ = PRMldt x dv), 
j-£ n x0 - 7„ 
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in Afp([0,00) x (-00,0]), where 7„ = (1/(1 - F ) ) " 1 ^ ) . 

Here "=>" denotes weak convergence in the vague topology on the space of counting 

measure, MP(E) where E is a complete separable metric space, and PRM(dfi) denotes 

a Poisson random measure on E with mean measure //. (Refer to Resnick [28]). 

This result establishes the weak convergence of extremal point processes £„ to a 

planar Poisson process £ with first coordinate equally spaced and with mean measure 

determined by the upper tail behaviour of the distribution function of the iid X^. Of 

course, a completely parallel result holds for lower extreme values. We apply this 

corollary to two special cases and so develop the asymptotic behaviour of minimal 

p-values under the null and alternative hypotheses of Chapter 3. 

Corollary A.0.2 Denote by {pi,P2>P3 • ' ' } the p-values of iid F-statistics generated 

by variables with centralF distributions, i.e. pt = l-Fo(Xi) for Xi having the central 

F distribution, FQ. Then 

• Let Nn{a) = J^ZiHPi < %)> for a > 0. As n - • oo; Nn =* PRM{dt) in 

Mp([0,00)). Consequently, for the first k ordered p-values p^), where k is a 

finite integer relatively small compared to n, we have that n(p^ — P(i-i)) are 

asymptotically independent exponential variables of mean 1 as n —> 00. 

Proof. 

As stated in Chapter 3, the p-value pi of a central F distributed statistic is uniformly 

distributed on [0,1]. Thus, — p* ~ Uniform[—l, 0]. Let an = ^, bn = 0, then we have 

for Mn — max(—pi, • • • , —pn), with x < 0, 

P(Mn < anx + bn) = [1- F(-(anx + bn))]
n 

= [l-F(-x/n)]n 

= ̂ l + ^ 

- » e x , (A.0.2) 

as n —> 00. So the condition A.0.1 is satisfied, with exp{—(—x)a} = G(x) and a — 1 

in item (hi) of Corollary A.0.1. Here, XQ = sup{x : F_p(x) < 1} = 0. Let 7„ = — 1/n, 
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then ^ ~ x ° = jfe = —npi. Therefore we obtain, as n —• oo, that the sample point 

process converges weakly to a limiting standard Poisson process. In particular, 

£n(([0,l] x [-a,0)),{(i,-npi),i<n}) - • Poisson(a), 

i.e. A(([0,1] x [—a,0)) = J0 J_adtdx = a, which proves the statement: The number 

of npj < a for i = 1, • • • , n has an asymptotic Poisson distribution with mean a 

as n —• co. Furthermore, considering nj)j as an arrival, and the intervals between 

successive points (arrivals) as waiting times, we know that for the first k (a finite 

number) waiting times between arrivals - np^x), np(2) — np(i), • • •, np(k) — np(k-i), 

their joint distribution can be described as a function of the joint distribution of 

the first k arrivals. That is, the following two events are equivalent: (np^k) > t) = 

(Nn(t) < k), where Nn(t) is the number of arrivals before time t (number of npi < t). 

As n —> oo, the process of arrivals is asymptotically a unit rate Poisson process, 

and so the waiting times have asymptotically independent exponential distributions 

with mean 1. That is, {np{1),n(p(2) - P ( i ) ) , - " ,n(P(i) - P(i-i))) -> (Ex,--- ,Ek) in 

distribution where Ex, • • • ,Ek are i.i.d exponential random variables with mean 1. • 

Corollary A.0 .3 Suppose {pi,P2,P3> • • • } are p-values of iid F-statistics determined 

by F distributions with non-centrality parameter 5, i.e. pi = 1 — Fo(Xi) for Xi having 

the non-central F distribution of non-centrality 5, F$. Denote D$(p) = J ^ i ( 1 _ > f(t, S)dt, 

and dg(0) be the right-hand derivative of function D$ at the point p = 0. 

• Let Nn(a) = J2Zi !(& ^ %)> for a ^ °- As n-+ oo, Nn => PRM(ds(0) • dt) 

in Mp([0, oo)). Consequently, for the first k ordered p-values p^), where k is a 

finite integer relatively small compared to n, we have that n(p^ — p^x)) are 

asymptotically independent exponential variables of mean l/ds(0) as n —> oo. 

Proof. 

As stated in Chapter 3, the p-value of an F statistic with non-centrality parameter 

5 has distribution function Dg(p) = J^°i ( 1_ . f(t, 5)dt. As p —> 0, the function Ds(p) 

can be approximated by its secant line at 0. That is, D$(p) « efo(0) • p. 
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Similarly as in the proof of the last Corollary, let an = n(A0\, bn = 0, then we 

have for Mn = max(—pi, • • • , — pn)) as n —> oo, for x < 0, 

P(Mn<anx + bn) = P(Mn<—^—) 

~ l n^(0) J 

So the condition in Corollary A.0.1 is satisfied. Here, let a = 1 and G(x) = 

exp{—(—x)a} for a; < 0, which is the case of item (iii) of Corollary A.0.1. Since x0 = 

sup{x : F_p(x) < 1} = 0, and letting 7n = —l/(nds(0)), then ^"i~zo = — ofo(0) • npi, 

and the corollary follows. • 

The thesis will frequently consider collections of p-values where some are obtained 

under the null hypothesis, and some under a specific alternative hypothesis. Efron [12] 

considered the asymptotics of such a situation using the empirical Bayes approach. 

We will study the asymptotics of p-values using the extremal point process limit in 

a very similar situation. We will assume that each p-value is generated by either 

the null or the specific alternative according to an independent Bernoulli process. 

Consequently the proportion of null to alternative p-values tends to a constant as 

the number of terms increases. The following corollary provides the extremal point 

process limit. The proof follows as above. 

Corollary A.0.4 Take P\,P2, • • • to be independent p-values computed either under 

the null hypothesis (with probability A G (0,1)), or in the context of Corollary A.0.3 

(with probability 1 — X). 

• Let Nn(a) = Y£Li J f e ^ «)> for a > 0. As n -» oo, JVn ^> PRM(g • dt) in 

Mp([0, oo)), where g = X + (1 — X)dg(0). Consequently, for the first k ordered 

p-values p(i), where k is a finite integer relatively small compared to n, we have 

that n{j)(i) — p(j_i)) are asymptotically independent exponential variables of mean 

\/g as n —> oo. 
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Program code 

The first part list the macros used. For some macros used only in a specific program, they 

are included in that program code. 

* macros. 

'/.macro delta(i=2,t=2); 

data data&i; 

do a=0.5, 1, 2, 4; 

do b=&blist; 

deltal=a**2* b/(2* &t); 

delta2=a**2* b*(&t-l)/(4* &t**2); 

output; 

end; 

end; 

run; 

%mend; 

'/.macro graphsetting; 

goptions ftext=swiss htext=1.5; 

symboll interpol=joint line=l c=black ; 

symbol2 interpol=joint line=2 c=black ; 

symbol3 interpol=joint line=44 c=black ; 

symbol4 interpol=joint line=34 c=black w=2 ; 

legendl label=none 

120 
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position=(top center inside) 

mode=share; 

axis label=NONE; 

'/.mend; 

'/.macro calcu_v(i=0); 

x&i.=(k+&i)*q/m; 

z&i.=finv(l-x&i.,&t-l, &b-&t+l, 0); 

v&i.=l-cdf('f', z&i., &t-l, &b-&t+l, delta); 

/.mend; 

'/.macro text(s=l, e=5) ; 

m=&m; q=&q; lambda=&lambda; 

d e l t a =((&a)**2) *&b/(2* &t) ; 

*/.do ind2=&s '/.to &e; 

7 ,ca lcu_v( i=&ind2) ; 

7 tend; 

°/,mend; 

"/.macro p r o b _ t h e o r y _ L ( q = 0 . 1 , t = 4 , b=24, a = l , s t a r t = l , end 

mac roC=es t_k_L5_a l t ) ; 

'/.do i n d 5 = & s t a r t 70to &end %by &s tep ; 

'/.femacroC. (k=&ind5. , m=10000); 

'/.end; 

/oinend; 

{\bf {\huge $\cdot$} Calculate $\delta$.> 

\begin{verbat im)-

'/.let blist=4, 6, 8; 

'/.daltaQ; 

'/.let blist=6, 9, 12; 

7.dalta(i=3,t=3); 

'/.let blist=12, 24, 36; 

'/.dalta(i=4,t=4); 

data dataplot; 

t=3; 

do a=0 to 4 by 0.001; 

file://{/huge
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delta_BIB_b6=a**2* 6/(2* t ) ; 

delta_ref_b6=a**2* 6 * ( t - l ) / ( 4 * t**2) ; 

delta_BIB_bl2=a**2* 12/(2* t ) ; 

delta_ref_bl2=a**2* 1 2 * ( t - l ) / ( 4 * t**2) ; 

output; 

end; 

run; 

7.graphsetting; 

proc gplot data=dataplot ; 

p lo t (delta_BIB_b6 delta_ref_b6 delta_BIB_bl2 del ta_ref_bl2) *a 

/over lay legend=legendl vaxis=axis ; 

run; 

* Densi ty of p values d${x) 

data g_p; 

t=3 ; b=6; 

do x = 0.001 to 0.999 by 0.001; 

y=finv(l-x, t-1, b-t+1, 0); 

z0=pdf('f\ y, t-1, b-t+l, 0); 

zl=pdf('f', y, t-1, b-t+1, 0.08); 

z2=pdf(,f\ y, t-1, b-t+1, 0.33); 

z3=pdf('f, y, t-1, b-t+1,1); 

z4=pdf(,f\ y, t-1, b-t+1, 4); 

g_pl=zl/z0; 

g_p2=z2/z0; 

g_p3=z3/z0; 

g_p4=z4/z0; 

label g_pl='delta=0.08'; 

l abe l g_p2='delta=0.33 >; 

l abe l g_p3= 'de l ta=l ) ; 

l abe l g_p4='del ta=4' ; 

output; 

end; 
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run; 

"/.graphsetting; 

proc gplo t ; 

p lo t (g_pl g_p2 g_p3 g_p4 ) * x/over lay legend=legendl vaxis 

run; 

* Compar ison between d$(x) and its upper bound . 

da ta upper; 

input nul nu2 delta @@; 

upper=exp(delta*nu2/(2*nul)); 

cards; 

1 3 0.25 ... 3 21 48 

; *input nul, nu2, and delta, delta could be calculated from 

the first function; 

run; 

•density function of d(x) and upper bound; 

7.dp(t=2,b=4,delta=0.25); 

%dp(t=2,b=4,delta=l); 

%dp(t=2,b=4,delta=4); 

7.dp(t=2,b=6,delta=0.375); 

%dp(t=2,b=6,delta=1.5); 

%dp(t=2,b=6,delta=6); 

%dp(t=4,b=12,delta=0.375); 

%dp(t=4,b=12,delta=1.5); 

°/,dp(t=4,b=12,delta=6) ; 

* Calculate ds(x) with F0
_1(l - x) = 10000 and 100000. 

•estimate the range of F~-1(0); 

'/.macro est_F0(t=2, b=4, a=2, lambda=0.99); 

data a; 

t=&t; b=&b; a=&a; lambda=&lambda; 

delta.BIB =((a)**2) *b/(2* t); 

delta_Ref= ((a)**2)*b*(t-l)/(4*(t**2)); 
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do x=0.00001 to 0.00000101 by -0.000001; 

F_0=finv(l-x, t - l , b - t + l , 0 ) ; 

fO_BIB=pdf(»f, F_0, t - l , b - t + l , 0 ) ; 

f l_BIB=pdf ( ' f , F_0, t - l , b - t + l , delta_BIB); 

ratio_BIB=fl_BIB/f0_BIB; 

g_BIB=0.99+ratio_BIB*0.01; 

F_0_ref=finv(l-x, t - l , b - t , 0 ) ; 

f 0 _ r e f = p d f ( ' f , F_0_ref, t - l , b - t , 0 ) ; 

f l_ re f=pdfOf>, F_0_ref, t - l , b - t , d e l t a . r e f ) ; 

ra t io_ref=f l_re f / f0_ref ; 

g_ref=0.99+rat io_ref*0.01; 

output; 

end; 

do y=10000 to 100000 by 10000; 

f0_BIB=pdf('f ' , y, t - l , b - t + l , 0 ) ; 

f l_BIB=pdf ( ' f , y, t - l , b - t + l , de l ta .BIB) ; 

ratio_BIB=fl_BIB/f0_BIB; 

g_BIB=lambda+(l-lambda)*ratio_BIB; 

f0_ref=pdf(>f>, y, t - l , b - t , 0 ) ; 

f l _ r e f = p d i ( ' f ' , y, t - l , b - t , d e l t a . r e f ) ; 

ra t io_ref=f l_ref / f0_ref ; 

g_ref=lambda+(l-lambda)*ratio_ref; 

output; 

end; 

•keep t b a delta x y F_0 ratio; 

run; 

proc print; run; 

proc append base=outdata .d_del ta_est data=a; run; 

/oinend; 

V,est_F0(t=2, b=4, a= l ) ; 

V„est_F0(t=2, b=4, a=2) ; 

•/„est_F0(t=2, b=6, a= l ) ; 

7„est_F0(t=2, b=6, a=2); 
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7,est_F0(t=10, b=180, a=l) ; 

* Simulat ions to es t imate P[R = k}. 

dm ' l o g ' c l ea r ; 

* To simulate m p-values where lambda percent of them come from uniform 

distribution and others from different alternative distributions; 

* To run this program, few subdirectories need to be generated first; 

* Each time to call the micro, REMEMBER to change the parameter ind=, otherwise 

the previous data set might be overwritten; 

* generate data ; 

'/.macro s imu(indl=l , design=BIB , t=2 , b=3, d e l t a = l , nu l= l , loop=l, 

q=0.1 , m=10000, lambda=0.99); 

*/0do j= l °/,to &loop; 

da ta calculate_mO; 

bino=ranbin(0, km, felambda); 

c a l l symput('mO', b ino) ; 

run; 

7,put &m0; 

•start simulation; 

'/.let ml=&m - &m0; 

•/.let k=0; 

data p_valuesl; 

length f $30; 

f="uniform"; 

do i=l to &m0; 

p=ranuni(0); *generate p-values under HO; 

output; 

end; 

drop i; 

run; 

data p_values2; 

f="F(&nul,&nu2,&delta) with fedesign design"; 
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do 1=1 to fail; 

x=ranuni(0); 

z=finv(l-x, &nul, &nu2, fedelta); 

p=l-probf(z,&nul,&nu2,0); *generate p-values under Ha; 

output; 

end; 

drop 1 x; 

run; 

data p_values; 

set p_valuesl p_values2; 

run; 

proc sort; by descending p; run; 

data p_order; set p_values; by descending p; 

ind=&m - _n_ +1; 

cut=ind*&q/&m; 

diff=p-cut; 

run; 

data temp; set p_order; 

if diff <=0; 

keep ind diff; 

run; 

data cutoff; set temp; 

if _n_=l then do; 

x=ind; 

call symput("k",x); * k is the number of rejection; 

put x; 

end; 

else delete; 

run; 

'/.if &k > 0 %then y.do; 

proc sort data=p_order; by p; run; 

data a; set p_order; 

if _n_ <= &k; 
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run; 

proc freq data=a noprint; table f / out=outf; run; 

data outf; set outf; k=&k; run; 

proc append base=outd&indl..freqcy_&indl 

data=outf; 

run; 

data Ki; k=&k; run; 

proc append base=outd&indl..Klist_&indl 

data=Kl; 

run; 

7tend; 

'/.end; 

proc freq data=outd&indl..Klist_&indl noprint; 

table k /out=outd&indl..freqK ; 

run; 

data outd&indl..freqK; set outd&indl..freqK; 

prob=count/&loop; 

keep k count prob; 

run; 

'/.mend; 

'/macro simulation(indl=l, design=BIB , t=4, b=12, a=l, sigma2=l, loop=10000, 

q=0.1, m=10000, lambda=0.99); 

* generate parameters for F test statistics for different designs; 

'/.let nul=7„eval(&t-l); 

'/.if &design=BIB '/.then 7.do; 

°/,let nu2='/,eval(&b-&t+l); 

'/.let delta=7,sysevalf (((&a) **2) *&b/ (2*&sigma2*&t)); 

'/.end; 

'/.else '/oif &design=Ref %then '/.do; 

°/.let nu2='/.eval(&b-&t); 

'/.let delta=7.sysevalf (((&a) **2) *&b* (&t-l) / (4*&sigma2* (&t**2))) ; 

'/.end; 

7.simu(indl=&indl, design=&design, t=&t, b=&b, nul=&nul, delta=&delta, loop=&loop, 
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q=&q, m=&m, lambda=&lambda); 

/mend; 

libname outdl "C:\freql"; 

7.simulation(indl=l, design=BIB , t=4, b=24, a=l, sigma2=l, loop=10000, 

q=0.1, m=10000, lambda=0.99); 

•call the macro for different t, b, and a; 

* Simulation result. 

libname freql "C:\freql"; 

data freql; set freql.freqk; 

design="BIB"; t=4; b=24; a=l; loop=10000; m=10000; lambda=0.99 ; 

run; 

libname freq523 "C:\freq523"; 

data outd523; set outd523.freqk; 

design="BIB"; t=10; b=270; a=0.5; loop=10000; m=10000; lambda=0.99 

run; 

data Simulation_0_freq_k_BIB; 

set freql ... outd523; 

run; 

** add probO and cumulative prob for bib design; 

proc sort data=Simulation_0_freq_k_BIB; by t b a lambda loop rn k ;run; 

proc summary data=Simulation_0_freq_k_BIB; 

by t b a lambda loop m; 

var prob count; 

output out=prob_sum sum=prob_nonO count1; 

run; 

proc sort; by t b a lambda loop m; run; 

data probO; set prob_sum; 

k=0; design="BIB"; 

count=loop-count1; 

prob=l-prob_nonO; 

drop prob_nonO _type_ _freq_ count1; 

file://C:/freql
file://C:/freql
file://C:/freq523
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run; 

data Simulation_0_freq_k_BIB2; set Simulation_0_freq_k_BIB probO; run; 

proc sort; by t b a lambda loop m k ; run; 

data outdata.Simulation_0_freq_k_BIB_vlO ; 

set Simulation_0_freq_k_BIB2; 

by t b a lambda loop m ; 

prob_cum+prob; 

if first.m then prob_cum=prob; 

run; 

* Es t ima ted the upper bound of P[R = k). 

"/.macro est_k_L5_alt (k=l, q=0.1, m=10000, lambda=0.99) ; 

data Prob_&k; 

k=&k; 

cons=q/m; 

%text(s=0, e=5); 

AO=(xO*lambda +(l-lambda)* vO)**k; 

do r l=0 to 1; 

Al=(lambda*cons + (l-lambda)*(v2-vl))**rl; 

do r2=0 to 2-rl; 

A2=(lambda*cons + (l-lambda)*(v3-v2))**r2; 

do r3=0 to 3-rl-r2; 

A3=(lambda*cons + (l-lambda)*(v4-v3))**r3; 

do r4=0 to 4-rl-r2-r3; 

A4=(lambda*cons + (l-lambda)*(v5-v4))**r4; 

l=&k+5; *change for different L; 

sum_ri=rl+r2+r3+r4; 

A5=(lambda*(l-l*q/m)+ (l-lambda)*(l-v5))**(m-k-sum_ri); 

Prob_r_sub=((((A0*Al*A2*A3*A4*A5*comb(m, k+sum_ri)*gamma(k+sum_ri+l) 

/gamma(k))/gamma(r1+1))/gamma(r2+l))/gamma(r3+l)) 

/gamma(r4+l); 

Prob_r+Prob_r_sub; 

end; end; end; end; 
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run; 

da ta Prob_&k; se t Prob_&k; 

t=&t; b=&b; a=&a; 

keep t b a k m lambda q d e l t a prob_r; 

run; 

proc append base=prob_k data=prob_&k; run; 

7,mend; 

%prob_theory_L(q=0.l,t=2, b=4, a=0.5, macroC=est_k_L5_alt); 

%prob_theory_L(q=0.I,t=2, b=4, a=l , macroC=est_k_L5_alt); 

7oprob_theory_L(q=0.1,t=2, b=4, a=2, s t a r t = l , end=30, macroC=est_k_L5_alt); 

'/oprob_theory_L(q=0.1,t=10, b=270, a=2, s t a r t = l , end=30, macroC=est_k_L5_alt); 

proc so r t data=prob_K; 

by t b a k ; 

run; 

7„macro est_k_L10_alt(k=l, q=0.1, m=10000, lambda=0.99); 

da ta Prob_&k._L10; 

k=&k; 

cons=q/m; 

7.text(s=0, e=10); 

AO=(xO*lambda +(i-lambda)* vO)**k; 

do r l=0 to 1; 

Al=(lambda*cons + ( l - lambda)*(v2-vl ) )**r l ; 

do r2=0 t o 2 - r l ; 

A2=(lambda*cons + (l- lambda)*(v3-v2))**r2; 

do r3=0 to 3 - r l - r 2 ; 

A3=(lambda*cons + ( l- lambda)*(v4-v3))**r3; 

do r4=0 to 4 - r l - r 2 - r 3 ; 

A4=(lambda*cons + (l-lambda)*(v5-v4))**r4; 

do r5=0 to 5-rl-r2-r3-r4; 

A5=(lambda*cons + (l-lambda)*(v6-v5))**r5; 

do r6=0 to 6-rl-r2-r3-r4-r5; 

A6=(lambda*cons + (l- lambda)*(v7-v6))**r6; 
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do r7=0 to 7-rl-r2-r3-r4-r5-r6; 

A7=(lambda*cons + (l-lambda)*(v8-v7))**r7; 

do r8=0 to 8-rl-r2-r3-r4-r5-r6-r7; 

A8=(lambda*cons + (l-lambda)*(v9-v8))**r8; 

do r9=0 to 9-rl-r2-r3-r4-r5-r6-r7-r8; 

A9=(lambda*cons + (l-lambda)*(vl0-v9))**r9; 

l=&k+10; *change for different L; 

Sum_ri=rl+r2+r3+r4+r5+r6+r7+r8+r9; 

A10=(lambda*(l-l*q/m)+ (l-lambda)*(l-vlO))**(m-k-sum_ri); 

Prob_r_sub=(((((((((A0*Al*A2*A3*A4*A5*A6*A7*A8*A9*A10*comb(m, k+sum_ri) 

*gamma(k+sum_ri+l)/gamma(k))/gamma(rl+l))/gamma(r2+l)) 

/gamma(r3+l))/gamma(r4+l))/gamma(r5+l))/gamma(r6+l)) 

/gamma(r7+i))/gamma(r8+i))/gamma(r9+l); 

Prob_r+Prob_r_sub; 

•output; 

end; end; end; end; 

end; end; end; end; end; 

run; 

data Prob_&k._L10; set Prob_&k._L10; 

t=&t; b=&b; a=&a; 

keep t b a k m lambda q delta prob_r; 

run; 

proc append base=prob_k_L10 data=prob_&k._L10; run; 

70mend; 

°/.prob_theory_L(q=0.1,t=2, b=4, a=2, start=l, end=10, macroC=est_k_L10_alt); 

7„prob_theory_L(q=0.1,t=10, b=270, a=2, start=100, end=110, macroC=est_k_L10_alt); 

data simu; set outdata.Simulation_0_freq_k_BIB_vlO; 

proc sort data=simu; 

by t b a k ; 

run; 

proc sort data=prob_k_110; by t b a k; run; 

proc sort data=prob_k; by t b a k; run; 
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data BIB_table_110; 

merge prob_k_H0(rename=(prob_r=upper_bound_R_equal_k_110) in=inl) 

prob_k (rename=(prob_r=upper_bound_R_equal_k_15) in=inl) 

simu (rename=prob=simu_R_equal_K); 

format upper_bound_R_equal_k_15 upper_bound_R_equal_k_110 simu_R_equal_K 7.6; 

by t b a k ; 

if upper_bound_R_equal_k_15 >1 then upper_bound_R_equal_k_15=l; 

if upper_bound_R_equal_k_110 >1 then upper_bound_R_equal_k_110=l; 

if inl; 

run; 

proc sort; by t b a k; run; 

proc transpose data=BIB_table_110 out=BIB_tran_110 prefix=k; 

by t b a ; 

var simu_R_equal_K upper_bound_R_equal_k_15 upper_bound_R_equal_k_110; 

id k; 

run; 

proc export data=BIB_tran_110 

outfile='C:\FDR\upper_bound_estimation_alter_R_equal_k.xls' 

dbms=excel replace 

run; 

* Es t ima ted the lower bound of P[R > k], 

'/.macro est_k_L5_alt2(k=l, q=0 . i , m=10000, lambda=0.99) ; 

da ta Prob_&k; 

k=&k; 

V«text(s=l, e=5) ; 

cons=lambda*q/m; 

do r l=0 to &k; 

Ai=(lambda*xl + ( l - lambda)*vi)**r l ; 

do r2=0 to &k+l-rl; 

A2=(cons + ( l - lambda)*(v2-vl))**r2; 

do r3=0 to &k+2-rl-r2; 

file:///FDR/upper_bound_estimation_alter_R_equal_k
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A3=(cons + (l-lambda)*(v3-v2))**r3; 

do r4=0 to &k+3-rl-r2-r3; 

A4=(cons + (l-lambda)*(v4-v3))**r4; 

do r5=0 to &k+4-rl-r2-r3-r4; 

A5=(cons + (l-lambda)*(v5-v4))**r5; 

l=&k+5; *change for different L; 

sum_ri=rl+r2+r3+r4+r5; 

A6=(lambda*(l-l*q/m)+ (1-lambda)*(l-v5))**(m-sum_ri); 

Prob_r_sub=((((Al*A2*A3*A4*A5*A6*comb(m, sum_ri)*gamma(sum_ri+l) 

/gamma(r1+1))/gamma(r2+1))/gamma(r3+l))/gamma(r4+l)) 

/gamma(r5+l); 

Prob_r+Prob_r_sub; 

end; end; end; end; end; 

run; 

data Prob_&k; set Prob_&k; 

t=&t; b=&b; a=&a; 

right_side=l-prob_r; 

run; 

proc append base=prob_k data=prob_&k; run; 

%mend; 

1/.prob_theory_L(q=0.1,t=2, b=4, a=0.5, macroC=est_k_L5_alt2); 

7„prob_tlieory_L(q=0.1)t=10, b=270, a=2,start=80, end=110,step=10, 

macroC=est_k_L5_alt2); 

proc sort data=prob_K; 

by t b a k ; 

run; 

dat a outdat a.lower_bound_R_lg_k_MN_L5; 

set prob_k; 

run; 

•estimate lower bound of P[R>k] by Poisson approximation; 

7,est_F0(t=2, b=4, a=0.5, lambda=0.99); 
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%est_F0(t=10, b=180, a=2, lambda=0.99); 

%macro obtain_g; 

data _null_; 

set d_delta_est; 

if _n_ = &i then do; 

call symput('t', t); 

call symput('b',b); 

call symput('a', a); 

call symputCy', y); 

call symput Ogl', g_BIB) ; 

call symput('delta', delta_BIB); 

call symput('d_delta', ratio_BIB); 

call symput('lambda', lambda); 

end; 

run; 

7,mend; 

%macro est_k_L5_poisson(k=l, q=0.1); 

data Prob_&k._poisson; 

do rl=0 to &k; 

do r2=0 to &k+l-ri; 

do r3=0 to &k+2-rl-r2; 

do r4=0 to &k+3-rl-r2-r3; 

do r5=0 to &k+4-rl-r2-r3-r4; 

g=&g; q=&q; 

l=&k+5; *change for different L; 

sum_ri=rl+r2+r3+r4+r5; 

Prob_r_sub=(((((exp(-g*q*l)) *(g*q)**sum_ri *(&k+l)**rl/gamma(rl+l)) 

/gamma(r2+l))/gamma(r3+l))/gamma(r4+l))/gamma(r5+l); 

Prob_r+Prob_r_sub; 

end; end; end; end; end; 

run; 

data Prob_&k._poisson; set Prob_&k._poisson; 

k=&k; design=&design; lambda=&lambda; 
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t=&t; b=feb; a=&a; gl=&gl; delta=&delta; 

r igh t_s ide=l -prob_r ; d_delta_0_nat=&d_delta; 

keep g prob_r k r igh t_s ide t b a d e l t a d_delta_0_hat design lambda gl ; 

run; 

proc append base=prob_k_polsson data=prob_&k._poisson; run; 

7.mend; 

'/.macro Lower_bound_L5_poisson(q=0.1, i l = l , i2=10, design='BIB' , s t a r t = l , 

end=10, s t ep= l ) ; 

7.do i=&il "/.to &i2; 

7,obtain_g; 

7,let g-ftgl; 

7,do ind5=&start 7.to &end 7.by festep; 

7oest_k_L5_poisson(k=&ind5. ) ; 

7Qend; 

'/.end; 

/mend; 

7.Lower_bound_L5_poisson(q=0.1, i l = l , i2=45, des ign= 'BIB') ; 

7.Lower_bound_L5_poisson(q=0.1, il=46, i2=46, design='BIB',start=15, end=55, step=5); 

7.Lower_bound_L5_poisson(q=0.1, il=47, i2=47, design=,BIB',start=15, end=35, step=5); 

proc sort data=prob_k_poisson; by t b a k; run; 

*obtain simulation result; 

data simu; set outdata.Simulation_0_freq_k_BIB_vl0; 

proc sort data=simu; 

by t b a k ; 

run; 

data BIB.table; 

merge outdata.lower_bound_R_lg_k_MN_L5(rename=(right_side=lower_bound_R_L5_MN)) 

prob_k_poisson(rename=(right_side=lower_bound_R_L5_PS)) 

simu ; 

format prob_cum simu_R lower_bound_R_L5_MN lower_bound_R_L5_PS 6.4; 

by t b a k ; 

simu_R=i-prob_cum; 

run; 
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proc sort; by t b a k; run; 

proc transpose data=BIB_table out=BIB_tran prefix=k; 

by t b a ; 

var simu_R lower_bound_R_L5_MN lower_bound_R_L5_PS; 

id k; 

run; 

proc export data=BIB_tran 

outfile='C:\FDR\lower_bound_R_lt_k.xls' 

dbms=excel replace 

> 

run; 

* Applicat ion of lower bound P[R > k] for t he B I B and t h e Ref designs. 

'/.macro calcu_v2(i=0) ; 

x&i.=(k+&i)*q/m; 

z&i .=f inv( l -x&i . ,&t - l , &b-&t, 0 ) ; 

v & i . = l - c d f ( ' f ' , z&i. , &t - l , kb-kt, d e l t a ) ; 

%mend; 

"/.macro est_k_L5_alt4(k=l, q=0.1, m=10000, lambda=0.99 ); 

data Prob_&k; 

k=&k; m=&m; q=&q; lambda=&lambda; 

if &design='BIB ' then do; 

if &examp=l then delta =((fca)**2) *&b/(2* &t); 

if &examp=2 then delta=&b/(2*&t*(&t-l)) *(&t*(&al**2+&a2**2+&a3**2) -

(&al+&a2+&a3)**2); 

if &examp=3 then 

delta=&b/(2*&t*(&t-l)) *(&t*(&al**2+&a2**2+&a3**2+&a4**2+&a5**2+ 

&a6**2+&a7**2)- (&al+&a2+&a3+&a4+&a5+&a6+&a7)**2); 

%calcu_v(i=l); 

%calcu_v(i=2); 

%calcu_v(i=3); 

%calcu_v(i=4); 

7.calcu_v(i=5) ; 

file:///FDR/lower_bound_R_lt_k
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end; 

if &design='Ref ' then do; 

if &examp=l then delta=((&a)**2)*&b*(&t-l)/(4*(&t**2)); 

if &examp=2 then delta=&b/(4* &t**2) *(&t*(&ai**2+&a2**2+&a3**2) 

- (&al+&a2+&a3)**2); 

if &examp=3 then delta=&b/(4* &t**2) *(&t*(&al**2+&a2**2+&a3**2+ 

&a4**2+&a5**2+&a6**2 +&a7**2) - (&al+&a2+&a3+fea4+fea5+&a6+&a7)**2); 

'/,calcu_v2(i=l); 

7.calcu_v2(i=2); 

7,calcu_v2(i=3); 

%calcu_v2(i=4); 

•/.calcu_v2(i=5); 

end; 

if &design=,Loop' then do; 

if &examp=2 then delta=&b/(2*&t) *(&al**2+&a2**2+&a3**2 -(&al*&a2+&a2*&a3) ); 

if &examp=3 then delta=&b/(2*&t) *(&al**2+&a2**2+&a3**2+&a4**2+&a5**2+&a6**2 

+&a7**2 - (&al*&a2+&a2*&a3+&a3*&a4+&a4*&a5+&a5*&a6+&a6*&a7) ); 

y,calcu_v(i=l); 

y„calcu_v(i=2); 

y,calcu_v(i=3); 

•/.calcu_v(i=4); 

%calcu_v(i=5); 

end; 

cons=lambda*q/m; 

do rl=0 to &k; 

Al=(lambda*xl + (l-lambda)*vl)**rl; 

do r2=0 to &k+l-rl; 

A2=(cons + (l-lambda)*(v2-vl))**r2; 

do r3=0 to &k+2-rl-r2; 

A3=(cons + (l-lambda)*(v3-v2))**r3; 

do r4=0 to &k+3-rl-r2-r3; 

A4=(cons + (l-lambda)*(v4-v3))**r4; 

do r5=0 to &k+4-rl-r2-r3-r4; 
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A5=(cons + ( l - lambda)*(v5-v4))** r5; 

l=&k+5; *change for d i f fe ren t L; 

sum_ri=rl+r2+r3+r4+r5; 

A6=(lambda*(l-l*q/m)+ (1-lambda)*(l-v5))**(m-sum_ri); 

Prob_r_sub=((((Al*A2*A3*A4*A5*A6*comb(m, sum_ri)*gamma(sum_ri+l) 

/gamma(rl+l))/ganuna(r2+l))/gamma(r3+l))/gamma(r4+l)) 

/gamma(r5+l); 

Prob_r+Prob_r_sub; 

end; end; end; end; end; 

run; 

da ta Prob_&k; se t Prob_&k; 

t=&t; b=&b; a=&a; design=&design; examp=&examp; 

al=&al; a2=&a2;a3=&a3;a4=&a4;a5=&a5;a6=&a6;a7=&a7; 

right_side=l-prob_r; 

run; 

proc append base=prob_k data=prob_&k; run; 

%mend; 

"/.macro lower_bound_R_L5(q=0.1,t=4, b=24, a=l, start=l, end=10, step= 

design='BIB ',examp=l, al=l, a2=2, a3=3,a4=0, a5=0,a6=0,a7=0); 

%do ind5=&start %to &end °/0by &step; 

%est_k_L5_alt4(k=&ind5., m=10000); 

%end; 

'/.mend; 

*for examplel, t=2, a=2; 

%lower_bound_R_L5(q=0.l,t=2, b=4, a=2, design='BIB ' , examp=l); 

7,lower_bound_R_L5(q=0.1,t=2, b=30, a=2, design='Ref ', examp=l); 

'/.macro outputRlt (out=t2a2 ); 

data prob_K; set prob_K; 

keep design m t b a examp al a2 a3 a4 a5 a6 a7 k lambda delta 

prob_r_sub prob_r right_side ; 

rename right_side=lower_bound_R_L5; 

run; 
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proc sort data=prob_K; 

by design t b a examp al a2 a3 a4 a5 a6 a7 k; 

run; 

proc sort; by design t b a examp al a2 a3 a4 a5 a6 a7 k;run; 

proc transpose data=prob_K out=&out prefix=k; 

by design t b a examp al a2 a3 a4 a5 a6 a7 ; 

var lower_bound_R_L5 ; 

id k; 

run; 

proc export data=&out 

outfile='C:FDR\lower_bound_R_lt_k_BIB_Ref.xls' 

dbms=excel replace 

i 

run; 

Amend; 

°/0outputRlt(out=t2a2 ); 

proc datasets; delete prob_k; run; *for examplel, t=2, a=l; 

7„lower_bound_R_L5(q=0.1,t=2, b=4, a=l, design='BIB ', examp=l); 

7olower_bound_R_L5(q=0.1,t=2) b=30, a=l, design='Ref ', examp=l); 

*for examplel, t=4, a=2; 

70lower_bound_R_L5(q=0.1,t=4, b=6, a=2, design='BIB ', examp=l); 

y„lower_bound_R_L5(q=0.1,t=4, b=36, a=2, design='BIB ', examp=l); 

*for examplel, t=4, a=l; 

7„lower_bound_R_L5(q=0.1,t=4, b=6, a=l, design='BIB ', examp=l); 

%lower_bound_R_L5(q=0.1,t=4, b=36, a=l, design='BIB ', examp=l); 

*for example2, t=4 ; 

y.lower_bound_R_L5(q=0.1,t=4, b=12, design='BIB ', examp=2, al=l, a2 

yolower_bound_R_L5(q=0.l,t=4, b=36, design='Loop', examp=2, al=2, a2= 

%outputRlt(out=t4BIBLoop); 
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proc datasets; delete prob_k; run; 

*for example3, t=8, b=56, 112 ; 

1/,lower_bound_R_L5(q=0.1,t=8, b=56, design='BIB ', examp=3, al=l, a2=3,a3=l, 

a4=3,a5=l,a6=3,a7=3, start=80, end=100, step=10); 

7„lower_bound_R_L5(q=0.1,t=8, b=56, design='Ref ', examp=3, al=l, a2=3,a3=l, 

a4=3,a5=l,a6=3,a7=3, start=10, end=50, step=5); 

yolower_bound_R_L5(q=0.1,t=8, b=56, design=
,Loop', examp=3, al=l, a2=3,a3=l, 

a4=3,a5=l,a6=3,a7=3, start=10, end=50, step=5); 

°/,outputRlt (out=t8LoopRef 2) ; 

data test; 

input al a2 a3; 

b=12; t=4; 

deltal= b/(2* t*( t-1)) *( t*( al**2+ a2**2+ a3**2) - ( al+ a2+ a3)**2); 

delta2= b/(4* t**2) *( t*( al**2+ a2**2+ a3**2) - ( al+ a2+ a3)**2); 

delta3= b/(2* t) *( al**2+ a2**2+ a3**2 - ( al* a2+ a2* a3) ); 

cards; 

1 2 1 

2 1 1 

0.5 2 0.5 

2 0.5 0.5 

1 2 0.5 

2 1 0.5 

run; 

proc d a t a s e t s ; de l e t e prob_k; run; 

*for example4, t=4 ; 

'/.lower_bound_R_L5(q=0.1,t=4, b=12, design='BIB ' , examp=2, a l = l , a2=2,a3=l); 

7,lower_bound_R_L5(q=0.l,t=4, b=36, design='Loop' , examp=2, al=2, a2=l ,a3=l , 

s t a r t = l , end=9, s t ep= l ) ; 

'/0outputRlt(out=t4BIBLoop2) ; 

" Simulation for P[S > j\m\\ is same as t he simulation used to es t imate P[R = k] 

except t h a t mi is fixed instead of having a binomial d is t r ibut ion. 
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* Es t ima ted the lower bound of P[S > j\mi]. 

'/omacro est_k_L5(j=0, q=0.1); 

da ta Prob_j_&j.; 

n2=round(&m * (l-&lambda)); 

cons=q/m; 

%text(s=l , e=5); 

do r l=0 to j ; 

Al=vl**rl ; 

do r2=0 to j + l - r l ; 

A2=(v2-vl)**r2; 

do r3=0 to j + 2 - r l - r 2 ; 

A3=(v3-v2)**r3; 

do r4=0 to j + 3 - r l - r 2 - r 3 ; 

A4=(v4-v3)**r4; 

do r5=0 to j + 4 - r l - r 2 - r 3 - r 4 ; 

A5=(v5-v4)**r5; 

l=&j+5; *change for d i f fe ren t L; 

sum_ri=rl+r2+r3+r4+r5; 

A6=(l-v5)**(n2-sum_ri); 

Prob_j_sub=((((Al*A2*A3*A4*A5*A6*comb(n2,sum_ri) 

*gamma(sum_ri+l)/gamma(rl+l))/gamma(r2+l))/gamma(r3+l)) 

/gamma(r4+l))/gamma(r5+l); 

Prob_j +Prob_j _sub; 

end; end; end; end; end; 

run; 

data Prob_j_&j; set Prob_j_&j; 

t=&t; b=&b; a=&a; 

keep t b a j m lambda q delta prob_j; 

run; proc append base=prob_j data=prob_j_&j; run; 

'/.mend; 

'/.macro lower_bound_j_L5(q=0. l,t=4, b=24, a=l, start=0, end=10, step=l, 

m=10000, lambda=0.99); 
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°/,do ind5 =&start 7,to &end °/0by festep; 

'/,est_k_L5(j=&ind5) ; 

'/.end; 

7,mend; 

y„lower_bound_j_L5(q=0.1,t=4, b=24, a= l ) ; 

7,lower_bound_j_L5(q=0.1,t=8, b=168, a=2,s ta r t=70, end=90, step=10); 

*get simulation results; 

•/.macro getdata(t=4, b=24, a=l, loop=10000, ind=21, libn=freq, m=10000, 

lambda=0.99, design=BIB ); 

'/.let nul=°/,eval(&t-i); 

'/.let nu2=°/,eval(&b-&t+l); 

'/.let delta=7.sysevalf (((&a)**2) *&b/(2*&t)); 

data freqcy; set &libn.&ind..freqcy_&ind; 

j =count; 

if trim(left(f))="uniform" and percent=100 then 

do; 

f="F(&nul, &nu2, &delta) with BIB design" ; 

j=0; 

output; 

end; 

else if trim(left(f)) ne "uniform" then output; 

drop count percent; 

run; 

proc freq data=freqcy noprint; 

table j / out=prob_S_simul; 

run; 

proc summary data=prob_S_simul; 

var count; 

output out=prob_S_0 sum=countl; 

run; 

data prob_S_0; set prob_S_0; 
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j=0; count_kO=&loop -coun t l ; * for k=0; 

keep j count_k0; 

run; 

proc sort data=prob_S_0; by j; run; 

proc sort data=prob_S_simul; by j; run; 

data prob_S_simu2; merge prob_S_simul prob_S_0; 

by j; 

t=&t; b=&b; a=&a; m=&m; lambda=&lambda; design="&design"; 

if j=0 then count=sum(count,count_kO); 

prob_simu_j=count/&loop; 

prob_simu_j_cum + prob_simu_j; 

run; 

proc append base=prob_S_simu data=prob_S_simu2; 

run; 

%mend; 

'/.macro assign_lib; 

%do ind=l '/.to 30; 

libname fix&ind "C:\FDR\fix_ml_&ind."; 

'/.end; 

/oinend; 

7.assign_lib; 

y„getdata(t=4, b=24, a=l , loop=10000, ind=21); 

°/.getdata(ind=50, design=BIB , t=8, b=168, a=2, loop=10000, 

m=10000, lambda=0.99,libn=fix); 

•compair lower bound to simulation results; 

proc sort data=Prob_j; by m lambda t b a j; run; 

proc sort data=prob_S_simu; 

by m lambda t b a j ; 

run; 

data BIB_j; merge prob_j prob_S_simu; 

format prob_j_lower_bound prob_simu_j prob_simu_j_cum simu 7 

by m lambda t b a j; 

file://C:/FDR/f
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prob_j_lower_bound=l-prob_j; 

simu=l-prob_simu_j_cum; 

run; 

proc sort; by m lambda t b a j; run; 

proc transpose data=BIB_j out=BIB_tran_j prefix=j; 

by m lambda t b a ; 

var simu prob_j_lower_bound ; 

id Y, 

run; 

proc export data=BIB_tran_j 

outfile="C:\FDR\Prob_S_given_n2_lower_bound.xls" 

dbms=excel replace 

run; 

' Applicat ion of t he lower bound of P[S > j\mi]. 

*use L=5; 
,/,lower_bound_j_L5(q=0.1,t=2, b=4, a=l) ; 

7„lower_bound_j_L5(q=0.1,t=2, b=20, a=2, start=60, end=90, step=10); 

data prob_j; set prob_j ; 

format prob_j_lower_bound 7.4; 

prob_j_lower_bound=l-prob_j; 

run; 

proc sort; by m lambda t b a j; run; 

proc transpose data=prob_j out=prob_tran_j prefix=j; 

by m lambda t b a ; 

var prob_j_lower_bound ; 

id j; 

run; 

proc sort data=prob_tran_j; by m lambda a t b ; run; 

proc export data=prob_tran_j 

outfile="C:\FDR\Prob_S_given_n2_lower_bound_example_for_sample_size.xls" 

file:///FDR/Prob_S_given_n2_lower_bound.xls
file://C:/FDR/Prob_S_given_n2_lower
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dbms=excel replace 

run; 

* Es t imat ion of P\p(k) < x] a n ( i P\P(k) < x\ f ° r m original p-values, all under HQ 

or wi th Mo ~ bino(m, 0.99) under HQ while t he rest m - Mo under Ha : K'T = 

a\ wi th a = 1,2 for different b. Probabi l i ty are calculated from exponent ia l 

approximat ion . 

'/.macro calc_adjustP_null; 

ql=betainv(x, l,m); 

probl=l-exp(-m*ql); 

q2=betainv(x, l,m-l); 

prob2=probl-m*ql*exp(-m*q2); 

q3=betainv(x, l,m-2); 

prob3=prob2-m**2 *ql*exp(-m*q3)*(q2-ql/2); 

q4=betainv(x, l,m-3); 

prob4=prob3-m**3 *ql*exp(-m*q4)*(q2*q3-ql*q3/2+ql**2/6-q2**2/2); 

output; 

'Amend; 

'/.macro ca lc_adjus tP_al te r ; 

q l=beta inv(x, l ,m); 

probl=l-exp(-m*ql*g); 

q2=betainv(x, l , m - l ) ; 

prob2=probl-m*ql*exp(-m*q2*g)*g; 

q3=betainv(x, l ,m-2); 

prob3=prob2-m**2 *ql*exp(-m*q3*g)*(q2-ql/2)*(g**2); 

q4=betainv(x, l ,m-3); 

prob4=prob3-m**3 *ql*exp(-m*q4*g)*(q2*q3-qi*q3/2+ql**2/6-q2**2/2)*(g**3); 

output; 

'/.mend; 

*step-down Sidak; data sidak_null; 

m=10000; 

do x=0.01, 0.05, 0.1, 0.2; 



APPENDIX B. PROGRAM CODE 146 

V.calc_adjustP_null; 

end; 

run; 

proc p r i n t ; 

var x probl prob2 prob3 prob4; 

run; 

'/ographsetting; 

da ta s idak2_null ; 

m=10000; 

do x=0.0001 to 0.9999 by 0.0001; 

°/ tcalc_adjustP_null; 

end; 

keep x probl-prob4; 

run; proc gplot data=sidak2_null; 

plot (probl prob2 prob3 prob4)*x /overlay vaxis =axisl; 

run; 

data modified_adjustP_null; 

m=10000; 

do x=0.01, 0.05, 0.1, 0.2; 

ql=betainv(x, l,m); 

probl=l-exp(-m*ql); 

q2=betainv(x, 2,m-1); 

prob2=probl-m*ql*exp(-m*q2); 

q3=betainv(x, 3,m-2); 

prob3=prob2-m**2 *ql*exp(-m*q3)*(q2-ql/2); 

q4=betainv(x, 4,m-3); 

prob4=prob3-m**3 *ql*exp(-m*q4)*(q2*q3-ql*q3/2+ql**2/6-q2**2/2); 

output; 

end; 

run; 

proc print; 

var x probl prob2 prob3 prob4; 

run; 
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'/.macro a l t e r_s idak ( t=2 , a=l , b=4, m=10000, lambda=0.99) ; 

•from exponential approximation; 

da ta s idak_a l t e r ; 

m=&m; lambda=&lambda; t=&t; a=&a; b=&b; 

delta_BIB =((a)**2) *b/(2* t ) ; 

y=10000 ; 

fO_BIB=pdf O f , y, t - 1 , b - t + 1 , 0 ) ; 

f l_BIB=pdf ( ' f , y, t - 1 , b - t + 1 , delta_BIB); 

ratio_BIB=fl_BIB/fO_BIB; 

g=lambda +ratio_BIB*(l-lambda); 

do x=0.01, 0 .05, 0 . 1 , 0 .2; 

%calc_adjustP_alter; 

end; 

run; 

proc p r i n t ; 

var m lambda t b a de l ta_bib x probl prob2 prob3 prob4; 

run; 

'/mend; 

' / a l t e r_s idak( t=2 , b=4, a=l , m=10000, lambda=0.99); 

%al ter_sidak(t=2, b=15, a=2, m=10000, lambda=0.99); 

•Modify; 

'/macro alter_Modify(t=2, a=l , b=4, m=10000, lambda=0.99); 

da ta Modify_alter; 

m=&m; lambda=&lambda; t=&t; a=&a; b=&b; 

delta_BIB =((a)**2) *b/(2* t); 

y=10000 ; 

f0_BIB=pdf('f', y, t-1, b-t+1, 0); 

il_BIB=pdi('i\ y, t-1, b-t+1, delta.BIB); 

ratio_BIB=fl_BIB/f0_BIB; 

g=lambda +ratio_BIB*(l-lambda); 

do x=0.01, 0.05, 0.1, 0.2; 
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ql=betainv(x, l ,m); 

probl=i-exp(-m*ql*g); 

q2=betainv(x, 2 ,m- l ) ; 

prob2=probl-m*ql*exp(-m*q2*g)*g; 

q3=betainv(x, 3,m-2); 

prob3=prob2-m**2 *ql*exp(-m*q3*g)*(q2-ql/2)*(g**2); 

q4=betainv(x, 4,m-3); 

prob4=prob3-m**3 *qi*exp(-m*q4*g)*(q2*q3-ql*q3/2+ql**2/6-q2**2/2)*(g**3); 

output; 

end; 

run; 

proc print; 

var m lambda t b a delta_bib x probl prob2 prob3 prob4; 

run; 

yomend; 

•/.alter_Modify(t=2, b=4, a=l, m=10000, lambda=0.99); 

7.alter_Modify(t=2, b=15, a=2, m=10000, lambda=0.99); 

" Simulation results of -P[p(fe) < x] and P\ptk) ^ x] f ° r m original p-values, all 

unde r HQ or wi th Mo ~ bino(m, 0.99) under HQ while t h e rest m — Mo under 

Ha : K'T = al wi th a = 1,2 for different b. 

*by s imulat ion; 

"/.macro s imu(indl=l , design=BIB , t=2 , b=4, a=l , sigma2=l, loop=l , m=10000, lambda=0 

'/.let nul=7,eval(&t-l); 

'/,if &design=BIB '/.then '/.do; 

'/.let nu2=y„eval(&b-&t+l); 

' / l e t delta=y.sysevalf (((&a)**2) *&b/(2*&sigma2*&t)); 

'/.end; 

°/.do j= l */.to feloop; 

data calculate_mO; 

bino=ranbin(0, &m, felambda); 

c a l l symputCmO', b ino) ; 
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run; 

'/.let ml=&m - &mO; 

data p_valuesl; 

length f $30; 

f="uniform"; 

do i=i to &m0; 

p=ranuni(0); 

output; 

end; 

drop i; 

run; 

data p_values2; 

i="F(&nul,&nu2,&delta) with fcdesign design"; 

do 1=1 to &ml; 

x=ranuni(0); 

z=finv(l-x, &nul, &nu2, &delta); 

p=l-prob£(z,&nul,&nu2,0); 

output; 

end; 

drop 1 x; 

run; 

data p_values; 

set p_valuesl p_values2; 

run; 

proc sort; by p; run; 

data p_values; set p_values; 

by P; 

if _n_<=200; 

loop=&j; 

run; 

proc append base=WY.simulated_p_values_newset&indl data=p_values; run; 

'/.end; 

'/.mend; 
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%simu(indl=l,design=BIB , t=2, b=4, a=l, sigma2=l, loop=10000, 

m=10000, lambda=0.99 ); 

y„simu(indl=8,design=BIB , t=2, b=15, a=2, sigma2=l, loop=10000, 

m=10000, lambda=0.99 ) ; 

• c a l c u l a t e g; 

7„macro Calc_g(t=2, b=4, a=2); 

data a; 

t=&t; b=&b; a=&a; 

delta.BIB =((a)**2) *b/(2* t); 

y=10000 ; 

fO_BIB=pdf('f\ y, t-1, b-t+1, 0); 

fl_BIB=pdf('£>, y, t-1, b-t+1, delta_BIB); 

ratio_BIB=fl_BIB/fO_BIB; 

g_BIB=0.99+ratio_BIB*0.01; 

output; 

keep t b a delta_BIB g_bib; 

run; 

proc append base=calc_g data=a; run; 

'/mend; 

7„Calc_g( t=2, b=4, a=l ); 

•/cCalc_g( t=2, b=15, a=2 ); 

•calculate adjusted p-values; 

'/.macro compare (alpha=0.05, var=p_adj , out=05); 

data p_order2 ; set p_orderl ; 

if &var > &alpha then do; 

n_rej=n-l; 

output ; 

end; 

if n=200 and &var <= &alpha then do; 

n_rej=200; 
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output; 

end; 

run; 

proc sort; by loop; run; 

data WY.simulated_p_adj _rej_&indl._&out; 

set p_order2; 

by loop; 

if first.loop; 

t=&t; b=&b; m=&m; lambda=&lambda; a=&a; 

keep t b m lambda a f p loop n n_rej &var; 

run; 

proc freq data=WY.simulated_p_adj_rej_&indl._&out noprint; 

table n_rej/out=temp_&out; 

run; 

data temp_&out; set temp_&out; 

t=&t; b=&b; m=&m; lambda=&lambda; a=&a; 

pct_&out=percent; 

drop count percent; 

run; 

proc append base=WY.freq_newset_&out data=temp_&out; run; 

'/.mend; 

'/.macro adjustP( indl=l, m=10000, t=2, b=4, a=l, lambda=0.99 ); 

data p_orderl temp(keep=loop); 

set WY.simulated_p_values_newset&indl; 

n=_n_-200*(loop-l); 

output p_orderl; 

if p=. then output temp; 

run; 

proc sort data=p_orderl; by loop p; run; 

proc sort data=temp nodup; by loop; run; 

data p_orderi; merge p_orderl temp(in=inl); 

by loop ; 

if inl then delete; 
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temp=cdf('beta', p, 1, &m-n+l); 

temp2=cdf('Beta', p, n, &m-n+l); 

run; 

proc sort; by loop p; data p_orderl; set p_orderl; 

by loop p; 

retain I J 0; 

if first.loop then do; 

I=temp; J=temp2; 

end; 

p_adj=max(I,temp); p_adj_m=max(j, temp2); 

I=p_adj; J=p_adj_m; 

drop i j temp temp2; 

run; proc sort; by loop p; run; 

"/.compare(alpha=0.01, var=p_adj , out=01); 

'/.compare (alpha=0.05, var=p_adj , out=05) ; 

7,compare(alpha=0.1, var=p_adj , out=l); 

7.compare(alpha=0.2, var=p_adj , out=2); 

y.compare(alpha=0.01, var=p_adj_m, out=01m); 

%compare(alpha=0.05, var=p_adj_m, out=05m); 

/.compare(alpha=0.1, var=p_adj_m, out=lm); 

y.compare(alpha=0.2, var=p_adj_m, out=2m); 

^mend; 

7.adjustP(indl=l, t=2, b=4, a=l, m=10000, lambda=0.99 ); 

°/,adjustP(indl=8, t=2, b=15, a=2, m=10000, lambda=0.99) ; 

"/.macro mergel(indl=01, datainl=WY.freq_newset_01, datain2=WY.freq_newset_01m, 

dataout=freqOl); 

proc sort data=WY.freq_newset_&indl; by m lambda a t b n_rej; run; 

proc sort data=WY.freq_newset_&indl.m; by m lambda a t b n_rej; run; 

data freq&indl; 

merge WY.freq_newset_&indl WY.freq_newset_&indl.m; 

by m lambda a t b n_rej; 

run; 
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data freq; se t freq&indl ; 

by m lambda a t b ; 

if first.b then do; temp=pct_&indl; temp_m=pct_&indl.m; end; 

else do; temp+pct_&indl; temp_m+pct_&indl.m; end; 

pct_&indl._cum=(100-temp)/100; 

pct_&indl.m_cum=(100-temp_m)/100; 

run; 

proc transpose data=freq out=freq_pct_&indi prefix=k; 

by m lambda a t b ; 

var pct_&indl._cum pct_&indl.m_cum; 

id n_rej; 

run; 

proc export data=freq_pct_&indl 

outfile="C:\WY\WY_table_beta.xls" 

dbms=excel replace; 

run; 

7,mend; 

,/,mergel(indl=01) ; 

71mergel(indl=05); 

7,mergel(indl=l); 

°/.mergel(indl=2) ; 

" Compar ing P[Bino(m,p^) > k] and P\Bino{m — k + l,p^k)) > !]• 

data t e s t ; 

do m=1000, 10000; 

do i=2 to m; 

do p=0.00001 to 0.0001 by 0.00001; 

a=l-cdf('binomial', i-1, p, m); 

b=l-cdf('binomial',0, p, m-i+1); 

if a<=b then ind=l; 

output; 

end; 

do p=0.0001 to 0.001 by 0.0001; 

file:///WY/WY_table_beta.xls
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a=l-cdf('binomial', i-1, p, m); 

b=l-cdf('binomial',0, p, m-i+1); 

if a<=b then ind=l; 

output; 

end; 

do p=0.001 to 0.01 by 0.001; 

a=l-cdf('binomial', i-1, p, m); 

b=l-cdf('binomial',0, p, m-i+1); 

if a<=b then ind=l; 

output; 

end; 

do p=0.01 to 0.1 by 0.01; 

a=l-cdf('binomial', i-1, p, m); 

b=l-cdf('binomial',0, p, m-i+1); 

if a<=b then ind=l; 

output; 

end; 

do p=0.1 to 0.9 by 0.1; 

a=l-cdf('binomial', i-1, p, m); 

b=l-cdf('binomial',0, p, m-i+1); 

if a<=b then ind=l; 

output; 

end; 

end; 

end; 

run; 

proc freq ; table ind; run; 

data test; set test; 

diff=b-a; 

run; 

proc sort; by p i m; run; 

data testl; set test; 

where i in (1,2,3,4,5,6,7,8,9,10, 100, 200, 300,1000, 5000, 10000); 
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run; 

proc sort data=testl; by m i p; 

proc gplot; by m i; 

plot diff*p; 

run; 

data test2; set testl; 

where p<0.01; 

run; 

proc sort data=test2; by m i p; 

proc gplot data=test2(where=(m=10000 and p<0.001)); 

by m i; 

plot diff*p; 

run; 

' E x a m p l e t o i l l u s t r a t e t h e d i f fe rence b e t w e e n t h e s t e p - d o w n S i d a k m e t h o d a n d 

t h e m o d i f i e d a d j u s t e d p - v a l u e s . 

'/.macro S_M_compare2(m=10, l ambda=0 .8 , a l p h a = 0 . 0 5 , loop=10000) ; 

°/0do j = l "/.to &loop; 

d a t a ca l cu l a t e_mO; 

b i n o = r a n b i n ( 0 , &m, &lambda); 

c a l l symput ( 'mO' , b i n o ) ; 

r u n ; 

d a t a t enGenes ; 

do i = l t o &m0; 

p = r a n u n i ( 0 ) ; 

o u t p u t ; 

end; 

ml=&m-&m0; 

do j = l t o ml ; 

x = r a n u n i ( 0 ) ; 

a l t = l ; 

z = f i n v ( l - x , 2 , 10, 1 0 ) ; 

p = l - p r o b f ( z , 2 , 1 0 , 0 ) ; 
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output; 

end; 

run; 

proc sort data=tenGenes; by p; run; 

data tenGenes; set tenGenes; 

m=&m; 

n=_n_; 

P_adj_s=cdf('beta', p, 1, m-n+1); 

P_adj_M=cdf('beta', p, n, m-n+1); 

if P_adj_s < fealpha then rej_S=l; 

if P_adj_M < fealpha then rej_M=l; 

run; 

da ta tempi; se t tenGenes; 

if r e j _ s = . ; 

keep n rej_s; 

run; 

data _null_; set tempi; 

if _n_=l then call symput("n_rej_s", n-1); 

run; 

data temp2; set tenGenes; 

if rej_M=.; 

keep n rej_M; 

run; 

data _null_; set temp2; 

if _n_=l then call symput("n_rej_M"> n-1); 

run; 

data temp; 

n_rej_s = &n_rej_s; 

n_rej_M = &n_rej_M; 

loop=&loop; 

run; 

proc append base=WY.nRej_delta data=temp; run; 

7,end; 
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"/.mend; 

7.S_M_compare2(m=10, lambda=0.8, alpha=0.05, loop=10000); 

proc freq data=WY.nRej_delta; 

t a b l e n_rej_s*n_rej_M/nopercent; 

run; 

* Analysis t he HIV da ta . 

libname toy 'C:\toyData'; 

libname WY "C:\WY"; 

'/macro readdata(datain=datala, dataout=duplicatel); 

PROC IMPORT 0UT= fedatain 

DATAFILE= "C:\toydata\fedatain..xls" 

DBMS=EXCEL REPLACE; 

GETNAMES=YES; 

RUN; *some genes are replicated more than twice on each slide; 

proc sort data=&datain; by ace; 

proc freq data=&datain noprint; table acc/out=temp2; run; 

data fedataout; set temp2; 

if count > 2; 

run; 

7,mend; 

7,readdata(datain=datala, dataout=duplicatei) ; 

y„readdata(datain=data2a, dataout=duplicate2); 

%readdata(datain=data3a, dataout=duplicate3); 

•check duplicate in the three data sets; 

proc sort data=duplicatel; by ace;run; 

proc sort data=duplicate2; by ace;run; 

proc sort data=duplicate3; by ace;run; 

data duplicate; 

merge duplicatei (rename=(count=countl) keep=count ace) 

duplicate2 (rename=(count=count2) keep=count ace) 

file://'C:/toyData'
file://C:/WY
file://C:/toydata/fedatain
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dupl ica te3 (rename=(count=count3) keep=count ace ) ; 

by ace; 

indl=countl-count2; 

ind2=count2-count3; 

run; 

proc freq; table indl ind2; run; 

•duplicates are repeated in all three data sets in same way; 

*for illustration, only use genes with 2 replicates per slide; 

"/macro geneSelect(datainl=duplicatel, datain2=datala, 

dataout=dataia_l); 

data dupl; set ftdatainl; keep ace; run; 

proc sort; by ace; 

proc sort data=&datain2; by ace; 

data fedataout; merge &datain2 dupl(in=inl); 

by ace; 

if inl then delete; 

run; 

°/,mend; 

°/,geneSelect(datainl=duplicatel, datain2=datala, dataout=datala_l) 

ZgeneSelect(datainl=duplicate2, datain2=data2a, dataout=data2a_l) 

7.geneSelect(datainl=duplicate3, datain2=data3a, dataout=data3a_l) 

•check the variations of the background intensities; 

proc means data=datala; var gbdatala rbdatala; run; 

proc means data=data2a; var gbdata2a rbdata2a; run; 

proc means data=data3a; var gbdata3a rbdata3a; run; 

•large variations - use local background correction; 

**************** background correction **************** ; 

•check whether background need to be adjusted; 

symboll line=l c=black width=1.5; 

symbol2 line=2 c=black width=1.5; 
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symbol3 l ine=3 c=black width=1.5; 

symbol4 l i n e = l l c=grey width=1.5; 

symbol5 line=25 c=grey width=1.5; 

symbol6 line=42 c=black width=1.5; 

symbol7 line=34 c=black width=1.5; 

symbol8 line=63 c=black width=1.5; 

symbol9 line=17 c=black width=1.5; 

'/.macro datamdfy(datain=datala, gbvar=gbdatala, gvar=gdatala, 

rbvar=rbdata la , r va r= rda t a l a ) ; 

proc so r t data=&datain; by x_locat ion y_locat ion; run; 

da ta temp3; se t fedatain; 

by x_locat ion y_locat ion; 

i f f i r s t . y _ l o c a t i o n ne l a s t . y _ l o c a t i o n ; 

run; 

da ta fedatain; se t fedatain; 

by x_locat ion y_locat ion; 

l r=log2(&rvar) ; 

lrb=log2(ferbvar); 

lg=log2(&gvar); 

lgb=log2(&gbvar); 

lrdata=lr-lrb; 

lgdata=lg-lgb; 

if lrdata<0 then lrdata=0; 

if lgdata<0 then lgdata=0; 

M=lrdata -lgdata; 

A=lrdata +lgdata; 

if first.y_location = last.y_location; 

run; 

proc g3grid data=&datain out=datal; 

grid x_location*y_location= lr lrb lg lgb lrdata lgdata / join; 

run; 

proc gcontour data=datal ; 

title 'log transformed intensities'; 
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plot x_location*y_location= lg /autolabel ; 

run; 

proc gcontour data=datal ; 

title 'log transformed background '; 

plot x_location*y_location= lgb ; 

run; 

proc gcontour data=datal ; 

title 'log intensities after background correction'; 

plot x_location*y_location= lgdata ; 

run; 

proc gplot data=&datain; 

plot (lrdata lgdata)*lrdata/overlay; 

run; 

proc gplot data=&datain; 

plot M*A; 

run; 

%mend; 

70datamdfy(datain=datala_l, gbvar=rbdatala, gvar=rdatala, 

rbvar=gbdatala, rvar=gdatala); 

•slide 1 has colour flipped comparing to other two slides -

variables are renamed here; 

7,datamdfy(datain=data2a_l, gbvar=gbdata2a, gvar=gdata2a, 

rbvar=rbdata2a, rvar=rdata2a); 

V»datamdfy(datain=data3a_l, gbvar=gbdata3a, gvar=gdata3a, 

rbvar=rbdata3a, rvar=rdata3a); 

data tempi; set datala_l; 

lredl=lrdata; lgreenl=lgdata; 

proc sort; by ace; data temp2; set data2a_l; 

lred2=lrdata; lgreen2=lgdata; 

proc sort; by ace; data temp3; set data3a_l; 

lred3=lrdata; lgreen3=lgdata; 

proc sort; by ace; 
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data temp; merge tempi temp2 temp3; by ace; 

title "without"; 

proc gplot; plot lredl*lred2; 

proc gplot; plot lredl*lred3; 

proc gplot; plot lgreenl*lgreen2; 

proc gplot; plot lgreenl*lgreen3;run; 

**************** colour correction **************** • 

7,macro colour(datain=datala_l, datamid=StatOutl, dataout=newl, smoothpar=0.1); 

data fedatain; set fedatain; obs=_n_; run; 

proc sort; by obs; run; 

proc loess data=&datain; 

ods Output OutputStatistics=fedatamid; 

model M=A/degree=l smooth=fesmoothpar residual; 

run; 

proc gplot data=fedatamid; 

*by smoothingparameter; 

plot residual *A/overlay ; 

run; 

proc sort; by obs; run; 

data fedataout; 

merge fedatamid 

fedatain (keep=acc x_Location y_Location obs) ; 

by obs; 

lred=(residual+A)/2; 

lgreen=(-residual+A)/2; 

run; proc gplot; plot (lgreen lred)*lred/overlay; run; 

/mend; 

°/,colour() ; 

"/.colour (datain=data2a_l, datamid=Stat0ut2, dataout=new2); 

y„colour(datain=data3a_l, datamid=Stat0ut3, dataout=new3, smoothpar=0.2); 
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data tempi; set newl; 

lredl=lred; lgreenl=lgreen; 

proc sort; by ace; 

data temp2; set new2; 

lred2=lred; lgreen2=lgreen; 

proc sort; by ace; 

data temp3; set new3; 

lred3=lred; lgreen3=lgreen; 

proc sort; by ace; 

data temp; merge tempi temp2 temp3; by ace; 

title ""; 

proc gplot; plot lredl*lred2; 

proc gplot; plot lredl*lred3; 

proc gplot; plot lgreenl*lgreen2; 

proc gplot; plot lgreenl*lgreen3;run; 

**************** slide correction **************** ; 

"/macro slide(datain=newl, dataout=slidel); 

data tempi (rename=(lgreen=intensity) keep=lgreen ace 

temp2 (rename=(lred=intensity) keep=lred ace ) 

set fedatain; 

run; 

data fedataout; set tempi (in=inl) temp2(in=in2); 

if inl then T="green"; 

if in2 then T=" red "; 

run; 

proc means data=&dataout n ql mean median q3 noprint; 

var intensity; 

output out=sl median=median ql=ql q3=q3; 

run; 

data _null_; set si; 

call symputC'med", median); 
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c a l l symputC'qrt l" , ql) ; 

c a l l symput("qrt3", q3); 

run; 

da ta fedataout; se t fedataout; 

y=(intensity-&med ) / (&qrt3-&qrtl) ; 

run; 

proc means ql mean median q3; var y; run; 

7,mend; 

'/.slide ( ) ; 

7,slide(datain=new2, da taout=s l ide2) ; 

"/.slide (datain=new3, da taout=s l ide3) ; 

T T T T T T T T T T T T T T T T T T T T * T T T Q, O. U CL CLIl O. -L V S X S *P 1* 1* t* 1* 1* 1* *l* 1* ' I ' t* I ' *l* 1* f t* 1̂  1* 1* 1* , 

•generate p-values; 

data toydata; 

set slidel (in=inl) slide2(in=in2) slide3 (in=in3); 

if inl then B=l; 

if in2 then B=2; 

if in3 then B=3; 

run; 

proc sort data=toydata; by ace T;run; 

ods listing close; 

proc glm data=toydata ; 

by ace; 

class B T; 

model y = B T; 

contrast "Q" T 1 -1 ; 

ods output contrasts=P_value ; 

run; 

ods listing; 

***************** using different multiple testing procedures; 

proc sort data=P_value out=FDRdata; 
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by descending probF; 

run; 

data FDRdata; se t FDRdata; by descending probF; 

m=9132; 

q=0.1; 

ind=m-_n_+l; 

cut=ind*q/m; 

diff=probF-cut; 

run; 

data temp; set FDRdata; 

if diff <=0; 

keep ind diff; 

run; 

data _null_; set temp; 

if _n_=l then call symput("k",ind); 

run; 

proc sort data=FDRdata; by probF; run; 

data FDRdata; set FDRdata; 

if _n_ <= &k; 

run; 

*rej 14; 

proc sort data=P_value out=WYdata; 

by probF; 

run; 

data WYdata; set WYdata; 

m=9132; n=_n_; 

templ=cdf('beta', probF, 1, m-n+1); 

temp2=cdf('beta', probF, n, m-n+1); 

run; 

proc sort; by probF; 

data WYdata; set WYdata; 

by probF; 
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r e t a i n I J 0; 

if n=l then do; 

I=t emp1; J=t emp2; 

end; 

p_adj=max(I,tempi) ; p_adj_m=max(j, temp2) ; 

I=p_adj; J=p_adj_m; 

drop i j ; 

run; 

* Predict the sample size needed for the rat experiment . 

*assumed that 100 genes are significantly differentially 

expressed; 

libname app 'C: \ toyData ' ; 

data a; 

sigma=l; q=0.1; lambda=l-100/31042; 

do k=2 to 10; 

b=10*(k-l); 

delta=(10+2*k)*0.25/sigma; 

y=10000; 

zl=pdf('f , y, 5, b , 0); 

wl=pdf('f\ y, 5, b , delta); 

ratio=wl/zl; 

g=lambda+(1-lambda)*ratio; 

output; 

end; 

drop y zl wl ratio; 

run; 

proc print; var k delta g; run; 

*FDR method - estimate lower bound of P[R>k] using multinomial; 

"/.macro calcu_v3(i=0); 

x&i.=(k+&i)*q/m; 

file://C:/toyData'
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z & i . = f i n v ( l - x & i . , & n u l , &nu2, 0 ) ; 

v & i . = l - c d f ( ' f ' , z & i . , fenui, &nu2, d e l t a ) ; 

70mend; 

%macro e s t _ k _ L 5 _ a l t 4 ( k = l , sigma=l ) ; 

d a t a Prob_&k; 

k=&k; m=&m; q=&q; lambda=&lambda; l s i z e = & l s i z e ; 

°/0let nu l=5 ; 

'/.let n u 2 = 1 0 * ( & l s i z e - l ) ; 

de l ta=(10+2*&ls ize)*0 .25/&sigma; 

° / ,calcu_v3(i=l) ; 

%calcu_v3( i=2) ; 

%calcu_v3( i=3) ; 

°/0calcu_v3(i=4); 

°/0calcu_v3(i=5); 

cons=lambda*q/m; 

do rl=0 to &k; 

Al=(lambda*xl + (l-lambda)*vl)**rl; 

do r2=0 to &k+l-rl; 

A2=(cons + (l-lambda)*(v2--vl))**r2; 

do r3=0 to &k+2-rl-r2; 

A3=(cons + (l-lambda)*(v3-v2))**r3; 

do r4=0 to &k+3-rl-r2-r3; 

A4=(cons + (l-lambda)*(v4-v3))**r4; 

do r5=0 to &k+4-rl-r2-r3-r4; 

A5=(cons + (l-lambda)*(v5-v4))**r5; 

l=&k+5; *change for different L; 

sum_ri=rl+r2+r3+r4+r5; 

A6=(lambda*(l-l*q/m)+ (l-lambda)*(l-v5))**(m-sum_ri); 

Prob_r_sub=((((Al*A2*A3*A4*A5*A6*comb(m, sum_ri)*gamma(sum_ri+l) 
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/gamma(r1+1))/gamma(r2+l))/gamma(r3+l))/gamma(r4+l)) 

/gamma(r5+l); 

Prob_r+Prob_r_sub; 

end; end; end; end; end; 

run; 

data Prob_&k; set Prob_&k; 

right_side=l-prob_r; 

run; 

proc append base=prob_k data=prob_&k; run; 

%mend; 

70macro lower_bound_R_L5_pred(q=0.1, s t a r t = l , end=5, s tep=l , l s ize=2, 

m=31042, lambda=0.997); 

°/0do ind5=&start 7,to &end 7oby festep; 

7.est_k_L5_alt4(k=&ind5.); 

70end; 

7.mend; 

7olower_bound_R_L5_pred(q=0.1, start=0, end=5, step=l, lsize=2, 

m=31042, lambda=0.997); 

7dower_bound_R_L5_pred(q=0.1, start=0, end=5, step=l, lsize=10, 

m=31042, lambda=0.997); 

data prob_K; set prob_K; 

keep lsize k lambda delta prob_r_sub prob_r right_side ; 

rename right_side=lower_bound_R_L5; 

run; 

proc sort data=prob_K; 

by lsize k; 

run; 

proc transpose data=prob_K out=temp prefix=k; 

by lsize ; 
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va r lower_bound_R_L5 ; 

i d k; 

run ; 

*Step-down Sidak; 

%macro app ( l=4 , s igma=l , l o o p = l , m=31042, lambda=0.997 ) ; 

°/,let nu l=5 ; 

°/,let nu2=10*(&l - l ) ; 

d a t a _ n u l l _ ; 

del ta=(10+2*&l)*0.25/&sigma; 

c a l l symputC d e l t a ' , d e l t a ) ; 

run ; 

°/„do j = l °/„to feloop; 

d a t a calculate_mO; 

b i n o = r a n b i n ( 0 , &m, felambda); 

c a l l symput( 'mO' , b i n o ) ; 

run ; 

* s t a r t s i m u l a t i o n s ; 

7olet ml=&m - &m0; 

d a t a p _ v a l u e s l ; 

l e n g t h f $30; 

f="uniform"; 

do i = l t o &m0; 

p=ranuni(0); *generate p-values under HO; 

output; 

end; 

drop i; 

run; 

data p_values2; 

f="F(&nul,&nu2,&delta)"; 

do 1=1 to &ml; 
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x=ranuni(0); 

z=finv(l-x, &nul, &nu2, fedelta); 

p=l-probf(z,&nul,&nu2,0); *generate p-values under Ha; 

output; 

end; 

drop 1 x; 

run; 

data p_values; 

set p_valuesl p_values2; 

run; 

proc sort; by p; run; 

data p_values; set p_values; 

by p; 

if _n_<=200; 

loop=&j; 

run; 

proc append base=app.simulated_p_values_N&l data=p_values; run; 

°/,end; 

%niend; 

7,app(l=4, sigma=l, loop=10000, m=31042, lambda=0.997 ); 

°/.app(l=5, sigma=l, loop=10000, m=31042, lambda=0.997 ); 

%app(l=10, sigma=l, loop=10000, m=31042, lambda=0.997 ); 

"/.macro compare2(alpha=0.05, var=p_adj , out=05); 

data p_order2 ; set p_orderl ; 

if &var > fealpha then do; 

n_rej=n-l; 

output ; 

end; 

if n=200 and &var <= fealpha then do; 

n_rej=200; 

output; 
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end; 

run; 

proc sort; by loop; run; 

data simulated_p_adj_rej_&out; set p_order2; 

by loop; 

if first.loop; 

1-ftl; 

keep 1 f p loop n n_rej &var; 

run; 

proc freq data=simulated_p_adj_rej_&out noprint; 

table n_rej/out=temp_&out; 

run; 

data temp_&out; set temp_&out; 

pct_&out=percent; 

drop count percent; 

run; 

proc append base=app.freq_newset_&out data=temp_&out; run ; 

70mend; 

"/.macro adjustP2(m=31042, lambda=0.997, 1=4 ); 

data p_orderl temp(keep=loop); set app.simulated_p_values_N&l; 

n=_n_-200*(loop-l); 

output p_orderl; 

if p=. then output temp; 

run; 

proc sort data=p_orderl; by loop p; run; 

proc sort data=temp nodup; by loop; run; 

data p_orderl; 

merge p_orderl temp(in=inl); 

by loop ; 

if inl then delete; 

temp=cdf('beta', p, 1, &m-n+l); 
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run; 

proc sort; by loop p; data p_orderl; set p 

by loop p; 

retain I 0; 

if first.loop then do; 

I=temp; 

end; 

p_adj=max(I,temp); 

I=p_adj; 

drop i temp; 

run; 

proc sort; by loop p; run; 

°/0compare2(alpha=0.1, var=p_adj , out=l); 

%mend; 

•/,adjustP2(m=31042, lambda=0.997, 1=4 ); 

•/.adjustP2(m=31042, lambda=0.997, 1=5 ); 

y„adjustP2(m=31042, lambda=0.997, 1=10 ); 
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