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Abstract

Monoidal categories have proven to be especially useful in the analysis of both alge-
braic structures such as associative algebras and geometric structures such as knots
and braids. In this paper, we consider Frobenius algebras. These are algebraic struc-
tures consisting of an associative algebra and a coassociative coalgebra, satisfying
a compatibility relation. Frobenius algebras have many applications in algebra and
computer science. They have also been shown to characterize low-dimensional topo-
logical quantum field theories.

They are traditionally considered in symmetric monoidal categories. But we gen-
eralize the theory to braided monoidal categoriesL In the process, we obtain a number
of new examples of this algebraic notion. Our examples arise in categories of crossed
G-sets, categories of representations of quasitriangular Hopf algebras and several geo-

metric categories.
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Chapter 1

Introduction

1.1 History

Monoidal categories have become a very active area of research ever since they were
introduced in 1963 by Mac Lane in [14] and by Bénabou in [5]. Roughly, a monoidal
category is a category equipped with a bifunctor called tensor ®, a distinguished
object I called the tensor unit, and natural isomorphisms (AQ® B)®C = AQ (B®C),
I®A = Aand AQI = A which satisfy some coherence conditions. The idea is that the
tensor of two objects is multiplication, which is associative up to natural isomorphism,
and [ is a unit for the multiplication up to natural isomorphism. Some important
examples include the category of sets and functions Set where ® is the cartesian
product x and I = {x}, Vecty where ® = Qg and I =k, G-Mody the category of
linear representations of a fixed group G where ® = ® and I = k, and the category
of sets and relations Rel, where ® = cartesian product and I = {x}.

Monoidal categories also play a prominent role in topological quantum field theory
(TQFT). Their axiomatization which is due to Atiyah [2] translates nicely into the
language of monoidal categories. From a categorical point of view the formulation is
very neat and tidy. TQFTs were first considered by Witten [18|, where he showed
how the Jones polynomial and knot invariants are related to 3-dimensional TQFTs
[3]. They have since been extensively studied by many others including Atiyah, Baez,
Lawrence, etc. Briefly, an n-dimensional TQFT is a strict symmetric monoidal functor
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from the category of n-dimensional cobordisms to the category of vector spaces. The
2-dimensional case has been completely determined. 2-dimensional TQFT's are in one-
to-one correspondence with commutative Frobenius algebras. In higher dimensions
no such characterization is known.

Another important concept that arises in algebra and physics is that of a braided
monoidal category. These were invented by Joyal and Street in 1985/1986 and first
appeared in their paper entitled Braided Monoidal Categories [8]. Since then there
has been much research on braided monoidal categories. For instance, Freyd and
Yetter showed that their category of framed tangles is the free braided compact closed
category on one object [7]. Braided monoidal categories also have a close connection
with quantum groups, the Yang-Baxter equation, and quasitriangular Hopf algebras.
The category of H-modules of a quasitriangular Hopf algebra H is braided. Also, for
a finite-dimensional Hopf algebra, Drinfeld’s quantum double has a simple categorical
interpretation [10].

The primary goal and contribution of this thesis is to extend the notion of Frobe-
nius algebras to the braided setting as suggested by Kock in [12]. In doing so we
obtain the notion of a universal braided Frobenius object which leads us to new

geometric and algebraic structures.

1.2 Thesis Outline

In chapter 2 we start by reviewing some important concepts from monoidal category
theory. Namely we give the definition of a monoidal category and provide some ex-
amples that will be important to us later on. We then state the coherence theorem for
monoidal categories [15], which establishes the commutativity of a large class of dia-
grams. We define the notions of a monoid object and a comonoid object and present
examples. These two concepts play an integral part in generalizing the definition of
Frobenius algebras to abstract monoidal categories. Next we introduce another im-
portant concept related to Frobenius algebras, namely duality in monoidal categories.
Frobenius algebras have the property that they are self-dual in the above sense. After

this, we review the definition of a braided monoidal category and examine in depth
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two significant examples: the category of crossed G-sets, with G a group, and the
category G — XMat/R whose arrows are matrices with rows and columns indexed by
crossed G-sets. These categories are both due to Freyd and Yetter [7]. In this paper
they also consider a certain generalization of compact closed categories to braided
monoidal categories, which they call pivotal categories. We explain what it means
for a category to be pivotal and state Freyd and Yetter’s theorem which asserts that
G — XMat/R is pivotal.

Chapter 3 begins with a brief overview of the traditional theory of Frobenius
algebras. A Frobenius algebra is an associative k-algebra A of finite dimension, where

k is a field, equipped with a linear functional € : A — k such that
g(ab) =0 for all a € A implies b = 0.

We provide numerous examples showing that Frobenius algebras pervade mathemat-
ics. Next we state a result which Kock attributes to Lawvere [13], that provides a
characterization of any given Frobenius algebra in terms of a coalgebra structure that
is compatible with the algebra structure. This compatibility condition is known as
the Frobenius relation. Following Kock we use this result to define the notion of a
Frobenius object in an abstract monoidal category. Subsequently we state and prove
a theorem which establishes five equivalent conditions for a monoid to be a Frobenius
object. This theorem is an adaptation of one found in [17]. We conclude the chapter
by showing that the category of Frobenius objects is a groupoid.

We discuss oriented cobordisms and 2-dimensional TQFTs in Chapter 4. We
first introduce the concept of oriented cobordisms and develop the strict symmetric
monoidal category 2Cob of 2-dimensional cobordisms. We then state a proposition
which gives a set of generators for a skeletal version of 2Cob. As well, we give a
set of relations and we briefly indicate which of them are sufficient. Next we define
what an n-dimensional TQFT is and state the main theorem which classifies them
in the n = 2 case. The theorem says that the category of TQFTs and symmetric
monoidal natural transformations, SymMonCat(2Cob, Vecty), is equivalent to the
category of commutative Frobenius algebras, cFrob(Vecty). More generally if V is

any symmetric monoidal category then SymMonCat(2Cob, V) is equivalent to the
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category of commutative Frobenius objects in V, cFrob(V).

In chapters 3 and 4 we give complete details of several results which are only
sketched in other sources.

In the final chapter we define the notion of a braided Frobenius object; it is simply
a Frobenius object that lives in a braided monoidal category. We then prove some
facts about the categories XG—Set and G — XMat/R. Using these results we are
able to obtain a large class of braided Frobenius objects in G — XMat/R. We also
show that in any pivotal category, A ® A* can be given a Frobenius structure for any
object A. We then consider the centre construction which, given a monoidal category
C, produces a braided monoidal category Z(C). We show how braided Frobenius
objects in Z(C) relate to Frobenius objects in C. The next place that we look for
examples is in the category of H-modules, where H is a quasitriangular Hopf algebra.
A braided Frobenius object in this instance is an H-module that is equipped with the
structure of a Frobenius algebra in the usual sense with the additional requirement
that the structure maps be H-linear. We give an explicit description of the free
braided monoidal category generated by a braided Frobenius object. We then describe
a category which we conjecture to be equivalent in which morphisms have a purely

geometric description. We then discuss the difficulties in establishing this conjecture.



Chapter 2

Monoidal Category Theory

2.1 Monoidal Categories
We start by collecting some important notions from category theory.

Definition 2.1.1. A monoidal category (C,®, I, a, A, p) consists of a categoryC, a
functor ® : C x C — C, an object I € |C|, and natural isomorphisms ¥V A, B,C € |C|:

M IgA— A
pratA®T — A
O(A’B,CZ(A®B)®C—->A®(B®C)

such that the following diagrams commute



CHAPTER 2. MONOIDAL CATEGORY THEORY 6

(A® B)® (C ® D)

RN

(A B)RC)® ® (B2 (Ce D)) (M1)

a®lp 1a®a

(A8 (B®C))® D—7p——A® ((B®C)R D)

(AR)®B—%—> A® (I8 B)

®R /@A o12)

A=p: [Q[— | (M3)

We say that a monoidal category is strict if all components of a, A, and p are identity

maps.

Example 2.1.2. Let M be a monoid in the usual sense of the word. Then we
can view M as a category whose objects are elements of A and the only arrows are
identity arrows. Let ® denote the multiplication in A and let I € Af be the unit for
this multiplication. Then (M, ®,I) is a strict monoidal category. This follows from

the monoid axioms.

Example 2.1.3. Any category with all finite products (resp. coproducts) is a monoidal
category where ® = x (resp. +), I = 1 (resp. 0). The isomorphisms «, A, and p are
determined by the universal property of product (resp. coproduct). In particular
the category Set is a monoidal category. Unless stated otherwise we will take the

monoidal structure on Set to be the one given by cartesian product.
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Example 2.1.4. Let k be a fixed field and consider the category Vecty whose objects
are vector spaces over k and arrows are k-linear maps. Then Vecty is a monoidal

category where:

VoW =VegW
I =k

anda: (U@V)W2UQ(VW),A\:k@U 2 U,and p: U®k = U are the

usual vector space isomorphisms.

Example 2.1.5. Let C be a category and consider the category Func(C) whose
objects are endofunctors on C and arrows are natural transformations between such
functors. Then Func(C) is a strict monoidal category where FF ® G = F o G for
functors F' and G and I = ide. ‘

2.2 Coherence for Monoidal Categories

We now state a coherence theorem for monoidal categories which can be found in

[15]. We give the version from Kock’s book.

Theorem 2.2.1 (Mac Lane’s Coherence Theorem). Let (C,®, I, a, A, p) be a monoidal
category. Fvery diagram that can be built out of the components of a, A, and p, and

identity maps, using composition and monoidal operations, commutes.

I will use this theorem extensively to establish the commutativity of diagrams.

2.3 Monoid Objects

Definition 2.3.1. Let (C, ®, I, a, A, p) be a monoidal category. A monoid (A, u, 1)
in C is an object M € |C| together with two arrows p: M QM — M, n: I — M
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such that
« Iy®u
MIMSM——MIMOM)——————M S M
L 1 l/‘ (Monl)
MM i M
and
®1 ly®
ToM L2 M om«M21 yer
)\ 1u s (Mon2)
M

commute. The map p s called multiplication and n is called the unit. Equation
(Monl) is called the associativity aziom and (Mon2) is called the unit aziom [15].

Example 2.3.2. As one might expect monoids in the monoidal category Set are
monoids in the usual sense. That is, a set equipped with an associative binary oper-

ation called multiplication, and a unit element for that operation.
Example 2.3.3. Monoids in the monoidal category Vecty are associative k-algebras.
Example 2.3.4. Monoids in the monoidal category Func(C) are monads [15].

Definition 2.3.5. A morphism of monoids f : (M, u,n) — (M', u', ') is an

arrow f: M — M’ such that following diagrams commute:

M®Mﬁ—f+]\{'®M’ M—f—+M'

ERY.

M —— M

f

The following lemma is immediate and can be found in [15].

Lemma 2.3.6. Given a monoidal category (C, ®,1, a, A\, p) the monoids in C form

a category Mone.
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2.4 Comonoid Objects

We now consider the dual notion to that of a monoid in a monoidal category.

Definition 2.4.1. Let (C, ®,I, a, A, p) be a monoidal category. A comonoid
(C, A, €) in C is an object C € |C| together with two arrows A : C — C ® C,
€ : C — I such that

c a Coc—2®8 cxCec)
A la'l (CoM1)
ceC Asis CeC)®C
and
I®C e® 1ps C®C ly®e Cel
)\ A] f (CoM2)

commute. The map A is called comultiplication and ¢ is called the counit. Equation
(CoM1) is called the coassociativity aziom and (CoM2) is called the counit aziom
[15].

Example 2.4.2. Let X # 0 be a set and let I = {*} be the one point set. Define
A:X — XxXbyzw (z,z)and e : X — I by £ — x. Then (X,A,¢) is
a comonoid in Set. In fact, one can show that this is the only possible comonoid

structure on X.
Example 2.4.3. Comonoids in Vecty are coassociative k-coalgebras.
Example 2.4.4. Comonoids in the monoidal category Func(C) are comonads [15].

A morphism of comonoids is defined in a similar fashion to Definition 2.3.5, and
we have a result similar to Lemma 2.3.6. We use CoMonc to denote the category of

comonoids in a monoidal category C.

Remark 2.4.5. By duality we have that monoids (resp. comonoids) in C are comonoids

(resp. monoids) in C.
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2.5 Hopf Algebras

For this section we follow Kassel [10], and we fix a base field k, H a vector space over
k equipped with an algebra structure (H, u,n) and a coalgebra structure (H, A, ¢).
We give the vector space H ® H the algebra structure (H ® H, i/, 1) where
p=wpeuo(l®muye1l)

where Ty w is the unique linear map such that 7yw(vQ@w) =w v Vv € Viw e W
for vector spaces V and W. The unit for H ® H is

n=n®n.
We also give H ® H its canonical coalgebra structure (H ® H,A’,n’). Namely

A'=A®A

g€ =e®e.

We then have the following theorem which can be found in [10].

Theorem 2.5.1. The following statements are equivalent.
(i) The maps 1 and 1 are morphisms of coalgebras.

(ii) The maps A and € are morphisms of algebras.

Whenever H has this kind of compatibility between its algebra coalgebra structure

then we give it a name.

Definition 2.5.2. A bialgebra is a quintuple (H, u,n, A, e) where (H,pu,n) is an
algebra and (H,A,€) is a coalgebra satisfying the equivalent conditions of Theorem
2.5.1. A morphism of bialgebras is a morphism for the underlying algebra and coal-

gebra structures.
Before we define what a Hopf algebra is we need the following:

Definition 2.5.3. If (4, u,7) is an algebra and (C, A, €) is a coalgebra then Hom(C, A),
the set of linear maps, is a vector space. For f, g € Hom(C, A) we define their con-

volution f x g to be the following composite:

cAoeci®Aagata
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* 13 in fact bilinear.
We then have the following nice result.

Proposition 2.5.4. (i) The triple (Hom(C, A),*,n0¢) is an algebra.

(i) The evident map Aca : A® C* — Hom(C, A) is morphism of algebras where
ARC* is the tensor product of the algebra A with the algebra C* dual to the coalgebra
C.

The proof of this result can be found in [10]. We are now ready for:

Definition 2.5.5. Let (H, i, n, A, €) be a bialgebra. Then an element S € Hom(H, H)
is called an antipode for the bialgebra H if

S*idﬂz'édH*S=no€

A Hopf algebra is a bialgebra with an antipode. Then a morphism of Hopf algebras

is morphism of the underlying bialgebras which commutes with the antipode.

If a bialgebra has an antipode then it is unique. For the next example we follow
Majid [16].

Example 2.5.6. Let G be a finite group, k a field , and let kG be the group algebra
defined by kG = {z =} ;2(g9)g} where z(g) € k for all g € G. We make kG
into a k-algebra as follows: p : kG ® kG — kG is given by ¢ ® h — gh for all
g, h € G. The unit n : k — kG is defined by n(1) = e, where e € G is the unit for
multiplication in G. We extend g and 1 by linearity. To make kG a Hopf algebra we
define A : kG — kG QKkG by A(g) = g®g for all g € G. We define ¢ : kG — k by
e(g) =1and S : kG — kG by S(g) = g7! for all g € G. We extend these maps by
linearity. When equipped with these five maps kG becomes a (cocommutative) Hopf

algebra.

Remark 2.5.7. We notice that in this instance S? = id, this need not be the case

in general.

Let A be an associative algebra over k.
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Definition 2.5.8. A right A-module is a vector space M with o k-linear map
XM M®A— M, called the right action of A on M, such that

MRA)RA
o XM ® 14
1M®7]
Mg (A® A) Mg®A M A+— Mk
1M®ul jXM XMl f
MeA Xt Al M

both commute. If M and N are right A-modules, a k-linear map ¢ : M — N is
called a right A-homomorphism or right A-linear if

1
Meoa284, veoa

XM XN

M———— N

commutes.

If we write xp(m ® a) = m - a and p(a ® b) = ab and n(1l) = 1 then we can

interpret the diagrams of the above definition in terms of elements as follows:

(m-a)-b=m-(ab) VYa,be A,VYme M
m-1l=m Ym e M
é(m-a) =(¢p(m))-a Yac A, VYmeM

We can also define left A-modules and left A-homomorphisms in a similar manner.
Now for a given bialgebra (H, u,n, A, €) the category of left H-modules is monoidal.
Given two H-modules U and V then we can give U ® V a left H-module structure as

follows
a-(u®v)=A(a) (u®v)
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where a given " ;@ y; € HQ H actson U @ V as follows ) ;. z; ® yi(u ®v) =
S xiu ® yv. When H is the group algebra of some finite group G the H-module
structure on U ® V is compatible with the one used in group representation theory.

We give k the following H-module structure
z-a=¢(x)a Vze Haek

Then it can be shown that the canonical isomorphisms from (V QU)W =V ®
UeW),k®@V =V,and V®k =V are maps of H-modules.

2.6 Monoidal Functors and Natural Transforma-

tions

Definition 2.6.1. A monoidal functor (F, F3, Fy) : C — D between monoidal
categories C and D consists of the following three items:

e a functor F : C — D between categories,

e VA, B € |C|, morphisms F3(A,B) : F(A) ® F(B) — F(A® B) in D which are
natural in A and B;

o for units I and I', a morphism Fy: I' — F(I) in D.

These must make the following three diagrams, involving the structural maps a, A,

and p, commute in D:

(F(A) ® F(B)) ® F(C)—%—F(4) ® (F(B) ® F(C))

Bol 1® F

F(A® B)® F(C) FA)® F(B®C) (MF1)
F F,

F(A®B)®C) — F(A® (B &C())



CHAPTER 2. MONOIDAL CATEGORY THEORY 14

F(B)& I £ F(B)
1® FOJ ]F (0 (MF2)
F(B)® F(I)——p——F(B& I)

I'® F(B) X F(B)
R 11 ]F(A) (MF3)
F()® F(B)——p—F(I® B)

A monoidal functor is said to be strong when Fy and all the F3(A, B) are isomor-
phisms, and strict when Fy and all the F3(A, B) are identities [15].

Remark 2.6.2. If (F, Fy, Fy) is a strict monoidal functor then Definition 2.6.1
reduces to the following:

e a functor F: M — M’;

e Fla)=d, FA)=X, F(p) =7

e F(f®g)=F(f)® F(g) for all arrows f and g in M.

Remark 2.6.3. Let F: (C,®,[, a0, \, p) — (D, &, I',d, N, p') be a strict
monoidal functor. If a diagram built from arrows and objects in C using composition
and tensor commutes, then the diagram built by replacing each object and each arrow
by its image under F' will also commute in D. This follows from the previous remark.
In particular if (M, i, n) is a monoid in C then (F(M), F(u), F(n)) is automatically

a monoid in D, and similarly for comonoids.
Next we consider what morphisms of monoidal functors should be.

Definition 2.6.4. A monoidal natural transformation 6 : (F,F F)) —
(G, Ga,Gp) between monoidal functors (F, Fy, Fy), (G,Ga,Go) : M — M’ is a nat-
ural transformation 8 : F — G between the functors F' and G such that the following
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two diagrams

F(A)® F(B—X2  F(A® B)

Fiy 2 c()
04 ® 91{ jeA@)B I& %;0
II

G(A) ® G(B)T G(A® B)

commute [15].

This definition allows us to consider categories whose objects are monoidal func-
tors and arrows are monoidal NTs. These concepts will be used in sections 4.3 and
5.3.

2.7 Duality in Monoidal Categories

We now turn our attention to a key notion that arises in the theory of Frobenius

algebras.

Definition 2.7.1. A duality A 4 B between two objects A and B in a monoidal
category (C, ®,1, a, A, p) is a pair of morphisms

YV:AQ B——>] and p: I —B®RA

called the counit and unit respectively, such that

oL 1®¢ ol
A—"—>AQI— > AQ(B®A)———>(A®B)® A
v®1
IQA (D1)
14
Aa

A
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A 1
B2 ,;sB*2 . BeA)®B—% B (AcB)
1@y
B®I (D2)
1g
PB
B

both commute. In this case we say that A is left dual (or left adjoint) to B and B
is right dual (or right adjoint) to A [9].

Before giving some examples we prove a useful proposition.

Proposition 2.7.2. If A and B are objects in a monoidal category C such that B 4 A

then A ® B can be made into a monoid in C.

Proof. B 4 A means that 3 morphisms a’': B A — I and ¥ : ] — A® B making

diagrams analogous to (D1) and (D2) commute. We refer to these diagrams as (D1)
and (D2) respectively. Now let’s make A ® B into a monoid:
We need a unit 7 : I — A ® B, so we take n = b’. We also need a multiplication

p: (A& B)® (AR B) — A® B. So we define p as follows

-1 a®l
—_—

(A®B)®(A® B)—%—>((AR B)® A)® B (A (BRA))®B
(1®d)®1
m (A®I)®B
pa®1
A®B

We now check that both unit triangles in Definition 2.3.1 commute. We start with
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the left one.

[®(A® B) (A® B)® (A® B)——% (AR B)® A) & B

-1
Nat. o~ & a®1

Miepp| Coh. (1®d)®1
i ARI®B
paA®1
Y
AQ®B AR B

1

Equation (i) holds since this is just (D2) tensored with 15 : B — B. We now check

that the right unit triangle commutes.

1)V -1
(AR BY® I ( (AR B)® (A® B) @ (A B)® A)® B
Nat. a k Coh. a®l
B®I —— AR (B (A® B AR (BRA)® B
Coh. 1® -l o’ led)®1l
/
1®p§1 1®(a ®1) a—l
(ii) AQ (I B) Coh. pa®1
N
AR B A Q B

1

Equation (ii) holds since this is just (D1) tensored with 14 : A — A.
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Finally we show that (Monl) in Definition 2.3.1 commutes. In this diagram we

save space by omitting the & symbols.

(1)a™?

(AB)((AB)(AB))

a1 Coh. (AB)(A((BA)B))

((AB)(AB))(AB) ((AB)A)((BA)B)

(11)(1(a"1))
ot ((11)1)(a'1) }‘A(w”
O(((ll)l)

(1)

> (AB)({(AB)A}B)

(11)(al)

(ABY(A(BA)B

(11)((1a")1)
(((AB)A)B)(AB) ® is bifunctor ((AB)A)(IB) (AI)B
(a1)(11) (A(BA))((BA)B) la(u) Coh. (11)(A1)
(1a1)(@'1)
((A(BA))B)(AB) (1(11))a? (A(BA))(IB) (AB)(AB)
o
((1e)1)(11){  Nat. (A(BA))(B(AB)) a~t
@)
((AI)B)(AB) . (167101) ((AB)A)B
(p1)(11) (AI)(B(AB))(—-)—(AI)((BA)B) ® is bifunctor al
Y N
(AB)(AB) p((ll)l) (A(BA))B
a-! A((BA)B) ———+ AUB) (1a)1
((ABYA)B (ADB
1A
o1 -
al Nat. a1 Pl
(A(BA)B T (ADB s > AB

The two squares in the upper right hand corner of the diagram commute by naturality.

Hence A ® B is a monoid in C.

O

Example 2.7.3. In Set X Y if and only if X and Y are singletons. More generally

the tensor unit in any monoidal category is always self dual.
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Example 2.7.4. In Vecty V - W if and only if V and W are finite-dimensional and
W = V*. Let {e;}!, be a basis of V and let f : W — V* be an isomorphism.
Define g : V@ V* — k by g(v ® A) = A(v) for all v € V and A € V*. Similarly
define h: k — V*®V by h(1) = Y & | ef ®¢e; where {e}}, is the dual basis. Then
the maps 1 and ¢ of Defintion 2.7.1 are given by ¥y = goly ® f and p = f1Q 1y oh.

Example 2.7.5. In Func(C) F 4 U if and only if F is left adjoint to U. The unit
and counit for the duality are the unit and counit of the adjunction respectively and

(D1) and (D2) express that these functors form an adjoint pair.

2.8 Braided Monoidal Categories

Braided monoidal categories form an interesting class of monoidal categories.

Definition 2.8.1. A natural isomorphism cap: A® B — B & A in a monoidal

category, (C,®,1,a, )\, p), is a braiding if the following diagrams commute:

AR(BRC)—Z—>(BRC)® A

e X

(A® B)® C) B®(C®A) (B1)

c®le 1 ®o0o

A®(B®C) (CRA)®B (B2)

A monoidal category equipped with a braiding is called a braided monoidal cate-
gory [9].
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Remark 2.8.2. If (C,®,/,a,),p,0) is a braided monoidal category then it may
happen that g 4 0 045 = lagp for all objects A and B in C. In this case we say

that (C,®,1,a, A, p,0) is a symmetric monoidal category.
Lemma 2.8.3. IfC is a symmetric monoidal category then Monc is monoidal.
The following is due to Joyal and Street [9].

Proposition 2.8.4. The following diagrams are commutative in any braided monoidal

category (C,®,1I,a, A\, p,0):
A®I g

I®A I®A g AR I
\\( I/ \\(TQ/
A

T
A
We now state a result of Kelly and Laplaza found in {11].

Proposition 2.8.5. IfC is any monoidal category with tensor unit I, then the monoid
Hom(I,I) is commutative. Furthermore the value of the composite ] = I ® I 12
I®l=]is fog=gof.

Remark 2.8.6. We note that Hom(I, I) is sometimes called the set of scalars.
Let’s consider a few examples from some familiar monoidal categories.

Example 2.8.7. For the category Vecty we have that Hom(k,k) = k since linear
maps from k to k are the same thing as scalars. In Rel, the category of sets and
relations, ® = cartesian product and the tensor unit is / = {*}. Here we have that
Hom(I,I)={0,{(*,%)}}. If H is a Hopf algebra then its category of left H-modules
is monoidal with I = k the base field. The action on k is given by the counit € for
H. Namely a-z = e(a)zr for all a € H and z € k. Just as we had for Vecty, we have
Hom(k, k) = k.

We should also mention the appropriate notion for a functor between braided

monoidal categories.
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Definition 2.8.8. A braided monoidal functor from (C,®, 1. a,\ p,0) to
(C,Q, I',a/, XN, p,d’) is a monoidal functor (F, Fy, Fy) between the underlying monoidal

categories with the additional requirement that

T(4),F(B)

F(A) ® F(B) F(B) ® F(A)
Fy(A, B) Fy(B, A) (BMF)
F(A® B) Fos) F(B® A)

commutes. In the case where the category is symmetric, the functor is called a sym-

metric monoidal functor [15].

Before we consider some examples of braided monoidal categories we make a few

definitions. In what follows G is a fixed group.

Definition 2.8.9. A (finite) crossed G-set is a (finite) G-set X and a function
| | : X — G such that |g-z| =gl|zlg*Vz € X, g€ G [7].

Definition 2.8.10. A map of crossed G-sets, f : X — Y, is an equivariant
map of G-sets such that |f(z)| = |z| Yz € X [7].

Notation 2.8.11. Given crossed G-sets X and Y we will write | |, and | |, for
||: X — G and||:Y — G respectively when we wish to distinguish between these

two functions.

We will provide examples of crossed G-sets later when we define the related notion

of crossed G-monoids in section 5.1. Let’s now record an important fact:

Lemma 2.8.12. XG—Set is a category. The objects of XG —Set are all finite

crossed G-sets and the arrows are all crossed G-set maps between them.
We now prove an important theorem which is due to Freyd and Yetter.

Theorem 2.8.13 (Freyd and Yetter [7]). For any group, G, XG —Set is a braided
monoidal category, where X ® Y is the cartesian product X x Y of the underlying
sets with the component-wise G-action, and |(z,y)| = |z|x|yl,. The braiding oxy :
XQY — Y ®X is defined by oxy(z,y) = (|| - y, x).
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Proof. We first show that XG — Set is a monoidal category. Let f € H omxg-set(X,Y)
and g € Homyg set(X',Y"). Define f ® g € Homxgsat(X ® X', Y ® Y') as follows

(f @9)(z,7) = (f(2),9(c)) Yz € X2’ € X"

With this definition of f ® g it is easy to see that ® : XG—Set x XG—Set —
XG—Set is a functor. Now consider I = {*} with g¢-* = x Vg € G and define
| | : I — G by *x — 1g. Then this makes / into a crossed G-set. For each
A, B,C € | XG—Set| define

QA BC (A®B)®O_)A®(B®C) by ((a,b),c) — (a” (b,C))
AMIRA—A by (¥,a) — a
pa:ARI — A by (a,*) — a

Then it follows that XG—Set is a monoidal category. We now show that oxy :
X®Y — Y ® X as defined above is a braiding in XG—Set. We first check that
ox,y is an arrow in XG—Set. Let g € G be arbitrary and (z,y) € X ® Y arbitrary.
Then

oxy (9 (z,y) =oxy(9 2.9 ¥)
(lg-2l-(9-9),9- =)
(glzlg™ - (9 9),9- )
(

(

glzlgg™) -y, 9 z)

(

(9lz]) -y, 9 - z)
=(g- (lz] - 9),9 - )
=g (|z] -y, z)

=g-oxy(z,y).
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Hence ox vy is equivariant. Moreover

lox,y (z,y)| =|(lz] -y, z)]
=||z| -yl - |=|
=z} |y| Jz| 7" |z|
=|z| |y]
=|(z, y)I.

Thus oxy is a map of crossed G-sets. Now we show that ox y is a natural isomor-

phism. To see that it is an isomorphism we will exhibit its inverse. Define
oxy Y®X — X®Y by (y,2)— (z,]a[™ - y).

Then one ecasily checks that this defines a map of crossed G-sets and that o x,ya}}Y =
idygyx and O';(’IYO' xy = idxgy. Next we check that o is natural. Let f € Homxg-get (X, X ')

and g € Homxg set(Y, Y'), then we must show that the following diagram commutes

Xy 2, veox
f® gl lg ®f
XV Ty Ve X
Indeed
(2,y) — XY (ol o) —22L(g(jal -v), £())
f® QI g is equivariant

Finally we must check that diagrams (B1) and (B2) from Definition 2.8.1 commute.
We have
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/(g, (b, e))—Z—>((|a| - b, |a| - c \
b),£) (la} -0, (la| - ¢,a))
‘m m‘

((la] - b, a), c)p—g—>(la] - b, (a, ¢))

a,b), ) —"—(allb] - ¢, (a,}))

(a, (b,¢)) ((|allb] - ¢, a),b)
Am \%137
(a, |b| Cy )) 'T) ((a" |bl : C)a b)
Hence ¢ is a braiding in XG —Set. O

Definition 2.8.14 (Freyd and Yetter). Let R be a fixed commutative ring with 1.
The category G — XMat/R consists of the following data. The objects are finite
crossed G-sets, and Homg_xmat/r(X,Y") is the set of all matrices M over R indezed
by pairs (z,y) € X x Y, and satisfying
Myy=Mgzgy V9EGVY(2,y) e X XY (1)
M:c,y = 5|$|’|y|]\fz,y V(m,y) eEX XY (2)
Lemma 2.8.15. G — XMat/R is a category.
Proof. We first need to define composition of arrows in G — XMat/R. Given M :
X —Yand N:Y — Z define P:= No M : X — Z as follows:

P, = Z M, yN,, (matrix multiplication).
yey
Then it is straightforward to check that the entries of P satisfy conditions (1) and

(2). Next define 1x : X — X by

(1x)ge := 0z  (identity matrix).
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The associativity and identity axioms for a category follow from the properties of

matrix multiplication. O

We will now spend some time proving some important facts about G — XMat/R.
These proofs will involve numerous calculations so we introduce a new notation to
handle these.

Notation 2.8.16 (A Tensor Calculus For G — XMat/R). Given f : X — Y in
G — XMat/R, where f = [F;,] we write the indices coming from X = domf as
subscripts and indices coming from 'Y = codomf as superscripts. In the new notation
f=[F]

The second convention that we will adopt is that whenever we have an up inder and
a down index repeated, we will assume that we are summing over the repeated indez.
For example in the old notation we had f = [Fz,] : X — Y and g = [Gy,] :
Y — Z then (90 f)e, = Zer FyyGy,;. In the new notation (go f)z, = FYGE,
i.e.) ey FeyGy = FYG}. We will switch back and forth between notations without

comment, using the one that best suits our needs at the time.

This next result is due to Freyd and Yetter however we fill in the details which

are left to the reader in [7].

Theorem 2.8.17. There exists a functor ® : (G — XMat/R) x (G — XMat/R) —
G — XMat/R, an object I € |G — XMat/R)|, and natural isomorphisms o, A, and p
such that (G —XMat/R, ®, I, o, A, p) is a monoidal category.

Proof. We define ® : (G —XMat/R) x (G—XMat/R) — G — XMat/R as follows:
Given X and Y, crossed G-sets, define X ® Y as in Theorem 2.8.13. For arrows
M € Homg_xmat/r(X,Y) and M’ € Homg_xmat/r(X',Y’) where M = [A}] and
M’ =[MY'] define

(M @MY = MYMY VY(z,2)eX®X, (yy)EY®Y'

(za')

We check that M @ M’ : X ® X’ — Y ® Y” is in fact an arrow in G — XMat/R.
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Let g € G then

(M @ M50 =(M © M')(§15Y)

=MIIMSY
=MM,Y
=(M ® M)¥4).

Hence (M@M')I0Y) = (MoM)¥Y) V(z,2') € XX/, (3, ) € Y®Y', g € G.

Lastly we must show that
(M & MYV = 8z ary wary (M @ MHEY)

= Ojaljort iy (M @ M)EY)

So we must show that if |z||z| # |y||y’| then (M ® M')g’z’% =0.

Case 1 Jo] # [y
Then
(M & MY = MYMY

= Bjol i MYALY

=0
as |z| # [yl.
Case 2: |z| = |y|
Then |z||z'| = |y||z/]. Since we are assuming that |z||z’'| # |y||y'| it follows that

|'| # |y'|- Hence
(M @ M")%¥) = MYALY
= M 6jor\ 1y M/
=0

as |z| # |v'|. Hence M ® M’ is an arrow in G — XMat/R. To show ® is a functor

it remains to show that it preserves identities and composition.
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For 1x: X — X and 1y : Y — Y we check that 1x ® 1y = 1xgy. Indeed

(1x @ Iy)G ) = (Lx)t(ly )
= 5r,y5x’,y’
= O(z,a')(v9")

= (1X®Y)E:;y) ).

Let F=[F{]: X —Y,G=(G}]:Y — 2Z, H=[H;]:U —V, and
K = [KY] : V — W be arrows in G — XMat/R. Then we must check that
GoFRKoH=GQ®KoFgIl. Wehave

(GoF®KoH)ZY =(GoF)i(K o H)®

=FG H Ky

=FYH G Ky (R commutative)

=(Fo H)LJ(G e K)Gy

=(GeKoFaH)&Y.
Therefore ® is a functor. Next we define the tensor unit 7 = {1} whereg - 1 = 1
Vge Gand||: I — G isgiven by |1 = 1g. This makes I into a crossed

G-set, and hence an object in G — XMat/R. Next, we define the isomorphisms
a, A, and p, which will of course be different from those in Theorem 2.8.13. For
A, B,C €|G~—XMat/R|definea=a4p¢c: (A®B)®C — AQ (B®C) by

agt(la;gl;)‘cc) )) = a.a’ 5b,b' Jc,c’ .

Wedefine A\=A4: ITQ@A— Aby
)\(If,a) = 5a,b

and p=ps: AR — Aby
p(g,l) = 5a,b-
The fact that «, A, and p are arrows in G — XMat/R follows easily from properties

of the Kronecker delta. To see that a, A, and p are isomorphisms we will exhibit their
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inverses.

al:A®(B®C)— (A® B) ® C is given by

(a_l)g,(;:?z",cc)/)) = 0q/,001 p0c c-

A1 A— I'® Ais given by
A = b
p~t:A— A®I is given by
(P = b
Next we check that these maps are natural.
naturality of a:
Given P = [P¥]:A— A, S =[SY]:B— B, T =[T¢]: C — C' we must

-show
(PRS)®T

(AQ B)®C (A BY®C'
(@] a
A®(B®C A®(B®C

( ) PR (S®T) ( )

commutes. We have
(o', (' ,c)) __ ((@b),e) _(a/,(b'sc'))
(a0 (P®S)BT) iy =P ®8)®T) ek %@
— ((a',b'),¢)
=((P®8) ®T)(aj0)
=(PYSTY .
On the other hand going around the bottom leg we have
(a\(¥'e)) _  (&(5,8) (@', ,c"))
(PR(S@T) o)y =%mbe L ®E@T))G 00
_ PN CACED))
=(P®(S@T))q09)
=Py (SETE)

= (PYSTE.
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Hence the required diagram commutes, and « is natural.
naturality of p:
Given T = [T?]: A — B we must show
p

AQI— A

oy Ir

Bl——— B

1]

commutes. The top leg of the diagram gives

(To P)(2,1) = P(g,1)T:'
= Tf

while the bottom leg gives

v,
(0T ® 1)y =(T @ 1SN pd 1y
b,
= (T ® ll)ga,ll))
=T,
=T?.

Hence p is natural. A similar calculation shows that A is also natural. To show that
(G —XMat/R, ®, I, a, A, p) is a monoidal category it remains to show that (M1),
(M2), and (M3) in Definition 2.1.1 commute. We notice that, as matrices, all the
arrows involved in the diagrams (M1) and (M2) are identities, and so it is immediate
that these diagrams commute. Equation (M3) obviously holds by definition of A and
p- O

We now go on to prove the theorem, due to Freyd and Yetter, that G — XMat/R
is braided. Our method of proof is distinct from theirs, using a construction we
stumbled upon in working with this category. Our first step is thus the construction
of a strict monoidal functor Afat : XG—Set — G — XMat/R.

Theorem 2.8.18. The map Mal : XG—Set — G—XMat/R defined by Mat(X) =
X and (Mat(f))¥ = bfg)y for f : X — Y is a strict monoidal functor.
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Proof. First we show that Mat : XG—-Set — G — XMat/R is a functor. Let
f € Homxg-set(X,Y), then we must show that Mat(f) € Homg_xmat/r(X,Y). We
must show that Mat(f) satisfies the two conditions of Definition 2.8.14. Let g € G

arbitrary then

(Mat(£))g% = Osgw)gv
= Og-f(z).gy
=0j(@)w
= (Mat(f))¥ Ve X,yeY.

For the second condition we must show that if |z] # |y| then (Mat(f))¥ = 0. Assume
|z| # |y| then as f is a map of crossed G-sets we have that |z| = |f(x)|. Hence
|F(@)] # Iyl as |z| # |y| and so f(z) # y. So (Mat(f)}{ = 0. Thus Mat(f) is an
arrow in G — XMat/R.

Nowlet f: X — Y and g : Y — Z be arrows in XG—Set then we check that
Mat(g o f) = Mat(g) o Mat(f). Indeed

(Mat(g) o Mat(f)); = (Mat(f))z(Mat(g));
= z 0(x)u09(y).x

yeY

= Og(f()).2
=(Mat(go f)); VzeX yeY.

Finally, it’s clear that Mat(1x) = 1x, and thus Mat is a functor. To avoid any confu-
sion let us label the monoidal categories involved as follows: (XG—Set, ®, I, a, A, p)
and (G —XMat/R,®,I,a',X,p'). Then it is clear from the definition of the functor
Mat that Mat(a) = o, Mat(\) = X, and Mat(p) = p'. Finally we check that
Mat(f ® g) = Mat(f) ® Mat(g) for arrows f : X — Y and g: U — V.

(Matl(f ® g))g’,z)) = (s(@). 9w (wv)
= £ (2)y0g(u)v
= (Mat(f)){(Mat(g)),
= (Mat(f) ® Mat(g))¥).

(zyu)
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We can now prove the main theorem for this section.

Theorem 2.8.19. For any group G, the monoidal category G — XMat/R is braided.
The braiding o’y y : X @Y — Y ® X is given by oy y := Mat(ox,y), where ox,y is
the braiding in XG —Set.

Proof. Since Mat is a strict monoidal functor and oxy is a braiding for XG —Set,
Remark 2.6.2 guarantees that diagrams (B1) and (B2) of Definition 2.8.1 commute
in G — XMat/R. Since functors preserve isomorphisms we also have that oy =
Mat(ox,y) is an isomorphism. So it remains to show that o’y is natural.
naturality of o'y y:

Given f: X — X' and g: Y — Y check that

O.I
XeYy—Ysvex

f®gl lg®f
X’®Y'—WY'®X'

commutes.
Let f=[F*]and g = [Gg'] then the top leg of the diagram is:

(9@ 1) oo =@ Do NES
= Y elva)ran Gy Fr
ZeX,yey
=GY F¥. (%)

le|y” @
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The bottom leg of the diagram is:

(o (FR LS =(F @)D
> FIZGISs50.w )
zeX, jeY
=F G
_ FE Q)

lz’|-y

=F11Gyl (**)

z Mle’by”

If

Then if |z| = |2/, (¥) and (%) are equal. If |z| # |z'| then F* = 0 and so () is
again equal to (*x). Thus ¢’ is natural. O

2.9 Pivotal Categories

Definition 2.9.1. A (strict) pivotal category is a monoidal category, C, equipped
with a contravariant functor (—)* satisfying (f® g)* =¢*® f*, [ = I*, and (—)** =
ide, and a family of maps €4 : A ® A* — I satisfying the following three diagrams

(A® B)® (B* ® A*) & —AQ (B®(B*® A*))

la®a™?!

AR ((B® B*)® A*)

14 ® (ep ® 14+)

Ae(I® A" (P1)
14® A

:
A® A
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I®I

—I®lI
e / (P2)
I

and
14-® f) R 1p.

(A*®A)®B*( ~®/)@1p (A*® B)® B*—2% s A* ® (B® B*)
na ® 1p- 14« ®ep
I® B* A*RT
A1 p

. fr
B > A* (P3)
A
p! A
B*®I I® A
1
1B*®T]A* éB"®1A*
B*®(A® A —+B*® (B A*)———(B*® B) R A*
( )1B*®(f®1A*) ( ) a—l ( )

where s = (ea=)* [7].
We state this next result without proof. The details can be found in {7].

Theorem 2.9.2. G — XMat/R is pivotal with X* having the same underlying G-set
as X, but | | replaced by | |7}, and with n and € determined by

(nx)ﬁz’y) =0z
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and

(EX)%:c,'y) = 5%!/'
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Chapter 3

Review of Frobenius Algebras

3.1 Frobenius Algebras

Throughout this chapter we fix a base field k and we omit all proofs as we will be
proving most of these results in more generality later. We follow Kock’s treatment

found in {12] for this section and the next one.

Definition 3.1.1. A linear map 8: VW — k, where V and W are vector spaces
is called a (bilinear) pairing. We usually denote it as follows:
B:VeW— k

v @ w —>(v|w).

We say that the pairing is nondegenerate in the variable V if there ezists a map
v:k — W RV, called a copairing, such that the following diagram commutes:

o’ 1®y -1

V —/V ek VoWeV)—2—s(VeW)eV
B®1
» ke V
>
v

35
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Similarly B is nondegenerate in the variable W if there exists a copairing v :
k — W ® V' such that the following diagram commutes:

-1

A 1
W koW 2h (WeV)eW—2 sWe(VeWw)
198
> W ok
Pw
,
W

Finally we say that the pairing @ is nondegenerate if it is nondegenerate in both
variables [12].

It is not immediately obvious however we do have the following result.

Lemma 3.1.2. If the pairing §: V @ W — k is nondegenerate then the copairings
agree [12].

Remark 3.1.3. Saying that the pairing 8 : V ® W — Kk is nondegenerate is just
another way of saying that V' - W in the monoidal category Vecty.

Remark 3.1.4. Given a pairing 8: V ® W — Kk, for each fixed v € V we have a
linear map . induced by £ which is given by

B W — k
w  —(v|w).

So ,8 € W* Vv € V. Now as (3 is linear we obtain a linear map Brignt : V — W*
given by v +,0 = (v|-). Similarly 8 induces a linear map Bep : W — V*
given by w — f, = (—|w). Probably a more familiar notion of nondegeneracy is
the requirement that 8,4, and By be injective, which is a priori weaker than our

notion.
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We now record some results which help us characterize when these two notions

coincide.

Lemma 3.1.5. The pairing 3: V& W — k is nondegenerate in W if and only if
W is finite-dimensional and the induced map Biepy : W — V™ is injective. Simi-
larly, nondegeneracy in V' is equivalent to finite-dimensionality of V plus injectivity
of Brighy : V. — W™,

Lemma 3.1.6. Let V and W be finite-dimensional vector spaces, and 3 : VW — k
a pairing. Then Brgn s the dual map of B modulo the identification V = V**,
Also Bies: s the dual of the map of Brigny modulo the identification W = W™*,

Lemma 3.1.7. Given a pairing 3 : V ® W — k between finite-dimensional vector

spaces, the following are equivalent

(1) B is nondegenerate.
(4) The induced map Biese : W — V™ is an isomorphism.

(¢42) The induced map Brighs - V — W™ is an isomorphism.

If we know in advance that V' and W have the same dimension then being an iso-
morphism in the lemma is equivalent to being injective, so in that case nondegeneracy

can be characterized by each of the following conditions

(@) (v|lw) =0Vv € V = w =0;
(1) {vjw) =0Vw € W = v =0.

For the remainder of this section we let (A, i, n) be associative k-algebra.
Now suppose that Al is a right A-module. Then M* = Hom(Al,k) has a natural

left A-module structure given by:
AQM* — M* a®fr—a-f:=[m— f(m-a).
Similarly, if A is a left A-module, then Af* has a right A-module structure given by:

M@ A— M* f®aw f-a:=[mw— f(a-m)].
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If M and N are right (resp. left) A-modules and ¢ : M — N is a right (resp. left)
A-homomorphism the dual map:

w*

N* > M*
¢ ——>¢oy

is a left (resp. right) A-homomorphism. It is then easy to show that ()* is a con-
travariant functor from the category of right A-modules to left A-modules and the
same holds with left and right switched.

Definition 3.1.8. Given a pairing 3 : M ® N — k where M is a right A-module

and N s a left A-module we say that (3 is associative if:

(M®A)®N & M® (A® N)
XM Q1N 1p ® xn
MaN M&N
B B
k

commutes. i.e. (z-aly) = (zla-y) Vz € M,Vy€ N, Va € A.

Lemma 3.1.9. For a pairing 3 : M ® N — k with M a right A-module and N a

left A-module, the following are equivalent:

()8 : M ® N — k is associative.
(20) Biesr : N — M™ is left A-linear.
(11%) Bright : M — N™* is right A-linear.

We now focus on the setting where the A-modules in consideration are the k-
algebra itself. For the remainder of this section we assume A to be finite-dimensional.
Note that A has both a left and a right A-module structure. We are now ready to

define the key concept of this section.
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Definition 3.1.10. A Frobenius algebra is a k-algebra A of finite dimension,
equipped with a linear functional € : A — k whose nullspace Null(e) = {z € A |
g(z) = 0} contains no nontrivial left ideals. The map € € A* is called a Frobenius

form.

Remark 3.1.11. Having no nontrivial left ideals in Null(¢) is equivalent to having

no nontrivial principal left ideals in Null(c). So we restate this condition like this:
e(Ay) =0 = y=0.

Remark 3.1.12. There is a one-to-one correspondence between linear functionals
on A and associative pairings. Given € : A — k define 5, : A® A — k by the

following composite

AgA—to 4 —Ek
Given an associative pairing 3 : A® A — k define g5 : A — k by a — (a|la) =

(14]a). One easily checks that these processes are inverse.

Lemma 3.1.13. Let ¢ : A — k be a linear functional and let ( | ) denote the

corresponding associative pairing A ® A — k. The following are equivalent:
(¢) The pairing is nondegenerate.

(11) Null(e) contains no nontrivial left ideals.

(¢12) Null(e) contains no nontrivial right ideals.
This lemma allows us to give an equivalent characterization of a Frobenius algebra.

Corollary 3.1.14. If A is a k-algebra of finite dimension equipped with an associative
nondegenerate pairing §: A® A — Kk, then (A, &) is a Frobenius algebra. We call
the pairing § the Frobenius pairing.

This corollary then quickly leads to:

Corollary 3.1.15. If A is a finite-dimensional k-algebra equipped with a left A-
isomorphism ¢ to its dual then (A, ¢(14)) is a Frobenius algebra. Equivalently if A
is equipped with a right A-isomorphism ¢ to its dual then (A,¥(14)) is a Frobenius

algebra.
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Proposition 3.1.16. If (A,¢) is a Frobenius algebra then the following conditions
are equivalent:

(i) The Frobenius form ¢ : A — k is central. i.e. e(ab) = e(ba)Va,b € A.

(ii) The pairing (| ) is symmetric. i.e. {a|b) = (bla)Va,b € A.

(iii) The left A-isomorphism A — A* is also right A-linear.

(iv) The right A-isomorphism A =, A% is also left A-linear.

Definition 3.1.17. If (A, ¢) is a Frobenius algebra we say that it is symmetric if

one of the equivalent conditions of Proposition 8.1.16 holds.

Example 3.1.18. If A =k, then taking € : A — k to be the identity makes (4, ¢)
a Frobenius algebra since ker(e) = 0 is trivial. Hence k is a symmetric Frobenius

algebra.

Example 3.1.19. Let A be a finite field extension of k. Since fields have no nontrivial
ideals, any nonzero k-linear map A — k will be a Frobenius form. Hence A is a

Frobenius algebra; it is symmetric since A is commutative.

Example 3.1.20. The ring of n x n matrices over k, Mat,(k), is a Frobenius algebra

with Frobenius form given by the trace map:
n
e=Tr: Mat,(k) — k (ai;) — Z Qi -
i=1

To show that (Mat,(k), €) is a Frobenius algebra we show that the pairing £, induced
by ¢ is nondegenerate. We will show that the contrapositive of (i)’ in Lemma 3.1.7
holds. It is enough to show this using a (linear) basis of Mat, (k). Let E;; be the
matrix with only one nonzero entry e;; = 1. Then these matrices E;; where 7,5 €
(1,...,n) form a basis of Mat, (k). Note that the (k-1) entry of E; ; is (E; ;)k1 = Ok,i01,5-
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We claim that S:(E;; ® E;;) # 0. Indeed
,BE(EZ‘,J' ® E',i) =TT‘(Ei,jEj,i)

= Z(Ei,j Ej,i)p,p
p=1

= Z Z(Ei,j)p,l(Ej’i)”p

p=1 I=1

= Z Z 0p,i01,701,30p,i

p=1 =1

s,
p=1
=1#0.

Hence (Mat,(k),Tr) is a Frobenius algebra. In fact it is symmetric since Tr(AB) =
Tr(BA).

Example 3.1.21. Let G = {{c,...,t,} be a finite group with unit element ¢;,. The
group algebra kG = {3} a;t;|a; € k} with multiplication given by multiplication
in G is an associative k-algebra. We define a Frobenius form as follows:

1, ifi=0

e: kG —k t; v

0, otherwise
and extend by linearity. So the induced pairing sends g ® h to e(gh). This pairing is
nondegenerate as £(t;t;!) = e(ty) = 1 #0Vt; € G.

3.2 Frobenius Algebras and Coalgebras

We now state two propositions which can be found in Kock’s book. Together these
results establish the connection between Frobenius algebras and associative k-algebras
of finite dimension equipped with a coalgebra structure and satisfying the so called

Frobenius relation.
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Proposition 3.2.1. Given a Frobenius algebra (A, ) there exists a unique comulti-

plication & whose counit is € and which satisfies the Frobenius relation:

Apd—180 i Uea)—2 s (4pA) oA
7
IR 1y A ' p®1s (Frob. rel.)

Y

(A®A)®A—C!-_+A®(A®A)W ®A

and this comultiplication is coassociative.

Example 3.2.2. If G is a finite group and k is a field then the group algebra A = kG
can made into a Frobenius algebra as seen in Example 3.1.21. The comultiplication

given by the previous proposition is

g)=>_ h®k
hk=g
for all ¢ € G which is then extended by linearity. It is then a routine exercise to show

that 0 satisfies the required equations in the above proposition.

Proposition 3.2.3. Let A denote a vector space equipped with a multiplication map
p:AQ A — A, with unit map n:k — A, a comultiplication § : A — A® A with
counit € : A — Kk, and suppose that the Frobenius relation holds. Then

(i) the vector space A is of finite dimension,

(i) the multiplication u is associative, and thus A is an associative k-algebra of finite
dimension (also, the comultiplication is coassociative),

(i1i) the counit € is a Frobenius form, and thus (A,€) is a Frobenius algebra.

With these two propositions we can easily see how to generalize the definition of
Frobenius algebra to appropriately endowed monoidal categories.
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3.3 Abstract Theory of Frobenius Algebras: Frobe-

nius Objects

Almost everything that we have done so far can be generalized to the setting of an

abstract monoidal category with many of the same results remaining true.

Definition 3.3.1. Let (C,®, I, a, ), p) be a monoidal category. A Frobenius object
in C is an object A equipped with four maps:

n:l—A pAQA—0A §:A— AQRA, and e:A—1

such that the diagrams below, all commute:

1 1

[84-T24, 4ea?®T 4g]
FAl
\ lp ; (FA1)

TeAE81la Joq 1a®e, 4o
2
5 5[ - (FA2)

A
14®6 o~ !
ARA—A2" AR (ARA)—2 ~(ARA)®A
7

d®1, A L®1a (FA3)

<

(A®A)®A-—T—>A®(A®A)——1;®—M—‘> ®A

This definition is taken from [12].
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Remark 3.3.2. Frobenius objects in the monoidal category Vecty are precisely

Frobenius algebras in the usual sense.

Lemma 3.3.3. If (A,u,1,6,€) is a Frobenius object then (A, u,n) is a monoid and
(A,d,€) is a comonoid [12].

We now state and prove a theorem, a variation of which can be found in a paper
by Street [17]. This establishes some equivalent conditions characterizing Frobenius

objects.

Theorem 3.3.4. Suppose that (A, u,n) is a monoid in a monoidal category C. Then
the following are equivalent:
(a)3Je: A— T andp: I — AR A such that

—~1 1
A—27 rea—22M L AsA) 94— sAx(AsA)
Vﬁ ju®ﬂ (a.1)
A ARA)®A
A@Im ®(A®A)——F—>( & )® —WA@A

and

[@A<E81 o4 140, 4o

| A i 2

A I 7 > A

commute.
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(b)3e: A—Tandd: A— A® A such that

1,®6

-1
A® AR (ARA) —2——>(AQRA)R®RA

U

dQ 1, A u®1a

(A@A)@A———FA@(A@A)W ®A

and

[oas2la 404 1a®e,

A1
0

A

commute, i.e. A is a Frobenius object.
(c)de:A— T andd: A— A® A such that (A, 9, ¢€) is comonoid and

A® —&A@(A@A)—a_—l—ﬂA@A)@A
7
I®1, A pR1a

(A®A)®A—G—+A®(A®A)W ®A

commutes.
(d) 3e: A —> I such that 0 :== € o is a counit for A A.

45

(b.2)

(c.1)
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(e) 3 a counito: A® A — I for a duality A A such that
o 1A®/J/
(ARA)RA—F—AR(ARA)—> AR A

p® 1y lo’ (e.1)

A® A = I

commutes.

Proof. [(a) = (b)]: assume 3e: A — [ and ¢ : | — A ® A such that (a.1) and
(a.2) commute. Define §: A — A ® A to be

§i=(la®@puoao(p®la)or™ =(udlioa"o(la®yp)op™

i.e. 0 is the map A — A ® A in diagram (a.1). Now let’s show that both diagrams
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in (b.1) commute. We start with the upper triangle first.

A®14 (‘,0@1)®1

A® — (I®A)®A ~(A® A)® A)® A
A1 Coh. |a
7 IS(AQ A) a®l
Nat. 2!
g
4 ¢®1 (AR (A®A))®A
1ou
AT (A®A)®(A® A) Nata |(1Qu)®1
® is Bif. AR ((A®A)® A)
v L
I®A (AR A)® A
@ 1@ (p®1)
vel 1®a a
y
(AQA)® A AR (A® A)
A® (AR (A® A))
o Assoc. of p l®up
1@ ke®l)
A®(A® A) ' rA® A

1®pu
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Now for the lower triangle we have

1A®p_1 AA®(A®I) 1®(1®(‘0) AR (AR (A® A))

A®

® is Bif.

1®e

(ARA)RA)R®A

a~! Assoc. of p pR1
peol)xl

(AR A)® A o »A® A
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Next we show that the left triangle in (b.2) commutes.
-1 . 1 1
A2 10428 A A)eA—2 Az (A A)—2F , Ag4
by a.2 Nat.cx ® Bif.
n®1
(e®1)®1 e®(1®1) e®1
1
IRA)RA—IQ(A®A) — I®A
unit law for p A®1 Coh. Nat. A
/ A
AR A
/ x L
M
A > A

1

The right triangle’s commutativity is shown in the same way. Hence (a)==(b).

[(8) = (¢)]: Assume 3e: A — Jand §: A — A® A such that (b.1) and (b.2)
commute. Then let’s show that (A, d,¢) is a comonoid. So we have to check (CoM1)
and (CoM2) of Definition 2.4.1. (CoM1) follows from Lemma 3.3.3 and (b.2) is the

same equation as (CoM2). Hence (b)==(c).

[(c) => (d)]: Assume 3e: A — JTand d: A — A® A such that (4,d,¢) isa
comonoid and (c.1) commutes. Define 0 : AQ A — I by 0 = £ o p and define

pw: ] — A® A by ¢ =§on. Weshow that A 4 A with unit ¢ and counit . We
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check diagram (D1) of Definition 2.7.1 first.

-1

1 -1
AL 401209 a18 4o Uea)—2 s (40 A) 04
0 © p®l1
Mon2 by (c.1) L
- A d »A® A
CoM2
1 /\——1 5®1
I®A
A
> A

The diagram (D2) in Definition 2.7.1 commutes by a similar argument, and thus
A - A with counit 0 =g oy and unit ¢ =do7n.
[(d) = (e)]: Assume 3 €: A —> I such that ¢ =€ oy is a counit for A 4 A. Then

all we need show is that (e.1) commutes. Indeed

1
(AR A)@A—2 > AR AR A)—H aga—ts 4
U1 Monl l# ls
A® A - A—r 1

[(e) = (a)]: Assume 3 a counit 0 : A® A — [ for a duality A - A such that (e.1)
commutes. Let ¢ : ] —s A® A be a unit for the duality. So ¢ and ¢ make diagrams
(D1) and (D2) from Definition 2.7.1 commute.

We now establish a series of commutative diagrams in order to show that (a.1) is
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commutative.
- —1
A2 a2 I®A) el weney (A®A)® A)® (48 A)
Nat. p~1 pelol ® Bif. a®l
A1 (Ao @A) el—28l L ae(AsA)el (A2 (A& A) @ (A® A)
leu)sl
L
IQA (ARA)®(A® A)

a

:

0®1 AR (AR (AR A)

1®a~?
10 (18 ¢)

(AR A)®A A®((A® A4)B A)

19 (c®1)

AQ(I®A)

1gA

A®(A®A) ey A® A
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Next we require the following:

-1 —
A aer—2 L igasD vOU8¢) | asd)e(4e(4e4)
Nat. A~1 1edey) ® Bif. 1®a-1
pl 8484 4)—289" 16 (A0 4)s 4) (A®A)® (A®4) ® 4)
1 (p®1)
1e(kel) v
AT (ARAIR (AR A)
p®1
P I®(A® A) ot
18¢ Nat. a~! (A®A)®A)® A
a1
pe1)®1 a®l
A®(A®A) U@ A A) (AR(A®A)®A
by (D2) les®1)
L
ot (A® A
1
(ARA)® A A®A

u®1

52
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Finally, we have

A1 p! (p®L)®¢

A I®A > IQA)SI > (AR AR A) ® (A® A)
pt Coh. La®1
AQI (AQ(ARA)® (AR A)

[¢3
A1 ARQ((AR A)® (A® A)) Nat.a leuel
I8(AS]) Coh. lewal (A®A)®(A® A)
1®a—1 /
P (18®y) AQ(A®(A®A)) Coh o

(AR A)®(AG (AR A)) A® ((A® A)

mﬁ L
A)® A) AR(A®(A® A))
1®(a"1®1)
1@a As((4e(4ad)s4) 1@ ((r® A) 1)
v ‘
(AQRA)®((ARA)B®A) 1ga?

(43

Nat.a "1 1®@a?
AR ((A® A)® A)

le(pwl) AR (AG((A® A)® A)) Nat.o~! ) - [1e(e®1l)
i 1o(1®u®l
(A A ®(A®A) Nata 1@ (1 (p®l)) Ap (I @A)
a A 1®(c®1)

—1
a1 AQ(Ac (A8 A) —2% 5 Ag (A8 ATFA)

(A®A)® A)®A  Coh. 132
a&l
Y
As(Ac AMHea > (AT A® A
(el ) (1®0)®1 ( ) @1 ®

We observe that (*) is just (e.1) tensored with identities on the right and left, and
hence it commutes. By “pasting” these three diagrams together we see that (a.1)

cominutes.
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Now we establish the existence of a morphisme: A — [

A AL rea—1%1 g4
p~!
ARI 1 o
1®n| Mon2
A® A AT leA AR A—
A o Ao l——23" L iga4
A1
I®QA 1 o
7®1 Mon2
A®A

A p_l A@I@A@A—‘a—"‘ I
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-1 1 —1
A—2" o042 A4 k4 £ A®I
Coh.
N o1 ot
Nat.p~! Nat.p™!
p ! (I®A)® A ARl — AR 1®n

Nat. A1

&
\

)
® A) ® Bif. AR (A® A)

® (A
1®u
Nat. 27!

1®n

p®1
a
% oBi
4
ART (A®I)
®(1®

(A® A) ®A——>A®A

L

ARA ARA——F—> ]

The two inner squares commute by naturality of a. Hence

—~1 1
A Toa—"181 L 4sa4

A

ARl ————> AQA———F— I

1®n g

commutes so we define € ;=00 (n®14)o A I =00 (14®n) o p!

g

. This next series
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of diagrams will show that (a.2) commutes.

-1 1®(1®
I ——‘”—»A@AL%AWA@I)—(—Q)A@(A@A)

1®c
A®I
P
[87
A®(A® A) Y AT 5 A
1
o4 —2%° (4 A)04
a
1®n
AR (A® A)
(AQA)R T Ty I®I 1®o
1®n A®I
»
(AR A)® A ® Bif.
p
«
:
A®(A® A) oo A® 1 7 > A
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o )
A—2" rea—28L L 4sa)s4

by (D2)
A® (;4 ® A)

n 1 1®0o

<
<
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—AQ I A® (AR A)
a—l
n®1
(ARA)® A
I®(A® A) Y I®I c®1l
g
n®l ' I®A
A®(A® A) ® Bif.

o®1

I®A

(AR AR A I® A A

o®1 A

Hence (a.2) commutes and this completes the proof. a
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This theorem gives us the following result.

Corollary 3.3.5. If A and B are both objects in a monoidal category C such that
B4 A and A+ B then A® B can be made into a Frobenius object in C.

Proof. By the previous theorem it is enough to show that AQ B 4 A ® B. This

diagram chase is similar and is omitted. U

Now suppose that we have two Frobenius objects. Then one question we could

ask is what is an appropriate notion of a morphism from one to the other.

Definition 3.3.6. A morphism of Frobenius objects from (A, p,n,9,€) to

(A, p',n', 8, €") in a monoidal category C, is morphism in C ¢ : A — A’ which is
a morphism of monoids from (A, u,n) to (A',,n') and comonoids from (A,é,€) to
(A, 8, €.

With this definition it is easy to see that given a monoidal category C there is
a new category, Frob(C) whose objects are Frobenius objects and morphisms are as

defined above. Frob(C) has the following amazing property.
Lemma 3.3.7. Frob(C) is a groupoid, i.e. all morphisms are isomorphisms.

Proof. Let ¢ be a morphism from (4, 4, 7,8,¢) to (B, i, ', 8,€') in Frob(C), then

we define its inverse as follows
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pt 1®7 1Q46

B® I B A———>BQ(AR® A)

60
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Now we must show that p~lo¢ =14 and po ™! = 13.

B—t" . por— 181 . pgs_ 189 B®(A® A)
17 H(T)/W| a™l
B® leyey) (B A)® A
128 (1) 1®e)®l
B®(B® B) (B®1‘3)®A
-1 Nat.a™! el
(B®B)® B Y B®A
Y@l ® Bif. €®l
B®B I® A
£®l1 1®y A
I®B Nat.\ A
CoM2 3 ¥
B > B

The triangle t commutes since ¢ is a morphism of monoids and, the quadrilateral
1 commutes as ¢ is a morphism of comonoids. Hence ¢ 0 ¢~! = 1. For the other

composite we have
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_1 1
P Bel—2".peA—1®0 .Bg(asaA)
® Bif.
a1
p®1
(B A)® A
AQT AR (AB A) (rol)e1l
1®¢)®1
106 @
e (A AYE A (B®B)® A
1
(rop)®1
Mon2 A® A ) el
nel BLA
FA3 y, ®
®RA €3] £g®1
p‘ \ 5
€% I®A
s
CoM?2 A
A A

Again t commutes as ¢ is a morphism of monoids and } commutes as ¢ is a
morphism of comonoids. Hence ¢! o ¢ = 14. It remains to show that ¢~ is a

morphism of monoids and comonoids. First we show that it is a monoid morphism.
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To show it preserves multiplication, we note that:

pou=pop®p as ¢ is monoid morphism

g lopopu=plopopRy compose both sides with ¢~

p=¢lopop®y

63

pop @y t=plopop@ypop @y ' compose both sides with ¢! @ ¢!

pop @yt =p oy

So ¢! preserves multiplication, next we show that it preserves the unit.

pon=n' as ¢ is monoid morphism
o lopon=pton compose both sides with ¢!
n=y¢lon.

So ¢! preserves the unit and thus it is a monoid morphism. Similarly one shows

that ¢! is a comonoid morphism.

a



Chapter 4

2Cob: The Category of 2D

Cobordisms

All manifolds that we will consider in this chapter will be assumed to be smooth
and compact, but not necessarily connected. We also do not assume them to be
embedded in any Euclidean space. By closed manifold we will mean a compact
manifold without boundary. All of what follows in this chapter can be found in [12].

4.1 Oriented Cobordisms in 2D

Before defining the notion of oriented cobordism we first need some kind of gadget

that will tell us where a cobordism starts and ends.

Definition 4.1.1. Suppose M is a manifold of dimension n and ¥ is a closed sub-
manifold of dimension n-1. In addition assume that both are oriented. Now let
[v1,...,Un_1] be a positive basis for T,X, where x is a point in & and T;X denotes the
tangent space of & at z. If w € Ty M is such that [vy,...,Un_1, W] 1S a positive basis

for T,M we call w a positive normal.

Let M, ¥, and w be as above with the additional assumption that ¥ is a connected

component, of the boundary of M.

64
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Definition 4.1.2. If w is tnward pointing with respect to M then we call ¥ an in-
boundary. Similarly if the positive normal w is outward pointing with respect to M
then we call ¥ an out-boundary.

Now at first glance it is not clear that the notions of in-boundary and out-boundary
are well-defined as we have chosen a specific positive normal w and point z € T to

define them. However Kock proves the following lemma.

Lemma 4.1.3. If some positive normal points inwards at some x € ¥ then any other

positive normal at any other point y € ¥ also points inwards.

We have the same result for outward pointing positive normals as well and hence
in-boundary and out-boundary are well-defined concepts. Then the boundary of a
manifold M will be a union of its in-boundaries and out-boundaries. The in-boundary
of M may be empty as could its out-boundary. We are now ready to define the main

concept of this section.

Definition 4.1.4. Let £y and X be closed oriented (n — 1)-manifolds. An oriented
cobordism from ¥ to ¥y is a compact oriented manifold M together with smooth
maps Lo — M «—— ¥y such that ¥y maps diffeomorphically preserving orientation
onto the in-boundary of M, and %, maps diffeomorphically preserving orientation
onto the out-boundary of M. We write M : ¥y — X, to denote that M is an

oriented cobordism from Ly to L.

When depicting oriented cobordisms for graphical convenience we will, whenever

possible, put all in-boundaries on the left and all out-boundaries on the right.

Example 4.1.5. Consider the case when n = 2. Then the following is a cobordism
from a disjoint union of two circles to two circles. The arrows depict the positive

normal and hence show us the in-boundaries and out-boundaries.

&
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We will typically omit the positive normal when depicting cobordisms as it is un-
derstood in-boundaries appear on the left and out-boundaries on the right. This next
example we consider will be important when we want to define cobordism categories,

it will play a key role in defining the identity morphisms.

Example 4.1.6. Suppose I is an oriented, closed, (n-1)-manifold, let I = [0, 1] be
given its standard orientation. Then consider the product manifold ¥ x I with its
standard orientation and with standard orientation on the boundary points. Then
the in-boundary is ¥ x {0} and the out-boundary is ¥ x {1}. Moreover the following
maps are orientation preserving diffeomorphisms (OPDs)

TS —Ix{0}cEx] and T—Ex{1}CExI.

In this way ¥ x I is an oriented cobordism from X to itself, this construction is called
the cylinder construction. Now suppose we are given an oriented n-manifold A with
boundary such that there is an orientation preserving diffeomorphism, say ¢, from
Y x I to M with ¥(0(X x I)) = M. Then ¢ takes in-boundaries to in-boundaries

and similarly for out-boundaries. So we have the following maps
N Ex{0}CcESxI-5 M and T—Ex{l}cIxI-5M

which are OPDs onto the in-boundary and out-boundary of M respectively. Hence

M is also an oriented cobordism from ¥ to itself.

Example 4.1.7. Suppose that we are given three closed oriented (n-1)-manifolds ¥,
and X; and ¥ such that Xy and X, are both diffeomorphic to X. Then the cylinder
construction in Example 4.1.6 provides us with an oriented cobordism from 3, to %,

as follows
Yo— X —XEx{0}CEXxI
5, — Y —Ex{l}cExl
We see that in Example 4.1.6 the cylinder cobordism and M are related by a
diffeomorphism and so define essentially the same cobordism. We will have need

of this special relationship later on and so we make the following definition which

captures what is going on here.
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Definition 4.1.8. Let Xy and L, be two oriented, closed, (n-1)-manifolds and suppose

we are given two oriented cobordisms from Ly to X4,

o

RN

We say that they are equivalent if there is an orientation preserving diffeomorphism

¥ : M — M’ making the following diagram commute:

So the cylinder cobordism in Example 4.1.6 is equivalent to M in the sense just
defined. The last thing we would like to mention before closing this section is that
given two oriented cobordisms say My : ¥ — X and M; : ¥ — X; we can produce
a new oriented cobordism from ¥4 to ;. We do this by gluing the manifolds My
and M; along the common boundary ¥, this manifold is denoted MgM;. The details
of this construction can be found in [12]. We should note that there is no canonical
way to glue two manifolds with boundary together, however gluing does exist and we

have the following result which can also be found in [12].

Theorem 4.1.9. Let ¥ be an out-boundary of My and an in-boundary of M, and

consider the topological manifold MoM,. Let o and B be two smooth structures on
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MoM; which both induce the original structure on My and M,. Then there is a
diffeomorphism ¢ : (MyMy, a) — (MoMj, B) such that d|s = ids.

So the smooth structure is unique up to diffeomorphism.

4.2 The Category 2Cob

We are now ready to define the categories nCob, for n > 1, of which 2Cob will be of

particular interest.

Definition 4.2.1. There is category, denoted nCob, whose objects consist of closed
oriented (n-1)-manifolds, and given two closed oriented (n-1)-manifolds say ¥ and ¥’
then Homgucob(X, X') = { equivalence classes of oriented cobordisms from & to T'}.
The identity arrows are the cobordism classes of the cylinder and composition is given
by gluing two representatives together and then taking the equivalence class of the

resulting oriented cobordism.

The proof that nCob forms a category can be found in [12]. For our purposes we
will only be concerned with the category 2Cob, that is when n = 2. However before

setting n = 2 we make a couple more observations about nCob.

Lemma 4.2.2. Disjoint union in the category of (oriented) n-manifolds is a coproduct
and the initial object is the empty n-manifold. Moreover gs 1 Z[[L — '] Z,
which is given by the universal property of coproduct, is an orientation preserving
diffeomorphism. So the category of (oriented) n-manifolds is a (strict) symmetric
monoidal category.

We note that given two oriented n-manifolds £ and X’ then their disjoint union,
Y11 Y is given the unique orientation such that the inclusions of £ and ¥’ are ori-
entation preserving. So now given two oriented cobordisms M, : ¥y — %; and
M| : f — X then their disjoint union Mo[I Mg : To[[Zy — Zi[]X} is an
oriented cobordism from £, [[ X} to £, [] ). This follows from the orientation given
on the disjoint union of oriented manifolds. So we have the following lemma whose

proof may be found in [12].
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Lemma 4.2.3. Disjoint union is well-defined on cobordism classes, and makes (nCob, [], 0)

a strict monoidal category.

Moreover by Example 4.1.7 we see that the orientation preserving diffeomorphism
Tt S[[E — ¥']]X in Lemma 4.2.2 induces a cobordism which we denote as
Tey : Z1]Z — Y]] Z. We will draw this cobordism as follows

b 2
by ¥

Notice the order the boundaries appear in the diagram, that is left to right =
bottom to top. We will always use this convention when drawing cobordisms. Now
as our manifolds are abstract, it makes no sense to say that one crosses over or under
the other. That is why in the diagram we make it ambiguous. This next lemma along

with its proof can also be found in [12].

Lemma 4.2.4. For any two cobordisms M : ¥y — ¥, and M : £ — X} the

following square commutes

MITM
S| Pl | L
Txo,z;,[ ijl
5 L Zo AT XN 1PN

i.e. T, w1 is a natural in ¥, and 7.

Hence (nCob, [, T,0) is a strict symmetric monoidal category.

We now focus on the case where n = 2. What we want to do is find a description
of a skeletal version of 2Cob. A skeleton of a category is a full subcategory which
has exactly one object for each isomorphism class. A classic example is the category
of finite-dimensional (real) vector spaces. A skeleton of this category would consist
of objects R” (n € N) and linear maps as arrows. To describe the skeleton of 2Cob
we must classify the invertible cobordisms. The first result we need is the following

lemma which is found in [12].
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Lemma 4.2.5. If M : ¥ — X, is invertible then Ly and £, have the same number

of connected components.

The next observation we make is that every closed oriented 1-manifold is dif-
feomorphic to a finite disjoint union of circles, one for each connected component.
Moreover suppose we are given a circle with a fixed orientation and a copy of it with
reverse oricntation, then there is an orientation preserving diffeomorphism between

them. Reflection in the line below is an orientation-preserving diffeomorphism.

G| O

The next result we state gives a necessary and sufficient condition for the existence

of invertible cobordisms and is found in [12].

Proposition 4.2.6. Two closed oriented 1-manifolds ¥y and ¥, are diffeomorphic if

and only if there is an invertible cobordism between them.
For the proof we proceed as in [12].

Proof. [=>] Suppose Ly and X, are diffeomorphic then we can use the cylinder con-
struction in Example 4.1.7 to produce an invertible cobordism.

[<=] Conversely suppose that there is an invertible cobordism between ¥y and ¥,
then to show that these two closed oriented 1-manifolds are diffeomorphic it is enough
to show that they have the same number of connected components since by a pre-
vious remark any closed oriented 1-manifold is diffeomorphic to a disjoint union of
circles, one circle for each connected component. By Lemma 4.2.5 they have the same

number of connected components. O

So we have established that an equivalent condition to the existence of invertible
cobordisms is that the in-boundary and the out-boundary have the same number of
connected components. In fact every invertible cobordism in 2Cob is induced by a

diffeomorphism. We will now classify the diffeomorphisms between closed oriented
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1-manifolds and hence all the invertible cobordisms in 2Cob. For this we need the

following result, from [12].

Proposition 4.2.7. Two diffeomorphisms Ly = ¥, induce the same cobordism class

Yo — 2 if and only if they are smoothly homotopic.

Now in dimension 1 every orientation-preserving diffeomorphism from the circle
to itself is homotopic to the identity. Thus for any closed oriented 1-manifold the
only orientation-preserving diffeomorphisms, up to homotopy, are the permutations
of its connected components. So the only invertible cobordisms in 2Cob are the
permutation cobordisms including the identity cobordism which corresponds to the
identity permutation diffeomorphism.

We are now able to describe the skeleton of 2Cob. Let 0 denote the empty 1-
manifold, let 1 denote a given circle ¥, and let n denote the disjoint union of n copies
of . Then the full subcategory {0,1,2,...,} is a skeleton of 2Cob which we will
also call 2Cob. From here on it will be understood that when we refer to 2Cob we
mean the skeleton just described. We can now state the main theorem of this section,

found in [12], it provides us with a very precise description of 2Cob.

Proposition 4.2.8. The symmetric monoidal category 2Cob is generated under com-

position and disjoint union by the following siz cobordisms

@&)@@@%

In [12] two different proofs are given. One uses the classification of surfaces and
the other relies on some results from Morse theory. We will present the former. We

first describe Kock’s classification of surfaces with in and out-boundaries.

Proposition 4.2.9. Two compact, connected oriented surfaces with oriented bound-
ary are diffeomorphic if and only if they have the same genus and the same number

of in-boundaries and the same number of out-boundaries.
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We now proceed with the proof of Proposition 4.2.8.

Proof. The first ingredient is to define a normal form for connected cobordisms. The
idea is that a given connected cobordism m — n of genus g will be equivalent to
any other connected cobordism m — n with the same genus. So we will build a
cobordism with these required properties we do this by constructing three cobordisms
whose composition is a cobordism from m to n with these properties; the in-part
m — 1, the topological part 1 — 1, and the out-part 1 — n. If m > 0 then take

m — 1 copies of

and an appropriate number of cylinders and compose them so that the output hole of
the pants lines up with the bottom input hole of the next pair of pants then connect
the cylinders to the remaining input holes of the pants. As an example suppose m = 5

then this procedure produces the following cobordism m — 1:

If m = 0 then the in-part consists of a single copy of

@

The out-part is described similarly where if n > 0 then we take n — 1 copies of

and an appropriate number of cylinders and compose them so that the top output
hole of the pants joins up with the input hole of the following pair of pants. We
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then connect the cylinders to the remaining output holes of the pants. For example

if n = 4 then the out-part is the following cobordism:

R

If n = 0 then the out-part is given by taking one copy of

Q>

The topological part is given by taking g copies of the handle cobordism

L0

We must now deal with the disconnected cobordisms. Given a‘ cobordism say M :
m — n then as a manifold it is a disjoint union of its connected components however
in general it will not be a disjoint union of connected cobordisms. The reason being
that the in-boundaries/out-boundaries of the connected components may not appear
in an order in M which is attainable by taking a disjoint union of the connected

components. For example consider the following:

in which we see that this cobordism, say M, is a disjoint union of the manifolds N
and P but when viewing N and P as cobordisms that neither N[ P nor P[I N
is the above cobordism since their in/out-boundaries do not appear in the same

order as in M. It will however be possible to decompose every cobordism in 2Cob
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into a permutation cobordism followed by disjoint union of connected cobordisms
followed by another permutation cobordism. Indeed suppose that M : m — n
has q connected components A, .., M,. This means that the in-boundary of Al is
Ty II-- - [I X and the out-boundary is X} [ [ - - - [ | X, where the sigmas are all copies
of the same circle, we have labelled them to keep track of their positions within the
disjoint union. Now let py, ..., p, denote the in-boundaries of My, ..., M, respectively,

a

then py,...,p, are pairwise disjoint and U

1pi = m. Then there is a permutation
diffeomorphism of m which places the subsets: p; before p;, py before ps,...,ps-1
before p,. This diffeomorphism induces an invertible cobordism S : m — m. We
now consider the new cobordism M o § := SM which has q connected components
(SM)1,...,(SM), and with the property that the in-boundary of SM is a disjoint
union of the in-boundaries of (SM),...,(SM),. Similarly we can apply the same
procedure to the out-boundary of SM to obtain a permutation cobordism 7T : n — n
such that the out-boundary of SMT is a disjoint union of the out-boundaries of the
connected cobordisms (SMT),,...,(SMT),. So the cobordism SMT : m — n
is a disjoint union of the connected cobordisms (SMT),...,(SMT),. Thus M =
S™HSMT)T ! where S~! and T~! are permutation cobordisms and SMT is a disjoint
union of connected cobordisms.

The last part of this proof is to simply note that any permutation cobordism is

generated by cylinders and the twist cobordisms. O

Now that we have established a generating set for 2Cob, it is natural to see what
relations hold between them. The following relations hold as a direct consequence of

Proposition 4.2.9.

(Ass)
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O:C83>>=0::o g R T

% = @ (CoAss)

@O -Q——0- @:@ (CoUn)
@ - @ (CoComm)

SR

(Frob.Rel.)

In addition to these relations are the relations expressing the naturality of the

twist cobordism and the fact that it satisfies the axioms required of a symmetry. It
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is shown in [12] that the relations Un, CoUn, Comm, and Frob.Rel. along with
the relations expressing that the twist cobordism makes 2Cob a symmetric monoidal
category are sufficient. This means that all relations in 2Cob are consequences of

these ones.

Remark 4.2.10. The listed relations for 2Cob imply 1 is a commutative Frobenius

object in this category.

4.3 2D TQFTs and Frobenius Algebras

Topological quantum field theories (TQFTs) were first considered by Witten [18] in
1988 and shortly after they were given a mathematical axiomatization [2] by Atiyah.
In the article [2] Atiyah’s axioms do not mention cobordisms however it can be shown
that his definition is equivalent to the one given in terms of the symmetric monoidal
category 2Cob. We first give a definition of TQFTs in the style of Atiyah and then
we provide an alternate definition which is more categorical. We should first give
some kind of indication of the why this is related to physics. Following Kock [12]
the general idea is that space is represented by (n-1) closed oriented manifolds and
space-time by oriented cobordisms whose in-boundary represents space at time zero
and the out-boundary represents space at some later time. Then a TQFT assigns to
a (n-1) manifold a state space, that is vector space over some fixed field, and to an
n-cobordism an evolution operator, that is a linear map from the initial state space
to the final state space. In addition the cylinder is sent to the identity linear map,
which means that the state of the system does not change if the topology of the
space-time does not change. This is what it means for the theory to be topological.
The following definition can be found in {12].

An n-dimensional TQFT is a rule 7 that assigns to any closed oriented (n-1)
manifold ¥ a vector space 7% and to any n-cobordism M : ¥ — X' a linear map
TM:TY — T%/, and satisfies the following five axioms:

e If M and M’ are equivalent cobordisms then 7Af = 7T A’
e The cylinder cobordism £ x I : ¥ — ¥ is sent to the identity. i.e. 7(X¥xI) = 17z

e Given a decomposition of a cobordism M into a composition of two cobordisms
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M and M" ie. M = M'M", then TM = TM'T M" where the right hand side is
the composition of linear maps written in diagrammatic order.

o If Y =%]]%" then TS = TY' ® TX". Similarly for cobordisms M and N we
require that 7(M [[N) = TM ® TN. So disjoint union is sent to tensor product.

o If ¥ =0 viewed as an (n-1) closed oriented manifold then 7% = k is the ground
field.

As we mentioned previously the first two axioms say that the theory is topological,
while the fourth axiom says that the state space of independent systems is given by
the tensor product of the state spaces which agrees with the formalism of quantum
mechanics.

From a mathematical point of view we see that the first three axioms amount to
saying that 7 is a functor from nCob to Vecty. The last two axioms express that it
is in fact a strict monoidal functor. Now in the above discussion we see that Atiyah
does not require the functor 7 preserve the symmetry in nCob and Vecty however
from a categorical point of view it is desirable that 7 preserve the symmetry. For a
discussion on this issue please see [12] page 174. In [12] Kock also alludes to the fact
that the issue of symmetry is one that has been swept under the rug by many. In any

case for our purposes we will define an n-dimensional TQFT as in [12].

Definition 4.3.1. An n-dimensional TQFT is a strict symmetric monoidal func-
tor from (nCob, [[,T,0) to (Vecty, ®, 7, k)

Before stating the main theorem which classifies the 2-dimensional TQFTs we need
some notation. Suppose that (C,®, I, 7) and (K, ®, I’, o) are symmetric monoidal cat-
egories. Then we can define a new category whose objects are symmetric monoidal
functors from C to K and arrows are monoidal natural transformations. This category
will be denoted SymmMonCat(C, K), and we see in this notation that SymmMonCat(nCob,
has as objects n-dimensional TQFTs. We denote this category by nTQFT,. With

this new notation we can now state the main theorem of this section.

Theorem 4.3.2. There is a canonical equivalence of categories

2TQFT, ~ cFAy
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where cFAy is the category of commutative Frobenius algebras.

This means that 2-dimensional TQFTs are essentially the same thing as commu-
tative Frobenius algebras, an observation first made by Dijkgraaf in his Ph.D. thesis
[6]. Others have since given more precise proofs with Abrams [1] having given the
most detailed proof to date. The proof found in Kock uses a graphical language
for Frobenius algebras which is identical to the graphical language of 2Cob. The
key here is that the algebraic equations for a commutative Frobenius algebra when
expressed graphically actually hold as equations in 2Cob. So the axioms for a com-
mutative Frobenius algebra are topological. One can easily adapt this proof to obtain
the more general theorem which is explicitly stated by Kock but is implicit in the

work of Abrams [1] and others.

Theorem 4.3.3. If (C,®,1,7) is a symmetric monoidal category, then there is a

canonical equivalence of categories
SymmMonCat(2Cob, C) ~ cFrob(C)

where cFrob(C) is the category of commutative Frobenius objects in C.



Chapter 5

Braided Frobenius Algebras

5.1 Braided Frobenius Objects

Up until now all of the Frobenius objects we have considered were from symmetric
monoidal categories. We would like to consider the more general case where the

category happens to be a braided monoidal category.

Definition 5.1.1. Suppose A = (A, u,n,6,€) is a Frobenius object in a braided
monoidal category, then A is called o braided Frobenius object. We say that

A is braided commutative if it is braided and proos 4 = 1 where o 1s the braiding.

The first place that we will look for braided Frobenius objects is in the category
G —XMat/R. We don’t waste our time looking in XG—Set, since by Example 2.4.2
we know each crossed G-set X has only one comonoid structure. Moreover in order
for the comultiplication map to be a map of crossed G-sets we are forced to define
|z| = 1g for all z € X. To find examples of braided Frobenius objects in G—XMat/R
we need several intermediate results. The first result we need is a classification of

monoid objects in XG —Set.

Proposition 5.1.2. Let C be a crossed G-set, then (C,||,p,n) is a monoid in
XG —Set if and only if
(i) (C, 1,m) is a monoid in Set.

79
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(ii) | | : C — G is a monoid homomorphism.

(i) g- () : C — C is a monoid homomorphism for all g € G..

Proof. [=>] Assume that (C,| |, u,n) is a monoid in XG—Set. Now as the forgetful
functor from XG—Set to Set is a strict monoidal functor we have that (i) holds.

Now as ¢ and 7 are arrows in XG —Set we also have:

In(1)] =[1] = 1¢ (%)
g-n(1)=n(g-1)=n(l)Vge G (%)
|lu(c, d)| =|c||d| V(c,d) e C® C (woxx)

g-u(e,d) =p(g-cg-d) (k)

Then (%) and (**x) imply (ii) and (%) and (***x) imply (iii).

[«<=] (ii) and (iii) imply that x and 7 are arrows in XG —Set. (i) implies that (Mon1)
and (Mon2) of Definition 2.3.1 commute in Set and hence as a, A, p and 7 are arrows
in XG-Set then these diagrams also commute in XG—Set. Thus (C,| |,u,7) is a
monoid in XG - Set. 0O

We shall give these objects a name.

Definition 5.1.3. Any crossed G-set C equipped with maps p : C @ C — C,
n : I — C satisfying (i), (i), and (i) of the previous proposition will be called

a crossed G-monoid.

Example 5.1.4. Let G be any abelian group and M a monoid equipped with a
monoid homomorphism f : M — G. We make M in to a crossed G-monoid as

follows.

g-m=m VvmeMgeG
|m| = f(m) Vme M.

Example 5.1.5. Let G an arbitrary group and M any monoid. Define g-m =m
and |m| = 1¢ for all m € M and g € G. Then (M, | |) is a crossed G-monoid.



CHAPTER 5. BRAIDED FROBENIUS ALGEBRAS 81

Example 5.1.6. Consider G = Z/; = Z/2Z the additive group of integers mod 2.
Let M = (N,+) be the commutative monoid of natural numbers. Define @-n =n
and |n| = W for alln € N and @ € Z/;. Then clearly the G action is a monoid
homomorphism and that | | is one as well follows from the equation ab = @b. This

example is a special case of Example 5.1.4.

Example 5.1.7. Let p be prime and let G = GLy(Z/,) be the set of 2 x 2 invertible
matrices over Zy,. Let M = Z,, \ {0} be the multiplicative group of units of the field
Zp. Then define A-m = m and |m| = ™, for all M € Z/, and A € GLy(Z/p). Then
| | is clearly group homomorphism and |A - 7| = AJm|A~! as |m| is central. Thus

(M,] |) is a crossed G-monoid.

Example 5.1.8. Let G = Z;(s be the multiplicative group of units of Z/. So
G ={1,3,5,7} and ¢> =1 for all g € G. Let M = Z5 and we define 7 - M = 7m
and [T) = 3 for all @ € G and m € M. It is then a routine exercise to show | | is
a well-defined group homomorphism and that g - () is also a group homomorphism.
Thus (M, | |) is a crossed G-monoid where neither the G action nor the map | | are

trivial.

More generally we suspect the theory of crossed modules may yield further exam-

ples.

Proposition 5.1.9. Let (C,| |,,n) be a crossed G-monoid. Define U : [ — C,
M:C®C — C in G —XMat/R as follows:

Uf = 5”(1),0 M(ca’b) = 5u(a,b),c Va,b,c € C.
Then (C, M,U) is a monoid in G —XMat/R .

Proof. Since (C,| |,1,n) is monoid in XG—Set, and as M = Mat(u) and U =
Mat(n) it follows that (C, M,U) is the image of the monoid (C,| |, #,7) under the
strict monoidal functor Mat hence (C, M, U) is also a monoid. O

We will now develop a “process” which can take a monoid (resp. comonoid) in
G — XMat/R and produce a comonoid (resp. monoid) in G — XMat/R. To do this

we will need the following results.
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Lemma 5.1.10. There is a contravariant functor (=) : G — XMat/R — G —
XMat/R which satisfies the following equations:

(1) () =a7".

(i1) (M) = \"L.

(ii1) (p)* = p~*.

(iv) (fRg)=f®g"V arrows f,g in G — XMat/R.

(i.e. (=)' : (G — XMat/R)*® — G — XMat/R is a strict monoidal functor.)
Proof. First recall from the proof of Theorem 2.8.17 that for each A, B, C € |G —
XMat/R| a =aapc: (A®B)®C — AQ (B ®C) is defined by

I’ bl’ 4
?(la,g),cc) = a,a'0b,6/0c,c’

and A= X4 : 1 ® A — Ais defined by

)‘(?,a) = 0a,b
and p=ps: AR — Aby

0(2,1) = g p-
Now given an A € |G — XMat/R| define (A)* = A and for each arrow F': X — Y
in G — XMat/R define F* : Y — X as follows (F*); = FY Vz € X, y € Y ie. the
transpose of the matrix. We must check that equations (1) and (2) from Definition
2.8.14 hold.
(1): Let g € G then

(Pg5 = P32
=FY since F is an arrow in G — XMat/R

=(F");
as required.
(2):
(F)z = FY
= djg| |y FY since F is an arrow in G — XMat/R
= Oy, |z

= Oy 1ol (F*)5
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as required. Thus F* is an arrow in G — XMat/R. It is clear that (1x)* = 1x, and
that given F: X — Y and G: Y — Z then (G o F)" = F* o G*. These equations

follow from properties of matrix multiplication and transposes of matrices. Therefore

(—)* is a contravariant functor.
Now let’s check that (a)! = a™%:
We know that
-1 ((avb)vc) — 6 6 5
(CY )(a.’,(b’,c’)) ~ Oa/,aUb bVc c*
On the other hand

ty({adb)e)  __(a\ (b))
(@)@, = Uare
= a,a’(sb,b’éc,c’
= 6a’,a5b',b5c’,c

1y ((@b)e)
= (@ )@ b))

hence (a)® = o~ L. (ii) and (iii) are similar. Now let’s show that (iv) (f®g)' = f'®4"

for arrows f: A — B and g: C — D in G — XMat/R.
a, b,d
(f29))om =(f ®9)e
= fog?.
On the other hand

(ff @ g5 =(8e")s

=((f® 955

as required.

a

Remark 5.1.11. By Remark 2.4.5 we know that any monoid say (M, ,7) in G —
XMat/R is a comonoid in (G — XMat/R)% the opposite category. Now as (—)* :
(G — XMat/R)® — G — XMat/R is a strict monoidal functor, we then have by
Remark 2.6.3 that (M,u*,n') is a comonoid in G — XMat/R. So this transpose

functor takes monoids and turns them into comonoids. Thus Proposition 5.1.9 gives
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us a class of monoids in G — XMat/R which by the previous remark can also be

given a comonoid structure by taking transposes.

We would now like to characterize which of these objects also satisfy the Frobenius
relation and hence telling us which of these are braided Frobenius objects.

This leads to our first main result, giving a large class of braided Frobenius objects
in the category G — XMat/R.

Theorem 5.1.12. Let (A, ,7n) be a crossed G-monoid. Let (A, M,U) be the monoid
in G — XMat/R given by M = Mat(u), and U = Mat(n). Let (A, A,€) be the
comonoid in G — XMat/R given by A = M* and € = Ut. If A is a group then
(A, M,U, A ¢) is a braided Frobenius object in G — XMat/R .

Proof. Let (A, p,n), and (A, M,U, A ¢) be as above. We will write p(a,b) = ab and
n(l) =es Va,be A. As (A,M,U) is a monoid and (4, A, ¢) is a comonoid we have
that (FA1) and (FA2) commute. So it remains to show that the Frobenius relation,
(FA3), holds. First we check that (14 ® M)oao(A®14)=AocM

l, ! I,bl s J X s /, !
(La@MoaoA®Ly)( ) =(A® L)y aliifl, (e ® M),

(e:£).9) (e",f")
=(A® 1A)(afb) P(1a® M)(Z,(f,g))

= AP (L) (1) My

== Z 5ef,a6b,96€,~e’6fgvf,

e.f,g

=Y desabsnr
f

= bre-1adns
7

= e'—lab,f’

= Ogab,e’f'-
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Moreover
(¢f) _ (¢'.f")
(Ao Mg =Ml A7

(a:b)
= Z 6a,b,f56’f',f
f

= Ogb,e’ f'
as required. The proof that (M ® 14)ca 0 (14 ® A) = Ao M is similar. O
Another good place to look for braided Frobenius objects is in a pivotal category.

Lemma 5.1.13. If C is a pivotal category then for every object A € |C| we have that
A® A* is a braided Frobenius object.

Proof. In diag;am (P3) of Definition 2.9.1 first taking f = 14 and then taking f = 14«
yields four commutative diagrams which imply that A 4 A* and A* 4 A and so by
Corollary 3.3.5 A ® A* is a braided Frobenius object. O

Of course A* ® A will also be a braided Frobenius object.

Example 5.1.14. G~XMat/R is a pivotal category hence we can apply the previous
lemma to obtain another class of braided Frobenius objects in G — XMat/R.

Following [10] we now consider the category Vect,.(k) of non-negatively graded
vector spaces and k-linear maps which respect the grading. More precisely an object
V in Vect,, (k) is a vector space over k along with subspaces (V;)ien such that V =
Dicn Vi- Elements of V; are called homogeneous of degree <. We give k the trivial
grading k = ko. Given a pair of graded vector spaces V and W then a morphism
from V to W is a linear map f : V — W such that f(V;) C W,. Next given graded
vector spaces V and W then their tensor product can be given a grading as follows
VoW =@,V ®W), where (V® W), = B,;, Vi ® Wj. It is then easy to
show that the natural isomorphisms «, ), and p from Vecty which make it monoidal

are also maps in Vect, (k). Thus we have

Lemma 5.1.15. The category (Vecty (k), ®,k, a, A, p) is monoidal.
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The following result can be found in [10] as an exercise. We give a slightly less

general version of the result.

Lemma 5.1.16. Let £ : N x N — k \ {0} be a function such that

£(m,n 4 p) =£(m, p)é(m,n)
£(m +n,p) =£(m,p)é(n,p) Ymn,peN

Then the morphism oy : VW — W @ V defined by

O'V,W(v ® ’LU) = §(n’p)(w ® ’U),

wherev € V andw € W are homogeneous of degrees n and p respectively, is a braiding
for (Vecty (k), ®,k, a, A, p).

Now as the forgetful functor U : (Vecty (k), ®,k, a, A, p) — (Vecty, ®,k, a, X, p)
is a strict monoidal functor it follows by Remark 2.6.3 that if (A, x,7, 6, €) is a Frobe-
nius object in Vectg, (k) then (UA,Up,Un, U6, Ue) = (A,u,n,0,¢) is a Frobenius
object in Vecty. So in particular A must be a Frobenius algebra in the usual sense.
Nowlet § : Nx N — k\ {0} and oy : VW — W ®V be as in Lemma 5.1.16.

Thus we have just shown:

Proposition 5.1.17. The quintuple (A, u,n,9d,€) is a braided Frobenius object in
(Vect,.(k), ®,k, a, A, p,0) if and only if (A, u,m,0,€) is a Frobenius algebra in the
usual sense, (A, 11,7n) is a graded k-algebra, and (A,d,¢) is a graded k-coalgebra.

Example 5.1.18. We fix z € R\ {0} and define ¢ : NxN — R\ {0} by {(n,p) = =™
for all n,p € N. Then ¢ satisfies the equations of Lemma 5.1.16 and so Vectg(R)
is braided. The remainder of this example is taken from [12]. Let X be a compact
oriented n-manifold, and let H*(X) = @, H(X) be the de Rham cohomology.
Here H'(X) is the set of closed differentiable i-forms modulo the exact ones. Then
H*(X) is a ring under wedge product and integration over X with respect to a chosen
volume form provides a linear map H*(X) — R. The Poincaré duality states the
corresponding bilinear pairing H*(X) ® H*(X) — R is nondegenerate. So it is a
Frobenius algebra over R. Moreover H*(X) is in fact graded i.e. for & € H?(X) and
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B € H(X) then their wedge product satisfies o A § € HP*9(X). Thus H*(X) is a
braided Frobenius object in Vect,, (R). In addition we also have that, for o and 3
as before, a A f = (—1)*3 A a. Thus if we let z = —1 then

p(or=x), ) (@ ® B)) =p(E(p, 9)(6 ® @)
=(-1"M3Aa
=a A f
=u(a ® )

where y is the ring multiplication. So we see that H*(X) is braided commutative.

Next we consider a construction which to any (strict) monoidal category (C,®, I)
assigns a braided monoidal category Z(C). This is called the centre construction. We
follow Kassel for this definition [10].

Definition 5.1.19. An object of Z(C) is a pair (V,c_,v ) where V is an object of C

and c_,v s a family of natural isomorphisms
Cxyv : X®vV —VeX

defined for all objects X in C such that for all objects X,Y in C the diagram

1x®ec
XY oV—"=2"" . xeVeY
CXgY,V JCX'V ®ly
VX®Y

commutes. A morphism from (V,c_,v) to (W,cow) is a morphism f -V — W in

C such that for each object X in C we have the commutative diagram

1 N
XeV —&X®W

Cx,vl lcx,w

—_— WX
Ve X 7@ lx ®
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Remark 5.1.20. Naturality of c.,y in the previous definition means that given any

arrow ¢: X — Y in C we have that cyvog®@1ly =ly ® gocx,v.

Remark 5.1.21. We can generalize the centre the construction to include monoidal

categories that aren’t necessarily strict.
This next theorem can also be found in [10}] along with its proof.

Theorem 5.1.22. Let (C,®,I) be a strict monoidal category. Then Z(C) is a strict
braided monoidal category where

(i) the tensor unit is (I,1y),

(it) the tensor product of (V,c_v) and (W, c,w ) is given by

(‘/, C, V) ® (VI/’ C., W) - (V ® m Covew )
where cxyvew : X @V OW — W RV ® X is given by

exvew = (ly @ cxw) o (exv ® 1w),

(iii) and the braiding is given by
evw : (Vieow ) ® (Weow ) — (Weow ) ® (Ve ).

Lemma 5.1.23. For any strict monoidal category (C,®, I) the functor I1 : Z(C) —

C given by II(V,c.,v ) = V and is the identity on arrows is a strict monoidal functor
[10].

Using this lemma we obtain our next new result.

Theorem 5.1.24. Let (C,®, I) be a strict monoidal category. Then ((A,c-,a), 1,1, 0,€)
is a braided Frobenius object in Z(C) if and only if

(i) (A,c-,a) is an object in Z(C),

(i) (A, p,n,0,€) is a Frobenius object in C, and

(iii)) p: AQA— A,n: I — A 6:A— A®A, ande : A — I are arrows in
Z(0).
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Proof. [=>] Since Il : Z(C) — C is a strict monoidal functor we have that
(H(A, C.A )7 H,U,, HT]: H(s’ H&,‘) = (Av B, 7, 5, E)

is Frobenius object in C, so (ii) holds. (i) and (iii) obviously hold.

[<=] By (i) and (iii) (A,c.,4) is an object in Z(C) and u,n,d,& are arrows in Z(C)
hence all diagrams involving these arrows which commute in C also commute in Z(C)
with A replaced by (A,c_,4 ). a

5.2 Quasitriangular Hopf Algebras

We shall now give an outline of when the category of H-modules, for a bialgebra or

Hopf algebra, is braided monoidal. We follow the treatment presented in [10].

Definition 5.2.1. Let (H, p,n, A, €) be a bialgebra. We call it quasi-cocommutative
if there exists an invertible element R of the algebra H ® H such that for all x € H

we have
oo A= RA(z)R™.
The element R is called a universal R-maitric. A quasi-cocommutative Hopf algebra

is Hopf algebra whose underlying bialgebra is quasi-cocommutative.

Definition 5.2.2. A quasi-cocommutative bialgebra (H, u,n, A, €, R) or a quasi-cocommutative
Hopf algebra (H, u,n,A,£,S,S71, R) is called quasitriangular if the universal R-

matric R =3, 8; ® t; satisfies the two relations

(A®idy)(R) =) s @ s; ® it (3)
(idg ® A)(R) =) si5; @ t; ® ts. (4)
6,7

We should mention that in [10] Kassel calls quasitriangular bialgebras braided

bialgebras, and similarly for Hopf algebras.

Example 5.2.3. We note that every cocommutative bialgebra is quasitriangular

with universal R-matrix R=1® 1.
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We now present an example as found in [16] of a quasitriangular Hopf algebra.

Example 5.2.4. Let Z/, = Z/nZ be the cyclic group of order n written multiplica-
tively. Let g denote the generator of this group, then ¢" = 1. By Example 2.5.6
the group algebra CZ,, is a Hopf algebra, moreover the element R € CZ,, ® CZ/,
defined by

n—1

1 —2rwiab
72=..§: o go® g
- e g ®g

a,b=0

is a universal R-matrix which satisfies the equations of Definition 5.2.2. Hence CZ/,
is a quasitriangular Hopf algebra. In [16] Majid calls the Hopf algebra CZ,, with this

quasitriangular structure the anyon-generating quantum group and is denoted Z/,,.

Now suppose that (H, u,n, A, £, R) is a quasitriangular bialgebra and consider the
monoidal category H-Mod of left H-modules. Then using the universal R-matrix
we can build a map of H-modules cffy, : V® W — W ® V which is a natural

isomorphism. Namely
(v ® w) = Tyw(R(v @ w)) = Ztiw ® 8;v
i
where R = 3, s; ®t; and (cffyy) "' (w®v) = R~} (v®w). We then have the following
proposition which is found in [10].

Proposition 5.2.5. (a) The map c’&w is an isomorphism of H-modules,and
(b) for any triple (U, V,W) of H-modules we have

Cg@V,W =(05,W ® idy) o (idy ® CXI;,W) (5)
cg,V®W =(idy ® C(I},W) ° (Cg,v ® idw). (6)
The equations in Proposition 5.2.5 are exactly the equations (B1) and (B2) from

Definition 2.8.1 where « is the identity. Hence the proposition shows that H-Mod is

a (strict) braided monoidal category. We can in fact say even more.

Proposition 5.2.6. Let (H,u,n,A,€) be a bialgebra. Then the monoidal category
H-Mod is braided if and only if the bialgebra H is quasitriangular [10].
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We now give a description of the braided monoidal category of H-modules for the

the anyon-generating quantum group Z/,,. This result is found in [16].

Example 5.2.7. Let Z’/n be the anyon-generating quantum group. Its category C,
of modules has as objects vector spaces which are Z/nZ-graded and the morphisms
are linear maps that preserve the grading. The category is a braided monoidal one

with the tensor product defined by adding the grading modulo n and with braiding

2rijvljw

a(v®w)=e_"v'wu‘lw®v

for homogeneous elements v and w of degree |v| and |w| respectively. For n > 2
0% #id.

Now suppose that (H,u,n, A, €, R) is a quasitriangular bialgebra. Then we know
that H-Mod is braided monoidal, and so we can ask what are the braided Frobenius
objects in this category. If (A4, u',n/,d,¢’) is a braided Frobenius object in H-Mod
then in particular it is a Frobenius algebra in the classical sense. This follows from
the fact that the forgetful functor from H-Mod to Vecty is a strict monoidal functor.

This brings us to our next new result.

Theorem 5.2.8. (A, ', 7,9 €') is a braided Frobenius object in H-Mod if and only
if (A, i,n',8,€') is a Frobenius algebra in Vecty, A is an H-module and ¢/, 1/, &', €

are maps of H-modules.

Following [10] suppose that (H,u,n,A,€,S,571, R) is a quasitriangular Hopf al-
gebra and let V be a left H-module. Then the dual space V* = Hom(V,k) can be
given a left H-module structure as follows. Let f € V*, v € V and a € H then
a-f € V* is the linear functional (a - f)(v) = f(S(a) - v). Moreover if V is finite-
dimensional then the evaluation map dy : V* ® V — k and the coevaluation map
by : k — V ® V* are maps of left H-modules and are the counit and unit for the
duality V* - V. There is another left H-module structure that we can put on the
dual space of V. Namely let *V be the same vector space as Hom(V, k) but with the
following H-module structure. Let f €*V, v € V, and a € H then a - f is the linear
functional (a - f)(v) = f(S7(a) - v). Then the obvious maps by, : k —*V ® V and
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dy : V@'V — k are maps of left H-modules and are the unit and counit for the
duality V 4*V, when V is finite-dimensional. When S = S71, i.e. S? =idy, we have
that V* =*V as left H-modules.

Example 5.2.9. Let (H,u,7n,4,¢,5,571, R) be a quasitriangular Hopf algebra with
S? = idy and let V be a finite-dimensional left H-module. Then by the above
discussion V' 4 V* and V* 4 V. Hence by Corollary 3.3.5 V ® V* is a braided
Frobenius object in H-Mod.

5.3 Free Braided Monoidal Category on a Braided
Frobenius Object

We begin by describing the free braided monoidal category generated by a braided
Frobenius object. We give a formal definition in terms of generators and relations.

We use geometric notation even though this is a formal construction.

Definition 5.3.1. The braided monoidal category BrFrob is generated monoidally

by the following seven morphisms.

id B B1

A% 15252
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These morphisms are subject to the following equations

TAEVAN
06X

We also require that B induce a braiding, say .

A
G

Theorem 5.3.2. Let (V,0,1,0) be a braided monoidal category and we denote by
BrMonCat(BrFrob, V) the category whose objects are braided strict monoidal func-
tors from BrFrob to V and arrows are monoidal natural transformations. Then
(BrFrob, ®,0,3) is the free braided monoidal category on a braided (co)commutative

Frobenius object. Thus we have a canonical equivalence of categories
BrMonCat(BrFrob, V) ~ BrCFrob(V)

where BrCFrob(V) is the category of braided commutative Frobenius objects in V.

Proof. The proof is basically trivial since this category is defined formally in terms

of its generators and relations. O

This theorem is not particularly useful since the relation on morphisms is difficult
to work with. We would like a more geometric description of the free category. We

can conjecture that the following structure is correct.
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We introduce a category which is an embedded version of 2Cob. A similar struc-
ture is suggested in the work of Bartlett [4]. From now until further notice we set
X to be the space X = R? x I where I = [0,1] and we identify X with the subspace
{(z,y,2) € R0 < 2 < 1}. We give X the smooth structure inherited from R3.

Definition 5.3.3. An X-cobordism M is a compact orientable smooth 2-submanifold
of X with boundary OM, possibly OM = @. Moreover OM = 8M,; 11 8M, where
oMy C R? x {k} for k=0,1 and

3
oMy, = | J Ci(ix,1/3)
=1
where Ci(ix, 1/3) = circle of radius 1/3 centered at (0,1, k). We orient M and M
so that OM, is an in-boundary and OM, is an out-boundary. In this case we say that
M is an X-cobordism from ny to ng. If OMy = 0 then ny = 0.

The following is an example of X-cobordism from 2 to 1:

X

When depicting X-cobordisms we will usually omit the coordinate axes from our
drawing. Next given two X-cobordisms M and N from n to p we say that they are
equivalent, M = N, if there exists a smooth orientation-preserving map H : XX I —
X such that
e H(—,t) is a diffeomorphism for all ¢ € I,

o H(-,0)=idy, |
e H(M,1)=N,
o H|waxyx1 = max Where 7gx is projection onto 9X.
Given two X-cobordisms M from n to p and N from m to ¢ we can form a new

X-cobordism M ® N from n +m to p + g by juxtaposing N alongside M. This may



CHAPTER 5. BRAIDED FROBENIUS ALGEBRAS 95

require deforming M and N so that they don’t overlap. Pictorially M ® N looks like
this

If we are given X-cobordisms M from n to m and N from m to ¢ then we can form
a new X-cobordism M N which is obtained by gluing M and N together along dM,
and ON; and then rescaling it. Schematically this looks like

So with these tools we can now build a category which we call TangleCob. It has
as objects non-negative integers, and an arrow from n to m is an equivalence class
[M] of X-cobordisms from n to m generated by gluing and tensoring of the following

seven X-cobordisms:

AVARNINSS-=
Given [M] : n — m and [N] : m — p then [N] o [M] := [MN] where [MN] is

the equivalence class of M glued to N as described above. Given n,m > 0 we define

n®m :=n+m and given [M] : n — p [M’] : m — ¢ we define [M] ® [M'] to be
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[M®M']: n+m — p+q. The identity on n is the equivalence class of the following

X-cobordism

It is then easy to see that TangleCob is a category and that ® is a bifunctor.
Moreover the object 0 satisfies n ® 0 = n = 0 ® n for all objects n, and (n ®
m)&p =nQ (mep) for all objects n, m, and p. Hence TangleCob is a strict
monoidal category. In addition, for all pairs of objects n and m we have a morphism

[Tom) : n+m — m+n, where T,, ,, is the following X-cobordism:

Moreover given morphisms [N]:n — n’ and [M]: m — m/, we have
[T ] o [N ® M] = [M ® N] o [Tnm

This equation can be seen to hold by the following diagram.
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The equations which express that [T] is braiding are easy to verify. The inverse of

[Th.m] is depicted by the following cobordism

i

n m

Thus (TangleCob, 0, ®, [T7]) is a strict braided monoidal category.

Given any morphism [M] : n — m in TangleCob we can view M as a morphism
in 2Cob where its in-boundary is dM; and its out-boundary is OM,. Now given
another M’ € [M] it is clear that Al’, viewed as a morphism in 2Cob, will be
equivalent to M. Thus we can define a functor COR from TangleCob to 2Cob by
sending n to n and for morphisms forgetting the embedding into X. This functor is
in fact a braided strict monoidal functor which is surjective on objects and arrows.

We believe that this correctly captures the free structure as stated in the following

conjecture.
Conjecture 5.3.4. We have the following equivalence of categories
TangleCob ~ BrFrob.

Since BrFrab is free, it is clear that every equation that holds in BrFrob holds
in TangleCob. To establish the converse suppose that [M] and [N] are morphisms
in TangleCob with [M] = [N]. By applying the COR functor, we obtain two equal
2Cob morphisms. Given the structure of 2Cob, the images of [M] and [N] must be
related by a series of basic equations. If this series did not use the symmetry equation,
we would be finished. However we do not see how to establish that the symmetry

equation never arises.



Chapter 6

Future Work

Obviously the first order of business is to establish a proof of the conjecture. This
may yield interesting geometric insights into the theory of braided categories.

Another interesting open question is to find a geometric description of the free
braided or symmetric monoidal category generated by a noncommutative Frobenius
object.

Every commutative Frobenius k-algebra A can viewed as a Frobenius object in the
braided category of graded vector Spaces where we give A the trivial grading. Hence
our theory can be viewed as a natural extension of the more well-known theory.
Therefore it would be interesting to view the applications of Frobenius algebras in

representation theory, physics, and computer science in this more general theory.
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