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ABSTRACT

Under conformal equivalence the set of all parabolic
Riemann surfaces is.divided into equivalence classes, Since a
conformal equivalence is an analytic immersion, then the study
of analytic immersions between all pairs of parabolic Riemann
surfaces reduces to the study of immersions between all
equivalence classes by representatives. The complex plane, the
"cylinder'", and the set of all torii modulo conformal equivalence
form a useful set of representatives which enables us to determine
easily whether analytic immersions exist or not. Where they do
exist the use of the fiber map theorem permits us to give these

analytic immersions as analytic immersions between complex planes.

In particular, in the case of a pair of torii, we have
been able to find a necessary and sufficient criterion to
determine the existence of analytic immersions. Furthermore if

there exist any then we can determine all immersions.

iii
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ANALYTIC IMMERSIONS OF PARABOLIC RIEMANN SURFACES

SECTION 1

PARALLEL CONCEPTS FOR MANIFOLDS AND RIEMANN SURFACES

Definition 1.1 - An m - dimensional differentiable manifold

M of class Cr, r >0 is a connected Hausdorff space together with a fixed
complete atlas with respect to E" compatible with Pr (Em), the pseudo
group of all local transformations f of any open subset of E" onto

another open subset of Em such that £ and f"1 are of class C .

Definition 1.2 - A Riemann surface is a connected Hausdorff

space together with a fixed complete atlas with respect to €, the complex

numbers , compatible with [7(C), the set of all local homeomorphisms ¥ of C

such that % is holomorphic.

Definition 1.3 - Let M be a differentiable manifold., & is
defined to be the collection of all functions f such that :

1) f: M—>»R,

(2) for all p €M and chart (U,% ) such that p €U then

b3 oWFd: Y (U)=~—> R is differentiable




-1
And F (p) is defined similarly except that fe4 is taken to be

differentiable in a neighbourhood of % (p).

Definition 1.4 - Amap ¢ of the differentiable manifold

M of dimension m.into the differentiable manifold N of dimension n is
differentiable at p €M if f o@ e F(p) for all f ¢°F [@ (p)] and is
differentiable on M if it is differentiable for all p eM.

An analytic map between Riemann surfaces is defined similarly

- with R in the definition 1.3 being replaced by C and holomorphy replacing

differentiability throughout.

Definition 1.5 - Let M and N be. two manifolds of the same

dimension. A map @ of M into N is said to be a local homeomophism if
for all p €M there exist two neighbourhoods N(p) and N(@(p)) such that

il , N(p) is a homeomorphism of N(p) onto N(H(p).

Definition 1.6 - Let M and N be two differentiable manifolds

of the same dimension and § a map such that P:M—s N, If § is 1:1 and if

both § and Q-l are differentiable then § is called a diffeomorphism.




Definition 1.7 - Let R1 and R2 be two Riemann Surfaces and

9 a map such that @:Ri———-)Rz. If § is 1:1 and if @ is analytic (and

-1
consequently so is ® ") then $ is called a conformal equivalence.

Definition 1.8 - An analytic map f:R-———;Rl, R,Rl two Riemann

surfaces, is an analytic immersion if its local representation w = g(z)
for any two corresponding local charts satisfies g'(z) # 0,i.e. g(z) is

locally 1:1.

THEOREM 1.1 - Let Rl’ R2, R'1 and R'2 be four Riemann surfaces
1

such that R, is conformally equivalent to R'  and R2 is conformally

equivalent to R'z. Then there is a 1:1 correspondence between the

analytic immersions of Ri—————aRz and those of R'i—————aR'

PROOF : Let f: Ri————)R'l and g: Ré————)R'z be the respective

conformal equivalences. Let § be an immersion of R—» R

It is clear that since g, § and f are analytic and Ri—————a-Rz
-4
-1 £ T l &
locally 1:1 we have the composition ge{ « £ is also
R' R!
1 2

analytic and locally 1:1 and hence an analytic

immersion of R’1 into R'z; therefore to every distinct analytic immersion




1

D of R-——)R2 there corresponds.a distinct analytic immersion geef

1

of R'l-———>R'2 and vice versa to every distinct analytic immersion

Y of R'-l——b R'2 there corresponds a distinct analytic immersion feWog~

1

of Rl———b R.. This shows that there is a l:l correspondence between the

2

analyﬁic immersion of Rl——bR2 and of R'-l—-——)R'z.
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SECTION 2

PARALLEL CONCEPTS OF COVERING MANTFOLDS

Definition 2.1 - Let B be & path connected spaée; A

connected topological space E is said to be a topological covering
space over B relative to a map p:E—>B if the following conditiomns
-, are satisfied :
(1) p maps E onto B
(2) For all b € B, there exists a connected open
neighbourhood V of b in B such that each

component of p-l (V) is open in E and is mapped

homeomorphically onto V by p . i

Proposition 2.1 - (i) p is an open map

(ii) E is a topologfcal manifold if B is, ;
PROOF : (1) p:E~—3B is an open map since, if U is an open set of E, j
then for all x ¢ U, p(x) has an open connected qeighbour-
_hood V in B and hence there exists an open component W%

-1
of p (V) containing x, which is mapped homeomorphically

onto V, Hence we have that U N Wx is open and since



(ii)

p W% is a homeomorphism p(U N Wk) is open in B.
But U = x Lﬁ (un Wk) so that p(U) is open in B,
E also is a topological manifold. E was given to be
connected so that we show that E is ﬁausdorff and
1o;a11y Euclidean,
Let xl, xze E be two distinct points. .If p(xl) = p(xz) =
b then xl and x2~must come from two different open
components of p—l(V) where V is a suitable open connected
neighbourhood of b since P is a homeomorphism on any one
component. Hence x1 and x2 b;longs to two disjoint open
subsets of E.
If p(xl) # p(xz) then since B is Hausdorff then there are
two disjoint open neighbourhoods N1 and N2 of p(xl) and
p(xz) respectively, 1If Vl and V2 are suitablé open
connected neighbourhoods of p(xl) and p(xz) respectively
then VAN and V AN are disjoint and so p-l(V NN,

1 1 2 2 11
and p-l(VzllNz)are disjoint open sets containing x1 and

x2 respectively.




E is clearly locally Euclidean since each x €E has a
neighbourhood N which is mapped homeomorphically by p
‘onto a neighbourhood V of p(x) and p(x) has a neighbour-
hood W which is homeomorphiec to an open subset of a
Euclidean space. Hence (pl N)-1 (VA W) is a neighbour-
hood of x homeomorphic to an open subset of a Euclidean

space,

) . ! .
Example 2.1 - Let B= 8 the unit circle and E = R the real line and

1 2%rix
let p be the exponential map. Then p : R—3>S such that p(x) = e

with x € R and it is clear that for every proper connected subspace

1 -1
Uof 8, p carries every component of p (U) homeomorphically onto U,

Definition 2.2 - Let M be a differentiable manifold, M is

i+
a differentiable covering manifold of M relative to the differentiable

map f: .M*-——bM if :

(1) £ maps M* onto M
(2) For all p€M there exist an open connected neighbourhood
V of p in M such that each component of f-l(V) is open in

M* and is mapped diffeomorphically onto V by £.




The example 2.1 above provides also an example of a differ-
1
entiable covering manifold since S and R are differentiable manifolds

and p is a differentiable map.

Definition 2.3 -~ Let R be a Riemann surface. The Riemann

surface R¥ is an analytic covering Riemann surface relative to the
analytic map f: R¥—sR if :
(1) £ maps R* onto R
(2) For all points p € R there exists an open connected
neighbourhood V of p in R such that each component of

£ (V) is open in R¥and is conformally equivalent to

V under £.

Example 2.2 - Let R¥= { z: 0<CR(2)< 1, ~a0 <dm(z) ¢ o0 }

L

and R = { w: l<iwl < e}

Let £ (2) = w be defined as f(z2) = e

’ . onto
Then (1) f: R*——3R

(2) for each point p € R it is clear that we can

find an open connected neighbourhood V of p in R

such that each component of f'l(V) is open and con-
formally equivalent to V since e? is locally a

conformal equivalence.



THEOREM 2.1 - Every analytic covering map is an analytic

immersion.,

PROOF : Let R be the analytic covering Riemann surface of the
Riemann surface R, relative to f:R*—R, Let p* ¢ R* be a point which lies
over pé€ R. Ihen by definition p has an open connected neighbourhood N(p)
and p* has an open neighbourhood N(p* ) in which f is a conformal equiva-
lence, i.e. f LN (p* ) in local representation is 1 :.1 and analytic

and so by .definition f is an analytic immersion Q.E.D.

However not every analytic immersion is a covering map.

Consider the following counter example.

X
Example 2.3 - Let Rl {z=x+iy: jyjge 2

R2={w: 0 <jwl <}

2mi
Consider the map f(z) = e % which takes R onto R

/ 58

)

N2

\Y




i.e.

10.

Let z

x + iy

2 7 ix

For y = 0, z = x is the real axis and £(z) = e

the unit circle.

. , X X
e2 ™i(x + ie) 2W(ix - e )
= e

X
For y = e f(z)
' X
-2 Te 21mix
= e . e
which is a spiral emanating from the unit circle and

spiralling in about the origin.

For y = - e

x
2Tr 2 71§
£f(z) = e € . e =

which is a spiral emanating from the unit circle
and tending to infinity.
2Tfiz
Hence £(z) = e maps Rl onto R and is analytic
2
and locally 1 : 1 and thus f is an immersion.
However if we consider a.point p<=R2 which lies on the
unit circle then there exists no open connected neighbour-

-1
hood V such that each component of f (V) is conformally

equivalent to V. So that f is not an analytic covering

map,



Definition 2.4 - A topological space is simply connected if

it is arcwise connected and if its fundamental group reduces to the
identity.

We want to consider now the notion of a universal covering
surface. For this we adopt the results that Hu uses ( [3] , p. 90).
Let A be a covering space of B relative to the projection p : A—>3B
and A' a covering space of B' relative to p' ;: A'——B' and let

f : B—~=B' be a continuous map,
\ 1 ' 1 ' . _
Let ao € A, bo ¢ B, a, € A', b0 ¢ B' be given such that p(ao) = b

p' (ac'))' = b('), and f(bo) = bé, then p, p' and £ induce homomorphisms Py, s

P, > f, on the fundamental groups,

i.e. T7 (A, a,) A, a('))

p* l l P
£,

W, b) —— (8", b))

THEOREM 2.2 - (Fiber map theorem). There exist a unique
continuous map g : A—>A' such that g(ao) = a; and peg = fop iff f carries

the image of g*into that of p; .

11,



12,
Let A and A' be two covering spaces over the same base space B
with respect to p and p'. 1If ao € A and aé € A' such that
p(a) = b, = p (al)

and p ( 7Jr (A,ao) ) cp' (1Y (a', a'o))

then the fiber map theorem gives a unique map & : A—> A' such that

g(ao) = a' and pleg = p
[0}

Hu shows furthermore that g is a covering mép of A over A',

For example if A is simply connected then TT(A) = 1 and so for any

covering space A' of B we have a unique covering map g of A over A' such

that p'e g = p

3 @ covering space with this property is called universal,

In particular for a topological manifold M one shows ( [3] » P. 93-95) that

M has always a universal covering space (and up to homeomorphism only one)

which is simply connected.

We may then adopt the following definition,

Definition 2.5 -

The universal covering space U of the topolo-

8ical manifold M is the unique (up to homeomorphism) simply connected covering

space of M,




13.
It is clear that analogous results to the fiber map theorem,
and definition 2.5 hold in the case of differentiable covering manifolds
or analytic covering manifolds; so that reference will be made to these
results accordingly.

Finally the next result will prove to be useful ( [4] , p.178).

THEOREM 2.3 - Let M and M* be differentiable manifolds of !
the same dimension and let p : M¥—M be an immersion. If M3 is

compact so is M and p is a covering map.




SECTION 3

ANALYTIC IMMERSIONS OF SIMPLY CONNECTED RIEMANN SURFACES

By theorem 1.1 it is clear that in our study of analytic
immersions of Riemann surfaces we can replace each surface by the most

convenient conformally equivalent surface. Hence we use :

RIEMANN MAPPING THEOREM - Every simply copnected Riemann
surface is conformally equivalent to exactly one of the following three
surfaces :

(1) the unit sphere S

(2) the Euclidean plane E

(3) the unit disk H= {z : yz4<1 }

(for a proof see [6] p.225)

To study analytic immersions of simply connected Riemann
surfaces, by the above theorem, it suffices to investigate all the
combinations of immersions between S, E and H into each other.

First of all let us consider the immersions that are

possible of S, E and H into S. To this end we use the following result.

14,



15.

THEOREM 3.1 - Let R be an arbitrary Riemann surface and
f : R—> S an analytic immersion. Then at every point p in R such that
£(p) =2 in a local representation on S, f is represented by an analytic '

function with a pole of first order.

PROOF: S may be represented by the extended W - plane; with %
the finite part of the W - plane and the part IW|>0 described by the
complex variable w= 1/W, S is covered by two charts wiﬁh the neighbour-
hood relation w = 1/W, so that w= O corresponds to the point at infinity
of the closed W - plane.
Now let £ : R—> S be an analytic immersion and P € R such
that f(p) = e®@ . By definition f is locally 1 : 1 at p, making p an
isolated singularity; that is there is a neighbourhood N(p) of p in R
such that at all q e N(p), q # p, f(q) is regular,
Choosing a chart z in N(p) we may represent f by an analytic
function W = F(z) such that F(0) = oce

. Hence z = 0 is a pole of F(z).

Let k be its multiplicity so that the Laurent Expansion of F(z) gives us

a function G(z) holomorphic in some neighbourhood of z = 0 and

W= F(z) = G(z) , G(0) #o0 '
z ‘
4




16,

Hence w = 1/W = zk becomes the locallrepresentation of £ in the charts
G(z) '

z, w and as above f must be locally 1 : 1 in this representation.

Therefore
dw £ 0
. dz z=20
But this implies that k=1 Q.E.D.

Now we apply this theorem by letting R.= S, E, H in three separate cases:
Case (a f: R=8—>8; R being equal to S may be represented
by a closed z - plane and f represented in local coordinates,
W= F(z), will be analytic except for poles in the closed
z - plane. Hence F(2z) is meromorphic in the extended plane
and consequently is a rational function, i.e. a quotient of ’
two polynomials ( [1] p. 217).
Since S is compact and £ is an immersion then f is a covering
map by theorem 2.3. But S is also simply connected. Hence S
becomes the universal covering surface of S. And since the
universal coveriné is unique up to homeomorphism f must be a

homeomorphism and hence globally 1 : 1.



But the only transformations which are 1 : 1 and

rational are the linear fractionals,

F(z) = az+ b , ad - bc # 0,
cz + d
Case (b) f: R=E—>S ¢ Here f is represented by a function

F(z) where E is taken to be the finite z - plane. Then F(z)
having at most poles of order 1 is a meromorphic function
with poles at most of first order :

e.g. F(z) = az+ b , ad -bc# 0 ;e , Ir(z).
cz+ d

Case (c) £f: R= H—>S§ : Then f has the same properties as in

case (b)

1 z-1 : .
e.g. F(z) = e / (z-1) s log 1 , with a

suitable determination of log.

Secondly, leﬁ us consider the analyéic immersions of S, E and H into E
Case (a f : S——E : Then the local representation F(z) of f
. must be analytic in the extended z - p}ane which by
Liouville's theorem is then a constant. But this is

impossible for then F'(z) = 0 for all z. Hence there are

no immersions of S into E.

17.

5
[ Clatia




18.
Case (b) f : E—> E_: Here any function f which is analytic
and locally 1 : 1 in the finite plane will' do.

e.g. £(z) = e% ,

Case (c £

H~—E : Any function which is analytic and locally

1 : 1 in H will do.

e.g. f(z) = &% » log (z - 2)

I

1/ (z-1)
e

with a suitable determination for log, az + b
cz + d

where ad - cb# 0 and if ¢ # O, I§|>1
. c

Finally consider all possible analytic immersions of S, E and H into H
Case (a f : S——>H : Again we may represent S by the extended .
plane; f then must be analytic in the extended plane. Thus

by Liouville's theorem f must be a constant. Therefore there
are no analytic immersions.

Case (b f : E~H : f clearly must be entire and bounded since

f (E) € H and hence reduces to a constant by Liouville's

theorem. Then there are no analytic immersions.




Case gcz

f : H-=—H : Any function f which is analytic in H and

£' (2) # 0 as well as |£(z)| € 1 for all z ¢ H.

(iz - 1)
e

e.g. , 1/(2-z),

19,

]
e




20,
SECTION 4

ANALYTIC IMMERSIONS OF PARABOLIC RIEMANN SURFACES

Since the universal covering surface U of a Riemann surface
R is simply connected, then by the Riemann mapping theorem U is
conformally equivalent to either the sphere S, the plane E or the unit

disk H, We now proceed to study the case where U is conformally equi-

valent to E.

Definition 4.1 - A Riemann surface is called parabolic if

its universal covering surface U is conformally equivalent to the
Euclidean plane E.
Since U is conformally equivalent to E, for parabolic

Riemann surfaces we may even take E as the universal covering surface.
To simplify the study program we use the result ( [6] P. 229-236) that
every parabolic Riemann surface is conformally equivélent to exactly
one of the following types of surfaces :

. 1 - E itself

2 - All cylinders C, where the "Cylinder" is defined

to be any homeomorphic image of a special right

b e gp——



(a)

(b)

circular cylinder...In fact, it is a theorem that

up to conformal equivalence there is only one type

of cylinder of parabolic type; two representations
are the following :

The cylinder is homeomorphic to the finite punctured
planeﬁ = {z: 0 <|z| € 7

Topologically the cylinder may be regarded as an
infinite strip in the plane with the two sides
identified. This gives rise to the following
construction : Let fL1be a complex number. Let G

be the group of all maps of the form Tn(z) =z 4+ nJLL.
of the z - plane E where n is an integer. Now take
the orbit space R defined by G; that is R = E/G where
two points z1 and 22 are equivalent if there is an
integer n such that Tn (zl) = zz. E is thus divided
up into equivalence classes consisting of strips of
width |} having a boundary line on one side only.

R is obtained by identifying equivalent points of each
strip and hence R is homeomorphic to such a strip and

hence to the cvlinder.

21.




22.
3 -~ All torii T, i.e.‘ compact surfaces of genué one, The
torus being topologically a parallelogram with opposite
sides identified can then be characterized similarly
to the cylinder as follows :
Le‘t D and.ﬂ.‘ be 2 complex numbers such that ém(ﬁ)# 0
and define G as the group of all maps of the form
Tm’mu(z) = z+mN+ m' N
of the z - plane E where m and m' are integers. Then
take the orbit space R-'defined by G, i.e. T = E/G
where two points z and 22 are equivalent if there
exist two intexgers m and m' such that Tm;m'(zl) = 22 .
E is thus divided into equivalence classes of paral-
lelograms of which the principal one would be the

interior of the parallelogram with vertices 0,0, ' and L+ 0.

as well as the two edges containing the origin O. .




23.

R is obtained by identifying equivalent points of
each parallelogram, Thus R is homeomorphic to such a
parallelogram and thus to a torus.

This also shows that for any other pair of complex
numbers £2, Jl: s R1 obtained similarly is
homeomorphic to R. _ . i
However it can be shown that R and R. are conformally

equivalent iff there exist four integers a, b, ¢, d,

such that
n _ a CURREN , ad - be =1
e\ ® |

([5] p. 251). Hence there exist infinitely many

different torii from the conformal point of view.

We can now reduce the study of all possible analytic immer-
sions of parabolic Riemann surfaces, by theorem 1.1, to those of T, C
and E. Since E is the universal covering surface for T, C and E it
would then be convenient if we could lift the immersions f to be

studied to immersions of E into E by the fiber map theorem. |



24,

Two questions arise; is the fiber map applicable, and if so are the

"1ifts" also immersions ?

First of all, it can be seen that the fiber map theorem is

in fact applicable since the universal covering surface E is simply

connected and so T7(E) = 1, So that L p; and fﬂ<being homomorphisms

we have £ (p, (T (E))) = 1=9p' (TW(E)), i.e. £ (Imp ) = Imp' .
L i A % _ e

Secondly, since, by theorem 2.1, every covering map is an

immersion, then p and p' are immersions. So that f is an analytic

immersion iff the lift g is an analytic immersion.

of E, C, T

Case ga!

Case

Case

b

C

First we consider the three cases of analytic immersions

into E :

f: El—-—-)E2 has alréady been discussed.

f : C~——>E; we may take E for C. Then we require all
functions £ such that (1) £ is analytic for all z # O
(2) £' (z) # 0 for all z # O
1/z

e.g. £(z) = 1/z, zz, e .

f : T—>E, Since T is compact and E is not compact then

by theorem 2,3 analytic immersions are impossible,




25.
Next we consider the three cases of possible analytic
immersions of E, C, T into C :
Case (a) F : E—>C ; take E for C. Hence we are looking for
functions £ such that (1) £ is entire
(2) £(z) # 0 for all z ¢ E
(3) £' (z) # O for all z ¢ E
e.g. £(z) = e?
Case (b) £ : c-—-ancz; we represent Ci by ﬁi’ i=1, 2, and thus

1

£ ﬁf————9ﬁ2: Hence we are looking for functions £ such
that (1) £ is analytid for all z ¢ O

2) £ (z).¥ O for all z 4 O

(3) £' (z) # O for all z £ 0O

3
e.g. £(z) = z', n an inte#ger ¥ 0, eZ, 1/e? .

Case (c f : T—»C; again since T is compact and C is not

compact by theorem 2.3 no analytic immersions are possible,

Finally we consider all possible analytic immersions of

-E, C, T into T :



"R

Case (a) f: E——T ; let T = El/G where G is generated'by two

Case (b)

complex numbersm, .. Let p be

the projection p : Ei———bEl/G.

Then by the fiber map theorem there

is a uni@ue map F : E————->E1 such that

f = p,F. Hence we are looking for entire

functions F such that F'(z) # O for all z ¢ E.

2

e.g. F(z) = e, C2+ D , C, D complex numbers C # 0O

f : C——T; let C be represented by E and T by E2/G.

26

Let e’ project E, onto E and p project E2 onto T,

L

Hence we want all immersions F of E1 into E2 z

[
Fi%'—’m
—
\

|

which is the lift of an immersion f of E into T
such that £(e%) = p (F(z)), Immersions of E into T

do exist, for let F be an immersion of E into E
1

o z
then p.,F 1is an immersion of E into T. e.g. F(2) = e ,

1

n .
z , n a non zero integer,

Case (c) f ; T~—3T ; the results of this are a little more
1 2

=

involved and can be formalized in the following theorems :
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THEOREM 4.1 - Let 'I.‘1 and ’I.‘2 be two torii such that Tl = E1/G1,

'.L‘2 = E2/G2, Gl generated by (£, ') and G generated by (N, n;).
2

Then there exists an analytic immersion of T into T2 iff there exist

1
four integers a, b, ¢, d such that
e a b
H _ a 2 + b #0
Wey c % + 4 s c d

fl
o

and g.c.d.(a, b, ¢, d)

PROOF : (a) Necessity:

Assume there exists an analytic immersion £ : TI———)T .

2
Hence by the fiber map theorem there is F
' - E ~————E

1 2

a unique immersion F : E ———3E such that pl P
1 2 )
: £
fop = P e F T ————»T

1 2

pl and p2 being the respective projections

of E and E onto T and T .
1 2 1 2

Now z2¢E and z + mp + m' £2' ¢E , for some intergers m
1

and m', are taken onto the same point of T by fep .
2 1

Hence pz(F(z +mn+mn')) = Pz (F(2))



28.

and so there are two integers n and n' such that
F(z+ m+ m' £01') =F(2)+nn,+n' A
and n and n' depend on m and m'

Therefore

(*) ' Fz+mA+ m' ') =Fz) +a(@mn')N, +n'(nn').N;
for all z eEl. Differentiating both sides we have

F' (z+ mN+ m'.ﬁ')'= F' (2) . ) :

F' is then elliptic and since it is entire it reduces to a

non zero constant,([2] p. 125), i.e. F'(2) =3 40,

(3 complex no.

Then F(z) = (?, z + X s x complex no.,
and ( %) becomes
Bz +8 (ma+ m'D') + x = (3 z + ¥+ n( m,m' )., + n'(m,m') .0, j
ﬁ(m.n.+ m' .o ') = n(mm')n, + n' (mmn')n,
Let m = 1 and m' = O; then
(3 L = n (1,0)£2, + 'n'(l,O).ﬂ.:
Let m = O and m' = 1; then

@ n'= n(,)n,+ n'(0,1)a!
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And now letting n (1,0) = a, n' (1,0) = b, n (0,1) = c and

n' (0,1) = d we have

+ ! A b

N B _a__'.r_.L'__]_)._f_).' . tmT

L« g c 2, + d42, CJ%+ d
]

29.

and ad - bc # O since 447’1(3“%-) 4 0. If g.c.d. (a,b,c,d) # 1,

divide top and bottom of R.H.S. of the above equation by the

g.c.d, (a,b,c,d).

(b) _Sufficiency :

Now assume there are four integers a,b,c, d such that

- a ‘ ,
i a}—l:'-a- b i aq, + b.ﬂ.‘
——’— = —-————-—-—-—-—‘ L ————————————————
L ;:§%5+ d cn,+ d £

with ad - bc # O and g.c.d. (a,b,c,d) = 1. Then there

exists a unique complex number C such that

c= an,+ b,

cA'= cq,+ dQ,

Define F : Ef————a E2 by F(z) = Cz, Let m and m' be

any integers; then
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F(z + mO+ m'AA') = Cz + mCL2+ m'CLH

= Cz + m(aft b)) +m' (cat+ dao!)

= Cz + (ma + m'c)A + (mb + m'd)n
Now n(m,m') = ma+ m'c and n' (m,m') = mb + m'd are
integral functions of m and m' and we have
F(z +ma+m'n') = F(z) + o(mm')n, + n' (m,mn')n,
But this means that there is an f suéh that £ : Tl—) Tz and

fop1 = 'p2°F

Now F, pl and p2 are locally l-1 and analytic and hence

so is £. Thus f is an analytic immersion of ’I‘1 into T2

Q.E.D.

Notice that theré exist immersions between two torii without
the torii being conformally equivalent. ” If a, b, ¢, d are four integers
such that ad-bc. o 1,0 and 0 and Q) are complex numbers generating a | ‘

torus T then

+
o’

+ d

Il

is a complex number such that 47n(q) ¥ 0. The complex numbers af

—
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and .0.=.0.'q generate a torus T_ since iﬂr( Ly = ‘(%(q) 4 0. Thus
L8 =
T and '1‘2 are not conformally equivslent but by the above theorem there
1

exist immersions T =——>T
1

Let T and T be two torii given by ( £L , £ ) and (.N,, L))
1 : 2

respectively and let there be four integers a, b, ¢, d such that

ady, + b
%_'_ = __.%-a___; , ad - bc # 0
c_.fT:+'d

and gcd (a, b, ¢, d) = 1

We want now to find all analytic immersions £ : T ——3T .
: 2

In part (a) of the preceding proof we saw that the lift F : El——-—)E
2

of an immersion f necessarily had the form F(z) = Cz + D,C # O.

Hence we are looking for all complex numbers C and D which makes F(z)

the lift of an immersion.

We found also that to each pair (m,m) of integers there

exists another pair (n(m,m'), n' (m,m')) such that

F(z + mA+ m'L2') = F(z) + n(m,m')_n..-i- n'_(m,m').ﬂ.‘

ca= n(l,0).+ n' (1,0).0/
(1) and that

cQ'= n(0,1)N+ a' (0,1) 42,
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(2) then _0o “(1’0)_%.'+ a'(1.0) al+ b
0’ = ! — _ = —TJ.'—*.—
n(o,1)§7-i.,'+ n'(0,1) =T d

[ ]

By (1) then to find C reduces to finding n (1,0), n' (1,0), n (0,1), n' (0,1).

D of course is arbitrary since translations are analytic immersionms.

Let __(A = and
o4 |
n(l1,0) n'(1,0) a b
L = : s L =
1 n(0,1) n'(0,1) 2 ¢ d

and write (2) in terms of L and L
1 2

, 1l.e.

L = L
. (ql) ) (ql)

- -1
and T = L o L_ ( = so that is a fixed point T= L o L
(ql) ) 1 ql) 1y <11 P ) )

We are then looking for L having been given L and q . Let
1

2 1
[ @
T =( ) i.e. T(z) = o~z + /8
¥ ¥z +4

with «, 8, ¥, § integers such that e« §-2 ¥ # 0 and g.c.d.

(o B8 ¥, ) = 1. 1If ql is a fixed point then
X9 + 4
1 Y ql +.J




@ or Yo 4 (§-%)q =0

We distinguish now two cases

Case (1) - If ¥= O then £= ®4£ 0 and 4= O for otherwise q

which contradicts the fact that g'm(%) # 0. Hence

a b o< 0 aoe bk
L =1L T = =
1 2 c d 0 e coe  dox
and C(e¢) = n(l,0),+ n' (1,0).0; = = (a.Q,+ bJS)
£ el

No further restrictions on <X are necessary as shown by a

similar argument as that in the sufficiency part of theorem 4.1

Hence letting A=all + bo , then we have a two
2

parameter family of immersions

F(z) = (o<¢A) z+ D

Case (2) - If ¥# O then.q and q are two roots of (3). Hence
—_ 1 1

ial
+

ial
]

2 R(q) = (x-4)
1 Y

33.



) .
Hence ¥ # 0 => ’)l(ql) and |q| are rational numbers. Note that
A
o d -ABY 4 0 is a necessary condition for the roots of
2
(4) Yx + (§-2¢)x -A= 0
to be not real, for if *§{-@ ¥ = O then the discriminent
2 2 2
(§-2)" - 4 ¥(-B) =§ -24at+e -+ 4LTR

2
§ +z&o<+o<2 - 4+ 4 YA

) |
(§+e)" - 4( & - AY)

(S+o<)2 > 0

which is impossible if q 1is to be not real.
1

Our task once again is to find the set of all «,8,8,¥'s

which makes q1 and El the two roots of equation (&4).
. . 2
Since this case of ¥# O implies R(q ) and |q |
> 1 1
being rational then let
Zﬂ(ql) = p/q , q and p integers such that ¢>0
and g.c.d. (p,q) = 1
2 .

|q1| = r/s , r and s integers such that r>0

s>0 and g.c.d. (r,s) = 1

34.
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But (x -,ql) (x - ql) = 0
2 2
x -2R()x+|q} = ©
1 1
2 .
ans 8o X -p x+r= 0

q 8

or ) 2
g8 x -psx+rq=20

Now to ensure that the coefficients are in the lowest terms

possible divide through by g = g.c.d. (q,8). Hence

(5 q's x2 -ps'x+1rq' = O

where q' = q/g and s' = s/g.

Therefore (4) must be a non zero integral multiplevof (5), i.e.

(l6) vq' sx2 -vps' x+yrq' =0
Comparing (4) and (6) then we obtain
¥= Vaq's
§ - « = -vps' !

. R = -vrq'
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or equivalently

B =-var
¥ = ¥ q's
§ = §

so that besidesv+# O the integers (§,») are arbitrary. It can be

checked independently that for V= O we also get immersions. This

gives us the set of all o, g , ¥ , § . We have then L , i.e.
1
a b § +Vs'p - Vq'r
L = L o6T =
1 2 c d vq's IS
and n(l,0) = a(§+ »s'p) + bvqg's
n' (L,0) = - ayq'r + b§
n (0,1) = c( &+ V é'p) + dPq's
n' (0O1) = - cvdr + df

Using the first relation of (1) we can find C,

C

n(l,0) 2, + a' (1,0)0)
o)

l{a(é’ﬁ-v s'P)L2, + bwgqg'sn, - (avq'r)nl+ b£..’7_,’}
Xel
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]

§(af,+ b 29 o+ y (as'pn,+ bg'sn.- aq'r 7)
o)X el

§ A+VB

where A is as in case (1) and

B = as'pnN,+ bq'sf,- aq'r.a)
9
Ne]

No further restrictions on & and V are necessary as
shown by a similar argument to the one in the sufficiency part of
theorem 4.1. To show that C can't be reduced to one parameter we

must show that B is not a real multiple of A. Consider

= (as'p + bg's)ar,- aq'r.S!
a ., + b2

>l

Hence we must check that the determinant

as'p + bq's - aq'r
# 0
a b
ie. (as' ! LY = 2 2
. P + bgq's) b + a qgr = gs (abp +b + a r)
: g q s
_ 2 2
= gs (a [qlf + 2ab R(ql) + b )
g

Hence the values C(§,V) =§A +VB form a parallelogram

lattice spanned by A and B and so
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€)) F(z) = (§A +VB) z + D
is a three parameter family of immersions. Notice that should we
chooseV= 0 thenS’a: O,i.e. the first case and (7) reduces to the

solution of case 1. Hence both cases may be represented by (7).

Before formalizing these results as a theorem we make the
folilowing definition :
Let P be a parallelogram lattice generaﬁed by the complex
numbers ({%,4'). Then
aQ,=80+7%0
-] = A0+ o’
with f;-?) = 4+ 1, where ;, 7 s A ,; are integers, are also
generators of P, since with 5;‘ - ? A = + 1 we can find four integers
a,b,c,d such that
.‘O. = a,+ b.a
(8)
o A cn, + d -ﬂ-:
so’ that any point of P described by (.fL,.n2’) can also be described

by (,,4)).
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Furthermore if R ( “i:'-,-) and '%‘2 are rational then 5{('—_2‘4)

2
and |£’-€| are also rational as can easily be shown by elementary

’

manipulations of (8).

Definition 4.2 - A parallelogram lattice is said to be

ample if any two generators (1, () satisfy the conditiomn :

el nl2
X (_.E") and l‘JTl are both rational

The remark preceding the defini;ion shows .independence of
choice of generators here.

Another characterization of an ample lattice is described
in the following theorem.

THEOREM 4.2 - A parallelogram latticé is ample iff there.
exists a positive real number ¢ such that the squares of the distances
of all lattice points from a fixed lattice point are rational multiples
of @.

PROOF: (a) Let (N ,') be generators of an ample lattice.

Then 2 -
jm2+ wa’'l = (Mo + ') (ma + n'a)
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Where p, q, r, s are defined as before. Hence take the

first factor as @ and the second factor is the rational number
required.

(b) anversely if lmn + n'.n’ |2 = @ R (m, m') where @ is

a positive real number indebendent of mym', and R (m,m') a
rational number depending on m,m',. ‘then I.ﬂ.lz =¢R (1,0)

2
and || =#R (0,1) and so

. l_n.|2 . R (1,0)
S a R (0,D)

which is rational. Also

2 ok 2 q2
LE' + 2R + 1= |+ 1) - farnd’ = RLY

Hence R (-&-) must be rational and consequently (L.,Q') forms

an ample lattice.
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Definition 4.3 - A torus T is said to be ample if any two

of its genet:ators‘ (n,n') form an amPle lattice.

Using these definitions and the preceding results and
notation we have |

THEOREM 4.3 - Let there exist an analytic immersion
T —— Tl" I1f T1 is not ample then there exists a two parameter family
F(z) = (a¢A) z + D of immersions. If Tl is ample then there is a three
parameter family F(z) = (§ A + ¥ B) z + D of immersions.

We state now a couple of immediate results in the following
theorem,

THEOREM 4.4 - If there exists an immersion of T— T'

then there is an immersion of T'=—» T, Furthermore either both T and T'

are ample or else neither are.

PROOF: We found that a necessary and sufficient condition
for the existence of an immersion of T -——> T' was that there exist four

integers a, b, ¢, d such that
aq + b

cq1+d

41,
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where q = AL s . q

42.

L
o "',r'x.'fl and (L, ') generates T

and (S2,,0;) generates T'

aq + b
v - d t -b
then qu*d
d - b
__._q___ = aq_ + b
-cq+ a -c 1 + a
c 4+ d
1

daq + bd - (cq + d
ql (q1 )

-ca - cb + a(eq + b)
4 (q1

(da - bc)q1
(ad - be )

1

which 1s a necessary and sufficient condition for the

existence of an immersion of T'— T

"It is easy to verify from (1) that if q1 is such that

2
R (q ) and 'qI' are rational then it is so for q; and
1

from (2) that if q satisfies this then so does q .
1

Q.E.D.

wo—




Conversely however, if we are given two ample torii T and T'

then there do not necessarily exist immersions between T and T': namely

there need not exist an L2 such that

= L
q 2(91)

For example let q = 1/2+ i\3/2 , q = 1+ i which satisfy
. 1

all requirements, then for'any integers a,b,c;d we have that

-faq. + b
Aﬂn' 1 | is rational and.im(q) is irrational so that
cq, + d
1
aq + b
q= 1 <
cq +
1

is never possible,




SECTION 5

APPENDIX

FURTHER RESULTS ON IMMERSIONS OF TORII INTO TORII

Let T and T be two torii defined by (A ,f') and (.2,,4!) of
1 A

complex numbers reépectively. Lef there exist four integers a,b,c and d

such that
a-ﬁz?-+ b ,
A n'
— = ' , ad - bc # 0 and g,c,;d, (a,b,c,d) = 1
e ld n
CI-—).'-'"" d

Let £ be an immersion of T into Tl. Since T is compact then f
is a covering map by theorem 2.3. Using the same notation as section

four's study of immersions of torii into torii we show :

THEOREM 5.1 - If T1 is not ample then the number of sheets
2
of £ is |ad - bejx . If T1 is ample then the number of sheets of f is

2 2
Jad - be] - | CE T+ (o) §v + (rsq '}y )|

PROOF: We make a few reductions without loss of generality.
We use the same representation as before i.e. T = E/G,
T1 = E1/G1 where G is generated by (42,a’) and G1 by (@, 8).

Since equivalent points of each parallelogram of the net (JI,JY)
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are identified it suffices then to consider the' life
F(z) = Cz +D
on the parallelogramho,..n. , L+, Q" with sides 0L and

04’ only, Here C= §A+V B or A depending on whether or 5

not T1 is ample and D is an arbitrary complex number.

! The image of this parallelogram will lie in El touching
certain parallelograms in the net generated by (,,4)).

. Since equivalent points in all parallelograms, which are

.

covered, are identified and since F(z) = Cz 4+ Dis 1l - 1 then

! \

i § ) . .

! these points identified as one in T will have in its inverse
. . 1

image as many distinct points as parallelograms in the net
of (a.,n;) in which they were lying. Hence it is clear
that since we are dealing with a covering map each set of !
identified points in the image must have the same number of
points. Consequently the area of this image in E must be some
positive integer .N times the aréa. of the parallelogram

0,1, -ﬂ‘+ﬂ.',ﬂ,'; N is thus the number of sheets required.



To get at the precise image and final result we may simplify

F by taking D = O since it plays no role in the above mentioned

determination; for translations won't affect the area of the
image of F.
Describe the paralle}ogram 0,2, SL +.0 ,. ' ,by
fxa + yal: .(?}_<.x,y <1}t

and observe its image under F(z) = Cz

F(xQ+ ya') =C(xN+ yl)= xCa+ yC'.(?.'
But we have B e =‘n(1,0).l'l,+ n'(l,O)_ﬂ.:

ca' = n(0, 1)+ n'(0,1).L2,
so that F(x2 + ya') = x(n(1,0)0,+ n'(1l,0),)
+ y(n(0,1) 2, + n'(0,1) ., )

Hence the image is a paralleiogram 0, n(l,0)2+ n'(l,O)...(l,',
(n(1,0) +l n(0,1)).2, + (n'(1,0) + n'(O,l))ﬂ:, n(0,1)n +
| n'(0,1) ..n.:
If we consider now ., apd .(2: as vectors in the plane say _5_’.
and ..F).’: then the area of the parallelogram O , .2, .n..+_n.: ,

) —>
-R'. is l.ﬂ;, X .E.? | and the area of the image parallelogram

o [[L,OR+ n'@,0&] x [a,DE+ n',DA]]|



';;'u;';u A LA
K

47.

= |n(1,0) n'(0,1) (E,¥T) + n(0,1) n'(1,0) (@Wx=)I
= |n(1,0) n'(0,1) - n(0,1) n'(1,0)| {77, x 7|
= |dee(t)| IR, x a7 |

Hence the number of sheets is then ldet(Ll)l . If T1 is

not ample then

|det (L1)| = Idet(Lz.T)l =,| det'Lé '. rdet T l

a b =< 0
c d 0 ok
2
= |ad - belx

If T 1is ample then
1

0 |det L | =|det L|-|detT|

= |ad - bc)
]

-Iu- vs'p - vq'r
vq's §

2 2. 2
= |ad - be| '5 + (ps")8V + (rsq') v |

Q.E.D.

It is clear that in the case where T 1is not ample the set
1

of all possible number of ‘sheets depends only on Jad - bci.




In the case where T i? ample let N be the numbe;.' of sheets
i.e. N = fad - bel | % (ps") SV + (rsq'®) W 2|
= |ad - bc' (d +I 4sq'Vq1) (d .+ sq' Vv c—ll).
Consider the negative of the discriminant of the quadratic form in the

formula for N

a - p28'2+ 4rsq'2

(=p +_r_q2)
8

{23}

o2 (g |? - (Rea)

8 q

..
»

2

n
>

)

2 2 2
4 5'2¢% (d(a))”. = 2 s'a'8dm(a )" > 0
If ps' is even then we can write
2 22

‘ 2
N o= lad - be| |3 (es)d0 + (L p7s' WP
A

' 2
= Jad -bel {( § +1lps'w) +
)

= |ad - bcl’{g‘z + _[1:4 vz}'

where Sl = £+ 1ps'y and A is é positive integer. If ( §, ¥V )
2

f )

" assume all integral values then so do (51, v ). Hence the set of all

48,
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possible numbers of sheets depends only on 4 and jad - bel.

[

If on the other hand ps' is odd we have
Nelad - bel |§2 + (os' - D&» + ' - D524 5V
A
- (ps'__ - 122 92 + rsq'zvz
4
' 2 2 2

« lad - bel |(§+ (ps' = DN - %e'? ps' + DV + wsq'Zy ?

2 . 2

' 2
= fad - bcl (§+ (ps' - 1))’)2 +d4Vv-1(a VZ + 2ps'vV
- 2 4

2
- o2v? wvOl

' ? 2
= fad - bc| l($+ (ps'-l)v’)2 + §y + (ps' - 1)v2+_];(A+ 1)» l
2 4
2 2
=lad - be| €507 + 6y + L 4+ V|
| 2 2 &

where SZ = { + (ps' - Dy and 1 (4 + 1) iare positive integers
2 4

.s8ince
2
4+ 1=1 - (ps') +l|»rsq'2
1 1 |2
= (1L+ ps') (1L -ps') + 4 rsq s

then ps' being odd the first summand is divisible by 4.

o
~

Again if ( §, ¥) run through all integers then so do (Sz,\’ ).

[
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We have then established ._the following theorem :

THEOREM 5.2 - The set of all possible number of sheets for all
immersions between two given torii T—-)Tl' depends only on |ad - bc|if
Tl is not ample and only on |ad - bcl and 4 when Tl is ample.

Note that 'al'tihough the lifts F(z) " ocAz + D and F(z) =
($:A+YB) z+ D are one-to-one maps between E and El the immersions
themselves are not 1 - 1 since this would imply that T a“nd Tl are con-
formally ‘equivalent which is not always the case. Nor is the inverse
F-l in general the lift ;)f an immersion £. : T'—T since if w = F(2) = Cz 4+ D
then z = F-l (w) m w - D = lw - D, But the set of all 1 or all

—¢_ ¢, ¢C C(o¢)

c. € C(e¢)

does not form a lattice.

1
cCS, V)

Consider now the case T = Tl

, that is self-immersions of a

torus. In this case we can choose L =4(2, -n-'=ﬂ-’, i,e. a=d=1, b=c¢c=0,

' . 2
In theorem 4,2 we have A = }%l =1and B= g'p.fL, - q'r = _n.’,gs q
: Lo g .
}
1

=_£._g_s_ q]_: q

g &

wl

So if T is ample then the family of self immersion is given by

F(z) = (6§ + V gs ql) z + D,
8 ,

otherwise they are of the form F(z) = &8z + D




[3]

e
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